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1. INTRODUCTION

Heaviside's operational calculusz_ is fast becoming
one of the most useful tools in the solution of differential
equations, its power becoming generally realized and its
methods expanded, However the procedures now employed,
far different from those initially developed by Heaviside,
involve contour integration and integral equation solution®
rather than the much simpler algebraic manipulations of
the original treatment, The supplantation was necessitated
since Heaviside's treatment, making no pretense to rigor,

- involves unexplained rules and occasionally leads to contra-
dictions. 1In effect his methods have remained merely
processes of rapid evaluatiom which have required verification
from external sources before the solutions could be deemed

acceptable.f

Because of its remarkable simplicity, Heaviside's
treatment would be of great value if it could be plaged on &
sound mathematical basis, despite the fact that contour
integral methods can now be used to evaluate operational
equations with complete mathematical rigor. It would be well
to correlate the contour integral methods with Heaviside's

methods in theory as well as in application,



Since with only a few exceptions Heaviside's treatment
leads to correct solutions, the situation indicates that a
fundamentally correct procedure underlies the work, requir-
ing only a more careful analysis of its basic elements
before rigorous operational manipulations may be discovered,
Though several attemptss have been made to render the
treatment rigorous, none of the suggested methods has
succeeded in retaining the original simplicity, and our present

mode of attack will be different from the above,

By but slight modification of the fundamentals of
Heaviside's treatment, it will be shown possible to place
the work upon a sound basis, retaining the algebraic mani-
pulations and their accompanying simplicity. In the course
of the paper the established methods will be applied to
pertinent topics covered by operational calculus, permitting
the treatment to be extended directly to more involved
problems. The ambiguity and uncertainty of earlier operational
procedures will be eliminated and the difficulties encountered

by Heaviside olarified.*

* For the sake of expedience, we shall adopt the present
tendency of referring to Heaviside's treatment simply as
"operational calculus" and to Carson's infinite integral
equation methods and Bromwhich's and Wagner's contour integral
methods as "Symbolic calculus",



2, THE UNIT FUNCTION

To represent a force which is suddenly applied at

the time ¢-0 , Heaviside formulated the so-called "unit
function", designated by the symbol " 7w ", which he
defined as a function such that it is zero for time before

t-0 and unity after ¢-0 , He did not specify the wvalue
of unit function at ¢-0 , intimating it to be discon-
tinuous at that instant. Such a definition of J7¢) is used
satisfactorily in symbolic calculus because the latter,
being based upon Fourier transforms, is not disturbed by a
function with a single discontinuity. However, in Heaviside's
calculus, where, for example, infinite derivative series
operating on unit function are encountered, a discontinuous
unit function presents serious mathematical difficulties, which
have caused the methods to be non-rigorous, In the mode of
approach which we shall adopt, the discontinuous unit function
will be replaced by a continuous one, all of whose derivatives
are continuous, though it will be unnecessary to designate

the latter function explicitly by a specific expression,

Let us consider the electricsl phenomenon which is most
frequently represented by the unit function, namely that of
a constant electromotive force suddenly impressed at time

#=0 upon a circuit. In such an instance the potential



established across the terminals of the circuit, though

the potential appears to rise immediately, of course re=-
quires an appreciable time to build up to its full value,
In actuality the exact nature of the potential rise at

the terminals of the circuit cannot be determined. The
problem of indeterminateness, however, is generally of

no consequence, and representation of the phenomenon is
considered to be approximated with sufficient accuracy by

a stepped function. It is our intention now to examine
whether the phenomenon can be represented also by a function
which is continuous and all of whose derivatives are con-
tinuous. The investigation will be complete if it is shown
that the difference in the effects of the forces which are
represented by the two functions can he made as small as
desired, The response in the neighborhood of £-0 is
excluded from consideration because at that value for (
the continuous and the discontinuous unit functions are

not made even approximately equal, though the neighborhood

can be made as small as desired,

Since only linear differential equations aré con=
sidered in operational calculus, we may apply freely the
superposition theorem (or the Boltzman}prkinson theorem),
Using electrical nomenclature after the manner of Carson4 ’

let 4¢) Dbe the indicial admittance” of a circuit. Then

*The "indicial admittance"” of a circuit is its current response
to the application of a discontinuous unit function potentiszl,



the current response (/) due to the application of

potential e (#¥) to the circuit is given by

¢
2(t) = /g(t-a) dew) . i
&«

=- a0

When e« 1s identically zero for negative values of Z o

the current response becomes

' 3
7 - A s adu
Z(%) = JE a/ﬂ(f u) ew)

We shall proceed to compare two responses: the first, )
is the current response when e/ 1is given by fo)igft>,
where 7,(*) is the discontinuous unit function; and the
second, 4,¢) , is the response when e¢) is given by

/nf;zw} s Where J7¢) 1is the continuous unit function
which is under consideration., Then the difference in the

responses is
£ 7 ‘
Al(t) =2 (2) -2 =;7—/(/(t-u)/(u)dk —/Fr(f-u) a (fu 1w). )
0 u=z- oo

For physical problems, the difference a 2(t) is a maximum

when the indicial admittance is exponentially cumulative,

al

Aai)=( € y and the force function is exponentially

dissipative, /%)=C;€'bf

s where both « and 4 are real and
positive, These conditions then represent the most exacting

test which we need apply to the unit function.

As an example of a function which satisfies the

necessary conditions for Z¢) in that it and all its derivatives

*We shall designate current by the letter " ; " and the

imaginary unit, -~ , nJ.u‘



are continuous and can be made to approximate 2;(0 as
closely as desired, we may cite Maxwell's "discontinuous"

. s
function 3
-

&
= — 5 3)
M) et
6
which may be written
M) =% (1+ tanh 22 ) “4)

The function becomes discontinuous in the limit as »— o

so that » must be kept finite in our treatment.

It remains to determine whether Maxwell's function is
such that, when it is used for 7(¢), 4i(?) can be made as
small as desired by choosing » sufficiently large. For
simplicity we shall evaluate a:¢) for finite negative values
of ¢ not in the neighborhood of Z¢<0 , Then for a given
negative value of ¢ , if » is sufficiently large, 7¢)
acts as ¢”° , where 7@ is identified by A//) . Intro-
ducing the above most exacting conditions and the Maxwell

function into Eq. (2), we obtain on evaluation that

bt
T <0 x>0,

]AHU/H#%%CQ& 5

Here 4:¢¢4) can be made as small as desired by choosing ~»

sufficiently large. The additional difference in response

when 720 obviously can be made as small as desired by choosing
n sufficiently large, We observe then that even for the

most severe case which we may have occasion to encounter in

physical problems, the difference of response to s« 7d)

where Z7«) is Maxwell's function, and to 4« 7, , where

made
ZE”’ is identically zero for #<¢ , may beAvanishingly
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small by the proper choice of the parameter ~» . The above
consideration has been limited to application to physical
problems, though it seems probable that the procedure may

be extended directly to a rigorous mathematical treatment.

We observe that Maxwell's function would serve admirably
for our proposed unit function since: it and all its deri-
vatives are continuous; it can be made to approach the
discontinuous force function as closely as desired; and the
difference of response to the two functions can be made as
small as desired. Of course other functions can be made to
serve equally favorably as the unit function, Nevertheless,
because the exact nature of the unit function need never be
ascertained, it is preferred to leave the function undefined
explicitly., There is another important reason for not defining
the unit function by any particular expression such as the
Maxwell function. Consider as an illustration the problem of
a resistance X suddenly inserted at time ¢-¢2 across the
terminals of a battery of constant electromotive force £

Then the potential across R is £ Z¢) and the charge which

has passed through the resistance is given by

¢
f =j§:1£/]h)du. &l

If 7¢) is defined by Maxwell's function, we obtain on

integration that

f=,féf[5,'(’+ﬁz?/oﬂ cosh 28)7 . (©)



The factor Z(/+Zuyw2%) eand all its derivatives are
continuous, and also, like Maxwell's function, the factor
can be made to approach the discontinuous unit function as
closely as desiréd by choosing +~ sufficiently large. Not-
withstanding this, if 74 is defined by Maxwell's function,
we cannot write

;s—@é—z‘ 7¢¢) L

Though in the limit as »— o , the above factor and
Maxwell's function are equivalent, we are prohibited from
going to that limit when continuous functions are demanded,
That is, since in operational equations we permit only
continuous functions for operands, whem ¢ reappears in an
operational equation, » must remain finite. It is only in

the final solution that the 1limit can be taken.,

These considerations lead us to define the unit
function which we shall employ in operational calculus in
the following general manner, The unit function, denoted
by " 74) ", ¥% is a function such that it and all its deriva-
tives are continuous and one which can be made to approach
the discontinuous stepped function of Heaviside as closely
as desired (except in the neighborhood of the step, which

neighborhood can be made as narrow as desired).



3, MULTIPLE ORDER IMPULSES

The unit function not being specified explicitly, the
derivatives of the functionm also remain unspecified, though
just as in the case of the unit function, this indetermi-

nateness generally introduces no difficulty.

The first order impulse, namely j%-jﬁf) s approximates
zero for all values of ¢ except in the neighborhood of =2 ,
where a sharp peak occurs., For our purposes the property of
the impulse which is of importance is that the area bounded
by the curve j%-]h@ and the ¢ axis must be unity and that
the area must be concentrated as closely to the instant =0
as desired, Both of these conditions are obviously satisfied

by the definition of J),

In regard to multiple order impulses an analogous

situation exists., It is noted that 7/ approximates

dt”
zero for all valuesof [ except in the neighborhood of ¢:0 ,
provided that » is finite. (The infinite order impulse does
not exist for any value of ¢ ), The other property of the
multiple order impulse which must be considered is the value

of the integral ZC;M];%??%M s where /@) and all its derivatives
up to and including the (»-n¢4 , exist in the neighborhood

of /-0, The expression is readily evaluated on integration

by parts., We begin with the first order impulses

//(«) /7(‘00{ - fo1@)



= 10 =

a2 result which is a consequence of the fact that the area
bounded by the curve :27-1¢7 and the ¢ axis is unity and
concentrated in the neighborhood of ¢=¢0¢ ., Similarly on

integrating by parts, we obtain
¢ £ o
//(a) d](“} Adu = ]/(a) -"-{;‘%(ﬁ-) l-w —/w/(a}j(“—mj du

which becomes

= 0

2

= [-f’tu)]po 1(”

The method may be extended to the general case:

¢ ) .
/‘/(u)é-lf‘-‘—"a/u. s pd]” [f(h ,(u)J Z¢) 3 »n fimte | T #0. &)
[23

This identity gives the important property of the nth

order impulse,

An interesting application of a derivative series is

INLY

a

the expansion of the operator ¢ which is defined by

?
the infinite series corresponding to an exponential, If

the operand is 7«5 we obtain

ey . atdt L2t )
Lt) = (1o afpe Zo v v B Zoe ) L)

This series is recognized as an expansion about £¢:90 by

Taylor's theorem, i. e.
¥
¢ It =2 T (tea) /9)

where the unit function has been transferred an interval of

time, a, The correlation with a Taylor's series has been
only

made possible by deflnlnp',ﬂf)and all its derivatives as

continuous, It is observed that, though individual multiple



order impulses including those of infinite order are not

evaluated, the infinite series yields a result.

4, ALGEBRAIC PROPERTIES OF THE " p " OPERATOR

The customary notation wherein "p " denotes the deriva-
tive operator ;é and "p” " denotes j%; will be used
throughout. Consistent with Heaviside's methods, the "p ®
operator will be considered simply as abbreviatory for " j%_ "
and is not to be treated as a symbolic eqivalent for " ﬁ% 1
in the manner of Carson in his infinite integral equation
or Bromwich, Wagner, etc. in the case of the contour integral

solution,

These three necessary and sufficient conditions * which
permit algebraic treatmentbzgm%he " o " operatorscan be
established if the inverse operator "é." is appropriately
defined and the operand is of appropriate form., It is first
evident that combinations of the derivative operators /9“

b . 2 @ . .
and p , where a and A4 are positive real integers satisfy

the algebraic laws,

We shall define the inverse operator, namely )é or ,p_',

*The three laws are as follows:

(lg the commutative law =ee---ccceac-- Hv B
(2) the index law ====--c~~~ccmcca-a- A A
(3) the distributive law -~==ececaa--- alusv) > aun-av

where a« and ¢ are constants, and « and » belong to the class of
terms under examination,

Of. course the "p" operators are not commutative with recpect lo functions of ¢ .



by the equation

z
/
F'/(f) =/”/(a‘)da , (/1)

The definition is restricted to the condition that //iywu/d«
be finite, a condition which requires that the inteéramd
vanish at the lower 1limit of Eq. (11). It is the latter
result which is sought and is of utmost importance for it
permits the commutation of the operators p and - s that

/U
¢
is, if /évhdd@ is finite, we obtain the identities

ErfC 2 pp s/t = S8

and as found by ready extension of this relation,

/o';o b/(f) _=/,b/o “/[b ;/:' (ub)/(h ,
where 4 and 46 are any real integers, either positive or
negative, and the integrands to the é— operation comply with
the specified condition, Since the distributive law is
also satisfied by the above operators, the algebraic property

for such operat&é is established, and we may proceed with

complete validity to use Heaviside's algebraic manipulations.

The condition for algebraic treatment, which we shall
call the "algebrization condition", namely that the integrand
Jﬁt) is such that Z:;/mﬂdu is finite, generally offers no
difficulty in operational calculus, because all operands
which are encountered in that calculus include the unit

function as a factor,



5., INVERSE POLYNOMIAL CPERATORS

With the algebraic interpretation of combinations of
p and }f operators established, other operator forms will

now be examined. Consider the operational equation
(/J-faz) 2 () = 1) 3 ’z)

where /¢/) may be the current response of a series circuit,
including unit inductance and resistance « , when unit
function potential is impressed on the circuit. The character
of 4 1is limited only in that it must be a finite constant,

An operational solution of the equation rests upon the con-

ception of inverse operators. The inverse operator’ ;;é: .

we define formally as such that

/
@+a%pm,f¢)ﬂh = SO 1) ¢3)

where jﬂb,ZMU satisfies the algebrization condition,

Let the inverse operator be expanded in negative

powers of » according to the binomial theorems:

”

2
o fet) " v ) TUE 7#)

B!

/
pra

a

sl
](é)—(/o >

—
P
If the series as a function of ¥ is uniformly convergent,

it is obviously an inverse operator, since operation on both
sides of Eq. (14) with (p+z) reduces the equation to an
identity. For a discontinuous unit function the series is
convergent and equals ;ig_e“d)jgdq as can be readily

verified by performing the indicated operations, It is evident



that when JZ¢ 1is a continuous function, the series
becomes uniformly convergent and approximates the above
value as closely as desired by choosing  7¢) sufficiently
close to Z,«) , The resulting solution is in terms of
a continuous function, and using the generality of the

definition of Z& , we obtain

-at
. P - L - ) T @z
/,9+a/
This becomes the solution of Eq. (12). In a manner

similar to the above, any operational expression may be
expanded algebraically into an infinite series, provided
that the resultant series as a function of 7 is uniformly
convergent. In Eq. (14), for example, the operand 7
may be substituted by any function of 7 provided that the
resultant series is uniformly convergent and that the al-

gebrization condition is satisfied.

/
Pt
simple integration, the algebraic property for combination of

Since the operator is expressible in terms of

tl o . . -
(pra) with p°” , where m is a real integer, is

established, The property can be exteanded further to include
/

(ppi X(p-fP2) = (po-on)

are constants, and, in general, to operatos such as

operators of the form s where p,, 2., - pn

Y
Z )
where vi and Zw) are polynomials in positive integral

powers of p .

’ -
*We have by definition that P ®pea f@ e = fit) 1tt) , from

which one may readily show that ;ii_cp,a)jWUlw)sy/M}jML



The inverse operator pxa might have been expanded
by the binomial theorem in positive powers of o were it not

for the fact that the resultant series,
AW e 1t
(G-fotfs e e By, e ) L0 pa)

is not uniformly convergent, On the basis of a discontinuous
unit function, one may be tempted to consider that all but the
first term of the series vanish, except at =0 , He will then
obtain the contradiction that the value of the series in
positive powers of p is 5;]5¢ﬂl in contrast to the result
already obtained from the series in negative powers of # ,
namely éwV-e"”)Jgd). This contradiction has occasionally
been suggested as a distinct flaw in operational calculus,
However, evaluation on the basis of a discontinuous unit
function when applied to series (16) is entirely Without
justification because, when the resultant expression is ope-
rated upon with (p+a) , it does not yield Z»¢) for all
values of ¢ , notably at =0 3 +that is, the series operator
of (16) does not represent an inverse operator. The situation
may be summed up by observing that series (16) as a function

of ¢ is not uniformly convergent.

The fallacy of the above method is revealed when the
inverse operator is expanded into a finite series, Having
established the algebraic law for operators, we can write the

following identity:

/
pra

+/

/ 2 2 -/ 2
[a——ﬁ’*ﬁ—”""f(*/)hﬂe— # b —73—~I -——-IQ ]](f): (7)

it

7

nt/
nt
& &
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where » is finite,. The very significant advantage of this
expansion over that of Eq. (16) is that convergence need not be
investigated in Eq. (17) since the number of terms therein is

finite; ZXEq. (17) is a true identity. It can now be observed

)
Fra

that the value of the expression Z) resides almost

entirely in the first and last, or the remainder, term of the

series, all other terms approximating zero.” The value of
/
P

of this expression into Eq. (17) demonstrates the importance

Zt) has been shown to be L (/- e *')Z¢t) , and substitution

of the remainder term., It is interesting that, even though

a may be negative, corresponding to an exponentially cummula-
tive response, all terms of this series approximate zero except
the first and the remainder terms, the latter retaining the
positive order exponential., The absurdity of ignoring the

remainder is evident.

It must be recognized that the insistence upon uniformity
of convergence of an infinite series is required for wvalid
algebraic manipulations of series operators, since an infinite
series can be integrated term by term only if that series is

uniformly convergent within the range of integration,

Generally expansion of an inverse polynomial in
positive powers of p 1leads to a divergent series, which

therefore requires evaluation of the remainder term, while

* These terms approximate zero since the unit function is a
continuous one, For a finite number of such terms their
aggregate value can be made as small as desired.



expansion in negative powers of p leads to a convergent

series,

A very useful operational tool is the so-called

Heaviside shifting theorem, given by the equation

ije“f/mla‘) = CQZLF(/G+Q)J/(L‘} Z¢) , ¢8)

where F¢p) is expressible as the ratio of polynomials in /~ ,
2 is a constant, and the algebrization condition is
satisfied by the operands, Derivation of the theorem by the
Heaviside method may be readily modified to become consistent
with the treatment which we have been using, and need not be

repeated here, Applying the shifting theorem to the operator

f;a s we obtain
¢
-at Z -a au
/”’a f)1d) = ,o—::z— £ Ea/{z‘}jﬁ‘-) = s'“"}f— e“}la‘)](z‘) =€ f/s /:u;]/um/u. “¢9)

Consequently the operator ! is identical with the

pra

operation indicated by & “/%“,. and may be substituted by

~ oo

the latter at any time, A similar procedure may be applied to

a great many other operational forms.,.

Consider now the differential equation

Q) ity = fi) | (20)
where .fUO is a known force function, Gp) 1is a polynomial

in p , and the algebrization condition is satisfied. Then

the operational solution is

z-(f) _ &) = ] (LL) (el)
G/ PPXp P PP S

where g,z , - p. are roots of Gp)=0 ., Substituting the



integral identical to the inverse operator, we obtain

14,, -r

t “, Uyp-2
: ot/ -(pPelu, (P2l 4> (B~ Pn) Ui - PVn
Z(ZL) = Gf%’ /’ s /g : ! '/£ (/D l /0) ” < /)u./()‘n) d”/d”z A du‘l * (22)

oo

The equation is the familiar solution of an x7Ah order linear

differential equation with constant coefficients,

The Heaviside expansion theorem solution of the equation

;) = £ %% ¢, (23)
where 'Y¢) and Z¢) are polynomials in ,p , requires little
elucidation, the proof following directly from the algebraic
property of the p operator. The expansion of ;%; into
partial fractions is permitted, of course, only when the degree
of Z¢) is higher than that of Y/’ , a condition which is
demanded by a similar expansion when  is considered purely
algebraic. A failure to abide by this limitation results at

worse in the loss of impulsive terms.

6., LINEAR DIFFERENTIAL EQUATIONS WITH
VARIABLE COEFFICIENTS
It has been suggested by Bush7' that Heaviside's
operational methods may be profitably applied to the case of
linear differential equations with variable coefficients, the
justification for such treatment being placed by Bush upon the
fact that the results in general agree with those obtained by
the classical methods. However, we are now in position to

establish directly thé rigor of operational calculus.



Let us consider the simple case,

Zp)
{ Fig. 1, of a unit function potential
et)=1(¢) ®et) applied to a series circuit including
l an impedance unit, whose impedance
operator © is Z¢ , and a resistance
F/j,f

Z¢) 4 the latter being the only circuit
element which varies with time, Applying Kirchhoff's potential
law to the circuit we obtain

4)
[z + R] ;t) = 1tt) " 2
where . as usual is the current response. Though the

/
Zp) + Rit)
it is defined in the customary manner, i, e. by the identity

inverse operator is a function of both £ and ¢ ,

[2¢>+ 215 1 )= 7ty (25)

/
Z(p)+ R(E)

Using this definition we may write

]
; 5 )
) 2 R 1),

or

- a 1% (26)

Zp) fr+ T/p y22)

To expand the inverse operator according to the binomial
theorem would lead to error since the resulting series would
not satisfy the property of an inverse operator defined by
Eq. (25). However expansion following the reversal of the

*An impedance operator of a circuit element is the ratio of

potential across the element and current flowing through it,
the operator being expressed as a function of p .



position of 235~- and 2¢) in the denominator does satisfy

the inverse property. The solution becomes:

”

2
Z () 'P(,_aj {/ yoys }z() [P{g-)z/)]__...._,_(.-/) [p(hzijn }](f) s (&7

where we define, e. g.

/
] ,@n‘) ,@(z‘) }'/;; Rt z,oj

[2e) z5;
The expansion of Eq., (27) is valid only if the resultant.

series is uniformly convergent as a function of time,

To take a simple example, let Z@:p4 and R = K174,
where A and #&, are constants. Thenthe current response
is given by Eq. (27); on performing the indicated operations,

we obtain

__ PL" /pzfq_.”_’___ hZ’;.’/ethLth“‘ 26
Z([)- [/ JL. JJ-,(.Z (’)m ]](f)- C )

The method can be readily extended to more involved circuits,”
One must be reminded, however, that, in general, expansion of
the inverse operator must be in terms of negative powers of

to obtain a convergent series solution,

* By analogy with the successful treatment of linear
differential equations with variable coefficients by Heaviside's
operational methods, it has been attempted to extend the same
method to non-linear equations., Unfortunately this cannot be
done, Since the functional operator is not distributive with
respect to its operand, the functional operator cannot be
expanded into a series in a manner which is requisite to the
usual Heaviside treatment. TFor a solution of the problem see
J. R. Carson, Phys. Rev. 17 p 129 (1921).



7. TFRACTIONAL ORDER DERIVATIVES

The function of Heaviside's operational calculus is
to simplify operational expressions into forms which can be
directly evaluated, The simplification may proceed either
to a point where ready integration or differentiation alone
remains to be performed, or else it may stop with expressions
whose values are known. Operational calculus in itself,
however, has no provision for the evaluation of its basic
operational forms, such as the derivative or the integral, so
that, when half order derivatives are encountered, the basic

form, namely 45%%a1¢) or p*z¢#) , must be evaluated by

other than operational methods.

In the study of physical problems, the only fractional
order derivatives which have been investigated to any great
extent are those of half-integer order. The half order
differentiation is defined as an operation such that when it
is repeated twice, the resultant operation is a complete
differentiation., The higher order derivatives, /w”‘é ,» where

» is a positive integer, can be treated as /'}>é . In this
way the higher half-integer order derivatives may be obtained
readily from /7é s a8 also can half-integer order integrstions,

Similarly to the extent of physical problems, the general

expression /of/#)ZWU may be derived by operational manipulations
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from p*7¢). Ve observe then that it is required to evaluate
Y

only the expression p~*7&) by other than operational methods

before Heaviside's treatment may be applied to half-integer

order differentiation and integration operations.

There are several ways of evaluating p?7¢) , the
<
application of symbolic calculus perhaps being the most

satisfactory. Using the discontinuous unit function Z7,¢) ,

Nis

it is found that fw{QaU 2 _;L—jgno . To evaluate p 7d)

1§24
where Z¢) 1is the continuous function, we use the superpo-
sition theorem equations, i. e.

z 3 ATw) 29)
2 24
Z) - By LN <
/0 xiﬂ/z‘-u) ’

where, consistent with previous notation, &«)- f:%: s )= (4,
g

Us-

Here J7(/) has been considered to be made up of infinitesimal
steps whose tread lengths approach zero in the limit as the
summation of effects of each incremental rise is expressed as
an integral, The resulting function fﬂ%ﬂf} and all its
derivatives are continuous, and the function approaches*’
Eﬁfzggdy as closely as desired by choosing JZ¢/) sufficiently
close to 7,¢#). To write the integral of Eq. (29) every
time,péjﬂﬁlis evaluated would be awkward, and therefore a new
notation must be used to designate such a function., It is

evident that the function cannot strictly be written simply

¢
*We nave that  Jm. / widZw) = £©) I it
T — 7t k,_”f f 2 ’

t
Therefore Lim AT _ _Iptt)

I -7y Aeem N (tad (72



7:£:J%0 because the latter is both discontinuous at =9
aZ

and imaginary for negative values of ¢, We could denote

by
the integral of Eq., (29) a symbol such as e I 2E
g q. (29)’a s [\GF%' AZI

where "¢ " designates that the function and all its deriva-
tives are continuous and that the function approaches ?;?réﬁf)
o

as closely as desired. However, it is unnecessary to

a
complicate notation by this symbol and we shall ineed employ
the customary expression 7:%—Ido'with the understanding that

T
the term expresses a continuous function,

2
The expression p~“7¢) is obtained by differentiation
of Eq. (29). Since direct differentiation of the right hand

side as it stands is not possible, it is first integrated by

parts, i. e. ;
7 4y = 2 (t-a A °Zeo
P 1@ [ = e Au .

Now differentiating the equation, we obtain

o * 7wy A

3 ¢
£ A =/ :
/D ]() /£ {I[f-u) duz

Recalling the property of the second order impulse and em-

rloying the above established notation, we could write

2
p L) = [;—{7—7]”—?;2—] « [Impulsive term of z-0] ,

3
since fZZ%), as well as all its derivatives, is continuous
LHtt)
AT % .
not in the neighborhood of ¢-:¢ ., Similarly we obtain for

and approaches as closely as desired when ¢ 1is

higher order derivatives

n% _ 2yt
£ [ | [drpolorve tems ot 20] | o



where r 1is a positive integer and " — " denotes the Gamma
of
function., Again to simply notation, we shall return to the

more customary notation, omitting the brackets.

For integrations, i. e. p7]@=7£péﬂb, we observe that

¢
& _ A =
0 FId) = f/-z,/% o Ly

for which we obtain

J ¢
Rl = / o [t-u 4T ,
P beo 7
ZZu) - [3@7ﬁ(b]c ?

Therefore, we write as before y

and in general

brackets to be omitted in the usual notatibn.

The definition of the half order derivative permits
it to be incorporated into the realm of operators which
obey algebraic properties, so that any operstor which is a
function of integral and half-integral order differentiations
and integrations may be treated algebraically. The Heaviside

shifting theorem also applies to such operators.

8, INFINITE NON-INDUCTIVE CABLE

The familiar partial differential equation for the

potential, ext) , along g non-inductive cable is given by

2%e(x 1) . pc )_e_gj_{)

Y >



where £ is the distributed series resistance of the cable
and C 1is its distributed capacitance to ground, while the
leakage conductance and series inductance are considered
negligible. All circuit parameters are assumed constant.
It is easily verified by substitution into the partial

differential equation that a solution of the equation is

€T

2

oy Tl VoRC ¥
= ¢ FEC f,a‘)+8’°c PR

where in the customery menner the exponential operator is

defined by the infinite series corresponding to the exponential,

€. g.
~-YpRC ¥ 2

& ~%¢)=D—@ﬂﬁi+£§£yﬁ“4%¢f@ﬁﬁztﬁwjjuh,
/ !

The solution follows from consideration of the algebraic property

.of the p operator raised to half-integer powers.,

For the specific example of a unit function electro-
motive force impressed at %:2 upon a nun-inductive cable
which extends to infinity in the positive z direction, the

potential equation becomes

Gf(pEC ¥

e(vt) = ¢,

which can be readily shown to be uniformly convergent for &all

values of % and ¢ , Now if :(%#¢) is the current along

the cable, we have that ?§£29=_5514¢), and substituting for e&2)
X

we obtain

: -(pR
(%) :Jq%gﬂg PR IﬁZaO



At the head of the cable, i. e. z-0 , the current is

simply natvqéyiﬁrso that the impedance operator of the
infinit i [ 2.
i ite cable is 5%

Consider now the problem of determining the response
of the infinite cable when the latter is terminated at its

source by a resistance 7, .

The impedance operator <Z¢ of the

o (R,C)

e “  complete circuit becomes 2¢1:£1*(2§

A .
ety= 7y and the current response :¢& to

unit function electromotive force is
b
Fig. % = _1pe fe, (52)
?o (/a(' + @

We shall treat an operator of this form, namely

Iy - =277 39)
Yo+ ra
where a 1is a positive real constant., The solution of this

equation will be obtained in two forms: namely, as an infinite
convergent series and as an asymptotic series., Our treatment
will differ from others in that the complete remainder terms
for both solutions will be obtained, terms which Heaviside

E *
failed to consider .

* Though remainder terms have previously been evaluated by
putting the original operational expression into an integral
which is integrated by parts, such a method lacks the flexi-
bility of the complete operational solution since the integral
form is preferably introduced only for the final remainder
term in the manner now to be described,



The convergent series is obtained by expansion of
the operator in negative powers of p , according to the

binomial theorem:

h¥l

(_E = _/a :21 /a g = n % i "‘li f;
N 1¢) = || &) +{/f‘)-§,~“-)f(7§— s o1 14 Jit) +e0 )7 HeTE —L— Zit) | (a4

The expansion is exact since the remainder term is included.
To evaluate the remainder, first the half-powers of its
denominator are eliminated:

h'fl

2 = (-1) (——)‘ A‘—f 7¢) »

and, using the shifting theorem for the denominatcr factor

(p-a) 5 we obtain

¢ /
2 o= my™ 3“75'““(%)7(/3—6;) Jeadu .

Since e is greatest in the range )0 at ¢-:o y &
dominant to the absolute value of & 1is obtained by removing

that exponential from the equation, i, e.

h+! 1

at al £) 3 at
IRl £ | L “Chefam) Iy | = ) @) T £ @t)” ¢ 1t
€ P (/,.) /) f / / {‘(h+3) r(z *z) / b

or

Reen gre)s ! _Aat (35)
(r(*—;—*’) ey )y 14)

where & is a real constant such that 0§60/ .

The complete solution is now obtained by evaluating

Bg. (34) term by term using Eq. (31):

+J

2 2 f Pt yiis a
It) = [)- @t)*, at SO, D BT e @ Te (L - fat e,

red) ) re2-7) =) rn

(3¢
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The presence of the positive order exponential in the
remainder term renders the remainder rapidly more uncertain
with increasing values of ¢ so that an asymptotic form

of solution is required and is next obtained.

Expanding the original operator, Eq. (33), in
positive powers of p according to the biﬁhial theoren,

we have

~

He)s (@)~ £o@) - e ()7 1200+ 0™ Q)7 B 2ty . 57
The expansion again is exact. On the elimination of
half-order derivatives from the denominator of the remainder,

the latter becomes

2 -c1) ﬁ#) ;LCZ 21t) .

Let Jgi = w7 , an integer, and apply the shifting

theorem:
¢
B ()5 2t - o) o e p Zurdt.
at
The first term 2, may be reduced directly, since ;;é52W9=€ 7t
to

2 - (L) e 1) = &2t 4l

2

where the impulsive terms are ignored because the asymptotic

solution is not applied to the neighborhood of ¢:=:0 |,

For the second term &£, of the remainder, the integral



is separated according to

LL L

Then
oo ¢
a -a m al -au
< =-éfjma';/; /ggi]hjd«-éﬁjg ¢ vap Jwdua .
But o
/f‘a“éd% = @ 9
so that

™ » t’_ﬂ“
2 =&Y e it -&) s“/e fap Zcuydu

‘co

2‘ ”~ f—qu
=-e“7w - (—aﬁ) é‘ﬂy,p ,/47-? Ty du .

Therefore the complete remainder is

”» LA
BB R, =-(4£) a”ye Vap Zayau. 3)

oo

To evaluate this expression we recall that integration
and differentiation operations are commutative provided
that the operand vanishes at the definite 1limit of the
integral, In Eq. (39) the operand under consideration is

& ““/zp 7¢t) , which indeed vanishes in the limit as

¢z approaches infinity. Then using the commutative property,

we may"shift" the multiple derivative operator (a/)” past
the first exponential, bring it into the integrand, "shift"
it past the second exponential, and complete its journey by
operation on ﬂ;;']d) . The important aspect of the integral
is that the impulsive terms are not present in the range of

¢ over which the integral extends, We find for 30



£

p:-aé‘dyé’-q“ﬁf)ﬂ”zj(a)du 5

¢
t —aw
=~48“/a a Io(u ny
oo [(-m+5) (au)™ "%

A dominant to the absolute value of ® is obtained if

the exponential is removed from the integrand past the

integral sign; then

2 = =L —, ; oge¢1 , <tXo , (¥
F(-msZ) cat)™ ®

The complete solution obtained on term by term evaluation

of Bq. (37) becomes

.[(LL)="_'I_— ——{ + f 2 4 ity : - & -I] H 0<8<| :t>o .(‘“)
(at Lres) " M(d)at "M2)at)*  [iwsFUatd)™" [(meZ)at)

The impulsive terms are dropped since 20 o It will be
noted that the error incurred by stopping the series with

the m#¢4/ term is less than the magnitude of the » 7?4 term,

Usually the divergent series obtained by expansion
of an operator in positive powers of py is asymptotic and
Heaviside generally evaluated such a series by stopping it
with its smallest term, presuming that the uncertainty of
the remainder is less than that smallest term., The above
example satisfies this condition. However the procedure

occasionally fails. Consider the problem of a sinusoidal



electromotive force impressed suddenly on an infinite

non-inductive cable. The current response may be written:

. ‘Wt
Y = = F/RS V¥ I
‘Zy)eab % 5

where the real part of the solution is the response to a
potential £ cos ot Z£) , Converting the exponential

term to its operational equivalent,

i) = £(% —#—— ¢) . “#2)
o w
Expanding in positive powers of p according to the binomial

theorem, we obtain

g 3 37 nek ”’z
iy - EfE [;J% N R N Rl _Z—_- It) . @3

J'N" [/JJ“’)

The remainder term is

[‘)h

¢
et wl LW
2 el £ Ao
Separating the upper limit and evaluating as in the pre-
ceding example, we find
J'ulL

Rz & [ ¢ - e
Fén+£) wht"TE

where o (loi¢ | . The complete solution is (¥¢>0)

Z(l‘}‘édwcé‘ +EF[ / + e+ _("_)_:: *——6———~—- 3

F(3N B2 T2 Xut)? C(-n+ 3)wt)” (et )wt)"

»n+l

+J£F[ S b .

2)(wt) F-%£ xwt)? [(-n+ 2wt )™ [lned)iut)”

where » 1is made even and 4 o are real quantities such
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that O<B,I< 1 ; 0<1]6;)<I . The steady state term
evidently is £ ﬂ%_ CJ“f s which, we note, was obtained
from the remainder term of the expansion. Therefore a
failure to take the remainder into account would lead to
an absurd result., The example illustrates the necessity
for the development of an asymptotic series in a manner

which permits of the evaluation of the uncertainty conse-

quent to stopping short the series,

Sometimes the error resulting from the ommission of
the remainder term is not as obvious as above,for example
when the remainder contains a negative order exponential,
Since an asymptotic series cannot reveal the presence of
a negative order exponential, it is to be expected that
if the solution contains such exponentials, the latter will
persist in the remainder term when the result is expressed
in asymptotic form. Heaviside's usual methods would fail
in these instances and he has used intuitive methods to
handle the situation, methods which are not rigorous and not
explicitly defined., A conspicuous example of such a problem
is that of an infinite non-inductive cable terminated by
inductance. By the application of the methods herein estab-
lished, the problem is treated in detail in the appendix
of this paper. The solution is made cumbersome at one point
due to the fact that the remainder of the asymptotic ex-

pansion of 27¢) does not lend itself to ready

/
P* (et @) /0



evaluation when o« is real and positive and (3 is

real,

We have examined the method of treating inverse
polynomials in integral and half-integral powers of p» .,
An analogous method, though more cumbersome, may be
applied to the more advanced operational expressions, TFor
example, in the case of operators pertaining to the
inductive transmission line, the expansion may be made to
proceed not as a power series in Z but in terms of Bessel
functions, as used by Heaviside, permitting the evgluation
of a dominant to the remainder of the series. Space
does not permit a detailed exposition, and the latter
procedure can be derived by utilizing Heaviside's own
methods, with the slight modifications which have been

discussed in the course of this paper.

9. SYSTEM INITIALLY NOT IN EQUILIBRIUM

Thus far we have been dealing with solutions of
differential equations under the simplified boundary
conditions pertaining to a circuit undisturbed prior
to application of the electromotive force which is under
consideration., The methods already developed are readily

extended to a treatment of general boundary conditions.



We have observed that operational equations for
lumped parameter circuits state explicitly the entire
history of the dependent variable, but in the case of
systems which are initially (7=2) not in equilibrium,
the values of the variable are'both.unknown and of no
éonsequence prior to #=0 , The obvious procedure in
setting up the operational equation is to assume that
the system is in equilibrium before <9 and that at
this instant an impulsive force is introduced such as to

create a state identical with the boundary conditions,

Consider an »?¢4 order differential equation:

(@ p s, p e rapra )iy -o . “#3)

We are to determine the dissipation of the wvariable z@&)
following an initial excitation, specified by Z@)
Zel,., , - )[fuw¢dt“ . The operational equation

assumes the following form:

) /

(Cnpp 4y, p" e ra,pea, )iit) = (byp b, p e v bp) Xty , 6)

where the right-hand side represents the impulsive force
which is necessary to produce the initial conditions,
There remains then only to identify the & coefficients
with these initial conditions, Divide the equation by the
left-hand polynomial in £~ ,

5} % ai: L e, k] by - a,, ]

#47)

Hns b, gl - - Ci b Ca B s
e G ) L e



4,
where «, is the coefficient of ™™ , i. e. <75,
/ .
K% g G- Bu ) 3 €Yy 8H G0, - g, are
constants,

As we approach f:=0 from the side of positive
values of £ , we find that, since the integration

terms approach zero,

) ———>Zf—” ) =K, Ity . ¢—o

-

But this approach is exactly what we mean by the first

boundary condition, namely ¢©) , so that «,:=2@ |,

Now differentiate both sides of Eq. (47) with

respect to ¢

. _ ne@ -ntx
/oz(f)=[/(o/a+4/, - Ky p I“'“*/(""P o AL = v v Cap) 1z .
4,,/9"+u-+0,/)*ao

Approaching ¢ =0 as before, we have

Pell) —— i p At + o, ZE) { — o

;
The impulsive term on the right hand side vanishes except
in the neighborhood of (=0 and the neighborhood is as
small as desired, so that we obtain in «, Z¢) exactly
what we mean by the second boundary condition, or

[27¢) ) 4oy = %, . The method is extended by successive

differentiations, giving for the general term:

(On ) - - g — . P
[P 1(t/]f:c == 'em =4~." [é,,_m g,,.,,, Ko da-uu /(l - Dpey Koo .7
The ¢ coefficients can now be evaluated in terms of the

initial conditionss

specified



b, :a, t@©)

é)h—/ =Ja,Z @) + a,., id ]t=o

b, = [G,2°) + a,., {&) +a,.,zc) [

.(n-2)

L On) o ;
é, = [ﬂ,.z (tr+a,, 2 (£ o+t 28 a4, 1(:‘)]#

The operational equation becomes:

n-t

(@, p ", p tr rapra) )= { pla, itreaies e~ +a,,i

n-2) (s
o
() q, 1 (f)]t= i

< - s - (n-2D
*p [a i)« ayittre =~ ¢ G, ¢° ’(f)]hé

+

+/o””L@Vid;+ a, 21, -
“@8)

"P” a, 7¢) }]{f) .
Immediately after the impulsive force is applied, the
force vanishes and the proper initial conditions are
assumed; therefore the validity of the equation is
established.” The solution of the above equation pro-

ceeds in the usual operational manner,

If an additional force is impressed on the system,
a function representing the force is added to the right-
hand side of the equation according to the principle of

superposition,

In electrical circuit problems, it is a series of
simultaneous differential equations rather than an #n74

order differential equatiom which is involved, For a

*H, Jeffreys introduces the above general boundary
conditions, though for a more restricted treatment of the
fundamental operator # , "Operational Methods in Mathe-
matical Physics" Cambridge Tract, 1927,



passive network of n branches under initial excitation, the

first current equation of a series of simultaneous equations is

(L, o+ B, pp + Z%)z',(t) R N B pr ) ity
- {/"Q" 2,00 +plL, 2 ¢ */Q,dé/]f: N Pl @ ep [L,1,060 0 R 2],

where e, g. {,, indicates the mutual inductance between the

}1&),

branches » and s . That the boundary conditions specified by

L), [2,°¢)],., i), lz,'@],s

Kl P

are satisfied by this equation is evident by comparison with

Eq. (48),.

In setting up the current equation it is more convenient

to express the terms in dimensions of potential, to which
form the above equation may be turned by operating on the
equation with ;} « Furthermore, to consider a more general

problem, the presence of sources of potential within the

branches will be taken into account., Since inital conditions

have alreazdy been introduced into the equations, potential
functions are considered to vanish for negative values of 7
and consequently include the unit functiom as a factor,

The first of the system of equations becomes:

(A//p"’/gu +/JC"—“)Z‘/[[/ TE A et (-L/Mp-' p/h * /'.D—CI;_:) Z;’{t‘)

- . % . .
- [5, pd, 2 0+ [L,5 e R, ?,ft"Jt v ol s s L4, 7 000 R 7]
=0

Again the solution proceeds in the customary operational

mannex,

v (70



In the field of partial differential equations, an
analogous method may be employed in the treatment of boun-
dary conditions, As an example, we shall consider the

wave equation:

2% (x,t)
PEL

gze()’,f) = 0
Yol ¢

/
c

governed by the initial conditions:

e (x,0) = FE, (%)
5

Be( “#9
[0, - !

= E, ) .
In the manner of the previous problem, the equation is

written operationally

Dze(x;b‘) - L plemt) = /oZJC(f) 75 «p fuwy 5, 60)
A% c*

where the right-hand side corresponds to the force function
necessary to produce the required initial conditions. To
ascertain the function JCU) and jé(r) s we first operate
on both sides of the equation with 3 3

' e x,t)

/ 7
St s g et = fmdds « [ L Xt
Since ecy#) 1includes 7/ as a factor, as we approach
t-9 o9 the first and last terms of the equation tend to

zero,leaving

-lee(x,f)‘ﬁ/(r}f(/) @5 ' —> 0 .

Therefore, comparing with the first boundary condition
Eq. (49), we obtain

jém)=—;%£y¢/.



Similarly, operation on Eq. (50) with leads to the

Si\-

second boundary condition

Jal#) == o5 Epixs

c=

The operational equation becomes

Dye%ﬁ‘)— ;/i/oze(&f) = -Z/; Ec0) p Tty - C—; [l(zf)/alﬂ‘) . s

In the customary manner the equation is integrated
with respect to # , treating , as a constant, the justi-
fication for such a procedure resting upon the algebraic
property of the p operator, The solution may be expressed
in terms of the particular integral, J(z#) , and the
solution of the complimentary'equatioﬁ:

L= L
elx t) = € £l +eF )+ Tixt) »

or
SF(-E) +F (P E )+ Tont) &2)

The familigr method of determining the particular integral

by operational methods, letting 2 - gﬁ s Zives

o e o N 2Jd) + L &3
L L) ‘ng_{_: (c2 £, ) P B~ La,p A ). )

The operator is expressed in partial fractions,

-/ 7

2 2
&

=S e /
_Zf (D+7c@ 2_.4_,. )?

and each fraction may be substituted by its equivalent, e. g.

-£Ex z,ﬁz«
/ = & = E£C v ou "

D+f “oo
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where the lower limit is chosen at — o 1in order to
simplify the derivation.

Evaluating the first term Z &) of the particular

integral:

5 4
Lr/ L
- ‘ P s oo € c ) A u
L (x, t) ® el £, 4 Zd) k1 /j’ £ p

’ +
&

or , _-€x /Z 7 B
=z € [ AmpdlteF)du .

But the function /77Yf+§) , &s a function of « , represents

a peak concentrated at x--o/ which encompasses an area
of magnitude ¢ with the axis, Therefore the ex-

pression becomes

£Ex
€ L (ect) Tt ED,

Nio

Z,(xt) =

7

or (59)

~ S Etmct) I .

In a similar manner,we find

-/
I, (x t)= e L) 2 Zd) = 5 & (xec?t) I .
Since the remaining terms Z (y,¢) of the particular inte-
gral are of the same form as those already derived except

for the presence of a p factor, we have

7, (g #) = # [E, (rect) + £, (x-ct)] ) .

Proceeding to the limit as /¢, 1is made to approach the
discontinuous unit function, the particular integral
becomes:

¢
[/?/ t) :,—2_/ {f;(xfcf)éf'/ (k-Cf}j*f/{fz{xfCh) , f; (X‘(“)} duw

J

L20

(65Y)



By change of variable the integral may be written in a

more familiar form:

Xl-cf

Ly t)= Z’L{E:(X*Cf)*l.r,(x—cf) +2—C// £ o dy
x-ct

t >0 . S1®)

7

The complete solution of the wave equation becomes:

chf

et) =F (- F) £ (44 F) " 2 {f,{x*cf)*‘ﬁ/v-cf)f*;’c/fzm)dw- -

y-ct

The two functions, /4 and 7/, , are determined by the
particular conditions specified at the terminals of the
line, the functions representing reflected waves, If an
electromotive force is impressed at the terminals, the
corresponding force function is also involved in the two

boundary functions,

As in the field of lumped parameter circuits, the
operational equations pertédining to distributed parameter
circuits describe an entire past history of the equation§
or at least a history which simulates the actual in regard
to the production of the initial conditions.  In contrast
to the differential equation, which is true for only par-
“ticular intervals of its independent variables, the ope=-
rational equation is true for all values of the time variable,
It is this completeness which renders operational calculus
so useful, for the initial conditions aré inherently stated

in the equations and do not require further attention,



10, SUMWMARY

A mathematically sound treatment of operational
calculus has been shown to be possible following several
modifications of Heaviside's methods. The basic diffi-
culty in Heaviside's presentation, namely that which
accompanies differentiations of a discontinuous function,
has been eliminated by the restriction that operands ef
of operational equations, as well as all successive deriva-
tives of the operands, must always be continuous., As a
consequence, the unit function Z«) has been defined as
a function such that it and all its derivatives are con-
tinuous and which function can be made to approach the
Heaviside's discontinuous stepped function as closely as

desired.,

/ . /
To render the operators o and z commutative, =
&
is defined by the operation o du 9 Where the integrand

tL
_/d) is required to satisfy the condition that J/ Ifeo ) dy

be finite,

Linear differential equations with variable coef-
ficients are shown to be amenable to solution by operational

calculus,

o

The half order differentiation, »°, is defined as
an operation, such that when it is repeated twice, it per-

forms the same operation as a complete differentiation.
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Its basic evaluation is found from other than operational

/

calculus methods to be f?{é(ﬁ;zfé Z,¢) 5 where 7,
/g

is the discontinuous unit function. For our purposes, using

the continuous unit function, we have by the superposition

theorem that

: ¢
z } AL
pPrIAD = L Y

which, as well as all its derivatives, is continuous and
which approaches —L Z* in the limit as Z&—Z ) .
PP = / > @)
The expression is abbreviated by L 7 . The alge=-
Nt
braic law can be readily shown to extend to operators

which are functions of integral and half-integral powers

of/y.

In the treatment of asymptotic series, the remainder

terms must be determined before the series can be con-

i~

sidered evaluated. When inverse polynomials in » and /’2
are expanded into either the convergent or asymptotic form
of series, the remainder terms may be obtained if the
finite series expansions are used, where the finite ope-
rational series are true identities with respect to the

original operators. Examples of the procedure are presented.

The operational methods herein established are
applied to the problems involving systems which are initially
not in equilibrium, where both ordinary and partial

differential equations are considered,



A derivation of an asymptotic expansion, which in-
i .
. ; "B
cludes the remsinder term, of e“Jmi/;(”m'ﬂL Ln 2
4 Yor

vhere o and @ are real and « 1ig positive, is given in

he apprendix in the course of treatment of the non-inductive
cable terminated by inductance., The derivation supplies the
only deficiency which has been »nresent thus far to the deter-
mination of an asymptotic solution with remainder term for any

operational equation involving pelynomials in half-integer

powers of p .

The writer takes pleasure in acknowledging his
indebtedness to Dr. Iorgan Ward and to Dr. D, H. Weinstein
of California Institute of Technology who have kindly

assisted in the preparation of this thesis,
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APPENDIX

NON-INDUCTIVE CABLE TERMINATED EY INDUCTANCE

A problem which has been the center of extensive
investigation is that of determining the asymptotic
solution for the response to unit function electromotive
force of a non-inductive cable terminated at its source
by inductance, It has been mentioned, p 32, that the
difficulty lies in the presence of negative order exponen-
tial terms which appear in the remainder of the asymptotic

3 3 3 /o
expansion and which are not readily evaluated .

Consider the circuit, Fig. 3; the impedance operator
of the cable has been found to be /éj s so that
fC‘

the impedance operator Z¢» of
Lo R C)
(ﬂuuur ~IZZ 7777 the complete circuit becomes
1 e Z¢pr= ph, » /2 . The current
elt)= 18 Xd) £C
\ response i to unit function

v electromotive force is
Fra. 3
7 PR JE . — 7S ()
[J€p2+ﬂ€

Then the potential () at the head of the line, Fig. (3),
is
YR

NI & 4 S— . L)
L X0

6Ly = Zct) ;/J[a i) =

We shall treat an operator of this form, namely

/ .
Vit ye —gee—=J@J,
= @pi™e | red



Let us expand the operator of Eq.(s) in positive powers

of p, according to the binomial theorem.

wa
//)2*/

2 2 ) ;3(»»-1
Vi) - Zth = [)-tap)*s (a/ng- (ap) % wve)" 7ap) "L e) lzit). =)

(6?/0) 25/

We shall evaluate first the remainder terﬂ1,4w9=eu"_EZL__7Zﬁ_

E%3

Clearing the fractional order derivative from the denominator
by operating on 2@ with JZ&L;LL— , we obtain
(4/)

2
L) = -1)%@p)* 7 L@ﬁ_ 7). &)
(4/=)3~ /

Now we expand the operator into partial fractions, and

let ,» ©be even so that Z» -m-+ , where » is ~ 7/0,

/

Re) = @p) L v SNLIE 1 (E -3 L«
F p-L 20p-1us 4, )*2@ s @ 1 @p> 1] 2t )

By AP &) we denote the terms of the remainder which involve
only integral powers of » . Using the relation 2#%-z¢):géﬁm@

already evaluated, we have that

m-2 & ; =13 ¢ : <173 ¢
2([)_—__%‘{‘2) (&'q+i%£3_8 -4 a,.,.i:,z/;fa__ga 2 a')](f), (7)

The multiple differentiation is now performed and the
terms combined:
o0& - 2 'J—fx.cos—%% t >o CY

The neighborhood of 70 is excluded from consideration
since the asymptotic series is not applicable to this

region.

The other terms of the remainder, to be grouped

under 2, () are
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m 7
/?2 @) = lag [ 7 = Fit + wlzilr - Vap Zbo . (D
Sa e s /4 f' 1= (3 g
= R(p- =242 20p - 242

For the first of these fractions, 2,,# , we transform

the inverse operator to its equivalent, i.e.

%
D, () - (dg)b'ga‘«t -2
2,/( 4 = P & Yap Zu) du .

Then separating the integral according to /// ‘// *//’7

~ oo

¢ oo &

and evaluating 1y Z¢7 , we have

/@2,, &) = gﬁlmé‘ ‘Z;—‘_‘%éf— Tiuy Ao * g{*&)mrg/{f@]m; du . 0)
The value of the definite integral approximates « as
7Z) is made to approach the discontinuous unit functicn,
To evaluate the second term, we shift the derivative
operator @@r” within the integral in the manner already
discussed on p 29, We find for Z2o0

£
a a a.

By & < %‘ ;; 9_5 Tap) ](a/ﬂ/a, )
A dominant to the absolute value of R,, @ is obtained
if the exponential is removed from the integrand past the
integral sign; then

o
@%/(f) z 5ot

M\

o958, <1 ,tdo. (R
.3/‘/ {f) ’

The positive order exponential cancels that of Eq. (8) when

the complete remainder L¢) is derived,

The second and third terms, 2Q?¢7 and 4 & respectively,

of 2,¢) Bq. (9), present certain difficulties in their



evaluation., Let us consider a general expression of which

Rzt and £, ) are examples, namely

t
< m (arj@)l Coryplu S
B, ) = /;’_*/Zﬂ_—) £ e 15 PR p Zeodn & 3)

where « is real and positive, and @ is real, This expression

is the remainder after the »7 term of the asymptotic expansion

of P b
/ 7 ~(oxt+ (oF -
Zt) = oo p A = & Y /6 < e Aeu)ydn /4 )
* ty o2

To the writer's knowledge no rigorous method of evaluating a
useful dominant of the remainder has yet appeared in literature " .
Fér the remainder of the particular operator series in our
problem Heaviside obtained an exponentialf s wWith the uncer-
tainty less than the smallest term of the series when the series
is stopped with that term, but no proof was furnished by Heavi-
gide though his conclusions are correct,as we shall observe

presently.

The following treatment of J/rf) Eq.(14), obtaining a complete
and useful asymptotic expension, was outlined to the writer by
Dr. Morgan Ward. - The expression is first expanded in convergent
form, either by integration by parts or by familiar operational

procedure:

2 7 ”
26) - 2 fE [/ Lot ot wotl o 2at)” 4 g
7 3 3.5 357 «’ G T [ Pmt) } 247,

*For the specific case of g2, T.J.Stieltjes, Acta Math,IX
p 167 (1886), has shown that the remainder is less than the
smallest term of the asymptotic series, when the series is stopped
with that term.

fTreating the problem by contour integration T.J.I'A Bromwich
Proc.Phys.Soc. 41 p 420 (1929) (discussion of an article written
by W. E. Sumpner), derives the negative order exponential but does
not evaluate the uncertainty of the remainder,



- 48 =

where A=y and we let 141=1 . The series is a
hypergeometric one, namely
Zct) -z/; W (/;Zi;-dt) 1¢) .

An asymptotic expansion is obtained by employing the Kummer

function ‘ ) ar
ﬁ(a/,rj,,z)..j/7 ;""Z(—m)"' (/*ff) £ dw
where |[org z/<7 s the contour is designated by Fig.4, and
- W plane requires that the singularity at w:=-2
K s Rl Eeeis
J//,r\\\\\‘“\*~—— be outside the contour, as shown, The
o' C»u’t
Kummer function is identified with the
Fia. 4. hypergeometric function by:
§[d,ﬁi)=ﬁ;%—%,j Fy (s r; 3 )+ ST rir0) 2" F (st=rst ;-rez2; 2) .
For the problem under consideration, we shall let «5, r- 5 ,
Z=-at Then
Bt 3t )= F (5555 904-—Fﬁ—)2 o T S I
But 2
‘o, . ,_at (At e g Ei B )"
Elsisge-at)= { 77+%72— “)i,d_/)

_at

Therefore, we obtain on substitution

-dt
Iy = | B -& b f 0] Xl 08

To evaluate the contour integral
‘7 ] / -_',_: "-
f(r,;,-dfh;f;.;ﬁlz—w (-2 )"¢c

-

we first expand by the binomial theorem

/"r)f} e P ) e (;‘r‘) C;f) // >

and substitute into the integrand:

2 ,
z -
-+

! = Aar el
L L] / _( V2w o e ew) - Fw) P, oWt
Pt i004) " s g €T ) S 2 e Sarare (Ge) [

But it is known that )

37 /[;r) & a/;f
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where the contour is identical with that of Fig. 4. Then

Gl ot o [ weas g d 3™ !
- i : Byt G e ey
It "Tg)  -Hat r-%)at)* r(~nf§)(at)”“]
wod ™ AR Lot S (16)
2 ﬁ;?(dffm‘d/é o TGy )
i~

To evaluate the remainder, we shall deform the contour as
shown in Fig. 5, where the radius of the circle about the origin

2

is made vanishingly small and the lines I, and [, are made to

Weplane - approach the real axis. A dominant to the
Qgﬂ//F;fﬂwi” absolute value of the remsinder may be ob-
:ﬁ: B n tained by permitting the factor (1-3%) to
. . assume its greatest absolute value in the

range of integration, i.e. from Fig. 5

[(-7%)"] < , since WdI=/ . The re-

mainder term of Eq. (16) therefore becomes:

1
(at)™*=

(=

\R,.1 < lEé?--———I J/e”?wrf"édv/

- NI
F-m=£ )@ (07 E

where 101 < |

On substituting into Bq. (15), we obtain the final solution s

&
-at Aduw & Ed
& £ pduwdu = [ wole Joodo (B o SHEQPFIFIFET g o
Y- t T 0 R 2 1 ' s
Lo a 4 {r(a) (-3)0t)  r2yt) (-5 )(AE) (7)
1
+§m)mu f]]/f) 5 181K A=At R st @ real ,a>o0 , GEEO -

m

- The remainder term, it will be noted, is multiplied by the
term of the asymptotic series following the last considered. The

remainder A&, ¢), Bq.(13),1is

_(d*d‘e)t_ ,

F(-m-5 ) erjp)™ "

£
/'()l_cz‘) 5 i\/j(d—w;(&T

. _Gi el [ dds (/8)

“The uncertainty factor ¢ is different in the wvarious equations
where it appears, subject only to the condition that 161 <!
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The expansion is extremely useful as it now permits us to obtain
complete asymptotic solutions for any operational equation in-

volving polynomials in half integer powers of p .

We now apply the above results to the problem on hand,
namely the evaluation of Z%Z(f) and 2, ¢ ,Eq.(g). Comparing
Eq.(9) with the remainder, 2, «) , Eq.(13), already evaluated

in Eq.(18), we have that

sy
~ ~(°‘UF)Z o h\'-l
s It v R 2 <[ '[')O 5
R @) = 5 g (oo 3 n,*;)hﬂ ;oel<l
And substituting” -@U-@)-_;U-Fﬁ: e i me 70,
€ J:
s ("“J.:.) 29 (/9)
Batti= -5 € *iE r{_”‘__)(t) ; 1gist | 24,
In a similar manner, we obtain the conjugate remainder term:
(,.—’ C 3 ;
hy u =g 7Y 4__ T . opIk >
Res 2 = r(-m-g /t) £ Bt . t20 (o)

The complete remainder is evaluated by the combination of

the four constituents: R:-R-+7R,, +®,,~R,, Bq's (8,12,19,20);

¢

AP S Gt 6
Rty = B T‘“af o -»)(t) +3 r(w—)(f) 1@<, t)o,

The final potential equation therefore becomes:

I m-A

.. X 'f Bt é 4 t Q
V) = m 5 e e - () Z(r"(‘é)+l‘(- (Q) (»3)(t " femeZ 71

( ) 3 o ;)[t) z}; 161<) | t>0 , pm=4,7,10,"

The exponential term which we have obtained agrees with that
given by Heaviside. It is unnecessary, however, despite

Heaviside's statement, to stop the series with its smallest

*In the evaluation of J-e+«@E) , it must be recalled that

]d”'a-(dv‘(é)} £ I,



term in order to ascertain the uncertainty of the remainder,

A treatment by convergent series of the non-inductive
cable terminated by inductance permits ready evaluation
of the uncertainty of the remsinder after the »n?» term,

Expanding the operator in negative powers of p , we obtain

!

V) = 7i)

(a/O)3/1+/

/ / y i " ! Zi¢ 2
g — gt —————— — e+ (1) +(-/) ] (z) . (22)
(4/0)% 64/9)3 [ﬂ/o )9/1

(ap)%” (ap ) @/,)%u

The remainder term, 2¢) , is expanded into partial fractions,

following the clearing of fractional order derivatives from
the denominator, as for the asymptotic series:

7
Baa=l® L. gl ., _=lff

S ) ) Z(¢)
a "‘—:: ~1+/(3 . %‘1
b -2(/9— _5\.-/:?) 4{/,, ,__ilai) @p )

Applying the shifting theorem to each fraction and combining

terms, we obtain

" L t"]i _;?(,,-,, = 3)
2ty = 1) éi—e“/e“[(asz ~lap) T [T du B

{5 & .
-y7-=< = 3¢ 2z = 3 gn -2a
+(-1) o € = s (_—2—2 @ Eﬂ)/g COJ_EZ [(a/o) _ [a/’) = )I(u)o(u.

t t o« Loy 3
n 2 2a " V3 E 2a . Tuw -2 - h 1
+(— et 3 2ar £ a— - wydu |
(Gl Ze & S (I— + ?2/ S/h = [[Q/j> (a/)) _) )



It is evident that a dominant to £Z) may be obtained by
proper removal of exponentials and trigonometric functions
from the integrand, and one form of the remainder is

certainly given by

Rt < S (e:2)[ap)® “-cap) J7¢)  oglelgl .
On integrating and taking the limit as the continuous

unit function is made to approach the discontinuous one,

/

Ry = (e ’I)Z.fy—:jvy(’ffh : ( )" ”]; oglolsl, tyo. @4

F(3
Finally the potential equation is obtalned by performing

the indicated operations of Eq. (21), i.e.

3
L Ty
l/a(é): [‘(g’)/a,) *3—7/0_,4) +”'*(—/J /'/-; ")) (E)
¢ Sheg
2 (s5. I yENEE U pcierst 2.
D GT e g @ et

. ¢ #
The expansion is useful for small values of ff 3 as 3
increases, greatly more terms of the series are required

to maintain accuracy of computations.

(25)
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0. Heaviside
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