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IRTRODUCTION S

The purpose of this paper is three fold: First, to
set forth the praetieal applications of two methods of
analyzing the motions of buildings effected by an earthguake.
Second, to compare the results of these two methods in some
of their peculiarities. ind, third, by actual shaking table
experiments, to compare the results of anslysis to real
recorded motions.

The first mothod is that fomulated by Ir. M. Biot
at the Califomis Institute of Teehnology. It was presenied
in full to the National Appiled !lechanies deeting in .'ﬁme‘,
1832, Since that tine the practiecal spplicstion of the
theory has been developed at the California Institute of
Technology. The full deriwation is & eomplex problem in
mathematies and will not be presented here, thus limiting
this to an explanation of the pmetical methods to be employed.

The seecond analysis is that formulated by Professor
Ha e Westergaard and presented in full in the inglneeringz News
Reeord of Lovember, 1938, To our knowledge a full applieation
of this theary has not previously beon mnde.

The conelusions put forth in this peper are based
on eight complete applications of the Eiot anzlysis and two
appliecations of the Westergeard theory. ixamples of these
caleulations are shom in this paper.



CHAPTER Io

The Biot Amalysise

Dre kis Biot in his peper states that "the motion
of a building effected by an earthquake has the eharacter
of a transient oseillation.” Using the same principle as
applied by leaviside in the analysis of transient electrie
currents, Dr. Biot, considering shearing farces only, mplies
the genersl methed of amslysls to the oseillations in a
building.

Briefly the theory is, that vhen an harmonie forece
actz won an olastie systen the oselllation tends torvard a
steady stante end in the ease of resonance the maximum
amplitude is detemined by the internal frietion. ihen the
system is effeeted by e tmasieat umpulse, homever, the
harmonie motion has not sufficient time to develop. Dre
Biot investigates the response of an undsmped dbullding to
such impulses in four distinet phases. First, free oscilla-
tion, seecond, foreed harmonic osecillation, third, sudden
constant accelerstions, and fourth, cscillations due to
arbitrary borizontal aceelerations. iaving treated these cases
separately, Dre Ziot then formulates & general theores which
when fully developed takes the form =

U (x) e BV )

where Uy (x) equals the displacement and X and F( |/ ) ave



functions involving constants and the actual earthquake
funetion, If the analyzic is mde considering the building
vibrating, primerily in the fundamental period, this eguation
becones

Uolx) = 1»:0 MY a)
in this case

K = 2T(Vojoto B eos( )\og)

. T s (T 2
b \/e) s \/oro) \/(/aact) gin sm/at at) +(/°G (t)eos zm;t as)

'.Ea ® the fundemental period of the building in seconds
per oseillation as found by experiment.
\/n = the frequency of the fundamental of the milding

in oselllations per second equals _%_ -

: o

o = _%? .

No = is found from the equation )\otan}\o 2 of vhere o= Rn
where n is the number of stories above the first and
R i3 the ratio of the rigidity of the first floor %o
that of the others. Uhis may be enleulated if the
columns have very constant cross-sections by the
formla R® L5 L% (L is the heteht of ome of

 §
the upper stories and Ll the height of the first



story), howevar it wos found more satisfactory
o detormine L. experimentslly. A msssurable
latersl foree wvas spplie@ a2t the first floor and

a deflection meanwred g8 shown.

L _[._
In
i
— | |
The same furee was then applied to one of the uper
floors, the floor imwediztely below belng held
stetionary, and the deflsction reasured as shom,
then
a
R = »
a
i
to = is found fron the equation to =T Z o

2w

B, = 1s found from the equation B, = 2 o «Fo
Ns

where (), ® gos Ao
o= goe. ;
Ao
g :% where z is the distance down from the top at
which the displacement is desired and h is the height

of the buillding above the first story.



t = is the independent veriable, timeo.
G{t) = is a funetion of ¢t epressing the ground motion

in tems of t.

This nomencleture is the same 2s used in IUr. Blot's
paper and the terms aro the gsamej howver, from these equetions
the exnet physicsl signlficance of the temms doos not appear.
This is due to the faet that the physical valwes are not as
easily cbteined as the cnes given above,

In this manner all of the constanis can now be obtained,
The di fficulty lies in evaluating the two intezrals under the
radical sime. This was done by means of graphieal intezgration.
The zine and cosins funcetions when integrated become cosine
and sine funetions respectively, These eurves ave plotted to
appropriste seale and then the curve of the earthquake plotted
at rizht angles to both of them., It will be seen thet the
values of the tw integmlis are then expressed by the accume-
lative, algebraie sums of the areas wp to the roint in guestion.
Care, however, must be taken to distinguish between positive
and nepgntive areas,

#ith this informmtion it is possible to evaluate the
entire expression cbtaining veluss for deflections at every
time during the earthqunke and at every point in the building.
These values can be el ther positive or negative and thus they
provide an envelope within which the ewve for the actual
relative displacement (due to oseillations in the fundamental)

should remain,



The ebove formulsated methods es previously mentioned,
have been for oscillations in the fundemental perliod of the
building. If it is desired to make an analysis Dor novensnt
in any of the harmonics, the subseripts in the above
equat ions should be ehanzed %0 1, 2, or 3 for the firsot,
second, or third harmonies, respectively, the necessary con-
stants again calevlated snd values of deflections computedes
By the theory of anpezzimition these dellections may be
added to those of the funimental oscillations and thus a
second envelope is obtained within vhich the displacoents
due to fundamental and haymonie oscillations should remain,

In applying this method , Dre Piot's assumptions
must be rempmbered., That is, the building must de of regular
shmpe, the shearing rigidity and the mass of each story above
the first muet be eonstant, and the most inmportant deformation

mst be in horizontal shear,



CHAPTER IX,.

Fxepiple of the Diot Amelysis.

The records used in the celalations given below
wore cbtalned from a shaking teble designed by Professor Re Re
Hartels The tapes taken wers enlarged to e desirable size
in & photographer's enl-rging cemeras In doing this it was
necessary to carsefully synchronize the various traces and
note the enlargemant factor (I). The sine and cosine curves
wers then plotted having a period of (21 V,E), and en
emplitude of any desirable sizme, for example, Y.

The ground motion was then plotted at right angles
to these curves as shown in Plate s The convention adopted
for éiatinguishing belweon positive and negntive aress was
as follows. The areas are positive when the oardinate of the
ground motion and the slope of the sine or cosine eurves
have like simms. “hose areas are then plotted to the left
of the sine or eosine curves. The arsas are negative when
the ordinates snd slopes have unlike sizns end are plotted to
the right of the sine or cosine curves.

These sreas were oblained by meane of a planineter
and the algebmic sums noted at polnts where values of

defloctions were desired.
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In the exasple given herein, the model used was

of the dimonsions shown below:
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The caleulations for eonstants for the equations of

oaeillations in the fundamentsl are shown below:

Caleulztions for Constants for Useillstions in the Fundsmental

o = w%&ﬂ S UeZ3 sot. Dy ixperiment.

v = 1 =_1 = 3,10 oseillaticns/second,
To 325

- - 1 w .60

@ T L5032
o

B - 32
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}\o ) tan >\o " oL = 2 )\B- 1.0?7':

to = Tg Z‘.E = o323 X 1,077 = H0G654
B v Ga28

Bo = w0z No -

T+ o 608 "1'%!‘ g_x_,%g *
"-"5\"5\" 1,077
o

« 342

By = 2230 = 232,52 . 1.0
Yo 1677
K, = 27 Vol t,° B cos (No§) = 2z 5.10 x 9.6 x.0554

x 1,019 eoe (N §) & 582 cos (Ao §)

Flvg)s (27 Varog} /( OTG (¢} sin 2n‘V¢t at)® + (LTGH) sin zmét dt)a

= 39.&/ (ém ﬁl)f'f (ﬁraa :;2)2—

Yo - ‘_‘ig“ FA Vg}) s 584 cos U\o g) x 30.4 /.&12 + Agz
Sy 3‘”3 s 11Xl 2T 2Bl x 65
El pid
= 213 e0s (A §) \/al + A
For Roof eos { \,O0) = cos (l077x0) 1
Yor 3rd Floor goe ( \,1/2) e cos (1077 x 1/2) = 850
For 2ad Floor eos | Mo = 1) & eos (1,077 x1) = ,475



The graphical integration is shown in Plate j1; the
results are tabulated in Table 1 aud plotted in Plate /2.

Yalues of invelope for Oseillations in the Mundmmentel

Point § Area 41 d-z.rm%s\/af*a; U Roof U, 3 U, 2nd

o
1 02 08 +08 «10 «09 «05
2 «01 «21 «21 26 22 ol
3 o380 16 o4 »51 49 24
4 18 +16 o5 57 ) 13
S 36 «18 o4E «51 o4 o2
6 .l 019 ‘&. 2 «33 «18
7 o34 « 38 «51 «52 o535 «29
8 38 1.12 1419 ledd Le24 «08
9 1.09 «41 1.16 1.41 1.21 67
m 03? vr”' : .50 aﬁl 153 039
1 «37 o 55 «67 +58 o2
iz «40 1e16 1.23 148 1.28 71
i3 1.15 o3 1.20 1.46 l.26 69
14 1,07 01 1,07 130 i.12 - 02
15 72 62 «85 1.18 «29 «55
i 1.00 1.09 l.48 1.80 1,55 «86
17 1.40 «52 1.48 1.81 1,56 86
s 1.47 58 152 1.54 1.58 +87
19 1.58 »23 1457 1,81 1l.6¢ +81
20 1.02 b 1,53 1.86 1,60 «88
21 1.81 «05 1.82 2.81 1.90 1.06
a2 1.66 25 1.68 2604 1.75 =97
23 1.46 «50 1.58 1.8 1.62 «90
24 1.57 04 1.69 2,05 176 98
TARLE fl.

it was believed necessary to make an analysis for the
haroonis vibrations. The caleulstions for the constants for this

case are shown on the next pago.
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Calculations for Constants for Uscillations in the First

Harmonic
Tl = 108 By fZxperiment.
Yy = _1__ = 9.3 COscillations/second.
«108
& “ 5 = = 85,7
T T
n = 2
R = 1
o = in = 2
Nptam )y = = 2 Ay = 3643
tl - r] >\] £ =1@ P 3 § ﬁéé e <0827
aw Ce 2B
/j'.l = gos \ 3 = 8774 = 592
1e «.ggé; 1+ 2 x 8774
Al 043

Bl s 2 - 282 = <0134

Bow 2T Bleoa()\lg)-z«xs.soxasﬂx.oez?a

. b3
i1 %y

x 0134 cos ‘)\1%) ® ,264 cos ()\1 g)

2
Hy)s 2wy o) fyzcm ein 2T/, ¢ at)” +y:m)m 2wy t at)2

-
- :99.4/ ;‘.3" + A;r

@il



G, = !f; F‘(V:) = o264 cos (3 El&wli Ay 4.1142
Eyz'rrYoP 1x1.5% 27T 8.1 x 68
= 552 eos (), §) /1;35 ¥ af’
For Roof eos (N\y §) = oos (3.643x0) = 1

For 2nd Floor eos (), §) = cos (3.645x3) = 988
For 3rd Floor eos {); §) = cos (3.645x1) = .876

The graphical integration is elso showm in Plate #le
The results are tabulated in Tadle /72 and the envdl ope for
the ecombined fundsmentel and hermonie cecillatioms is plotted
in Plate /2.

=12



Jalues of Corrections for imvelope due fo the

Hermonic.

it N 2
Pte Area #3 mﬁ%/,&z + 4,

U, Roof Ul Srd Ul 2nd

1 «09 «09 W13 «07 <07 #006
g .m “5 Q% ) .m .a .25
3 #70 1.10 1430 72 71 o522
& 1.25 1445 1.92 1,06 1,08 «63
5] 16 1,36 1.58 76 «75 57
6 +16 77 «79 44 43 30
7 +46 Le45 1,52 o34 #83 o7&
8 1,08 #8335 1.36 75 «74 «66
9 &0 21 «51 « 88 28 +29
10 16 «83 «E5 47 + 46 o4l
n 40 1.45 1l.82 54 «83 74
iz 1.08 «83 1.36 «75 74 <66
13 «46 «21 «51 «28 «28 25
14 «08 «99 1,21 «67 « 66 «59
15 «E7 2,06 2e24 - le24 1.28 1.08
18 «25 -82 «86 47 46 o4l
1? 003 .m .w .11 ‘u .m
18 56 32 «60 «36 «36 #31
19 o0 17 03 o34 o34 o)
20 «89 40 1.02 «36 «55 «48
2l 75 08 77 il o4l 6
22 «57 27 «83 « 35 »35 31
235 70 46 o586 47 o0 40
24 «63 29 «69 38 »38 o33

TABLE #2.




The theory formulated by Profossoar estergaard is
based upon the faet that a sulden horizontal earthguelte shock
under a $all bulldng will cause a wave of defomations to
travel through the bullding to the tope The wave will be
refleeted at the top and w1l return to the foundation and
be reflected againe The energy will zraduslly be dissipated
by damping end incoplete reflections until the Wilding
agnin returns to rest.

When placed in mathematical formmls the thenry is
developed as follows. If,

t » tine.

xz = wertical distance.

v = horizontal deflection.

¢ = horizontal shear at pt X

E = +total stiffness of the colums,

ﬂ
8

weizht of the building per unit of height.
= ggcelorastion due to gravity.
= vwelocity of the shear waves.

height of the tuilding.

Mo 4 0
%

# period of the fundemental of the building.

Slﬁéx

[

wldem



By dynamic considerations of forces ecting upon a2 differential
of height we obfain the equation

53 (Sa
“>*f o9

combining we get

2
-"75;2‘ : _§sz
e
solving this differential equation we get
ys= g(t iz
v

Physieally this means that the deflection ordinste remains the
some value but it has been moved aslone the time axis by the
value ¥V which is the time it talkee a shear wave to travel from
the bot«:m to the position X

When the wave reaches the top a new wave is created which
starts dowmwenrd, If the shears at the top are now set equal to
zero, whieh is the correct boundary eondition, it is found that the
deflection 4 at the top is doubled and the now descending wave
is of the fomm -

o = %t b4 xeam)
When this wave reaches the foundation another wave is

reflected, 7This case has the boundary condition that yz z =Yg

-l G-



From this we find »

e o - xepm)

If the ground is ir motion at this time the value of
the roflected wave must be added to the actual ground motion
before analysis ean be continued.

In this general mnner the entire motion of the tuilding
during a period of any length can be ploited. By multiplying
by a constant at tires of reflections the effect of a darping
factor can be easily conaidered. Thus, a complete analysis is

sccomnlished,

«lGe



The records used in the example given below were
obtained from the shaking table. The saome bent was used as
in the previous eace and the same ground motion applied.

The necessary e¢alenlations are given below -

K = HL = l.007217,25 = 2..85 f/inch,
a 79

w = 1,00
17.25

vs g = [ZB5xog.exls = 275"/sece
w 1.88/17.25
$t = % = L0832 pee,

¢ is the time it tckep @ shear wave to travel fran the base to

the top of the Wmilding.

The trace of the ground motion was then plotted as shown
in Plate §3, and the time sbeissa divided into intervals of
+0632 soe, This was done a0 that shear waves of this length would
be handled. If thisis not done the paths of the shear waves
become a mnze of lines in which 4t is vory nearly impoasible to
distinguish anything,’

The shear wave was then traced at the socond, thind, and
fourth floor as & dotted line, as shown in Plate 3. This wave
was reflected from the top floor as a dot-dash line {Plate §3).

When the wave again reached tho ground it was reflected {dotted line)

-l G



summed with the sctual ground motion and talken up along the
next wave pathe

Yhen these curves had been plotted, it was found that
they were similar to the onss recorded upon the shaking table,
but that the period of the fundiemetal as taken from tm‘ cale
culated curve wos less than that of the actual bent. For this
roason it was thought best for preetical purposes, to calmlate
t from the lmown period of the building. Therefore -

t = _,%__ s  L08l sete

Using this value of ¢ and plotting in the same momner, Slate 74
was propareds as ean be seen the period of the caloulated
gurve coincides with that of the aetual curve,

An investigation of the cause of this disercpancy was
made and 1t was traced to the original equation -«

A
In this exprossion, w is the weight of the huilding per unit of
heisht. The equation is zood for a case in which the weight is
more or less uniformly distributed. In the exsuple ehosen, how-
ever, the weight is concenirated at the three floor lavols and
the equation is not good,
Thus in a building of twonty stories or so, the egquation

is walid but eamnot be used in the present example. Since the

period was already known, the altermate method eould bo used,

S B



In cases where the period is not known a more refined method
of caleulations must be employed.

It is readily seen that the entire process depends
upon the sccuraey of the plotting, This must be dome as care-
fully as possible i good resulis are to be chbiained,

it is sugzested ﬁimt a stanell, just admitiing to the
plotter's eye the width of ome interval,be prepared. Using this,
and templates of the ground motion and refleeted waves, a quiek
and simple routine can be developed,

S A



SHAPDR V.

Conclusion

The conclusions of this report are drawn chiefly
from the eurves.

In exsmple 71, Plate 72 shows that the Diot amlysis
for ose¢illations in tho fundamental fails to consider the auiek
short oseillations at the beginning of the quake, However, as
these iron thamelves out, and tha building begins to oscillate
more pericdically, this Tirst slmple anslysis is valid.

If s refinenent is made and an analysis for the hare
monic oseillations is computed, we find that this takes care
of the short oseillotions et the first and then dies out as
the building begins to nove in the fundamental,

Thus = complete study of the movement can be mde and
an envelope obtained. It mist be remesbered, however, that
this is & curve which goes throush the points uf naringm relae
tive displacemont and doee not give the setual mvenant of the
building.

In example 72, Plutes 8 and ;4 shos two /iestergaard
anslyseos for the setual motions of the building, The magnitudes
of the deflsctions seom to bo highs, ‘hese discrepancies ars
due, first to insccuracies in plotting and second $o the fact
that no demping factor was employed in the anaslysis. It is to
the sdvantage of this method that the results obtained ere in

the form of the actual movenent of the building.



The use of the Iiot eguations is not di ffienlt,
nor is the grephiesnl fintesgretion exceting. The method, however,
is lonz and reguires o 2004 deel of time to use, especially if
a number of different buildings are to be analyzed, since o
new getl of conmtants is roquired for cuch case.

ihe use of the .estorgasrd nethod is wore ropld, MWt
is net as seholarly, ‘he ehief Aiffieculty is in obisiniag the

rrect valus for ¢, 2 problea whick will not be tolren up in

this nepere.

In eoncluaion it muy be said that both suthiors have
Pformlated procticn) methods of analysis whiceh hove beon 9%

perimenially verified.



