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PURPOSE

The objeet of this experiwentsl thesis was to determine the prineipal
stresses in a theoretiesl gravity dam seetion on an elastic base dus 1o

a unlform shrinkeze of the dam.



NEBITIOD

The photo-elastic method is particularly adapted %o this problem,
only & two-dimensionsl stress anelysis being required. 4 compleis
description of the theorstical bveckground of this photo elastiec method
is given by Filon sznd Coker in their book, "Photo Elasticity", pudblished
by the Cambridge Press. A working summary of the theory together with
some laboratory technique is given in a seriss of five articles
published every two months in the General Electrie Heview by Fllon

starting with the November issue of 1820.

The only differencs Letween the apparatus used here and that cormon
throuzghout the other photo-elastic laboratories is that eight inch
mirrors were used in obtaining psrallel light instead of the more usual
four or six inch lenses. A greater flexibility of apparatus and a
larger working area on the model is permitted by this substitution of
mirrors for lensess Foth mono-chromatic and white light were aveilsble
but white light was used throughout this test by using a blue cc}or

filter in photographing the isochromaties.

To obtain the effect experimentally of having the dem shrink as a
unit uwpon an elastie foundation, Dr. Biot suggested elongating the base
by means of tension directly applieds Thus the base tends to slongate
relative to the dam., Actually the reverse takes place; the dam shrinks

relative to the base,
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The most desirable procedure would be 1o stretceh the dam CIE by
heat or direet loading, then in this slongated condition fasten it
seenrely slong the base o the stress fres elastle ground AB. Thls is
& true representation of uniform shrinksge in & theoreticsl gravity dam
seetion, A line of discontinuity in the stress patiern is eneountered
along AB, evident from the discontinulty in the elongation of either

side of that line.

E Roughly in this schewes the tip
i of thé dara £ Is stress freey horie
*] zontal compression weeurs in the
: ground in the region naayr the center
- - of the dam base; tension graduslly
- ~3 D dissipates in the reglons from & fo
G H B 4 aud from ¥ to B,
F To simplate this condition

Dr. Biot's suggestion was acisd upon.
4 homogenecus model of the dam and ground was made in one piece. The
ground was stretched with a direet tensional load, This gave a hiéh
tension of say P 1bs./sq.in. in the rogions A ané B, contrary to the
above description of the problem. This must be corrvected. Therefore,
after the complete stress anslysis had been dstermined a blanket

horizontal compression can be arbitrarily laid down on the grownd of
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P lbs./aq.-vin. giving zero stress in the regions A and B; btension in the
restricted replons ¢ and H; end compression in the regiomn ¥. This
produces a most decided discontinuity along the base line €D, Thie is

gs it shonld be.

Thus it is seen that the anslogy chosen holds for the deam propewr,

but not at il for the ground.

After the lines of constant shear and direction lines of pr-i.‘neipal
stress had been determined it was found desirable to find the prinecipal
stress individually. fThree methods were open:~

{a) Graphieal integration.

{b} An eloeitrical analogy.

(¢) A membrane snslogy.

Graphical intvegretion is in rather cowmmon usege, but is long and tedious.
Yo record was found of the clectriesl analogy having been uwsed in this
work. The Prandtl membrane analogy, slso suggested by Dr. Biot, has

been used in the selution of La Place's eguation in problems of shalts

carrying torgue. Here soap nembranes have been used.

A rvubber membrsne snslogy was used oun this problem. The anelogy is
based on the fact that both the sum of the prineipal stresses aund the

displacement of the membrane c¢bsy La Plage’s eguation.

The model: Let P mnd § be the principal stresses and be

Airy's stress function., Then:
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The membrane: Let the tension in the membrane be a constant T.
Then it is in equilibrium as is evident from the view showing the X,)/

plane °

In the XZ plane the angle that T makes with the AV plane is

~/
son ™ 3%



If the angle be small the tengent may be taken egusl to the angle.

The component of each T meting in the £ direction them is 7 ;9/_(2;' .

Considering the eslement df( s the resultant conponent of foree in the T

dirsetion then is:
2 /Id=z
2x [ 2x

Similar reasoning in the _)/z" plane leads %o

2 /_9__%’ 7
Py dy
To have sgquilibrium the following must hold true:

dZ %= .
—= T F =0 grr [P L=Ee
S x? 9‘/‘37’

It is seen that £ ean be used as P + Q. P = Q is determired from
the isochromatic lines, and at the boundary of the model one of the
principal stresses is either zero or a known load is being aepplied, Thus
P and Q ere known along the boundery giving immediately P + Q. Thus
if the wembrane be deformed in the Z direction proportionsl to P + g
along the geometric shape of the model bounderies, ¥ can be measured at

every point within the model thus determining P + Q.

This procedure was followed so that a complete stress analysis

resulied for the model,

The model was made up sSo that
tension could be put into the O (
ground by means of pins as shown
in Figure 3. To be sure of axial

loading the tension strap was made FiG. X3
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symmetrical about its axis, thus the optical pattern was always a geuge
of the symetry of loading. The size of the model was limited to the
eight inech working cirecle of light, the thickness being fixed by the
standerd 1/2" plates of bakelite aveilable which were milled to 0.300

inches and then polished.
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APPARATUS

It was necessary to construct two pieces of apparatus for the

solution of this problem, a loading mechenism and the membrene mechanism,

The loading frame is shown with the model in place in the accom=

panying photograph, Figure 4. Plans of its construetion are provided
in the appendix of original data. A load of 1220 lbs, per sq. in. was

used in the strap of the model.

Membrane Apparatus

Several general views of the membrane with the deforming wells or

boundaries are shown on the following page. The component parts, con-



THE MEMBRANE




sisting of a 1/64" rubber sheet stretched to twice its diameter om a
hoop of ehénnel iron masy be ssen. The coneentric eirecles drawn before
stretching romained circles on stratching., The defoming walls ov
hovndaries ars shown., Both & positive and a negative were made so as

to be sure the rubber was atbt 2ll times in contaet with the boundary.

The latter were made of 1/8" aluminum plate serewed to wood blocks to
insure their retaining the correct shape. TheAnsgativa and positive
blocks were centersd through the rubber by means of a ball and socket.
The maximam difference ir height in the boundary, (which was twice the model
size) was C.4 inches giving rise to a maximum slope in the membrane of
approximately 45°, This steep slope was limited, however, to very
restricted regionsy namely, the cormers, of the dam base. The elevation
of the deformed membrane was obtained by means of a micrometer serew
wmounted upon a two way slide carriage provided with secales for purposes
of orientation., Readings in elevation of the rubber sheel could be
reproduced to within 0,008 inches, giving an accuracy of grester than
one percent. Contact between the pointer end the rubber was noted by
using & light focused to send light practieally parallel to the rubber.

Thus, when the poihter and its shadow met, contact was mads.



PROGEDURE

After much experimental work, it wes found that for best resulis
the bakelite aveilable should be annesled before milling. This was done
in an electrieaily oﬁara%ed oven, loausd by the Chemistry Department.
Best remults were cobtained by placing the bakelite on a glass platev
horizoantally in the oven, allowiné oue hour for the btemperature to rise
to 80° F.. This temperature was held coﬁstant for ome hour when the
plate was turned. It was held then Tor another hour at this temper~ '

aturg after which it was cooled at the rate of 8° per hour.

211 eurvature of the bakelite having been taken out, the plale was
millsed to 0,300 inches thiéknsss in four cuts taken sltexrunstely on each
side, Mr. Sendale then mschined out the model, A small test beam was
made out of thse same pisce for optical calibration. From this ths

difference between fringe orders was found to be 180 lbs. per 8g. inch,

A stress-strain diagram was plotted to 1250 lbzs. per sge. ineh,
giving a beéntiful straight line relationship leading to a modulus of

elasticity of 740,000 lbs. per sq. inch.

A complete set of isoelinics was taken on Bastman super-seansitive
panehromatic film, a Tew samples of which are shown on the following
pages. Isochromatics were vaken on commerical ortho with the aid of a

blue filier, (see Figure 5.) White light was used throughout.
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ISOCHROMATIC
PICTURE

FIG. 5

The sum of the principal stresses was found for all points on the
boundary of the model from which the boundary wells were made. The
deformed membrane was then surveyed, the data thus obtained being used

for the computation of the principal tensions and compressions.

Checks sgainst equilibrivm were mede by obtesining the forces
perpendiculaer to and the shears slong wvarious sections through the
model to cheeck on the experiment@® accuracy. The results are shown on

the following page.

They showsi~=
{(a) A 15% error in the shear along AB.

(b) An 8% error in the tension along AB,
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A T error in the tension along CC.
A 5% error in the tension along ID,

4 2% error in the tension along BE.

results were drawn up and are presented in the following prinis.
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The model test was of a theoretlesl condition that never exists in
the field, and for that resson the results shown in the following page
are only of philosophicel interest. Points of high stress ave indieated,
howsver, and a gemeral feeling for the behavior of dams under shrinksge

stresses osn be obtained from the resulis.

The aceuracy of the method is remarkably good, espeeially es the
membrene boundaries were in this case rather erude, It can be ssid
from this experience that if bad stress concentrations docnot exist,
the membrene method is aecurate, easily applied, and convenient; but
it bas the disedvantage thet each set of boundary walls is unique snd

in general cannot be used to £it any suecseding problem.

Results shown hold only in the dam proper, not in the foundation
material. If an insight is desired into this siress condition, = mugﬁ
picture may be had by suvperimpesing s uniform horizontal compression on
the ground of 1200 lbs. per sg. inch. This gives & line of discontinuity
slong the union of the dam with the ground., A discussion of this con~

dition is given on page & of this paper.

It is my opinion that these rvesults sre significant; that a philo-
sophieal approach to shrinksge stresses in grevity dams is to be had
from them; end thet the mewmbrane method is spplicable o design offices

where the photo-elastic method of stress determination is used.
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