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ABSTRACT

A series of 25 complete cylinders was tested
experimentally to determine the effects of stiffening
elements on the buckiing of evlinders with moderats wall
thickness, and to present a phyéical basis for an
understanding of the mechanism of c¢ylinder buckling.

It was found that both axisl and circumferential
stiffeners spaced at distances comparable to the buckle
wave length of the unstiffened cylinder will raise the
buckling stress, reduce the wave length, and alter the
shepe of the buckling waves. It was shown that for
cvlinders of D/t = LOO, the addition of axial stiffening
as little as 2% or 3% of the cylinder wall material can
raise the buckling stress by 39% over the unstiffened
case.

The experiments of this study lend support to a
theory developed by Donnell and.ﬁan which ascribes the
reduction of the buckling stress of a real cylinder below
the classical theoretical value to the initial imperfec-
tions of construction in the real cylinder. Gon#ersely,
the results cast doubt on the validity of the theory
which explains the "premature® failure on the basis of
external energy disturbances pressut in the testing

laboratorye.



It was shown that the buckling waves of a reasomably
well-made cylinder develop with extreme rapidity without
the necessity of a change in ceylinder length, and are
fully developed in their lateral dimensions throughout
the buckling process. Some previous results of Kanemitsu
and Nojime which exhibited an essentislly different
buckling mechanism were explained as the consecuence of
excessive initial imperfection.

A brief study of the vibrations of a cylinder under
axial'load demonstrated an approximate correlation

between the vibration and buckling modes of the cylinder.



- =

e

TR AT VI it
lf‘ibixf;: oo Makiy

Acknowledegnents

Abstract

Table of Contents

List of Flgures

List of Tables

Expnlanation of Svymbols

Part
I

11
11T

iv

VI

Outline of the Jtudy

Summery of Previous Investigations Pertinent
to the Study

The Posslrility of Lerege Gains Frox Small
Stiffensrs

Theoreticsl Bsckeround of the EZxperimental
Study

Experimenisl Progrem

Ae. Genersl Dzperimentsl Eculpment asnd Test
Frocedyres

B. Experimentsl Results of the Pzremster
Variation Study

C. Specizl Experimentsl Studies

1. HKadial Bymmetry of Load applications

2. Study of Cvlinder Behsevior Immediately

Following Buckling

3. The Effect of Gross Iaverfections

d

o

fie]

=
L% 1] R

L1
41
L5

25



TABLE 0F CONTENTS (Cont.)

Fart Title Pace
he Vibrztion Tests as Helsted to Buckling 57

VII Discussion 61
VIII Conclusions 79
References 81
Tables 85

Figures 88



b3 Ry T T e TEy I Ly
LIgT OF FIGURES

HMreure Tit

t
1 Donnell's Solution of Biress va, Strain for &
Inperfect Cyvlinders

)

Detalls of a Typicel Specimen (Ho. 1L4) &9

D

Averarss Stress vs. Strain for Specimen No. 1 40
L Average Stress vs., Strain for Specimen No. la 91

5 Aversge Stress ve. Strein Tor Speclimsn Ho. 2 92

& Averaze Stress ve. Strain for Spescimen No.

(V]
)

7 Aversge Btress vs. Strzin for Specimen Ho.

B
\i_:,
R
ES

£ Averaoeo Streso vo. Straln

bl
o
b
i
o
€
o
B
iz
«©
]
2
o
Ll
Y
e
wWJ

e

Average Btress vs. Strasin for Specimen Ho. 54 6

10 Aversge Stress ve. Strain for Syecimen Fo. 55 97

oo

11 Aversge Stress vs. Strain for Specliznen Ho. O 9

12 Aversge Stress vs. Strein for 8Bpecimen Ho. 7 99

%

13 Averace Stress vs. Strain fTor Speclmen lo. & 100

I}

1L avesrs

e

¢ Gtress vs., Strein for Specimen Ho. 9 101
15 Averape Stress vs, Strsin for Specimen Ho. 10 102
16 Aversse Stress ve. B8traln Tor Speclmsn Ho. 11 103
17 Averags Stress vs. Strain for Speclmen NHo. 12 104

18 LAversge 3tress vs. Straln for Specimen Ho. 13 105

By

19 Aversge Stress vs. Strein for Speclmen Ho. 14 106

20 Average STtress ve. Strailn for ¥pecimen Ho. 15 07

2
et

AVersee Stress vs. Strain for Svecimen No. 16 108

2%
¥
b4

Avareps 8btress vs. Strain Tfor Sneelmen Ho. 17 109

6]



4

=

e
®
£
+
o

<29

30

31

33

3k

35

wyil=

LIST OF FIGCUHES (Cont.)

Title

a
ts“s

Average SLress jtrain for Specimen
Aversge Stress vs, Strein for Spsclaen

%

Aversce Stress vs. Strain for Speclaen

Aversage Stress vs., Btrain Tor Speclmen I

Aversgze Stress vs. Strzin for Specimen T

Circumferential Stress Distriontion as
Function of Aversege Stress Tor &pec.

Cireunferential Strsss Distribution as

Function of Averasge Stress foT Hpec. |

Gireumferential Stress Distribution sas
Function of Average Stress for Spec.

Gircumferential Stress Distribution as
Tunction of Average Stress Tor Dpec,

Cireunferentisl Stress Distribvation as
Functlion of Aversce Stress Tor Spec.

Circumferential Stress Distribution as
Function of Averase Stress Tor SDeg.

e 2

Circunferentisl Stress Distributlien as
Function of Aversge Stress for Sped.

Cireumferential Stress Distribution 2as
Funetion of Average Stress ToTr Spec.

Circumferential Stress Distrivution sas
Function of Average Stress Tor Spec.

Cireunferentlal Stress Distribution as
Punction of Averszse Stregs for Spec.

Gircunferentisl Stress Distrlioution as

23 HN) +
- < At

™o
¥

14

D

Z.i- N

94

119

1z5



Fleure

39

4O

L1

43

Ll

45

47

L8

WEOUWA AR A
Fonl Nad LS ot

\Ft
S

LIST 0¥ FIGURES (Cont.)

Title

Circumferentlsl Siress Distritution ss
functlon of Average Stress for Spec.

Clrocumferentlal Stress Distribution as
Tunction of Avsrage Stress for &pec.

CircumTerentlal Stress Distribution as
Fanetion of Aversge Stress for Spec.

Cireunfersntial Stress Distribution as
Function of Average Stress Tor Hnec.

Clreumferentlal Stress Distributlion ss
Function of Aversge Btress for Spec.

Clroumfersntlal Stress Distrlibuatlon as
Function of Aversee Stress for Snsc.

Clrcunferentlal Stress Distribution =s
Function of Average Stress for Snec.

CiroumTerential Strocgss Distribvation =s
Functlon of Aversge Stress for Spec.

Cireumferential Stress Distribution ss
Funotlon of Averags Stress for Spec.

Cireumferentlal Stress Distribution as
Funotion of Aversge Stress for Spec.

Circumferential Stress Distribution as
Ffunction of Average Stress for Spec.

Circumferential 3Jtress Distrivution as
Funection of Aversse Stress for Spsc.

buckle Pattern of Srecimen FNo. 1

Buckle Pattern of Ipecimen Ho. la

3
0
(%

o

Huekle tern of &Hneclmen Ho. 2

e
m
o

Buckle t

0

rn of Specimen Ho. 3

Buckle Pattern of Specimen Ho. L

&
Hoa

a
0.

10

11

12

13

14

15

17

19

20

22

trd
4]
e
@

126

133

3L

135

136

137

138
138
139
139
139



LIoy O HIGJAEs {(Conta)

Firure Title Feee

55 rioxle FPattern of Sneclmen lio. 5 140
57 =ackle Faittern of Srecianen lo. 54 1L
58 DBuckls Fsltterrn of Specimen Lo. 58 149
29  Suckls Pettern of oSpseiven Ho. 6 141

00 Buckle Pattern of Snecimen No. 7
61 =Zuckle Pzttern of Specimen lo. 8 141
62  Sueckle Pattern of speciinen No. 9

53 pBuckle Pettern of Specinen Ho. 10 L3

-

5L Buckle Puttern of Insoinen Ho. 11l 143

¥

(&S
W

tuckles Pertern of Speeinmen Ho. 12 13

O
O

Zuckle Psttern ol Smecinen Ho. 13 1.3

L7  Suckle Fottern ol Goeclien o, 1i 14

68 Backle Psttern of Inecimen Ho. 15 144
@y Bucxle Petiern of Speciren Lo. 17 IR
73 Zuesle Paleern ol Spzeimen Ao, 1o 145
71 DBuckle Psttern of Ipecinsen Jo. 18 145
72 puckle Pattern of Specimen No. 19 145
73 bBuckle Pattern of Specimen No. 20 146

7L,  Buckle Pattern of Speclien Ha.

13
s
)
+
o

75 Euckle Fastern of Srvecimen lo. 22 146
75 Developsble Conesve ¥Folvhedron «with QOetsoonel 147

Jection

77 Develownable Concave Polvihsdron with Prlzacalsr 147
deotlion



Fleurse
75
79

Experimentsl

snecimen
Specimen
Specinen

Specimen

)
b
4]

Snaeinen

w

veclimen
dpecinen
Specimen
Speclimen
Specimen
Snecimen
Soecinen

Specimen

Specimen H

Specinmen

Specimen
speclimen

specimen

Specimen H

LIST OF FIGURES

Ho,
HNo.
No.
Ho.
WO
Ho.
HNo.
Ho,
No.
No.
Ho.
HO .

k%1
b EO I

o T

Title

Test ZToulnpnent

-

n

L AN )

f o

10
11

13

14

15
15

at
at

at

Buckle
tuckle
Hueclkle

Buckle

Bucikle
Buckle
Bucxle
Buckle
Buckls
Huckle

uckls

bl

Buckle

Buckls

Buckle

Buckle

State
Stete

state
Stats
State
State
State
Stete
S5tate
Gtate
State

Stete

Lo
ct
4]
f
c"s

g
et
Lo
ot
(¢

N W

= = = =R B

N N T = R =

o)

v
m
4
w



-

~T] ™~

LIST OF FIGURES (Cont.)

Figure Title Page

100 Buckle in Specimen No. 17 Resulting from Rivet 159
Gun Dent Near Stiffener

101 Specimen No. 17 at Buckle State 5 159
102 Specimen No. 18 at Buckle State 1 160
103 Specimen No. 19 -at Buckle State 1 160
104 Specimen No. 20 at Buckle 3t=te 1 161
105 Specimen No. 21 at Buckle State 1 151
106 Specimen No. 22 at Bueckle Stste 1 162
107 Specimen No. 22 at Buckle State 2 162
108 Vibrator Attached to Svecimen No. 5B 163
109 Vibration Node Lines on Specimen Wo. 5B 163
110 Specimen No. 5B at Buckle Stste 1 16
111 Specimen No. 5B at Buckle State 1 164

112 The Effect of Stiffener Spacing on the Buckling 165
Stress

113 The Effect of Stiffener Spacing on the Buckling 166
Stress

114 The Effect of Stiffener Spacing on the Buckling 167
Stress

115 The Varistion of Corrected Buckling Strsss with 168
D/t and N, Cross Plotted from Falired Experi- .
mental Date

116 The BEffect of Ring Spacing on the Buckling 169
Stress '
117 The Effect of Stiffener Moment of Inertia on 170

the Buckling Stress
118 Details of Screw Jacks 171



~xii~-

LIST OF FIGURES (Cont.)

Figure  Title

119 Cealibration Curve of Jack No. 1L, Taken after
Test of Specimen No. 54

120 Location of Vibration Nodes on the Llid~Height
Cross-Section of Specimen No. 5B, Compared
with a Perfect Distribution .

12] Varistion of the Resonant Frequency of
Specimen No. 5B with Load ,

Page

172

173

174



~xidd~

CIIsT OF TABLES

Takle Title Page
1 Description of Opecimens g5
2 aximum Variation of Stress Around a6
Specimen Circumference at Buckling
3 Difference between Average Strain Gage 87

Stress and Load/Area Stress as a
Functicn of @



g o B

-Xig~

EXPLANATION OF SYMBOLS

Buckle half-wave length in the x directim

Buckle half-wave length in the y directim
as used in the von Kermdn-Tsien ecustim
for W; also cylinder p2nel width (ecirecwm -
ferentisl direction) for a stiffened
cylinder, inches

Cylinder diameter, measured from the mid-
thickness of the skin, inches

Young's moculus, psi; without subsceript, B
is the Young's modulus of the cylinder
skin

The Airy stress function

. ]
Arbitrary constants in the von Kérman-
Tsien buckle wave equation

Cylinder panel helght {axial direcilion),
inches

Moment of inertia of the cross-section of
a stiffening element, in%

Dimensionless constant in Donnellt's ecua-
tion, used to define the degree of
initiel imperfection

Cylinder length, inches
Arbitrary constent, see f,

Nunmber of axial stiffeners on a cylinder

Arbitrsry constent, see Ty
Cvlinder rsdius {=D/2), inches
Cylinder skin thickness, inches

Dimensionless "unsvemess cosfficient®
dlefined by Donnell onrlt)

a?/z b'h_



W

g

-XV-

EXPLANATION OF SYIIDOLS (Cont.)

Strain ernergy in one complete buckle, in-1b

Deflection coordinate normal to a plane
tangent to the cylinder, positive inwsrds,
inches

Axial coordinate, inches

Circumferential coordinate, inches

Poisson's ratio of the cylinder skin
material

Tension or conpression stress, psi
Buckling stress, psi

Yield stress in compression, psi
Stress in the x direction, psi
Stress in the y direction, psi
Shear stress in the x,y plane, psi
Pertaining to frames

Pertaining to stiffeners



PART T ~ INTRODUCTION

The objective of this study was the examination of

& type of eircraft structure which is coming into increas-
ing use: the cylinder of moderate wall thicknsess. In

the past, the aircraft stress analyst has been required

to deal with two widely separated types of cylindricsal
struetures: cylinders of large diameters and thin walls,
such as metal skinned fuselages; end cylinders of small
diameters and thick walls, such as struts and structurzl
tubing. Both types could be simplified for analysis under
conpressive stresses; the thin walled cylinder buckles at
low stresses so the structure could be considered ss a
group of stiffeners acting ss columns, wheress the thick
wall cylinder does not experience local buckling in the
usual cyvlinder failure'sense, an@ could slso be treated as
& simple column.

With the present trend toward sonic speeds, new
factors are changing the structure of the psst, On the
one hand, hicher speeds require smaller frontel aress and
larger frineness rstlos; on the other hand, the high speeds
produce larger air loads. The combination of these
effects leads both to increcsed bendins moments, znd to
smeller diameters which decrense the structural resistance
to bending. In =addition, less skin buckling can be

tolersted if the degree ol smoothness required for high
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speed flicht is to be attained. These desien trends must
be countered with increésed skin thicrxnesses, and so a new
type of cylindrical structure emerges which is inter-
‘mediate between the two of the past, This structure<may
be enviseged in practice as the fuselage of a high speed
fighter aircfaft or guided missile.

Unfortunetely, the new structure poses problems to
the stress analyst which are es yet not completely solved.
In = cylinder of high D/t (diameter/thickness) ratio,
subjected to bending or compressive loads, the skin buckles
at a stress far below the moterisl working strese, and
most of the load is actuslly carried by stiffeners =zcting
es columns, aided by small strios of skin irmediately
adjacent to them. As =z conseguence, the stress analyst
nes not been required to calculate the local buckling
stress of the skin to any great accuracy. In the new type
of structure, however, the cylindrical shell must carxy
the major part bf the loads, and yet it cennot be
ellowed to buckle becsuse fhis would involve, at the
least, an intolersble roughening of the external surface
of the sircraft, and possibly a complete collapse of the
structure.

The present study wes consecuently made to obtaim a
petter understanding of the problems involved in analyzing

the intermediste tyve of structure; that 1ls, cylinders
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with modérate D/t retios {approximately 300 to 750 for
aluminum alloys) which fail by the formation of buckling
waves in the skin. In sddition, the cylinders considered
“were too short to f=2il as Euler columns. Though only the
local or panel type of instebllity wes studied, the for-
mulation may properly be seneralized to include the

general Ilnstability (frame faiiure) cese as well,
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P4sRT II - OUTLINE OF THE STUDY

Beceuse the msny aspects of the cvlinder buckling
problem are so interrelated, it is difficult to discuss
one facet without reference to the other sides of the
problem. To fscilitate the deteiled trestment of each
individusl sub-problem considered in the thesis, s
synopsis of the entire project will be presented first to
serve zs & frame of reference.

A litersture survey showed that the study of the
ecylinder buckling problem deted back many years, but that
it was still a subjsct of controversy. Several investi-
getors developed theoretical solutions for thls protlem in
the esrlier pert of the present century using the small
deflection stazbility concepts of classical elassticitye.
Although their results =enerally =greed with each other,
they showed voor sgreement with ezrly experimentel tests,
being somewhst non-conservetive. Kenemitsu and Hojima
carrised out experiments in 1939 to study realistic buck-
ling wave patterns, sSince experimentsl patterns did not
conform to the oneg used in the c¢lssesical theories.
Kanemitsu snd Nojima also found in certain cases that the
buckling started =ms very small waves and grew to the full
gized finsl pattern =s strzin incressed. Usigg a wave
shape similsr to the results of Kanemitsu and Nojime,

. / 4 . N
von Karman =nd Tsien develoned an spproximste theoretical
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solution.for afpérfect unstiffened eylinder using & non-
iinear, large.deflectioﬁ type of analysis, which showed
that a éylihder could be maintained in a buckled state by
’streéses very much less than the theoretical buckling
stfess. The mechanism by whieh an experimental cylinder -
jumped “prematurely" into the buckled state was still =a
matter of conjecturé, sevefal explanations having been

put foithvby investigators. In 1942, Leggett and Jones
refined the von Kérmén-TSien work in an extensive calcula-
tion l;ading to detailed gquantitative results.

One result‘of Leggett's work was a prediction that
the number of circumferential waves at buckling‘would be
approximately 0.3V§7—. If D/t were about 560, the number
'of waves would be 6 or 7, and so the preferred wave length
would be of the order of the radius of the cylinder. The
author proposed that the buckling stress of a eylinder of
these proportions might be raised significantly by the use
of & reasonsbly smell number of light stiffeners spaced to
interfere with the normal wave pattern of the unstiffened
¢ylinder. Kanemitsu and ﬁéjima's experimentel results
concerning buckle growth threw some doubt on tne effec~
}ti#anass of this general structursl device when epplied to
cyl‘inders, end, because of the uany doubts connected with
the discrepancies betweén theory and experiment, a small

experimsntal progrem wes carried out to determine whether



the effect did inAfact exist. The results of the
eXperimen€s shoved an uﬁmistakable Increase 1n the cylinder
buckling stress as a result of the presence of stiffzners,
'and this ineresse in stress was associated with a syste-
matic change in wave vattern.

Since the experiments succesded in adding another
paradox to the lsrger uncertainty, =a brief attemnt was
made to snalyze the stiffened eylinder problem by theore-~
tical methods. The most logical st=rting point was the
von Karman-Tsien theory, but this theory made use of two.
sinplifying sssumptions (the use of sn spproximate wave
shape ond the neglecting of =11 boundsry conditions)} whieh
were unfortunetely not justified in the problem st nh=nd.
Since these assumptions had made von Karman and Tsien's
solution feasible from & mathematicsal standooinc, & more
glepent effort vroved imprectical, and a more comprehen-~
sive exverimentsl pnrogram seemed the next logical sten.

In view of the generally incomnlete understending of the
entire cylinder buckling nfoblem, geveral objectives were
set for the nrogram:

(a) A study of the effects of several physical
parzmeters on the buckling stress incresse caused by
stiffeners.

{(b) A check on the effect of experimental errors in

load applicntion on the stress distribution in eylincers
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(¢} A4 stuéy of “ffozen“ buckling in cylinders of
moderate D/t to be compared with Kanemitsu z2nd Nojima's
‘similsr work on eyvlindsrs of high D/t.

‘_ (d) An attempt by continuous observation of all
experimental effects to formulste a mechenism of buckling
which wonld serve as a physical model for further

theoreticsl work.

(e) A brief study of cylinder vibration modes as
related to the buckling problem. This experiment was
initiated lete in the thesis program to verlify a corollary
of the physical model developed under objective (d).

Beczuse of the time and expense reguired to carry out
an experimental program, it was necessary Tor a nunber of
specimens to serve more tihan one puUrpose. FPor tihis
reason, the several lines of investigatién were actuslly
carried out concurrsatly, and their interaction will be

seen as each is discussed separately.
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PART III. - S{M_ARY OF PREVIOUS INVESTIGATIONS PERTINENT
TO THE STUDY-

The classical theory of cylinder buckling was devel-
‘oped earlier in the present century by Timoshenko(l),
Soutnwell(z), Lorenz(B!k), Robertson(5), and others, usling
the small deflection linear theory of elasticity on perfect
¢ylinders. The buckling wave pattern used by these inves-
tigators varied, since the actual shape was not easily
predictable on the basis of intuition. Some used a radi-

ally symmetric bellows wave; others used elther undefined

$84

. .
wave shaves or typeg which have never occurred in exper~

iment. In spite of the diversity of approach, a generally

accepted equation for the buckling stress resulted:

o = 2E t
B~ V3(i-m*) D [1]
where UB = Dbuckling stress
E = Young's modulus
M = Polsson's ratio

or, if m=0.27, the familiar

Op= LZEG [2]
In the meantime, experimental workers such as Don-

nell(é), Lundquist(7), Wilsoh and Newmark(g), and others

performed experimentel tests on cylinders, and found that

"buckling stresses were much lower than predicted by the

classical equation. Donnell(é) attempted to show theoret-



.

ically that the discrepancy was caused by small initisal
imperfections in the cylinder. He derived two QQuaﬁions
using a large deflectioﬁ, non-linear theory which satisfied
the compatibility and equilibriun conditions completely

in terms of ihe Airy stress function, F. These equations

were

N

. '.2_7-_ a"zaz az E 9%
(Zer ) rex[(2n)- S 3]-52

1Z(1-a) \ Ox*  dy* R* 9 x4
(a W& ) [é‘féiss..zé_f. a‘Fa‘w] [4]
oX* Ay*l [ dy* ox* o xby ax* ay*

- where x = axial coordinats
vy = circumferential coorxrdinate

w = deflection coordinate normal to a local tangent
to the eylinder

K = factor proportionsl to initial imperfection

R = c¢ylinder radius
Unfortunately, no exacet general solution of these equations
has ever besn found. Donneli worked out an approximate
solution which was of insufficient sccuracy to produce sig-
nificant results. Flﬁgge(g) éttempted to explsin the dis-~
crepancy between theory and experiment on the basis that
the theoretically assumed cylinder end conditions were not

duplicated in experimentasl worik, but von Kérmdn end Tsien(lo)



pointed 6ut that this approach could not explain such
large differences. | o

In 1939, Kanemitsu and Nojima(ll) correlated all
‘experimental work performed to that time, togethexr with

théir own results, into an empirical relatioanship

o PR ty1-3
 =e(x) roue(z) [5]
for 500 < R/t < 3000

0.1 < L/R < 1.5
where L = c¢ylinder length
This equation described the actual performance of cylinders,
and was a notable illustration of the discrepancy between
theory and experiment. In addition, Kanemitesu and Nojims
performed special tests on several cylinders for the pur~
pose of determining visually the mechanism of buckling.
They designed test equivment which gave very close control
of apvrlied end shortening, and "froze" the buckling process
of several cylinders with D/t = 3740. In these experiments,
they were_able to develop the buckles slowly under good
control, and were also able to take the buckles out of the
skin by reducing the end shortening. They Tound that the
buckles tended to form initially as small elliptical dimples,
shifting about and growing in both area and depth as end
shortening was increased, until they eventually formed a
characteristic regular "diamond" pattern of the larger final

buckles. They attempted similar experiments on éylinders
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of D/t = 2500, buf found that the final buckle pattern
formed very suddenly ovef a considerable area, and the
buckling process was not awmenable to control. They
speculated thst more "refined" (“:igid“; perhéps?) equip-
ment would give them the control which they lacked over
the stronger cylinders. The "diesmond" buckls pasttern
deseribed by Kenenitsu e2nd Nojime formed & physical model
for tneoreﬁical work carried out shortly thereafter by
von Karman and Tsien, and the observed buckle "growth"
mechanism eventuaslly influenced the experimental vrogram of
the author's study.,

Von Karmdn end Tsien started with Equation [3], the
first of the two lerge deflection non-~linear ecuations
developed by Donnell, but convertsed it to the case of a
perfect cvlinder by deleting the initial imperfection
factor, K. They were successful in solving the modified
egquation by an energy method which gave sufficient accuracy
to define the essential festures of the problem(lz’lB).
They established an ecuation for a bueciding wave patitern
which defined a surfsce approximately similar to the

diamond buckling pattern of Kanemitsu and Nojima in terms

of five undetermined coefficients:
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R
cos 2% } Leos Zny') [¢]

where fg, f1, fp, m, and n are the arbltrary coefficients,
Thils equation represcnted a set of cosinc weves parallel
and perpendicular to the eylinder axis superimposed on a
second set running at arbitrary angles to the first. If
it is substituted into the modificstion of Xouastion [3] R
the stresses in the cylinder can be evaluated in terms of
the arbitrary coefficients. An expression can be written

for the strain energy, W, in one comnlets wavse:

a_b . N
W = ;—1544/0 [(o’x+dy}f2(|+p)(o'xo'y—'rxy)]dxdy

24(:/43) // [ Ax‘ g;v [7]

‘ iw 62w"_ ’w z_} d
20 5F 5 (oay) Y
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where

= buckle hslf-vwave length in the x direction, inches

= buckle half—wa#e length in the y direction, inches

a

.

o, = stress in the x direction, psi

oy = stress in the y direction, psi

’ﬂy=sheér stress in the Xy plane, psi

The first integral of Equation [7] gives the strain energy
of extension of the midjsurface; the second, the strain
energy of bending out of the plane of the shéet. The
arbltrary coefficlents of the bucxling wave expreséion can
be determined by substituting the eylinder stresses
determined from the modified Zcuation [3] into the ecuation
for strein energy, Zouation [7], and ﬁinimizing the
resulting expression ﬁith raanact to these doefficients,
without references to bvoundsry conditions. Von Kérmén and
Tsien fixed three of the coefficlents on thzs basis of
judgment snd minimized the strzin energy to obtain thse
other two. The resulting solution gz=ve =z buckling stress
eqgual to the classical valﬁe, but, in sddition, described
the post-buckle equilibrium states which =2re shown in
Figure 1 ss the curve labeled "perfect cylinder". The
existence of a second set of eculllbrium states with the
samé values of strain as the unbuckled cylinder but at

_ much lower stresses showed the cylindricel shs=pe to hzve a

buckling mechsnism essentiszlly different from other couuion
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structures. It géve a strong clue to the Dossibility of
*premature” buckling, buﬁ left undeflined the mechanism by
which e¢ylinders tested in the laboratory were moving into
the post-buckle ecuilibrium stete without first going up
to fhe buckling stress for perfect eylinders.  Von Kedruén
and Tsien speculated that the prc.aature buckling was caused
by a weakness resulting from initial imperfections, or by
random exitations from vibrations present in the labora-
tory which incresased the strain enérgy of & cylinder
aomentarily, or both., Upper znd lower bounds were plazced
on the buckline stress by von Karidn =nd Tsien on the
basis of energy consideretions which bracketed experiQ
mental values. These pounds were later extended on the
basis of a more extensive study by Tsien(lh’l5). Leggett
and Jones(lé) ccrried the von Kérman-Tsien work further vy
a simultaneous vsriation of four undetwrmined ooefficients
of the buckling psttern instead of two, vproviding more
accurste gquantitative results ﬁithin tne gssumptions of
he theory. |

During the ssme years, = nunber of investigators(l7)
(18,19,20) performed experiments on curved panels to
provide empiricel information useful in aircrsft desisn.
Wost of this work concerned oanels of tie higher D/t velues
charscteristic of aircrsft fuselsges of the past, and did

not tirow light directly on the problem of this study.
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Thé work.of Weltér(21’22'23), however, wes an interesting
varistion. He tested aknumber of curved psnels of fairly
high D/t velue which were mutilated by a veriety of
defects, such as round holes, slits running both circum-
~~fefentially and axlszslly, dsnts msde by forcing smell-
dismeter steel spheres into the skin, snd even rassged
holes made by firing bullets through the psnels. A
general result of Welter's work was that mutilcztiona_
extending across a2 distance compsreble to, or greater then,
a buckling wave length, produced significant reductions in
the buckling stress, but swall imperfections, even though
severe, had little effect. Cox and Pribram(zh)-presented
a paper in 1948 which, although its purpose was different
from the present study, gzve an excellent synopsis of the.
history described in the preceding peges.

In 1950, Donnell =nd Wan(25) carrled out a thaofetical
analysis of unstiffened cylinders with initial imverfec~
tions by.combining Donnell's original general lsrge
deflection, non-linear equétion (Bqustion [3]) with the
von Kerman-Tsien buckle vave form (Ecuation [6]), end
solved for all five undetermined coefficients simultsneous-
1y by winimizing strein energy. The only initial
.imperfections considered to be significant in the analysis
were deviations of the same wave length and amplitude

distribution as the buckle pattern. The imperfect cylinder
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stress-strain chéracteristiCs are shown in Figure 1, which
was taken directly from.Donnell's paper, for various amounts
of initial imperfection. In this figure, Donnell showed
that initial imperfections have a profound effect in re-
ducing the buckling stress below that of a perfect cylinder.
It should.be noted that this theory explained the lovier
buckling stresses by a mechanism which ellowed the c¢ylinder
to remesin in ecuilibrium until erter the buckling had begun.
In contrast, the "energy barrier" theory required the cyl-
inder to leave the equilibrium state (defined by the inclined
straight line of Figure 1) and hurdle an adjecent higher
energy state under external exitation in order to reach ths
buckled state. No experimental evidence was available,
hoviever, to prove or disprove the validity of either theory
as a proper explanation of the premature buckling.

Towards the end of the thesis projeét, an unpublished
English tramslation of =z pavper by Yoshimura(26) came into
the possession of the suthor. Although the paper was
concerned primarily with a'study of long cylinders, it
presented a geometrical concept qf the cvlinder buckling
wave pattern which was of considerable interest to the
problem at hand. Yoshimura proved the existence of =
geometric family of concave polvhedrons which are devel-
opable from an unbuckled cylinder without distortion, snd
are remarkably similer in configuration to observed buckle

waves. The physiecal existence of this family can easily
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be demonstrsted by the construction of models from single
nieces of cardbosrd, snd two such models =re illustreted
in Figures 76 and 77. This concept will be discussed

further in P=rt VII.
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PART IV ~ THE POSSIBILITY OF LikGE GAINS FROM SMALL
' STIFFENERS

An inspection of Leggett's numericel results showed
‘that as the D/t retio of an unstiffened cylinder decreased,
the preferred weve size incressed.  -For the D/t range of
interest in this study, the number of wgves around the
circumference was predicted to be 6 or 7. This result
augegested to the suthor the possibility of using a
reasonably smell number of light stiffening elewments 1o
raise the buckling stress by interfering with the preferred
wave pattern. This hope vas based on the fundarentel
considerstion that a structurs will always fall in the
rnode which hess the lowest associated failing stress, but
if fsilure in that mode is mede more difficult by externsl
means, the structure will choose & different mode whieh
must have a higher felling stress than the first. Iﬁ
should be emphasized that the prooosed additional elements
were truly stiffeners in thet their »nrimsry action wes to
interact with the skin, :craﬁher then to serve es load-
carrying columns in their o%n right.

A survey of previous work on cylinders to prove or
disprove the gffectivenesg of this proponssl was incon-
clusive. The theoreticzl work besed on the von Kermah-
Tsien method considered only unstiffened shells without

boundary conditions, snd save no clue to the changes which
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might reéult from-distorting the wave patt=rn, either from
its true shene or from tﬁe approximate shape ssswuned by
von Kdrman end Tsien. <Considersble experimentation has
‘been carried out on stiffened p=nels to aid aircrof

gesic
retios hirsher than those of intersest in this study, wad,

ag a result, the psnel widths were considersbly l=zrger

then the buckle wviave lengths.

The only cereful qualitastive experiments found which
gseemed to throw ligcht on the nroblem were the "frozen!
buckling tests of Kenemitsu and Nojima. Their work indica-
ted that buckles began et vleces of locsl weakness with a
wave length somewhet smaller then thet of the final
pattern, and then spread in lateral dimension while moving
over the surface to fill in the complete vp=ttern. If this
behevior were bLyplcal of all ceylindrical structures,.then
stiffeners which were sepnarated by distznces of the order
of the wave length of the final buckle psitern might heve
spacings much lsrger than .the initisl wave length, and
thus would exert little or.no effect on the initiation of
Tailure.

In spite of this negstive indication, il was decided
to test a family of four cylindricsl svpecimens Iin the
lsboratory to see whetier stiffeners were effective in

interfering with the buckling orocess. s description of

irners, bubt these tesls were necformed on psnels of D/t
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the specimens and test procedures is presented in detsil
in Part VI-A, and the résults of the tests are discussed
in Part VI-B. It will be sufficient st this point to
stote that these prelininary results constitute 4 of the 8§
specimens on Figure 113, which figure indicates a definite
increase in the bueckling stress with increassing number of
stiffeners. Furthermore, the incresse in number of stiff-
~eners was associasted with a continuous change in the buckle
wave pattern in the direction of smaller wave lengths.

As this experimental evidence was in conflict with what
might be predicted from the work of Kanemltsu and Nojima,
it was clear that further study was necessary to an under-

standing of the problem.
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PART V - THEQORETICAL BACKGROUND OF THE EXPERIMENTAL STUDY

Because of the similarities between the stiffened
cylinder problem and thé theoretical work of Donnell, vVOR
Kdrmen, and Tsien, a natural starting point ~«S O examine
their methods for suitability to the prosent problem.

The formulation of the differenticl equations of a cylin-

drical shell by Donnell wuas general, and would give a

correct solution for the stiffened case if the equations
could be solved and the appropriste boundsry conditions
substituted. TUnfortunstely, no way of solving these equa-
tions could be found, and so recourse was made to approx-
imate solutions using minimum energy methods. This pro-
cedure was extremely laborious, and unless it could be
simplified to & considerable extent, was prohibitive.

Von Karman snd Tsien were able to find two veluable sim-
plifications for the unstiffened problem:

(a) A useful spproximate expression for the wave
pattern was developed which.contaiﬁed only 5 undetermined
cceffioients, and, |

{p) It was not necessary bo include any effectis of
boundary conditions because the buckle wave length was
small compared to the cylinder dimensions.

Nelther of these simplifying essumptions was permis-
gible in the stiffened cylinder problem. It was not useful

to assume a uniform approximate wave shape in a problem
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whers an essential feature was the distortion of the

wave shape by external ihfluences such as stiffeners.
Similerly, the boundary'conditions in the realistic prob-
lem were in themselves extremely complicated. Because

I Y -k s TR L T
LT LUILDL OGO LU DLTCOTll

of the ax
the stiffener had to act as a column, but if it were also
to exert virtual transverse forces on the skin to inter-
fere with buckling waves, it would then become a beam-
¢column subjected to a number of possible distributed side
loads depending on the many wave patterns available to the
skin. One line of approach to an analysis of the skin
hehavior would have been to assume idealized boundsry
conditions, such as simply supported or clamped edges.
Unfortunately, this procedure would hsve ignored a study
of the stiffener itself, which was an essential part of

the problem. The practical value of using stiffeners.in
this way depended on the minimum size of stiffener required
to achieve effective interference, as their presence rep-
resentéd a welght pemalty @hich might be utilized in other
wayse, €.2., increasimg the skin thickness.

An additional difficulty in approaching the problem
was the possibility that stiffeners might have no effect
on the buckling of perfeét ¢ylinders, but that they might
heve a considerable influence on the factors which cause
"praméture" buckling. Donnell's papar(25) accounted for

the effect of initial imperfections of unstiffened cylin-
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ders in-an apprbximate manner, but again, since small
‘differences in buckling patterns resulting from ths
presence of stiffeners were of primary importance, a
more accurate approach was probably necessary to obtain
significant results.

It was reslized at this point that no useful theo~-
retical solution of the problem was feasible with the
state of knowledge available at the time. 43 a basis
for a future theoretical solution which might account
for more of the realistic complications, an experimental
program was laid out which had two principal objectives:
first, = descriétive parameter varlation study of the
effect of stiffeners on buckling; and, second, & group
of specizl experiments to obtain a better understanding
of the physical mechanism of buckling, of the discrep-
ancies between a perfect cylinder with perfect loadiﬁg
and a real cylinder subjected to a disturbing enviromment,
and of péssible errors arising from the experimental
methods themselves which nﬁght tend to confuse the com-
parison betwsen perfection and experimant.

In an attempt to simplify the experimental parameter
variation study, the stiffened cylinder vproblem was con-
sidered briefly from the point of view of dimensional
analysis(27). Oon the basis of physical intuition, it
would seem that the significant parsmeters of the problem

included: ©buckling stress (OB), vield stress of the skin



-2U~

in compfession (oby), modulus of elasticity of the skin
'(E), eylinder diameter~(D), skin thickmess (t)}, panel
height (h), panel width (b) or number of stiffeners (N),
flexural stiffness of a stiffener (EI)gy, and flexural
stiffﬁess of a frame (EI)f1 Unfortunately, these vari-"
ables do not lend themselves readily to reduction by the
principles of dimensional anaslysis because they are so
numerous and so uniform in dimensional character. It
was not possible to investigate the effects of all the
parameters within the time and effort available to this
oxperimental program. The partioular wvariables which
were not considered and the extent to which the others

were Investigated will be discussed in the following

section.
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PART VI - EXPERIMENTAL PROGRAM

A. General Experimental Ecuipment and Test Procedures

The first objesctive of the experimental program was
to investigate by parameter variation the effect of stiff-
'eneis on the buckle pattern éﬂéﬁggé buckling stress.
FProm the theoreticael oconsideration, it was clear that an
indispensable requiremenﬁ of the specimen design was to
achieve realistié boundary conditions for each pansl of
the cylinder. For this reason, it was felt necessary to
use specimens which were complete cylinders assembled
with eircraft rivets, instead of the more economical
curved panels\with artificial supports which have been
used by several other investigétors.

A drawing of a typical specimen is presented in
Figurs 2. Stiffening elements of rectangular cross sec-
tion were ﬁsad in order to insure accurate determination
of flexural rigidities. The frames were placed on the
outside of the cylinder and the axisl stiffeners on the
inside to eliminate the ﬁecessity of notching at points
of intersection. Although this arrangement was not the
best aerodynasmic design, it essentially duplicated the
“structural properties of typical zircraft construction.
The rivets were spaced in every case to prevant skin
buckling between rivets. The ends of the cylinders were

milled flet after assembly by mounting the cylinder on a
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precisién.turntable and rotating it under s milling cutter
in order to insure as néaxly perfect radial symmetry in
load application as possible, and to minimize any loeal

" bending moments on the ends of the cylinders.

The method of epplying compiessive loads is illus~
trated in Figure 79. The actual leocading surfaces were
two miid steel plates 18" in diameter and 24" thick. The
Tlat surfaces of these plates viere finished by grinding.
The lower plate rested on em svherical seat (radius of the
sphere was 4") to permit the lower loading plate to align
itself and thus prevent eccentric load spplication. The
upper loading plate was simply bolted agsinst the loading
head of the testing machine in the four preliminary tests,
but an examination of the results of those tests showed
that the plate was bending slightly under load because of
high spots on the lower surface of the machine loadiﬁg
head. As a result, a plaster shim was cast between the
machine loading head and the upper loading plste (see
Figure 93, for example) fdr the remainder of the test
program. The effectivenesé of this shim is discussed in
Part VI-C. The testing machine was manufactured by
Baldwin-Southwark, and equipfp-ed with an Emery capsule type
welghing system. _The load was applied by means of a
hydraulic piston, and the indicating scale had ranges of
12,000 1b, 60,000 1b, and 300,000 1b.

In order to semple the distribution of stress sround
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the circumferencé of each specimen, four strain gauges
of the SR-L type were méuntad on the mid-height.cross
gection, a8 shown in Figures 79 through 107. These
‘strain gauges were read by means of & Leeds and Northrup
slide wirse potentiometervthrough.a sultable bridge cir-
cuit consisting of a 6-volt automobile bettery, a switch~
ing panel, and dummy gauges of the seme type as were mounted
on the cylinders. The test equipment, including the strain
gauge measuring apparatus, is illustrasted in Figure 78.
Cylinder deflections were measured by Federal dial gauges
mounted at equidistant points arocund the circumference.
These gauges viere marked with divisions of 0,001", and
readings were estimated to 0.0001%,

The proportions and size of the specimens are given
in Table 1. The svecimen design was the result of several
compromises with practicel considerations. The maximum
cylinder height which could be machined imn the milling
machine~turntable installation was 10", It was felt
imperative to have a "buffér" section on each end of the
cylinder in order to prevent any minor comcentrated end
loads from crippling the cylinder, and a test panel h/D
ratio of 0.5 was considered to be as low =as could be
tolerataed, so the maximum cylinder diameter was sutomatically
determined to be about 13", 1In order to provide reason-
able freedom from initial imperfections, =z minimum sheeb

thickness for good workmenship was set at 0.020", The
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cambinaﬁion of méximum diametér and minimum thickness

8et & practical upper limit on the D/t ratio of about 650.
The minimum D/t ratio was limited only by the onset of

" plastic failure.

Because . -of the large nwnber:of parameters in the
gtiffened cylinder problem, it was necessary to restrict
the experimental variation to seversal which seemed inter-
esting and informative., Accordingly, it was decided to
use only one material, limiting the paremeters Ty s E,
Egts and Epy to one velue. . The material chosen was 24S-T,
but some of the later specimens had to be manufeactured

from 248-T Alclad because of material shortage. A correc-

tion was used in the data reduction to account for the
Alclad coating. In addition, it was decided always to

use frames of sufficient stiffness to eliminate the
possibility orf Tframe Tfallure and thus reduce the problem

to one of "local™ buckling, eliminsting I, as a variable.
The method of selecting the frame size to achieve this
Tesult was proposed by Shanley(zgl based on work by Dunn(zg),
and was successful in all specimens. These decisions left
D, t, h, b or N, snd Ig4 as remaining independent variables.
The first three of these variables were arbitrarily set in
dimensionless form as D/t and h/D, N was chosen over b as

"a variable because of its dimensionless character snd be-
cause it was more convenient in the limiting case of an

unstiffened cylinder, and Igt was kept in its originsal
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dimensiohal_form.because of the large number of tests
which would be required~to determine which of the other
dimensions formed the physically valid dimensionless
"variable in combinetion with the stiffener moment of
inértia. —— |
The spebiméns were grouped inbto famillies as follows

(see Table 1): Nos. l-4 were the original preliminary
specimenslwhich formed a group with D/t = 400, h/D = 0.5,
I = 0.001648 inh, and N as the independent variable.
Specimen No., 6 was later added to make this group more
complete., Specimen No. 5 was also included, even though
its value of I was different, because it formed a logical
member of the family. Specimens Nos. 1A and 5A were dupli-
cates of Specimens Nos. 1 and 5, respectively, to check
the amount of experimental scatter, and also became mem-
bers of this complete 8-specimen family. Specimens Nos.
7-10, together with Specimen No. 6, formed a2 family with
common D/t = 400, h/D = 0.5, and N = 6, with I as the
independent variable. The purpose of this group was to
determine the effectiveness of different values of I in
raising the buckling siress. Specimens Nos. 11, 12, =and
13, together with 5 and 54, formed a group with commom
values of D/t = 400, N = 2, and I = 0.000061 in*, with
h/D as the independent variable. The objective of this.
group was to determine the effect of h/D on buckling stress

and buckling wave pattern. It was similar in purpose to
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the first group; except that the effect of frame spacing
was to be investigated.instead of axial stiffener spacing.
Specimens Nog. 14-17 were a family with D/t = 670,

" a/D = 0,5, and I = 0,001648 ink, with N as the indepen-

ﬁwdént veriable. Specimens Nos. 19-22 were a group with —
D/t = 352, h/D = 0.5, and I = 0.,001648 ink, with N as
the independent variable. These last two groups were
similar in purpose to the first group, but different values
of the common D/t ratio. were used in order to give an
understanding of the effects on buckling stress and wave
pattern resulting from a varistion of both D/t and N.
Specimens Nos. 1l4-22 were made of Alclad sheet; all others
were of uncladded materisl.

Specimen Wo. 18 (the unlucky specimen) was built asg
a result of a shop error and wes accidentslly d&maged
during test, so it did not form a logical partnership with
any of the other cylinders. The test of this specimen is
discussed in Part VI-C-3. Specimen No. 5B was also =
special case, and is discﬁssed in Part VI-C-4.
The test procedure was straightforward; the load

was increased by desired increments, and strain gasuge
and diai gauge readings were taken at each load. The
testing machine load indicetor wes equipped with a
maximum-reading indicatér which permitted the messurement

of buckling loads, even though the load dropped  very
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rapidly without ﬁarning when buckling took place. It

was not feasible to obtéin_dial gauge readings at buck-
ling in the same manner that load readings were taken, and
'so0.a certain smount of fairing and interpolation was neces-
sary to establish the stress-strain curves near buckling.
A circumferential coordinate system was established with

0° corresponding to geographical North in the testing
laborastory, reading clockwise in the normal manner of the
compass. The péints 0%, 90°, 180°, and 270° were labeled
on each specimen, together with the serial number of the

specimen, to facilitate imterpretation of the test photo-

graphs (Fieures 79 through 111).
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B. Experimental Results of the Paremeter Varistion Study

The data obtained from the experimental tests are
presented in Figures 3 ﬁhrough 111. Figures 3 through 27
show the familiar stress-s%rain curves for a2ll of the
épecimens; Figures Zéﬁthrough 50 show a sanpline of the
distribution of stress around the circumference or all
cylinders tested with strein gsuges. Figures 51 through
75 present a symbolic representation of the buckle pattern
of each cylinder, and Figures 76 through 111 are photo-
gravhs which show the sctusl characteristics of many of
the buckle vatterns of the progrsm. The several figures
which dcscribe eacn prorticular svoecimen are interrelsated
by means of small code numbers (1, 2, etc.) which denote
the order in which the various buckles =npeared. For
example, Figufe 52 shows that the buckles in Specimenv
No. 14 appeared in three successive groups: the first
from approximately 30° to 2009, the second from 260°
through 0° to 30°, and the third fron 200° to 270°. The
gtress =znd strain associated with sach of these states
are labeled 1, 2, =2nd 3 on Fipgure L, and & photograph
of'the specimen a2t the third state is given in Figure 80.

The basic data have been combined to show the
variation of iurortant parsmeters witain Tsmilies 1in

Figures 112 throush 117.
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Muéh can bé lesarned from a thorough study of this
large body of information, Some of the more interesting
points will be mentionéd here. 1In considering the stress-~
strain curves (Figures 3 through 27), 1t is seen that the
géneral character of'the—curves is similar to the results
of the von Kérméh-Tsien theory, assuming premsture buck-
ling from some cause, and.of the Donnell theory with the
game reserveatlions. One interesting »eoint not readily
apparent is the fact that the unbuckled vortions of the

stress=-strain curves sre not exsctly straight lines as

f-h
ct
=

al

Jude

cted by the verfect cvlinder theory. The in

vyt b t eylinder
concave-upward curvature in the vieinity of the origin

is, of course, the result of taking up the slack in the
specimen and test ecuipment, but z careful comparison of
the curves shows that the upper nortion of the unbhuckled
curve is slirshtly concave downwards. This curvzture is so
small that it misght be well overlooked if the dats from
only one specimen were being plotted, but is unaistaka-
ble becsuse 1t repeats ldentically in specimen after
specimen. It will be shown in Pert VII that this
curvature was most probably not a result of plastic
déformétion. An interecsting roint to note is that
Donnell's curves for imperfect cylinders, Figure 1, show

this same concave-downward tendency prior to buckling.
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Aftér buckling, the stress-straln curves of the
typical eylinder tests éive little information 6f any
real cuantitstive wvalue. The magnitude of the first drop
“after buckling was a function not only of the strain at
which the buckling of theimnerfect specimen took place,
but was also a function of the renaining strength of the
stiffeners, which varied consliderably from specimen to
snecimen. In the stress-strain curves of Specimens 14
throueh 17 (Figures 19-22), which hed the largest stiff-
eners in comparison with their sheet of any svecimens,
it can be seen that the stiffeners continued to carry
load after'buckling almost without faltering when the
skin gave up its full share of the burdem. It should also
pe remembersed that these cylinders of moderate wall thick-
ness experienced nlestic deformation sfter the buckle
waves became sSevere. |

Fipures 28 through 50 show that the clrcumferential
stress distribution exhibited = scatter =bove snd below
the sverage stress. 1In thése tizures, the ordinste 1is
the reduced strain £saugs dﬁta 2t four equaily spaced
points around the circumference, whereas the abcissa 1is
the aversge stress obtained by dividing test m=chine load
by the measured cross-section area of the specimen. These
two stresses were not exactly comparable because the

experimental errors associsted with measuring strain
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gauge dnta, specimen dimensioﬁs, end testing machine

loads were independent éf each other, sand intiuenced the
two stresses differently. An additional error in the
‘strain gauge stresses occurred in Speclmens Nos. 19
Lhz"cgug,h 22, where ths hipgh stresses of these tests went
beyond tine proportional limit of the Alclad m=aterial, and -
the stress indicasted by the strain gauges appeared higher
than its real vslue. This apparent increase was a complex
result of the action of the cledding when subjscted to
stresses above its proportional limit, but has not been
considered-imoo:tant enough to the study to warrant
eleborate correction of the strain gsuge datae.

If the experimental stress distributions were
radislly symmetric, Figures 28 through 50 should consist
of four coincident strsight lines. An examination of the
figures shows that the curves are never coincident, ﬁut
are usually straight. The reasons for the scatter are
discussed in detail in Section VI-C-l. The curves are
mentioned here because the.highest stress existing around
the circumference at buckling may be considered as a
measure of the buckling stress azs well as the average
stress over the cylindsr,
| Fieures 112 through 117 present the effects of the
various parameter variations. In these figures, both

average stress and meximum stress around the circumference
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at Euckiing havé oeen plotted for each specimen. It was
found that the trends given by the two buckling stress
eriteria are similar in cheracter. Figures 112 tarough
114 show the effect of variation of N on the buckling
stress for the three values of D/t. It is seen that there
was a significant increase in stress with number of
gstiffeners in every case. Although there vwas consider-
able scatter in the data, clear trends were estsblished.
Figure 113, representing a D/t of approximately 40O, has
been filled in more completely, whereas Figures 112 and
114 serve to check the same trend for the lower and high-
er values of D/t. Figure 115 is a modified cross plot of
the average stress curves of Figures 112 through 114,
with D/t as the independent variable instead of N. The
ordinate has been modified from O/E to (O/E)(D/t) to
accentuate the relationship. Since ths theoretical
buekling stress of a perfect unstiffenad cylinder wvaries
inversely with D/t, one might expect (O/E)(D/t) to be
invarisnt with D/t. The experimental devistion from this
behavior is of interest. It is apparent that O/E suffer-
ed a greater reduction from the theoreticel velue at the
higher velues of D/t than 5£ the lower ones., This effect
is well known, and has been demonstrated by Kanemitsu and
Nojima(ll), Donnell and Wan(25), and Batdorf, Schild-
crout, agd Stein(Bo). Figure 115 also indicates, however,

~that the presencs of stiffeners sppesred to have more
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effect 6n the cjlinders of higher D/t, which were the
weakest wlthout stiffeﬁing.

The curvature of the lines in Figure 115 is probably
not reliabls, as the D/t values at approxinstely 350 and
670 were obtained from tests of Alclaed specimens.
According to tests carried out by Moore(Bl), an Alclad
sheet has the ssme buckling properties as sn uncladded
sheet u;p. to the yield point of the cladding, and to an
uncladded sheet 93% as thick above the yield point of the
cladding. The test specimens have been clasgified
according to this approximate rule by assuming that the
full thickness of the 0.020" thick Alelad shest was
effective beceuse of the low buckling stresses of these
specimens (Nos. 14 through 18), whereas the thickness of
the 0.0L0" thick aAlclad sheet wes reduced by 7% since
these specimens (Nos. 19 through 22) buciled at stresses
clezrly above the yield point of the cladding. It is
well to mention at thls point thst tests by Atchison and
Miller(32)_snowed that tné provortional limit of R43-T 1is
28,000 psi in transverse éompression, and ANC—Sa(BB)
lists the yield point for the ssme type of loading as
47,000 psi, so 1t 1s belleved that Lthe 24S-T materlial was
substantially free of plastic effects at buckling
throughout the study. |

It should be noted in Figure 113 that Specimen No. 5
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(N = 2).exhibitéd a buckling stress mmuch higher than would
be expected from the pérformance of the other seven members
of its family. Specimen No, 5A was built and tested in an
attempt to duplicate this performance, but Specimen No. 54
fell right in line with its feliows.w—The performance of
Specimen No. 5 will be discussed further in Part VII.

A systematic comparison of Figures 51 through 75
shows that there wes a regular change of wave shape with
the number of stiffeners, the waves decreasing in size as
the number of stiffeners became'larger. Specimens Nos. 1l-4
{see Pigures 51, 53, 54, 55, 79, 81, 83, and 84) were a
typical example. Specimen No. 1 exhibited a characteristic
buckle extending the full height of the cylinder panel,
with & cireoumferential weve length of one-eighth of the
circumference. In Specimen No. 2, the wave size became
noticeably smaller in the axigl direction, and there werse
three waves in each of the four guadrants. It is inter-
esting to note that the circdumferential wave length did
not decrease to the same éxtent as the &xial wave length,
gince there were still the squivalent of 8 waves around
the circumference, but these waves crowded the stiffeners
much nore élosely than the waves in Specimen No. 1 crowded
sach other. 1In Specimen Ko. 3, the waves wers spaced in
diagonal pzirs within ﬁhe octants. The wave length was

noticeably less than one-elghth of the clrcuunference, since
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one wave clearlj did not fill the width of an octant. In
‘Specimen No. 4, the wafes had no choice but to occupy
one-twelfth of the cireumference or less. In some panels,
viaves of this size appeared. In others, the wave shape
—was very much distorted (see Fig&rew84). It was clear
that 12 stiffeners around the circumference for D/t = 400
caused a very great inhibiting ection on the formation

of the usual wave pattern. A similar searcih through the
figures shows that the wave size also decreased as D/t
increased.

Figure 116 shows that buekling stress was inorceccod
by & reduction in h/D below approximetely 0.5, snd that
this effect increassed rapidly for the smaller vslues of
h/D. 4in insvection of Figures 64-H6 and $3~95 shows,
however, that the wave paettern adjusted more readily to
a close spacing of circumferential stiffeners than ﬁo a
gimiler interference from axisl sgstiffeners. Figure 93
shows particularly that the waves could be compressec
considersbly in the axial.direction while st1ll meintain-—
ing their original circumferential dimensions.

Figure 117 shows that buckling stress apreared insen-
sitive to variation in stiffener moment of inertia down
to extremely low vslues. This insensitivity was all the
more remarkable since the intercept of 6/8 vs. N at N = O
was st a value of O/E = 1.8, as shown on Figure 113. The

utility of this considerable effectivemess of very light
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stiffenérs will be discussed cuantitatively in Part VII.
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C. Speéial Experimental Studies
1. Redial Symmetry of Load Application

Flﬁgge(9) suggesﬁed thet imperfections involved in
the end conditions of experimental cylinder tests might
reduce the”buckling load beléwu;;g; of vperfectly assumed
conditions. One of the purposes of the study was to ver-
ify experimentally whether or not, with reasonable tech-
nigue, the stresé distribution actually did exhibit radial
symmetry, or wnether circumferential regions of stress
concentration existed which would cause premature buck-
ling. Towards this end, each specimen was providéd with
four strain gauges spaced ecually around the circumference
to sample the distribution of stress.

It is well at this point to review the precautions
which were taken in constructing the specimens and test
equipment to insure radial symmetry of loading. In the
preliminary tests, the cylinders were milled off on a
turntable, teking care not to clamp any deformations into
the cylinder during machining. 8imilerly, the surfesces
of the loading plates were ground flat on = large capac~-
ity grinding machine, and were supported under conditions
of radial symmetry, the lower resting on & centrally lo-~
cated spherical seat and the upper on a circulaer pad on

the bhottom of the test machine loading head,

The first four specimens showed characteristically
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curved iine variations of local stress versus average
stress (Fiegures 28, 30; 31, and 32), and the slopes of

the four lines in each specimen were not consistent.

This curvature susgested a change in the errors of losading
with~magnitude of loading and could only bve caused by
deflections in the loading plates. It had previously

peen believed that the 2" thickness of the upper loading
plate woﬁld be sufficient to overcome any minor irregulari-
ties on the bottom of the loading machine head; however,
after testine the first four specimens, a plaster shim

was cast between the upper los=ding plete sna the test
mechine loading head to £ill in any existing minor
irregularities of contact. An examination of the circum-
ferentiasl stress distribution ficures for Specimens No. 5
and up indicates that this shim was effective in elimina-
ting the curvature of the lines and in bringing them'to
gpvroximately the same slope. The consistent vertical
scetter of the lines gurgests =n initial uneveness in the
load application on each_éylindrical elenient by its
mateching losding plete surface.

The differences between meximum and wminimum circum-
ferentisl stress at buckling for every cylinder hsve been
determined and are presented in Table 2 both as absolute
errors and as percentages of the average buckling stresses.
The median values of these discrepancies were 3,440 psi

and 16.9%. These figures represent significent errors,
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which céuld easily have caused anbreciable scatter inm the
test results even if no other inaccurecies exisﬁed in the
problem.

The stress veriation of B,SQO psi on the 10-inch
1dng'cylindrical elexents would correspond to a deflec~
tion veriation of avpproximestely 0.0035",., This spreed
might z2ls0 be regzrded as revresenting a *¥0.0017" error
in the contact of the loading nletes and cylinder end
gurfaces sround the circumference. When it is remembered
thet this error was the sum of srrors resulting from the
varietion of cylinder element lengths, varlatlon of Ilat-
ness of each loadine plste, and unsymmetrical deformations
of the loading plates under loasd, it is seen thst errors
which were snall from a machinist!s stasndpoint were
significant in the eylinder buckling tests.

It is interesting to compsre the aversges of the four
strein gauge readings with the =zversge stresses computed
from the test mechine losds. Table 3 presents the error
between the averasge strein gauge stress and the average

test machine stress as e function of test machine stress

| il

for the 23 snecimens which were eruipped with strain
gauges. It can be seen fr@m.Teble 3 thet = tynical error
bhetween two zverage stresses was of the ordexr of 1% to 2%
for the uncladded specimens, and 6% to 8% for the uncor-

rected Alclad specimens. If the scatter between the four
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strain éauge reedings (mean error of 16.9%) were princi-
pally a result of exverimental error or local bending in
the sheet, one would expect that tihe averarses of thesa
readings would still differ somewhat from the test machine
avérage stress. Table 3 shows, however, thest the agree-
ment between the two sverage stresses was markedly better
than the agreement among the strein gasuge readings them-
selves. It wass concluded from this compsrison that the
strain gauge stress variation around the circumference
was, in fact, the result of sn actual variation of stress
rather than exverimental error.

One of the experimental results of this circumferen-
tial veriation of siress was to cause some of the épecimems
to buckle on only a part of the circumference. Thise

effect can be seen in Firures 51 through 75.
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2., Study of Cylinder Behavior Immediately Following
Buckling : -

Kanemnitsu and Nojima(ll) performed an interesting
‘experiment on the mechenism of buckling by testing a
cyiinder in-a special set~up which guaranteed a very
close control o&er axial deflection. For cylinders of
D/t = 3740, they were able to stop the buckling process
at any point in the formation of the buckles, and even
to reverse the process, taking the buckles in and out of
the skin at will by controlling the end shortening. They
Tfound that the buckles started as small indentations,
apparently in the vicinity of imperfections in the skin,
and beceme larger as end shortening was increased, moving
about until they formed & regular buckling pattern. A
similar experiment was sttempted on cylinders of D/t
= 2500, but no success was attained in "freezing" the
buckling process, the hueckles forming very rapidiy in s
complete pattern. They surmised in their discussion that
the lack of control over oyiin&era of D/t = 2500 resulted
from a lack of rigidity in theixr test ecuipment, and, that
with more powerful equipment, they could duplicate the
buckling control which thej had over the thinner c¢ylinders.
An understanding of‘the formation mechanism of the

buckles, particularly of the gquastion as to whether buckles

form with a small initial wave length end increase in size,
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or whether they have e large wave length from their be~
ginning, is important wﬁen one attempts to interfere with
these waves with stiffeners. Consecquently, en sxperi-

" mental sttempt was made to repeat the phenomenon found
——by Kanemitsu and Nojime with the cylinders of moderate
D/t considered in this work. Three jacks (Nos. 1, 2, end
3) were designed as shown in the upper half of Figure 118
to be spaced ecually around the circumference of Spec-
imen No. 5 during loading {see FPigure 85). The jacks
were to be kept firmly compressed between the loading
plates so that when the cylinder buckled the jacks would
resist the released potential energy of the testing
machine, and would not permit this energy to crush the
eylinder. A very high spring constant and a very fine
degree of control were needed in these jacks, and they
were designed sccordingly. The combined spring consiant
of Jacks Nos. 1, 2, and 3 was 8,030,000 1b per inch,

and the combined yield load, using a yield stress of
36,000 psi from ANG-5a(33), was 72,000 1b. In eddition,
it was possible, by turning the jack shaft a few degrees
with a wrench, %o change its length under load by small
fractions of 0.,001". These jacks were first used in the
test of Specimen No. 5 as shown in Figure 118. Each jack
was equipped with two strain gauges located diametrically
oppogite each other on the jack shaft. The strain gauges

were wired in series to cancel out the effect of any
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bending moments which the jack might experience, and, be-
fore the jacks were used in a cylinder test, alcalibration
run was made for each jack, from which a plot of load vs.
strain gauge reading was obtained. A typical graph of this
*>type is shown in Figure 119, and it may be seen from the
consistency.of the data that the jack was a very reliable
load measuring device.

The test procedure used with Specimen No. 5 was as
fellows: The specimen was loaded without the jacks until
a stress of 14,700 psi was reached. At this point, the
jacks were installed as shown in Figure 118, and the jack
loading cycle was begun. The machine load was raised 2CC0O 1b
with the jacks firmly in place. Because of the relative
spring constants of the jacks and cylinder (5.1 to 1), most
of this load increment would be carried by the jacks. Each
Jack was then backed off in turn to zero load, the drop in
machine load being made good after each jack was backed off.
In this way, the 2000 1lb load increment was gradually
shifﬁed from jacks to cylinder, and at the end of the cycle,
the jacks were pressed firmly against the upper loading head
preparatory -to receiving the load increment of the next
cycle, An admitted weakness in this procedure was the lack
of radial symmetry in load when one jack was unloaded aﬁd the
others wére not, but the eccentricity was small if small load
increments were used. At any time during the test, the ac-

tual load which the cylinder was carrying could easily be
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obtained by subtfacting the sum of the three jack loads
from the test machine 16&@._ The accuracy of this type of
irdirect measurement of the cylinder lcel is deronstrated
in Figure 8, where the points on the unbuckled section of
the curve above a stress ofﬁlA,OCO psi exhibit no appreci~-
able scatter. Every other one of these points was deter-
mined indirectlye. |

After several load.ing_ cycles with the jacks in place,
the c¢ylinder buckled violently at the first slight attempt
to unload the first of the three jacks after raising the
testing machine load. This was a very fortunate point in
the cycle for buckling V0 occur, because all three jacks
were firmly compressed between the loading plates by a load
of epproximately 500 1b eache. When the cylinder buckled,
it snifted large loads to each of the three jacks, which
loads were determined by strain gauge measurements. lFrom
this point, the end shortening of the ecylinder was grad-
ually increased by adjusting the jacks. The stress-strain
curve of the test is shownAin Figure &. The gradual devel-
opment of the buckling wavés reported by Kanemitsu and
Nojima on cylinders of high D/t was not obtained; in fact,
the violence of buckling in this specimen was as great as
that of any other specimen in the experimental tests,

When the jacks were backed down until free, a very un-

expected result was observed: each of the three jacks had



!
—,89
(22 .

apparently sustained permanent compressive set, as the

m .

train gauge readings did not return to zero., Since a
total static load of 15,900 1b was transferred to the jacks
during buckling, this would represent a stress magnification
of.approximately five~fold., Two explanations of the appar-
ent compressive set have been proposed: (1)} the strain
gauges were damaged during buckling in a way which dis-
turbed the strain gauge zeros (or, in other words, there
was no permanent set as indicated); (2) a stress magnifi-
cation was obtained from a dynamic phenomenon which involved
the test machine_masses and spring constants. The first
explanation was refuted to some extent by the dial gauge
deflection data taken before and after buckling, which
indicated a drop more in agreement with a permanent set
than with elastic deformation in the jacks. The second
explanation could not be confirmed because of a lack of
data concerning the testing machine characteristics, and
remained as a speculation without nproof,

After ten specimens had been tested, it was apparent
that the buckling stress of Specimen No. 5 was consider-
‘ably higher than would be expected from comparison with the
other specimens. It wés suspected that the presence of the
Jacks in this test may have had a supporting effect which
the others did not receive, and so duplicates of Specimens

Nos, 1 and 5 were tested with jacks in an attempt to repeat
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the result., In éddition, three new jacks (Nos. 1L, 2L,
and 3L) were made whichlwere similar to the previous set
in design (see the lower half of Figure 118), but which
"had a combined spring constant of 16,300,000 1b per inch
fand‘a yield load of 171,000 1b-in order to reduce the — -
chance of permanent set in the jacks. In addition, the
te2st procedure for operating the jacks was modified in
order to keep all jacks continually under a much larger
load to insure that any slack would be taken up before
buckling.

The new test procedure was as follows; The cylinder
was first raised to a load conveniently velow the antici-
pated buckling load. The jacks were then placed in the test
machine, and were tightened up firmly by hand between the
loading plates. The jacks were given a pre-~load by several
cycles in which the machine load was increased and the
jacks were then adjusted to take up this increase, until
each jack was carrying 4,000 1b of pre-load and the load on
the cylinder was the sanw.és before the jacks were insertsd.
The cylinder locad was then increased by increments as in
the test of Specimen No. 5. The amount that each jack was
backed off after each load increment was determined by set:-
ting the voltage réading equivalent. to the desired load
‘reduction on the strain gauge potentiometer, and thén adjust-

ing the Jjack until its load corresponded to the desired load.



Ovlinder No. 34 buckled when the [irst jack had been unloaded

to its standard 4,000 1b pre-load, and the second jack was
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in the process of boing wrloaded. The total load on the

cgvlinder was thus slightly eccentric, although the incre-
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crease the axial strain of bthe eylinder. The resnlting
sbtreos—abrain surve is shown in Figure L. The jacks re-
turned substantially to zero load at the and of the test,

and apparently did not experience permanent ssbt. A signi-

ficant result of thne test of Hpacimen Ja is that its beckling
load was approximately the same as Specimen No. 1 in spite
of the presence of the Jjacks

Specimen No. 54 was then tested by the same procedure
nsed for Specimen No. 14, Buckling occurred in Specimen
.No, 54 at the same point in the cycle as in Specimen No. 14,
Jack No,., 1L registered a very large load immediately after
buckling, more than the entire load registered by the test
machihe, but the readings of the other two jacks seemed
reasonable. The dial gauges indicated no unusual eccen-
tricity of deflection, and it was assumed that the strain
gange 1in Jack No. 1L had heen damaged during buckling in a
manner which shifted its zero reading. The jack unloading
parﬁ of the test of opecimen No., 54 was controlled from ths
ack strain

readings of the dial gaunges rather than ths

.
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cators. At the end of the tesi, Jacks Wos. 2L and 3L
returned substantially to their original zercs, but Jack

Ho. 21 continued to register 5 veprv larze load aven when
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order based on the new zero. Its recalibration graph is
shown in Figure 119, and is wvery couns.stent. The stress-
strain curve of the cylinder was computed using the final
sero of Jack Lo, 1L, and appeared reasonapie. It is pre-
santed in Figure Y.

o resliy satisfsctory soiution is presented for the

Y

roculiar behavier of the jack zeros in these tests, It is

’

felt with some zssurance that thie small jacks zetually axe

o

perienced permanent set because of the correlation between
the residual load reading and the end shortening measured
during buckling. The extreme zero shift in Jack HNo. 1L
during the test of Specimen No. 54 remains unexplainesd,
Tnis Jack operated satisfactorily during the test of Spec~
imen No. 14, as did Jacks Nos, 2L and 3L in both tests,
Fortunaﬁelyg the zero shifts did not prevent the calcula-
tion of stress-straln curves for the cylinders, since It
was possible to calculate the post-buckling loads using the
final jack zeros instead of the original ones, DNeither
Specimen Ko, 14 nor 5A exhibited the high buckling stress of

Specimen No. 5, 80 its superior performance was probably not



2 result of the presence of jacks in the test,

My

The original goal of these specially restrained tesis,

a durlicatiorn of the Kanemitsu-iloiima contrel ovsr the for-
mar.ion buekling waves, was clearly not atitained. Jn

wiew nf tna fact that the teshs of Sparimers Nos. 124 aond

S dnvelved jacks with snring nonsbtants ben Limes Lhat of
the cylinders being tested, 1t would seem bhat furcher ine-
craase in the stiffness of the jacks would be of lit
and other ifactors must be studied to explain the

avail
dTBAL,

£

phenomenon. It is mentioned in passing that the ratio of
Jack stiffness to cylinder stiffness Iin Une Kanemiusu-

Hojima tests was 3.9 to 1 for the Ycontrolled" tests at

[

D/ = 3740, and 2.7 to 1 for the Muncontrolled" tests at

ct

D/t = 2500,

4 very interesting by-product of these restraired tests
~is apparent from an examination of the stress-strain curves
of Specimens Nos. 1A and 5A (Figures 4 and 9). There is a
short section of these two curves immediately following the
first buckle in which the curve rises once more with a slope
substantially egual to the original stiffness before huck-
ling; After a short rise, there is evidence of a secondary
weakening in the stress-strain curve, and the cylinder then
exhibits the characteristic lethargic post-buckling perfor-
mance of the cther cylinders in the program. The phvsical

counterpart of this behavicr was as follows: In the initial



cbuckling failure, Specimens Nos. 14 and 54 did not fail
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it would seem that the imperfectly loaded cylinders
tuckled first on one side at some maximum load poinb, and

Lheg resuloing cuvllavse crusied the sntire cyllnder. 1L

Jacks were present Lo support the ioadiag head after the

first buckle, the unbuckled section was saved and exhibited
its criginal strength until a higher local stress was reachsd,

»

This behavior was cne of the strongest experimental veri-

_fications in the program of the contention that lack of

ks
0.

adial syumetry in lcad application caused a reduction of

the apparent average btuckling stress of the cylinder.



Two of the speciwens, Nos. 17 and 20, sustaived dents of

significant size during construction when the pneumatic
4 . o1 A o A¥E 3 sy - 4y 53w 3 e 3 s by oy oy e

rivet gun slipped offl a rivet head and dented the sheet

nearby. he dent on No., 17 was near an axial stiffener at

approximately 115°, midway {rom top to bottom on the cylin-

Ty L

der. The dent on No. 20 was on a cenber panel in the cor-
ner formed by the axial stiffener at 0° and the frame which

defines the upper boundary of the center panel. Specimen
No. 18 sustained serious damage at the very beginning of
its test when a "pilot error" of the testing machine oper-

ator resulted in a very rapid increase in applied load

which buckled the cylinder before the surge could be checkead.,

The load was returned to zero, and the cylinder was found
to have sustained permanent set in the form of small ridges
outlining the buckling waves.

All three of these specimens were tested subseguent
to their damage, and stress-strain curves for the three
are given in Figures 22, 23, and 25, It is interesting to

note the effects of the damage on the cylinder performance.
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some exwﬂr imental information concerning the configuration
of an infinitesimal wave pattern immediately after the

be glﬁﬂ’ﬂb of buckling was essential to a confident under-
standing of the mechan iSm of wave growthe. As it was felt

impractical under the circumstances to obtain high=-speed

7

of a buckle actually ta

[

mobion wicture

indirset investigalion inle the configuration of infinites-

imal waves was de by studying the vibration modes of

duplicate of 5 and 54&. The cylinder was mounted in the
previously used test set-up, but was vibrated by a mechan-
ical oscillator instelled as shown in Figure 108. This
oscillator, which was similar in constructicn to one used
. m " . - e 1 - ) 1 . {?’ié} ; 1
in a flat plate vibration study by Lurie‘'- Y’ was a modi-
fication of a high power, low fidelity, favy surplus loud-

speaker commonly known as a "Bull Horm." The loudspeaker

coneg was cub away except for four narrow strips which

JE- S o aey e 3 - ! 3 1 = - "] En) ) 3 " g
ing center of the cone, & light aluminum rod wag cemented 1o

the centar of the loudspesker znd secrewsd securely tTo the
cylinder, as shown in Figure 108, Power to operats the

e

speaker was obtiained from a kodel 200-D Hewlett Packard

3N

varisble frecuency audic oscillator through a 30-walt



amplifier.

| The cvlinder was subjected to a moderate axialload,
full power was applied to the vibrator, and the audio os-
cillator frequency was tuned through its entire range from
7 to 70,000 cps in a search for resonant frequencies. JSev-
eral minor responses were obtained from the cylinder, but
one unmistakable resonance was found near 1,000 cps, in
which the entire circumference oif the cylinder vibrated
strongly. It was possible to detect the nodal lines of
this vibration mode with considerable accuracy simply by
running one’s fingernaill across the surface of the cylin-
der to detect the "dead" zones. The node lines were marked
directly on the surface of the cylinder with grease pencil
as they were found, and the pattern of these lines is
illustrated in Figure 109, The exact curvature of the lines
in Figure 109 is probably not significant, as the location
of the node lines was rather vague towards the top and

bottom of the center panel. The location of the lines as

P

shey crossed the mid-height of the cylinder, however, was

extremely sharp. There were 15 node lines around the cir-
cumference of the cylinder:; their mid-heignt cross section
is plotted in Figurc 120, These points have becn comparcd

b

with the location of 16 equally spaced points, and the aver-

Pt

age angular deviation of a ncde from the perfect pattern was

fourd to be 29, Since each cycle of a serpentine wave corn-

tains two node lines, the cylinder was vibrating in a wave



rattern containing & circumferential waves. The resern-

blance of this pattern to the buckle patterns of Specimens

Nos. 1, 14, and 54 (Figures 51, 52, 57, 79, 80, 86, and &

r
Afrer the node pattern was located, a brief study of
£

nae effect of variation of load on the vibration mode was

a definite response., The sguare of the resonant frequency
21 as a watter of inter-
est bto obhers who may wish Lo study this prohlem further,

The shape of this curve is dissimilar to comparable curves

obtained in flat plate experiments by Lur e l3k), The sharp-

resonance peak flattened considerably at loads below 2,000

lb, and no particular resonance was discernible at zero load,
Ag a final test, the load was raised by increments un-
til the cylinder buckled. A% each increment, the exciting

frequency was adius uaﬁ Lo resonance so that the oylinder

ably sibtuated to cause buckling. It was readily apparent



resuiting effect on the cyli

bance experienced during the test |

% iling load of Sp

)},e

by
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a

s

;

resongnt vibrations

between the failing loads of the identical Specimens Nos,

5

ind HA.

5
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The date obtained in the experizentsl program viere
adeouate to establish trends which tarow g great deal of

itent on the imnortsnt factors of thse buckling of eylin-

I.J-
’.—b
ﬂ
[4y]
3
[¢1]
Ql
o
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ders with moderste wall thiclmess, both unst

stiffened.

It is aprarent in the various figures that the
presence of stiffepers on & cylinder produced & reduction

in the buckle wove length, both in the arxial snd circum-

ferentisl directions, = ehange in the shape of the wave
resulting from the necessity of the weve to conform to
the undellected wvoundary condibion al the stiffener, =and

1 Ineresse in the buckling stress. The effect of exial

0

stiffeners seemed to be more pronounced tian that of
frames, »ossibly becsuse the wave lengih wag less readily
cnmpressed in the cilrcumferentisl direction thsasn in tae
axial direction {(see Figures 84 =nd 93).

Figure 117 shows that the streneth of stiffener
recuired to interfere effectively wilth the bucikling

sm wss very small, The increassed buckling stress

jurte

mechan
of the solid line in Figsure 117 as comnared with the N=0
intercept of the ©2o0lid curve in Figure 113 is aovproxi-
mately 30%. The corresponding percentsge incresse in

cross=-section area of Specimen No. 7 over 3Specimen Ho. 1

wes 20%., Specimen No. 7, however, conteined stiffeners



of & cross-sectional shape which woulc never be used in
'aﬂ operationsl deslen. If solid rectangular sﬁiffeners
with a denth/vsidth ratio of 2 were used instead of the
corresponding ratio of 1/3 used in Specimen No. 7, the
same stiffener moment of inertia could be obtained with a
weight increzse over the unstiffened cylinder of only 3%.
This type of stiffener would lend itself readily to
integral construction by extrusion. If the cylinder were
fabricated, aircraft type stiffeners such as those

(35)could be used, in which

described by Dow and Hickman
case the stiftener moment ol inertia of Spsecimen No. 7
could be obbtained with = weight penalty of less than 1p
of the weight of the'skin.

The effectiveness of stiffeners which constitute
such a minor fraction of the totsl material is rendered
more credible if one remembers that even a smell stiffener
has a moment of inertias mueh larger than the thin sheet
ad jacent to it, and can ﬁhus exert a real stiffening
action to resist any potegtial buckxle formation. A
design principle yielding advantages of this masnitude 1is
certainly worthy of considerable future investigation,
The particular cylinder proportions represented in the
specimens in this study ¢id not rsovresent any extensive
attem?t to obtzin ontimum vronortions of skin snd stiff-

ener. The effect of variation in D/t on the smount of

nterfere successfully with

e

stiffening recuired to
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buckling wes not determined; indeed, it is not certain

. . c. * .
that a curve cf‘-é? vs. L would have the same flat

characteristics for other values of D/t. There is no
reason, however, to exnect that the effect illustrated in
Figure 117 would not hold true for valuss above and below
a D/t of 40O, and an experimentsl nrogrsm somewh=2t larger
than the present one could undoubtedly establish a fanily
of optimum structures in which the concept of inter-
ference between stiffener and sheet buckles is used to
advantage. The plot of (O/E)(D/t) vs. D/t in Figure 115
tends to indicate that D/t's highor then L00 may prove a
more fruitful field for stiffened cylinder research than
the lower values.

It will be emnhagsized again thnat this effeect is
essentislly different from the use to which stiffeners
have been put in szircraft fuselages up to the ovresent
time. The stiffeners of Specimen 7 4id not =2c¢t as load-
carrving columns; in fact, if compressed without the skin,
they would fail sas fixed—énd Huler columns a2t s stress of
only 11,000 psi, less than hzlf the =ctual buckling stress
of the specimen. Their only value at the higher stresses
is the stlifening wiiich Lhay’exert on the skin adjacent
to then.

A study of the ciréumferential stress distributions

(Flsures 28 throusgh 50) and the results of the jack tests
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shows thet lzek of readisl Symmetry of load anvlication in
exverimental tests had the effect of introducineg a sc atter
of approximately 10% into cylinder'buckling st resses. As
von Karnen and Tsien(10) reported, thls scatter was not
sufficient to explain the discrenancies between the theo-
retical buckling lozd of a perfect cvlinder and experimen-
tel results, but it sefved as a contributing fzctor to the
uncertsinty which has prevailed concerning the disagree-
ment between theory and experiment., It was mossibly not
coincidental that Specimen No. 5, vhich weas the only
cylinder in ths entire »rogrem that feiled in a buckling
pattern of perfect radial svmmetry, was the only sreci-
men with a buckling stress so high that 1t was clearly
out of line when plotted with other members of its
family.

A model of the mechsnism of cylinder buckling will
ve set down and discussed in connection with experiments
performed in this study and the %srk of others. The most

cvlinGger was dis-~

sy

importent factor in the buckline of
covered theorsticzlly by von Karmen =nd Tocicns a cylinder

o

regsonsbly free of 1

[

itial perfection exhibits a stress-

[$4]

strain curve which 1is double valued for strains
immediately balow the strezin corresponding to buckling.
The physical counterpart of this theorstical result is

1

expleined by Yoshimura's concent of the tvo alternative



-65-

developéble surfaces, one unbuckled, and the othsr
‘buckled. No otaer comaon tyne of strueture exhibits a
stress-strain behavior of this tyns. The consecuence of
this double choice is that c?linders have the ability to
Jump from the unbuckled state t0o a buckled configuration
without the possipility of restrsint either from an
applied losd or an applied end snortening. This
buekling mechanism peculiar to the cylinder was referred
to as "Durchschlsg® by von Kérmén. English-speaking
investieators have referred to the mechanism of "Durch-
schlag” as "oll eanning", which seems & weak snd ‘
inaccurate term to the author. The phrase *escape Jump"
is prownosed instesd; posslbly not so sstisfying as
"Durchschlag®, but perhaps ss scecurste,

Hesnl cylinders invarisbly execute their escspe jump

oy theory for a

[o]]

at stresses somevwhat below thet predicte
perfect cyvlinder because of 2 sensitivity to certsin
physical factors not usually under the direct control of
the leborstory investigastor. For this reasson, experi-
mental dste on cylinder buckling have tended to
-déée&erate into a statistical mass, and taeoretical
conjectures on the factors causing the "premature” fail~
ure have remsined without experimentsl substentiation or
rebuttal.

Two basic csuses for the "premature” jump hzve been

g
Ty

§

suggested by various investigators: 1) the vpresence of

e

{



~bbm

initial imperfections, and 2} the effect of random
disturbsnces wialch add strain energy momentarily to thae
cylinéer, permitting it to hurdle energy barriers 1o &
bgckled lower energy state bevond. The tests performed
in this study cen be grouped intb an array accoréing o

the degree of the two proposed weskening fzctors:

Initial Imperfections
Medium Large
Specs. No. 14,5,%5A
Low
(medium buckling
stress)
j('i;
{:z
!g
% majority of tests Spec. No. 18
-
B ras
2 Hedium
3
o, {medium buckling {(low buckling
& stress) stress)
5 :
o
fEa
Spec. No. 5B
High —
{medium buckling
stress)
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The definitions of the terms used in the srrsy are

)

as Tollows:

(1) EBnerszy disturbances. Low disturbsance is
nssumed to exist in a test in which considerable pre-
caution is tsken to shield the specimen agsinst the
effects of any disturbsnces which may be present in the
laboratory from accidentel csuses. Medlum disturbance
is the normsl random vibration present in a laboratory
resulting from the operstion of the structural testing
machine, or from other eculpment in the same building.
Large dlsturbances result from g deliberszite wbbempt in
the test to excite the specimen,

(2) Initial imperfectioﬁs. Medium initisl imper-
fections are those deviations from s nerfect cylinder
which result inevitebly in careful shop practice. Large
imperfections are the result of deliber=zte or accidental
demage to the specimen.

(3) Regions of buckling stress ere defined cuslita-
tively s follows: High buckling siresses are those
approaching closely to & perfect cylinder. HKedium
buckling stresses are 3 to 2/3 of the classicaluvalue,
and low buckling stresses are £ to 1/3 of the classical
value.

It csn be argued that some of the experiments

performed in this etudy fall into four of the six regions
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defined by the above array:

(2) Low enerey disturbsnce, medium imperfection.
Specimens Nos. 1la, 5, snd 54 fall within this category,
particularly 14 and 54, During their entire test, the
three specimens were in physicsl contact only with the
atmosphere of the room and the end pletes of the loading
machine which plasced them in compression. There were no
noticesble atmospheric disturbsnces during the tests such
as strong winds, explosions, or the like, so it can
ssfely be saild that the only possible random energy dis-
turbnneces which may have entered these c¢ylinders hed to
come through the loading plates of the test machine.
From Hooke's Lew, sny disturbence trensmitted to the

cvlinder from the losding pletes would have to be

0]

associated with an additional end shortening in order to
transmlt the force. These losding plates were supported
by Jjacks which had a combined spring constant several
times that of the cyliﬁder, hovéver, so any accidentel
reduction of ihe distsnce between the loading pl=les
would have been resisted much more vigorously by the
jaeks than by the cylinder. As a result, the cylinder
wouid receive considersble protection from =ccidental
loading; in fact, a ten-fold attenuation might be expected
in any disturbances gffecting Specimens Nos. 1A and Si.
~Yoshimura(26) has stated thet the energy barrier of

a typical cvlinder is sbout 7, of the totsl strsin energy
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in the vicinity of the lo*er bucxling limit under = rigid

i

test mechine loading, and that this barrier decreasses to
zero st the theoretical buckling stress of a perfect
cylinder. It is thus seen that any disturbsnce lerge

4

ilure, even st 2 stress somewhzt above

f‘)

enougch to casuss fe

ted

jte
o

the lower buckling limit, throush the insulstion prov
by the Jecks must be =z very lerpe disturbsnce indeed.
Since no disturbances of this mapnitude were observed
during the tests of Snecimens Nos. la, 5, =2nd 54, it is

en environment

(D
R
it
o
=
Q
0]
[o
)
=

concluded that these cylinders exn»
of & lov energy disturbance level. The buckling stresses
of these cylinders were found to be in the buckling

stress regime lebeled as mediun.

(b) Moderate energy disturbance, noderate imperfec-
tion. The majority of the tests in the program, which
were performed without special ecuipment, were in this
category, as can be seen from the definitions. Measure-
ments made to determiné the accurascy of construction of
Lhe speclmens showed tioaet the ellipticiby of & sinzls
gpeclinen was avvﬂﬁflﬂstelv *1% of the diameter., In
addition, there were random deviations from the approxi-
mate ellipticesl cross-sections whose emnlitudes viere
usually less then t, and deviations from straight cylin-
drical slements which were much less than t. The buckling
"stresses of these cylinders were within the siress ragiqn

fescribed as medium.
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{c) High energy disturbance, moderate imperfection.
The test of Specimen No., 5B clezrly fell within this
cetegory. The specimen wss excited by a vibrstor of
considerable po#er outout owerating in = direction perpven-—
dicular to the cylinder surfsce, tuned to the natursl
frequencey of cylinder vibraeticon, and c¢cauesing s resonsnt
vibration of the cylinder of apnrecisble amnlitude. The
disturbance provided in this test was far erester than
any random disturvance observed durine the other tests of
the study., The buckline stress in the vibration test of
Specimen No. 5B was in the medium categorye.

(L) Moderaste energy disturbence, high initial
imperfection. Svecimen No. 18 falls within this category,
since the initial accidental buckling of the cylinder
resulted in a permenent set teking the characteristic
shape of the actual buckling wsves, the tvpe of imper-
fection considersed most significent in Donnell's anslysis.
The stress-strain performsnce of thls cylinder when tested
was gso far below those of the other cvlirders, that it
cen easily be ploced in the low buckling stress recime.

An examination of the completed errsy incicates thst

the megnitude of disturbing vibrations had no significent

0]

es

0N

ez of the cylinders, since

0]
ot
H

effect on the buckling
2ll of the tests grouped in the first column (medium

initi=l imperfection) buckled in the medium regime.
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There ia no clearer ﬁayKOf observing thils insensitivity
than to compsre the results of Specimens Nos. 54 snd 5B.
These two snecimene were ldenticsl in desipgn, snd were as
neﬁrly‘alike in construction ss careful shop practice
could meke them. Specimen No. 54 was tested uhder the
insulating protection of three jacks heving ten times its
stiffness, and buckled 2t =2 load of 32,100 1b. On the
other hand, Specimen No. 5B was tested under the dis-
turbing effect of e rowerful vibrator tuned to its
resonant frecuency =t the moment of buckling. Its fail-
ing losd was 33,000 1b, There was obviously ou severe
weskening effect suffered by Specimen Fo. 5B in contrast.
with Specimen No. 54.

aAltdough the present program Gid not include a
complete investigation of the effect of initial imperfec-
tions, a study of the array, together with the results of
ﬁelter(22’23) covering imverfections of the order of size
of the buckling waves, shows clearly that initiel imper-
fections had a msrxed weakening efiect on the buckling
stress. Two similsrities between the exverimenial results
of this work and the theorseticsl analysis of Donnell
(Figure 1) were noted. The first is the slight reduction
in slope of the stress-strain curves of the various
eylinders just before buckling; the second is a very
striking similerity betwecen the stresss-strain cuzve of

Specimen No. 18 {(¥igure 23) =2nd Donnell's curve for
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Uy = O.4 {(Figure 1). These similarities strongly suvport
the contention thet initisl imverfections are the prin-

N

cipal'eause of the reduction in bhucxling stress of & rezl
cvlinder as compered to a perfect one. The performance
of Specimens Hos. 17 and 20 slso sunnort Donnell's con-
tention that imperfections somevhat smsller thasn the
buckling wave length do not enter into the overall
buckling process.

It hes been argued thet externsl disturbances could
be much more decisive in operstionsl experience than in
the lsborstory because of the gensral transient nsture of
airloads, =nd becsuse they correspond more nearly to dead
velght loading than to testing machine losding. Accord-
ing to the esnergy barrler theory, the lower buckling
limit for dezd welght loads is less then helf thet Tor
rigid test mechine losding. A test program using dead

.

should be very enlightenine in the com-

3

+ 1nsdi
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v

[y

welg séing shon y en 1tenin
perison Dbebtween the two thecries. If the ensrgy barrier

theory were velid, it would be expected that buckling
stresses with dead weight loading would be much reduced
as compared to testing machine loading, whereas if the
initisl icsperfection theory is the significant one, the
two types of lozding should give gimilar buckling stress-
es. Unfortunstely, no dead weight tests on metal

eylinders of a reasonable size have ever besn performed
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to the knowledge of the auﬁnor.

The theoretical curves for imperfect cylinders
derived by Donnell con be used to resolve the difference
in buekling mechanism between the tests carried out by
Kanemitsu snd Nojima on cylinders of D/t = 37L0, and the
tezts carried out hy the suthar snd by Kanemitsu and
Nojima on cylinders of lower D/t. Donnell's curves show
that differences in the degree of initiel imperfection of
a cylinder can cause an essential ohangé in the buckling
behavior. A cyvlinder with relastively siwsll impoerfections
has inherently the same chsracteristic as s pariect
cylinder; that is, a double-valued function of stress vs.
strain for values of strain immediately below buckling.
Ao the degres of imperfection inereases, howsver, a
point is reached at which the stress-strain curve
vecomes single-velued at all points. Such a cvlinder
does not h=ve the ability to perform =n escape Junp, =nd
fails by a continuous process.

Althouegh the author has not messured the initial
imperfections of cylinders with widely vzrving D/t ratios,
it ce2n be arsued that such imperfections, exnressed in
terme of bthe skin Lualckness, increase as the D/t ratio
increases, It is bbvious that a2 constant zabsolute error
in manufacturing is larger for cvlinders of higher D/t

ratio if exnoresssed as s function of the skin thickness,
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In sddition, the absolute maznufacturing error could well
be lerger for cylinders of hisher D/t ratio, since it is
well known to shop mechenics that satisfactory working of
thin metal sheets becomes more difficult as the thickness
decreases.

If these arguments sre valid, one can then s&y
qualitstively that the cylinders of D/t = 3740 tested by
Kenemitsu and Nojima probably had lerger initisl imper-
fecetiong thsn the nther eylinders considered in the
*"frozen® buckling tesﬁs. The cvliinders tested by the
author and Kanenitsu and ﬁojima's cylinders of D/t = 2500,
which corresvonded to annell's nesrly perfect cylinders,
definitely h=d the ablility to perform an escepe jump fram
the higher-stress unbuckled ecuilibrium condition to the
lower=-stress buckled configuration. On the other hand,
if the initial imperfections of the cylinders of D/t =
37L0 were large enough to produce the sinele-valued
stress-strain characteristic, a control over the behavior
of the cylinder would have been obtained which was not
present in the »revious case. By suffieciently small
variations in strain, the cvlinder could be compressed
through its higchest stress value and lowsred gradually by
degrees into =z comnletely buckled eonfiguration, or, if
desired, a buckled configuration could be eased back up

over the stress hump to an unbuckled configuration. Both
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‘of these phenomensa were actually achieved by Konemitsu
and Nojima with the c¢vlinders of D/t = 37L0.

The’phyﬁioal couﬁterpart of this mathematical
explanation can also be considered. f the wesakening
effect of the initial imperfections be sufficient to
cause an essential chonee in the charscter of ths
buckling process of the cylinder, it should be expected
that the buckles begin at these imperfections and spread
outwards across the cylinder, as was observed and report-
ed by Kenewitsu and Nojima. On the other hsnd, if the
effect of the initisl imnerfections is insufrficient to
cause zn essential chanege in the mechanism of buckling,
then 1t should be exvected th=at the bucklinege waves form in
a comvlebe and regulser psttern dictested by the physical
parsmeters of the cylinder itself, rether than by the
rendom nature of sny existing imperfections.

Kenemitsu and Nojima believed that their lack of
control over the cylinders of lower D/t was a result of
insufficient rigidity in their testing ecuipment. The
present exnlanation would indicate that this lack of
control was not a function of the testing machine, but
ratﬁer the result of a new avenue of escapse opened up TO
the more nearly perfect cylinder,

It ig believed that tﬁe denonstration of two Giffer-

ent types of buckling behavior slso resclves the =apparent
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ﬁaradox betvieen the originél contention that widely spaced
stiffeners could not reise the buckling stress of s
cylinder beonuse the waves were emall ot theoir beszinning,
and the observed exverimental fact thst such stiffeners
were actuslly effective,

Several experiments tehded to show that the buckle
pattern of a nearly verfect cylinder prosressed to 2 deep-
1y buckled confisuration by means of weves which vere
shallow but fully developed in lsteral extent, rsther

than by waves of smell latersl extent which were more

Ay

nearly similar to the final wave shzpe in terms of the
smnolitude divided by the wave length, Firstly, the
vibration test of Specimen No. 5B showed thet the nstursl
vibration mode of tinis evlinder consisted of waves whose
dimensions were comoeTrsble to The wave lengths of the
vuckled confisurastion of identicel cylinders. Inasmuch as
these cylinders preferred similar dimensions for both
intinitesimal and desp buckle waves, it is imnlausible to
‘suggest that some radicelily different wave size exlsted =t
intermediate emplitudes.

Secondly, in the cylinders tested in this prosrsu,
the vuckling stf%sses were sufficiently nesr the vield
stress of the material so that efter buckling took »lece,
the material experienced a noticesble eamount of permement

et radius of eurvsture of the

@

set in the reglons of smell
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‘buekling pattern. This effect was observed even in the
thinnest cylinders with the lowest buckline stresses; for
examvnle, the damage observed in Specimen No. 18 after the
accidental bucxline. If the usuesl buckling mechanism of
cvlinders were an initial form=tion of small waves of
sharp curvsture, which spread laterally into = finsal
pattern with large w=ve length, the regions of the skin
which momentarily formed the sharply curved edges of the
snall buckles would experience permanent set, and small
ridges would be noticeable in the relatively flat inter-
mediate regions of the final wave pattern. In none of
the cylinders tested, however, were any such discontinu-
ities observed in the intermediste portions of the
buckling wsves, and thelr absence indicated that these
regions never constituted the sharply curved edges of
smaller waves which mieght h=ve existed momentarily cCuring
the buckling processe.

Thirdly, the fact that stiffeners snaced ths order
of the finsl wave length apart had a rronounced effect on

1

)

the initistion of buckling indicated that the initi

{

1

buckling wave size must also have been of the same order.
This discussion of buckling would not be complefe

without a few words on the future value of Yoshimura's

developéble concave polyhedrons. His concept should prove

invaluable in obtsasining equations which define the buckle
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surface to a greater degree of accursecy thsn those of th
past, both for stiffened end unstiffened cyliﬁders. The
surfeees illustrated in Figures 76 =nd 77 could nover
represent buckled cylinders exscily because they contain
bernids of zero radius of curvature, which zre not pnossible
in metal sheets of finite thickness. A compasrison of
Figure 95 with Figure 76 shows unmistakably, however,

that the cylindér ig striving within its limitetions to
attain the developable surface. A theoreticsl anslysis of
buckled surfaces by energy methods in which the wave

shepe is made to approsch the developable polyhedron as
closely as possible should prove very instructive. The
polyhedron shown in Figure 77 1llustrates the most extremes
example of ths family, a three-sided cross section. It

ig of interest to mention that the author hss seen severzl
small cylinders of D/t = 60 from an anonymous experi-

mental wrojeet which actuslly buckled in this triasngular

mode.
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affested by stiffening elements spaced at distances of the

arder of the unstiffened buckling wave length. The pre-

sence of stiffeners raises the buckling stress, reduces

Tion. xternal disturbances and vibrations are not

major contributing factor to the Ypremature" buck-

3. The buckling waves in a reasonably well-mado

cylinder form with 2 xtreme rapidity without regard to th
o d oy ] eyt ard m e o S Y Ter - . TN £
posed load or axial shortering, and are fully developed

T
sulting from the extreme thinness of their cylinder wall'
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o The wvariation of circumferential stress distri-

bution in an experimental cylinder test resulting from
dimensiomal errors which are very small by machine shop

standards can cause a 5=-10% scatter in the apparent buck-

ling stress of experimental tests,

)

5+ The netural modes of vibration of a cylinder
sre approximately similar in configuration to the buck-

o

ling waves of the same cylinder,



1.

i8]

AWS
.

o

1C.

11.

-81~

REFERENCES

Timoshenko, 8., Theory of Elastic Stability,

McGraw-Hill Book Company, Inc., New York, N. Y.,

(1936).

Southwell, R, V. "On the General Theory of Elastic
Stability,” Philosovhical Transactions of the Royal
Society of London, Bnelend, Series a, Vol. 213,
r. 187, (191L).

Lorenz, R., "Achsensymmetrische Verzerrungen in
diinnwandigcen Hohlzylinderen®, Zeitschrift des
Vereines deutscher Ingenieure, Vol. 52, p. 1706,
(1908;.

, "Die nicht schenssymmetrische Knickune
dinnwendiger Hohlsylinder®, Physikalische Zeit~
schrift, Vol. 13, p. 241, {(1911).

Robertson, aA., "The Strength of Tubuler Struts®,
Proceedings of the Roysl Society of London, England,
Series A, Vol. 121, pe 558, (19287,

Donnell, L. H., "4 new theory for the buckling of
thin e¢yliinderec under axial compregsion and
bending", a4, 5. ¥. &, Trans., Vol. 50, No. 11,

—— | ——— ———— ———

(November, 1934).

Lundquist, E. ., "Strength tests of thin-walled

duralumin cylinders in compression.™, M. 4. C. A,
Report No. 473, (1933).

Wilson, W. #., and Newmark, N. K., #"The Strength of
Thin Cylindrical Shells®, Bulletin No. 255
University of Illinois, (1933).

¥ligege, W., "Die Stabilitdt der Kreiszylinderschale",
Inrenieur Archiv, Vol. 3, p. L4063, (1932).

Von Kérmén, Th., and Tsien, H.-S., "The Buckling of
Spherical Shells by #Hxternal Pressure", Journal of
the aeronautical Sciences, Vol. 7, No. 2, p. 43,
(Dec., 1939)}.

Kenemitsu, S., and Nojima, N., Axiel Compression
Test of Thin Circuler Cylinders, (A) Length Effect,
and (B) Visual Study of buckling, Thesis, Celifornia

"Tnstitute of Technology, (1939)



13,

14

150

16.

17.

1%.

4%
L]
¢

{ENCES (Cont.)

Von Kérmén, Th,, Dunn, L. G., 2nd Tsien, H.,-S., "The
Influence of Curvature on the Buckling Chsracter-
istics of Structures™, Journsl of the Aeronzutical
Sciences, Vol. 7, No. 7, p. 270, (dar, 15407).

Von Kerwén, Th., and Tsien, H.-S., "The Buckling of
Thin Cyllndrlcﬂl Snhells under AXlal Compression',
Journel o the Aeronasuticsl Sciences, Vol. 8, No. g,
D. 303, (June, 19L1).

Tsien, H.-S., "A Theory for the Buckling of Th
Shells™, Journal of the Aeronsutical bul&ﬂC@S,
Vol. 9, No. 10, p. 373) {Aug., 1944}'

, "Lower Buckling Load 1n the ﬁoq~LinFar
Buckling Theory for Thin Shells™, »uartprlg
Applied Mathematics, Vol. V, No. 2 pPp. 230-7
{July, 1947},

Legeett, D. 5. A., and Jones, R. P. N., "The
Behaviour of a Cylindriecal Shell under aAxiel
Combpresgion when the 3Buckling Load Has been
Exceeded", Aeronautical Research Council Reports
and Memoranda No. 2190, (Ausust, 194<]).

Crate, and Levin, '"Data on buckling strength of
curved sheet in compression.”, N. A. C. A., Adv.
Restr. Rept. No. 310L, (Oclober, 1943).

McPherson, Fienup, and Zibritosky, "Effect of
develoved width on strength of exially loaded curved

a
sheet stringer panels.", M. a. C. L., AGV. Bestr.
Rept. No. LHOSE, (hovenbe+, 19440,

Ramberg, Levy, and Fienup, "Effec¢t of curvature on
strength of axially loaded sheet-stringer psnesls.”,
:N'a 'A‘)“".o Cn 4‘13', TGCh- }'}{Ote 1‘:00 9}4_[4,’ (AU.?‘HS'C, 19&24’)'

Stowell, "Critical compression stress for curved
sheet supported along sli edges.", N. A. Lo 4.,
Restr. Bul. No. 3107, (1946).

welter, G., "Curved Aluminum-alloy Sheets im Com-
pression for Monocooue Constructions™, Journal of
the Aeronauticsl Sciences, Vol. 1z, No. 3, ». 357,

T7uly, 19L5).



22.

Zhe

26,

"Influence of Different Factors on Buckling
Loads of Curved Thin Aluminum-Alloy Sheets for kiono~
cocue Constructions®, Journsl of the Aeronautical
Sciences, Vol. 13, Mo L, D. 20L, (April, 1946]).

Hiihe Bffect of Hedius of Curvature and Pre-
liminary Artirficial Eccentricities on Buckling Loads
of Curved Thin Aluminum-Alloy Sheets for Honococue
Constructions®™, Journsl ol the acsronautical Sciences,

Vol. 13, No. 11, p. 593, (Nov., 1946].

Cox, . L., and Pribram, E., "The Blocmento of the
Bueckling of Curved Plates®™, Journsl of the Royal
seronsutical Society, Vol. 52, NO. 453, Ds 551,
(Sept .y 19!4/8) .

Donnell, L. H., 2nd Wan, C. C., "Effect of ImDer-
fpeﬁwnnq on PFneklineg of Thin Cvlinders and Columns
under Axisl Compression™, Journal of Applied
Mechanics, Vol. 17, No. 1, . 73, (larch, 1550}).

Yoshimuras, Y., "On the liechanism of Buckling of a

Circular Cylindrical Shell Under iAxiasl Compression.”,

Rep. Inst. Sei. Tech., Tokyo Univ., Vol. 5, No. 5,
517.

Lengha