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ABSTRACT

Charge transport and dynamics in semiconductors determine the limits of contem-
porary high-performance electronic devices. Previously, in order to understand the
microscopic mechanisms underlying charge transport, and to efficiently find novel
materials for new applications, computational methods were limited to using param-
eterized scattering rates and simplistic band structure models as inputs. However,
with ab-initio methods, only the atomic identities and lattice vectors are needed as
inputs. These methods have the capability of providing insights not possible with
methods that rely on empirical data, and predicting properties for not-yet-synthesized

materials.

While ab-initio computation of low-field transport properties have become common
in recent years, these methods have not been extensively applied to non-equilibrium
phenomena. In addition, the ab-initio simulation of fluctuational properties (such
as the diffusion coefficient or power spectral density of current fluctuations) is an
area that has been minimally explored. In order to approach quantum-limited noise
levels in devices, a better understanding of the mechanisms that govern electronic

noise away from equilibrium is needed.

Thus, motivated by this, the overarching goal of this work is to develop and use
first-principles methods to gain insight into the scattering processes that govern
high-field electronic transport and noise in well-known semiconductors, and to use
the same approach to make predictions and identify promising device applications

for novel materials.

The warm electron tensor is a quantity that describes the quadratic change of conduc-
tivity with electric field, which provides a quantitative way to examine the heating
of the electron gas. However, this has not been examined from first-principles pre-
viously. In this work, we report the warm electron tensor of n-Si computed over a
large temperature range, and find that the most commonly used order of perturba-
tion theory only captures the qualitative change of the warm electron tensor with
angle. However, by including the next-to-leading order two-phonon scattering term
in our approach, we find near-quantitative agreement. This finding indicates that
two-phonon scattering has a non-negligible role to play in transport in nonpolar

semiconductors.

We continue our investigation of n-Si by examining the diffusion coefficient and its
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anisotropy by applying our Boltzmann transport framework to fluctuational vari-
ables. We find that the qualitative features of the anisotropy are correct, but its
magnitude is greatly underestimated in comparison to experimental data, while the
onset of the noise is overestimated. While this suggests an incorrect description
of f-type scattering in our work, by computing the frequency dependence of the
diffusion coefficient as well as the piezoresistivity (two observables sensitive to
the balance of f- and g-type scattering), we find that the qualitative agreement of
these two observables with experiment shows that such a discrepancy cannot be
due to an incorrect description. Instead, we suggest that the experiment contains
charge transport phenomena not accounted for by our electron-phonon scattering

framework.

Finally, we use the same approach to investigate the high-field transport and noise
in the novel ultra-wide-bandgap semiconductor cubic boron nitride (c-BN). While
c-BN is known for its excellent mechanical and thermal properties, its high predicted
saturation velocity and breakdown field make it a promising candidate in high-power
and high-frequency devices. However, very few experimental and theoretical studies
have probed its transport properties. Here, we show that c-BN exhibits a negative
differential resistance (NDR) region below 140 K, and show that the cause is due
to an abrupt valley repopulation effect with applied electric field. We also show
that the intervalley time in c-BN is extremely large, on the order of diamond, and
that this large intervalley time causes a distinct noise peak, most prominent at low
temperatures. We discuss how the NDR region and large intervalley time make
c-BN a potential candidate for transferred-electron devices and Gunn oscillators,

respectively.
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Chapter 1

INTRODUCTION

Semiconductor devices are ubiquitous in every aspect of modern technology and
used in varied applications, such as solar cells [75], transistors, light-emitting diodes
[150], and photodetectors [69]. As device sizes continue to get smaller, and new
semiconducting materials are explored for their applications, understanding charge
transport in semiconductors is paramount in order to design next-generation devices

and identify new materials of interest for varied applications.

In order to accurately describe charge transport in semiconductors, the mechanisms
that cause charge carriers to scatter from one electronic state to another must be
captured accurately. For many decades, these processes were approximated by
analytic forms such as the Brooks-Herring model for ionized-impurity scattering
[131], or deformation potential scattering for acoustic phonons [13, 193]. Using
these approximations limits the insight we can gain from computations, and prevents
these methods from being truly predictive for new materials (as they rely heavily on
empirical data). First-principles methods, however, do not rely on empirical data
and instead start with a quantum-mechanical description of the system, based on

their atomic identities and positions.

In many semiconductors, the dominant scattering mechanism that limits the electric
mobility and other properties is scattering between electrons and phonons. Until
relatively recently, computing these properties from first-principles was not possible,
and these methods have still been rarely applied to problems where an applied
electric field drives the electron gas far out of equilibrium. This thesis concerns
first-principles computations of transport and noise properties of semiconductors
away from equilibrium conditions, and the microscopic insight that is gained from
these computations. In addition, this approach is used to investigate the ultrawide-
band-gap semiconductor cubic boron nitride, and shows how its properties make it a
promising candidate for novel applications. In this chapter, we introduce several key
concepts fundamental to the computational approach used in this work, and further

outline the central problem we aim to tackle in this work.
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1.1 Computing transport properties in semiconductors from first-principles

Electron-phonon interaction

In this work, we only consider scattering between electrons and phonons, ignor-
ing other sources of scattering such as electron-electron scattering, electron-defect
scattering, and ionized-impurity scattering. However, for a semiconductor at room
temperature that is defect-free (or has a low concentration of defects), it is well
known that electron-phonon scattering is the main scattering type that limits the
electron mobility [225]. In addition, the electron-phonon interaction is the only one
of these scattering types that has been explored to the extent that first-principles
predictive methods are widely used. Work on describing other types of scattering
from first-principles is a burgeoning area [132, 133], but for simplicity we attempt
to only examine systems in this work that are electron-phonon limited. Here, we
take a short overview of the electron-phonon interaction. We may start with the

Hamiltonian that describes a coupled electron-phonon system [136]:

A= Z enkc;kcnk+z hwg (afyaq+1/2)+N;, ' Z gy (K, )¢l cnk(agtaly,)

nk qv k,q
mny

(1.1)
where €, is the single-particle eigenvalue of an electron with crystal momentum k
with band index », and cik and ¢,k are its associated creation/annihilation operators.
wqy 1s the frequency of the lattice vibration with phonon branch index v and crystal
momentum ¢, and aflv and ag, its associated creation/annihilation operators. N, is
the number of cells in the Born-von Karman supercell, and g, (K, q) is the electron-
phonon matrix element that describes the strength of the coupling between the
electron and phonon subsystems [136]. In Eq. (1.1), the first two terms correspond
to the terms for the individual electron and phonon subsystems, while the last line
corresponds to the term describing coupling between the electrons and phonons,

taken to first order with respect to the atomic displacements [74].

While Eq. (1.1) may look seemingly simple, chief among its difficulties is that there
is no prescribed way of calculating the quantities of interest: €k, Wqy, and g,y (K, q)
[74]. For most of the early history of the electron-phonon coupling problem, various
approximations were used for these three quantities [91]. Basic approximations of
the first two were simple to obtain, for instance, by approximating the quasiparticle

energies with the free electron gas model €,x = K2 /2m, — €r, where €y is the
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Fermi energy, and by using the Debye model wg, = v,|q| for the lattice vibrations
(where vy is the speed of sound in the solid in question). However, obtaining a
realistic approximation for the electron-phonon matrix elements g,,,, (K, q) proved

to be more challenging [74].

The first expression of the electron-phonon matrix element g was done by Bloch,
describing scattering from an initial electronic state with wavevector Kk to a final
state with wavevector k + ¢, due to interaction with an acoustic phonon [23]. With

modern notation, we may write it as:

h

12
—_—— . Vi 1.2
ZNPMquV ) q - €y (q) 0 ( )

gmnv(K, q) = —i (

Here, m and n are the band indices of k and k + q respectively, wq, is the frequency
of the phonon with wavevector q and phonon branch index v, M, is the mass of the

kth nucleus, and e, (q) is the polarization of the acoustic wave in question [74].

One of the first computational approaches to tackling the problem of transport in
semiconductors was the deformation potential, formalized by Bardeen and Shockley
for materials with isotropic bandstructures in 1950 [13, 193]. Due to the fact that
most carriers in semiconductors are close in energy to the conduction band mini-
mum, it was assumed that small-wavevector phonons were the dominant electron-
phonon scattering mechanism. They showed that the effective potential V needed

in Eq. (1.2) can be approximated by:
V() — El,nk = Q@Enk/aQ (1.3)

Here, Q is the volume of the unit cell, and ¢,k are the electron eigenvalues of the
conduction band minima or valence band maxima. Generally, these deformation
potentials were determined empirically, by fitting to quantities such as the mobility.
Later, Dumke improved on this by addressing the common case of anisotropic
bandstructures using the effects of shearing deformations [S1]. While this method
has the obvious drawbacks of relying on empirical data, disqualifying it from being
predictive for novel materials or under conditions that materials do not have a wealth
of experimental data at, it nevertheless became the dominant way of calculating the

electron-phonon interaction for the next decades.

For a long period of time, mainly Monte Carlo methods were used for the com-
putation of transport properties in semiconductors, usually relying on deformation

potentials and parametrized band structures. This method was introduced for the
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simulation of hot holes in Ge by Kurosawa [118], and was quickly iterated upon
and improved [119], investigating hot electron transport in semiconductors such as
GaAs [24] and InAs [55]. Further developments were made to this method, such as
including a magnetic field in the computation [2, 25], and examining the response
to a time-dependent electric field [121, 168, 169].

An approach to solving for hot-electron transport properties that deals with the
distribution function f directly has clear advantages over the Monte Carlo method,
such as including phenomena that are nonlinear in f such as Fermi degeneracy
and electron-electron scattering, and phenomena that are dependent on the low-
population tails of f. However, two main obstacles have existed for this approach:
the details of the band structure and scattering rates required to achieve computa-
tional accuracy may have not been feasible, and the amount of grid points required
to represent f (both in grid density and energy window) may have additionally been
computationally infeasible [170]. Such an approach dealing directly with f was
first developed by Rees, exploiting the stability of the steady state [174, 175], and
was used to compute high-field properties in GaAs [176]. However, at this time,
the inputs to such a method were still crude — these problems used parabolic bands

and deformation potentials as inputs.

With the development of density functional theory to accurately predict electronic
band structures, and later density functional perturbation theory to predict lat-
tice dynamics, an ab-initio description of the electron-phonon interaction was more
computationally realistic. Recent advances in the first-principles treatment of charge
transport in semiconductors have enabled the calculation of the low-field electri-
cal mobility without any adjustable parameters [19, 74]. The method, based on
Wannier interpolation of electron-phonon matrix elements [146, 162], allows the
Boltzmann equation to be solved on a sufficiently fine grid to ensure converged
transport properties. Calculations of low-field mobility have been reported for
various semiconductors, including Si [57, 126, 163], GaAs [123, 129, 222], and
others [122, 135, 201]. Methodological developments continue to be reported, in-
cluding an ab-initio treatment of two-phonon scattering [123] and the quadrupole
electron-phonon interaction [161]. A recent work has extended these methods to
magnetotransport [49], high-field transport [137], and transport and noise of warm
and hot electrons in GaAs [40, 43] and holes in Si [35]. We outline the general

theory behind the calculations needed in this approach in the following subsections.



Density functional theory

The first step in the ab-initio approach mentioned previously is to compute the
electronic band structure (and the crystal structure, if a relaxed lattice constant is
used) using density functional theory (DFT). Hohenberg and Kohn in 1964 [92]
proposed a formulation that applies to any system of interacting particles (in this
case, electrons and fixed nuclei). We can write the Hamiltonian for this problem in

the following manner:

N K2 1 2
O=— V24 ) Veu(r;) + = 1.4
S Y+ 3 i

Here, the first term represents the kinetic energy of the electrons, the second the

potential energy due to the field of the fixed nuclei, and the third the electron-electron
interaction. The two theorems of Hohenberg and Kohn are as follows. First, for any
system of interacting particles subject to an external potential Ve (r), the ground-
state particle density ng(r) determines uniquely (up to a constant) the potential
Vext(r). It follows that all the properties of the system are determined solely by the
ground-state density. Second, a universal functional for the energy E[n] in terms
of the density n(r) can be defined that is valid for any external potential Vex(r), and
the ground-state energy is the global minimum value of the functional. In addition,
the ground-state density minimizes the functional. As a consequence of this, the
functional E[n] is enough to determine both the ground-state energy and density.
However, these theorems do not give us any insight into a direct way of solving this
many-body problem [138].

In 1965, Kohn and Sham proposed to replace the original many-body problem of
Eq. (1.4) with an auxiliary independent-particle (non-interacting) system [112]. Itis
assumed that the density of the original system is equal to the non-interacting system.
This leads to independent particle equations for this non-interacting system that are
solvable numerically, thus giving us a way to approach the many-body problem in
practice. Using a variational approach, it can be shown that the equations that must
be solved are of the form:

(Hgs — €y =0 (1.5)
Here, H IO(—S is the effective Hamiltonian, ¢; are the Kohn-Sham eigenvalues, i; are the
eigenfunctions, and o is an index representing the spin. The Kohn-Sham effective

Hamiltonian is defined as follows (in Hartree atomic units):

1
HZ(r) = —Evz + VZs(1) (1.6)



Here, the Kohn-Sham potential V/((r) is defined as:
szs = ext(r) + VHartree(r) + V)Z;(I‘) (1.7)

where the three contributions correspond to the external potential of the nuclei,
the Hartree contribution, and the exchange-correlation potential. It is important
to note that the eigenvalues and eigenfunctions of the Kohn-Sham Hamiltonian do
not directly correspond to the energies or wavefunctions of the many-body system
[138]. However, the approach of interpreting these eigenvalues and eigenfunctions
as quasiparticle energies and orbitals has led to wide success in predicting the
properties of solids [102, 145].

Density functional perturbation theory

Once we have used DFT to solve for the quasiparticle energies and wavefunctions,
the next step is to use density functional perturbation theory (DFPT) in order to
solve for the phonon dispersion [16], and in particular for the perturbation potential
due to lattice vibrations that is needed for the computation of the electron-phonon

matrix elements [223].

Once we have completed the DFPT calculations, we can obtain the electron-phonon

matrix elements. They are given by [223] as:

_ h €va(q)
gmnv(K,q) = 20vq ; Nip (Ymk+q| OqxaV [Wnk) (1.8)

Here, [{/;k+q) and [,k ) are the final and initial Bloch states obtained from the Kohn-
Sham orbitals, and dq .V is the perturbation potential due to lattice vibrations. In
this case, it is computed as the variation of the Kohn-Sham potential V with respect
to the atomic displacement of atom k with mass M, along the Cartesian axis «,
which is obtained with negligible computational cost after the DFPT calculations

are complete [223].

Wannier interpolation

Once the electronic structure is computed with DFT and the phonon dispersion
is computed with DFPT, in principle, this is all that is needed to calculate the
electron-phonon matrix elements and rates. However, in order to converge transport
calculations using the matrix elements as inputs, a dense grid on the order of
100 x 100 x 100 is usually needed. In particular, doing direct DFPT calculations
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on such a dense grid is computationally prohibitive. In order to avoid this, Wannier
interpolation is used to interpolate the electron-phonon matrix elements on a coarse
grid (on the order of 10 X 10 X 10) to a denser grid in a computationally tractable
manner [223]. Wannier functions are orthogonal, real-space functions F(R) used
to represent a state in reciprocal space f(q) (in this case, the Bloch states). They
can be constructed with a unitary transformation from the Bloch states, chosen such
that the real-space functions are maximally localized in real space. Due to this
localization, F'(R) decays rapidly with |R|, and starting from this representation we

can interpolate f(q) on a much denser grid with computational ease [140].

Boltzmann transport equation

Once the electron-phonon matrix elements are obtained, we can calculate the
electron-phonon scattering rates. With these, we are able to solve for observables
of the bulk system such as the electron mobility and drift velocity, using the Boltz-
mann transport equation (BTE). The BTE describes the evolution of a distribution
function f of particles, subject to external fields. A general form of the equation
can be written as:

LD (a_f)drift+ (%)coll (19)

ot ot ot
Here, the two terms on the right side of the equation represent the effect of applied
forces (e.g. an electric or magnetic field), and the effect of internal collision
processes (in our case, scattering between electrons and phonons). By considering
the drift of the distribution function from a small volume dkdr to dk’dr’ in a time

At, the drift term can be expanded and the BTE rewritten as:

of(rkf) af  of 1 of
ot * ar v ok £(eE+v><B) - (E)coll (1.10)

Here, we assume the external field are coupled electric and magnetic fields. In this
work, we only consider steady-state distributions, so d f /dt on the left of Eq. (1.10)
is set to zero, and by only considering homogeneous systems with no real-space
dependence, we may ignore any dependence on r. The chief difficulty in solving the
BTE is the description of the collision term. In Section 2.3, we show how starting
with Fermi’s golden rule and the electron-phonon matrix elements, the collision

term can be explicitly obtained for our case of electronic transport.



1.2 Noise in semiconductors

Computations using the ab-initio description of the electron-phonon interaction
have mostly been applied to equilibrium observables such as the low-field mobility,
and only recently to high-field properties such as drift velocity versus electric field
curves. However, these methods have not been applied to the simulation of electronic
noise until this work (and by others in the group [35, 40, 200]). Having a better
understanding of the microscopic processes that underlie noise in semiconductor
devices is crucial in order to progress to lower-noise devices. For instance, the
noise performance of high electron mobility transistors (HEMTs), used frequently
in radio astronomy and quantum computing applications at cryogenic temperatures,
will set the noise floor of the entire device. The noise performance of an amplifier
is characterized by its noise temperature, and the theoretical lower limit of such a
device is set by quantum mechanics [36]. For instance, this lower bound is 0.3 K at
a frequency of 6 GHz. Currently, state-of-the-art devices have a noise temperature

approximately 5 to 10 times the quantum limit in the GHz range.

To model noise response in semiconducting devices, the traditional method is to
use equivalent circuit models, such as the Pospieszalski model [166]. Here, the
behavior of the device at the connecting terminals is represented by circuits of
lumped two-terminal elements, representing inductance, capacitance, and resistance
[84]. However, this sort of simplistic representation is limiting due to the wide range
of complex phenomena that occur in both charge and heat transport in devices. Here,
we focus on ab-initio calculations that represent atomistically pure and homogeneous
semiconductors. This work will develop greater understanding of the fundamental
mechanisms that contribute to noise in these more simplified cases, and then that

knowledge can be applied to devices in the future.

We can divide the most important sources of electronic noise in semiconductors
into five types; thermal, shot [22], 1/f [94], generation-recombination [111], and
hot electron noise. The thermal noise is caused by the normal thermal motion of
the carriers, and is given at equilibrium by the Nyquist theorem. However, if an
electric field biases the distribution far from equilibrium, the electron temperature
can be much greater than the lattice temperature and the properties of the noise are
highly dependent on the nonequilibrium conditions. In this work, we focus on the
description of hot electron noise. In most past works on hot electron fluctuational
phenomena in semiconductors, the diffusion coefficient is what is computed or

measured. The idea of a diffusion coefficient in electronic transport that is not



9

necessarily at equilibrium but driven by an electric field was first proposed by
Wannier. Price derived that the diffusion coefficient and the power spectral density

(PSD) of current fluctuations are linked by a fluctuation-diffusion relation.

When the electric field is small, the diffusion coefficient D is linearly proportional
to the electron mobility u, as given by the Einstein relation:
_ /.lk sT

q

D

(1.11)

where T is the temperature and ¢ the electronic charge. However, away from low
fields this relation does not apply, as the distribution function is no longer near
equilibrium and is not described by the Boltzmann distribution. Instead, a more
generalized form for the diffusion coefficient can be derived [170]:

_Ld o - aio?
D = 2 ((x(1) = (x(1))) (1.12)

where x(¢) is the position of the particle at time ¢, and the averages are over
an ensemble of histories. This result follows from Fick’s law [169]. However,
this result is for the zero-frequency diffusion coefficient. To obtain the frequency

dependence of the diffusion coefficient, one must utilize the following [84, 194]:

D(w) = / C(t)e ™ dt (1.13)
Here, C(1) is the autocorrelation function, defined as [213]:
C(1) = (Av(I)Av(L +1)) (1.14)

where Av(t) = v(t) — (v(t)). To remove the time-dependence of the autocorrelation

function, the velocity calculated must be in steady-state.

Similarly to how problems of hot electron transport in semiconductors were solved
with Monte Carlo methods chiefly starting in the 1960s, so too were computations of
electronic fluctuations in semiconductors. Most often, the diffusion coefficient was
the observable in question that was computed. As positional coordinates are easily
included in a Monte Carlo scheme, we can easily use Eq. (1.12) for calculations
of the diffusion coefficient, for instance. The variation of the diffusion coeflicient
with electric field was computed in such a manner for many semiconductors, such
as GaAs [54, 216], CdTe [173], Si [29, 33, 117], InP [88], and Ge [34]. While
these methods used limiting assumptions such as deformation potential scattering

for acoustic phonons, dispersionless optical phonons, and simplified (spherical)
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band structures, nevertheless reasonable agreement with experiment was obtained

in many of these investigations [53, 88, 101, 117, 216].

Simultaneously in the 1960s, Lax’s general kinetic theory for fluctuations in a
Markovian system [120] was applied by Gantsevich and colleagues to dilute gases
whose one-particle distribution function is governed by the linear Boltzmann equa-
tion. They showed that for such a system, the spectral density of current fluctuations
could be obtained only using solutions of linear Boltzmann equations [66]. Using
this general approach, Stanton and Wilkins were able to demonstrate qualitative
agreement with experiment in GaAs for both one [197] and two [198] valley sys-
tems. However, these works too also relied on experimental parameters such as the

measured low-field mobility, valley separation energies, and effective masses.

The limitation of the above approaches lies in their reliance on empirical data and
parameterized band structures or scattering rates. By definition, the only materials
that can be investigated using such an approach are those that have a wealth of
empirical data about their scattering mechanisms. In this work, we use a method
to solve for the spectral density of current fluctuations with ab-initio inputs, by
solving a linear Boltzmann equation. By doing this, we are able to probe specific
phenomena such as intervalley scattering in established semiconductors, as well as
being able to examine the noise response of novel materials such as cubic boron
nitride. In addition, because fluctuational variables are more sensitive to the exact
description of the electronic band structure, phonon dispersion, and scattering rates
(for instance), the noise-related aspect of this work serves as a further, more rigorous

test of ab-initio methods in semiconductors.

In Fig. 1.1, the computational workflow for the approach that is used in this work
is shown. First, the atomic identities and lattice vectors are specified in QUANTUM
EsprEesso, which is then used to solve for the electronic structure via DFT. DFPT is
used to solve for the lattice dynamics, and PERTURBO calculates the electron-phonon
matrix elements and interpolates them to a fine grid. Once the electron-phonon
matrix elements are obtained, we use these to solve the Boltzmann transport equation
for the distribution function (for transport observables), and for the fluctuation

autocorrelation function (for fluctuational observables).

1.3 Outline of thesis
In this thesis, we show how our first-principles calculations give us insight into both

low- and high-field transport phenomena, as well as fluctuational observables, in
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Figure 1.1: Computational workflow showing the approach used in this work. The
material is specified by a QuantuMm EsprEsso input file, which is then used to solve
for the electronic structure. After DFPT is used to solve for the lattice dynamics,
PERTURBO is used to obtain the Wannier-interpolated electron-phonon matrix ele-
ments. Our code then solves the Boltzmann transport equation, for the distribution
function (for transport observables), and for the fluctuation autocorrelation function
(for fluctuational observables).

both well-researched and novel semiconductors.

In Chapter 2, we demonstrate how our approach is used to solve the Boltzmann
transport equation (BTE) for high-field transport properties, and use this approach to
solve for the warm electron tensor in n-Si. We show that while the usual one-phonon
(1ph) framework captures qualitative changes of the warm electron tensor with an-
gle, including one-electron-two-phonon scattering (2ph) yields near-quantitative
agreement. We find that the 2ph rates are comparable in size to the 1ph rates, con-
tradicting conventional wisdom that the 1ph level of theory is sufficient to describe

transport properties in nonpolar semiconductors.

Motivated by our results in Chapter 2, we further examine n-Si by focusing on the role
of intervalley noise. We show how our BTE solver can also solve for fluctuational
properties, and compute the dependence of the hot electron diffusion coefficient
on electric field across a wide range of temperatures. We then use the frequency
dependence of the diffusion coefficient and the piezoresistivity, two observables that
are sensitive to the amount of f-type scattering, to show that an incorrect description
of f-type scattering is not sufficient to explain the discrepancy between experiment
and computation. This suggests that factors such as space charge effects have a
large effect in experiment, indicating that caution must be taken when interpreting

measurements of fluctuational variables in terms of charge transport processes.

In Chapter 4, we examine the novel ultra-wide-bandgap semiconductor cubic boron

nitride (c-BN) and its high-field transport and noise properties, using the approach
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outlined in Chapter 2 and Chapter 3. We find that c-BN demonstrates a distinct
negative differential resistance region below 140 K, due to repopulation of inequiv-
alent valleys. This effect may be utilized in transferred-electron devices. We also
find that at low fields, the intervalley time in c-BN is on the order of microseconds,
indicating that it could be promising in valleytronic applications. We demonstrate
that these properties are the cause of the large intervalley noise peak in c-BN, a peak
that has not been observed in other materials using our method, and suggest that our

predictions may be tested by utilizing noise measurements.

Finally, in Chapter 5 we summarize the findings from the above work, and make

suggestions as to avenues for future investigation.
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Chapter 2

TWO-PHONON SCATTERING IN NONPOLAR
SEMICONDUCTORS: A FIRST-PRINCIPLES STUDY OF WARM
ELECTRON TRANSPORT IN SI

This chapter has been adapted, in part, from:

Alexander Y. Choi, Peishi S. Cheng, Benjamin Hatanpii, and Austin J. Minnich.
Electronic noise of warm electrons in semiconductors from first principles. Phys.
Rev. Materials, 5:044603, Apr 2021. https://link.aps.org/doi/10.1103/
PhysRevMaterials.5.044603

B.H. co-wrote the code used in the manuscript.

Benjamin Hatanpad, Alexander Y. Choi, Peishi S. Cheng, and Austin J. Minnich.
Two-phonon scattering in nonpolar semiconductors: A first-principles study of
warm electron transport in si. Phys. Rev. B, 107:L041110, Jan 2023. https:
//link.aps.org/doi/10.1103/PhysRevB.107.L041110

B.H. co-designed the research, conducted the calculations, analyzed the data, and
wrote the manuscript.

We have discussed in Chapter 1 how in recent years, the first-principles description
of the electron-phonon interaction has become widespread. With this, the ability to
calculate macroscopic transport properties has also become common [57, 122, 126,
135,163,201, 222]. The accuracy of first-principles theory has been tested primarily
by computing the low-field mobility and comparing to the available experimental
data at various temperatures and doping concentrations. However, there exists the
possibility of cancellation of errors when comparing to drift velocity curves: if the
drift velocity is underestimated, but the decrease in drift velocity with field is also
underestimated, it can lead to apparent agreement with drift velocity versus field
curves. Thus, it is preferable to use a quantitative measure of the change of mobility
with field when comparing to experiment. To do this, we can examine the warm

electron regime.

The warm electron regime is defined as the regime in which the next-to-leading order
term of the expansion of current density with electric field is non-negligible. It is of

interest because it contains information on the band structure anisotropy [189] and


https://link.aps.org/doi/10.1103/PhysRevMaterials.5.044603
https://link.aps.org/doi/10.1103/PhysRevMaterials.5.044603
https://link.aps.org/doi/10.1103/PhysRevB.107.L041110
https://link.aps.org/doi/10.1103/PhysRevB.107.L041110
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energy relaxation [47] notevident in the low-field mobility. The non-Ohmic mobility
of Ge and Si beyond the low-field regime was first reported by Shockley [184] and
Ryder [183]. Subsequent investigation led to the prediction [192] and experimental
observation [73, 79, 104, 106, 187] of the anisotropy of the mobility at high electric
field in multi-valley semiconductors owing to the differential heating of transverse
and longitudinal valleys, known as the Sasaki-Shibuya effect. In 1963, Schmidt-
Tiedemann reported a theory of the warm electron tensor, showing that in cubic
crystals the fourth-rank warm electron tensor can be completely described by two
independent components owing to crystal symmetry [189]. The two independent
components are denoted 5 and y, with 8 describing the variation of conductivity with
electric field and y the non-parallelism of the current and electric field. Substantial
experimental data versus temperature and crystallographic direction is available for
both 8 and y for electrons in Si [28, 73, 78, 106, 108].

Although scattering by the interaction of an electron with one phonon (1ph) has
typically been employed in theoretical and Monte Carlo studies at low field and in
the warm electron regime to interpret transport studies, [6, 45, 56, 78, 104] other
experiments suggest a non-negligible role for higher-order processes [50, 61, 199,
207]. In Si, two-phonon (2ph) deformation potentials were extracted from second-
order Raman spectra [177, 206], and calculations of charge transport properties
based on these values have indicated that 2ph scattering may make a non-negligible
contribution to scattering rates [3, 115, 153]. Recent ab-initio works have reported
that two-phonon scattering plays a role in both low-field and high-field transport
in the polar semiconductor GaAs [40, 123]. Despite these works, the accepted
conclusion from ab-initio studies is that 1ph scattering is sufficient to describe the
low-field mobility of non-polar semiconductors [135]. However, this conclusion has

not been extensively tested away from the low-field regime.

In this chapter, we report first-principles calculations of the warm electron tensor
in Si. At the 1ph level of theory, both the low-field mobility and 8 are overesti-
mated, with a marked discrepancy of S at 300 K of over a factor of two. To address
this discrepancy, we compute the scattering due to sequential 1ph processes, cor-
responding to one of the terms at second-order in the electron-phonon interaction.
The scattering rates are found to be comparable to those of 1ph scattering over a
range of energies, and their inclusion eliminates the discrepancy in 5. The result-
ing ~ 20% underestimate of mobility suggests that accounting for cancellations of

the two second-order terms of the electron-phonon interaction may be necessary to
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achieve quantitative agreement for both the mobility and .

2.1 Crystal structure and band structure of Si

Silicon (Si) is an elemental semiconductor with the diamond cubic lattice structure.
The experimental lattice parameter of Si is 5.43 A [141]. Once the initial atomic
positions and lattice vectors are specified, this is all that is needed for the first-
principles analysis contained herein. The band structure of Si is shown in Fig. 2.1.
Si is an indirect bandgap semiconductor, with its valence band maximum at I, but
with its conduction band minimum lying between I" and X, at approximately 0.85X.
Thus, Si has six equivalent minima in the conduction band. These bands have a
longitudinal effective mass of 0.98m, and a transverse effective mass of 0.19m [7].
We focus on the conduction band here, as we only consider the transport properties

of electrons in this work.

One can see how these equivalent valleys with anisotropic effective masses can lead
to anisotropy in transport properties away from equilibrium. To illustrate this, we
have provided Fig. 2.2. Here, we have shown the valleys oriented along [100] and
[010] ([001] omitted for ease of understanding). First, on the left we show a case
where the field is oriented along a high-symmetry direction like the [111]. Here,
the valleys do not change in their population from equilibrium, and make equal
contributions to the drift velocity. However, on the right the field is now oriented
along the [100]. The [100] valleys, now parallel to the field direction, present their
heavier longitudinal effective mass along this direction, while the [010] valleys have
their light transverse effective mass along this direction. This causes the [010]
valleys to heat faster, and thus the probability for an electron in a hot (high energy,
in red) valley to scatter to a cold (low energy, in blue) valley is higher than than
the probability for an electron in a cold valley to scatter to a hot valley, causing a
repopulation to the cold valleys along the [100]. This phenomena leads to a drop in
the drift velocity in comparison to the case in which the field is applied along a high-
symmetry axis. This repopulation effect is key to the anisotropy that is observed in
the drift velocity [31], warm electron tensor [79], and diffusion coefficient [29] in

n-Si.

One sees in Fig. 2.1 that further up the conduction band, Si possesses six equivalent
minima directly at the X point, separated from the conduction band minima by
an energy of approximately 135 meV. However, for the temperatures and fields

considered in this work, a vast majority of the carriers will remain below this energy,
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Figure 2.1: Wannier-interpolated band structure of silicon, showing the three highest
valence bands and two lowest conduction bands. The conduction band minimum
can be seen at 0.85X going from I'-X, and the split-off bands are shown in the
valence band with their maximum at I'.

and other bands besides the lowest-lying conduction band are not considered.

2.2 The warm electron tensor

The warm electron regime is defined by electric fields for which the cubic term of
the expansion of current density with electric field becomes non-negligible [189].
Mathematically, the current density vector j in the warm electron regime can be

expanded in powers of the electric field of magnitude E as:
Jji = Eope; + E30',~klmekelem + ... 2.1)

where e; are the components of the unit vector in the direction of the electric field

along the Cartesian axis i and o7y, is the fourth-rank warm electron conductivity
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Figure 2.2: Schematic showing how anisotropy in drift velocity of n-Si at high fields
occurs due to repopulation from “hot” to “cold” valleys when the electric field is
applied along [100] (on the right), in comparison to the case where it is applied
along the [111] and valleys are equivalent (on the left).

tensor. As this tensor is invariant under the point group transformations of the crystal
lattice, this implies that a set of linear relations between the components of the
tensor exist [189]. For cubic crystals with class 23 symmetry, we find that only three
linearly independent components exist, by exploiting cyclic permutation properties
and that the tensor in this case is invariant under an arbitrary permutation of the
last three subscripts. These components are o111, 01122, and 0»711. Furthermore,
for the materials we consider in this work, the fourfold axis guarantees complete
equivalency of each coordinate axis, making the tensor invariant under arbitrary
permutations of all four subscripts. This reduces the number of linearly independent
components to just two: o111 and oq122. We can define the two variables 5 and
v in cubic crystals, to fully describe warm electron transport. Here, o111 = 0988
and o122 = %0'0(,8 — 7). Here, B describes the rate change of the conductivity,
and vy describes the non-parallelism of the electric field and current density vectors.
Equivalently, the warm electron tensor can be specified by the values of 8 along

different crystallographic axes, and that is what is done in this work.

In Fig. 2.3, the experimental setup for measuring S (as well as y, the non-parallelism)
is shown. Here, the electric field is applied to a sample and then rotated, starting
from the [001] direction through to the [110] direction. The angle 8 measures the
angle of the electric field vector and the [001] direction (at 0 deg, the electric field is
oriented in the [001] and at 90 deg, the electric field is in the [110]), and the angle
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Y can be used to calculate vy, the non-parallelism of the field. In this work we do

not calculate the non-parallelism, but we calculate 8 along this angle sweep.

<001> E <111>

><110>

Figure 2.3: Schematic of experimental setup to measure 8 and vy, used (for instance)
in Refs. [106, 189]. The electric field is rotated from the [001] to the [110] direction,
and the value of 8 is recorded at intermediate angles, as well as the non-parallelism

Y.

In the same way that the normal low-field conductivity is controlled by the momen-
tum relaxation time 7,, (by “controlled” we mean that frequency dependence of the
quantity in question is observed when the frequency w is comparable to the inverse
relaxation time that is relevant for the quantity), for warm electrons g is controlled
by the energy relaxation time 7, (due to the additional time that the electron energy
needs to reach a stationary state at a given electric field strength) [100]. This quantity

can be defined in a phenomenological way as follows:

(&) = (e

Te

evgE = (2.2)

where v, is the drift velocity, (€) is the mean energy in the presence of the applied
electric field, and (€) is the mean energy with no field present [100]. Thus, calculat-

ing B gives us additional insight into the relaxation times that govern semiconductor
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transport, as opposed to simply calculating the low-field mobility. The warm elec-
tron tensor has not been calculated previously by ab-initio methods, but provides
a more quantitative comparison between experiment and computation of how the
mobility changes with applied electric field. For instance, at a glance computed
mobility versus electric field results could closely resemble experimental data, but
if the mobility is slightly underestimated but g is slightly underestimated as well,

this perceived agreement is misleading.

If the addition of the 2ph rates to the 1ph causes a uniform scaling of the scattering

rates by a factor €, S8 is scaled by €2, rather than ™!

, as is the case for the mobility.
However, the 2ph rates generally are not an exact scaling of the 1ph rates. Here, we
derive the dependence of the warm electron coefficient 8 on the scattering rates at
different energies, in comparison to the low-field mobility . We employ Boltzmann
transport theory for charge transport assuming an isotropic crystal and the relaxation
time approximation. An electric field is applied along some crystallographic axis,
denoted x. Under these assumptions, the Boltzmann transport equation (neglecting

real-space and time dependence) is:

eSy or = S h
YOFE 7(E)

(2.3)

The solution of this equation at first order in electric field yields the standard
expression for the low-field solution of the Boltzmann equation under the relaxation

time approximation:

. 9fo
f=fo—tv,.e& SE (2.4)

from which the following expression for the low-field mobility is obtained [37]:

¢ [T v(E)(E) (=0 fo/OE)D(E)dE
I foD(E)dE

e = (2.5)
where v(E) is the magnitude of the group velocity, 7(E) is the electron relaxation

time, fy is the equilibrium distribution function, and D (E) is the density of states.

To find an analytic expression for the field-dependent mobility in the form u(E) =
uo(1 + BE?) using Eq. 2.5, we replace the equilibrium distribution derivative term

(0 fo/O0FE) in Eq. 2.5 with the derivative of Eq. 2.4 repeatedly, retaining only terms
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of &2 (terms of order & are dropped as the final expression for electric current must
be odd in electric field). In more detail, if we take the derivative of Eq. 2.4 with

respect to £, we get

af 6f0 a fo
9E ~ OE aa_E(TV"aE) (26)

Plugging in the expansion in Eq. 2.4 again for the second derivative term, we obtain

af afo 4 /o d /o
0E _ OE 88E (T”aE “C3E (”xaE)) 7

Discarding the terms of order & due to symmetry, Eq. 2.7 becomes

of _0f 2 0% 0fo
E-ag " (e&) (TVX 6E) (2.8)

~E/KT 'y, o VE for a parabolic

To simplify this expression, we assume that fp o e
band, and 7 o« E*. The prefactors for these quantities are lumped into a constant,

co. Plugging these expressions into Eq. 2.8, we obtain

of _ofo _ (CO)( )2

s+0.5 —E/kT
0E _ OE \kT (E ¢ ) (2.9)

OE?

Carrying out the second derivative with respect to energy E in Eq. 2.9, we obtain

of _9fo _ (coe”HT
OE OE kT

) X (e8)% x
5 (2.10)
((s +0.5)(s —0.5)E*1 — (k%) (s +0.5)E*9 + (kl—T) ESt03

We therefore identify an expression for 5 up to a prefactor as

B /0 oov(E)z‘r(E)e_E/ka

2
((s +0.5)(s —0.5)E*1 — (kiT) (s +0.5)E*9 4+ (kiT) ES+°-5) D(E)dE
(2.11)
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by the definition of mobility in Eq. 2.5 and gathering the terms at each order of

electric field.

This expression can be simplified by substituting the energy dependencies of v(E)
and D(E) o« VE for a parabolic band and the assumed power law form for 7(E).

For the mobility, we obtain

/JO oc / ES+1.56—E/deE (212)
0

For B, we find

B oc/ e EIKT %
0

2.13
(s +0.5)(s — 0.5)E* — 2 (s +0.5) E>* 4+ 1 ’ E2s5+2 &1
. : T . o

dE

Due to the terms with E2* and E**! in the expansion for j3, the contribution to the
integral from low energies is increased compared to that for the low-field mobility.
For instance, for s < 0 as occurs for most semiconductors, the leading term in the
integrand for S will have a negative exponent, causing S to depend on the low-energy

scattering rates to a larger extent compared to the low-field mobility.

2.3 Solving the BTE for charge transport

Here, we will start with the BTE for a case with an applied electric field and no real-
space dependency or time dependence (only solving for the steady-state distribution),
and show how the BTE can be formulated in terms of a linear system and solved
for charge transport observables of interest. For a spatially homogeneous, non-
degenerate electron gas subject to an applied electric field, the Boltzmann equation

is given by

E
% Vi fk = I [l (2.14)

Here, the electronic charge is ¢, the applied electric field is E, fk is the electron
occupation function at wavevector k, and 7 is the collision integral that represents
how electrons scatter from a state k to any other state k’. In this work, we do not
need to account for interband scattering, so the band index is neglected in the above

equation and hence on. In this case, the scattering in the collision integral is solely
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due to electron-phonon scattering, which is the dominant form of scattering at high
enough temperatures, and at non-degenerate carrier concentrations. Initially, we
consider only scattering for processes that involve one electron k and one phonon q,
causing scattering to a new electronic state k’. Later in this work in Chapter 3, we
also consider two-phonon scattering where one electron scatters with consecutive

one-phonon events.

First, we show how to reduce the collision integral to a linearizable form in terms of
the deviational occupation. In general, the collision integral is a nonlinear function
of the distribution function, obtained from Fermi’s Golden Rule [225]. We can

write the collision integral in the following form:

2 2
I[fk] = _ﬁ Z |gk,k+q| (6(6k_hwq_Ek+q)Hem+6(6k+hwq_€k+q)Habs) (2.15)
q

Here, N is the total number of q-points, gk k+q 18 the electron-phonon coupling matrix
element that couples an electron state k to another electron state k + q (via emission
or absorption of a phonon with wavevector (), €k is the energy of the electron state
K, wq the frequency of phonon q, and Hey, and H,ps weights that account for the
electron and phonon occupations for emission and absorption events, respectively.

Hem and H,,g are nonlinear functions of the electron occupations, defined by

Hem = fk(l - fk+q)(Nq + 1) - (1 - fk)fk+qu
Haps = fi(1 = fieg)Ng — (1 = fi) firq(Ng + 1)

(2.16)

Here, N is the phonon distribution function, which we assume to be in equilibrium
and thus given by the Bose-Einstein distribution. In order to solve the BTE as a
linear system for the deviational occupation A fi, we define fix = fl? + A fx, where
f]? is the Fermi-Dirac distribution and Afi is the deviational occupation. This
expansion assumes that the occupations do not change a significant degree from
their equilibrium values — valid at equilibrium and in the warm electron region,
but not at high electric fields. After substituting this expansion into Eq. (2.16), with
a bit of algebra (keeping in mind the definitions of Nq and fl?) we obtain:

Hem = Afic(Ng = fitrq + 1 = Aficrq) = Aficrq(fi + No)

(2.17)
Haps = Afi(Ng + figyq + Mirq) = Aficrq(1+ Ny = 1)
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By retaining only terms linear in A fi (terms of the type A fkA fx+q can be assumed
negligible if the deviational occupations are small, as is true in the low-field regime),

this becomes

Hem = Afi(Ng = firqg + 1) = Aficsq () + No)

o 0 (2.18)
Haps = Afic(Ng + fk+q) — Afkrq(1 + Ng = fi)

This approach is used (and valid) for all computations in this section. However,

in Chapter 3, computations are extended to fields up to 10 kV cm™!.

For those
sections, we note that all concentrations used are non-degenerate, and that the
electron occupations fk (and thus also the deviational occupations A fi) are much
less than the phonon occupations Nq. Thus, we can take Eq. (2.17) and simplify it,

using fx < 1 to obtain:

Hem = Afk(Nq + 1) - Afk+q(Nq)
Haps = Afc(Ng) — Afiiq(1 + Ng)

(2.19)

Using the linearization in Eq. (2.19), we can define a scattering matrix ®, to take

the place of the collision integral:

2
Ikl = Z Ok Afi = —N—; |Stksq]” X
k' q

((6(ex — hwq — €k+q) (Nq + 1) + 6 (€& + hwg — €krq) Ng) A f— (2.20)

((0(ex — hwq — €kiq)Nq + 0 (€k + hwq — €kq) (Ng + 1)) firq)

Now that the right hand side of Eq. (2.14) is reduced to matrix form, we tackle the
left side. The derivative of the equilibrium occupation function fl? with respect to
k can be analytically computed:

0 df 1? d€k /]

Vifd= K —= = ——— w21 - f 2.21
kJx dex dk kBTkak( fk) ( )

However, we must still compute the derivative of the deviational occupation A fl? with
respect to k. We treat this term numerically with a finite difference approximation
using a nearest-neighbors central difference scheme [140, 146]. This reduces the

derivative to the form:
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VkAfk = ) wob(Afin ~ Afi) (222)
b

Here, b is the set of vectors that connect the point k in the Brillouin zone to all of its
nearest neighbors, and wy, 1s a weighting constant for that set of nearest neighbors.
To determine the weights and number of nearest-neighbor “shells” that must be used

for the set of grid points, the following equation must be satisfied:

N M ' )
D Wa D BB = Sup (2.23)

where N is the number of shells required, M is the number of nearest neighbors
in the ath shell, w, is the weight associated with the ath shell, and @ and g are
Cartesian directions. For a body-centered cubic lattice (which all of the grids used
in this work are), one shell is sufficient to satisfy Eq. (2.23), and wy, is equal to 3/852,

where b = |b|. We can write Eq. (2.22) in matrix form, including all prefactors, as

qE 3 qEq 3 gEo _,
Vi fi= D > T baws (Afian — Afi) = ) ; DA e (2.24)

a b o

Here, we define a finite-difference matrix D, corresponding to the component of the

a
k.k’

k’ = k or when K’ is a nearest neighbor of k, linked by some nearest neighbor vector

electric field applied in the Cartesian direction @, where Dy, is only nonzero when
b sothat k’ = k+b. As the points in question represent electron states with an energy
below some specified energy level, there will be boundary points without a full set
of nearest neighbors. In order to account for this, we remove the contributions of
these points in the finite difference matrix, while ensuring the column sum of the
matrix remains zero (which ensures the sum of Afi over all k at any field remains
zero). This is a valid assumption, if the population of the boundary points remains

negligible.

A simple schematic of how this finite difference process works is shown below in
Fig. 2.4, for a case of five points x; each with a scalar function value f(x;), where
xi+1 —X; = 1. The finite difference matrix is pictured on the left, and on the right is
the derivative vector. The contribution of the boundary points x; and xs in the finite
difference matrix is nil, ensuring zero column sum of the finite difference matrix.
This assumption is valid if f(xy), f(xs) ~ 0.
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Figure 2.4: Schematic of how the finite-difference matrix acts on a 1D chain.
Boundary points are not considered in the finite-difference matrix.

Combining Eq. (2.20), Eq. (2.21), and Eq. (2.24), we can rewrite Eq. (2.14) as:

_4E 0 _ 40 9Eq _
ALY fk>+;; . Dk,k,Afk/—;@)k,kafkf (2.25)

Rearranging to put the analytic expression by itself on the right side, we obtain:

E E
YD B - O JAfie = 3 AweAfie = 2w 1= £ (2.26)
/] ’ k BT
k’ a k’

Here, we have defined Ak y- as a relaxation operator that combines the effects of the
scattering and finite difference matrices. As this is now written as a linear system,

we can solve for the deviational occupation A fi as:

3 E
Afic = ; Ak (w1 - 1) (2.27)

Once the deviational occupation is obtained, it is simple to calculate transport
observables of interest using it (or the new occupation at the field fx = fl? + Afk).

For instance, the drift velocity in the S direction can be written as:

1

Ve= > viphi (2.28)
k
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where N = ) fk is the number of electrons in the Brillouin zone. Similarly, the

mobility can be written as:

2¢?
o3(E) = E “E AL (v 5 £ 2.29
Hap(E) kT Vo 4 Vk, 4 k.k (Vk ,Bfk) ( )

where V) is the supercell volume, « is the direction along which the current is

measured, and S is the direction of the applied electric field [126].

2.4 Two-phonon scattering
As we will show in Section 2.6, including two-phonon scattering in n-Si has a large
effect on both the low-field mobility and the warm electron tensor 8. Here, we

outline our implementation of two-phonon scattering.

First, we examine how the electron-phonon interaction is obtained, by expanding
the (self-consistent) one-electron potential V(r) in the phonon-induced displace-
ments u, of the ions from their equilibrium position R,[110]. We can separate
the perturbations that contribute to 2ph scattering into two types. The type that
we include in our work is not the bilinear term H® (which represents an electron
interacting simultaneously with two phonons, resulting from the second derivative
of the perturbation potential), but instead the iterated 1ph-process of second order
through an intermediate state, written here as H (LD — g (1)(E — H)_lH (D In the
long-wavelength (small q) limit for acoustic phonons, due to translational invari-
ance, the contributions of the two types of 2ph scattering cancel out. It has been
hypothesized that this cancellation extends to acoustic phonons beyond this limit,
but has not been proven. Currently, the bilinear term cannot be computed ab-initio,

and is left to future work.

The 2ph scattering rate that we consider is derived in [123] as

lzph hNZ Z Z [Flela + I—Qe + I—Qa (230)

where q and p are phonons that scatter an electron in a state Kk to a new state
kK’ = k+q+p, and for normalization we divide by N2, corresponding to the number
of (q, p) points sampled. As we consider only two-phonon scattering consisting of
consecutive one-phonon scattering events, we can split the types of scattering into
three types as seen in Fig. 2.5. There are scattering events where an electron first

absorbs and then emits a phonon (or vice versa) that we define as lela, consecutive
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emission events (2e), and consecutive absorption events (2a). We note here that
even though any specific 2ph scattering event here will consist of two consecutive
Iph events, the 2ph scattering will couple states that are not coupled with only 1ph
scattering, and thus there is reason to believe that the transport properties from such
a system will differ from the 1ph case. We can define the individual scattering rate

for an electron to scatter from k to kK’ for each type in the following form:

1ph absorption 1ph emission
qu
k MWD k+q
k+q K
2ph 2e 2ph 2a 2ph lela
qu qu
k WAV k+qg+p k VAV
\/ pv pv / k+q+p
k+q w) W @ k+q /
pv
k+q+p W(\q/\tjv\, / W
K k+q

Figure 2.5: On the top row of the figure, schematics for one-phonon absorption
and emission processes are shown. On the bottom row, the three types of two-
phonon scattering included in this work are shown: two emission events (2e),
two absorption events (2a), and one emission/one absorption (lela). All of the
two-phonon processes are shown are on-shell, as the intermediate state’s energy is
identical to the band energy.

li = AW'6(ex — e — a/i,wpﬂ - aaqu) (2.31)

Here, A’ is a prefactor dependent on the electron and phonon occupations, W' is the
sub-process amplitude, wp,, is the phonon energy of the phonon with wavevector p
and phonon mode index u, and @' takes the values of either 1 or -1 depending on

the scattering type:
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lela _ 1 a,26 -1 2a -1

04 st =
1 1" ‘2’ ‘2’ (2.32)
a/qea:—l a/qezl aqa:—l

The prefactors A’ are defined in terms of the phonon occupation numbers N (here

with mode index suppressed) and electron occupation numbers f as:

A1 = Ny + NgNp + Np fio = No fi
1
A% = 5[(1Jrz\/ql)(1+Np—fk,) — Np fic| (2.33)
1
A% = 2 [Ng(Np + fie) + (1 + Np) fc |

Due to only non-degenerate electron concentrations being considered in this work,

we make the assumption similar to Eq. (2.19) that fi» < 1 to obtain:

lel

|
A% = Z[(1+ Ng) (1 +Np) (2.34)
1
A% = E[Nqu]

The sub-process amplitude W' is given by the following:

| ( gv(k,q)g.(k+q,p) N gu(k,p)gy(k+p,q)
€k’ — €k+q T a{,wpﬂ +in—2Zkiq €k — €kp t afla)qv +1in — Zk4p

)‘2 (2.35)

Here, g, (k, q) is the one-phonon scattering matrix element that couples an electron
in state Kk to another electron in state k+q via scattering with a phonon of wavevector
q and phonon index v, € represents the electron energies, 7 is an infinitesimal term
preventing divergence when the rest of the denominator sums to zero, and X, is
the self-energy of the intermediate electron state k + p. Here, the real part of ¥ is
neglected, as it acts to correct the band structure and does not significantly change
the calculation results [123]. The self-energy can be used to obtain the intermediate
state lifetime, or its inverse, the scattering rate of the intermediate state, through the
relation:

2
F= Iy (2.36)

where I is the scattering rate of the intermediate state. Thus, we must solve for the
self-energy iteratively, as the intermediate state lifetime contains contributions from

both 1ph and 2ph scattering in the following manner:

i
ImZ| = E|rlph + 20 (2.37)
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Thus, initially the two-phonon rates are set to zero in Eq. (2.37), and then we solve
for Eq. (2.30). This process is repeated until the two-phonon rates do not differ
significantly with an additional iteration. Further discussing the intermediate state,
we note that the intermediate state does not have to correspond with a band energy.
We note that we can categorize intermediate states by their off-shell extents, defined
as AE = E — egp, where E is the energy of the intermediate state reached after an
electron in a state k scatters with a phonon p. We note that by examining Eq. (2.35),
we see that the two-phonon scattering amplitude is inversely proportional to the off-
shell extent; thus, we expect processes with a large off-shell extent to be negligible in
terms of affecting the scattering rates. In this work, we consider two-phonon events
with an off-shell extent less than 25 meV; increasing this number in past works did

not see a significant change in transport observables [40].

Once the 2ph scattering matrix is computed, it is added to the 1ph scattering matrix,
and the same process used in Section 2.3 is used to compute the transport observables

of interest.

2.5 Computational details

The electronic structure and electron-phonon matrix elements are computed on a
coarse 8 X 8 X 8 grid using DFT and DFPT with Quantum EsprEsso [72]. We
employ a plane wave cutoff of 40 Ryd and a relaxed lattice parameter of 5.431 A.
Once the electronic structure and electron-phonon matrix elements on a coarse grid
were computed, they were interpolated on a finer grid of 100 using PERTURBO.
We set the Fermi level 203 meV below the conduction band minimum (CBM)
corresponding to a non-degenerate electron gas of concentration of 106 cm™ at
300 K. The energy window of the Brillouin zone was set to 287 meV above the
CBM. Increasing the energy window to 447 meV changed the mobility by 0.1% and
B by 0.8%, while increasing the grid density to 140 resulted in mobility changes
on the order of 1%. The final system of linear equations was solved by a Python
implementation of the Generalized Minimal Residual (GMRES) method [63].

As in prior work, spin-orbit coupling is neglected as it has a weak effect on electron
transport properties in Si [135, 163]. Quadrupole electron-phonon interactions were
neglected as they provide only a small correction to the low-field mobility of silicon

at room temperature [161].
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2.6 Results

Mobility and warm electron tensor

Figure 2.6 shows the computed low-field mobility versus temperature for electrons
in Si at the Iph level of theory. The low-field value at 300 K is 1737 cm*V~!s7!,
approximately 20% higher than experimental drift mobility values, which range
between 1300 and 1450 cm?>V~'s7! [32, 134, 142, 171]. The calculated value at
300 K is generally consistent with prior ab-initio studies, which report values of
1915 em?V~!s7! [135], 1860 cm?*V~'s™! [126], and 1750 cm?V~'s™! [57]. The
use of the experimental lattice constant and GW quasiparticle corrections leads to
lower mobility values [163]. The general overestimate of low-field mobility in past
ab-initio studies occurs across a wide range of temperatures, as Refs. [126] and
[135] show an overestimated mobility from 100 to 300 K.

At higher fields, the mobility decreases below the low-field value owing to electron
heating as described by 5. Because S depends on the direction of the applied field,
we denote 8 without subscripts to indicate the electric field is applied along the
[100] crystallographic axis. In Figure 2.7a, we show the mobility versus electric
field in the Iph framework with the electric field applied in the [100] and [111]
crystallographic axes along with the quadratic fit. The quadratic fit is observed to
agree well with the calculated values. The coefficient of the quadratic fit yields
B. The [100] mobility decreases more rapidly with field than the [111] case, thus
yielding a larger value for B9 than SB11;.

In Figure 2.7b we compare the computed S versus temperature with experimental
data. The prediction from the 1ph level of theory is clearly larger than the experimen-
tal values by around 150% across all temperatures. This discrepancy is markedly
larger than that of the low-field mobility. Figures 2.8a and 2.8b show S versus angle
between current direction and electric field at 300 and 194 K, respectively. Here, the
mobility is presented as the field is rotated from the [001] direction (corresponding
to 0°) to the [110] direction (corresponding to 90°). While the qualitative trend
in B with field orientation seen in experiment is captured by the 1ph theory, the
computed values again are greater than the experimental data by over 100% at both

temperatures.

Role of higher-order phonon scattering
Figures 2.7b and 2.8 indicate that 8 is markedly overestimated at the 1ph level of

theory. The magnitude of discrepancy cannot be easily explained by inaccuracies in
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Figure 2.6: Low-field mobility versus temperature for the 1ph (dashed black line)
and 1+2ph (solid orange line) frameworks. The mobility is overestimated with the
Iph level of theory, but underestimated when including on-shell 2ph scattering.
Experimental data: Figure 11, Ref. [32] (green triangles), Figure 1, Ref. [157]
(purple circles), Figure 2, Ref. [130] (blue squares).

band structure, as the discrepancies of the effective mass are ~ 7%. Therefore, we
considered whether higher-order phonon scattering processes could account for the
poor agreement. The Iph level of theory accounts for the leading-order electron-
phonon scattering process for which electrons scatter with one phonon. We imple-
mented a treatment of the next-to-leading order scattering processes where electrons
scatter with two phonons using the ab-initio approach described in Ref. [123]. Asin
Ref. [40], beyond the low-field regime the full 2ph calculation is presently computa-
tionally intractable, and so we included only on-shell 2ph processes that are within

25 meV of a band energy. Despite the neglect of off-shell processes, Ref. [40]
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indicates that most of the relevant processes are included with the approximation

used here. The 2ph rates were iterated five times.

The computed one and two-phonon scattering rates are shown in Fig. 2.9a. Near
the CBM, the 2ph rates are comparable to the 1ph rates. At 100 meV, the maximum
energy relevant for transport properties at 300 K, the 2ph rate is approximately
50% of the 1ph rate owing to the weaker energy dependence of 2ph scattering. A
disaggregation of the rates into specific emission and absorption processes is shown
in Fig. 2.9b. For energies less than 100 meV, the lela (one-phonon emission plus
one-phonon absorption) rates are the largest and thus have the largest effect on
transport properties, while the 2e (two-phonon emission) rates rise once electrons
are able to emit two optical phonons. The 2a (two-phonon absorption) rates are
relatively negligible at all energies and are only weakly dependent on energy. These

characteristics are qualitatively similar to those reported for GaAs in Refs. [40, 123].

We now examine the impact of the on-shell 2ph rates on the low-field mobility
and S. In Figure 2.6, the computed mobility versus temperature including on-shell
2ph scattering is shown. The computed 1+2ph curve underestimates experimental
results by about 20%. At 300 K, the low-field mobility is 1089 cm?V7-lg™l In
Figure 2.7b, 8 including on-shell 2ph scattering versus temperature is shown. With
the inclusion of on-shell 2ph scattering, good agreement is observed with two
independent experimental reports [78, 104]. Similarly, in Figure 2.8a, the agreement
with experiment [79] of the dependence of  on orientation angle at 300 K is greatly
improved by including on-shell 2ph. The qualitative trend of a decrease in 8 from
0° until ~ 55° (corresponding to the electric field in the [111] direction), followed
by an increase until 90° is unchanged, but it is uniformly decreased in magnitude.
The computed S dependence on orientation angle at 194 K shown in Figure 2.8b

lies between two data sets [108] of different resistivities.

We now consider the origin of the the improved agreement with § when including
on-shell 2ph processes. The first mechanism is the increase in scattering rates,
which have a relatively larger effect on S compared to mobility. Specifically, it can
be shown that for a uniform scaling of the scattering rates by a factor €, S is scaled
by €72 rather than €' as for the mobility. Therefore, the increased scattering rates
contributed by on-shell 2ph processes can account for part of the relatively larger
decrease in 5. To examine how much of the decrease in 8 was due to the increased
scattering rates, we scaled the 1ph scattering rates by a multiplicative factor so that

the resulting low-field mobility was equal to the low-field mobility in the 1+2ph
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case. The DC mobility versus electric field and 8 were then calculated. The scaled
Iph results can be seen in Figure 2.8. At both 300 and 194 K, the majority (94%) of
the decrease in 8 occurs due to the higher scattering rates. However, the calculated
values of  with the actual on-shell 2ph scattering rates are still lower than those
predicted from the scaled 1ph rates. This further decrease is due to the larger
sensitivity of 5 to the scattering rate at low energies near the CBM compared to that
of the mobility (see Section 2.2). At these energies, 2ph processes make a relatively
larger contribution to the scattering rates than at higher energies, leading to a larger

reduction in S than expected based on a uniform increase in scattering rates.
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Figure 2.7: a) Mobility versus electric field applied along both the [100] (red
diamonds) and [111] (purple circles) crystallographic axes at 300 K using 1ph
scattering along with the quadratic fits (solid lines). (b) S versus temperature for
the 1ph (dashed black line) and on-shell 2ph (solid orange line) frameworks. S is
overestimated by > 100% at the 1ph level of theory across all temperatures. When
including on-shell 2ph, the discrepancy is eliminated. Experimental data from
Figure 11, Ref. [78] (blue squares) and Figures 3 and 4, Ref. [108] (purple circles).

2.7 Discussion

We now discuss the finding that multi-phonon processes are relevant to transport
in non-polar semiconductors. Previous experiment and modeling works have sug-
gested that 2ph processes could account for deviations in the predicted temperature
dependence of the mobility from the 1ph deformation potential theory. In partic-
ular, two-phonon deformation potentials were extracted from second-order Raman
scattering measurements [177, 206], and using these values in transport calculations
improved the agreement of both the variation of the low-field mobility and  with

temperature [115]. However, these conclusions were subject to uncertainty owing
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Figure 2.8: (a) S versus electric field orientation angle between the [001] and [110]
crystallographic axes at 300 K for the 1ph (dashed black line), scaled 1ph (dotted
blue line), and 1+2ph (solid orange line) frameworks. The 1ph theory captures the
qualitative dependence of 8 on angle, but the value is overestimated by ~ 200%.
The discrepancy is reduced to ~ 15% with inclusion of on-shell 2ph scattering.
Experimental data from Figure 7, Ref. [79] (upward green triangles). (b) Same
as (a) at 194 K. Data from Figures 3 and 4, Ref. [108] (purple circles and green
triangles).

to the semi-empirical nature of the scattering rates employed in the modeling. The
present work overcomes this limitation using the ab-initio scattering rates that are
free of adjustable parameters, thereby providing firm evidence that multi-phonon
scattering processes are of importance to low-field and warm electron transport in
Si.

We additionally consider the role of other multi-phonon processes that have been
neglected in the present study and their potential impact on the transport properties.
First, the addition of the neglected off-shell 2ph processes will further increase
the scattering rates and decrease both the mobility and B; however, Figure 2a
of Ref. [40] indicates this difference is negligible in GaAs. A more involved
complication is the role of the direct 2ph interaction arising from simultaneous
interactions with two phonons, in contrast to that arising from two sequential 1ph
scattering events considered here. Due to translational invariance, a cancellation
occurs for interactions involving long-wavelength acoustic phonons [93], and it has
been posited that this cancellation may extend to acoustic phonons beyond this

limit [110]. To estimate the magnitude of this cancellation, we removed all two-
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Figure 2.9: (a) Computed 1ph (blue), on-shell 2ph (green), and 1+2ph (orange)
scattering rates versus energy at 300 K. The on-shell 2ph rates are approximately 50%
of the 1ph rates, indicating a non-negligible contribution to transport properties. (b)
Computed on-shell 2ph (green), 2e (brown), 2a (purple), and lela (gray) scattering
rates versus energy at 300 K. For energies less than 100 meV, the range relevant to
transport properties at 300 K, the 1ela rates are largest and have the dominant effect
on transport properties.

phonon processes that involve acoustic phonons of energy less than 5 meV and
recalculated the low-field mobility. The result is 1261 cm?V~!s~!, which is in
near-quantitative agreement with experiment. This result indicates that taking into
account the cancellation between the two 2ph vertices may be needed for predictive
accuracy. Further tests of the role of multi-phonon processes may be obtained by
calculating the free carrier absorption spectrum using the methods of Ref. [155]

and the power spectral density of current fluctuations as in Refs. [40, 43].

2.8 Summary

We have presented a first-principles framework for calculating transport properties
in semiconductors, starting from the electron-phonon matrix elements, and then us-
ing them in the Boltzmann transport equation to solve for the deviational occupation.
Using this approach, we obtained the warm electron transport properties of Si. At the
Iph level of theory that is typically regarded as adequate for nonpolar semiconduc-
tors, the low-field mobility is overestimated by around 20% while S is overestimated
by over 100% across a wide range of temperatures and crystallographic axes. The

discrepancy in S is reconciled by inclusion of 2ph scattering, which is found to
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exhibit a scattering rate that is comparable to that from 1ph processes. The underes-
timate of the mobility at this level of theory provides evidence for the occurrence of

a non-trivial cancellation of second-order terms in the electron-phonon interaction.

While the importance of multi-phonon processes have been explored in nonpolar
semiconductors for phenomena such as magnetophonon resonance [77], the second-
order Raman spectrum [177, 206], and the infrared optical absorption [17, 116],
very little information exists on their role in transport properties. Our work will
stimulate future investigations into the role of multi-phonon processes in transport
properties, even in materials in which these processes may have been overlooked in

the past.
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Chapter 3

HOT ELECTRON DIFFUSION, MICROWAVE NOISE, AND
PIEZORESISTIVITY IN SI FROM FIRST PRINCIPLES

This chapter has been adapted, in part, from:

Alexander Y. Choi, Peishi S. Cheng, Benjamin Hatanpii, and Austin J. Minnich.
Electronic noise of warm electrons in semiconductors from first principles. Phys.
Rev. Materials, 5:044603, Apr 2021. https://link.aps.org/doi/10.1103/
PhysRevMaterials.5.044603

B.H. co-wrote the code used in the manuscript.

Benjamin Hatanpdd and Austin J. Minnich. Hot electron diffusion, microwave
noise, and piezoresistivity in si from first principles. Phys. Rev. B, 109:235201,
Jun 2024. https://link.aps.org/doi/10.1103/PhysRevB.109.235201
B.H. co-designed the research, conducted the calculations, analyzed the data, and
wrote the manuscript.

In Chapter 2, we showed how the ab-initio methods that are used to routinely
calculate linear transport coeflicients such as the electrical mobility of materials
[57,126, 129, 163, 222] can be used to calculate the warm electron tensor, a quantity
that characterizes the energy relaxation of the system. High-field transport properties
are experimentally accessible as well, but have not been extensively explored with
ab-initio methods. One example of such a property are noise properties away
from equilibrium, such as the power spectral density (PSD) of current fluctuations
[45, 84]. In order to decrease noise in modern electronic devices, a sophisticated
understanding of the microscopic transport phenomena and the noise associated

with them is required.

One example of a noise phenomena that is present in n-Si is intervalley noise. Inter-
valley noise, in which carrier number fluctuations between valleys are observable as
current fluctuations, can only be observed in a multi-valley semiconductor such as
n-Si [84, 167]. The PSD of hot electrons in Si has been experimentally investigated
at a range of frequencies, temperature, and electric field strengths. Measurements

of the electron diffusion coeflicient (proportional to low-frequency PSD) at room


https://link.aps.org/doi/10.1103/PhysRevMaterials.5.044603
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temperature along the [111] direction indicated a pronounced decrease with increas-
ing electric field [33]. A subsequent study at lower temperatures showed an initial
increase of the diffusion coefficient with increasing field, followed by the decrease
seen at higher temperatures [29]. A clear anisotropy in the diffusion coefficient was
observed between the [100] and [111] directions for high electric fields (> 2 kV
cm™!) across 77 — 300 K [29], despite the cubic symmetry of Si, and was attributed
to intervalley noise. The frequency-dependence of the PSD at low temperatures
~ 80 K was also examined, showing how thermal, convective, and intervalley noise

contribute at different frequencies for these two directions [15].

Despite extensive experimental investigation, transport and noise properties beyond
the low-field regime have historically been evaluated using semi-empirical Monte
Carlo methods [29, 99, 101, 165]. These models utilized various approximations,
such as dispersionless optical phonons, Debye acoustic phonons, and model band-
structures. More recently, the Monte Carlo method in n-Si has been extended to
device simulation [1] and full-band studies [58—60, 154]. Computations of high-
field transport properties using ab-initio methods have only recently been reported
[35, 40, 43, 137, 200]. In GaAs, the drift velocity characteristics up to several kV
cm™! have been computed and have provided evidence for the role of two-phonon
scattering [40, 200]. The warm electron tensor of n-Si, including two-phonon
scattering, has also been computed and directly compared to experiment [86]. An
ab-initio formalism to calculate fluctuational properties like PSD has also been de-
veloped recently [43]. Previous studies have used the formalism to compute the
electric field dependence of the PSD in p-Si [35] and n-GaAs, in the latter case
including two-phonon scattering [40, 200]. However, whether ab-initio methods
can accurately account for hot electron transport and noise properties in n-Si has not

yet been determined.

In this chapter, we report first-principles calculations of the hot electron diffusion
coefficient and frequency-dependent PSD in n-Si, including two-phonon scatter-
ing. We find that although some qualitative features of the diffusion coefficient
are correctly predicted, such as an anisotropy at high electric fields, quantitative
agreement is in general poor. To identify the origin of the discrepancies, we com-
puted the microwave-frequency PSD and piezoresistivity. The computed properties
are in reasonable qualitative agreement, constraining the magnitude of inaccuracy
in the computed intervalley scattering rate. Together, these observations indicate

that the diffusion coeflicient discrepancies may be attributed to factors which are
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not included in the ab-initio formulation of charge transport, for instance real-space
gradients and space charge effects. This finding has relevance to the interpreta-
tion of diffusion coefficient measurements in terms of microscopic charge transport

processes.

3.1 Intervalley noise

To start, we examine the typical anisotropy of the hot-electron diffusion coefficient
in n-Si. In Fig. 3.1, experimental data from Ref. [29] for the diffusion coefficient
and its dependence on electric field is shown at 200 K, with the electric field applied
both in the [111] and [100] directions. We notice that the value of the diffusion
coeflicient is significantly higher away from equilibrium for the case where the field
is applied in the [100] direction, than the [111] case. At a first glance, this might
seem surprising — if we examine Eq. (1.11), the equilibrium diffusion coefficient
is directly proportional to the mobility. At high fields, it is well-established that the
mobility when the field is applied in the [100] is less than when it is in the [111]
[31]. However, the diffusion coeflicient in the [100] direction is higher than in the

[111]. What is the cause of this extra contribution to the diffusion coefficient?

In a multi-valley semiconductor like n-Si, the differential mobility is not equal to the
sum of the differential mobilities in each valley weighted by the relative population
in each valley. An applied electric field changes the intervalley rates, and thus the
relative number of carriers in each valley [84], as seen in Fig. 2.2. Similarly, in
a many-valley semiconductor the noise is not equal to the sum of the noise from
each individual valley. Due to intervalley transitions causing fluctuations of valley
populations, this population fluctuation causes a current fluctuation in the case in
which the drift velocities (in the direction of interest) differ. To understand this
mechanism, consider the general expression for the intervalley diffusion coefficient
D™, given by [29, 167]

D™ = niny(vi — v2)*Tine 3.1)

Here, n| and n, are the fractions of electrons in valleys of type 1 and 2, v| and v, are
the drift velocities in valleys of type 1 and 2, and 7; is the characteristic intervalley
relaxation time. In n-Si, when the field is applied along the high-symmetry [111]
direction, all six valleys are oriented equivalently with respect to the electric field
direction, and no intervalley diffusion will take place. However, when the field

is oriented in the [100] direction, repopulation will occur as shown previously in
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Figure 3.1: Experimental data from Ref. [29] showing the dependence of the diffu-
sion coefficient on electric field in n-Si at 300 K. The electric field is applied in the
[111] direction (purple squares) and the [100] direction (red circles).

Fig. 2.2, and the average drift velocities between hot and cold valleys will differ,
leading to an additional source of noise. It can be shown that a rough estimate for

the ratio of the intensity of intervalley noise to intravalley noise is on the order of

AVZTinter/ﬁTintra (3.2)

inter intra

where 7" and 7'""* are the intervalley and intravalley relaxation times, respectively,
AV 1is the difference between the drift velocity in a valley compared to the average
drift velocity, and v the average drift velocity of the entire system [84]. Thus, if AV
is large, intervalley noise can be comparable to the “thermal” noise, especially as the

intervalley time is already greater than the intravalley time. One can intuit that this



41

is true if we assume that if an electron is in a state k in valley 1 and then is scattered
to a state k, into valley 2 via a phonon q, the absolute value of the difference
|ky — Kk»| is on the order of a ! where aq is the lattice parameter of the crystal. The
energy of the intervalley phonon 7iwg is thus on the order of kg®p, where ©p is
the Debye temperature. In general, and especially at temperatures less than ®p, the
energies of phonons that are emitted or absorbed are on average much less kp®p;
that is to say, before an electron scatters to another valley, it changes its energy
and momentum multiple times through intravalley scattering events [111]. Thus,
ginter 5 7intra holds. Intervalley noise has been observed not only experimentally
in many different bulk semiconductors [29, 64], but it has been posited to be a
contributor to the drain noise in GaAs FETs [10, 64] and Si MOSFETs [87]. Thus,
gaining a quantitative understanding of intervalley noise and being able to predict it

accurately in semiconductors is vital.

3.2 E- and w-noise spectroscopy

Two of the most common experimental techniques to investigate hot-electron noise
in semiconductors are E— and w-spectroscopy (the electric field and frequency
dependence of the noise). In this work, all data of the electric field versus the noise
is taken at low frequencies. By measuring the electric field dependence of the noise,
we can probe intervalley noise by measuring the noise in different directions, and
investigate the balance between increasing scattering rates and increasing energy as
the electric field is applied. To illustrate this, we can investigate a version of the
Einstein relation in Eq. (1.11), modified for high fields:

DE) = 2u(E)' 3.3)

Here, D(E) is the field-dependent diffusion coefficient, u(E) is the electric field-
dependent mobility and (e) the average electron energy [29, 100]. As an electric
field is applied, this increases the average electron energy. High-energy states tend
to contribute more to the diffusion coefficient, and thus raise its value. However, the
effect of the electric field also tends to increase the average scattering rate, which
damps out fluctuations (and lowers the mobility). Thus, the balance of these two
behaviors will determine the energy dependence of the noise. This relation is not

exact, but illustrative of the main mechanisms that cause changes in the noise.

A schematic is shown in Fig. 3.2 that illustrates the frequency dependence of the

noise for a multi-valley semiconductor. We note that other noise sources such as
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1/ f noise and generation-recombination noise are not considered in this work, and
thus their effects are not pictured in Fig. 3.2. At equilibrium, it is expected that the
noise follows the Nyquist-Johnson equation, and the frequency dependence is given

by a Lorentzian characterized by the momentum relaxation time.

However, away from equilibrium in a current-carrying state, other types of fluctua-
tions taking place in the system can reveal themselves. One example is the convective
noise contribution, that is characterized by the exchange of energy between electrons
and the lattice rather than momentum. When an electric field is applied, there is an
energy gain from the field acting upon existing current fluctuations: deg ~ dj-E. In
a semiconductor with a sublinear current-voltage characteristic, due to the decrease
in mobility with increasing energy, the fluctuations will tend to reduce the intensity
of current fluctuations. When the PSD approaches the inverse energy relaxation

time, an increase in the noise will be seen as this contribution rolls off [84].

In addition, as shown in Eq. (3.1), when the electric field is oriented in a manner
that creates valleys with inequivalent average drift velocities, an intervalley term is
present. The intervalley relaxation time is generally assumed to be large compared
to both the energy and momentum relaxation times, and thus the intervalley contri-
bution rolls off at lower frequencies. This contribution is always positive. Thus, in
Fig. 3.2, the blue curve is shifted up significantly at lower frequencies with respect to
the red curve, and the intervalley contribution rolls off at the lowest frequencies. As
the source of any particular noise contribution characterized by a relaxation process
with time 7 will be cut off at the frequency wt ~ 1, the relaxation times can be

estimated from the frequency dependence.

3.3 F-type scattering, noise and piezoresistivity

We can separate intervalley scattering into two types: g-type (between valleys on
the same Cartesian axis), and f-type (between valleys not on the same axis). The
difference between the two types is visually depicted in Fig. 3.3. While most
transport properties such as mobility are insensitive to the balance between f- and
g-type scattering, Tin, and thus D™, is inversely proportional to the square of the

f-type coupling constant [29].

This can be understood intuitively through the following argument. If we consider
a group of electrons at x,y,z = (0,0,0),¢ = 0, as ¢ increases due to intervalley
scattering, electrons will scatter from one type of valley to the other, and thus at one

time they will have drift velocity v and then after scattering into another valley v;.
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Figure 3.2: Schematic frequency dependence of the PSD in a typical semiconductor
at (a) equilibrium, (b) away from equilibrium, where the electric field is oriented
along a high-symmetry axis, and (c) away from equilibrium, where valleys are
inequivalent.

The stronger f-type scattering is, the more electrons will scatter from one valley to
another, so on the aggregate each electron will not differ greatly to others in terms of
average drift velocity. Thus, the electron cloud will be less spread (smaller diffusion
coeflicient). However if f-type scattering is completely eliminated, electrons in two
valleys will indefinitely separate from each other, with a mean-squared displacement
proportional to #2. If this is the case, we then lose the linear relation between M and
t necessary for the definition of D in Eq. (1.12) [29].

Historically, electron transport in Si initially was evaluated with Monte Carlo models,
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Figure 3.3: Schematic showing the difference between f- and g-type scattering in
n-Si. g-type scattering is shown in red, between valleys oriented on the same axis.
f-type is shown in orange, between valleys aligned along two different Cartesian
axes.

where f- and g-type coupling constants were widely reported [7]. However, due to
the fact that the experimentally available data (drift velocity) was insensitive to the
exact balance of the two intervalley types, no definitive conclusions were reached
and reported deformation potential values varied [8, 46, 107, 157]. In fact, Ref. [29]
is a fitting example to show the disadvantage of using the Monte Carlo approach
to interpret a quantity like the intervalley noise. When using the fitting parameters
from previous results [99, 105], an underestimate of the anisotropy was shown. To
fit the experimental data, the two f-type phonons of highest energy were reduced in
coupling strength, while the highest-energy g-type phonon was increased in coupling
strength. Once suitable agreement with experiment was reached, it was concluded
that the coupling strengths must be correct. However, with our ab-initio approach,
we are able to accurately probe the amount of f-type scattering, without worrying

about adjustable parameters.

Another transport property that is sensitive specifically to the amount of f-type
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scattering is the piezoresistivity. Piezoresistivity provides insight into the magnitude
of f-type scattering in n-Si due to the following considerations. When a compressive
stress is applied along a crystallographic direction, valleys parallel to the stress axis
decrease in energy compared to the other valleys. The effect of applying compressive
stress in the [100] and [111] directions compared to the unstrained case can be seen
in Fig. 3.4.

If the stress is applied in the [001] direction, in the limit of high stress all electrons
will be in the [001] valleys. Similarly, if stress is applied in the [011] direction,
electrons will be in the [010] and [001] valleys. In the first case ([001] stress), all
f-type scattering will be eliminated. However, in the second case ([011] stress),
f-type intervalley scattering between [010] and [001] valleys remains. Therefore,
if f-type scattering is negligible, the transverse resistivity (for instance resistivity
measured along [100]) at high stress in both cases is expected to be identical [105].
If f-type scattering is present, the case with the stress oriented along the [001] will
have a lower resistivity due to the lack of f-type scattering. Other observables
that may yield insight into ratios of f- and g-type scattering include examining the

galvanomagnetic properties of hot electrons [7].

Unstrained [100] stress [110] stress

Figure 3.4: Schematic showing how applied compressive stress changes the valley
structure in n-Si. On the left, the unstrained case is shown, where the six valleys
are equivalent in energy and population. In the middle, the case where compressive
stress is applied in the [100] direction is shown, where the valleys along the [100]
are shifted lower in energy and have a greater population. On the right, the case
where compressive stress is applied in the [110] direction is shown, where valleys
along the [100] and [010] directions are shifted lower in energy and have a greater
population. In all cases, the valleys shifted downwards in energy are shown in red.

3.4 Solving the BTE for noise
Section 2.3 showed how the BTE can be used to solve for the steady-state occupation
function f; of a semiconductor subjected to an electric field E, and thus giving us

transport quantities like the drift velocity, mobility, and 5. Similarly, we can solve
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a different BTE to investigate the fluctuations around this steady-state. Fluctuations
still occur in steady-state, due to the Poissonian nature of every scattering event.
Thus, we examine the fluctuations 6 fx around f,’, where 6 fx (1) = fk(?) — f,..

The spectral intensity (or density) Sx(w) of a stationary random variable X (7) is
defined as the squared sum of the Fourier components of X (7) lying in a frequency
interval of infinitesimal length, averaged and then divided by the frequency interval.
The Wiener-Khintchine Theorem relates Sx(w) and the Fourier transform of the

time-displaced correlation function of X(7):

Sy(w) =2 / mX(t)Xe—"“”dt (3.4)

(o)

We can use this to relate the power spectral density (PSD) of current fluctuations
(the quantity of chief interest in this manuscript) S, ;, to the Fourier transform of

the autocorrelation of the current density fluctuations:

(o)

S juip (©) = (6Jabjp)w =2 / 8ja(1)0jge " dt (3.5)

—00
Here, 6j, and ¢ jg are the current fluctuations along axes @ and . In order to put

this in the form of occupancy fluctuations instead of current fluctuations, we first

relate the two via the appropriate prefactors and the drift velocity to weight them:

2e
Ofy = — ) 3.6
J Vo §k Vk.aO fk (3.6)
Using this definition, we get
5ja(1)5) (—26)2 > 5 fi(1)o f 3.7)
1 = Vk,aVK, k k’ :
! 7 Vo 445 g

Eq. (3.7) shows that to compute the PSD of current fluctuations, we must compute
the correlation of occupation fluctuations at k and k’: 6 fi(¢)6 fir. This quantity is
known as the time-displaced, two-particle correlation function [67]. It was shown by
Gantsevich and coauthors that the time-displaced, two-particle correlation function

obeys the same Boltzmann equation as the fluctuation itself:
0 — -
S 0A(D8fic + ) A6 i (D5 fie = 0 (3.8)
t K

Here, Agk, is the same relaxation operator of Eq. (2.26), that now acts on the

correlation function instead of the deviational occupations. The significance of
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Eq. (3.8) is that with only the information needed to describe relaxation of the
system to a steady state, we can solve for the fluctuation properties of the system
[120]. To solve Eq. (3.8), an initial condition ml,zo must be specified, known
as the one-time, two-particle correlation function. This condition was derived by
Fowler [62] and Lax [120] (for a non-degenerate system of N particles) as:
ik

3 k(1) fieli=0 = fiOuwr — N

(3.9)

We can combine Eq. (3.5) and Eq. (3.7) to get an expression for the PSD of current

fluctuations in terms of the PSD of occupancy fluctuations:
(0jadjB) —(26)2 E E (0 fx0 fx') (3.10)
=— Vk.a VK’ ' .
Ja9JB)w VO i £ k.o VK, kO JK')w

Here,

(o8]

(6 fx0 fw)w = / S fi (1) fice " dt (3.11)

As we are interested in the PSD at a certain frequency, we can solve the Fourier-
transformed version of Eq. (3.8). Utilizing the stationary properties of the auto-
correlation function, we can write the Fourier-transformed correlation function as
[67]:

(6fidfirdo = 2R| 3wl + Al i (D filio | (3.12)
ki
Combining Eq. (3.9), Eq. (3.10), and Eq. (3.12), we obtain:
2e)\2 _ S S
Sraip (@) =2(T2) R 2 vica 2wl + Mgty D viep i ae = )|
0 K K K
(3.13)

Explicitly evaluating the last sum over K’ by using Eq. (2.28) for the definition of

the drift velocity, we obtain:
2e\2 ) 1 s
S (@) = 2(70) R| D vka Y G0l + A (R s = Vo)) G14)
K K

Thus, we see from Eq. (3.14) that in order to obtain the spectral density of the current
fluctuations, we must first solve for the steady occupation function in Eq. (2.27).
Once this is solved, we solve another Boltzmann equation, with the different inho-
mogeneous term (fi/(vk,g — V)). Once the second Boltzmann equation is solved,
we can obtain the spectral density of the current fluctuations by the Brillouin zone

integration in Eq. (3.14).
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3.5 Computational details

For all calculations, the electronic structure and electron-phonon matrix elements
are computed on a coarse 14 X 14 X 14 grid using DFT and DFPT with QuanTum
Espresso [72]. This finer coarse grid was used, in comparison to the 8x8x 8 that was
found to be sufficient to converge the unstressed mobility in Section 2.5. A wave-
function energy cutoff of 40 Ryd was used for all calculations, and a relaxed lattice
parameter of 5.431 A was used for the unstrained properties. The electronic structure
and electron-phonon matrix elements were interpolated onto the fine grid using
PerTURBO [223]. For every combination of applied stress value and direction, the
electronic structure and electron-phonon matrix elements were re-computed. The
piezoresistivity was then computed by calculating the transverse mobility (mobility
in the [001] direction) using Eq. (2.29) (from which the resistivity may be obtained
by taking the inverse), and then normalizing by the calculated unstrained resistivity
value. For the calculations with compressive stress in the [001] direction, a small
uniaxial compressive strain was applied in the [001] direction by fixing one axis
artificially in Quantum EspPrEsso using the ‘fixc’ option, and the other two lattice
vectors were then relaxed using the ‘vc-relax’ cell relaxation method. For the
calculations with compressive stress in the [011] direction, the lattice vectors were

changed manually until the desired stress state was reached.

For temperatures of 160 — 300 K, a grid density of 100 x 100 x 100 for the electron
states was used, while a grid density of 50 X 50 x 50 was used for the phonons. We
report convergence tests on the PSD values, as they are more sensitive to the details
of the band structure and electron-phonon interaction than the mobility. Using a
phonon grid with the same density as the electron grid resulted in a PSD change of
17% at 10 kV cm!, and using a grid density of 120 x 120 x 120 for the electron
states and 60 x 60 x 60 for the phonon states resulted in a PSD change of 20% at 10
kV cm™!. The quantity of relevance to our findings is the anisotropy between [111]
and [100], defined as (PSDy;11; — PSDy1007)/PSDy1117- This quantity only changed
by 0.5% when changing the grid density, indicating that the PSD anisotropy was
well-converged. From 160-300 K we used an energy window of 284 meV above
the conduction band minimum with a Gaussian smearing parameter of 5 meV, and
increasing this energy window to 342 eV resulted in a PSD change at 10 kV cm™! of
1%.

For the grid density at 77 K, a grid density of 140 x 140 x 140 for the electron states
and 70 x 70 x 70 for the phonon states was used, with an energy window of 145 meV
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and a Gaussian smearing parameter of 2.5 meV. For 77 K, increasing the energy
window to 284 meV resulted in a PSD change of 7% at 1 kV cm™!. Using a phonon
grid with the same density as the electron grid resulted in a change of 12% in the
PSD at 1 kV cm’!, the largest field used. Using a grid density of 160 x 160 x 160
for the electron states and 80 x 80 x 80 for the phonon states resulted in a PSD
change of 18% at 1 kV cm’!. However, as before, our findings are not affected
by these changes, as the qualitative trend of the PSD compared to experiment is
unchanged, and the sign of the anisotropy is unchanged. Therefore, the calculations

are converged adequately at 77 K for the PSD.

For the piezoresistivity calculations (all performed in the low-field limit), a grid
density of 400 x 400 x 400 (200 x 200 x 200) for electrons (phonons) was required.
Increasing the electron grid density to S00 x 500 x 500 and the phonon grid was
250 x 250 x 250 resulted in mobility changes of 15%. As the relevant quantity
for our conclusions is the piezoresistivity, which is normalized by the zero-stress
resistivity value, the normalized trend changed only on the order of 5%. In this
case, an energy window of 20 meV was employed for computational tractability.
Increasing the energy window from 20 meV to 25 meV resulted in mobility changes
of 4%. The final linear system of equations used to obtain the mobility and the
PSD was then solved by a Python implementation of the GMRES method [63]. For
all calculations and temperatures, the Fermi level was adjusted to yield a carrier
density of 4 x 10'> cm™3. Spin-orbit coupling was neglected, as it has a weak effect
on electron transport properties in Si [135, 163]. Similarly, quadrupole electron-
phonon interactions were neglected [161]. For all calculations of the diffusion
coeflicient, a frequency of 1 GHz was used, selected so to ensure that wr !l <« 1,
where 7 is a characteristic relaxation time, while avoiding too low frequencies which

result in numerical instabilities.

In our past work [86], it has been shown that two-phonon scattering (2ph) is non-
negligible in n-Si. Thus, for all PSD calculations, two-phonon scattering was
included. For the piezoresistivity calculations, 2ph scattering could not be included
due to the computational cost. However, we do not expect the absence of 2ph
scattering for piezoresistivity to affect our conclusions, as it was shown in Ref. [86]
that the energy dependence of 2ph scattering rates exhibited the same qualitative
trends as those of one-phonon rates, and further that most of the effect of 2ph
scattering can be accounted for by scaling the 1ph scattering rates. As this scaling

would be present at all applied stresses, we therefore do not expect that neglecting
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2ph would affect the piezoresistivity values and our conclusions.

3.6 Results

Electric-field dependence of hot electron diffusion coefficient

We begin by examining the dependence of the diffusion coeflicient on electric field
at various temperatures. We first compare the experimental low-field values of
the diffusion coefficient to the computed ones. We considered four temperatures
(300, 200, 160, and 77 K), corresponding to those for which experimental data is
available. At these temperatures, the computed (experimental) diffusion coefficients
were 29.7 (37) cm?s™!, 59.3 (62) cm?s ™!, 58.8 (71) cm?s~!, and 1120 (141) cm?s~ .
For all temperatures besides 77 K, the computation underestimates the experimental
data. The magnitude of the underestimate for 7 > 77 K is consistent with a prior
calculation of the electron mobility of Si when two-phonon scattering is included
[86]. However, at 77 K, the computed value is ~ 8 larger than experiment.
This overestimate is possibly attributable to ionized impurity scattering which is

neglected in the present calculations.

To facilitate the comparison of trends with electric field in the subsequent plots, the
computed data has been normalized to the calculated low-field diffusion coefficient,
while the experimental data has been normalized to the value at the lowest electric
field reported. We note that due to the requirement that the transit time in the time-
of-flight experiment be less than the dielectric relaxation time, no data was reported
below a minimum field at each temperature [29]. The electric field dependence of the
diffusion coefficient at 300 K is shown in Fig. 3.5a. In experiment, it is observed that
at low fields, the diffusion coefficient along the [100] and [111] directions are equal.
Starting at less than 2 kV cm™!, the diffusion coefficient along the [111] direction is
less than in the [100], an anisotropy that has been attributed to intervalley diffusion
[29]. The magnitude of this anisotropy continues to increase with field, reaches a
maximum, and then decreases with field. The same qualitative trend with field is
seen at 200 K in Fig. 3.5b, with the main difference being the anisotropy manifesting
at lower fields than at higher temperatures. At 160 K, shown in Fig. 3.5c, there is a
slight peak of the diffusion coefficient in the [100] direction at low fields and then a
monotonic decrease for higher fields. At 77 K, shown in Fig. 3.5d, initial increases

of the diffusion coefficient with field are seen for both directions.

The calculated results generally predict these trends qualitatively. At 300 K and 200

K, the correct trend of the anisotropy is reproduced, as the [111] diffusion coefficient
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Figure 3.5: Diffusion coefficient (normalized by the zero-field value) versus electric
field for n-Si at (a) 300 K, (b) 200 K, (c) 160 K, and (d) 77 K with field applied
along the [100] direction (red solid line) and [111] direction (purple dotted line).
Experimental data along the [100] direction (red circles) and [111] direction (purple
squares) from Figures 3 and 4, Ref. [29]. In (d), noise conductivity (NC) measure-
ments (purple triangles) included for comparison at low electric fields.

is less than the [100] value once field values exceed 5 kV cm™! and 2 kV cm™!,
respectively. While the initial increase seen in experiment at 160 K with field applied
in the [100] direction is not captured by computation, the qualitative anisotropy at
high fields is reproduced. Similarly, at 77 K, the [111] diffusion coefficient is less
than in the [100] once the electric field exceeds 0.2 kV cm ™.

However, a number of quantitative discrepancies can be seen. At 160, 200, and 300
K, the computed anisotropy starts to manifest at higher fields than in experiment. In

experiment, at 300 K the anisotropy is observed once the electric field exceeds 2 kV
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cm~!, while at 200 K and 160 K the anisotropy manifests even below 1 kV cm™!.
Similarly, the magnitude of the anisotropy is underestimated, particularly for 160 K
and 200 K, where the agreement with the [111] data is excellent, but the [100] data

lies much above the computed values.

At 77 K, the qualitative behavior of the diffusion coefficient with field changes
greatly. We note that the electric field range used in this calculation is smaller
than in the other cases due to lack of convergence at high fields. In Fig. 3.5d, for
both directions measured an initial increase in the experimental PSD is seen. This
increase is observed in computation, but at lower fields than in experiment. Given
the relative importance of ionized impurity scattering at 77 K compared to higher
temperatures, we examined whether the omission of this scattering mechanism in
the calculation could play a role in the discrepancy. We implemented a simple
model of ionized impurity scattering [131] with a density of 104 cm™3. The non-
monotonic features were observed to shift to higher electric fields, suggesting that

ionized impurity scattering could be partly responsible for this discrepancy.

The anisotropy in the diffusion coefficient seen in experiment has been attributed
to a mechanism known as intervalley diffusion. [29]. As 1y, is inversely propor-
tional to the square of the f-type coupling constant [29], a possible origin of the
underpredicted anisotropy in the diffusion coefficient is computed f-type scattering
rates which are too large compared to experiment. To test this hypothesis, we com-
pute other transport and noise properties which are sensitive to the distinct types of

intervalley scattering.

Microwave-frequency PSD

We first compute the microwave-frequency (~0.1-100 GHz) PSD at 77 K and 200
V cm™!, for which experimental data is available for comparison [15]. Here, the
frequency ranges computed are much higher than those in which sources of noise

such as 1/f noise or generation-recombination noise would be relevant.

Figure 3.6 shows the calculated spectral density of current fluctuations versus fre-
quency, at 77 K and 200 V cm~! and with electric fields applied along the [111] and
[100] directions, along with experimental data. At frequencies below 3 GHz, the
[100] PSD is greater than the [111], due to the presence of intervalley diffusion. As
intervalley scattering is characterized by a significantly smaller relaxation rate than
either the energy or momentum relaxation rates, a rolloff in the [100] direction is

observed around the relatively low frequency of 1 GHz. The presence of the “con-
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vective" mechanism away from equilibrium rolls off at a frequency corresponding
to the energy relaxation rate. Here, the convective peak occurs around 25 GHz.
For semiconductors with a sublinear current-voltage characteristic, this convective
contribution is negative [84]. This mechanism is present in both the [100] and [111]
cases, but is more obviously present in the [111] due to the lack of intervalley noise.
Finally, as the frequency exceeds the momentum relaxation rate, the PSD rolls off to
zero as the electronic system is not able to redistribute in response to the oscillating

external field.
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Figure 3.6: Microwave PSD versus frequency for n-Si at 77 K and 200 V cm™!
applied electric field, with field applied along the [100] direction (red solid line)
and [111] direction (purple solid line). Experimental data along the [100] direction
(red circles) and [111] direction (purple squares) from Figure 1, Ref. [15]. In both
cases, the data is normalized to the value of the PSD at the lowest frequency data
point (computation, 0.19 GHz; experiment, 0.1 GHz) in the [111] direction.
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Over the entire calculated frequency range, the computed results qualitatively capture
the trends seen in experiment. The anisotropy seen at low frequencies due to
intervalley noise, the rolloff in the [100] direction starting around 1 GHz due to
frequency exceeding the characteristic intervalley scattering rate, and the convective
noise peaks are all reproduced. At frequencies above 100 GHz, the PSD is higher in
the [111] direction, simply due to the greater mobility in this direction at 200 V cm ™!,
Relaxation times for the various noise sources (thermal, convective, and intervalley)
can be obtained by fitting the computed curves to Lorentzians parameterized by the
various relaxation times, as given in Eq. 9.5 in Ref. [84]. For the [111] direction,
an energy relaxation time of 15 ps was calculated using Monte Carlo simulation, as
well as a momentum relaxation time of 2 ps, while our computation yields an energy
relaxation time of 9 ps, and a momentum relaxation time of 4 ps [84]. For the [100]
direction, Monte Carlo simulation reported an energy relaxation time of 5 ps [84],
and an intervalley relaxation time of 50 ps [15], while our computation yields an
energy relaxation time of 10 ps, and an intervalley relaxation time of 79 ps. The
magnitudes of the relaxation times and relative difference between the momentum
and energy relaxation times are thus in qualitative agreement with prior works.
However, data only exists up to intermediate frequencies (around 10 GHz), so it is
difficult to draw quantitative conclusions, especially for the momentum relaxation

time.

As the difference in the PSD at low frequency is due to intervalley noise, and the
magnitude of this difference is captured accurately by our computation, the results of
Fig. 3.6 suggest that the f-type scattering rates in computation are compatible with
their actual values. In addition, the frequency of the intervalley roll-off and con-
vective mechanism being well-captured imply that both the intervalley and energy

relaxation rates are qualitatively consistent with experimental values.

Piezoresistivity

We next compute the piezoresistivity at 300 K and 77 K, for which experimental
data is available [80]. In Fig. 3.7a, the computed transverse resistivity versus stress
in the [001] and [011] directions at 300 K is presented. The computed anisotropy
exhibits qualitative agreement with experiment, as in both cases the resistivity is
less when the stress is applied along the [001] compared to the [011] case. Due
to the non-negligible contribution of f-type scattering at 300 K, applying pressure
along the [001] eliminates f-type scattering in the high-stress limit and thereby

decreases the resistivity by a greater amount than in the [011] case. However, the
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computation underpredicts the transverse resistivity at all pressures for both applied

stress directions.

In Fig. 3.7b, the computed transverse resistivity versus stress at 77 K is shown along
with experimental data. Here, it is observed in experiment that at high stresses,
the resistivity along both directions saturates to closer to the same value than at
300 K. The computed resistivity saturates with pressure to a slightly lower value
than in experiment, but the difference between the two directions is considerably
smaller than at 300 K (69% at 300 K versus 8% at 77 K). The relatively small
difference in the high-pressure 77 K resistivity between the two directions indicates
that f-type scattering is negligible at this temperature, while at 300 K the computed
difference between the two directions is comparable with experimental results. The
agreement at both temperatures indicates that the magnitude of f-type scattering at

these temperatures is being qualitatively captured.
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Figure 3.7: Computed normalized transverse resistivity versus stress in n-Si at (a)
300 K and (b) 77 K, with stress applied along the [001] direction (red triangles) and
[011] direction (purple crosses). Experimental data along the [001] direction (red
circles) and [011] direction (purple squares) from Figures 3 and 4, Ref. [80].

3.7 Discussion

Figure 3.5 indicates that the anisotropy of the diffusion coefficient in n-Si is qualita-
tively captured in the calculation, with the diffusion coefficient in the [111] direction
being less than in the [100] in the high-field limit for all temperatures measured.
The primary discrepancies between experiment and computation between 160 and

300 K are the anisotropy in the computed results being smaller and not manifesting
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until higher fields compared to experiment. The smaller anisotropy in the computed
results suggests that the computation underestimates the amount of intervalley noise,
and thus overestimates the amount of f-type scattering. However, Fig. 3.6 indicates
that the computed intervalley scattering rates and intervalley noise magnitude are
qualitatively compatible with experiment, and Fig. 3.7 shows that the variation of
f-type scattering with temperature is qualitatively captured as well. The amount of
error in the computed f-type scattering rate is therefore constrained to values that

are insufficient to explain the discrepancies in the diffusion coefficient.

One additional way to confirm this assertion is to examine the diffusion coefficient
in n-Si with a modified version of the scattering matrix. If indeed the f-type
scattering is described incorrectly, we may approximate the effects of having lower
f-type scattering by manually changing the electron-phonon scattering rates (only
for those corresponding to an f-type scattering process). For illustration, in Fig. 3.8,
the diffusion coefficient results for a case in which the f-type scattering rates have
been halved is shown, along with the original results and experimental data. While
halving the f-type scattering rates does cause a larger anisotropy in the diffusion
coeflicient, as well as causing this anisotropy to start significantly manifesting at
lower electric field values (the [100] diffusion coefficient is clearly higher in the
scaled f-type case at an electric field value of 3.1 kV cm™', as opposed to 4.1 kV
cm™~! in the original computation), this effect is not nearly enough to resemble the
large anisotropy shown in experiment. Thus, this indicates that if this discrepancy
is caused by an incorrect description of f-type scattering, the f-type rates must be

several times smaller than what is computed.

Given these observations, and that we have used the highest level of ab-initio the-
ory presently available which include two-phonon scattering, our findings suggest
an external mechanism not contained in the computation is responsible for the
discrepancy. We suggest that this mechanism could be the neglect of spatial inho-
mogeneities present in experiment. The ab-initio method used here does not include
real-space effects such as concentration gradients or space charge effects. Although
the time-of-flight experiment was carefully implemented to avoid dielectric relax-
ation in the sample, it is conceivable that fluctuations in drift velocity associated with
intervalley scattering within the generated electron pulse could lead to space charge
effects which would spatially broaden the pulse and hence increase the measured
diffusion coefficient. This effect would be present only in the [100] direction due

to the absence of intervalley scattering in the [111] direction. Further, these effects
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Figure 3.8: Diffusion coeflicient versus electric field at 300 K in n-Si. The circles
represent experimental data taken from Ref. [29], the solid lines represent the results
of our original computation (also contained in Fig. 3.5a, and the dotted lines represent
a computation in which the f-type scattering rates have been artificially halved. Data
in red represents the electric field applied in the [100] direction, while data in purple
represents the electric field applied in the [111] direction. This shows that even
an overestimate of ~ 2x would not be nearly enough to make up the experimental
discrepancy.

would not appear in the microwave PSD as these frequencies are much higher than
those associated with any dielectric relaxation phenomena. Additional study will

be required to determine the origin of the diffusion coefficient discrepancies.

3.8 Summary
In this chapter, we introduced how our first-principles approach could be applied to

fluctuational variables. With this approach, we focused on intervalley noise in n-Si,
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and computed the hot-electron diffusion coeflicient, microwave PSD, and piezore-
sistivity from 77 — 300 K. We find that while qualitative features of the diffusion
coeflicient such as the anisotropy at high electric fields are generally predicted,
several trends of the calculated values differ from experiment. We computed the
piezoresistivity and microwave PSD to investigate whether an inaccurate description
of f-type intervalley scattering could explain the discrepancies (as these variables

are sensitive to the precise amount of f-type scattering, unlike most observables).

However, the good qualitative agreement of these properties with experiment ex-
cluded this possibility, leading to the hypothesis that the measured diffusion coeffi-
cient is influenced by factors not included in ab-initio calculations such as real-space
gradients and space charge effects. This finding indicates that care must be taken
when interpreting diffusion coefficient measurements in terms of microscopic charge

transport processes.
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Chapter 4

VALLEYTRONICS AND NEGATIVE DIFFERENTIAL
RESISTANCE IN CUBIC BORON NITRIDE: A
FIRST-PRINCIPLES STUDY

This chapter has been adapted, in part, from:

Benjamin Hatanpdi and Austin J. Minnich. Valleytronics and negative differential
resistance in cubic boron nitride: a first-principles study, 2024. https://arxiv.
org/abs/2408.08458

B.H. co-designed the research, conducted the calculations, analyzed the data, and
wrote the manuscript.

Si, Ge, and “conventional’ III-V materials were dominant in semiconductor technol-
ogy for the first 40 years of the field’s development. Wide-bandgap materials were
not widely used until the early 1990s [4, 149, 151, 152], after breakthroughs were
made that made InGaN widely used due to its optoelectronic properties. Other wide-
bandgap technologies based off of materials such as SiC [160] and GaN [182, 219]
are maturing rapidly, mostly due to their electronic properties. In electronic ap-
plications, as opposed to optoelectronics, indirect bandgap materials can be used
and light emission efficiency is unimportant, relaxing the constraints on material
selection [210]. However, there are another class of materials that have not been
extensively explored for device applications, which have bandgaps much larger than
the 3.4 eV of GaN.

Ultrawide-bandgap (UWBG) semiconductors are the subject of intense recent study
owing to their utility in power electronics and related device applications [210, 217].
Cubic boron nitride (c-BN), with a wide bandgap of 6.4 eV [44], has long been
of interest for electron devices and other applications owing to its competitive
mechanical, thermal, and electrical properties. c-BN has a high hardness of 30-43
GPa [83], thermal conductivity which is second only to diamond [39], excellent
oxidation resistance, and high chemical and thermal stability. In addition, c-BN
also has a high electric breakdown field of 4 MV cm™ L comparable to those of
diamond and GaN; [41] and a high predicted saturation drift velocity of 4.3 x 107

cm s~!, which is the highest of any semiconductor. These properties lead to the
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prediction of among the highest figure-of-merits (such as Johnson, Baliga, and Keyes

figures-of-merit) for high-frequency and high-power applications [41, 82, 210].

In addition to transistor-based devices using UWBGs, other device types such as
transferred-electron and valleytronic devices are of interest. For instance, diamond
exhibits a region of negative differential resistance (NDR) below room temperature
[96], enabling the realization of Gunn oscillators. [202] Further, the large intervalley
time of 300 ns [97] allows for manipulation of electrons by their valley degree of
freedom, for instance in a valleytronic transistor [203]. However, diamond has long-
standing challenges, including the difficulty to realize n-type doping [26, 71, 190]
and synthesis of high-quality thin films.

c-BN has potential to overcome some of these difficulties. c-BN can be doped both n-
and p-type [128, 204, 205, 212], has a higher oxidation temperature than diamond,
and is more thermally and chemically stable [98]. c-BN also may be useful in
conjunction with diamond in devices, as due to the small degree of lattice mismatch
between c-BN and diamond of 1.4%, heteroepitaxy can be attained between the two
[27,113,212,220]. In addition, several theoretical studies have been done that point
to the possibility of creating a two-dimensional hole gas (2DHG) [148, 215], and
NV-based quantum sensors using diamond and c-BN [191] . However, c-BN films
face various challenges in synthesis, including formation of nanocrystalline films,
growth of the hexagonal crystal structure rather than the desired cubic structure
[185], and high compressive stresses. [218] As a result, devices based on c-BN are
still rare. Most devices are limited to p — n junctions [158] fabricated from doped
or intrinsic c-BN thin films [221]. Diodes [143] and ultraviolet emitters [144] have
been realized in c-BN. In addition, deep-ultraviolet photodetectors based on c-BN
have been fabricated [18, 127, 196], which are of interest for extreme-environment

applications.

Considering that diamond thin films have been found to be promising for Gunn
oscillators and valleytronic transistors [202, 203], it is natural to consider c-BN as
well given the similarities in electronic band structure. However, experimental data
regarding the transport properties of c-BN, especially at high electric fields, are
scarce. The low-field mobility has been reported experimentally [81, 90, 156, 212],
with values varying by several orders of magnitude. The low-field mobility of c-
BN has been computed with ab-initio methods [95, 164, 186], but investigations
at higher fields are limited to Monte Carlo methods with semi-empirical inputs

[42, 195, 224]. The properties relevant for transferred-electron and valleytronic
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devices, namely the occurrence of negative differential resistance and a sufficiently

long intervalley scattering time, have not yet been assessed in c-BN.

In this chapter, we report first-principles calculations of the high-field electron
transport properties and noise characteristics of c-BN. We find a pronounced region
of negative differential resistance below 140 K. This feature occurs due to the
strong dependence of the electron scattering rates associated with optical phonon
emission. The high optical phonon energy in c-BN also leads to intervalley scattering
times rivaling those of diamond. We identify how these predictions could be
experimentally tested via a non-monotonic trend in the spectral noise current density
versus electric field. These properties suggest that c-BN is a promising contender

in novel electronics applications such as valleytronics or Gunn oscillators.

4.1 Band structure and phonon dispersion of c-BN

Cubic boron nitride (c-BN) is a ultra-wide-bandgap semiconductor (UWBG), of
recent scientific interest. The cubic form of BN has been known of since 1957
[214], and is used most commonly as an industrial abrasive due to its mechanical
properties [156]. However, as mentioned previously, the electronic properties of
c-BN are also of scientific interest, but have not been extensively probed. To start,

we investigate the band structure and phonon dispersion.

The calculated bandstructure of c-BN is shown in Fig. 4.1. The conduction band
minima are at the X points, giving three equivalent valleys in reciprocal space, while
the valence band minima is at I". We note here that the next-lowest conduction band
minimum is calculated to be 4.32 eV higher in energy than the conduction band
minimum, far higher than the electronic states occupied at the highest fields used
in this work. Thus, the assumption of only using one band is valid. In addition,
we note that the next-lowest-energy satellite valley at K is 2.44 eV higher than the

conduction band minimum as well.

We next discuss the calculated phonon dispersion of c-BN, shown in Fig. 4.2. We
first note that the longitudinal optical phonon energy at the I" point is 157 meV and
the transverse optical phonon energy is 128 meV, which are 1822 K and 1485 K
in temperature units, respectively. The calculated LO-TO split is similar to other
computed values [147, 186]. The high Debye temperature here limits scattering
events between electrons and emission of optical phonons, as the average electron

at 300 K or below does not have enough energy to emit an optical phonon.

As the masses of boron and nitrogen are not very dissimilar, the phonon bandgap
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Figure 4.1: Computed electronic band structure of c-BN, showing the two highest
lying valence bands, and two lowest lying conduction bands. The valence band
minimum is at I, while the conduction band minimum is at X, making c-BN an
indirect gap semiconductor.

is minimal. Acoustic phonons also are high energy (> 50 meV), except for small
wavevector acoustic phonons. Thus, low energy scattering is almost all intravalley,

due to the small wavevector.

4.2 Negative differential resistance

Negative differential resistance (NDR), or a decreasing drift velocity with an increase
in electric field, in semiconductors was first theoretically predicted in 1961, where
Hilsum predicted that such behavior could be observed in GaSb and GaAs [89],
and Riley and Watkins posited that Ge/Si alloys and III-V semiconductors would be
promising candidates for NDR materials [180]. When Gunn oscillations were first
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Figure 4.2: Computed phonon dispersion of c-BN. The large optical phonon energy
that limits optical phonon emission can be observed, as well as the small phonon
bandgap.

observed in GaAs and InP [76], it was then shown that NDR was the cause [114].

The most common types of materials that exhibit NDR are semiconductors with a
direct bandgap, and non-equivalent local minima with an energy separation. When
an electric field is applied, more population is scattered into higher energy satellite
valleys that have a negligible population at low fields. If these satellite valleys
have a higher effective mass (and thus lower mobility), NDR can be seen. A good
example of this phenomenon is shown in n-GaAs. At low fields, the vast majority
of electrons are in the lowest-energy I" valley. However, there are eight satellite L.
valleys, approximately 0.3 eV higher in energy than the CBM. These valleys have a
significantly larger effective mass than the I valley, and thus a lower mobility. Thus,

when the field is significant enough, the electrons have a high enough energy to be
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transferred from the I" valley to the L valleys, resulting in a decrease of the total

drift velocity in the material.

However, it is possible for a material to exhibit NDR even without non-equivalent
local minima. For instance, it was posited that NDR would be seen in n-Si (which
has six equivalent valleys) below 50 K, and it was later confirmed experimentally [9,
30, 107]. Later, NDR was observed in diamond below 140 K when the electric field
was oriented along the [100]. This was shown to be due to the strong repopulation
effect caused by hot electrons reaching the energy threshold for LA phonon emission
[96].

It can be shown via thermodynamic arguments ([178, 179]), that if a material is
biased in a NDR region, the system becomes unstable and a high-field region forms
at the cathode, necessitating a decrease in field elsewhere along the sample. Once
the high-field region reaches the anode, it disappears but the instability of the system
causes it to appear again at the cathode [172]. These oscillations in current are known
as Gunn oscillations, and Gunn diodes are mainly used to provide microwave power
in the GHz to THz range from a DC bias [76, 180], used in radio astronomy receivers
[20], and sensors and measuring instruments such as radar detectors [139]. Thus,
identifying materials with a pronounced NDR region may lead to new Gunn diode

devices.

4.3 Valleytronics

In the 1980s, it was observed that certain transport phenomena in solid-state devices
were spin-dependent [11, 103]. This observation led to the idea of spintronics:
using the intrinsic spin degree of freedom of the electron in devices [48]. Spintronic
devices have been used for applications such as information storage and processing
[21]. However, the electron spin is not the only degree of freedom that can possibly
be exploited in devices. Any local minima in the conduction band is referred to as a
valley [188]. Valleytronics is the idea of manipulating the valley degree of freedom
in a material, in order to perform operations. An ideal valleytronic material is one
with several energy-degenerate valleys [188]. In a sense, manipulating the valley
degree of freedom in order to change a material’s properties is not a new idea. For
instance, as seen in Section 3.3, applying stress to a multi-valley semiconductor
will shift the valley energies, leading to increased (or decreased) mobility along
certain directions. This phenomena has been used to increase mobility in devices

[124, 208]. However, the ability to use this degree of freedom has not been exploited
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nearly to the extent as it is in spintronic devices.

Most valleytronic devices fabricated have been two-dimensional, using materials
such as graphene or group VI transition metal dichalcogenides monolayers [188].
Frequently, these devices exploit the +K and -K points in the Brillouin zone to store
binary information. Some three-dimensional materials exhibit significant valley
polarization under an applied field (usually at cryogenic temperatures), such as dia-
mond [97] and silicon [32]. However, three-dimensional valleytronic devices have
not been studied in much depth, due to the lack of strong coupling between the
valley index and the external field (making initialization, readout, and information
manipulation more difficult) [211]. However, a three-dimensional valleytronic tran-
sistor has recently been created using diamond [203], and even a room-temperature
valleytronic transistor has been created using the Weyl semiconductor tellurium,
due to its band topology [38]. Thus, the area of three-dimensional valleytronics
is emerging, and finding materials suited for these applications is key. The most
important quantity to examine when searching for these materials is the intervalley
time, as in order for a valleytronic application to be useful, the carriers must stay in
the valley they are in for enough time for manipulation and readout to occur [211].
Computing the intervalley time and its variation with quantities such as electric field,

magnetic field, and strain enables intelligent material and application selection.

4.4 Computational details
The numerical details are as follows. A similar approach is used as in Chapter 2 and
Chapter 3, but new quantities are computed and we outline how they are computed

here. The total intervalley scattering rate Ex of a state k can be expressed as:

Bk = ) Owk(l ~ dick) (4.0)
k/

Here, 0’k = 1 if kK’ and k are in the same valley, and dyk = O if they are in different
valleys. We do not make any distinction between valleys on the same axis as the
minima in c-BN are at X, meaning such valleys are connected across the Brillouin
zone edges. There thus exist three distinct valley types: (100), (010), and (001). We

then define the average intervalley scattering time 7y as

1
Tt = ; Exfi 4.2)
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As in Chapter 3, we can compute the diffusion coeflicient from Eq. (3.14), and
for simplicity here we refer to the quantity defined in Eq. (3.14) as the diffusion
coefficient.

For all calculations, the electron-phonon matrix elements and electronic structure
are computed on a coarse 12 X 12 x 12 grid using DFPT and DFT in QuanTum
Espresso [72]. The PBE functional was used for the DFT calculations. A wave-
function energy cutoff of 80 Ryd was used for all calculations. A relaxed lattice
parameter of 3.623 A was used, which overestimates the experimental value by only
0.22% [109]. The electronic structure and electron-phonon matrix elements were
then interpolated to a fine grid using PErTURBO [223]. For all temperatures, a fine
grid of 160 x 160 x 160 was used, with a 5 meV Gaussian smearing parameter.
Increasing the grid size to 180 X 180 x 180 led to a maximum change of 3.3% in
the mobility and maximum change of 8.0% in the diffusion coefficient. An energy
window of 383 meV was used. Increasing this energy window to 437 meV led to
a maximum change of 0.16% in the mobility and maximum change of 4.0% in the
diffusion coefficient. The linear system of equations used to compute the high-field
transport properties was then solved by a Python implementation of the GMRES
method [63]. For all calculations and temperatures, the Fermi level was adjusted

=3, For all calculations of the diffusion

1

to yield a carrier density of 4 x 10!3 cm
coeflicient, a frequency of 1 GHz was used, selected so to ensure that wt™' <« 1
(where 7 is a characteristic relaxation time), while avoiding too low frequencies

which result in numerical instabilities.

4.5 Results

Low-field mobility and electric-field dependence of drift velocity

We begin by examining the dependence of the electron drift velocity and mobility
on electric field at various temperatures. We first compare our computed low-field
mobility with other reported values. At 300 K, we compute a low-field mobility
of 1860 cm?>V~!s™!. When including two-phonon scattering in the framework
described in Refs. [40, 86], the value decreases to 1136 cm?V~'s~!. ¢-BN has
an experimentally reported Hall mobility value of 825 cm?V~!s~! [212] (although
much lower values have been reported [81, 90, 156]), and previously computed
ab-initio values range from 1230 cm?Vlg! (Ref. [95]) to 1610 cm?Vlg! (Ref.
[186]). Our mobility values are thus in reasonable agreement with prior computed

and experimental values.
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We note that for the rest of this work, only one-phonon scattering is considered. We
find that adding two-phonon scattering decreases the mobility at all temperatures by
roughly 40%, and the qualitative features of the mobility and diffusion coefficient
versus electric field are generally retained. These findings are similar to those in
Refs. [40, 86]. Therefore, to reduce computational cost, we consider only one-

phonon scattering as is typically assumed.

Next, we examine the drift velocity versus electric field at 300 K in Fig. 4.3a. At
sufficiently high electric fields, we observe an anisotropy in the drift velocity despite
the cubic symmetry of the crystal, with the drift velocity in the [100] direction being
less than that in the [111] by around 4% at 3 kV cm~!. This anisotropy is present
with greater magnitude at 200 K, as seen in Fig. 4.3b. We also note that as the
temperature decreases, the onset of a discernible difference in drift velocity between
the two directions occurs at a lower field. The anisotropy arises due to differences
in the average energy of the electron distribution function between the longitudinal

and transverse valleys [32, 45], as discussed in more detail below.

At 130 K, a qualitative change in the [100] drift velocity characteristics is seen in
Fig. 4.3c as an abrupt decrease in drift velocity above ~ 500 V cm~!. The effect is
even more pronounced at 77 K, with the drift velocity dropping 25% within only 20
V cm~!. This NDR effect is well-known in semiconductors such as GaAs, forming
the basis for Gunn diodes, as outlined in Section 4.2. For these materials, NDR is
caused by intervalley scattering of electrons from the primary, high-mobility valley
at I" to a satellite valley with higher effective mass such as the L valley in GaAs.
However, this explanation is not applicable in c-BN as we calculate that the next-
lowest-energy satellite valley is 2.44 eV higher than the conduction band minimum,
as seen in Fig. 4.1. This energy is sufficiently large that it plays a negligible role in
the transport in the electric field range used in this work.

Valley repopulation and intervalley time

In diamond, NDR has been experimentally observed when the electric field is
oriented along the [100] direction, despite lacking the two-valley band structure re-
quired for the conventional NDR mechanism [96]. In this case, NDR was attributed
to the sudden onset of intervalley scattering associated with zone-edge longitudinal
acoustic phonon emission, which causes an abrupt repopulation from valleys trans-
verse to the electric field to those parallel to it [96]. This repopulation occurs only

at a high enough electric field value where the threshold for longitudinal acous-
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Figure 4.3: Computed drift velocity versus electric field at (a) 300 K, (b) 200 K, (c)
130 K, and (d) 77 K, with field applied along the [100] direction (orange line) and
[111] direction (blue line).

tic intervalley phonon emission is reached. As c-BN has a similar band structure
to diamond with six equivalent conduction band minima, we hypothesize that a
similar explanation is applicable. To test the hypothesis, we computed the energy
dependence of the electron-phonon scattering rates. The result at 77 K is shown in
Fig. 4.4. Indeed, we observe that below the optical phonon energy of ~150 meV, the
scattering rates have a relatively weak dependence on energy, while the scattering

rates abruptly increase above the optical phonon energy.

The strong energy-dependence of the scattering rates has consequences for the
relative occupation in the various valleys and ultimately the transport properties.
Below the threshold field, few electrons have sufficient energy to scatter to an
inequivalent valley, and the [100], [010], and [001] valleys react to the electric
field largely independently. In addition, owing to the lower effective mass of the
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Figure 4.4: Electron scattering rate versus energy for c-BN at 77 K. The large optical
phonon threshold can be seen at ~150 meV.

transverse valleys relative to longitudinal ones (0.36m( versus 0.95m, for transverse
and longitudinal, respectively), transverse valleys have a higher effective carrier
temperature than the longitudinal valleys at a given field, as shown in Fig. 4.5. The
effective valley temperatures are defined by computing the average energies of the
steady distributions at the given field and identifying the temperature of a Boltzmann
distribution with the same average energy. The valley temperature is a measure of
the average energy of the distribution rather than a thermodynamic temperature. As
the field increases, the transverse valleys achieve a higher steady-state temperature
owing to their lower effective mass. The higher electron temperature of the transverse
valleys also leads to the drift velocity anisotropy between [100] and [111] directions
shown in Fig. 4.3. This phenomenon is similar to what is shown schematically

in Fig. 2.2 in n-Si, but exaggerated as the mechanisms to equilibrate the valley
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populations do not exist at low electric field values.
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Figure 4.5: Valley temperature versus electric field for c-BN at 77 K with the electric
field applied in the [100] direction. The [100] type valleys are shown in blue, and
[010]+[001] type valleys are shown in orange.

At the threshold field, electrons in the transverse valleys gain enough energy to emit
optical phonons and undergo an intervalley transition to the longitudinal valleys.
This repopulation effect is shown in Fig. 4.6 at 77 K, which plots the population
of the [100] type valleys in comparison to the sum of the [010] and [001] type
valleys versus electric field, with the field applied in the [100] direction. At zero
field, all valleys have the same population. As the field increases from zero, there
is little population redistribution due to the absence of a significant intervalley
scattering by phonon emission and the weak absorption-mediated scattering at 77
K. Even at 500 V cm™!, the [100] type valleys have less than 40% of the population.
However, once the threshold field is reached (= 560 V cm™!), a redistribution to
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the [100] longitudinal valleys occurs. Because the longitudinal mass is higher than
the transverse mass, the drift velocity abruptly decreases. This repopulation effect
occurs at all temperatures when the field is applied in any cubic axis, but NDR only
manifests in the transport properties when phonon-absorption intervalley scattering
is negligible compared to emission-mediated scattering, in this case at temperatures
below around 140 K.
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Figure 4.6: Population fraction versus electric field for c-BN at 77 K with the electric
field applied in the [100] direction, for [100] type valleys (blue) and the sum of the
[010] and [001] type valleys (orange).

The high optical phonon energy in c-BN has consequences for intervalley scattering,
which must be mediated by zone-edge modes due to momentum conservation. For
sufficiently low fields, most electrons do not have sufficient energy to scatter via
an intervalley phonon emission process. Further, the high optical phonon energy

of c-BN leads to low thermal occupation even at 300 K, relative to conventional
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semiconductors like GaAs. As a result, both absorption and emission-mediated
intervalley scattering are weak in c-BN, and so the corresponding average intervalley
relaxation time is expected to be long in comparison to other semiconductors with

lower phonon energies.

InFig. 4.7, we show the intervalley time versus electric field along the [100] direction
at 77 K. At low field (=1 V cm™!), the intervalley relaxation time is calculated to
be 5.3 us. For comparison, we also computed the intervalley relaxation time in
diamond, obtaining a value of 2.4 us. c-BN thus has an intervalley relaxation
time at low fields nearly 100% larger than that of diamond. We note that the
value decreases with increasing electric field as electrons are able to emit zone-edge
phonons and scatter to other valleys. However, the relatively long intervalley time

suggests that c-BN may be promising in valleytronic applications.

Electric-field dependence of hot-electron diffusion coefficient

Experimental tests of these predictions are challenging owing to the difficulties
in preparing high-quality thin films of c-BN. We suggest an approach to mitigate
this challenge based on measurement of the current noise power spectral density
(PSD), or equivalently in the low-frequency limit, the diffusion coefficient. Due
to the long intervalley scattering time in c-BN, we expect a clear intervalley noise
contribution arising from electrons scattering between valleys with distinct effective
masses when the electric field is applied in the [100] direction. Intervalley noise
manifests in experiment as an anisotropy in the diffusion coefficient, with the value
being larger along the direction with inequivalent valleys relative to the case in which
all valleys are equivalent [84, 167]([100] valleys versus [111] valleys, respectively,
for c-BN).

More precisely, the general expression for the intervalley diffusion coefficient is
given by Eq. (3.1), and in the present case, the valley types 1 and 2 refer to longi-
tudinal and transverse valleys defined by the field direction. Thus, intervalley noise
will manifest as an increase in the [100] diffusion coefficient over the [111] diffusion
coeflicient, with the precise amount depending on the quantities in Eq. (3.1) at each
field.

In Fig. 4.8, we show the electric field dependence of the diffusion coefficient for
300 K and 77 K. At 300 K in Fig. 4.8a, we observe that the diffusion coefficient
monotonically decreases with increasing field along the [111]. This behavior is

similar to what is seen in n-Si [85], and it occurs when the scattering rates increase
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Figure 4.7: Average intervalley relaxation time versus electric field for c-BN at 77
K, with the electric field applied in the [100] direction. The intervalley time is on
the order of microseconds at low fields, rivaling that of diamond.

sufficiently strongly with increasing energy [5, 29, 43]. For the [100] direction,
however, a higher diffusion coefficient value and a non-monotonic trend with electric
field are seen. At 300 K in Fig. 4.8a, we observe that the diffusion coefficient peak
when the electric field is applied in the [100] direction leads to a non-monotonic
trend, with a peak around 2% higher than the equilibrium value. We attribute this
peak to the contribution of intervalley noise, although the magnitude of the peak

may be difficult to detect experimentally.

Figure 4.8b shows the corresponding results at 77 K. Along the [111], a non-
monotonic trend is observed despite the expected absence of intervalley noise. This
feature can be partially explained using the generalization of the Einstein relation
applied to high fields in Eq. (3.3). Figure 4.9a shows the average energy versus
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Figure 4.8: Computed electron diffusion coeflicient versus electric field at (a) 300
K and (b) 77 K, with field applied along the [100] direction (orange line) and
[111] direction (blue line). A pronounced peak in the [100] diffusion coefficient is
observed at 77 K, which is attributed to intervalley diffusion.

electric field when the field is oriented in the [111], and Fig. 4.9b shows the mobility
versus electric field. With these two quantities, we can calculate an approximation for
the high-field diffusion coefficient. This approximation versus the original computed
result is shown in Fig. 4.10. While the magnitude of the increase is greater in the
modified Einstein approximation result, and a decrease in the diffusion coefficient
is observed at ~ 700 V cm™! in the approximation, the approximation confirms an
initial increase in the diffusion coefficient. Due to a weak dependence of scattering
rates on energy below the optical phonon energy as seen in Fig. 4.4, the average
electron energy exhibits a stronger dependence on electric field than the mobility.

As a result, the diffusion coefficient initially increases with increasing field.

In the [100] direction, the peak is markedly larger compared to the [111] case,
with the peak value of the [100] diffusion coefficient at =700 V cm™! being
nearly 300% larger than the equilibrium value. The effect is much larger at 77
K compared to at 300 K. Such large peaks in the diffusion coefficient have been
observed experimentally for other materials such as GaAs [14, 70, 181] but have not
been seen in first-principles calculations [40] until now. Monte Carlo calculations
of the diffusion coefficient in diamond at 300 K have found a slight increase of the
diffusion coeflicient with electric field [159], similar to what is observed here in
c-BN at 300 K. The magnitude of the peak at low temperatures is sufficiently large

that it could easily be discerned in experiment, and its detection would support the
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Figure 4.9: (a) Average electron energy versus electric field and (b) mobility versus
field for c-BN at 77 K. For both cases, the electric field is applied in the [111].

prediction of the long intervalley time in c-BN.

4.6 Discussion

Our first-principles calculations have predicted that c-BN exhibits a region of NDR
and a long intervalley lifetime rivaling that of diamond. These properties may find
useful device applications. In materials with a pronounced NDR region, instabilities
in electric current will lead to the formation of charged domains [76], which can
be utilized in Gunn oscillators for various microwave applications. As a Gunn
oscillator has been constructed with diamond thin films [202] it is possible that such
devices could be realized in c-BN. We note that in both cases, the devices would

need to operate below room temperature.

Experimental characterization of the NDR region can also provide insight into the
role of 2ph scattering in c-BN. While in this work we have employed the 1ph level of
theory, 2ph scattering was found to reduce the predicted mobility by ~ 40%, in line
with the reduction reported for other semiconductors [52, 86, 123]. 2ph scattering
also shifts the electron distribution to lower energies at a given field, which in turn
would cause the threshold field for NDR to occur at ~ 1120 V cm™! than the 560
V cm™! at the Iph level of theory. If sufficiently pure samples were available, the
difference in threshold field should be discernible.

For valleytronics, it is essential that electrons within a valley remain there long

enough to perform the desired function [211]. For c-BN, at equilibrium, our calcu-
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Figure 4.10: (a) Average electron energy versus electric field and (b) mobility versus
field for c-BN at 77 K. For both cases, the electric field is applied in the [111].

lated intervalley time of 5.3 us at 77 K is significantly greater than the 300 ns value
for diamond, calculated from Monte Carlo simulation [97] and the value of 2.4 us
we computed. It also greatly exceeds the intervalley time of typical semiconduc-
tors; for instance, we compute the intervalley time of n-Si to only be 149 ps at the
same temperature. However, due to the strong decrease of the intervalley time with
increasing field seen in Fig. 4.7, some optimization may be required to use c-BN
in valleytronic applications. A potential route to increase the intervalley relaxation
time further is by leveraging the compressive strain present in most c-BN thin films.
Strain would break the degeneracy of the six equivalent valleys, further inhibiting

intervalley scattering and leading to an increase in intervalley relaxation time.
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4.7 Summary

Cubic boron nitride (c-BN) is a novel ultra-wide-bandgap semiconductor with tech-
nological promise due to its predicted high breakdown field and saturation drift
velocity, but has not been investigated in depth away from equilibrium with ab-initio
methods or in experiments. We have computed the high-field transport properties
and diffusion coefficient of c-BN from first-principles from 77 — 300 K. We find
that below 140 K, c-BN exhibits a region of negative differential resistance arising
from the strong energy dependence of the scattering rates around the optical phonon
energy, indicating the potential of c-BN in transferred-electron devices. The high
optical phonon energy in conjunction with c-BN’s anisotropic band structure also
leads to a calculated intervalley time comparable to that of diamond, suggesting that

c-BN could be a promising material for valleytronic applications.

We also show that our predictions can be tested by identifying a non-monotonic
trend of the diffusion coefficient versus electric field. Our work highlights the po-
tential electron device applications of c-BN beyond conventional power electronics,
and stimulates further experimental investigation into the synthesis and electrical
transport properties of c-BN thin films by suggesting techniques to confirm our

computations and to ameliorate the potential obstacles in using c-BN in devices.
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Chapter 5

CONCLUSION AND OUTLOOK

This thesis has focused on using first-principles methods to investigate high-field
transport and noise properties in semiconductors. In Chapter 1, we introduced
the theoretical background of the problem of the electron-phonon interaction, and
outlined the computational approach we use to obtain the electron-phonon matrix
elements utilized in our BTE solver. In addition, we gave a short summary of
hot-electron noise, and the advantages of an ab-initio approach to solve for both

transport and fluctuational observables.

In Chapter 2, we introduced the widely utilized semiconductor n-Si, and its band
structure and phonon dispersion. We then went in depth of how, starting with
the Boltzmann transport equation for a spatially homogeneous and nondegenerate
electron gas, we can solve a linear system in order to obtain high-field transport
properties like the drift velocity. In order to provide an intermediate observable
to characterize the heating of the electron gas, between the linear response of the
low-field mobility and the high-field drift velocity, we introduce the warm electron
tensor or 5. We found that the qualitative features of the dependence of S on electric
field orientation are described correctly at the normal one-phonon level of theory,
but that the magnitude of g is overestimated by over 100% over a wide range of
temperatures. To address this, we investigated the effect of including the next-
to-leading order term in the electron-phonon perturbative expansion, by including
one-electron-two-phonon (2ph) scattering. We find that including 2ph scattering
causes near-quantitative agreement with experimental values of 5, showing that 2ph

is important even in nonpolar semiconductors.

In Chapter 3, we continued our study of n-Si, by investigating the hot-electron
diffusion coefficient. To do this, we showed how we are able to solve for fluctuational
observables using the BTE, in a similar manner to how we solved for transport
properties. We found that while we correctly predicted the qualitative features of
the diffusion coefficient anisotropy, such as the sign of the anisotropy at high fields,
we predicted a much smaller intervalley noise contribution than in experiments, and
this contribution also manifested at much larger fields than in experiments. The most

obvious explanation for this discrepancy between computation and experiment is an
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incorrect description of f-type scattering. However, by investigating the frequency
dependence of the diffusion coefficient and the piezoresistivity, we showed that the
good qualitative agreement of these quantities with experiment excluded the idea of
f-type scattering being overestimated in our computation. Instead, we suggested
that the measured diffusion coefficient may be influenced by real-space gradients
and space charge effects, not included in our electron-phonon scattering description.
Our work shows the care that must be taken when attempting to explain experimental

diffusion measurements with microscopic charge transport processes.

In Chapter 4, we applied the approach to solve for high-field transport properties
outlined in Chapter 2 and the approach to calculate high-field diffusion coefficients
outlined in Chapter 3 to the novel ultra-wide bandgap semiconductor, cubic boron
nitride (c-BN). While ¢c-BN is known for its excellent mechanical and thermal
properties, past studies have indicated it has excellent electronic properties such as an
extremely high breakdown field and saturation drift velocity. While these properties
in theory make c-BN an excellent candidate for usage in high-power and high-
frequency devices, very few experimental or theoretical studies have been conducted
on the electronic properties of c-BN away from low field. We found that c-BN
exhibits a distinct NDR region below 140 K, through an unusual mechanism where
when electrons reach the high optical phonon energy threshold, they repopulate from
high- to low-energy valleys. A second consequence of this high optical phonon
energy is the extremely high intervalley time at low electric fields, comparable
to diamond. The NDR region and large intervalley time indicate that c-BN is a
promising candidate for transferred-electron and valleytronic devices, respectively.
Our work shows the potential of c-BN beyond the usually suggested high-power
and high-frequency applications, stimulating further theoretical and experimental

investigation into this novel semiconductor.

Future Work
Here, we discuss some possible new avenues of investigation that are motivated by

our findings.

Inclusion of full electron-two-phonon interaction

We noted in Section 2.4 that we only included two-phonon events consisting of
consecutive one-phonon events, mediated by an intermediate state, and not the two-

phonon scattering corresponding to an electron simultaneously interacting with two
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phonons. The first type of two-phonon scattering corresponds to the first derivative
with respect to the interatomic potential, taken to second order in perturbation theory,
while the second corresponds to the second-order derivative of the interatomic
potential. While these two types of 2ph scattering have been shown to cancel in the
limit of long-wavelength acoustic phonons, it is unclear about the full extent of this
cancellation and the effect of it on transport properties. A further investigation of

the full electron-two-phonon interaction would aid understanding of this.

Investigating transport properties and noise in 2D materials

A similar approach to what is outlined in Section 2.3 has been used to calculate the
transport properties away from equilibrium [137] and the ultrafast dynamics [209] of
graphene, as well as the low-field transport properties of large-angle twisted bilayer
graphene [68]. However, the electronic properties of very few two-dimensional
materials have been investigated using first-principles, and the noise properties
have not been reported for any material using a fully ab-initio method. However,
in principle there are very few impediments to using the approach outlined in
Section 2.3 and Section 3.4 for two-dimensional materials, and our group has begun
to compute high-field noise properties in MoS,. As most valleytronic materials
are two-dimensional [188], using this computational approach would help identify
promising materials for this type of application, as the intervalley time can be
directly predicted. In addition, more understanding of the noise properties for two-
dimensional materials could be gained by computing fluctuational observables from

first-principles.

Inclusion of length-dependence in the BTE framework

In this work, length-dependence was neglected, and the BTE was solved solely in
momentum space — in principle, for an infinite sample bar. However, in order to
work towards using computational tools to be predictive of phenomena in devices,
it is imperative to take into account length-dependence, as we expect important
length-dependent changes in the noise at frequencies wt,, < 1, where 7, is the
relaxation time corresponding to the process responsible for the noise source [84].
For instance, it has been found that intervalley noise can be suppressed by changing
the length of the sample [14]. Incorporating some degree of length dependence
from first-principles (for instance, confinement in one dimension) would give a

more mechanistic understanding of noise processes in devices.
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Incorporating ab-initio ionized-impurity scattering

In this work, only scattering between electrons and phonons were considered, and
when ionized-impurity scattering was briefly introduced in Section 3.6, it was
only the simple Brooks-Herring formula due to ease of implementation [131]. It
has been shown that in multivalley semiconductors with anisotropic bands, the
Brooks-Herring treatment of impurity scattering is insufficient and leads to an
order-of-magnitude discrepancy in ionized-impurity-limited mobility values [65].
However, approaches to include ionized-impurity scattering [125] and electron-
defect scattering [ 133] first-principles have been reported recently, and the low-field
mobility for basic semiconductors have been computed. A significant amount
of ionized-impurity scattering would cause valley depolarization in valleytronic
materials [96], and an accurate description of ionized-impurity scatering is crucial
at low temperatures to compute high-field transport properties. An improvement
on our work would be to be the first to include both electron-phonon and ionized-
impurity scattering away from low fields, and to accurately predict the effect of

impurity concentration on quantities such as the intervalley time.

Investigating transferred-electron devices and intervalley time using c-BN

In Chapter 4, we showed how our computations predicted a NDR region and large
intervalley time in c-BN, which are indicators of good suitability in transferred-
electron devices and valleytronic applications, respectively. However, very few
experimental measurements have been made of the electronic properties of c-BN
away from equilibrium, limited to voltage versus current at small voltage values [12].
With recent improvements in synthesis of thin films of c-BN, more measurements at
different temperatures can be recorded. Importantly, it should be straightforward to
test the hypothesis in Chapter 4 of the NDR region below 140 degrees. While directly
observing the intervalley time is more complicated, using the noise characteristics at
low temperature as a proxy for this as suggested in Section 4.5 should be attainable,
using (for instance) the time-of-flight method. In order to progress to novel devices

using c-BN, these properties must be confirmed first.
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