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I. SYNOPSIS 

A stud;y of the v E, ria tion in the f a ctors ie ading to solution of 

a rch dams, including tho effect of a butment yield upon these fac­

tors, is herein presented. 

Since a canvass of the entire range of variables ao encoun­

tered in the a ctual practice of a rch daill design is essential to 

t he ultimate determination as to the range in ·which a butment 

yield cannot be i gnored in determining arch dam stresses, a 

graphical explora tion was found to be expedient. 

Of necessity, a very definite type of arch was inv~stigated 

under s pecial end conditions. 1.rhese conditions had been care­

fully enumerated under 11 Assumptions~' However, an attempt was 

made to employ such particular end conditions that the actual 

ma thema tical values of the stress factors as charted can be util­

ized in designs in which the simila.r_i ty of end conditions causes 

an error permissa ble iH a:egr-ee ·by the degree of uncertainty of 

the known variables. The computer should determine for himself 

the amount of error resulting from a change in the assumptions as, 

herein,specified before he uses the charts extensively. 

Regardless of the range of validity of the actual mathematical 

values of thtl charts, the range in which the so-called "factor of 

ignorance 11 cannot assimila,te the difference in stresses between 
is 

fixed and yielding abutments, a:1& definitely traced through a com-

parison of the I3$ress factor charts for fixed and yielding abut­

ments. ]1or this reason, a graph of the factors for the fixed 

abutment (which has appeared, in part, in a paper presented by 



B. F. Jacobson.) has been included. It is felt t hat a reasonable 

change in the type of arch, waterload or the other assumptions
1 

will, after a few isolated trials by the mathematical method, 

prove to the computer that the charts presented herein satisfac­

torally map for him, in general, the ranges in which he cannot 

ignore abutment yield. 



II. INTRODUCTION 

Some admirable work on the rather matharnatically complex phenom­

ena of arch dam stresses which include the effect of abutment 

yield has been done by Dr. F. Vogt. Unfortunately, however, the 

computations involved in the stress calculations which include 

this bothersome abutment yield, as presented by Dr. Vogt, · are so 

laborious that they preclude their inclusion in the ordinary dam 

design. However, B. F. Jacobson and Dr. F. Vogt have demonstrated 

by means of several isolated examples that abutment yield cannot 

be ignored in the case of relatively thick archea. A clear defin­

ition as to what constitutes a thick arch in the ca.se of abutment 

yield investigation was not presented or could not possibly be pre­

sented with the meager canvass they had obviously taken. The ne­

cessary field of investigation was thus clearly outlined for a 

complete appreciation of the affect of abutment yield might be 

consumated. This investigation is undertaken herein, modified 

by the following basic conditions and assumptions. Again, these 

condit~ons and assumptions were choseB keeping in mind the de­

sireability of extending the range of validity of the results 

obtained as far as possible. 

Conditions and Assumptions 

(1) A constant thickness arch is studied. This is done be­

cause of the present wide application of arches of 

this type. 

(2) Uniform waterload is assumed. A small variation in 

the symmetry of p should not greatly effect the 

resulting arch stress, so that if the crown value 

of p is used, e,j a fair degree of safety and app11ox-
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i mation is probably obtained. 

(3) The modulus of elasticity of the foundation is taken as e­

qual to t hat of concrete. This is supported by the facts 

that an arch dam should not be constructed in a locality 

in which this is not at least approximately true, and 

secondly, fairly large va riations in the values of the 

elasticity moduli do not grea tly affect these stresses. 

(4) The plane of the a outment is considered normal to the arch 

ring. This end condition is, of course, desireable where 

possible, in arch dam aesign; but in any case, a reason­

able change from the normal, will not affect the stresses 

greatly. 

(5) Poisson's ratio was taken as 1/8. Great accuracy is not 

required here because examination of several isolated per­

tinent examples revealed tha t variation in Poisson's ratio 

from 1/6 to 1/10 hardly affected the result. 

(6) Two values of the rat io of loaded surface to a rch thickness 

(which ratio is pertinent to the ~ield equations, as dis­

closed later) are examined and charted. Straight line in­

terpolation is possible for values lying between the chosen 

t~o. 

4 . 



III. DEVELOPEMENT OF EQUATIONS 

(1.) The following diagrams are as perDr. Vogt, except that the 

symbols have been altered to suit the convenience of the ensuing 

application. 

~ 

t T 
l 

p-=--E 

r-
1 

_ _J_ 

Dr. Vogt has arrived at the following approximate formulae for the 

average displacement and rotation of the loaded part of the surfaces, 

for values of h' varying from t to 30t. 

U= m2-l - -N 
X ~ m, X [f ·t 

V= rni.-:::. 1 
X s X v¥h' mi Et·t 

A~= ..fil. X m
2

-
1 x__tl_ X 

1r m1. Et· P I t o.zsi. 
h' 

In which, 

1 
1 + t . 1 t 

h' 
t-(m-2Xmt-l)x_S_ X 1 

mz L·t I t 1.1.± 
~ h' 

N=P· sin ct= normal force per urii t length, 

S= :P • oosd= shear 

M=P• t-cosCC=moment 

fl II fl 

n 

" 

" II 
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1. {cont.) 

or, in more simpler terms, 

whe re ·he va lues of the three varia bles is obvious a fter comparisom 

of these egua tions with the previous ones. 

2. The arch slice represented below,reveals the following rela tions; 

Where, 
t = uniform r a dial thickness of a rch, in feet; 

r =radius of the center line, in feet; 

ro=ra dius of the nuetra l line,in feet; 



re = radius of extra.dos, in feet; 

~ =radius of intrados, in feet; 

Pe = normal radial pressure, in pounds per siuare foot, on the 

extrados 

~ = angle wi.th radius of crown 

t, =one halfethe central angle 

EA= modulus of elasticity of the arch 

Ef= modulus of elasticity of the foundation 

Xlf1= additional crown force, applied normal · to orown radiuspnecessary 
-

to bring crown section back to center 

M = moment at any section 

N = thrust at any section 

S = shear at any section 

Am= distance from arch center along crown radius at which it is 

necessary to locate X~in order to eliminate crown rotation 

M, =moment at abutment 

N, = thrust at abutment 

.S, = shear at abutment 

then, referred to the center of gravity,the 

M.=~ [Af - ro·co5t, - (· cosq>.] + Pefe·C 

N,= ~- cosq, + R,~ 

or, referred to the nuetral axis; 

7. 



3 Evaluation of the factors A and Af 

(a) For the arch with fixed abutments, the value of A is found by 

means of; 

which gives, 
A-::. rn . s-in ~. 

~I 

since 

0 

( b) For the arch with yielding abutments, the condition r CXA t-C(f = 0 
</>, 

governs (from geometrical symmetry), where; 
0 

o(A :;; angular deflection of the arch = l M 1n • cl~ 
1>, EA· I 

o<, = angular deflection of the abutments = J.\~:-t• t- "\ i:t 

or, putting in the values of M, M, ,S,, and using the relations 

X= Pefe and xf ~re 
K Kf 

we get; 

or, .since EA=Ef and; integrateing; 

12. r;; (A~~. - rosin~.) + ~(Af- r~os~, + c) + 1t- sin$ == o 
~t~ t~ t t: Kt 

factering out & , v we obtain; 
t 

(12.(~)1:-sin~, -~)-sin~. - Jt(~ Kf - ~ cos¢,) 
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(4) EVALUAT ION OF THE FACTORS K • AND K{ 

Le tting 6X de note the def ormi:i ti on of the fountdation and 

a rch in a direction no rma l t o the crovn r adius, and positive 

in va lue for deform a t ions toward s the cent er; 

then: (a) For the a rch fixed a t tm abutments: 

(OM O '/. 

11x. = l EA l r;,~ (cost- cos4,) J 'P + ( I,'/_ 5, ~ Sin "'-d<P - }o lL . r,: . (051h . dm 
'P · lp Gt \ \ Et n i T 

:Pla cing AX .::: 0 i repla cing lvl, S 'and N by th eir va 'fies 

in terms and X; and fi nally, using the v a lue of ~ = 2.4 

we may integr a te and obt ain, 

which, when solving for X, gives; 

or, in shorter terms, 

x= Pel'e 'where the value of K is obvious by com:parisom 

K 
For use later, in the solution of Kf,the following relations are 

obtained, by putting in the value of A= rn ~ ~. 
then; 

whe re, t(t,q>.) h D,s grouped the following varibles; . 

- 12(~Y(sin~, - ~ - si~ZP,) + ~ (1.94~. - 0.47 sin 2(R) 
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(b ) For the arch with yielding foundations, the identical geometrical 

end conditions(of no crown movement no r mal t o the crown radius) 

exist. Also, it is to be noted that x· becomes Xf and, A 

becomes Af 

(1 ) For the arch,with f ixed abutments; 

now , r eplacing A and X by Af and Xf respectively, and also ,putting 

in the value of t(t,¢~ as just found, 

(which equall:l (~ )-K· sin~. - 12. (~ )3 si;;• ( ~.- ~inq,) ) 

we get; ( )1. A . (r;:) K • th 
w.A = - pere (ln )sin~. i- p~ · 12 !i • ~ ( <\>. - Sin~.) + Pe re t -K .s,n 1• 

t Kt t t t 

- eere ·\2.{~r ~. c 1, - sin~.) 
Kf t ~l 

in which we have placed Xf = Pe~ 
Kt 

C2) For the fow1dation, 

From an algebraic summation of the componmnt s of t he def lecti ons 

in the foundations (components to be in the direction normal to 

the crown radius) 

we get; 
I . 

/lXf = a [ S, • sinf, - N,· co.s 1.] + ,-lt ·)in~. 

+ ~ ~·, t- 11. { ] [ r;, ( I - co~<\,.) - c-co:1>,] 
,, 

or, putting in the values of S,,M,
1 

and N1 and reducing as far 

as possible, 

~xf = !· Pc1e [-kf- cos1,] + ' [ ~f(~- ~ cos~.) .sin~. + t-sin~] Pele 

+J.l &.!! (~tt -{ cos1)(~t., -f cos~.) +){•t. Pele(1-\coscp.) 
t<f t 

+ 1\~ sin t. (~-¥cos~,) 

\0 



Combining the deflections of the arch and the foundations, and im­

posing the geometrical end condition as heretofore mentioned, 

which gives; 
- r;, sin¢, +-bi. IZ (r,; )\.&(q,,- Sin~.) - K, • 12.ft~)3 Si1¢.(~. -stn~.l 

t l"\f t t f 
I 

+ ~Ji) 5 in q>, • K t j- kf - J Co.s ~. r k/lsln ~, (~f_ ... f cos 4) 

+ 11_sin~.- i 1- k){( ~L f cos ~.)(~-f cost) Tfl·\·C~- ~ cos~.) 

+ k;i·sin~,(!½ - t coscp,') = 0 

or, upon solving for ,, and reducing as far as possible, t he ultimate 

stress factor,involving foundation yield,is obtained. 

11IS)1·(4>1-sin¢,)(~f-:rs.i_oj,) +-f-sin~.-K + j t 11__sini(~f-tcost.) 
,t q>, 

+){( ~f - ~ cosf.)(~ - ~cos~.) + 'l\ sin~.(.~-{ co~~.) 
Kf~-----~---------------

(~) S\n~, -t- leos ~. - 11-sin~. -1 - J,t-1 -C~ - ~co~<\>,) 

v t() 
/ 

M, T , and S are found directly To reiterate,Xf= Pere . 

X 
Kf 

from , as shown before. 

The value of l'Sfwas laboriously computed for - t wo ratios of .!L 
t 

the results of which are presented graphicallyin order to 

facilitate interpolation.' 

j 



IV. GRAPHICAL TABULATION 
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