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The problem of the theoretical discussion of the properties of many-
electron atoms and ions is a troublesome one, for it involves in every
case a decision as to the extent to which rigor and accuracy are to be sacri-
ficed to convenience. An accurate treatment of some properties of light
atoms can be carried through. Thus Hylleraas?) has evaluated the energy
of normal helium with great accuracy, and of other states with somewhat
less accuracy, and the calculation of the polarizability of helium has also
been reported?). But the methods used cannot be extended to heavy
atoms because of the labor involved. The Thomas-Fermi3) atom is so
simplified that it often does not give sufficient accuracy. Hartree’s
theory of the selfconsistent field*) gives the best values we have for
electron distributions in heavy atoms; but this treatment is also very
laborious, so that in the four years which have elapsed since it was
originated only a few atoms have been treated, and, moreover, the
discussion of every new property requires carrying out numerical or
graphical calculations.

Moseley?),in his paper on the high-frequency spectra of the elements,
expressed the frequencies of the K-lines which he had measured by the
approximate equation

3 1 1
v:ZR(Zhl)zz(Z—1)2R<F—Q~2A>.
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3) L. H. Thomas, Pr. Cambridge Phil. Soc. 23, 542. 1927; E. Fermi, Z.
Physik 48, 73. 1928.
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In this equation, closely resembling the equation giving the frequencies
of spectral lines of hydrogen-like atoms, the presence in the atom of
electrons other than the emitting electron is taken into account by the
use of a screening constant, here given the value 1. In further developing
the theory of X-ray spectra Sommerfeld made continued use of the
same procedure. He showed that the separations of the spin doublets
were very well represented by his relativistic fine-structure equation
for hydrogen-like atoms when suitable screening constants o,, independent
of the atomic number, were introduced, and also pointed out that the -
main energy term could be similarly expressed, although the correspond-
ing screening constants are not independent of the atomic number. A si-
milar procedure was applied in the optical region with great success by
Millikan and Bowen in their study of stripped atom spectra.

The simplicity of the calculation of the value of a physical property
of a many-electron atom by this method is a strong argument in its favor.
The theoretical discussion of most atomic phenomena is usually carried
through first for hydrogen-like atoms, and often it is very difficult to
extend the equationsrigorously to atoms containing more than one electron.
It would be pleasant if we could construct a single set of screening con-
stants which on introduction in the appropriate hydrogen-like equation
would deliver approximately correct values for any physical property
of a many-electron atom. This possibility was eliminated, however,
by Sommerfeld’s early discovery!) that different screening constants
must be used for different properties.

Five years ago one of us developed an approximate method for cal-
culating screening constants, which was found to give values of the spin-
doublet screening constant o, in quite good agreement with those observed?).
This led to the application of the same treatment in the discussion of
other physical properties, the mole refraction, diamagnetic susceptibility,
and sizes of a large number of atoms and ions®). It was found that the
calculated screening constants for K and L electrons agreed well with
experiment, but that for the succeeding shells there were increasingly
large discrepancies arising from the approximations introduced in the
theory. Of much greater importance than the calculation of individual
sereening constants was the discovery of a simple relation among the
screening constants for various physical properties. This
makes possible the construction of a single set of standard screening con-

1) A. Sommertfeld, Ann. Physik 51, 125. 1946.
2) Linus Pauling, Z. Physik 40, 344. 1926.
3) Linus Pauling, Pr. Roy. Soc. (A) 114, 181. 1927.
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stants, from which there can be easily obtained screening constants suit-
able for the discussion of any physical property of a large class, namely,
those properties dependent mainly on the behaviour of the electrons
in the outer parts of their orbits. In the following sections there is
described such a standard set, obtained partially from theory, but mainly
from empirical mole-refraction values and X-ray term values. It is
shown that these constants lead to the complete interpretation of X-ray
term values and optical ionization potentials. It is also found empirically
that screening constants for an electron in a penetrating orbit are
independent of the atomic number Z only as long as Z is so small as not
to produce a large spin-relativity perturbation of the orbits of the electrons
in the penetrated shells. The subsequent increase in their values is ex-
plained as resulting from the spin-relativity perturbation. In illustration
of the use of the screening constants, a complete set of F-values, atomic
scattering factors for X-rays, for atoms and ions is calculated with
their aid.

There has recently been a recrudescence of interest in screening
constants. Guillemin, Zener, and Eckart?!) have applied variation
methods to the wave equation to obtain approximate eigenfunctions for
light atoms, in which screening constants occur as parameters, and
Slater?) has suggested an empirical set of screening constants to be used
in calculating various physical properties.

The Derivation of the Screening Constants.

The first set of screening constants was obtained from the discussion
of the motion of an electron in the field of the nucleus and its surrounding
electron shells, idealized as electrical charges uniformly distributed over
spherical surfaces of suitably chosen radii. This idealization of electron
shells was first used by Schrodinger?), and later by Heisenberg?)
and Unso6ld®), who pointed out that it is justified to a considerable
extent by the quantum mechanics. The radius of a shell of electrons
with principal quantum number n, is taken as

1) V. Guillemin and C. Zener, Z. Physik 61, 199. 1930; C. Zener, Physic.
Rev. 36, 50. 1930; C. Eckart, ibid. 36, 878. 1930.

2) J. C. Slater, ibid. 36, 57. 1930.

3) E. Schrodinger, Z. Physik 4, 347. 1921.
4) W. Heisenberg, Z. Physik 39, 499. 1926.
5) A. Unsold, Ann. Physik 82, 355. 1927.
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= frewede=p, o 0
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According to the old quantum theory, the orbit of an electron moving
in such a field consists of a number of elliptical segments. HEach segment
can be characterized by a segmentary quantum number n,, in addition
to the azimuthal quantum number £, which is the same for all segments.
In all cases it is found that about half of the entire orbit lies in the outer-
most (;th) region.

Now many physical properties depend mainly on the behaviour of
the electron in the outer part of its orbit. As an example we may mention
the mole refraction or polarizability of an atom, which arises from de-
formation of the orbit in an external field. This deformation is greatest
where the ratio of external field strength to atomic field strength is
greatest; that is, in the outer part of the orbit. Let us consider such a
property which for hydrogen-like atoms is found to vary with n”Z—*. Then a
screening constant for this property would be such that

const. nf Z~% = const. n* (Z— 8)-.

Zz‘l)
Z

in which D;, which is called the unit screening defect for an electron
in the #th shell, is given by the equation

It was found on expansion in powers of —* °, neglecting all terms beyond

the first, that

Di= (Bt (+pyesmu—p @
with L& cos = L
7&2
and s s ]
p Vini

From equation 3 it is seen that the total screening defect, that is,
the difference between the number of screening electrons (those with
principal quantum number equal to or less than that of the electron under

; . : . : #
consideration) and the screening constant, is proportional to 'L For

1) 2; is the number of electrons in the ¢ shell.
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example, for a 1s electron screened by another 1s electron D, is equal

2 e 2
t00.406. Now the energy of a penetrating electron is Rk b Eh(Z—5z) 5
: n; n?

so that Sy is given by equation (3) with % =1. Hence Sy for a 1s electron is
0.594. The mole refraction is dependent essentially on %8/Z% so that
%: 3/2, and S, = 0.394. The value of 7, that is, the size of the orbit,

varies with n2/Z, so that .S, the size screening constant, is equal to 0.188.
This shows how great the range of variation of screening constants for
various properties is. It is probable that the relation found among the
various screening constants holds with considerable accuracy even
when the expression found for D; is no longer accurate.

In the previous publication it was shown that the calculated screen-
ing constants for K and L electrons are in good agreement with the ob-
served mole refraction values for helium and neon, so that in these cases
the theory may be accepted as accurate. This result is not surprising.
The idealization of electron shells as spherical surface charges is a reason-
ably good one for the inner electrons, as can be seen from their electron
distribution functions, and the quantization of the orbit of the penetrating
electron by the rules of the old quantum theory with the substitution of
J 1 (I 4+ 1) in place of the azimuthal quantum number % is also expected
to give results closely approximating those which would be obtained
from the quantum mechanics. For M, N, and O electrons the calculated
screening constants are found on comparison with experiment to be
too small, the error increasing in this order. This probably is due largely
to the fact that the spherical-shell model is too strongly idealized for the
outer electrons, whose distribution function does not show the rather sharp
maximum of the inner shells. Accordingly for these electrons recourse
must be made to empirical screening constants in constructing a standard
set. The procedure followed is described in the next section.

The Screening Constants and their Use.

X . . ' gpn.
In fig. 1 and table I there are given size screening constants (with )

in equation 3 equal to 2) for all electrons in all neutral atoms. For K
and L electrons the values given are the theoretical ones!). For M. N,
and O electrons in atoms with rare-gas configurations the values given
are those obtained from the measured mole refraction of argon, krypton,

1) A small numerical error in the values for 2s is corrected.
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Size Screening Constants?).

Table 1.

1s| 2s 2p

3s 3p 3d

4s 4p 4d 4f

5s

5p

5d

6s 6p 6d

7s

Lt
Ne
CAl
Ar

Sc
Zn

Rn

[

11

80
81
86
87
89
92

0.19
1.25

2.50
3.10 4.57

0.19|3.10 4.57

6.6
8.7
9.4 10.9

9.4 10.9

14.7
10.9 13.2 17.7

10.9 13.2 17.7

13.4
13.9

24.4
24.2 26.6

24.2 26.6
31.8
25.6 28.4 34.0

25.6 28.4 34.0
43.0
29.4 32.8 39.6 49.8

29.4 32.8 39.6 49.8

30.4
30.8
31.3
37.0
38.8
38.8

47.8
50

50

39.4
41.8

41.8

51.4

54

54

48.6

59
62

62

47
47.4
48

|

RO =

81.0
68 73 82

82.4

and xenon with the use of the calculated s-p separations, as described
in the previous paper?). These values are extrapolated to smaller values
of Z, for incomplete 8-shells, with the aid of the theoretical values. For
3s, 3p, and 3d in completed 18-shells the values obtained from the mole
refraction of Zn++ with the calculated separations are retained. For
4s, 4p, 4d and bs, 5p, 5d in 18-shells it was found from X-ray term

(4.57—2.50) = 2.91.

1) Screening constants for an atom not included in the table are to be obtained
by linear interpolation. Thus S, for a 2p electron for C, Z =6, is 2.50 + !

2) See note 3, p. 2.
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Table Ia.
Electron Configurations of Atoms.

1s|2s|2p|3s|3p| 3d |4s|dp| 4d | 4f |5s|6bp| 5d |6s|6p|6d|Ts
H 111
He 212
Li 3 1
B 5 2|1
Ne | 10 2|6
Na | 11 1
Al |13 2 (1
Ar 18 216
K 19 2|6 1
Ca | 20 2|6 2
Sc | 21 26| 1|2
Zn | 30 26|10 |2
Ga | 31 2 (1
Kr | 36 2|6
Rb | 37 216 1
Sr 38 216 2
Y 39 216 4 2
Cd | 48 21610 2
In | 49 216110 2 (1
Xe | 54 21610 216
Cs 55 216|10 216 1
Ba | 56 21610 216 2
La | 57 21610 26| 1|2
Ce | 58 26|10 1(2]|6] 1|2
Lu 1 216|410 |14 [ 2|6 112
Hg | 80 26102
T | 81 211
Bn | 86 216
— 87 216 1
Ra | 88 216 2
Ac 89 216 (12
U |92]2(2|6|2|6|10|2|6|10 |14 |2|6|10|2|6]|4 |2

values (next section) that the calculated separations were somewhat too
small, and so revised values are used, which, however, are in pretty good
agreement with the observed mole refractions of 18-shell ions. The values
given for 4s, 49, 4d, and 4f in the completed shell are from X-ray term
values, while those for 6s, 6p, 6d, and 7s are estimated. The electron
configurations assumed (which differ slightly in some cases from those
for the normal states of the neutral atoms) are given in table Ia.
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The screening constants for neutral atoms are constant so long as
no additional screening electrons are introduced, as is strikingly shown
by the energy screening constant for X-ray term values. But this con-

{tli
o s
Ss 60
A o
- %
s5d
60—
5P
58
50— v
4o~ !
20+ 3d
4
35
101+
25 174
l I | | | | { 1 75
0 10 20 J0 40 50 60 70 80 30

Fig. 1. Size screening constants Sg as functions of the atomic number Z.

stancy results in part from contributions of external electrons. It was
found in the discussion of mole refraction of 8-shell atoms and ions that
in an iso-electronic sequence the screening constant is in general a function
of the atomic number, so that it can be written

» S=8,—(Z—Zy)A8 (5)
in which S, is the value for the neutral atom with this configuration

(and the atomic number Z,), and A4S has the values given in table 11
(for the size screening constant). This expression is to be

Table II.
The Size Screening Constant Correction for Lons.

Ton-type | Shell | 7z, | Ton-type | 7, | Shell |
Ne b 10 0.00 [
Ar M 18 0.07 Cu™t 28 M i 0.07
Kr N | 36 0.25 Ag+ 46 | N | 0.30
Xe 0 .| 54 0.50 dut | 78 | O 0.60
Rn P | 8 | 060 {
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used in obtaining screening constants for the outer electrons in ions. It
is evident that it cannot hold when Z—Z, becomes very large, but is
probably valid for actually occurring ions.

From this set of standard size screening constants it is possible to
obtain screening constants for any atom or ion for any property dependent
mainly on the behaviour of the electrons in the outer parts of their orbits.
The constants can probably be trusted to be accurate to within about
109, of the quantum defect, for example, S, values for M. levels to within
+ 1. In case that empirical data are available for some atoms or ions of
a sequence it is well to use them to correct the screening constants.

Tonization Potentials and X-ray Term Values.

The energy of removal of an electron from an atom can be expressed
in two ways by means of screening constants, either by taking the differ-

n _ Q) n—1 Qe
ence of Z & ngsi)— for the neutral atom and Z(Z nQSL)- for the ion,
i=1 g i

(Z—Sg)
nz

=1 ¢
or by simply writing I = >~ . The first of these methods, involving

more arbitrary parameters, can be made more accurate, and, indeed,
it seems in general to provide somewhat better values for the energy of
removal of outer electrons than the second method. The two treatments
give the same result for inner electrons, and for outer electrons in highly
charged ions, in which cases the energy of rearrangement of the remaining
electrons is negligible.

The energy of removal of an outer electron in a penetrating orbit is
found with our treatment to be
(Z —8Sg)?

T
n?

(6)
in Rydberg units of 13.53 Volt-electrons, in which S, is given by equation 3
with % = 1. In table III there are given the experimental values of S,

for the removal of L electrons for various electron configurations of the
atoms from L7 to S7, together with the calculated values of S;. Values
of Z—Sg are also plotted in figure 2. It is seen that in almost every
sequence the empirical values approach the theoretical one asymptotically.
This is strikingly shown by the six lithium-like ions and the five neon-like
ions. Furthermore, for initial configurations with from one to five L elec-
trons the empirical values are all in good agreement with the theoretical Mo-
seley straight lines, but for more electrons there is pronounced deviation
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Table III.
Values of the Energy Screening Constant S, from Ionization
Potentials.

Type of Atom lg‘qlf%ogfgec

Tonization Li | Be | B| ¢ | N | 0 | F|Ne|Na|Mg| 4] si| o Se
2s from 1s22s 1.740(1.684(1.658(1.644(1.637|1.633 1.626
2s from 12 2s2 2.323|2.327|2.334 2.319
2p from 1s22s22p 3.43 [3.32 |3.26 (3.23 3.244
2p from 152 2% 2p2 4.17 |4.04 (3.97 3.952
2p from 152252 2p3 4.93 4.78 4.660
2p from 152 2% 2p* 6.00 15.91 5.368
2p from 152 252 2p° 6.76(6.52 6.076
29 from 152 252 2 7.48(7.27|7.10(7.006.92| 6.784

except for large Z. This deviation is to be attributed to the effect of the
resultant spin as determined by Pauli’s principle; when one electron is
removed from a configuration with more than five L electrons, the mul-
tiplicity is increased instead of decreased.

3
4]

7|

<y,

=

[
T

L . ! | ! 1 L | !
4 4 5 6 |7 )]9 JJ 70 71 72 73 74 75
Li Be 8 A V4 g FooNe M Mg A SE

Fig. 2. Moseley diagrams for the energy of removal of an outer 2s or 2 p electron.
The straight lines give the theoretical values for large Z, the circles experimental
values.

It has been shown!) that a similar treatment can be applied in the
interpretation of X-ray term values by correcting for external screen-
ing with the aid of size screening constants. After correcting for the spin

1) L.Pauling and S. Goudsmit, " The Structure of Line Spectra*‘. Mc Graw-
Hill Book Co., New York, 1930, pp. 187—191.
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and relativity effects, the energy of removal of an inner electron from
an atom may be written as

o R o)t _ Rhell—o)f _ ot -
n " — 0,0
in which o, is equal to the energy screening constant Sy and the indicated
summation is over the outer shells of electrons, each involving z, electrons
at an averate distance from the nucleus of pa,. The customarily tabulated
screening constant o; is related to o, by the equation

(Z— o) = (Z—oy)® —2n2 Z— 8)

0;¢ 1s to be chosen in such a way as to give the right average value

1 T)
ity ;i-, -

For hydrogen-like states we have

1\ z
(5) =

so that from equation (3) we must place

1 «
to ) that is

7

_on
%= 7 Sy ®)
in which S, is the size screening constant. Using the values of S, given
earlier, it was shown that the correction for external screening converts
the empirical values of o; which vary rapidly with Z into values of o,
which are effectively independent of Z.

But the relation betweenS, and Sg given by equation (3)
makes it possible to evaluate a complete set of screening
constants from X-ray and optical term values alone. In view
of the accuracy with which these term values can be measured and the
completeness of the information they provide relative to all the electrons
in all atoms, this method of obtaining screening constants must be con-
sidered as particularly valuable. The method of deriving the set is the
following, illustrated with xenon. From the ionization potentials values
of Sy for 5s and Hp are calculated by equation (6), and from them values
of Sg. These are used in calculating S, (= o,) for 4s, 4p, and 4d from
the empirical values of o; given by the X-ray data for the N levels, using
equations (8) and (9). The process is then repeated for the M, L, and K
shells successively.
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This treatment has not been systematically applied in constructing
table I because of the lack of completeness of the X-ray term tables.
It was accordingly necessary to assume a set of screening constants and
test it by subsequent comparison of assumed and empirical Sz values.
The empirical values of o are given in a figure on p. 460 of Sommerfeld’s
“Atombau und Spektrallinien,” 4th edition. Their behaviour with chang-
ing Z is such as to make it absurd to call them screening constants. When

the correction for external screening is made with the S values of table I,
72~

6J§£ . 0% 070 °5d
o4 A g?
60
561 4f
52
g+
44—
40

361
J-

28

ZL/“ o 000 00 000 00 ee :Z Z:z : %

20 X XXXX X U?,Z’
~ X% D 05 05p ono 00

161
W

T TUT OO

o < o — ,Lézzg

feces aa a Py *7s
O 7T 71 1 T T T T~ T T T 1 T T T T T T T T T T 1
0 4 & 12 16 20 24 28 37 36 40 44 48 52 56 60 64 68 72 76 80 84 &8 92
Fig. 3. Energy screening constants Sp as functions of the atomic number Z, com-
pared with o, values calculated from X-ray term values.

there result values of ¢, which are practically independent of Z except
when additional electrons are being introduced into inner shells. These o,
values are, moreover, in excellent general agreement with the Sj values
obtained from table I by the use of equation (3), as is seen from figure 3.

In this calculation use was made of the reduced X-ray term values
given by Wentzel?) for elements above silver, and of the K, L, and M
term values for light elements given by Mukherjee and Ray?), corrected

1) G. Wentzel, Z. Physik 16, 46. 1923.
2) B. C. Mukherjee and B. B. Ray, Z. Physik 57, 345. 1929.
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for fine structure with the use of the Sommerfeld equation. For K levels
the fine-structure correction was made by inserting the value o, = 0.167
in the expanded equation, using three terms for the heavier atoms.

It will be noticed from figure 3 and figure 4, in which ¢, values for
the 15 level are shown on a larger scale, that the o, values agree well with
Sy for light elements, but show an increasing deviation as the atomic
number increases. This trend is found to be such that o;—S, increases
approximately with Z2 or Z%. This suggests at once that the spin-relativity
correction has not been properly made; but on investigation it is found
that this correction cannot be in error by an amount large enough to

761- :
0Oy
Ay

021

0 4 3 7} 7;)' 20 77 28 32 36 U0 44 48 52 56 60 64 68 72 75 80 44 I

Fig. 4. Experimental o, values. The circles are obtained from X-ray term values
corrected for the spin-relativity effect and external screening, the squares from
optical ionization potentials.

eliminate the trend in ¢,. Nor can the trend be due to error in the external
screening correction, for even replacing the size screening constant S
by the fine-structure screening constant o, which is necessarily a safe
lower limit for it, does not suffice to remove the trend. The explanation
of the phenomenon is provided by the spin-relativity perturbations of the
electron orbits, which cause all screening constants to be constants only
for small values of Z, and then to increase with Z. The spin-relativity
effect is for all electrons largest in the neighbourhood of the nucleus. As a
result of this effect we expect an unusually large increase of the electron-
density function pyp* in the neighbourhood of the nucleus as Z increases,
producing an extra ball of electricity near the nucleus, and hence in-
creasing the screening constants for all electrons by about the same
amount; and this increase should vary with Z% This expectation is
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substantiated by the calculation of the electron distributions for 1s
and 2s electrons according to Dirac’s theory of the electron, using

04
078

IL\”QI

07

061+

05~

04

92

03~

02HY

07

Ly

RS

0

1 S |
2 J 4 5 [ 7 8 9 7/}{77

Fig. 5. The electron distribution function for a Dirac 2 s electron in atoms with the
indicated atomic numbers. The vertical broken line shows the position of r for
a 1s electron.

72

70

08

06

o4

0

0

s 9

Fig. 6. The electron distribution function for a Dirac 1 s electron in atoms with

the indicated atomic numbers.

Gordon’s complete solution!) of Dirac’s equations. It is seen from
figures 5 and 6 that the spin-relativity effect brings the electrons closer
to the nucleus. The effect is particularly pronounced for 2s electrons,

1) W. Gordon, Z. Physik 48, 11. 1928. We are indebted to Mr. Sidney
Weinbaum for the construction of figures 5 and 6.
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in which case the small ball of electricity included within the first node
of Schrédinger’s eigenfunction is increased by about one-twentieth
of an electron for Z = 92. This increase lies within the mean radius for
1s electrons, and so should be effective in increasing the 1s screening
constants. It is probable that a similar and only slightly smaller con-
centration near the nucleus is shown also by the electrons in outer shells,
so that the aggregate increase in the screening constant for 1s electrons
may well reach the value 1 found empirically (increase from 0.6 to 1.6
for uranium). The effect should not be so pronounced for outer orbits,
since these are already completely screened by certain inner shells, whose
further concentration can have no influence.

This increase should be observed for all screening constants, and
in particular for the Sommerfeld fine-structure screening constants.
The constancy of s reported for the L-doublet throughout the periodic
system (s = 3.50 4 0.08 from Z = 41 to Z = 92, Sommerfeld, “Atom-
bau’ pp. 447, 462) seems to contradict this. But actually this constancy
proves the point. For s has been calculated with the complete formula,

0?(Z—oy)t | bat(Z—03)%  53a°(Z—0a,)8
Ay = Ry ( 24*“2* + ¥ 4= (211" ,,g),+ .. } . (10)
by giving o,, 03, 0y, . . . the same value s. But o3, 04, . . .. which should
have such values as to make (Z — a3)¢ equal to the mean value of Z%;, ;...

are necessarily smaller than o, since with increasing exponent the maxi-
mum values of Z ..tive Pecome increasingly important. These higher

terms are of considerable significance; for uranium A;’ is equal to 278,
of which 75 is due to the higher terms. Accordingly Sommerfeld’s
values of s are actually mean values of o, and oy, o, . . .. all of which are
smaller than o, and so decrease the mean. The values g, = 6.79 and
0, = 3.50 suggest that oy, o,, .. . are probably of the order of magnitude
of 2. Assuming this value for uranium, it is found that the doublet se-
paration leads to o, = 4.4 instead of 3.5. Hence o, also shows the
spin-relativity increase, and the constancy of Sommerfeld’s s
is to be attributed to the fortuitous cancellation of this increase by the
decrease produced by the inclusion in s of contributions by the smaller
constants. '

Tt is worthy of mention that the screening constants of table I and
all those which can be derived from them satisfy an interval relation
similar to that suggested for s by Sommerfeld; for a given total quantum
number the intervals s—p, p—d, and d—f are in the ratios 1:2:3.
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This relation is supported by the X-ray data as well as the theoretical
calculations?).
F'-Values for Hydrogen-like Eigenfunetions.

The scattering power of an electron distribution o for the effective
interplaner distance D given by the equation

A=2Dsin O (11)

. _dhlcl 9

or D= (12)

i Fe| |/ o™ 5% 2drsin0d0dd, (13)
: 000

in which 7, @, and @ are polar coordinates. We wish to evaluate F when ¢
is the electron distribution corresponding to the Schréodinger eigen-
functions for a hydrogen-like atom: i. e., for

Onim = ':pnlm :lm‘ (14)
Instead of evaluating ¥, for the individual eigenfunctions, let us average
over the eigenfunctions corresponding to a subgroup; namely, over the
2 1 4 1 states with given n and [, and with m = —1I, — 1+ 4, ...l —1,
+ 1. Since X' ¥, ¥, 1s independent of © and @, the electron distri-

m

bution for a completed subgroup has spherical symmetry. With o = o (r),
equation (13) can at once be integrated over @ and @, giving

. 2@r
Fp =20 [0 ()sin =5 rdr. (15)

The averaged squared eigenfunction for a completed subgroup is

1 +1 .
)P =577 2 Pum (0, 9) ¥ (1,0, 9), (16)

m=—1]

1) It may be mentioned that the neglect to take such an interval relation into
consideration is the most pronounced defect of Slater’s empirical set of screening
constants (just as the arbitrary equating of the corresponding constant ¢ for 2 s
and 2 p eigenfunctions is the most unsatisfactory part of Zener’s variation treatment
of the wave equation for light atoms). Thus Slater’s screening constants for 3 s,
3p, and 3d for an atom with completed K, L, and M shells are 11.6, 11.6, and 18,
which may be compared with our values of 10.9, 13.2, and 17.7; the corresponding
interval ratios p—s, d—p are 0:6.4 and 2.3:4.5. The effects of this unsatisfactory
treatment of the spdf sequence can be observed throughout Slater’s discussion of
applications of his screening constants.
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with the value

E?jm(r): 1_](2'};)1-#1 ('y(n——l—i)!) }6 ,,”lel—l( ‘}/7) (17)

7w |+ 01w 1y
in which
_4ntpetZ  Z
R (18)

with ay=0.529 A. The symbols are the customary ones (u mass of
electron, etc.).

Lfll_;'l (2y7) is an associated Laguerre polynomial, defined by the
identity?) .

—&u

oowLZ+'g (E) i == el—u (19)

Aurp =gy
We are interested in integrating equation (15) with g, () = [?Z—/M(?)]?
It is convenient, however, to consider a more general class of integrals,
in which

0 (7) = On,n,1 (7’) = Synll (7) anl (7). (20)
Substituting this in equation (15), we obtain

D] ]
oo e )

[ 9 l;1<'y2(n2 l_1)> l
‘ - L, .1 (D), 21

l( vJ Ny (ny +1)! J nt (D) @4)
in which"y1 andy, are given by equation (18) with n = n, and n,respectively,
and I, ,,; (D) is the integral

3 L2 @y ) L2 @yyr) , (2700 2042
— fe—(ntrrtm+l \2V1?¥) Ln, +1 Z,, T3 99
Lo (D)= [e- vt (+D! (g 1) Jé—(p) a2

0

D) N
- 3 3 . . 4TTT "
In deriving this expression the factor sin I has been converted into a

Bessel function of order { by the known relation

Tt X

sin z = ]/ 5 7y @) (23)

1
3
In order to evaluate the integrals I, ,,, (D) let us consider a function ¢
defined by the identity

TG=GDun)= D D LyaD)un—i=len—i=l (24

n=0l+1n=10+1

1) E. Schrodinger, Ann. Physik 80, 484. 1926.
Zeitsehr. f. Kristallographie. 81. Bd. 2
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G is then a generating function for these integrals, which occur as coef-
ficients in its expansion in powers of % and v; and it can be evaluated with
the use of the generating function for the associated Laguerre polynomials,
given in equation (19). Thus we have

2 o 21+ o 2 ¢
G [etuinr 3 It CN) iy Sy Ll @)y
0 n=10+1 (ny +10)! ny=1+1 (ng +-1)!
; J —2yru —2p7v
Qmr\ 2042 / (—)2t+le 1-u (—)2l+1g 1—v
x e 2 = —(n1+ 7)) L S S
1) = e S S
0
7, (277) 21+ 3 g (25)
$\ D ’ 3
or, introducing the new variable
Z
e=2or, (26)
5 w
2 JJL 14w | 1(1+w
G=[1—uw( __v)]—zl—z<%0> /e‘\[”_r ﬁ%)J”n'g(.fL_v”

0 3
27:ay .\ 20+
Ty (ZD c) Y TN
This last integral is a special case of a more general integral which has
before been found useful in quantum mechanical problems?). It was
shown by Hankel and Gegenbauer that

/ (‘2%)»1_'(#—}—”)
—al n—1 o i
e85 (20) &L 6 = T )
0 ;
pt+y pt+v+1 .=
P EEEL L —5) e

where F denotes the hypergeometric function. Putting

_Litu i,““’) 3, 520 i
~;1.(\1—u,>+%2(1—v/ » V=%, 8= gp e end p=2l+g,
this gives
o\ T AT+ 3) 2
@ =11 —w(t—or+-2(2] Flis 1425 -5)
_ 2% r(@)aztes | 2
) (29)

1) B. Podolsky and Linus Pauling, Physic. Rev. 34, 109. 1929.
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the abbrevations z and @ being retained for convenience. The hyper-
geometric series can be evaluated by the following method

. 9) 22

30+ ”_:'>< +2) (143 A
1.9.3.8
(21 +

4+

ik

@\N

3.5
9%

(30)

705 @142 '(t+)1) (zz)

~(a) S @U+24+k—1)! [iz\k
iz Q1+2)! k! (TJ)

k=1,3,5,...

Now the series given consists of just the alternate terms (the imaginary

—21-2
terms) in the expansion of (1—%) . Hence we write
z2 _ O fa\=E1=2

in which the symbol Jm means that only the imaginary part of the ex-
pression which follows it is to be retained. This leads to

_ D¥ 2L+ 1)! [ay)\2+2
o-peszy
m '((i—}—u) (1*U)+(1—u) (149

Ny Mo,

\—-21-2
Aiz(i—u)(l—v)) } (32)

The problem is now solved. To find the F-value for the electron distri-
bution of equation (20) with given n,, 1y, and [, it is necessary to expand
the bracketed expression in equation (32), to collect the imaginary terms,
and multiply the coefficient of w" "1 v™~!=1 by the factors given in
equations (32) and (21).

The easiest way to obtain the coefficient of ™ '=1 ™~ is to differ-
entiate 1, — ! — 1 times with respect to w, and ny—1— 1 times with
respect to v. This causes all terms of lower degree in each auxiliary
variable to vanish. Then by placing » and v equal to zero all terms of
higher degree vanish, and the desired coefficient remains, multiplied by
(my—1—1)! (mg—1—1)!.

We are interested in the terms with n; = n, = n. With the intro-
duction of the new variable

_ nmay

~ 2D ° (33)

A
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Equations (21) and (32) lead to

204 1)!
oo — . 2Dt
nl(x) ‘)n(n_i_l)'(“__l_i)‘
2pn—21-2
=1 §m unC[ e — {1 —uv—iz(1—u) (L —v)) 22

=1, 7)_0. (34)
Carrying out the indicated operations, there is obtained

1

Fa(z)= n—T—10)12n (1 + 2% 5 (07 (1 4 ¥t
— O+ T 1) (1 2?2 g2
4O T ) (T 2) (1 2?3t (35)
o (= g L T 1Y 2 n—1) 221Dy

ot §m (1 + 7 z)*",

in which the coefficients C??~'~! are numbers discussed later. The ex-
pression (1 -+ ¢ 2)?" can now be expanded into a finite series and its
imaginary part taken, with the result

o=t L+ o) = (%)) — 3")x2+(2g’) w4—< st

. . 2n . . o
n Wthh( L ) etc. are binomial coefficients.

We can accordingly write

Foil) = == g51

— O 1(n+l—,— 1) (4 4+ a?)r=t=2 42
O I L) (n 1+ 2) (L2 Rt —
(=t U1 L 2 — 1) PR, L (2),

in which
1
Fn.n»l (x) &= ( 1 3?2 on {( ( n)

+<—)"+1( el 1)

2n—1

{Cm -1 1—}—.’)32)71 —1

(37)
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A table of binomial coefficients is given below (table IV). The numbers
C7~=1 resulting from the successive partial differentiations, are given
in table V, which can easily be extended with the use of the recursion for-
mula

Crtt=Cri 24 @r—1Cr 24 2 on (38)
or by the expression
n—l—1__ [(%—l—i)'}z 1
Cr Tl r—1)! n—1l—r—1)!" (39)

We are indebted to Professor R. T. Birge of the Physics Department of
the University of California for the discovery of the last expression.

Table IV.
; g : . 2m)
Binomial Coefficients ( ) )

y =1 3 5 7 9 11 13
2n =0 1
20— 2 2
2n =4 4 4
2n =6 6 20 6
2n = 8 8 56 56 8
2n = 10 10 120 252 120 10
29 — 12 12 220 792 792 220 12
2n = 14 14 364 2002 3432 2002 364 14
Table V.
Coefficients C*—~1,
r=1 2 3 4 5 6 i 8 |9
n—Il—1= 1

111 1

212 1

3|6 18 9 1

4| 24 96 72 16 1

51 120 600 600 200 25 1

6| 720 4320 5400 2400 450 36 1

7| 5040 | 35280 | 52920 | 29400 | 7350 882 49 1

8| 40320 | 322560 | 564480 | 376320 | 147600 | 18816 | 1568 | 64 | £
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The Calculation of Atomic Scattering Factors.

Atomic scattering factors can now be calculated for any atom or ion
by introducing in equation (37) the size screening constant for each electron
as given in table I and summing over all electrons in the atom. Substitu-
tion of numerical values for the quantum numbers » and ! in equation (37)
gives the individual formulas of table VI. The seventeen functions cor-
responding to the eigenfunctions occupied in normal atoms were plotted

on semi-log paper, with values of F' as ordinates and of as log-

1
(Z—85)D
arithmic abscissae. This plot is reproduced in figure 7.

An inverse logarithmic scale was also constructed along the horizontal
axis.

Table VI.
Formulas for F-values for hydrogen-like eigenfunctions
. naa,
F,e=——, with 2 = —
(A + 22)2 (Z—8,)D
{1 — a2
F Fog =1 —22°%) Psy

ST T
(1 — 3 22) (3 — x?)

nl _ o . n . S ) 4
By g == o T Fyp=(—4a)Fy,. Fyo=(1—62a2+3ahF,,
1_‘. 2 1_6‘¢2 | 4
P _d=2 r?rrTi-).F“f(i—mZ)Fu. Fop=(1—10a%+ 1024 F,,
(L + 27
Foo= (1 —1222 + 182% —425)F,,
5— 6022+ 12624 — 6025 + 5
rg:'(' - ! + *xf** %) ‘1’15/:(1—81132)1’150
5 5(1 + a?)1o
Fyq= (1 — 1422 + 20 a4 F,,
P, = (1— 1822 + 4524 — 2025)F,,
Fyy = (1— 2022+ 602t — 4028 + 5a8)F,
g (2 (35222 4 14621 — 5248 + 3af)
6r — T 3(1 + x2)12
Foq= (1 —2422 + 8428 — 56a%)F,,
Fop=(1— 2822 + 12621 — 1402% + 3528)F,,
Fgo = (1 — 3022 + 1502% — 2002 + 7525 — 6210)F,,
g (7T—1822% + 10000t — A74625 + 400La® — 182410 + 7 a2

e 71+ a4
Fopy= (1 —4222 + 31524 — 7002 + 52525 — 126210 + 7 212) F,
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Fig. 7. F-values for hydrogen-like eigenfunctions.

With the aid of a movable template reproducing the horizontal scales,

the values of F on a given curve for a given value of Z—S and a series
of values of D or of SI—I;T@ = 2LD can be read from a single setting of the
template, as is seen from the relation
- 1

2sin @

T
If the template is used as an inverse logarithmic scale, and is set at a given
value of Z—Sg on the inverse scale of the graph, then values of D on the
template give the abscissae of the corresponding values of . N

(Z—8,) D

= —log (Z— 8Ss) + log (40)

<L
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Fig. 8. F-values for neutral atoms.
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If the template is used as a normal scale, and is set at a given value of
25—1—;Q on the temp-
1

late give the abscissae of the corresponding values of Z—8)D"

Z—S s on the inverse scale of the graph, then values of

Using the S values of table I, values of F for each electron in every
atom from hydrogen to strontium and in every atom of even atomic
number from strontium to uranium were obtained by this method for

sin @

108 %—— = 0.0, 0.4, ... Atomic scattering factors were then found by
taking the algebraic sum of the F-values for all electrons in the atom.
These values are given in table VII, and are shown graphically in figure 8.
Values of F similarly calculated for a number of ions are given in table VIII

and figure 9.

20

§,—>\q

===V
& 74
s;f{ Y. 1¢

Fig. 9. F-values for ions.

These F-values are not so reliable as those calculated by Hartree’s
method. On the other hand, they are obtained with much less labor,
Hartree’s calculations having so far been carried out for only a small
number of atoms. In figure 10 F-curves are shown for Li+, Na+, K+,
and Rb* as obtained by the method described in this paper, by Hartree’s
method and by the Thomas-Fermi method. It is seen that for all
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Table VII. Scattering factors for atoms.

S”217?-10—80.0 04]02|03|04]05|06]07]08|09]10|14]12]13]14
H 1] 0.81] 0.48] 0.25 0.13) 0.07| 0.04] 0.03| 0.02| 0.01] 0.01] 0.00| 0.00| 0.00| 0.00
He | 2| 1.86 1.55 1.17] 0.84] 0.54) 0.40] 0.29| 0.21] 0.45] 0.12] 0.09| 0.07| 0.05| 0.04
i | 3| 227 1.77) 1.60| 1.37 1.13) 0.90 0.72| 0.55 0.44| 0.36 0.29 0.23| 0.19| 0.13
Be | 4| 3.49| 2.40| 1.73| 1.61] 1.48) 1.31| 1.13] 0.94) 0.82| 0.68| 0.57| 0.48| 0.41] 0.34
B 5| 4.16] 273 1.96] 1.69| 1.59| 1.49) 1.39| 1.26| 1.11] 0.97| 0.87 0.75 0.65| 0.57
¢ 6| 5.21| 3.62| 2.42| 1.86| 1.66| 1.57| 151 1.42| 1.32 1.24] 1.10| 0.99| 0.89| 0.79
N 7| 6.32| 4.76| 3.26| 2.33| 1.86| 1.65| 1.55 1.50| 1.43| 1.36| 1.27] 1.17| 1.09| 0.99
0 8| 7.36| 5.82| 4.14| 2.90| 2.19| 1.80| 1.63| 1.54| 1.49| 1.44| 1.38 1.31) 1.23] 1.15
P 9| 8.42| 6.95 5.17| 3.66| 2.69| 2.10| 1.77| 1.61] 1.51| 1.47| 1.43| 1.38 1.35 1.28
Ne  [10| 9.47] 8.09| 6.20| 4.62| 3.37| 2.57) 2.05| 1.77| 1.60| 1.51| 1.47| 1.43 1.39| 1.35
Na |11 ]10.06] 8.53| 7.10| 5.56| 4.22| 3.22| 2.54| 2.00| 1.80| 1.64| 1.53| 1.47| 1.44] 1.40
Mg |12]10.80| 8.94| 7.66| 6.37] 5.12| 3.95| 3.10| 2.53 2.12| 1.85| 1.68| 1.56| 1.48 1.44
Al 131450 9.32| 8.44| 7.05| 5.89| 4.72| 3.74 3.04| 2.54| 2.45 1.87) 1.70| 1.60| 1.51
Si |14 [12.31] 9.72] 8.41] 7.58 6.51| 5.45 4.42 3.50| 2.98| 2.53 2.47) 1.91| 1.74] 1.61
P |15(13.20/10.22| 8.67| 7.91| 7.10| 6.13| 5.10| 4.19| 3.46| 2.93| 2.50| 2.19| 1.95 1.76
S |16 ]14.10/10.80| 8.96] 8.16 7.52| 6.67| 5.73| 4.80| 4.00| 3.36| 2.88| 2.49| 2.20| 1.96
01 |17 |15.46/11.59) 9.06| 8.35| 7.84 7.16] 6.20| 5.41| 4.54| 3.83| 3.28] 2.83| 2.49| 2.20
A |18]16.47/12.36) 9.60| 8.37| 7.85 7.28| 6.51| 5.66 4.81| 4.04| 3.43| 2.96| 2.56| 2.27
K |19 |16.5613.28/10.30| 8.84| 7.99| 7.69| 7.15 6.45| 5.69| 4.92| 4.22| 3.63 3.16| 2.78
Ca  |20(17.24/13.93/11.13] 9.21| 8.28| 7.85| 7.39| 6.80| 6.16| 5.47| 4.76| 4.12| 3.60| 3.16
Se |24 18.44(14.75/11.83| 9.58| 8.50| 7.95 7.56| 7.07| 6.49| 5.89| 5.24| 4.56| 4.02| 3.53
i |22 [19.20]15.68/12.59(10.03| 8.74| 8.03| 7.66| 7.27| 6.75 6.24| 5.64| 5.04 4.41| 3.90
v [23(20.35(16.70{13.48[10.64] 9.06| 8.20| 7.74| 7.40| 7.00| 6.50| 6.01] 5.45 4.90| 4.34
Cr  |24(20.97/18.3514.5311.32| 9.38| 8.33| 7.74| 7.44| 7.15 6.72| 6.27| 577 5.21 4.70
Mu (25 |22.88]18.84/15.31[12.00] 9.81| 8.64| 7.94| 7.54| 7.28| 6.90| 6.48| 6.05] 5.58 5.07
Fe  |26(23.63/20.00(16.32(12.99/10.40| 9.02| 8.13| 7.62| 7.34| 7.05| 6.75| 6.34| 5.92| 5.47
Co |27 (24.60(21.05(17.3713.87/10.98| 9.33| 8.33| 7.70| 7.37| 7.14| 6.84| 6.49| 6.11| 5.69
Ni |28 |25.55(22.16(18.50(14.85(11.79] 9.77| 8.60| 7.87| 7.44| 7.20| 6.97| 6.68| 6.34| 5.97
Cu |29 (27.28]24.03120.09|16.08]12.8010.29| 8.89| 7.97| 7.41| 7.14| 6.93| 6.71| 6.42| 6.07
Zn  |30(27.90|24.36|20.76|16.88|13.53/10.84] 9.26| 8.26| 7.61 7.22| 7.02| 6.79| 6.55| 6.25
Ga |31 [28.50{24.84|21.58/17.80|14.57|11.81| 9.85| 8.67| 7.87| 7.34| 7.04] 6.83| 6.61| 6.36
Ge  [32]29.2025.24/22.30(18.84(15.52(12.70(10.51| 9.16| 8.22| 7.57| 7.12| 6.88| 6.69 6.45
As |33 (20.87/25.61/22.9019.75(16.4413.59(11.30| 9.72| 8.64| 7.87| 7.33| 6.96| 6.74| 6.55
Se |34 30.43(26.04]28.25/20.40(17.31|14.42(11.97(10.22| 9.02| 8.15| 7.51| 7.13| 6.81| 6.57
Br |35 (31.20/26.40[23.72(21.24/18.24]15.23/12.81/10.89| 9.54 8.57| 7.82| 7.26| 6.88 6.59
Kr (36 [32.48/26.87/24.0421.86(19.03/16.09(13.53|11.54/10.04| 9.00| 8.16| 7.54| 7.07| 6.72
Ry |37 [32.70]27.49|24.23(22.20/19.71(16.89|14.22{12.15|10.47] 9.34| 8.44| 8.16] 7.47| 7.15
Sr |38 (33.36(28.34|24.64(22.58(20.37|17.70(15.13(12.890|11.14| 9.77| 8.85| 8.11| 7.53| 7.08
Zr  |40(35.15/29.61(25.54/23.27121.36(19.07(16.62|14.36/12.34]10.77 9.56| 8.72| 8.03| 7.49
Mo |42 [37.67/31.06/26.35(24.0422.25|20.22/17.96|15.6613.66/11.83(10.48| 9.37 8.59| 7.95
Ru |44 30.90/32.89|27.46(24.62(22.95(21.23(19.17/17.03]14.98(13.12]11.47/10.18] 9.21| 8.46
Pd |46 |42.52|35.22(28.77|25.17|23.46(22.07|20.34|18.32(16.24(14.25(12.53/11.06| 9.89| .99
cd |48 |43.89(36.6030.36|25.98(23.85(22.52|21.18(19.42]17 43|15.52/13.75/12.16|10.84| 9.77
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Table VII (continuation).
sin 0 10-8| ‘ ‘ J ’ J . ‘
R 0.0/ 04 ] 0203|0405 06 0.7 ’ 08109 10 44 12|13 J 1.4
Sn 50 [44.90|38.29(32.15|27.32(24.39|22.78(21.57/|20.28(18.60|16.87(15.05(13.36/11.89(10.67
Te 52 |46.62|37.44|34.06|28.82|25.33|23.22|21.94|20.75(19.45(17.87/16.30|14.65(13.05|11.69
1 53 |47.42|39.83(34.70|29.60(25.85(23.56(22.13(20.97|19.77|18.39|16.84/15.28|13.66/12.27
Cs 55 149.00/40.87(35.91|31.22(26.99|24.19(22.43|21.28(20.19|18.96|17.62(16.22(14.81|13.34
Ba 56 {49.42/41.58/35.54/32.08|27.73|24.66|22.78(21.56|20.48(19.38/18.11/16.69(15.31|13.92
Ce 58 150.98/43.1137.75|33.29(29.03|25.52(23.34|241.87(20.83|19.82(18.72(17.49|16.14(14.76
Nd 60 53.27/45.20(39.28(34.66/30.22|26.40/23.81(22.15(21.11(20.14/19.20]18.09|16.95|15.68
Sa 62 |55.38/47.10|40.64(35.63(31.00(27.06(24.29(22.58(21.47(20.59/19.67|18.71(17.66/16.43
Gd 64 157.58/49.11/42.16(36.78|31.97|27.78(24.78|22.88|21.66/20.83|20.00(19.16/18.16(17.10
Dy 66 158.40|51.33/44.11(38.24/33.22|28.81|25.45(23.32(21.91|21.04(20.29(19.53(18.66(17.72
Er 68 |61.93/53.45|46.66/39.70|34.45(29.83(26.17|23.79(22.26|21.29|20.60{19.88(19.12|18.22
Yb 70 [64.06|55.71(47.78/41.30|35.81]30.93(26.94|24.23|22.49(21.40(20.75/20.06{19.43(18.59
Hf 72 |66.0557.58|49.71|43.16|37.62|32.45(28.25(25.10{22.96|21.67|20.81|20.16(19.60(18.98
w 74 167.81/58.84/51.06(44.96|39.33|34.24(29.77|26.33|23.80|22.10/20.95|20.23|19.62(18.97
Os 76 169.64(60.33|52.33(46.67|41.26/36.12(31.51|27.73|24.86|22.76|21.42(20.41(19.73[19.17
Pt 78172.27/61.92|53.43|48.12|43.01(38.00(33.13|29.12(26.06|23.72|22.07(20.81{19.96(19.36
Hg 80 |73.84/63.48|54.68/49.25(44.49|39.50(34.93(30.68|27.22|24.89|22.75|21.34(20.28(19.45
Pb 82 174.93/65.08/56.10/50.02|45.61|40.93|36.39(32.25(28.51|25.57|23.47|21.84/20.66]19.82
Po 84:176.14(66.58|57.74(51.16(46.61(42.16/37.90|33.81(29.97|26.78|24.30(22.51(21.13|20.11
Rn 86 77.64/67.86|59.43|52.19|47.55(43.38|39.28|35.37|31.53|28.12/25.30|23.19(21.67|20.48
Ra 88 (78.80(68.77(60.85(53.47|48.23|44.46|40.43|36.72|33.06/29.59|26.58|24.11|22.30|20.96
Th 90 |79.73/69.77|62.19|55.04(49.31|45.49|41.63|37.99|34.56(31.09|27.99(25.26|23.11|21.51
U 92 [80.75|71.38]63.36]56.46|50.42|46.16(42.69|39.07|35.72|32.47|29.30|26.41|23.96|22.21

Table VIII. Scattering factors for ions.

. | | | ‘ ' | | | ‘
Sl;ﬁ-io—% 00|04 02 03 |04 |05 06 07 08 09 11.0i1.1‘1.2 1314

Lait 2.00| 1.94| 1.78| 1.58| 1.33 | 1.09| 0.88| 0.70 | 0.54 | 0.43 |0.35|0.28]0.23/0.18/0.13
Bet+ 2.00] 1.97| 1.88 1.75| 1.59 | 1.41 | 1.23| 1.06 | 0.91 | 0.77 |0.65|0.54|0.460.39/0.33
B3+ 2.00| 1.98| 1.92| 1.84| 1.72| 1.60 | 1.45| 1.32| 1.18 | 1.04 (0.92]|0.81|0.70/0.61|0.54
g 2.00{ 1.99| 1.95| 1.88| 1.80 | 1.70 | 1.60 | 1.49 | 1.37 | 1.25|1.13]|1.03|0.92|0.83|0.74
by 2.00| 1.99| 1.96| 1.91| 1.85| 1.78 | 1.69 | 1.60 | 1.51 | 1.41 |1.31|1.24|1.11{1.02/0.93
N3+ 4.00| 3.73| 3.12| 2.47| 2.02| 1.79| 1.66 | 1.59 | 1.54 | 1.46 |1.38/1.29(1.19/1.09/1.00
0= 10.00| 9.15| 7.07| 4.84 | 3.22| 2.32| 1.83 | 1.61| 1.51 | 1.46 |1.42|{1.37|1.29/1.22/1.14
F- 10.00| 9.33| 7.65| 5.61| 3.90| 2.80| 2.14 | 1.78 | 1.60 | 1.50 |1.46|1.42|1.37|1.34(1.27
Na* 10.00| 9.60| 8.54| 7.06 | 5.49 | 4.19| 3.25| 2.54 | 2.09 | 1.79 |1.63|1.53|1.46|1.43|1.39
Mg*t+ |10.00| 9.70| 8.86| 7.65| 6.26 | 5.02| 3.92 | 3.10| 2.563 | 2.12 (1.84]|1.66|1.55|1.46|1.42
A 10.00| 9.77| 9.08| 8.10| 6.90 | 5.72| 4.63 | 3.71 | 3.04 | 2.54 |2.15|1.87|1.69(1.58|1.49
S+ 10.00 9.81| 9.25| 8.42| 7.41 | 6.28| 5.27 | 4.31 | 3.57 | 2.98|2.55|2.18/1.91(1.73|1.59
P5Y 10.00| 9.85| 9.37| 8.67| 7.79| 6.82| 5.84 | 4.93 | 4.41 | 3.44 |2.94|2.52|2.21(1.95|1.76
PR 12.00/11.30 9.85| 8.68 | 7.79 | 6.91| 5.97 | 5.01 | 4.15| 3.45 (2.93|2.51|2.21|1.96|1.77
88+ 10.00| 9.88] 9.47| 8.86| 8.09 | 7.22| 6.31 | 5.44 | 4.64 | 3.92[3.34/2.89/|2.51(2.22|1.98
N 18.00(15.50{14.20| 8.97 | 8.21 | 7.64| 6.79 | 5.81 | 4.84 | 4.02 |3.37|2.87|2.49|2.19/1.96
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Table VIII (continuation).

sin6 —s‘ | | i [ I [ T ‘
3 -10 } 0.0 | 04 ‘ 0.2 | 0.3 : 0.4 ' 0.5 : 06|07 |08 | 0.9 ‘1.0‘ 1.4 ‘ 1.2 1.31 14
— ' |

or- ‘18.00‘15.9011.90‘ 9.31| 8.36 7.89| 7.22| 6.35 544 4.56 3.84}3.28]2.83 2.49|2.20
K+ 118.00\16.5013.20 10.30) 8.80| 7.98  7.69 7.15 6.45| 5.69/4.92/4.223,63/3.16/2.78
Ca**  18.00 16.80 13.90/11.00 9.22 8.26 7.8 7.37 6.79

6.16 5.4’714.764.12 3.60 3.16

Rb* ‘36.00‘32.64!27.44 24.22}22.19!19.71‘16.89!14.22 12.15/10.47 9.34i8.44}8.16 ’7.47‘7.15
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1
Fig. 10. Comparison of Hartree, Pauling-Sherman, and Thomas-Fermi
F-values for Li+, Na+, K+, and Rbt. (Thomas-Fermi values are for neutral atoms.)
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atoms there is good agreement between the values of this paper and
those of Hartree, the maximum difference being 0.3 for Na+ and 1.2
for Rb*. The agreement between the Thomas-Fermi values and
Hartree’s is nearly as good for heavy atoms, but not good for light ones,
on account of the approximations involved in the Thomas-Fermi
statistical treatment. It is of interest to note the effect of the completed
K, L, M ete. shells in causing the Pauling-Sherman curves to vary from
one side to the other of the Thomas-Fermi curves. The Hartree
curves behave in the same way, but the waves are not so pronounced,
inasmuch as the nodes in the eigenfunctions, neglected completely in
the Thomas-Fermi treatment, have been over-emphasized in using
hydrogen-like eigenfunctions. For this reason the Hartree curves usually
lie between the Thomas-Fermi and Pauling-Sherman curves, and
for heavy atoms the mean of the Thomas-Fermi and Pauling-Sher-
man values is probably somewhat better than either set alone.

The effect of the K, L, and M shells in successive atoms is strikingly
shown in figures 9 and 10 by the concentration of the curves in certain
regions.

Summary.

After a discussion of screening constants and their uses, in which the
relation between screening constants for various physical properties is
presented, it is pointed out that a complete set of screening constants
could be obtained from X-ray term values and ionization potentials alone.
In default of complete knowledge of term values and ionization potentials
of heavy atoms, a table of size screening constants for all electrons in
all atoms has been prepared partially from theoretical calculations and
partially from term values. It is shown that this table of screening con-
stants permits a satisfactory detailed interpretation of energy levels of
atoms. The screening constants for inner electrons are found not to be
constant but to increase rapidly for large values of the atomic number.
The phenomenon is interpreted as a spin-relativity effect with the aid of
Dirac’s theory of the electron. ’

A general expression for the scattering factor for X-rays of a hydrogen-
like eigenfunction has been obtained. By substituting screening constants
in it, F-values for atoms and ions have been obtained which show good
agreement with those calculated by Hartree’s method.

July 28, 1931. Gates Chemical Laboratory, California Institute of
Technology.

Received August 17th, 1931.



R FORTE NOVELYTON YT 1T I gy STy AD
TioE CRYGLAL SILIUCILUKE  OF THYE MICAS

I. Introduction

The micas represent an extensive class of mono-
clinic (pseudohexagonal) minerals occurring in nature.
They possess the striking physical vproperty of excellent
basal cleavage which permits the separation of very thin
elastic lamellae.

Aside from the measurements of interplanar distances
normal to the plane of cleavage, the X-ray study of
these minerals has been reported by kauguin (1) and by
Jackson and West (2). Mauguin prepared and analyzed
ilbaue and rotation photographs, obtaining the size of the
unit and the space group for various micas; he did not
obtain the atomic arrangement. During the course of the
present investigation, Jackson and Yest published a
paper in which they report the structure of mica, their
results being in agreement with those found here.

In this investigation, rmuscovite, corresponding
approximately to the chemical composition Kal

51,0 (0K
ghlzbyghbal,

~—

was studied in detail.



o
i~

II. The imit of Structure and Space Group

Uscillation photographs for the determination of
the lattice constants were made with molybdenum ¥-ra-
diation reflected from the pinacoids. The data for
(001) are given in table I. The data lead to a unit
with d)g4/n) = 2.59 &, dy 0/ = 4.50 &, dggy/ng =10.02 %
P =96". Ny Tgs and nz are the orders of reflection
of the first lines on the respective photographs.
Lave photographs were taken with the indident beeaii of
X-rays normal to (001), the plane of cleavage, of a
crystal of fuchsite, (a variety of ruscovite), and of
lepidolite, a lithium-containing mica. The short wave
Tength limit of X- radiation present in the incident
beam was 0.24 A. The smallest unit which will give
calculated values of nA not less than 0.24 A for all
Lave spots is that corresponding to nl= n2==n3 = 9
Since this unit accounts for all reflections observed
on the three Laue photographs which were analyzed, it
is to be accepted as the correct one. Table II lists
the first order reflections from the fuchsite photograph.

on the three photographs analyzed a totel of gpproxi-

mately one hundred fifty forms reflected).
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Taovle II.
Pirst Order Refloctions frow a Laue fhotograph of Fuchsite

4-Tay beam Normal to (001). 130 mah.

Form nA
{hx1} A

061 .27, .30
083 .32, .41
130 25

310 solky #B7T
151 .33, «48
172 «Bls =323 243
173 34, .45
174 .48, .48
193 e 28y DO
194 3585 =8
195 33, .46
1e1le? .42, .48
265 Al

233 .36, J44
235 .33, .46
2129 .36, .41




lfable II, Continued

¥orm nA
(k1 A
313 L45, .43
%75 .34, .41
S8 e 43
285 42, +43
397 43, 47
398 42, 40
415 J46, .48
445 B, W41
487 e 33
439 .44
517 .45, .40
535 2Dy =20
536 e 36, +33
507 o34, 433
599 .48
377 32
59410 L34, 37
59«11 .33, 41
6611 .39, .42
715 42, .42
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The fundamental translations arec:

G100 = 5194 dg = 8.99 &5 g, = 20,04 i

v

"hese are confirmed by the application of the rolanyi
formula to the layer lines occurring on all oscillation

photographs. The lenzths of the axes are:

é‘ leO/Sinﬁ = 5. lg/sin96°= 5.25 A
B = do]_o = 8.99 A
¢ = dygy/sinm = 20.04/sin 967 = 20.14 i

fhe axial ratios a : b ¢ ¢ are 0.532 : 1 : 2.24.
These may be compared with the axial ratios given b

Dana: &hana ° Yyans ¢ Sriang, 0.5%738 5§ 1 § B3.35188 ,

= N 1 hu - o . . - =
R=39 H4', Hence, Bveny ° bDana g < T—

- 3
4 ?'2.208;

In calculating the interplanar distances for the
interferences on the Laue photographs, the following

formuls was used:

dxp (ﬂ) _ thcosﬁ

1 2
b LR
Sin /3
Substituting in the values for a, s, C» andJB
d = 8.939
hkl

J3.034 h2 +0.2015£4%+ 0.1634 hd + k=



assuning 7, 4, and 5 mdolecules of muscovite,

oln(OH)z, to the unit cell., the calculated

dengsities are 2.11, 2.32, and 3.52 [us/cc, respectively.

The density given by Dana for nica is £.76 - 3 gums/cc.

mence there are four molecules contrined in the unit cell.
gince first order iLaue reflections are observed

only from pyramidal planes (Table II) with h+k even,

the space group is based on the (001) centered lattice,

[m « The following space groups are derived from F: :

ci , ci , C

4
Of these space groups only Cg and‘Cgh require the
first order absences which were regularly observed;

namely (hol) planes. Since there is no evidence to

4

s ? 06 is to be taken

2h
as the correct one. (This space group for muscovite

indicate the polar space group C

has also been derived by Mauguin and by Jackson and
West).
The coordinate positions for equivalent atoms

provided by Cgh are:

.
4as 004 3 00% ; 4% 5  +h
o L1 i S0 . 1lnl . 1n2
4b: Oy ; O%% 3 50z 3 503
s AL g 213 ., laz a3
dc:  43% 3 44 3 44d 3 i4g
323 112

4d:

L
)
B
-e
Wi
wiw
Bl
[ ]
W
-
-e
»|
W)
»



de; Qu0
f:  xyz
XY Z

These positions are obtained from the tabulstion

’ %s u+é 0
s L L
’ Xty Y+
o 1 ——
H 7=Xs Y+

Z

VA

by the cyclic permutation

=
6‘(.1'2“
H Xy
3 Xy

Ky T 2oy
W

. s b
H s T-U
Ys 2ty 3
- 3 .
Js T-Z

Voer
]

—~

Xy

C.

7

2

X*gs =¥, z+d

%—X, %-y’ %'Z
of Wyckoff

Zy ™~ Ve

W

The minimum number of parcimeters required to determine

the positions of 4 X,

+

3+ '4" '5+\
8 Al, (12 si + 4 alj,

3 OH, and

40 9 in the unit is fifteen. With so many parameters it

is obviously impractical to decduce the atomic arrange-

ment frowm X-ray data alone.

It

therefore

becomes

necessary to predict the parameter values by means of

a postulated structure satisfying the gensral principles

governins the structure of complex ionic crystals (3).

It will be later found

convenient to transfer the

origin of the unit cell tc z center of symuetry. In

tis case the positions 4e above are transforued to

4E: O § Ty Bty 1 0Ug 5 %9 +-u, §

Tt eight eqguivalent rositions become

ol XYz X+%s Y+Es Z ; Xy Ty 2¥F ; Krdy -V, z+d
XFZ 5 F-X, F=¥s Z 5 Xy ¥, ©=Z 3 F=Xs ¥ Ty -2

II1. A Proposed Structure for idica

With the aid of the generzl principles governing the

structures of complex 1ionic crystals, .Jrofessor



rauling has formulated a structure for the micas which
ig compatitle with the space group CES and the chemical
composition (4).

The dimensions of the unit in the bvasal plane of
muscovite closely approximate those for the pseudohex-
agonal crystal hyvdrargillite, Al(OH)z, as well as those
for the hexagonal layers in the two forms of silica,
B-tridymite, and B -cristobalite. The monoclinic unit
of structure of hydrargillite has a=3.70 A, =208 A,

8 =9.76 A, and /3F’85>29'. ‘he crystal is composed of
layers of octahedra, the octahedra in each layer con-
sisting of & OH™ ions grouped about an A13+ ion (5).

Such a layer is shown in figure 1. Each octahedron shares
three edges with neighboring octahedra. The electrostatic
valence rule is s=ztisfied, since each OH  ion is held

ty two bonds, each of strength 4, the strength in this
case being defined as the valence of the Alsf ion divided
by its coordination number.

The hexagonal layers of silicon tetrahedra present
in R -tridymite and in B -cristobalite are shown in
figure 2, the dimensions being a=5.03 A, b =8.71 A.
Another type of layer having the same dimensions would
be one in which all the tetrahedra point in the same

direction, as shown in figure 3. The oxygen ions
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Fig. 1. A hydrargillite layer of octahedra. The light circles indicate oxygen ions,
the heavier ones hydroxyl or fluorine ions in mica.

Fig. 2. A tetrahedral layer from B-cristobalite or B-tridymite. A silicon ion is |

located at the center of each tetrahedron, and an oxygen ion at each corner.
Fig. 3. A tetrahedral layer in which all the tetrahedra point in the same direction.
Fig. 4. A complete layer of octahedra (brucite layer).
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forming the bases of the tetrahedra are held by two
oxygen-silicon bonds, each of strength one, and so

the electrostatic rule is sastisfied for them. However
the oXygen ions occupying unshared tetrahedral corners
are held by only one bond of strength one, and hence it
is necessary that they be held by further bonds. The
distance between neighboring tetrahedron corners is

3h = $-8.71 = 2,90 A. The length of an octahedral

edge in hydrargillite is %?g ='§i5.40 = 3,12 A. tHence
with only small distortions, these two layers can be
joined in such a way that the oxygen ions occupying

the unshared tetrahedron corners are coincident with
two-thirds of the octahedra corners, the remaining
one-third being occupied by hydroxice ions or fluoride
ions. If a similar tetrahedral silica layer be attatched
to the other side of the hydrargillite layer, the re-
sultant layer would be electrically neutral and would
correspond to the chemical composition Si4A12010(OH,F)2.
The valences of all the ions would be satisfied, since
the oxygen ilons at the corner of a tetrahedron and two
octahedra would be held by a silicon-oxygen ovond of

strength one, and by two aluminum-oxygen bonds, eaci

of strength one-half. The total thickness of this layer



would be about 10 R. It is probable that the mineral
pyrophillite with this composition has this structure.
Hereafter, these layers will be referred to as "pyro-
rhillite layers".

Actually two different perphiliite structures
can be built up in the manner described, depending upon
the relative positions of two tetrahedral layers joingd
to a hydrargillite layer. One manner of placing the
tetrahedral layers puts the hydroxyl ions or fluoride
ions at the ends of the shared octahedral edges. [hz
other possibility puts the hydroxyl ions or fluoride
ions at the opposite ends of the unshared octzhedral
adges. Both of these structures satisfy the electrostatic
valence rule and correspond to the same chemical conm-
position. (

In order to obtain a structure compati?le with the
chemical cémposition of muscovite it is necessary to
replace one-fourth of the silicon ions in a pyrophillite
layer by aluminum ions and to regain electrical neutral-
ity by the introduction of a corresponding number of
potassium ions. Aluminuia ions can have the coordination
number four as well as six, and thus the subsfitution
for siiicon ions in the tetrahedral layer is possible

without disrupting the structure. The potassium ions

cen be fitted into the cavities formed by six oxygen



ions on top of one layer and six on the bottom of the
leyer above. The resultant structure has the chemical
composition of muscovite. The electroststic valence rule
is not entirely satisfied, since some of the oxygen ions
will be held by three bonds having a total strength of
1l3. However this deviation is not scrious. The pyrophil-
lite layers are electrically negative and are held to-
gether by the electrostatic forces of the potassiunm

ions between then.

‘he postulated structure for mica is not rigorously
compatible with the space group ng because one-fourth
of the silicon ions in the tetrahedral layer are re-
placed by aluminum ions. The failure of the X-ray
investigation to indicate lower symmetry is to be
attributed to the small difference in scattering nower
between aluminum and silicon.

Since d001 in muscovite has been found to be
20.04 A, there must be two pyrophillite layers to the

unit.

IV. Testing the Predicted Structures by Observed
and Calculated Intensities of Leflection.
A .
The space group Cgﬂ requires that the potassiunm

ions be located either =zt centers of symmetry or on two



fold rotation axes. In the former case there are two
possible structures corresponding to the two possibilities
described for pyrophillite. In the latter case only
one structure is possible, for then the presence of
centers of symmetry =t the centers of the shared octa-
hedral edges excludes the possible perphiliite structurs
in which the hydroxide ions or fluoride ions are located
at the ends of the unshared octahedrzl edges. In what
follows, the three postulsted structures will ve desig-
nated as A, 3, and C.

l. Gtructure A shall refer to the one in which the
potassiwa ions are located at centers of symmetry and
the two tetr2hedrrsl lavers are Joined to the hydrargillite
layer in such a way that hydroxide ions occupy the ends
of shared octahedral edges.

2. Structure ¥ shall refer to the one in which
the potassium ions are located at centers of symmetry
and the two tebrahedral layers are joined to the hydrer-
gillite layer in such a way that hydroxide ions occupy
the ends of unshared octahedral edges.

3. Structure C shall refer to the one in which
the potassium ions are located on two fold rotation axes,
the pyrophillite layers then being the sane as in structure

Ae



Bech of the three structures has the following

sequence of atom-planes normal to (001):

Ions z coordinate

4 AU 2

4 0=~ + 2 (OH™,F7) Z,
4+ T+

3 81 o+ Al u

6 0~ Z,

£ K Y

6 07~ ¥ -z,
L = 1

3 Si o+ Al 7 - U

4 0" + 2 (0H™,F7) 3 - z,
'5+

L Al 5

4 0" + 2 (oH™,F7) ¥ vz,

+

3 5it e Al L+

6 O°° %_ Tz,
+ 3

2 X Y

6 0°~ - Z,
A+ 3+

3 51 =+ Al - u

4 0~ + 2 (0oH",¥) -z,
3+

4 Al 0




Ingsmuch as all three structures, A, B, and C
have the same sequence of atom planes along the normal
to (001), the calculated intensities of reflection of
(004) planes will be the same. Hence a comparison of
observed and calculated intensities for (004) will
serve to determine the essential correctness of the
postulated structures. rFor simplicity in calculation
an'ideal” structure is assumed, that is, 2ll the tetra-
hedra and octanedra are assumed to be regular, although
thnis would doubtlessly not be the case in the actua
structure. The intensities of reflection will then be
derendent only upon three parameters determining the
spacing of the atom planes. The intensities of reflection

of (OOf) planes are calculated from the formula

I = constantea® . ()
cwil . :
where A = ZEE A,ne‘“Trl Zn , the summation being taken

over all the atoms in the unit.

— I+c05229%w
A, = ( :

2 sin 26 /

n

Fn denotes the atomic scettering factor for the
nth atom in the unit. The ¥ factors employed in subse-
quent calculations ere taken from a2 tabulation by
Bragg and West (G6). The corresponding A values are
given in Table III. The quantity A° must approximately
parallel the estimated intensities of reflection on

any one photograprh.



TASLE III

Anmplitude Factors for Oxygen, Aluminum, Jilicon, and

Potassium
d (4) 0 Al 51 K

0.5 0.1 1.1 Lot 22
0.6 U 1.7 2.0 8+2
0.8 1.0 3.4 4.2 D5
Lall 2.0 D2 B 0 T
1.2 3.2 7.0 1% 10.2
1.4 4.3 87 Pa 124

1.6 5.4 10,3 11.3 14.8
1.8 645 11.8 18:8 17.0
2.0 Yl 15.3 14.5 19.2
2.2 3.8 14.8 15,9 21.4
Lot 9.8 16,2 173 2345
2e6 11,0 17.% 13.6 2545
2B 12.0 1349 20.0 2744
3.0 13,0 20,0 2lel 29D
5 14.0 2l.8 2.4 31.1
3.4 15,0 SlsD 23.5 3249
3.6 15+ 9 23+ 82 24.5 24.5
3.8 l16.8 24.1 25,5 36.2
4.0 17«6 25+0 26.4 37« B




IIT Continued

(@2 6]

Al 8i
25.8 27.2
26,5 a79
274 2 23.6
273 292
R34 2943
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assuing the thickness of the octahedral layer
to be the same as found for it in hydrargillite and
the tetrahedra to be 2.60 A on an edge, the parameter
/alues z,= 0,085, u = 0.137, z,= 0.165 were predicted.

The amplitude sxpression for the planes (004) is

2 :

A=32 4 * (-l}?AK'+ {3 A, * A, Jcos 2mlu

+6 Aj,icos 274z, + cos 2vlz, ),
with £ having even values. The struciure factor for
OH™ isnor P~ ion was taken to be the same as for U™~ ion.

The observed intensities were obtained by & visual
comparison of four photosraphs from fuchsite, identical
except for varying exposure times of 15, 20, 300, and

ind 2 vy ™ A 2
960 minutes. Zecause of the l=zrge value of d (20.042 A),

vol
reflections as high as the thirty sixth order were
observed. Table IV tabulates thie calculated and ovservead
intensities. The constant in equation (1) was given the
arbitrary value 0.015. ihe observed intensity for (002)
was arvitrarily taken to e egual to the calculated
intensity. The excellent general agreement serves to
substantiate the vroposed structure and to verify the
values of the predicted paraiseters.

In order to determine which, if any, of the three
structures A, 5, or. ¢ is correct, it is necessary to

calculate the intensities of reflection involving the

x and y parameters. In these caleculations the ideal



Table IV

Comparison of Observed and Calculated Intensities
of Reflection of (004£) Planes
X-rays incident on (001) a axis vertical

Oscillation O - 45 ,

(00£) Observed Calculated
Intensity Intensity

002 40 40

004 40 47

006 120 121

008 20 18

00+ 10 150 124
00.12 3 7
00+14 10 12
00+16 30 30
00+18 0.5 1.4
00+ 20 6 4.3
00+ 22 9 4.5
00+ 24 2 4.8
00* 26 g 5.2
00+ 28 0 0.0
00+ 30 0.8 1.6
00+ 32 0.1 0,2
00-34 0 0.6
00+36 1 1.7
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structures are assuned and the z parameters discussed
above ars emploved.

For structures A and B the orientation of the unit
cell is chosen so that the eight general positions
defined by the space group are those given by 38f and
which have been previously tabulated. ¥or structure ¢
the origin of the unit cell is transferred to a center
of symmetry so that the eight general positions are
given by 8F. TFrom the geometry involved in the planes
rarallel to (001) the following "ideal" parameters are
predicted for each structure:

Structure A
= 5 o, s
4 i"  ions in 44 positions
3+ 3 3 . . .
Al ions in two sets of 4e nositions with
i, =%/18, 1. >11718.

3+ 3+
12 51 +4 Al in two sets of 3f postions

x, = 0.211 ¥, = 17138 z,= 0.137
x, = 0,211 7, = 5712 2, 0,257

57

8 0ii” iong in 3f nositions

43 077 ions in five sets of 3f nositions

x, =0.13 v, =1/1% z,.=0.055
x.=0.135 T2 5/ L8 Be= 0:085
X B0 BE0 T, = 2 z¢= 0.185
% ,=0,8972 y.= 0 E+= Us 183
X,=0.472 ve=0 Z%:'u.165



Structure B
4 K" ions in 4c¢ positions
8 Al"" ions in two sets of 4e positions with
5/12 and u,=%.
12 Ei¢:4 Af+in two sets of 8f positions
x,= 0.211 y. =17/12 z, = 0,137
%= Dol v, = 11/12 B, 0, 13%
8 OH ions in 3f positions

x,=0.135 ¥z ™ z,= 0,055

-

40 077 ions in five sets of 8f positions

%x.= 0,888 y,=1/12 z, = 0.055
x.= 0.685 vs=5/12 B, 0.088
x,=0.472 Y= 0 Zz,= 0.165
%= 0: 722 V.= % z,= 0.165
%= 0,978 ¥y~ 0 zy = 0,165

Structure C

+ - . >
4 K iomns in 4 = with u=1/12
%
Al ions in 8 ¥ with

3]

¥, = 1/12 z,= 0

e

X,
4+ <3+
12 Si +4 Al in two sets of 8 F postions

1)

x,= 0,961 y.= % z, = 0.137

0.137

I

x,= 0.961 y,= 5/12 z

3

8 OH™ ions in 3 F positions

I

x,= 0.935 Ye= 1/12 Z, = 0,055
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40 077 ions in five sets of 8 F positions

x, = 0.935 y.= 3 z, = 0.055
%, = 0.935 v, = 5/12 z, = 0.055
x, = 0.472 Y. = 1/12 z, = 0.165
%, = 0.222 Ve = 1/3 zy = 0.165
%, = 0.222 ¥y, = 5/6 z, = 0.165

Inasmuch as there is no reason, a priori, to prefer
any particular arrangement of the a2luminum iocns in the

tetrahedral layers, it has been asswied in the intensity

1]

lcnlations that the two sets of 3f positions containing
4 3+ 4+
the 12 51 and 4 Al in the unit each contain 6 81 and

3+
two Al . Since the structure factors for aluminum and

c:

(

silicon are not greatly different, fhis assumption will
not csuse eny serious change in the relative values of
the calculated intensities.

In the attempt to eléminate two of the three possible
structures the intensitiss of reflection of (0kO) planes
will first be calculated and compared with the observed
velues. he calculated values depend only uron the y
nerameters. The experimental values were obtained
visually from an oscillation photograph prepared with
the molybdenw: k, lines isolated by means of a zirconia
filter. "he crystollographic ¢ exis was made the axis

of rotation. The data ate tabulated in Table V.



Table V
Comparison of Observed and Calculated Intensities

of Keflection of (0k0O) planes for Structures A, B, and C.

Photograph 1. X-rays incident on {010), ¢ axis vertical.

oscillation 0°- 45 . 400 milliampere hours.

(0x0) Ty L, Io Lovservea
020 640 160 L 10

040 33 260 140 15

060 365 | 865 365 30

080 3 23 30 10

0°10°0 11 2 1 |

012°0 : 115 : 115 115 20
0140 2 0 0 0

0«16°0 0 7.6 0 0

0+18+0 1 1 1 0

An inspection of the table shows that the agreement
is not striking in any of the three cases. lioreover, in
each case the relative values of the calculated inten-
sities disagree with the observed values to approximately
the same extent, so that the elimination of any one
~structure is not possible on the Basis of these results.
In all cases the relative values of the {020) intensities
are rather sériously in error. The relative values for
2ll other planes parallel the observed values satisfac-

torally. Instead of attempting to vary the parameters
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so as to obtain better agreement, the intensities of
reflection of other plznes will be calculated and con-
pared with experiment. The next set of planes which
would e reasoneble to try would be the {(h0O) planes.
However the calculated vslues come out the same in

2ll three cases, so that here again no useful infor-
mation concerning the probable correctness of any one
of the structures can be obtained. The next set of planes
selected for study nre those of the type (Oki), L even.
The relative values of the observed intensi ties are
taken from the same photograph used previously. Table
VI tabulates the results. The obseried intensities

are multiplied by the factor W in order to correct for
the varying specific times of illumination of planes

inclined to the axis of rotation.

Table VI
Comparison of Observed and Calculated Intensities

of (0kxZ) Blanes for Structures A, B, anc C.

(0x2) L, I, I W +Iobserved
022 154 t 1 36 15
024 472 1000 450 40
026 660 300 20 5
042 320 120 4 20
044 7 82 61 25
045 1 37 30 20




fhe data in this table show that there is sufficient
disagreement hetween calculated and observed intensities
for structures A and B to indicate that these structures
are quite probably incorrect. Since the actual structure,
is, of course, not derived from perfectly regular octa-
hedra and tetrahedra, it is not justifiable to eliminate
A znd B vntil the effect of variation of parsnmeters
on the calculsted intensities is deteritined. It is
found on calculation that no reasonable distortions
of the ideal structures A and B can significantly improve
the agreement between relative caiculated and ovserved
intensities for the planes tabulated in lable V1.
rhe reverse is the case for structure C. sefore definitely
concluding that € is the correct structure, the inten-
sities of reflection of many additional ylanes were
calculated for all three structures end it was found
that the same sort of disagreement preveiled for 4 and
5 as was found previously. In no case were the relative
values for A and B in belter agreement with the observed
then for C. Hence structure C is to be accepted as the
correct one.

Since there are eighteen x and y perameters
in structure C it is obviously impossible to try to fix

their values more accurately th:n the predicted ones by
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indenendently varying them. Inasmuch as it is known
that in hydrargillite the shared octahedral edges are
shortened from 2.90 A in the ideal case to 2.50 A, it
seems reasonzable to suppose that this is also the case
in mica. Introducing the length of & shared octahedral
edge as a parémeter and assuming that the length of

the édge may only vary in such a way as to leave the

z parareters unaltered, it was found that the best
agreement was obtsined when the length of the shared
edge is taken to be 2.64 X as compared to 3.00 X in the
idesl case. The calculated and observed intensities for
all planes investigated are tabulated in Tables VII and
VIII. I, and I'C denote the calculated intensities for
the ideal structure and the distorted structure (shared
octahedral edges 2.64 ﬁ) respectively. Observed inten-
sities are ziven on an arbitrary scale. Althioush tne

agreement between I'g and We I is by no :eans

observed
completely satisfactory, it is sufficikent to establish

the structure. Int=znsities were calculated for approximately
eighty five prism reflections. No pyramidal planes were

used for the reason that the calculations, denendent

upon all the twenty eight x, y, and z narsmeters simul-

taneously, become too laborious and are not essential

to establishéng the structure. The final parameter values
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Table VII
Comparison of Calculated and Observed Iﬁtéhéities
Photograph 1. Incident X-rays on \010) ¢ axis vertical.

Oscillation 0°~45"

et ) I ol h)'Iobserved
u20 1 12 10
021 34 34 10
022 36 & 15
023 300 300 20
024 450 470 40
025 560 560 50
026 20 20 5
0R7 54 54 10
028 20 10 5
029 i i 10
2+1.0 23 14 10
02+11 4 4 5
0212 40 34 10
02+13 45 45 20
040 140 67 15
041 . 150 150 20
042 4 21 20
043 96 98 20
044 51 52 25




Table VII Continued
(hixl) Iy I'a “*Isbserved
045 1 1 0
046 30 46 20
047 37 37 15
043 1 6 5
049 1 1 0
04+10 1 4 5
04+11 96 96 10
04412 38 100 15
04+13 200 2O 25
04414 6 7 o
060 370 320 30
051 0 0 1
062 85 56 10
063 0 0 0
064 13 L 0
065 0 0 ¥
056 1 1 1
067 0 0 0
063 130 150 20
069 0 0 10
G610 32 84 15




Teble VII Continued
(nx1) Iz ', W Igphserved
06+ 11 0 0 0
QB*l12 7 5 0
06°13 0 0 5
06-14 75 74 10
030 15 30 10
0100 f 1 0
0-12+0 120 100 20
0+14-0 1 1 )
0+16+0 1 : O
0.18+0 1.0 9 0




Table VIII

Comperison of C=lculated and Observed Intensities
Photograph 2. Incident X-rays on (100) ¢ axis vertical

dscillation 0'—45 . 400 milliampere hours

(hkl_)_, L I's weIopserved
200 540 620 20
202 82 75 30
204 14 13 10
206 200 210 20
203 27 78 20
20+ 10 340 330 | 35
2012 420 410 50
202 630 670 50
20Z 720 940 50
206 280 390 40
203 9 3 5
20+10 770 a9 50
20-12 19 19 10
400 290 400 50
600 7 15 10
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Table IX
Atomic Coordinestes in iuscovite

-
4 % ions in 4 I positions with u=1/12
= 1 3 . B B .
3 Al dious in 3 ¥ positions with
X, =% ¥, = 1/18 z,=0
+
18 51 +4 Al ions in two sets of 3 ¥ positions
x,=0.961 Y. T &%= Os 157
X 4,=0.961 .= BF18 By= 0 137
$ OH™ ions in 8 ¥ positions

x,=0.943 y,=0.070 z,=90.055

40 0=~ ions in five sets of 8 I positions

x.=0.910 T 2 z,~ 0.055
X.=0.948 Vo= 0.430 Zo= 0,088
xX,= 0,472 v,=1/12 7,= 0,185
*%,=0.22 Ve= 1/3 zeao.ias
%,= 0.222 y,= 5/6 z,= 0.165
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are given in table IX. The z parameters, determined
from eighteen even orders of reflection of {001) planes
are nrovably accurate to within 0,005 A. The x and vy

~ % o L
rarsmetars are probably correct to within 0.05 A,

Ve Some Remarks @oncenning the Structure

A photograph of a model of the structure is given
in figure 5. The two pyrophillite layers in the unit are
related to each other by means of two fold axes in planes
mid-way between them.

The 07, OH™, 2nd ¥~ ions in the octahedral layers
are arranged in a plane in hexagonal close packing.
The oxygen ions forming the bases of the tetrahedra
occupy three of the four positions of a close packed
plane, the fourth position being indicated by the dotted
circle in figure 3. |

The structure for ﬁuscovite leagts to & general
chemical €ormula for the micas{7),(®):

Kan4olO(0H,}:‘)2 g &n €3

X represents cations which may have the coordination

A 3+ * s 4+

p_— o

. 3+ . i L o
nurber xix, (Al , ¥g , Fe , Fe~ , ¥n , imn , Ti ,

T \ . - . : 2 . PR .
Li , etec) and ¥ cations of ccordination number 4 ( 3i .
A1, ete) 7The value n=2 corresponds to a hydrargil-

lite layer of octahedra while the value three corresponds



Fig. 5. A model representing the structure
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to a completed octahedral layer (figure 4). lhe
distribution of the various X and Y ions must bve
such as to satisfy the electrostatic valence rule as

such as possible.

Juizmary

A crystal of muscovite, KA13813010(OH)2, was analyzed
by means of Laue end rotation photographs and was found
to have a monoclinic unit of struture of dimensions
2=5.23 A, b=0.99 1, ¢ =20.14 %, B=96" . The unit
contains four molecules. The spzce group is Cgh.

Yith the aid of the coordination theory of close packing
a number of structures were devised having the observed
unit and symmetry ( 4 ). Ons of these was shown to explain
the intensitiess observed on the oscillation rthotograsphs.

The structure is cowposed essentially ol octahedra
of oxygen and hydroxyl ions zbout a nmetal ion aluminum)
end of tetrahedra of oxygen ions sbout a netal ion (sil-
icon). These octahedra and tatrahedra are arrarged in

-

the manner indicated by the model shown in figure 5.

I wish to acknowledge my appreciation to
Professor Linus Pauling for encouragement, advice,

ar” direction in the studies here raworted.
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