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A gravity dam is one which depends for its support
upon its own weight, such that each section of the dam is sup-
ported entirely by the ground directly beneath it rather than by
a foundation to the side, as is true in the case of the various
types of arch and dome dams. The assumption is made in the
knowledge that it is probably untrue in view of the fact that
there will be friction between two adjacent parts of any struc-
ture, so that some resisting force will be set up to add to the.
stability of the individual section. Inasmuch, however, as this
assumptive error is on the side of safety, one may proceed with-
out danger on the theory that there is no lateral support.

For purposes Qf analysis, graﬁity dams are customarily
divided into sections perpendicular to the horizontal cross-
stream axis, it being assumed, as stated above, that each sec-
tion is self-supporting and independent of any and all others.
For analytical purposes the width of such a section is taken as
unity, and its volume is therefore represented by the area of
the cross section itself, and inasmuch as there are assumed to
be no forces acting upon the section at the faces where it
joins the ad jacent section, either longitudinally or in sheér
any and all forceswhich act upon the unit section may be repre-
sented as acting upon its outer edges.

It may be shown that one can represent stresses in a
large scale prototype of any structure by means of a model on
a smaller scale, due to the fact that the deflection and loads

upon substances made of different materials are proportional
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moduli of elasticity of the model and prototype. Therefore,
if the modulus is constant for two given materials - that is,
if it does not vary from point to point, and under different
conditions of loading, results may be obtained using one as
model, the other as prototype. This method of analysis is be-
coming more and more popular, both as an easy and rapid way

of checking analytical calculations and as a means of original
stress determination without mathematical analysis.

An example of this may be illustrated by the method of
determining reactions of a continuous beam over a number of
supports under a given loading, taking advantage of the fact,
discussed later in this paper, that deflections at one point
are to deflections at another inversely as the loads at the
two points. A model beam is set up on a board on Which the
supports are represented by nails driven into a sheet of graph
paper from which distances may be readily scaled. By deflect-
ing the beam at any one reaction a ‘unit amount, and measur-
ing the ordinates at any given point of loading, in the direc-
tion of the load, the proportion of the load carried by that
individual support is determined directly. This process is
carried out for each support, accomplishing in half an hour
what would be a normal day's work in analytical calculation.
The percentage of error can be shown to be about two.

In the experiments carried on by the writer, a cellu-
loid model of a triangular cross-section of a gravity dam hav-

ing a base-to-height ratio of 0.70 was used, and known loads
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were applied to it at certain points in order to find the de-
flections at various other points under varying conditions of
loading with an object of determining the internal work which
would be performed by the dam.

From a study of the dam section, it is seen that the
forces acting upon it, neglecting (as mentioned before) longi-
tudinal and shear stresses transmitted from adjoining sections,
are three in number, (a) the horizontal force due to the pressure
of thewater behind the dam, (b) the gravitational force acting
upon the section in a downward direction, and (¢) the reaction
of the foundation acting so as to oppose the other two, and hence
upward and upstrean. Inasmuch as the first two are determined
easily, the weight of the section and the pressure of the water
being known, it follows that the solution of the problem concerns
chiefly the resultant forces opposing motion of the dam. Thess
forces may be divided into components acting upward normal to the
under surface of the dam, and those acting horizontally, causing
shearing stress between the dam and its foundation.

The summation of the shearing stresses at the bottom of
the dam equalsthe summation of the water pressures, or th, in
which h is the depth of water at the upstream faceoof the dam
and w is the unit weight of water, that is, the weight of a unit
cube, inasmuch as these two opposing forces are the only ones
existing which have a horizontal component. It is the variation
of this shearing stress along the base which is one of the ulti-

mate purposes to which these experiments are preliminary.



Considering the differential cube at the base of the
upstream face, it is seen that, inasmuch as there can be no ap-~
preciable shear as between water and a solid, the shear along the
upstream vertical face is necegsarily zero. Inasmuch as the
shearing stresses on two adjacent faces of a cube must be equal
in magnitude, there is no shear at the base of this small cube;
in other words, the shearing stress at the upstream face of the
dam 1is zefo. It may then be considered as varying from zZero up
to a meximum value at the toe, along some curve whose shape is
unknown,

Considering vertical reactions, if moments be taken at
the base directly beneath the resultant of the weight, at which
point the weight and the vbase shear have no moment, it becomes
apparent that the resisting ground pressure has a resultent on
the downstream side when the reservoir is full, which is the con-
dition assumed. The ground pressures are therefore greatest
near the toe of the dam. There can, of course, be no tension be-
tween the dam and its foundation, as this would tend to form
cracks which would permit a water pressure under the dam tending
to overturn it, but for economic reasons, the best dam is one in
which the bearing stressAat the upstream face approaches zero.
FPor this reason, the bearing stress mey also be assumed. to fol-
low somecurve of unknown shape, from zero at the upstream face
to a maximum value at the toe.

The ultimate purpose of these experiments, but one which
is beyond the scope of this paper, is to find the curves which

these two stresses follow. The stress is temporarily assumed to
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follow a straight line whose end pointsvare determined such that
the area under the line represents the force which is resisted.
To this straight line is to ve fitted a parabola such that an
equal area will be above and below the line, and hence the area
under the curve as fitted will be the same as that under the

line. The parabola will have the form

y= «(Xz-—— 32)

in which y and x are the ordinate and abscissa, respectively,
along the force line assumed, and may then be referred to the
same co-ordinates as is the equation of that line.

In the analysis it is necessary to consider the prin-
ciple of least work, which may be used frequently in the solu-
tion of problems that may not be solved solely by means of the
three fundamental conditions of static equilibrium, as in the
simple case of a table or chair with four legs, which having one
more unknown than there are equations, is therefore redundant
and must be solved by some means involving indeterminate struc-
turés. The principle of least work states that the stresses in
a redundant structure have values sﬁéh that the internal energy
of all the stresses is at a minimum. The proof of this is given
by lMerriman as follows:

Let 4 Vo 5 By uvr v K, be n forces in

L]
equilibrium. Then let a small internal displacement be made

without performing work on the system as a whole such that the
point of application of each of the forces move through small

distances fe, Je Se . As no outside work

. Sey .-
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was done the total work is equal to zero, hence

P. SC-, +P1 {4, +P3, Ses----'+P4sr<u—=o

A law of mechanics states that for cases of stable equi-
librium the integral of this expression is at a minimum, so that
Pe, + Pe, Preg + --o - Paie~. = & minimum in which
e, e . ey - --- - € 8re the total distances through which the
various férces have moved in reachling a state of equilibrium.

The work done by each of the forces P in increasing from O to P
is therefore'%§ , and equals the energy stored by the internal
stresses which kalance the forces. Therefore the internal energy
of the entire system is at a minimum.

It may be shown that the internal energy which is stored
in a system is exactly equal to the external work to which the
system is subjected. By the use of this faet, it is possible to
determine the internal energy of the system through an analysis
of the external work done upon it. In the case of the dam, this
work consists of half the summation 6f the loadings times the
distance through which each acts.

Inasmuch as it is impossible to determine the movement
of each point when the entire section is under stress, én apPpProx-
imation must be made, even using the model. In this case, points
were selected along the two faces of tﬁe dam upon which stresses
act, for determination of the movement of each of the points under
various conditions of loading. The deflections wunder different
loads are additive; that is, if the model has a deflection g at

a given point under a load at one point, and a deflection b under



a loading at another, it will have a deflection a + b under
the combined loadings at the same time, and this may obviously
be extended to include loading at all points.

The law of reciprocal deflection, which was cited brief-
ly in an example given, states that if a given amount of work 1is
done at one place, the summation of the work done at a number
of other places is the same if the body remains in equilibrium.
Hence if a weight is applied at one point, causing a certain de-
flection, if there are a number of other forces acting upon the
body the applied work will be equalled by the work done on the
other forces. This fact may also be reversed, stating that if
a number of different forces do workbon a body, work may be done
on an applied force at another point.

The application of this experimental data ig an extension
of this latter principle. A load is actually applied at a number
of given points, noting in each case the defléction at other
points, as well as the actual work performed by measuring the de-
flection under the applied load.

The reversal of this process is carried out in the analy-
sis. 'By studies involving the resultants of the water pressure
and of the gravitational action at any of the other points, it
is possible to arrive at the work which would actually be done
upon the model, using the deflection obtained for the horizontal
and vertical loadings at the base. A simple preoportion then
exists between the work actually done upon the model, and the
theoretical work which would be done upon it under full load, as

by summing the amounts of the theoretical work performed a re-



sult 1s obtained which is to the actual work done as the reaction
to the theoretical applied loads is to the Load actually applied
to the model.

In this way, it is possible to obtain the resultant
thrusts and shears at each of the control points for any given
dam. By plotting these, a curve may be drawn through them, and
then pelated, as previously suggested, to a parabola diverging

from a straight line.

Experimental Work.

The model set up was a celluloid triangle 15 inches long,
104 inches along the base, and about 0.075 inches in thickness.
This represented a cross-sectional area through the dam , the
vertical face being considered as the upstream side. The base,
and the vertical edge were each divided into ten parts, the nine
divisions being marked by lines ruled on the face of the triangle.

Small bridges, a part of the Beggs deformeter apparatus,
were used to support the pins which held the two corners of the
base. The pin holes were drilled exactly at the intersection
of the edges prolonged, at the centers of small circles of 1/5"
radius. Further supports for the rest of the triangle were pro-
vided in the form of small glass blocks which prevented it from
excessive sagging.

' A Bausch and Lomb microscope, no. 1412, was used to

measure the deflections. A small dot of ink was placed on the
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triangle adjacent to the point whose deflection was desired, the
cross-hair Dbeing brought tangent to this dot of ink for each
reading.

Five one-pound weights, wired together and connected by
means of a flexible trout cord to a wire stirrup which passed
around the triangle end could be applied at any of the nine
points on the base of the triangle, at each of which there was
a noteh té hold it in place. The line passed from the triangle
over a moveable glass rod at the edge of the table, so that the
weights were free to hang vertically. A drawing stool was used
to rest the weights upon'during’no load' conditions.

In operation, the microscope was kept at one place
throughout each series, the weight being moved from point to
point. This was obviously because of the greater ease in moving
the weights, although perhaps for experimental purposes the re-
verse would have been slightly superior because of the advisa-
bility of obtaining all results at any one point uﬁder approxi-
mately the same conditions. The procedure in taking any set of
readings was as follows:

1) WViith no load, the cross-hair was brought tangent
to the point.

2) The load was applied by releasing the weights.

3) The reading of the scale was taken and record-
ed to tenths of the least reading (To nearest ten-thousandth of
one inch.

4) The cross-halr was set on the new positibn.

5) The load was removed, by placing the weights upon a
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rest so that there was no tension in the cord.

6) The scale was again read and recorded for load
conditionse.

7) Same as (1) etec., etc.

This procedure continued until five readings had been
taken under load and under no load conditions. The results were
inspected, and if no wide discrepancy appeared in the readings,
an average was taken for each condition. These averages were
then compared to determine the deflection to be recorded.

Deflections were first obtained for the normal reactions,
measurements being taken for points along the base. Due to the
impossibility of making direct readings to give the shear on the
base, it was found necessary to apply the loads at an angle and
then to correct for the discrepancy, finding the Eorizontal Coll=-
ponent of the angle. Loads were applied at 45°, deflections be-
ing taken along the base both horizontally and vertically, and
horizontally along the water face, for all positions of the
loads.

An inspection of the set up will show that multiplica-
tion of the deflections by [2 gives the same result as would
a corresponding increase of the weight, which, in turn, is equi-
valent to two forces of the original weight acting, one tangen-
tially, the other normal. By subtracting the deflections
already found due to the normal load, it is theoretically pos-
sible to obtain the effect of the pure tangential load. However,
it was found that due to absolute bending of the model due to

the applied load, results obtained in this way as due to the
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pure tangential load were so much in error as compared with the

probable true deflection that this method was abandoned, and the
horizontal components used along, without correction.

The data recorded includes a tabulation of the deflec-
tiong at each of the control points, in ten-thousandths of an
inch, resulting in a five pound load applied horizontally and
vertically at each of the nine points along the base. This is
now in a éondition to be used in further calculations for any
particular dam, according to the methods as outlined before.

It is felt that the results obtained would have been
much befter had it been possible to obtain them from a set up
which did not involve bending in the triangle to so great an ex-
tent as did the conditions used, in which it acted largely as a
beam supported by the two pins. Some bending is inevitable, and
indeed the success of the problem depends upon it, but thebwrit-
er feels that it was largely due to this fact that it was impos=
sible to obtain more perfect figures for the tangentially loaded
deflections, as in a beam of varying moments of inertia, the
direction of application of the load becomes more involved than
was asgsumed to be the case.

In conclusion the writer wishes to express his apprecia-
tion for the help of the staff of the California Institute, and
particularly that of Prof. Eugene Kalman, under whose direction

the entire series of experiments were carried on.
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CELLULAID  MOBEL OF SECTION

Used in Experiments

Thickness 0.075 e
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DEFLECTIONS UNDER NORMAL LOAD

7‘- povnd load.

vertical Scale:

\“2 0.004°

deflection







BASE DEFLECTIONS UNDER

INCLINED LOAD

5-poond

load.

0.004" deflection mcqua!s one inch,







DEFLECTIONS OF UPSTREAM FACE UNDER [NCLINED LOAD
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