
CORRELATION OF INDUCTION MOTOR DESIGN FACTORS 

AND 

DETERMINATION OF THE END TURN REACT.ANGE 

OF POL YPHASE MACHINES 

THESIS BY VAINO HOOVER 

In Partial Fulfillment of the Requirements for 
The Degree or Doctor of Philosophy, 

California Institute of Technology, 
Pasadena, California, 

1931. 



SUMMARY 

My research work has consisted of a study of the design of single phase 

and polyphase induction motors, and the determination of the end turn react­

ance of polyphase machines. 

The work on the single phase condenser motor was reported in a thesis 

for the degree of Master of Science. 

The work on polyphase machines has consisted of the determination of the 

slot area, wire area, stator conductivity, pullout torque, motor rating, and 

stator losses as functions of the stator dimensions. The condition for maxi­

mum stator conductivity is obtained and the pullout torque is derived for any 

value of stator conductivity as a function of its value for the condition of 

maximum stator conductivity. Evidence is submitted why a motor should be 

designed in the region of rrnximum stator conductivity. This work is reported 

in the paper entitled "Correlation of Induction Motor Design Factors". 

In the paper entitled "End Turn Reactance of Polyphase Ma.chines", the 

end turn reactance is considered as a problem in self and mutual inductance. 

The reactance between any two line segments is derived and a method of calcu­

lating end turn reactance in terms of coefficients of this type is developed. 



CORRELATION OF INDUCTION MOTOR DESIGN FACTORS 



INTRODUCTION 

An analysis of stator resistance, wire size, horsepower rating, and air 

gap density as a function of the flux per pole per unit length of lamination 

stacking, stator slot shape and slot insulation, rotor diameter and flux 

densities in the stator teeth and core. 

The usual method of design is to begin with the rotor radius, flux per 

pole, and ampere conductors per inch of rotor circumference. The flux 

density in the air gap is determined when the stator tooth density and the 

ratio of slot pitch and tooth width are set. The depth of slot is deter­

mined by t he ampere conductors per inch and the circular mills per ampere. 

The depth of stator core and the stator radius are then determined by set­

ting the value of t he flux density in the stator core. 

The relations of, the rotor and stator radius, t he width of slot and 

tooth, t he depth of slot and core, the flux per pole and the flux densi­

ties, to each other and to the motor performance are quite vague. To de­

termine their best proportions is difficult unless a large amount of experi­

mental data are available. 

In this paper an attempt is made to determine the relation of these 

factors to each other and their proportions for the best design. 

A brief outline of the analysis is as follows. The area of the stator 

slot is developed as a function of t he shape of the slot and t he area 

occupied by the slot insulation. The effect of the slot insulation on the 

net area of the stator slot is taken into account by using a corrected valw 



for the stator radius. The area of the wire used for the stator coils is 

developed as a function of the flux per pole. The stator resistance is 

expressed as a function of flux per pole and slot shape. The rotor radius 

is determined by setting the ratio of the flux densities in the teeth and 

core. A sample calculation is ma.de using this method of design for motors 

from two to twelve poles. The maximum torque as a function of the flux 

densities and the flux per pole is discussed. The effect of stator resist­

ance on maximum torque is calculated and shows t hat the flux per pole used 

should be very nearly that for minimum stator resistance. 

In the equations which are developed factors not pertinent to the dis­

cussion are omitted in which case the equations are more in the form of 

proportions. This procedure when followed will be evident from the text. 
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DETERMINATION OF PROPORTIONS FOR MAXIMUM AREA 

OF A RECT.AIDUL.AR SLOT 

If (N) is the number of stator slots then the slot pitch in radians 

is (2'1f'/N ). Let K1 be this angle, or K1 == 2'1f'/N. (Fig. 1.) 

Fig. l shows a portion of a stator with the dimensions indicated by 

the symbols which will be used in the discussion. Referring to Fig. 1.: 

Wt• Minimum width of stator tooth 

Ws = Wi.dth of stator slot 

D8 = Depth of stator slot 

R8 = Stator radius 

Rr = Rotor radius 

R1 • Minimum rotor radius possible 

H = Maximum depth of stator slot possible 

K1 = Slot pitch in radians 

From the figure it is evident that the wedge shaped area of height (H) 

available for the stator slot has the same vertex angle (K1) as the total 

area of height (R6 ). Then for any depth of core (De) and width of tooth 

(Wt) the problem of finding the shape of slot for maximum slot area reduces 

to that of finding the largest rectangle that can be constructed in a 

triangle of height (H) and vertex angle (K1). 

(Fig. 2.) 

In Fig. 2 the shaded areas represent slots of various shapes inclosed 

by the available triangular area. From Fig. 2 the following proportions 

are derived: 

W8 = Kl H1 

D8 = H - H1 







As= Slot area. 

As = (K1) (H1) (H - H1) 

As= (K1) (Hl H - H12) 

(1) 
To find the value of (H1) for the rw.ximum area possible differentiate 

(As) with respect to (H1) and equate to zero. 

H1 = H/2 For maximum slot area 

Substitute (2) in (1) 

As max. = 5,w 
4 

Where As max. is the maximum value of the slot area. 

( 2) 

{3) 

Since we are not interested i~ actual values but rather in their pro­

portions, let (Y) be the ratio of the depth of slot to the maximum depth 

possible. 

Let 

Then 

y = Ds = -H 

A"" As -----As max. 

A= K1 {H1H - H12) 

K1 H2 
4 

Substitute (4) in (6) 

A = 4(1 - Y) Y 

{Curve 1.) 

( 4) 

(5) 

(6) 

(?) 





Equation(?) is plotted on Plate l. The curve is symmetrical with 

respect to (Y = 1/2). The curve s hows that (A) is a maximum at (Y = 1/2) 

and that it does not change rapidly for small changes in (Y) near this 

value. Since for shallow slots the reactance is lower and the rotor dia­

meter is greater, it is evident that the depth of slot should be ma.de as 

small as possible without sacrificing too much slot area. 

TABLE I. 

Y = Ds/H A = Slot Area 
Maximum slot area 

0.50 1.00 

0.45 0.99 

0.40 0.96 

0.35 0.91 

0.30 0.84 

Table I. shows that decreasi ng the slot depth lo% from that for maxi­

mum area decreases the slot area only 1%. A reduction in slot depth of 20% 

of that for maximum area decreases the slot area only 4%. If the slot depth 

is made 80 to 90% of that for maximum area, a material decrease in slot 

reactance is obtained without producing any appreciable loss in slot area. 

EFFECT OF SLOT I NSULATION ON SLOT SHAPE 

In the preceding derivation the assumption was mde that all of the slat 

area be occupied by the windings. Talcing account of the insulation for the 

slot walls and the top wedge does not change the analysis. The area occupied 



by all the slot insulation except that surrounding the individual conductors 

can be accounted for by considering the depth of the stator core and the 

width of the stator teeth increased by these amounts; the remaining area can 

be treated in the manner described in the preceding paragraphs. 

(Fig. 3). 

In Fig. 3 (D1 ) and (D2) are the net height of the stator coils and (Ws) 

is the net width of the stator coils. (W08 ) and {D0s) are the actual slot 

dimensions. The net area of the coils in the slot is (D1 + D2 ) (W8 ). 

Let 

Ds =Di+ D2 Net height of stator coils 

Dv = Dos - Ds Total height of insulation 

Dh = Wos - Ws Total width of insulation 

(8) 

(9) 

(10) 

If (Dv) is added to the depth of the stator core and (Dh) is added to tre 

width of the stator teeth, the remaining area having height (H) can be used 

rather than the actual area of height (H0 ). The values of (D8 ) and (W8 ) which 

are then derived will be the net dimensions of the coils in the stator slot. 

To obtain the actual slot dimensions (Dy) is added to (D8 ) and (Dh)is added 

to (Ws)• 

H = H0 - (Dy+ Dh/K1) 

fig. 4.) 

(11) 

The effect of slot insulation can be entirely eliminated from the cal­

culations if instead of using the actual stator radius (R0 s) a stator radius 

of (R06 - (Dv + Dh/K1 ) is used. 







From Fig. 4 the following relations are obvious: 

Rs= Ros - (Dv + D}i/K1) 

Rr = Ror - Dii/IS_ 

(12) 

(13) 

In the discussion to follow the net stator dimensions will be used, the 

actual values can be obtained from the preceding equations. 

Let 

Rr = Net rotor radius 

R
8 

= Net stator radius 

Bc = Stator core flux density 

Bt = Maximum stator tooth density 

Dc = Depth of stator core 

Wt= Minimum width of stator teeth 

<DP= Flux per pole 

N = Number of stator slots 

Lg= Gross length of lamination 

P = Number of poles 

Using the above symbols the common equations for the flux densities in 

the teeth and core are: 

Bt = (D. 'fr p 
LPN 2(0.9) Wt 

g 

Introducing K1 we have 

(I)p (K1 P (0.278) 

LgWt 
= B 

t 

(J)p (0.5~) 

Lg De 



From the above equations {Dc) and (Wt) are given by equations (14) and 

(15). 

DC = (DP (0.556) 

Lg B0 

Wt = ©p K1 P ( 0.278) 

Lg Bt 

From Fig. 1. 

H = Rs - (Dc + Wt/K1 ) 

(14) 

(15) 

Substituting the values of (Dc) and {Wt) given by equations (14) and (15). 

Let 

K2 = 0.556 + P (0.278) 
Be Bt 

K3 = (0.556) 
Be 

K4 = P (0.278) 
Bt 

+ P ( o.278) ) 
Bt 

(16) 

(17) 

{18) 

(19) 

Substituting equations (l?), (18), and (19) in (14), (15) and (16) the follow-

ing expressions are derived: 

w ::a t 

( 20) 

(21) 

(22) 

(23) 



Equation {22) shows that (H) decreases linearly as ( (I)P) increases. 

-r;-
When ( <I>PK2 ) = Rs , (H) becomes equal to zero. That is, at this value 

Lg 

of flux per pole all of the available space is occupied by the stator core 

and teeth. This then is the greatest value of flux per pole which is 

theoretically possible. 

From (3) 

2 
As max ... K1 H 

4 

From (7) 

As ,.. Ki if (1 - Y) Y 

Substitute (22) in (7) 

A 
8 

= ~ ( R - <I)p K2 ) 2 ( 1 - Y) Y ( 24) 
s L 

g 

Equation (24) is the general equation for the slot area. But here 

again the proportions are of greater interest than the actual values. The 

slot area reduces to zero when (H) is equal to zero. 

For (H = 0 ) 

e-<?>p 
L g 

Let 

z = (Dp 
L g for any value of H. 

(I) p 
Lg at (H = O) 

Z= <DpK2 
Lg R8 

(25). 



The variable (Z) is then equal to the ratio of the flux per pole to the 

maximum flux per pole possible with the fl-µx densities determined by (K2). 

Substitute (25) in (22) and (24) 

H = R8 (l - Z) 

As max.= K1 (Rs)2 (1 - z)2 
4 

As= K1 Rs
2 

(l - Z) 2 (1 - Y) y 

(26) 

(27) 

(28) 

The greatest slot area would occur when the flux per pole is equal to 

zero. This is equivalent to putting (Z) equal to zero in equation (27). 

When (Z = 0) 

Let 

As max.= K1 (Rs)2 
4 

Al= As 
-K1_R_s_2...,/'""4-

A1 • 4(1 - z)2 {l - Y} y (29) 

The variable (Ai) is then the ratio of the slot area to the maximum slot 

area possible when the flux per pole and the slot shape both are allowed to 

vary. It is a maximum for (Z = 0) and (Y = 1/2). 

Plate 2.) 

Plate 2 shows values of (Y) and (Z) for which (A1) is constant. 

DETERMINATION OF FLUX PER POLE :FOR MAXIMUM WIRE SIZE 

Let (¾) be the area of the conductor and (n) the number of conductors 

per slot. 

Then 





The flux per pole varies inversely as the number of conductors, so (Aw) 

varies directly as (As) ( (l)P ) • 

Lg 

But (Z) is proportional to ((t)p) so we may 

Lg 

write the proportion. 

Aw "'As Z 

The slot area (As) is proportional to (A1 ). The slot area is a maximum 

for (Y = 1/2). Substituting this value of (Y) in equation (29) for(~) 

results in the proportion. 

), = (1 - Z) 2 Z For (Y = 1/2) (30) 

To find the value of (Z) for naximum wire size differentiate (Aw) with 

respect to (Z) and equate to zero. 

d( Aw)= l - 3 Z = 0 
d(-Z, 

and 

When (Z = l/3), or when the flux per pole is one-third of that at which 

al l of the available space is occupied by the iron in the stator core and 

teeth, the area available for each conductor is a maximum. 

when ( (])p/L = R /K ), so the wire size is a maximum for 
g s 2 

z is equal to one 

«) p = Rs 

Lg 3 K2 

If (Z = 1/3) is substituted in equation {30), the value of(¾) given 

by this equation is 4/27. In order to make (A) the ratio of the wire size 
w 

to the maximum wire size, the value of (Aw) given by equation (30} must be 

increased by 27/4. This results in the equation 



A = 27 (l - z) 2 Z 
w 4 

(31) 

Where (A) is the ratio of the wire area to the maximum wire area. w 

Equation (31) is plotted on Plate 3. 

(Plate 3.) 

Plate 3 shows that (Aw) is greater than 0.5 from (Z = 0.09) to (Z = 

0.66). In larger machines two or more conductors are often used in parallel, 

so that in the range (0.5 < A < 1), the actual copper area of the conduc-. w 

tors may be considered to be proportional to the area available for each 

conductor. 

DETERMINATION OF FLUX PER POLE FOR MINIMUM STATOR RESISTANCE 

The resistance of the stator will vary directly as the number of con­

ductors in series per phase, and inversely as the area of the conductor. 

R = n/Aw R is proportional to the stator resistance. 

From (30) 

area. 

¾ = (1 - Z) 2 Z When (Y: 1/2). (Aw )is proportional to the wire 

The number of conductors varies inversely as the flux per pole. 

n = 1/z 

The stator resistance is then expressed by the proportion 

R = 1 -----(1 - z)2 z2 

and the conductance, (G), by the proportion 

G = (1 - Z)
2 z2 

To find the :imximum value of (G) differentiate with respect to (Z) and 

equate to zero. 
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and 

d (G) = 1 - 2Z = O. 
d (Z) 

Z = 1/2 (34) 

The maximum stator conductivity occurs at (Z = 1/2). When (Z) equals 

one J ( (l)p/L = R /K ), so for minimum stator resistance 
g s 2 

~ Rs 
Lg 2 K2 

If (Z = 1/2) is substituted in the expression for (G), the resultant 

value of (G) is 1/16. In order to make (G) the ratio of the stator conduct­

ivity to the maximum conductivity, the value of (G) given by this expression 

must be increased by 16. This results in the equation 

G = 16 (1 - Z) 2 z2 (33) 

The ratio of the stator resistance to the minimum stator resistance is 

given by the equation 

R = l 

16 (1 - z) 2 z2 

(Plates 4 &. 5.) 

Equations (32) and (33) are plotted on Plates 4 and 5. 

TABLE II. 
From Plate 5. 

z R 
0.2 2.40 
0.3 1.42 
0.4 1.08 
0.5 1.00 
0.6 1.08 
0.7 1.42 
0.8 2.40 

(32) 

Table II shows that a small change in (Z) near (Z = 1/2) does not ap­

preciably affect the stator resistance, but for values of (Z) less than 0.4 
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or greater than 0.6, t he resistance increases rapidly. 

In deriving equations (32) and (33) the shape of slot was assumed to 

be t hat for maximum slot area, that is (Y) was given the value 1/2. The 

values of {G) and (R) for any value of (Y) are given by the following 

equations. 

R = 1 ------------
64 (1 - Z) 2 z2 (l - Y) Y 

G = 64 (1 - z)2 z2 {l - Y) Y 

(Plate 6.) 

Equation (36) is plotted on Plate 6. 

In equation (36) 

From {26) 

Then 

y = Ds 

Rs {l - Z) 

Let 

Then 

Y=X 
...,.,( 1,,------Z-.-) 

Substituting in equation (36) 

G = 64 z2 (1 - Z - X) X 

{35) 

(36) 

(37) 





(Plate?.} 

Equation (37} is plotted on Plate 7. Since (X) is t he ratio of the 

depth of slot to the stator radius, the d~pth of slot for any value of (Z} 

and stator radius (Rs) can be taken from this curve. Plate 7 sijows that 

the stator conductivity is a maximum when the depth of the stator slot is 

equal to one-fourth of the stator radius, and (Z = 1/2). Reducing the depth 

of slot to 0.225 of the stator radius reduces the conductivity only one 

percent. 

In the derivation of these formulas no mention has been made of the 

actual values of t he flux densities in the teeth and core so that the shape 

of the stator slot for maximum conductivity is independent of the values of 

the flux densities. 

DETERMINATION OF 'lHE DEPT'rl OF STATOR CORE, 

WIDTH OF STATOR TEET.cl AND ROTOR RADIUS 

In order to determine the d~,th of the stator core, the width of the 

stator teeth and the rotor radius, the flux densities must be considered. 

Referring again to equations (17) to (25). 

(18) 

(19) 

(20) 

(25) 

K = 
3 

0.556 
BC 

+ P (0.2?8) 
Bt 

K = p 
4 

(0.2?8} 
Bt 

D =<Dp K3 
C 

Lg 

z =~ K2 

Lg Rs 





Substituting (25) in (20) 

n/Rs = Z K3/K2 

(26) H/R = (1 - Z) s 

Rr = 1 - De + YH 
Rs Rs Rs 

Substituting equation (26) and (38) 

Rr = 1 - Z K3 - y (1 - Z) 

Rs K2 

The equation for Rr/R may also be written as 
s 

Rr/Rs = R1/Rs + (1 - Y) H/R8 

But R1fR 8 • Z K4/K2 

and H/R
8 

= (1 - Z) 

So 

Let 

Let 

Then 

So 

R /R = Z KJK + (l - Y)(l - Z) r s 2 

CX = K4/K3 = P (0.278) Be 

Bt (0.556) 

o< = P B/2 

K2 = K3 + K4 = K3 ( 1 + o(. ) 

o<. 

{1 + o<. ) 

(38) 

(39) 

( 40) 

( 41) 



Substitute (41) in (40) 

RjR8 = Z o(. + (1 - Y)(l - Z) 
(1 + o(. ) 

(42) 

Equation (42) shows that in order to determine the rotor radius for any 

values of (Y) and (Z) it is only necessary to fix the ratio of the flux 

densities in the core and teeth and not their actual values. A curve of 

Rr/R
8 

against { c:,(,. ) is plotted on Plate 8. for (Z = 1/2) and {Y = 1/2), this 

being the condition for minimum stator resistance. Any change in (Y) does 

not alter the shape of t he curve it merely displaces all points on the curve 

an equal distance. If {Y) is :rmde 0.45 instead of 0.50 the slot area is 

decreased only one percent, but (Rr/Rs) is increased by 0.025 for all vamues 

of {o(. ) when (Z = 1/2}. 

The value of (Bc/Bt) will in general lie between 0.50 and 1.0 so that 

( ~ ) will assume values from 0.25 P to 0.50 P. 

(Plate 9}. 

Plate 9 shows curves of (Rr/R8 ) for vai ues of (Bc/Bt) from 0.5 to 1.0 

for {Z = 1/2} and (Y = 1/2}. The values of (Y) and (Z} being those for 

minimum stator resistance. The curves are plotted for motors having from 

two to twelve poles. 

For an open slot motor a core density of 70,000 line per square inch 

and a tooth density of 90,000 may be taken as suitable values. This would 

give a ratio of (Bc/Bt} near 0.8. The probable variation from this value 

would perhaps be from 0.7 to 0.9. 
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TABLE III. 

Ratio of Rotor Radius to Stator Radius 

(Y = 1/2}. (Z = 1/2) (Z = 1/2). (Y = 0.45) 

B,.IB+ 0.7 0.8 0.9 0.7 0.8 0.9 
Poles ' 

; 

2 0.455 0.472 0.487 0.480 0.497 0.512 

4 0.542 0.557 0.572 0.567 0.582 0.597 

6 0.590 0.604 0.615 0.615 0.629 0.640 

8 0.617 0.630 0.642 0.642 0.655 0.667 

10 0.640 0.650 0.660 0.665 0.675 0.685 -
12 0.653 0.662 0.670 0.678 0.687 0.695 

Table III gives values of Rr/Rs for motors from two to twelve poles for 

ratios of Bc/Bt of 0.7, 0.8, 0.9. Two conditions are considered, one, that 

for minimum stator resistance (Z = 1/2) and (Y = 1/2), the other having the 

same flux per pole but a slightly shallower slot (Z = 1/2) and (Y = 0.45). 

For a four pole motor with (Y = 0.45) and {Bc/Bt = 0.9), Rr/R8 is equal to 

0.597. For a six pole motor with (Y = 1/2) and Bc/Bt = 0.7), Rr/R 8 is equal 

to 0.590. By slightly increasing the core density of the four pole motor 

and decreasing its tooth density the same diameter rotor can be used for 

both the four and six pole motors. For an eight pole motor with (Y = 0.45) 

and (B 0/Bt = 0.8), the value of Rr/R8 is 0.655, while for a twelve pole 

motor with (Y = 1/2) and (Bc/Bt = 0.7), Rr/Rs takes the value 0.653. Here 

by decreasing the depth of the slot for the eight pole motor and increasing 

the tooth density of the twelve pole, the same diameter rotor can be used 

for motors from eight to twelve poles. 



In order to determine all of the mechanical dimensions of the stator as 

a function of the stator resistance, it is only necessary to set the ratio 

of the flux densities in the teeth and core. In the discussion to follow an 

attempt will be ma.de to prove that for economical design the motor should be 

designed very near the point where it has minimum stator resistance. 

SAMPLE DESIGN 

For a sample design let the following dimensions be assumed. 

Stator radius= Ros= 10 inches. 

Vertical slot insulation= Dv = 0.3 inches. 

Horizontal slot insulation=~= O.l inches. 

Number of stator slots for two pole motor= N = 54. 

Number of stator slots for 4 and 6 pole motors= N = 72. 

Number of stator slots for 8, 10, and 12 pole motors= N = 96. 

Ratio of flux density in core to density in teeth= Bc/Bt = 7/9. 

To correct for the area occupied by the slot insulation equations { 9) to 

{13) are used. 

(9) D8 = Dos - Dv• 

{10) W8 • Woa - Dh• 

(12) Ra= Ros - (Dv + Dii/K1) 0 

(13) Rr = Ror - Dh/K1. 

K1=~ 
N 

Table IT. gives the values of R8 determined by equation (12): 



TABLE IV. 

Poles 2 4 & 6 8 10 & 12. 

N 54 72 96 

K1 0.1161 0.0871 0.0654 

Dh/K1 0.860 1.15 1.53 

Dy+ Db/K1 1.16 1.45 1.83 

Rs 8.84 8.55 8.17 

Because of the space occupied by the slot insulation the actual stator 

radius is reduced to the effective value (Rs) given by Table IV. Equation 

(42) is used to find the rotor radius. 

(42) Rr/R8 = Z c;1.. + (1 - Y) (1 - Z) 

Where o< • P Be 
2 Bt 

l+ c,(,. 

Let two designs be considered; one for minL-num stator resistance, (Y = 1/2), 

{Z = 1/2), and the other having the flux per pole for minimum resistance but 

a slot a little shallower than that for naximum slot area, (Z = 1/2), {Y = 0.45). 

The results of equation (42) and (13) are given by Table V. 

TABLE V. 

Rr/Rs Rr Actual rotor radius, 
' r Ror 

Poles (Y = 1/2) (Y = 0.45) {Y = 1/2) (Y = 0.45) (Y = 1/2) (Y = 0.45 

2 0.468 0.493 4.13 4.36 4.99 5.22 

42 0.554 0.579 4.73 4.95 5.88 6.10 

6 0.601 0.626 5.14 5.35 6.29 6.50 

8 0.627 0.652 5.12 5.32 6.65 6.85 

10 0.648 0.673 5.29 5.50 6.82 7.03 

12 0.661 0.686 5.40 5.61 6.93 7.14 



The values of the actual rotor radius given by Table V agree with those 

f ound in general practice. For (Y = 0.45) the conductivity is 99% of the 

maximum, but the rotor radius is greater, so this design would be preferable 

to that for which (Y = 1/2). 

To find the remaining dimensions the following equations are used. 

D6 • Y H 

By (26) 

H = Rs (1 - Z) 

So Ds = Rs Y(l - Z) 

Ws = K1 H1 

Combining this with equations (4) and (26) 

Ws = Rs K1 (l - Y)(l ~ Z) 

Let .A and .A0 be the slot pitch 

A"' Ki Rr 

i\: K1 Ror 

Then Wt = .i\. - W8 

Or Wt = A0 - Wos 

The results of these equations for the two designs (Y = 1/2), (Z = 1/2), 

and (Y = 0.45), (Z = 1/2) are given by Table VI. 

TABLE VI. 

For ,. (Y = 1/~) and (Z = 1/2) 

Poles Ds 1y Ws A De Dos Was Ao Wt Ao/Wt 
2 2.21 0.257 0.480 2.51 2.51 0.357 0.580 0.223 2.60 
4 2.14 0.187 0.412 1.68 2.44 0.287 0.512 0.225 2.27 
6 2.14 0.187 0.447 1.27 2.44 0.287 0.547 0.260 2.10 
8 2.04 0.133 0.335 1.01 2.34 0.233 0.435 0.202 2.15 

10 2.04 o.133 0.346 0.84 2.34 0.233 0.446 0.213 2.09 
12 ao4 0.133 0.355 0.73 2.34 0.233 0.453 0.220 2.06 



{ Y= O."'fS), ( z= l/2) 

' ' :J..o/ Wt Poles Ds Ws .A. De Dos Wos Ao Wt 
2 1.99 0.283 0.506 2.49 2.29 0.382 0. 606 0.224 2.71 
4 l.92 0.205 0.430 1.68 2.22 0.305 0.530 0.225 2.37 
6 l.92 0.205 0.465 1.28 2.22 0. 305 0.665 0.260 2.17 
8 1.84 0.147 0.349 1.01 2.14 0.247 0.449 0.202 2.22 

10 1.84 0.147 0.360 0.83 2.14 0.247 0.460 0.213 2.16 
12 1.84 0.147 0.367 0.72 2.14 0.247 0.467 0.220 2.12 

The values of D8 and W8 are the net dimensions of the stator coils in 

each slot. Dos and W0 s are the actual slot dimensions. The ratio of slot 

pitch to tooth width is a function of the slot insulation as well as the flux 

densities, so it is difficult to make comparisons. However, the results of 

this calculation fall in the range found in practice. 

By setting t he ratio of the flux densities in the stator core and teeth 

it has been possible to determine all of the mechanical dimensions of the 

stator. 

In order to determine the flux per pole and the flux densi ty in the air 

gap, the actual values of the flux densities must be considered. The value 

of Bc/Bt was taken as 7/9. 

Let Be= 70,000 lines per square inch. 

Bt = 90,000 lines per square inch. 

By (25) 

(]) p 
Lg R5 

By (17) 

(18) K3 = 0.556 
Be 

(19) K4 = P (0.278) 
Bt 



The air gap density is given by the usual equation shown above. 

TABLE VII. 

Poles K4 K2 a, I2 <D E B 
Lg R8 Lg (Y = 172)fy = 0.45) 

2 6.18 (10-6 ) 1.41 (10-6 ) 3.54 (104 ) 3.12 (105) 19,900 19,000 
4 12.36 2.03 2.46 2.11 22,800 22,000 
6 18.54 2.65 1.89 1.62 24,600 23,800 
8 24.?2 3.2? 1.33 1.25 23,900 23,200 

10 30.90 3.89 1.29 1.05 24,600 23,900 
12 37.08 4.50 1.11 0.908 25,000 24,200 

Table VII gives the air gap density in lines per square inch. The values 
given here agree very closely with those found in practice. 

If higher values had been taken for the flux densities, the resulting 

air gap density would have been proportionately higher. 

From the results of this calculation it is evident that the general prac­

tice is to design the motor near the point where the stator resistance is a 

minimum. In the discussion to follow reasons will be given why this should 

be so. 

RELATION OF THE PULLOU'"r TORQ.UE TO THE FLUX PER POLE 

AND THE FLUX DENSITIES 

For a constant stator radius the flux per pole is determined by the two 

variables (Z) and (K2). 

(25) 

~ = 
Lg 



A change in the variable (K2 ) represents a change in the value of the 

flux densities. The yalue of (Z) depends on the depth of core and width of 

teeth. Thus the flux per pole can be increased either by increasing the 

flux densities or by increasing the area of the stator core and teeth. The 

motor performance and pullout torque will depend not only on the flux per 

pole but also on the way in which that flux per pole is obtained. That is, 

they are functions of the variables (Z) and (K2). 

From equation (25) it is evident that the flux per pole varies as (1/K2) 

for constant values of stator radius and (Z). 

(17) K2 = 0.556 (.1:,_ + p ) 
Be 2 Bt 

Let (T) be proportional to the maximum torque. 

( T) 2 varies as ( <Dp) • 

{ <V P) varies as (1/K2 ) 

2 
So T = (1/K2) . 

If curves for constant values of (K2) are plotted against (1/B0 ) and 

(p/2 Bt) the result is a series of straight lines. The curves for constant 

values of (1/K2 ) and (1/K2 ) 2 will also be straight lines. Curves for con­

stant values of (1/K2 )2 from 1(109 ) to 15(109) are plotted against (1/B0 ) 

and (P/2 Bt) on Plate 10. Curves for these same values of (l/K2)2 are plot­

ted against (B0 ) and (2 Bt/P) on Plate 11. These curves will be curves for 

constant values of maximum torque. Then for any value of torque the values 

of the flux densities can be changed along the curve to the point where the 

total iron loss and magnetizing current are a minimum. 







DETERMINATION OF THE GP.ADIENT OF THE MAXIMUM TORQ,ill! 

The torque varies as (1/K2)
2 

so if the gradient of this function is 

determined, it will be the gradient of the torque. 

(17) K2 = 0.556 (1/B
0 

+ P/2 Bt) 

( K2) 2 = ( 0. 556 ) 2 ( 2 Bt/P + Be ) 2 

(Be) (2 Bt/P 

T = (1/K2 )2 

T =- (l.8)2 ( (Be) (2 Bt/P 
Be + 2 Bt P 

Taking the partial of (T) with respect to (2 Bt/P) 

Similarly 

= (l.s) 2 2(Bc)(2 Bt/P)(Bc) 2 

(2 Bt/P + B0)3 

= (1.8) 2 2(Bc)(2 Bt/P)(2 Bt/P) 2 

(2 Bt/P + Bc) 3 

The direction of the gradient will be given by the ratio of the two 

partial derivatives. 

cJ (2 Bt/P) 
J T 

Integrating 
3 

(43) 



Equation {43) is the equation of the line which everywhere has the 

direction of the gradient of (1/K2)2• In the equation {A) is a constant which 

may assume any value. A few of these lines are plotted on Plate 11. For any 

value of (Be) and (2 Bt/P) the pullout torque can be increased most rapidly 

by increasing (B0 ) and (2 Bt/P) along the gradient lines. 

EFFECT OF INCREASING 1'.tlE FLUX PER POLE 

ON THE HORSE POWER RATING 

If the value of (Y) and {Z) are kept constant, but the flux per pole is 

increased by increasing the flux densities, there will be no change in the 

shape or size of the stator slots. The stator resistance will then vary as 

the number of conductors in series :rer slot squared or as (1/ <I>p)2. The 

rotor resistance will also vary in the same manner. If we consider the ratio 

of current and torque to horse power constant, then all of these will increase 

as ( <Dp) 2 . Thus the horse power rating of the motor could be increased in­

definitely, as far as these factors are concerned, by increasing the flux 

densities. There are, however, two limiting factors, one, the saturation of 

the iron, the other, heating. For the iron commonly used for induction motors 

the iron losses vary aL~ost as the square of the flux densities. But the 

horse power rating would also increase as ( (Dp)2. The ratio of iron loss to 

rating would then remain constant. For normal values of flux densities the 

noload current increases as ( (l) p) 2 , so here again the ratio of noload to full­

load current remains fixed. For high values of flux densities the magnetiz­

ing current increases very rapidly, lowering the power factor and materially 

increasing the full load current and losses. 



The conductivity of the stator and rotor , and the full load current 

all increase as ( <D p) 2 , so the full load copper loss would also increase as 

( CJ)p) 2. The total losses will then vary in the same manner. The amount of 

heat which the motor can dissipate, however, will not increase. The losses 

and consequently the horse power rating of the machine will be thus limited. 

If the rating of the machine is kept constant but the flux per pole is 

increased the motor resistance is decreased. But the no-load current, full 

load current, locked rotor current, and iron losses are all increased. 

There is no object then in increasing the flux per pole above that required 

by the pullout torque, unless the rating of the machine can be increased or 

its losses decreased. 

The locked rotor current increases as ( (J)P)2. For line start motors 

the starting current is limited. If a low reactance rotor is used the flux 

per pole must be low to limit the starting current. Since the motor re­

sistance varies inversely as ( <Dp) 2 , this will cause the motor resistance 

to be high and the efficiency at full load consequently lew. However, if 

a high reactance rotor is used the flux per pole for the same starting 

current can be increased. The resistance will be decreased and the effic­

iency increased. The increase in no-load current and iron losses will be 

limiting factors. 

EFFECT OF INCREASING T'.dE FLUX PER POLE 

FOR CONSTANT FLUX DENSITIES 

To change the flux per pole without changing the flux densities cor-
.. 

responds to a change in the variable (Z). If the effect of stator resist-



ance on the pullout torque is neglected, then the torque, rating and current 

2 will increase as ( <Dp) . The rotor conductance will be given by equation 

( 36). 

(36) G = 64 (1 - Z)2 z2 (1 - Y) Y 

For (Y = 1/2) 

G = 16 (1 - z) 2 z2 

For constant flux densities and stator radius ( (l)p) varies as (Z). 

Let (W) be proportional to the stator copper loss and (I) be the full 

load current. 

Then W = r2/G 

(I) is proportional to (Z) 2 

w = z4 
16 (1 - z)2 zZ 

If the value of (W) is made equal to one when (Z = 1/2), then (W) will 

be the ratio of the stator copper loss to that for (Z = 1/2). 

This relation is expressed by equation (44). 

w = z2 

(1 - Z)2 

Equation (44) is plotted on Plate 12. 

z 

0.3 
0.4 
0.5 
0.6 
0.7 

TABLE VIII. 

w 

0.183 
0.444 
1.000 
2.250 
5.450 

Since the torque varies as (Z2 ) an increase in (Z) from 0.5 to 0.6 

represents an increase in torque of ~4% but at the same time the stator 

( 44) 





copper loss is increased 125%. Increasing (Z) from 0.5 too.? increases 

the torque 96% and the stator copper loss 445%. On Plate 13 (W) is plotted 

against (Z2), this gives a better idea of how the loss varies with the 

torque. For values of (Z) greater than 0.5 both the current and the resist­

ance are increasing so the stator copper loss increases very rapidly. Since 

the total heat which the motor can dissipate is limited it is not practical 

to use values of (Z) much greater than 0.5. 

If it is desired to limit the stator copper loss to a certain percent, 

then the conductivity must increase as the rating or as (Z2). 

Let (G') be the required conductivity, 

Then 

G' "' k z2 

Where (k) is a constant dependent on the percent stator copper loss. 

The conductivity which it is possible to have is again given by equaticn 

(36). 

Letting (Y = 1/2) in this equation 

G = 16 (1 - z) 2 z2 

In order to show how the conductivity varies with the torque, (G) is 

plotted against (Z2) on Plate 14. The equation (G' = k z2), for the required 

conductivity, is also plotted on the same plate for values of (k) from 1 to 

10. These curves intersect with the curve for (G) at the points A, B, ---- M. 

2 
For values of (Z2) less than 1/4, (Z) less than 1/2, the horse power rating 

would not be limited to the values of (Z2) corresponding to the points E,F,H, 

K,L,M, but rather by the values of (z2 ) determined by the points E' ,F' ,H' ,K' 

L' ,M', at which (G' = 1), since by increasing (z2) to 1/4 the conducti-
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vity can be raised to l. Then for values of (k) greater than four in the 

equation (G' = k z2), the actual value of (Z) used in the motor would be 

1/2, but the horse power rating of the rm.chine would be determihed by the 

value of (Z2) for v.hich (G' = 1). 

For the points A,B,C, for which (Z2) is greater than 1/4, the horse 

power rating would be definitely limited to the values of (Z2) correspond­

ing to the points A,B,C, since any further increase in (Z) would lower the 

conductivity still more. 

It then appears that from the standpoint of losses it is not economical 

to use values of (Z) either much greater or lower than 1/2. 

EFFECT OF STATOR RESISTANCE ON 

THE PULLOUT 'IDRQ,UE 

So far in the treatment of the pullout torque the effect of stator re­

sistance has been neglected. When the flux per pole is increased by increas­

ing the flux densities, the ratio of stator resistance to motor reactance 

remains constant, so the torque developed is still proportional to ( <D p) 2• 

However, when the flux densities are mpt constant and the flux per pole is 

increased by increasing the value of (Z), the stator resistance plays an 

important part. 

If the magnetizing current is neglected, the watts per phase delivered 

to the rotor will be, 
2 

Wr = E rr/s 

( rr/s + rs )2 + x2 





E = Volts per phase 
s = Slip 
rr = Rotor resistance per phase 
rs = Stator resistance per phase 
x = Motor reactance per phase 

(Wr) will be a maximum when 

rr/s = J ra2 + x2 

Let (T) be proportional to the maximum torque. Then (T) will vary 

directly as the maximum value of (Wr). 

T = /2s2 + x2 

(r + / r 2 + x2 )2 + x.2, s s 

T = 

J rs2 I 2 + ,fX 
,, 

1 (45) 

The stator resistance will be proportional to (R) in equation {35). 

Letting (Y = 1/2) in this equation. 

R = r = l 
s ------,----

(1 - z) 2 z2 16 

The motor reactance (x) varies as (1/z) 2. 

x = c/z2 

Where (c) is a constant. 

Equation (45) may be written in the following forms: 

T= 

T = 

1 

1 

x (/ (r
8
/x ~ + 1 + r

8
/x 

= 16 c (1 - Z) 2 z2 
z2 

{46) 

{47) 



Simplifying 

X = 16 C (1 - Z) 2 

rs 

Substituting equation (48) in (46): 

T = 16 (1 - z) 2 z2 

/ 1 + (16 C (1 - Z) 2 ) 2 + 1 

Substituting equation (48) in (4?): 

T = z2 

(/ ( .)2 + l + 

c~v c (1 - z) 216 16 ~ (1 - z,2 ) 

Let ( 1-' ) be the ratio of (r8 ) to (x) when (Z = 1/2). 

Substituting (Z = 1/2) in equation (48): 

'1' = _];_ 
4 C 

Substituting (51) in (50): 

T = 16 z2 ( 1 - Z) 2 "f 

✓"'f2+ 16 (l O z) 4 + "'f 

When (Z = 1/2) ••• 

T= y 

(48) 

{ 49) 

(50) 

(51) 

Let (T
0

) be the ratio of the pullout torque to that when (Z = 1/2) 

T = 0 

T = 
0 

T 
( T) for (Z = 1/2) 

(16 Z (1 - Z) "f )( / V,2+ 1 

(/ "y2+ 16 (1 - z)
4 

+ Y, ) ( "f ) 

T
0 

= 16 z2 (1 - z) 2 (fY.,2 + 1 + -Y., ) 

/ -y., 2+ 16 (1 - z) 4 
+ -Y., 

(52) 
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In equation (52), ( 'l') is the ratio of the stator resistance to the 

motor reactance at (Z = 1/2), (T0 ) is the ratio of the pullout torque to 

that for (Z = 1/2). Equation (52) is plotted on Plate 15 for values of ("f,J) 

from zero to infinity. For Cf = 0) the ma.xi~urn value of (T
0

) is four, the 

maximum occurring for (Z = 1). In all practical oases (~ ) is greater than 

zero. From Plate 15 it is evident that for all values of ( -Y, ) greater than 

zero (T0 = 0) at (Z = l) and the ma.ximurn value of (T
0

) occurs at so~ point 

between (Z = 1/2) and (Z = 1). For ('f = 0.1) the ma.ximum value of (T
0

) is 

1.68 at (Z = 0.?3?). For high values of stator resistance the maximum value 

of (T0) occurs for values of (Z) only slightly greater than 1/2. 

The maximum value of (T
0

) for any value of (1-' ) can be obtained by diff­

erentiating (T
0

) with respect to (Z) and equating to zero. This gives the 

value of (Z) at whi ch the maximum occurs. By substituting this value of (Z) 

in equation (52) the maximum value of (T
0

) can be expressed as a function of 

('l-' ) • 

( 52) 

So 

To "" 16 z2 (l - Z)
2 

(!Y:,+ 1 + "f' ) 
fy+ 16 (l - Z) 4 + "f 

+ 16 (/,P+ 1 +'¥' )( 32 z2 (1 - z) 5 

d(T0 ) 

d(Z) 

(/'jJ2+ 16 {l - z)4 + "f)2 {/"f~+ 16 (1 - z)4 

= 0 

(52) 

(1 - 2Z) ( "f>2+ 16 (1 - z)4 +"f/ 1'2+ 16 (1 - z)4) + 16 Z(l - Z)4 = O 

"f = 4 {l - z) 3 

/ 2Z - 1 {53) 
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The value of (Z) determined by equation (53) is that at which (T
0

) is a 

maximum. Let the maximum value of (T
0

) be written (T0 max.). Then (T0 max.) 

is determined by substituting equation (53) in (52). Perhaps the easiest method 

of solving equation (53) is to plot it. This is done on Plate 16. These 

values of (Z) are substituted in (52) and the resultant values of (T0 max.) 

are plotted against ("I' ) on Plate 17. 

From Plate 17 it is evident that (To max.) drops very rapidly as (...,. ) in­

creases. In an actual motor the value of ( "r) would perhaps be about 1/10. 

For( ~ = 1/10), (Z a 0.?37} and (To max.= 1.68). If the rating is raised in 

proportion to the torque, the current will be 1.68 times that at (Z = 1/2). For 

(Z = 0.737) the conductivity is 0.6. The stator copper loss would then be 

(l.682/o.6 = 4.70) tin~s greater than that at (Z = 1/2). For an increase in 

rating of 68% the stator copper loss has been increased 37o%. If the effect of 

stator resistance on the torque is neglected, the value of (Z) for a 68% increase 

in torque is 0.647 and the increase in stator copper loss is 240%. 

The effect of the no-load current on the torque and losses has been neg­

lected. The no-load current increases as (Z2). Since the torque and rating 

do not increase this rapidly, the percent no-load current will increase. TlB 

increased no-load current will reduce the roo.ximum torque, power factor , and 

rating, and increase the full load current. Thus the stator losses will increase 

much more rapidly than the rating. 

Then from the standpoint of efficiency, power factor, torque, and heating, 

the flux per pole used should be such that (Z) is very nearly equal to 1/2. 



That is the motor should be designed near the point where the stator resist­

ance is a minimum. If the ratio of stator resistance to motor reactance is 

low then values of (Z) slightly greater than 1/2 may be used, while for high 

stator resistance it may be economical to use (Z) slightly less than 1/2. 

The sample design checks closely with general practice, showing that 

the calculated results are experimentally sound. 

Briefly the procedure in this method of design is to calculate the slot 

dimensions from the stator radius. The rest of the mechanical dimensions can be 

determined when the ratio of the flux densities in the teeth and core are set. 

After choosing the flux densities the flux per pole can be calculated. With 

the torque, efficiency, and heating as limiting factors the rating is determined . 



DETERMINATION OF THE END TURN REACTANCE 

OF POLYPHASE MACHINES 
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END TURN REAOTANCE OF POLYPHASE MACHINES 

A stator coil may be considered to consist of ifiatt~J/ 
six straigth line sel'Jllents. The reacta.nce of the part of the coil 

which ts in the stator slots can be calculated f~om the slot and 

air gap deminsions. This fjt,iidJ reactance is a furftion of the 

self inductance of the conductors in a single stator slot. It 

1is not materially affected by the conductors in the: neighbooring 

slots.,, The reactance of that portion of th~ stator coil which 

does not lie in the slot is not only a funtion of its se%f 

inductance but also of its mutual inductance with every other 

stator coil. This part of the coil, which is called/ the end 

connection, projects from a surface of iron of high permeability 

in comparison to the sorounding air. The ir:0n may then b~considere d 

an equipotebti14l lurface for the flux. Each conductor will t'iii 

have its image in the iron. This image will be similar to the 

actual end connections at the other 4nd of the stator. The problem 

isJ reduced to findit)ig the reactance of a. coil in air which has t . 
' the shape: of the two end connec1j.,9ne moved together until they 

touch11 

Inorder to set up the problem
1

consider a tbreaphase 

machine with ( p) poles. If ( L) is the self inductance of the 

@nd connections of the group of coils pe~ pole per phase, and 

( L21 ) is written to mean the s·elf inductance of phase~ 2) group 

for pole ( 1 ). Then the self inductance of the phase {2) group 

for pole( 3) will be writtem ( Lz3 ). Let ( M2132 ) be the 

mutua~ inductance of the phase (2) group pole(l) with the phase 

(3) group pole (2)o 



The total self inductance of the end connections of phasef"a) 

cap then be written 

L2 : L21 f M2122 I M2l23 f M2124 ~ff M212p 

M222l f 122 f M2223 f M2224 ff• M222p 

M2521 f M2522 • L23 f M2324 f If M232p 

The mutual inductance between the end connections of phase 

(2) and phase (1) will be 

... 
Y31 ... M2111 ii M:2112 f 142113 9 M2ll4 I Ir Ir M211p 

M2211 i M221z. f M2215 i K2214 If f M22lp 

M2311 I M3312 I M2315 f M2314 if f M231p 

f ; I i ·1 f 

M2pll f M2pl2 f K2p13 f M2p14 ff f M2plp ( 2 ) 

The mutual inductance between the end connections of phase 

~2) and phase (3) will be 

M23 = M213l f M2132 f M2153 f M2134 f I I M213p 

M2231 f M2232 § M2233 f M2234 f i I M223p 

M2331 I M2332 f M2333 f Mz334 ff f M253p 

f a f I i f r 

M2p51 f M2p32 f M2p33 f M2p34 ff f M2p3p 
,/ 

( 3 ) 

Phase (2) has the same mutual inductance with phasefl) 

as wi.th phase { 3). The current in Jhase (l) and phase (3) is 

60° out of phase with the cur-rent in phase (2). The~ sum of the 

reactance voltages generat-ed by phases (l) and (I) in pha. e (2) 

ia in phase with the volta~e d~e to the self inductance of 

phase (2). 



The magnitude of the reactance voltage in phaset2) due to curr&na~ 

in phases (1) and (3) is 1/2 of the value it would have if current 

of phaae(2) were flowing in all of the conductors. The; total 

reactanc~ of the end connections of phase ( 2) may then be.: written 

( 4 ) 

To ftnd the end turn reactance it is then necessary to 

so.ive for the values of tbe&.e coef'ficients of mutual and self 

inductance. A single coil consists of aix straight line segments. 

A thre~ phase r•ix pole machine may lltave 108 stator slots, giving 

six slots pe~ pole per phase. To find tha self inductance for the 

group of coils for one phas& foe· a~ingle pole will fuivolve the self 

and mutual inductance of thirty six line; &e,gments witth each o.-ther .. 

For the whole:motor each 1ine segment will have 4 6x 108: 648) 

:linductanoe: coe:ffi.·cients • From the above:-:: example i 11; is evident 

that 1 t is better to work with c~urrent shee:te rather than with 

individual coils. 

To :t:·ind tha: mutual inductance of two coils it is suffictent 

tm find the fil.uz: produced in one co.il by current in the othero Por 

calculating the flux density at any point the surface of a coil 

carryi·ng current may be considered a magnetic sheet • The; magnetic 

potential due to a magnetic:: sbeat is proportional to the solid angle 

subtended by the sheet. The. flux density may then be found by 

taking the gradient of the magnetic potential. The fiiux density pro­

duced by current fn one coil can then be integrated over the surface 

of the other coil and the coefficient of mutual inductance c~liculated. 

However the expressions for the solid angle and its derivatives, 

and the integration of the flux over the area of the second coil 

offer difficulties. 



A. more direct method of procedure is to find the mutual 

inductance between line elements of the two 1coils and then integr­

atct.g this differential mutual inductance over the contours of 

the two coils. 

MUTUAL INDUOTANOE OF TWO LINE ELEMENTS 

Let (E) be the angle and (r) the distance between the 

t .wo ~e elements (dl1) and (dl2). Let (dl1) have the coordinates 

( X = X ), ( Y: 0) and the direction of the (X) axis. Let the 

coordinates of (dl2) be ( X = 0 ), ( Y: Y )o 

Then r: /x2 i-Y2 

y 

0 " 

The flux density ( B) due to a current § one ampere in (dl1) 

is given by. 

B ::!: dlJ sin ♦-

10 r 2 
( 5 ) 

The flux which will sweep across(dlz) when tbe current ie changed 

in. (dl1) is contained in the area ( A ) 
.,._ 

A: .Jdla cos E dY 



The problem of finding the mutual inductance:: of the two line 

element:s is that o!I finding the integral over this area of the 

flux produced by unit current 1-n (dl1) o Let (dGJ) be Hlilti#. 

the 

sin 

and 

_____ ....., ______ -..: 
. : ( 6 ) 

10 r ·' 

C di) is the flux cutting element (dlz) due to a unit 

change in current in (dl1). Let (de) be the voltage induced in 

(d1 2) and let (dM) be tbe mutual inductance of the two elements. 

de= ~-a 

de = dM 4.I :; w-
d.M;: dCD 10-S 

aI 

Substituting tbe value of (dCD) given by equation ( 6) 

r 
( 7 ) 

Equation ( 7 ) gives the mutual inductance between two line elem-­

ents of lengths (dl1) and (dl2) , where (r) is the distance and(E) 

the angle between them. 



To find the mutual inductance of any two conductors it is only 

necessary to integrate the increment of mutual inductance , (dli) > 

ov,,-er the lengths of the two conductors. 

M12 ; 10-9 / / dl1 dl2 cos E 
/2.h ----r ... ·---

DETERMIHATION OF THE MUTUAL INDUCTANCE OF ANY 

TWO STRAIGHT LINE SEGMENTS 

( 8 ) 

The end connections may be considered to consist of a 

combination of straight line seeJD,ents. To find the inductance of 

the end connections it i ~s necessary to find the mutual inductance 

of any two straight line seEJnent~. 

Using the cylinderical system of coordinates:, let the 

common normal to the two ;lines be taken ae the (Z) axis. Then each 

line will lie in a plane for which (Z) is constant. 

I=-

-----~--~~o=------~P.P,~==~c:>/~Pf, ====7~­
..f.19 c/f·e 2. 

Let the coordinates of line (l) be (Z • 0),(9 = 0), and 

let the ee gment extend f -l'i)m (P1) to (P 2) • Let the coordinates of 

line (a) be ( Z = Z), (ea E ), and let the se ~~nt of this lie 

extend from (l'a) to (Pb) o 



n,1,tttiJetlli1l»tti•iiliiilti,litdJI Let (P1) be the variable 

along lise (l) and let (Pa) be the variable along line (a). 

The distance (r) between any two line elements will be 

r = 1--;~~-;-;:~-:-2-;~-;:-c~;-i-i-z2- c 9 > 

The mutual inductance of line (a) with line (l) is then 

expressed by the integral 

Ml - 10 cos E ---,-.------------------- (10) 
_ -9 ~P P2 dPa dP1 

a P --------
1 / 2 2 2 Pi I Pa -2P1PaCOS E i Z 

To integrate equation (10) with respect to (Pi) 

P12 
i- Pa2 -2 Pi Pa cos E ~ z2 : (Pi ... Pa Cos E )

2 
I 

( z2 ~ Pa
2
sin2E) 

Let 

Then 

dP1 = ,•;~;p~~-;1~2-E- sec2 B dB 

Substituting equations (11) and (12) in (10) 

But 

/,~;~~:2:;;;~;:-c-;;;.-E-;:z2 = frtli B 

: ; Log ( l ~ sin B ) 
~ ("'"1-iinr) 

(12) 

(13) 



But log( z2 ~ Pa 2 sin2 E ) ia not ·i:a function of (Pi) so it will 

vanish when the limits of the integral are put ia. The r esult ~ 

of the 

--
Log 

The mutual inductance of line (l) and line (a) is now 

axpreased by the integral 

(15) 

-9 0 ·pb1/-;;2;-t:2:2P~P~C~;-i-;-z2 ; P2-PaC0S E~JPa,(16) 
10 cos E Log -0------ --- - ------------ - ) 

• • I P12; Pa2-3P1PaCos E; z2 ~ P1-Pacos E) 
Pa 

This integral can be integrated uy parts 

flog f r;;:r;-;;2-:-2-;;-;;-~~; iti-Z2 ~ P2 

To integrate expression (18) let 

u = ---2-~-~-2------ -------~-~---~2 
/ Pz ; Pa - 2 P2 Pa cos E ; Z ; P2 - Pa cos E 

Then 

f u -( P2 - Pa cos E il2 • P22 ~ Pa2 - 2 P2 Pa cos E ~ z2 

Pa
2 

sin
2 

E - 2 U Pa cos E; 2 U P2 ~ z2 - u2 =~ 0 

Solving for f Pa) 

Pa= £ cos E; /-u2-:-;i~~-E-(~-u-p;-;-Z2)= 
sin2 E 

(19) 

(20 ) 



and 
_ __._...,., __ ~---___ ,... _______ ...._.,.. 

= cos !_LU2 -(ain2E)(2UP_a i z2) i U -P 4ain2E_s!U (21) 

ein2 E Fu2-:c;1;2-E)(-2u-p;-i-~2> 
Substituting (20) and (21) in integral (18) 

-/?oe_!_ dU 

ein2 E 

-/..1.=~~-=-2-u-pa-;1~2=E-:-z2:;1~2-E- dU 

U ain2 E 

Expression ( 23) can be integrated directly 

-I~_!_ DU 

sin2 E 

= - U cos E ---
ein2 E 

To integrate ( 24) multiply top and bottom by 

;-;2-:-2-u-p;-;1~2-·E -: -iz ;1~2-i-

/ - - --------- --- ------- --------- --
- / u2 - 2 u P'"-> sin2 E - z2 sin2 E dU 

------- ___ s;,,. _ _ - - ~---------------

u sin~ E 

-j ~~----~_u_y_?._'!.1-.'"-~l-:-~:-~:~:-~--- -~---
1 u2 - 8 u Pa sin2 E - z2 ain

2 E u ain
2 

E 

dU 

( 23) 

( 24) 

( 25 ) 

C 

( 26 ) 



ff P•) dU ----~---- ------·-· ----~--------------------2--- ----
/ U~ - 2 U P2 sin2 E - Z sin2 E 

( 27 ) 

'f,/ . --;z----:~ --~~-----=---,,----:= 
u,. / U - 2 U P2 ain2 E - z .... ain2 E 

( 28 ) 

Expression i 26) can be integrated directly 

--/'!J. ::_Ra .. -'!.~g;~-==--------~ _______ dU --
sin2 E / u2 - 2 U P2 ain2 E - z2 ain2 E 

--2---------- ------------------
-- f_ __ T}___:;_ ~- U P &_ s_ in~!...= Z 

2 
_! in 2 ~--- ( 29) 

sin 2 E 

Integra~ ( 27) can be integrated by the same; method that was 

used on integr~ (14 ) 

l ___ h _~g_------~----~ -------------- -----------------/ u2 - au Pa sin2 E - z2 sin2 E 

--~----------- ---------~-------Pa Log ( / u· - 2 u P2 sin2 E - z· ain2 E ; u - P2 aini E) (30) 

Integral { 28) results in the inverse trigonometric function 

/ 
z2 du - -------- ---- ---2----------------------------u / U - 2 u P2 sin2 E - z2 sin2 E 

----

~·--·- sin -l~1--=~-~J:a~n
2 

~_:_,.~--;~si1:!
2 

E ) l 
/-z2;i~~-E ( u /-4-p;-;1~4-E_;_4_z2-;1~2-E--

_z _______ sin-1 ( - sin E ( u P2 ~ z2 ) 

( ====2-=-==--==------------ -( I P2 ain2 E i z2 u sin E l 



Integral ( 22) giYes rise to the following terms 

-/ .J!._cos E ;_,-u2:-2-u-;;-;1~2-E-:-z2-;1~2-E dU 

U sin2 E 

----

u c~~* 1-u~-:-2-u~P;-;1~2-i-:-z2-;~~2-i- (25) & (29) 

s1n2 E 

~-7'-------- --------------------
' P2 Log ( / u2 - 2 u Pz sin2 E - z2 sin2 E * u - P2 sin2 E) (30) 

(31) 

Substituting the value of (U) given by equation f 19) 

and collecting terms expressions (25), (29), (50) and (51) become 

_ ... Pa 

________ 2 _________________ _ 
~t P2 Log ( l - cos E)(/ Pz2 ;pa ... 3 PzPa cos EI z2 I Pa- P2cos E) 

-- : in E sin -l >;;~;~~2-E-;-z2H P 
2 ~ /;;2i { 2:~;;:~~;-E-~-za; 2-P a col 

:: 10-
9 

cos EI 

~ p 2 - !'.a_C~ l 2i 
I P1 - PaCOB E) 

-- PaLog [Yfi"~-p-~-:.--2p~-p---c~~-E-~-z1r ~ Pa_- Pa_coe E ) ( a ___ a,__·----~--i---a----

( ------------ --------------------
(/ P12 ~ Pa2 - 2 P1 Pa cos EI z2 I Pi - Pa COB E) 



~ P2 Log ~ /-;;2-~;~2-:-2-p;p~--~~;-E--;-za I ~_::_1:~os E-+ 

( ,-p;2-;-;;2-:-2-;;-p:-~~;-E-;-z2 ~ Pa - Pz cos E) 

- Pl Log~_[=~~:=~:;~:===~:~=~~=~~~:~=~=~: * Pb -P~ 
( / P1 ~ Pa - 2 P1 Pa cos E * Z i Pa - P1 cos E) 

sin E 

sin E 

_., Z sin-1 

sin E 

sin E ~ ------------------------~ / P22 sin2 E lo Z ) 

~ P1-~a.£~8 E) * zZ ~ 
; P1 - Pa cos E ) 

( 32) 



Equation~ 32) expresses the mutual inductance between 

any two line segments, in cylinderic~l coordinateeo Line fl) 

has the coordinates, { Z ~ 0 ), { & : 0 ), and the segment 

extends from f Pi) to { P2)0 Line {A) has the coordinates 

( Z ~ Z ), { 0 = E) and the segment extends from ( Pa) to (Pb) 

In equation ( 32) an expression of the form 

-~-2-----2~-~~--~~------------~----------
/ P2 i Pb - 2 Pz Pb cos E i Z : is the distance 

between the points f2) and (b). ( P2 - Pb cos E) is the 

projection on line -ii¢ (2) of the distance from point (2) to point 

(1), (p;2-;1~2-E_i_Z2-- is the perpendicular distance of point 

(2) from l:t'ne (a). (E) i&1 the angle between the two lines. ( Z) is 

the length of the c6mmon normal of the two lines • (Pa), (Pb), 

(P1), and (P 2) are the distance of the points (a), (b), (1), and 

(2) from the common normal. 

The expression for the mutual inductance can be given a ~,tt 
better geometric interpretation if the dietance from point (1) to 

j4iit point (b) is written (r1b) , and the length of line (l) which 

is ( P2 - Pi ) is written .J.l.21 . 

(h) 

+19ure 3 



Consider the point · (b) at 1 X::: 0 ), ( Y = Y ), the point 

(1) at ( X = x1 ),( Y = O) and point ( 2) at (Xi x2 ), (Y = O> ). 

Then 

An e_xpression in equation ( 32 ) orll the fo.rm 

------------------------------~~ 
Log ~ / P2

2 !~2 
- 2 P2 Pl)__20s E i e~ _ _!2a_:'._.~os_!~~ 

< 1-P~2-i-P~~-:-2-p~-;~-~~;-i-i-z2 ; P1 - Pb cos E > 

can then be written 

Log~hb.-_!_~~ 

( rlb ; X1) 

Reffering to figure (3) 

Xz = ...i21 ; Xi 

X : 
1 

• 2 
!ab~= r-¼l92 -!21 

2A21 

Substitute (34) in (33) 

Log ( r2b ~ X2) 

( rlb I- Xl) 

-- Log ( r 2b i !.ll:,_!_!:la_l 

( r2b; rlb - r12) 

( 33) 

( 34) 

( 35 ) 

The mutual inductance can thus be expressed as a function 

of the lengths of the conductors and the distance between the ends 

of the two conductoro. 




