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Ihtroduction.

The engineer of today is often confronted with the task
of finding the stresses in statically indeterminate structures,
In the past, engineers have evaded the issue to a large extent.
liost of them have dealt only with statically determinate
structures or hafe used rough approximate methods of figuring
stresses in statically indeterminate struc tures,

In recdnt years, the solution of involved structures by
the use of deflection measurements on elastic models has been
couming into favor, Perhaps the most ingenious of the means
that have veen devised for making model analyses is the Beggs
Deformeter ., This apparatus was used to test a celluloid model
of a fixed ended arch, The effect of a superstnuctuﬁéCWas
studied by taking readings first with the meodel intact and
then with the superstructure cut off, Two separate analytical
golutions of the plain ardh rib were made in addition to the
study make with the Beggs Deformeter,

It is not deemed necessary to give a degailed explan-
ation of the Beggs Deformator in this paper. The article,

"The Use of liodels in the Solution of Indeterminate Structures",

by Professor Geo. E, Beggs may be found in the Journal of



the Franklin Institute of lwarch, 1927. If this paper is read
carefully one can get as clear and coumplete a picture of the
me thod as is possible without actually doing the experimentsl
work.

The method explained by Professor Beggs for determining:
the sense of any reaction or stress component, namely,"If the
image of the load=-point in the microscope moves in the direc-
tion of the assumed load, the reactlon coumponent acts in the
same direction as the corresponding displacement of the sup-
port", is perfectly general., 1In all cases, however, the re=-
lative sense can be determined merely by using the same order
of insertion of the plugs. Since we usually know the sense
for at least one position of the load, it is possible to ob-
tain the sense without applying the above-mentioned rule.

Cardboard has Ween suggested as a material for making
models. It has been found that very accurate results are not
obtainable., The reason advanced is that the modulus of elas-
ticity of cardboard is not the same in all directions, For
this reason, the model was cut from celiuloid. A thickness
of 1/32" was used.

There were two main objects in mind when the work wes
gstarted., One was to gain familiarity with methods of model
analysis as typified by the Beggs'! Method. The other waw to
become familiar with the characteristics of fixed ended srches,
The actual experimental work was therfore planned with these

two primary objects in view,



The model analysis was made first with the superstructure
as shown in Plate I, The model was then cut at the quarter pcint
point and a fleoating gage inserted., This made it possible
not only to take readings of the thrust, moment, and shear at
the quarter point, but also to take readings of the thrust,
mouwent, and shear at the reaction, by inserting neutral plugs
in the gages at the quarter point, This gave a means of de=-
termining the error introduced in the reactions by cutting the
model.

The next step was te cut away the superstructure and test
the plain arch rib, The plain arch rib was tested first with
the floating gage at the fuerter points and then with the mo-
del welded. This enabled geveral comparisons to be made.

The relative errers introduced by the presence of the float=-

ing gege with neutral plugs at the quarter peint, and by having
the moded welded at the quarter point, could be obtained. These
values could both be compardd with analytical values.

Extreme care was notAtaken in cutting out the model as it
was thought that in actual practise the work would be done as
quickly o8 possible and absolute accuracy wonld net be attained.

The following pages contain the theoretical bases for the
mechanical and analytical solutions of a fimed ended arch used
in this study.

A general proeoof of the principles involved in application
of Beggs' llethod is first presented. This proof applies to

any isotropic body. In order to guerd against possible arith-



metical errors, two separate analytical methods were used.
The theoretical basis for each of these methoeds is presented
together with the actual numerical calculations in tabular
form.,

The first analysis was made by dividing the arch inte sec=
tions such that 98 was constant. The method followed was the
one outlined by William Cain in his discussion of C .S .Whitney's
paper, "Design of Symmetrical Concrete Arches."'

The second analyc«is was made by dividing the arch inte
edual horizontal dividsions, The method followed was the one
proposed by ¥ .J.Dulude in his article, "Arch Analysis by &

lie thod Using. Veriable Elastic Weights."”

1, TransdctionsA.S.C.E. Vol, 88 DPage 1030 (1925)

2. Eng, News Record Vol, 82 DPage 471 (1919)



Theorecial Basis #Ox begg. ! wmethod,
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Consider a fixed endedarch with locad P at any point. When
influence line values for VL are wanted, plugs which allow vertical
motion only are inserted in thé gage;ét the left reaction. The
amount of deformation caused by the gages we have previously cali-
bated. In order to find value of Vi all that is necessary is to
measure the vertical deflection at P, This statement may be proved
ag follows:

let Fig.l represent an arch cantilevered at right end with ML
and HL gufficient to prevent rotation and horizontal translatiocn,

If, as is usualjiprepresents the deflection at L produced by unit

load at P then the deflection at Ir4, -, P& o



We know that Vg will have to be just large enough to move the arch
back into its original position, This fact is brought out in Fig.2.
Again using the standard notation, let%PLrepresent the de-
flection at P produced by unit load at L.

Then 4,2k Spe
| And A'- Pd, p

— D

4 P

But by Maxwells Theorem
‘&P' “;’1.

i B e Pt M A
a, 2 4,
Expressions for obtaining influence line balues for H and Iy

may be obtained similarly.

That is H=> 4a and i: Jo (scale of model).,
a L g,

The scale of'the model enters into the expression for moment

since the calibration of 4, was made for a full size model.

d

, was measured as tangential distance at unit radius from the

center of rotation. When model drawn to scale is used}the distance

must be divided by the scale in order to reduce it to unit rotation.,

Therefore MZL = _;_3.-_
P Scale of model

or if P=1, M = %‘ (Scale of model)
To obtain values of H,Vy und M all that is necessary therefore
is to divide the deflection ohtained experimentally by a previously

de termined constant.



In deriving the equations used as a basis for the application
of the Begg's Method, Maxwells Theorem of reciprocal deflections
was used,

A general proof of the applicability of thds principle to
any isotropic body was not available in any of the American
text-books known to the authors of this paper.

A proof based on the conception of virtual work was found
in a German‘text-bookf The ptinciple of virtual work was then
investigated in standard American books on theoretical mechanics.?

We will first develop the idea of virtual work.

4
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In Fig.l, above, we have two foeces Pl and P2 acting on the
point 1, The resultant of these two forces is'P.EﬁQPl,pz have
been broken down into components R,Rland R2 in one direction and
Q,Ql andqg in a direction at right angles to each other., From ° :
any point Q on either of the axes, perpendiculars have been drawn
to the lines of action of the two forces Pl and P, and their

resultant P.

/. H. Muller-Breslau D¢ graphische Statik Der Baukonstruktionen
Band 2 - 1. Abteilung Page 45.

2. Julius Weisbach - Mechanics of Engineering==Theoretical Mechanics.



We can now write the following relations
AMOL, = dm P G, (Sides are perpendicular
a4 M, sAME G, anddi=/ii, angle at W

Ame sdmPE

[

Fl AR R )]

g 2 Mo B o

But, from Fig.l, we see that §= 43+ Gy

Therefore P/W-Z'af/ﬂzl 1‘/29/}71_2 -~= -7)
If we now think of the point Ii moving along the axis L0 to

pppears in each triangle

in every case.)

point 0, carrying with it the forces, unchanged in magnitude

or in direction, the distances moved by the force P and its
components will be ML, MLl’ and MLQ. Fig.2 brings out this

fact very clearly. That is, these are the distances moved along
their lines of action. The other component of their motion is at
right angles and has no effect on work done by the force,

If we let lil- 8, lL.= 81, and ML2= 850 then, substituting in

1
eguation(l) we get phe relation Ps= P81+ Pg8y. The proff can

easlly ve extended to give us

Ps:Plsl+P "—.PB 4' '00000‘00.(2)

2827 383

If the forces are variable, either in direction or magnitude,
then the formula (2) is correct only infindtely small spaces
T, 02'_'}0‘3’ etc, The law correspinging to the formula pd‘: l?a; *;;’0;_ .;tf(‘lg“
is known a® the law or principle of virtual velocities,

We have shown that the work done by the resultant is equal
to the work of its components equation (2), If the forces at a
point are in equilibrium, the resultant is zero. Therefore, the

sum of the work values for the various forces acting on the point

must be zero. That is Ps"PlSl+ P252+ P355 vesesn snyas B



This equation,as stated,is true for all values of s, 810 sz,etc. S0
long as the forces remain in equilibrium and do not change in di-
rection or magnitude ,

The formla FPo= £G+Kc +/5 6 =0 is also true,provided
the system is in equilibrium. In this case the values of Pl’Pz'Ps' ete
may change both in magnitude and direction but values of o )%, 03
are taken so small that for that displacement may be considered as re-
maining constant.

¥hen we apply the principle to structural design,the distortions

due to applied loads are used as the values of ©,,0, , o3 etc.
This introduces an error since these elastic deflections are not
infinitely small.In most struetures they are so small that error
introduced is negligible. If elastic deflections of a structure
are very large considerable error may be introduced.

ghis principle of virtual work has been developed for use in a gen-
eral proof of Clapeyrons Law,z{jzes' 3&%}?,for any isotropic body.

Clapeyrons Law is then used to demonstrate the appliéibility of

Maxwell's Law of Rectprocal Deflections to any isotropic body.



Let us consider the elementary cube dx dy dz in any
isotropic solid. We will call the external loads ZQ
At any time between the apvlication of the load and the
final value of the load,expressions for the internal and
external work during a short interval of time may be written.
Let q represent the value of Q during this short intermediate
interval. Expressions for the total internal and external
works may be obtained by summing up the exvressions for the
" short interval to extend over values of g from O to Q,and to

extend over the whole body.

Let ¢ ,€y ,€2,7x .7y , 7z represent total deformations
under the given loading. € denotes normal deformations, 7
denotes shearing deformations. Then A& --- A&z ,4732?--— d7z
will represent changes in deformation during the period when
Q has its intermediate value q. That is d&---dez , d% --- dr
will represent distances through which the stresses correspond-
ing to the value q move. If we le?t O ,99,92,T, Ty, Tz
represent the value of these stresses,then the internal work
may be expressed as @'zdcx*’]‘{fj ropde, +txdr; + 2y d7y + 2, 472) dv

If we let & be the final value of the deflections at the
loads Q,then 48 is the distance traversed by the intermediate
value g. Therefore,external work=q-.d8
Summing ur over the whole body and from ¢=0 to ¢ =&,also

remembering that external work =internsl work

ngr/Jaff(foex + dy/cj-f":zJel +Gd %+ tya/gfzzz(rz)JV



Applying Hooke's Law with the addition of terms containing Poisson's

ratio to take care of the lateral contraction which accompanies every

\
longitudinal pull,we cen write the following equations:

Ky

q’cx ='é (dox —7-’11 q’d‘y —é a/d;_) 3 AT

w3
G

dé‘y‘-‘-’é(ﬂlfy*# d"z--"’—fdd;() J O/T'y.:-él-a/ty

dey = EL[c/O'Z ke c/a-,‘-’_ﬂ/_ doy) ; 0/7’1 =é—a’zz
' ogdex+oydey +gdez +5dT +Tyd 7y + T, A7 =
Zé-(z;;a(a} 4-ctyr5{5?7 4-05:5(52:—-iﬁ«ﬂgy<62.4-«5;102_4-c§553) e
é[rxo{zx +Zydzy f-Z'Zo{CJ
By integrating this expression,we obtain
B 2 b B
M =(/z[[o;(+dg +§‘-—;’2_-f(dyo;+a;,_o; +a;,a;2]g(£_l_/ -+~

4Ire -7+ %] 48



Let u be any small but possible displacement of Q,let SX’SY »S,

tx ,ty ,tz be simultaneous values of the internal displacements. We

then know from the principle of vittual work that

£8. =j(;3'5x *HFy *%zS2 + Ty + Tyhy + T 4 ) AV

However,these displacements may be any simultaneous values of deformations.
Let us then use the final values of the deflections caused by the loads zZa

themselves. Then we can write

ZRS = f(a'gx.,-ayj 03 €2 + G Tx + g@’wg;_)JV
o 553 + i

AT &-:fi)]”% & J('CG 5;”5)4;!

u
\_"‘\
Ky
X
+r
S
~

+
»F\P
b W\

- Z(0y G +0; 0% +07y 6 r)] dv v L

Sle 5 ] dr
Compering this value foréQXwith obtained forn/" we see that
EQRI= aW, L W= {_sz

Therefore,regardless of the law of variation of? in increasing

\

from 0 toQ,the work done will be equal to SRS
z
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Apply loads in order shown above.

Then External Work = _% . Fm f)nm + /?p( @( f;,,;g + _/_?( -f},o@nn
2

If loads are applied in reverse order , it is evident that

External Work = _/fz%z_ Pt Iun + Frt-Pon - s + Lort. Posp Iomgsne
Z

Regardless of the order of application of the loads the mmount of work
done must be identical. Since first and last terms in each sase are

identical, the middle terms must be equal.
! - Fmn = fou P o or Iomrc = Iron



Theoretical Basis for Cain's Method
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Figc 1

Notation:- ds = dw
BI

/’7,-- moment of reactions at any section

/’sz moment of loads at any section

d,, x= horizontal displacement of the left end due to the reactions
A,. j;-vertical displacement of the left end due to the reactions
4 p ¢,aﬂgular displacement of the left end due to the reactions
A,b x:horizontal displacement of thé left end due to the loads

Ap g vertical displacement of the left end due to the loads

Apd,angular displacement of the left end due to the loads

It rib is rigidly fixed at the abutments



From Fig. 1 we see that

My = M, +HX =My

R - '
Then dr”’j iﬂ%fsf///’z?*/{'xj‘/‘/yydw
4

R y '
dpge | 2L [ (M w459 dle

Er
These equations are somewhat complex. If we shlft the origin of

4 £
.4_,&:/ M. ds :/(/;Z,.lyx_/,‘/?)dw
< fi

co~ordinates to the so=-called elastic center,the cenber of gravity

of the dw terms,some of the terms will disappear.

V § 2
£
/ya’w /'/Xd‘“ 7 4””’/ Xyd’w will equal zeroe
V4

4

Let ( }_. b ) be the nem origin of co-ordinates.

2
r”’
X s
~y
é
-X A -
( L\ 2
M N ) ‘
. g £
2 >
y

Fig. 2



Then,shifting axes
Moe M2y () #(5-2)

We then have
R
er =/[/”:yf [l/¥f- 'yyyalw
F
4.7 2/2(/)7'(7‘ l{xl-—//xf) Aew
4, 8= /k[/l/f/{:(—ﬁ/y)c/w
Z

But we have chosen our axes in such a manner that

[idw:/;dw :/ijdw:.o

e L

There remains then

R .
d,x=—///yzdw
. %z
R 2
'J’yafizxdw

/]
4, #= /LKM'J«/



” /e
4'0.7: //”an’w =-/ x'xdw
r~ (=
_ V4 R
%7 /”7,0"’“"‘/'\"4“'
P P
But 4. # 4, = © , since abutments are rigidly fixed.
: X'gdew
[ [t S S
Similarly “
£, A y:
X X Aw ’ X,a/‘“
V= /P ano M= /p
4 2 z.d 3
“elew
} X ./L. - {73)

To further simplify the equations we will dividethe arch ring

intc N divisions such that»ﬂ w is constant.

yi A5, Sl 15,
Figo )
Method: Assume length of As; measure Iy at its mid-point, compute

T

4.5,
=

%

Asl/Il. Atend of Asy draw line 2 parallel to line 1. Measure I,.
Compute Asz.- Asl/Il x 12 and lay it off. Continue until center is
reached. Distribute the error proportionally and begin again. The

third trial should always give accurate resultse.



Then o £ R ,
pee 228y Ze XX g Zp e

R 4 e )]
z, 9" z %" 25, dw

It is our purpose to get influence line values, Since we can get

values for loads on left half from those on right half,formulas will

be derived which apply only to loads on the right half of the arch.

Let n=number of points such as 1',2%... between R and the load.
d= horizontal distance from crown to P.
x'= horizontal distance from P to points such as 1',2%'..

to its right,
,;gf;dw= Nddw ;x'= x-&

P P
M L 2o X = L &g (x-d)

If co-ordinates of 1',8%csc ave ( x3, ¥3 ) s (%, v, ) ee

s, (xdf xd4x%d s px, -

s (KAt F Xy ) - md
4

If a unit load is placed successively at the points 1', 2' .... 10°',
d takes the values XysXpy seeeXygand n takes the soccessive values 0,1,

2, eeeee®¢ In writing values of n,a diagram such as Fig, 4 should be used.

The value of n does not include the point where the unit load is placed.



M at 6’

= L2 -
20

Figo 4

We have made the statement that the influence line values for the left
half of the arch can be obtained from those for the right half. It is evident
that Ei values will be identical for symmetrically placed points. Values of
v éan be cobtained by subtracting the value for the corresponding point on
the right half from unity. '

It is not so evident,however how to get influence line values for M*'
for the left half of the arch.

Let us proceed as follows: .
]
§p x'dw
3
. dw

L
If a unit load is placed at any point P.the moment at any other point of the

We know that M'=

cantilever fixed at R= —~x"'.



The angular deflection of the tangent at L with respect to tangent at
R=A4>=)':de=—j:x'dw |
We see that this is the numerator in the expression for M'. From Maxwell's
Theorem of Reciprocal Deflections,the angular displacement at L produced by - -
a unit vertical load at P is equal to the vertical displacement at P produced
by a unit moment at L. Let us denote this vertical displacement at P
produced by unit moment at L by 5,.",. Expressed in mathematicel terminology
we have just stated that JImp= dpm

Let us now apply e unit moment at L. We know that the vertical deflection
at any point is equal to the bending moment at that point when the arch is
loaded with the M/EI diag;'am. JMP can thus be obtained graphically by loading

each division with its MAx/EI value or,since M=1,with its Aw value.

Then M' _ Sme

ZL-"_AW
In Fig. 4 , scales have been so chosen that ordinates represent %E—w
L

or M' instead of SMP . This was done by making the pole distance equal to
the sum of the elastic loads. This causes the end tangents to make an angle
of 45 with each other. Also,since pole distance x a' must equal the bending

moment in & simple beem, 20a'= §yup . But M'_ dyp .. M' — 20a' _ a'
20 20

Since vertical distance =M',then for any symmétrical points,such as 6,6*

M' at 6=xg+a M*' at 6'=wm' - °

J
but, by symmetry, a=a* -¢ M* at 6=x6+a'

Similarly, M'at 5=2x_+2a} etce

57 78

We have thus shown thet influence line values for M',V,and H can be

obtained for entire arch by moving unit load ascross the half arch onlye.



We have found that ~ l
vV, Lo XX

From Fig. 4 we see that
V= T AL Sl (R,
Zo x>

Since x*=x-4 and x x'=x2—d x

We have found that 5 ,ep ox’

From Fig. 4 we see that
25’ = far0,-) - Ceyd )] = (6 Yy~ Yonpr) ~ (1 # - Fn)

Since x'=x-d and yx'=xy-4dy

In the _above formulas x is always positive,but y may be either posipive

or negative. Care must be taken to give it its proper sign.

e A - ~Gxy + - totn) £ty - In/
| Z;eL g*
Once the values of NI',VL ,and H are obtained,the arch becomes static-
9

ally determinate and the values of the thrust moment and shear at any

point may be obtained from the equations of staticse.
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Point

1t
2t
3t
4t
5
6
g
gt
gt
10°

10

S434
0.00
8.09

15.91

23,78

30.68

36465

41.43

45,18

473162

48,87

48,87

47.62

45.18

41,43

36665

30,68

23.78

15.91
8.09

0.00

35

",

0.00
+ 5,02
+ 9,43
+13,40
+16.27
+18.21
+18,96
+18,84
+17.%4
+15,57
+12,74
+ 8,97
+ 4,76
- 010
- 5,17
-10.22
-14,77
-18.14
-18.60

’llo 65

36
S22V
0.00
2.01
4.38
7.22
10.30
13.56
16,99
20,54
24.09
27.82
31.38
35,11
38,66
42,21
45,64
48.90
51,98
54.82

57.19

59,.20.

37
X

56,05
67035
80.20

99.75

38

1 (x-§2.3)
=/%¢

385
15.15
28,00

47.55

39

N2
q

0,00
+1.06
+2.10
+3.16
4,11
+4,88
+5048
+5,80
+5,79
45,48
4,75
+3054
+1.76
-0,68
-3.82
-8.,00
-0.58
=5.62
=2050

0.00



Point 41 42

Thrust) Shear ,
v &
1 +9.000 000
2 40,150 -+ 037
3 40,294 ~.065
4 +0,448 -.088
5° +0,582 -.098
6* +0,705 -+ 100
7t +0,810 -+ 086
8* +0.900 -+ 062
9r +0.965 -+030
10° +1.015 +.020
10 +1.040 +,069
9 +1,050 +,137
8 +1,035 +.211
7 +1,000 +.206
6 +0.948 +.390
5 0,872 | +,487
4 +0.338 -+ 307
3 40,229 -.200
2 0,120 -.100
1 +0.000 000

Note~- ‘The above values were

obtained graphically.
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Applying the well known formula = Mrrn s
/ TEZ
We have
J /'74 a4y M,qu . M’a’.r
éif
2 A, s ,
Jgr M 925 o megts M_yat’.r
c €7 z EL 2 EL
A
i Mllxds ~ ﬂ/n"exd.f
¢ E7 EL

Let 4’;’”- deflection atspydue to a unit loading atnathe

base system

Then
B ¢
J = d S = 2/ d‘!—.
h EZ P, £
A

aa
L, = /‘Bgfo(,r _ L g
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c
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THE GENERALIEQUATIONS FOR A TRIPLY REDUNDANT STRUCTURE

ARE AS FOLLOWS:
d=o a
1

de =0 = 4‘14
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N
o
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o>X
£
0
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o
+
oo
o
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FROM WHICH

X R (J;’&é-J‘iz_éé)
a (J;a 446 - f:é)
X,= - (S bpe=da dos)

(Jéa J;é - f;é)

L -
JCG

ALSO FROM (1)
Y« o (Xdy, +d2)
Q
doa
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! -~ s fa] ar 2 e
g oint Say point
w -~ o o

Then Zamd =(m° dp#om, 4, +om, d_?' $oenn Tomg ds‘>
But /)ﬂo.:-ésj e 5Y; 7, = Y S, e Fe.
© Eomd=S(6d, 450,448,424 ) |

0]y Bam d T 6‘(74,* 64 -ﬁ.fdz-f. 1‘.14.’.-/4‘) M
, Sinds S50

imilerly for =amgd
Fomgd= Sy #sd g+ ----7 4o g, ) St
Emgd = J'(74'y. péd g ---724.4 #452) Fu 3mSR

A £ N o ik ke
Gl ol POoInt €

r3

i on” show hak ' o
v Somxd= IS, %4
If we let the value in perenthesissuch & [64,5,;‘5‘45{,*..-#:,:)

"or po i ~[A 3]6' 5 By express ;;;,l”—,_" Wk

| 5[43]7'-* S[asT, +Séodgm_’

e in generel [24] = [4¢] +2 Ay

3dmd: [ax1,, = [4x] +fom2x

[4],=[4], ,+ 3™
Cpeint () [AJ=4y ; [98]= g4, ; [x0]= x4,

re have for a Tinel result
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Point 22 21 23 24 25 26

A M, A @GS A, 1114 =X 'z
0! 0.000 000 0.00 0.00 0.00 0.00
1 .007 " +399 «78 2.86 ' +1,68
2 .024 .872 «2667 7.58 +4,04
5 +053  =1,480 =590 14,96 +7.58
4 <095  «1.952 =10.58 24,07 +11.54
5¢ J1490 -1,983 «16,60 33,78 +15,20
6* o214  =1,202 -23.84 43,03 +17,90
A «289 0,356 -32:19 59.9¢ +19,11
8* «370  +3,156 -41.22 56479 +18,73
0t 456 +7.300  =50.80 50,85 +1635
c «500  +10.08 +55,70 59.85 ~111.40  +14.23
9 544 47,30 +50.80 59.85 -105.,83  +12,12
8 «630  +3,156 +41,22 56479 ~904,60 + 6.48
7 “W711  +0.356 t32:.19 50094 “83,55 = 0.06
6 .786  =1.202 +23.84 43,03 ~72.,41 = 6.83
5 o851  =1,983 +16.60 33,78 -61e27 =12,87
4 0905  =1,952 +10.58 m 24,07 -50,13 «17.43
3 .947  =1.480 + 5,90 14 96 ~38,99 =19.61
g 976 - .872 + 2,67 7458 -27,85 =18,47
1 0993 = 4399 +0 o 78 2.86 ~16,71  =13,47

0 1.000 = 557 = 5,57



Point 27 21 28 29 30

M, 52.2 T, 122 B 52.2-x My
0! 0.00 0.00 0,00 | 0.00
1! -.37 -.40 .52 -e25
2t -1.25 -.87 1.39 -73
3 -2.77 -1.85 2.74 -1.51
4 -4.96  =1.95 4.42 -2.49
5 -7.79 -1.98 6.19 -3.58
615" -11.18 -1.20 7.89 -4.58
7 -15.10 + .36 9.34 -5.40
8! -19.32 +3,16 10.41 -5.,75
ot  -23.80 +7.30 10.98 -5.52
¢! 426,10 +10,08 10.98 -52.20  =5.04
9 +23,80 7430 10.98 -46.63  -4.55
8 +19.32 +3,16 10.41 -35,49 2,60
7 +15.10 5036 9.34 -24.35 + .45
6 +11.18 -1.29 7.89 -13.21  +4.57
5 7,79 -1.98 6419 - 2.07 40,93
4 +4,96 -1.95 4.42 7,43
3 2,77 -1.48 2.74 44,03
2 +1.25 -.87 1,39 +1.77
1 + .37 -.40 .52 + .49

0 0 0 0



Discussion of Results Obtained

The results obtained are best shown by means of examination and comparison
of plotted curves.

Plates 1 and 1A give the essential dimensions of the arch tested. The
values of moment-of inertia shoﬁn are merely relative values. The marked
variation of the I curve from that corresponding to I = Ic Secse< should be
noted.

The parabolic arch rib with same rise and span does not depart radically
from the actual arch. The value of th=2 horizont-l reaction for the parabolic
arch with I = Ic Secexwill be develcped for purpose of comparison with
the value obtainedby measuriﬁg the area under the curves obtained experiment-
allye.

We know that for a load P, at any point,

o G

In order to find H for a uniform load, it will be nemessary to express P as

cw Ax and integrate,

&
&
That s A= (Ex2228X 22 |G )l
ES 665 Ao 7

oA
/57w [x- 2 +g_(f] 8
ZL* LA

n

1

. —L_ T
</~’7°“4[/.z = g # /éb)/

/8] w

|



By mesuring the area under the curve we find that A= PH Seo.
This value is prectically the same as the area under the curve obtained
analytically. This shows that the extreme variation of I form Ic sec
influences the results constderably. The cahnge in the position of the reaction
locus also shows the effect of this large increase in I toward the springing line.

The results obtained from the two analytical methods agreed very closely.
Plates 2, 3, and 4, show this agreement. The value for moment differed some-
what in the two methods. The average of these two values was determined
for use in comparison with results from Beggs Deform@ter method.

Plate 5 shows the characteristic curves of moment at supvort, quarter
point, and crown. From this plate the effect of a load ar any point en
each of these three points may be seen.

The Beggs aparatus apparently gives almost perfect accuracY for thrust
and shear, Curves 2 and 4 of Plate 6 are examples of this fact. Curves 1 and 3
show the relieving effect of the superstructure. By measuring the area under
the curves 2 and 3, it was ascertained that the superstructure reduced the
horizontal reaction from 94.5w to 89.1w . The fact that there is some
differencé between cur¥es 1 and 3 shows that there is some experimental
error introduced:sas:a result of cutting the model. The two cur¥es represent
two different methods of simulating actual conditions after the model has
been cut. The curves will be studies in an attempt to se which method is
the better.

In Plate 7 there is another example of the remarkable accuracy obtained
with the Beggs Deformeter. The slight departure of curve 2 indicates the
possibility that the welded model more truly represents the actual structure

than the gage with neutral plugs.



Plates 8 and 9 show that the values for moment at points close tc the
cut are best obtained when the arch is welded. Conversely, points at con-
siderable distance from the cut are best obtained when the gage with
neutral plugs is at the cut.
There are several reasons for the fact that the experimental walues
for moment are somewhat in error, while the values for thrust and shear
are almost exact. Any error in setting up the model, so that slight
eccentricity is introduced,would materially affect the moment values.
The vaules off thrust and shear would be changed very little. Also, the
readings obtained for moment were considerably smaller than those obtained
for thrust and shear. The percent error intrcduced, in case of moments,
was therefore much largev.
In Plates 11, 12, and 13 the relieving effect of the superstructure
is agein. illustrated. TFor a uniform load over the wLole structure the
moment at the quarter point is reduced form 72w to 49, &
In the design of arches with superstructures this effeet is not
usually taken advantage of. In other words the safety factor is simply increased.
The results obtained were all sufficiently accurate for practical purposes,
regardless of whether the arch was welded or the gage with neutral plugs was
at the quarter point. The real advantage of the Beggs method shows up when
it is desired to analyze a structure as multiplg-indeterminate as the arch
with superstructure. A mathematical solution of such a prdblem would require
a great deal more time than a solution by meens of the Beggs Deformeter.
The rigid proof of the applicability of the Beggs Method to any isotropic

body should be of considerable interest.



Calivratioen of lLilcroscopes for Deformeter P

Inst. If'e. Trisl

f

1401

(&Y

Ave 5

1412 24

T

Ave,

1451 *

Ave,

fverswe Tor
=1l instruwents

{

Avercge for
211 instruments

Thrust

[ P -
waeaer

1,694 1,860
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O
(33]
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inches per division.



Thrust, Shesr =nd lioment 2t Rizht Recction

Before licdel Ves Cut At wusrter Point.

Terget Foints Cn Roadwey

Feint Initisl Finel DIiff., Thrust Shiear lioment
Recding Resding

6 2.38% 2,566 -0,021 =0,011 Calibration
1 2,705 3,721 +0,016 +0,008 Constant
2 3,364 3.200 +0,184 +0,097 x 20 gilves
3 3,900 4 360 +0.460 +O.x*~ iloment in
4 4,305 30492 +0,817 +0,.,428 Pt .-1bs,
5 3 A4k 4,615 l.¢71 +0,615

8 ‘1.020 2.538 "'l ‘}‘Ulv +00782

s 4.470 6,260 79¢ +0,945

8 4,025 5,985 +l.880' +b.99”

3 ,.~95 4,218 +1.320 +1,011

0 4,112 4,072 -0.040 - . =-0.,021

1 % .295 4,440 +0,145 ’ «(3,078

2 3,976 5,620 +0,645 +O.346

3 5,675 6.877 +1,208 +( 648

4 3 .09 5,070 +1.478 +0,79%

B L 04 3,204 +1,B20 +0,817

6 2« 160 3,912 +3.,152 +0,620

v 5,690 4,982 +0,708& +0,30€

8 3,390 E.Sud +0,1.9% +0,304

3] 3,256 3.2586 +0,000 + LU0

0] 3,108 3,082 ~0,026 - 1,41
1 4,355 4,388 +0,033 + 1,80
2 J.A}O LA it +0,165 + 5,98
3 6,160 6,412 +O.x52 +$13.70
4 4 E 8 4 49D +0,21 + 11,80
b5 992 4,082 +0, ubu + 3,26
(3] 233 3 238 -0y 036 - 5,22
7 £5.488 5,209 =0,279 = 1.2

38 5,835 5 085 -0,250 ~13 .7¢
Q 3.3" %292 +0,048 + 2,84
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