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Introduction. 

The engineer of today is often confronted with the task 

of finding the stresses in statically indeterminate structures. 

In the past, eng,ineers have evaded the issue to a large extent. 

Moat of them have dealt only with statically determinate 

structures or hafe used rough approximate methods of figuring 

stresses in statically indeterminate structures. 

In recant years, the solution of involved structures by 

the use of deflection measurements on elastic models has been 

coming into favor. Perhaps the most ingenious of the means 

that have veen devised for making model analyses is the Beggs 

Def orme ter . Thia apparatus was used to test a celluloid model 
f -· 

of a fixed ended arch. The effect of a superstnuc tu~~;.- was 

studied by talcing readings first with the model intact and 

then with the superstructure cut off. Two separate analytical 

solutions of the plain arctlh rib were made in addition to the 

study make with the Beggs Deformeter. 

It is not deemed necessary to give a degailed explan­

ation of the Beggs Deformator in this paper. The article, 

11 The Use of Models in the Solution of Indeterminate Structures", 

by Professor Geo. E. Beggs may be found in the Journal of 



the Franklin Institute of lvlBl'ch, 1927. If this pflper is read 

carefully one can get as cle.ar and complete a picture of the 

method as is possible without actually doing the experimenta l 

work. 

The method expla ined by Professor Beggs for de.,ter.min.ii:ign :;: 

the sense of any reaction or stress component, namely, 0 If the 

image of the load-point in the microscope moves in the direc­

tion of the as mimed lo ad, the re action component acts in the 

same direction as the corresponding displacement of the sup­

port"• is perfectly general. In all cases, however, the re­

l a tive sense can be determined merely by using the same order 

of insertion of the plugs. Since we usually know the sense 

for at least one position of the load, it is possible to ob­

t ,e:iin the sense without applying the above-mentioned rule. 

Cardboard has been suggested asva material for making 

models. It has ·been found that very accurate results are not 

obtainal>le. '£he reason adva nced is tha t the modulus of elas­

ticity of cardboard is no t the sar.ae in all directions. For 

this re ~.son, the model wa s cut fr om cel l uloid. A thickness 

of 1/3211 was used. 

there were two main o·bj ec ts in mind. when the work was 

stnr-ted. One was to gain familiarity with methods of model 

c1.nalysis a.s typified by ::. the Beggs I Method. The other wafN! to 

become familiar with the characteristics of fixed ended Brchea. 

'£he actual experimental work WFJ,s therfore planne d with these 

two prirn&.ry objects in view~ 



The model analysis was made first with the superstructure 

as shown in Plate I. The model WHS then cut a. t the quarter :g_o :i. n t 

point and a floating gage inserted. '£his made it possible 

not only to take readings of the t hrust, moment, and shear a t 

the quarter point, but also to take reBdings of the thrust, 

moment, and shear a t the reaction, byj inserting neutral plugs 

in the gages at the quarter point. This gave a means of de­

termining the error introduced in the re actions ·by cutting the 

model. 

The next step was to cut a way the super s tructure and test 

the plain arch rib. The plain arch rib was tested first with 

the floating gage at the 'lUB.rter points a,nd then with the mo­

del welded. '.L'his enabled several comparisons to be made. 

The relative errors introduced by the presence of the flo a t-

ing ge..ge with neutral plugs at the qua-llter point, and by having 

the model vvelded a t the quarter point, could ·be obtained. These 

,i,alues could b oth be compa.re.d with analytica.1 values. 

Extreme care was not taken in cutt,ing out the model as it 

was thought that in actual practise the work would be done as 

quickly a.s possible a.nd absolute accuracy wonld not be attained. 

The following p ages contain the theoretic a l ·be,ses for the 

mechanical and analytical solutions of a filled ended arch used 

in t h is study. 

A general proof of the principles involved in application 

of Beggs' Method is first presented. 'fhia proof applies to 

any isotropic body. In order to guard aga inst possible a.rith-



metical errors, two separate analytical methods were used. 

The theoretica.l b asis for e ach of these method s is presented 1.,, 

together with the ac:t.ual nwnerical cs,lculations in tabular 

form. 

The first analysis was made by dividing the arc~ into s ec­

tions such that de was constant. The method followed wa.s the r 
one outlined by Willia.,m Cain in his discussion of C .S.Whitney 1 e 

paper, "De sign of Symmetric a.l Concrete Arches. 11 
1 

The aecond analy r is wa s made by dividing the arch into 

equa l horizontHl divid sions. The method followed wa s the one 

proposed -by F .J .Dulude in his article, "Arch Analysis by a 

Method Uaing c:; Variable Elastic V!eights. 112 

l. Transiictions"'A .s .c .E. Vol. 88 Page 1030 ( 1925) 

2. Eng. Ne ws Record Vol. 82 Page 471 (1919) 



------

rt6.Z 

C.onsider a f i."'Ced endedarch with load P at any point. When 

~nfluence line values for VL a;r:e want.ed, plugs wlhich allow vertical 

motion only are inserted in the gage r· at the left reaction. The 

amount of deformation caused ·by the gages we have previously cali­

bated. In order to find value of V£ all that is necessary is to 

measure the vertical deflection at P. Thie statement may be proved 

as follows: 

I.et Fig.l represent an arch cantilevered at right end with ML 

and HL sufficient to prevent rotation and horizontal translation. 

If, as is usual$LPrepresenta the deflection at L produced by unit 
-

load at P then the def lee tion at hA, "', PS.L.P 



We know that VL will have to be just large enough to move the arch 

back into its original position. This fact is brought out in Fig.2. 

Again using the standard notation, let~PL represent the de­

flection at P produced by unit load at L. 

Then ~
2

: { SpL 

And ~:: P~p 
..!>1 Y•P.t 

But by Maxwe lls Theorem 
~,- ~J. 

Expressions for obtaining influence line ~alues for Hand ML 

may be obtained similarly. 

That is H ~ A,. and ML= ~ (scale of model). 
T, ~, 

The scale of the model enters into the expression for moment 

since the calibration of Ll, was made for a full size model. 

d, was measured as tangential distance at unit radius from the 

center of rotation. When model drawn to scale is used1the distance 

must be divided by the scale in order to reduce it to unit rotation. 

'fheref ore ~ :: 

~ 

Qr if P:: l, ML= 

To o·btain values of H,Vr. 

Scale of model 

~ (-Sc ale of model) 
"I 

~nd M all that is necessary 
L 

therefore 

is to divide the def lee tion obtained experimentally by a previously 

determined constant. 



In deriving the equations used as a basis for the application 

of the Begg 1s Method, Maxwells Theorem of reciprocal deflections 

was used. 

A ~neral proof ot; the applicability of thd.s principle to 

any isotropic body was not available in any of the American 

text-books known to the authors of this paper. 

A proof baaed on the conception of virtual work was found 

in a German text-book! The pninciple of virtual work was then 

investigated in standard American books on theoretical mechanics.a 

We will first develop the idea of virtual work. 

R. 

R, 

p 
\. 

\ 

\ 
\ 

\ 
\ 

\ 
\ 

O ~ 0 

F/6,/ 

In F i g .l, above, we have two foeces P
1 

point M. The resultant of these two forces 

p 

and P
2 

acting on the 

is P S ~~'P1 ,P2 have 

been broken down into components R,R
1

and R
2 

in one direction and 

Q.,Q.1 andQ.2 in a direction at right angles to each other. From ·:, , 

any point O on either of the axes, perpendiculars have been drawn 

to the lines of action of the two forces P1 and P2 and their 

resultant P. 

/. H. Muller-Breslau Die graphische Statik Der Baukonstruktionen 
Band 2 - 1. Abteilung Page 45. 

Z. • Julius Weisbach - Mechanics of Engineering~-Theoretical Mechanics. 



We can now w-rite the following relations 

L1 /YIOL, ~ d IY/ I; 0, 
~ A1 t)4 s A h1 f_ t;J-i. 

t) MOL s.tl MPG( 

-~ ~ :. ML • <9:a.. : ML1- )Cl IV)/ I-! Mo .,, - 1 ~ ... "-
/ 1 MO P /YJO 

But, from Fig.l, we see that Q.-= Q.l + Q.2 

(Sid.es are perpendicular 

andLM=(M, angle at M 

pppeara in each triangle 

in every c aae . ) 

Therefore PIJ17 ~ I/ JY½ -1-Jl M7;, - - - · (ij 

If we novi think of the point M moving along the axis MO to 

point o, carrying with it the forces, unchanged in magnitude 

or in direction, the distances moved by the force P and its 

components will be ML, ML1 , and 1~. Fig.2 brings out this 

fact very clearly. '£hat ia, the ae are the distances moved along 

their lines of action. The other component of their motion is at 

right angles and. has no effect on work done by the force·. 

If we let ML- a, 1VJ.L1 ~ s 1 , and ~-: a
2

, then, substituting in 

eQ.uation(l) we get ~he relation Pe~ P 1 ~ 1+P21
2

. The prod>f can 

easily ve extended to give us 
:Pai: PLsl~P2s 2+ P3e 3 4- •••••••••• (2) 

If the forces are variable, either in direction or magnitude, 

then the formula (2) is correct only inf'.ind.tely small spaces 

etc. The law correspinging to the formula Pr., i/<r, -1-l;.r,_ -,{ °i··. 
is known as the law or principle of virtual ve loo i ties. 

We have shown that the work done by the resultant is equal 

to the work of its components equation (2). If the forces at a 

point are in equilibriurn, the resultant is zero. Therefore, the 

sum of the work values for the various forces acting on the point 



This equation,as stated,is true for all values of s, s1~ s
2
,etc. so 

long as the forces remain in equilibrium and do not change in di­

rection or magnitude, 

The formula ?c:7'"= J;t:7j + f1 Oz. + ~ ~ =- O is also true,provided 

the system is in equilibrium. In this case the values of P ,P2,P, etc 
1 3 

may change both in magnitude and direction but values of' a; , 0".2.. 1 ~ 

are taken so small that for that displacement may be considered as re­

maining constant. 

When we apply the principle to structural design,the distortions 

due to applied loads are used as the values of' Oj 1 6":z. > c:r-3 etc. 

This introduces an error since these elastic deflections are not 

infinitely small.In most stimetures they are so small that error 

introduced is ~egligible. If elastic deflections of a structure 

are very larg~ considerable error may be introduced. 
T 
This principle of virtual work has been developed for use in a gen-

eral proof of Clapeyrons Law,~JQ&e ~~,,f'or any isotropic body. 

Clapeyrons Law is then used to demonstrate the applicibility of 

Maxwell's Law of Rectprocal Deflections to any isotropic body. 



Let us consider the elementary cube dx dy dz in any 

isotropic solid. We will call the external loads ..tQ 

At any time between the a~plication of the load and the 

final value of the load,expressions for the internal and 

external work during a short interval of time may be written. 

Let q represent the value of Q du.ring this short intermediate 

interval. Expressions for the total internal and external 

works may be obtained by swnming up the expressions for the 

short interval to extend over values of 4 from Oto Q,and to 

extend over the whole body. 

Let ex, ey I e z , 7x. 1 71 1 Tz represent total deformations 

under the given loading. E denotes normal deformat~ons, -r 
denotes shearing deformations. Then JEx --- 4ez /l'x. ---- c:{7z. 

will represent changes in deformation during the period when 

Q has its intermediate value q. That is J l'J( ~-- J C-z ,, <Ir;, --- d1z 

will represent distances through which the stresses correspond­

ing to the value q move. If we let a-~ ,a-'1 , t:Tz.. , "t",c. , ,:'j ,"C z. 

represent the value ,: of these stresses,then the internal work 

may be expressed as ~Jex +<?"~le, +4z.Jez. + T:~ J,; + "l:y <Ir, + l:z. 47'z.) d V 

If we let l, be the final value of the deflections at the 

loads Q,then dS is the distance traversed by the intermediate 

value q. Therefore,external work,=.!•d~ 

5 umming u-p over the whole body and from q = 0 to q = Q., also 

rememberinF that external work=internal work 



Applying Hooke's Law with the addition of terms containing Poisson's 

ratio to take care of the lateral contraction which accompanies every 
\, 

longitudinal pull, we ca.n write the follovling equations: 

. 
./ 

By integrating this expression,we obtain 



Let u be any small but possible displacement of Q,,let s ,s ,s 
X y Z 

t ,t ,t be simultaneous values of the internal displacements. We 
X y Z 

then know from the principle of vittual work that 

,i (2,.,a; -= kx Sx -r "; ff + Oz .S.z + t:" .,I/' + r:,~ + 1:"z. /;_) d V 
However,these displacements may be any simultaneous values of deformations. 

Let us then use the final values of the deflections caused by the loads £Q, 

themselves. Then we can write 

5 [~,/ + r; + -c:J U 
6' 

Comparing this value for~Swith obtained for~we see that 

Therefore,regardless of the law of variation off in increasing 
I 

from O toQ,, the work done will be equal to ~ (Q S" 
2-



fm. 

----

Apply loads in order shown above. 

Then External Work = 1' , ,P~ r:l11t»c + ~ • ~ J"11rx + ~ -~ J'"'"' 

If loads are applied in reverse order, it is evident that 

External Work = P-n.. l"?f J'.,,>r. z: 

Regardless of the order of application of the loads the amount of work 

done must be identical. Since first and last terms in each ease are 

identical, the middle terms must be equal. 

or 



V 
L 

Theoretical Basis for Cain's Method 

Fig. 1 

Notation:- ~ • dw 
EI 

"1r =- moment of reactions at any section 

!1p = moment of loads at any section 

LJ,,_ K• horizontal displacement of the left end due to the reactions 

Arj:vertical displacement of the left end due to the reactions 

L.l,-.;=angular displacement of the left end due to the reactions 

Ll;,x~horizontal displacement of the left end due to the loads 

Ap !J• vertical displacement of the left end due to the loads 

L1p ,/, angular displacement of the left end due to the loads 

It rib is rigidly fixed at the abutments 

Then 
LJ )( -I- 11 )(:::.6 ,,. p 

Llr9""L/_,,;t'=" 



From Fig. 1 we see that 

M,.. .. ~ -I J{_x-1-1:r 
~ " , 

Then '1,. KT:./. MrJ:s rj(~ :t" J{_·Kf- 11:tjdw 
/. 

~ J!. 

. LI,./> ~j Mr tis ::j ( Ill. 1- Y. K- lie,) d"" 
(. £.I' ~ i " ., 

These equations are somewhat complex. It we shirt the origin of 

co-ordinates to the so-called elastic center,the cen•er of gravity 

of the dw terms,some of the terms will disappear. 

/ ~ /.t. ~ 
'""' j xdai i "'"'/ xytl~ will equal zero. 

L t l 

Let ( 11 b ) be then• origin of co-ordinates. 
2 

P..1 

----1--X , __ _ 

-J( 

M'ct== {-----1-.------ I---~-r 
Fig. 2 



Then,sh1ft1ng axes 
'JJr= I>{+ I{_()(-.{)- 11(:J- h) 

A1. e bl ,,. It x- I( :I. - Ill(-,. H 6 
or .,. ~ 'I. '" ..t .,1 

Let 

Then 

m'.,, ~ - Jf. f ~II~ 

A/r r hf'-1- ()(- fly 

We then haTe 

Ll,.y = jJZ(/1? 1
K-/- J{ KJ.-/./xy )ttw 

L 

~ 

Ll r I::: j ( M' -1- I{)( - Hy) d ed 
L. 

But we have chosen our axes in sueh a manner that 

There remains then 



But ~r ~ tip =- o , since abutments are rigi~y fixed • 

. -j· ~., -i_, - -f ~4'dc.c, . tJ.f. #• - /,, xjdw 
• • ry:f at.u - ✓ / ~----L p 1~~~ 
Similarly "-

r~ , 
J~ X dw 

p 

To further simplify the equations we will dividethe arch ring 

i nto N. divisions such that Aw is constant. 

Fig. 3 

Method: Assume length of as1,measure I1 at i t s :m3. 6.-point, compute 

L:::.s
1
/1

1
• Atend or i'.ls1 draw line 2 parallel to line 1. Measure I 2• 

Compute hs2~ LlsJ/I1 x I 2 and lay it ott. Continue until center is 

reached. Distribute the error proportionally and begin again. The 

third trial should always give accurate' results. · 



Then ~ A? ~ , 
~ x/ 

., 

#=- p!I J{~ ~l!. )()( M"• ~P >< ~C(J 

z. £ ~ 
2 /l 1. A. 

L !/ ;t.x .:J~ L1 w 
~ 

It is our purpose to get influence line values 9 Since we can get 

values for loads on left half from those on right half,formulas will 

be derived which apply only to loads on the right half of the arch. 

I.et n = number of points such as 1', 2'.. . • between R and the load. 

d~ horizontal distance from crown to P. 

x'-=- horizontal distance from P to points such as 1', 2.' .••• 

to its right • 

. -~~"'dw=- /V.t)w ,; X1 =- x-e(. • 4 

IHI~ ~ ~:. X
1 

= ~ ~:rx-d) 

If co-,i,ordtnatea of 1•.a• .... are ( x1). Yi ) • ( x2, Y2 ) .... 

~ P (x-1r- x, -d + ~z.-d + . _._,.)(_.,,-el 
Ii. 

. : M I =- ( ')(, + )(a. + . - - - . 1- )(.,..) - ,.,,, 4 

N 

If a unit load is placed successively at the points l', 2' •••• 10', 

d takes the values x1,X:z, ...• x10and n takes the soccessive values 0,1, 

2, •.••• 9. In writing va_lues of n,a diagram such as Fig. 4 should be used. 

The value of n does not include the point where the unit load is placed. 



L 

L' 

M'af ~' 

;,;: /:a == a 
zo 

Fig. 4 

d p 

p = ZO 

We have made the statement that the influence line values for the left 

half of the arch can be obtained from those for the right half. It is evident 

that~ values will be identical for symmetrically placed points. Values of 

V can be obtained by subtracting the value for the corresponding point on 
L 

the right half from unity. 

It is not so evident;however how to get influence line values for M' 

for the left half of the arch. 

Let us proceed as follows: 
R , 5 x'dw 

We know that M = P -~---
~~dw 

If a unit load is placed at any point P.the moment at any other point of the 

cantilever fixed at R= - x'. 



The angular deflection of the tangent at L with respect to tangent at 
,~ rR , 

R "'~ <f> = Jp Mdw = - J p x d w 

WB see that this is the numerator in the expression for M'. From Maxwell's 

Theorem of Reciprocal Deflections,the angular displacement at L produced by 

a unit vertical load at,,P is equal to the vertical displacement at P produced 

by a unit moment at L. Let us denote this vertical displacement at P 

produced by unit moment at L by dMP • Expressed in mathematical terminology 

we have just stated that dMP= £"PM 

Let us now apply a unit moment at L. We lmow that the vertical deflection 

at any point is equal to the bending moment at that point when the arch is 

loaded with the M/EI diagram. dMP can thus be obtained graphically by loading 

each division with its MAx/EI value or,since M-= l,with its l:lw value. 

Then Mt - cf MP 
~~Aw 

L 
SNIP 

In Fig. 4, scales have been so chosen that ordinates represent ~ 
LI-~-

Or M' instead of SMP • This was done by making the pole distance equal to 

the sum of the elastic loads. This causes the end tangents to make an angle 

of 45°with each other. Also,since pole distance x a' must equal the bending 

moment in a simple beam, 20a' = J,.,p . But M' = ~ 
20 

; M' = 20a' 
20 

a' = 

Since vertical distance ~ M',then for any synnnetrical points,such as 6,6' 

M' at 5 ... x5 + a j M' at 5' = ::a' - 1 

but,by symmetry, a = a• •: M' at 6 = x0+- a' 

Similarly, M'at 5 = x5 + a5 etc. 

We have thus shown that influence line values for M',V, and H can be 

obtained for entire arch by moving unit load across the half ar ch only. 



We have found that 

From Fig. 4 we see that 

VL= 
2. 2. 2.. 

x, +x .. ---- x'" 

Since X t = X - d and 
2 

xx'=x-dx 

We have found that 

From Fig. 4 we see that 

z/yx' =fatr,-4}-- -y7f{x,,-d)j = (x-, 'J, ---- K1t 'j-,Y -d( y, 1- ----- "".J'7t) 

Since x' = x - d and y x' = :x: y - d y 

In the above formulas xis always positive,but y may be either posijive 

or negative. Care must be taken to give it its proper sign. 

Then JI= 

Once the values of M',VL ,and Hare obtained,the arch becomes static­
' 

ally determinate and the values of the thrust moment and shear at any 

point may be obtained from the equations of statics. 



Point 1 2 3 4 5 

:J,. -i-

~ X X ><'c5 

l' -36.98 1367.52 99.75 9950 -3688.8 

2' -17.28 298.60 80.20 6432 -1385.9 

3' - 7.53 48.34 67.35 4536 - 507.1 

4' - 0.48 0.18 56,05 3142 - 26 . 9 

5' + 4.42 19.54 46.15 2132 + 204.0 

6' + 7.92 53.94 37.00 1369 + 293.0 

7' +10.42 108.58 28.40 807 + 295.9 

S' +12.32 151.78 20.00 400 + 246.,4 

9' +13.32 :J .77 .42 11.95 143 + 159.2 

10' +13.92 193.76 3.85 15 + 53.6 

C 2419.66 450.70 28924 -5608.7 
z 'J= -1-. t:JS" )< 2_ X 2 +1252.1 8 

4839.32 57848 ~ 

Z x~ ~-4356. 6 
B 



Point 6 7 8 9 10 11 

l>1, d. ~d.. X+, .. r "/ ,,, ~ 'I• · ·.,)( •/ti" M~ coL ✓ O 
I -,, 

.2-4 

l' 0 99.75 o.oo o.oo o.oo 0.000 

2' 1 eo.20 80.20 99.75 19.55 0.977 
. 

3' 2 67.35 134.70 179.95 45.25 2.263 

4' 3 56.05 168.15 247.30 79.15 3.957 

5' 4 46.15 184.60 303,35 118.75 5.983 

6' 5 37.00 185.00 349.50 164.50 8.225 

7' 6 28.40 170.40 386.50 216.10 10.805 

8; 7 20.00 140.00 414.90 274.90 13.745 

9' 8 11,95 95.60 434.90 339.30 16.965 

10' 9 3.85 34.65 446.85 412.20 20.610 

10 XIO 
.,. 20.610 i:- 24.460 

9 )(, + 16.965;:. 28.915 

8 ',( 8 + 13. 745::- 33.745 

7 x., .,. 10.805:: 39.205 

6 X'~ r 8.225-: 45.225 

5 "'s + 5.938::- 52.088 

4 (~T' 3.957:- 60.007 

3 x.,+ 2.263:- 69.613 

2 x,:1- 0.977= 81.77 

1 X+ 0.000: 99.750 
I 



Point 12 13 14 15 16 17 18 

' ~ .... 
d•x 4~1-~ 411.13·(0// 1 r.~ Co~ 17 

X ., v.1-... A'_ ~ .,~,,-~ -"'t L s7rvr I J ,,, 

l' 0 0 o.oo 99.75 0 0 .ooo 

2.' 1 9950 99.75 80.20 8000 1950 .034 

3' 2 16582 179.95 67.35 12120 4262 .074 

4f 3 20918 247 30 56.05 13861 7057 .122 

5' 4 24060 303 35 46.15 14000 10060 .174 

6' 5 26190 349 50 37.00 12932 13258 .229 

7' 6 27559 586.50 28.40 10977 16582 .287 

8' ? 28166 414.90 20,00 8298 20068 .347 

9' 8 28766 434.90 11.95 5197 23569 .407 

10l$ 9 28909 446.85 3.85 1720 27189 .4704?0 

10 1- .470• .530 

9 1- .407:: .593 

8 1- .347• .653 

7 1- .2a7= .713 

6 1- .229:::o. .771 

5 1- .174: .826 

4 1- .122-:. .878 

3 1- .074 • .926 

2 1- .034-::. .966 

1 1- .ooo-.:. 1.000 
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Point 34 35 36 37 38 39 

.SI/.JI(_ #{ .Sf.2'{_ X 1(x-s-~.J) M..t. 
=hi, 'I 

l' o.oo o.oo o.oo o.oo 

2' 8.09 + 5.02 2.01 +1.06 

3' 15.91 + 9.43 4.38 +2.10 

4' 23.78 +13.40 7.22 +3.16 

5' 30.68 +16.27 10.30 +4.11 

6' 36.65 +18.21 13.56 +4.88 

7' 41.43 +18.96 16.99 +5.48 

e• 45.18 +18.84 20.54 +5.80 

9' 47162 +l'fJ.'1'4 24.09 +5.79 

10' 48.87 +15.57 27.82 +5.48 

10 48.87 +12.74 31.38 +4. '75 

9 47.62 + 8.97 35.11 +3.54 

8 45.18 + 4.76 38.66 +1.76 

7 41.43 - 0.10 42.21 -0.68 

6 36.65 - 5.17 45.64 -3.82 

5 30.68 -10.22 48.90 -8.00 

4 23.78 -14.77 51.98 56.05 3.85 -9.58 

3 15.91 -18.14 54.82 67.35 15.15 -5.62 

2 8.09 -18.60 57.19 80.20 28.oo -2.50 

l o.oo -ll.65 59.20. 99.75 47.55 o.oo 



Point 41 42 

Thrust I Shear .L-- Cf y 

l' +e.ooo .ooo 

~ +9.150 -.037 

3' +0.294 -.065 

4' +0.448 -.oa, 

5' +0.582 -.098 

6' +0.705 -.100 

7' +0.810 -.086 

8' +0.900 -.062 

9' +0.965 -.030 

10' +l.015 •.020 

10 +1.040 +.069 

9 +1.050 +.137 

8 +l.035 +.211 

7 +1.000 +.296 

6 +0.948 +.390 

5 +0.872 +.487 

4 +0.338 -.307 

3 +0.229 -.200 

2 +0.120 -.100 

1 +o.ooo .ooo 

Note- 'ml\l'8.3 ~bove values were 

obtained graphically. 
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Applying the well known formula /=/Mh'Y!«i' 
E.T 

We have A ~ IJ 

c£1 f Mids .,, r M:ed.J ~ J M~dJ 
a er J/' Er A c.T 

C C ,r 

;:'=-I~"": yt!_.f .,. r JJ M ~ J =j ~ IYl:td J 
6 c er )_ EI EI 

C. /I 

1, = -j,4 M; x 3-!.. +Jg /YJ:e_ x ds 
C C Ef. C EI 

Let J__ =- def lee t ion a tmJd ue to a unit lo a d ing at -?'l~the 
'/Yn/Yl 

·base system 

Then 8 
2Jc d-!., 

~P-
-::::. / !ft = 

EZ ,"I EJ 
II 

B (: 

;J,..AS 
'66 ~ J i:!J 2/ ~ =---

II E ,4 EZ 

1/j i:"J ::-- ~ 'J. 

le c = 2.J.0-f 
11 EZ' A 1:r 

(: 

~, <: l~ = zj :,,d_! 
,9 EI 

-le 5:1! C 

~c =- Ice- :::- fl~ :::-0 

II £I 6 BF 

~c 
::- fc6 = -f ('_!,jd.! -1-j_ C. )( ~.f,::, 0 

-'9 £I l3 .t!!I 



THE GENERALLEQ,UATIONS FOR A TRIPLY REDUNDANT STRUCTURE 

ARE AS FOLLOWS: 

~.:r o :- {
1

,, X4 l;a + Kt da6 7 ~ &; c 

di;• o - ~I -,Lt~a + x6 ~6 + .( ~c. 

de = 0 - {" ,I ~ ~4 1' ~ ~ ~ -f x;_ {c.. 

THF.sE REDUCE TO: 

" :: 0 :: ~ I .J- ~ J;,4 + '6 ~Q - - - - • (I) 

'6 2 o = Ii,' -1- Xo. J; 6 + x, 'i,6 

FROM WHICH 

X " - ( '4' d/i6 -J;' ,r.,) 
4 (4u, l"t6- l;1,) 

xi) = - ( ,: 4e - J; "') 
( '" t¼6 - J'!~) 

X: ;: - f~ 
C. -

/"ce. 

ALSO FROM ( 1 ) 
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Point 22 21 23 24 25 26 

i ~ VII•~ "'-•S ¼_ //l,'1->< Ml-

O' 0.000 .ooo o.oo o.oo o.oo o.oo 

l' .007 .399 .78 2.86 +l.68 
I 

2' .024 .872 -2.67 7.58 +4.04 

3' .053 -1.480 -5.90 14.96 +7.58 

4' .095 -1.952 -10.58 24.07 +11.54 

5' .149 -1.983 -16.60 33.78 +15.20 

6' .214 -1.292 -23.84 43.03 +17.90 

7' .289 "0.356 -11:~t1 $0 .. 'lll- +19.11 

8' .370 +3.156 -41.22 56.'19 +18.73 

9' .456 +7.300 -50.80 59.85 +16Z5 

C .500 +10.oe +55.70 59.85 -111.40 +14.23 

9 .544 +7.30 +50.80 59.85 -105.83 +12.12 

8 .630 +3.156 +41.22 56.79 -94.69 + 6.48 

7 .711 +o.356 -t:..U~111 50.94 -83.55 - 0.06 

6 .786 -1.292 +23.84 43.03 -72.41 - 6.83 

5 .851 ... 1.983 +16.60 33.78 -61.27 -12.87 

4 .905 -1.952 +10.58 m 24.07 -50.13 -17.43 

3 .947 -1.480 + 5.90 14 96 -38.99 -19.61 

8 .976 - .872 + 2.67 7.58 -27.85 -18.47 

1 .993 - .399 +o • 78 2.86 -16.71 -13.47 

0 1.000 - 5.57 - 5.57 



Poill.t 27 2i'. 28 29 30 

Mc 52.2 V
0 

12.2 H 52.2-::x: M' 
C -;; 

O' o.oo o.oo o.oo o.oo 

l' -.37 -.40 .52 -.25 

2' -1.25 -.87 1.39 -.73 

3' -2.77 -1. llS 2.74 -1.51 

4' -4.96 -1.95 4.42 -2.49 

5' -7.79 -1.98 6.19 -3.58 

6' 6 ' -11.18 -1.29 7.89 -4.58 

7' -15. 10 + .36 9.34 -5.40 

8' -19.32 +3.16 10.41 -5.75 

9( -23.80 +7.30 10.98 -5.52 

C' +26.10 +10.00 10.98 -52.20 -5.04 

9 +23.80 +7.30 10.98 -46.63 -4.55 

8 +19.32 +3.16 10.41 -35.49 -2.60 

7 +15.10 +.'ti.U 9.34 -24.35 + .45 

6 +11.18 -1.29 7.89 -13.21 +4.57 

5 +7.79 -1.98 6.19 - 2.07 +9.93 

4 +4.96 -1.95 4.42 +7.43 

3 +2.77 -1.48 2.74 +4.03 

2 +1.25 -.87 1.39 +1.77 

1 + .37 -.40 .52 + .49 

0 0 0 0 



Discussion of Results Obtained 

The results obta ined are best shown by means of examination and comparison 

of plotted curves. 

Plates 1 and 1A give the essential dimensions of the arch tested. The 

values :. o:t\ :monient ,· of inertia shown are merely relative values. The marked 

variation of the I curve from that corresponding to I = Ic SecP<- should be 

noted. 

The parabolic arch rib with same rise and span does not depart radically 

from the actual arch. 1'he value of th '3 hortzo·1t '2.l reaction for the parabolic 

arch with I - Ic SeclP(will be developed for purpose of comparison with 

the value obtamnedby measuring the area under the curves obtained experiment­

ally. 

We lmow that for a load P, at any point, 

/.r ?L(/- k;,.J'-
~'f'h 1/ 

In order to find H for a uniform load, it will be nezessary to express Pas 

CAJ cf._,x and int egrate . 

i i 
Tin,//$ /I= /S-x2.22. J'x: .:Zlu {)-1~)1-"'-x 

t::Yx b0, S-

:: 



By mesuring the area under the curve we find that #=- 94 .r e,v • 

~his value is practically the same as the area under t he curve obtained 

analytically. This shows that the extreme variation of I form Ic sec 

influences the results considerably. The cahnge in the position of the reaction 

locus also shows the effect of this large increase in I toward the springing line. 

The results obtained from the two analytical methods agreed very closely. 

,1ates 2, 3, and 4, show this agreement. The value for moment differed some­

what in the two methods. The average of these two values was determined 

for use in comparison with results from Beggs Deformat er method. 

Plate 5 shows the characteristic curves of moment at support, quarter 

point, a~d crown. From this plate the effect of a load ar any point en 

each of these three points ma.y be seen. 

The Beggs aparatus apparently gives almost perfect accuracY, for thrust 

and shear. Curves 2 and 4 of Plate 6 are examples of this fac t . Curves land 3 

show the relieving effect of the superstructure. By measuring the area under 

the curves 2 and 3, it was ascertained that the superstructure r educed the 

horizontal reaction from 94.5«.,.) to 89.lw • The fact that there is some 

difference between curves 1 and 3 shows that there is some experimental 

error introducedc,as~:a result of cutting the model. The two curves represent 

two different methods of simulating actual conditions after the model has 

been cut. The curves will be studies in an attempt to se which method is 

the better. 

In Plate 7 there is another example of the r emarkable accuracy obtained 

with the Beggs Deformeter. The slight departure of curve 2 indicates the 

possibility that the welded model more truly represents the actual structure 

than the gage with neutral plugs. 



Plates 8 and 9 show that the values for moment at points close to the 

cut are best obtaineu when the arch is welded. Conversely, points at con­

siderable distance from the cut are best obtained when the gage with 

neutral plugs is at the cut. 

There are several reasons for the fact that the experimental values 

for moment are somewhat in error, while the values for thrust and sh~ar 

are almost exact. Any error in setting up the model, so that slight 

eccentricity is introducedJwould materially affect the moment values. 

The vaules otf thrust and shear would be changed very little. Also, the 

readings obtained for moment were considerably smaller than those obtained 

for thrust and shear. The percent error introduced, in case of moments, 

was therefore much largeT. 

In Plates 11, 12, and 13 the relieving effect of the superstructure 

is again; illustrated. For a uniform load over the whole structure the 

moment at the quarter point is reduced form 72 \A,) to 49...., • 

In the design of arches with superstructures this effect is not 

usually taken advantage of. In other words the safety factor is simply increased. 

The results obtained were all sufficiently accurate for practical purposes, 

regardless of whether the arch was welded or the gage with neutral plugs was 

at the quarter point. The real advantage of the Beggs method shows up when 

it is desired to anal yze a structure as multipl,-indeterminate as the arch 

with superstructure. A mathematical solution of such a problem would require 

a great deal more time than a solution by means of the Beggs Deformeter. 

The>:,rigid proof of the applicability of the Beggs Method to any isotropic 

body should be of considerable interest. 



C&l i brR t ion of Ui cr osc o~e s f or De for Ne t er ~J.u~s 

Ins t. Fo . •rr i a 1 no . TJ-.rus t S~t:Le e.r !,Ion1e n t M01uent 
x 5 

14 01 l 1. 887 J. . 863 l 0 8 r~O 

,... 
l. c 34 l. 856 1. 52 6 ,:;, 

3 1 . 887 1.856 1 . 82 9 

Ave , 1. 386 l. 8 58 l . 82 5 G. 3650 

14 12 1 1. 903 1-.859 1 . 84 5 

0 1.904 1.866 1. 837 .., 

3 1.90 5 l.862 1. 64 1 

Ave . 1 . 90·1' 1 . 862 l . 84 1 0.3652 

14 51 1 ·1. 094 1 . 860 1 . 84 2 

3 1 . 907 l. 858 1. 848 

3 1 . 903 1. 86 9 1 . 81,:9 

.Ave . 1.901 l. 8 02 l . 846 0. 369~ 

l',verr-. ge f c,r 
2- 11 i ns trun',en t s 1. 8 97 1. 861 0 . 36 75 

Ay e r 2. ge f or 
H 11 i n n truwe n t (, 2 0 672 x 10- 5 i nches p er d ivis ion. 



Be f ore Iifiodel Vle.s Cu t At :.:. .. ua r ter Po int. 

l ' C int I n i tia l 1' i na,l Diff. Thru s t Shear I :.oment 
Re nding Re nd i ng 

0 2 .387 2 . 3 66 - 0 . 021 - 0 . 011 Gci l ibra t ion 
l 2 .705 2.721 + 0 . 016 -+ 0. 008 Cone t &nt 
2 3.384 3 . 2 0 0 +o .184 +-0. 09 '7 X 2 0 g ives 
3 3 .900 4 .360 +O .4 60 +0. 242 1wme nt in 
4 4 . 305 3 •'* 92 ,1. O. 813 ofo Q • .;\28 F t .- J.bs . 
5 3 . 4 J1,1 4 . 615 .a. l 0 1 71 -+ 0 . 618 
6 l.1: . 02 0 2 . 538 ... 1.4 e,2 +0 .782 
7 4 . ,-1 70 6.260 + l . 7 90 t O. 94 5 
8 4 .02 5 5. 98 5 + 1 . sao + iJ . 992 
9 2 . 2 95 4 . 21 5 + 1 . 920 t l . Oll 

0 4 • 11~2 4 . 072 - o .~ o - - 0 . 02 1 
l .-1 . 2 95 4 .4•~ O ... o . H,5 "' 0 . 0?8 
C) '.Z . 97 5 3 . 62 0 +O. 64 5 ... o . 346 ~ 

3 5 . 67 5 6 . 8 '7 7 +1 . 2 02 +O. 64 6 
4 3. 592 G. 07 0 .J. 1.4 '?8 + 0 . ?94 
5 ,:!: • '7 2,l1 3 . 264 .,_ l. 520 +0 . 81? 
6 2 . 760 3. 912 ... 1 . 152 + 0 . 6 ~2 ( 
'7 5 . 690 4 . 982 + 0 . ?08 • O. 3 c)e 
8 3. 390 3 . 58 3 + O.J. 93 + 0 .10-1 
n 3 . 2 56 3 . :?, 56 -+ 0 . 000 .... ,. 
,, •. • v ,,J,. 

0 3 . 108 3 . (; 62 •• 0 . 0;26 - 1.4 1 
l 4 . 3 55 4 .388 +0 . 033 + 1.eo 
') , ... 3 . 2 10 3 . 3 7 3 +O. J.6 5 .Jo o. 98 
3 6.160 6 . 4 12 +O . 2 52 ~ 13 . 70 
4 4 .2 78 4 .4 9 5 • O . 2,1 7 .,. 11 . 8 0 
5 3 . 992 4 . 0 52 +0 . 06 0 4 3 . 2 6 
6 3 . 333 3 .'.?37 - o. 0 96 - 5 . 22 
? 5 .488 5.2 0 9 - 0 . 2'79 - 1 5 . 20 
8 3 . 63 3 3 .383 - o . 2 50 -13 . ? C 
9 3 • ~z .. ~-J 3 . Z92 ,f. Q. 048 + ~2 . 6~1 
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