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ABSTRACT

From intelligent transportation systems to the smart grid, the next generation of
cyber-physical systems (CPS) will substantially transform our society. It is vital that
these systems are scalable and robust to uncertainties, with contextual awareness and
fast adaptation. This dissertation presents progress towards addressing key challenges
arising in the control of large-scale CPS, with a special focus on applications in

sustainable energy systems.

Large-scale CPS such as the smart grid often consist of numerous interconnected
and heterogeneous subsystems that must coordinate to achieve global objectives
by exchanging information over a communication network. Therefore, the first
part of this thesis focuses on developing control algorithms that handle crucial
design requirements emerging from scalability and communication constraints, such
as disturbance localization, communication delay conformation, and distributed

implementation.

Sustainable energy systems are crucial for reducing greenhouse gas emissions
and mitigating climate change. However, the inherent unpredictability and large
uncertainties associated with renewable generation pose significant challenges for
maintaining system stability and safety. Traditional control approaches, while robust
and effective for known system models, often fall short when faced with the dynamic
and uncertain nature of modern power systems. In the second part of the thesis, we
address this challenge by integrating machine learning techniques with model-based
control methods using uncertainty sets constructed from real-time data. In particular,
we will introduce and provide convergence guarantees for a classic uncertainty set
estimation method. Building on these uncertainty sets, we combine learning and
control techniques to tackle core CPS control problems, such as adversarial stability
certification for linear time-varying systems as well as networked systems under

communication constraints where the system models are unknown.

The final part of this thesis applies the developed methodologies to address the
voltage control problem in power distribution networks with unknown grid topologies.
We will combine online learning techniques and a robust predictive controller to
achieve provably finite-time convergence to safe voltage limits, despite uncertainties
in network topology and load variations. Our case study on a Southern California
Edison 56-bus distribution system demonstrates the effectiveness of this approach in

nonlinear, partial observation, and partial control settings.
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Chapter 1

INTRODUCTION

From intelligent transportation systems to the smart grid, the next generation of
cyber-physical systems (CPS) will reshape our society. Control theory provides
principled frameworks to design robust, distributed, and performant controllers,
ensuring worst-case stability and constraint satisfaction guarantees for these safety-
critical CPS. However, control methods often rely on accurate model information,
which is increasingly difficult to obtain due to the growing complexity, scale, and
uncertainty in CPS. For example, smart grid topology can change unpredictably due
to renewable energy supply variations or line failures, while in robotics, differing

environmental conditions lead to distinct system dynamics.

On the other hand, recent advancements in machine learning (ML) open up exciting
opportunities to transform current control approaches to data-driven methods with
unprecedented performance, contextual awareness, and flexible adaptation. In
particular, there is now a growing body of research that investigates the incorporation
of ML techniques in control design, often referred to as learning-based control, to
enable efficient algorithms for complex systems whose dynamics are hard to model

or even unknown.

Despite recent theoretical developments and successful applications of ML in various
domains including games [1], robotics [2], [3], and more recently large language
models [4], principled integration of learning in control tasks for CPS remain open
due to the safety-critical, large-scale, networked, and resource-constrained nature of
CPS:

» Safety-critical: Safety assumptions in the application of ML in highly-
controlled environments, such as bounded system behavior and unconstrained
exploration, are no longer practical for CPS due to physical limitations,
operational requirements, and the feedback effects of algorithms deployed
in the closed loop. For instance, a common assumption in the learning-
based control literature is that the learning algorithm has access to a known
stabilizing controller. This assumption ensures bounded and, therefore, safe

system behavior throughout the learning phase, sidestepping the main technical
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hurdle of safe exploration in uncertain environments. Unfortunately, such
an assumption is often unrealistic, as stabilization itself, a prerequisite for
any other performance objectives, is a significant task even if the dynamics
model is available. For example, the voltage stabilization problem remains
challenging in inverter-based resources dominated microgrids even when the
network is known. It remains a grand challenge to deploy data-driven methods

in critical tasks where incorrect decisions can have catastrophic consequences.

* Large-scale and networked: Centralized control algorithms are often pro-
hibitively expensive to design and execute for large-scale networked CPS,
such as robotic swarms and the smart grid. Moreover, centralized schemes
can expose the system to targeted attacks, creating disastrous vulnerabili-
ties. Therefore, significant efforts have been made to develop distributed
controllers for such systems, where sub-controllers leverage local information
and computational resources from small neighborhoods in the network and
coordinate among one another to achieve system-level objectives. On the other
hand, most ML algorithms perform centralized data collection and learning.
If learning-based algorithms are to be deployed in real-world systems, it is

imperative to adapt ML to distributed design.

* Resource-constrained A key characteristic of large-scale CPS is that the
subsystems in the network often face significant resource constraints, including
limited computational power, memory, and communication. Even with dis-
tributed algorithms, these limitations persist, leading to further implementation
challenges. For instance, communication delays can occur due to restricted
communication bandwidth, particularly when substantial volumes of data are
exchanged within the network, as seen in data centers. Therefore, to achieve
robust and reliable CPS operation, it is essential to consider these resource
constraints and the associated implementation challenges during algorithm

design and understand the impact of such constraints.

The goal of this thesis is to provide a unified learning and control framework to
broadly addresses key challenges arising in the control of large-scale CPS, with a
special focus on applications in sustainable energy systems. In the next sections, we
highlight important problems, survey related work, and provide an outline for the

thesis.



1.1 Major Challenges and Prior Work

Significant progress has been made in algorithm design for large-scale CPS, especially
in the area of learning-based control. Despite the many milestones in the recent
years, we are still in the early stages of developing reliable, scalable, and practical

controllers for future CPS, particularly in the following key problems.

Adversarially Safe Control

Safety in CPS is often modeled by defining a set of permissible states and actions
that the system can undertake during operation. A minimum safety criteria is to
maintain system stability, where all internal states of the system remain bounded
or converge to a desired steady state despite exogenous perturbations. Ensuring
safety is of paramount importance to critical CPS infrastructures. However, it has
become increasingly challenging due to various uncertainties stemming from the
growing complexity, scale, and technological advancements in modern CPS. For
instance, intelligent transportation systems have humans in the loop with strategic
behaviors that introduce additional variability and unpredictability. The power
grid now faces more frequent and volatile changes due to the rising penetration of
distributed renewable energy sources. Thus, how to ensure safety despite complex

and dynamic uncertainties is a core challenge.

Handling uncertainty is one of the main goals of classical control design, commonly
referred to as robust control [5]—[7]. Robust control is often formulated to achieve
stability and performance guarantees in the worst-case under all possible uncertainties.
A canonical example is to design a simultaneously stabilizing controller for an entire
set of uncertain models. Naturally, there does not exist such a controller if the
model uncertainty set is too large. Thus, a fundamental challenge of such offline
worst-case control design is that the conservativeness limits the feasibility of these
problems to only “small” uncertainty sets. To tackle it, adaptive and online control
literature incorporates online data to significantly reduce the conservativeness [8]—
[11]. Inspired by this line of work, recent progress has been made towards a promising
approach that integrates robust control and machine learning-based online adaptation

to tackle large uncertainties in the system model [12]-[15].

Another common uncertainty modeling is to introduce disturbances into the system.
It is common to model disturbances as stochastic, with simplified distributions that
are amenable to theoretical analysis [16]—[21]. However, such stochastic modeling

does not fully capture many realistic uncertainties such as discretization errors as
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a result of sampling-based digital control, unmodeled nonlinearities, or malicious
attacks. Therefore, an alternative approach is to treat disturbances as deterministic
and arbitrary from a fixed admissible disturbance set, e.g., [22], [23]. However, these
problems do not simultaneously consider large model uncertainties and adversarial

disturbances.

Despite much progress, the fundamental problem of adversarial stability guarantee
for the simplest setting, i.e., linear dynamical systems with arbitrarily large model
uncertainty under adversarial disturbances, remained elusive. In this thesis, we will
address this gap with a unified framework that incorporate ML techniques with robust
control design to enable robustness and safety against large uncertainties commonly
seen in CPS. Still, many open questions stand, such as heterogeneous and imperfect
sensing for decision making with adversarial safety. In particular, there is a gap in
our grasp of adversarial robustness in control dynamical systems where uncertainties
and attacks in the perception module lead to compounding errors due to feedback
effects. Another important question is how we should define and provide adversarial
safety for human-in-the-loop multi-agent systems. The methodologies and insights
from this thesis will hopefully serve as a step towards a principled understanding in

adversarially safe control design.

Learn and Control with Uncertainty Sets

While adversarial guarantees are crucial for safety-critical CPS, it is well known
that algorithms designed to be robust against adversarial attacks and worst-case
uncertainties can be overly conservative and costly in typical, non-adversarial
scenarios. On the other hand, recent advancements in ML have enabled unprecedented
performance in various domains, but often overlook rare yet plausible worst-case
scenarios, leaving the system open to potentially catastrophic failures. Integrating
learning and robust algorithms with simultaneous worst-case safety and average-case

performance guarantees is an essential step towards real-world applications.

To enable learning-based control methods with such capabilities, a popular approach
is to apply ML techniques for estimation of the system model and parameters
that are relevant for the control tasks, then apply model-based control using the
estimated model [24]—[28]. It is therefore critical to quantify the uncertainty of the
estimations in order for the algorithm to robustly satisfy safety constraints despite
these uncertainties [29], [30]. On the one hand, an uncertainty set that is too large

gives rise to over-conservative control actions, resulting in degraded performance.
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On the other hand, if the uncertainty set is underestimated and fails to contain the
true system model, the resulting controller may lead to unsafe behaviors [30], [31].
Therefore, understanding how we leverage sequentially revealed online data to learn
non-conservative uncertainty sets that guarantee the containment of the true model

is a key step in the integration of ML and control.

Furthermore, given an uncertainty set, it remains unclear how to design controllers
based on the uncertainty set, as most control methods are based on a single model
rather than a set of models. A common approach is to select a point from the
uncertainty set for downstream model-based control design. In particular, the
selection must balance between exploitation (select models that are close to the true
model) and exploration (select models such that the control actions generated based
on the selection reduce the size of the uncertainty set) tradeoff. While a similar
tradeoff has been extensively studied in online learning (see [32] and the references

therein), little has been explored in the control and dynamical system setting.

Scalable Control and Learning under Communication Constraints

New developments in distributed sensing, communication, and computation tech-
nologies, such as Internet of Things and edge computing, create novel opportunities
for distributed algorithm design for CPS that are efficient, scalable, reconfigurable,
and adaptive [33]-[36]. While many of the algorithms have seen success in high-
fidelity simulations and industrial implementation, there is a lack of principled
understanding of potential vulnerabilities and limitations of the algorithms through
theoretical analysis. In particular, many realistic considerations must be taken into
account. One major challenge is that communication constraints, e.g., resulting from
communication delay or privacy considerations, impose structural constraints on
algorithm design. It is known that even for simpler classes of policies such as linear
distributed controllers, such constraints are generally non-convex [37]. For general

controllers, structured optimal control design is intractable [38].

Recent work has focused on special cases of distributed control problems, such as
those satisfying Quadratic Invariance (QI) [39], where exact convex reformulation
can be found. Under QI, substantial progress was made towards control design that
can handle constraints such as communication delay and distributed implementation
[40]-[43]. However, QI requires global information exchange for strongly connected
networks. This imposes major scalability issues on the synthesis procedures based

on QI and the implementation of the resulting distributed controllers. In particular, it
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was observed in [44] that controllers leveraging QI can be more complex to synthesize
than their central counterparts. In order to move beyond QI, researchers have focused
on novel controller parameterization that admits convex formulation [45]-[47]. In
this thesis, we focus on an important class of structured control design problems with
communication delay and localization constraints. We will develop novel optimal

and robust controllers with fully distributed synthesis and implementation.

Even with distributed and scalable control algorithms that conform to various
communication constraints, it is not straightforward to integrate ML into the design
loop for systems to handle large uncertainties, e.g., power grid with heterogeneous
energy storage and high renewables penetration. In particular, the sheer scale
and communication constraints in CPS, such as privacy concerns, often render it
impossible to carry out centralized learning and data collection. However, scalability
and communication constraints have only been considered separately; no general
approach exists in learning-based control literature. Bridging this gap will provide
crucial insights for a unified framework for scalable learning and control algorithms
of CPS.

1.2 Thesis Roadmap and Contributions
Motivated by the key challenges outlined above, the central mission statement of this

thesis is:

To design scalable controllers that are capable of learning and adaptation,
with simultaneous worst-case safety and average-case performance guarantee,

all while conforming to communication constraints.

The remainder of this thesis is structured as follows.

Part I: Distributed Control under Communication Constraints

Large-scale CPS such as the smart grid often consist of numerous interconnected
and heterogeneous subsystems that must coordinate to achieve global objectives.
One of the key challenges in managing such large-scale CPS is the effective
design and implementation of distributed controllers that can operate under various

communication constraints while allowing scalable synthesis and implementation.

In this context, the first part of this thesis focuses on developing distributed controllers

to address important classes of communication constraints when the system model is
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known. Specifically, we will concentrate on three essential design requirements that

naturally emerge due to communication constraints in large-scale CPS:

1. Localization: 1t is desirable that the effects of disturbances as well as infor-
mation exchange among subsystems are limited to a predefined local region
without cascading to the global network. By confining the impact of distur-
bances, we can enhance the robustness and reliability of the entire system.
Disturbance localization also facilitates localized communication, where it
becomes unnecessary for subsystems that are far away from one another to

exchange information.

2. Communication delay: Controllers for each subsystem can only access infor-
mation that may be delayed from other subsystems according to the structure
of a given communication network. Handling communication delays is crucial
for maintaining system stability and performance, as delays can significantly

impact the closed-loop stability.

3. Distributed implementation: Controller implementation needs to be distributed,
allowing only sparse information to be exchanged between subsystems within
a local region to reduce communication and computation burdens on local
systems. A distributed approach not only alleviates the load on communication
networks but also enhances the scalability and flexibility of the system, enabling

it to adapt to varying system topologies.

In Chapter 2, we will present the optimal distributed #H, linear state-feedback
controllers that satisfy the three design requirements for linear systems under a
fixed communication structure. In particular, we develop a state-space controller
under the framework of System Level Synthesis (SLS), an emerging distributed
control framework that enables scalable design of optimal controllers for systems
with locality, communication, and other constraints that made pre-SLS methods
intractable. All previous SLS-based distributed controllers required a “finite-horizon”
approximation. Such an approximation not only resulted in suboptimality but also
restricted the applicability of the framework since it is well known that such an
approximation is not feasible for many systems of interest such as robotics. In
contrast, we derive the first infinite-horizon solution in this chapter. Building upon
the optimal state-feedback controller, we leverage the separation principle to develop
a suboptimal distributed output-feedback controller that is internally stabilizing and

memory-efficient.
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In Chapter 3, we focus on linear systems with input and state constraints, which are
essential for safety-critical systems. We develop a distributed nonlinear controller
that not only adheres to the safety constraints but also prevents large oscillations
and ensures graceful performance degradation under input saturation caused by
unexpected disturbances. The resulting nonlinear controller reduces the overall
control cost by 5-35% compared to state-of-the-art linear methods, while conforming

to sparse actuation, disturbance localization, and communication delay constraints.

Part II: Interfacing Learning and Control via Uncertainty Sets

In the second part of this thesis, we will address the key challenge of learning
and adaptation with safety and performance guarantees. We investigate a unified
framework for learning-based control that uses uncertainty sets as the main building
block to interface ML techniques and model-based control approaches like the ones
developed in Part I. Such an uncertainty-set based approach enables novel algorithms
with first-of-its-kind, rigorous guarantees, such as adversarially safe learning-based

control as well as scalable and distributed learning-based control.

Set Membership uncertainty sets.  We will start by introducing a classic and
popular uncertainty set estimation method, called set membership estimation (SME)
[48]. One of the most popular uncertainty set estimation methods in control literature,

SME identifies the set of system models that are consistent with observed data.

Despite broad applications and empirical success, even in the basic setting of linear
systems under simple stochastic distributions, the convergence rate of SME remains
open. Quantifying the convergence rate will unlock rigorous performance and safety
analysis of popular control designs based on SME, such as adaptive model predictive
control and robust online control [49]-[55]. Therefore, in Chapter 4 we provide
the first non-asymptotic convergence rate for SME in linear dynamical systems.
Moreover, we alleviate the common yet restrictive assumption that a tight upper
bound of disturbances must be known a priori and present a novel upper confidence
bound based SME method with explicit convergence rate. An immediate implication
of this result is that many state-of-the-art algorithms that were based on alternative
uncertainty set estimation methods can now use SME to enable substantially improved

per formance guarantees.

An uncertainty-set centric learning-based control framework. = Motivated

by new theoretical insights of SME developed in Chapter 4, we investigate an
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uncertainty-set based framework where ML techniques and model-based control
design interfaces through the uncertainty sets generated by SME, which was first

proposed in [13].

The main ideas of the framework is shown in Figure 1.1. At the beginning of the
algorithm, we will have an arbitrarily large uncertainty set for the system model and
parameters. As an example, this is illustrated as a dark gray square denoted as P.
As the algorithm interacts with the unknown or uncertain system and environment
during deployment, it will observe the resulting state transitioned from the previous
time step as a result of the control actions and any unobservable environmental
changes such as disturbances and measurement noise (step 1). Every such new
observation will provide some information about the uncertainty set. In particular,
the observations will provide new constraints (illustrated as dashed lines) for the
models that are consistent with the data, carving out the set of implausible models.
This is essentially the SME method for constructing uncertainty sets (line 2). In
the pictorial example, the new uncertainty set is denoted as ;. With this latest
SME uncertainty set ;, we will invoke learning algorithms to select a hypothesis
model out of the uncertainty set. The selected hypothesis model is denoted as
@1 € P (Step 3). Based on the selected model, we will perform model-based control
synthesis depending on the control objective (step 4). For example, to guarantee
safety constraints satisfaction, one may use model predictive control. If instead only
stability is required, then robust control methods can be used. The control actions
generated based on the currently selected hypothesis model will then be input into
the system dynamics, and the process continues, as illustrated in the third picture

under step 2, where a new uncertainty set is denoted as ¥, after a new observation.

— 1. Observe new state transition
2. Apply SME to construct uncertainty set based on observations

True model

% Hypothesis model

t+1 Po

3. Pick a hypothesis model with machine learning (:)t e Py

— 4. Perform model-based control based on @t

Figure 1.1: Overview of the Uncertainty Set-based Framework

This approach differs from existing adaptation and learning-based control methods
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such as Thompson sampling [28], [56], [S7], online least squares [58], [59], optimism-
based exploration [60]-[62], etc., in that (1) the uncertainty set generated via SME
provides a deterministic uncertainty quantification of the unknown system that
remains valid even with distribution shift of the disturbances, and (2) the selection via
online learning induces a novel exploration-exploitation tradeoff that is particularly
well-suited for systems that are safety-critical where experiments and data collection

can be highly restricted, such as power systems.

Under this general framework, we will illustrate different combinations of ML
techniques (step 3) and control methods (step 4) that unlocks novel algorithms
with rigorous safety and performance guarantees. In Chapter 5, we will discuss
an instantiation of the framework to enable online learning-based control for time-
varying linear systems under adversarial disturbances with guaranteed stability.
Chapter 6 will demonstrate how this framework can flexibly incorporate control
approaches developed in Part I to enable scalable and distributed learning-based

control under communication constraints.

Part II1: Application to Sustainable Energy Systems

The expansion of sustainable energy systems is essential for decarbonizing the energy
infrastructure, but a significant challenge lies in managing the unpredictability and
large uncertainties associated with renewable generation as well as the participation
of energy storage systems. For example, the renewable energy leads to faster voltage
variations in the electricity distribution network, causing voltage deviations from
nominal operating limits, which may damage electrical equipment and cause power
outages [63], [64]. Yet, an increasing number of distributed energy resources,
e.g., photovoltaic and storage devices, are not owned or operated by electric utility
companies. This results in a lack of up-to-date information about the grid topol-
ogy [65], [66], making it challenging for grid operators to design control algorithms
which generally require accurate grid topology to respond to the variations from the

renewables.

The last part of this thesis focuses on addressing the problem of voltage control in the
distribution network where there is large uncertainty in both the network topology
as well as load and generation variations. In particular, in Chapter 7, we combine
a nested convex body chasing algorithm with a robust predictive controller under
the framework presented in Part II to achieve provably finite-time convergence to

safe voltage limits. In an online fashion, our algorithm narrows down the set of
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possible grid models that are consistent with observations and adjusts reactive power
generation accordingly to keep voltages within desired safety limits. Our approach
can also incorporate existing partial knowledge of the network to improve voltage
control performance. We will demonstrate the effectiveness of our approach in a case
study on a Southern California Edison 56-bus distribution system. Our experiments
show that in practical settings, the controller is indeed able to narrow the set of
consistent topologies quickly enough to make control decisions that ensure stability

in both linearized and realistic nonlinear models of the distribution grid.
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Chapter 2

OPTIMAL DISTRIBUTED H2 CONTROL WITH LOCALIZATION
AND DELAY

Large-scale CPS such as data centers often face significant scalability issues and
communication constraints in algorithm design due to the sheer volume of data
exchanged between subsystems and privacy concerns. We will start our investigation
of distributed control design under communication constraints with the classical
control setting of linear quadratic control, also known as the optimal H, control,
where the cost is quadratic and the dynamics is linear in states and control inputs.
We describe a variant of the optimal HH, control problem under localization and
communication delay constraints and present the optimal state-feedback controller
with distributed implementation under this setting. Based on the separation principle
of the optimal linear quadratic Gaussian (LQG) control, we will build upon the state-
feedback controllers and describe a suboptimal but memory-efficient output-feedback
controller under the same communication constraints. This chapter is mainly based

on the following papers:

[1T J. Yu, Y.-S. Wang, and J. Anderson, “Localized and distributed H, state
feedback control,” 2021 American Control Conference (ACC), pp. 2732—
2738, 2021. po1: 10.23919/ACC50511.2021.9483301.

[1] O. Kjellgvist* and J. Yu*, “On infinite-horizon system level synthesis
problems,” 2022 IEEE 61st Conference on Decision and Control (CDC),
pp- 5238-5244, 2022. por: 10.1109/CDC51059.2022.9992443.

2.1 Introduction

Large-scale interconnected systems often demand control designs that comply with
structural requirements induced by communication constraints, such as sparsity for
distributed or localized control [44], [67], and communication delay constraints [44],
[68]. These requirements become especially crucial in engineering applications
such as power grids [69] and vehicle platoons [70]. Such control design problems
are challenging due to the non-convex nature of the problem [39]. Collectively,

the challenge of designing controllers subject to these constraints is referred to as


https://doi.org/10.23919/ACC50511.2021.9483301
https://doi.org/10.1109/CDC51059.2022.9992443

14

distributed or structured control [71]. It is known that distributed control problems

are in general non-convex.

Lately, researchers have focused on novel controller parameterization that admits con-
vex formulation under structural constraints [45]—-[47]. These constraints are referred
to as the system-level constraints (SLCs) [45]. Examples of SLCs include sparsity
constraints on the Youla parameter [72], qudratic invariance (QI) [39] subspace
constraints on the feedback controllers, and finite impulse response constraints on the
closed-loop responses to disturbances [44], [46]. Among these parameterizations,
System Level Synthesis (SLS) emerges as a promising and unified framework for
structured controller synthesis that is capable of handling the largest class of structural
constraints subsuming all previously convexifiable constraints [73]. A vital feature of
the SLS framework is that both the synthesis and the implementation of the structured
controller can be done locally and in parallel, thus scaling favorably with the number

of subsystems in a network.

All current SLS-based control methods require both the parameterization and
implementation to have finite impulse responses (FIR), with the exception of
[74] where continuous-time SLS was formulated, and [75] where suboptimal SLS
controllers without structural constraints were presented. This is because optimal
controller synthesis, regardless of the choice of convex reparameterization, remains
an infinite-dimensional non-convex optimization problem due to system dynamics.
The current method of choice to relax SLS problem into a tractable finite-dimensional
optimization problem is to restrict the optimization variables to having FIR. Such
relaxation technique is required for many parameterizations other than SLS [76] and
can be used to specify the temporal propagation of the disturbances in the closed loop.
Although previous work almost exclusively uses FIR approximations to make SLS
tractable, we emphasize that FIR is not a requirement for SLS, but rather a convenient
way to use off-the-shelf optimization software. However, FIR approximations result
in suboptimal control actions, and more importantly, they lead to deadbeat control,
which can cause poorly damped oscillations between discrete sampling intervals and
a lack of robustness to model uncertainties due to the high control gains needed to
reach the origin in a finite time [75]. Moreover, if the system is only stabilizable but

not controllable, FIR approximations can be infeasible.

Contribution.  In this chapter, we lift the FIR constraint of SLS methods to

synthesize the optimal infinite-horizon solution to a canonical H, control problem
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under localization and communication delay constraints in the state-feedback case.
To achieve this, we make a connection between the infinite-horizon state-feedback
SLS problems with the Riccati solution for the classic linear quadratic regulator
(LQR) problems. Our formulation further relieves several assumptions in existing
work, such as the requirement of block diagonal control matrix in the dynamics. The
resulting SLS controller has a distributed state-space form that significantly reduces
the required memory compared to the FIR SLS controllers and obtains optimal H,

performance compared to FIR approximations.

In the second half of this chapter, we then generalize the state-feedback result and
investigate a class of infinite-horizon output-feedback SLS problems. In particular, we
study an output-feedback SLS problem that corresponds to a class of LQG problems
with localization and communication delay constraints. Our solution leverages an
analogous separation principle for SLS parameterization, where the infinite-horizon
state-feedback SLS solution is used. A key advantage of this approach is the ability
to compute the control gains of each subsystem locally in one swoop using local
information, without iterations or communications among subsystems, which were
required by previous methods, e.g., [77]. Furthermore, we demonstrate an internally
stabilizing output-feedback controller that is distributed and localized based on the
proposed suboptimal solution. The proposed state-space controller has a fixed, low
memory requirement, unlike existing FIR-based SLS controllers where the length of

the memory grows linearly with the FIR horizon.

Notation.  Latin letters x € R” and A € R™" present vectors and matrices
respectively. A(i, j) refers to the (i, j)th element of the matrix. We use A(:, j)
and A(J,:) to refer to the jth column and jth row of A respectively. Bold font x
denotes the signal vector sequence x := {x(#)};°,. Transfer matrices are written
as G(z) € C™" where G(z) = Z;’ioz‘iG[i] with convolution kernels G[i] € R™™.
We will omit the dependence on the complex variable z and use G when there
is no ambiguity. The j™ standard basis vector is ¢; € R". Sp(-) is the support
of a matrix. For two binary matrices S;, S, € {0, 1}*", the operation S; U S;
performs an element-wise OR operation. Given the matrix A, we say Sp (A) C S|
if Sp(A) U S; = §,. We abbreviate the set {1,2,...,N} as [N] for N € N. Non-
negative integers are denoted as N,. We write A > B (A > B) to mean that A — B is
a positive (semi)definite matrix. We use RH,, for the space of all proper and real

rational stable transfer matrices and denote G € %R?-(oo if and only if zG € RH.
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Figure 2.1: Scalar chain network for Example 1, 2, and 3.

2.2 The Localized and Distributed H2 Problem
In this section, we describe the system model, and both the state-feedback and
output-feedback H, optimal control design problem subject to localization and

communication delay constraints.

System Model
We consider interconnected systems consisting of N subsystems. For each subsystem
i,letx' € R" u' € R™ w' e R™ be the local state, control, and disturbance vectors

respectively. Each subsystem i has discrete-time dynamics:

X(t+1) = Z ATXT (1) + BYu! (1) + w' (1),
JEN (i)

where we denote j € lel () if the states and control actions of subsystem j affect
those of subsystem i in k time steps through the open-loop network dynamics.
Analogously, we write i € Nokut( J) when the states of subsystem i are affected by
subsystem j via dynamics in k time steps. Stacking the dynamics of all subsystems,

we can represent the global network dynamics as
x(t+1) = Ax(t) + Bu(t) + w(t), 2.1

with x(¢) € RV~ and u(7) € RN«. We will refer to this system as the state-feedback
dynamics where the states x(#) can be directly observed and used for feedback control

design.

Example 1. Consider a chain network as shown in Figure 2.1. Each subsystem
i has its local plant P; and controller C; with scalar state x' and control action
u'. For each i, Niil(i) and Nolm(i) only contains its nearest neighbors. The stacked

network dynamics (2.1) for this system has tri-diagonal state propagation matrix A
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and diagonal B matrix:

£ % 0 0 0] [+ 0 0 0 O]
* x x 0 0 0 = 000
A=10 = = = 0] B=|[0 0 = 0 0f.
0 0 = =% = 0 00 = O
0 0 0 = = 0 0 0 0 =

In practice, the states of the system (2.1) may not be directly observable. Therefore,

we also consider the output-feedback system where in addition to (2.1),
y(t) = Cx(t) +v(1). (2.2)

Here, y(t) € RM is the observable output of the system and v(7) € R is the

measurement noise.

In what follows, we define structural constraints arising from locality and com-
munication delays, which belong to the family of SLCs that can be formulated as
convex sparsity constraints via the SLS parameteration. We denote any such sparsity
constraints as S := {S[k]}}7 | where each §[k] are binary matrices specifying the
sparsity of the kernels of a transfer matrix. Given a transfer matrix ® and an SLC
defined by the sparsity constraint S, we say ® € S if Sp (®[k]) € S[k] for all k.

Localization
It is often desirable to limit the effects of disturbances in (2.1) to a local region for
a large network. We can specify the disturbance localization pattern with binary

matrices.

Definition 2.2.1 (Localization SLCs). An SLC St := {SL[k]};":1 is called the

localization SLC if St [k] for all k are the same binary matrices.

To specify disturbance localization with localization SLCs, we can impose on control
design such that disturbance w/ propagates to the state X’ in the closed loop if and
only if SE(i, j) # 0. We call the subsystems that can be affected by w' the localized
region of w'. Subsystems in the localized region of w' correspond to the indices of
the non-zero elements of the ith column of St. A simple way to ensure disturbance
localization per Definition 2.2.1 is that the “boundary” subsystems of each localized
region must remain at zero to prevent disturbances from propagating outside of
the localized region. To this end, we will formalize the notion of the boundary

subsystems.
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Definition 2.2.2 (Extended Localization SLCs). Given a localization SLC S, the
corresponding extended localization SLC is S™¢ := {Sp (Sp (A) S* [k])}le.

Since any (extended) localization SLCs can be uniquely identified by its binary matrix
components, we will use S* (S+¢) and its binary matrix component interchangeably
when there is no ambiguity. Sparsity pattern S™¢ can be interpreted as the propagation
of S according to dynamics (2.1) if no action were to be taken to contain the spread
of disturbances. We now define the boundary subsystems for a given localization
SLC S*.

Definition 2.2.3 (Boundary Subsystems). The set of the boundary subsystems for the

localized region of W' is
B(i) = {j € [N:] | S%(j.i) = S*(j. i) # 0.
Intuitively, the set B(i) for the localized region of W' contains the indices of the

bordering subsystems that controls the spread of the disturbance from within the

localized region to the outside of the region.

Example 2. We continue with Example 1, where we now specify St = Sp (A). With
Definition 2.2.2 and 2.2.3, we have:

[1 1 1 0 0 00100
11110 00010
Le _ L,e L _
Ste=11 111 1|, S St=11t 0001
01111 01000
00 1 1 1] 00100

The boundary index set B(i) thus corresponds to the position of non-zero elements
on the ith column of S©¢ — St. For instance, B(3) = {1,5} and B(1) = {3}.

Communication Delay

In addition to disturbance localization, one may wish to additionally incorporate
communication delay SLCs to specify how information exchange happens among
subsystems while each subsystem tries to localize disturbances. Combined together,
such delayed localization SL.Cs correspond to scenarios when communication delays
allow disturbances to propagate through dynamics, before subsystems are able to
coordinate to completely attenuate and localize them. For ease of exposition, here

we consider a communication delay pattern among subsystems that matches the
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dynamics. The results in this chapter can be generalized to broader classes of

communication patterns.

Definition 2.2.4 (d-Delayed Localization SLCs). For a fixed integer d > 1, a
localization SLC S, a delayed localization SLC S? := {Sd[k]};":1 is such that
S4[k] = Sp (sp (A)k)fork < d and S[k] = Sp (sp (A)d) USL[k] forallk > d+1.

This is sometimes called the (A, d)-sparsity [44] and generalizes the localization
SLCs. For the rest of chapter, we consider d-delayed localization SLCs for structured
controller synthesis. We assume that any given SLCs are feasible for the control

design of the underlying system.

Problem Statement

We now state the localized and distributed optimal H, problem both in state-feedback
form (PO-SF) and output-feedback form (PO-OF). The objective function is the H>
performance index of output z = Q%X +R2u (Q% y+R %u) of the state-feedback
(output-feedback) closed loop of (2.1) (and (2.2)), with Q% , R> > 0. The disturbances
w(t) are assumed to be independently and identically distributed (iid) over different
coordinates as well as time, and drawn from zero-mean Gaussian distribution N (0, /)
in the state-feedback case. In the output-feedback case, we assume a more general
form where w(t) ~ N (0, W), and v(r) ~ N(0,V) iid, with W, V > 0. The goal
is to synthesize a controller that localizes disturbances and accommodates to the

communication delay among subsystems.

State-feedback control. This problem can be represented as the following opti-

mization problem:

| 2
minimize Eow(ry <N (0.0) [Qi ° X] (PO-SF)
K 0 R2||u )
subject to State-feedback dynamics(2.1)
u = Kx, K internally stabilizing
K localizes disturbances according to St (2.3a)
K conforms to S¢, (2.3b)

where ||x||§ = Yo ||x(k)||§. We assume (A, B) is stabilizable. Problem (PO-SF)
has practical application in large-scale cyber-physical systems, especially in power

systems [78], [79]. We note that in contrast to all previously formulated SLS
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problems, there is no FIR constraint in (PO-SF), rendering it an infinite-dimensional

problem.

Output-feedback control. Analogous to the state-feedback problem, the distributed

and localized H, output-feedback control problem is as follows:

2
L 0:C 0||x
minimize Evw)~N(0,w) i (PO-OF)
K vi~noy) ||| 0 R2| |u]],
subject to Output-feedback dynamics(2.1), (2.2)

u = Ky, Kinternally stabilizing
K localizes disturbances according to S©

K conforms to S d,

where instead of quadratic costs on the states, we penalize quadratic costs on the

observable outputs.

2.3 System Level Synthesis

It is well known that structured control design problems such as (PO-SF) and (PO-OF)
are infinite-dimensional problems and non-convex in K. Therefore, we leverage the
System Level Synthesis (SLS) framework [73]. The SLS theory approaches the
constrained state-feedback and output-feedback control problem described above by
characterizing all achievable closed-loop mappings (CLMs) from w (and v) to X, u
under an internally stabilizing controller K. Then, using any achievable CLMs, SLS

provides an implementation of the controller K that realizes the prescribed CLMs.

State-feedback SLS
Consider the closed loop of (2.1) under any linear (potentially dynamic and time-

varying) state feedback policy u = Kx. We denote the closed-loop mappings (CLMs)
L)
from disturbance w to x and u by ®,,,,®,,, respectively, i.e., = q)xw w.
u uw
As an example, consider a fixed static controller K € RV«*N~ such that u(t) = Kx(t).

Then the system (2.1) has the following closed loop dynamics,

x(f) = Z(A +BK) M w(t - k), u(t) = Z K(A+BK)*'w(t-k), (25)
k=1 k=1

where we absorb the initial state x(0) into w(—1) and assume x(0) = 0 without loss
of generality. Let ®,,,[k] := (A + BK)*! and ®,,,[k] := K(A + BK)*"! be the
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convolution kernels. Then (2.5) can be written as x(r) = Y} _; @y [k]w(z — k) and
u(t) = Y5—y @uwlk]w(t — k)], or equivalently, x = ®,,,w and u = @, w.

A main result of SLS is the following characterization of all achievable CLMs
under internally stabilizing state-feedback controllers. Crucially, SLS allows re-

parameterization of any stabilizing controllers to be expressed and implemented with
CLMs.

Theorem 1 ([45]). For the linear dynamics with C = I and v(t) = 0, CLMs ®,,,

and ®,,, can be achieved by a linear internally stabilizing controller K if and only if

@
[zI—A —B] ’“W

1
] =1, @, ®,, € -RH.. (2.6)
Z

uw

Moreover, K = ®,,,(®,,,)~! achieves the prescribed CLMs, and can be implemented

as
u(t) = Z @, [K]W(t — k) (2.72)
k=1
t—1
W) = x(t+ 1) —ZCwa[k+ w(t - k), (2.7b)
k=1

where W is the internal state of the controller.

Controller (2.7) can be regarded as estimating past disturbances in (2.7b) and acting
upon the estimated disturbances according to a specified closed-loop mapping ®,,,,
in (2.7a). An important consequence of Theorem 1 is that any structures imposed on
the closed-loop responses ®,,,, ®,,,, such as sparsity constraints on the kernels of

®,,,D,,, trivially translate into structures on the realizing controllers (2.7).

Output-feedback SLS

Similar to the state-feedback SLS, the CLMs of the closed loop of the output-feedback
dynamics (2.1) and (2.2) under an output-feedback linear controller such that u = Ky
can be fully characterized.

Theorem 2 ([45]). CLMs ®,,, ®,,, ®,,, ®,, € %R?’(w can be achieved by a linear
internally stabilizing output-feedback controller K if and only if

Dse q’”] - [1 0] (2.8)

[ZI—A —B]
(I)ux (I)uy
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Figure 2.2: Output-feedback controller architecture adapted from [45]. Here,
&)xx = z(I — 7®,,), &)M = z®,, and &)xy = —z®,,. The controller is internally
stable; the closed-loop mappings from perturbations (8, d,,0d,,0g) to internal
signals (x,y,u, ) are stable.

- A
-C

D, (I)xy
D, (I)uy

! (2.8b)
0| '
where ®y,, ®,,, ®,,, ®,, maps W,V to X, W under an output-feedback controller K,

) X D, Dy (W
ie., =
u D, D,V

which is illustrated in Figure 2.2:

. In particular, K can be implemented as the following,

=)

B =D@,B+ &)xyy

- 2.9)
u=o,8+ Dy,

where (Bxx = z(I — 7®yy), CBMX = z®,,, &)xy = —z®,,, and B is the controller

internal state.

Further, it was shown in [45] that (2.8) is equivalent to stabilizability and detectability
of (2.1) and (2.2). Therefore, (2.9) parameterizes all internally stabilizing linear
controller K for (2.1) and (2.2). We also note that Theorem 1 is a special case of

Theorem 2.

2.4 Main Results
With the SLS framework introduced in Section 2.3, SLCs in (PO-SF) and (PO-OF)

can be equivalently expressed in terms of the CLMs of the closed loop of (2.1) and
(2.2).
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02 o |[eun]l
minl o r”2|le
@1, Py € ;RHo ww |{|gq,
®.)CW
Sit. [zI—A —B] -1 (SF-SLS)
uw

(I)xw € SL, (I)uw € Sd’

and
2
_ o'2C 0 ||®y @ | |W'/2 0
min
QeclRH,, 0 R1/2 (I)ux q)uy 0 V1/2 g
z HZ
i D, P
st. |zI-A —B] e :[1 0]
N (I)ux q)uy
'(Dxx D (zl-A B I (OF-SLS)
@, @, -C | [0

@, P, ecS" and ®,,®, S,

where we used @ to collectively refer to the tuple (®yy, ®yy, @yy, ®yy) to reduce

notation.

In what follows, we will first derive the infinite-horizon optimal solution to the
state-feedback Problem (SF-SLS) with the corresponding distributed controller
description. Then we build upon the state-feedback solution and leverage separation
principle to synthesize a suboptimal output-feedback solution to (OF-SLS) with

distributed state-space controller implementation.

The State-feedback Solution

We will derive the optimal solution of (SF-SLS) in two steps. First, we will derive the
solution to (SF-SLS) disregarding delay constraints, i.e., we will restrict our attention
to the special case that ®,,,, ®,,, € SL. We will decribe an explicit controller
that implements the CLMs that enables distributed computation with only local
information. The solution to this special problem will be used to further solve the
full problem of (SF-SLS) with delay constraints.

Column-wise decomposition

It is known that (SF-SLS) is column-wise separable [73], [78], where the optimization

problem can be decomposed into subproblems involving columns of the CLMs.
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Therefore, we will synthesize the CLMs one column at a time where each subsystem
synthesizes the columns corresponds to its local states, in a parallel fashion. Such
parallel synthesis scales favorably with the number of subsystems in large networks.
From here on, everything will be seen by the jth subsystem. To reduce notation,
we assume each subsystem has scalar dynamics where x' (1), u'(t), w'(t) € R, Let
¢x = D, (:,j) and ¢, = D, (:, j) with kernels ¢,[k] and ¢,[k] for k € N,
respectively corresponding to the ith column of ®,,, and ®,,,. Furthermore we use
s,[k] and s,[k] to denote the jth column of S“[k] and S[k] respectively. Each
corresponding column problem to be solved locally by subsystem j becomes

1 T
min wa T, [k] + 0u[k] " Roy [k] (P1)
st. ook +1] = Ag,[k] + Bu[k] (2.10a)
ex[0] =0, ¢, [1] = €j
ou[k] € s, [k, @ulk] € su[k], Vk €N, (2.10b)

This new problem is a constrained linear quadratic optimal control problem, and would

be a standard infinite-horizon LQR problem if not for the sparsity constraints (2.10b).

The solution to this column problem has two steps. First, we will solve a version
of the problem that only considers localization constraints. Then we will transform
the original column problem to a finite-horizon LQR problem with time-varying
dynamics. A dynamic programming based solution is proposed based on the solutions

with only localization constraints.

Solution with localization SL.Cs only

In this section, we will consider the column problem (P1) with only localization
constraints, where (2.10b) is replaced by ¢.[k] € ST[k], and ¢,[k] € SF[k], for
all k € N,. Therefore, every kernel of ¢, and ¢, will now have the same localization
sparsity constraints for all the kernel matrices. Therefore, we can reduce (P1) by
removing zero entries in ¢, and ¢, , other than those associated with the indices in
B(j). We denote the reduced column vectors that contains the entries associated
with B(j) as ¢, and ¢,. Similarly, the problem parameters A, B, Q, R can be
reduced by selecting submatrices A), BY), 01) and R\) consisting of columns
and rows associated with the boundary entries and non-zero entries of ¢, and ¢,,.

Note these sub-matrices now contain only dynamics information from subsystems

!One can alleviate this assumption by running the algorithm for multiple columns per subsystem.
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that are allowed to transmit information to the subsystems to which x/ belong. We
further rearrange the reduced vectors and matrices in (2.10a) by grouping the entries

associated with boundary subsystems as follows:

~ () W[~ )
‘)D.x,n _ Ann A b X,n Bn —~
[ﬁx , [k+1] = A(J‘) A’(lj) sz , [£] B(j) oulk], (2.11)
s bn bb > b
———
ox [k+1] AW BU)

where @, ;, denotes the entries on column vector @, that are associated with 8(j) and
@, , represents the entries of ¢, that are not associated with boundary subsystems.
Here, AY) and B"/) are partitioned accordingly. With abuse of notation, we overload

@, to denote the rearranged and reduced vector of ¢, .

Example 3. Consider the scalar chain example in Figure 2.1 for the local problem
with j = 4, i.e., the subproblem (P1) corresponding to the fourth column of
@, ®,,. We have the constraint ¢, = [0, 0, ®,,,(3,4), ®,,,(4,4), ®.,(5,4)]"
according to the fourth column of localization pattern S* = Sp (A). According
to Example 2, we have @y = [®y,(2,4)] defined in Definition 2.2.3 and @y , =
[®,,(3,4), ®,,(4,4), ®,(5,4)]". Therefore, the rearranged and reduced vector
is @x = [@x(3,4), By (4,4), By (5,4), @ (2,4)]".

Note that constraint (2.10b) now becomes equivalent to the requirement that ¢, ,
remains at the origin at all time for the localized region of w/. By keeping the
entries associated with boundary subsystems at zero, we implicitly impose that for
all k, Sp (Ag,[k] + Be,[k]) € SE(:, j), which is necessary and sufficient to ensure
@x € SE(:, j). Therefore, the local problem (P1) after rearrangement becomes

oo

_omin > E[KTOVE K] + @[k TRV G, [ k] (P2)

?x:Pu€ 7 RHoo =0
subject to @x[0] =0, @[l] =e¢;,, (2.11) (2.12a)
oxplk] =0,Vk € N, (2.12b)

where j; denotes the new position of element ®,,, (/,7) in the rearranged and reduced
vector .. Vectors e, have the same dimension as ¢,. We differentiate the position

of element @, (/, i) in @, , with the notation ]~, Vectors s has the same dimension

as Qx.n-

Example 4. Continuing Example 3 where i, j = 4, then ®,,,(4,4) is in the second

position in rearranged and reduced vector @x. Thus, ji =2, e;, = [0, 1, 0, 0]7,
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and j4 = 2 with ez, = [0, 1, 0] 7. Consider instead j = 4 and i = 5, then ®,,,(4,5)
is in the first position in @, = [®,,,(4,5), @y, (5,5), @, (3,5)]" while it is also
in the first position in @y = [®xy(4,5), By (5,5)]7. We then have js = 1 with
ejs = [1,0,0]7 and js = 1 with ez = [1, 0] ™.

We are now in a position to de-constrain (P2) by characterizing CLMs that satisfy
(2.12b). We first substitute (2.12b) into (2.11) in (P2) and conclude that (2.12b) is
equivalent to requiring

BB, = A B (2.13)

Due to the equality constraint (2.12a) and (2.11), the free optimization variable is @,
in (P2). It is clear (2.13) has solutions ¢, if and only if the following assumption
holds:

Assumption 1 (existence of solution). Bl(f )sz A forall j e [Ny] .

Recall that constraint (2.12b) is sufficient and necessary for the CLMs to comply to
the localization pattern S*. This means assumption 1 is the minimum requirement
for the each local problems (P2) to be feasible. Further, per Definition 2.2.3, the
number of boundary subsystems can generally be less than the total dimension of

control actions, i.e., Bl(f ) can be a wide matrix.

Lemma 1. Under Assumption 1, the parametrization

Gulk] = =By A G k) + (1= BYBY ) ulk] (2.14)
with u|k] a free vector variable characterizes all ¢, k] that satisfies (2.12b).
Proof. Under Assumption 1, (2.13) has solutions of the form (2.14). This can be

checked by confirming that Range (I - sz ) TBI()’. )) = Kernel (Bl(f ) ) Substituting
(2.14) in (2.11), one can verify that ¢, 5 [k] = 0, Vk € N,. O

The reparametrization with variable u[k] enables an equivalent local optimization
problem without (2.12b). Substitute (2.14) into (P2), we end up with:

(o)

min D Fealk1TQV G (K] + T [KIRY [ k]
ﬁx,mue;Rﬂm k=0
subject to Oxnl0] =0, @xu[l] =e7 (P3)

Jj
Genlk +1]1 = AVG, k] + BDp[k],
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where 1 -
RO = ((Rm)f (1- B}()j)fsz)))

1
NE NTpU)
((R(-’)) (1 - By By ))
Q(J) — ((Q(]))z _ (R(]))ZBISJ)TA}()Jn)) (2.16)
((Qm)% _ (R“))%B[(j”A;Q)
A = AD _ g gDt 4 ()
n b b |-
For each column j with j € [N,], problem (P3) can be treated as an infinite horizon

LQR problem with which an optimal “control policy” E,((j ) can be computed in

closed form via discrete-time algebraic Riccati equation (DARE):

~(; ~ B P NP N~ ( 7Y~ ;
KV = - (Rm +B<J>TX£.1)B<J>) BUTXY) ZU), 2.17)
where )?}J ) is the Riccati solution to the DARE:
=() =1y TS~ DT () (i
Xa((j) — Q(J) + AW XiJ)A(]) — AW Xij)B(J)
_ v 1y~ o\ L~ =)~
(Rm + B(nTXiJ)B(J)) BOTXWD ZW), (2.18)

With the optimal solution u[k] = Ei’ )Jx,n [k] to (P3), the solution to (P2) can be
recovered via (2.14) as

Prall]l = o5 (2.19a)
Gulkl = (-B" A + (1= BB ) RY) Gnlk] (2.19b)
Genlk] = (AV) + BORY) Gl - 11, (2.19¢)

Note the optimal solution to (P3) via the Riccati equation is stable, so 4 and ¢, ,

construct stable and strictly proper operators.

In summary, we went through a series of transformations and decompositions from
the original localized and distributed state feedback H, problem (PO-SF) with only
localization SLCs to (P3). Given solutions to the local problems (P3), solutions
to (SF-SLS) can be recovered. In particular, we define embedding operator E,(-)
and E,(-) that apply padding of zero’s to the reduced vectors ¢, ,[k] and ¢, [k]

by assigning entries of ¢, ,[k] and ¢,[k] to the positions of non-zero elements of
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@,,, [k](:, j) and @, [k](:, j) such that E, (g, [k]) € RNx and E,, (@, [k]) € RNw.

We define the application of the embedding operator on the transfer matrices to be

the application of the embedding operator on the kernel matrices.

Theorem 3. Let ®7,, be the column-wise concatenation of Ex (¢, ,) and let @,
be the column-wise concatenation of E, (@,), where @,..'sand @,’s are solutions
to (P3) via (2.19). Then ®,, and @}, are the unique optimal solution to (SF-SLS)

with localization SLCs only.

Proof. 1t is straightforward to check that optimization (SF-SLS) is an instance of
column-wise separable problem (see Section III, [78]) where both the objective
function and constraints are column-wise separable and can be partitioned and
solved in columns as in (P1) in parallel. Therefore, solutions to subproblem (P1)
can be concatenated to recover the solution to (SF-SLS). Note that by construction,
E. (@,) = ®x,(:, ) and E, (@,) = (2, j) for all j € [Ni]. Therefore, they
comprise the optimal solution to (P1) for each j. Concatenate E\ (&fx,n)’s and
E, (¢,)’s in a column-wise fashion and the resulting matrices are solutions to
(SF-SLS) when only localization SLCs are considered. The uniqueness of the

optimal solution is given by the fact that the objective function is strongly convex. O

Distributed controller implementation

Given the column-wise state-space description of the infinite-horizon CLMs ®,,, (:, 7)
and ®@,,,(:,7) in (2.19), we now describe a state-space agent-level controller that

implements these CLMs.

By Theorem 1, we can directly conclude that theoretically, K = ®,,, (D))"
with implementation (2.7) achieves any given CLMs ®,,,, ®,,, and conforms to
the localization and delay constraints. This is because the inheritance of sparsity
structures of the controller implementation from CLMs in Theorem 1. Interested
readers are referred to [80] for in-depth discussion on implementation of SLS
controllers for cyber-physical systems. However, due to the state-space form of the
solution with explicit kernel description, practical implementation of a controller

that achieves the theoretical global CLMs remains elusive.

We will decompose the global SLS controller (2.7) into N, sub-controllers using the
solution to (SF-SLS). The global control action u[¢] can be accordingly decomposed
into N, "sub-control actions". These sub-control actions are then assembled together

to recover the global control action. Importantly, the computation of each sub-control
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action conforms to the localization SLC S~. We now make precise of this high-level

description.

To ease notation, we denote x/(f) € R and w,(t) € R, for £ € [N,] as the {th
position in the state x(¢) and disturbance vector w(t) in the global dynamics (2.1),
respectively. Furthermore, for general networks with N non-scalar subsystem with
local state vector x/ € R and u/ € R™/, we define the indices associated with x/
of subsystem j € [N] as X(j) := {€ € [Ny] |x¢ € x/}. Thus, X(j) partitions the
global state vector x(7) in (2.1) into N sets containing the coordinates associated
with the N subsystems. Conversely, we use X! (£) to denote the subsystem index to

which state x; belongs.

For each ¢ € [N, ], we compute the sub-control action vector u(t), which is a vector
with the same dimension as the total number of non-zero elements in the £th column
of ®,,[1], as:

Ben) =xe(n = &) () (2.200)
iENY (L)

Ee(t+1) = AL& (1) + B (1) (2.20b)

ur(t) = CLée(t) + Db (1), (2.20c)

where w,(f) € R can be considered as an estimate of the £th element of the true
disturbance vector w(t). The internal state &¢(¢) of each sub-controller has the same
dimension as the total number of non-zero elements in the £th column of ®,.,, [¢] and
&i(1) (Z ) denotes the Eth element in the internal state vectors &;. Note that controller
internal variables have initial condition w(0) = x,(0) and &/(0) = 0. We also define
the set N (£) as NV (¢) := {i € [N,]| St (X_l({’),/\’_l(i)) # O} . In particular, the
set N (£) contains global indices i € [N,] such that x; is a state that is allowed to
communicate its information to the subsystem that contains state x;, conforming
to the localization communication pattern St. Equation (2.20b) and (2.20c) are
the sub-controller internal dynamics specified by (A%, B, CL, DY) that takes in
estimated disturbance w, and output decomposed control actions u,. The internal

dynamics for the /™ sub-controller are:
Al =20+ BORY, B =(A0+BOR")e;
t _ _pOF 4(0) (OF p(0)) ()
Ck=-B"" Al + (1- B"B) K

¢ _ (g7 40 (O 5O\ O -
DY = (=BT Al + (1- BB B ez
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where all matrices in the equations above are defined in (2.16) and (2.17). It
is straightforward to see that (2.20) is indeed the state space realization of each
decomposed SLS controller implementing the reduced ¢th column of ®,,, (:, ¢) and
@, (:, ) synthesized from (P2). In particular, (2.20) implements a transfer function
mapping from scalar signal x; to vector signal u,. Further, each sub-controller is
stable since Af} is Hurwitz. The block diagram of this transfer function is shown in
Figure 2.3, where:

¢ | pt
Ak | Bk
I |0

t | pt

pl — Ak | Bk
¢ pt
Ck | Dk

X

4

(2.21)

’ u

For each state (th state x; deviating from the origin due to disturbance wy, it triggers
subsystems j € N'"({) to transmit information among each other in order to generate
a collaborative sub-control action u; from these subsystems. Moreover, internal
dynamics (2.20b), (2.20c) of each ¢ sub-controller involves only the global dynamics
associated with subsystems j € N"({). Therefore, by definition of N (), we
conclude that each sub-controller’s implementation conforms to the communication
pattern specified by S”. By the superposition property of the input-output behaviors
of linear systems, we can sum over all the sub-control actions induced by each w,

and the global control action u(t) € RN« is:
Ny
u(r) = > Eu(ug(t)), (2.22)
i=1

where each sub-control action u,, which has the same vector dimension as &)ﬁ can be
appropriately padded with zeros using the linear operator E,(-) to recover a vector
dimension in RV«,

A Wy | \Ile
Xy — u Uy

Figure 2.3: Column-wise sub-controller implementation for global controller K =
®,,, (D,,,)"" where the CLMs are computed column-wise in (P2). x; is the £th state,
W, is the estimated (th disturbance, and wuy is the sub-control actions induced by £th
state’s deviation from origin.

The following result confirms that collectively, the sub-controllers indeed achieve

the prescribed global behaviors.
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Theorem 4. controller implemented (2.20) and (2.22) defined by solutions to (P2)
is internally stabilizing for (2.1) and achieves the closed-loop mappings ®,, and

®,,, constructed by stacking in a column-wise fashion the solutions to (P2).

Proof. Recall Theorem 1, where an internally stabilizing controller that realizes
®,, and ®,, has centralized implementation (2.7). Therefore, we establish the
equivalence between global control action u(¢) generated from (2.7) and u(¢)
generated from (2.22). Consider (2.7b) where the controller’s internal state w has

dynamics

w(t) = x(1) - Z @, [K]7 (2 = )

Ny t
=x(t) - Zq’ kWit - k).
i=1 k=1
For each ¢th position in w(¢), due to the localization sparsity pattern S* imposed on

®,,,, the scalar dynamics is

t
Bty =xe(t) = D " (6, [K] Wit = k).
iENW(£) k=1
Since @', for all i € [N,] are recovered from (2.19) via the linear operators E.(-),

it is straightforward to verify that

Z Do (€, 1) [K] Wi(t = k) = E(1) (&), fort=1,2,....
k=1

We therefore conclude that (2.7b) and (2.20a),(2.20b) are equivalent. Similarly,

re-write (2.7a) as
Ny

u(t) = Zd)uw Jwi(t = k).

According to (2.19), one can check that )} _ @ [k]wi(t — k) = E,(ue(t)), thus
verifying the equivalence between (2.7a) and (2.20b), (2.20c), and (2.22). O

The intuition behind sub-controllers is that at every time step, the global controller
actions are decomposed into £th sub-control actions that only attenuate the (th
disturbance, i.e., wy. Therefore, whenever w, enters the system, only subsystems in
the localized region of this disturbance reacts, computing the sub-control actions

using only local information available according to S*.
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Solution with delayed localization SLCs

Using the optimal solution to (SF-SLS) with only localization SLCs, we will now
present the solution to the original problem (SF-SLS) with delayed localization
SLCs. In particular, we will follow a similar procedure as in the localization only
problem, then invoke the solution to the localization only problem to derive the full

solution.

Recall s,[k] and s,[k] denote the jth column of SE[k] and S¢[k] respectively.
Let n, [ k] be the number of non-zero elements in the N,-dimensional vector s, [ k]
and n, [ k] be the number of non-zero elements in the N,-dimensional vector s, [k].

Then there exists a surjective matrix M, [k] € RWx7x[kDXNx and an injective matrix
M, [k] € RNkl guch that (2.10b) is equivalent to

M. [klox[k] =0, @u[k] = M,[k]q[k], (2.23)

where g[k] € R™!¥] becomes the new variable. In particular, one can construct
M, [k] by horizontally stacking standard basis vectors with non-zero positions
corresponding to the positions that are zero in ¢,[k]. On the other hand, M, [k] can
be obtained similarly but with basis vectors corresponding to the non-zero positions
in ¢, [k]. Since ¢, [k + 1] is uniquely determined by ¢,[k] and ¢, [k], substitution
of (2.23) into (2.10a) yields

M [k + 1]Ag,[k] + My [k + 11BM,[k] q[k] = 0. (2.24)

F[k]
The solutions to (2.24) can be expressed as
q[k] = F[k]"My[k + 1]Ag.[k] + Np[k]r[k], (2.25)

where N [k] € R [kKxn-[k] ig 3 bijection onto the nullspace of F[k]. The vector
r[k] € R™!¥] is now our new unconstrained optimization variable. Substituting
vulk] = M, k]q[k] and (2.25) into (P1) we get the equivalent time-varying LQR
problem

(0]

min > (@K1 QK] ei[K]+

r[k]eRnr k] =
2r[k)" Zepu K] + r[K]7 RIKIr[K] )

s.t. ok + 1] = Ag,[k] + B[k]r[k] (2.26)
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where

= M, [k]F[k]"M [k +1]A

Z|k] = Np[k]TM,[K)TRk[k], Qlk] = Q +k[k] T Rk[k]

= (M, [k]NF[k])"R[k]M,[k]NF (k] (2.27)
k] = A — Bx[k], B[k] = BM,[k|NF[k].

Finally we note that for k > d + 1, the localization patterns are constant, implying that
the dynamics matrices of the transformed problem are static for k > d + 1. Standard
dynamic programming arguments allow us to first solve the Riccati equation for
the time-invariant problem for k > d + 1 to get the positive definite solution X,
and the feedback gain Ky, and then to solve a finite-horizon time-varying problem
by replacing the cost function of each column problem (2.26) with equivalent cost

function

d
J= 3" (@xlkIT QK k] +2r[K]" Zpy [K] +r[K] " RIKIr[K] )

k=1
+ o [d+ 1] Xepi[d +1]. (2.28)

The matrices f* and E* are defined to be (2.17) and (2.18) for each column
problem, which is the optimal solution to the time-invariant problem with only static
localization SLCs. Finally, the solution to the time-varying finite-horizon problem
(2.26) with cost (2.28) is given by the Riccati iteration with X [d+1] = )?*, and for
k=1,...,d,

X[k] = O[K] + A[k]" X[k + 1]A[k] - (ATK] X[k + 11B[k] +

[k +Z
(Rk] + B[k]" X[k +1]B ) l( KX [k +1]A )
(B +

—_

R(k] = (RUk] + BIKI X[k + 1]B[K]

\—/

Substituting r[k] = K[k] ¢x [ k] into (2.25) and further into (2.24), one can obtain
the solution to the original problem (P1). We formally state the optimality of the

proposed solution.
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Theorem S. The optimal solution to the infinite-horizon state-feedback SLS problem

in (SF-SLS) is given, in a column-wise fashion, by

_ Al_ | Bt , AL _ | B
@, (:,0) = [, @7, () = [ (2.30)
Ci.| 0 Ki.| o
where
0 0
Acpil1] 0 0
AL, = 0 Acri[2] O 0
0 0 :
_ Acld] AY),
, r T ,
By=|ef 0...0| che=|1 1. 1]
K. =|K[1] K2 ... Kld] 1’<’§">], 2.31)

with K;[k] and ZCL,i[k] = Z[k] — B[k]K[k] computed using (2.27) and (2.29) for
the ith column problem. Matrix Eii) and K(&* = (Z(j) + E(j)fij>) are given by
(2.17) and (2.19c) respectively, where with slight abuse of notation, we overload
fi(f) and Zg , fo mean both the original matrix and the matrix with appropriately

padded zeros such that Eii) € RNxNx gnd AY)

CLs € RN*Nx by reversing the reduction

procedure carried out in (2.11).

Proof. The optimality follows directly from the column separable property of
(SF-SLS), and the equivalent transformations between (2.10) and (2.26). The finite-
horizon LQR problem with cost (2.28) is equivalent to (2.26) by Bellman’s optimality
principle. It is straightforward to verify that (2.30) is a state-space realization of the
solution to (2.26) by substituting the optimal solution r[ k] via (2.29) into (2.25). O

Compared to the solutions with only localization SLCs, the state-space realization
of the optimal CLMs here has a higher order because of the first d-delay pattern.
Given the column-wise state-space description of the optimal CLMs ®%, (:, i) and
@ (:, i), we can adopt the same state-space agent-level controller described in
Section 2.4 by simply replacing the state-space implementation of the CLMs with
the state space solution (2.30).
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Structured Kalman filter design

Theorem 5 can also be used to solve the dual problem of optimal structured Kalman
filter design with delayed localization SL.Cs for (2.1) [81]. In particular, the optimal
structured infinite-horizon CLMs that map w and v to state estimation error e under
a linear observer L with respect to the mean estimation error is given by the solution
to the dual problem of (SF-SLS) as shown below:

W1/2 0 (I)T 1
min 12 eTW (KF-SLS)
@, P, € LR H, 0 \% (I)ev_ H,
. zl — A—
subject to [cpew mev] Y (2.32)

®,, cS! @, S

Readers are referred to [81] for detailed derivation. We highlight the resemblance
between constraints (2.32) and that of (SF-SLS) as well as (OF-SLS). In what
follows, we will use the optimal solutions from the state-feedback and Kalman-filter

SLS problem to construct a suboptimal solution to the output-feedback SLS problem.

The Output-feedback Solution

It is well known that for a linear system, observer-based feedback is always stabilizing
if the observer error dynamics are stable and the feedback gain stabilizes the state-
feedback case. In [45], the authors pointed out that a similar property holds for
CLMs from state-feedback and Kalman-filter SLS problems described above.

Theorem 6 ([73]). Assume there exist stable and strictly proper transfer matrices
O = (®F ®F) and ®KF = (®KL ®EF) satisfying

xw? ew? ev
(DSF—
|c1-a -B|| =1,
(I)uw_
- A
ot o] |7 =1

The transfer functions
D, = (I)ig + q)fvf - (I)i‘a (zf - A)(I)fvf
@, = B,}, - B, (2] - A)DL]
Dy = Dy — Oy (2] — A
@y = @ (2 - AP

(2.33)

are strictly proper and satisfy (2.8).
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Figure 2.4: Controller implementation of Figure 2.2 after plugging (2.33) in the
output-feedback SLS controller (2.9).

Then, a feasible output-feedback SLS controller satisfying the constraints in (OF-SLS)
can be constructed using (2.33) with CLMs from (SF-SLS) and (KF-SLS) to stabilize
the output-feedback system (2.1) and (2.2) while respecting the prescribed localization

and communication delay constraints.

Local controller implementation

This section describes Algorithm 1, which summarizes the local implementation of
the global controller (2.9) using CLMs in Figure 2.2 using the localized state-feedback
controllers and Kalman filters of Section 2.4.

Globally, the controller after plugging (2.33) in the controller (2.9) is shown in
Figure 2.4. Consider the intermediate signals in Figure 2.4,
v v
—_————
{=-@% (21 - ARy + @y
0 = -3 (zI - A)Dy

w

R (2.34)
o

=@} (B - (2] - )DL, B) + BB,
y =@ (B - (zI - AP B).

With these intermediate signals, we can compute the controller internal state 8 and

the control signal u in Figure 2.2 from z8 = —z(Aa + Byy) — z{,andu = zy + 6.

Locally, due to the communication constraints specified in Section 2.2, one can not
carry out the computation described above in a centralized way. In particular, the
local computation of each signal in (2.34) involves delayed and locally available
information. We now describe the information exchange among subsystems and how
they compute (2.34). Recall that the state-feedback solution ®5F := (®5F ®5F) and

xw?

Kalman-filters ®XF := (®XF ®XF) synthesized using (2.30) are enforced to respect

ew?
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the communication and localization constraints expressed as d-delayed localization
SLCs. Denote

®5F (., i) = (2.35)

I/ 0

Then @3 (:,i) = CLL@F(:,i) and @}, (¢,0) = KL ®3F(:,i) where CL. and K&,
are from (2.31). Computing the local components of @ and f requires only one
realization of ®}F as they can share the same copy of the states within each subsystem.
An analogous statement holds true for { and 6. Denote the two realizations of (2.35)
as d)ilfa and (I)§VF Iz During each time step ¢, every node observes its local output y;(7)
and goes through four stages of computation and communication with its neighbors
leading to an update to the internal controller states and the application of the actuator
signal u; (). This is summarized in Algorithm 1 with subroutines 2.1-2.4 describing

these computations in detail.

Algorithm 1: LOCAL COMPUTATION OF CONTROLLER SIGNALS
for Eachnodei=1,...,N do

Input: ®5F (:,0), d)vsfg(:, i), ®KE(:, i), ®KF(.,0)
Initialize : 3;(0) < 0, w;(¢) « 0, v;(t) < 0
end
forr=0,1,...do
for each nodei = {1,...,N} do // parallel
Observe y;(r) Receive B;(1) and y;(7) from j € N4(i)
subroutinel()
Receive w(¢) and v;(¢) from j € /\GL(i)
subroutine2()
Receive @ Mol (¢ + 1), ZWeul) (¢ + 1), yNouwlD) (£ + 1) and
~rd
oWouli) (1) from j € N2 (i)
subroutine3()
Receive a; (¢ + 1) and y;(r + 1) from j € N (i)
subroutine4()
Apply u; (1)
end
end

Control signal computation at subsystem i begins by receiving the measurements
from neighbors j at most d steps away (line 1) and computing the ith element of

the internal signals V(7 + 1) and w(z + 1) via Subroutine 2.1, where the function
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Figure 2.5: Tllustration of subroutine 1. The computation of w is similar.
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Figure 2.6: Illustration of subroutine 2.

step(G, u) means that the internal dynamics of the system G is propagated one

time-step with the input u.

Subroutine 2.1: Compute w; (7 + 1) and v;(¢ + 1)
Receive B;(t) and y;(¢) from j € N/ (i)
IB[Nif]’(i)](t) — vec(Bj, (1), ..., B, (1)

YINA ()] (1) « vee(y, (1), ..., y;,(1)

Wit +1)  step(z® (i, ). Bipa iy (1))

Vi(t +1)  step(z®@g (i, 3),)’[)\/iﬁ(i)](f))

In the second stage, the node receives v;(¢) and w;(¢) from its closest neighbors
(line 3) and computes the outgoing components of (2.34). The computations are

outlined in Subroutine 2.2 and illustrated in Figure 2.6.

In the third stage, which is demonstrated in Figure 2.7, the node receives the
components pertaining to its element of the signals in (2.33) from other nodes a
distance at most d steps away with delayed information (line 5) and sums them
to compute the ith element of each signal in (2.34). This step is described in
Subroutine 2.3.

In the final stage (Subroutine 2.4) the node receives (¢ + 1) and y; (¢ + 1) from its
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Subroutine 2.2: Compute the outgoing components of (2.34)

W[Niil(i)](t) — vec(w;, (t),...,wj, (1))

V[Nii.(i)] (1) < vec(v; (1),...,v;, (1))

wi(t) = Bi(r) + AW[Ni}l(i)](t) —wi(t+1)

vi(1) = AV[anq(,')](f) —vi(t+1)

Ai(t + 1) « step(®3F (2, 0), ew;(1))

f,(t +1) « step((I)S {( i),evi(t))
WNouD) (£ + 1) Ci Ai(t+1)

TN (1 4 1) e CL&(1+1)

NG (14 1) = KL A;(1 + 1)

N (1) — K Fg,(t +1)

= Nout (/1))

i

A(Nout (]n))

gi

®

Figure 2.7: Illustration of subroutine 3.

Subroutine 2.3: Compute the local elements of (2.34)

ai(t+1) —wi(t+ 1)+ 3@ A(Nout(l))(t +1)
ANl
»)/l(t+ 1) «— Zj ( oul (J))(l+ 1)

Gu+1) «v+ ) +3, 7 j.(Nom‘f”(H 1)
9,([’) — A(Noul(]))(t)
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closest neighbors (line 7) and computes S;(z + 1) and u; (7). We conclude that the

node has now received information from nodes at most 2d + 2 steps away.

Subroutine 2.4: Compute u;(¢) and S;(t + 1)

a[NiL(f)](t +1) « vec (@, (t+1),...,@;,(t+1))

Vi) (t+1) « vec (v (t+1),..., 9, (+1))

Bi(t+1) «— —A(, :)awln(l.)](t +1) - B(, :)ywln(l-)](t +1)=4(t+1)
ui(r) — yi(t+1) +6;(2)

We summarize the stability properties of Algorithm 1 in the following theorem:

Theorem 7. Algorithm 1 with ®3F as in (2.35), ®XL and ®XF solved from (KF-SLS)
internally stabilizes system (2.1) and (2.2). Moreover if @57, q)fvf and d)ff are

w

d-localized, the closed loop is at most 2d + 2-localized.

Proof. By Theorem 6 the closed-loop mappings satisfy (2.8a) and (2.8b). Concate-
nating y;, 8; and u; we get precisely the signals in Figure 2.2 which is internally
stable [73], we need to show that the closed-loop is internally stable for perturbations
entering in the intermediate steps outlined in Subroutines 2.1-2.4. Note that a pertur-
bation entering at any of the intermediate signals can be modeled as a disturbance
entering as 8, &, or 6 pre-filtered through a stable linear system. Similarly, probing
any of the internal signals can be represented as probing y, u or S post-filtered
through a stable system. We conclude Algorithm 1 is internally stable in feedback
with the system (2.1), (2.2). Finally, as d-localization is closed under addition, and
composition of a d- and a k-localized operator is at most d + k-localized, (2.33)

implies that the closed loop is at most 2d + 2-localized. O

2.5 Simulation

Consider a bi-directional scalar chain network parameterized by « and p:

¥+ 1) =p(1=2a)x (1) +pa D ¥ (1) +ul(t) +wi(r),
je{ixl}

where « is a coupling constant and p is the spectral radius of the global state-transition
matrix A, with p > 1 being unstable. We first verify the optimality of the infinite-
horizon state-feedback solution given in Section 2.4. In this simulation, we choose

the number of scalar subsystems to be 15, @ = 0.6 and p = 1. For the quadratic cost
matrices, we let Q = I and R = 300 - /. For SLCs, we let the delayed localization
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Figure 2.8: The infinite-horizon SLS solution achieves the optimal cost.

parameter be d = 3. The result is shown in Figure 2.8, where the optimality of our
approach is clear. Due to the high penalty on the control actions, the performance

degradation under FIR approximation can be significant.

Next, we investigate the optimality gap between the suboptimal infinite-horizon
output-feedback solution proposed in this work against the FIR output-feedback
solution computed numerically with a fixed FIR horizon of 20. We let all other
parameters remain the same as before, and change the number of subsystems to
10 in this simulation. First, we study how the d delayed localization parameter
influence the optimality gap. This is illustrated in Figure 2.9. As expected, the more
localized the output-feedback problem is, the bigger the optimality gap is between the
constructed solution using separation principle and the direct FIR output-feedback
solution. As the delayed localization pattern becomes more global, the proposed
output-feedback solution becomes more optimal. When the delayed localization
SLCs become non-binding (for d > 6), we see that the proposed infinite-horizon
output-feedback solution actually becomes optimal and achieves lower cost than the

FIR solution. This is due to the separation principle of centralized LQG.

Next, we investigate how the optimality gap grows with the number of subsystems
in the network. Here we set C = [ and fix the delayed localization parameter
to be d = 3. As can be seen in Figure 2.10, we observe that the optimality gap
grows apparently linearly in the number of subsystems. However, we highlight the
numerical efficiency and stability of our approach despite the suboptimality. When
the number of subsystems exceeds 12 with FIR horizon of 20, the FIR solution solved
in MATLAB using CVX renders NaN due to numerical instability (total of 11520
variables).
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Figure 2.9: The proposed infinite-horizon suboptimal solution to the output-feedback
SLS problem versus the FIR output-feedback solution numerically computed for
(OF-SLS) for varying SLC delayed localization parameter d.
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Figure 2.10: The proposed suboptimal solution to the output-feedback SLS problem
versus the FIR output-feedback solution numerically computed for (OF-SLS) for
varying number of subsystems in the network.

2.6 Conclusion

In this chapter, we propose and derive the optimal solution to a structured H, state-
feedback control problem under localization and communication delay constraints. In
particular, our controller is synthesized directly in infinite-dimensional space, without
the finite-impulse response relaxation common in related work. Our method can
also be used to construct optimal distributed Kalman filters with limited information
exchange. We combine the distributed Kalman filter with state-feedback control
to perform localized LQG control with communication constraints. We provide
agent-level implementation details for the resulting output-feedback state-space
controller. The distributed Riccati solutions presented in this work can be used as
quadratic terminal cost in distributed model predictive control to enable significantly

better performance, as seen in [82].
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Chapter 3

NONLINEAR DISTRIBUTED CONTROL FOR LARGE-SCALE
SYSTEMS WITH CONSTRAINTS

In Chapter 2, we presented the optimal distributed linear controller for linear systems
with quadratic cost under communication constraints. However, it is known that
even the optimal linear controllers can be outperformed by nonlinear controllers
for control design under communication constraints [38]. Moreover, the optimal
linear distributed controllers do not handle safety constraints, such as when states
are constrained to be inside a safe set. Such safety constraints are critical for CPS

such as the power grid.

Therefore, in this chapter, we propose a novel nonlinear distributed control technique
for linear discrete-time systems with input saturation and state constraints that allows
us to simultaneously satisfy performance and safety objectives defined for small- and
large-disturbance regimes respectively. Previous methods for this class of systems
trade off between the two objectives whereas our method allows the controller to
perform well in both regimes by incorporating online information about disturbances

during operation.

[1] J. Yu* and D. Ho*, “Achieving performance and safety in large scale systems
with saturation using a nonlinear system level synthesis approach,” 2020
American Control Conference (ACC), pp. 968-973, 2020. por: 10.23919/
ACC45564.2020.9147577.

3.1 Introduction

Linear systems with input saturation, where control inputs are limited to a certain
range, and state constraints, which require the system states to remain within
predefined bounds, are an important class of nonlinear models for many practical
applications, such as robotics, power systems, and automotive systems, where
physical limitations on actuators and safety requirements must be strictly adhered to.
Moreover, even without the state constraints, the input saturation alone can result in

large and sometimes diverging oscillations in the closed loop.

There are generally two approaches to handle the challenge. The first approach
is to include these constraints in the overall controller design. Methods following


https://doi.org/10.23919/ACC45564.2020.9147577
https://doi.org/10.23919/ACC45564.2020.9147577
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such principle include robust Model Predictive Control (MPC) [83]-[85] and

constrained System Level Synthesis (SLS) [86]. However, such methods are often
characteristically conservative. In particular, MPC-based methods may suffer from
recursive feasibility issues in addition to challenges in dealing with disturbances.
The second approach attempts to separately design a desired nominal controller
for small signals and a "compensator" that compensates for saturation-induced
performance degradation or even instability. Generally, the design goal is to have the
saturated closed loop stay as close as possible to the small-signal nominal behavior.
Anti-windup Schemes [87], Reference Governor [88], and other Lyapunov invariant
set-based compensators[89] all belong to this approach. Despite vast literature on

the topics, decentralized schemes that accommodate large-scale systems are few.

Contribution. In this chapter, we propose a novel offline distributed nonlinear con-
troller synthesis procedure that outperforms any optimal linear distributed controller
for constrained LQR problem [83]—[86]. In addition, the same controller inherently
prevents windup-instabilities in saturated linear systems which are traditionally
mitigated via additional anti-windup design [88], [90], [91]. Another significant
advantage of the approach, is that despite being a nonlinear synthesis method it
naturally enjoys the same benefits as the linear system level approach introduced in

Chapter 2, which makes it scalable in the large-system setting.

[92] describes the system-level characterization of closed loops of general nonlinear
discrete-time systems and introduces a simple universal control structure, called a
system level controller, that has the capacity to stabilize any nonlinear system if
parametrized with the according closed loop maps. In this chapter, we will show
that just using a very special case of the framework presented in [92] provides
new promising tools for control design. In particular, we will illustrate how a
simple projection nonlinearity can become a powerful tool for solving the problems

described above.

The remainder of the chapter starts with preliminaries and notations in Section 3.2,
followed by a review on nonlinear System Level Synthesis (NLSLS) in Section 3.3.
The proposed nonlinear controller is introduced in Section 3.4, followed by Sec-
tion 3.5 where the constrained distributed LQR problem is discussed. We show
in Section 3.6 that the proposed nonlinear controller can be augmented for natural
anti-windup properties and therefore allow for large-scale distributed anti-windup

design. Numerical simulation in Section 3.7 corroborates the presented theory.
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3.2 Preliminaries

We will define " to be the space of sequences of vectors in R". Sequences
of vectors will be denoted by small bold letters x := (x;);7, unless otherwise
specified. Occasionally, we will define sequences explicitly with the tuple notation
X = (xg,X1,...) and xtj denotes the jth element of vector x;. We use the x;.; to refer
to the truncation of a sequence x to the tuple (x;, Xi4+1,...,x;). Furthermore, we
will adopt |x| and |A| for x € R” and A € R™" as the vector co-norm and induced
co-norm on R", respectively. We reserve || - ||, to refer to the norm and induced norm

over vector sequence space {):

o\
Il = (Zlmp) Il = sup b
k=0

k>0

Operators

Operators that maps between sequence spaces will be denoted in bold capital letters
T : ¢* — ¢*. Similar to the sequence of vectors, we write T := {T:};2, with its
component functions 7; : " — R*. An operator T will be called causal if for any
pair of input x and its corresponding output y = T(x), the output y; does not depend
on future input sequence x;.r, k > 1. More precisely, a causal operator T is fully

characterized by its component functions 7; : R”**1) — RK such that

T(x) = (To(xo0), T1 (x1,%0), T2 (x2, X1, X0), . . . ).

Note that every component function 7; of a causal operator T has # + 1 arguments
which are populated in reverse-chronological order. If in addition , component

functions 7; satisfy T;(x;.0) = T;(0, x;—1.0), then T will be called strictly causal.

We define the space of all causal and strictly causal operators that maps " — (7
as C({",¢£P) and Cs(£",¢P), respectively. Moreover, let the space of all linear
causal and strictly causal operators be denoted as LC(¢",¢P) c C(£",¢P) and
LC (M, €P) c Cy (£, £P). Occasionally, for two operators with matching domains
such as A € C({",¢P) and B € C({",¢4), we denote the composite operator
(A,B) e C(£", P x 1) as (A,B) : x — (A(x), B(x)).

¢, Stability
Let the vector sequence space £}, C {" be defined as
Cy = {x e "||x|l, < oo},

We define stability for causal operators as follows:
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Definition 3.2.1 (£, Stability). An operator T € C(£",€™) is said to be {,-stable, if

T(x) € £, forallx € ().
Further, if there exist two scalars vy, B > 0 such that for all x € £}, we have

T, < vIxll, + B,

then T is finite gain {,-stable.

3.3 An Overview of the Nonlinear System Level Approach

This section will focus on introducing the notion of closed loop maps as causal
operators with respect to a general nonlinear causal system. Moreover, we summarize
necessary and sufficient conditions for operators to be closed loop maps and how

they can be realized by a dynamic controller.

Closed Loop Maps of Nonlinear Systems

Consider a discrete-time nonlinear system with additive disturbances

X = f(x—1,u-1) +wy, (3.1)

where x;, € R", u; € R™, w, € R" and f : R" Xx R" — R" with f(0,0) = 0 and
xo = wo. Let F(x,u) : £" X £™ — (" be the strictly causal operator representation
of the function f such that F(x,u) := (0, f(xo, uo), f(x1,u1),...). Assume that w,
can not be measured and that u, is generated by some causal controller K € C(£", ™)

such that u; = K; (x;.0). An equivalent operator form of the dynamics (3.1) is

x=F(x,u)+w (3.2a)
u = K(x). (3.2b)

For a fixed disturbance sequence w, the dynamics (3.1) produces unique closed
loop trajectories for state x and input u. Therefore, given a fixed K, the dynamics
induce a causal map from w to (X, u) and we will call the corresponding operators

disturbance-to-state and disturbance-to-input closed loop map, respectively.

Definition 3.3.1 (Closed Loop Maps). Define ®[F,K] € C(£",¢" x ™) as the
operator that maps w to the corresponding response (X,u) according to the closed-
loop dynamics (3.2). We call ®[F, K] the closed loop maps (CLMs) of (3.2).
Moreover we will refer to the partial maps w — x and w — u with ®*[F, K] and
®"[F, K], respectively.
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Without specifying a controller K, one could alternatively consider the realizable
CLMs of (3.2a) for some causal controller K’. We call a composite operator
Y= (Y5, YY) € C(" " x ™) that maps w — (W*(w), Y"(w)) realizable CLMs
for open-loop dynamic (3.2a) if there exists a so-called realizing controller K’ such
that ¥ = @ [F, K’]. With this notion of realizable CLMs of an open-loop dynamics,
we define the space of all realizable CLMs:

Definition 3.3.2 (Space of Realizable CLMs). Given an open-loop dynamics (3.2a),
the set of all feasible closed loop maps ®[F] € C(£", " x €™) for open loop (3.2a)
is defined as

®([F] := {¥: 3K € C({", ™) such that ¥ = ®[F,K]}.

The following theorem characterizes the space of realizable CLMs for a given open
loop:

Theorem 8 (Characterization of CLMs [92]). A composite operator ¥ = (¥*,¥") €
C(L", 0" x ™) are realizable CLMs of the open loop (3.2a) if and only if they satisfy

the operator equation
Y*=F(¥)+L (3.3)

Moreover, for any operators ¥ satisfying (3.3), the inverse (W*)~! exists, is a causal
operator, and K = W (W)™ is a realizing controller for CLMs ¥. If W" is

surjective, then K is unique.

System Level Implementations

Aside from the technical assumption on the codomain of ¥", Theorem 8 states
that there is a one-to-one relation between CLMs (W*,¥") and their realizing
controllers K = W"(¥*)~!. Nevertheless, different implementations of K need to be
distinguished: despite realizing the same CLLMs with respect to the trajectory (w, X, u),
they do not give the same closed loop behavior once we add additional perturbations
to the system. We will denote the following realization of K = W*(¥*)~! as the
System Level (SL)-implementation of K:

Definition 3.3.3 (SL Implementation). Given a composite operator ¥ = (¥*,¥") €
C(L", 0" x €M) satisfying (3.3), the realizing controller K = ¥*(¥*)~! can be

implemented as follows

Ur = thM (Wt:O) (3.4a)
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Wisl = Xp4l — ‘P;:.l (0, Wr0) (3.4b)
fort =0,1,..., where w denotes the internal state of the controller with initial

condition wy = xo. We will write K = SL(W*,Y") to underscore that the controller
K = Y (Y*) ! is implemented in this fashion.

Now consider the closed loop of (3.1) and controller K = SL(¥*, ¥") perturbed by

additional noise v and input disturbance d such that

X = f(x-1,u-1) + Wy (3.5a)
U = T;t (\TV\[;()) + dt (35b)
\jV\t =Xt — \P;C(O, ;V\[_l;l) + V¢. (35C)

The following result characterizes the closed-loop stability under the realizing

controller.

Theorem 9 (Internal Stability of Closed Loop [92]). If f is uniformly continuous
and the operator (W*, W) is €)™ -stable (or €™ finite gain-stable) CLMs of (3.1),
then the closed loop dynamics (3.5) are fZ“Lm-stable (or finite gain 5;“” -stable) with

respect to the perturbation (w,d, V).

Relation to Linear System Level Approach

If we restrict the previous analysis to linear time-invariant (LTI) systems and
controllers, we recover the results of [73] for the state-feedback case. If the open-
loop dynamics now is x; = Ax;—; + Bu;_1 + w; and K is an LTI operator, then the
corresponding linear CLMs are LTI as well. In this case, we recover the CLMs

introduced in Section 2.3, where the component functions of the CLMs can be

written as
t+1
Wi (wro) = Z RiWis1-k (3.6a)
k=1
t+1
Wi (wio) = Y Miwiei (3.6b)
k=1

where Rj € R™" are the kernels of the state-feedback linear Sytem Level Synthesis
(SLS) CLM from w to X, i.e., ®,,,, and M; € R™" are the kernels of ®,,,! (c.f.

Section 2.3). Moreover, the corresponding CLLMs characterization condition (3.3)

In this chapter, we adopted the convention of causal relationship between x and u in (3.1), where
x; is influenced by w;, in order to simplify arguments regarding operators. This causes a one-step time
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reduces to the affine constraint on the matrices Ry, M; which coincides with the
linear SLS feasibility conditions (2.6). In particular, if we further restrict ¥ to have
Finite Impulse Response (FIR) with horizon T, i.e., component functions ¥; and ¥/’
only depend on the past min{7’, ¢z + 1} inputs, then (3.6) becomes
min{r+1,T}
Wi (wro) = Z Riew -k (3.7a)

k=1
min{t+1,T}

Y (wro) = Z MWk - (3.7b)
k=1

The CLMs characterization (3.3) in the FIR LTI case reduces to the following

conditions on the kernel matrices Ry, My fork =1,...,T — 1:
Ri=1 (3.8a)
Ris1 = ARy + BM, (3.8b)
ARt + BMy =0. (3.8¢)

Further, K = SL(W*, ¥") results in the implementation below, which also coincides
with the linear SLS controller (2.7):

min{t+1,T}
U = Z Miwig1—k
k=1
min{r+2,T}
Witl = Xp41 — Z Riwiio—k,
k=2

forall k =0,1,... with wg = x.

3.4 Nonlinear Blending of Linear System Level Controllers

As introduced in the previous section, system level controllers defined in Defini-
tion 3.3.3 can implement arbitrary CLMs for nonlinear systems of the form (3.1). The
results in [92] motivate a new approach for nonlinear control synthesis: Searching for
stable operators WX, W" that satisfy (3.3) and constructing a corresponding system
level controller SL(W*, ¥") by Definition 3.3.3.

It is conceivable that the generality of this approach could lead to an entirely new

direction of nonlinear dynamic control methods. Serving as a first step towards

index shift from the classic convention where x; is influenced by w,_1, which is used in Chapter 2.
Therefore, the NLSLS CLMs are defined to be causal, while the linear SLS CLMs are strictly causal.
However, different indexing conventions do not affect the equivalence between the two since one can
simply re-label the indices of the disturbances and the kernel matrices in one convention without loss
of generality to match the other convention.
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exploring the potential of this new perspective, the remainder of this chapter focuses
on a subset of nonlinear system level controllers SL(W*, ¥") that proves particularly
useful for controlling large-scale linear systems subject to state/input constraints and

input saturation.

In particular we will restrict ourselves to the class of controllers SL(W¥*, ¥") where

WYX and P! are structured as

N min{7,t+1} .
W)= > RO(Py = Py ) (Wi k)
=1 k=1
N min{T,r+1} _
W=D D MIPy =Py ) (W), (3.9)
=1 k=1
We choose ny > ny-1 > -+ > 19 = 0 and the operator P,,(-) : R" — R" as

any nonlinear function with a projection-like property defined for parameter 7;.
R]((i) e R™" M lgi) € R™" are the kernel matrices associated with linear FIR CLMs

pxi pui ;o [ N] with FIR horizon T for a linear system of interests:
Xy = A.xt_l + But_l + wy, (310)

with x; € R",w; € R", u € R™ such that for eachi € { N }, Pxi Wi gatisfies (3.8).

Concretely, we consider two specific nonlinear projections:

Definition 3.4.1 (Saturation Projection). Let vector w = [w',...,w"]T € R". The

saturation projection is an element-wise projection:

sat(w!,n)
Py(w) = : G.11)
sat(w”,n)

where sat(w, n) = sign(w) max{|w|, n}.

Definition 3.4.2 (Radial Projection). The radial projection is defined as

_ sat(jw|/n, 1)

Py(w) = i/ (3.12)

Unless otherwise specified, the results derived in the rest of the chapter hold for both

projections.

Remark 1. Forn = 1, radial projection and saturation projection coincide with each
other. The radial and saturation projection operator act as the identity whenever
|w| < n. Otherwise, the radial projection re-scales w such that |P,/(w)| = n whereas

the saturation projection performs element-wise radial projection.
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The proposed nonlinear controller SL(W*, ¥") can be thought of as a nonlinear
blend of the linear FIR controllers SL(¥*!, W), i € [N]. Although the nonlinear
operator WX, W" differs from its linear components W¥*i, ¥"i only by the static
nonlinear function P,, (w), the upcoming sections will demonstrate that this simple
additional nonlinearity proves surprisingly useful. In particular, i;’s separate any
disturbance w; into N zones such that for each ith linear controller SL(¥*1, W%1),
only the portion of w; that "falls" between n; and n;_; is acted upon. Intuitively,
one could choose different behaviors for various portions of the disturbance signal,
specifying either performance or safety properties. The explicit expression of the
dynamic controller SL(W*, ¥") with CLMs defined in (3.9) is

N min{T,t+1} .
=y M Py = Py ) (Wi 1)
=1 k=1
N min{7,t+2} '
‘TV\HI =X+l — Z Z R]((l) (Pm - Pn[—l)(w\l+2—k),
i=1 k=2
Withk=0,1,...,and\jv\0=)€0.

For ease of exposition, we focus on the two-zone case of the proposed controller
SL(W¥X*, ¥") though all the analysis extends naturally to the N-zone case. Thus, (3.9)
simplifies to

min{T,t+1}

Wiweo) = D RYPy (wiii)+
k=1

R (P, (Wis1-k) — Py, (Wrs1-1))

min{T,t+1}
¥ (wro) = Z MOPy (W) +
k=1
M (P, (Wis1-k) = Py (Wiait))- (3.13)

Note that system level controller SL(W*, ¥") of the two-zone CLM is internally

stabilizing and achieves the two-zone CLM behavior for (3.10) as long as ||W||e < 72.

In the remainder of this chapter we will explore the consequence of this blending
technique for distributed control design with respect to input saturation and state
constraints in linear systems. we show that the simple nonlinearity in (3.13) offers

a variety of advantages over linear controllers, including the ones presented in
Chapter 2.
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3.5 A General Framework for Constrained LQR

We present a novel synthesis procedure for a class of constrained LQR problems using
the proposed SL controller with CLMs (3.13). In particular, we will show that the
synthesized nonlinear blending system level controller is guaranteed to outperform
any linear controller for the class of constrained LQR problems to be discussed.
Additionally, we comment on how structural constraints for large-scale systems such

as delay, actuation sparsity, and localization can be easily accommodated.

Consider a control problem where we wish to minimize an average LQR cost,
but also want that the closed loop meets certain safety guarantees against a set of
rare yet possible worst-case disturbances. Ideally, we would like to synthesize a
controller that can guarantee the necessary safety constraints without too much loss
in performance compared to the unconstrained LQR controller. We will phrase this

design goal as the following constrained LQR problem:

T
N
n%én]lglgo ? ZEwim«p(w) [j(xl, I/l[)] (3143)
t=1
s.t. X = Ax;—1 + Bu;_1 + w; (3.14b)
ur = K (x10) (3.14¢)
YW Wl < Mimax (3.14d)

sup |xk| < Xmax  SUP |Mk| < Umax >
k k

where J abbreviates the quadratic stage cost J (x,u) = x" Qx + uPu with Q,P > 0.
We will assume that the disturbance is stochastic but bounded such that |[|W||co < 7imax

with known distribution which satisfies the following

Assumption 2. Disturbance w' are i.i.d. drawn from the scalar centered distribution

p(w) and uncorrelated in time t and coordinate i.

We can equivalently phrase the optimal control problem (3.14) in terms of closed-loop
mappings as defined in Section 3.3. Recalling Definition 3.3.1, the optimal control
problem (3.14) can be described as an optimization over the set of feasible CLMs
(Y*, ¥") € ®(Ax + Bu) and by using the characterization in Theorem 8:

T
] . ’
Jin, fim le BLY (% (wr0). ¥ (wr0)] (3.15a)

s.t. W (wr0) = 7 (0, wi—1:0) + wy (3.15b)
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W, (0, wr0) = AW (W) + BY/ (Wr0)
VE, Wil € max = [ Wr0)| < Xmax (3.15¢)
VE, Wil < max = 1YY (Wro)| < timay - (3.15d)

As in the linear SLS case [73], we do not need to have the controller K be a decision
variable, since we can always realize the optimal solution (W**, ¥"-*) to (3.15) with

a system level controller SL(W**, ¥"*).

Conservativeness of Linear Solutions

We will first discuss properties of solutions to our original problem (3.14), if we
restrict ourselves to only LTI controllers K. Consider the equivalent problem
formulation (3.15) with the CLMs (WX, W") restricted to be linear. This poses a
convex problem and as shown in [86], it can be approximately solved by searching
over FIR CLMs (WX, W"). Yet, the corresponding linear CLMs {¥*lin* yulinxy

come with undesirable restrictions:

o {Pelinx wulinxy jmpose stricter safety constraints than the required con-
straints (3.15¢) and (3.15d).

o {Pxlinx uliniy 46 not depend on the disturbance distribution p(w).

To see the first point, we have the following result as a consequence of linearity:

Lemma 2. For any linear {¥*", W™\ the constraint (3.15¢),(3.15d) is equivalent

to
sup [¥5" (wy0)| < sup j;’” il (3.16a)

t t max

u,li Umax
sup [W" (wy0)| < sup =" |w|. (3.16b)

t t max

Proof. Clearly, (3.16) implies (3.15¢),(3.15d). The reverse implication follows by
the assumed linearity of {¥*!", @ulim} and homogeneity of norms. ]

Lemma 2 shows that the restriction of linearity in CLMs imposes stricter safety
conditions (3.16) than (3.15¢),(3.15d). To elaborate on the second point, notice
that for linear CLMs W*lin ywlin our objective function (3.15a) can be expressed

equivalently as

QI/Z\PX 2

_ 2
(3.15a) = o pl/2gu

. 02 =By W] (3.17)
H,
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where o> denotes the variance of the scalar distribution p(w) and II.|l#, denotes
the H, norm for linear operators. Since the objective function only gets scaled by a
constant factor o2 for different distributions p(w), this shows that for linear CLMs,
the solutions {W*!in Ywlin1 (5 (3.15) are independent of the distribution p(w).

A NLSLS Take

Consider the general problem (3.15), where now we search over CLMs (W*, ¥") of
the form presented in (3.13) with the choice of 2 = 7,,4x, SOme 171 < 12, and an FIR
horizon T'. Recall that (W*, ¥") is a blending of two linear CLMs and has the form
(3.13). Restricting ourselves to this form of CLMs allows us to derive the following

convex problem which is a relaxation of the general problem (3.15):

| 0 0 1/2 R R® 1/22
riomo ||lo P MO Mm@ = (3-18a)
F
sit. IRV + (2 =) IRP| < X (3.18b)
MM+ (2 = n)IM P < o (3.18¢)
RY = AR" + BM" (3.18d)

(i) _ (i) _
R"=1 RY=0,

where

a’11 a’21
2y =
arl a3l

with a1 = E[Py, w)?], ap = E[Py,, (W) (Py, (W) = Py (w))], and a3 = E[(Py, (W) —
Py, (w))?], where w ~ p(w) and [|W||co < 7imax. Moreover R® and M ® are abbrevia-
tions for the horizontal concatenation of the kernel matrices associated with the linear
CLMs Wi, Wi je, RO = [RY, RV ..., RV, MO = M, M ... M1
Hereby, only constraints (3.18b), (3.18c) are sufficient condition of the constraint
(3.15¢), (3.15d) via norm multiplicativity. All other equations in the above opti-
mization are equivalent to the original problem (3.15) restricting the search over
CLMs of the form (3.13). Finally, solving the convex problem (3.18) gives the
suboptimal nonlinear CLMs {¥**, ¥*"} for the system dynamics (3.14b), which can
be realized with the internally stabilizing system level controller SL(W**, W¥*"). The

next theorem states a main result of this chapter:
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Theorem 10. Foralln; € [0, n2], the nonlinear system level controller SL(W**, ¥**)
synthesized from (3.18) achieves lower optimal LOR cost for (3.14) than any linear

solutions.

Proof. First, recall that restricting K to be linear in problem (3.14) is equivalent to
restricting W* and W" to be linear in the equivalent formulation (3.15). Furthermore,
notice that under the restriction of linear (¥*, ¥"), problem (3.15) is equivalent to
(3.18) with the added constraint RM = RD MWD = M@ which shows that any
solution (W**, ¥*") of problem (3.18) achieve smaller cost than a linear solution
(\I;x,lin,*, \I;u,lin,*) of (3.15). 0O

The above argument also extends directly to the N-blend case.

Distributed Controller for Constrained LQR

Thanks to the particular form of (3.9), when the projection is chosen to be the
saturation projection Definition 3.4.1, structural constraints of controller such as
sparsity and delay constraints can be added in a convex way to the synthesis
procedure described in Section 3.5. This is because imposing structural constraints
on the nonlinear controller (3.9) is equivalent to imposing them on the linear CLM
components of (3.9). As discussed in Chapter 2, localization of disturbances, as well
as communication and actuation delays are all convex constraints in terms of linear
CLMs in the linear SLS framework. Specifically, all mentioned constraints could be
cast as a convex system level constraints (SLCs) for linear CLMs pxd ui oo [N].
The corresponding system level controller SL(W", ¥*) can then be implemented in
a localized fashion conforming to the SLCs on Ppx.i yui Therefore, the nonlinear
controller synthesis in Section 3.5 naturally inherits all capabilities of the linear system

level controllers in terms of distributed controller synthesis and implementation.

3.6 Distributed Anti-windup Controller for Saturated Systems
Now consider a linear input saturated system where the disturbances and initial
condition are not necessarily constrained to have a known norm bound 7,;,,,. The

control actions are projected via saturation projector:

Xt = Axt_] + BP (u,_1) + Wy, (319)

Mmux

In this scenario, controller SL(W¥*, ¥") previously constructed with (3.13) no longer
realizes the designed closed-loop response (3.13) for (3.19). Nevertheless, we would

like the saturated system to degrade gracefully and preserve stability. Such property
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1s traditionally achieved via anti-windup design[91]. Here, we show that the proposed

nonlinear controller achieves natural anti-windup property with little modification.

Anti-windup Controller
Inspired by internal model control (IMC) [93], we modify SL(W*, ¥") and consider
an augmented controller SL(W*?, ¥") where the operator ¥*? is constructed from

(3.13) with augmentation:

N [ min{T,r+1}

T?’a(wzzo) = Z Z R/(:) (Pm - Pm—l)(Wt+1—k)
i=1 k=1
T+1

# 3 AR (Wit = Py (Wiia1)) (3.20)
k=1

where 7 is a positive integer. Recall that by design, we have chosen ny = 14x,
the expected norm bound on disturbances. Compared to (3.13) for the two-zone
case (N = 2) and (3.9) for the N-zone case, we note that (3.20) has the additional
"open-loop" dynamics term. This extra term accounts for the residual disturbances
that are not attenuated by the original controller SL(W*, ¥") because the disturbances
are larger than expected by the projection mapping, i.e., |w;| > 1,4x. Therefore,
SL(W*?, ¥") considers the 7-step propagation of the unaccounted disturbances from
SL(W*,¥"). Note that when the disturbances satisfy the assumption ||W||co < %maxs
augmented controller SL(¥*?,¥") is identical to SL(¥*, ¥") constructed from
(3.9) and (3.13).

The IMC-like structure of the augmented controller SL.(W*?, ¥") helps the saturated
system to degrade gracefully and preserve stability even when ¥*?, W" are not the
exact CLMs for the closed-loop system. The closed-loop dynamics of (3.19) under
augmented controller SL(¥*?, ¥") from (3.20) can be checked to be

Wi = AT (Wier = Py (Wir)) + W, (3.21)

As shown in [92], the stability of the overall closed loop is equivalent to the stability of
(3.21). We now certify the anti-windup property of SL(¥*?, ¥") with the following

result.

Lemma 3. If 7 satisfies |A™!| < 1, then internal dynamics (3.21) is globally

finite-gain {-stable where for all w € {7,

W]l < [IWlleo -

1 - |AT+1|
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Proof. We first present an operator small-gain theorem.

Theorem 11 (Small-gain Theorem[92]). Let A € Cs(£",€"). If for all x € (7,
NAX)|, < ylxll, +Bwith0O <y <1, >0,p=1,2,...,00, then for all w € ),
IWll, < 5 (Iwll, +B) where W = (I - A)~'w.

Note that the inverse exists because A € C(£", ¢") [92]. We are now in a position to

prove the lemma. We can write (3.21) in the operator form as
w=0U-A)"w, (3.22)

where A is a strictly causal operator with component function A, (wy.g) 1= A™ ! (w,_,—
Py (Wi—7)). Forall w € €%, |[A(W) |l < |AT!||[W||co where we have chosen 7
such that |A™!| < 1. Therefore, invoking Theorem 11 gives the desired result in

Lemma 3. |

In particular, if A is schur, then there exists k € N such that ||A*|| < 1 for any
norm. Therefore, if (3.19) is open-loop stable, SL(¥*?, ") guarantees graceful

degradation when the closed loop is saturated.

Localized Implementation

Similar to the large-scale constrained LQR case in Section 3.5, since the anti-windup
controller SL(W*?, W") for the saturated linear system (3.19) is composed of linear
CLMs synthesized from (3.18) with locality constraints, localization can be easily
imposed as a convex subspace constraint on the composing linear CLMs. When the
the information structure of the controllers are constrained to the state propagation
pattern according to open-loop dynamics i.e., the sparsity of A, the anti-windup
controller SL(W*?#, ¥") can be implemented in a localized fashion where information
is exchanged and disturbance is contained in a local controller patch [44]. As will be
illustrated in Section 3.7, this allows for distributed anti-windup controller design for

large-scale saturated systems.

3.7 Simulation

Constrained LQR

To corroborate the results presented in the previous sections, we demonstrate the
performance of a four-zone nonlinear blending controller with radial projection

compared against the optimal linear controller for the constrained LQR problem of
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an open-loop unstable system:

1 10 0
Xee1 = |1 2 1| xp+ |0 ug +wy (3.23)
011 1

with Uy = 40, Xpmax = 15, Nmax = 1, Q = I3, P = 10. The disturbances wy are
chosen to be a truncated i.i.d. gaussian random variables with variance o->. Figure 3.1
shows the optimal cost improvement of the presented nonlinear approach over the
optimal linear controller for different choices of variance o->. Figure 3.1 showcases
that the proposed controller can exploit the knowledge of the disturbance distribution
to achieve performance improvement over the linear optimal linear controller: for
small o the proposed controller gains more than 30% cost reduction over safe
controller. On the other hand, with increasing o, large disturbances in the system
become more likely, and therefore the opportunity to improve upon the linear optimal

controller is reduced.

S
(e}

0.2 0.4 0.6 0.8 1
o - standard deviation of disturbance

Perf. Improv. in %
o
(e]

)
(o)

Figure 3.1: Performance improvement of optimal nonlinear controller SL(W¥**, ¥*")
over optimal linear controller SL(W*lin* yulinxy for different variances o> of the
non-truncated disturbance. The nonlinear blending controller synthesizes over 4
linear controllers w.r.t. to the projection parameters n; = 0.05,17, = 0.1,3 =

0.2, N4 = Nmax = 1.

Localized Anti-Windup Controller

Consider a bi-directional chain system with ith node’s dynamics being
xy = (1= 0AING) D +0.4 > ] +sat(ul, ) + W),
JEN;

where N (i) denotes the set of vertices that has an edge connected to ith vertex and
w! is the ith coordinate of disturbance vector at time 7. In particular, ||W||e < 1 and

xo = 0. One can check that the overall chain system is open-loop marginally stable.
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Figure 3.2: Worst-case (top row) and Staggered Step Input (bottom row) Response
under Saturation for a marginally stable 20-node Chain System with Sparse Actuation.
Top Row: The heatmaps show how a worst-case disturbance is propagated through
space-time for the saturated chain system. The integral controller becomes unstable
due to saturation and the naive blending controller possesses has the anti-windup
property of the non-integral controller. In addition to anti-windup, the proposed
controller is localized and accommodates sparse actuation, communication delay,
and controller sparsity constraints. Here every other node has a control input
(50% actuation) with 1 time step actuation delay and 1 time step communication
delay between nodes, while enforcing a controller sparsity that conforms to the
communication pattern of dynamics matrix A. Bottom Row: Response to small
step disturbances at node 8,10,12 entering at time 2,6,10, respectively. As in the
scalar case, the proposed blending controller not only stabilizes under saturation
but also recovers the performance objective of rejecting small step disturbances.
This contrasts against the non-integral controller, which sacrifices small-signal
performance for stability.
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We illustrate the anti-windup property of the nonlinear controller (3.9) in the
decentralized setting with additional sparsity, locality, and delay constraints. First,
a nominal integral controller for this system is designed and dubbed the Integral
Controller. Due to its integral structure, the Integral Controller for the unconstrained
closed loop guarantees convergence of the state to the origin under persistent
disturbance, i.e, step rejection. In comparison, a second linear controller synthesized
from standard constrained LQR problem that guarantees stability for all admissible
w under saturation is generated. We refer to this linear controller as the Non-integral

Controller since the states only stay bounded under persistent admissable disturbance.

The nonlinear controller with saturation projection here is chosen to be a two-zone
blending controller consisted of CLMs of the form (3.13). The simulation shows
the anti-windup property as well as preservation of step rejection in both large-
and small-disturbance schemes of the proposed method. Figure 3.2 shows that the
blending controller stabilizes the system while integral controller becomes unstable
under worst-case bounded disturbance. On the other hand, the proposed blending
controller preserves performance of step rejection while the linear Non-integral
Controllers forfeits the performance objective in order to preserve stability in the
saturated closed loop. In this chain example, we allow 1 time step communication
delay between nodes and actuation delay with 50% control authority. The localization
pattern imposed on the system response allows SL(W¥*, ") to be implemented in

local patches, therefore making the controller distributed.

3.8 Conclusion

Int his chapter, we propose a tractable nonlinear distributed control synthesis method
that outperforms any optimal linear controllers for the distributed and localized LQR
problems under input saturation and state constraints. It was further shown that
such controller naturally possesses anti-windup property for linear systems with
input saturation. A key highlight is that the presented approach enjoys the same
compatibility with locality and communication delay constraints and distributed

implementation, as the linear system level synthesis approach presented in Chapter 2.
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Chapter 4

NON-ASYMPTOTIC LEARNING OF UNCERTAINTY SETS VIA
SET MEMBERSHIP

In this chapter, we present the uncertainty set estimation method that will serve as
a link between machine learning techniques and model-based control methods as
introduced in Chapter 1. Uncertainty sets are crucial for the quality of robust learning
and control since they directly influence the conservativeness and the safety of the

algorithm.

Departing from the confidence region analysis of least squares estimation, which is
one of the most common estimation methods in learning-based control literature,
this chapter investigates properties of the set membership estimation (SME) method
commonly seen in robust adaptive control. Though good numerical performance
have attracted applications of SME in many domains including energy systems and
robotics, the non-asymptotic convergence rate of SME for linear systems remains an
open question. In this chapter, we will provide the first convergence rate bounds for
SME and propose novel variations of SME under relaxed assumptions that improve
the practicality and performance of SME. Interestingly, in some settings, SME breaks
through the theoretical lower bound on sample complexity of the estimation task of
linear dynamical systems previously shown for the popular ordinary least squares
estimation, enabling improved performance for a range of safety-critical tasks over

previous approaches.

[1] Y. Li* J. Yu*, L. Conger, T. Kargin, and A. Wierman, “Learning the uncer-
tainty sets of linear control systems via set membership: A non-asymptotic
analysis,” Forty-first International Conference on Machine Learning (ICML),
2024. [Online]. Available: https : //openreview . net / forum? id=
n2kq2EOQOHFE.

4.1 Introduction

The problem of estimating unknown linear dynamical systems of the form x;.; =
A*x; + B*u; + w, with unknown parameters (A*, B*) has seen considerable progress
recently [26], [58]-[60], [94]-[96]. Most literature focuses on the analysis of the least
squares estimator (LSE) and its variants, where sharp bounds on the convergence

rates for subGaussian disturbances w; have been obtained [59], [96]. Building on
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this, there is a rapidly growing body of literature on “learning to control" unknown
linear systems that leverages LSE to achieve various control objectives, such as
stability and regret [17], [24], [25], [28], [59], [97].

However, for successful application of learning-based control methods to safety-
critical applications, it is crucial to quantify the uncertainties of the estimated system
and to robustly satisfy safety constraints and stability despite these uncertainties [29],
[30]. A promising framework for achieving this is to estimate the uncertainty set of
the unknown system parameters and to utilize robust controllers to satisfy the robust
constraints under any parameters in the uncertainty set [30], [98]. Uncertainty set
estimation is crucial for the success of robust control: on the one hand, too large of an
uncertainty set gives rise to over-conservative control actions, resulting in degraded
performance; on the other hand, if the uncertainty set is underestimated and fails to
contain the true system, the resulting controller may lead to unsafe behaviors [30],
[31].

To estimate uncertainty sets, a popular method is to construct LSE’s confidence
regions [24], [59]. However, this approach yields a confidence region for a point
estimate rather than directly estimating the uncertainty set of the model. Further, the
confidence regions are usually derived from concentration inequalities, which allows

convergence rate analysis but may suffer conservative constant factors [31], [59].

In this chapter, we instead focus on a direct uncertainty set estimation method: set
membership estimation (SME), which estimates the uncertainty set without relying
on the concentration inequalities underlying the approaches based on LSE. SME
has a long history in the control community [48], [49], [99]-[102]. SME has
primarily been proposed for scenarios with bounded disturbances, which is common
in safety-critical systems, e.g. power systems [103], unmanned aerial vehicles (UAV)
[104], [105], and building control [106]. Further, the bounded disturbance is a
standard assumption in control when certain safety requirements are desired, such as
robust (adaptive) constrained control [24], [49], [107], online (constrained) control
[14], [108]-[110].

Consequently, SME has been widely adopted in the robust (adaptive) constrained
control literature [49]—-[54] and the online control literature [13], [55], [99], [111].
Figure 4.1 provides a toy example illustrating SME’s promising performance under

bounded disturbances.

On the theory side, the convergence analysis of SME generally considers a simple



64

1
10 —LSE
SME

Diameter
=X
B
S N o N - o o]

1
0 50 100 150 200 250 300 350
T

107

-1 0 1 2 3 4 ’ 0.6 0.7 0.8 0.9 1 11
A A

(a) Diameters of uncertainty sets ) T=5 (¢) T =250

Figure 4.1: A visualized toy example of uncertainty set comparison between SME
in (4.2) and LSE confidence regions in [59], [60] for a one-dimensional system
Xi+1 = A*x; + B*u; + wy, with wy, u; € [—1,1] generated i.i.d. from a truncated
Gaussian distribution. Detailed experiment settings are in Section 4.1. Figure (a)
compares the diameters of the uncertainty sets from SME and LSE 90% confidence
bounds. Figure (b) and (c) visualize the the uncertainty sets after 7 = Sand T = 250
data points.

regression problem: y; = 6*x; + w; with a deterministic sequence of x; and bounded
1.i.d. disturbances w; [112]-[116]. This regression problem does not capture the
correlation between x; and the history w;_1, . .., wp in the dynamical systems. This
issue was largely overlooked in the vast literature of empirical algorithm design
related to SME (for example, see [49], [117], etc.). It was not until recently that
[118] provided the first asymptotic convergence guarantees for SME in linear systems.
However, the non-asymptotic convergence rate still remains open for SME in linear

dynamical systems.

Contributions. This chapter tackles the open question above by providing non-
asymptotic bounds on the convergence rates of SME for linear systems. To the best
of our knowledge, this is the first convergence rate analysis of SME for dynamical

systems in the literature.

We consider two scenarios in our analysis. Firstly, when a tight bound ‘W on the
support of w; is known, we provide an instance-dependent convergence rate for SME.
Interestingly, for several common distributions of w;, SME enjoys a convergence
rate O(n'5(n, + n,)%/T), which is faster than the LSE’s error bound O(@)
in terms of the number of samples T but is worse in terms of the dependence on
state and control dimensions 7y, n,. The improved convergence rate of SME with

respect to T is enabled by leveraging the additional boundedness property of w,,
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which is a common assumption in robust constrained control but is not utilized in
LSE’s analysis. Secondly, when a tight bound of w; is unknown, we introduce a
UCB-SME algorithm that learns conservative upper bounds of w; from data and
constructs uncertainty sets based on the conservative upper bounds. We also provide
a convergence rate of UCB-SME, which has the same dependence on 7 but has
worse dependence on n, by a factor of y/n, compared with the convergence rate with
a known tight bound.

Our estimation error bound relies on a novel construction of an event sequence based
on designing a sequence of stopping times. This construction, together with the
BMSB condition in [96], addresses the challenge caused by the correlation between

Xz, Uz, and the history disturbances (see the proof of Theorem 12 for more details).

Moreover, our results lay a foundation for future non-asymptotic analysis of control
designs based on SME. To illustrate this, we apply our results to robust-adaptive
model predictive control and robust SLS and discuss the novel non-asymptotic

guarantees enabled by our convergence rates of SME.

Finally, we conduct extensive simulations to compare the numerical behaviors of
SME, UCB-SME, and LSE’s confidence regions, which demonstrates the promising
performance of SME and UCB-SME.

4.2 Problem Formulation and Preliminaries
This chapter focuses on the identification of uncertainty sets of unknown system

parameters in the linear dynamical system:
Xt+1 = A*x[ + B*u[ + W, (41)

where A*, B* are the unknown system parameters, x, € R"*, u, € R™. For notational
simplicity, we define 6* = (A*, B*) by matrix concatenation and z; = (x,u; )T €
R™z by vector concatenation, where n, = n, + n,. Accordingly, the system (4.1) can

be written as x;41 = 6%z, + w;.

The goal of the uncertainty set identification problem is to determine a set ®7 that con-
tains the true parameters * = (A*, B*) based on a sequence of data {x;, u;, X;+1 }[T:‘Ol.
Set Or is called an uncertainty set since it captures the remaining uncertainty on the

system model after the revelation of the data sequence {x;, u;, X+ };Tz_ol-

Uncertainty sets play an important role in robust control, where one aims to achieve

robust constraint satisfaction [49], [107], robust objective optimization [119], and/or
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robust stability [120] for any model in the uncertainty set.! Therefore, the diameter
of the uncertainty sets heavily influences the conservativeness of robust controllers

and thus the control performance. Formally, we define the diameter as follows.

Definition 4.2.1 (Diameter of a set of matrices). Consider a set S of matrices 6 €
R"™*"z. We define the diameter of S in Frobenius norm as diam(S) = supy g |16 —
&'l .

Set Membership Estimation (SME)
In this section, we review set membership estimation (SME), which is an uncertainty
set identification method that has been studied in the control literature for decades
[102], [107]. SME primarily focuses on systems with bounded disturbances, i.e.
w; € W for some bounded ‘W for all # > 0. When W is known, SME computes an
uncertainty/membership set by

T-1

Or = ﬂ{@: Xes1 — 0z € W), 4.2)
t=0

It is straightforward to see that 0* € O when w, € W.

The bounded disturbance assumption may seem restrictive, considering that the
uncertainty set identification based on the confidence region of LSE only requires
subGaussian disturbances [96]. However, in many control applications, it is reason-
able and common to assume bounded w;. For example, bounded disturbances is
a standard assumption in the robust constrained control literature, such as robust
constrained LQR [24], [49], [107], [118], and online constrained control of linear
systems [108], [110]. This is different from unconstrained control, where unbounded
subGaussian disturbances are usually considered [120]. The difference in the dis-
turbance formulation is largely motivated by the applications: constrained control
is mostly applied to safety-critical applications, where the disturbances are usually
bounded. For example, in UAV and flight control, the disturbances are mostly caused
by wind gusts, and wind disturbances are bounded in practice [104], [105]. Similarly,
in building thermal control, the disturbances are caused by external heat exchanges,
which are also bounded [106].

Ideally, one hopes that ©7 converges to the singleton of the true model {6*} or at

least a small neighborhood of 6*. This usually calls for additional assumptions, such

Tn addition to model uncertainties, robust control may also consider other system uncertainties,
e.g., disturbances, measurement noises, etc.
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as the persistent excitation property on the observed data and additional stochastic
properties on w,. In this chapter, we consider the following assumptions to establish
convergence rate bounds on the diameter of ®7, which, to the best of our knowledge,

is the first non-asymptotic guarantee of SME for linear dynamical systems.

The first assumption formalizes the bounded disturbance assumption discussed above

and introduces stochastic properties of w, for analytical purposes.

Assumption 3 (Bounded i.i.d. disturbances). The disturbances are box-constrained,
wr € Wi={w e R"™ : ||W]loo £ Wmax} for all t > 0. Further, w; is i.i.d., has zero

mean and positive definite covariance matrix X,,.

Assumption 3 is common in SME literature, e.g. [113], [116], [118]. In terms of
generality, boundedness is essential for SME. The stochastic properties, such as i.i.d.,
zero mean, positive definite covariance, are standard in the recent learning-based
control literature and allow the use of statistical tools utilized and developed in
the recent literature for non-asymptotic analysis [96], [121]. Besides, it is worth
mentioning that SME still works in non-stochastic settings. In particular, as long as
w; € W, even without the stochastic properties in Assumption 3, the SME algorithm
(4.2) still generates a valid uncertainty set that contains *. It is an interesting
future direction to study the convergence rate of SME without assuming stochastic

disturbances.

Next, we introduce the assumptions on u,, which relies on the block-martingale
small-ball (BMSB) condition proposed in [96]. It can be shown that the BMSB
guarantees persistent excitation (PE) with high probability under proper conditions
(see Proposition 2.5 in [96] and Lemma 4). The PE condition requires that z, explores

all directions, which is essential for system identification [122].

Definition 4.2.2 (Persistent excitation). There exists a > 0 and m € Ny, such that

for any tg > 0,
to+m—1

1 Xt

T T 2
—_ Z (X[ s Uy ) za Inx+nu-
m U

=ty

Definition 4.2.3 (BMSB [96]). Consider a filtration {¥;}:>1 and an {F;};>1-adapted
random process {Z;};s1 in RY. {Z;}1>1 satisfies the (k, Ty, p)-block martingale
small-ball (BMSB) condition for k > 0, a positive definite I'sp, and 0 < p < 1, if the
following holds: for any fixed A € R¢ with ||A]|2 = 1, we have %Zle P(|ATZ | >
VAT A | F1) = pforallt > 1.
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The following is the assumption on u;.

Assumption 4 (BMSB and boundedness). With filtration ¥, = ¥ (wg, . . ., Wi—1, 20 - -
the Fi-adapted stochastic process {z;}1>0 satisfies (1, crzzlnz, p:)-BMSB for some
o, p, > 0. Besides, there exists b, > 0 such that ||z;||» < b, almost surely for all
t>0.

Assumption 4 requires u; to guarantee both BMSB and bounded z;. This can be
satisfied by several robust (adaptive) constrained control policies, such as robust
(adaptive) model predictive control [49], [107], [118], system level synthesis [24],
and control barrier functions [123]. In the following, we briefly discuss robust
(adaptive) MPC as an example. The other approaches can be similarly shown to
satisfy Assumption 4.

Example 5 (Robust (adaptive) MPC). Robust MPC is a popular method for the
robust constrained control [124], which aims to optimize the control objective while

satisfying robust safety constraints,
2t € Lafe, Where x,1.1 =0z, + w;,Y 0 €@y, w, €W, 4.3)

where O is an initial uncertainty set known a priori, and the safety constraint Zgys.
is usually bounded. The robust MPC policy, denoted by u; = nrmpc (x5 ©g, W),
satisfies the constraints (4.3) for any 68 € ®q. Therefore, it naturally guarantees
bounded z; under the true 6*. Further, as shown in [125], BMSB can be achieved
by adding a random disturbance, i.e. u; = nrmpc (x4; ©9, W) + n;, where 1, is i.i.d.,
bounded, and has positive definite covariance. Therefore, the randomly perturbed
robust MPC can satisfy Assumption 4. Robust adaptive MPC is based on the same
control design, u, = mrmpc (X1; O, W), but utilizes adaptively updated uncertainty
sets ©;. Notice that O, is usually updated by SME in the literature of robust adaptive
MPC [49], [107], [117].

We also note that BMSB and bounded z; with high probability are assumed in
LSE literature (Theorem 2.4 [96]), and bounded z, with high probability under
subGaussian disturbances corresponds to bounded z; under bounded disturbances

for linear systems (see bounded-input-bounded-output stability in Sec. 9 of [126]).

Finally, we assume that the bound wp,,x on w; is tight in all directions, which is
common in the literature on SME analysis [112], [113], [118].

'aZI);
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Assumption 5 (Tight bound on w;). For any € > 0, there exists q,,(€) > 0, such that

forany 1 < j < n, we have
min(P(W; <€e- Wmax)ap(wi > Wmax — €)) = qw(€),

where w! denotes the jth entry of vector w,. Without loss of generality, we can

further assume q,,(€) to be non-decreasing with € and q,,(2Wmnax) = 1.2

In essence, Assumption 5 requires that a hyper-cubic W = {w : ||[W||co £ Wmax}
should be tight on the support of w; in all coordinate directions, that is, there exists a
positive probability g, (€) such that w; visits an e-neighborhood of w,ax and —wax,

respectively, on all coordinates.

When the support of w; is indeed W = {w : ||[W|lcc £ Wmax}, many common
distributions enjoy g,,(€) > Q(¢€).? For example, for the uniform distribution on W,

we have g, (€) = 5.~ for the truncated Gaussian distribution with zero mean, oll,

max
2

“Whax \ .
200 ); and for

the uniform distribution on the boundary of W (a generalization of Rademacher

covariance, and truncated region ‘W, we have g,,(€) = 5-—— exp(
max“ w

distribution), we have ¢,,(€) > i > Q(e) (see Section 4.C for more details).

However, knowing a tight bound on the support of w; can be challenging in practice.
Therefore, we will discuss how to relax this assumption and learn a tight bound from

data in Section 4.3.

Further, the requirement of a hyper-cubic ‘W can be restrictive because different
entries of disturbances may have different magnitudes, resulting in a hyper-rectangular
support that violates Assumption 5. Our follow-up work [127] relaxes this assumption

and generalizes the results in this chapter.

4.3 Set Membership Convergence Analysis
Convergence Rate of SME with Known w .«
We now present the main result (Theorem 12) of this chapter, which is a non-
asymptotic bound on the estimation error of SME given bounded i.i.d. stochastic

disturbances.

2This is because P(w{ < € — Wmax) and ]P(w{ > Wmax — €) are non-decreasing with €, and
P(wf > —Wmax) = P(wf < Wmax) = 1 by Assumption 3.
3The Q(-) notation is the lower bound version of O(-).
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Theorem 12 (Convergence rate of SME). For any m > 0 any § > 0, when T > m,

we have
P(diam(©7) > 6) < -0 (n%)a"
(diam(®r) > 0) < - (n77)a," exp(—aszm)
Ty
[T/m]
~ R a15
+ 0((”}6”2)2'5)612 " (1 —dqw (W))
T>(5)
2 2
where a; = Z, ap = %, az = [;—Z, as = 4b1a\1/a, P2, 0, b, are defined in

Assumption 4, [-] denotes the ceiling function, and diam(-) is defined in Definition
4.2.1, the factors hidden in O(-) are provided in Appendix 4.D.

Theorem 12 provides an upper bound on the “failure” probability of SME, i.e., the
probability that the diameter of the uncertainty set is larger than 6. In this bound,
T; decays exponentially with m, so for any small € > 0, m can be chosen such that
T, < €, which indicates m > O(n;+logT +1og(1/€)). Forany 6 > 0, T>(6) decays
exponentially with the number of data points 7" and involves a distribution-dependent
function ¢,,(-), which characterizes how likely it is for w; to visit the boundary of
W as defined in Assumption 5. To ensure the probability upper bound in Theorem
12 to be less than 1, one can choose m = O(log T) and a large enough T such that
T > O(m) =0(log(T)). If w, is more likely to visit the boundary, (a larger g,,(-)),

then SME is less likely to generate an uncertainty set with a diameter bigger than 6.

Estimation error bounds when ¢,,(¢) = Q(¢). To provide intuition for T (6)
and discuss the estimation error bound in Theorem 12 more explicitly, we consider
distributions satisfying ¢g,,(¢) = Q(¢€) for all € > 0. Notice that several common
distributions satisfy this additional requirement, such as uniform distribution and

truncated Gaussian distribution as discussed after Assumption 5.
Corollary 12.1 (Estimation error bound when ¢, (€) = Q(€)). For any € > 0, let
m > O(n,+1logT +1log(1/e))

in the following.# If w; is generated i.i.d. by a distribution satisfying q,,(€) = Q(€)
for all € > 0, then with probability at least 1 — 2e, for any O € Or, we have

n)lc.S (ny + nu)z)

167 — 6*||F < diam(©7) < 5( -

4A detailed formula is provided in Appendix 4.E.
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Corollary 12.1 indicates that the estimation error of any point in the uncertainty set
~ 1.5 2
©®r can be bounded by O (M) when ¢, (€) > Q(e).

Dynamical systems without control inputs. SME also applies to dynamical systems
with no control inputs, i.e., x;+1 = A*x; + w;, where the uncertainty set of A* can be
computed by Ay = ﬂtT:_Ol{;f Clxeer — 121\x,||<>o < Wmax }- Its convergence rate can be

similarly derived via the proof of Theorem 12.

Corollary 12.2 (Convergence rate with B* = 0 (informal)). For stable A*, for any

m>0,0>0,T >m, we have
T —
P(diam(A7) > §) < —O(n)zc's)a;" exp(—azm)
m

~ n2 ao m
+0(nd)ay (1 —qw(m»m 1

Consequently, when q,,(€) = Q(¢€), e.g. uniform or truncated Gaussian, we have
diam(A7) < O(n35/T).

Note that [96] have shown a lower bound Q(+/n, / VT) for the estimation of linear
systems with no control inputs when w; follows an (unbounded) Gaussian distribution.
Interestingly, Corollary 12.2 reveals that, for some bounded-support distributions of
wy, €.g. Uniform and truncated Gaussian, SME is able to converge at a faster rate
0 (1/T) in terms of the sample size 7. This does not conflict with the lower bound in
[96] because SME'’s rate only holds for bounded disturbances. In fact, from (4.2), it is
straightforward to see that SME does not even converge under Gaussian disturbances.
Therefore, SME is mostly useful in applications with bounded disturbances, e.g.
robust constrained control, safety-critical systems, etc., while LSE’s confidence

regions are preferred for unbounded disturbances.

Lastly, Corollary 12.2 shows that SME’s convergence rate has a poor dependence
with respect to ny: o (n). This is likely a proof artifact because we do not observe
such poor dimension scaling in simulation (see Figure 4.3). It is left as future work

to refine the dimension dependence.

SME with Unknown w .«
Next, we discuss the convergence rates of SME without knowing a tight bound wpax
in three steps: 1) only knowing a conservative upper bound of wp,x, 2) learning

Wmax from data, and 3) a variant of SME that converges without prior knowledge of

Wmax-
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1) SME with a conservative upper bound for w,,«. In many practical scenarios, it
is easier to obtain an over-estimation of the range of the disturbances instead of a
tight upper bound, i.e., Wmax > Wmax. In this case, we can show that the uncertainty
set converges to a small neighborhood around 6* of size O (\/lix (Wmax — Wmax)) at

the same convergence rate as Theorem 12.

Theorem 13 (Convservative bound on wyax). When wiax in Assumption 5 is unknown
but an upper bound Wy, = Wax Is known, consider the following SME algorithm:

T-1

®T(Wmax) = ﬂ{@ xr = 0zl < Wmax}-
t=0

Foranym > 0,6 >0, T > m, we have
P(diam(O7) > 6 + as\nxy(Wmax — Wmax)) < T1+T2(5),

where as = ail, Ty, T>(0) are defined in Theorem 12.

2) Learning w,x. When wp,x is not accurately known, we can try to learn it from

the data. Let’s first consider the learning algorithm studied in [112].

Winax = Min max xis1 = 62| (4.4)

0<1<T-
Though algorithm (4.4) cannot provide an upper bound on wp,x under finite samples
because WI(QX < Wmax for finite 7',3 it can be shown that WﬁQX converges to Wax as
T — +c0. The convergence for linear regression has been established in [112]. The
following theorem establishes the convergence and convergence rate of algorithm
(4.4) for linear dynamical systems. Based on this convergence rate, we will design

an online learning algorithm (4.5) that generates converging upper bounds of wpax.

Theorem 14. The estimation WI(QX of Wmax satisfies:

-(T .
0= Winax = Wi < b diam(®7) + winay— max [[willo

N , -1
T

Ty

Therefore, for any 6 > 0,

) 5 P
P(Wiax = W > 8) < Ty + T (z—bz) +Ts (5) ,

where Ts(8) = (1 — g,,(5))7.

SIf SME does not use an upper bound on wn,x, the generated uncertainty set may not contain the
true parameter 6*.
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Notice that T4 is the smallest possible learning error of wpyax from history w;, which
can be achieved if one can directly measure w,. However, with unknown 6*, it is
challenging to measure/compute w; exactly, then Theorem 14 shows that the learning
error of wi,x has an additional term T3 that depends on the uncertainty around 6*.
Therefore, the convergence rate of WI(QX can be obtained by our non-asymptotic

analysis of SME in Theorem 12.

Further, when ¢,, (€) = Q(¢€), the convergence rate of wax can be explicitly bounded

by 0 (nl3 n% /T), which is of the same order as the convergence rate of the diameter
of ®T-

Corollary 14.1. Forany 0 < € < 1/3 and any T > 1, there exists 67 > 0 satisfying

limy_,e 07 = 0 such that

—(T)
0 < Wmax — Whax < or

with probability at least 1 — 3e.
In particular, when q,,(5) = O(6), with probability 1 — 3¢,

0 < Winax — Wk < 07 = 0(n2*n2/T)

3) SME with unknown wy,,x. Unfortunately, WI(QX cannot be directly applied

to SME because anTa)X < Wmax, Which may cause 6* ¢ @T(v‘vax). However, by

leveraging our convergence rate bound in Theorem 14, we can construct an upper

confidence bound (UCB) of wp,.x and a corresponding UCB-SME algorithm:
Wl = wl w67, 0% =Bl 4.5)
where 67 is defined in Corollary 14.1.

Then, by combining Theorem 13 and Corollary 14.1, we can verify the well-

definedness of UCB-SME and obtain its convergence rate.

Theorem 15. Forany 0 < € < 1/3, any T > 1, with probability at least 1 — 3¢, we

have
0* € B'P,  diam(®YP) < O (V6r).

In particular, if q,,(€) = Q(€), then diam(@‘}d’) < O(n2n?/T) with probability at

least 1 — 3e.

Notice that UCB-SME converges at the same rate in terms of 7 but y/n,-worse in

terms of dimensionality when compared with SME knowing a tight bound wp,x.
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Remark 2 (Computation complexity). SME can be computed by linear programming
since all constraints are linear in (4.2). Further, UCB-SME can also be computed
by linear programming because (4.4) can be reformulated as a linear program.
However, the number of constraints for SME and UCB-SME increases linearly with T.
To address the computation issue of SME, many computationally efficient algorithms
have been proposed based on approximations of (4.2), e.g. [55], [115], [118]. The
convergence rates of these approximate algorithms are unknown and how to design

computationally efficient UCB-SME remains open.

4.4 Proof Sketch

The major technical novelty of this chapter is the proof of Theorem 12, thus we
describe the key ideas here. The complete proof is provided in Appendix 4.D. For
ease of notation and without loss of generality, we assume 7'/m is an integer in the

following.
Specifically, we first define a set I'r on the model estimation error y = 0 — 0* by
leveraging the observation that x .| — gzs = w, — (5 - 0%)zs,

t—1

L= [ Iwe =7zl < W}, V120, (4.6)
s=0

Notice that ©; = 6, + I}, so diam(®;) = diam(I';), and

diam(I';) = sup |ly —=¥'llr < 2sup |l¥llF.
vy €l vely

Thus, we can define &; := {3y € I'7, s.t. ||yllr = %} such that P(diam(®7) > §) <
P(&y).

Next, we define an event &; below, which is essentially PE on every time segments

km+1 <t < km+mfor k > 0, where the choice of m will be specified later.

T
_1},

1 © )
Er = {a 212]("14.32;"“ = allnz,vo SkS"_
§=

m

where a; = Z2. Now, by dividing the event &; based on &, we obtain

P(diam(©7) > 6) < P(&)) < P(ES) +P(E N &y).

The proof can be completed by establishing the following bounds on P(&) and
P(&E N &Ey).
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(a) Truncated Gaussian (b) Uniform Distribution  (c) vAvI(nTai and WI(TQ( in UCB-SME

Figure 4.2: Figures (a)-(b) compares the diameters of SME, UCB-SME, and SME
with loose disturbance upper bounds that are 2, 3, 5, and 10 times larger than the
true disturbance bound wpy,x, as well as the baseline uncertainty set from the 90%
confidence region of LSE. Figure (c¢) shows the convergence to the true bound wp,x
of the lower estimation W, in (4.4) and the UCB wy,ax generated by the UCB-SME
algorithm in Figures (a)-(b).

2
Lemma 4 (Bound on P(&9)). P(E5) < Ty, where ay = s_iié and az =

z

S
oo %,

Lemma 5 (BoundonP(E,NEy)). P(E1NE,) < T (), where as = max(1,4b /nc/ay).

Roughly, Lemma 4 indicates that PE holds with high probability, which is proved by
leveraging the BMSB assumption and set discretization. The proof of Lemma 5 is
more involved and is our major technical contribution. On a high level, the proof

relies on two technical lemmas below.

Lemma 6 (Discretization of &1 N&; (informal)). Let M = {yy,...,y,,} denoteane,-
net of {y : lyllr = 1}. Under a proper choice of €,, we have v,, = 5(n§'5n§'5)a2"”2. 6

We can construct fT such that
P(EINE) <PH{I1<i<v,,d>0,st dyelr}n&)
Vy
< ) B(81:n &)
i=1
where E1; ={3d > 0, s.t. dy; € fT}.
Lemma 6 leverages finite set discretization to bound the existence of a feasible

element in an infinite continuous set. The formal version of Lemma 6 is provided as

Lemma 15 in the appendix.

5The exact formulas of vy and €, are in Lemma 11.
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Lemma 7 (Construction of event G, ; via stopping times (informal)). Consider F;

as defined in Assumption 4. Under the conditions in Lemma 6, we construct G; y for
alliandall0 < k <T/m -1 by

Jiskm+L y ao
Gik =9 bikmeLi W ">
s i, i,k km+Li,k 4\/n_x

1 &
T 2
Z Z Lkm+sZgms = allnz >

— Wmax, and

s=1
where b;,, ji, are measurable in F;, and L;y is constructed as a stopping time
with respect to {Fim+i}i1>0. The formal definitions of b;,, ji:, Lix are provided in
Appendix 4.D.

Then, we have

T/m-1 T
ao m
P(Sl,,‘ N 82) SP( Gi,k < (l —qw ( ))
kQ) 4n,

The constructions of G;  and L; ; in Lemma 7 are our major technical contribution.
With the constructions above, the proof can be completed by leveraging the conditional
independence property of stopping times, which is briefly discussed below. Notice
that by conditioning on the event {L;; = [}, we have WipsL, , = Wim+r and Wiy is
independent of %+, Consequently, w4 is also independent of b; km+L; y» Jiskm+L: s
conditioning on {L; x = [} since b; km+i, Ji km+1 are measurable in F,4;. Therefore,
the probability of G; ; conditioning on {L;x = [} can be bounded by the probability
distribution of w;, which enjoys good properties such as Assumption 5. More details

of the proof are in Appendix 4.D.

In conclusion, Lemma 5 follows directly from Lemma 6 and Lemma 7. Combining

Lemma 5 and Lemma 4 completes the proof of Theorem 12.

Remark 3 (Convergence rate of SME for general time series). Similar to Theorem
2.4 in [96], our results for linear dynamical systems can also be generalized to

general time series with linear responses:
*
ylze Z[+W[, tZO,

where 7—? =F(wo,...,Wr,20,--.,2t), ¥+ € R™ is measurable in fy but not in 7’7_1
The SME algorithm is
T-1

@) = ﬂ{é: v, — 8z, € W},
t=0



7

Under Assumptions 3, 4, and 5, we have

, T ~ n
P(diam(@}) > &) < —O0(n2”)dy* exp(—azm)
m
[T/m]
~ 2.5\ nyn: ao
O (1= (2))

by
aj :

where ay, a, az are defined in Theorem 12 and a4 =

4.5 Applications to Robust Adaptive Control

Robust adaptive control usually involves two steps: updating the uncertainty set
estimation, and designing robust controllers based on the updated uncertainty set.
SME can be naturally applied to robust adaptive control as the updating rule of the
uncertainty set estimation. To illustrate this, we discuss the applications of SME
to two popular controllers, robust adaptive MPC and robust SLS. We focus on the

implications of our convergence rates.

Application of SME to robust adaptive MPC. SME has long been adopted
in the robust adaptive MPC design (see e.g., [49], [107], [117]). Despite the
regret analysis for unconstrained MPC and its variants (e.g. [128], [129]), the
non-asymptotic analysis for robust adaptive MPC remains unsolved. Applying
Theorem 12 straightforwardly, we can obtain a non-asymptotic estimation error
bound for robust adaptive MPC below, which lays a foundation for future regret
analysis. For simplicity, we consider a tight bound ‘W is known below, but our

results for unknown ‘W can also be applied similarly.

Corollary 15.1. Consider the robust adaptive MPC controller introduced in Example
5, where Oy is updated by SME and ‘W is known.” Under the conditions of Corollary
12.1, the estimation error for any 07 € O can be bounded by ||§T -0*||F < 5(@)
with high probability.

Application of SME to robust SLS. Robust SLS has been proposed in [24] for
robust constrained control under system uncertainties [24]. Since [24] assumes
bounded disturbances, one can apply SME for the uncertainty set estimation in place
of the LSE’s confidence regions in [24]. Then, by leveraging Theorems 3.1, 4.1 in
[24] and our Theorem 12, we can directly obtain a non-asymptotic suboptimality

gap for learning-based robust SLS with SME as the uncertainty set estimation. For

"When ‘W is unknown, Theorems 13-15 all apply.
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simplicity, we consider a known tight bound W, but our results for unknown ‘W can

also be similarly applied here.

Corollary 15.2. Under the conditions in Theorem 3.1 in [24] and Corollary 12.1,
for large enough T, we have J(A*’B;—*’K)_J* <0 (n}C‘Sn% /T), where K denotes the
robust SLS controller in [24] under the uncertainty set Or constructed by SME,
J(A*, B*,K) = im0 E% ZIT:_OI (x/ Ox; + u] Ru,) denotes the infinite-horizon
averaged total cost by implementing the robust SLS controller K, and J* denotes the

optimal infinite-horizon averaged total cost.

4.6 Simulation

We evaluate the empirical performance of SME on various systems and applications.
For all experiments, we use the 90% confidence regions of LSE computed by Lemma
E.3 in [59] and Theorem 1 in [60] as the baseline. The details of the simulation
settings are provided in Appendix 4.1.3

Comparison of SME, SME with loose bound, UCB-SME, and LSE. This
experiment is based on the linearized longitudinal flight control dynamics of Boeing

747 as studied in recent literature on learning-based control of linear systems [17],
[130].

In Figure 4.2, we show the diameters of SME, SME with loose disturbance bounds,
and UCB-SME on the identification problem of the Boeing 747 dynamics with
i.i.d. truncated Gaussian (Figure 4.2(a)) and uniform (Figure 4.2(b)) disturbances.
We use control actions sampled from a uniform distribution in both cases. In
Figure 4.2(c), we show that both the upper bound Wwy,.x used for UCB-SME and
the lower bound W, in (4.4) converge to the true bound wp,x as T increases. The
quantitative behaviors of SME and its variants are consistent with those predicted by
our theoretical results. In particular, in Figure 4.2(a) and Figure 4.2(b), SME and
UCB-SME outperform the 90% confidence regions of LSE in both the magnitude
and the convergence rate. In Figure 4.2(c), we verify that the UCB estimation WI(TQX

converges to the true disturbance bound wp,,x from above, while the estimation vT/r(QX

converges from below. It is worth noting that WI(QX converges to wyax very quickly
in the simulations, allowing WHQX to be another potential approximation of wy,y for

SME when T is very large.

8The code to reproduce all the experimental results can be found at https://github.com/
jy-cds/non-asymptotic-set-membership.
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Figure 4.3: Diameters of the uncertainty sets constructed by SME, UCB-SME, and
LSE for systems with different dimensions.

Scaling with dimension. We compare the scaling of SME, SME-UCB, and LSE
with respect to the system dimensions in Figure 4.3. We use an autonomous system
X+1 = A*x; + wy, where A € R™*"~ has varying n,. Disturbances w, are sampled
from a truncated Gaussian distribution and uniform distribution with wy,x = 2.
Surprisingly, the scaling of SME with respect to the dimension of the system is
not significantly worse than that of LSE in the simulation. This suggests that the
convergence rate in Corollary 12.1 can potentially be improved in terms of the

dimension dependence, which is left for future investigation.
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Figure 4.4: Linear quadratic tracking of robust adaptive MPC based on SME, LSE’s
confidence regions, and the accurate model (OPT).

Application to robust adaptive MPC. We provide an example of the quantitative
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impact of using SME for adaptive robust MPC in Figure 4.4. We consider the task of

constrained linear quadratic tracking problem as in [125]. The model uncertainty set
is estimated online with SME and LSE’s 90 % confidence region. Control actions are
computed using the tube-based robust MPC [131], [132] with the uncertainty sets.
We also plot the optimal MPC controller with accurate model information. Thanks
to the fast convergence of SME, the tracking performance of the tube-based robust
MPC with SME estimation quickly coincides with OPT, while the same controller

based on LSE’s confidence region estimation converges more slowly.

4.7 Conclusion

This work provides the first convergence rates for SME in linear dynamical systems
with bounded disturbances and discusses variants of SME with unknown bound
on w,. Numerical experiments demonstrate SME’s promising performance under

bounded disturbances.

Regarding future directions, this work only considers box constraints on wy, so it
is worth extending the analysis to more general constraints. In this work, we only
measure the size of the uncertainty sets by their diameters. We leave for future
work to consider other metrics, such as volume. Further, our bounds suffer poor
dependence on the system dimension, which is not reflected in simulations. Hence, it
is important to refine the bounds and discuss the fundamental limits. Another exciting
direction is to speed up the computation of SME since the current computation
complexity increases linearly with the sample size. The convergence rate of such
algorithms is an important open question. Other interesting directions include the
extensions of the SME analysis to nonlinear systems, where recent nonlinear system
identification literature [133], [134] may provide insights; and analyzing SME in the

presence of other uncertainties, e.g. measurement noises [135].

SME is a valid estimation for bounded non-stochastic disturbances [48], [100],
[101], [136]. Thus, a fruitful direction is to study SME’s convergence rates under
non-stochastic w;. Another method for uncertainty set estimation is the credible
regions of Bayesian approaches, e.g. Thompson sampling for linear systems [28],
[137] and Gaussian processes for nonlinear systems [138]. A future direction is to

study the convergence rates of credible regions.

Roadmap for the Appendix

 Section 4.A introduces additional notation used throughout the Appendix.
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* Section 4.B provides more literature review on LSE and SM, and a more

detailed discussion on the technical contributions of this chapter.

* Section 4.C provides more discussions on examples that satisfy Assumptions
4 and 5.

» Section 4.D presents the proof of Theorem 12. In particular, we provide
helper lemmas in Section 4.D and prove Lemma 4, Lemma 5 in Section 4.D
and Section 4.D respectively. A more precise upper bound for Theorem 12

(without the O (-) notation) is provided in Appendix 4.D.
* Section 4.E presents a proof of Corollary 12.1
* Section 4.F provides a proof of Corollary 12.2.
* Section 4.G presents a proof of Theorem 13.
» Appendix 4.H provides proofs of Theorem 14, Corollary 14.1, and Theorem 15.

* Section 4.1 provides details of the simulation.

4.A Additional Notations

Let S,,(0, 1) denote the unit sphere in R” in [ norm, i.e., S,(0,1) = {x e R" : ||x]|» =
1}. Let S,xm (0, 1) denote the unit sphere in R with respect to the Frobenius
norm, i.e., Syxm(0,1) = {M € R™™ : ||[M||r = 1}. Let B,(0, 1) denote the closed
unit ball in R” in [, norm, i.e., B,(0,1) = {x € R" : ||x|l» < 1}. Let B,x»(0,1)
denote the closed unit ball in R in Frobenius norm, i.e., B,xn,(0,1) = {M €
R™m . |IM||r < 1}. For a matrix M € R"™™_ vec(M) is the vectorization of M.
Moreover, we define the inverse mapping of vec(-) as mat(-), i.e., for a vector
d € R, mat(d) € R™". Consider a o-algebra ¥ and a random variable X, we
write X € ¥ if X is measurable with respect to ¥, i.e., for all Borel measurable
sets B C R, we have X' (B) € ¥. We can similarly define ¥ -measurable random
matrices and random vectors. Further, consider a polyhedral D = {x : Ax < b}, we
write D € ¥ if matrix A and vector b are measurable with respect to 7. Consider
two symmetric matrices A, B € R, we write A > B if A — B is a positive definite
matrix. We define min @ = +o0. For a set &, let 1g denote the indicator function on
&. For a vector x € R”, we use x/ to denote the jth coordinate of x. Throughout the
chapter, we use TrunGauss(0, 0,, [=Wmax, Wmax]) to refer to the truncated Gaussian

distribution generated by Gaussian distribution with zero mean and o2 variance
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with truncated range [—Wmax, Wmax]- The same applies to multi-variate truncated

Gaussian distributions.

4.B Dicussion on Least Squares and SME

System identification studies the problem of estimating the parameters of an unknown
dynamical systems from trajectory data. There are two main classes of estimation
methods: point estimator such as least squares estimation (LSE), and set estimator
such as set membership estimation (SME). In the following, we provide more
discussions and literature review on LSE and SME. We will also discuss the major

technical novelties of this work.

Least Squares Estimation

For linear dynamical systems x,41 = A*x; + B*u, + w, = 6*z, + w,, given a trajectory
of data {x;, u; };>0, least squares estimation generates a point estimator that minimizes
the following quadratic error [139], [140]:

T-1
OLse = min ) [lxi1 = 02113,
=0
Least-square estimation is widely used and its convergence (rate) guarantees have
been investigated for a long time. In particular, non-asymptotic convergence rate
guarantees of LSE has become increasingly important as these guarantees are the
foundations for non-asymptotic performance analysis of learning-based/adaptive
control algorithms. Earlier non-asymptotic analysis of LSE focused on the simpler

regression model y, = 6*x; + w;, where x; and y, are independent [141]-[143].

Recently, there is one major breakthrough in [96] that provides LSE’s convergence rate
analysis for linear dynamical system x,,; = 6*z; + wy, where x,41 and z; = [x/], u/]"
are correlated. More specifically, [96] establishes a fundamental property, block-
martingale small-ball (BMSB), to analyze LSE under correlated data. BMSB enables
a long list of subsequent literature on LSE’s non-asymptotic analysis for different

types of dynamical systems, e.g., [19], [95], [109], [144]-[149].

Though LSE is a point estimator, one can establish confidence region of LSE based

on proper statistical assumptions on w;. The pioneer works on the confidence

region of LSE for linear dynamical systems are [27], [60], which construct ellipsoid

confidence regions for LSE. Moreover, the non-asymptotic bounds on estimation

errors established in [24], [96] can also be viewed as confidence bounds. Further,
Vit

the estimation error O (T) has been shown to match the fundamental lower
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bound for any estimation methods for unbounded disturbances in [96]. However,
these confidence bounds all rely on statistical inequalities, which may result in
loose constant factors despite an optimal convergence rate. When applying these
confidence bounds to robust control, where the controller is required to satisfy
certain stability and constraint satisfaction properties for every possible system in the
confidence region, a loose constant factor will result in a larger confidence region
and a more conservative control design. Finally, in robust control and many practical
applications, the disturbances are usually bounded, and it will be interesting to see

how the knowledge of the boundedness will improve the uncertainty set estimation.

On a side note, this chapter is also related with the ambiguity set estimation for the
transition probabilities in robust Markov decision processes [31]. There are attempts
on improving the ambiguity set estimation based on LSE for less conservative robust
MDP [31].

Set Membership Estimation

Set membership is commonly used in robust control for uncertainty set estimation
[50]-[54], [150]-[152]. There is a long history of research on SME for both
deterministic disturbances, such as [48], [100], [101], [115], [136], [153], and
stochastic disturbances, such as [112]-[115], [118]. For the stochastic disturbances,
both convergence and convergence rate analysis have been investigated under the
persistent excitation (PE) condition. However, the existing convergence rates are
only established for simpler regression problems, y, = 8*x; + w;, where y, and x, are
independent [112]-[115].

Recently, [118] provided an initial attempt to establish the convergence guarantee of
SME for linear dynamical systems x;4; = 8*z, + w, for correlated data x,,1 and z;.
However, [118] assumes that PE holds deterministically, and designs a special control
design based on constrained optimization to satisfy PE deterministically. Therefore,
the convergence for general control design and the convergence rate analysis remain

open questions for correlated data arising from dynamical systems.

In this work, we establish the convergence rate guarantees of SME on linear dynamical
systems under the BMSB conditions in [96]. Compared with [118], BMSB condition
can be satisfied by adding an i.i.d. random noise to a general class of control designs
[109].

Technically, one major challenge of SME analysis compared with the LSE analysis

is that the diameter of the membership set does not have an explicit formula,
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which is in stark contrast with LSE, where the point estimator is the solution to a
quadratic program and has explicit form. A common trick to address this issue in the
analysis of SME is to connect the diameter bound with the values of disturbances
subsequences {wy, }r>0: it can be generally shown that a large diameter indicates
that a long subsequence of disturbances are far away from the boundary of W.
However, existing construction methods of {wy, }¢>0 Will cause the time indices
{sk }x>0 to correlate with the realization of the sequences {x;, u;, w; };>0 [113], [115],
[118].2 Consequently, in the correlated-data scenario and when PE does not hold
deterministically, under the existing construction methods in [113], [115], [118],
the probability of {wy, }x>0 with correlated time indices cannot be bounded by the
probability of the independent sequence {w,};>o. One major technical contribution
of this chapter is to provide a novel construction of {wy, }x>0 based on a sequence of
stopping times and establish conditional independence properties despite correlated
data and stochastic PE condition (BMSB). More details can be found in Lemma 7

and the proof or Lemma 5.

Though we only consider box constraints for wy, it is worth mentioning that SME
can be applied to much more general forms of disturbances. For example, a common
alternative is the ellipsoidal-bounded disturbance where ‘W := {w € R™* : wT Pw <
1} with positive definite P € R™>"x [115], [154]-[156] and polytopic-bounded
disturbance W = {w € R"™ : Gw < h} for positive definite G € R"™*"x and
h € R"* [48], [107], [118]. There are also SME literature assuming bounded energy
of the disturbance sequences [115]. It is an interesting future direction to extend the

analysis in this chapter to more general disturbance constraints.

Further, exact SME involves the intersection of an increasing number of sets, thus
causing the computation complexity increases with time ¢, which can become
prohibitive when ¢ is large. There are many methods trying to reduce the computation
complexity by approximating the membership sets (see e.g., [101], [118], etc.). Itis
an exciting future direction to study the diameter bounds of the approximated SME

methods.

Lastly, it is worthing mentioning that SME can also be applied to the uncertainty set

estimation in perception-based control [157], [158].

°In [118], the correlation between {sy } x>0 and {x;, u;, w; };>0 is via the PE condition, but [118]
assume deterministic PE to avoid this correlation issue.
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4.C Discussion on Assumptions

Assumption 4

The BMSB condition has been widely used in learning-based control. It has
been shown that BMSB can be satisfied in many scenarios. For example, [96],
[120] showed that linear systems with i.i.d. perturbed linear control policies, i.e.,
X+l = Axy + B(Kx; + ;) + w;,'0 satisfy BMSB if the disturbances w; and 5, are
i.i.d. and follow Gaussian distributions with positive definite covariance matrices.
Later, [24] showed that x;,; = Ax; + B(Kx; + ;) + w; can still satisfy BMSB even
for non-Gaussian distributions of w;,n;, as long as w; and 7; have independent
coordinates and finite fourth moments. Recently, [109] extended the results to linear
systems with nonlinear policies, i.e., x;+1 = Ax;+ B(m;(x;) +1;) +w;, and showed that
BMSB still holds as long as the nonlinear policies ; generate bounded trajectories
of states and control inputs, and w;, n; are bounded and follow distributions with
certain anti-concentrated properties (a special case is positive definite covariance

matrix).

Assumption 5

In this subsection, we provide two example distributions, truncated Gaussian and
uniform distributions, and discuss their corresponding ¢g,, (€) functions. It will be
shown that for both distributions below, ¢,,(€) = O(¢).

Lemma 8 (Example of uniform distribution). Consider w; that follows a uniform

€
2Wmax *

distribution on [—wWmax, Wmax|"™*. Then, q,,(€) =

Proof. Since Unif(‘W) is symmetric, we only need to consider one direction j = 1.

. 1
1 2 e[ (2Wmax) "™
Wi+Wmax <€ J W=, w Xe[ Wmamwmax] max
1 €
_ 1 _
= / > Twew)dw' = >
wl<e—wmax “Wmax Wmax
Similarly, P(Wmax — w! < €) = f ——1 dw! = £ O
Y, max B Wl > Wimax—€ 2Wmax - (WEW) 2Wimax *

Lemma 9 (Example of truncated Gaussian distribution). Consider w; follows a trun-

cated Gaussian distribution on [—Wmax, Wmax |~ generated by a Gaussian distribution

. . . 1
with zero mean and o, 1,,. covariance matrix. Then, €) =
< Wiy qW( ) min(\/2_7m'w,2wmax)

lOThough we only describe a static linear policy u, = Kx; here, the results in [24], [96], [120]
hold for dynamic linear policies.

_Wrznax
exp( 202 )e.
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Proof. Since this distribution is symmetric and each coordinate is independent, we
only need to consider one direction j. Let X denote a Gaussian distribution with
zero mean and o2 variance. By the definition of truncated Gaussian distributions,
we have

IP)(_Wmax <X < —Whax + 6)

J < =
P(W + Wmax < 6) P(—Wmax <X < Wmax)

Notice that X /o, follows the standard Gaussian distribution, so we can obtain the
following bounds,

(—Wmax+€) /0w 1 2

Z
P(-Wmax < X < —Wpax + €) = / —exp(——=)dz
™ ™ —Wmax /0w \} 271' 2

eXp(—W2r/ (202)) —
(02

> 1
V2r w

and
Wiax/Tw ] 72
P(~Wmax < X < Wmax) = [Wmax/o—w \/7_” eXp(_E) dz
< min(1, o 2Ymax)

V27T Oy
Therefore, we obtain

P(_Wmax <X < —wWhpax + 6)
P(_Wmax <X< Wmax)

P(Wj + Whax < 6) =

2

1 2 2y € € ~Wmax
> max(——exp(—w o)—, ex
(G P Winan ) s 7 exp(— )
1 _Wrznax
= exp( )
min(V27oy,, 2Wmax) 203
Finally, P(Wmax — w! < €) can be bounded similarly. |

Lemma 10 (Example of uniform distribution on the boundary of ‘W (a generalization
of Rademacher distribution)). Consider w; follows a uniform distribution on {w :

”W”OO = Wmax}- Then qw(e) = i

Proof. Since the hyper-cube {w : ||w||c = Wmax} has 2n, facets, the probability on
each facet is ﬁ Therefore, P(W/ < € — Wimax) = P(W/ = —Wax) = i for all j.

The same applies to P(w/ > —€ + Wax). m]
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4.D Proof of Theorem 12

The section provides more details for the proof of Theorem 12. In particular, we first
provide technical lemmas for set discretization, then prove Lemma 4 and Lemma 5
respectively. The proof of Theorem 12 follows naturally by combining Lemma 4 and

Lemma 5.

Technical Lemmas: Set Discretization
This subsection provide useful technical lemmas for the proofs of Lemma 4 and

Lemma 5. The results are based on a finite-ball covering result that is classical in the
literature [159] [160].

Theorem 16 (Theorem 1.1 and 1.2 in [160] and Theorem 2 in [159] (revised to match
the setting of this chapter)). Consider a closed ball B, (0,1) = {x e R" : ||x|l» < 1}
in I, norm. Considering covering this ball B,,(0, 1) with smaller closed balls B, (z, €)

for z € R". Let v, denote the minimal number of smaller balls needed to cover
B,(0,1). Forn > 1and0 < € < 1/2, we have

1
Ven < 544n>3 log(n/e)(=)"
€

Proof. Theorem 1.1 and 1.2 in [160] and Theorem 2 in [159] discuss the upper
bounds of v, , in several different cases. These upper bounds in these different cases

are unified by the upper bound in the theorem above by algebraic manipulations. O

We apply Theorem 16 to obtain the number of covering balls in the two settings below.

These two settings will be considered in the proofs of Lemma 4 and 5 respectively.

Corollary 16.1. There exists a finite set M" = {A1,...,4,,} € S,_(0,1) such that
forany A € R™ with |||, = 1, there exists A; € M’ such that ||A — ;|| < 2€,.

In the following, we consider €), = crzzp%/(64b§) = 1/ay. Notice that €; < 1/2.
Accordingly,
vy < 54411?5 log(aznz)agz. 4.7)

Proof. €) < 1/64 < 1/2because p, < 1 and o, < b, by the definitions of BMSB
and b. Then, the bound on v, follows from Theorem 16. |

Lemma 11. There exists a finite set M = {y1,...,¥v,} € Sp,xn.(0, 1) such that
for any y € R™*" and ||yl = 1, there exists y; € M such that ||y — vy||r < 2¢,.

Consider €, = —= = 1/ay. Notice that €, < 1/2. Accordingly,

B,

2.5 25 nen
vy < 544n;7n;” log(agneng)a,” .
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Proof. The proof is basically by mapping the matrices to vectors based on matrix
vectorization, then mapping the vectors back to matrices. These two mappings are

isomorphism.

Specifically, consider a closed unit ball in R"*"z.  There exist v, , smaller
closed balls to cover it, denoted by By,...,B,_, , . Consider the non-empty
sets from By N S, ,,(0,1),... By en, N Snen, (0,1). Forany 1 < i < veyop,,
if B; N'S,.,,(0,1) # 0, select a point vec(y) € B; NS, ,.(0,1). Notice that
lvec(¥)|l2 = 1. In this way, we construct a finite sequence {vec(y1),...,vec(yy )}

1
where v, < Ve, nen, -

For any y € Rz we have vec(y) € R""= and ||vec(y)||» = 1. Hence, there exists
1 <i < v, such that vec(y) € B; NS, (0,1). Hence, [[vec(y) — vec(y;)|l2 < 2¢,.
Moreover, ||yillr = |[vec(yi)llo = 1. Therefore, |ly; — yllr < 2€,. So the set

M ={y1,...,yy,} satisfies our requirement. ]

Proof of Lemma 4

Essentially, Lemma 4 shows that PE holds with high probability under the BMSB
condition. This result has been established in Proposition 2.5 in [96], though in a
different form. The rest of this subsection will prove the PE condition needed in this

chapter based on Proposition 2.5 in [96].

Firstly, we review Proposition 2.5 in [96] for the convenience of the reader.

Theorem 17 (Proposition 2.5 in [96] when k = 1). Let {Z,},> be an {F;%}:51-
adapted random process taking values in R. Z is given. If {Z;};>0 is (1,v, p)-BMSB,
then

T
P(Z 72 < v2p*T/8) < exp(~Tp?/8)
t=1

Next, we prove the PE in one segment of data sequence.

Lemma 12 (Probability of PE in one segment). For any m > 1, for any k > 0, we

have
km+m
2.2 2
B( > w2 > (02p?m[16)],, | Fim) 2 1 = viexp(-mp?/8))
t=km+1
'Here, without loss of generality, we consider By N'S,,_,_(0,1),... By, N Snyn. (0,1) are not

empty.
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Proof. Consider M’ = {44, ...,4,,} defined in Corollary 16.1. For any A; € M’,
/liTz, satisfies the (1, o, p,)-BMSB condition. Therefore, by Theorem 17, we have

T
PO A} 2z A < 02p2T/8) < exp(-Tp?/8).

r=1
Notice that the horizon length T is arbitrary and the starting stage ¢ = 1 can also
be different because we consider a time-invariant dynamical system in this chapter.

Therefore, for any m > 1,k > 0, for any A; € M’, we have
m
P(Z /ll-Tzka-Z;mH/l,- < o‘zngm/S | Frm) < exp(—mp%/S),
i=1

where we condition on %%, to make sure zj,, is known under %%,,, which is required
by Theorem 17.

For arbitrary A such that ||1]|, = 1, there exists 4; € M’ such that |1 — A'||> < 2€,.
Therefore, we can bound Y K+ ATz,z[ A by 3 kmetm A7zl 4.

t=km+1 t=km+1
km+m km+m km+m
Z ATz, A= Z ATz, A + Z A+ )T z2] (A= Ap)
t=km+1 t=km+1 t=km+1
km+m km+m
T T 2
2 i Lty 4T i tlip i —
> A; 2z, A 14+ Aill2llzI5]] 4 = All2
t=km+1 t=km+1
(a) km+m km+m
T T 2
> Z A; 22, A — Z 4b7ey
t=km+1 t=km+1
km+m ( km+m
T T 2 T T 2.2
= Z A; 202, i —4beam > Z A 22, 4 — o p;m/16,
t=km+1 t=km+1

where (a) is by Assumption 4, |4 — 4;||> < 2€,, and [|2]|]2 = ||4;]]2 = 1; and (b) is
by choosing €; < o2p?/(64b2).

Therefore, by the definition of positive definiteness and the inequalities above, we

can complete the proof by the following:

km+m km+m
PO Y 2zl > (02p2m/16) ]y, | Fam) =P(V [l =1, > ATz,2] 4> o2p2m/16 | Fam)
t=km+1 t=km+1
km+m
> P(Y1 <i <y, Z ATzl A > a2 p*m/8 | Fim)
t=km+1
v km+m

>1- Y P( > A2z 4 < oZpim/8 | Fim)

i=1 t=km+1
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> 1 = vaexp(-mp2/8)),

which completes the proof. O
Now, we are ready for the proof of Lemma 4.

Proof of Lemma 4. Recall that &, = {% zg”:l zkmﬂzzmﬂ > a%lnz, VO < k <

[T/m] — 1}, where a; = o, p./4. Hence

T/m-1 km+m

& = ﬂ Z z,th > (O'ZZpgm/16)Inz}.
k=0 t=km+l

Therefore,

T/m-1 km+m

P(&)>1- Y PB( > 7z <(alpim/16)I,)

k=0 t=km+1

T
>1-—v exp(—mpg/S)
m

T n
1- E(544n§'5 log(azn;)as®) exp(—mp%/S),

where we use Lemma 12 and the fact that if P(Zf:"};n”frl 2z < (02pim/16)1,, |

Fim) < vaexp(-mp2/8)), thenP(TI" 2,27 < (a2pim/16)1,,) < vyexp(-mp?[8)).
o

Proof of Lemma 5

This proof takes four major steps:

(1) Define b, jis, Li k.

(i1) Provide a formal definition of &;  based on b;, ji;, L; x and prove a formal

version of Lemma 6.
(iii) Prove Lemma 7.

(iv) Prove Lemma 5 by the formal version of Lemma 6 and Lemma 7.

It is worth mentioning that the formal definition of &;  is slightly different from the
definition in Lemma 6, but we still have P(E; N &y) < Zivzyl P(&E1x N &), which is
the key property that will be used in the proof of Lemma 5.
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Step (i): definitions of b;, j;, L k.

Recall the discretization of S, x,, (0,1) in Lemma 11, which generates the set
M = {y,. ..,*yvy}. We are going to define b;, ji, Lix for yv; € M for each

1 <i <v,. Notice that M is a deterministic set of matrices.

Lemma 13 (Definition of b;;, ji;). For any y; € M, any 0 < t < T, there exist
biy e {-1,1} and 1 < j;, < ny such that b;;, ji;, € F(2;) € F; and

||y12t||m = bi,l(yiz;)ji’t,

Note that one way to determine b;, j;, from z; is by the following: first pick the
smallest j such that |(y;z;)/| = ||7iz|le» then let b;; = sgn((y;z;)7), where sgn(-)

denotes the sign of a scalar argument.

Proof. Forany y; € M, any 0 <t < T, we have

iz = max max b(v;z) .
lvizelloo 155, be i) (vizs)

Hence, there exist b;, j;, such that ||y;z||c = bis(yiz,)/**. Further, b;,, j;, only

depend on y; and z;, so they are ¥ (z;)-measurable, and ¥ (z;) C 7. O
Lemma 14 (Definition of stopping times L; ;). Let n = \7717 For any y; € M, any

0 <k <T/m—1, we can define a random time index 1 < L;x < m+ 1 by
Lix =min(m+1,min{l > 1 : ||v;zxmuillo = 7}).

Then, we have 1 < L;y < m + 1. Further, forany 1 <1 < m, {L;x =1} € Fim+1,
and {L;y = m+ 1} € Frmem S Fhmem+1- In other words, L; i is a stopping time with
respect to filtration { Fym+1}i>1.

Proof. For any i and any k, it is straightforward to see that L, ; is well-defined and

1<Lix <m+1.

When L;x = [ < m, this is equivalent with ||y;zgm+illc = 77 bUt ||vizem+sll < 1
for 1 < s < [. Notice that this event is only determined by Zu+is - - - » Zkm+1, SO
{Lix =1} € Famu-

When L; ; = m + 1, this is equivalent with ||y;zkm+s|| < 17 for 1 < s < m. Notice that

this event is only determined by Zismms - - - » Zkm+1> SO {Lix = m + 1} € Frmsm.

Therefore, by definition, L; ; is a stopping time with respect to filtration {F+1}1>1-
O
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Step (ii): a formal version of Lemma 6 and its proof

Lemma 15 (Discretization of &; N &; (Formal version of Lemma 6)). Let M =

{y1,-- ., 7, } be an €,-net of {y : ||lyllr = 1} as defined in Lemma 11, where

-~ x 4b
€ = mln(4b R 1), vy = O(n)%jn%j)az " and ay = Z—‘l/_ Define
Jikm+L; ao
Sri={3y elr, st bigmeri (YZkmer,, )"k 2 , Vk > 0}.
4\/ﬁx

Then, we have

Vy
P(EIN&Ey) < Z P(E1; N &Ey).

i=1

The rest of this subsubsection is dedicated to the proof of Lemma 15. As an
overview: firstly, we will discuss the implications of &, on y; € M. Then, we
discuss the implications of &; on any y. Lastly, we prove Lemma 15 by combining

the implications of &, on any vy and ||y||r = 6/2.

Lemma 16 (The implication of &, on y;). If &, happens, then for any y; € M, any
0<k <T/m-1, we have

f}lax ||'}/lem+s||00 2 T
Therefore, almost surely, we have 1 < L; x < m and

i al
Ji,km+L;
bi,km+Li,k (7ika+L,>,k) ALk Z — .

Vi,

Proof. 1f &, happens, then by definition, we have

2
- Z ka+5zkm+s za In >
s=1

forall0 <k <T/m—1.

Now, for any y; € M, we have that
! § 2
" - YiZkmesZamesYi = A1YiYS - (4.8)

Therefore, by taking trace at each side of (4.8), we obtain

- Ztr(YIka+5ka+syl ) 2a tr(ylyl ) . (4'9)
s—l
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Since y; € Sy xn,(0,1), we have ||yllr = 1, so tr(y;y) = te(y i) = llyill% = 1.
Further, we have

2
tr()/izkaZZmH’y;—) = tr(z;(rm+s7i—r7izkm+s) = szﬂ)’l-T)’ikaH = ||7izkm+s”2-
Consequently, we have
1< 2 2
- E ||7izkm+s||2 2 aj
m
s=1
for all k.

By the pigeonhole principle, we have that

max ||yizemssll; > ai.
1<s<m

This is equivalent with max|<g<m ||ViZkmssll2 = ai.

Notice that [|Yizkm+sllz < VicllVizomeslloo, 80 Maxi<sam VAxlYVizkmesllo = ar,
which completes the proof of the first inequality in the lemma statement.

Next, we prove the second inequality in the lemma statement. Notice that by

the definition of L;; in Lemma 14 and by n = \77‘_, we have 1 < L;; < m and
aj

|Yizkmer i lleo 2 Wi for all k. Further, by Lemma 13, we have ||Vizkm+r, ;|leo =

Jikm+L
bikm+rix (ViZkmsr,, )" ™
aj

\Z

, which completes the proof.

m]
Lemma 17 (The implication of &, on yz;). If & happens, then for any y € R,
there exists 1 <i < v,, such that

aj

2,

bikmsLy s (YZhmers ) P ik > Iyl
forall0 <k <T/m—1.

Proof. Firstly, when y = 0, the inequality holds because both sides are 0.

Next, when y # 0, it suffices to prove bi,km%i,k(”y#gkm%i’k)/tkm%i,k > 2‘“/1% )
X

Therefore, we will only consider y € S,,XXnZ(O, 1). By Lemma 11, there exists

¥i € M such that ||y — yillr < 2¢, = min(zb“\l/ﬁ ,2). Notice that by Lemma 16, if

&, happens, for all k, we have

)ji,km+Li’k >

ai
= \/ﬁx.

bi,km+L,-,k (7ika+Lz,k

i.k almost surely. Hence, we have b; gmar. . (ViZimar, , ) K"tk
5 ik i,k

>
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Therefore,
bl’,km+Li’k (’)/ka+Li,k)Ji’km+Li’k = bi,km+L,~,k (’)/l'ka+Li,k)]i’km+Li’k
- bi,km+Li,k ((71' - V)ka+Li,k)]i’km+Li’k
ag i .
> — = |bikmr,, ((vi — Y)ka+Li,k)jl’km+Ll’k
Vn,
ai
> — = |(¥i = V) zkm+Li i I2
Vn,
ai
> — = |lvi = vll2llzkm+r; i 12
Vn,
aj a
> — —26,b; > ——.
Vi, 2+/n,

O

Proof of Lemma 15. By Lemma 17, under &;, for any y € R""z  there exists
I <i <v,,such that

)Jz Jkm+Lj

bl Jkm+L; i (')/ka+Ll k

2\/_
forall 0 < k < T/m — 1. Therefore, if &; N E; happens, there exists y € ['r and a
corresponding #, such that

i,km+ a16
bikmeLs s (YZhmers ) P ik > Tll?’llF SN
Therefore,
Vy Vy
P& N &) <P(| J&1,n&E) < ) P(ELiNEY,
i=1 i=1
which completes the proof. O

Proof of Lemma 7

Notice that Lemma 7 states two inequalities: in the following, we will first prove the
first inequality P(E1,; N &) < P(OT/'" !

P(Gz k | ﬂk,__loG, k’ )

G, ), then prove the second inequality on

Lemma 18 (Bound &;; N & by G; ). Under the conditions in Lemma 7, for any

1 <i<v,, wehave
T/m-1
P(E1,NE) <P([ ) Gip.
k=0
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Proof. Firstly, for any y € I'7, we have |[|[w; — ¥Z||co £ Wmax for all # > 0. This
suggests that, for any 1 < j < n,, we have

~Wmax < W{ - ('}’Zt)j < Wmax-

Hence, we have b(yz;)/ < bw{ + Wmax forany b € {-1,1}, 1 < j <ny,and t > 0.

a;d
do/n,

Next, by &1, there exists y € I'7 such that b; k4L, , ()/ka+Li,k)ji’k'”+L"’k > for

JL km+L a16

km+Li o Winax > P for all k.

all k > 0. Therefore, b; gm+r; W

. . . Jikm+L; P
Finally, &1 ;nE; implies that b kL, x Wipor ’k+wmax > 4”3_ and L o D) Zhmts Ly =

a%lnZ for all k, which is (), G; x by the deﬁmtlon of G .

O

Lemma 19 (Bound on P(G; x | ﬂk ! 0Gix)). Under the conditions in Lemma 7, for

any 1 <i <v,andanyk >0, we have

k—1
a15
P(G G <1-
<,k|kﬁo ix) G W})

. . 1 m T 2
Proof. Firstly, notice that when - 3" | Zxm+s2 imes = @1In., wehave 1 < Ly <m

by the proof of Lemma 16. Therefore, we have

k-1 k-1
Jikm+Ly ao
P(Gik | | |Giw) < P(bjkmer; W FWmax = ——=, 1 < Lix <m || |Gix)
km+L; k 4\/11_
k=0 X k=0
m ard k-1
Jikm+l 1
< Zp(bl km+l""'klm:,_7r + Wmax = W,Li’k =1 | ﬂ Gi,k’)
lzl X k’=0

M=

a16 ~ ~
P byt W ™+ Winax 2 ~—— | L = 1, ﬂ Gix)P(Lix =1 ﬂ Gix)
" 4‘/”_’6 k=0 k=0

—
I

1

< (1- g2 >>ZP<L i=1 ﬂle,

a15
<1-
Gw \/ﬁx)
The inequality (c) is proved in the following:
a1(5 ﬁ
P(b;, km+lwil k:_n;l + Wmax 2 | Lix =1, Gix)
" Ay k’=0

k=1

_ P(b Jikm+l > (115 _ L = G d

= (Bikmutwi )7+ Winax > T WOkl = Voskm+d | Lix =1, ik )AVo:kme1
VO:km+ V7ix k’=0
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015
= / P(b;, km+lW;;nf:71 + Wmax 2 4 | Wokm+! = Vokm+1)
VO:km+l ESkm+l Vix
k-1
XP(Wo:km+t = Vokmat | Lik =1, ﬂ Gk )AVokme+i
k'=0
k-1
015
(1 - Clw( ) P(Wo.km+1 = Vokm+t | Lix =1, ﬂ Gk )AVoikm+1
‘/_ VO:km+1 ESkm+l k’=0
a15
=1-qw(——),
4n,
where we define a shorthand notation wo.xm+; = (Wo, ..., Wkmsi—1), and we use

vo-km+l to denote a realization of wq.r,4;, then we define the set of values of
Wo:km+l S Skm+1 such that L;x = [, ﬂ],z,;lo G, holds. Notice that L;; = [ can
be determined by a set of values of wo.x,,4; because L;x is a stopping time of
{Fim+1}1>1 and thus {L;x = [} € Fims- The inequality (b) above is because
of the following: firstly, notice that b; xm+1, Jikm+l € Fhm+is SO bikm+ls Jikm+l are
deterministic values when wo.km+1 = Vo:km+1. Further, since wy,,4; is independent
of Wo.km+1, We have P(w,,qr + bwimﬁ > € | Wokm+l = Vokm+1) < 1 — qyw(€)

for any deterministic b, j and any € > 0 by Assumption 5. Hence, we have

Jikm+l ao
P(Digm+1wi ) + Wmax > 4\/— | Wodm+1 = Vorkmst) < 1= qw(z3-)- 0

Proof of Lemma 5
The proof is by leveraging Lemma 15 and Lemma 7.
Vy
P(EINEy) < Z P(Sl,i N &)

i=1
Vy T/m—l

<> B([) G
i=1 k=0
T/m-2

Vy
=ZP<G,-,0>P<GL-,1|G,-,o>---P(Gl~,T/m_1| () Giw)
i k=0

< Z(l — (22 oy

" 1)
< 544n2 5nzslog(cunxnz)a (L = gqw( 4

T/m
4%)) '
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A More Precise Upper Bound for Theorem 12

By the proof of Lemma 4 and Lemma 5 above, we have

T
P(diam(@r) > &) <544—n2" log(asn;)ay® exp(—azm)
m

+ 544n§'5n§'5 log(a4nxnz)azznx(1 - qw

a
4.10

I

4.E Proof of Corollary 12.1

The proof involves two parts. Firstly, we will show that Term 1 < € under our choice

of m. Secondly, we will let Term 2 = ¢, then we will show ¢ < o (n}fn%/ T), which

completes the proof.

Step 1: show Term1 < e. Notice that when m > %(log(g) + n;log(ay) +
2.5log(n;)+loglog(asn;)+7) = O(n +log T+log(1/€)), we have T0~(n%'5)agZ exp(—aszm) <

€. Since m > 1, we obtain Term 1 < e.

Step 2: let Term 2 = € and show 6 < O(n!°n2/T). Let Term2 = e, then

we have (1 — g, (55 alé ))T/m = =—~— <. Then, we obtain (1 — g, (5 al6 )) =
O(ny7nz)a, =
m/T
(W) , which is equivalent with
x Nz 4
/T
a15 ) = € "
4\/_ O(nx ng S)an"nZ .

When ¢, (5 ‘”5 ) O(; “‘5 ) we obtain

m/T
44/n €
§=0(—=)|1-|= 25,25 Nz
ai O(ny”nz>)a,
m/T
_4\/ﬁx € /
aj 5(n%.5n§.5)a2xnz
4
= \/_ )(log(1/€) + nyn; +log(nyn;))
B nlS 2
=0|-= I .
T

Step 3: prove Corollary 12 1. By leveraging the bounds above and Theorem 12, we
have P(diam(®7) < O ( )) > P(diam(®7) < 6) > 1 - 2e.

Since 68* € @7 by definition, for any 67 € ©r, we have ||6r — 6*|| < diam(O7) <

=~ n1'5n2 . oy
o (%) with probability at least 1 — 2e.
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4.F Proof of Corollary 12.2

We provide a formal version of Corollary 12.2 and its proof below.

Corollary 17.1 (Convergence rate when B* = 0 (formal version)). When A* is
(k, p)-stable, i.e., ||(A*)||l2 < k(1 = p)! for all t with p < 1, for any m > 0 and any
0 >0, whenT > m, we have

T ~ ~ 0
P(diam(A7) > §) < =0 (n>%)a"™ exp(=asm) + O(nd)al} (1 = gy (—=)) 7/
m 4q/n,
where b, = kllxoll2 + kynx/p, px = 1/192, 0 = \Amin(Zy) /2, a1 = B, ay =
64Wmax _ p%\* _ 4bx\/a
0'/3[7% ) a3 - ?, a4 - T'

Consequently, when the distribution of w, satisfies q,,(€) = O(¢€), e.g. uniform or

truncated Gaussian, we have ||§— O < o (n33/T).

The proof of Corollary 12.2 is exactly the same as the proofs of Theorem 12 and
Corollary 12.1. When A* is stable, we can show that ||x;||, < b, for all ¢. Further,
by [24], the sequence {x;},>( satisfies the (1, o, p,)-BMSB condition. Therefore,

we complete the proof.

4.G Proof of Theorem 13

Specifically, we define €y = %(Wmax — Wmax)-

The proof is similar to the proof of Theorem 12. Firstly, we define ['r as a translation
of the set @T:

t—1

L= 1 Iws = v2slleo < B}, V120, 4.11)
s=0

Notice that

@T =0* + f T
by considering y = 6 — 6*. Therefore, we can upper bound our goal event
{diam(@)r) > 0§ + €o} by the event &3 defined below.

0+ €

P(diam(©7) > & + €) < P(E3), where &; := 3y ey, st Iyllr = 5

}
(4.12)
Next, notice that
P(diam(@7) > 6 + &) < P(E3) < P(E; N &) + P(ES) .

By Lemma 4, we have already shown P(&7) < Term 1. So we only need to discuss
P(E3 N &Ey).
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Lemma 20.
P(E3N&Ey) < Term 2

Proof. Firstly, define

ag (5 + E())
4,

We have P(E3 N &) < Z:l P(&3,; N &) based on the same proof ideas of Lemma
15.

&= {Fy € Ty St bipmers  (YZmer, )"k > , Vk >0}

Next, we will show that

T/m-1

Pr(&3x N &) <P( () Gix). (4.13)
k=0

This is because for any y € Tr, we have b(yz)! < bw{ + Wmax for any b €
{-1,1}, 1 < j < ny, and t > 0. By &z, there exists y € fT such that

i,k . a)(6+€p) Jikm+L; p,
bi,km+L,»,k()’ka+Li,k)]’ mrlif > 1\/_ for all k > 0. Thus, b; km+r,, km+L,lk
-~ ay(6+€p) . . . . Ji, km+L; i
Wmax 2~ 5= \/_ for all k. Notice that this is equivalent with b; g+, W km+Ly g

Wmax = 3 \/_ for all £ because €y = 4;/’7
(4.13).

— Wmax). In this way, we can prove

Finally, we can complete the proof by the following:

v‘y T/m 1

P(E3N &) < ZP(&m&) < ZP( ﬂ Gix)
=1

T/m-2

= ZP(Gi,O)P(Gi,l | Gio) - P(Gir/m-1 | m Gix)
i=1 k=0

Vy

SZ(I—qW(—)) <Term 1,
i=1 4n,,

where the second last inequality is by Lemma 19 and the last inequality uses the

definition of v,, in Lemma 11. O

4.H Proofs of Theorem 14, Corollary 14.1, and Theorem 15

This section provides proofs of the main results related to the SME with unknown
Wmax as discussed in section 4.3. Namely, Theorem 14 and Corollary 14.1 provide the
rate of convergence of the estimator WI(IQX defined in (4.4) to wax, and Theorem 15
states the rate of convergence of UCB-SME algorithm introduced in (4.5).
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For ease of notation, we introduce the following function indexed by the time horizon
T >0,

Wr:0— max |[x41 — 02 co- (4.14)
0<t<T-1

The estimator WEQX is simply the infimum of this function, i.e., WI(QX = infy Wr(6).
Proof of Theorem 14

The proof of Theorem 14 involves two steps:

» Step 1: We demonstrate that the learning error of wp,,x incurred by the estimator
vT/r(QX is governed by the diameter of the uncertainty set ®7 and the minimum

learning error achievable if 6 were known.

» Step 2: We then provide an upper bound the probability of learning error
exceeding a fixed threshold.

Before we proceed with the proof of Theorem 14, we present the the following

technical lemma.

Lemma 21. Consider the sequence of functions {Wr}rso defined in (4.14). The
following holds:

i. Wr is convex in R"*"z,

ii. The sequence {infg Wr(0)}rs0 is bounded and monotonically non-decreasing,
ie.,

forall T > 0,

iii. Wr attains its minimum in Or, i.e., arg min, Wr(60) C Or.

Proof. (i.) For 0 <t < T — 1, the function 6 — ||x;11 — 6z||e is convex due
to convexity of norms. Since the maximum of convex functions is convex [161],
convexity of Wr follows.

(ii.) Notice that Wy, can be defined in terms of Wy recursively as Wy, (0) =
max (Wr(0), ||xr+1 — 027||c0). Thus, Wr(0) < Wry1(0) for all 6 € R"*"= implying
monotonicity of {infy Wr(6)}r-0. To see boundedness, first notice that

WT(Q*) = max ||xt+1 - G*Zt”oo = max ”Wt”oo < Wmax,
0<t<T-1 0<t<T-1
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since x;4+1 = 0%z, + w;. Therefore, for any T > 0, we have that

inf Wr(6) =inf max |[|x41 — 0%l < max |[[x41 — H*Zt“oo < Wmax
6 6 0<t<T-1 0<r<T-1

(iii.) First, we show that Wy attains its minimum on R"*"z, If z, = O for ¢t € [T], then
Wr is a constant function and any 6 € R"™>*"z is a minimum of W7. Now, suppose
z; # 0 for some ¢t € [T]. Then, Wy diverges at the infinity, i.e., limg o W7(60y) = oo
for any sequence {6y }xen such that ||6;|| — oo as k — oo. Since Wy is convex and
bounded below with finite infimum, there exists a global minimizer O € RXn=
such that Wr(07) = infg Wr(0) = WI(QX. Furthermore, by (i), we have that
1Xr4+1—072¢]|c0 < Wmax forall¢ € [T] and any global minimizer 7 € arg min, Wr(6),
hence 67 € O by definition. m]

Step 1 of the proof of Theorem 14: We first show that the error margin of the
estimate WI(QX from wp,x is governed by the sum of two factors: (i) the diameter of
Or, which arises due to the lack of knowledge of 6%, and (ii) the minimum learning

error achievable if * were known, namely

0 < Winax — WL < b, diam(Or) + Wimax — max  [|[wyllco. (4.15)
0<t<T-1

First, 0 < wpax — WEQX is simply due to Lemma 21. Next, we prove the second
inequality wax — WE,QX < b, diam(0O7) + Wax — MaXp<;<7-1 ||We]|lo- By Lemma 21,

there exists 07 € ®7 such that Wr(07) = wpax and

Wmax = Max ||xt+1 - G_TZIHOO,

0<1<T-1

= max |lx41 — 6%z + (6" = 7)o
0<1<T-1

> max —9* 6 -0

T 0<i<T-1 (Ibrees Zlleo = II( ) zillo) -

where the inequality is due to reverse triangle inequality. Furthermore, by using
the equivalence of £, and £, norms, i.e., ||x||2 < ||x||e for x € R™, we bound wax

further below by

\%

max Xin1 — OF —(6* = &
Jmax (e = 02l = 16" = )zl

Wmax

> max (|lx1 — 6% zlleo = 16% = Orll2llze]l2)
0<t<T-1

> max ||w¢|lec — b, diam(®7),
0<t<T-1
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where the second inequality is due to ||6* — 07|, := sup_, 1€ ”—Zﬂz)zllz < I ”Z?ﬁz)z’nz
and the third inequality follows from the assumption ||z;||» < b, the equivalence
of Frobenius and spectral norms ||6* — 67||» < ||6* — 6r||r, and 6*,0r € Or.

Consequently,

T .
Wanas =~ Wing < Wanax = Maxwelloo + b diam(©r).

This completes the proof of the first step. O

Step 2 of the proof of Theorem 14: Using the learning error bound in (4.15), we
obtain an upper bound on the probability of learning error exceeding a fixed 6 > 0 as

shown below
_(T) o 0
P(Wmax — Whax > 5) ST +Th|—|+T5(=], (416)
2b, 2
where Ts(6) = (1 — ¢, (8)).
First, using the the fact that {w, tT:‘ol are iid, we show that

P{wmax — OmaY)’( [IWilloo > 5) IP)(Wmax -0 > |Willo, VO <t <T ~ 1)’

P(Wmax -6 > ”Wt”OO)

P(Wmax -0 > th),

< (1-gw(9)",

where the first inequality is due to w! < ||w;|| and the second inequality is from

e

Assumption 5. Finally, we obtain the desired convergence rate using the error bound
in (4.15) as follows:

P(Wmax — vT/I(Qx >0) < P[b,diam(Or) + wmax — max ||[w|lec > 5)
0<1<T-1

<P|b,diam(O7) > §/2 or wpax — max ||[wy]le > 6/2)
0<t<T-1

)
< P|diam(®7) > E) +IP>(wmaX 0max [Iwelleo > 5/2)

Z

0
<T1+T2(2b

where the last inequality is by Theorem 12.

) +T5(5/2).

This completes the second and the last step of the proof. O
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Proof of Corollary 14.1
First, by the proof of Corollary 12.1 in section 4.E, we have that T = %5 (n22) agz exp(—azm) <

€ whenever m > O (n;+log T +log l).

Next, we show Ts5(87/2) < T2(2T ). Since b, > o, by the definition of BMSB, we

have

a|or 6T 6115T
Syn.b. < <L. Since g,,(+) is anon-decreasing function, we have 1—¢,, ( Sy ) >

1- qw(67) Notlce thatm > 1, and the constant factors in front of the (1—g,,(-)) r(T/ m)]
in T, is also larger than 1. Consequently, TZ(ZT ) = Ts5(6/2). Therefore, the choice

of 67 for the second term T, also guarantees Ts5(d7/2) < €.

Therefore, it suffices to ensure TZ(sz ) < €. Notice that, when ’ij = 2Wmax, then

TZ(ZT ) =0 < ¢, so there exists o7 such that T2(2 ) <e.

Next, we will show that there exists such 67 that diminishes to zero as T goes to

infinity. Notice that we need

1/[T[m]
( a0t )< €

" \8boyny) T O ((nxnz)25a™) ,

so that [T
( aor ) €

8b ity O((nyn:)>5ay™) ’

where the right hand side converges to zero as 7 — oo.

Now, consider 6(k) = 1/k. Since g,, (g’[;é\(/];_)) > 0, there exists a large enough T}

for any k > O such that for any 7' > T}, we have that

(alé(k)) > 71—
\8b iy ) T

Furthermore, for any 7 > 0, we can define

€

O((neny)*3a™)

)1/ka/'111

5 o(k), ifTy <T < Ty, fork >0,
T =
2Wmax, T <Tj.

In this way, 07 satisfies Tz(fTTZ) <eand 6y —» 0asT — +co.

Finally, using the proof of Corollary 12.1, we can show that there exists Z‘STT =

0~(n}c'5n§/T) such that TZ(;TTZ) < € whenever ¢,,(6) = O(d). This implies o7
O(nl*n?/T) and completes the proof. O
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Proof of Theorem 15
We first show that the unknown 6* is a member of USC-SME uncertainty set @);Cb
with high probability. By Theorem 14, Corollary 14.1, and the definition in (4.5),

we have

P(Wmax > WEIQX =P(Wmax — WEQX > 0r) < 3¢,

which implies 1 — 3€ < P(Wpax < ;V\I(IQX) < P(6* € @%cb).

Next, we show that the diameter of the UCB-SME uncertainty set is controlled by

or with high probability. Notice that @;Cb C O (Wmax + 07) because wﬁQX < Wmax-

Therefore, by Theorem 13, the following holds for any constant r > O:

P(diam(@%‘:b) > 1+ asyno7) < P(diam(Or(Wmax + 7)) > 1 + as\nyor),
< Ty +Th(r).

Let r = §7, then, using the inequality T, (d7) < T»(d7/2b;), we have that

P(diam (%) > 67 + as\nyor) < P(diam(Or (Wmax + 67)) > 67 + as\iz67),

< 2e.
Therefore, with probability 1 — 2¢, the diameter of @%Cb is bounded above by

diam(O8P) < 67 + asynyor = O(Vnzor).

Finally, we can verify that the event {diam(@‘}Cb) < 01 + asn 01 = O(\nyor)}
and the event {0* € @;Cb} simultaneously happen with probability at least 1 — 3¢ as

follows:
P (9* ¢ Or(WiL), or diam(Or (Wmax +67)) > 67 + 05\/71_x5T)

<P (wmax—o max lwilleo = 67/2, or diam(®r) > 67/2b,, or diam(@T(wmax +0r)) > Sr+as\nyor
<t<T-

Vy
<e+P(&)+ Z P
i=1

M Gi,k(mian/zbz,csT)))
k
< 3e.

The third inequality follows from

* the proof of Theorem 14 in section 4.H,

¢ Theorem 13,
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* the fact that the probabilties P(diam(®r) > 67/2b,) and P(diam(@r(wmax +
01)) > 01 + as+/nd7) are bounded by the same events &,

e and Gi,k((ST),Gi,k(éT/2bZ) - Gi,k(min(6T/2bZ,5T)), where G,',k(&) is de-
fined in Lemma 7 as a function of é.

This completes the proof. O

4.1 Simulation Details
This section provides the details on the simulation experiments, along with some addi-
tional results. The code for replicating the presented results can be found in the github

repository: https://github.com/jy-cds/non-asymptotic-set-membership.

Baseline: LSE Confidence Regions

In all our experiments, we use the 90% confidence region of the LSE as the baseline
uncertainty set. The diameters of LSE’s confidence regions are computed by taking
minimum of the formulas provided in the following two papers: Lemma E.3 in
[59] and Theorem 1 in [60]. To apply Theorem 1 in [60], we used regularization
parameter 4 = 0.1, 6 = 0.1 for 90% confidence, S = m variance proxy
L =1 for truncated Gaussian distribution and L = 4/3 for uniform distribution.

To determine the parameters in Lemma E.3 of [59], we approximately optimize the
projection matrix P in Lemma E.3 as follows. First, we consider an orthogonal
transformation of the empirical covariance matrix A = Zth | 22, WithA=GMGT
where G is unitary. This transforms the event & in Lemma E.3 to M > 4,Py +
A2(I — Py), where GPyG " = P. We select Py as a block matrix [[/,, 0], [0, 0]],

then optimize over the block size p in search of the tightest LSE confidence bound.

Figure 4.1: SME and LSE Uncertainty Set Visualization

In this experiment, we consider x;4; = A*x; + B*u; + w;, where A* = 0.8 and
B* = 1 are unknown. w; ~ TrunGauss(0, o, [~Wmax> Wmax]) 1 1.i.d. and u; ~
TrunGauss(0, 07, [~Umax»> Umax]) are also i.i.d generated, where o, = o, = 0.5,
and Wmax = Umax = 1. We compare SME that knows wpa.x = 1 and LSE’s 90%

confidence region computed based on Section 4.1.

Figure 4.2
In this experiment, we consider the the linearized longitudinal flight control dynamics

of Boeing 747 [17], [130] with i.i.d. bounded inputs and disturbances sampled from
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truncated Gaussian and uniform distribution. The dynamics is x;4+1 = A*x;+B*u;+w;
with

099 0.03 -0.02 -0.32 0.01 0.99
001 047 47 0 |-3.44 1.66
~10.02 -0.06 0.4 0 ~|-0.83 0.44|°

0.01 -0.04 0.72 0.9 ~0.47 0.25

Disturbances are sampled from TrunGauss (0, /, [ —Wmax, Wmax]*) and Unif ([ —wmax, Wimax]*),
while control inputs are samples from TrunGauss(0, 7, [-Wmax, wmax]z) in both dis-
turbance settings, with wn,x = 2. To compute the UCB for SME using (4.5), we
heuristically define 67 = 8 M, where n, =4 and n; = 6 are the system
dimension, while  is a tunable parameter. This definition matches the dimension
and time order of the theoretical analysis in Corollary 14.1. In both experiments of

Figure 4.2, we fix § = 0.01.

In Figure 2(a)-(b), we plot SME with accurate and conservative bounds of wpx,
UCB-SME, and LSE’s 90% confidence regions computed by Section 4.1. We use
10 different seeds to generate the disturbance sequences for each plot, and use the

shaded region to denote 1 standard deviation from the mean (colored lines).

Figure 4.3

In this experiment, we consider autonomous systems of the form x,.1 = A*x; + w;,
where A* € R"~ is randomly sampled and its spectral radius is normalized to be
0.9. We simulate SME and LSE for n, = 5, 10, 15, 20, 25. The disturbances are
sampled from TrunGauss(0, 7, [—Wmax, Wmax]™*) as well as Unif([—Wmax, Wmax]™)
with wyax = 2. This simulation is run on 10 random seeds and the total length of the
simulation is set to be 7 = 1000 across all n, experiments. The mean is plotted as

solid lines and the shaded regions denote 1 standard deviation from the mean.

Though SME’s theoretical bound with respect to the dimension is o (nl3 n%) from
Corollary 12.2, which is much worse than LSE’s bound, it is not reflected in Figure 4.3.
Therefore, it is promising that the dimension scaling in the analysis in Section 4.3

can be further tightened. We leave this for future work.

Figure 4.4

To illustrate the quantitative impact of using SME for adaptive tube-based robust
MPC, we study tube-based robust MPC for a system x;. = A*x; + B*u, + w;
with nominal system A* = 1.2, B* = 0.9 with an initial model uncertainty set
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O = [1,1.2] x [0.9,1.1]. We use the basic tube-based robust MPC method
[131], [132] and parameterize the control policy as u; = Kxj + vg + 1, where
K = —1, v is determined by the tube-based robust MPC algorithm, and 7y is a
bounded exploration injection with 7, ~ Unif([-0.01,0.01]). The disturbance wy
has a known bound of wp,,x = 0.1 and is generated to be i.i.d. Unif([-0.1,0.1]).
The horizon of the tube-based robust MPC is set to be 5. The state and input
constraints are such that x; € [-10,10] and u; € [-10,10] for all kK > 0. We
consider the task of constrained LQ tracking problem with a time-varying cost
function ¢; := (x; — g;) " O (x;—g&:) + u; Ru, where the target trajectory is generated
as g; = 8sin(z/20).

We compare the performance of an adaptive tube-based robust MPC controller that
uses the SME for uncertainty set estimation against one that uses the LSE 90%
confidence region (LSE). For better visualization of the trajectory difference as a
result of different estimation methods, we used the minimum of the the dominant
factors in Dean, Mania, Matni, et al. [58, equation C.12] and the LSE 90% confidence
region for the LSE uncertainty set. We also plot the offline optimal RMPC controller,
i.e., the controller that has knowledge of the true underlying system parameters
(OPT).

Since the controller has to robustly satisfy constraints against the worst-case model
in the uncertainty set, smaller uncertainty set for the tube-based robust MPC means
more optimal trajectories can be computed. This observation is consistent with the

extensive empirical results in the control literature [49], [117], [118].
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Chapter 5

ONLINE ADVERSARIAL STABILIZATION OF UNKNOWN
TIME-VARYING SYSTEMS

In the previous chapter, we introduced SME, an uncertainty set estimation method.
We demonstrated that for linear control dynamical systems, the uncertainty sets
generated by SME converge linearly (with respect to the number of samples) to the
true model under stochastic perturbations. Importantly, even when the stochastic
assumptions in Chapter 4 fail to hold, SME still guarantees that the uncertainty sets
contain the true model, provided we have an upper bound on the disturbances. This
makes SME an ideal method for estimating uncertainty sets in both stochastic and

non-stochastic settings when perturbations are bounded.

Recall that in Chapter 1 (Figure 1.1), we introduced a learning-based control
framework that leverages SME uncertainty sets to integrate learning algorithms with
model-based control design. Thanks to the robustness of SME as discussed above,
the framework can be used to guarantee safety of the closed loop system despite

learning under potentially adversarial disturbances.

In this chapter, we will study the canonical problem of online stabilization of
unknown linear time-varying (LTV) system under bounded non-stochastic (potentially
adversarial) disturbances. The study of LTV systems are crucial for CPS such as
sustainable energy systems. For instance, as power systems continue to adopt more
renewable energy supply, the system dynamics for frequency regulation will become
time-varying due to the intermittency of the renewables. Moreover, LTV system
can be used to approximate practical applications where system dynamics are often

nonlinear.

To address this, we instantiate the framework introduced in Chapter 1 and propose a
novel algorithm based on convex body chasing (CBC), an online learning technique,
and classical linear qudratic regulator (LQR) control. Assuming infrequently
changing or slowly drifting dynamics, our algorithm guarantees bounded-input-
bounded-output stability for the unknown LTV system. Our approach avoids system
identification and requires minimal disturbance assumptions. This chapter is based

on the following paper:
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[1] J. Yu, V. Gupta, and A. Wierman, “Online adversarial stabilization of
unknown linear time-varying systems,” 2023 62nd IEEE Conference on De-
cision and Control (CDC), pp. 8320-8327, 2023. por: 10.1109/CDC49753.
2023.1038384.

5.1 Introduction

Learning-based control of linear-time invariant (LTI) systems in the context of
linear quadratic regulators (LQR) has seen considerable progress. However, many
real-world systems are time-varying in nature. For example, the grid topology in
power systems can change over time due to manual operations or unpredictable line
failures [66]. Therefore, there is increasing recent interest in extending learning-based
control of LTI systems to the linear time-varying (LTV) setting [162]-[166].

LTV systems are widely used to approximate and model real-world dynamical
systems such as robotics [167] and autonomous vehicles [168]. In this chapter, we

consider LTV systems with dynamics of the following form:
Xea1 = Apxs + Brug + wy, (5.1)

where x; € R", u; € R™ and w; denotes the state, the control input, and the bounded
and potentially adversarial disturbance, respectively. We use 6, = [A; B;] to

succinctly denote the system matrices at time step ¢.

On the one hand, offline control design for LTV systems is well-established in the
setting where the underlying LTV model is known [169]-[173]. Additionally, recent
work has started focusing on regret analysis and non-stochastic disturbances for
known LTV systems [162], [174].

On the other hand, online control design for LTV systems where the model is
unknown is more challenging. Historically, there is a rich body of work on adaptive
control design for LTV systems [175]-[177]. Also related is the system identification
literature for LTV systems [178]-[180], which estimates the (generally assumed to

be stable) system to allow the application of the offline techniques.

In recent years, the potential to leverage modern data-driven techniques for controller
design of unknown linear systems has led to a resurgence of work in both the LTI and
LTV settings. There is a growing literature on “learning to control” unknown LTI
systems under stochastic or no noise [17], [24], [181]. Learning under bounded and
potentially adversarial noises poses additional challenges, but online stabilization

[99] and regret [26] results have been obtained.
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In comparison, there is much less work on learning-based control design for unknown
LTV systems. One typical approach, exemplified by [163], [182], [183], derives
stabilizing controllers under the assumption that offfine data representing the input-
output behavior of (5.1) is available and therefore an offline stabilizing controller
can be pre-computed. Similar finite-horizon settings where the algorithm has access
to offline data [184], or can iteratively collect data [185] were also considered. In
the context of online stabilization, i.e., when offline data is not available, work has
derived stabilizing controllers for LTV systems through the use of predictions of
0;, e.g., [18]. Finally, another line of work focuses on designing regret-optimal
controllers for LTV systems [164]-[166], [186], [187]. However, with the exception
of [18], existing work on online control of unknown LTV systems share the common
assumption of either of open-loop stability or knowledge of an offline stabilizing
controller. Moreover, the disturbances are generally assumed to be zero or stochastic

noise independent of the states and inputs.

In this chapter, we propose an online algorithm for stabilizing unknown LTV systems
under bounded, potentially adversarial disturbances. Our approach uses convex
body chasing (CBC), which is an online learning problem where one must choose
a sequence of points within sequentially presented convex sets with the aim of
minimizing the sum of distances between the chosen points [188], [189]. CBC has
emerged as a promising tool in online control, with most work making connections
to a special case called nested convex body chasing (NCBC), where the convex sets
are sequentially nested within the previous set [190], [191]. In particular, [13] first
explored the use of NCBC for learning-based control of time-invariant nonlinear
systems. NCBC was also used in combination with System Level Synthesis to design
a distributed controller for networked systems [99] and in combination with model
predictive control [55] for LTI system control as a promising alternative to system
identification based methods. However, this line of work depends fundamentally on
the time invariance of the system, which results in nested convex sets. LTV systems

do not yield nested sets and therefore represent a significant challenge.

This work addresses this challenge and presents a novel online control scheme
(Algorithm 2) based on CBC (non-nested) techniques that guarantees bounded-
input-bounded-output (BIBO) stability as a function of the total model variation
Yoy 16; = 6;-1]|, without predictions or offline data under bounded and potentially
adversarial disturbances for unknown LTV systems (Theorem 18). This result

implies that when the total model variation is finite or growing sublinearly, BIBO
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stability of the closed loop is guaranteed (Corollaries 18.1 and 18.2). In particular,
our result depends on a refined analysis of the CBC technique (Lemma 22) and is
based on the perturbation analysis of the Lyapunov equation. This contrasts with
previous NCBC-based works for time-invariant systems, where the competitive ratio
guarantee of NCBC directly applies and the main technical tool is the robustness of
the model-based controller, which is a proven using a Lipschitz bound of a quadratic

program in [99] and is directly assumed to exist in [13].

We illustrate the proposed algorithm via numerical examples in Section 5.4 to
corroborate the stability guarantees. We demonstrate how the proposed algorithm
can be used for data collection and complement data-driven methods like [163],
[183], [184]. Further, the numerics highlight that the proposed algorithm can be
efficiently implemented by leveraging the linearity of (5.1) despite the computational

complexity of CBC algorithms in general (see Line 5 for details).

Notation. We use S"~! to denote the unit sphere in R and N, for positive integers.
For ¢, s € N, we use [z : s] as shorthand for the set of integers {z, r+ 1, ..., s} and
[t] for {1, 2, ...,t}. Unless otherwise specified, ||-|| is the operator norm. We use

p(-) for the spectral radius of a matrix.

5.2 Preliminaries
In this section, we state the model assumptions underlying our work and review key
results for convex body chasing, which we leverage in our algorithm design and

analysis.

Stability and model assumptions
We study the dynamics in (5.1) and make the following standard assumptions about

the dynamics.
Assumption 6. The disturbances are bounded: ||w;||, < W forallt > 0.

Assumption 7. The unknown time-varying system matrices {6,}°, belong to a
known (potentially large) polytope ©® such that 6, € © for all t. Moreover, there
exists k > 0 such that ||0|| < k and 0 is stabilizable for all 6 € ©.

Bounded and non-stochastic (potentially adversarial) disturbances is a common
model both in the online learning and control problems [115], [192]. Since we
make no assumptions on how large the bound W is, Assumption 6 models a variety

of scenarios, such as bounded and/or correlated stochastic noise, state-dependent
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disturbances, e.g., the linearization and discretization error for nonlinear continuous-
time dynamics, and potentially adversarial disturbances. Assumption 7 is standard

in learning-based control, e.g. [23], [193].

We additionally assume there is a quadratic known cost function of the state and
control input at every time step 7 to be minimized, e.g. x;Qx; + u] Ru,, with
0, R > 0. For a given LTI system model § = [A B] and cost matrices Q, R,
we denote K = LQR(6; O, R) as the optimal feedback gain for the corresponding
infinite-horizon LQR problem.

Remark 4. Representing model uncertainty as convex compact parameter sets where
every model is stabilizable is not always possible. In particular, if a parameter set
O has a few singular points where (A, B) loses stabilizability such as when B = 0,
a simple heuristic is to ignore these points in the algorithm since we assume the

underlying true system matrices 6, must be stabilizable.

Convex body chasing

Convex Body Chasing (CBC) is a well-studied online learning problem [190], [191].
At every round ¢ € N, the player is presented a convex body/set K; ¢ R". The
player selects a point g; € K; with the objective of minimizing the cost defined as
the total path length of the selection for 7" rounds, e.g., Z,TZI llg: — q:-1]| for a given
initial condition g¢ ¢ K. There are many known algorithms for the CBC problem
with a competitive ratio guarantee such that the cost incurred by the algorithm is
at most a constant factor from the total path length incurred by the offline optimal
algorithm which has the knowledge of the entire sequence of the bodies. We will use

CBC to select 6,’s that are consistent with observed data.

The nested case

A special case of CBC is the nested convex body chasing (NCBC) problem, where
K: € Ki-1- A known algorithm for NCBC is to select the Steiner point of K; at
t [191]. The Steiner point of a convex set K can be interpreted as the average
of the extreme points of K and is defined as st(K) := E,.j,<1 [gx(V)], where
gx(v) := argmax,.4Vv ' x and the expectation is taken with respect to the uniform
distribution over the unit ball. The intuition is that Steiner point remains “deep”
inside of the (nested) feasible region so that when this point becomes infeasible due
to a new convex set, this convex set must shrink considerably, which indicates that

the offline optimal must have moved a lot. Given the initial condition g ¢ K, the
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Steiner point selector achieves competitive ratio of O(n) against the offline optimal
such that for all 7 € N, thl Ist(K;) — st(Ki;—1)|| < O(n) - OPT, where OPT is the
offline optimal total path length. There are many works that combine the Steiner
point algorithm for NCBC with existing control methods to perform learning-based
online control for LTI systems, e.g., [13], [55], [99].

General CBC

For general CBC problems, we can no longer take advantage of the nested property
of the convex bodies. One may consider naively applying NCBC algorithms when
the convex bodies happen to be nested and restarting the NCBC algorithm when
they are not. However, due to the myopic nature of NCBC algorithms, which try to
remain deep inside of each convex set, they no longer guarantee a competitive ratio
when used this way. Instead, [188] generalizes ideas from NCBC and proposes an

algorithm that selects the functional Steiner point of the work function.

Definition 5.2.1 (Functional Steiner point). For a convex function f : R" — R, the

functional Steiner point of f is

st(f)=-n- ][ ffv)yvdy, (5.2)
villvll=1
. Joes F(x)dx
where ]fc s/t (x)dx denotes the normalized value T of f(x) on the set S,
and xeS
) == infepn f(x) = (x,v) (5.3)

is the Fenchel conjugate of f.

The CBC algorithm selects the functional Steiner point of the work function, which
records the smallest cost required to satisfy a sequence of requests while ending in a
given state, thereby encapsulating information about the offline-optimal cost for the
CBC problem.

Definition 5.2.2 (Work function). Given an initial point gy € R", and convex sets

Ki,..., K C R", the work function at time step t evaluated at a point x € R" is
given by:
t
w,(x) = min [lx = gill+ > llas = g1l (5.4)

s=1

Importantly, it is shown that the functional Steiner points of the work functions are
valid, i.e., st(w;) € K for all  [188]. On a high level, selecting the functional Steiner
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point of the work function helps the algorithm stay competitive against the currently
estimated offline optimal cost via the work function, resulting in a competitive ratio

of n against the offline optimal cost (OPT) for general CBC problem:s,

T
Z lIst(w,) — st(ws1)|| < n - OPT. (5.5)

=1

Given the non-convex nature of (6.3) and (5.4), we note that, in general, it is
challenging to compute the functional Steiner point of the work function. However,
in the proposed algorithm, we are able to leverage the linearity of the LTV systems

and numerically approximate both objects with efficient computation in Line 5.

5.3 Main Results

We present our proposed online control algorithm to stabilize the unknown LTV
system (5.1) under bounded and potentially adversarial disturbances in Algorithm 2.
After observing the latest transition from x;, u; to x;4; at t + 1 according to (5.1)
(line 2), the algorithm constructs the set of all feasible models @’s (line 3) such
that the model is consistent with the observation, i.e., there exists an admissible
disturbance w, satisfying Assumption 6 such that the state transition from x;, u; to
x:+1 can be explained by the tuple (5,, w;). We call this set the consistent model
set P, and we note that the unknown true dynamics 6, = [A; B;] belongs to #;.
The algorithm then selects a hypothesis model out of the consistent model set #;
using the CBC algorithm by computing the functional Steiner point (6.3) of the
work function (5.4) with respect to the history of the consistent parameter sets
P1, ..., P; (line 4). In particular, we present an efficient implementation of the
functional Steiner point chasing algorithm in Line 5 by taking advantage of the fact
that #;’s are polytopes that can be described by intersection of half-spaces. The
implementation is summarized in Algorithm 3. Based on the selected hypothesis
model @, a certainty-equivalent LQR controller is synthesized (line 5) and the

state-feedback control action is computed (line 6).

Note that, by construction, at time step ¢t € N, we perform certainty-equivalent
control K,_; based on a hypothesis model 0,1 computed using retrospective data,
even though the control action (u; = E,_lxt) is applied to the dynamics (6,) that we do
not yet have any information about. In order to guarantee stability, we would like for
I?,_l to be stabilizing the “future” dynamics (6;). This is the main motivation behind
our choice of the CBC technique instead of regression-based techniques for model

selection. Thanks to the competitive ratio guarantee (5.5) of the functional Steiner
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point selector, when the true model variation is “small,” our previously selected
hypothesis model will stay “consistent” in the sense that K,_1 can be stabilizing for
0; despite the potentially adversarial or state-dependent disturbances. On the other
hand, when the true model variation is “large,” Et_l does not stabilize 6,, and we
see growth in the state norm. Therefore, our final state bound is in terms of the total

variation of the true model.

We show in the next section that, by drawing connections between the stability
of the closed-loop system and the path length cost of the selected hypothesis
model via CBC, we are able to stabilize the unknown LTV system without any
identification requirements, e.g., the selected hypothesis models in Algorithm 2
need not be close to the true models. It is observed that even in the LTI setting,
system identification can result in large-norm transient behaviors with numerical
stability issues if the underlying unknown system is open-loop unstable or under
non-stochastic disturbances, thus motivating the development of NCBC-based online
control methods [13], [26], [99]. In the LTV setting, it is not sufficient to use NCBC
ideas due to the time-variation of the model; however, the intuition for the use of
CBC is similar. In fact, it can be additionally beneficial to bypass identification in
settings where the true model is a moving target, thus making identification more

challenging. We illustrate this numerically in Section 5.4.

Algorithm 2: UNkNOWN LTV STABILIZATION

Input: W > 0,0 C R (n+m)
Initialize : 1y = 0, 6y € O
fortr+1=1,2,...do
Observe x;41
Construct consistent set
Pr:=1{0 =[A, B] : |lxs+1 — Ax; — Buyll(o < W}NO
Select hypothesis model 6; < CBC({Ps}!_;; 6o)

Synthesize controller K, — LQR (@, 0, R)

Compute feedback control input u;1 = Kixs41
end

Stability Analysis
The main result of this paper is the BIBO stability guarantee for Algorithm 2 in terms
of the true model variation and the disturbance bound. We sketch the proof in this

section and refer Section 5.C for the formal proof. This result depends on a refined
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Algorithm 3: CBC

Input: 7y, ..., %, 5(), N

Output: 0,

for k=0,1,...Ndo

Sample v; uniformly from $"~!
hi — (5.12)

end

0, — Projonp, (_% Pl hi"i)

analysis of the competitive ratio for the functional Steiner point chasing algorithm

introduced in [188], which is stated as follows.

Lemma 22 (Partial-path competitive ratio). Fort € Ny, let s, e € [t] and s < e, and
let ® C R" be a convex compact set. Denote Z[s,e] = 20y Ist(wr) = st(w--1)lp
as the partial-path cost of the functional Steiner point selector during interval [s, e|
and {OPTT}’T:1 as the (overall) offline optimal selection for Ky, ..., K; C ©. The

functional Steiner point chasing algorithm has the following competitive ratio,

e
Afse] < n|dia(®) + 2k + Z |OPT; — OPT:_ ||y

T=5+1

on interval [s, e], where dia(®) := maxy, g,co |61 — 02| denotes the diameter of

O and k := maxgep ||0|| -

Proof. See Section 5.A. m|

Theorem 18 (BIBO Stability). Under Assumption 6 and 7, the closed loop of (5.1)
under Algorithm 2 is BIBO stable such that for all t > 0,

-2

A - p—

”xt” <W-. Ccq Z Czls,t 1]ptL s
s=0

where A[g,-1] = er_:lsﬂ |60: — 6.1l is the true model variation, W is the dis-
turbance bound, and cy, ¢y > 0, p; € (0,1) are constants that depend on the

system-theoretical quantities of the worst-case model in the parameter set ©.

Proof Sketch: At a high level, the structure of our proof is as follows. We first use
the fact that our time-varying feedback gain K, is computed according to a hypothesis

model from the consistent model set. Therefore, we can characterize the closed-loop
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dynamics in terms of the consistent models 0, and K. Specifically, consider a time
step t where we take the action u; = E,_lx, after observing x,. Then, we observe
X+l = Apxy + By + w, and select a new hypothesis model 5’, = [Kt E,] that is
consistent with this new observation. Since we have selected a consistent hypothesis

model, there is some admissible disturbance w, satisfying Assumption 6 such that
Xyl = (A[ + BIEI—I) Xt + We = (A\l + EI‘EI‘—I) Xt + \TV\[.

Without loss of generality, we assume initial condition xo = 0. We therefore have

)
x,:wt_]+tz [1 (ZT+ETI?T_1)WS. (5.6)

s=0 Te[t—1:5+1]

We have two main challenges in bounding ||x;|| in (5.6):

1. K, is computed using 6, in Algorithm 2, but is applied to the next time step
@H. While we know p(gt + 1/3\,1?,) < 1,1in (5.6) we have Et_l instead of E,.

2. Naively applying submultiplicativity of the operator norm for (5.6) results in
bounding H(A} + ETET_l)H. However, even if E,_l satisfies p(A\, + EIEI) <1,

in general the operator norm can be greater than 1.

To address the first challenge, our key insight is that by selecting hypothesis models
via CBC technique, in any interval where the true model variation is small, our
selected hypothesis model also vary little. Specifically, by Lemma 22, we can bound
the partial-path variation of the selected hypothesis models with the true model

partial-path variation A[; .} as follows:

Z[S,e] <n

T=5

e—1
dia(®) + 2« + Z |OPT,; — OPTT||F)
< n (dia(®) + 2« + Aseg) » (5.7)

where ® and « are from Assumption 7. A consequence of (5.7) is that, during intervals
where the true model variation is small, we have (X, + Etk\,_l) ~ (Zt + E,I?,).

For the second challenge, we leverage the concept of sequential strong stability

[21], which allows bounding HHTE[,_M +1] (A} +§TET_1)H approximately with

[Teei-t5411 P (A\T + ETET) times O (eXP(A[s,t—l]))-
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We now sketch the proof. The helper lemmas are summarized in Section 5.B and the
formal proof can be found in Section 5.C. Consider L,, H; € R with H, > 0 such
that

A\t + EI‘EI—I = Htl/thHt_l/Z.

We use I as shorthand for the interval [t — 1 : s + 1]. Then each summand in (5.6)

can be bounded as

rl (ZT + ETET—I)

Tel
1/2 -1/2 —1/2441/2
< HHHHHHI H [ HHk Hk_lHnllLTll . (5.8)
kelgq Tel
(@) —

(b) (c)

Therefore showing BIBO stability comes down to bounding individual terms in
(5.8). In particular we will show that by selecting appropriate H; and L,, term (a)
is bounded by a constant Cy that depends on system theoretical properties of the

worst-case parameter in ®. For (b) and (c), we isolate the instances when

g, - @-IH <e (5.9)
F

for some chosen € > 0. For instances where (5.9) holds, we use the perturbation

analysis of the Lyapunov equation involving the matrix Zt + B,K,_; (Lemma 27 for

(b) and Lemma 25 for (¢)) to bound (b) and (c) in terms of the partial-path movement
e

of the selected parameters Z[s,e] = 2 o lIst(wesr) — st(wo)||p.  Specifically,

Lemma 27 implies

where 8, H > 1 are constants. We also show that from Lemma 25,

Aotalle (5.9) holds
s R S (5.10)
A

otherwise,

if (5.9) holds
Ly < e Y G5.10)

L otherwise,

for p; € (0,1) and L > 1 a constant.

We now plug (5.10) and (5.11) into (5.8). Denote by n[; ;) the number of pairs (7, 7—1)
with s + 1 <7 <t — 1 where (5.9) fails to hold. Let A[y,) := 27_ ., 10 — 0r_1]lf
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be the true model partial-path variation. Then (5.8) can be bounded as

Te[t—1:s+1]
BA[g41 - 7
<Cgy- H'stl . e [HZU . st PS5 -1
I T |
LH = BAls+1,1-1]
L)
PL
((dia(@)+26+A, ,17)
LH €x ﬁﬁ(dia(Q)*z’(*A[sH,t—l]) f—s—1
S CH p_L e 2 ' pL
. Afsi-1] _t—s
=1cc, 3 PrL _s,

for constants ¢, ¢ and 71 := n(n + m) for the dimension of the parameter space for

Ay, B;. In the second inequality, we used the observation that n[, ;) < @ and in
the last inequality we used Lemma 22. Combined with (5.6) and Assumption 6, this

proves the desired bound. [

An immediate consequence of Theorem 18 is that when the model variation in (5.1)
is bounded or sublinear, Algorithm 2 guarantees BIBO stability. This is summarized
below.

Corollary 18.1 (Bounded variation). Suppose (5.1) has model variation Ay ;) < M

for a constant M. Then,

M

Cl -C2
sup [lx[| < :
t l-pr

Corollary 18.2 (Unbounded but sublinear variation). Let @ € (0,1) and t € N,.
Suppose (5.1) is such that for each k < t, Apgpe1) < 01 = 1/t9=9) implying a

total model variation Ay, = O(t*). Then for large enough t, chg’ < 1+f L and

therefore

k .
l 2cq
el < e1 Y (ored) < .

Corollary 18.1 can be useful for scenarios where the mode of operation of the system
changes infrequently and for systems such that 6(r) — 6* as t — oo [194]. As an
example, consider power systems where a prescribed set of lines can potentially
become disconnected from the grid and thus change the grid topology. Corollary 18.2
applies to slowly drifting systems [195].



120

Efficient implementation of CBC

In general, implementation of the functional Steiner point of the work function may
be computationally inefficient. However, by taking advantage of the LTV structure,
we are able to design an efficient implementation in our setting. The key observation
here is that for each #, $; (Algorithm 2, line 3) can be described by the intersection
of half-spaces because the ambient parameter space © is assumed to be a polytope
and the observed online transition data from x;, u; to x;4; specifies two half-space
constraints at each time step due to linearity of (5.1). Our approach to approximate
the functional Steiner point for chasing the consistent model sets is inspired by [189]
where second-order cone programs (SOCPs) are used to approximate the (nested set)

Steiner point of the sublevel set of the work functions for chasing half-spaces.

Denote {(a;, bi)}f:’ | as the collection of p, half-space constraints describing %, i.e.,
a6 < b;. To approximate the integral for the functional Steiner point (6.3) of w,, we
sample N number of random directions v € $"~!, evaluate the Fenchel conjugate of
the work function wy at each v with an SOCP, and take the empirical average. Finally
we project the estimated functional Steiner point back to the set of consistent model
P; N ©. Even though the analytical functional Steiner point (6.3) is guaranteed to
be a member of the consistent model set, the projection step is necessary because
we are integrating numerically, which may result in an approximation that ends up
outside of the set. We summarize this procedure in Algorithm 3. Specifically, given

a direction v € $"7!, the Fenchel conjugate of the work function at time step ¢ is

Wi (v) = inf w,(x) = (x,v)

1
= min " llgs = geill + Il = gell = ().
qs€Ks s=1
This can be equivalently expressed as the following SOCP with decision variables
X,q1,~ . th,ﬂ,/ll, . '911:

t

min A+ Z Ay — (v, x)

X150y

A1y s=1

s.t. lgs — gs-1l| < A5, fors e [¢] (5.12)
lx =gl < 2

ajqs < b, forie[p], selr].

Another potential implementation challenge is that the number of constraints in the

SOCP (5.12) grows linearly with time due to the construction of the work function
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(5.4). This is a common drawback of online control methods based on CBC and
NCBC techniques and can be overcome through truncation or over-approximation in
of the work functions in practice. Additionally, if the LTV system is periodic with a
known period, then we can leverage Algorithm 2 during the initial data collection
phase. Once representative (persistently exciting) data is available, one could employ
methods like [163] to generate a stabilizing controller for the unknown LTV system.
In Section 5.4, we show that data collection via Algorithm 2 results in a significantly

smaller state norm than random noise injection when the system is unstable.

5.4 Simulation

In this section, we demonstrate Algorithm 2 in two LTV systems. Both of the systems
we consider are open-loop unstable, thus the algorithms must work to stabilize
them. We use the same algorithm parameters for both, with ® = [-2, 3]2, LQR cost
matrices Q =l and R = 1.

Example 1: Markov linear jump system

We consider the following Markov linear jump system (MLJS) model from [196],

with i
15 1 06 0 0
A= , Ax= , Bi1= ,
0 05 0.1 1.2 1
[ 08 02
B2 = ) IT = ’
1 ] [ 0.1 0.9 ]

where II is the transition probability matrix from 6; to 6, and vice versa. We

inject uniformly random disturbances such that w, € {—101, =31, 31} where 1 is
the all-one vector. We set the disturbances to be zero for the last 10 time steps to
make explicit the stability of the closed loop. We implement certainty-equivalent
control based on online least squares (OLS) with different sliding window sizes

L =5, 10, 20 and a exponential forgetting factor of 0.95 [197] as the baselines.

We show two different MLLJS models generated from 2 random seeds and show the
results in Figure 5.1. For both systems, the open loop is unstable. In Figure 5.1(a) the
OLS-based algorithms fail to stabilize the system for window size of L = 20, while
stabilizing the system but incurring larger state norm than the proposed algorithm for
L =5, 10. On the other hand, in Figure 5.1(b), OLS with L = 5 results in unstable
closed loop. This example highlights the challenge of OLS-based methods, where
the choice of window size is crucial for the performance. Since the underlying LTV

system is unknown and our goal is to control the system online, it is unclear how to
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Figure 5.1: Markov linear jump system for two different random seeds. For each
seed: Top plot shows the state norm trajectories of the proposed algorithm, certainty-
equivalent control based on online least squares (OLS) with different sliding window
sizes, and the open loop. Middle plot shows the norm of the selected hypothesis
model via Algorithm 3. Bottom plot shows the true model switches.

select the appropriate window size to guarantee stability for OLS-based methods a

priori. In contrast, Algorithm 2 does not require any parameter tuning.

We note that while advanced least-squares based identification techniques that
incorporate sliding window with variable length exist, e.g. [164], [197], due to
the unknown system parameters, it is unclear how to choose the various algorithm
parameters such as thresholds for system change detection. Therefore, we only

compare Algorithm 1 against fixed-length sliding window OLS methods as baselines.

Example 2: LTV system
Our second example highlights that Algorithm 2 is a useful data-collection alternative
to open-loop random noise injection. We consider the LTV system from [163], [184],

with
AGK) = 1.5 0.0025k
| =0.1cos(0.3k) 1+0.05%2sin(0.5k)Vk |’

1
B(k) :0.05[ oLken }
0.1k+3

where we modified A(1, 1) from 1 to 1.5 to increase the instability of the open loop
in the beginning; thus making it more challenging to stabilize. We consider no
disturbances here, which is a common setting in direct data-driven control, e.g., [163],
[182], [183]. In particular, we compare the proposed algorithm against randomly
generated bounded inputs from UNIF[—1, 1]. We also modify the control inputs from
Algorithm 2 to be u; = Et_lx, + 1, - 1 with n, ~ UNIF[—1, 1] so that we can collect
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Figure 5.2: Simulation result for the LTV system in example 2. Here we plot the the
state and control norm, as well as the selected hypothesis model via CBC 6, and true
models 6;.

rich data in the closed loop. This is motivated by the growing body of data-driven
control methods such as [163], [183], [184] that leverage sufficiently rich offline data
to perform control design for unknown LTV systems. However, most of these works
directly inject random inputs for data collection. It is evident in Figure 5.2 that when
the open-loop system is unstable it may be undesirable to run the system without any
feedback control. Therefore, Algorithm 2 complements existing data-driven methods

by allowing safe data collection with significantly better transient behavior.

5.5 Conclusion

In this chapter, we propose a model-based approach for stabilizing an unknown
LTV system under arbitrary non-stochastic disturbances in the sense of bounded
input bounded output under the assumption of infrequently changing or slowly
drifting dynamics. Our approach uses ideas from convex body chasing (CBC),
which is an online problem where an agent must choose a sequence of points
within sequentially presented convex sets with the aim of minimizing the sum of
distances between the chosen points. The algorithm requires minimal tuning and
achieves significantly better performance than the naive online least squares based
control. Future work includes sharpening the stability analysis to go beyond the
BIBO guarantee in this work, which will require controlling the difference between
the estimated disturbances and true disturbances. Another direction is to extend the

current results to the networked case, similar to [99].
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5.A Proof of Lemma 22
We have

7. - (9;_1HF = > list(wr) = st(@e-1)l

>

T=s5+1 T=s5+1
@ S *
< nj[( Z |wT(v) —wT_l(v)|) vdv
V \r=s+1
(b) \
= n][( Z wi(v) —wi_l(v)) vdv
V \r=s+1

= n][(w:(v) —wi(v)) vdy
(é) n- (n&in we(x) — myin ws(y) + 2k), (5.13)

where (a) is due to the definition (6.3). For (b), we used the observation that wy (v) is
non-decreasing in time. For (c), by definition of the Fenchel conjugate (5.3), we have
that w; (v) = infyw, (x) — (x,v). Denote (x*,q7, ..., q;) as the optimal solution to
the problem min, w, (x). Itis clear that w}(v) < w,(x*) — (x*, v) < min, w,(x) + K
where in the last inequality we used Cauchy-Shwarz and « := maxgeg ||0||f. Similarly,

we also have wj(v) > inf, w,(y) — k.

Denote OPT|g, as the minimizing trajectory (OPTy, ..., OPT,) to min, w,(x)
where argmin w,.(x) = OPT,. This last equality is by the observation that if
x* = argmin,w,(x) # OPT,, then w,(OPT,) < w,(x*) by definition (5.4), thus
contradicting that x* is defined to be the minimizer of w,. We also denote INT g
as the minimizing trajectory to miny w;(y). To reduce notation, we denote A([)SI;T] =
2¢ o4 IIOPT; — OPT,_ || and AI[I;{Z] = %¢ 41 IINT; = INT,_; || . Then we have

_ OPT INT
(5.13) = n- (AT - AT + 2

(©)
< n- (AT - AOFT + dia(@) + 2«
—n- (A‘[-“’sf’j] +dia(®) + 2K) ,

where (c) holds because if 3.7 _, [OPT, — OPT _||z > X7, [[INT; — INT_{||z +
dia(®) and OPT|g, # INT|o,, then we can replace the [0, s] portion of the
optimal trajectory OPT ¢, with INTq,; and achieve a lower cost for w,(OPT,),
thus contradicting the optimality of OPT|o.j. To see why the fictitious trajectory
(INT[O,S],OPT[HLC,]) achieves lower cost than OPT|o,), we compare the total



125

movement cost during the interval [0, s + 1],

S
D IINT, = INT, i || + [|OPTy41 = INT |

=1

S
< > IlINT; = INTr_y || + [OPTy,1 = OPT| -

=1

+ ||OPT; — INT|| ¢

S
< > IINT; = INT-_ || + [OPTy,; — OPT,|| + dia(®)

=1
S
< > lOPT; = OPT:_ | + [OPTys1 — OPT, ||,
7=1
which means the fictitious trajectory achieves lower overall cost. Therefore (c) must
hold. [ ]

5.B Auxiliary Results

Here we summarize the helper lemmas used in the proof sketch of Theorem 18. First,

we define some useful notation.

Lyapunov equation. Let X,Y € R™" with Y = YT > 0 and p(X) < 1. Define
dlyap(X,Y) to be the unique positive definite solution Z to the Lyapunov equation
XT"ZX — Z =Y. For a stabilizable system (A, B) with optimal infinite-horizon LQR
feedback K := K*([A B]) with cost matrices Q, R = I, we define

P(A,B) =dlyap(A + BK*([A B]), I, + K*([A B]) TK*([A B)))
and
H(A,B) =dlyap(A + BK*([A B)), I,).

We also define the shorthand for the following:

Pt = P(Zt, El‘)’ Ht = H(Xtagl‘)' (514)

Constants. Throughout the proof, we will reference the following system-theoretical
constants for the parameter set ® defined in Assumption 7:
K.l == sup [IK*([AB])Il,y»:= max |[A+BK"([AB])]l.
[A B]e® [A B]€®
We also quantify the stability of every model in ® under its corresponding optimal
LQR gain. Let
C.>0, r.e(0,1)
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be such that for all § := [A B] € ©, K := K*(#), and i € N,

«A+BKVY

||(A + BK)" || < C,r¥. By Lemma 23 which is stated below and Assumption 7, such

C., and r, always exist. Further, we define

Pl :== sup [IP(A,B)||. |IH:|l:= sup [|H(A,B)I,
[A B]e® [A B]e®
/lmaxH(A’B)

€. =1 (54 P, 5), Cy = max ,
h = sup )H(AI,BI)I/ZH HH(Az,Bz)_l/zn-
[A1 Bi], [A2 B2]€®

To justify the existence of these constants, note that discrete-time optimal LQR
controller has guaranteed stability margin [198] and that by Lemma 23 and the fact
that the solution to Lyapunov equation has the following closed form:

IXAB):53«A+BKFYU+KTKXA+BKﬂ (5.15)
i=0

we have that for all [A, B] € 0,

IP(A. B < (1+1KIP) lca + BKY|

1+§HWA+BKFW
i=1

@+uKmﬂ(1—&+cm

< =: || Ps]| .
o 1P

We can similarly derive ||H,|l. By definition of the Lyapunov solution (5.15),
1Pl = || > 1.

Lemma 23 ([199, page 183]). For a matrix A € R™", with p := p(A), there exist

constants K1, ky such that for any positive integer i
i-nl—l < Ai < i-n1—1
Kip't = S Kpl

where ny is the size of the largest Jordan block corresponding to eigenvalue of p in

Jordan block form representation of A.

Lemma 24 ([59, Proposition 6]). Let ® = [A B] be a stabilizable system, with optimal
controller K := K*(0) and P := P(A, B). Let 6 = [;4\ E] be an estimate of 0, K :=
a- |55}

K*(0) the optimal controller for the estimate, and € := max “

Then if @ := 8 ||P||*€ < 1:

o

W%E—KWSSU—&Y”WPW”&
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Lemma 25 ([59, Theorem 8]). Let 0 = [A B] be a stabilizable system, with
P := P(A,B), and H = H(A,B). Let 6 = [Z E] be an estimate of 0 satisfying
max {HA - ;{‘ 1B — EH} < €. Consider certainty equivalent controller K= K*(g).
Then if € is such that 54 ||P|° € < 1, we have

(A+BK)TH(A + BK) < (1 -3 ||H||—‘) H < (1 -3 ||P||—‘) H.

Lemma 26 ([200]). Let X be the solution to the Lyapunov equation X — FTXF = M,
and let X + AX be the solution to the perturbed problem

Z—-(F+AF)"Z(F+AF) =M.

The following inequality holds for the spectral norm:

IAX]| Ok s
————<2|l» (F")" F4|- QIIFIl +IAF]]) - |AF]|.
X +AX]| kZ::‘)

Bt+1 - Bt

Lemma 27. Suppose €11 := max {’ Z,H - X, } anda =8 ||P.||? €41 <

1/2, . Then H, defined in (5.14) satisfies

b

H; < Hio1 (1 +1m441)

for niy = c.fi€41, and

2C*
1-r2

B = (2y. +3 +|IK.|) (1 +32||P*||2+||K*||)~

Proof of Lemma 27. For notational brevity, we drop the time index for € and 7 in
the proof. Applying Lemma 26 with X = H;, X + AX = H;;j and F = Z, + B,K,
and AF = (Zm - Zt) + (Emfm - E,E), and M = I,, we have

+00

Hy —H ~ ke
Wer 2B 5| (A + BR)T) (Ai+ B
ot £
(2 A\t+§l‘E[’+ A\t.'_l—gt) +

§t+1 (EHI - Er)

A\t+1 - Zt)

+ H(Ezﬂ - Ez)Ez

)

+ + ”(EHI - Er)gt

B (B - K

i

2C,
<e (27 + € (1+3201P 12 + K1) ) -
_r*

)

(1+321P.1 + 1K1



128
2C*
1 —r2

= €p,

IA

== 2y +3+ K.l (1+32 1P| +IK. )

§z+1(1?r+1 - I?,) <

where in the second inequality we used Lemma 24 to bound ‘

32 || Prs1 ||7/2 € and in the last inequality we use the assumption 8¢ 1P, < 1/2.

To show H; < H,.1(1+n) for some 7, it suffices to show that for all vectors v € RR",

v (H, — H;41)v < nv"H,y1v. With the preceding calculation, we have
VT(Ht - Hi)v < ||V||2 |H; — Hy1l|

B VII* | Hp |

= Eﬁ*c*/lmin(HHl)”V”Z

< €B.cv Hiy1v.

IA

A

This proves the desired bound, with n = ¢.8.€ and

2C,
Bo= = 2y + 3+ K (14 321PIP + KD
[
5.C Proof of Theorem 18
Recall that the closed loop dynamics can be characterized as (5.6). Therefore,
=2 L
el <w+w T (AT + BTKT_I) . (5.16)
s=0 ||Te[t—1:5+1]
Define
L[ = H;I/Z(A\t + El‘i‘{\l‘_l)Htl/z,
where H, is defined in (5.14). This gives,
A\l‘ + EI‘I’(\I—I = Htl/thHt_l/z.
Therefore, each summand in (5.16) can be bounded as
l_[ (A\T + ETET—I)
el
1/2 -1/2 —1/2441/2
<[ e TT 3] T neen (5.17)
kEIs+] TEIS

(a) N———
(b) (c)
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where we used I, as shorthand for the interval [r — 1 : s+ 1].

Bounding (a). We directly use the system-theoretical constant introduced in
Section 5.B so that (a) < h,.

Bounding (b). Lemma 27 directly implies that for all t € N, H;_1H < (1+n)I

Therefore, we have

Hence with the fact that H,’s are symmetric,

HHP| < (1en)' 2 < Va2 < el

cope || 3-a |
—1/2 ,41/2 e 2

|2 <

h

b

g,— 6, H <e
R 1% (5.18)

otherwise.

Bounding (¢). Lemma 25 implies that if

g’, - @_1” < €, then
F
~ e AT - 1 »
(At + Bth—l) H, (At + Bth—l) <|l- ) 1P| H;.
This in turn implies that

L;Lt = H;_l/z(gt + EtEt—l)THt(Xz + EtEt—l)Hz_l/z

- 1 -
<H " (1 -3 ||Pt||-1) HH;'"

1 -
< (1 -3 1P 1)1n.

1/2 ‘
. To summarize,

This in turn implies that ||L|| < (1 - 2”}3*”

S~———

| 1/2
PL ‘= (1 - m) <1,

l. otherwise,

0; — 9t—1“ < €&
F

IL:]| < (5.19)

for some constant ¢, such that for all r € N,

Combining (a,b,c). We now plug in the bounds (5.18) and (5.19) into (5.17).
Let Z[S,e] = 2 H@\T - 57_1HF be the partial-path movement of the selected

PR+ BR o < 0.

hypothesis models and A[ ) := 25_ .| [0 — 0_1|| be the true model partial-path
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variation. We also denote by 7, the number of pairs (7,7 —1) withs+1 <7 <r-1

—~

where ||0; — 57_1”17 > €,. Note that ng; < Z[s,,_l]/e*. Therefore,

n (XT + ETET—I)

Te[r—1:s+1]
C*ﬁ*g[sﬂ t—1]
e CPeBlsele=1] 5 t—s—1-ng
<h, h™-e 2 0Py N
Z[s,t—l] —~
L e N |
S h* ELASY e 3 ptLS 1
PL
ﬁ(dia(@))+2'<+A[s,t—l])
f*h* €x C*B*ﬁ(dia(®)+2K+A[s+l’t_1]) t—s—1
< h* pL e 2 . pL
) Alsi-1] 1—s—1
=. C() * cl * pL ’ ’

where 71 := n(n + m) is the dimension of the parameter space for [A; B;]. Finally

plugging the above in (5.16) gives

=2

Alsi-1] t—s—1
Iell < W(l e ) e o
s=0
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Chapter 6

ONLINE ADVERSARIAL STABILIZATION OF UNKNOWN
NETWORKED SYSTEMS

In this chapter, we continue to explore the SME uncertainty set-based learning and
control framework. In particular, we will instantiate the framework for another
important class of problems where the goal is to stabilize unknown networked
systems under communication constraints and non-stochastic (potentially adversarial)
perturbations. Networked systems model a variety of CPS, such as power systems,
connected vehicles, and building control systems. As sensing, actuation, and
communication technologies continue to expand for CPS, these network models will
be too large-scale and complex to model accurately. Moreover, due to the sheer scale
of such systems, communication constraints, such as delay and locality as introduced
in Part I, must be considered in the algorithm design. To add to the challenge,
CPS are increasingly susceptible to attacks. These considerations motivate us to
devise an algorithm that can guarantee network stability for unknown systems under

communication constraints against adversarial attacks.

We will propose the first provably stabilizing algorithm for this setting. The algorithm
uses a distributed version of nested convex body chasing to maintain a consistent
estimate of the network dynamics and applies SLS to determine a distributed
controller based on the selected model. Our approach accommodates a broad class
of communication delays while enabling fully distributed execution and scaling

favorably with the number of subsystems in the network.

[1] J. Yu, D. Ho, and A. Wierman, “Online adversarial stabilization of unknown
networked systems,” Proceedings of the ACM on Measurement and Analysis
of Computing Systems (SIGMETRICS), vol. 7, no. 1, pp. 1-43, 2023. por:
10.1145/3579452.

6.1 Introduction

Large-scale networked dynamical systems play a crucial role in many emerging
engineering systems such as the power grid [69], autonomous vehicles [70], and
swarm robots [201]. Motivated by the success of learning-based control methods for

single-agent (centralized) linear systems, there has been growing interest in learning
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distributed controllers for unknown networked systems composed of interconnected
and spatially distributed linear time-invariant (LTI) subsystems [121], [202]-[205].

However, since most existing literature ports centralized learning-based control
techniques over to the distributed setting, almost all previous work assumes that the
underlying dynamics are stable, or that a stabilizing and distributed controller is
known. For a large-scale networked system, such assumptions are often unrealistic,
because designing stabilizing distributed controllers itself is a significant task even if
the dynamics model is available [39], [44], [71], [73], [206], [207].

Recent work has begun to lift the assumption of the knowledge of a stabilizing
controller in the centralized case, e.g. [26], [96], [208]. This line of work follows the
approach of system identification, either by letting the unstable system run open-loop
or by exciting the system via control inputs. However, such approaches induce
explosive transient behaviors due to the instability of the underlying system. Without
proper generalization to the networked setting, such explosive behavior can cause

catastrophic system degradation before a proper stabilizing controller can be learned.

Further, until now, scalability and information constraints have only been considered
separately in learning-based distributed controller design; no general approach
exists. On the other hand, information constraints and scalability have been the
central topics in distributed control for the past decade due to their theoretical
challenge and practical importance [40]—[43], [78]. Therefore, it is crucial to
simultaneously consider such constraints when designing learning-based distributed

control algorithms for networked systems.

Contribution

We overcome the aforementioned challenges by leveraging recent advances in online
learning and distributed control. In particular, we propose an approach that combines
a distributed version of nested convex body chasing (NCBC), in order to maintain a
consistent estimate of the network dynamics, with system level synthesis (SLS), in
order to determine a distributed controller based on the selected consistent model.
This combination yields the first online algorithm that provably stabilizes a networked
LTI system with information constraints under adversarial disturbances (Theorem
22). The proposed algorithm (Algorithm 5) is distributed and scales favorably to the

number of subsystems in the network.

The approach in this chapter is fundamentally different than traditional system

identification based methods, which may incur prohibitively large state norm under
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Table 6.1: Maximum and top 90% infinity norm of the state (||x(#)||,) for different
disturbance profiles averaged over 10 runs. The goal of the controller is to minimize
the size of the state. Simulation details are provided in Section 6.5.

Algorithm Correlated Gaussian (Top 90%)  Uniform (Top 90%)  State-dependent (Top 90%)

This work 1.21 x 10 (0.31 x 10%) 230 x 10! (0.36 x 101)  7.14 x 10! (0.54 x 10Y)
SysID 5.12x 101 (1.71 x 101y 5.12x 101 (1.71 x 10') 5.12x 10'! (1.71 x 10'1)

adversarial disturbances, even in the simplest setting (see Table 6.1). The reason is
that system identification-based approaches seek to learn the full system dynamics,
which requires full excitation of the system against worst-case disturbances. On the
other hand, our approach does not require precise knowledge of the system. Instead,
we maintain model estimates that are consistent with the observations generated by the
unknown system at all times. A consequence of focusing on consistency is a natural
endogenous exploration-exploitation scheme where our algorithm performs well
(small state norm) while the selected model stays consistent, and gains information
about the system whenever it observes a large state norm that renders the selected

model inconsistent.

The main result of this chapter is an input-to-state stability guarantee (Theorem 22),
where we draw novel connections between the path length property of NCBC
techniques and system stability analysis. This follows from a set of novel technical
results for SLS in the learning-based control context. In particular, we generalize a
previous result [73] on the characterization of the closed loop under SLS controllers
that are synthesized from an arbitrary and potentially incorrect system model
(Lemma 28). This result enables the analysis of our algorithm when each subsystem
uses local, asynchronous, and wrong model information for local controller synthesis.
Further, we derive a novel perturbation result with explicit constants for finite-
horizon SLS synthesis (Theorem 21) that globally bounds the sensitivity of the
optimal solution to the SLS problem (a quadratic program with equality and sparsity
constraints) with respect to the model. This result is also applicable in other contexts

such as a class of MPC problems under sparsity constraints [209]-[211].

Related Work

This work contributes to a large and growing body of work on the topics related to
learning-based control design, online control, and distributed control. We briefly

review the literature most related to this work below.

Stabilization of unknown systems. Stabilizing unknown linear systems has long
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been a fundamental problem studied in adaptive control theory [212]. It recently
reemerged as a learning problem and received considerable attention from the
machine learning community [208], [213]-[215]. Most works have been developed
under single-agent setting, with a no-noise assumption [181], [216] or Gausssian
noise models [17], [147]. Under the adversarial noise setting, which is the focus of
this chapter, the only work that guarantees stabilization for LTI systems is [26], with a
system identification-based approach that achieves order-optimal regret. In contrast,
we propose a novel framework for stabilization under adversarial noise that does not
rely on accurate identification of the true dynamics. In particular, our method is the
first algorithm to stabilize a networked LTI system under adversarial disturbances with
information constraints while simultaneously achieving magnitudes of improvement
in empirical performance over the state-of-the-art identification-based approach [26]

in the single-agent setting, despite the regret-optimal guarantee in [26].

Distributed control. Motivated by large-scale cyberphysical systems that are
composed of physically distributed subsystems with local dynamical interactions,
there is a large body of work on control design for networked systems [73], [207],
[217]. Cyberphysical systems such as the power grid are commonly constrained
by a communication layer that allows specific structure of information exchange
among the subsystems. Such information structure imposes significant challenges
for optimal control design, often rendering the problem NP-hard [218]. In [39], it
was shown that a large class of practically relevant distributed control problems is
convex and tractable to solve. Since then, many works have focused on this class of
problems [206], [219]. However, [45] observes that the complexity of computation
and implementation of distributed controllers developed under this setting can be
prohibitively expensive, and thus not scalable to large-scale systems. The System
Level Synthesis (SLS) framework is developed as a scalable alternative to distributed
control design [73]. In particular, SLS allows order-constant complexity for synthesis
and implementation, due to its special parameterization and implementation of the
feedback controller. As a result, many works have adopted SLS as the basis for novel
(learning-based) control algorithms in both distributed and centralized setting [61],
[210], [220], [221]. We contribute to the literature on SLS by developing a suit of
technical results for SLS controllers that can find applications beyond the setting of

this work.

Learning distributed controllers. Many learning-based control algorithms for

networked systems adopt a centralized learning or computational approach with
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the objective of regret minimization, e.g., [202]-[205], [222]. All prior work use
the stochastic noise or no-noise model and assume a known stabilizing distributed
controlleris given [121], [210], [223]-[226]. As far as we are aware, no previous work
accommodates communication delay while doing both learning and control. The
most related to our work are [227] and [203], where learning-based SLS controllers
are designed to control unknown networked systems. Both of the methods require
the knowledge of a stabilizing and distributed controller. [227] is only applicable to
small-uncertainty scenarios, while [203] requires a stabilizing distributed controller
and performs centralized learning. In this work, we focus on stabilization and propose
the first distributed learning-based control algorithm that guarantees stability for

unknown networked systems under adversarial disturbances.

Online learning. The problem of online stabilization for unknown dynamical
systems is an instance of online decision making problems, where an agent makes a
sequence of decisions based on the feedback from an unknown environment with
the goal of cost minimization. Online decision making is studied extensively in
the online learning literature, with a line of work [55], [165], [228], [229] that
makes interesting connections between convex function and body chasing [230],
[231] and linear control theory. In particular, [13] proposes an online nonlinear
robust control method based on convex body chasing that guarantees finite mistakes
under adversarial disturbances without the need for system identification. While
[13] considers binary cost functions for general nonlinear systems, we present novel
technical results that establish the first connection between convex body chasing and
stability analysis for both single-agent and networked multi-agent linear dynamical

systems.

Notation. Let || - || be the £, norm and || - ||z be the Frobenius norm. We denote the
(i, j)th position of a matrix M as M (i, j) and use M(:, j), M (i, :) for the jth column
and ith row of M respectively. We use [N] for the set of positive integers up to N.
Positive integers are denoted as N.. Bold face lower cases are reserved for vector
signal of the form x := {x(#)}/2, with x(#) € R". We reserve bold face capital letters
for causal linear operators/transfer matrices with components K[0], K[1],.. ., such
that

We write y = Gx to mean that y(r) = Y;_, G[k]x(z — k). Given any binary matrix
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K\ « 0000 0 110000
------ = 1 11 0 0 0
7 JED) *x x x 0 0 O
o 0 %« * 000 11100 1
GO = G2 G 00 % % % 0 001 110
______ Dynamics 00 0 * * x 000111
G¢ = (v¢,E°) * 0 x 0 x % 1 0 1 0 1 1
(a) System with communication graph GC. (b) A, B matrix (c) Adjacency ma-
with parameter ©. trix C.

Figure 6.1: Example networked LTI system with information constraints.

C € {1,0}"*N we say M € C for a matrix M € RV*V if the sparsity of M is C. We

use {e;}"_, for the standard basis in R".
JJj=1

6.2 Preliminaries and Problem Setup

We consider the task of stabilizing an unknown networked system made up of N
interconnected, heterogeneous linear time-invariant (LTI) subsystems, illustrated in
Figure 6.1(a). For each subsystem i € [N], let x'(¢) € R, u'(t) € R™, wi(t) € R™
be the local state, control, and disturbance vectors respectively. Each subsystem i
has dynamics,

X(t+1) = Z (AYx/ (t) + BYu/ (1)) + W' (1), 6.1)

JEN (@)
where we write j € N (i) if the states or control actions of subsystem j affect those
of subsystem i through the open-loop network dynamics (i € N (i)). Concatenating

all the subsystem dynamics, we can represent the global dynamics as
x(t+1) = Ax(t) + Bu(t) + w(t), (6.2)

where x(¢) € R¥, u(t) € RV, w(r) € RM, with Ny = Y n; and N, = 3N my,
and we define AY, B/ = 0 for all j ¢ N(i). The networked LTI model (6.1) has
been extensively studied in the networked control literature for various applications
such as robotic swarms [232], voltage control for the distribution network of the
power grid [55], and many other large-scale cyber-physical systems [37], [233]. An
example is the linearized swing equation for power systems, where the global system
is composed of a mesh of interacting buses [234], [235]. In this setting, the states xt
of each bus i is two-dimensional and corresponds to the phase angle relative to some
given setpoint and the associated frequency. The input #’ at bus i is the controllable
load, while w' is the bounded load disturbances that are often correlated in space

and time.
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We assume that the topology among the subsystems is known, i.e., the sets N (i) for
i € [N] are known. However, the parameters of the dynamics (entries of matrices
A By are unknown. Let 6 denote the unknown local parameter for subsystem i,
ie., 0" = (AY, B"j)jeN(l.). Further, let ® := (61, ..., 6y) be the global parameter.
We write A(®) and B(0®) (equivalently AY (6"), B (6")) to emphasize that A and B
are matrices constructed with appropriate zeros according to the network topology

(known), and the nonzero entries specified by ® (unknown).

Example 6. Consider the networked system in Figure 6.1(a) where each subsystem
i € [6] has x'(t) € R and u'(t) € R. For each i, the set N(i) contains the
subsystems that has a dashed arrow pointing towards x' in the figure. For example,
N(6) = {1, 3, 5, 6}. Each A” and B" for j € N (i) is a scalar. The stacked global
dynamics has matrix A and B with structure shown in Figure 6.1(b). The unknown
local parameter 6" corresponds to the x entries of the ith row of A and B, while the

global parameter © is a vector containing * entries in matrix A and B.

We now introduce three core assumptions needed for our algorithm and analysis. As
we highlight below, these are standard assumptions in the learning-based control

literature.
Assumption 8 (Adversarial disturbances). ||w(?)||., < W for (6.2).

Assumption 9 (Compact Parameter Set). The network structure N (i) fori € [N] is
known. The true system parameter ©* := (01*, ..., 0N*) is an element of a known
compact convex set P = P& XX 7)(])\’ , Which is a product space of local parameter
sets where 6™ € Pé. The known parameter set is bounded such that there exists a
known constant k > 0 where ||[A (®) B (©)]||r < « for all ® € Py.

Assumption 10 (Controllability). For all ® € Py, (A(®), B(®)) is controllable.

Bounded adversarial disturbances is a common model in the adversarial online
learning and control problems [12], [23], [221]. Since we make no assumptions
on how large the bound on the disturbance W is, Assumption 8 models a variety
of disturbance models, such as bounded and correlated stochastic noise or state-
dependent disturbances such as the linearization and discretization error for nonlinear
continuous dynamics [120]. Moreover, the known bound W can be relaxed to an
unknown parameter  with < W for a known constant W to reduce conservatism

for large W. Assumptions 9 and 10 are standard in the learning-based control
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literature, e.g., see [23], [193]. We impose controllability in Assumption 10 for
ease of exposition but it can be relaxed to stabilizability by adjusting the choice of
model-based controller to an infinite-horizon controller such as the one proposed in
[236] for the algorithm.

Stability

One of the fundamental goals for control design is to ensure stability. In this chapter,
we aim to learn a stabilizing controller for the networked linear system (6.2) in the
sense of input to state stability (ISS) [237]. ISS is one of the main notions of stability
for both linear and nonlinear systems [238], [239]. Here we adapt the ISS definition

to the £*°-norm.

Definition 6.2.1 (ISS). A dynamical system of the form (6.2) is said to be input to
state stable (ISS) if there exist functions B : R, X N — R, that is continuous, strictly
increasing, and bijective with respect to the second argument with lim,_,, B(a,t) =0
foralla >0,t €N, and y : R, — R, that is continuous, strictly increasing, and

bijective such that for all initial state x(0), disturbance sequence w, and time t > t
Jor 1y € Ny, we have ||x(1)]|oo < B(IIx(70)|loo s 7 = 20) + ¥ (SUP;54 [W(1) || oo)-

Distributed Design and Information Constraints

For large-scale networks such as the power grid with state dimension in the orders
of thousands to millions, it is unrealistic and prohibitively costly for a central agent
to learn a global policy online. A promising remedy is to decompose the global
policy learning into a local one, where each subsystem in the network learns a local
policy in a distributed fashion. In this work, we propose a distributed learning-based
control algorithm for the networked linear system (6.2) that guarantees stability of

the global system.

In addition to distributed design, networks of the form (6.1) are often modelled
with additional information constraints that require careful consideration. In this
work we consider two common information constraints. The first is communication
delay, where the dynamical system is endowed with a communication network that
specify delayed information transmission among subsystems. The second is local
information, where each subsystem only computes with (delayed) local information
within a specified neighborhood, and discard information outside of the neighborhood.

We come back to these information constraints and present definitions in Section 6.4.
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Algorithm Preliminaries

Our proposed algorithm makes use of two emerging techniques, one from the learning
community, i.e., nested convex body chasing (NCBC), and one from the control
community, i.e., system level synthesis (SLS). We provide important background on

each below before introducing our algorithm in the next section.

Preliminaries on NCBC

The Nested Convex Body Chasing (NCBC) problem is a well-studied online learning
problem [189], [191]. At every round ¢, the player is presented a convex body
¥K; c R" which is nested in the previous body, e.g., K; € K;_1. The player selects a
point g; € K; with the objective of minimizing the total path length of the selection
for T rounds, e.g., Z,T:o llgs+1 — g¢l|. There are many algorithms for the NCBC
problem such as greedy projection of the previously selected point onto the current
body [240]. Among these, the Steiner point selector has been shown to achieve
optimal competitive ratio against the offline optimal selector [191]. The Steiner point
of a convex body K can be interpreted as the average of the extreme points and is
defined as

St(K) = Ey. <1 [gx (W],

where gg(v) := argmax,.4v'x and the expectation is taken with respect to the
uniform distribution over the unit ball. The Steiner point selector achieves the

following total path length:

T
D IISUTG) = St(Kis)|| < 7 - diam (%), forall T € N, (6.3)
=0

We note that the Steiner point can be approximated with any accuracy by solving

sampling based linear programs [189, Algorithm 3].

Distributed control via SLS

Even when the dynamics (6.1) is known, it remains challenging to design distributed
and localized control policies that accommodates communication delay and infor-
mation constraints due to non-convexity and computational scalability issues. In
Section 2.3, we introduced the SLS framework that synthesizes distributed controllers
by via convex parameterization of feedback controllers with the closed-loop mappings
induced by the controllers. For ease of notation, we will denote the CLMs from w to

xanduas®*:w - xand ®" : w — u.
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Recall that by Theorem 1, for any ®X, ®" satisfying (2.6), controller K = ®"(®*)~!

achieves the prescribed closed-loop responses and internally stabilizes the system

with implementation (2.7).

In this chapter, we will restrict our attention to the space of linear causal operators
with FIR up to horizon H, instead of the entire space of linear causal operators
as presented in Theorem 1. This is because FIR allows temporal localization of
disturbances, in addition to the spatial localization which can be encoded as sparsity
constraints as shown in Chapter 2. Such temporal localization implies that any
introduced errors from asynchronous learning will only have an effect on the system
up to finite number of time steps. For completeness, we present the SLS theorem

Theorem 1 specialized to linear operators with finite impulse responses (FIR) here.

Theorem 19 (Adapted from [73]). For system (6.2), any linear causal operators

@*, ®" with finite impulse response of horizon H and satisfying the following
®*0] =1, @'[k+1]=AD'[k]+Bd"[k], fork=0,...,H—1 (64a)
O[] =0 fort>H (6.4b)

are closed-loop mappings for (6.2) under a stabilizing linear controller K. Moreover,

given any linear causal operators ®*, ®" that satisfy (6.4), the following SLS

controller constructed using ®*, ®",

H-1
w(t) = x(1) - Z O [k)w(t - k) (6.52)
H-1 =
u(t) = Z D" [k]w(t - k) (6.5b)
k=0

with w(0) = x(0) achieves the desired closed-loop response prescribed by ®*, ®".

The horizon H is a system-dependent design parameter relating to controllability of
(6.2). Under Assumption 10, H < N,. We note that here we have shifted the indices
of the kernels of the CLMs to allow for causal operators rather than strictly causal
operators without loss of generality. Moreover, (6.4) provides affine constraints on
finite number of nonzero parameters of the closed-loop responses. Therefore, one
can tractably optimize the closed-loop responses with respect to a convex cost. A
common choice is the Linear Quadratic Regulator (LQR) cost on the state and input

expressed in terms of the closed-loop responses, e.g.,
2

o ([|eY? 0 | |of[k
min Z Q ' Lk] s.t. (6.4). (6.6)
oxou LIl 0 RVZ| | @[] -
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In this work, we leverage the SLS controllers (6.5) that is parameterized by and
constructed from the operators @*, ®". The interpretation of (6.5) is intuitive. When
@X, @' satisfy (6.4), they are valid closed-loop responses, mapping w to x and u
under (6.2). Then equation (6.5a) estimates the disturbance entering the state in the
last time step by computing the difference between the currently observed state x(¢)
and the counterfactual state Zf:_]l ®*[k]w(t — k) that should have been observed
according to the closed-loop respsonse ®@* if there were no disturbance. Indeed, a
simple calculation using substitution will reveal that w(¢) = w(z — 1), i.e., that the
estimated disturbance from an SLS controller constructed with operators that satisfy
(6.4) is the perfect one-step delayed estimation of the true disturbances. Then (6.5b)
computes the control action to attenuate the estimated disturbance according to the

prescription of the closed-loop responses ®".

Recall from Chapter 2 that a feature of SLS is that both the closed-loop response
synthesis (6.6) and the controller implementation (6.5) can be performed in a
distributed manner, unlike the commonly adopted optimal LQR control method via
the Riccati equation [59]. This is crucial for scalability of the control algorithm for

large-scale systems.

In particular (6.6) is a column separable problem, which means that we can parti-
tion matrix variables ®*[k], ®“[k] into columns such as ®*[k](:, i), ®*[k](:, i)
corresponding to each subsystem i. We refer to [78] for the definition of column
separability and the verification of (6.6) as a column separable problem. Thus, sub-
system i only needs to solve the column subproblems corresponding to its dynamics
(6.1) in the global dynamics (6.2) as follows. Let ¢ and ¢ denote the ith column
of ®* and ®" respectively and let ¢’ collectively stand for ¢'*, ¢*. The ith column

subproblem is

o

. W[k]]
min i
P oLk 67

st. ¢ [k +1] = A¢™[k] + B¢™“[k] fork=0,...,H—1
¢ [0] = e, ¢"[H] =0,

Q1/2 0
0 R1/2

where the constraints in (6.7) is the column-wise decomposition of the constraints
(6.4) for the closed-loop repsonse synthesis (6.6). It is straightforward to see that
stacking the solutions to the column subproblems recovers the optimal solution to
(6.6).

When the dynamics interaction among subsystems (6.1) is sparse, additional sparsity
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can be imposed on the closed-loop responses during synthesis (6.6). With sparse ®*
and ®", the implementation of the controller (6.5) can be distributed in a similar
decomposition as the synthesis procedure. In particular, each subsystem computes a
disjoint subset of coordinates of w(r). Due to sparsity, such local computation for
subsystem i only requires the solutions to the column subproblems from the local

neighbors of i via communication instead of from the entire network.

6.3 Online Stabilization under Adversarial Sisturbances

In this section, we propose a novel online algorithm presented in Algorithm 4 that
stabilizes an unknown networked linear system (6.2) under bounded and potentially
adversarial disturbances. The algorithm selects hypothesis models using methods for
NCBC and constructs an SLS distributed controller based on the hypothesis model.
Our approach is distinguished from prior learning-based control methods in that it

does not perform system identification as part of the algorithm.

We first introduce our algorithm without any communication or localization con-
straints. Then, in Section 6.4, we extend the algorithm to a distributed one that
accommodates communication delay and local information (Algorithm 5). Though
inspired by the approach in [13], Algorithms 4 and 5 are the first to consider the con-
trol goal of stabilization, which can not be subsumed under the framework proposed
in [13] where only binary cost functions are considered. To cast stabilization in
terms of a binary cost function, one needs to specify the largest norm of the state and
control input of the closed-loop system, which is unavailable a priori!. Moreover,
our algorithms perform both the parameter selection and the model-based control
design distributedly for each local subsystem based on delayed information from

other subsystems, whereas [13] is a single-agent algorithm.

Algorithm 4 starts with the construction of a set of candidate models that are
consistent with the online data (line 3) after observing the latest state transition
(line 2). A hypothesis model is selected from the set of candidate models with NCBC
techniques (line 5) if the previously selected hypothesis model is invalidate by the
new observation (line 4). Based on the selected hypothesis model, model-based
control design is performed using the SLS procedure introduced in Section 2.3 (line

6 - 7). We discuss the details of Algorithm 4 in the following subsections.

A crude approximation of the largest norm can be achieved by computing the worst-case state
norm over all systems in the initial parameter set £y, but such approximation results in significant
conservatism and requires the knowledge of control theoretical constants of the controller, e.g., SLS
controllers, that may not always be available.
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Algorithm 4: Online stabilization under adversarial disturbances
Input: Parameter set P

Initialize: 7 =0, u(0) =0

fortr=1,2,... do

Observe x(1)

/* CONSIST: Select consistent models */

Construct $; with (6.8)

if ©,_| € P, then O, — O,_;

else ©, — St(%;)

/* CONTROL: Perform model-based control with SLS */
Synthesize ®, ®' using (6.6) based on 6,

Compute u(t) using the SLS controller (6.5) with ®f, ®}
end

CONSIST: Consistent Hypothesis Model Selection

The first component of Algorithm 4 is to select a hypothesis model ®; in order
to perform model-based control. We name this component CONSIST. Due to
the potentially adversarial disturbances such as state-dependent noise, standard
identification methods such as linear regression do not guarantee accurate estimation

of the model. Instead, we leverage NCBC for hypothesis model selection.

After observing the latest state transition from x(# — 1), u(t — 1) to x(¢), the algorithm
constructs the set of all ®’s such that A(®), B(0®) satisfy (6.2) with some admissible
disturbances defined in Assumption 8. In particular, each observed transition defines
a set of linear constraints on ® and we construct the consistent parameter set, P;
at each time 7 using the set membership estimation (SME) method introduced in

Chapter 4, namely,
Pr={0@ Py : |Ix(t) — (A@)x(t = 1) + B@O)u(t — )|l < W}  (6.8)

with Py as the local initial parameter set defined in Assumption 9. Recall that by
construction, the consistent parameter set #; is always convex, and nested within the
parameter set $;_; recursively. Moreover, $; is nonempty for all # € N, because the
true parameter ®* belongs to every #;. The key property of SME is that for all ¢,
any 0, € #; could have generated the observed trajectory up to x(¢) and is equally
likely to be the true system model. By construction, the observed state trajectory can

be written as

x(1) =A@ x(t = 1)+ B(ONu(t - 1) +w*(t - 1) (6.9a)
=A@O)x(t—1)+BO)u(t—1)+w(t - 1), (6.9b)
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where w*(¢) is the true disturbance and {w(k)};2 is some admissible disturbance
sequence such that ||w(7)|| < W. We say a model is consistent with observations
up to time ¢ if it belongs to $;. Among all consistent models, we need to select a
hypothesis model ©; in order to perform model based control. An ideal candidate
is one that can remain inside of future consistent parameter sets. To see why,
consider an extreme case where the first selected parameter ®; stays consistent for
the entire online operation as we apply control actions generated based on ®;. Since
the consistent model (6.9b) generates the same trajectory as the true model (6.9a),
any guarantees that the model-based control policy has for ®; will manifest in the

observation. Note ®; does not necessarily have to be close to @*.

This intuition motivates us to select a ®, that could remain an element of the (yet
unknown) future consistent parameter set. In particular, if the hypothesis model
selected at a previous time is consistent for the current observation, we continue to
use it. If the previous hypothesis model is invalidated by the new observation, then
we want to select a new ©,’s from the nested and convex body $; with the objective of
moving as little as possible for future bodies. This is an instance of NCBC introduced
in Section 6.2. The total path length cost function in NCBC formalizes a measure of
model consistency in our case: the less the a selector moves, the longer the selected
points stay consistent overall. In Algorithm 4, we select the Steiner point of %, as
the hypothesis model. The finite path length guarantee of Steiner point in (6.3) can
be interpreted as a finite budget for the adversarial disturbances: if the disturbances
try to make the state norm large, then the selected (wrong) hypothesis model will be
quickly invalidated thanks to the excitation from the disturbances. This will make
CONSIST frequently re-select new hypothesis models. However, such inconsistent
model selection has bounded occurrences due to the finite path length guarantee (6.3)

of the Steiner point, i.e., CONSIST gains information and stops moving eventually.

CONTROL: Model-based Control with SLS
After the selection of a hypothesis model ®; from the consistent parameter set, Algo-

rithm 4 performs the SLS closed-loop response synthesis (6.6) and implementation
(6.5) based on ®;. We name this component of the algorithm CONTROL.

Distributed Implementation of Algorithm 4
Per discussion in Chapter 2, it is straightforward to see that Algorithm 4 can be
implemented by each subsystem in a distributed fashion. In particular, in the

CONSIST component, subsystem i constructs a local consistent parameter set P!
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based on the local observations generated from the local dynamics (6.1). Subsystem
i then selects the Steiner point of P! as its local hypothesis model ¢¢. In the
CONTROL component, all subsystems collects the local hypothesis models from
other subsystems and construct a global estimate ©, = (4!, .. ., 6N) since we assume
no communication delay here. Based on ®,, each subsystem synthesizes columns of
®¢ and @} by solving the subproblems decomposed from (6.6). After collecting and
assembles the column solutions via instantaneous communication, each subsystem
computes a disjoint subset of coordinates of w(¢) and u(z), corresponding to the
positions of the local states x’(¢) and input u'(¢) in the global dynamics (6.2)

respectively.

Stability Guarantee

The main result in this section is the following ISS guarantee for Algorithm 4.

Theorem 20. Under Assumption 8-10, Algorithm 4 guarantees the stability of the
closed loop of (6.2) in the sense of ISS such that for all t > t,

max{ (1) llos (1)) sO(eNf“)-(e—<’—f°>/f’x(ro>+ sup [w(k)lls |

to<k<t

where x(ty) is the initial condition, Ny is the total state dimension of the global
network (6.2), and H is the finite impulse response horizon for the SLS model-based

control synthesis.

We remark that the decay factor e~*/#

corroborates the fact that H quantifies the
controllability of the parameter set $y. Intuitively, the smaller H can be for the SLS
synthesis (6.18) to be feasible, the easier the systems in the set can be learned and

controlled.

Proof. The main idea of the proof is as follows. First, we characterize the closed
loop dynamics of (6.2) under any SLS controllers constructed with arbitrary linear
causal operators (Lemma 28). We then relax the original SLS condition (6.4) in
Theorem 19 to a sufficient condition for ISS of the closed-loop dynamics under
bounded adversarial disturbances (Lemma 29). Crucially, we show that the bounded
path length property (6.3) of the selected hypothesis models in Algorithm 4 implies
the satisfaction of the sufficient condition for closed-loop stability. This implication
is established through a novel perturbation analysis (Theorem 21) of the SLS closed-
loop response synthesis problem (6.6). We defer the proofs of the helper lemmas

used here to Section 6.B.
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Specifically, we show that given arbitrary ®@*, ®" with FIR horizon H, the closed-loop
dynamics of (6.2) under an SLS controller constructed from ®*, ®" is characterized

as follows.

Lemma 28 (Closed-loop characterization). The closed loop of (6.2) under Algorithm

4 is characterized as follows for all time t € N:

H-1 H-1
x(f) = Z O [klw(t—k), u(f)= Z L[k (t - k) (6.10a)
k=0 k=0
H
w(t) = Z (A [k — 1] + B [k — 1] — DF [k]) Ww(t — k) + w(t - 1),
k=1
(6.10b)

where A, B are the true model parameters from (6.2) while w(t) is the true unknown
bounded disturbances with ||w(t)||., < W. The linear causal operators ®y, ®{ are
synthesized via (6.6) based on the selected hypothesis model at t and w(t) is the
estimated disturbance from the SLS controller (6.5).

This result generalizes Theorem 19 where we characterize the closed loop behaviour
of SLS controllers constructed from any linear casual operators, not necessarily
those satisfying (6.4a). Under Algorithm 4, we can further replace the true model in
(6.10b) with the selected hypothesis model (Steiner point of the consistent set) O,

i.e.,

Mm

(6.10b) = Y (A(®)D"_, [k — 1] + B(©,)®"_ [k — 1] - ®[k]) w(t—k)+W(t-1),

k=1

with admissible disturbances such that ||w||, < W due to the consistency property
(6.9) of ©;.

Moreover, Lemma 28 leads to a simple sufficient condition for stability of the closed
loops under any SLS controllers. To see this, we first argue that there exist constants
that bound the decay rate of the closed loop responses synthesized from (6.6). In
particular, due to the finite impulse response property imposed by (6.4b) of the
synthesized closed-loop responses, there always exists a large enough C > 0 and
o € (0, 1) such that

1,X k
” [Z’ “[A] < Cp* for all closed-loop responses satisfying (6.4b).
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This property is commonly employed in SLS-based analysis [24], [203], [220]. We
use C and p for the sake of proof here and does not require the knowledge of them

for Algorithm 4 to execute.

With the decay property, according to Lemma 28, if |w(7)]|, < We for some
Weo > 0, then we can bound the global state via (6.10a) as follows:

H-1
- ~ 1
X 1/257 1/2
(@)l < Weo Y @A, < WO M2
k=0 P
The bound on control input ||u(?)]||,, follows analogously. Therefore, the stability
of the closed loop reduces to the boundedness of w(z) in (6.10b). To show this, we

prove the following.

Lemma 29 (Sufficient condition for H-convolution ISS). Let H € N,. For k € [H],
let {a,[k]},2, and {w.};2, be positive sequences. Let {s,}°, be a positive sequence
such that

H
s < Zat_l [k] s Si—k F W1 . (611)
k=1

Then {5} is ISS if ¥..2, Zle a;| k] < L for some L € R,. In particular, for all
r = 1,

(eF+e—1)

s, < e Um0 ol sup wy . (6.12)

e—1 to<k<t
The above sufficient condition is suitable for analyzing dynamical evolution under
adversarial inputs. Consider taking the norm on both sides of (6.10b). Then

Lemma 29 is immediately applicable with s; = ||w(?)]|, and
a[k] = |A@)®} [k - 1] + B(@,)D" [k — 1] - ®[K]]|, - (6.13)

Therefore, a sufficient condition for ISS of (6.2) under Algorithm 4 is the boundedness
of (6.13) summing over time ¢ € N, and horizon k < H. This quantity represents
the total error of the implemented closed-loop responses ®f, ®;' synthesized from
the selected hypothesis dynamics model ®;, with respect to the correct closed-loop

responses generated from the true model ©*.

To bound (6.13), we make a crucial connection between the total path length of the
Steiner point model selection in Algorithm 4 and (6.13). This is established via the
following perturbation result for the SLS closed-loop response synthesis problem
(6.6), where the formal statement (Theorem 26) and proof is presented in Appendix
6.D.
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Theorem 21 (Informal, Perturbation bound). Let ¢*(A, B) := [x*T,u*T|T denote

the concatenated optimal solution to the following optimization problem

H

min Zx(t)TQx(t) +u(t) T Ru(r) 6.14)
’ t=0 .

s.t.  x(t+1)=Ax(t) + Bu(t), x(0)=x9, x(H)=
with Q,R > 0. Let (Ay, By) and (A;, By) be two system matrices such that (6.14)

is feasible. Then the corresponding optimal solutions ¢* (A1, By) and ¢*(Az, B;)
satisfy

Al — A
1¢* (A1, B1) = ¢*(A2, Bo) |l < T
By - B>
where ||¢*(A, B)”F = 1,:1:0 I[x(k)", u(k)"]||p. ConstantT" > O involves the system

theoretical quantities for Ay, A>, By, B2, O, R.

The quadratic program (6.14) corresponds to the column-wise decomposed sub-
problems of the SLS closed-loop response synthesis (6.6). Therefore, (6.13) can be

bounded as follows:

(6.13) = |A(®) (@), [k — 1] = @} [k — 1]) + B(©,) (DY, [k — 1] - 1D,

[@t ke —1] - ®F[k - 1]]

< 2Nk
[k —1] - ®U[k — 1]

b

F

1

where the equality is due to the constraint (6.4) during the model-based control step
in Line 5 of Algorithm 4. The inequality invokes Assumption 9. Finally we show
the total error summing (6.13) over all time step ¢ and horizon k < H is bounded by

the total path length of the selected hypothesis models via the Steiner point.

i 3 (6.13) < 2N Ki

[:0 k:] f:O

D M

<ONYHD Y 1021 -0l < 2N*kTdiam(Py),  (6.15)

Il
o

t

where we use Theorem 21 for the second inequality and the total path length bound
(6.3) of the Steiner point selector for the last inequality. Finally, we plug the total
bound (6.15) in (6.12) for an ISS bound on w(t), which gives the desired state and

control input bound in Theorem 20. O
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Remark 5. NCBC algorithms other than the Steiner point selector can be substituted
in Algorithm 4 as long as the finite path length guarantee (6.3) holds. Therefore, we
can use a more computationally efficient algorithm with respect to the number of
constraints in (6.8), such as greedy projection, at the expense of a larger worst-case
path length bound. Such trade-off is potentially important since the number of
constraints in (6.8) grows linearly with time. A topic of continuing work is to find an
efficient representation of (6.8) that does not involve linear growth in the number of

constraints.

Comparison of Theorem 20 with previous results Compared to the state-of-art
system identification-based algorithm for online control under adversarial distur-
bances given in [26], which induces Q(2") state and control input norm, our algorithm
also incurs state norms that are exponential-polynomial in the global dimension.
However, our bound is a worst-case guarantee which is on average not achieved
during deployment. On the other hand, the exponential bound in [26] is qualitatively
obtained, since system identification-based methods require full excitation of the
system despite adversarial disturbances [26, Lemma 14]. This is the reason behind
the orders of magnitude of performance improvement of our algorithm over system

identification-based methods observed in the numerical study shown in Table 6.1.

Comparison of Theorem 21 with previous results The Lipschitz continuity of
optimal control problems, similar to (6.14), has been investigated in learning-based
LQR literature, e.g., [241], [242]. However, our perturbation result Theorem 21
(formal statement in Theorem 26) is with regard to a finite-horizon quadratic program
with terminal state constraints, whereas previous Lipschitz continuity analysis is
performed with respect to the infinite-horizon LQR optimal gain. As a result, we use
a different set of tools from matrix theory, unlike the Riccati equation (value function)
based analysis for infinite-horizon LQR problems in previous works. In Section 6.4,

we further generalize the perturbation result to handle sparsity constraints.

6.4 Adversarial Stabilization with Information Constraints

The implementation of Algorithm 4 assumes that each subsystem has instantaneous
access to the information from other subsystems, such as the local consistent
hypothesis models, and the column solutions to the subproblems decomposed from
(6.6). Such instantaneous information sharing is often unrealistic in large-scale

networked control systems. Therefore, in this section we extend the presentation
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in Section 6.3 to a fully distributed algorithm, shown in Algorithm 5, that for the
first time guarantees the stability of unknown interconnected LTI systems with
information constraints under bounded adversarial disturbances. These results are

the main contribution of this chapter.

Specifically, we consider two classes of information constraints, namely communica-
tion delay and local information, which we define formally below. After defining
these information constraints, we describe the adjustments to Algorithm 4 and present

our main result.

Communication Delay

A key feature of large-scale networked systems is that information observed locally
at each subsystem cannot be immediately available to the global network. Instead,
information sharing among subsystems is constrained by communication limitations.
Such limitations often lead to delayed partial observation and pose further challenges
for learning-based algorithm design [121], [205], [210]. To formalize the communi-
cation constraints, we define a communication graph G¢ = (VC, E€) for (6.2), where
V€ = [N] and EC is the set of directed communication link from one subsystem
to the other. Self-loops at all vertices are included in E€ and they represent zero
delay. The communication graph is demonstrated by the solid blue lines in Figure
6.1(a). We use C € {1,0}"*N to denote the adjacency matrix associated with the
communication graph G¢. Moreover, we define the information delay induced by
G€ as follows.

Definition 6.4.1 (Information delay). The information delay from subsystem i to j is
defined to be the total distance of the shortest path from i to j according to G and
is denoted as d(i — J).

Globally, the kth power of the adjacency matrix C* has nonzero (i, j)th entry if
subsystem i gets k-delayed information from subsystem j. Locally, at time step ¢,
subsystem i has access to subsystem j’s full information up to time r — d(j — 1).
Moreover, d(j — i) is the smallest integer such that C?U=9 (i, j) # 0. With slight

abuse of notation, we write C¥ to mean the support of the matrix so C ke {1, O}N XN

Example 7. Consider the system in Figure 6.1(a) where the solid blue line denotes
the communication among subsystems. The adjacency matrix C is depicted in Figure
6.1(c). Observe that C(1,3) = 0 but C*>(1,3) # 0. Therefore, the delay from
subsystem 3 to subsystem 1 is d(3 — 1) = 2.
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Given G, we make a mild assumption on the communication delay. This assumption
ensures that the graph describing the global dynamics is a subgraph of the communi-
cation graph. Such an assumption ensures nested information structure [243] and is
commonly adopted [205], [219]. It holds true for systems where communication

operates at least as fast as the dynamical propagation.

Assumption 11 (Communication Topology). C(i, j) = 1 for all j € N (i).

The communication delay model considered here is well-established in the distributed
control literature [219], [244], [245] and is applicable to many engineering systems
[246], [247]. We refer interested readers to [40] for a detailed discussion on
information structures and their consequences for distributed control design. While
we specify the communication delay to be synchronous with the discrete time
dynamics propagation for ease of exposition, our results can be readily applied to

systems with faster communication than the dynamics propagation.

Local Information

Even though communication delay causes asynchronous partial information for each
subsystem, eventually each subsystem can obtain the delayed global information.
However, due to the scale of the global network, it can be prohibitively costly
for subsystems to compute their local control actions using such delayed global
information. Moreover, a larger delay between subsystems means, intuitively, that
they are more dynamically decoupled due to Assumption 11. Therefore, by discarding
information from far-away subsystems, each subsystem has a smaller and more up-
to-date information set. A common approach is to require each subsystem i to only
use delayed information from a local neighborhood. In this work, we define three
neighborhoods, Di;, (i), Doue (1), and M (i) that subsystem i is allowed to access
information from. This is sometimes referred to as localized control in multi-agent
reinforcement learning [248]-[250] and distributed control [78], [210] as a method
for ensuring a scalable implementation of the control policy in large-scale networked

systems. Below we define each of the neighborhoods.

Definition 6.4.2 (d-incoming/outgoing neighbors). The d-incoming and outgoing

neighbors of subsystem i according to G are respectively

Din()={j € [N]:d(j > i) <d}, Dou(i)={j€[N]:d(i—j)<d}.

The localization parameter d is a design choice that is network structure dependent.

Here we focus on the cases where the dynamics topology and communication graph
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have sparse enough edges that the network structure can be leveraged to design a
localization parameter d (given) that is much smaller than the size of the global

network and scales well with the number of subsystems.

Definition 6.4.3 (d-interaction neighbors). The d-interaction neighbors of subsystem

i according to local interaction (6.1) and G€ is defined as

M @) ={€ € [N]:jeN() forsomeje€ Dy, (i)}.

The intuition behind M (i) is that any subsystem ¢ € M (i) is dynamically influence
by subsystem j because j € N (£). Furthermore, j makes local decisions such as
u/ (t) based on the information from subsystem i because j € Dy (i). Therefore, it
is sensible for subsystem i to take the information from ¢ into consideration during
decision making, since ¢ will be indirectly affected by decisions made at i through

information sharing and dynamical interaction via j.

Finally, we make the following feasibility assumption.

Assumption 12 (Feasibility). For all ©® € Py, there exists a stabilizing controller for
A(®), B(®) such that each agent with local dynamics (6.1) uses delayed and locally
available information from its d-interaction, incoming, and outgoing neighbors

according to G€.

Assumption 12 ensures the well-posedness of the distributed controller learning
problem and is commonly employed [60], [109], [251]. If a parameter set P has a few
singular points where (A, B) loses feasibility such as when B = 0, a simple heuristic
is to ignore these points in the algorithm since we assume the underlying system is

controllable. We discuss the case of non-convex parameter sets in Section 6.E.

A Fully Distributed and Localized Algorithm

We now describe how to extend Algorithm 4 to handle communication delay and
localized control constraints. To do this we add additional information exchange
steps to Algorithm 4 in each of the two components. The full algorithm is shown
in Algorithm 5. For ease of exposition, we let the subsystems have scalar state
and fully actuated control actions (N, = N, = N) in order to minimize notation.
It is straightforawrd to generalize the presented algorithm and analysis to vector

subsystems.
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Algorithm 5: Distributed online stabilization under information constraints
Input: Parameter set P

Initialize: r =0, u(0) =0, 7(i,0) =0 fori € [N]

forr=1,2,... do

for Subsystemi=1,2,...,N do

Observe x' (1)

/* CONSIST: Select consistent models */

Construct P! with (6.16)

if 6, | € P then§; — 0] |

else 0, — St(P))

/* CONTROL: Perform model-based control with SLS */

Assemble local estimate of the global model A (@;) ,B (@;) with (6.17)

Synthesize closed-loop response columns ¢’ using (6.18) based on
A(8)).5 (@)

Assemble delayed local column solutions (U jeq, (i) @

J

) t—d(j—i)

Compute local control action u'(¢) using (6.19) with the assembled
column solutions

end
end

CONSIST

This component of Algorithm 5 is identical to that of the distributed implementation
of Algorithm 4 discussed in Line 8. Formally, subsystem i constructs the local

consistent parameter set, P! according to local dynamics (6.1) as

Pl=160eP . |x@) - Z AT@Y (- 1)+ BY@ -1 || <w
JEN(i) N

(6.16)

with Pé as the local initial parameter set defined in Assumption 9. The communication
delay pattern allows the construction of P! because each subsystem i precisely has
access to x/ (t — 1) and u/ (¢t — 1) from its immediate dynamical interaction neighbors
N (i) by Assumption 11.

Analogous to Algorithm 4, each subsystem i selects the Steiner point of P! as the local

hypothesis model if the previous selection is invalidated by the latest observation.
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Since the local hypothesis models are no longer shared instantly among subsystems
due to the communication delay and local information constraints, we modify
the model-based control component of Algorithm 4 and carefully keep track of
the available information. To give an overview, at every step ¢, subsystem i first
assembles a local estimate of the “global” model using delayed information from other
subsystems (line 7). Based on the estimated global model, subsystem i synthesizes
the ith column of the SLS closed-loop responses by solving the column subproblem
of (6.6) as discussed in Line 8 (line 8). Then, subsystem i assembles a local SLS
controller with the local column solutions ¢! computed from the previous step and
the delayed column solutions from other subsystems (line 9). Finally, the local
control action is computed using the locally assembled SLS controller (6.19) (line
10).

Local estimate of the global model (line 7). After selecting a local hypothesis
model, Subsystem i assembles a local estimate of the “global” parameter by collecting
the available (delayed) local hypothesis models from its neighbors in M (i),

o) J

6;:= (0] d(f_”))]e/\/((z) 6.17)
where the local neighborhood M (i) (Definition 6.4.3) represents the the set of
neighbors whose model information i needs for synthesizing its local column solution

later in (6.18).

Local column synthesis (line 8). Analogous to line 6 in Algorithm 4, subsystem i
now performs model-based control via SLS by solving the column subproblem (6.7)
with additional communication delay and local information constraints based on
the locally estimated “global” parameter @); It is well-established that information
constraints described in Section 6.4 becomes convex sparsity constraints on ®* and
®" [45]. In particular, these information constraints can be represented as binary
matrices C* (for delay) and c? (for local information) with k € [H]. Now, the

column subproblem for subsystem i changes from (6.7) to

. = [e'? ¢ [K]
min » (6.18a)
B i kZ‘) [ 0 RV | [K1||
o, ¢i’x[k+1]:A(@§)¢;x (k] ( )¢;“  forke[H—1] (6.18b)
¢ [0] = e, ¢ [H] =0 (6.18¢)

¢, [kl ¢ [k] € C*() N CY(,i), fork e [H—1], (6.18d)
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where (6.182a)-(6.18b) are the same LQR cost and closed-loop response characteriza-
tion in (6.7). The communication and local information constraints are introduced
via (6.18d). We refer interested readers to [235], [236] for a standard derivation on
how (6.18d) is equivalent to the information constraints specified in Section 6.4. The

problem (6.18) is always feasible due to Assumption 10 and 12.

Delay in the local parameter information results in differently synthesized columns
of different ®@*, ®" for different subsystems. This contrasts Algorithm 4 where all
subsystems use the same global model as input to the local synthesis problems and
output a column of the same ®*, ®".

Asynchronous closed-loop response assembly (line 9). Once local closed-loop
columns are synthesized, subsystem i has to assemble other relevant columns from
subsystem j from Dj, (i) in order to perform the downstream task of local control
action computation via the local version of the SLS controller (6.5), shown in (6.19).
In particular, (6.19) requires the ith element of every column j such that c? (i,j) #0.
By definition, Dj, (i) (Definition 6.4.2) is the set of j’s such that ¢4 has nonzero
(i, j)th element. Thus, only closed-loop columns from j € Dy, (i) are required. The
assembled closed-loop responses for each subsystem has asynchronous columns with

varying delays.

Local Control Action Computation (line 10). The final step in CONTROL is
to compute a local control action, where each subsystem i plugs the assembled
closed-loop responses into the SLS controller (6.5). Due to the sparsity constraints
(from information constraints) enforced on the column solutions during the synthesis
(6.18), the matrix-vector computation in (6.5) does not require the entire network’s

delayed column solution. Instead, subsystem i computes a local version of (6.5),

H-1
W =X - > Y e K@) @ (- k) (6.192)
J€Din (i) k=1
. H-1 .
ORI A L [GRAZI G 08 (6.19b)
J€Din (i) k=0

where x'(¢),u’(t),w'(t) € R are the local state, control action, and estimated
disturbance respectively. The local controllers are initiated with w’(0) = x*(0).
Similar to the global controller (6.5), the intuition behind (6.19) is that each
subsystem i counterfactually assumes that the global closed loop of (6.2) behaves
f—d( j—i) '
maps the jth position of w (w/) to the ith position of x

exactly as the columns ¢

J
t—d(j—i)

prescribe. In particular, the ith position of the jth

column solution ¢
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and u (x’ and u’). Therefore, (6.19a) estimates the local disturbances by comparing
j s

observed local state x'(¢) and the counterfactual state computed with ¢ rd (i) S

Then (6.19b) acts upon the computed disturbance.

In this step, the errors caused by the delayed information propagate further during
(6.19) when each subsystem computes control action using the assembled closed-loop
column solutions from different sets of sub-controllers in (6.17). This contrasts the
setting in Algorithm 5, where without communication delay, all subsystems use the
globally agreed closed-loop operators ®@*,®" to compute the local control action
using (6.5).

Thanks to (6.18d), regardless of the delay, all closed-loop columns has the correct
sparsity required by the communication and locality constraints. Consequently,
any assembled closed loop columns used for (6.19) at each subsystem preserve the
required sparsity. Therefore, the SLS controller implemented with these column

solutions conforms to the information constraints.

Stability Guarantee
We now present the main result of this chapter. This is the first stabilization result for
a distributed policy (Algorithm 5) in a networked setting with unknown dynamics,

communication delay, local information constraint, and adversarial disturbances.

Theorem 22 (Stability). Under Assumptions 8-12, Algorithm 5 guarantees the ISS
of the closed loop of (6.2) such that for all t > t,

max{ (1) o, (1)1} < O (") (e—<’—’°>/’*x<to>+ sup [|w (K)o -

to<k<t

where x(to) is the initial condition, local dimension it = max{||C?||1, |C%|lc, max; |IM (j)[}
represents the total state dimension in the d-neighborhood specified by the dynamics
interaction (6.1) and the communication graph G€. Parameter d is the largest local
delay each subsystem allows for delayed information, and H is the SLS closed-loop

response finite impulse horizon.

Theorem 22 highlights that only the local constants d and 77 impact the stability
guarantee, in contrast to the dependence on the global network dimension in
Algorithm 4 and in system-identification based approaches [26]. Further, the result
makes explicit that communication delay adds an exponential factor of error on the

state deviation from the desired steady state compared to Theorem 20. When the
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network connectivity is sparse, local constants 77 and d can remain small even if the

number of subsystems in the network is large and growing [235], [252].

Proof Outline. The proof of Theorem 22 follows a similar structure as that of
Theorem 20. We defer formal proofs to Section 6.C. The main challenge here is to
characterize the error caused by asynchronous information at different subsystems
throughout the algorithm due to delay.

To begin, we use Lemma 28 and show that despite the fact that each subsystem in
Algorithm 5 uses differently delayed information to compute the local parameter,
sub-controller, and control actions, the closed loop for the global system under
such distributed policy can be characterized with a simple global representation. In
particular, denote the actual closed-loop response implemented by Algorithm 5 as
@f, ®;. By observation, each element of ®; [k], ®f[k] is

O [K1(, j) = 6] LK1G), @Y TKIG, J) 1= 6] [K1G)

Therefore, the closed loop of (6.2) under Algorithm 5 can be characterized by (6.10)
with @, ®'. It follows from Lemma 29 that as long as the error term

o H
> A@©)@r [k - 1]+ BO©)®L [k - 1] - @[], (6.20)
=1 k=1
is bounded, then the closed loop is ISS. Here ©; is the consistent global model
constructed from the local consistent hypothesis models selected by all subsystems

at time 7. In Section 6.C, we quantify the effect of delay that manifests in ®f and ®}'.

To bound (6.20), we extend the perturbation bound in Theorem 21 to accommodate
the additional sparsity constraints in (6.18) (Corollary 23.1). This result allows us
to make a connection between (6.20) and the total path length of each subsystem’s
local parameter selection. Furthermore, Corollary 23.1 has potential application for
a class of SLS-based distributed and localized MPC problems [210], [211].

6.5 Simulation

The main contribution of this work focuses on deriving a stability guarantee for the
proposed method under adversarial disturbances and information constraints. In
this section, we provide a preliminary numerical exploration of the performance
improvement of our approach compared the state-of-the-art adversarial control
method in the single-agent case in Section 6.5. We further test our method on a mesh

network of discretized swing dynamics for power systems, where we demonstrate
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near-optimal performance of Algorithm 4 and Algorithm 5 compared to the offline
optimal controller synthesized according to the true dynamics in Section 6.5. Further,
we study the effect of the localization parameter and the network size under correlated

Gaussian noise.

Single-agent: Double Integrator Dynamics

We consider the classic double integrator dynamics [253],

x! 1] |x!
x2 1] |x2

where x(¢) = [x',x*]7(¢) € R?, u(t) € R. Disturbance w(z) € R? is the bounded

(lw()|lo < 1). The system models a unit mass vehicle with position (x') and

1 0 w!
(+1)=| 0+, "o,

u(t) +

velocity (x?) as its state under force u.

To the best of our knowledge, the only online algorithm that guarantees stability
under bounded adversarial disturbances is [26], where system identification is
performed before a certainty-equivalent controller is synthesized based on the
estimated dynamics. Therefore, we study the performance of our algorithm and that
of [26]. The results are summarized in Table 6.1, where we report the averaged
maximum and top 90% state deviation from origin, i.e. max; ||x(¢)||« across 10 runs
under three different disturbance profiles. In particular, we generate correlated (across
coordinates) Gaussian noise projected to —1 and 1, the uniform disturbance, and
the projected state-dependent adversarial disturbance, where the adversary chooses
w(t) = sign (A(@)x(r) + B(O@*)u(r)).

To instantiate [26], we use exact system theoretical constants required for the algorithm
and perform the black-box system identification algorithm in [26, Algorithm 2]
with identification accuracy set to be 1072 (largest error tolerable by the algorithm).
Then, we generate a stabilizing controller with [26, Algorithm 3]. For the proposed
approach, we use the optimal LQR feedback gain in place of the centralized SLS
controller (6.6) and (6.5), since under Assumption 10, the SLS controller synthesized
under with LQR cost is equivalent to the optimal LQR feedback [73]. We remark
that for all disturbance profiles and regardless of the choice of stabilizing controller,
the system identification algorithm of [26] always requires control inputs in the order
of 10'!. Therefore, across all disturbances, the trajectories generated by [26] are

nearly identical.
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Figure 6.2: State trajectory of the optimal distributed controller, Algorithm 4, and
Algorithm 5 for the 5 X 5 mesh network.

Multi-agent:Discretized Swing Dynamics in Power Systems

We now consider a power network with randomly generated sparse edges representing
dynamical interactions over a 5 by 5 mesh, where each vertex represents a bus,
illustrated at the right lower corner of Figure 6.2. The local dynamics at bus 7 is

given by the two-state discretized swing equations [73],

X (1) + Z

JEN (D)

At
_ZjeN(i) kfjAt 1

mj

0 0
“King o

m;

x(t+1) = [ X (1) + 0 (ui(t) +wi(t))

where the states are the phase angle (first state) and frequency (second state)
deviation from the set point (origin), At = 0.1s is the discretization time step, and
m;, kij, u', wt, are the inertia, line susceptance between bus i and j, control action,
and external disturbance respectively. We assume each bus has a phase measurement

unit and a frequency sensor to measure x'.

We randomly generate each k;; € [0.1, 1] and m; between [0.1, 10], and assume
these parameters are unknown to the algorithm except their bounds. The global
network is generated to be open-loop unstable. We use correlated (across buses)
Gaussian disturbances with a known bound. In Figure 6.2 we compare the perfor-
mance of Algorithm 4 (information shared globally and without delay), Algorithm 5,
and the offline optimal distributed SLS controller synthesized from (6.6) with the
knowledge of k;;’s and m;’s, all subject to the same distributed control design
requirements. Specifically, the communication network is assume to be the same
as the dynamical interaction mesh graph, and we choose the localization parameter
to be d = 3, which is much smaller compared to the network size of 25. The
centralized algorithm where no communication delay is present matches closely with
the trajectory generated by the offline optimal controller, whereas the presence of
the information constraints for Algorithm 5 degrades the performance. However,

we highlight that despite the exponential dependency on the local dimensions in
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Theorem 22, the actual performance of Algorithm 5 in this case is significantly better

than the theoretical guarantee.

Localization parameter Mean Top 95% ‘ Network Size Mean Top 95%

d=3 3.98 14.02 N=9 296 10.28
d=>5 3.85 14.18 N=25 398 14.02
d=10 419  14.08 N=36 427 14.05

Table 6.2: Comparison of the state norm (||x(?)||,) for different localization parame-
ters d on the 5 by 5 network (left) and comparison for different network sizes with N
agents with fixed localization parameter d = 3 (right).

Furthermore, we compare the effects of different localization parameter choices. On
the one hand, larger d results in larger worst-case guarantee in Theorem 22 due
to delayed information for local computation. On the other, larger d means that
each agent in the network can access more (delayed) information. This trade-off
manifests on the left of Table 6.2, where d = 5 appears to achieve lower average state
norm over 4 random runs with correlated Gaussian noises, slightly outperforming
controllers with d = 3 (too little information) and d = 10 (too much delay from
far-away neighbors). On the right of Table 6.2, we corroborate Theorem 22 where the
stability guarantee only depends on local constants d and 7. We randomly generate
3x3, 5x35, and 6x6 mesh networks of similar network structure, and the resulting state

norm does not scale with the network size.

6.6 Conclusion

In this chapter, we instantiated the SME uncertainty set-based learning and control
framework and propose the first learning-based algorithm that provably achieves
online stabilization for networked LTI systems subject to communication delays under
adversarial disturbances. We leverage nested convex body chasing and distributed
control. The novel approach achieves orders of magnitude of improvement in
performance over state-of-the-art methods for single-agent systems and handles
information delays in networked multi-agent systems. Since most systems are
time-varying in nature, an immediate extension of this work is to combine general
convex body chasing and model-based control methods to handle time-varying
dynamical systems. Future directions include extending the communication model

to incorporate stochastic and time-varying delays among agents.
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6.A Notation Summary

Table 6.3: Notations and definitions for the model setup, algorithms, and proofs

Notation

Meaning

xH(e), u (1), w (1)

N (i)
x(2), u(t), w(r)

Al B

A, B
9i

®
Po

gC

C
d(i—J)
Z)in (l)
Dout (l)

M (i)

d-neighbor of i
P
0

®;

d)i

4 .
i,x  giu
t 7t

O,
At’ Bts W(t)

a;', bi
w(t)

State (R™), action (R""), disturbances (R") at subsystem i;

Dynamical neighbors of subsystem i where x/ (¢ — 1) affects x’(¢) for j € N (i);
Global state, control action, and disturbance vector concatenated from the local
ones in (6.1);

Local dynamics matrices describing how states and control action of subsystem j
affects subsystem i for j € N (i) in (6.1);

Concatenated global dynamics matrices from A%/’s and B"/’s ;

The parameters for the nonzero locations in local dynamics matrices and we write
AU (9"), B (6"). In particular, 8 N 6/ = for all i # j;

The concatenated local parameters for the global dynamics with © := (J;c[n o'
The known initial compact convex parameter set where the true dynamics
parameter lies;

Communication graph defined over system (6.2) with vertices V¢ corresponding
to subsystems and directed edges E;

The adjecency matrix of G€;

Communication delay from subsystem i to subsystem j defined as the graph
distance from i to j according to QC;

d-incoming neighbors of subsystem i where Dy, (i) := {j € [N] : d(j — i) < d}.
In particular, j € Dy, (i) if C4(i, j) # 0;

d-outgoing neighbors of subsystem i where Doy (i) := {j € [N] : d(i — j) <
d}. In particular, j € Dy, (i) if C4(j,i) £ 0;

Subsystems whose model information is needed for sub-controller
synthesis at subsystem ¢ with Algorithm 5 where M (i) =
{€ € [N]:jeN()forsome j € Doy (i)};

The union of all subsystems in Dy, (i), Doyt (1), M (i);

Local consistent parameter set constructed by subsystem i at time ¢ with (6.16);
Local consistent parameter for subsystem i for A” and B"/ constructed with
Algorithm 5;

The assembled local estimate of the "global" parameter where @; =
Usem 01—y’

Local column solutions generated by subsystem i at time ¢ from (6.18);

The x and u components of ¢!, respectively. They are synthesized from (6.18);
The collection of all local consistent parameters at time ¢ where ®, = | t}\i 1 6;;
The global consistent matrices A(®;), B(®,), and corresponding admissible
disturbance;

The ith row of A,, B, respectively;

Concatenated global estimated disturbance from w'(¢) in (6.19);

Concatenated global closed loop operators where @7 [k] (i, j) = f ’_xd (i) [k] (i)
from (6.19) ; '
Concatenated global closed loop operators where @ [k] (7, j) = f . d(j—i) [k](D)
from (6.19) ;

6.B Proofs for Section 6.3

Below we restate and prove the auxiliary results needed for the proof of Theorem 20

in Section 6.3.
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Table 6.4: Constants used throughout the chapter

Constants Meaning

N Number of subsystems in the global dynamics (6.2);

ni, m; Local state and control action dimension for subsystem 7 in (6.1);

Ny, Ny Global state and control dimension with n, = Zf\i \niand n, = Zi]\i M

w The known bound on the true disturbances such that ||w(?)||, < W;

K The bound on all possible system matrices where ||A(®)||,, ||[B(®)||, < « for all
0 e Po;

d The localization parameter such that each subsystem is constrained to only use

information from its d-neighbors in Algorithm 5;

The largest total local state dimension for the d-neighbors of the subsystems

where /i = max{||C?l1, [|C|lco, max; IM (j)I}

C,p The decay rate for the closed-loop columns ¢} synthesized in (6.18) such that
lgi [k1]], < Cp*:

Si

Lemma 30 (Closed loop Dynamics). The closed loop of (6.2) under Algorithm 4 is

characterized as follows for all time t € N,.:

H-1 H-1
x(t) = Z O [k]w(t — k), u(t) = Z O [k)w(t — k) (6.21a)
k=0 k=0
H
w(t) = Z (A(®)D"_ [k — 1] +B(®)®"_ [k — 1] - DI [k]) w(t — k) +w(t —1),
k=1
(6.21b)

where A, B are the true model parameters from (6.2) while w(t) is the true unknown
bounded disturbances with ||w(t)||., < W. The linear causal operators ®y, ®f are
synthesized via (6.6) based on the selected hypothesis model at t and w(t) is the
estimated disturbance from the SLS controller (6.5).

Proof. First, we write out the global closed-loop dynamics of (6.2) under the SL.S

controller (6.5) with the synthesized closed-loop responses,

x(t) = A(0*)x(t—1)+B (@) u(t = 1) +w(t - 1) (6.22a)
H-1
w(t) = x(1) - Z O [k]w(t - k) (6.22b)
. k=1
u(t) = Z QU [k]W(t — k), (6.22¢)
k=0

where (6.22a) is the global dynamics (6.2) while (6.22b) and (6.22c¢) are the imple-

mented SLS controller. Now, we use the consistency property of all the consistent
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hypothesis model ®; selected by Algorithm 4 and represent dynamics (6.22a) in
terms of the global consistent parameter A, := A(®;), B; := B(0;),

x(t)=Ax(t—1)+Bu(t—1)+w(t—1), (6.23)

with admissible consistent disturbances ||w(¢)||., < W for all time ¢. The replacement
of (A (©*), B (©*)), w(t)) with (A,, B;, w(t)) is by definition of the consistent set
(6.8). Next, observe that by moving x(t) to the left side, (6.22b) becomes

T

x(1) OF[K]W(t — k) + (1)

TT
,l_.»—

[k (t — k), (6.24)

=
[e]

where in the last equality we used the fact that each @7 [0] = I by the constraint (6.4).
Now we substitute (6.23) into (6.22b) to get

w(t) = x(t) - Z @ [k]Ww(t — k) (6.252)
= H-1
= Ax(t = 1)+ Bu(t — 1) — Z Ok (t— k) +w(t—1) (6.25b)

k=1
_Ath> w(t—l—k)+BtZ<I> Klw(t—1-k) - Zcpx 1W(t — k)

+w(r-1) (6.25¢)

=

(A,@" [k — 1] + B®" [k — 1] - D [k]) #(t - k)
1

+ (A@7 | [H-1]+B,®' [[H-1] - [H])w(t—H)+w(t—1)
(6.25d)

>~
Il

(A@" [k — 1]+ B®" [k — 1] — DF[k]) W(t — k) + i (t — 1),

=~
Il

1
(6.25¢)

where in (6.25¢) we substituted (6.24) and (6.22¢) into x(¢t — 1) and u(t — 1)
respectively. In (6.25d), we grouped the terms according to w(¢ — k) and used the
fact that the closed-loop responses are synthesized in (6.6) such that @'  [H] =0
for all ¢. Together, (6.22¢),(6.24), and (6.25¢) are as requested. O
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Lemma 31 (Sufficient condition for H-convolution ISS). Let H € N. For k € [H],

let {a,[k]},2; and {w.};2, be positive sequences. Let {s,}°, be a positive sequence

such that

A
M=
2
i

k] s Si—k F W1 . (626)
k=1

Then {s;};2,, is bounded if 3.2 Zk ya:[k] < L for some L € R,. In particular, for

all t > 1,
L
—(t-19)/H , ,L (e te— 1)

e"sy, + sup wg .

-1 to<k<t
Proof. Fix tg and t > ty. Denote {z;,} as a finite subsequence of {sT}’T:,0 such that

Lty = St

%, = max s, fori=N,N-1,...,1,
ti—H<t<t;-1

with ty = ¢ and z;, = s;,. This construction of the {z;,} has to terminate at z;, = sy,.

(t=t0)
t —HO

Therefore, N is at leas and at most ¢ — ty. By the recursive relationship of s; in

(6.26), we have for any i,

Zt:

1

= sli

IN
8
i
=
K¢
T
L

+
=

i

IA
Q) —_
1=

R

1

=
S ——

{

+

S

—1 Zt—1 + Wi, (6.27)

where we use the fact that a,[k] > O for all 7 and k. We also denote a;,_; =

(22{:1 ag—1 [k]) for the last equality. By the recursion (6.27), we have

N N N
St =2y < 1—[ “Zgy t ( sup wk) 1+Z l_[Zf,[_I ) (6.28)

i=1 to<k<t =1 i=j

L

Now, 12 @1 =TI (@1 ~ 1) +1) = I €171 = eE5 (1) < pb-vjen,
where the last 1nequa1ity is due to the hypothesis that )} °, a; < L. Plug this inequality

for Hfi y ay,—1 back to (6.28), we continue with

N
s < e T g o +(sup wk) 1+Z L=(N=J)

to<k<t j=1
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N-1
< e U/H g ol 4 ( sup wk) 1+l Z e/

to<k<t
0 F

1
< o (t-10)/H StoeL+ sup wy (1 +eL—) ’
to<k<t -1
where we used z;, = s, and that N is at least (¢ — t9)/H. This is the required bound,
which holds for any 7, #y € N. O

6.C Proof of Theorem 22
Theorem 23 (Stability, Scalar Subsystems). Under Assumptions 8-12, Algorithm 5
guarantees the ISS of the closed loop of (6.2) with

max { (1) o, (1)} < O (") (e'<"’°>/”x(ro>+ sup ()]l |

to<k<t

where x (to) is the initial condition, local dimension i = max{||C?||1, |IC%||cos max; |M (j)|}
represents the total state dimension in the d-neighborhood specified by the dynamics
interaction (6.1) and the communication graph G€. Parameter d is the largest local
delay each subsystem allows for delayed information, and H is the SLS closed-loop

response finite impulse horizon.

Proof. We first characterize the closed loop dynamics of (6.2) under Algorithm 5. In
particular, despite the fact that each subsystem uses differently delayed information
to compute the local parameter, column solutions to the closed-loop responses, and
control actions, the closed loop for the global system under such distributed policy

can be simply characterized as

H-1 H-1
x(t) = Z Okt —k), u(t) = Z L[k (¢ — k) (6.292)
k=0 k=0
H
w(t) = Z (A @ [k —1]+B®" [k —1] - [k]) w(t — k) +w(t - 1),
k=1
(6.29b)

by Lemma 30. Here u(t), w(t) are concatenated control action and estimated
disturbance from (6.19). A;, B; are the global consistent parameter concatenated
with the local consistent parameters A™/ (6%), B/ (0!). Vector w(t) are the admissible

consistent disturbances corresponding to A;, B, with the property that [|w(¢)||, < W



166

for all time ¢. Operators @, ®{ are shorthand for global closed-loop operators when

(6.19) is implemented, with
O [K1G, j) 1= 6,7 LE1G), @Y TKIG, J) 1= 6] K G)

We follow similar procedure in the proof of Theorem 20 and bound ||w ()|, from

(6.29b) by examining the following dynamical evolution,

H

W)l < Z 4@} [k =11+ B, @} [k = 11 = @ [k]|| , 17 (2 = ©)lloo + [1W( = Dl -
k=1

(6.30)

By Lemma 31, as long as >} .2, le ||A,d>f_1 [k —1] + B,®Y [k — 1] - CI);‘[k]”OO <

L for some positive constant L, then we can bound (6.30) with

L
—~ (1 - e“+e—1
W)l < e elx(tg) + sup ||W(f)||oo(—)
to<k<t e—1

Therefore, what’s left is to show
co H
> DAL Tk = 1]+ B [k = 1] = (K], < L.

which is proved in Proposition 32 where L = O (poly (/i) d). This concludes the
proof. O

Lemma 32 (Bounded error for closed loop operators). Let ®f, ®} denote the global

closed loop operators concatenated from sub-controllers generated with Algorithm

5 where @7 [k](i, j) = qSi;xd(j_)l.) [k] (i) and DY [k](i, j) := ¢{L“d(j_)i) [k](i). Denote
matrices Ay, B; as the global consistent parameter concatenated with local consistent

parameters AV ('), BV (6'). Then we have

co H
> Ay Tk =11+ Bi@ [k - 1] - & [K]]], (6.31)

- 2 C
< (d +3)diam(Py) (Kﬁ%rH + ) ,
-p
where 1 = max{||Cd_||1, ||CJ||00, max; [M (j)|}, and d is the largest local delay
each subsystem considers for the algorithm, while H is SLS controller horizon. Here,
I" is a system-theoretical constant that does not depend on the global dynamics

properties detailed in Theorem 26.
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Proof. To ease notation, we use @' and b’ to denote the ith row of A, and B,

respectively.

Our strategy is to bound each term in (6.31) for a fixed ¢ and k. We will see that the
summation of these terms over all £ and 7 remain bounded. Each term in (6.31) can

be bounded as follows:

|A:@F [k — 1] + B,®@" [k — 1] — @} [k]||,

i T X . l T u . X . .
=max > (@) @ [k = 1]( )+ (b)) @ k=11 )~ @F[KIG.))
IE[N] jED‘ (l) ~—————
Defined to be ¢>t d(]_”)[ 1)
(6.32)

Due to the sparsity constraints that correspond to the information constraints placed
on the closed-loop responses during synthesis (6.18), the only nonzero elements in a
particular row i of @} [k] are the positions at j € D;, (/). Hence, we can write sum
of each row i as sum of the elements in position (i, j) where j € Dy, (i) in (6.32).

Recall that ¢ are synthesized in (6.18) such that

td( i)

01y K1) = (a;_d(jﬁ,.)_d(,-ﬁ,)) a1
Ju

because ¢ is synthesized by j at time t — d (j — i). The ith position of

1= d (j—i)
¢5 o d (o 1n particular uses model information from subsystem i, which is transmitted

to j fromz with delay d (i — j). Therefore, we substitute (6.33) into (6.32) to get

. . T .
(6.32) = max Z (ai)Tq’f—l [k —11C. ) - (a;—d(j—n')—d(i—g')) ¢{id(j_>i)[k — 1]

N D)

T qyu . i
+ (bt) q)t—l [k - 1](’]) - (bt—d(j—>i)—d(i—>J)) ¢t d(]—>z)[ ] ’

(6.34)

Adding and subtracting (aﬁ)T J*  [k—1] and (b‘) [k — 1] in (6.34),

t—d(j—i) f d(]—”)

we can group terms and get

(6.34) < max Z

N D)

() (@3, L = 11C. ) = 97, L = 11)

+(b’;)T(q>;’_[ — 1) = ¢l [k = 1])‘ (6.35a)




+ max
i€[N]

2.

J€Din (i)
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(ai _a;—d(j—>i)—d(i—>j)) gbt d(J—”)[ - 1]

+ (b’

bl

T .
Jsu
t—d(j—i)— d(l—)])) ¢l—d(j—>i) [k - 1] . (635b)

We now consider (6.35a) and (6.35b) separately. For the remainder of the proof, we

use ¢{’x and (,b{ ** as shorthand for the jth column of @y and @' respectively. Apply

Cauchy-Schwarz,

(6350 < max 3 lai

(by Assumption 9)

<kK-

1] - ¢ k11|

2
J€Din (i)

ol ¢ e = 11 = 0 =11
(6.36a)
max > [# k=117 k-1
. - (j—i)
N e ' 2
+l7 -1 - Z;”d(j_ﬁ)[k—l]Hz (6.36b)
1/2
. 2
X
- max > |- 110 - ¢y k= 1100)|
jEDin(i) fe@oul(j)
1/2
2
w2 |- 110 - 8ty Tk = 1100
L€ Dou (/)
(6.36¢)
1/2
. 2
JsX
- max D0 ol ok =110 = 0l k= 110
jEDin(i) fe@oul(j)
1/2
. 2
Jsu
L D N A | S (GO VSR (051
t€Dout(J)
(6.36d)

where to arrive at (6.36¢) we used the fact that the nonzero elements in any column/sub-

controller synthesized or assembled at subsystem j corresponds to the elements in

Dout (7). The last equality comes from the definition of @

(I) Contmulng, we

t-1°

bound any sum using the largest summand multiplied by the number of summands:

(6.35a) < (6.36d)

< Kk - max
i€[N] .
J€

> [
Din (i)

max
€Dout(j)

N 1/2
: H
] 2)

J.x
¢z 1 d(J—>£)[ 1] - ¢t d(J—>z)
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. . 1/2
= J>u Ju
+(n- max g2, k=11 - l_d(ﬁi)[k—qu)

'€ Dout ()
(6.37a)
1/2

_ I -1
AN jg?)i’ii)((ge%jﬁj) Fiao =11 = 0y = 1] 2)

‘ 1/2

J-u -

+(€,elg?u’f(j)‘ IRV Ll e | L H) ) (6.376)

Recall that ¢ are generated by subsystem j using model information

t—1-d(j—C)

@i I—d(j— durlng synthes1s procedure ((6.17), Algorithm 5). Similarly, ¢

are generated using e’ r—d(j—

t—d(j—i)

i Therefore, we can invoke Corollary 23.1 and arrive at

(6.35a) < (6.36d) < (6.37b)

o & HZ)”Z

~3/2
< ki”’“I"max max (( max ‘ i~ 1—d(j—0) —d(j—i)||

i€[N] jeDu (i) | \eDou())

. . 2\1/2
j Y,
S T
(6.38)
For any fixed i, j, ¢, £, the following holds true:
_ .=3/2 J aJ J aJ
(6.38) = «kn F() S/ —d(j—0) ®t—d(j—>i)H ‘gr 1—d(j—¢) _®t—d(j—>i)HF)
_ =32
= kit*’T Z O —d(jot)-dm—)) ~ Gﬁd(j—n’)—d(m—y‘)HF
meM(j)
D O e o) ~ Ot d(m—>])H
meM(j)
min(ty,t2)+6;+1 min(t],t2)+6;+1
_3/2
carr 3 (S o oS o)
meM(j) \ p=min(z1,t2) p=min(t,t2)
(6.39)

where we definety = 1+d(j =€) +d(m — j),t,=1+d(j - ') +d(m — j),
th =1+d(j—oi)+d(m—j),and 6t = |[d(j —i)-d(j— ) —-1|, 6t =
ld(j —=i)—d(j — ') —1]|. We stop at (6.39) for the moment for our bound for
(6.35a) and change course to bound the other term (6.35b) in (6.35). We start with
cauchy-schwarz for (6.35b).

al —
4 t d(1—>l) d(i—))||,

(635b) < max Y ‘

M ep

A Ll
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l i
+"’ bi—a(j—i- d(w)H ’ o Lk = ”Hz
k-1~ i i
=Cp RN ebat at—at—d(j—>i)—d(i—>j)H2+ = by d(l—>])H
_ k=1 i pi
=Cp“ 'n lrél[a]lv)i jenzl)?n)%i) 0, 9z—d(j—>i)—d(i—>j)H2 . (6.40)

Here we have used the decay property of the finite-impulse-response closed-loop
responses to bound the decay rate of the sub-controllers. The last equality holds by
recalling that we have defined a! and b’ to be the ith row of the A, and B; respectively,
which is constructed from the global consistent parameter ®; = UN 9’ Therefore,
by definition, [a!, bi] = 6.

We now return to bound ;7 Zle ||A,<I>f_] [k — 1] + B,®} | [k — 1] — @] [k] ||(>O In

particular, we have so far showed that

o H oo H
Z D lAa@r [k =11+ Bk [k - 1] - @ [k][|, < > > (6.39) +(6.40).
t=0 k=1 t=0 k=1

(6.41)

Therefore, our goal is to bound each component of the right hand side. Specifically,

o H
Z Z (6.39)

t=0 k=1
o H min(ty,t2)+6;:+1 min(#],t2)+6;+1
~3/2 m m m m
DIDILEEUD VN BV (RSN I Y IR N
1=0 k=1 meM(j) \ p=min(r,1) p=min(#] 1)

(6.42)

for a different tuple of (i € [N],j € Din (i), € € Dout (J) , ' € Dout (j)) at each z.
However, for any (i, j, ¢, {’), the following holds:

o H
Z Z (6.39)

=0 k=1
H min(ty,t2)+6;+1 oo min(’?’t2)+5;+1 oo
-3/2
< Kkn / FZ Z Z Z Qt —p+1 Hm HF + Z Z Qﬁl’” B QKPHF
k=1 meM(j) \ p=min(t1,t;) =0 p=min(t},tz) =0
< 2«i°’T' Hdiam (P, max 1+1+|d(j - i) -d(j—o0 -1
( 0) i€[N],j€Din (i), fEDom(j)( l (J )) (] ) |

(6.432)
< 2«ki’*T Hdiam(P) (d + 3). (6.43b)
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Here we have used in the competitiveness of each local Steiner point selector via
(6.3) in (6.43a) with competitive ratio of 71/2. Furthermore, by definition of Dj, (i)
and Dgy; (), we know that the largest delay for d (j — i) and d (j — ¢) for any

choice of i, j, € is less than d.

Finally, we investigate the second component of the right hand side of (6.41).

i i (6.40

H
S
max max

=0 k=1 ) ; k=1 N] jeDin(i) % 6;—d<1—>i)—d(i—>j)H2 (6.44a)
4l d(j—i)+d(i—j)+1 oo |
<pootimyme 2 2l o,
(6.44b)
< Ciddiam(Po)(d +1)/(1 = p), (6.44c)

where we once again used the competitive ratio of the local Steiner point selector (6.3).
Moreover, by definition of Dy, (7), the largest delay d (i — j) for any j € Dy, (i) is
less than d.

Finally, we have the bound on the target quantity with (6.43b) and (6.44c) and

conclude

oo H

Z Z |A@F [k —1] + B®" | [k — 1] — @] [k]||, < (6.43b) + (6.44c)
t=1 k=1

. C
< 2(d + 3)A*diam(Py) (Kﬁ%rH o
O

Corollary 23.1 (of Theorem 26, Structured SLS sensitivity). Consider the optimal
solutions ¢, ¢’ to (6.18) with two different parameters input ©, @ respectively. Then

we have

¢ —¢'ll, <T 10 -0,,

withT' = O (I'y + I'g) where I'y and I'g are constants in Theorem 26.

Proof. The SLS synthesis problem that we consider in (6.18) has one additional spar-
sity constraints than general SLS synthesis presented in (6.49) to which Theorem 26
apples. Therefore, we need to de-constrain the synthesis problem (6.18) and turn it

into a problem of the form (6.49) in order to apply Theorem 26. To do so, we follow
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the procedure in Section 2.4 of Chapter 2, where a re-parameterization of ¢{’M is
used to characterize all sparse ¢/ which will result in sparse ¢/” according to the
dynamical evolution (6.18b). First, we rewrite (6.18b) with the nonzero variables

grouped together as follows:

T () D] [77.x ()
¢], ] Ann A ¢J, Bn .
l¢f)x Aan Ab]b ¢i)x Bb]

where ¢/ denotes the vector of nonzero entries in qb{ " and éﬁ%’x denotes the
“boundary” positions of ¢/-*. The “boundary” positions of ¢/~ corresponds to the
positions in the vector that would become nonzero from zero due to the dynamical
evolution (6.18b) in one time step. We refer Chapter 2 for detailed setup/derivation for
(6.45). We also partition A,B in (6.18b) to correspond the entries that are associated
with (Zf * and q?;;". ¢’ denote the reduced vector with only nonzero entries of ¢'t"”.

For completeness, we re-state a key lemma from Chapter 2.

Lemma 33. IfBl(?j)Bl(jj)+ = I, then the vectors {v/[k]} characterize all ¢’ [k] via

F1k] = -BY" AY G k] + ( 1-BY B;f)) v k] . (6.46)

We remark that the pseudo-inverse condition in Lemma 33 is equivalently to
Assumption 12, as observed in [236] and [254].

We can now substitute (6.46) into the synthesis problem (6.18) and obtain an SLS
synthesis problem in the same form as (6.49) with transformed dynamical evolution
in terms of the new variables ¢/~ [k] and v/ [k]. Consider the optimal solutions ¢
and ¢’ (concatenated from ¢/ and v/ ) computed from the de-constrained problem
with two different model input ® and ®’. By Theorem 26, we have

|6 = &|l, < (Ca+T5) 10 -0 (6.47)

Observe that
i _ [_p)i 4 () Dt g\ ] 7
qbf”_[—Bb Ay (I—Bb B! )]qs

Therefore, we could bound the sensitivity of the solution to (6.18) via

I 0 B I 0
6 =&l < Dt 4 () RO KA IR e (Dt ()
B Al (I—Bb B! ) —BTAL (I—Bb B )
< DF A oD 4G D) o o () /()
—B, Ay, + B, Ay =By By + BB, )

¢

2
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+ e ’os P —
)T 4" () ()T ") (¢ ¢)
BT A (1= BB 2
4C 2
<Ky (2+ K )(FA+FB) 1© - @l
O-min(l _P) min

=0y +Tp) 10 -0||f,

where o, denotes the minimum singular value of the matrix By, for all B(Qi ) with
(= Pé. Note that the left pseudo-inverse has the largest singular value of 1/0pin
with opin the smallest singular value of the original matrix. Due to Assumption 10
and Assumption 12, we know that Bj, has to be bounded from below so that (6.18) is
feasible. We have also used the fact that the norm of an lower triangular block matrix
is upper bounded by the sum of the norm of each component block. We invoke the
exponential decay property of the closed-loop responses to bound the decay rate of ¢
by relating the nonzero component of the solution to (6.18) and 5 via (6.47). O

6.D Perturbation Analysis of H2-optimal SLS Synthesis

From #,-optimal control to Least Squares

This section presents results about general SLS synthesis. Due to notation overhead,
we will drop time indices and suppress the horizon index k£ € [H] in closed-loop
operators ®*[k], ®*[k] and write &, @} instead. Let @ € R™" and ®} € R™"
and consider the following canonical SLS synthesis problem with LQR cost for

system matrices [A, B] and weighting matrices C € R™" D € R™™ .

) cC 0 <I>’1‘ @’5 <I)’}
S = min y » y (6.48)
D||®] @ ... @7 F
st @) =1
<I>),‘<+1:A<D’,i+BCI)Z, Vk:1<k<H
cI))IC1I+1:0'

The objective in (6.48) is equivalent to weighted H, norm on the closed-loop

operators ®* and ®", as well as the LQR cost on the state and control input weighed

by C? and D?. Denote ¢£’x e R, gbi’” € R™ as the jth column of @} € R™",

@} € R™" and e; the unit vector in the j-th coordinate axis. As described in

Section 2.3, we can separate the problem by columns and can equivalently restate
: Jox VEO

(6.48) in terms of each column ¢, and ¢ :

2

e o

S = min (6.49)

Jx J.x J.x
gt gl ¢H]

VEZRV R Jou
¢ ¢y . Py

F
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st. ¢l =e;

oL = A¢f’x +Bo)", V1<k<H

D =

We will now fix j and rewrite (6.49) further and introduce new variables to avoid
tedious notation. Define u; = ¢j’“,V1 <k <H u=[uf,...,uy]" and the
block-lower-triangular matrix G, € RI™Hm the vector &; € R™ and the lifted

weight matrices C, D as

B 0 0 ... 0]
—Aej
AB B 0 ... 0 12
— e.
G.=| A’2B  AB B ... 0| &= | C=Iy®C D=1Iy®D,
AH-1B AH-2p AHS3B . B ~ATes

(6.50)

where I is the identity matrix for R¥. Denote by P;, 1 < i < H the i-th block-row of
G,

P;=[A"'B,A7B,...,B,0,...,0]. (6.51)

Observe that with these definitions, it holds that for any feasible ¢j’”, qﬂ;’x and for all
Vi<k<H:

¢k+1 'f]k"‘Pku

due to the constraints in (6.49). Now we can rewrite the subproblem §; as

2
S; = min 'H o ]u— 0’] 2 +(CT0);; (6.52a)
st: 0=ATe; +Pyu. (6.52b)

For large systems which consist of many interconnected (sparsely) small systems, it
is often the case that the overall system is H-controllable for some suitable choice of

H < n where n is the global state dimension.

Representation as a Least-Squares problem
We now rewrite (6.52) as a least square problem. Define u} := P},(PyP}) 'ATe;,

which is the solution to the optimization problem

: 2
min
in |
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s.t. 0= —ATej + Pyu.
We can interpret w. as the smallest control action, measured in >, that drives the
system from the origin to —ATe; in H time-steps. This relates to controllability

grammians as described in [5]. Using M" to denote the Moore-Penrose Inverse

of amatrix M, we canalso write u} := P;,ATe; = PJW;'ATe;, where Wy = Py P,

Let H denote the FIR-Horizon of the problem, then define the matrices

I 0 0 ... 0 B 0 0

A I 0 ... 0 AB B 0

G,(A)=| A2 A I ... 0|, GuA,B) =| A?B AB B
AH-1 pH-2  AH-3 g AH-1p  AH-2p AH-3p

(6.53)

and denote P;(A, B) as the ith block matrix row of G, (A, B):

Pi(A,B) = [A”'B,A?B,...,B,0,...,0]. (6.54)
G, (A, B) can be written as G, (A, B) = G,,(A)(Iy ® B), where Iy is the identity
matrix in R”. Let Z € RF* be defined as the nilpotent matrix

Z= (6.55)

0 O1xH-1

Op—1x1 ITu1 ]

and notice its psuedo-inverse is ZT = Z7. Using Z, it is easy to verify that G,,(A)

can be expressed as

G, (A) = (IH 7'e A)_l . (6.56)

Ignoring the constant terms in (6.52a), we can reparametrize © = —u. + u’ where

u’ € null(Py) and describe (6.52) as the optimization problem:

G,(A,B)

C O 4 ES 2
] ) (u—uC(A,B))Hz. (6.57)

S; = min H[
wenull(Pg(ABYIL| O D

Let u*(A, B) be a minimizer of the above problem for fixed A, B, we are interested
in the SLS solutions

(A, B)
/(A B)

G,(A,B)
1

¢*/ (A, B) := (u*(A, B) — u(A, B))
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and how these solutions are perturbed with changes in A, B.

For the rest of the discussion, we will drop mentioning the explicit dependence
on (A, B) and the column index j to reduce the notational burden. First, we
(over-)parametrize u as

u = (I- PPy,

to cast the above problem into an unconstrained one:

_1lC 0]|G.(A,B) + C 0||Gu(AB)| 2

> _mﬁnH[o D] I (I_P”PHM_[O D] I UC(A’B)HZ'
F g

(6.58)

The unique min-norm solution 7* to the above problem is * = ¥ g and therefore
the optimal solution ¢* takes the form

. _|let oo ’ C :
= — = —I =
¢ [ ](7’7" g-9) (FF'-Dg 0o D

_1 O
0 D! 0 D‘ll N

y*

c-! o]*
4

(6.59)

Local lipshitzness of 7,-optimal closed-loop operators
Here, we perform perturbation analysis on the term v* = (F# ' — I)g. Throughout

the discussion, we will make frequent use of the following identities:

Lemma 34. For arbitrary matrices X,Y € R and A, B € R™", it holds that

k=1 pk—1-j i
1 Af-AS =300 A (A1 - Ay)AS
2. xxt vyt = (1 - xxH(xX -V)Yt+ [ -y (X -1)XxT]"

3. If A and B are invertible, then A~' — B~ = A=1(B - A)B~\.

The following is a corollary from Theorem 4.1 in [255]:

Theorem 24. Let X and Y be matrices with equal rank, let || - || denote the induced

2-norm and || - ||F denote the Frobenius norm. The following inequalities hold:

IXT =Yl < oI XTIlIYT]2lIX = Y2
IXT = YTl < V21X 2llY Tll2ll X = Yk

where ¢ = # denotes the golden ratio constant.
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Next we present the core theorem of the perturbation analysis: Given two arbitrary
controllable systems (Aj, By) and (A3, B), Theorem 25 bounds the worst-case
difference in solutions [|¢] — #3||2 in terms of the differences in parameters space
||A1 —Azl|2 and || B; — B2 ||» between both systems. This result is the first perturbation
bound for H,-optimal control with SLS (considering arbitrary pairs of A, A, and
B1.B)).

Theorem 25. Let C,D > 0, let (A1, B)) and (A3, By) be two controllable pairs
of system matrices with FIR horizon H and let ¢TJ and ¢;J be the corresponding
SLS-solutions to the subproblem S ;. Then, it holds that

I — ¢4|l2 < TallA1 — Aall + Tl B1 — Ballr (6.60)
where the Lipshitz-constants I' s, I'p stand for
’ y max{o-max(c)’ o-max(D)}
s = kepl') + kepIG|1B1l21|Gw (A1) l2,  kep = —
! 2 " mln{o—min(c)’ G-min(D)}

I'p = kepl |Gy (A2) ]2
and I'} and T, are defined as
I = anian2H(1 + || Gual,)I1P] ,l2
0% = anillPf ll2 (1+@l1P lla + €l1PY 112 [Gually) + Igll2 (I Iz + 17 11)

+ ollgalla (N 2 + 155 1IN P 12l P o 2P llz + 1P 2ll2) (1 + | Gunll2)

and ¢ = 1+2\/§ is the golden ratio.

Proof. Recall the identities of Lemma 34. Write v{ — v} where v is from (6.59) for
(Ai, B;) as

vi—vy = (AT, - D(gi - g2) + (AF, - BF,)g
v =v3ll2 < llgi — @alla + 1717, = BF 2llgalla, (6.61)

where we used the fact that (7 ?“IT —1I) is a projection and therefore || 7 7-”; —1Il, =1.
Rewrite 7—‘1771T - 7’2?‘"; as

(I -FFNF - )T + |1 - BE) T -myF |
to conclude that
IFF, = FFy 2 < 151 = Falla(1F 12 + 155 112). (6.62)
Substitution into (6.61) yields

v = v3lla < llgr = gallz + 11 = Fall2 (I 112 + 155 112) [l g2ll2, (6.63)
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1. Bounding ||#] — %2]|2: Rewrite 1 — %, as

c!t o
G, G
= I”’l (=P}, Pu)— | 2| (=P} ,Pp2) (6.64)
7Gu | Gu,l - Gu,Z
= I’l (P}L_I’ZPH,Z - PL,IPH’I) + [ 0 ] (I - PL,2PH,2) . (6.65)
From the above we can derive the inequality:
151 — F2ll2

max{||Cl|z, || D]}

<1+ 1GualDIIP) , = Pl 2(IPrll + 1Pr2ll2) + |Gt = Gualla -
(6.66)

Now we will use the result Theorem 24 to bound ||PL 5= PL 2 as

1P}, = Pl ylla < @llPY 2l P ol Paa = Prall. (6.67)

Furthermore, noticing Py — Py1 = [0,...,0,1,] (G2 — G,,1) we can
conclude

1P} 5 = Pl ll2 < @Y ol PY 121Gy = Gl (6.68)

We combine this into (6.66) to obtain

151 — F2ll2
max{||C]l2, | DIl2}

< (14 @lIP] IlIP] (1 + IG 12 (1Pt 12 + 1Pa2l1) ) |Gt = Gualla:
(6.69)

2. Bounding ||g1 — g»||>: Introduce the constant ay := maxo<i<y ||A¥||» and

observe that || A — A||, can be bounded as

H-1
A1 = Al = 1| Y| AV (AL = A Al < Hamanol|Ar = Aalla
Jj=0
(6.70)
We can rewrite g; — g as
c' o ul e
oo |5 e | %t o)
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G
_ T H u,2

(Gu,l - Gu,Z) + + H
[ 0 (PH,I - PH,Z)AI €

(6.72)

Gu,Z
1

+

T
PH,z(AlH - Agl)ej

and obtain the bound

g1 — 921l R . ]
< a1 [Gut = Guall, 175+ s L+ Gaall) [P, = P
max(1CTo. 10Ty = @t Gt = Gual 1P [Guall)||Prrs = P,
(6.73)
+apian2H(1+||Gual )P, 5201 A1 - Azl
(6.74)

< amillP) Il (1+@l1PY 1l + @lIP) 2 [ Gually) Gt = Guall,

(6.75)
+apiap2H(1 +||Gual,)I1P], 51211 AL = Aslla -
(6.76)
We get the bound
IMi=valle i s TG - Gl 6.77)
> 1 — A2][2 d 2112 .
max{||Cl[2, [|D||2} ! 2 ‘
where Fi and Fé are the constants
T = amiam2H( +[|Guol)IIP, 2 (6.78)

1% = anallPfy 1l (14 1P} 1o + 125 112 [Guall,) + galloC1F 1 + 175 12) + -
(6.79)

.;.
+ ollg2 (17, 1z + 15 I NP 2l PL s a1 Pas 2 + 11 Pr2ll2) (1 + |G ll2)

Using Lemma 35, we obtain the final bound:
167 — 512 < kepllvi = v3ll2 < TallA1 = Azll2 + Tl|B1 — Bzll2 (6.80)
with the constants "4, I'g defined as:

T = kcply + kepT5|IBill2l|Gw (AD 121G (A2) ]2 (6.81)
I'p = kepIS |Gy (A2) ]2 (6.82)

O
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Global lipshitzness of #,-optimal closed-loop operators over compact sets S

This section derives a global Lipshitz bound for H-optimal SLS solutions over a
compact set of controllable systems S. As a starting point we consider the previous
theorem Theorem 25. Our main proof strategy is to derive global bounds on the
constants I'4 and I'p instead of for a fixed pair of systems. We proceed with a

collection lemmas bounding individual terms in the equations (6.80) and (6.81) for

S.

Auxiliary Lemmas

Lemma 35. For any pair of system matrices (A1, B1) and (Ay, By) (with compatible

dimensions) holds

|G\ (A1) — G\ (A2 < |G (A 2l|GW(A2)21lA1 — Azll2 (6.83)
|G (A1, B1) — G, (A2, B2)ll2 < ||Bill2l| Gy (A1) 2]l Gy (A2) |21l A1 = A2ll2 + (|G (A2) 21| B1 — B2ll2

Proof. Using Lemma 34 we can write Using G, (A, B) = G,,(A)(Ig ® B) and

Lemma 34 we can write G| — G\, 2 as

Gu1-Gu2=G,(A)Ig ® B) — G\,(A2) (I ® B2) (6.84)
= (Gy (A1) - G (A2) Ig ® B1) + G\, (A2) (In ® (B1 — By))
(6.85)
It holds that

Gy (A1) = Gy (A2) = Gu(A1)(Gyw(A2) ™ = Gy (A1) TG (A2) (6.86)

= G (A)(Z7® (A1 = A2) Gy (A2) (6.87)

which leads to the bound
1Gw (A1) = Gy (A)]ly < [|Gw(ADI12]]AL = A2ll2l|Gw (A) ]2 - (6.88)
m]

In total, we need to global bounds on the quantities |G, ||2,||G |2, ||PL||2, I1Pxll2,
IF 112, llgll2-
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Lemma 36. Let (A, B) be pair of fixed system matrices, let G, (A, B), G,,(A) be the
matrices defined in (6.53), and let W%, = ¥,V AIBBTA'T, W = S0V ATATT be the
Hth controllability grammian w.r.t to the input u and the distrubance w, respectively.
Then it holds:

1Gu(A B)ll2 < \JHOwar (Wi (A B)) G (A2 < \JHomar(W(4)) (6.89)

Proof. ||G||21sdefined as ||Gu||% = ”nhax ||Guu||%,bydecomposingu = [ug,....u
ull>=1
we can rewrite this as
2
Buy
ABug + Bu; ul
IG.|13 = max = max > ||Pcull3 (6.90)
flull>=1 llull2=1 4=
AH_IBM() ++Bug_ 5

H
< ), max IPyull; = Z 1PcI3 < HIIPuI3 < HIWjlL.  (6.91)

= 1l k=1
where we used the fact that || Py ||2 increases in k and that || Py ||2 is equal to the induced
2-norm of the corresponding controllabillity grammian W' = lk 01 A'BBTA'T. Thus,

we obtain the bound

1GA(A, B)ll> < \JHOmar (Wi (A, B)),
and the bound on |G, (A)||, follows in the same way. O

Lemma 37. Let (A, B) be pair of H-controllable fixed system matrices, let Py (A, B)
be the matrix defined in (6.54), and let W}, = ZZBI A'BBT AT be the Hth controlla-
bility grammian w.r.t to the input u. Then, the induced 2 norm of Py (A, B) and its

Moore-Penrose Inverse PL(A, B) can be written as:

1 _1
IPH (A, B)ll2 = (0max (Wi (A, B)))2  [IP](A, B)ll2 = (0nin(Wi(A, B))) 2

(6.92)

Proof. Because we assume a sufficient degree of controllability, Py (A, B) is full

row-rank. This implies that

1PH(A, B2 = [ Anac(Pu(A, BIPF(A, B)) = \Jomar (Wi (A, B)  (693)

] -1
(IP5(AB2) = \Jia (P (A BYP](A, B)) = \Jomin( Wiy (A, B))  (6.94)

O
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Lemma 38. Let (A, B) be a fixed pair of H-controllable system matrices, and let
F (A, B) denote the matrix

G.(A,B)

F(A,B) = /

(I-P},(A,B)Py(A,B)).  (6.95)

Cc 0
0 D

Then, |77 (A, B)ll> < 7,,;,(D).

min

Proof. For an arbitrary matrix M, (||M"|]2)~! is equal to the smallest non-zero
singular eigenvalue of M (we will denote this quantity as o—;(M)). Thus, in order

to bound ||M ||, from above, we have to bound o—_; (M) from below. Denote L as

1€ 0
|0 D
and notice that it is full column rank and has rank of H X n,. The projection

Hapy) = I - PL(A, B)Py (A, B)) has rank H X n,, — n, due to the assumption of H-
controllability. Hence, F' = LIy p,,) is full column rank with rank r& := H Xn, —n,

the matrix

1

and has a null space N(¥) of dimension n,. From these observations, we can
equivalently say that o—_; () is the r#th largest (or equivalently 7, + 1 smallest)

singular eigenvalue of . Using the Minimax principle, we can therefore write

o_1(F) = max min  x'IIF "FIlx (6.96)
proj.I1, s.t.: rank(I1)=r¢x s.t.: [|TIx||=1
= max min  x HHyp, LT Ly pyIx.  (6.97)

proj.I1, s.t.: rank(I1)=r¢x s.t.: [|TIx||=1

Now recall that ITy(p,,) is of rank r#, hence it is a feasible choice for the variable II

of the outer optimization problem. This leads to the bound

o_1(F) = min x Ty py) LT LTy (pyy)x (6.98)
xs.t: [y ey xll=1
> min 7z LTLz=cmn(L). (6.99)
zs.t: ||z]|=1

We obtain a simple, but possibly conservative, lower bound on 7,;,(L) as follows:

- O-min(L) 2 O-mm(D) .
Finally, this provides us with the final result: |7 1(A, B)||» = 0'__11 (F) < r;lln(L) <

o (D). O

mm

2 (CG,(A,B)) +0

mll’l (

D)
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We obtain an upper bound for ||g||2, as a corollary of the previous three Lemmas:

Lemma 39. Let (A, B) be a fixed pair of H-controllable system matrices. Let

g = Luy, where L and w. are defined as:

G,(A,B)
1

R ul = PhARe; = PLW 'Ae;.  (6.100)

o

Then, it holds:

1 L
lgll2 < (”CHZ\/ﬁa-n%ax(W[lfl) +[IDll2| 0,0 (Wi am

where ay = maxo<k<g || A

The final bound

With the results of the last section, we can now bound the constants I'4 and I'p used
in Theorem 25. Rather than writing the explicit form of the constants we shall only

analyze how they scale with system parameters. Recall I'4, I'p are defined as

[a = kepT| + kepThl|B1l2I1Gw (AD 211Gy (A2) ]2
I'p = keplS |Gy (A2) 2,

where Fi , Fé are dominated by the terms

[ ~ O (emaant |Guall, 1P )

1% ~ O (gl (I Il + 175 1P}, 1P, 2 (1Pt s + 1Pa M) (1 + Gl

Let us first revisit the collection of bounds we have derived:

L NGu(A, B)ll2 < VHOmax (Wi (A, B)), |IGw(A)ll2 < HOmar (W (A))

1 1
2. 1PH(A,B)ll2 = (0max(WE(A,B)) 2, IPL(A, B)ll2 = (Gomin(WE (A, B))) 2

3. 177(A, Bl < 03,,,(D)

min

1 1
4. \igll2 < {ICI.VHT 0 (W) + D12 | 0, (W)

min
5. ay = maxo<i<H ||Ak||2

_ max{omax(C),0max (D)}
6. KCD = Sia{min (O, imin (D]
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Before we state the final bound, we require the following standard controllability
result [5].

Lemma 40. Let S be a compact set of matrices where each element (A € R™", B €
R™™) € 8 represents a controllable linear dynamical system with equations
x(t+1) = Ax(t) + Bu(t) + w(t), state x(t) € R", input u(t) € R™ and disturbance
w(t) € R". Then, there exists an FIR Horizon H < n, and positive scalar constants

o, a¥, o, a" such that the following statements hold:

e Forany (A, B) € S and any initial state, {y, there exists aninputu(0), ..., u(H — 1),
such that the system trajectory x(t + 1) = Ax(t)+Bu(t),Vt < H—1,x(0) = ¢y
satisfies x(H) = 0 at time H.

e For any (A,B) € S, the matrix Py = [A""'B, A"2B, ..., B] € R™H" jg

full column rank.

e For any (A, B) € S, the following FIR-SLS-constraint is feasible:
There exist ®*[1],...,®[H] € R™" and ®"[0],...,®"[H — 1] € R™"
such that:

O[0] =1, Vk=0,...H-1: ®[k+1] = AD [k] + B®*[k], and D*[H] =0

e Forany (A, B) € S, the corresponding grammians Wy, (A, B) and Wy;(A) are

positive-definite and their singularvalues satisfy the inequalities:

" < omin(Wy (A, B)), omax(Wg (A, B)) < 7"
QW < O-mm(Wg(A))’ O-max(WZ(A)) < o

We can notuse o, 0y, 0, 0y in Lemma 40 in conjuncture of the bounds derived

above to obtain

’ [ % ’ 2 172 Eu %
and finally

3

3
2 .2 2 Eu E— 2 3 Eu 2_%
FAZO " Kcp ||Bl||2H O'_ Oy FBZO a’HKCDI‘I2 — | O] .

—Uu

(6.102)
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Theorem 26. Let C,D > 0, and let S be a compact set of controllable systems
with known FIR horizon H and constants o, , 0y, 0, Oy as defined in Lemma 40.
Then there are fixed constants U4, Ip, such that for any two pairs of system matrices
(A1, B1), (A2, Bo) € S the corresponding H, optimal SLS-solutions of problem S
(j arbitrary), denoted g/)’{j and ¢*2j , satisfy the following inquality:

17 = ¢2°|l2 < TallAs = Asllr + TgllB1 = Bal|r. (6.103)

Furthermore, I'y and g satisfy

3 3
T \2 T \2 1
Ty =0 (ai, K2, B H? (_) Ew) Ts=0 (a/H K2, H> (Z_) azv), (6.104)

—Uu —Uu

h = B d tand
where (IEIB%)’:ES |Bl|2 and kcp stands for
max{0uax(C), Omax(D)}
Kep = — :
min{in(C), omin(D)}

6.E Extensions to Non-Convex Parameter Set Setting

Representing model uncertainty as convex compact parameter sets is not always
practical, sometimes potentially even impossible. Our approach can be readily
extended to compact non-convex parameter sets S, if those can be written as a
finite union of convex sets Uf\i | Pi. This class of non-convex sets covers a large
range of practical scenarios and the presented approach can be extended without
losing stability guarantees. We can ensure by wrapping the proposed algorithm in
a high-level routine SETSELECT, which runs the algorithm on the smaller convex
sets $; until they become entirely inconsistent:

1. Atz =0, we select an arbitrary convex set P, and perform consistent model
chasing with CONSIST as before.

2. If at some point $}, becomes entirely inconsistent, we select an arbitrary set
P, from the remaining collection {1, ..., Pn} \ Pi, and restart CONSIST
with that set $y,. If Py, is also entirely inconsistent, repeat that selection

process.

Per definition, the above algorithm never violates consistency. Because there are
finitely many convex sets $%,, the cost accrued due to restarting CONSIST scales up
the total movement cost of the convex counterpart by a fixed constant. Overall, the
stability proof is not impacted.
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Chapter 7

SAFE CONTROL FOR VOLTAGE REGULATION WITH AN
UNKNOWN GRID TOPOLOGY

So far, we have focused on analyzing the theoretical underpinning of the uncertainty
set-based learning and control framework. From the convergence and performance
guarantees in stochastic settings to the stability guarantees in adversarial settings,
the framework provides flexible and principled integration of data-driven learning

methods and model-based controllers.

In this chapter, we will explore how these algorithmic ideas can be applied to
sustainable energy systems. In particular, we will study the voltage control problem
in the distribution network. Voltage control generally requires accurate information
about the grid’s topology in order to guarantee network stability. However, accurate
topology identification is a challenging problem for existing methods, especially
as the grid is subject to increasingly frequent reconfiguration due to the adoption
of renewable energy. Further, running existing control mechanisms with incorrect
network information may lead to unstable control. To address this challenge, we
instantiate the framework presented in Part II and combine nested convex body
chasing algorithms with a robust predictive controller to achieve provably finite-time
convergence to safe voltage limits where there is uncertainty in both the network
topology as well as load and generation variations. Even though we develop the
theoretical results under the assumption of linear system dynamics, our experiments
show that the algorithm continues to stabilize the voltage in realistic nonlinear
simulations with real-world data from the Southern California Edison utility under
the partial observation and partial control settings. This chapter is mainly based on

the following papers:

[1] C.Yeh,J. Yu, Y. Shi, and A. Wierman, “Robust online voltage control with an
unknown grid topology,” Proceedings of the Thirteenth ACM international
conference on future energy systems (e-Energy), pp. 240-250, 2022. por:
10.1145/3538637.3538853.

[1] C. Yeh,J. Yu, Y. Shi, and A. Wierman, “Online learning for robust voltage
control under uncertain grid topology,” IEEE Transactions on Smart Grid,
2024. por: 10.1109/TSG.2024.3383804.


https://doi.org/10.1145/3538637.3538853
https://doi.org/10.1109/TSG.2024.3383804
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7.1 Introduction

Operators of electricity distribution grids must maintain voltages at each bus within
certain operating limits, as deviations from such limits may damage electrical
equipment and cause power outages [63], [64]. This “voltage control” or “voltage
regulation” problem has been well-studied, e.g., [256]-[258] and the references
therein. Voltage control devices and algorithms aim to guarantee grid stability and
minimize the costs associated with control inputs. While classic voltage regulation
devices such as tap-changing transformers are effective in dealing with slow voltage
variations [259], [260], increasing penetration of renewables leads to faster variations,
and a growing body of literature has focused on inverter-based controllers that can
respond quickly by adjusting their active and reactive power set-points. Most of
these works cast voltage control as an optimization problem and then propose
different centralized or decentralized algorithms depending on the communication

infrastructure.

Typically, voltage control algorithms assume exact knowledge of the underlying
grid topology. This includes centralized controllers such as algorithms based on
model predictive control (MPC) which optimize control decisions for a short-term
horizon. [261] uses MPC to manage distributed generation and energy storage
systems, whereas [262] proposes a robust MPC controller that is robust to uncertainty

in the forecasts of future loads and solar generation.

However, the exact grid topology and line parameters are often not known, and
using existing voltage control algorithms with incorrect grid information may lead to
problems with grid stability [263], [264]. For example, parts of the grid may undergo
reconfiguration due to load balancing or unplanned maintenance, as frequently
as every hour of the day [66], [265]-[267]. This problem is exacerbated by the
increasing integration of distributed energy resources (DERs), such as photovoltaic
(PV) and storage devices. Especially in distribution grids, where DERs are not
owned or operated by the electricity utility, the grid operator may lack up-to-date
information about the grid topology [65]. While a grid operator can install sensors to
help identify the current network topology, unless such sensors are densely deployed
(at great cost), uncertainty about the topology remains. Thus, distribution grid
operators cannot expect to operate with perfect topology information and the design

of voltage control algorithms robust to unknown grid topology is crucial.

There are several families of existing algorithms that do not require knowing the

network topology: decentralized controllers, model-free controllers, and controllers
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that first try to infer the network topology. While decentralized voltage control
algorithms are generally efficient to implement, such controllers lack voltage stability
guarantees when the load is time-varying [257], [268]-[271]. Likewise, model-
free controllers based on deep reinforcement learning do not require knowing
the network topology, but they generally have no performance or voltage stability
guarantees and are therefore not suitable for safety-critical infrastructure [272]-[276].
Some recent works [277]-[279] have proposed methods for introducing stability
guarantees for model-free deep reinforcement learning approaches. Their main tool
is Lyapunov stability theory, from which a structural constraint for stable controllers
is derived, and policy optimization with the constraint is performed. However, their
stability guarantees are only valid over an infinite time horizon, and achieving good
performance with deep reinforcement learning generally requires large amounts of
historical training data. In contrast, our proposed framework jointly learns the system
model (consistent with data) and stable controller in an online fashion, achieving a

finite-mistake guarantee and good performance without relying on historical data.

Another standard approach for handling uncertainty about network topology is to
first estimate the topology and line parameters using a form of system identification
with data and then apply a standard voltage control algorithm using the identified
network topology. There is a growing literature of such data-driven methods, e.g.,
[65], [263], [264], [280]-[288]. A common approach is to leverage least squares for
system model estimation. The estimation and therefore control guarantees depend on
statistical modeling of measurement noise (e.g., Gaussian). In contrast, we leverage
online learning in order to be robust against any bounded disturbances, such as
modeling errors and adversarial noise. While least squares-based algorithms focus
on asymptotic estimation convergence, e.g. [289], [290], we present a finite mistake

guarantee that is crucial for safe transient system behavior.

Another prominent approach is to use graphical models for topology reconstruc-
tion [291], via maximum likelihood methods while enforcing other structural
restrictions like low-rank and sparsity. However, these methods that first perform
some form of system identification have drawbacks. First, the estimated topology
and/or system dynamics may be imperfect [292], and applying standard voltage
control algorithms using these imperfect estimates may still lead to system instability.
Second, these methods either assume access to historical data or require acquiring
data online over hundreds of time steps, during which the stability of the system is

ignored [65], [291]. In contrast, our proposed approach does not perform system
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identification separately from control; the joint operation of our robust controller

with the system dynamics estimation gives rise to our stability guarantee.

Contributions

We propose a new approach for voltage control over an uncertain grid topology
with uncertain maximum variability of load and generation entities in the grid that
does not perform system identification and voltage control separately. Instead, our
approach robustly learns to stabilize voltage within the desired limits directly, without

any prior knowledge of the topology and without needing to precisely learn the

topology.

Our approach takes ideas from online nested convex body chasing (CBC) [240] and
robust predictive control and combines them using an uncertainty set-based learning
and control framework [13], [99], [111], [293] to apply them to voltage control
for the first time. Intuitively, we use a nested CBC algorithm in order to track the
set of topologies that are consistent with the observed voltage measurements—as
more measurements are taken the set of consistent topologies shrinks (and so the
sets are nested). As these measurements are taken, a form of robust predictive
control is used for voltage control, where the robustness guarantee is used to ensure
the uncertainty about the topology can be handled. Our main result (Theorem 27)
provides a finite error stability bound for the overall controller, which is summarized
in Algorithm 6. This represents the first voltage control algorithm that is provably
robust to uncertainty about network topology.

In addition to providing theoretical guarantees, we demonstrate the effectiveness
of our proposed approach using a case study of a 56-bus distribution grid from the
Southern California Edison (SCE) utility [294]. In this setting, we give the controller
no prior information about the topology of the grid, yet the controller quickly narrows
down the set of topologies and line parameters that are consistent with its observations
and adjusts reactive power generation to keep voltages within desired safety limits
when faced with disturbance. In fact, our controller’s performance nearly matches
that of controllers which assume perfect knowledge of the topology, even when given

only partial observations of bus voltages.

Beyond the linear model, we test the performance of the proposed algorithm with a
more realistic nonlinear power flow model with partial control and partial observation.
Even though the design of our method is based on a linear approximation to the

power flow model, our method still performs well for the nonlinear system. We also
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demonstrate how to incorporate existing partial knowledge of the grid topology and
network line parameters into the algorithm. We show that incorporating such prior

knowledge can improve the performance of our algorithm.

7.2 Model

We study voltage control on an unknown grid topology. We consider a radial (tree-
structured) power distribution network represented as a connected directed graph
G = (N,&E),where N ={0,1,2,...,n} is the set of buses (nodes) and & ¢ N X N
is the set of lines (directed edges). Let the network be rooted at bus 0 (the substation
or slack bus), and let other buses be branch buses. Let C € N denote the subset
of buses with controllable reactive power injection. Because the network is radial
and rooted at bus 0, there is a unique path #; from bus O to any other bus i. For
branch buses, let v € R” be their squared voltage magnitudes and p + ig be their
complex power injection, where p € R" (units W) is the net active power injection,
and g € R" (units Var) is the net reactive power injection. The DistFlow branch

equations [295] for a distribution grid are as follows, for all j € N and (i, j) € &:

—pj =P —rijli; - Z P (7.1a)
k:(jk)eE

~q; = Qij—xiflii = Y, Qi (7.10)
k:(jR)eE

vj =v; = 2(rijPij +xi;Qij) + (”,-2_/ +xz'2j)lij (7.1c)

P2 + Q%
=2 (7.1d)
Vi

where P;; and Q;; represent the active power and reactive power flow on line
(i, ), and r; j»Xij > 0 are the real-valued line resistance and reactance (units €2).
Equations (7.1a) and (7.1b) represent the real and reactive power conservation at bus

J»and (7.1c) represents the voltage drop from bus i to bus j.

Assuming the branch power losses (r;;/;;, x;;1;;) are negligible yields the simplified

DistFlow equations [296], which can be rearranged into
Vv = R*p+X*q+vO]ln (7.2)

where v? € R” is the known, constant squared voltage magnitude at the substation,

and R*, X* € S" are computed from the network topology and line parameters

R} = ZZrhk, X7 = Zthk, i,j € [n] (7.3)

(h,k)EP[ﬂPj (h,k)EP[ﬂPj
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with [n] = {1,...,n} [269]. (S" is the set of symmetric n X n matrices.) R*, X*
are positive definite with nonnegative entries [297], and the largest entry of each row
of these matrices is along the diagonal, since
Xi’;. :Zthk < 2thk =X (7.4)
(h.k)eP;NP; (h,k)eP;

and likewise for Rl?"j < Rl’l‘

We assume that the active power injection p is exogenous but that reactive power at
each bus can be decomposed as g = g +¢q¢, where g€ is the “controllable” component
and ¢¢ is the “exogenous” (i.e., uncontrollable) component. Following [269], we
define vP¥ = R*p + X*¢¢ +v°1,, € R" (“par” stands for “partial”) representing the
exogenous effects on voltage. Then, v = X*¢¢ + vP*, which can be modeled as a

discrete-time linear system
v(t+1) = X g (1) +vP¥(¢). (7.5)

Substituting u(r) = ¢¢(t) — g“(t — 1) (change in controllable reactive power injection)
and w(t) = vP¥(r) — vP¥(r — 1) (change in exogenous noise) yields the linear
dynamical system

v(t+1) =v(t) + X u(t) +w(t). (7.6)

The voltage control problem [294] is to drive the squared voltage magnitudes of
each bus from an initial state v(1) € R” into a given multi-dimensional interval
[v,v] c R";itis possible that v(1) does not start within the interval due to some large
initial disturbance. For all # > 2, the voltage control algorithm aims to maintain v(¢)

within [v, V], ideally as close as possible to a “nominal” value v"°™ e [v, V], typically

n nom

V™M = (v +7) /2. The cost for deviating from v"°™ is measured by ||v () — v“°m||%v

for some positive semidefinite matrix P,,, where ||x||§ = xTAx.

At each time step, buses may change their reactive power injection ¢ (¢) in order to
regulate the voltage close to v"°™. The reactive power injection (including ¢¢(0)) is
limited within a given bound [¢, g] € R”". Buses not in C do not have any ability to
control the reactive power injegtion: VigC. q.= g; = 0. We do not place any hard
“ramp constraints” on u(¢). However, we impose a quadratic ramping cost ||u(¢) ||%u

where P, is a positive semidefinite matrix.

In summary, the voltage control problem is to determine an online sequence of reactive
power injections ¢“(1), g°(2), ... to drive voltages v(7) to a desired interval [v, V]
while minimizing voltage violation and control costs ||v(¢) — v™™ ||1%v + ||u(t) ||12[,M. In

this work, we solve the voltage control problem in the setting where X* is unknown.
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Consistent Robust
model chasing control oracle

Dataset D, ,. +Xt’"t - N?ZV _St?t)e+ u(t)
[(w(e), v(i + 1), u(@), ¢°() iy . (t+ 1) = v(t) + X*u(t) + w(t)

T Append (v(t),v(t + 1), u(t), ¢%(t)) to dataset

Figure 7.1: Online robust voltage control

7.3 Robust Online Voltage Control
In this section we introduce our robust online voltage control algorithm (Algorithm 6)

and its performance bound (Theorem 27), which is the main result of this chapter.

Algorithm

As shown in Figure 7.1, the algorithm has two main components: a consistent
model chasing algorithm SEL (Algorithm 6, step 1) and a robust control oracle I1
(Algorithm 6, step 2). SEL and IT are combined by adapting ideas from [13].

The model chasing algorithm SEL selects a consistent model for the robust control
oracle IT out of all plausible models that are consistent with the online observations
and prior knowledge of the grid, where the model uncertainty set is constructed with
set membership estimation [115], [293]. The selection may use any competitive
NCBC algorithm, which is the online problem of choosing a sequence of points
within sequentially nested convex sets, with the aim of minimizing the sum of
distances between the chosen points [240]. In our experiments, we use a simple

projection-based NCBC algorithm, detailed in Section 7.5.

The robust control oracle I1 is a novel robust predictive controller (Theorem 29). The
robustness guarantee of II is necessary for the analysis which integrates SEL with I1
to provide the finite mistake guarantee of the overall algorithm. We remark that other
choices for either component are possible, as long as they provide the guarantees

needed in the analysis in Section 7.4.

Intuitively, SEL and II are combined in a way such that SEL always reduces the
uncertainty about the unknown model whenever II outputs an action that causes a
voltage limit violation. This means that I cannot take too many “bad” actions before

the system uncertainty is small.
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Algorithm 6: Online Robust Voltage Controller
Input:
* desired nominal squared voltage magnitude: v"°™ € R"
* limits on the squared voltage magnitude: [v,v] c R"
* limits on the reactive power injection: [¢,q] C R"
« initial state: v(1), ¢¢(0) € R” B
* state and action cost matrices: P,, P, € S}
* compact convex uncertainty set for the model parameter: X c S’ N R}
* compact convex uncertainty set for exogenous voltage quantities: VP c R”
* upper bound for noise: 77 > 0
* robustness padding: € > 0
» weight for slack variable: g > 0
» weight for noise accuracy: ¢ > 0
Initialize: Initialize an empty trajectory Do = []. Setr =1
Procedure:
(1) If r = 1, initialize estimate of model parameters X € X.
Otherwise, query the model chasing algorithm for a new consistent parameter
estimate: (X,,7;) « SEL[D,].

SEL[D,] := NCBC(Py, X,_1,7:-1) (7.7a)
X e X, 7€[0,7]

p, =@ V(vi, Vis1, Ui, qj) € Dy (7.7)
U i - vi- Bl < 7 |

vir1 — Xqi € VP*

(2) Query the robust control oracle for the next control action: u(z) « I1 %7 (v(2)).

Mg, 7, : min |77 = v "I+ llullp, + B¢ (7.82)
st.ucR" £eR, (7.8b)
g=q(t-1)+u=gq (7.8¢)

¥ = v(t) + Xu (7.8d)
=7iep 5+l (7.80)

v (k=T <V <V (k=61 (7.8)

where p = 0€/(1 +9||q —g||2).
(3) Apply the control action u(¢). Observe the system transition to
v(t+1) =v(t) + X*u(t) + w(t) and ¢°(¢) = ¢“(t — 1) + u(z).
(4) Append (v(1),v(t+1),u(t), g (t)) to the trajectory:

D, = [(v(),v(i + 1),u(), ¢“ ()i, -

(5) Increment ¢t « ¢ + 1. Repeat from Step (1).
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Assumptions
Before presenting the main results, we introduce three assumptions that underlie our

analysis and discuss why they are both needed and practical.

Assumption 13. The change in noise is bounded as
vir o w@®lle < 0%,

where w(t) = VP (t) —vP¥(t — 1). n* € [0,7] is a constant (possibly unknown),

while 11 is a known upper-bound.

This first assumption is standard and bounds the noise in the dynamics. It represents
realistic behavior in power systems where the active and exogenous reactive power

injections do not vary dramatically between time steps, as can be seen by expanding

w(t):

w(t) = YR (1) — vPI (7 — 1)

=R*(p(t) = p(t = 1)) + X*(¢°(t) — ¢“(z = 1)).

For example, if the net active and exogenous reactive power injection is the same at

time steps t and ¢ — 1, then w(z) = 0.

An unknown n* indicates uncertainty in the maximum variability of the exogenous
power injections. Our inclusion of both an unknown n* and a known upper-bound
7 allows more flexibility in the algorithmic design and the incorporation of prior

knowledge.

Assumption 14. The true model X* lies within a known compact, convex uncertainty
set X C ST MR (ST is the set of n X n positive semidefinite matrices, and R" is

the set of n X n matrices with nonnegative entries.)

Our second assumption bounds the uncertainty about the network topology and
line parameters. It ensures that the unknown true model parameters X* belong to
a compact, convex set X, which is a minimal assumption necessary for proving
an analytic guarantee. P; = X X [0,77] forms the initial “consistent set” (see

Definition 7.4.1) for our consistent model chasing algorithm SEL.

This assumption is realistic, as a grid operator should have at least some prior
knowledge about the distribution grid topology and the range of possible line

parameters, even if they do not have the exact values. In cases where the grid has
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multiple possible topologies due to switches, X could be set to the convex hull of the

corresponding X matrices.

Definition 7.3.1 (||-||, and [|-||, 5). For any matrix X € S" and scalars n,6 > 0,

define
n n
X1, o= livech(X) I, = | > > X2
i=1 j=i
n n
IO 1= |2+ D) DT X2 = o2 + X113
i=1 j=i

For any sets X C S" and A C R, we define diameters diam(X) and diam(X X A)

with respect to the norms ||-|| , and ||-|| , s, respectively.

These norms isometrically map our parameter space to Euclidean space, enabling us
to take advantage of known results on NCBC within Euclidean space. For the norm
Il 5.5 the hyperparameter 6 trades off the weight between X and 7 in the norm. The

choice of ¢ is discussed in Section 7.5.

In practice, we consider uncertainty sets of the form

I1X = X*|ls < @ [[x*], }

X, ={X €S nR>"
Vi,j <€ [I’l] ZXZ']' < X

with diam(X,) = 2« ||X*|| .- A larger a yields a larger uncertainty set. From
Section 7.2 (e.g., (7.4)), we know that X* € X,,.

Furthermore, we can incorporate partial knowledge we may have of the network
topology and/or line parameters by adding constraints to the description of X.
For example, if we know that the lowest common ancestor between buses i, j in
the network is bus &, then we can add the following constraint on X, which is a
consequence of (7.3):

0, k=0
Xij = (7.9)
Xk, otherwise.

If we additionally know the values for some line parameters x;;, we may be able to

further constrain some entries of X, again by applying (7.3).

Assumption 15. There exists a compact, convex set VP C R" such that Vt > 0 :

VP4 (t) € VP Furthermore, for some known € > 0,

VWP e YPY X e X.
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g€ € [g,ﬁ] s.t. Xqgc+vP" e [v+(m+e)l,v—-(+e)l].

Our final assumption is about the existence of feasible control actions for the robust
control oracle. This assumption can be interpreted as either a bound on the noise, or a
requirement that the controllable reactive power injection be flexible enough to satisty
the demand of any admissible noise. It represents the reasonable assumption that
a grid operator should have installed enough controllable reactive power injection
capability to perform voltage control. Intuitively, the  padding is required for
robustness to the noise w(t), while the € padding is required for robustness to model

uncertainty (i.e., uncertainty about X*).

Main result

We now state our main result, which is a finite-error bound for Algorithm 6.

Theorem 27 (Main Result). Under Assumptions 13 to 15, Algorithm 6 ensures
that the voltage limits will be violated at most @ diam(X x [0,77]) + 1 times,

where p = and y(m) is the competitive ratio of the NCBC algorithm in

de
1+6llg—4ll2

. ) ) 1
m-dimensional Euclidean space, where m = 1 + @

Furthermore, if n* is known, then the voltage limits will be violated at most

£ andm:@.

a2

@ diam(X) + 1 times, where p =

To the best of our knowledge, this result is the first provable stability bound for
voltage control in a setting where the network topology is unknown. It highlights
that Algorithm 6 can ensure stability even after unknown changes to the network
topology, e.g., due to maintenance, failures, etc., without the need to perform system
identification while remaining robust to any bounded and potentially adversarial

perturbations satisfying Assumptions 13 and 15.

Intuitively, this result guarantees that the model chasing algorithm SEL will learn
a “good enough” model for voltage regulation quickly. When the robust controller
IT makes a mistake, the model chasing algorithm will learn from that mistake and
significantly reduce the set of consistent models. Because the initial set of consistent
models is bounded, and this set shrinks a significant amount after each mistake, the
total number of mistakes is bounded. Note that this finite mistake bound implies

finite-time convergence to safe voltage limits without an explicit finite-time bound.

To interpret the error bounds in Theorem 27, we notice that they are proportional to

the diameter of the parameter space and the competitive ratio y(m) of the NCBC
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algorithm, and inversely proportional to the oracle robustness margin p. Because of
computational tractability concerns, our experiments implement SEL with a greedy
projection-based NCBC algorithm with ypo;(m) = w(m — 1)m™/2 [240], rather than
the state-of-the-art Steiner point method which can achieve ysieiner(m) = m/2 [191].
As our case studies show, in practice the projection-based NCBC algorithm performs
much better than the worst-case bound. We note that any other NCBC algorithm
with a finite competitive ratio can be used in (7.7a) in Algorithm 6. Investigating
whether widely-used estimation methods, like least squares, have a finite competitive

ratio would be an interesting avenue for future research.

Note that for Theorem 27 to hold, the optimization problem for the robust control
oracle II should first be solved without the slack variable & in Algorithm 6. This
ensures that if ()?h ;) is sufficiently close enough to the true model, then the
algorithm will not make a mistake. In the case that I1 is infeasible initially (e.g., when
the initial model estimate is far from the true model), it should be solved again with a
slack variable, which ensures feasibility. However, solving IT twice is unnecessary in

practice, and so we have written Algorithm 6 to reflect its practical implementation.

We outline a proof of Theorem 27 in the next section. We want to highlight one
piece of that proof that is of independent interest. In particular, a major step in the
proof is to provide a feasibility guarantee for the robust control oracle component I1

of the algorithm, which is done in Theorem 29.

7.4 Proofs

We now prove our main result Theorem 27. Our proof builds on and adapts
the approach of [13], which outlines a general framework for integrating model
chasing and robust control via uncertainty sets constructed from set membership
estimation. To explain the general framework, we first consider a discrete-time

nonlinear dynamical system
X1 = fu(xnug) +wr,  xp given,  (fi,w) €F,

where x € & C R” is the system state and u € U C R™ is the control input.
The unknown function f, and disturbance sequence w € £ (Z,;R") belong to an
uncertainty set ¥, and the disturbance is bounded as ||w||,, < 7. Assume that ¥
has a compact parametrization (T,K, d), where T : K — () is a mapping from a
parameter space K to a set of functions and disturbances such that 7 C |Jyck T[6].
9 (F) denotes the powerset of F. Let d denote a metric on K, so (K, d) is a compact

metric space.
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The control objective is specified as a sequence of indicator “goal" functions
G =(Go,G1,...). Each G, : X x U — {0, 1} encodes a desired condition per time
step t:

G:(xs, uy) = 1[x;, u, violate desired condition at time 7].

The main result of [13] specifies a set of sufficient conditions for a finite-mistake
guarantee—i.e., }, .-, Gi(x;,u;) < oo. These conditions decouple online robust
control into separate online learning and robust control components. The online
learning component requires a consistent model chasing algorithm SEL, which
takes as input the current observed trajectory D; = [(x;, Xi+1, #;)]’_, and outputs an

estimated parameter 6, € K which must be consistent with D;.

Definition 7.4.1 (Consistent Parameter). We say 6 € K is consistent with D, if there
exists (f,w) € T[0] such that

V(xs, X1, Ur) € Dyt Xpr = f(Xp, ug) +wy

Let P, denote the set of all parameters consistent with D,; P; is called the consistent
set. We say SEL is y-competitive if 3,°, d(6;,6,-1) <y maxgpek d(Pe, ) holds for

a fixed constant y > 0, which we call the competitive ratio.

The robust control component requires a control oracle I1, which given the current
state x; and a parameter 6, outputs a control action u; = Iy, (x;) that is robust for all
systems that are close to ;. In particular, we call a control oracle p-robust for control
objective G, if all trajectories in S"[p; 6] achieve G after finitely many mistakes.
S"[p; 6] is defined as the set of all possible trajectories generated by 115 for all 0
such that d(6, §) < o:

De = [(xt,le,ut)]:i] :
. (f,w) € T[],
S [p; 0] = U = H(;(x,) ~
d(6,0) <p
Xes1 = f (X, up) +wy

Due to the page limit, we refer readers to [13] for a more detailed discussion of
consistent model chasing algorithms and p-robust control oracles. As a summary,
if SEL chases consistent models and II is a robust oracle for G, then the resulting
A (SEL) algorithm achieves a finite mistake guarantee, which is stated in the

following.

Theorem 28. [13, Theorem 2.5] Assume that SEL chases consistent models and 11

is a robust oracle for objective G. Then for any starting point xo and trajectory
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[Cxr, ur)]72,, generated by An(SEL) (illustrated in Figure 7.1), the following mistake
guarantees hold: (i) If I1 is robust, then 3..° Gy (x;, u;) < oo; (ii) If 1 is uniformly
p-robust and SEL is y-competitive, then

DG u) < max {1, M)} (2% diam(K) + 1)
t=0

where M}} denotes the worst case total mistakes of the p-robust control oracle I1.

To apply Theorem 28 to prove Theorem 27, we need to prove that (i) the proposed
algorithm (7.7) chases consistent models and has a bounded competitive ratio,
and (ii) the proposed robust algorithm in (7.11) is a p-robust control oracle, for
bounded disturbance in the system topology. In particular, the correspondence of the

definitions is as follows. We have 8 = (X, n), and

K=Xx[0,7], wv(1),q°(0) given
d((X7 77), (X/’ 77,)) = ”(X’ 77) - (X/’ n,)HA,(s
fv,u)=v+Xu, [[w]e <n,

T(X,n)] =3 (f,w) |VE=>0: ??.,.ZW(T)Gerar

=1

—_—

where v == v(1) - X¢°(0)
7= |J Tixm

(X.m)eXx[0.7]

Gi(v(1) =1[v(7) € [v,V]].

We begin by proving that the set P; defined in (7.7b) in Algorithm 6 is consistent
with the trajectory D;.

Lemma 41 (SEL is consistent). Suppose Dr is a trajectory of voltage measurements

and control actions taken up to time T

Dt = [(V(l)’ V(t + 1)’ Lt(t), qc(t))]le .
The set _
X eX, nel0,7],
Y(v(t),v(t+1),u(t),q(r)) € D :
Iv(t+1) = v(t) = Xu(t)llw < 7
v(t+1) = Xq°(1) € VP

Pr:=4(X,7) (7.10)
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is a consistent set for Dr, i.e., ()?, n) is consistent (Definition 7.4.1) if and only if
(X, ﬁ) S PT.

Proof. Consider any ()? ,7) € Pr. Fort € [T], define
Fou) =v+Xu, W) =v(t+1)—v(t) - Xu()

so [[w(t)|| < pand v(t+1) = f(v(r),u(t)) + w(r). Define ;ga = v(1) — Xq°(0),

soforallr > 0,

— l —~
vgar + ZW(T) =v(t+1) - Xqg°(t) € VP,

=1
Thus, (f,w) € T[(X,7)], so (X, 7) is consistent with Dr.

Conversely, suppose (5(\ ,7) is consistent with D7, which implies the existence of
f(v,u) := v+Xu and W satisfying |[W|| . < 77such thatv(r+1) = F(v(r), u(r))+W ().
Rearranging yields w(t) = v(r + 1) — v(¢) — Xu(1), so (X, 7) satisfies the norm

constraint in (7.10). Now define

—_—

1
Vi >0 (1) = v(r+ 1) - Xgo(1) = P + Z w(t)
=1

S0 VP (1) € VP gatisfies the remaining constraint in (7.10). O

Observe that each P; is a closed, bounded, and convex set. Furthermore, P; is
non-empty, since (X*,n*) € P,. Intuitively, P, is the smallest set containing all
parameters that could generate the observed trajectory D, along with a corresponding

admissible sequence of noise compatible with Assumptions 13 to 15.

The consistent sets are nested P, C P,_1, and we use our particular choice of
norm ||-||, 5 to establish a linear bijection between (S" X R, ||-||, 5) and Euclidean
space (R™, ||-|l,). This allows us to take advantage of any y(m)-competitive NCBC
algorithm in Euclidean space [191], [240], where m is the dimension of the space, to

prove that SEL is y(m)-competitive. This is formalized in the following lemma.

Lemma 42 (SEL is competitive). If the NCBC algorithm used in SEL has competitive
ratio y(m), then SEL is y(m)-competitive.

Proof. There exists a norm-preserving linear bijection between (S" X R, ||-]|, 5) and

Euclidean space (R™, ||-||,). In particular, the mapping between the two spaces is the
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vectorization of the upper-triangle of the symmetric matrix, concatenated with an
additional dimension corresponding to learning 77. Therefore, any NCBC algorithms

with a y(m) competitive ratio will result in y(m) competitive ratio for SEL. O

Finally, we show that our controller IT is p-robust. In particular, we prove that I3

makes no mistakes (M,IJT = () given consistent parameters ()? ,1) € P;.

Theorem 29 (I1 is p-robust). Under Assumptions 13 to 15, suppose ()? , 1) € Py,

where P; is given in (7.10) for t > 1. Define p = H(ﬂ%ﬁ' Then, the following

optimization problem is feasible: -
min |7 = V"5 + |lull? (7.11a)

ueR” v u
s.t. gﬁqc(t—1)+u <q (7.11b)
V =v(t) + Xu (7.11c¢)
- 1

k=n+p(5+llullz) (7.11d)
v+ kl <V <v-kl. (7.11e)

Further, the solution of (7.11), u(t), guarantees voltage stability for all (X,n) €
X X [0,77] such that ||(X,n) — (f,ﬁ)llA,(g < p. Thatis, v(t) + Xu(t) + w(t) € [v,V]
for all w(t) such that ||w(?)||ls < 7.

Observe that (7.11) corresponds to (7.8) in Algorithm 6 with the slack variable set
to zero. We note that the robustness margin p decreases as [¢, g| increase. The
intuitive reason is that the voltage is more sensitive to changes in X when the range
of possible u’s expands. Therefore, a fixed voltage buffer of € in constraints (7.8e)

and (7.11d) affords less robustness to changes in X as [g, q] gets larger.

Proof of Theorem 29. First, we will show that the following two conditions are
sufficient for feasibility of the optimization problem and p-robustness for the
solution.

* Feasibility: kK <7n7+¢€

1

2
Lt Jlull3

e Robustness: k > 7+ p
Then, we will show that our choices of k and p satisfy these sufficient conditions.

To derive the sufficient condition for feasibility, define

VP (r — 1) := (1) — Xq (1 - 1)
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—~

as the conjectured noise when we assume the underlying parameter is X. Since
X e P; and P; C P,_;, we have Y}T’E(t — 1) € VP¥ Then, by Assumption 15, there
exists ¢¢ € [q, g] such that

v+ @+l < Xgt+ (1 —1) <7 — (T+e)l.
Setu = g¢ — q°(t — 1) (which satisfies (7.11b)) and define

V(u) = v(t) + Xu=v(t) + X[q° - g (1 = 1)]
= ch +W(f — 1)
Recalling (7.6), we can interpret V' (u) as the one-step voltage prediction (without
disturbance) under the model X given control action u and the current voltage v(t).

We thus have
v+ (@M+e)l <V(u) =v-(n+e)l.

Therefore, as long as k < 17 + €, u will satisfy constraint (7.11e).

Next, we derive the sufficient condition for robustness. Let u# be a solution of (7.11),
so it satisfies (7.11e). Let (X,n) € X X [0,77] be arbitrary parameters satisfying
1(X,n) = (X,7)|las < p. Define px := [|X — X||». By Lemma 43,

—px llull, 1 = (X = X)u < px |lull, 1. (7.12)
Furthermore, suppose
—nl < w(t) < nl. (7.13)
Adding together the 3 inequalities (7.11e), (7.12), (7.13) yields
v+ (k= px llully = )T < v(1) + Xu+w(0)
<V (k - px llull, = 1.

Clearly, if k — px ||u||, —n > 0, then the desired robustness condition is satisfied.

Since
= 2
I(X.m) = (X. D% s =px +0° In—71> < p,

we have |[p — 7] < %,/pz — p%. This implies n < 77+ %,/pz — p%. Therefore, we can

express the robustness condition in terms of 7:

1
k2 i+ <P’ = p% +px llully = f(px).
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For p > 0, f(px) is strictly concave and twice-differentiable and therefore achieves

its maximum when f’(px) = 0. This maximum value is 77 + p /% + ||u||%. Thus, if
k is at least this value, then we achieve robustness.

Finally, we show that our choices of k and p satisfy the sufficient conditions. Since
a+b>Va%+b?foralla,b > 0, our choice of k satisfies the robustness condition:

- 1 —~ 1
k=i4p (5+ ||u||2) > 7+ py 33 +

Note that while setting k = 77 + p,/é + ||u||% would also satisfy the robustness

condition, this expression would make (7.11) a non-convex optimization problem.

The remaining step is to satisfy the feasibility condition. We must choose p such that
n+p (% + ||u||2) < 7n+e. Since 7 < 7, it suffices to find p such that p (}5 + ||u||2) <e.

As |lull, < |lg — qll2, setting p = satisfies the inequality. O

o€
10|
a-4|,

In the case where n* is known, a similar proof shows that k = n* + p ||u||, and

p = m satisfy feasibility and robustness. (This can be seen as the 6 — oo

limiting case of Theorem 29 such that consistent model chasing only updates X and

keeps 7 = n* fixed.)
Lemma 43. Forall A€ S", b e R", and a € R,,

A, < a implies —allb|l,1 =< Ab < alb|,1.

Proof. Let A; denote the ith row of A. By symmetry of A,
n i—1 n
A3 =" A2 =" AL+ >\ A2
j=1 k=1 j=i
n n
< Y DAL =IAlL < o,
k=1 j=k

so ||Ai]l, < @. Then
—a [[blly < - [Aill2 [Ibll; < (Ab): < [ Aillz 1]l2 < @ |I5]]5

This holds for all i € {1, ..., n}, which yields the desired result. O

Finally, combining Theorem 29 with Lemma 42 and applying Theorem 28 completes
the proof of Theorem 27.
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Figure 7.2: Schematic diagram of SCE 56 bus distribution system.
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Figure 7.3: Voltage profile of 7 buses without control, simulated with (a) linear
dynamics (7.2) and (b) nonlinear balanced AC dynamics (7.1).

7.5 Case Study

We demonstrate the effectiveness of Algorithm 6 using a case study based on a single-
phase 56-bus network (n = 55) from the Southern California Edison (SCE) utility
(Figure 7.2), with line parameters r;;, x;; from [294, Table 1]. In our experiments,
we use both the linear power model in Equation (7.5) to solve for voltages as well as
the more realistic nonlinear DistFlow model (7.1). Even though our algorithm only
has guarantees for the linear power flow model (7.2), we show that our algorithm

works well on both the linear and nonlinear model.

Experimental Setup

Following [271], we adapt real-world load and PV data from [298] for the 56-
bus network by adding power injection (scaled by the PV generation) at buses
C=1{2,4,7,8,9,10,11,12,13, 14, 15, 16, 19, 20, 23, 25, 26, 32}. Exogenous active
and reactive power injection measurements are taken at each bus at 6-second intervals
over a 24-hour period. Figure 7.3 plots these values for several buses to illustrate the
setting considered. We assume that controllers with reactive power injection capacity

are available at every node. The network parameters used in our experiments are:



206

* nominal squared voltage magnitude at the substation
v0 = yhom = (12kV)?

* squared voltage magnitude limits
[v,v] = [0.95,1.05]pu = [11.42,12.62]kV?

* reactive power injection limits
[¢.9] = [-0.24,0.24]MVar

* state and input cost matrices P, = 0.11, P,, = 101
« initial state v(1) = R*p(0) + X*¢¢(0) +v°1, ¢(0) = 0

In comparison to previous work in the voltage control literature, our reactive power
injection limits [g, g] are slightly more generous than +0.2 MVar used in, e.g., [271].
We choose +0.24 MVar because even a controller with perfect knowledge of the
future would need reactive power injection capabilities of at least +0.238 MVar in

order to maintain v(z) € [v, V] (if g = —¢q) under linear dynamics (7.2).

We set 7 = 10, which upper-bounds the maximum change in exogenous noise

observed in our data, which is ~ 8.6:
n* = max |[R*(p(1) = p(t = 1)) + X*(q°(t) = q*(t = 1))||, -

We fix € = 0.1. In order to satisfy the requirement in Assumption 15 that v(¢) €
[v+(77+€),v—(7+¢€)], the reactive power injection capabilities must exceed +0.528
MVar. As we show in experiments with only +0.24 MVar range of control, though,
Assumption 15 does not need to be fully satisfied in order for our method to still

provide strong empirical results.

For the robust controller I1, we set slack variable weight § = 100 and VP* =
[vPa yPar] to be a rectangle around the true noise. Under linearized system dynamics,

vPa(1) is calculated as described in Section 7.2, and then we set
Vi€ [n] : yP" = min V(D) ver = max V().

Under nonlinear system dynamics, we approximate vP¥ () as the nodal squared
voltage magnitudes when ¢ (¢) = 0 (as shown in Figure 7.3), and we add 0.5kV?

padding which empirically suffices as a convex outer approximation of VP

. ar “har ar
v = min v? (t) — 0.5, vypar; = max vf.) (r) +0.5.

As mentioned previously, we use a greedy projection-based NCBC algorithm [240]

in SEL that minimizes the movement distance ||(X;,7;) = (Xi—1, 7i-1) || ».s between
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nested convex sets P; C P;_;:

NCBCproj (P, Xo-1, 7i-1) := argmin [|(X, 1) = (Xo—1, 1) [l a0-

)P, (7.14)

This achieves competitive ratio yproj(m) = n(m — Dm™/2.

To keep the optimization problem (7.7) computationally tractable for consistent model
chasing, our implementation does not use the full trajectory D as in the constraints
of the consistent set (7.10). Instead, we include the 20 latest observations and 80
more observations sampled uniformly at random (v(¢),v(¢ + 1), u(t),q(¢t)) ~ D.
This provides a computationally tractable approximation of the uncertainty set. In
our experiments on linear system dynamics, we found that X, selected using this
approximation was always in the consistent set defined by the full trajectory D, when

allowing for small numerical inaccuracies introduced by the CVXPY solver.

Unless otherwise stated, we initialize 777 = 0. We initialize X by adding noise
to the true X* in two ways. First, we scale each line impedance x;; by a random
factor o id Uniform[0, 2]. Second, we randomly permute the bus ordering, so X 1
corresponds to a permuted grid topology. Finally, we project X, into the uncertainty
set X,, witha = 1.

Except for the experiments in Figure 7.8, we fix 6 = 20 which empirically strikes a

balance between minimizing the modeling error ||)?t — X™|| » and overfitting noise.

Table 7.1: Performance of our method simulated under linear system dynamics (top)
and nonlinear system dynamics (bottom). See Section 7.5.

Info provided # mistakes avg. violation max violation
Unknown  662.2 +435.1 043+0.16 4.40+2.59
Topo-14 917.0+ 1552 034+0.12 493 +2.19
Lines-14 1085.8 £ 186.6 0.57+0.29 2.55+1.09
Known 88.0 0.07 0.12
Unknown 160 £ 158 0.68+£0.56 2.74 +2.39
Topo-14 05+06 221+256 290+3.38
Lines-14 05+06 1.01+120 145+1.73
Known 0.0 0.00 0.00

Experimental Results

Our experimental results demonstrate the ability of Algorithm 6 to stabilize the
system without knowledge of the network topology, providing good voltage control

performance even though it still has significant uncertainty about the topology at
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Figure 7.4: (a)-(d) Voltage profiles of 7 different buses simulated under linear
system dynamics (7.2). Dotted black lines indicate voltage limits [v, V]. (a) II+SEL
initialized with random X € Xy (b) like (a) but the topology for buses 1-14 is known.
(c) like (a) but the topology and line parameters for buses 1-14 are known. (d) like
(a) but X = X* is fixed and known so only 7 is learned.
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Figure 7.5: Parallels Figure 7.4. Voltage profiles of 7 different buses simulated under
balanced nonlinear AC power flow (7.1).

the end of the experiments. We test our algorithm under both the linearized system
dynamics (7.5) as well as the more realistic nonlinear balanced AC power flow setting
(7.1) simulated using Pandapower [299]. The convex optimization problems for SEL
and IT are solved with CVXPY [300] using the MOSEK solver [301]. Code for our

simulations are available on GitHub.!

Linearized power flow with full control Our first set of experiments, shown in
Figure 7.4 and Table 7.1 (top), tests our algorithm’s performance on the SCE-56
bus network under linearized system dynamics (7.5). Different amounts of network
information are provided to the consistent model chasing algorithm SEL via the
initial consistent set X, ranging from no information (“‘unknown,” Figure 7.4(a)),
information about the edges among the first 14 buses but not the line impedances
(“topo-14,” Figure 7.4(b)), information about the edges and line impedances among
the first 14 buses (“lines-14,” Figure 7.4(c)), and complete information about the
network (“known,” Figure 7.4(d)). Because the buses in the SCE 56-bus network

"https://github.com/chrisyeh96/voltctrl
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Figure 7.6: Convergence of X, towards true X* (solid lines, left axis) and estimated
7 (dotted lines, right axis) for linear (a) and nonlinear (b) dynamics corresponding
to the experiments in Figure 7.4 and Figure 7.5 respectively. Notice that even when
1X; — X*||» does not reach 0, the controller still successfully achieve voltage safety.

are numbered in a topological ordering, the “topo-14" setting adds constraints of
the form (7.9) for all of the first 14 buses, and the “lines-14" setting constrains all
X € X, such that X;; = Xl.*J‘. foralli,j e {l,...,14}.

As shown in Figure 7.6(a), incorporating more prior knowledge about the network
into the initial uncertainty set reduces the model estimation error ||)? — X*||A.
Furthermore, the model estimation error decreases the most dramatically when the
voltage violations are the largest. However, we note that lower model estimation

error does not always result in fewer mistakes in our experiments.

Table 7.1 quantifies our algorithm’s performance under varying amounts of initial
network information. A “mistake” refers to any time step where any bus’ voltage
violated the limits [v,V]. “Avg. violation” refers to the average absolute squared-
voltage violation
mean max(v;(t) = v;, v. —v;(1)).
ieln], t€[T): vi()#lv,. 7] (ilt) =¥, v, =vilt))
“Max violation” is like “avg. violation” but replaces the mean with a max. Results

given show the mean and standard deviation over 4 random initializations of X.

Nonlinear power flow with full control Our second set of experiments test our
online controller on the standard balanced AC power flow model (7.1). As in
the linearized power flow experiments, we compare Algorithm 6’s performance
across varying levels of prior information (Figure 7.5, Figure 7.6(b), and Table 7.1,

bottom). Even though the controller is designed under the assumption of linearized
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Figure 7.7: Balanced nonlinear AC power flow simulation of the voltage profiles
under different algorithms with partial control and observation. The dark colors
plot the mean voltages across 4 random initializations of X, and the light shading
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Figure 7.8: Effect of varying ¢ on consistent model chasing. As in Figure 7.6(a),
convergence of )’(\, towards X* is plotted in solid lines (left axis), and estimated 7 is
plotted in dotted lines (right axis). In blue are results where we fix 7 = n* = 8.65
and ¢ has no effect. (a) linear dynamics (b) nonlinear dynamics.

voltage dynamics, our algorithm still performs well in the nonlinear simulation. The
performance improves progressively, with less voltage violation and smaller overall

deviation from the desired steady state voltage as it is provided more information.

Nonlinear power flow with partial observation and partial control We also test
our proposed online controller in the partial observation and partial control setting.
In Figure 7.7, we withhold voltage observations and control authority from buses
i €{8,18,21,30,39,45,54} by setting ql?(t) = 0 for all . We simulate the voltage
profiles across 4 random initializations of X; and plot the mean and +1 standard
deviation. Despite the more challenging setting, the performance of Algorithm 6

remains strong. We again observe in Figure 7.7 that adding prior topology and line



211

parameter information marginally improves the performance of Algorithm 6.

Varying 6 In Figure 7.8, we demonstrate the effect of varying ¢ on the performance
of our algorithm. From a theoretical perspective, Theorem 27 shows that our
algorithm achieves a finite mistake bound for every 6 > 0, and this bound is
minimized by taking ¢ to be very large. What happens when using a large ¢, though,
is that the model chasing algorithm may overfit to noise until a time when the noise
is too large, forcing the algorithm to increase the noise bound (e.g., around the 16h
mark in Figure 7.8). This leads to inconsistent performance in the short term, albeit
with perhaps better worst-case performance. In contrast, a smaller ¢ allows more
of the network uncertainty to be captured in a larger noise 77 term at the cost of
learning a less accurate X, but the decrease in modeling error ||)/(\t — X*|| » becomes

monotonic.

In practice, 6 should be treated as a prior “confidence” about how close the initial
guess of 77 is to n*. & should be larger when there is greater confidence that 7 is close

to the true n*.

Detecting topology changes Finally, we consider the challenge of responding to
a change in the distribution grid topology in real-time. If the topology changes
from one radial grid to another due to switches, new observed data may render
the consistent set empty. That is, when consistent model chasing (7.14) becomes
infeasible, we are assured that the topology has changed. At this point, we may reset
the algorithm by discarding the observed trajectory D, and reinitializing consistent
parameter estimates from the original consistent set P;. Figure 7.9 demonstrates this
on linear system dynamics, where we introduce a topology change at the 12h mark.
We replace lines 33 — 40 and 46 — 48 with new lines 1 — 40 and 10 — 48, which

maintains a radial distribution grid.

7.6 Conclusion

This chapter provides the first controller that establishes a finite-mistake guarantee for
voltage control in a setting with uncertainty in both the grid topology and load and
generation variations. We showed that our proposed algorithm is able to learn a model
of the grid dynamics in an online fashion and provably (under linearized voltage
dynamics) converge to a stable controller. Further, simulated experiments on a 56-bus
distribution grid demonstrate the effectiveness of our algorithm even under more

realistic nonlinear dynamics. We demonstrated how to incorporate prior knowledge
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Figure 7.9: Demonstration of the detection of a topology change under linear system
dynamics. Convergence of X, towards X* is plotted in solid lines (left axis), where
X* changes at the 12h mark. The topology change triggers a reset of the consistent
model chasing algorithm. Estimated 7 is plotted in dotted lines (right axis).

about the network topology and line parameters to improve performance, while also
extending our algorithm to the partial observability and partial controllability setting

which may better reflect real-world scenarios.

As the current algorithm is centralized, future works may consider decentralized
approaches to topology-robust voltage control in order to enable faster real-time
control with ideas from [99]. Another direction is to extend the current algorithm
to the time-varying topology setting with techniques from works such as [111].
Further studies may also explore loosening the radial topology assumption and test
our algorithm on unbalanced 3-phase AC grids to accommodate a wider range of
distribution grids. This would be a challenging, but important, extension. Finally, an
interesting algorithmic extension is to consider computationally efficient convex body
chasing algorithms with better competitive ratios. Existing methods based on Steiner
point [191], [240] achieve nearly-optimal competitive ratio but are computationally
inefficient in high dimension settings such as voltage control, so designing efficient
approximate Steiner point algorithms could potentially lead to significant performance

improvements.
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