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ON

CERTAIN MANIFESTATIONS

OF

IONIC FORCES IN THE LIQUID AND SOLID STATE.

Introduction and Summary.

The first part of this paper was worked out in collaboration
with Dr. F. Zwicky and represents a continuation of some previous
work by the co-author. It is shown that the difference in thermal
properties of dilute solutions agginst those of the pure solvent
is due to the superposition of two effects: 1) A physical effect
of the ion on the solvent which is manifested as an internal
pressure varying from point to point in the solution. This
pressﬁre distribution is calculated for aqueous solutions of
monovalent salts by an approximation theory in which the effect
of the so-called ion atmosphere is estimated by means of the
Debye-Huckel potential. In this as in ensuing calculationg, the
thermal properties of the solvent are assumed to be known. The
effect of this internal pressure on the thermal coefficient of ex-

-pansion and on the compressibility of dilute binary solutions is
calculated and the results are found to be in satisfactory agreement
with experimental values. 2) Definite evidence is obtained that
the second effect determining the thermal properties of solutions is
due to a chemical action of the ion on the solvent. This effect in-
creases linearly with the molal concentration. As a result of this
paper and previous work by the co-author, to which reference is
given, we can say that the thermal as well as the caloric behaviour
of dilute solutions is duly accounted for. \

The second part of the paper was worked out in consultation
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with Dr. Zwicky and represehts a first attempt at a rigorous treatment
of the so-called mosaic structure in heteropolar crystals of the face-
centered type. Certain variations from the crystal lattice of perfect
symmetry are pointed out,which would lead to a decrease in potential
energy. Certain energetic quantities,closely related to these variations,
are calculated., An expression is obtained for the change in energy
by the contraction of a 100-plane in patches, against a fixed space
lattice, in terms of the end displacement (SQ), and the number of ions
in the linear patch (p)e. This expression is found to have a simulsaneous
minimum with regard to 8e and p at a displacement and a number of ions
in the patch which is in close agreement with previous phenomenological
estimates., The minimum change in energy comes out positive but considerably
less than the energy of thermal agitation. This then shows that at least
there will be a considerable probability for patches of definite size,
although with the variations here considered,these patches apparently do
not represent the configuration of maximum stability. A difference
in size of the patches at the surface and in the interior is also indicated
by this work, a possibility which, so far as known, has not previously

been pointed out in the literature.
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' CERTAIN MANIFESTATIONS
OF

IONIC FORCES IN THE LIQUID AND SOLID STATE.
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I. Internal Pressure in Strong electrolytes of lModerate Concentrations.

In a previous paper by one of the authorsl)the pressure distribution in
a strong electrolyte of moderate concentration was calculated in connection with
a detailed analysis of the specific heat of solutions. It is the purpose of the
present paper to improve somewhat on this calculation, in that account will be
taken of the so-called ion atmospherezz As applications we shall consider the
effect of this pressure distribution on the compressibility and on the thermal
coefficient of expansion of agqueous solutions of monovalent salts.

As in the paperl)already referred to, we shall choose as our starting

point for the calculation of pressure the general expression for ponderomotive

3)
force on a dielectric, derived by Dellenbach:
S
where ki‘is the i-component of force density, (force per unit volume), JD is
the true charge density, Ei is the i-component of electric field, and Pi is the
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i-component of electric polarization. The expression is to be summed over double
indices.

For the derivation of Eq. (1) the assumption has to be made that, in the
region considered, our medium is isotropic. The formula also holds for a crystal
of the regular system. Otherwise the expression is perfectly general, and not
restricted to any special functional relation between electric polarization and
electric field. TFor small electric fields the polarization is proportional to
it. TFor strong electric fields the polarization becomes moré and more indepeﬁd—
ent of the field strength due to saturation of the dielectic. Consequently, the
dependency of P on E in our field will vary with the radial distance from the

1
ion. It has been shown before that a very good approximation is obtained by
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considering two regions, one outside a certain critical radius, Ty and one
inside. In the first region the polarization is calculated by means of the
ordinary dielectric constant, whereas in the second region we use its satura-
tion value. The latter is essentially obtained by multiplying the dipole mom-
ent by the number of molecules per c¢c., The critical radius, Ty will be
defined as the value of r for which the polarization as computed by the two
methods is the same.
Region 1 ( r rk). Let the field be some function E(r) of r which
will be specified later. Then:
= (D - 1)E(r) /a7 (2)
where D is the dielectric constant. |
Referring to rectangular coordinates, we cen establish the following
relations for the components:
= Ekxk/r; Ei = Exi/r; P = kak /r

?_§;~/a_gka7(‘x,c daE _,:j ;ct)(,< S,} {1,c=f<
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Substituting these quantities into (1) one obtains after some easy
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transformations:
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and since, div (D-E)=47p; div E=47p/D

We get:

(k] = [E] {/ﬁ/(ﬁ 21, zDaﬂ‘/ (3 *ZD)}
(3)
The absolute values can be used as shown because’Jp and dE/dr
always have the same sign.
For the potential of the field we shall use the value derived by

4)

Debye and Huckel. -XNH
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And consequently,

In these expressions & is the elementary charge = 4.77 x 10-10 oS el

and Y is the valency of the ion.

x = [6Tm (8)Y/pwr 17

=16
where k=1.37 x 10 ergs, (Boltzmann's constant), and n= the number of ions per cec.

Substituting the values (4) into (3), one gets after some transformations:.

Y2 w? ¢ 28 (5)
ol = so7 {a X +eerap) T rap%, + 23 }

where

« = 3D*+4p-2 & p =2D*+D -3

The pressure is obtained by integrating k over r:

ﬁ({)&)z éz oC (6)
#ldre = _ 2 X Cp2 -l + 6
‘P = j} s = 4o D* &% (B s 1} :

Region 2 (r <'rk)‘ The second region turns out to be comparatively
small, and it is easily seen that here one may safely neglect thé effect of the
space charge. The error introduced in the pressure by so doing is not more
then a few percent. In applications there is a more serious source oferror in
this region due to the uncertainty about the thermal properties of the solvent
at the extremely high pressures in the neighborhood of the ion. These sources
of error, however, are offset by the smallness of the region, i.e. in integrat—
ing for the thermal properties of the solution as a whole, the contribution from
the region of uncertainty is small. .

B
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We shall therefore neglect the effect of space charge.in this region,

and write:
R=N/.; ${=O 1 E = %% —4FM#
so that,
il = N2 35 - 5 0]

where N is the number of molecules per cc of solvent.

If by pwe denote the value of the pressure at the critical radius, then,

P=f T f (k| dr = fk*ﬂf

where , (7)
! _.L Ql’_ P A '

AP:N((LQS. i/.tz /lf} 5N(% /@V\j{
As we have already mentioned, the value of the critical radius is

given by:

-2,
4‘11“" ﬁ (}(k) = I D /tk i A } NC"’

: 3
Expanding and neglecting terms of the order (Jerk) and higher, this gives:

_(4TNg . 3)TE (8)
Ak _( VE 2

In order to carry through the nﬁmerical computations wé must meke an
assumption as to the value of fk o« The dipole moment of a single water molecule
can be deduced from measurements of the dielectric constant of water vapor. In
this way one find(}41= 1.8 x lo-lse.s.u.l)This value, however, cannot be gsed on
account of polymerization. In the paper already referred to, it was shown by
a very general consideration that the average value of }u. in water must be less

-19
than 9 x 10 e.s.u. It is found that the best quantitative agreement with exper-

imental results is obtained by adjusting /L to about 5 x 10-lge,s,u_

<.
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With this value we find for aqueous solutions of monovalent salts the pressure
distribution given in Table I. [ stands for concentration in mols per 1000
grams of solvent.

These values must be further modified because our theory, while it takes
account of the space charge, paradoxically so to speak, neglects the presence
of the individual ions making up that space charge. It is clear that at some
point in between a positive and negative ion the pressure effect must be zero,
while by our theory it extends to infinity. In other words, the integration (8)
should have been carried out to some finite upper limit rather than to infinity.
As a somewhat arbitrary correction which, however, cannot be very far off, we
propose the following: Depress the whole pressure scale by an amount equal to
the pressgre, Po’ at a distance ro from the ion, and let this distance be given

by the relstion:

AT 42 2me =V o
where V is the volume of a solution containing 1000 gr solvent, and n, is the
Ioschmidt number = 6,06 x 1025.

Table II gives the @ressure distributions corrected as here stated.
With increasing concentrations the reliability of the figures decreases.
Aside from the various approximations made in this development, thére are
essentially two sources oferror. In the first place, no account is taken
of the chemical action of the ion on the solvent, an effect which so far does
not permit of quantitative treatment. In the second place the effect of the
ion atmosphere at high concentrations is not rigorously given by the Debye-
Huckel potential. For a rigorous treatment.of this effect statistical methods
would have to be used5). The mathematical difficulties of such a theory
however, so far have been insurmountable.

As another, probably small, source of error, it should be mentioned

that this theory does not. take account of any pressure dependence of the di-

6) 7)
~electric constant. It has been shown by Roentgen, Falckenberg , and
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others that the pressure dependence of the dielectric constant of water is
2 .

very small up to 200 kg/cm. No experimental data are available for pres-

sures higher than this.

- :
TABLE I. Pressures in kg/cm . Water at 20°¢.

r r=1A 2 3 4 S 6 7 8 9 10
0,1 76000 16000 5229 1702 522 237 117 66 38 23
0.15 76000 16000 5020 1579 474 217 106 56 32 18
063 75000 15330 4628 1214 406 169 78 38 - -
0.5 74800 15036 4288 980 294 124 52 - - -
1.0 74580 13880 3205 687 199 - = - = =
2.0 72350 12170 2000 380 - - - - - -

2
TABLE II. Pressures in kg/cm . Water at 200C,

P ro r=1A 2 3 4 5 6 7 8 9 10

0.1 12.5A 76000 16000 5220 1695 515 230 110 57 29 1.4
0,15 10.9 76000 16000 5010 1568 463 206 95 45 20 7
043 8,66 75000 15300 4604 1190 382 145 54 14 - -
0.5 7.3 74800 14977 4247 940 253 83 11 - - -
1.0 5,8 74500 13800 3124 606 118 - - - - -
2.0 4,6 72200 12020 1850 227 - - - - - -

I.B. APPLICATIONS

(a). The Thermal Coefficient of Expansion. When a solution is heated

from T to Tt A T at constant external pressure, the internal parts of the
liquid expand at variable pressures. If we consider a spherical shell of
radius r and thickness dr around the ion, the expansion per degree rise in
temperature will be: ae Vf{T = dna’%r it do = 4Ty,
be the number of mols in the spherical shell.

Total expansion:

Q

l
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So that,

20
(g = i‘g Jzof('t)—X(«) [%ﬁfg}%}/t?&

where A( r ) is the thermal coefficient of expansion at the pressure 19(r),
and X (r) is the compressibility at this pressure, or

Ko

(10)
where CK°is the coefficient of expansion of the pure solvent under the given
conditions of external pressure and temperature. It turns out that the iso-
thermal expansion represented by the third member of the integrand is quite
small compared with the isobar expansion O((r). This isothermal expansion
therefore may be neglected in first approximation. The quantity (10) is to
be calculated from graphical integration. The veriation in thermal coeffi-
cient of expansion for pure water for pressures varying from O to 8000 kg/cm?
are given by Bridgmans)and reproduced in Fig. 1. Beyond this upper pressure
one must be satisfied by rather dubious extrapolations, but these high pres-
sures occur only in very small regions of the éolution, and contribute little
to the total effect.

The pressure effect, calculated, as here outlined, is shown graphically
as a functionof concentration in Fig. 2. The experimental values are taken
from the ceritical tables.g) The good agreement exhibited may be accidental to

some extent but certainly not altogether. There is a definite qualitative
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agreement, and that is all we can expect, since, (by necessity), no account

is taken of hydration effects in the present treatise. The experimental
values fbr the thermal coefficient of expansion do not permit of a closer ana-
lysis of the hydration effect. In the case of the compressibility of solu-
tions, however, we shall see definite evidence of the part played by chemical
action of the ion on the solvent in determining the thermal properties of
solutions.

(b). Compressibility. When the external mressure, Py» is changed from

P, to P* ZXpo the pressure in the interior is changed by say an amount Ap
which we must determine. Consider again a spherical shell of radius r and
thickness dr, containing dn mols of water. When the external pressure is in-

creased, the change in volume of this shell will be:

d@W=d%mr=jdv4%&&

Total change: "
0

Av = %—477_&2&

Consequently:

X, =748 = B3 fi A

Now, as the external pressure is increased, the radius of the shell

(%}

under consideration is decreased, thereby making the internal pressure change

by an amount:

n

ap= apst %@Q‘)M

/l () ﬁ/l

Aﬂ, A/@o

Hence

and to
o [P Jit B ot

-8~



An upper limit for the second term of the integrand may be obtained by
the following consideration: Ilet ii;) be the compressibility of that part of

the liquid which is inside a sphere of radius r around the ion. Then iI;) $ X)

And
(a_fc |34 xM® & -+ A X (K)
4 X D pin) —
’ 1+ 5 20X 1+ %Q—E——,af:) X (%)

By evaluating this upper limit it is seen that the second term of the
integrand must be small, and that a sufficiently closé approximation is ob-
tained by using the upper limit multiplied by a correction factor jc5/3c°
where a first approximation value of Xq is used.

Apcr)
QR

For we can write, to the same order of approximation,

Qpir)  _ _
=E = ZlfDan/zL
Finally, in order to carry out the graphical integration it is more
convenient to write:

Ao

= 2 [P D18 85 T xe)} e

o

{11)
X

o

The values of X((r) are taken from Bridgman's curve, reproduced in
Fig. 3.

The result of such integrations for various concentrations is plotted
in Fig. 4. In the same figure we have plotted some experimental data due to
Roentgen and Schneiderl?) It will be seen that the experimental compressibili-
ties are higher than those computed from the pressure effect alone. Some
pertinent evidence that this may be due to hydration is given in Fig. 5. The
data from which this family of curves was plotted also were taken from
Roentgen and Schneiderllind show, within the limits of experimental accuracy,

that there is a linear relation between the difference in compressibility of

any two binary solutions and concentration. In other words, the difference
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in compressibility is due to an effect which increases linearly with the
number of ions of the same kind in solution. We know that as long as the
supply of water molecules is sufficient each ion of the same kind will
produce, qualitatively and gnantitatively, the same chemical effect on
the water molecules. Therefore whatever the influence of this chemical
effect on the thermal properties of the solution, we should expect a
linear increase in the effect with concentration.

This linear dependency has previously been pointed out also for a
| caloric property of electrolytes; namely, the specific heat.l)

If, in Fig. 4, one takes the difference between the experimental
curve for KC1l and the theoretical curve, one obtains a linear relation up
to a concentration of about 0.15 mols per liter. Beyond this point then,
our approximation theory yields results which have only a qualitative, but
definitely no quantitative significance; The reason for this probably is
to be looked for in our method of obtaining the pressure distribution as
well as in secondary hydration effects.

From this and previous workl)we can draw the conclusion that the
difference in thermal and caloric properties of dilute solutions against
those of the pure solvent is due to the superposition of two effects:
First, a physical effect of the ion on the solvent which is predominantly
' menifested as an internal pressure varying from point to point in the solu-

tion. Secondly, a chemical effect of the ion on the solvent, which for

dilute solutions increases linearly with the molal concentration.

1
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II. On the Possibility of Mosaic Structure in Heteropolar
Crystals of the Face-centered Type.

A, Descriptive.

The potential energy of two ions mey be written on the form:
-2t ;A?c | (1)

Where the first term represents the potential energy due to the inverse
square Coulomb forces and the second term phenomenologically stands
for the energy due to the repulsive forces between ions, whieh are nec=-
essary for static equilibrium. A and o in general depend on the kind
of ions consideredlz In the following, however, we shall confine our
attention to crystals of the rock salt type and shall assume that these
constants are the same for each of the three combinations of ions which
oceur. This greatly simplifies the calculations and is permissible in
first approximation. In the case of rock salt then, the best value of
(o & will be that corresponding to a Na-ion against a Cl-ion; namely,
9 %) With this constant fixed, and the value of the lattice constant
known, the value of A may be computed from the condition that the energy

2)
shall be a minimum. With Bragg's value for the lattice constant of

rock salt; namely, 2.81 x lO-ch, the value A = 25.8 x 10-82 is obtained.
Details of this as of ensuing cqmputations will be found in the mathema-
tical appendix. This calculation exemplifies the usual method of attack,
whereby one assumes an infinite space lattice, e rfectly symmetrical,
with a lattice constant everywhere the same. It is the purpose of the
present paper to investigate certain departures from this perfect
symmetry which will decrease the average energy o§ an ion. One such

3

variation has already been pointed out by Zwicky, Its reality may be

easily seen by the following consideration: Consider any 100-plane
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in the infinite space lattice of perfect symmetry. The average energy
per ion in this plane may be ascriﬁed to two sources: 1) Inergy due

to the rest of the ions of this plane = Ep, and 2) Energy due to the
ions outside of this plane = E,. If we let this plane contract by an
infinitessimal amount against the rest of the crystal, there will be a
first order decrease in Ep, whereas, the first order change in E, will
be zero. Hence there must be a resultant decrease in energy and there-
fore a tendency for this plane to contract. This, of course, is due to
the fact that the lattice constant of an isolated plane is smaller than
that of the space lattice. In the particular case of rock salt, as
shown in the appendix, the contraction @mounts to 5%, and the liberation
of energy by this contraction from the lattice constant of the three
dimensional crystal to that of the plane amounts to 67 ergs per cm® of
the uncontracted surface. This is of the same order of magnitude as
the surface tension of the crystal which is a fact of considerable im-
portance in the theory of sub-microscopic cracks.z)

Similarly there will be a tendency for any mixed linear point
succession in the plane or in the infinite space lattice to contract.
The equilibrium condition gives a lattice constant for the line which
is only 87% of that of the three-dimensional cfystal. The energy liber-
ated by the contraction is 0,908 x lO-sergs per c¢m which is of the same
order of magnitude as the edge energy of the crystal. In fact, it is
somewhat larger43 indicating that there will be a considerable tendency
for edge formation.

Similar conclusions may be drawn from a comparison of the energy
d contraction of a dipole and the corner energy of the crystal.

By analogous considerations, it may be shown that certain planes
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and lines will have a tendency to expand. We shall, however, for the present,
confine ourselveg to the phenomenon of contraction.

In the case of the line or the plane respectivély against the infinite
space lattice, it is evident from inspection that there will be certain
obstacles against the contraction of the unit as a vhole. It is seen that’
in order to get a contraction, there must be a certain rearrangement of the
ions in the lattice, or the contraction must take place in patches, or
both. For the present we shall neglect the possibility of a rearrangement of
the ions, and shall consider only the change in energy due to the formation
of patches., This change does not necessarily have to be negative, for,
superposed on this variation in any case, will be a contraction of the plane
as a whole which certainly gives a considerable negative contrbution.

Zven if the total change in energy should not be negative there might be a
considerable probability for mosaic structure if the functional relation

giving the change in energy in terms of the end displacement, with the

number of ions (p) as a parameter, should exhibit a definite minimum at

an end displacement less than the lattice constant. If, moreover, this relation
should have a minimum with respect to p, we could conclude that the patches
formed would have a preference as rezards size.

For simplicity we shall consider only surface 1l00-planes, although
the same considerations with only slight modifications applies also to any
lOQ-plane in the interior. We shall start with the crystel of perfect symmetry
and let the surface plane contract, keeping the rest of the ions fixed. ifter
a certain displacement there will be an opposing force due to the rest of the
erystal which will keep the ions forming the edge of the surface plane from
further displacement. We shall then have a state of affairs analogous to the

following simple exawple which permits of a rigorous solution:
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%Z x @74:1 ® x (%) Fig.l

Consider the four ions shown in Fig.l, at first displaced at the
lattice constant of the three-dimensional erystal, Keep the end ions fixed
and leave the two central ions to find their equilibrium positions, which,
of course, will be symetrical., By a graphical solution of the 10th degree
equation which arises, it is found that the energy is a minimum when S = 0.154.
In words, equilibrium is reached with two patches of +two ions each and a
considerable ‘'crack' in between. A similar method of approach to the problem
of the contracting infinite plane would lead to an infinite number of eguations
and an infinite number of unknowns., It is therefore necessary to make certain
simplifying assumptions.

We shall assume that the contractioﬁ takes place in patches of perfect
symmetry, the contraction of two neighboring ions being everywhere &e/p-l )
except at the edges of patches where the displacement will be Se. We shall
next attempt to determine the first, second, and higher order changes in
energy at the start of the process, and in this way obtain an expansion analogous
to the Taylor series in terms of Se o This expension, of course, will contain

p as a parameter. The change in energy then will be expressed as follows:
2 3
DE= $ip)Se t §up) B+ f5(p)de + < - (2)
Un- fortunately this series alternates and converges somewhat slowly.
It is found, however, that after the third term the higher orders may be
expressed to good approximation by a simple remainder, so that we get:

- ) 8+ B &+ RCS,
AE = §p) St Jpr 3 + fulp)oe + RG.p) .

DaE _ QAE _
If here we impose the conditions e and 235

we obtain two equations in.tg and p. This pair of equations has a solution

which may be determined graphically. The value of p thus obtained checks
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closely with previous phenomenological estimates by Zwicky and Smekals).

The change in energy corresponding to this sclution is positive for the
variation considered, but only about 5.5 x lO"15 ergs/ion, against an energy
of thermal agitation of about 20 x lO‘-15 ergs/ion. Thus we have established
that there will be a great probebility for patches of definite size in the
crystal, although with the variations considered, we have failed to show
that this is a more stable configuration than the space lattice of perfect
symmetry .

In order to obtain the negative change, which, as we have shown,
must exist for certain variations, it may be necessary to take account
of the fact that the next neighboring planes also will teke part in the
contraction. Or it may be necessary to consider a different kind of vari-
ation which, for example, takes account of the tendency, (which we have
pointéd out), of certain lines to expand. The possibility of a rearrgge-
ment of the ions in the lattice also must be considered. Although this
seems to promise considerable additional complications, this will be the

object of a future treatise.

B. lMathematical Appendix.

1) Computation of A.

Let the potential energy of any two ions be written on the

form:
e~ /A
(4)

Then the energy of two ions in the infinite perfect crystal

lattice will be:
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where s = 1.745 and s, = 6.63 represent certain summations over the crystal

6)

which have been evaluated in the literature, By the minimum energy condition:

8 &= - ﬁ:ﬁa—o

For rock salp 2), ap = 2.81 x lO-BéAWL
S,e’df - -g2
so that A= L= =2 =268x10 (5)

73,

2) Contraction in an isolated 100-plane,

The energy of two ions in such a plane will be:
e* A
£l - T S L9
7
where 85 = 1616 and sg4 = 4.19 are summations evaluated elsewhere.

By the equilibrium condition:
?.S‘p A

8
%

%, = [2:2]"= 10w e

Energy change by contraction:
AE = - = [los5~/] + FZ/M? 1) =-67 95 (7

3) Contraction in an isolated mixed point succession:

53 Qz—-— =0

so that

Energy of two ions:

where 8g = 2.1n2 and sg = 2,004

By the equilibrium condition:

55_62__ 7S¢ A

-
th : 4
s0 % at Q.%d = gt_’_éf_,]/a: 1129 (8)
z ¢ 54

Change in energy by contraction from the lattice constant of the crystal

to the lattice constant of the line:

4 £ = g//Z? /f

~/J?— - 0 908x/0 @%f/ (8)
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4) Patch formation in a simple case:

Referring to Fig. 1, the energy of two ions may be expressed as

fOllOWS::___Z_ez_f_é_e_l __§i_.__§_z+_2__€+éﬁ9fﬁ_ _/_.ﬁ
E=- 55 toys Hes Td W Cwd Rewr T

There is also the relation: 3%, +f=d =32,

The conditions for equilibrium then msy be written:
B L ) 0 S

3%, it:.*l(SXﬁS)}-o 5% iy_-r?\(Sx‘-r%)}:o

Hence we get the equation:

3 O SO SO SN R S |
= [(66-8)1 Tad+8)® (d+28)"]" 3°A Ifd—s)/o (24 +8)"° (d,,zg)/o]
which, when solved graphically gives: o = O.5d

5) Change in energy by the formation of patches of a surface

100-plane.

The following classification will be found convenient in carry-

ing out this calculation:

(A) According to the order of the change, or the power of . Z
(B) a) Change in energy (by contraction in patches) of linear
mixed point succession.
b) Change in energy by patch contraction of isolated
100-plane.
¢) Change in energy of ions in line due to the rest of the
ions in the plane defined by that line.
d) Change in energy of ions in line due to the rest of the
ions of the crystal except as computed under c).
(c) Change‘in energy due to polarization.
6) Second order change in energy.
The first order effects vanish throughout; so we shall proceed
with the second order change:
(a) Linear mixed point succession:
' D
-1 ® S_o 2 ® @D---- UNDISPLACE
A SR oS s S ,
------ & & © & © @------ beoseEd Fig. 2.
4 & =-a=s

bg - 1 2 2



Referring to Fig. 2 we can write the general Coulomb energy of the con-

tracted line gitter:

E™= Z(/)”L -&5 [7 #0] (10)

e —

where k = kq(n,p) is a function of the periodicity p, (or number of ions

in the patch), and also of the serial number ¢ of the particular ion
considered. The - average second order change in energy per ion due to a
displacement § of periodicity p, therefore, will be:

(11)

I nt]

/'5:/
[/ 3

C(l)

_ 1 f :
/1;»(”) - /:; i /% turns out to be an even function of n,

S0 we can write:
Af(&):: _ Z( }mf/ __4&(3?_)
where it is easily seen that: /(/a () = r[’"//a](/o- 7"[%]) (12)

(The symbol r(n/p) stands for remainder in n/p)

oo
or with the abbreviation: Z (-—/)"”’ Kpl(m)  _ 5
/ m3 7=

o (2) -
JE®= -5, £F
Sphas been evaluated by direct summation for a number of different
values of p. By a somewhat different method of attack, however, (as
exemplified under the computation of polarization energy), the following

sumation formula for Sp was obtained:

£ 5/9 =% /j(\/)s(/?_s) SZU&/ (13)
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where US-H = _iés i‘l’“(% 1[)+W"(2—§)—2[(f)3+ (aﬁ)?g §p even (14

na Use™ i VG5 )W E2)- ¥ 2V E )
..2[(%93»( (;)_12_5)3_ gf‘;)a_ (éﬁ)sj} el TI5

« d?
Here Y G = dxe Y@+ which will be found tabulated in

the literature.

The above expression for Spmay be further simplified if one observes

that:
Useo = UP‘ST\ - --- peven
Usyy = "Up~s+l - w v P E0R
This giveS’ o -
{c,-o EUpo *Z05@9Vse3 ) gyon (16)
d’ ii(’) 5((y>s)Usﬂ - -+ - - --podd (17)

For reasonably large values of p(p> 10), it is found from this,
that the second order change in the Coulomb energy may be represented as

follows:

—

JE® = - %2?1 [o‘azaf - 0'7/] - (18)

The second order change in the energy of repulsion similarly may

be written:

@y AdEr) /t/ (7) e 28
dﬁ' - 2 QR%*2 & y 02“/ 72 /3/ /} (/J l) (19)

o #

(b) Contraction of isolated 100-plane.

The energy of an average ion in the plane msy be thought of as due
to the following sources: 1) Energy due to two intersecting perpendicular
lines. These contribute equally by the amount computed under (a). 2) Energy

due © the rest of the ions of the plane. This will be given by:
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4 A /

— . 4 . _ _ : 20)
- 2T 2 ]  226[tksmb ] -8k R ] Ve (
J(ta -#,8)%+ (oma —ég)jz [/a)f/ma)]:c [/ e ]

Noticing that cross-products of k. and k, must vanish in the summa-

&

tion, we can write the second order change:

A e LA -f[%/}/@«wm%f/?a//ff-r//}?/f/&ﬁ)ij

This expression is symmetrical in m and 1, so that in the summation
the two members of the bracket contribute equally. Hence, we get for the

second order change in the Coulomb energy:

s 5 g™ (Z(/)ém A o Y (21)

P4 fo»zj ¥z
And for the second order change in the energy of repulsion:
T 48 Z‘ i /% 78p %} floe -]
2 a// ey [_ ["(27" mt]lz/l ) (22)

These series were evaluated by direct summation to fair accuracy.

The resultfor p2> 10:

A;

(23)

ZE“ = 1.84(p- )Q,, = 0.053(p-1) %1 i—"—)s (24)

(c) Change in energy of ions of contracting line due to the rest
of the ions in the plane definedby this line.

Referring to Fig. 3, we can write the energy of an ion

- e ® & ® o ® © ® © ® ---
A= 2 1 o g i L Ro-a

.- ® 6 & o o @l @ © @'Y o----

9= 2 3 2 p Y k—a,—

e s @ -8 &8-S @ & BHe-w e

1
\ v
) ' '
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in the boundary line w.r. to the rest of the ions in the plane:

Lo = A
1,'5,1 [&2)? s (ma - 48) 2]0%

where h = hq(m)

From this the second order change in energy is easily seen to be:

e ”;i‘izngZ* # w%f‘Z@- #7”'} - (#9)

= K*

From Fig. 3, it appears that:

7 ‘)2__/
L AT = 27
FARS" (27)
Hence:
& {
— . / .
A i /72— (Oéﬂ)m £ — & otz
*2 2 Y4 (28
@ [ 5 - )
which by adjustment of the constants gives:
o= @9 i s /)
Change in Coulomb energy: ﬁz B /2 a3 Z( 50- (29)
S+ . 9438 ( g} g
Change in repulsive energy: AZ = 12 27 Sy~ (30)
p &2 gmift
Cton ,_,_ﬁl - s —
where .5‘ = ZZ(,) Az j =0/2 J 5.3 - /Z /Zjéngw’* % “/
5. h g ot ; S22 G5 < Lwes
X T (),43 425%% B 4 = Z*

U

These results still must be corrected for the lennard-Jones
contraction perpendicular to the surface. That is, in the terms contain-

ing £ = 1, this must be replacedby 0.95. As a final result, we obtain:

= (p*1) %Ij,w‘z— .@/f/fj? (31)
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(d) Change of energy of ioms in line due to the rest of the ions
of the space lattice except as computed under (c).

SIDE VIEW FRONT VIEW
e @ i 5 = .. ‘@{_}18_ A
=
& - — 2 A -+ - - -
+ + L Figo 4?0
N - 2 - L -— - + .-
—_— el 2
sl I R e

Referring to Fig. 4, we may write the energy under consideration

as follows:

e Zf&z)zf[majz,(.(ma-/;é)i‘]z

Where the limits of variability of 1l,m, and n are:

1= ~00cnu —un. +e0 LzoO
m= Il ----- - + o0
n:_m..-o--~-+00

From this, we can write the second order change in energy as

follows:
G(p2-) ¢
Repulsion: e Z '4 1251 - (33)
@
; #2-1 §ie?
Coulomb : 75 == [253 - 54] (34)

S % —/?4772
where 52222 ——_ = 00067
/ /

9 o0 /
SZ % ,Z[«éz-/‘ﬂflj// = 00224

e e ) r -—,Z?-—M
& 5 Lfptr e s = - 0033
- /Zj% /Z' /—?1+m7¢7217/z
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=29

and Sz were evaluated by direct summation. 84, on the other hand,

was derived from a known series by a method which will be reproduced below.

With the

—

correction for the Lennard-Jones contraction of the terms con-

taining m = 1, the final result is:

It is:

Then:
Where:
Hence:
Now:

where :

and.

Now:
So that:

Hence:

S oy 3le’ 35
Af; ,02666} 0 % (35)

(a') Derivation of the series S,

9)
The value of the series So is given in the literature .

5s ZZZ (Zi}?"/z = 90336 g(/m/+/€/ # o}

S0= 42 7 fizgn + 42 55 = #E 7o

A, = 257946
3~ S
&/ = Z? —/Z]o

Pl\’l
[Ma
7]
Q
L
\
3
AN
§

7 [7?12% lf] %2 & 4 oA
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(e) Second order effects summarized.

The total change in energy due to Coulomb and repulsive foreces

now mey be written: (a = ao)

TE® _ 2 e [ L) o der
NE® = 114(p-) S5 + 0001+(p™1) 73 -

For future use it is more convenient to express this in terms

of the end displacement Se =8 (p-1)/a. Hence:

2
=t de & C LI4 2 £
JE9= %S gf” + 001435 (37)

(f) Some general remarks about the second order change.

At this stage of the calculations mey we interrupt to call
attention to the physical meaning of the results obtained so far.
The fact that the first order change in energy is zero and the second
order positive must be taken to mean that at the start of the process of
contraction there is no tendency for patch formation, since the energy
is a minimum against the variation. To see whether the energy does not
become negative or does not possess definite minims at finite end displace-
ments we shall proceed to calculate the higher order changes in energy.
First, however, may we also call attention to the fact that the contri-
bution of the space lattice to the change in energy (4E,) contains p
to a higher power than the contribution of the plane (AEP) « This
indicates that the limit to the size of the patches will be set by AEg,
which again tells us that there is going to be a difference in size between
the patehes in the interior and at the surface, sinced4E,, aside from the
effect of the Lennard-Jones contraction, is twice as large in the former

case as in the latter.
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7) Third Order changes in energy.

a) Linear mixed point succession.

The change in energy will be:

es’ L F 43
Coulomb: —- L f_—d——— E (38)
L E
g.0.0 §°A y ]
Repulsion: 23 a” % m'z (39)

where %iégz_yﬁ%&/{/y_r[%ﬁff-ﬂﬂ%]j (40)

For p > 10 this gives to fair approximation:

Coulomb: O'q/(ac‘/) (do_z) 9@%_63 (41)
e?§° |
Repulsion: -—4.8I ((So—l)(do-z) 4 (42)

b) Contraction of isolated 100-plane.

The change in energy except as computed under (a) will be:

6625322 f% I{3£ m}(l)m*’e

Coulomb : e ]7/1 (43)
5 = fﬁj/@{ 1_0%,:}
Repulsion: R 7/ A& Z_ E F (42)
az 7 7 L€ 4’2] /5'
For p>10 this gives to fair approximation:

: 0.22 = Ly e38° ,
Coulomb 223 (p D -2) o | (45)
Repulsion: 0.08( _‘)qo 2) e18 (46)

008 (p e
¢) Third order effect against crystal.
It is evident that this effect must vanish throughout.
d) Total third order change:
o / e§’ (47)
AE, = -766(p-1)(p-2) =
Or, in terms of the end displacement:
AE, = —766 £33 <% (48)
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8) Fourth and higher order changes in energy.

The?%oulomb contribution of two intersecting perpendicular linear

mixed point.successions will be:
¢

Sezz‘(/) Z‘ﬁ% (49)

For p > 10 this may be expressed approximately as:
—_— _/4 4 2
Af4=_269)5c3

I (50)
or in terms of the end displacement:
JE =k B (51)

7 a

In first approximation, thig may be considered as the total Coulomb
contribution to the fourth order change. The actual value will be a few
per cent smaller than this. An estimate of the higher qrder change in

Coulomb energy then.may be obtained as follows:
a7 = é//fg—/'/‘ - +5} (52)

The energy of repulsion may be represented to fair approximation

by the first term in the expansion, for the fourth and higher orders. .That is:
Glger) - - (9+¢Y—/) __/{r) )B’ 1) 53/

Y/ 70 a T (53)

which will be seen to represent a general term in the binominal expansion of:

A S
o g9 (/+68)7 (54)
Consequently, the fourth and higher orders of the energy of repulsion

may be written: Q.01 3
9/0 :
JEt= S AR A et TS b )2 (55)

which may be teken to mean that these higher orders arise entirely from the
chaﬁge in energy of the ions forming the boundaries of the patch.

9) Energy of polarization.

We shall first consider the energy of polarization created by patch con-
traction of a linear mixed point succession although the result of this cal-

culation will not be directly applicable to the plane due to the vectorial
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nature of the field strength. For this purpose we shall consider the
displaced point succession as a number of interposed linear gitters, the
number of such gitters being p, and the gitter constant of these gitters pa.
If p is odd, it is seen that these elementary point successions willlbe
mixed, whereas, if p is even, all the charges making up the elementary
linear gitter will have the same sign.

The following notation will be used:

F.g= field strength at ion #r due to the elementary gitter of
which s is a member.

We can then write the following symmetry relations:

1) Fqq =0

2) Fgs = Fgq 1if q-s = t on-1

3) Fgg =-Fgq 1if q-s = = En

4) TFyg = Fpy if g-r = s-t= Z2n
= s-t= I2n-1

5) Fqg = -Fp if g-r
For s> 49 we obtain from this
q-1 '
Fgs=(-1)" F1, g-q +/2
For s<q, we obtain:

a
Fgs=(-1) Fl’ g-s + 1

19
Hence we can write for --HZ F
S=/ a8
P £=g+/
2Ry &2 EUE, crreremdss s s e ST QAR
Si= ] 4:.#*/
—0 - - - < - - - - _ _ifqg-=(p1)/2
:(—r)ﬂféo"/;;, -~ - - - = ~ - -.ifg> (pr1)/2

parve
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Only the first of these relations interest us since if the
field strength is known at the first half of the ions the field strength
at the remainder follows by symmetry.

Now we can write:

(56)

Vodd = 02704[ G *1) H}/@"}“> Lf/Qf +3)- I7[/(2 “77%5

p odd E_Z_@_O;__g‘_ﬂ_f_.é:’_—la‘.,-—;\—{&o: (57)
X ozpa.—x deaa_ Oaa.—x

P Voo =2 Y4 W) [ 5] -
So that for p % 5 # 7 2
- -gi[Z =4 ”% giz &) QZH—Z’- 1) 2Uf’é*'} (See e$.14)

and for p g};en

s —_,[Z:s 7 ____Z/aczészZiZ(_/)/‘Zé”} (See &g 15)

So that the change in energy by .polarization becomes:

2 Z = P 2
p odd AE= *%%#gzg[’/) (/zfj (59)
2 A
o 05- - <50 B (R ey, pefiy P
mhere X =3z ioém_* Oco.} (61)

These expressions reach the same asymptotic value. The negative change,
however, in general is higher for an even number of ions in the patch
than for an: odd number.

10)
With Born's wvalues for the polarizabilities the asymptotic
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change in energy becomes:
25
af =~38 5 7aoc<9 = -~ 02#5p — (62)

10) Second order polarization in plane.

No convenient general expression has as yet been developed for the
potential due to a plane gitter, so we shall resort to the method of direct

expansion.
With our previous notation, the x-component of the field at ion #q

becomes : 2 &S A (o -28) -3 o Lrom

1 (63)

= ¢ 25%
axi= L Ve T @ T g

— oD

The first summation has been worked out under (9), in fact:
ity

aX7 = Z Ziejf/’ = €)f —/9—2[(/)”’0 ¢y Uf/j D)
so that: AXF = A?(fv‘é]?(,g | » (65)
o Apt - B8 5 5 RIS oyt (36)
For p large the expression gives approximately: ’
AX = 2_ Z(/)[’”ﬂ%‘}./z (67)
2. AKX - Z(’)W[/,(”:”;})% -

ete.
These summations have been worked out previously.
The result of the calculations follows:
— _— o Slel
x § FE+AVE]L =494 x 2L
= AX 'f'AY - 4 X I3
AE=p% 12 a
2 2

3 e™ _ e € _P
= o ~ o 66
= 366 VE XD 3 Q (Go_‘)z.

(69)
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1l. Results of the calculationse

)s

By equations (37 (a88), (52), (55), and

total change in energy:

(69) we can write for the

(p-NAE = { L1+ 0366+ st~ Fée 53 82

— _.f’_,.) - 3
g ‘l"gg / ¥ 8 8 *S j
o £ ) o.0l14
PAE = 1942 - 14756 +{oiﬁl L14-063 -366(7)"
J PR 7663 8C -
-+ i7té %}—;ﬁﬁ; } e
e s e 063 0.022¢
Qax _ _ 14942 1475 8¢ L 0.63 0366 : =
_'3_@- = —’—’—T)z ® (P")ﬂ. -&41. Gf' 1)3 G; /)

ogez+q/o //53}

_O,‘L{%J& 1%
/+9%¢

) T
W} Se
0.058

|+Se (\-fgq)? (70)

S
102238 — 3 *'f” 7%}563
+ 2 _'/ _0.0583_,‘/

ao’L

1+6¢ ? G +S€>?

Or, to good approximation, for p fairly large:

NQAE _ ) = ~1.942 (475 Se +{-114 +063 +

(3

so that e
154857 - 0.906 84 1475 e ~1.942 + ;¢ ;e

—

ﬁ_ai’éé oazz¢j59 -7 76- 766Z/j<(3

0. 05@5

Ik

2.

71)
/o (

00583

~ T be) ?

o 3.
O35 32 - 01788 HF758e=1 42 + 7= Je

For different values of 9, this gives:

0.05 83

(7+de)?

%e_ = 1 0.9 0.8 0.7 0.6 0
5
P, = 37 34 30 28 22 2
By the other minimum condition:
0525
rip-2)
70 9(45) 0= _,,¢7;+22/,/4./;£/ —062 ~0.366 o;t,) + 00/ @ﬁ}fjf?é 7.66—"—-+ /)‘ fée (/h;-)z (/fé‘)/o
2 &
Giving p= —L%75-0.2885c +0/88° - iRy t (2010 (72)

2 x0.0/1% Se

Tor différent values of SQ this gives:

O. 0.6 0]

3
48

7

1 0.9 0.8

%

P 43

37 39 40

42

'5 0.3

41 42



.

Equations (71) and (72) are therefore seen to have a simultaneous
solution at p = 37 and SQ = 1, The value of the change in energy at

this minimum is given by equation (70). It is:

- &% oot .. _ e _
AE =~ o —D,bx/o’f’e/g*/m

(73)

[ -
Compare &l {QT: 20.5x 107" @%/W’k (74)
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