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ABSTRACT

Many turbulent flows exhibit time-periodic statistics. These include flows in tur-
bomachinery, the wakes of bluff bodies, and flows exposed to harmonic actuation.
However, many existing techniques for identifying and modeling coherent structures,
most notably spectral proper orthogonal decomposition (SPOD) and resolvent anal-
ysis, assume statistical stationarity. In this thesis, we develop extensions to study
turbulent flows with periodic statistics. We focus on the application of turbulent
jets and jet noise reduction through harmonic actuation, which is of interest for both

commercial and military aviation due to its success in reducing noise by up to 5 dB.

To analyze the coherent structures in harmonically forced flows, we develop the
cyclostationary spectral proper orthogonal decomposition (CS-SPOD). We examine
the resulting properties of CS-SPOD and develop a theoretical connection between
CS-SPOD and harmonic resolvent analysis (HRA), thereby providing the theoretical
basis for HRA to be used as a model for coherent structures of cyclostationary flows.
We develop and validate a computationally efficient algorithm and then illustrate its

efficacy using the linearized (complex) Ginzburg-Landau equation.

We next employ cyclostationary analysis to investigate the impact of an axisymmet-
ric acoustic harmonic forcing on the mean, turbulence, and coherent structures of a
round turbulent jet with a Mach number of 0.4 and a Reynolds number of 4.5 x 10°.
We perform large-eddy simulations for four cases at two forcing frequencies and am-
plitudes. Both low-frequency (Strouhal number of 0.3) and high-frequency (Strouhal
number of 1.5) forcing is found to generate an energetic, nonlinear, tonal response
consisting of the rollup of vortices via the Kelvin-Helmholtz mechanism. However,
the impact of forcing on the broadband turbulence and coherent structures is limited,
particularly at the low forcing amplitude associated with jet-noise-reduction devices.
Additionally, the dominant coherent structures for the forced jets are similar in their
energy, structure, and mechanism. At high forcing amplitudes, phase-dependent
features arise in the dominant coherent structures and are associated with coupling
to the high-velocity/shear regions of the mean. Overall, our results support the
existing hypotheses that jet noise reduction can be associated with the deformation
of the mean flow field rather than through direct interaction between the forcing and
the turbulence. Lastly, we find that HRA predicts the dominant coherent structures
well. This shows that HRA can be used to develop models of forced jets in a similar
manner to how resolvent is employed for natural jets, which may be useful to guide

future sound-source models of jets subjected to active control.
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Chapter 1

INTRODUCTION

1.1 Turbulence and coherent structures

The analysis and control of turbulent flows, including jet engines, airfoils, wind
turbines, bluff bold flows, cavity flows, and many more, are ongoing and challenging
areas of research. This difficulty is in part due to the stochastic and sensitive
nature of the governing equations (Bradshaw, 1972; Pope, 2001), where any small
perturbation means that each realization of a turbulent flow (e.g, a single experiment
or computation with a unique initial condition) results in an unpredictable trajectory.
Due to this, turbulence is generally thought of as a random and unpredictable process
with no unique or repeatable time history (Von Karman, 1938). However, substantial
order and predictability in the flow can be uncovered. This order in the turbulence
is known as coherent structures, which are generally defined as structures present in
turbulent flows that exhibit a correlation between different points in space and time
that are much greater than the length and time scales that turbulent flows typically
exhibit.

The earliest works on coherent structures are those of Crow and Champagne (1971),
Mollo-Christensen (1967), and Brown and Roshko (1974), who identified coherent
structures in jets and planar mixing layers. Studying and understanding coherent
structures is crucial in understanding the mechanisms present in turbulent flows since
they are a primary contributor to the transport of mass, momentum, and energy in
many turbulent flows. Furthermore, coherent structures have recently been linked
to critical engineering quantities such as jet acoustics (Jordan and Colonius, 2013)
and drag in wall-bounded flows (Jiménez and Pinelli, 1999; Moarref and Jovanovic,
2012; Toedtli et al., 2019). Thus, the continued study of coherent structures is

critical to improving our understanding of these flows.

Coherent structures have been investigated using instantaneous realizations or viewed
from a statistical frame of reference (i.e. not looking at a given realization but in-
stead investigating what occurs on average). We employ a statistical framework due
to the existence of useful tools and the strong connection to the linearized (averaged)
equations of motion. The most commonly used (statistical) technique to identify

coherent structures in turbulence is proper orthogonal decomposition (Aubry, 1991;
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Aubry et al., 1988; Lumley, 1967, 1970; Sirovich, 1989), which represents flow

data as mutually orthogonal modes whose amplitudes optimally reconstruct the cor-
relation tensor. When applied in its typical space-only form, the modes are not
coherent in time, leading many researchers to instead apply DMD and its variants
(Rowley et al., 2009; Schmid, 2010; Schmid et al., 2011). However, for statistically
stationary flows, spectral POD (SPOD) (Lumley, 1967, 1970) leads to an optimal
reconstruction of the space-time statistics and results in modes that oscillate at a
single frequency. SPOD has been extensively used to study a wide range of tur-
bulent flows (Citriniti and George, 2000; Picard and Delville, 2000; Towne et al.,
2018). While the benefits of SPOD are clear, difficulty lies in the large amount
of high-fidelity data required to sufficiently converge the modes (with substantially
more data required than techniques like DMD or POD). Additionally, there is uncer-
tainty in the appropriate frequency resolution to employ. Hence, in Chapter 3, we
investigate the optimal frequency resolution for SPOD in an effort to most efficiently

use the available data.

While data-driven techniques used to extract coherent structures from high-fidelity
experimental/computational data are of great interest, the cost in obtaining this data is
great and infeasible for engineering purposes (such as an iterative design procedure).
Thus, the ability to model these structures is also critical. One such technique that
in recent years has shown great capability is resolvent analysis (also known as
input/output analysis), where forcing modes that give rise to the most amplified
response modes with respect to their energetic gain are determined. When applied
to turbulent fluid flows, the nonlinear modal interactions are regarded as forcing
terms to the linearized time-averaged turbulent mean (McKeon and Sharma, 2010).
Resolvent analysis has been used to study a wide range of transitional and turbulent
flows (Cossu et al., 2009; Jeun et al., 2016; McKeon and Sharma, 2010; Meliga et al.,
2012; Oberleithner et al., 2014; Schmidt et al., 2018; Sharma and McKeon, 2013),
amongst others. Towne et al. (2018) provided a theoretical connection between
SPOD and resolvent, showing that resolvent output modes are equivalent to SPOD
modes when the resolvent forcing modes are mutually uncorrelated. This connection
provided a theoretical basis to use resolvent analysis to develop models of the space-
time statistics of a turbulent flow (Amaral et al., 2021; Moarref et al., 2013; Towne
et al., 2020) and the development of various methods (Morra et al., 2019; Pickering

etal.,2021a) to help whiten the forcing coefficients, thereby improving these models.

Along with the great interest in the analysis of turbulent flows, so is the control of
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these flows. Due to the primary contribution of coherent structures to transport,
many researchers have recently focused on determining how flow control can be
used to modify these coherent structures (and thereby key engineering quantities
such as jet noise or drag). Flow control can be achieved through several methods,
including geometry changes, steady forcing, active flow control, etc. Active flow
control is of particular interest due to the ability to turn actuators on/off and due
to the wide basis of possible actuation schemes available. Within this, harmonic
(or periodic) actuation has been widely explored as a candidate technique to control
turbulent flows for some form of objective, including jet noise reduction, drag
reduction, and flow separation control. While the suite of modal analysis techniques
previously mentioned have been applied to a large range of turbulent flows, a key
assumption in many of these techniques (including SPOD and resolvent analysis) is
statistical stationarity, meaning that the statistics are time-invariant. This assumption
is appropriate for many unforced flows, such as natural jets, shear layers, mixing
layers, etc. However, the periodic actuation of turbulent flows results in the statistics
becoming periodic in time. Thus, when forced, this fundamental assumption is
no longer valid as the flow, and its statistics, are now correlated to the forcing.
To clarify, by forcing, we mean any system that exhibits a periodic modulation
of the statistics (including by actuators, rotation in turbomachinery/wind-turbines,
vortex-shedding in bluff body flows, weather and climate, etc). Thus, to be able to
analyze harmonically forced jets, we must go beyond the SPOD/resolvent analysis

framework employed for statistically stationary flows.

The analysis of processes with periodic statistics is called cyclostationary analysis,
which is an extension to statistically stationary analysis to processes with periodic
statistics. Cyclostationary analysis has been applied in a range of fields (Gardner,
2018), from economics to physics and mechanics. However, itis relatively unutilized
in the fluid dynamics community (some of the limited uses include (Cheong and
Joseph, 2014; Jurdic et al., 2009; Pennacchi et al., 2015)). Initially developed by
Gudzenko (1959), Lebedev (1959), and Gladyshev (1963), it was then extensively
studied and popularized in Hurd (1969) and Gardner (1972). The theory of second-
order cyclostationary processes was further developed by Boyles and Gardner (1983)
and Gardner (1986b), while Brown III (1987) and Gardner (1986c¢) furthered the
theory of complex-valued processes. Cyclostationary analysis provides a robust
statistical theory to study these processes, and tools analogous to those used to study
stationary processes (e.g. the mean, cross-correlation, cross-spectral density, etc)

have been developed which naturally collapse back to their stationary counterparts



when analyzing a stationary process.

While cyclostationary analysis provides a robust set of tools for the pointwise anal-
ysis of processes with periodic statistics, based on the preceding review, there is
a clear need to study the coherent structures present in these flows. On the mod-
eling front, resolvent analysis was extended to flows with a time-periodic mean
flow in Padovan et al. (2020) and Padovan and Rowley (2022), and was termed
harmonic resolvent analysis. This led to a system of frequency-couple equations
that provided the ability to study the first-order triadic interactions present in these
time-periodic flows. Harmonic resolvent analysis shares the same interpretation as
standard resolvent analysis and has been applied to flows with a periodic mean flow
(Padovan and Rowley, 2022; Padovan et al., 2020). On the data-driven front, several
works have developed extensions to SPOD/POD to study forced turbulent flows.
Franceschini et al. (2022) studied flows where a high-frequency turbulent compo-
nent develops on a low-frequency periodic motion. Subsequently, a quasi-steady
assumption is made, and conditionally fixed coherent structures at each phase are
determined. Glezer et al. (1989) developed an extended POD method for flows
with periodic statistics by summing an ensemble of time series. However, since this
method is based on POD, it still contains the shortcomings present in POD. Clearly,
SPOD and the aforementioned extensions are not sufficient to study forced turbulent
flows. Kim et al. (1996) developed cyclostationary empirical orthogonal-functions
(CSEOFs) that essentially extended SPOD to cyclostationary processes for one-
dimensional data. Kim and North (1997) then modified this technique to include
multi-dimensional data by reducing the computational cost through several approx-
imations. However, due to a lack of clarity in the literature regarding the derivation,
properties, interpretation, and computation of these techniques, their use has been
limited. Furthermore, despite the aforementioned approximations, both formula-
tions are computationally intractable for high-dimensional data. Thus, in Chapter 4,
we extend SPOD to flows with time-periodic statistics through an extension to the
exact form of CSEOFs (Kim et al., 1996) to include large multi-dimensional data.
We hereafter refer to this method as cyclostationary SPOD (CS-SPOD for short).

1.2 Turbulence jets and jet noise reduction

Turbulent jets (and the noise they produce) are a strong concern to the community
since jet noise is a major health hazard, with several health impacts (Basner et al.,
2017; Matheson et al., 2003) including disrupted sleep, adversely affecting academic

performance of children, and possibly increasing the risk for cardiovascular disease
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of people living in the vicinity of airports. Jet noise is also a major issue for
military personnel where tinnitus and hearing loss are the first and second largest
service-related disabilities, impacting 2.3 and 1.3 million veterans, respectively
(U.S. Department of Veterans Affairs, 2020) and costs over $1.2 billion annually
(Alamgir et al., 2016).

In commercial aviation, substantial progress in jet noise reduction has been made
via increases in the by-pass ratio of the jet engines (ACI and CANSQO'’s, 2015). This
reduces the average jet velocity, thereby substantially reducing the noise produced.
However, in military applications, increasing the by-pass ratio is not possible. This
has led to the noise of military aircraft remaining constant (or even increasing)
over the last 50 years (Naval Research Advisory Committee, 2009). Thus, other
methods to reduce jet noise have been of great interest. This includes techniques
such as chevrons (Prasad and Morris, 2020; Rigas et al., 2019), constant mass-flux
injection (Henderson, 2010; Kcenig et al., 2016; Sinha et al., 2018), and harmonic
forcing (Crow and Champagne, 1971; Hussain and Zaman, 1980, 1981; Morrison
and McLaughlin, 1979; Raman and Rice, 1991; Samimy et al., 2010; Zaman and
Hussain, 1980, 1981) (which are all known to reduce far-field noise). Of these
techniques, active flow control is of particular interest since these methods can be

turned on and off depending on the current phase of the flight envelope.

Harmonic forcing of the jet leads to more orderly structures (Crow and Champagne,
1971), and forcing has subsequently been used both to study the dynamics of
coherent structures, and in attempts to control radiated noise (Crow and Champagne,
1971; Hussain and Zaman, 1980, 1981; Morrison and McLaughlin, 1979; Raman
and Rice, 1991; Samimy et al., 2010; Zaman and Hussain, 1980, 1981). These
studies have characterized the response to a variety of actuation mechanisms, forcing
frequencies, amplitudes, and azimuthal mode numbers. While jets are receptive to
forcing, producing strong, nonlinear tonal responses, forcing typically yields a
modest reduction or increase in broadband noise (not accounting for the often much
larger tonal noise). Some recent experimental studies Kcenig et al. (2016); Sinha
et al. (2018) suggest that (at the relatively low levels of actuation studied) there
is little interaction between the phase-locked coherent structures generated by the
forcing and the underlying, broadband turbulence (containing both coherent and
incoherent motions), except through deformation of the mean flow. This is seen in
Figure 1.1, where the noise reduction of steady forcing and the noise production of

a steady forcing superposed with harmonic forcing were investigated by Sinha et al.
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Figure 1.1: far-field power spectral density (PSD) at aft-angle (150 deg) of the
baseline jet and steady and unsteady actuation. Image reproduced from Sinha
et al. (2018).

(2018). All noise production was linked to the steady component of forcing that

resulted in a modification of the mean.

The reduction in the energy of coherent structures in jets subjected to a co-flow (Maia
et al., 2023a,b), jets with chevrons (Prasad and Morris, 2020; Rigas et al., 2019),
or constant mass-flux injection (Henderson, 2010; Kcenig et al., 2016; Sinha et al.,
2018) have all also been linked to deformations of the mean flow. Consequently,
broadband noise reduction may be limited by the extent to which forcing deforms
the mean. However, the impact of active flow control on coherent structures is
still unresolved. Thus, in Chapter 5, we attempt to directly quantify how forcing
alters the non-phase-locked portion of the turbulent flow. We study acoustically
forced, turbulent, subsonic jets via large-eddy simulation. We use a relatively small
amplitude forcing to connect the work with previous studies on forced jets, as well

as a higher forcing level that seeks to alter the turbulence.

1.3 Contributions and outline

The remainder of the thesis is organized as follows. In Chapter 2 we first outline the
performed LES of harmonically forced turbulent jets and introduce the theory and
computational procedure for SPOD and harmonic resolvent analysis. In Chapter
3, we analyze the impact of frequency resolution when computing SPOD and
develop a physics-informed optimal frequency-resolution computational technique.
In Chapter 4, we develop an extension to SPOD for flows with periodic statistics,
which we call Cyclostationary SPOD (CS-SPOD for short). We validate using
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artificially generated data, develop a computationally efficient procedure to calculate
CS-SPOD (with a similar cost to that of SPOD), determine simplifications for low
and high forcing frequency limits, develop the theoretical relationship between
CS-SPOD and harmonic resolvent analysis, and then demonstrate its utility using
a modified linearized (complex) Ginsburg-Landau model and one of our forced
jet simulations. Chapter 5 then employs the work developed in the previous two
chapters to investigate the impact of harmonic forcing (at several forcing frequencies
and amplitudes) on the mean, turbulence, and coherent structures of turbulent jets.

Finally, Chapter 6 concludes and outlines future work.



Chapter 2

METHODS

2.1 LES of harmonically forced turbulent jets

The primary application of the techniques developed in this thesis is to a series of
harmonically forced turbulent jets. Here, we will describe the large-eddy simulations
performed.

Large-eddy simulations of isothermal Mach 0.4 forced jets are performed using the
compressible flow solver “CharLES” by Cascade Technologies (Bres et al., 2017,
2018). CharLES solves the spatially filtered compressible Navier—Stokes equations
on unstructured grids using a density-based finite-volume method. Computations
of an unforced Mach 0.9 turbulent jet have shown excellent agreement between the
computational and experimental mean, first-order statistics, and noise spectra (Bres
etal., 2018). The reader can find details on the numerical methods, subgrid models,
and meshing in Bres et al. (2017). To account for the forcing, a slightly refined grid
is employed compared to the natural jet simulations investigated previously (Bres
etal., 2017, 2018), and a total of 19.2 million control volumes are employed.

A schematic of the simulation set up is provided in Figure 2.1. The jets have a
Reynolds number Re; = p;U;D/u; = 4.5 % 10° and a Prandtl number of 0.7. The
subscripts ; and «, represent the jet and free-stream conditions, respectively. p is
the density, u is the viscosity, and M; = U;/c; is the Mach number where c; is the
speed of sound and U; is the natural jet mean-flow velocity magnitude. Throughout
this thesis, the flow is non-dimensionalized by the jet exit values, lengths by the
jet diameter D, pressure by p; UJZ., and frequencies as St = fD/U;, where f is the
frequency. For numerical stability, the simulations contain a weak M, = 0.009

coflow.

The forcing is applied as planar acoustic waves in an annular region around the
nozzle with frequency Sty = fyD/U; and amplitude ao, where f; is the forcing
frequency. The magnitude of the acoustic forcing applied along the co-flow bound-
ary is scaled by the function c(r), which results in an error-function manner about
r = 5. Nekkanti et al. (Osaka, Japan (Online) validated a similar forcing strategy for
a similar turbulent jet against experimental data by Maia et al. (2020, 2021, 2022),

showing excellent agreement. Along with the natural unforced jet, simulations are
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Figure 2.1: LES schematic, adapted from Bres et al. (2018).

run at Sty = 0.3, 1.5 (ao/U; = 1%, 10%). A forcing frequency of St = 0.3 was
chosen to roughly match the forced jet experiments of Crow and Champagne (1971),
where Sty = 0.3 was observed as the frequency that led to the largest amplification
by the flow (i.e. the jet preferred mode). The Sty = 1.5 case was chosen as experi-
mental studies (Samimy et al., 2007, 2010) have indicated a broadband reduction in

jet noise at this frequency. The forcing is defined by:

c(r)=0.5[1—-erf(2(r-5))],
up(r,t) =c(r)sin(2n frt),
up(r,t) = oo + aous(r, ),
u(r,t) =ug(r,t) =0,
P(r,1) = poo + Poo (Ux (1, 1) = Uoo) / doo,
P(r,1) =peo + ooPoo(Ux (1, 1) = Uheo).

The simulations are run with a computational time step AtD/c. = 0.001 and

a total simulation time f,;,,D/ce = 8000 (after the initial transient, due to the

forcing, has passed). The natural jet is run for g, D/ce = 16000 to facilitate

the study performed in Chapter 3. The unstructured LES data were interpolated

onto a structured cylindrical grid that mimics the LES resolution of n, X n, X ng =

656 x 138 x 128, respectively. The forced cases were saved at Ny phases per forcing
Atces

oscillation, resulting in a temporal spacing between snapshots of =5=. In total,
N, = 4.5 x 10* = 5.8 x 10* snapshots per forced jet database saved and 8 x 10* for
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Figure 2.2: Instantaneous snapshot of u’/ for the Mach 0.4 natural and forced
turbulent jets.

Case M; Sty ao/U; = N, N,
M = 0.4, Natural 04 — — 0.2 — 8x10*

M =04, St; =0.3, ap/U; =0.01 | 0.4 03 001 0.174 48 4.5x10*
M =04, St; =03, ap/U; =0.1 |04 03 0.1  0.174 48 45x10*
M =04, St;=15, ap/U; =0.01 | 0.4 15 001 0.138 12 58x10
M =04, Sty =1.5, ap/U; =0.1 |04 15 0.1 0138 12 58x10*

Table 2.1: Parameters of the large-eddy simulations performed.

the extended natural jet simulation. A summary of the simulations performed is
provided in Table 2.1, and an instantaneous snapshot of the natural and a forced jet

is shown in Figure 2.2.

2.2 Modal analysis

The data generated by the large-eddy simulations will be analyzed using several
methods including SPOD, resolvent analysis, CS-SPOD, and harmonic resolvent
analysis. We outline the preexisting methods (SPOD and resolvent analysis) used to

analyze statistically stationary flows in the following sections.

2.2.1 Spectral proper orthogonal decomposition

An overview of SPOD is provided here; the reader is referred to (Lumley, 1967;
Schmidt and Colonius, 2020; Towne et al., 2018) for details. Let q; be a possibly
complex vector-valued snapshot of a statistically stationary flow at time #; on the

spatial domain Q. The snapshot length N equals the number of variables multiplied
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by the number of spatial locations. Assume we have N, equally spaced snapshots
available 73,1 = t; + At. The space-time data can now be represented as the data

matrix Q and time vector T

Q=1[q,,qp - ,qy] € CVM, 2.1)
T=[t.t0,-- ,ty] € RM. (2.2)

To employ Welch’s method, we obtain the overlapping data matrix

Q" =1[a}".q}", .qy], (2.3)
where q,(cn) = Qs (n—1)(N,~No)» Ns 1 the number of snapshots per block, Ny is the
number of snapshots that overlap, and N, is the number of blocks. Assuming

ergodicity, each block is an independent flow realization.

Subsequently, the discrete Fourier transform (DFT) of each block is computed using

a window w, giving

A (n) N A
Q" = [q§”>,q§”), . ’qz(\']?] (2.4)
where

A(n) Z (n) e i2m(k=1)[(j- 1)/Nf] (2.5

q\" is the k" Fourier component of

fork=1,--- ,Nrandn =1,-- wahereq
the n'" block. The nodal values w ; ; of a window function are utilized to mitigate
spectral and cyclic leakage arising from the non-periodicity of the data within each
block. If Ny < Ny, the data is zero-padded. This computes SPOD at N frequencies
with a spectral resolution 4 f = 1/(N,4t), where the SPOD estimate at f; averages

the datain f = [ f — 4f/2, fix + 4f/2]. The frequency vector is given by

k-1
NfAl‘
fk: k—1-—

Nr fork > N2
_ >
NfAl‘ or fle

fork < N¢/2,
, (2.6)

where k = [1, N¢]. Alternatively, a non-FFT method can be used, like the Goertzel
(Goertzel, 1958) method, where specific discrete frequencies are chosen (but nev-
ertheless, a frequency resolution must still be chosen). The cross-spectral density
(CSD) at fy is estimated by

S5 =Q,Q,. 2.7)



12

where Q = VK [Q,(Cl), Q,(Cz), cee Q,(ch)], Q,(cn) are the Fourier coefficients at f; for

each block, k = At/(||w]||2Np), and * is the Hermitian transpose. SPOD is computed
by
kawfk = lI,kafk’ (2.8)

where W is a weighting matrix. The estimated SPOD modes are given by the
columns of ¥ 5, and are ranked by their energy 4;. The CSD matrix, Sy, is an
N X N matrix, far too large for typical problems. Thus, to practically compute

SPOD, we employ the exact method-of-snapshot approach (Sirovich, 1987), giving

Q;kwofkgfk =¥;0;, (2.92)
Yy = ka@ka}kl/z- (2.9b)

This estimate converges as the number of blocks N; and the number of snapshots in
each block Ny are increased together (Bendat and Piersol, 2011; Welch, 1967).

2.2.2 Resolvent analysis
Resolvent analysis (McKeon and Sharma, 2010) begins with the nonlinear governing

equations

og(t)
5 = H(g), (2.10)

where H are the time-independent compressible Navier-Stokes equations. Reynolds

decomposing (linearizing) the flow state g(r) gives g(¢) = g + g’(¢). Substitute this

decomposition into Equation 2.10 and then separate terms linear in the perturbation
g’ (1) gives

) by (H(@)g' (1) + 10, @1

where f’(¢) contains higher-order terms in g’(¢). The Jacobian A = Dgz(H(g))

is the linearized flow operator. For statistically stationary flows (that are also
statistically invariant in the azimuthal dimension), we Fourier transform Equation

2.11 temporally and azimuthally to obtain

@20 f1 = Aw)& s = Fnpo (2.12)

where f is the frequency, m is the azimuthal mode number, and IAim, r=2nfI .

is the resolvent operator.

We then seek the forcing mode f that results in the most energetic response g,

expressed as the following optimization problem:

» (&.8)
g

= 2.13
f> hr -
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where (£,8)¢ and (f, f)r are inner products on the output and input spaces,
respectively. The solution to this optimization problem is given by the singular

value decomposition of the weighted resolvent operator

Ros=W. R, W' = U, %,V (2.14)

m,f>

where the diagonal matrix X,, s = diag[alz, 0'22, -+ - | contains the ranked gains, W

and W are, respectively, the weightings on the output and input spaces, and the
columns of \A/m,f = W;l/ 2Vm,f and l:lm,f = Wé/ ZUm,f contain the forcing and
response modes, respectively.

Eddy-viscosity model for resolvent/harmonic resolvent analysis

In this thesis, the mean-flow consistent eddy-viscosity method of Pickering et al.
(2021a) is employed to close the nonlinear forcing term, whiten the resolvent forcing
expansion coefficients, and improve the predictive ability of resolvent/harmonic
resolvent modes (introduced in Chapter 4). In essence, the eddy viscosity u in the
linearized governing equations is replaced with a modified eddy viscosity given by
U1 = Um + g, Where p,, 1s the molecular viscosity, gy is the chosen eddy-viscosity
model, and p; is the total eddy viscosity employed in the linearization. Previous
studies (Pickering et al., 2021a) have shown vastly improved alignment between the
SPOD and resolvent analysis modes across all relevant frequencies and azimuthal

mode numbers.

The mean-flow eddy-viscosity model relies on a Lagrangian optimization that deter-
mines the eddy viscosity field that minimizes the error by which the mean flow sat-
isfies the axisymmetric zero-frequency, linearized governing equations augmented
with the addition of an eddy-viscosity model. We seek to find an eddy-viscosity
field that minimizes f given by

Aorg = f, (2.15)

where Ao,T is the zero-frequency and m = 0 linearized operator modified with the
turbulent eddy viscosity uy. The eddy viscosity up is solved via a Lagrangian
optimization procedure, which we refer the reader to Pickering et al. (2021a) for
details. As discussed in Pickering et al. (2021a), the final eddy-viscosity field
employed for resolvent/harmonic resolvent analysis is scaled by a constant ¢ = 0.1.
This constant was kept equal for all cases and all frequencies and led to an improved

alignment across the range of frequencies considered. The impact of the eddy
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viscosity fields on the resolvent/harmonic resolvent performed in this thesis is similar

to that seen by Pickering et al. (2021a) and thus is not shown for brevity.

Numerical computation of resolvent/harmonic resolvent analysis

As part of this thesis, harmonic resolvent analysis for turbulent jets was implemented
as an extension of the resolvent analysis code initially developed by Schmidt et al.
(2018) and further developed by Pickering et al. (2021a).

The code employs a streamwise and radial discretization using fourth-order summation-
by-parts finite differences (Mattsson and Nordstrém, 2004). Since the code is cylin-
drical, the polar singularity is treated as in Mohseni and Colonius (2000). Sponges
(using a 5" order polynomial) and stretched grids are employed at the domain

boundaries along with non-reflecting characteristic boundary conditions.

Grid stretching in the axial and radial conditions is performed using a constant growth
ratio of 1.01, meaning that the maximum growth in cell size is 1% (L, = 1.01L;
where L, L, are two adjacent cells). The grid is stretched in the axial direction until
amaximum axial cell length is obtained, after which a constant cell size is employed.
Radially, the grid is smallest around the lip line, with the grid stretched both radially
inwards and outwards. The grid is similar to that used in the LES, we refer the reader
to Bres et al. (2018) for details. Similar to the axial grid, the maximum radial grid
size is limited to a fixed value. The specific grid is frequency dependent (smaller
domain/cell size for higher frequency cases and a larger domain/cell size for lower

frequency cases). In all cases, a grid-independence study is performed.
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Chapter 3

FREQUENCY RESOLUTION CONSIDERATIONS FOR
SPECTRAL PROPER ORTHOGONAL DECOMPOSITION

Note that all content in this section is from:
Liam Heidt and Tim Colonius. "Optimal frequency resolution for spectral proper

orthogonal decomposition." arXiv preprint arXiv:2402.15775.

In this chapter, we demonstrate that accurate computation of the SPOD critically
depends on the choice of frequency resolution. Using both artificially generated
data and large-eddy simulation data of a turbulent subsonic jet, we show that an
appropriate choice depends on how rapidly the SPOD modes change in space
at adjacent frequencies. Previously employed values are found to be too high,
resulting in unnecessarily biased results at physically important frequencies. A
physics-informed adaptive frequency-resolution SPOD algorithm is developed that
provides substantially less biased SPOD modes than the standard constant-resolution
method.

3.1 Influence of frequency resolution 4 f

As described in section 2.2.1, when using Welch’s method to estimate the CSD
tensor, a frequency resolution 4 f must be chosen. This choice is a tradeoff since for
a fixed amount of data N,, as N, increases, N, decreases. This leads to an estimate
with a greater variance but reduced bias (i.e. the typical bias-variance tradeoff).
The vice-versa is also true. Practitioners attempt to determine a Ny (and thus Np)
that results in the most accurate SPOD modes. It is well known that for flows
exhibiting a spectral peak, such as an open cavity, a greater N; is required to ensure
minimal bias. This is because when computing SPOD at a discrete frequency fy,
the energy/data from [ fy — 4f/2, fx + Af /2] is averaged. Thus, if the energy/flow
in [fx — Af/2, fx + Af /2] varies substantially, the discrete estimate of the SPOD
modes (and energy) at f; will not accurately reflect the true modes.

3.2 Artificial problem

In addition to the bias being high if 4f is large compared to the bandwidth of a
spectral peak, we hypothesize that a small 4f is required when the SPOD modes
change rapidly as a function of f. By that, we mean if the “true” SPOD modes
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change substantially between f; + 4 /2, then the estimated SPOD at f; will contain
a high amount of bias (i.e. error). To verify this, we construct artificial data with a
known SPOD spectrum/modes and then analyze the impact of 4 f as a function of

how rapidly the known SPOD modes vary.

By definition, arandom statistically-stationary process ¢ (x, t) with a SPOD spectrum
A;(f) and modes ¥ (x, f) has a CSD,

S(x,x',f)=iﬂj(f)l//j(x,f)l//j(x,f)*- (3.1

Data with these properties can be jg_enerated by
g = [ aw ey, (320
= [ : F{G(0.50e.x, ). £} e, (3.2b)

where g(x,t) = G(0,S(x,x’, f)) is zero-mean Gaussian white noise with a co-
variance kernel of S(x,x’, f) (i.e. a covariance kernel equal to the CSD of
g(x,t) at frequency f) and F {g(x,t), f’} is a Kronecker delta filter such that
8(x, f) =0V f # f’. The dominant SPOD modes are defined as

Ui (x, f) = e 1D linfer (14 112) (3.3)

1/2
where 7r1/4c1/

is a normalization constant ensuring (1 (x, f),¥1(x, f)) =1, ¢y is
a constant that defines the spatial distribution, and ¢, defines how rapidly the modes
change from one frequency to the next. Increasing ¢ results in more rapidly chang-
ing SPOD modes. Additionally, A;(f) = 1,42(f) = 0.5, and ¥ (x, f) = r(x, f),
where r(x, f) is a randomly spatially distributed mode orthogonal to ¢/ (x, f).

Next, we generate discrete data using our analytical SPOD modes, numerically
compute SPOD using varying 4 f, and then compute the alignment between the
numerical (n) and analytical (a) SPOD modes @ = (1.a(x, f),¥1.a(x, f)). Since
this process is stochastic, we repeat this process to obtain a converged averaged
alignment. In this artificial case, each frequency is independent, allowing us to also
average over different frequencies. For all results, we confirm sufficient convergence
(not shown). We employ an equally spaced grid x = [-20, 20] with N, = 801, 4r =
l,c1 =5, ¢ = 10,20,40, 80, 160, N, = 5000, 10000, 20000, 40000, 80000, 160000,
and an SPOD block overlap of 67%.

In Figure 3.1, we display an example mode R{y(x, f)} at f = 0,0.01 and the

alignment @ = |(¢1(x,0),¢¥1(x,0.01))|. We see that as c; increases, the modes
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vary more rapidly. In Figure 3.2 (a), we display the average alignment between the
analytical and numerical SPOD modes as a function of 4 f for the different values
of ¢, and N, = 5000. For a given c;, we find that as 4 f increases, the alignment first
increases and then decreases. This is the standard bias-variance tradeoff with high
variance at low 4 f and high bias at high 4 f. We clearly note that as c; increases, the
best 4 f decreases, confirming our hypothesis that rapidly changing SPOD modes
require a smaller 4 f. In Figure 3.2 (b), we show the average alignment for a constant
¢y = 160 as a function of N;. As expected, the error decreases for larger N;, and a
good value of 4 f also decreases for increasing N,. Here, we find that if a too-high
Af is chosen, the error does not decrease with increasing N; (since the error is
dominated by bias and not variance). Thus, selecting an appropriate 4 f is crucial,
and an appropriate value varies greatly depending on how rapidly the SPOD modes

vary.

—7=0

Il f=0.005
--cy = 10, = 0.98
—-co = 20, = 0.94
co =40, = 0.78
co = 80,a =0.37
~-co = 160, = 0.018

R{v(z, f)}

—1.0 0 1.0
Figure 3.1: Real component of the analytical artificial problem SPOD modes

3.3 Turbulent jet

To investigate a real turbulent flow, we employ the natural jet simulation as outlined
in § 2.1. The natural jet was simulated for #;,,co/D = 16000 flow through times
saving N;,; = 80000 snapshots (4 — 8x previous studies of similar turbulent jets
(Heidt et al., 2021; Nekkanti et al., Osaka, Japan (Online; Schmidt et al., 2018)),
with 4t = 0.2. This large database will now allow us to investigate the statistical
convergence of SPOD on a real turbulent flow example. In this chapter, we look at

the axisymmetric fluctuating components only.

We now compute SPOD using a variety of Ny and N, for a range of f (using

either method described in §2.2.1). Since the true SPOD modes are not known, we
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Figure 3.2: Average alignment between numerical and analytical SPOD modes
as a function of 4 f. * shows the maximum alignment for a given c;, or N;.

compare them to resolvent analysis modes generated using an identical method as
in Pickering et al. (2020, 2021a). While resolvent analysis modes are not exactly
SPOD modes for turbulent jets, the alignment has been shown to be high over the
range of important frequencies. In addition, any error due to bias or variance is
not likely to align in the direction of the resolvent mode. Thus, improvement in the
alignment can be considered improvements to the accuracy of the corresponding
SPOD mode.

In Figure 3.3 (a, b), we display the alignment between the N; = 10000 SPOD case for
several 4St. For N; < N;,, multiple sets of SPOD are computed with 50% overlap
between datasets, which are used to compute the average alignment. We see that
for higher St (St > 0.5), increasing A4St results in better alignment (i.e. decreases
variance). For low St (St ~ 0), increasing 45t decreases alignment due to increasing
bias. Using a constant 4S5t = 0.05 (a typical value when studying subsonic jets)
results in severely biased results when investigating St — 0, which is an important
regime that contains more energy than any other frequencies. In the intermediate
region (St € [0.1,0.5]), the alignment initially increases with increasing A4St due to
decreasing variance and then decreases due to increasing bias. This occurs because
the wavelength of the dominant mode scales approximately inversely with St due
to the constant phase speed of the wavepackets. Thus, modes at St = 0.05,0.075
(resolvent mode alignments |{u1(St = 0.05),u;(St = 0.075))| = 0.4) vary more
rapidly than modes at St = 1.5,1.525 (|{u; (St = 1.5),u; (St = 1.525))| = 0.85).
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Thus, based on §3.2, we expect a lower/higher A4St to be required at low/high St,

respectively. In Figure 3.4, we display the dominant resolvent and SPOD modes at
St = 0.05 for 45t = 0.0125,0.025,0.05. Here, we find that as 4S5t increases, the

mode initially becomes less noisy, indicating less variance. In contrast, the mode

shape changes substantially for 45t = 0.1, with the wavelength greatly reducing due

to increasing bias.

1

0.8}
0.6
§'\
=04
——ASt = 0.0125
0.2} —e—ASt = 0.025
ASt = 0.05
0 ASt =0.1
0 0.25 0.5 0.75 1

St
(a) Full frequency range

Z o—2>
/52().6- \\/
04| |
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0 0.05 0.1
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(b) Zoomed in frequency range

Figure 3.3: Alignment between resolvent and SPOD for N, = 10000 for various

48t.
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SPOD, ASt = 0.0125, a = 0.62

SPOD, ASt = 0.025, a = 0.7

Figure 3.4: Dominant resolvent and SPOD modes at S¢ = 0.05 for several 4S5¢.

We now create an adaptive resolution SPOD algorithm to vary 4f for improved

alignment. We employ a similar cost function as Yeung and Schmidt (2023) and

for each frequency f; begin with a small 4f; and increase 4 f;41 (where 4fj, =
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Afj+6f,and ¢ f is a small increment in the bin width 4 f) until

T =1=1.41,(f) Y147, (i) <e, (3.4)

where 1 47(fx) is the dominant SPOD mode at frequency f; computed using a
frequency bin width of 4f and e is a convergence tolerance. We also find that at
frequencies where the SPOD modes vary slowly, a better convergence can be reached
for a fixed amount of data (as seen in §3.2). Thus, we develop a physics-informed
(PI) cost function e = e(f) using the known physics. For jets, due to the constant
phase speed, increasing frequency results in more slowly varying SPOD modes.

Thus, we assume e( f) = e,/ f, such that

I =1=[ra5,(fi)s Y145, (fi)| < e2/ fie. (3.5)

In Figure 3.5 (a, b), we show the alignment between the dominant SPOD and
resolvent modes for several A4St and the two adaptive procedures described, using
a convergence constant of e = 0.5,¢e, = 0.1, for N, = 5000,20000. Here, both
adaptive methods switch from a lower 4St at low St to a higher A4St at higher St
(where the frequencies are now non-dimensionalized). Using a fixed convergence
tolerance results in the best value of A4St decreasing with increasing data lengths
(consistent with results found in § 3.2 since the variance decreases and 4S5t becomes
smaller to reduce the bias). Both adaptive methods result in greatly improved SPOD
modes compared to employing a fixed 4S¢t. In particular, the modified adaptive

method provides excellent alignment across all frequencies and data lengths.

In general, no value of e, e; can be considered universal, and for each case, practi-
tioners must use physical intuition to determine the best values of 4f. In general,
we recommend increasing 4 f while the mode shape stays similar but becomes less
noisy (i.e. decreasing variance). If the mode shape changes, 4f is likely too high,

and large bias errors will occur.

Lastly, in Figure 3.6, we show the alignment as a function of the data length
and 48t = 0.025. We also display the standard deviation of the alignment for
N; = 10000, where we find that the alignment is sensitive and varies greatly from one
set of snapshots to another. We also find that the alignment increases substantially
with increasing N, (particularly at lower frequencies). This shows that the alignment
metric requires a substantial amount of data to converge, even once the modes look
visually similar, which we show for Sz = 0.2 in Figure 3.7. Thus, due to the high

variance and slow convergence of the alignment metric, caution is advised when
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inferring results from (or, in particular, comparing between) alignments. With
respect to the modeling of turbulent flows, and in particular turbulent jets, the
substantial increase in alignment with increasing N; (with the alignment increasing
by up to =~ 0.2) demonstrates that resolvent analysis can model coherent structures

even better than previously determined (Pickering et al., 2021a).

1
0.8}
/:0.6
3-\
30.4 ’ -j -=-Optimal 2
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0.2 ] i —ASt = 0.025
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0 0.1 02 ASt=0.1 0 0.1 0.2
0 N N N N
0 0.5 1 0 0.5 1
St St
(a) N, = 5000 (b) Ny = 20000

Figure 3.5: Alignment between dominant SPOD and resolvent mode for varying
ASt and the two adaptive methods.
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Figure 3.6: Alignment between dominant SPOD and resolvent mode for A4St =
0.025 for varying N, along with standard deviation of alignment for N, = 10000
(shaded region).
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Figure 3.7: Dominant resolvent and SPOD modes at St = 0.1 for varying N,
with A4St = 0.025.

3.4 Summary

This chapter demonstrated that the choice of frequency resolution 4f is vital to
obtaining accurate SPOD modes, and appropriate values critically depend on how
rapidly the SPOD modes change in space at adjacent frequencies. We showed that
frequency resolution values previously employed are too high, which results in un-
necessarily biased results at key physical frequencies. We showed this using artificial
data and data from a turbulent jet. A physics-informed adaptive frequency-resolution
algorithm was developed that provided substantially superior SPOD modes than the
standard constant resolution method. Lastly, it was demonstrated that the alignment
metric widely employed to quantify the similarity between different SPOD/resolvent
modes is sensitive to bias and the level of statistical convergence, and caution should

be taken when inferring conclusions.
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Chapter 4

CYCLOSTATIONARY SPECTRAL PROPER ORTHOGONAL
DECOMPOSITION

Note that all content in this section is from:
Liam Heidt and Tim Colonius. "Spectral proper orthogonal decomposition of
harmonically forced turbulent flows." Journal of Fluid Mechanics, 985:A42.

In this chapter, we leverage cyclostationary analysis, an extension of the statis-
tically stationary framework to processes with periodically varying statistics, to
generalize SPOD to the cyclostationary case. The resulting properties of the cy-
clostationary SPOD (CS-SPOD for short) are explored, a theoretical connection
between CS-SPOD and the harmonic resolvent analysis is provided, simplifications
for the low- and high-forcing frequency limits are discussed, and an efficient algo-
rithm to compute CS-SPOD with SPOD-like cost is presented. We demonstrate the
utility of CS-SPOD using two example problems: a modified complex linearized
Ginzburg-Landau model and a Sty = 0.3,a0/U; = 10% high-Reynolds-number
forced turbulent jet.

4.1 Cyclostationary theory
This section provides an overview of the theory of cyclostationary analysis and the

tools used to study them, with a focus on fluid dynamics. Comprehensive reviews
can be found in Gardner et al. (2006), Antoni (2009), and Napolitano (2019).

A complex-valued scalar process g(¢) at time ¢ is cyclostationary in the wide sense if
its mean and autocorrelation functions are periodic with period Ty (Gardner, 1986b),
giving

E{q(1)} = E{q(1 +To)}, (4.1a)

R(t,7) = R(t + Ty, 1), (4.1b)

where E{-} is the expectation operator, R is the autocorrelation function, and 7 is

a time-delay. Since the mean and autocorrelation are time-periodic, they can be
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expressed as a Fourier series

E{q(t)} = D Groape™*e0, (4.22)
k q=—00
R(t,7) = E{q(t+7/2)q"(t —1/2)} = Z Rie, oy (7)€ 27 ka0t
kg=—oo

where k, € Z and the Fourier series coefficients are given by

To/2 .
Gkoay = 77 / E{q(t)}e F ka0l gy (4.32)
To J-1,)2
. 1 T2 .
Rk oo (1) = T / - R(t, 7)e 2 ka)l gy (4.3b)
—10

where @9 = 1/Tj is the fundamental cycle frequency and (-)* is the complex con-
jugate. The Fourier coefficients Ry, q,(7) are known as the cyclic autocorrelation
functions of ¢(t) at cycle frequency k,o. If a process contains non-zero G, a,
and/or Ry q,(7), it is said to exhibit first- and second-order cyclostationarity at
cycle frequency kg, respectively. Wide-sense stationary processes are the special

case where Iékaao (1) # 0 for k, = 0 only.

If the process ¢(¢) contains a deterministic periodic component at cycle frequency
kqag, it would exhibit both first-order and second-order (and any higher-order)
cyclostationarity at cycle frequency k,a¢. Thus, a deterministic component results
in a pure first-order component and an impure (i.e. made up from components of
a lower-order) second-order (or higher) component (Antoni et al., 2004). Antoni
et al. (2004) and Antoni (2009) showed that in physical systems, it is crucial to
analyze the first- and second-order components separately, where the second-order
component g” (¢) is defined as

q"(1) = q(t) - E{q(D)}, 4.4)

suchthatg(r) = E{q(t)}+q” (t) and the mean E{q(t)} = E{q(t+Tp)} is Ty periodic.
This approach makes physical sense considering that the first-order component is the
deterministic tonal component that originates from the forcing, while the second-
order component is a stochastic component that represents the underlying turbulence
that is modified by the forcing. The sequential approach is analogous to the triple
decomposition (Hussain and Reynolds, 1972, 1970) where the underlying flow is
separated into the first-order (phase-averaged) and second-order (turbulent/residual)
components. First-order and second-order cyclostationarity then refer to a modula-

tion of the first-order and second-order components, respectively.
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In this thesis, we assume that all processes analyzed using second-order analysis tools
are zero-mean processes (or have had their first-order component removed). Thus,
by stating that a process exhibits second-order cyclostationarity at cycle frequency

kq@p, we mean that the process exhibits pure second-order cyclostationarity at k, (.

We must clarify one point of terminology. Considering stationary processes are a
subset of cyclostationary processes, all stationary processes are also cyclostationary.
We use the most restrictive description, i.e. stationary processes are referred to as
stationary and not cyclostationary. By stating that a process exhibits cyclostationar-

ity, we imply that at least one cycle frequency k, g, ko # 0 exists.

4.1.1 Second-order cyclostationary analysis tools

In fluid dynamics, we are frequently interested in the correlation between two
quantities. Thus, we will now consider the complex-valued vector-valued process
q(x, t) attime r and independent variables (or spatial locations) x instead of the scalar
process g(t). Two processes are jointly cyclostationary if their cross-correlation

function can be expressed as a Fourier series, such that

R(x,x',t,7) = E{q(x,1+7/2)q" (x",t — 7/2)} (4.52)
= D Ry (x,x, 1) ka0l (4.5b)
kq=—00

where the Fourier series coefficients are given by

To/2 .
R oy (x,%",7) = — / R(x,x',t, 1) 7 kec0)l gy, (4.6)
To J-1,2

and are known as the cyclic cross-correlation functions between g(x) and ¢(x’)
at cycle frequency k,aq. If the only non-zero cycle frequency is k,ao = 0, then
q(x) and g(x’) are jointly wide-sense stationary. Similar to the common assump-
tion in stationary analysis, we assume that all processes are separately and jointly

cyclostationary.

A cyclostationary process can be analyzed in the dual-frequency domain via the
cyclic cross-spectral density (CCSD). The CCSD is the generalization of the cross-
spectral density (CSD) for cyclostationary processes and is related to the cyclic
cross-correlation function via the cyclic Wiener-Khinchin relation (Gardner and

Robinson, 1989)

o0

Skaao(X,x/’f):/ Ry o (x,x', 7)™ T dr, 4.7)

—00
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The CCSD can also be written as

Skoao(x, X, f) = (4.8)
T B e . 1 e 1
AI}IEO%E}‘(}OT 1 AfE {ql/[]f(x,t7f+ EkCZQO)q]/Af(x 7t7f - Eka’a())} dta

<

where gy (x,1, f) = :rg g(x,1)e” 2"/ 4t is the short-time Fourier transform of

q(x,1), f is the spectral2 frequency, and k,aq is the cycle frequency. This shows
that the CCSD represents the time-averaged statistical correlation (with zero lag) of
two spectral components at frequencies f + %kaa/o and f — %kaao as the bandwidth
approaches zero (Napolitano, 2019)!. For k, = 0, the CCSD naturally reduces to the
CSD,i.e. So(x,x’, f). Correlation between spectral components in cyclostationary
processes is critical in the derivation of CS-SPOD, and for stationary processes, the
lack of correlation between spectral components is why SPOD can analyze each

frequency independently.

The Wigner-Ville (WV) spectrum (Antoni, 2007; Martin, 1982; Martin and Flandrin,
1985) shows the spectral information of the process as a function of time (or phase)

and, for a cyclostationary process, is given by

WV(x,x',t, f) = Z Sk ap(x, X7, f)e7 ka0t (4.9)
k g =—c0

The WV spectrum of the cyclic power-spectral density is determined by setting x =
x’, giving WV(x,t, f) = Zfa:_m Sk (x, f)e?7 ket - While nonphysical, the
WYV spectrum may contain negative energy densities due to the negative interaction
terms in the WV spectrum (Antoni, 2007; Flandrin, 1998). However, Antoni (2007)
showed this could be arbitrarily reduced with increasing sampling time. The CCSD
and WV spectrum can be integrated with respect to frequency (Gardner, 1994;
Randall et al., 2001), which results in the instantaneous variance and the cyclic

distribution of the instantaneous variance, respectively

m(x,t) = E{q(x,t)qg"(x,1)} = [oo WV(x,t, f)df, (4.10a)

g0 (X) = / Stoan (X, f)df (4.10b)

'Formally, the CCSD is defined as in equation (4.8) and then the Fourier transform version (4.7)
is proved, which is then known as the Gardner relation or as the cyclic Wiener-Khinchin relation
(Napolitano, 2019).



27

where m(x,t) is the mean-variance of the process and iy q,(x) quantifies the

mean-variance contribution from each cycle frequency k.

So far, we have assumed that the cycle frequencies are known, but this may not
always be the case. To determine the cycle frequencies present in the system, all

possible cycle frequencies « are explored by rewriting the CCSD as

S(x,x",a, f) =
) } /2 . a. ., , a
g [, ATE sy 0 530y (0o f = e @D

This formulation allows for the cyclic frequencies present in the process to be
determined if they are not known apriori. A process exhibits cyclostationarity at
cycle frequency @ when S(x,x’, @, f) # 0. For cyclostationary processes, because
the cross-correlation function is periodic, the spectral correlation becomes discrete

in « such that

S, x',a, )= > Skya(x,x', f)o(a = ko), (4.12)
kq=—00
where ¢ is the Kronecker delta. The cyclic distribution of the instantaneous variance

1S rewritten as

(x,q) = /m S(x,a, f)df, (4.13)

which similarly becomes discrete for a cyclostationary process.

4.1.2 Cycloergodicity

In fluid dynamics, it is laborious to require multiple realizations of a single process,
and we often invoke ergodicity in stationary processes to equate the ensemble
average with a long-time average of a single realization. We can similarly leverage
the concept of cycloergodicity as described in Boyles and Gardner (1983), allowing
us to replace the expectation operator with a suitable time average, specifically, the

cycle-averaging operator (Braun, 1975)
P
q(x,t) =E{q(x,t)} = lim qu(x t+ pTp) (4.14)
q B B P—ooo P p_o D) p 0/ .
where ¢(x,7) is the mean. The cycle-averaging operator is used when the data is

phase-locked to the forcing (i.e. sampled at an integer number of samples per cycle)

and is identical to the phase-average used in the triple decomposition (Hussain and
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Reynolds, 1970; Reynolds and Hussain, 1972). As the cycle-averaging operator is

periodic, it can be expressed as a Poisson sum

q(x,t) = E{q(x,0))} = Z e2rkaoo) i 1 S/zq(x,t’)e_ﬂ”(k“%)’,dt'.
[ §20 S8 Jog/2

(4.15)

This definition is employed for non-phase-locked data or to filter out first-order

components that are assumed to be statistical noise (Franceschini et al., 2022;

Sonnenberger et al., 2000) and is identical to the harmonic-averaging procedure

used by Mezi¢ (2013) and Arbabi and Mezi¢ (2017) when restricted to a temporally

periodic average.

4.1.3 Computing the CCSD

There are practical considerations and nuances to computing the CCSD from discrete
data that we discuss in this section. Let the vector q, € CV represent a flow snapshot,
i.e. the instantaneous state of the process ¢g(x,t) at time 7; on a set of points in a
spatial domain Q. The length of the vector N is equal to the number of spatial points
multiplied by the number of state variables. We assume that this data is available
for M equispaced snapshots, with #;,; = tx + 4t. In addition, we assume that this
data is phase-locked, meaning that there are an integer number of time steps in
the fundamental period, Ty, and define Ny = Ty/At?. Adopting similar notation to
Towne et al. (2018), we estimate the CCSD tensor S(x,x’, @, f), which represents
the spectral correlation between ¢ (x, t) and g (x’, ¢) at cycle frequency « and spectral
frequency f. For a cyclostationary process, S(x,x’, a, f) is non-zero for @ = k,g
only, and therefore is written as Sy 4, (x, X, f) or equivalently S /7, (x,x’, f). The

space-time data can now be represented as the data matrix Q and time vector T

Q=1[q;. a4 .qyl €CVM  T=[t,12,--- ,ty] € RM. (4.16,4.17)

Although we have a formula for the CCSD as seen in (4.8 and 4.11), this does not
result in a consistent estimator of the CCSD, as the variance of the estimate of the
CCSD does not tend to zero as the amount of available data becomes large (Antoni,
2007; Jenkins, 1968; Napolitano, 2019). Instead, this results in an estimate where

the variance in the estimate is equal to the squared value of the estimate itself.

2This restriction simplifies and reduces the computational expense of the calculations but can in
principle be relaxed by using the Poisson sum time-average as in (4.15) and the non-computationally-
efficient form of CS-SPOD shown in algorithm 3. Alternatively, non-phased-locked data can be
temporally interpolated to be phase-locked.
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A consistent estimate of the CCSD can be obtained by employing an appropriate
averaging technique. The most common technique is the time-averaging Welch
method (Welch, 1967) due to its high computational efficiency. The Welch method
averages a number of CCSDs to obtain a consistent estimate of the CCSD. From
(4.11), we see that to compute the CCSD the Welch procedure is performed on two
frequency-shifted versions of the data, given by

Q.o =Qe e/ - g, s/ Qxa/2 " > A xa /2] (4.18a)
— [qle—127r(ia//2)t1 , q2e—127r(ia//2)t2’ - qu—iZH(ia/Z)tM], (418b)

where q; ./, are the i%a frequency-shifted data matrices corresponding to the k*"

—i27r(ia/2)tk.

snapshot, i.e. qy .4/2 = Qe Next, we split the two frequency-shifted

data matrices into a number of, possibly overlapping, blocks. Each block is written
as

() (n) (n) (n) NXN
Q+a/2 [ql ,xa/2° q2 ,xa/2° o qu +a//2] eC™ 7 (419)

where Ny is the number of snapshots in each block and the k'™ entry of the n'"

(n)
k +a'/2

by Np = |_ NO J where | -] represents the floor operator and N is the number of

block is q = Qg (n-1) (N y—No) /2" The total number of blocks, Ny, is given

snapshots that each block overlaps. The cycloergodicity hypothesis states that each
of these blocks is considered to be a single realization in an ensemble of realizations
of this cyclostationary flow. Subsequently, the discrete Fourier transform (DFT)
of each block for both frequency-shifted matrices is computed using a window w,

giving

A (1) (n) A (1) A (1)
Quo2 = ) o0 Woar Ay, o] (4.20)
where
~(n) _ (n) —2n(k-1)[(j-1)/N¢]
qk,ia//z \/— Z ] +a/2 e / / ’ (421)
fork=1,---,Nyandn =1,--- , N, where q( ") a2 is the k" Fourier component

of the n'? block of the +a//2 frequency-shifted data matrix, i.e. fi 1q,/2. The nodal
values w; of a window function are utilized to mitigate spectral and cyclic leakage
arising from the non-periodicity of the data within each block. Due to the +a/2
frequency-shifting applied, the k" discrete frequencies of the +a/2 frequency-
shifted data matrices represent a frequency of

k-1
—_— for k < N¢/2,

a NfAl‘ a
Jerap=fkx5=9,_1_ —. (4.22)
2 k-1 Nf 2
W for k > Nf/z,
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This shows that the frequency components f; + @/2 and f; — @/2, as required by
(4.11), have the same index k in the shifted frequency vectors fi .,/2, respectively.
The CCSD tensor S(x,x’, @, f) is then estimated at cycle frequency a and spectral
frequency fi by
A RA ) a0 e
St = m Z qk,a/z(qk,—a/z) ) (4.23)

n=1

N
where s = %7,

power between the windowed and non-windowed signal. This is written compactly

w? is the normalization constant that accounts for the difference in

by arranging the Fourier coefficients at the same index k into new frequency-data

matrices

A _ ~ (1) ~(2) ~(Np—=1) & (Np) NXN,
Qfias2 = ‘/;[qk,ia/z’qk,ia/z’ sl Gy p] €CTT (4.24)

where k = 2L Sy, o is then estimated by

Stia=Qan(Qp o). (4.25)

This estimate converges, i.e. the bias and variance become zero, as N;, and Ny are
increased together (Antoni, 2007; Bendat and Piersol, 2011; Welch, 1967). The
algorithm to compute the CCSD from data snapshots is outlined in algorithm 1,
from which all other second-order cyclostationary analysis tools can be computed.
For efficient memory management, variables assigned with ‘<—’ can be deleted
after each iteration in their respective loop. Similar to the Welch estimate of the
CSD, the estimate of the CCSD suffers from the standard bias-variance trade-off,
and caution should be taken to ensure sufficiently converged statistics. In the
CCSD, a phenomenon similar to spectral leakage is present and is called cyclic
leakage (Gardner, 1986a) that results in erroneous cycle frequencies. Using 67%
overlap when using a Hanning or Hamming window results in excellent cyclic
leakage minimization and variance reduction (Antoni, 2007). To reduce the variance
sufficiently, 74 f >> 1 is required (Antoni, 2009). If one does not know the cycle
frequencies apriori, one must search over all possible cycle frequencies with a

resolution da = 1/T (Gardner, 1986a) to ensure all cycle frequencies are captured.

4.2 Cyclostationary spectral proper orthogonal decomposition

4.2.1 Derivation

The objective of CS-SPOD is to find deterministic functions that best approximate,
on average, a zero-mean stochastic process. For clarity, we derive CS-SPOD using

an approach and notation analogous to the SPOD derivation presented in Towne
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Algorithm 1 Algorithm to compute the CCSD.
1: for Each data block,n =1,2,--- , N, do

> Compute the frequency-shifted block-data matrices

»

Q_(_:;)/Z — [q1+(n—1)(Nf—N()),i(l/2’ q2+(n—1)(Nf—N0),ia/2’ T qu+(n—1)(Nf—N0),ia/2]
> Using a (windowed) fast Fourier transform, calculate and store the row-wise

DFT for each frequency-shifted block-data matrix

) A (m) N _ ralm A~ (1) A~ (1)
3: Qo = FFT(Q;;/Z) = [qlr,lia//Z’ qulia/Z’ o ’qzx;lf,ia/z]

> The column q,((”la n

at the k'” discrete frequency Jira2

contains the n'" realization of the Fourier mode

4: end for
5: for Each frequency k = 1,2,---, Ny (or some subset of interest) do
> Assemble the matrices of Fourier realizations from the k" column of each

A (1)
in/Z

: 0 ~ (1) (2 o (No—1) A (Np)
6: Qfxaj2 — \/E[qk,ia/Z’qk,ia//Z’ o ’qk,fa/z’qk;@/z]
> Compute the CCSD at spectral frequency fi and cycle frequency «
7 Spa=Qpap(Qp—apn)”
8: end for

et al. (2018) and refer the reader to Brereton and Kodal (1992), Towne et al. (2018),
and Schmidt and Colonius (2020) for detailed discussions on POD and SPOD. Like
SPOD, we seek deterministic modes that depend on both space and time such that
we can optimally decompose the space-time statistics of the flow. Thus, we assume
that each realization of the stochastic process belongs to a Hilbert space with an

inner product

(@1 a)es = / /Q 43 (e. )W (), (e, 1)dxedr, 4.26)

where ¢q,(x, 1), q,(x,1) are two realizations of the flow, W(x) is a positive-definite
weighting tensor3, and €2 denotes the spatial domain of interest. We then seek to

maximize

/l — E{|<¢I(x, t)a ¢(x’ t))x,tlz}
<¢(xat)a¢(x’t)>x,t ’

3While we have chosen a time-independent weighting tensor since this simplifies the derivations
and is appropriate for the example cases shown, a time-periodic weighting tensor could also be
employed.

(4.27)
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which leads to
/ / R(x,x', 1,/ YW(x")¢(x', ¢ )dx'dt’ = A¢(x, 1), (4.28)
—o00 JQ

where R(x,x’,t,t)

E{q(x,t)q"(x’,t")} is the two-point space-time correlation
tensor. Until this stage, no assumptions about the flow has been made and is therefore
identical to the derivation of SPOD (Lumley, 1967, 1970; Towne et al., 2018).

Since cyclostationary flows persist indefinitely, they have infinite energy in the
space-time norm, as shown in (4.26). Consequently, the eigenmodes of (4.28) do
not possess any of the useful quantities relied upon in POD or SPOD. To solve this, a
new eigenvalue decomposition is obtained in the spectral domain from which modes

with the desired properties are determined.

To derive the final eigenvalue problem, we rewrite R(x,x’,t,t') — R(x,x’,t,7) =
E{q(x,t+7/2)q*(x’,t—7/2)}, where T = t —t’. Recalling that for a cyclostationary
process the two-point space-time correlation density is a periodic function in time

and can be expressed as a Fourier series

R(x,x', f, T) — Z ﬁk(,ao(x,X',T)eizﬂ(k“(m)t, (429)

k q=—00

where R ka0 (X,x’,7) are the cyclic autocorrelation functions of R(x,x’,t,7) at
cycle frequency k,ap. One can also decompose the two-point space-time correlation

density as the following phase-shifted Fourier series:

R(x, x'.1, T) = Z ﬁkaao (x’x/’ T)e—iﬂ(kaao)TeiZN(kaafo)t, (4.30)

kn:—OO

where the two Fourier coefficients are related by
Riap(x, X', 7)™ *e®T = Ry o (x, %7, 7). (4.31)

Although somewhat unusual, this simply applies a phase shift to the resulting Fourier
series coeflicients that, after Fourier transforming, shifts the center frequency of the
CCSD. This is identical to the phase shift that relates the symmetric and asymmetric
definitions of the cyclic cross-correlation functions and CCSD. Due to this, one
can derive CS-SPOD using the symmetric definitions and a phase shift or using the
asymmetric definition. We choose the former as it results in a simpler derivation

later. This phase shift is required to ensure the resulting eigensystem is Hermitian
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and positive semi-definite. Substituting the cyclic Wiener-Khinchin relation from
(4.7) into (4.30) and then into the Fredholm eigenvalue problem (4.28) results in

/ / / D Skaag(x,x', e ket kec Ty (x) g (x', #)d fax'd
—00 JOQ J—

00
kq=—00

= AP(x,1).
(4.32)

Since T =t — t’, this leads to the following simplifications

/oo/ Z Sk ao(x,x’,f)eiZ”(k"‘IO)teiZH(‘f_%k"a(’)tW(x')
—c0 JO ]

k q=—00

X / [¢(x',r')e-"z"(f-%"m)f’dz’ dfdx’ = Ap(x,1),
(4.33)

[ oo ] . 1
/ / D Skoan (¥ eIV ()B(x', f = Zkoao)dfdx =29 (x. 1),
—00 0

kg=—c0

(4.34)

where ¢(x’, f) is the temporal Fourier transform of ¢(x’,#’). Similar to SPOD,
we must choose a solution ansatz. In SPOD, we can solve a single frequency at a
time as there is no correlation between different frequency components. However,
since cyclostationary processes have spectral components that are correlated, we are
unable to solve for each frequency component separately. Instead, we solve multiple

coupled frequencies together by choosing our solution ansatz as

p(x.0)= > Wlx,y+kpag)e?rkreor, (4.35)
k p=—c0

where k ; € Z. The set of frequencies present in the solution ansatz ¢(x, t) is called
the y set of solution frequencies Q, = {--- , y=2ao, y—ao, ¥, y+ao, y+2a0, --- }.
This coupling of frequencies in CS-SPOD occurs because frequency components
separated by k,aq are correlated to each other, as shown in (4.8). In contrast,
stationary processes do not exhibit correlation between frequencies, and thus each
frequency can be solved independently via SPOD. Due to this coupling, CS-SPOD
performed at y and y + a solve the same problem, i.e. giving 2, = Q,,,, where
z € Z. This means that CS-SPOD only contains unique solutions for the frequency
sets corresponding to y € I', where I’ = [—ao/2, ap/2). The simplest way to
differentiate between different frequency sets was to introduce the so-called center

frequency vy.
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Fourier transforming Equation 4.35 gives

$(x. )= > wix,y+kpao)s(f - (v +ksao)). (4.36)

kf:—OO

The frequency-shifted version of @ (x, f) is then given by
. 1 - 1
¢(x. f = Skato) = Z Y(x,y +krao)d(f = (v + (ks + Ska)ao)).  (4.37)
kf=—00
Substituting these expressions into (4.34) and integrating with respect to f results

in

/ Z Z Sk(rafo(x x Y + (k + — ka,)a/ ) 12ﬂ(7+(kcy+kf)a'o)tW(x)
Q

kg=—00 k’
XY (x,y + Kya0)dx’ = 1 Z W (x,y + k pag) e OHhra0 - (4.38)
k p=—00

For this equation to hold over all time, we perform a harmonic balance where each
frequency component must hold separately. This gives y+ (k}+ka)a/0 =y+krag —

k’ + ko = ky. An equation for each frequency component of our ansatz is formed

/Q Z Z Skao (%, X'y + (K + ka)do)W(x W (%, 7 + K}@0)dx 5 sk
k

_ ’_
a=— k =

= /l!//(x, v+ kfa’o). (4.39)

Substituting k, = ky — k}, this expression simplifies to

/| S Sttyigpen (6o y 4 2k + K Y)W Wb,y + Ky

k’—oo

= W (x,y +kap). (4.40)

Expanding (4.40) gives the final infinite-dimensional CS-SPOD eigenvalue problem,
written compactly as

/Q S(x.x', Y)W (', y)dx’ = Ay (x. 7). 4.41)
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where
S(x,x",y) = (4.42a)
SO(x,x/,'}’_a’O) S—Cxo(x?xcfy_% S—ZQO(x,x,,')’)
S(lo(xax,”y_aio SO(xax/’y) S—Qo(x’xl,y+070) ’
S2a0(X,X",y)  Sap(x, X,y + ) Solx,x',y + )
W(x) Y(x,y —ao)
W(x) = W(x) , Y(x,y)=| ¢(x,7)
W(x) ¥(x,y +ap)
(4.42b) ‘ (4.42¢)

S(x,x’,y) is the CS-SPOD decomposition tensor, W (x) is the concatenated weight
tensor, and ¥ (x, y) are the CS-SPOD eigenvectors. This frequency-domain version
¥ (x,vy) of the CS-SPOD eigenvectors can be converted to the time-domain version
é(x,1) using (4.35). In essence, we convert the original problem into the frequency

domain and then solve for the Fourier series coefficients ¥ (x, f) at each f € Q,.

In practice, the infinite-dimensional problem can not be solved. Instead, we must
restrict the cycle frequencies considered and the frequencies present in the solution

ansatz to some limit. We restrict the solution ansatz to

Ky
plx.0)= D Wlx,y+kpag)e2r ks, (4.43)
kf=—Kf
and the cycle frequencies to
Ko
R(x,x,, t, T) = Z Rk”ao(x’xl’T)elZF(kaCYO)t’ (444)
ko=—Kq

where Ky € Z* and K, € Z*. This gives a final solution frequency set of Q, =
{-Krap+y, (=Kg+Dao+y, -+ ,y, -+, (Kf—1)ao+y, Krap+7y}. Inaddition,
the flow may only exhibit cyclostationarity at K, harmonics of the fundamental cycle

frequency. We employ identical notation to restrict the harmonics used to compute
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various second-order tools, such as the Wigner-Ville spectrum. These limits result
in 2K + 1 coupled equations, resulting in a 2K + 1 X 2Ky + 1 block eigensystem
that is 2K, + 1 banded-block-diagonal. In practice, K s should be chosen such that
Q, encompasses all frequencies of interest/importance, K, should be chosen to
encompass all the cycle frequencies present in the flow, and K, < Ky. An example
for Ky = 2,K, = 1is (for compactness, we have dropped the explicit dependence

on x in this equation)

S(y) = (4.45)
[ So(y —2a0)  S—a (¥ — 30) 0 0 0 ]
Sa(y —3a0)  So(y—ao)  S—o(y — 30) 0 0

0 Sao (¥ — 30) So(y) S oo (y + 3a0) 0
0 0 Sao(y +3@0)  So(y+a0)  S_ay(y +30)
0 0 0 Say(¥ +3@0)  So(y +2a0) |

In the limiting case that K, = 0 (i.e. when the flow is statistically stationary
and hence no cross-frequency interactions are present), we obtain a block-diagonal
CS-SPOD decomposition matrix where each diagonal block is the standard SPOD

eigenvalue problem at a frequency y + kay, k € Z.

4.2.2 CS-SPOD properties

Since S(x,x’, y) is compact and finite, Hilbert—Schmidt theory guarantees a number
of properties analogous to those for POD and SPOD (Lumley, 1967, 1970; Towne
et al.,, 2018). There are a countably infinite set of eigenfunctions ¥ ;(x,y) at
each unique frequency set £, that are orthogonal to all other modes at the same
frequency set £, in the spatial inner norm (g, ), = fQ q5(x,)W(x)q,(x,t)dx,
ie. (¥;(x,y),¥(x,v))x =6k The following concatenated vector of each flow

realization at the solution frequencies is optimally expanded as

q(x,y — ao) w0

Q. y)=| axy |, Q<x,y>=2a,-<y>¥',~<x,y>, (4.46a, b)

q(x,y +ao) 7=l

where § (x, f) is the temporal Fourier decomposition of each flow realization g (x, 1)
at frequency f and a;(y) = Q(x,7),¥ j(x,7))x are the expansion coefficients,
which are uncorrelated, i.e. E{a;(y)a;(y)} =4;(y)d;x.
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S(x,x’,y) is positive semi-definite meaning that S(x,x’,y) has the following

unique diagonal representation,

S(x,x',y) = Y ;0¥ (x, 7). 7), (4.47)
j=1

in which the CS-SPOD modes are its principal components. This shows that CS-
SPOD determines the modes that optimally reconstruct the second-order statistics,

one frequency set £, at a time.

CS-SPOD modes are optimal in terms of their total energy reconstruction of
S(x,x’,y) only. Thus, although each of the CCSDs present in S(x,x’,y) have
a diagonal representation, the individual components of ¥ ;(x,y) are, in general,
not orthogonal in the space norm, i.e. (¥ ;(x, ), ¥i(x, f))x # 6. One exception
is for stationary processes where the correlation between different frequency com-

ponents is zero, resulting in a block-diagonal matrix where ¥ ;(x, y) contains just a

single non-zero ¥ ; (x, f) component, with (W ; (x, f), ¥« (x, f))x = 6; k.

Transforming the eigenvectors ¥’ ; (x, y) back into the time domain, noting the ansatz
defined in (4.35), gives @y, (x,1) = X" __ ¥, (x,y +k Fag) ek a0t which are
orthogonal in the space-time inner product integrated over a complete period. Thus,
every mode occurring at each frequency set £, can be viewed as a unique space-time

mode.

The two-point space-time correlation tensor can be written as

(10/2 s
R(x,x',t,1) = / sz(y)f,s”(x,t)gb; (' 1) dy. (4.48)
~aof2

ap/2

Substituting in the frequency expansion of ¢, ;(x,t) and applying ¢’ =t — T gives

ap/2 X
R(x.x',1,7) = / 40 (4.49)
a2

ap/2
00

X DD Wiy ke (s + Kag)e TR 2ot gy,
kf:—oo k}.:—oo

i27r(kf—k’f)a/0t

resulting in a reconstruction that is time-periodic due to e , which is why

the ansatz defined by (4.35) was chosen.

In summary, for cyclostationary flows, CS-SPOD leads to modes that oscillate at a
set of frequencies (£,) and optimally represent the second-order space-time flow

statistics.
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4.2.3 Computing CS-SPOD modes in practice

We now detail how to compute CS-SPOD modes from data along with a technique
to reduce the cost and memory requirements to levels similar to those of SPOD.
A MATLAB implementation of the presented algorithms is available at https://
github.com/CyclostationarySPOD/CSSPOD. Since the dimension of the CCSD
is N x N, the overall eigensystem S,, (which is the discrete approximation of
S(x,x’,y)) becomes (2K s+ 1)N x (2K +1)N in size. For common fluid dynamics
problems, this can become a dense matrix O(10° — 10%) x O(10° — 10°) in size,
which is computationally intractable to store in memory, let alone compute its
eigendecomposition. This is also the dimension of the inversion required in the
CSEOF methods by Kim et al. (1996) and Kim and North (1997). Thus, we
derive a method-of-snapshots approach similar to the technique employed in POD
(Sirovich, 1987) and SPOD (Citriniti and George, 2000; Towne et al., 2018) that
reduces the size of the eigenvalue problem from (2K + 1)N X (2Ky + 1)N to
(2Ks + 1)Np X (2Kf + 1)N;,. Since N; << N, the method-of-snapshots technique
makes the eigenvalue problem computationally tractable.

To determine CS-SPOD with a finite amount of discrete data, we substitute in the
Welch computational procedure for the CCSD into each term of the frequency-

limited version of (4.42a). We numerically evaluate this as

QVk,—wao
S)/k = QYkak’ ka = ka,o 9 (4.500, b)
! QVk,Kfao ]
where
A _ ~ (1) ~(2) ~(Np—=1) ~(Np) NXN,
ka,kfao - \/E[qk,kfa/()’ qk’kfao, T, qk,kbf&() ) qk,kbfao] eC b, (451)

67k is called the concatenated frequency-data matrix at the discrete 2,, set of
solution frequencies and q}{”}(m is the k' DFT component of the n" block of the
k rag frequency-shifted data matrix. As stated previously, the solution frequency

sets are only unique for y € I, thus the corresponding DFT frequencies are

k-1 N At
R forksl_a0 / |+1,
_ N 4.52)
Vi = k—l—Nf a’oNfAl @.
fOI‘Nf—r ]+1<kSNf,

NfAl‘ 2


https://github.com/CyclostationarySPOD/CSSPOD
https://github.com/CyclostationarySPOD/CSSPOD
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which forms the elements y; € I';. Expanding (4.50) gives

S, = (4.53)
[ A Ak A Ak A Ak h
Q?’k,—deonk,—Kfao e ka,—deonk,O T ka,—Kf(lonk,KfOto
A Ak A ' Ak A ’\.*
ka,Oka,—Kfa'O T ka,Oka,O U ka,Oka,Kfao
A Ak A Ak A Ak
| QrekraoQyekran 7 QukraoQuo 7 Quokao Qyikan |

This expression shows that S,, contains off-diagonal terms that represent spectral
correlations that are not present in the process (i.e. are not cycle frequencies
considered in (4.44)). However, as N; and N are increased together, this system
converges and becomes a consistent estimate of (4.42a). Thus, all terms that
represent spectral correlations not present in (4.44) converge to zero. Furthermore,
the estimate is numerically positive semi-definite resulting in CS-SPOD modes that
will inherit the desired properties. For the numerical computation, one can not

choose K, ; instead, only K is chosen and K, = K.

Equation (4.50) shows that the final eigenvalue problem can be compactly written

as
S, W¥,, = A,V (4.54a)
Q,Q,W¥, = A,Y,. (4.54b)
The spatial inner weight
(@100 = [ a3l W) 0 (4.55)

is approximated as (q;,4,)x = q;Wq;, where W € CNXN s a positive-definite
Hermitian matrix that accounts for both the weight and the numerical quadrature of
the integral on the discrete grid and W € C2Kr+DNXC2K+DN

matrix of W (similar to (4.42b)). The CS-SPOD modes are then given by the columns

is the block-diagonal

of ¥,, and are ranked by their corresponding eigenvalues given by the diagonal
matrix A, . These discrete CS-SPOD modes hold analogous properties to all those
previously discussed, including that they are discretely orthogonal ¥ WY, =1
and optimally decompose the estimated CS-SPOD decomposition matrix S,, =

¥, Ay Y, (i.e. the second-order statistics).
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At most, min(N, Nj) number of non-zero eigenvalues can be obtained. Thus, it is

possible to show that the following N;, X N, eigenvalue problem
Q,WQ,0, =A,0,, (4.56)

contains the same non-zero eigenvalues as (4.54). This approach is known as the
method-of-snapshots (Sirovich, 1987). The corresponding eigenvectors are exactly
recovered as

¥, =Q,0,A," (4.57)

Other than the simple weighting matrix W, only the concatenated data matrix 67,(
must be determined, which is easily achieved by computing each term (Q%k rao)
in Qy, using algorithm 1. Once Q,, is determined, one computes Q, WQ,, and
then performs the eigenvalue decomposition. Typically, only the first few modes
are of physical interest, which allows us to employ a truncated decomposition
where we determine a limited number of the most energetic CS-SPOD modes using
randomized linear algebra methods (Martinsson and Tropp, 2020). The total energy
can be efficiently evaluated by taking the trace of ézkwén. In appendix A, we
show a practical but computationally inefficient implementation of CS-SPOD. The
algorithm requires computing 2K s + 1 CCSDs, and thus the cost is approximately
2K + 1 times that of the SPOD. The memory requirement scales similarly. This
can be prohibitive when analyzing large data sets.

However, substantial savings are realized since all the terms in 67k are in the
form of ka,k ap> Which represent the k' frequency component of the temporal
Fourier transform of the k raq frequency-shifted data matrix. The temporal Fourier

transform of the n'" realization of the k rag frequency-shifted data is given by

(1) _ (n) —12ﬂ(k D5
qk kfa() - Z ] /ka'O Nr s (4583)

Z (”) e~ i2m(kpao) [(j=1)+(n=1)(Ny—No)] 4t ’2”(k Dlw, (4 58b)
where ¢ 27 (kr@o)[(/=D+(n=1)(Ny=No)l4t j5 the frequency-shifting operation. We sep-
arate these components into a phase-shifting component and a zero-phase-shift
frequency-shifting component, by

~(n) — pmi2n(kpag)At[(n=1)(Nf=No)] (n) —i2m (kagdtNy+k—1)[ 7 Nf 4.

W'k ey = J_Z . (4.5%)
~(n) —  pi2n(kpag)t[(n=1)(Ny=No)l g A~ (1)

qk ka/O - e ao " Fore qg(k kf)’ (459b)
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where £(k, k¢) is the £/ " frequency that is a function of k, k ¢ and will be defined in
equation (4.62). This shows that the f; discrete frequency of the k rao-frequency-
shifted data matrix (Q fi-k arg) €an be exactly computed as a phase-shifted version of
the fe(k.k,) discrete frequency component of the non-frequency-shifted data matrix

(fo(k’kf)ao). To employ this method, kfaodtNy € Z. Since apAT = 1/Ng, where

Njy is the number of snapshots per fundamental period, this gives % € Z, which
requires Ny = cNg, where ¢ € Z* (i.e. there is a restriction on the length of each
realization). This ensures that the change in frequency due to the frequency-shifting
operator is equal to an integer change in the index of the frequency vector. With this

restriction, the frequency spectrum of the DFT of a Ny length record is

k-1 N
ﬂ forkSTf,

fe = ¢ (4.60)
k—1-N N
( s)ao for k > Tf,

C

and the unique frequency sets become

(k = Dao
_ c
Yi= (k—l—Nf)a’o

C

for k < L%J +1,
4.61)

bﬂW—[?+1<kst

This demonstrates that a frequency shift of k ra( corresponds to an integer change in
the frequency index, i.e. the k’" frequency component of the k rao-frequency-shifted
data matrix corresponds to the phase-shifted version of the £(k, kf)”’ frequency

component ( fp(x,k ) of the non-frequency-shifted data matrix, i.e. fi ka0 = fe(k.k )

where
k+kec fork; >0
! ! forkSl_EJ+1,
k+kpc+N;y forky <0 2
t(k,ky) = (4.62)
k+ka—Nf fOI‘kf>O C
for Ny — [=]+1<k < Ny.
k+ ke fork; <0 2

This means that all the data required for CS-SPOD (for all frequency sets 2,,) is

contained within the Fourier transform of the original data matrix.

Algorithm 2 incorporates these savings and requires only a single DFT of the
data matrix, making it similar in computational cost and memory requirement
to SPOD. The memory usage to compute CS-SPOD for complex input data is

~ (#O/Nf + 1) x mem(Q), which is the memory required to store the, possibly
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overlapping, block-data matrix and the original data matrix. Additional memory
is required to store the temporary matrix an, although the size of this matrix is
minimal as typically 2K s +1 << Ny. In extreme cases where only a single snapshot
can be loaded at a time, a streaming CS-SPOD algorithm could be developed
analogous to the streaming SPOD method by Schmidt and Towne (2019).

Algorithm 2 Efficient algorithm to compute CS-SPOD.
1: for Each data block,n =1,2,--- , N, do

> Construct the block-data matrix

2: Q" (14 (1) (Vy=No)> D2t (= 1) (N —No)» ™" » AN p(n=1) (N —No) ]
> Using a (windowed) fast Fourier transform, calculate and store the row-wise
DFT for each frequency-shifted block-data matrix
3: Q(n) = FFT(Q™) > Discard any frequency components that are not
required
to compute an
4: end for
5: for Each y; € I, (or some subset of interest) do

> Assemble the concatenated frequency-data matrix for frequency set Q,,

ka,—Kfao

6: Q)’k — ka,()

| QVksta'() j

where ka,k jap <
of

Fourier realizations corresponding to the k"* column of the k rao frequency-
shifted

block-data matrix Q,(:;) oy €valuated efficiently by

ve[g" L §% g\~ g™ 1 s the matrix

qk,kfa()’ qk,kfa()’ o qk,kfa() ’ qk,kfa/()

Al

Dk oy =
e ~i2n(k pao) A1[(n=1)(Ny=No)] qé’gl){’kf), where the index £(k, k ¢) is given by (4.62)
7: Compute the matrix M, < Q, WQ,,
8: Compute the eigenvalue decomposition M, = @y, A,, @),
9: Compute and save the CS-SPOD modes ‘f’y,( = 67k®7k1~\;,f 2

and energies 1~\y,{ for the y frequency set Q2,,

10: end for
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4.3 Validation of our CCSD and CS-SPOD algorithms

We validate our implementation of the CCSD and CS-SPOD using a model problem
that has an analytical solution. Let n(x, r) be a zero-mean, complex-valued, station-
ary random process with uniformly distributed phase (between 0 and 2r), normally

distributed unit variance, and a covariance kernel c(x, x") = E{n(x, t)n*(x’,1)} of

4 2 ’
exp [_1 (x;x ) ] exp [—i27rx - a ] : (4.63)

2 n n

N

c(x,x") = \/ﬂo;,
where o7, = 4 is the standard deviation of the envelope, 4, = 20 is the wavelength
of the filter, and x¢ = 1.5 is the center off-set distance. A domain x € [-10, 10] is
employed and is discretized using 2001 equispaced grid points resulting in a grid
spacing of 4x = 0.01. This covariance kernel is identical to the one used by Towne
et al. (2018) as its structure is qualitatively similar to statistics present in real flows
(e.g. a turbulent jet). The filtered process n(x,t) is defined as the convolution

between a filter f;(x,t) and n(x,t), given by
n(x,t) = fe(x,t) @ n(x,1). (4.64)

The filter employed is a 5/"-order finite-impulse-response filter with a cutoff fre-
quency f,, that varies as a function of the spatial location f,., = 0.2|x—xo|/max(x)+
0.2. This results in a filter exhibiting a more rapid spectral decay at xo and a flatter

spectrum moving away from this location.

We sinusoidally modulate 7(x, 7) to create a cyclostationary process
g(x,1) =n(x,t)cos(2x fot + 6p), (4.65)

where fo = 0.5 is the modulation frequency and 6y = %27r is a phase offset. Using
the theory developed in §4.1, the CCSD of g(x, t) is analytically determined as

1e42008:(x,x',0, f) for a = +2 fj,
Se(x,x",a, f) =1 1S7(x,x,0, f + fo) + $S7(x,x,0, f — fo) fora =0,
0 otherwise,
(4.66)
where S7(x,x’,0, f) is the CCSD of n(x, t) at cycle frequency a = 0 (thus equaling
the CSD). The fundamental and only non-zero cycle frequency presentis ag = +2 fj,
indicating that this process exhibits cyclostationarity. The CSD of n(x, ) is given
by
Sa(x,x",0, ) = c(x, x")Fe(x, f)F; (X', f), (4.67)
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where Fy(x, f) is the temporal Fourier transform of the filter fz(x, t). All estimates of
the CCSD and CS-SPOD are performed using a Hamming window with Ny = 10Ny
and an overlap of 67%. Snapshots are saved in time with A7 = 0.04, resulting in
Ny = 25 time steps per period of the fundamental cycle frequency, 7o = 1/ap =
1/(2fp). Data is saved for t.,4 = 20007y, resulting in 50000 snapshots and 593
blocks (realizations) of the process.

Sample paths of the process at x = 0, as a function of the phase of the fundamental
cycle frequency, are shown in Figure 4.1. As theoretically predicted, we observe
a modulation in the amplitude of the process as a function of the phase. This
modulation is observed in Figure 4.2, where we plot the analytical WV spectrum
computed using (4.9 and 4.66) at x = x” = 0. This shows the sinusoidal modulation
of the PSD as a function of the phase, a maximum in the PSD at 6 = /3 due
to the phase offset applied, and a decay in the amplitude of the spectrum with
increasing | f| due to the applied filter. In Figure 4.3, we compare the magnitude
of the analytical and numerical CCSD at f = 0.1 and @ = 0,+2f,. Here, we
observe the aforementioned key structures of the covariance kernel along with the
excellent agreement between the numerical and analytical CCDSs, which would
further improve with an increasing number of realizations, thereby validating our

CCSD implementation (algorithm 1).

R{9(0,0)}

Figure 4.1: Model problem sample paths at x = 0 as a function of the phase 6
where the red line shows a single representative trajectory for clarity.

Next, we validate our efficient algorithm to compute CS-SPOD (algorithm 2) and
determine its convergence with increasing data by comparing the numerical results to

the analytical results. The analytical solution is determined by forming the CS-SPOD
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Figure 4.2: Analytical WV spectrum of the model problem at x = x’" = (0 as a
function of phase 6.
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Figure 4.3: Magnitude of the analytically and numerically generated CCSD of
the model problem at f = 0.1.

eigensystem defined via (4.42a) through evaluating the analytical CCSDs (given by
(4.66)) and then numerically evaluating the final eigenvalue problem. To encompass
the range of relevant frequencies we use Ky = 10 (i.e. cyclic frequencies up to
10ap), resulting in Q, = {-10,-9,---,9,10} +y. Figure 4.4 shows a comparison



46

of the analytical and numerical CS-SPOD eigenspectrums (averaged over 10000
realizations of the process), at y = 0.2 for t,,4 = 1007, 4007y, and 20007, which
corresponds to 27, 117, and 593 blocks, respectively. As the duration of the process
increases, we observe an increasingly converged estimate of the eigenspectrum.
This is reflected in the percentage error between the averaged numerical eigenvalues
and the analytical eigenvalues of the three most dominant CS-SPOD modes, which
we show in Figure 4.5. We see that these eigenvalues linearly converge to the true
value as the duration of the process increases, which is theoretically expected due
to the linear reduction in the variance of the Welch estimate of the CCSD with
increasing realizations (Antoni, 2007). Overall, we obtain a consistent estimate of
the CS-SPOD eigenvalues and conclude that our implementation of CS-SPOD is

correct.
100 e
s 3 $8a,
~ © 00,
10714
10724
’<h

10734

e Analytical
1074 ®teng = 100T0

®t.,q = 4007,

tena = 200075
10° 10* 102
Mode j

Figure 4.4: Plot of the analytical and numerical CS-SPOD eigenspectrum of
the model problem at y = (.2 for multiple signal durations.

4.4 Example problems

4.4.1 Application to a modified linearized complex Ginzburg-Landau equa-
tion

Our first example is the simple and well-understood linearized complex Ginzburg-

Landau equation, which has been used as a model for a convectively unstable flow

that exhibits non-modal growth (Chomaz et al., 1988; Cossu and Chomaz, 1997,

Hunt and Crighton, 1991). It can be written in the form of a generic linear forced

system
dq(x,1)
ot

—L(x,t)g(x,t) = f(x,1), (4.68)
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Figure 4.5: Convergence of CS-SPOD eigenvalues of the model problem at
v = 0.2 as a function of the total signal duration.

where ¢g(x, ) and f(x,?) represent the state and forcing, respectively, with |g(x —

+00,t)| — 0, and L(x, ¢t) is the linear operator

2
L(x,t) =—v i + vza— — u(x,1). (4.69)

Ox O0x?
We use the commonly used form p(x) = yo — cﬁ + ,uz%z (Bagheri et al., 2009; Chen
and Rowley, 2011; Hunt and Crighton, 1991; Towne et al., 2018). All constants in
(4.68, 4.69), except for ug, use the values in Bagheri et al. (2009).

Similar to Franceschini et al. (2022), we construct periodic dynamics by using
Ho = Ho + Ay,sin(2r fot), where 1 is the average value of uo, A, is the amplitude
of the periodic modulation of ug, and fy is the frequency of the periodic modulation.
For A,, = 0 the system has time-invariant dynamics, while for |A,,| > O the
system has time-periodic dynamics, resulting in a stationary and cyclostationary
response, respectively. By varying A, we modify the degree to which the system
is cyclostationary. We choose fo = 0.1, which is substantial compared to the
frequencies of interest (= [—0.5,0.5]), meaning that the quasi-steady approach of
Franceschini et al. (2022) can not be employed. Like Towne et al. (2018), we
use o = 0.23, which for A,, = 0 strongly amplifies external noise due to the
non-normality of L(x, ) and results in a degree of low-rankness typically present
in turbulent flows. As per Franceschini et al. (2022), we confirm the stability of
the system using Floquet analysis (results not shown). To demonstrate the utility
of CS-SPOD and facilitate its interpretation, we compare CS-SPOD performed at

several levels of cyclostationarity A, = 0.0,0.2, and 0.4.
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A pseudo-spectral approach utilizing Hermite polynomials is employed to discretize
the equations (Bagheri et al., 2009; Chen and Rowley, 2011), where the collocation
points [x, x2, - -+, xn,, ] correspond to the first Ny Hermite polynomials with scaling
factor R{(—u2/(2v2)) 3 }. Following Bagheri et al. (2009) and Towne et al. (2018),
we use Ny = 221, leading to a computational domain x € [—85.19, 85.19], which is
large enough to mimic an infinite domain. The boundary conditions are implicitly
satisfied by the Hermite polynomials (Bagheri et al., 2009). For CS-SPOD, the
value of the weighting matrix at x; is determined as the distance between the
midpoints of the neighbouring grid points. Temporal integration is performed
using the embedded 5" order Dormand-Prince Runge-Kutta method (Dormand
and Prince, 1980; Shampine and Reichelt, 1997). After the initial transients have
decayed, a total of 40000 solution snapshots are saved with 4t = 0.5, giving a
Nyquist frequency of fnyquist = 1.

To mimic a turbulent system, similar to Towne et al. (2018), we force our system using
spatially correlated band-limited noise, f(x,¢). This is performed by constructing

spatially correlated noise with the following covariance kernel

2
1 1 ({x—x x—=x
g(x,x') = exp [—= ( ) exp [—iZn ] , (4.70)
V2roy, [ 2\ oy Ay

where o, is the standard deviation of the envelope and 4, is the wavelength of the
filter, such that the covariance c(x,x’) = E{f(x,t)f*(x’,1)} = g(x,x"). Spatial
correlation is introduced by multiplying white noise by the Cholesky decomposi-
tion of the covariance kernel. The white noise has a uniformly distributed phase,
normally distributed amplitude with unit variance, and is generated as in Towne
et al. (2018). The forcing is spatially restricted to an interior portion of the domain
via the window exp[—(x/L)?], where L = 60, p = 10. The spatially correlated
noise is low-pass filtered using a 10""-order finite-impulse-response filter with a
cutoff frequency equal to 0.6 fNyquist. This results in a stationary forcing that is
approximately constant in amplitude up to the cutoff frequency (—6dB in amplitude
at the cutoff frequency) but has non-zero spatial correlation as defined by (4.70).
The forcing is then linearly interpolated to the temporal locations required by the
temporal integration. To compute the WV spectrum, SPOD, and CS-SPOD, we
employed a window length Ny = 10Ny and an overlap 67%, resulting in N;, = 595

(realizations) of the process and a frequency discretization of 4f = 0.01.

In analyzing the data, we must first determine those frequencies, if any, where the

system exhibits cyclostationarity. To do this, we compute the CCSD and search
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over all possible values of « in the range @ € [—1, 1], noting the « discretization
required as discussed in §4.1 to ensure no possible cycle frequencies are missed.
Figure 4.6 shows the CCSD and integrated CCSD for the three values of A, at
x = x’ = 0, and confirms that the system is cyclostationary when A, > 0 as high
values of the CCSD and the integrated CCSD are seen at @ = 0, the modulation
frequency (f), and an increasing number of harmonics as A, is further increased.

This demonstrates that ag = fj.

-0.3

100 """""
O S 10t
=10 2
-0.5 0.0 0.5 -0.5 0.0 0.5 -0.
« (0% «
(@A, =0 (b) Ay, =0.2 (c)Ay, =04

Figure 4.6: CCSD (top) and integrated CCSD (bottom) of the Ginzburg-
Landau system at x = 0.

We show 100 realizations of the process for each A, along with the WV spectrum
at x = x’ = 0 as a function of the phase of @ in Figure 4.7. The WV spectrum
is computed using K, = 5 to encompass all cycle frequencies present. Figure
4.7 (a) shows that the statistics are almost constant as a function of phase for
A, =0, which is expected given the time-invariant dynamics. The small degree of
modulation observed is due to statistical uncertainty. In Figures4.7 (b, c), we observe
increasing levels of modulation in the statistics as A, increases. Furthermore, the
peak value of the spectrum also increases due to the increasing non-normality of
the system with increasing po. Given that the largest value of po occurs at 8 = 0.57
and the peak of the WV spectrum occurs at 8 ~ 0.957x, there is a phase delay of
~ 0.45m between when the dynamics of the system are the least stable and when the

perturbations are, on average, the largest.

Based on the preceding analysis and to ensure we encompass all frequencies of
interest, we compute CS-SPOD using Ky = 5, resulting in a frequency range of
Q, = [-0.5,0.5] +y. We first consider the stationary process with A,; = 0.0.
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Figure 4.7: Example Ginzburg-Landau sample paths (top) at x = 0, where the
red line shows a single representative trajectory for clarity. WV spectrum at
x = 0 (bottom).

Although CS-SPOD modes are theoretically equivalent to SPOD for the stationary
case, finite data length leads to differences.

Figure 4.8 shows the SPOD eigenspectrum for A, = 0.0. Note that the spectrum is
not symmetric in f because the Ginzburg-Landau system is complex. We superpose
on the SPOD spectra the set of frequencies f € 2, for y = 0.05, and mark and
rank the 6 intersections with the highest energy. Based on the plot, we should
find that the 4 most dominant CS-SPOD modes correspond to the dominant SPOD
mode at a frequency of y — @y, Y,y + @p, and y + 2, respectively. Similarly, the
5" and 6" CS-SPOD modes should correspond to the first subdominant SPOD
modes at a frequency of y and y + a, respectively. Figure 4.9 makes comparisons
between SPOD and CS-SPOD (performed assuming a fundamental cycle frequency
of ap = fp) for the energy and eigenfunctions for each of these six modes. While the
results are quite similar in each case, there are differences associated with statistics
convergence, and this, as expected, occurs when there is a small energy separation

between two distinct modes (e.g. modes 5 and 6).

In Figure 4.10, we now compare the CS-SPOD eigenspectrum for all y; € I}
for the three different values of A,,. As A, increases, so does the energy, as the
disturbances are increasingly amplified by the increasing non-normality of the linear

operator at phases corresponding to positive A, sin(27 fot), consistent with the trend
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Figure 4.8: SPOD eigenspectrum of the Ginzburg-Landau system with A, =
0.0, showing the three most energetic modes at each discrete frequency f. Every
other eigenvalue has been omitted to improve readability. The 6 highest-energy
modes occurring at the frequencies presen in the CS-SPOD solution frequencies
aty = 0.05,i.e. f € 2,, are depicted with the red dots.

shown previously in Figure 4.7. A large energy separation between the dominant
and sub-dominant CS-SPOD modes is observed, which increases for greater A,
indicating that the process is increasingly low rank. In Figure 4.11, for y = 0.05, we
show the fraction of the total energy (A7 = 2. ; 4;) that the first / CS-SPOD or SPOD
modes recover. As theoretically expected for A, = 0, CS-SPOD and SPOD result
in an almost identical energy distribution. In contrast, with increasing A,,, CS-
SPOD captures an increasingly greater amount of energy than SPOD. For example,
at A,y = 0.4, the first CS-SPOD mode captures 64% of the total energy, while the
first SPOD mode captures just 45%. Furthermore, the first three CS-SPOD modes
capture 92% of the total energy, while seven SPOD modes are required to capture a
similar amount of energy. As theoretically expected, the energy captured by SPOD
does not exceed the energy captured by CS-SPOD (since SPOD modes are a subset of
CS-SPOD modes). Thus, as the statistics become increasingly cyclostationary (i.e.
more phase-dependent), CS-SPOD is able to capture an increasingly larger fraction
of the phase-dependent statistics present in the process, which SPOD, due to the
fundamentally flawed assumption of statistical stationarity, is unable to achieve.

Due to the increased complexity of CS-SPOD modes, since they contain several
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Figure 4.9: Comparison of SPOD (left) and CS-SPOD modes (right) of the
Ginzburg-Landau system with A, = 0. From top to bottom are the six most
dominant CS-SPOD modes and the six points identified in Figure 4.8. The con-
tour limits of the CS-SPOD eigenfunctions are set equal to the corresponding
SPOD mode *||R{¢; (x, ) }]|c-

frequency components, it is expected that they capture more energy. However, the
critical difference is that SPOD is unable to capture the phase-dependent structure

of the statistics (regardless of the number of modes employed).

We now investigate how A,,; modifies the dominant CS-SPOD modes, at y = 0.05,
by showing the real component and the magnitude of the temporal evolution of
the modes ¢;(x,?) in Figures 4.12 and 4.13, respectively. Due to the multiple
frequency components (£2,) present in ¢;(x,?), ¢,(x,t) can, unlike SPOD, no
longer be completely represented by a single snapshot and instead must be displayed
as a function of time. Similarly, the amplitude of the mode is periodic in time with
period Ty = 1/, unlike SPOD where the amplitude is constant in time. Thus, the
amplitude is displayed as a function of phase 6. Similar results are observed for other

values of y not shown here. Overall, across all values of A, the real component
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Figure 4.10: CS-SPOD energy spectrum of the Ginzburg-Landau systems.
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Figure 4.11: Total fractional energy captured by a truncated set of CS-SPOD
and SPOD modes of the Ginzburg-Landau systems at y = 0.05.

of the CS-SPOD modes show a similar structure. However, as A, is increased,
an additional modulation is seen that results in increasingly time/phase-dependent

magnitudes.

Finally, in Figure 4.14, we investigate which frequency components are the most
energetic via the fractional energy of each frequency component f € Q, for each
CS-SPOD mode, defined as Ey; = ¢ ;(x, f)*"W(x)y;(x, f), where 2re, Erj =
1. As A, increases, the CS-SPOD modes are constructed from an increasing
number of non-zero-energy frequency components and at higher energy levels.
For example, at y = 0.05, the dominant frequency component, f = 0.05, contains
~ 100%, 83%, and 64% of the total energy of the corresponding CS-SPOD mode for
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Figure 4.12: Real component of the three dominant CS-SPOD modes of the
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Figure 4.13: Magnitude of the three dominant CS-SPOD modes of the
Ginzburg-Landau systems at y = 0.05. The contour limits for each CS-SPOD
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Ay, = 0,0.2, and 0.4, respectively. This occurs because of the increasing amount

of correlation present between different frequency components as A, increases.

Alternatively, this phenomenon can be understood as the following: as A, increases,

the statistics become more time-dependent, and thus, the amount of interaction

between frequency components in £, increases such that the summation of these

frequency components result in CS-SPOD modes that capture the time-periodic

modulation experienced by the flow.
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Figure 4.14: Fractional CS-SPOD modal energy by frequency, E ;, of the

Ginzburg-Landau systems

at y = 0.05.



55
4.4.2 Low frequency forced turbulent jet

We now consider the Sty = 0.3, ag /U 7 = 10% forced turbulent, isothermal, subsonic
jet as described in 2.1. In this chapter, a database of length equal to 480 periods of
the forcing frequency (or a total time of ¢y, D /ce =~ 4000) was employed. For the
stochastic estimates, we use a window length Ny = 12Ny and an overlap of 67%,
resulting in N = 118 blocks and a non-dimensional frequency discretization of
4S8t = 0.025. While in Chapter 3, we find that the optimal frequency discretization
should vary as a function of frequency, in CS-SPOD, multiple different frequency
components are linked together. Thus, one should ensure that the chosen frequency
resolution is appropriate for all frequency components considered. Based on the
natural jet example in Chapter 3, we employ A4St = 0.025. Future work would in-
clude devising a similar optimal frequency resolution for CS-SPOD (where different

resolutions could be used for the different CCSD tensors).

In Figure 4.15, we plot the instantaneous and phase-averaged (4.14) velocity at
four phases of one forcing cycle. Though not shown, we verified that the phase-
averaged field is axisymmetric, consistent with the axisymmetric jet forcing. In the
phase-averaged field, a large modulation in the axial velocity of the jet is observed
with a vortex roll-up occurring around x/D = 2.0. The fundamental frequency
fluctuation is primarily located in the potential core region and drives the large-
scale periodic modulation. In Figure 4.16, we extract the first four frequency
components (f = 0,0.3,0.6,0.9) of the phase-averaged field. The total fluctuation
level, i.e. 2 x R{il, r/U;}, for each non-zero frequency is ~ 40%, 15%, and 8%
thereby indicating that a substantial, nonlinear periodic modulation of the mean
occurs. Harmonic generation similarly peaks near x = 2 where the strong roll-up is

occurring.

Next, we analyze the second-order stochastic component to determine the cycle
frequencies present in order to apply CS-SPOD. Similar to the previous example, to
determine what cycle frequencies are present in the flow, we interrogate the CCSD
and integrated CCSD for @ = [-3, 3] (not shown), again noting the « discretization
required as discussed in §4.1. We confirm that the only cycle frequencies present

are harmonics of the forcing frequency (i.e. Zfy).

Figures 4.17 and 4.18 show the CCSD and corresponding WV spectrum, respec-
tively, of the axisymmetric component of the axial velocity atx/D = 5,r/D = 0.75.
For clarity, the CCSD is only shown for a/aq € Z (equal to k, ) since all other values

of @ are ~ 0 (this was numerically verified to be true within statistical convergence).



Figure 4.15: Top of each pair of images is #,(0)/U; of the forced Mach 0.4
turbulent jet at 6 = 0, 7/2, 7, 37 /2. Bottom of each pair of imagesis u/ (¢)/U;
at a time instant corresponding to a forcing phase of 0 = 0, 7 /2, n, 3x/2.
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Figure 4.16: R{i, 5;/U;} of the forced Mach 0.4 turbulent jet at St = 0, 0.3, 0.6,
and 0.9 (top to bottom).

A large modulation occurs for a/ag = 0, £1, 2. The WV spectrum shows how the
PSD of u)//U; (at a Strouhal number St) varies as a function of the phase of the
forcing 8. We find a large phase dependence of the statistics, where the phase of the
high-energy regions corresponds to when the high-velocity regions pass. Overall,
it is clear that the forced turbulent jet exhibits cyclostationarity at frequencies equal

to the harmonics of the forcing frequency.
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Figure 4.17: Absolute value of the CCSD of u;//U; of the forced Mach 0.4
turbulent jet at x/D =7,r/D = 0.75.
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Figure 4.18: WYV spectrum of u}/ /U; of the forced Mach 0.4 turbulent jet at
x/D =7,r/D = 0.75.

Finally, we demonstrate the utility of CS-SPOD on a forced turbulent jet. Recalling
that both SPOD and CS-SPOD modes are decoupled amongst the azimuthal modes
of the jet (owing to the statistical axisymmetry of the flow), we focus for brevity
only on the axisymmetric m = 0 component of the fluctuations. We seek modes
that are orthogonal in the Chu-compressible energy norm (Chu, 1965) that has been
applied in previous SPOD studies (Schmidt et al., 2018)

£ 1 To A A A 0o .
Mwmm=lpﬁcmg—7——mmmmm . q,rdxdrd¢ = q; Wq;,
J k ,yngMZ yg()/g _ 1)T0M2 J k J
4.71)

where M is the Mach number, vy, is the ratio of specific heats, gy and Ty are

the zero-frequency mean density and temperature components, and the matrix W
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takes into account the energy and domain quadrature weights. To compute CS-
SPOD, we choose K¢ = 10, resulting in a non-dimensional solution frequency set
of Q,,, = [-3,3] +vs: (Where vys; is non-dimensional y normalized as the standard

jet Strouhal number), which encompasses all frequencies of interest.

We show the CS-SPOD eigenspectrum of the turbulent jet in Figure 4.19. A large
difference in the energy between the 1% & 2" and 2" & 3" modes, at each ys,, across
almost all yg; is seen. This shows that the jet is low-rank. Since CS-SPOD solves for
multiple frequencies at a time, the energy separation will be smaller than with SPOD,
in particular, with a flatter spectrum. The spectrum peaks at ys, = 0.025 and decays
as |ys;| — 0.15 which, because the smallest |St| € Q,, occurs at |yg,|, occurs due
to the decaying energy spectrum typically present in a turbulent jet. This low-rank
behavior, which is expected based on previous literature on natural turbulent jets
(e.g. Schmidt et al. (2018)), is observed in Figure 4.20 where we show the fraction
of the total energy captured by the first / SPOD and CS-SPOD modes. The first
CS-SPOD mode, at ys; = 0.15, captures 10% of the total energy present in the flow
at the set of frequencies Q,,, 2 modes capture 15.2%, 10 modes capture 38%, and
50 modes capture 84.5%. Surprisingly, in contrast to the Ginsburg-Landau model,
the energy separation between the most energetic CS-SPOD and SPOD modes is
not large despite the high level of modulation present. However, despite this small
difference, a large variation in the structure and temporal evolution of the most

energetic SPOD and CS-SPOD modes is seen, which we explore next.

100

1072}

St
Figure 4.19: CS-SPOD energy spectrum of the forced Mach 0.4 turbulent jet.

We show the real component and absolute value of the pressure component of the
most energetic SPOD and CS-SPOD mode at ygs; = 0.15 in Figure 4.21. The solid
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Figure 4.20: Total fractional energy captured by a truncated set of CS-SPOD
(blue) and SPOD (black) modes of the forced Mach 0.4 turbulent jet at yg, =
0.15. The difference in the fractional energy captured by CS-SPOD and SPOD
modes is also shown (red).

and dashed lines in these Figures correspond to the contour lines of #,(0)/U; =
0.25,0.75. SPOD modes are only shown at a single time instance due to their time-
invariant evolution, while CS-SPOD modes are shown at several time instances
to show their temporal evolution. The most dominant SPOD mode is focused
downstream at x/D =~ [6,12], has a frequency St = 0.15, and has a structure
typical of the so-termed “Orr modes” previously observed in unforced turbulent jets
(Pickering et al., 2020; Schmidt et al., 2018). By construction, the amplitude of
the SPOD mode remains constant over time, and the region of maximum amplitude
corresponds to x/D = [6,12] and r/D =~ [0, 1]. The real component of the most
energetic CS-SPOD mode has a structure similar to the respective SPOD mode but
with an additional modulation localized to the shear layer in regions of high velocity.
This is also observed in the amplitude contours, where the amplitude of the mode
substantially varies as a function of phase in a region similar to the amplitude profile
of SPOD, but the high-amplitude regions always follow the high-velocity regions
of the jet. The CS-SPOD modes follow this region since it is where the greatest
amount of shear occurs along with the vortex roll-up (as seen in Figures 4.16 and
4.15).

Figure 4.22 shows the same CS-SPOD mode in a zoomed-in region near the nozzle
exit, plotted with lower contour levels since the fluctuation levels are smaller there.
Att = 0 (i.e. 6 = 0), a short wavelength Kelvin-Helmholtz (KH) mode that is
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located between the 25% and 75% velocity lines in the x/D = [0, 1] region is seen.
The KH mode is angled towards the centerline due to the modulation of the mean
flow. Next, at r = Ty/4, the KH mode has propagated slightly downstream and has
become weaker due to the much thinner shear layer at this phase of the motion.
From t = Ty/4 to t = 3Ty/4, the KH mode increases in strength as it continues to
propagate downstream due to the increasing thickness of the boundary layer. The
KH mode also rotates due to the roll-up induced by the forcing, as seen in Figure
4.15. Att = 3Ty/4, the KH mode is substantially stronger than at ¢t = Ty/4 and is a
lower-frequency structure located around the x/D = [0.6, 1] region and is angled
away from the centerline. A corresponding interrogation of the SPOD mode shows
no near-nozzle Kelvin-Helmholtz activity at this frequency, highlighting the ability
of CS-SPOD to reveal potentially important dynamical effects that are slaved to the
forcing frequency.

SPOD

CS-SPOD: t =0 | ' ' ' ' CS-SPOD: § =0

x/D z/D

Figure 4.21: Comparison of the real component (left) and magnitude (right)
of the pressure component of the dominant CS-SPOD mode to the dominant
SPOD mode of the forced Mach 0.4 turbulent jet at ys, = 0.15. All contours
are set to 0.75||R{¢,.1(x,7,1)}|| and [0,0.75||$p.1(x,7,0)||] for the real
and magnitude contours, respectively. The solid and dashed lines correspond
to contour lines of i, (6) /U; = 0.25,0.75, respectively.

Figure 4.23 shows the normalized energy as a function of phase of the three domi-
nant modes at ys, = 0.15, defined as the spatial norm of the modes at each 6. The

energy, despite the large phase-dependent modulation seen in Figure 4.21, varies
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Figure 4.22: Real component of the pressure of the dominant CS-SPOD
mode of the forced Mach 0.4 turbulent jet at ys;, = 0.15 (zoomed into
x/D = [0, 2],r/D = [0, 2]). All contours are set to £0.25[|R{d,1(x =
[0, 2], = [0, 2],%)}||c. The solid and dashed lines correspond to contour lines
of ii, (0)/U; = 0.25,0.75, respectively.

by just +2% as a function of phase. This demonstrates that, despite the strong
phase-dependent structure of the mode and of the statistics present in the jet, on
average, over the flow, the total energy contained within these modes is not strongly
phase-dependent. Finally, in Figure 4.24, we show the fractional energy of each
frequency component St € Q,, of the CS-SPOD modes. The large amount of
frequency interaction previously observed is visible, where for j = 1, the 8 high-
est energy frequency components are +0.15,+0.45,+0.75, +£1.05 which contain
45.6%, 3.6%,0.52%, 0.15% of the energy, respectively. Thus, a large amount of
interaction occurs between the frequency components in £,,,, which results in the
large periodicity observed. It is important to note that although a frequency com-
ponent may only contain a small fraction of the total energy in a CS-SPOD mode,
in many cases, it is still a physically important feature, such as the modulated KH

mode discussed previously, and hence should be carefully studied.

Overall, we see that the forcing clearly results in a large modulation of the KH and
Orr modes present, an effect that SPOD is unable to capture. Thus, the utility of CS-
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SPOD to describe the coherent structures in a forced turbulent jet is demonstrated.

e-j =1
1.04} 1le-j = 2
-7 =3
1.02+
= 1%
0.98}
0.96}

0 /2 T 312
0

Figure 4.23: Normalized energy of the dominant CS-SPOD modes of the forced
Mach 0.4 turbulent jet over the phase of the external forcing at yg; = 0.15.
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Figure 4.24: Fractional CS-SPOD modal energy by frequency, E ;, of the
forced Mach 0.4 turbulent jet at y5; = 0.15, shown in log,, scale.

4.5 Harmonic resolvent analysis
Harmonic resolvent analysis (HRA) (Padovan and Rowley, 2022) extends resol-
vent analysis to time-periodic mean flows. Starting with the nonlinear governing

equations
0g(1)
ot
where H is the time-independent continuity, momentum, and energy equations

= H(g(1)), (4.72)

and g(t) € CV is the state vector of flow variables, we decompose the state as

g(x, 1) = g(x,t)+g"(x,t), where g(t) = g(t + Tp) is the Ty periodic mean flow
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component (first-order component) and g” () is the turbulent component (second-
order component). Since g(¢) is periodic, it can be expressed as a Fourier series,
giving g(1) = X __ ,@kaaoe"z” (kKa0)? where §kaao are the Fourier series compo-
nents of the meanflow and 7j is the period of oscillation of the mean flow. The
cycle frequencies, which in the context of linear analysis must be the frequencies
present in the mean flow, are k,a¢. By substituting this decomposition into (4.72),
we obtain

L = Dy (HEW)E () +1"(0), @73)

where () contains higher-order terms in g”(¢). The Jacobian A(t) = Do (H(g(t))

is also a periodic function in time, which, following the discussion in Padovan and
Rowley (2022), we assume is a differentiable function of time, thereby guaranteeing a
unique solution of (4.73). Subsequently, itis also expanded as a Fourier series A (¢) =
ZZ‘;:_OO A kaaoeiz”(k «®0)! Tnserting this expansion into (4.73), Fourier transforming

in time, and then separating by frequency gives

27 (y + kfaO)§y+kfa/o = Z Ak(,dogy+(kf—ka)a0 + f.')"f'kf(l()’ 4.74)

kq=—00
where g, and f’ s are the f-frequency components of g”(¢) and f”(z), respec-
tively. Equation (4.74) represents a system of coupled equations where perturba-
tions at frequency f are coupled to perturbations at frequency f + k¢ through
the ky,ao frequency component of the mean flow. In general, this results in an
infinite-dimensional problem similar to the infinite-dimensional CS-SPOD eigen-

value problem. The final problem is compactly written as

(i2nyl - T)G = F, (4.76)
where
R—wo 121_(,0 A—Zao 8y-ao JA(V—CYO
T= Aao kO A—wo . G= g)/ , F= ';‘7 ’
Azao Aao IA(% - g y+ao } Y+

(4.77a, b, c)
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R koo = (—i2mkaol + 1210) € CVNXN _and I is the identity operator. The harmonic
resolvent operator is then defined as A = (2nyl — T)~'. If the flow is time-
invariant, then all off-diagonal blocks are zero, i.e. there is no cross-frequency
coupling, and the system becomes block-diagonal where each diagonal block is the
standard resolvent problem at frequency y + kag, k € Z. As detailed by Padovan and
Rowley (2022), the singularity in the harmonic resolvent operator must be removed

to avoid numerical difficulties.

In practice, identically to CS-SPOD, we restrict the number of linked problems and
the base flow frequencies considered. Thus, we seek time-periodic perturbations of
g’ (1) = ijf &, &,k faoeﬂ”(”kf @) where K ¢ € Z*. This results in a solution fre-
quency setof Q, = {-Krao+y, (-Kp+Dao+y, -, v, -+, (Kf=Dao+y, Krap+

K 2 27 (kqo)t
ko=—Kq gkaa/oe (ka s

e
a=—

v}. We also limit the mean flow frequencies to g(¢) =
with K, < K.

Resolvent analysis (McKeon and Sharma, 2010; Sharma and McKeon, 2013) is then
the specialization of harmonic resolvent analysis to a time-invariant mean flow. For
a time-invariant mean flow all off-diagonal components in T are eliminated, and the

system can be separated frequency-by-frequency (at frequency f), given by
(i2nfl-A0)g, = f. (4.78)

Similar to CS-SPOD, harmonic resolvent analysis is periodic in y, and thus we
must only solve over the range y € I', where I' = [—a/2, a/2). We then seek
the forcing mode F that results in the most energetic response G, expressed as the

following optimization problem:

o2 = &%, (4.79)
(F,F)r
where (Gj, Gk)(; and <f:j’ Fi)r are inner products on the output and input spaces,

respectively, and are given by

(G, GO = /Q G (x. /) Wo () G (x. f)dx, (4.802)
(Fi,F)r = /Q F:(x, f)Wr(x)F;(x, f)dx. (4.80b)

The solution to this optimization problem is given by the singular value decompo-

sition of the weighted harmonic resolvent operator

H= W/ Hw.'? = Uz V", (4.81)
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2 ... ] contains the ranked gains and the

where the diagonal matrix X = diag[o'lz, o
columns of V = w. 2V and U = WGI/ 2U contain the forcing and response modes,
respectively. These modes have an analogous structure to F or G, and the 7' forcing

and response modes (V;, U;) can be reconstructed in the time-domain as

Ky
Vi= Vi) = > ¥jpekpage ), (4.822)
ku—Kf
Ky
Up=Uj(x,0) = > ity a0 00, (4.82b)
ku—Kf

respectively. These modes are orthonormal in their respective spatial norms
<|7j, Vk)p = (Uj, Uk)G = 0« and the temporal modes are orthogonal in their
respective space-time norms when integrated over a complete period. The decom-

position is complete, allowing the output to be expanded as

G(x,y) = ), Uj(x,n)o;()B; (), (4.83)
j=1
where
Bi(y) = (F(x,y), Vi(x,y))p. (4.84)

A connection between harmonic resolvent analysis and CS-SPOD is obtained using
an approach similar to that of Towne et al. (2018) and is analogous to the relationship

between resolvent analysis and SPOD.

To derive the relationship between CS-SPOD and harmonic resolvent analysis, we

use that in §4.1 it was shown that S(x,x’, @, f) can be compactly written as
Sx,x",a, f) =E{q(x,f -a/2)q"(x', f +a/2)}, (4.85)

where ¢(x, f) is the short-time Fourier transform of ¢(x,¢). Similarly, the CS-

SPOD decomposition tensor for the process g (x,¢) can be written as
S(x.x",y) = E{Q(x,») @ (x',7)}. (4.86)

To develop a relationship between CS-SPOD and harmonic resolvent analysis, we
equate the CS-SPOD and harmonic resolvent expansions of the CS-SPOD decom-

position matrix and set all norms to be equal, ie. (-) = (- )5 =(:)r = (")
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giving

Mg

Sx.x",y)= ) 4,;(y)¥;(x ¥ (x",y), (4.87a)

j=1

DU U & o N (DSpp (). (48T)
k=1

INgE

Il
—_

J

where Sg.5,(v) = E{B;(y)B;(y)} is the scalar CSD between the 7" and k™ ex-
pansion coeflicients. Identical to Towne et al. (2018), the output harmonic resolvent
modes and singular values were moved outside of the expectation operator since
they are deterministic quantities. Conversely, the expansion coefficients depend on
the forcing F (x,7y), which is stochastic due to the random nature of turbulent flows
and thus is described by the CSD. In the case of a stationary process, S(x,x’,y) is
block-diagonal, meaning that ¥ ;(x,y) and U i (x, ) contain only a single non-zero
frequency component per mode, and this relationship simplifies to that in Towne
et al. (2018). For uncorrelated expansion coeflicients Sg,5,(v) = u;(y)0;, the
relationship simplifies to

S(x,x',7) = D (0¥ (x. 7)), (4.882)
j=1
= Ui U )2 (s (y). (4.88b)

1

~.
1l

Since orthogonal diagonalizations are unique, this shows that CS-SPOD modes and
harmonic resolvent modes are identical, and the k' most energetic CS-SPOD mode
corresponds to the resolvent mode with the k' greatest O'Jz(y),u (). fuj=1
for all j, then O'jz()/) = Aj(y) and ¥;(x,y) = Uj (x,7y) showing that the ranked
CS-SPOD eigenvalues equal the ranked harmonic resolvent gains. To determine the
conditions when the expansion coeflicients are uncorrelated, we perform identical

manipulation to Towne et al. (2018), and show that

Sﬁjﬁk(y) = <<SFF(x’x,’ Y)’ V/(x,’ 7)>*’ Vk(x9 7)>*’ (489)

where Sgpp(x,x’,y) = E{F(x, v) F* (x’, )} is the CS-SPOD decomposition tensor

of F (x,7y). Since harmonic resolvent modes are orthogonal, if

<SFF(x9x/’ 7)’ ‘A/j(x/9 7)>* = :uj(’}I)‘A/J(x’ 7) then Sﬁ]ﬂk()/) = ﬂj(Y)éj,k This can
be written as

/Q Srr(x,x", )W)V (x',y)dx" = pj(y) Vi(x, ), (4.90)
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which is identical to the CS-SPOD of the input. One can then show that the
expansion coeflicients are uncorrelated if and only if the harmonic resolvent input
modes correspond exactly with the CS-SPOD modes of the input. Thus, we conclude
that the relationship between CS-SPOD and harmonic resolvent analysis is identical

to that of SPOD and resolvent analysis.
We can then specialize for u; = 1, giving
Srr(x,x",y)WKx') = I6(x —x'), 4.91)

which for W(x’) = I results in Spp(x,x’,y) = I6(x — x’), i.e. the forcing is unit-
amplitude white noise. This results in identical harmonic resolvent and CS-SPOD

modes along with equal energies/gains, i.e. 0']2 =4;.

This shows that show that CS-SPOD and harmonic resolvent analysis modes are
equal if and only if the harmonic resolvent-mode expansion coefficients are uncor-
related. Furthermore, the CS-SPOD eigenvalues and harmonic resolvent analysis

gains are equal (0'12 = A;) if the forcing is unit-amplitude white noise.

As described in Towne et al. (2018), while the nonlinear forcing terms in a real
flow are unlikely to be white, this approximation has been shown to be reasonable
in some flows, and has been employed to construct low-order models (Farrell and
Ioannou, 1993, 2001) and resolvent-based models (Bagheri et al., 2009; Jovanovic
and Bamieh, 2001; Pickering et al., 2019; Sipp et al., 2010; Towne et al., 2017a)
which consider resolvent modes to be approximations of SPOD modes. We expect
similar models could be created for cyclostationary flows using harmonic resolvent
analysis modes as approximations of CS-SPOD modes. Furthermore, a comparison
of CS-SPOD modes and harmonic resolvent analysis modes can also show us how

correlated the forcing modes are (and where).

We demonstrate this result by comparing the CS-SPOD and harmonic resolvent
analysis results for the modified forced Ginzburg-Landau for A, = 0.4. For both
CS-SPOD and harmonic resolvent analysis, we employ Ky = 5 resulting in a
frequency range of Q, = [-0.5,0.5] +y. To compute CS-SPOD, we force the
system with unit variance band-limited white noise. This is constructed similarly
to the spatially correlated case previously considered in §4.4.1 without the step to
introduce the spatial correlation. We employ identical computational parameters to
those used in §4.4.1.

Since the forcing is white, CS-SPOD modes and harmonic resolvent analysis modes

are theoretically identical. Furthermore, since the inner product has unit weight,
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the CS-SPOD eigenvalues equal the harmonic resolvent analysis gains. Figure 4.25
shows the first six CS-SPOD eigenvalues and harmonic resolvent gains. Overall,
excellent agreement is observed between the CS-SPOD eigenvalues and harmonic
resolvent gains. The small amount of jitter present in the CS-SPOD eigenvalues
is due to statistical uncertainty. The minor overshoot or undershoot is associated
with spectral and cycle leakage, which can be reduced by increasing the frequency
resolution of the estimate. As with any spectral estimate, increasing the length of
the blocks reduces the number of blocks leading to the well-known bias-variance
tradeoff. Improved control over the bias-variance tradeoff in SPOD was achieved
using multi-taper methods (Schmidt, 2022) and could similarly be used for CS-
SPOD.
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Figure 4.25: Comparison of the first six harmonic resolvent gains o> and CS-
SPOD eigenvalues 4; as a function of y for the white noise forced Ginzburg-
Landau system with A, = 0.4.

Figure 4.26 shows the magnitude of the time evolution of the three most energetic
CS-SPOD and harmonic resolvent modes at y = 0.05, which we see are almost
indistinguishable. The similarity between the CS-SPOD and harmonic resolvent
modes is quantified using the projection &4 (y) = (¥ (), U, (v)), and the harmonic
resolvent-mode expansion-coefficient CSD Sg, g, (). To compute Sg s, (¥), we take
two inner products with respect to U;(y) and Ui (y) and then divide by o7;(y) and
o (7y), obtaining

o0

Sﬁjﬂk (y) = Z

n=1

Aa(y)

anj()’)fnk()’)- (4.92)
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Harmonic resolvent analysis: o2 = 602
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Figure 4.26: Comparison of the magnitude of the three most energetic CS-
SPOD (left) and harmonic resolvent analysis (right) modes at y = 0.05 of the
white noise forced Ginzburg-Landau system with A, = 0.4. The contour limits
of the CS-SPOD modes are set equal to the corresponding harmonic resolvent
modes [0, |[|U; (x, 0)]]|]-

]kl

The projection & and Tl AT€ shown in Figure 4.27 for y = 0.05. [Sg,4,] is,
by construction, dlagonal and this should result in a diagonal &;. This is verified
for the first eight modes, but for increasingly subdominant modes, off-diagonal

terms become increasingly apparent, which is owing to a lack of full statistical

convergence.
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Figure 4.27: CS-SPOD and harmonic resolvent analysis mode projection coeffi-
cient (a) and magnitude of the normalized harmonic resolvent-mode expansion-
coefficient CSD (b) of the white noise forced Ginzburg-Landau system at
v = 0.05.

Finally, to demonstrate the necessity of using harmonic resolvent and CS-SPOD to
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model and educe structures for time-periodic mean flows, we compare our results
with a naive application of SPOD and (standard) resolvent analysis to the time-
periodic GL system. Figure 4.28 compares the (standard) resolvent gains and SPOD
eigenvalues for A, = 0, 0.2, and 0.4. When A, = 0, the system is stationary, and
the resolvent gains and SPOD energies agree (as expected), but there are large and
growing discrepancies as A, # 0 is increased and the base flow is increasingly
oscillatory. This shows that once the statistically stationary or constant mean flow
assumptions are violated, the relationship between SPOD and resolvent analysis
does not hold even if the forcing is white (as seen due to the difference between the
SPOD eigenspectrum and resolvent analysis gains for A, > 0). Thus, for systems
with periodic statistics, CS-SPOD and harmonic resolvent analysis must be used to

analyze these flows.
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Figure 4.28: Comparison of the first three resolvent analysis gains 0'12. and
SPOD eigenvalues A; as a function of frequency f for the white noise forced
Ginzburg-Landau system with A, = 0.0,0.2, and 0.4. For clarity, every second
SPOD eigenvalue has been omitted.

4.6 Low-frequency and high-frequency forcing limits
In many flows, the frequency of the forcing may be either low or high with respect to

the dynamics of interest. In both cases, simplifications can be made to the analysis.

For low-frequency forcing, CS-SPOD and harmonic resolvent analysis tend towards
systems that link all frequency components together, thereby making the analysis

of the resulting system impractical. However, in many cases, we are interested in
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frequencies that are much higher than the forcing frequency. Franceschini et al.
(2022) showed that high-frequency structures evolving on a low-frequency periodic
motion could be analyzed using a quasi-steady approach which they named phase-
conditioned localized SPOD (PCL-SPOD) and quasi-steady (QS) resolvent analysis.
These methods require f >> fy and that at each fixed time (or phase) ¢, the cross-
correlation tensor, around that phase, only depends on the time lag 7. At each
phase, all standard SPOD and resolvent analysis properties are satisfied in PCL-
SPOD and QS resolvent analysis, and we refer the reader to Franceschini et al.
(2022) for a detailed discussion. Although PCL-SPOD was developed without
reference to cyclostationary theory and computational methods, by employing a

similar derivation to Franceschini et al. (2022), PCL-SPOD can be written as

/QWV(x,x’, LW (X', f,0dx’ = A(f, 0 (x, f,1), (4.93)

where WV (x,x’, f,t) is the Wigner-Ville spectrum and ¥ (x, f,¢) are the PCL-
SPOD eigenvectors that only contain a single frequency component f and are
independent over time. This is analytically identical to the PCL-SPOD shown in
Franceschini et al. (2022), but is numerically determined using a different compu-

tational procedure. QS resolvent analysis is similarly written as

(2n fl- A(1)&(f.1) =A(f, 1), (4.94)

where R(f,t) = (i2nf1-A(¢)) is the QS resolvent operator, and the solution at each
time-instance ¢ (or equivalently phase 6) is independent of the solution at any other
time-instance. For each frequency f and time ¢, we then seek to solve the forcing
mode #}( f, t) that results in the most energetic response g( f, t), which is determined

via the singular value decomposition of the weighted QS resolvent operator
W,R(f.0OW, " = Uz Vs, (4.95)

where W, and W, are the norms on the input and output space, respectively, and are
defined similarly to equation (4.80). The diagonal matrix X; = diag[O'IZ, 0'22, ce ]
contains the ranked gains and the columns of VT =W, 12 VT and UT = ng / 2UT

contain the forcing and response modes, respectively.

Using equation (4.9), algorithm 1, and a procedure similar to that of regular SPOD,
we compute PCL-SPOD of the Ginzburg-Landau systems with white-noise forcing
for several different forcing frequencies fo = 0.01,0.04, and 0.1 at A, = 0.2. Due

to the substantially lower forcing frequency, 2 x 10° snapshots are saved instead of
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4 x 10*. We then compare the PCL-SPOD and QS resolvent results in Figure 4.29

where we see excellent agreement for small f;. We see that as fy increases, the
PCL-SPOD and QS resolvent results increasingly deviate as the two aforementioned

assumptions are increasingly violated.

QS Resolvent

PCL-SPOD: f; = 0.01

PCL-SPOD: f, = 0.04

0.5/ PCL-SPOD: f; = 0.1
0 /2 T 3m/2
0

(a) Contours of QS resolvent gain o (f, #)> and PCL-SPOD energy A;(f,0)
as a function of frequency f and phase 6.

= 0.01

= 0.04

-5 PCL-SPOD: f, = 0.1
0 w/2 T 3m/2
0

(b) Weighted mode shapes in § — x space of the dominant QS resol-

vent o (f,0)| Ui (x, f,6)| and PCL-SPOD 21 (f, 0)|¥1 (x, f,0)| modes at
f=0.1.

Figure 4.29: Contours of the gain and weight modes shapes of the white noise
forced Ginzburg-Landau system with A, = 0.2 and fy = 0.01,0.04, and 0.1.
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Many physical systems exhibit some form of spectral peak. If the forcing frequency
is sufficiently large, such that the energy contained at f + kag,k € Z & k # O is
substantially lower than at f, one can see that the CS-SPOD and harmonic resolvent
systems (given by equations (4.41), (4.76), respectively) can be approximated by
the block diagonal term that corresponds to f (i.e. the most energetic component
in Q,). Furthermore, for many systems, the impact of a high-frequency forcing on
the low-frequency dynamics is not direct, instead, the low-frequencies are modified
as a result of nonlinear interaction that modifies the mean flow. Thus, for a large
forcing frequency, CS-SPOD and harmonic resolvent analysis approach SPOD and
standard resolvent analysis, respectively. In Figure 4.30, we show the SPOD and
CS-SPOD eigenspectrum of the white-noise forced Ginzburg-Landau system at
A, = 0.8 for fo = 0.1,0.2,0.4. To assess the convergence of CS-SPOD to SPOD
for large forcing frequencies, the CS-SPOD modes have been mapped to the SPOD
mode of greatest alignment (computing over the same set of frequencies £,). This
is similar to what was performed in §4.4.1 during the comparison between SPOD
and CS-SPOD modes. We see that as the forcing frequency increases, the CS-
SPOD and SPOD eigenvalues begin to converge in the region where the energy at
f+kay<< f,keZ&k+0O.
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Figure 4.30: Comparison of the dominant SPOD and CS-SPOD eigenvalues
A1 as a function of frequency f for the white noise forced Ginzburg-Landau
system at A, = 0.8 for fo = 0.1,0.2,0.4. The SPOD eigenvalues for A, = 0 are
overlaid to show the impact of the forcing on the spectrum.
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4.7 Summary

In this chapter, we have proposed CS-SPOD for the extraction of the most ener-
getic coherent structures from complex turbulent flows whose statistics vary time-
periodically (i.e. flows that have cyclostationary statistics). This is achieved by
an extension of the one-dimensional technique developed by Kim et al. (1996) to
large high-dimensional data through the use of the method-of-snapshots to make
the algorithm computationally feasible for large data. The orthogonality/optimality
properties of the modes generated by CS-SPOD are shown, where, similar to SPOD
analysis of stationary flows, CS-SPOD determines the set of orthogonal modes that

optimally reconstruct the statistics of these flows in terms of the space-time norm.

In contrast to SPOD, where the modes oscillate at a single frequency and have a
constant amplitude in time, CS-SPOD modes oscillate at a set of frequencies sep-
arated by the fundamental cycle frequency (typically the modulation frequency),
have a periodic amplitude in time, and optimally reconstruct the second-order
statistics. We show that CS-SPOD naturally becomes SPOD when analyzing a
statistically stationary process, allowing the CS-SPOD results to be interpreted
in a familiar manner. Furthermore, we develop an efficient computational algo-
rithm to compute CS-SPOD with a computational cost and memory requirement
similar to SPOD, thus allowing CS-SPOD to be computed on a wide range of
problems. A MATLAB implementation of the presented algorithms is available at
https://github.com/CyclostationarySPOD/CSSPOD. Lastly, similar to the
relationship that exists between SPOD and standard resolvent analysis (Towne et al.,
2018), CS-SPOD modes are identical to harmonic resolvent modes in the case where
the harmonic resolvent-mode expansion coeflicients are uncorrelated. We also dis-

cuss simplifications that can be made when forcing at a low or high frequency.

We applied the CS-SPOD algorithm to two datasets. The first is data from a mod-
ified linearized complex Ginzburg-Landau equation with time-periodic dynamics,
which represents a simple model of a flow exhibiting non-modal growth. As the
amplitude of the imposed time-periodicity is increased, CS-SPOD yields modes
that are increasingly phase-dependent. We demonstrated the inability of SPOD to
capture these dynamics, which is shown through both an analysis of the temporal
evolution of the modes and by the ability of CS-SPOD to capture substantially
more energy than SPOD. In addition, we show that when the system is forced with
unit-variance white noise, the CS-SPOD modes from the data were identical (up to

statistical convergence) with modes computed by harmonic resolvent analysis. For
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cyclostationary processes, we show that (standard) resolvent analysis cannot predict
the time-averaged statistics even when the white-forcing conditions are met. This
shows that CS-SPOD and harmonic resolvent analysis should be used to correctly

analyze and/or model flows with cyclostationary statistics.

We next considered a Sty = 0.3, ag/U ;7 = 10% forced, turbulent high-Reynolds-
number jet, demonstrating CS-SPOD on a turbulent flow for the first time. We
identified coherent structures that differed in important ways from their SPOD-
identified cousins in natural jets. In particular, CS-SPOD clarifies how the dynamics
of the coherent structures are altered by the forcing. For example, the axisymmetric
CS-SPOD structure at a low Strouhal number featured finer-scale axisymmetric
Kelvin-Helmholtz roll-up in the near-nozzle region that is absent in natural jets at a
high Reynolds number. This roll-up waxed and waned at those phases of the forcing

cycle where the initial shear layer was thinned and thickened, respectively.

Overall, our results show that CS-SPOD successfully extends SPOD to flows with
cyclostationary statistics. This allows us to study a wide range of flows with time-
periodic statistics, such as turbomachinery, weather and climate, flow control with
harmonic actuation, and wake flows rendered cyclostationary through the (arbitrary)

choice of a phase reference for the dominant shedding frequency.
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Chapter 5

MODAL ANALYSIS OF FORCED TURBULENT JETS

In this chapter, we study the impact of periodic acoustic forcing on the statistics
and coherent structures of turbulent jets using cyclostationary analysis and the CS-
SPOD as developed in Chapter 4. Both low- (Sz; = 0.3) and high-frequency
(Sty = 1.5) forcing is found to generate an energetic tonal response but has a
limited impact on the period-averaged mean, turbulent kinetic energy, and the energy
transfer between the mean and turbulent fields, with a forcing amplitude greater
than ao/U; = 1% required to achieve a moderate deformation. We then investigate
coherent structures using CS-SPOD and harmonic resolvent analysis (HRA). For
m = 0, the Sty = 0.3 forcing results in a broadband increase in the energy of
the dominant coherent structures across all center frequencies, while the Sty = 1.5
forcing attenuates structures at lower center frequencies and amplifies them at higher
center frequencies. Analysis of the dominant modes shows that the forced jets have a
similar primary mechanism as the natural jet. Sufficiently strong forcing is found to
create phase-dependent features in the dominant coherent structures that are coupled
to the high-velocity/shear regions of the mean. Low-frequency forcing results in
a greater phase dependency than high-frequency forcing due to a larger and more
global impact on the mean. The phase dependency of the dominant coherent
structures is weaker at lower center frequencies due to a large difference in the
wavelength and spatial support between the coherent structures and the mean. The
forcing has a limited impact on the energy of coherent structures at other azimuthal
mode numbers. At m = 1,2, the modification of the dominant modes is similar to
m = (. Excellent agreement between the dominant CS-SPOD and HRA modes are
found for m = 0, 1, 2 for all cases.

5.1 A modification to HRA

Before we begin with out analysis, we must address one challenge employing HRA.
In Chapter 4, we show that, analogous to the relationship between SPOD and stan-
dard resolvent analysis (Towne et al., 2018), CS-SPOD modes are identical to HRA
modes when the harmonic-resolvent-mode expansion coefficients are uncorrelated.
However, the resolvent analysis gain curves and SPOD energy curves are still sub-

stantially different, both in magnitude and trend, since, in a real flow, the forcing
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is not white. This presents a problem when comparing HRA to CS-SPOD. To

demonstrate this, we begin with the HRA equations, but for a steady flow,

(i2nyl - T)@ = BF, (5.2a)
Y=ca (5.2b)

where
T =diag{....R_o,. Ro. Ry, ...}. (5.3)

Since the flow is steady, all off-diagonal blocks are zero, meaning that we are
simply solving standard resolvent analysis problems at each f € Qg (note for this
chapter all frequencies are nondimensional, thus 7y is replaced by St.). However,
the dominant mode will now be the dominant resolvent analysis mode across all
frequencies in Qg . Since the resolvent analysis gain spectrum is substantially
different from the SPOD energy spectrum, HRA may obtain a mode at the wrong
frequency compared to CS-SPOD. We demonstrate this in Figure 5.1, where we
perform HRA and CS-SPOD on the natural jet with @p = 0.3 and Sz, = 0.10. The
dominant CS-SPOD mode is the standard Orr-type mode with a Strouhal number of
St = 0.1, while the dominant HR mode is a Kelvin-Helmholtz mode at a frequency
of St = —0.5. This occurs because resolvent analysis is unable to predict the correct
gains of the different frequency components. We highlight this in Figure 5.2, where
we display the SPOD eigenspectrum and resolvent gain spectrum for the natural jet.
We have also displayed the solutions set frequencies for Sz, = 0.1, i.e. Qg;.-0.1. We
find that the highest energy/gain component for SPOD and resolvent is at Sz = 0.1

and St = —0.5, respectively, which results in the modes shown in Figure 5.1.

A correction procedure is required to fix this problem. To achieve this, we introduce

the forcing weighting tensor W, such that

(i2nyl - T)Q = BW,F, (5.52)
Y=cCaQ, (5.5b)

where
W = diag( ..., Wsr.—aps Wsios Wstrags - - - J. (5.6)

W scales the weighting of the individual frequency components Wf to ensure
that HR and CS-SPOD modes are equal. W, could be defined in many ways
(TKE spectrum, SPOD eigenspectrum, etc). We choose to base it on the SPOD

eigenspectrum of the natural jet, at the respective azimuthal mode number, for all



78

cases. This means that for the forced jets, no LES data, outside of the time-dependent

mean flow and SPOD eigenspectrum of the natural jet, is required to generate HR

O Natural 1

tural, 1,

W= _ Natural, 1/ I, (5.7)
/lNatural, 1,f

where O'I%amral,l, 7 and ANatral, 1, T€present the dominant resolvent and SPOD

gains/energies performed at a frequency of f of the natural jet. For the natural jet,

modes. W is defined as

this results in the HRA eigenspectrum being equal to the CS-SPOD eigenspectrum
(to within the statistical convergence of CS-SPOD). We show the dominant HR
mode for this corrected case in Figure 5.1, where HRA now selects the correct
mode. The scaling W is the same for all forced jets since it only depends on the
natural jet, and thus all changes to the spectrum and modes are due to the differences

between the mean flow of the natural and the forced jets.
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Figure 5.1: Dominant m = 0 (a) CS-SPOD, (b) uncorrected HRA, and (c)
corrected HRA mode of the natural jet at S¢, = 0.1, 9 = 0.3. Contour limits
are +0.75|¢ (¢)| -

To compute HRA for Sty = 0.3 and 1.5, we let Ky = 10 and 4 which results in
a solution frequency set of Qg, = St. + {-3,-2.7,---,0,---,2.7,3} and Qg,_ =
Ste+{-6,-4.5,---,0,---,4.5,6}, respectively. For Sty = 0.3, due to more coupled
frequencies, the range of resolved frequencies is chosen to be lower for computational
expense. We confirmed that the unresolved high-frequencies have a minimal effect
in the near nozzle region, but the differences are minor and do not affect the
interpretation of the results. We set K, = Ky to ensure all base flow frequencies

are captured. Calculations are performed on the Bridges2 (Brown et a