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ABSTRACT

A Besicovitch set is defined as a compact subset of R” which contains a line segment
of length 1 in every direction. The Kakeya conjecture says that every Besicovitch set
has Minkowski and Hausdorff dimensions equal to n. This thesis gives an improved
Hausdorff dimension estimate, d > 0.60376707287 n + O(1), for Besicovitch sets
displaying a special structural property called “stickiness.” The improved estimate
comes from using an incidence geometry argument called a “k-planebrush,” which

is a higher dimensional analogue of Wolff’s “hairbrush” argument from 1995.

In addition, an x-ray transform estimate is obtained as a corollary of Zahl’s k-linear
estimate in 2019. The x-ray estimate, together with the estimate for sticky sets,
implies that all Besicovitch sets in R” must have Minkowski dimension greater than
(2 — /2 + &)n. Though this Minkowski dimension estimate is not as good as one

previously known from Katz-Tao (2000), it provides a new proof of the same result.
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Chapter 1

INTRODUCTION

1.1 Outline of thesis and summary of notation

Chapter 1 of this document contains a brief exposition of the Kakeya problem. It
introduces the Kakeya set conjecture and the Kakeya maximal conjecture along
with the concept of a “sticky set,” providing context for the results proved in later
chapters. Chapter 2 introduces some variants of the Kakeya problem, including the
multilinear Kakeya problem and the k-linear Kakeya problem, and outlines some
recent results in the k-linear Kakeya problem (Hickman-Rogers-Zhang [12] and
Zahl [27]) which are used in Chapters 3 and 4.

Chapter 3 gives a Kakeya maximal estimate, at a dimension depending on a param-
eter k, for sets of d-tubes obeying a special structural property called k-planiness.
Chapter 4 combines the results of Chapter 3 with recent results in the k-linear Kakeya
conjecture to prove an improved Hausdorff dimension estimate for sticky sets. In
the final section of Chapter 4, an x-ray transform estimate is obtained as a corollary
of Zahl ([27]). The x-ray transform estimate is used to give a Minkowski dimension
estimate, d > (2 — v/2) + 107195 + O(1), for all Besicovitch sets. Though this
Minkowski dimension estimate is not as good as one previously known (from Katz

and Tao [18]), it provides a different proof of the result.

Table 1.1: Summary of notation

A<B 1C>0:A<CB
A~B A<BandB< A
ASB 3Ce >0: A< C0 °B
Ax~B ASgBandBg A
dimg (E) Hausdorff dimension of £
dimy, (E) Minkowski dimension of E
dimy(E) | upper Minkowski dimension of E
dime (E) Packing dimension of E
|E| Lebesgue measure of E
% normalized surface measure on " !
#E Cardinality of E

Ns(E) o-neighborhood of E



1.2 From Kakeya needle sets to the Kakeya maximal conjecture
In 1920, the Russian mathematician A.S. Besicovitch studied the following problem

in a paper ([3]) published in a Russian monthly periodical:

Given a function of two variables, Riemann integrable on a plane domain, does
there always exist a pair of mutually perpendicular directions such that the repeated
simple integration along the two directions exists and gives the value of the integral

over the domain?

This problem reduced to proving the existence a set of Lebesgue plane measure 0
which contained a line segment of length > 1 in every direction. Besicovitch solved
the problem, answering the above question in the negative, by demonstrating the
construction of such a set. Later, in 1928, Besicovitch wrote that he had become
aware of a “twin problem” posed by the Japanese mathematician S. Kakeya in 1917
([2]). The problem had never before come to his attention because of the isolation

of Russia following the civil war. Kakeya’s problem was this:

In the class of figures in which a line segment of length I can be rotated by 360°

without ever leaving the figure, which one has the smallest area?

Each of these two problems was concerned with sets containing a line segment of
length 1 in every direction, with Kakeya’s problem imposing the additional constraint

that there should be a continuous transition.

Definition 1. A Kakeya needle set is a set in R" in which a line segment of length 1

can be rotated continuously by 360° without leaving the set.

Definition 2. A Besicovitch set is a compact set in R" which contains a line segment

of length 1 in every direction.

In his paper [2], Besicovitch gave a modified version of his construction of a measure
zero Besicovitch set in [3] to solve Kakeya’s problem, thereby disproving Kakeya’s
original conjecture that the smallest figure in which one could continuously rotate a

unit line segment by 360° was the hypocycloid of area /8 ([13]).
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Decades later, in 1971, Besicovitch sets resurfaced in the work of Charles Fefferman,

who was studying the following question.

If T is an operator on LP (R"™) defined by 7/7 = xsf, where yg is the characteristic
function of the unit ball in R", for which values of p is it the case that, for all
f e LP(R"),

NT fllee @y < ClfllLe@m)?

The “disc conjecture” stated the the above estimate holds for all

2n 2n

<p<—:
n+1 p n—1

these necessary conditions were demonstrated by Hertz using the example where f
is a Schwartz function whose Fourier transform is identically 1 on the unit ball. Prior
to Fefferman’s work, the disc conjecture was known to be true in R!. It thus came as
a surprise when Fefferman showed that the disc conjecture is false whenever p # 2
(n > 1) using, as a lemma, Besicovitch’s construction of measure zero Besicovitch
sets ([9]). The work of Fefferman and Hertz led to the following further conjecture,

which has come to be called the Kakeya set conjecture, about Besicovitch sets:

Conjecture 3 (Kakeya set conjecture). Every Besicovitch set in R"* has Minkowski

and Hausdorff dimensions equal to n.

The Kakeya set conjecture in R? was solved by Davies ([8]) but remains open for
n > 3. The best known results are due to Katz-Zahl ([19]) in R? and due to Katz-
Zahl ([14]) in R*. The best known bounds in higher dimensions are due to Katz-Tao
([18]). Corollary 47 of this thesis gives an new proof of a Minkowski dimension

estimate for Besicovitch sets which was previously known from [18].

The current state-of-the-art for the Kakeya set conjecture (Hausdorff dimension
version) is given in Table 1.2. The motivation for the Kakeya set conjecture is

discussed in Section 1.3 below.

1.3 Formulation of the Kakeya maximal conjecture

The Kakeya maximal conjecture is a more quantitative formulation of the Kakeya
set conjecture in terms of a maximal operator. The formulation of the conjecture
given below was given by Bourgain [5], though a similar formulation had been given

by Cérdoba [7], who also proved the conjecture in R?.



Table 1.2: State of the art for the Kakeya conjecture

n | dimgy(K) > Proved by

3 25+¢ Katz-Zahl [15]

41 3.058... Katz-Zahl [14]

5 3.6 Hickman-Rogers-Zhang [12]
6| 7-2v2 Katz-Tao [18]

7 34/7 Hickman-Rogers-Zhang [12]

For any small number § > 0, e € " ! and a € R”, define T?(a) to be the -
neighborhood of a line segment pointing in direction e and centered at point a, so
T?(a) is a tube (or cylinder) of radius ¢ and length 1. If f € LllOC (R™), its Kakeya

maximal function f; : $"~! — R is defined by
e =ssup [yl
acR" JTI (a)

If f is the indicator function of the set Ns(B), where B is any Besicovch set, any

bound of the type
/5 1lg < CIIfp

with 1 < ¢ < o0, p < o0, and C independent of ¢, fails to hold. In addition, if
f is the indicator function of the set Ns(B), where B is any Besicovch set of zero

Lebesgue measure, a bound of the form

S5l < Ceo ™M f1lp

cannot hold if p > n. Thus the strongest estimate which may be expected is of the

following form.

Conjecture 4 (Kakeya maximal conjecture, version 1). For every € > 0, there is a
constant C, > 0 such that for all 6 > 0 and f € L"(R"),

/5 n(en-1y < Ced°I| fllLn(mn)-

Interpolating this (by the Riesz-Thorin interpolation theorem) with the trivial esti-

mate
£ oo g1y < 61 2t ey

one obtains a conjecture

F Laqen—ty € 8" Pl fllLreny  where 1 < p <nandg=(n—1)p’.
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Partial progress in the Kakeya conjecture is given by estimates of this form. The full
Kakeya maximal conjecture is solved only in R? ([7]) and remains open in higher
dimensions. The Kakeya maximal conjecture implies the Kakeya set conjecture, as
is demonstrated in Section 1.5 below. Table 1.3 gives the best known results for the

Kakeya maximal conjecture in higher dimensions.

Table 1.3: State of the art for the Kakeya maximal conjecture

n | dimg(K) > Result proved by

2 2 Cérdoba

3 5/2+¢ Katz-Zahl

4 3.057... Katz-Zahl

5 18/5 Hickman-Rogers-Zhang
6 4 Wolff

7 34/7 Hickman-Rogers-Zhang
8 21/4 Hickman-Rogers-Zhang
9 6 Hickman-Rogers-Zhang
10 1372 Hickman-Rogers-Zhang

1.4 Importance of the Kakeya maximal conjecture

There are many prominent open conjectures in diverse areas of math which have
been shown, if they are true, to each imply that the Kakeya set conjecture and the
Kakeya maximal conjecture are true. Some of these conjectures are mentioned

below.

Restriction conjecture.

If o is the surface measure on the unit sphere S"~', is there an estimate

Il fdollrwny < I fllLpao)

for all p > nzj (There are also versions of the restriction conjecture for other

hypersurfaces with boundary, rather than the sphere.)

It was proved by Fefferman in [9] that the restriction conjecture implies the Kakeya

maximal conjecture.

Bochner-Riesz conjecture.
If6 > 0, and if S° is an operator on LP (R") defined by :S:‘?(f) = (1—1&12)° v (&) f (&),

where yp is the characteristic function of the unit ball in R", then

11S° 1| Lo zny < CIf | Le ey



for all p satisfying ’117 _ %‘ < 2(321'

Tao showed that the Bochner Riesz conjecture implies the restriction conjecture
([22]). The greater importance of the Kakeya maximal conjecture is that there are
methods, first developed by Bourgain in 1991, whereby progress on the Kakeya
maximal conjecture would imply progress on the Bochner-Riesz conjecture and
restriction conjecture ([6]). However, even if the Kakeya maximal conjecture were
proved in full, the Bochner Riesz and restriction conjectures would not be completely

solved.

Local smoothing conjecture.

Let u be the solution of the initial value problem for the wave equation in n space

dimensions: 5
ou=0, u(0)=f, =(-0)=0.
ot
Then
Ve >0 dC.>0: ||u||LP(R"><[1,2]) < Ce”f”p,s,
forall p € [2, %] Here || - || ¢ is the inhomogeneous LP Sobolev norm with &
derivatives.

This conjecture was made by Sogge and is known to imply the Bochner Riesz
conjecture ([20]).

Montgomery’s conjecture.
Assume T < N?. Let
N
D(s) = Z apn'
n=1
where |[{an}||¢ex < 1. Let T be a I-separated subset of [0,T]. Then is there an

estimate

Ve >0 3C.>0: Z ID(1)|> < CoN™e(N + |T))?
teT

Bourgain showed in [4] that Montgomery’s conjecture implies the Kakeya set con-

jecture.

1.5 Equivalent versions of the Kakeya maximal conjecture
For the following sections, it may be more convenient to work with some equivalent

formulations of the Kakeya maximal conjecture, which are written below.
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Conjecture 5 (Kakeya maximal conjecture, version 2). For every & > 0, if T is a
Sfamily of 6-tubes pointing in 5-separated directions, there is a number C, > 0 such

that

H ZXT”L"(Rnfl) < Ce(‘)'_g( Z |T|)(n—1)/n

TeT TeT

Conjecture 6 (Kakeya maximal conjecture, version 3). For every € > 0, if

(i) T is a set of 6-tubes in R" that point in o-separated directions, and

(ii) Y(T) is a subset of T for every T € T, and 0 < A < 1 is a number such that
|Y(T)| = A|T| for every T € T,

then there exists a constant Cg > 0 such that

U Y(T)

TeT

> C.5°0" Z IT|. (1.1)
TeT

Theorem 7. The three versions of the Kakeya conjecture are equivalent.
It will be shown that version 3 = version 2 = version 1 = version 3.

Proof that version 3 implies version 2. Assume that version 3 of the Kakeya con-
jecture is true. Let T be a set of 6-tubes pointing in J-separated directions. For

every nonnegative integer k, define
Er = {x e R": 2K <#T(x) <271},

The statement of version 2 of the Kakeya conjecture is equivalent to

Z |Ek|2kn/(n—l) < Cfé_e/(n_l) Z |T|
k TeT

By the pigeonhole principle, there exists a value of k for which
1
|Ek|2kn/(n—l) > |Ek|2kn/(n—1).
log(1/6) Zk]

Since log(1/8) < 6% for any £ > 0, it is sufficient to show that for this value of k,

ZlT)nl

TeT

|Ek|n—12kn < Ceé_s




For each T € T, define a shading Y (T') by
Y (T) =T n Ey.
Note that for a certain value of ¢, we have

_ 1
|Ex| - 28~ (D)~ — > 279T| ~ —| | | va(D)] - 2%,
logo

1
TeT log 0 TeT, TeT,

where
T,={TeT:27" < |v(T)| <27}
This leads to two conclusions, first
Edl ~ | | ve(n)
TeT,

and second
2~ len 14T,

|Ex|
From the second conclusion, the statement to show becomes

23 (T n—1
(Zrer, 1T ZlTl) |

|E| =

2k ~

<Co €

Rearranging and using the first conclusion above, this is
|| vl z 627 77,
TET, TeT,

which is true from version 3 of the Kakeya conjecture. O

Proof that version 2 implies version 1. Let € > 0 be given, and let f € LlloC (R™).
Let Q < S"! be a maximal §-separated set of directions. For every e € Q define

T, as the d-tube centered at the position that achieves the supremum

sup / £l d,
acR" JTI (a)

and then set T := {7, : e € Q}. From version 2 of the conjecture,
1> xrllnn < 675,
TeT

The crucial observation used is that, provided |e — ¢’| < &, there is some C > 0
such that | £ (e)| ~ | /¢, (e”)]. Thus

[Ty /N oy Vo @) dov 5 "I sl
s\he

eeQ eeQ



Using duality between ¢, and ¢/, there exist numbers {y, }.cq such that

1/n 1/n’
" yeff(e) = (6"—1 > |f;<e>|") (6”—1 > |ye|"’)

eeQ eeQ eeQ

and furthermore

Y Iyl = 1.

eeQ

In the following estimates we will abuse notation by using y, interchangably with

yr, where T € T is understood to be 7, as defined above in the proof.

1/n
I1f5 1n(sn1y S (5n1 Z |f5*(€)|n)

eeQ
<" Y v If5 (o)l
ecQ
< [ Yt v s ax
TeT

< U1 yr - xrllnsonny - N Fllngeny.
TeT

It now remains to show that

|| Z yr '/\/T”n/(n—l) SO °.
TeT

By dyadic pigeonholing, it is possible to choose a subset T' < T for which

I Z 7 - XTlnj(n—1) |l Z)’T “XTln/(n—1)
TeT! TeT

and for which there is number N € N such that y; ~ 2V forall T € T'.

follows that

I Z)’T X7ty $ 2N - Z XTln/(n=1)
TeT TeT

S 2N 678(6’171#?.[[‘/)1/”/

1/n’
~0 ¢ (611—1 Z |yT|n/)

TeT’

<677,

and this completes the proof.

It now
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Proof that version 1 implies version 3. Let € > 0 be given, and let T be a set of
d-tubes which point in d-separated directions. Let Y(T) < T be given for every
T e TandletO < A < 1 be chosen so that |Y(T)| = A|T| forevery T € T. By dyadic

pigeonholing, it is possible to find a number A’ and a subset T' < T for which
AT < |Y(T)| < 22|T| forall T € T/

and

1
D)z M;FW(T)L

TeT’
The above statement implies that

A" 2 A/log(1/96). (1.2)

Let f be the indicator function of |y Y(T). Let Q = {dir(T) : T € T’} and let
T, € T' be the 6-tube pointing in direction e for every e € Q. Now

V8" T ~ Z IY(T)| < Z/ f(x) dx
T.

TeT’ ecQ ¥ e

< Zén—lfé*(e)

eeQ

s2 / fi(w) do(w)
ecQ Ns({e})
5 ||f5*||Ln(Sn—l) . (6"71#9)("*1)/71'

Thus, from version 1 of the conjecture,

1l znany 3 A/ (8" )1,

From (1.2),
Uy z 6o (Z |T|) ,
TeT TeT
which is the conclusion of version 3 of the Kakeya maximal conjecture. O

1.6 Proof of the Kakeya maximal conjecture in R>
In this section, it will be shown that version 2 of the Kakeya conjecture is true for
R2. The statement to prove is the following. For every & > 0, there is a constant

C. > 0 such that whenever T is a set of §-tubes pointing in §-separated directions

in R2,
/R |Z xrl? < Co0 ¢S#T.
" TeT
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The above statement may be re-written as

/R Z XTXT, = Z IT) N To| < Co67° (SHT)?. (1.3)
T

,LeT T, T,€T
Let £ > 0 be given. Observe that for any two o-tubes 77 and 75, the area of the
intersection 7; N 7> depends on the angle 6 = /(dir(T}), dir(7>)):
2 2
)

< —.

i nhl<—%
LiNaRE! sin 6 0

For each dyadic number 6, let
Ty[T1] ={T> € T: 0 < £(dir(T), dir(T)) < 26}.

Since the tubes in T point in d-separated directions, #Ty[T1] < 66~ for every
T € T. Thus,

Simensy Y Y 2

Ty, 1T TheT 0 T,eTy[T1]
I
T,eT 6
Since there are ~ log(1/6) possible values of 6, and since there always exists a
constant C,; > 0 such that log(1/6) < C.6~¢, this proves (1.3).

1.7 Proof that the Kakeya maximal conjecture implies the Kakeya set conjec-
ture
Slightly different versions of the following proof have been written down by Wolff
([24]) and by Tao ([21]) in collections of lecture notes. The proof will show that
version 3 of the Kakeya maximal conjecture implies that every Besicovitch set in R”
has Hausdorff dimension equal to n. Since the Minkowski dimension of a set is never
less than its Hausdorft dimension, this will prove that that every Besicovitch set in
R™ also has Minkowski dimension n. The reader will observe that the full strength
of the Kakeya maximal conjecture (version 3) will not be needed in the proof; rather,
the subcase of the Kakeya maximal conjecture where 1 > (1/log(1/5))? will be

sufficient.

Let B be a Besicovitch set in R” and let € > 0 be arbitrary. The goal is to prove that
the (n — )-dimensional Hausdorff measure 4"~ ¢(B) is infinite. For each direction
w € S"!, let £, be a unit line segment which is contained in B and which points in

the direction w. For any set £ < R", define a measure u by

u(E) = / |E Nt dw,
§n—1
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where |E N €, ] is the 1-dimensional Lebesgue measure of E N £,,. Thus u(B) = 1.
This measure is sometimes called the canonical measure associated to a Besicovitch

set.

Let 59 > 0 be given and let U be a covering of B by balls of any radius smaller than
0¢. For any k € Z, let U} be the subcollection of balls given by

U ={UeU 27" <diam(U) <275}

and define Bj be the union of all U € U}. Since
! 1
Z ﬁ S )
keZ : 27k <5y
there must exist a value of k for which
1

u(Bi) 2 ﬁ

Fix 6 := 27, Let Ty be the collection of §-tubes 7,,, each defined as the &-

neighborhood of the line segment £,,, for every w € S"~!. Observe that

w(By) :(51"/ / 17, (x) dx dw.
Snfl Bk

Consider the following tiling of "~ !: let R*~! be tiled by 5-cubes given by translates
(0,5]"! placed end-to-end and let a “tile” on the sphere be given by the image of
one of these d-cubes via the map & — (&, m) sending R"~! to the northern
hemisphere. Thus the sphere S”~! may be covered by tiles @ so that

,u(Bk):cil_”Z/G/B 17, (x) dx dw.
0 k

Further, it may arranged that half of all the tiles 6 are removed from the sum above
without reducing the right hand side above by a factor of more than one half, so that
any two tiles are separated by a distance of at least 6. For every remaining tile 6,
there must exist w € 6 such that /Bk Ir,(x) dx > /9 /Bk I7,(x) dx dw. Let T be
the subcollection of T consisting of this choice of w for every tile 8; then there are
~ ¢!'7" tubes in T and they point in J-separated directions. Define a shading for
each tube 7' € T by
Y(T) :=T n By,

where k = log(1/6) is the chosen value of k above, for which u(By) 2 k2. Thus

! 2
;FW(T) N Bi| 2 u(By) = (W) -
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Using dyadic pigeonholing, it is possible to find a refinement T/ < T and a number
0 < A < 1 such that |[Y(T)| ~ A|T| for every T € T', and further Y,;cy |Y(T)| 2

m Yret Y (T). From this, and the fact that T/ continues to be direction separated,

it follows that A > (1/log(1/6))>. With an appropriate implicit constant, it may

then be arranged that 1 > 6%/%", and if the Kakeya maximal conjecture is true,

| Jrm)z 6,

TeT

then it follows that |By| 2 6. Since each ball in U} has volume ~ §”, it must be
that #U;, > 6 "*¢/2. Thus,

Z 51T > 6—8/2’

UelUy

and H"~¢(B) = . This completes the proof.

1.8 Introduction to the x-ray transform estimate and sticky sets

In 1998, Wolfl observed a certain estimate involving the x-ray transform, defined
below, had a close connection to the Kakeya problem ([25]). The question considered
by Wollff about the x-ray transform is written below:

Let G be the space of all lines £ = €., = R", where x,v are points within the unit

ball centered at the origin in R"~1, and €., is parametrized by

ey ={(x+vt,t) :t€[0,1]}.
For any function f € L'(R"), the x-ray transform X f : G — R is defined by

X1 = 7.
¢
Forwhich 1 < p,q,r < o0 and a = 0 does the estimate
X Flparr < Ifllee,

hold? Here LL is the Sobolev space (1 ++/—A)"2LP.
Various estimates of this kind have been proved (e.g. [25]) and more are conjectured

to hold. The relation of this question to the Kakeya problem becomes more evident

in the following equivalent formulation of a certain mixed norm x-ray estimate:
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Definition 8. We say there is an x-ray estimate at dimension d if there exist 0 <
a,y < 1 for which the following statement holds: for any 6-separated set Q of
directions and any collection T of 6-tubes pointing in directions in €, of which no
tube is contained in the tenfold dilate of another tube, the following estimate holds:

1> xrllar < 6" 4m! = (6" 1407,
TeT

where m is the directional multiplicity of T.

It was first observed by Katz, L.aba and Tao that an x-ray transform estimate could
be used to deduce the prevalence of special structure in “extremal” Besicovitch sets.

More precisely, the following result is proved in [17]:

Proposition 9. Suppose that an x-ray transform estimate holds at dimension d in
R". If there exists a Besicovitch set B satisfying dimy;(B) < d + ¢, then there exists

a set of 6-tubes T with the following properties:

(i) The tubes in T point in d-separated directions,
(ii) There exists a set of 6'/%-tubes Ts12 and a partition of T into sets T[Ts12] given
by
T[T(sl/Z] = {T eT:T - Tél/z};
satisfying the following properties:
#T ~ 6" 7",
#Ts0 ~ 6WPU= gpg
#T[Ty12] ~ (/20—

(iii) |Urer Tl £ 6" 77%.

() |Ur, per, T1 5 (8'2)" 2.

The proof of a slightly different version of this proposition is given in Section 4.5.

Sets of d-tubes satisfying properties (i) and (ii) in the list above are called sticky sets.
Katz-Faba-Tao ([17]) demonstrated that sticky sets have a self-similar structure and
exploited the structural properties of sticky sets to give an improved Minkowski

dimension estimate for Besicovitch sets in R3.

Very recently, the Kakeya conjecture was proved by Wang and Zahl ([23]) in the
special case of sticky sets in R3. Chapter 4 in this thesis gives an improved HausdorfF

dimension estimate for sticky sets in higher dimensions.
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Chapter 2

RECENT PROGRESS IN THE k-LINEAR KAKEYA
CONJECTURE

2.1 The multilinear Kakeya theorem

The most recent results in the higher-dimensional Kakeya problem have been proved
by means of progress on a variant of the Kakeya problem called the multilinear
Kakeya problem. The multilinear variant of the Kakeya problem was first introduced
by Benett, Carbery and Tao in [1]. The following theorem was proved up to endpoint
in [1] and the endpoint was proved by Guth in [10].

Theorem 10 (Multilinear Kakeya theorem). Let 2 < k < n. There exists a constant
C so that, if Ty, ..., Ty are collections of 6-tubes in R", then

. . 1/k
1> > Gen e xer, 1din(T1) A+ A din(TO]) Nl

T,eT, TeTy

< Colt

1=

(> mn'.

=1 TiEely

As was observed by Bourgain and Guth in 2010, the multlinear Kakeya estimates
could lead to estimates for the Kakeya maximal function, but the resulting estimates
were weaker than the maximal estimates proved previously by Wolff ([26]) using

incidence geometry techniques.

Though the multilinear Kakeya theorem is sharp, the multilinear variant of the
Kakeya problem does not impose the requirement that the J-tubes point in o-
separated directions. The direction-separated multilinear Kakeya conjecture is still
open. The best known estimates for this problem are due to Zahl ([28]). A very
similar though slightly weaker estimate was proved by Hickman-Rogers-Zhang in
[12].

Theorem 11 (Zahl, k-linear estimate). Let 2 < k < n. Forevery e > 0, if T is a set

of 0-tubes pointing in o-separated directions, then there is a constant C¢ > 0 such
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P +n+k>—k
that, for all d < =—5,—,

1O > gy g ldin(T) A - A din(T) ) ¥ g1y

< CE(SI—%—E(Z |T|)n(d—l)/(n—l)d‘
TeT

The next two sections (on polynomial partitioning and the polynomial Wolff axioms)
mention some of the prominent insights in the proof of the above theorem. Directly

below is a corollary of Zahl’s k-linear estimate that will be applied in Chapter 4.

Corollary 12. Let 2 < k < n. For every € > 0, if T is a set of 6-tubes satisfying
the following hypotheses:

i. The tubes in T point in 6-separated directions,
ii. Y is a shading of T satisfying |Y(T)| = A|T| for every T € T,

iii. Atevery pointx € Uyt Y(T),

#{(T1,...,Ty) € TE(x)) : |dir(Ty) A - - A dir(Ty)| > B} = #T* (x),

log(1/6)

where 3 > 0 is a fixed constant that does not depend on 6,

. 2 2
then there is a constant C. > 0 such that for all d < %,

U Y(T)

TeT

2 Ceﬁ/ld(sn—d+6(z |T|)(n—d)/(n—l)
TeT

Proof of Corollary 12 from Zahl’s k-linear theorem. Let € > 0 be given, and let T

be a set of o-tubes that obeys hypotheses i, 11 and iii. Then, from condition ii,

[( Z Lyry - - Ly ldin(Ty) A -+ A dic(T) /DY) 0 > ﬁl/dz/llTL
Ti,...,Tx€T TeT

By Holder’s inequality,

1C D Ty - Ty ldie(Th) A - A din(T)[4) V),
T,

<O Yty 1 ldin() Ao A dinTOFD Ly - 1D
Ti,....Tr€T TeT
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Applying Theorem 11 to the statement above, one obtains
B/ld(z |T|)dfn(d71)/(n71) < Cfé-dfnfel U Y(T)l
TeT TeT
Rearranging this gives the statement

[y = cepsm= <! ()" )=/,

TeT TeT

2.2 Polynomial partitioning method
The techniques used for proving Zahl’s k-linear estimate involve polynomial parti-
tioning, which was introduced by Guth and Katz ([11]) in 2014.

For any polynomial P : R" — R, the zero set of P, Z(P) := {x € R" :
P(x) = 0}, partitions R” into “cells”, which are the disjoint connected com-
ponents of R"\Z(P). Further, a §-shrunken cell is a connected component of
R™\Ns(Z(P)). The “idea” of the polynomial partitioning technique is to con-
sider the contributions to the norm of the function to be bounded (in this case,
,,,,, reer lry - 1 |din(Th) A -+ A dir(T) [ 4/4—1)) from the different
cells, and from Ns(Z(P)), which is the §-neighborhood of an algebraic variety. If
the polynomial P is correctly chosen, the contribution to the function norm in every
cell is roughly equal. If the contribution from the cells dominates, the “cellular
case” is said to hold; alternatively, if the dominant contribution comes from the
o-neighborhood of the zero set of the polynomial, then the ‘““algebraic case” is said
to hold.

The following polynomial partitioning theorem is due to Guth.

Theorem 13. Fix 0 < § < r, xo € R" and suppose F € L' (R") is nonnegative and
supported on B(xo,r) N NasZ where Z is an m-dimensional transverse complete

intersection with degZ < d. At least one of the following cases holds:

1. Cellular case. There exists a polynomial P : R" — R of degree O(d) with
the following properties:

a) #cell(P) ~ d™ and each O € cell(P) has diameter at most r 2.
b) One may pass to a refinement of cell(P) such that if & is defined as a

family of 6-shrunken cells as above, then

/F~d_’"/ F forall O € .
0 n
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2. Algebraic case. There exists an (m — 1)-dimensional algebraic variety Y of

degree at most O(d) such that

/ F < logd/ F.
B(xo,r)N"NysZ B(xp,r)"NsY

In the cellular case, Bezout’s theorem is used to deduce that the number of §-tubes
entering each cell can be controlled since by Bezout’s theorem, a 6-tube 7' can cross
Z(P) at most deg P times. Thus, each §-tube T can enter at most deg P + 1 shrunken
cells. As long as the cellular case holds, each cell can be re-partitioned into smaller

cells, until the cells have radius ~ § and the contribution from each cell is bounded.

In the algebraic case, one can obtain a chain of nested algebraic varieties, of decreas-
ing dimensions, through which passing d-tubes makes the dominant contribution to
the norm of the function to be estimated. In this case, a “multi-scale” polynomial
Wolff axiom, discussed briefly in the next section, is used to estimate the maximum

number of d-tubes that lie at a tangent to several nested algebraic varieties.

2.3 Polynomial Wolff axioms

The following estimate for the cardinality of a family of direction-separated -tubes
partially contained in a semialgebraic subset of R" is a key result used in proving
Theorem 11. The following theorem was proved for n = 3 by Larry Guth, forn = 4
by Zahl ([27]), and for n > 5 by Katz and Rogers ([16]).

Theorem 14 (Polynomial Wolff axioms). Let n and E be integers, with n = 2, and
let € > 0.Then there is a constant C(n, E, €) so that for every semialgebraic set
S < R" of complexity at most E and for every set T of direction-separated -tubes,
we have

#MTeT:TnS| =AT|} <CmE, €S| €A™

The new feature used in Zahl’s k-linear estimate, and in Hickman-Rogers-Zhang
([12]), is the “multiscale polynomial Wolft axiom”, which provides a sharp bound
for the cardinality of a set of 6-separated o-tubes that intersect several algebraic

varieties of different dimensions at once.

Theorem 15 (Multiscale polynomial Wolff axioms). For alln > m > k < 1 and

€ > 0, there is a constant C, 4  such that

m m—1 n—m
#(WT eT:|T A By, A N,Zj| > 4TI} < Cuae| [ | £ |[£-) 67
jzk J o ]:k /l] /l;n
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whenever 0 < 6 < p < Ay < --- < Ay, < 1, T is a direction-separated family of
0-tubes, Z; — R" are j-dimensional algebraic varieties of degree < d and the balls

B,; are nested: By, < ... < B,,, < R".

This theorem is proved using tools from real algebraic geometry. There are some
open questions related to the polynomial Wolff axioms which, if solved, could lead
to progress in proving x-ray transform estimates at higher dimensions. Namely, is
there a cardinality bound for sets of -tubes partially contained in the neighborhood
of an algebraic variety, which do not necessarily satisfy the hypothesis that the tubes
point in §-separated directions, but instead, satisfy the hypothesis that the directional
multiplicity of tubes is at most A" for some number 3 between 0 and 1? Such a set
of d-tubes would also have to satisfy the condition that no tube in the set contains
the 5-fold dilate of another one.
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Chapter 3

NEW KAKEYA ESTIMATE FOR k-PLANY SETS

The Kakeya estimate obtained in this chapter is proved using a geometric structure
called the “k-planebrush”. A planebrush structure has been used before to prove
Kakeya maximal estimates in R* by Katz and Zahl in [14]. The planebrush is a
higher-dimensional analogue of the “hairbrush” appearing in Wolft ([26]). Wolff’s
hairbrush consisted of all 6-tubes intersecting a single, central §-tube T at large an-
gles in R?. Each §-tube passing through 7T at a large angle lies in the §-neighborhood
of a plane that contains the axis of 7. The ¢-thickened planes containing the axis
of T are disjoint from each other away from 7', and the each tube in the hairbrush
lies in exactly one thickened k-plane. The Kakeya maximal estimate for the plane is
applied separately to each thickened plane to get a Kakeya estimate for all the tubes

in the hairbrush.

In the argument used in this chapter, the k-planebrush consist of all tubes 7’ which
intersect at least one of many tubes 7T lying tangent to a (kK — 1)-plane V. The tubes
in the planebrush each lie in exactly one of up to §"*k §-thickened k-planes that
all contain V. Away from a neighborhood of V, the different thickened k-planes
are disjoint, and the best known result for the Kakeya maximal conjecture in R* is

applied to separately to each thickened k-plane.

In order to ensure that each k-planebrush contains enough ¢-tubes to give a good
estimate, the k-planebrush technique requires the hypothesis that the collection of

T is (k — 1)-plany. The meaning of this term is explained below:

Definition 16 (m-Planiness). A family of 6-tubes T with shading Y is called m-
plany if for every 6-cube Q, there exists an m-plane V(Q) such that for every T € T

satisfying Y(T) n Q # &,
£(T,V(Q)) s 0.

The main result in this chapter is the following:

Proposition 17. Let3 < k < n. Forany e > 0, if T is a set of (k — 1)-plany 6-tubes
pointing in &-separated directions, and if each T € T has a shading Y(T) < T
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satisfying |Y(T)| = A|T|, then there exists a constant C, > 0 such that

|y z adem== > 1,

TeT TeT

where d < w

The above result is obtained by combining the next proposition with the Kakeya
maximal estimate obtained from Hickman-Rogers-Zhang. The proof of Proposition

17 is given at the end of this chapter.

Proposition 18. Let € > 0. If T is a set of 6-tubes satisfying the following hypothe-

ses.

i. The tubes in T point in 5-separated directions,
ii. EachtubeT €T has a subset Y(T) and |Y(T)| = A|T| forall T € T,

iii. The family T with shading Y is (k-1)-plany,

then there exists a constant C. > 0 such that

U Y(T)

TeT

> Ceé(n72+k7d(k))/3+6/ld(k)/3+1(Z |T|), (31)
TeT

where d(k) is the largest exponent for which a Kakeya maximal estimate holds in
R*.

This proposition is proved in section 3.4 of this chapter.

3.1 Two-ends reduction
The “two-ends reduction” was first introduced by Wolft ([25]) and has been reused
by many others in proving Kakeya estimates. The proof given below imitates one

given by Tao’s lecture notes [21].

Definition 19 (Two-ends condition). Let € > 0. A set F < R”" obeys the “two-ends”

condition with exponent € if
|F N B(x,r)| < ré|F|

for all balls B(x,r).
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Proposition 20. Let € > 0. If T is a set of 0-tubes satisfying the following hypothe-

ses.

i. The tubes in T point in 6-separated directions,
ii. EachtubeT €T has a subset Y(T) and |Y(T)| = A|T| forall T € T,
iii. The family T with shading Y is (k-1)-plany,

iv. ForeveryT €T, Y(T) obeys the two-ends conjecture with exponent e,

then there exists a constant C. > 0 such that

rm

TeT

> C65(n—2+k—d(k))/3+s/1d(k)/3+l (Z |T|),
TeT

where d(k) is the largest exponent for which a Kakeya maximal estimate holds in
R*.

Lemma 21 (Two-ends reduction). Proposition 20 implies Proposition 18.

Proof. Let € > 0 be given. Suppose that Proposition 20 is true, and let T be a set of
o-tubes obeying hypotheses i, ii and iii in the statement of Proposition 18. For any
tube T € T, consider the ratio

[Y(T) n B(x,r)|

r€

(*)

where B(x,r) is a ball of radius r centered at point x. If 6 < r < 1, then
[Y(T) n B(x,r)| < 6" 'r < r€, so (x) is bounded above by 1. If r < ¢, then
\Y(T) n B(x,r)| < r" < r€. Thus, the set

{IY(T) N B(x,r)|

- : B(x,r) is a ball with r < 1}.

’

is bounded above and has a supremum. If r = 1, and the point x is chosen so that
B(x,r) contains Y (T'), one can see that the supremum must exceed A|T|. For each
T € T, itis possible to choose a ball B(xr, r7) that comes within a factor of 2 of the
supremum, so that

reA|T|

2
Since |Y(T) n B(xr,rr)| < ry, and since 4 > 5'7¢€, the above statement implies

that r7 > 6. For each T, define a new shading Y;(T') by

[Y(T) n B(xr,r7)| =

(3.2)

Y\(T) =Y(T) n B(xr, 7).
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By performing dyadic pigeonholing on r7, we may choose a subcollection T = T
of tubes such that
p <rr<2pforeveryT € T,

where p is a number between 6! € and 1, and
1
log1/6
Then for every T € Ty, (3.2) implies that

#T1 2 #T.

TnNB ,
/l| N (XT’”T)|.

Y1(T)| 2 p°AT| = 6°AIT| 2 6° (3.3)

The intersection 7 n B(xr, rr) is contained in a tube of radius ¢ and length 2p.
By means of an isotropic linear rescaling o which takes x — x/2p, each set
T ~ B(xr,rr) may be scaled to a (6/p)-tube T. Then o (Y;(T)) < T and from
(3.3),

A -~

o (T)| z —IT].
Jo,

We will now show that each 6/ p-tube T with shading o (Y, (7)) satisfies the two-ends

condition. For any ball B(x’, r’), we have

Y1(T) n B, 7| _ Y(T) n B, 7)) _ 2 [Y(T) 0 Blxr,rr)| —e
) < )¢ < e <2p IM(T)],

because of the way B(xr, rr) were previously chosen. Re-arranging the previous

~ ~

statement gives
/

YI(T) A B < (;) YD),

This implies that

/

o 041) 8] < () 1o 0,

which means that o (Y;(T)) obeys the two-ends condition because o (B(x/, 7))
is a ball of radius 7//p. Since the number of §/p tubes T is #T|, which is ~
1/log(1/6) - #T, we will need to choose a subcollection T, < T so that the re-
scaled tubes T = o (T) for T € T, will point in §/p-separated directions. Observe
that

#T> > p" T, 3 p" '#T.

We may now apply the conclusion of Proposition 20 to the rescaled tubes from T,

1 d 5 n—d+e B
g

T€eT,

to get

GELA)

TeT,
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Reversing the rescaling o, we now find

LJ Y(T)

T€eT,

> C A" (HT) (5/p)" ™ 2 CAle™ (> IT)),
TeT

which is the desired conclusion for Proposition 18. O

3.2 Broad-narrow reduction
If T is a family of §-tubes with shading Y, we will say that a point x € | Jye Y (T) is

s-narrow if there exists a unit vector v, € S*~! such that
1
{T € T(x) : £(dir(T),vy) < s} = E#T(x).

If this condition fails at a point x € (Jpcp Y(T), then we say that the point x is

s-broad.

Proposition 22. Let € > 0. If T is a set of 6-tubes satisfying the following hypothe-

ses.

i. The tubes in T point in d-separated directions,

ii. EachtubeT €T has a subsetY(T) and |Y(T)| = A|T| forall T € T,
iii. The family T with shading Y is (k-1)-plany,
iv. ForeveryT €T, Y(T) obeys the two-ends conjecture with exponent €,

v. Thereis a set E < \Jrer Y(T) satisfying the condition

1
Z|Y(T) NE|2 W%W(DL

TeT

for which any point x € E satisfies:

#{(T1,T») € T(x) x T(x) : £(dir(Th), dir(T2)) = 6} = # (T(x))z;

1
log(1/6)

then there exists a constant C. > 0 such that

LvJY(T)

TeT

2 Ceé(n—2+k—d(k))/3+6/ld(k)/3+1(Z |T|)
TeT

where d(k) is the largest exponent for which a Kakeya maximal estimate holds.

Lemma 23 (Broad-narrow reduction). Proposition 22 implies Proposition 20.
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To prove the broad-narrow reduction, we will first make some observations on broad

and narrow points in the following simple lemmas.

Lemma 24. [f a point x € Jret Y(T) is s-broad, then

#{(Tl,Tz) e T(x) x T(x) : £(dir(Ty), dir(T) > s} > %# (T(x))2. (3.4)

Proof. If a point x is s-broad with respect to (T,Y), then one may find a set of
4s-separated directions {v; € $"~! }iczsllfn, where C ~ 1 is a fixed constant, such that

for every i,

#{T € T(x) : £(dir(T),v;) < s} < %#T(x).

Since the set of directions {v; € S"‘l}iczsll_" is 4s-separated, we observe that if
T; e{T €T: £(dir(T),v;) <s},T; €{T €T: £(dir(T),v;) < s},and i # j, then

£(dir(T;), dir(T;)) = s.

The total number of ordered pairs (77,73) € T(x) x T(x) in which both 7} and T,
come are in the s-neighborhood of the same direction is less than 1/4 (#T'(x))?, and

the conclusion follows. O

Lemma 25. If T is a family of 6-tubes with shading Y, there is a number s and a set
E € Uger Y(T) such that

1
D) A El 2 ———= > ¥(D)]
TeT log(l/é) TeT
and every point p € E satisfies two conditions:

(i) p is s-narrow, and

(ii) we have
#{(Tl,Tz) € T(x) x T(x) : £(dir(Ty), dir(72)) = %} > %(#T(x))2.
Proof. For every point p, define k, by

1
k, = max {k €Z:3v, e S 1 such that #{T € T(p) : L(vp,dir(T)) < 27K > E#T(p).
(3.5)
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Note that this maximum must always exist since k must lie between 0 and ~

log(6~"). By dyadic pigeonholing, we may choose a value of s such that

<27k < (3.6)

N«

for every point p in a set E S |Jyeg Y(T), such that the Lebesgue measure of E
satisfies

1
DY) A E| 2 W%mm

TeT
We claim that every point p € E satisfies the two required conditions. To see
this, note from (3.5) and (3.6) that p satisfies the first condition. For the second
condition, we observe from the definition of k, that at every p € E,

|
vve sl #{T e T(p) : £(dir(T),v) = 2} > S#T(p),

which means p is s/4-broad. By applying the result of Lemma 24, we have

#{(Tl,Tz) e T(x) x T(x) : dir(Ty), dir(T») > 2} > % (#T'(p))>.

Proof of Lemma 23. Assume that Proposition 22 is true. Let € > 0 be given and let
T be a family of 0-tubes that satisfies hypotheses (1)—(iv) of Proposition 20. Apply
Lemma 25 and let E and s be as in the statement of that lemma. For every point

pekE letyv,e S"~! be as in (3.5). Define a new shading by
Y(T)={peY(T) nE: L(v,dir(T) < s},
and correspondingly define
T'(p)={TeT:peY(T)).

From Lemma 25 we have, for every p € E,

#HTeT:peY(T)} = %#T(p),

and from this we can see that

YW@~ [#0) dpz [ 4 dp~ YD) 0 £

TeT TeT
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Also from Lemma 25,

1
TZE;EIY(T) NE|2 W%W»

Combining the above two statements, we obtain
1
Y'(T)| 2 ——= > IY(D)I. (3.7)
Tze;r log(1/6) %

Next we may choose a shading Y” of T such that Y”(T) < Y/(T) for every T € T,

there is a number 0 < A’ < 1 such that
[Y"(T)| ~ A'|T|forall T € T

and in addition

" 1 !/
DY) 2 W%'Y (7). (3.8)

TeT
From (3.7), (3.8) and hypothesis (ii) of Proposition 20, we can conclude that

(log(1/0))

It is possible to cover the upper hemisphere of $"~! with ~ s!=" finitely overlapping

(3.9)

tiles of side length s, where a tile of side length s means the image via the map
& — (£€,4/1 —|&]?) of translates of tiles [0, s)*~! tiling R*~!. For each tile 7 of
radius s covering the sphere, define

T(r) :={T €T :dir(T) € 7}.

Let 71 and 7 be two non-adjacent tiles so dist(7y, ) > 2s. If T} € T(7;) and
T, € T(1,), the angle between the tubes would be greater than 2s:

(T, Tp) > 2s.

By the definition of the shading Y”, this means that Y”(T}) n Y"(T3) = &. Under
the shading Y”, the collections T(7;) and T(1;) are disjoint. Within each s-tile T
covering $"~!, there are up to (s/8)" ! 6-tubes. Without loss of generality, we
may assume that the center of the tile 7 is the north pole of the sphere, i.e. the
point (0, ...,0, 1). Perform a non-isotropic rescaling ¢ which takes (xi,...,x;,) —
(x1/8,...,xn—1/$,x,). After this rescaling, ¢(T') is contained in the n-fold dilate of
a §/s-tube T that points in the same direction as 7. Define a shading ¥ for each T
by
Y(T) = ¢(Y"(T)).
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From (3.9), we have
Y (T)| ~ A'|T].

We now claim that (T, Y) satisfies hypotheses (i) — (V) in the statement of Propo-
sition 22. Hypothesis (ii) has already been shown, and hypothesis (i) holds because
of the non-isotropic way in which the re-scaling ¢ was done. The family T is
(k — 1)-plany because the family T is assumed to be (k — 1)-plany. For hypothesis
(iv), we observe that since Y (T') obeys the two-ends condition with exponent & for
every T € T, so does Y”(T), and it follows that ¥ (T) obeys the two-ends condition
with exponent & as well. To show that T, ¥ satisfy hypothesis (v), consider that at

every point p € Urer(r Y'(T), we know from Lemma 25 that

#(T'(p))”.

W

#{(Tl,Tz) e T'(p) x T(p) : £(dir(Ty), dir(T»)) = 2} >
Finally, we observe that after the rescaling,
£(dir(Ty), dir(T»)) = s/4 implies that £(dir(T}, T5) > c.6¢

for some ¢, > 0. Thus the family (T, Y) satisfies hypothesis (v), and by Proposition
22, there exists Cg > 0 such that

U 7(T)

TeT

> C.(8/s)" Q4 Z IT].
TeT

Undoing the rescaling ¢ (which has the effect of multiplying both sides of the above

equation by s”~1), we obtain the estimate
U Y”(T) > C85n_d+gs_n+d_g/ld Z IT].
TET(1) TeT[7]

Sum over a collection of pairwise non-adjacent tiles covering the sphere to get

U Y”(T)

> C86n7d+ssfn+dfe/1d Z |T|

TeT TeT
Since s < 1, this estimate is stronger than the desired estimate by a factor of s—"+¢—¢,
This completes the proof. O

3.3 Volume of a planebrush
In this section, an estimate will be given for the volume of J-tubes in the k-
planebrush. It will first be needed to give an estimate for the number of tubes
contained in the k-planebrush.
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Figure 3.1: A k-planebrush at a point x

Definition 26 (k-planebrush). If p € Urer Y(T) and 0 < p < 1, a k-planebrush at
point p and angle p is a set of tubes

Tplanebrush(p’p) = {T eT: Z(T, V(p)) ~p and T’ e T(p) :Tn T’ # @}

Lemma 27 (Constant multiplicity refinement). Let T be a family of 6-tubes pointing
in 8-separated directions. Assume that every tube T € T has a subset Y(T) and
0 < A < 1is a number such that |Y(T)| = A|T| for every T € T. Then there exists a
refinement T' = T and a new shading Y'(T) < Y (T) for each T € T, which satisfy
the following properties:

i There is a dyadic number u such that for every point x € Uype Y'(T), u <
T(x) < 2u.

i Yrer [Y(D] 2 (Zrer [Y(T)]) /log(1/6)*.

jii p 2 46" T Urer Y(T)1.

Proof. For every integer k between 1 and log 6'~", let Ey < Urer Y(T) be the set

of points with multiplicity around 2, i.e.

Ey = {p S UY(T) 2K < #T(p) < 2"“}.
TeT

For each k, define a shading Yy by Y (T) := Y(T) n Ey. For each integer ¢ between
0 and log(1/6), let Ty ¢ be the collection of tubes T whose for which the shading
Y, (T) has density around 272, i.e.

e {T eT: 27T < |V (T)| < 2"+1/1|T|}.
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From the definitions of k£ and ¢, one can observe that

log(1/6) log(1/6)
DM ~#T- 26"~ > > #2700
TeT k=0 =0

By the pigeonhole principle, there exists at least one pair (k, £) that satisfies

1
#T 267 2 —————#T - a6 . (3.10)
~ (log(1/6))?

Take u = 2¥, define the shading Y’ by Y; and define T’ as T}, for this choice of k and
¢. From here, points (i) and (i1) in the statement of the lemma follow immediately

from (3.10). One can also observe that

L=k A-#Tp-27Com ! . A
|UrerY(D| 7~ |Urer Y(I)|

which is statement (iii). O

Lemma 28 (Planebrush multiplicity). Let T be a family of direction-separated 6-
tubes with shading Y that obeys the hypotheses of Proposition 22. In addition,

assume that

Dz

TeT
Then there exist an angle p > 0 and a point p such that

Bps!

#Tplanebrush(p, p) 2 —
|UTET Y(T)|2

Proof. Let T',Y’ be the constant multiplicity refinement of T,Y given by Lemma
27. Let p be any point for which #T’(p) 2 u. To see that such a point p must exist,
suppose to the contrary that at all points, #T'(p) < cu for a fixed constant ¢ to be
chosen later. Then it follows that

Y(T
Z [Y(T)| < cp - U Y'(T)| < ca < ¢ 2rer V(D] (3.11)
fo Tor log(1/6)?
On the other hand, by point (i1) in Lemma 27,
Z 1Y (T)|
D) 2 S (3.12)

P Tlog(1/6)2

This contradicts (3.11) if the constant c is chosen to be smaller than the implicit con-

stant in (3.12). For such a point p, one can count the number of triples (77, Q1,7>)
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where 77 is a tube whose shading intersects p and 7, is a tube whose shading

intersects the shading of 77 in a 6-cube Q. More precisely,

#H(T,01, ) eT xQxT: T eT(p), Q1 SY(T) nY () 2 p- V6" p
2 sl

By the pigeonhole principle, there exists an angle p with 6 < p < 1 such that

#{(T1,01,T) e T xQxT:T1 €T'(p), Q1 € Y'(Th) nY' (1), (T, V(p)) ~ p}
2 ,uz/ld_l.

Since the tube 77 must pass through both p and Q1, and since the tubes passing
through p are assumed to be (1, 6€)-broad, it follows that the choice of Q| determines
T, entirely. Thus, for each Q1, there is precisely one 7 that is a triple counted in the

previous step.
#(01,T») e @xT : Ty € T'(p), (T1, 01, T») is a triple in the previous step } 2 ple(ifl.

Since the tube 7> makes angle p with V(p), there are ~ p~—! §-cubes contained
in 7, that are also contained in a §-neighborhood of V(p). Thus, for each §-tube

1

T, that makes angle p with V(p), there are potentially up to p~" cubes Q; for

which (Q1,7) is a pair counted in the previous statement, i.e. a pair for which
Q1 € Y'(T») n Ns(V(p)) and Q1 < Y'(Ty) for some Ty € T(p) . It follows that

#{T» € T : 3T € T(p) such that Y'(T1) n Y () # & and £(T»,V(p)) ~ p}
2 16 p.

This precisely counts the tubes in Tplanebrush (P, o) and demonstrates the correct

multiplicity of tubes in the planebrush Tpjanebrush (2, ). O

Lemma 29 (Volume of a single planebrush). Let Tpjanebrush (P, p) be a planebrush
at point p and angle p. Then

Y(T) > Cgé(n72+kfd(k))/3+e/ld(k)/3+1p1/3'

T€Tplanebrush (p.p)

Proof. Choose a maximal set of §/p-separated points {«/}; in the unit sphere in
the space V(p)+ = {v e R" : (v, V(p)) = 0}, which is an (n — k + 1)-dimensional
space. For each «;, define a k-plane V; by V; = span(V(p), ;). The resulting

collection of k-planes {V;}; satisfies the following two conditions.
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(A) Every tube T € Tplanebrush (P, p) is contained in N¢,5V;, with Co ~ 1, for some
J.

(B) If a point x € R" satisfies dist(x,V(p)) = C3p), then x € Nc,sV; for at most
~ (C2/C3)"**1 choices of k-plane V;.

To show that (A) holds, let T € Tplanebrush(p» ) and write dir(7") = vl + vt
where vl € V(p) and vt € (V(p))*. Choose @; such that A(aj,vL) < B/p.
This is possible because of the maximality of the set {a;}. Write vE = vy + v,
where v; lies in the direction of «; and (vo, ;) = 0. Since £(T’,V(Qop)) < p,
lvt| = sin (£(T",V(p))) < p. Now

sin (£(dir(T), V;)) = |v2| = sin (A(vz,vl)) Vi g,
so (A) is proved.

To show (B), let a point x satisfy dist(x, V(p)) = Cs3p). If x = xll + x*, where x/
lies in V(p) and (x*,x!l) = 0, then |x| | = C3p. Suppose that x € Nc,sV; for some
Jj- Then

1
dist( al ) OB (3.13)

—, ;| < .
L) T Gap
Since the directions {a; } are § / p-separated, there are only at most ~ (C»/ Cy) K+l

choices of a; that can satisfy (3.13). This proves (B).

For each k-plane V;, let T; be the family of tubes given by
T; ={T € T,b(p,p) : T = Nc,sV,}.

Define the set E; by
E;= | ] Y(T)\WeyoV(Qo).

TGT]‘

By the conclusion of Lemma 21, we may assume that each tube T € T; satisfies
[Y(T) n B(x, C2p)| s (C2p)' Y (T)]
for every €; > 0. By choosing €; small enough,
A
Y(T) n Ejl 2 51T,

Summing over all T € T, we obtain

A
/ > vy = SBIHT. (3.14)
E

J TETJ'
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On the other hand, by applying Holder’s inequality we obtain

/E Dy <N xrllpawr gy - 1E 1740, (3.15)

J TET. j TeT j

where d(k) is chosen to be the highest dimension for which a Kakeya maximal esti-

mate is known to hold in R¥, and d(k)’ is the Holder conjugate of d (k). Specifically,

K2+k+62—¢
2k '

d(k) = max min (k —{+2,
2<t<k

We will now apply a Kakeya maximal estimate to || Xrer, X7l aay- Let py, be
the orthogonal projection function from R” onto V;. Since each T € T; satisfies
T = Nc,5V;, we observe that (T, V;) < C26. This implies that py, (T) is a cylinder
of radius 8 and length > C, !"and is contained in a ~ C, I_dilation of a 6-tube in

R¥. Thus, we may write

1/d (k)

|| Z XTHLd(k)’(Rn) = / / | Z XT'd(k)
TETI' R*—* JRF TETJ'
1/d(ky

-\ / [ 13 i

[l =k Sy e,
1/d(ky
< 50— / 1S Keap, )@
Vi TeT;

After applying the Kakeya maximal estimate, this gives
Il Z XTllLd(k)/(Rn) < (5(n—k)/d(k)/5_k/d(k)+l—6(5k—1#Tj)l/d(k)/‘
TETj
Combining this estimate with (3.14) and (3.15), we obtain

A / /
25" 1T, g 60/ skld(+1—e (sk=ly y1/AK) | g 1/d0)

2

which simplifies to
|E;| 3 6" a4 gk—doyT (3.16)

Summing (3.16) over all j and using properties (A) and (B) above, we obtain

U Y(T) R 5n71ﬂd(k)ékid(k)#Tplanebrusb(pa p)- (317)
T€Tplanebrush (p.p)
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Combining (3.17) with Lemma 28 gives
3

L) v z e 2at®nskab,, (3.18)
TETplanebrush (p.p)

3.4 Proof of k-planebrush estimate
The goal of this section is to prove Proposition 22. Below is described an algorithm

that decomposes the set of d-tubes T into a collection of “planebrushes.”
Algorithm:

Input. The input to the algorithm consists of:

(1) A number 6 > 0.
(i) A family of 6-tubes T with shading Y satisfying |Y(T")| > A|T| for

every t € T, for some number 0 < A < 1.

(iii) A shading Y’ of T satisfying Y/(T) < Y(T) for every T € T and

. P!
Z|Y (D)= 3.

TeT

(iv) An index i, initially equal to 1.

Output. The output of the algorithm will be:

(1) A sequence (p,~,p,~)ili1 where p; is a point in R” and 0 < p; < 1 for

every | <i <N

(ii) A collection of shadings {Y; f\; 61 of T
together satisfying the following properties:

(P1) The sets (“planebrushes”) Urer
joint, and

planebrush (Pi,Pi) Yiil (T) are palrWISe dls-

(P2) The “planebrushes” together cover more than half the “incidences”,

1.e.

> bl
2, 2 Imami=3

i=1 TETplanebrush (pi-pi)
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The algorithm consists of the following steps:

Step 1. Apply Lemma 28 to the family (T;_,Y;_1) to obtain p; and p; such that

/13 Di 5—1

#Tplanebrush(pi, pi) R ————-
\Urer Y (D)

Step 2. Define T; := T;—1\Tplanebrush (i, pi). Define the shading ¥; as follows:

Yi(T) =Yi-1(T)\Np, (V(pi).

For any angle 6, the number of tubes making angle 6 or less to the (k — 1)-

plane V(p;) is < 9;””‘_1(51_”. If a tube T € T; makes an angle 6 to

the (k — 1)-plane V(p;), then a p;/f-fraction of T is contained in a p;-

neighborhood of V(p;). Therefore the maximum number of incidences

removed is

Yi(T) A Np(V(p)] < 07410 gnt < gpsht,
0

0 TeT,Z(T,V(p:))~6 0

On the other hand, by the two ends condition,
.\ €
S WDANV ()l < Y o (%) 26" < 2pEAsE 1,
0 TET,L(T.V(p:))~6 0
Taking the geometric mean of the two estimates above,

DD G A N(V(p)l < 2092284
6 TEeT,(T,V(p:))~0

Terminate the algorithm if

zl:p(-]+€)/2/ll/26k_] 2 -,
= 2

o~

otherwise we observe that

i
A
1 2
2 @)= ) W= ) p A = 2,
1

2
TeT; TeTy Jj=

so we return to Step 1 with 7 increased by 1 and repeat.
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Proof of Proposition 22. Define Tg := T and Yy := Y. Then apply the above
algorithm with beginning input (Ty, Yy) and starting with i = 1.

After applying the algorithm, a collection of “planebrushes” (p;, pi)l.li , 18 obtained,
and from (P1), it follows that

N
Uroi=>1 ) vl

TeT i=1  T€Tpjanebrush (pi-pi)

By applying Lemma 29,

1

N
| U Y(T)| = CE5(n—2+k—d(k))/3+e/ld(k)/3+l (Z pql(k)/s) _
i=1

TeT
Since ' .
1 1
k (1+€)/2 31/2 ck—1 l
Zp >ij AT = 5,
Jj=1 Jj=1
we have Zf\i ) pfl(k)/ 3> % and this completes the proof. O

Proof of Proposition 18. This is given by combining Proposition 22 with Lemma
21 and Lemma 23. O

Proof of Proposition 17. Let e > 0 and let T, Y be as stated in the hypothesis of the
proposition. By applying Proposition 18 with

d(k) = (2= V2)k,
which is the estimate given by Hickman-Rogers-Zhang, we obtain the estimate

| U Y(T)| 2 §(1=2H(V2=1Dk)[3+e 3 (2—V2)k/3+1 Z 7],

TeT TeT

which is the result needed. O
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Chapter 4

NEW KAKEYA ESTIMATE FOR STICKY SETS

Definition 30 (Sticky set). A set T of 6-tubes pointing in d-separated directions is
sticky if, for any & > 0, whenever 6'=¢ < 0 < 1, there is a family Ty of 0-tubes
pointing in 0-separated directions so that T and Ty satisfy the following conditions:
i. #T 2 617",
ii. #Tg 2 0'7"*, and
iii. T can be partitioned into sets

T[Ty] ={TeT:T < Ty},

with
#T[Ty] 2 (6/6)'

for every Ty € Ty.
The family Ty in this definition will be called the 0-parents of T.

The major result of the this chapter is the following proposition.

Proposition 31. For every € > 0, whenever T is a sticky family of 6-tubes with
shading Y, which satisfies |Y(T)| = 6°|T| forall T € T,

| U Y(T)l > 6n—d+(d+l)s’
TeT

where
d < 0.60376707287 n+ O(1).

Sections 4.1, 4.2 and 4.3 are devoted to the proof of this proposition. Section 4.4 in
this chapter gives the relation between sticky sets as defined in this thesis and sticky
Besicovitch sets as defined recently by [23]. Section 4.5 proves an x-ray transform

estimate as a corollary of Zahl’s k-linear Kakeya estimate in [28].
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4.1 Shading and refinement of sticky sets

Lemma 32 (Shading of sticky sets). Let € > 0 and let T be a sticky family of 6-tubes.
Suppose that every T € T has a shading Y (T) < T such that

Y (T)| = C.6°|T|.

Then for any 6 < 0 < §'7€, there is a shading Y of the 0-parent family Tg such that
for every Ty € Ty,
Y (Ty)| = Co67 2Ty

and Y (T) < Y(Ty) for every T € T[Ty].

Proof. For any Ty € Ty, define a shading by
Y(Ty) = U {Qe 1 Qg nTyn U Y(T) |+ @}-
TET([Ty]

Since |Y(T)| = Cx6¢|T| for every T € T[Ty], there are at least C.6 '€ d-cubes in
each Y(T). Thus,

#(Q,T) : T e T[T3],Q S Y(T)} ~ C.6" 57"
Each #-cube Qy < Ty contains at most (6/6) 5-cubes in any one §-tube T, so
#{((Qo,T) : T T[Ty, Qs N T # T} < Cc67' (6" 16" 7).

Since there are ~ 8"~ 178517+ tubes in T[Ty], we can conclude that there are at
least
~ %971
6-cubes Qg in Y (Ty). Since 6 < 6'7¢, we have
S5 < 0° < (61—8)8 — 5&9’
where ¢ = 1 — . This shows that |Y (Tp)| = 6°/¢. O

Remark 33. Lemma 32 will need to be applied inductively, by covering a family T
of 6-tubes by §'~%-tubes, and then covering these by (6' %) ~¢-tubes, and so on,
until we can work with a family of B-tubes, where B ~ 1. This means that Lemma

32 will be applied log(1/6) many times. For small enough 0,

(1 o 8)10g(1/6) < (1 _8)1/8 < 1
e
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Therefore
1

e ——
(1 — g)loe(i/e) ~
and the family of B-tubes will have a shading of density 3¢°.

A refinement of a set of 5-tubes T with shading Y is a set of §-tubes T’ with shading
Y’ such that T = T, Y(T) < Y'(T) for every T € T’, and

, 1
D)z W%'Y(D"

TeT!
Lemma 34. Let T be a sticky family of tubes with shading Y. Suppose that, for
any € > 0, Y satisfies the condition |Y(T)| 2 6°|T| for every T € T. If T',Y is a
refinement of T, Y, then T’ is also sticky.

Proof. Let € > 0 be given. Suppose T be a sticky family of tubes with shading Y
satisfying

[Y(T)| 2 6°|T|
for every T € T. Suppose that T, Y’ is a refinement of T,Y, i.e. T < T and
Y'(T) < Y(T) for every T € T’ and

, 1
DLW 2 s > VDL

TeT TeT
First, consider the cardinality of T’. Since
Z |Y/(T)| > 6n_1+28#T,
TeT’

we know that
#T/ > 628#T > 61—I’l+38.

Next, let 5! ¢ > 6 < 1 be any number and let Ty be the 6-parent family of T. Since
T’ is a subset of T, there is an inherited partition of T’ into sets
T[Ty] ={TeT :T < Ty}.
Now define a refinement T ’9 c Ty by
T, = {Ty € Tp : T'[Ty] 2 2(5/6)' "}

Since #T’ > §'7"*3¢ it follows that
1

# (TH\Tlg) S E 01—n+3s’

SO #Tg > % 6'—"*3¢ which makes T}, a valid set of 6-parents for T’. This proves that
Ty is sticky. O
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4.2 Extremal sticky sets

The following definitions build up the concept of an “extremal sticky set,” which
will be used in the following propositions to prove a Hausdorff dimension estimate
for sticky sets of 9-tubes. Define M (5) by

M(6) = }En;

Ly

TeT ‘

where the infimum is taken over all sets T, Y satisfying the following conditions:

i. T is a sticky set of ¢ tubes, and

ii. Y is a shading of T satistying |Y(T)| = 6¢|T| for every T € T.

Define o by 0w M (5
o :=limsup og—()'
50 logo

Definition 35 (Extremal sticky set). For any € > 0, if T is a sticky set of 6-tubes
with shading Y satisfying, firstly, |Y(T)| = 6¢|T| for every T € T, and secondly,

Uyl s 672 (5%, (+)

TeT

then T will be called an e-extremal sticky set, or just an g-extremal set.

From the definition of o, it is immediate that e-extremal sets of d-tubes exist, if
0 is small enough, for every & > 0. The following two lemmas will show that
e-extremal sticky sets exhibit a kind of self-similarity, provided ¢ is small enough.

The following notation will be used in the lemmas.

Notation. For any point x € R", we define:
To(x) :={Tp € Ty : x € Yy(T)}
and T[Ty](x) :={T e T[Ty] : x € Y(T)}.
The following notation will be used to denote multiplicity:
po(x) = #T(x),

Mo (x) := #Ty(x),
and ps[Tp] (x) := #T[To] (x).
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Lemma 36 (Multiplicities in extremal sticky sets). There exists €9 > 0 such that,
Jor every 0 < & < g, if T is an e-extremal family of 6-tubes with shading Y, then
there exists a refined shading Y' of T (i.e. Y'(T) < Y(T) for every T € T) such that

Y (T)| 2 6%|T|

for every T € T, and whenever 0 is a number satisfying 6 < 0 < 6' ¢, there is a
Sfamily of 6-tubes Ty with shading Yy such that

(i) (Fine multiplicity) us(p) 2 6 "7 2.

6—n+0’—8

(ii) (Coarse multiplicity) ug(p) 2

(iii) (Inner multiplicity) us[Ty](p) = (6/6) "7 —4.

Proof. Let e > 0 and suppose that T is an g-extremal set of 6-tubes with shading Y.
Let Ty, Y} be a constant multiplicity refinement of (T, Y) with multiplicity us. The

details of how to obtain this refinement are given below.

For every positive integer k, let E; be the set of points at which the multiplicity of
S-tubes in T is ~ 2K, i.e.
Ey={x¢€ U Y(T) : 251 < #T(x) < 2%},

TeT

Since Y e |Ex| - 25 ~ Srer |Y(T)| 2 6%, there is an integer k such that
1
Ep - 2F 2 —————6°.
B2 fog170)

Set us = 2 for this value of k. Now define a new shading Y; of T by
Y/(T)=Y(T)nEy, VTeT.
For every 0 < A4 < 1, define a new family T , by
Tia={TeT:AT| < |Vi(T)| < 24|T|}.

By the pigeonhole principle, there exists some A such that

1 1,
> @)= 08 @/3) ;F (D) 2 770" 4.1)

TGTL,}
Let Ty := T, for this chosen value of A, and further observe from (4.1) that

1
12 Tog(1/02°

&
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This shows how to obtain the constant multiplicity refinement, and we now need to
show that this refinement obeys the multiplicity bound in part (i) in the statement of

this lemma. Using the hypothesis that T is an e-extremal set, we see that

i<yl s (67"
TeT, TeT
On the other hand, from the definition of o and because T} is also a sticky set by

Lemma 34,

@)l z 8755

TeT,

Since

s L@l ~ Y, mm) 2 6%,

TeT, TeT
we conclude that
Us 2 5—n+a’—6(6e)1—0'. (4.2)

Fix a tube Ty € Ty and consider the set of 5-tubes T’ [Ty ] with shading Y. Let T [Ty]
be a constant multiplicity refinement of T'[Ty] with shading ¥; and multiplicity
us[Ty]. (The details of how to obtain the constant multiplicity refinement are very
similar to those given in detail for T above, so they are not repeated.) We will prove

an upper bound on us[Ty] by observing the structure of the set T'[Tp].

Let e = dir(7y). Let ¢ : R* — R”" be the anisotropic rescaling defined by
i
0

p(x)=x-e+

Observe that ¢(Ty) equals a cylinder of radius 1 and length 1. Every §-tube T in
T'[Ty] no longer has the shape of a tube. Since /(dir(7),e) < 6, we know that
|dir(T) - e1| < 6, and thus |¢(dir(T))| < 2. This implies that ¢(7) is contained in
the 2-fold dilate of a §/0-tube T which has the same center as T but points in the
direction as the vector ¢(dir(7T)). Similarly T is contained in the 2-fold dilate of
¢(T). Through the identification ¢(7T) — T, one may speak of ¢(T) as a §/6-tube,
which we will now do by an abuse of notation. Let T, /6 denote the collection of
0/6-tubes ¢(T) contained in ¢(Ty).

Since T'[Ty] consists of tubes pointing in §-separated directions, Ty /6 consists of
(6/6)-tubes which are (6/6)-separated, It will be now shown that Ty /o 1s a sticky
family of 6 /0-tubes. To see this, consider the set T'[T,] and let 7 be an “intermediate”

scale, i.e. let 6 < < 6. Since T is sticky, there is an eta-parent family T, of



43

1—n+e

n-tubes covering every 7' € T. There are ~ n-tubes in T, which means that

for all except at most 8¢ 6-tubes Ty, there are 6"~ 'n! =" n-tubes covering all T(7y).
Finally, observe that if an -tube T, contains a 6-tube T' € T'[Ty], then (T, 7 To) <6,
and thus 7}, is contained in a 2-fold dilate of Tj.

Applying the rescaling ¢ to each T;,, one sees that ¢(7},) is an 17/6-tube containing
~ " 1(6/6)'7" (6/6)-tubes in it. This shows that the family T4 is sticky.

For every T € Ts/p, let ¥ be the shading given by

Y(T) = ¢(Y1(T)).

By the definition of o, and also because |Y(T)| 2 6¢|T| for every T € T[T3], we
know that

| 7Dz (5/0) 7 (6%)
T€T5/g
Since

wlll -1 ) YD~ ) 7@~ 6>,

we conclude that
us[Tol < (6/6) "7 22(6°%)! 7 4.3)

Now consider the set of tubes Ty, which is the §-parent family to the set T'. Let Yy
be the shading for Ty that is given by applying Lemma 32 to (T’,Y’). Let Ty, Yy,
be a constant multiplicity refinement of (Ty, Yy) with multiplicity uy. Then since

Te.1 1s sticky, we have, using the definition of o as above,

Uo < 07ﬂ+0'76(0€€)1*0'. (44)

Finally, by taking another refinment of Ty, of Ty, it is possible to ensure that for
all Tg € Tg’z,
uslTo] ~ ps[To]

for a constant us[Ty], which also satisfies
ps[Tol < (8/6)7"7728(s%)! 7. 4.5)
We will use the observation that at a point x,

Ms(x) < po(x) - pus[To] (x).
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For this observation to be applicable, it is necessary to take a refinement T», ¥> of

T, Y7 such that
U Yo (Tr) < U Yo(Tp).
TeT, TgGTgJ

Now putting together (4.2), (4.4) and (4.5), and using the observation at any point

x, and for any tube Ty € Ty, we can conclude the following statements:
Us > 5—l’l+0'—6(58) 1—o

o > 9—n+cr—e(6£)l—0'

us[Tol(x) 2 (6/6) ™ —¢(6%)1 7.

O

Lemma 37 (Self-similarity of extremal sticky sets). There exists gy > 0 such that
forany 0 < € < g, if T is an g-extremal family of 6-tubes with shading Y, then the
0-parent family Ty, with the induced shading from Lemma 32, is (1 — &)-extremal,
provided § < 0 < §' 7%

Proof. This is a direct consequence of Lemma 36. Let & > 0 and suppose that T
is an g-extremal family of -tubes with shading Y. Let Ty be the 8-parent set of T
and let Yy be the shading given by Lemma 32. By Lemma 36, there is a refinement
T',Y’ of T,Y and a refinement Ty, Y, of Ty, Yy such that for all x € Urcp Y'(T), and
any Ty € T)(x),

ux) ~pz 6 "mE
po(x) ~ pg 2 07"0F

us[Tol (x) ~ ps[Tpl 2 (6/6) 7772,

for some numbers y, 19 and 5[ Ty]. Since we have

po -1 Y~ D V(D)2 6° Y V(D) 2 6%,
TeT! TeT TeT
it follows that
| U Y/(T)l < 928(178)9}’170'+8’
TeT!
which is the desired conclusion. m]
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Lemma 38 (Balanced cover). For any € > 0, if T is an g-extremal sticky set of
5-tubes with shading Y and if Ty is the 0-parent set of T for some 6' ¢ < 6 < §172¢,
and if Yy is the shading of Ty induced by Lemma 32, then there are refinements
(T, Y") of (T, Y) and (T}, Y,) of (Te, Yy) such that every 6-cube Qg € Uryer, Y (Ty)
contains ~ (0/6)7 ¢ 6-cubes in \Jre Y (T).

Proof. Let e > 0be given. Let T, Y, Ty and Yy be as described in the hypothesis in
the lemma statement. Since (T, Y) is e-extremal, the number of §-cubes contained
in Urep Y(T) is < 677, By Lemma 37, the number of 6-cubes in Jz,c1, Yo(Th)
is < 6777, By dyadic pigeonholing, there is a set E = (Jr,er, Yo(Tp) such that

every 0-cube Oy contained in E contains ~ N ¢-cubes and

D Wo(To) M El 2 6° ) [¥o(Ty)l.

To€Ty TeTy

Define a new shading of Ty by Yg’(Tg) := Yy(Ty) n E for every Ty € Ty. Define a
subset T}, < Ty so that [Y;(Ty)| ~ A¢|Tp| for all Ty € Ty and

DT 2 6% Yo(Ty)l.

To ET/‘) TeTy

It follows that (#T) - Ag - |Ty| 2 6°¢, which allows us to conclude that #T), > 6°*#Ty
and 1y 2 6°¢. Now define a refined shading of T,Y by

Y(T):=Y(T) nE,

and take T/ < T such that |Y'(T)| ~ A|T| for all T € T’, all so that

IRLGIET I LG

TeT’ TeT

Similarly, it follows that #T > 6°#T and A > ¢°. From the definition of o, we know
that Upeq Y/ (T) contains at least 67 §-cubes. But since T,Y was g-extremal,
the number of §-cubes in Jpe Y'(T) must be ~ §~7*. Similarly, the number
of 6-cubes in Ur,er, Y;(Ty) is ~ 67=. Every 6-cube in Uryer, Y;(Ty) contains the

same number of delta cubes, so N ~ (5/6)~*€, O

4.3 Kakeya estimate for sticky sets

Lemma 39. If Ty is a set of B-tubes that point in -separated directions, with § ~ 1,
and Yg is a shading of Tg, then there is a refinement T',,Y [’3 such that one of the

following cases holds:
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(a) (T ,Y/;) is (k — 1)-plany.

(b) At every point x € UTﬁe’]I‘;), Y,é(Tﬁ),

#%aanqn)eﬁymﬁykmaUA-uAmmnn>ﬁﬁz#@ymﬁ.
4.6)

Proof. Let Tg be a set of S-tubes that point in S-separated directions, and let Y5 be
a shading of Tg. We will say that a point x € Ugp,cr, Yg(Tp) satisfies the k-plane
condition if there exists a (k — 1)-plane V(x) such that

ﬂmeTﬂmzamam%vu»sﬁ}z%ﬂ%ux (4.7)

where N is any number greater than k. For example, one could use N = n. Observe
that at any point x € UTﬁeT : Y(Tg) which does not satisfy the k-plany condition,
the condition (4.6) is satisfied. To see this, let {V;} be a maximal collection of
~ f-separated (k — 1)-planes, all passing through the point x, in R”. We may

partition Tg(x) into sets
Tp(0)[Vi] = {Tp € Tp(x) : £(dir(Tp. Vi) < B

If 77 is chosen from Tg(x)[V; ], ..., and T is chosen from Tg(x)[V;, ], and if

i1,...,Ix are pairwise distinct, then
|dir(T7) A -+ A dir(Te)] = B

Since x does not satisfy the k-plany condition, there are at least

1 2 k
1— =) (1—=)--(1— =) (#Tg(x))*
(1= ) (1= ) (1= ) - (#Tp(x)
such k-tuples that can be chosen, and this shows (4.6). Denote

E={xe U Yp(Tp) : x satisfies the k-plany condition}.
TﬁGTﬁ

Now we will consider two cases separately. First, suppose it is the case that

1
2, @) nEl= 5 ) Wa(Tp)l. (4.8)

T,BETB TﬁETﬁ

Then we will define

Y/;(Tﬁ) = {x € Y3(Ip) n E : £(dir(Tp),V(x)) < B}
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and define T;; = Tp, and now (T}, Y é) is (k — 1)-plany, so condition (a) holds. On
the other hand, if (4.8) is not true, then it must be that

1
D WeT\EI = 5 > Vs(Tp)l.

TBETﬁ TﬁETﬁ

In this case we will define
Y[;(Tﬂ) = Ys(Tp)\E

and T/B = Tp, and now condition (b) is satisfied. m|

Proposition 40. Let 3 < k < n. For every € > 0, whenever T is a sticky family
of 8-tubes with shading Y, which satisfies |Y(T)| 2 6°|T| for all T € T, there exists
C > 0 such that

|y @)z e,

TeT
where

d < max min
3<k<n

m+2—(WV2—Dk n*+k*>+n—k
3 ’ 2n

Proof. Fix 3 < k < n. The proof is by induction on the scale ¢. In the base case,
the hypothesis is that T is a family of S-tubes, where S ~ 1 is the constant appearing
in the definition of k-linear tubes. By Lemma 39, T is either (kK — 1)-plany, or else
satisfies (4.6). If T is (k — 1)-plany, Proposition 18 gives the result. If T satisfies
(4.6), the result is given by Corollary 12 with C =d + 1.

The induction hypothesis is the following: for every £ > 0 and every 6 in the interval

[6/B.B). if

(1) Ty is a sticky set of 6-tubes with shading Yy, and

(i) [Yo(Tp)| 2 6°|Ty| for all Ty € T,

then there is a constant C; > 0 such that

U Yo(Tp)

ToeTy

> C 0n—d+(d+l)s
= L¢g .

Let € > 0 and assume that T is a sticky family of d-tubes, with shading Y, such that
|Y(T)| = 6¢|T| forall T € T.

From the definition of o, it is enough to consider the case where (T,Y) is an &-

extremal family of d-tubes. Since T is sticky, it is possible to cover T by a family



48

Ty of 6-tubes pointing in #-separated directions, with 8 = §/8. Let Yy be the
shading given by Lemma 32. By Lemma 37, the family (Ty, Yy) admits a refinement
(T}, Y,) which is £(1 — &)-extremal. Since (T,Y) is g-extremal and (T},Y,) is

€(1 — &)-extremal,

|UY(T)| < 5n—o’+(0'+1)s andl U Ygl(Te)l < en—0'+(0'+1)s(l—s). (4.9)
TEeT Ty€ET),

By Lemma 38, there is a refinement (T',Y’) of (T,Y) and a refinement (T}, Y,) of
(T}, Y,), and a number N > 0 such that

| U Y'(T) A Qg| ~ N&" (4.10)
TeT’

for all §-cubes Qp = Ur,ers Y, (Ty). From the definition of o,

| U Y(/)/(T())l > 011—0'+(0'+1)8.
TQET/Q/

This statement, together with (4.10) and (4.9), gives the conclusion that

(6/9)70'+(0'+1)8 -~ ﬁ*ﬂ'+(0'+1)8 <N< ﬁfcr+(0'+l)597(0'+1)82.

By the induction hypothesis,

| U Yé/(Te)l > Cgen_d+(d+l)8.

TQGTZ
With (4.9), this implies that o — (o0 — 1)e + (0 — 1)&? > d — (d — 1)& and thus
N 2 ﬂ_‘“(d”)a_(“l)ez. Together with (4.10) and the induction hypothesis, this
gives

| U Y(T)l Z Ce(sn—d+(d+l)6ﬁ(0'+l)82.
TeT

If B is chosen to be small enough that ﬁ(‘”l)gz times the implicit constant in the

statement above is smaller than 1, this closes the induction. m]
The proof of Proposition 31 follows immediately from this result.

Proof of Proposition 31. Let € > 0 and let T,Y be as in the hypothesis of the
proposition. The result follows immediately by finding the value of k for which the
maximum is obtained in the following expression:

C(2n+2— (W2 =Dk n*+k*+n—k
max min ,
3<k<n 3 2n




49
The optimal value of k is given by

_ 1 —V2+46—2V2

k
3

n+0(1) ~ 0.45555915723 n + O(1).

This gives
d > 0.60376707287n + O(1).

In the worst case scenario, given any € > 0, there are infinitely many dimensions
for which d < 0.60376707287n + O(1) — &. O

4.4 Relation to sticky sets in Wang-Zahl

Recently, Wang and Zahl introduced the concept of a sticky Besicovitch set using the
packing definition of Besicovitch sets ([23]). In this section of the paper, the relation
between sticky sets of 0-tubes and sticky Besicovitch sets as defined by Wang and
Zahl is outlined. A version of this result is proved in [23].

Definition 41. A sticky Besicovitch set is a compact set K < R" obeying the
following hypotheses: there is a set of lines L in R" such that

i. L has aline in every direction,
ii. K n ¢ contains a unit line segment for every € € L, and
iii. L has packing dimension n — 1.
Let £ be the set of all lines in R”. Every non-vertical line € € L can be represented

as
¢ =1(a,0)+Re

where e € S"~! and a € R*~!. In this section ¢ will be represented as
(= (ag,ep).
The distance between two lines £ and ¢’ in £ is defined by
dist(¢,€") = |a; — ap| + Z(e¢, epr).

A measure A is defined on £ to be the product of the Lebesgue measure on R*~!
and the normalized surface measure v on S"~!. With these definitions, the packing

dimension of a set L < L agrees with its upper modified box dimension.
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Proposition 42. For any € > 0, if K is a sticky Besicovitch set in R", then there
exists 6o > 0 such that

(1) for any 6 < oy, there is a set of 6-tubes T which is sticky; and

(2) ifdimy(K) = d, thenthereis ashading Y (T) satisfying Y (T)| 2 (log(l/d))_lel
for every T € T, such that

UY(T) S 6I1—d+8'

TeT

Proof. Let € > 0 be given and let K be a sticky Besicovitch set. Since the packing
dimension of L coincides with its upper modified box dimension, L can be written

as a countable union of closed sets {L;} such that

dimp (L) <n—1+ Z

foralli. There exists an index i for which v(dir(L;)) > 0. From the upper Minkowski
dimension of L;, there eixsts ¢; > 0 such that for all § < 61,

A(Ns(Ly)) < 6@n=2—(1=1)=e/2,
We will say that a direction e € S"~! is over-represented at scale § if
{aeR""': (a,e) € Ns(L;)}| > 6" '72.
By Fubini’s theorem, it follows that
v({e € "7 : v is over-represented at scale §}) < 6°/2.
By making 0 smaller if necessary, we can then ensure that

1
v({e € S"~1: v is over-represented at scale §}) < Ev(dir(Ll-)).
dyadic 0:0<9
Now define a subset L’ < L; by
L'=L;\ U dir ' ({e € S"! : v is over-represented at scale §}).
dyadic 6:6<dg

By the definition of Hausdorff dimension, there exists a number 69 > 0 (which we

can ensure is smaller than §; above) and a cover Q of K, where

Q= U Qs,

dyadicd:0<dg
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where Q; is a collection of §-cubes and
#Q, < 542,

For each € € L/, since |K n €| > 1, there exists at least one & such that
1
tn U )| = 2"
0eQs 100(10g(1/5))
For each dyadic number &, let Ls = L' be the set of lines for which (4.11) holds.
Then there exists a dyadic scale § < ¢ for which v(Ls) > v(L’)/100( log(l/é))z.

Fix this value of § and rename Ls as L”. Now we define & to be a §-separated subset
of dir(L"), then

4.11)

L/ 517"
4 > L) .
100(log(1/6))
Define T be a set of 6-tubes pointing in directions in &, with centers and shading
Y(T) chosen so that, using (4.11),

and |Y(T)| 2 |T|/(10g(1/§))2 for every T € T. Since this implies that
Iy s s,
TeT
conclusion (2) in the statement of the proposition is shown. It now remains to show

that T is sticky. Let p be a number such that 6 < p < 1.

If p > 0¢: since 6p may be considered an admissible constant, if T, is any set of

maximal p-separated tubes, it is trivial that #T, ~ p'~" and #T[T,] ~ (6/ o)l

If p < 6p: We will greedily cover L” with p-balls, so that p/3-balls at the same
centers would be disjoint. Define T, to be the set of tubes pointing in the directions
of the lines in the cover and with centers inside the set on the left-hand-side of (4.11).

From this definition, it is clear that every T € T is contained in some Tg € T),.

Since 6y < 61, and since dir(L”) has no directions over-represented at any scale
less than 61, there are at < 6~ tubes T, € T, that point in the same direction. To
make the directions p-separated, choose any one tube out of the possible ¢ tubes
in the cover pointing in a given direction, and remove the other tubes pointing in
that direction from T,. Then #T, ~ p'~". To ensure T is still covered by Ty, we
will take a refinement T/ < T, losing at most a p—¢ < ¢ °-fraction of T. Then T’
will be a sticky set, and it can be easily seen that conclusion (2) still holds for this

refinement. O
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Corollary 43. The Hausdorf{f dimension of every sticky Besicovitch set in R" must
exceed 0.60376707287 n+ O(1).

4.5 An x-ray estimate derived as a corollary of Zahl’s k-linear estimate
In this section, an x-ray estimate is obtained as a corollary of Zahl’s k-linear estimate.

The proof is similar to that of Proposition 4.2 in [12].

For convenience, the definition of an x-ray estimate is repeated here. An x-ray
estimate at dimension d holds in R" if there exist 0 < a,y < 1 such that the
following statement is true. For any £ > 0, if & is a set of d-separated directions in

S"~1and T is a set of 5-tubes obeying the following properties:

1. No tube in T is contained in the 10-fold dilate of another one.

ii. Every tube in T points in a direction in & and no more than 6 —# tubes in T point

in any given direction,

then there is a constant C, > 0 such that

I Z)(T”d’ < Coolmae (57 Ao (6 1)
TeT

Proposition 44. An x-ray estimate holds in R" at dimension d = max,<j<, min{n>+
n+k*>—k)/2n,n—k +2}.

Lemma 45. Suppose that g > 0 is a small number (e.g. 8y < n/10%). Let
2< k<nandletd <n—k+2+069. Suppose that for every € > 0, whenever T is
a set of 6-tubes pointing in o-separated directions, then there is a constant C¢ > 0

such that

1O D5 gy Igldin(T) A - A dir(TO ) ¥y

4.12
< Céél—ﬁ—e(z |T|)n(d—1)/(n—1)d- ( )

TeT

Then an x-ray estimate holds at any dimension dy := d — 0.

Proof of Lemma 45. Fix2 < k < nandletd < n— k+2. Assume that the k-linear
estimate in the lemma hypothesis holds. Let & > 0 be given. The argument uses

induction on scale 6.

The induction hypothesis is that there exist 0 < @,y < 1 and Cé > (0, whose values

will be specified later, such that the following statement holds:
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If T is a set of (8/s)-tubes obeying properties i and ii in the definition of an x-ray

estimate, then there exists C. > 0 such that

1Y xrllar < Ce(6/9)!=872(8/5) )1~ ((6/5)" ' #E)".

TeT

Let & be a set of §-separated directions in S”~! and let T be a set of 5-tubes obeying
properties i and ii in the definition of the x-ray estimate. Let s ~ 1 be an admissible

constant whose value will be specified later.

Define a set Narrow; < [UrerT as a set of all points x for which there exists a
(k — 1)-plane V(x) such that

#(T e T(x) : 2(dir(T),V(x)) < s} 2 #ﬁT(x).

Define another set Broad; < |Jrcr T as the set of all points x € |y at which this
condition is not satisfied. Observe that for every point x € Broady, this leads to the

conclusion
#{(Tl, o0y Te) € (T))X 2 |din(Ty) A - -+ A dir(Ty)| > sk} > (#T'(x)*. (4.13)

(For a more detailed justification of the last claim, see the proof of Lemma 39, where

the same claim is explained in detail.) Now

d/(d—1 _
1wl < [ 1Yl [ gy,

TeT Broady et arroWx - 7eT

In the right-hand-side above, we will call the first term the “k-broad contribution”
and the second term the “k-narrow contribution”. If the k-broad contribution
dominates, then it can be estimated by using the the k-linear estimate on 67 sets

of direction-separated tubes partitioning T, as follows.

/ D ”—/ S o) D,
B Broady

I’Oﬁdk TeT

From property 4.13 above, we can ignore the contribution of k-tuples (71, ..., T})
unless |dir(T;) A --- A dir(Tg)| > s*. Then, by using the k-linear estimate on the

norm applied to these k-tuples alone,

1/k _n_ _ _ n(d—1)
Z XT, ** XTy) | La/ta—1) (Broad,) < Ccoll~a 6)(5 By (6" '#E) -1,
LTeT
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Using Riesz-Thorin interpolation between this estimate and a known x-ray estimate
at dimension (n + 2)/2, from Theorem 1.2 of [{\L }Jaba1999xray], we obtain

1/k -2 —€) - md—1)
10D xn e xm) o roagyy < Ce'' 0 (57F) (6"~ ) ora
T],...,TkET

provided that @ and y have the following values:

11
a_(d—o—z) (n+1) andy—do_l
2 1 _ - '
2 -1 (n—1n+2) do

This shows the conclusion if the k-broad contribution dominates. On the other hand,
if the k-narrow contribution dominates, we will use the following tiling of S"~!: let
R"~! be tiled by s-cubes given by translates (0, s]"~! placed end-to-end and let a
“tile” 6 on the sphere be given by the image of one of these s-cubes via the map
& — (&€,4/1 — |€]?) sending R"~! to the northern hemisphere. Let T be partitioned
into sets

T[6] = {T € T : dir(T) € 6}.

Then we may write
[ooyvm~ [ 1Y sl
Narrowy, TeT’ Narrowy 9 TeT,

Consider that at any point x € Narrowy, the following statements hold, first by the

definition of Narrowy, and then by Holder’s inequality,

; Diarm= > > xr@)

TeT, 0:2(6,V(x))<s TET[6]
1/do (do—1)/do
< 2, i (X1 a@ @y
0:2(0,V(x))<s 0 TeT[H]

For any (k — 1)-plane, the number of caps 6 making angle < s with the (k — 1)-plane
is ~ s~**2_ Thus,

_ — — do/(do—1
Lo I3 s ) < R S S il
arrowy

0 TeTy 0 TeT[o]

and
(do—1)/do

_ dy/(dp—1
1D xrllagsar—ny < sTE2IONNE ST xrll@ne ) L (414
TeT! 0 TeT[6]
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To estimate the quantity on the right hand side above, we will use the inductive
hypothesis. For any tile 6, let ey € S"~! be the center of . Perform an anisotropic

re-scaling of all tubes T[7y] via the map

Ers (E-ep)+s ! sTHE—E - ep).

The image of every J-tube 7T is contained in a 26 /s-tube which will be denoted 7.
To ensure that the set of directions in which the tubes T are (J/s)-separated, we will
take a subset & < & such that &' is §/s-separated. Then

#&' ~ "8,

Let T be the set of all tubes 7', where T € T and dir(7) € &. Now it is immediate
that T satisfies properties i and ii in the hypothesis of the x-ray transform, and that
T has the following relation to T[6]:

I Z Xt ldos(do—1) = S("fl)(dofl)/dollZ)ﬁlldo/(dofl)-
TeT[0] TeT

By the induction hypothesis, the right-hand-side above is majorized by

_n_ Y
sV (1) 0 (5B ((6/5)" (HE 0 0))
~ st 5 E T 5y (57 (e 0))
After putting this together with (4.14), and our choice of y = (dg — 1)/dy, we find
that || 2rer x7|ldy/(do—1) 1 majorized by

oo oG () (sn_] > (e 9))%/%_1)

6
— S8+(n_k+2_d0)/d05_1+d10_8(6_ﬁ)a ((5n_1#8)y )

)(dol)/do

By hypothesis, dy < n — k + 2, and the exponent of s is positive. Thus s may be

chosen to satisfy
SE+(n*k+27d())/d0 < %Ci;

If C. is chosen such that
Ce > 2max{Ce, C.},

then the induction hypothesis closes after adding the estimates obtain above for the

k-broad and the k-narrow contributions. O
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Proof of Proposition 44. Let 6o > 0 be a small number (e.g. smaller than 1/10%).

Let k¢ be the value of k for which the maximum

max min
2<k<n

2 2
{n +n+k k,n—k+2}::do
2n
is achieved. Let k; be the value of k for which the maximum

+n+k?—k
2n

. (n?
max min
2<k<n

,n—k+2+60} = d].

is achieved. Note that
d() <d; < d0+60.

By Theorem 11, the k;-linear estimate (4.12) holds for
n?+n+ k% — kq

= < 1.

2n

Now, by Lemma 45, an x-ray estimate holds at dimension dy, since dy = d; —dp. O

The following proposition is essentially the same as Proposition 3.3 from [17]. It
has been provided here for completeness since the definition of stickiness is slightly

different from the definition appearing in that paper.

Proposition 46. Suppose that there is an x-ray estimate at dimension d and that
there exists a Besicovitch set B with dimy;(E) < d + &, for some £ = 10710, Then,

for any sufficiently small 6 > 0, there is a sticky collection T of 6-tubes satisfying

|UT| s 6n—d+£.

TeT

In the following proof, the same notation as in previous section will be used to

parametrize lines in R”.

Proof. Let B be a Besicovitch set with dimy;(E) < d + . From the definition of

upper Minkowski dimension, this means
INg(B)| < 0" %** forall 6§ < 6 < 1. (4.15)

Let L be a set of lines such that

i. L contains a line in every direction (except the vertical direction), and
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ii. B n ¢ contains a unit line segment for every £ € L.

Every line in € can be parametrized as
{=(a,0)+Re

where a € R"~! is a point and e € $"~! is the direction in which ¢ points; and thus
¢ will be denoted (a, e).

Call a direction e € S"~! sticky at scale 6 if
{aeR"!: (a,e) e Ng(L)}| < 0" 172, (4.16)
Let & < S"~! be the set of directions given by

&= ﬂ {e € S"7!: ¢ is sticky at scale 27%}.
keZ:1<sk<log(1/6)
For each e € S"~1\&, there exists a scale 6, > 0 such that (4.16) fails. By dyadic
pigeonholing, there is a set &y < $"~'\& and a number § > 0 such that 6, ~ 6 for
all e € &y and

V(&) = y(S"NE).

1
log(1/9)
Let & be a maximal #-separated subset of Ep. Since every e € & is fails to be sticky
at scale 0, there are 2 0~ C'¢ §-separated points a for which the line (a, e) € Ny(L).
Let Ty be the set of 6-tubes given by taking the #-neighborhoods of the unit line
segments contained in B N ¢ for each of these lines £ = (a, ¢). By the x-ray transform

estimate, there exist numbers 0 < @,y < 1 such that

1> xrllar < 6440~ C%) (e .
TeTy
By an application of Holder’s inequality, this implies that
| U Tl > 0n7d+807dclacx(gnfl#gl)dy'

TeTy

Since | Urer, T S Nag(B), it follows from (4.15) that
#81 S Hl—ngclsa/y‘

Since &; is a maximal #-separated subset of &, this implies that v(&y) < #€15/7
and thus
v(E) 2 1—log(1/6)6C12/7 » 1,
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provided C is chosen to be sufficiently large.

Now let &5 be a maximal d-separated subset of &. Let T be the set of -tubes given
by the 6-neighborhoods of the unit line segments contained in B n £ for every £ € L
pointing in a direction e € &g, then T ~ §'~". It will be shown that a subset T’ of T

is sticky.

Choose a set of -tubes Ty so every tube T € T is contained in at least one Ty € Tjy.
It can be ensured that Ty is minimal, i.e. every Ty € Ty contains at least one 7 € T
which is not contained in any other 6-tube in Ty. Consider the set of coaxial lines of
tubes in Ty. Suppose that there are several of these lines ¢y, - - - , £y that are “almost
parallel,”, i.e. all the lines €1, - - - , £y point in directions making at most angle 6 with
a single direction e € S"~!. Foreach 1 < i < N, the line {; = (a;, ¢;) is contained
in Ng(dir_1 (&)). Thus, the 6-tubes with coaxial lines ¢y, . . ., £y all lie in

dir™" (Nag({e}))  Nag(dir™ ' (E)).
It follows that
A{dir™ (Nag({e}) N Nag(dir ™' (8)) | 2 No**D
and then, by Fubini’s theorem, there must exist ¢’ € Nyg({e}) n & such that
HaeR"!:(ae)eNyg(L)} = No" .

From (4.16), N < 6~C'¢. Thus, it is possible to choose a @-direction-separated
subset T, < Ty such that #T} > 0C1e#T,. After taking another refinement T7, it is
possible to ensure that every Ty € T}, contains X (6/8)'~"*2* §-tubes for a suitable
constant C, > 0. If T’ is chosen to be

T :={T € T: 3Ty € T, such that T < Ty},

it follows that T" is sticky and that #T’ » §'~"+C3¢, O

Together with Proposition 46 and Proposition 31, Proposition 44 gives the following

corollary.

Corollary 47. The Minkowski dimension of every Besicovitch set in R" must exceed

d = (272 + &)n, for a certain value of € greater than 10~1°.

Though this estimate is not as strong as one previously proved in [18], it provides a
new proof of the result.
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