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ABSTRACT

Decision-making is ubiquitous in everyday life. Increasingly, researchers are

seeking answers on how to optimally solve sequential decision-making tasks.

Thanks to recent availability of computation, advances in deep learning, and
released open-sourced code, it has become easy to train a computational agent
to make decisions in many domains. Nevertheless, in realistic scenarios where
the consequences of failure are high, running a trained computational agent in

the wild poses substantial risk.

The goal of this thesis is to develop and advance techniques that guarantee
a learned agent does what we expect it to do. The thesis tackles two central

questions:

1) Given an agent, how can we predict if it will perform desirably?

2) Can we structure the learning process to guarantee desirable post-learning

performance?

On the former question, this thesis proposes multiple algorithms to evaluate

such agents, finds factors that have high influence on the success of agent

evaluation, and open-sources benchmarks for further development in the space.

On the latter question, this thesis formulates desirable agent behavior as a
constrained optimization with varying types of constraints depending on the
structure afforded to the practitioner. Constraining the search space over the
learning process ensures post-learning behaviors will, by definition, perform as

desired.
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Chapter 1

MOTIVATION AND GOAL

This chapter motivates and presents the goal and developments of this

thesis.

Simply put, solving a sequential decision-making task involves finding a sequence
of actions over time that achieve a desired outcome. It is easy to appreciate
the wide range of tasks to which this concept applies, such as traffic routing,
power system management, recommendation systems, financial trading, motion
planning in autonomous vehicles and robotics, games like chess, and even

simple tasks like making a sandwich. The list is abundant.

Beyond some basic systems, classical solutions have become impractical due
to the extensive search space they require. Increasingly, researchers and
practitioners have leaned on learning-based approaches, fueled by superhuman
levels of computation, leveraging success in deep learning including computer
vision [112, 49], and increasingly language models [213]. These powerful deep
learning advances have contributed to dramatic successes in sequential decision

domains, most notably in games [144, 185] and recommendation [127].

However, many decision-making domains involve substantial risks to human life,
hardware, and resources. This raises a fundamental question when deploying

“learned agents” capable of interacting with the world:
How can we be sure that the agent will succeed?  (Performance Guarantee)

As of the writing of this thesis, providing a satisfying answer to this question
remains elusive, limiting the applicability of learning-based approaches to

systems where repeated failure is tolerable.

In the following sections, we present our attempt to address this fundamental

question. Our approach consists of two key steps:

1) We will massage any existing data to extract meaningful signal on our

agent’s expected performance.



2) We will re-frame the learning process to proactively ensure satisfactory

performance of the agent.

1.1 Guarantee from existing data: Off Policy Evaluation (OPE)

A key approach to providing a performance guarantee for a learned agent,
particularly when the cost of deployment is high, involves leveraging existing
data. This data may include human demonstrations, or limited deployments of

classical or conservative agents.

The problem of estimating the performance of a new agent using pre-collected
historical data generated by other agents is known as the Off-Policy Policy
Evaluation (OPE) problem.

In practice, the dataset contains actions chosen by a different agent from the
one being evaluated. Had we run the new agent in the world we may have
observed different actions and outcomes than the ones available in the dataset.
Accounting for this distribution shift poses the fundamental challenge in OPE.

Ignoring this shift can result in poor estimation of agent performance.

Given its importance, the research community actively advances OPE tech-
niques, both for the bandit [54, 24, 196, 219, 128, 138] and reinforcement
learning settings [97, 54, 60, 133, 223, 209, 152, 225, 44|. These new de-
velopments reflect practical interests in deploying reinforcement learning to
safety-critical situations [127, 220, 24, 17], and the increasing importance of
off-policy learning and counterfactual reasoning [47, 203, 149, 123, 135, 155].
OPE is also similar to the dynamic treatment regime problem in the causal

inference literature [151].

In Part II, our work focuses on OPE. Chapter 3 surveys and benchmarks the
existing techniques for OPE, teasing out some of the key factors that have
high influence on method performance. We summarize guidelines for method
selection depending on the circumstance and open source an extensive package
for new OPE experimentation and development. We also outline further
directions remaining in OPE development. To the best of our knowledge, this

is the first comprehensive study on OPE.

Chapter 4 restricts its attention to model-based OPE. The chapter argues that
current model-based approaches for OPE have an incomplete learning objective
and do not properly correct for distribution shift. We develop a novel method

known as Minimax Model Learning (MML), provide theoretical guarantees



on its predictive performance, and demonstrate empirical improvement over
previous methods. We also show that this idea can, additionally, be extended

to do learning, which we will get to in the next section.

Similarly, Chapter 5 attends to model-free OPE. Here we develop Fitted
Q Evaluation (FQE), a simple method for OPE and derive guarantees on
its predictive performance. It is demonstrably more reliable than previous

model-free methods and significantly easier to implement.

1.2 Guarantee from restructuring learning: Learning with Guarantees

A policy serves as the decision system that guides an agent’s actions within the
world. The interaction protocol follows a sequence of steps: the world reveals a
context, the agent selects an action based on that context using its policy, the
agent executes the action and experiences a cost, the world is influenced by the
action, and the next context is revealed, and so on. Typically, a policy maps
previous contexts to a distribution of possible actions. Common assumptions
include the policy depending only on the last context (Markovian) and the
environment providing all relevant information (fully observable). This process
is formalized as a Markov Decision Process (MDP) [166] and is foundational

to the reinforcement learning framework [190, 21].

At a high level, the primary objective of the interaction loop is to find sequences
of actions that minimize the agent’s accumulated cost, leading to optimal
solutions. By achieving this, the agent is expected to demonstrate desired
behaviors and successfully accomplish whatever task is implied within the
costs. Indeed, the underlying premise, known as the “reward hypothesis” [194,
186], posits that a scalar cost function fully captures the task specification.
However, designing a single appropriate scalar cost function can be excessively
challenging, particularly in complex real-world systems like self-driving cars.
These tasks often involve numerous constraints, like safety, reliability, and
comfort, in addition to a main objective like reaching a destination. In the
context of the reward hypothesis, these constraints need to be integrated into
the scalar cost function. This blending of the main objective and real-world
constraints introduces complexity in both guaranteeing and validating the

success of the agent’s behavior.

In fact, designing a cost (reward) function can be so hard that there is an

entire effort to investigate learning a cost function [79, 63, 233, 188]. Finding



the correct cost function can be as hard as solving the problem itself [154].
Recent theoretical evidence suggests that certain tasks are simply not reducible
to scalar costs [2]. Nevertheless, to date, almost all theoretical understanding
of RL is focused on this scalar cost minimization setting (e.g., [207, 100, 101,
197, 160, 14, 72, 45, 15, 6, 7, 126, 167, 168]).

In practice, one circumvents these challenges using heuristics such as adding
“breadcrumbs”, known as cost-shaping [187], to guide the agent to qualitatively
behave the way the practitioner intended. However, such heuristics can lead to
catastrophic failures in which the learning agent ends up exploiting the cost
function in an unanticipated way [171, 206, 93, 227, 154]. Additionally, the
process of cost-shaping often requires iterative refinement, as practitioners are
unlikely to achieve the desired behavior on their first attempt. Consequently,
this iterative process is only viable when the cost of failure is relatively low.
As far as guarantees are concerned, a cost-shaped function has lost precision in

specifying the desired behavior.

To address these limitations and pitfalls, Part III of this thesis focuses on
reconfiguring the learning problem without relying on the reward hypothesis.

Instead, we explore two alternative approaches:

1) Value-Based Guarantees

2) Linear Temporal Logic (LTL)-Based Guarantees

Learning with Value Based Guarantees In this approach, the domain
expert decomposes the task into multiple simultaneous constraints, each associ-
ated with a cost function and a corresponding value function (cumulative cost).
The objective is to keep each value function below its respective threshold,

which may be determined by prior domain knowledge or historical data.

Chapter 6 presents an approach that allows the imposition of value-based
constraints in a counterfactual manner when historical data already exists,
without the need for further agent-world interaction. We provide end-to-end
finite-sample performance guarantees, leveraging Off-Policy Policy Evaluation

(Part II) to reason about constraint satisfaction.



Learning with LTL-Based Guarantees

In this setting, the domain expert specifies the task using the language of
Linear Temporal Logic (LTL). Unlike a scalar cost function, LTL enables
precise description of a task and further enables transparent blending of any
additional constraints into a single specification. When desired, a cost function
can be defined to discern the “best” LTL-satisfying policy, based on factors

like time, energy, or effort.

Chapter 7 introduces an approach to finding (cost-optimal) LTL-satisfying
policies in discrete context systems with access to a generative model of the
world. Strong guarantees are provided with minimal assumptions. We develop
several theoretical tools for our analyses and empirically validate the strength

of our method.

In Chapter 8, we address the scenario where a generative model is not available,
and an LTL-satisfying policy needs to be learned through online interaction with
the environment. We develop a proxy value function and a technique called LTL-
guided counterfactual experience replay (LCER) to overcome the challenges
of sparse learning signals, allowing us to take advantage of specific structure
afforded to us by LTL over traditional cost-functions. Empirical evaluations
demonstrate the performance gains of LCER with various reinforcement learning

algorithms.



Chapter 2

FOUNDATIONS

This chapter introduces the reader to the preliminaries underlying this

thesis.

2.1 Preliminaries to Policy Learning, and Markov Decision Processes
As discussed in the previous chapter, sequential decision making involves
iterated interaction between agent and world. Formally, this is abstracted to
discounted MDP framework specified by a tuple (S,.A, P,R,~). Here, S is the
state (context) space, A is the action space, P : § x A — A(S) is the transition
function of the world, R : S x A — A([—R, R]) is the reward function, and
v € [0,1) is the discount factor. It may sometimes be convenient to consider
C:SxA— A([-C,C)), a cost function instead of a reward function. Here,
C,ReR. Let ¥ =S x A.

Given an MDP, a (stochastic) policy 7 : S — A(A) and a starting state
distribution dy € A(S) together determine a distribution over trajectories of
the form sg, ag, 79, S1,a1,71, - .., where sg ~ dy, a; ~ 7(s;), s ~ R(s¢,ar), and
Ser1 ~ P(sy,a4) for t > 0.

The standard optimization objective for policy learning is to optimize the value

function (or cumulative reward) defined as:

) so~do
VP(r) = B |3 yir), T |§i)al>] , (2.1)
i=0 ri~R(¢]si,a4)

over all 7 in some policy class II.

It will occasionally be convenient to keep track of the action-value function
defined as:

Qn( [Z’y r;

so= sao a

ai~m(-|s;) _
sz+1~F(’(| |sz,a)1)‘| ) Qﬂ'(s7 7T<3)) = anﬂ(s) [Qﬂ(37 CZ)} .
ri~R(|si,ai

It is easy to see that V() = E,wq,[Qr(s,7(5))] = Fsud, { amn(s)) (@ (S a)]}



2.2 Preliminaries to OPE
Since policies are selected by optimizing Eq (2.1), we can evaluate it using the
same metric:
VP(r) = J(n,P) = Eeuq, [V (5)], (2.2)
where we can recursively write V' using the Bellman Equation,
V' (8) = Ban( 1) Erar(ls.a) ] + YEsap(isa) [Va (3)]]- (2.3)
A useful equivalent measure of performance is:

J(ﬂ', P) = E(s,a)wdﬁﬁ [ETNRHS’Q) [TH, (2.4)
where d_(s,a) = YX7207'dL (s, a) is the (discounted) distribution of state-
action pairs induced by running 7 in P and df’ . € A(X) is the distribution of
(8¢, a;) induced by running 7 under P. The first term in dfi L 18 di o = do. df’ .

has a recursive definition that we use in Section 4.3:
df (s, a) = / df . 1(3,a)P(s|8,a)m(als)dv (3, a), (2.5)
where v is the Lebesgue measure.

In the batch learning setting, we are given a dataset D = {(s;, a;, ;) }1,, where

/
i
$i ~ dr,(s), a; ~ m, and s; ~ P(:|s;,a;), where m, is some behavior policy
that collects the data. For convenience, we write (s,a,s’) ~ D, P, where

Dy, (s,a) = d,(s)m(als).

The OPE objective is to estimate:

00 so~do
J(m, P =V () = E |3 4 m?:isi‘g!f;’,ai)] , (2.6)
i=0 ri~R(¢|si,a4)

the performance of an evaluation policy 7 in the true environment P*, using
only logging data D with samples from D, P*. Solving this objective is difficult
because the actions in our dataset were chosen with 7, rather than 7. Thus,
any m # m, potentially induces a “shifted” state-action distribution D, # Dx,,

and ignoring this shift can lead to poor estimation.

OPE is sometimes considered in the episodic RL setting. In this situation,
D = {7}, a set of N trajectories (or episodes), where i indexes over
trajectories, and 7' = (s}, ab, b, ..., s 1, a4 1,75 ;) and T may be fixed or a

random variable.

2.3 Preliminaries to Linear Temporal Logic
We give the necessary background and examples to understand Linear Temporal

Logic. An atomic proposition is a variable that takes on a truth value. An



alphabet over a set of atomic propositions AP is given by ¥ = 24P For example,
if AP = {x,y} then ¥ = {{},{z},{y},{z,y}}. A(A) represents the set of

probability distributions over a set A.

Running Example

Figure 2.1:  FExamples. First: Illustration of the Flatworld environment. The
agent is a green dot and there are 3 zones: yellow, blue and red. Second:
LDBA B for “FGy”. 8% = {1}, denoted by green circle. The initial state is
b_y = 0. Third: LDBA B for “GF(y & XFr) & G-b". S¥ = {1}, denoted
by green circle. The initial state is b_; = 1.

We will be using the environment illustrated in Figure 2.1 (First) as a running
example. The agent is given by a green dot and there are three circular regions
in the environment colored yellow, blue, and red. The AP are given by {y, b, 7},
referring to the respective colored zones. Elements of ¥ indicate which zone(s)

the agent is in.

MDPs with Labelled State Spaces

We extend an MDP from Section 2.1 to a labelled Markov Decision Process
(MDP) framework given by the tuple M = (SM, AM PM d) ~, LM) consist-
ing of a state space SM, an action space AM, an unknown transition function
PM: SMx AM — A(SM), an initial state distribution d}' € A(SM), and a
labelling function LM : SM — 3. Let AM(s) to be the set of available actions

in state s.

Notice, unlike traditional MDPs, M has a labeling function L which returns
the atomic propositions that are true in that state. For example, in Figure 2.1
(First), when the agent enters a state s € S such that it is both in the yellow
and blue zone then LM(s) = {y, b}.
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Linear Temporal Logic (LTL)

Here we give a basic introduction to LTL. For a more comprehensive overview,

see Baier and Katoen [16].

Definition 2.3.1 (LTL Specification, ¢). An LTL specification ¢ is the entire
description of the task, constructed from a composition of atomic propositions
with logical connectives: not (=), and (&), and implies (—); and temporal
operators: next (X), repeatedly/always/globally (G), eventually (F'), and until
(U).

Examples. For AP = {z,y}, some basic task specifications include safety
(G—x), reachability (Fx), stability (FGz), response (x — F'y), and progress
(x & XFy).

Consider again the environment in Figure 2.1 (First) where AP = {y,r,b}.
If the task is to eventually reach the yellow zone and stay there (known as
stabilization) then we write ¢ = FGy. Or, if we would like the agent to
infinitely loop between the yellow and red zone while avoiding the blue zone
then ¢ = GF(y & XFr) & G-b, a combination of safety, reachability, and

progress.

LTL Satisfaction

LTL has recursive semantics defining the meaning for logical connective satis-
faction. Without loss of generality, we will be using a specialized automaton, an
LDBA B, [184], defined below to keep track of the progression of ¢ satisfaction.
More details for constructing LDBAs are in [80, 16, 111]. We drop ¢ from B,
for brevity.

Definition 2.3.2. (Limit Deterministic Biichi Automaton, LDBA [184]) An
LDBA is a tuple B = (88,2 U Ag, P5,85,15)) consisting of (i) a finite set
of states S5, (ii) a finite alphabet ¥ = 24F  Ap is a set of indexed jump
transitions (iii) a transition function PP : S8 x (X U Ag) — S5, (iv) accepting
states S C 8B, and (v) initial state b5,. There exists a mutually exclusive
partitioning of S® = 85 U S5 such that S5 C S5, and for b € S8, a € ¥ then
PB(b,a) C 8B, closed. Ag(b) is only (possibly) non-empty for b € S§ and
allows B to transition to S5 without reading an AP. A path ¢ = (by, by, . ..) is

a sequence of states in B reached through successive transitions under P5.
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Definition 2.3.3. (B accepts) B accepts a path p if there exists some state
b € 8B in the path that is visited infinitely often.

Examples. Consider again the environment in Figure 2.1 (First) where
AP = {y,r,b}. If we would like to make an LDBA for ¢ = FGy (reach and
stabilize at y) then we would get the state machine seen in Figure 2.1 (Second).
In this state machine, the agent starts at state 0. The accepting set is given
by 8% = {1}. The transition between state 0 and state 1 is what is formally
referred to as a jump transition: Ag(0) = {e} while Ag(-) = @ otherwise.
Whenever the agent is in state 0 of the LDBA, there is a choice of whether
to stay at state 0 or transition immediately to state 1. This choice amounts
to the agent believing that it has satisfied the “eventually” part of the LTL
specification. When the agent takes this jump, then it must thereafter satisfy y
to stay in state 1. The agent gets the decision of when it believes it is capable
of satisfying y thereafter. When the agent takes the jump, if it fails to stay in
y, it immediately transitions to the sink, denoted state 2. The LDBA accepts
when the state 1 is reached infinitely often, meaning the agent satisfies “always

y” eventually, as desired.

Another example, this time without jump transitions, would be for ¢ =
GF(y & XFr) & G-b (oscillate between y and r forever while avoiding b).
The LDBA can be seen in Figure 2.1 (Third). In this state machine, the agent
starts at state 1 and the accepting set is given by S® = {1}. To make a loop
back to state 1, the agent must visit both r and y. Doing so infinitely often
satisfies the LDBA condition and therefore the specification. If at any point b

is encountered then the agent transitions to the sink, denoted state 3.

We first introduce slightly more notation. Let Z = SM x SB. Let II: Zx A —
A([0,1]) be a (stochastic) policy class over the product space of the MDP and
the LDBA (defined below), where A((s,b)) = AM(s) U AB(b), to account for

jump transitions in B.

Synchronizing the MDP with the LDBA. For any (s,b) € Z, a policy
7 € Il is able to select an action in AM(s) or an action in AB(b), if available. We

can therefore generate a trajectory as the sequence 7 = (s, bo, ag, $1, bo, a1, . . .)
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under a new probabilistic transition relation given by
PM(s,a,s') a€ AM(s),b € PB(b, L(s))
P(s'b|s,ba) = {1 a€ AB(b),l € PB(b,a),s =5 . (2.7)

0, otherwise

Let the LDBA projection of 7 be the subsequence 75 = (bg, b1, .. .). Elements

of 75 can be thought of as tracking an agent’s LTL specification satisfaction:

Definition 2.3.4 (Run Satisfaction, 7 = ¢). We say a trajectory satisfies ¢ if
B accepts 73, which happens if 3b € 7 infinitely often with b € S5".

Let T = E, v,y [TF (2)] be the distribution over all possible trajectories
starting from any initial state z € dj' x {b_;} where TZ(2) is the (conditional)
distribution over all possible trajectories starting from z € Z generated by 7
under relation P (given in (2.7)). The probability of LTL satisfaction results

from counting how many of the trajectories satisfy the LTL specification:

Definition 2.3.5 (State Satisfaction, z |= ¢). Pr[z = @] = Erorr)[1izeey] =
Ervrp[irepy|20 = 2.

Definition 2.3.6 (Policy Satisfaction, 7 = ¢). P[r |= ¢] = E orr[1irey)]

where 1y is the indicator for X.

2.4 Policy Learning With Guarantees

Optimizing the standard objective in Eq (2.1) requires that the whole task
be encoded in the reward/cost function given by R or C. Instead, we give a
brief introduction to the problems we will be solving instead, which give more

nuanced guarantee over policy performance.

Value-Based Guarantees
In the case there are real-world constraints which have their own individual
cost functions to keep under control we may take an objective of the form:

argmin  V(m)
mell (Value-Based Guarantees)
st.  Gi(m) <m7,...,Gi(m) < 7,

where the k constraint value functions are GT = Eqq, [3020 7 i (81, a)|so = s].
Each g; : X — R are known constraint cost functions and 7; represents the

allowable threshold. For examples of problems of this form, see Chapter 6.
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LTL-Based Guarantees
Similarly, we can instead optimize over probability optimal policies in the form:
arg r}rleaﬁdP’ [T = ¢] (LTL-Based Guarantees)
to find the policies that best satisfy our task, encoded in an LTL formula ¢.
For examples of problems of this form, see Chapter 8.
Further, we could write this as a constrained problem in the form:

arg max V(m) (LTL-Based Guarantees, with auxiliary cost)
TE

st. wE {argn}gﬂcﬁ”[w’ E ¢}

For examples of problems of this form, see Chapter 7.

Remark 2.4.1. The policy class 11 is different between the Value-Based Guar-
antees and LTL-Based Guarantees. In the former, Il : S — A(A) are functions
from MDP states to MDP actions. In the latter, I : (8™ x SB) — A(AMUAP)
are functions from states to actions in the product MDP given by synchronizing

a labelled MDP with an LDBA.



Part 1l

OFF POLICY EVALUATION
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Chapter 3

CALTECH OPE BENCHMARK AND EMPIRICAL STUDY

In this chapter, we develop an experimental benchmark and empirical
study for off-policy policy evaluation (OPE) in reinforcement learning,
which is a key problem in many safety critical applications. Given
the increasing interest in deploying learning-based methods, there has
been a flurry of recent proposals for OPE method, leading to a need
for standardized empirical analyses. Our work takes a strong focus
on diversity of experimental design to enable stress testing of OPE
methods. We provide a comprehensive benchmarking suite to study
the interplay of different attributes on method performance. We also
distill the results into a summarized set of guidelines for OPE in practice.
Our software package, the Caltech OPE Benchmarking Suite (COBS), is
open-sourced and we invite interested researchers to further contribute
to the benchmark.

We present the Caltech OPE Benchmarking Suite (COBS), which bench-
marks OPE techniques via experimental designs that give thorough considera-
tions to factors that influence performance. The reality of method performance,
as we will discuss, is nuanced and comparison among different estimators is
tricky without pushing the experimental conditions along various dimensions.

Our philosophy and contributions can be summarized as follows:

o We establish a benchmarking methodology that considers key factors that
influence OPE performance, and design a set of domains and experiments to
systematically expose these factors. The proposed experimental domains are
complementary to continuous control domains from recent offline RL bench-
marks [69, 68]. We differ from these recent benchmarks in two important

ways:

1) COBS allows researchers fine-grained control over experimental design,
other than just access to a pre-collected dataset. The offline data
can be generated “on-the-fly” based on experimental criteria, e.g., the

divergence between behavior and target policies.
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2) We offer significant diversity in experimental domains, covering a wide
range of dimensionality and stochasticity. Together, the goal of this
greater level of access is to enable a deeper look at when and why

certain methods work well.

« As a case study, we select a representative set of established OPE baseline
methods, and test them systematically. We further show how to distill
the empirical findings into key insights to guide practitioners and inform
researchers on directions for future exploration.

o COBS is an extensive software package that can interface with new en-
vironments and methods to run new OPE experiments at scale.! Given
the fast-changing nature of this active area of research, our package is
designed to accommodate the rapidly growing body of OPE estimators.
COBS is already actively used by multiple research groups to benchmark

new algorithms.

Prior Work. Empirical benchmarks have long contributed to the scientific
understanding, advancement, and validation of machine learning techniques
[37, 35, 36, 177, 53, 49]. Recently, many have called for careful examination
of empirical findings of contemporary deep learning and deep reinforcement
learning efforts [89, 136]. As OPE is central to real-world applications of
reinforcement learning, proper benchmarking is critical to ensure in-depth
understanding and accelerate progress. While many recent methods are built
on sound mathematical principles, a notable gap in the current literature is a
standard for benchmarking empirical studies, with perhaps a notable exception
from the recent DOPE [69] and D4RL benchmarks [68].

Compared to prior complementary work on OPE evaluation for reinforcement
learning [68, 69], our benchmark offers two main advantages. First, we focus
on maximizing reproducibility and nuanced experimental control with minimal
effort, covering data generation and fine-grained control over factors such as
relative “distance” between the offline data distribution and the distribution
induced by evaluation policies. Second, we study a diverse set of environments,
spanning range of desiderata such as stochastic-vs-deterministic and different
representations for the same underlying environment. Together, these attributes

enable our benchmarking suite to conduct systematic analyses of the method

thttps://github.com/clvoloshin/COBS


https://github.com/clvoloshin/COBS
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performance under different scenarios, and provide a holistic summary of the

challenges one may encounter in different scenarios.

Background & Notation. Recall from the preliminaries of Section 2.2,
we are given an evaluation policy 7., the OPE problem is to estimate the
value V(7.) = Equy, [Z;‘F;Ol Yirelso = s} , with ap ~ e (+|st), See1 ~ P(-|st, ar),
re ~ R(st,a), and dy C S is the initial state distribution. For notational

convenience in this chapter, we assume a fixed episode length of T'.

3.1 Benchmarking Design & Methodology

Design Philosophy

The design philosophy of the Caltech OPE Benchmarking Suite (COBS) starts
with the most prominent decision factors that can make OPE difficult. These
factors come from both the existing literature and our own experimental study,
which we will further discuss. We then seek to design experimental conditions
that cover a diverse range of these factors. As a sub-problem within the broader
reinforcement learning problem class, OPE experiments in existing literature
gravitate towards commonly used RL domains. Unsurprisingly, the most
common experiments belong to the Mujoco group of deterministic continuous
control tasks [204], or discrete domains that operate via OpenAl Gym interface
[31]. For OPE, high-dimensional domains such as Atari [20] appear less often,
but are also natural candidates for OPE testing. We selectively pick from these
domains as well as design new domains, with the goal of establishing refined

control over the decision factors.

Design Factors. We consider several domain characteristics that are often

major factors in performance of OPE methods:

1) Horizon length. Long horizons can lead to catastrophic failure in some OPE
methods due to an exponential blow-up in some of their components [128,
97, 133].

2) Reward sparsity. Sparse rewards represent a difficult credit assignment
problem in RL. This factor is often not emphasized in OPE, and arguably
goes hand-in-hand with horizon length.?

3) Environment stochasticity. Popular RL domains such as Mujoco and Atari
are mostly deterministic. This is a fundamental limitation in many existing

empirical studies since many theoretical challenges to RL only surface in

2Considered in isolation, long horizons may not be an issue if the reward signal is dense.
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a stochastic setting. A concrete example is the famous double sampling
problem [46], which is not applicable in many contemporary RL benchmarks.

4) Unknown behavior policy. This is related to the source of the collected
data. The data may come from one or a more policies which may not be
known. For example, existing dataset benchmarks, such as D4RL [68] can
be considered to come from an unknown behavior policy. Some methods
will require behavior policy estimation, thus introducing some bias.

5) Policy and distribution mismatch. The relative difference between the
evaluation and behavior policy can play a critical role in the performance
of many OPE methods. This difference induces a distribution mismatch
between the dataset D and the dataset that would have been produced had
we run the evaluation policy. Performing out-of-distribution estimation is
a key challenge for robust OPE. We focus on providing a systematic way
to stress test OPE methods under this mismatch, which we accomplish by
offering a control knob for flexible data generation to induce various degrees
of mismatch.

6) Model misspecification. Model misspecification refers to the insufficient
representation power of the function class used to approximate different
objects of interest, whether the transition dynamics, value functions, or
state distribution density ratio. In realistic applications, it is reasonable
to expect at least some degree of misspecification. We study the effect of
misspecification via two controlled scenarios: (i) we start with designing
simple domains to test OPE methods under tabular representation and (ii)
we test the same OPE methods and same tabular data generation process,
but the input representation for OPE methods is now modified to expose

the impact of choosing a different function class for representation.

Domains

Ultimately, many of the aforementioned factors are intertwined and their useful-
ness in evaluating OPE performance cannot be considered in isolation. However,
they serve as a valuable guide in our selection of benchmark environments.
To that end, our benchmark suite includes eight environments. We use two
standard RL benchmarks from OpenAT [29]. As many standard RL benchmarks
are fixed and deterministic, we design six additional environments that allow
control over different design factors. Figure 3.1 depicts one such design factor:

the representation complexity.
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Graph-MC MC Pixel-MC

[position, velocity]

Simple Representation Complex
Fixed: Stochasticity, Reward Sparcity, Policy Mismatch, Horizon, etc.

Figure 3.1: Depicting one of the dimensions which COBS provides control.
For the Mountain Car environment, we can select either a tabular, standard
coordinate-based, or pixel-based representation of the state while holding other
factors fixed.

Graph: A flexible discrete environment that can vary in horizon, stochasticity,

and sparsity.

Graph-POMDP: An extension of Graph to a POMDP setting, where selected
information is omitted from the observations that form the behavior data. This
enables controlled study of the effect of insufficient representation power relative

to other settings in the Graph domain above.

Gridworld (GW): A gridworld design that offers larger state and action
space than the Graph domains, longer horizon, and similarly flexible design
choices for other environmental factors. Using some version of gridworld is
standard across many RL experiments. Gridworld enables simple integration

of various designs, and fast data collection.

Pixel-Gridworld (Pix-GW): A scaled-up domain from Gridworld which
enables pixel-based representation of the state space. While such usage is not
standard in existing literature, this design offers compelling advantage over
many existing standard RL benchmarks. First, this domain enables simple
controlled experiments to understand the impact of high-dimensional represen-
tation on OPE performance, where the ground truth of various quantities to
be estimated is readily obtainable thanks to the access to underlying simpler
grid representation. Second, this domain effectively simulates high-dimensional
experiments with easily tuned experimental conditions, e.g., degree of stochas-
ticity. This design freedom is not available with many currently standard RL

benchmarks.

Mountain Car (MC): A standard control domain, which is known to have
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challenging credit assignment due to sparsity of the reward. Our benchmark
for this standard domains allows for function approximation to vary between a
linear model and feed-forward neural network, in order to highlight the effects

of model misspecification.

Pixel Mountain Car (Pix-MC): A modified version of Mountain Car where
the state input is pixel-based, testing the methods’ ability to work in high

dimensional settings.

Tabular Mountain Car (Graph-MC): A simplified version of Mountain
Car to a graph, allowing us to complete the test for model misspecification by

considering the tabular case.

Atari (Enduro): A pixel-based Atari domain. Note that all Atari envi-
ronments are deterministic and high-dimensional. Instead of choosing many
different Atari domains to study, we instead opt to select Enduro as the rep-
resentative Atari environment, due to its sparsity of reward (and commonly
regarded as a highly challenging task). All Atari environments share similar

interaction protocol, and can be seamlessly integrated into COBS, if desired.

All together, our benchmark consists of 8 environments with characteristics
summarized in Table 3.1. Complete descriptions can be found in Appendix

A.6. All environments have finite action spaces.

Table 3.1: Environment characteristics.

Environment Graph  Graph-MC MC Pix-MC Enduro G-POMDP GW Pix-GW
Is MDP? yes yes yes yes yes no yes yes
State desc. pos. pos. [pos, vel]  pixels pixels pos. pos. pixels

T 4o0r16 250 250 250 1000 2o0r8 25 25
Stoch Env? variable no no no no no no variable
Stoch Rew?  variable no no no no no no no
Sparse Rew? variable terminal terminal  terminal  dense terminal dense dense

Q Class tabular tabular linear/NN NN NN tabular tabular NN
Initial state 0 0 variable variable gray img 0 variable variable
Absorb. state 2T 22 [-5,0] img([.5,0]) zero img 2T 64 zero img
Frame height 1 1 2 2 4 1 1 1

Frame skip 1 1 5 5 1 1 1 1

Experiment Protocol

Selection of Policies. We use two classes of policies. The first is state-
independent with some probability of taking any available action. For example,
in the Graph environment with two actions, 7(a = 0) = p,7(a=1)=1—p

where p is a parameter we can control. The second is a state-dependent
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e—Greedy policy. We train a policy Q* (using value iteration or DDQN [85])
and then vary the deviation away from the policy. Hence € — Greedy(Q™)
implies we follow a mixed policy m = arg max, Q*(s, a) with probability 1 — e

and uniform with probability €. Here € is a parameter we can control.

Most OPE methods explicitly require absolute continuity among the policies
(m, > 0 whenever m, > 0). Thus, all policies will remain stochastic with this

property maintained.

Data Generation & Metrics. Each experiment depends on specifying an
environment and its properties, behavior policy m,, evaluation policy 7., and
number of trajectories N from rolling-out m, for historical data. The true
on-policy value V(7.) is the Monte-Carlo estimate via 10,000 rollouts of ..
We repeat each experiment m = 10 times with different random seeds. We
judge the quality of a method via two metrics:

m (Vre)i=g Y7 Vi(me);)?

+ Relative mean squared error (Relative MSE): -7 Sy ‘J/.Z(l ER
m Jj=1 Te)j

which allows a fair comparison across different conditions.?

o Near-top Frequency: For each experimental condition, we include the number
of times each method is within 10% of the best performing one to facilitate

aggregate comparison across domains.

Implementation & Hyperparameters. COBS allows running experiments
at scale and easy integration with new domains and techniques for future
research. The package consists of many domains and reference implementations
of OPE methods.

Hyperparameters are selected based on publication, code release or author
consultation. We maintain a consistent set of hyperparameters for each estima-
tor and each environment across experimental conditions (see hyperparameter

choice in appendix Table A.7).%

Baselines
OPE methods were historically categorized into importance sampling methods,

direct methods, or doubly robust methods. This demarcation was first intro-

3The _metric used in prior OPE work is typically mean squared error: MSE=
LS (V)i — Vim))

4In practice, hyperparameter tuning is not practical for OPE due to a lack of validation
signal.
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duced for contextual bandits [54], and later extended to the RL setting [97].

Some recent methods have blurred the boundary of these categories. Examples
include Retrace(A) [149] that uses a product of importance weights of multiple
time steps for off-policy @ correction, and MAGIC [201] that switches between
importance weighting and direct methods. In this benchmark, we propose
to group OPE into three similar classes of methods, but with an expanded
definition for each category: Inverse Propensity Scoring, Direct Methods, and
Hybrid Methods. For the current benchmark, we select representative estab-
lished baselines from each category. Appendix A.5 contains a full description

of all methods under consideration.

Inverse Propensity Scoring (IPS) We consider the main four variants: Im-
portance Sampling (IS), Per-Decision Importance Sampling (PDIS), Weighted
Importance Sampling (WIS), and Per-Decision WIS (PDWIS). IPS has a rich
history in statistics [163, 81, 92], with successful crossover to RL [165]. The
key idea is to reweight the rewards in the historical data by the importance

sampling ratio between 7, and m, i.e., likelihood of reward under 7w, versus .

Direct Methods (DM) While some direct methods make use of impor-
tance weight adjustments, a key distinction of direct methods is the focus on
regression-based techniques to (more) directly estimate the value functions of
the evaluation policy (@7 or V™). This is an area of very active research with
rapidly growing literature. We consider 8 different direct approaches, taken

from the following respective families of direct estimators.

Model-based estimators Perhaps the most commonly used DM is Model-
based (also called approximate model, denoted AM), where the transition
dynamics, reward function and termination condition are directly estimated
from historical data [97, 161]. The resulting learned MDP is then used to
compute the value of 7., e.g., by Monte-Carlo policy evaluation. There are

also some recent variants of the model-based estimator, e.g., [228].

Value-based estimators Filted () Evaluation (FQE) is a model-free coun-
terpart to AM, and is functionally a policy evaluation counterpart to batch Q
learning [123]. Q™(\) & Retrace(\) & Tree-Backup () Several model-free meth-
ods originated from off-policy learning settings, but are also natural for OPE.
Q™ () [82] can be viewed as a generalization of FQE that looks to the horizon
limit to incorporate the long-term value into the backup step. Retrace(A) [149]
and Tree-Backup(\) [165] also use full trajectories, but additionally incorporate
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varying levels of clipped importance weights adjustment. The A-dependent term
mitigates instability in the backup step, and is selected based on experimental
findings of [149].

Regression-based estimators Direct () Regression (Q-Reg) € More Robust
Doubly-Robust (MRDR) [60] propose two direct methods that make use of
cumulative importance weights in deriving the regression estimate for ()™,
solved through a quadratic program. MRDR changes the objective of the
regression to that of directly minimizing the variance of the Doubly-Robust

estimator.

Minimazx-style estimators [133] recently proposed a method for the infinite
horizon setting — we refer to this estimator as IH. While TH can be viewed as
a Rao-Blackwellization of the IS estimator, we include it in the DM category
because it solves the Bellman equation for state distributions and requires
function approximation, which are more characteristic of DM. IH shifts the
focus from importance sampling over action sequences to importance ratio
between state density distributions induced by m, and 7. Starting with IH,
this style of minimax estimator has recently attracted significant attention
in OPE literature, including state-action extension of IH [209, 96] and DICE
family of estimators [152, 229, 225, 44]. For our benchmarking purpose, we

choose TH as the representative of this family.

Hybrid Methods (HM) Hybrid methods subsume doubly robust-like ap-
proaches, which combine aspects of both IPS and DM. Standard doubly robust
OPE (denoted DR) [97] is an unbiased estimator that leverages DM to de-
crease the variance of the unbiased estimates produced by importance sampling
techniques. Other HM include Weighted Doubly-Robust (WDR) and MAGIC.
WDR replaces the importance weights with self-normalized importance weights
(similar to WIS). MAGIC introduces adaptive switching between DR and DM;
in particular, one can imagine using DR to estimate the value for part of a
trajectory and then using DM for the remainder. Using this idea, MAGIC [201]
finds an optimal linear combination among a set that varies the switch point
between WDR and DM. Note that any DM that returns Q™ (s, a;0) yields
a set of corresponding DR, WDR, and MAGIC estimators. As a result, we

consider 21 hybrid approaches in our experiments.
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Figure 3.2:  Left: (Graph domain) Comparing IPS (and IH) under short and
long horizon. Mild policy mismatch setting. PDWIS is often best among IPS.
But IH outperforms in long horizon. Center: (Pizel-MC) Comparing direct
methods in high-dimensional, long horizon setting. Relatively large policy mis-
match. FQE and IH tend to outperform. AM is significantly worse in complex
domains. Retrace(\), Q(N\) and Tree-Backup()\) are very computationally ex-
pensive and thus excluded. Right: (Top Methods) The top 5 methods which
perform the best across all conditions and domains.

3.2 Empirical Evaluation

We evaluate 33 different OPE methods by running thousands of experiments
across the 8 domains. Due to limited space, we show only the results from
selected environmental conditions in the next section. The full detailed results,
with highlighted best method in each class, are available in the appendix. The
goal of the evaluation is to demonstrate the flexibility of the benchmark suite to
systematically test the different factors of influence. We synthesize the results,

and present further considerations and directions for research in Section 3.3.

What is the best method?

The first important takeaway is that there is no clear-cut winner: no single
method or method class is consistently the best performer, as multiple environ-
mental factors can influence the accuracy of each estimator. With that caveat
in mind, based on the aggregate top performance metrics, we can recommend
from our selected methods the following for each method class (See Figure 3.2
right, appendix Table A.13, and appendix Table A.1).

Inverse propensity scoring (IPS). In practice, weighted importance sam-
pling, which is biased, tends to be more accurate and data-efficient than
unbiased basic importance sampling methods. Among the four IPS-based
estimators, PDWIS tends to perform best (Figure 3.2 left).

Direct methods (DM). Generally, FQE, Q™(\), and IH tend to perform the
best among DM (appendix Table A.1). FQE tends to be more data efficient
and is the best method when data is limited (Figure 3.5). Q7()\) generalizes
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Figure 3.3:  General Guideline Decision Tree.

FQE to multi-step backup, and works particularly well with more data, but is
computationally expensive in complex domains. IH is highly competitive in
long horizons and with high policy mismatch in a tabular setting (appendix
Tables A.5, A.6). In pixel-based domains, however, choosing a good kernel
function for IH is not straightforward, and IH can underperform other DM
(appendix Table A.9). We provide a comparison among direct methods for

tabular (appendix Figure A.13) and complex settings (Figure 3.2 center).

Hybrid methods (HM). With the exception of IH, each DM corresponds
to three HM: standard doubly robust (DR), weighted doubly robust (WDR),
and MAGIC. For each DM, its WDR version often outperforms its DR version.
MAGIC can often outperform WDR and DR. However, MAGIC comes with
additional hyperparameters, as one needs to specify the set of partial trajectory
length to be considered. Unsurprisingly, their performance highly depends on
the underlying DM. In our experiments, FQE and Q7 (\) are typically the most
reliable: MAGIC with FQE or MAGIC with Q™(\) tend to be among the best
hybrid methods (see appendix Figures A.19 - A.23).

A recipe for method selection

Figure 3.3 summarizes our general guideline for navigating key factors that
affect the accuracy of different estimators. To guide the readers through the
process, we now dive further into our experimental design to test various factors,

and discuss the resulting insights.

Do we potentially have representation mismatch? Representation mis-
match comes from two sources: model misspecification and poor generalization.

Model misspecification refers to the insufficient representation power of the
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Figure 3.4:  Comparing IPS versus Direct methods versus Hybrid methods
under short and long horizon, large policy mismatch and large data. Left:
(Graph domain) Deterministic environment. Center: (Graph domain) Stochas-
tic environment and rewards. Right: (Graph-POMDP) Model misspecification
(POMDP). Minimum error per class is shown.

function class used to approximate either the transition dynamics (AM), value
function (other DM), or state distribution density ratio (in TH).

Having a tabular representation controls for representation mismatch by ensur-
ing adequate function class capacity, as well as zero inherent Bellman error (left
branch, Fig 3.3). In such cases, we may suffer from poor generalization without

sufficient data coverage, which depends on other domain-specific factors.

The effect of representation mismatch (right branch, Fig 3.3) can be understood

via two scenarios:

o Misspecified and poor generalization: We expose the impact of this severe
mismatch scenario via the Graph POMDP construction, where selected
information is omitted from an otherwise equivalent Graph MDP. Here, HM

substantially outperforms DM (Figure 3.4 right versus left).

o Misspecified but good generalization: Function classes such as neural networks
have powerful generalization ability, but may introduce bias and inherent
Bellman error® [150, 38] (see linear vs. neural networks comparison for
Mountain Car in appendix Fig A.10). Still, powerful function approximation
makes (biased) DM very competitive with HM, especially under limited data
and in complex domains (see pixel-Gridworld in appendix Fig A.24-A.26).
However, function approximation bias may cause serious problems for high-
dimensional and long horizon settings. In the extreme case of Enduro (very
long horizon and sparse rewards), all DM fail to convincingly outperform a

naive average of behavior data (appendix Fig A.9).

SInherent Bellman error is defined as sup ¢y inf fer||f — T7g||a,, where F is function
class chosen for approximation, and d, is state distribution induced by evaluation policy .
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Figure 3.5:  (Gridworld domain) Errors are directly correlated with policy
mismatch but inversely correlated with data size. We pick the best direct
methods for illustration. The two plots represent the same figure from two
different vantage points.

Short horizon vs. Long horizon? It is well-known that IPS methods are
sensitive to trajectory length [128]. Long horizon leads to an exponential blow-
up of the importance sampling term, and is exacerbated by significant mismatch
between 7, and .. This issue is inevitable for any unbiased estimator [97]
(a.k.a., the curse of horizon [133]). Similar to IPS, DM relying on importance
weights also suffer in long horizons (appendix Fig A.13), though to a lesser
degree. IH aims to bypass the effect of cumulative weighting in long horizons,
and indeed performs substantially better than IPS methods in very long horizon
domains (Fig 3.2 left).

A frequently ignored aspect in previous OPE work is a proper distinction
between fixed, finite horizon tasks (IPS focus), infinite horizon tasks (IH focus),
and indefinite horizon tasks, where the trajectory length is finite but varies
depending on the policy. Many applications should properly belong to the
indefinite horizon category.® Applying HM in this setting requires proper
padding of the rewards (without altering the value function in the infinite

horizon limit) as DR correction typically assumes fixed length trajectories.

How different are behavior and target policies? Similar to IPS, the
performance of DM is negatively correlated with the degree of policy mismatch.

Figure 3.5 shows the interplay of increasing policy mismatch and historical data
e (als) )T
o (als)

as an environment-independent metric of mismatch between the two policies.
The performance of the top DM (FQE, Q™(\), IH) tend to hold up better than

SApplying IH in the indefinite horizon case requires setting up an absorbing state that
loops over itself with zero terminal reward.

size, on the top DM in the deterministic gridworld. We use (Sup,c 4 ,ex




28

IPS methods when the policy gap increases (appendix Figure A.15). FQE and
IH are best in the small data regime, and Q7(\) performs better as data size
increases (Figure 3.5). Increased policy mismatch weakens the DM that use
importance weights (Q-Reg, MRDR, Retrace()) and Tree-Backup(\)).

Do we have a good estimate of the behavior policy? Often the behavior
policy may not be known exactly and requires estimation, which can introduce
bias and cause HM to underperform DM, especially in low data regime (e.g.,
pixel gridworld appendix Figure A.24-A.26). Similar phenomenon was observed
in the statistics literature [104]. As the data size increases, HMs regain the

advantage as the quality of the m, estimate improves.

Is the environment stochastic or deterministic? While stochasticity
affects all methods by straining the data requirement, HM are more negatively
impacted than DM (Figure 3.4 center, Figure A.14). This can be justified by
e.g., the variance analysis of DR, which shows that the variance of the value
function with respect to stochastic transitions will be amplified by cumulative
importance weights and then contribute to the overall variance of the estimator;
see [97, Theorem 1] for further details. We empirically observe that DM
frequently outperform their DR versions in the small data case (Figure A.14).
In a stochastic environment and tabular setting, HM do not provide significant
edge over DM, even in short horizon case. The gap closes as the data size

increases (Figure A.14).

Challenging common wisdom
To illustrate the value of a flexible benchmarking tool, in this section we further
synthesize the empirical findings and stress-test several commonly held beliefs

about the high-level performance of OPE methods.

Is HM always better than DM? No. Overall, DM are surprisingly compet-
itive with HM. Under high-dimensionality, long horizons, estimated behavior
policies, or reward/environment stochasticity, HM can underperform simple

DM, sometimes significantly (e.g., see appendix Figure A.14).

Concretely, HM can perform worse than DM in the following scenarios that we
tested:

o Tabular with large policy mismatch, or stochastic environments (appendix
Figure A.14, Table A.3, A.6).
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o Complex domains with long horizon and unknown behavior policy (app.

Figure A.24-A.26, Table A.8).

When data is sufficient, or model misspecification is severe, HM provides

consistent gains over DM.

Is horizon length the most important factor? No. Despite conventional

wisdom suggesting IPS methods are most sensitive to horizon length, we find
e (als)
o (als)
as, if not more, meaningful. For comparison, we designed two scenarios with
e (als)
m(als)
Tables A.11, A.12). Starting from a baseline scenario of short horizon and small

that this is not always the case. Policy divergence sup,c ,cx can be just

identical mismatch (sup,ea ,ex )T as defined in Section 3.2 (see appendix
policy divergence (appendix Table A.10), extending horizon length leads to
10x degradation in accuracy, while a comparable increase in policy divergence

causes a 100x degradation.

How good is model-based direct method (AM)? AM can be among the
worst performing direct methods (appendix Table A.1). While AM performs
well in tabular setting in the large data case (appendix Figure A.13), it tends
to perform poorly in high dimensional settings with function approximation
(e.g., Figure 3.2 center). Fitting the transition model P(s|s,a) is often more
prone to small errors than directly approximating Q(s,a). Model fitting errors

also compound with long horizons.

3.3 Discussion and Future Directions
Finally, we close with a brief discussion on some limitations common to recent
OPE benchmarks and more generally OPE experimental studies, and point to

areas of development for future studies.

Lack of short-horizon benchmark in high-dimensional settings. Evaluation of
other complex RL tasks with short horizon is currently beyond the scope of our
study, due to the lack of a natural benchmark. For contextual bandits, it has
been shown that while DR is highly competitive, it is sometimes substantially
outperformed by DM [219]. New benchmark tasks should have longer horizon
than contextual bandits, but shorter than typical Atari games. We also currently
lack natural stochastic environments in high-dimensional RL benchmarks. An
example candidate for medium horizon, complex OPE domain is NLP tasks

such as dialogue.
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Other OPFE settings. We outline practically relevant settings that can benefit

from benchmarking:

o Missing data coverage. A common assumption in the analysis of OPE is
a full support assumption: m.(a|s) > 0 implies m,(a|s) > 0, which often
ensure unbiasedness of estimators [165, 133, 54]. This assumption is often
not verifiable in practice. Practically, violation of this assumption requires
regularization of unbiased estimators to avoid ill-conditioning [133, 60]. One
avenue to investigate is to optimize the bias-variance trade-off when the full

support is not applicable.

o Confounding variables. Existing OPE research often assumes that the
behavior policy chooses actions solely based on the state. This assumption
is often violated when the decisions in the historical data are made by
humans instead of algorithms, who may base their decisions on variables not
recorded in the data, causing confounding effects. Tackling this challenge,
possibly using techniques from causal inference [200, 156], is an important

future direction.

o Strategic Environmental Behavior. Most OPE methods have focused exclu-
sively on single-agent scenarios under well-defined MDP. Realitic applications
of offline RL may have to deal with nonstationary and partial observability
induced by strategic behavior from multiple agents [230]. There is currently

a lack of a compelling domain to study such a setting.

Fuvaluating new OPE estimators. For our empirical evaluation, we selected
a representative set of established baseline approaches from multiple OPE
method families. Currently this area of research is very active and as such,
new OPE estimators have been and will continue to be proposed. We discuss
several new minimax style estimators, notably the DICE family in section 3.1.
A minimax-style estimator has also been recently proposed for the model-based
regime [214]. Among the ideas that use marginalized state distribution [223]
to improve over standard IPS, [102, 103] analyze double reinforcement learning
estimator that makes use of both estimates for () function and state density
ratio. While we have not included all estimators in our current benchmark, our
software implementation is highly modular and can easily accommodate new

estimators and environments.
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Algorithmic approach to method selection. Using COBS, we showed how to

distill a general guideline for selecting OPE methods. However, it is often not
easy to judge whether some decision criteria are satisfied (e.g., quantifying
model misspecification, degree of stochasticity, or appropriate data size). As
more OPE methods continue to be developed, an important missing piece is
a systematic technique for model selection, given a relatively high degree of

variability among existing techniques.
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Chapter 4

ADVANCES IN MODEL BASED OPE

We present a novel off-policy loss function for learning a transition model
in model-based reinforcement learning. Notably, our loss is derived from
the off-policy policy evaluation objective with an emphasis on correcting
distribution shift. Compared to previous model-based techniques, our
approach allows for greater robustness under model mis-specification
or distribution shift induced by learning/evaluating policies that are
distinct from the data-generating policy. We provide a theoretical analysis
and show empirical improvements over existing model-based off-policy
evaluation methods. We provide further analysis showing our loss can be
used for off-policy optimization (OPO) and demonstrate its integration

with more recent improvements in OPO.

4.1 Introduction to Model-Based OPE and OPO

We study the problem of learning a transition model in a batch, off-policy
reinforcement learning (RL) setting, i.e., of learning a function P(s'|s,a) from
a pre-collected dataset D = {(s;,a;,s;)}, without further access to the
environment. Contemporary approaches to model learning focus primarily on
improving the performance of models learned through maximum likelihood
estimation (MLE) [193, 48, 113, 43, 42, 137]. The goal of MLE is to pick the
model within some model class P that is most consistent with the observed
data or, equivalently, most likely to have generated the data. This is done by
minimizing negative log-loss (minimizing the KL divergence) summarized as

follows:

~ 1 ,

Py = arg Pep . azs;)eD —log(P(si|si, a;))- (4.1)
A key limitation of MLE is that it focuses on picking a good model under the

data distribution while ignoring how the model is actually used.

In an RL context, a model can be used to either learn a policy (policy learn-
ing/optimization) or evaluate some given policy (policy evaluation), without

having to collect more data from the true environment. We call this actual
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objective the “decision problem”. Interacting with the environment to solve the
decision problem can be difficult, expensive, and dangerous, whereas a model
learned from batch data circumvents these issues. Since MLE (4.1) does not
optimize over the distribution of states induced by the policy from the decision
problem, it thus does not prioritize solving the decision problem. Notable
previous works that incorporate the decision problem into the model learning
objective are Value-Aware Model Learning (VAML) and its variants [59, 58, 1].
These methods, however, still define their losses w.r.t. the data distribution as
in MLE, and ignore the distribution shift from the pre-collected data to the

policy-induced distribution.

In contrast, we directly focus on requiring the model to perform well under
unknown distributions instead of the data distribution. In other words, we are
particularly interested in developing approaches that directly model the batch
(offline) learning setting. As such, we ask: “From only pre-collected data, is
there a model learning approach that naturally controls the decision problem

error?”.

We present a new loss function for model learning that: (1) only relies on batch
or offline data; (2) takes into account the distribution shift effects; and (3)
directly relates to the performance metrics for off-policy evaluation and learning
under certain realizability assumptions. The design of our loss is inspired by
recent advances in model-free off-policy evaluation [e.g., 134, 208], which we

build upon to develop our approach.

4.2 Preliminaries

Recall from Section 2.2, in the batch learning setting, we are given a dataset
D = {(si,a;, 8;) 1y, where s; ~ dr,(s), a; ~ m, and s, ~ P(:|s;,a;), where
mp, is some behavior policy that collects the data. For convenience, we write

(s,a,s") ~ Dy, P, where Dy, (s,a) = d,(s)m(als).

Finally, we need three classes W, V, P of functions. W C (X — R) represents
ratios between state-action occupancies, V C (S — R) represents value func-
tions and P C (X — A(S)) represents the class of models (or simulators) of

the true environment.

Note. Any Lemmas or Theorems presented without proof have full proofs in

the Appendix.



34

4.3 Minimax Model Learning (MML) for OPE
Natural Derivation

We start with the off-policy evaluation (OPE) learning objective and derive the
MML loss (Def 4.3.1). In Section 4.4, we show the loss also bounds off-policy
optimization (OPO) error through its connection with OPE.

OPE Decision Problem. Recall from Section 2.2, the OPE objective is to

estimate:
N
J(m, P")=E Zﬁylri 5i+lf"P*(‘|SZi7ai) ) (4.2)
i=0 ri~R(|si,a4)

the performance of an evaluation policy m in the true environment P*, using

only logging data D with samples from D, P*.

Model-Based OPE. Given a model class P and a desired evaluation policy
m, we want to find a simulator P € P using only logging data D such that:

P =arg 1;1617131 |J (7, P) — J(m, P")|. (4.3)
Interpreting Eq. (4.3), we run 7 in P to compute J(7, P) as a proxy to J(m, P*).
If we find some P € P such that [62F7| = |J(r, P) — J(r, P*)| is small, then

P is a good simulator for P*.

Derivation. Using (2.2) and (2.4), we have:
60 = J(m, P) — J(m, PY)
= Lis~do [VWP(S)] - E(s,a)wdfffy(-;) [ETNRHS@) [TH
Adding and subtracting E, 4)~qr* vr
07" = Boao V3 (8)] = Blsaymars [Vi (5)] (4.4)
+ Efayeart Vi (8) = Brnr(isalr]]- (4.5)
To simplify the above expression, we make the following observations. First,
Eq. (4.5) can be simplified through the Bellman equation from Eq. (2.3). To
see this, notice that df; is equivalent to some d(s)m(als) for an appropriate
choice of d(s). Thus,

By @z Vi () = Erar(lsn []]
= Eod() [ Eanr(19)[Va (8) = Brar(lsa 1]
= Bod()[Barr(1s) [Bynp(1sa) 75 (5)]]]
= VB (s ayear” [Esnp(lsn [Va (8)]]-

Second, we can manipulate Eq. (4.4) using the definition of di ,, and recursive

(s)], we have:
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property of dZ, from Eq. (2.5):
Eordy [Vﬂ’P(S)] - E(s,a)wdf; [VWP(S)]

= >0 [ aVE (9)dv(s,a)
t=1
=13 [ (s @V (s)dv(s.a)
t=0
= = >t [ WP 615 am(als)VE (s)dv (5,5, )
t=0

= 1> [ s P s )V (5,0,
t=0
= —VE(s aymar® [Esmp(|s,0) V.E ().
Combining the above allows us to succinctly express:
6711'37P>i< = ny(s,a)Ndf”:{ [ES’NPHS,CL) [Vﬂp(s/)“
- ’YE(s,a)Ndf; [ES’NP*(-|s,a) [VWP(S/)]]'

Since D contains samples from D,, and not dL”, we use importance sampling

Ty
to simplify the right-hand side of 62°F" to:
E den (B rPrey _vPro
V(S,a,s’)NDﬂ-bP* Diﬂ—b (gNP(.‘s’a)[Vﬂ (S)] - V7r (8 )) : (46)

b s,a *

Define w? (s, a) = %Wgs’a;. If we knew w!” (s,a) and V¥’ (for every P € P),
7rb k)

then we can select a P € P to directly control 657", We encode this intuition

as:
Definition 4.3.1. [MML Loss|] Yw € W,V € V, P € P,
EMML(wa V7 P) :E(s,a,s’)Now(-,-)P*(-\s,a) [UJ(S, a) :

(Esep(isa[V(3)] = V().
When unambiguous, we will drop the MML subscript.

Here we have replaced wX™ (s, a) with w coming from function class W and V.
with V' from class V. The function class W represents the possible distribution

shifts, while V represents the possible value functions.

With this intuition, we can formally guarantee that J(w, P) ~ J(mw, P*) under

the following realizability conditions:
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Figure 4.1:  Visual of Eq. (4.6). The error at every point (s,a) in D, is

the difference between VX' (3) (induced by following P) and VX (s') (induced by

following P*). We re-weight the points (s,a) in Dy, to mimic d¥_ . Accumulat-

ing the errors exactly yields the OPE error of using P as a simulator. MLE,

instead, finds a P “pointing” in the same direction as P* for all points in D, ,

ignoring the discrepancy with df:, 7

Assumption 4.1 (Adequate Support). Dy, (s,a) > 0 whenever df_(s,a) > 0.
P _ df,(s,0)

Define w; (s,a) = Do)

Assumption 4.2 (OPE Realizability). For a given 7, YW x V contains at least

one of (wf V") or (wl™, V) for every P € P.
Theorem 4.3.1 (MML & OPE). Under Assumption 4.2,

. R |
|[J(m, P) = J(m, PY)| < ymin max | |L(w, V, P, (4.7)

where P = arg minpep maxyew,vey |[L(w, V, P)|.

Remark 4.3.2. We want to choose V, W, P carefully so that many P € P
satisfy L(w,V, P) =0 and Assumption 4.2. By inspection, L(w,V, P*) =0 for
any V€ V,w e W.

Remark 4.3.3. While VP € V VP € P appears strong, it can be verified for
every P € P before accessing the data, as the condition does not depend on P*.

In principle, we may redesign V to gquarantee this condition.

Remark 4.3.4. When v =0, J does not depend on a transition function, so
J(m,P) = J(m, P*) VP € P.
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L(w,V, P*) = 0 and Theorem 4.3.1 implies that the following learning procedure

will be robust to any distribution shift in ¥V and any value function in V:

Definition 4.3.2 (Minimax Model Learning (MML)).

P =arg glé% W BAX |Coararn(w, V, P). (4.8)
Interpretation and Verifiability
Figure 4.1 gives a visual illustration of Eq. (4.6) which leads to the MML
Loss (Def 4.3.1). m, has induced an “inbalanced” training dataset D,, and the
importance sampling term acts to rebalance our data because our test dataset
will be di ;, induced by 7. Because the objective is OPE, we don’t mind that P
is different than P* so long as Es[V.'| ~ Ep<[V.F]. In other words, the size of
Vﬂp tells us which state transitions are important to model correctly. We want
to appropriately utilize the capacity of our model class P so that P models P*
when V;5 is large. When it is small, it may be better off to ignore the error in

favor of other states.

Theorem 4.3.1 quantifies the error incurred by evaluating 7 in P instead of P*,
assuming Assumption 4.2 holds. For OPE;, P is a reasonable proxy for P. In
this sense, MML is a principled method approach for model-based OPE. See
Appendix B.1 for a complete proof of Thm 4.3.1 and Appendix B.1 for the

sample complexity analysis.

If the exploratory state distribution d,, and m, are known then D, is known.
In this case, we can also verify that wZ € W for every P € P a priori. Together
with Remark 4.3.3, we may assume that both w? € W and V' € V for all
P € P. Consequently, only one of V.V" € V or wE” € W has to be realizable
for Theorem 4.3.1 to hold.

Instead of checking for realizability apriori, we can perform post-verification
that wf € W and Vf € V. Together with the terms depending on P,
realizability of these are also sufficient for Theorem 4.3.1 to hold. This relaxes
the strong “for all P € P” condition.

Comparison to Model-Free OPE
Recent model-free OPE literature [e.g., 134, 208] has similar realizability

assumptions to Assumption 4.2.
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As an example, the method MWL [208] takes the form of:
J(m, P*) ~ E(s,0,r)~Dr, [W(s,a)r]
where @ = arg min max | Cans(w, Q)l,

requiring Q" to be realized to be a valid upper bound. Here Q is analogous
to our function class V where E, r(qls) [QF (s,a)] = VF"(s). The loss Lywr
has no dependence on P and is therefore model-free. MQL [208] has analogous
realizability conditions to MWL.

Our loss, Ly/yr, has the same realizability assumptions in addition to one
related to P (and not P*). As discussed in Remark 4.3.3, these P-related
assumptions can be verified a priori and in principle, satisfied by redesigning
the function classes. Therefore, they do not pose a substantial theoretical

challenge. See Section 4.6 for a practical discussion.

An advantage of model-free approaches is that when both w?”™, QF" are realized,
they return an exact OPE point estimate. In contrast, MML additionally
requires some P € P that makes the loss zero for any w € W,V € V. The
advantage of MML is the increased flexibility of a model, enabling OPO
(Section 4.4) and visualization of results through simulation (leading to more

transparency).

While recent model-free OPE and our method both take a minimax approach,
the classes W, V, P play different roles. In the model-free case, minimization is
w.r.t either W or V and maximization is w.r.t the other. In our case, W,V are
on the same (maximization) team, while minimization is over P. This allows
us to treat W x V as a single unit, and represents distributiogl—shifted value
dr

VP (s))), ties

D,

functions. A member of this class, Eg.|wV] (= E(S,a)wDﬂb[
together the OPE estimate.

Misspecification of P,V W
Suppose Assumption 4.2 does not hold and P* ¢ P. Define a new function
h(s,a,s') € H={w(s,a)V(s)|(w,V) €W x V}. Then we redefine L:
L(h, P) =E(s.a,5)~Dry (-)P*(|s.a) |
Ep(isa (s, a,z)] — h(s,a,s")].

Proposition 4.3.5 (Misspecification discrepancy for OPE). Let H C (S x A x
S — R) be a set of functions on (s,a,s'). Denote (WV)* = wE (s, a)VF(s)

™
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(or, equivalently, (WV)* = wk(s,a)VI"(s)).
[J(m, P) = J(m, P)| < yminmax|L(h, P)| + yex, (4.9)

where €3, = maxpep mingey |[L(WV)* — h, P)].

L(WV* — h, P) measures the difference between h and (WV)*. Another
interpretation of Prop 4.3.5 is if arg maxyuwv)~y L(h, P) = (WV)* for some
P € P then MML returns a value yey below the true upper bound, otherwise
the output of MML remains the upperbound. This result illustrates that
realizability is sufficient but not necessary for MML to be an upper-bound on
the loss.

Application to the Online Setting

While the main focus of MML is batch OPE and OPO, we will make a few
remarks relating to the online setting. In particular, if we assume we can engage
in online data collection then YW = {1} (the constant function), representing no
distribution shift since m, = 7. When VAML and MML share the same function
class V, we can show that min maxyyy Ly (w, V, P)? < minp Ly an(V, P)
for any V, M. In other words, MML is a tighter decision-aware loss even in
online data collection. In addition, MML enables greater flexibility in the
choice of V. See Appendix B.1 for further details.

4.4 Off-Policy Optimization (OPO)

Natural Derivation

In this section we examine how MML can be integrated into the policy learn-
ing/optimization objective. In this setting, the goal is to find a good policy

with respect to the true environment P* without interacting with P*.

OPO Decision Problem. Given a policy class II and access to only a logging
dataset D with samples from D, P*, find a policy m € II that is competitive
with the unknown optimal policy 7p.:

= arg min |J (7, P*) — J(mp., P¥)|. (4.10)
Note: No additional exploration is allowed.
Model-Based OPO. Given a model class P, we want to find a simulator
P € P using only logging data D and subsequently learn n5 €1lin P through

any policy optimization algorithm which we call Planner(-).
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Algorithm 1 Standard Model-Based OPO

Require: D = Dy, P*, Modeler, Planner
1: Learn P < Modeler(D)

2: Learn 75 < Planner(P)
3: return 75

In Algorithm 1, Modeler(-) refers to any (batch) model learning procedure.
The hope for model-based OPO is that the ideal in-simulator policy 7% and the
actual best (true environment) policy 75, perform competitively: .J (W%, P*) =~
J(7p., P*). Hence, instead of minimizing Eq (4.10) over all 7 € II, we can

focus Il = {7} } pep.
Derivation. Beginning with the objective, we add zero twice:
J(mpe, P*) — J(mp, P*) = J(7pu, P*) — J (7}, P)
(a)
+ J(?T;MP) - J(ﬂ-};a P) + J(ﬂ—};a P) - ‘]<7T}k37 P*) :

(0) (c)
Term (b) is non-positive since 7} is optimal in P (75. is suboptimal), so we

can drop it in an upper bound. Term (a) is the OPE estimate of 5. and term
(c) the OPE estimate of 7}, implying that we should use Theorem 4.3.1. With

this intuition, we have:

Theorem 4.4.1 (MML & OPO). If wfg*,w
every P € P then:

| J(7pe, P*) = J(75, P¥)| < 2’ymfi)nmavx |L(w,V, P)|.

Pl e W and Vﬂz*,vﬂg eV for

Tp

The statement also holds if, instead, wf;*,wf; € W and V;};,Vﬂ?: €V for
every P € P.

Interpretation and Verifiability

Theorem 4.4.1 compares two different policies in the same (true) environment,
since W% will be run in P* rather than P. In contrast, Theorem 4.3.1 compared
the same policy in two different environments. The derivation of Theorem 4.4.1
(see Appendix B.2) shows that having a good bound on the OPE objective
is sufficient for OPO. MML shows how to learn a model that exploits this

relationship.

Furthermore, the realizability assumptions of Theorem 4.4.1 relax the require-

ments of an OPE oracle. Rather than requiring the OPE estimate for every
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7, it is sufficient to have the OPE estimate of 7}, and 7}, (for every P € P)
when there is a P € P such that L£(w, V, P) is small for any w € W,V € V.

We could have instead examined the quantity min, |J(7p., P*) — J(m, P*)|
directly from Eq (4.10). What we would find is that the upper bound is
2minp max,, v |Eq4[V] — L(w, V, P)| and the realizability requirements would
be that V' € V,wl™ € W for every 7 in some policy class. This is a much

stronger requirement than in Theorem 4.4.1.

For OPO, apriori verification of realizability is possible by enumerating over
P € P. Whereas the target policy m was fixed in OPE, now 7} varies for each
P € P. It may be more practical to, as in OPE, perform post-verification that
wl, € Wand V£ € V. If they do not hold, then we can modify the function

classes until thedeo. This relaxes the “for every P € P” condition and leaves

only a few unverifiable quantities relating to P*.

Sample complexity and function class misspecification results for OPO can be
found in Appendix B.2, B.2.

Comparison to Model-Free OPO

For minimax model-free OPO, [39] have analyzed a minimax variant of Fitted
Q Iteration (FQI) [55], inspired by Antos et al. [12]. FQI is a commonly
used model-free OPO method. In addition to realizability assumptions, these
methods also maintain a completeness assumption: the function class of interest
is closed under bellman update. Increasing the function class size can only help
realizability but may break completeness. It is unknown if the completeness

assumption of FQI is removable [39]. MML only has realizability requirements.

4.5 Scenarios & Considerations

In this section we investigate a few scenarios where we can calculate the class
Y and W or modify the loss based on structural knowledge of P, W, and V.

In examining the scenarios, we aim to verify that MML gives sensible results.
For example, in scenarios where we know MLE to be optimal, MML should
ideally coincide. Indeed, we show this to be the case for the tabular setting and
Linear-Quadratic Regulators. Other scenarios include showing that MML is
compatible with incorporating prior knowledge using either a nominal dynamics

model or a kernel.

The proofs for any Lemmas in this section can be found in Appendix B.4.
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Linear & Tabular Function Classes

When W, V, P are linear function classes then the entire minimax optimization
has a closed form solution. In particular, P takes the form P = ¢(s,a, s ) a
where ¢ € RIS*A%Sl is some basis of features with a € RIS*AxS| its pa-
rameters and (w(s,a),V(s')) € WV = {¢(s,a,)TB : ||B|lc < +00} where
W € RISxAXS|,

Proposition 4.5.1 (Linear Function classes). Let P = (s, a, s')Ta where ¢ €
RIS*AXS| s some basis of features with « its parameters. Let (w(s,a),V(s')) €
WV - {77Z)(S’a7 S/>T6 : Hﬁ“oo < +OO} Th@’ﬂ/,

a=F8" {/gp(s, a,s)(s,a,8) dv(s')| En[¢(s,a,s)], (4.11)
if B, [f o(s,a,s)(s,a, SI)TdV(S/)} has full rank.

The tabular setting, when the state-action space is finite, is a common special

case. We can choose:

P(s,a,8) = @(s,a,s) =¢; (4.12)
as the ith standard basis vector where i = s|A||S| + a|S| + s’. There is no
model misspecification in the tabular setting (i.e., P* € P), therefore P = P*

in the case of infinite data.

Proposition 4.5.2 (Tabular representation). Let P = (s, a,s ) a with ¢ €
RIS*AXS| g5 in Bq (4.12) and « its parameters. Let (w(s,a),V(s')) € WY =
{p(s,a,8)B || Bllee < +00}. Assume we have at least one data point from

every (s,a) pair. Then:
~ ., _ #{(s,a,s") € D}
Pn(S |S7a) - #{(57(1’ ) c D} . (413)

Prop. 4.5.2 shows that MML and MLE coincide, even in the finite-data regime.

Both models are simply the observed propensity of entering state s’ from tuple

(s,a).

Linear Quadratic Regulator (LQR)

The Linear Quadratic Regulator (LQR) is defined as linear transition dynamics
P*(s'ls,a) = A*s+ B*a+ w* where w* is random noise and a quadratic reward
function R(s,a) = sT Qs+ a’ Ra for Q, R > 0 symmetric positive semi-definite.
For ease of exposition we assume that w* ~ N(0,0*2I). We assume that

(A*, B*) is controllable. Exploiting the structure of this problem, we can
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check that every V € V takes the form V(s) = sTUs + ¢ for some symmetric
semi-positive definite U and constant ¢ (Appendix Lemma B.4.1).

Furthermore, we know controllers of the form 7(a|s) = —Ks where K € RF*"
are optimal in LQR [22]. We consider determistic and therefore misspecified
models of the form P(s|s,a) = As+ Ba. W is a Gaussian mixture and we can
write Ly as a function of U, K and (A, B) (Appendix Lemma B.4.2).

Proposition 4.5.3 (MML + MLE Coincide for LQR). Let A € R B €
R™k K € RF*". Let U € S™ be positive semi-definite. Set k = 1, a single

input system. Then,

arg min max | Ly (K, U, (4, B))| = (4%, B)

= arg (InA,an) LMLE(Aa B)

Despite model misspecification, both MLE and MML give the correct param-
eters (A, B) = (A*, B*). We leave showing that MML and MLE coincide in
multi-input (k > 1) LQR systems for future work.

Residual Dynamics & Environment Shift

Suppose we already had some baseline model Py of P*. Alternatively, we may
view this as the real world starting with (approximately) known dynamics P
and drifting to P*. We can modify MML to incorporate knowledge of F; to

find the residual dynamics:

Definition 4.5.1. [Residual MML Loss| For w e W,V € V, P € P,

)

(B PPy ) )

,C(U), V, P) = E(S,ms/)NDﬁb(A YP*(-|s,a) [w(s, a) :

This solution form matches the intuition that having prior knowledge in the

form of P, focuses the learning objective on the difference between P* and F,.

Incorporating Kernels

Our approach is also compatible with incorporating kernels (which is a way of
encoding domain knowledge such as smoothness) to learn in a Reproducing
Kernel Hilbert Space (RKHS). For example, we may derive a closed form
for max, vyewy L(w,V, P)? when W x V corresponds to an RKHS and use

standard gradient descent to find P € P, making the minimax problem
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much more tractable. See Appendix B.4 for a detailed discussion on RKHS,
computational issues relating to sampling from P and alternative approaches

to solving the minimax problem.

4.6 Experiments

In our experiments, we seek to answer the following questions: (1) Does MML
prefer models that minimize the OPE objective? (2) What can we expect
when we have misspecification in V? (3) How does MML perform against MLE
and VAML in OPE? (4) Does our approach complement modern offline RL
approaches? For this last question, we consider integrating MML with the
recently proposed MOREL [106] approach for offline RL. See Appendix B.5 for
details on MOREL.

Brief Environment Description/Setup

We perform our experiments in three different domains.

Linear-Quadratic Regulator (LQR). The LQR domain is a 1D environment
with stochastic dynamics P*(s'|s,a). We use a finite class P consisting of
deterministic policies. We ensure V' € V for all P € P by solving the
equations in Appendix Lemma B.4.1. We ensure W!" € W using Appendix
Equation (B.7).

Cartpole [30]. The reward function is modified to be a function of angle and
location rather than 0/1 to make the OPE problem more challenging. Each
P € P is a parametrized NN that outputs a mean, and logvariance representing
a normal distribution around the next state. We model the class WYV as a
RKHS as in Prop B.4.3 with an RBF kernel.

Inverted Pendulum (IP) [51]. This IP environment has a Runge-Kutta(4)
integrator rather than Forward Euler (Runge-Kutta(1)) as in OpenAl [30],
producing significantly more realistic data. Each P € P is a deterministic

model parametrized with a neural network. We model the class WV as a RKHS
as in Prop B.4.3 with an RBF kernel.

Further Detail A thorough description of the environments, experimental

details, setup, and hyperparameters can be found in Appendix B.5.
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Figure 4.2: LQR. (Left, OPE Error) MML finds the P € P with the lowest
OPE error as P gets richer. Since calculations are done in expectation, no error
bars are included. (Right, Verifiability) The OPE error (smoothed) increases
with misspecification in V parametrized by €, the expected MSE between the
true VI ¢ V and the approximated ‘A/WP " € V. Nevertheless, directionally they
all follow the same trajectory as P gets richer.

Results

Does MML prefer models that minimize the OPE objective? We vary
the size of the model class Figure 4.2 (left) testing to see if MML will pick
up on the models which have better OPE performance. When the sizes of
|P| are small, each method selects (A*, B*) (e.g. P(s|s,a) = A*s + B*a), the
deterministic version of the optimal model. However, increasing the richness of

P, MML begins to pick up on models that are able to better evaluate 7.

Two remarks are in order. In LQR, policy optimization in (A*, B*) coincides
with policy optimization in P*. Therefore, if we tried to do policy optimization
in our selected model then our policy would be suboptimal in P*. Secondly,
MML favors a model other than (A*, B*) because a good OPE estimate relies

on appoximating the contribution from the stochastic part of P*.

There is a trade-off between the OPE objective and the OPO objective. MML’s
preference is dependent on the capacities of P, W, V. Figure 4.2 (left) illustrates
OPE is preferred for W fixed. Appendix Figure B.1 explores the OPO objective
and shows that if we increase YW then OPO becomes favored. In some sense
we are asking MML to be robust to many more OPE problems as [W| 1 and

so the performance on any single one decreases, favoring OPO.

What can we expect when we have misspecification in V7 To check
verifiability in practice, we would run 7 in a few P € P and calculate V7.
We would check if V' € V by fitting YA/WP and measuring the empirical gap
E[(VF —VP)?] = e

Figure 4.2 (right) shows how MML performs when V' ¢ V but we do have
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Figure 4.3:  (Cartpole, OPE Error) Comparison of model-based approaches
for OPE. Lower is better. MML outperforms others. Not pictured: traditional
model-free methods such as IS/PDIS have error of order 3-8.

VP(s) = VE(s) + N(0,€) € V. Since E[(VE — VP)2] = €2 then € is the root-
mean squared error between the two functions. Directionally all of the errors go
down as |P| T, however it is clear that e has a noticeable effect. We speculate
that if this error not distributed around zero and instead is dependent on the

state then the effects can be worse.

How does MML perform against MLE and VAML in OPE? In addition
to Figure 4.2 (left), Figure 4.3 also illustrates that our method outperforms
the other model-learning approaches in OPE. The environment and reward
function is challenging, requiring function approximation. Despite the added
complexity of solving a minimax problem, doing so gives nearly an order of
magnitude improvement over MLE and many orders over VAML. This validates
that MML is a good choice for model-learning for OPE.

Algorithm 2 OPO Algorithm (based on MOREL [106])

Require: D, £ among {MML, MLE, VAML}
1: Learn an ensemble of dynamics P, ..., Py € P using P, = argminpep L(D)

2: Construct a pessimistic MDP M (see Appendix B.5) with P(s,a) =
i Z?:l Pi(57 CL).
3: T < PPO(M) (Best of 3) [180]

Does our approach complement modern offline RL approaches? We
integrate MML, VAML, and MLE with MOREL as in Algorithm 2. Conse-
quently, Figure 4.4 shows that MML performs competitively with the other

methods, achieving near-optimal performance as the number of trajectories
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Figure 4.4:  (Invert. Pend., OPO Performance) Comparison of model-based
approaches for OPO with function-approx using Algorithm 2. Higher is better.
MML performs competitively even in low data regimes.

increases. MML has good performance even in the low-data regime, whereas
other methods perform worse than m,. Performance in the low-data regime is

of particular interest since sample efficiency is highly desirable.

Algorithm 2 forms a pessimistic MDP where a policy is penalized if it enters
a state where there is disagreement between Pi,..., P,. Given that MML
performs well in low-data, we can reason that MML produces models with
support that stays within the dataset D or generalize well slightly outside
this set. The other models poor performance is suggestive of incorrect over-

confidence outside of D and PPO produces a policy taking advantage of this.

4.7 Other Related Work

Minimax and Model-Based RL. [170] introduce an iterative minimax
approach to simultaneously find the optimal-policy and a model of the environ-
ment. Despite distribution-shift correction, online data collection is required

and is not comparable to MML, where we focus on the batch setting.

Batch (Offline) Model-Based RL Recent improvements in batch model-
based RL focus primarily on the issue of policies taking advantage of errors
in the model [106, 48, 42, 95]. These improvements typically involve un-
certainty quantification to keep the agent in highly certain states to avoid
model exploitation. These improvements are independent of the loss function

involved.
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4.8 Discussion and Future Work

We have presented a novel approach to learning a model for batch, off-policy
model-based reinforcement learning. Our approach follows naturally from the
definitions of the OPE and OPO objectives and enjoys distributional robustness
and decision-awareness. We examined different scenarios under which our
method coincided with other methods as well as when closed form solutions
were available. We provided sample complexity analysis and misspecification
analysis. Finally, we empirically validated that our method was competitive

with current model learning approaches.

A key component throughout this chapter has been the function class W x V.
Finding other interpretations for this term may prove to be useful outside of
MML and is of interest in future work. Furthermore, MML remains part of a
two-step OPO pipeline: first learn the model, then return the optimal policy in
that model. Another direction of future research is to have a single-shot batch
OPO objective that returns both a model and the optimal policy simultaneously,
in effect combining MML with the minimax algorithm in [170]. Finally, it may
be interesting to integrate MML with other forms of distributionally robust
model learning, e.g., Liu et al. [132].
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Chapter 5

ADVANCES IN MODEL FREE OPE

We propose Fitted QQ Evaluation (FQE), a new and simple method
for model-free off-policy policy evaluation (OPE) and derive PAC-style
bounds. We show experimentally that our OPE method outperforms
other popular OPE techniques on a standalone basis, especially in a

high-dimensional setting.

5.1 Fitted Q Evaluation (FQE) for Off Policy Evaluation

We propose a new and simple model-free technique using function approx-
imation, called Fitted Q Evaluation (FQE). FQE is based on an iterative
reductions scheme similar to Fitted Q Iteration (FQI) [56], but for the problem
of off-policy evaluation. Algorithm 3 lays out the steps. The key difference
with FQI is that the min operator is replaced by Qx_1(s},m(s})) (Line 3 of
Algorithm 3). Each s, comes from the original D. Since we know 7(s}), each
D, is well-defined. Note that FQE can be augmented with the doubly-robust

techniques seen in Chapter 3.

Algorithm 3 Fitted Q Evaluation: FQE(, ¢)

Require: Dataset D = {s;, a;, s}, ¢}, ~ mp. Function class F. Policy 7 to be
evaluated

1: Initialize Qo € F randomly
2: for k=1,2,...,K do
3:  Compute target y; = ¢; + YQx—_1(s}, 7(s})) Vi
4:  Build training set Dy, = {(s, a), yi }',
5:  Solve a supervised learning problem:
Qi = ar;ggergin i (f(siyai) — wi)?
6: return Qx(s,m(s)) for any s

5.2 Generalization Guarantee of FQE

In this section, we provide sample complexity analysis for FQE. We use the
notion of pseudo-dimension as capacity measure of non-linear function class F
[65]. Pseudo-dimension dimg, which naturally extends VC dimension into the

regression setting, is defined as the VC dimension of the function class induced
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by the sub-level set of functions of F: dimp = VC-dim({(z, y) > sign(f(x)—y) :
feF}).

Pseudo-dimension is finite for a large class of function approximators. For
example, Bartlett et al. [18] bounded the pseudo-dimension of piece-wise linear
deep neural networks (e.g., with ReLU activations) as O(W Llog W), where

W is the number of weights, and L is the number of layers.

FQE relies on reductions to supervised learning to update the value function.
In off-policy evaluation, the evaluation policy induces a different state-action
distribution compared to the data generating distribution . We use the notion
of concentration coefficient for the worst case, proposed by [147], to measure the
degree of distribution shift. The following standard assumption from analysis
of related ADP algorithms limits the severity of distribution shift over future

time steps:

Assumption 5.1 (Concentration coefficient of future state-action distribution).
(147, 148, 150, 11, 12, 119, 118, 57, 140]
Let P™ be the operator acting on f : X — R s.t.

(P™f)(s,0) = [ (7)) P(ds']s,a).
S
Given data generating distribution p, initial state distribution y, for m > 0 and

an arbitrary sequence of stationary policies {7, },>1 define the concentration

coeffient:
d(dgP™ P™ ... P™)

dp

Bu(m) = sup

T1seesTm

‘ o

We assume (3, = (1 —7)* 3> my™18,(m) < cc.
m>1

This assumption is valid for a fairly large class of MDPs [148]. For instance
f3,, is finite for any finite MDP, or any infinite state-space MDP with bounded
transition density.! Having a finite concentration coefficient is equivalent the
top-Lyapunov exponent I' < 0 [25], which means the underlying stochastic
system is stable. We show below a simple sufficient condition for Assumption

5.1 (albeit stronger than necessary).

'This assumption ensures sufficient data diversity, even when the executing policy is
deterministic. An example of how learning can fail without this assumption is based on the
“combination lock” MDP [109]. In this deterministic MDP example, (3, can grow arbitrarily
large, and we need an exponential number of samples for both FQE and FQI. See Appendix
C.1.
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Example 5.2.1. Consider an MDP such that for any non-stationary distribu-

tion p, the marginals over states satisfy Zs—((z)) < L (i.e., transition dynamics are
1

sufficiently stochastic), and M : Vs,a: p(als) > ;
is sufficiently exploratory). Then 3, < LM.

(i.e., the behavior policy

Recall that for a given policy 7, the Bellman (evaluation) operator is defined
as (T™Q)(s,a) =7r(s,a) +v [s Q(s',w(s"))P(ds'|s,a). In general T f may not
belong to F for f € F. For FQE (and FQI), the main operation in the algorithm
is to iteratively project T"Qr_1 back to F via Qp = argminp || f — T"Qr_1]|.
The performance of both FQE and FQI thus depend on how well the function
class F approximates the Bellman operator. We measure the ability of function
class F' to approximate the Bellman evaluation operator via the worst-case

Bellman error:

Definition 5.2.1 (inherent Bellman evaluation error). Given a function class
F and policy m, the inherent Bellman evaluation error of F is defined as
§ = sup,cpinfrer ||f — T7g||, where [|-[|. is the ¢, norm weighted by the

state-action distribution induced by 7.

We are now ready to state the generalization bound for FQE:

Theorem 5.2.1 (Generalization error of FQE). Let the costs be bounded above
by C. Under Assumption 5.1, fore > 0 & € (0,1), after K iterations of Fitted
Q) Evaluation (Algorithm 3), for n = O(%(log % + dimp log g + log dimp)),
we have with probability 1 — 9

1/2 K/27
V() = Vielr)| < s (/B )+ 7).

This result shows a dependency on € of 6(6%), compared to 6(6%1) from other
related ADP algorithms [150, 12]. The price that we pay is a multiplicative
constant 2 in front of the inherent error df,. The error from second term on

RHS decays exponentially with iterations K. The proof is in Appendix C.2.

5.3 Empirical Analysis

We invite the reader to see Chapter 3 for a full empirical study on the perfor-
mance of FQE along with many state-of-the-art OPE methods. There will also
be additional experiments in Chapter 6 when FQE will be used as a subroutine

in policy learning as a means of guaranteeing post-learning performance.
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Chapter 6

VALUE-BASED GUARANTEES

When learning policies for real-world domains, two important questions
arise: (i) how to efficiently use pre-collected off-policy, non-optimal behav-
ior data; and (ii) how to mediate among different competing objectives
and constraints. We thus study the problem of batch policy learning
under multiple constraints, and offer a systematic solution. We first
propose a flexible meta-algorithm that admits any batch reinforcement
learning and online learning procedure as subroutines. We then present
a specific algorithmic instantiation and provide performance guarantees
for the main objective and all constraints. Our algorithm achieves strong
empirical results in different domains, including in a challenging problem
of simulated car driving subject to multiple constraints such as lane keep-
ing and smooth driving. We also show experimentally that our choice of
OPE method (FQE) outperforms other popular OPE techniques on a

standalone basis, especially in a high-dimensional setting.

6.1 Introduction

We study the problem of policy learning under multiple constraints. Con-
temporary approaches to learning sequential decision making policies have
largely focused on optimizing some cost objective that is easily reducible to a
scalar value function. However, in many real-world domains, choosing the right
cost function to optimize is often not a straightforward task. Frequently, the
agent designer faces multiple competing objectives. For instance, consider the
aspirational task of designing autonomous vehicle controllers: one may care
about minimizing the travel time while making sure the driving behavior is
safe, comfortable, or fuel efficient. Indeed, many such real-world applications
require the primary objective function be augmented with an appropriate set

of constraints [9].

Contemporary policy learning research has largely focused on either online
reinforcement learning (RL) with a focus on exploration, or imitation learning

(IL) with a focus on learning from expert demonstrations. However, many real-
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world settings already contain large amounts of pre-collected data generated by
existing policies (e.g., existing driving behavior, power grid control policies, etc.).
We thus study the complementary question: can we leverage this abundant
source of (non-optimal) behavior data in order to learn sequential decision

making policies with provable guarantees on constraint satisfaction?

We thus propose and study the problem of batch policy learning under multiple
constraints. Historically, batch RL is regarded as a subfield of approximate
dynamic programming (ADP) [116], where a set of transitions sampled from
the existing system is given and fixed. From an interaction perspective, one can
view many online RL methods (e.g., DDPG [129]) as running a growing batch
RL subroutine per round of online RL. In that sense, batch policy learning is
complementary to any exploration scheme. To the best of our knowledge, the

study of constrained policy learning in the batch setting is novel.

We present an algorithmic framework for learning sequential decision making
policies from off-policy data. We employ multiple learning reductions to online
and supervised learning, and present an analysis that relates performance in
the reduced procedures to the overall performance with respect to both the

primary objective and constraint satisfaction.

Constrained optimization is a well studied problem in supervised machine learn-
ing and optimization. In fact, our approach is inspired by the work of Agarwal
et al. [5] in the context of fair classification. In contrast to supervised learning
for classification, batch policy learning for sequential decision making introduces
multiple additional challenges. First, setting aside the constraints, batch policy
learning itself presents a layer of difficulty, and the analysis is significantly more
complicated. Second, verifying whether the constraints are satisfied is no longer
as straightforward as passing the training data through the learned classifier.
In sequential decision making, certifying constraint satisfaction amounts to an
off-policy policy evaluation problem, which is a challenging problem and the
subject of active research. In this chapter, we develop a systematic approach to
address these challenges, provide a careful error analysis, and experimentally

validate our proposed algorithms. In summary, our contributions are:

o We formulate the problem of batch policy learning under multiple con-
straints, and present the first approach of its kind to solve this problem.
The definition of constraints is general and can subsume many objectives.

Our meta-algorithm utilizes multi-level learning reductions, and we show
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how to instantiate it using various batch RL and online learning subrou-
tines. We show that guarantees from the subroutines provably lift to
provide end-to-end guarantees on the original constrained batch policy

learning problem.

o Leveraging techniques from batch RL as a subroutine, we provide a
refined theoretical analysis for general non-linear function approximation
that improves upon the previously known sample complexity bound [150]
from O(n') to O(n?).

o To evaluate and verify constraint satisfaction, we propose a simple new
technique for off-policy policy evaluation, which is used as a subroutine
in our main algorithm. We show that it is competitive to other off-policy

policy evaluation methods.

o We validate our algorithm and analysis with two experimental settings.
First, a simple navigation domain where we consider safety constraint.
Second, we consider a high-dimensional racing car domain with smooth

driving and lane keeping constraints.

6.2 Problem Formulation

We follow the notation introduced in Section 2.1. Let S C R? be a bounded
and closed d-dimensional state space. Let A be a finite action space. Let
¢ : X ~ [0,C] be the primary objective cost function that is bounded by
C. Let there be m constraint cost functions, g; : X + [0, G|, each bounded
by G. To simplify the notation, we view the set of constraints as a vector
function ¢g : X + [0,G]™ where g(s,a) is the column vector of individual
gi(s,a). Let P(:|s,a) denote the (unknown) transition/dynamics model that
maps state/action pairs to a distribution over the next state. Let v € (0,1)

denote the discount factor. Let dy be the initial states distribution.

We consider the discounted infinite horizon setting. An MDP is defined using
the tuple (S, A,c¢, g, P,7v,dy). A policy 7 € Il maps states to actions, i.e.,
7(s) € A. The value function C™ : § — R corresponding to the primary cost
function ¢ is defined in the usual way: C™(s) = E[>X 2, vie(se, ar) | so = s,
over the randomness of the policy 7 and transition dynamics P. We similarly
define the vector-value function for the constraint costs G™ : & +— R™ as
G™(s) =E X207 g(st, ar)|so = s]. Define C () and G() as the expectation
of C™(s) and G™(s), respectively, over the distribution dy of initial states.
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Batch Policy Learning under Constraints

In batch policy learning, we have a pre-collected dataset,

D - {(Si7 i, S;a C(‘Si) ai)a gl:m(si; a/i)}?:la

generated from (a set of) historical behavioral policies denoted jointly by 7p.
The goal of batch policy learning under constraints is to learn a policy 7 € 11

from D that minimizes the primary objective cost while satisfying m different

constraints:
min  C(m)
mell (OPT)
st. G(m) <,

where G(-) = [g1(-), ..., gm(-)]" and 7 € R™ is a vector of known constants.

We assume that (OPT) is feasible. However, the dataset D might be generated

from multiple policies that violate the constraints.

Examples of Policy Learning with Constraints

Counterfactual & Safe Policy Learning. In conventional online RL, the
agent needs to “re-learn” from scratch when the cost function is modified.
Our framework enables counterfactual policy learning assuming the ability
to compute the new cost objective from the same historical data. A simple
example is safe policy learning [70]. Define safety cost G(s,a) = ¢(s,a,c) as a
new function of existing cost ¢ and features associated with current state-action
pair. The goal here is to counterfactually avoid undesirable behaviors observed
from historical data. We experimentally study this safety problem in Section
6.5.

Other examples from the literature that belong to this safety perspective
include planning under chance constraints [158, 23]. The constraint here is
G(m) =E[l(s € Serror)] = P(s € Sepror) < 7.

Multi-objective Batch Learning. Traditional policy learning (RL or IL)
presupposes that the agent optimizes a single cost function. In reality, we may
want to satisfy multiple objectives that are not easily reducible to a scalar
objective function. One example is learning fast driving policies under multiple
behavioral constraints such as smooth driving and lane keeping consistency
(see Section 6.5).
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Equivalence between Constraint Satisfaction and Regularization

Our constrained policy learning framework subsumes several existing regularized
policy learning settings. Regularization typically encodes prior knowledge, and
has been used extensively in the RL and IL literature to improve learning

performance. Many instances of regularized policy learning can be naturally
cast into (OPT):

o Entropy reqularized RL [78, 231] is equivalent to G(m) = H(w), where
H(7) measures policy entropy.

o Smooth imitation learning [122] is equivalent to G(7) = mingeny A(h, 7),
where H is a class of provably smooth policies and A is a divergence
metric.

o Regularizing RL with expert demonstration [91] is equivalent to G(7) =
E[¢(m(x), 7*(x))], where * is the expert policy.

« Conservative policy improvement [125, 179, 3] is equivalent to G(7) =

Dy (m, m), where 7y, is some “well-behaving” policy.

We provide a detailed equivalence derivation of the above examples in Ap-
pendix D.1. Of course, some problems are more naturally described using the

regularization perspective, while others using constraint satisfaction.

More generally, one can establish the equivalence between regularized and
constrained policy learning via a simple appeal to Lagrangian duality as shown
in Proposition 6.2.1 below. This Lagrangian duality also has a game-theoretic
interpretation (Section 5.4 of Boyd and Vandenberghe [26]), which serves as an

inspiration for developing our approach.

Proposition 6.2.1. Let II be a convex set of policies. Let C : 11 — R, C :

I — RE be value functions. Consider the two policy optimization tasks:

Regularization: mellgll C(m) + A"G(r)
Constraint: Inell{[l C(r) st G(m) <.

Assume that the Slater’s condition is satisfied in the Constraint problem (i.e.,
dr s.t. G(m) < 7). Assume also that the constraint cannot be removed without
changing the optimal solution, i.e., infren C(7) < infremam<- C(m). Then V
A >0, 3 7, and vice versa, such that Regularization and Constraint share

the same optimal solutions. (Proof in Appendiz D.1.)
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Algorithm 4 Meta-algo for Batch Constrained Learning

1: for each round ¢ do
T Best—respogse()\t)
7,1\',5 — %Zi’:l Tyl )\t — %ng:l )‘t’
Linax = max)y L(7, \) L
Lmin = L(Best-response(\;), \¢)
if Lyax — Linin < w then
Return 7,
At4+1 < Online-algorithm(7y, ..., m—1,7¢)

6.3 Proposed Approach

To make use of strong duality, we first convezify the policy class II by allowing
stochastic combinations of policies, which effectively expands II into its convex
hull Conv(IT). Formally, Conv(Il) contains randomized policies,' which we
denote m = Zthl oy for mp € I1 and Zthl a; = 1. Executing a mixed 7
consists of first sampling one policy m; from 7.7 according to distribution aq.r,
and then executing 7;. Note that we still have E[r] = Y7, oyE[m,] for any
first-moment statistic of interest (e.g., state distribution, expected cost). It is
easy to see that the augmented version of (OPT) over Conv(II) has a solution
at least as good as the original (OPT). As such, to lighten the notation, we

will equate II with its convex hull for the rest of the chapter.

Meta-Algorithm
The Lagrangian of (OPT) is L(m,\) = C(7) + AT(G(w) — 7) for A € R

Clearly (OPT) is equivalent to the min-max problem: min max L(m, \). We
mell AeRY

assume (OPT) is feasible and that Slater’s condition holds (otherwise, we can
simply increase the constraint 7 by a tiny amount). Slater’s condition and
policy class convexification ensure that strong duality holds [26], and (OPT) is

also equivalent to the max-min problem: max min L(7, \).
)\ER’jr mell

Since L(m, A) is linear in both A and =, strong duality is also a consequence
of von Neumann’s celebrated convex-concave minimax theorem for zero-sum
games [217]. From a game-thoeretic perspective, the problem becomes finding
the equilibrium of a two-player game between the m—player and the A\—player
[64]. In this repeated game, the m—player minimizes L(m, \) given the current

A, and the A—player maximizes it given the current (mixture over) 7.

We first present a meta-algorithm (Algorithm 4) that uses any no-regret online

' This places no restrictions on the individual policies. Individual policies can be arbitrarily
non-convex. Convexifiying a policy class amounts to allowing ensembles of learned policies.
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learning algorithm (for ) and batch policy optimization (for 7). At each

iteration, given \;, the m-player runs Best-response to get the best response:

Best-response();) = argmin L(m, \;)
well

= argmin C(7) + A\ (G(7) — 7).
well
This is equivalent to a standard batch reinforcement learning problem where

we learn a policy that is optimal with respect to ¢ + A/ g. The corresponding
mixed strategy is the uniform distribution over all previous ;. In response
to the m—player, the A—player employs Online-algorithm, which can be any

no-regret algorithm that satisfies:
> L(me, \) > mixxz L(m, A) — o(T).
t t

Finally, the algorithm terminates when the estimated primal-dual gap is below
a threshold w (Lines 7-8).

Leaving aside (for the moment) issues of generalization, Algorithm 4 is guaran-
teed to converge assuming: (i) Best-response gives the best single policy in

the class, and (ii) Lyax and Ly, can be evaluated exactly.

Proposition 6.3.1. Assuming (i) and (ii) above, Algorithm 4 is guaranteed to
stop and the convergence depends on the regret of Online-algorithm. (Proof
in Appendiz D.2.)

Our Main Algorithm
We now focus on a specific instantiation of Algorithm 4. Algorithm 5 is our

main algorithm in this chapter.

Policy Learning. We instantiate Best-response with Fitted QQ Iteration
(FQI), a model-free off-policy learning approach [56]. FQI relies on a series
of reductions to supervised learning. The key idea is to approximate the true
action-value function Q* by a sequence {Qy € F}X ,, where F is a chosen

function class.

In Lines 3 & 9, FQI(c+\"g) is defined as follows. With @y randomly initialized,
for each k = 1,..., K, we form a new training dataset Dy = {(si,a:), ¥}y

where:

Vi oy = (ci+Ag)+ 7 min Qr-1(s},a),
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Algorithm 5 Constrained Batch Policy Learning

Require: Dataset D = {s;,a;, 8}, ¢, 9} ~ mp. Online algorithm parameters: ¢;
norm bound B, learning rate n

1: Initialize A\; = (27, ..., 7o) € R™!

2: for each round t do

3:  Learn m « FQI(c+ )\ g) // FQI with cost ¢+ )\ g
Evaluate C(m;) < FQE(y, c) // Algo 3 with ¢, cost ¢
Evaluate G(m;) < FQE(my, g) /] Algo 3 with m, cost g
@ i T R R R
C(Te) = ¢ Xtrm1 Clme), G(7e) = 1 3p—1 G(me)
At — % Zfﬁ’:l Ay
Learn 7 < FQI(c+ A/ g) /] FQI with cost ¢+ A g
10:  Evaluate C(7) + FQE(7, ), G(7) « FQE(T, g)

~

11:  Lpax = )\7”%\1”31);3 CA'(?Tt) AT {( (7) — T)T7()]T>

~ ~ ~ ~ T
120 Lo = C(F) + 3] [(GF) - 7)7,0]
13:  if fmax — fmin < w then

14: Return 7, -
15:  Set z; = [(é(ﬂ't) -7, O} € Rm+!
16: Aeg1i] = Z)‘t/[\lj[ej—wiiw // Ali] the i*" coordinate

and (s;,a;, st ¢, g;) ~ D (original dataset). A supervised regression procedure

is called to solve for:

Qr = arg min 1 Z(f(s,, a;i) — )2

fer N4
The policy then: 7 = argmin, Qk (-, a).

FQI has been shown to work well with several empirical domains: spoken
dialogue systems [162], physical robotic soccer [173], and cart-pole swing-up
[172]. Another possible model-free subroutine is Least-Squares Policy Iteration
(LSPI) [115]. One can also consider model-based alternatives [159].

Off-policy Policy Evaluation. A crucial difference between constrained
policy learning and existing work on constrained supervised learning is the
technical challenge of evaluating the objective and constraints. First, estimating
L(m, \) (Lines 11-12) requires estimating C(7) and G(7). Second, any gradient-
based approach to Online-learning requires passing in G (m) — 7 as part of
gradient estimate (line 15). This problem is known as the off-policy policy
evaluation (OPE) problem: we need to evaluate C(r) and G(r) having only
access to data D ~ mp. We studied existing OPE techniques in Chapter 3, and
proposed two methods in subsequent chapters. We will be using FQE, from
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Chapter 5, to instantiate Algorithm 5

Online Learning Subroutine. As L(m, A) is linear in A, many online convex
optimization approaches can be used for Online-algorithm. Perhaps the
simpliest choice is Online Gradient Descent (OGD) [234]. We include an
instantiation using OGD in Appendix D.6.

For our main Algorithm 5, similar to [5], we use Exponentiated Gradient (EG)
[108], which has a regret bound of O(y/log(m)T) instead of O(v/mT) as in
OGD. One can view EG as a variant of Online Mirror Descent [153] with
a softmax link function, or of Follow-the-Regularized-Leader with entropy
regularization [182]. Gradient-based algorithms generally require bounded .
We thus force ||Al|; < B using hyperparameter B. Solving (OPT) exactly
requires B = co. We will analyze Algorithm 5 with respect to finite B. With
some abuse of notation, we augment A into a (m + 1)—dimensional vector by
appending B — [|A||;, and augment the constraint cost vector g by appending 0
(Lines 11, 12 & 15 of Algorithm 5).2

6.4 Theoretical Analysis

Convergence Guarantee

The convergence rate of Algorithm 5 depends on the radius B of the dual
variables )\, the maximal constraint value G, and the number of constraints m.

In particular, we can show O(f—;) convergence for primal-dual gap w.

Theorem 6.4.1 (Convergence of Algorithm 5). After T iterations, the empirical

duality gap is bounded by
L _f  <oBloa(mtl)
Nl
Consequently, to achieve the primal-dual gap of w, setting n =
16 B2G? log(m+1)
w?2

+ 2nBG?.

w
4G2B
iterations. (Proof in Appendiz

will ensure

that Algorithm 5 converges after
D.2.)

Convergence analysis of our main Algorithm 5 is an extension of the proof to

Proposition 6.3.1, leveraging the no-regret property of the EG procedure [182].

2The (m + 1) coordinate of g is thus always satisfied. This augmentation is only
necessary when executing EG.
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Generalization Guarantee of FQI
We recall a few definitions from Chapter 5, including that for concentration of

the state-action distribution and inherent bellman error.

Assumption 6.1 (Concentration coefficient of future state-action distribution).
(147, 148, 150, 11, 12, 119, 118, 57, 140]
Let P™ be the operator acting on f : X — R s.t.

(P™f)(s,0) = [ f(a',m(a") P(ds']s, a).
S
Given data generating distribution p, initial state distribution dj, for m > 0 and

an arbitrary sequence of stationary policies {7, },>1 define the concentration

coefficient:
d(dgP™ P™ ... P™)

dp

Bu(m) = sup

Ty Tm

‘ o

We assume (3, = (1 —7)* 3 my™18,(m) < cc.
m>1

Definition 6.4.1 (Inherent Bellman evaluation error). Given a function class
F and policy 7, the inherent Bellman evaluation error of F is defined as
di = supyep infyep || f — T7g|, where ||-|| is the ¢, norm weighted by the

state-action distribution induced by 7.

We can show, analogous to FQE, a generalization bound for FQI. While FQI
has been widely used, to the best of our knowledge, a complete analysis of FQI

for non-linear function approximation has not been previously reported.?

Definition 6.4.2 (Inherent Bellman optimality error). [150] Recall that the

Bellman optimality operator is defined as:

(TQ)(s,a) = r(s.a) +7 [ minQ(s',a') P(ds']s,a).
Sae
Given a function class F, the inherent Bellman error is defined as dp =
sup,cp infrer || f — ’I[‘g”u, where HHN is the £ norm weighted by pu, the state-

action distribution induced by 7p.

Theorem 6.4.2 (Generalization error of FQI). Under Assumption 6.1, fore > 0
€9 € (0,1), after K iterations of Fitted @) Iteration, for n = O(f—;(log L+

3FQI for continuous action space from [11] is a variant of fitted policy iteration and not
the version of FQI under consideration. The appendix of [120] contains a proof of FQI but
for linear functions.
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dimp log g + log dimp)), we have with probability 1 —§:
* 2 al
‘C - C(WK)’ < (1_77)3(\/5,1 (2dp + €) + 27K/20)7
where g is the policy acting greedy with respect to the returned function Q.
(Proof in Appendiz D.5.)

End-to-End Generalization Guarantee

We are ultimately interested in the test-time performance and constraint
satisfaction of the returned policy from Algorithm 5. We now connect the
previous analyses from Theorems 6.4.1, 5.2.1 & 6.4.2 into an end-to-end error

analysis.

Since Algorithm 5 uses FQI and FQE as subroutines, the inherent Bellman
error terms dp and df will enter our overall performance bound. Estimating
the inherent Bellman error caused by function approximation is not possible
in general (chapter 11 of Sutton and Barto [191]). Fortunately, a sufficiently
expressive F can generally make dp and df to arbitrarily small. To simplify
our end-to-end analysis, we assume dp = 0 and df, = 0, i.e., the function class

F is closed under applying the Bellman operator.*

Assumption 6.2. We consider function classes F sufficiently rich so that
Vf: TfeF & T"f € F for the policies 7 returned by Algorithm 5.

With Assumptions 6.1 & 6.2, we have the following error bound:

Theorem 6.4.3 (Generalization guarantee of Algorithm 5). Let ©* be the
optimal policy to (OPT). Denote V. = C + BG. Let K be the number of
iterations of FQFE and FQI. Let 7 be the policy returned by Algorithm 5, with
termination threshold w. For e >0 & § € (0,1), when n = O(g(log w +
dimg log g + log dimp)>, we have with probability at least 1 — §:

C(@) <C(r*)+w+ W(\/Ee + 27”27),

and

~ V4w A1/ 2yE2Y
Gr) <142 5 +(1_7)3/2(\/E€+(1_7)1/2).

The proof is in Appendix D.3. This result guarantees that, upon termination

of Algorithm 5, the true performance on the main objective can be arbitrarily

4A similar assumption was made in Cheng et al. [40] on near-realizability of learning the
model dynamics.
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close to that of the optimal policy. At the same time, each constraint will be
approximately satisfied with high probability, assuming sufficiently large B &
K, and sufficiently small e.

6.5 Empirical Analysis

We perform experiments on two different domains: a grid-world domain (from
OpenATl’s FrozenLake) under a safety constraint, and a challenging high-
dimensional car racing domain (from OpenAlI’s CarRacing) under multiple
behavior constraints. We seek to answer the following questions in our ex-
periments: (i) whether the empirical convergence behavior of Algorithm 5 is
consistent with our theory, and (ii) how the returned policy performs with re-
spect to the main objective and constraint satisfaction. Appendix D.7 includes

a more detailed discussion of our experiments.

Frozen Lake.

Environment & Data Collection. The environment is an 8x8 grid. The
agent has 4 actions N,S,E;W at each state. The main goal is to navigate from a
starting position to the goal. Each episode terminates when the agent reaches
the goal or falls into a hole. The main cost function is defined as ¢ = —1 if
goal is reached, otherwise ¢ = 0 everywhere. We simulate a non-optimal data
gathering policy mp by adding random sub-optimal actions to the shortest path
policy from any given state to goal. We run 7p for 5000 trajectories to collect

the behavior dataset D (with constraint cost measurement specified below).

Counterfactual Safety Constraint. We augment the main objective ¢ with
safety constraint cost defined as ¢ = 1 if the agent steps into a hole, and
g = 0 otherwise. We set the constraint threshold 7 = 0.1, roughly 75% of
the accumulated constraint cost of behavior policy np. The threshold can
be interpreted as a counterfactually acceptable probability that we allow the

learned policy to fail.

Results. The empirical primal dual gap Ly — L in Figure 6.1 (left)
quickly decreases toward the optimal gap of zero. The convergence is fast
and monotonic, supporting the predicted behavior from our theory. The test-
time performance in Figure 6.1 (middle) shows the safety constraint is always
satisfied, while the main objective cost also smoothly converges to the optimal
value achieved by an online RL baseline (DQN) trained without regard to the

constraint. The returned policy significantly outperformed the data gathering
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Convergence Behavior of Algo 2

Main Objective and Constraint - Accumulated Cost . " N
] Off-Policy Evaluation - Standalone Comparison
—e— Fitted Q Evaluation (FQE)

—— Empirical Gap
Per-Decision IS (PDIS)
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Figure 6.1: FrozenLake Results. ( Left) Empirical duality gap of algorithm 5 vs.
optimal gap. (Middle) Comparison of returned policy and others w.r.t. (top)
main objective value and (bottom) safety constraint value. (Right) FQE vs.
other OPE methods on a standalone basis.
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Figure 6.2:  CarRacing Results. (Left) & (Middle) (Lower is better) Comparlng
our algorithm, regularized LSPI, online RL w/o constraints, behavior policy
mp w.r.t. main cost objectives and two constraints. (Right) FQE vs. other
OPE methods on a standalone basis.

policy mp on both main and safety cost.

Car Racing.

Environment & Data Collection. The car racing environment, seen in
Figure D.1 (right), is a high-dimensional domain where the state is a 96 x 96 x 3
tensor of raw pixels. The action space A = {steering x gas x brake} takes 12
discretized values. The goal in this episodic task is to traverse over 95% of the
track, measured by a given number of “tiles” as a proxy for distance coverage.
The agent receives a reward (negative cost) for each unique tile crossed and
no reward if the agent is off-track. A small positive cost applies at every time
step, with maximum horizon of 1000 for each episode. With these costs given
by the environment, one can train online RL agent using DDQN [211]. We
collect =~ 1500 trajectories from DDQN’s randomization, resulting in data set
D with = 94000 transition tuples.

Fast Driving under Behavioral Constraints. We study the problem
of minimizing environment cost while subject to two behavioral constraints:

smooth driving and lane centering. The first constraint Gy approximates
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smooth driving by go(s,a) = 1 if a contains braking action, and 0 otherwise.
The second constraint cost g; measures the distance between the agent and
center of lane at each time step. This is a highly challenging setup since
three objectives and constraints are in direct conflict with one another, e.g.,
fast driving encourages the agent to cut corners and apply frequent brakes to
make turns. Outside of this work, we are not aware of previous work in policy

learning with 2 or more constraints in high-dimensional settings.

Baseline and Procedure. As a naive baseline, DDQN achieves low cost,
but exhibits “non-smooth” driving behavior (see our supplementary videos).
We set the threshold for each constraint to 75% of the DDQN benchmark.
We also compare against regularized batch RL algorithms [57], specifically
regularized LSPI. We instantiate our subroutines, FQE and FQI, with multi-
layered CNNs. We augment LSPI’s linear policy with non-linear features

derived from a well-performing FQI model.

Results. The returned mixture policy from our algorithm achieves low main
objective cost, comparable with online RL policy trained without regard to
constraints. After several initial iterations violating the braking constraint, the
returned policy — corresponding to the appropriate A\ trade-off — satisties
both constraints, while improving the main objective. The improvement over

data gathering policy is significant for both constraints and main objective.

Regularized policy learning is an alternative approach to (OPT) (section 6.2).
We provide the regularized LSPI baseline the same set of A found by our
algorithm for one-shot regularized learning (Figures 6.2 (left & middle)). While
regularized LSPI obtains good performance for the main objective, it does
not achieve acceptable constraint satisfaction. By default, regularized policy
learning requires parameter tuning heuristics. In principle, one can perform
a grid-search over a range of parameters to find the right combination — we
include such an example for both regularized LSPI and FQI in Appendix D.7.
However, since our objective and constraints are in conflict, main objective and
constraint satisfaction of policies returned by one-shot regularized learning are
sensitive to step changes in \. In constrast, our approach is systematic, and is
able to avoid the curse-of-dimensionality of brute-force search that comes with

multiple constraints.

In practice, one may wish to deterministically extract a single policy from

the returned mixture for execution. A de-randomized policy can be obtained
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naturally from our algorithm by selecting the best policy from the existing

FQE’s estimates of individual Best-response policies.

Off-Policy Evaluation

The off-policy evaluation by FQE is critical for updating policies in our al-
gorithm, and is ultimately responsible for certifying constraint satisfaction.
While other OPE methods can also be used in place of FQE, we find that
the estimates from popular methods are not sufficiently accurate in a high-
dimensional setting. Complementing the more extensive ablations study in
Chapter 3, we select an individual policy and compare FQE against PDIS
[164], DR [98] and WDR [202] with respect to the constraint cost evaluation.
To compare both accuracy and data-efficiency, for each domain we randomly
sample different subsets of dataset D (from 10% to 100% transitions, 30 trials
each). Figure 6.1 (right) and 6.2 (right) illustrate the difference in quality. In
the FrozenLake domain, FQE performs competitively with the top baseline
method (DR and WDR), converging to the true value estimate as the data
subsample grows close to 100%. In the high-dimensional car domain, FQE

signficantly outperforms other methods.

6.6 Other Related Work

Constrained MDP (CMDP). The CMDP is a well-studied problem [9].
Among the most important techniques for solving CMDP are the Lagrangian
approach and solving the dual LP program via occupation measure. However,
these approaches only work when the MDP is completely specified, and the
state dimension is small such that solving via an LP is tractable. More recently,
the constrained policy optimization approach (CPO) by [3] learns a policy
when the model is not initially known. The focus of CPO is on online safe

exploration, and thus is not directly comparable to our setting.

Multi-objective Reinforcement Learning. Another related area is multi-
objective reinforcement learning (MORL)[212, 174]. Generally, research in
MORL has largely focused on approximating the Pareto frontier that trades-off
competing objectives [212, 174]. The underlying approach to MORL frequently
relies on linear or non-linear scalarization of rewards to heuristically turns
the problem into a standard RL problem. Our proposed approach represents
another systematic paradigm to solve MORL, whether in batch or online

settings.
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6.7 Discussion

We have presented a systematic approach for batch policy learning under multi-
ple constraints. Our problem formulation can accommodate general definition
of constraints, as partly illustrated by our experiments. We provide guarantees
for our algorithm for both the main objective and constraint satisfaction. Our
strong empirical results show a promise of making constrained batch policy

learning applicable for real-world domains, where behavior data is abundant.

Our implementation complies with the steps laid out in Algorithm 5. In very
large scale or high-dimensional problems, one could consider a noisy update
version for both policy learning and evaluation. We leave the theorerical and

practical exploration of this extension to future work.
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Chapter 7

LTL-BASED GUARANTEES IN DISCRETE DOMAINS

We study the problem of policy optimization (PO) with linear temporal
logic (LTL) constraints. The language of LTL allows flexible description
of tasks that may be unnatural to encode as a scalar cost function. We
consider LTL-constrained PO as a systematic framework, decoupling task
specification from policy selection, and as an alternative to the standard
of cost shaping. With access to a generative model, we develop a model-
based approach that enjoys a sample complexity analysis for guaranteeing
both task satisfaction and cost optimality (through a reduction to a
reachability problem). Empirically, our algorithm can achieve strong

performance even in low-sample regimes.

\ J

In this chapter, we propose a novel policy optimization framework for RL under
LTL constraints. Our approach relies on two assumptions that are significantly
less restrictive than those in prior work and circumvent the negative results on
RL-modulo-LTL: the availability of a generative model of the environment and
a lower bound on the transition probabilities in the underlying MDP. Under
these assumptions, we derive a learning algorithm based on a reduction to a
reachability problem. The reduction in our method can be instantiated with
several planning procedures that handle unknown dynamics [21, 166]. We show
that our algorithm offers strong constraint satisfaction guarantees and give a

rigorous sample complexity analysis of the algorithm.
In summary, the contributions are:
1) We provide a novel approach to LTL-constrained RL that requires significantly

fewer assumptions, and offers stronger guarantees, than previous work.

2) We develop several new theoretical tools for our analysis. These may be of

independent interest.

3) We empirically validate using both infinite- and indefinite-horizon problems,

and with composite specifications such as collecting items while avoiding
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enemies. We find that our method enjoys strong performance, often requiring

many fewer samples than our worst-case guarantees.

7.1 Motivating Examples

® ®© &

. Bp

Figure 7.1:  (Left) Infinite Loop. The robot must perpetually walk between the
coffee room and office. Without proper state-space augmentation, a markovian
cost function cannot capture this task. (Right) Safe Delivery. A packet must be
delivered without being interfered. Policy 2 should be chosen. One would need
to penalize receiving the packet significantly over having it stolen: R > S.

We examine two examples where standard cost engineering cannot capture the
task (Figure 7.1). We consider the undiscounted setting here. See [131, 2] for

difficult examples for the discounted setting.

Example 1 (Infinite Loop). A robot is given the task of perpetually walking
between the coffee room and the office (Figure 7.1 (Left)). To achieve this
behavior, both the policy and cost-function must be history-dependent. These
can be made Markovian through proper state-space augmentation and has been
studied in hierarchical reinforcement learning or learning with options [121,
189]. Options engineering is laborious and requires expertise. Nevertheless,
without the appropriate augmentation, any cost-optimal policy of a Markovian
cost function will fail at the task. We will see in Section 7.2 that any LTL
expression comes with automatic state-space augmentation, requiring no expert

input.

Example 2 (Safe Delivery). The goal is to maximize the probability of
safely sending a packet from one computer to another (Figure 7.1 (Right)).
Policy 1 leads to a hacker sniffing packets but passing them through, and is
unsafe. Policy 2 leads to a hacker stealing packets with probability p > 0, and
is safe with probability 1 — p, and is the policy that satisfies the task. For
cost engineering, let R and S be the recurring costs of the received and stolen
states. For the two policies, the avg. costs are g; = R and g» = pS + (1 — p)R.
Strangely, we must set R > S in order for g, < g;. Fortunately, optimizing any

cost function constrained to satisfying the LTL specification does not suffer
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from this counter intuitive behavior as only policy 2 has any chance of satisfying

the LTL expression.

7.2 Background and Problem Formulation
For an introduction to the background for LTL, see Section 2.3. From there,

recall a few key definitions.

We construct a Product MDP from syncronizing a Labelled MDP M with a
specification-specific automaton (LDBA) B:

Definition 7.2.1. (Product MDP) Xy 5 = (S, A, P,C,dy, L, S*) is an MDP
with S = SM x 88, A = AM U AB, C((m,b),a) = CM(m,a) if a € AM(m)
otherwise 0, dy = {(m, b)|m € d)*,b € PB(s5, LM(m))}, L((m,b)) = LM(m),
S* = {(-,b) € S|b € 85} accepting states, and P : S x A — A(S) taking the
form:
PM(m,a,m') ae€ AM(m),¥ € PB(b, L(m'))
P((m,b),a,(m',b")) =<1, a € AB(b),b € PP(b,a),m=m’.

0, otherwise

A run 7 = (S0, $1,...) = ((mo, bo), (M1, b1),...) in X is accepting (accepted) if
(bo, b1, . . .), the projection onto B, is accepted. Equivalently, some s € §* in
X is visited infinitely often. This leads us to the following definition of LTL

satisfaction:

Definition 7.2.2 (Satisfaction, 7 = ¢). A run 7 in X satisfies ¢, denoted
T | ¢, if it is accepted.

Definition 7.2.3. (Satisfaction, 7 |= ¢) A policy satisfies ¢ with probability
Pm = o] = E.orr[l-,]. Here, 1x is an indicator variable which is 1 when
X is true, otherwise 0. TZ is the set of trajectories induced by 7 in X with

transition function P.

Problem Formulation

Our goal is to find a policy that simultaneously satisfies a given LTL speci-
fication ¢ with highest probability (probability-optimal) and is also optimal
w.r.t. the cost function of the MDP. We consider (stochastic) Markovian
policies II, and define the set of all probability-optimal policies as Il =
{argmax, e P[n' |= ¢|}. We first define the gain g (average-cost) and transient
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cost J:
T-1

m > Clsw(s0)

li
T—o0

T)Z@],

971: EETNT,’? [
(7.1)

Jf EETNTff [26(8,5,71’(8,5)) T ): 90‘| )

where &, is the first (hitting) time the trajectory 7 leaves the transient states

induced by . When P is clear from context, we abbreviate g& and JZ by g

and J, respectively.

Gain optimality for infinite horizon problems has a long history in RL [21, 166].
Complementary to gain optimality, we consider a hybrid objective including the
transient cost. For any A > 0, we define the optimal policy as the probability-

optimal policy with minimum combined cost:

my = arg min J; + Ag, (LTL-OPT)

7T€Hmax

=arg min (S +Ag)P[r =] (Z V).
In other words, probability-optimal policies are those that satisfy the entirety of
the task, both desired and required behaviors, where V./\ = (Jz+Agx)P 7 |= ¢]
is the normalized value function!, corresponding to a notion of energy or effort
required, with A\ representing the tradeoff between gain and transient cost. We

will often omit the dependence of V on P and A for brevity.

Example. Consider the Safe Delivery example (Figure 7.1 (Right)). For
policy 1, P[1 = ¢] = 0 and so 1 ¢ I.. Let policy 2 be a cost 1 timestep
before stolen or receipt, then g = R is the (conditional) gain, J, = 1 is the
(conditional) transient costs, P[2 |= o] =1 —p, and V5 = (1 + AR)(1 — p).

Problem 1 (Planning with Generative Model/Simulator). Suppose access to a
generative model of the true dynamics P from which we can sample transitions
s’ ~ P(s,a) for any state-action pair (s,a) € S x A.2 With probability 1 — 4,
for some errors €., e > 0, find a policy 7 € II that simultaneously has the
following properties: (i) |P[r =] —Plr* = ¢]| <e, (i) |Vi— Vi

< €y.

'Normalized objectives are not unusual in RL, e.g. in discounted settings, multiplication
by (1—7)

2The use of a generative model is increasingly common in RL [72, 126, 6, 198], and is
applicable in many settings where such a generative model is readily available as a simulator

(e.g., [52)).
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7.3 Approach
End Components & Accepting Maximal End Components
Our analysis relies on the idea of an end component: a recurrent, inescapable

set of states when restricted to a certain action set. It is a sub-MDP of a larger
MDP that is probabilistically closed.

Definition 7.3.1. (End Component, EC/MEC/AMEC [16]) Consider MDP
(S, A, P,C,dy, L,S*). An end component (E, Ag) is a set of states £ C S and
acceptable actions Ag(s) C A(s) (where s € E) such that V(s,a) € E x Ap
then Post(s,a) = {s'|P(s,a,s") > 0} C E. Furthermore, (E, Ag) is strongly
connected: any two states in E is reachable from one another by means of
actions in Ag. We say an end component (E, Ag) is mazimal (MEC) if it is
not contained within a larger end component (E', Ag), i.e., B(E', Ap) EC
where E C E', Ag(s) C Ag/(s) for each s € A. A MEC (E, Ag) is an accepting
MEC (AMEC) if it contains an accepting state, 3s € E s.t. s € S*.

High-Level Intuition
The description of our approach, LTL Constrained Planning (LCP), in Section
7.3 is rather technical in order to yield theoretical guarantees. We thus first

summarize the high-level intuitions.

(b) Example, Infinite Loop (¢) Example, Safe Delivery

(a) Abstract Diagram

Figure 7.2: Product MDP diagrams. (Left) The goal of LTL Constrained Policy
Optimization can be reduced to a reachability problem. We want to reach
Aq or A, from sy and then follow the blue arrows with some distribution. As
with the blue arrows is a rejecting end component because it does not contain
an accepting state s*. For f < 1, the yellow action is not in the allowable
action set of A; because there is a risk of entering As, strictly decreasing our
probability of LTL satisfaction. (Center) Example for Infinite Loop, Figure 7.1
Left. (Right) Example for Safe Delivery, Figure 7.1 Right.

Solution Decomposition. Consider the accepting states sj, s3 in Figure

7.2 (Left), which are the states we need to visit infinitely often to satisfy the
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specification. First, let us identify the accepting maximal end components
(AMECs) of s} and s5: the state sets A; and A (resp.) and their corresponding
action sets A4, and Ay, (the blue arrows in A; and Ay). Note that these
AMECGs do not include the yellow action in Figure 7.2 (Left), which has a

chance of leaving A; and getting stuck in As.

Our solution first runs a transient policy until reaching A; or A,, and then
switches to a (probability-optimal) recurrent policy that stays within A; or Ay
(resp.) while visiting s} or s} (resp.) infinitely often. A probability-optimal
recurrent policy will select actions in A4, and A4, to visit s, s5 infinitely often
(e.g., the uniform policies with the AMECs (A;,.A44,) and (As, A4,)). Finding
a tramsient policy from sy to Ay, As can be viewed as a reachability problem,
which we can solve via a Stochastic Shortest Path (SSP) problem and leverage
recent literature [198, 110].

Cost Optimality. As stated in (LTL-OPT), the goal is to find a cost-optimal
policy within the set of probability-optimal policies. For instance, the uniform
policy over A4, and Ay, (the blue arrows in Figure 7.2 (Left) is probability
optimal, but may not be cost optimal. Similarly, the unconstrained cost-
optimal policy may not be probability optimal. Consider just A; for the
moment. Suppose the cost of the arrows between the white nodes is 4 while the
other costs are 7. Then the uniform (probability-optimal) policy in A; over A4,
has cost % (#) +% (%) = 5. The gain-optimal policy that deterministically
selects the actions between the white nodes 7 has cost (%) = 4, but is not
probability optimal. If we perturb 7 to make it even slightly stochastic (but
still mostly deterministic, i.e n-greedy with n ~ 0), then it will be arbitrarily
close to gain optimality and also recover probability optimality. This is a

preferable probability-optimal policy over the uniform policy.

Overall Procedure. The high-level procedure is: (i) identify the AMECs
(e.g. (A1, Ax,), (As, As)) by filtering out bad actions like the yellow arrow; (ii)
find a cost-optimal (optimal gain cost) recurrent policy in each AMEC that
visits some s* infinitely often; (iii) instantiate an SSP problem that finds a
cost-optimal (optimal transient cost) transient policy from sy to A; U Ay and
avoids As; (iv) return a policy that stitches together the policies from (ii) and
(17i). See Section 7.3 for the algorithmic details. We show in Section 7.4 that
this solution gives the optimal solution to LTL-OPT.
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Additional Assumptions and Definitions

Perhaps surprisingly, when planning with a simulator (i.e., generative model),
even infinite data is insufficient to verify an LTL formula without having a
known lower-bound on the lowest nonzero probability of the transition function
P [131]. Without this assumption, LTL constrained policy learning is not

learnable [224]. We thus begin by assuming a known lower bound on entries in
pP3

Assumption 7.1 (Lower Bound). We assume we have access to a lower bound

£ > 0 on the lowest non-zero probability of the transition function P:
< i P ! ! : :
0<p< s,a,s'renslgAxs{ (s,a,s)|P(s,a,s") >0} (7.2)
We assume that all the costs are strictly positive, avoiding zero-cost (or negative-
cost) cycles that trap a policy. Leveraging cost-perturbations and prior work

[198] can remove the assumption.

Assumption 7.2 (Bounds on cost function). The minimum cost ¢y, > 0 is

strictly positive.

Let D = {(s,a,s")} be all the collected samples (s, a,s’) while running the
algorithm. At any point, f’(s,a, s) = %

of visiting s’ from (s,a). We introduce an event £ and error ¥ (n) to quantify

is the empirical frequency

uncertainty on P(s,a,s') based on current data: n(s,a) = |{(s,a) € D}|. £
is based on empirical Bernstein bounds [141], and holds w.p. 1 — § (Lemma
E.2.1).

Definition 7.3.2 (High Probability Event). A high probability event &:

~

E={Vs,a,s € S x Ax S Vn(s,a) >1:|(P(s,a,s)— P(s,a,s))|
< wsas’ (’I’L) < Tﬂ(")}a
where g,¢(n) = \/215(3, , s (1 — p(s,a, s))E(n) + gﬁ(n), P(n) = %f(n) -+

1&(n), and &(n) = log(4n2“§|2|“4|)/(n —1).

~

Remark 7.3.1. For some p > 0, if we require |P(s,a,s") — P(s,a,s)| < p
then we need n(s,a) = =1 (p) samples for state-action pair (s,a). See Lemma
E.2.2 for the quantity v (p).

30ur assumptions are consistent with the minimal requirements studied by [131].
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Definition 7.3.3 (Plausible Transition Function). The set of plausible transi-

tion functions is given by

P={P:SxA— A (7.3)
f:’(s,a, §) = ]f(& a,s'), ]3(57 a, S') € {0, 1}} (7.4)
P(s,a,s") € P(s,a,s") £1ss N[B,1—fF], otherwise

Let P(s,a) = {P(s,a,-)|P € P} be the possible transition distributions for
state-action pair (s,a). We denote Py(s,s") = Equr[P(s,a,s")] as the Markov
chain given dynamics P with policy 7, and can be thought of as a |S| x |S|

S|

matrix P, = {pij}i,j:l‘

Main Algorithm: LTL Constrained Planning (LCP)

Algorithm 6 LTL Constrained Planning (LCP)

Require: Error ey > 0, Error €, > 0, Tolerance § > 0, Lower bound 8 > 0 (see Assumption 7.1)

Globally, track P(s,a,s’) = % {Empirical estimate of P}

((A1, Aa,), ..., (Am, Aa,)) < FindAMEC((S, A, P))
fori=1,...,k do

Set 7, gi < PlanRecurrent((A;, A4;), %) {Plan gain-optimal policy m; for A;}
Set mo « PlanTransient(((A1,91),...,(Ax, gx)), %TV) {Plan shortest paths policy mo to U¥_,
A}

. ik
6: return 7 = U;_om;

Our approach, LTL Constrained Planning (LCP), has three components, as
shown in Algorithm 6 and described below. Recall from Problem 1 that the
policy optimization problem LTL-OPT is instantiated over a product MDP
(Def. 7.2.1), and that we are given a generative model of the true dynamics P

from which we can sample transitions s’ ~ P(s,a) for any state/action pair.

Finding AMECs (FindAMEC). Sampling each state-action pair @pinaamec =
O(%) times (see Prop. E.2.4), by Assumption 7.1, verifies the support of P.
We can compute all of the MECs using Algorithm 47 from [16]. Among these
MECs, we keep the AMECs, which amounts to checking if the MEC (A;, A4,)

contains an accepting state s* € §* from the given product MDP.

PlanRecurrent (PR). To plan in each AMEC (A, A4) (i.e., find the optimal
recurrent policy), we use Alg. 7 with (extended) relative value iteration (VI,
Alg. 17 in appendix) using the optimistic Bellman operator £g; (see Table 7.1,
we discuss « in next paragraph). Let 7, denote the greedy policy w.r.t. the
fixed point v = Lg;v (v is the optimistic value estimate). Using the n-greedy
policy, m = (1 —n)m, + nUnif(A,) (Alg. 7, Line 7), together with P, makes A
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Algorithm 7 PlanRecurrent (PR)

Require: AMEC (A, A4), error epg > 0 }
1: Set p < 2¢(prinaauec(B)) {p~|lP—Pl"}
2: repeat
33 Setp<+ &
4:  Sample 1~ 1(p) times V(s,a) € A x Ay
5 v, P« VI(LS, dpr, €5) {v' = L&}
6
7
8
9

 until p > AT {|P = P|y small}

. Set policy m < n-greedy policy w.r.t. v
: Set gain gr + % (max(v' — v) + min(v' — v))

: return w, g,

recurrent: s* € A is visited infinitely often and P |7 = ¢|sop € A] = 1. Since n
can be arbitrarily small (Lemma E.2.7), then ¢, ~ g., and 7 is both cost and
probability optimal. As intuited in Section 7.3, 7 has full support over A4 but

is nearly deterministic.*

VI in Line 5 of Alg. 7 is an iterative procedure (Alg. 17 in appendix), and
terminates via dpr < €5, (Table 7.1). Convergence of extended VI is guaranteed
[166, 94, 66], so long as the dynamics, P =arg min,ep(s,q) p* v, achieving the
inner minimization of Lg; are aperiodic — hence the aperiodicity transform
a € (0,1) in £g [166]. Computing P can be done efficiently [94] (Alg. 18 in
appendix). For stability, we shift each entry of v, by the value of the first entry
v,(0) [21].

Alg. 7 returns the average gain cost g, of policy m when we have enough samples

for each state-action pair in (A,.A4) to verify that n > ¢! (q”‘éll;'%(ﬁ”))) where

A(P,) = smax;; . [Pix — Pjk|- Here, A(P;) is an easily computable measure

on the ergodicity of the Markov chain P [41]. We track t(n) (recall Def. 7.3.2)

via a variable p and sample ¢~ 1(p) ~ piQ (see Lemma E.2.2) samples from each

state-action pair in (A, .44) (Alg. 7, Line 4). We halve p each iteration (Alg. 7,

Line 3) and convergence is guaranteed because p will never fall below some

€PR(1_AA)
6| A|cmax

because A 4 is unknown a priori.

unknown constant (see Lemma E.2.8); the halving trick is required

Proposition 7.3.2 (PR Convergence & Correctness, Informal). Let w4 be the

gain-optimal policy in AMEC (A, A). Algorithm 7 terminates after at most

4Typically, RL settings admit a fully deterministic optimal policy, but for LTL constrained
policy optimization the optimal policy may not be deterministic (although can be very nearly
s0). See Cost Optimality in Section 7.3.
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Table 7.1: Subroutine Operators and Parameters for Value Iteration.

Op/Param Description

Lizv(s) minge 4 , (s) (C(s, a) + amingep(s,q) pTv) +(1-a)v(s) Vse A

den(tn11,00) < ey MaXeea (V1 (5) = v (5)) — mineca Vg (s) — v (s)) < 28

Loro(s) min {minagAA(S) (C(s, a) + minpep(s,q) pTU) , V/e¢} , seS\ UL A,
)\gi7 S € AZ

dPT(vn+l7U'n) < Eé;r ||Un+1 - vn”l < CminePTeap/(Zlv)

Algorithm 8 PlanTransient (PT)

Require: States & gains: {(A4;,gi)}%, err. epr >0

1: Set Vp(s) = Ag; for s € A; {Terminal costs}
2: Sample wpr times V(s, a) (S\U4;) x A
3: v , U, P — VI(EPT, de, 6PT? VT) {’Ul = [:pTU}
4: Set 7 <—greedy policy w.r.t v
5: return m

log, (%) repeats, and collects at most n = @(%) samples for

each (s,a) € (A, Aa). The n-greedy policy m w.r.t. v' (Alg. 7, Line 5) is gain
optimal and probability optimal: |gr — gr,| < €pm, P[m = ¢|so € A] = 1.

PlanTransient (PT). This is the stochastic shortest path (SSP) reduction step
that finds a policy from the initial state sy to the AMECs (Alg. 8). The main
algorithmic tool used by PlanTransient is similar to that of PlanRecurrent:
it also uses extended value iteration (VI, Alg. 17 in appendix) but with a
different optimistic Bellman operator Lpr (Table 7.1), and then returns a (fully
deterministic) greedy policy w.r.t. the resulting optimistic value v (Alg. 8, Line
4). Lpr is used to calculate the highest probability, lowest cost path to the
AMECs (Alg. 8, Line 3).

Since rejecting end components might exist (see As from Figure 7.2 (Left)), a
trajectory may end up stuck and accumulate cost indefinitely, and so we must
bound ||v||s < V /e, to prevent blow up. In Prop. E.2.13, we show how to
select V such that 7 will reach the target states (in this case, the AMECSs), first
with high prob and then with lowest cost. The existence of such a bound on
V|l Was shown to exist, without construction, in [110]. In practice, choosing

a large V is enough.

The terminal costs Vr (Alg. 8, Line 1) together with Bellman equation Lpr has
value function V, ~ p(J, + * Zl \ Pigm;) + (1 = p)V /e, ~ Vy, relating to Vj
(LTL-OPT); see Section E.1. Here, p; = P [ reaches A;] = E, rr[laser st sea]
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and p = Y% | pi. VI converges when dpr < epr (see Table 7.1). Convergence of
extended VI for SSP is guaranteed [198, 110]. The number of samples required

. 2
for each state-action pair (s,a) € (S\ UA;) x A is @pr = ¢! (M)

Proposition 7.3.3 (PlanTransient Convergence & Correctness, Informal).
Denote the c_ost- and prob-optimal policy as . After collecting at most n =
@(%) samples for each (s,a) € (S\ UL, A;) X A, the greedy policy m

cmm 6PT

w.r.t. v (Alg 8, Line 3) is both cost and probability optimal:
Ve = Vil < €pr, [P [7? reaches UF_, Al} -P [ﬂ', reaches UF_, A,} | < e,

7.4 End-To-End Guarantees

The number of samples necessary to guarantee an (ey, €,, 6)-PAC approximation
to the cost-optimal and probability-optimal policy relies factors: [ (lower bound
on the min. non-zero transition probability of P), {cmin, Cmax} (bounds on the
cost function C), Ay, (worst-case coefficient of ergodicity for EC (A;, A4.)), V

(upper bound on the value function), and A (tradeoff factor).

Theorem 7.4.1 (Sample Complexity). Under the event £, Assumption 7.1
and 7.2, after

(1 ISPV | o AP
-0l = Crax
" (5 e (cmm% Z " AL

samples® are collected from each state-actzon pair, the policy © returned by

Algorithm 6 is, with probability 1 — J, simultaneously ey -cost optimal and

ex-probability optimal, satisfying:

(0) Pl =] —Plr" =gl <€ (i1)

oo < €y (75)

With a sufficiently large A (which may not be verifiable in practice), 7 is also

gain optimal.

Corollary 7.4.2 (Gain (Average Cost) Optimality). There exists \* > 0 s.t. for
A > \*, the policy m returned by Alg. 6 satisfies (7.5), g = argming e, .. gu',

and is probability and gain optimal.

The high-level structure of our analysis follows the algorithm structure in Section

7.3, via composing the constituent guarantees. To complete the analysis, we

>The lower bound relating to 3 from [131] is 9(152%2—6;)) whereas ours is O(

). We

@[~

conjecture that Q(%) samples are required. See Appendix Section E.3.
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Figure 7.3:  Results. (Left Column) Pacman. ¢ is to eventually collect food
and always avoid the ghost. We let the system run for a mazximum of 100
timesteps. (Right Column) Discretized Mountain Car (MC). ¢ is to eventually
reach the flag.

develop some technical tools which may be of independent interest, including a
gain simulation Lemma E.2.8 and an n-greedy optimality Lemma E.2.7. For

ease of exposition, we also ignore paths between AMECs (see Appendix E.4).

7.5 Empirical Analysis

We perform experiments in two domains: (1) Pacman domain where an agent
finds food and indefinitely avoids a ghost and (2) discretized version of mountain
car (MC) [29], where the agent must reach the flag. Our goal is to understand
whether: (i) our LCP approach (Alg.6) produces competitive polices; (ii)
LCP can work in continuous state spaces through discretization; (iii) LCP
can enjoy efficient sample complexity in practice. For a baseline, we use
Logically Constrained RL (LCRL, [83]), which is a Q-learning approach to
LTL-constrained PO in unknown MDPs. We also do heavy cost shaping to
LCRL as another baseline. See App E.5 for more details and results.

Results

spec in Figure 7.3 (Left) approaches 1 much faster than the two baselines.
The returned policy collects the food quickly and then stays close, but avoids,
the ghost. Any policy that avoids the ghost is equally good, as we have not
incentivized it to stay far away. LCRL redefines cost as 1 if the LTL is solved
and 0 otherwise, which is too sparse and learning suffers. Indeed, shaped LCRL
performs better than straight LCRL.
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Performance in continuous state space? Similarly, the probability of
satisfying the LTL spec in Figure 7.3 (Right) goes up to 1. However, here
the LCRL (shaped) baseline performs relatively well as it is being given
“breadcrumbs” for how to solve the task. Our algorithm performs well without
needing any cost shaping. Standard LCRL fails to learn. This experiment

demonstrates that LCP can be used even in discretized continuous settings.

Sample Complexity? Our theory is quite conservative w.r.t. empirical
performance. In Pacman (Figure 7.3, Left), Thm. 7.4.1 suggests ~ 350 samples
per (s,a) pair just to calculate the AMECs. Empirically, LCP finds a good
policy after 11 samples per (s, a) pair (~ 66k/6k samples/pair).

Other Considerations. One of the strengths and potential drawbacks of LTL
is its specificity. If a ¢, for a truly infinite horizon problem, is to “eventually”
do something, then accomplishing the task quickly is not required. As a finite
horizon problem, in MC (Fig. 7.3, Right) SSP finds the fastest path to the goal.
In contrast, since any stochastic policy with full support will “eventually” work,
the policy returned by LCP for Fig 7.1 (Left) (Fig. 7.2 Center, & App Fig.
E.4) may take exponential time to complete a single loop. Two straightforward
ways to address this issue are (a) including explicit time constraints in ¢, and
(b) cost shaping to prefer policies reaching some s* quickly and repeatedly.
Unlike standard cost-shaping, ¢ satisfaction is still guaranteed since the cost is

decoupled from .

7.6 Related Work

Constrained Policy Optimization. One attempt at simplifying cost func-
tions is to split the desired behaviors from the required behaviors. The desired
behaviors remain as part of the cost function while the required behaviors
are treated as constraints. Recent interest in constrained policy optimization
within the RL community has been related to the constrained Markov Decision
Process (CMDP) framework [10, 123, 4, 142]. This framework enables clean
methods and guarantees, but enforces expected constraint violations rather
than absolute constraint violations. Setting and interpreting constraint thresh-
olds can be very challenging, and inappropriate in safety-critical problems
[121].

LTL + RL. Recently, LTL-constrained policy optimization has been developed
as an alternative to CMDPs [131]. Unlike CMPDs, the entire task is encoded
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into an LTL expression and is treated as the constraint. QQ-learning variants
when dynamics are unknown and Linear Programming methods when dynamics
are known are common solution concepts [176, 83, 27, 33, 50]. The Q-learning
approaches rely on proper, unknowable tuning of discount factor for their
guarantees. Theoretically oriented works include [67, 221]. While providing
PAC-style guarantees, the assumptions made in these works rely on unknowable

policy-environment interaction properties. We make no such assumptions here.

Another solution technique is employing reward machines [205, 34, 210] or
high-level specifications that can be translated into reward machines [99].
These works are generally empirical and handle finite or repeated finite prob-
lems (episodic problems at test time); they can only handle a smaller set of
LTL expressions, specifically regular expressions. Our work handles w-regular
expressions, subsuming regular expressions and requires a nontrivial leap, algo-
rithmically and theoretically, to access the broader set of allowable expressions.
Many problems are w-regular problems, but not regular, such as liveness (some-
thing good will happen eventually) and safety (nothing bad will happen forever).
The works that attempt to handle full LTL expressibility redefine reward as 1
if the LTL is solved and 0 otherwise; the cost function of the MDP is entirely

ignored.

Verification and Planning. As an alternative to our approach, one might
consider LTL satisfaction verification and extend it to an optimization technique
by checking every policy (which will naively take an exponential amount of
samples to verify a single policy [28, 13]). Many verification approaches exist
[114, 16, 8, 226, 117, 90] and among the ones that do not assume known
dynamics, the verification guarantees rely on quantities as difficult to calculate

as the original verification problem itself [13].

7.7 Discussion

We have presented a novel algorithm, LCP, for policy optimization under LTL
constraints in an unknown environment. We formally guarantee that the policy
returned by LCP simultaneously has minimal cost with respect to the MDP
cost function and maximal probability of LTL satisfaction. Our experiments

verify that our policies are competitive and our sample estimates conservative.

The assumptions we make are strong, but to the best of our knowledge, are

the most relaxed amongst tractable model-based algorithms proposed for this
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space. Model-free algorithms (Q-learning) have less stringent assumptions but
do not come with the kind of guarantees that our work has and largely ignore
the cost function, solving only part of the problem. An interesting future
direction would be to extend our work to continuous state and action spaces

and settings with function approximation.
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Chapter 8

LTL-BASED GUARANTEES IN CONTINUOUS DOMAINS

Linear temporal logic (LTL) offers a simplified way of specifying tasks
for policy optimization that may otherwise be difficult to describe with
scalar reward functions. However, the standard RL framework can be too
myopic to find maximally LTL satisfying policies. This chapter makes
two contributions. First, we develop a new value-function based proxy,
using a technique we call eventual discounting, under which one can
find policies that satisfy the LTL specification with highest achievable
probability. Second, we develop a new experience replay method for
generating off-policy data from on-policy rollouts via counterfactual
reasoning on different ways of satisfying the LTL specification. Our
experiments, conducted in both discrete and continuous state-action
spaces, confirm the effectiveness of our counterfactual experience replay

approach.

\ J

We focus on model-free policy learning of an LTL specified objective from
online interaction with the environment. We make two technical contributions.
First, we reformulate the RL problem with a modified value-function proxy
using a technique we call eventual discounting. The key idea is to account for
the fact that optimally satisfying the LTL specification may not depend on the
length of time it takes to satisfy it (e.g., “eventually always reach the goal”).
We prove in Section 8.2 that the optimal policy under eventual discounting

maximizes the probability of satisfying the LTL specification.

Second, we develop an experience replay method to address the reward sparsity
issue. Namely, any LTL formula can be converted to a fully known specialized
finite state automaton from which we can generate multiple counterfactual
trajectories from a single on-policy trajectory. We call this method LTL-qguided
counterfactual experience replay. We empirically validate the performance gains
of our counterfactual experience replay approach using both finite state/action
spaces as well as continuous state/action spaces using both Q-learning and

Policy Gradient approaches.
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Figure 8.1:  FExzamples. First: lllustration of the Flatworld environment. The
agent is a green dot and there are 3 zones: yellow, blue and red. Second:
LDBA B for “FGy”. 85" = {1}, denoted by green circle. The initial state is
b_y =0. Third: LDBA B for “GF(y & XFr) & G-b". ¥ = {1}, denoted by
green circle. The initial state is b_; = 1. Fourth: For this example, an agent
starting in state 0 and solving arg maxycn E,rr[3520 7' 1(p,cs8+;] Where SE
is illustrated as the green circles would choose to take action B with probability
1if a € (1/2,1) for any v € [0,1]. Such a policy has P[r = ¢] = o < 1.
However the probability optimal policy deterministically takes action A, with
P[7* = ¢] = 1. This illustrates catastrophic myopic behavior.

8.1 Problem Formulation

For an introduction to the background for LTL, see Section 2.3. From there,
recall a few key definitions. Let Z = SM x S8, Let I1: Z x A — A([0,1])
be a (stochastic) policy class over the product space of the MDP and the
LDBA (defined below), where A((s,b)) = AM(s) U AP(b), to account for jump

transitions in B.

Synchronizing the MDP with the LDBA. For any (s,b) € Z, a policy
7 € Il is able to select an action in AM(s) or an action in AB(b), if available. We
can therefore generate a trajectory as the sequence 7 = (s, bo, ag, $1, bo, a1, . . .)

under a new probabilistic transition relation given by
PM(s,a,s') a€ AM(s), b € PE(b, L(s))
P(s',b]s,b,a) = {1, a€ AB(b),1 € PB(ba),s =5 . (8.1)

0, otherwise

Let the LDBA projection of 7 be the subsequence 75 = (bg, b1, .. .). Elements

of 75 can be thought of as tracking an agent’s LTL specification satisfaction:

Definition 8.1.1 (Run Satisfaction, 7 = ¢). We say a trajectory satisfies ¢ if
B accepts 73, which happens if 3b € 7 infinitely often with b € S5".

Let T = E, v,y [TF (2)] be the distribution over all possible trajectories

starting from any initial state z € dj* x {b_;} where TZ(2) is the (conditional)
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distribution over all possible trajectories starting from z € Z generated by 7
under relation P (given in (8.1)). The probability of LTL satisfaction results

from counting how many of the trajectories satisfy the LTL specification:

Definition 8.1.2 (State Satisfaction, z |= ¢). Pr[z = @] = Erorre)[1izeey] =
Errr[Liregy|20 = 2].

Definition 8.1.3 (Policy Satisfaction, 7 = ¢). Pl7 |= ¢] = E,orr[lirey)]

where 1x is the indicator for X.

Ideally we would like to find a policy with highest probability of LTL specifica-
tion satisfaction: one that generates the most number of LTL-satisfying runs.

Formally,

€ arg I?éiﬁ(]?[ﬂ' E o] (8.2)
We note that Eq (8.2) is the standard starting point for formulating policy
optimization for LTL satisfaction [224, 27, 32, 83, 84, 215].

8.2 RL-Friendly Form: Eventual Discounting

Unfortunately, the maximization problem in Eq (8.2) is not easily optimized
since we dont have a direct signal on P[r = ¢]. Without any additional
assumptions (such as structured knowledge of the MDP), any finite subsequence

can only give evidence on whether 7 |= ¢ but not a concrete proof.

Eventual Discounting. To address the above issue, we develop a modified
value-function based surrogate as follows. Given a trajectory 7 = (sg, bo, ao, - - .),
we keep track of how often b; € S5 and incentivize an agent to visit S®* as
many times as possible. In particular, under eventual discounting, the value
function will give the agent a reward of 1 when in a state b; € S5 and not
discount length of time between visits to S®". Formally, we will be seeking
o0
T € arg max . _rp D Tilgessy] (=V4), (8.3)

i=0
where I'y = 1 and

i—1 B*
Vs bt S S
I = H ’Y(bt)’ V(bt) = . (8-4>
t=0 1, otherwise

Intuition for I';. At first glance setting I'; = 4* to be the traditional RL
exponential discount rate would seem reasonable. Unfortunately, 3y € [0, 1]

with I'; = +* that avoids catastrophic myopic behavior. In particular, take
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Figure 8.1 (Fourth). The agent starts in state 0 and only has two actions A
and B. Taking action A transitions directly to an accepting state from which
point the accepting state is visited every 2 steps. On the other hand, action
B transitions to an accepting state with probability o and a sink state with
probability 1 — «. The accepting state reached by action B is revisited every
step. Suppose = m(A) = 1 — m(B) then we can calculate:
>, . I6; 1 -5
ETNTI;[;V Lipesey] = 1= + ( 1 _7) :
For a« > 1/2, the optimal choice 3 is = 0 implying that P(r = ¢) = a.
When o« € (1/2,1) then this implies that 7 is not probability optimal. Indeed,
P(m = ¢) =a <1 when § =0 but P(n* = ¢) = 1 by selecting § = 1. The

intuition here, which can be formalized by taking v — 1, is that the average

(8.5)

reward for taking action A is % while the average reward for taking action B is

1 with probability «, which is worth the risk for large a > 1/2.

To avoid this myopic behavior, we must avoid discriminating between return
times between good states. The number steps (on average) it takes to return to
SB” is irrelevant: we only require that the system does return. For this reason
we do not count time (hence v = 1) in our definition of I'; when the system is

not in S¥°. We call this eventual discounting.

Analysis of 7
In this section we analyze how the probability of 7 satisfying ¢ compares to

that of the best possible one 7*.

Let the set O(7) = {i : b; € S¥"} denote the occurences (time steps) when a

good state is reached. This quantity is natural since |O(7)| = oo if and only if
T E .
Lemma 8.2.1. For any m € Il and v € (0,1), we have

(1=9)V7 = Plr = 41| < Io5(-)Ox,

where O = E, rp ]O(T)]|T K- | is the expected number of visits to an ac-

cepting state for the trajectories that do not satisfy o.
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Proof. Fix some state z = (s,b) € Z.

V2(z) = Brerp[2_Tilppesmy

1=0

2o = 2|

|O(7)]
=E,rr [Z fy|zo—z].

Using the fact that Z?:o v = %, we have

1 — 10l
V() = Eyury l_ 12| Bale b= ]
1 — A0l
FEon [T | Bl 80)
Since |O(T)| = oo for any 7 = ¢,
1 — ~lo)] 1
E, rr [” ;Oiﬁ] =—, (8.7)
B 1—7 1—7
together with P.[z [~ ] > 0 implies
1
Vi(z) = Tl [z = ], (8.8)
Taking the expectation over initial states we have
1
V22 Pl ol (3.9)

Now we find an upper bound. Let M. (t) = E, [6“0(7)

T W~ 90]. Starting
again with Eq (8.6) and using Eq (8.7), we have

1—E,rr lelog(v)IO(T)l ;Obéxo]
, (8.10)

Vi(z) <

Pr

=
11— 11—~

where we have used that P, [z [~ ¢| < 1 for any z € Z. Taking the expectation

with respect to the initial state distribution then we have

(1 =)V <Plr = o] + 1 — My (log(v)) (8.11)

In particular, M, (t) is convex and therefore it lies above its tangents:

M (t) > Mg(0) + tML(0) = 1 + 1, e [\O(T) T go]

=1+4+10,.
Plugging this inequality into Eq (8.11), together with Eq (8.9),
1
Plr = ¢l < (1 =7)V7 < Plm = o] + log(Z)Or (8.12)

Subtracting P[7 = ¢] from both sides and taking the absolute value completes
the proof. O
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Theorem 8.2.2. (Non-asymptotic guarantee) For any v € (0, 1),

1
sup P[7 = o] — P[] = ¢] < 210g(;) Sup O, (8.13)

mell

where Or = E, . rp [lO(TM

v

Proof. Consider any sequence {m;}°, such that Plm; = ¢| — sup, P[7 = ¢| as

1 — 0o. Then we have for any 7,
Plmi = @] = Plr) = o] =Plmi = o] — (1 =)V
+ (1 =Va = (1 =)V
+ (1 =)Va —Plr = ¢

< Pl o] - (1 -V

T [P ] — (1 - 1)V

(b) 1
< 10g<§)(0m + Oﬂi‘,)

(¢) 1
< 2log(—)sup Oy,
Y weln

where (a) is triangle inequality together with removing the term (1 — )V —

(1 —7)V7: since it is nonpositive by definition of 7}, (b) is an application of
Lemma 8.2.1, and (c¢) is a supremum over all policies. Taking the limit on both

sides as © — oo completes the proof. O]

Corollary 8.2.3. If the number of policies in 11 is finite then sup, oy Or =

m < 00 is attained, is a finite constant and

supPlr |- ¢] — Pl - ] < 2mlog().

mell

Corollary 8.2.4. In the case that SM and AM are finite, then Z and A are
finite. It is known that optimal policies are deterministic [166] and therefore
there we need only consider deterministic policies, for which there are a finite

number. Thus sup,.; O = m < oo is attained, is a finite constant and

supPlr = ¢] ~ PIr; |- ¢] < 2m1og(>).

mell

Interpretation
Theorem 8.2.2 relies on the quantity sup, . O~ to be finite for the bound to
have meaning. In fact, we need only make requirements on M, (log(v)) but

the requirements are more easily understood on O,. As an aside, M, (log(y))
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can be interpreted as the moment generating function of the random variable
which is the number of visits to S®". Instead we consider the equally natural
quantity O,. O, is the (average) number of times that a good state is visited
by a trajectory that does not satisfy the specification. Ideally, this number
would be small and it would be easy to discriminate against good and bad

policies.

The bad news. In the case that II is an infinite class, conditions for ensuring
sup,crp Or is finite is nontrivial and is dependent on the landscape of the
transition function P of the MDP and II.

Let us suppose sup,.; O is infinite. This means there are policies that induce
bad trajectories that eventually fail to reach S®", but along the way visited
S5 an arbitrarily large (but finite) number of times. In other words, they are
policies that are indistinguishable from actual probability-optimal policies until

the heat death of the universe.

For example, let us consider the specification in Figure 8.1 (Third), given by
“indefinitely cycle between red and yellow while avoiding blue”. A good-looking
bad policy is one that accomplishes the task frequently but, amongst the times
that it fails, it would cycle between red and yellow many times before failing.
sup,crp Or being infinite means that there are policies that will cycle arbitrarily

many times before failing.

The good news. Corollary 8.2.4 reveals that discretization suffices to generate
probability optimal policies, with suboptimality shrinking at a rate of log( %)
This suggests that compactness of P and Il and continuity of P may very
well be enough but we leave these conditions for future work. Finally, since
all computers deal with finite precision, the number of policies is finite and

therefore Corollary 8.2.3 similarly applies.

8.3 LTL Counterfactual Experience Replay

One can optimize the formulation in Eq (8.3) using any Q-learning or policy
gradient approach, as seen in Algorithm 9 (Line 4). However, doing so is
challenging since it suffers from reward sparsity: the agent only receives a

signal if it reaches a good state.

We combat reward sparsity by exploiting the LDBA: P? is completely known.
By knowing P53, we can generate multiple off-policy trajectories from a single

on-policy trajectory by modifying which stats in the LDBA we start in, which
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Algorithm 9 Learning with LCER

Require: Maximum horizon 7. Replay buffer D = {}.
1: for k=1,2,...do
2:  Run 7,y in the MDP for T timesteps and collect trajectory 7 =

(807 bU? Qg, ... ,57-1, bT—17 ar—1, ST, bT)
Dy +— LCER(Dk_l, 7')
T, < Update(my_1, Di) {Q-learn/Policy grad.}

Algorithm 10 LCER for Q-learning

Require: Dataset D. Trajectory 7 of length T'.
1: for (s4, as,8041) € 7 do
2. for b € S8 do
3 Set b < PB(b, LM(s411))
4 D < DU (54, b, at, L ge, St41, l;)
5: for ¢ € AB(s) do
] -
7
8:

Set b+ PB(b, €)
D+ DU (St, b, €, 1563*’ St, b)
return D

notably does not require any access to the MDP transition function P™M.
We call this approach LTL-guided Counterfactual FExperience Replay, LCER
(Algorithm 9, Line 3), as it is a modification of standard experience replay [130,
143, 144] to include counterfactual experiences elsewhere in the LDBA. LCER is
most simply understood through Q-learning, and needs careful modification

for policy gradient methods.

Q-learning with LCER. See Algorithm 10 for a synopsis of LCER for Q-learning.
Regardless of whatever state s € SM the agent is in, we can pretend that
the agent is in any b € S®. Then for any action the agent takes we can store

experience tuples:
{(s,b,a,r, s,V | ¥be S}, (8.14)
where i = PB(b, LM(s')) is the transition that would have occurred from

observing labelled state L(s’) in state (s,b) and r = 1; ... Furthermore we

can add all jump transitions:
{(s,b,e,7,5,0) | Vbe S8 Veec AB(b)}, (8.15)

since jumps also do not affect the MDP. Notice when we add the jumps that
s’ = s, since only the LDBA state shifts in a jump.

Policy Gradient with LCER. See Algorithm 11 for a summary of LCER
for policy gradient. For policy gradient, unlike Q-learning, it is necessary to

calculate future reward-to-go: Ri(7) = ¥, [ily,csm+y. Thus, we have to
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Algorithm 11 LCER for Policy Gradient

Require: Dataset D. Trajectory 7 of length T'.
. Set 7~6 — 72(7)
cfork=1,...,T—1do
Ti — E(Tis)
if 7, == T;._; then
Set 7}_1 — 7~7§
break
. Set D < DU Tr_,
return D

R IR A T ol A v

generate entire trajectories that are consistent with P? rather than independent
transition tuples as in Eq (8.14). We will show how to generate all feasible

trajectories.

Consider a trajectory 7 = (sg, bo, ao, - - - , S1, br) was collected. Let us remove
jump transitions (s;, b;, a;) where a; € AB(b;) and consider the projection of
the trajectory to the MDP 1oy = (s, $1, ..., 7). We should only have control
over the initial LDBA state by as all other automaton states (by,...,br) in a
trajectory sequence are determined by 7x and b1 = PB(b;, LM (s;)).
Therefore we add

72(’7') = {(So, EQ, agy...,St, I;T) | \V/BO - 867 i)z = PB(IN)Z‘_l, LM(SZ))},
where only the LDBA states are different between the trajectories.
Now we handle jump transitions. Consider some 7 € 7~'(7') Recall, a jump
transition can occur whenever AB(b;) is non-empty. This involves adding a
trajectory that is identical to 7 all the way until the jump occurs. The jump
occurs and then the same action sequence and MDP state sequence follows

but with different LDBA states. Specifically, suppose b; had an available jump
transitions, ¢ € AZ(b;). Then:

Tie = (S0, 52, ag, - - -, S, 132, €, 5, ISQH, A, ..., ST, ZND’T), (8.16)
where b}, = b; for k <i and b, = PB(b,_,, LM (s;)) otherwise.
We have to add all possible 7/, that exist. Let & be the operator that adds
jumps to existing sequences:
E(T (1)) = T(r) U {#. from Eq (8.16)|
V7 e T(r),3b; € 7s.t. Je € AB(b)}. (8.17)
We can only apply £(E(... (E(T(1))))) at most T times since the original length

of Tis T.
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Remark 8.3.1. The length of T has to be sufficiently large to make sure the
LDBA has opportunity to reach S®". A sufficient condition is T > |{b|.AB(b) #
@}, the number of LDBA states with jump transitions.

It is possible to constructively generate feasible trajectories during the rollout

of a policy rather than after-the-fact; see Appendix F.2.
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Discounted Reward

Figure 8.2: Results. Each column is an environment and a LTL formula we’d
like an agent to satisfy. The environment and a trajectory from the final policy
is illustrated in the center of the column (except for Pacman, which is the
initial state). The learning curves at the bottom of each column show that
adding off-policy data using LCER has strong benefits for empirical performance.
First Column: Minecraft, where an agent should visit the yellow and blue
areas while avoiding the red. The final policy is illustrated via blue dots.
Second Column: Pacman, where an agent should collect the food while
avoiding a ghost. Third Column: Flatword, where an agent should eventually
stabilize in the yellow region. When the actions are discrete we use Q-learning,
when the actions are continuous we use PPO. Fourth Column: Same as
the third column except an agent should oscillate between the yellow and red
regions while avoiding the blue. Fifth Column: Carlo, where an agent should
drive in a circle without crashing by visiting the blue regions labelled 1 and 2
indefinitely.

8.4 Experiments

We perform experiments in four domains with varying LTL formulas, state
spaces, action spaces, and environment stochasticity summarized in the fol-
lowing section. Our aim is to answer the following two questions: (1) Can we
achieve policies that behave the way we expect an LTL-satisfying policy to

behave? (2) How does LCER impact the performance of learning.
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Environment Details

Minecraft The Minecraft environment is a 10 x 10 deterministic gridworld
with 5 available actions: left, right, up, down, nothing. The agent, given by
a red triangle starts in the cell (9,2). The environment, as well as the final

behavior of the agent (given by blue dots) can be seen in Figure 8.2 (First).

Pacman The Pacman environment is a 5 X 8 deterministic gridworld with 5
available actions: left, right, up, down, nothing. The agent, given by a red
triangle starts in the cell (0,3). The ghost chases the agent with probability 0.8
and takes a random action with probability 0.2, for this reason the environment
is stochastic. The starting position of the environment can be seen in Figure
8.2 (Second).

Flatworld The Flatworld environment (seen in Figure 8.2 Third and Fourth)
is a two dimensional continuous world. The agent (given by a green dot) starts
at (—1,—1). The dynamics of the world are given by 2’ = x + a/10 where
both z € R? and a € [0, 1]>. We also allow the action space to be discrete by
letting there be 5 actions (right, up, left, down, nothing) where the agent takes

a full-throttle action in each respective direction.

Carlo The Carlo environment (seen in Figure 8.2 Fifth)is a simplified self-
driving simulator that uses a bicycle model for the dynamics. The agent observes
its position, velocity, and heading in radians for a total of 5 dimensions. The
agent has control over its heading and throttle, for an action space of [—1,1]?.
For this domain, we have chosen to use a circular track where the agent starts in
the center of the road at an angle of {m(1+24)/4}3_, and drive counterclockwise

around in a circle without crashing.

Methods and Baseline

When the action space is discrete, we use Q-learning with LCER otherwise we use
PPO with LCER. The baseline we compare against is the same method without
LCER. This allows us to verify the extent to which LCER impacts performance.
We also plot a trajectory from the final policy for each environment in the
middle of each column of Figure 8.2, except for Pacman as it is difficult to

visualize the interaction between the ghost and pacman outside of video.

Dealing with A. For PPO, the agent’s policy is a Gaussian (as in standard
implementations) over the continuous action space. In order to deal with jump

transitions (in the LDBA) when in a continuous action space (in the MDP),
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we first let the agent decide whether to execute a jump transition or not (i.e. a
probabilistic coin flip). If the agent chooses to not, then we take the action
according to the Gaussian. The coin flip probability is learned, as well as
the Gaussian. For the importance sampling term of PPO, the density of 7 is

modified to account for the coin flip. For more details see Appendix F.1.

Results

Can we achieve desired behavior? The answer here is a resounding yes.
For each environment (except Pacman) we illustrate the trajectory of the final
policy above each learning curve in Figure 8.2. Determining the probability of
satisfaction of the final policy is currently a challenging open problem (except
in finite-state action spaces). Nevertheless, in each environment the agent
qualitatively accomplishes the task. Even for challenging tasks with continuous

action spaces, the agent is able to learn to accomplish the LTL specification.

Does LCER help in the learning process? According to the learning curves
in the last row of Figure 8.2, LCER demonstrably expedites learning. In every
environment with the exception of Carlo, LCER generates significant lift over

lack of experience replay.

Intuition for why LCER helps? One way of viewing an LDBA is as a
curriculum for what steps need to be taken in order to accomplish a task. By
replacing the LDBA state of the agent with some other dream LDBA state,
we are allowing the agent to “pretend” that it has already accomplished some

portion of the task.

As an example, consider the Flatworld example in Figure 8.2 with ¢ =
GF(y & XF(r)) & (G-b). A baseline agent (without LCER) would need
to accomplish the entirety of the task in order to see any reward. However,
an agent with counterfacual data, need only visit y from state 0 of the LDBA
(see figure 8.1 for the LDBA). Then once the agent is really good at getting
to y, it needs to learn how to reach r from state 2. After both of these tasks
are accomplished, independently, the agent has solved the whole task. Placing
the agent in state 0 of the LDBA effectively lets the agent pretend that it has

already visited r. In this sense, part of the task has been accomplished.
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8.5 Related Work

Finding LTL-satisfying policies. Among the attempts at finding LTL-
satisfying policies, Q-learning approaches have been the primary method of
choice when the dynamics are unknown and Linear Programming methods
when the dynamics are known [176, 83, 27, 33, 50]. The Q-learning approaches
are predominantly constrained to finite state-action spaces. Among the works
that extend to continuous action spaces [84], DDPG is used and takes the form

of hierarchical RL which is known to potentially find myopic policies [205].

Handling a subset of LTL specifications involving those expressible as finite
expressions can also be addressed with Reward machines [205, 34, 210]. Our
work handles w-regular expressions, subsuming regular expressions. Many
problems are w-regular problems, but not regular, such as liveness (something

good will happen eventually) and safety (nothing bad will happen forever).

On the formulation in Eq (8.3). Notable prior work on defining the value
function as a function of the number of visits to S® and a state-dependent
I'; function include Bozkurt et al. [27] and Cai et al. [32]. Most notably,
these authors use multiple different state-dependent discount rates that have a
complicated relationships between them that needs to be satisfied in the limit
as 7 — 17. Our work drastically simplifies this, getting rid of the technical
assumptions, while strengthening the guarantees. This allows us to find a
non-asymptotic dependence on the suboptimality of a policies’ probability of

LTL satisfaction as a function of ~.

Off-policy data. One may view the counterfactual samples in Toro Icarte
et al. [205] as an instantiation of LCER, limited to finite LTL expressions and
discrete action spaces. Extension to continuous action space and full LTL
requires a careful treatment. In the continuous action and full LTL setting,
[218] incorporate starting the agent from a different initial LDBA state (than
b_1) which is still on-policy but from a different starting state and doesn’t
take advantage of the entire LDBA structure. This work can be seen as

complimentary to our own.

Theory. Works with strong theoretical guarantees on policy satisfaction
include Fu and Topcu [67], Wolff et al. [221], and Voloshin et al. [215] but are
once again limited to discrete state/action spaces. Extensions of these work to
continuous state space are not trivial as they make heavy use of the discrete

Markov chain structure afforded to them.
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8.6 Discussion

Our work, to the best of our knowledge, is the first to make full use of the
LDBA as a form of experience replay and first to use policy gradient to learn
LTL-satisfying policies. Our eventual discounting formulation is unrestricted

to Finitary fragments of LTL like most prior work.

Despite the guarantees afforded to us by eventual discounting, in general the
problem given in Eq (8.2) is not PAC learnable [224]. Though, like SAT solvers,
it is still useful to find reasonable heuristics to problems that are difficult.
We show that under particular circumstances, eventual discounting gives a
signal on the quantity of interest in (8.2) and even when it fails, it selects
a policy that is difficult to differentiate from a successful one. Further, the
bad news discussed in Section 8.2 we speculate is unavoidable in general LTL
specifications, without significant assumptions on the MDP. For example, for
stability problems in LTL and assuming control-affine dynamics then Lyapunov
functions can serve as certificates for a policies’ LTL satisfaction. A reasonable
relaxation to this would be require a system to behave a certain way for a long,

but finite amount of time.
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CHAPTER 1 APPENDIX

A.1 Glossary of Terms

Acronym Term

OPE Off-Policy Policy Evaluation

X State Space

A Action Space

P Transition Function

R Reward Function

¥ Discount Factor

do Initial State Distribution

D Dataset

T Trajectory/Episode

T Horizon/Episode Length

N Number of episodes in D

e Behavior Policy

Te Evaluation Policy

V,Q Value (ex: V(s)), Action-Value (ex: Q(s,a))
p;-:j/ Cumulative Importance Weight, H::;Ulj*l) :ZEZ%:?%; If j > 5/ then p = 1.
IPS Inverse Propensity Scoring

DM Direct Method

HM Hybrid Method

IS Importance Sampling

PDIS Per-Decision Importance Sampling

WIS Weighted Importance Sampling

PDWIS Per-Decision Weighted Importance Sampling
FQE Fitted Q Evaluation [123]

IH Infinite Horizon [133]

Q-Reg Q Regression [60]

MRDR More Robust Doubly Robst [60]

AM Approximate Model (Model Based)

Q) Q" () [82]

R(N) Retrace(\) [149]

Tree Tree-Backup(\) [165]

DR Doubly-Robust [97, 54]

WDR Weighted Doubly-Robust [54]

MAGIC Model And Guided Importance Sampling Combining (Estimator) [201]
Graph Graph Environment

Graph-MC Graph Mountain Car Environment

MC Mountain Car Environment

Pix-MC Pixel-Based Mountain Car Environment
Enduro Enduro Environment

Graph-POMDP
GW
Pix-GW

Graph-POMDP Environment
Gridworld Environment
Pixel-Based Gridworld Environment
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A.2 Ranking of Methods

A method that is within 10% of the method with the lowest Relative MSE is
counted as a top method, called Near-top Frequency, and then we aggregate
across all experiments. See Table A.1 for a sorted list of how often the methods
appear within 10% of the best method.

Table A.1: Fraction of time among the top estimators across all experiments

Method Near-top Frequency
MAGIC FQE 0.300211
DM FQE 0.236786
IH 0.190275
WDR FQE 0.177590
MAGIC Q™(X) 0.173362
WDR Q™ ()) 0.173362
DM Q7 ()) 0.150106
DR Q™ (\) 0.135307
WDR R()) 0.133192
DR FQE 0.128964
MAGIC R()) 0.107822
WDR Tree 0.105708
DR R(\) 0.105708
DM R()) 0.097252
DM Tree 0.084567
MAGIC Tree 0.076110
DR Tree 0.073996
DR MRDR 0.073996
WDR Q-Reg 0.071882
DM AM 0.065539
IS 0.063425
WDR MRDR 0.054968
PDWIS 0.046512
DR Q-Reg 0.044397
MAGIC AM 0.038055
MAGIC MRDR 0.033827
DM MRDR 0.033827
PDIS 0.033827
MAGIC Q-Reg 0.027484
WIS 0.025370
NAIVE 0.025370
DM Q-Reg 0.019027
DR AM 0.012685

WDR AM 0.006342
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Tables A.2-A.9 provide a numerical support for the decision tree in Figure 3.3.
Each table refers to a child node in the decision tree, ordered from left to right,
respectively. For example, Table A.2 refers to the left-most child node (propery

specified, short horizon, small policy mismatch) while Table A.9 refers to the

right-most child node (misspecified, good representation, long horizon, good

estimate).

Table A.2: Near-top Frequency. Prop-
erly specified, short horizon, small pol-

icy mismatch experiments.

DM Hybrid
Direct DR WDR MAGIC
AM 4.7% 4.7% 3.1% 4.7%
Q-Reg 0.0% 4.7% 6.2% 4.7%
MRDR 7.8% 14.1% 7.8% 7.8%
FQE 40.6% 23.4% 21.9% 34.4%
R(A) 17.2% 20.3% 20.3% 14.1%
Q™(A\)  21.9% 18.8% 18.8% 17.2%
Tree 15.6% 12.5% 12.5% 14.1%
IH 17.2% - - -
1PS

Standard Per-Decision

IS 4.7% 4.7%

WIS 3.1% 3.1%

NAIVE 1.6% -

Table A.4: Near-top Frequency. Pop-
erly specified, long horizon, small pol-
icy mismatch experiments.

DM Hybrid
Direct DR WDR MAGIC
AM 6.9% 0.0% 0.0% 5.6%
Q-Reg 0.0% 1.4% 1.4% 1.4%
MRDR 1.4% 0.0% 1.4% 2.8%
FQE 50.0% 22.2% 23.6% 50.0%
R(A) 13.9% 12.5% 11.1% 9.7%
Q™(A\)  20.8% 18.1% 18.1% 18.1%
Tree 2.8% 1.4% 0.0% 2.8%
TH 29.2% - - -
1PS

Standard Per-Decision

IS 0.0% 0.0%

WIS 0.0% 0.0%

NAIVE 5.6% -

DM Hybrid
Direct DR WDR MAGIC
AM 20.3% 1.6% 0.0% 7.8%
Q-Reg 1.6% 1.6% 3.1% 1.6%
MRDR 3.1% 1.6% 6.2% 1.6%
FQE 35.9% 14.1% 17.2% 37.5%
R(A) 23.4% 14.1% 20.3% 23.4%
Q™(A\)  15.6% 15.6% 14.1% 20.3%
Tree 21.9% 12.5% 18.8% 21.9%
IH 29.7% - - -
1PS

Standard Per-Decision

IS 0.0% 0.0%

WIS 0.0% 1.6%

NAIVE 3.1% -

Table A.3: Near-top Frequency. Prop-
erly specified, short horizon, large pol-
icy mismatch experiments.

Table A.5:  Near-top Frequency. Prop-

erly specified, long horizon, large pol-
icy mismatch, deterministic env/rew

experiments.
DM Hybrid
Direct DR WDR MAGIC
AM 3.5% 35% 1.8%  1.8%
Q-Reg 35% 1.8% 0.0%  0.0%
MRDR  3.5% 1.8% 0.0%  0.0%
FQE  15.8% 17.5% 29.8%  28.1%
R()) 1.8% 3.5% 0.0%  0.0%
Q™(\) 22.8% 15.8% 38.6%  24.6%
Tree 3.5% 35% 1.8%  1.8%
H 21.1% - - -
IPS

Standard Per-Decision

IS 5.3% 3.5%

WIS 0.0% 8.8%

NAIVE 0.0% -




Table A.6: Near-top Frequency. Prop-
erly specified, long horizon, large pol-
icy mismatch, stochastic env/rew ex-
periments.

DM Hybrid
Direct DR WDR MAGIC
AM 14.6% 0.0% 0.0% 8.3%
Q-Reg  4.2% 2.1% 0.0% 2.1%
MRDR  4.2% 2.1% 0.0% 0.0%
FQE 31.2% 21% 0.0% 25.0%
R(A) 4.2% 6.2% 0.0% 0.0%
Q™(N) 2.1% 0.0% 0.0% 2.1%
Tree 4.2% 6.2% 0.0% 0.0%
IH 41.7% - - -
1PS

Standard Per-Decision

IS 25.0% 4.2%

WIS 0.0% 0.0%

NAIVE 2.1% -

Table A.8: Near-top Frequency. Po-
tentially misspecified, sufficient rep-
resentation, poor m, estimate experi-
ments.

DM Hybrid
Direct DR WDR MAGIC
AM 0.0% 0.0% 0.0% 0.0%
Q-Reg 0.0% 0.0% 3.3% 0.0%
MRDR 13.3% 6.7% 0.0% 0.0%
FQE 0.0% 3.3% 6.7% 10.0%
R(A) 16.7% 0.0% 6.7% 20.0%
Q"(\)  6.7% 0.0% 0.0%  3.3%
Tree 20.0% 0.0% 6.7% 6.7%
TH 0.0% - - -
IPS

Standard Per-Decision

IN] 3.3% 0.0%

WIS 0.0% 0.0%

NAIVE 0.0% -
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Table A.7: Near-top Frequency. Po-
tentially misspecified, insufficient rep-
resentation experiments.

DM Hybrid
Direct DR WDR MAGIC
AM - - - -
Q-Reg 3.9% 13.7% 25.5% 6.9%
MRDR  0.0% 18.6% 15.7% 5.9%
FQE 0.0% 5.9% 13.7% 24.5%
R(X) - - - -
o -
Tree - - - -
IH 6.9% - - -
1PS

Standard Per-Decision

IS 10.8% 8.8%

WIS 9.8% 13.7%

NAIVE 3.9% -

Table A.9: Near-top Frequency. Po-
tentially misspecified, sufficient rep-
resentation, good 7, estimate experi-

ments.
DM Hybrid
Direct DR WDR MAGIC
AM 0.0% 0.0% 0.0% 2.8%
Q-Reg  0.0% 0.0% 0.0% 0.0%
MRDR 0.0% 5.6% 0.0% 5.6%
FQE 8.3% 8.3% 25.0% 11.1%
R(N) 2.8% 83% 83% 19.4%
Q™(\) 5.6% 5.6% 83%  0.0%
Tree 5.6% 83% 16.7% 5.6%
IH 0.0% - - -
IPS

Standard Per-Decision

IN] 0.0% 0.0%

WIS 0.0% 0.0%

NAIVE 0.0% -
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A.3 Supplementary Folklore Backup

The following tables represent the numerical support for how horizon and
policy difference affect the performance of the OPE estimators when policy
mismatch is held constant. Notice that the policy mismatch for table A.11 and

- - 124573...) 100 9\ : .

A.12 are identical: <71) = (—1) . What we see here is that despite
identical policy mismatch, the longer horizon does not impact the error as
much (compared to the baseline, Table A.10) as moving 7, to .9, far from .1

and keeping the horizon the same.

For the tables in this section we have T = 10, N = 50, my(a = 0) = 0.1,
Te(a = 0) = 0.1246, unless otherwise specified.

Table A.11:  Graph, relative MSE.
Dense rewards. T' = 100. Increasing
horizon compared to baseline, fized ..

Table A.10:  Graph, relative MSE.
Dense rewards. Baseline.

DM Hybrid
DM Hybrid

Direct DR WDR MAGIC

Direct DR WDR MAGIC

AM 1.9E-3 4.9E-3 5.0E-3 3.4E-3
Q-Reg 2.4E-3 4.3E-3 4.2E-3 4.5E-3 AM 5.6E-2 5.9E-2 59E-2 5.3E-2
MRDR 5.8E-3 8.9E-3 9.4E-3 9.2E-3 Q-Reg  34E-3 1.1E-1 1.2E-1 9.2E-2
FQE 1.8E-3 1.8E-3 1.8E-3 1.8E-3 MRDR 1.1E-2 25E-1 29E-1 3.1E-1
R(\) 1.8E-3 1.8E-3 1.8E-3 1.8E-3 FQE 6.0E-2 6.0E-2 6.0E-2 6.0E-2
Q™(\) 1.8E-3 1.8E-3 1.8E-3 1.8E-3 R(A) 6.0E-2 6.0E-2 6.0E-2 6.0E-2
Tree 1.8E-3 1.8E-3 1.8E-3 1.8E-3 Q™(\) 6.0E-2 6.0E-2 6.0E-2 6.0E-2
TH 1.6E-3 } _ . Tree 3.4E-1 7.0E-3 1.6E-3 2.3E-3

IH 4.7E-4 - - -

IPS

IPS

Standard Per-Decision
Standard Per-Decision

IS 5.6E-4 8.4E-4
WIS 1.4E-3 1.4E-3 IS 1.7E-2 2.5E-3
NAIVE 6.1E-3 _ WIS 9.5E-4 4.9E-4

NAIVE 5.4E-3 -

Table A.12:  Graph, relative MSE. 7.(a = 0) = 0.9. Dense rewards. Increasing
m, compared to baseline, fixed horizon.

DM Hybrid
Direct DR WDR MAGIC

IPS

AM 6.6E-1 6.7E-1 6.6E-1 6.6E-1
Q-Reg 5.4E-1 6.3E-1 1.3E0 9.3E-1 Standard Per-Decision
MRDR 5.4E-1 7.3E-1 2.0E0 2.0E0

FQE 6.6E-1 6.6E-1 6.6E-1 6.6E-1 isqs ;8%8 5;17%'_}
R(N) 6.7E-1 6.6E-1 9.3E-1  1.0E0 NAIVE 10E0 e
Q™(\) 6.6E-1 6.6E-1 6.6E-1 6.6E-1 :

Tree 6.7E-1 6.6E-1 9.4E-1  1.0E0
TH 1.4E-2 - - -




A.4 Model Selection Guidelines

For the definition of near-top frequency, see the definition in Section 3.1. For

support of the guideline, see Table A.1)
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Table A.13: Model Selection Guidelines.

Class Recommendation When to use Prototypical env.

Direct FQE Stochastic env, severe policy mismatch Graph, MC, Pix-MC
Q) Compute non-issue, moderate policy mismatch GW/Pix-GW
IH Long horizon, mild policy mismatch, good kernel ~Graph-MC

IPS PDWIS Short horizon, mild policy mismatch Graph

Hybrid MAGIC FQE Severe model misspecification Graph-POMDP, Enduro

MAGIC Q(X) Compute non-issue, severe model misspecification Graph-POMDP

Table A.14: Model Selection Guideline Cont.

Class Recommendation Near-top Freq.

Direct FQE
Q)
IH
IPS PDWIS
Hybrid MAGIC FQE
MAGIC Q(\)

23.7%
15.0%
19.0%
4.7%
30.0%
17.3%
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A.5 Methods

Below we include a description of each of the methods we tested. Let T = T —1.

Inverse Propensity Scoring (IPS) Methods
Table A.15: IPS methods. [54, 97]

Standard Per-Decision

s 2N, OTZt 0T Zz_lzt O’Ytp“
P,
WIS ZZ 1w Zt 07 Tt Zz 121& 07t5)(:)i

Table A.15 shows the calculation for the four traditional IPS estimators:
Vis, Veprs, Vivrs, Vepwrs. In addition, we include the following method as

well since it is a Rao-Blackwellization [133] of the IPS estimators:

Hybrid Methods

Hybrid rely on being supplied an action-value function Q, an estimate of (),

from which one can also yield V(s) = S,c4 7(als)Q(s, a).

Doubly-Robust (DR)' [201, 97]

Vbr = Z V + Z’Y Poelr] 5:1:7 a;) + ’7‘7(5i+1)]-
i=11t=0
Weighted Doubly—Robust (WDR) [201]
Pt
Vwwpr = Z V (sh) + ZZ’Yt L[ (Sta ap) + 7V<3t+1)]
i=11t=0

MAGIC: [201] leen g; = {g lie JCN U{ 1}} Where

p 7 p p 3 7 p T 17 7
e +Z JHthV J+1 Z t taat)_ O'TV(St))7

i=1t=0 Wot =1 i=1t=0 Wo.7
then define dist(y, Z) = min,cz |y — z| and

ba(j) = dist(g] (D), CI(g>(D),0.5))
Q.(i,5) = Cov(g] (D), g] (D)),

then for a |.J|—simplex Al we can calculate

7* € arg min z7[Q, + bb' ]z,
zeAlJI

yielding
Viacie = (%) g
MAGIC can be thought of as a weighted average of different blends of the DM



128

and Hybrid. In particular, for some i € J, ¢° represents estimating the first ¢
steps of V/(m.) according to DR (or WDR) and then estimating the remaining
steps via @ Hence, Vyraare finds the most appropriate set of weights which

trades off between using a direct method and a Hybrid.

Direct Methods (DM)
Model-Based

Approximate Model (AM): [97] An approach to model-based value estimation

is to directly fit the transition dynamics P(s¢y1]S¢, at), reward R(s;, a;), and
terminal condition P(s;y1 € Sierminat|St, ar) of the MDP using some for of
maximum likelihood or function approximation. This yields a simulation
environment from which one can extract the value of a policy using an average
over rollouts. Thus, V(7)) = E[SL, 7' (s, as)|so = s,a0 = 7(s0)] where the
expectation is over initial conditions s ~ dy and the transition dynamics of the

simulator.

Model-Free

Every estimator in this section will approximate ) with @(, 6), parametrized
by some 6. From Q) the OPE estimate we seek is

ZZ% als)Q(sh, a; 0).

i=1acA

Note that E; Q(st41, ) = Yaca Te(a|si+1)Q(St41, ).

Direct Model Regression (Q-Reg): [60]
1 N T

Q,0) = min - 3" "0}, (Riz — Qlsirais0))°

i=1t=0

T ’ . .
F= Z o4 7tﬂ%t+1):t'7’;'

t'=t

(,0) = limg_, 00 @k where

Q)

Fitted Q Evaluation (FQE): [123]
N
Qk = mm — Z

yt = 7”t + VEnerfl(StHa - 0)

St7 at7 6) - yz)z

gMﬂx

Retrace(A) (R(A)), Tree-Backup (Tree), Q™(N): [149, 165, 82]
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where

t
Qr(s,a;0) = Qr_1(s,a;0) + Er, > 2" T crielso = s,a0 = a

>0 k=1
and

Y = rt+ VEre@k—1(3t+la " 9) - @k—l(é‘t, Qg @)
Amin(1, T4y R())

Cr = § Ae(ag|s) Tree .
A Q"(A)
More Robust Doubly-Robust (MRDR): [60] Given
O, () = diag[1/my(als)]aca — ee”

27 pt+1 ]7 ])

and

QG(S, a, T) - diag[ﬂ-e(aws)]a’efl[@(& CL/; 0)](1’614 - T[l{a, - a}]a’GA

where 1 is the indicator function, then
A . , S
Q( mln ~ Z Z 72t % x pt%(sta aw R;. )TQM (5t)qo(sy, ag, R;;T)-

zltO

State Density Ratio Estimation (IH): [133]

VIH_ZZ )pttrt

i=1t= OZZ Ozt’ 17 W(St')pt’t’

) td
W(St) _ hm Zt 07t 7Te( )
t=00 33/ Yldr, (51)
where 7, is assumed to be a fixed data-generating policy, and d, is the distri-

bution of states when executing 7 from sy ~ dy. The details for how to find w
can be found in Algorithm 1 and 2 of [133].
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A.6 Environments

For every environment, we initialize the environment with a fixed horizon
length T'. If the agent reaches a goal before T or if the episode is not over by
step T, it will transition to an environment-dependent absorbing state where it
will stay until time 7". For a high level description of the environment features,
see Table 3.1.

R=+lorR~N(+1,1)
a= 21 &
g
"
N N i
a5 =
® 0 S >
R=-1lorR 11 N y
B

Figure A.3: MC Environ-
ment, pixel-version. The
non-pixel version involves
representing the state of
the car as the position
and velocity.

Figure A.1: Graph Envi- Figure A.2:  Graph-MC

ronment. Environment.

ssssssss
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~
N
N

HIVANN
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Figure A.6:  Gridworld

Figure A.5: Graph- environment. Blank

POMDP Environment. spaces indicate areas of

& Model-Fail [201] is a a small negative reward,
000ow special case of this S indicates the starting

1NT 200
=50

environment where T=2. states, F indicates a field

We also extend the ofslightly less negative re-

environment to arbitrary ward, H indicates a hole

horizon which makes it a of severe penalty, G indi-

semi-mdp. cates the goal of positive
reward.

Figure A.4: Enduro En-
vironment.

Environment Descriptions
Graph

Figure A.1 shows a visualization of the Toy-Graph environment. The graph is

initialized with horizon T and with absorbing state s.;,, = 27'. In each episode,
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the agent starts at a single starting state s; = 0 and has two actions, a = 0
and a = 1. At each time step ¢t < T', the agent can enter state s, = 2t + 1 by
taking action a = 0, or ;41 = 2t + 2 by taking action a = 1. If the environment
is stochastic, we simulate noisy transitions by allowing the agent to slip into
Sir1 = 2t + 2 instead of s;11 = 2t + 1 and vice-versa with probability .25. At
the final time ¢t = T, the agent always enters the terminal state s.. The
reward is +1 if the agent transitions to an odd state, otherwise is —1. If the
environment provides sparse rewards, then r = 41 if sp_y is odd, r = —1
if sp_1 is even, otherwise r = 0. Similarly to deterministic rewards, if the
environment’s rewards are stochastic, then the reward is r ~ N(1,1) if the
agent transitions to an odd state, otherwise r ~ N(—1,1). If the rewards are
sparse and stochastic then r ~ N(1,1) if sy_; is odd, otherwise r ~ N(—1,1)

and r = 0 otherwise.

Graph-POMDP

Figure A.5 shows a visualization of the Graph-POMDP environment. The
underlying state structure of Graph-POMDP is exactly the Graph environment.
However, the states are grouped together based on a choice of Graph-POMDP
horizon length, H. This parameter groups states into H observable states.
The agent only is able to observe among these states, and not the underlying
MDP structure. Model-Fail [201] is a special case of this environment when
H=T=2.

Graph Mountain Car (Graph-MC)

Figure A.2 shows a visualization of the Toy-MC environment. This environment
is a 1-D graph-based simplification of Mountain Car. The agent starts at sq = 0,
the center of the valley and can go left or right. There are 21 total states, 10 to
the left of the starting position and 11 to the right of the starting position, and
a terminal absorbing state s, = 22. The agent receives a reward of r = —1 at
every timestep. The reward becomes zero if the agent reaches the goal, which
is state x = +11. If the agent reaches x = —10 and continues left then the
agent remains in = —10. If the agent does not reach state z = +11 by step

T then the episode terminates and the agent transitions to the absorbing state.
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Mountain Car (MC)

We use the OpenAl version of Mountain Car with a few simplifying modifica-
tions [29, 192]. The car starts in a valley and has to go back and forth to gain
enough momentum to scale the mountain and reach the end goal. The state
space is given by the position and velocity of the car. At each time step, the
car has the following options: accelerate backwards, forwards or do nothing.
The reward is r = —1 for every time step until the car reaches the goal. While
the original trajectory length is capped at 200, we decrease the effective length
by applying every action a; five times before observing s;,;. Furthermore, we
modify the random initial position from being uniformly between [—.6, —.4] to
being one of {—.6, —.5, —.4}, with no velocity. The environment is initialized
with a horizon T and absorbing state sq,s = [.5,0], position at .5 and no

velocity.

Pixel-based Mountain Car (Pix-MC)

This environment is identical to Mountain Car except the state space has been
modified from position and velocity to a pixel based representation of a ball,
representing a car, rolling on a hill, see Figure A.3. Each frame f; is a 80 x 120
image of the ball on the mountain. One cannot deduce velocity from a single
frame, so we represent the state as s; = {f;_1, f;} where f_1 = fo, the initial
state. Everything else is identical between the pixel-based version and the

position-velocity version described earlier.

Enduro

We use OpenAl’s implementation of Enduro-v0, an Atari 2600 racing game.
We downsample the image to a grayscale of size (84,84). We apply every action
one time and we represent the state as s; = {f;_3, fi—2, fi_1, ft} where f; = fo,

the initial state, for ¢ < 0. See Figure A .4 for a visualization.

Gridworld (GW)

Figure A.6 shows a visualization of the Gridworld environment. The agent
starts at a state in the first row or column (denoted S in the figure), and proceeds
through the grid by taking actions, given by the four cardinal directions, for
T = 25 timesteps. An agent remains in the same state if it chooses an action

which would take it out of the environment. If the agent reaches the goal state
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Table A.16: Environment parameters - Full description.

Environment Graph  Graph-MC MC Pix-MC Enduro Graph-POMDP GW Pix-GW
Is MDP? yes yes yes yes yes no yes yes
State desc. position position [pos, vel]  pixels pixels position position pixels

T 4o0r 16 250 250 250 1000 2o0r8 25 25
Stoch Env? variable no no no no no no variable
Stoch Rew? variable no no no no no no no
Sparse Rew?  variable terminal terminal  terminal  dense terminal dense dense

Q Func. Class tabular tabular linear/NN NN NN tabular tabular NN
Initial state 0 0 variable variable gray img 0 variable variable
Absorb. state 2T 22 [-5,0] img([.5,0]) zero img 2T 64 zero img
Frame height 1 1 2 2 4 1 1 1

Frame skip 1 1 5 5 1 1 1 1

G, in the bottom right corner of the environment, it transitions to a terminal
state x = 64 for the remainder of the trajectory and receives a reward of +1.
In the grid, there is a field (denoted F') which gives the agent a reward of —.005
and holes (denoted H) which give —.5. The remaining states give a reward of
—.01.

Pixel-Gridworld (Pixel-GW)

This environment is identical to Gridworld except the state space has been
modified from position to a pixel based representation of the position: 1 for
the agent’s location, 0 otherwise. We use the same policies as in the Gridworld

case.

A.7 Experimental Setup
Description of the policies
Graph, Graph-POMDP and Graph-MC use static policies with some probability
of going left and another probability of going right, ex: w(a = 0) = p,7(a =

1) =1 — p, independent of state. We vary p in our experiments.

GW, Pix-GW, MC, Pixel-MC, and Enduro all use an e—Greedy policy. In
other words, we train a policy Q* (using value iteration or DDQN) and then
vary the deviation away from the policy. Hence ¢ — Greedy(Q*) implies we
follow a mixed policy m = arg max, Q*(s, a) with probability 1 — e and uniform

with probability e. We vary € in our experiments.

Enumeration of Experiments

The set of experiments per table is the Cartesian product of the parameters in
the table.



Table A.17: Graph parameters.

Parameters
ol .98
N 23:11
T {4,16}
m(a = 0) {.2,.6}
me(a =0) .8

Stochastic Env
Stochastic Rew
Sparse Rew
Seed
ModelType
Regress m

{True, False}
{True, False}
{True, False}
{10 random}
Tabular
False

Table A.19: Gridworld parameters.
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Table A.18: Graph-POMDP parame-

ters.

Parameters
¥ .98
N 98:11
(T,H) {(2,2),(16,6)}
ms(a = 0) {.2,.6}
me(a = 0) .8

Stochastic Env  {True, False}
Stochastic Rew {True, False}

Sparse Rew {True, False}

Seed {10 random}
ModelType Tabular
Regress False

Table A.20: Pix-GW parameters.

Parameters Parameters
v 98 v -96
N 26:11 N 26:9
T 25 T 25
e — Greedy, m {.2,.4,.6,.8,1.} e — Greedy, m {.2,.4,.6,.8,1.}
€ — Greedy, m. .1 € — Greedy, m. .1
Stochastic Env False Stochastic Env  {True, False}
Stochastic Rew False Stochastic Rew False
Sparse Rew False Sparse Rew False
Seed {10 random} Seed {10 random}
ModelType Tabular ModelType NN
Regress True Regress {True, False}
Table A.21: Graph-MC parameters. Table A.22: MC parameters.
Parameters Parameters
~ .99 v 99
N 27:11 N 27:10
T 250 T 250
{(.45,.45), (.6,.6), (.45.6) {(:1,0),(1,0)
mp(a = 0),me(a =0 € — Greedy, (mp, me)
(@ =0mela =00 (6 45).(8..2).(2.8)) (1.1, (1. 1)}
Stochastic Env False Stochastic Env False
Stochastic Rew False Stochastic Rew False
Sparse Rew False Sparse Rew False
Seed {10 random} Seed {10 random}
ModelType Tabular ModelType {Tabular, NN}
Regress mp, False Regress m False




Table A.23: Pix-MC parameters.

Parameters
¥ 97
N 512
T 500
{(.25,0),(.1,0)
€ — Greedy, (s, e ) (25, 1)}
Stochastic Env False
Stochastic Rew False
Sparse Rew False
Seed {10 random}
ModelType {Tabular, NN}
Regress mp False

Table A.24: Enduro parameters.

Parameters

~ .9999
N 512
T 500

.25,0), (.1,0
€ — Greedy, (mp, 7e) §~(257 ’1))}i (.1,0)
Stochastic Env False
Stochastic Rew False
Sparse Rew False

Seed
ModelType
Regress mp

{10 random}
{Tabular, NN}
False
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Representation and Function Class

For the simpler environments, we use a tabular representation for all the
methods. AM amounts to solving for the transition dynamics, rewards, terminal
state, etc. through maximum likelihood. FQE, Retrace()), Q™()), and Tree-
Backup are all implemented through dynamics programming with Q tables.
MRDR and Q-Reg used the Sherman Morrison [183] method to solve the

weighted-least square problem, using a basis which spans a table.

In the cases where we needed function approximation, we did not directly fit
the dynamics for AM; instead, we fit on the difference in states P(s" — s|s, a),

which is common practice.

For the MC environment, we ran experiments with both a linear and NN
function class. In both cases, the representation of the state was not changed
and remained [position, velocity]. The NN architecture was dense with [16,8,4,2]
as the layers. The layers had relu activations (except the last, with a linear
activation) and were all initialized with truncated normal centered at 0 with a

standard deviation of 0.1.

For the pixel-based environments (MC, Enduro), we use a convolutional NN.
The architechure is a layer of size 8 with filter (7,7) and stride 3, followed by
maxpooling and a layer of size 16 with filter (3,3) and stride 1, followed by
max pooling, flattening and a dense layer of size 256. The final layer is a dense
layer with the size of the action space, with a linear activation. The layers had
elu activations and were all initialized with truncated normal centered at 0
with a standard deviation of 0.1. The layers also have kernel L2 regularizers
with weight le-6.



136

When using NNs for the IH method, we used the radial-basis function and a

shallow dense network for the kernel and density estimate respectively.

Datasets

Datasets are not included as part of COBS since our benchmark is completely

simulation based. To recreate any dataset, select the appropriate choice of

environment parameters from the experiments enumerated in Section A.7.

Choice of hyperparameters.

Many methods require selection of convergence criteria, regularization param-

eters, batch sizes, and a whole host of other hyperparameters. Often there

is a trade-off between computational cost and the accuracy of the method.

Hyperparameter search is not feasible in OPE since there is no proper validation

(like game score in learning). See Tables A.7, A.8 for a list of hyperparameters

that were chosen for the experiments.

Figure A.7: Hyperparameters for each model by Environment.

Method Parameter Graph TMC MC  Pix-MC Enduro Graph-POMDP GW Pix-GW
Max Traj Len T T 50 50 - T T T
NN Fit Epochs - - 100 100 - - - 100
NN Batchsize - - 32 32 - - - 25
AM L
NN Train size - - .8 .8 - - - .8
NN Val size - - 2 2 - - - 2
NN Early Stop delta - - le-4 le-4 - - - le-4
Omega regul. 1 1 - - - 1 1 -
NN Fit Epochs - - 80 80 80 - - 80
NN Batchsize - - 32 32 32 - - 32
Q-Reg o
NN Train size - - .8 .8 .8 - - .8
NN Val size - - 2 2 2 - - 2
NN Early Stop delta - - le-4  le4 le-4 - - le-4
Convergence € le-5 le-5 le-4 le4 le-4 le-5 4e-4 le-4
Max Iter - - 160 160 600 - 50 80
NN Batchsize - - 32 32 32 - - 32
FQE - .
Optimizer Clipnorm - - 1. 1. 1. - - 1.
Quad. prog. regular. le-3 le-3 - - - le-3 le-3 -
IH NN Fit Epochs - - 10001 10001 10001 - - 1001
NN Batchsize - - 1024 128 128 - - 128
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Figure A.8: Hyperparameters for each model by Environment, Cont.

Method Parameter Graph TMC MC Pix-MC Enduro Graph-POMDP GW Pix-GW
Omega regul. 1 1 - - - 1 1 -
NN Fit Epochs - - 80 80 80 - - 80
NN Batchsize - - 1024 1024 1024 - - 32
MRDR
NN Train size - - .8 .8 .8 - - .8
NN Val size - - 2 2 2 - - 2
NN Early Stop delta - - le-4 le-4 le-4 - - le-4
A .9 .9 .9 - - 9 9 .9
Convergence € le-3 2e-3  1le-3 - - le-3 2e-3 le-3
Max Iter 500 500 - - - 500 50 -
R(X) NN Fit Epochs - - 80 - - - - 80
NN Batchsize - - 4 - - - - 4
NN Train Size - - .03 - - - - .03
NN ClipNorm - - 1. - - - - 1.
A .9 .9 .9 - - 9 .9 .9
Convergence € le-3 2e-3  le-3 - - le-3 2e-3 le-3
Max Iter 500 500 - - - 500 50 -
Q™ (A) NN Fit Epochs - - 80 - - - - 80
NN Batchsize - - 4 - - - - 4
NN Train Size - - .03 - - - - .03
NN ClipNorm - - 1. - - - - 1.
A .9 .9 .9 - - 9 9 .9
Convergence € le-3 2e-3  le-3 - - le-3 2e-3 1le-3
Max Iter 500 500 - - - 500 50 -
Tree NN Fit Epochs - - 80 - - - - 80
NN Batchsize - - 4 - - - - 4
NN Train Size - - .03 - - - - .03
NN ClipNorm - - 1. - - - - 1.




A.8 Additional Supporting Figures
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Figure A.9: Enduro DM vs IPS. 7,
is a policy that deviates uniformly
from a trained policy 25% of the
time, 7. is a policy trained with
DDQN. IH has relatively low error
mainly due to tracking the simple av-
erage, since the kernel function did
not learn useful density ratio. The
computational time required to cal-
culate the multi-step rollouts of AM,
Retrace()\), Q™(\), Tree-Backup(\)
exceeded our compute budget and

were thus excluded.
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Figure A.10: MC comparison. N =
256. 7, is a uniform random policy,
7. is a policy trained with DDQN.
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Figure A.11: Enduro DM vs HM. 7,
is a policy that deviates uniformly
from a trained policy 25% of the
time, 7. is a policy trained with
DDQN.
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Figure A.13:  (Graph domain) Com-
paring DMs across horizon length
and number of trajectories. Large
policy mismatch and a stochastic en-

vironment setting.
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Figure A.12: Comparison of Direct
methods’ performance across hori-
zon and number of trajectories in
the Graph environment. Small pol-

icy mismatch under a deterministic

environment.
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Figure A.14:

DR in a stochastic environment with

Comparing DM to

large policy mismatch. (Graph)
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Figure A.15: Comparison between
FQE, IH, and WIS in a low data
regime. For low policy mismatch,
IPS is competitive to DM in low
data, but as the policy mismatch
grows, the top DM outperform. Ex-

periments ran in the Gridworld En-

vironment.
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Figure A.17: FExact vs Estimated
™. Exact m, = .2—Greedy, 7, =
.1—Greedy. Min error per class.

(Pixel Gridworld, deterministic)

140

4 Sparse Rewards Dense Rewards

N N
256 = 1024 256 1024
10° — 512 — 512

Log Relative MSE

IS PDIS WIS PDWIS IH IS PDIS WIS PDWIS H
Method Method

Figure A.16: Comparison between
IPS methods and TH with dense vs
sparse rewards. Per-Decision IPS
methods see substantial improve-
ment when the rewards are dense.
Experiments ran in the Graph envi-
ronment with 7(a = 0) = .6, 7.(a =
0)=.8
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Figure A.18: Exact vs Estimated .
Exact m, =uniform, 7, = .1—Greedy.
Min error per class. (Pixel Grid-

world, deterministic)
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Figure A.19: Hybrid Method com- Figure A.20: Hybrid Method com-
parison. m(a =0) = .2,m.(a =0) = parison. my(a =0) = .8, m.(a = 0) =
.8. Min error per class. (Graph-MC) .2. Min error per class. (Graph-MC)
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Figure A.21: Hybrid Method com- Figure A.22: Hybrid Method com-
parison. m,(a =0) = .6,m.(a =0) = parison. Exact m, = .2—Greedy,
.6. Min error per class. (Graph-MC) e = .1—Greedy. Min error per class.

(Pixel Gridworld)
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Figure A.23: Hybrid Method com-
parison. 7, = .8—Greedy(optimal),
e = .1—Greedy(optimal). Min er-

ror per class. (Pixel Gridworld)
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Figure A.25: Class comparison with
unknown 7. At first, HM underper-
form DM because m is more diffi-
cult to calculate leading to imprecise
importance sampling estimates. Ex-
act m, = .6—Greedy(optimal), 7, =
.1—Greedy(optimal). Min error per
class. (Pixel Gridworld, stochastic

env with .2 slippage)
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Figure A.24: Class comparison with
unknown 7. At first, HM underper-
form DM because 7 is more diffi-
cult to calculate leading to imprecise
importance sampling estimates. Ex-
act m, = .2—Greedy(optimal), 7, =
.1—Greedy(optimal). Min error per
class. (Pixel Gridworld, stochastic

env with .2 slippage)
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Figure A.26: Class comparison with
unknown m,. At first, HM under-
perform DM because 7, is more
difficult to calculate leading to im-
precise importance sampling esti-
mates. Exact m, =uniform, n, =
.1—Greedy(optimal). Min error per
class. (Pixel Gridworld, stochastic

env with .2 slippage)
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Figure A.27: AM Direct vs Hybrid comparison for AM. (Gridworld)

Figure A.28: FQE Direct vs Hybrid comparison.
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Figure A.29: MRDR Direct vs Hybrid comparison. (Gridworld)
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Figure A.30:  Q-Reg Direct vs Hybrid comparison. (Gridworld)
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Figure A.31: Q™ (\) Direct vs Hybrid comparison. (Gridworld)
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Figure A.33: Tree-Backup Direct vs Hybrid comparison. (Gridworld)
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Appendix B

CHAPTER 2 APPENDIX

Acronym Term

OPE
OPO

*

SAXXRIATIRS

3
o

Slicivle

Q3

HHIYT I

Off Policy (Policy) Evaluation

Off Policy (Policy) Optimization. Also goes by batch off-policy reinforcement learning.
State Space

Action Space

Transition Function

True Transition Function

Reward Function

State-Action Space S x A

Discount Factor

Policy

Performance of 7w in P

Value Function of 7w with respect to P

Initial State Distribution

(Discounted) Distribution of State-Action Pairs Induced by Running 7 in P

_ di”y(s,a))

Distribution Shift (wf (s, a) = (o)
Lebesgue measure ’
Behavior state distribution

Behavior policy

Behavior data (dx,m)

Dataset containing samples from D, P*
Empirical approximation using D
Exact expectation

P
Distribution Shifts Function Class (e.g. dD” <S‘a))

= (s,a)
Value Function Class (e.g. VI’ € V)
Model Function Class (e.g. P € P)
Model Learning Loss Function

Best Model w.r.t £
Misspecification Error

Optimal Policy in P

Reproducing Kernel Hilbert Space
Linear Quadratic Regulator
Inverted Pendulum

Minimax Model Learning (Ours)
Maximum Likelihood Estimation
Value-Aware Model Learning
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B.1 OPE

In this section we explore the OPE results in the order in which they were

presented in the chapter.

Main Result
Proof for Theorem 4.3.1. Assume (wX” VF) € W x V. Fix some P € P. We

use both definitions of J as follows:

J(m, P) — J(m, P")

= Eq[V,]] - B aymdr? R (|s.0)[7]

= B ayar”, [VE(s) = Ererpisa)r]] + Ea VY] — B a)~dl? V. (s)]

= Eaayars [V (5) = Ever(lsa V] Zv/d P(s)dv(s,a)

— Boayarr [1Bonr(is Vs wzv/aﬂwa P (s)dv(s,a)

— VE (it [Esmriisn [V vzv/f* a)P*(s]3, a)m(als) V. (s)dv
= VE(say~ar?, [Esnp(isa)[Vs ’nyy /d s,a)P*(s'|s,a)V.F (s")dv

a7 (
=k "~ *(-|s,a I E:BN s,a V — V(s
’meDPuﬂmmﬂ( pegsa [V (@)] = V()]
= ’YE(s,a,s’)NDﬁbP*(-|s,a) [wf* <87 a (E:L‘NP( |s,a) [Vﬂp(x)] - VWP(S,)>H

=yL(wy V', P),

where the first equality is definition. The second equality is addition of 0. The
third equality is simplification. The fourth equality is change of bounds. The
fifth is definition. The sixth is relabeling of the integration variables. The

seventh and eighth are simplification. The ninth is importance sampling. The

tenth and last is definition. Since (wX™, V.F') € W x V then
[T, P) = J(m, P)| = AL VP, P)|
< <
Y mex  [L(w,V, P)| < ymin max |L(w,V,P)|,
where the last inequality holds because P was selected in P arbitrarily.
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Now, instead, assume (wZ V") € W x V. Fix some P € P. Then, similarly,
J(m, P) = J(m, P*) = E(sa)nat , onr(lsa) 1] = Eao[VY]
= Bgapar Vi ()] = Eay [Vl = Esaymar [Vi(5) = Ernrifsa[r]]

— 27 /dp (s, a)VP (s)dv(s,a) — E(S’G)Ndz;7 [VWP*(S) — Er (s, [7]]
=1

=7 7 /dft—i—l(s a)V," (s)dv(s,a) — E(s,a)ngfﬁ[’YES/NP*(.\M)[VWP*(S’)]]

- ’YE(s,a,s’)NDﬁb (]s,a) [

e (EM [V @)~ V()]

b
= YE(s.a.5)~Dr, P (150 [0F (5, @) (Bappo [V (@)] = V()]
= '}/,C('I.Uﬂ_ ) VTrP 7P)7
where we follow the same steps as in the previous derivation. Since (wf, V.F") €

W x 'V then
| J(m, P) = J(m, P*)| = 7| L(wy, V", P)|
< <
T ey 10 VRIS iy e 1 Vo P
where the last inequality holds because P was selected in P arbitrarily. O

Sample Complexity for OPE

We do not have access to exact expectations, so we must work with B, =
arg minp max,, v F,|...] instead of P = argminp max,, v E[...]. Furthermore,
J(m, P) requires exact expectation of an infinite sum: Ey [, v'r,] where
we collect r; by running 7 in simulation P. Instead, we can only estimate
an empirical average over a finite sum in ﬁn: Jrm (T, ﬁn) = % Z;”Zl ZtT:O 7’57’{ ,
where each j indexes rollouts starting from sy ~ dy and the simulation is over
P,. Our OPE estimate is therefore bounded as follows:

Theorem B.1.1. [OPE Error] Let the functions in V and W be uniformly
bounded by Cy and Cyy respectively. Assume the conditions of Theorem 4.3.1
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hold and |R| < R, € [0,1). Then, with probability 1 — 6,
(7, Bu) = J(m, P*)| < yminmax |£(w, V. P)|

2R
+ 4/7%n<wv V? P) + EVTJFI

+ 1 log(2/8)/(2m) + 41y loB(2/) .
where R, (W, V, P) is the Rademacher complexity of the function class
{(s,a,8") mw(s, a)(Esep[V(2)] = V() :
weW, VeV PeP}

Proof for Theorem B.1.1. By definition and triangle inequality,
| Jrm(m, By) — J (70, P*)| = |Jpm(m, By) — J(m, B,) + J(m, B,) — J(w, P¥)|
< |Jpm(m, B)) — J(m, P)| +|J(x, P,) — J(m, P*)]. (B.1)
(a) (b)

Define \A/WI’D (s8) = S L, y'ri for some trajectory indexed by i € N where 7 is
the reward obtained by running 7 in P at time ¢ < T starting at s{. For (a),

| J7m (0 Pn) — J(x, P,)|

5 13 5 135 . 5
T m; TI'OO( )+m; 71'00(80) do[ T ]
-5 13 -5 13 5
<|— V" — " — n E, [V En
< L3 ui m;vm< )|+ 326 - Bl
< yT“ \/log (2/8)/(2m), (B.2)

L —
with probability 1 — 5, Where the last inequality is definition of VﬂjT and
Hoeffding’s inequality.

For (b), by Theorem 4.3.1,
[T, B) = J(m, P = ALl VP, By)| < ymax [L(w, V, Py)

= y(max|L(w,V, P)| — max |Ly(w, V, By)| + max Ly (w, V, B,)|
— max |L(w,V, P)| + max |L(w,V, P)|)
< (2 [ L(w, Vo P)| — Lo (w, V. P)|| + minmax | L(w, V. P))
/ .
< (2, W, . P) + 26 log(2/8) /n + mjnmax | Luw, V. P)
<Y(4R, W, V,P) + 2K /log(2/d)/n + min max |L(w,V, P)|), (B.3)
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where R, (W, V, P) is the Rademacher complexity of the function class
{(s,a,s) = |w(s,a)(Ezwp[V(2)] = V()| :weW, VeV, PeP},
noting that K = 2C,,Cy uniformly bounds |w(s, a)(Ez~p(js,a[V (x)] = V()]
(Theorem 8 [19]). Furthermore since absolute value is 1-Lipshitz (by reverse
triangle ineq), then ], < 29R,, (Theorem 12 [19]) where R, (W, V,P) is the
Rademacher complexity of the function class
{(s,a,8") = w(s,a)(Epupisa)V(z)] = V() :we W,V eV, PeP}

Altogether, combining (1), (2), (3) we get our result. O

The first term can be thought of as the estimate under infinite data, the
second term as the penalty for using function classes that are too rich, and the

remaining terms as the price we pay for finite data/ finite calculations.

Misspecification for OPE
When the assumptions behind MML do not hold, our method underbounds

the true error. The following is the proof for this Proposition.

~

Proof for Prop. 4.3.5. We have shown already that J(m, P) — J(m, P*) =
YL(wE VP P) (= vL(WV)*, P)). Therefore, by linearity of £ in H, we
have
IL(WV)*, P)|=|L(h,P)+ L(WV) —h,P)] YVheH,PeP
<|L(h,P)| + |L(WV)* = h, P)|
< min max |L(h, P)| + |L(h — (WV)*, P)|
< minmax |L(h, P)| + max min |L(WV)* — h, P)],

where e, = maxp miny, |L((WV)* — h, P)|. Therefore |.J(x, P) — J(m, P*)| <
v(minp maxy, |[L(h, P)| + €3), as desired. O

Application to the Online Setting and Brief VAML Comparison
Algorithm 12 is the prototypical online model-based RL algorithm. In contrast
to the batch setting, we allow for online data collection. We require a function
called PLANNER, which can take a model P, and find the optimal solution
in P.
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Algorithm 12 Online Model-Based RL

Require: 7y = m,. PLANNER(:)
1: for k=0,1,...,K do
2:  Collect data Dy by interacting with the true environment using 7.
3: Fit P, + arg minpep MaXqy, vVew,y »CMML(U}, V, P) where Dﬂb =D,
4:  Fit mp < PLANNER(F)
5. return (Pg, 7g)

Here we show that MML lower bounds the VAML error in online model-based
RL, where VAML is designed.

Proposition B.1.2. Let W = {1}. Then
< mi
PR Ry Crnve (V. P < iy Lvans (V. P),

for every V,P.

Proof. Fix P € P. Then, by definition,
Lymr(w,V, P) = Esa5)mDg, P+ [0(8, ) (Exep(ls,a[V(2)] = V()]
. Since W = {1}, then we can eliminate this dependence and get Ly (1, V, P) =
E(s.a,5)~Dy, P* [Ermp(is,a) [V (2)] = V(s)]. Explicitly,
Lynr(1,V, P)?

= (/ (/P($|S,a) /P* s'|s,a)V(s")dv(s )) dv(s,a))?
— ([ ([(Plalsa) = P(als.a)V (s)dv(a) ) dvs.a)

</</ xls,a) — P*(z|s,a))V (x)dv(x ))le/(s,a), Cauchy Schwarz

Taking the maxy ¢y on both sides and noting maxy [ f(V) < [maxy f(V) for
any f,V then

2
max Lanar(LV, PP < [ max ( [(Plals.a) — P*(als, )V ()dv(z)) du(s.a)
= Lyvanr(V, P). (B.4)
Since we chose P arbitrarily, then Eq B.4 holds for any P € P. In particular,
if ﬁVAML = arg minpep »CVAML(V7 P) then
< p 2 < mi .
min max »CMML<1 V, P) I‘I}gg »CMML(la V, PVAML) > leel% »CVAML(V7 P)

pPeP V
0
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Prop B.1.2 reflects that the MML loss function is a tighter loss in the online
model-based RL case than VAML. In a sense, this reflects that MML should be
the preferred decision-aware loss function even in online model-based RL. An
argument in favor of VAML is that it is more computationally tractable given
an assumption that V' is the set of linear function approximators. However, if
we desire to use more powerful function approximation VAML suffers the same
computational issues as MML. In general the pointwise supremum within VAML
presents a substantial computational challenge while the uniform supremum
from MML is much more mild, can be formulated as a two player game and

solved via higher-order gradient descent (see Section B.4).

Lastly, VAML defines the pointwise loss with respect to the L? norm of the
difference between P and P*. The choice is justified in that it is computationally
friendlier but it is noted that L' may also be reasonable [59]. We show in the
following example that, actually, VAML may not work with a pointwise L'

error.

Example B.1.1. Let S = AU B, a disjoint partition of the state space.
For simplicity, assume no dependence on actions. Suppose our models P =
{P.}acp,1) take the form

a s'e A

l—a s€B

Suppose also that P¥. € P for some o € [0,1]. Let V = {xlsca(s) +
Ylsep(s)|z,y < M € RT} be all bounded piecewise constant value functions
with ||V]|ee = M € R*. Then the empirical VAML loss with L' pointwise

distance does not choose P* when o # % and cannot differentiate between P*

Fa(s']s) =

and any other P € P when o* = % MML does not have this issue.

Proof. To show this, first fix P € P. Then the empirical VAML loss (in
expectation) is given by

Eypr[max [Epp[V ()] = V(s)]]

=a" max |Epp[V(2)] = V(A)|+ (1 —a) max |Eyp[V(2)] — V(B)|

= o 1—a)y— 1—a* 1—a)y—
of max |ar+(l—a)y—z[+(1-a’) max for+(1-a)y-y|

B L R i T

= (o|a— 1|+ (1 — a")|a|) M.
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If a* < .5 then the minimizer of the above quantity is a = 0, if a* > .5 then

the minimizer is & = 1. Therefore, if a* € (0,.5) U (.5, 1) then VAML picks the

wrong model a # a*. Additionally, in the case that a* = .5 then the loss is %

for every P € P. In this case, VAML with L' cannot differentiate between any

model; all models are perfectly identical.
On the other hand, we repeat this process with MML:
| Esps[Eanp[V(2)] = V(s)]|
= [ (Eenp[V(2)] = V(A) + (1 — ") (Eenp[V(2)] = V(B))|
=l (ar+ (1 —a)y —2)+ (1 —a’)(az+ (1 —a)y —y)|
=l (a = 1)z —y) + (1 - a’)a(z —y)|
= la—a’f|lz —yl.

Clearly minaejo1) max, yejo,nm) |0 — o[z — y| = 0 where o = o, O

We do not have to worry about the choice of norm for MML because we know
that the OPE error is precisely Ly/y. On the other hand, as shown in the
example, this is not the case for VAML.
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B.2 OPO

In this section we explore the OPO results, as presented in the chapter.

Main Result
Proof for Theorem /.4.1. Fix some P € P. Through addition of 0, we get
J(7pu, P*) — J(1p, P*) = J(7ps, P*) — J(7ps, P) + J (7w, P) — J(7p, P)
+ J(np, P) — J(7p, P).
Since 7} is optimal in P then J(7p., P) — J(mp, P) < 0 which implies
J(7pe, P*) — J(7p, P*) < J(mpu, P*) — J(npu, P) + J(7p, P) — J(7h, P¥)
Taking the absolute value of both sides, triangle inequality and invoking Lemma
4.3.1 yields:
(e P) = (5, )| < 29 max | L(w, V, P)| = 2y minmax|L(w, V, P)

when w?, **,wP - € W and Vﬂz *,Vﬂ}; € V for every P € P, or alternatively

T S
w%*,w% €W and VWEZ,VWE* e V for every P € P. O

Sample Complexity for OPO
Since we will only have access to the empirical version P, rather than ]3, we

provide the following bound

Theorem B.2.1 (Learning Error). Let the functions in V and W be uniformly
bounded by Cy and Cy respectively. Assume the conditions of Theorem 4.4.1
hold and |R| < R,~ € [0,1). Then, with probability 1 — 0,
|[J(m5,,P") = J(mp., P7)| < 2y min max |L(w, V, P)|
+ 8YR, W, V, P) + 8yCyCyy/log(2/6) /n,
where R, (W, V, P) is the Rademacher complexity of the function class
{(s,a,s") = w(s,a)(Ezmp[V(x)] = V(s)) :weW,PeP,V eV}

Proof for Theorem B.2.1. By Theorem 4.4.1,
(5, P*) = J(mpe, P*)| < 2ymax |L(w, V. P,)].
We have shown in the proof of Theorem 4.3.1 that
51 < mi
max |L(w,V, P,)| < min max |L(w, V, P)|+4R,, (W, V, P)+4C\Cyy/log(2/9) /n.
Combining the two completes the proof. O

This bound has the same interpretation as in the OPO case; see Section B.1.
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Misspecification
Similarly as in Section B.1, we show the misspecification gap for OPO in the

following result.

Lemma B.2.2 (OPO Misspecification). Let H C (S x A xS — R) be
functions on (s,a,s’). Denote (WV )5, = wk, (s,a)Vé* (s") and (WV)}p

Tk
wk (s, a)Vé(s’). Then:

3
. . .
(. P) = J(m, P < 20 (minmax |C(h, P) + ), (BS)
where
en = max(max min [L((WV)p. — h, P)|, maxmin [C(WV) — g, P)]).

Proof for Lemma B.2.2. From the proof of Theorem 4.4.1,
J(7p, P*) — J(7p, P*) < J(wps, P*) — J(wpse, P) + J(7p, P) — J(7p, P*)
= L(wE VI P)+ L(wE VE P).
P* P* P P
Using the result from proof of Lemma 4.3.5,
[L(wgs  Vie P+ L(wy. Vi, P
P* pP* P P

< [L(h, P) + LIWV)p. — b, P)| +|L(g, P) + LI(WV)p — g, P)|
< 2min max |L(h, P)| + max %Iél{{l IL(WV)pe — h, P)|
+mgmip | £(WV); — g, P)
< 2(min max [L(h, P)[ + ex),
where
ere = max(angyin | £((VV )i = b, P s mgn [£(07V); = g, P))
Therefore |.J(m, P) — J(x, P*)| < 2y(minp maxy, |L(h, P)| + €x), as desired. [
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B.3 Additional theory

In this section, we provide additional results that were not covered in the
chapter. Specifically, we show that as we make W,V too rich then the only

model with zero loss is P* itself, which may not be in P.

Necessary and sufficient conditions for uniqueness of |L(w,V, P)| =0
When W,V are in L? then |£| = 0 is uniquely determined:

Lemma B.3.1 (Necessary and Sufficient). £(w,V, P) = 0 for allw € L*(X,v) =
{9: 19w a)dulz,a) < 0o}, V € I2(S,) = {f [ P2(x)dulz) < oo} if and
only if P = P* wherever Dy, (s,a) # 0.

Corollary B.3.2. The same result holds if w -V € L*(X x S,v) = {h :
[ h*(z,a,2)dv(z,a,2') < cc}.

Proof for Lemma B.3.1 and Corollary B.3.2. We begin with definition 4.5.1

and expand the expectation.
L(w,V, P) =E(sa,5)~Dy, () P(|s.a) [W(S, @) (Emwp(.|s’a) V()] - V(s'))]

= E(&a)NDﬂb(,,_)[w(S, CL) (ES’NP(-|s,a) [V(S,)] — ES/NP(~\s,a)[V(5/)])]

= / Dy, (s,a)w(s,a)(V(s)(P(s']s,a) — P*(s'|s,a)) dv(s,a,s’).
(=) Clearly if P = P* then L(w,V,P) = 0. (<) For the other direction,
suppose L(w,V, P) = 0. By assumption, w(s,a) can take on any function in
L*(X,v) and therefore if L(w,V, P) =0 then

J VP15 0) = P(S]s.0)) d(s') =0, (B.6)

wherever D, (s,a) # 0. Similarly, V(s") can take on any function in L*(S,v)
and therefore if equation (B.6) holds then P = P*. For the corollary, let
(w,V) € WV take on any function in L*(X x S,v). If L(w,V,P) = 0 then
P(s'|s,a) — P*(s|s,a) = 0, as desired. O

In an RKHS, when the kernel corresponds to an integrally strict positive definite
kernel (ISPD), P = P* remains the unique minimizer of the MML Loss:

Lemma B.3.3 (Realizability means zero loss even in RKHS). L(w, f,P) =0
if and only if P = P* for all (w,V) € {(w(s,a),V(s)) : (wV,wV)y, < l,w:
XxA—=RV:X — R} inan RKHS with an integrally strict positive definite
(ISPD) kernel.
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Proof for Lemma B.3.5. [208] prove an analogous result and proof here is
included for reader convenience. From Mercer’s theorem [145], there exists an
orthonormal basis (¢;)52; of L*(X x S,v) such that RKHS is represented as

=1

Wy = {wV:Zngoj (bj);)il EZQ(N) with Zi <OO}7
j=1Hj

where each p; is a positive value since kernel is ISPD. Suppose there exists
some P € P such that L(w,V, P) =0 for all (w,V) € WV and P # P*. Then,
by taking b; = 1 when (j = j') and b; = 0 when (j # j') for any 7' € N, we
have L(p;, P) = 0 where we treat w - V as a single input to L. This implies
L(w,V,P) =0 for all w-V € L*(X x S,v) = 0. This contradicts corollary
B.3.2, concluding the proof. m
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B.4 Scenarios & Considerations
In this section we give proof for the various propositions for the corresponding

section in the chapter.

Linear Function Classes
Proof for Prop. 4.5.1. Given w(s,a)V(s)) = ¥(s,a,s")T8 and P(s'|s,a) =
o(s,a,s") a then
Ln(w, V. P) = By [Erpl(s, a,2)" 8] = (s,0,5)" 3],
= By | [ ag(s.a.2)"0(s,0,2)" fdv(z) — ¥(s.a,5)"5
= Bufa ([ ¢ls, 0. )i(s. 0,8 du(s)) 8 = (s, a,5)7 5
which is linear in 8. L2(w,V, P) = 0 is achieved through
Bila” ([ ols,a,8)0(s .Y du(s) ) = vls,a,8)"] = 0.

Y

Thus,
al = E,[Y(s,a,s)|E, /(,O(S,CL, 3’)w(s,a,s’)le/(8/)}_l,

assuming F, {f o(s,a,s (s, a, s’)TdV(s’)} is full rank. Taking the transpose

completes the proof. O

Proof for Prop. 4.5.2. We begin with ¢(s,a,s") = €4, the (s,a,s’)-th stan-
dard basis vector and 1) = ¢. Then

1 0= s|AS| +alS|,i = j
X(S,a) = (Z gD(S,CL,$)gO(S,CL,$)T)Z‘7j = )
z€S 0 otherwise

Notice that X(s,a) is a diagonal matrix and is the discrete counter-part to
Jo(s,a,8)0(s,a,8) dv(z). Therefore, E,[X(s,a)] = % X (sas)en X(5,a),
which is a diagonal matrix of the average number of times (s,a) appears in
the dataset D. Similarly, E,[¢(s,a,s’)] is the average number of times that

(s,a,s’) appears in the dataset D. Hence, by Prop 4.5.1,
. #ses)eD)
29 #{(s,a,r) € D :Vz € S}’
Therefore P(s'|s,a) = ¢(s,a,s' ) a = @, 4.4, as desired.

LQR
In order to provide proof that MML gives the LQR~optimal solution, we begin

with a few Lemmas. First, we show that the value function is quadratic.
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Lemma B.4.1 (Value Function is Quadratic). Let s;y1 = As; + Bay + w with
w ~ N(0,0*%I) be the dynamics, Tk (a|s) = —K s+ wg where wyg ~ N(0,0%1)
be the policy. Let v € (0,1] be the discount factor. Then V(s) = sTUs + q

where

U=Q+K"RK +~(A—- BK)'U(A - BK)

¢=1" V(U%tT(R) + yo2tr(BTUB) + o™ 2tr(U)).

Proof for Lemma B.4.1. The value function is given by:

2TUz +q

= 2" Qv + Ex(_ k.02 n[t" R+ YEN(aay Buogn) [V (5)]]

= 27 Q + En(_ ka0 n[u” Ru+~(Az + Bu)"U(Az + Bu) + vq + yo™tr(U)]

=27Qv + 2" KT'RKz + o%tr(R) + v2' (A — BK)"J(A — BK)x

+~yogtr(BTUB) + vq + yo**tr(U).
Thus, the quadratic terms satisfies:
U=Q+ K"RK +~(A—- BK)'U(A - BK),
and the linear term satisfies:
¢ = 1_17(0%(#(]%) + 102t (BTUB) + ot (U)).
The final value is given by:
J(m, P*) = En(y.02nlU] = s5Uso + q + agtr(U).
Existence and uniqueness of U, ¢ is heavily studied [22]. ]

Under the same assumptions as Lemma B.4.1, we simplify £ to:

Lemma B.4.2 (LQR Loss Simplified). In addition to the assumptions of
Lemma B.4.1, let dy = so + wq, where wg, ~ N(0,03,1) be the initial state
distribution. Let P = As + Ba € P where A € R, B € R™* and (A, B)
is controllable. Let K € R¥*™ represent all linear policies and U € STt be all

symmetric positive semi-definite matrices.

min max |L(w, V, P)|
P  wV
= min r%(;y’ [s3(A* — B*K)TA(A* — B*K)'sg

+tr(AY)] + o5tr(BTUB — BTUB*) — o*tr(U),
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where A = (A — BK)TU(A — BK) — (A* — B*K)TU(A* — B*K) and &; =
oI+ ...+ FI PO 4 6 (B* BT 4+ P B BT pO-UT) 4 gy P FiT
fori >0 and X9 =o0¢l, F = A* — B*K.

Proof for Lemma B.4.2. We first show that the evolution of dynamics P*
under gaussian noise, with a linear gaussian controller is a gaussian mixture
S N((A* — B*K)'s9, %;), where ¥ = o*(I + ...+ F PO g (B*B*T +
LB BT EGITY oo PR for ¢ > 0 and Xy = 0ol, F = A* — B*K.
It’s clear sy ~ N(sg,021), the base case. Suppose for induction s, ~ N((A* —
B*K)"sg, ¥,,) holds for some n > 0. Then
Spy1 = A's, + B*(—Ks, + wg) + w*
= (A" — B"K)s,, + B w; + w*
N((A* — B*K)""sy, (A* — B*K)%,(A* — B*K)" 4+ B*B*T + 1)
= N((A* — B*K)" s, X0 11),

completing the inductive step Every step s; is gaussian, therefore

e (s,a) 27 N(s; F'sg, )N (a; —Ks,0%1) (B.7)
=0
P*
is a gaussian mixture. Let w = ‘1”7”. We know V' is quadratic, given by U € S¥.
For notational convenience, for matrix Z and vectors x,y define (x,y), = 27 Zy

and similarly ||z||z = (z,2)z = 27 Zx. Therefore,

min max L(w,V,P)= min max Esa~pw[Ep[V] — Ep«[V]]]

1nmabx Esuw~plw[||As + Bu||U —||A*s + B*ul|y — o**tr(U)]]

= 1m
A,B
IEQI% XEZ VIN((A*—B*K)? SQ,EZ')[EUNN(—KS,O'%{I)[HAS + BU’HU

—||A*s + B*ul|y — O*QtT(U)H
(A= BK)s|v — (A" = B*K)s|v

[
=

él EZ VIN((A*—B*K )so,Ei)[
+ o2tr(BTUB) — o%tr(B*UB*) — o**tr(U)]

I max By (e )s0.2) [s"[A(A, B, A*, B*,U, K)]s

I
=

+ oxtr(BTUB — BTUB*) — o**tr(U)]
I£l H&aXZ’}/ [[[(A* — B*K)'so||a + tr(AY))]

+o2tr(BTUB — B'UB*) — o**tr(U),
where A = (A — BK)TU(A — BK) — (A* — B*K)TU(A* — B*K). O
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First, Lemma B.4.2 supposes that there is model mismatch P* ¢ P since P
are deterministic simulators and P* is stochastic. Second, we notice that K
takes the position of w, which is to say that the policy K directly specifies w,
as expected. We will need the previous two results in the experiments. We
may now prove Prop 4.5.3 that says MML yields the true parameters of LQR

in expectation:

Proof for Prop 4.5.3. Consider two linear, controllable systems with parame-
ters P = (A1, B1) and P, = (Ag, By). Then there exists a controller K that
stabilizes P, (i.e, J(P;, K) < oo) but destabilizes P, (i.e, J(Ps, K) = 00). We
show this by analyzing the characteristic polynomial of both A; — B; K and
Ay — ByK. There exists an invertible matrix 77, T that put (A, By), (As, Bs)
into controllable canonical forms (CCF), respectively [22]. Thus, we will assume,
wlog, that (Ay, By), (A;, By) are already in CCF. Hence,

0 1 0 0
0 0 1 0

Ay=1{ 1 Do, Bi=
0 0 0 1
—ag —ap —as — Q1

and
) R )
0 1

Ay=1 : : : : , By =
0 0 0 1
—by —by —bo —bp—1

We will find a Contr_oller in the form K = K T, = KT, f01; éome K, K for
T1,T, that put the systems into CCF. Consider a desired characteristic polyno-
mial of f(s) = (s+¢€)"!(s+ \) for ¢, A € RT(> 0). This polynomial has eigen-
values equal to —e, —\ and therefore a system with this polynomial is asymptoti-
S k1n—1)-
Then det(sI — (A, — B1K1)) = 8"+ (an_1 +k1p1)s" '+ + (a0 + k1) By se-
lecting k1 ,; = ((";1>)\ + (’Z__D e) " 1=" —q; then det(sI — (A, — B1K})) = f(s).

cally stable (converges to 0 exponentially fast). Take Ky = [k, k11, . -

Hence, (Ay, By) is asymototically stable with eigenvalues —\, —e for any A, €
strictly positive. Therefore K = K;T) makes the system (A;, By) asymptoti-
cally stable.

Now we consider K, = K;T1Ty". Let us denote T)T, ' = T which is also
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invertible since 77,75, are invertible. Then by taking the last term of det(s] —
(Ay — ByK>)), we can examine the product [} \; of the eigenvalues of the
closed loop system Ay — ByKo. Namely, by + Z?:_Ol k1:T; , is the product of

eigenvalues. We may simplify this via some algebra as follows:

n—1 n—1
H Ai = by + Z k1iTin
i=0 i=0

n—1 -1 -1 )
:bo‘f’Zﬂm (((n . >)\+ <n >€> en_l_z—az)
e 1 1—1

ey n-l — ) n—1 o '
- bO B Z a; + Z ,—Ti,n (n 1) et +A Z ﬂm (n ) 1) 6”7177,
i=0 i—=0 1—1 i

=0

b C
=b+ A

We may select € > 0 so that ¢ # 0 otherwise 7;,, = 0 for all 7 which would
contradict invertibility of 7. Therefore [[7-) ); is linear in A\. By driving
A — oo, then |I]'2) Ai| — oo is unbounded. Select A so that |b+ Ac| > 1. By
the pigeonhole principle, at least one of the eigenvalues of Ay — By K» must have
a magnitude greater than 1 and therefore the system is unstable. Therefore
the controller KyTy, = K\T\Ty 'Ty = KT} = K makes the system (A, By)
unstable. Hence, K simultaneously stabilizes (A;, By) but destabilizes (A, Bs).

According to Lemma B.4.2, when (A, B) = (A*, B*) then for any K:
m[z}xﬁ((A, B),K,U) = max lo*2tr(U)| < oo,
since U are bounded by assumption. Furthermore, we have just shown that

there always exists a K that destabilizes any controller (A, B) # (A*, B*) while
stabilizing (A*, B*). Therefore:

max £((4, B), K,U) = ox,
for any system (A, B) # (A*, B*). Therefore:

(rg}Bn)rgl(égﬁ((A, B),K.U) = (A%, B").

It is well known that ordinary least squares is a consistent estimator when the
noise is exogenous, as it is here. Therefore the maximum likelihood solution

also yields (A*, B*) in expectation. ]

RKHS & Practical Implementation
Since P € P is a stochastic model in general, then the inner expectation of the

loss in def (4.5.1) over P involves sampling x from P(-|s, a) and computing the
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empirical average of V(x). In general this can be computationally demand-
ing if S is high dimensional and P does not have a closed form, requiring
MCMC estimates or variational estimates [139, 73]. However, in practice, most
parametrizations of models use nice distributions, such as gaussians, from which
sampling is efficient. This issue is similarly present in other decision-aware

literature [e.g., 59].

The estimator based on Eq (4.8) requires solving a minimax problem which is
often computationally challenging. One approach might be to set-up GAN-style

neural networks and use higher order gradient descent [74, 178].

If we have access to a kernel, say radial basis function (RBF), then the inner
maximization over w,V has a closed form when W x V correspond to a
reproducing kernel Hilbert space (RKHS), Hy with kernel K. In particular, in
similar spirit to [134, 62, 208] we have

Proposition B.4.3 (Closed form exists in RKHS). Assume WV = {(w(s,a), V(s)) :
(WV,wV)y, < Lw : X - RV : § — R}. Let (-}, be an inner
product on Hy satisfying the reproducing kernel property w(s,a)V(s') =
(WV, K((s,a,8"),))a,. The term max(, vyewy L(w, V., P)* has a closed form:

L(w,V,P)* = E(, 4.9~ * (8,8, )~ *
|

Proof for Prop B.4.3. Recall that by the reproducing property of kernel K in
the RKHS space Hg then (f, K)py, for any f € Hg. Starting from Def 4.5.1,

L(w,V, P)* = E(sa.5)~Dy ()P (1.0 [0(5, @) (Bop(psn) [V ()] = V(') ]2

= E(sa.s 0Dy ()P (s PIsa) (S, )V (2) — w(s, )V (s)]*

= Efs.a,8' )~Dr, ()P (lsa)PCIsa) [(WV, K (5,0, 2), ), — (WV, K((5,a,5), )]
= (wV, (wV)")3,

where (wV)*(+) = E(s,0,5 )~ Dy (-) P*(5,0) P(-|5,a) [K((s,a,z),") — K((s,a,5,")].
By Cauchy-Schwarz and the fact that wV is within a unit ball, then

Jax Liw, f,V)* = max (wV, (wV)7)y, = (V)" = (V)" (@V) ),
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Expanding,

Py L £V

= (V)" (wV) "),

8
&
~—
~—
|
Ja
—~

\.CID
8
C’J\

Pt

= (E(s,0,5' 2)~ Dy (-)P*(-|s,0) P(-|s.) [ K ((

/Dﬂ'b P* ~/|~ ~)P(i"§,d)(K((§,d,i‘),-) _K((gﬂd7§/)">>7>

Hi
= /Dﬂb(s,a)P*(s’\s,a)P(x\s,a)D,rb(é, a)P*(s'|3,a)P(z|3,a)

x (K((s,a,z),") — K((s,a,s"),"), K((5,a,7), ) — K((3,a,§, N, -

By linearity of the inner product, the reproducing kernel property we get:

L
Wi L SV

= E(s a,s',x)~Dxr, P*P,(3,a,5 :ic)ND,TbP*P[K((Sa a, .T), (ga d?
z
)

z) (
K((s,a,5), (5,4, %)) + K((s,a,5), (5,4,5))]
z)

+ K((s,a,5), (S a,5))],
where for the last equality we used the fact that K is symmetric. O]
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B.5 Experiments
Environment Descriptions
LQR

The LQR domain is a 1D stochastic environment with true dynamics: P*(s'|s,a) =
s—.5a+w* where w* ~ N(0,.01%). We let zg ~ N(1,.1%). The reward function
is R(s,a) = —(s 4+ a) and v = .9. We use a finite class P consisting of all
deterministic models P = {P,(s'|s,a) = (1 +x/10)s — (.5 + 2 /10)a|z € [0, M]}
where we vary M € {2,3,...,19}. We write (A*, B*) = Py(s'|s,a) = A*s+ B*a,

the deterministic version of P*.

Cartpole

We use the standard Cartpole benchmark (OpenAl, [30]). The state space is
a tuple (z,4,6,0) representing the position of the cart, velocity of the cart,
angle of the pole and angular velocity of the pole, respectively. The action
space is discrete given by pushing the car to the left or pushing the car to the
right. We add N(0,.001?) Gaussian noise to each component of the state to
make the dynamics stochastic. We consider the infinite horizon setting with
~v = .98. The reward function is modified to be a function of angle and location
R(s,0) = (2 — 0/0max) * (2 — 8/Smax) — 1) rather than 0/1 to make the OPE

problem more challenging.

Inverted Pendulum (IP)

We consider the infinite horizon setting with v = .98. The state space is
a tuple (,0) representing the angle of the pole and angular velocity of the
pole, respectively. The action space A = R is continuous representing a
clockwise or counterclockwise force. The reward function is a clipped quadratic
function R([6, 4], a) = min(((# + 7) mod 27 — 7)% 4 .16 + .001u?, 100). This
IP environment has a Runge-Kutta(4) integrator [51] rather than Forwrd Euler
and, thus, produces more realistic data. The mass of the rod is .25 and the
length .5.

Experiment Descriptions
LQR OPE/OPO

OPE. We aim to evaluate 7(a|s) = N(1.3s,.1%2). We ensure V.’ € V for all
P € P by solving the equations in Lemma B.4.1. We ensure W*" € W using
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Equation (B.7). We derive 1-d equations for VAML analogous to Lemma B.4.2).
Finally, we know MLE gives (A*, B*) in expectation (see Prop 4.5.3).

Metric: We compute |(J(r, P) — J(x, P*))|, the OPE error.

OPO. Similarly as in OPE, we ensure that all MML realizability assumptions
hold. This means as we increase P then we have to increase the sizes of both
W and V now instead of just V as in OPE. Once again MLE gives (A*, B*) in
expectation (see Prop 4.5.3) and we evaluate VAML using equations analogous
to those in Lemma B.4.2). With this, we produce Figure B.1 (right). By
increasing P, we also have more policies {7}, } pcp we may consider. Instead
of selecting one for OPE, for each 7 € {n},} pcp we calculate the OPE error.
We aggregate across all {n5}pep by taking the average of the OPE errors and
the worst-case, which can be seen in Figure B.1 (left). Metric: We compute
|(J (7%, P) — J(wh., P¥))|, the OPO error.

Note: All calculations in LQR OPE/OPO are in expectation so no error bars

need be included.

Verifiability. With the same setup as in OPE, now randomly sample 100k
points in the interval [—3,3] x [—3,3], which is the support of the LQR
system. We rerun the same experiment as in OPE except now we add w ~
N(0,€) noise to V- € V where € € {0,.2,...,.8,1}. We evaluate the error
|(J(, P) — J(m, P*))| over the 100k samples rather than in expectation as
before. We run 5 seeds and present the mean over the seeds with standard
error. We smooth the resulting mean with a moving average filter of size 3.

The result can be seen in Figure 4.2 (right).

Cartpole OPE

Each P € P takes the form s’ ~ N (u(s,a),o(s,a)), where a NN outputs a
mean, and logvariance representing a normal distribution around the next
state. Each model has a two hidden layers and with 64 units each and ReLLU
activation with final linear layer. We generate the behavior and target policy
using a near-perfect DDQN-based policy () with a final softmax layer and
adjustable parameter 7: 7(a|s) o exp(Q(s,a)/T). The behavior policy has
7 = 1, while the target policy has 7 = 1.5. We truncate all rollouts at 1000
time steps and we calculate the true expected value using the Monte Carlo

average of 10000 rollouts.
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We model the class WV as a RKHS as in Lemma B.4.3 with an RBF kernel.
We do the same for VAML. The RKHS kernel we use for MML and VAML is
given by K(s,a,s") = K;(s)Ks2(a)K3(s") and K3(s') respectively where K; are
Gaussian Radial Basis Function (RBF) kernels with a bandwidth equal to the
median of the pair-wise distances for each coordinate (s, a, s’ independently)
over the batch.

For MML, we sample from P a total of 5 times and take the empirical mean

to calculate the expectation over P for the RKHS formula given in B.4.3.

We run 20000 batches of size 128 and normalize the data over the batch. Our
learning rate is 107 and we use Adam [107] optimizer. The estimate we use is
the mean over the last 10 batches. We run 5 random seeds per dataset size,

and plot the log-relative MSE with standard error in Figure 4.3.

Note: These hyperparameters remain the same across the different loss func-

tions.

Metric: We compare the methods using the log-relative MSE metric:

(J(x, P) = J(m, P))?
8L T 7Y — (o, 1))

which is negative when the OPE estimate J(m, ]3) is superior to the on-policy

~

estimate J(m,, P). The more negative, the better the estimate. To calculate

J(m, P) we run 100 trajectories in P and take the mean.

Inverted Pendulum OPO

We generate the behavior data using a noisy feedback-linearized controller:
mp(als) is uniformly random with probability .3 and is a feedback-linearized
LQR controller (FLC) with probability .7 where we use the FLC corresponding
to LQR matrices Q) = 21549, R = I542. We truncate all rollouts at 200 time
steps. We fit 4 feed-forward neural networks representing Py, ..., P, where each
is a deterministic model with two layers of 16 weights and a Tanh activation
followed with Linear. We use Adam [107] optimizer with 107 as the learning
rate. Using different batches of size 64 on each P; and perform 5000 iterations

for each model.

The RKHS kernel we use for MML and VAML is given by K(s,a,s’) =
K (s)Ky(a)K3(s") and K3(s') respectively where K; are Gaussian Radial Basis
Function (RBF) kernels with a bandwidth equal to 1.
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For MML, we only sample from P once to calculate the expectation over P for

the RKHS formula given in B.4.3, since P is deterministic.

Now we have P(s'|s,a) = + 31—, Pi(s'|s, a). We calculate « = Median({|| P;(s, a)—
Sle:jell,...,4],(s,a,8) € X C D}) where X is 10000 random samples
from the dataset. We form an a-USAD (see MOREL Section B.5) and con-
struct a pessimistic MDP (P, R) (see Section B.5). We use PPO as our policy
optimizer with the default settings from [169]. We run PPO three times in
the pessimistic MDP and take the policy that performs the best and report
its performance. We keep track of the running maximum as we increase the
dataset size. We plot the mean of the running maximums over the five seeds

including standard error bars in Figure 4.4.

Note: These hyperparameters remain the same across the different loss func-

tions.

Metric: We look at the performance J (7r}*3, P*) of a policy and compare it to
7", learned from PPO. To calculate J(W}%, P*) we run 100 trajectories in P*

and take the mean.

MOREL

We give a brief explanation of MOREL [106] and its construction. The objective
of MOREL is to make sure that the policy we learn does not take advantage of
the errors in the simulator P. If there are errors in P then a policy may think
the agent can perform a particular state transition (s, a,s’) and R(s’,a’) has
high reward for some action a’. However, it’s possible that such a transition
(s,a,s’) may not occur in the true environment. Therefore, we modify our

model P(s'|s,a) in the following way:

- Terminate episode U*(s,a) =1
P(s'ls,a) = )
P(s'|s,a) otherwise
where U%(s,a) = 1 if max;c(1034 [|[Pi(s']s,a) — P(s'|s,a)|| > «, otherwise 0.
In other words, we’ve modified the transition dynamics so that we do not trust
our model P unless all the P; are in agreement. We also modify our reward to
be

. -100 U%(s,a) =1
R(S,CL) = )

R(s,a) otherwise
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where —100 is chosen this value is well below any reward that the Inverted
Pendulum environment generates. Similarly, we penalize our policy for entering

a state where we are uncertain. Together, this creates a pessimistic MDP.

Additional Experiments

0.10 — MML
MLE, VAML, (A*,B*)

o
=
&

o
=)
3

o
o
e

OFPE Error, |/(r1, P) —J(r, P")|
OPO Error, /(115 , P) = J(1tp-, P )|

—— MML means
MML maxs

o
9
N}

—— MLE, VAML, (A *, B*) means
—— MLE, VAML, (A *, B *) maxs

o
=)
3

2 4 6 8 10 12 14 2 4 6 8 10 12 14
Number of Models, [P| (= W] =) Number of Models, [P| (= |W|=/V])

Figure B.1:  (LQR) As we increase |W|, |V| then MML is forced to be robust
to too many OPE problems and settles for the system (A*, B*) since this is the
only system robust to the most OPE problems.

In the experiments for Figure B.1, we consider what happens when we satisfy
the realizability conditions for OPO. As we increase |P|, we must also increase
IW|, |V| because each P € P induces an optimal policy 7} to which we have
to make sure wfg € W and VFIZ €V for VP, € P. In a sense, we are adding
more OPE problems for MML to be robust to. In particular, we now have
more policies {75} pep to consider. As described earlier, for each m € {75} pep
we calculate the OPE error. We aggregate across all {75} pep by taking the
average of the OPE errors and the worst-case, which can be seen in Figure B.1
(left). We plot the OPO error in Figure B.1 (right). What we see is that while
|P| is small, MML is able to be robust to a certain number of OPE problems.
But as we increase the number of OPE problems the average and max error
increases until all methods select the same model, which is the OPO-optimal
model, (A*, B¥).
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Appendix C

CHAPTER 3 APPENDIX

C.1 Preliminaries to Analysis of Fitted Q Evaluation (FQE)
In this section, we set-up necessary notations and definitions for the theoretical
analysis of FQE. To simplify the presentation, we will focus exclusively on

weighted ¢ norm for error analysis.

With the definitions and assumptions presented in this section, we will present
the sample complexity guarantee of Fitted-Q-Evaluation (FQE) in appendix
C.2.

While it is possible to adapt proofs from related algorithms [150, 12] to analyze
FQE, in the next two sections we show improved convergence rate from O(n=*)

to O(n=?), where n is the number of samples in data set D.

Our notation for @ function is similar to the RL literature — the only difference
is that the optimal policy minimizes Q(s, a) instead of maximizing. We denote
the bound on the value function as C' (alternatively if the single timestep cost

is bounded by ¢, then C' = ).

1=y

Bellman operators
The Bellman optimality operator T : B(X;C) — B(X;C) as:

(TQ)(s,a) = c(s,a) + 743123@(5',@')13(@';3,@). (C.1)
The optimal value functions are defined as usual by C*(s) = sup C™(s) and

Q*(s,a) =supQ™(s,a) V(s,a) € X.

For a given policy 7, the Bellman evaluation operator T™ : B(X;C) — B(X;C)

as:

(T™Q)(s,a) = c(s,a) + v/sQ(s’,W(s'))P(ds’b, a). (C.2)
It is well known that T™Q™ = ™, a fixed point of the T™ operator.

Data distribution and weighted /> norm
Denote the state-action data generating distribution as u, induced by some

data-generating (behavior) policy mp, that is, (s;, a;) ~ u for (s;,a;, s, ¢;) € D.

Note that data set D is formed by multiple trajectories generated by 7p. For
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each (s;,a;), we have s, ~ P(:|s;,a;) and ¢; = ¢(s;,a;). For any (measur-
able) function f : X +— R, define the p-weighted 5 norm of f as Hf||i =
[x f(s,a)?u(ds,da) = [y f(s,a)*us(ds)mp(alds). Similarly for any other state-
action distribution p, ||f||/2J = [y f(s,a)*p(ds,da).

Inherent Bellman error

FQE depends on a chosen function class F to approximate Q(s,a). To express
how well the Bellman operator T¢g can be approximated by a function in the
policy class F, when Tg ¢ F, a notion of distance, known as inherent Bellman
error was first proposed by [147] and used in the analysis of related ADP
algorithms [150, 148, 11, 12, 119, 118, 120, 140].

Definition C.1.1 (Inherent Bellman Error). Given a function class F and a

chosen distribution p, the inherent Bellman error of F is defined as:
dp = d(F,TF) = sup inf |If —Thll,,

where ||-|| ) is the p—weighted ¢, norm and T is the Bellman optimality operator
defined in (C.1).

To analyze FQE, we will form a similar definition for the Bellman evaluation

operator

Definition C.1.2 (Inherent Bellman Evaluation Error). Given a function class

F and a policy , the inherent Bellman evaluation error of F is defined as:
di. = d(F,T"F) = inf || f —T"h|
r = d ) = sup inf ||f I,

where |||, is the £, norm weighted by pr. pr is defined as the state-action

distribution induced by policy 7, and T™ is the Bellman operator defined in

(C.2)

Concentration coefficients
Let P™ denote the operator acting on f : X — R such that (P"f)(s,a) =
[s f(s',m(s"))P(s'|s,a)ds’. Acting on f (e.g., approximates @), P™ captures

the transition dynamics of taking action a and following 7 thereafters.

The following definition and assumption are standard in the analysis of related
approximate dynamic programming algorithms [118, 150, 11]. As approximate
value iteration and policy iteration algorithms perform policy update, the new

policy at each round will induce a different stationary state-action distribution.
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One way to quantify the distribution shift is the notion of concentrability
coefficient of future state-action distribution, a variant of the notion introduced
by [147].

Definition C.1.3 (Concentration coefficient of state-action distribution).

Given data generating distribution p ~ mp, initial state distribution dy. For

m > 0, and an arbitrary sequence of stationary policies {m, }m>1 let

d(dgP™ P™ ... P™)
dp L

(Bu(m) = oo if the future state distribution doP™P™ ... P™ is not absolutely

continuous w.r.t. u, i.e, dgP™ P™ ... P™(s,a) > 0 for some u(s,a) =0)

Bu(m) = sup

Ty Tm

Assumption C.1. 3, = (1 —7)? > my™ 'B,.(m) < .
m>1

Combination Lock Example. An example of an MDP that violates As-
sumption C.1 is the “combination lock” example proposed by [109]. In this
finite MDP, we have N states S = {1,2,..., N}, and 2 actions: going L or R.
The initial state is so = 1. In any state z, action L takes agent back to initial
state sg, and action R advances the agent to the next state x + 1 in a chain
fashion. Suppose that the reward is 0 everywhere except for the very last state
N. One can see that for an MDP such that any behavior policy 7p that has
a bounded from below probability of taking action L from any state x, i.e.,
mp(L|s) > v > 0, then it takes an exponential number of trajectories to learn
or evaluate a policy that always takes action R. In this setting, we can see

that the concentration coefficient 3, can be designed to be arbitrarily large.

Complexity measure of function class F

Definition C.1.4 (Random L; Norm Covers). Let € > 0, let F be a set of
functions S — R, let s = (s1,...,,) be n fixed points in S. Then a collection

of functions F. = {f1,..., fn} is an e-cover of F on s} if
1& 1&
VfeF,3f e F.: be(sz) — ng’(sZﬂ <e.
i=1 i=1

The empirical covering number, denote by Ni (e, F, s7), is the size of the smallest

e-cover on st. Take N(e,F, st) = oo if no finite e-cover exists.

Definition C.1.5 (Pseudo-Dimension). A real-valued function class F has

pseudo-dimension dimp defined as the VC dimension of the function class
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induced by the sub-level set of functions of F. In other words, define function
class H = {(s,y) — sign(f(s) —y) : f € F}, then

dimp = VC-dimension(H).

C.2 Generalization Analysis of Fitted Q Evaluation
In this section we prove the following statement for Fitted Q Evaluation (FQE).

Theorem C.2.1 (Guarantee for FQE - General Case (theorem 5.2.1)). Under
Assumption C.1, fore >0 & § € (0,1), after K z'temtz'ons of Fitted () Fvaluation
(Algorithm 3), for n = O( (log & 5 tdimp log * +log d1mF)>, we have with
probability 1 — 6:

K20
‘ ‘— (1= ) (@(ngj%)*(fv_v)m)'

Theorem C.2.2 (Guarantee for FQE - Bellman Realizable Case). Under
Assumptions C.1-C.2, for any ¢ > 0,5 € (0,1), after K iterations of Fit-
ted Q Fvaluation (Algorithm 3), when n > 24'26124'54 (log 5 T dimp log =5~ 3200 +
log(14e(dimp + 1))), we have with probability 1 — o

A1/2

2NE2C
Q(m) — Qx(x \—7)3/2(\/@ (77)1/2)-

We first focus on theorem C.2.2; analyzing FQE assuming a sufficiently rich
function class F so that the Bellman evaluation update T is closed wrt F (thus
inherent Bellman evaluation error is 0). We call this the Bellman evaluation
realizability assumption. This assumption simplifies the presentation of our

bounds.

After analyzing FQE under this Bellman realizable setting, we will turn to
error bound for general, non-realizable setting in theorem C.2.1 (also theorem
5.2.1). The main difference in the non-realizable setting is the appearance of

an extra term df our final bound.

Error bound for single iteration - Bellman realizable case

Assumption C.2 (Bellman evaluation realizability). We consider function classes
F sufficiently rich so that Vf, T"f € F.

We begin with the following result bounding the error for a single iteration of

FQE, under “training” distribution p ~ mp.
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Proposition C.2.3 (Error bound for single iteration). Let the functions in F
also be bounded by C, and let dimp denote the pseudo-dimension of the function

class F. We have with probability at least 1 — §:

|Qr — T"Qr—1ll, <e,
when n > 22401 <log% + dimg log 2297 1 log(14e(dimp + 1)))

Remark C.2.4. Note from proposition C.2.3 that the dependence of sample
complexity n here on € is 6(6%), which is better than previously known analysis
for Fitted Value Iteration [150] and FittedPolicy@ (continuous version of Fitted
Q Iteration [11]) dependence of 6(}4) The finite sample analysis of LSTD
[119] showed an 6(6%) dependence using linear function approximation. Here
we prove similar convergence rate for general non-linear (bounded) function

approximators.

Proof of Proposition C.2.3. Recall the training target in round k is y; =
¢ + YQr-1(s,,m(s))) for i = 1,2,...,n, and Qr € F is the solution to the

following regression problem:

Qr = arg min 1 Z(f(sz, ai) — yi)?.

fer Moy
Consider random variables (s,a) ~ p and y = ¢(s,a) + YQr-1(s', 7(s")) where
s' ~ p(:|s,a). By this definition, T"Qy_ is the regression function that mini-
mizes square loss h;RmeiEHREM(S’ a) —y|? out of all functions h (not necessarily
in F). This is due to (T"Qx_1)(8,a) = E[y|s = §,a = a] by definition of the
Bellman operator. Consider ;1 fixed and we now want to relate the learned
function @), over finite set of n samples with the regression function over the
whole data distribution via uniform deviation bound. We use the following

lemma:

Lemma C.2.5 ([76], theorem 11.4. Original version [124], theorem 3). Consider
random vector (X,Y) and n i.i.d samples (X;,Y;). Let m(z) be the (optimal)
regression function under square loss m(x) = E[Y|X = z|. Assume |Y| < B
a.s. and B < 1. Let F be a set of function f : RY — R and let |f(z)| < B.
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Then for each n > 1
1 n
P{3F € FHBIF(X) ~ VP~ Epn(x) - ¥E ~ L3 (1706) - Vi
i=1

() = V) 2 ¢ (o + 8+ BLCO - VP - () - YY) |

Be (1 —e)an
<14 F Bt
< lsup s (203 )P\ T+ 0Bt )

where a, >0 and 0 < e < 1/2

To apply this lemma, first note that since T™(Q),_; is the optimal regression

function!, we have:
Eu [(Qk(s,a) —y)]
=E, [(Qk(s, a) — T"Qx_1(s,a) + T"Qr_1(s,a) — y)z}

=B, [(Qk(5,0) — T"Qs-1(5,0))*] + E,[(T"Qp-1(5,0) — 9)*] .
Thus
1Qk = T"Qx1 2 = E [(Qk(s,0) = T"Qx-1(s, a))?]
= E [(Qu(s,0) = y)°] =B [(T"Qk-1(s,a) — )*] .
where by definition
E [(Qk(s,0) = T"Qu-1(5,0)] = [ (Quls,0) = T"Qi-1(s,))” plde, da)

:/ (Qk(s,a) s, )y (dz)mp (aldr)
Next, given a fixed data set Dy ~ L,
PLQu — T Q|| > ¢} (C.3)

- P{E (Qu(s,0) — 9)?] —E [(TQur(s,a) — 9)?] > }
< P{E[(Gi50) = 1) - B[TGus50) - 1Y)

|

Tt is easy to see that if m(x) = E[y|s] is the regression function then for any function

f(x), we have E[(f(z) — m(z))(m(z) —y) = 0]

zj: ka Szaaz) yz) - ii(Tka 1(517(12) yz) > }
(C.4)

§M—‘
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= P{E [(Qk(s, a) — y)Q] -E [(TﬂQk—l(S’ a) — yﬂ
_;ﬁm@A%%%wﬁ—UW%A@ﬂﬂ—Wﬂ

i=1

> SB[l 0] B[ Qs - 7]} (©3)

< P{Elf €EF:E [(f(s,a) - y)Q] —E [(TWQk—l(&a) - y)Q]
5 (o) =0 = (T Qea(ow ) ~ o]
> 55+ 5 B[00~ 7] - B[00 - 7))
< 1sup N; (8060 F,x?) exp (—24’;404) (C.6)

Equation (C.4) uses the definition of Q; = argmin = 7 (f(si, a;) — y;)? and
feF

the fact that T"Q,_, € F, thus making the extra term a positive addition.

Equation (C.5) is due to rearranging the terms. Equation (C.6) is an application

of lemma C.2.5. We can further bound the empirical covering number by

invoking the following lemma due to Haussler [87]:

Lemma C.2.6 ([87], Corollary 3). For any set X, any points z%" € X",

any class F of functions on X taking values in [0, C| with pseudo-dimension

dimp < o0, and any € > 0:

2 =\ dimp
Ni(e,F,2}) < e(dimp + 1) <€C> :
€

Applying lemma C.2.6 to equation (C.6), we have the inequality

) , . 32002\ ™ ne
Iquw@“m>§SMemmH% =) e (o)

(C.7)

Thus, when n > 26241 (log% + dimg log 222 4 log(14e(dimp + 1))):

1Qk = T Qe ], < e,
with probability at least 1 —4. Notice that the dependence of sample complexity
n here on € is 5(6%), which is better than previously known analyses for other
approximate dynamic programming algorithms such as Fitted Value Iteration
[150], FittedPolicyQ [12, 11] with dependence of O(Z).
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Error bound for single iteration - Bellman non-realizable case
We now give similar error bound for the general case, where Assumption C.2

does not hold. Consider the decomposition
1Qr — Tﬂ@quQ (C.8)
— E[(Qu(s,@) = 9)?] —E[(T"Qs1(5.0) — )’

{[@k( @) — 5]~ E [(TQu1(5,0) — 9]

ﬁ.—.

+ {2 : (n Zn:(Qk(Si, a;) — yi)* — :LG:(T Qr-1(si, ai) — yl)2> }

i=1
= component_1 + component_2.

Splitting the probability of error into two separate bounds. We saw from the

previous section (equation (C.7)) that

64002\ 4™
P(component_1 > ¢/2) < 14-¢- (dimp + 1) ( ; ) - exp (_48-721;404)

(C.9)
We no longer have component_2 < 0 since T"Qy_1 ¢ F. Let

fr=arginf ||f — T"Qp-1| .
feF
Since Q) = argmin = Z 1(f(s4,a;) — y;)?, we can upper-bound component_2

feF
by

n n

component 2 < 2 - (711 Z(f*(si, a;) — yi)z - iZ(Tﬂle(Sia a;) — y1>2>

i=1 i=1
We can treat f* as a fixed function, unlike random function @), and use

standard concentration inequalities to bound the empirical average from the
expectation. Let random variable z = ((s,a),v), z; = ((si, @), y:),i=1,...,n
and let

h(z) = (f"(s,a) = y)* = (T"Qu-1(s,0) — y)*.
We have |h(z)| < 4C?. We will derive a bound for

1 n
p ( S h(z) — Bh(z) > i + Eh(z)> ,
[t
using Bernstein inequality[145]. First, using the relationship h(z) = (f*(s,a) +
T"Qr-1(s,a)—2y)(f*(s,a)—T"Qr_1(s, a)), the variance of h(z) can be bounded
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by a constant factor of Eh(z), since
Var(h(z)) < Eh(2)? < 16C7E [(f*(s, a) — T"Qx-1(s, ))?]
=16C* (E [(f*(s,a) — v)*| = E [(T"Qk-1(s,0) = )?])  (C.10)
= 16C°Eh(z). (C.11)
Equation (C.10) stems from T"Qj_; being the optimal regression function.

Now we can apply equation (C.11) and Bernstein inequality to obtain

p (i é h(=) ~Eh(z) > S + ]Eh(z))

1n
<P (-3 h(z)—Eh Yarin\z))
= (n; (20) Eh(z) > 1+ 5

"\4 C: ni{y ar
(5 + 255) (g + Yar)
- <_2"ar+24? () o) G )

16C2 16C2
e | Var
Thus
P (2 - E > hl=) - 28h(2)| > ;) < exp (—4?’6 . ?;) (C.12)

Now we have

1 & 1 &

component_2 <2-—Y h(z)=2- [ > h(z)— QEh(z)] +4Eh(z).
i=1 iz

Using again the fact that T"Qy_; is the optimal regression function

Eh(z) = Ep {(f*(S, a) — yﬂ —Ep [(TﬂQk—ﬂSa a) — y)2]
—Ep [((5,0) — T°Qu1(5,0)]

= }2£ [ Tﬂ@lwl“i' (C.13)
Combining equations (C.9), (C.12) and (C.13), we can conclude that
P{Qk = T" Qi — 4inf [|f = T"Qua}, > €} (C.14)
64007\ " ne 3 ne
< 14.-e-(di 1 . - - .
= e (dime )< ¢ ) eXp( 48-214C4>+6Xp< 416 (J?)’
implying
P{1Q = T"Qsall, = 2inf [|f = T"Qusl,, > €} (C.15)

< 14-e-(dim + 1) 64002\ ¥ ne N 3 ne
A 1im - eX —_———— ex _—— s = |.
= ¥ e P\ 748 21408 P\7 16 T2

(C.16)
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We now can further upper-bound the term
. _ T < . _ T ! — us
2inf If = T"Qu-ll, < 2;@;2;”]0 T f'l],, = 2dg,
(the worst-case inherent Bellman evaluation error), leading to the final bound

for the Bellman non-realizable case.

One may wish to further remove the inherent Bellman evaluation error from
our error bound. However, counter-examples exist where the inherent Bellman
error cannot generally be estimated using function approximation (see section
11.6 of [191]). Fortunately, inherent Bellman error can be driven to be small
by choosing rich function class F (low bias), at the expense of more samples

requirement (higher variance, through higher pseudo-dimension dimg).

While the bound in (C.16) looks more complicated than the Bellman realizable

case in equation C.7, note that the convergence rate will still be O(#)

Bounding the error across iterations

Previous sub-sections C.2 and C.2 have analyzed the error of FQE for a single
iteration in Bellman realizable and non-realizable case. We now analyze how
errors from different iterations flow through the FQE algorithm. The proof
borrows the idea from lemma 3 and 4 of [150] for fitted value iteration (for
value function V' instead of ), with appropriate modifications for our off-policy

evaluation context.

Recall that C™, Q™ denote the true value function and action-value function,
respectively, under the evaluation policy 7. And Cx = E[Qk (s, 7(s))] denote
the value function associated with the returned function @k from algorithm 3.
Our goal is to bound the difference C™ — Cx between the true value function

and the estimated value of the returned function Qg.

Let the unknown state-action distribution induced by the evaluation policy 7
be p. We first bound the loss [|Q™ — Qk /||, under the “test-time” distribution
p of (s,a), which differs from the state-action p induced by data-generating
policy mp. We will then lift the loss bound from Qx to Ck.

Step 1: Upper-bound the value estimation error

Let €1 = Qr — T™Qr_1 € X,C. We have for every k that
QT —Qr=T"Q" = T"Q)_1 + €41 (Q7 is fixed point of T7)
=YP™(Q" — Qr-1) + €1
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Thus by simple recursion

K-1
Qw o QK — Z ’)/K_k_l(PTF)K_k_lek + IYK(PTF)K<Q7T _ QO)

k=0
11— ’VK_H [Iil (1 — ’Y)’YK_k_l (Pn)kafl
= —— 6k
1 — ¥ = 1 — 7K+1
A= ek
+ 1—77[{“0 ) (Q™ — Qo)
1 — +1 [K-1
= T lz o Ager + (XKAK(QW — QO)] , (Cl?)
T Lk=0
where for simplicity of notations, we denote
(L =)y (L=
Q. = 1_7K+1 fOI'k'<K,O[K:1_77I(+1

Ak — (Pﬂ->K7k71,AK — <P7r>K
Note that Aj’s are probability kernels and a;’s are deliberately chosen such
that Zk A = 1.

We can apply point-wise absolute value on both sides of (C.17) with |f| being
the short-hand notation for | f(s, a)| and inequality holds point-wise. By triangle

inequalities:

K+1
k=0

11—

Step 2: Bounding |[Q" — Qk||, for any unknown distribution p. To

handle distribution shift from p to p, we decompose the loss as follows:

17 = @il = [ pld, da) (Q7(s,0) - Q(s,0))

'1_,YK+1'2 r/K—1 2
N / (Z oAk ler| + o Ax|Q" — Qo|> (s, a)] (from(C.18))
L =7 L\ k=0
[1 — A5+ 2 TK-1
= 1 _~ / > ap(Arer)® + ar(Ar(Q* — QO)ﬂ (s,a) (Jensen)
L -7 L k=0
1 — ,yK+1' 2 TK-1
= 14 / akAkEi +agAr(Q" — QO)Q] (5,a). (Jensen)

Using assumption C assumption 5.1), we can bound each term pAy as:

(
pAy, = p(PT)E 1 < 1B, (K — k — 1). (definition C.1.3)

Thus
Q" —Qxll, [ 1-79 "2 ) ) -
i S [T 0K kDl e (2O
1—v -
Assumption C.1 (stronger than necessary for proof of FQE) can be used to
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upper-bound the first order concentration coefficient:

7) 23" Bum) < 57— S [(1 -7 mvmlﬁu(m)] = 1%%

m>0 m>1

This gives the upper-bound for [|Q™ — @ KH?) as

) _ [1—9"1° gl 2
HQw_QKHpgl . ] l(l—v)( _VKH)B#HI]?XH%HM (C.19)

v 1
o]
< T [ el + (1= a0
< sl + L O)
Using a® +0* < (a + b)2 for nonnegative a, b, we conclude that
Q" — Qxkll, < RESEE (@max lexll, + K/§1/22C> . (C.20)

Step 3: Desired Bound Now we can choose p to be the state-action distri-
bution by the evaluation policy m. The error bound on the value function )
follows simply by integrating inequality (C.20) over state-action pairs induced
by 7. The final error across iterations can be related to individual iteration

error by
Q™ — Qx| < g7 <\/5jmax lexll,, + )1/220> . (C.21)

Finite-sample guarantees for Fitted Q Evaluation
Combining results from (C.7), (C.16) and (C.21), we have the final guarantees

for FQE under both realizable and general cases.

Realizable Case - Proof of theorem C.2.2. From (C.7), when n > N* =
24‘261%54 (log £ + dimp log 328@ + log(14e(dimp + 1))), we have [|eg|, < e with
probability at least 1 — /K for any 0 < k < K. Thus we conclude that for any
€>0,0 <0 <1, after K iterations of Fitted Q Evaluation, the value estimate

returned by @)g satisfies:
1/2 K/2

Ty (Ve o)

Q™ — Qx| < —1

holds with probability 1 —¢§ when n > N*. This concludes the proof of theorem
C.2.2.

Non-realizable Case - Proof of theorem C.2.1 and theorem 5.2.1.
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Similarly, from (C.16) we have

P{1Qk = T"Qsall, — 2 inf [|f = T"Qusl,, > €} (C.22)
< 14-e (dimp + 1) 64002\ ¥ ne N 3 ne

A 1im - exX —_———— ex _—— s = .
= F e P\ 748 2140 P76 T2

Since infrep || f — T"Qr-1ll, < supjepinfrer || f —T7h||, = di (the inherent
Bellman evaluation error), similar arguments to the realizable case lead to the

conclusion that for any € > 0,0 < § < 1, after K iterations of FQE:

1/2 K/2 _
Q" — Qx| < (117)3/2 (@(mg )+ (117)1/220>

holds with probability 1 — ¢ when n = O(%(log % + dimp log g + log dimF)),
thus finishes the proof of theorem C.2.1.

Note that in both cases, the 5(}2) dependency of n is significant improvement
over previous finite-sample analysis of related approximate dynamic program-
ming algorithms [150, 12, 11]. This dependency matches that of previous
analysis using linear function approximators from [118, 119] for LSTD and
LSPI algorithms. Here our analysis, using similar assumptions, is applicable
for general non-linear, bounded function classes, which is an improvement
over convergence rate of O(-;) in related approximate dynamic programming

A
algorithms [11, 12, 150].
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Appendix D

CHAPTER 4 APPENDIX

D.1 Equivalence between Regularization and Constraint Satisfaction
Formulating Different Regularized Policy Learning Problems as Constrained
Policy Learning

In this section, we provide connections between regularized policy learning
and our constrained formulation (OPT). Although this chapter focuses on
batch policy learning, here we are agnostic between online and batch learning

settings.

Entropy regularized RL. The standard reinforcement learning objective,
cither in online or batch setting, is to find a policy 7}, that minimizes the
long-term cost (equivalent to maximizing the accumulated rewards): 7%, =
argmin > Eg, a0 )onlC(St, ar)] = argmin Es o)y, [c(s, @)]. Maximum entropy
reinforcement learning [78] augments the cost with an entropy term, such
that the optimal policy maximizes its entropy at each visited state: T pnt =
argmin, E oy0p. [c(s,a)] — AH(7(-|s)). As discuseed by [78], the goal is for
the agent to maximize the entropy of the entire trajectory, and not greedily
maximizing entropy at the current time step (i.e., Boltzmann exploration).
Maximum entropy policy learning was first proposed by [232, 231] in the context
of learning from expert demonstrations. Entropy regulazed RL/IL is equivalent
to our problem (OPT) by simply set C(7) = E(s, a,)~r|C(5t; a¢)] (standard RL
objective), and g(s,a) = m(als) logm(a|s), and thus G(7r) = —H(7) < 7.

Smooth imitation learning (& Regularized imitation learning). This
is a constrained imitation learning problem studied by [122]: learning to mimic
smooth behavior in continuous space from human desmonstrations. The data
collected from human demonstrations is considered to be fixed and given a
priori, thus the imitation learning task is also a batch policy learning problem.
The proposed approach from [122] is to view policy learning as a function
regularization problem: policy @ = (f,¢g) is a combination of functions f
and h, where f belongs to some expressive function class F (e.g., decision
trees, neural networks) and h € H with certifiable smoothness property (e.g.,

linear models). Policy learning is the solution to the functional regularization
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problem 7 = argmin; , E,,, || f(s) — 7e(s)| + A||h(s) — 7e(s)||, where 7 is
the expert policy. This constrained imitation learning setting is equivalent to
our problem (OPT) as follows: C(m) = C((f,h)) = Eswp, || f(s) — mg(s)|| and
G(m) = G((f, h)) = minyen [|[W(s) — 7a(s)| < 7.

Regularizing RL with expert demonstrations / Learning from imper-
fect demonstrations. Efficient exploration in RL is a well-known challenge.
Expert demonstrations provide a way around online exploration to reduce
the sample complexity for learning. However, the label budget for expert
demonstrations may be limited, resulting in a sparse coverage of the state
space compared to what the online RL agent can explore [91]. Additionally,
expert demonstrations may be imperfect [157]. Some recent work proposed to
regularize standard RL objective with some deviation measure between the

learning policy and (sparse) expert data [91, 157, 88].

For clarity we focus on the regularized RL objective for Q-learning in [91], which
is defined as J(7) = Jpg(Q) + M1 Jn(Q) + X2 JE(Q) + A3J12(Q), where Jpo(Q)
is the standard deep Q-learning loss, J,, (@) is the n-step return loss, Jg(Q) is the
imitation learning loss given by Jg(Q) = maxaea [Q(s,a) + l(ag,a) — Q(s,ag)],
and Jr2(Q) is an L2 regularization loss applied to the Q-network to prevent
overfitting to a small expert dataset. The regularization parameters \’s are ob-
tained by hyperparameter tuning. This approach provides a bridge between RL
and IL, whose objective functions are fundamentally different (see AggreVate

by [175] for an alternative approach).

We can cast this problem into (OPT) as C(7) = Cpg(Q) + A3Cr2(Q) (stan-
dard RL objective), and two constraints: g¢;(7) = E,.,, [max.ca Q(s,a) +
l(ap,a) — Q(s,ap)], and ga(s,a) = Eeupulor + vei1 + oo + 7" e +
min/, Y Q(S¢4n,a’) — Q(s¢,a)]. Here g; captures the loss w.r.t. expert demon-

strations and g reflects the n-step return constraint.

More generally, one can define the imitation learning constraint as G(7) =
Es ., l(7(s), mg(s)) for an appropriate divergence definition between 7(s) and

7 (s) (defined at states where expert demonstrations are available).

Conservative policy improvement. Many policy search algorithms perform
small policy update steps, requiring the new policy 7 to stay within a neighbor-
hood of the most recent policy iterate 7 to ensure learning stability [125, 179,

146, 3]. This simply corresponds to the definition of G(7) = distance(m, m;) <
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7, where distance is typically K L-divergence or total variation distance be-

tween the distribution induced by 7 and m;. For K L-divergence, the single
m(aIS))

w(als)

timestep cost g(s,a) = —m(als) log(

Equivalence of Regularization and Constraint Viewpoint - Proof of Propo-
sition 6.2.1

Regularization = Constraint: Let A > 0 and 7" be optimal policy
in Regularization. Set 7 = G(7*). Suppose that 7* is not optimal in
Constraint. Then 37 € II such that G(7) < 7 and C(7) < C(7*). We then

have
C(m)+ AN G(r) < C(m*) + X7 =C(*) + N G(7),
which contradicts the optimality of 7* for Regularization problem. Thus 7*

is also the optimal solution of the Constraint problem.

Constraint = Regularization: Given 7 and let 7* be the corresponding

optimal solution of the Constraint problem. The Lagrangian of Constraint

is given by L(m,\) = C(7) + ATG(7), A > 0. Then 7* = arg min max L(m, \).
mell =

Let

A" = arg max min L(m, A).
A>0 mell

Slater’s condition implies strong duality. By strong duality and the strong max-
min property [26], we can exchange the order of maximization and minimization.

Thus 7* is the optimal solution of

meilg[l C(m) + (W) (G(r) — 7).
Removing the constaint (A\*)T7, we have that 7* is the optimal solution of the
Regularization problem with A = A\*. And since 7* # arg min C(7), we must

well
have A* > 0.
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D.2 Convergence Proofs
Convergence of Meta-algorithm - Proof of Proposition 6.3.1

Let us evaluate the empirical primal-dual gap of the Lagrangian after T

iterations:
mas L(7r, ) = max ; > Lime ) (D.1)
< ;, Xt: L(ms, \) + O(TT) (D.2)
< ;;L(w, ) + O(TT) vr e 11 (D.3)
= L(m, ) + O(? V. (D.4)

Equations (D.1) and (D.4) are due to the definition of 77 and Ap and linearity

of L(m,A\) wrt A and the distribution over policies in II. Equation (D.2)

is due to the no-regret property of Online-algorithm. Equation (D.3) is

true since m; is best response wrt \;. Since equation (D.4) holds for all 7,
o(T)

we can conclude that for T' sufficiently large such that ==~ < w, we have

maxy L(77, A) < min, L(m, A7) +w , which will terminate the algorithm.

Note that we always have maxy L(7p, A) > L(Z7, Ar) > min, L(, Ar). Algo
4’s convergence rate depends on the regret bound of the Online-algorithm
procedure. Multiple algorithms exist with regret scaling as Q(v/T) (e.g., online
gradient descent with regularizer, variants of online mirror descent). In that

case, the algorithm will terminate after O(Z;) iterations.

Empirical Convergence Analysis of Main Algorithm - Proof of Theorem
6.4.1

By choosing normalized exponentiated gradient as the online learning sub-
routine, we have the following regret bound after T iterations of the main
algorithm 5 (Chapter 2 of [182]) for any A € R7™ ||\, = B:

1 T R 1 T R Blog(m+1) +7]§2BT
> L(m, A) < fZL(WtJ\t) +— T : (D.5)
t=1

t=1

Nl
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Blog(m+1) | =2
n +nG*BT

Denote wy = 7 to simplify notations. By the linearity of L(m, \)
in both 7 and A, we have for any A that
= ineari 1 T eqn (D.5) 1 T
L(Fr, A) MY ZS™ Lmy, \) < S L(m M) 4 wr
Ti= Ti=
best response m; | T ~
S 7ZL(%T7>\t)+wT
Ti=
linearity

Z\/(?’T\'T, XT) + wr.
Since this is true for any A, max, L(7r, \) < L(7r, A\r) 4 wr.

On the other hand, for any policy m, we also have

best response T T
=~ A llnearlty P t =~
L(ﬂ-7 7ZL , t TZLT(IH)\t
eqn (D.5) 1 T
> — Z T Ar) — Wr
T t=1
linearity

2 L(Fr, Ar) — wr.
Thus min, f/(ﬂ', XT) > E(?TT, XT) — wr, leading to
max L(Fr, A) —min L(m, A7) < L(Fr, M) + wr — (L(Rr, Ar) — wr) = 2wr
After T iterations of the main algorithm 5, therefore, the empirical primal-dual
gap is bounded by
pfieslntl) 4 onGR BT

T
In particular, if we want the gap to fall below a desired threshold w, setting the

max L7, \) — min L(m, ) <

online learning rate n = will ensure that the algorithm converges after

16B2G? log(m+1)
o2

4G2B
iterations.

D.3 End-to-end Generalization Analysis of Main Algorithm
In this section, we prove the following full statement of theorem 6.4.3. Note
that to lessen notation, we define V. = C + BG to be the bound of value

functions under considerations in algorithm 5.

Theorem D.3.1 (Generalization bound of algorithm 5). Let ©* be the optimal
policy to problem OPT. Let K be the number of iterations of FQE and FQI. Let
7 be the policy returned by our main algorithm 5, with termination threshold
w. For anye > 0,6 € (0,1), when n > 24'26124'V4 (log K(TZH) + dimg log 328# +
log(14e(dimp + 1))), we have with probability at least 1 — §:

_ . 4+ B Ko
C(m) <C(rm )—i—w—i—M(@e%—Qv /V>
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and
1/2

N V4w ol 2vE2Y
G(r)<T+2 3 —1—(1_7)3/2(\/0,064-(1_7)1/2)

Let 7 = %Zt m; be the returned policy 7' iterations, with corresponding dual
variable \ = %Zt At
By the stopping condition, the empirical duality gap is less than some thresh-

old w, i.e., max L(7,A\) — min L(m, \) < w where L(m,\) = C(n) +
AR A, =B well

AT(G(m) — 7). We first show that the returned policy approximately satisfies
the constraints. The proof of theorem D.3.1 will make use of the following

empirical constraint satisfaction bound:

Lemma D.3.2 (Empirical constraint satisfactions). Assume that the con-
straints G(TF) < 7 are feasible. Then the returned policy T approximately

satisfies all constraints

I C+w
) <
Jmax (§i(7) —7) < 27—

Proof. We consider nax (gl( ) — 7:) > 0 (otherwise the lemma statement is

trivially true). The termlnatlon condition implies that

L(7,\) — max L7\ > —
AERTT |||, =B
— A (GHE)-7)> max A (GRE)-7)—w. (D.6)

AERTHL A, =B

We relax the RHS of Eq (D.6) by setting A[j] = B for j = arg max [§;(7) — 7]
i=limt1
and \[7] =0 Vi # j yields:
B max [§;(7) — 7] —w < X (G(F) — 7). (D.7)

i=l:m+1
Given 7 such that G(r) < 7, also by the termination condition:
LE N —L(mA) < max  L(# A —minL(m,\) < w
AR, =B mell

Thus implies

L7 AN < L(mA) +w=C(r)+ N (G(x) = 7) < C(n) + w. (D.8)
Combining what we have from equation (D.8) a
B max [5i(7) - 7] ~w < N (G(F)—7) = L(7, A

Rearranging and bounding C () < C and C (m) < —

Q\
Q
S
B
=
@D
—+
o
n
-+
=
@
o
=
3
S
2,
L]
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We now return to the proof of theorem D.3.1, our task is to lift empirical error

to generalization bound for main objective and constraints.

Denote by €pgp the (generalization) error introduced by the Fitted QQ Evaluation
procedure (algorithm 3) and epq; the (generalization) error introduced by the
Fitted Q Iteration procedure (algorithm 13). For now we keep epgr and epgr
unspecified (to be specified shortly). That is, for each ¢t = 1,2,...,T, we have
with probability at least 1 — o:

C(m) + M (G(m) — 1) < C(7) + A (G(7") = 7) + erqr-
Since 7* satisfies the constraints, i.e., G(7*) — 7 < 0 componentwise, and
A¢ > 0, we also have with probability 1 — d

L(m, M) = C(m) + A\ (G(m) — 7) < C(7%) + epor- (D.9)
Similarly, with probability 1 — §, all of the following inequalities are true
C(m) + ergr > C(m) > C(m) — eron (D.10)

G(m) + epgrl > G(m) > G(m,) — epgrl (row wise for all m constraints).
(D.11)
Thus with probability at least 1 —

0:
L(mi, M) = C(m) + A (G(m) = 7) = C(m) + A (G(m) = 7) — epou(1+ A1)
> C(m) + N (G(m) — 7) — erqu(1 + B)
L(m, M) — erou(l + B). (D.12)

Recall that the execution of mixture policy 7 is done by uniformly sampling
one policy m; from {7y, ..., 77}, and rolling-out with 7;. Thus from equations
(D.9) and (D.12), we have EtNU[LT}Z(ﬂt, M) < C(m*) +epqr+ (14 B)erpgr W.p.
1 — 4. In other words, with probability 1 — §:

1 &=
T ZL(th/\t) S C(Tf*) + €ErQI + (1 + B)EFQE.

t=1
Due to the no-regret property of our online algorithm (EG in this case):

- S oA
T;L(Wt,/\t)Zm%xL(w,)\) w-C(w)—Fm}z\xx/\ (G(7)—7)—w

=1
If G(7) — 7 < 0 componentwise, choose A[i] = 0,4 = 1,2,...,m and \[m+1] =

B. Otherwise, we can choose \[j] = B for j = argmax[g;(7) — 7[i]] and
i=Timt1

~

A[i] =0 Vi # j. We can see that max A (G(7) — 1) > 0. Therefore:
AR A =B

C(7) —w < C(7*) + epgr + (1 + B)epor with probability at least 1 — 4.
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Combined with the first term from equation (D.10):
C(7) — erqe —w < CO(7) + epqr + (1 + B)ergr
or
C(m) < CO(n") +w+ ergr + (2 + B)epge- (D.13)

We now bring in the generalization error results from our standalone analysis of

FQI (appendix D.5) and FQE (Chapter 5 appendix C.2) into equation (D.13).
Specifically, when
24214V [ K(m+1) 32072
n > log 5 + dimp log

when FQI and FQE are run with K iterations, we have the guarantee that for

+ log(14e(dimp + 1))) :

€2 €2

any € > 0, with probability at least 1 — ¢
2 .
C(m) <C(r")+w+ (1_77)3 (w/Cﬂe + 27K/2V)

FQI generalization error
1/2 K/2
72+ B) gl -
P VOt

(2+B)x FQE generalization error

. 4+ B K/277

From lemma D.3.2, G(7) < 7 + 2% <7+ 2%. From equation (D.11), for
each t=1,2,...,T, we have G’(ﬂt) > G(m) — ergrl with probability 1 —4§. Thus

P (G(ﬁ) > G(7) - EFQE1> = ;P(G(Wt) > G(my) — epqel|m = m)P(7 = m)

zT(1—5);:1—5.

Therefore, we have the following generalization guarantee for the approximate

satisfaction of all constraints:
Viw AA/2 NE2

5 T Vo gogm) . (019)
Inequalities (D.14) and (D.15) complete the proof of theorem D.3.1 (and
theorem 6.4.3).

G(R)<T+2

D.4 Preliminaries to Analysis of Fitted Q Iteration (FQI)
This section follows the same setup and structure as Chapter 5 Appendix

section C.1.

We show improved convergence rate from O(n™*) to O(n~?), where n is the

number of samples in data set D.
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To be consistent with the notation of this chapter, we use the convention C'(7)
as the value function that denotes long-term accumulated cost, instead of
using V() denoting long-term rewards in the traditional RL literature. Our
notation for ) function is similar to the RL literature - the only difference is
that the optimal policy minimizes Q(z, a) instead of maximizing. We denote

the bound on the value function as C (alternatively if the single timestep cost

is bounded by ¢, then C = 157)' For simplicity, the standalone analysis of
FQI concerns only with the cost objective c. Dealing with cost ¢ + A" g offers
no extra difficulty - in that case we simply augment the bound of the value

function to V = C + BG.

We begin by recalling a few ideas and definitions from Chapter 5 Appendix

section C.1.

Reminder from 5 Appendix section C.1
Recall, the Bellman optimality operator T : B(X;C) — B(X;C) as:

(TQ)(s,a) = c(s,a) + 7/ mei,lath(S/’ a')p(ds'|s, a). (D.16)
sa
The optimal value functions are defined as usual by C*(s) = sup C™(s) and

Q*(s,a) =supQ™(s,a) V(s,a) € X.

Denote the state-action data generating distribution as u, induced by some

data-generating (behavior) policy mp, that is, (s;, a;) ~ u for (s;, a4, s;, ¢;) € D.

Note that data set D is formed by multiple trajectories generated by 7p. For
each (s;,a;), we have s, ~ p(-|s;,a;) and ¢; = c(s;,a;). For any (measur-
able) function f : X +— R, define the p-weighted ¢ norm of f as Hf||i =
[x f(s,a)?u(ds,da) = [y f(s,a)*us(ds)mp(alds). Similarly for any other state-
action distribution p, ||f||i = [y f(s,a)*p(ds,da)

Definition D.4.1 (Inherent Bellman Error). Given a function class F and a

chosen distribution p, the inherent Bellman error of F is defined as:
dp = d(F,TF) = inf || f — Th
r = d(F,TF) ilellFD;IgFllf I,
where ||-|| ) is the p—weighted ¢, norm and T is the Bellman optimality operator

defined in (D.16)

Definition D.4.2 (Concentration coefficient of state-action distribution).

Given data generating distribution p ~ mp, initial state distribution dy. For
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m > 0, and an arbitrary sequence of stationary policies {m, }m>1 let

d(dgP™ P™ ... P™)
dp L

(Bu(m) = oo if the future state distribution doP™P™ ... P™ is not absolutely

continuous w.r.t. u, i.e, dgP™P™ ... P™ (s,a) > 0 for some pu(s,a) = 0)

Bu(m) = sup

T1yesTTm

Assumption D.1. 3, = (1 —~)? > my™'8,(m) < .
1

m>

Definition D.4.3 (Random L; Norm Covers). Let € > 0, let F be a set of
functions S — R, let s = (s1,...,s,) be n fixed points in S. Then a collection

of functions F. = {f1,..., fx} is an e-cover of F on s} if
1 & 1 &
Vf € F,Hf/ € F€ . ‘ng(Sl) — ng’(sZ)] S €.
i=1 i=1

The empirical covering number, denote by Ni (¢, F, s7), is the size of the smallest

e-cover on st. Take Ni(e, F, s7) = oo if no finite e-cover exists.

Definition D.4.4 (Pseudo-Dimension). A real-valued function class F has
pseudo-dimension dimp defined as the VC dimension of the function class
induced by the sub-level set of functions of F. In other words, define function

class H = {(z,y) — sign(f(z) —y : f € F}, then

dimp = VC-dimension(H).

D.5 Finite-Sample Analysis of Fitted Q Iteration (FQI)

Algorithm and Discussion

Algorithm 13 Fitted Q Iteration with Function Approximation: FQI(c) [56]

Require: Collected data set D = {s;, a;, s}, ¢;}_ ;. Function class F
1: Initialize Q)¢ € F randomly
2: for k=1,2,...,K do
3:  Compute target y; = ¢; + yming Qx—1(s,,a) Vi
4:  Build training set Dy, = {(ss, as), vi }'y
5 Solve a supervised learning problem:
Qr = ar;gc;eHFHH 3 (f(siy ai) — yi)?

Ensure: 7 () = argmin Qx(-,a) (greedy policy with respect to the returned
a

function Q)

The analysis of FQI (algorithm 13) follows analogously from the analysis of FQE
(Chapter 5 Appendix C.2). For brevity, we skip certain detailed derivations,
especially those that are largely identical to FQE’s analysis.
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To the best of our knowledge, a finite-sample analysis of FQI with general
non-linear function approximation has not been published (Continuous FQI
from [11] is in fact a Fitted Policy Iteration algorithm and is different from algo
13). In principle, one can adapt existing analysis of fitted value iteration [150]
and FittedPolicyQ [12, 11] to show that under similar assumptions, among
policies greedy w.r.t. functions in F, FQI will find e— optimal policy using
n =0 ;) samples. We derive an improved analysis of FQI with general non-
linear function approximations, with better sample complexity of n = 6(6%)
We note that the appendix of [120] contains an analysis of LinearFQI showing

similar rate to ours, albeit with linear function approximators.

In this section, we prove the following statement:

Theorem D.5.1 (Guarantee for FQI - General Case (theorem 6.4.2)). Under
Assumption D.1, for any e > 0,0 € ( 1), after K z'temtz'ons of Fitted @
Iteration (algorithm 13), for n = O( % (log & 5 +dimp log ® +log dlmp)), we
have with probability 1 — 0:

* 2 K/27/~
C —C(WK)SO_VW(\/E(MFH)HV 0),

where Ty is the policy greedy with respect to the returned function Qg, and C*

is the value of the optimal policy.

The key steps to the proof follow similar scheme to the proof of FQE. We
first bound the error for each iteration, and then analyze how the errors flow

through the algorithm.

Single iteration error bound ||Q; — TQy1]|,
Here 1 is the state-action distribution induced by the data-generating policy

mp. We begin with the decomposition:

1@k = TQx 1}, = B [(Qu(s, ) = y)*] —E [(TQx1(s,a) — )’]
~{E[@s.0) - 1] ~E[(TQuss.0) - 7] D17

(n Z:ZI Qk Suaz yz :inl TQk 1 Sz’a’l) —Yi )2> }
+ {2- <1 i(@k(Suaz —Yi) li: TQr-1(si, a:) ?Ji)2> }
= iz

= component_1 + component_2.
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For T the Bellman (optimality) operator (equation D.16), TQ_; is the re-
gression function that minimizes square loss hﬂg}(igR]EM(s, a) — y|?, with the
random variables (s,a) ~ p and y = c(s,a) + yming Qr_1(s’,a’) where
s ~ p(s'ls,a). Invoking lemma C.2.5 and following the steps similar to
equations (C.4),(C.5),(C.6), and (C.7) from Chapter 5 Appendix C.2, we can

bound the first component as

64007\ ™ ne
P t 1>¢/2)<14-e-(di 1 . <—>
(component_1 > ¢/2) < 14-e- (dimp + )( ; ) exp |\ ~ e o1
(D.18)
Let f*=arginf||f — TQk—lHZ‘ Since Qy, = argmin = 377, (f(si, a:) — 4i)?, we
fer fer

can upper-bound component_2 by
n

1 1 "
Component_2 S 2- ( Z(f*(su az - Z TQk 1 317 az - yz)2> .
=1 ng i=1
Let random variable z = ((s,a),v), z; = ((s;,a:),y:),i =1,...,n and let

h(Z) = (f*(S,CL) - y>2 - (TQk—l(Sva) - y)2
We have |h(z)| < 4C?. We can derive a bound for

( thz >4+Eh( ))

using Bernstein inequahty, surmlar to equations (C.10) and (C.11) from Chapter
5 Appendix C.2 to obtain:
1 € 3 ne
P(2-|=) h(z)—2Eh —| < —— = ]. D.19
( [ng (2) () >2>—6Xp( 116 O2> (D-19)
Now we have

component_2 < 2 - E Xn: h(z)=2- [1 zn: h(z;) — QEh(z)] + 4Eh(2).

i=1 i=1

Since
Eh(z) = Eg, [(f'(s,a) — v)*] = Ep, [(TQi-1(s,a) — y)’]
=Eg, [(f*(s, a) — TQr_1(s, a))z]
= inf |/ = TQxlly. (D.20)

Combining equations (D.18), (D.19) and (D.20), we obtain that
2 . 2
P{1|Qx = TQu [, — 4inf [|f = TQi [ > cf

640072\ ne
<14-c-(dimp+ 1 coxp (—
< 14-e-(dine + )( : > eXp( 48-21404)

3  ne
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Propagation of error bound for ||Q* — Q™|

The analysis of error propagation for FQI is more involved than that of FQE,
but the proof largely follows the error propagation analysis in lemma 3 and 4
of [150] in the fitted value iteration context (for V' function). We include the

@ function’s (slighly more complicated) derivation here for completeness.

Recall that 7y is greedy wrt the learned function Qi returned by FQI. We
aim to bound the difference C* — C™% between the optimal value function and
that . For a (to-be-specified) distribution p of state-action pairs (different

from the data distribution ), we bound the generalization loss [|Q* — Q™|
Step 1: Upper-bound the propagation error (value). Let ¢_; =
Qr — TQr_1. We have that
Q = Qr=T"Q" —T" Q41 +T" Q1 — TQr1 + €1
ST Q" =T Qi1 + k1 (b/c TQp—1 > T™ Q1)
=P (Q" — Qi—1) + er—1.
Thus by recursion Q* — Qg < S p K=+ 1(P™ )K=kl 44K (P™)E(Q* — Qy)
Step 2: Lower-bound the propagation error (value). Similarly
Q" —Qr=TQ =T Q"+ T Q" — TQr-1 + €1
> T Q" — TQr—1 + €51 (as TQ" > T™ Q%)
> Tm=1Q* — T 1Qp—1 + €x—1 (b/c Tr—1 greedy wrt Qr_1)
=P Q" — Q1) + €x-1.

And by recursion:
K-

Q" —Qr > Z “kel(prreapTR-2 PR

+ ny(Pﬂ'K—lPﬂ'K—Q o PWO)<Q* — QO)

Step 3: Upper-bound the propagation error (policy). Beginning with a

decomposition of value wrt to policy mg:
Q- Q™ =T7Q ~T7 Qi + T Qi — T™ Qi + T™ Qe — T Q™

< (T Q" ~ T7 Qi) + (T Qg —~ T=Q™)

=7P"(Q" — Qx) + 7 P™ (Qx — Q™)

=7P"(Q" = Qx) +7P™(Qx — Q" + Q" — Q™),
where (a) uses T™ Qg < TQx = T™Qg. This leads to (I — yP™)(Q* —
Q%) < y(P™ — P™)(Q* — Q) The operator (I —yP™) is invertible and
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(I —yP™)~ 1 =37, 507" (P™)™ is monotonic. Thus
Q" —Q™
<A(I =y P™) NPT — PT)(Q" ~ Qk)
= (I =y P™) ' PT(Q" = Qk) — (I = yP™ )P (Q" — Q). (D.22)
Applying inequalities from Step 1 and Step 2 to the RHS of (D.22), we have

K-1
Q* o erK < ([ o ,}/PTFK)fl [ Z ,}/ka ((Pﬂ*)K—k _ PTK PTK-1 Pﬂk+1> €x
k=0

+ 7K+1 ((Pw*)K+1 _ (PWKPWK—l L pﬂo)) (Q* _ QO)} (D.23)

Next we apply point-wise absolute value on RHS of (D.23), with |ex| being the
short-hand notation for |ex(s,a)| point-wise. Using triangle inequalities and

rewriting (D.23) in a more compact form ([150]):

Iv(1 — K+ K-1
Q- Q™ < W [Z o Aglex| + ax Ax|Q" — Qo’] ;
v k=0
where oy, = % for k < K,ag = % and
1 - *
Ag=—0 LI — y Pyt [(PT YKk 4 prcprcst | pmn] for k < K

1 - *
A = = (I =y PT) T (PR 4 prprs ).
Note that Ag’s are probability kernels that combine the P™ terms and a4’s

are chosen such that >, o = 1.
Step 4: Bounding ||Q* — Q”KHZ for any test distribution p.

This step handles distribution shift from p to p (similar to Step 2 from sub-
section C.2 of Chapter 5 Appendix C.2). Using Jensen twice:
2~v(1 — K+1\72 K-1
o -l < 2D T e+ (@ - Qo 5.0
(1 - '7) k=0
Using assumption D.1 (assumption 6.1), each term pAj is bounded as

1- :
pAL = —p(I = yPT) T [(PT)N TR prieprier L pris]

_ 1 ;7 Z ”Ymp(Pﬂ-K)m [(Pﬂ-*)K—k + PTK PTR-1 ..Pﬂk+1i|
m>0

<(1=7) > A"Bulm+ K —k)p. (def D.4.2)

m2>0
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Thus
Q" — Q™2
Za(0 S ) N N S
L (A=) 1 — At
K-1 9 .
> (- 22}W“““%Am+K—kM%m+&ﬂﬂﬁﬂ
m2>0
@ [2y(1 — vK“ 1 o (L= A0
< [ = T el + T (20)
2,}/ K+1 1 ) ,YK s
< [ 1 _VKH@;JH,?XH%HMWL 1_77;(“(20)
2
<[ 21 BumaXHEkH +v (20)2}7

where (a) uses (Assump. D.1). Using a® + b* < (a + b)? for nonnegative a, b,

we thus conclude that

2 _
1Q* — Q™| < (1_77)2 <\/67m’?x lexll,, + 27K/20> . (D.24)

Step 5: Bounding C* — C™* Using the performance difference lemma (lemma

6.1 of [100], which states that C* — C™% = ——EswdﬂK A* [s,al. We can upper-
bound the performance difference of value function 7;;
Ccr—(C"x (D.25)
1

= B, [C7(5) = Q7(s,0)] = -——

L—7 a~rg L=~

Es i, [CF(s) = Q7(s, 7k (5))]

< LB 0 [0 7(5) — Quls,m(5)

S1.,
+ Qx (s, m(s)) — Q(s,mx(s))]
— Qk(s,m(s))]
+ [Q (s, mx (s) — Q7(s, 7k (s))]
1 * TK * TK
(1= @l + 107 = Q)
2y K/27v
<Gy (@m}gx lewll, +2v c) , (D.26)
where (a) is greedy, and (b) is a 2-norm upper bound of the 1-norm. Note

that inequality (D.26) follows from (D.24) by specifying p = dyP™< P™ and
p = doP™% P™¥  respectively (dg is the initial state distribution).

|
—_
|
[
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U
3
=
O
*
—
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N
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Finite-sample guarantees for Fitted Q Iteration
From (D.21) we have:

P{ @k = TQxrll, — 2i0f |If = TQicl, > €}

64007\ ™" 2
§14-e-(dimp+1)< > -exp( ne)

€2 4821404

3 ne
+ exp <_416 . C’2>
Note that infsep || f — TQp-1l, < supyep infrer [|f — Th||, = dr (the inherent
Bellman error from equation D.16). Combining with equation (D.26), we have

the conclusion that for any € > 0,0 < § < 1, after K iterations of Fitted Q
Iteration, and for mx the greedy policy wrt Qg:

2y K/277

room <L 2 9K /2

e (e (v/Bu(2dp + €) + 24%/20)

holds with probability 1 — d when n = O(f—;(log % + dimp log %2 + log dimp)).

Note that compared to the Fitted Value Iteration analysis of [150], our error

includes an extra factor 2 for dg.

Statement for the Bellman-realizable Case
To facilitate the end-to-end generalization analysis of theorem 6.4.3, we include
a version of FQI analysis under Bellman-realizable assumption in this section.

The theorem is a consequence of previous analysis in this section.

Assumption D.2 (Bellman evaluation realizability). We consider function classes
F sufficiently rich so that Vf, Tf € F.

Theorem D.5.2 (Guarantee for FQI - Bellman-realizable Case). Under As-
sumption D.1 and D.2, for any € > 0,6 € (0,1), after K iterations of Fitted
Q Iteration, for n > ng#(log K + dimg log 322# + log(14e(dimp + 1))), we
have with probability 1 — §:

2 _
C*—C(rg) < (1—7@3(\/576 + 27K/2C),

where wg is the policy greedy with respect to the returned function Qg , and C*

is the value of the optimal policy.

D.6 Additional Instantiation of Meta-Algorithm (algorithm 4)

We provide an additional instantiation of the meta-algorithm described in this
chapter, with Online Gradient Descent (OGD) [234] and Least-Squares Policy
Iteration (LSPI) [115] as subroutines. Using LSPI requires a feature map ¢
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such that any state-action pair can be represented by k features. The value
function is linear in parameters represented by ¢. Policy representation is

simplified to a weight vector w € RF.

Similar to our main algorithm 5, OGD updates require bounded parameters
A. We thus introduce hyper-parameter B as the bound of A in /5 norm. The
gradient update is projected to the ¢5 ball when the norm of A exceeds B (line
15 of algorithm 14).

Algorithm 14 Batch Learning under Constraints using Online Gradient
Descent and Least-Squares Policy Iteration

Require: Dataset D = {z;, a;, 2}, ¢;, g;}-; ~ mp. Online algorithm parame-
ters: 5 norm bound B, learning rate 7
Require: Number of basis function k. Basis function ¢ (feature map for
state-action pairs)
1: Initialize A; = (0,...,0) € R™
2: for each round ¢ do

3:  Learn w; <~ LSPI(c+ )/ g) /] LSPI with cost ¢+ A g
4:  Evaluate C(w;) < LSTDQ(wy, ¢) // Algo 16 with 7, cost c
5: Evaluate G(w;) <— LSTDQ(wy, g) // Algo 16 with m;, cost g
6: Wy 7 Zt, 1 Wy ~

T C’(wt) 1 X0 Clwy), Gl@y)  § o, Glwn)

8: )\t 5 Zt’:l Ay

9:  Learn @ < LSPI(c+ A g) /] LSPI with cost ¢ + A g

~

10:  Evaluate C(w) < LSTDQ(w, c),

R TG
11: Lpax Ayﬁli§3< (we) + A (G(

(
120 L = C(@) + N (G(@) — 7)
13:  if Loy — Liin < w then
14: Return 7; greedy w.r.t w, (i.e., 7t(z) = argmin, 4 @, ©(s,a) Vs )
150 M1 = P\ — n(G(m,) — 7)) where projection P(\) = B

w) < LSTDQ(w, g)

(
@) - 7))

I S
max{B,[|All,}

Algorithm 15 Least-Squares Policy Iteration: LSPI(c) [115]

Require: Stopping criterion €
Initialize w’ < wy
repeat
w <+ w'
w' < LSTDQ(w, ¢)
until ||w —w'|| <e

Ensure: Policy weight w (i.e., m(s) = argmin, 4 w'¢(s,a) VS)




201

Algorithm 16 LSTDQ(w, ¢) [115]

. Initialize A < 0 // k x k matrix
. Initialize b < 0 // k x 1 vector
: for each (s,a,s’,¢) € D do

a/ = argming_, w' (2, a)

A — A+ (s, a)(p(s,0) —yp(a’,d)) "

b b+ p(s,a)c
W+~ A1
Ensure: w

IR A

D.7 Additional Experimental Details

Environment Descriptions and Procedures

Slililimimioili]

Lloss sy

L L H- -1

S S T LUH L

- =T Hi-»:li=:] > Tile Examples.
THH- - LH

1 H-THLIHI -
- - 1T H1T-~-C |58

Frozen Lake. The environment is a 8x8 grid as seen in Figure D.1 (left),
based on OpenAi’s FrozenLake-v0. In each episode, the agent starts from S
and traverse to goal G. While traversing the grid, the agent must avoid the
pre-determined holes denoted by H. If the agent steps off of the grid, the
agent returns to the same grid location. The episode terminates when the
agent reaches the goal or falls into a hole. The arrows in Figure D.1 (left) is

an example policy returned by our algorithm, showing an optimal route.

Denote Spoles as the set of all holes in the grid and Syear = {Sgoa} 18 a singleton
set representing the goal in the grid. The contrained batch policy learning

problem is:
min  C(m) = EI(s' ¢ Spoars)] = P(s' # {g0u})
mell (D.27)
s.t. G(ﬂ') = E[H(Sl € Sholes)] = P(S/ € Sholes) S T.
We collect 5000 trajectories by selecting an action randomly with probability .95
and an action from a DDQN-trained model with probability .05.Furthermore
we set B = 30 and n = 50, the hyperparameters of our Exponentiated Gradient

subroutine. We set the threshold for the constraint 7 = .1.

Car Racing. The environment is a racetrack as seen in Figure D.1 (right),
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modified from OpenAi’s CarRacing-v0. In each state, given by the raw pixels,
the agent has 12 actions: a € A = {(i,4,k)[i € {-1,0,1},7 € {0,1},k €
{0,.2}}. The action tuple (i, j, k) cooresponds to steering angle, amount of
gas applied and amount of brake applied, respectively. In each episode, the
agent starts at the same point on the track and must traverse over 95%
of the track, given by a discretization of 281 tiles. The agent recieves a
reward of +% for each unique tile over which the agent drives. The agent
receives a penalty of —.1 per-time step. Our collected dataset takes the form:
D = {(st—6, St—3, St), Qt, (St—3, St, St+3), Cts Got» g1+ } Where s; denotes the image
at timestep ¢ and a, is applied 3 times between s; and s;,3. This frame-stacking
option is common practice in online RL for Atari and video games. In our

collected dataset D, the maximum horizon is 469 time steps.

The first constraint concerns accumulated number of brakes, a proxy for smooth
driving or acceleration. The second constraint concerns how far the agent travels
away from the center of the track, given by the Euclidean distance between the
agent and the closest point on the center of the track. Let N; be the number
of tiles that is collected by the agent in time ¢. The constrained batch policy

learning problem is:

= 1000
. t s
min E[;)’y ( 581 Ny + .1)]
s.t. - Go(m) = E[Z Y'I(ar € Apraking)] < 7o (D.28)
=0
Gy(m) = E[Z th(ut,vt)] < 71.
t=0

We instatiate our subroutines, FQE and FQI, with multi-layered CNNs. Fur-
thermore we set B = 10 and 1 = .01, the hyperparameters of our Exponentiated
Gradient subroutine. We set the threshold for the constraint to be about 75%
of the value exhibited by online RL agent trained by DDQN [211].

Additional Discussion for the Car Racing Experiment

Regularized policy learning and grid-search. We perform grid search over
a range of regularization parameters A for both Least-Squares Policy Iteration -
LSPI ([115]) and Fitted Q Iteration - FQI ([56]). The results, seen from the the
first and second plot of Figure D.2, show that one-shot regularized learning has
difficulty learning a policy that satisfies both constraints. We augment LSPI

with non-linear feature mapping from one of our best performing FQI model
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Regularized LSPI Grid Search Regularized FQI Grid Search Main Objective - Accumulated Cost
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Figure D.2: (First and Second figures) Result of 2-D grid-search for one-shot,
regularized policy learning for LSPI (left) and FQI (right).

(Third and Fourth figures) value range of individual policies in our mixtured
policy and data generating policy 7p for main objective (left) and cost constraint
(right).

(using CNNs representation). While both regularized LSPI and regularized
FQI can achieve low main objective cost, the constraint cost values tend to
be sensitive with the A\ step. Overall for the whole grid search, about 10% of

regularized policies satisfy both constraints, while none of the regularized LSPI

policy satisfies both constraints.

Mixture policy and de-randomization. As our algorithm returned a
mixture policy, it is natural to analyze the performance of individual policies
in the mixture. The third and fourth plot from Figure D.2 show the range of
performance of individual policy in our mixture (purple band). We compare
individual policy return with the stochastic behavior of the data generation
policy. Note that our policies satisfy constraints almost always, while the
individual policy returned in the mixture also tends to outperform 7p with

respect to the main objective cost.

Off-policy evaluation standalone comparison. Typically, inverse propen-
sity scoring based methods call for stochastic behavior and evaluation policies
(164, 195]. However in this domain, the evaluation policy and environment are
both deterministic, with long horizon (the max horizon is D is 469). Conse-
quently Per-Decision Importance Sampling typically evaluates the policy as 0.
In general, off-policy policy evaluation in long-horizon domains is known to be
challenging [134, 75]. We augment PDIS by approximating the evaluation pol-

icy with a stochastic policy, using a softmin temperature parameter. However,
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PDIS still largely shows significant errors. For Doubly Robust and Weighted

Doubly Robust methods, we train a model of the environment as follows:

e a 32-dimensional representation of state input is learned using variational
autoencoder. Dimensionality reduction is necessary to aid accuracy, as

original state dimension is 96 x 96 x 3.

o an LSTM is used to learn the transition dynamics P(z(s")|z(s), a), where z(s)
is the low-dimensional representation learned from previous step. Technically,
using a recurrent neural networks is an augmentation to the dynamical

modeling, as true MDPs typically do not require long-term memory.

e the model is trained separately on a different dataset, collected indendently

from the dataset D used for evaluation.

The architecture of our dynamics model is inspired by recent work in model-
based online policy learning [77]. However, despite our best effort, learning
the dynamics model accurately proves highly challenging, as the horizon and
dimensionality of this domain are much larger than popular benchmarks in
the OPE literature [98, 202, 61]. The dynamics model has difficulty predicting
the future state several time steps away. Thus we find that the long-horizon,
model-based estimation component of DR and WDR in this high-dimensional
setting is not sufficiently accurate. For future work, a thorough benchmarking of
off-policy evaluation methods in high-dimensional domains would be a valuable

contribution.
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Appendix E

CHAPTER 5 APPENDIX

E.1 Notation and Overview

Acronym Term

LTL Linear Temporal Logic

MDP, LDBA Markov Decision Process. Limit Determinisitic Buchi Automaton
AMEC Accepting MEC

MEC/EC Maximal EC, End Component

LCP LTL Constrained Planning, Algo 6

FindAMEC Subroutine to assist in finding AMECs

PR PlanRecurrent. Subroutine to plan in AMECs, Algo 7

PT, NB-PT PlanTransient/ NoBlockPlanTransient. Subroutine to plan to AMECs, Algo 8/ Algo 19
VI Value Iteration Subroutine, Algo 17

AP Atomic Proposition

= Alphabet & = 24P

S State Space

A Action Space. A(s) allowable actions in state s.

Aa Restricted Action Space. A4 (s) C A(s) allowable actions in state s € A C S.
P Transition Function

Pr Markov Chain induced by 7 in P

C Cost Function

X Product-MDP

T Run or trajectory in an MDP

n-greedy(w) = (1 —n)m + nUnif(A,) with 0 <7 <1, defined with respect to A C S
) LTL Specification/Formula/Task

Plr | ¢] Probability that a policy satisfies the task

11, Imax Class of stochastic policies, m € IT with maximal P [7 = ¢]

B Lower bound on minimum, nonzero transition probability

D Dataset tracking all tuples (s, a, s’) simulated

P Empirical estimate of P from data in D

P Optimistic dynamics returned by VI

P Plausible transition functions consistent with all the information gathered in D
& High probability event

n(s,a) Number of samples accumulated in (s,a). Also denoted n

P(n) Error bound on max,/cg |lg(s7 a,s') — P(s,a,s")|

v~ (p) Number of samples n(s, a) necessary to achieve maxy g |ﬁ(s, a,s’) — P(s,a,s")| < p

€y Cost-optimality tolerance wrt. main problem (1)

€p Prob-optimality tolerance wrt. main problem (1)

€PR error input into PR, epr = i;\

€pT error input into PT, epy = EQV

ePﬁR Convergence condition for VI in PR, €§R = 25%

e Convergence condition for VI in PT, ¢4 = Cmiz%

«a Aperiodicity Coefficient a € (0,1). Po,r = aPr + (1 — )]

LS LGv(s) = minge 4 ,(s) (C(s, a) + amin,cp (s q) pTv) +(1—a)(s) VseA

Lor Loro(s) = min {minaeAA(S) (C(s, a) + minyep(s,q) pTU) ,V} , seS\UE_ A,
Agi, s€A;

dpr Convergence operator for PR, dpr(v’,v) = maxse 4 (v/(s) — v(s)) — minge 4 (v'(s) — v(s))

dpr Convergence operator for PT, der(vn+1,vn) = ||[vn+1 — vnll1

Vr Terminal costs. Vp = 0 by default

A Tradeoff between g, and Ji

Jr Transient cost, conditioned on runs satisfying ¢

gr Gain, Average-cost, conditioned on runs satisfying ¢

\% Upper bound on Ji for any « € II

A(M) Coeflicient of Ergodicity of matrix M, A(M) = %maxij Zk | M;j, — Mjy|

Ay, Worst-case coefficient of ergodicty in A;
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Overview
There is a lot of notation that we will be using to get through the analysis. It

is important to distinguish the following:

Table E.1: Policies and Probabilities.

Acronym Term

* Optimal policy w.r.t (LTL-OPT)

™ Policy returned by LCP (Algo 6)

TA, Gain and Prob-optimal policy in AMEC (A;, Ay;) in dynamics P

A, Gain and Prob-optimal policy in AMEC (A;, Ay4,) in dynamics P

T A policy in states A; of an AMEC (A;, Ay, ), ignoring what 7 does outside of A;

p™, p* P[r £ o] and P[r* |= ¢]. Also denoted p™ and p™
T, p;’* P [7 reaches A;],P[r* reaches A;] > 0 denoted p;, p} (resp), Zle pi = p, Zf:l pf =p*

Table E.2: Gains.

Term Description. (Subscript i or A; denotes “in AMEC (A;, A4a;)”)

~p
gﬁA’i
gfi Actual gain of policy 7; (n-greedy version of policy from PR) under true dynamics P
ngi Gain of optimal policy 74, under dynamics P

Approximated gain of (greedy) optimal policy 74, under optimistic dynamics P

The relationship between these gains is subtle. PlanRecurrent (Algo 7) returns
§f .. as the estimate for how good the best greedy policy will be in AMEC
(AijAAi) under dynamics P. But we don’t use the greedy policy, we use the
n-greedy policy m;. With 7,4, being the true gain-optimal policy in dynamics
P (in AMEC (A;, Aa,)), then we will find the following relations:

~P ~ P ~ P ~ P ~ P
gﬁ'Ai ‘N,gﬁ'Ai < gﬂ'i < gﬂ'i < ng’Ai °
£ Lem E.2.7 Lem E.2.8 Prop E.2.5 —~~
Output from PR % Actual

In general gains g are functions of state: g(s). However, it is well known [166,
66] that in communicating MDPs (each state is reachable from one another
by some policy) that the gain of the optimal policy (even if determinstic) is
constant — independent of state. Since AMECs are communicating MDPs,
then my,, 74, induce constant gains in P, P respectively. Lastly, the stochastic
policy 7; makes both P and P recurrent, and so the gain is also constant. We
will therefore only be considering the absolute difference between gains rather

than L. norms (as they coincide).

When superscripts are dropped in V', the dynamics are the true dynamics P
of the product-MDP X. Once again, the relationships between these value

functions is subtle. PlanTransient (Algo 8) returns v as the estimate for how
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Table E.3: Value Functions.

Acronym Term

Vi Main objective, value function V:A =Jr 4+ Agn
v Approximated value of policy 7 from PT (Algo 7) in dynamics P
Vf Actual value of policy 7 from PT in dynamics P
VP Actual value of policy 7 from PT in dynamics P,

k
=1

also denoted Vi = p(Jr + Z %E;}?A_ )+ (11— P)z

good 7 (the greedy policy wrt v) will be in reaching AMECs {(A;, Aa,)}r,
but is optimistic. v is an approximation to Vf . Roughly speaking, we will find

that they are all similar/related:
~ ~ VP ~ vE ;

~— ~— ~— ~—

Ouput from PT Lem E.2.16 Lem E.2.15 Prop E.2.12/E.4.1 Ay intermediate Value Func.

()

where the last approximation has two different propositions: the first allows
the simplifying assumption made in this chapter regarding paths between
AMECS, and the second removes that assumption at the expense of increased
computation. Finally,

HVﬂ'P - VWJZ (El)

\%r’ H Vﬂ'P - Vﬂ'lj

Thm 7.4.1

?

which involves swapping §fA_ in V for g .
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E.2 Analysis: Statements with Proof

Sample Complexity Guarantee

The number of samples necessary to guarantee an (ey, €,, 6)-PAC approximation
to the cost-optimal and probability-optimal policy relies factors: /3 (lower bound
on the mininum non-zero transition probability of P), {cmin, Cmax} (bounds on
the cost function C), A, (worst-case coefficient of ergodicity for EC (4;,A,)),
V (upper bound on the value function), and A (tradeoff factor). Recall that
an event & captures the scenario where the empirical transition function P is
close to the true transition function P. £ holds with probability at least 1 — 9,
see Lem E.2.1.

Theorem 7.4.1 (Sample Complexity). Under the event £, Assumption 7.1
and 7.2, after

(1 SPVt A 2¢2
:O . Cmax
" (/3 V<m Z (1—Ay)?

samples' are collected from each state—actzon pair, the policy m returned by

Algorithm 6 is, with probability 1 — §, simultaneously €y -cost optimal and

e,-probability optimal, satisfying:

(0) Pl =] =Pl =gl <€ (i)

o < Ey. (75)

Comparison To RL Literature. Before presenting the proofs, we briefly
compare this guarantee with standard guarantees in model-based reinforcement
learning under a generative model. It is important to note that while we show
that our guarantee is a sum of 3 terms, a tighter bound would be a max over
the 3 terms. To the best of our knowledge, the current state-of-the-art RL

(with generative model) guarantee is (’N)(m) [6], per state-action pair. Here,

H = ﬁ represents the effective horizon in discounted settings. In other words,

CmaxH is the bound on (their) ||[V]|. In our case, for the SSP reduction, the

Ve

effective horizon is H , as this is the expected goal-reaching time in the

worst-case (since we do not have any discounting). We estimate ||V ||, with
upper bound EX Suppose we set € = min(ey, €,). Focusing just on the center
®

S|2H*
ISEAZ  Here, the |S|? comes

term, we have guarantee taking the form, roughly,
from a loose upper bound max,es ea |P(s,a,-)|1 = |S|. In fact, as noted
n [198], when the MDP is not too chaotic maxses.qea ||[P(s,a,-)|1 = O(1).

!The lower bound relating to 8 from [131] is Q(lizﬂz_‘%)) whereas ours is O(%) We

conjecture that Q(%) samples are required. See Appendix Section E.3.
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Further, by using careful variance-aware arguments from [198] we can decrease
the dependency from H* to H®. Hence, the SSP guarantee (our center term)
and the standard RL guarantee are very similar. The first term % does not
appear in standard RL literature because there is no constraint verification
needed, but in practice will be dominated by the other terms. The last term
is also similar to the center term. li"‘ii:i can also be seen as an effective
horizon, accumulating ¢, cost until the accepting component sufficiently
mixes. Here, |A;|*> < |S|* and, again, comes from the loose upper bound

MaXse A ac Ay, |P(s,a, )| = |Ail.

Proof of Theorem 7.4.1. We begin by examining the interaction of 7* with P.
The Markov chain P, has a number, say m, of recurrent classes Ry,..., R,,,
sets of states that are trapping and visited infinitely often once reached. Some
of the recurrent classes R; contain an accepting state s € §*, making any
trajectory entering R; an accepting run, without loss of generality call these
Ry, ..., Ry (we just relabel them). Let A+ (s) = {a € A|r}(s|a) > 0} denote
the support of actions taken by 7} in state s € R;. Let Aq: = { Az (5)}ser, be
the indexed action set in R;. Then, by definition, {(R;, AW;)}T:/I are accepting
EC. By definition, each accepting EC (R;, A.») must be contained within (or
is itself) some AMEC (A;, A4;).

Fix some accepting EC (Rj,.Aﬂ;). We claim, without loss of generality,
(Rj,Aﬂ;) = (A;, Ay,) for some index ¢ € 1,...,k. To show this, let 74,
be the gain optimal, and probability-optimal policy in AMEC (A;, A4,): 74,
is defined over all states s € A; and actions a € A,,. Further, consider the
modified optimal policy

ma,(s,a), s€A,;

7(s,a), otherwise .

Because 74, is prob-optimal (ie. P[7* = ¢|so € A;] = 1) in A; then the
probability P [7* = ¢] > P[n* = ¢]. Further, Jz« < J. because any 7 that
formerly passed through R;\ A; now accumulates less cost. Further, g, 2, < Gr
by definition of optimality in AMEC (A;, A4,). Thus, Vz« < V.. Of course, by
definition of optimality, the opposite signs hold: Vi« > V. and P [7* |= ¢] <
P[7* |= ¢]. Therefore 7* and 7* are indistinguishable.

Repeating the above argument for each (Rj,Aﬂ;«) means the accepting EC
of m* are AMECS and, by definition, form some subset of all of the AMECs
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{(A;, Aa,}r_,. In other Words all accepting runs of 7* reach states U¥_; A;.
Furthermore, g = Y8 | . PP 4, Where p > 0 is the probability that 7 reaches
A; and S8 pr = p.

Property (i) now follows as a direct consequence of Prop 7.3.3 and Prop 7.3.2.
Recall by Prop 7.3.3 that

|P [7? reaches UF_ A} — max P {W reaches UY_, Z] | < e,

s Gnmax

Prop 7.3.2 implies that once a run enters some A;, the run is accepted. Re-
maining runs cannot be accepted since they do not reach any AMEC, the only
way to be accepted. Hence P[7 |= ¢] = [71’ reaches UY_, A} Since we just

showed that all accepting runs of 7* reach some (A4, A;) then:

0<P[r" = ¢] —Pr = ¢]
<P {w* reaches UF_ Ai} -P {7‘( reaches UY_, Az}

< €.

To show Property (ii), first let us define p as the probability of 7 reaching
AMEC (A;, A4,) and, by property (i), ¢ pF = ¥ pf = p. The value
function given by the Bellman operator Lpr (Table 7.1) in Algorithm 8 takes

the form

- pr 1%
Vo) = pn(s) + A g, + (1= (5.2)

©
where gZ . are the approximated gains for end component (4;,Ay,) from
Algorithm 7. To see this, there is probability p that 7 = ¢ and achieves

(conditional) expected cost Jx(s) +AXF ’;ng and prob 1 — p that © & ¢

where all cooresponding trajectories get stuck and accumulate GK cost. Let 7
- ¥
now represent the optimal solution to the value function V (Algo 8). Therefore

we claim:

0<Vy — Vi

oo o Vv %
= Vo= Vet Vo= Vet Vo = Ve 4 Voo = Ve + (1 —p)— — (1 - p)—

€p €

~ V., o =~ = - - 1%
< Ve =Vi+ A —=p)—|+|Ve = Va|+ Vi = Vo + |V = Voo — (1 — p)—|
—_— €p

€
i (b) (c)
(a) (d)

€y €y (Sve
<—4+—40+ —=— <ey.
_3‘|‘3+ +3_EV

For (a), first we note that g, = 3%, pp gF . by definition of conditional expec-
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tation. Let epg = 2£. Hence,

- vV
|V7T_V7T+(1_p):| ‘f‘)\E:*gm +>‘§:pZAP
o)

(a)
< —
A illll’f.i.X. % |977 gm |

4
)\%, Corollary F.2.6

IN

AN
w|2

—~

By similar argument, for (d), together with earlier argument that ¢g& =

- 1; g? A, then we also have that:

4 p“ "
Ve — w*—(l—P);| +)\Z L Jw*(S)JF)\Z?ngH
. :

@
P
< A max |g., — i, |

<X max g7, —gr|+lof, — 95,
7
< )\%, Prop E.2.5 and Corollary F.2.6
<,
-3

Further, we have (¢) < 0 holds because 7 is optimal in V (either by as-
suming UY_| A; is the correct choice of AMECS, or using Algo 19 instead of
planTransient). In either case, (b) < ?’% < % by Prop E.2.12 or Prop E.4.1,

where epr i set to epr = 267", completing the approximation guarantee.

We now compute the number of samples, per state-action pair, required by
Algorithm 6. By Prop E.2.4, we need n = @(l) to verify the support of P.
After calculating the AMECs {(A;, Ax,)}_,, we calculate the gain-optimal
policy m; for each AMEC. By Prop 7.3.2, we need n = @((%)2) =

epR(l—AAi

~((€i‘|£ﬂ7§‘:’;))2) for each state-action pair in each end component (A;, Ay,),

since epg = 2. Finally, for the transient policy 7o, the SSP reduction requires
~ k LY ~ k Y/
n= @((M)Z) = O((M)Q) for each state-action pair outside of

6P'["'facmin 6V€acmin
the AMECs, by Prop 7.3.3, since epr = 267‘/. A similar sample complexity is guar-
anteed by using Algo 19 in place of PlanTransient, where n = @((ﬁ)%

€V€2gpcmin
k /2
|S\U?_; A;|V
6Veicmin

)?). Adding these together yields the

worst-case number of samples necessary in any state-action pair (s,a) € S x A.

is required in place of n = O((

These sample guarantees hold only when the event £ holds, which itself holds
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with probability 1 — ¢ (see Lem E.2.1).

]

Corollary 7.4.2 (Gain (Average Cost) Optimality). There exists \* > 0 s.t. for
A > \*, the policy m returned by Alg. 6 satisfies (7.5), g = argming e, ga’,

and is probability and gain optimal.

Proof of Corollary 7.4.2. Fix some A\ > 0. Let 7/ = argmin,er, . gr. SUup-
pose g < gr but V; y < V), elementwise. In other words, 7 is the preferred

policy. Then,
0< Vox— Vi
=Ju + Mg — Iz — Agr
< max Jz + A (g = gr),

<0
since Jz > 0 for each # € II. If \ > mzxﬁ_ie;[h then we contradict V; <

T !
Ve a- In particular, if 7' is the gain optimal policy then for any A > \* =
maxzern Jx
min{ﬁen\gn?fg,r/} 9m =Gzt

then 7’ is preferred to any other policy 7 € II.
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High Probability Event and Sample Requirement
Definition 7.3.2 (High Probability Event). A high probability event &:
E={Vs,a,s' € Sx Ax S Vn(s,a)>1:|(P(sa,s)— P(s,a,s))|
< Ysasr (n) < p(n)},
where Yoo(n) = Y2P(s,0,9)(1 = P(s,0,5))E(m) + J(n), ¥(m) = y/fen) +
7¢(n), and &(n) = log(*SEA) /(n — 1),

Lemma E.2.1 (High Probability Event holds). The event € holds with proba-
bility at least 1 — 9.

Proof of Lemma FE.2.1 . We start with the anytime version of Theorem 4 of
[141] given by Lemma 27 of [199]:

[/ 2 2
- 2V, log(4n2/6)  Tlog(4n?/9) <4
n—1 3(n—1)

PlVn>1,|E

for any Z; € [0,1] iid. By re-setting 6 <« SEr ‘A‘ applying union bound over
all (s,a,s') € S x A x S, and observing that Z; ~ P(s,a,s’) is a Bernoulli
random variable with empirical variance V,, = P(s, a, s')(1 — P(s, a, s')) yields
the result:

{Vs,a,s' € SxAxS,¥n > 1:|P(s,a,5)—P(s,a,5)| < s (n)} w. prob 1—5
Observing that ¥y (n) < w( ) for all n > 1 because 14y (n) takes on a

maximum when P(s,a,s') = L, completes the proof. O

27
Lemma E.2.2 (Inverting &£). Fiz (s,a,s’) € S x A x S. Under the event &,
the number of samples 1~ (p) required to achieve |P(s,a,s') — P(s,a,s")| <
Ysasr(n) < P(n) < p is given by:

_ 2
v Hp) = [?bg(
7%\/5+ (%)2+172P
3 .

16|S|%|A| oAl
Wﬂ +3= O(;),

where ( =

Proof of E.2.2. We have ¢,y < ¥(n) = f - 73; < p where 22 = £(n) =

log(4n?|S|?|A]5~1)

pa . Solving the quadratic inequality, we have

3 12
34 +12)
x < V2 (27\[) =(
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Hence, we have
log(4n?|S|?|AJ0™)

n—1

< ¢
2 2 —1
. log(4n®|S|?|Al6~1)
> e
= — log (e 4n?|S | Al671)

_ ;bg(ef 41S2| A5 1n). (%)

~~ co
Cc1

By Lemma E.2.3, if n > 2¢; log(cicz) then n > (x). Simplifying,

+1

2 16|S?|A|
Selecting ¥ ~1(p) = (C% log(w'flzwﬂ + 3 and noting that ¢ = O(p) completes
the proof: n = O(1/p?). O

Lemma E.2.3. (Lemma 10 of [105]) If log(cica) > 1 and ¢q,c2 > 0 then
N > 2¢;log(cic) = N > c¢1log(caN).



215

FindAMEC proofs

Proposition E.2.4. (Support Verification FindAMEC) Under the event £ and
. . 2 ~

Assumption 7.1, if n = @rinaamec(f) = %log(%) = (’)(%) samples are

collected for each state-action pair (s,a) € S x A then the support of P is

verified:

; f’(s,a, §)=0

P(s,a,s") =41, P(s,a,s')=1.
€ [B,1— 0], otherwise

e}

Proof of Prop E.2.4 . Fix (s,a,s') € S x A x 8. Suppose P(s,a,s') € {0,1}
then by £ we have
Tlog(4n*|S|*|-A|/9)

30— 1) < B. (E.3)

Following the second half of the proof of E.2.2 with (% = %, we have that if
we take N = @rinaamec(5) = %log(w%‘f;“‘”) > % log(mgﬁ?ﬂ) then we have

|P(s,a,s') — P(s,a,s)| < B. (E.4)

Case P(s,a,s') = 1. Suppose P(s,a,s') = 1. By Eq (E4), P(s,a,s) > 1— .
By Assumption 7.1 together with the fact that Y s P(s,a,2) = 1 then

~

P(s,a,z) =0 for any = # s'. Therefore, P(s,a,s’) = P(s,a,s") = 1.

Case ﬁ(s,a, s') = 0. Suppose ]5(5,@, s') = 0. By Eq (E4), P(s,a,s) < 5.

~

Hence P(s,a,s") = P(s,a,s’) = 0, otherwise violating Assumption 7.1.

Case, Otherwise. If P(s,a,s') >1— [ or P(s,a,s’) < then by following
the above arguments we’d yield similar contradictions with Assumption 7.1.
Hence, P(s,a,s') € [3,1— []. ]
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PlanRecurrent proofs

Proposition 7.3.2 (PR Convergence & Correctness, Informal). Let w4 be the
gain-optimal policy in AMEC (A, A). Algorithm 7 terminates after at most
(%) repeats, and collects at most n = @(%
each (s,a) € (A, Aa). The n-greedy policy m w.r.t. v' (Alg. 7, Line 5) is gain

optimal and probability optimal: |gr — gx,| < €, P[m = ¢|so € A] = 1.

) samples for

We formalize Prop 7.3.2 as follows by adding the necessary PAC statements:

Proposition E.2.5 (PR Convergence & Correctness, Formal). Let w4 be the
gain-optimal policy in AMEC (A, A). Algorithm 7 terminates after at most
log, (%) repeats, and collects at most n = @(%) samples for each
(s,a) € (A, Aa). Under the event € and Assumption 7.1 then with probability
1 — 0, the n-greedy policy m w.r.t. v' (Alg. 7, Line 5) is gain optimal and

probability optimal: |gr — gx,| < €pr, Pm | |5 € A] = 1.

Proof of Prop 7.3.2 & Prop E.2.5. Let m, be the greedy policy with respect
P . . . . - . .
to v'. Let gz, be the gain of the gain-optimal policy, 74, in A with respect to

dynamics P.
For the approximation error,
0<gr—gr, =gf—gf+gf—gf, +gf, —gf+gf—ng
<|gf — %1 +19f — of |+1gf, — of | +9F, — o,
N—_————
(@) (b) (c) ()

€PR €PR €PR
<+ +— +0=¢ém.
33 3 "

We have the first inequality because 7,4 is gain optimal in P. By the Simulation
Lemma E.2.8 we have that (a) < % by setting €y = % in the Lemma. By the
n-greedy approximation Lemma E.2.7 we have (b) < % by setting €;) = % in
the Lemma. For (¢), since 7,/ represents the approximately optimal policy in P
then, by value iteration approximation guarantees, (c) = |gf Ir, — gWA| < GPR < @
by setting €&, = @ [66]. It is known that, by optimism and the aper10d1c1ty
transformation [66, 94] for the average cost Bellman operator, gf L < gf N

implying (d) < 0.

For the probability of satisfaction, when sy € A, following a policy that samples
every action in A4 with positive probability makes the Markov Chain Py
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recurrent. Thus, each s € A is visited infinitely often. In particular there is

some s* € A visited infinitely often, implying 7 = ¢.

Convergence is guaranteed by Lemma E.2.8: since p is halved every iteration

then p never falls below %%:), which is reached after log 1 (621541'%&1‘)) =
lo gﬂ%) iterations (since €g) = %*). Further by Lemma E.2.8, we get
the sample complexity n = O( 62“2‘1'772“)) completing the proof. O

Corollary E.2.6. Under the same assumptions as Prop E.2.5, in addition,
l9F — 2,1 <

4EPR

Proof. Continuing the same argument as in Prop E.2.5, we have

6§R 46PR

0<gﬂ_g7rA+g7rA_g7rA§€PR+ 2 277
where we use triangle inequality and appeal to Prop E.2.5 for |gf — gf | < e
and [66] where [gf — gﬂA| GPR < 2 gince ef = 22, O

Lemma E.2.7. (n-greedy approximation) Let P be any dynamics. Let m be
a greedy policy in AMEC (A, Ax) with dynamics P. With 0 <n <1, let ,
be n-greedy with respect to w. Then, for any error €y > 0, there exists some

threshold n* € (0, 1] such that when n € (0,n*] we have
97 = 9m,| < €a (E.5)

Proof. Let s, ..., sja-1 be any ordering of the states in A. The standard (non-
optimistic) average cost Bellman equation with known dynamics P is given
by Lvu(s) = g(s) + mingea,(s) (C(s, a) + P(s, a)v) for each s € A for a unique
¢ and v unique up to a constant translation [21]. Furthermore, since the end
components are communicating sets then we know that g is a constant vector,

e. g=g(s) =g(s) for any s,s" € A [21]. Since v is unique up to translation,
we can always set v(0) = 0 to make v unique. The evaluation equations, under
policy 7, is similarly, £, v(s) = g, + Equr {C(s, a)] + P:(s,a)v [21]. For more

generality, instead of P, we consider aP; + (1 — «)1, an aperiodicity transform
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with any coefficient « € [0, 1]. Then the £, written as a system takes the form:

Vo ]EaNWC(S()? CL)

apﬂ — (1 — a)[ ‘ —[] ’U|A|_1 EaNﬂC($|A|,1, a)

Ogja| = -
24 C D] 4 0
ra : .
glA|—1 0
Yy br
with
0 ... 0
1 0 ] ]
c=10 0 D=
0 1 -1

This system combines Lv(s) = Equr(s)[C(s,a)] + (aPr + (1 — a)I)v together
with g(s) = g(s’) for any s,s" € A and v(0) = 0.

Succinctly, Xzy — by = 0. Similarly, we have X, v’ — b, = 0. Let dX =
Xy, = X, db = by, — by and dy = y' —y then (X, +dX)(y+dy) — (br +db) = 0.
Hence,
dy = (X, +dX) " (db — dXvy)
= (I + X 1dX)"' X1 (db — dXy).
We calculate ||dX|| :
|dX |00 = max S/ZGA Py (5,8") — aPr(s, s)|

. . / . / _ /
—Igleagsg\a((l M Er(s,8') +1Pumig(5,5")) — aPr(s, )|

= anmax Z | Punif(s,s') — Pr(s,s)]

seA s'eA

< an2|A|.
By a similar argument, together with C < ¢pax, then ||db||s < 27cmax Hence,

ldylloo < 107+ X1 dX) ™ ool X5 oo (1dblloo + 14X (ool [loo)
X5 oo

1= | X oo/l dX oo
X oo

1= 20| Al X

(lldblloo + lldX ool )

(2€max + 20| Al[|y[]oc)-
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By selecting
N [ X oo (2max + 20 Al[[y]|oo) + 6(1)20“‘4’”)(7?1”00

we get that [|dyle < (1) and therefore |gf — gI | < €1y, as desired. O
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Lemma E.2.8. (Simulation Lemma, Avg. Cost) Fixz some o € (0,1) arbitrary.
Let P be the optimistic dynamics achieving the inner minimum of the Bellman
equation with respect to LS, (see Table 7.1) in the AMEC given by (A, Ax).
Let 7 be the n* stochastic policy as in Lemma E.2.7. For some error €z > 0.
Let m € N be the smallest value such that A((aP; + (1 — a)I)™) < 1. When n

A(Pm 1/m
is large enough that 1¥(n) < a% ((WA(P“’”)) + 1> — 1) then

|A|Cmax

95 — 97| < €. (E.6)
For Tl4, the set of deterministic policies in A, let Ay = maxyer, A((aPr; +
(L—a)I)™) where m = maxzen,, Mingen{m|A((aPr; + (1 —a)I)™) < 1. Then,
in particular, (E.6) holds after n = @(%) samples are collected for each
state-action pair in (A, Aa).

Proof. Consider, notationally, P,(s,a,s’) = aP(s,a,s’) + (1 — o)1=y} be
an aperiodicity transform with a € (0,1). When fixed by a policy, then
P, =aP;+ (1 —a)l. By [166] (Prop. 8.5.8), aperiodicity transforms do
not affect gain. Hence gf = gf= and gf = gf=. Let x, p, be the stationary
distribution of 7 in P, and z, p be the stationary distribution of 7 in P,.
These quantities exist due to the fact that 7 has full support over A, making
both P,, P, ergodic (finite, irreducible, recurrent, and aperiodic). Hence,
97 = 9x| = 197" — 95"
= |Esve, p, [Eann(9)[C(s,0)]] = Esno, [Bann(s)[C(s, a)]]]
=1 Eors)[C(5, @) (2r,p,(5) — 21 5, (5))]

sE€EA
< CmaX”xﬁ,Pa - ‘7371—7150( Hl
To bound ||zx,p, — . p,[l1, we appeal to classic stationary-distribution pertur-
bation bounds [41]. First, since P, » is ergodic then Jmq < oo such that for any
m > myg then A(]s&”ﬂ) < 1. Then, in particular, ||z p, —2, 5 |1 < %
[181, 41]. Let £ = Pr 4 — Pr 4, and thus || E||« = || Pr — Pr|leo < a|Alp(n).
Then,
1P = Pl oo = 1 Pal = (aPr 4 (1= a) 1) ™|

= HPOTW — (aE + aP, + (1—a)])™|e

= HPoTﬂ —(@E + Pax)™ oo

< (af|Elloe +1)™ =1

< (@2 Ab(n) + )" — 1.
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where in the second-to-last inequality uses that ||Pax[le = 1 and [|AB||s <
| Al|so || B|so for matrices A, B. Putting it all together we have that
(@?|Algp(n) + D)™ — 1

1— A(Pm) '

|g71: - g71r5| S Cmax (E?)

We therefore require that

_ S 1/m
o) < aﬁfu (<€(2)<1 AP) 1) B 1) 3

Cmax

to yield |gf — ¢F| < €(2)- The equation (E.8) also holds with P replaced with

P, with (some other) m appropriate.

In the AMEC (A4, A4) then there are at most |II4| = |A[H4l deterministic
policies. For each policy 7 € Il4, there is some 7} satisfying Lemma F.2.7. Let
M = MaXrerr, minmeN{m|A(PoTﬂn*) < 1} and Ay = maxqen, A(Pg}ﬂn*) <1

(recall this is guaranteed because P, . is ergodic). Then, when ¢(n) <

a? |A| Cmax

A 1/m N
1 ((6(2)(1 Ay) + 1) _ 1) then |g7€ — gf| < 6((2). By Lemma E22, we
|A|%c% A |A]2c2
% — O(¢

] Z AA)Q), since m = 1 achieves the maximum.
elp (1=Aq) )

have n = O(

]

Remark E.2.9. We do not require knowledge of Ay < 1. The existence is

sufficient to guarantee convergence.

Remark E.2.10. The function A(M), coefficient of ergodicity of matriz M,

is a measure (and bound) of the second largest eigenvalue of M.

Remark E.2.11. In this chapter, we have assumed that m =1 and o = 1, for
simplicity in exposition. For full rigor, m may be larger, though typically small.
m can be seen as the smallest value making any column of P} dense. From a
computational perspective, it is efficient to compute powers of f’aﬂr and stop
when pc@r has a dense column, making A(pa,,,) < 1. From there, we can check
if p (Line 6, Algo 7) satisfies the r.h.s of Eq (E.8). We present the samples

required by mazimizing over m € N.
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PlanTransient proofs

Proposition 7.3.3 (PlanTransient Convergence & Correctness, Informal).
Denote the cost- and prob-optimal policy as w'. After collecting at most n =
@(M) samples for each (s,a) € (S\ UL, A;) x A, the greedy policy w
w.r.t. v (Alg. 8, Line 3) is both cost and probability optimal:

4
Cmin €PT ®

Ve = V|l < €pr, [P [7? reaches UF_, Ai} —-P [ﬂ', reaches UF_, A,} | < .

Proposition E.2.12 (PlanTransient Convergence & Correctness, Formal).
Let {A;, g;}¥_, be the set of inputs to Algorithm 8, together with error epr > 0.
Denote the cost- and prob-optimal policy as ©'. After collecting at most n =
@(%) samples for each (s,a) € (S\ UF_A;) x A, under the event €

and Assumption 7.1 then with probability 1 — 6, , the greedy policy ™ w.r.t. v’
(Alg. 8, Line 3) is both cost and probability optimal:

||1~/7r — f/ﬂ/H < epr, |P [7? reaches Ule AZ} —P [7?’ reaches Ule AZ} | < ey

C

Proof of 7.8.3. Convergence follows from boundedness of |lv|| < V', and mono-
tone convergence and is well studied [166, 94, 199, 66].

Fix A > 0 and drop it from the notation V. Let V.2 be the value function

for the optimal policy in P. For the approximation error, we have
0 S VFP - ‘N/;P = ‘N/—ﬂP — ‘771—]3_’_‘7735 - f/*P < €pr.
(a) (b)
For (a) we appeal to Lemma [£.2.15 and set €(3) = epr/2 requiring that ¢(n) =
A |S\U§:1Ai|‘72

€PTCmin 3 —
e Ay e occuring when n = O((
=1 €p

action pair have been collected. For (b), by Lemma E.2.16, by selecting

L __ Cmin€PTEp
€ = —y- = we have that

2
ePTegngin ) ) Sa’mples per State—

_ 2 L
VTFP_‘/;PS (1_|_ 6PT),U_‘/*P
Cmin

c
_ 2€pp0

Cmin

< QVEILD:’T < €pT

o €, Cmin -2
For the probability of satisfaction, by Prop E.2.13, we have that m and 7*
coincide in probability of reaching the states in U¥F_ A;. O

Proposition E.2.13 (Selecting a bound on ||v||). Let {A;, g:}%_, be the

set of inputs to Algorithm 8. Let ' have mazimal probability of reaching
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"1 A;. Then, with error €, > 0, bounding ||v||ec = ||Lprv|le < % where
V> (B\ISI (11%’8;» + )\) Cmax guarantees that w returned by Algorithm 8 is near
probability optimal:

IP[r = ¢l =Pl ¢ <e.

Proof of E.2.13. Suppose V > J: + Acmax for any 7 € II. Let V he chosen as

€

€

upper bound on ||v|| = ||Lprv||. Denote P 7 = ¢] as p, and P [7’ |= ¢] as p*.
Suppose, for contradiction, p* — p > €,, yet 7 is returned by the Algorithm.
This would imply that Ve < V.

Hence,
 / pz AP Di_p %
0< V-V, < +)\Z o0, +AZ gM +p-p)—
—— Ecp
<Jr+Acmax >0 ’
< T+ Agax — V.

<0.

Hence, we have a contradiction. Thus, |p* — p| < e, if V > J: 4 ACmax for any
m € II. In fact, since the solution to Lpr is deterministic, it suffices to consider

only deterministic II.

We will now bound J, = E, ot [Zf;OC(st, (s )T FE | < emaxBrar, [T E

], as this is the only unknown quantity. Here E, 1 _[k,|T |= ¢] is the expected
number of steps it takes 7 to leave the transient states. This means that a
worst-case bound would be a policy that remains in the transient states as long

as possible.

We construct the worst-case scenario and give a justification, a formal proof
follows from induction. Suppose the starting state is so. If 7 induces a prob-1
transition back to sy then sg is recurrent, and so k, would be small. Instead,
7 induces a prob 1 — 3 transition to sy and a prob [ transition to s;. Notice
that the transition to s; must be at least probability S due to Assumption 7.1.
Again, if s; gave all of its probability to s; or sg then a MEC would form and
strictly decrease ;. This process repeats until we reach state ss—;, which
has to have a self-loop. If it does not, then, again a large MEC would form
and decrease k.. Of course, this is the well known Chain graph, with easily
1 1-8'%] . By making s|5/—

BIsT 1-p
1 1-pISI

the accepting state, then E, t_[k.|T | ¢] = Erur, k] = W "

computable expected hitting time: E,r_[k,] <

achieves
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the bound. Any other choice of accepting states would strictly decrease k..

Hence, we can select

_ 1 (1-p9
V> (68| <1_ﬁﬁ> + )\) Cmax = Jﬂ— + )\Cmaxa

completing the proof. O

Remark E.2.14. It may also be possible to empirically estimate J, rather than
take the bound from Prop E.2.13, considering that we have the structure of P
through P. We give the high level idea. We know all of the AMECs and rejecting
EC, so we have all the transient states (denoted T'). Then for some policy ™ and
P € P, submatriz Q. (s,s") = P.(s,s") for s,s'" € T represents the transitions
in the transient states. It is well known that B.wt_ [k, = ||(I — Q) ||ee. Taking
the max over all m € II, P' € P, and finally multiplying by cuax gives a bound

on Jr.

Lemma E.2.15. (Simulation Lemma, Transient Cost [198]) Consider an MDP
(S,A,...). For any two transition functions P', P" € P, policy 7, and error

€@3) > 0 then

~ D11 ~ 1/ 1 — ~ D/ ~_plII 7|S|‘72(1 + %)2#}(”)
Ve oo = V2 lloo < (A )V IV =V e < — <€)
%) min
occurring after n = @(GJSE'T(? ) samples from each state-action pair in S X A.
(3) "% min

Proof. Direct consequence of the definition of V' from Prop E.2.13, application
of Lemma 2 from [198] and Lemma E.2.2. O

Lemma E.2.16. (EVI Bound, [198]) Suppose v is returned by VI with accuracy
€5, with Bellman equation Lpr (See Table 7.1). Suppose T is greedy with respect
tov. If é5. < “ain then, element-wise,

L
- 2€pr

v VE w< VP <1+

T

).
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E.3 Conjecture on Sample Complexity

As we have proven in Theorem 7.4.1, the optimal policy creates a set of
AMECs which coincide with (A;, A;)F_,. For any potential AMEC, we need to
guarantee probabilistic closure. For each state-action pair (s,a) € A; x Ay,
we have to sample enough times to guarantee that we have “collected” all of
the possible unique transitions (s, a, s’). Indeed, this is similar to the famous
coupon collection problem, where we want to know how much time it will take
to collect all unique transitions (s, a, s’). Suppose there are m unique tuples

each with probability g = %

We can use a Chebyshev-based lower bound:
1
P {N > mlogm — log(é)m} > 0.

Simplifying, we get that P {N > mlog(%)} > 9. Thus, the number of transi-

tions needed is
m 1 1 ~
N =Q(m log(g)) = Q(B 10%(%)) = Q

Further, [222] show that indeed N > &.

).
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E.4 Additional Algorithms

In this section we discuss the additional subroutines used in this chapter. We
discuss the case where selecting UF_, A; as the terminal states for SSP in Algo

6 can fail and an alternative solution.

Value lteration

Our version of Value Iteration VI (Algo 17) is a two-in-one version, due to
the similarity of Relative VI (used in PlanRecurrent) and SSP (used in
PlanTransient). The general idea is that you apply the Bellman Operator £
onto your current iterate v, repeatedly until d(v,.1,v,) exceeds e. When we
wish to find the gain, then V7 (terminal states) is empty, and we use shifting by
the first value of v, (0) for stability [21]. In other words, we subtract v, (0) from
every value of v,. On the other hand, if a set of terminal costs is provided then
these represent the set of states that we want to reach through SSP and the
value v, (s) = Vr(s) is known and must be kept fixed throughout applications of
L. The only difference in our application of £ over standard Bellman operators
is that £ is optimistic and has an interior minimization over min,ep(s,q) plo,
(See Table 7.1). To solve this, minimization we use a modified version from
[94] given in Algo 18. The idea of Algo 18 is simple: put all the mass of P
onto the lowest possible values of v,, while still being consistent with P. This
is efficient as it requires an ordering over v and then a single pass over the
states S. The calculated probability p(5;) (see Algo 18) are what we call the

optimistic dynamics P(s,a, §;).

Algorithm 17 Value Iteration (VI)

Require: Optimistic Bellman Operator £, Error Measure d, accuracy € > 0, Vp
terminal values (optional)
Set n =0,v9 = 0g,v1 = Lvg
repeat
n<-1
if Vp is empty then
Shift v, + v, — v, (0)1 {Relative Value Iteration}
else
vnp(8) < Vp(s) for s € Vp {SSP}
Apply operator vy 1, P < Loy, {Bellman Backup}
until d(v,y1,0,) > €
return v,41, vy, P

,_.
@
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Algorithm 18 InnerMin (for PT/PR)

Require: A set of states S, current estimate from VI v, estimates 13(8, a,-) for a
specific (s,a) pair with s € S, errors ¥ (n), lower bound 5 (See Assumption 7.1)

1: Sort S = {51, 82,...,8m} according to v,(51) < v,(82) < ... < v,(8y), where vy,
is the current
2: Set R R
min(l — 3, P(s,a,51) +¢(n)), P(s,a,51) ¢ {0,1}
p(51) =41, 13(3,@,51 =1
0, f’(s,a,él =
3: For remaining j > 1, set p(5;) = P(s,a, 55)
4: Set [+ m
5: while Zgjggp(gj) >1do
6: Reset R
max(ﬁ’l _Zéﬂéélp(gj))’ P(s,a, Sl) g {0,1}
p(&) =11, P(s,a,5) =1
0, P(s,a,5) =0

7. Decrement [ -1 —1 }
8: Set P(s,a,3) = p(3) for each 5 € S
9: return P(s,a,3)

Modified Algorithm handling Blocking Failure in Algorithm 6

—@ —@
Ay A

7T1—>O

) }O

Figure E.1:  Blocking Issue. If Ay is included in the terminal AMECs (the
states we want to reach) then once it is reached w4, is instantiated and A,
becomes recurrent, implying only m s considered. However, even though it
may be the case that J., < J,, we may still have V., > V,,. This example
demonstrates the necessity to pick the terminal AMECSs properly, rather than
just the union of all AMECSs found, to avoid blocking.

One of the failure modes of Algorithm 6 is in its selection of which AMECs
are the necessary AMECs to reach. In fact, by selecting unnecessary AMECs,
the SSP procedure fails to treat some AMECs as transient states when in fact,
maybe, lower cost could have been achieved if they were. One way to see this is
to consider a single directional chain of AMECS (See Figure E.1). In the figure,
two policies can be considered: (1) m; that reaches for A; and then starts 74,

when A; is reached, and (2) my that reaches for Ay and then starts w4, when A
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is reached. It may be the case that V;, <V, despite J., > J.,, since it requires
a longer cost path to reach the desired AMEC. Despite this observation, when
A is selected as terminal states in the subroutine PlanTransient (Algo 8), we
disallow consideration of 7y at all. As explained in the proof of Theorem 7.4.1,
whatever AMECs are induced by 7* coincide with AMEC = {A;, Aa, }r_,. Let
Q) = 2AMEC\ g all non-empty subsets of AMECs (possible targets). Since all
accepting trajectories of 7* land in an AMEC, then another way of looking at
m* is:
T = {Jrlelgﬂlerﬁa) Vi,

where (w) = {7 € Hpay|m(s,a) = 7a,(s,a) for s € A; € w,a € Ay, (s)},
which is a policy class where the only degrees of freedom are outside of w. In
other words, 7 € II(w) is followed until the trajectory hits A; € w and then 74,

is followed thereafter.

We will reconcile this failure mode of PlanTransient through a modified,

nonblocking, subroutine NoBlockPlanTransient (Algo 19).

Algorithm 19 NoBlockPlanTransient (NB-PT)

Require: States & gains: {(A4;,g:)}%, err. epr >0
: Set v(s) = oo for each s € S.

: Sample @pr times V(s,a) € S x A

. for w € 21415\ @ do

Set Vr(s) = Ag; for s€ A; Cw

V), Vo, P < VI(Lpr, dpr, €57, Vi)

if Egod,[v),(s)] < Egugy[v(s)] then
Set v = v,

: Set m <—greedy policy w.r.t v

return w

© PN w

The proof of correctness follows from the fact that v/, closely tracks V. where

7 is greedy wrt v/,. Then, selecting the smallest V, coincides with V.

Proposition E.4.1 (Correctness and Convergence of NoBlockPlanTransient).

After collecting at most n = (’5(02'&2;744 ) samples for each (s,a) € S x A, under
min - PT-®

the event £ and Assumption 7.1 then with probability 1 — 0, , the greedy policy
m w.r.t. v (Alg. 8, Line 3) is both cost and probability optimal:

~ ~ e *
Hvﬂ_vﬂ'* <%a |]P)[7T):90]_]P>[7T ):SDHSE‘P

Proof. Suppose v, < v., for any w’' € ), with w € . Fix some w’. Denote the

greedy policies 7y, T, , Wrt v, v,s. Suppose V’%/ < Vr,,- Then an error was
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made and

0< V;jw —-vr /

SVWIZW_leiw"‘f/wliw_Uw—i_vw_vw’—i_vwl_vﬁji/—’_vﬂji/ _‘775’
€pr  €pr €pT

<—4+ —4+0+0+—

-2 2 2

< 3ot

-2

where the second line comes from grouping each pair of elements from the first

line and applying the bounds found in proof of Proposition E.2.12.

On the other hand, suppose p+¢€, = P[m,, = ¢]+€, <P [W%, = gp} =p'. The
same proof as in Prop E.2.13 applies to show that the probability of satisfaction

remains close:

0 S Vﬂ'v , Vﬂ'uw
k / k [/
b . Di . V
<P (Jny, +AD 2G50 ) =Py, FAD = Grs )+ (0 =) —
“ i—1 D -1 P —— %
<Jr+ACmax >0 ’

< Jp 4+ Aemax — V.
<0,
showing that |p — p/| < e,.
In particular, since the choice of w’ was arbitrary, it holds for w’ achieving

w' = mingeq min, ¢,y Vx. Therefore the previous bounds all hold for with p’

replaced with p* and \N/ﬂlz . replaced with VE.

It is clear we can think of this non-blocking subroutine as checking the different

inputs to Algo 8, which requires ¢pr(w) = ] S\;“’}fgziﬁi)m occuring when
o

n=0( (7!;?231‘72 )?) samples per state-action pair have been collected. Taking
(%] min
|S|V2

€PTES Cinin

each state-action pair in S x A. ]

the maximum over w € Q, we have n = O(( )?) samples required for

Remark E.4.2. Recall §* is set of accepting states in Product-MDP X . This
subroutine appears to have an exponential runtime in |S*|; 0 is at most 2!5°1,
which is not related to the typical PAC parameters. In general, Q2 is modestly

small.

Remark E.4.3. While the runtime scales poorly with |S*|, the sample com-
plexity remains PAC.
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Remark E.4.4. We believe it is possible to bring the runtime of the subroutine
to be polynomial in |S*| by leveraging the MEC quotient structure (see [16]),

but leave that for future work.
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E.5 Experiments

Environments and Details

Figure E.2:  Environment Illustrations. (Left) Pacman. ¢ is for the agent, the
red triangle, to eventually collect the food, given by the yellow dot, and always
avoid the ghost, the red semicircle with eyes. (Right) Mountain Car (MC). ¢
is to eventually reach the flag.

Pacman. This environment (pictured in Fig E.2 Left) is a 5x8 gridworld.
The starting positions of the agent (red triangle), food (yellow circle), and
ghost (red semicircle with eyes), are as illustrated in Fig E.2. The agent has
4 cardinal directions at each state in addition to a “do nothing” action. The
LTL specification is to eventually reach the food and to forever avoid the ghost
“F(food) & G(!ghost)”, where the food state is labelled “food” and the ghost
state is labelled “ghost”. Once the food is picked up, it is gone. The ghost
chases the agent (following the shortest path) with probability .4 and chooses a
random action with probability .6. Though this is an infinite horizon problem,
as there is no terminal state, we allow a maximum horizon of H = 100 in our
experiments. We track how long the agent has avoided the ghost and whether
the agent has picked up the food. To simplify verification, we say the agent
has satisfied the spec if the food has been picked up and the ghost has been

avoided for all H timesteps. The cost function is defined as 1 everywhere.

For the shaped LCRL baseline, we use progression through the LDBA as a
“reward”: if the agent progresses to a new state in the automaton then the cost
of that transition is .1 instead of 1. The authors of LCRL used similar ideas in
their code as well. However, we must note that progression-based cost shaping
eliminates any guarantee of LTL satisfaction. An agent is incentivized to find
cycles in the LDBA rather than find an accepting state. In the case when no

such cycles exist, then this form of cost shaping can work.

Mountain Car This domain (pictured in Fig E.2 Right) is a discretization
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of the Mountain Car domain from OpenAl [29], with state-space given by
tuple (position, velocity) and cost of 1. We discretize the position space
into 32 equal size bins and the velocity into 32 geometrically-spaced bins,
allowing more granularity around low velocity than high velocity, making 322
bins (states) in the MDP. The starting state is the standard MC starting
state, but then placed in the appropriate bin. A bin can be converted back
to (pos,vel), for purposes of sampling from P, by uniformly selecting from
the valid positions/velocities implied by the bin. The agent has 3 actions:
accelerate left, do nothing, accelerate right. The specification is to eventually
reach the goal state “F(goal)”, the standard task, where any bin with position
beyond the flag position is labelled “goal”.

For the shaped LCRL baseline, we use a cost function of ¢ = .1 if the change
in position is positive and the agent accelerated right, likewise if the change is
negative and the agent accelerated left, otherwise ¢ = 1. This cost function
should incentivize the agent to seek actions which make the car go faster. Unlike
the previous experiment, here cost-shaping has no effect on the guarantee of
LTL satisfaction.

Safe Delivery This domain (pictured in Fig 7.1 Right) is a 4-state MDP: (0)
start state, (1) sniffed packet, (2) stolen packet (3) delivered packet. In each
state, the agent has two actions, A and B. The transition function P in the
MDP is given by P(0,A,1) =1, P(0,B,2) = .5, P(0,B,3) = .5, P(1,A,3) =1,
P(1,B,3) =1, P(2,A,2) =1, P(2,B,2) =1, P(3,A4,3) =1, P(3,B,3) = 1.
In other words, choosing action A in the initial state immediately leads to
a sniffed packet, which subsequently leads to the packet being delivered by
any action. Alternatively, choosing action B in the initial state has a 50 — 50
chance of having the packet stolen or immediately delivered, regardless of
action. Once, stolen, it remains stolen. Once delivered, the packet remains
delivered, regardless of action. The states are labelled as L(0) = L(3) =“safe”.
The specification is to always stay in safe states: “G(safe)”. Let all the costs
be 1. The Product-MDP can be seen in Figure 7.2 Right.

The probability-optimal and cost-optimal policy is then choosing B is state
0 and then arbitrarily afterward. The maximum probability of satisfying the
policy is 50% because 50% of the time the packet gets stolen. Though this is
an infinite horizon problem, as there is no terminal state, we allow a maximum

horizon of H = 100 in our experiments. Thus, the average number of timesteps
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should be .5 * H = 50.

Similarly to Pacman, for the shaped LCRL baseline, we use progression through
the LDBA as a “reward”: if the agent progresses to a new state in the automaton

then the cost of that transition is .5 instead of 1.

Infinite Loop This environment (pictured in Fig 7.1 Left) is a 2x5 gridworld.
The agent starts in the bottom right corner. The agent has 4 cardinal direc-
tions at each state in addition to a “do nothing” action. We consider two

specifications:

1: The LTL specification is to perpetually visit the office (in the top right
corner) followed by the coffee room (top left corner): “GF(o & XFc)”, where
the office is labelled o and the coffee room is labelled ¢. The Product MDP is
illustrated in Figure 7.2 Center.

p2: We require the agent to
“G((c -> XXXXXo) & (0 ->XXXXXc)) & Xo”, (E.9)

meaning to get to first get to office in 1 step, then repeatedly reach the coffee
room in 5 steps followed by the office in 5 steps.

Similarly to Pacman, for the shaped LCRL baseline, we use progression through
the LDBA as a “reward”: if the agent progresses to a new state in the automaton

then the cost of that transition is .5 instead of 1.

Hyperparameters
We use the following hyperparameters for our experiments. Each set of hyper-
parameters was run with 20 seeds, with the exception of Safe Delivery which

was run with 40 seeds.

Table E.4: Hyperparameters.

Param(s) Infinite Loop ¢1 Infinite Loop ¢2 Safe Delivery Pacman MC
1% 50 50 10 100 150
Cmin 1 1 1 1 1
Cmax 1 1 1 1 1
) GF(o & XFc)  See p2 in (E.9)  G(lunsafe) F(food0) & Glghost Fgoal
€ 3 3 3 3 10
1 1 1 1 1 1
LCRL Params Infinite Loop Infinite Loop 2 Safe Delivery Pacman MC
Max Traj len. 100 100 100 100 200
¥ .99 .99 .99 .99 .95

Learning rate .95 .95 .95 .95 9
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Additonal Results
Infinite Loop ¥2 Safe Delivery

c
A - 1.0 8 A
O 050 e -
— LCP (Ours) 0.8 ke
g LCRL (shaped) 06 5045 o — g
5 — LCRL 04 ‘Hf_’o 0.40 5
- — Max (Expected) 0.2
00 B 035
A 100 & A
80 o S0 FE=To== ==
o
> 60 8 45— - |P
+ [%2] —+
o 40 8 o
= E 40 =
20
35
2 3 4 ) 6 7 35 40 45 50 55 60
Total Number of Samples (x102) Total Number of Samples

Figure E.3:  Additional Results. (Left Column) Infinite Loop 2. ¢ is a specific
trajectory that needs to be followed: first get to the office in 1 timestep and then
the coffee room in & and then back to the office in 5, over and over. (Right)
Safe Delivery (Right Column). ¢ is to always be safe.

In this section we examine additional results for the experiments we ran.

For the Infinite Loop environment under ¢y, we see (Figure E.3 Left Column)
that our method is able to follow the trajectory specified by ¢s even in low
sample regimes. The learning signal for LCRL is very poor as the episode
terminates extremely quickly if the agent does not get to the next location
that it needs to be in within the allotted time. The shaped LCRL only does
marginally better, but still struggles to satisfy the LTL with any probability.

For the Safe Delivery environment, we see (Figure E.3 Left Right) that our
method picks out the probability-optimal policy. LCRL is nearly optimal. The
sparsity of this problem is significantly less as the feedback for spec satisfaction
verification comes after a single timestep. Interestingly, cost shaping in Safe
Delivery performs worse than straight LCRL. This isn’t surprising since, as
noted, the verification feedback comes after a single timestep and is more
important than any cost-shaping. However, cost-shaping muddles the feedback
making shaped LCRL perform worse. We speculate that with only a few
hundred or thousand more samples, both LCRL and shaped LCRL would reach
the optimal policy. Recall that LCRL and shaped LCRL are not the same as
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Q-learning, as they operate in the product-MDP rather than the underlying
MDP. Thus, these observations are still consistent with our Motivation section

(Section 7.1), insisting that Q-learning would have trouble in this environment.

Policies

| ®<1D (V_)

Figure E.4:  Types of policies for different p. (Left) Infinite Loop p1. 1 is to
go perpetually walk between the office and the coffee room (Right) Infinite Loop
Ya. o is to get to the office in 1 time step then perpetually, take 5 timesteps
to get to the coffee room and 5 steps back to the office.

In this section we examine the policies induced by different specificity in
specifications. In particular, we consider the Infinite Loop environment with
two different specifications ¢, s, see Section E.5, E.5 for a description. For
1, we only require that the agent “eventually” navigate between the office and
coffee room. The agent is incentivized to stay in place (create a cost-1 cycle)
for as long as possible and very infrequently take a random action. Of course,
eventually taking random actions will loop the agent between the office and
coffee room. This behavior is illustrated in Figure E.4 Left, where the agent is
always in LDBA state 1 and takes random actions with low probability and
does nothing with high probability. It takes exponential time for the agent to

make a single loop between the office and coffee room.

On the other hand, we may want the agent to move quickly. In this case, we can
be more specific and use specification ¢,. The behavior for an agent satisfying
g is illustrated in Figure E.4 Right. The agent gets to LDBA state 2 by first
reaching the office in a single time step. Then the agent loops between LDBA
states 2 and 3 by reaching the coffee room and office, repeatedly, within the
allotted time. If the agent does not reach the office or chair within the allotted
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time, there is a fourth LDBA state (unpictured) which is a sink denoting failure
of the spec. In essence, the LDBA has created the options, or hierarchy, of
solving the problem, as noted in Section 7.1. It takes 10 timesteps for the agent

to make a single loop between the office and coffee room.

Notice that the high level description of the task is unchanged, but the details
of how the task is accomplished is much more specific in ¢, rather than ;.
This demonstrates that writing LTL task specifications is flexible, but requires
thought about “how” the task should be accomplished.
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Appendix F

CHAPTER 6 APPENDIX

F.1 Experiments
Environment Details

The environment and experiment details are summarized in Table F.1.

Table F.1: Environment Details.

Environment Experiment S™M AM Dynamics LTL Formula

Minecraft Q-learning  Discrete Discrete Deterministic GF(y & XF (b)) & (G—r)

Pacman Q-learning Discrete Discrete Stochastic F(food) & (G—ghost)

Flatworld 1 ~ Q-learning R? Discrete Deterministic F'Gy

Flatworld 2 Q-learning R? Discrete Deterministic GF(y & XF(r)) & (G-b)

Flatworld 3 PPO R? [0,1]2 Deterministic F'Gy

Flatworld 4 PPO R2 [0,1]2 Deterministic GF(y & XF(r)) & (G—b)

Carlo PPO RS [~1,1]2 Deterministic GF(zonel & X F(zone2)) & (G—crash)

Experiment Setup
Each experiment is run with 10 random seeds. Results from Figure 8.2 are

from an average over the seeds.

Q-learning experiments. Let k be the greatest number of jump transitions
available in some LDBA state k = maxyegs | AP (D)]. Let m = maxegm [AM(s)].
The neural network Qy(s) takes as input s € S™ and outputs Rm+R)XISE] 5
(m + k)-dim vector for each b € S®. For our purposes, we consider Qq(s,b) to
be the single (m + k)-dim vector cooresponding to the particular current state

of the LDBA b.

When SM is discrete then we parametrize Qg(s,b) as a table. Otherwise,
Qo(s,b) is parameterized by 3 linear layers with hidden dimension 128 with
intermediary ReLLU activations and no final activation. After masking for how
many jump transitions exist in b, we can select arg max;cjo . a8 @Qo(s,b); the
highest ()-value with probability 1 — 7 and uniform with n probability. Here,
7 is initialized to 79 and decays linearly (or exponentially) at some specified

frequency (see Table F.2).

At each episode (after a rollout of length T'), we perform K gradient steps with
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different batches of size given in Table F.3. We use Adam optimizer [107] with

a learning rate also specified by the table.

When in a continuous state space, we implement DDQN [86] (rather than
DQN) with a target network that gets updated at some frequency specified by
Table F.3.

Table F.2:  Hyperparameters for Q-learning experiments (Discrete Action
Space).

n n Decay

Experiment 7o Min n Type Rate Freq Batch size K (batches) LR Target update T

Minecraft 30 Exp 9 100 128 20 - - 100 .99
Pacman 4 0 Linear .05 400 512 200 - 100 .999
Flatworld 1 .8 .15 Exp 9 100 128 5 .001 15 20 .95
Flatworld 2 .8 .15 Exp 9 100 128 5 .001 15 50 .95

PPO experiments. Let k be the greatest number of jump transitions available
in some LDBA state k = max,cgs |A®(b)|. The neural network fy(s) takes
as input s € SM and outputs RE2xIS° i5 a (k + 2)-dim vector for each
b € SB. For our purposes, we consider fy(s,b) to be the single (k + 2)-dim

vector cooresponding to the particular current state of the LDBA b.

fo(s,b) is parameterized by 3 linear layers with hidden dimension 64 with
intermediary ReLU activations. The first dimension corresponds to sam-
pling a Gaussian action a ~ N (fy(s,)[0], diag(c?)) where o is initialized to
oo (see Table F.3) and decays exponentially (at a rate given in the table)
every 10 episodes. The remaining k 4+ 1 dimensions (after proper masking
to account for the size of |A(b)| and softmax) represent the probability
P = [Pas Peys - - - » Pe,,| Of taking either the MDP action a or a some jump transi-
tion ¢;. We sample from a Categorical(p) variable to select whether to return
a ~ N (Tanh(fs(s,b)[0]), diag(c?)) or a = ¢; for some i. The density can be
calculated by multiplying p, by the Gaussian density when a is selected, and

Pe, otherwise.

For the critic, we have a parametrized network f,,(s,b) — R of 3 linear layers
with hidden dimension 64 with intermediary Tanh activations and no final

activation.

At each episode (after a rollout of length T), we perform 5 gradient steps with

different batches of size given in Table F.3. The importance sampling term
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in PPO is clipped to 1 + .4. The critic learning rate is .01. We use Adam
optimizer [107] for both the actor and critic.

Table F.3: Hyperparameters for PPO experiments (Continuous Action Space).

Experiment oy o Decay Rate Min ¢ Batch size LR Actor T

Flatworld 3 1.8 .98 3 128 .001 20
Flatworld 4 1.8 .99 1 128 .001 50
Carlo 5999 3 16 .0001 500
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F.2 Constructing feasible trajectories for policy gradient during rollout

Algorithm 20 LCER for Policy Gradient (Option 2)
Require: Dataset D. Trajectory 7 of length T

1: Set Ty < {(s0,0)|b € B}

2: for (s;, a4, S¢441) € T do

3:  Form 7T; according to Eq (F.1)

4

5

: Set D« DU Tr
. return D

Suppose we wanted to generate feasible trajectories in realtime while the
policy is being rolled out. That is, we have a partial trajectory of the form
7; = (80, bo, Go, - - - , St, by) generated by running 7 in P. Let a; = a € A be the
t-th action taken by 7 and s;11 = s € M be the next observed state observed
in the MDP.

Let T; be the current set of feasible (partial) trajectories at timestep ¢. Elements
Tk = (S0, bo, G0, - - -, Sk, bx) € T; denote k-step (partial) trajectory, not necessarily
part of the trajectory observed during the course of a rollout of 7. Here, k > t.

Then, for each 7, € T;, one of 4 cases holds:

Case 1. Action a is not a jump transition (ie. a € AM(s;)) and there are
no jump transitions available in b, (AB(b,) = @). Then we can form the
concatenation: 7,11 = 7 U (a, s',bpy1) where byy = PB(by, LM(s")). We set

Te=02.

Case 2. Action a is a jump transition and is currently feasible in by (ie.
a € AM(b)). Then we can form the concatenation 7,41 = 7 U (a, s', bp11)
where b1 = P5(by,a). We set 7. = @.

Case 3. Action a is a not a jump transition (ie. a € A™(s;)), but there is at
least one feasible jump transition in by (ie. AP(by) # @). Then, in addition to

forming 7,1 from Case 1, we have all the possible jumps:
7; = {Tk U (67 Sk, karla a, Sla bk+2)IVG € AB(bk)akarl = PB<bk7 6)7
b2 = PB(karl’ a)}-
Case 4. Action a is a jump transition is infeasible in by, (ie. a & A®(b;)). In

this case, we just pass this trajectory. Setting 7,1 = 7 and T, = &.

At the end of iterating over each element of 75, € T; and forming 74, and 7,
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we can update our current set of feasible trajectories:

Tit = Unen ((7;\ 7)) U {r} U T) (k1)

To put this process simply, we are swapping out 7, for 7,11 and also adding in

any jump transitions if they are available. The algorithm can be seen in Algo
20.
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