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ABSTRACT

Bost—Connes—Marcolli systems are an important type of quantum statistical mechan-
ical systems which provide connections between the ergodic theory of dynamical
systems, class field theory and von Neumann algebras. In this thesis, we generalize
the GL; g-system in [CMO4] to the case of the Siegel modular variety of degree
two and study its various properties. We show that this dynamical system under-
goes a spontaneous symmetry breaking phase transition and classify its equilibrium
extremal states at different inverse temperatures 8. We next study its symmetry
group and derive an intertwining equality between the action by symmetries and a
subgroup of the Galois group of the Siegel modular field. Finally, we study the von

Neumann algebras associated to the equilibrium states and classify their types.
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Chapter 1
INTRODUCTION

Classical mechanics describes systems of finitely many interacting particles. The
algebra of observables is given by the commutative algebra C*° (M) where (M, w) is
a symplectic manifold of dimension 2n called the phase space. The time evolution is
determined by a smooth real-valued functions H on M called the Hamiltonian. For

every observable f € C* (M), the time evolution is given by Hamilton’s equation:
daf
— ={H, f}.
= {H. f}

In classical statistical mechanics a state is determined by a probability measure
p on a symplectic manifold M of dimension 2n that assigns to each observable

f € C®(M) an expectation value given by

o(f) = /M fdu

The Gibbs canonical ensemble is a measure defined in terms the Hamiltonian
H : M — R and the symplectic structure of M. We let 8 = 1/kgT be the
inverse temperature parameter, where & p is the Boltzmann constant (we will set the

Boltzmann constant to one in the rest of this thesis). The Gibbs measure is given by

1 H
d - _ﬁ d! !,
MG = e

where Q is the Liouville volume form on M and Z = fM e PH 4Q.

In the quantum statistical mechanical framework, the observables form (in general)
a noncommutative C*-algebra A, which we define formally in §2.1. In this quan-
tum setting, Hamilton’s equation is replaced with the Hamiltonian flow, that is, a

continuous group homomorphism
o : R — Aut(A),

which specifies the time evolution of the system. The observables correspond to self-

adjoint elements of a C*-algebra A and a state of the quantum system corresponds



to a state ¢ on the algebra (cf. §2.1) A:
¢: A —C,

where ¢(a) corresponds to the expected value of the observable a € ‘A.

The quantum analogue for the Gibbs measure is given by the KMSg condition
at inverse temperature 8 (cf. Definition 2.1.4). The table below summarizes the

correspondence between the classical and quantum settings.

Classical system Quantum system
feC®(M) aeA,a=a"
(M, w) is a symplectic manifold A is a C* algebra
Poisson Bracket: Commutator:
{ai, a2} [a1,az]
Hamilton equations: Hamiltonian flow:
4~ (H, f} o, 1 R — Aut(A)
Probability measure u on M: | Positive linear functional of norm 1:
$(X) = [, fd $p:A>C
Partition function: Z(B) = Tr(eP¥)
Z(B) = [, e PdQ
Gibbs measure: KMSg condition:
d = 5% d(ab) = $(boig(a))

By the end of the last century, Bost and Connes [BC95], motivated by the work of
B. Julia [Jul90], constructed a C*-dynamical system (A, (07);er) Which provided
a quantum statistical reinterpretation of the class field theory of Q. This system
admits the Riemann zeta function {(f) as its partition function and exhibits a
spontaneous symmetry braking phase transition at the critical inverse temperature
Be = 1. On the other hand, the extremal equilibrium states (called KMSg states) at
zero temperature are parametrized by the points on the zero-dimensional Shimura
variety Sh(x1,GLy).

The symmetry group of the BC system is GL;(Z), which acts only by automor-
phisms. Bost and Connes defined a dense rational subalgebra Ag C A such that the
evaluation of equilibrium states at low temperatures on Ag generates the maximal
abelian extension Q% of Q. It was then shown that the natural action by symme-
tries of the Galois group Gal(Q®/Q) through the class field theory isomorphism is
intertwined with the action on the values of equilibrium states.
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Over the past several years, several generalizations of the Bost-Connes system have
been studied. The original construction was first generalized by Connes and Marcolli
in [CMO04] where they introduced the GL; o-system. This system exhibits several

new properties that were not present in the original BC system.

The partition function of the G L, g-system is expressed as the product {(8){(8—-1)
and the system exhibits two phase transitions, the first at inverse temperature ., = 1
and B., = 2. The emergence of the region between ., = 1 and ., = 2 is unique
to the GL, g-system. The analysis of the set of equilibrium states within this region
turns out to be rich mathematically. The symmetry group of the GL g-system
consists in this case of automorphisms and endormorphisms and coincides with the
group GLy(Ag,r)/Q*. This result provided a connection with the Galois theory
of the modular field F through the construction of an arithmetic subalgebra A g
(which in this case is a subalgebra of unbounded multipliers) such that the evaluation
of equilibrium states at low temperatures on A, g generate a field isomorphic
to the modular field, (this copy is realized via a choice of a generic state as an
embedded subfield of C). The evaluation of states on elements of the subalgebra
Ay intertwines the action by symmetries and the Galois group of the modular
field.

In a subsequent work by Connes, Marcolli and Ramachandran [CMRO06], the authors
constructed a new system which can viewed as either a generalization of the original
G L o-system to an imaginary quadratic field K = Q(V-d) or a specialization of
the G L, g-system to elliptic curves with complex multiplication by K. The partition
function of this new system is the Dedekind zeta function {x () and its group of
symmetries is the Galois group of the maximal abelian extension of K, providing
once again a quantum statistical interpretation of the class field theory of K. The

following table summarizes some arithmetic properties of these systems.

System Gm.g GLyg G, K = Q(V=d)
Partition function Z(B) L(B(B-1) {x(B)
Symmetries Aa’ ; /Q* GLy(Ag,)/Q* A%’ ; JK*
Automorphisms Ve GL>(2) 0% /0%
Endomorphisms - GLI(Q) Cl(0)
Galois group Gal(Q*/Q) Aut(F) Gal(K®)/K
Extremal KMS,, | Sh(x1,GL;) | Sh(H*, GL,) A]E,f/K><




The construction of Connes and Marcolli was further generalized to arbitrary re-
ductive groups by Ha and Paugam in [HPOS5]. The former authors reformulated the
GL,q system in the adelic language, making explicit its relation to an important
class of moduli spaces in arithmetic geometry, namely Shimura varieties. They
generalized the construction of Bost, Connes and Marcolli to an arbitrary Shimura
datum (G, X) and over any number field. They introduced a formal definition of
the abstract Bost-Connes-Marcolli system associated to the pair (G, X) and were
successful in showing, among other features, that these systems admit the Dedekind
zeta function as the partition function and the group of connected components of

the idele class group acts as the symmetry group.

In this thesis, we generalize the construction of Connes and Marcolli and study
the Bost—Connes-Marcolli (BCM) system associated to the two dimensional Siegel
modular variety. After reviewing the background material in Chapter I, we investi-
gate in Chapter II the thermodynamical properties of this system and study its pure
(extremal) equilibrium states at various inverse temperatures S > 0. We compute
its partition function and show that it is a rational function of shifted zeta functions.
We show that two spontaneous phase transitions happen at 8., = 3 and §., = 4.
We provide an explicit description of all extremal states within various ranges of
B. More precisely, we show that the system does not admit an equilibrium state in
the range 8 < 3 and provide an explicit formula for the Gibbs states in the range
B > 4 in terms of the partition function. Within the range 3 < 8 < 4, we show that
a unique equilibrium state exists and can be constructed out of the Haar measures

on the locally compact spaces underlying the system.

In Chapter III we compute the symmetry group and make the connection with the
theory of Siegel modular forms. We then construct an arithmetic subalgebra of the
algebra of multipliers of the algebra of observables and prove an equality which
intertwines the action by symmetries and the Galois action of a subgroup of the

Galois Group of the Siegel modular field.

Finally, in Chapter IV we focus on the type of von Neumann algebras generated
by the states in the GNS construction. We study the type of these algebras at
various inverse temperatures 8 and show that a phase transition occurs at the level
of von Neumann algebras. We prove that the type of these algebras is I, for the
low temperature region and transitions to a III; factor as S decreases to the range
3<p <4



Chapter 2

BACKGROUND

The goal of this chapter is to provide an overview of different results and techniques
that will be useful throughout this work. It is divided into three main sections. We
first review the theory of C*-dynamical system including the notion of observables,
compactification, multipliers, time evolution and KMSg states. Readers already
familiar with this topic should feel free to skip this section. The second part of this
chapter provides a brief review of the theory of von Neumann algebras and their
classification. We will focus on crossed products and their classification in terms of
the properties of the group action. The last section reviews the adelic construction

of BCM systems associated to an arbitrary Shimura datum (G, X).

2.1 C*-dynamical systems

Given a C*-algebra A, we know from Gelfand—Naimark theorem ([BR87, Theorem
2.1.10]) that the algebra A is isomorphic to a norm-closed self-adjoint algebra
of bounded operators on a Hilbert space. This result, together with the axioms
of quantum mechanics, motivates the following operator algebraic formulation of

quantum statistical mechanical systems.

Definition 2.1.1. A quantum statistical mechanical system (A, (07);cr) is a C*-
algebra A together with a strongly continuous one-parameter group of automor-

phisms (07);er; that is, the map
t — oy(a)

is norm continuous for every a € A.

In practice, the algebra A may not be unital. Although any C*-algebra contains an
approximate unit, it is necessary sometimes to realize the algebra A as a subalgebra
of a unital C*-algebra. There are two ways one can achieve this. The first consists

of considering the “one-point compactification” of A. Let

A=Co A,

and define a product, involution and a norm on A as follows:



(a1,a)(az2,b) = (a2, ab + a1b + aza)

(a,a)" = (a,a”).

One then obtains that A is a unital C*-algebra such that A is a maximal ideal in A.
There exists another type of compactification of ‘A which requires the construction

the multiplier algebra of A.

Definition 2.1.2. Given a non-unital C*-algebra A, the multiplier algebra M (:A) is
a unital C*-algebra with the property that A Cc M(A) is an essential ideal®.

The multiplier algebra M (:A) can be constructed using double centralizers and
satisfies the following universal property ([Bla06]): whenever D is a unital C*-
algebra containing A as an ideal, there exists a unique *-homomorphism D —
M (A) with kernel

At ={deD :Vaec A, da=0},

and restricts to the identity map on ‘A.

This type of compactification corresponds to the Stone—Cech compactification in the
commutative case. In fact, if A is a commutative C*-algebra then it is necessarily
isomorphic to the algebra Cy(X) for a locally compact Hausdorff space X and
M (A) = C(BX) where X is the Stone—Cech compactification of X.

A bounded multiplier on a C*-algebra A is a bounded linear map

T:A—>HA,

such that T'(ab) = aT(b) for all a,b € A. Similarly, an unbounded multiplier on
A is a linear operator
T:D(T) > A,

defined on a dense ideal D(T) of A with the property that T'(ab) = aT (b) for all
aeD(T)and b € A.

Certain types of positive linear functionals play a key role in the representation

theory of C*-algebras and their quantum physical interpretation. We next recall the

IThat is, for x € M(A),if xa=aforalla € A, thenx = 0.
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definition and properties of a particular type of continuous linear functionals over
A.

Definition 2.1.3. A state ¢ on a unital C*-algebra A is a linear functional over A

satisfying the following normalization and positivity conditions:
¢(e) =1, ¢(a’a) 2 0.

Note that we did not require from the functional ¢ to be continuous as this a
consequence of the positivity condition. The state ¢ is said to be faithful if ¢(a*a) =

0 implies a = 0.

To obtain a state on a non-unital C*-algebra A, we replace the normalization
condition ¢(e) = 1 by

¢l == sup [o(x)[ = 1. 2.1
xeA,|Ix|1<1

The Gelfand—Neumark—Segal construction is an important method used to build

representations of any C*-algebra from states.

Theorem 2.1.1 (The GNS representation). let ¢ is a state of a C*-algebra A. Then
there exists a unique (up to unitary equivalence) cyclic representation ng of A on a
Hilbert space Hy and a unit cyclic vector x4 for ny (i.e., g(A)xy is dense in Hy)
such that

d(a) = (rg(a)xg,x4), a€ A.
Proof. See [BR87, Theorem 2.3.16] |

KMS;g states on C*-algebras

In statistical mechanics, we are interested in the so-called thermal equilibrium states
at inverse temperature § = 1/T. To motivate the definition of a KMSy state, we
consider first a finite dimensional C*-dynamical system (Mat, (C), (07);er), Where

the time evolution is given by

oi(a) = eae™™  q e Mat,(C),

and H = H* is the Hamiltonian. Any state ¢ on Mat,(C) has the form

7



¢(a) =Tr(Qa),

where Q is a positive semi-definite matrix in Mat, (C) of trace one (density matrix).
The free energy at inverse temperature 8 associated to the state ¢ is given by
F(¢) =-Tr(Qlog(Q))+ B¢ (H). The equilibrium state is the state of minimal free
energy and is given by the Gibbs state

Tr(e PHa)
¢pla) = — (P
Define the function
f(t) =¢plaoy(b)), teR. (2.2)

By analytic continuation from R to R + i and the cyclicity of the trace, we can see
that

f(t+ip) = pg(oy(b)a), a,b e Mat,(C). (2.3)

Equations (2.2) and (2.3) motivate the following definition, proposed by Haag,
Winnik and Hugenholtz [HHW67; Rud92] as an equilibrium condition in the C*-

algebraic setting of quantum statistical mechanics.

Definition 2.1.4. Let (A, (07);er) be a C*-dynamical system and ¢ a state on A.
For 0 < B < oo, we say that ¢ is a KMSg state if for all a, b € A, there exists a

bounded continuous function f on the strip

Qp=2z€C:0<Im(z) <pB,

such that f is holomorphic in the interior of £z and

f(1) =¢laoi (D)), f(t+if)=¢(oi(b)a), VieR. 2.4)



Im(z) = 8

ip f(t+ip) = ¢(os(b)a)

Im(z) =0 0 f(t) = ¢p(ao(b))

Figure 2.1: The strip €25 in the KM Sg condition.

In practice we will often use the following equivalent characterization of the KMSg
condition. We recall that given a C*-dynamical system (A, (07);cr), an element
a € Aissaid to be o-analytic if the function t — 07 (a) extends to an entire function

of z € C. The set A, of o-analytic elements of A is dense in the norm topology.

Proposition 2.1.1. Let ¢ be state over a C*-dynamical system (A, (07);cr). Then
¢ is a KMSg state if and only if

¢(ab) = ¢(boig(a)), (2.5)
for all a, b in a norm dense o-invariant *-subalgebra of A, .
Proof. See [BR96, Proposition 5.3.7] O

Using this condition, we can show that the function g : z — ¢(o0,(a)) wherea € A,
1s analytic and bounded on C. By Liouville’s theorem this implies that the function
g is constant and by the density of A, this can be extended to all observables a € A.

Hence the KMSg condition guarantees that the state ¢ is stationary:

p=¢ooy, tER,

which is the simplest condition for an equilibrium.



For B < oo, the set of KMSg states, which we denote by &g , is a convex, weak™-
compact simplex. It is then natural to consider the set of its extremal points as these

states describe the pure thermodynamic phases of the system (A, (07)er)-

When working with non-unital C*-dynamical system (A, (07)er), we will often
need to extend a state on A to the multiplier algebra M (A). The following result
guarantees that it is always possible to perform such an extension. We denote
by M(A), € M(A) the C*-subalgebra of elements on M (:A) such that the map

t — o7(x) is norm continuous.

Proposition 2.1.2. Let ¢ be a state on A. Then ¢ admits a canonical extension ¢ to
the multiplier algebra M (A). If ¢ is a KMSg state, then ¢ still satisfies the KMSg
condition on the subalgebra M (A), .

Proof. See [CM19, Proposition 3.10] |

When S = oo, there are two ways we can define the notion of an equilibrium state ¢
on the algebra A at zero temperature. The first consists of requiring the existence,
for each a,b € A, of a bounded holomorphic function F, ;(z) on the upper half
plane such that

Fap(t) = ¢p(aoy(b)).

In the literature, a state ¢ satisfying this property is called a ground state. In this

thesis, we use the following natural and stronger definition of a KMS, state.

Definition 2.1.5. KMS,, states on the system (A, (07):er) are weak limits of KMSg

states as § — oo, that is,

dula) = lim dg(a). Vae .

Symmetries of C*-dynamical systems
We review from [CMO04] some general facts on symmetry groups of quantum me-

chanical statistical systems.

We first introduce symmetries by automorphisms.

Definition 2.1.6. We say that a locally compact group G is a group of symmetries
by automorphisms of a C*-dynamical system (A, (07)ser) if there is an embedding
a : G — Aut(A) such that

10



01y = g0y, Vg € G,Vi €R. (2.6)

There is a natural action of G on the set of KMSg states. This action is given by
pull backs, that is,

(8"¢)(a) = p(ag(a)),
so that
(8182)°¢ = g5(81¢). &1.82€G.

Denote by A7, the unitary group of the fixed point algebra of o7:

A ={ueA:u'u=uu" =1, oy(u) =u, Vt € R}.
Every element u € A, acts on the dynamical system (A, (07)rer) by inner auto-
morphisms as follows:
ad(u)x = uxu®, Vx € A. 2.7

It turns out that the induced action of ad(u)*, u € A, on the set of KMSg states is

trivial.

Proposition 2.1.3. Let ¢ be any KMSg state of the system (A, (07)secr) and u € AY.
Then

ad(u)"(¢) = ¢.
Proof. Recall that the KMSg condition implies that

¢(ab) = p(boig(a)), (2.8)
for all a, b in a norm dense and o -invariant s-subalgebra of A. Hence for have
ad(u)*(¢)(x) = p(uxu”) = ¢p(xu"oipg(u)) = ¢(x), Vx €A,
where o;g(a) denotes the analytic continuation z — o (a) of t — oy(a). O

Next we introduce symmetries by endomorphisms, which is a more general type of

symmetries.
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Definition 2.1.7. An endomorphism a of a C*-dynamical system (A, oy) is a *-

homomorphism « : A — A such that

o =aoy, VteR. (2.9)

An endomorphism « of (A, 0;) acts on a KMSg state ¢ by pullback, provided that
the idempotent element « (1) satisfies ¢ o a(1) # 0:

¢ o a(a)

(@)@ = o,

Va € A. (2.10)

Denote by A7 the set of isometries that are eigenvectors of the time evolution,

namely

A ={ueAluu=1 3F1eR], o(u)= A"y, vt € R}.

Any element u € A defines an inner endomorphism ad(u) of (A, o7) as in (2.7).

Similarly to the case of symmetries by automorphisms we have the following:

Lemma 2.1.1. Let ¢ be any KMSg state of the system (A, (07)rer) and u € AT

Then the inner endomorphism ad(u) acts trivially on the set of KMSg states.

Proof. We obtain from the KMSg condition (2.8) that ¢(uu*) = AP £0,1 eRE
Hence the pullback ad(u)*(¢) of any KMSg state ¢ is well defined. We then have

¢ (uxu™)

()" (@) () = T

= Po(xuoip(u)) = ¢(x).

Groupoid C*-algebras
In this section, we briefly review the basic construction of groupoid C*-algebras. We
refer the reader to the work by J. Renault in [Ren06] for a more detailed treatment.

We first recall the notion of groupoid.

Definition 2.1.8. A groupoid is a set G endowed with a product map (x, y) — xy :

G? — G, where G2 is a subset of G X G, called the set of composable pairs, and an

1

inverse map x — x~' : G — G such that the following relations are satisfied:

12



(. @ H ' =xforallx € G.

(ii). Given (x,y), (y,z) € G*, then (xy,z), (x, yz) € G? and (xy)z = x(yz)
(iii). (x~',x) € G*forallx € G and if (x,y) € G*, thenx ' (xy) =y

(iv). (x,x 1) e G*forallx € G and if (z,x) € G2, then (zx)x~! =z

Ix is called the source map and r : x — xx~! is the

Forx € G,themap s : x — x~
range map. The pair (x, ) is composableiff r(y) = s(x). Theset G° = s(G) = r(G)
is the unit space of G (since xs(x) = r(x)x = x). A groupoid G is said to be principal
if the map x — (7(x), s(x)) : G — G° x G is one-to-one. The groupoid G is said
to be transitive if this map is onto. For x,y € G° we set G* = r~!(x), Gy = s7H(y)

and Gy = G* N G,. The set Gy, which is a group, is called the isotropy group at x.

Given a groupoid G, we consider the small category whose set of objects is G° and

forany x,y € QO, we put

Hom(x,y) ={ze€ G | s(z) =x, r(z) = y}.

If we define the composition of morphisms to be the groupoid composition operation,
we easily see that a groupoid G is simply a small category in which all morphisms

are invertible.

s(2) 2 r(z) 2 s(x) 3 r(x)

O—0 0 0

A topological groupoid is a groupoid G endowed with a topology under which the
inverse map is continuous and the product map is continuous with respect to the
subspace topology on G>. To ensure that the topology is well behaved, we will
always assume that a topological groupoid G is locally compact, second countable
and Hausdorff.

13



Definition 2.1.9. A locally compact, second countable and Hausdorff topological

groupoid G is said to be étale if therange map s : G — G is alocal homeomorphism.

Remark 1. It follows from the definition that the source map s is also a local

homeomorphism since s(x) = r(x~!).

We fix a locally compact, second countable and Hausdorff étale groupoid G and
consider the set C. (&) of continuous compactly supported complex functions on G.
To build a C*-algebra out of C.(G), we need a =-structure on C.(G). We define the
product of two elements fi, f» € C.(&) by the convolution

(fix )@ = ), fileh(g)= >, ALK, Vgeg, @1

8182=¢ heG(8)

and the involution of an element f € C.(G) by:

(@) =f"), Vvgeg. (2.12)

Note that the sum in (2.11) is finite since f] and f> are compactly supported and the

fibers G"(®) of an étale groupoid are discreet.

Let u be a unit on an étale groupoid. For each a in C.(G) and & € I*(s™'{u}) =
12(G,), the formula

(m(@&)(g) = D a(hé(h™'g), g€ G,

hegr ()

defines a representation 7, : C.(G) — B(I1*(G.)) of C.(G) and the norm of 7, ()
is bounded by a constant that depends only on a and not u. We then have the

following definition.

Definition 2.1.10. Let G be alocally compact, second countable and Hausdorff étale
groupoid. Its reduced C*-algebra, which we denote by C(G), is the completion of
C.(G) in the norm

lall := supyegollmu(a)ll.

14



2.2 Von Neumann algebras arising from C*-dynamical systems

von Neumann algebras

In what follows we shall review some basic facts about von Neumann algebras and
how they naturally arise from quantum statistical mechanical systems. A detailed
exposition of this material can be found in [BR87] and [BR96].

Let H be a separable Hilbert space and denote by B(H) the algebra of bounded
linear operators on /. Recall that the weak operator topology on B(H) is the
topology induced by the semi-norms 7' — |y(7Tx)| where y € H* (continuous dual)
and x € H. We then have the following definition.

Definition 2.2.1. A von Neumann algebra is a weakly closed *-subalgebra M of

B(H).

The von Neumann double commutant theorem provides the following algebraic
characterization of a von Neumann algebra: M c B(H) is a von Neumann algebra

iff M is closed under the *-operation and equal to its double commutant, i.e.,

M = M”,

where M’ := {a € B(H) |am = ma,VYm € M} is the commutant of M.

The von Neumann algebra Cpy = M N M’ is called the center of M and a von
Neumann algebra with a trivial center is called a factor.

We say that p € M is a projection if p = p* = p? and we denote by P(M) the set of
projections in M. For p € P(M), we say that p Mp is a compression (or a corner)

of M. It is a standard fact that p Mp is itself a von Neumann algebra acting on pH.

For p,q € M, we write p < ¢ if pg = p. The set of P(M) can be equipped with
the following equivalence relation ~:

p1~ p2 < Jue M suchthat p; =uu, pr = uu”,

where u is a partial isometry (i.e., an isometry on ker(u))™*).

A projection p € P(M) is said to be:
* minimal if p # 0 and ¢ < p implies g =0 or g = p.

15



* abelian if pM p is abelian.
* finite if ¢ < p and g ~ p implies p = gq.

* semi-finite if there exists a family {p;}ic; of pairwise orthogonal, finite pro-

jections such that p = ¢/ pi.

* purely infinite if p # 0 and there does not exist any nonero finite projections
q =< p.

* properly infinite if p # 0 and for all nonzero central projections z (i.e., zx = xz

for all x € M) we have that zp is not finite.

The von Neumann algebra M is said to be finite, semi-finite, purely infinite or

properly infinite if 1 € M has the corresponding property.

It is known that every von Neumann algebra can be decomposed as a direct integral
of factors (See [KR86] for a detailed discussion of the decomposition theory of
von Neumann algebras). Hence, factors form the building blocks of von Neumann

algebras and a classification of factors is enough to classify von Neumann algebras.

Let M be a factor and consider its unique (up to a constant) tracial weight ¢ (i.e.,
¢(aa*) = ¢(a*a)). Denote by D the restriction of ¢ to the projections in M. Then
the map D is an injection of equivalence classes of projections of M in [0, +oo]
such that

D(p+q)=D(p)+D(q), whenever pg=gqgp =0.

The following result by Murray and Neumann gives a classification of factors in
terms of the range of the dimension function D. We refer the reader to [Tak02]
for a comprehensive and detailed treatment of Murray-von Neumann classification

theory.

Theorem 2.2.1. Let M be a factor, P(M) the set if all its projections and D the

dimension function introduced above. Then one of the following cases occurs:
e Type I,: D(P(M)) coincides (up to normalization) with the set {1, ..., ,n}.
® Type I.: D(P(M)) coincides (up to normalization) with the set {1, ..., 00},
e Type Il,: D(P(M)) coincides (up to normalization) with the set [0, 1].

16



e Type Il.: D(P(M)) coincides with the set [0, oo].

e Type IlI: D(P(M)) coincides with the set {0, co}.

The type I, factors are the finite dimensional von Neumann algebras, which are
all isomorphic to a matrix algebra. Type I are all isomorphic to the algebra of
bounded operators on some Hilbert space. Examples of type II; and Il and III can

be constructed from crossed products von Neumann algebras.

Connes Classification of Type III Factors

Let M be a von Neumann algebra. A state w on M is called normal if for every
monotone net 7T, of operators bounded above by S, we have that sup(w(7y)) =
w(supTy). Let w be a faithful normal state on M and assume that M is already in
its GNS representation on H and let 7 the associated cyclic vector. We define the

following operator

So: Mn—->H

an — a’n.

The operator Sy is preclosed [KR86] and we denote its closure by the S. We consider
the polar decomposition of S:

S =JA)

where J is an anti-unitary operator and A},)/ 2= VS*Sisa positive self-adjoint
operator. We then have the following theorem by Tomita and Takesaki.

Theorem 2.2.2. Let M be a von Neumann algebra together with a faithful normal
state w. Let S,J and A be the operators defined above. Then

IMI =M
ATMA =M, teR.
We can then define a canonical automorphism group associated to (M, w):
Definition 2.2.2. The one-parameter automorphism group defined by
oi(a) = A"aA", teR,

is called the modular automorphism group associated to (M, w).
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In [Con73], Connes refined the classification of type III factors using the invariant

given by:

SIM) = ﬂ{Spec(A¢) : ¢ 1is a faithful normal state on M} (2.13)
¢

We summaries this classification in the following theorem.
Theorem 2.2.3. Let M be a factor. Then M is of type Il if and only if 0 € S(M).
If M is of type 11, then one of the following cases occurs:

1. Type Illy: S(M) ={0,1}

2. Type I11: SIM) ={A"neZ}U{0},0< A< 1.

3. Type I1l,: S(M) = [0, )
Crossed Products
Let M be a von-Neumann algebra acting on the Hilbert space H, a a continuous
homomorphism of a locally compact group (resp. countable) G into Aut(M). We
will now construct a new von Neumann algebra acting on the space H = L2(G, H)

(resp. ‘H = 12(G,H)). Consider the following two representations, 7, and g of
M and G on H:

(o (@)€)(s) = a-1(a)é(s), £€H,ae M,seq,
(A (1)E)(s) = g(r‘ls), t,s €G.

Definition 2.2.3. The von Neumann algebra
Mo G = (me(M) U 26(G))”

is called the crossed product of M and G (w.r.t @).

We consider the case where M = L™ (X, ¥, u) acting on with X is a standard Borel
space equipped with a o-finite measure u and G acts on the measure space (X, u)
via non-singular transformations (i.e., preserve the class of sets of u-measure 0).

We then have an action of G on M defined as

ag(f) = fog™".
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Definition 2.2.4. The action of G on the measure space (X, ¥, u) is ergodic if
the following holds: If A is any G-invariant Borel subset of X, then u(A) = 0 or
u(A) = 0. The action of G is said to be essentially free if for every g € G such
thatg # I, then u({x e X : g-x =x}) =0.

We then have the following important result (cf. [Sun87]).

Theorem 2.2.4. The von Neumann algebra M = L (X, ¥, u) x, G is a factor if
and only if the action of G is essentially free and ergodic. In this case, the type of

M is determined as follows:

o M is of type I or Il if and only if there exists a G-invariant measure v which

is mutually absolutely continuous with respect to |.

o M is of type I, precisely when the v above is totally atomic and F is the

disjoint union of n atoms for v.
o M is of type Il when the v as above is non-atomic.

o M is type IIl if and only if there exists no v as above.

2.3 Bost-Connes-Marcolli systems

The goal of this section is to introduce the general construction given in [HPOS5] of
the abstract Bost-Connes-Marcolli system attached to an arbitrary Shimura variety.
Since this material lies at the intersection of Operator Algebras and Algebraic
Number Theory, we propose to briefly review some number theoretic facts which
also serves the purpose of fixing some notations. For a more detailed exposition we
refer the reader to [Pla69].

Let F be a number field (a finite extension of the rational numbers Q). Recall that an
absolute value | | : F — R* on F is non-Archimedean if and only if the condition
|x + y| < max (|x|, |y|) holds for all x, y € F. We use M to denote the set of places
of F (equivalence classes of absolute values on F). A place v is called finite if
the corresponding absolute value is non-Archimedean. We denote the set of finite
places by M r and we write v < oo if v € M . Otherwise we say it is infinite and
we denote by MF , the set of infinite places and we write v|oo if v € Mp .. For
v € My we denote by F,, the completion of F' with respect to v. For v < co we use

O, to denote the valuation ring of F),:
O,={xeF,:|x|, <1}.
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Define O := [[, <o O, and let 0% = [], <, O be its group of units.

For F = Q, Ostrowski’s theorem provides an explicit description of nontrivial
absolute values in Mg. In this case, every infinite place is equivalent to the ordinary
Archimedean absolute value | |,, while any finite place is equivalent to the p-adic
absolute value | |, associated to a prime number p. Writing any rational number
x # 0 as p"m/n where r,m,n € Z and m and n are not divisible by p, the p-adic

absolute value is given by |x[, = p™ and 0], = 0.

The set of adeles Ar of F is the subset of the direct product [[, ey, Fy consisting
of those elements x = (x,) such that x,, € O, for almost all v in MFr r. Af is aring
with the respect to the usual operations in the direct product. We endow this ring
with the adele topology. Namely, the base of the open sets consists of sets of the
form [],cs Wy X [1,¢5 Oy Where S C Mr is a finite subset containing Mr o, and
W, c F, are open subsets for each v € S. This topology turns Ay into a locally

compact topological ring called the ring of adeles.

The canonical embedding F < F), induces a diagonal embedding

F;)AF

X (xx,x,...),

since if x € F then x € O, for almost all v € Mr . The image of F in Ar forms a

ring called the principal adeles which can be shown to be discrete in Ap.

The group of invertible elements Iy of Af is called the group of idéles. We note
that [ is not a topological group with respect to the topology induced from Ag. To
turn Ir into a locally compact group one has to introduce the idele topology which
is the multiplicative analogue of the adele topology (we refer the reader to [Pla69,
Section 1.2] for the details).

Let S € MF be a finite set of places and denote by Ar g the ring of S-adeles, that
is the image of A under the projection onto the product [],¢s F,. A topology is
introduced on Ar g in the natural way: for a base of opens sets we take the sets of
the form [],cr Wy X [1,¢sur Oy Where T is a subset of Mp\S and W, is an open
subset of F;, for every v € T. We then have Ar = Ar g X [[,c5 Fy as topological

rings, where the product [],c¢ F, is given the product topology. In particular, for
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S = MF  we can write
Ap = AF,f X I—IFU’

v|oo
and the ring A y is called the ring of finite adeles.

Note that we still have an embedding of F in Ar s under the diagonal map. We then
have the following result (See [Pla69, Theorem 1.5])

Theorem 2.3.1 (Strong Approximation). If S # O then the image of F under F

under the diagonal embedding is dense in Ar g

Given an algebraic group G over F, there is a natural way to define G(Af) and
G(Ars). We fix a faithful representation G — GL,, and let G(O,) be the intersec-
tion of GL,(0,) with (the image of) G(F,) in GL,(F,):

G(O,)) =GL,(0,) NG, v < oo

Let S be a finite set of places and consider the ring of S-adeles of G:

G(Ag) ={g=(gv) € l—[ G(F,) | g» € G(O,) for almost all v ¢ S}.
vésS
With the natural S-adelic topology, the topological ring G (Ayg) is locally compact
and contains F via the canonical embedding G(F) — G(Ag). We then have the

following definition.

Definition 2.3.1. An algebraic group G over a number field F has the strong ap-
proximation with respect to S if G(F) is dense in G (Ag).

The strong approximation property will be crucial in the study of Bost-Connes-
Marcolli systems. The following useful result provides a necessary and sufficient

condition for this property to hold for certain class of algebraic groups.

Theorem 2.3.2. (See [Kne65] and [Pla69] ) Let G be an absolutely almost simple
simply connected algebraic group over a field F with zero characteristic and S a
finite nonempty set of places of F. Then G has the strong approximation with respect
to S if and only if the group Gs = [],cs G(Fy) is noncompact.
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We now introduce the general construction of Bost-Connes-Marcolli systems as-
sociated to a reductive group G over Q and a Shimura datum(G, X, ). We refer
the reader to [HPO5] for a more detailed discussion of Shimura varieties and in
particular the definition of a Shimura datum. Here we only recall that X is a left
homogeneous space under G(R) and % : X — Hom(S, Gr) a G(R)-equivariant
map with additional axioms from which it follows that X has a unique structure of a
complex manifold and can be expressed as a disjoint union of Hermitian symmetric
domains. We also recall that an enveloping semigroup for G is a multiplicative

semigroup M which is irreducible, normal and such that M* = G.

A BCM datum is a tuple D = (G, X, V, M) with (G, X) a Shimura datum, (V, )
a faithful representations of G and M an enveloping semigroup for G contained
in End(V). A level structure on D is a triple £ = (L,K,Ky) with L C V a
lattice, K € G(Aq,r) a compact subgroup and Ky € M(Ag,r) a compact open

subsemigroup such that

Ky stabilizes L ®; Z
* ¥ (K) is contained in K.
The pair (D, £) is called a BCM pair. For the purpose of this exposition, we assume

that the Shimura datum (G, X) is classical, that is, the Shimura variety associated
to (G, X) is described as:

Sh(G,X) ~ G(Q\X x G(Aqg.).

We let
YD’L =Ky X Sh(G,X),

and denote the points of Yp _r by y = (p, [z,1]). We let YZXD,L = K3, X Sh(G, X) be
the invertible part of Yy r. We then have a partially defined action of G(Ag,r) on
Yp r:

g-y=(gp,[z1g7"]) for y=(p,[z1]).

Consider the subspace

Up,r € G(Agy) xXYp 1,
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of pairs (g,y) such that gy € Yp o (i.e., go € Ky). This space is a groupoid
with source and target maps s : Up r — Yp r and t : Up r — Yp r given by
s(g,y) =yandt(g,y) = gy. The unit space is Yp_r and composition is given by

(g1,y1) © (g2.y2) = (g182,¥2) if y1 = gay2.

There is an action of K2 on the groupoid Uy s given by

(y1,72) - (8, Y) := (y18Y5 '+ v2Y)

and the quotient stack 3p _r = [K>\Up_r] has the structure of a stack-groupoid
(see [HPOS, Appendix A]).

Next, we let I' = G(Q) N K and consider

U™ = {(g,p,2) € G(Q) X Ky X X | gp € Kup)}.

Finally, let X* be a connected component of X, G*(Q) = G(Q) N G*(R) (where
G*(R) is the identity component of G(R)) and I'y = G*(Q) N K and consider the
groupoid

U ={(8,p,2) €GT(Q XKy X X" | gp € Kn)},

The composition in TP and U* is given by

(g1,p1,21) © (82, P2, 22) = (8182, p2.22) if (p1,21) = (822, P222).

There is a natural action of I'? (resp. I'Z) on TP (resp. U*) given by

(y1:72) - (8.9, 2) = (11873, 20, 722),
and the quotient S%inz (resp. 37, ) of U Prine (resp. U*) by I'? (resp. I'?) has again

the structure of a stack-groupoid.

For an arbitrary BCM pair (D, L), the relation between the three groupoids 3.
and Sg,if, .1 is given by the following important result obtained in [HPBOS,

Propositions 5.2, Proposition 5.3].
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Proposition 2.3.1. We denote by /(G, K) the cardinality of the set G(Q)\G(Af) /K.
Assume that 4(G,K) = 1 and the natural map I' —» G(Q)/G*(Q) is surjective.
Then the natural maps

+ princ princ
Spr 7 3pr Bpr DL
are isomorphisms.

The conditions of Proposition 2.3.1 are satisfied for both the original Bost-Connes
system and the G Ly-case. It is then natural to consider the algebra H(D, L) :=
C.(Zgp.r) of continuous compactly supported functions on the coarse quotient Zy
of Up, s by the action of K2. We view its elements as functions on Uyp s satisfying
the following properties:

frg,y)=f(gy), f(gv.y)=f(gvry), VyeK, geG(Agy), yeYp .

The convolution product on H (D, L) is defined by the expression

(fref)ey) =D AK" hy)f(hY), (2.14)
heK\G(Ay)
hye€Yop, r

and the involution is given by

[ (g.y) = f(g7 1 gy).

Lety = (p,[z,1]) € Yprand weput Gy, = {g € G(Ay) | gp € Ky }. We define a
*-representation 7, : H (D, L) — B(ZZ(K\Gy)) by

(m(HE)R) = > f(gh™ hy)é(h) for feH(D, L),

heK\G,

where £ is the standard basis of lz(K\Gy). The operators 7, (f), fory € Yp » and
f € H(D, L), are uniformly bounded [HPOS5, Lemma 4.16]. We then obtain a
C*-algebra A after completing H (D, L) in the norm

If1l="sup [lxy (-

Y€¥op,
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Given a homomorphism

N :GL(V) - R%,
we define a time evolution on H (D, L) by

o (f)(g.y) =N (g)" f(g.y),

so that the operator on [*(K \G,) given by

(Hy{)(g) =log N(¥(g)){(8)

is the Hamiltonian. The resulting C*-dynamical system (A, o7) is the Bost-Connes-
Marcolli system associated to the BCM pair (D, £). In the rest of this thesis, we
shall explore the rich structure of these systems in the special case of the Siegel
modular varieties which, together with the Hilbert modular varieties, constitutes an

important class of Shimura varieties.
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Chapter 3

PHASE TRANSITION IN THE BOST-CONNES-MARCOLLI
GSp4-SYSTEM

In this chapter we introduce and study the Connes-Marcolli system associated to
the Siegel modular variety of degree two. We classify its KMSg-states for inverse
temperatures S > 0 and show that a spontaneous phase transition occurs at 5 = 3.
More precisely, we prove that the system does not admit a KMSg state for g < 3
with 8 # 1, construct the explicit extremal Gibbs states for 5 > 4 and show that a
unique KMSg state exists for every § > 0 with 3 < g < 4.

To prove this result, we combine the approach of Laca, Larsen and Neshveyev
in [LLNO7] and generalize their ideas to the explicit case of the Shimura variety
(GSpy,HS). There are several complications compared to the G Lq »-system. First,
the action of the group Sp4(Z) on the set HJ x GSp4(Aq,y) is not free and one can
not easily resolve this issue by excluding the subset HJ x {04 }. Our approach consists
of first replacing the homogeneous space HJ by the quotient K\ PG Sp; (R) (where K
is a compact subgroup of PGSp; (R)) and then prove a one-to-one correspondence
of the KMSg states between the two systems. We first establish the correspondence
between the set of KMSg states and Borel measures, which allows us to study the
properties of those measures instead of working directly with the KMSg states. The
second difficulty arises from the structure of the Hecke pair (GSp2,(Q), Sp2,(Z)).
As we will show in this chapter, the case n = 2 is already computationally demanding
and even in this case it is not always possible to directly apply some techniques used
in [LLNO7] (especially in the critical interval 3 < § < 4). As a first result we
show in Theorem 3.2.1 that the GSp4-system does not admit any KMSg state for
0 < B <3and B ¢ {1,2}. We next show that the extremal states in the region
B > 4 correspond to Gibbs states and give an explicit construction of these states in
Theorem 3.2.2. The final main result (Theorem 3.2.5) is a uniqueness theorem: we
show that in the region 3 < B < 4, the GSp4-system admits a unique KMSg state.
To show this, we split the proof into two parts. The main ingredient of the first is
the convergence of Dirichlet L-functions for nontrivial characters. The second part
relies on a variant of the technique used in [LLNO7]. As stated above, the structure
of the Hecke pair (GSp2,(Q), Sp2,(Z)) becomes less explicit for n > 2 and in order

to compute the number of right representatives in a double coset one has to work



with upper bounds instead of explicit formulas. We achieve this by using the root
datum of the group G Sp», and use the equidistribution of Hecke points for the group
G Spyy, to establish the second ergodicity result.

Throughout this chapter, we fix the following notations.

We use the common notations N, Z, Q, R, C together with R} = (0, +o0) and Z* =
R} NZ;

If R is a ring, we denote its group of multiplicative units by R*;

We use the notation Mat,,(R) for the ring of square matrices with entries in R.
We denote by E;; the usual elementary matrix with 1 in the (7, j) position and 0
elsewhere;

The group of units in the ring Mat, (R) is denoted by GL,(R). If A is a square
matrix, then A’ stands for its transpose. If Ay, ..., A, are square matrices we denote
by diag(Ay, ..., A,) the square matrix with Ay, ..., A, as diagonal blocks and 0’s
otherwise;

Whenever there is an ambiguity, we shall use 1, and 0, to denote the n X n identity
matrix and the a rectangular zero matrix;

|| denotes the cardinality of a finite set F;

the set of prime numbers is denoted by P;

given a nonempty finite set of prime numbers F' C $, we denote by N(F') the unital
multiplicative subsemigroup of N generated by p € F;

for two sequences {a, } and {b,}, we write a,, ~ b,, if lim,(a, /b,) = 1 and
2~ Qb
n n

if the two series are simultaneously divergent or convergent;

if Y is subset of X, wedenote Y = X\Y ={a € X :a ¢ Y},

for a number field K, we denote by Agx = Ak r X Ak o, the adele ring of K, where
Ak r is the ring of finite adeles and Ak o, the infinite adeles of K. The ring of
integers of K is denoted by Ok.

Recall from Chapter 1 that given a countable group G acting on a locally compact
second countable topological space X, one can construct the transformation groupoid
as the space G X X with unit space X with the source and target maps given by

s(g,x) =x and t(g,x) = gx and the composition law is defined by

(g, x)(h,y) = (gh,y) if x = hy.
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If I' is a subgroup of G and the action of I" is free and proper, we introduce a new

groupoid I'\G X X by taking the quotient of G X X by the following action of I'XT":

(y1,72) (8, %) := (Y1875, y2x). (3.1)

In all our settings, the main motivation for taking the quotient by this action is
physical. In fact, to obtain a well behaved partition function of the C*-dynamical
system we will introduce shortly, one should necessarily take the quotient by the
group I'xI" (See also [CM04] for another motivation based on the Q-lattice picture).
With these assumptions, the groupoid G = I'\G Xr X is étale. We then introduce the
algebra C.(G) of continuous compactly supported functions on the quotient space
I'\G xr X with the convolution and involution as in (2.11) and (2.12).

If the action of I" is proper but not free, the quotient space I'\G Xr X is no longer
a groupoid (cf. Proposition 3.1.5). Under the assumption that X is a homogeneous
space of the form X/H, where now the action of G on X is free and proper, we can
still define a natural convolution algebra from the groupoid algebra C.(I'\G xr X)
as was done in the G L,-case in [CMO04]. More specifically, viewing the elements of

C.(I'\G xr X) as I x I'-invariant functions, we rewrite the convolution product as

(fix p)&x) = D filgs™ s0) fals ). (3.2)

sel'\G

We then define a convolution algebra on the quotient I'\G Xr X by restricting
the convolution product (3.2) to weight zero functions on C.(I'\G xr X), namely

functions satisfying

f(g,xa) = f(g,x), VaeH.

For each x € X, we have a =-representation 7, of C.(I"'\G X X) on the Hilbert space
I>(T'\G) defined by

(m)(N)orn= D, f(gh™ h)drg,  f € Co(T\G xr X).

gel'\G

As in the general groupoid construction introduced in Chapter 1, one can explicitly
show that the operators 7, ( f) are uniformly bounded [HPO5; LLLNO7] and we denote
by 8 = C:(I'\G x X) the completion of C.(I'\G X X) in the reduced norm
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171l = sup [l ()] (3.3)

xeX

Let Y be any clopen I'-invariant subset of X and denote by '\G ®r Y the quotient
of the space

{(g,;y)1g€G, yeY, gyeY},

by the action of I' X I" defined in (3.1). We denote by C.(I'\G ®r Y) the algebra of

compactly supported functions on I'\G ®r Y with the convolution product given by

(frxf)ey) = D, filgs™ ) fals,y),

sel'\G
syeY

and involution

(g, y) = f(g7', gy).

We let A be the corner algebra eBe, where e is the I' X ['-invariant function on
G X X defined by

1 if (g,x) e’ xY
e(g,x) = ,
0 otherwise.

Given x € X, we put

G,={geG|gxeY} (3.4)
Then we have a representation of C.(I'\G ®r-Y) on the Hilbert space H, = [*(T"\G,)
given by

r(Norn= ), flgh™',hx)ory, feCAT\GarY),
gel'\Gy

and the algebra (A coincides ([LLNO7]) with the completion of C.(I'\G ®Rr Y) in
the norm defined by

A1l = sup |7y ()]
yeY
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We denote this completion by C:(I'\G ®r Y). Next, assume that we are given a
homomorphism
N:G — R},

such that I C ker(N). We then define a one-parameter group of automorphisms of
8B by

a1(f)(g:x) =N(g)"f(g.x), for f e Cc(T\G xX).
The operator on [2(I'\G,) given by

Hxérg = IOgN(g) : 5Fg

is the Hamiltonian and the dynamics o is then spatially implemented as

ne(oy(a)) = exn(a)e ™~ Vx € X,Va € B.

The following result will be the starting point of our KMS g-analysis of the dynamical
system (A, oy).

Proposition 3.0.1. Let G, X and Y as described earlier and suppose I" acts freely
on X. Then for § > O there exists a one-to-one correspondence between KMSg
weights ¢ on A with domain of definition containing C.(I"\Y) and Radon measures

p onY such that

1(gB) = N(g)Pu(B)

for every g € G and every Borel compact subset B C Y such that gB C Y. If v

denotes the induced measure on I'\Y, then this correspondence is given by

Jroam= [ (3 sma o fecam,

yep~1(n)

where p : Y — I'\Y is the quotient map. The induced weight ¢ is given by

o(f) = /F ey for f € CMGar ). (3.5)
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Proof. See [LLNO7, Proposition 2.1] O

Recall that if G be a group and I" a subgroup, the pair (G, I") is called is called a
Hecke pair if for any g € G we have

[[:TNng'Ig] < co.

If (G,T) is a Hecke pair then every double coset of I" contains finitely many right
and left cosets of I':

rer= || = || Ter

yel'\(Tnglg~!) ye(TNg~'Tg\l
sothat |I'\I'gI'| = [[" : ’'Ng~'T'g]. We denote the cardinality of this set by deg-(a).

Let 8 € R and S is a semisubgroup of G containing I". Then we define

LsrB) = Y NP = > N(s)™degr(s). (3.6)

sel'\S sel'\S/T

If G is a group acting on a set X and (G,I") is a Hecke pair, the Hecke operator
associated to g € G 1is the operator T, acting on I'-invariant functions on X defined
by

(Tef)(x) = degi(g) > fh). (3.7)
he

r\gl
3.1 Bost-Connes—Marcolli system for the Siegel Modular Variety
The Symplectic Group
We recall that a linear connected algebraic group G over Q is called reductive if any
faithful semisimple representation remains semisimple over its the algebraic closure

of Q. Let R be a commutative Q-algebra and n € N. The symplectic group of
similitude of degree n is the reductive group defined by

GSpa(R) ={g € GL2,(R) : 3(g) e R*|g' Qg = A(g) Q},

where
0

-1

Q=

1 . . . .
n), 1, is the n X n identity matrix.
n
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The function A : GSpy,(R) — R* is called the multiplier homomorphism. Its

kernel is the symplectic group Sp,(R) and there is an exact sequence

1 — Spr,(R) — GSp2,(R) — R* — 1.

It o= |2
8= \e

i) A(g) = A(g")

€ GSpa,(R), the following assertions are equivalent:

(i) The inverse of the matrix g is given by:

g =)

Dl‘ _Bt
-ct A

(ii1) The blocks A, B, C, D satisfy the conditions

A'C=C'A, B'D=D'B, A'D-C'B=2(g)l,.

(iv) The blocks A, B, C, D satisfy the conditions

AB' =BA', CD'=DC', AD'-BC'=1(g)l,.

For r € R*, we put

Su(r) =={g € GSp2u(R) | A(g) =r}.

(3.8)

(3.9)

(3.10)

(3.11)

We then obtain an embedding of symplectic groups of different degrees as follows.

Givenr € Nand 0 < j < n, define the map

Sj(Q) X Sn—j(Q) — Sn(q)
(g1,82) — g1 0 g2,

where



and

Al By
Ci D

Ay By

M =
C, D,

b

Under the appropriate conditions on the size, we note that

(M © M) - (N1 © N2) = (M{N1) © (MaN>). (3.12)

Consider the following elements of Sp2,(R):

l, aikj 1, 0, ’ 1, a3(Eij +Eji) ’ (3.13)
On 1n QZEii 1n On 1n
ln On ln + a/5El-j On
a(Eij+Ep) 1) 0 1, — asE;;)
where a1, ...,as € R. If F is a field, then the group Sp»,(F) is generated [OMe78]
by the matrices given in (3.13) with @y, ...,as5 € F.

An algebraic group is called a torus if it is isomorphic to a product of copies of
G, over a finite separable extension of Q. It is called split if it is isomorphic to
a product of copies of G,, over Q. For the group GSp»,, the center Z consists of

scalar matrices and the standard maximal torus is

T = {diag(uy,...,up, Vi,...,Vp) : UIV] = -+ = Uyv, # 0}.

If t € T, we often write

t = diag(uy, . .., up, u; A1), ..., u, ' A(D)), (3.14)

We also recall that a root datum consists of a quadruple (X, ®, XV, ®") consisting of
the lattice X of characters of the maximal torus, the dual lattice X", a set of roots @
and coroots ®¥. We refer the unfamiliar reader to [Spr98] for a thorough exposition

of this material. We shall now describe the root datum of the group GSp2,.

We fix the following characters ¢; € Hom(T', G,,):

ei(t) =u;, i=0,1,...,n where ugy:=A(1).
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and cocharacters f; € Hom(G,,,T):

Sfo(u) =diag(1,...,1,u,...,u),
N’ e’

fitw)=(u,1,..., Lu ', 1,..., 1),

n n

fuw)=(1,..., Lu,1,..., Lu™h.

n n

Proposition 3.1.1. The root datum of GSp,, is described as follows. We set

X=Zegy®Ze1®...Ze,,

XV=Zfh®Zfi®...Zf,

and let (-, -) the natural pairing on X x X":
(eis fj) = 6ij.

Then we have the following set of simple roots:

ar(t) =uw g, o a1 () =ulun, () = wlug,
where ¢ has the form in (3.14). In terms of the basis ¢;,i =0, 1, ..., n, we have
ay=e,—¢€p_1, ... Qu_1=er—e|, q,=2e —ep.
The corresponding coroots are
ali/:fn_fn—l’ a’,\l/_lsz_fl’ a;z/:fl-

Let R ={ay,...,a,} and RV = {a],...,a, }. Then

(X,R,X",RY).
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is the root datum of GSpy,. The Cartan matrix is given by

2 -1
-1 2 -1
-1 2 -1
(@i, af) =
-1 2 -1
-1 2 -1
-2 2
Proof. See [Tad94, page 134-136] O

Asnoted in section 2.3, the definition of the Bost-Connes-Marcolli system associated
to a general Shimura datum (G, X) requires the notion of an enveloping semigroup
which plays the role of Mat; g in the case of the GL;g-system. For a given a
reductive group G, it is always possible to construct an enveloping semigroup M
(see [HPO5, Appendix B.2]). For the case G = GSpy, we are considering in
this work, we have the following explicit description of M. Given a commutative
Q-algebra R we have

M(R) := MSp>,(R) = {m € Maty,(R) | 3A(m) € R,m'Qm = A(m)Q}, (3.15)

since m € MSp,,(R)* if and only if A(m) € R*.

The group I';, = Sp2,(2) is called the Siegel modular group of degree n. Form € N,
we denote by U,, = GL,,(Z) the unimodular group of degree m and note that I',, C
Uy, with equality if n = 1. We let MSpI (Z) = {M € MSpy,(Z) | A(M) > 0}.
Then given any M € MSp? (Z), we denote by I', MT, the double coset generated
by M and put

A B
DT ,MT,) := {D € Mat,(Z) such that there exists (0 D) e IL,MI,}.
For each D € D(I'MT), we set
. A B
B(D,I',MT,) := {B € Mat,(Z) such that there exists (O D) e[ ,MT,}.

We define the following equivalence relation on B(D):
B~B & (B-B)D™! € Sym,(2), (3.16)
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and we write B = B” mod D if B ~ B’. For r € N, we put
Su(r) ={g € GSpu(Z) | A(g) =r}.

Let M € Mat,,(Z) withdet(M) > Oand N € S, (r). Then by the Elementary Divisor
Theorem (See [Kri90, Theorem 2.2, Chapter V]) the double cosets U,, MU,, and

I, NT',, contain unique representatives of the form
Elm(M) = diag(ay, as,...,an), ai,az,...,a, €N, (3.17)
withay |az | -+ | a;, and
Elm(N) = diag(ay,...,an, dy,...,dy), ai,...,andy,...,d, €N, (3.18)
suchthat a;d; =r,i=1,...,nanday |ax | ...a, | d, |- | du1]d;.

Theorem 3.1.1. Let M € MSp3 (Z). Then a set of representatives of the right

cosets relative to I', in I',MT',, is given by the matrices

A B _ 1
(0 bl A=a(M)(D")",

where

1. D runs through a set of representatives of GL,,(Z)\D(I',MT},);

2. B runs through a set of representatives of mod D incongruent matrices in
B(D,T,MT,).

Proof. See [Kri90, Theorem 3.4, Chapter VI] O

Proposition 3.1.2. Let p be a prime number and / € N. Then the set S,(p’)
decomposes into finitely many right cosets relative to I';,. A set of representatives
is given by

p' (D)™ B

) 3.19
0 D (3.19)

where D runs through a set of representatives of

GLn(Z)\{D € Mat,(Z) | Elm(D) = diag(d,,da, ..., dy,), di | p', i=1,2,.. .,n},
and B runs through a set of representatives of mod D incongruent matrices in
B(D) := {B € Mat,(Z) | B'D = D'B}. (3.20)
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Proof. Every right coset I',M contains a representatives of the form in (3.19).

Suppose we have two representatives N and M of this form:

(A B (& B
o bf o p)
with I';,N = I',N. Then since
A B voo\(1, s
r}:{ UeGL Z,SeSng}, 3.21
o ple™=1lo omllg L)t X(Z).S € Sym,(Z)}, (3.21)

we obtain from the conditions in (3.10)-(3.11) that there exists U € GL,(Z) such
that D(A’)" = A(M)U~" and hence

D(D) ' =UN.

This shows that D = D’ and consequently A = A’. Moreover from the equality
(3.21) we know that there exists S € Sym,,(Z) such that

-A(B) + B(A)' = -A(B) + AB',
=A(M)S.
Since A’D = A(M) = A(N) we obtain that B— B’ = SD,i.e, B=B mod D. 0O

Lemma 3.1.1. Let p be a prime number, / € N, D € Mat,(Z) such that EIm(D) =
diag(d,, ds, . .., d,) with d;|p' fori =1,2,...,nand B(D)is asin equation (3.20).
Given U,V € GL,(Z), then

1. |B(D) mod D|=|B(UDV) mod UDV|,

2. |B(D) mod D|=ddy" ... d,.

Proof. Since U,V € U,(Z), we have the following bijection
B(D) — B(UDV)
M (UY "MV,

This proves the first claim. Hence we can suppose that D = Elm(D) to prove the

second assertion. Since d1]...|d,, we can write

d .
B(D)={M = (by) | bjx € Z,bj = bkjd—’l‘ for j < k}.

By definition of the relation in (3.16) the entries b j; may be reduced mod dy. This

shows that B(D) consists exactly of d;‘dg‘l ...dyequivalence classes mod D. O
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Let r € N and define

Rr, ()= >, degp,(g).

g€l \Sn(r) /T

Proposition 3.1.3. The function Rr, : N — N is a multiplicative function, i.e.,

given relatively prime numbers ¢, € N, we have
Rr,(qr) = Rr, (q)Rr,(r).

Proof. Observe first that if g € S,,(gr), then Elm(g) = Elm(g)Elm(g;) for some
g1 € Sy(g) and g, € S,(r). Hence

Rr,(qgry= ). degr(9)= ), Do degr,(2182);
g€l \Sn(gr)/Tn 82€00\Sn(q) /T 81€Ln\Sn(r)/In
hence it is enough to show that deg(gig2) = deg(g;) deg(g2). We decompose the
double cosets I',\g1/I;, and I',\g2/T, into finitely many right cosets: I',Q;,i =
1,...,deg(g) and I';R;,i = 1,...,deg(g>). Then consider the right cosets given
by I'Q;R;. Suppose hat I'Q;R; = I'QR;. Then there exists some y € I, and a
matrix M € GSp2,(Q) such that

M=0"y0:=RR;", AQx)=A0)=q, AR)=AR)=r.

Recall from (3.9) that Q; = /l(Qk)_IQ_lQZQ and so after writing M = {%}ij
where (n;;,m;;) = 1, we see that the integers m;; divide A(Qy) = g and similarly m;;
divide A(R;) = r. By assumption (g,r) = 1 so M € I', since A(A) = 1. This shows
that I',Qx =1,0; and I';,R; = I',,Rg, in other words i = k and [ = j. To conclude

we simply observe that the cosets I'Q;R; form a partition of I';\g182/T,. O

Let p be a prime and [/ € N. For arbitrary n, it is in general not possible to obtain a
closed formula for deg(a) if a € S, is given in its elementary form. On the other
hand, an upper bound of deg(a) will be enough in most of our calculations. We first

suppose that a is given by

a = diag(p*, p*2, .. pFe ptR o ptTRy 12l < ki <ky <o < kg

38



Note that this is not the elementary symplectic form of a since k; > [//2]. We shall
use the root datum of G Sp», given in Proposition 3.1.1. The set ®* of positive roots

is given by (see [Tad94, page 167])

ej—e, 1<i<j<n
ej+e—ey 1<i<j<n

2e;—eop, 1<i<n.

where we have used our choice of the basis ¢;,i = 1, ..., n (the choice of the basis

used in [Tad94] is different but the computations are essentially the same). Hence

i=n—1

1
20 = Z a=2 Z (n—i)e,—;i — 5n(n+ 1)eg.
acd* i=0
We set
A= kifi+1fo.
i=1

Observe that (1, @) > Oforall @ € ®*. Then using the degree formula in Proposition
7.4 in [Gro98] (see also the proof of Corollary 1.9 in [COUO1] for a similar result

in the case of GL,) we obtain

deg(a) = p T An=Dkn)=3n(m Dl (] 4 0 (p71). (3.22)

where the big O depends only on n. If a € S, is given in its elementary symplectic
form (3.17) , we apply left and right (symplectic) permutations matrices to a (which

leaves invariant the degree) and use formula (3.22).

Structure theorems of the symplectic group

For a prime p, we denote by Q, the field of p-adic numbers and Z, its compact
subring of p-adic integers. We consider Ag r the ring of finite adeles of Q and
we denote by Ig = Aa 7 the idele group. We denote by Z = @NM Z|/NZ the
ring of profinite integers and we write M»,(Z) for the ring of 2n X 2n-matrices
with coefficients in Z. Note that by the Chinese remainder theorem we have that

Z=T11 » Zp, which is a maximal compact subring of Ag, . The profinite compact
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group GLy,(2) = liHmN>1 GL»,(Z/NZ) is a subset of M,,(Z) and consists of
invertible matrices. The subgroup Spa,(Z) <G L,(Z) is defined by exactness of the

sequence (3.8).

As seen in the previous section, the class number i(G, K) plays an important role
in the definition of the abstract BCM system. The aim of this section is to show that
for G = GSpy,, we have that (G, K) = 1 where K is any open compact subgroup
of GSp4(Aq,r). The proof relies on the notion of strong approximation in algebraic

groups (cf. Section 2.3).

We have from Theorem 2.3.2 that the symplectic group G = Sp2, (over Q) has the
strong approximation with respect to S = {co}. We provide an elementary proof of

this result using matrix factorization. For this, we first put

Lo(N) ={y el |y =1y modN}, (3.23)

for every positive integer N.

Lemma 3.1.2. Let my be the projection 7y : Sp2,(Z) — Sp2,(Z/NZ) defined by
nny(y) =y mod N. Then the sequence

13y — Tp(N) — Ty 25 Spon(Z/NZ) —> 1o,

is exact.

Proof. The only nontrivial part is the surjectivity of the map ny. This follows
directly from [NS64, Theorem 1] O

Proposition 3.1.4. Sp,,(Z) is dense in Sp,(Z).

Proof. Since M, (Z) = liLnN>1 M>,(Z/NZ) is a profinite ring, a system of neigh-
borhoods of the zero matrix is given by {NM»,(Z) | N € N} and thus a sys-
tem of neighborhood of 15, in Sps,(Z)) is given by {Uy | N € N} where
Uy = {1 + NM>,(Z)} N Sp2,(Z)}. Given N € N, consider the projection map
N szn(Z) — Spo,(Z/NZ) and note that ker 7y = Uy. By Lemma 3.1.2 the pro-
jection 7y restricted to Spo,(Z) is surjective. Hence for any given x € Sp»,(Z) and
N € N, we choose yy € Sp2,(Z) such that 7y (yn) = 7x(x).Thenx~lyy € Uy, that
is, yv € xUy. Taking N large enough shows that Sp»,(Z) is dense in Sp,,(Z). O
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Theorem 3.1.2. The algebraic group G = Sp», (over Q) has the strong approxima-
tion with respect to the infinite place S = {co}.

Proof. We denote by H the closure of Spy,(Q) in Sps,(Aq,r). We have a dense
diagonal embedding of Q inside Ag,r, whence the subgroup H contains the group
generated by the matrices of the form (3.13) with ay, ..., a5 € Ag,r. In particular,
given any prime number p, the subgroup H contains the set of matrices of the form
(3.13) with (a;)4 = 1forg # pandi =1,...,5. Since Sp4(Q,) is generated by these
type of matrices, we see that H contains the elements M = (M,), € Sp,(Agy),
with M), € Sp»,(Q,) and M, = 1 for g # p. Hence for any finite set of primes F,

we have the inclusion

{(x)g € Sp2,(Aqr) | Vg € F,x4 € Sp2,(Qp) and x, =1, if g¢ F} C H.

The result follows since the union of these subsets over all finite set of primes F' is

dense in Spo,(Ag,f). O

We can now establish the following important Corollary.

Corollary 3.1.1. Let K be an open compact subgroup of GSp2,(Af). Then A(K) C
7% and if A(K) = Z*, we have

GSpan(&f) =K - GSp3,(Q) = GSp;,(Q) - K (3.24)

In particular we get that A(G,K) = 1 for the maximal open compact subgroup
K = GSpan(2).

Proof. The first assertion follows from the fact that the map A4 : GSp2,(Af) — A?
is continuous and Z;f is the unique maximal subgroup of Q;f. To show (3.24), let
g € GSp2,(Ay) sothat A(g) € A;i. Since Aa F= Q*Z* , we can write

A(g) = a - x,

for some a € Q* (we choose a > 0 if necessary) and x € 7% = A(K). Thus we can
choose k € K such that A(k) = x. Consider the matrix

g =diag(e™,1,...,a7 1, 1,a7L, . La ) gkl

n n
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Observe that g° € Sp2,(Ay) and by Theorem 3.1.2 the open set g’ - Spa, (Z) C
Sp2n(Ayr) contains 7 € Spy,(Q) such that n = g’ - h for some h € Span(2).
Moreover by Proposition 3.1.4 the group Sp»,(Z) is dense in Sps,(Z), hence we
can find y € Sp2,(Z) such that y € g"~'nU, where U = K N Sp»,(Z). This shows
that g € K - GSp3 (Q) as desired. Considering the automorphism x x~! for
x € GSpa,(Ay), we see that GSpa,(Ay) = GSp3 (Q) - K. O

Siegel upper half plane

Definition 3.1.1. The Siegel upper half plane of degree n consists of all symmetric

complex n X n-matrices whose imaginary part is positive definite:

H' = {r =7, +i1, € Mat,(C) | 7' =7, 1 >0}. (3.25)

A B
Let M = ) € GSp;,(R) and 7 € Hy. Then the matrix Ct + D is invertible
CcC D "

and if we define
g-7:=(At+B)(Ct+ D)'l,

then the map
TH g T (3.26)

is an action of GSp3 (R) on Hj [Pitl9] . If we write 7 = 71 +i7, € H; and
dt = dt1dm, is the Euclidean measure, then the element of volume on H given by

d*t = det(mp) """ Vdr, (3.27)
is invariant under all transformations of the group GSp; (R), i.e.,

d*(g-7) =d'r, forallg € GSp} (R).

Given an element 7 = 7 + i, € HY, the relation

1n T1 7-21/2 On 1
‘il =7
0, 1,/\ o, ' "

2
shows that the action of GSp3 (R) is transitive. The stabilizer of i1, is the subgroup

(5

E GLQ,,(R)} N GSp,(R), (3.28)
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Hence the group Z(R)\GSp3 (R) (where Z(R) denotes the center of GSp3 (R) )

acts transitively on HY and we have the following identification

H, = PGSp;,(R)/K, (3.29)
where K is the compact group K = Z(R)\S ~ U"/{£1,} and U" is isomorphic
to the unitary group of order n. The restriction of the action defined in (3.26) to
the arithmetic subgroup Sp;,(Z) will be of special importance to us. Note that
from the identification (3.29) we see that the action of I', on H is proper since
I, = Sp2,(Z) is discrete and the subgroup K in (3.29) is compact. The action
of Sp2,(Z) on H} admits a fundamental domain and thanks to a result by Siegel

[Sie64], it has the following concrete description [Nam06]. Let U,, be the subset of

matrices 7 = 71 + i € H satisfying the following conditions:

1. |det(Ct + D)| > 1 for every (2 g) € Spw(Z2);
2. 7 = (12);; is Minkowski reduced, i.e.,
a
anaz (), 1<k<n forall a=| |€Z" where (ay,...,a,) =1;
an

3. |(T1)l‘j| <1/2.

Then U, is a fundamental domain of Spy, (Z) on H of finite volume with the respect

to the element of volume (3.27):
vol(U,) =2 ﬂ 7T () 2 (20),
i=1
where I'(s) denotes the Gamma function and () is the Riemann zeta function.

Bost-Connes-Marcolli system: the GSp,,-case
We consider the connected Shimura datum (GSp7 ,H)) together with the BCM

pair

G*'=GSph, X'=H, V=Q¥, M=MSpy(2),
L=27", K=GSpu(Z), Ky=MSp(Z).
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Let M € GSp} (Q) N GSpan(Z). Since Z N Q = Z it is clear that M € MSp>,(Z)
and there exists M’ € MSp3 (Z) such that MM’ = 1 so that A(M) = 1, that is
I, =GSp; . (Q) NG Spr,(Z) = T,. From Corollary 3.1.1 we have that h(G, K) = 1,
hence by Proposition 2.3.1 it is enough to consider the space 35)’ - As in the case
of the G L, system, the first difficulty comes from the presence of points in H with

nontrivial stabilizers:

Proposition 3.1.5. The groupoid structure on U7,  does not pass to the quotient
by the action of I', X I',.

1I’l On

1
n 2ln

Proof. Let g = ( € GSp; (Q) and assume the groupoid composition is

defined when we pass to the quotient. Since g - %i 12, = il,, we obtain that

. I, 1,
(ga 07 llZn)(g’O’ EIIZH) = (gza O’ 5112}1)’

0, -1
where the equality holds in the quotient. On the other hand, let y = (1” 0 ”) SO

that gy~ lg = —%y andy -ily, =g - %i 12,. We then have the following equality in
the quotient:

1. _ . 1. _ 1,
(82,0, 5112;1) = (87 150’7 . llZn)(g, Oa Ellzn) = (gy lg’ O’ 5112}1)~

Hence there exist yy, y» € I, = Sp2,(Z) satisfying the following two conditions:

v2 - iloy =il

R HEr |
2 20-1, 0,)

A

B
The first condition implies that y; is of the form y, = ( A) while the second

(3B 24
"7\ia 2B )

condition gives

Note that since y; € Sp2,(Z) we get

b

1(BA-AB) A?+B?
—B>—A%? 4(BA-AB)

that is, / = 4(A’> + B"?) for some A’, B’ € Mat,(Z), which is a contradiction. O
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The GSp4 o-system

We restrict our attention to the case n = 2 and fix the following notation. We let
Y = Hi x MSp4a(Z), X = GSpi(Q)Y = H X MSps(Ag,s) and T, = Sp4(Z). As
observed above the action of I'; on Y is not free and it turns out that the set of points

in Y with nontrivial stabilizers strictly contains HJ x {04}. Let
Fy ={h e MSps(2) | rankg, (hy) <2 for all primes p}.
Then the action of T, on ¥ =Y \(HJ X Fy) is free. To see this, we suppose that for

some y € I'; we have y - 7 = 7 and yh), = h), for some 7 € H} and h, € MSp4(Q))
with rankg, (/) > 2 for some prime p. Then we can find T € G L4(Q),) such that

1 00 X1
010
TyT™! = 2
0 01 X3
0 0 0 x4
for some x1...,x4 € Q,. Since the entries of y are in Z we see that x4 € Q and

thus Cq, (x) = (x — 1)3(x —x4). On the other hand, since vy fixes a point in H*, then
there exists P € Sp4(R) such that

a, b a b

pyp =" TNl |, anbieR d+bi=dd+bi=1,
-by a; by az

So C@’y(x) = (x—/ll)(x—zl)(x—/lz)(x—zg) where 1| = a;+ib; and A, = ay+ib;.

Hence 4 = 1 = 1 and vy = 1. It is easy to see that the set of points in ¥ with

nontrivial stabilizers is strictly larger than HY x {0}.

The fact that Fy is not invariant under scalar matrices in GSp;(Q) creates a new
difficulty that was not present in the G L,-system. For this reason, and for the
purpose of KMSg analysis, instead of working with the quotient HY = GSp(R)/K,
we consider first the quotient PGSpj(R) = GSp;(R)/Z(R), where Z(R) is the
center of the group GSp;(R). From now on we refer to this system as the GSp4-
system and we call the original dynamical system (corresponding to the Shimura
datum (GSpjy, HY)) the Connes-Marcolli GSp4-system. We will show later that the
two systems have the same thermodynamical properties. Since now PGSp; (R) is

a group, we get the following:

Proposition 3.1.6. For g # 0, there exists a correspondence between KMSg states

on the GSp4-system and I'-invariant measures p on PGSp;(R) X MSp4(Ag,y)
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such that

v(D\PGSp;(R) X MSpa(2)) = 1, p(gB) = A(g) Pu(B) (3.30)

for any g € GSp;(Q) and Borel compact subset B ¢ PGSp;(R) X MSp4(Aq ).
Here v denotes the measure on [2\PGSp; (R) x MSp4(Ag,s) corresponding to .

Proof. Since the action of I'; on PGSp;(R) is free, Proposition 3.0.1 applied to
the group G = GSp;(Q) and the spaces X = PGSp;(R) x MSp4(Ag,r) and
Y = PGSp;(R) Xx MS p4(Z) gives a one-to-one correspondence between the set
of KMSg states on (A, o) and I';-invariant measures u on Y such that u(gB) =
A(g)Pu(B) if gZ and Z are measurable subsets of Y. The equality MSp4(A r) =
GSp;(QMS p4(Z) allows us to extend ([LLNO7, Lemma 2.2]) this measure to
a Radon measure on X such that u(gB) = A(g)Pu(B) for every Borel subset
B C X. Since the algebra (A is not unital, from the normalization condition (2.1)

and equation (3.5) we obtain that v is a probability measure on I\Y. O

Fromnow on, weletY = PGSp; (R)xMSpy (Z)and X = PGSp (R)xMSp4(Aq,f).
For 8 > 0, we denote by Eg the set of Radon measures on X satisfying the properties
in Proposition 3.1.6. Note that the extremal KMSg states correspond to point mass

measures.

3.2 KMSg states analysis

High temperature region

We begin the KMSg-analysis of the GSp4-system by first considering the high
temperature region 0 < S < 3. Our first goal is to show that the GSp4-system
constructed above does not admit a KMSg state for 0 < 8 < 3 with 8 ¢ {1,2}. We

first show some useful lemmas.

Lemma 3.2.1. Let F be a finite set of prime numbers and let g = (g,),er be an
element of [],cp MSpa(Zp) C [1,er MSpa(Qp) with A(gp) # O for all p € F.
Then there exist g1 € Sr and g2 € [],cr GSp4(Z)y) such that g = g1g>.

Proof. It follows from Corollary 3.1.1 that we can find g; € GSp;(Q) and g €
GSp4(Z,) such that g = g1g> with g1 € GSp4(Z,), q # p and g1 € MSp4(Z,) and
/l(gl) € Np, that is, g1 € Sf. O
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For kg, k1, ko € Z, we set

P = 0 O 0 P . 0 O 0O O
ko -= 0 pko © 02, kika == 0 pkl © 0 pkz )

20 = Spa(Zy) Py GSpa(Zy).  Zy) = Spa(Zy) Pik, GSpa(Zy).  (331)

Lemma 3.2.2. The sets Z,Eg) and Z,E})kz, ko, k1, ko € Z are pairwise disjoint. More-
over, given any nonzero matrix a € MSp4(Q,) with A(a) =0, thena € Z,Eg) U Z,E})kz

for some kg, k1, kp € Z.

Proof. We first fix some notations. For 1 < i,j < 4, let E;; be the elementary
matrix with coefficient 1 at the position (7, j) and 0 otherwise. For U € GL1(Z))
and S € Sym,(Z,), we put

J(U) =

u 0 I, S
HEOE
0, U™ 0 1
Consider g € MSp4(Q,) with A(g) = 0. Let go be any entry of g with maximal
p-adic valuation and we write gy = aop*®, where ag € Z;j. Using the matrices €

and J; (P) (where P is a permutation matrix), we may assume that g;; = go. If a is

an entry of the matrix g, we set
Us=1—-gy'aEn, S,=-gy aEn, S,=-gy a(Er + Ea).

Observe that by maximality, these matrices are in Sp4(Z,). We multiply g from the
right by

J(Ug )](Sgl3+gl1g|2g14)~](§g14)-

to obtain a matrix whose first row is gpej. Taking the transpose and repeating this

12
process, we obtain a matrix whose first column is equal to goe;’. The symplectic

relations 3.10 and 3.11 imply that this matrix has the following form:

0 0
If M = 0, then one has

(go 0) OM, M eMaty(Q,), det(M)=0.
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0 -1 g O 0 a(_)1 0 aal 0 O
o1, oOM - © = X OOZEPkO.
1 0 0 0 1 0 I O 0 pro

Otherwise, we can use right and left multiplication to find y; € SL»(Z,) and

0 O
Y2 € GL2(Z,) such that yi My, = (O kl)’ for some k; € Z. Then the matrix
p

0 -1 g 0 0 ay’ 0 0) (0 O
Oy oM- Oy2 = i |© i | € Proky
1 0 0 0 —a,det(y2) O 0 p*) \0 p™
has the desired form. One can easily check that this decomposition is unique. O
Lemma 3.2.3. Let p be a prime and we put

81,p = diag(l’l’P’p)’ 82,p = diag(p»p’p’p)’ 83,p = diag(l,p,pz,p).

A set of representatives of the right cosets relative to I'; in I’,g; ,17 is given by the

matrices

p 000 p 00 0 1 —ky k3 O 1 0 ky ks
0 p 00O 01 0 k 0 p 00 0 1 ks ke
0 010 |[0o0°1 1o 0 p o] 00 p Of
0001 000 p 0 0 k 1 00 0 p

where 0 < ky, ko, ..., ke < p.

A set of representatives of the right cosets relative to I'; in I',g3 ,17 is given by the

matrices
p> 000 p -pr1 0 O p 0 0 pnr
0 p 00O 0 p> 00 01 rm r
0 010 [0 o of 1o o p 0Ff
0 00 p 0 0 nr 1 00 0 p?
1 —rq4 rsra+rg rs p 0 rg rg
0 p prs 0 0O p ro rio
0 0 p? of [0 0o p of
0 O pry p 00 0 p
where 1 < ry,ry,rq,r5s < p, 1 < 13,16 < pz, and 0 < rg,r9,r10 < p are such that
rg 19 .
rp( = 1, where r,(B) denotes the rank of the matrix B € Mat,(Z) over
ro 110
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Z/pZ. In particular we have:

degr, (g1,5) = (L+p)(1 +p?)
degr, (g2,p) = 1
degp, (g3,) =p+p*+p’ +p*.

Proof. Recall that S>(p) denotes the set of matrices g € GSp4(Z) such that A(g) =

p. This set consists of a single coset:

Sa(p) = gyl (3.32)
From this we can see that

o) =l ranlt Yranl? Oy
281,pl2) = 101 I’IOp 1,10]9 1s-

The decomposition of I'g; ,I" into right cosets follows then from applying Theorem
3.21 with n = 2 and n = 1 (notice that we are using the convention that for » impair,

the matrices B are under the diagonal).

The decomposition of I'g; ,I" is trivial. To decompose the double cosets I'g3 T,

we use the following simple criterion:

M e F2g3,pl“2 & I’p(M) =land M € GSp4(Z).

‘We then obtain

1 0 0 0
D(Tagspln) ={IN .ol ? oL P LT}
0 p 0 p 0 p

Foreach D € U,\D(I2g83,17), the set B(D, g3 ,1%) is then obtained by applying
again Theorem 3.21 and using the relations

A'D = p*1,, B'D=D'B, AB'=BA'.

O

Lemma 3.2.4. Let p be a prime and denote by G, the subgroup of GSp}(Q)
generated by I'; and the matrices g1, g2, and g3, defined in Lemma 3.2.3. Suppose
that u,, is a I';-invariant measure on PGSp; (R) x MSp4(Q,) such that
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L. pp(PGSp1(R) X MSp4(Zy)) < o0

2. up(gZ) = A(g)Puy(Z) for all g € G, and Borel Z C PGSp;(R) x
MSp4(Qp)~

If B¢ {1,2,3} then PGSp,;(R) X GSp4(Q,) is a subset of full measure in
PGSpy(R) x MSp4(Qp)

Proof. We denote v, the corresponding measure on I'2\PGSp; (R) x MSp4(Q,).
Then for a I'>-invariant Borel set Z € MSp4(Q,,), we define a measure /i, on the

o -algebra of I'>-invariant Borel sets of on MSp4(Q),) by
ip(Z) = vp(T2\PGSp(TaR) X Z).

Note that by assumption we have fi,(MSp4(Z,)) < co. For any g € G, and any
positive integrable I'>-invariant function on MSp4(Q,) we get from the second
condition and [LLNO7, Lemma 2.6] that

[ nrag =it [ g, (3:33)
MSp4(Qp)

MSpa(Qp)

For kg, k1, ko € Z, consider the functions fk(o) =1 o and fk(l)k =1_u) , where the
0 Zig 2 Ziy kg

sets Z,Eg) and Z,Ef’)kz are as in equation (3.31). Given g € GSp;(Q), we have that the
function T, fo(,i)) is continuous and I'-invariant. By Proposition 3.1.4 the group I is
dense in Sp4(Z,), whence T, fo(’lo) is left Sp4(Z,)-invariant. For ki, ko € Z, we can
expand the expression ng_’; g1 f()(,lo)(Pkl,kz) using the explicit representatives given

in Lemma 3.2.3 as follows:

00 O 0 00 0 0
00 0 0 it 00 0 kph!
-1 =1 (1) (1) p
deg(gz’pgl,P) f()’() 0 0 pkl—l 0 +;)f0,0 00 pk1—1 0
00 0 phl 00 O pk
0 0 Kph=t 0 0 0 bph=! pph!
00 0 0 0 0 npk-l ppk-l
(1 (1) P P
IPINRCt 00 ph o || 2 o 00 ph 0
0<k’,a<p-1 p 0<a,b,n<p-1 p
0 0 agph-l phk-l 00 0 pk
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. 1 1
Since Tgi;gl,pfo(,o) (Y1Pry k2 ¥2) = ng—’;gl,pfo(,o)(Pkl k,Y2) for y1 € Spa(Zy) and y; €

GSp4(Z,), it follows that deg(gngLp)ng_l - 0(0) is equal to
: ey

W+ i+ =Df)+ 0+ PP =D+ (o= DY+ (0= D2
g+ =D+ (= DAY+ (= D)+ (0 - D)+ (0 - D)
00 + LG +pfyy + (PP +pT =AY

Similarly, the expansion of ng_f: 2. f0.1(Pk, k) is given by

00 O 0 00 0 0
00 O 0 00 0 0
deg(g52 -1 +
e L P ph=? 0 0<ish 1f0’1 00 ph=t 0
00 0 pe 0 0 apt1=? phe=?
0 0 0 bpkzl 0 0 blpkl—z b2pk2_1
0 0 bphi=2 cph~2 0 0 byp“172 b3phe?
+ foa _ + Joi _
OS;}_I 00 pk1 1 0 bzb 0 0 pkl 1 0
0<c<p®-1 00 0 pkz p ! 2:1 00 0 pkz_l
by b3
0 0 (kd+0)p~=2 kpk—2
0 0 kpki-1 0
+ .
ZZ fOl 0 0 pk] O )
0<i<p -1
0<k,d<p-1 00 dp*k1-! pke-l

Counting the number of instances where the indices are divisible by p, we find that
deg(g2 583, )T, & 20,0 ’})) is equal to

AL+ (0= DY+ )+ (= DA+ (0= p)f)

+p- DAY+ - D)+ (- D=1 = (=17 13
+(p=DEY+(p=DAEY+ =D+ f)+ (0 - DAY

+(p - DAY+ (=D Y+ (- A + (<p D-(p-D)AY

+(p -2 Y ((pz_p)(p_1>) 35+ (p =D

(=P = D)AY +p(p = D2 + (0 = 2P = D) = p(p - D) 1)
= () 1+ P+ p =)+ P f D 4 ) + (0t - P ALY
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Similar computations lead to the following identities:

1 1
deg(gZP)T f( ) - 1(1),

- 1 1 1 1 1
deg(g5581,,)7, 281 A A Y A N A VR S O YA

1 1
deg(gzz)T 2 0(0)— 2(’2).

‘We then have

(1) (1) (1)

deg(g2 pgl P)T -1 gl p P deg(g2 pg3 p) g; 70,0

1 — 1
—(p+pY) deg<g2p>T f< 4 deg(gz,,,gl,p>Tg2—3,g1,p 20

~ p°deg(g,3)T,2 <“

Since deg(g;.pgk,p) =deg(gx),i € N, k = 1,2,3, it follows from equation (3.33)
that

fp(Z5%)) = R(p. B)ip(Z§ ). (3.34)

where

R(p.B) =p' P4 p> P4 p? P apP = pl=2 — p720 _0p3=20 _ pi=2f _ p3=28

+ p3IB g gt 4 5By 038 | 648

= ) = ) )

We can repeat the same computations with the functions 7, fo(o), g € GSp;(Q)

instead. As a summary we get

_ 0 0 0
deg(83)81.0) ;1 ¢, fy ) = (1 PV fy" + (P7 +p7) £
— 0 0 0 0
deg(gz}ng,p)T—lgﬂ, 0()= ()+(p ~1+p3+p) 0+ pt f()
0 0
deg(83,) Tt fo” = /i
_ 0 0 0
deg(83581.0) T2, fy ) = (14 PV + (07 +p7) 1,

0 0
deg (833,72 f‘ "= 1O,
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and

ap(Z\") = R(p, B)ip(Z\"). (3.35)

Suppose that ﬂp(Z(()lg) # 0. Since B8 ¢ {1,2,3}, by equation (3.34) we get that
B =0. Hence

~ 1 ~ 1
Ap(Zy)) = p(Zg g i) K1 ko € Z. (3.36)

This is a contradiction since fi,(MSp4(Z,)) < oco. This shows that ﬁp(ZéB ) =0
and by induction we see that fi,(Z li}?kz) = 0 for k1, ko € N (by considering suitable
elements of g € G,). The same argument shows that ﬂp(Zlg())) =0 for k € Z.
It follows from Lemma 3.2.2 that the fi,-measure of the set of nonzero matrices

g € MSp4(Q,) with A(g) = 0 is zero. O

Corollary 3.2.1. We denote by M Sp4(Ar)* the setof elements 1 € MSp4(Ay) such
that A(m ) # O forall primes p. Let ug be ameasurein Egand 8 ¢ {0, 1,2,3}. Then
PGSp;(R) x MSp4(Ay)* is a subset of full measure in PGSpy(R) X MSp4(Ay).

Proof. Given a prime p, consider the restriction of ug to the set

PGSp;(R) x MSpa(Qp) x | | MSpa(Zy),
p#q

and the measure ug , on PGSp; (R)XMSp4(Q)) obtained from the projection on the
first two coordinates. Since ug € Kjp we have that g ,(PGSp; (R) X MSp4(Z,)) <
co. Given any g € G, and Borel Z € PGSp4(R)* x MSp4(Q,) we get

upp(82) = pp(e(Z x | | MSpa(Zy))) = A(8) Puup p(2).
q#p

Thus the measure g, satisfies the conditions of Lemma 3.2.4, whence PG Sp} (R) x
GSp4(Qp) is a subset of full g ,-measure. This shows that the ug-measure of the
set

{PGSp}(R) x MSpa(Qp) x | | MSpa(Zy) | A(hy) = 0}
P#q
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is zero. Finally observe that the complement of HJ x MSp7 (A ) is equal to

| ) GSpi(@{PGSPE(R) x MSpa(Qp) x | | MSpa(Zy) | A(hy) =0},
peP P#q

which completes the proof. O

Given a prime number p € P and B € R}, we consider the subsemigroup of
GSp;(Q) given by
SZ,p = U SZ(pl)~

120
Note that I'; € S5, for any prime number p and the corresponding Dirichlet series
(cf. Definition 3) is

L,m(B) = D, Ag)Pdegr,(e) = ) p P Ry (P). (3.37)

g€In\S2,p /T =0

Proposition 3.2.1. Suppose S € R;. Then s, r,(B) < oo if and only if 8 > 3. In
this case we have that

1_p2—2ﬁ
(1=p3B)(1 = p2A)(1 = p!F)(1 - p~F)

Is,,n(B) = (3.38)

Proof. We combine the results from Proposition 3.1.2 and Lemma 3.1.1 to first

compute Rr, (p'):

Rr,(p)) = Z degr]((d1 O))d%dz

di|d|p! 0 &
I
p 0
- degrl(( ; lz))ﬂl”z
11 <<l p
[ 1= i
pt 0 i
= Z Z degrl (( 0 k+i))p2lpl+k
i=0 k=0 P
l [ 1=
— p3l + Z Zpk_l(l +p)p3l+k
i=0 i=0 k=1
1

= 1-p(p+p*+p*)+p¥ (p? +p4)),
(1-p)2Q1 +p+p2)(
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p 0

since degp, b

) = plz_l'_1 for I, # [1 [Kri90, Theorem 4.1, Chapter IV]. Itis

then clear that the series {s, 1, () converges if and only if 8 > 3 and

Lo i (B) = 1 ((1—p)2(1+p+p2)p‘ﬂ(p+pﬁ))
e (1=p)*(1+p+p)\ (1=p3F)(1-pP)(1-p*P)
~ 1_p2—2ﬂ
C(1=p¥F) (1= p>F)(1 - p'F)(1 - ph)
for > 3 as desired. |

We are now ready to prove the main theorem of this section.

Theorem 3.2.1. The GSpy-system (A, (07):er+) does not admit a KMSg state for
0<B<3withp ¢{l,2}.

Proof. We fix a prime p € # and put

Y, = PGSpZ(R) X GSpa(Zpy) % ]—[ MSpa(Zy), (3.39)
q#p
and note that

PGSp;(R) X (MSpa(Zy) N GSpa(Qy) x | [ MSpa(Zg)= | ] Tasy,.
q#p s€l\S2,p /T
(3.40)

Itis easy to see that the sets I';sY), are disjoint for s € I3\S5 ,/I"> and the complement
of their union in HY x MSp4(Z) is a subset of (H x MSp;(Ay))¢, whence by
Lemma 3.2.4 it has full measure for g ¢ {1,2,3}. Let ug € &E(Kp) and vg its
corresponding measure on the quotient space. Note thatif g € G, NGSp4(Z,) then
necessarily A(g) = 1 and g € MSp4(Z), hence G, N GSp4(Z,) = I'. We can then
apply [LLNO7, Lemma 2.7] to the group G, (a simple calculation shows that any
elementary matrix in S, , is generated by g1, g2, and g3 ,) and the spaces X and

Yy = Y,. We obtain that for any g € I5\S ,/I">, we have

vp(I2\I2gY,) = A(g)# degp, (8)vp(T2\Y)).

Observe that
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vp(D\PGSp;(R) x MSpa(2) = > vp(I2\Tag,)
g€I\S2,, /T

= ), A Pdegr,(@)vp(To\Y,).
g€ln\S2,p /T

Hence

1 =5, ,n(B)ve(I2\Y,), (3.41)

which is not possible for § < 3 by Proposition 3.2.1. This shows that there are no
KMSg-states for § < 3 and g ¢ {0, 1, 2}. O
Low temperature region and Gibbs states

Theorem 3.2.2. For 8 > 4, the extremal KMS states of the GSp4-system are given
by the Gibbs states

{(2B =2)Tr(my(f)e P™)
BB -DEB-2)5(B-3)

where y € PGSp,(R) X GSpa(2).

¢p(f) = (3.42)

Proof. Let F be an arbitrary finite set of primes and denote by G the group
generated by G, for p € F. We denote by MSp;(Z) = GSp;(Q) N MSp4(Z) and

we put

Sp:={m e MSp;(Z) | A(m) € N(F)},

and

Yr = PGSp(R) X ]—[ GSpa(Z,) x ]—[ MSp4(Z,).
peF q&Fr

Similarly to the proof of Theorem 3.2.1 (we replace Y, by Yr and S5, by Sr), we
get

1 =vg([2\YF)sp.1,(B) = vp(I2\YF) l—[ §85,pTa+

peF
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Note that Yr C Y for F/ C F and the intersection of Y over all finite primes is the
set PGSp; (R) x GSp4(Z). Hence for B > 4, we get

vp(D2\(PGSp}(R) X GSpa(2)) = Luspsz)r(B) ™
where

-1 -2 -3
Luspy )0, (B) = 1_[ £8opTs = LA {();ﬁ(ﬁ_ ) )(p ).

peEP

(3.43)

On the other hand, the sets I2s(PGSp;(R) X GS p4(Z2)) are disjoints for s in
[\MSp(Z)/T>. We thus obtain that the vg-measure of I[2\M Sp7 (Z) (PG Sp; (R)x
GSp4(2)) is given by

> vp(D\Tas(PGSpi(R) x GSpa(2))),
sEFz\MSpX(Z)/rz

which is equal to

Lmspt ), (B)vp(T2\PGSp; (R) X GSpa(2)) = 1.
Hence MSp}(Z)(PGSZ(R)xGSp4(Z)) has full measure in PGSp}(R)x MSp4(2)
and by Corollary 3.1.2 the subset PGSp;(R) x GSps(Ay) has full measure in
PGSp;(R) x MSps(Ay). Conversely, any probability I’>-invariant measure on
PGSp;(R) X GS p4(Z) extends [LLNO7, Lemma 2.4] uniquely to a measure on
PGSp;(R) x GSp4(Ay) satisfying condition 3.30.

Suppose now that ug € &g is a Dirac measure centered on y € PGSpy(R) x
GSp4(Z). Then

o(f) = f(1,w)dvp(w)

seD\MSp}(Z)/Ts ﬁz\rzs(PGSpZ(R)XGSp4(Z))

=usron@®™ D> AP Y F(1Lhy)

SEFQ\MS])I(Z)/Fz hEFQ\FzSFz
= luspzanB) Y AW TFL(, hy)
hel\M Sp}(2)

_ Te(my(fle P)
 Tr(eFHy)

since the operator H, is positive and G, = MSp;(Z) for y € GSp;(R) X GSps(Z).

O
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The critical region
We denote by Sﬁ the subset of right G Sp,4(Z)-invariant measures in &Ep. The next

proposition shows that this set is not empty for 3 < g8 < 4.

Proposition 3.2.2. For each 8 € (3,4], the GSp,-system {A, (07);cr} admits at
least one KMSg-state.

Proof. We generalize the construction in [LLNO7]. By the correspondence in Propo-
sition 3.1.6, it is enough to construct a measure pg on PGSp;(R) X MSp4(Aq,f)
such that g € Eg. For each prime p and 3 < § < 4, we consider the normalized
Haar measure on GSp4(Z,) so that the total volume is s, , r, (B)~! (we denote
this measure by measg ,). Observe that GSp4(Q,) = G,GSp4(Z,) and hence by
[LLNO7, Lemma 2.4] we can uniquely extend this measure to a measure (g, on

GSp4(Qp) such that if Z is a compact measurable subset in GSp4(Q,), then

upp(Z) = " A9l measy ,(8Z N GSpa(Z,y)),
geGy

where |a|, denotes the p-adic valuation of a. Since ug,(hZ) = |A(h) |§,uﬁ,p(Z)
for g € GSp4(Qp), it is clear that ug, is left GSps(Zp)-invariant. It is also
right GSp4(Zp)-invariant since the Haar measure measg,, is right translation in-
variant. We extend the measure g ,(Z) to a measure on MSp4(Q,) by setting
Hpp(Z) == g ,(Z N GSps(Qp)) for Borel Z € MSp4(Q,). To extend this mea-
sure to M Sp4(Aqg, ) we first check that g ,(MSp4(Z,)) = 1. The proof of Lemma
3.2.4 applied to the space M Sp4(Q,) shows that the set MSp4(Z,) N GSps(Q))
has full measure. Since this set is precisely S> ,GSp4(Z,), then similarly to the

calculation in the proof of Theorem 3.2.1 we get

ppp(MSpa(Zp)) = D A(g)™ degr, (&), p(GSpa(Z,)) = 1.
gEFZ\SZ,p/FZ

We thus define a measure on MSp4(Aq,f) by pg r = [1,ep tp,p- Then we have that
for any g € GSp4(Q) and measurable subset Z C MSp4(Ay), we get

11 (82) = ([ ] 117 )5 (2) = A(8) P 1ap (2.
pEP

If we denote by ug pg Spt(R) the normalized Haar measure on PGSp; (R) such that
Vg, PGSp(R) is a probability measure on I2\PGSp}(R), then it is clear that the
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measure defined by ug := ug pg Spt(R) X B, f is an element of K. By construction,
Hp is also right GSp4 (Z)-invariant; that is, Hp € éﬁ. O

Our next goal is to show that for 3 < g < 4, the KMSg constructed in Proposition
3.2.2 is the unique equilibrium state. We first recall the definition of an ergodic

action.

Definition 3.2.1. If u € &g, the action of G on the measure space (X, u) is ergodic
if the following holds: If A is any G-invariant Borel subset of X, then y(A) = 0 or
p(A€) =0.

Recall that if W is a locally compact group, then a character of W is a continuous
homomorphisms y : W — T.

Lemma 3.2.5. Forn e N, welet G, = 1 + p"Z;f C Z, and y be any character of
Zj,. Then G C ker(y) for some k € N.

Proof. Consider the open subset of T given by
V ={z € T|Re(z) > 0}. (3.44)

Observe first that the only subgroup of V is {1} and a fundamental system of

neighborhood of the neutral element of Zj is given by the subgroups
Gio>Gy>---DGy,...

Consider now the open subset of T given in (3.44). Since the character y is contin-
uous, there exists an integer k > 1 such that y(Gy) € V. Now y is homomorphism

and therefore the subset y (Gy) is a subgroup of V, thatis y(Gy) = 1. O

Lemma 3.2.6. Let m be an integer and B a finite set of prime numbers. Then the

set

{(n,...,n)el—[Z;|n€Zand(n,p):1 Vp € B} (3.45)
pEB

. . %
isdense in [],cpZ;.

Proof. Any a € Z; admits a p-adic expansion of the form
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a:ch-pi, 0<ci<p.

i>0
Hence, given € > 0 and x = (xq,...,xp) € ]_[peBZ;, we choose a; € Z and
er € N such that

_ €
(ar,pr) =1, p* <3

€
X —a < =
| k klpk )

2 b
for k = 1,...,|B|. By the Chinese remainder theorem, the congruence system

n=a; modpk*, 1<k<|B|

has a solution n € Z. The condition (ay, px) implies that (n, py) = 1 for all
1 < k < |B|. Hence

€
|n_'xklpk < |n_ak|pk + |ak _xklpk < pek +§ <e€,

as desired.

Given m € N, a Dirichlet character modulo m is a function y,, : Z — C obtained
by extending a character of (Z/mZ)* to 0 on Z/mZ and lifted to Z by composition.
The corresponding Dirichlet L-function is defined by

L(s.xm) = > x(m)/n', seC.
n=1

Theorem 3.2.3. Let fig € Eg and A = L®(PGSpi(R) x MSpa(Aq,y), fig). We
have that

APGSPL(RIXGSpL(Q) _ . (3.46)

Proof. It is enough to show that the action of GSp;(Q) on (MSp4(Aqg,r), fp.r)
(where fig r is the measure on M Sp4(Aq,r) obtained by projecting onto the second
factor) is ergodic. The strategy extends the ideas in [Nes02] and [LLNO7]. Since
every GSp; (Q)-invariant subset is completely determined by its intersection with
MSp4(Z), it is enough to show that the closed subspace
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H={f € L*(MSpa(2), fip ) | V[ = f,¥m € MSp}(Z)}, (Vi [)(x) := f(mx),

consists of constant functions. Denote by P the orthogonal projection onto H. Since
every function in H is I';-invariant, it is enough to show that P maps I';-invariants

functions to constants.

Consider the subspace

Hp = {f € L (MSp4(2)), dfigs) | Vsf = f,Vs € Sr},

and denote by Pr the orthogonal projection onto Hr. Consider the subset

W =| | GSpa@,) x | | MSpa(zy).
peF q¢F

Note that by Lemma 3.2.1 and Corollary 3.2.6 the disjoint union Uger;\ s/, SWr has

full measure. Hence given any I'-invariant function f € L>(MSp4(Z)), dfg.r),
we deduce from [LLNO7, Lemma 2.9] that

Prf=Cen (B D, A PR (DTS, (3.47)

SEFz\SF/Fz

We fix a finite set of primes B such that BN F = () and consider the functions in
L>(MSp4(Z), dug, r) of the form

x(A((xp)pep)) if x € Wp
XB(x) = o
0 otherwise

where y is a character of the compact abelian group [],cp Zj;.

We will first show that P y(x) is constant a.e. This is easy to prove if the character
x is trivial. Indeed, in this cases yp = 1p and the projection formula (3.47) we get
that Ppyxp = {s,1,(B8)~". Since P = PPy the result follows. We now consider the

case where y is non-trivial. We first write y = [],cp xp, Where y,, is a character of

Z, given by

xpla)=x(,...,a,...,1).
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Then by Lemma 3.2.5 for each prime p € B there exists an integer k, € N such that
Gy, C ker(x,). Letm = Hpegpkl’ and define y,, : Z — C by

x((n,...,n)) if (n,m) =1
Xm(n) = .
otherwise

It is clear that y,, is multiplicative and y,,(n + m) = y,,(n) if (n,m) # 1. Suppose
that (n,m) = 1 so that n € Z;. Hence

xm(n+m) = [ [ xpam) =] [xpx,(14mn™) = [ [ xp(n) = (),

pEB pEB peB

since p*» divides m. Hence y,, is a Dirichlet character modulo m. We claim that
Xm is nontrivial. Indeed, leta € [],cp Z, such that y(a) # 1. By Lemma 3.2.1 the
set

{(n,....my e[ |ZyInez and (n,m) =1}
pEB

is dense in [],¢p Z;j. Since y is continuous there exists ng € Z with (ng,m) = 1

and 1 # x(ng,...,no) = xm(np) as desired.
Since F N B = 0, for s € Sg we can write

(Tsxp)(x) = X (A((xp)pes)) xm(A(s)) if x € WB
otherwise.

This allows us to obtain an explicit upper bound of the L?-norm of Py as follows.

Since P = PPp, from the projection formula (3.47) we get

IPxsll = IPPrxsll < IPrxsll < s (B)7! Z A(8) PR, (5) xm (A(s))
sel” Sg/T

=B D n PRy (n)xm(n)
neN(F)

=L@ | D PR (0D xm (PY),

peF =0
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since the function Rr,(n) is multiplicative by Lemma 3.1.3. As in the proof of

Proposition 3.2.1 we get

) 1 p+pr+p? p*+p*
IPxsll < s (B)”! ( -
Fz 11,1 L= xm(p)p™? 1= xuw(p)p** 1= xu(p)p**

-1 (1+p"P (e (P) =D =p* "y (P)) 1=p* P) (1-p* F)(1-pF)
PEF | (1=xm (p) 3 B) (1= xm (P) P2 P) (1= X (P) P ' P) (1= X (p) p~P) (1-p2-2F)

_ (Znen(r) );'Z—(_'?)(ZneN(F) /\;YZ—(—HZ))(ZneN(F) ):;i—(—rll)) l_[ 1+ xm (p)pl_ﬂ‘
Over) (B —=3) ) (B —2)dnr (B-1) perl  1+PF

3 (Znen(r) );"E—@)(ZneN(F) );’;_(—r?)(ZnEN(F) )f{"—(_'?)

Onver) (B = 3)Gr) (B = 2) ) (B - 1)

< L(IB - 3’Xm)L(ﬁ - 2’Xm)L(ﬂ - I’Xm)
= G (B=3) ) (B-2) G (B-1)

Since the character y,, is nontrivial and 3 < 8 < 4, it follows from [Ser70, Propo-
sition 12, Chapter VI] that the right-hand side above can be made arbitrary small as
F /' P (with F N B = 0). This shows that Pyp = 0, in particular Pyp is again a

constant function when y is a nontrivial character.

Consider now the functions Fg € L>(MSp4(Z), fg, ) of the form

Jf((xp)pes) if x € Wp

otherwise.

Fp(x) =

where f € LZ(]—[peB GSp4(Z,), dfip) and fig = (7p).(flg,r), Where mp is the
projection 7 : MSp4(Z) — [1pe8 MSpa(Z,). We first show that it is enough to
assume that f is I['>-invariant. Indeed, when this is not the case, we denote by Q the

projection onto the space of Sp4(Z)-invariant functions. We have that

QFp(x) = / R Fp(gx)dg = fH,,EBSp4(zp) f(gx)dgp if x € Wp
N

pa(2) 0 otherwise,

Observe that PQ = P since I'» is dense in Sp4(Z)), hence we can assume that f
is I';-invariant. Then again by the density of I'; in [[,cp Sp4(Z,), we see that the

function f depends only on A((x,)yep), i.€.,
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' (A(xp)pep) if x € Wp

otherwise,

Fp(x) =

where f” is a square integrable function in [],cp Z;f (with the natural pushforward
measure). The linear span of y (where y is a character of [],cp Z;,() form a dense
subspace of such square integrable functions and we have shown that P y g is constant.

It follows that PFp is constant.

We can easily verify that the adjoint of the operator V (where s € Sp) is given by

) A()Ph(s™'x) if x € sMSp4(2)
(Vih)(x) = ,
otherwise.

Hence the map A(s)~#/ 2v* maps isometrically the functions of the form Fp to
functions in L2(MSp4(2), dfig, ) of the form

c if
Gpx) = A 8(Cplpep) if x € sWi (3.48)
0

otherwise,
where g € L?(s [1,e8 GSpa(Zy), dup). It follows then from P = PV{ that the
projection P maps every function of the form (3.48) to a constant function. The
set User,\s,/m,SWp has full measure in MS p4(Z) and thus P maps functions de-
pending only on (x,),ep to constants. Finally observe that as B, ¥, the union
of L2(T] peB MSpa(Zy), dup) over all finite sets of primes is a dense subspace of
L>(MSp4(2), dfig, r) (this follows from weak convergence of measures). Since P

maps this dense subspace to constant functions, this finishes the proof.

O

Lemma 3.2.7. Let f be a smooth function on I'\ PG Spj (R) with a compact support
and let Q be any compact subset of I'\PGSp; (R). If we denote by u the normalized
Haar measure on I'\PGSp}(R) and f = frz\ PGSpL(R) fdu, then for all € > O there
exist k1 (€) > 0, k, > 0 and M, > 0 (depending on f) such that the inequality

1
(1- p.—26—1)2,

i=l
LS @) - fldeg(@ < xim®D | [(1rpr)
i=1

Re,(m) 55,

holds for all 7 € Q and every integer m with prime factorization of the form Hfjll ptl."

where min{pi,...,p;} > M>.
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Proof. Let p be a given prime and / € N. The formula of Rr, ( p') in the proof of

Proposition 3.2.1 gives

(er(pl) _ p31)(1 —p)2(1 +p +p2) -1- p3l _p1+21 _p2+21 _p2+21 +pl+3l
+p3+31
> 1+3p3

>pla-p> >0, vix2.

2+21
P

A simple verification for the case [ = 1 shows that

(Rr, (p) = p*hH(1 = p)> (A + p+p?) 20, VIeN,

that is

Rr,(pHp™' = 1. (3.49)

We suppose now that m € N has the form m = Hij pf". Then by [COUO1, Theorem
1.7 and section 4.7] together with the calculations for G = GSp>,, n > 21in [COUOI,
pages 22-23] and the degree formula in (3.22) applied to n = 2 (recall that the big
O depends only on n), we can find «; > 0, k > 0 and M, > 0 (depending on f)

such that

deg(a)

(Tuf)(7) - / fdu
[2\PGSpL(R)

i=r
K1 ks — cone—t 3li—4ki'—2 ij —
< 2 (p% 2k;; 2"1:_/)6 Ip; j m1(1+0(pi1))
I by <lie/2]

1
Rr, (m) Z

aEFz\Sm/Fz

. — (—3—2 )ki'+(—1—2 ) ij —
SR ( ) 3l n pl,(Ze l)pi €)Kij Emj(1+K2pl~ 1)
DAVMP "y ky<mi<(1:/2]

< K1m2 -171 p_(3+25)kij—(1+26)mij(1 +K2p,~_1)

i=1 kij<mi;<[l;/2]
00 00
< K1m2€—1 (1 +K2pl_1) Z Z p—(3+2€)k,’j—(1+2€)mij
3 mijZOkij:O
1

(1+kop; ) ——5—.
o t (1 - p; 1 25)2

I |1
non 1

< KlmZE—l
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holds for min{py, ..., p;} > M as desired. O

For the next proposition, we define the operator 7r acting on the set of bounded
functions on I\PGSp; (R) as follows:

(Trf)(T) =L5hr, Y, Als) P degr, () (T, f) (7).

selR\SF /T2

Proposition 3.2.3. Let J be any nonempty finite set of prime numbers, 3 < g < 4, f
a continuous function on I'\PGSpj (R) with a compact support and € any compact
subset of I'\PGSp; (R). Then for any 6 > 0, there exists a set F consisting of finite

prime numbers that are disjoint from J and such that for all 7 € © we have

(Trf)(7) - fdu| < 6.

>\PGSp}(R)

Proof. Given3 < <4, wefix0 <€ < [% < % and choose «1, k» and M» as in
Lemma 3.2.7. Let M; > 0 be such that

P =22 —kx®) >k Vx> M, (3.50)

and we set M := max{M;, M,}. Let F be a finite set of prime numbers with
FNnJ=0and min{p € F} > M. Then by Lemma 3.2.7, we have

(Tr f)(7) - / Fdu

D\PGSp;(R)

i=l
< aéser B0 mC [ (1 + kapy ) ——— e R (mm )

meN(F) i=1 (1 - p;2€_1)2
- 1
< kispr(B)” ﬂ;pl@e—‘mr(#)p—lﬁ(l +p ) ey
1
< K1fsp,r(ﬁ)_l(n(1 +Kkop ") 1—[ =2y
peEF peF
n 1+ p> 1 pP1 Gar) (B =2 = 2€) Ga(r) (B — 1 = 2€) G(ry (B — 2€)
1+ phl &nery (B = 3) o (B = 2) vy (B—1)

pEF
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Notice that by our choice of M and F, Equation (3.50) gives

4 ple2p

— <1, VpekF.
1+ ph-1 P

(1+Kk2p~")

Hence

- Ovry (B =2 =2€6) 0y (B — 1= 2€) nr) (B — 2€)
T - < )
(TN = ] < x IDp (1= p2e=D)Gary (B = 3) Gy (B — 2) Gy (B— 1)

As F 7 P with F N J = 0, the right-hand side can be made arbitrary small since
3<pB<4,-2-2e>1ande >0, O

Theorem 3.2.4. Let fig € éﬁ and A = L*(PGSp;(R) X MSp4(Ay), fig). We have
that

AGSPH(QxGSpa(Z) _ . (3.51)

Proof. Consider the space H = L>(PGS pi(R) x MS p4(2), fig). Observe that
any GSp;(Q) xGSpy (Z)-invariant subset of G S p1(R) X MSp4(Ay) is completely
determined by its intersection with PGSpy(R) x M Sp4(Z), hence it is enough
to show that any MSpj(Z) X GSpy (Z)-invariant function in H is constant. We
denote by H the closed subspace of MSp;(Z) x GS p4(Z)-invariant functions in
H and denote by P the orthogonal projection onto H. We will show that the
image under P of a dense subspace consists of constant functions. Given any
non-empty finite sets of primes F' and J, we denote by HF the closed subspace of
Sp-invariant functions in H and by Pp the orthogonal projection onto Hr. Let

H; be the subspace of I'; X [ ,c; GSp4(Z,)-invariant functions depending only on
GSpy(R) X [1,es MSpa(Z)y).

Recall that S;Y; is a subset of full measure, whence by [LLNO7, Lemma 2.9] given

any function f in H; we get

Pif =lsen (B ) Als)Pdegr, ()T, f. (3.52)

\Sy /T

It follows that the value P, f(7,m) depends only on 7 € GSP;(R). We can then

write
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P fx) = f(r) if x=(r,m) ey,

0 otherwise

We put f7 := P;f. Observe that since f; is S;-invariant we get that f is I'>-invariant
and therefore can view it as a square integrable function on I\ PGSp; (R). We first
suppose that f is smooth with compact support Q. For F N J = 0, the projection
formula (3.52) gives

~ Tpf(‘r) if x=(r,m)eY;
Prfi(x) =
0 otherwise.

We put (Trf); := Prf7(x). Given € > 0, by Proposition 3.2.3 there exists some
finite set of primes F disjoint from J such that

<€, Vrel.

To f(7) - / Fdu
[2\PGSpL(R)

Since PP; = PPr = P, we get

Pf-Ply, / fdu| =|PP,f - Ply, / fdu
2\PGSp} (R) 5 2\PGSpj(R) 5
= ||PPFP,f - Ply, / fdu
\PGSp}(R) )
< PFPJf—]lYJ/ fdu
\PGSp}(R) )
< \(Trf)s - ]lYJ/ fdu| <e.
[2\PGSp}(R) 5

Hence using the projection formula 3.52 with f = 1y, we get

Pf = Ply, / fdu = PPyly, / fdp
D\PGSp}(R) D\PGSp}(R)

=¢s,n(B)7! fdpu,

\PGSp;(R)
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which is constant. Any integrable functions on I';\ PG Spj (R) can be approximated
by a compactly supported smooth function and hence P f is constant for all I';-
invariant functions in ;. The results follows since the union of /H; over all finite
set of primes is dense in the space of square integrable 'y x GSp4(Z)-invariant

functions.

Theorem 3.2.5. For 3 < 8 < 4, The GSp4-system admits a unique KMSg state.

Proof. We will show that the set Eg consists of a single point. We first use [LLNO7,
Proposition 4.6] together with Theorem 3.2.3 and Theorem 3.2.4 to conclude that
AGSPi(Q = C where A = L*(PGSp;(R) X MSp4(Aq,r), fig) for any fig € Sﬁ and
3 < 8 < 4, in other words there exists a unique right GSp4(Z)-invariant measure
fig in Eg. Suppose now that vg is any other point of &g. Then the measure defined
by

w = / g -vgdg
GSp4(Z)

is an element of &g and by unicity we get that w = fig . Since the point fig ; is
extremal we conclude that fig r = vg. This completes the proof. O

Remark 2. We have studied the G S p4-system in the region 8 > O with 8 ¢ {1, 2, 3}.
Let us now consider the cases where the inverse temperature is a pole of the Dirichlet
series (3.38). If B = 2, it is possible to construct explicit measures y, € Er. We

consider the normalized Haar measure on Ag ¢ such that meas(Z) =1and

meas(aFE) = 1_[ la,|, meas(E). (3.53)
p

forany a € Aa 7 and measurable subset E C Ag . Let us be the product measure
on A% ;- Since

0000 x

0000 %21 4 6riao) cA

s XlyeeosX
0000 x3 Pasely Mo A
000 0 x4

we may consider uy as a measure on MSp4(Aq,r) such that ,uf(MSp4(Z)) =1.
We claim that up = e X uy € E;. By construction it is enough to show that u»
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satisfies the scaling condition (3.30). Given g € GSp;(Q), we can find yy,y; € I
and a diagonal matrix D € GSp;(Q) such that g = y1Dy;. Since vzt = 7°
for any vy € I, and the Haar measure is translation invariant we conclude that
12(gB) = 172(g) u2(B) for any Borel subset of MSps(Aq,r).

One would expect to use a similar construction for 8 = 1 and 5 = 3. However, since
the only subspace of Af‘Q ; stable under the action of GSp}(Q) is Aa s itself, this
argument fails in the case 5 = 1 or 8 = 3. We conjecture that the GSp4-system does

not admit any KMSg state in these two cases.

Remark 3. The results we prove in this paper completely classify the KMSg states
on the Bost-Connes-Marcolli GSp4-system. In fact, we will show that given 5 > 0
with B8 ¢ {1, 2,3}, there exists a one-to-one correspondence between KMSg on the

Connes-Marcolli G Sp4-system and the GSp4 system (A, o). Recall the set

Fy ={h e MSps(2) | rankg, (hy) <2 forall p € P},

and consider the dynamical system I = C;(I2\GSp;(Q) ®r, (HI X Fy)). We
claim that I can not have any KMSg states. To see this, observe that any KM Sg
state on / gives rise to a regular I’-invariant measure ug on the space HY X Fy
(note that unlike the case where the underlying space is an r-discreet principal
groupoid, the support of this measure is not necessarily contained in H X Fy.) By
the KMSg condition, this measure still satisfies the scaling property 3.1.6. Now
since Hj = (Uz/{il4})\PGSpZ(R), we can define a measure on PGSp(R) X Fy
by the formula

/PGSPI(R)XFY s = -/HEXFY (AJZ/{114} fixg) dg) dup ().

The measure fig satisfies the condition 3.1.6. There is a canonical extension of this
measure to a [’;-invariant measure ug € Eg on the space PGp,(R) X MSp4(Ay).
This leads to a contradiction since the set PGSp;(R) X Fy has measure zero by
Corollary 3.2.1. This shows that the set Hj X Fy can be ignored in the analysis of
KMS;g states for 8 > 0 and B ¢ {1,2,3} and if we let ¥ = Y\Fy, it is clear that
different KMSp state on C;(I'2\GSp} (Q) ®r, Y) give rise to different KMSg state
on the GSpy-system (A, o).
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71
Chapter 4

SYMMETRIES AND GALOIS ACTION OF THE SIEGEL
MODULAR FIELD

In addition to their interesting thermodynamical behavior, BCM systems are closely
related to the class field theory of the number field underlying their structure. This
connection is made possible thanks to one important object: the symmetry group.
In this chapter, we propose to study the symmetry group of the Connes-Marcolli
GSps-system. The full symmetry group will take into account both actions by
automorphisms and endomorphisms. This will allow us to construct an action of a
subgroup of the Siegel modular field and derive an equality which intertwines the
action by symmetries at zero temperature and the Galois action of a subgroup of
the Siegel modular field on the values of the equilibrium states. Throughout this
chapter, it will be necessary to work with the algebra A = C;(I’2\G ®r, Y), where
Y = Hi X MSp4(2).

4.1 Symmetry group of the Bost—Connes—Marcolli GSp4-system
Recall that the space Y admits a right action by the profinite group GSp4(Z) as

follows:

h-(t,p):=(t,ph), heGSpu(Z). 4.1)

Lemma 4.1.1. The action (4.1) induces an action of GSp4(Z) by automorphisms
on the Connes-Marcolli GSp4-system (A, (07)ser, ) as follows:

an(f)(g,7.p) = f(g. 7. ph), VYfeA, VheGSps(Z).

Proof. Since the action commutes with the left action of GSp; (Q), we get

ap(fi* f2) = an(fi) xan(f2)  fi. o€ A

Hence the action of GSp4(Z) defines automorphisms of the algebra A. This action

is compatible with the time evolution since

O-ta'h(f)(g’T’p) = /l(g)itf(g9T9 ph) = (YhO'[(f)(g,T,p)-



We denote by G = GSp;(Q), X = Hy X MSps(Aqg,y) and I = Sp4(Z). Recall
that the algebra A is the reduction eBe of the algebra 8 = C;(I2\G Xr, X) by the

idempotent multiplier e given by the I, X I'; invariant function

1 if(g,h) € Ty x MSp4(Z)
e(g,7,h) =
0 otherwise.

Let h € MSp4(Z) N GSp4(Aq,r). Then A(h) € Aa ¢ can be uniquely written
[KLO6] as

A(h) = Ag(h)As(h), Ag(h) € QF, A5 € Z*. (4.2)

In particular the maps & — Ag(h) and h — A5 (h) are well defined. Hence consider
the map n : MSp4(Z) N GSpa(Aqgy) — {y € GSpa(Agy),y ! € MSp4(2)}
defined by

n(h) := hag(h)™". (4.3)

Proposition 4.1.1. The map 7 in (4.3) is a semigroup homomorphism.

Proof. We first check that the map (4.3) is well defined. Let & € MSp4(Z) N
GSps(Ags). Clearly n(h) € GSpa(Ag,r) so we need to show that n(h)~! €
MSp4(Z). From (3.9) we obtain that

n(h)™" = Ag(h)

=h ' A(h)A5(h) !
D! —RB!
-C' Al

A B

As(h)V e MSpay(2), h=
5(h) p4(Z) c D

Finally, the map 7 is a semigroup homomorphism by the unicity of the decomposition
in (4.2). m]

Lemma 4.1.2. The following action of GSp4(Aq,r) on the algebra B defines an

action by automorphisms:

an(f)(g 7.p) = f(g.7,ph), Vf€B,VheGSps(Agy). (4.4)

Ifhe{ye GSp4(AQ,f),y‘l € MSp4(Z)}, the restriction @) 4 defines an endo-
morphism of the algebra A.

72



Proof. The proof that (4.4) defines an action by automorphisms is similar to Lemma
4.1.1. Note that the action in (4.4) extends naturally to an action on the algebra of

multipliers. Hence for 4 € {y € GSp4(Aq,f), y~' € MSp4(Z)}, we obtain

(@n(e)e)(g.m.p) = > anle)gs™ s 7, 5p)e(s, 7, p)
sel2\GSp;(Q)

= a’h(e)(g’T’p)e(l’T’p)
= an(e)(g, 7, p),

where the last equality holds since h~' € MSp4(Z). This shows that

ayp(exe) = eap(exe)e € A, x € B,

which completes the proof. O

We then obtain an action of MSp4(Z) N GSp4 (Ag,r) on the algebra A:

an = aymla,  h € MSpa(Z) N GSpa(hgy)

and

f(g.7,pn(h)) if (pn(h),gpn(h)) € MSp4(Z) x MSp4(Z)

otherwise

an(f)(g 7,p) =
(4.5)

Let G be the group of transformations of KMSg states on the system (A, (07):er)
and consider the semigroup homomorphism 6 : MSp4(Z) N GSp,4 (Agr) — G
given by 0(h) := ay,.

Proposition 4.1.2. For h = diag(n,n,n,n), n € N we have that 6(h) = 1.

Proof. Consider the multiplier element given by

1 ifgelih
/Jh(g’ T, p) = .
0 otherwise.

and observe that
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. 1 ifgeoh™ and h™'p € MSp4(2)
Ha(8: T, p) = '
0 otherwise.

For any f € A we compute

pn(gs™ s T, 5p)(f * 1) (s, T, p)
SeT\GSp3(Q)

D fTesT s T sp)(s, T p)

5€D\GSpH(Q)
f(g, 7, poh7")
an(f)(g, T, p),

ad(un)(f)(g,7,p)

since we can assume (ph~', gph™') € MSp4(Z)x MSp4(Z). A direct computation

shows that

fr(u=p)=f, VfeA,

and that uy, is an eigenvector of the time evolution. Hence the action of aj on the
set of KMS states is trivial. O

We now combine the previous results to obtain the following important theorem.

Theorem 4.1.1. There exists a unique homomorphism 6 : Q*\GSp4 (Agyr) — G

MSpa(Z) N GSpa(hgy) ——= G
5 ;

Q\GSps(Ag,y)

such that the diagram

commutes. In particular, we obtain an action of the group

S =Q\GSps(Ag,f)

by symmetries on the set of KMSg states of the GSp4-Connes-Marcolli system.
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Proof. By the decomposition in Corollary 3.1.1 and clearing the denominators if
necessary we see that the projection x is a surjective homomorphism. Hence any

map @ such that §(x(x)) := 6(x) must be unique.

Forx,y € MSp4(Z) N GSpa(Ag,r), one has

n(x) = n(y) © 3q1,g> € Q" such that diag(qy,...,q1)x = diag(qa,...,q2)y

< dny,ny € N such that diag(ny, ..., n)x = diag(no, ..., n2)y.

By Proposition 4.1.2 we conclude that 8(x) = 6(y) and thus the homomorphism
6(y) := 6(x) where y = m(x) is well defined and satisfies the desired property. O

Proposition 4.1.3. Let 4 < § < oo and consider the extremal KMSg state ¢g,y,
associated to y; = (71, p1) € HJ x GSp4(Z). Given h; € MSpi(Z), we write

p1h1 = hapy € GSpi(Q)GSp4(2),

and put

Then hy € MSp;(Z) and

g1 © an = Ah) P gy, (4.6)
where y; = (12, p2) € Hj X GSps(2).

Proof. First observe that hy € MSpj(Z) since plhlpgl € GSpy(Q N MSp4(Z) =
MSpi(Z). By (4.1) we get

. (an () = dusprnB)™ D AW h-T, hpin(h)).
hel,\MSp}(Z)
hpin(h)eMSpa(Z)
4.7)

Note that A(h) = A(hy) so that
hpin(hi) € MSpa(Z) & hn(hy)ps € MSpa(Z) & h € MSps(Z)n(h)™".
If we write i = xij(hy) ™' € MSp4(Z)* with x € MSp4(Z) then

x € MSp4(2) N GSp;(Q) = MSp}(Z),
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soh € MSpI(Z)n(hz)_l. Conversely if i € MSpZ(Z)n(hz)_1 then h € MSp;(Z)
since n(hy)~' € MSp4(Z) N GSp;(Q) .We can thus replace the right hand side of
(4.7) by the sum

¢p.y(@n () =Luspr ). (B)

AW (hy) ™ PF(1L, W W' A(hy) - 71, W hy priy)
W €T \MSp} (Z)

=A(h) P ep.,,,
since h; YA(hy) - 11 = 7 (scalar matrices act trivially on H;’) and h; Yoihy =ps. O

4.2 Siegel modular forms
Let I';,(N) be the arithmetic subgroup of Sp,(Z) defined in (3.23). A function

f:H —>C

is called a Siegel modular form of degree (genus) n, weight k € N and level N if it

is holomorphic! and satisfies the following condition:

f(g-1)=det(Ct+ D) f(r), g= (é IB;) el,(N), teH,.

Every Siegel modular form f admits a Fourier expansion (or g-expansion) of the

form

f(r) = Z asq®, age€C, ¢®:=exp(2niTr(g-71)/N), (4.8)

g
where g runs over all n X n positive semi-definite symmetric matrices over half in-
tegers with integral diagonal entries. The Fourier series is absolutely and uniformly

convergent on any compact subset of H'.

!One has to require that the function f is holomorphic at the cusps. This condition is automati-
cally satisfied for n > 2 by Koecher principle [K1i90, Chapter 4, Theorem 1].
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We denote by M (I',(N)) the set of Siegel modular forms of weight k and level N.
Let #x be the field

Fn = {ﬁ | f1, > € My (T',,(N)) for some k € N,

S

with g-expansion coefficients in Q({, N)},

and .
F = ) Fn.
N=1

Proposition 4.2.1. There exists a homomorphism

9 : GSpan(hg,s) — Aut(F),

satisfying the following properties:

1. If f € ¥ and g € GSp3, (Q), then

1) = flg-7), VreH,. (4.9)
2. The sequence

1 = Q%5 GSpan(Ag.s) > Aut(F),

is exact.

Proof. See [Shi00, Theorem 8.10] O

We define the following left action of GSp2,(Ag) on F:

Aut(a) - f = 2@, (4.10)

It is known [KSY19] that Fy is a finite Galois extension over #; with

Gal(Fn/F1) = GSpan(Z/NZ)[(£12,).

Given an even integer k, let

El(7) = Z det(Ct+D)*, reH! 4.11)
(C.D)
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be the Siegel Eisenstein series of degree n and weight k. Here the sum is

% %
over elements of the form ( ) over a complete set of representatives of

*

{((;k ’ }\szn(Z). The right-hand side of (4.11) converges absolutely and lo-
n

cally uniformly for k > n + 1.

We say that a point 7 € H is a generic point if the evaluation map

I;: ¥ —>C

is an embedding. In this case we have

Autr(g) - I (h) = I.(Aut(g) - h), Vg € GSpan(Ag).Vh € F. 4.12)

4.3 The arithmetic subalgebra
A function f € C(I2\G R, Y) is called arithmetic if the following conditions are
satisfied:

1. f has finite support in the variable g € GSp] (Q)

2. The functions f, ,(7) := f(g, 7, p) fulfill

fop €F. V(g p) € GSpi(Q) x MSp4(Z).

3. If gp1 = p2ga, with g1, 82> € GSp3 (Q) and py, p2 € GSp2y(2), then

fepip = Aut(p1) * forp» P € MSpa(Z). (4.13)

We denote by ﬂgi“‘ the linear space of arithmetic functions in C(I’2\G ®r,, Y).

Proposition 4.3.1. We have that ﬂg ith js a subalgebra of the algebra of unbounded
multipliers of the C*-algebra A.

Proof. It is enough to show that the condition (4.13) is stable under convolution.
Consider fi, /> € ﬂgi‘h. By Proposition 4.2.1 we obtain that
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fisPep= >, Autls™) - (flgrryp (Aspe
s€M\GSp}(Q)
spEMSp4(Z)

Let @ € GSp4(Z) and write ga = @g and s = o’s’ where @, @’ € GSp4(Z) and
g,s" € GSp;(Q). Using the condition (4.13), we need to show that

AUt(a/_l) : (fl)gsfl,sap = (fl)gs”l,s’p'

- 1,1

This follows again from condition (4.13) since g5’ 'o/™! = ga~'s7 ! = a7 lgs

4.4 KMS states at zero temperature

We are now ready to prove the main theorem of this chapter.

Theorem 4.4.1. Let y = (1,p) € Y such that p € GSp4(Z) and T is a generic
point in H3. Then the homomorphism in (2) induces an isomorphism 918 S
between a subgroup S" of Aut(F) and the symmetry group S which intertwines the

Galois action on the values of the states with the action by symmetries:

Wy 1 () (Beoy) (f) = Aute (0971 (9)p™) - ooy (f),  Vf € AG™, Vg e 8" (4.14)

Proof. The first assertion follows from the exactness of the sequence in (2) and

S :=Img(f) ~ S.

Suppose first that 97! (g) is an action by automorphisms, i.e., 9~'(g) € GSp4(Z).
Then

Cl';;fl(g)((ﬁoo,y)(f) = I‘r(fl,pﬂ—l(g)) Vf = ﬂarith.
Since f € A and 7 is regular, we obtain by (4.12) and property (4.13) that

a’:;fl(g)((boo,y)(f) = ]T(Aut(pﬂ_l(g)p_l) : fl,p)
= Aut (p97 1 (g)p™") - I:(fi,p)
= Autr (p971(2)p™") * Pooy (f)-
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Consider now the case where 9! (g) acts by endomorphisms. Since p € GSp4(Z)
and h = diag(n,n,n,n) € ker(6), we can always find n € N large enough so that
the action of @y-14) = @py-1(4) by pullback on zero-temperature states vanishes
identically. To obtain a nontrivial action, we use the warming-up/cooling down
process described in [CM04]. Hence the action of @y-1(,) is obtained by taking the

weak limit

a’ﬁ—l (g) (¢00,y) = ﬁl—lg-loo a’ﬂ—l (9) (¢ﬁ,y) .

Up to multiplication by h = diag(n,n,n,n) € ker(6) for n € N large enough we
can assume that 9~!(g) € MS p1(Z). Given any 8 > 4 we can now compute the

normalized pullback (cf. Equation (2.10)) as follows

(Dp.y © @g-1()) (f)
Pp.y(€g-1(g))

a/;;*(g)(qsﬁ,y)(f) = , fe€ ﬂarith,

where e-1(, is the characteristic function of the set MS pa(Z)n~ (971 (g)). We

write

P~ (8) = haps € GSp(Q)GSpa(Z).
Since A(hy) = A(971(g)) we obtain

Ppy(€g-1(g)) = CMSp;(Z),rz(ﬁ)_l Z A(h)™P
hely)\MSp?(Z)
hpn(9='(g))eMSp4(Z)

= tuspron® D AUn(h) P

W el \MSp?(Z)

=07 (e) 7.

Hence applying Proposition 4.1.3 we get
@1 () (Do) (1) = M 65,,(F) = beoa(1). 32= (12 2),

where T = hgl - T.

Letting g1 = g2=1€ GSp;(Q),p=1¢€ MSp4(Z) and p; = ps in (4.13), we get

Gooy, (f) = Iy (f1,p,) = Iry (Aut(p2) - f1,1) = I (Aut(hz02) - fi,1),
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where the last equality follows from Proposition (4.9). Using again property (4.13)

and the regularity of the point 7 € H, we have

@y ) (D) () = I (Aut(pd ™' (9)p ™) Aut(p) - fi1)
= Aut, (p9" ' (g)p™") - I.(Aut(p) - fi.1)
= AutT(pﬂ_l(g)p_l) : IT(fl,p),

which concludes the proof since I:(f1,p) = oo,y (f). O
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Chapter 5

VON NEUMANN ALGEBRAS ARISING FROM THE
BOST-CONNES-MARCOLLI GSP4-SYSTEM

We have seen that the Connes-Marcolli G Sp4-system undergoes a phase transition
at the critical inverse temperatures ., = 3 and 5., = 4. In this chapter, we will
study the structure of the von Neumann algebras generated by the KMSg states and

show that a phase transition happens at the level of these algebras as well.

We start by fixing some terminology and notations. The type of a state ¢ on the
algebra A corresponds to the type of the von Neumann algebra 74 (A)” it generates

in the GNS representation. For the rest of this chapter, we set

G =GSp;(Q), Ty =Sp4(2),
X = PGSp}(R) x MSpa(Arq), Y =PGSpi(R)x MSp4(Z).

We denote as usual by P the set of prime numbers and for any finite set of primes
F c P, we put

=[]0 zr=[]z,

PEF peEF

and

Xp =PGSp,(R) X MSp4(Qr), Yr=PGSpi(R) x MSp4(ZF).

We denote by 7r the factor map X — Xr. Given a function f on Xp, we define the

function fr on X by

f(rnp(x)) if x, € MSp4(Z,) forall p € F€,
fr(x) =

otherwise.

Given a prime p € P, recall from the proof of Lemma 3.2.3 that

{g € MSpa(Z) : |A(g)| = p} = g1 ,pI,



and

degr (g1,p) = (1+p)(1 + p?).
We put

A, :={(7,x) € PGSp}(R) x MSp4(Z) such thatx, € GSp4(Z,)},  (5.1)
B, :={(1,x) € PGSp}(R) X MSp4(Z) such that|A(x)|, = p~'}. (5.2)

5.1 Ratio set of group actions

Consider the action of the countable group G on the measure space (X, 7, 1). We

recall the following definition from [Kri0O6].

Definition 5.1.1. The ratio set r(G) of the action of G on (X, ¥, u) consists of all
real numbers A4 > 0 such that for every € > 0 and any A € ¥ of positive measure,

there exists g € G such that

dg:u
du

(x)—A <e}) > 0,

,u({x €EgANA: ‘
where the measure g,y is defined by g.u(B) = u(g~'(B)).

The ratio set depends only on the equivalence relation R = {(x,gx) | x € X, g €
G} C X X X and the measure class of u (hence will denote the ratio by r(R, u)).
Moreover one can show that the set r (R, u)* := r(R, u) N (0, o) is a closed subgroup
of R}. We then have the following result (cf. [Sun87, Proposition 4.3.18]).

Theorem 5.1.1. Let G be a countable group G acting by automorphisms on a
measure space (X, F,u). Assume that the action of G on (X, 5, u) is free and
ergodic. Then L™ (X, ¥, u) = G is a factor of type Il if and only r (R, u)* = R}.

This result motivates the following definition.

Definition 5.1.2. The action of G on the measure space (X, ¥, u) is said to be of
type III; if (R, u) N (0, c0) = R}.

5.2 Type I, factors and Gibbs states

Theorem 5.2.1. Let y € PGSp;(R) X GSp4(Z) and B > 4. Then the KMSp state
given by
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{(2B = 2)Tr(my(f)e P)
BB -1E(B-2){(B-3)
is extremal of type of type I.

¢py(f) = for feA

Proof. We have seen that the zeta function {p_, associated to the Connes-Marcolli
GSp4-system is given in equation (3.43). Since it converges for g > 4, the result
follows from [HPOS, Proposition 6.5]. We reproduce the proof for the reader’s
convenience. We need to show that the algebra A associated to the Connes-Marcolli
GSpy4-system generates a factor in the GNS representation of the state ¢ ,. Consider

the following representation of A defined by

Ry 1 A — B(H, @ H,)

a > nmy(a) ®idy,

and denote by €25 ,, the unitary vector given by

Qpy = Luspuczyr, (B) 2 Z A(h) P61 4 @ o1 .
hel,\Gy,

A direct computation shows that

bpy = (Fy(f)Lsy,Qpy), VfEA

and

A (R = luspupn B DT AW P (g™ hy)or e ® ot
g,hel\Gy,

By choosing f with a sufficiently small support, we see that 77, (A)Qg, is dense
in H, ® H,. This shows that the GNS representation is equivalent to the triple
(Hy, ® H,y, 7y, Qp,y). By [Con79, Proposition VILS b)] the commutant of 7y, (A)
is generated by the right regular representation of the isotropy group ny of the
groupoid G = I2\(G ®Y). Since y € PGSp,(R) X GSp4(Z), the isotropy group
Q§ is trivial which implies that 7, (A)" = C. Hence
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ﬁy(ﬂ)” = (ﬂy(ﬂ), ® B(q_{)’))l
=B(H,)®C
= B(ﬂy)

This shows that ¢z, is an extremal state of type /. m|

5.3 Type III; factors

Our next goal is to study the type of the von Neumann algebra generated by the
unique KMSg state ¢g on the GSpy4-system in the range 3 < < 4. For g > 4,
it was possible to proceed with a constructive approach and compute the type of
any Gibbs state by finding an explicit formula for the GNS representation (which is
unique up to unitary equivalence). For 3 < 8 < 4, we use a different strategy by
extending the approach in [BC95] and [Nes11].

For 3 < 8 < 4, consider the unique KMS state ¢z on the Connes-Marcolli GSp4-
system and denote by ug the corresponding I>-invariant measure on X given in
Proposition 3.1.6. We choose a ug-measurable fundamental domain F for the
action of I'; on Y. Then (See [FM77] and [LLNO7, Remark 2.3] ) the algebra
mpe (A)” (recall that A = C;(I2\G R, Y)) induced by the state ¢z is isomorphic
to the reduction of the von Neumann algebra of the G-orbit equivalence relation on

(X, up) by the projection 1, that is

T (A" = Lp(L¥(X, jig) = G) L p. (5.3)

Denote by A the Lebesgue measure on R. We have three commuting actions of G,
R and GSp4(Z) on the space (R, X X, Ao X up) as follows:

dg. _
g(t,x) = (%(gx) t,gx), s(t,x) = (e”’t,x) Vg € G,Vs € R,
u
h(t,x) = (t,xh) Vh e GSp4(Z).

The following results will be useful.

Proposition 5.3.1. If the action of G on (X/GSp4(Z), up) is of type III; then the
action of G on (Ry X X, A X ) is ergodic.

Proof. Theorem 3.2.4 together with the assumption imply that
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LY(X,up)? =C, L¥(Ryx X/GSpa(Z),up)¢ =C.

The result follows from [LLNO7, Proposition 4.6] since the actions of G, R and
GSp4(Z) on the space (Ry X X, Ao X pp) commute, GSpy (Z) is profinite and R is

connected. O

Lemma 5.3.1. Given 3 < 8 < 4 and w > 1, there exist two sequences of distinct
primes {p, },>1 and {g},>1 such that

B

. qn 1 1
lim— =w, and E — = E —— = 0.
P ’ -3 -3
P o S dh
Proof. This result follows from the proof of [BZ00, Theorem 2.9]. i

Lemma 5.3.2. Let 3 < 8 < 4, p € P aprime number and g; , as in Lemma 3.2.3.
Then for the operator m(A,)T,, ,m(B)) acting on the space L*(I'\X, vg) we have
that

|m(A) Ty, m(B,)|| < vs(IT2\B,) /2

Lp
Proof. Combining the factorization in Corollary 3.1.1 and equation (3.32), we
have that for any ¢ € B, we can find y1,y> € Sp4(Z) and g’ € A, such that
g = Y181,p8 Y2, in other words we have that B, = I»g; ,A,. Next recall from
Lemma 3.2.3 we have that degr- (g1,p) = (1+p)(1+p?). We then fix representatives
{hi}1<i<(14p)4p2) Of T2\I'2g1 12 and choose a fundamental domain U for the
action of the discreet group I'; on A,. We claim that the sets ['24,U N 12h;U =0
for i # j and the projection map © : X — I\X is injective on the sets h;U.
Indeed, if h;lyhixl = x2, for some y € I, and xj,x, € A,, then necessarily
hj_.lyh,- € GSp4(Z,) N G, = I'; as shown in the proof of Theorem 3.2.1. Since 7
is injective on U, we obtain that x; = x, and since the action of I; on A, is free, it
follows that i = j. Given any f € L*(I,\X, vg), we have that |Tg (f)|2 < Tg(|f|2)

pointwise since the function 7 — ¢ is convex. Since
Ah)=p Yi=1,...,(1+p)(1+p?

and the 7(h;U), i =1,...,(1 + p)(1 + p?) are disjoint, we obtain
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Im(ApT, ,m(By) (P = [m(ANTe, (D
< /F . T, (F) dvp

Ap

< / To (11 dvg
I\

2]
1 (1+p)(1+p2)

T 2 > 1 P du

P (1+p)(1+p?)
/ (f op)*dug

- degr, (81,p) i 1

il

Thus
|m(Ap)T,, ,m(B,)| < pP'* degr, (g1,,) 7"/

On the other hand, recall that for 3 < 8 < 4, the measure pg om X is given by the
proof of Proposition 3.2.2. Using the computation leading to (3.41), we have that

ppp(GSpa(Zy)) = s, ,ry (B) ™"

Since B, = I2g1,,A,, we can now compute vg(I’2\B),) using the scaling property
of ug ,. Hence

vp(T2\B,) = p™ degr,, (¢1,,)vs(T2\Ap) < p™ degr, (g1,),

which concludes the proof since degr, (g1,,) = (1 + p)(1 + p?). O
Lemma 5.3.3. Given r € GSp4(Qp) and a finite set of primes F, we set

Z :=)\PGSp;(R) X (GSp4(Zr)rGSps(Zr)).
Assume f is a continuous right GSp4(Zr)-invariant function on Z with compact

support. Then for any € > 0, there exits a constant C(¢€) such that for any compact
subset € of Z and any finite subset S of F¢, we have that

T, f(x) = vgr(Z)” /fdvﬁp < C(e) l_lpkl for all x € Q,

pes
where g = [ ,e5 81, and g1, is as in Lemma 3.2.3.
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Proof. We let
H = GSpa(Zr) N rGSpa(Ze)r~,

and

K=Hx || GSpa(z,).
peF¢

By viewing GSp4(Zr) and [],cpe GSpa(Z,) as subgroups of GSp4(Z) (e.g., by
considering GSp4(Zr) as the subgroup of GSp4(Z) consisting of elements with

coordinates 1 for p € F¢ ), we obtain the following homeomorphism

D\PGSp;(R) X GSpa(Zr)/H ~ T2\PGSp;(R) X GSpa(Z)/K.

The quotient GSp4(Zp)/H can be unidentified with the GSp4(Zp)-space
GSp4(Zp)rGSp4(Zr). Hence we can consider f as function on

L\PGSp:(R) x GSp4a(Z)/K.

Next, we have that GSp4(Z) = I',K. In fact, since K is an open compact subgroup
of GSp4(2), this follows from the proof of Corollary 3.1.1 if the surjectivity of the

map A : H — 7% is assumed.

Let x € Z} and consider a diagonal element @ € GSp4(Zr) such that A(a) = x.
We choose y1,y2 € GSp4(Zr) and 7 a diagonal element of GSp4(Qp) such that
r = y177y; (this follows from the proof of the Elementary Divisor Theorem since the
p-adic ring of integers is a PID). Then it is clear that vy a/yl_l € H since a = Fai™!.

Since /l(yla/yl_l) = A(a), we conclude that A(H) = Z7.

We can now proceed as in the proof of Proposition 3.2.3 and use [COUO1, Theorem

1.7 and section 4.7] to obtain the upper bound. O

Lemma 5.3.4. Let F be a finite set of primes and f be any positive continuous
right GSp4(ZF)-invariant function on I2\(PGSp(R) X MSp4(Zr)) C I\XF
with fl“z\ Xr fdvgr =1. Then given any 0 < ¢ < 1, there exists M > 0 such that

/1“\ (Tg, , )T, ) dvpr = (1 - 6)° for p,g > M, p,qeF°.
2\ XF
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Proof. Fix 0 < ¢ < 1 and we consider the following decomposition

[2\PGS4(R) X (GSpa(Qr) N MSpa(Zr)) = |_| Z,
k>1
where Z; = ID\ (PGS (R) X (GSpa(Zr)grGSpa(Zr)) and (gi)y»; are represen-
tatives of the double coset

GSp4(Zrp)\(GSpa(Qr) N MSpa(Zr))/GSpa(ZF).

Given any N € N and any compact subsets Cy of Zy, k = 1,..., N, we can use
Lemma 5.3.3 to find M > O such that if p € F¢ with p > M, then

Tor, f(x) = vgr(Zi)™! / fdvgr

< 6vpr(Zi)™! / fdvgr, VxeC,
Zy

Zy

where 1 < k < N. Hence for two distinct primes p and ¢ such that p,q > M, we

get

N
‘/Ilz\Xp (Tgl,pf)(Tgl,qf) dvgr > kzz; Lk (Tgl,pf)(Tquf) dVﬁ,F
al 2
> (1 —6)22 (/ de,B,F) Vﬁ’F(Zk)_ZV’B’F(Ck),
k=1 Zk

By regularity of the measure vg r, we can choose the compact subsets C such that

ver(Zi) = v r(Cr) < ovgr(Zr), 1<k<N. 5.4

Moreover, recall that the subset U, Z; C I';\ X has full measure, hence we choose

N large such that

N

/ Fvgr=>"[ frpr<s. (5.5)
o\ XF

k=1 Zk

Combining equations (5.4) and (5.5), we obtain by Jensen’s inequality that for any

p,q > M, we have
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/ (Tor ) (T f) dvar
I\ XF

> (1 _6)3(iVﬁF(zk)) i ve,r(Zk) ( 1 / fdvﬂ,F)z
= SV v r(Ze) \vr(Zk) Jz,
(1-6)° (v >
> d
lezlzl Vﬁ,F(Zk) k=1 Zk f Vﬁ’F)
> (1 - 6)59

since /FZ\XF fdvgr=1land Uy, Zx c T)\PGSpZ(R) x MSp4(Zr).
O

Lemma 5.3.5. Let B be a measurable I';-invariant subset of ¥ and define ¢ €
L*(T2\X, dvp) as follows:

¢ =v5'(T2\B) Ip,\5.
Then there exists a finite set of primes F and a function f € L*>(I"\ Xr, dvg r) such
that

/ fdvpr =1,
D\Xp

and

IfF=dll, >0 as F 7P
Proof. Let

f= VB}F(FZ\NF(B)) Iry\rp(B)-
Hence

/ P = / | o mrlPdvg
M\X IL\Y
= ;L (D\nr (B)).

On the other hand we have

[ 10Pdvy=v3 @8,
\X
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Hence || frl|l, — |l¢ll, as F ¥, which concludes the proof since ( fr, ¢) = ||#]l,-

O

Lemma 5.3.6. Let 5, w € R} such that 3 < f <4 and w > 1 and set

WwGB)I2p

ARRETERNEE Y e

Then given any finite set of primes F and any positive continuous right GSp4(Zr)-
invariant function on I\ (PG Sp; (R) X MSp4(Zr)) with sz\Xp fdvgr =1, there
exist two sequences of distinct primes {p, },>1 and {g, },>1 in F¢ and I';-invariant
measurable subsets Xi,,, X2, Y1, and Y»,, n > 1 of X such that:

L. tim, |gf/pf - 0| =

2. The sets Y1, and Y»,, n > 1 are mutually disjoint;

oo [ _m(Xin)Tgym(Yin) 1 (Xon) Ty, 1 (Y2n) ) —
3.3 (||m(xm)Tgnm(Y1n)||fF’ TG (v /) = K Where gn := g1.p, and

hn = gl’qn.

Proof. Let F C P be any nonempty finite set of primes and f any positive con-
tinuous right GSp4(Zr)-invariant function on [\ (PGSp;(R) X MSp4(Zr)) with
frz\XFfdvﬁ,F = 1 and fix € > 0. By Lemma 5.3.1 we can find two disjoint
sequences of prime numbers {p, },>1 and {g,}»>1 in F¢ such that

hmq /pn = w,
and
i L 00 (5.6)
_1 ﬁ -_ . .

We let B = U*="~1B,, and B{”) = Uk="~1B, (where B, and B, are as in (5.2))

and set

X1, = A, \BY, Y, :=B, \B",
Xp, = Ay \BYY, Ya,:=B,,\BY,
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where A, ,A,, are as in (5.1). By construction the sets Yy, and Y,,n > 1 are
mutually disjoint so it remains to show the last assertion. By Lemma 5.3.4, we

choose M > 0 and the sequences {p,},>1,{¢qn}>1 such that

/ (To, /) (Tn, f)dvgr > (1—€)'2, ¥n>1. (5.7)
\XF

-1

Observe thatif g € I281,p, 12 then g Xy, C Yy, since gA,, C By, and [1(g)],, = p;

forall I < k < n. By definition of the Hecke operator T, . we get that

m(Xln)Tgl’pnm(Yln)fF = m(Xln)(Tgl,pn f)F

Similarly, we have

m(Xon)Ty  m(Yon) fr = m(Xon)(Tg,  f)F-

By Lemma 5.3.2 and Equation (5.7) we obtain

i ( m(X1,)Tg,m(Y1n) m(Xa,) T, m(Ya,)

||m(X1n)Tgnm(Yln)” " |m(X2n)Th,,m(Y2n)|| fF)

> Z(Vﬁ(FZ\Bpn)Vﬁ(FZ\Bqn))I/ZVB(FZ\Xln N Xon) o (T, /) (T, f)dvg p

> > (vp(T2\B,)vp(T2\By,)) '/

n-1
([ 10 = vpT2\Bp, U By Jvp(T2\4p, )vp(T\AG, ) (1 - )2,
k=1

Since

Vﬁ(FZ\APn)V,B(FZ\Aqn) = éVSz,pn,Fz (:8)_1‘:52,(1",1“2 (:8)_1 5

and

vp(I2\B),)vp(I2\By,)
= (pngn) " degr, (81,5,) degr, (81,4085 0 (B) ' L5500 (B) 7

we obtain that

92



(v8(T2\B),)v5([2\By,)) Pvs(T2\Ap, )vs(To\Ag,) ()"
vg(I2\By, U By,) Py P+ a0 = (pagn)3F)

since 3 < B < 4. Hence we can choose the sequences {p,},>1 and {¢g, }>1 such that

for all n > 1, we have

(vg(T2\Bp, ) ve(T2\By, ) 2vp(To\A,, ) vs(T2\Ay,) w3-A)2B

> 1-e)l/2,
vg(I2\Bp, U By,) 1+ “)(S_ﬁ)/ﬁ( i
Since
0 o0 s 1
Z vp(I2\By, U By,) 2 Z vp(I2\Bp,) ~ Z 3
n=1 n=1 n=1 Fn

by equation (5.6), we finally obtain that

i( m(Xin)Tg,m(Y1,) m(Xan) Ty m(Yay) )> Ww3B)/2B oo
) >——(1-¢),
|| (X10) T, m(Y1)|| d (|7 (X2n)Th,m (Y2 F) = 1+ wG-pIB

n=1

where the last inequality follows from the fact that

00 n—1

> vs(T\By, U By, ) ([ (1= vs(T2\By, U B, = 1.
n=1 k=1
Since € was arbitrary, this completes the proof. O

We are now ready to state and prove the main Theorem of this chapter.

Theorem 5.3.1. Let3 < 8 < 4. Then the unique KMSg state on the Connes-Marcolli
GSpy-system is of type I11.

Proof. In view of the isomorphism in (5.3) and Theorem 5.1.1, we need to show
that the action of G on (X, ug) is of type III;. This is the case ( [Nesl1]) if and
only if the action of G on (Ry X X, Ao X u) is ergodic. Hence by Proposition
5.3.1 it is enough to show that the action of GSp}(Q) on the space (PGSpy(R) x
MSp4(Af)/GSp4(Z), vg) is of type III;. Since r(R, u)* is a closed subgroup of
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R}, it is enough to show that any real number w > 1 belongs to the ratio set
r(R, ppg) corresponding to this action. Fix € > 0 and let B be any measurable right

G Sp4(Z)-invariant subset of X with positive measure.

Let F be any finite set of primes, f any positive continuous right GSp4(ZF)-invariant
function with compact support in Fz\(PGSpI (R) X MSpa(ZF)), X1, Xon, Yin, Yonu
any mutually disjoint I';-invariant measurable subsets of X and {p,}u>1, {¢@n}n>1

any two sequences of distinct primes in F¢. To ease the notation we set

(1) _ m(X1,)Tg,m(Y1n) 2 _ m(Xon)Th,m(Yan)
T mX)Tmr)|| " m(Xan) Thm (V)|

eV = m(v),  el? = m(Ya).

Let ¢ € LA(I2\X, dvg). Since ||T,\" ! e

Trfz)H =1 and e}, e, are projections, we

obtain by Cauchy-Schwartz that

e (fr - ¢)H2

1 2 1 2 2
2@V 170) = 3T fr TP fr) - e 1|,
n n

P ol ],
> 3T e T fe) = (D) el fr - "”Hi)m( 2.

(D@ -all) (2 e @)

> ) (G e T ) = e = dlb(L frlla + 1610).

2, 1/2
2
e fel)

Since the subset GSp;(Q)B is completely determined by its intersection with
PGSp;(R) x MS p4(Z), there exists go such that the intersection By = goB N
(PGSp;(R) x MS p4(Z)) has positive measure. We set

¢ :=vg(I\I"2Bo) L)\, 8, -

Let k = %. By Lemma 5.3.5 there exists f and F C ¥ large enough such
that

I = (il + 0l) <. [ fdveg=1.
DA\ XF
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Hence by Lemma 5.3.6 there exists m € N such that (T,,(11)¢, T,S,2)¢) > 0. This
implies that (T, ¢, T}, ¢) > 0, in particular this shows that the subset I'" g1 T2 By N
r zh,;lFZBO C X has positive measure. Thus there exist g € [»g,[» and h €
I'5h,,1> such that g_lBO N h~'By has positive measure, which implies that the set
85" hg™'goB N B has positive measure. If we set § = g;'hg'go, we get by the
scaling condition 3.30 that

dg. B
g #ﬁ(x) —w| = |/l(g61hg_1go)ﬁ —a)| =4 _ )| < €, VxegBnNnB.
d,Uﬁ ’r‘iz
This shows that w € r(R, ug), which completes the proof. O
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Chapter 6

CONCLUSION

The aim of this thesis was to study three different aspects of the Connes-Marcolli
system associated to the Siegel modular variety of degree 2. At inverse temperature
B = 3, we proved that this quantum dynamical system undergoes a spontaneous
symmetry breaking phase transition reminiscent of a Higgs mechanism. We then
proved an inequality which intertwines the action by symmetries at zero temperature
and the Galois action of a subgroup of the Siegel modular field on the values of the
equilibrium states. Finally, we showed that a phase transition occurs at the level
of the von Neumann algebras generated by the equilibrium states. The following

theorem summarizes these results.
Theorem 6.0.1. For the Connes-Marcolli GSp4-system, the following assertions
hold:

1. There is no KMSg state in the range 0 < 8 < 3 and 8 ¢ {1,2}.

2. There exists a unique KMSg state of type Il in the range 3 < § < 4.

3. For4 < 8 < oo, every extremal KMSg state is of type I, and is given by the

explicit formula

{(2B = 2)Tr(my(f)e P™)
BB -DEB-2)5(B-3)

4. In the range 4 < [ < oo, the set of extremal states is identified with the
Shimura variety Sh(G S py, H;),

Ep = GSp4(Q)\H5 x GSpa(Aqg,f).

by (f) = y € H§XGSp4(Z), Vf e A.

5. For B = co and a generic point T € HY, there exists a subgroup S’ of Aut(F)
and an isomorphism 97! 1 §" — S = Q*\GSpa(Aq,f) which intertwines the
Galois action on the values of the states with the action by symmetries as

follows:

Wy 1 (o) (Do) () = Aute(p971(9)p™") - deoy (), Vf € AG™, Vg e S



Future work

One possible approach to generalize the results of this thesis is to consider the
arbitrary case where n > 2. For these higher dimensional systems, one needs an
alternative approach to obtain a closed formula of 3.37 and prove an analogue of
Lemma 3.2.4. Another promising direction would be to utilize the ideas and tools
used in this research to study the Connes-Marcolli system associated to the Hilbert
Modular Surface. Finally, the author also believes that the tools presented in this
thesis can provide a starting point for a full analysis of new systems which can be

constructed out of other linear algebraic groups.
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