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i.
PREFACE

Thé author's first interest in the field of nonlinear
mechanics was aroused when he and Robert S. Macmillan undertook
an investigation of nonlinear resonance phenomensa under the
direction of DUr. R. H. MacNeal. A rather complete experimental
investigation of the types of solution peculiar to a second-order
nonlinear differential squation was made. A siraight-line-segment
type of nonlinearity was used, and the forecing function was sinue
soidal. The large-scals, general~purpose electric analog computer
at the California Institube of Technology was used in this project.

Since the nonlinearities existing in nature are seldom as nalve
as those with which we had worked, the author was glad to have the
opportunity at a later date to work with Clement J. Savant and
Robert S. Neiswander on the development of a flexible arbitrary.
function generator. This function generator, which might be called
an electronic slide rule, required first the development of a satis-
factory linear-to-logarithmic converter. The literature search and
the experimental development of a satisfactory converter were done
ocooperatively, and an article describing thié work has been sub-
mitted to the magazine Electronics for pubiication.

After the basic development of the converter was completed,
Clement Savant and the author worked together to bring the nonlinear

computer, including the forementioned arbitrary function generator



ii.
PREFACE " (Continued)

to its present state of development. The computer is operated most
’efficiently by two men, particularly because of the large amount of
data taken photographically. For completeness, the theses of both
Seveant and the author will include descriptions of the computer;
however, thg attempt has been‘made to indicate the division of
labor by content,.

The author wishes %o thank his wife partiocularly, without whose
vnderstanding and assistence this thesis would not now be written;
2lso Dr. G. D. McCann, who directed the research; and Dr, (. H. Wilts,
Ir. R, H. MacNeal, and B, H. Locanthi, all of whom gave help and

guidance.



iii.
(ABSTRACT

This thesis consists of three parts. (1) An analog computer
investigation was made of certain phenomena that can be found smong
the solutions of a simple nonlinear differential equation. (2) An
arbitrary function generator and associated equipment were developed
to be used in the solution of more diffioult nonlinear equations such
as those representing nonlinear servomechanisms. This function
generator operates on the logarithmic principle and can be likened
to an electronic slide rule. (3) The operation of the funotion
generator was demonstrated by forming s nonlinear computer using
the gemerator and other active and passive circuit elements. This
computer was used to investigate the solutions to several modi=-

fications of Van der Pol's equation.



I.

11,

I1I.

ive
TABLE OF CONTENTS
Page
In‘broducticn L4 - - L] - » L4 » & » - - - * - - - - * ° . » 1

Methods of solution of nonlinear differential equations. « 2

A, Anﬂly‘bic methods of 801lution o o o ¢ s s « o » s & s o 2

le Linearization « o« o« o o ¢ s o s o o 2 o s » s s s 2
2. Approximete methods, small nonlinearities .« . . & 4
3. Approximate methods, certain large nonlinearities: 5
Be Methods requiring computing meachines + « « ¢« ¢« s+ o s o 5
1, XNomerioal integration .+ s« o s« s + ¢ s s ¢« s s s+ s« B
2. Differential analyzer solution « « s s « s s ¢« o &« T
3« Electric anslog compuber solubion + o o« o« o o 2 o 7
Analog computer investigation of simple nonlinear system 8
A, Physical systoem o o o o « o ¢ s o s a0 o 2 8 o o 2 8
Bs Electric antlog « « o« s o s+ s o o o 2 s 5 5 s s 0 s 13
l, Basic equations o« ¢ s« o ¢ ¢ ¢ s o o s ¢ s s 3¢ ¢ 14
2. Generation of nonlinearity « « « ¢« » v« ¢« o s o« « 186
Co Resonant phenomens « e« « s s« s s s s o « 2 s o o o s « 18
l. Definitions « o o « o o s s o o s o2 ¢ o a s o« 18
2o Propoerties . o o ¢« o o s 2 2 2 2 o a2 s e 2 2 a s 19
De Experimental results « « « o s s s s o s s ¢« s o« o o +» 20
1. Ultraharmonic 08cillations « o ees s o o 2 o o o o 22
2. Subharmonic 08cillations « « 2 o s o o s o o o s o 25
3. Oscillations with other nonlinearities + « « » » o« 25

4, Oscillations obtained with simpler system . « « o 238



Ve

TABLE OF CONTENTS - CONTINUED

5, Resonant hysteresis « « « ¢« « «

o

6 Effec‘bofda’mpin,g.....--a.

IV. Development of arbitrary function generator

A,

B,

Ce

D.

E,

F,

G

Review of avallable function generators

Mathematical principles of operation

Logarithm-taking element . « + « o «

1. Commercially available elements

2., Nonlinear passive elements

3. Nonlinear active elements

4, Searonh for good LIE . »
54 TUsable LTE'S ¢ # & o o
6. Complete LIE unit o »
Inverse-log-taking element
i; Analysis o« « o 4 o o o
2. Performance . + « « « o

Je Circuit details s e a o

SWitChing PrOblem e 2 & 2

-

»

1. Generation of cubic functions

2. More general functions

*

3. Input polarity inverter . + »

4, Output polarity inverter

-

Summing=-inverting amplifier « « «

Application of funetion generstor

l, Product of three cubic factors

°

<

-

LJ

Page
31

37
37
39
41
41

42

45
50
52
59

60
62
63
70
71
76
76
81
88
89

91



H.

Vi

TABLE OF CONTENTS = CONCLUDED

2. Other examples and applications e e e e e e

Accuracy of function generabor

4 @ B8 3 2 9 = 3 2

V.' Nonlinear compu‘ter applio&‘bicn& a A » 3 a & & & @ & &

» * » L d s o . L 1

A. Soft Van der Pol 05cillator « « o« o o s s s s ¢ @
B. Modified soft Van der Pol oscillator o+ « « o » o«
C. Forced Van,éer Pol oscillator .
D, Hard Van der Pol osocillator . .

Vie Conolusion =« o 2 » » o s » 2 o » o

VII. References &« @ o @ a o & & »

Appendix A. Accessory equipment . .

1.
2.
Be
4.
Se
6.
Ts
8.

9.

Appendix B.

1.

2a

Power supplies o« « « »
Test bench « « o o « &
Linear sweep generator
Computer connector unit
Voltage ocontrol box « «
Oscillosocops calibrator
Test voltage unit “ e
Stability voltmeter . .
Other equipment + « « »
Photography « » o o o &
Equipment and materials

Suggested oscillography

L LN - » - L » -

funoction selector

Page

-

93
95
97
o7
103
103
110
113
115
116
116
120

123

127

127
127
132
132
132
135
135

136



l.
24

3e
4,
5
€

T
8.
9.

10.
1l.
12,
13.
14,
16,
16,
17,

18.

19,

20,

Vii.
LIST OF FIGURES

Simple Mechanical SyStem e % o 4 » & a2 s 8 3

L]

Types of Nonlinearitiss and the Electrical Circuits

Used in Their Production « o s s o o s o ¢ o o
Basic Analog Circult o« o o o o o s s o o a o o @
Nonlinear Capacitor Circult « o o o s o = o o & «
ﬁonlinear Resistor Circult o« ¢ o 2 2 s o o« ¢ 2 o
Mechaniceal SYstamAHaving Type l-s Nonlinearity .

Oscillograms of Ultraharmonic Oscillations,
Type l=a Nonlinearity e 8 & 3 8 a 8 & 3 & & »

Osocillogrems of Subharmonic Oscillations,
Typﬁ l-g Nonlinearity * % &+ & & » 3 &8 3 * A S

Oscillograms of Oscillations, Types l=b and
2=a Nonlinearity o o » » s » o s ¢ ¢ ¢ s o s

-

Oscillograms of Oscillations, Type 2-b Nonlinearity

Oscillograms of Oscillations, Type 3 Nonlinearibty
Oscillograms of Oscillations, Type 3 Nonlinearity
Example of Resonant Hysteresis «+ o« « « ¢« 2+ a o &
x® versus x, 20 n =20, 0 x 2.5 (in back
LIE Using Crystalline Diode « o o o o o o s o o »
Transfer Funoction of Selenium Rectifier + + « « &
Basic Triode LTE & o ¢ o o o 2 s o 23 s s o s o &

Schematic Diagram of LTE Search, Test, and
ﬁlignment Unit o o« ¢ o o s a o 2 2 o 8 s o 2 »

Oscillogram, Output of Exponential Generator .+

Oscillogram, Basic Triode LTE Response %o
EXPOnﬁntial Input e 8 4 e 8 9 & 8 4 8 * 3 0 »

Page

11
14
17
18

- 20
24
26

27
29
32

33

3%

42
43
44

47

49

49



2l.

224
23,
24,
25,
26,
27,
28,
29,
304
3la
324
33,

34“4?’

48.
49.
50.

- Bl.
52-55.
56.
57=60.

6164,

Viiie

LIST OF FIGURES - CONTINUED

‘Oscillogram, Modified Triode LTE Response

to Exponential Input « o » » o ¢ 2 s+ o » »
Modified Triode LTE 4 s » o 2 s o o o« s o & o
Parameters Which Yield Practical LTE's . . »
Photographs of Practical LTE o 2 o s = o »
Schematic Diagram of Practical LTE Unit . . »
Transfer Function of Typical LTE 4 o & & &
Schematic Diagram of LTE Test and Setup Unit
Basic Circult of JLTE 4 o o s v v s s s s »
Transfer Function of JLTE 4 o s o o o o ¢ s «
Schematic Diagram of ILTE « o o 5 o 2 o o »
Photographs of ILTE o o « o s s o 3 s 2 s 2 @
LTE Equivalent Input Ciroult o+ s o o o « 2 &
Block Diagram of Arbitrary Function « « « o+ «

Oscillogrems Demonstrating the Operation of
the Function Generator « « » « « s s s s

Schematic Diagram of Input Polaerity Inverter
Photograph of Input Polarity Inverter . . . »
Photograph of Output Polarity Inverter . s
Schematic Diagram of Output Polarity Inverter
Oscillograms, Output Polarity Inverter . . .

Sumingﬁmplifier.'a.;'q‘......

.

0scillograms Showing Variations in Arbitrary Function

 Dsoillograms Showing Functions of Form y = x" sin™ kx

Page
49
50
51
54
55
56
58
60
64
66
67
68

-T2

T4
79
80
80
83
86
90

92



85=664

87-68.
69.
70
Tl

72482,
83-85.
86-93.
94-99.

100,
101.
102.
103,
104,
105.
1086.
107,

- 108.

109,

110,

1%
LIST OF FIGURES - CONTIWUED

Oscillograms Showing Functions of Form
v ::Sin(kx*'d’)Sin kx e 2 2 8 & & .4 & ® e 9 ¥

Oscillograms Showing Functions of Form y = = ..
Accuracy of Function Generaftor « « ¢« « s » o s
Simple Series Circull « o o ¢« o o 2 o o s 2 o s »

Block Diagraﬁ, Solution of Van der Pol's Equation

Oscillograms Demonstrating a Soft
Van der Pol O0scillator « « « s o o o o « 2 o @

Oscillograms Showing Oscillations Produced by &
Modified Van der Pol Oscillator o+ s« « s « o

Oscillograms Showing Synchronization of a Van der
0SCillator a o o o 2 o « 2 2 8 a2 2 2 2 a & =

Oscillograms Demonstrating & Hard Van der Pol
O5cillator o o o o 2 o o 5 o s o o ¢ o o 2 s »

Schematic Diagram of Standard Power Supply .

Picture of Standard Power Supply o o o o s s » o
Over-all Picture of Work Bench + « o ¢ o ¢ s & »
Schematic Diagram, Power Panels « « » » s « « «
Schematic Diagram of Linear Sweep Generator « .
Photograph of Linear Sweep Gonerator .+ « s s s o
Schematic Diagram, Computer Connector Unit . . «
Photograph of Computer Connector Unit . . « s «

Photograph of Tube Ager, Voltage Control Box,
and Small Power Supply « s e s o ¢ o o s & o

Schematic Diagram, Voltage Control BoXx o+ + o o o

. Schematic Diagram, Cscilloscope Calibrator and

Function Selector @ o & & & 4 & & ¥ o B % e o

Page
94
98
99

100

102
104
107
108

112
118
1l¢e
121
122
124
125
128

129

129

130

131



-
PP

~ LIST OF FIGURES - CONCLUDED

Page
111, Schematic Diagram, Test Voltage Unit . . « s+ » » o o 133

112. Schematic Diagram, Stability Voltmeter . « « « + o » 133
113, Schematioc Diagram, Tube Ager, and Battery Charger . . 134

114, Suggested Format for 0scillograms « « « o « o o« o o o 137



le
I. INTRODUCTION

The term nonlinesr mechanics is misleading, for an investigation
in the field of nsnlinear mechanics can be ocompletely divorced from
the applications of Newtonian principles. As a matter of fact, at the
prasent time most of the systems in which nonlinear elements are used
to an advantage are electricals The common watch and the automotive
shock absorber are noteworthy exceptions. The expression nonlinear
mechanics could well be replaced by the term nonlinear systems, which
would convey & clearer meaning,

¥Why does one study nonlineaer systems in general and nonlinear
differential equations in particular? The answer is that one is forced
%o do sc by nature, Whereas engineers and scientists for the most part
treat each such problem as though it were linear, thls approach is
seldom if ever exact. The best spring can be extended so far that it
takes a permanent set, Iron-cored inductors, evem in their most
refined state, have an inductance coefficient that is not a constant
but rather a function of the current passing through. We deal daily
with vacuum tubes whose most idealized characteristic curves are not
linear over the ranges of common operation., The cheapest truck has
overload springs. The gas laws are not valid at the extremes of
temperature and pressure. The humaﬁ ear and its electromechanical
counterparts have response characteristics that change with sound

intensity. To catalog all the nonlinearities that we know would be
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to catalog #11 of nature that we understand, for nature seems to be
inherently nonlinear. We should realize that there is nothing sacred
about lineér systems except our ability to anaslyze them. A magnetie
émplifier is only one exemple of the working of a nonlinear element
to hélp us obtain a desired result. We must strive toward accepting
the nonlinearities that we are forced to use, toward intelligently
using other nonlinear elements because they are perhaps less expensive
or more avallable, and toward using nonlinear elements in systems to

improve thelr operating charscteristiocs.

II. METHODS OF SOLUTION OF NONLINEAR
DIFFERENTIAL EQUATICNS

The problems containing nonlineerities meay possibly be divided
into two categories, namely, those capable of analytic solution and
those not capable of analytic solution,
A, Analytical methods of solution

The problems most commonly deelt with fall into the first class.

l. Linearization. One method frequently used is merely to ignors
the nonlineariﬁy, that is, to linearize the problem. An example of a
problem of %this typé is that piovided by & simple pendulum., The
-differential equation describing the motion can be written in the

following form:

°e'+%sme=o (1)
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Now a general form of & linear differential equation of the nth order

is as follows:

—d_né dh-'x L] L] -
gtn TR® G (2

+ Pro (D)5 4 Pn () X = G (1)

The dependent variable and all iﬁs derivatives appear raised, at most,

only to the first power; this characteristic constitutes the definition
of a linaaz" differential equation., Referring to this definition, we see
that Equation (1) does not satisfy the requirements, as sin © cannot be
expressed in terms of © plus a constant, We can, however, express sin @

as a power series in@, and when this is done, Equation (1) yields

é.+%(6--—e-i+'§i...)=e (3)

The reader is no doubt aware of the step that is, as a rule, taken next.
"I{ we assume that all terms beginning with 93/31, are small compared
%0 © ," the text usually reads, and our problem is suddenly reduced %o

the familiar

e+%g=o (4)

This approach is characteristic of that used in many problems involving
nonlinearities. We make a linear approximation to the true problem as
we know it, though we should realize that our best statement of the

problem no doubt merely approximates the actual problem as it exists
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in the physical world, Having sim?lified the problem %o the point
whére we oan solve it analytically, we obtain a solution. Often the
next step is to generalize from the particular solution obtained,

éll the while ignoring the fact that our base for extrapolation is
none too firm. Then, having solved the problem theoretically, we go
to the designing board and try to design out the original nonline-
arities as much as possible, taking care not to add any new ones.

We use ball bearings to cut down on Coulomb frictlon; we put in stops
%0 make sure that the amplitudes ars always small. In general, we try
to linearize the system so that our mathematiocs has some relation %o
fact. We should not be overcritical of this method, because it has
often given excellent results. Furthermore, many of the problems in
whioch the method is not used with success arse not easily attacked by
any more exact method,

2, Approximate methods, small nonlinearities. More sophisticated
methods of solving nonlinear differential equations with small deviatlons
from linearity are available (Ref. 1); however, aside from prediocting
the exlstence of certain types of solutions that are unobtainable from
any linear analysis, these methods ars not of particular practical
importance to the engineer, All of them are laborious to use, and
some of them do not yield information as to wave shape, These methods
hava greeat importance theoretiecally, however, as their applieation has
resulted in the prediction of effects found only in systems having
nonlinear elements., Demonstration of some of these effects will he

found in Sections III and V.
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3. Approximate methods, cert@in large nonlinearities. Some
axfremely nonlinear systems can be analyzed. A common example 1s
that of the thyratron sweep generator. Normally no knowledge of the
ﬁahavier of thyratron conduction is required except the firing voltage
and the extinguishing voltage. In the analysis, one considers a linear
system until the voltage on the condenser exceeds the firing voltage.
Then the voltage across the condenser is assumed %o be instantly
changed to the extinguishing voltage, and the oyocle starts to repeat.
A similar approach is very useful in the study of multivibrators,
magnetic amplifiers, gas-tube flipflops, and many other practical
circuits. Minorsky (Ref. 2) discusses applications of this method
at soms length. The gist of this method is that one assumes (1) that
the system has two or more stable states and (2) that the transfer
from one state to the next occurs instantly whenever the dependent
variable has a particular value,

Other phenomena no doubt will be discovered as investigation into
more complex nonlinsar differential equations progresses,

Reviewing the discussion thus far in this section, one finds that
analytical methods either suggested or referred to can he used Lo
solve problems with either small or very large nonlinearities.

B. Methodas requiring computing machines

The second categéry, ocomposed of problems that oannot be dealt with

by analytic means, remeins to be discussed. A simple example of this

type of problem is represented by the equation
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X+ ax + S+(x)df= Fcos wt (8)

when f(x) is defined in the following manner:

n

f(x) =k, FOR Ixl < Xg¢

f(x)

and kz/kz. = 9. The reduced equation

)'c+ax+j-F(x)dt=o (6)

is plecewise linear and can be solved for any set of parameters with
a partiocular set of initial conditions. Topological methods are
available (Ref. 2) for the sclution of this transient problem and
yield considerable information without too great an expenditure of
labor, However, if one considers the complete Equation (5), none of
the methods suggested is of any use except in very special cases.
Practiocal control systems are almost never represented by equations
as simple as those discussed. As a result, the methods of solution
Suggestad are of little more than academic interest %o many engineers.
Splution, however, is possible by at least three methods.
l. XNumerical integration. Step-by-step numerical integration of
the equations is always possibvle, and with the advent of the new

high-speed digital compubers, this method is practical for some
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problems. Programming of a problem as simple as the one propossd is
quite a chore, and the parameters in the egquations cannot‘be varied
easily. If one is intersested only in the steady state, the necessary
caloulation of the complete transient is expensive and time-consuming.
The mocuracy of the digital computer can be made as high as is desired;
indeed for some problems this device off'ers the only solutions having
sufficient acouracy.

2, Diffarential>analyzar sol&tion. The differential anslyszer,
either mechanioal or electrical, also offers solutions to Equation (5).
The principal objections to the use of this analyzer are the difficulty
of entering the nonlinearities into the equations and the nearly
complete loss of a direct analog. The part of our learning labeled
intuition is of mno use when the physics is broken down inbto the
operational-equation language of the differential analyzer. The loss
of the direct analogy is not inherent in the differential anslyzer,
but in the nature of men. If the extra computer elements required %o
maintain the analogy are available, normally they will be used to obtain
a closer approximation to the physies. Obtaining steady-state solutions
without spending appreciable time waiting for the computer is another
difficulty, particularly of the mechanical anslygzer, because of its slow
speed.

3. Electric analog computer solution. This computer seems to offer
great promise for the immediate solution of the equations arising from
nonlinear systems. In many practical systems, the governing differential

aquatioﬁ is at least of the third order, and frequently more than one
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nonlinearity is %o be considered. The electric analog computer offers
speed of solution, ready variation of parameters, large choice of
initial conditions, and retention of the direct analog. One may
6onsidar that the last point is overemphasized, but mathematics has
not yet been developed for solving problems even as simple as those
used for illustrations. The engineer must use every available aid,
Some men's minds work more on the analog basis than on the digital,
and a man having this type of mind can gain much from the retention
of the direect anslog with its clear physical interpretation. The
author believes that the digital machines are more suitable for other
individuals, however, and that the digital and analog computers will
in time be working side by side on the same type of problems at about
the same rate. Many technological and methodical advances must be made
before that time, however, in order to decreass the cost, complexity,

and setup time of the digital machine and %o increase its reliablility.

III. ANALOG COMFUTER INVESTIGATION OF SIMPLE
NONLIREAR SYSTEM

The author's experimental investigation in the field of nonlinear
mechanics was begun with the idea of gaining some insight into the
types of phenomena that occur, rather than with the ldea of solving
any particular problem,
A, Physieal system

A very common differential equation, that representing the physical

system shown in Figure 1, was chosen for investigation. The system as
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shown is usually assumed to be linear and thus offers no difficulty
in obtaining a completely general solution for the motion, regardless

of the lnitial conditions of‘velocity and displacement. The system

—._*x

_I_il',
il
rry

m —= F@)= Acos wt

120100070007

INANSRNARNNENENSNEIRNNEARNNENERRNNINNSNSNNYN

Figure 1. Simple Mechanical System
will be made nonlinear by the use of a spring whose spring constant k
becomes a function of the displacement. In this case, the differential

equation governing the motion of the system shown in Figure 1 beocomes

mx + rx + KO x= A cos wt (7)

In order to keep the problem from being unduly complicated, the only

functions k(x) used were of the following types:

Type 1
k(x) = k; for x| ico (8)
k(x) = k, for 1zl > =,
Type 2
k(x) = k; for x £ Xg
k(x) = kg for x > x4 ®)
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Type 3
k(x) = k3 for x< 0
(10)
k(x) = kg for x >0

Figure 2, whose main object is to illustrate the circuits used in
the gemeration of the analogous electric nonlinearities, shows these
functions graphically. In the presentation used in Figure 2, k(x)x is
shown as f{x). The functions f(x) all conaist of straight-line
sections, and the reduced equation corresponding to Equation (7) is
thus piecewise linear and oan be solved analytically. With a forocing
function as simple as that of Equation (7), however, no analytic
solution is available. The simplest of the functions f(x) is of type
3, &3 it can be formed from only two straight-line segments.

When Equation (7) with the type 3 f(x) is first examined, one is
inelined to believe that a steady-state solution oould be obtained
analytically. Two equations representing general forms of the
partiocular solutions can be written, one valid with x O and the other
valid with x O. The equating of the two sets of final and initial
values of the two "half" cycles would then allow solution of all the
unknown constants. Since the dependent variable x controls the change
from one solution to the other, determination of the constants involves
insuperable difficulties of trigonometric manipulation. Trial-and-
error methods could yield approximate steady-state results.without
undue labor, but a solution of this type would defeat the purpose of
the investigation.

The reader should realize by now that a simple differential
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equation with & very simple nonlinearity can resist solution by
an@lytical meens and that some other means of solution mus% be used
if one is %o investigate a ldrge number of cases. As was pointed
out at the beginning of this section, the object of the investigation
was not the solution of particular problems but rather the development
of a "feel" for the type of solutions possible with a simple equation.
The electric analog computer cannot be surpassed as an educational
tool when applied to this simple equation. Solutions are rapid, the
presentation can be graphic, and the ease of varying parameters
cannot be equaled; Most important, however, is the fact that one
never loses sight of the physics in the solution. With only a small
amount of experience, the operator learns to interpret the electrical
display with that of the corresponding mechanical (or other) system.
A capacitor that changes its capacitance as a function of its change
is easily compared to an overload spring that starts to funotion at
a certain displacement,

In order that the results obtalned may have some generality, the
equations of the mechanical system are reduced to dimensionless form.

Equation (7) can be reduced by making the substitutions

W = k,/m (11)
T = wet (12)
(d = X/Xo ‘ (13)
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For nonlinearities of the first and second types, Eguation (7)

becomes

.‘1u+_"___ ‘d’ +$‘= A
JR Ki %o

(%)
£
cos -Q—’:'L" FOR iyl £ 1 (14)

LY (15)
4 vhym 4 k T Hl °
For the type 3 nonlinearity one obtains in a simllar manner
'ty = COS — T FoR Y £ © (16)
% % &o %
‘4 55 s cos L v FOR Y >0 a7
9"+ 4 we 1 )

Equations (16) and (17) are applicable when the nonlinearities are of
the third type.
B. Electric analog

The electrical analog to be used depends upon availability of
equipment and background of the experimenter. The equations of the
mechaniocal system (Eqs. 14 and 15 or 16 and 17) oan be set up elec=
trically using either the nodal or the loop analogy. The loop analogy
was used, and the problems sometimes encountered in the use of currend

generators with reactive loads were thus avolded.
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A simplified cirenit for the electric analog of the mechanical

system is shown in Figure 3. The ocapacity of the condenser C is a

—= Gt

® §R

U=V, cos Nt

|
|\C(%)

Figure 3., Basio Analog Cirouit

funotion of the charge q.
l, Basic squations. The differential equation desoribing the

cirenit is

. . |
L% + R% + C_C—%) % = \/° cos (it (18)

Equation (18) can be reduced to dimensionless form by making

substitutions similar to those of Equations (11), (12), and (13).

N, = 1/Le | (19)
T ='.n.°t (20)
Q= ¢/90 (21)
Thus Equation (18) becomes |
Q"-:-R/% Q+Qq = Vo Gy cos h'n'_'r FOR |Ql €1 (22)

e °
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, e VoC o
CQ'-h R/— (l' 4.£;L = 27! cos
[ CZ ‘%O 'Q°

Equations (22) and (23) describe the system for nonlinearities of the

T ForR I1Q) > 1 (23)

first and second types. In a similar manner the following equations

are obtained:

c N

Q'+ R/—ZQ + Q= Y8 cos 2 1 ForR 1QI £ O (24)
L -] QO

Q'+ R‘/QQ% &Q = Yol cos T2 1 For 1Q1 Y O (25)
L Ce o 2

Equations (24) and (25) are applicable to systems with nonlinearities
of the third type.
The independent, dimensionless, and analogous parameters desoribing

the mechaniocal and electrical systems are

r C
Q.= = R/_l . (26)
/K, m L
b= ke = Cca (27)
i
A - VOCI
C = = (28)
KiXo ‘%Q
e . N
d-= e A (29)
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Reviewing the information contained in Equations (26) through (29),

we find that

Parameter a =

' Parameter b =

Parameter ¢ =

Parameter é =

the reciprocal of the {Q of the system, or twice
the per unit demping,.

the inverse ratio of the two capacity wvalues,
or the ratio of the two spring constants,

the ratio of the peak driving voltage to the
voltage at whioh the capacitor changes wvalue,
or the ratio of the peak applied force to the
force required statically just to bring the mass
into the nonlinear region,

the ratio of the driving frequency to the small
signal resonant frequenoy, or, when the
nonlineerity is of type 3, the ratio of the
driving frequency to the resonant freguency

corresponding to the smaller spring constant.

2., Generation of nonlinearity. The oircuit used to provide the

effect of & nonlinear capacitor is shown in Figure 4., The amplifiers

Ay and Ap have high input impedances, 0.5 megohm and 0.4 megohm,

respeoctively, and low output impedances, 0.9 ochm and 25 ohms,

respectively (Ref, 3). Ro+ Ry is much greater than the output
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impadance of emplifier Ay, and the input impedance of amplifier Ap

Fo
| © ) o o o
| + + + =

']'Eo +A| R| —Aa

-
0O
e

%

o
(v}

20

Figure 4. DNonlinear Capacitor Circuit
is much greater than Ry. It can be shown (Ref. 4) that the effective

capacity between terminals 1 and 2 is approximately

C= — Co
+A|A2R| (SO)

|
Ro+ R,

The capacity is caused to appear nonlinear by making the resistors

Ro or Ry nonlinear, For the types of nonlinearities desired, the
circult of Figure § can be used instead of one of the resistors R, or
Ri. The diodes are biased with batteries of voltage E. When the
voltage across & and b is less than E, the resistance of the ocirouit
is equal to the back resistance of the diodes (about 1 megohm). When
the voltege across a and b is greater than E, the resistance of the
circuit is equal to the forward resistance of one diede (about 100
‘ohms). Thus the circuit is equivalent to a nonlinear resistor whose

value changes rather abruptly from 1 megohm to 100 ohms when the
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voltage across it becomses equal to the biasing voltege E. The value

of the capacitor changes when the voltage across C, reaches a value

V' ‘ g
f E
GERMANIUM X
DIODES ©

N~

Figure $. Nonlinear Resistor Circuit

determined by the circuit parameters, The diocde circuits used to
obtain the three types of nonlinearities are shown in Figure 2.
C. Resonant phenomena

Several phenomena of interest were obtained from analog solution
of the system of Figﬁre 1. Three of these ere closely related and are
known a&s ultraharmonic, subharmonic, and ultrasubharmonic resonances,

1. Definitions. There exists a good deal of confusion regarding
the definition of these terms. Stoker (pp. 7-8 of Ref, 1) starts with
the lossless second-order linear differential equation obtained by
setting r = 0 and k(x) =k, in Equation (7). From the solution of this
equation he purports to arrivé at suitable definitions of the three
terms., However, his definitions require the concept of a fixed fre-
quency of free oscillations of the system. His failing is that of
many persons who work in this field; that is, he thinks in terms of

linear systems and tries to define nonlinear phenomena in terms of
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linear phenomena. The concept of & free oscillation in a nonlinear

system is oertainly satisfactory; However, the association of

a fixed frequency, independent of amplitude, with this free

oscillation is meaningless except perhaps for very special

systeﬁs or else for systems with extrémely small nonlinearities.
This general definition ié proposed for the terms under

disoussion. If the forecing funetion has a pericd of Tp, if the

forced oscillation has & period Ty, and if continuous oscillations

exist, then the following relationship is true.

m
To =R Tt (31)

where m and n are positive integers. Then

If m == n, the osoillation is harmonic.

Ifm=1, n ;4 1, the oselllation is subharmonic,

Ifm# 1, n=1, the oscillation is ultraharmonic.

Ifm#Z1l, n¥ 1, the oscillation is ultrasubharmonic,

2. Properties. Only harmcnic oscillations are possible in linear
systems, Pure subharmonic, ultraharmonic, and ultrasubharmonie
oscillations are infrequent in nature, are generally difficult to
prdduca, and usually bave little stability. The class C frequency-
multiplying smplifier may seem to disprove the preceding statement,
since it certainly does generate freguencies that are higher than the

driving freguency, and since the stability of oscillation is exocellent,
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Where, then, is the flaw? Closer analysis than is ususlly performed
will show that the output wave shape will not be sinusoidai unless
the tank cireuit is lossless and unloaded., Damping caused by the
coil and load losses will ecause the amplitude of each cycle of
osoilletion %o decresse exponentially (assuming linear viscous
demping) after each plate-current pulse. Thus the stable
oscillation is actually a oombineation of harmonic and ultraharmenic
oscillations, The combination of harmonic and ultraharmonic
oscillations ocours fregquently in nature, and rather frequently the
oscillations are stable, The combination of harmonic and either
subharmonic or ultrasubharmonic oscillations is not difficult to
produce but is nearly always unstable or, at least, very sensitive
to changes of the parameters of the system.
D. Experimental results
The electric analog of the mechanicel system described in Seotion
VIII-A was used to obtain examples of the nonlinear oscillations
described. The type of nonlinearity used initially is shown as

type l=& in Figure 2. A common mechanicel system described in this

4 ke-ki TAcswt =X ok
o e L
g s -~
Xo— -
: Dé?ﬂ %o X+l 1_]n% L~
Py L | L -
A m L~
A L~
g L B L~
g Ki/e Kife -
e

Ay vy L Ll
Figure 6. Mechanical System Having Type l-a Nonlinearity

manner is shown as Figure 6, which represents, at least approximetely,
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many systems having symmetrical overload springé.

Figures 7 through 12 show smplitude~time waveforms and phase
trajectories for the nonlinear systems investigated. In most
instances, corresponding linear amplitude~time waveforms and phase
trajacﬁories are presented. In almost all cases, harmonic
oscillations will also exist. The linear waveforms can be used as
an aid in identifying the type of oseillation exhibited by the
nonlinear system. The four dimensionless parameters, a, b, o, ahd
d of Bquations (26) through (29) are given for most amplitude-time
weveforms and phase trajectories. In addition, three oscilloscope=-
gein coeffieients, Vi, Vp, and Hp, are given. V and H refer to the
vertical and horizontal oséilloacopa amplifiers, respectively; A
refers to the amplitude-time waveform, and P refers to the phase
trajectory. Two sets of coefflcients are defined as follows:

For nonlinearities of the first end second %ypes,

V. = vertical sensitivity
A diode bias volbage

Ve = vertical sensitivity
2M /2 RC, £, V,

_ horizontal sensitivity
P diode bias voltage

For nonlinearities of the third type,

Vy = vertical sensitivity

/2 v,

(32)

(33)

(34)

(3%)
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v _ Vvertical sensitivity
Po em/ere, 2, v,

(36)

_ horizontal sensitivity

Hp
/2 v,

(37)

The oscilloscope-amplifier sensitivity is given in volts per inch. The
diode bias voltage has been referred to the input of the positive-gain
amplifier. V. is the‘system driving voltage in rms volts; f, is the
resonant frequency of the linear system.

le TUltraharmonic oscillations. The first oscillogram of Figure 7
is typlical of the solutions obtained. Notice the large harmonic
oscillation with the relatively small ultraharmonic ocontent. The
principal ultraharmonic is seven times the frequency of the driving
force. A comperison between the frequency of the prineipal
ultrahermonic and the frequency of the system is interesting, sssuming
that the spring is linear and that its value is the value existing for
rlarge displacements, Since the driving frequency is 0.21 times the
small signal resonant frequency, and since the ratioc of the spring
constents is 4,12, the linear approximation yields JZ:EE?b.21:= 9.7
as the retio of the frequency of the ultraharmonic to the driving
frequency. This result is reascnable, since a lower ratic would be
given by a better approximation to the spring. One such approximation
would be a straight line drawn through the origin with & least-squares

fit to the actual spring funotion over the range of oscillation. The

underlined words are important, as they re-emphasize the fact that

solutions of nonlinear differential equations are nearly always
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functions of the amplitude.

Another phenomenon typical of nonlinear differential egquations
is shown by the first two oscillogrems of Figure 7. Nothing wes
éhanged between the two oscillograms except the driving frequency,
and the change was of the order of © per cent. Note the change in
wave shape. Thé principal ultraharmonic is now six times the forcing
frequency, and the transition between the twe oscillograms is abrupt.
The author believes that in the future someone will be able to
enunciate general laws of quantization of nonlinear phenomena, In
all the investigations carried out by the author, these sudden changes
were found to exist, sometimes with simple physical explanations and
sometimes without., Perhaps the most basic phenomenon observed in this

-study has been the sudden changes, for at least one nonlinear differ-
ential equation yields solutions whose form is independent of
amplitude when only a single forcing funoction is used. This in-
dependence of the form of solution upon emplitude is discussed in
Section III-D-¥.

An advantage in the use of the phase trajectory over the more
common smplitude~time presentation is shown by the last pair of
oscillograms of Figure 7. The amplitude-time plot shows what appears
to be an excellent sinusoid; yet the phase plot shows a considerable
deviation from an ellipsoidal shape. The phase-trajectory presentation
is very sensitive to changes in wave shape and probably should find

increased engineering usage as it becomes better known.
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2., Subharmonic oscillations. Figure 8 shows examples of
subharmonic oscillations when the system has the same type of
nonlinearity as before; that is, type l-a of Figure 2. Particularly
interesting results are shown in the last two rows. The linear
response is shown below, and the nonlinear above, The center
oscillogram shows the production of a commercially acceptable sine
wave whose frequency is just one-third of the foroing frequency.
Considering that no moving parts are involved and that the frequency
division is exact, the nonlinear elsctrical system producing the
oscilletion might have practical value, if it were only more stable.
The last oscillogrems show the effect of a small change in driving
frequency and the change from division by three to division by four;
the resultant loss of a usable wave shape can be seen. Another dise
advantage exists from a practical viewpeint, The system must be
started with proper initial conditions in order to obtain the
subharmonic at alle.

3e Oscillations with other nonlinesrities. The first group of
oscillograms of Figure O shows an assortment of waveforms available
with a type l-b nonlinearity (Figure 2). Notice the small
high-frequency oscillations in the stiff-spring region of the first
oscillogram and the corresponding "hot-dog" type of phase trajectory.

The second group showing waveforms was obtained with the asymmetrie
spring, type 2-a. The results are much as one expects if he has studied
the symmetrical cases, The asymmetric spring corresponds to a single

overload spring such as 1s used on light trucks.
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Figure 10 shows examples of wﬁve forms produced by the same
system, except that the asymmetric spring now goes soft (type 2-b
in Figure 2). Of particular interest are oscillograms 2 through
5. In the first of these, the frequency of the forced oscillation
is onee~eighth that of the foroing funotion, This subharmonic was
diffieult to obtain and was not stable, changing abruptly to a
subharmonic of one-half the driving frequency. The fourth harmonic,
shown in the second oscillogram of the group, was also unstable.
The third oscillogram of the group shows the stable second
subharmonic. Note the strong harmonic content evident in all
three oscillograms, The last oscillogram of the group shows the
linear harmonic oscillation obtained when the system is not excited
enough initially to allow the nonlinearity to have any effeoct,

4, Oscillations obtained with simpler system. Figures 1l and
12 show examples of the response yielded by the same system, and the
nonlinearity of a more simple sort is shown as type 3 (Figure 2).
This type of nonlineerity is of partioular interest because the number
of parsameters required to describe the system completely is found to
be reduced from four to three. Only the frequency, demping, and
ratio of the spring constants are required, as the response is
independent of the forcing amplitude. Thus the parameter ¢ of
Equation (35) is unnecessary. The nondependence upon amplitude oan
be seen from the physics of the system. Consider the mass as its
displacement goes through the origin. The velocity is the controlling

parsmeter at this time. In the previous cases, the type of solution
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dapenﬂed upon whether or not velccity was great snough to carry the
mass into the region where the sﬁring constant changed. Solution
depended, first, upon the fact that the velocity had the minimum
value required to oarry the mass into the stiffer-spring region and,
seconﬁ, upon the velocity of the mass when it entered this region.
With simpler nonlinearity, only the amplitude of the solution can
change upon entering the new region with different velocities.
Experimental verification of nondependence upon amplitude was
obtained. Some of the phenomena presented are so sensitive to
changes in psrameters, however, that the slightest zero shift in
one of the amplifiers would meke the solutions dependent upon the
applitude of the forcing function, All the types of response
obtainable with the system having the more complex nonlinearity
were duplicated with this simpler system. The author believes that,
if further work were to be done with straight-line segment non- '
linearities, the simple nonlinearity just mentioned would yield the
greatest amount of education for a given invested effort.

The first few oscillograms of Figure 11 show the extremely
complex waveforms that can be produced with this simple system. The
third and fourth rows show examples of frequency division similar to
those of Figure 8. The last two rows are included because they
demonstrate extreme cases of frequency division. The author does not
guarantee that the system producing these waveforms was the simple
one desgribed. Externally the sysfam looked the same, but the

possibility exists that one of the amplifiers waas overloaded and



31,

that it was thus introducing an unknown nonlinearity into the system.
These oscillations were extremely sensitive to a change in any of the
parasmeters,

Figure 12 completes the displey of results obtained by the use
of the simple system of Figure 1 when the spring-constant function
was of type 3 (Figure 2). Except for the ocbvious dissymmetry of the
waveforms resulting from the type of spring function used, the
waveforms are comparable to all the others shown in Figures 7 through
1l, No comment is made about specific oscillograms except for the
second, third, and fourth of the fourth row. Repeated mention has
been made of the abrupt changes in waveform that can be caused by a
small change in one parameter of the system. These three oscillogrems
show the two stable waveforms and also the transition between them.

5. Resonant hysteresis. Resonance phenomena are very different
in nonlinear systems from those in linear systems, as the possibility
of more than one stable steady-state oscillation exists for a given
set of parameters. If one recalls that the response of a nonlinear
system to any foreing function is usually dependent upon the amplitude
(Ref, 1), then he can see that, as a simple example, the resonant fre-
quency of & system oan be a function of the amplitude of oscillation.
If this is so, then there exists the possibility of having two or more
stable states of oscillation. Experimentally we find that sudden
trensitions from one state to another can result from very small

variations in the value of any parameter in a system. If these
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sudden transitions are dependent upon whether the frequency was
increasing or decreasing, the system is said to exhibit resonant
hysteresis. Resonant curves showing these sudden changes (or jumps)
are known as drag loops.

Figure 13 shows an example of resonant hysteresis obtained with
the analog computer. Because the waveform is nonsinusoidal, peak
measurements were made, and the set of parameters used was chosen so
as to yield nearly sinusoidal oscillations.

The neme resonant hysteresis, which is in common use, clearly
describes the phenomenon shown in Figure 13, However, the variation
of any parameter in the system investigated can give abrupt changes,
and the variation of nearly any parameter can give hysteresis
phenomena. A hysteresis effect similar to the one described also
ocours with the ultraharmonics and the subharmonics.

6. Effect of damping. The effect of changing the damping has not
been discussed, but it can be noted that the oscillograms of Figures 7
through 12 were taken with a relatively low-loss system. The reason
for this situation is that edditional demping caused the system to
behave much more as if it were linear. The ultraharmonics were
obtainable without difficulty when superimposed upon an harmonic
oscillation, but their magnitudes were considerably reduced.
Subharmoniocs became even more difficult to obtain, and their stability
decreased. The resonant hysteresis effect was very sensitive to
additvional damping, as would be expected, and the effect vanished

completely with only moderate amounts of demping,
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’ If the damping had been nonlinear, the effect of varying the
damping would have bean very different. In SectionV a system having
nonlinaaf damping is inwestigated. The spring-restoring force is
linear, and the damping is a function of the displacement, The
solutions are found to depart farther and farther from those of the
linear system as the damping is inoreased. This result is to be
axpected as the system becomes more and more nonlinear.

The author believes that the experimental investigation just
desoribed was worth while. A mathematiecian, after reading the rapert,
might be shocked into the realization that most of the methods he knows
for attacking even simple nonlinear equations arse of little value.

This realization plus some good experimentally obtained examples of
solutions might lead the right man to devise new mathematical techniques
which would be more epplicable. The physioclist or engineer might well
afford to study the oscillograms and thus improve his understanding of
the types of solutions that nonlinear equations oan yield. The author
achieved several results from the investigation. Important to him were
the development of an interest in the field and a desire %o explors
more fully the types of solutions that can be obtained from nonlinear
systems, More fundamental was the development of a "feel" for simple
nonlinear effects and the development of an ability to interpret
physically the results obtained,

The realization that each practical nonlinear problem at the
present time requires a particular solution caused the author to become

interested in the development of an electronic function generator. The
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development of this function generator and some of the assceiated
equipment required for the analog solution of certain nonlinear

differential equations is described in the next section.

IV. DEVELOFPMENT OF ARBITRARY FUNCTION GENERATOR

As was pointed out in Section III, a nonlinear function generator
is needed when guantitative answers are to be obtained to problems
involving practical nonlinearities,
A. Review of available function generators

Several arbitrary function generators were available when the work
described in this ssction was started. However, none of the available
function generators was thought to be completely satisfactory. If the
engineer is willing to operats at & very low speed such as that used
by the mechanical differsential analyzer, a simple and satisfactory
function generator is available. In its simplest form a graph of the
function desired is placed on a plotting table, and the dependent
- variable is used %o control the transverse motion of the carriage.
A human operator controls the longitudinal motion by means of & hand
wheel and keeps the stylus on the curve. Thus the longitudinal dis-
placement will, within the ability of the operator and the accuracy
of the graph, represent an arbitrary funotion of the dependent
variable., Photoalectric systems have been designed that obviate the
need for a human operator and simulteneously improve the accuracy.
For the eleotric differential anaslyzers, a similar device is available,
except that the function is represented by gluing a piece of conducting

wire upon the graph paper.
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Both of these systems are satisfactory and can be made as accurate
as.necesaary, but the amount of labor involved in setting up one
particular function is seen to be considerable,

If the desired function is square, cube, square root, or cube root
of the dependent variable, then the function can be set up by using
cascaded precision potentiometers. If the square or cube is desirsed,
two or three closed-loop controllers are required to turn the potentio-
meters., If roots are desired, then an additional computing amplifier
is needed.

For the higher speed of opsration required by simulators and
analog computers, an electronic multiplier is available., One or more
maltipliers and a high-speed computing amplifiser can be used %o generate
the same functions obtained with potentiometers in the electric differ-
ential analyzer. For more ocomplicated functions, an optical serve
system equivalent to the plotting teble mentioned for use with the
differential analyzer is available. It is known as & photoformer and
oan yield functions with an accuracy of 1 per cent., By analog-computer
standards the frequency response of the device is unlimited. The
fundamental shortcoming of the phoboformer is the same as that of all
the devices mentioned; that is, the amount of effort required to change
from one function to another is too great,

The reader probably asks, ™Why this sudden interest in changing
the function rapidly? Why not set it up and leave it alone?"™ If one
is content merely to analyze nonlinear systems, then no adeqﬁate

reason can be given for the development of a new function generator.
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In the future, however, the probleﬁs of stabilizing, of linearizing
reéponso, and of improving the speed of response of nonlinear systems
will cerﬁainly have to be met., Synthesis will replace analysis as %the
primary problem to be faced, and a flexible, easily changed function
generator will be required.

Such a function generator has been developed. Though the author
has not had the opportunity to do much more than solve some standard
nonlinear problems while testing out the device, he believes that it
will find considerable use in the future.

B, Mathematical principles of operation

Many of the nonlinearities found in nature oan be represented by
an equation of the form y == cx® where ¢ is a real constant and n is
not necessarily an integer. Figure 14 (to be found in a pocket
attached to the ocover) shows x® versus x with 20> n> = 20 and
0<€ x £ 2,5, Familiarity with this simple function apparently has bred
neglect, for many functions usually approximated by power series could
be better approximated by a single term of the form y = ox®. This
large=-size figure is included with the thought that it might be used
gquantibtatively when setting up arbitrary functions., A rather obvious
way of obbaining such functions is suggested by the principle of

operation of the slide rule. Consider the following set of eguations:

z = loggx (38)
w = nz + loggo (39)

y = expg(w) (40)
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or y = expa{nlogax + logac} (41)
or y = ox' (a2)

Equation (42) represents the function that we wish to mechanize,
Equations (38), (39), and (40) tell how %o perform the mechanization
and p§int out the principal elements required. Equation (38) tells that
we must have a device that will take the logarithm., Eguation (39) states
that we must have apparatus that will multiply by constant factors and
add constant terms. Equation (40) points out that apparatus which will
exponentiate (that is, take the inverse logarithm) must be available,
Since an electrical function generator is desired, all the variables

in Equations (38) through (42) and elsewhere in the section are assumed
to be volbages scaled as numbers. Thus no trouble is encountered, for
example, in taking the logarithm of 10 volts and having the result he
in volts,

Before proceeding to describe the development of any of thi§
equipment, two restrictions applying to Equations (38) through (42)
should be pointed out.

First, the assumption has been made that x is always positive,
since the logarithm of a negative number is complex., The arbitrary
function generabtor, however, acts only upon the magnitude of the input,
and electronic switches are provided which allow the choice of either
an even or an odd function at the output. Section IV-E explains the
switching operation in more detail.

Second, the sguations are too restrictive for our purposes. If

one has several logarithm-talking elements, the addition of smplifiers
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or attenuators and suitable bias supplies %o the equipment already

mentioned allows a function of the following type to be generated:

4
y = ax (x+ D)™Mx + ), .. (43)
wheré &, b, c, L , m, and n are real constants, If L =m=n=1,
Equation (43) would represent a useful function, but this restriction

is unnecessary. In practice, the exponents will fall in the following

ranges:

0.2

/AN

-Q;m;oao $5

- 0.2 >,.Q,m,...>,-5

Considering the fact that b, ¢, « « » can be negative, one sees that
the funoction given by Equation (43) is extremely versatile.
Ce Logarithm-taking element

How does one take logarithms electrically? This was the question
that was first glven attention by the author, as he kmew that mefers
- were available commercially which pur?orted to have logarithmic scales.
No devices having exponential characteristics were known to him.

l. Commercially available elements. The Ballaniine Laboratories,
Incorporated, of Boonton, New Jersey, manufacture a line of logarithmice
soaled voltmeters, but one finds that the linear-to-logarithmio
conversion is done by the combination of & nonlinear meter movement
and a nonlinear meter socale. The Kalbfell Laboratories of San Diego,
Californisa, manufacture & device known as the Logaten which consists

of eight orystal diodes and an approximately egual number of linear
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resistors, The output of a Logaten when feeding a high impedance is
thé logarithm of the input over an input range of over %two decades,
The linearity and stability of this device, though sufficient for
meny measurement applications, are not partioularly good. Also the
logarithm base is very high. Thus the ocutput-voltage range is very
small, and the drift stability requirements imposed upon other
apparatus would be diffiocult to satisfy.

2. HNonlinear passive elements, The simplicity of circuits using
orystalline diodes as possible logarithm-taking elements (henceforth
called LTE) is sppealing. An investigation was made, and the voltage
across a selenium rectifisr was found to be approximetely the logarithm
of the current., For voltage~to-current conversion, a large series

resistance is added, and the circuit becomes that of Figure 15, A

R
o—" WWVY 7o)
E. DICDE Eo
o— '}

Figure 15. LTE Using Crystalline Diode
typiocal response curve obtained using the circuit of Figure 15 is shown
as Figure 16, Notice the small change in output voltage resulting from
a large change in the inputs The base to which the logarithm is taken

is high, of the order of 12 . If the selenium rectifiers had exhibited
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any reasonable drift.stability, their low cost would have tempted the
author to try to develop selection and aging processss which would
make them usable as LTE's, However, in all the rectifisers tested,
1arge drifts in the output voltage occurred which were functions not
only of temperature and age but also of obther undetermined factors.
Germanium diodes, whgn used in the cirouit of Figure 15,
exhibited characteristics similar %o those of the selenium rectifiers,
The logarithm base was higher; stability, better; and linearity, worse.
3« Nonlinear active elements, Mention has been made in the
literature to the use of triode vacuum tubes as LTE. Perhaps the most
recent mention (Ref, 5) even suggests the use of its LTE in an arbitrary
function generator similar to the one deseribed in this thesis., How-
over, no literature is known in which an LTE is described in sufficient
detall to suggest that the writer ever obtained a usable unit. Nadel,™*
in an unpublished memorandum to R.S. Neiswander, described a triode LTE

which took logarithms rather accurately over an input range of 1 to 300

Pigure 17. Basic Triode LTE

volts to a base of about 3. The cirocuit diagram for the triode LTE is

*Tests at North American Aerophysics Laboratory, 1950, conducted
by Albert N. Nadel,
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given in Figure 17. The author was unable to duplicate Nadel's
results and attempted to find another usable region of operation of
the tube.

4, Bearch for good LTE, The first results were very discouraging,
a8 oniy over a small range of input voltage would the output be linear
(log scale). Varying any one of the parameters seemed to improve the
linearity, but the time consumed in plotting one ocurve of output
voltage versus input voltage was ét least 5 minutes. A connection
was tapped in%o a vacuum-tube voltmeter just past the input attenuator,
and the input to the LIE could then be varied rapidly, though in fairly
coarse steps. Using this technique, the author discovered & new LIE
having a usable input voltage range, but unfortunately it had a very
high base,

The first effort toward speeding up the procedure of testing a
possible LTE was to develop an exponentially falling voltage across a
large capacitor, to apply this voltage to the LTE, and to observe the
output by using a Brush recorder, This system had several disadventeages.
Becuuse the input reslstance ofvthe LTE 1s not & constant, the resistor
through which the capacitor discharged had to be relatively small; yet
the time constant of the circuit had to be kept large so that the
recorder could follow the output with no error, The Brush recorder
has such a small deflection that judgment of linearity by inspection
is diffiocult, and it isv impossible to see the effect of meking a small

change in one of the parameters without plotting the curves.
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The idea of applying an exponentially decreasing voltage was sound,
however, and the following system was adopted. A millisecond relay is
driven by half-wave rectified 80-cyc/sec voltage producing square waves
of voltage of nearly equal "halves." This square wave is partially
integrated by an RC circuit and then applied to a cathode follower,
The do bias is removed from the cathode follower's output, which is
then applied to the would-be LTE., The diagram of the cirouit just
described constitutes a part of Figure 18, The complete circuit has
other functions necessary for the discovery and aligmment of an LTE.
All the parameters of the LTE are easily adjustable, and metering is
provided where necessary. The slide~back voltmeter incorporated
vields the dats from which the approximate logearithm base and de
level can be determined.

Since the oscilloscope is not an accurate measuring instrument,
the LTE, optimized by the procedure just given, is checked by a
point-by-point do measurement. This step is facilitated by the
inclusion of two Helipots with Duodials. The first, whose resis-
tance is negligible compared with series grid resistance, applies
the voltege to the LTE. The diél readings of O to 1000 in unit steps
must be multiplied by 0.3 to give the actual input voltege but cen be
plotted directly onto the semilog paper used. Since the plate~load
resistor can be of the order of 0.5 megohm, some provision must be
made for accurately measuring the plate voltage without loading. This
measurement is achieved by using a null method. The other Helipot is

connected %o the 300~-vcolt supply through series resistors so that the
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voltage range of its slider approximates that of the LTE. A center-
seele meter with ranges of 0 to ¥ 50 volts and 0 to 100 A amps
serves as the null detector, and the voltage range of the Helipot is
determined by measuring the volteges at its ends with a sensitive
voltmeter. The dial readings of the Helipot can be plotted directly
s linesrity check or may be converted into equivalent voliteges.

The LTE search, test, and aligmment unit as shown in Figure 18
has proved to be successful. Within an hour, many of the possible
perameter combinations of the circuit can be used with a particular
tricde. After some experience using this device, one can follow the
general trends in a systematic manner,

The author found several combinations of tubes and resistors
which served to take logarithms, In all cases, the conversion beceme
poor at high input levels. Figure 19 shows the exponentially falling
voltage applied to the LTE, Figure 20 shows the response tec an
exponential input, end it is seen that the LTE yields the negative
logarithm, Thus the departure from linearity (log scale) corresponds
to & large input voltage. This fault was eliminated almost completely
by feeding some of the input signal to the cathode through & resistor.
Figure 21 shows the response of the same circuit as that displayed in

Figure 20 except that the feed-through resistor was added. Figure 22



sonentisl

Figure 20. Oseillogran, Basie Triode LTE Responase to ix

Figure 21. Oseillogrem, Wedified Trieode LTE Respomse to Exponential Isput
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Figure 22, MNodified Triocde LTE

shows the circuit of the modified LTE.

5. Useble LTE's. Figure Z3 gives the data on & number of
practical LTE's. The variation in the size of the optimum feed-through
resistor is seen to be considerable, The notation of Figure 23 is the
same as that of Figure 22. The column labeled Base gives the base to
which the logarithm is taken. V, is the voltage output when the input
is 1 volt,

The large variation in V, should be noted. When used for computing,
the LTE should give output with respect to ground, and removal of the
constant voltage can be troublesome. The circuilt adopted, the last one
described in Figure 23, has a rether low dc level which is removed with
négligible change in the logarithm base, )

The following observations can be made in gemeral regarding triode
LTEs

1. The higher the power-supply voltage, the lower is the base
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of the logarithms. To keep the dc level down to a
reasonable value, however, one must use large values
of the plate-ioad resistor. This is in general a wise
step and tends to keep the plate dissipation down.

2, High mu tubes seem to have the lowest log base.

3¢ Tubes with high transcenductance seem to be unable to
give linearity in their log taking.

4, Feed-through to the cathode resistor is a powerful method
of improving the linearity for high input voltages.

5., The value of the voltage applisd to the cathode return
affects the linearity mostly with low input voltages.

6. The value of the cathode resistor affects the shape of
the whole curve, but not uniformly.

7. The filament voltage seems to have no effect on the
general shape of the curve,

8. Having set up a LTE, one will find that the substitution
of different tubes of the same type does not affect the
linearity greatly and makes only small changes in the
base of the logarithms and the do<level.

6. Complete LTE unit, The LTE unit as used in the arbitrary
function generator is pictured in Figure 24, and its schematic diagram
is shown in Figure 25. The actual logarithm-taking element is seen to
be of the type shown in Figurs 22, The cathode follower prevents
loading of the triode and supplies a low impedance input. The

10,000-o0hm level potentiometer allows the de level to be adjusted
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with negligible change of the base of the logarithm. The base
potentiometer is essentially a gain control. After the LTE's are
‘initialiy linearized, they are made completely interchangeable by
the adjustment of the base and level controls.

The linearity (log scale) of a typical well-aligned LTE is
demonstrated in Figure 26,

The LTE's are opsrated from well-regulated power supplies, the
filaments being heated by & storage battery. Drift is of the order
of 75 mv/hr referred to the output after several hours of operation.

Construction of the logarithm-taking elements involves no special
precautions. Tﬁe only lead criticel as to length and placement is the
one connecting the 2.2-megohm resistor (Figure 25) to the grids of the
12AX7 tube. To prevent thermal drift, the resistors in the plate
circuit of the 12AX7 and the grid circuit of the 6S4 should be operatad
conservatively. These resistors should not be placed where heat from
the 684 or its 20,000-chm cathode resistor can affect then.

The nonlinear characteristic of a vacuum tube is used in this
device. Can the nonlinear characteristic be depended upon to remain
consbtant? In order %o discover the effect of time upon the characteristic,
the experimenters built an aging rack. Six new 12AX7 tubes from three
different manufacturers were operated for 1000 hours. During this periocd
the tubes were removed and placed in an LTE circuit several times, and
their oconversion characteristic was measured. Though the results were
somewhat random, the conclusion was reached that the tube character-

istics stabilize considerably after approximately 500 hours of aging.



Figure 24, Photographs of Practical LTE



G Adn9id
IR EREREREIN IR WHILIHYOO0

~“FAZTT ML M Seg
WOl HOZ HOZ =~ COE

ATOWOL
MO £
o omM WL mQO:._,MM

el WOLYZ oNd FIU
. DNOBAG V1 HONID

g

8 €
LXY2 .
FU/N wzz \ -
LT T AN - 1 W LodanNd
_w + FLud = o
Wi wozz "NOSD
"AAY A% )\A( % | AoOE-
r _
— H | AoOE+
b |
Asvd
e 3 | Aocoo+
% ¢ 104100
. z 2 | AD-
< |
A il
TS 9 LXY 2




o

|

i

T




57,

All the tubes used in the LTE now have been aged 500 hours. After
using the LIE's, the author rsached the conclusion that the linearity
should be checked every 50 hours of operation and that the level
should be set at each period of operation., In the period in which
the LTE units were Being built and tested, the LTE search, test, and
alignment unit (Figure 18) was rebuilt. A socket was mounted that
would accept the plug-in LTE unit%s, and other changes were made %o
permit the adjustment procedure to be simplified. The resulting unit
is shown sohematically in Figure 27.

The following instructions are given to expedite the use of the
unit when aligning an LIE.

1, Plug power cable into power-distribution socket.

2+ Plug LTE into socket on unit,

3. Turn on all power supplies and dc filament voltage, and
allow at least l5-minute warmup period,

4, Set the zero adjustment on the exponential source by
switching to position a, turning off the rslay and
varylng the zero-adjust knob until a voltmeter connected
from jack 6§ to ground reads zero.

5. Observe the responss of the LTE to the exponential input‘
on the oscilloscope; vary the plate, cathode, and bias
potentiometers until a straight line is observead.

6. Connect the step-voltage unit input to the + 300-volt

supply and ground; then connect the cutput te jack 3.
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With output selector switech at position C, apply statioe
voltages of 3, 9, 30, 90, 180, and 300 from the test=
voltage unit to the LTE; plot the output (jack 4) on
semilogarithmiec paper,

7. Repeat the procedure until the final plot produces the
desired aoccuracy.

8. With 1 volt applied, adjust the level knob until the
output is zero.

9. Conneot the LTE to the load which it will supply, set
the step-voltage unit to 300 volts, and adjust the base
control until the output voltage is log, 300. The base
a must be chosen so that the LTE with the poorest con-
version can be adjusted. No difficuliy should be
encountered in adjusting all the LTE's to have & working
base of 1.30 and perhaps even 1,25,

D. Inverse log-taking element

The develcopment of a satisfactory inverse logarithmetaking element
(henceforth‘ILTE) was initiated as soon as the LTE was an accomplished
fact. The basic idea is simple, consisting merely of putting an LTE in
the feedback loop of a high-gain amplifier. This theory was given a
rough cheok through use of & pair of analysis laboratory amplifiers
with a net gain of approximately 2000, one LTE in the feedback loop
and two LTE's as input converters. This crude computer, when stabilized
by the addition of a large lumped ocapsacity, multiplied two voltages

together-with fair accuracy, but the frequency response was uniform to
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only a few cyocles per‘ éecond.
l. Analysis. The following analysis was then ocarried out
in an ettempt to discover the basic design requirements of the LTE.

Consider the circuit of Figure 28. The drift voltages of the amplifier

R
e o—v\/v\/v\/]
e;m: ’ !l’a fA\
€3 ‘

€
|
1L ON\AVVVY l
R

1

—
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.]l——omo
[»)

A
HLTE

il

Figure 28. Basioc Circuit of ILIE
(referred to the input) and of the LTE (referred to the output) are
shown as & and A , respectively. Equation é4) results from the
application of the superposition theorem, Equation (45) is the
defining equation of the amplifier, and Equation (46) is the defining
equation of the LTE. All voltages shown are measured to ground.

n
ey + 2 eL
N+

(44)

"
m

(E+3)A = g (45)
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A '-D-queo = ey
Substituting Equation (44) in Equation (45)

n
en +.Ze‘L + 8 A= es
N4+l

Substituting Equation (46) in Equation (47)

n
A-&Oqaeo +2e'l. + 8 A= €o

n+|

Rearrange Equation (48)

n
Jioqaeo = 2.ey +DO- _63;(7:_“"} + S(n+)

Take the antilogarithm to the bass a

a N+l
€0 = €XP, [Z‘, et +D-—x & +("\+‘38]

which may be written

€= {expo_ (% et)} {expa(A+(n+'3 8-Ta eo)}

Equation (51) shows that the cirouit will produce an output

voltage which is the product of two factors. The first factor

(46)

(a7)

(48)

(49)

(50)

(51)

represents the desired result, and the second factor represents the

error inherent in the device. Since we know nothing of the polarity

of & or A , consideration of the worst case {i.e., that in which the

errors resulting from &, A, and ¢ have the same polarity) is
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reasonable, Equation (51) can then be expressed approximately in
the following form, assuming that the drift voltages are small and

that the amplifier gain is highs

n
e, = {expa )N e‘L} {(l+[&+(n+03]-ﬂna)(l+m—+’&&ﬂh a)} (52)

From Equation (52) one can write the two following approximate
expressions for the percentage errors resulting from drift &4

and lack of sufficient gain E% s respectively:

£4 = 100 {A+(n+\)8} Ina (53)

E% £ o0 %ﬂ eo In a (54)

2+ Performance, Assuming that the following values of the
parameters are valid, the wvalues of Ed and fca are calculated, using

Equations (53) and (54):

A = 50mv A = BO0O
d = 25mv n = 2

a = 1.2 €4 = 2.3%
6o = 300 volts E% = 2.1%

The assumptions just made are somewhat optimistic; yet the experimental

results show that the ILTE is considerably more accurate than is
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predicted and that it has less drift. Figure 29 shows the linearity
(log scale) of the output of an ILTE when plotted versus the input;
~one canksee that the largest error is approximately 1 per ocent of
the maximum output. Since the LTE in the ILTE was adjusted approxi=-
mately before the loop was closed, the error resulting from having
insufficient gain was balanced out almost ocompletely. If other ILTE's
were to be built, the design could be simplified somewhat, and the
initial stabilization could be made much easier by a reduction of the
gain of the amplifier., The adjustment procedure would become mors
arduous, however. The drift as observed in operation is of the order
of 1 volt per hour with 3,0 volts out and 3 volts per hour with 300
volts out. Thers must be some ocancellation of drift, though this
effect was not intentionally designed into the cirouit.

Frequency response of a nonlinear device of this type is
difficult to define, as neither the input nor the output is sinusoidal,
One must remember that both the LTE and the ILTE are essentially uni-
directional and that they are of 1little use without the associated
input and output switches. The over-all frequency response of the
switching eirecuits, the LIE, end the ILTE is +o be found in Section
Iv-E.

3. Circuit details. The complete schematic diagram of the
inverse logarithm-teking element is shown as Figure 30, and a
photograph is given as Figure 3l.

There are three inputs to the ILTE, although normal use demands

only two. A slight difference in base exists between the operation
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when the unused input is grounded and when it is left unconnected.
The 10,000-ohm resistor from the summing point %o ground reduces the
effective gain of the amplifier and makes the base of the ILTE less
sensitive to changes of output impedance of the devices driving the
ILTE. The pesitive-gain amplifier is of nearly standard design.
The first stage has very low screen voltage and a large plate
resistor. It operates in & high-gain region in which its gain is
approximately 1000, A large ratio exists between the cutoff fre-
quencies of the two stages. The first stage cuts off in the low
audio range, whereas the second stage cuts off at about 500 ke,
Phase-correction networks are necessary between the stages. Gain
of the amplifier is 75,000, but the effective gain is reduced to
8000 by the 10,000-chm resistor mentioned above, The 6S4 cathode
follower gives the ILTE a low output impedance, and the phase~lag
network which feeds terminal 10 is available when needed 4o reducs
the high-frequency response of the unit,

The LTE part of the circuit is similar to that shown in
Pigure 23 except for modifications required to make the loop stable.
S8ince the LTE is a nonlinear device, its amplitude and phase response
are terms that must be defined. For the purpose of obtaining
expressions useful in the attempt to stabilize the loop, one can
‘assume that the signal will consist of a constant voltage plus a
smaller sinusoldal voltage. Then the usual linearizing assumptions

are made, with the provisos that the gain and phase shift of the
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Figure 31. Photographs of ILTE
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stage are funotions of the constant term of the input voltage. When

the system is oscillating, these assumptions are worthless; as

oriteria for the possibility of osoillation, however, they are valid.

The LTE has & gain, then, that is inversely proporticnal to the

amplitude and an input circult that can be approximated by the

cirouit of Figure 32. The capacity C will be the Miller input

R(EL)

oll

o

Figure 32. LTE Equivelent Input Circuit

capacity and will thus vary with the frequenoy. The resistance R

was found on 2 particular LTE to vary with the input voltege E; in

the following manner:

txd

30

g0

300

R(E,)

not defined

190,000 ohms
85,000 ohms

46,000 ohms

27,000 ohms

6,000 ohms

By making some assumptions as to the variation in input capacitance

and by adding the l.2-megohm shunt resistor, one is able to pick a

value for a condenser %o be placed in parallel with the 2.2-megohm

resistor that will never allow phase lag over the frequency range
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in which oscillations ocould ccour. The design as presented is
extremely conservative as far aé stability of the loop is concerned,
-and the frequency range of the ILTE could he extended considerably
if required. One point of difficulty might be mentiocned. In the
original design, a Helipot was included in the output circuit of the
LTE, This is a desirable feature, as it allows easy adjustment of
the base tc which the input is raised. However, the Helipot gave
sufficient phase shift at high frequencies to make the stabilization
of the loop very difficult, particularly because the phase shift is
e function of the Helipot knob setting.

The ILTE is easy to adjust initielly and requires no adjustment
after that time except to cancel out drift end perhaps, after many
hours of operation, to ocancel out the effects of further aging of
the 12AX7. Switches provided on the pansel take the LTE out of the
loop and bring its input and output terminals to the panel. After
following the normal LTE adjustment procedure on the LTE, one closes
the loop; the remaining smell adjustments are made by trial and error,
direct current being used on the input. After one has aligned the
LTE's, alignment of the ILTE proves to be a simple matter.

The base of the LTE will depend upon the tube used and will be
determined from the graphs used in the linearity adjustment. The
de level is adjusted by grounding the inputs and setting the output
to 1 volt by use of the level control. The varisble resistor in the
cathode of the 6AGS also is used to adjust the level, if necessary.

Maladjustment of either of these controls gives the result predicted
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by Equation (52); that is the output will be of the following form:

€. = Kexpqy €} (55)

Under certain conditions of large-signal input, adjustment of the
level controls so as to give a X>1 allows the ILTE to yield & larger
undistorted output,.

E, Switching problem

Completion of the development of the logarithm-taking element and
inverse-logarithm-teking elemsent resulted in the obtaining of basic
mathematical elements required for the arbitrary function generator.
These components alone cannot be used to any advantege unless the
dependent-variable input to the function generator is always positive.
In order that the function generator could enjoy more general usage,
ipput and output switching circuits were developed. The input
switching device acts very much as the center-tapped transformer and
rectifier tube do in a full-wave power supply; that is, for either
polarity of input, the oubput would always have the seme polarity.
Because the LTE can accept only positive input signals, the input
switoh always yields a positive output. The problem at the output
of the ILTE is greater, for the unidirectional output voltage must
be converted into an alternating voltage. The sensing problem would
be very simple if only one input signal were used, but often there
will be more than one input. If twc or more input signals are used,

a sensing cirouit must be provided which will compare their polarities

and determine the polarity that the output should have., The output
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switching circuit controlled by the sensing cirouit will then yield
ﬁhe desired funotion.

1., Generation of cubic function. Perhaps the easiest way to
gain an understanding of the polarity inverters is to oonsider an
example of their use. The over-all operation of the function
generator will be demonstrated with the use of oscillograms taken
at different points in the cirouit shown in block form as Figure 33.
For the purpose of illustration, the generation of a function of the
type indicated in Equation (43) will be shown. The exponents.ﬁ., m,
and n will be set to unity so that the resulting function will be
cubic. The constants b and ¢ will both be negative. The result is

given here for referencs,.

4* ax (x+b) (x+¢<) (56)

Because the example will demonstrate the generation of a cubic
function, a restriction is placed upon‘the range of the independent
variable x by lack of equipment. Only two input polarity inverters
are available and the output polarity inverter will accept only two
sensing signals., The linear sweep generator supplying the independent
variable is adjusted so that its output never goes negative, and thus
LTE; can be operated without an inverter.,

Figures 34 through 41 are oscillograms showing the voliage
waveforms throughout the function generator when only the (x + o)

factor of Equation (56) was used. Figure 34 shows the waveform
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entering the input polarity inverfar. The output is shown in
Figure 35, The output of the LTE3 is shown before and after
inversion by the summing amplifier in Figures 36 and 37. The uni-
.directional output of the ILTE is shown in Figure 38. The positive-
and negative-channel outputs of the output polarity inverter are
shown in Figures 38 and 40. The sum of these two outputs is the
output of the function generator and is shown in Figure 4l. Com-
parison of Figures 34 and 41 shows the linearity of the function
generator,

Figures 42 and 43 show the input and output waveforms for the
X fector (Eq. 56). Figures 44 and 45 likewise show the waveforms
for the (x + b) factor.

Figure 46 is an oscillogram showing the output of the funection

generator when only two factors are used.

Lé = Q (X+b)(X+C) . (57)

Egquation (57) shows the function. The output polarity inverter
gives an inverted output when the sensing signals have the same
polarity. Thus the a in Equation (57) must be negative for sgreement
with the oscillogram,

Figure 47 shows the function given by Equation (56), and the
cubic form can be recognized.

In the exemple just éhown, the sensing circuits were required to
inspect the voltages corresponding to (x + b) and (x + o) where they

entered the input polarity inverters. If these factors had the same
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polerity, the output polarity inverter inverted the signal coming
from the ILTE. If the factors had opposite polarities, the signal
was not inverted.

2. More general functions. Consider now the problem of
generating the function of Equation (43) when L1, m, and n are not
positive integers, Negative integers L , m, and n correspond to
division and require only reversal of the input to the ILTE, If
any one of the exponents is noninteger, the mathemetical problem
becomes more difficult, particularly when the input to an input
switch goes negative. The previously mentioned similarity of the
function generator to the slide rule is evident in this case. Both
devices deal only with absolute magnitudes of numbers. Normal
operation of the function generstor when producing a function of the
type shown in Equation (43) is to give the magnitude of y that results
if the absolute value of each factor is raised to power 4, m or n.
The polarity of y is that of the product of x(x+ b)(x+c). Equation
(43) should be written in the following manner, if the true operation

of the genersator is to be showns

g = alx® e sl ™ el ek eaBd (rre)  (5)

3. Input polarity inverter. This inverter is shown schematically
in Figure 48, and a photograph of one is given as Figure 49. The
circuit is straightforward, consisting of one positive and one

negative gain dec esmplifier and a double rectifier., Both amplifiers
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have a large amount of inverse feedback, and as a result the unit
is steble and linesr., The circuit complications result from the
fect that both the input and output must work with respect to
ground, and thus several level changes are reguired. The gain of
the input polarity inverter is approximately 3/4, and the peak input
voltage is 100. Drift is less than 1/10 volt per hour.
Switoches are provided that allow for using either of or both of
the input polarities. These switches are convenient when the unit
is being set up and are useful when certain types of asymmetrical
functions are being generated.
The setup procedurs consists of the following steps:
l. Turn on the input polarity inverter, and allow it to
warn up for 10 minutes.
2. Short the input.
3. Connect the voltmeter to the output terminal.
4, Put positive input switch in "on" position (up); set
output to+ 50 mv using the positive zero control.
5. Put in+ 45 volts and measure the output voltage.
6. Short the input;
7. Put negative input switch in "on" position; set output
to +50 mv using negative zero control.
8. Put in =45 volts and adjust negative gain control until
the output voltage is the same as was attained in step 5.
The input polarity inverter is a stable, dependable device. Its

only failing is its inability to yield larger output voltages. Since
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Figure 49. Photograph of Input Polarity Inverter

Figures 50. Photograph of Cutput Polarity Inverter
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the LTE's are most accurate with large input signals, the input
inverters should be redesigned Qo a8 to yield 300 volts with an
“input as small as + 50 volts, if maximum accuracy is desired from
the function generator. The design of such a piece of apparatus
should not be diffioult, the main problems being those of level
changing and drift stability. The inverter which has been designed
and built is sstisfactory for most uses. The fact that the LTE and
ILTE are inherently monopolarity deﬁioes called for the development
of two polarity changers. The first of these, called the input
polarity inverter, has been described.

4, Output polarity inverter. This inverter, pictured in
Figure 50, is considerably more complicated than the input polarity
inverter because of its logiocal system. The basic need is for two
parallel amplifiers, one which inverts the signal and the other which
does not. Cirouits must be included which will allow only one |
emplifier to operate at s time, thus effectively oontrelling the
polarity of the output. This control must be & function of the
polerities of two ofher signalsvappliod to the sensing input ter-
minals. Suppose that two voltages sre to be multiplied together to
obtain their product voltage. If both input voltages have the same
polarity, then the output voltage should also be positive. However,
if either of the input voltages is negative, then the output voltage
should be negative. The input to the output polarity inverter will
always be positive because it comes from the output of the ILTE. The

sensing input terminals of the output polarity inverter can be
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connected elsewhere in the circuit to points heving the propser input
polarities, and the circuits included in the output polarity inverter
“will give a signal to the output terminals of the proper polarity.
The complete schematic diagram of the output polarity inverter is
shown as Figure 5l.

Three dual-purpose tubes and eight germanium diodes are required
in the logical section of the output polarity inverter. The first
two tubes, V1 and V2, constitute two parallel, very-high-gain
emplifiers. The outputs of these tubes, after maximum and minimum
level clamping, give the information as to whether their respactive
sensing input terminals were positive or negative. The form of the
voltage output is at either one of two levels. The succeeding bridge
rectifier end differential amplifier compare these two volteges, and
the voltages at the plates of V3 indiocate whether or not the sensing
inputs are of the same polarity.

The cathode follower V6 and the associated voltage reference
tubes V11 through V15 transfer the result of this polarity comparison
to the grids of the positive and negative clamping amplifier tubes
V5 and V7., The grid-voltage éwlng available for these tubes is of
such magnitude and level that the tubes are either cut off or else
operate with their grids positive. From the nature of the eircuit,
it may be seen that only one of these two triocdes would be conducting
at any instant. The plates of these clamping triodes are coupled %o
the two amplifier channels by diodes V8 and V16. The.positive-gain

amplifier consists merely of an input attenuator, which includes the
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positive level control and the smplifier stage. The amplifier is

# cathode follower. The negative-gain channel is similar except
for the addition of a highiy degenerated inverting amplifier. Both
smplifiers are clamped in the same manner. When & channel is open,
the clamping tube conitrolling this channel is cut off; then the
coupling diode has no effect. However, when the channel is clamped,
the cathode of the diode is lowered to a voltage controlled by the
appropriate positive or negative clamp control; then the grid is
uneble to move with the signal applied. Complete clamping is not
obtained in either channel, and the gains of the two channels are
not equal; the balance control, however, adjusts the summing ratio
to give & symmetrical output. The outputs of both channels are
brought out to panel terminals for ease of adjustment and service,
The switching transients developed are filtered out by the addition
of the 0.0l Mf capacitor from output terminal to ground and the:
resistance of the balance potentiometer.

The output-voltage range of this device was limited tot+ 50 volts
by the building in of an constant attenuation of about 8. Since the
ILTE saturates with an output voltage of +300 volts, the output
polarity inverter will never saturate, nor will the analysis
- laboratory smplifier, if its gain is set to -=2. The reason why the
analysis leboratory amplifier was used is that often a very low
output impedance is desirable, and the experimenters considered that
the project would be more economical of time and money if these

amplifiers were used instead cof building a very low impedance output
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into the output polarity inverter. The circuit is arranged so that
the inverter will give a negative output voltage when the two semsing
inputs are of the same polarity. Only minor changes in the circuit
would be necessary to reverse this output polarity. There are two
switches on the front panel labeled input bias. When only one

signal 1s to be sensed for polarity, the switch corresponding to

the other sensing channel can be set to connect either a positive

or negative reference voltage into this channel. Such an arrange-
ment gives complete flexibility to the output polarity. For con-
venience in testing, a switch is provided for each input.

The sensing ecircuits require 3 volts rms for essentially perfect
switching of the output. Figure 52 shows a 20-volt rms output when
the sensing voltage was 1.4 volts rms. The small deviation from
sinusoidal may be noted at the origin. Figure 53 shows the seme
output when the sensing signal is increased to 7.0 volts rms. The
frequency response of the output polarity inverter is demonstrated
by Figures 54 and 55. The input to the polarity inverter is a
constant voltage. In Figure 54 the sensing input frequency is
20 oye/bec, and in Figurs 55, 200 cyc/bec. The amplitude of the
sensing signal is 7.0 volts rms.

Drift in the first model of the output polarity inverter is
about 1 volt per hour on gach channel; thus it is the worst offender
in the funotion generator. This drift results principally from the
heating of resistors, and an improved physical design combined with

the usé of low-temperature-coefficient resistors could no doubt reduce
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the value by a faotor of 2 or 3. The frequency response of the
polarity inverters exceeds those of the LTE and ILTE. The over-all
frequency response of an input polarity inverter, LTE , ILTE, and
output polarity inverter depends slightly upon the amplitude of
the signal. Yhen the system is set so as to produce an exponent
of 1, the over-sll response oan be depended upon to be flat from
direct current to 200 cyo/%ec and down 3 db at a frequency not less
than 1500 oye/sec.
The output polarity inverter may be most efficiently aligned
in the following manner:
l. Operate for 1 hour,
2+ Short the input,
3+ Connect the voltmetser on the positive output terminal.
4, Set the sensing input switches opposite; turn positive
clamp full clockwise,
5+ BSet positive level %to zero,
6. Set input sensing switches up.
7« S5 et positive clamp just barely to zero.
8, Put voltmeter on negative output terminal.
8. Set negative clamp counterclockwiss.,
10. Set input sensing switches up.
11, Set negative level %o zero.
12. Set sensing input switches opposite.

13, Set negative clamp to just barely zero.
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14, Connect input to & positive, low-impedance voltagse
source of 100 to 200 wvolts, Connect sine wave inpub
to one sensing input of amplitude at least 10 volts.

15, Adjust balance controls until output is symmetrieal
about zero.

16. Reduoe sensing input to 0.5 volt rms and adjust
threshold control for symmetry of outpub.

17. Repeat step 16 on the other sensing channel,

Fo Summing-inverting amplifier
The one remaining piece of equipment necessary for the operation
of the function generator is described next. The logarithm-taking

elements have as their transfer function the following:

€y = —Qo% €. (59)

If one wishes %o generate a funchtion of the form

y = (x+B)™/ (x+e)" (60)

the ILTE must be presented with a woltage of the form

e

mJLo% (Xx+Db) - hloca (x+c) (61)

Equation (59) shows that the polarity of the term in Equation (61)
corresponding to division in Equation:(GO) is correct but that the
polarity of the other term must he reversed. Most functions will

consist in part of at least two factors multiplied together, and some
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convenient means of summing end reversing these voltages is needed,

If the factors going to make the arbitrary function are raised
%o more than the first powsr, emplification must be provided between
the LTE and the ILTE unless one is willing %o sacrifice acouracy.

No arrangement has been made to provide for an amplifier %o be used
when dividing, bubt the circuit in Figure 56 serves as a summing and
inverting amplifier when one is muliiplying or raising to a power
greater than unity.

A standard CIT analysis laboratory computing amplifier is used
in conjunction with a plug-in panel which carries the summing and
gain-controlling components. When the gain of the computing amplifier
is set at maximum, the following equation gives the transfer funection

of the resultant amplifier:
| | m :
€g= - -n;+75+-,6)(e.+ea+ea) (62)

where = is the reading of the Duodial on the Helipot (units O to 1000),
and e), @y, and ez are the three input voltages. The source impedances
of @1, ez, and eg must be low for accurate summing, but negligible
interaction results betwsen inputs. The function given by Equation (62)
is also shown on Figure 56e

G. Application of function generator

The function generator was demonstrated in Section IV-E-l when
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guadratic and cubic functions were displayed.

l, Product of three cubic factors. Mention was made in
‘Seotion IV-E-2 of the fact that functions of the form of Equation {58)
were normally generated. TFigure 57 shows the function represented by
the following equation, which is & special case of Equation (58).
Note that the first three divisions of the oscilloscope trace are

meaningless and that the functions start from zero,

y = alxl"‘.|x+ble.lx+clz.x(x+b)(x+c) (83)

Equation (63) can be altered by disconnecting one or more of the
sensing=-input connections, and the resulting functions can be

represented by the following two egquations:

9° alx13-1x+b\3- Ix+c|> (64)

Lé=0.lx13.|)<+b|3. Ix+c|Z. (x+<) (65)

’
The function represented by Egquation {64) is shown in Figure 58 and
results from disconnecting both sensing inputs, Figure 59 shows the
function of Equation (66) produced b& disconnecting only one sensing
input. Figure 80 shows the function resulting when the other sensing
‘input is disconnected. Less rational functions ocan be generated by
interchanging the sensing=-input connections.

The funotions demonstrated may seem to be extreme examples of the



Pigure 67 , Pigure 68

Pigure 69 Pigure 80

Oseilleograms Showing Variations im Arbitrary Punetien



93.

variations that may be obtained from Equation (58). This is not,
however, the case., BEach factor of Equation (58) can be a separate
~dependent or independent variable. Each factor can be raised %o
an arbitrary powere. The sign of y cen be made to depend upon other
dependent or independent variables than those appearing in the
factors. With additional polarity inverters and LTE's, the number
of factors can be.increased so that any practical single-valued
function can be represented. Seversl examples are now cited,
2., Other examples and applications. Figures 61 through 64

show functions of the form

Y = x M smnkx (86)

for different values of m and n, PFigures 81, 62, and 63 show the cases
in which m= | and N=| , 3, and 1/3, respectively., Figure 64 shows
2 case in which MmT —'-3 and N= | . These four oscillograms were
obtained by multiplying together two independent variables. The first
was the output of the linear sweep generator (See Appendix A), and the
seoond was the output of audio oscillator.

Figures 65 and 66 demonstrate the multipliocation of two sinusoids.

The following egquation
Y = SN (kx+©) sin kx (67)

represents the funotions shown, Figure 65 shows the function when
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©=0 (Eq. 67). Figure 66 shows the funotion when ©#0 .
The x axis is shown for reference. Connecting an average-reading
rvoltmater'to the terminals of the output polarity inverter would
be the only step necessary to make a single-phase voltmeter, A
polyphase voltmeter capable of giving instantaneous wattege during
a fault on a power system ocould be designed, the arbitrary function
generator being used as the multiplier,

The correlation functions used in communication theory require
the multiplication of factors., If the function generator were used
as a multiplier, correlation would be done without the usual inter-
mediate conversion of signal voltage to graphical or tabular form.

The output polarity inverter alone can be used %o provide the
time~varying term in the analog solution of Hill's eguation (Ref, 1),
The function generator can be used to provide the time-varying term
in the Mathieu eguation (Ref, 1). Savant and the author set up the
analog for Hill's equation and observed some of the fascinating
nonrspetitive vaveforms that cen bs produced. The existence of
stable parameter combinations was observed, but no quantitative
work was done,

He. Accuracy of function generator

Although the principal uses of the function generator will
require flexibility more than accuracy, an over-all accuracy check
was made. Figures &7 and 68, oscillograms taken when the function

generator was first tested, show functions of the form
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%=><"‘ (68)

The negatives were enlarged to meke prints that were 8 inches square.
These prints were scaled and plotted on log-log graph paper. Figure €9
shows the results. Errors in the functions are seen to be less than

2 per cent of the maximum. The function generator should have an
over-all accuracy of closer than 5 per cent when it is properly
adjusted and is generating funotions of the type shown in Figures 57

through 60.

V. NONLINEAR COMPUTER APPLICATIONS

The arbitrary function generator desoribed in Section IV requires
nocessory equipment for its operation. Appendix A conbains descriptions
and schematic diagrams of the other apparatus built for use with the
function generator, If the arbitrary funotion generator, its accessory
equipment, and a few passive cirocult elements are combined, an analog
computer capable of solving certain nenlinear problems results. Savant
and the author studied saverai nonlinear problems with the use of the
computer. The results obtained from the study of & system having
nonlinear damping are reported in this seobtion.
A. Soft Van der Pol oscillator

Van der Pol's equation {Ref. 2) is s special form of the following
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equations:

X + F(x,X) +x= A sn wt (69)

If one thinks about the mechanical or electrical system that can be
desoribed by Equation (69), he realizes that the second term can
correspond to a damping term. In particular, if one writes

Equation (69) in the following manner:

X+ F(x)X+x = A sin wt (70)

he sees that Equation (70) has nonlinear damping. Van der Pol
considered a special case of Equation (70) in which f(x) =:-/¢(1-x2),
and A = 0. His choice of £(x) was not accidental; he wanted to write
a simple differential eguation capable of exhibiting self-excited

oscillations. Van der Pol's eguation,

X=-pm(l=-x2)Xx+x=0 (11)

exhibits the genersl properties of self-excited, self-limiting, soft
oscillators, The damping is negative for small displacements,
decreasing in magnitude as x increases until, at x = 1, the damping
term vanishes, For amplitudes of oscillation exceeding x = 1, the
demping becomes positive; thus the amplitude of oscillation is self-
limiting. The equation as written is that of a soft oscillator, that

is, one which is unstable when x == 0. A hard oscillator, discussed in
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Section V-D, has positive damping for small displacements and
therefore is stable near x = O..

Consider now the circuit shown in Figure‘70. The differentisal

L
wITH
~ = \psinat ::C
R

Figure 70. Simple Series Cirocuit

agquation describing this circuit can be expressed

Léa',ﬁ- Rc%)ci’.+é-q}.= Vo sin wt (72)

Comparison of Equation (70) and (72) shows that the circuit of
Figure 70 can be desoribed, after suitable scoring by a general form
of Van der Pol's equation. The corresponding nonlinear terms are
f(x) and R(q), and displacement is analogous to charge.

The analog solution of Equation (71) is undertaken in this section.
The more general form of Van der Pol's equation is treated in Section
V=B,

The electrical analog of Equation (71) would require two function
generators, The first would form the funotion (1 - xa); the second,
which could be replaced by & multiplier if available, would form the
product of (1 - xz) and ;. However, if Equation (71) is integrated

once, the followlng equation results:
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k-u(x—%3)+j'xdt=o (73)

The analog of Equation (73) requires only one function generator.
Figure Tl shows the block diagram of the complete slectric analog

regquired. Lp and C_ of Figure 71 correspond to L and C of Figure 70.

P
The other components are required to simulate the variable damping
term., Rp of course represents linear positive damping. Its effect
is reversed, howsver, by feeding back a voltage of opposite polarity
and greater magnitude through the 25,000-chm Helipot and the amplifier
Az, Operation of the remaining blocks was described in Section IV,
Their use is to generate the function x3, also fed back into the loop
through the amplifier Az, which has negligible output impedance, In
Figure 71, the loop corresponding to that of Figure 70 then goes
through Cps Lps end Rp, through the ground connection to the amplifier
AS, through the output circuit of A, and back to CP.

Demonstration of the types of solution available from Van der Pol's
equation is best shown by tha_use of oscillograms. The function x3/3
is shown in Figure 72. The complete second term of Equation (73) is
shown in Figure 73. Realize that if the damping were linear, the
equivalent term would be a straight line lying in the first and third
guadrants and passing throuéh the origin. Figures 74 and 75 show the
build-up of amplitude and veloclity versus time, respectively, with

M = 1. The same information is presented by the phase trajectory
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shown in Figure 76. Note that tﬁe x axis is reversed because the
dscilloscope does not have isolated inputs to the x and y channels.
Pigures 77, 78, and 79 present x, ;, and a phase trajectory,
'respectively, when A = 8,4, Likewise, Figures 80, 81, and 82
present =x, x and a phase trajectory, respectively, whem pM-=0.l.
In Figure 82 one also sees the amplitude decrease to that of the
stable limit cycle when the system is given & large initial dis=-
placement .,
B, Modified soft Van der Pol oscillator

The form of the nonlinear second term of Equation (73) was shown
in Figure 73. Physically it can be seen that the general form of the
oscillations is not changed much if the nonlinear damping term is
altered slightly., Solutions to a special case of Equation (70), that

given by

>'<—x+xlxl"4+5xdt=o (74)

are shown. Figures 83, 84, and 85 show x, i, and several phase
trajectories for the build-up of oscillation of Equation (74) when
M = 1.0, Close similarity can be seen between Figures 83, 84, and
85 and Figures 74, 75, and 76.
C. Yorced Van der Pol oscillator

Two special cases of Equation (70) have been discussed earlier in
this section, Both cases were found to yleld oscillations when no

foroing funotion was supplied, If one considers the case represented
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Figure 77 Figure 78

Vigars 80

Pigure 81 Pigure 82

Deeillograms Dewsestrating 8 Soft Yeo der Pol Oselillater
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by
X~ (1-xB) X +x = Asin wit (75)

he finds a new effect, that of synchronization., The basic frequency
of the Van der Pol oscillator can change so that the ratio between
its freguency and the foreing frequency °ﬂ421r will be & rational
fraction, If the value of A in Equation (75) is small, the
synchronization ocours only in certain ranges of the forcing fre-
quencys Figures 86 to 93 show osocillograms that demonsitrate
synchronization. These oscillograms were taken from the circuit
shown in Figure 71 except that the battery By was replaced by an
audio oscillator. The AL of Equation (75) was approximately unity.
Figures 86 and 87 show the amplitude versus time and a phase
trajectory, respectively, when no synchronizing signal exists. The
frequency of the nonsynchronized Van der Pol oscillator was approxi-
mately 20 cye/sec.

The amplitude of the synchronizing signal was such that if (1)
the input to As (Figure 71) were shorted and (2) the frequency of
the synchronizing signal were 60 cyc/sec, then the peak amplitude
of the sinusoidal voltage corresponding to displacement (Eg. 75)
would be one-third the peak amplitude of the nonsynchronized
oscillator. Figures 88 and 89 show the displacement and a phase
trajectory when the synchronizing frequency is 60 oyc/sec. The
foroing amplitude is not large enough to synchronize the oscillator

when its frequency is 62.cyo/sec, Figures 90 and 91 show the
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resultant oscillation. The effect is seen to be similar to that
which would exist if the free oscillation and the forced'osoillation
were superlmposed in some linear circuit. (The oscilloscope is being
swept horizontally at approximetely 10 oyc/%ec in Figures 86, 88, and
92, In Figure 90, the sweep frequency has been reduced to less than
1 cye/%ec to show the complex waveform.) Figures 52 and 93 show
oscillograms taken when the forcing frequency is raised to 63.6
cye/sec. The oscillation is now synchronized at two-sevenths of
the forcing frequency.

¥o general study of synchronization was attempted. The equipment
is available, however, and the author suggests that the regions of
synchronization of a Van der Pol oscillator be studied. With a fixed
value of s , & chart similar to those used to indicate the stability
of the Methieu equation should result if regions of synchronization
were plotted in the A-w plane. Another possibility for investigation
that should yield the same general type of result would be that in
which 4 were held constant, end AL and w were varied.
TD. Hard Van der Pol oscillator

The final applicatior of the computer is to simulate & hard
oscillator. Bguation (70) can represent a hard oscillator if the
demping function £(x) is positive for small displacenments and negative
for larger displacements. For the existence of a stable limit cyecle,
the dsmping must again become positive for even larger displaéaments.

As was the case in Section V-A, the analog is more simply set up
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if Bquation (70) is integrated once. The actual equation used

k—n(x-x"z/o.—bi’;—l)+5xdt=o (76)

is seen to be the same as Equation (73) except for the additional term.
Figure 7l shows the analog circuit which is the same as that used for
the soft oscilletor except that the battery Bp adds a constant voltage
to the input of the output polarity inverter. This constant voltage,
after switching, is the equivalent of the (bx/|x|) term in Equation
(76). PFigure 94 shows the value of the damping (second) term if
Equation (76) is plotted versus x.

The voltage applied to the principal loop of the analog circuit
was obtained from the batteries contained in the stability voltmeter
(See Appendix A). Figures 95, 96, and S7 are double exposures showing
phase trajectories. In Figure 95, the applied voltage was increased
3 volts between the two exposures. Notice that the smaller voltage
is not sufficient to shock the oscillator into the self-excited region
of operation. The decrement of the positively demped osclllation is
large because of the relatively‘large effect of the nonlinear friction
when the oscilletions are small.

Figure 96 is the same as Figure 95 except that the smaller
applied voltage was only 1.5 voltsrless than the larger. The small
space separating the two traces shows the position of the barrier
_ cycle (Ref. 1). intansity modulation of the oscilloscope beam was

‘used in Figures 95 and 96 so that the phase trajectories would contain



Pigure %4 Pigure %

Figare 8 Figare 99
Cuelllogrems Demonstrating a Bard Van der Pol Oseillmtor



113,

all the information about% the wave shape. No amélitude presentation
is necessary to complete the préséntation. The intensity modulation
was not completely isolated from the oscillator circuit, and a slight
difference in the phase trajectory appears between Figures 96 and 97.
Figuré 97 should be the same as Figure 96 except for the intensity
modulation., Figures 98 and 99 show the steady-state x and %,

respectively, plottadbversus time.

VI. CONCLUSION

Nonlinesr systems present some of the most difficult problems
and some of the most interesting phenomena that engineers of today
must face, The problems will become more pressing as systems become
more complex and the space and weight limitations become more severe.
The arbitrary function generator described in Section IV, though not
completely satisfactory, offers users of electric analog computgrs a
powerful tool to use in their attack upon nonlinear problems.

The simple nonlinear computer thai can be constructed from the
elements described in Section IV and Appendix A with the addition of
computing amplifiers and passive cirocuit elements can be used %o
investigate quantitatively a large range of nonlinear systems.
Section V demonstrated the use of the computer in only a qualita-
tive manner, as the author was more interested in testing the com=-
puter's operation and in improving his intuition than in meking an
exhaustive study of self-excited oscillators. The computer could

be used to good advantage, however, in a study of this type.



ll4.

' The applied or theoretical mathemetician could well afford to
use the computer.to invastigate-the soluticns of the standard
~nonlinear differential equations more fully in an effort to advance
his knowledge of the subject. Practically no theoretical work has
been‘done with third-order nonlinesr differential equations, and
the author believes that the mathematician might advance more
rapidly in the soluticn of these equations if he were to have
prior knowledge as to some of the phenomena that he might expect
to find in the solutions.

Purther examples of the epplications of the computer will be

found in Savent's thesis (Ref., 6).
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APPENDIX A
Acocessory Equipment

The LTE, ILTE, and polarity inverters constitute the principal
elements of & versatile function generstor. Other pisces of
equipment are either necessary or convenient when the fuhction
genafator is used in & nonlinear computer. A desoription of this
equirment follows.

l. Power supplies. When the investigation was started, the
experimenters did not know what fhe final voltage and cURRENT
requirements would be. Because the function generator includes
casocaded elements, all of which work down to direct current, the
assumption was made that the power supply should be well regulated.
In order to meet the final volbage and current requirements, the
experimenters decided to design and build standard 300-volt; 300-ma
supplies that could be operated with both output terminals above
ground potentia}. By suitable series connections, voltages ranging
from =900 to +900 would then be available,

Pigure 100 gives the schematic diagram of the basic power supply,
one of which is pictured in Figure 10l. Inspection of the diagram
indicates that the rectifier section is not standard., Two separate
povwer transformers and rectifier tubes feed a common filter section,
The reason for this design is practiocal., Two standard television
replacement transformers sell for oonsiderably less than the single
larger transformer that they replece. The rectifiers are connected
so that any unbalance in the transformers will yield no circulating

current,
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The filtering is done by & single pi section, but in the
interests of economy electrolytic condensers are used. The parallel
resistors insure even division of voltage between the condensers.

The regulator consists of the 300-volt dry battery, the 408A
pentode comparator, the 12AX7 amplifier, 6AST reguletor tubes, and
associated small components. By using a large dry-battery referencs
voltage and & regulated heater supply on the 4084, drift of the
supply is minimized. The 5651 voltage reference tube maintains
the soreen potential of the 4084. The 408A is a Western Electric
tube equivalent to the 6AKS, except that the heater requires 20 volts
at 50 me. The 5500-chm Tomore resistor in the heater circuit of the
408A has a temperature coefficient near zero. The time constant of
the regulator results principally from the 2000~ puf stabilizing
capacitor from the plate of the 12AX7 and is of the order of 1
millisec. The output impedance of the supply is of the order of

107

ohm, and the 80-uf output capacitor maintains a low outpub
impedance for transient leads,

The drift of the basic 300-volt power supply is less than
25 mv/hr with aged tubes after a2 warmup period. The repeatability
of the output voltage as a supply is turned off and on is not as good
as the value given because the 408A and 5651 tubes are overloaded
during the first few seconds of operation. If & better supply were

required, some arresngement for heating the 408A before application

of the high voltage could be made.
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Figure 101, Picture of Standard Power Supply
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. The de voltages used in_the.final version of the arbitrary
fﬁnction generator are =600, -300, + 300, and + 600 with respect to
ground, To obtain these volbages, the experimenters connected four
power supplies in series. ™With this type of operation, considerable
stress is placed across the insulation of some of the components from
the chassis, which 1s grounded in all cases. No failures have
ocourred, however, in over 6 months of operation,

Three S500-watt Sola voltage-regulating treansformers are used to
supply the power supplies, heaters, oscilloscope, and other instruments
critical to primary volbtage.

A storage battery is used to supply the heaters of certain tubes
in the LTE and ILTE.

2. Test bench. While the LTE was being developed, thought was
also given by the experimenters to the problems that would be
encountered in the development of the other elements of the function
generator. The conclusion was reached that, in the long run, time
would be saved if a suitable electronic workbench were built,.

Figure 102 shows a photograph of the bench while being used during
part of thé later experimental work. On each side of the bench are
power outlets where the output of the four power supplies, the ac
ﬁeater supplies, and the 8-volt dc supply are brought out both to
binding posts and sockets. Figure 103 shows the arrangement of the
power outlets and gives the connection of the eleven-prong power
plugs. A ground bus is conveniently available with jacks and binding

posts. Regulated and unregulsted 117-volt ac are brought out on strip
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Figure 102. Overall Picture of iWork Bench
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outlets.

Because the bench proved to be very useful, it is suggested
that the power supplies and the bench be kept together for use by
other students who have problems of applied electronics.

‘3. Linear sweep generator. A linear-voltage sweep generator
wes believed to be useful in the testing of the function generator,
and a satisfactory unit was developed. Then the function gensrator
is used quantitatively, the linear-sweep generator is useful in
setting up and checking the arbitrary function being generated.

The problem of generating a large sweep voltege is common, bub
the requirements often do nobt call for good drift stability. The
circuit shown as Figure 104 and pictured in Figure 105 will delivser
a saw-tooth of voltage starting always at zero and increasing to
its maximum with & linearity of 1 per cent. The smplitude of the
voltage wave is continuously adjustables from about 30 volts to 300
volts, and the repetition rate is set at 30 cyo/sec. Other
submultiples of 60 cyc/sec are available by altering the adjustments,
and the repetition frequency is synchronized with the ac line, The
drift gtability is essentially that of the oubtput cathode followsr,
that is, of the order of 200 mv/hr when operated from regulated
powsr supplies.

The sweep generator can be divided into several parts. The 884
thyratron in a standard sweep-generating circuit yields voltage pulses
across its 2000-chm cathode resistor. These pulses can be synchronized

by the insertion of a 60-cyc/sec voltage in the grid circuit of the
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Figure 105. Photograph of Linear Sweep Generator
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thyratron. The sweep generator will operate satisfactorily with
pulse repetition rates between 10 and 60 cyc/sec. The pulses csause
‘the 5627 thryatron %o fire and to discharge the sweep capacitor,
The coarse esmplitude control selects the capacitor %o be used in
the 5weep circuit, and the fine amplitude control varies the
charging resistances The dc level control sets the voltage to
which the capacitor discharges. The 12AT7 cathode follower serves
two purposes; namely, 1t prevents loading of the sweep capacitor,
and it provides a low impedance source for the current feedback.
Linearity 1s maintained by the use of fesedback from the voltags
across the charging capacltor to the end of the charging resistor,.
Nearly constant current charging results from this connection, and
the result is a nearly linear saw-tooth of voltage. In order %o
attain complete linearity, one would have to use a cathode follower
of unity gain. In addition, thé time constant of the feedback
circuit would need to be infinite. Analysis has shown, however,
thet with the values of the components given and with a repetition
rate of 30 cyc/sec, the deviation of the output will not be greater
than 1 per cent from linear., However, at low output voltages the
nonlinearity of the cathode follower and drift of the 5627, 12ATT7,
and BALS increase the percentage error, The BALS is used in a
c¢lipping circuit in order to give a zero reference when required.
The linear-sweep generator has given trouble-free operation

except that the 80-f, 450-volt feedback capacitor, which is
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overvolted, has had to be replaced. Electrolybic condensers of
B00=volt rating are available, but their size might prohibit their
use in this pisce of equipment.

4, Computer connector unit. For convenience of operation, a
computer connector was built. This unit, disgrammed in Figure 106
and pictured in Figure 107, is almost necessary if more than one
LTE is used. The unit has a cable that plugs into the power
distribution board and supplies the three LTE's with the necessary
potentials, All other necessary connections to the LTE's are made
through sockets. The input and output Helipots are useful when
setting up & function., The center-tapped Helipot supplying a
binding post labeled bias is used %o adjust the output level of
the ILTE,

5. Voltage control box. The voltage control box shown in the
center of Figure 108 and diagrammed in Figure 109 is a general-purpose
unit. It was found %o be useful whenever an accuratbely calibrated
potentiometer was required in an analog.

6, Oscilloscope calibrator and function selector, The
oscilloscope calibrator and funotion selector shown schematically
in Figure 110 was constructed when a nonlinear spring problem was
being investigated. The services supplied by this unit should be
of value to future users of the computer. The terminals connecting
to the analog circuit are at the left of Figure 110. If a series
analogy is used and if one plots phase trajectories, the oscilloscope

is connected between two components with its chassis above ground.
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Figure 107. Fhotograph of Computer Connector Unilt

Figure 108, Photograph of Tube Ager, Voltaze Control
Box, and Small Power Supply
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The x and v inpubt channels are connected at the opposite ends of
the components, If switches A and B are in the ™up" position, the
oscilloscope 18 properly connected to show phase trajectories,
Reversing these two switches and setting switch C in the "up"
position will connect calibration potentiometers to the oscilloescope,
If the input voltages to the potentiometers are set properly, the
Duodials become direct-reading, When used with a long-persistence
screen cathode-ray tube, this calibrator proved to be extremely
convenient. The one remsining function of this unit is the display
of nonlinearity, obtained by throwing switch C down., This channel
could also be used to inspect some other waveform in the analog,

7. Test voltage unit. Figure 11l shows the diagram of the
test voltage unit, The final adjustment of the LTE must be done
manually, and this unit, once adjusted, reduces the labor con-
siderably.

8. Stability voltmeter. Figure 112 shows the stability
voltmeter. The original purpose of this device was measurement of
the drift of the LTE. Provision is made for balancing out mest of
the output from the LTE, and the drift is read directly on the meter.
The unit has found most use, however, as a variable low-impedance do
S0Urca.,

9. Other equipment. The tube ager and battery charger are
shown schematically in Pigure 113. The tube ager is seen to the left
in the photograph of Figure 1l08. Several other small units were

constructed for which diagrams are not available.
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APPENDIX B

Photography

Much of the data presented in this thesis was obtained
photographically,

1. Equipment and materials used. The oscillograms were all
taken with a single-lens reflex camera using 35-mm film., The lens
used was of long focal length, 135 mm, so that (1) the distortion
of the image resulting from the curved face of the cathode-ray tube
would be minimized and (2) the camera could be placed far enough
from the oscilloscope so that no interference with the use of the
oscilloscope would result. A O to 9989 nonresettable counter was
mounted on the front panel of the cscilloscope so thet an identi-
fying number was recorded on every negative., The fast panchromatic
film used was tank-processed using an active developer. The camera
was mounted on a tripod.

The photographic method used would be satisfactory if one did
not take many oscillograms. Several shortcomings are evident,
however, after ‘taking approximately 500 cscillograms.

l. The camera was placed at varying distances from the
oscilloscope screen unless special precautions were
taken.

2. The counter was not changed each time a picture was
taken; thus the numbering system was not perfect.

3. The 135-mm lens was too slow (f:4.0) to give good
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records of fast transients,
4. The tripod, even though nearly 3 feet from the oscil-
loscope, was always in the way.
5. The room lights had %to be turned off to prevent
reflections from being recorded upon the film.
If these difficulties could be removed, a very satisfactory setup
would result. The virtues of such a system would be:
l. Low cost of film,
2. Positive negative identification.
3. Eese of film storage and identification.
4., Ease of processing in large quantities.
5. Ability %o record traces with high writing rates.
6. Consistant object-image soaling,
7« HNearly foolproof operation.

2. Suggested oscillograph setup. The camera should be a 35-mm
aubtomatic single-lens reflex camera such as the Kine Exakta or the
Alpa Reflex, The lens should bq the Zeiss 75-mm, f:1.5 Biotar or its
equivélent. The 75-mm lens gives & good compromise between high
speed, low distortion, and reasonable cost. The camera should be
mounted on a frame hinged %o the oscilloscope so that the camera can
be pushed up and back when it is not being used and yet will always
return to the proper position when desired. When the camera is in
operating posltion, the lens and the oscilloscope screen should be

shielded from the room lights. The counter should, when viewed by
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the camera lens through a prism or mirror, appear to be in the same
plane as the oscilloscope screen. The counter should be magnetically
" operated by the flash-synchronizing switch in the camera. (The
circuit of the counter would have to.be arranged so that the number
advanced when the synchronizing switch was opened, that is, when the
film was advanced.)

The darkroom egquipment would include a large Nikor tank that
would allow up te ten rolls of film to be processed simultaneously.
A special fixed-focus enlarger would bs constructed. This enlarger
would make prints 33 by 4% inches in size. A mask would be built in
so that only the round oscilloscope screen and the negative number

would be printed., Figure 114 illustrates the form of the resulting
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Figure 114, Suggested Format for Oscillograms
print. The left margin of the prints could be punched, and the prints

bound into volumes for reference use. If the prints were to be
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mounted, the inch on the left side could be cut off yielding a square
print that would still be permenently identified by number.
The setup described could be assembled for about $350 and would

be very useful to any analog computing facility.
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