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ABSTRACT

Quantum computing has emerged as a promising technology, heralding a new era
of computational capabilities, with the simulation of quantum many-body systems
as one of its primary objectives. Although fault-tolerant quantum computers are
still years away, noisy intermediate-scale quantum (NISQ) devices have been fab-
ricated and leveraged to perform small-scale quantum simulations. In this thesis,
we demonstrate simulations of quantum many-body systems on these near-term
quantum computers. We specifically focus on physical quantities pertaining to
the linear-response framework, which include two-point correlation functions and
Green’s functions, of small-scale spin and molecular models. Additionally, as quan-
tum hardware increases in qubit count, simulation of these quantum algorithms on
classical computers that closely resemble those planned for execution on quantum
hardware becomes increasingly critical. The final part of this thesis examines such

a simulation using tensor network algorithms on classical computers.

We first present the study of finite-temperature physics of spin models on quantum
hardware. Employing the quantum imaginary time evolution (QITE) algorithm, we
demonstrate the computation of diverse finite-temperature observables, including
energy, static and dynamical correlation functions, and excitation spectra of the
Heisenberg model and the transverse-field Ising model of up to four sites on five-
qubit IBM Quantum devices. Accurate determination of these finite-temperature
properties on quantum computers is made possible by several algorithmic improve-
ments, including a method to exploit symmetries that reduces the quantum resources
required by QITE, circuit optimization procedures to reduce circuit depth, and
error-mitigation techniques to improve the quality of raw hardware data. This work
demonstrates that the ansatz-independent QITE algorithm is capable of computing

diverse finite-temperature observables on near-term quantum devices.

The second work implements an algorithm for frequency-domain response prop-
erties of diatomic molecules using a novel high-fidelity three-qubit iToffoli gate.
Although it is natural to compute response properties in the time domain due to the
natural ability of quantum computers to apply unitary time evolutions, obtaining the
frequency-domain properties from the time-domain properties typically requires a
time duration that results in quantum circuits exceeding the circuit depth limitations
of near-term quantum computers. In this work, we carry out computations of the

response properties directly in the frequency domain using the linear combination
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of unitaries (LCU) algorithm. Execution of the LCU-based protocol on quantum
hardware is enabled by the iToffoli gate, which enables a ~ 50% reduction in circuit
depth and ~ 40% reduction in circuit execution time in the LCU circuits compared
to the traditional gate set. We show that the molecular properties obtained with
the iToffoli gate exhibit comparable or better agreement with analytical results than
those obtained when CZ gates are the only multi-qubit gates. This work is among
the first demonstrations of the practical usage of a native multi-qubit gate in quantum

simulation, with diverse potential applications to near-term quantum computation.

Finally, this thesis conducts a tensor network simulation of measurement-induced
state preparation on classical computers. Specifically, we simulate the phase tran-
sition in random-bond Ising models (RBIM) by performing measurements on the
cluster states. The simulation is carried out on NVIDIA H100 graphical processing
units (GPUs) using the cuQuantum library. We present simulation of correlation
functions in one dimension (1D) and ferromagnetic susceptibilities in two dimen-
sions (2D), observing a phase transition from the ferromagnetic phase to spin-glass
phase in the 2D model. The tensor network simulation incorporates up to 176
qubits on the 2D lattice. This work paves the way for future explorations of tensor
network simulations of measurement-induced quantum computation protocols with

GPU-accelerated tensor network libraries.
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LIST OF ILLUSTRATIONS

Quantum circuit to calculate the finite-temperature dynamical corre-
lation function (U(#)V)g. The ancilla qubit is initialized in [0) and
the system qubit are initialized in |¥). Here / denotes a bundle of
qubits. Measuring X (Y) on the ancilla yields the real (imaginary)
part of (U(t)V) on the QITE-evolved initial state. Performing a
thermal average over all initial states yields (U(1)V)g. . . . . . . ..
Energy E versus imaginary time 8 simulated without noise or mea-
surement sampling on a single initial state with and without reduction
of the Pauli strings in the QITE unitaries by Z, symmetries. (a) Four-
site TFIM with J = h = 1 and initial state |0001). The imaginary
time step size in QITE is set to A7 = 0.01. The number of Pauli
strings from three D = 2 domains is reduced from 16 to 6 by one Z,
symmetry ZoZ1Z,Z3. (b) Four-site Heisenberg model withJ = A =1
and initial state (|0101) +|1010)) /v2. The imaginary time step size
in QITE is set to A7 = 0.03. The number of Pauli strings on the
single D = 4 domain is reduced from 120 to 6 by two Z, symmetries
20212273 and XoX1X>X3. In both panels the energy trajectories
using reduced numbers of Pauli strings match the energy trajecto-
ries without reduction, which also match the energy trajectories from
exact imaginary time evolution. . . . . . .. .. ... ... ..
(a) Four-site recompiled circuit. The four U3 gates at the left constitute
the base gate round. Each additional gate round includes a layer of
CNOT gates and a layer of single-qubit gates as shown in the dashed
box. The additional gate rounds alternate between even-odd and odd-
even pairs of qubits, so that the circuit shown consists of three gate
rounds. (b) Comparison of the finite-temperature energy (E)z of the
four-site TFIM with J = 3,h = 1 with and without recompilation
in the absence of noise and measurement sampling. The imaginary
time step size in QITE is At = 0.05. For both D = 2 and D = 4,
the observable values from the recompiled QITE unitaries are within

0.1% of those from the unrecompiled QITE unitaries. . . . . . . . . .
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5.6

5.7

Measurement of a Pauli string in a four-site QITE calculation with
post-selection on the stabilizer generator ZoZ;Z,Z3. The appended
CNOT gates achieve simultaneous measurement of the Pauli string
with the stabilizer generator by transforming ZoZ;Z,Z3 to Z3 acting
on a single qubit, from which the stabilizer parity is read off. The
other qubits are measured in X-, Y- or Z-basis depending on the Pauli

string measured. Measurement outcomes with the wrong parity are

discarded. . . . . . . ..

Finite-temperature energy (E)z of (a) the two-site TFIM with J =
h =1 and (b) the four-site TFIM with J = 3, h = 1, simulated with
measurement sampling and the noise model from ibmqg_rome. The
imaginary time step size in QITE is At = 0.1 for two-site TFIM
and At = 0.05 for four-site TFIM. Raw data are post-processed at
each imaginary time step with either readout error mitigation, or

post-selection, or both. Employing both readout error mitigation and

X1

post-selection is observed to be most effective in mitigating the errors. 49

(a) Finite-temperature energy (£ 5 and (b) static correlation function
(XoX1)z of the two-site TFIM with J = £1,+3 and & = 1 versus
inverse temperature 8. The imaginary time step size in QITE is

At = 0.1. The observables obtained on hardware are within 1-4% of

the exact values. . . . . . . . . ..

Finite-temperature dynamical properties of the two-site TFIM with
J =3, h = 1. The imaginary time step size in QITE is set to
At = 0.1. (a) Real and (b) imaginary parts of the finite-temperature
dynamical correlation function (Zo(#)Zo)s at f = 0.2 and 8 = 1.8
versus real time 7. (c) Finite-temperature excitation spectra |S(w)|>
versus frequency w. Positive (negative) frequencies correspond to
emissions (absorptions). (d) Amplitudes of the two emission peaks at

w = 7.18 and w = 5.94. The hardware data capture finite-temperature

dynamics of two-site TFIM across a wide range of temperatures. . . .

52
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5.10

(a) Finite-temperature energy (E)z and static correlation functions
(b) (XoX1)4 (¢) (X0X2) (d) (X0X3)g of the four-site TFIM with J =
3, h = 1 versus inverse temperature S with different QITE unitaries.
The imaginary time step size in QITE is set to At = 0.05. The
D = 2 QITE unitaries are either Trotterized as in 5.4 or recompiled,
while all D = 4 QITE unitaries are recompiled. The results with
recompiled QITE unitaries are closer to exact results than the results
with Trotterized QITE unitaries due to circuit depth. Between the
calculations with recompiled unitaries, D = 4 is not necessarily
closer to exact results than D = 2 for all observables possibly due to
the increased influence of hardware noise in the larger linear systems.
Finite-temperature energy (E) 3 of the four-site TFIM with J = 3, h =
1 versus inverse temperature 8 using full and stochastic trace evalu-
ation. QITE is performed with recompiled D = 2 unitaries with a
time step of At = 0.05. Results of stochastic trace evaluation are
shown with number of samples ngamples set to 10 and 20. Inset shows
the running average of (E) p VEISus Zsamples using stochastic trace
evaluation at 8 = 0.2 (red symbols), with full trace evaluation (blue
symbols) and exact results (black solid line) plotted as constant val-
ues. Stochastic trace evaluation with 10 samples is already sufficient

to reproduce the results from full trace evaluation across a wide range

Finite-temperature dynamical properties of the four-site TFIM with
J=3h=1atp =0.2. QITE is performed with a time step of
At = 0.05 and recompiled D = 2 unitaries. (a) Real and imagi-
nary parts of the finite-temperature dynamical correlation function
(Zo(1)Zo) 5 versus real time 7. Raw hardware data are post-processed
by phase-and-scale correction. (b) Finite-temperature excitation
spectra obtained by Fourier transform of exact and phase-and-scale-
corrected hardware (Zy(7)Zo)s at the same points in real time. The
hardware (Z(t)Zo); and excitation spectrum after phase-and-scale

correction are in good agreement with the exactresults. . . . . . . . .
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6.1

6.2

Schematic of the diatomic molecules and diagrams of the LCU
circuits for computing transition amplitudes. (A) Schematic of
the diatomic molecules NaH and KH. The active space consists of
only the highest occupied molecular orbital (HOMO) and the lowest
unoccupied molecular orbital (LUMO). (B) The circuits to calculate
diagonal transition amplitudes, where ag is the ancilla qubit and s
and s are the system qubits. For the spectral functions the target
unitaries are X po and iy »o» While for the response function the target
unitaries are I and Zpg. (C) The circuit to calculate off-diagonal
transition amplitudes in the response functions, where ag and a; are
the ancilla qubits, and s¢ and s; are the system qubits. The double-
controlled-Z gates are decomposed with either iToffoli gates or CZ
gates. In both (B) and (C), quantum state tomography (QST) is
performed on the system qubits. . . . . . .. ... ...,
Cancellation of spectator error during iToffoli gate. (A) Ramsey
protocol for detecting spurious ZZ error between Q> and spectator
Q3 during the application of the iToffoli gate. (B) |0) population for
Q3 after application of the Ramsey sequence in (A) conditional on
the state of Q,. The relative phase shift between the sinusoidal curves
gives the unwanted conditional phase ¢, which must be corrected. (C)
A pure iToffoli gate on Qo-Q> is achieved by applying the iToffoli
drive from Ref. [19] followed by a CZ, gate. (D) Same as (B) except
now the CZ correction gate is applied immediately after the iToffoli

drive, correcting the unwanted ZZ error. . . . . . . ... ... ...
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6.3

6.4

6.5

Decomposition of the double-controlled composite gates in the
LCU circuits. (A) Example of the decomposition of a double-
controlled —ZZ gate, which is controlled on |1) of ag and |0) of
ai, into CCZ (blue) along with other single- and two-qubit gates.
The X gates (green) are used to adjust the control states; the CZ
gate on ag and a; (purple) is used to adjust the overall multiplicative
factor, which is —1 in this case; the CNOT gate equivalents (orange)
are used to extend the weights of the Pauli string as in Ref. [29].
(B) Decomposition of the CCZ gates with the iToffoli gate, which
is a CC-iX gate with both control qubits controlled on |0). The
decomposition includes the equivalent of a CC-iZ gate (light blue)
and the equivalent of a long-range CS gate (yellow). The SWAP
gates are simplified in the transpilation stage or further decomposed
with CZ gates according to Ref. [125].. . . . . . ... ... .. ...
Spectral function of diatomic molecules. Spectral function of (A)
NaH, (B) KH. The circuits to obtain the spectral function are shallow
three-qubit circuits that do not require the iToffoli gates. A broadening
factor of n = 0.75 €V is used to produce both the exact and the
experimental spectra. The experimental spectral functions are in
quantitative agreement with the exact ones, with maximum peak
height deviation of 10.6%. . . . . . . .. .. ... ... ..., .
Fidelity versus circuit depth of the (0 T,0 |)-circuit for NaH.
Fidelity for the iToffoli decomposition (blue), which has a circuit
depth of 24, and the CZ decomposition (yellow), which has a circuit
depth of 54. The locations of the iToffoli gates are marked by red
crosses. The CZ decomposition results in lower overall fidelity com-
pared to iToffoli decomposition due to higher circuit depth. The inset
is the corresponding data from noisy simulation and shows a similar
trend. All results in this figure are raw experimental or simulated

data without any error mitigation. . . . . . . . . ... ... ... ..
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6.6

6.7

6.8

System-qubit state fidelities in the response function calculation
of NaH. (A to B) Fidelities between the raw experimental and exact
system-qubit density matrices without (A) and with RC (B). The
diagonal elements correspond to system-qubit density matrices in the
diagonal circuits after taking the ancilla state ag = 1, and the off-
diagonal elements correspond to the system-qubit density matrices
in the off-diagonal circuits after taking the ancilla states either as
(ap,ar) = (1,0) (upper diagonal) or as (ag,a;) = (1,1) (lower
diagonal). (C to D) Fidelities between the purified experimental and
exact system-qubit density matrices without (C) and with RC (D).
Layout of the tiles are the same as in panels (A) and (B). Without
RC, purification raises the average off-diagonal fidelity from 45.2%
to 67.4%, but with both RC and purification the average off-diagonal

fidelity increases t0 96.0%. . . . . . . ... ...

Density-density response function of NaH. (A) Im y without RC.
(B) Im yoo with RC. (C) Im y¢; without RC. (D) Im xo; with RC. All
experimental results are postprocessed with McWeeny purification
on the system-qubit states after constraining to the ancilla bitstring
subspace. A broadening factor of n = 1.5 eV is used to produce the
spectra. Without RC, the iToffoli decomposition yields qualitatively
better results compared to the CZ decomposition. After RCis applied,

the two decompositions yield comparable results. . . . . . . ... ..

System-qubit state fidelities for the response function calculation
of KH. (A to B) Fidelities between the raw experimental and exact
system-qubit density matrices without (A) and with RC (B). (C to D)
Fidelities between the purified experimental and exact system-qubit
density matrices without (C) and with RC (D). Layout of the tiles
in each panel is the same as in Fig. 5 in the main text. Similar to
NaH, without RC, purification raises the average off-diagonal fidelity
from 49.2% to 66.9%, but with both RC and purification the average

off-diagonal fidelity increases t0 95.9%. . . . . . . .. ... ... ..

XV



6.9

7.3

Density-density response function of KH. (A) Im y(o without RC.
(B) Im yop withRC. (C) Im y(; without RC. (D) Im yo; with RC. All
experimental results are postprocessed with McWeeny purification on
the system-qubit states after constraining to the ancilla bitstring sub-
space. A broadening factor of n = 1.5 eV is used to produce the
spectra. Similar to NaH, the iToffoli decomposition yields qualita-
tively better results compared to the CZ decomposition in the absence

of RC. After RC is applied, results from the two decompositions are

comparable.. . . . . ... L e

(a) 2D Lieb lattice where each vertex (blue circle) or edge (green
square) represents a qubit. The gray lines connecting a vertex qubit
with an adjacent edge qubit represent the bond between two qubits,
which is at most dimension 2 in the cluster state. The edge qubits are
measured with angle € away from the X-basis while the vertex qubits
are measured in the Z-basis. The measured bitstrings are decoded
according to the protocol introduced in Ref. [23] before computing
physical observables. (b) Application of the entangling CZ gates to
adjacent qubits initialized in the |+) state. Initially there is no bond
between a vertex qubit and its adjacent edge qubit. After CZ gates

are applied on all qubits, the maximum bond dimension is 2 without

any truncation €rror. . . . . . . .« o v et e e e e e e e
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(a) Correlation function (ZZ»,+1) as a function of site separation n
on 1D L = 50 lattice. The correlation function is plotted for four
angles 8 = 0.017,0.057,0.157,0.257. In the thermodynamic limit,
the correlation function should follow an exponential decay. The state
on the odd sites starts from a GHZ state at § = 0 to a product state at
6 = /2, and therefore we see a more rapid exponential decay as 6 in-
creases. (b) Correlation lengths & from fitting the correlation function
to the analytical result e™"¢ for L = 30,50, 100. For each L, we use
the first 1/5 of site separation in the correlation function (Z;Z,+1)
data for the nonlinear least-square fit. The exact result reflects the
analytical expression of the correlation length & = —In cos 6 from the
protocol. The inset displays the difference between the simulated and
exact correlation lengths. Although the simulated correlation lengths
are expected to match better with the exact correlation lengths when
L increases, we observe the best agreement with the exact result at
L =100 but L = 50 has worse agreement compared to L = 30. . . . .
(a) Ferromagnetic susceptibility y normalized by L? as a function of
the measurement angle 6 on the 2D lattice with L = 4,5,6,7,8. The
dashed black line corresponds to the theoretical RBIM phase transi-
tion angle 38.6°. In theory, y/L*> = 1 on the maximally entangled
GHZ state when 6 = 0 and y/L? = 0 on the completely disentan-
gled product state when 6 = 90°, which is what we observe from
the simulated data. (b) Variance of the ferromagnetic susceptibility
Var(y) divided by L? as a function of measurmeent angle 6 on the
2D lattice with L = 4,5,6,7,8. The dashed black line corresponds
to the theoretical RBIM phase transition angle 38.6°. Variance of
X 1s expected to diverge at the critical point. Although the peaks of
Var(y) exhibit small deviations from the exact transition angle 6%,
the simulated data with L = 6,7, 8 all peak at * with peak height

increasing with the lattice size L. . . . . . . ... ... ... ....
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Chapter 1

INTRODUCTION

Quantum computers have emerged as a promising technology, undergoing a sig-
nificant transformation over the past decade. Although quantum computers were
originally proposed in 1982 as a tool to simulate quantum systems [1], the landscape
of quantum computing has witnessed remarkable progress in hardware development
[2, 3], algorithmic advancements [4, 5], and practical applications [6] during this
timeframe. Quantum hardware based on various platforms has been developed,
including superconducting circuits [2], ion traps [3], and neutral atoms [7]. On
the application side, quantum computers have been employed to simulate complex
quantum systems [8], optimize combinatorial problems [9], and solve certain math-
ematical equations [10]. Another significant advancement is in the simulation of
quantum computers using classical computers, especially through the utilization
of tensor networks [11], enabling researchers to model and analyze quantum algo-
rithms more efficiently [12]. This multifaceted progress underscores the growing
potential and versatility of quantum computing across both theoretical and practical

domains.

One of the main applications of quantum computers is to simulate quantum many-
body systems, which are physical systems composed of a large number of interacting
particles [13]. These systems have been the subjects of study in various fields, such
as condensed matter physics, materials science and quantum chemistry. Quantum
computers provide a unique approach of investigating the complex physical phe-
nomena in these systems without the exponential resource requirement to represent
quantum many-body systems on classical computers. In particular, this thesis fo-
cuses on simulating the quantities encountered in the linear-response framework, in-
cluding two-point correlation functions and Green’s functions [14]. The foundation
of computing such physical quantities on quantum computers has been developed
in the early 2000s [15, 16], but not until recently have quantum computers reached

the ability of executing these circuits with adequate fidelities.

The first work in this thesis is the computation of finite-temperature static and dy-
namical properties of spin systems. We use the quantum imaginary time evolution

(QITE) algorithm [17] to simulate the effect of finite temperature, and obtain the
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energy, static and dynamic correlation functions, and excitation spectra of Heisen-
berg models and transverse-field Ising models on up to five qubits on IBM Quantum
devices. The excessive quantum resources required in the original QITE algorithm
are reduced by exploiting symmetry using the stabilizer formalism in quantum error
correction [18], so that the circuits are within the constraints of near-term quantum
devices. Various error mitigation techniques, including post-selection, readout error
mitigation and phase-and-scale correction are exploited to improve the quality of the
raw experimental data. This work demonstrates that computing finite-temperature
observables of few-qubit spin models is achievable on current quantum devices with

the efficient use of quantum resources and error mitigation.

The second work explores using a novel three-qubit iToffoli gate [19] to compute
molecular Green’s functions. The quantum simulation experiments, along with the
implementation of the iToffoli gate, are performed on a superconducting quantum
processor hosted at University of California, Berkeley. We use the iToffoli gate
to reduce the depths of the circuits in the linear combination of unitaries (LCU)
framework [20] used to calculate Green’s functions on quantum computers [21, 22].
The molecular models are diatomic molecules in minimal basis with only high-
est occupied molecular orbital (HOMO) and lowest unoccupied molecular orbital
(LUMO) so that the quantum circuits fit into the quantum resource constraints of
the quantum devices. The observables computed directly from the quantum circuits
are the transition amplitudes between the ground state and N- or (N =+ 1)-electron
excited states, which are then combined with ground- and excited-state energies to
obtain frequency-domain Green’s functions and response functions. Two particu-
lar error mitigation techniques, randomized compiling and McWeeny purification,
are applied to the circuit construction and data postprocessing stages respectively
and exhibit significant improvements in the physical observables of the molecular

models.

The last contribution of this thesis is the simulation of properties of 1D and 2D
random-bond Ising models (RBIMs) using a measurement-based state preparation
protocol. The protocol, originally developed in ref. [23], prepares a cluster state
on a Lieb lattice and obtains the phase transition properties of RBIMs through
measurement and decoding. Specifically, the lattice is divided into two sublattices,
which are odd and even sublattices in 1D, and vertex and edge sublattices in 2D. In
1D, we study the correlation function (Z;Z,,+1) on the odd sublattice, extract the

correlation length from the correlation functions and compare it to the exact result
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in the thermodynamic limit. In 2D, we compute the ferromagnetic susceptibility
and observe a divergence of its variance at the measurement angle that corresponds
to the phase transition temperature. This work uses the cuQuantum library [24]
to carry out the tensor network simulation on graphical processing units on up to
176 qubits, paving the way for larger-scale implementations of measurement-based

quantum computing protocols with tensor network methods.

This organization of this thesis unfolds as follows. The initial segment, spanning
Chapters 2 to 4, delves into foundational knowledge of the research contents. Chap-
ter 2 elucidates the fundamentals of quantum computation, encompassing definitions
of quantum gates, measurements, and essential techniques used in practical imple-
mentations of quantum circuits on quantum hardware; Chapter 3 navigates through
the components of quantum information that are relevant to this thesis, including
stabilizer formalism in quantum error correction, noise in quantum hardware, and
metrics for entanglement in quantum states; Chapter 4 focuses on the target of quan-
tum simulation: quantum many-body systems, including spin systems and molecular
systems. The latter portion of this thesis embarks on an exploration of my original
research contributions. Chapter 5 explores the computation of finite-temperature
static and dynamical properties of spin models using the QITE algorithm; Chapter 6
elaborates on the computation of frequency-domain Green’s function of molecular
models using the LCU algorithm; Chapter 7 focuses on large-scale classical simula-
tions of the properties of RBIMs by measurements on the cluster states. At the end,
Chapter 8 concludes this thesis by presenting outlook for future exploration in the

dynamic field of quantum computing especially pertaining to quantum simulation.



Chapter 2

QUANTUM COMPUTATION

This chapter introduces concepts from quantum computation that are relevant to the
contents of this thesis. We start by reviewing quantum gates, followed by quantum
measurements, and lastly special quantum circuits used in quantum simulation
experiments. In Sec. 2.1, we review in the order of single-qubit gates, two-qubit
gates, and multi-qubit gates. Special gates like parameterized gates and Clifford
gates will be introduced in the specific subsections corresponding to the number
of qubits they act on. Section 2.2 is on quantum measurements, where we first
introduce the positive operator-valued measure (POVM) measurement formalism
and then move on to reduced density matrices. Section 2.3 is on special quantum
circuits for quantum simulation, including circuits relevant to quantum simulation
and to quantum measurements. Throughout this chapter, we also introduce certain
platform-dependent gates, specifically gates on the devices at IBM Quantum and

Google Quantum Al.

2.1 Quantum Gates
Single-Qubit Gates
Pauli Gates

The single-qubit Pauli gates are

0 1 0 —i 1 0
X = , Y = , Z = . (21)
10 i 0 0 -1
Pauli Rotation Gates
Let fi be a unit vector. We have the identity
M) = [cos O +i(h- o) sin 6. (2.2)

Rotation gates are defined by Rz(6) = exp(—iSaf/h) = exp(—if - 00/2), so rota-



tions around x, y and z axes by angle 6 are

R.(6) = ei0X2 _ [ cos(0/2)  —i sin(@/Z)] | 03
|—isin(0/2)  cos(6/2)
R, (6) = 0¥ /2 _ >cos(6/2) - sin(@/Z)] ’ 2.4
| sin(0/2)  cos(6/2)
y [.-i0/2
R.(0) =e 0Z/2 _ . eia/zl . (2.5)

Pauli rotation gates can also be thought of as powers of the Pauli gates. For example,
77— eirlogZ — eirlogZ - e—irnZ/Z — RZ(I"JT) (26)

(where ~ denotes equal up to a phase factor) since

0
logZ =
0 in

O] ~ —igz 2.7)

up to a constant. Note that here we need to make the choice that log(—1) = in.

Since X and Y have the same eigenspectra as Z, similarly we have
X" =R (rm), (2.8)
Y" =Ry (rm). 2.9)
Clifford Gates

Other single-qubit gates that are Clifford gates, which convert Pauli gates to Pauli

gates under conjugation, but are not included above are the Hadamard gate H and

the phase gate S
H = Lt (2.10)
V2|1 -1 '
1 0
S = (2.11)
0 i

Note that S ~ R,(7/2). These gates can be verified to satisfy the Clifford property
because they satisfy the relations [18]

HXH'=27z, HYH'=-Y, HZH' =X,

sxst=y, sys'=-x, szs'=z.



Parameterized Single-Qubit Gates

An arbitrary single-qubit gate can be parameterized by three parameters. The exact

form of the parameterization is platform-dependent.

In the architecture of IBM Quantum devices, the Uz gate is the arbitrary parameter-

ized single-qubit gate [25], which is defined as

U3(6, ¢, 1) = R:()Ry(0)R:(1). (2.12)

In matrix notation,

il
Us(6. 6.1) = .cos.(9/2) . e'" sin(6/2) 2.13)
e?sin(6/2) €' cos(6/2)

By Ref. [26], the U3 gate can be implemented with two X > pulses and virtual Z
gates by

— U3 (6, ¢’/1) — = —Zi-n [ Xﬂ/z — Zr-9 [ Xﬂ/Z . Z¢ —

The two sides are equal up to a phase. (Note that the decomposition is different
from Eq. (19) in Ref. [26] because the definition of the U3z gate in Ref. [26] has +i

on the off-diagonal elements.)
Common single-qubit gates can be written in terms of U3 gates in the form
R (0) = Us(0, -n/2,7/2),
Ry (0) = U3(6,0,0),
R.(0) = U3(0,0,0),
H =Us(n/2,0,7),
S =U3(0,0,7/2).

On Google’s devices, the PhasedXZ gate is the parameterized arbitrary single-qubit
gate [27], which is defined as

PhasedXZ(a, x,z) = Z***X*Z7°. (2.14)

In rotation-gate notation, PhasedXZ(a, x, z) ~ R.((z + a)m)R(x7m)R.(—an).



Two-Qubit Gates
Standard Gates

A CNOT gate with the first qubit as the control qubit and the second qubit as the
target qubit can be expressed as CNOT = |0) (O|® I+]1) (1| ® X. In matrix notation,

CNOT =

===

o o = O

0
0
0
1

-

(2.15)

A CZ gate with the first qubit as the control qubit and the second qubit as the target

qubit can be expressed as CZ = |0) (0| ® I + |1) (1| ® Z. In matrix notation,

CZ=

S O = O

o o o ~

A SWAP gate swaps two qubits. In matrix notation,

SWAP =

===

o = O O

S = O O

_1-

o o = O

0

. ;

_ o O O

(2.16)

(2.17)

An iISWAP gate swaps two qubits and adds a phase factor i. In matrix notation,

1ISWAP =

' o o ~

Fermionic Simulation Gate

- o o o

(2.18)

Two-qubit gates native to Google’s devices include the Sycamore gate, ViSWAP
and CZ. Both the Sycamore gate and ViSWAP are derived from the two-parameter



fermionic simulation gate [28]

0 0 0

1
FSim(6, ¢) = e 0XOX+YOY)[2 =i (1-2)8(1-2)/4 0 cos# —ising 0
0 —isind cosf O
0 0 0 e
(2.19)

where 6 is the iISWAP angle and ¢ is the controlled-phase angle.

Two main pre-calibrated gates derived out of the FSim gate are the sycamore gate
Syc and the square root iISWAP gate +/iswap. The Sycamore gate Syc has the

expression

1 0 0 o0
00 —i 0
Syc = FSim(r/2, 7/6) = : (2.20)
0 - 0 0
0 0 0 ein/6
The square root iSWAP gate ViSWAP has the expression
1 0o o o
0 1/¥2 i/N2 0
ViSWAP = FSim(-7/4,0) = /N2 iN2 o) 2.21)
0 i/N2 1/¥2 0
o o 0 1

2.2 Quantum Measurements
Measurement

Quantum measurements are described by a set of measurement operators { M,, } that
satisfy the completeness relation:

D MM, =1. (2.22)

Suppose the state is described by a state vector |) or a density matrix p. The

probability of obtaining the measurement outcome m is

state vector: p,, = (1//|M,LMm|1//> , (2.23)
density matrix: p,, = tr(M:;Mm ) (2.24)



The state after obtaining the measurement outcome m is

My,
state vector: L2 , (2.25)
V GIM M, )
M, pM,
density matrix: _LmP¥m (2.26)
tr(M,LMm )

A special and perhaps the most common type of measurement is the projective
(or von Neumann) measurement, where the measurement operators are orthogonal
projectors so that they satisty M,,M,,y = M,;0,».,»». These orthogonal projectors
usually arise from the eigenspaces of an observable, since an observable in quantum

mechanics is a Hermitian operator and has orthogonal eigenspaces.

Reduced Density Matrix
A density matrix provides a description of the quantum system whose state is not

completely known. Suppose a quantum system is in |¢;) with probability p;.
p= piluiXuil. (2.27)
i

Alternatively, the density matrix can be interpreted as an ensemble of pure states,
where the proportion of |¢) in the ensemble is p;. In statistics terms, the first
interpretation corresponds to the Bayesian approach and the second interpretation

corresponds to the frequentist approach.

Mathematically, a density matrix is defined as the following.

Definition. An operator p is associated with some ensemble {p;, [¢;)} if and only

if it satisfies
1. Tr(p) = 1.
2. p is positive.

To analyze composite quantum systems, we need the concept of reduced density
operator, which is
p* = Trg(p"?). (2.28)

The reduced density matrix has the operational meaning that when an observable

only acts on a subsystem, its expectation value is given by the trace of the observable
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times the reduced density matrix. Specifically, for an observable O 4 that only acts

on A, its expectation value on the system is
(04) = Trap(0%p™F) = Tea (0% p%). (2.29)
Another situation where the reduced density matrix arises is when we measure a

subsystem and discard the measurement result. In this case, the density matrix of

the composite system is

~AB ZMB ABMBT (2.30)

and the density matrix of the subsystem is
54 = Trg(548) = Trp (Z p B M B ) o™ 2.31)

2.3 Quantum Circuits

Multi-Qubit Rotation Circuits

To apply a rotation operator of weight more than 1, we usually apply R, on one of
the qubits and use CNOT to extend the weight of the Pauli string. To transform Z
to X and Y, one way is to use the Clifford gates H and S so that

X =HZH,

Y = SHZ(SH)' = SHZHS", s’

Another way is to use the rotation gates

X = Ry(n/2)ZRy(~7/2), Ry(n/2) (H Z} Ry (-7/2) (2.33)
Y = Ru(on/2)ZRo()2). LReCT2) HHZF Re(r/2) | (2.34)
—i0XYZ

For example, if we want to apply the rotation gate e , we can apply the circuit
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] ]
— R(7/2) Ri(—7/2) —
S—D— R (20) —>—
or
] ]
— Ru(7/2) — D— Ri(-7/2) —
S— R (20) —b

In practice the second circuit is better since we don’t need SWAP gates to apply
long-range CNOTs [29].

Measurement Circuits
Most quantum hardware can only measure in Z-basis. To measure in X-basis, we

need to apply the Hadamard gate before the measurement gate,

~{FHA-

To measure in Y-basis, we need to apply R, (7/2) before the measurement gate,

R (x/2) H—~=<]—

Alternatively, we can apply S followed by an H gate, which gives

_ST/7<_

The latter method is used in the construction of tomography circuits in Qiskit.

We can understand measuring in a different basis as changing the stabilizer from
X or Y to Z. For example, transforming |+) to |0) is the same as transforming the
stabilizer from X to Z, which is achieved by H since HXH = Z. Transforming the
state |+y) to |0) is the same as transforming the stabilizer from Y to Z, which is
achieved by R, (7/2) since Rx(n/Z)YRi(n/2) = Z orby HS' since HS'YSH = Z.



Hadamard Test

Suppose we want to calculate time correlation functions of the form

Cuv (1) = (U)V) = (MUe iy,

where U and V are unitary operators.

Consider the circuit [30, 31]

* * ~X

« —{]

Here a denotes the ancilla qubit and s denotes the system qubits.

12

(2.35)

Claim 1. Measuring X on the ancilla yields the real part of Cyy () and measuring

Y on the ancilla yields the imaginary part of Cyy s, so that Cyy (t) = (X) +i(Y).

Proof. To derive this result, let the control gates be

U=10)(0|®1,+|1)(1|®U,
V=10)0|®1,+|1){1|®V.

The density matrix after the circuit is
0(1,® eV (pa ® po) V' (1, ® )T,

where p,, is the ancilla density matrix after the Hadamard gate

1
Pa=s|,

The expectation value of X is

X) = Te((10) (1] © 1,) U (L, ® ")V (p, © p,) V' (1, @ €701

+ Tr((|1) 01 1,)0(1, @ )V (p, ® p,)V' (1, @ 7))

_ % (WO + VUt (1)) = Re(U (V)

(2.36)
(2.37)

(2.38)

(2.39)

(2.40)
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The expectation value of ¥ is
Yy =—i Tr((|0) N @I,)T(, ® e MYV (py ® pp)ViI, ® e’f”)[ﬂ)

+ iTr((ll) O ® I,)T (I, ® eV (p, ® p,) V' (1, ® )T )

- % (—i(U(t)V) + i<v*UT(t)>) — Im((U()V)) (2.41)

Hence
Covin = UV = (X) +i(Y). (2.42)
O

The original circuit proposed in Ref. [15, 16] is

* o ~X

o —{]
§ e‘iﬁ’

with control on |0) on the controlled-U gate. Equation 2.40 is then changed to

(X) = %((UT (V) +(V'U(1))) =Re((U"(1)V)), (2.43)
and Eq. 2.41 becomes
(¥) = %(—i (UT@v) +i(vium)) = Im(U" (0)V)). (2.44)

The result is measuring the quantity <U T(t)V> instead of (U(7)V).

We can also put a different state on the ancilla. For example, the following circuit

* * X

a S
s—/ LVLF

1[1 —i]
pa==| (2.45)




The expectation value of X becomes

X) = 3 ({UOV) - VU 1)) = - Im(W @),

and the expectation value of Y becomes

1
) =3 (WO + (VU 1)) = Re(WOV)),
so that the correlation function is calculated as

Cyv (1) =(UD)V) =(Y) —i(X).

14

(2.46)

(2.47)

(2.48)
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Chapter 3

QUANTUM INFORMATION

This chapter reviews concepts from quantum information that are relevant to this the-
sis. Section 3.1 reviews the stabilizer formalism, which was originally introduced in
quantum error correction but has been applied to other areas of quantum computing.
Section 3.2 reviews noisy quantum channels, which are important in formulating
noise on near-term quantum hardware. Section 3.3 defines special quantum states

that are relevant to Chapter 7 of this thesis.

3.1 Stabilizer Formalism
Single-qubit Pauli operators consist of I, X,Y,Z. To turn these operators into a

group, we need to attach multiplicative factors +1, +i and let

Py = {+1, +il, +X, +iX, +Y, +iY, +Z, +iZ} (3.1

which is the Pauli group on a single qubit. Similarly, we can define the Pauli
group on N qubits by Py = PI‘X’N , which consists of Pauli strings on N qubits with
coefficients +1,+i. By £; we mean the set of single-qubit Pauli operators with
coefficient 1, and similarly by Py = 5?1\’ we mean the set of Pauli strings on N

qubits with coefficient 1.

Consider a subgroup S of #,,. Define the stabilizer subspace Vs to be

Vs ={ly) : oY) =|y) forall o € S}. (3.2)

We can check Vg is indeed a subspace since for any |), |¢') in Vs, 0 € S and a
scalar «,

o)+l ) =cly)+oly’)=y)+y), (3.3)

olaly)) =aoly)=aly). (3.4)

A natural question to ask is that for what S is Vg nontrivial, i.e. Vs # {0}. The

answer is given in the following proposition.

Proposition 1. If Vs is nontrivial, - ¢ S.
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Proof. Take |¢) € Vg. Since —I is a stabilizer,

Iy =) = -ly)=1y) = l¥)=0. (3.5

From the proposition, we can derive a few corollaries that give necessary conditions
for Vs to be nontrivial. An important property we will use on Pauli strings is that
two Pauli strings either commute or anticommute. Moreover, for o, 0" € 51\/, o
and o’ commute if o-o”’ has coefficient +1, and anticommute if -0’ has coefficient

+i.

Corollary 2. Let o € Py. If Vg is nontrivial, +io ¢ S.

Proof. 1If io € S, then (xio)> = —I € S, a contradiction. O

Corollary 3. If Vg is nontrivial, —o ¢ S for any o € S.

Proof. Foro € S,if —0 € S, 0(-0) = -1 € §, a contradiction. O

Corollary 4. If Vg is nontrivial, all elements in S commute with each other.

Proof. If 0,0’ € S don’t commute with each other, they anticommute. Now

oo’ € Simplies 00’00’ = —00’0’0 = —00 = -1 € §, a contradiction. O

We will call a subgroup S stabilizer subgroup if its stabilizer subspace Vg is non-

trivial.

By Corollary 4, S is an abelian subgroup. Let s1, ..., s;, be the generators of S, then
it follows that any o~ € S can be written as o = s7'...s7", where ay, ..., ar € {0,1}.
Given S = (s, ..., 57.), we want to know the dimension of V. This is can be derived

from the following theorem.

Theorem 5. Let

1
Ps =15 Z . (3.6)
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Then Pg is the projector onto the subspace V.

Proof. Observe that if o € S,

1 1
O'PS:—ZO'TZ— Z T=Pgs. 3.7
S| oeS S| Teo1S
Hence
PzziZaPS:LZPS:PS (3.8)
5 Is oeS |51 oeS ’

which implies that Pg is a projector.

To show that Pg is the projector onto the subspace Vg, for any |) and any o € S,
oPs|y) = Ps |y), soim(Pgs) C Vs. Moreover, for any |¢) € Vs, |¥) = Ps|¥) €
im(Pg), which implies Vg C im(Pg). Therefore im(Ps) = Vs and the statement is
proved. O

The projector Ps can be written in another form:

! !
1 1 a I+s;
PSZISIZUZE Z sll"'s?lzl |( 2 ):l |P<Si>:]' (3.9)
i=1

oeS ai,...,a;€{0,1} i=1

That is, the projector onto the stabilizer subspace Vs is a product of projectors onto
the +1 eigenspace of s;. Intuitively, each projector reduces the subspace by half, so
we would expect the dimension of the stabilizer subspace to be reduced from 2% to

2N=L A rigorous justification is given in the following corollary.

Corollary 6. Let S be a stabilizer subgroup with L generators on an N-qubit system.
Then dim(Vs) = 2¥~F, that is, Vs is equivalent to a Hilbert space with N — L qubits.

Proof.

) 1 1 _
dim(Vs) = tr(Ps) = g D, w@) =57 p 26 e =2V (310)
oeS

oeS
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F,-linear algebra perspective
There is a useful representation of the Pauli strings in a stabilizer subgroup as a row
vector of length 2N. For any 00 = +01 ® ... ® oy in a stabilizer subgroup S, let

r(0or) be its corresponding vector in F2", where the elements are assigned such that

r(o) =0, r(o)yn=0if oy = [, (3.11)
r(o); =1, r(o)u,=0if o; = X; (3.12)
r(o); =0, r(o)un=1ifo; = Z; (3.13)
r(o)i=1, r(d)y,=1ifo; =Y. (3.14)

That is, the left N entries of (o) indicate the positions of X or Y in o, the right N
entries of (o) indicate the positions of Y or Z in o. For example, the Pauli string

XYZ corresponds to the vector

r(XYZ)=(11 00 1 1) (3.15)

By Corollaries 2 and 3, if o € S, then —o and +io are not in S, so each vector

corresponds to a unique element in S.

The F,-vector representation reveals the products and commutation relations be-
tween any Pauli strings as operations on the vectors. For any two Pauli strings o
and o’ in S, r(oo’) = r(o) + r(o’). We can use this relation to find the indepen-
dent generators of the stabilizer subgroup, since removing any generator makes the
subgroup smaller. From the relation, finding the independent generators is the same

as finding the independent vectors in the F, representation.

To relate to the commutation relations between Pauli strings, we need some more

tools. Let the inner product between two vectors (o) and (o)’ be defined as

(r(@),r(@))p =r(@)Ar(@)’, A

0 I”] , (3.16)

where [, is the identity matrix of size N X N. Write r(o) = (ry(0) r;(0)). The

inner product is explicitly
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0 In] [rx(O")T

<r(0-)’r(0-,)>A = I’x(O') I"Z(O')] [1 0 /)T

r.(o
(3.17)

Intuitively, the inner product (-, -) , appears as a “twisted” inner product. In mathe-
matical terms the inner product is called a symplectic inner product because of the

symplecticity of the metric A.

With this inner product, we can characterize commutation relation between o and

o’, as given in the following proposition.

Proposition 7. [0, 0’| = 0 if and only if (r(o),r(0”)), = 0.

denote the Pauli string o' ® ... ® 0“V. By definitions of the r vectors,

o = (~1)1X"™(@) 7o), (3.18)
o = (_I)U/er(o'/)zrz(o',), (3.19)
(3.20)

where n7,17" € {0, 1}. Note that

oo’ = (_1)U+U’er(ff)zrz(U)er((f')zrz(ff') (3.21)

= (=1)10 +re(0) () xra(0) xri(07) Zr2(0) Zre(0”) (3.22)

= (=1)1H0 (0N (@) (0).r:(07) x72(07) 772 (07) 72() Zre(0) (3.23)

= (=)@ (3.24)

The conclusion follows naturally. O

With the vector space F2", a base field F, and an inner product defined, we can
do linear algebra on the FF, representation. The rank-nullity theorem still holds, as

given in the following theorem.

Theorem 8. Let W be a k-dimensional subspace of F]. Then dim(Wt) =n — k.

} = (re(0), 1. (0")) +(r (o), re(0)) .
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However, because of self-orthogonality of vectors in vector spaces over F», even if
we have a set of linearly independent vectors, we can’t necessarily orthogonalize
them to an orthogonal set of vectors. In fact, in IF%”, we can at most have n mutually

orthogonal vectors, a fact captured in the theorem below.

Theorem 9. Let {vy, ..., v;} be an orthogonal set of vectors in P%” with respect to

the symplectic inner product (-, -) , and each v; # 0. Then k < n.

Proof. Let W = span({vy, ..., V¢ }). Since each vector is orthogonal to itself, v; €
W+ fori = 1,..., k. Hence W is a subspace of W+ and dim(W+) > dim(W) = k.
Then

2k = k + k < dim(W) +dim(W*) = 2n, (3.25)

which implies k < n. O

Theorem 9 expresses the idea that we can find at most » mutually commuting
nontrivial Pauli strings (that is, excluding the identity operator). One set of Pauli

strings is
21,23y .... Zy. (3.26)

In the next section, using the theory of Clifford groups, we will show that any set of

k mutually commuting Pauli strings for some k < n is equivalent to Z, Z», ..., Zj.

Operations on the stabilizer subspace

Given a stabilizer subspace, an important class of operators is the ones that preserve
this subspace. In other words, for ) € Vs, we want to find operators T such that
T |¢) € Vs. If we restrict our states to the subspace Vg, these are the only viable
operations on Vg.

This gives rise to the idea of normalizers. Specifically, anelementt € $, normalizes
S if for any o € S, Tor™! € S. Since two Pauli strings either commute or

1 1

= o if o and T commute and Tot™ = —o if o and T

1

anticommute, TOT"
anticommute. But we know thatif o € S, -0 ¢ S,soto7r™ =0 forany o € S.
We shall call this group the normalizer of S and write it as N'(S).

We can move on to analyze the number of elements in this normalizer subgroup.

Let r(S) be span({r(o) : o € S}) and similarly for r(N(S)). Clearly r(N(S)) =
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r(8S)*. Then
dim r(N/(S)) = dim r(S)* = 21 — 1. (3.27)

Therefore, N'(S) is a subgroup with 2n — [ generators and hence 22*~! elements
ignoring multiplicative factors +1, +i.

Since S is a normal subgroup of N(S), we can form the quotient group N (S)/S,
where each coset in N(8)/S represents an equivalent class of operations on the
stabilizer subspace Vs. The generators of the quotient group N'(S)/S isn—1[, and it
contains 2"~/ coset ignoring multiplicative factors +1, +i. In practice, we can choose
the multiplicative factors arbitrarily to fit our purpose. Note that the multiplicative
factor of each coset representative fully determines the members of the coset if we
revert to N'(S). But if we are only considering equivalent operations on Vg, the
multiplicative factor does not matter.

There are more general operations we can perform on the stabilizer subspace that
don’t preverse the subspace but permute it to another subspace within the Hilbert

space. Suppose we evolve the state |) to U |). Since
Uo vy =UOU'U y),

|¥) is an eigenvector of O with eigenvalue A if and only if U |¢) is an eigenvector of
UOU" with eigenvalue A. Therefore, after evolution by U, the stabilizer group for
the new state U |) is USU". In general USU' might not be in #,,, but we want to
restrict our attention to the unitary operators that conjugates any stabilizer into $,,.
To consider all stabilizer subgroups S in #,, we need to consider unitary operators
that satisfy UP,U" C #,, or the normalizer Ny (Pn) = N(P,). Since the
centralizer of #, in U(2") is U(1), by a result in group theory N(%,)/U(1) is
isomorphic to a subgroup of Aut(%?,). Define the quotient group N(%#,)/U(1) to
be the Clifford group C,,.

Lemma 10. The Clifford group on one qubit is generated by the Hadamard gate H
and the phase gate S, thatis C; = (H, S).

Proof. Let ® be any automorphism of #; by conjugation with a unitary operator.
To find out the action of ®, we only need to find the images of the generators
X,Y,Z. Since X and ®(X) have the same order, X can only be mapped to one
of {£X,+Y,+Z}. After X is determined, Z can be mapped to {+X,+Y,+Z} \
{x®(X)}. ©(Y) is determined by ®(X) and ®(Z) since

DY) = ®>GIXZ) = O(DD(X)D(Z) = i (X)D(Z).
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The automorphisms of $; by conjugation with a unitary operator is equivalent to all
orientation-preserving permutations of the three coordinate axes. Therefore C; = O
where O is the rotational subgroup of the octahedral group. Let this isomorphism
be I'. Note that

HXH'=2Z,HYH' = -Y,HZH' = X,
so I'(H) is rotation by 7 along the unit vector %(f( + 7). Similarly,
Sxst=y,Sys"=-x,528" =z,

so I'(S) is rotation counterclockwise by /2 along 2.
The group O is isomorphic to S4 when regarded as permuting the four body diagonals
of the cube. Define an isomorphism from C; to S4 such that the image of R is what

I'(R) does to the four body diagonals. Under this isomorphism,

H - (12),
S > (1234).

Since (12) and (1234) generates S4, H and S generates C;. Therefore, C; =

(H,S). O
Clifford group element Transformation Effect
H X—>ZY—>-Y Z—->X X Z
S X->YY—>-XZ—>Z XY
HS X—>-YY>-Z7Z-5X | X>Y—>7Z->X
SH X—->ZY—>XZ—->-Y [ X>Z->Y—>X
HSH X—>X,Y—>Z7Z—>-Y Yo Z

Table 3.1: Clifford transformation between single-qubit Pauli strings.

3.2 Noisy Quantum Channels
Definition
A quantum operation describes how a quantum system evolves. Despite the gener-

ality of quantum operations, they have a precise mathematical definition.

Definition. A quantum operation is a linear map

&: L(H) — L(H)
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such that

(1) (Completely positive) If we introduce an extra system B and let Z be the identity
operator on B, (I ® &)(A) is positive for any positive operator A € L(B ® H).
(2) (Non-trace-increasing) For all O € L(H;), tr(E(0)) < tr(0).

In property (2), if tr(E(0)) = tr(O) for all O € L(H;) then & is trace-preserving.

A trace-preserving quantum operation is called a quantum channel.

Quantum operations are defined on the space of general linear operators on a Hilbert
space, we will primarily encounter it as operators on the density matrices.

If the system is a closed system, the only permissible quantum operations are unitary
evolution, that is p — UpU" where U is a unitary operator on the Hilbert space.
When we do a measurement, the operation of a single measurement operator M,,
defined as p — MmpMj,, is also a valid quantum operation.

When the system is open, we can regard the quantum operation as evolving the

whole system and tracing out the environment, that is

E(P) = treny(U(p ® peny)U"). (3.28)

Suppose the environment has basis {|ex)}. Without loss of generality, we can
assume the environment to be in a pure state |eg), since if it is not in a pure state we

can introduce an extra system to purify it. Then Eq. 3.28 corresponds to
E(p) = > (exlU(p ® lea) (eo)U  lex),,, = > ExpE]
k k

where Ej = (ex|U|e).qy 1S an operator on the state space of the system. This is the
operator-sum representation of quantum operations.

. . _ L. . T
The operation is trace-preserving if tr(E(p)) = 1, which is equivalentto }; E, Ey =
I. The state after the operation is just &(p). The operation is non-trace preserving
if tr(&E(p)) < 1, which is equivalent to EZE x < I. The state after the operation

is &(p)/r(E(p))

Theorem 11. The map & is a quantum operation if and only if
— T
&E(0) = Y EOE]
k

for some set of operators {Ey} such that each E; maps the input Hilbert space to
the output Hilbert space and };; EZEk <

Below we look at some examples of noisy quantum channels.
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Examples of Quantum Channels

The action of a dephasing channel is

&)= (1-5) p+L20z,

which has the Kraus operator representation

&(p) = KopK] + K1pK],

K() = \/1 —p/2I,K1 = p/ZZ.

A generic density matrix transforms as

P00 Po1
P10 Pll

& P00 (1-p)por
> .

(1 -p)pio P11

Here 0 < p < 1, and when p = 1 the coherence (off-diagonal elements) between

the two states is lost.

The amplitude damping channel is a result of energy dissipation and transfers
population of a qubit in the state |1) to the state |0). Kraus operator representation

of the amplitude damping channel is

Samp-damp(p) = KOPKS + KI,OKT,

10 0 V¥
0 J1-v 0 0

where 0 < v < 1. 7y can be thought of as the probability of losing a photon, but

Ky = K1 =

b

note that the amplitude damping channel is applied deterministically on the density
matrix.

A generic density matrix transforms as

poo+yYp1i1 A1 —=1vypoi

Vi—=ypio (1=%)pn

from which we can see that when y = 1 all population is transferred to the ground
state |0).

Samp—damp (p) =

b

The depolarizing channel replaces the state with a completely mixed state //2 with

probability p and leaves the state unchanged with probability 1 — p, that is [32]

1
Edepolarizing (P) = (1 = p)p + P (3.29)
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Using the identity

I  p+XpX+YpY+ZpZ
2 4

for any single-qubit density matrix p, we can rewrite Eq. 3.29 in Kraus operator

representation

3
8depolarizing(p) = (1 - Zp) P+ %(XPX +YpY +ZpZ),

where 0 < p < 1 as in Eq. 3.29.

Alternatively, we can write the depolarizing channel as
Sdepolarizing(0) = (1 = p) p + %(XpX +YpY +ZpZ),

where now 0 < p < 3/4. This is the representation used in Ref. [33]. In particular,
Cirq [34] applies the depolarizing channel by leaving the state unchanged with
probability 1 — p and applying an X, Y or Z gate with probability p/3.

Master Equation Representations

The master equation has the general form

) i

p==7[H.pl +D[O(p)

where the dissipator D is the operation

0'0-—-0'0.
2

A

D[O]()=0-0" -

| =

Below we will derive amplitude damping and dephasing from the master equation
formalism.
Amplitude damping channel

Consider the following master equation

o1 1 1 1
p= 711)[0—] (p) = Ty \T-PT+ = 30+TP = 3POT |

The raising and lowering operators have the expressions

00 0 1 00
Oy = , O-= , O40_ = .
10 00 0 1
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From these expressions, we obtain the differential equation

_ 1 pu —poi/2,
U=pp/2  —pui ’
or in element-wise form
. 1
L00 = T_lp”’
. 1
pPo1 = —2—T1P01-
. 1
P11 = _Flpll-
The latter two differential equations have the solutions
poi(t) = pore™ "1,
—l/Tl’

p11(t) = pire
from which we can write down the density matrix at time ¢ as
1—pre M poe~/?h

p(t) - x —t/2T)
Por€ p1ne

This is the same as an amplitude-damping channel with damping rate y = 1/T.

—t/Tq '

Dephasing channel

The dephasing channel can be derived from a master equation of the form

) 1 1
pP= ED[‘TZ] (p) = m(o'zpo'z - p).

Explicitly
= 110 por
Iy por O
and in element-wise form
1
Po1 = —T—¢901-

The solution is

po1(t) = pore™/Te.

So under this master equation

P00 pore " Te

p() =
py e e P11

which corresponds to a dephasing channel with dephasing probability p = 1 —e /T4,
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Amplitude phase damping channel and 75

Under both the amplitude and phase damping, the density matrix is transformed to
the form

—t/Tq —[(1/2T1+1/T¢)

poi1€

pPle€e

1 —pire
p(t) =

p816—1(1/2T1+1/T¢) —t/Ty

The off-diagonal elements have the compound effect from both 77 and 7. We can
define a new relaxation time 75 such that [35]

1 1 1

—_— = — 4 —

I, 217 Ty
so that 7> is the effective relaxation time observed on the off-diagonal elements in

experiments.

3.3 Entanglement and Special Quantum States

The entanglement is defined as the entropy of the reduced density matrix.

On three qubits, there are two different kinds of maximum entanglement [36], which

are given by the GHZ state

1
GHZ) = —(|000 111 3.30
| ) \/E(l ) +[111)) (3.30)
and the W state
W) = %(lOOl) +010) + |100)). (3.31)

The GHZ state is maximally entangled with entanglement entropy 1 after tracing
over any qubit. However, if any one of the qubits is traced out, the state is completely

unentangled:

Tro(|GHZXGHZ)|) = %(|00><00| +1IX11]) — % (3.32)

S = O =
oS o o O
o o o O

- o o o

On the other hand, the W state is not maximally entangled, since it has entanglement

entropy

1 1 2 2
=—=log- — = log = =0.918296. .
S 3og3 30g3 0.918296 (3.33)
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However, after tracing out any qubit, the resulting state is

Tro(|GHZXGHZ|) = %(|OO>(OO| + [01XO01] + |01)X10] + [10XO01| + |[10X10])

(3.34)
(1 0 0 0
0110

.1 (3.35)
310 1 1 0
0 0 0 0

Contrary to the GHZ state, the entanglement of |W) is maximally robust under

disposal of any qubit.

Note that both the GHZ state and the W state can be generalized to N qubits. The
N-qubit GHZ state is

1
|GHZ) = —(|00...0) + [11...1)), (3.36)
V2
and the N-qubit W state is

W) = \/LN(|100...0> +1010...0) + ... +]000...1)). (3.37)

Cluster States
Cluster states can be defined on a graph with N sites. For a site 7, let I' (i) denote all
the neighbors of i on the graph. The cluster states are stabilized by the N stabilizers

of the form
X (X) ;. (3.38)
JEr@)
An N-qubit state stabilized by N stabilizers is thus a one-dimensional space.
To create this state, we start with |00...0) and apply the Hadamard gate H to each site
to create the state |+ + ...+), then apply CZ to every edge on the graph to obtain the

cluster state. In the stabilizer formalism, the stabilizers are transformed respectively

as

H,‘ H el (i Czi_'
zi =X ——5x% Q) 7 (3.39)
)
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We can better see the structure of the cluster state by consider the following two

relations
CZ|+0) = |x0), (3.40)
CZ|x1) = |*¥1). (3.41)

To use these two relatoins, we write states on all odd sites in Z basis, and states on

all even sites in X basis. On three sites, for example

|+++):%(|O+0>+|1+1>+|0+1)+|1+0>) (3.42)
%)%(|0+0>+|1+1>+|0—1>+|1—0>) (3.43)

I |1

V2 [V2

1

V2

(|Oo>odd + |11>odd) |+>even + (|01>0dd + |1O>odd) |_>even

(3.44)

In the last line, we regrouped the odd sites together and the even sites together.
Hence, we see that the cluster states is characterized by odd sites in X basis which
define the domain walls, and a cat-like GHZ state on the odd sites that obey the

domain wall property.

The number of terms in the above expansion is 2. In general, for 2N or 2N — 1 sites,
the number of terms is N — 1 (with or without periodic boundary condition), since
the last domain wall can be completely determined if the first N domain walls are
specified. For example, in a four-site model, the original all + state is transformed

as
1
[+ +++) — 3 (JO+0+) + |1+ 1+)+[0—=1+) + |1 = 0+)) (3.45)
1
—>§(|0+0+)+|1+1—)+|0—1—)+|1—0+)). (3.46)
In general, given two sublattices A and B of a bipartite graph, let s; and o; denote the

state on the ith qubit in the X and Z basis, respectively. We will use the shorthand

{0} ={0i}ica and {s} = {s;}jep. The general cluster state is written down as

1
V)= o= ; IGHZ({7}))4 {5} (3.47)

where

IGHZ({0}))4 = % ({oiha+ {1 -0aiha) | (3.48)

such that both |{0;}) 4 and |{1 — 07}) 4 satisfy the domain wall relation specified by
the B sublattice.
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Chapter 4

QUANTUM MANY-BODY SYSTEMS

This chapter reviews quantum many-body systems, which are the target of quantum
simulation that forms the main topic of this thesis. We start with reviewing spin
models in Sec. 4.1, then move on to molecular models in Sec. 4.2, and finally to

qubit encoding schemes in Sec. 4.3.

4.1 Spin Models
Ising Model
An Ising model with an external field 4 has the Hamiltonian [37]

H=-]) ogioi-h) o (4.1)
(i) i
The Ising model is ferromagnetic when J > 0 since the spins tend to align at ground

state; the model is anti-ferromagnetic when J < 0O since the spins tend to anti-align

at ground state.

We use the shorthand {o} to denote all configurations {o; = il}f\i - The partition

function is written as

Z= Z P Ly TiojHBh L o (4.2)
{o}

Assume the model is 1D with periodic boundary condition so that on4+1 = 0. We

can write the partition function in symmetric form as

Z-= Z eﬁz’zl(Ja-ia-i+l+%h(o—i+a-i+l)) = Z TO’10’2T0'20'3'"T0'N0'1 = TI'(TN) (4.3)
{o} {o}
where T is the 2 X 2 matrix

Th+ Ty
T1 41 T4

T = (4.4)

B eBU+h)  ,=BJ
| B WBU-B|

The eigenvalues of T can be found to be

A, =P (cosh(ﬁh) + \/sinhz(,Bh) + e—4/31) . (4.5)
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so that the partition function is

zZ-= Tr(TN) =V Y| (4.6)

which reduces to A as N — co. From the partition function, we can obtain the free

energy in the thermodynamic limit as

F/N = _ﬁLN InZ = —% InA, =-J - éln(cosh(ﬁh) + \/sinhz(,Bh) +e |,

(4.7)

We can also calculate the expectation of a single spin and the correlation between

two spins. For a single spin, one approach is to take the derivative of the free energy,

.h2 h +2sinh(,8h)cosh(,8h)ﬂ
LaF/N) 1" BIB+ e B sinh(Bh)

oh B cosh(Bh) + \/sinhz(ﬁh) +e~4BJ ) \/sinhz(ﬁh) + e‘4ﬁj'
(4.8)

(o7) =

Another approach is to do matrix multiplication using the 7 matrix. Suppose
N
T = UAU" where A = [/1+ 0 ] — [ﬂiv O]. We can calculate the spin expectation

0 AN 0 0
value as
1 ! 1 inh(Bh
(o7) = E Tr (e_,BHZl-) =— Tr (TNZi) == Tr (ANUZiUT) =Ty (UZ,‘UT _ sinh(Bh)
& & (Jsinh2(Bh) + =447

4.9)

Note that at zero field 2 = 0, (o;) = 0 for any temperature 7 # 0. This shows that

in 1D, there is no spontaneous magnetization.

Zero-Field Solution
Setting the field to zero will significantly simplify our calculation. The partition

function has the expression

Z= Z P! Laijy 710 (4.10)
(o}

Consider the transfer matrix 7 under zero field

(4.11)
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In this case the eigenvalues and eigenvectors are

A+ =2cosh(BJ), (4.12)

A_ = 2sinh(8J), (4.13)

U:L[l 1], (4.14)
V2 1 -1

Note that the eigenvector matrix in this case is exactly the Hadamard matrix. With

these expressions of the 4., we can then write the partition function as

Z=aY (1 + (L /a+)N) — (2cosh(B))Y (1 + tanhN(ﬂJ)) N2, (2 cosh(BI))V.
(4.15)
The single-site magnetization is
N (NN e AN 70T = Te( AN x| <
(o) = ZTr(T z,) _Tr(A UZU ) _Tr(A X) =0, (4.16)

since AV is a diagonal matrix and under the permutation of X the trace becomes 0.

Suppose the two spins we are interested in are n sites apart, then

1 1 0 1|2 oflo 1][A¥" o AN-nqn 4 AN-n
<Ui0'i+n)=—Tr(ZT”ZTN‘”):_Tr + + _ A 1; ;, "
< Z \[t o[][o ar||1t of[ 0 N AN 4 AN
4.17)
As N — oo,
/IN_”/ln 1 n
(TiTisn) = +/1N _:(/l_) = tanh" (8J) (4.18)
+ +

The correlation length is defined as the quantity & that satisfies the equation
(070%4n) = "¢, From the equation above, we can write down the expression

for the correlation length as [37]

1

“Intanh(BJ) | (*-19)

,f:

Random-Bond Ising Model
The Hamiltonian of random-bond Ising model (RBIM) in the notation of Ref. [23]

1S

H == 500 (4.20)
)
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where s;; is a random variable with the probability distribution

p(sij =+1) =p, 4.21)
p(S,'j =-1)=1-p. 4.22)

The probablity of each configuration {s} is
p({sh = | | pUsh. (4.23)

{s}
If we define a variable 8 = In[p/(1 — p)]/2, the probability distribution of each s;;

in terms of g is

pls=+1) = ﬁi(ﬁ), (4.24)
e B
pls=-1)= Toosh(B) (4.25)
or we can write it as
B
p(s) = Tcosh ' (4.26)

Suppose there are N, edges (bonds), the overall probability of a configuration s is
b 2ijy Sij

p(s) = l_[P(Sij) = W

(@)

(4.27)

Suppose we are summing a probability over an observable O (s, o). The probability
is
1

(0) = ;P(S)O(S’U) = Zeosh -

D PRantio(s, o). (4.28)
s
Suppose we put gauges T = {7;} on the vertices and edges, so that
Sij — SijTiTy, g; = 0;T;. (429)
If the observable is gauge-invariant, we can resum the expression as

1
0) = BLaj STt O (s, o). 4.30
(0) 3N- (2 cosh B) - Zs:Ze j (s,0) (4.30)

Note that here the gauge-symmetrized probability has the expression

1
- § B Zijy $ijTiT) | 4.31
P(s) 2N (2 cosh B)Ne & e 3D
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When considering the gauges as spins, this expression exactly looks like a partition

function.

The relation that results in this expression of probability

5__1 P (4.32)
I-p

defines the Nishimori line on the phase diagram of RBIM.

4.2 Molecular Models

The Hamiltonian of a molecule with K nuclei and N electrons is [8]

N hz

H=-) —_Vv2_ v2 4.33
2m ! 2M1 121:121: 4re |1‘z RI| ( )

2
VAYA

4.34

2Z4n60 Ir; — ;] 2247160 IR — Ry| (339

Under the Born-Oppenheimer approximation, we treat the nuclei as classical charges

and hence obtain the Hamiltonian only for the electrons in atomic units as:

V2
He = ‘Z? sz R/| 2Z|r,—r,| (339

N K
i= =1 I=1

Using Slater determinants to represent the atomic orbitals, we arrive at the second-

quantized Hamiltonian

1
H= hpydidy+ 3 D" hpgredahasas (4.36)

where the one-electron integrals &, and two-electron integrals A, are

$q(x), (4.37)

) vV Xz
i = | a0 (‘Tzu_—’R
hpqrs:/dxld ¢q(xl)¢q(x2)¢r(xz)¢s(xl)

Ir] — 12

(4.38)

The second-quantized Hamiltonian can be converted to qubit Hamiltonian through
qubit encoding methods in Sec. 4.3.
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4.3 Qubit Encoding

This section introduces the Jordan-Wigner transformation [38] for encoding fermionic

operators into qubit operators.

The one-qubit creation and annihilation operators need to satisfy the relations

Q"10) =[1),0"|1) =0, (4.39)
0710)=0,07 [1) =10). (4.40)
In matrix notation,

0" = 00 , (4.41)

,1 O_

o 1
0 = , (4.42)

,0 O_

sothat Q* = (X —iY)/2,0” = (X +iY)/2.

Some useful relations we will be using later are

0*7 =0, (4.43)
70" =0". (4.44)

To impose fermionic anti-commutation relation, we define
t=2..2;.07, (4.45)
aj=2...2;-107, (4.46)

which is the Jordan-Wigner transformation.

One-body terms
We derive one-body terms in the electronic structure Hamiltonian as an example.

The one-body terms in the electronic structure Hamiltonian is

A=) hyala; = haalai+ ) hij(ala;+ala). (4.47)
ij i

i<j

The second equality assumes # is real, which is usually the case.



The diagonal terms can be written explicitly as

4 = (Zo...Zi-10)(Zo...Zi-1O7)

1 . .
= (X = 1Y) (X; +iY))

4
1 .

= Z(Zlﬁl[Xi,Yi])
1

=5i=2Z).

The off-diagonal one-body terms are, WLOG i < j,

67 1= (07 Zi) Zis1-Zj10]
ﬁ a; = (Z:07)Zi1.-.Zj10]

The sum of these two terms gives

Ta;+ ; =07 Ziv1..Zj-107 + Q; Zi1...

1
= E(XiZHlij—lXj +YZii1...

=Q/Ziw1...Z;107,
=Q; Zin.-Zj-10]

Zi10;

= Z[(Xl — iY,')ZH_l...Zj_l(Xj + in) + (X,' + iY,')Z,‘.,.l...

ZiY;).

So the one-body terms can be written in qubit operator form as

Zhu(l Z)+ Zhlj(XZl+1

i<j

] lX +YZl+l

Zj-1(X;

j—le)
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(4.48)

(4.49)
(4.50)

(4.51)

(4.52)
(4.53)

(4.54)

—-iY;)]

(4.55)

(4.56)

(4.57)
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Chapter 5

FINITE-TEMPERATURE PROPERTIES OF SPIN MODELS

IS.-N. Sun, M. Motta, R. N. Tazhigulov, A. T. Tan, G. K.-L. Chan, and A. J.
Minnich, “Quantum Computation of Finite-Temperature Static and Dynamical
Properties of Spin Systems Using Quantum Imaginary Time Evolution”, PRX
Quantum 2, 010317 (2021),

5.1 Introduction

Quantum computers have long been considered as a potential tool to simulate
quantum many-body systems [1, 39, 40]. While near-term quantum devices have
made rapid progress in simulating ground-state properties [41—47] and dynamics
[30, 31, 48-50], the study of finite-temperature physics on quantum computers is
less understood and established [51]. Early works on digital quantum simulation
of finite-temperature physical systems involved thermalizing the quantum simulator
by coupling to a bath comprised of ancilla qubits [52-54] or sampling thermal
states using quantum versions of the Metropolis algorithm [55, 56]. These schemes
require prohibitively large numbers of qubits and deep circuits and are hence out of

reach for near-term quantum devices.

More practical variational algorithms have been proposed in recent years, such
as protocols to construct thermofield double states [57-59] and machine learning-
based methods to construct Gibbs states [60—64]. However, the accuracies of these
variational schemes depend on the quality of the ansatz. While other non-variational
alternatives exist, they are subject to various assumptions. For example, the minimal
effective Gibbs ansatz [65] algorithm generates a minimal ensemble of pure states

but presumes the eigenstate thermalization hypothesis.

Recently, the quantum imaginary time evolution (QITE) algorithm was introduced
[17]. Compared to variational-based algorithms of imaginary time evolution on
quantum computers [66—68], QITE is ansatz-independent. The QITE algorithm
approximates imaginary time evolution with unitary operators over a domain of
qubits and is able to reach the ground states of systems with a few sites. QITE can
also be used to calculate finite-temperature quantities, for instance by combining with
sampling techniques such as the minimal entangled typical thermal states (METTS)
algorithm [69, 70], together denoted as the quantum METTS (QMETTS) algorithm.


https://doi.org/10.1103/PRXQuantum.2.010317
https://doi.org/10.1103/PRXQuantum.2.010317
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However, the original work on QITE [17] focused on the general formalism, while
reduction and optimization of quantum resources were not thoroughly investigated.
Subsequent development of QITE [71-74] proposed several variations of the original
algorithm, but the practical evaluation of finite-temperature properties on existing

quantum devices remains largely unaddressed.

Here, we report QITE-based calculations of finite-temperature static and dynamical
properties of one-dimensional spin systems with up to four sites on five-qubit IBM
Quantum devices. The computed observables include finite-temperature energy,
static and dynamical correlation functions, and excitation spectra. These calcu-
lations are made possible by several algorithmic improvements. First, we exploit
symmetries in the spin Hamiltonians to reduce Pauli strings in the QITE unitaries,
thus reducing the overall required quantum resources. Second, circuit optimization
procedures including gate decomposition and circuit recompilation are used to fur-
ther reduce circuit depth. Third, error mitigation techniques, namely post-selection,
readout error mitigation and phase-and-scale correction, are used to improve the
quality of raw hardware data. Our work demonstrates that with efficient use of
quantum resources and effective error mitigation strategies, the ansatz-independent
QITE algorithm is capable of computing diverse finite-temperature observables on

near-term quantum devices.

This paper is organized as follows. In Sec. 5.2 we review the QITE algorithm
and propose a quantum circuit to evaluate finite-temperature dynamical correlation
functions. In Sec. 5.3 we introduce the algorithmic improvements including Pauli
string reduction, circuit optimization and error mitigation that enabled us to obtain
accurate results from hardware. Section 5.4 presents the results of our two-site and
four-site calculations. Finally, we conclude and suggest directions for future studies
in Sec. 5.5.

5.2 Theory

Quantum imaginary time evolution (QITE)

We begin by reviewing the QITE algorithm in the context of a general Trotterization
scheme of the imaginary time propagator. Consider imaginary time evolution
on N qubits under a Hamiltonian A = 2%:1 h[m], where each h[m] acts on a
local set of qubits. Since the local terms h[m] are not commutative, we need
to Trotterize the imaginary time propagator e PH by grouping local terms /[m]

into Trotter terms H[I] such that each A[I] is a sum of local terms /A[m] and
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H = Zlel H[!I]. For example, for a two-local Hamiltonian where each local term
h[m] acts on qubits m — 1 and m, setting L = 2, H[1] = anﬂi{ﬂ h[2m - 1] and
H[2] = Z%{u h[2m] corresponds to the even-odd Trotterization used in one-
dimensional tensor network calculations of quantum many-body systems [75]. We

consider first-order Trotterization [76] of the full imaginary time propagator ePH.

L
e—ﬂFI _ (1—[ e—Arﬁ[z]

=1

ng
+O(AT?), (5.1

where ng is the number of imaginary time steps and At = §/ng.

—ATH[I]

The QITE algorithm approximates each imaginary time propagator e by a

unitary operator

o ibTGl] _ -ift Zux 0y (5.2)
where x[/],, are real coefficients and o7, are Pauli strings. Here we use the notation
oo = 1,00 = X,0, =Y,0, = Z to denote the identity and the Pauli matrices, so

that each Pauli string can be written in the form o, = ) =0 Tu; where o, acts on

qubit j and u; € {0,x,y, z}. The Pauli strings o, are chosen from the set
Pamn= | Pitnr (53)
h[m]eH[]

where #,,,, is the set all Pauli strings over a domain of D qubits larger than or
equal to the support of A[m]. To apply the QITE unitaries, without an efficient
decomposition scheme each unitary needs to be further Trotterized as

o—IATG l_[ e o 4 O(AT?). (5.4)
7}

The coefficient vector x[/] is found by minimizing the square of the difference be-

tween the unitarily evolved state e “A7¢l!] | W) and the imaginary-time-evolved state

c[l]_l/ze'ATﬁ[” |¥), where c[I] = ||e‘ATml] |¥) ||2. This minimization results in

a linear system
All]x[I] = b[1], (5.5)
where

Al 4y = Re(W|oy0y | W), (5.6)
Im(Ple A gy )
B Atc[l]'/?

b[l], (5.7)



40
In our implementation, we expand the exponential e~ATHI in p [!]and c[/] to second
order in At:

_Im(¥|(-H[I] + ATH[1]}) 0| P)
lu= c[1]1/?

c[l] = (P|1 - 2ATHII] + 2AT*H?[1]]¥) + O(AT?), (5.9)

+ 0 (A7), (5.8)

To construct the linear systems, given the terms in Egs. ?? we measure operators of

the form

ouory, H{l oy, H[I oy, AL, H[1]* (5.10)

The QITE algorithm is carried out by iterating the procedure of constructing the
circuit from the QITE unitaries obtained at the previous imaginary time steps,
measuring the operators in Eq. 5.10, constructing the linear system in Eq. 5.5,
solving for x[/], and propagating the state with the new unitary emibTGI,
Finite-temperature dynamical correlation functions

Finite-temperature static observables have been previously computed on quantum
hardware using the QMETTS algorithm by averaging over the observable evaluated
from each METTS sample state [17]. In this work, we show that finite-temperature
dynamical observables, in particular finite-temperature dynamical correlation func-
tions, can be computed using a similar averaging procedure as for finite-temperature

static observables.

On quantum computers, dynamical correlation functions can be calculated using
the circuit reported in Refs. [15, 16]; this circuit has been recently used to compute
neutron scattering cross-section [30] and magnon spectra [31] on quantum hardware.
To obtain finite-temperature dynamical correlation functions, we insert the QITE
circuit into the dynamical correlation function circuit, resulting in the circuit shown
in Fig. 5.1. The ancilla qubit is initialized in |0) and the system qubits are initialized
in |¥). Define |¥(7)) = e~ |¥) /||e=™ |¥) || as the state initialized in |¥) and
evolved to imaginary time 7, and |® (7)) as the QITE-evolved state that approximates
|¥(7)). Let subscript a (s5) denote quantities on the ancilla qubit (system qubits). To
evaluate finite-temperature observables at an inverse temperature 3, we evolve the
initial state by QITE to /2 so that the joint ancilla-system density operator prior to

measurement is

p=UI®e MV (p, ® ps)Vi(L, ® )T, (5.11)



41

10) H XY

V) —— QITE 1% o—iHt U

Figure 5.1: Quantum circuit to calculate the finite-temperature dynamical
correlation function (U(#)V) . The ancilla qubit is initialized in [0) and the system
qubit are initialized in |¥). Here / denotes a bundle of qubits. Measuring X (Y) on
the ancilla yields the real (imaginary) part of (U(¢)V) on the QITE-evolved initial
state. Performing a thermal average over all initial states yields (U(#)V) .

where

Pa = |+) (+, (5.12)
ps = |P(B/2)) (@(B/2)], (5.13)
and U (V) is the controlled-U (controlled-V) gate.
Measuring X (Y) on the ancilla yields the real (imaginary) part of the dynamical
correlation function on a single QITE-evolved basis state:
Tr(pXa) = Re(@(B/2)|U(1)V|P(B/2)) (5.14)
Tr(pYa) = Im(D(B/2)|U(1)V|®(B/2)). (5.15)

If the initial states are the METTS sample states, an unweighted average over the
initial states yields the finite-temperature dynamical correlation function (U(#)V) .
In this work, we consider trace evaluation in the exact expression of an observable

O at finite temperature:

A Tr(e‘ﬁﬁé)
O)p= ————. 5.16
(O)p Tr(e A (5.16)

The numerator trace and the denominator trace are either evaluated by full sampling
over the entire Hilbert space, denoted as full trace evaluation, or by random sampling
over a subspace of the Hilbert space, denoted as stochastic trace evaluation. If
O = U(1)V, Eq. 5.16 yields the finite-temperature dynamical correlation function
U@®V)g. O can also be a static observable, in which case Eq. 5.16 yields the static

observable at finite temperature.

5.3 Methods
Pauli string reduction by Z, symmetries

If we include all 4” Pauli strings over each domain consisting of D qubits, each QITE

unitary e 2761l applied as in Eq. 5.4 yields O(N4P) multi-qubit rotation gates by
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the standard rotation gate decomposition [32], which results in a circuit too deep
on near-term quantum devices even for D = 2. Because of this prohibitive resource
overhead, we describe a systematic method to reduce the number of Pauli strings in

the QITE unitaries when the Hamiltonian and initial state have Z; symmetries.

Z, symmetries on qubit Hamiltonians have direct parallels with the stabilizer for-
malism in quantum error-correcting codes [18]. Suppose the Hamiltonian has d Z;
symmetries, i.e. H commutes with elements of a group isomorphic to Zg generated
independently by d Pauli strings, and the initial state is in the +1 eigenspace of all d
generators. If we regard the symmetry group Zg as the stabilizer S, the symmetry

sector of the initial state corresponds to the stabilizer subspace Vg.

In stabilizer codes, the normalizer of the stabilizer N (S) includes all Pauli strings
that commute with elements of the stabilizer S, and all valid operations on the code
space are in the quotient group N (S)/S. Intuitively, to preserve Z; symmetries,
among all Pauli strings from #p;, the QITE unitaries should only include those
from the quotient group N (S)/S. We now show that the original QITE algorithm
subsumes the requirement that the Pauli strings should be chosen from N (S)/S

because the action of the unitary e *A7¢ 1]

with the Pauli strings from the unreduced
set Py 1s the same as the action with Pauli strings from the reduced set £y, N
N (S)/S. This result is stated as the following proposition, proved and discussed in

Appendix ??.

Proposition 12. Suppose QITE is applied to approximate the imaginary time prop-
agator e~ op the state |W). If there exists a stabilizer S such that every element
of S commutes with H[/] and |¥) € Vs, then

(a) The action of eiATGIl op |¥) with o, € P 1s equivalent to the action with
oy € Pﬁw NN(S)/S,

(b) e ATGU 1Py € V.

Further reduction in the number of Pauli strings can be achieved by recalling from
Ref. [17] that when the Hamiltonian and the initial state are real in the computational
basis, the state after imaginary time evolution must be real. Thus, only Pauli strings
with an odd number of Y need to be included in the QITE unitaries. Since Z»
symmetries and the conditions of a real Hamiltonian and initial state are independent,
when both conditions are satisfied, the number of Pauli strings can be reduced
using both conditions, in which case the reduced set of Pauli strings is modified to
Paip "N(S)/SN{oy: Xjou,y =1(mod2)}.
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4 Unreduced Reduced

2 A\ (a) Four-site TFIM -314 (b) Four-site Heisenberg
| \
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—4 \‘\‘w 6 I NN
00 02 04 06 08 1.0 0.0 0.1 0.2 0.3
B B

Figure 5.2: Energy E versus imaginary time 3 simulated without noise or
measurement sampling on a single initial state with and without reduction of the
Pauli strings in the QITE unitaries by Z, symmetries. (a) Four-site TFIM with

J = h =1 and initial state |0001). The imaginary time step size in QITE is set to
At = 0.01. The number of Pauli strings from three D = 2 domains is reduced from
16 to 6 by one Z; symmetry ZyZZ>Z3. (b) Four-site Heisenberg model with

J = A = 1 and initial state (]0101) +|1010)) /V2. The imaginary time step size in
QITE is set to At = 0.03. The number of Pauli strings on the single D = 4 domain
is reduced from 120 to 6 by two Z, symmetries ZyZZ,Z3 and Xy X; X2 X3. In both
panels the energy trajectories using reduced numbers of Pauli strings match the
energy trajectories without reduction, which also match the energy trajectories
from exact imaginary time evolution.

In practice the Proposition is used inductively on the Trotter terms H[I], which
implies the stabilizer need to be chosen such that every element of the stabilizer
commutes with all H[I], or equivalently with H. For spin Hamiltonians, the sta-
bilizer generators are usually global Z, symmetries such as Z®V and X®. For
general Hamiltonians, the Z; symmetries can be found by Gaussian elimination on

the parity check matrix formed from the Hamiltonian terms [77].

To confirm our Pauli string reduction scheme, we compare the QITE energy tra-
jectory as a function of imaginary time simulated without noise or measurement
sampling on a single initial state with and without reduction of the Pauli strings
in the QITE unitaries by Z, symmetries. The Hamiltonians we study include the

transverse-field Ising model (TFIM) Hamiltonian

N-2 N-1
Hrpv = J Z XiXis1+h Z Z; (5.17)
i=0 i=0
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and the Heisenberg X XZ Hamiltonian

N-2
Hxxz=J Z(XiXm + YY1 +AZiZiy), (5.18)
i=0

with open boundary conditions assumed for both.

In Fig. 5.2 we plot energy versus imaginary time calculated with QITE on a single
initial state. The unreduced set of Pauli strings only includes Pauli strings with odd
numbers of Y because the Hamiltonian and initial state are real in the computational
basis. We choose a sufficiently small imaginary time step size At to ensure that
the Trotter errors from expansion in Eq. 5.4 are negligible. Figure 5.2a plots the
energy trajectory for the initial state [0001) in the four-site TFIM with J = h = 1.
The Hamiltonian and the initial state have a Z, symmetry ZoZ;Z,Z3. By combining
reduced Pauli strings from all three D = 2 domains, we obtain six Pauli strings in
the QITE unitaries

XoY1, Y0 X1, X112, Y1 X2, X2Y3, Y2 X3, (5.19)

compared to 16 Pauli strings without reduction by Z, symmetries. Figure 5.2b
plots energy versus imaginary time of the initial state (|0101) + [1010))/V?2 on the
four-site Heisenberg model with / = A = 1. The Hamiltonian and the initial state
have two Z, symmetries ZoZZ>Z3 and XoX;X2X3. The 120 Pauli strings in the

QITE unitaries without reduction is reduced to the 6 Pauli strings
XoY1Z2, X0Z1Y2, Y0 X122, Y0Z1 X2, Zo X1Y2, ZoY1 Xs. (5.20)

In both panels of Fig. 5.2, the energy trajectories using reduced numbers of Pauli
strings match the energy trajectories without reduction, which also match the energy

trajectories from exact imaginary time evolution.

Circuit optimization

Even with reduction of Pauli strings in the QITE unitaries by Z; symmetries,
applying the QITE unitaries as in Eq. 5.4 may still result in a circuit too deep to
be implemented on current quantum hardware. In this section we describe circuit

optimization techniques that further reduce circuit depth.

In two-site calculations, both the QITE circuit and the real time evolution circuit
can be optimized to constant depth with a standard one- and two-qubit gate set,
regardless of the number of imaginary and real time steps. For example, in two-

site TFIM there is only one Pauli string XyY; in the QITE unitaries after reduction
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by the Z, symmetry ZpZ;. Suppose the unitary applied to the state at the k-th
imaginary time step is e “A™Xo"1 Then the unitaries at all imaginary time steps can
be multiplied into a single two-qubit rotation gate e */X0"1/2 where 6 = 2A1 Y, x;.
For real time evolution, the two-qubit operator =il jg decomposed by the KAK

decomposition [78—-81] into six single-qubit gates and two CNOT gates.

In four-site calculations, neither the QITE circuit nor the real time evolution circuit
is of constant depth. If we Trotterize the QITE unitaries as in Eq. 5.4 and similarly
for the real time propagator, the circuit is too deep to be accurately implemented on
existing quantum devices. Therefore, we recompile the circuit by fitting each QITE

~iATGlIl or the real time propagator el o a parametrized circuit [82—84]

unitary e
using an open-source tensor network-based quantum simulation library [85]. Figure
5.3a shows the recompiled four-site QITE circuit, where the U3 gate is a generic

single-qubit gate defined as

cos(6/2) —esin(6/2)

Us(0,0,1) = .
B e sin(6/2) %) cos(6/2)

(5.21)
The four Uz gates at the left constitute the base gate round. Each additional gate
round consists of a layer of CNOT gates and a layer of single-qubit gates. The
additional gate rounds alternate between even-odd and odd-even pairs of qubits.
Let the target unitary be Uyre and the recompiled unitary be Urc(60), where 6 is a
composite variable denoting all the angles. Given a reduced density operator p on
the finite domain acted on by the target unitary, the optimal recompiled unitary is
found by performing a gradient descent to maximize the function

F(G) = |Tr(Urec(0)TUtargp) g s

(5.22)

which can be interpreted as the fidelity between Upec(#) and Uy, With respect to
the reduced density matrix p. Since the QITE unitaries are real, we use the one-
parameter single-qubit gate R, (6) = U3(6, 0, 0) in the recompiled circuit for QITE,
while for real time evolution we keep the Us gate as the parametrized single-qubit

gate.

In Fig. 5.3b, we examine how recompilation affects observable values by simulating
the finite-temperature energy (E)g of the four-site TFIM with J = 3, & = 1 in the
absence of noise or measurement sampling. Both the D = 2 and the D = 4 QITE
unitaries are recompiled with three gate rounds, resulting in a circuit of the same form

as that shown in Fig. 5.3a. For both D = 2 and D = 4, the average recompilation
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A A D=4, unrecompiled
= D = 4, recompiled
=
—6
-8
—10

00 02 04 06 08 1.0
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Figure 5.3: (a) Four-site recompiled circuit. The four U3 gates at the left constitute
the base gate round. Each additional gate round includes a layer of CNOT gates
and a layer of single-qubit gates as shown in the dashed box. The additional gate
rounds alternate between even-odd and odd-even pairs of qubits, so that the circuit
shown consists of three gate rounds. (b) Comparison of the finite-temperature
energy (E)g of the four-site TFIM with J = 3, 4 = 1 with and without
recompilation in the absence of noise and measurement sampling. The imaginary
time step size in QITE is At = 0.05. For both D = 2 and D = 4, the observable
values from the recompiled QITE unitaries are within 0.1% of those from the
unrecompiled QITE unitaries.

fidelity defined in Eq. 5.22 is above 0.9999, and the observable values from the
recompiled QITE unitaries are within 0.1% of those from the unrecompiled QITE
unitaries. The observable values from QITE are also close to the exact values, which

is expected from a noiseless simulation.
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Error mitigation

To mitigate the effect of hardware noise on the measurement results, we post-
process our hardware data by error mitigation methods including post-selection,
readout error mitigation and phase-and-scale correction. Post-selection and readout
error mitigation are applied to the measurement outcomes at each imaginary time
step in the QITE subroutine; phase-and-scale correction is applied to the final
computed finite-temperature dynamical correlation function as a single-step post-
processing. Richardson extrapolation to the zero-noise limit on short-depth circuits
[86] as recently implemented in QITE [71] was also carried out; however, it was not

observed to further improve the results and hence was not applied in our calculations.

Post-selection is performed on Z; symmetries discussed in Sec. 5.3. When the
Hamiltonian and the initial state have Z; symmetries, the final state after imaginary
or real time evolution should have the same stabilizer parities as the initial state.
However, during execution of the circuit, gate errors and qubit decoherence can
induce nonzero overlap of the qubit state with the subspace of the wrong parity.
Post-selection can mitigate these undesirable effects by discarding measurement

outcomes with the wrong parity [87, 88].

We specifically consider the symmetry from a single stabilizer generator. If the
operator to be measured is an ancilla operator, we can simply measure the stabilizer
generator on all the system qubits and read off the parity without interfering with

measurement of the ancilla. If the operator to be measured acts on system qubits,

— X,Y,Z

| & X,Y,Z
T 4 QITE l
o X,Y, 7

JElEE

A

A
L/

Figure 5.4: Measurement of a Pauli string in a four-site QITE calculation with
post-selection on the stabilizer generator ZyZ1Z,Z3. The appended CNOT gates
achieve simultaneous measurement of the Pauli string with the stabilizer generator
by transforming ZyZZ,Z3 to Z3 acting on a single qubit, from which the stabilizer
parity is read off. The other qubits are measured in X-, Y- or Z-basis depending on
the Pauli string measured. Measurement outcomes with the wrong parity are
discarded.
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we need to simultaneously measure the operator and the stabilizer generator, which
is possible because all operators in Eq. 5.10 commute with the stabilizer generator
by our choice of Pauli strings in the QITE unitaries in Sec. 5.3. Specifically,
each operator and the stabilizer generator can be simultaneously measured by using
Clifford gates to transform the Pauli string components of the operator and the
stabilizer generator until they are qubit-wise commuting, so that their expectation
values can be read off on different qubits [89-92].

Figure 5.4 shows the circuit to simultaneously measure the stabilizer generator
Z0Z1Z>7Z3 and a Pauli string that commutes with it in a four-site QITE calculation.
The sequence of CNOT gates after the QITE circuit in Fig. 5.4 transforms ZoZ, 2,73
to Z3. Since Z3 acts on a single qubit, it necessarily qubit-wise commutes with
the transformed Pauli string. In practice, we stop applying CNOT gates when
the transformed Pauli string becomes qubit-wise commuting with the transformed
stabilizer generator, and therefore the number of CNOT gates added to the end of

the circuit ranges from zero to three.

To account for noise in the final measurement, the built-in readout error mitigation
routine in Qiskit [93] is applied to each measurement outcome. Because of the
small size of the systems we study, for N qubits we carry out full calibration on
all 2V initial states. Application of the inverse of the calibration matrix to the raw

measurement counts is performed by the default least-square fitting method.

We assess the effectiveness of applying post-selection and readout error mitigation
at every imaginary step of QITE by simulating the finite-temperature energy of two-
site and four-site TFIMs using full trace evaluation with measurement sampling and
the noise model from ibmg_rome. In both panels of Fig. 5.5, QITE is applied with
Pauli strings reduced and circuits optimized. In particular, four-site QITE unitaries
are of domain size D = 2 and recompiled with three rounds of gates. From Fig. 5.5
we can see that both readout error mitigation and post-selection shift the raw data
toward the exact data, confirming the effectiveness of both schemes in reducing
the effect of noise. Furthermore, a combination of readout error mitigation and
post-selection is observed to be most effective in mitigating the errors, which is not
apparent on two sites in Fig. 5.5a presumably because of the small size of the system

but clearly evident on four sites in Fig. 5.5b.

In calculations of finite-temperature dynamical correlation functions, the ancilla
qubit is in the state |+) before entangling with the system qubits. When there is a

long sequence of gates in the real time propagator e~ifl !, decoherence of the ancilla



49

—— Exact --¢-- Raw Readout
--4-- Post-selection --¢-- Readout + post-selection

0.0 (a) Two-site TFIM 0.0 (b) Four-site TFIM
—-0.4
2-0.8
T 1.2
—1.6

0.0 0.2 04 0.6 0.8 1.0 0.0 0.1 02 0.3 0.4 0.5
p B

Figure 5.5: Finite-temperature energy (E); of (a) the two-site TFIM with

J = h =1 and (b) the four-site TFIM with J = 3, 2 = 1, simulated with
measurement sampling and the noise model from ibmq_rome. The imaginary time
step size in QITE is At = 0.1 for two-site TFIM and At = 0.05 for four-site TFIM.
Raw data are post-processed at each imaginary time step with either readout error
mitigation, or post-selection, or both. Employing both readout error mitigation and
post-selection is observed to be most effective in mitigating the errors.

qubit such as amplitude damping to the qubit ground state |0) and depolarization
will significantly affect the X and Y measurement results on the ancilla. To mitigate
the effect of ancilla decoherence, we apply phase-and-scale correction [30, 31]
as a single-step post-processing to the result at the end of the calculation. The
only finite-temperature dynamical correlation function considered in this work is
(Zo(1)Zo)p, which is equal to 1 analytically at # = 0. Hence, we apply phase-
and-scale correction by dividing the raw hardware (Z(t)Zo)4 at each t by the raw
hardware (Zy(7 = 0)Z) 4 to enforce the condition (Zy(r = 0)Zo)g = 1.

In addition, Richardson extrapolation on the noise parameters [55] as recently im-
plemented in QITE has been attempted in the current project. However, it did
not improve the results on top of the error mitigation methods we already have,
and hence are not applied in our calculations. has been proposed as a promising
method in extrapolating out gate errors. However, in our two-site calculations,
the three error mitigation methods above already produced results good enough on
the constant-depth circuits and thus eliminate the necessity of applying Richardson
extrapolation. In our four-site calculations, where the circuits are not of constant
depth, the main source of the error is likely to be qubit decoherence resulting from
deep circuit rather than gate errors. Moreover, applying Richardson extrapolation

by repeating gates [71] result in circuits with more than 200 layers of gates, which
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are too deep to yield meaningful results on near-term devices. Consequently, we do

not apply Richardson extrapolation in our calculations.

5.4 Results

Experiments of computing finite-temperature observables were conducted on IBM
Quantum devices ibmq_bogota and ibmq_rome [94], both of which consist of five
qubits arranged on a chain with nearest-neighbor interactions and similar error rates.
IBM’s open-source library Qiskit [95] was used to implement our algorithms on the
devices. In each calculation, the N system qubits O, ..., N — 1 are arranged adjacent

to each other and the ancilla is closest to system qubit O.

The systems we study are sufficiently small that we apply QITE to approximate

the full imaginary time propagator e 27H

equivalent to setting L = 1 and H[1] = H in Eq. 5.1. The QITE linear systems

at each imaginary time step, which is

in Eq. 5.5 are solved by a conjugate gradient method. Because hardware noise
and measurement sampling lead to ill-conditioned A matrices in the QITE linear
systems, we add a regularizer of 0.2 to the diagonal elements of each A matrix in

the four-site calculations.

Each calibration circuit used for readout error mitigation is repeated 1000 times;
each Pauli string measurement circuit used to construct the QITE linear systems
is repeated 8000 times. Error bars from full trace evaluation result only from
measurement sampling and are the size of the markers in most figures; error bars
from stochastic trace evaluation originate from both measurement sampling and
initial state sampling. A detailed description of error bars in full and stochastic trace

evaluation is given in Appendix B.

Two-site calculations

We study the two-site TFIM defined in Eq. 5.17 by setting # = 1 and varying
J. The finite-temperature energy (E)z and static correlation function (XoXi)g
are calculated on the Hamiltonians with J = +1, +3, while the finite-temperature
dynamical correlation function (Zo(#)Zo)s and excitation spectra are calculated on
the Hamiltonian with J = 3. In all calculations, finite-temperature observables are
calculated by full trace evaluation and the circuits are optimized according to the

circuit optimization procedures in Sec. 5.3.

Figure 5.6 shows the finite-temperature energy (E)g and static correlation function
(X0X1)p of the two-site TFIM with J = £1, £3 from 8 = 0 to § = 2. In both 5.6a
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Figure 5.6: (a) Finite-temperature energy (E); and (b) static correlation function
(X0X1)p of the two-site TFIM with J = £1, £3 and h = 1 versus inverse

temperature 5. The imaginary time step size in QITE is At = 0.1. The observables
obtained on hardware are within 1-4% of the exact values.

and 5.6b the finite-temperature observables obtained on hardware are within 1%
to 4% of the exact values. Further, if we regard each finite-temperature variable
as a function of J, analytically it can be shown that (E)z (J) = (E)g (-J) and
(XoX1)z (J) = = (XoX1)g (—J). This relation is satisfied in the hardware data.

Next, finite-temperature dynamical properties were calculated on the two-site TFIM
with J = 3, h = 1. The dynamical correlation function (Zy(#)Z) 4 is evaluated from
B =0to B =2 and at real time from ¢ = 0 to t = 8x. Figures 5.7a and 5.7b show the
real and imaginary parts of (Zo(#)Zp)gatf =0.2and 8 = 1.8 uptot = 4x. From ??
we see that even without phase-and-scale correction, the real and imaginary parts of
(Zo(1)Zo) 5 agree well with the exact results at both small and large 3, presumably

due to the constant and shallow depth of the real time evolution circuit.

The spectral density S(w) is obtained by a discrete Fourier transform of the dynam-
ical correlation function (Zo(#)Zo)g. Specifically, at each 8

nl—l

1 ‘
S(wk) = — >~ (Zo(tm) ZoYg €', (5.23)
ny
m=0
where n; is the total number of points in the time series, t,, = mAt, and w; =
27k /n;At. With this definition of Fourier transform, the peaks at positive (negative)

frequencies correspond to emissions (absorptions) of excitations of the system.

To analyze the evolution of the excitation spectra across different temperatures,

we plot the amplitudes at the two emission frequencies versus S in Fig. 5.7d.
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Analytically, the amplitude of the transition from an initial state |¥;) to a final state
|‘I‘f) is e PEr| (il Zo|¥y) |2/ Z, where E s is the energy of the final state and Z is the
partition function. In the two-site TFIM, the only allowed transitions are between
the two states in each of the two-dimensional eigenspaces of ZyZ; with eigenvalues
+1. The frequency +7.18 corresponds to a transition in the +1 eigenspace, where
the ground state lies, and the frequency +5.94 corresponds to a transition in the —1
eigenspace, where the first excited state lies. As the temperature decreases from
infinite temperature (8 increases from 0), the populations in the two lowest states

first increase until the ground state population dominates
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Figure 5.7: Finite-temperature dynamical properties of the two-site TFIM with

J =3, h = 1. The imaginary time step size in QITE is set to AT = 0.1. (a) Real and
(b) imaginary parts of the finite-temperature dynamical correlation function
(Zo(1)Zo)p at p = 0.2 and B = 1.8 versus real time . (c) Finite-temperature
excitation spectra |S(w)|? versus frequency w. Positive (negative) frequencies
correspond to emissions (absorptions). (d) Amplitudes of the two emission peaks
at w =7.18 and w = 5.94. The hardware data capture finite-temperature dynamics
of two-site TFIM across a wide range of temperatures.

over that of the first excited state at around S = 0.4, a trend reproduced by the
amplitudes obtained from hardware data in 5.7d. Thus, 5.7 shows that quantum
hardware accurately captures the finite-temperature dynamics of the two-site TFIM

across a wide range of temperatures.
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Figure 5.8: (a) Finite-temperature energy (E) 8 and static correlation functions (b)
(XoX1) g (©) (XoX2)4 (d) (XoX3) 4 of the four-site TFIM with J = 3, h = 1 versus
inverse temperature S with different QITE unitaries. The imaginary time step size
in QITE is set to AT = 0.05. The D = 2 QITE unitaries are either Trotterized as in
5.4 or recompiled, while all D = 4 QITE unitaries are recompiled. The results with
recompiled QITE unitaries are closer to exact results than the results with
Trotterized QITE unitaries due to circuit depth. Between the calculations with
recompiled unitaries, D = 4 is not necessarily closer to exact results than D = 2 for
all observables possibly due to the increased influence of hardware noise in the
larger linear systems.

Four-site calculations
We next proceed to four-site spin systems. We study the four-site TFIM defined
in Eq. 5.17 with J = 3, h = 1. Full trace evaluation is employed unless otherwise

specified.

First, let us consider gate counts in the four-site circuits. For the four-site TFIM with
D =2, after reduction by the Z; symmetry ZyZZ,Z3 there are six weight-two Pauli
strings, which are the ones given in Eq. 5.19. If we Trotterize the QITE unitaries
as in Eq. 5.4, each unitary requires 12 CNOT gates by the standard rotation gate

decomposition [32], which becomes unfeasible on near-term quantum hardware
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after the first few imaginary time steps. When D = 4, even after reduction by one Z;
symmetry there are still 28 Pauli strings in each QITE unitary. After Trotterization
and rotation gate decomposition, each QITE unitary requires more than 50 CNOT
gates for a single imaginary time step. Hence, when D = 2, we compute finite-
temperature observables both by Trotterizing and by recompiling the QITE unitaries
with three gate rounds; when D = 4, we only recompile the QITE unitaries with three

gate rounds. To obtain dynamical correlation functions, we additionally recompile
the real time propagator e~/ with five gate rounds. The number of gate rounds
is chosen so that the fidelity as defined in 5.22 is at least 0.999 on average in each

calculation.

Figure 5.8 shows the finite-temperature energy (E) g and static correlation functions
(XoX1)g,(XoX2)p,(X0X3)4 of the four-site TFIM. From the figure, we can see
that the finite-temperature observables calculated with Trotterized D = 2 QITE
unitaries deviate from those calculated with D = 2 recompiled QITE unitaries or
D = 4 recompiled QITE unitaries after 8 = 0.1. This deviation is due to the deep
circuit resulting from 12 layers of CNOT gates per imaginary time step, compared
to 3 layers of CNOT gates per imaginary time step in the recompiled circuit. The
observables from D = 2 recompiled QITE unitaries are in reasonable agreement
with those from D = 4 recompiled QITE unitaries for all 8, which is consistent with
the simulator results in the absence of noise or measurement sampling in Fig. 5.3b.
However, even the recompiled QITE unitaries are not able to track the exact finite-
temperature observables for § > 0.4. In particular, the slope is reversed compared
to the exact result for § > 0.5. QITE up to 8 = 0.5 corresponds to 5 imaginary
time steps and hence 15 layers of CNOT gates, which is almost at the limit of circuit

depth on these quantum devices.

To explore the scalability of our approach, we compare stochastic trace evaluation
with full trace evaluation in calculating the finite-temperature energy of the four-site
TFIM. Stochastic trace evaluation is performed by uniformly selecting initial states
in the full trace evaluation result with recompiled D = 2 QITE unitaries. In Fig. 5.9,
we plot the stochastic trace evaluation results with 10 and 20 samples along with the
full trace evaluation and exact results; the inset shows the running average of (E)g
versus number of samples ngamples. As can be seen from the figure, random sampling
with 10 samples already reproduced the results from full sampling on all 16 initial
states, indicating that using scalable sampling schemes is a promising approach to

studying larger systems.
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Figure 5.9: Finite-temperature energy (E) of the four-site TFIM with J =3, h =1
versus inverse temperature S using full and stochastic trace evaluation. QITE is
performed with recompiled D = 2 unitaries with a time step of At = 0.05. Results
of stochastic trace evaluation are shown with number of samples ngamples set to 10
and 20. Inset shows the running average of (E) B VErsus Ngamples using stochastic
trace evaluation at 8 = 0.2 (red symbols), with full trace evaluation (blue symbols)
and exact results (black solid line) plotted as constant values. Stochastic trace
evaluation with 10 samples is already sufficient to reproduce the results from full
trace evaluation across a wide range of .

Finally, in Fig. 5.10 we show the dynamical properties of the four-site TFIM with
J =3,h =1atp =0.2. The calculation is implemented by recompiling D = 2 QITE
unitaries with three gate rounds and real time propagation with five gate rounds.
Figure 5.10a shows the real and imaginary parts of (Zo(#)Zo)g after phase-and-
scale correction. With this correction, both the real and the imaginary parts show
good agreement with the exact result. Figure 5.10b shows the excitation spectra
obtained by Fourier transforming the exact and phase-and-scale-corrected hardware
(Zo(1)Zo) 3 at the same points in real time. The excitation spectrum from hardware
data accurately reproduces not only the frequencies w = 0, +4.90, +£6.37, +7.84 but

also the peak amplitudes.

The favorable agreement of the hardware (Zo(7)Zo)z with the exact result is in
contrast with the deviation of finite-temperature static observables from the exact
values in Fig. 5.8. In fact, the raw hardware (Zo(7)Zp)p at t = 0 is 0.821 +
0.397i, which is far from the exact value 1, indicating that the phase-and-scale
correction has a significant effect in correcting raw hardware data. Although in
Ref. [31] a phase-and-scale correction combined with readout error mitigation was
not observed to yield as large an improvement as we see in our hardware data, the

use of post-selection before the phase-and-scale correction in our implementation
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may be responsible for some of the improvement relative to exact results.

Even though the phase does not enter the static observables we computed, the lack
of a scale correction scheme for the static observables may explain their large de-
viation from the exact values compared to dynamical observables. Moreover, even
though the recompiled circuit in Fig. 5.10 includes up to 11 gate rounds with the
QITE and real time evolution gates combined, the ancilla is initialized after the
QITE circuit and hence only experiences 5 gate rounds prior to measurement. The
relatively shallow circuit applied to the ancilla may be another reason for the good
performance of the quantum device for calculating the finite-temperature dynamical
observable (Zy(1)Zo) -
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Figure 5.10: Finite-temperature dynamical properties of the four-site TFIM with
J=3,h=1atpB=0.2. QITE is performed with a time step of At = 0.05 and
recompiled D = 2 unitaries. (a) Real and imaginary parts of the finite-temperature
dynamical correlation function (Zo(#)Zy)g versus real time 7. Raw hardware data
are post-processed by phase-and-scale correction. (b) Finite-temperature excitation
spectra obtained by Fourier transform of exact and phase-and-scale-corrected
hardware (Zy(7)Zo) z at the same points in real time. The hardware (Zo(7) Zo)g and
excitation spectrum after phase-and-scale correction are in good agreement with
the exact results.

5.5 Conclusion and Outlook

Our work demonstrates that finite-temperature physics of quantum spin systems is
accessible with near-term quantum hardware and paves the way for further study
of finite-temperature phenomena on near-term quantum devices. With methods to
reduce required quantum resources and mitigate errors in raw hardware data, QITE
enables the practical calculation of finite-temperature energy, static and dynamical

correlation functions, and spectral densities of excitations.

On two sites, static and dynamical observables for a wide range of temperatures

are accurately captured by quantum hardware. An important factor underlying this



57

accuracy is the constant depth of the circuit in both QITE and real time evolution.
Constant depth in QITE allowed us to extend QITE-based finite-temperature cal-
culations from a single site [17]; constant depth in real time evolution allowed us
to reproduce exact finite-temperature dynamical correlation functions on quantum
hardware without phase-and-scale correction as compared to previous studies [30,
31].

On four sites, finite-temperature static observables calculated on quantum hardware
with circuit recompilation are in reasonable agreement with exact results at § <
0.5. We were also able to accurately reproduce the finite-temperature dynamical
correlation function using phase-and-scale correction at a high temperature g ~ 0.2.
However, accurate determination of observables at lower temperatures still appears
challenging using the current recompilation scheme where the QITE unitaries are
recompiled separately at each imaginary time step. Therefore, simulating quantum
systems at low temperature on near-term quantum computers will likely require
additional reduction of circuit depth such as recompilation with merged imaginary
time steps [73] or lower error rates on quantum devices either from efficient error

mitigation for imaginary time or from improvements in hardware.

To simulate larger systems, more qubits, deeper circuits, and a scalable method for
performing thermal averages are required. Since the main limitation in our four-site
calculations is circuit depth rather than system size, simulation of larger systems will
likely require more aggressive recompilation techniques. However, this recompila-
tion is scalable as the fidelity defined in Eq. 5.22 is evaluated on the reduced density
matrix. To investigate the scalability of the method to calculate thermal averages, we
examined how stochastic trace evaluation performs in calculating finite-temperature
observables compared to full trace evaluation. We found that on four sites stochastic
trace evaluation reproduced full trace evaluation results accurately in the tempera-
ture regime we studied. Compared to the previously proposed QMETTS algorithm,
stochastic trace evaluation has zero autocorrelation time. A detailed comparison
of QITE-based computation of finite-temperature observables with different sam-
pling schemes is a topic worth exploring. Furthermore, with the availability of
more qubits [28, 96], trading increased computational time due to sampling for
an increased number of qubits via constructing density matrix purification states
[57-59] may be another feasible direction for studying finite-temperature physics

on near-term quantum hardware.
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Chapter 6

FREQUENCY-DOMAIN RESPONSE PROPERTIES OF
DIATOMIC MOLECULES

IS.-N. Sun, B. Marinelli, J. M. Koh, Y. Kim, L. B. Nguyen, L. Chen, J. M.
Kreikebaum, D. I. Santiago, I. Siddiqi, and A. J. Minnich, “Quantum computation

of frequency-domain molecular response properties using a three-qubit iToffoli
gate”, npj Quantum Inf. 10, 55 (2024),

6.1 Introduction

A primary goal of emerging quantum computing technologies is to enable the sim-
ulation of quantum many-body systems that are challenging for classical computers
[1, 39, 40]. Early experimental demonstrations of quantum simulation algorithms
have focused on computing ground- and excited-state energies of small molecules
or few-site spin and fermionic models [41-44, 97]. More recently, the scale of
quantum simulation experiments has increased in terms of numbers of qubits, di-
versity of gate sets, and complexity of algorithms, as manifested in simulation of
models based on real molecules and materials [47, 98], various phases of matter
such as thermal [99], topological [100, 101] and many-body localized states [102,
103], as well as holographic quantum simulation using quantum tensor networks
[104, 105]. As quantum advantages in random sampling have been established on
quantum hardware [28, 106], focus has turned to the experimental demonstration of

quantum advantages in problems of physical significance [107].

For applications in chemistry and physics, the calculation of the response properties
of molecules and materials is of substantial interest [51]. Investigating response
properties in the electronic structure theory framework involves calculating quan-
tities such as the one-particle Green’s function [108] and density-density response
functions [109], which provide insight into interpreting experimental spectroscopic
measurements [110]. Response properties of molecules and materials can be de-
termined either in time domain or in frequency domain. Due to the natural ability
of quantum computers to simulate time evolution [1, 39], near-term algorithms to
compute time-domain response properties have been carried out on quantum hard-
ware [30, 31, 111]. However, computing the frequency-domain response from the

time-domain response using the typical gate set requires a time duration that exceeds
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Figure 6.1: Schematic of the diatomic molecules and diagrams of the LCU
circuits for computing transition amplitudes. (A) Schematic of the diatomic
molecules NaH and KH. The active space consists of only the highest occupied
molecular orbital (HOMO) and the lowest unoccupied molecular orbital (LUMO).
(B) The circuits to calculate diagonal transition amplitudes, where a is the ancilla
qubit and sg and s; are the system qubits. For the spectral functions the target
unitaries are X po and i?pg, while for the response function the target unitaries are
I and Zpg. (C) The circuit to calculate off-diagonal transition amplitudes in the
response functions, where ag and a; are the ancilla qubits, and sg and s; are the
system qubits. The double-controlled-Z gates are decomposed with either iToffoli
gates or CZ gates. In both (B) and (C), quantum state tomography (QST) is
performed on the system qubits.

the circuit depth limitations of near-term quantum computers.

An alternative approach to determine these response properties is by computing them
directly in the frequency domain. Frequency-domain algorithms generally involve
obtaining the ground- and excited-state energies as well as the transition amplitudes
between the ground state and the excited states. Although there are established
methods to obtain ground- and excited-state energies on quantum computers [33,
112, 113], calculating transition amplitudes is less straightforward. Various schemes
including variational quantum simulation [114-116], quantum subspace expansion
[117] and quantum linear algebra [118] to determine frequency-domain response
properties have been proposed. While variational quantum methods to compute
frequency-domain response properties have been demonstrated [119], the accuracy
of variational methods generally depends on the quality of the ansatz. Moreover,
quantum subspace expansion is susceptible to numerical instabilities from basis
linear dependence, and quantum linear algebra is out of reach for near-term quantum

hardware. Recently, a non-variational scheme amenable to near-term hardware
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implementation has been proposed [21, 22]. This scheme constructs the electron-
added and electron-removed states simultaneously by exploiting the probabilistic
nature of the linear combination of unitaries (LCU) algorithm [20]. Nevertheless,
this LCU-based algorithm has not yet been demonstrated on quantum hardware in

part due to the lack of efficient implementations of the multi-qubit gates.

In this work, we experimentally demonstrate the application of a high-fidelity three-
qubit iToffoli gate [19] on a superconducting quantum processor to the calculation
of frequency-domain response properties of diatomic molecules using LCU circuits.
The use of the iToffoli gate leads to substantial reductions in the circuit depth by
~ 50% and in the circuit execution time by ~ 40%. The transition amplitudes
between the ground state and the N-electron or (N + 1)-electron states of NaH
and KH molecules are computed on the quantum hardware and used to construct
spectral functions and density-density response functions. We apply error mitigation
techniques including randomized compiling (RC) [120, 121] during circuit construc-
tion, and McWeeny purification [122] during postprocessing, both of which result
in marked improvement of the experimental observables. The molecular response
properties obtained from the reduced-depth circuits with iToffoli decomposition
show comparable or better agreement with theory compared to those from circuits
with CZ decomposition, despite incomplete Pauli twirling in the RC procedure ap-
plied to the iToffoli gate. Although the particular calculation of this work would
require modifications to scale to larger systems, our results advance the general ap-
plication of multi-qubit gates to quantum chemistry and related quantum simulation

applications on near-term quantum hardware.

6.2 Materials and Methods

Calculation of Transition Amplitudes

In this section, we give the equations used to calculate transition amplitudes in the
spectral function and density-density response function from quantities measured
on hardware. We use the same notation as in the main text, where |¥y) is the
N-electron ground state, |‘P/11V 1y are the (N + 1)-electron states, and |‘I’§V ) are the
N-electron excited states. The transition amplitudes follow the same notation as in
Ref. [22], where the transition amplitudes from the ground state to the (N + 1)-

electron eigenstates in the calculation of spectral functions are
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The spectral function only requires the diagonal transition amplitudes. Theoretically
the (unnormalized) states after restraining the ancilla to |0) or |1) is %(X po
iy »o) [Po). Let the tomographed density matrices corresponding to these states be
pi(,. The diagonal transition amplitudes are calculated as the overlap between the

(N + 1)-electron eigenstates |‘I’f1\' 1} and the tomographed density matrices Pro

BY) o= (P o, 2, (6.3)
h — _
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Similarly, in the calculation of density-density response functions, we follow the
notation in Ref. [21] and define the transition amplitudes from the ground state to

N-electron eigenstates as

Napopo = (Polfpe TN Y (PN g0 | Po) (6.5)

In the diagonal circuits, theoretically the (unnormalized) state after restraining the
ancilla qubit to |1) is %(1 — Zpo) |Wo). Let the corresponding tomographed density
matrix obtained from experiments be p,,. The diagonal transition amplitudes
are calculated by taking the overlap of the N-electron eigenstates |‘Pﬁv ) and the
tomographed density matrix p,,

Nipopo = (P 1050 1P7)) (6.6)

In the off-diagonal circuits, theoretically the (unnormalized) states after restraining
the ancilla qubits to ker10 or |11) are }1[(1 —Zpo) £ (I = Zyo)] |Wo). Let the
corresponding tomographed states obtained from experiments be p;—;g, go' The

intermediate transition amplitudes obtained directly from |‘Pﬁv > are defined as

T/;_r,pcr,qo" = <lelv|p;a,qa-'|\Pﬁv>, (6.7)
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from which the off-diagonal transition amplitude is determined by Eq. 25 in Ref. [21]
(or equivalently Eq. 18 in Ref. [22]) as

- T7

A,po.qo’ -T

Nopoqor =€ ™ T ) + e (T] gope)- (6.8)

po,qo’ qo’,po

The transition amplitudes B (e) , B/(lh) calculated from Egs. 6.3 and 6.4 or N, calculated
from Eqgs. 6.6 and 6.8 are then combined with the ground-state energy E( as well
as the excited-state energies Eflv =1 or Eﬁv to construct the spectral functions or

density-density response functions.

Molecular Models

The molecular models studied in this work are HOMO-LUMO models of NaH
at bond distance 3.7 A and KH molecule at bond distance 3.9 A in the STO-
3G basis. The bond distances are chosen to ensure sufficient population in the
excited states to facilitate comparisons of the spectral peaks. Molecular integrals are
determined from PySCF [123]. Since our work focuses on comparing the transition
amplitudes, the ground- and excited-state energies are determined classically, as has
been performed in other quantum simulation demonstrations [64]. OpenFermion

[124] is used to map the second-quantized Hamiltonians to qubit operators.

Quantum Circuit Construction

The ground-state preparation gate on the system qubits is determined classically by
constructing a unitary that maps the all-zero initial states to the ground state and
then decomposed into three CZ gates and single-qubit gates using the KAK decom-
position [80]. The LCU circuits are then constructed by applying the gates shown in
Figs. 6.1b and 6.1c, where the SWAP gates are decomposed according to the scheme
in Ref. [125] and the circuits are transpiled by the functions MergeInteractions,
MergeSingleQubitGates and DropEmptyMoments in Cirq [34]. The transition
amplitudes are combined with the classically determined ground- and excited-state
energies to calculate the spectral functions and response functions (see Supplemen-

tary Sec. II).

Z, symmetry transformations on operators and qubit states

In this section, we describe the Z, symmetry transformations applied to the qubit
operators and ancilla qubit subspaces in the linear combination of unitaries (LCU)
algorithm. This transformation converts the four-qubit operators and qubit subspaces

into two-qubit ones, which are used in constructing the circuits for hardware runs.
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There are four spin orbitals in the diatomic molecules we study in this work. We
orderthemasO 7,0 |, 1 T, 1 | from left to right, corresponding to the qubit indices 0,
1, 2, 3, in the Pauli strings and qubit state bitstrings. The HOMO-LUMO molecular
Hamiltonians of NaH and KH have the same number of up-spin and down-spin
electrons. After Jordan-Wigner transformation, the parity of up-spin and down-
spin electrons correspond to the qubit operators ZIZI and 1ZIZ, which are Z;
symmetries of the Hamiltonian. The mean-field ground state |®y) = |1100) has the
expectation values (ZI1ZI) = (IZIZ) = —1, as does the exact ground state |¥y).

We can define three types of states in our calculation based on Z, symmetries: the
“up-spin” states are the states that have symmetries (ZIZI) = 1,{IZIZ) = -1,

which are obtained by applying d,1 or d; on the ground state; the “down-spin”

T
states are the states that have symmetries (ZIZI) = —1,(IZIZ) = 1, which are

T
pl
are the states that have the symmetries (ZIZI) = —1,{(IZIZ) = -1, which are

obtained by applying d,| or a' on the ground state; the “spin-balanced” states
obtained by applying the number operators on the ground state and have the same
symmetries as the ground state. Note that the up-spin and down-spin states here are
defined from the expectation values of the Z, symmetry operators but not from the
spin-z components of the corresponding molecular states. For example, the qubit
computational state [0100) represents the molecular state with a single electron in
the O | orbital, which has total spin-z expectation value of —1/2, but in our definition

it is classified as an up-spin state.

For each type of state, we aim to find a Z, transformation that generates the minimum

number of gates in the circuits that apply the creation or annihilation operators alh)

po
or the number operators 7,.,. Recall from the main text that in the Jordan-Wigner
transformation, the creation or annihilation operators &5,2 have the decomposition

Xpo % ¥y, where X,, and Y, are the Jordan-Wigner transformed Pauli X and
Y operators on orbital p with spin o, and the number operators 71,, have the
decomposition I — Z,-. The transition amplitudes under the Z, transformation Uz,

can be expressed as
(YA W0 = (P |US Uzdlg U, Uz, 90) = (¢ #1UL ) | Uz (Rper 2 18,00 US| (Uza]90)),
(6.9)

(B i W0) = (PN US, Uz US, Uz, [0) = (COYIUL, ) | Uz (1 = Zpo) UL | (U2190)),
(6.10)

where the transformed bra state, ket state and operator are grouped in brackets
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at the end of each equation. On the up-spin states, we use the transforma-
tion Uz, = CNOT(3, 1)CNOT(2,0); on the down-spin states, we use the trans-
formation Uz, = SWAP(2,3)CNOT(3, 1)CNOT(2,0), followed by multiplying
all the operators by —1; on the spin-balanced states, we use the transformation
Uz, = CNOT(2,3)CNOT(3, 1)CNOT(2,0). After the Z, transformation, the first
two qubits on the operators and the states are then truncated.

As an example, consider the transformation of the Pauli string X 11 = ZZXI. After we
apply the transformation CNOT(3, 1)CNOT(2, 0), the operator becomes -YZY Z. To
truncate qubit 0 and qubit 1, we need to find the constant factor after the transformed
Pauli string acts on the first two qubits of the ground state. The constant factor for
XIT is (011YZ|11) = i, where (01| are the bit values on the first two qubits of the
transformed up-spin states (‘lev *l |U;2 and |11) are the bit values on the first two
qubits of the transformed ground state Uz, o). The factor of i is then combined
with the rest of the Pauli string —YZ to give the final truncated form of the Pauli
string X 11 = —iYZ. The Pauli strings and qubit state bitstrings before and after the
Z, symmetry transformations and truncations are given in Table 6.1.

Quantum Device

The quantum device used in this work is a superconducting quantum processor
with eight transmon qubits [121, 126]. The algorithm is performed on a four-qubit
subset of the device with linear connectivity. Single-qubit gates are performed with
resonant microwave pulses. Multiplexed dispersive readout allows for simultaneous
state discrimination on all four qubits. CZ gates between all nearest neighbors
are performed according to the method in Ref. [127]. The same method allows
for a native CS gate on a particular pair of qubits according to the requirements
of the algorithm. While single-qubit gates are applied simultaneously, microwave
crosstalk requires that all two- and three-qubit gates are applied in separate cycles
from each other as well as from any single-qubit gates. TrueQ [128] is used for
circuit manipulations in the implementation of RC as well as gate benchmarking.
Internal software is used to map the circuits to hardware pulses for implementing

the native gate set.

Calibration of the iToffoli Gate
This work employs the recently developed C-iX-C iToffoli gate [19]. In this section
we outline the procedure for eliminating spectator errors during the gate application.

Since the gate acts on a three-qubit subset of the full four-qubit subsystem we need
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Figure 6.2: Cancellation of spectator error during iToffoli gate. (A) Ramsey
protocol for detecting spurious ZZ error between Q> and spectator Q3 during the
application of the iToffoli gate. (B) |0) population for Q3 after application of the
Ramsey sequence in (A) conditional on the state of Q,. The relative phase shift
between the sinusoidal curves gives the unwanted conditional phase ¢, which must
be corrected. (C) A pure iToffoli gate on Qp-Q5 is achieved by applying the
iToffoli drive from Ref. [19] followed by a CZ gate. (D) Same as (B) except now
the CZ4 correction gate is applied immediately after the iToffoli drive, correcting
the unwanted ZZ error.

to understand and correct the spectator error on the fourth qubit. For concreteness
we label qubits Q; fori = 0,...,3 where the iToffoli gate acts on Qp, Q1 and QO
with Q3 as the spectator qubit. States on the four qubits are denoted in the form
|00010,03). We run a simple circuit that prepares the system in either |100+)
or [101+) (where |+) = (|0) + |1))/V2) and apply the iToffoli gate in a Ramsey-
like sequence to determine the Z rotation on Q3 conditional on the state of its
nearest neighbor O, (see Fig. 6.2a for circuit diagram). We observe an unwanted
conditional phase interaction between O, and Q3 with a conditional phase ¢ = 48.4°
(see Fig. 6.2b). This interaction results from the conditional Stark shift between O,
and Q3 when a strong off-resonant drive is applied to Q> at the frequency of Q; to
implement the iToffoli gate [127]. We can use the same effect to undo the conditional

phase by applying simultaneous off-resonant drives to O, and Q3 for a period of
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121 ns following the iToffoli drive sequence, which explains why the iToffoli gate
duration in our work is longer than that in Ref. [19]. The full pulse sequence and
characterization of the residual conditional rotation with the cancellation applied
are shown in Figs. 6.2c and 6.2d. We benchmark the resulting gate implementation
using cycle benchmarking [129]. With this correction, we measure a gate fidelity
of 97.8% when isolated to the cycle that only involve qubits Qg, Q; and Q», and a
small reduction to 96.6% when including the idling spectator qubit Q3.

Two-qubit CZ and CS/CS" gates are calibrated according to Ref. [127]. Gate
fidelities and durations are listed in Table 6.2. Qubit coherence times are listed in

Table 6.3 for completeness.

Randomized Compiling for Non-Clifford Gates

In this section we outline a modified version of randomized compiling (RC) [120,
121] that is applied to the circuits used to compute the observables in the main text.
RC is expected to mitigate errors and improve algorithm performance. A broad
native entangling gate set is used, consisting of both Clifford gates (CZ) and non-
Clifford gates (CS, CST, iToffoli). RC is typically used with hard cycles of n-qubit
Cliffords where the twirling group 7 is chosen to be the group of tensor products
of n single-qubit Paulis. By the definition of Clifford gates, for any Clifford C and
twirling gate 7 € 7 there is some 7 € 7 such that C = TCT¢. When RC is applied
to the hard cycle Cj consisting of Clifford gates, it proceeds by choosing some T}
and T,f such that C, — TkaTkC . The single-qubit Paulis 7} and ch are compiled
into the easy cycles of single-qubit gates before and after the Clifford cycle Cy, thus
keeping the total circuit depth unchanged.

In order to generalize the method to the non-Clifford gates employed in this work
we first find the subsets 7x C 7~ for X = CS, CS', iToffoli where for all T € T
there is some 7¢ € 7x such that X = TXT¢. RC proceeds in the same way as above
except that the twirling gates for hard cycles consisting of gate X are simply chosen
from the subset 7x of Pauli strings that stabilize gate X. Both the CS and CS' are
stabilized by 4 of the possible 16 two-qubit Pauli strings and the iToffoli is stabilized
by 8 of the possible 64 three-qubit Pauli strings. For all these non-Clifford gates
the twirling and inversion gates are the same, 7 = 7¢. Results “with RC” in the
main text involve averaging the experimental bitstring output distributions over 100
equivalent circuit randomizations generated according to the process outlined here,

with each circuit measured for 500 shots. These are compared to results “without
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RC” in which the bare circuit is measured for 50000 shots such that the total number

of shots is maintained between the two implementations.

All error processes can be described by a superoperator acting on the density matrix
of the full qubit register. Written in the n-qubit Pauli basis this error process
matrix is referred to as a Pauli transfer matrix (PTM) with diagonal elements giving
Pauli fidelities and off-diagonal elements characterizing the unitary (coherent) and
non-unitary (incoherent) errors. As discussed in Refs. [120, 121], applying RC
tailors coherent errors into stochastic Pauli noise, which suppresses the off-diagonal
elements of the PTM resulting from coherent errors. This holds for the PTM
describing errors during the CZ cycles, since these undergo perfect Pauli twirling
(in the limit of infinite randomizations). However, in the case of the non-Clifford
gate cycles, the twirling is imperfect (since we only twirl over a subset of the n-
qubit Pauli strings). As a result, some, but not all, of the off-diagonal elements in
the corresponding PTMs are suppressed. In other words, not all coherent errors
are tailored to stochastic Pauli noise. This imperfect noise tailoring is the main

limitation of our approach to generalizing RC to non-Clifford gates.

We observe a small improvement in the state fidelities when using RC without
purification but a much larger improvement when using RC with purification. The
improvement in the state fidelities can be explained by the suppression of off-
diagonal components of the PTM due to coherent errors, which lowers the overall
error rate slightly. As discussed in the main text, if the stochastic Pauli error rates are
similar after noise tailoring then the errors are approximately depolarizing and can be
largely corrected by McWeeny purification. The deviation of the noise from purely
depolarizing is responsible (along with the finite number of randomizations) for the
remaining infidelity after RC and purification are applied. Conversely, without RC
a larger fraction of the error is a coherent over/under-rotation of the two-qubit Bloch

vector which cannot be corrected by purification.

6.3 Results

Quantum Algorithm for Transition Amplitudes of Diatomic Molecules

We consider the HOMO-LUMO models of the diatomic molecules NaH and KH
as shown in Fig. 6.1a (see Methods for parameters of the molecular models). Such
molecular models with reduced active space have been used in benchmarking quan-
tum chemistry methods on quantum computers [131]. The HOMO-LUMO model

generates two spatial orbitals or equivalently four spin orbitals, which correspond
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to four qubits after Jordan-Wigner transformation [38]. To reduce quantum re-
sources, we exploit the number symmetry in each spin sector to reduce the number
of qubits from four to two using a qubit-tapering technique [77] (details given in
Supplementary Sec. I).

The observables we aim to determine are the spectral function and density-density
response function. Suppose that the molecular Hamiltonian with reduced active
space has ground state |Wy) with energy Ey, and (N + 1)-electron eigenstates |‘P§V il)
with energies E 51\/ 1 Let d;a and d,, be the creation and annihilation operators
on orbital p with spin o, respectively. The one-particle Green’s function has the

expression [108]:

(Woldpo [P (PY* dge Wo)

Gpy(w) =
ra(@) %“ w+E0—EflV+1+i77

.y (Wolah, PNV (Y0 | Wo)
w—-Eo+EY"'+in

(6.11)
Ao

where w is the frequency and 7 is a small broadening factor. The spectral function

A(w) is related to the Green’s function by A(w) = -7~ Im Tr G(w).

For the density-density response function, we consider the charge-neutral N-electron
excited states |‘Pﬁv > with energies E ﬁv and the number operator 7, on the orbital p

with spin 0. The density-density response function has the expression [109]:

(6.12)

A N A
Lo (Polipe ) (Y [Aigo | Po)
R,y (w) = Z N )
y) w+Ey—-E} +in
The operators d;(,, dps and 7, are not unitary, but they can be written as linear

combination of unitary operators as

d;r)cr = (Xpa' - tia)/z, (613)
aAp(r = (Xp(r + tiO’)/z’ (6.14)
fpe = (I = Zp) /2, (6.15)

where [ is the identity operator, Z,, is the Pauli Z operator on orbital p with spin
o, and X po and Y »o are the Jordan-Wigner transformed Pauli X and Y operators
on orbital p with spin o~ with a string of Z operators included to account for the

anticommutation relation [38]. The Pauli strings X, , Y, and Z,, undergo the
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same transformation and qubit tapering process as the Hamiltonian (details given
in Supplementary Sec. I). Except for the identity operator which does not change
under the transformation, we label the transformed X,o, Yo, Zpo s Xpor, ¥por and

Zper.

The LCU circuits to calculate diagonal and off-diagonal transition amplitudes are
given in Figs. 6.1b and 6.1c, respectively. Each circuit has two system qubits s
and s, and one ancilla qubit ag or two ancilla qubits ag and a;. The unitary Uy
prepares the ground state |Wp) on the system qubits from the all-zero initial state.
The operators X po and ng are only present in the diagonal circuit in Fig. 6.1b since
the calculation of the spectral function only requires diagonal transition amplitudes.
The operators I and Z po are present in both the diagonal circuit in Fig. 6.1b and
in the off-diagonal circuit in Fig. 6.1c, since the density-density response function
requires both the diagonal and off-diagonal transition amplitudes. The remaining
two double-controlled identity gates that would complete the LCU circuit, which
correspond to the first double-controlled gate (controlled on |0) of both ag and a;)
and the third double-controlled gate (controlled on |0) of ag and |1) of a;) in Fig. 3 of
Ref. [22], are not shown because they are equivalent to identity gates on the whole
circuit. We note that the original algorithm [22] proposed performing quantum
phase estimation on the system qubits, but due to quantum resource constraints we
instead apply quantum state tomography [132] to the system qubits while measuring
the ancilla qubits in the Z basis.

In the diagonal circuits, we obtain the (unnormalized) system-qubit states %(f( po £
i¥po) [Wo) or 3(I £ Z,s) |Po) with probabilities p., where the probabilities are
specified by the ancilla measurement outcome as p;, = pg,=0 and p_ = py,=1; in
the off-diagonal circuits, we obtain the (unnormalized) system-qubit states }‘[(1 -
Zpo) £ ™I = Zyo)] o) with probabilities p., where ps = p(ag.a;)=(1.0) and
P— = Plag.ay)=(1,1)- We take the overlap of the tomographed system-qubit states
with the exact eigenstates, which are then postprocessed according to Eq. 18 in
Ref. [22] or Eq. 25 in Ref. [21] to yield the transition amplitudes (see Supplementary
Sec. II). The transition amplitudes are then used to construct the spectral function

and density-density response function according to Eqgs. 6.11 and 6.12.

In the following sections, for simplicity, we will denote the diagonal circuit that

applies the operator d;,? or A, as the po-circuit, and the off-diagonal circuit that

applies the operators 7, and 7i - as the (po, go’)-circuit.
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iToffoli versus CZ Decompositions in LCU Circuits

The transformed and tapered operators are two-qubit Pauli strings with multiplicative
factors of +1 or +i. To apply the single- or double-controlled gates, we follow the
standard multi-qubit Pauli gate decomposition [29] with the base gate as CZ or
CCZ and use CNOT gate equivalents, which consist of native CZ gates dressed by
Hadamard gates, to extend the weights of the Pauli strings. The multiplicative factor
—1 or +i can be applied as a single-qubit phase gate on the ancilla in the diagonal
circuits, or as the native CZ, CS, or CS™ on the two ancillae in the off-diagonal
circuits. Additionally, X gates are wrapped around the ancilla qubits controlled on
|0). Figure 6.3a shows how a double-controlled gate with ancilla ag controlled on

|1), ancilla a; controlled on |0), and a target operator —ZZ is applied on the device.

We decompose the CCZ gate either with the three-qubit iToffoli gate as shown in
Fig. 6.3b or with the native CZ gates. The iToffoli decomposition starts with a
double-controlled iZ component, followed by a long-range CS' gate to cancel the
phase factor i. The SWAP gates in the long-range CS" part of the circuit are further
simplified in the transpilation stage or decomposed into three CZ gates and additional
single-qubit gates according to a recent work on the same quantum device [125]. For
the CZ decomposition of CCZ, we use the topology-aware quantum circuit synthesis
package BQskit [133] to obtain the optimal decomposition as eight CZs under linear
qubit connectivity, as opposed to the six-CZ decomposition that requires all-to-all

qubit connectivity [134].

The spectral function only requires the four diagonal circuits O T,0 [, 1 T,1 |. The
density-density response function requires four diagonal circuits O 7,0 [, 1 T,1 |
and six off-diagonal circuits (0 T,0 |), (0 T,1 7),(0 T,1 ]),(0 [,1 7),(0 |,1 |
), (1 T,1 |). We use the same transpilation procedure to optimize the circuits
constructed from iToffoli decomposition and CZ decomposition (details given in
Methods).

The diagonal circuits after transpilation are relatively shallow circuits with maximum
circuit depth (excluding virtual Z gates) of 19, maximum two-qubit gate count of 7
and no iToffoli gates. In the off-diagonal circuits, the circuit depths range from 24
to 29 for iToffoli decomposition and from 54 to 59 for CZ decomposition. As for
the two- and multi-qubit gate counts, each iToffoli-decomposed circuit contains two
iToffoli gates and 9 to 12 native two-qubit gates, while each CZ-decomposed circuit
contains 19 to 21 native two-qubit gates. The iToffoli decomposition thus results in

~ 50% reduction in the circuit depth and the number of two-qubit gates compared
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Figure 6.3: Decomposition of the double-controlled composite gates in the
LCU circuits. (A) Example of the decomposition of a double-controlled —ZZ
gate, which is controlled on |1) of ag and |0) of ay, into CCZ (blue) along with
other single- and two-qubit gates. The X gates (green) are used to adjust the
control states; the CZ gate on ag and a; (purple) is used to adjust the overall
multiplicative factor, which is —1 in this case; the CNOT gate equivalents (orange)
are used to extend the weights of the Pauli string as in Ref. [29]. (B)
Decomposition of the CCZ gates with the iToffoli gate, which is a CC-iX gate with
both control qubits controlled on |0). The decomposition includes the equivalent
of a CC-iZ gate (light blue) and the equivalent of a long-range CS' gate (yellow).
The SWAP gates are simplified in the transpilation stage or further decomposed
with CZ gates according to Ref. [125].

to the CZ decomposition.

We also compare the durations of the circuits that result from the iToffoli decom-
position and the CZ decomposition. The duration of each CZ gate is 201 ns [125],
while the duration of each iToffoli gate is 413 ns [19]. Combined with other gate
execution times, the durations of the iToffoli- (CZ)-decomposed circuits range from
2.9-3.6 us (4.9 -5.5 us), corresponding to a reduction in circuit execution time of
approximately 40% from using iToffoli gates. This reduction in duration is expected
to have a more pronounced effect on deeper circuits with execution times compara-

ble to qubit coherence times, which are on the order of 30 — 50 us [125]. A complete
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Figure 6.4: Spectral function of diatomic molecules. Spectral function of (A)
NaH, (B) KH. The circuits to obtain the spectral function are shallow three-qubit
circuits that do not require the iToffoli gates. A broadening factor of n = 0.75 eV is
used to produce both the exact and the experimental spectra. The experimental
spectral functions are in quantitative agreement with the exact ones, with
maximum peak height deviation of 10.6%.

set of gate durations and qubit coherence times are given in Supplementary Sec. III.

Spectral Function and Response Function on Quantum Hardware

The spectral functions of NaH and KH are shown in Fig. 6.4. The density matrices
are obtained from quantum state tomography and postprocessed with McWeeny
purification. Randomized compiling is not employed in constructing the circuits
for obtaining these results. A broadening factor of = 0.75 eV is used to produce
both the exact and experimental spectra. As the peak frequencies are determined
classically, the primary metric for comparison of spectral functions is the peak
height. The experimental spectral functions show very good agreement with the

exact ones, with maximum peak height deviation of 10.6%.

We next turn to the density-density response function, which is more challenging
to compute than the spectral function because it requires the deeper off-diagonal
circuits containing three-qubit iToffoli gates. We begin by considering a specific
off-diagonal circuit needed for the density-density response function, the (0 T,0 |)
-circuit. To understand the influence of the iToffoli gate on the accuracy of the
executed circuit, we compute the fidelity of the whole qubit register obtained by
quantum state tomography versus circuit depth. The same quantity was computed
for a circuit using only CZ gates to decompose the double-controlled gates. The

results are shown in Fig. 6.5. Although the iToffoli decomposition shows a steeper
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Figure 6.5: Fidelity versus circuit depth of the (0 T,0 |)-circuit for NaH.
Fidelity for the iToffoli decomposition (blue), which has a circuit depth of 24, and
the CZ decomposition (yellow), which has a circuit depth of 54. The locations of
the iToffoli gates are marked by red crosses. The CZ decomposition results in
lower overall fidelity compared to iToffoli decomposition due to higher circuit
depth. The inset is the corresponding data from noisy simulation and shows a
similar trend. All results in this figure are raw experimental or simulated data
without any error mitigation.

decrease in fidelity compared to the CZ decomposition, the fidelity at the end of
the circuit is higher due to lower circuit depth. The noisy simulation in the inset
of Fig. 6.5 shows a similar trend. The iToffoli gate reported in Ref. [19] does
not consider spectator errors on neighboring qubits, which are cancelled out in the
gate calibration in this work (details given in Supplementary Sec. III). The cycle
benchmarking fidelity of the iToffoli gate accounting for the spectator qubit is 96.6%,
lower than the single-qubit gate fidelities which are above 99.5% and the two-qubit
gate fidelities which are between 98.0% and 98.7%, which may explain the steeper
decay in fidelity with circuit depth in the iToffoli circuit compared to the CZ circuit.

Next, we examine the fidelity of the final state in each iToffoli-decomposed circuit
used in the calculation of response functions. Figure 6.6 shows the system-qubit state
fidelities on each response function circuit for NaH, where McWeeny purification
is applied to the system-qubit density matrix after restricting the full density matrix

to each ancilla bitstring sector. Comparing the values in Fig. 6.6a with those in
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Fig. 6.6b, we can see that RC itself only results in a moderate improvement in
the fidelities, with the average diagonal fidelities changing from 84.6% to 85.5%
and average off-diagonal fidelities changing from 45.2% to 54.8%. However, the
results between Fig. 6.6b and Fig. 6.6d show that RC combined with purification
yields an average diagonal fidelity of 99.9% and an average off-diagonal fidelity of
96.0%, even though purification without RC only leads to a limited improvement in
the average diagonal fidelity from 85.6% to 95.7%, and in the average off-diagonal
fidelity from 45.2% to 67.4% in Figs. 6.6a and 6.6¢.

We now show the imaginary parts of the density-density response functions oo and
xo1 of NaH in Fig. 6.7. Here yqq is obtained from two diagonal circuits O T,0 |
and one off-diagonal circuit (0 7,0 |), while yq; is obtained from four off-diagonal
circuits (0 T,1 T7),(0 T,1 [),(0 |,1 7),(0 |,1 |). All experimental results are
postprocessed with purification after constraining the ancilla qubits to each bitstring
subspace. A broadening factor of n = 1.5 €V is used to produce the response

functions.

Overall, the iToffoli decomposition yields better results compared to the CZ decom-
position in the absence of RC, while both decompositions yield comparable results
when RC is applied. Examining the spectral functions in Figs. 6.7a and 6.7c, we
observe that the peak at 24.0 €V is not present in yoo and has the wrong sign in yo
under the CZ decomposition. Although the iToffoli decomposition also produces
the peak at 24.0 eV with the wrong sign in yoi, it produces a peak with a deviation
of 6.1% from the exact peak in ypo. The same trend occurs for the peak at 1.4
eV. Both decompositions result in similar deviations of the peak height at 1.4 eV
in yo1, where the deviation is 45.3% for the CZ decomposition and 52.5% for the
1Toffoli decomposition. However, in (o, the iToffoli decomposition yields a 26.6%
deviation from the exact peak in o, whereas the CZ decomposition produces the

peak more than twice the theoretical value.

The results for circuits constructed with RC are shown in Figs. 6.7b and 6.7d.
In yo0, deviations from the exact peak height at 24.0 ¢V and 1.4 eV are 34.8%
and 4.7% for the CZ decomposition, and are 11.8% and 24.0% for the iToffoli
decomposition. In yp;, deviations from the exact peak at 24.0 eV and 1.4 eV
are 5.7% and 28.2% for the CZ decomposition, but are 39.2% and 32.2% for the
iToffoli decomposition. Since the iToffoli gate is non-Clifford, our implementation
of RC results in incomplete Pauli twirling compared to applying RC to the CZ-

decomposed circuits (see Supplementary Sec. IV). The incompleteness of RC on



75

the iToffoli-decomposed circuits may explain why the two decompositions have
comparable peak height deviations with RC despite the initial advantage for the
iToffoli decomposition without RC due to its lower circuit depth.

This section presents the system-qubit state fidelities and density-density response
functions of the KH molecule. Figure 6.8 shows the system-qubit state fidelities in
the response function calculations of KH. In the case of RC without purification,
the average off-diagonal fidelity improves from 49.2% in Fig. 6.8a to 61.3% in
Fig. 6.8b, whereas the average diagonal fidelity slightly decreases from 91.5% in
Fig. 6.82t090.5% in Fig. 6.8b. Purification without RC shows a unified improvement
across both diagonal and off-diagonal fidelities, which change to 97.1% and 66.9%
from 91.5% and 49.2% respectively when comparing Fig. 6.8c to Fig. 6.8a. The
most significant improvement again comes from applying both purification and RC,
with the average diagonal fidelity 99.8% and average off-diagonal fidelity 95.9% in
Fig. 6.8d.

Figure 6.9 shows the density-density response functions of KH with all data post-
processed with McWeeny purification. Similar to the case of NaH, the iToffoli
decomposition exhibits a better agreement with exact results in the absence of RC.
For yoo without RC in Fig. 6.9a, the deviations from exact peak heights are 1.0%
and 13.9% for the iToffoli decomposition, but are 41.6% and 17.1% for the CZ
decomposition. For y(; without RC in Fig. 6.9¢c, although both decompositions fail
to capture the peak at 24 eV, the iToffoli decomposition reproduces the exact peak
with an 8.2% deviation while the CZ decomposition results in only around half of
the peak height for the peak at 1.4 eV. When RC is used to construct the circuits,
the results are comparable between the two decompositions. For ypo with RC in
Fig. 6.9b, the peak height deviations in the two peaks are 17.0% and 10.7% for the
iToffoli decomposition, which are slightly better than the CZ decomposition results
of 21.6% and 20.8%. For yo; with RC in Fig. 6.9d, the CZ decomposition exhibits
a better agreement, with peak height deviations of 4.2% and 7.7%, compared to the
values from the iToffoli decomposition of 26.6% and 45.5%.

6.4 Discussion

We have carried out an LCU-based algorithm to compute the spectral functions
and density-density response functions of diatomic molecules from the transition
amplitudes determined on a superconducting quantum processor. Using a native

high-fidelity iToffoli gate [19] has enabled the required circuit depth to be reduced
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by ~ 50% and the circuit execution time to be reduced by ~ 40%. These resulting
circuits produced better agreement with the exact results compared to the circuits
constructed only from single- and two-qubit gates when RC is not employed in
circuit construction. We also developed an RC protocol for the non-Clifford iToffoli
gate, and have shown that in the absence of complete Pauli twirling on the iToffoli
gate, the circuits constructed from iToffoli gates gave comparable results as the

circuits constructed only from single- and two-qubit gates with RC.

The quality of the computed observables was greatly improved by the use of several
error mitigation techniques. Specifically, our results highlight the significance of
RC [120, 121] combined with McWeeny purification [122] for quantum simulation.
McWeeny purification has been widely used in quantum chemistry [135] and started
to be exploited in quantum computing for constraining the purity of the output state
[47, 136]. Our results have shown that RC or McWeeny purification individually
only improves the experimental results to a limited extent, as observed in the change
of the average off-diagonal fidelities from 45.8% to 54.2% with only RC, and to
67.4% with only purification in Fig. 6.6. However, the combination of RC and
purification results in a substantial improvement in the quality of the results with the
system-qubit state fidelities being 96.0% on average.The larger improvement with
purification is explained by the fact that RC tailors coherent errors into stochastic
Pauli errors. If the rates of various stochastic Pauli errors are similar, the errors are
largely depolarizing and can be corrected by the purification procedure, yielding
the high fidelities in Fig. 6.6d (see Supplementary Sec. IV for further discussion).
Moreover, previous works applied purification to the whole qubit register, but we
have shown here that the purification scheme can be applied when there is purity
constraint on a subset of qubits. Additionally, our work is the first to apply RC to
the non-Clifford iToffoli gate. As more native non-Clifford two-qubit and multi-
qubit gates become available, our findings may guide future application of RC to
non-Clifford gates.

Our work is also among the first to demonstrate the practical use of a native multi-
qubit gate in quantum simulation. Although the particular problem in this work
would require modification to scale efficiently to larger system sizes, other quantum
algorithms for computing molecular spectra with potentially improved scalability
have been developed [114—-119] and could benefit from the use of multipartite gates.
Further, LCU as a general algorithmic framework is not limited to determining

transition amplitudes in frequency-domain response properties but has broader ap-
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plications in areas such as solving linear systems [137], simulating non-Hermitian
dynamics [138], and preparing quantum Gibbs states [139]. Besides the LCU al-
gorithm, quantum algorithms such as Shor’s algorithm [140] and Grover’s search
algorithm [141] can benefit from native three-qubit gates with reduction in circuit
depths and gate counts. Quantum algorithm design and implementation thus far
have been mostly restricted to single- and two-qubit gates due to their ease of im-
plementation and demonstrated high fidelities. Meanwhile, early implementations
of three-qubit gates [142—144] were generally slower and more prone to leakage and
decoherence compared to the iToffoli gate employed here due to populating higher
levels outside the qubit computational space. However, more recent implementa-
tions of three-qubit gates [19, 145-148] have begun to address these challenges
yielding fidelities approaching those achieved with two-qubit gates. Further, they
have been carried out on quantum devices with tens of qubits, suggesting their utility
for larger-scale quantum devices. As such native multi-qubit gates become more
prevalent, our work paves the way for using them as native gate components in future

quantum algorithm design and implementation.
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Pauli

Trans-

string Orlglqal formed Original qubit Transformed
Pauli . o qubit state
transfor- . Pauli state bitstrings .
: strings : bitstrings
mation strings
XOXI - X111 11 (N+1)-electron: (N+1)-electron:
07
Up-spin YOI; - Y111 ZI 1110, 1011, 10, 11,
o1
0= gxi ~iYZ (V= 1)- (N =1)-
X7 electron: electron:
o ] —izzyl ~XZ 0100, 0001. 00, 01.
17
}_(Ol —
% ZXII 1Z (N+1)-electron: (N+1)-electron:
0l
Down-spin YOI% - iZYIl zZ7Z 1101, 0111. 10, 11.
0l
X = gz iY1 (N =1)- (N = 1)-
Xy electron: electron:
o Y = izzzY X1 1000, 0010 00, 01.
1
Zop —
7 ZIIl -ZI 1100, 00,
07
Spin—balancedZOZl - 1ZI1 -77 1001, 01,
0l
ZlT —
7 11Z1 Z1 0110, 10,
17
Zy —
5 1117 Z7Z 0011. 11.
1

Table 6.1: Pauli strings and qubit state bitstrings under Z, transformations and
truncations. Each Pauli string is characterized as up-spin or down-spin depending
on whether it originates from a creation or annihilation operator applied on an
up-spin or a down-spin orbital of the ground state, and is characterized as
spin-balanced if it originates from a number operator applied on the ground state.
The qubit state bitstrings are similarly characterized as up-spin, down-spin or
spin-balanced by the type of operator that yields the state after applying on the
mean-field ground state |1100), which are consistent with the classification based
on the expectation values of the Z, symmetry operators ZI/Z1I and IZIZ given in

the text.



79

Gate Qubit(s) Fidelity Duration (ns)

Qo 0.9959

1Q Cliffords 2 0.9949 60
0> 0.9956
03 0.9973
(Qo, Q1) 0.983

CZ (01, 02) 0.987 201
(Q2, 03) 0.980

CS (01, 02) 0.982 151

iToffoli (Qp, 01, Q2) 0.966 413

Table 6.2: Gate fidelities and durations. Single-qubit Clifford gate fidelities are
measured using simultaneous randomized benchmarking [130]. Arbitrary
single-qubit gates are decomposed into two real X/, gates (duration 30 ns) and
three virtual Z,4 gates (duration 0 ns) according to the ZXZXZ decomposition.
Two-qubit CZ and CS and three-qubit iToffoli gate fidelities are measured using
cycle benchmarking (CB) [129]. All CB fidelities are cycle fidelities including

spectator errors on idling qubits.

Qo O1 O O3
T, (us) 66 58 65 59
T (us) 38 24 39 47
T, (us) 71 77 86 61

Table 6.3: Qubit coherence times. 7 (energy decay time), 75, (Ramsey
dephasing time) and 7>, (spin echo dephasing time) for the qubits used in this work

as reported in Ref. [121].
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Figure 6.6: System-qubit state fidelities in the response function calculation of
NaH. (A to B) Fidelities between the raw experimental and exact system-qubit
density matrices without (A) and with RC (B). The diagonal elements correspond
to system-qubit density matrices in the diagonal circuits after taking the ancilla
state ag = 1, and the off-diagonal elements correspond to the system-qubit density
matrices in the off-diagonal circuits after taking the ancilla states either as

(ag,ar) = (1,0) (upper diagonal) or as (ag,a;) = (1, 1) (lower diagonal). (C to D)
Fidelities between the purified experimental and exact system-qubit density
matrices without (C) and with RC (D). Layout of the tiles are the same as in panels
(A) and (B). Without RC, purification raises the average off-diagonal fidelity from
45.2% to 67.4%, but with both RC and purification the average off-diagonal
fidelity increases to 96.0%.
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Figure 6.7: Density-density response function of NaH. (A) Im y(o without RC.
(B) Im yoo with RC. (C) Im yq; without RC. (D) Im y(o; with RC. All experimental
results are postprocessed with McWeeny purification on the system-qubit states
after constraining to the ancilla bitstring subspace. A broadening factor of = 1.5
eV is used to produce the spectra. Without RC, the iToffoli decomposition yields
qualitatively better results compared to the CZ decomposition. After RC is
applied, the two decompositions yield comparable results.
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Figure 6.8: System-qubit state fidelities for the response function calculation of
KH. (A to B) Fidelities between the raw experimental and exact system-qubit
density matrices without (A) and with RC (B). (C to D) Fidelities between the
purified experimental and exact system-qubit density matrices without (C) and
with RC (D). Layout of the tiles in each panel is the same as in Fig. 5 in the main
text. Similar to NaH, without RC, purification raises the average off-diagonal
fidelity from 49.2% to 66.9%, but with both RC and purification the average

off-diagonal fidelity increases to 95.9%.
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Figure 6.9: Density-density response function of KH. (A) Im yqo without RC.
(B) Im yoo with RC. (C) Im yp; without RC. (D) Im y(o; with RC. All experimental
results are postprocessed with McWeeny purification on the system-qubit states
after constraining to the ancilla bitstring subspace. A broadening factor of = 1.5
eV is used to produce the spectra. Similar to NaH, the iToffoli decomposition
yields qualitatively better results compared to the CZ decomposition in the absence
of RC. After RC is applied, results from the two decompositions are comparable.
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Chapter 7

MEASUREMENT-INDUCED STATE PREPARATION

7.1 Introduction

Recently, there has been a renewed interest in measurement-based quantum com-
putation [149-152]. Compared to the traditional approach of performing unitary
evolution on an initial quantum state, measurement-based quantum computation pro-
cesses quantum information by adaptive measurements on highly entangled states,
where the state to be measured is called the resource state [153]. Compared to
the conventional approach where time evolution is applied on a quantum computer,
measurement-based quantum computation has the benefit of circumventing deep
quantum circuits. Measurement on cluster states has been shown to generate states
with long-range entanglement such as the Greenberg-Horne-Zeilinger (GHZ) state

or states with certain topological orders [154—157].

Meanwhile, the limitations of existing quantum hardware have spurred a surge of in-
terest in the development of software for quantum circuit simulation. There are two
main approaches to simulating quantum circuits: state vector simulation, which rep-
resents the quantum state in its full state-vector form, and tensor network simulation,
which constructs the quantum state approximately with tensor networks. Recently
developed high-performance simulators for the state-vector approach include the
Intel Quantum Simulator [158], the gsim simulator [159], and the cuStateVec li-
brary in cuQuantum [24]. However, the state-vector approach requires exponential
storage space for the quantum state and thus suffers from memory issues. On the
other hand, tensor networks have been demonstrated to efficiently simulate quan-
tum circuits without exponential memory requirements [11]. A series of software
packages for tensor network simulations have been developed in recent years, in-
cluding Quimb [85], TensorNetwork [160], ExaTN [161], TensorCircuit [162] and
the cuTensorNet library in cuQuantum [24]. In particular, the cuTensorNet library
leverages the power of graphical processing units (GPUs), which has been an indis-
pensable component in the recent advancements in fields such as machine learning
[163].

Here, we use tensor network methods to carry out a quantum simulation protocol

[23] that reproduces phase transition in random-bond Ising models (RBIMs) [164]
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from cluster states [153]. Although a similar protocol has been formulated [165]
and implemented [166] on quantum hardware, the insight of the current protocol in
Ref. [23] is that we can perform decoding instead of post-selection on the measured
bitstrings to uncover hidden phases in the quantum state. Equipped with the high-
performance simulation library cuTensorNet [24] on GPUs, we perform simulation
on the bipartite Lieb lattice on up to 176 qubits. In one dimension (1D), we compute
the correlation functions and extract the correlation lengths; in two dimensions (2D),
we compute the ferromagnetic susceptibilities and observe the phase transition from

the ferromagnetic phase to the paramagnetic phase along the Nishimori line [164].

This chapter proceeds as follows. In Sec. 7.2, we present the quantum simulation
protocol for observing phase transition in RBIM from Ref. [23] and the tensor net-
work implementation details. Next, we show the results on 1D and 2D cluster states
in Sec. 7.3, focusing on correlation lengths in 1D and ferromagnetic susceptibilities
in 2D. In Sec. 7.4, we discuss the broader context and implication of this work with

regards to tensor network-based simulation of quantum computation protocols.

(@)

(b)

o

Figure 7.3: (a) 2D Lieb lattice where each vertex (blue circle) or edge (green
square) represents a qubit. The gray lines connecting a vertex qubit with an
adjacent edge qubit represent the bond between two qubits, which is at most
dimension 2 in the cluster state. The edge qubits are measured with angle 6 away
from the X-basis while the vertex qubits are measured in the Z-basis. The
measured bitstrings are decoded according to the protocol introduced in Ref. [23]
before computing physical observables. (b) Application of the entangling CZ gates
to adjacent qubits initialized in the |+) state. Initially there is no bond between a
vertex qubit and its adjacent edge qubit. After CZ gates are applied on all qubits,
the maximum bond dimension is 2 without any truncation error.
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7.2 Methods

Quantum Protocol

The simulations in this work follow the protocol introduced in Ref. [23]. We first
build a cluster state on a 1D or 2D Lieb lattice as in Fig. 7.1, where the 1D lattice is
divided into the sublattice on all odd sites and the sublattice on all even sites, and
the 2D lattice is divided into the sublattice on all vertex sites and the sublattice on
all edge sites. For simplicity of notation, we will denote the sublattice of odd or
vertex sites as V' and the sublattice of even or edge sites as &. The measurement
results on the V sublattice are denoted as {o, }, <y, and those on the & sublattice
are denoted as {s.}.cs. We will use the notation v € e to indicate that the vertex v

is part of the edge e and hence the qubit at v is adjacent to the qubit at e.

Initially, a Hadamard gate is applied to convert each qubit in V and & to the |+)
state. CZ gates are then applied to all adjacent v-e qubit pairs to create the cluster
state. To measure qubits of the & sublattice in the basis tilted by 6 from the X-basis,
an R, (/2 — 6) gate is applied to each qubit of the & sublattice so that when 6 = 0,
the qubits are measured in the X-basis, and when 8 = 7/2, the qubits are meausred
in the Z-basis.

In the parameter regime under study, the measurement angle range of 6 = 0 to
6 = m/2 corresponds to an antiferromagnetic bond probability of p_ < 1/2. How-
ever, the output state in the quantum simulation protocol exhibits no preference of
ferromagnetic bonds over antiferromagnetic bonds. In order to recover the hidden
ferromagnetic order in RBIM from the quantum state, we need to convert each
obtained measurement outcome to the one with the least number of ferromagnetic

bonds, while preserving fluxes m, around each plaquette defined as

my, = l_[se, (7.1)

e€p

where p is a plaquette or a non-contractible loop (in 1D, the loop corresponds to the
line extending through all the & sublattice). The flux configurations are preserved

by attaching gauges to the “V sublattice such that

oy > 0y =60y, Se = Se = (l_[ tv) Se. (7.2)

vee
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The problem of finding the equivalent configuration with the smallest number of
ferromagnetic bonds can be mapped to the error syndrome decoding problem in
quantum error correcting codes [167], where we can use the minimum weight per-
fect matching (MWPM) algorithm [168] for efficient decoding without exponential

computational resources.

After the decoding process which produces the gauges {z;}, the observables can be
computed with the decoded values {7} in the corresponding formulas. Although
phase transition is not present in 1D RBIM, we can compute the ZZ-correlation
function C,, = (Z|Z»,+1) on the even sites and extract the correlation length £. The

correlation function C, has the expression:

Hnmzl SZm(COS O)n + H,,N1:n+1 Szm(COS Q)N_n
1+ (szl sz,n) (cos )N
& =—Incosé. (7.4)

Co = (Z1Zons1) = — e (13)

In 2D RBIM, there is a phase transition from the ferromagnetic phase to the paramag-
netic phase. Along the Nishimori line [164], the antiferromagnetic bond probability
at the transtion point p* was determined numerically to be 0.109 [169], which cor-
responds to a measurement angle 6 = 38.6° in the quantum computation protocol.
We use the ferromagnetic susceptibility y as the order parameter for the phase

transition:

1
W= D (L), (7.5)

Viyyey

To compute the variance of y, we need the quantities (y) and (y?). In practice, we
only compute the unique vertex pairs i <> j. The equations for (y) and (y?) are

thus given by
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1
W =5 ; P(0o) le(z,-Z,-)o (7.6)
:ZP(O')(1+—Z(ZZ )O_), (7.7)

o o]
o) = % D Po) Z(z,-zjzkz»o (7.8)

V o ijkl
= > P(o) 1+—Z(zz )or 1+—Z(zkzl)(, (7.9)
o iej 2 kel

:ZP(O') 1+—Z(ZZ)U (7.10)

o iej

Implementation Details

We use tensor network methods to carry out the present quantum simulation protocol.
The tensor network is constructed with a 2D Lieb lattice structure where each lattice
site contains a tensor (the 1D lattice is simply obtained by setting one of the two
dimensions to 1). The total number of tensor elements increases after the application
of entangling CZ gates, in which case the composite tensor need to be decomposed
with singular value decomposition (SVD) where the middle bond can be truncated,
as illustrated in Fig. 7.2. The bond dimension is maintained at 2 throughout the

construction of the cluster state and the application of R, gates before measurements.

Measurement on the quantum state is implemented with the standard numerical
simulation procedure of computing the marginal distribution on a subset of qubits,
sampling bitstrings on the subset of qubits, and fixing these qubits to the sampled
bitstrings before proceeding to sample the next subset of qubits, until all qubits
have been sampled [85]. The number of qubits in the subset during the sampling
iterations, which is a parameter called the group size, is set to 4 in our simulations.
Each circuit is sampled 1000 times to obtain the bitstrings. Additionally, as the
norm of the intermediate tensor networks under study experiences super-exponential
decreases, we multiply a factor to all tensors in the network in order to avoid

underflow in the probabilities when sampling each subset of qubits.

The simulations are executed on NVIDIA H100 GPUs hosted at Caltech’s High-
Performance Computing Cluster. We use the GateSplit algorithm from the cuTen-
sorNet library [24] to perform the combined step of contracting two site tensors (one

on a vertex qubit and the other on an edge qubit) and one gate tensor followed by
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Figure 7.6: (a) Correlation function (Z;Z,+1) as a function of site separation n on
1D L = 50 lattice. The correlation function is plotted for four angles

0 =0.01m,0.057,0.157,0.257. In the thermodynamic limit, the correlation
function should follow an exponential decay. The state on the odd sites starts from
a GHZ state at 0 = 0 to a product state at & = /2, and therefore we see a more
rapid exponential decay as 6 increases. (b) Correlation lengths & from fitting the
correlation function to the analytical result e™"/¢ for L = 30,50, 100. For each L,
we use the first 1/5 of site separation in the correlation function (Z;Z,,) data for
the nonlinear least-square fit. The exact result reflects the analytical expression of
the correlation length & = —In cos 6 from the protocol. The inset displays the
difference between the simulated and exact correlation lengths. Although the
simulated correlation lengths are expected to match better with the exact
correlation lengths when L increases, we observe the best agreement with the exact
result at L = 100 but L = 50 has worse agreement compared to L = 30.

decomposition and truncation of the middle bond. In the bitstring sampling process,
contraction of the full tensor network to marginal tensor networks is also performed
through the cuTensorNet library. Data in the tensors are managed through the
NumPy library [170] on CPU and through the CuPy library [171] on GPU. We use
the PyMatching library [172] to decode the measured bitstrings with the MWPM

algorithm.

7.3 Results

1D Cluster States

In Fig. 7.4, we present the correlation function (Z;Z;,+1) as a function of site sepa-
ration n on a 1D lattice with a size of L = 50. The correlation function is displayed
at four distinct angles: 6 = 0.01x,0.057,0.157,0.257. In the thermodynamic
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limit, the correlation function is expected to exhibit an exponential decay, with a
more rapid decay for larger measurement angle 6 since the state evolves from an
maximally entangled GHZ state at 6 = 0 to a completely unentangled product state
at & = 0.57. Indeed, we observe an almost constant value when 6 = 0.017 and
sequentially more rapid decay as 8 proceeds to 0.057,0.157 and 0.257. The trend
we see in the correlation function agrees with the theoretical prediction.

Figure 7.5 shows the correlation lengths & obtained through non-linear least-square
fit of the correlation function to the analytical result e™/¢ for lattice sizes L =
30, 50, 100. To minimize finite-size effect, we utilize only the first 1/5 of site sepa-
ration in the correlation function (Z;Z,,+) data for each L to avoid the parameter
regime where n is close to L. The exact correlation length, derived from the ana-
lytical expression & = — In cos 6 inherent in the protocol, serves as a benchmark for
comparison. The inset of the figure illustrates the disparity between the simulated
and exact correlation lengths. While an overall improvement in agreement is antic-
ipated as L increases, we first observe the best agreement for L = 100, showing a
convergence towards the exact result. However, the agreement for L = 50 is less
accurate compared to L = 30. This discrepancy prompts further investigation into

the interplay between lattice size, correlation length, and the protocol parameters.

2D Cluster States

Moving to two dimensions, Fig. 7.7 illustrates the ferromagnetic susceptibility y as
a function of the measurement angle 6 on a 2D lattice with L = 4,5,6,7,8. The y
values are normalized by dividing by L? to facilitate comparisons across different
Ls. The dashed black line represents the theoretically predicted phase transition
angle of 38.6° in RBIM. The data exhibits the expected behavior as y/L? = 1 on
the GHZ state at 6 = 0 and progresses to y/L? = 0 on the product state at § = 90°.
This alignment with theoretical predictions underscores the qualitative accuracy of

our simulated results.

Continuing our exploration of the 2D model, Fig. 7.8 shows the normalized variance
of the ferromagnetic susceptibility as a function of the measurement angle 6 for
various lattice sizes, specifically L = 4,5, 6,7, 8. The dashed black line corresponds
to the theoretically predicted phase transition angle of 8* = 38.6° in the 2D RBIM
[169]. The variance of y is expected to exhibit a divergence at the critical point
as predicted by theoretical analysis and numerical simulations. While the peaks

of Var(y) show slight deviations from the exact transition angle 6* at L = 4 and
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5, for simulated data with L = 6,7, 8, all peaks align precisely at 6%, with peak
height increasing alongside the lattice size L. This convergence towards the exact

transition angle suggests a scaling behavior indicative of the critical phenomena.

7.4 Discussion

In this study, we employed tensor network methods to explore the measurement-
induced preparation of quantum states corresponding to phase transition along the
Nishimori line in RBIM. Our investigation marked an initial stride in the exploration
of measurement-induced state preparation from cluster states using tensor network

simulators on GPUs.

While our study successfully employed tensor network methods to reproduce phase
transition along the Nishimori line in 2D RBIM, it is crucial to acknowledge inher-
ent inefficiencies in the current tensor network implementation. These inefficiencies
highlight the need for future refinements and optimizations in the algorithm. Addi-
tionally, our exploration does not extend to multi-GPU configurations, representing
an unexplored direction in our approach. The potential of multi-GPU architectures
could significantly enhance computational efficiency, addressing existing concerns
and paving the way for more scalable simulations of quantum systems. Future
research endeavors should investigate both the optimization of tensor network im-
plementation and the exploration of multi-GPU configurations to further improve
the robustness and efficiency of the methodology in studying complex quantum

phenomena.

Furthermore, we should note a significant aspect that has not been addressed in
our study: the incorporation of noise into the simulation. As real-world quantum
systems are inevitably subject to various sources of noise, the incorporation of noise
into the simulation is crucial for a more accurate representation of experimental
conditions and have implications on whether the phase transition can be accurately
reproduced on real quantum hardware. Future research should aim to integrate noise
modeling into the simulation framework, providing a more realistic portrayal of the
quantum protocols when executed on quantum hardware and enriching the insights

derived from our study.

In conclusion, our investigation into phase transition phenomena in RBIM prepared
from cluster states through tensor network methods lays the groundwork for future
explorations in measurement-induced state preparation. While we acknowledge

the limitations in the current implementation, including inefficiencies in the ten-



92

sor network method, the unexplored realm of multi-GPU configurations, and the
absence of noise in our simulations, these aspects present avenues for refinement
and expansion in future work. Importantly, the applicability of our tensor network
simulation approach extends beyond the scope of this study, as it can be harnessed
to explore other measurement-induced protocols in the future. As the field of
measurement-based quantum computation continues to evolve, these avenues offer
prospects for further advancements in quantum research and the exploration of novel

measurement-induced protocols using tensor network simulations.
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Figure 7.9: (a) Ferromagnetic susceptibility y normalized by L? as a function of
the measurement angle 6 on the 2D lattice with L = 4,5, 6,7, 8. The dashed black
line corresponds to the theoretical RBIM phase transition angle 38.6°. In theory,
x/L? = 1 on the maximally entangled GHZ state when @ = 0 and y/L? = 0 on the
completely disentangled product state when 6 = 90°, which is what we observe
from the simulated data. (b) Variance of the ferromagnetic susceptibility Var(y)
divided by L? as a function of measurmeent angle 6 on the 2D lattice with
L =4,5,6,7,8. The dashed black line corresponds to the theoretical RBIM phase
transition angle 38.6°. Variance of y is expected to diverge at the critical point.
Although the peaks of Var(y) exhibit small deviations from the exact transition
angle 6%, the simulated data with L = 6,7, 8 all peak at 8* with peak height
increasing with the lattice size L.
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Chapter 8

CONCLUSION AND OUTLOOK

This thesis delved into leveraging near-term quantum computers for simulating
properties of quantum many-body systems especially within the linear response
framework. Through two experimental demonstrations of quantum simulation on
current quantum hardware, one on the finite-temperature properties of spin models
and the other on the frequency-domain response properties of molecular models, we
showed the current capabilities of superconducting quantum devices in simulating
many-body physics and how error mitigation techniques can further improve the
computed physical observables. Additionally, we used tensor network methods to
carry out a protocol for preparing quantum states and observed the phase transition in
the random-bond Ising model (RBIM). We found that with the latest tensor network
simulation libraries targeting graphical processing units (GPUs), we can execute

simulations on a scale that was not possible previously.

Our first work showed that finite-temperature properties of few-site spin systems, in
particular finite-temperature dynamical properties that require both real and imag-
inary time evolutions, are accessible on current quantum hardware. The quantum
imaginary time evolution (QITE) algorithm, improved by strategies to mitigate
errors and reduce quantum resources, is demonstrated to have the capability of
computing finite-temperature properties such as energy, correlation functions, and
spectral densities. Accurate simulations on two sites are achieved by maintaining
constant-depth circuits in both QITE and real-time evolution. On four sites, we
observed reasonable agreement in finite-temperature observables at high tempera-
ture using circuit recompilation techniques. However, as we enter the regime of low
temperature, which corresponds to long imaginary time, the observables determined
from quantum hardware exhibit relatively large discrepancies with the exact results,
indicating the need for more effective quantum resource reduction schemes. The
evaluation of thermal properties on reduced density matrices and the use of stochas-
tic trace evaluation as an alternative to full trace evaluation solidified the scalability
of our approach. With the availability of more qubits on quantum hardware, our
work lays the foundation for future scalable implementation of the QITE algorithm

for computing finite-temperature observables.
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Our second investigation harnessed a high-fidelity iToffoli gate to implement an algo-
rithm based on linear combination of unitaries (LCU) to compute Green’s functions
and density-density response functions of diatomic molecules on a superconducting
quantum processor. This work is among the first to demonstrate the practical use
of a native multi-qubit gate in quantum simulation. The iToffoli gate enabled the
reduction of circuit depths by ~ 50% and circuit execution times by ~ 40%. Our
results highlighted the importance of error-mitigation techniques in the LCU-based
algorithm. In particular, randomized compilation (RC) and McWeeny purification
when applied separately only improved the raw experimental data to a limited extent.
However, the combination of RC and McWeeny purification resulted in a substantial
improvement, with system-qubit state fidelities averaging over 96.0%. The ver-
satility of the LCU algorithm extends beyond computing transition amplitudes in
response functions, with potential applications to solving linear systems, simulating
non-Hermitian dynamics, and preparing quantum Gibbs states. As native multi-
qubit gates become more available on quantum hardware, our study anticipates their
incorporation as native gate components into future design and implementation of

quantum algorithms.

In the third study, tensor network methods were employed to investigate the measurement-
induced preparation of states corresponding to certain phases of the RBIM. In one
dimension, we computed the correlation function and observed the transition from
the ferromagnetic phase to the paramagnetic phase where the correlation length
determined from the non-linear least-square fit approaches the exact value as the
number of sites increases. In two dimensions, we computed the ferromagnetic
susceptibility and observed the transition from the ferromagnetic phase to the para-
magnetic phase where the critical phase transition angle agrees with the value de-
termined from theoretical analysis. This exploration represents an initial foray into
understanding measurement-induced state preparation from cluster states. How-
ever, inherent inefficiencies in the current tensor network implementation and the
unexplored dimension of multi-GPU configurations underscore the need for future
refinements and optimizations. The absence of noise modeling in our investigation
emphasizes a crucial avenue for future research to bridge the gap between theo-
retical simulations and real-world quantum systems. Despite these limitations, our
study lays the groundwork for future explorations in measurement-based quantum
computation, showing the versatility of tensor network simulations and their po-
tential applications in understanding measurement-induced protocols in quantum

information processing and computation.
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In conclusion, this thesis explored the potential of near-term quantum computers
to simulate properties of quantum many-body systems within the linear response
framework. Through experimental demonstrations on current quantum hardware,
we investigated finite-temperature properties of spin models and frequency-domain
response properties of molecular models. These studies highlighted the capabilities
and limitations of superconducting quantum devices and the significant role of
error mitigation techniques in improving physical observables. The application of
tensor network methods enabled the preparation and analysis of quantum states,
revealing critical phase transitions in the RBIM and demonstrating the scalability
of these methods using GPU-based libraries. Collectively, these investigations pave
the way for future research in quantum simulations, emphasizing the importance
of continuous advancements in hardware capabilities, error mitigation strategies,
and algorithmic innovations to realize the full potential of quantum computing in

studying complex quantum systems.
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Appendix A
PROOF OF PAULI STRING REDUCTION BY Z, SYMMETRIES

In 5.3 we introduced a scheme to reduce Pauli strings in the QITE unitaries by Z,
symmetries. We mentioned that rather than impose Z; symmetries when choosing
the Pauli strings in the QITE unitries, the original QITE algorithm subsumes the
preservation of Z, symmetries. We now restate the proposition and present a proof

that derives directly from the QITE linear systems in 5.5.

Proposition 13. Suppose QITE is applied to approximate the imaginary time prop-

-AtHI o the state |W). If there exists a stabilizer S such that every element

agator e
of S commutes with H[/] and |¥) € Vg, then

(a) The action of eATGU1 on W) with ou € Ppyyy is equivalent to the action with
oy € Plfly] NN(S)/S,

(b) e ATGU 1Py € V.

Proof. Pick o, ¢ N(S). Since e~A7HI commutes with elements of S and |¥) €
Vs, for any s € S we have (V| e‘ATﬂ[Z]O',,s |P) = —(¥| se‘ATﬁ[l]O'ﬂ |¥), which
implies (V| e‘ATﬁU]O'ﬂ |¥) = 0. Hence

CIm(Ple A gy Yy

H Atc[l]1/? 0 (A1

Now fix the columnindex v such that o, € N(S), thenforanys € S, (Y| o,0ys |¥) =
—(¥| s ooy |¥), which implies (¥| 0,0 |¥) = 0. Hence

Auy =Re((¥Y|oyoy |¥)) =0 (A.2)

Since A is Hermitian and real, A,, = A:‘“, = Auy = 0. Thus the linear system has

)3}
x[1]” 0

where the quantities with single primes are indexed by u such that o, € N(S) and

the block-diagonal form

AllT 0
0 A[l]”

those with double primes are indexed by u such that o, ¢ N'(S). By setting x[I]”
to 0, the linear system is reduced to A[l]'x[l]" = b[I]’.
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To show that the set of o, can be reduced from N (S) to N'(S)/S, suppose o, and

o belong to the same coset in N (S)/S, then oy = £07,s for some s € S. In the
QITE unitary e 276l = 3% \(—iAT)K(Z, x[1]4o)¥, each term in the sum is a
power of —iAt times a product of the form [, (x[/],0). If a product term contains

x[1] yroy, the action of this term on |¥) is proportional to

(Hx[l]ww) (xLwrow) (Hx[z]ww

4 4

|'¥) (A4)

In the product over v/, each oy € N(S), so [ 1,/ (x[{],70y) |[¥) € Vs. Then A.4 is

equivalent to

%) (A.5)

(nx[l]v”a'v”) (xx[l] o) (l_[x[l]v’o'v’

VII VI

Since this applies to every pair of Pauli strings in the same coset, G [I] can be written

as

Gl = x[,ou, (A.6)
H

where p is chosen such that o, € Py NN (S)/S, x[1], = 2 nwx [l nw = £1
and p’ is chosen such that oy € 0, S.

—-intGlI]

Since all Pauli strings on the exponent of e commute with elements of S,

¢~IATGI commutes with elements of S and hence e A7¢11 P € V. O
Our Pauli string reduction scheme is related to the qubit encoding scheme that
removes redundant qubits by exploiting Z; symmetries reported in Ref. [77]. In the
qubit encoding scheme, a Hamiltonian over some number of qubits is transformed
to another Hamiltonian over a smaller number of qubits by a series of Clifford gates.
Our Pauli string reduction scheme coincides with the qubit encoding scheme when
the domain size D equals the total number of qubits N, in the sense that the reduced
set of Pauli strings in our scheme exactly corresponds to all Pauli strings in the

encoded Hamiltonian with redundant qubits removed in the qubit encoding scheme.

However, because the weight of a Pauli string can change during the Clifford trans-
formation, the two schemes differ when D < N. On the one hand, some Pauli strings
can decrease in weight after encoding. If we include all Pauli strings with domain
size D in the encoded Hamiltonian, these Pauli strings might include those with

domain size D’ > D in the original Hamiltonian, thus increasing the total number
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of Pauli strings. On the other hand, some Pauli strings can increase in weight after
encoding and result in an increased cost of the QITE algorithm. As an example,
consider performing QITE on a Hamiltonian with periodic boundary condition and
the Z, symmetry ZoZ1Z>Z3. One of the D = 2 Pauli strings is XpY3. In the qubit
encoding scheme, the symmetry operator ZyZZ,Z3 is transformed to Z3 so that
qubit 3 can be eliminated, but the weight-two Pauli string XyY3 is transformed to
the higher-weight Pauli string XoX;Y>, thus requiring a larger QITE domain and
increasing the overall cost of the algorithm. Therefore, in the present work, we use
Zy symmetries to reduce the number of Pauli strings in the QITE unitaries rather

than eliminate redundant qubits.
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Appendix B
ERROR BARS IN TRACE EVALUATION

We describe calculation of error bars of finite-temperature observables in full and
stochastic trace evaluation. Here we use E(Q) and Var(Q) to denote the mean and

variance of a quantity Q. The error in Q is the square root of its variance.

A finite-temperature observable (OA)/; = O has the expression O = ;; P;0;/>; P;,
where P; = || |¥;(8/2)) ||? is the (unnormalized) probability and O; = (¥;(3/2)|0|¥:(5/2))
is the expectation value of the observable after imaginary time evolution on the ith
basis state |¥;). On quantum computers, each probability P; is built up from the

energy expectation value at each imaginary time step:

ng2=1

P = ]_[ e 2Eik (B.1)
k=0
where E; ; = (®;(kAt/2)|H|®;(kAT/2)) and ngj» = B/2At; each O; is the expec-
tation value of the observable on the QITE-evolved state |®;(3/2)). Note that here
both the exact imaginary-time-evolved state |®;(5/2)) and the QITE-evolved state
|¥;(B/2)) are consistent with the definitions in 5.2.

In full trace evaluation O is regarded a function of the P; and O;, which are random
variables because of measurement sampling on quantum computers. Var(O) can be
evaluated by expanding O to first order in all P; and O; and assuming all P; and O;

are independent, which then gives
> 2" [E(P;)2Var(0,) + (E(0;) — E(0))? Var(P;)]

(32, EP))

Var(0) = (B.2)

In stochastic trace evaluation, we need to consider initial state sampling on top of

. _ o1 Rsamples 1y
measurement sampling. Define the numerator R = M amples 2oy P;iO; and the

denominator § = n_! yhamles pgo that O = R/S. By first-order expansion of O

samples “~i=1
in R and S and assuming R and S are independent,

E(R)?Var(S) + E(S)*Var(R)

Var(0) = E(S)?

(B.3)
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Now expanding R and S to first order in all variables and assuming all variables are

independent, we have

Var(R) = ——— > [(E(P,)E(0;) — B(R))*+
samples i=1
+E(P;)*Var(0;) + E(0;)*Var(P;)], (B.4)
Var(S) = — 1 Saies[(E(P,.) —E(S))” + Var(P;)]. (B.5)

samples i=1
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