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ABSTRACT

Studying conformal field theories (CFTs) is an important topic in theoretical physics.
CFTs describe critical phenomena, fixed points of RG flows, and UV-complete
descriptions of quantum gravity. One powerful method to study CFTs is the bootstrap
approach. The idea of bootstrap is to impose symmetries and basic consistency
conditions and constrain the space of possible theories. In this thesis, we study
constraints and observables in CFTs that come from putting the CFT in Lorentzian

signature or on a torus.

In chapter 1, we give a brief overview of CFT and the idea of bootstrap. We also

give a short summary of the rest of the thesis.

In chapter 2, we consider a product of two null-integrated operators on the same null
plane in a CFT. We call the matrix elements of this product (two-point) energy corre-
lators or event shapes. Energy correlators measure the distribution of energy flux at
future null infinity, and they are important in real-world collider measurements. We
show that the product admits an operator product expansion (OPE) in the direction
transverse to the null plane. Such OPE is called the light-ray OPE. The light-ray
OPE between two null-integrated stress-energy tensors contains light-ray operators
atspinJ =3,5,7,9,.... The terms with spin J = 3 +2n have transverse spin 4 +2n,

and are constructed using special conformally-invariant differential operators.

In chapter 3, we study three-point energy correlators (EEEC). We show that Lorentz
symmetry implies that EEEC can be decomposed into “celestial blocks”, which are
functions completely fixed by symmetry. In the collinear limit where all three null-
integrated operators approach each other in the transverse direction, the celestial
block reduces to a four-point conformal block, with the position of the fourth
point given by the momentum of the external state. Using the celestial block
decomposition and leading order results for the EEEC in the collinear limit, we
make all-order predictions for the EEEC in certain kinematic limits, in both weakly-
coupled N = 4 super Yang-Mills (SYM) theory and QCD. We also derive a celestial
inversion formula that computes the coefficients of the celestial block expansion.
We then apply the formula to the EEEC in strongly-coupled N' = 4 SYM and obtain

a complete celestial block decomposition.

In chapter 4, we use commutativity of null-integrated operators to generate a class of

dispersive CFT sum rules for general spinning operators. Dispersive sum rules have
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properties that their action on conformal blocks at the double-trace locations vanish,
and they are useful for studying holographic CFTs. Our definition of the spinning
dispersive sum rule is an integral of the four-point function over spacetime against a
kernel. We show that the action on a conformal block with heavy dimensions can be
computed by a saddle point approximation of this integral. Furthermore, the heavy
action has a nice interpretation in terms of the flat space limit of the bulk scattering
process. This allows us to build a dictionary between spinning dispersive CFT sum

rules and flat space sum rules for the scattering of photons and gravitons.

In chapter 5, we use harmonic analysis to decompose the torus partition of 2d CFTs
with U(1)¢ symmetry into a basis that is manifestly modular-invariant. From this
decomposition, we can derive a crossing equation that acts only on the scalars. The
crossing equation has interesting terms that are related to the zeros of the Riemann
zeta function, and we can rephrase the Riemann hypothesis as a statement about the
asymptotic density of scalar operators in U(1)¢ 2d CFTs. Finally, we use the scalar

crossing equation to obtain bounds on the dimension of the lightest scalar operator.
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Chapter 1

INTRODUCTION

Quantum field theory (QFT) is a crucial and foundational theoretical framework for
modern physics. Since the early twentieth century, it has been used to describe a
wide variety of physics phenomena. These include the interactions of elementary
particles in the Standard Model, many-body systems in condensed matter physics,

and also the study of gravitational theories.

One useful method for studying QFTs is perturbation theory, which can be applied
to theories with weak coupling, such as the QED or QCD at high energy. However,
there are also numerous QFTs that do not have a small parameter and then one has to
study a strong-coupled system. It is therefore important to develop techniques that
utilize the non-perturbative structures of the theory, such as symmetries, anomalies,
and dualities. In this thesis, we will focus on a method, called the bootstrap, that
aims to constrain the theories using symmetry and consistency conditions, such as

unitarity and causality.

The bootstrap method is particularly powerful when the theory has enhanced sym-
metry. Typically, a physical system comes with a characteristic length scale, and the
correlation functions of the theory decays exponentially as a function of the distance.
However, there are systems that do not have any intrinsic length scales, and the cor-
relations only decay as power laws. Such theories are scale-invariant, meaning they
are invariant under rescaling (zooming in/out). Generically, a theory with scaling
symmetry (and the usual Poincaré symmetry) has an even bigger symmetry group
called the conformal group, which are angle-preserving transformations.! The con-
formal group consists of translations, rotations, rescaling, and special conformal
transformations, which are compositions of inversions and translation. QFTs with

conformal symmetry are called conformal field theories (CFTs).

There are many reasons why studying CFTs is important. First, they describe critical
phenomena in phase transition. Crucially, critical points of different systems can be
described by the same CFT. For example, the uniaxial magnet and the liquid-vapor

transition of water both have the same power law behavior (with identical exponents)

I'This statement can be proven when the spacetime dimension is 2. Note, however, that there are
exceptions in higher dimensions for some free theories and non-unitary theories.
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at their critical points, and they are both described by the 3d Ising CFT. One can

then say that these two critical points are in the same universality class.

This type of behavior that multiple theories belonging to the same universality class
also shows up in the study of QFTs. When changing the energy scale of a QFT,
its behavior is described by the renormalization group (RG) flow. As one keeps
lowering the energy, one possible scenario is that the theory flows to a nontrivial
fixed point that is invariant under changing the energy scale, which corresponds to
a CFT. Thus, CFTs can be thought of as important landmarks in the space of QFTs,
and QFTs live on the RG flow between CFTs.

Finally, CFTs are also very important for understanding quantum gravity. This is
due to the AdS/CFT correspondence, which says that a theory of quantum gravity in
a (d + 1)-dimensional Anti-de Sitter (AdS) space is equivalent to a d-dimensional
CFT living on its boundary. Therefore, through AdS/CFT, CFTs can give non-
perturbative definitions of quantum gravity. Additionally, in string theory, the

worldsheet theory is given by a two-dimensional CFT.

How much does one need to know about a CFT to fully characterize it? First, each
local operator carries two quantum numbers, spin and scaling dimension, describ-
ing how it transforms under conformal transformations. Furthermore, conformal
symmetry allows one to show that each local operator in a CFT has a one-to-one cor-
respondence to a state in its Hilbert space on a S~!. This is called the state-operator
correspondence. As a result, local operators in a CFT are endowed with an operator
product expansion (OPE) structure. That is, a product of two local operators can
be written as a convergent sum of local operators. The coefficients in this sum are
called the OPE coefficients. All correlation functions of local operators of the CFT
are completely determined by these OPE coefficients and the quantum numbers of

the operators, and they are called the “CFT data.”

Let us now talk about how to study CFTs using bootstrap. The bootstrap approach
is based on the philosophy that one should focus on the symmetries and consistency
conditions of the CFT, and not care about its microscopic description. This idea of
studying CFTs using symmetries and basic consistency conditions started in 1970s
by Ferrara, Gatto, Grillo [1], and Polyakov [2]. It has later led to the solutions of a
class of exactly solvable two-dimensional CFTs called the 2d minimal models [3]. In
the two-dimensional case, the aforementioned conformal symmetry is enhanced even
further to an infinite-dimensional symmetry group, called the Virasoro symmetry.

Therefore, the bootstrap approach is even more powerful in 2d.
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On the other hand, not much progress was made on solving d > 3 CFTs using
bootstrap until the seminal work by Rattazzi, Rychkov, Tonni, and Vichi in 2008 [4].
Their main idea is to look at the crossing equation, which comes from imposing
associativity of the OPE to a four-point correlation function. One important fact
about this equation is that the coefficients in the sum are all positive for unitary CFTs.
Instead of trying to completely solve the equation, they made rigorous numerical
statements about the lowest scaling dimension that can appear in the OPE using the
technique of linear programming. This idea of numerically solving the crossing
equation was then further explored and then implemented in the semidefinite pro-
gramming solver SDPB [5]. One of the most impressive results from this numerical
bootstrap method is the world record determination of the critical exponents of the
3d Ising and O(N) CFT [6].

Numerical conformal bootstrap mainly studies the crossing equation in Euclidean
signature. More generally, CFTs can have different spacetime signature. Eu-
clidean CFTs live on R?, and describe thermal critical points of statistical systems.
Lorentzian CFTs live on R?"!! and describe quantum critical points. Formally,
the Osterwalder-Schrader reconstruction implies that unitary Lorentzian CFTs are
related to reflection-positive Euclidean CFTs by a Wick rotation. However, it turns
out that many physics are deeply hidden in Euclidean signature, and Lorentzian
signature can make more manifest many interesting observables and constraints.
For example, consider the possible singularities of CFT correlation functions. In
Euclidean signature, singularities can only appear in the OPE limit, where two local
operators approach each other. On the other hand, in Lorentzian signature, one
can have more singularities in different kinematic limits. One such example is the

lightcone limit where two operators are lightlike separated.

Studying the crossing equation in the lightcone limit also gives interesting con-
straints. In [7, 8], it was shown that in the ¢ X ¢ OPE, there must exist a family of
operators, called the double-twist operators, whose twist approaching 2A at large
spin, where Ay is the scaling dimension of ¢. Another important result derived
in Lorentzian signature is the Lorentzian inversion formula. An inversion formula
essentially inverts the OPE decomposition of the four-point function, and expresses
the OPE data as an integral of the four-point against some kernel. In [9, 10],
a Lorentzian inversion formula was derived by starting with an integral over the
Euclidean regime and Wicking rotating to Lorentzian signature. Importantly, the

expression of the integral is analytic in spin. This implies that the CFT data, which
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originally only make sense for integer spin, admit an analytic continuation in spin to
all complex J, and the local operators of the CFT should organize themselves into
continuous families called the Regge trajectory. It was then later understood that the
operators with continuous spin are light-ray operators [11]. To better understand
continuous-spin CFT dynamics encoded by these light-ray operators, it is important

to study Lorentzian signature.

Besides considering CFTs in the Lorentzian signature, one can also put the theory
on some other nontrivial manifold. This provides even more constraints that can be
imposed when bootstrapping CFTs. In two dimensions, one concrete realization of
this idea is to put the theory on a torus, and one new consistency condition is the

modular invariance of the partition function.

In chapter 2, 3, 4, and 5 of this thesis, I present several different results related to
d > 2 CFTs in Lorentzian signature and d = 2 CFTs on a torus. [ first study an
intrinsically Lorentzian observable called the energy correlator that is closely related
to collider physics. Then, I show that by considering an integral of CFT four-point
against a special kernel, one can obtain nontrivial constraints that are particularly
useful for holographic CFTs. Finally, I consider the torus partition function of 2d
CFTs, and apply harmonic analysis to prove new rigorous statements about the scalar

spectrum of a special class of 2d CFTs. I discuss them in more detail below.

1.1 Conformal collider physics

We study energy correlators in CFTs in chapters 2 and 3. Energy correlators (or more
generally event-shapes) are defined as the distribution of energy flux going through
energy detectors placed at future null infinity. They are important observables in
real-world colliders. In CFTs, they can be written as the matrix elements of light-
ray operators. If there is only one energy detector, we have the one-point energy
correlator. It is completely fixed by symmetry up to several OPE coefficients. It can
also be shown that one-point energy correlators are always positive (known as the
average null energy condition), and it leads to interesting bounds on the CFT data
[12].

Energy correlators are perhaps one of the simplest intrinsically Lorentzian observ-
ables in CFT. By developing theoretical understanding of these observables and
computing them in some CFTs, one might hope to measure them at a quantum
critical point and confirm with theoretical predictions. This could pave the way for

exploring nontrivial Lorentzian CFT dynamics through table-top experiments.
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Another motivation for studying energy correlator is its connection to collider
physics. They are observables that were measured in real-world colliders such
as the LHC. Physicists have been developing many perturbative techniques to com-
pute them in perturbative QCD. They often use the N' =4 SYM at weak coupling,
which is a close cousin of perturbative QCD, as a platform to test those methods.
If we understand how to compute energy correlator in N' = 4 SYM using CFT
techniques, it could be a nontrivial cross check between the two different methods.
Moreover, phrasing the calculation in symmetry-based field theory language can also

help understand better how to organize the complicated perturbative calculation.

In chapter 2, I study the two-point energy correlator. Although the energy detectors
are nonlocal operators, they are point-like objects on the celestial sphere. We derive
that when the two energy detectors get close to each other, there is still an OPE
between them. We call this OPE the light-ray OPE. Interestingly, in order to produce
high transverse spin? terms in the light-ray OPE, one needs a class of conformally-
invariant differential operators which shift the transverse spin. The objects appearing
in the OPE are light-ray operators with continuous spin J = 3,5, 7, ... (continuous

in the sense that there are no local operators at those points).

In chapter 3, I study the three-point energy correlator (EEEC). The light-ray OPE
of three energy detectors is not known yet. However, there are still some nontrivial
statements one can make using symmetry. We show that Lorentz symmetry implies
that EEEC can be decomposed into celestial blocks, which are special functions
completely fixed by symmetry. In the collinear limit where all operators approach
each other, the celestial block reduces to a conformal block, with the conformally-
invariant cross ratios given by the ratio between the angles between the detectors.
Using the celestial block expansion and known leading order data of EEEC, we can
make all-order predictions in certain kinematic limits, even in QCD. We also derive
a celestial inversion formula that computes the coeflicients of the celestial block

expansion from an integral of the EEEC over the celestial sphere.

1.2 Dispersive sum rules

Causality is an important consistency condition for any QFT. One condition that
follows from causality is that operators commute when they are spacelike separated.
In fact, the crossing equation can be understood as this statement by consider a

four-point function with all spacelike separations. One can then try to get an even

Transverse spins describes how operators transform under rotations on the celestial sphere.
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stronger constraint by integrating over the positions of the operators, while making
sure that the operators remain spacelike. This will give a “sum rule” that says an
integral of the four-point function should vanish.3 Such sum rules are powerful tools

that allow us to rule out many seemingly sensible theories as being unphysical.

By carefully choosing the integration kernel, one can obtain a special class of sum
rules called the dispersive sum rules. These sum rules have additional properties
that their actions on conformal blocks at the double-twist locations A = 2A4 + 2n
vanish. Because of this, in a large-N CFT, dispersive sum rules can cleanly separate

the contributions of single-trace and double-trace operators.

Now, let us consider applying this sum rule to a four-point function in a holographic
CFT. We assume that the CFT has large N and a large gap Ag,p, in its single-
trace higher-spin spectrum. By AdS/CFT, this means that the bulk dual should
be described by a weakly-coupled gravitational EFT at low energy. On the CFT
side, the action of the dispersive sum rules keep only contributions of single-trace
operators below the gap. If we can find a sum rule whose contribution above the
gap is always positive (which is a problem very similar to numerical bootstrap), then
we can prove inequalities on the OPE coeflicients of single-trace operators. On the
bulk side, this means that one can prove bounds on the couplings of the bulk EFT.
In particular, the bounds will be in terms of the gap Ag,,, which is related to the
energy cutoff of the EFT. One way to phrase the result is that dimensional analysis
of gravitational EFTs in AdS follows from CFT axioms.

In chapter 4, we consider this problem for general spinning operators. Conceptually,
there is no major difference between the spinning case and the scalar case (which was
studied in [13]). However, the spinning case is technically much more challenging
due to the large number of sum rules and tensor structures. We find that by using
the position space language and writing the dispersive sum rule as an integral over
a certain region in spacetime, it is straightforward to generalize the calculation to
the spinning case. We then derive a list of CFT dispersive sum rules for spinning
operators. The actions of the sum rules on heavy blocks have nice flat space
interpretations. Thus, we can write down the dictionary between these sum rules
and flat space sum rules for photons and gravitons when the operators are spin-1

currents and stress-energy tensors.

31t is called sum rule because one can turn this into a sum over the operator spectrum by apply
OPE to the four-point function.



1.3 Scalar modular bootstrap

Modular bootstrap is a program that aims to derive bounds on 2d CFTs from modular
invariance of the torus partition function. One can decompose the partition function
into Virasoro characters, and the coefficients of this decomposition must be positive
due to unitarity.# Modular invariance then implies a “modular crossing equation”
for this decomposition. A method similar to the conformal bootstrap can then be
applied to prove bounds on the spectrum of the CFT. One interesting question is
how do these bounds scale in the limit of large central charge ¢, and whether they
can be saturated by the BTZ black hole solution in AdSs.

In chapter 5, we study the implication of modular invariance using a different
approach. Using harmonic analysis, we can decompose the partition function into
a basis that is manifestly modular-invariant. Therefore we do not have to impose
modular invariance. However, unitarity in this decomposition becomes less clear.
Eventually, we derive a new crossing equation that only acts on the scalar operators,
and it has interesting terms related to the zeros of the Riemann zeta function. The
crossing equation takes a simple form if the CFT has an enhanced U(1)¢ symmetry.
One can use this crossing equation to turn the Riemann hypothesis into a statement
about the asymptotic density of scalar operators in these theories. Moreover, using
the scalar crossing equation, we also obtain bounds on the scaling dimension of the

lightest scalar operators in 2d CFTs with U(1)¢ symmetry.

“In fact, the coefficients should be positive integers, since they count the number of operators.
However, so far it has not been clearly understood how to impose integrality constraints into bootstrap.



Chapter 2

TRANSVERSE SPIN IN THE LIGHT-RAY OPE

This chapter is based on

[1] Cyuan-Han Chang, Murat Kologlu, Petr Kravchuk, David Simmons-
Duffin, and Alexander Zhiboedov. “Transverse spin in the light-ray
OPE”. In: JHEP 05 (2022), p. 059. por: 10. 1007 /JHEPO5 (2022)059.
arXiv: 2010.04726 [hep-th].

2.1 Introduction

In Euclidean signature, the operator product expansion (OPE) gives a convergent
expansion for correlation functions around coincident-point singularities. This ex-
pansion lets us formulate nonperturbative bootstrap conditions and perform myriad
computations. Lorentzian correlators are in principle determined from Euclidean
ones by analytic continuation. However, a given OPE may not commute with this
continuation. Furthermore, Lorentzian signature allows for a much richer set of
singularities than Euclidean signature [14]. It is important to develop nonperturba-
tive tools for understanding these singularities and efficiently computing Lorentzian

observables.

The work [15] introduced an intrinsically Lorentzian OPE for products of null-
integrated operators on the same null plane.! This OPE can be applied to Lorentzian
observables called “event shapes,” which measure the distribution of energy (and

other quantities) in a collider-like experiment [18, 19, 12]:
(P|E(m1) -+ E(ny) |P). (2.1)

Here |W) is a state, for example created by sending particles from past null infinity
and letting them scatter. Each operator E(n;) is a stress-tensor integrated along
retarded time at future null infinity, at a fixed position 7; € S92 on the celestial
sphere. The E(n;) act like calorimeters, measuring the energy flux at angle n;. We

refer to the E(n;) as “detectors.”

ISee also [16] which derived the leading term in the expansion of a particular two-point event
shapein N' = 4 SYM theory, and [17] which derived leading terms in collinear limits of energy-energy
correlators in the setting of perturbative gauge theories.
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The OPE developed in [15] gives a nonperturbative expansion for event shapes in
the separation between a pair of detectors 1 —ny -ny. Specifically, [15] gave a precise
description of the low “transverse spin” terms in this OPE. Here, “transverse spin”
J refers to spin on the celestial sphere: it is conjugate to rotation of the points 711, np
around each other, see figure 2.1. The spin J, a different quantum number, is related

to selection rules for the light-ray OPE.

Sd—2

Figure 2.1: The celestial sphere S?~2 in a two-point event shape. The positions of
the detectors are parametrized by 711, 71> € S¢~2. The light-ray OPE is an expansion
in the angle 6 between detectors (solid red arc). Transverse spin j is conjugate to
the angle ¢ of one detector around the other on the celestial sphere (solid blue arc).

The low transverse spin terms in the & X & OPE are given by spin J = 3 light-
ray operators [15], in accordance with an earlier analysis of the light-ray OPE by
Hofman and Maldacena [12]. This is the complete OPE in 3d CFTs, where the
transverse direction is 1-dimensional. Furthermore, low transverse spin terms are
sufficient for studying two-point event shapes in rotationally-symmetric states in
d > 3 dimensions. This covers many of the cases studied in the literature, including
simple energy two-point correlators in QCD [19, 20, 21, 22, 23] and N = 4 SYM
[24, 25, 26].

In this work, we derive the remaining terms in the light-ray OPE, including ar-
bitrary transverse spin. Higher transverse spin terms are important in d > 3
dimensional theories when the initial state |¥) is not rotationally invariant or
when other detectors are present. For example, in an energy three-point corre-
lator (¥|&(n)E(n2)E(n3)| W), transverse spin in the E(n1) X E(ny) OPE encodes
dependence of the event shape on the direction of the tangent vector from 72y to 1,

relative to the third direction 73.
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J=0,2,4.0,24

B>
|
(ST

Figure 2.2: Chew-Frautschi plot of light-ray operators in the & x & OPE in a
hypothetical CFT. We show Regge trajectories of even signature operators with
transverse spins j = 0 (black curves), j = 2 (blue curves), and j = 4 (green curves).
Light-ray operators that appear in the & X & OPE are marked with dots. They
include operators with spin J = 3 and transverse spins j = 0,2,4. (These are
the “low transverse spin” terms described in [15].) In addition, there are primary
descendants of light-ray operators with transverse spin j = 4and spinJ = 5,7,9,....

In seeking the higher transverse spin terms in the & X & OPE, we initially encounter
a puzzle: there are no spin J = 3 primary light-ray operators of the type defined
in [11] that can do the job. The resolution is that higher transverse spin terms
are “primary descendants.” They are given by the action of special conformally-
invariant differential operators 9, on light-ray operators with higher spins J =
3 + 2n.2 These conformally-invariant differential operators convert spin J into
transverse spin j. They are well-defined only when acting on objects with special
quantum numbers — precisely the quantum numbers that arise in the light-ray OPE.
We find that the & X & OPE takes the schematic form

_ + + + +
EXE= Z ( i0=3,j=0 ¥ 01 =3 ;=0 + Of 3 j:4) + Z D205 j340p,j=a (22
i n,i

Here, @Z s, are light-ray operators on the i-th Regge trajectory with spin J and
+

iJ=3+2n,j=4
higher transverse spin terms. A Chew-Frautschi plot of the light-ray operators in

(2.2) is depicted in figure 2.2.

transverse spin j. The special differential operators 9,, act on O to give

2In applications to event shapes such as (2.1), where the light-ray operators appearing in the
OPE are inserted at spatial infinity (and extend along the future null infinity), the operators D,,, are
actually polynomials in the special conformal generators K,,. This happens because an inversion
which sends a finite point to infinity maps the translation generators P, (which act by derivatives) to
K.
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The higher transverse spin terms are new ingredients in the light-ray OPE. However,
it is interesting that they do not require us to go outside the space of light-ray
operators defined in [11]. Instead, they are hidden in an interesting way inside
the usual space of light-ray operators — at higher values of J. Along the way to
understanding higher transverse spin terms in the light-ray OPE, we will also find a

much simpler derivation of the original light-ray OPE from [15].

We begin in section 2.2 with an introduction to the kinematics of transverse spin,
focusing on the example of energy correlators in the process ete™ — hadrons. In
section 2.3, we provide a more detailed introduction to the underlying represen-
tation theory and the special conformally-invariant differential operators that raise
transverse spin. In section 2.4, we give a new derivation of the light-ray OPE, using
null-integrated scalars as an example. In section 2.5, we generalize this discussion
to the OPE of null integrals of arbitrary local operators. In section 2.6, we rederive
the scalar light-ray OPE using the light-ray OPE formula for general operators, and
give the light-ray operators that appear in the light-ray OPE of two charge detectors
and the light-ray OPE of two energy detectors. In section 2.7, we check our formulas
for an event shape in N' = 4 SYM with a non-rotationally-symmetric final state. We

conclude in section 2.8 with discussion and future directions.

2.2 Event shapes, OPEs, and transverse spin
Event shapes describe patterns of excitations at future null infinity. Perhaps the most

important examples are energy correlators
(PIE(m1) - - - E(1y)|'P), (2.3)

which measure the distribution of energy at future null infinity in the state |¥). Here,
&(n;) are calorimeters inserted at future null infinity in the direction 7; € S¢~2 on

the celestial sphere. (We define them more precisely below.)

Suppose that |¥) is created by a linear combination of local operators O; acting on

the vacuum,

®) = / ax 3 HDOWIR). 2.4)
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The energy correlator is

(W|E(Y) - - - E@) W) = / d'xd'x’ " f(x) £ NUQUO ()E () - - - E (i) O; () |Q)
iJ

d! L ~ R

= / Gyt 207 (P EPHOUPIE) - E@)I0;(p).
i.J

(2.5)

where
0/(p) = / AP 0,(x)|), 2.6)

and ﬁ( p) is the Fourier transform of f;(x). The matrix element on the last line of

(2.5) is defined by stripping off a momentum-conserving delta function:

(0i(@)|E(m) - - E(M)|0;(p)) = (O p)|E(m) - - - E(MR)|0; (p)) 2m) 6% (p = q).
2.7)

The delta-function §%(p — ¢) appears because the detectors &(7;) are translation-
invariant: translations do not alter the direction in which the excitations exit the
system at future null infinity. Thus, we are naturally led to study expectation values

of energy detectors in momentum eigenstates,
Gi(p)l&(m) - - - E(1n) |05 (p))- (2.3)

2.2.1 Example: e*e™ — hadrons

As a concrete example, consider the Standard Model process ete”™ — y* —
hadrons, treated to leading order in the fine structure constant, but to all orders
in the QCD coupling.? The relevant energy correlator is an expectation value in a

state created by the electromagnetic current J,,,

e (L (pE@) - - - E(nn)|Ju(p)) €, (2.9)

Here, €, is a polarization vector for an off-shell photon that depends on the beam
direction and helicities of the incoming e*e™ pair. (We imagine that the collision
occurs at high energies, so the electrons can be treated as massless.) Suppose

particle 1 moves along the €, direction and particle 2 moves along the —¢,, direction,

3In practice, one considers the processes at high energies where hadronization corrections can
be argued to be relatively small [27, 28], and computes the above event shape using perturbative
QCD. Such calculations are one of the ways used to measure the strong coupling constant «;, see
[29] and references therein.
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with total momentum p; + p» = p = (E,0,0,0). We henceforth set £ = 1. If the
incoming helicities are 1*27, the corresponding polarization vector € is

et = 10" A, = (0, 1,1,0). (2.10)

More generally, for helicities 1*2¥, we have

=(0,1,+i,0). (2.11)

We can think of the ket and bra together in (2.9) as giving an (unnormalized) density

matrix. For example, for helicities 127, we have the pure state

pi+2- = [ (p)){Jy(p)lefel, (2.12)

where we used €, = €. More generally, we may wish to study a mixed state, for

example by averaging over incoming helicities

1
Py = u(P) (P - 5 (erel + elel). (2.13)

It is common to additionally average over the beam direction, replacing et e’ —

HpY . . . . .
%(n“" — pp—f) However, this discards valuable information, as we explain below.

Symmetries and the density matrix

Let us understand how symmetries constrain energy correlators in the process
e*e” — hadrons. Along the way, we will introduce the notion of light-ray opera-
tors with nonzero transverse spin and understand how they appear in event shapes.
Instead of QCD, we will work in a general 4-dimensional CFT. However, much of
our analysis will not depend on conformal symmetry. We point out when conformal

symmetry is used below.

We concentrate on a two-point energy correlator in a density matrix where we

average over helicities (but not the beam direction)
- - - -~ 1 4 4
Tr(p1,6(n1)E(n2)) = (Jy(p)1E(M1)E(n2) | (p)) - E(Efe_ +ele)). (214

Let us separate the tensor %(ef €’ + €t€}) into irreducible components under the
rotation group SO(3) that fixes p. Focusing on spatial components i, j = 1,2, 3, we

have the traceless-symmetric and trace parts

1 . . oo 1 . . o 20\ 2
E(efrei+e’_ei): E(eiei+e’_ei)—§6” +§6’J. (2.15)
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The traceless-symmetric part can be written as a sum of products of null vectors
g e C3:4

1 . . . 2 .. .
5(616{ +eel) - 56” = Z q'q’. (2.18)
q
Plugging this in, we have

Tr(p1,E(n1)E(n2)) = Z(JV(P)IS(ﬁl)S(ﬁz)IJu(P)M“qV +trace part, (2.19)
q

where ¢ = (0, ¢) and “trace part” refers to the contribution of the second term in

(2.15). Note that each g appearing in the sum is null and orthogonal to p:

g*=q-p=0. (2.20)

The form (2.19) makes it easy to analyze the constraints of symmetries, since now
we have only a single vector ¢ instead of a tensor.
Symmetries and detectors

Next we need a more precise definition of the detector (7). It can be expressed
as an integral of the stress-tensor 7#” over future null infinity. To state this more
concretely, we can make a conformal transformation that maps future null infinity

to the plane x~ = 0. We then have
&) — 2/ dx*T, (x~ =0,x%, %), (2.21)

where ¥ € RY"? is a function of 7. As explained in detail in [11], such null-integrated

stress tensors can be interpreted in terms of the “light-transform” of 7', denoted by

L[T](x,2), (2.22)

“This is a general fact about traceless symmetric tensors. An example decomposition in this
case is

1 .. .2 o
S(elel +elel) - 36V = > d'q’ (2.16)
Geo

where Q contains four null vectors,

0= {%(1,0, +i), %(0, 1,11')}. (2.17)
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where x is a space-time position marking the starting point of the null integral, and
z is a future-directed null vector. The definition of L is given in (2.43) below. This
description is useful because L[T] (x, z) transforms like a primary operator at x. If
we send x to past null infinity, L[T] (x, z) becomes the null integral in (2.21). If we
instead send x to spatial infinity, then L[T](x, z) becomes directly related to &(n),

E() = 2L[T] (0, 2) (2.23)
where z = (1, 7).

In this work, we derive a nonperturbative OPE between light-ray operators that takes

the schematic form

LIT](x,2)LITI (5 22) = ). > Car(21, 22,02, 80D, (5,2, w). - (2.24)
j=0.2,... i

Here, Cs,(z1, 22, 0;, 0,) is a differential operator that is fixed by Lorentz symme-

try, and Dy, ;(x,z, w) are light-ray operators that we characterize in more detail

shortly. For now, the only information about Dy, ;(x,z, w) that we need are its

Lorentz transformation properties. It is a homogeneous function of null vectors

z € RA&-LL 4y e ¢d-11 with homogeneities
Da,,j(x,az, pw) = ozl_A",BjDAi,j (x,z,w). (2.25)
Furthermore, z, w are subject to the constraints
z-z=w-w=w-2=0, (2.26)
and the gauge redundancy

w~w+Az. (2.27)

We can interpret z1, 22, and z as embedding space coordinates [30] on the celestial

sphere S92

, and w as an embedding space polarization vector on the celestial sphere.
The quantum number j labels spin on the celestial sphere, which we call “transverse
spin.” Further, A; — 1 is a dimension on the celestial sphere, and (2.24) takes the

form of an OPE in a fictitious d—2-dimensional Euclidean CFT.

The dependence of E(7), Dy, j» and Cs; on the coordinates zi, z2, z, w relies only

on Lorentz symmetry — not full conformal symmetry.> We will use conformal

Note that our use of A to denote one of the quantum numbers of Dy, j might suggest that we are
relying on conformal symmetry. We are not: here 1 — A is the Lorentz spin of D, ;. The reason for
this convention will become clear soon.
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symmetry later to derive (2.24) — in particular to constrain which Dy, ; can appear.
However, it is possible that a similar OPE exists in non-conformal theories, and our
analysis of the contributions of light-ray operators Dy, ; in this section will also
apply in that case.

Symmetries and matrix elements

Using the OPE in (2.19), it suffices to compute matrix elements

(Jy(p)|Dy,,j (00, z,w)|Ju(p))g"q". (2.28)

In fact, let us analyze a more general matrix element where the density matrix has
SO(d — 1) spin [:

M(z,w; P, q) = (Opyp (P) Dy (00, 2, WO, o (P)YGH g (2.29)

The virtue of having classified the density matrix and light-ray operators into irre-
ducible components is that M is fixed by symmetry. The argument is as follows.
Because of the gauge redundancy (2.27), w can only appear in the gauge-invariant

combination
[z, w]¥ = ZHwY — wHZ". (2.30)

Because of (2.26), the only antisymmetric tensor we can contract this with is [ p, ¢q].

Since w must appear with homogeneity j, we have
M(z,w; p,q) = ([z,w] - [p, q])’ x something. (2.31)

Finally, homogeneity in g and z fix the rest of the matrix element up to an overall

coefficient:
M(z,wip,q) « ([, w] - [p.ql) (~z- ¢)' 7 (=p - )" ™7 (2.32)

A selection rule

The result (2.32) manifests a selection rule: Light-ray operators with transverse spin
J only have nonzero expectation values in density matrices with SO(d — 1) spin / at

least j. In other words, for M to be nonvanishing, we must have

j<l. (2.33)
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For example, if we average over the beam direction so that only density matrices
with [ = 0 appear, we discard information about light-ray operators with nonzero

transverse spin.

Because of the selection rule (2.33), the low transverse spin terms in the & X & OPE
(2.2), which have j = 0, 2,4, are sufficient for computing two-point event shapes
in density matrices with SO(d — 1) spin 4 or less. This includes the scalar density
matrix studied in [21, 22, 25, 26]. Higher transverse spin terms are important for

density matrices with higher spin and in multi-point event shapes.

The form of the light-ray OPE

The differential operator Cs ; appearing in (2.24) has an expansion in the angle 6
between detectors, or equivalently in small —2z; - zo ~ 2. To leading order in this

expansion, Cs ; acts as

Co.j (21,22, 02 0) (2o w] - [P g]) £ (2) = (<221 - 22) 7 (=[zn22] - [po @) f(z2) + ...,
(2.34)

where f(z) is any function of z with the correct homogeneity, and . ..” indicates

higher-order terms in 6. Applying this to (2.32), we find

(Oprg (PVILITT (00, 2)LIT] (00,2100, PV -+~ ¥

= > iy ((—ZZ1 22)" 2 (=lzn ] [P al) (22 @) (=22 p) AT 4 )
Jol
(2.35)

2

where A; ; are OPE coefficients that are not fixed by Lorentz symmetry. The “. ..
on the right-hand side are fixed by symmetry and re-sum into a celestial block [15].6

We have written only the leading term of the celestial block for simplicity.

Let us specialize further to the kinematics of interest. Note that

[21,22] - [P, q] = 2712 - g, (2.36)

where z; = (1,n;), n1 = ny — ny, and g are the spatial components of g. From

(2.35), we can compute the leading terms in the OPE for each possible value of /

®We give some example calculations of celestial blocks in section 2.7.2.
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Figure 2.3: Kinematics of a two-point energy correlator in the process e*e™ —
hadrons. The picture shows the spatial geometry in the center of mass frame; time
is suppressed. Particles e* and e~ propagate in along the ¢, directions, and we
measure energy flux in the directions ny,7,. (The correlator is invariant under
swapping e* and e”.) ¢ (solid green arc) is the angle between one of the detectors
ny and the beam direction, 6 (solid red arc) is the angle between detectors, and ¢
(solid blue arc) parametrizes the angle of 771 around 7, on the celestial sphere.

and j:
> A9 /2 = Nz = 2., :
12| | (& - i) (& - Tin2) = 3y |+ (j=2,1=2),
- A:=7 - —~ - —~ 2 .
|r12|™ ((€+.n2)(€_-n2)—§)+... (j=0,1=2),
%7+ (j=0,1=0). (2.37)
where we used (2.18) to replace the sum over g. In each case, the “...” are fixed

by symmetry and resum into a celestial block. The fact that light-ray operators with
J = 0 appear in two different ways reflects the fact that matrix elements of a given
light-ray operator can admit multiple three-point structures, each of which comes
with its own OPE coefficient. Light-ray operators with j = 1 do not appear in the
& x & OPE due to permutation symmetry under 77 < 1, (which follows from the

fact that energy detectors commute).
To be completely explicit, let us parametrize the vectors as
ny = R (¥)(0,0,1)
n1 = R, (¥)(sin 6 cos ¢, sin O sin ¢, cos 6). (2.38)

where R, () is a rotation by ¢ in the zx plane. Here, i is the angle between the

(nearly coincident) detectors and the beam, 6 is the angle between detectors, and ¢
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represents a rotation of the two detectors around each other on the celestial sphere,

see figure 2.3. The expressions (2.37) become

9Ai_7(%—cos2¢sin2w)+... (j=2,1=2),

HA"'7(sin2w—§)+... (j=0,1=2),

oM 4+ . (j=0,1=0). (2.39)
where “...” are higher order terms in 6. As a check on the first line of (2.39),

note that if we set = 0 or 7, so that the detectors are both approaching the beam
direction, the dependence on ¢ goes away, reflecting the fact that our density matrix

is invariant under rotations around the beam direction.

Typically both theoretical and experimental analysis of the e*e~ — hadrons process
focus on observables averaged over the beam direction. As explained above, this
amounts to throwing away the contribution of light-ray operators with non-zero
transverse spin, which contain extra information and can provide further nontrivial
tests of QCD. Event shapes that are not averaged over the beam direction, so-called
oriented event shapes, were studied experimentally at LEP by the DELPHI [31] and
OPAL [32] collaborations. For a recent discussion of oriented event shapes in QCD,
see [33].

2.2.2 A transverse spin puzzle

So far, we have introduced the kinematics of the light-ray OPE inside a two-point
event shape. The next question is: what are the operators Dy, ;? In particular, what
are the corresponding values of A; and OPE coefficients? In [15], we derived the
low transverse spin terms in the light-ray OPE. For simplicity, consider a product of
light-transformed scalars L{¢]L[¢2]. The result of [15] is”

L[¢1](x, z1)L{¢2](x, z2) = 7i Z Ca-1.0(21,22,05,) 0y ;__(x,22)
+ higher transverse spin. (2.40)

The operators O} ,__,(x, z) are analytic continuations of null-integrated operators
L[O;] to spin J = —1, where O; appears in the ¢; X ¢, OPE. The quantum number
A; becomes the analytic continuation of scaling dimensions of O;. The operators

7 As explained in [34], this product is only well-defined for a theory with a sufficiently low Regge
intercept. Here we assume this is the case for the sake of illustration.
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©Z,-, j—_1 (%, 2) have transverse spin j = 0 — in particular they depend only on x and
z and not on an additional polarization vector w. The reason is that only traceless
symmetric tensors O; appear in the OPE of scalar operators. The light-transform
L[O;] of a traceless symmetric tensor has vanishing transverse spin, and thus so do

its analytic continuations.

Note that in d = 3 all (bosonic) operators are traceless-symmetric tensors and
correspondingly there is no transverse spin in d — 2 = 1 dimension. The higher
transverse spin terms in (2.40) are absent in this case. However, in d > 3 the
transverse spin j can be non-trivial and we expect infinitely many higher transverse
spin terms to appear in (2.40), since there is no reason to expect the event shapes to

be independent of the angle ¢ discussed above.?

It is natural to expect that higher transverse-spin terms in (2.40) should also be
related to the ¢; X ¢ OPE. However, this presents a puzzle: All the primary
light-ray operators Op, j(x, z) built from ¢; X ¢, using the construction of [11]
have vanishing transverse spin. How can we build light-ray operators with nonzero
transverse spin to play the role of Dy, ; with j > 0? It turns out that the Dy, ;
are primary descendants of Oa, ;j — i.e. carefully chosen derivatives of Oy, ; that
nonetheless transform like conformal primaries. In the next section, we explain how

such primary descendants arise.

2.3 Building transverse spin with differential operators

2.3.1 Local operators, light transforms, and shortening conditions

Consider a local operator O#'""#/(x) with dimension A and spin J. Throughout
this work, we will use index-free notation, where we contract spin indices with an

auxiliary null polarization vector z € R4~1:1:
O(x,2) = 0" M (X)zyyopsys (22 =0). (2.41)

By construction, O(x, z) is a homogeneous polynomial of degree J in z. Under a

conformal transformation U, we have

UO(x,2)U™! = Q(x)20(x', R(x')2), (2.42)

8The more accurate statement is that the first line of (2.40) already contains higher-transverse
spin terms: they are generated by the operators Cs 9. However, since the operators Cs ¢ are fixed
by Lorentz symmetry, these contributions are determined in terms of j = O contributions and
therefore the event shapes would still be over-constrained if there were no additional contributions
to (2.40). For example, one would be able to write a differential equation in z, zo that the product
L{¢1](x,z1)L[¢2](x, z2) would have to satisfy. It can be checked that this differential equation is
incompatible with the leading term of the L[¢,] X L[¢3] OPE in (¥|L[¢|L[¢2]L[¢3]|V).
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where Q(x") and R(x’) are the local rescaling and rotation associated to U.

Index-free notation is more than a convenience. It allows us to describe a wider
class of conformal representations than those associated to local operators. As an

example, consider the light-transform

L[O](x,z) = /00 da(-a)™70 (x - 2, z) , (2.43)

—00

which is an integral of O in the direction of its polarization vector. Using index-free
notation, we can interpret the light-transform as a conformally-invariant transform,

changing the quantum numbers (A, J) by
L:(AJ)— (1=J,1-A). (2.44)

In other words, L[O](x, z) satisfies the conformal transformation law (2.42), with
A replaced by 1 —J and J replaced by 1 — A. (This is clearest from the definition of
the light-transform in the embedding space [11].) In general, we define the spin of
an object as its homogeneity in the polarization vector z. Because L[O](x, z) has
non-integer spin 1 — A, it cannot be written in terms of an underlying tensor with

1 — A indices.

Though index-free notation appears to treat the nonlocal operator L{O] in the same
way as the local operator O, there is still something special about the representations
associated to local operators. Specifically, a local operator is a polynomial in its
polarization vector. This can be phrased as a kind of shortening condition. Morally

speaking, J + 1 derivatives of O(x, z) with respect to z must vanish:
“oft ... ol 0(x,2)” = 0. (2.45)

We must take care to write this condition correctly because z is constrained, z> = 0.

Let us parametrize z by
z=(1,7%5), yeRrR"? (2.46)

where we use lightcone coordinates z = (z*,z7,7) with metric dz> = —dz*dz™ +

dZ - dZ. A more proper shortening condition is
6;;1 e G;JHO(X, 7) — traces = 0, (2.47)

where we subtract traces using the metric on R¢~2. The argument for (2.47) is as

follows. O(x,z) is a sum of products of J factors of 1, > and the components of
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y. If J + 1 y-derivatives of some term is nonzero, at least two of those derivatives
must act on the same y2 factor, resulting in a nonzero trace. By subtracting traces,

we remove such terms.

The shortening condition (2.47) is naturally a traceless symmetric tensor with spin
J + 1 in the “transverse” space R?"2. We can write it more economically by

introducing a null vector 5 € C?~2 such that 5> = 0:
(5-0;)""0(x,2) = 0. (2.48)

We can make (2.48) Lorentz-invariant by introducing a polarization vector w =
0,2y - 5,5) € C4-L1. By construction, w is null and transverse to z, i.e. w - z =
w? = 0. We would like w to encode only the d — 2 degrees of freedom in 5, so we
must additionally impose a gauge-redundancy w ~ w + Az. The condition (2.48)

finally becomes

(w-3,)"0(x,2) =0. (2.49)

One can check that the differential operator (w - d,)’*! preserves the ideal generated
by z2 = w - z = w? = 0. More nontrivially, it is gauge invariant under w — w + Az
precisely when acting on functions with homogeneity J in z (we show this in (2.64)

below).

The shortening condition (2.49) for O implies a related shortening condition for
L[O]. For simplicity, suppose O is a scalar, i.e. J = 0. By integrating by parts
inside the light-transform (2.43), we find

L(w-9,) = ZL((Z ) (w-0,) —(z-0;)(w - ax))L (acting on scalars with dimension A).

-A
(2.50)

Consequently, L[O] satisfies its own shortening condition
((z D) (w-8.) = (2-8.)(w - 0x))L[O] (x,2)=0 (O scalar), (251

inherited from the shortening condition (2.49) for O. Just as w - 9, is Lorentz-
invariant (also conformally-invariant) only when acting on scalar representations,
(z-0¢)(w-09;) — (z-9,)(w - 0y) is conformally-invariant only when acting on

representations with the quantum numbers of L[O], i.e. with dimension 1 — 0 = 1.
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2.3.2 Reducibility and primary descendants
The operator (z-9,)(w - d;) — (z-9;)(w - d¢) can be compared to other conformally-
invariant differential operators that exist for special quantum numbers. A well-

known example is the operator that takes a current to its divergence
IJH = 0,9" = (0:- 0)J (x,2). (2.52)

On the right-hand side, we have written the divergence in index-free notation.

The operator d, - d, changes quantum numbers (A, J) by
Oy -0,:(d-1,1) — (d,0). (2.53)

It is conformally-invariant only when acting on operators with the correct dimension
and spin. This has the following representation-theoretic interpretation. Let Vi ;s be
a long multiplet (i.e. a generalized Verma module, see e.g. [35]) of the conformal
group with dimension A and spin J. Vj; is irreducible for generic A. However it
becomes reducible when A = d — 1:

Vd—l,l D) Vd’(). (2.54)

The quotient Vd_l,l = V4-1.1/Vayo is the short representation associated to a con-
served current. If |7 (z)) = z,|J*) is the highest-weight state of V;_; 1, then the
highest-weight state of V0 C V-1 18

P-0,9(2) (primary descendant). (2.55)

We say that (2.55) is a “primary descendant.” More formally, there exists a homo-

morphism
D:Vyo— Va1, (2.56)

sending the highest-weight state of V,; o to (2.55) inside V;_1 1. By replacing P — 0,
inside the expression for the primary descendant, we find the conformally-invariant
differential operator (2.53).

In summary, conformally-invariant differential operators are in correspondence with
reducible generalized Verma modules — i.e. generalized Verma modules that con-
tain primary descendants. The differential operators arising in this way have been
studied in the mathematics literature, and also in the physics literature due to their
relation to poles in conformal blocks [36, 37, 35, 38]. We refer the reader to [35] for
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a lucid discussion and classification. In order to compare our operator (2.51) to the
classification in [35], we must understand the quantum numbers of the corresponding

primary descendant.®

2.3.3 Index-free notation for general tensor representations

A general finite-dimensional tensor representation p of SO(d — 1, 1) has a Young
diagram with rows of length (m, ms,...,m,), where n = L%J, see figure 2.4. We
define spin J = m as the length of the first row of the Young diagram of p. The
remaining rows A = (my, ..., m,) define a representation of SO(d — 2). We define

transverse spin j = my as the length of the first row of the Young diagram of A.

m1:J ‘
my = j |
ms ‘

my—1

my

Figure 2.4: A Young diagram for an irreducible representation p of SO(d — 1, 1).
The rows have length m, m», ..., m,. We often write m; = J (spin) and m, = j
(transverse spin). If we remove the first row of the Young diagram for p, the remain-
ing rows (my, ..., m,) make a Young diagram for an irreducible representation A
of SO(d - 2). If we remove another row, the remaining rows (my, . .., n,) make a
Young diagram for an irreducible representation y of SO(d — 4).

An operator in the representation p has indices OQF!H/V17Vmy3P1Pmn (x) - Each
index group delimited by semicolons is symmetric. Furthermore, O is traceless
in all its indices, and satisfies some additional symmetry conditions that we de-

scribe below.’® To use index-free notation, we introduce null polarization vectors

9Strictly speaking, we need to be more careful because the notion of generalized (aka parabolic)
Verma module depends on a choice of a parabolic subalgebra of conformal algebra. This choice
determines, in particular, which quantum numbers can be non-integer. In [35] the parabolic subal-
gebra is the maximal one for Euclidean conformal algebra, and it allows for non-integer A. Here,
we are interested in both A and J being non-integer, which requires us to consider the maximal
parabolic subalgebra of Lorentzian conformal algebra. Therefore, the classification of [35] is not,
strictly speaking, applicable here. It would be interesting to have a full classification for Lorentzian
conformal group. We take a more simplistic approach: our conformally-invariant differential opera-
tors can be identified with analytic continuations in J of the differential operators classified in [35],
and this will be enough for our purposes.

19For simplicity, we only consider the bosonic representations, i.e. the representations of SO(d —

1, 1) and not of Spin(d — 1, 1). Furthermore, we ignore the possible self-duality conditions in even
d.
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Z, W1, ..., w,_| for each row:

O(x,z,w) =0(x, 2, Wi, ..., Wyp_1)

_ Ll VL Vs 3o 301
— O/J Hy my L1 Pmp (‘x)ZIJI Wiy Wl,sz Wl Wil

(2.57)

Here we used the notation w to denote the collection of vectors w;, i = 1---n — 1.

The polarization vectors satisfy the relations

0=7
O:w%:wl'z
O:w%:wz-wlzwz-z
2
O=w,_|=wp1 - Wp2="""=Wy_|-Z (2.58)

The additional symmetry properties of O are equivalent to the statement that

O(x, z, w) is invariant under the gauge redundancies

w1 ~ wi + #z

Wo ~ Wo +#W1 + #7

Wpol ~ Wpo1 +H#w,0 + - - - + #z. (2.59)

The object O(x,z, w) is a homogeneous polynomial of the polarization vectors

Z, Wi, ..., w,—1 with degrees (J, ma, ..., m,). We often abbreviate w| = w.

The index-free formalism we have just developed is essentially the embedding space
formalism for the Lorentz group.!! In the embedding formalism, a traceless sym-
metric tensor operator in d-dimensions becomes a homogeneous function O(X, Z)
of variables X, Z € R¥*1! satistfying X> = X - Z = Z? = 0 and a gauge redundancy
Z ~ Z + AX [30]. The Lorentz group SO(d — 1, 1) is of course the conformal
group in d — 2 dimensions. Thus the embedding formalism applies, with the d + 2
dimensional X and Z replaced by the d-dimensional z and w. In particular, z can

be interpreted as an embedding-space coordinate in d — 2 dimensions.

2.3.4 Raising transverse spin
We can now recognize w - 9, (with w; = w) as a differential operator that raises

transverse spin j, since it increases the degree in w by 1. Specifically, it changes the

""More generally, it comes from the Borel-Weil theorem, see [15] for details.

sPmp *
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quantum numbers (A, J, j) by
w-0d;:(A,0,0) = (A, -1,1). (2.60)

The operator (z-dy)(w-9;) — (z-d;)(w - d,), obtained by commuting w - 9, through
the light-transform, changes (light-transformed) quantum numbers (1 —J, 1 - A, j)
by

(z:0)W-0;) = (z2-0,)(w-0y) : (1,1 =A,0) = (2,1 = A, 1). (2.61)

More generally, let us define the operator
1
D)= —(w-d,)", (2.62)
n!
D (An+j-1,j) > (A j—1,7+n). (2.63)
The operator D;, provides the shortening condition for the Lorentz representation of
local operators with spin J = n+ j — 1 and transverse spin j. Note that D, preserves
the ideal generated by z2 = w - z = w? = 0. More nontrivially, it is gauge-invariant

under w — w + Az. To see this, we act with the generator of a gauge transformation

z- 0y on D, f(z,w), where f(z,w) is gauge-invariant:

n—1
20w )" F(z,w) = D (w8 (2 0. = w- 8w 3" f(z,w)
=0

n—1
=S @j—n+ (w0 flzw)
=0

=0. (2.64)

In the first line, we commute z - d,, past other operators until it acts on f(z,w),
which it kills. In the second line, we use that f(z, w) has homogeneity n + j — 1 in
z and j in w. This computation shows that D;, is Lorentz-invariant. Because local
operators transform in irreducible representations of the Lorentz group, Schur’s

lemma implies that they must be killed by D,.
By commuting D), through the light transform,
LD, = D,L, (2.65)

we find a new operator O, given by
_ (=D A+-2)
" TA+j-2+n)T(n+1)
=wy(w-0y—2-0,)+z,w-0,, (2.66)

(05 - D),

@0+

Wil
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Here, (Z)gjv)“ is a weight-shifting operator for the Lorentz group SO(d — 1, 1) in
the vector representation [39]. It can be obtained from the vector weight-shifting
operators for the conformal group in [39] by using the analogy of (z, w) with the
embedding-space coordinates (X, Z). The operator D, is conformally-invariant
precisely when acting on the quantum numbers obtained by light-transforming
(2.63):

Dy:2=n-j,1-Aj) > (2-j,1=A,j+n). (2.67)

The operator D, falls into the classification of reducible Verma modules described
in [35]. In the notation of [35], it has type Iz,n.lz’g

To summarize, by commuting 9, through the light transform, we obtain a special
conformally-invariant differential operator 9, that raises transverse spin. By con-
struction, O, vanishes when acting on the light transform of a local operator with

the appropriate quantum numbers, since
D,L[0] =L[D,0] =0. (2.68)

Shortly, we will encounter light-ray operators O} Jj(x, z) that are conformal pri-
maries with quantum numbers (1 —J, 1 — A;, j), but that are not light-transforms of
local operators. When J = n+ j — 1 with n € Zs(, we can act on such operators

with O, to obtain new primary descendants with higher transverse spin

DnO; sy (6:2) (2= j, L= Ay j +n). (2.69)

Primary descendants of this type will provide the higher transverse spin terms in the
light-ray OPE.

2.4 The complete OPE of scalar detectors

In this section we will explicitly derive the OPE of the form (2.24) for two scalar
detectors L[¢|L[#2]. As discussed in [34], products of scalar detectors are not in
general well-defined non-perturbatively. Nevertheless, they make sense kinemati-
cally, and give us a nice playground to demonstrate the key concepts, which we will
then generalize to arbitrary detectors in section 2.5. Furthermore, in section 2.7 we
will see an example where L[¢1|L[¢>] is well-defined and the formulas from this

section can be verified.

12Similarly, we can think of 9’ as an invariant differential operator with respect to SO(d — 1, 1)
(the Lorentz group), thought of as the conformal group in d — 2 dimensions. In the notation of [35],
it has type Iy ,,.
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2.4.1 Kinematics of the OPE
Let us understand the general form that the OPE should take. First note that the

product

W(x,z1,22) = L[#1](x, z1)L[¢2](x, 22), (2.70)

is a conformal primary, if it is well-defined. This is because

[Ky» W(0, 21, 22)] = [Ky, L[$1](0, 1) L[¢2](0, 22)]

= [Kyu, L[¢1]1(0,21) L[ ¢2](0, z2) + L[¢1](0, z1) [Ky, L[#2](0, z2)] = 0.
(2.71)

Similarly, the scaling dimension of W (x, z;, z2) is the sum of scaling dimensions of

L[¢i],
AW:(I—J1)+(1—J2):2. (2.72)

However, the operator W (x, z1, z) does not transform irreducibly under the Lorentz
group — it depends on two polarization vectors, but they do not satisfy any of
the relations described in section 2.3 among themselves. The OPE (2.24) decom-
poses W(x, z1, z2) into irreducible components, since the detectors D(x, z, w) are

irreducible under the Lorentz group.

In fact, the problem of decomposing W(x, z1, z2) into irreducible representations of
the Lorentz group is a familiar one. The Lorentz group SO(d — 1, 1) is isomorphic
to the Euclidean conformal group in d — 2 dimensions. Under this isomorphism,
z; become embedding-space coordinates [40, 30] for a fictitious CFT;_,. By the
definition of spin we have L[¢;] (x, Az;) = '™~ L[¢;] (x, z;), where A is the scaling
dimension of ¢;.13 At the same time, primary operators $s in the embedding
formalism for the fictitious CFT4_, should satisfy Ps(1z;) = A7°P5s(z1), where &
is the (d — 2)-dimensional scaling dimension. Thus, if we interpret the Lorentz
group as a (d — 2)-dimensional conformal group, the transformation properties of

W (x, z1, z2) under Lorentz transformations can be described as*
W(0, z1,22) ~ Ps,(21)Ps,(22), (2.73)
where 6; = A; — 1. In particular, if we parameterize z; as in (2.46),

=1, 5=y, &=y (u=2-,d-1), (2.74)

1

3Recall that spin of L[¢;] is 1 — A;.
4Provided that by Lorentz group we mean the group that fixes x. We take x = 0 and use the
standard Lorentz group for concreteness.
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for ¥ € RY72, then

W0, y1,¥2) ~ Ps, (31)Ps,(2) (2.75)

transforms exactly like a pair of scalar primaries with dimensions 61, 6 at coordi-

nates yi, y, in the fictitious CFT,_,.

We are familiar with taking the usual OPE between two scalar primaries,

Ps,(¥1)Ps, (¥2) = Z Cs.jspr-u; (V15 25 3;2)7)(/;’;"”" (32), (2.76)
0.j
where j is the (d — 2)-dimensional traceless-symmetric spin.’> The differential
operator Cs j.u,-u; (V1, Y2, 05,) is fixed by (d —2)-dimensional conformal symmetry
and is the usual operator in Euclidean CFT,_,. It implicitly depends on ¢, 6,. For
example, the leading term of this operator in the y; — y, limit is given by

Cg}wﬂj(yl, ¥2,05,) = |F12|7 002 (W4 -+ - ¥ — traces) + -+ - . (2.77)

It will be convenient to work with (2.76) written in embedding space coordinates.

For this, note that traceless-symmetric primary operators ;“ 7(y) are described

in the embedding formalism as functions of z, w satisfying z2 = w?> = z-w = 0
subject to

Ps,j(z,w) = Ps j(z,w + az), (2.78)

Ps j(z, Aw) = A Ps j(z, w). (2.79)

In the notation of [30] we have Pihere = Zhere> Zthere = Where- S0 We can rewrite (2.76)

as

Ps, (21)Ps,(22) = Z Cs,j (21,22, 02y, Ow,)Ps,j (22, W2), (2.80)
0,

where Cs, (21, 22, 02y, Ow,) 18 Cs jipty - (¥1, y2. 05,), “lifted” to the embedding space.
The embedding space expression for Cs ; has been studied in a number of papers
(e.g. [41, 42, 1, 43] to name a few), but we will not need its explicit form. All we
need is that it is SO(d — 1, 1)-invariant and upon restriction to the Poincaré section
it becomes (2.76).

5Normally, we would have OPE coefficients in the right-hand side. Since here we are just
discussing kinematics, we omit them. One can imagine that they have been absorbed into the
definition of Ps ;.
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Translating this back to W(x, z1, z2), we see that the Lorentz symmetry requires the
detector OPE to take the form

W(x,¥1,¥2) = Z Corjipiry, (1 ¥2, 03,) Wi (x, 2) (2.81)
i
or

L[¢1](x,z1)L[¢2](x,22) = W(x,z1,22) = Z Cs,.ji (21,22, 0y, 0y, )W (x, 22, W2),
(2.82)

for some primary operators W;(x, z, w) with (d — 2)-dimensional quantum numbers
0, ji-*¢ Note that w satisfies the same properties as the second-row polarization
vector w in section 2.3, and so the operators W;(x, z, w) transform in irreps of
SO(d — 1, 1) with two-row Young diagrams, with the first row of length —§; and the
second row of length j;.

2.4.2 Harmonic analysis on the celestial sphere
So far, (2.82) is an ansatz based on kinematics. In this section we will show under

which conditions (2.82) holds, and provide a formula for W;(x, z, w).

We will focus on a generic matrix element of W(x, z;,z2). Specifically, we will

consider an expectation value of the form

W(z1,22) = (04(p)[W(eo, 21,22)|03(p)), (2.83)

for some local operators Oz, O4. We allow O3 and O; to carry arbitrary spin and do

not require them to be primary.

In the language of the fictitious CFT,_5, W(z1, z2) is a function of two points that
at each point transforms as a scalar primary of dimension ¢;. The main idea is
then to decompose W(zy, z) into (d — 2)-dimensional conformal partial waves [44,
45]. This is equivalent to constructing the SO(d — 1, 1) Casimir operators from the

Lorentz generators M, defined by

M = M + ML, (2.84)
M :z;’ai’i —zﬁlai’i, (2.85)

16 Above, we had set x = 0 but by translation invariance this is valid for any x.
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and finding a basis of their common eigenfunctions.!” In fact, note that the standard

conformally-invariant three-point functions

(=4 (w2021 -2—-w-2122 - 2)/

<7)6](Zl)P52(22)P5,]‘(Z, W)> - §1+62 S+j 1+6 62+ 62+6 81+
(=2z1-22)" 7 (2z1:2)7 7 (“2z22-2)7 7
(2.86)

are eigenfunctions of all the Casimirs for any z,w and d, j.®® This is because by
conformal invariance, the action of the Casimirs on z1, z» on (2.86) is equivalent to
the action on z, w, and ¥ ; is irreducible. Modulo technical details that we omit for

simplicity (see [45, 15]), these eigenfunctions form a complete basis and we have

W(zl,m)—z / e [ DI )PP e DWW ()

——100

(2.87)

for some W. J(z, w), 6 = d —2 — 6. Here the integration measure in z is the
standard [46]¥
d?z6(z%)0(z°)

pi-2, —
ST TSI

(2.88)

and D,, is roughly equivalent to d,, [30] and serves to contract the indices encoded
by w between W’ and Ps ;. This can be written in a form more similar to (2.82) by

using the fact

(Ps,(21)Ps,(22)Ps.j (2, w)) = Cs,j (21, 225 02y, Oy )P, (22, w2) P55, (2, W),
(2.89)

for the normalization of Cs ; as in (2.77) and for the standard two-point function

given by!8

(=2(w1 - w2) +2(wy - 22) (w2 - 21) /(21 Zz))]
(=221 - 22)°

(Ps,j (21, w1)Ps,j (22, w2)) =
(2.90)

"These Casimir operators are only self-adjoint if §; € % + iR. The forthcoming discussion
is also only strictly rigorous under this condition and for square-integrable W(zy, z2). In practice,
however, usually one can analytically continue to general §; and work with non-square-integrable
W(z1, z2), provided certain care is taken in the process. See the discussions in [9, 10, 11] for details.

180ur conventions for tensor structures are summarized in appendix A.2.

19Upon restriction to the Poincaré section (2.74), this measure becomes simply d¢~25.
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Using (2.89), we find?°
00 d-2 .
i gs
W(z1,22) = ]Z_é L2 Tt Cs,j(z1, 22, 02y, Oy, )W (22, W2), (2.91)
where
Ws,j(z2,w2) = / Dd_zZ(Rs,j(Zz,Wz)Pa,j(Z,Dw»W;;-j(Z, w). (2.92)

Using orthogonality of eigenfunctions, we can now find the inverse to (2.87) to com-

pute W’ and thus W. It is given by taking the inner product with the eigenfunctions,

Ws.(z,w) = as, / D2 D2 20(Ps, (21) Ps, (22) P, (2 W)W (21, 22),

(2.93)

where the normalization coefficient has been computed, for example, in [15]

S (~1)IT(G+ G2T(d -2+ j - OT(6—1) [(ZLU02) (&0
T a2 (j 4 1D - LD +j— 1) T(H0 oot or)’
(2.94)

and ﬁg = ?5' = Pd_z_(;.ﬂ

What is the relationship between the OPE ansatz (2.82) and the integral expres-
sion (2.91)? If W;s ;(z,w) is meromorphic in the right half-plane of ¢, we can

deform the integration contour in (2.91).22 In this way, we would obtain
(O4(p)|Wi(eo,2,w)|O03(p)) = —ress=s,Ws,j,(z, w). (2.95)

Since p, O3, and O4 were arbitrary, this completely determines W; (oo, z, w) as an

operator.

20 A subtlety is that (2.89) does not converge for all values of the coordinates, for similar reasons
that the usual Euclidean OPE does not converge in all Euclidean configurations. The proper jus-
tification of this step is the same as in the case when one passes from conformal partial waves to
conformal blocks in partial conformal wave expansion of a four-point function [47, 45].

21For 6; € % + iR we have §; = 07 and (2.93) just contains the complex conjugate of the
wavefunction, as usual — recall footnote 17.

2In such deformations of the contour in the partial wave expansions one usually encounters
“spurious” poles. Instead of representing physical contributions, they are purely kinematical and
cancel among each other or against the possible discrete series contributions that we omitted in (2.87).
See [9] for an example of cancellation of these poles in usual four-point functions, and [15] for an
example of cancellation in event shapes (for low transverse spin). To simplify the discussion, in this
paper we assume that the spurious poles always cancel.
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2.4.3 Relation to light-ray operators

Review of light-ray operators

We now show that W, j(z, w) is indeed expected to be meromorphic, with residues
related to light-ray operators. Let us first review the definition and some basic

properties of these operators.

Light-ray operators [11] are primary operators
Ofa(x, 2, w), (2.96)

parametrized by a spin J (the length of the first row of the SO(d — 1,1) Young
diagram), an SO(d — 2) representation A (the remaining rows of the SO(d — 1, 1)
Young diagram), a Regge trajectory label i, and a signature +. Their defining
property is that they are defined for generic complex spin J and are related to local

operators for certain integer values of J. Specifically, we have
0%, \(x,z,w) =L[0](x,z,w)  (J € Zzpand (-1)’ = 1) (2.97)

for some local operator O with SO(d — 1, 1) representation (J, 1) whenever J is a
non-negative integer such that (—=1)’ = +1 (where + indicates the signature). That

is, the operators 07, , are related to even-spin local operators, while 07, , are related

i,J,4 i,J,4
to odd-spin local operators. The light-ray operators (O);—: 7., thus organize the local
operators into continuous families or “Regge trajectories,” and we label different

trajectories by the index 7.23

In practice we construct light-ray operators from a product of two primaries O
and O,.%* In this section, we are interested in light-ray operators that appear in the
o1, 92 OPE, so we use O; = ¢, 0, = ¢, to construct them. These operators all have
A = 0 since only traceless-symmetric operators appear in the OPE of two scalars,

and analytic continuation in spin does not affect the second and higher rows of the

23The simple picture of operators organized into isolated Regge trajectories is not rigorously
proven. We give a discussion of its correctness in appendix A.l. Even if it is not correct, the
results of this paper are mostly unchanged, but become more awkward to phrase. For simplicity of
presentation, we take it as an assumption in the main text, and delegate more nuanced discussion to
appendix A.1.

24We expect that we get the same light-ray operators from any pair of local operators with the
appropriate quantum numbers.
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Young diagram. We define, following [11]

05,(ma == [

’

L dx1dxK) [ (x1,x0:x,2) 1 (x1)$2(x2)

# [ dd oK (i D00 ), (298)
xyaxt
where [11]
K} ;(x1,x2: %, 2) = Bas(0l¢1 (x1)L[O] $2(x2)|0),
Ky ;(x1,x2: %, 2) = Ba1(0l$2(x2)L[O] 41 (x1)[0), (2.99)
where (0| - - - |0) denote the standard tensor structures for the Wightman three-point

functions as defined in appendix A.2.25 The primes on the integrals indicate that
we should restrict x; and x; to an arbitrary small neighborhood of the null cone
of x. The dependence on this arbitrary choice will go away momentarily. We
also used the notation a ~ b to indicate that points a and b are spacelike, and
x* denotes the image of x in the next Poincaré patch on the Lorentzian cylinder.
The integrals are understood to be over the Lorentzian cylinder in order to preserve
manifest conformal invariance. The coefficient 85 ; has an expression in terms of the
Plancherel measure of SO(d + 1, 1), shadow coefficients, and Euclidean three-point

pairings [11]. Here we will only need the explicit expression

PU+HI(d+7-AT(A-1)  T(Ethe)p(aeiin)

J = ., (2.100)
Bag 27TdF(J + DA - %)F(A +J-1) F(d—A+2J+A12)F(d—A+21—A12)
where Ajp = Ay — Ao,
We then finally define
0; 5 (x, 2) = resa=, () O ; (x, 2), (2.101)

where A;(J) are the scaling dimensions of the i-th Regge trajectory. To be more
precise, from the Lorentzian inversion formula the matrix elements of @i ;(x,2)
have poles at A = A;(J) for integer J > 0, (—1)’ = %1, and these poles analytically
continue to J € C (modulo subtleties discussed in appendix A.1). The poles come
from the integration region in (2.98) where x; and x, approach the null-cone of x,
and thus the residues are independent of the precise choice of integration region for

the primed integrals. The operators thus defined satisfy

07, (x,2) = fi2oL[O](x,2),  whenJ € Zso, (-1) = %1, (2.102)

25In particular, the structures appearing in K’ and K* are not related to each other by a direct
analytic continuation. Instead, they differ simply by the substitution 1 < 2.
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for some local operator O, where fi,¢ is the OPE coeflicient appearing in (¢ ¢,0).

For general J € C we have

£(x,2) = fii(DOF (x, 2), (2.103)

where fi2;(J) is the analytic continuation of fj»p along the i-th Regge trajectory.
Note that O7, (x, z) was constructed from a particular pair of local operators ¢1, ¢>.
The above relation provides the connection between O, (x, z) constructed from

different pairs of local operators.

While the normalized operators @f g (x, z) are more fundamental, for our purposes

it will be more convenient to work with the operators O, (x, z) constructed from

b1, 2.

The transverse spin puzzle

We now relate W;(x, z, w) in (2.82) to the light-ray operators (O)l?—t ,(x,z). Consider
the quantum numbers of @;—: ,(x,z). By construction, they have scaling dimension
1 — J and a one-row Lorentz representation with spin 1 — A;(J). In particular, they
have j = 0. This is the analytic continuation of the fact that only traceless-symmetric

operators appear in the OPE of two scalars.

On the other hand, the operators W;(x, z, w) have scaling dimension 2 and two-row
Lorentz representations with spin —d; and transverse spin j;. If j; = 0, we can match
quantum numbers with light-ray operators by setting J/ = —1 and 6; = Ay (J = —1)—1,

leading us to expect
Wi(x,2) ~ O _ (x,2) + O _(x,2) (for W; with j; = 0). (2.104)

Here “~” means that the left-hand side is a linear combination of objects on the

right-hand side. Note that the expressions such as
Wi(x,2) ~ 070}, (x,2), (wrong) (2.105)

while allowed by dilatation and Lorentz symmetry, are forbidden by the full confor-

mal symmetry, since W;(x, z, w) must transform as primary operators.2°

A relation of the form (2.104) was proven in [15], where W; with j; = O were called

“low transverse-spin” terms. Having an expression for the low transverse-spin terms

26Note that 8)% can be conformally-invariant, i.e. produce a primary, but only if it acts on a scalar

operator of dimension %, which is not the case here.
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is sufficient for computing certain even shapes, as explored in [15], but does not

provide a complete OPE expansion.

Finding an expression for W;(x, z, w) with j; > 0 in terms of OF, (x, z) might seem
hopeless due to the mismatch of quantum numbers. Luckily, our discussion in
section 2.3 provides us with a family of conformally-invariant differential operators

D, which have the property that
(D07 ) (x, 2, W) (2.106)

transforms like a primary with scaling dimension 2, spin 1 — A; and transverse spin

n. We can thus conjecture that for all j;
Wi(x,z,w) ~ (D, “,:’J:ji_l)(x, ,w) + (Z)J-i@,;]:ji_l)(x, ,w), (2.107)

where 6; = A (J = j; — 1) — 1. (We use the convention Dy = 1.) This expression
is similar in spirit to the wrong example (2.105) above, except that instead of 6> we
use a carefully-constructed differential operator D,, that makes the right-hand side
transform as a primary. As discussed in section 2.3, such operators are rare and it is
an intriguing mathematical conspiracy that the quantum numbers of W;(x, z, w) are
precisely such that O, exist. In particular, one can verify that no other conformally-
invariant differential operators exist in the classification of [35]° that can be used in
the ansatz for W;(x, z, w).

Partial waves and light-ray operators

As we discussed in section 2.4.2, the matrix elements of the operators W;(x, z, w)
are residues of W5 ;(x,z,w) defined by (2.93), which we can write as (restoring

x-dependence)

W(S,j (X, Z, W) =

@ j / D22 D2 25(Ps, (21) P, (22) Ps.j (2, w))(Oa|L[ 1] (x, 1)L $2] (x, 22)|O3).
(2.108)

By expanding the definition of L, this can be understood as a particular integral of

(O4ld1(x1)92(x2)|03) (2.109)

over xi, xs.
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Similarly, the matrix elements of (D;07 J=j—1) (x, z, w) are residues of
(O4l(D;0y ;-1 (x,2,w)|O3), (2.110)

which itself is a xp, xp-integral of (2.109). Therefore, we can prove the relation

between W; and D;07 J=j—1 by simply showing that these integrals are the same.

Concretely, we will show that

W(S,j(xa Z, W) = A<04|(Dj@§+1,12j_1)(x, <, W) - (@j©5_+1,J:j_1)(X, <, W)|O3>
(2.111)

for some constant A.

Let us start with rewriting (2.108) in terms of an integral of (2.109):

Wa,_;(X,Z,W)=/ddxlddxzia,j(xl,xz;x,Z,W)(04|¢1(X1)¢2(X2)|03>- (2.112)

By the definition of the light-transform, the kernel L5 ; is given by

L5 (x1,%2:X,2, W) = @ / daydaa D271 D42 20 (Ps, (21) P, (22) Ps.j (2, w) ) X

X (—a1) 0 (—an) 7 (x — 21 /a1 = x1)8% (x — 22/ — x2).
(2.113)

To evaluate the «;, z;-integrals, let us first consider the more general integral
/ daD27(—a) 716 x + z/a) f (2). (2.114)

For the z-integration to make sense, we need f(1z) = A7%*2*9 £(z). Otherwise, we
keep f arbitrary. We restrict to x belonging to the first Poincaré patch, in which case

a must be negative in order to satisfy x + z/a = 0. We find

/ daD"z(=a) 1§ (x + 2/a) f (2)
a<0

__ 2 d_ (.2 —o-1gd (. _
" Vol SO(1, 1) /(DO dad®z6(z7)6(z > 0)a™" 6% (x — z/a) f(2)

2 2.2 d—o-1
= 0
voISO(I.1) /a>0 dad(a“x?)8(ax > 0)a f(ax)

B 2 2 -1
~ volSO(1,1) /a>0 dao(B0e= 0 /()

=26(x2)0(x > 0) (%), (2.115)
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where we used that vol SO(1,1) = fooo daa~'.?7 Using this result in (2.113), we
find

Ls.(x1, %253, 2, w) = das j(Ps, (x13)Ps, (x23) Ps.j (2, W)Y (x33)8 (x3,)0(x13 > 0,x23 > 0).
(2.116)

Let us now perform the same exercise for the right-hand side of (2.111). First, it is
clear why we want the difference of O* and O~ operators with equal coefficients:
by comparing to (2.98), we see that this difference only involves the K’ kernel and

the ordering ¢1¢>, which is precisely the ordering we need. We find
A0S (DT} s i) 2 w) = (D051 5, ) (5,2, w)]O03)

=24 / dx1d'x2 (DK, 0(x1 ~ x*,x0 % X)) (x1, 023 %, 2, ) (Oal 1 (x1) $2(x2) | 03).
(2.117)

Here we have taken into account the action of ©; on x in the integration limits

in (2.98) by writing these limits as an explicit 8-function.

We would like to relate the kernel in (2.117) to the kernel Ls; in (2.116). In
doing so, there is an apparent problem: K’ is non-zero for generic configurations of
points x1, x2, x, while the kernel L; ; only contains delta-functions. This problem
is resolved by two mechanisms. Firstly, when j > 0, the differential operator D;
annihilates K’ for generic configurations of points. Hence, its action in (2.117) only
has support on special loci — precisely the loci where L ; has support. Meanwhile,
when j = 0, we have Dy = 1 and this mechanism does not work. However, in this
case the coefficient Bs41 -1 in (2.99) contains a 0 coming from I'(J + 1) in the
denominator of (2.100). The zero is only cancelled on special loci, giving rise to
delta-functions again. In the next section, we describe in more detail how delta-

functions of (2.116) emerge from (2.117).

2.4.4 Emergence of delta-functions from the light-ray kernel

The light transform entering K’ in (2.99) is given by [11]

(0[1 (x1)L[O] (x3, 2) $2(x2)]0)

LGt e
- (¢1¢2[ D Aj+hy—(1-J)+(1-A) App+(1=J)+(1-A) —Ap+(1=J)+(1-A)
2 2 2
7)) : (=x73) ? (x35
in the configuration x; ~ x2, x| > X3,X2 = X3), 2.118
g

?"In a more formal derivation, one would fix the SO(1, 1) freedom by Faddeev-Popov procedure.
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where
T(A+J-1)
F(A+A212+J)F( A—A212+J) :

L(¢142[0]) = —2ni

(2.119)

Acting with D; given in (2.66) we find

(01¢1 (x1) (D;L[O])2(x2)|0)
_(=1)2%(=));L(¢12[0)) (A + j —2)
- (A=2)T(j+1)

X (22 - Xy — 22 - xi3xy) (2.120)

Ay +Ay—(1=J)+(1-A) Ap+(1=J)+(1-A) ~Apy+(1=J)+(1-A)
2 1722 _ 2 12 2 12
(x,) ? (=x73) ? X23) ?

(W~ X132 - X23 — W - X032 - X13)”

If we set J = j — 1 then for j > O this indeed vanishes due to the (-J); factor, and
thus O; with j > 0 annihilates K !, as promised above. This can also be immediately
concluded from the fact that for / = j — 1 > 0 we have above a light transform of
an integer-spin three-point structure, and thus it must be annihilated by D; based

on general properties of D; discussed in section 2.3.

However, this calculation of the action of D; is not complete. This is because we
have only computed the action of ©; on K in (2.117), but not on the #-function.
Derivatives hitting the theta-function will produce delta-function contributions that
are needed to match (2.116). To derive the explicit form of these delta-functions,

we will take a slightly more general approach.

Interlude: distributions and analytic continuation
To illustrate the approach, it is helpful to consider a toy example
0
—0(x) =6(x). (2.121)
0x
While the right-hand side is obvious, let us re-derive it in a way that will be useful
later.

We start with a new definition of the left-hand side. We can think of 6(x) as the case
a = 0 of the 1-parameter family of distributions p,(x) = x“8(x). The derivative

p, (x) is represented by a locally-integrable function when Rea > 0:
pl(x) = ax®'0(x) +x6(x) = ax*'0(x)  (Rea > 0). (2.122)

Specifically, when Re a > 0, we can ignore d/dx acting on 6(x). Let us define the
left-hand side of (2.121) as the analytic continuation of p’ (x) = ax?~'0(x) from
Rea >0toa =0.
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As we explain in detail in appendix A.7.1, the distribution x~'6(x) has a pole
at a = 0 with residue §(x). It follows that lim,_,oax®'8(x) = 6(x). To see
this, consider the integral against a test function f(x) with a regular Taylor series

expansion at x = 0,

/ dx ax“™! f(x) =a/ dxx® (£(0) + (f(x) = £(0)))
0 0

=a (& + 0(1))

a
= f(0)+0(a) (Rea > 0). (2.123)

In the second line, we used the fact that / dx x* 1 (f(x) = £(0))is O(1) asa — 0,
since f(x) — f(0) vanishes at least linearly there. Finally, taking a — 0, we obtain
£(0), as claimed.

Action of D; on K’

This strategy of starting in a region where the derivative of a kernel is simple (in
particular where we can ignore derivatives acting on 6-functions), and analytically

continuing away works well in the case at hand. First, let us define the expression
Ky ;(x1,x25%,2)0(x1 ~ x¥, %3 = x), (2.124)

as a distribution. This is straightforward if we tune the parameters Ay, Ay, A, J to
a region U € C* in which all the powers in (2.118) are such that (2.124) is locally
bounded (in x, x;,z). This is the analog of choosing Rea sufficiently large and
positive in the toy example of section 2.4.4. For (A, Ay, A, J) € U we automatically
get a distribution in x, x;, z that is analytic in Ay, A, A, J. We can then define it for
the values that we are interested in by analytic continuation. In the interior of U we
can ignore the theta-function for the purposes of acting with 9;: the theta function
only jumps when some xl.zj in (2.118) vanishes, but inside U we have a product
of all xl.zj appearing with positive powers, and so K’ vanishes on the jump of the
theta-function. This is the analog of the computation (2.122) in our toy example.
Therefore, in order to compute the action of 9; we can act in U just on K’ and then

analytically continue to the desired values of Ay, A, A, J.

Thus our goal is to analytically continue

(DK} ) (x1,x2:%3, 2, w)O(x1 ~ x5, %2 ~ x3)
= ﬂA,J(O|5l (XI)(DjL[O])az(xz)|O>0(x1 ~ x;)e(xz ~ X3) (2.125)



41

with the Wightman function given in (2.120). We introduce the following coordi-

nates,
§ =27 X03x%y, 1 =27 X13%5;. (2.126)

Recall that the prime on the integral in (2.117) means that we should only include
the configurations where x, is near the future null cone of x3 and so we can assume
Z - x23 < 0.22 We can then rewrite (2.125), assuming for simplicity that all points

are in the same Poincaré patch

(=1)72%7(=J);L($142[O])(A + j = 2)

;
- W X132 X223 — W - X237 * X
Bag BA-2TG+1) (W - x132 - x23 232 * X13)
App+(1=0)+(1-4) —Ajp+(1-D)+(1-4) A
o (22w (2zexy) T (s +0)'72770(5)0(1)
’ Ap+Ay—(1-J)+(1-A) App+(1-)+(1-A)  —App+(1-D)+(1-A)
(xlz)—2 s 2 2

(2.127)

The factors that are not written in terms of s, # will not be important in our analytic
continuation: they are either analytic functions of the coordinates (the w-dependent
factor), or can only become singular when x| becomes almost proportional to x,, or
when x; becomes proportional to z, while at the moment we are interested in more

generic configurations.??

To find the analytic continuation of the s, z-dependent factors, let us define

, A+ (1=J)+(1-A) ~Ap+(1=J)+(1-A)
a=1-A-j, b=- , ¢c=-— .
2 2
(2.128)
Then the s, 7-dependent part becomes
(s +1)“sP10(s5)0(r). (2.129)

This is well-defined as a distribution analytic in a, b, c for a,b,c > 0. In ap-
pendix A.7.1 we show that near a + b + ¢ + 2 = 0 its analytic continuation to general
a, b, c has a pole of the form

1 I'b+DI'(c+1)

a b,
t 1°0(s)0(t) ~
(s+1)"s7t°0(s)0(1) a+b+c+2 T'(b+c+2)

5(5)8(1). (2.130)

28This is not true when x»3 is close to being proportional to z. However, here we focus on generic
configurations.

2Following the logic similar to below, one can check that no new contributions appear in these
limiting configurations.
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With our definitions we have
a+b+c+2=J-j+1, (2.131)

which we want to set to 0. The resulting divergence is canceled in (2.127) by Sas
for j = 0 or by the (—=J), factor for j > 0. Thus, plugging (2.130) into (2.127) and
setting J = j — 1, we find

(Dng+1,j—10('x1 ~ x;,xz ~ x3))(X1,X%2; X3, 2, W)

= PN A Gyt Gprre 0 X13)0X23)5
(=2x13-x23)7 2 (2z-x3)7 2z (2z-x13)" 2
(2.132)

Comparing this to (2.116) and to the expression (2.86) for the 3-point structure,

which we reproduce here with the relevant quantum numbers,

4 (w-z1220- 23— w2221 - 23)7

(Ps, (21)Ps,(22)Ps.; (2, W) =

51+6 —-0+j 51+6-069+) Sy+6-061+)
(-2z1 ) 7 (“200w) T (20 T
(2.133)
we find
t + (_1)j
(DjKgyp ;10(x1 ~ x3,x0 & X)) (x1,X2;X3,2, W) = i L5 (x1,x2,X3,2,w).
(2.134)
Thus (2.111) indeed holds with
A = (-1)in. (2.135)

2.4.5 The final form of the scalar OPE
Combining equations (2.91), (2.111), and (2.135), we find the OPE formula

L{¢1](x, z1)L[¢2](x, 22)

[o%) d=2 .
) BRI PN . B ;
=70 a2 G (1229 ) 1) (D131 22w2) = (D05, ) (5,220 w2)
j:

(2.136)

Deforming the contour to the right and picking up the poles from light-ray operators, >

we can write

L{#1](x,z1)L[¢2](x, 22)

=i 33" Co1(21,22, 825, D) (1) (D071, (3, 22,w) = (D07 ;) (22, w2) ).
Jj=0 i

(2.137)
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Here the differential operator Cs,; is defined by (2.89). For j = 0, taking into
account Dy = 1, the result (2.136) agrees with (3.96) in [15], which has been tested
in a number of examples [15].3° For j > O the result is new. We will explore an

example in which the j = 1 term is important in section 2.7.

Note that in the above expressions, the terms involving O for odd j and terms
involving O~ for even j are related to light-transforms of local operators and are
thus annihilated by D; for j > 0. Similarly, for j = 0 we have Oy ;,_ , =0
due to the superconvergence sum rule [34, 15], which holds whenever the leading
Regge trajectory in ¢ X ¢> OPE has intercept below J; + J, — 1 = —1. We indeed
have to assume that this is the case, in order for the left-hand side of (2.136) to be

well-defined [34]. We thus conclude that in fact the above expressions simplify to

L[¢1](x,z1)L[¢2](x, 22)

) =2
. TR s (—1)J
=7TZZO i 2—m.Ca,j(Zl,Zz,5@,5WZ)(D]'@5+1J:]~_1)(X,Z2,Wz), (2.138)
J:

and

L{61](r.2)L[g2] (x.22) = =i 3| " Cae1,j (1. 22: 82 B} (D305, (.20, w2).
j=0 i
(2.139)

An interesting consequence of this simplification is vanishing of the commutator

[L{¢1](x, z1), Ll¢2](x, 22)] = 0. (2.140)

Indeed, according to the discussion in [15], this commutator has signature (—1)/1*/>~1 =

—1. We claim that all the terms in (2.138) have signature [11, 15] +1 and thus there

are no contributions to the commutator. To see why

(-1
0,0, (2.141)

has signature +1, we need to analyze two cases. Note that for j = 0 we have

Dj Ol(._/i)jj—l = (O)ZJ:—I’ (2.142)

which manifestly has signature +1. For j > 0 the operator 9; is non-trivial, and we

claim that it changes signature by (—1)/, in which case we again see that

—1)/
0,0, (2.143)

30The minus in front of O~ has to do with a more explicit treatment of the analytic continuation
of (1) factors in this paper.
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has signature +1. To understand how D; changes signature, it is convenient to use

CRT symmetry Jp under which the light-ray operators have the property

T
(0%, (0,2 W) = 20,0,z W) (2.144)
for all z, w.3' Writing then

(D;0F)(0,2,w) o DY, - DI [PH, - [PH,0F,(0,z,W)] -+ ], (2.145)

Wi LW,

where D?tv ., 1s a differential operator in z,w defined in (2.66), and taking into

account jOP“jo_l = —PH* and P; = —P,, we find

T .
(ga(ﬂj@f,)(o, Z, w)Jo-l) = +(=1)/(D,0%))(0, 2, W), (2.146)

and therefore O; indeed changes the signature by (—1)/. Finally, note that the
differential operator Cs ; does not affect signature because it acts in the transverse

space (i.e. on z, w) which is not affected by f.

2.5 The complete OPE of general detectors

In the previous section, we derived the form of the light-ray OPE for a product of
light-transformed scalar operators L[¢]L[¢2]. We now derive a generalization
for light-transforms of operators in arbitrary Lorentz representations, of which the

scalar formula (2.136) is a special case. The generalized light-ray OPE formula is

L[O1](x,z1,w1)L[O:](x, 22, W2)

432 ico dé T+
— i1\ 1+)2 (a) (=712
=mi(-1) Z L 2mi 5Cs 0 (21, W1, 22, W2, 02, 0wy ) O ' p oy (35 22, W2)
AeA
42 tioo
o J1+]2 (a) ( 1)J1+Jz+n
Hri=h) / ico 27rl 6/1 (+n)(Z1’W1’Z2’w2’012’8“’2)(@ Os11 Ji+p=14n,1, (a))()C 22, W2)
n= 1 yeFlz

(2.147)

Owing to its generality, this expression is a bit unwieldy, so let us unpack it. (We
also give several concrete examples in section 2.6.) The left-hand side is a product
of light-transforms of operators O; and O,, which have the quantum numbers

(A;, Ji, A;).32 The right-hand side contains two sets of terms. The first set (on line

3IThe CRT transformation Jy can be obtained from the CRT transformation Jo described
around (2.172) below by conjugating with a conformal transformation which brings the point (x* =
—00,x~ =0,x' = 0) tox = 0 and the point (x* = 0,x~ = —o0, x’ = 0) to spatial infinity.

32For simplicity we focus on bosonic representations only.
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2) contains what we refer to as the “low transverse spin” contributions, studied in
detail in [15]. The second set (line 3) contains “higher transverse spin” contributions,

which are new and require the use of the differential operators D, from section 2.3.

The operators Cé“; are similar to the operators Cs,; from section 2.4. They encode
the kinematic structure of the OPE in a fictitious (d — 2)-dimensional CFT on the
celestial sphere. There are two important differences from section 2.4. Firstly, in
the general case considered here, there can be several OPE coeflicients that enter a
given OPE, each with its own C;Z). The structure label (a) labels these different
OPE coefficients. A sum over (a) is implicit in (2.147). As an example of the role
of the structure label (a), recall that deforming the d-contour in (2.147) to the right

and picking up the poles, we obtain a discrete sum of terms
Cy (21, W1, 22, W2, 02y OO, ) (X0 22, W2). (2.148)

Recall that ©;_:11+Jz—l,ﬂ(ﬂ)

canonically-normalized light-ray operators as

are built with reference to Oy, 0, and are related to

©ii:J1+Jz—1,/1(a) = f120T,(a)©ii,Jl+Jz—1,m (2.149)

where fi,01 () are analytically-continued OPE coeflicients in the Oy X O, OPE.
Equation (2.148) then becomes

f120+,(a)c(§,a/1) (Z] » W1,22, W2, azzv aw2)©ii:Jl+J2_1’/1(x, 22, Wz), (2.150)
Thus, the index (a) of C(gaﬂ) is naturally contracted with OPE coefficients. Similar

statements hold for higher transverse spin terms as well.

The second distinction has to do with the normalization of C’;Z). The operators
Cs,; were normalized by equation (2.89), which is formulated in terms of celes-
tial three-point structures. On the other hand, the OPE coefficients fjor (4 are
defined in terms of d-dimensional tensor structures, and thus the normalization
condition (2.89) is only correct due to our specific choice of conventions for both
d-dimensional as well as celestial tensor structures. The main result of this sec-
tion will be the proof of (2.147) together with the simple, convention-independent,
equations (2.214) and (2.215) that determine the C’d(’a/l) in terms of d-dimensional

data.33 We refer to these formulas as “celestial map formulas” because they map

33Note that up to an action by an invertible matrix on the index (a), these operators are com-
pletely fixed by the (d — 2)-dimensional conformal symmetry (equivalently, d-dimensional Lorentz
symmetry). These equations thus simply determine a preferred basis of these operators.
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the d-dimensional three-point tensor structures (which naturally pair with the OPE

coefficients f,01 (4)) to celestial sphere differential operators C ;i) 34

The remaining notation in (2.147) has to do with quantum numbers of exchanged
operators and the respective selection rules. In the low transverse spin terms we are
summing over transverse spins A € A1, which simply means all the transverse spins
that appear in the usual local OPE O; X O, and the celestial OPE of operators with

(d — 2)-dimensional spins 4; X 1. These are the transverse spins for which the
+

i,J,4,(a)
Cé“l) make sense.

operators O can be constructed from O; and O, and for which the operators

As an example, when Oy, O, are scalars, A, contains only the trivial representation
of SO(d — 2) because only traceless-symmetric operators appear in OPE of d-
dimensional scalars. In this case, the constraint that 4 € A, should appear in the
OPE of (d — 2) dimensional scalars is trivially satisfied. On the other hand, in the
example of energy-energy OPE discussed in section 2.6 both constraints become

non-trivial.

In the higher transverse spin terms, we sumover A, y € I'j5. These are the transverse
spins for which the action of the operators D, is well-defined. Concretely, these are
transverse spins with the first row of the SO(d — 2) Young diagram (the second row
of the SO(d - 1, 1) Young diagram) of length J; + J>. We write 4, = (J1 + J2,7)
with y an SO(d — 4) irrep. Since the action of D,, raises transverse spin, we use the
OPE differential operator C (@)

0,4y (+n)’
consists of y for which transverse spin A, appears in d-dimensional O; x O, OPE

where A4, (+n) = (J1 +J2 +n,y). The set I';

and at the same time A, (+n) appears in the (d — 2)-dimensional celestial OPE. (As

explained in appendix A.5, these two conditions are in fact equivalent.)

Before proceeding with the derivation, let us comment again on the relation of this
section to [15]. In [15], the celestial map formula for lower transverse spin was
derived by a rather non-trivial procedure using the Lorentzian inversion formula.
In this section, we will give a much simpler derivation of the celestial map formula
for both lower and higher transverse spin. The drawback of this simpler derivation
is that it is based on the assumption that the light-ray kernel K& JA(a) (x1,x25x,2)
satisfying (2.152) localizes on the null cone of x as we set J to certain values and
possibly act with D,,, analogously to the scalar case in section 2.4. This assumption

is plausible in the sense that it gives a natural generalization of the pattern observed

3 As we explain below, it will sometimes happen that C((;g vanishes for some values of a, i.e. not
all of the OPE coefficients actually appear in (2.148).
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in concrete examples, and is furthermore purely kinematical. It therefore appears
to be a purely technical problem to prove it. (See sections 2.5.2 and 2.5.2 for the

precise statement of our assumptions and the supporting evidence.)

For completeness, in appendix A.4, we derive (2.147) by generalizing the derivation
in [15]. This derivation, although being more technical than the one in sections 2.5.2
and 2.5.2 (which is why it is relegated to an appendix), does not rely on the assump-

tions discussed above.

2.5.1 A formula for the light-ray operator kernel
Our starting point is the following intrinsically-Lorentzian description of light-ray
operators. Recall that the light-ray operators are defined by the integral [11]

ddxlddszgJ,,i(a) (x1,x2;x,2)010,

x=~1"

(O)ii,J,A(a) (x,7) =resa=a, + / .

d d .
+[cz1 d xld XZKZ’]’/I(Q)()CQ,)Q,X,Z)Ozol. (2.151)
x=x27

We claim that the kernel K’ is determined by the equation

ddX1dd.X2 ¢ T ’r (D)
éﬁﬁl' WKA,M(Q) (x1,x2;x, 2){0|O,L[O"](x", 2) 010

X~

(2.152)

= 5= (LIO](x, OLIO' ', o)
Tl

together with the condition that it has the analyticity and conformal transformation

properties of
(010} (x1)O (x,2)0} (x2)10), (2.153)

where O’ has the quantum numbers of L[O]. The kernel K* is defined similarly
and will be described below.35 In (2.151) and in what follows we keep the transverse
indices (encoded previously by polarization vectors w) implicit in order to avoid
excessive clutter in the notation. The way these indices are contracted should in all

cases be clear from the context.

35 An intuitive picture behind (2.152) is as follows. The Wightman three-point structure in (2.152),
together with the condition 2 > x” > 17, can be viewed as one of two parts of the light-transform of a
time-ordered three-point structure [11]. The integration against K’ is then similar to producing L[ O]
from Oy, O, inside of this time-ordered three-point function, which should be equal to the two-point
function in the right-hand side of (2.152). It would be interesting if this intuitive reasoning could
be made precise: our derivation of (2.152) is based on the generalized Lorentzian inversion formula
of [11], where the latter is derived from Euclidean harmonic analysis. It would be instructive to
bypass the Euclidean argumentation altogether.
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Above, we use the notation that O; is at point x;. The kernel K’ carries Lorentz
indices for points xp, x, that are in the dual representations to Oy, O, and these
indices are contracted with Oy, O, in (2.151) and (2.152). We prove (2.152) in
appendix A.3. An advantage of (2.152) relative to the definition in [11] is that
it makes reference only to Lorentzian objects. By contrast, the definition in [11]
includes the Plancherel measure for the Euclidean conformal group and Euclidean

shadow coeflicients, and is thus more awkward to use in a purely Lorentzian setting.

In order to use (2.152) for non-integer J, it remains to explain the meaning of the

objects
(L[O](x, 2)L[OT](x", 2)), (2.154)
(00,L[0"](x", )01 |0)}” (2.155)

for such J.

Analytic continuation in spin

We define (2.154) and (2.155) by extending the definition of the underlying structures
(O(x,20"(x, 7)), (2.156)
(010,07 (', 2)0110)” (2.157)

to non-integer J and then taking the necessary light-transforms.

Note that fixing the normalization of local operators and setting the conventions for

three-point structures of local operators involves specifying the expressions for

(0(x,2)0" (v, 7)), (2.158)
(01 (x1,21)02(x2,22)0" (x, 2)) ). (2.159)

for integer spin J. We will now impose certain constraints on these choices which
will simplify our general analysis with regard to factors of (—1)’ which have am-

biguous analytic continuation in J.
For the two-point function, note that for any fixed n € Z
(O(x1,21)0" (x2,22)) (=221 - 1(x12) - 22)"™/ (2.160)

is conformally-invariant with quantum numbers independent of J. Moreover, for

sufficiently large n, the Lorentz weights with which it transforms are dominant3¢ and

30]e. the first row of Young diagram is at least as long as the second one.
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we can take this structure to be equal to a fixed, J-independent, two-point function

of local operators

(O(x1,21)0" (x2, 22)) (221 - I(x12) - 22)" ™ = folx1, 215 X2, 22). (2.161)

So we find that one can always choose

(O(x1,21)0" (x2, 22)) = folx1, 2152, 22) (=21 - I(x12) - 22)” ™" (2.162)

We allow to modify this convention by exponential factors such as 2/ but not by
(=1’

Note that the expression (2.162) can be rewritten as

fox1, 213 %2, 22) (=21 - 1(x12) - 22) ™"

= fo(x1,21:x2,22)(2(z1 - x12) (22 - x12) — (21 ~zz)x%2)1_”(x%2)"4. (2.163)

Using the fact that 2(z; - x12)(z2 - x12) — (21 zZ)x%2 > () for generic configurations,3’
we see that the usual time-ordered ie prescription unambiguously defines the time-
ordered two-point function (2.162) for generic configurations of x;,z;. This is

sufficient to apply the light-transforms in (2.154).

A similar argument for (O (x1, z1)Oa(x2,22)O7 (x, z))(?) shows that we can write,

for sufficiently large integer J,

p 2 \J-
(2z - xp3x73 — 22 - X13X55)" "

J-n,J-n,.J-n ’
12 %23 X3

(2.164)

(O1(x1,21)02(x2,22)0" (x3, 23))® = £17 (x1, 21532, 2233, 23) .

where n is sufficiently large so that the Lorentz weights of fy are dominant, and
the basis fo(b) (x1, 21 X2, 22; X3, 23) can be chosen to be J-independent. There are
two possible subtleties here. Firstly, the operators O; and O, can be identical, in
which case permutation invariance will typically constrain the structures for even
and odd J differently. Secondly, some of O;, O; can be conserved currents, in which
case the conservation constraints will typically require some non-trivial polynomial
dependence of fo(b) on J. In both cases, our solution is to use the generic basis of
structures, ignoring these constraints. The OPE coeflicients computed in this basis

may satisfy some linear equations, but this will not affect any of our arguments.

¥To see this, note that one can always write x1p = az; + Bz2 +x, for x; - z; = 0. We have then
2(z1 -x12) (22 x12) — (21 - 22)%%, = (=21 - 22)x1 > 0, where we used that x is spacelike due to being
orthogonal to the timelike vector z; + z».
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The problem of defining three-point structures for non-integer J is complicated by
the fact that 2z-x3 x% —-27-X13 x%3 is in general not sign-definite [11]. We will define
the analytic continuation directly for (0|00 (x3, 23)01]0)®) in the configuration

2>3,1=~3,1=~ 2, where we have
22 X23 X153 — 22 - X135, < 0. (2.165)
For integer J we have
(010207 (x3, 23)010)?) = (=1)/ (<22 - xa3x]3 + 22 - x13435)” X (), (2.166)

where the dots represent the standard analytic continuation of all the other factors.

For general J € C we define
(010207 (x3, 23) 0110} = (=22 - xp3 6}y + 22 - x1303) X (). (2.167)

In all other configurations these Wightman functions are determined by the usual

analytic continuation, which is unambiguous for this ordering even for J € C [11]

We will additionally use the “time-ordered” structures, which are defined to be equal

to
i (b) (22 x23 x5 = 22 - x13%3) ™"
(O01(x1,21)02(x2,22) 0" (x3,23))5 " = fo(x1,215%2, 223 X3, 23) e -
X X X
12 723 713
X 27 - x23 X1y — 27 - x13 x5, (2.168)

for spacelike-separated points and are defined in other configurations by usual time-

ordered ie-prescriptions applied to everything except | ---|/. These structures are

useful because

(0,0,LIOTY?) = (0|0,L[010110)P0(2 > 3 > 17) + (---)8(1 > 3 > 27),
(2.169)

similarly to the relation between the light-transform of integer-spin time-ordered
and Wightman correlators [11]. Here dots represent a structure that is a bit awkward

to describe but which we will not need in what follows.

Our choice of conventions for traceless-symmetric operators described in appendix A.2

satisfies the above constraints.
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Definition of K*

The kernel K* is defined by requiring that it has the analyticity and conformal

transformation properties of
(0103 (x2) 0" (x,2)0; (x1)[0), (2.170)

and the requirement that when we set x = —ocoz and L =z'=1,7 =0, the following

equality holds

ddxlddsztAJJ(a) (x1,x2;x,2)010;.

x=27 x=~1

LNI ddxlddszZJ’/l(a)(xz,xl;x, 20,0, = /;CNZ

(2.171)

Here, we have defined the linear operation

A= (FoAIHT. (2.172)

Here Yo is the anti-unitary operator implementing the CRT symmetry, where the

1

reflection acts as x! — —x!. This relation should hold for all J. For integer J it is

equivalent to

ddXIddxz u + ;. (b)
/>x{>22__ WKA,M(Q) (x1,x2;x,2){0JO1L[O"] (x", 2") 02]0)
x=1,

1
= 5 —(L[0](x. 9L[O"] (" )6, (2.173)

2.5.2 Derivation of the OPE formula

Harmonic analysis on celestial sphere

We have given a review of harmonic analysis on celestial sphere in section 2.4.2. In
this section we need a generalization which we state here without proof, and refer
the reader instead to [15].

Suppose we have a choice of two- and three-point structures on the celestial sphere
(Ps.a(DP] () (2.174)
(Por.0,(21)Poyy (22)PL 1 (2)) (2.175)

We assume that the three-point structures are linearly-independent and span the
space of conformally-invariant tensor structures for the given quantum numbers.

Given these structures, we can find OPE differential operators C éj) satisfying

CL) (21,221 0:) (Po.a(22) P (2)) = (Po,a (20 Poray (22)PL ()@ (2.176)
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Here and below, the Ps, carry SO(d — 2) indices for A, which we suppress for

brevity. These indices are implicitly contracted between C é’;) and Ps.(z2).

Now suppose that conformally-invariant kernels ks 4 () (21, 22; z) solve the equation

/ Dd—ZZlDd—ZZ2

. T oo (b)) _ T oo s(0)
vol(SO(1, 1)) ké,/l,(a) (21, 22; Z)<P51,/11 (Zl)?éz,/lz (ZZ)?(;,A(Z )>( ) = <P6,/1(Z)P5,/1(Z )>5(a)

2.177)
Here, ks a,(a)(21, 22; ) carries SO(d — 2) indices dual to P5, 4, and Ps, 1, and these

indices are implicitly contracted in (2.177). If the above conditions hold for all A’s

that can appear in the (d — 2)-dimensional OPE P5, 4, X Ps, 4, then we have

d-2,:
2ot g5 <
L[O1](x,2)L[O](x, 22) = ) / L 5O (212200 W0 (3. 22),
IR
(2.178)

where

Ws.1,(a) (X, 2) E/Dd_ZZIDd_ZZde,/l,(a)(Zl,ZZ;Z)L[OI]()C,ZI)L[OZ](X,ZZ)~
(2.179)

For the validity of (2.178) the same caveats as in footnote 20 apply. Note that it
is not important which basis of structures one chooses in (2.175) and (2.174) —
the above statement is basis-independent. We utilize this freedom below, making

convenient choices when appropriate.

Lower transverse spin

For lower transverse spin, we will assume that when we set J — J; +J; — 1, the
light-ray kernel K IA’ JA(@) degenerates to

(C)M[mz d"x1d"sz§+uMa)(X1,x2;x, 2)01(x1)02(x2)

x=1"
— / D22 D23k 0,0 (21, 22 DLIO1 ] (x, 21)L[ O2] (x, 22) (2.180)

where k5 4,(¢) 1s a basis of Lorentz-invariant kernels, and N((Ca)) 5

matrix (implicit summation over (a) is understood). The matrix N is needed because

is a rectangular

. o . )
not every K, , (@ degenerates in this way. We assume that all Lorentz-invariant

kernels k5 4 () can be generated in this way i.e. N is full rank.
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The evidence for this assumption comes from several lines of reasoning. First of
all, it agrees with the scalar example in section 2.4. Moreover, we have additionally
studied the example of L[¢]L[V] OPE, where V is an operator with spin 1, which
has a non-trivial matrix N and verified this statement. Furthermore, from the
counting of structures in appendix A.5 one can see that the dimensions of the spaces
of structures match (specifically, the rank of AV can be predicted from (2.186) below,
and it matches the number of ks 4 ()). Finally, (2.180) yields the same results as
in [15] and in appendix A.4, where they have been obtained by an different, although
more complicated, method. It would be interesting to find a direct derivation
of (2.180).

Plugging (2.180) into (2.152), we obtain

(OIL*[0s] (x, 22)L[OT] (', )L [O1](x, 21)[0)

Dd_2 Dd_2 k c s ;
/ Z1 22ks.2(c) (21522 2) vol(SO(1, 1))?

s (2.181)

1
= 5= (LIO](x. L[OT] (. DN
where L*[O;] indicates that the light transform contour is restricted to 2 > x” and
L~[O] indicates that the light transform contour is restricted to x” > 17. On
the left-hand side, one factor of vol(SO(1, 1)) cancels against a zero-mode in the
integral over zp, z2, and the other factor cancels against a zero-mode in the triple

light-transform of the three-point structure.

Let us define a matrix M)
(a),0,1

(c) (a) _ s
M(a),é,/lN(c’),(S,/l - 6(6”)'

with the property

(2.182)

This is always possible to do since N is full rank. However, M defined in this way

is in general ambiguous because we can replace

() (c) ()
M(a),d,/l — M(a),é,/l + M) (2.183)
for any mgz)) such that mgz)) N, ((Ca,)) 5.1 = 0. We make a choice of M and rewrite (2.181)
as
o O|L*[03] (x, 22)L[OT] (v, 2)L~[O1] (v, 2) [0 | (s
D42, pd-2, I . o ( +M(c)
/ 21D 22k a(0) (215 225 2) ol(SO(L.1))? (@).6.0
1 4 ’/ !
= 5=(L[O](x. LIO"] (. )6 (). (2.184)

In the left-hand side we have a celestial “bubble integral” of ks 1() (21, 22; z) against

(OIL* [02] (x, 22)L[OT] (', )L™ [On] (. 200" e
vol(SO(1, 1)) (@).5.0°

(2.185)
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Since ks a(¢)(21,22;2) form a basis, it follows that this bubble integral is non-
degenerate [45], i.e. it vanishes for all (¢) if and only if the above expression
vanishes. Due to (2.183) it then follows that

(OIL* [0] (v, 2) LIOT (. )L [O1] (v 2) 01 (o) _
vol(SO(1, 1)) () =

0 (2.186)

for any mE;)) such that mEZ))N((S;,(;’ 1 =0.

Equation (2.184) has almost the same structure as (2.177) if we identify, for fixed

x,x’,

(OIL*10:] (x, 2) L0 (', L0 (210 (o

vol(SO(1, 1)) (@).6.0°
(2.187)

(P11 (2)Por 15 (22) Py () o

(Ps.a(D)PL () & ﬁ(L[O] (x,z7) L[0T (v, ). (2.188)

However, we cannot quite write equality signs in the relations above, because while
71,22 and the transverse indices of L*[O0,], L™[O;] transform under the Lorentz
group at x, the polarization z’ and transverse indices of L[O"] transform under the
Lorentz group at x’. Fortunately, we can perform two steps to rectify this problem.
First, there is a subgroup L,,» =~ SO(d — 1, 1) of conformal transformations that fix
both x and x’, and act as Lorenz transformations locally at these points.3® Second,
we can “translate” the indices and polarizations of L[O] from x’ to x, so that the

action of L, is the same on all indices and polarizations. Specifically, we can write

<P61,/11 (Zl)Péz,/lz (Zz)pg‘/l(z»(c) — (OIL*[O2] (x, Zz)(lxx/L[Oi-])(x’, L2 )L™ [O1] (x, Z1)|0>ia)M(c)

vol(SO(1, 1)) (a).6.4°
(2.189)
1
(Ps.a(IPL () = 3= (LIONx. D) T LIOTD (¥ L ).
(2.190)
where
(L") = 5':/! - 2xﬂxv/x2, (2.191)

and I,.-L[O"] indicates the action of I on the transverse spin indices. Importantly,

the presence of /v means that while 7z’ and other indices now transform in the

38For example, we can set x = 0 and x’ = oo, in which case the group in question is the standard
Lorentz group.
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same way under L,, as the indices and polarizations at x, the representation that
they form is reflected relative to that of L[O']. This reflection is crucial, because
it is precisely the difference between the d-dimensional and (d — 2)-dimensional

operation, and so the representations match in the above identifications.

Equation (2.184) implies that the set of three-point structures defined by (2.189) is
complete, otherwise we wouldn’t be able to get the Kronecker delta in the right-hand
side of (2.184). We can therefore use the statement of section 2.5.2. Specifically,
let us define operators C ;Z) by (2.176), which now takes the form

i.ég“;(zl,zz,azzxL[OJ(x, 22) (L L[0T (v, v 2))

2mi
_ (OIL*[0a] (x, 22) (Lew LIOT)) (', L2 )L™ [O1] (x, 21)[0);” M
vol(SO(1, 1)) (a).6.0°

In this equation, we can cancel the I, matrices on both sides

(OIL*[05] (x, 22) LIOT] (v', 2/)L7[O1] (x, 21) [0} M(c

(2.192)

L8 (21,22, 0.,)(LIOI(x, 22)LIOT| (¥, 7)) =

2mi vol(SO(1, 1))
(2.193)
Then we find
—+l d6 (c)
Lo a)L[Oal(z2) = ) [ - 5= (21,221 0,) Wo o (x. 22),
P

(2.194)
where
Ws.a,0)(x,2) = / D 221D 20ks (0 (215 223 2)L[O1] (x, 21)L[O2] (x, 22).
(2.195)
In our case, the kernel ks 4 (c) arose from K’ through (2.180). This means that we

can alternatively rewrite W 4 (o) (x, z) as

@ |1 _
Wi, (x,2) = N(f) 5,45 (@gn Ti+D—1,4,(a) (x,2) = Ose101+-1,0,(a) (x, Z)) :

(2.196)
Plugging this into (2.194) we conclude
L[O:](x, z1)L[O2](x, z2)
422 1jco
— (@) ~(o) . -
== Z N(c) 6/165#1 (Zl, 22, 8Z2) (©;+1,J1+J2—1,/1,(a) (x, Z) - @6_'_1,]1_‘_]2_1’/17(@ (x’ Z)) 4+

/lEAlz
(2.197)
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In the last step we fixed a subtlety that we glossed over before: the identification
of three-point structures in (2.189) can only be performed for low transverse spin 4
since the right-hand side simply does not exist for higher transverse spin. Therefore,
in (2.197) we have only correctly identified the low transverse spin contributions,
and (---) denotes the higher transverse spin contributions that we deal with in the

next sections.

We can simplify equation (2.197) further, by defining

Ci) (21,22:0:,) = N{f))Mcgf;(zl, 22:0.,). (2.198)
Note that while 5(5‘/1) are linearly-independent, C(s(fl/l) are not. In terms of Cé’“/l) we get
L[O:1](x,z1)L[O2](x, 22)

) —+l d5 ( ) 3
= Z iy i C(si (21,22:0z,) ( S+1,J1+J2—1,1,(a) (x,2) — ©6+1,11+J2—1,/l,(a) (x, Z)) +

AeNp ——loo

(2.199)
Using (2.193) and (2.182) we can give an equivalent characterization of C 6(3),

(OIL*[05] (x, 22) LIOT](+', 2/)L™[O1] (x, 21)[0)3”

C;Z)(ZbZz,@zZ)(L[O] (x, 22)L[O](x', 7)) = vol(SO(L, 1))

(2.200)

Equations (2.200) and (2.199) reproduce equations (3.97) and (3.98) of [15], re-
spectively.3® We refer to (2.200) as the “celestial map” formula because it maps
the d-dimensional tensor structures appearing on the right-hand side to the (d — 2)-
dimensional OPE differential operators C(gf’;. Note that (2.186) implies that m )

such that N

P )Mm(a) = 0 satisfy

(OIL*[02](x, 22)L[O] (', Z)L7[O4] (x, 21)|0)\”
vol(SO(1, 1))

mg) = 0, (2.201)

i.e. the kernel of N\“ (@)

(©).6.4 is the same as the kernel of the celestial map.

Finally, to reproduce the low transverse spin terms in (2.147), we note, analogously
to the discussion around (2.138), that in order for the left-hand side of (2.199)
to be well-defined, we need the Regge intercept to satisfy Jo < J; +J, — 1, in

FThere is a (—) sign in (2.199) which is not in (3.98) of [15], which is due to the more explicit
treatment of (—1)” signs in section 2.5.1 of this paper.
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which case we can use a superconvergence sum rule [34, 15] which states that
(_1)J|+J2*1

114 T—1A.(a) (x,z) = 0. This allows us to rewrite (2.199) as

L[O:](x, z1)L[O:] (x, 22)

Il R (1)1
N + a : -
= mi(=1)7 Z -2 27riC<5,d (21522302041 5 g1 @D+ s

AeA; 7 I

(2.202)

which reproduces the first sum in (2.147).

Higher transverse spin

Now we would like to understand the higher transverse spin terms in the OPE (2.147).
The logic in this case is similar to the low transverse spin case, but with some extra
complications. Similarly to (2.180), we assume that

N((:)),é,iy,nD” (LzZ ddxlddXZK(tm,J,ay,(a) (x1,x25x,2)O01(x1)O2(x2)

x=1”

— /Dd_zzlDd_ZZZk(S,/Iy(Hz),(c)(Zl’ZZ;Z)L[OI](x’Zl)L[OZ](x’ZZ)-

J—-Ji1+r—14n

(2.203)

The evidence for this assumption is the same as for (2.180) and is discussed in

section 2.5.2.

Using this statement in (2.152) requires some care. Indeed, plugging in this relation
(again defining M to be the left inverse to N), we find

(OIL*[05] (x, 22) L[0T (v', 2/)L7[O1] (x, 21)[0)” M)
vol(SO(1,1))?2 (a).6.4y.n

- A (DLION (. ILIOM (. Do) (2.204)

/ Dd_ZZIDd_222k6,17(+n),(c) (z1,22:2)

The equality holds if J = J,, = J1 +J2 — 1 + n. But for this value of J, the ac-
tion of O, is conformally-invariant, and the right-hand side of (2.204) contains a
conformally-invariant two-point function for operators D,L[O] and L[{O]. How-
ever, the quantum numbers of these operators are not Hermitian-conjugate to each
other, and thus such two-point functions do not exist! This means that the right-hand
side vanishes, and so the left-hand side must also vanish. Equation (2.204) at J = J,,

is thus trivially satisfied.
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To obtain nontrivial information, we must shift away from J = J,,. For this, it helps
to act with D,, on L[O'] on both sides of (2.204). We obtain on the right-hand side

S ((DALION (x, (D,LIOT N (¥, )5
| (DULIOD (. D (DLIOD (. 2D e

2
=(J- J)li> oy T ()+0((J—Jn) ).
(2.205)
After acting with 9, on the second operator, the limit
T ’r
lim L((DnL[O])(Jﬂ 2)(DLIO"]) (¥, 2)) (2.206)
J—J, 27 J—-Jy

is a conformally-invariant two-point function [38].

We now need to analyze the left-hand side of (2.152) away from J = J,. One
might worry that we would need to know the subleading term in (2.203) in order to
determine the leading non-zero piece in the left-hand side of (2.204). Fortunately,
this is not required. To see this, let us first write for general J, from (2.152) and the
above,
dy gd
/ %Dn (KA“( )(xl,xz,x 2)0(x ~ 2,17 ))
X D, (<0|02L[0’f](x' 01002 > ¥ > 1-))

— (J-1,) lim 1 (D LIO]) (x, 1) (D L[0T (v, N so)

N2
Iy, i J-J, (a) +O((J =4n)7)

(2.207)

Since the right-hand side is O(J — J,,), this should be true for the left-hand side as
well. We claim that in fact

dy gd
/ _dxdix F(x1,x2;%,2) Dy (<O|02L[OT](X', 2)0110)76(2 > x' > 1_)) €0(J = Jn)

vol(SO(1, 1))2
(2.208)

for any conformally-invariant kernel F that transforms at x with the quantum numbers
of D,L[O]. This statement implies that we can use (2.204) directly at J = J, =
J1 + J2 — 1 + n for the purposes of determining the O(J — J,,) term.

We actually need the following refined version of (2.208),

dxd%x, ) 1ot (b) ’ -
/ mF(xl,X2,X,Z)Dn(<O|OzL[O 1. 01082 > x> 1)

dxid?
= n)/ x1d®x2 ————F(x1,x2;x,2) Dy, ((OlOzL[OT](xr, z’)01|0>f,b)6’(2 NN 1_))‘

ol(SO(1, 1))
+0((J = Jn)?). (2.209)

J=Jy
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Note that the expressions on the left-hand and right-hand sides differ by the power
of the factor vol(SO(1, 1)). The reason for this is that while at J = J,, and J # J,
both integrals have 2 reparameterization zero modes, in the integral on the right,

one of the modes is similar to x — ax in
/ dxo6(x) =1, (2.210)

and does not require Faddeev-Popov fixing. A simple model for the above equation
is provided by the integral

OOL = U=dn) J=J, _ B
/0 vol(SO(L. 1)) > Ox (" 0(x)) = 2(J = Jn). 2.211)

Clearly, the coefficient 2 in front of (J — J,) can be computed by setting J = J,, and
removing the vol(SO(1, 1)) factor. The result (2.209) can be shown by an explicit
calculation in the case when Oy, O, are scalars,*® and then noting that integrands in
both sides have the same transformation properties under weight-shifting operators
acting on Oy, O, O [39, 45].

Combining everything together, we find the following equation for the kernel

ks, (+n).(a)s

/Dd_ZZ]Dd_ZZZ
vol(SO(1. 1))
— lim L (DLIO]) (x, 2) (D, LION (X, 2)) (1)
= lim — 0, ..
J—J, 27l J-J, (c)

Koty (om0 (21,223 20Dy (OILF[02](x, 2)LIOT] (¥, LT[0 (210 ) M),

(2.212)

From this equation, following precisely the same steps as in the derivation of low

transverse spin terms in the previous section, we find that if the operators C(gaﬂ) (+n)
Ay

are defined by

a . <(DnL[O])(X,Z )(DnL[OT])(x/, Z/)>
Cé,/l)y(.'.n) (z1, 22, (912) Jan}n ; —

= (-1)"D, (OIL*[0:](x, ) LIOT] (v, LT[0 ] (v, 2DI0)") . 2213)

then the contribution of higher transverse spin terms is given by the second sum
in (2.147).4 In appendix A.5 we consider which representations A, (+n) can be
generated in this way, and show that there are enough d-dimensional structures that

survive this celestial map to account for all the celestial OPE structures.

401t is easy to convince oneself that it suffices to ensure that the result of this section agrees with
the result of section 2.4.
“'Here we introduced a sign (—1)" by hand in order to simplify (2.147).
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2.5.3 Celestial map without light transforms

In the previous section we derived the celestial map formulas (2.200) and (2.213) that
determine the OPE differential operators C;fl) appearing in (2.147). These formulas
involve taking several light-transforms of tensor structures analytically continued to
Wightman correlators, which in practice can be a difficult calculation. Fortunately,
as first observed in [15] and proved for traceless-symmetric operators, there exists
a simpler version of the celestial map formulas that contains only simple algebraic

manipulations.

We will show that the following is equivalent to (2.200),

C\ (21, W1, 22, W2, 0z, O, ((—2H20) (O(Xa, Z2, W2)O' (X0, Zo, Wo)))

celestial

b

= X12|-2Vo.21] (01 (X1, Z1, W1) O (X0, Zo, W0) O2(Xa, Zo, W2))\

celestial

(2.214)
and the following equivalent to (2.213),

C;Z)y(m) (21, W1, 22, W2, 0z, Ow,) (JILH}H(—ZHzo)

((D;0) (X2, Zo, W) (D;,07) (X0, Zo, Wo)) )
J—=Jy

celestial
_(=D)"Xy2

= s avo D X1.Z "(Xo, Z X, 7 (a)
5(—2V0,21)D" (H(VO’IZ)«)I( 1, Z1, W1)O' (X0, Zo, W0) O2(X2, Z5, W2) ) )

celestial

(2.215)

(Note that we have used the (- - -)ia) structures defined in section 2.5.1.) In the above
equations, we have explicitly reintroduced polarization vectors w; for the second and
higher rows of Young diagrams of O;, as described in section 2.3. Furthermore, we
have used embedding space notation [30] on the right-hand side, with the standard

tensor structures

Zi - XiXi X — Zi - XiXi - X
Voo = J , 2.217
i,jk Xj - Xk ( )
Hij = —Z(Zi~Zin~Xj—Zl"Xij Xl) (2218)

Finally, the notation (- - - )|celestial Stands for substituting the following values for the

embedding space coordinates,

ZO:_(19090)’ Zl :_(09190)9 22:_(051’0)9
Xi=1(0,0,z;), W;;=1(0,0,w;;), (2.219)
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where we specify coordinates in the order (Y*,Y~,Y*), u = 0,---,d — 1. Note
that in (2.215) we divide by 6(—2Vp21). By this we mean that the result of the
action of D;, is proportional to 6(—2Vj21), and we simply read off the coefficient of
this delta-function. Note that this coefficient is only well-defined in configurations

where Vj 21 = 0, which is indeed the case for the celestial locus (2.219).

Factoring out the light-transforms

We start by proving (2.215). The proof of (2.214) is only a simple modification that

we comment on below.

The proof proceeds with evaluation of light-transforms in both sides of (2.213). We
start with the right-hand side

D, ((OIL*[02](x, 22, W) LIO'] (0, 20, Wo) L™ [O1] (& 21, w)I0)S”) . (2:220)
Here D,, acts on (xo, zg, Wo). We can rewrite this equivalently as

= D,LiL, (<0|02<x, 22, W2)L[O"](x0, 20, W0) O1 (x, 21, W1)|0)\V0(2 > 0 > r))

=D,L,L, ((01 (x, 21, W1)Oa(x, 22, w2)L[O™] (xo, Zo,Wo)%(ra)@(Vo,n)) , (2.221)

where L; denotes light-transform acting on (x;, z;, w;). In the last equality we used
the following fact. First of all,

2 2
20 * X10X50 — 20 * X20X7

2
12

Vo2 = (2.222)

X

is positive for 1 ~ 2 and 2 > 0 > 17, and is negative for | ~ 2 and 1 > 0 > 27.
In (2.169) we have two terms, and multiplying by 6(Vp 12) selects the first term,
which is the one appearing in the first line of (2.221).

Now we can use (2.65) to rewrite this further as
= LiLo LoD, ((O1 (x, 21, W) O2(x, 22, W2) O (x0, 20, Wo))S0(Vo2) ), (2:223)
where we took into account the easily verified fact that V1o commutes with Ly.

Appearance of 5(—2V) 12)

Note that without the theta-function we would have

DO (x, 21, W1) Oz (x, 22, W2) O (x0, 20, W0)) @ = 0. (2.224)
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This is because for J = J,, all possible three-point tensor structures above are
polynomial in zp, and hence killed by D;. To see this, note that the way non-

polynomial structures in zo appear is through the factors of the form
(01 (x, 21, W1) Oa(x, 22, W2) O (x0, 20, W0)) ) = (- )V 15 (2.225)

when J < k, where k > 0 is the degree of zg in (---). Non-polynomiality
cannot appear in any other way, because we require that all polarizations except zo
enter polynomially, and Vj 12 is the only invariant that involves only zo. We see
that for sufficiently large integer J all structures are therefore polynomial, and the
appearance of non-polynomial structures is indicated by the reduction in the number
of polynomial structures. The number of polynomial structures can be computed
using group-theoretic counting rules [48], and a simple calculation shows that the
polynomial structures start disappearing for J = J; + J, — 1 (see appendix A.5).
This means that for J = J; + J, — 1 the maximal non-polynomiality is o. %2, and for
J=J,=J1+J2—1+n with n > 0 there are no non-polynomial structures. More
generally, the smallest possible exponent of Vj 12 is

J-J1—-J
Vi (2.226)

Since all structures are polynomial for J = J,, the properties of 9, discussed in
section 2.3 ensure (2.224).

However, we are interested in
Dy, ((01()6, 21, W1)Oa(x, 22, W2) O (x0, 20, Wo))ia)Q(Vo,lz)) : (2.227)

We can obtain derivatives of delta functions 6™ (-2Vy 1) from D/, hitting the
theta-function. We claim that we get a result which is proportional to §(—2Vj 12).
To see this, we regularize by analytic continuation in J. Note that in (2.227) the
most negative power of Vj 12 1s

VJ—J] _\]2—" — V]—Jn_l

0,12 0,12 (2'228)

because D, has n derivatives which will therefore hit VOJ Ig' =2 which is the most
negative power of Vj 12 before acting with D), at most n times. In other words, we

have for each (a)

D, ((01 (x, 21, W) O (x, 22, W2) O (x0, 20, Wo))ia)Q(Vo,lz))

= (J=J) )V T 0(Vor) + R, (2.229)
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where R involves higher powers of V1> or (J — J,,). As we send J — J,,, we then
find R — 0 and

(T =)V 13"~ 0(Vo,12) = 6(Vo,12). (2.230)

We therefore conclude that

D, ((01(x, 21, W) 02 x, 22, W) O (x0, 20, o)A 0(Vo 12) ) = 6(=2Vo.21) X fimite.
(2.231)

Symmetries of the integrand

Defining

(X1, Z1, Wi X, Zo, Wo; Xo, Zo, Wo)
= D, ((O1(X1, Z1, W1)Ox(X2, 22, W2)O' (Xo, Zo, Wo)\0(Vo2) ), (2232)

and

f(al, an, a’()) = f(Z1 - aleoo, —Xoo, Wl; Zz - azXOO, —Xoo, Wz; Z() - a’oX(), —Xo, Wo),

(2.233)
where
X0 =(0,1,0), Xo=1(1,0,0), (2.234)
Zl' = (0, 0, Zi), W,',j = (0, O, W,"j), (2235)
we can rewrite (2.223) and thus (2.220) for x = co, x’ = 0 as
+00
D, (O[L*[05] (00, 22, W2)L[O1](0, 20, Wo)L~[O1] (0, 21, wy) [0){”) = / daydarydao f(ay, az, ap).
(2.236)

Our goal here will be to find an expression for f(a, az, @g) based solely on sym-

metries. First, we check that the boost in the embedding space which sends
Xoo = X, X0 — 17'Xo (2.237)
implies that for 4 > 0

flar, az, a0) = 277 f(Qay, das, 17 ), (2.238)
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where J' = J,, —n = J; +J, — 1 is the spin we get after the action of 9;,. That is, we

have

flar, @2, @0) = Af (A, Az, A7 ). (2.239)

Second, the symmetry that in Minkowski space is represented by translation along

Zo acts on embedding space coordinates as
Xo > Xo+AZy, Z;i > Z;i+2(zi - 20)AX (i =1,2), (2.240)

leaving all other coordinates invariant.4> We can check that it implies the following

equation for f,

flar, a2, a0) = (1 = ap) ™ fla1 - 2(z1 - 20) 4, @2 — 2(22, 20) A, (g = D)7
(2.242)

for 1 — apd > 0.

Now recall from the previous discussion that f (@1, a2, @) is proportional to 6 (—2Vy 21),

and so we can write

a1(20 - 22) — a2(z0 - 22)
(z1-22)

fla, a2, ap) =6 g(a2, ap), (2.243)

for some g. Here we eliminated the «;-dependence using the delta-function. In

terms of g, the symmetries discussed above read

g(a2, ) = g(Aaz, 17 ), (2.244)
gla2,a0) = (1= ap) ™ g(a2 = 2(22,20)4, (0" = )7, (2.245)

for 4 > 0 and 1 — agd > O respectively. Let us consider g defined by
go(a2, @0) = laza = 2(z2 - 20)| " (2.246)

It is easy to check that g( satisfies the same symmetries as g, and thus g/go is
simply invariant under the above transformations of @2, @p. Note that we have two

continuous families of transformations, and it is easy to verify that the 2 vector fields

“2To be more precise, we have
Wi — Wi, +20wi; 20)AXe (i =1,2), (2.241)

but since in (2.233) W; ; are inserted with first-row polarization —X, the shift by X, has no effect
on the value of f.
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by which they are generated are generically linearly-independent. Since we have
only two coordinates a», @, we find that g/go should be locally constant and can
only change value where these vector fields degenerate. This only happens when

a0 — 2(22 : ZO) =0or @y = 0.

Note that g (a7, ag) comes from a three-point structure, and the three-point structures

are analytic away from X;; = 0, which are given by

X120 =-2(z1 - 22), (2.247)
Xi0 = a1a0 — 2(21 - 20), (2.248)
X20 = axap — 2(22 - 20), (2.249)

so g/go cannot have a discontinuity at @y = 0. We thus only need to determine
how g/go changes when crossing X>p = 0. Since g comes from a time-ordered

three-point structure, a non-analyticity near X,9 = O must have the form
(Xa0 +i€)", (2.250)
where we use the usual ie-prescription for time-ordered correlators. It follows that
g(an, ag) = A(apag — 2(z22 - 20) + ie) ™27 (2.251)

for some A, for all real values of @,, @g. It is convenient to express A in terms of
£(0,0),

g(a2, o) = (=222 - 20)** (0, 0) (@rg — 2(z2 - 20) +i€) 7", (2.252)

Computing the light-transforms

We can now compute the integrals in (2.236),
/ dajdayday f (a1, @z, ap)

:/ daldazd(m(zo'&)_QZ(ZO'Q)) / dag(=222 - 202" g(0,0) (@20 — 2(22 - 20) +i€) >

(21 22)
= 2(0,0)(-2z2 - zo) / daydays (a’l(Zo : Z(ZZ) —Zaz)(Zo ' Z2)) / dao(azan + 1 +ie) ™
122
__ —2nmi o a1 (20 - 22) = @2(20 - 22)
=X 1g(O, 0)(—=2z2 - 20) / daldazé( 1 2 ) 5(a2)
= Win_l(—%l +22)8(0,0), (2.253)
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where we used the equation

oo dx 2ni
= - 1) 2.254
[oo (xy+1+ie) a-1 ) ( )

which we prove in appendix A.7.2. Unwinding the definitions, we check that

(—2z1 - 22)g(0,0)

X2

= — " 16(V, X1, Z1, W TX,Z,W X5.7,, W (a)
5(_2‘/0121)@,1( (Vo.12)(01(X1, Z1, W1) O™ (Xo, Zo, W) Oa2( X2, Za, Wa)), )

celestial

(2.255)

It only remains to compute the light-transforms in the left-hand side of (2.213). For
this, note that

lim (DL [O]) (x2, 22, W2) (D,L[O]) (x0, 20, Wo))

J—J, J—J
D' 0) (X2, Zo, W2) (D07 (X0, Zo, W
_ L,Lo lim ((D;,0)(X2, Z2, W2) (D, 0") (X0, Zo, Wo)) (2.256)
J_)Jn J_Jn
and defining
D' 0) (X2, Zo, W) (D0 ( Xy, Zo, W
o (Xa. Zo. Wa: Xo. Zo. Wo) = lim ((D0) (X2, Z2, W2) (D07 (X0, Zo 0)>’
J—, J—Jy
(2.257)
g (a2, a0) = &' (Zy — @2 X0, —Xoos W23 Zo — a9 X0, —Xo, Wo),
(2.258)

we find that g’ satisfies the same properties as g above, and the same arguments lead

to
g (@2, @) = (=222 - 200 ¢ (0,0) (azap — 2(z2 - 20) +i€) ™. (2.259)

We can then similarly compute

D0 (X2, Zo, W) (D0 (Xo, Zo, W
L,Lo lim ((D;,0)(X2, Z2, W2) (D;,0") (X0, Zo 0)>:/da2dcyog'(a'2,ao)
J—=J, J-J,
=27
= (=27 - ’ . 2.2
AT 722 0)g'(0,0) (2.260)

Since (=223 - z0) = —2H20|celestial, We find

(D},0) (X2, Za, W2) (DO (Xo, zo,wo)>)
J-J,

(—222 : Zo)g’(O, O) = Jli)n} (—2H20)

celestial

(2.261)

Combining with (2.213), (2.236), (2.253), (2.256), (2.260), and (2.255), we arrive
at (2.215).
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Low transverse spin case

The only modification to the above proof required for the case of low transverse
spin — (2.200) and (2.214) — concerns the appearance of the delta-function in the
analogue of (2.227).

({01 (x, 21, W1) 02 (x, 22, W2) O (0, 20, W) )i 0 (V. 12)). (2.262)

In principle, there is no delta-function here. Instead, from the discussion in sec-
tion 2.5.3 we know that for J = J; + J, — 1 there are structures which contain the

most negative power of V21 which is
() (=2Vo21) " '0(Vo 12). (2.263)

This inverse power of Vp; leads to the divergence in the triple light-transform
in (2.200) which is canceled by the SO(1, 1) factor. Similarly to the discussion
around (2.209) we can remove the vol(SO(1, 1)) factor and replace (in fact, this is

exactly the same replacement as in (2.209))
(—2Vo21)'0(Vo.12) — 6(—2Vo21) (2.264)

and then the above proof can be applied to (2.214). The only remaining difference
is that in the final formula we prefer to factor out (—2Vp2;)~! before the above

substitution instead of factoring out §(—2Vj»1) after the substitution.

2.6 Examples

2.6.1 Re-deriving the L[¢;] X L[¢>] OPE from general formulas

In this section we rederive the scalar detector OPE (2.138) from the general re-
sult (2.147).

The first step is to work out the low-transverse spin terms in (2.138). The set of
transverse spins A3 is constrained to consist of traceless-symmetric representations
A of spin j because L[¢] and L[¢;] both transform as scalars on the celestial
sphere. In d-dimensional language, the transverse spin j is the length of the second
row of the Young diagram of a SO(d — 1, 1) irrep, and is therefore constrained to
be j = 0 since only traceless-symmetric light-ray operators appear in ¢ X ¢, OPE.
The low-transverse spin contributions are then given by
ER
L[¢1](x, z1)L[¢2] (x, 22) = mi o z—m.Ca,j:o(Z],22,5z2)©5++1,J=_1(x, )+,
2

(2.265)
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where we also substituted J; = J, = 0 and removed dependence on the transverse
polarizations w; since all operators are traceless-symmetric. In order for this to
agree with the j = 0 term of (2.138), we need to verify that Cs ;-9 normalized
as in (2.89) also satisfies the celestial map (2.214). We do this by computing the

structures entering in (2.214) and comparing them to the structures in (2.89).

First of all, we need to determine the expression for the three-point structure enter-
ing (2.214). Our d-dimensional structures for integer J are defined in appendix A.2,
and the analytic continuation should be performed following the conventions of sec-
tion 2.5.1. Comparing (A.7) and (2.164) we see that n = 0 in (2.164) and fj is given
by some product of distances x;; which is positive for space-like separated points.
Looking at (2.168) we see that in our case the analytically-continued three-point
structures appearing in (2.214), when all points are spacelike-separated, are equal
to the absolute value of (A.7).

We can therefore use (A.9) and substitute the celestial locus values (2.219) into it.
We find for J = —1,

1
X12|=2V3,12[{1(X1) $2(X2) O(X3, Z3)) |celestial = —5im a7 ama T oy

X12 2 X13 2 X23 2 celestial

1
( 271 - Zz) ( -2z - Z3) ( 275 - 23)

and since this is positive and all X; are space-like separated in (2.219), it follows,

(2.2606)

62+5 61

according to the discussion above, that this is equal to the right-hand side of (2.214)

after substitution 3 — O.

The left-hand side of (2.214) is easily computed from (A.8) to be equal to
(=2H23){0(X2, Z2)O(X3, Z3)) |celestial = (=222 - 23)°, (2.267)

after substitution 3 — 0. Using these results in (2.214) we see immediately that it

gives the same normalization of Cs ;o as (2.89).

A similar logic works for the higher transverse spin terms in (2.147). We have
Ay(+n) = (n,y). The setI';2 in (2.147) then consists of just the trivial representation,

because only traceless-symmetric representations appear in the ¢; X ¢, OPE. We
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thus find that the contribution of higher transverse spins is

L[O:1](x,z1, w1)L[O2](x, 22, W2)

o AR s <1y
=i Z iy TC(S,J':n(Zla <25 622, aWQ)(DnO&_Ln_l)(x’ 22, W2) + o
o ¥ i ST

(2.268)

Therefore, in order to verify that (2.147) reproduces (2.138), we need to check that
the normalizations of Cs ; defined by (2.89) and (2.215) are consistent.

Reasoning analogously to the lower transverse spin case, we find that we need to
compute the action of D), defined by (2.62) on the absolute value of (A.7). Since
in (2.215) we have 6(Vj 12), we need to restrict to the region where Vj 1, is positive.

In this region, we have

(=27 - x03 X2, + 22 - x13x2,)”
/ Y 13 23
D{b1(x1)$2(x2)O (X3, 2))+ = Doy i3 A A AosT AprAArT]
12 13 X3
2 2
(=27 - x23 X753 +22 - X13 X35
A+A—A+] A +A-Ao+]  Ao+A-A1+J °
12 13 X3
(2.269)

)]—n

_JU =D =n+])

2 2 \n
- (=2w - x23 X753 + 2w - X13 X53)

Multiplying by 6(Vp,12) and taking limit J/ — n — 1, we find

, 1 (—2w - x23 X2+ 2w - x13x2 )"
Dn (<¢1(X1)¢2(X2)0(X3, Z)>+9(V0’12)) = ; A+Ar—A+n+1 A1+1§—Az+n—1 A2+A25A1+n—1 6(_2‘/0’12)'
12 13 X3

(2.270)

Lifting this to embedding space and evaluating at the celestial locus (2.219), we find
that the right-hand side of (2.215) is

(=1)"X12

; (@
6(—2V0,21)D” (9(V0,12)<¢1(X1)O(X0, Z0)$2 (X)) )

celestial

1AW - X0 Xy - X3 +4W - X X - X3)"

n Aj+Ay—A+n—-1 Aj+A-Ay+n—1 Ay +A-Ay+n—1
2 2 2
X12 X13 X23
1 —4w - 2221 -3 +4w - 2120 - 23)"
== ( ) (2.271)

- 81 +6y—5+n S1+6—r+n Gp+6—5+n
(221227 7 (R2zi-z3) 2 (F2:-z3)” 2

celestial

which up to a factor of 1/n agrees with the standard three-point structure (2.86)

which appears in (2.89).
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We now need to compute the left-hand side of (2.215). We have

2z o\
((D,0)(x2,22) (D, 0) (x0, 20)) = D, , D, (=2z2 - 1(x20) - 20)

70 2A
' *20
(J)n ’ _2Z I(x .z J-n
= ( )D 2(_222 . I(XZO) . Wo)n( 2 ( 20) O)
nt " 2A
20
5 (0 (Dmy (W) (T = 1)k )
- Z (k) ‘( e v U 2wy - T(x20) - w)* (=222 - I(xag) - wo)"™
k=0 n n:
Y| o \J-2n+k
X (=2wy - I(x20) - Zo)"_k( =2 (ij)i %) , (2.272)
20

where we have defined (a)) = a(a-1)---(a-b+1). WenowsendJ — n—1
to find

) 1 , /
11_1521 m((ﬂno) (x2, 22)(D;,0)(x0, 20))

=, (Z)l(—l)""‘(—zwz -1 (x20) - wo)* (=222 - I (xxa0) - wo)"™*
k=0 n

e (=222 - I(xp0) - z) "1k
X (=2wy - I(x20) - 20)" % i ,
20

rll ((=2wa - I(x20) - wo) (=222 - I (x20) - z0) — (=2w2 - I(x20) - 20) (=222 - I (x20) - wp))"

(=222 - I(x20) - 20) 17"

2A
20

X

= % ((_ZH%W)(—ZHZ()) — (_2H%Z)(_2H220W )n M

(2.273)
A+n—1
X20+n

where H;‘}.B is defined by replacing Z; by A; and Z; by B; in H;;. This can now be
evaluated in the configuration (2.219) which yields, after multiplying by —2H;, for
the structure in the left-hand side of (2.215)

J - Jn
_ 1 (422 - 20wz - wo — 422 - wozo - w2))" (2.274)
n (—2z2 - zo)o*" . |

’ 't
(JEI,EI(_ZHZO) (D, 0) (X2, Z2, W2) (D, 0") (X0, Zo, Wo)))

celestial

This agrees up to a factor of 1/n with the standard two-point structure (2.90) which
appears in (2.89). We thus find that both sides of (2.215) differ from (2.89) by a
factor of 1/n, and therefore the two equations are equivalent.
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2.6.2 Selection rules in the L[ 7] x L[.J] OPE

In this section we consider the light-ray operators that contribute to the light-ray
OPE (2.147) of two identical charge detectors, i.e. to the two light-transforms of
identical U(1) currents L[ J]. (The analysis for the non-abelian case is similar.*3)
For concreteness we focus on d = 4 and we do not assume parity symmetry.

However, the results we find will be valid in any dimension d > 4.

In d = 4 the SO(d — 1,1) = SO(3, 1) representations are parametrized by two-
row Young diagrams, which can be supplemented with self- or anti-self duality
constraints. However, since we are considering a non-chiral setup, it is convenient
to use real tensor representations of SO(d — 1, 1) which do not have self-duality
constraints. We thus parametrize these representations by pairs (J, j). Local

operators always have J > j.

First, we consider the local OPE of a U(1) current J with itself. Using the counting
rules of [48] it is easy to see that for sufficiently large J we have operators in the
J X g OPE in irreps (J,0), (J, 1) with even and odd J, and in irreps (J,2) with
even J. This generic-J behavior determines the light-ray operators that appear in the
J x g OPE. To see this explicitly, recall that for even J + j the number of structures

is given by the dimension of [48]

SO(3)
(20 eResso () (2.275)
where [] is the SO(3) vector irrep#4 and for odd J + j we need instead
\S0(3)
(Mm ®Resgos" (/. ])) . (2.276)
We have
SO = ee, A=0], (2.277)

where e is the trivial representation, and the restriction of (J, j) to SO(3) is
J
SO(3,1 .
ResSO§3) )(J, ) = Z(Z) (2.278)
=)

where (/) is the spin-/ irrep of SO(3). We get tensor structures by matching SO(3)

irreps between (2.277) and (2.278). We immediately see that there are no structures

43 Although note the discussion of contact terms in [15].
44Using an SO(3) irrep instead of an SO(4) irrep takes into account the conservation of 7.
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with j > 2, and that for j = 2 the spin J must be even. For j = 0, 1 J can be of any
parity.

The transverse spins that appear in the J X J OPE are thus 0, 1, 2. All these spins
are traceless-symmetric in d — 2 dimensions and thus are allowed to appear in the
celestial OPE.#> So, the set A3 in (2.147) is given by A1, = {0, 1,2}. We then have

the low transverse-spin contributions, schematically

LITTXLITT = D00y jg * Ofpot jo + Oy + 0 - (2.279)

A subtlety here is that the celestial map (2.214) typically maps multiple three-point
tensor structures to zero, see appendix A.5 for details. As we discuss there, the only
structures that survive are those that contain V(; %2,
polynomial for J > J; +J, — 1 but stop being polynomial exactly at J = J; +J, — 1.

which are precisely those that are

In our case we are interested in even-spin structures which are polynomial for J = 2
but are not polynomial for J = 1, i.e. those which disappear from the counting above
as we change J = 2 to J = 1.46 We see that for j = 2 the number of structures
changes from 1 to 0 and for j = O from 2 to 1. This happens because the SO(3)
content of (J, j) changes: the spin-2 irrep disappears and cannot be paired with the
spin-2 irrep in S>[J. However, for j = 1 the number of structures does not change
because the only structure comes from pairing with the spin-1 irrep in A%[J, and

thus all j = 1 structures are annihilated by the celestial map.

The final form of the low transverse spin contributions is therefore
LITIXLIT] = > 0F g o+ OFjoy jop + o (2.280)

This is of course consistent with the fact that on the celestial sphere we have two

identical scalars, and thus only even j should be allowed.#

For higher transverse spin we find that the label y in (2.147) is trivial because
SO(d — 4) is trivial in our case. We have A(+n) = 2 + n and thus the higher
transverse spin terms take the schematic form

LIJIXLLT] = ) D000 L+ (2.281)

n,i

Noteind > 5 three-row Young diagrams would appear in the J x 7 OPE, but the corresponding
transverse spins are not allowed to appear in the celestial OPE of two scalars.

46Here we need to detach the notion of signature (even-spin or odd-spin) from parity of J since
we are analytically continuing in J. That is, for J = 1 we still use S>[] for j = 0,2 and A>[] for
j=1

“THere we assume, as usual, that the product L[ 7] x L[J] is well-defined and thus the two
light-transforms commute. This requires the Regge intercept Jy to satisfy Jo < J1 +J> — 1 =1 [34].
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However, since (O)l._ .j=2 do not appear in the J X J OPE, we find
LITIXLLT) = ) D20} g i+ - (2.282)
n,i

Note that these contributions have even transverse spin j = 2 4+ 2n and thus this

expansion is again consistent with permutation symmetry on the celestial sphere.

Summarizing, we have the following schematic contributions to the OPE of two

charge detectors in d = 4,

LITIXLITT = ) (001 jo + Oyt joa) + D, Do pion o (2283)
n,i

1

2.6.3 Selection rules in the L[7] x L[T] OPE
We now discuss the case of the OPE of two energy detectors, i.e. two light-transforms
of T. We use the same setup as in the previous section, i.e. we work in d = 4 and in

terms of real tensor irreps of SO(3, 1).

The transverse spins appearing in the 7 X T OPE are analogous to the J X J case.
We have spins j =0, 1,2, 3 for both even and odd J and spin j = 4 for even J. This
translates to the following analogue of (2.279)

L[T] x L[T] = Z Of 3.0+ OF o3 1 + OF s ja + OF s s + Ofys jog 00 -
(2.284)

However, we again must take care of the fact that the celestial map (2.214) annihilates
some tensor structures. In this case, using the same logic as before, we find that
only j = 0,2,4 operators have tensor structures that are non-vanishing under the

celestial map. Therefore, the low-transverse spin contribution is actually
_ + + +
L[T] X L[T] - Z Oi,]=3,j=0 + Oi",=3,j=2 + ©l.,\]=3,j=4 + - (2.285)
i
Again, this is consistent with the permutation symmetry on the celestial sphere that

only allows even j.

The analysis of higher transverse spin contributions is also the same as in the J X J
case. We have from (2.147)

L[T] xL[T] = Z 1)"@},;23"+n,j= IR (2.286)
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Taking into account that only even-spin j = 4 operators appear in 7 X T and
combining with the low transverse spin terms, we find

L[T] xL[T] = Z (©:]:3, j=0 T 07 )=s, =t 0 s, j:4) + Z D240} 340, =4+
n,i

1

(2.287)

As mentioned above, although we have derived (2.287) in d = 4, the result is valid
forany d > 4.

It is interesting to ask what are the leading operators appearing at various transverse
spins in the above expansion in a weakly-coupled gauge theory. At j = 0 it is
well-known that the leading twist is 79 = 2 operators which can take the schematic

form,

56131011 T 6/3](5/] ¢, Edlaﬁzdz T 6ﬂjd1¢ﬁ1’ Fdldzaﬁms e aﬁJdJFﬂlﬁz’ (2.288)
where we assume that the gauge indices are implicitly contracted, and the dotted
and undotted indices are implicitly symmetrized. At j = 2 the leading twist4® is

also T, = 2, for the operators

Fﬁlﬁzaﬁsds T 8,31+2d1+2F,33,34' (2.289)

To see that this is the minimal possible twist, note that 7 > 2 is the unitarity bound
in d = 4 for generic-J operators. To see that there are no other operators, note that
the twist of a product of symbols is bounded from below by the sum of constituent
twists, and the classical twist of all fundamental fields is 1, while the twist of a
derivative is 0. Therefore only products of two fundamental fields and any number
of derivatives can have twist ~ 2, provided no indices are contracted. Fixing the

value of transverse spin then leaves us with the above options.

From this argument it is clear that no j = 4 operators with twist 7 = 2 exist. To
build the lowest-twist j = 4 operators we need to use more than 2 fundamental
fields but as few as possible. Since F carries the most transverse spin among all
fundamental fields, we find that the lowest-twist operators j = 4 have twist 74 = 4

and are schematically given by,
Fo"'"Fo"Fo”F, (2.290)

where we keep spinor indices uncontracted and symmetrized, with J1+J>+J3+4 = J.

Note that there are multiple ways in which the gauge indices can be contracted. The

“8For all transverse spins we define twist as A — J.
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fact that j = 4 operators have higher twist than required by the unitarity bound is in

general a consequence of the improved unitarity bounds of [49], which state

T > max{2,j}. (2.291)

In terms of the celestial quantum numbers, we get the following contributions. At

J =0and j =2 we have the leading contributions with dimension
0=A-1l=1+J-1=1;+2=4 (2.292)

Note that this dimension corresponds to the singularity of the form 901792 = §=2,

For j =4 +2n > 4 we get
0=A-l=ny+J-1=1%+2n+2=6+2n, (2.293)

which corresponds to the leading short-angle dependence of the form 6%". Since the
leading classical twists 7; are all at the (improved) unitarity bounds, the anomalous
dimensions should be positive. Therefore, the leading short-angle asymptotics from
these contributions in the interacting theory should be softer than the ones given

above.

2.7 Example: event shape in N =4 SYM
In this section we consider an example of an event shape that includes the transverse

spin structures discussed above. More precisely, we consider the following event
shape in N =4 SYM:

(020 (P)IL[Oa0r | (00, 21) L[ Oz [ (00, 22) | (P 23)), (2.294)

where J is the R-symmetry current, which is in the same multiplet as the half-
BPS operator Oyp. We will first compute (2.294) directly by performing the light
transform of the relevant four-point function. Next, we compute it using the light-ray
OPE formula. In both cases, we will derive a Ward identity that relates the event
shape (2.294) to the energy-energy correlator calculated in [15]. The result is given
by (2.323) and (2.357). Despite the simplicity of our result, the fact that the Ward
identity can be derived in two independent ways still provides a nontrivial check of

our formulas.

2.7.1 Direct computation
The computation takes a few steps, summarized as follows. We start with the

expression for the correlator (Oy Oy Oy J) in terms of the scalar correlator
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(020020 Oy Oxy). The two are related via the superconformal Ward identities
[50]. Then, we go to the Mellin space representation of the correlator, and perform
the light transforms there. Finally, we Fourier transform the separation of the in and

out states to obtain the desired event shape.

The relevant four-point function is given by the following expression, see (3.15) in
(501,

(O (x4) 020y (x1) O20r (X2)Javvaar (X3))

1
= (6x3)ﬁd(y%2y%4Y324 —vy],y3. Y314 — Uy, Y301 aar

T4
D(u,v
X (X324, X314>(wﬁ)%a (2.295)

12X24 %14
where our spinor conventions can be found in appendix A.6. The function ®(u, v)
is the part of the four-point function of Oy s that contains the nontrivial dynamical
data, see e.g. section 7.2 in [15]. It satisfies ®(u,v) = ®(v,u) = %d)(%, %). The
rest of the ingredients are various kinematical factors that require some unpacking.
The a, @ = 1, 2 are spinor indices for the Lorentz group SU(2); X SU(2)g. The y;
are auxiliary variables keeping track of the SU(4) R-symmetry, see [50] for details.

The structures X;;x and Y;; are defined as follows:

(Xij)p ETH ,
Xijae = —5— () ==, Ydaa = Gi)ap (Vi) Gkidbar-
Xij Xik
(2.296)
The commutator bracket ( , ) for spinor indices*® is defined as
(a,b)(ap) = aab™ €yp — baaa™ €yp . (2.297)

Note that (a, b)(qp) is automatically symmetric under permutation of @ and j.

To connect with the event shape, we set x4 = 0, and x3 will eventually be Fourier
transformed with momentum p. For now, we can replace the derivative (6x3)ﬁ 5 With
% pﬁ 5+ We pass to index-free notation by introducing the polarization vector %zg‘“,
such that z% = 0, and contracting %zg‘mey = zg J,,. Contracting with the polarization

vector produces a term

]
Phst = 56 )P + (2 p)e (2.298)

“9We use angular brackets to denote the commutator in spinor indices to avoid a clash with the
commutator in vector indices denoted by the traditional square brackets.
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In terms of the polarization vector, the correlator becomes

)
(020 (x4) Oy (x1) Oty (x2) g (X3, 23)) = ﬁ()’%ﬂ%ﬂm —vyd,y3. Y514 — uy3,y7, Y301 awr

D (u, v)
X (23, P) P X324, X314) (ap) 55—~
X12%24% 14
(2.299)
In this formula we only Fourier transformed the external derivative while keeping
the rest in coordinate space. The contraction of the brackets can be performed by

the identity

(a,0) PN e, d)op) = 8(8"7 8" - g"°8"" +ie"P )aubycpdy . (2.300)

To compute the event shape, we place the detectors at embedding space coordinates
Xi=X0=1(0,1,0), Z;=(0,0,z;), fori=1,2, (2.301)

and take the light-transforms

(o)

L[Oxy] (o0, z;) =/ da; Oy (Z; — a;iX), (2.302)

—00

while the external states are placed at X3 = (l,xg,x3) and X4 = (1,0,0).

We find it convenient to work in the x Poincaré patch and approach the spatial

infinity insertion as follows

[ee)

L[Oxy](o0,2) = /

—00

da; lim 17 On (rizi + %), (2.303)

where Ziz =0,(-z-7;) = %, and 7; is arbitrary otherwise. In the embedding space,

(2.303) corresponds to choosing
) 1
Z; = lim Z] = (—,0, Z,') ;
r—00 rl

X, = lim X = (0, 1, ﬁ) . (2.304)

r—00 i

Note that (Z)? = (X2)? = (Z/ - X%) = 0. It is clear from the definition (2.302)
that the final result does not depend on the particular choice of Z;. For convenience,

we also define the null coordinates

Xi- = (=X - 7)) = @if2,

x3i- = (=x3 - 2) = Xi—, (2.305)
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fori=1,2.

Next we evaluate the integrand in the kinematics above. The cross ratios u and v

take the form

2
_ X321 22 b= X1-X32—

u (2.306)

C 2xp-x3s X2-X31-
and the commutator becomes

1 1
(X324, X314)(ap) = =

1
3 T (_x32—<21,x3>(a,3) +x31-(22, X3) () + §x§(22,21>(aﬁ) :
3 32-X31-

(2.307)

With these expressions, the light transforms are evaluated by the integral

(020 (0)|[L[O2 | (00, 21)L[Oa0r | (00, 22) [Jaar (X3, 23))

0 I
= / dx1—dx2—3—2()’%2)’%4Y324 —vyd,y3. V314 — w32 Y301 awr

D(u,v)
X (23, PY PV (X324, X314) (ap) =

. (2.308)
© 22)X1-X2-
To perform the light transform integrals above, it is very convenient to use the Mellin
representation for ®(u, v), see e.g. [51],
_Y dyndyiy 2 2 2 —Y12,,~ Y14
Ou,v) == | ———5"T(y12) T(y14) T2 = yi2 = y14) "M (y12, yia)u v,
uJeg, (2ni)
Co: Re[yiz] > -1, Re[yus],Re[y13] > 1, (2.309)

where y12+v13+7Y14 = 2. The condition Re[y13] > 1 thus becomes Re[y2+v14] <
1. The weak and strong coupling results take the form

a e

4 (yia— D> (y13 - D%
1 vL(L+y12)
2(u-DOi-D

MY (y12,y14) = -

M (y12,y14) =

(2.310)

We can plug the Mellin representation (2.309) above into (2.308), and perform the

light-transform integrals using the formula

(2.311)
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The integral converges for Re[a + b] > 1.

At this point, we observe that the terms in the correlator proportional to y%z produce a
divergent result. This means that the event shapes for the corresponding R-symmetry
structures are not well-defined. To obtain a well-defined event shape, we set y%z =0,
so that only the —uy% 4y% 4Y321 term survives. This term produces a finite result for
the integral, which converges for Re[y;2] < 0. Note that the condition y%z =0
keeps representations 84, 105, 175 in the OPE of scalars O,y [51], whereas in the
J X Oyy OPE we have the representations

1520 =15+20 +45+45+175 . (2.312)

Therefore, the only representation that appears in the event shape determined by
y%z = 0 is 175. From now on, we will focus on this finite event shape in the 175

R-symmetry channel:

(O [L[O20 JL[O20r ] aar) 2 o = (¥3414Y321)aa {020 [L[ 020 IL[O2 ] | 175.
(2.313)

Performing the light-transforms for the event shape in the 175 channel, we arrive at

the expression

(020 (p)IL[O2 ] (00, 21)L[Oa0r [ (o0, 22) | (p, 23) 175

_ i1 / dyndyis M(yi2,y1s)  2x* D / d4xei£ym—l,
32(z1-22)% Jg, (2mi)? Y12 (sinmy2)?” " x
(2.314)
where y = 2%};’;)@) The differential operator D, is given by

D, = (z3, p)P ((714 = 1)(z1,0p)(apy22 - Op — (¥13 — 1){22, Op)(ap)21 - Op — %712(22,Z1>(aﬁ)6; _
(2.315)

Finally, the Fourier transform can be performed using the following master formula:

2y0-4 P oFi(-b,-b,1+a-b-47)

d
[a+b)I'(1+a-b-5
(2.316)

44 elh b 1-2a+d _1+4
x———vy" =0(p) X2 i (- ,
/ 7 ey (p) (-p
where we introduced 8(p) = 6(p®)0(-p?) and the cross ratio

‘= (=2z1 - 22)(=p?)
(=2p - z21)(2p-22)

(2.317)
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Setting a =2, b = y1» — 1 and d = 4 we obtain
2 Z
/ d4 x)ﬂ’lz 1 M/ dww™r2(1 — W))’IZ_I. (2.318)
x* Y12 0

Acting with D, on the result of the Fourier transform (2.318) and using crossing

symmetry of the Mellin amplitude M (y12, y14) = M (y12,¥13), We get

(020 (p)IL[O20 | (00, 21)L[Oa0r [ (0, 22) | (p, 23) 2175

:i[z3’p] +[z1,22]0(p) d712d714 M(yiay1a) x4 ( ¢ )l_m
(_ZZI : ZZ)Z Co (27Tl)2 sin Y12 p 1— g s

(2.319)

where the commutator [a, b]*” is defined in the same way as (2.30), and contracting

a pair gives
[a,b] - [c,d]=2[(a-c)(b-d)—(a-d)(b-0)]. (2.320)

We can rewrite the result above as

[z3, p] - [21,22](=p?)0(p)
(—2p - Zl)z(—zp : Zz)z

(020 (p)IL[O20] (00, 21)L[Oa0 ] (00, 22)|J (p, 23))175 = 16in° Fro(L) ,

(2.321)
where
1 dy12dyis n ¢ \'7m
F; =—— ————M , - . 2.322
70({) Py /CO 2m)? (Y12, 714) ar— (1 e (2.322)
The result (2.322), see e.g. [24], immediately implies that
Tro(£) = -5 T6(0), (2.323)

where Fg () was defined in [15] and computes the energy-energy correlator.

Using (2.323) and the formulas [15], or directly computing the Mellin integral
in (2.322) with the Mellin amplitudes (2.310), we get the results at weak and at

strong coupling

alog(l-¢)

Fro e 2.324
300" (¢) = (2.324)

Weak ( é«)
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2.7.2 Computation using the light-ray OPE

Now we compute the event shape (2.294) using the light-ray OPE formula. The
complete light-ray OPE formula for two scalars including higher transverse spin
terms is given by (2.138). Plugging the formula into (2.294), we have

(020 (p)IL[O2r ] (00, 1) L[Oar | (00, 22) | (P, 23))

2+ioco dA
:m‘/z. 2—m,(CA—1,0(Zl,Z2,(9z)<020'(l7)|@£,1=_1(°°,Z)U(P,Z3)>

+Ca-1,1(21, 22, 0z, 0y) (020 (P) (D10} ;) (00, 2, W) I (p, Zs)))

2+ico dA u
:—m/' QWA—anmme@w%mmuﬂmﬁuw@uwxﬁﬁ>
2

i 27
+C; (A, 0)Ca-11(21, 22, 02, 81) (O (P) IDIL[Op 0] (o0, 2, W) |/ (p, zz))‘_‘”),
(2.325)

where C;; (A, J) is a coefficient function that encodes the OPE data. It has poles of

the form
Y
CE(AT) ~ ——22 2326
(D) ~ (2.326)
where pf‘}) and A; ; are the product of OPE coefficients and the scaling dimension of

an exchanged operator. Note that there’s just one structure label in C;; (A, J) because
the three-point function from the two Oy ’s only has one tensor structure. In the

second equality in (2.325), we use the relation between light-ray operators O , and
Cz(AJ) [11]

(02 0% ;)a = —CE(A, J){0|029L[04 11710, (2327)

where (0|OxyL[Oa s]J |0)f_fl) is the analytic continuation of the continuous-spin
Wightman function (0|OayL[Os]/]0)(?) from either even or odd spin. It can
be defined straightforwardly following section 2.5.1. We will give their explicit
expressions later in section 2.7.2.

Furthermore, as discussed in section 2.7.1, we focus on the 175 R-symmetry channel
event shape defined in (2.313). Since the 175 representation is antisymmetric under
the exchange of O,y ’s, the OPE should only contain operators with odd spin, and
we have C*(A,J) = 0 for all J. The 175 R-symmetry channel event shape is then
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given by
(020 (p)IL[O2 (00, z1)L[Oar [ (0, 22) [V (P, 23) 175
2+ic0 dA
i "”/ 5 Ci (A, 0)Ca-1.1(21, 22, 8z, 00) (O () DL O ) (00, 2, W) (P, 23)) 1,
2—ico

(2.328)
where C/ (A, J) is simply given by the coefficient function C, (A, J) without the
R-symmetry factor (y3,y7,Y321)-
Celestial blocks
In order to compute (2.328), we first note that by Lorentz invariance and homogene-
ity,

(02 (P)|D1L[Op 0] (00, 2, W)J (p, 23)) o 2w - 23z - p — 2w - pz-23)(=2p - 2) 0",
(2.329)

Therefore, we need to solve for the j = 1 celestial block defined by
Co. (21,22, 82, 0,) (2w 23z p = 2w - pz-23)(=2p - ) 7). (2.330)

This is the higher transverse spin version of the celestial block computed in [15].

Lorentz invariance and homogeneity imply that
Cs.1(21, 22, 0z, Oy) ([W,Z] 23, p1(-2p - Z)_é_l)
(_PZ) 51+5%—6+1
C(=2p - 2)0H(=2p - )
4p -z1p - 22p - 23
X ([13,19] - [z1,2218(0) +{z3, p} - {z1, 2230 () - e h(Q)],

(2.331)

where once again [a, b]*” is defined in the same way as (2.30), and similarly
{a, b} = a"b” + b*a’, (2.332)

and the cross ratio ¢ is given by (2.317). One way to obtain the functions g({) and
h(¢) is using the fact that (2.331) is an eigenvector of the quadratic Casimir of the
Lorentz group acting simultaneously on z1, z, with eigenvalue 6(6 —d +2) +d — 3.
Proceeding this way, one gets two coupled second-order inhomogeneous differential

equations of g(¢) and h(¢), and their boundary conditions are given by the OPE
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limit of (2.331). However, finding the solutions to these differential equations is
a nontrivial task. Furthermore, the system of differential equations gets more and
more complicated when one has even higher transverse spin. We would like a
method that allows us to compute celestial blocks with general transverse spin.
Fortunately, this can be achieved by using weight-shifting operators [39] and the
J = 0 celestial block calculated in [15].

First, note that [w, z] - [z3, p](=2p - 2)7°~! can be written in terms of a “bubble

diagram”

0+ 0-
DD,

[w,2] - [z3,p1(=2p - 2" = v (1,21 - [23, pI(=2p - )"

(d-4)(6-1)(6—d+3)
(2.333)

where z)f;v“ and 1)2;“ are weight-shifting operators defined in [39], with the em-
bedding space coordinates (X, Z) replaced with (z, w). The explicit expression of
Z)gtf’ is also given in (2.66). The operator DS;V“ increases the transverse spin and

0-p : . 0+ 0-
D, decreases the transverse spin, so acting D7 - D

w Will basically give us

the same expression with some overall factor. One can perform crossing on the

weight-shifting operator DY/ such that
D (w2l - [23, p)(=2p - ) 01) = D (=2p - ), (2334)

where Z)ﬁ,’ is a differential operator acting on p. By explicitly evaluating the left-hand
side of (2.334), we find that D), is given by

d-4)

0 0 o0 0
D), = ((5_d+3)19“23'—+p223'——+(5+1)Z3'P3_+5(5—

o op Op dpy Pu

(2.335)

Alternatively, (=2p - z)7% and [w, z] - [23, p](=2p - 2)7°! can be viewed as spin
0 and spin 1 bulk-to-boundary propagators in AdS,_{/CFT;_,, and Z)g is simply
an AdS weight-shifting operator [52]. In particular, it is the AdS weight-shifting
operator that increases spin by 1 multiplied by a bulk-to-boundary 6; symbol.

On the other hand, one can also perform crossing between z)?jj‘ and the OPE

differential operator Cs 1:

(61,0,62,0) O+1 _ 0-u ~(61,1,62,0) +0u ~(61-1,0,62,0) -0y ~(61+1,0,62,0)
C(S,l Dz,w = Clz)Zl’WlC(s,O + 6‘21) C(S,O + C3D Cé,O

21,1 21, W1
(2.336)

d+3)zy

b
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where C(gfsj"jl"sz’m is the OPE differential operator of Ps; € Ps, j, X Ps,.jr. TO
obtain the coefficients cy, c; and c3, we apply (2.336) to a scalar two-point function

(PsPs) and compare the two sides of the equation. The result is given by

5(5+51—52—1)

U= - 1)(=0 +d-3)

5
T 5 =) (61 —2)(=6,+d-3)(26| —d +2)
63:6(—61—62+6+d—3)(5—2d+6+351—62). (2.337)

2(=6,+d—3)(26] —d +2)
Combining (2.333), (2.334) and (2.336), we have

Cou(21,22,02, ) ([w, 2] - [z3, p1 (=20 - )7
) |
d-—4H(G-1)(6—d+3)
terD, - DX, CO000 4 i, Z)ZIOWIC(51+10520))(—2p-Z)_5.
(2.338)

(Cle DO— 0(61 1,62, 0)

21,W1

Now the calculation is straightforward since Cso(—2p - z)™° is simply the j = 0
celestial block calculated in [15].%° Finally, we obtain that the functions g({) and
h({) in the j = 1 celestial block (2.331) are given by

§(0) = 7T (S0 + 258y (sl ool 49— d g
2(1 + o d+3) F ((5+(51 —07+1 (5+522(5] 1 5+2 ,é))
6-01-0p+1
_ 1 02—0 0+01—0r—1 O+02—01+1 d
h(g)_W(§(1+6id+g)2Fl( +122 , +22 1+ ,6+2—§,€)

%(1 + %)2F1 (6+61£6z+1’ 6+52;61—1 S5+2— %1’ {)) .
(2.339)
One can check that (2.339) is indeed the solution to the Casimir differential equations

of g({) and h({) obtained by applying the quadratic Casimir to (2.331). For
01 =62 = 04, we have h({) = 0 and

072641 0— 1 0+1
=0 2 LHF
g()=1¢ 2 1( 7 T

A‘z% A-2 A
2 Fy 5 7

5+ 2--4)

_; 12 {) (2.340)

30The celestial block C((S‘SO"I’@’O)(—Z[J - z)~% was not calculated in [15], but it can be easily
obtained using the Casimir equation method.
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Having solved for the celestial blocks, we can now calculate (O (p)| D1 L[Oa 0]/ (p, 23))@
to obtain the proportionality constant in (2.329). For an operator O with weights
(A, J), the three-point function (0|O»y OJ]|0)(@ has two tensor structures. With our
choice of conventions in appendix A.2, their expressions in the embedding space

for integer J are given by

(—2V234)7 (=2V3.42)

(01020 (X)O(X2. 2)J (X5, Z3) IOV = —55—— (2.341)
X24 X23 X34
(=2V534) 71 (=2H23)

(01020 (X4)O (X2, Z2)J (X3, Z3)|0)®) = = == (2.342)

Xt X3t X3y
where the structures V; ;x and H;; are defined in (2.217) and (2.218). Note that
after setting J = 0, the first structure (2.341) is still a valid three-point function of
local operators, and hence it should be annihilated by the shortening condition D]
(or equivalently DL). So we can just consider the second structure (2.342). As
explained in section 2.5.1, its analytic continuation for complex J should be given
by

(=2V2.43)" "1 (=2H23)
01020 (X2) O (X2, Z2)J (X3, Z3)|0)) = 72851~ 227 (2.343)
X242 X232 X342

where F is due to the (—2V534)’~! factor. Using the algorithm for computing
light transform and Fourier transform of three-point functions described in [34] and

applying the differential operator 91, we obtain
(020 ()| DIL[On 0] (20, 2, W) (P, 23))?
4 I'(A-2)
T
['(5)T (53 (52)
X (=2p-2) 22w - z3z- p = 2w - pz - 23)(=p?) T 8(p), (2.344)

where 6(p) = 0(-p?)0(p°). Finally, combining (2.328), (2.331) and (2.344), we
have

[z3, p] - [21, 221 (=p?)0(p)

(020 (p)IL[Oa] (00, 21) L[ O] (00, 22) [T (p, 23))175 = 1607 25 20220 )

Fi0({),

(2.345)
where the function ¥ ({) is
2+ico dA F(A_z) .
Trold) = _/ 2 C2 A 2(2), 2.346
10(&) 2—ico 2T 2 )F(%)ZF(AT_Z)F(“%A)gA ) ( )
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and g3*(£) is the j = 1 celestial block (2.340)

A-2 A
5. A=17). 2.347
R 4 (2.347)

220 = (7R

Now the remaining task is to find the OPE data C; (A, J) at J = 0 and calculate the
event shape. In the next section, we will show that there’s a superconformal Ward
identity that relates CJ™ (A, J) to the OPE data of the (O Oy Oy Ox) 4-point
function. Using the identity, we can derive a simple relation between ;0 ({) and

the energy-energy correlator calculated in [15].

Relation to energy-energy correlator

Deforming the contour of the A-integral in (2.346), we get
I'A-2)
F($TEPN(E)

Fio({) == ). pas=o 2.2 (), (2.348)
A

where pa ; is the three-point coupling of (Oy Oy OxyJ) corresponding to the
structure (2.342), analytically continued to J = 0, and the sum is over Regge

trajectories.

We can obtain p, ; from the four-point function (Oxy O Oz J), whose expression
is given in (2.295). Note that the function ®(u,v) can be written in terms of

superconformal blocks as [53]

v
®(u,v) = (21)* = > ansgaras (), (2.349)
AJ

where g ; is the usual 4d conformal block, and ap s is the product of the three-
point couplings to a given superconformal primary. Plugging this into (2.295) and

specializing to the configuration x; = 0,x3 = 1,x4 = co, we find!

(020 (00) 020 (0) Oy (u, v)J (1))

A+1 J-D(A+1)
= 2m* ) aa (— Gass e (U, v) + —————Grs3y-1(1,v)
AZ;AJ 3 A+3,J+1 8(J+l) A+3,J-1
(A+3)(A+4)(A+J +4)?

128(A+2)(A+J+3)(A+J+5)GA+5,J+1(M,V)

(J=D(A+3)(A+4)(A—J+2)?
128U+ D(A-J+3)(A-J+1)(A+2)

Gavsg-1(u,v) |,

(2.350)

51T obtain this equation, we studied the small z, 7 limit on both sides and matched each term in
the series expansion.
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where G, ; is the conformal block of one conserved current and three scalars with
dimension 2, which can be calculated using e.g. [54]. The above expression should

agree with the usual conformal block decomposition

(020 (20) 02 (00020 (u, I (1)) = ) pasGas(u,v). (2351)
AJ

Therefore, there is a superconformal Ward identity that relates the three-point cou-

pling coefficients pa_j and ap j:

A-2 J(A-2)
3 ap-3,j-1+ 8(J—2)
(A=2)(A-1)(A+J-2)?
128(A=3)(A+J =3)(A+J - 1)
J(A=2)(A-1)(A-J—-4)?
128 +2)(A—J=3)(A—J -5)(A-3)

pag = 2m)* |- AA-3 J+1

an-5.J-1

aA—S,J+1) . (2.352)

Setting J = 0 in the above identity and plugging it into (2.348), we have

A-2 (A-2)3 I'(A-2)
Fio({) = -(2m)* Z( “A-i-l*m““‘l)n 42r(A2)r(42)

— ()t Y asa i g (8204 43 0.

DT a2
(2.353)
The sum of j = 1 celestial blocks in the parentheses satisfies
(A-1) ) 22 44
where fj"‘({ ) is the j = O celestial block:
A-T A-1 A-1
RO =E70R ( s AL 4) . (2.355)
This gives
4 4 T(A=2) 44
= —= —4- ’ . 2.356

Note that the term in the parentheses is simply the function Fg(¢) related to the
energy-energy correlator calculated in [15], see (7.11) and (7.16) there. Therefore,

we have

Tio(0) = ~576(0), (2.357)

which agrees with (2.323) from direct computation.

g2 (0)
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2.8 Discussion and future directions

We have seen that a product of light-transformed local operators L[O;]L[O>] is
encoded in a nontrivial way inside the space of light-ray operators. Low transverse
spin terms in the product are special linear combinations of light-ray operators with
spin J1 + J> — 1. Higher transverse spin terms are primary descendants, obtained by
acting with the special conformally-invariant differential operators O,, on higher-J

light-ray operators.

The differential operators 9, appear in the general classification of reducible gener-
alized Verma modules described in [35]. Most of the operators in this classification
act on multiplets with quantum numbers below the unitarity bound. Thus, when they
were first identified, it was not obvious a priori what roles they could play in physical
unitary CFTs. However, light-ray operators naturally have quantum numbers that
violate the unitarity bound, and indeed we have identified a role for D,, acting on this
space. It is interesting to ask whether there are similar roles in Lorentzian observ-
ables for other conformally-invariant differential operators. In addition, it would be
interesting to further explore interrelationships between conformally-invariant dif-
ferential operators, conformally-invariant pairings, conformally-invariant integral

transforms, and weight-shifting operators.

One way to motivate the light-ray OPE is by thinking about null-integrated operators
as primaries in a fictitious d—2-dimensional CFT. Now that we have a complete
description of the terms in this OPE, can we push the analogy with CFT;_, further?
For example, what are the implications of the light-ray OPE for multi-point event-
shapes, such as the three-point energy correlators studied in [55]? Associativity
of the light-ray OPE should give rise to a nontrivial crossing equation satisfied by
three-point event shapes, and it would be interesting to study this “celestial” crossing
equation using bootstrap techniques. One of the first lessons of the analytic bootstrap
is that the crossing equations imply the existence of “double-twist” operators with
arbitrarily large spin, via the lightcone bootstrap [8, 7]. Similar arguments for the
light-ray OPE could imply the existence of terms with arbitrarily-large transverse
spin j. It would be interesting to understand the relationship between these operators

and the usual large-spin operators in the lightcone bootstrap.

To fully develop a celestial bootstrap program, one would need to understand OPEs of
more general light-ray operators, such as a product of a null-integrated local operator
L[O] with a general light-ray operator O, ;, or even a product of two general light-

ray operators. This is an important problem for the future. A key conceptual question
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is: do new types of operators appear beyond the ones constructed in [11]? For the
OPE explored in this work, the answer turned out to be “no” for rather nontrivial
reasons. For more general light-ray OPEs, the answer is less clear. It is natural to
conjecture, however, that any light-ray operators allowed by symmetries will appear.
For example, we expect that the leading light-ray operator in the three-fold OPE of
average null energy operators is L[Xy], where X, is the lowest-twist spin-4 local

operator. This claim and its implications should be testable using the results of [55].

Currently, the best available data about multi-point event shapes comes from Hofman
and Maldacena’s calculation of energy correlators in N' = 4 Super Yang Mills
theory at large ’t Hooft coupling [12]. They computed the first few terms in the
large-A expansion of a multi-point energy correlator up to order 1/43/2. It would be
interesting to understand the structure of their result from the point of view of the

light-ray OPE, and also the “¢-channel” expansion of [34].

Correlators of average null energy operators do not capture complete information
about the energy distribution of a state. In particular, they are blind to the value of
retarded time when excitations reach future null infinity. To probe this more refined
information, it is natural to weight integrals along null infinity by non-constant
functions of retarded time. In [56], it was shown that meromorphic weighting
functions with carefully-chosen poles can give rise to useful “dispersive sum rules”
that constrain the data of a CFT. Alternative weighting functions may have other

useful applications and are worth exploring.

Finally, it would be interesting to explore the structure of the short-angle expansion of
energy-energy correlators and other event shapes in non-conformal theories, and in
particular how the higher-transverse spin terms arise there [17]. When the conformal
symmetry is present, the operators 9, acting on light-ray operators inserted at
spatial infinity (in which case 9, become expressed in terms of special conformal
generators) define some new discrete set of translationally-invariant detectors. As
the conformal symmetry is broken, this relation between these detectors and the
continuous Regge trajectories gets broken as well. We thus expect that in theories
such as QCD some new discrete set of anomalous dimensions should appear in
observables for which higher transverse spin is important (such as higher-point

event shapes or oriented two-point event shapes).
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Chapter 3

THREE-POINT ENERGY CORRELATORS AND THE
CELESTIAL BLOCK EXPANSION

This chapter is based on

[1] Cyuan-Han Chang and David Simmons-Duffin. “Three-point energy
correlators and the celestial block expansion”. In: JHEP 02 (2023),
p. 126. por: 10 . 1007 / JHEPO2(2023) 126. arXiv: 2202 . 04090
[hep-th].

3.1 Introduction

Energy correlators [18, 19, 57] are natural Lorentzian observables with numerous
applications in collider physics, conformal field theory, and string theory, see e.g.
[58, 59, 60, 61, 62, 12, 63, 64, 24, 51, 25, 65, 66, 49, 67, 68, 21, 17, 22, 26, 55,
69, 23,70, 71, 72,73, 74, 75]. They are given by an expectation value of a product
of energy flux operators &(n;) [76] that measure the flux of energy at locations

ii; € S972 on the celestial sphere:
(IE(7) - - - E(p) |¥). (3.1

Energy correlators are examples of more general “event shapes,” which are expec-

tation values of products of detectors at different locations on the celestial sphere.

The kinematics of energy correlators and event shapes exhibit many features of a
(fictitious) Euclidean d—2-dimensional CFT on the celestial sphere. In particular,
the Lorentz group SO(d — 1, 1) acts as the conformal group on the celestial sphere,

so event shapes exhibit conformal symmetry.

However, other aspects of event shapes are different from d—2-dimensional CFT.
Event shapes are not necessarily computed (in an obvious way) by a local path
integral on the celestial sphere. Consequently, structures like radial quantization
and a d—2-dimensional operator product expansion (OPE) cannot obviously be used
to analyze them. Nevertheless, it was argued by Hofman and Maldacena [12] that
a kind of OPE should exist between energy flux operators &(711) x E(iiz) in the
limit 771 — 7y, i.e. as the corresponding points on the celestial sphere approach each

other. In[15, 77], the OPE of two energy flux operators E(7i1) X E(112) was explicitly
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constructed in a general nonperturbative CFT;, and it was shown that the objects
appearing are the light-ray operators Q;(72) of [11]. This leads to a useful expansion
for two-point energy correlators in special functions called “celestial blocks,” which
re-sum the contributions of light-ray operators and their descendants on the celestial

sphere.

If it were possible to iterate the light-ray OPE, we would obtain a simple and
beautiful procedure for evaluating higher-point energy correlators. However, the
arguments of [15, 77] do not extend in a simple way to describe the OPE of an
energy flux operator and a more general light-ray operator & (7i1) X Q, (i), or to
describe an OPE of general light-ray operators Oy, (7i;) X Qy,(#,). Perturbative
studies of these more complicated OPEs were undertaken recently in [73]. Finding
an appropriate nonperturbative generalization of the light-ray OPE is an important
problem. However, we will not solve it in this work. Instead, we assume that a
general light-ray OPE exists and study some of its consequences for higher-point

energy correlators.

One consequence is that higher-point energy correlators should admit an expansion
in a discrete sum of multi-point celestial blocks. Mathematically, harmonic analysis
with respect to the Lorentz group [44] guarantees that energy correlators can be
expanded in an integral of celestial “partial waves.” However, going from a partial
wave expansion to a celestial block expansion requires a dynamical assumption
about poles in partial wave coefficients. We check this assumption by studying the
celestial block expansion of three-point energy correlators (EEEC) at both weak
coupling (in QCD and N = 4 SYM) and strong coupling (N = 4 SYM). In all cases,
we find that a discrete celestial block expansion exists, and that the quantum numbers
of objects appearing can be understood from symmetries. At weak coupling, we use
the recent perturbative expressions for the EEEC in [55], and at strong coupling, we
study Hofman and Maldacena’s famous result for the EEEC [12].

A particularly interesting limit of the EEEC is the collinear limit [55, 73], where
all three operators approach each other on the celestial sphere |;;)| — 0 with
|1;;|/|7ki| fixed, where 7i;; = n; — n;. Physically, the collinear limit is obtained by
simultaneously boosting all three detectors. By Lorentz-invariance, this is equivalent
to boosting the state |¥') in the opposite direction, causing its momentum p to
approach the null cone. However, a point on the null cone encodes a point on the
celestial sphere (1,74) = p/p°, so the kinematics of the EEEC in the collinear

limit are the same as for a conformal four-point function in CFT,;_;. In particular,
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celestial blocks have an expansion in the collinear limit, where the leading term is the
usual four-point conformal block. This observation was made for the leading term
in [73], and we will extend it to a systematic expansion around the collinear limit.
Furthermore, event shapes inherit crossing symmetry from the d-dimensional bulk
theory. This allows us to apply techniques from the analytic bootstrap for CFT four-
point functions to the collinear EEEC, including the lightcone bootstrap [7, 8, 78,
79, 80, 81] and Lorentzian inversion formula [9, 10]. (Interestingly, the Lorentzian
inversion formula requires analytically continuing to Lorentzian signature on the
celestial sphere, which is (d — 2,2) signature from the point of view of the bulk

theory.)

This paper is organized as follows. In section 3.2, we study implications of Lorentz
symmetry for event shapes. We explain the form that the celestial block expansion
should take for 2- and 3-point event shapes, and study the expansion of 3-point ce-
lestial blocks around the collinear limit. We furthermore explore general constraints
of celestial crossing symmetry for the collinear EEEC using lightcone bootstrap
methods. In section 3.3, we study recent leading-order weak-coupling results for
the collinear EEEC in QCD and N =4 SYM from the point of view of the celestial
block expansion, using the Lorentzian inversion formula to extract celestial block
coefficients. In section 3.4, we describe some predictions for higher orders in the
weak coupling expansion that follow from a discrete celestial block expansion. In
section 3.5, we discuss consequences of Ward identities, in particular using them
to determine the leading nontrivial contact terms in the EEEC in weakly-coupled
N =4 SYM. In section 3.6, we study the EEEC in strongly-coupled N' = 4 SYM
for general configurations on the celestial sphere — not just the collinear limit. We
explain how the corresponding celestial OPE data can be obtained from a three-point
celestial inversion formula, and then apply the inversion formula to results from [12]
to obtain simple analytic formulas for the full EEEC celestial OPE data at O(1/2).

Finally, we conclude in section 3.7.

Note Added: This paper will appear simultaneously with a paper by Hao Chen, Ian
Moult, Joshua Sandor, and Hua Xing Zhu, that also studies three-point correlators
of light-ray operators from the perspective of the light-ray OPE. We thank these

authors for coordinating submission.
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3.2 Lorentz symmetry and event shapes

Because the Lorentz group SO(d — 1, 1) is also the conformal group on the celestial
sphere S92, event shapes can be decomposed into “celestial blocks,” which are
natural objects from the point of view of d—2 dimensional CFT. We will be particu-
larly interested in three-point event shapes. In the “collinear” limit where the three
detectors are close to each other, the kinematics of a three-point event shape become
the same as a CFT four-point function, and celestial blocks become four-point con-
formal blocks. We will begin by reviewing event shapes in CFT. We then discuss
celestial blocks for two-point event shapes, before introducing three-point celestial

blocks and their collinear limit.

3.2.1 Review: event shapes and the light transform
An event shape can be thought of as a weighted cross section, or alternatively as the
expectation value of an operator at future null infinity. For example, consider the

three-point energy correlator (EEEC), conventionally defined by

EEEC({12, {13, {23)

E.E; Ek 1 —cosé;; 1 —cos8,; 1—cosb;i
—Z/ (512—%)5(513—%)5(@3—#)-

i,j,k

(3.2)

Here, do is the phase space measure multiplied by the squared amplitude for some
state |O(p)) to create outgoing particles, and the sum ’; ; ; runs over triplets of
outgoing particles. The definition (3.2) is convenient for perturbative calculations
and deriving Ward identities (see section 3.5). However, it obscures some features

like IR safety, and furthermore requires the existence of asymptotic states.

An alternative definition of the EEEC, that works in any nonperturbative QFT, is
[24]

EEEC({12, {13, {23) :_/ A dQ,d,6 ({10 — )6 (413 — )6 (L3 — B
(0(17)|5(n1)3(n2)8(n3)|0(1?)>

(3.3)
(-p)3(0(p)|O(p))
where E(n) is an energy detector defined by
E@i) = lim r4=2 / dr n'T% (t, rii). (3.4)
r—0o0 0

In a CFT, &(n) is conformally equivalent to the average null energy operator ANEC
— a null integral of the stress tensor [12]. Thus, we often refer to &(77) as ANEC
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operators. Here, and below, we use the shorthand notation where when a bra and
ket have equal momenta, we implicitly strip off an overall momentum-conserving

delta function. This is equivalent to Fourier-transforming only one of the operators:

(O(p)I---10(p)) = / d’xe"*(0]0(x) - -- 0(0)|0). (3.5)

The ANEC operator &(71) measures energy flux at a point on the celestial sphere
it € S92, In a CFT, it can be understood in terms of a conformally-invariant integral
transform called the light transform [11]. To describe the light transform, we use
index-free notation where we contract indices of an operator with an auxiliary null
vector z: O(x,z) = O (x)zy, - - - z,,. The light transform of an operator O with

scaling dimension A and spin J is

L[O](x,7) = / : da(-a) 0 (x - é z) . (3.6)

Under conformal transformations, L[O](x, z) transforms like a primary operator at
x with quantum numbers (1 —J, 1 —A). The ANEC operator defined in (3.4) can be

written as the light transform of the stress-energy tensor placed at spatial infinity:
&(i) = 2L[T] (o0, z = (1,1)). (3.7)

In general, an (un-normalized) n-point event shape in CFT is the matrix element of

a product of n light-transformed operators in a state |O(p)):

(O(p)IL[O1] (0, 21) - - - L[Og] (0, 24) |O(p))- (3.8)

For the EEEC, we have O1 =0, =03 =T.

3.2.2 Lorentz symmetry and celestial blocks

Two-point event shapes

Consider a two-point scalar event shape!

(p4(p)|L[¢1](e0, z1)LI2] (00, 22)[¢3(P)). (3.9)

For simplicity, we study event shapes built from scalars ¢; in this section, leaving

spinning operators for later.

I'This scalar event shape is only well-defined nonperturbatively if the theory has Regge intercept
Jo < —1[34]. In this section, we are only interested in kinematics, so we assume this is the case.
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Let us understand how the product L[¢1](co, z1)L[¢#2] (e, z5) transforms under the
Lorentz group SO(d — 1,1). The Lorentz group is isomorphic to the Euclidean
conformal group in d — 2 dimensions. From this point of view, the polarization

vector z can be thought of as an embedding-space coordinate for the celestial sphere
542,

As convenient notation, let 5 ;(z, w) denote an operator with dimension ¢ and spin
J in a fictitious CFT;_, on the celestial sphere, in the embedding formalism. The
embedding space coordinates are null vectors z, w € R~!! with a gauge redundancy
w ~ w+az. Psj(z,w) is a homogeneous function of z and w with degrees —¢
and j, respectively. See [15] for more details on this notation. We usually refer to
the spin j on the celestial sphere as “transverse spin” to disambiguate it from the

Lorentz spin J of a local operator in d-dimensions. When j = 0, we write simply

Ps(z).

The light-transformed operator L[ ¢;] (oo, z) is homogeneous of degree 1 — A; in z.

Thus, it transforms like a scalar on the celestial sphere with dimension §; = A; — 1:
L[#i](c0,2) ~ Ps,(2). (3.10)

From this point of view, we can treat correlators of L[¢;](co,z) as if they were
correlators of P5,(z) in a fictitious CFT;_,. Note that we do not assert that there
exists a local CFT on S92, For our purposes, (3.10) is convenient notation for

keeping track of symmetries.

Using this notation, a product L{¢{] (o0, z1)L[¢2] (o0, z2) transforms like a product
of scalars Py, (z1)Ps,(z2) in d—2 dimensions. It is natural to expand such a product
in a d-2 dimensional OPE, where the objects that appear are spin-j traceless

symmetric tensors:

Ps,(21)Ps,(22) = Z r5,jCs.j (21,22, 02y, 0y,) Ps,j (22, W2). (3.11)
0,

Here, the dimensions ¢ and “OPE coeflicients” rs ; that appear depend on the theory.

However, the differential operator Cs,; is determined by symmetry and is defined by

Cs,j (21, 22, 0oy, 0y, ) (P, (22, w2)Ps.j (2, w)) = (Ps,(21)Ps,(22)Ps,j (2, W),
(3.12)

where (Ps (22, w2)Ps,j(z, w)) and (Ps, (z21)Ps,(22)Ps,j(z, w)) are standard two-
and three-point structures in the embedding space.
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The light-ray OPE gives a concrete version of the expansion (3.11) where the objects
on the right-hand side are light-ray operators. Taking L[¢]L[¢] as an example, the
operators appearing are [15, 77]

L{¢] XLIg] ~ > Oiset o0+ ). > DuOijetimjmo.  (3.13)
i i n=1

Here, O, ;,; denotes a light-ray operator on the i-th Regge trajectory with spin J
and transverse spin j [11]. 9, is a differential operator that decreases the spin J
by 2n and increases the transverse spin j by 2n. Light-ray operators are analytic

continuations of light transformed operators L[O] in J, so they satisfy
Oi,J,j = f¢¢.0i31,jL[Oi,J,j], J e Zzo, J even. (3.14)

The light-ray OPE thus establishes a relation between the scalar two-point event
shape, defined as the matrix element of L[¢]L[¢], and the OPE data of ¢ X ¢
analytically continued to J = —1,1,3,.... For concrete calculations of two-point

event shapes using the light-ray OPE, see [15, 77].

Let us apply the light-ray OPE to the event shape (3.9). As discussed in [77], there
is a selection rule for the transverse spin j: in a state created by scalar operators
(d4(p)| - |#3(p)), only light-ray operators with j = O can have nonzero matrix
elements. Thus, the sum in (3.11) collapses to just the j = 0 terms. We find

(p4(p)[L[¢1](c0, z1)L[2] (00, 22)|¢3(p)) = Z r126Cs (21, 22, 05,) (P4 (p) Wi (22) [¢3(p)),

§
(3.15)

where Wy stands for transverse-spin zero light-ray operators O; j-_1 j-0, and trans-

forms as a scalar primary with dimension ¢ under SO(d — 1, 1).

The form of the matrix element (¢4 (p)|Ws(z2)|¢3(p)) is fixed by Lorentz symme-

try, homogeneity in z», and dimensional analysis to be

A3+Ay+0-2-d

($4(P)[W5(22)|93(P)) = 5345(=2p - 22) °(=pH)~ = . (3.16)
Thus, the event shape can be written as
(94(P)L[61] (00, 2)L[92] (00, 22)93(p)) = Y Fizsssas(—p7) " T Co(z1.22.9) (=2p - 22)™°.

0
(3.17)

The object Cs(z1, 22, 0;,) (=2p-22) % is called a “celestial block” and it is completely
fixed by SO(d—1, 1) symmetry. It can be computed by solving a Casimir differential
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equation, similar to the method used by Dolan and Osborn to compute conventional
conformal blocks [82]. The result is [15]

(5]+(52*(5

Ch N0 _ (_pz)T 1,62
C(5(Zl’ 22,8@)( Zp ZZ) - (_2p . 21)61(_2]7 . 22)62 0 ({)’ (318)

where ( is a Lorentz-invariant cross ratio

(=p*)(=2z1 - 22)

= , (3.19)
$T a2
and the function f; 1027 is given by
6-81-0
[ = ETER (MR s sy -4 g) . (3.20)

Combining everything, we obtain a celestial block expansion for the two-point event
shape
(p4(p)L[¢1](00, z1)L{$2] (0, 22)[¢3(P))

61+09+03+64-d

_p? :
) (—2(p i?)(ﬂ ooy 2 ewal3 &), (3.21)
0

Note that the form of the celestial block expansion (3.21) is completely dictated by

symmetries. The light-ray OPE formula then predicts that the ¢’s appearing in the
expansion (3.21) should be related to dimensions of light-ray operators in the CFT.

Furthermore, it makes a prediction for the product of coeflicients r125534s:

2d+2—53—547rg+3€m@1~(5 -1 (

F( (5+5§—64 )F( 5—5;+(54 )F( 63+(§4—6)1—1( 5+63+§24+2—d)

+ p—
Ps+1d=-1 +P5+1,J:—1) .

r1268345 =

(3.22)

where p3 ,(p, ;) is the product of OPE coefficients of the four-point function
(P40102¢3), analytically continued from even(odd) spin.

Even if we do not know the coefficients rj>5 and s345, we can still make some
statements about the event shape. We will be particularly interested in the limit
where all the detectors are close to each other. For the two-point case, this simply

corresponds to z; — z2, or { — 0, and the event shape should behave as

(94(p)|L[¢1](00, z1)L[¢2] (0, 22)|¢3(p))
(_pz) 61+62+<2$3+64—d g 6*—621—62
(=2p - 21)%1(=2p - 22)*

Ox+03+64—d

= 11255346, (=p1) T (P5,(21)Ps,(22)Ps,(P)) + -+, (3.23)

where 0. is the smallest ¢ appearing in the )5 sum.

= I'126.,53406.
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Three-point event shapes

Next, consider a three-point event shape

(¢5(p)IL[¢1] (00, z1)L[¢2] (0, 22)L[¢3] (00, 23)[¢4(p)). (3.24)

We can use the light-ray OPE to decompose the product of a pair of detectors, say
L{¢1]L[¢2], as a sum of light-ray operators OQ;. However, we do not currently
possess a more general light-ray OPE formula that lets us further decompose the
product O;L[¢3]. To make progress, let us use Lorentz symmetry to predict the

form that a celestial block expansion for the three-point event shape should have.

Following the analysis in section 3.2.2, we treat L. [¢1 ] (o0, 1) L[ 2] (00, z2) L[ #3] (00, 23)
as a product of three scalar primary operators Ps, (z1)Ps,(z2)Ps,(z3) in a fictitious

CFT,;_,. Formally taking consecutive OPEs, we have?

Ps,(21)Ps,(22) Ps;(23)

= Z r2ps,;Claps ; (21, 22, 02y, 04y Ps,j (22, w2) P (23)
6,J

/ -
= Z Z rlng,jr@&j:;y)é,,l, CIZP(;,J- (Zl, 22, 622’ aWQ)CP(s,j?ﬁpar,/l/ (ZZ, <3, GZ3’ 6‘2}3)?5",{/ (Z39 W3)
5 A8,

(3.25)

Therefore, the three-point event shape should have the form

(¢5(p)IL[@1](0, z1)L[p2](00, z2) L[#3] (o0, 23) |h4(p))

= > 108, T, 3y C122s (21,22, 023, 00 Cy 130, (22, 23, 023) (05 (P) Wy (23) 0 (p))
o' 6,)

, , 2 54+55+5/*1*d
= Z Z P25 i TPy 3Py S4s6:(—P7) :
5 o

X C1aps; (21, 22, 02y Oy ) COpy 139y, (22023, 023) (<223 - p) ™7, (3.26)

where from the second to the third line, we again use the homogeneity of z3 and p.

In the expansion (3.26), we have three unknown coefficients ri2p, , nd

’

Fps 3Py 8
’

4567

If an OPE expansion for a three-point event shape exists, symmetries ensure it must

take the form (3.26). However, we do not know an argument guaranteeing the

2Here, we are following the notation of [15, 77], where w3 denotes a collection of polarization
vectors for different rows of the Young diagram of an SO(d — 2) representation. However, after
taking the expectation value in a scalar density matrix (¢s(p)| - |#4(p)), only scalar representations
A’ are allowed, so w3 immediately drops out and can be ignored.
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existence of such an expansion. Mathematically, the only thing that is guaranteed
is that (3.24) can be decomposed into a double-integral over complex ¢ and ¢’ of
“celestial partial waves,” defined below in equation (3.188). An expansion like
(3.26) would arise if we can additionally close the contours to the right, picking up
a set of discrete poles, as described in [47] for the conventional conformal block
decomposition. In this work, we assume that such a contour maneuver is possible,
at least to characterize the leading behavior of the event shape in the collinear limit.
In the absence of nonperturbative arguments, it is also important to compare (3.26)

to perturbative data, as we do in section 3.3.

The kinematic dependence of (3.26) is accounted for by the object

Ciop, (21,22, 02y, 0,)Cp, 39,5, (22,23, 02,) (=223 - p) (3.27)

which is completely fixed by Lorentz symmetry. We call (3.27) a three-point celestial
block. Although we do not know a compact closed-form expression for it, we can
still determine its expansion around the collinear limit, where z1, z2, z3 are close
to each other. The reason is that the collinear limit is equivalent (up to a Lorentz
transformation) to a configuration where p is null. Writing p as zq in this null limit,

the leading term of the three-point celestial block in the collinear limit becomes

Ciops,; (21,22, 02y, 0,)Cpy 395 (22, 23, 02,) (=223 - p) ™

(51,52,53,5’)(Zl
b

— Ciop, ; (21,22, 0y, 00, )Cpy 1375 (22,23, 053) (=223 - 20) ™ = g5 1 22,235 20)>

(3.28)

where the second line is simply the definition of a four-point conformal block.

To characterize subleading terms in the expansion around the collinear limit (or
equivalently the null p limit), it is helpful to introduce |Py, p)), defined as the state
in the conformal multiplet of |y ) that is invariant under the little group SO(d — 1)
that fixes p. From the point of view of conformal symmetry, p is a point in the
center of EAdS,_1, so the overlap of |Ps, p)) with |Ps (z3)) is a bulk-to-boundary

propagator:
(P (23)|Ps, P)) = (223 - p) 7. (3.29)

The three-point celestial block can be written as

Ciap;s ; (21,22, 025, 0w, ) Cpy 39, (22,23, 055) (P (23) |Per, D)) - (3.30)
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2—point :
Ps,
[Ps,p))

Figure 3.1: Diagrams representing the two-point and three-point celestial blocks.
Each vertex should be understood as an OPE differential operator C;; in the CFT,_».
The symbol ® represents the factor (3.29).

This expression can be represented by the diagram in figure 3.1, where we also
include the diagram for the two-point case. Theses diagrams can be thought of
as the OPE decomposition of the usual three-point and four-point function in the

fictitious CFT,_,, but with one of the external operators replaced by |Ps, p)).

Let us determine a more explicit expression for [Py, p)). Treating SO(d — 1, 1) as
the (d—2)-dimensional conformal group, its generators are { D, M, P,, K, }, where
a,b=1,---,d -2, My, are SO(d — 2) rotation generators, and P, and K, are the
translation and special conformal generators in R?~2. For p = (p°, p) = (1,6), the
little group that fixes p is generated by M,; and P, + K,. Therefore, the |Ps, p))

must satisfy the conditions

Mp|Ps, (1,0))) = 0,
(P, +Ko)|Ps, (1,0))) = 0. (3.31)

The solution to these conditions was obtained in [83] with a somewhat different

motivation (studying local probes of a dual AdS geometry). The result is
v\ =
Py, (1,0))) =T'(8" +2 - 4 (T) Jyr_az2 ( PZ) P57 (3.32)
where |Ps ) is the CFT primary state killed by K, and J, (x) is a Bessel function of
the first kind.

The action of momentum generators P, on |Ps ) can be written as derivatives of
|Ps: (z)) with respect to z. Equation (3.32) thus expresses [Py, (1, 6) )) as an infinite-
order differential operator acting on |Ps (z)). Plugging this into (3.30), we obtain

the three-point celestial block as an infinite-order differential operator acting on a
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four-point conformal block:

Ciops,; (21522, 02y 0,)Cpy 39 (22, 23, 02,) (=223 - p) ™

d-2 ’
5\ 2 9

-

’ Y 102,03,0"
=1 +2- 9| Jy-az (\JO2) g0 (21 22 25, 20), (333)

where zo = (1, %%, ¥). Note that only even powers of \/8;2 appear in the expansion of
the Bessel function, so the above differential operator is well-defined order-by-order
in this expansion. Even though intermediate terms depend on the point zg, the
final result must be independent of zg. In appendix B.1, we present an alternative
derivation of this identity that leads to an expression where Lorentz invariance is

more manifest.

Note that the state |, p)) breaks the Lorentz group SO(d — 1, 1) to the little group
SO(d—-1). This is the same pattern of symmetry breaking that occurs in the presence
of a codimension-1 spherical boundary or defect [84]. Thus, celestial blocks are
equivalent to boundary/defect conformal blocks [85]. Often, boundaries and defects
are studied in Euclidean space, where the symmetry breaking pattern in CFT;_; is
SO(d) — SO(d — 1). Since the signature of the corresponding orthogonal groups

is different, our celestial blocks are related by analytic continuation to those blocks.

Expanding our expression to leading and subleading in the collinear limit p?> — 0,

we find

CIZP(SJ (Zl9 ZZ’ aZZ’ awz)CP(s,ﬁ?(;/ (ZZ’ 239 a23) (_223 : p)_6’

3 (1236") {13 (1) (1238") 2,2
=Tiss (21,22, 23. )\ 85 (V) + o= = Dupgs i (.v) + O((=p7)7) |,
(3.34)
where u and v are defined as
Dz - —Dza - iy P D7 -
_ (221 - 22) (=223 p)’ b (=222 - 23) (22 p)’ (3.35)
(=221 - 23)(-222 - p) (=2z1 - 23)(=222 - p)
and the overall factor 1234 (21, 22, 23, P) 18
51-0p 6376/
(—ZZ2~p) 2 (_211.p)T
2z1p 22123
T1235 (21, 22,23, P) = : o 1 - (3.36)

(=221-22) 7 (=2z3-p) T~
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The differential operator Z) generatmg the first subleading term is given by

DY :%(61 ~82)(81 = 62— 83+ u + %(63 +6)((61 = 82)v — 61 + 62+ 63 = &)
+((2=261+262+03=0)u—(53+6)(v—1)vo,
+((2=61+6,-63—8)W— (61— 6 —63+6)(u—1))ud,
+2uv (ud? +vd2 + (u+v —1)9,0,). (3.37)

As an example, let us specialize to a three-point energy correlator in a 4d CFT. In
this case, we have §; = d, = d3 = 3, and (3.37) becomes

3-0)(3+¢
1)15}3868:( )2( +0%)

+ 2uv (ud? +vd? + (u+v —1)9,0,). (3.38)

+((5-Nu-B+6)v-1))wd, — ((-3+6)(u—-1)+(1+6)v)ud,

Using (3.34), we can finally write down the expansion of the three-point event shape

in the collinear limit:

(¢s(p)|L{¢1] (00, z1) L[ 2] (c0, z2)L[¢3] (00, 23) |4 (p))

, , 5 O4+05+6"—1-d
= Z Zrlzpé,jrpé,j37>5,s455’(_p ) 2 T]236'(Z1’ 72543, p)
o 0,j

(1236) {13 (1) (1238") 22
( (u,v) + —d_4_26,1)uv5j (u,v) +O((=p)7) |-

(3.39)

In sections 3.3 and 3.4 of this paper, we will mostly focus on the leading term, which
is simply a four-point conformal block. In section 3.6, when we study N = 4 at
strong coupling, we will derive results related to the full structure of the three-point

celestial block.

We can also take the OPE of (3.24) in a different order. If we first take the 23 OPE,

we obtain

(¢s(p)|L{¢1] (00, z1) L[ 2] (c0, z2)L[¢3] (00, 23) |4 (p))

, , 5, Syrds+d’-1-d
= Z Z r23Ps  Tps apySass (P T Taoie(23, 22,21, P)
5 67

/ g13
(6657 v+ T DU 0 + 0

(3.40)
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Thus, we obtain a crossing equation

, , ’ S4+65+6"—1-d
Z Z r12Ps ;Tpy 3pySass (P T Tioser (21,22, 23, p)
5 6

{13

1236’ 1 1236’
x (gfs,j D)+ s Dy ) + 0<<—p2>2))

, , 2 S4+65+6"—1-d
= Z Z r23Ps Ty apySass (=P T Taoier (23,22, 21, p)
5 6

’ {13 ’
x (gfff” )+ T Dy )+ 0((=p 2)2))'
(3.41)

The leading term of this equation looks like a usual four-point crossing equation in
a (d-2)-dimensional CFT. We will study some of its implications in section 3.2.4
and appendix B.4. It would also be interesting to study (3.41) with subleading terms
included.

3.2.3 Expansion of the EEEC in the collinear limit

We are now ready to study the expansion of the three-point energy correlator in
the collinear limit. In what follows, we only keep the leading term (the conformal
block). We also specialize to four dimensions, for simplicity. We can essentially
follow section 3.2.2, replacing the scalar operators ¢1, ¢, ¢3 with the stress-tensor
T. Note that the ANEC operator & is still a scalar on the celestial sphere, so the
only difference from our earlier analysis is the homogeneity in the momentum p.

For sink/source states created by a scalar operator O, the result is3

(O(p)IE()E(112)E(13)|0(p))

3-8,
2AH+6L—-1 x
_ 2 O 9% —22,2']7 2
, , (=p7)7 > (—211-z2) (EEEPy) , _
= Z TEEPs iP5 ;675 S00P,, o 86, (z,2)+...,
S.j (—2z2-23)%(2z1 - p) 2
(3.42)

where “...” denotes subleading terms in the collinear limit, and ¢, is the smallest
value of ¢’ that appears in the Ps ; x & OPE in the fictitious CFT,. We assume for

now that ¢/, is isolated.# We have also changed variables from u, v to z,z, defined

3For later convenience, we relabel the pointsas 1 — 2,2 — 3,3 — 1.
4We study a case where two operators have degenerate &/ at the lowest order in perturbation
theory in section 3.4.2.
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_ - {3
= = —, = 1 — 1 — = —, 343
He {12 v=(1-90-32) {12 0-4)

where z, 7 are complex conjugates of each other.3

Recall that the EEEC is defined by (3.3). Note that (O (p)|E(7i1)E(112) E(73)|O(p))
depends only on angles between 711, 7i;, 113, which are localized by the delta functions

in the first line of (3.3). The remaining Jacobian factor is

/ A9, A9, A, 5(L12 — T2 5215 — 1) 5y — 1o

6472
[(7i] X np) - 13
3272

\/—5122 — {f = Gy + 20028013 + 2010003 + 2013803 — 412813003

(3.44)

Also, the total cross section is given by

25—2A07r3 ) 204
(AO__I)F(AO)(—p ) o(p).
(3.45)

otal =

of / d*x 70|07 (x)0(0)|0) = 5

Combining these results with (3.42), the EEEC in the collinear limit is given by

{12

EEEC({12, {13, {23) = G(l12,2,2)+...,
B-C — 0y = G5 + 2ndis + 2 nlos + 2oy
(3.46)
where
_ 85 (EEEPs) _
G129 =4y ) Rojwgy; (29,
6,J
2220797 (Ap — DI'(Ao)
Rs. o, = . reeps ;T %Mapéi SQ)OP(;;- (3.47)
Here, we have set z; = (1,7;) and ;; = 1_;;'ﬁ'f

Thus, the function G ({12, z,7) describing the leading behavior of the EEEC in the

collinear limit can be written as a sum of conformal blocks, up to a power of {i;.

>Note that earlier we used z as a null polarization vector z € R?~!-!, whereas here it is a complex
number z € C. We hope that no confusion will arise from this overloaded notation.
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The coefficients Rs ;.s; appearing in the expansion are products of light-ray OPE
. , . . , .

coefficients rggp; ; and TPy &Py, and 1-point functions s 007, Since most of these

quantities are unknown a-priori, we will mostly just work with the coeflicients Rs ;s

in this paper. The detailed definition of R; ;.57 would become useful if one could

derive a three-point light-ray OPE formula that relates rggp, r;)é’j to

the OPE data of the CFT (similar to (3.22)).

s
EP s " O0P s

Although most of the coeflicients in the expansion (3.47) are a-priori unknown, we
do know a lot about the quantum numbers ¢/, and ¢ that appear. The dimension ¢,
is associated with the lowest dimension light-ray operator in the triple-& OPE. It
is natural to guess that it is given by the lowest-twist spin-4 operator in the theory:
0. = Apin(J = 4), as we discuss in section 3.3.1. Furthermore, the dimensions &
that appear in the conformal block expansion (3.47) are controlled by the two-&
light-ray OPE, which we understand much better — they are associated to light-ray
operators with spinJ = 3,5, ... [15,77]. Below, we will confirm these expectations

in examples.

3.2.4 Lightcone bootstrap constraints

The leading term of the crossing equation (3.41) can be written as®

i 2 (EEEPy) _
G20 =4y E Rs.j:5.85. "(2,2)
5.
gy 3 s -5 s
2z A 0.2 )
“\-9(1-2 Rs.j:6.85. 1-2z,1-72). 3.48
((l—z)(l—z)) 12 Z sjo.8s,  (I1—z1-2). (3.48)

0.J

This looks like a four-point crossing equation in a (d—2)-dimensional CFT. It is
thus interesting to ask what we can deduce about the original d-dimensional CFT
from it. Unfortunately, the coefficients R ;.s; do not satisfy any simple positivity
conditions, so numerical bootstrap methods do not apply in an obvious way. In
this section, we will instead study (3.48) from the point of view of the lightcone

bootstrap [7, 8, 81], which does not require positivity conditions.

The usual lightcone bootstrap analysis begins by analytically continuing the four-
point function into Lorentzian signature, and then considering the double lightcone

limit z < 1 —z <« 1. In our setting, this would require analytically continuing

SHere, we use two different notations for conformal blocks, and we hope the meaning hereafter
will be clear from context. The first notation is gfs’O; 920304) " \yhere the block is labeled by the
conformal multiplets of each individual external operator Oi,---,04. The second notation is
323" %4 where we use the fact that the block depends only on the differences of scaling dimensions
012 =01 — 62 and 834 = I3 — 4.
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celestial cross-ratios away from the Euclidean regime. However, our “correlator”
G ({12, 2, 7) does not come from a local, reflection-positive Euclidean CFT,_;, and
thus it is not guaranteed that we can analytically continue it to (d—2)-dimensional
Lorentzian signature (which would be (2, d — 2) signature from the point of view of

the full d-dimensional theory).

However, we believe that the main conclusion of the analytic bootstrap, i.e. the
existence of double-twist families at large spin, can still be obtained by staying in
Euclidean signature. The idea is that by plugging the leading 7-channel singularity
into the Euclidean inversion formula, one can still deduce that the OPE coefficient
density C(A,J) should behave as the lightcone bootstrap predicts at large spin J.
Similarly, it should be possible to compute subleading corrections in J from sublead-
ing terms in the 7-channel singularity. Hence, we expect that analytic continuation
in z, 7 can be thought of as a proxy for a more complicated analysis using Euclidean

partial waves.

Thus, let us proceed to studying implications of the lightcone bootstrap for the
celestial crossing equation (3.48). We will actually consider a more general three-
point event shape L[O]L[O]L[O], where O is an operator with spin J. The crossing
equation reads

_ 5o
Z R&,j,é;g(;,js (z,2) = (m) Z R(s’j,(s;gd,js (1-2z,1-%2), (3.49)
5,j 6,J

where s = @. As we discuss later in section 3.3.1, we expect that 8, = A, — 1 is

the celestial scaling dimension of the lowest-twist operator with spin J* = 3J —2 in
the O x O x O OPE. Suppose the lowest celestial sphere twist 7, = § — j appearing
in the sum on the left-hand side is 77 = 2A*. Then in the double lightcone limit

z<«1-7Z<«1, we have

%« _h*~2hp 10,5 = _ —\h=2hgp 10,8
R:.z Okzz*(z)+...—ZRhﬁ(1—z) kE(l=2)+..., (3.50)
hh
where we have introduced
o0—Jj T — 0+
h - - = —, h = — 351
2 2 2 ( )

Near the 7 — 1 limit, the SL(2, R) block kgf (z) has the expansion [81]
0,5 =\ _ 0,5/ 5,0 7 =S
kzg(z)—Ko (W +...+K5(W(1-2)7 +...,

I'(r —s)I'(2h)
T(h+r)C(h-s)

K;*(h) = (3.52)
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where “. . . represents terms like (1 —2)* or (1—72)*~* where & is a positive integer.
Therefore, (3.50) becomes

R?, " 2ho (Kg,s@ b KO-+ ) .

= ZRM(I —z)h—ZhOkg%‘a — D). (3.53)

h,h
Note that on the left-hand side, 7" 20 is Casimir-singular in z (i.e. it can be
made arbitrarily singular by repeatedly applying the quadratic Casimir), while on
the right-hand side kg’_: (1 — z) is Casimir-regular in z. In order to reproduce the
Casimir-singular term with the correct z behavior on the left hand side, we must
have an infinite family of operators with 7 — 2hp and h — 2hp — s = hp + I, as

h — co. They can be thought of as the “celestial double-twist operators” [PoPp]
and [PoPo:].

Since [PoPo] has h = 2hp and large-j (which means that they must be higher
transverse spin terms), the light-ray OPE [15, 77] predicts that they should come
from operators with conventional twist T = 20¢p + 2 = 2Ap. Thus, the existence of
[PoPo] predicts that for the maximally allowed transverse spin (j,.c = 2J in this
case) in the O x O OPE, there must be a trajectory with 7 = 279 + 2J at large spin.
Similarly, the existence of [Pp%Po.] predicts that there should be a trajectory with

the maximally allowed transverse spin that has twist 7 = Ap + A/, at large spin.

The coefficients R, 7 at large h for the two types of celestial double-twist operators

can also be determined. Using the formula [81]

— 1 a
Z S (h)kyy (1 -2) = 5 (li) + Casimir-regular,
h=j+ho ¢
7=0,2,...
- 1 I(h=r)[(h-s)T(h—a-1
Sy* (h) = (h=rfh=9Mhza= 54,
[(—a-r)'(-a-s) T@h-1) T(h+a+1)
we find
Rizang (h) ~2R; KO (R)SyS (),
Ringen, (1) ~2R}. K3 (W)SY,, (B), (3.55)

where ~ means that both sides have the same leading behavior at large .

In (3.50), the left-hand side will have a log(1 — z) term when s = 0. In the usual

four-point lightcone bootstrap, the log(1 — z) term determines the behavior of the
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anomalous dimensions of double-twist operators. However, unlike in the usual
lightcone bootstrap, (3.50) does not possess an identity operator. As a result, the
interpretation of log(1 —z) as coming from anomalous dimensions does not work in
this case. To see this, consider the case where O is a spin-1 conserved current 7. In
this case, O, should be the lowest twist operator with spin J” = 1 inthe J X J X J
OPE, which is just  itself. So, ¢, = 64 and s = 0. For s = 0, the leading term of
left hand side of (3.50) becomes

w—2no L (2h) F(Zh )

~R).z Yy ———Qu () - 2y(1) +log(1 - 2)). (3.56)

To see how the above expression can be produced by the right hand side of (3.50),
note that near s = 0, the coefficients Rj—»p, (h) and Rj—p o+l (h) in (3.55) are
singular and take the form

_ R ~—
Rizaing (h) =— + RY +0(s),

Rpngsn, (h) = — ? + RO+ 0(s), (3.57)
where
R=-2R; % Sy 2y (1) RO = (—y(1) +y(h)R. (3.58)

Therefore, the contribution from the two celestial double-twist operators becomes

(going back to the notation g5 ; for conformal blocks)

. 7N 0,8 7N 0,8
lim Ry heg” . + Ry (h)gy .
lim h=2ho (M) 8&4pori i+ Ri=horn, (W& 5y

R ~ R -
= 1; - (0) 0,s i (0) 0,s
= }1_{% ( s R ) (g4hj+J gt SaYg4hj+j,j) + ( s R ) (g4hJ+J JT safg4hj—2x+j,j)

=2Rgly |+ 2ROs8; loman s (3.59)

which correctly reproduces (3.56) after performing the sum over 4. We see that the
log(1 —Z) of (3.56) comes from a near-cancellation of coefficients between the two

celestial double-twist families at the degenerate point s = 0.

3.3 Extracting light-ray OPE data from the leading order collinear EEEC

In the previous section, we argued that the EEEC in the collinear limit can be
decomposed into conformal blocks (up to a Jacobian factor). In this section, we
study the decomposition of the leading-order collinear EEEC in N' = 4 SYM and
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QCD recently computed in [55]. In the case of N = 4 SYM, the authors of [55]

consider sink/source states created by the operator TrF? (with Ag = 4). For the
QCD case, they consider both the gluon jet, created by TrF?, and the quark jet,
created by the quark contribution to the electromagnetic current J¥. Specifically,
they contract indices between the bra and the ket, so that the quark jet event shape

is an expectation value in the density matrix |[J*(p)){J,(p)|.

Note that [55] worked at low enough loop order that the S-function does not enter,
so QCD can be thought of as conformal for the purposes of studying their results.
At higher orders in perturbation theory, selection rules in J, such as those discussed
in [12, 15] will be broken. However, the celestial block expansion should still be
valid, since it relies on Lorentz invariance alone. We leave an investigation of these

effects to the future.

The results of [55] for the leading-order collinear EEEC can be summarized by three
functions of cross ratios, G y=4(z, z) (equation (5.2) and (5.3) in [55]), GéCD(z,Z)
(square bracket in equation (5.14) in [55]), and GéCD(z, z) (square bracket in equa-
tion (5.16) in [55]). The relation between G (z,7) and the EEEC is

g4N2
EEEC({12, {13, {23) = < X GN=4(2,2) +...,
64”55122\/—5122 — {5 = Gy + 2002003 + 2012803 + 2013003
4
EEEC({12, {13, {23) = g X G’é/CqD(z,E) ...,
327T5§122\/—§122 — {5 = 035+ 2010013 + 2010003 + 2013003
(3.60)
In the weak coupling limit, we can expand (3.47) as
G=ao (60 +ag" +a*6P .. ),
0; = 650) + ayl.(l) + azyl.(z) +...,
0, =5+ ayi(l) + azy;(z) +...,
Rsj. = ao (RY), +aR)  +.), (3.61)
gZN‘ gZN g2
where for N' = 4 SYM we have ag = S5, a = %5, and for QCD ag = 5,
a = %;.7 As we explain later in section 3.3.1, we also set 5;(0) = 5 since it is

the J' = 4 point on the twist-2 trajectory. Comparing (3.46), (3.60) and (3.61), we

"We choose ag such that there is no prefactor in (3.62).
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immediately see that G'*) = 0 and®

GV (¢12,2,2) = (22)°G(2,2) (3.62)

for both N' =4 SYM and QCD. The expansion of (3.47) in the weak coupling limit

is given by

0 | (EEEPs ) _
(0)({12,Z 7) = Z <R((SJ)5' 6(0)’1. 51=5 (2.2)
5O

W _ (1) |\ (EEEPss)
g (4129 <, Z) - Z (<R5,j;6;>g6(0),j

60 5

’ (E&EEPs) ,  _ 1 _
*WSVZ(wamwN>5<a@+;%@mg@m@y
50 J

0 (1 (EEEPs1=5)

(2.2 + (R, v hasgso . 77 (2,7)

(3.63)

where the notation (. . .) represents a sum of the contributions from possibly degen-
erate operators, following e.g. [86].° Since G\©) = 0, we must have (R((SO} s =0.
The function GV then becomes independent of {1, (which is consistent with (3.62)),

and it can be written as

_ ) (EEEPss) _ o (EEEPys)  _
g(l)(Za Z) = Z (<R§_])6/ >g5(())’] o (Z, Z) + <R§J)6/ ( )>66g6(()) o (Z7 Z)) .
6(0)’]‘

(3.64)

The values of 6% and j appearing in the decomposition (3.64) can be related to the
spectrum of the theory using the light-ray OPE formula We describe this relation
5 6,) and (R(O) 51 761)) using both
a direct series expansion around the OPE limit (section 3.3.2) and the Lorentzian

in section 3.3.1. We then obtain coefficients (R

inversion formula (section 3.3.3). Our results are summarized in figure 3.2, where
we plot the allowed values of ¢, j in (3.64) and indicate points for which we obtained

the coefficients (R((Slj)._ ) and (R((SO) 57 51)> using either of the two methods.

8Note that (3.47) assumes that the sink/source states are created by scalar operators. Even though
for the QCD quark jet case, the current J# is spin-1, we can still treat it as a scalar here since we
contract indices between the bra and ket. This will produce an additional factor of 2 due to the
fact that for a spin-1 operator V,,, (0]V¥(x)V,(0)|0) = 2(0|¢(x)#(0)|0) where ¢ is a scalar with
dimension Ay, and we use the conventional two-point structures [30] for operators with spin 0 and
1in CFT.

9The degeneracy can come from either operators with the same &, j or operators with the same
0%
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Figure 3.2: A plot showing the values of ¢, j appearing in the conformal block
decomposition (3.64). Black dashed line is the improved unitarity bound from
(3.68). The red dot appears only in QCD, and the black dots appear in both QCD

and N = 4 SYM. The coefficients <R((Sl;, s ) and (R((SOJ).. 5 y(g];) of dots with a blue circle
(1)

can be obtained using the direct decomposition method. The (R 5.5

of the green line and the (R(O).. ,y(l?) coeflicient of the orange line can be obtained
0,305 7 6,)
using the Lorentzian inversion formula.

) coeflicient

3.3.1 Predictions from the light-ray OPE
Schematically, the light-ray OPE for two stress tensors is given by [15, 77]

L[T] xL[T] ~ Z 0 s, j=0t 0 s, j=2t 0 s, j=4t Z D240} 3400, =4
(3.65)

This formula allows us to predict which quantum numbers §(?), j appear in the
decomposition (3.64). First, we immediately see that only even values of j can
appear. This is consistent with the fact that the OPE of two identical scalars on the

celestial sphere only includes operators with even transverse spin.

To see the allowed values of 9, let us denote the conventional twist 7 = A — J of
a trajectory with transverse spin j by 7;.1° Note that the 7 x T OPE only contains
trajectories with transverse spin j = 0,2,4. We also define a “celestial twist”

T, = 0 — j, where ¢, j are the quantum numbers appearing in (3.64).

Using (3.65), we can see that for j = 0, 2, the relation between 7; and 7. is given by

(j=0,2)=6-j=AJ=3)-1-j=1+2~-], (3.66)

10We are working in perturbation theory, so the twist of each Regge trajectory is fixed and 7 ; does
not depend on J. In fact, we will simply use 7; to label each Regge trajectory.
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while for j > 4 we have
T(j)=0-j=AJ==1+j)-1-j=1j24-2. (3.67)
In 4d, the conventional twist 7; should satisfy the improved unitarity bound [49]
T; > max{2, j}. (3.68)

Consequently, one might expect that the values of 7; and 7.(j) that can appear are

Ti0=24,6,... = 1.(j=0)=4,608,...,
Tjo=2,4,6,... = 71.(j=2)=246,...,
T4 =4,6,8,... = 1.(j24)=246,.... (3.69)

However, as discussed in [87, 73], the contribution of the j = 4, 7;—4 = 4 operator
vanishes at the leading order for both N' =4 SYM and QCD, and the contribution
of the j = 2, - = 2 operator vanishes in N' = 4 SYM due to supersymmetry. So

the actual values of 7; and 7.(j) appearing at the leading order should be

Tj=0=2,4,6,... = 1(j=0)=4,6,8,...,
Tji=2=2,4,6,... = 71.(j=2)=2,4,6,...,
7j24=6,8,10,... = 7.(j>4)=46,8,..., (3.70)

where the bold 7;-> = 2 appears only in QCD.

What operators realize these quantum numbers? We will focus on operators with
leading 7.. We will identify light-ray operators by writing local operators on their
Regge trajectories, with J as a free parameter. The actual light-ray operators are
obtained by light-transforming and analytically continuing J to the appropriate value

according to (3.65).

For N = 4 SYM, the leading 7. is 4, coming from operators with j = 0,2,4. For

J =0, 7j=0 = 2, the operators can be schematically written as™
$d’¢, wd''y, FO'7F. (3.71)
For j =2, 7j-, = 4, we have

wd Wy oy ety F/PaF, FA FoF T, (3.72)

"'We use the s1(2) @ su(2) spinor indices for the 4d Lorentz indices. The derivative is dap, and
the field contents are 5, @, Ed, vg, fd, a0 Fpg,- In (3.71)-(3.74), the Lorentz indices are implicitly
symmetrized and the gauge indices are implicitly contracted.
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and for j =4, 7j-4 = 6,
FO''Fo"Fo’~'="*aF, Fo'"FO"Fo Fo*Fo/ =56 (373)

Note that there are degeneracies for all three values of j. (Supersymmetry relates
some of these trajectories, but we do not study the consequences of supersymmetry
here.) On the other hand, in QCD the leading 7, is 2, and it is carried by one operator
with j =2,7;—, = 2:

Fo'*F. (3.74)
Thus, the leading 7, operator is non-degenerate in QCD.

Finally, let us discuss the value of ¢/, in (3.64). The value of §’, should be determined
by a generalized light-ray OPE formula

L[T] X 01 =3, ~ O] j_4 1 (3.75)

where O] ;_, |
scaling dimension Agr = 1 —J = —3. Though we do not have a rigorous definition
of the object O] ;_, ,
related to light transforms of operators in the 7 X T X T OPE with J = 4. Indeed,
it has been shown in [87, 73] that for perturbative QCD, this object is just the light

transformed operator L[O; j=4 4] itself (at least at the leading order). Recently, there

is some unknown object that transforms like a primary operator with

for a general nonperturbative CFT, we expect that it should be

is also evidence from LHC data showing that the scaling behavior of the three-
point energy correlator in the perturbative regime is governed by the twist-2 spin-4
anomalous dimension [74]. Therefore, in this paper we will assume that ¢/, is given
by 6, = A, — 1 = 5 (at leading order in perturbation theory), since A/, = 6 is the
scaling dimension of the leading twist-2, spin-4 operator in the 7 X 7' X T OPE.12

3.3.2 Celestial block coefficients from direct decomposition

We now explain how to obtain the coefficients <R((s,];; 5 ) and <R((S?;; 5 yé}}) in (3.64)
using the known result for GV (z,7) computed in [55]. Firstly, we can simply
expand (3.64) in the OPE limit z = re'?,Z = re™ with » — 0 and compare both
sides order-by-order in r. Recall that the 2d block g;i&gp&”’ﬁ) (z,7) in (3.64) is given
by

(EEEPs1-s) 1 0,1

85, (z,2) :1 + 00, (k5’+j

] 8
kﬂ’s(x) =x2,F) (g -, g + s,ﬁ,x) ) (3.76)

(k3™ (@) + kg (k! (D)),

12See also [75], where they show that in QCD, the leading correction to the scaling of collinear
EEEC determined by &/, = 5 can be used for top quark mass measurements.
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The OPE limit of GV corresponds to a “squeezed limit” on the celestial sphere,
where two of the detectors are taken to be even closer after the collinear limit. The
expansion of [55] in the squeezed limit has been studied in [87, 73] up to O(rlo) 13
Using these results, we find that the first few coefficients (Rg};} and (R((soj)y((jlj)) in
N =4 SYM are given by

2 2
(1) (1) o (1) 7 s
R =1, (R ~ T
(Rpg =1 (Reg) =15 =7 (Rep) = o
(RY) = n_2 (R (1>> 4883  9n° (RO = 2843 n?
600 15’ 2800 56 T 5040 18
(0 (1) 0. (1)
(Ryg¥s0) =50 (Ryp¥gy) = (3.77)

In QCD, we use R((Sll).g /4 to denote coefficients for the gluon/quark jet. For the QCD
gluon jet, we find

98C2 + 14CanTr + 15CrnTr

(l)g
Ry = 1600 ’
R(l)g _ CA(CA - Zl’lfTF)
42 2880 ’
(g, _ (636386 —630007%) C} +2 (126007* — 120899) CansTr — 819Ckn Tk
60 7 403200 ’
(R (1)g> (834469 — 840007) C2% +4 (131257% — 129587) CansTr + 1260Ckn T

504000
(3.78)

Note that we do not use the bracket notation (- - -) for the coefficient Ri 2) because
from the discussion in section 3.3.1 it is non-degenerate. For the QCD quark jet we

find
Cr(91Ca +240CF + 13n4TF)

(Dg
(Ryo' = 4800 ’
RV _ Cr(Ca —2nyTF)
42 2880 ’

(R Cr ((10920072 — 1077733) C4 — 28 (51007% = 50929) Cf + 3 (111199 — 1120072) n;Tr)
6,0 403200 ’
(hge _ CrF ((1575007> — 1548703) C4 — 210 (13007 — 12859) Cr + 326n,Tr)

Roa') = 1008000 '

(3.79)

13We thank Hao Chen, Tan Moult, and Hua Xing Zhu for sending us a mathematica notebook
containing the expansion.
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We have further expanded the results of [55] up to O(r!?), which will be helpful

when comparing to the Lorentzian inversion formula result in section 3.3.3. We

record the coefficients up to 6 = 12 in appendix B.2.

3.3.3 The Lorentzian inversion formula on the celestial sphere

Direct decomposition yields OPE data at low dimensions ¢, but becomes cumber-
some as ¢ gets larger. Alternatively, we can use the Lorentzian inversion formula
(LIF) [9] to extract OPE data from a four-point correlator. Like the lightcone
bootstrap, the LIF requires us to analytically continue the correlator to Lorentzian
signature — which in our case means complexifying the celestial sphere. Again,
it is not clear whether this analytic continuation is admissible nonperturbatively.
However, nothing prevents us from using the LIF as a tool in perturbation theory,
as long as perturbative correlators are well-behaved. Indeed, we do not observe
any pathologies when analytically continuing the results of [55] in z, Z. It would be
interesting to study the analytic structure of the collinear EEEC as a function of z, 7

at higher orders in perturbation theory.

The LIF is only valid for j > jo, where the “Regge intercept” jo controls the behavior
of the correlator in the Regge limit. To reach the Regge limit, one should first take
z around the branch point at 1, and then take both z and 7 to zero. From the point
of view of celestial CFT, this is a strange kinematic regime, and we do not have
rigorous bounds (much less physical intuition) for how the correlator should behave
there. Note that the Regge limit on the celestial sphere has nothing to do with the
Regge limit in d-dimensional Minkowski space (as far as we know), and that the
celestial Regge intercept jo is not obviously related to the usual Regge intercept Jo.

However, we can study this limit in perturbation theory.

In N = 4 SYM, we find that the leading term of G(!)(z,7) in the celestial Regge
limit is given by
gl((]efgge(z’ z)
inrd (w2 + 1) (2(w2 — 1) ((W2 —1)2log(w+ 1) - 2w2) — 2w = 3w — 3w2 + 1) log w)

w(w? -1)3

b

(3.80)

where we set z = rw and 7 = /w. The scaling 3 implies that the celestial Regge
intercept is given by jo = —2 at this order in perturbation theory. The expressions
for (Ré};; 5 ) and <R((5(,);; 5 yé}; ) for N = 4 SYM obtained from the LIF should then be
valid for all j =0,2,4,....



117

For the QCD gluon jet, G'V¢ can be written as
GV8 = CpnsTrG V% + CansTrGy % + C3GLV%. (3.81)

We find that the Regge intercept for Ql(l)g is jo = 0, while for gz(”g and gg”g the
intercept is jo = 2. Therefore, for the coeflicient proportional to Cgn ¢TF, the LIF
result will agree with the result from direct decomposition only for j > 0. For the
other two flavor structures (Can ¢Tr and Cf‘), we expect the result to agree only for
j > 2. Similarly, for QCD quark jet, GV9 can be written as

GV = CpnsTrG\"" + (Ca - 2Cp)CrG + G, (3.82)

where Q;l)q contains both C% and CrCy4 factors. We find that the Regge intercept

for Qz(l)q is jo = 0, and the intercept for Ql(l)q and Qél)q is jo = 2.

Let us now briefly review the LIF. Consider a four-point function g(z,z) in 2d with

conformal block expansion

8(2.2) = ) psgy (2.2, (3.83)
0,J
where only even j appear in the sum. The LIF in this case can be written as
1 pl -
te o Kot dzdz g, A -
C (6, ]) - B A A @g]q.]ﬁ_](z’ Z)dDISCt [g(Z, Z)]’ (384)

where 51 =2-96;,and
~ I—w(ﬁ+(5é—62)l—u(ﬂ—521+62)l—w(ﬁ+(53—64)l—u(ﬂ—5;+64)

3.85
“ 27T (B - DI(B) 589
The double discontinuity dDisc,[g(z,z)] is
1. 1.
dDisc,[g(z,2)] = cos(n¢)g(z,Z) — Ee’mgo(zi) - ie“”‘;’go(z,i),
0)—01+03—-90
b= 2 12 3704 (3.86)

where ¢ and g® indicate that we should take 7 around 1 in the direction shown,

with z held fixed. Finally, the OPE coefficients ps ; are given by
psj = —Ress=5:C* (6, j). (3.87)

To compute p; ;, it is convenient to define a generating functional

5-j_1 7

1=
) s-j dz 3. =\ -
C(z,6,)) = Kk+jZ 2 /o Z—zgf;l,é_l(z, z)dDisc,[g(z,2)],

1 .
d _
C+(6,j):/ -5z, 6, ). (3.88)
0 2z
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In the small z limit, C(z, d, j) should have the expansion

C(2,6,j) = ) C(ze, 8, )27 (3.89)
Tc

Using (3.84), we see that C*(d, j) has a pole when 6 = j + 7., and therefore the

OPE coeflicient ps ; can be written as'
P+t = 2C(Te, J +Tes J),s (3.90)
where the additional factor of 2 is due to z <> 7 symmetry.
Now, suppose we have a weak-coupling expansion
g(z,z2)=a (g(o)(z,z) +agW(z,7) + - ) ,

§=60 +ayM ...,

poj=a(py)+ap)+--), (3.91)
with coupling constant a, and we are interested in finding p( ) and p((soj)y((slj). Ex-
panding (3.87) near 5%, we have

0 1 0) (1
. S I (3 P
C(6,)) ~af- s (3.92)

5-60 550 " “5_s0) "

where (- - -) indicates a sum over possible degenerate operators. For the generating
functional, the expansion near & ) g

5O say(D_;

C(2.6,]) ~a(CO (10,6, )) +aC V(1. 6, j))z 2 +---

y (D L)

~a |(C (1,6, ) +aCV (1,8, ) + a=~C (1,6, j) logz| ™7,

(3.93)

where TC(O) =60 _ J. Let us plug (3.93) into (3.88) and compare it with (3.92).
We see that after integrating over z, the C(V)(t,, 8, j) term becomes a simple pole
corresponding to <P51)> On the other hand, the yVC© (7., 5, ) term has an
additional log z and becomes a double pole, corresponding to <p((50])yélj)> The
precise formula is

('Y Yy =2C(z,6,))

J+Te,J

ZZ

PO YUy =ac(z,s, )

J+Tc ] ]+T j

(3.94)

b4 T logz
14In general, there will be an additional Jacobian factor coming from the dependence of 7. on ;.
At the order we are working in, 7. on each trajectory is a constant and this Jacobian factor is just 1.
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N =4SYM

Let us now apply the Lorentzian inversion formula to GV (z,7) in N = 4 SYM.
After plugging in g(z,7) = QN_4(z, 7) and 61, 62,603 = 3,04 = 5 in (3.84), we find

that <R((s ) 5,) is nonzero for even j and “celestial twists” 7. = 6 — j = 4,6,8,....
Furthermore, (R((SO) 5 1}) is nonzero for even j and 7. = 6,8, 10, ... (except that
0 1 . . 0 1
<R((s )6 =0, 7((5:)6,]‘:o> = (). We can find analytical expressions for <Rﬁ+)T i yj( +)T J}

for general 7., and also (R(i)4 5'> 5 The results agree with those obtained from

direct decomposition in section 3.3.2 and appendix B.2.

(1)>

As an example, let us describe the detailed calculation for (R(O) 5 7o) At celestial

twist 7. = 6. For higher twists and (R( ), we simply present the final result and

J+4,7:0%
leave details to appendix B.3. Using (3.94), we have

Laz _ . _
(RO 7', =4 (szz gj’jl 115(22)dDisc,[G (2, z)])
0 Blogz
dz . _
ks / 0 DS (G (2 Dlorgee (3B95)
0

where we have used the fact that the log z term of G(z, Z) starts at z>. We have also
used the SL(2, R) expansion of the conformal block

8573(2,7) =2 7 k;ﬁ)(z)-+(7(z 7,
kz’s(x) :x72F1(§ -7, g +5,8,%),
01 — 02 03 — 04
= , s = .
2 2

(3.96)

Next we should compute the double discontinuity dDisc,[G(z,z)]. Note that the

singularities of G(z,7)| atZ = 1 only have integer powers or single logarithms

logz
of 1 — 7. For example,

1 —gmgl—a+0«1—a%. (3.97)

Q(Z,z)lflogz = _m 2

Naively, such terms have vanishing dDisc. However the correct interpretation is that
their dDiscs are distributions localized at 7 = 1. See [26] for examples of dealing
with such distributions. To compute them, we insert a regulator € so that the powers

become non-integer, removing the regulator after taking the dDisc. For example,

3Tt would be interesting to calculate (R( )
future work.

o 5,) for general 7. as well, but we leave that for
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inserting a regulator 1/(1 —z)€, we have

Rk oY ye6)
_11m4,<ﬂ/ ﬁko’l(z)dmsc, [— ! -3 10g(1—Z)+0((1—E)_6)}
€—0 2B 4(1-7)*  2(1 -7)¢
:lim(Ssinz(ﬂe)Kﬁ/ dzk(”()( 1_ + 3_ 1og(1—z)+0((1—2)‘f))
0 0 4(1-7)*  2(1-7)¢
— 87 sin(27e) kg /0 dzkf”( )2(1;_2)) (3.98)

where 8 = 2j + 6 and we have used (B.30) for the double discontinuities. The Z
integrals will localize to 7 = 1 when taking the € — 0 limit, so we can expand the

SL; block kg’l () in this limit. For example, in the last line of (3.98), we have

— 87k ll_I)l’(l) sin(27re)/0 deO 1( )ﬁ
B . dz L'(B) 1 3
_—87rkﬁ11_r)r(1)s1n(27re)/0 Z_Z(F(g)r(§+1)1—z+ )2(1_2)6
30(B) Yaz (1 _
= — 87k ZF(ﬁ)F('B T ll_r{(l) sin(27me) ‘/0 Z_z (—25(1 -7)+ 0(60))

_1r-nr)
- -1y 7

(3.99)

where we have used the expansion of ko’l(Z) around 7 = 1 and the distributional

1 (=D"

identity ,,+€ Swef(x) = - =10 =D (x) + 0(60) Performing similar calculations for

the other terms, we obtain

(RO Dy JU+5(+2)

P INCTEY) (3.100)

(0) (1
J+Te J6’71+T J

(R](&]) For example, for 7. = 8 we have (see (B.45) for the expression for

general 7.)

Similarly, we can use (3.94) to calculate (R ) with higher 7, and

< © (1) )= (12(]+3)(]+4)Sl(]+3)—(19] +133]+192))F(]+3)F(]+4)
48,7 j48.j 325 +7)

(3.101)
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where S1(n) = X7 _, k is the harmonic number. For (R( ) the result is

(RD, y = I'(j+2)°
7T 6(j + DIT(2) +3)
i+ 1 2, 3, [+ 3
X |=9+27%2+ j(j+3)(-6+7%) + ,6(]+') 3F> I,
(J+3)2(j+4) j+4, j+5
(3.102)
QCD

We can perform a similar calculation for the QCD case by replacing g(z,z) with

G1e/4 in (3.84). For the gluon jet case, we again find that (Rﬁ.(i)f: ¥ yfi)T J) is nonzero

forr. = 6,8, .- and even j. The expressions for 7, = 6 and 7, = 8 are given by
g (1) L +3)T( +4) (7/2+35] = 1T+ T +2)
R °y. . .)y=~— CanpTrp — Cs,
(Rji6,Y 46,0 80r(2) +5) AT 80I(2) +5) A
(3.103)
and

®eg (D
<RJ+8J j+8,j>

30(j + 4T +5) (2874 +392;7% + 16972 + 22757 +204) T'(j + 3)['(j +4) c

CrnpTr — T,
aorj+7 336I(2) +7) AneTr
+(420(J +7j +12) S1(j +3) +35/* + 4903 + 10522 — 4641 — 10056) T'(j +3)T'(j +4) -
840T"(2j +7) Ca-

(3.104)

For the (R; +)Tg ]) coeflicient, although one can see from (3.78) that it has leading
twist 7. = 2, the Lorentzian inversion formula will only give nonzero (R’ (1) ) for

7. = 4,6,.... This is because the only nonzero (RJ(+)f J) with 7. = 2 has j = 2,
and only contains flavor structures with Regge intercept jo = 2 (Ci and Can¢TF).

+T]

Therefore we do not expect the Lorentzian inversion formula to give the correct
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result for 7. = 2. For 7. = 4, we obtain

(RIS
I'(j+2)I'(+3)
= T 800(2) +3)
(31j2+93j +17)T(j + DI(j +2)
" (_ 720002 + 3)

rnrlF

T(j+ DI +2)20( +3) (2F( 2, 3, j-2 ‘1)

A2 +3)I'(j+HI'(j +5) j+4, j+5
2, 3, j-1 2, 3, j
-23F / i1 +3F / s 1) CanpTF
j+4, j+5 j+4, j+5
(B15+ (j+1)(j +2)(-1117 +1507%)) T(j + DI(j +2)
+ i
7200T(2] + 3)
C(j+DI(+2)? 1, 2, j-3+k )
ci3F ;1] C5, 3.105
8F(2j+3)F(j+4)Zk32 j+3, j+4 o G109
where
co=1, c1=-2, =3, c3=-2, c4=1. (3.1006)

As expected from the value of the Regge intercept, the results (3.103), (3.104) and
(3.105) agree with (3.78), (B.24) and (B.25) for j > 2, but for the flavor structure
Crn Ty they also agree at j = 2.

For the quark jet, the calculation is almost identical. We find that (R;S)TZ,].)/](.PTC’J) is
nonzero for 7. = 6,8, - - -, and for 7. = 6 and 7. = 8 the expressions are

(R RO (1) >_CF(CA(19] +957 —6) = 32Cr(2j2 +10j = 3)I'(j +2)F(]+3)
46,1V j+6.j 480I° (275 +5)

(3.107)
and
(R ).
(107* + 1403 + 63752 + 1029/ + 204)I'(j + 3)T'(j +4)
- _ . CrnpTp
120025 +7)
3(3j2+ 21+ 16)T(j +3)I'(j +4) (2372 +161j = 24)T(j+3)I'(j +4) 2
B 160T(2] +7) 60T (2 +6)
(10] + 14053 + 4012 - 6237 — 3018+ 120(j +3)(j +4)S1(j + 3L + 3T (j +4)
2400(2j +7)

Cr(Caq —2CF) -

CrCy.
(3.108)
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For the (R;?ch,j) coefficient, the leading twist Rfklz)q given in (3.79) also only contains
flavor structure with Regge intercept jo = 2. So from the Lorentzian inversion

formula the leading nonzero coefficient starts at 7. = 4, and it is given by

(g
<R]+4’]>

(1193 = 1207%) T(j +2)L(j +3)
5760I°(2 + 3)

L(j+ DI +2)°T(j +3)
T 1600(27 +3)T(j + HI(j +5)

(—(ﬂ +3j +26)3F>

. 3] _1)
j+4, j+5 7
2, 3, j+1
j+4, j+5
Cr (Ca (16752 + 5015 +220) + 12CF (1352 +39, +58)) ['(j + DI(j +2)

+(% +3j +40)3F -1

) (Ca = 2CF)CF

* 57600(2) + 3)
C(j+ DI +2)? L, 2, j-2 I, 2,
;1] +3F ;1| CaCF.
1602/ +3)(j +4) |° j+3, j+4 S DS S Amr
(3.109)

Similar to the gluon jet case, (3.107), (3.108) and (3.109) agree with (3.79), (B.26)
and (B.27) for j > 2, but for the flavor structure (C4 — 2Cr)Cp they also agree at
Jj=2.

3.4 Higher-order collinear EEEC

In this section, we use the celestial block decomposition (3.47) for the collinear
EEEC and the leading order coeflicients obtained in section 3.3 to make predictions
for higher-order terms in the expansion of the EEEC in the coupling constant.
Specifically, we study the (n + 1)-st order expansion of G({12,z,2) in a, which
we denote by G"*V({12,2,7). Our key physical input is that contributions to
(3.47) come from individual light-ray operators, whose contributions are fixed by
symmetry in terms of their quantum numbers. In particular, this implies that
anomalous dimensions should “exponentiate” to create the power laws predicted by

symmetry.

Exponentiation is most powerful when the operators of interest are non-degenerate
in perturbation theory. Thus, the 7. = 2,j = 2 non-degenerate operator (3.74)
in QCD will play a crucial role in our arguments. Expanding (3.47) in the weak
coupling limit, we find that G"*) contains a term

(E88P5=5),  _
G o R 0es, T (2Dl (3.110)
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Since Rfllz) is non-degenerate, and the anomalous dimension 74(‘12) is known [73],
we can predict the coefficient of this term in G""*") using available perturbative
(EEEPs,=5)
0.j

ics limits, and thus we have a prediction for the behavior of G"*!) in those limits.

data. Moreover, it turns out that 95 g (z,7) dominates in certain kinemat-
It is harder to apply the same argument for G"*! in N' = 4 SYM due to the fact
that all the operators contributing to GV in N = 4 SYM have tree-level degen-
eracies (see (3.71), (3.72) and (3.73) for the leading 7. operators). This problem
could be circumvented by using higher-order perturbative data to disentangle the
degeneracies, or perhaps by organizing the EEEC in N = 4 into an appropriate

super-celestial-block expansion. Regardless, we will focus on QCD in this section.

Before proceeding, let us comment on the nonzero S-function of QCD. Note that even
in the presence of a nonzero S-function, the celestial block decomposition (3.47),
which follows from Lorentz symmetry, should exist. However, some features will be
different. Firstly, the spin selection rule J = 3 for operators in the & X & OPE will be
violated in the absence of conformal symmetry. We now expect light ray operators
with spins J = 3 + 6J to appear, where contributions proportional to 6/ come with
additional factors of the B-function. In addition, without conformal symmetry, the
quantum numbers of light-ray operators are no longer simply related to quantum
numbers of local operators via the rule (A,J) — (1 —J,1 — A). Instead, light-ray

operators at null infinity carry so-called “timelike” anomalous dimensions [88, 17].

While these issues are interesting to explore, here we will sidestep them by making
predictions for “conformal QCD.” Specifically, we work in dimensional regular-
ization d = 4 — €, and tune the coupling constant a to a conformal fixed-point
B(€,a) = 0. The resulting predictions constrain the perturbative expansion of QCD
away from the fixed point, up to terms proportional to the S-function. In fact, we ex-
pect that terms proportional to 8 do not affect the central predictions of this section.
The reason is that the S-function corrections to the spin selection rule should only
affect R((S’szz) ;”j z2)
lous dimensions should affect y

, and the difference between spacelike and timelike anoma-

(n>2)
6,j

only use known values of Rilz) and yilz). Therefore, they should still be true in the
usual 4d QCD.

and y

. When deriving the results in this section, we

Let us now give concrete predictions for GV ({1, z,7) in conformal QCD. We

define
(EEEP 5 =5)

G(2.0) = ) Rojo8s, (2.2, (3.111)
0,j
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so the collinear EEEC is

s’

G({1.2.9) =4, G(2.2). (3.112)

We will first derive the leading behavior of G+ (z,7) in three different kinematic
limits, and then study the behavior of G"*") ({12, z,Z). Our main predictions for
GV (L2, 7,7) are given by (3.143), (3.144), (3.147), and (3.148).

3.4.1 Predictions for G (z,7)

To make predictions for é(”“)(z,z), we must take a kinematic limit where the
7. = 2, j = 2 non-degenerate operator gives the leading contribution. The first limit
we consider is the OPE limit/squeezed limit, where z,7 < 1 with z/z fixed. We
parametrize z and 7 as z = re?,Z7 = re™®. Using (3.111), we can fix the leading
log term of the (n + 1)-th order expansion of G. This is because log(r) can only
come from a derivative of g ; with respect to ¢, and each derivative introduces
an anomalous dimension factor !, Hence, the leading log term, which has
the most powers of log(r), should take the form (R() (y(D)m) log"(r)d} gs,j. The
quantum numbers with the lowest value of 6 and nonzero RV are (6, j) = (4,0)

and (6, j) = (4,2). Plugging these in, we obtain

G"V(r —0,6)

B r*log"(r)

= ((R“)( oy >+2R(1)(7(1))”cos(29))+0(r log"" (). (3.113)

As discussed in 3.3.1, the light-ray OPE formula implies that y(l) should be the
anomalous dimension of the operator (3.74) evaluated at J = 3. This has been

calculated in e.g. [89, 73], and it is given by

Y, p(J) = 4CaS1(J) = o (3.114)

where Sy = %C - %nFTF. At J = 3, we then have

MW 22 11 4 11 4
Yap = Vparap(3) =5 Ca - ( 3 Ca—3mTr| = 5 Catsnelp. (115

Thus, the leading log term of GV in the OPE limit should be

G DEla(r = 0,0) = (R (5 () . log (r)

1 4 1
+ 2R e/ (?CA " gnFTF) —Ong ) cos(26)

+0(r*1og" 1 (r)), (3.116)
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where the superscript g/g denotes gluon jet or quark jet, and R( 8/4 are given in
(3.78) and (3.79).

We see that the coefficient of the leading term r* log" (r) cos(26) in the OPE limit is
completely fixed. In fact, since the next quantum number with nonzero RV starts
at § = 6, we can also predict the term proportional to > log"(r) cos(36) since it
should come from the descendant of the gs-4 ;= block. The result is

é(n+1)g/q(r —>0, 9) <R(1)8/£]( (1)) >r lOg (I")

11 4 r*log”
LR (?CA +§nFTF) (;L‘(r)cos(ﬁg)

+rh()
+<R(1)8/51( (1)) >r Og (r) COS(Q)

1 4 I
L 2R (?CA .\ gnFTF) %(”)005(39)

+0(r° log" ' (r)). (3.117)

To study other interesting limits where the non-degenerate operator gives the leading
contribution, we can go to Lorentzian signature on the celestial sphere (where z and
7 are independent real variables) and consider the z < 1, fixed 7 limit. From the
collider physics point of view, this limit might not be so useful since the kinematic
region one can explore using collider experiments is intrinsically Euclidean (where z
and 7 are complex conjugates of each other). Nevertheless, we still find a nontrivial
constraint on the analytic expression of é (n+1) (z,7). In the limit z < 1, we can use
the SL(2, R) expansion for the conformal block (3.96), and the leading term is from
the operator with the leading celestial twist 7., which is exactly the non-degenerate
operator with 7, = 2, j = 2. Using this, we find that the leading log of G in the
limit z < 1 is given by

nzlo "(2) 01— e
=R () 25, k™' (2) + O(zlog" " 2)

11 4 " z10g"(2) (Z(12 = 122+ Z2) +6(2 — 37+ 2°) log(1 — 2))
= IORA("IZ)g/q (?CA + gl’LFTF) 20 22

+0(zlog" ! 7). (3.118)
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If we also write down the subleading O (zlog"™! z) order, we find

Gmsla(; « 1,7)

1 nynzlog"(z) o-1,-
= Ri’z)g/q( ( ))l’l 2nn! kO, I(Z)

2 1 1 1
# DL R TSTL @) + RO () 05k (@)l a

J=2.A6,
_s! -1
(Dg/a (D) neln 0 2% — zlog" ' (z) 5
HR 50 Vi) (V550)" Otk > (Dlsi—s 2,1-1(”__1)!““0(210%" 2).

(3.119)

Note that for the subleading order coefficient (R(®)), we should expect to get con-
tribution from operators with 7. = 2 and all even j. The only term we know is
R(l)g/q(y(l))”55k5+2 (2)|s—4. We can actually isolate this term by further taking

the small Z limit, in which we find k2 +2(z) =7y 0@, 05k5+2 (D54 =
3- 6
52 logZ + O(z*), and s kg 7 (Dloros = 0. Therefore inthe z <7< 1

limit, we can also predict the coefficient of the zlog" ! zZ log z term. Itis given by

11 4 1 12 -127 6(2-37 1 1 -
_ 10R§12)g/q (—CA+—nFT ) zlog"(z) (z( Z+720) +6( z+70) log(1 -72))

3 3 2 =)
1 (Dg/q 11 4 " ZlOg’1 1(2) _3 -3
§R42 3 CA+§l’lFTF m( 10gZ+0(Z ))
+0(zlog" % 7). (3.120)

It is also interesting to study the leading behavior of Q~(”+1)(z,2) in the double
lightcone limit z < 1 — 7 <« 1. From (3.118), we obtain

Gl «1-7<1)
n2log"(z _ n—

_ jogg/q< (”) Zf f )(10+0(1 ~2) +0(zlog" ! 2), (3.121)
and one can try to study how this term can be created using the crossing equation
(3.48) and the lightcone bootstrap [81]. One will find that they come from the R(D
coeflicients with 7, = 6 and large-;j (which corresponds to double-trace operators
with conventional twist 7 = 8 and j = 4). From the crossing equation, we can also
predict the large-j behavior of (R("Jr )) For example, we find that at large-j,

5
(RUEIT) ~ \/_R‘”g/"4 i (3.122)
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This result can be generalized to (R;.':gl?g /9y at any order. We describe the result

and the details of the calculation in appendix B.4.

3.4.2 Degeneracies of O,

So far in our analysis, we have assumed there is a unique isolated spin-4 operator
O. that controls the collinear limit. However, it can happen that the leading-twist
spin-4 operator is degenerate at tree-level, and thus we must take into account the

contribution of multiple O;’s in perturbation theory.

As discussed in section 3.3.1, A, = ¢/, + 1 should be the scaling dimension of the
leading twist, spin-4 operator O, in the T X T x T OPE. Also, since the sink/source
states we consider are rotationally-invariant, O, should have zero transverse spin.

There are only two such Regge trajectories in QCD: 16

1) < -
0,(J) :( lj) Z(—l)k_IOZZ(J)J)/{“‘(iDM) ... (iSﬂk)(l‘DﬂkH) .. (l'D/JJ})w — traces,
2 k=1
(—I)J = k-1 _8 { Ry Ry . . 7% }
Os(J) ==; Z(—U @8 (J)FoP1(iDH2) - - (iD#*) (iDH+1) - - - (iD*I-1) Fy*') — traces.

k=1
(3.123)

&
where D# (acting on the left) and D* (acting on the right) are covariant derivatives.
The coefficients az/ §(J) are chosen such that the entire expression of Oy/¢(J) is
a conformal primary, and they satisfy the normalization condition Zi:l a/Z (J) =

Zi;% a/i (J) = 1. For example, for J = 2 we have

1 /— —
0,(2) =3 (wy{“‘iDm}w - w)/’“}i(D_{”zw) — traces,
1
0,(2) :A—LFC,V“'F“V“2 — traces. (3.124)

One can see that the sum O, (2) + O, (2) is proportional to the stress-energy tensor.

For general J, there are many different methods to determine the coefficients aZ/ @)
that make O/, (/) a conformal primary [72, 90, 91, 92]. Here, we are only interested
in the J = 4 case. So we take a simple approach: apply the generator K, of the

special conformal transformation on OQy/¢(4) and demand that its action vanishes.

10We are using mostly positive metric, and our convention for indices symmetrization is
1
Tl pn} = -4 Ypes, THPO " HPm)
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Using the basic commutation relation [K,, P, ] = 2n,,D — 2M,,, we find

04(4) = oz (Y01 (D) D)D)y — 6DV YTy (1D (1D
+6(iD 1) (iDM )y (D4 — (iDY2) (iD) DMy ) - traces,
(3.125)
and

3 v 4 vV,
O;(4) = 75 (Fav{ﬂl(iDM)(iD#S)Fa““} - 5(iD{M)FaV“l(il)ﬂs)E,*“}) — traces.

(3.126)

The one-loop dilatation matrix for O,(4) and O, (4) is given by [93, 94, 95]

b 157CF _lll’lFTF
~_ % | 73 15
Y= 47 | 1k 20Cs | dnpTr | (3.127)
~ 15 5 T3

Its eigenvalues are

21 157 2 1
T0CA 5o Cr+ 3 Tr ¥ @\/(126@‘ —157CF)? +32(315C4 — 332CF)npTr + 1600n3.TZ,
(3.128)

and its left eigenvectors are

(a+ 1), (3.129)

where

126C4 — 157CF +40npTF + \/(126CA —157CF)? +32(315C4 — 332Cp)npTr + 1600n2T?
44np7f )

s =
(3.130)
To resolve the degeneracy at 1-loop, we can define the following two operators:
0., = a;:04(4) + O4(4),
0 =04(4) + i()g@)' (3.131)

In the O;l, 0;2 basis, the anomalous dimension matrix is then diagonal. The first

operator has anomalous dimension (suppressing the Z—; factor)

, 21 157 2 1
Yo = gCa+ 55 Cr+ 3neTr - @\/(126@‘ — 157CF)? +32(315C4 — 332Cp)npTr + 1600n2T 2.
(3.132)
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and ., is given by replacing —+/- — +/-.

Taking into account the degeneracies of O, the decomposition (3.47) for G({12, z,2)
should become

2A -4

- (=p) ) , o5 (E8EPy)  _
G((12,2,2) = Z (ggpé,ﬁf Z”ea%, 7%) &Py 85.j *(2,2)
=12 O-total 8,j
(EEEPy) _
= C; 412 Z R6j 10485, o (z,2), (3.133)

where in the first line we have used (3.45) to restore the total cross section in order
to emphasize the dependence on the sink/source states, and in the second line we
have defined

2

1(i) 5 . T /(l)
O.O SOOP(;L’ R(Sv];di;l - 16r88P51 P(;JSP , (3134)
total

10)
C;

Note that unlike R; ;.5;, the newly defined coeflicient IF{’V(;, j:6.;i 1s independent of the
operator O, which creates the sink/source states. The only dependence on O is in

the coefficient c?. Using (3.16), one can show that c? can be determined using

(O(P)IL[O;;](e0,2)|0(p))
(O(P)I0(p))

where we have replaced the object Wy with L[O] ;] based on the assumptions

=c9(=2p-2) % (-p?) T, (3.135)

made in section 3.3.1. For us, the two degenerate operators can be chosen to be O,
and O/, defined in (3.131). The two different O’s are TrF 2 corresponding to the
gluon jet and J¥ corresponding to the quark jet (averaged over polarization), so we

will simply use ¢f /9 for two cases.

We are interested in c(o)g /q

(O)g/ q
l

at the leading order in the coupling constant. To find
, we first determine (O(x1)Og/4(4)(x2,22)O(x3)) in position space using
Wick contractions, where O is either TrF? or JX. After doing the light transform

and Fourier transform, we then obtain that at the leading order

(TeF2(p)IL[Oy (4] (0, )|TrF>(p)) _ 1
(TeF2(p)|TrF2(p))

u(P)IL[Og (D] (0, 2)J*(p)) _ 1
Ju(p)IJH(p))

"The coeflicient relating W s, and L[O/,] can be absorbed into r

( 2p-2)7(-p>)* + O0(ay),

( 2p - 2) 2 (=pH)* + 0 (ay), (3.136)

7(i)
7)5,_,'87)5; .
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g _ 1 1
2 a_ 64r’
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(0)q 1 g _ 1
- , = _— . (3.137
‘I T Yy = gap G137

Therefore, the coeflicients appearing in (3.64) can be rewritten as (we focus on

g _ 1
€I 641’
(R ))

(Dg
<R6] 6’> -

Ry _
(R 6](5’>

0,730%;

RW 18]
(< 5,5'1>+_<R5 5'2>)’

_— (a+<R“> D+ (R .2>) . (3.138)

5,300 8,100

Solving (3.138) for (R(l) 1/2) we find

=(1) _ 64rx (1)q (g
R jora) = + (<R5,j;6;> - a_<R6,j;6;>) ;
(1) _ bdra- (1)g (g
<R5,j;5' ) = o —a. (0/+<R5’j;5;> - (Rd’j;(x)) ) (3.139)

3.4.3 Predictions for GV ({1, 2,2)
We now explain how to use (3.133) and (3.139) to deal with the degeneracy of O

and make predictions for G"*V (12, z,7). If we expand (3.112) in small coupling

assuming there are no degeneracies, we will get

G" " (£12,2,2)

_Z log"™* ¢1 Zkl
2k (1~ k)

(n—k)!' ( \h WD)\ P Sl —
T

I1+io+:+

1. lp+1.

ipy1=n—k

zl+2i2+»~+(p+1)ip+1 =n—k+p

(3.140)

More explicitly, the first few terms are given by

"V (12, 2,2)
n
(7*“)) ¢V (z,72)
N log" ! &1
2n—l(n_

N log" % ¢1n
2n—2(n —

_ log" §12
2"'n!

!

2)!

((71“))n_1 GP(z2) +(n-1) (7;(1)),1_2 71(2)5“)@,2))

()" 69+ 0= (1) V266

L(n=2)(@n-3)

2

() (@) g0+ (-2 (v <”)"'3y;(3>é<”<z,z>)

(3.141)
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The above expression will be modified in the presence of degeneracies. In general,

if we know the anomalous dimension y;(k) to the k-th order, we will be able to

rewrite the above expression up to the log" **!

we have only diagonalized the 7;(1) matrix, which then allows us to rewrite all the

{12 term. In the previous section,

(y;(l))k terms.

First, let us focus on the leading logarithmic divergence log"(/17). Using (3.133),
we find that in the presence of degeneracies, the leading log term of (3.140) should

become
6"V (£12,2,2)

log" {12 [ o0 [, \n O, 5(1) (EEEPs=s)  — . (00 (., \n O, 5(1) (EEEPss)
= | ) 2R a8, @D+ (V)" DR )85 (z.2)
’ 0, 0,J

+0(log" " (1), (3.142)

where /| and y/, are given by (3.132). Plugging in (3.139), we obtain for the gluon
and quark jets

G R (L1, 2.7) = log" {12 (a/+ (¥n)" —a-(vl) G 4 (o) = (v2) g(l)q)
2"n! a4y — a_ gy — a_
+0(log" ! £10), (3.143)
7 \N 7 \N 7 \N y A\
Gy, 2.7) = log" {1z (a+ ()" —a-(vl,) G\ 4 - ((v,)" = (V) )g(l)g)
2"n! ay — a_ Oy — a_
+0(log" ' ¢12), (3.144)

where G(1¢/4 are simply the leading order results for the gluon/quark jet, related
to the known result of [55] by (3.62). Equations (3.143) and (3.144) show that
the leading logarithmic divergence of the (n + 1)-th order EEEC G+ (15, 2, %)
is 1og"({12), and it is completely determined by the leading order result G‘V$ and

el

In fact, since we can rewrite all the (y;(l))k terms in (3.140), we can make further

predictions for GV (¢12, z,7) if we know how to separate out the contributions

from (y,’k(l))k . This can be done by taking the limits considered in section 3.4.1. For
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example, in the OPE limit we find
g(ﬂ+1)g/q(§12, r—0,0)

- lo nk ’ —k A~ ’ —k A
= 3 08 L1 (0l At GU (5 0.6) + ¢y, G (5 0.6)
— 2K (n —k)!

+ 0> logh™! r)). (3.145)

From (3.116) we know that Q~(k+1) ~ 7t logk r in the OPE limit. Thus, at each

log”_k {12 power, all the terms involving higher-loop anomalous dimensions (y;(p )

with p > 1) in (3.140) go as at most *log"~! , while the term involving (y.")*
has the most divergent piece r*log" r. Therefore, we can determine the leading
behavior in small r for each log"* 1, power. The functions §~1(k+l) and éékﬂ) only

include the contribution from O}, and O/, respectively. They are defined as

gl __ %4 (é(kﬂ)q _ a_é(kﬂ)g)
1 ay — a_ ’
- 6dna- | = ~
Gy - 7“; (a+g(k+1)g _ g(k+1>q), (3.146)
+ - f—

Using (3.116), we then obtain, for example,

GV (L0, r — 0,06)

n

_ Z log"™* {1 o
= R
£ 2Tk (n = k)!

( (1))k a+ (Viz)n_k - - (7;1)n_kR(1)g + (),:k])”‘k _ (y;‘z)n_kR(l)q r*logk r cos(20)
74 T a 42 a2 —a. 4,2 g
+(---)}"4 lngr+0(r410gk_l ,,.) , (3147)

where yilz) and Rilz)g/ ? are given in (3.115), (3.78) and (3.79) respectively. Thus,

we have a prediction for the spin-2 part of the leading term of G"**!) in the OPE

limit, at each logarithmic order in log ;5.

Similarly, (y;(l))k terms in (3.140) also give the dominant contribution in the z < 1

limit. Following the same calculation as that of the OPE limit, we obtain (using
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(3.118))
G815, < 1,7)
Z log"™* {1
427k (n ~ k)'

efas (V)" —as ()" )" = )" s
((ys}g) e e EME e

+ 0(z10g"‘1(z))), (3.148)

and similarly for G"*D4. 1t is also straightforward to repeat the analysis in the
z < Z < 1 limit and predict the zlog*™! (2)7° log(z) term at each log {j, order
using (3.120).

3.5 Contact terms and Ward identities

In this section, we study Ward identities satisfied by the EEEC, and also compute
the EEEC at O(g°) and O(g?) order. Note that conventionally O(g?) is called the
“leading order” (LO) since it is the lowest order at which the EEEC is nonzero for
generic detector positions. However, contributions at O(g°) and O(g?) also exist:
they are proportional to delta functions, which we call “contact terms”, and so only
become nonzero in special configurations. It was shown in [17, 15, 16] that Ward
identities can be used to determine the contact terms in the two-point EEC. Here,
we perform a similar analysis for the EEEC, and use perturbation theory and Ward
identities to obtain the EEEC at O(g°) and O(g?) order.

3.5.1 EEEC’ and Ward identities
To study Ward identities, it is more convenient to write the EEEC as a function of
the explicit positions on the celestial sphere 7i;, instead of the cross-ratios ¢;;. Thus,

we define
[ d%x 70107 (x)&(711) E(i12) & (i7i3) O(0)]0)

(—p2>% / ddx ¢irx (0|0 (x)0(0)[0)
-3 [art g i B o ) o s ).
E; Ej E;

i,j.k
(3.149)

EEEC' (7}, 112, 1i3) =

where the spherical delta function §(7i1, 713) is defined by

/ 49,8 (i1, i) £ () = £ (7). (3.150)
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The first line in (3.149) is a nonperturbative definition, while the second line is
suitable for perturbation theory. As before, do represents an integration over
phase space weighted by the scattering cross section, and (E;, p;) are energy and
momentum of outgoing particles. The parametrization (3.149) of the EEEC is
related to (3.2) by

sin 01 sin 6| sin ¢ |
6472

EEEC' (i}, 2, ii3) = EEEC({12, {13, {23), (3.151)

where

ny = (sinfy,0,cos0;), 7 = (sinf, cos @, sin b, sin @, cosd,), 73 = (0,0,1).
(3.152)

To derive Ward identities, we simply integrate (3.149) over 7iy, i3, 713 and use energy

and momentum conservation. For example,

EiE;Ex
o cL 61y

/dQﬁldQﬁ2dQﬁ3EEEC/(ﬁl,ﬁz,ﬁ3):Z/do-
i,j.k

where we have used energy conservation »; E; = Q. Similarly, we also have
Pi- Pj)Ex
Q3

(3.154)

- . (EiE; -
/dﬂﬁldgﬁzdﬂfig(l — 1y - 1) EEEC (7, ia, 1i3) = Z / do -1,

i.j .k
where we have used momentum conservation Y; p; = 0. In this way, we can derive
the following Ward identities:

/ dQ; d<%;,dQ; EEEC (111,112, 113) = 1,
dS;, d€%;,dQ;. (1 — 1y - 113)EEEC (i1, iy, 1i3) = 1,
dQ;, dS%;,d Q5. (1 — 1y - 13)EEEC (711, g, 1i3) = 1,
dS;, d€%;,dQ;. (1 — 1y - 1) EEEC (i1, i, 1i3) = 1,
dQ; dS%;,d Q5. (1 — iy - 113) (1 — 71y - n3)EEEC (71, 712, 713) = 1,

dQ; dQ, dQ;, (1 - 7iy - 7i3) (1 — 7ty - i) EEEC (71, 7ig, 7i3) = 1,

—

dQ;;, dQ, dQ;, (1 = 7iy - 7i3) (1 = 7ty - i) EEEC (i1, fig, i) = 1. (3.155)
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Using the Ward identities, we immediately see that the O (g”) EEEC’ must be given
by

Se o o 1 o e s o s e o
EEEC' (11, np, n3) = Ten o(ny1,n2)o(ny, n3) +0(ny1,n2)o(ny, —n3)

+6(ny,13)0(n3, —z) + 6(hi2, 113)6 (712, —1i1) |. (3.156)

The structure of (3.156) is easy to understand. The first term is supported when
all three detectors are coincident. The other three terms appear when two of the
detectors are coincident and the other is diametrically opposite on the celestial
sphere. Physically, the O(g®) EEEC gets contributions only from two particle
states. By energy and momentum conservation, these particles must fly in opposite
directions, and thus can only be observed by detectors that are either coincident
(observing the same particle) or diametrically opposite (observing the two different

particles).

3.5.2 Tree-level (O(g?)) EEEC’ in N =4 SYM

Let us now consider the EEEC at O(g?). We work in N’ = 4 SYM and consider the
case where the sink/source states are created by the operator TrF2. At this order,
there are at most three particles in the outgoing state. Therefore, if the detectors are
at different positions, the three vectors ny, i, 13 must be coplanar in order for the
total momentum to be zero. It follows that the O(g?) EEEC must take the form:

EEEC (1. 2. 75) oy

= Fo (71, 1ia, 113)6 (11 X 1ia) - 113)
+ F1(71,12)8 (i, i3) + F1 (11, 13)6 (72, 1i3) + F1 (72, 113)6 (711, 71i2)
+2nrc16(iy, no)6(ny, i3)
+2mea[6 (7, 112) 6 (i1, —1i3) + 6 (i1, 3)6 (i3, —i2) + 6 (72, 113) 6 (712, —7i1)].

(3.157)

On the right-hand side, the first line describes the configuration where the detectors
are coplanar. The second line are the contact terms that appear when two of the
detectors are at the same position and the third detector is at a generic position. The
third and the fourth lines appear in the same configurations as (3.156), and can be

thought of as the higher-order corrections.

Using perturbation theory, we can obtain the functions ¥ (711, 112) and Fo(ny, iz, 13).
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We leave the details of the calculation in appendix B.5.1. The result for 7 is®®

_{(=60+102f = 4447 +307) + (=60 + 1324 = 902 + 19¢°) log(1 = £)

FQ) = 25674 (1 - £) 26

(3.158)

This expression is only valid for 0 < ¢ < 1. The final expression should be a
distribution and include contact terms at { = 0 and £ = 1. To see the contact terms,
we can further separate ¥ into a singular part and a regular part:

1 _1+log(1—§)

O =307~ et (1-0)

+ FE(L). (3.159)

The singular terms can be interpreted as

1 [1]_ 1 [log(l—{)
o 256m* [1-¢|, 256n%| 1-¢

+a16 () +b16(1-70),

sin 1 1
?:1 g( i/) — [
1

512n4 | ¢

(3.160)

where the distribution [%] . is defined as the unique distribution that agrees with %

1
/ d¢ [l] =0, (3.161)
0 <o

and [---]; is defined in a similar way with { — 1 — £. The expressions (3.159) and

for £ > 0 and satisfies

(3.160) now specify 71(¢) as a distribution. However, this distribution depends on

unknown coefficients a, b;. We will determine them using Ward identities.

Now consider the function #j. We find that it can be written as!®

Fo (L1, ) = NOL (1= 0) (1= L) Fo(, L)L + & = 1), (3.162)

where 6(- - -) is a step function (we explain its appearance in appendix B.5.1). The
function ¥y is given by

1
256m* 15N (1 = 0) (1= )N = ) + ol - )

x | = 14822 = 1806 + 190 6(8 + &) = 6(4 + H)? +12(L + L) - 6

Fo(l1,02) =

+2NOOL(I =) (1= 0) (6-6(L +H) +T08) |- (3.163)

18Note that F; (11, 17) is invariant under an overall rotation of 7y, 712, so it can be written as a
] . M
function of the cross ratio { = —5"2.
19Again due to rotational invariance, we can write y as a function of two cross ratios {1, {2,

_ 1=iiy ity _ 1-ip-ni3
where | = ——, {h = —5—.
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It is convenient to study % instead of 7. To interpret % as a distribution, we again
separate it into a singular part and regular part as % = %Osmg + %reg. The singular
part is given by

0 0 0

rl 1’2 }"3

where

=G+ (1 =-0)3, 6, =tan™' (ﬂ)
&1

1 -
G+ (1-0)% 6 = tan™' (_41)
6]
a(1-&
r3=+(1-01)2+(1-%)2, 63 =tan 1( ) (3.165)
3= \/( )+ (1=0)% 65 T~
ri,0;) are the polar coordinates with respect to the points where % becomes
Y P P
G2
1,1
(0.1) N7, g Y
1 T3
T2
2
.0 > (1

Figure 3.3: Definition of (r;,6;). Due to the step function in (3.162), Fo({1, {2)
is nonzero only in the blue region. The three points (1,0), (0, 1), (1, 1) are where
Fo(L1, {>) becomes singular.

singular. See figure 3.3. The two functions in (3.164) are given by

) = R
256m44/sin(6) cos2 ()
2(6) = ! - (3.166)

25674 4/sin(6)+/cos(6) (\/sin(e) + \/cos(e))
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One can then show that ﬁsmg as a distribution should be given by

8(r3) . fo(61) [l Jo(62) [l] . 80(83) [l]
r3 ri ri 2 19 r3 r3 o.
3.167)

T (41, &) = ag (5(:1) N 5(:22)

+
0 ra

)+b0

Moreover, from (3.157) we see that Fy must be crossing symmetric. This condition
implies?0
1 7—V2r+2log2+V2log(3 —2V2)

bo—5a0= 25675

~ 0.00003291. (3.168)

Note that although we have six unknown coefficients (c1, c2, a1, b1, ag, bo), there
are actually only two types of contact terms in (3.157). By integrating against test

functions, we find

5 i) i) = T8 (i ) & (=
(rrll)\/&{z(l —{)(1 = £)6 ((ny X 1ip) - 1i3) = %5(”1’”3) 6 (n2,=13) ,
5 B X)) = o6 (=) 6 (s 7
(rr;) VG = 0)(1 = )6 (i X i) - i3) = %5 (1, =n3) 6 (2, 113) ,
5 o e L
(rr;) VOL (= 0) (1= £)6 (1 X i) - i3) = 7°6 (i, —7i3) 6 (7, —7i3) ,
(3.169)
and in addition
SN2 6 (fiy, fis) = 4n6 (71, 712) 8 (72, 713),
§(1 — 9§ 7y, 7i3) = 46 (i1, —ita) 6 (ita, 713). (3.170)

Collecting all the contact terms together, we find

27 (c1 + 6ay) 6(7iy, 12)6 (12, 113)
+2r (Cz +2b; + %ao) (6(n1,13)8(fp, —i3) + 6(7i1, —113)6 (112, 113))

p (cz+2b1 + gbo)é(ﬁl,—ﬁ3)6(ﬁ2, _it3). (3.171)

Only the above linear combinations of coefficients are physically meaningful. Note
that the coeflicients of (71, 113)d (712, —n13) and & (111, —n3) 6 (iip, —n3) are different
because of our choice of coordinates (3.165) to write the distributions [- - - ]o. These
coordinates are convenient for analyzing the singularities of 7y, but they do not

manifest crossing symmetry. When we perform a crossing transformation, we

20See appendix B.5 for a derivation.
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rescale the arguments of the distributions [---]g, which can produce §-functions
via [1/(Ax)]o = A7 1[1/x]o — (log A1/2)5(x). Taking these 5-functions into account,
one can show that as long as (3.168) is satisfied, the full expression is crossing

symmetric. See appendix B.5.2 for details.

We can now use the Ward identities (3.155) to determine the coefficients of the

contact terms. Plugging (3.157) into (3.155), we obtain
1 1 _ 1
[ ae [ afimocsn-nss [ an@rarsa=o
1 1 _ 1
2/0 d(l/O ddr §H1F0(4, )06+ - 1) +8/0 dg {F1() +4c2 =0,

1 1 _ 1
4 /0 e /0 2 (T, O + Lo — 1) +8 /0 i CF(L) +4ca = 0,
(3.172)

where %({ 1, {2) is defined by (3.162). The integrals in (3.172) can be computed
using (3.158), (3.160), (3.163), and (3.164). The integrals of the %0 function are
given by

1 I
/0 d§1/0 dir 7’6({1,52)9(51+§2—1)=g(ao+bo)+0.00011205,
1 1 _ _—
/ dgﬁ/ i 51%(51,52)9({1+{2—1):5(?+b0)+0.0000815314,
0 0

1 1 _
/0 d§1/0 dir H10OF(, L)L+~ 1) = gbo +0.0000884406, (3.173)

and for the ¥ integrals we get

! 51 + 1072
d = b
/0 {F1(d) 5360.4 41T
1 3+ 272
d = ,
/O () 30720 D
! —4 + 2
dc * =—— +by. 3.174
/0 L FL) 5360 T 0 ( )

Using these results, we find the solution to (3.172):

by — % —0.0000329062,
ey +2by + %ao = —0.000218509,

c1+6a; =-0.000108274. (3.175)
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We see that the first line is consistent with (3.168), which comes from crossing
symmetry of Fy({1,2). The second and the third line give the coefficients of the
two types of contact terms that can appear in EEEC’|(42).

3.5.3 Contact terms from the conformal block decomposition

It is interesting to ask how the ¢-functions in EEEC’|(,2) are reproduced from the
conformal block decomposition described in section 3.2. Since the conformal block
decomposition describes the leading term in the collinear limit, we should study
those d-functions that survive when all 7;’s are close to each other. More precisely,
we have an expansion around the squeezed limit, where we first take 7i; and 713 close

together, and then 7.

Using (3.42), the collinear limit is

1 i EEEP

EEEC (I’l],nz,l’l3)|0(gz) = @4—233 a R5,j|0(g2)g6’j “(z,2)+..., (3.176)
where z, 7 are defined by
Dz Bo(1_y-3). (3.177)
{12 {12

The small z,Z limit corresponds to the limit where 7i; and 713 become close. The
contact term ¥ (71, n2)6 (13, n3) can then appear from the exchanged quantum
numbers ¢ = 4, j = 0. More precisely, we have

(0)
g¢*N, 1 N[ (Rsp)) 1

S 1im(RO) (9373 = — 6 (7, 73).
5127% &3, 0 Ra) (22) 62 |4 5= q | 7,0 )

EEEC' (711, 2, 113) | 0 (42) ~

(3.178)

This result should agree with the % term of #7({) in (3.160). Matching the two
expressions, we obtain
0
<R§,3> 1

= 3.17
o4 5—4 8 GA79)

Thus, even though (Riog) vanishes, the zero of (R((SO(;) at 0 = 4 isrelated to the EEEC
at O(g?) order. It would be interesting to verify (3.179) using other methods.

3.6 EEEC at strong coupling
We now consider the EEEC at strong coupling. In [12], Hofman and Maldacena
computed the EEEC at strong coupling in A’ = 4 SYM up to O(173/?) order using
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AdS/CFT for a sink/source state created by a massless closed string. In this paper,
we focus on the leading order and O (1/1) correction. In terms of (3.149), the result
of [12] is

EEECyong (711, 712, 713)

3
= (%) (1 + 67”2 ((ﬁ1 i) + (i) - 113)% + (iy - 7i3)? — 1) + 0(1—3/2)) :

(3.180)

Let us lift this expression into a more covariant form, using embedding space

coordinates for the celestial sphere z; € RY™"! with z? = 0. We define

8 [ d?x ¢7*(0|0" (x)L[T] (00, z1)L[T](c0, 22)L[T] (c0, 23)0(0)[0)
F(z1,22,23,p) = 5 - ,
(=p2)? [ ddx ¢iP¥(0]0" (x)O(0)0)

(3.181)

which is a homogeneous function of the z;. The original EEEC can be recovered
by specializing: F(z; = (1,1;),p = (1,6)) = EEEC'(#;). In embedding space
coordinates, the expression (3.180) becomes

Tstrong(zl’ 22,23, P)

_ 8 1 6> 2 2 2
- F (_2Z1 . p)3(—2Z2 . P)3(—223 . p)3 (1 + 1 ((1 - 2412) + (1 - 2{23) + (1 - 2{13) - 1))
+0(173?), (3.182)

where the cross ratios {;; are defined in (3.19). For this section, we also assume that

—p? = 1, since the —p? factors can be easily restored using dimensional analysis of
p.

In the weak coupling limit, the EEEC at tree-level is only nonzero when the three
detectors are coplanar, and the EEEC at 1-loop it is only known in the collinear

limit. On the other hand, the strong-coupling EEEC given in (3.182) is valid for any

detector positions on the celestial sphere.

Just as Mean Field Theory provides a simple example of a crossing-symmetric,
conformally-invariant four-point function, the strong-coupling EEEC givenin (3.182)
gives a simple example of a crossing-symmetric, Lorentz invariant EEEC. It is there-
fore a perfect target for us to study its celestial block expansion and test the results
of section 3.2. Because the strong-coupling EEEC is so simple, we will be able to
compute its complete 3-point celestial block expansion — i.e. not just its conformal

block expansion in the collinear limit.
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The celestial block expansion can be written as?!
7:strong(Zl » 225,435 P) = Z Z Pé,j;d’G(CsJ;(;/(Zl » <2523, p), (3183)
& 6.

where the celestial block is defined as

G5 j.5(21,22,23, ) = Ciopg ; (21, 22, 02y, 0w, ) Cpy 395 (22, 23, 02,) (—223 p).
(3.184)
Let us first focus on the j = 0 sector of (3.183). The light-ray OPE formula gives
a relation between the OPE data and the value of ¢ in the sum. In the strong
coupling limit, the 7 X T OPE should contain double-trace operators with twists

T =277 + 2n = 4 + 2n. Therefore, the values of ¢ appearing in (3.183) should be
0=AJ=3)-1=6+2n. (3.185)

Similarly, the T X T X T OPE should contain triple-trace operators with twists
T =317+ 2k = 6 + 2k. As argued in section 3.3.1, we expect that the values of ¢’
appearing in (3.183) are given by

& =AJ=4)-1=9+2k. (3.186)

To study the celestial block expansion of the strong-coupling EEEC, we will use
harmonic analysis for the Euclidean conformal group SO(d — 1, 1) [44]. A modern
review of harmonic analysis for Euclidean CFTs is given in [45], where they derive
a Euclidean inversion formula that expresses OPE data as an integral of CFT four-
point functions over Euclidean space. In this section, we use techniques from [45]
to derive a “celestial inversion formula” that expresses the celestial block expansion
data as an integral of the EEEC over the celestial sphere. We then consider the
strong coupling limit and use this celestial inversion formula to obtain the celestial
block expansion (3.183) for the strong-coupling EEEC (3.182).

3.6.1 Celestial inversion formula
We first derive the celestial inversion formula, following the derivation of the Eu-
clidean inversion formula in section 2 of [45]. By harmonic analysis for SO(d—1, 1),
the EEEC ¥ (z1, 22, 23, p) defined in (3.181) can be written as an integral of the form
d-2 ,: d-2 ,;
- tioo d6 5t

d=2 27
2

ds'
27”.1(6,1, 0 )Y5 . (21, 22,23, ),

J
(3.187)

2IThe relation between Ps j.6 and the coefficient Rs ;.5 defined in section 3.2 is Ps j.50 =
16
?R(g’j;g/.
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where W . ., is a “celestial partial wave” defined by
J30

\Ilg’j;é‘/ (Zl, 229 Z3’ p)

E/Dd_zde_zz'(%l(Z1)7’52(zz)‘r"a,j(z)><5‘~’5,j(z)7’63(23)7’5'(2'» :

(=22~ p)”
(3.188)

2

where ﬁg, j 18 the shadow representation of s ;, with scaling dimension 6=d-2-6.

The measure D2z is defined by

_2d%26(22)6(2°)
B vol R,

D2 : (3.189)
where R, acts by rescaling z. Note that the operators $5 ;(z) and 55, j(z) each
carry j tangent-space indices on the celestial sphere. These indices are implicitly
contracted in (3.188) and below.

By construction, ¥¢ is an eigenfunction of the Casimirs of SO(d — 1, 1), acting
simultaneously on zj, zp and simultaneously on z1, 22, z3. So, we can study the
behavior of W€ in the OPE limit to determine its relation to the celestial block G°.
Following the logic in [45], the relation is

W5 1o =S(Ps; P [Ps. i DIs ()G ;s +S(Ps, P [Ps.1)S(Ps. Ps, [5"5/])(;;’].;5,
+S(PsPo.[Po.i D1 (P) G5, + (P, P, [P5,11)S(Ps.Pss (o ])G5 .50
(3.190)

where the coefficients S(---), Is-(p) are defined by
/ DUP ()P (NPIP2P(2) = S(PIP2UPIPIPP ()

/ D422 (P (23)Py () () (<23 -p) . (3.191)

(=27 - p)¥

More explicitly, their expressions are

7 TT(6 — SA0(S + j — DE(ZA )P (0t

S(P1P2[Ps.]) = - —,
T (6 - DA — 2 - 6+ ) DB (e

S P P p _ﬂ_%r(é/ _ %)F(5/+632_6+'/)F(6,_632+6+j)

(Ps.;P3[Po]) = ATy O +03—0+j oy O —03+5+j
I'(d-2-6)I( > )( 5 )
d-2

rT0(%2-¢) ,de
Is (p) = 2 (-p?)" . (3.192)

Td-2-0)
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Just like the four-point conformal partial wave, the celestial partial wave W€ satisfies

an orthogonality relation that can be derived using a “bubble” formula. Consider
two celestial partial waves TC 501 and ‘I’Cw ) Fe , where 056 = u +iS56, 5’
6, ]6

% +1is% . are on the principal series and the external dimensions of W< are the
shadows of W¢. The orthogonality relation is (see Appendix B.6 for a derivation)

Dd ZZ Dd 2Z2Dd 2Z3dAdsp
/ vol(SO(d - 1, 1))
1
T 24-2y01(SO(d - 2)) Biars i85, 374

lI15515 05 (21, 22, 23, )lP 0 l) (21,22,23,19)

OpspsOp: P!, (3.193)
where the integral measure for p and the delta function dp,p, are defined by

digsp =2d"ps(p* + 1)O(p"),
(57)57:'6 = 27T(5(S5 - 56)5j5,j6- (3.194)

The B-coeflicients are “bubble” coefficients defined by

Biop,,; = 20.7) ((7)17)27)5,]'), <5F51F?525F55,j)), (3.195)

where (6, j) is the Plancherel measure of SO(d-1, 1), and ((?1 PrPs.i) (P 525571-))
is a conformally-invariant three-point pairing. Their explicit expressions are given
in [45].

Integrating both sides of celestial partial wave expansion (3.187) against a celestial

c(6 )

partial wave ‘P , the orthogonality relation (3.193) gives

1(5, ;6"
yd-2 vol(SO(d - 2)) Dd‘zled‘zzde‘zad‘ldsp (3)
= ) 9 lP : D) 1) ) .
Bup; ;Bp, 3p, iSO L) ) R PI Eap)
(3.196)

This is the celestial inversion formula that expresses the celestial partial wave ex-
pansion data /(d, j; 8’) as an integral of the EEEC ¥ (zy, 22, 23, p) over the celestial
sphere. Finally, we must find the relation between the celestial partial wave ex-

pansion (3.187) and the celestial block expansion (3.183). Plugging (3.190) into
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(3.187), we obtain

—+loo ds %H’oo ds’
F(21,22,23,p) = Z L—Z 2m1(5,j;5')><
=

2711

(S(Pw@f[’?%,j])Iy(p)G o+ SPoPo [PoDS(Ps Por [Py )G

+ S(Ps, Ps, [Ps, i DIs (P)GC

L TS (P, P5, [P 1S (Po iP5, [Por]) G(’ij;c’f') '

(3.197)

Using the inversion formula (3.196), one can show that above expression remains

the same when we keep only the first term S(Ps,Ps [Ps D 1s (p)G
d-2

. . 5 Hico
parentheses and extend the integration ranges to / d_22 . Therefore, we have
7 i

5.0 in the

—+zoo dé‘ —+100 dél
d=2 0, 2ni d=2_; 2mi

F(21,22,23,p) = Z -C(0,;0")Gy .5 (21,22, 23, p),

(3.198)

where
C(6,j;6") = 1(6, j;6")S(Ps,Ps [P DIs (). (3.199)

Finally, we can close the contour of the § and ¢’ integrals in (3.198) to the right and
obtain the celestial block expansion.?? In particular, for the strong-coupling EEEC
(3.183), we have

?%S (BGS Cstrong(6 Js & ) = P6 J300e (3200)

3.6.2 Leading order
We first consider the leading order term of (3.182),

8
m3(=2z1 - p)3(—2z2- p)3(-2z3 - p)3’

22 As we will see later, closing the & contour or the ¢’ contour first gives the same celestial block
expansion, at least for the strong-coupling EEEC we consider in this paper. Moreover, in appendix
B.6 we study the celestial block Gg’j .5 atlarge 6 and ¢’, and show that contributions at infinity of
both contours vanish.

ﬁﬁro)ng(mazz,zw) = (3.201)
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Plugging this into the celestial inversion formula (3.196), we find
7
strong(6 ] 5 )

_ 8 2972 v0l(SO(d - 2)) /Dd_ZZDd_ZZ/Dd_ZmDd_zzde_2Z3dddsp
vol(SO(d - 1, 1))

R BB PPy
1

(-2z1 - p)3 (222 p)3(—2z3 - p)3

(P5(21)P5(22)Ps.j (2)){Ps.1(2)P5(23) P35 (2))
(3.202)

(

Let us study the z1, 7, integral,

d-2,, pyd-2 1 ~ NG
/ DD o (PN Pa()Pas ). (B209)

After integration, the polarization vector w must appear in the combination [z, w]|*¥ =
Z#w” — zVwH due to Lorentz invariance. However, the only remaining vector that
is left unintegrated is p, and [z, w] cannot be contracted with anything. Therefore,
this integral must vanish except when j = 0. To compute the integral for j = 0, we

can use
/ Dd‘szd-zzx%l (20)Ps, (22)Ps.j=0(2)) (=2p - 21) 01 (=2p - 22) ™%

= Cs500(—pD) T2 (=2p - 2)°, (3.204)

Where
-2 01+02+0—d+2 014+02—0 d—2—-6r—0+0 d—2-01—0+6
7ld F( 1+ 2+2 * )F( ]+22 )F( 22 hs I)F( 1 -0 2)

(3.205)

Cs1.60:6 =
61,0230 T(6)(6)T(d -2 - 5)11%)

We give a derivation of (3.204) in appendix B.6. After integrating over z; and z»,

we obtain
1O (5.0:6) = S 2N0ISOW@=2) / DT 22D/ D 25d g p
e 1 Brgpers By, pupy vol(SO(d - 1,1))
1 1
—(Ps.0(2)P5(23)P5(2)) ———
(=223 - p)3(=2z - p)? G (<27 - p)?

(3.206)
The remaining p-integral is just a three-point Witten diagram, and it is given by [96]

/ 4 p (<2p - 20) 1 (<2p - 22) P (=2p - 23)

1
:Dél,éz,éz az+o3 51 ° (3.207)

(—2z1 -

1
27 p)é"
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where
d=2 . §1+02+03—d+2
152 F( 1102 23 ) s
D — 1—1 1+52—53 F (51+(53—(52 F 52+53—(51 ) 3208
61,62,03 2F(6])F(62)F(63) ( 2 ) ( 2 ) ( 2 ) ( )
So, we have
0 . 8 292v0l(SO(d - 2))
Is(trz)ng((s’ 0;6") = = C335D53 5%

7 BPSPSP&OB?’&,OPSpy
Dd—ZZDd—ZZde—2Z3

/ vol(SO(d - 1, 1))
_ 8 2972v0l(SO(d - 2))

=} ~
d BP&PSP&,OBP&,OPSJP&'

(Po.0(2)Pg(23)P5 () (Pe(23)P5(2) Py (2))

C335D535 (PsPsPs), (PsPePs)) -

(3.209)
Plugging in the explicit expressions using (3.195), (3.205) and (3.208), we finally
obtain (after setting d = 4)

19 (5,0:6)

o S OOF (3= §) T (§)°T (55¢) 1 (=58 1 (=291 (=osg2) (22921
) ArST(1 =86 - DI - 1) .

(3.210)
Consequently, Cs(t%ng(d, 0;¢’) is given by
C e (6,058
r3-2)r (%)2 r (5%4) r (5-(52'+3) r (-5+§'+3) r (5+52'-3) r (5+52'+1)
_ . (3211

473T(6 — DT(S)T(6 — 1)

To find the coefficients for the celestial block expansion, we have to close the ¢ and
0’ contours in (3.198). It turns out that the resulting celestial block expansion does
not depend on the order of contour deformations, so let us close the ¢’ contour first
for simplicity. When ¢ is on the principal series, the only poles of ¢’ that are to the
right of the principal series are at ' = d + 3 + 2k, where k is a nonnegative integer.
We then find that the residues

L Res Cl e (6.0:8") (3.212)
have poles at 6 = 6+ 2n, where n is a nonnegative integer. Thus, the values of ¢ and

0" appearing in the celestial block expansion (3.183) should be

§=6+2n,6 =9+2n+2k. (3.213)
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This agrees with our previous predictions (3.185) and (3.186) from the light-ray
OPE. The coeflicients Ps ;.5 are given by

pO
6+2n,0;9+2n+2k

(k+ D (k+2)(-D"*"T(n+3)’T'(n+ 5T (k +2n+6)I'(k +2n +8)
- mT(n+ D20+ 5T 2n+6)T(2(k +n+4))

. (3.214)

As a consistency check, we can expand 79 in the collinear limit and find the

strong
celestial block expansion order by order using the expansion of the celestial block
G¥¢ in the collinear limit given by (3.33) (or (B.18)). We have checked up to O (¢ f’3)

that the coefficients obtained in this way agree with (3.214).

3.6.3 O(1/1) correction
Let us now consider the O(1/1) term of (3.182),

1
7jsgro)ng(zl’ 22543, p)
48

- 7(=2p-z21)3(-2p - 22)3(-2p - z3)3

(2 -4+ i3+ {3) +4 (5122 +{T +§223)) .
(3.215)

Plugging this into the celestial inversion formula, we get

1 .o
Ii0ne (6,73 8)

48 2d— 2V01(SO(d 2)) /Dd 2 Dd -2 /Dd zZlDd 2Z2Dd 2Z3dAdSp
vol(SO(d — 1, 1))

n Bpepsps iBp, pops
(2 —4(ln+ i3+ {3) +4 (4122 + {5+ 5223))
(=2z1- p)3 (222 - p)3(=2z5 - p)?

(3.216)

There are two types of z1, zo integrals to consider,?3

d-2 pyd-2 {i ~ (ND.
/D ab Zz(—2Z1'1’?)3(—2z2'17)3<P6(ZI)7)S(Z2)SD5’J(Z’W)>’

d-2, ryd-2 & - B
/ D2 D ey S PP P ). (G217

where k = 0, 1,2. Since the dependence of the integral on w should be ([z,w] -

[---]1)/, the first line is only nonzero when j = 0 and the second one is nonzero when

Z3Note that in (3.216) we implicitly contract the indices of ’?55, j(z) and Ps ;(z), and in (3.217)
we contract the indices with a polarization vector w.

<¢>g<zl>¢>g<zz)@,,~(z)><¢>5,j(z)'f”g<zs>7’g<z’>>—(_ZZ,I P
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J < k. However, when j = 1, the three-point structure <P5(Z1)P5(Z2)§5, i(z,w))

is antisymmetric in 1 < 2, and the contribution from ¢ {‘3 and {53 will cancel. So,
1)
I

strong

(0, j;0") is nonzero for j =0 and j = 2.

j=0

We first consider the j = 0 case. The integral containing ¢ {‘2 can be computed by

applying the differential operator 8, - 9, k times to (3.204). The result is

(6-6)(6-6) 5

_ - {12 5 _ (0) -
/ D42 D e S (P Pe(2)Po(0) = T O 2
(3.218)
and
/Dd‘2 D2 4, (P5(21)Pg(22)Ps(2)
21 12£_2Z1 -~p)3(—2zz-1?)3 g\’ gl22)775\2
- 0-00-8C-00-8 0 (,, 57 (3.219)

2304 3,30

To compute the second type of integral in (3.217), which contains { {‘3 or( 53, we can
first study

2 (Ps,(21)Ps,(22)Ps(2)). (3.220)

The factor z’f can be viewed as a weight-shifting operator [39] that decreases the
scaling dimension of P, (z1) by 1. One can performing crossing on (3.220) to make
the weight-shifting operators act on Ps(z). We find

(23 - 21)(Ps,(21)Ps,(22)Ps(2))
_ ((5—51 +52)(4—d+5—(51 +52)
B 2(d -3 -06)(d-2-26)

t T ds — a5 3 DI Ps-1(20) P, (22)Ps-1(2))
§ =81 +62
T 2(d-4)(d-3-6)(6-1)

(23 - 2){Ps,-1(21)Ps, (22) Ps+1(2))

(z3 - DU (Ps,-1(21)Ps, (22)Ps1(z,w)),  (3.221)

where D, is the Todorov operator and D?;V is the weight-shifting operator that de-
creases spin by 1 defined in [39]. Asdiscussed below (3.217), the Z)ZO’;V (Ps,-1(21)Ps,(22)Ps.1(z. w))

term will vanish after integrating over z, 25.
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After using (3.221) and a similar relation for {3, we find

d-2 pyd-2 $13+ 403 5 ARy
JR S e e Pa(2)
_2Z3
_> [ pd-2, pd-2 K
/ YR 20 p (2 py (2 p)
LZ“GD (z21)Pe(22)P5,(2)) - ;D“W’ (21)Pg(22)P5_(2))
2G - 1) 55-1(21)Pe(22)P5, Go1)e 5:-1(21)Pg(22)P5_,
S > (—223 - 7)€\ (—210‘2)_5_1——1 (=223- D)C)_ (=2p - )"
~2z3-p \4(5 - 1) 4,3:5+1 2(8 - 1)2 “Ta35-1
1 ~ /= —
= —3CO0 (-2 7 (5 - 51 (3.222)

Similarly, for {% + {3, we have

/ D4 %7,D% %7, i+ o (Ps(21)P5(22)P5(2))
(=2z1-p)3(—2z2-p)3 " & o
1

_ (0) 5 (= ~ — _ _ N
B 96(5 — 3) C3,3;3(_2p )7 (6 (52 +6(5 —4)(d + 2)533 —2(6-6)(36 —4)o3 — 186 + 104) - 192) .

(3.223)
Combining (3.218), (3.219), (3.222), (3.223), we obtain
/ D221 D2y Fne (21, 22, 23, P) (P (21) P (22)Po (2))

_ 43 (5:_ 4)5(54‘ 2) (0) 5 (= .
=— 576(5— 3) C3’3;g(—2p - 7) ( - 56 +30+ 144(Lp3 — 1)g03) .

(3.224)

Hence, the inversion formula (3.216) for j = 0 is now given by

1 /

Iirbng (6, 0:8")

48 292v0l(SO(d - 2)) (6 — 4)6(5 +2) O / D2zD 27 D234 L p
n Bpepeps By, pop, 516(6-3) 330 vol(SO(d - 1, 1))

1

(=2p - 2)%(=2p - 23)3

-
(=27 - p)?
(3.225)

(7 56430+ 144(Z03 — 1)(03) (Ps(2)P5(23)P5(2))
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The integral over p can be evaluated using (3.207). The result is

Is(tlrg)ng(é’ 0;0")
2%2v0l(SO(d - 2)) (6 = 4)6(6 +2) ()
Bpopors B, popy 516(5-3) 335 030
3= +3)(6 =0 +5) 0+ + )6+ +3)+ (5 +1)((5—18)5(5 + 1) + 12(8" = 3)(&" + 1))
- 5o+ 1)
X ((PsPsP5). (P5PePs)) » (3.226)

= 612A

which implies that

)

strong

(6,0;5")
- (52 (—65’2 +126" + 10) +76% — 2863 + 126 (5’2 _26 + 3) +3(6 = 1)2 (5’2 Y 3))
r(3- %) r (g)Zr (%) r (6—62’+3) r (—5+§'+3) r (5+52'—3) r (5+52'+1)
15367(6 — 3)(6 + DI(8)2I(5")
(3.227)

X(@6-4)6-D(+2)(8-1)

We see that the Gamma functions are the same as the leading order result C:gzmg,

and hence the locations of the poles are the same. In particular, we only get poles at

6=6+2n, & =9+2n+2k, (3.228)
where n, k are nonnegative integers. The coefficients Pél(;, s are given by the residues,
(1)
P6+2n,0;9+2n+2k

- (3k2 (4n2 +38n + 83) + 1263 (n +4) + 3k* + 6k (6n2 + 430 + 76) +4n* + 4003 + 1691 + 3810 + 378)

(=D**"(n+ D)(n+4)2n+5)(k+n+HT(k +3)C(n+3)°T(n+5)T(k +2n+6)'(k +2n+8)
X 3r(2n+3)2n+NI'(k + DI'(n+ DHI'(2n + 6)2I'(2k +2n +9) '
(3.229)

We have checked that the coefficients obtained by expanding 71 in the collinear

strong
limit up to O (¢ 163) agree with the above expression.

Jj=2

Now let us consider the j = 2 case. From the discussion below (3.217), we must

only consider the z1, zp-integral

2 + 2 _
[ Dt zapt e RSP Pl G230
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We can again use crossing equations for weight-shifting operators. Only terms with
a j = 0 three-point structure will be nonvanishing after we integrate over z; and z;.
There is only one such term for (z3 - zl)z(ﬂ;,ﬂ;z?{s,z(z, w)), and its 65 symbol is

given by?*

(Z3 : Z1)2<P51P52P6,2(Z’ W))
(0-01+00-d+2)(6-01+0,—d+4)

0+
= 2= Dds+ N6 —d+ N —d+2) 2 Pen)Po2@)Pe(22)Ps(2)) +.

(3.231)
Our z1, 27 integral is thus given by
2 - (h+4 ~
JE T e e Paalz )
S 27 . R Y . p)2
- c0 B2 pw -2 B p) (3.232)

26-3) 30 (=22 p)P*A(=2z5 - p)?

Plugging this into the inversion formula (3.216) for j = 2, we find

(1) Y
Istrong(6 2 6)

_48212v0l(S0(d-2) & o) X/ D472:D472' D2 2344 L p
T Bpepers By, pop,, 2(6 —3) 30 vol(SO(d - 1, 1))

(22 p)*z3uz3v — 222 - p) (22 - 23) 234Dy + (22 23)* Py
(—2z- p)o*2(-2z3 - p)?

(P (2)Pg(23)P5(2))

(3.233)

(

To perform the p integral, we can view p, as a linear combination of the AdS

weight-shifting operators [52] and then perform crossing. We find

! : 26 N
S (6- 1)(d—2—25)DZ’“‘(_2p'Z) 6+1+m1u(—219'z) o=t

pu(=2p-2)7° =
(3.234)

After using this relation, the integral over p is elementary. The result is

(1 .57
Istrong(d’ 26 )

_482%2vol(SO(d - 2)) (6+ 8 =5)(6+8" =3) ()
T BpepsrsaBa, ,pops 8(6+1)(6 -3)

(3.235)

Qzziw-2-2z-2w 1)’
51+6)—6+j 51”5;52*! 5y+0-61+j
(—2z1°2) (“2z22)" 2

240ur convention here is (Ps, Ps, Ps, (2, w)) =

(=2z1-22)

C536 556 (<P8¢)6’?6 2), (PePsPs, 2))

—2ZI p)é/ .
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Collecting together all the factors, we finally obtain

cl (5,2:6)

strong
r (4 _ %) r (g) r (%) r (%) r (5—(;'+5) r (—5+25’+5) r (5+52'—l) r (6+62'+3)
B 24T (8)T(6 +2)I'(6" — 1) '

(3.236)

After contour deformations, the only poles that will contribute to the celestial block

expansion are at
6 =8+2n, 6 =6+5+2k =13 +2n+2k. (3.237)
The corresponding coefficients are given by

p»
84+2n,2;13+2n+2k
3 (=D T(k +5)T(n+5T(n+ 7T (n+ DT (k +2n+ 10)T(k +2n + 12)

onl'(k+ DI'(n+ NDI'2(n+5)I'2n+8)I'(2(k + n+6))

(3.238)

We have checked that this result agrees with the expansion of ﬂgrl())ng in the collinear
limitup to O (¢ 163). The validity of these expressions for the celestial block expansion
of the strong-coupling EEEC is a strong check on both our expressions for the
collinear expansion of celestial blocks (3.33), and the celestial inversion formula

(3.196).

3.7 Discussion and future directions

In this work, we studied aspects of the celestial block decomposition of the three-
point energy correlator (EEEC). We found that, in both strong and weak coupling
examples, the EEEC admits an expansion in a discrete sum of celestial blocks,
corresponding to light-ray operators appearing in repeated OPEs of energy detectors.
We derived useful formulas for 3-point celestial blocks in an expansion around the
collinear limit. We then explored the celestial block expansion in the collinear limit
using lightcone bootstrap techniques and the Lorentzian inversion formula, both in
QCD and N = 4 SYM. The symmetry structure of the celestial block expansion
allowed us to make certain predictions for higher orders in perturbation theory.
We also determined the leading and first subleading contact terms in the EEEC in
N =4 SYM. Finally, using techniques from harmonic analysis, we studied the full

celestial block decomposition of the strong-coupling EEEC in N = 4 SYM, for
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generic configurations of detectors. Along the way, we encountered several puzzles

and novel objects that we summarize below.

This celestial block expansion must be compatible with crossing symmetry, which
leads to constraints similar to those studied in the traditional conformal bootstrap. It
would be interesting to fully characterize the consistency conditions that multi-point
energy correlators should satisfy, in order to set up a direct bootstrap program for
them (and more general event shapes). It would also be interesting to incorporate

“generalized detectors” [71, 72].

In the collinear EEEC, the density matrix |¥){¥| in which we evaluate the event
shape gets highly boosted, and essentially projected onto its component with boost
eigenvalue ¢/, (the dimension of the lowest-twist spin-4 operator). These highly-
boosted density matrices, which we might call “light-ray density matrices,” are
naturally dual to light-ray operators, via taking expectation values. It is interesting
to ask whether they provide a useful basis for studying other physical observables.
It may also be interesting to explore information-theoretic properties of light-ray

density matrices.

Our lightcone bootstrap analysis of collinear event shapes reveals the existence of
two important contributions to the light-ray OPE: double-twist operators built out
of a pair of detectors [Pp%Po], and double-twist objects [PpPo: ] that formally look
like an OPE between a light-ray operator and the light-ray density matrix obtained
from boosting |¥)(W|. This suggests that it may be possible more generally to make

sense of an OPE between light-ray operators and light-ray density matrices.

In our analysis of the EEEC in QCD, we used the fact that QCD admits a conformal
point at a particular value of the coupling in d = 4 — € dimensions. The existence
of this conformal point has implications for the structure of perturbation theory at
each loop order, even away from the conformal point, allowing us to apply selection
rules from conformal symmetry in our work. However, the existence of a celestial
block expansion should require only Lorentz invariance. It would be interesting to
characterize how the structure of the space of light-ray operators and light-ray OPEs

changes in the presence of a nonzero S-function.

In applying the Lorentzian inversion formula to the collinear EEEC, we were led to
continue the EEEC into a “doubly-Lorentzian” regime where the cross-ratios on the
celestial sphere become independent real numbers. (This same analytic continuation

to (a cover of) the celestial torus is frequently used in studying celestial amplitudes
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[97].) Although this continuation is straightforward at the order in perturbation
theory we studied, we have little understanding of whether it is admissible at higher
orders or nonperturbatively. Another important question is how event shapes behave
in the “celestial Regge limit” where the celestial cross ratios undergo the analytic
continuation usually studied in the context of the Regge limit in CFT [98]. The
two examples we studied (weakly-coupled N' = 4 SYM and QCD) exhibited very
different behavior in this regime, and it would be interesting to understand what the

general nonperturbative behavior can be.

Evidently, Lorentzian QFT observables still hold many mysteries. To better under-
stand their structure, it will be important to study more examples and collect more

data both in perturbation theory and beyond.
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Chapter 4

SPINNING DISPERSIVE CFT SUM RULES AND BULK
SCATTERING

This chapter is based on

[1] Cyuan-Han Chang, Yakov Landau, and David Simmons-Duffin. “Spin-
ning dispersive CFT sum rules and bulk scattering”. In: (Nov. 2023).
arXiv: 2311.04271 [hep-th].

4.1 Introduction

Causality and unitarity imply constraints on the space of low-energy effective field
theories (EFTs) [99, 100]. In a 2 — 2 scattering process, causality and unitarity
manifest as analyticity, Regge boundedness, and crossing symmetry of the S-matrix.
Using these properties, one can derive dispersion relations that express the Wilson
coeflicients of a low-energy EFT in terms of data in the ultraviolet (UV), which have
positive spectral density thanks to unitarity [101, 102]. By applying functionals
(such as expanding around the forward limit) to dispersion relations, positivity of
the UV spectral density can be used to obtain two-sided bounds on EFT Wilson
coeflicients, with the correct scaling in the EFT cutoff M expected by dimensional
analysis. A systematic exploration of this approach was initiated recently in [103,
104, 105, 106, 107].

Including gravitational interactions introduces another layer of complexity, since
graviton exchange produces divergences in the forward limit. This issue was over-
come in [108] by considering functionals that measure the scattering amplitude at
small impact parameter. This method has paved the way for deriving bounds on
higher-derivative corrections to General Relativity in flat space [109, 110, 111, 112,
113].

Similar questions can be explored in Anti-de Sitter (AdS) space as well. Further-
more, via the AdS/CFT correspondence, these questions can be phrased — and
potentially answered — in CFT language. For example, HPPS conjectured in [114]
that a large-N CFT should have a local bulk EFT dual if its single trace spectrum
has a large gap Agap = MRags > 1 for J > 2, where Rpgs is the AdS radius and
M is the cutoff scale of the bulk EFT. Significant progress towards establishing



158

this conjecture using CFT techniques was made in e.g. [102, 115, 116, 117, 118,
9, 119, 120, 34]. Recently, part of the HPPS conjecture was established in [13]
by building a dictionary between conformal bootstrap functionals and flat space
dispersion relations. The authors of [13] considered a weakly-coupled EFT in AdS
with a massless graviton and a scalar with mass my = O(ﬁ). Schematically, the

low-energy effective action is

1
S = Seraviey + / dPx\-g (Eqs(az —my)p+ Y gDt + ], 4.1)

where Sgpavity contains graviton interactions and will be given below. Using bootstrap
methods, they derived bounds on the higher-derivative interactions g, in (4.1) with

the expected suppression in Aggp.

The main tool in this analysis is dispersive CFT sum rules [121, 122, 123, 124, 125,
56, 126, 127, 128], which have double zeros at the locations of most double-twist
operators. Such sum rules allow one to separate out light double-trace contributions
in holographic CFTs, and express the light contribution (A < Ag,p) described by (4.1)
in terms of a sum of heavy conformal blocks with positive coefficients. Remarkably,
in a certain “flat space limit” that we review in section 4.2, dispersive CFT sum
rules reduce to the flat space sum rules previously studied in [108]. As a result, flat
space functionals can be uplifted to AdS and lead to bounds on the EFT couplings
in (4.1).1

Given the bounds on graviton interactions in flat space obtained recently [109, 110,

111, 112, 113], we would like to derive similar bounds on graviton interactions

in AdS, in particular establishing HPPS for purely gravitational theories. More

precisely, let us consider an EFT with only a massless graviton with the effective
action

N

gravity 162G

where A =—(D -1)(D -2)/ (2Ri 4s)- We would like to obtain bounds like

#
|a’2| <G X - (43)

gap

/ dPx\=g (—2A +R+ R+ 3R + .. ) @2

On the CFT side, this means we must construct dispersive sum rules for four-point
functions of stress tensors whose flat space limit agrees with flat space sum rules

for gravitons.

I'The “uplifting” procedure only guarantees positivity of the functional in the “bulk point” regime
discussed below. One must additionally check other regimes to derive a rigorous CFT bound.
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Conceptually, this task is similar to the one undertaken in [13]. However, stress
tensor four-point functions are technically more complicated due to the profusion of
tensor structures, and we need to organize the calculation carefully. Our approach
is to begin with “subtracted superconvergence” sum rules, which exploit the fact
that the commutator of null-integrated operators on the same null plane should
vanish [34]. In particular, we focus on the action of such sum rules on a heavy
conformal block (with A > Ag,,). This action is a spacetime integral that, in
the flat space limit, localizes to a certain saddle configuration that we call the
“scattering crystal.” Thus, the computation of the heavy action turns into evaluating
conformally-invariant structures at this saddle, which is straightforward for spinning
operators. Our calculation gives a “spacetime interpretation” of the results of [13]

for scalar operators.

The result of our saddle analysis has a simple interpretation in flat space. The
inserted conformal blocks become flat space partial waves, and the subtracted su-
perconvergence sum rule becomes a sum rule for flat space “shock™ amplitudes
[102, 34]. Thus, by comparing the action of CFT sum rules on heavy blocks to
the action of flat-space sum rules on heavy states, we can deduce a concrete dictio-
nary between dispersive CFT functionals and flat space sum rules.? Our sum rules
for stress tensors become a subset of the known flat space sum rules for gravitons
[110]. The full set of flat space sum rules for gravitons includes additional sum
rules that cannot be expressed in terms of “shock amplitudes” (because they have
different choices of external polarizations). We leave the problem of obtaining these
additional sum rules using CFT techniques to future work. Our dictionary will be
needed to convert the flat space functionals with positive action on partial waves

into CFT functionals with positive action on heavy blocks.

This paper is organized as follows. In section 4.2, we briefly review superconver-
gence sum rules and the derivation of the scalar bounds in [13]. In section 4.3, we
derive a simple formula for the flat space limit of superconvergence sum rules for
scalars using a spacetime saddle-point analysis. We then generalize the formula to
spinning operators. In section 4.4, we explain how this formula can be matched to
flat space sum rules, and obtain the dictionary between spinning CFT sum rules and
flat space sum rules for photons and gravitons. We conclude in section 4.5. We

summarize our conventions in appendix C.1, and present an alternative derivation

20nce we know the dictionary, it follows that the contributions of light states must match between
AdS and flat space as well, though we leave exploration of light states to future work.
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of the flat space limit formula in appendix C.2. Technical details on matching the

CFT sum rules to flat space are given in appendices C.3, C.4, and C.5.

4.2 Review: superconvergence sum rules
Let us start by reviewing the idea of superconvergence in CFT, and explain how it
can be related to flat space dispersive sum rules. Along the way we will introduce

notation that we use throughout this work.

4.2.1 The light transform and superconvergence

Subtracted superconvergence sum rules come from studying the commutator of two
null-integrated operators on the same null plane [34]. For simplicity we first consider
a four-point function of scalar operators. Let us choose lightcone coordinates
x = (u,v,y) with x> = —uv + y%. A subtracted superconvergence sum rule can be

written explicitly as

/ dvl/ dvif(vi,v3){0lp4[¢3(0,v3,¥3), #1(0,v1,¥1)]¢210) =0, (4.4

where ¢1, ¢3 are placed on the same null plane # = 0. This integral vanishes for a
simple reason: since x%S = §%3 > 0, the two operators ¢, ¢3 are spacelike separated

in the entire integration range, and therefore their commutator must vanish.

To obtain a sum rule, we would like to separate the two orderings ¢3¢ and ¢|¢@3
and perform the integral separately for each ordering. However, in order for this to
be valid, we must check that each integral converges — in particular that there is no
divergence from the endpoints of the integration contours. See [34] for a detailed
analysis of this convergence condition. In the end, convergence can be achieved
by a suitable choice of the function f (v, v3), which we call a “subtraction” factor.

Expressions for subtraction factors will be given in section 4.3.

Our goal in this section is to rewrite (4.4) as a conformally-invariant spacetime
integral, using tools from [11]. First, let us introduce index-free notation. For an
ordinary integer-spin operator O, we contract the indices with a null polarization

vector z:
O(x,2) =OF" Mz, ooz, 722=0. (4.5)

More generally, for a representation p represented by a Young diagram with more
than one row, we introduce polarizations z,w,w, ... for each row of the Young

diagram. They should be null and mutually orthogonal. Due to antisymmetry
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between indices in different rows, we have gauge redundancies w ~ w + #z, w ~
w + #w + #z, etc. The number of boxes in each row of the Young diagram encodes
the homogeneity of the corresponding polarization vector. Generalizing to arbitrary
homogeneity in the polarization vector z allows us to describe representations with

continuous spin, which will be crucial in later calculations.3

Index-free notation can be viewed as the embedding space formalism [129, 30] for the
Lorentz group SO(d—1, 1). In the embedding space of the d-dimensional conformal
group SO(d,2), one promotes the position x and polarization z to X,Z € R%?
satisfying X?> = X - Z = Z> =0 and Z ~ Z + #X. Then, conformal transformations
act linearly on X, Z, and conformally-invariant structures are simply built from dot

products of X and Z. We can recover the Minkowski space operator by the dictionary
O(x,2) =0(X = (1,x*,x"),Z = (0,2x - z, 21)), (4.6)

where we again use lightcone coordinates X = (X*, X~, X#), and X?=-X*X"+
X*X,. We will often go between embedding space and Minkowski space when
writing expressions for conformally-invariant structures. In (C.6), we review the

embedding space description of operators with more complicated representations.

The embedding space vector X lives on a projective null cone in R%2, which is
topologically S! x S9-!. Correlation functions of Lorentzian CFTs live on the
universal cover My = R x 971, also called the Lorentzian cylinder. More precisely,
CFT correlation functions on R?~!! can be analytically continued to their Lorentzian
cylinder counterparts [130]. The Lorentzian cylinder is tiled by Poincaré patches,
where each patch represents a Minkowski space R, The conformal group acting
on Md is the universal covering group §(3(d, 2). There exists a symmetry 7~ such
that for each point p € Md, all light-rays emanating from p will converge at 7 p in
the next Poincaré patch. The action of 7 on an operator is most easily described in

the embedding space, where we have
TOX,Z1,2Z>,.. )T ' =0(-X,-Z\,-2>,...). 4.7)

We will also use the notation p* = 7 p,p~ =7 !p.

The null-integrated operators in (4.4) are an example of a conformally-invariant

integral transform called the light transform [11]. The light transform of a local

3For the Lorentzian conformal group SO(d, 2), their unitary principal representations have two
continuous parameters, A and J [11].
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Figure 4.1: Contour of the light transform on the Lorentzian cylinder, where the
two dashed lines should be identified. The contour starts at point x and ends at x*
on the next Poincaré patch.

operator O with quantum numbers (A, J) is defined as

L[O](x,2) = / : da(-a) ™0 (x - é z) . (4.8)

Under conformal transformations, L[O](x, z) transforms like a primary operator at
x. The light transform contour is shown in figure 4.1. It starts at the point x, goes
along the direction of the polarization z, and eventually ends at the point 7 x = x™.
The previous description of the null-integrated operator in (4.4), where one puts the
operator at u = 0 and integrates along v, can be obtained by putting x at past null

infinity.

In the embedding space, the light transform (4.8) becomes

L[O](X,Z) = / " de O(Z - aX.-X). (4.9)

—00

From this expression, it is not hard to see that the quantum numbers of L[O] are

(1 =J,1—=A). The light transform of a local operator annihilates the vacuum [11]:

L[O](x,2)|Q) = 0. (4.10)

With all this in place, we can now write the subtracted superconvergence sum rule
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as a conformally-invariant spacetime integral. We define a functional ¥y, by#

ddXQddX4ddX()Dd_221Dd_2Z3
Yiv[Gl = / Kk v(x2,x4,x0, 21, 23)

- vol(SO(d, 2))
X (Q[p4(x4) [L 3] (x0, 23), L[¢1](x0, 21) ] $2(x2)[€2), (4.11)

where Ky , is a kernel chosen such that the integral is conformally-invariant. Its
explicit expression is given below in (4.33). The integral measure for the polarization
D927 is defined as [46]

2d976(z%)6(2°)
vol R, ’

D42 (4.12)

where R, acts by rescaling z. Then, the superconvergence condition (4.4) is equiv-

alent to
W.»[ (subtractions) X G| =0, (4.13)

where G is a four-point function and (subtraction) corresponds to the factor f (v, v3)

in (4.4) (we discuss them in more detail below).

Using (4.10), we can rewrite (4.11) as

ddeddX4ddeDd_2Z1Dd_2Z3
ViG] =/ Kk v (x2,x4,x0, 21, 23)

vol(SO(d, 2))
X (Q|[¢a(x4), L[¢3](x0, z3) | [L[A1] (x0, 21), $2(x2)]|Q) — (1 & 3).
(4.14)

When we replace the four-point function G with an s-channel conformal block G ,

the double commutator (Q|[ ¢4, L{#3]][L[#1], #2]|Q) will give a sinz(ﬂA_J;2A¢)

factor. For double-twist operators A —J = 2Ag4 + 2n, the sin? factor then becomes a

double zero. Therefore, Wy, is a dispersive functional, meaning that it gives double

zeros for all but finitely many double-twist operators.>

4.2.2 The flat space limit of superconvergence sum rules
Let us now review the argument in [13] that leads to bounds on the scalar AdS EFT
(4.1). As explained in the introduction, the idea is that in a certain “flat space limit,”

dispersive CFT sum rules reduce to flat space sum rules.

4This functional is equivalent to the C~k,v functional defined in the appendix of [13].
SWhen there is a subtraction factor, the sin? factor gets modified and can become nonzero at
finitely many double twist locations [56].



164

Review: flat space sum rules

Let us first briefly review flat space sum rules for identical real scalars. Flat space

sum rules for photons and gravitons will be reviewed in section 4.4.

Let M(s,u) be a2 — 2 scattering amplitude for identical scalars, which we assume
satisfies analyticity, crossing symmetry, and Regge boundedness. This allows one
to write down flat space dispersion relations for M(s,u) (see e.g., [104, 108] for

more details),
ds 1
_jf b1 M) _ (4.15)
w0 2710 S (s(5 +u))?

where s, u are the Mandelstam variables,

s=—(p1+p)% t=—(pa+p3)? u=—(p1+p3) (4.16)

The contour in (4.15) can be deformed and separated into two parts: the low energy
part, which can be computed using an EFT, and the high energy part, which can be

decomposed into partial waves.

The partial wave decomposition of a scalar amplitude M (s, u) is given by

- 2
M(s,u) =52 > niPas ()P (1 + —”) : (4.17)
5 s
(D) _ 21 (2x)4-1dimp
o vol §4-1

tensor representation of SO(d), and d = D — 1. Meanwhile #; is a Gegenbauer

Here, n , where in our case p is the spin-J traceless symmetric

polynomial,

Py(x) =F (-], J+d -2, &1 1), (4.18)

After the partial wave decomposition, the high energy part of the the dispersion

relation (4.15) becomes

1+ 2
<2s+u5DJ( +s)>’ 4.19)

SHU (s(s+u))?

where (---) is a heavy average, defined as a sum with positive coefficients over

heavy states with mass m and spin J,

1 * dm?
()= ;an’” /W P Imay(s) (- . (4.20)

7 m
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Unitarity implies that the spectral density Imaj;(s) should be positive (or more
generally a positive semidefinite matrix). Therefore, by applying a functional that
has positive action on all partial wave contributions (4.19), one can derive inequal-
ities for Wilson coeflicients of the low energy EFT. Without gravity, the functional
can simply include taking the forward limit # — 0. For amplitudes with graviton

exchange, one can integrate (4.19) over u against some kernel (see [108, 109, 110]).

The flat space limit

Consider a large-N CFT whose single-trace spectrum consists of a scalar operator
¢, the stress tensor 7#”, and operators with twists 7 = A — J greater than Agyp > 1.
By the HPPS conjecture, this theory is expected to be dual to an EFT in AdS with
the effective action (4.1). The s-channel conformal block decomposition of (¢pp@¢)

is given by

2 2 2
(9009) = G\ + [7Gu + ) Fiopgr, , Gloat, ¥ 2 FasGiay “.21)
n,J 7>Agap
where fp is the OPE coeflicient, and [¢¢] are double-trace operators built from
¢. Consider now a dispersive functional w whose action on the four-point function

vanishes. Applying it to the conformal block decomposition gives us

- wllight = Z fAz,]w[GSAJ], (422)
7>Agap
where
Wlign = @[GY] + ffolGrn] + Z Fi601,,91G a1, ) (4.23)
n,J

One can argue that w|jign is determined by the Wilson coeflicients of the low-energy
EFT in AdS. Therefore, if we can find a functional w such that

W[GL,120, 7> Agp, (4.24)
then positivity of f7 , implies that
- wlhght > O, (425)

which becomes an inequality on EFT Wilson coeflicients.

To study the action of w on heavy blocks, it is useful to consider two special limits.
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* The “bulk point”/“flat space” limit is the regime of large A with J/A < 1.
As explained in [13], this corresponds to an AdS scattering process where the

energy m and impact parameter 5 are given by
2J
m?>~A>, B~ T <L (4.26)

The term “flat space” comes from the fact that the impact parameter S is much

smaller than the AdS radius (which is 1 in our conventions).

* The Regge limit is the regime of large A, J with fixed ratio A/J. This corre-
sponds to an AdS scattering process with impact parameter comparable to the
AdS radius.

A necessary condition for a functional w to be positive is that it should be positive
in the flat space regime. In this regime, one can relate the action of w on conformal

blocks to the action of simple flat-space dispersion relations. For example,

\Pk,V;fk [A’ J] =

2.2 P(l-2 2
om? =y Puld =) (1+0(J—)), (4.27)

m? =v2 (m2(m2 - y2))3 m?

where P; is a Gegenbauer polynomial given by (4.18). On the left-hand side w|[A, J]

denotes the action of w on a conformal block, rescaled by some positive factors:

(AJ] = — ©l0%,] (4.28)
w[AJ] = , .
qa.J 2 sinz(ﬂA_J;M"’)
where
1 2m; T(A-1)(2A-d)
nr= ﬂp%? m2d-4 T(A-d+2) ’
2d+1 ﬂﬂ
ny= (4 Dga (2 +d - 2), (4.29)

(5

pYTT is the OPE coefficient of the Mean Field Theory, whose expression can be

found in [131].

The functional Wy ,.r, denotes a subtracted version of ¥ ,, where we insert an
additional factor f; into the integrand. As discussed below (4.4) this factor is
needed to modify the behavior near the endpoints of the integral. For example, for
k = 2, an appropriate subtraction factor is given by

’

vi—u

fr=a(' V') = , (4.30)

u’v’



167

where u’, v’ are conformally-invariant cross-ratios,

2 .2 2.2
,_ M12%3 ,_ M14%03

u = , = —= 4.31)
x2.x2 x2.x2
13724 13724

We give subtraction factors for general k in section 4.3.4.

The right hand side of (4.27) is exactly the contribution of a state with mass m and
spin J to the flat space scalar sum rule (4.19) after identifying s = m?,u = —v2.
This guarantees that the flat space functionals with positive action on (4.19) can be
uplifted to AdS and will give us a CFT functional with positive action on all blocks

in the bulk-point limit (A > 1).

As explained in [13], to obtain bounds on the bulk EFT Wilson coefficients, one must
also ensure that the functional w is positive outside the bulk point limit, in particular
in the Regge regime (and other regimes if necessary). We leave an exploration of
the Regge regime for four-point functions of spinning operators to future work. The
goal in this work is to derive the bulk-point limit result (4.27) and its generalization

to spinning operators from a saddle analysis of the spacetime integral.

Before we proceed, let us comment on a subtlety regarding (4.27). In [13], (4.27)
was derived (for a slightly different functional Cy, which is equivalent to ¥y, at
large v) for all v € [0, m). However, the derivation in this work will be in the limit
where both v and m are large (with fixed ratio). (Therefore, sometimes we will also
refer to the bulk-point limit as the v, m > 1 limit.) In [13] it was shown that in the
scalar case, the regimes of finite v and large-v are continuously connected at large
m. In other words, we can safely compute at large v, and then later consider all

v € [0, m). We expect the same to be true in the spinning case as well.

4.3 Heavy action from a spacetime saddle-point analysis

In this section, we define our functional in position space, and study its action on
a conformal block G, ; with large scaling dimension A. We will show that in the
bulk point limit v, A > 1, the integral completely localizes to a saddle point, and
the heavy action can be obtained by evaluating conformally-invariant structures at
the saddle. This allows us to derive a simple formula for the functional in the bulk
point limit. We will first use this formula to reproduce the results summarized in

section 4.2, and then write down the generalized functional for spinning operators.
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4.3.1 Functionals as spacetime integrals
As explained in section 4.2, our starting point for the position space functional is

the fact that the commutator of light-transformed operators vanishes,
(Q[O4(x4) [L[O3](x0, z3), L[O1] (x0, 21)] O2(x2)[€2) = 0. (4.32)

To make sure the light transform integrals L[O;|L[O3] converge, we also need the
condition J; + J3 — 1 > Jy, where Jj is the Regge intercept [34]. For the moment,
let us assume this condition is satisfied, and we will come back to this issue later in

section 4.3.4 and 4.3.5 by introducing subtraction factors.

We can integrate (4.32) against appropriate conformally-invariant structures to get
different sum rules. We first consider the functional for scalar four-point functions.
As we will see shortly, once we have derived this formula, the generalization to
spinning operators will be obvious. For simplicity, we assume the external operators
all have scaling dimension Ay, but we will not impose that they are identical until

section 4.3.4. Our functional is defined as

dd dd dd Dd—2
W, (6] = Acy / 120 MG X0D 20 (614, (x)LIO] (x0. 20)2(x2)[0) !

&Yy vol(S0(d,2))

/ D271 D2 23(Ps, (21) Psy (23)Ps (20)) (R pa (k) [LI 3] (x0, 23), LIb1] (0, 21) 12 (x2) ),
(4.33)

where the coeflicient Ay , is given by
2
Apy = 7 =8+40y 1 =2-4 v 2+d-2k=4Ay (%) F(A¢)2F (A¢ _ %) ‘ (4.34)

The coeflicient is chosen such that the heavy action of ¥, agrees with the flat
space sum rule. We have also applied 7; to the integrand for later convenience. The
causality relations between the points are shown in figure 4.2a. In (4.33), 2 > 4
indicates that x, is in the future lightcone of 4, and 0 ~ 2,4 indicates that x is
spacelike separated from x; and x4.

Let us be explicit about the quantum numbers and structures in the definition (4.33).
The operator O in the first line has scaling dimension A = % +iv, and its spin is fixed
by symmetry tobe J = —1[12, 15]. The structure (0|¢4(x3)L[O](x0, z0) $2(x2) |0y~!

is a dual structure of a light transformed three-point function with respect to a
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Lorentzian three-point pairing,

((©:0.0). ©]0}0%)
=/ dx,d%>dx D27
~J25L vol(S0(d,2))

(01(x1)02(x2)O(x, 2))(O] (x1) 0] (x2) 057 (x, 2)).

(4.35)
The dual structure is defined by
(€164 (DLION (x0, 20)82(x2)10)™, (Vlha(¥LIO] (30, 20)¢2(32)[0)) =
(4.36)
The explicit expression is [11]¢
(01¢4(x§)L[Oa 1] (x0, 20) $2(x2)[0) "
~ 224221 (84)2 vol(SO(d - 2)) (220 - X403y — 220 * X20x5,) ¢!
2nil(A+J =2 Ay +Ag+A—J -2d+2 Ay +A+T —A, Ag+A+T Ry
il ( ) (_x§4) 2ttt (x(%2) 2ty (XSZ 4t )
(4.37)

In the second line of (4.33), (P, (zl)ﬁ;}(m)ﬂs(zo)) is a three-point structure
of a fictitious (d — 2)-dimensional Euclidean CFT on the celestial sphere, whose
conformal symmetry is the Lorentz symmetry SO(d — 1, 1) of the original CFT. The
polarizations z; should be viewed as embedding space coordinates of this CFT;_,,
and Ps(z) is a primary with scaling dimension § on the celestial sphere. In order
for the integral (4.33) to be conformally-invariant, we must have ¢ = d22 +iv. We
also use the notation ﬁ;i = Py-2-5,, and 6; = A; — 1, while '5'1 =d-2-296;1s
the shadow dimension with respect to the (d — 2)-dimensional fictitious CFT. The

celestial three-point structure is given by

1

(Ps,(21)Ps, (23)P5(20)) =

6+63 5

(—2z1 - Zo) ( 273 Zo) ( —2z1-23)" 2
(4.38)

Originally, the superconvergence sum rule (4.32) is parametrized by the positions
and polarizations of the operators, subject to conformal invariance. By integrat-

ing it against the dual structure and celestial structure described above, we have

®Here, we choose the structures to be an analytic continuation from odd J, so the (—1)” factor
in [11] becomes —1.
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(a) Original configuration (b) Configuration after applying 7’s

Figure 4.2: Causality configuration of the functional. The left figure shows the
configuration in the original definition (4.33). Points 1,3 both start from O and
are integrated along two different null directions. The right figures shows the
configuration after applying 7,”!, 7,7!, 74, which becomes 4 >3 >0 > 1 > 2.

transformed the statement of superconvergence into v-space, which parametrizes
the quantum numbers of the structures. In fact, one can also show that the condition
Y »[G] = 01is equivalent to [15]

C (d+iv,J=-1)=0, Jy<-1, (4.39)

where C~(A,J) is the coefficient function computed by the Lorentzian inversion
formula [9, 10], and encodes the analytic continuation of the CFT data from odd

spin.
To further simplify the functional, let us focus on one term in the commutator
[L[¢#3], L[¢1]] and consider

Wi =¥, - (1 3),

ddX2ddX4dd)C()Dd_2Z0 -1
gt =Ar, — 0 HL[O , 0
£ 1G] = A /%4 e O ELIO] o, ) 0)

/ D722 D72 23(Ps, (21) Py (23) Ps (20) ) (R [#a (D), LI #3] (x0, 23) 1 [L[ 1] (x0, 21), $2 (x2)]1)
(4.40)

Note that since light-transformed operators annihilate the vacuum, we can rewrite

the four-point function as a double commutator. Moreover, in (4.40), we can rewrite
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the integral over the two light transform directions zj, z3 as an integral over the
positions of ¢, ¢3 with additional delta function constraints [77]. Explicitly, this

gives

(0144 (x;)L[O] (x0, 20) $2(x2)|0) "

+ ddxlddXQddX3ddX4ddeDd_2Zo
lI,k’y [g] = 4Ak,V 254 =
0=2.4 vol(S0(d,2))

(P, (x10) Psy (x30) P (20) )8 (x70) 8 (x20)0 (x10)0 (x30) QI [P (x]), B3 (x3)1 [1 (x1), $2(x2)]1Q),
(4.41)

where the theta-functions 6(x19)6(x30) indicate that x¢ and x3y must be timelike and
future-pointing. Finally, let us make a change of variables x; — x7,x2 — x3,x4 —
x4 . This makes the causality configuration equivalentto 4 >3 > 0 > 1 > 2 (see

figure 4.2b), and we arrive at the expression

dd dd dd dd dd Dd—2
W [G] = 4Ar, / e
’ 4>3>0>1>2 vol(SO(d, 2))

(Ps, (x1+0) Ps, (130) P (20) )8 (x2+) 8 (x35) 0 (x1+0) 0 (x30) (R [ B4 (x4), B3 (x3) 1 [B1 (x7), 2 (x5)]1€2).
(4.42)

(0l ¢4 (x4)L[O] (x0, 20)$2(x3)|0) !

4.3.2 Action on conformal blocks

Let us now apply the functional ‘PZ’V to an s-channel conformal block GSA, ; and study
the action in the large A limit. In position space, the most useful expression for the
block is the Lorentzian shadow representation [2], given by integrating a fifth point

x5 over a causal diamond 4 > 5 > 3:
1
Bag

The external points should satisfy the causality constraint 1 > 2,4 > 3 with all

s _
GA,J -

/4 . 3d"xs|<¢1¢20“"““’(xs>>lI<5ZI~~M,(xs)¢3¢4>|. (4.43)

other pairs of points spacelike-separated. On the right-hand side, the operator O
has quantum numbers (A, J), and the quantum numbers of O are related to those

of O by a shadow transform and Hermitian conjugate:”
O:(Ap) (d=A,p"),

0" : (A, p) = (A p" = (p™)). (4.44)

In (4.43), we contract the indices of the exchanged operator Os. This is more natural

for our purpose because the spin of the inserted block corresponds to spin of the

"In the case where p is a traceless symmetric tensor representation with spin J, we have
pR=p=(p")".



172

exchanged massive particle in flat space, and hence we are only interested in the
integer-spin case.® Moreover, later we will find a correspondence between blocks
and flat space partial waves, which also come from contracting the indices of spin-J

tensors. The shadow coefficient ,BA’ 7 1n (4.43) in the scalar case is given by

( 1)J2] 1 F(A+2 d)F(J+A)2F(A+2 d— J)Z
FA+EDrJ+AT(A+2-d - 1)

Bag = (4.45)

For the three-point structures in (4.43), the notation (. . .)| means that all the x;;’s in
the denominator should come with absolute values (see appendix C.1 for definitions).
In our case, the correct interpretation of the absolute-valued structures is in terms

of a double commutator,

(Q[[@a(xa), ¢3(x3)][¢1(x1), P2(x2)] 1)

—2(2sin? (2l 20ey)

- By /4>5>3d x5(1020" 1 (x5s)) (O] .1, (x5) b3,

(4.46)

where the left hand side denotes the contribution from the GSA 7 block to the dou-

. .. A-J-2A .
ble commutator. Each commutator gives 2i 51n(7r—¢) from the difference of
2A
two phase factors, so we have an additional —2(2 51n2(7r—¢)) factor, which is

accounted for on the right-hand side.

In our calculation, we will use absolute-valued structures as convenient notation in
intermediate steps, and replace them with commutators at the end as appropriate.
For example, for the structure |{¢(x1)$2(x2)O(x5))|, which has causality relation

~ (1 > 2), we have the following identity:

(010 (xs5) [$1(x1), 32(x2)110) = 2i sin(x 25222 (41 (x1) 2 (62) O(xs))|, 5~ (1 > 2),
4.47)

where the left-hand side is a commutator of the standard Wightman structure. For the
other structure |(5T (x5)¢3¢4)| this identity is not well-defined due to the additional

phase factors from x2 . However, in the final formula for the heavy action, we

450X
will be able to apply the above identity to both structures, enabling us to remove

absolute values and write the final formula in terms of standard Wightman structures.

We can now plug the Lorentzian shadow representation into our functional. In the

functional (4.42), the external points of the four-point function are 1%, 2%, 3,4 with

8This is in contrast to the continuous-spin version of the Lorentzian shadow representation given
in [11] that involves integrating over the polarization vector of the exchanged operator.
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Figure 4.3: Our gauge fixing condition is x3 = —x; = y,Xx4 = —Xp = _sz,xs = e.

The causality constraintis4 >5>3>0> 1> 2.

the condition 4 > 3 > 0 > 1 > 2, so the causality configuration agrees with the
Lorentzian shadow representation (4.43). See also figure 4.2b. Therefore, using

(4.43), the action of ‘I’; , on a conformal block can be written

A-J-2A,

‘P]-:V[GSAJ] :_8(2 Sinz(ﬂ 5 ) Ak / ddX1ddXQddX3di)f4dd)C5ddXQDd_ZZO
: ’ Bag 4>553>0>1>2 vol(SO(d, 2))
x (0|4 L[O] (x0, 20) $2+|0) (P, (x1+0) Pis5 (x30) P (20))

X 0(x720)8(x30)0(x1+0)0(x30) [P 1+ o+ O H7 (x5)>||<521~~u1 (x5)p34)|.
(4.48)

For brevity, we have used the short-hand notation ¢; = ¢;(x;), ¢;+ = ¢;(x]).

Now we use conformal symmetry to gauge fix the integral. We will choose the
gauge fixing in [13] and fix x| + x3 to the origin, xp+ + x4- to spatial infinity, and x5

to the unit time vector e. More precisely, we choose (see figure 4.3)
X3=—X1 =Yy, X4=—-X2=—=, Xxs5=e, Xx,y>0. (4.49)

For this gauge fixing, the stabilizer group is SO(d — 1), and the Faddeev-Popov

determinant is [13]

29(1+2x -y +x2y2) (1 — 2x - y + x2y?) (1 — x2y?)472, (4.50)
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After the gauge fixing, we obtain
w61 1=5C sin?(r2L200)) 4, / d4xddyddx, D42z,
AT Bag vol(SO(d — 1) (—x2)2

x29(1+2x -y +x°y2) (1 = 2x - y + x2y?) (1 = x2y?)472

% (01¢4L[O] (x0. 20)¢2+10) ™" (P, (x1+0) P, (x30) P (20))

X (320 (30)0x1:0)8(xs0) (91-02: 0 (DIIO, .., (35)030)] |

(4.51)

auge—fixed ’

where the last two lines should be evaluated in the gauge-fixed configuration (4.49).

The integral over zp can also be fixed using SO(d — 1) invariance. After inte-
grating over x, y, xo, the remaining vectors in the integrand of (4.51) are zp and e.

Homogeneity of zp then implies the zp-integral must be of the form

PTI(E)

W. (4.52)

/Dd—ZZO (_220 . 6)2_d —

Thus, we can eliminate the zo-integral by setting zo to be a fixed null vector z;, and
then introduce a factor

d=2
()
2zt e)d P ———~ 2 ° 4.53
Let us introduce lightcone coordinate x = (u,v,X,), where X2 = —uv + )?f_, and
choose zé‘) = (1,0, 6). Then (4.51) becomes
v g 150 sin2(r2 220 4, L 1 TT(52) £ ddxddydixg
Gl = Ba.; vol(SO(d — 1)) I'(d-2) (—x2)2d

X241+ 2x -y +x2y*) (1 = 2x - y + x2y?) (1 = x*y?)4=2

x (0|4 L[O] (x0, 25)) $2+)10) (P, (x1+0) P55 (x30) P5 (25))

X §(XT40)0(x30)0(x1+0) 0 (x30) [ (P 1+ P+ OF1 1 (X5)>||<5;1...y, (x5)$304)|
(4.54)

gauge—fixed '

4.3.3 Saddle point analysis
We now study the action ¥} [G7 ] in the bulk-point limit, where we take both v
and A to be large (and A ~ m). To study the large v, large A limit of (4.54), we

will consider the factors that depend exponentially on v and A and look for a saddle
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Figure 4.4: The two delta functions 6 (x%o)é (x%o) force xo to be on an §472 (the blue
curves). The directions of the variables #(, xo defined in (4.59) are also indicated.

point. The important factors in (4.54) are given by

( (220 - X40x3 — 220 - X20x59)* (2X10 - X30) )7((—36%5)(—3@215)(—96%2))7

(—x24)(—x40)(—x20)(210 - x10) (—220 - X30) (_x%5)(_x§5)(_x§4) .
gauge—fixed,zo=z;

— efv,m(X,yJCO), (4'55)

where the function f, ,, (x, y, x9) is given by

2

4(zy-x(1+x x(z)) 2z - Xox“x - x0)%(=y?)

fvm(x anO) 2 g((

—x2) (1 = 2x - x0 +x2x3) (1 + 2x - x0 + x2x3) (25, - (y — x0)) (25, - (¥ +x0))

((e —x)*(e - y)z)

+ m lo
Bl ler02(e+y)

2

(4.56)

The integral we have to consider in the bulk-point limit then takes the form
/ d’xd*yd x5 ((y +x0)*)3((y = x0)*)0(y = x0)0(y + x0)e" g (x, y, xp),
(4.57)

where g(x, y,xo) are all the factors that do not depend exponentially on v and m in
the integrand of (4.54).

To find the location of the saddle, it is convenient to consider lightcone coordinates
X = (MX7VX7-¥J_), y= (”y,vy’yJ_), X0 = (uav’yo)' (458)
Let us also define

A (L o=~

2

uy vy

L{u v )70-)_&)’ — 1(u v) 4.59)

In our functional, there are two delta functions ¢ (xf+0)6 (x%o) in the integrand due

to the light transforms. These delta functions restrict x to lie on the intersection of
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the past lightcone of x3 and the future lightcone of x;. So, the xp-integral is forced
to be on an S92, as shown by figure 4.4. In terms of the variables defined above,

the delta functions will localize 7o and |¥| to be

2= uyvy (uyvy(1 _35(2)) - ﬁ

10=0, [Yo —
y UyVy — (no - )’J.)z

, (4.60)

where 7ip = Yo/|yo| is the unit vector in the y( direction. The remaining integral over
¥ o\l - _

§d=2 *L)2] and 7ip € $973.
yry

=2 1
. —~ y ks
then becomes an integral over xp € [—(1 — m) 2,(1-+

After going to lightcone coordinates and removing the delta functions, (4.57) be-

comes
(yvy) T

, - e ol . 2-d 9\ o d=d
RUEALSL. 3y2 / dxoduydvyduydvy,dQs,d* 2%, d25  (uyvy — (g - y1)H) 7 (uyvy(1-%3) = 52) 2
X efv,m(xvyvx())g(x’ y7~x0)' (4.61)

The large v and large m limit localizes all the variables in the integral, except for 7.

In fact, the f, ,, function leads to sixteen different saddles at

xo = (0,0,%9), x= (_l-mi‘/mz—vz, l-mi\/;:/ﬂ—vz’ 6)’ y= (l-mi\/i‘?/ﬂ—vz, —imiVTz_Vz, 6)

v ’

(4.62)

where |¥o|?> = —y?. Each saddle corresponds to a locus $¢~3 parametrized by 7.
To find the correct saddle approximation for the integral (4.61), we need to deform
the integration contour into steepest descendant flows and see which saddle locus
the contour goes through (see [132] for a pedagogical introduction). The analysis is
essentially identical to [13], which also studies saddle point of x, y in the bulk-point
limit. The result is that the dominant saddle depends on the relative size of v and m.
The case we will be particularly interested in is the region related to the flat space
functional, where one considers v € [0, Agap] and m > Agyp. In this case (v < m),

the saddle locus that dominates the integral is given by

xo = (0,0,%9), x= (—im-‘/mz‘vz,i’"“/mz‘vz,6), y= (l-m_\/zﬂ’_im-@’()) .

4 14

(4.63)
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Expanding the function f, , around the dominant saddle (4.63), we find

X0
Uy
1 N
Sfvm =—mv+ivlog?2 — > (fo Uy Vx Uy Vy X iL) M,y 50| uy [+,
Vy
Xy
Yi
(4.64)
where . .. are higher-order terms in the expansion. The Hessian M, ,, 5, has deter-
minant
Dethy 5, = _l-v6d+1(m2 —v))2(m - V2 — V2)—4d. 65

16m*

Therefore, the large v, large m limit of the integral (4.57) can be written as

lim | dxd?yd®xo6((y +x0)?)6((y — x0)2)0(y — x0)0(y + xg) e/ g (x, y, x0)

v,m>1
v<m
4_d 2 2 d—4 2d+]
v (m - m) (27) i
] 32 DetM, 5, 2 / <, 8(x, ¥, %0) lsaaae » (4-66)

where saddle stands for the configuration (4.63). Furthermore, the function g (x, y, xo)
evaluated at the saddle does not include any (d — 2)-dimensional vectors other than
iio, and hence the remaining integral over the S92 locus must be trivial. The final
expression of the integral is then given by

lim [ d%xd’yd“xo5((y +x0)*)6((y = x0))O(y = x0)0(y +x0) e/ g (x, y, x0)

v,m>1
y<m

_ei%(zﬂ)d+%m2v—4d+%(m —Vm2 - V2)3d—4

8(m? —v2)

vol(§973) efrm®yx0)g(x v xg) ,
saddle

(4.67)

where we have plugged in the Hessian determinant and used the fact that ¢="”2"”

comes from evaluating e/v»*¥*0) at the saddle.

Now, we can compare (4.67) and the functional (4.54) and find the expression for
‘PZ’V [GSA, ;] in the bulk-point limit. From the above saddle analysis, we see that the
integral in the bulk-point limit can be obtained by simply evaluating the integrand at
the saddle and multiplying by the additional factors coming from the Jacobian and
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Hessian. This implies that in the bulk-point limit, the calculation of the heavy action
of our functional can be simplified to evaluating conformally-invariant structures in
the saddle configuration (4.63), which leads to

+
lim lIlk,v [GSA,J]
. 2, A-J-2A
vm>1_2(2sin(x —2))
| 2§+3dﬂ3dT‘lei§md+zv%—4d(m2 _ Vz)%(m —Vm2 = y2)d—4
= Af,y

BaT (%) vol(SO(d - 2))
x (0|4 L[O] (x0, 25)) $2+|0) ™ (P, (x1+0) Pis; (x30) P (25)))

X {1+ 6208 (45 DI ., (15) 0300 | (4.68)

addle

The saddle calculation done above involves computing the determinant of a (2d +
1) X (2d + 1) Hessian matrix. An alternative derivation of the above formula that
can avoid this technically involved calculation is by first studying the large v limit of
the functional, and then use the result of the large m saddle analysis that was already

done in [13]. We describe this calculation in appendix C.2.

The shadow coefficient

Finally, the remaining task is to study the shadow coefficient 55 s in the large A
limit. For the scalar case, its explicit expression is known and given by (4.45).
For the spinning case, the shadow transform will involve mixing of different tensor
structures and therefore the shadow coefficients become a matrix. In principle it
can be computed using e.g., weight-shifting operators [39]. However, as we discuss
below, it turns out that the shadow transform at large A also gets localized to a saddle.
Hence, the shadow transform at large A becomes algebraic and the coefficients can

again be computed by evaluating structures at the saddle configuration.

Let us demonstrate this idea by studying the shadow transform in the scalar case. We
will derive a formula for B, s that reproduces the known answer (4.45). However,
the advantage of this formula is that its generalization to the spinning case is almost

trivial.

Considering the OPE limit of (4.43), we see that the shadow coefficient 8 ; should
satisfy
1 d '}' ~.}.
Bns /4>5>3 A0}y, () O (15)) Oy, (45)9303)]

= (O] ..., (x6)$34)|. (4.69)
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Let us choose the external points x3, x4, x¢ to be

x
X3 = Ylsaddles X¥4= —— , x6=(-e)", (4.70)
—X~ lsaddle

where x, y are evaluated at the saddle configuration (4.63). With this choice of
external points, we find that at large A, the integrand in (4.69) has a saddle point at
exactly xs = e, which agrees with the saddle configuration of the original integral
of the functional ‘I‘Z’V. After computing the determinant factor coming from the

Gaussian integral, we obtain that in the large A limit, (4.69) becomes

29nINTT

il>r>nl TJ <OV1"'VJ (x6)0#lmﬂj (x5)>|<0121'"ﬂ1 (XS)¢3¢4>|L;§?(—H:)+
= O}, v, (x6) 8301 sagc - @.71)
Xo=(—¢€

To recap, we see that at large A, the shadow transform gets localized to a saddle
point. Furthermore, with a good choice of external points x¢ = (—e)*, we can
make the saddle point location agree with the saddle configuration for the functional
(4.63). We have also checked that (4.71) is consistent with the known scalar result
(4.45).

To simplify the formula of the functional in the bulk-point limit given by (4.68),
we need the combination /ﬁl(qﬁquy()“l"'“f (x5)>||<5;1..m (x5)@3¢4)|, which is
different from the structure appearing in (4.71). To get the correct structure, let
us first note that the two-point structure at the saddle (O™ ((—e)*)O*1 " (e))
can be viewed as an invertible matrix for the spin-J representation of the Lorentz

group.® Therefore, we can define an inverse “r-tensor” that satisfies
Fagiprpy U (OZI__W((—e)+)0”1”'”f(e)) = 5{p1{”1 e 6pj}“f} — traces. (4.72)

Here, {u; - - - s} means we symmetrize the indices, and “—traces” means we sub-
tract terms proportional to 6##/ and 6,,,; to make the result traceless. Concretely,

in this case r j is given by a reflection in the time direction,

FAJiprepy VT = (-1)727/+2A (5{p1{vl + 2e{ple{vl) e (npj}”} + 2epj}e”}) — traces.

(4.73)

“More generally, if O has representation p, it should be a map from p* to p' = (p*)K.
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By contracting both sides of (4.71) with [{(¢1+¢2+OP' P/ (x5))|rag.pyp, ", We

obtain

o ~
lim E |<¢1+¢2+O'u1 ﬂj(X5)>||<O;l...'uJ(x5)¢3¢4>|| saddle

A1 B, em(—e)*
g —d . d —
=277 I A [{p1ar OF M (x5))Faspuy s, KOSy, (6) B3004) | saddie -
Xe=(—¢€
4.74)

The left hand side of the above equation now agrees with the structure in the formula
(4.68). We can then plug this equation into (4.68) and find a formula without the

shadow coefficient. We write down this final formula in the next subsection.

Finally, let us discuss a natural formula for the 5 ,-tensor that will make it easier for
us to generalize to the spinning case. It also makes it clear that the tensor depends
on a choice of two-point structure convention. For a general representation p, the

corresponding r-tensor is defined as
rapa’(OL(=e))0(e)) = 8%, (4.75)

where the operator O has quantum numbers (A, p). Here, a, a’ are the indices of the
representations p, p*, and b labels the indices of the reflected representation p® and
its dual p'. On the right-hand side, 5%, is the identity matrix of the p representation

(i.e., 6% T% =T for any tensor T with representation p).

Motivated by symmetry, we can write down an ansatz for the r ,-tensor using the

two-point function of the shadow operator 0,
rapa’ = Cap(0 ()0 ((—€)*). (4.76)
Plugging this ansatz into the definition of 75 , and taking the trace, we obtain
Cap(O} ()07 () INOL((=e))0% (e)) = 6% = dim(p).  (477)

We see that the unknown coefficient Cy , in the ansatz can be expressed in terms of

the dimension of the representation and a pairing of the two-point functions.

We define a natural Euclidean two-point pairing [45],1°

(«070), 0"0)) dirady
vol(SO(1, 1)) :/ vol(SO(d + 1, 1))
1
~ 2dv0l(SO(d)) vol(SO(1, 1))

(O} (x)0" (MNOL()0" (x)),

(0} (0)0" (2)){OL(22) 0% (0)).
(4.78)

10Compared to the definition in [45], we have absorbed an infinite vol(SO(1, 1)) factor to make
the pairing finite.
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Figure 4.5: The bulk-point limit localizes the spacetime integral to a saddle locus
that we call the scattering-crystal. The entire saddle satisfies the causality constraint
4>5>3>0>1>6> 2. The two delta functions restrict x to be on an §¢-2
shown by the red circle in the figure. The saddle locus further restricts xq to an §9=3,
which is represented by the two red dots (O-sphere). Points 5 and 6 are localized at
+e. Points 1,2, 3,4 are restricted to be timelike vectors, although in practice they
have purely imaginary spatial components (see (4.81)).

Originally, in (4.77) we want to compute the pairing between Lorentzian two-point
structures. Since the two points e, (—e)* are spacelike separated, the structures can
be thought of as Euclidean two-point structures with distance y/—(2¢)2 = 2, and
we can replace the pairing with a Euclidean two-point pairing (4.78). Using the

two-point pairing, one can then show that (4.77) gives

d .
Cap = 2 dmj(’:) , (4.79)
vol(SO(d)) (<0T0>, <0T0>)
and the r-tensor can be written as
5 24di Y-
rapa? = im(e) O (DO (o)) (4.80)

vol(SO(d)) (<5T5>, <0f0>)

4.3.4 Scalar sum rules
Let us briefly summarize what we have done and write down the final formula for
the scalar functional in the bulk-point limit. We started with the commutator of

two light-transformed operators and wrote down a functional ¥y , ((4.33)) whose
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action on any physical four-point function vanishes. The functional integrates the
four-point function against a specific kernel over the external points x1234 and
internal variables xg, zo. Using the Lorentzian shadow representation of conformal
blocks, we wrote down the action of the functional on blocks, with an additional
internal point x5 from the shadow representation. We then found that in the bulk-
point limit (v,m > 1 with v < m), the integral gets completely localized to a
saddle configuration (4.63). Furthermore we removed the shadow coefficient by

introducing a final internal point x¢.

In the end, we obtain a formula for the action of the functional on a conformal
block in the bulk-point limit. The formula is given by a known coefficient and a
product of conformally-invariant structures evaluated at a configuration that fixes

ssssss

configuration is given by (see figure 4.5)

X
—x2’

cm-Nm2—v2  cm—Nm2—2 2 cm-Vm2—v2  em-Nm2—v2 2
x:(_m\/mv m\/mvo)’ y:(lm ryv,_lm I’CZV’O)

i N
(m — Vm? — v2)?
5 i

v
4

X3= X1 =Yy, X4=-X3= xs=e=(1,1,0), x¢c=-e,

9

20=(1,0,0), x0=(0,0,%), [Jo|*= (4.81)

As we will show later, evaluating the conformal structures in this configuration
reproduces the heavy action of a flat space sum rule and allows us to study the bulk
scattering process. This is a generalization of the saddle point that leads to the
spacelike scattering phenomenon in [13]. We will call the configuration (4.81) the

“scattering-crystal.”

By plugging (4.74) in (4.68) to remove the shadow coefficient, we find

+ N
lim Tk,v [GA,J]
.2, A-J-2A
! —2(2sin (1))
4 2§+2dﬂd—%eigm%+2v§—4d(mz _ Vz)dz;?(m _ m)d—4
= Ak,y

r (%) vol(SO(d = 2))

x (0|4 L[O] (x0, 20) $2+|0) (P, (x1+0) Pis5 (x30) P (20))
X |<¢1+¢2+OMM#J (x5)>|rAJ§/11'"ﬂJ VlmVJ|<0:1~~VJ (xg)¢3¢4>||scattering-crYStal - (4.82)

A nice feature of the scattering-crystal is that both structures with absolute values
satisfy the identity (4.47) in this configuration. Therefore, we can replace those

structures with commutators of standard Wightman structures, and remove the
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Figure 4.6: Our functional is a special 6 symbol (or a tetrahedron) where one of
the three-point structures is a celestial structure. The cross in the left figure stands
for the contraction of the (O7O) tensor. The flat space limit is the limit where the
two red legs have large quantum numbers. (More precisely, the two legs have large
scaling dimensions.)

-2((2 sinz(ﬂ%)) factor on the left-hand side. Moreover, by applying the
natural formula for the r-tensor given by (4.80), we arrive at the final formula for
the action of the scalar functional in the bulk-point limit: !

lim ‘P,:”V[GSAJ]

v,m>>1
y<m

2§+2dﬂd—%ei§m%+zv%—4d(mz _ Vz)% (m — V2 — y2)d=4 2ddim(p)
I (452) vol(sO(d - 2)) vol(SO(d))

X (0|4L[O] (x0, 20) $2+|0) ™ (Ps, (x1+0) P, (¥30) P (20) )

= Ak,v

 (Ollgr, g0 (x5)|0)(O}, ., (x5) 0”17 (x))(0IOY, .y, (xF) [ B4, $3110)
((5*5), <0f0>)

scattering-crystal

(4.83)

This formula can be viewed as a kind of 6 symbol, or equivalently a tetrahedron
formed by gluing conformal three-point structures (see figure 4.6). Compared to
the usual 65 symbol [133], in our case one of the three-point structures becomes a
celestial structure, which originally comes from setting one of the legs to have J =
—1. Furthermore, the bulk-point limit, which reproduces the flat space functional,
corresponds to setting two of the legs to have large quantum numbers. In this limit,

one of them has large and positive dimension A > 1 and the other one has dimension

"o keep track of (1) factors, we should clarify our convention for (0|07 (x6) [ ¢4, #3]|0). Our
convention is that it should be the analytic continuation of (C.2) with 1 — 3,2 — 4,3 — 6.
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% +iv with v > 1. For usual 65 symbols in the classical limit, where all legs have

large quantum number, they can be computed as the volume of a tetrahedron [134].
It would be interesting to see if there is a similar argument for the bulk-point limit

of our functional.

Before using this formula, we still need to address two more issues. First, note that

the original functional ¥y , in (4.33) is given by
Wiy = ‘I‘;;V - (1 & 3). (4.84)

Therefore, when we apply ¥, to a four-point function of identical operators, which
is manifestly symmetric under (1 < 3), we will get a trivial sum rule since its action
on each conformal block is simply zero. The second issue is about the convergence
in the Regge limit discussed below (4.32). For external scalars, in order for the light
transforms to converge, we need the Regge intercept to satisfy Jy < —1, while for
non-perturbative CFTs we only know that Jo < 1 [115, 9, 34].

It turns out that both issues can be resolved by introducing a “subtraction factor” to

the functional, that is, we consider a more general functional

lI}k,v,f[g] = Z’y [f(l/l/, V/)g] - (1 < 3)’ (485)

where f(u’,v’) is a meromorphic function of the conformally-invariant cross-ratios
u’,v" defined in (4.31). Note that the kernel of Wy , s is again manifestly antisym-
metric under 1 <> 3. On the other hand, points 1 and 3 are always spacelike in
the range of integration of the functional, which comes from the light transforms.
Therefore, causality/crossing guarantees that any physical correlator G should be
symmetric under 1 < 3 in the integral, and the action of the general functional
W,v,r should vanish on physical four-point functions. Additionally, by choosing
subtraction factors that are antisymmetric under 1 < 3, which swaps u’ and v/, we
can get nontrivial sum rules for identical external scalars, meaning its action on each
conformal block is nonzero. Furthermore, by restricting to subtraction factors with
nice behaviors in the Regge limit, we can make sure the integral of the functional is

convergent in the Regge limit.

For the scalar case, a nice choice of subtraction factors with the above properties
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is12

o k =2 mod 4
fkscalar(u/, V’) — (u/’v'), 4 o ,
O=P-0'—w) — ) mod 4

k+4
4(uv') 4

k=2,4,6,.... (4.87)

At the scattering-crystal locus, these subtraction factors become

2_ .2
scalar(u/ V’)| _ L 2k+2 (2m= —v7) 1 (4.88)
k ’ scattering-crystal — 2(m2 — 2 ke )
m=(m= = v=) (m2(m? — v?))?2
Note that this satisfies fkscalar(u’,v’) = - fkscalar(v’, u’). In the Regge limit, the

subtraction factor increases the effective Regge spin of the kernel by k + 1. (One
can see this from the large-m scaling of (4.88).) Therefore, the condition from

convergence in the Regge limit becomes Jy < k, which is indeed true for any k > 2.

Using the subtraction factors (4.87), we can then write down nontrivial sum rules

for identical scalars,
lPkn/’fI?C'alalr [g¢¢¢¢] = O. (489)
Its action on a single s-channel block is given by
s _ + scalar /7 ../ s
\Pk’v,f;calar [GA,J] = Z‘Pk,v [fk (l/l ,V )GA,]] . (490)

In the bulk-point limit, since the subtraction factors do not have any v and m

dependence, the formula (4.83) gets modified to

lim lPk’v’fzcalar [GZ’J]

v,m>1
v<m
. d — .
B 2%+2dﬂd—%ez%m%+zv%—4d(m2 _ vz)% (m — Vm2 — v2)d=4 2ddim(p)
= Af,y

r (%) vol(SO(d - 2)) vol(SO(d))
X (0¢4L[O] (x0, 20) 2+ |0) ™ (P, (x1+0) P, (x30) Ps (20)) [ (u', V')

 (Ol1- g2r]Om 1 (x5) (O}, (x5) 0”17 (x))(0IOY, .y, (x7) [ B4, $3110)
(<5T5>, <0*0>)

scattering-crystal

(4.91)

2The k = 2 mod 4 case follows straightforwardly from the discussion in appendix D of [13].
The other case can be motivated by taking the large-v limit of (D.12) in the same paper, and using
the identity

r_ . \3 - -
W =-u)+ v —u )) Gd_l’%ﬂ.v 8Gd_5’¥+iv, y — oo, (4.86)

d-38
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We can then evaluate the structures and and the subtraction factor at the scattering-

crystal locus to find an explicit expression. Moreover, for symmetric traceless

tensors, the pairing %ﬁg;) ((5T5), (OTO)) becomes 474 [45]. After combining
all the factors and writing the result in terms of the “heavy action” defined in (4.28),

we obtain
2
2m? —v? Py(1- %)

m? — 2 (m2(m? - V2))§ '

llm ‘Pk’ytf;calar [A, J] = (4.92)

v,m>1
v<m

As reviewed in section 4.2, this is precisely the heavy state contribution of the flat

space sum rule for scalars.

4.3.5 Spinning sum rules
We are now ready to write down the sum rules for spinning operators. The above
analysis for the bulk-point limit can be generalized straightforwardly. A spinning

functional can be defined by

a).(c dd dd dd Dd—2 -1
W61 = [, TP (010, ()LIO (. 20)02(32)[0) )
” B vol(SO(d,2))

/ D D2y P] | (2P 1 (23)Por (200)V(QI04(x]) [LO3] (x0, 23), LIO1] (x0, 21)] 02(x2) ).
(4.93)

Compared to the scalar case (4.33), the main difference is that the operators O and
Ps.a can have more complicated representations, and there are multiple allowed

dual structures and celestial structures.

Moreover, in the spinning case we do not include any coefficient in front of the
integral. In the scalar case, there is a natural choice for this coefficient A ,, which
is the factor needed to exactly reproduce the action of flat space sum rule (4.92).
However, as we will see in the next section, for spinning operators, the CFT sum
rules and flat space sum rules are related by a matrix. Since there is no natural choice
for the overall factor, we do not include a factor in our definition of the spinning

functional.

Let us introduce some notation to describe spinning operators. A spinning operator
with SO(d — 1, 1) representation p can be described by a Young diagram with
rows of length (my,my,...,m,), where n = L%J. We will also use the notation
o = (J,A), where J = m is the spin, and A = (mo, ..., m,) specifies an SO(d — 2)
representation (which we sometimes call the “transverse” representation). We also
define j = m> to be the transverse spin of the operator.
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In (4.93), the external operators have quantum numbers (A, J;, A;), and the operator
O in the first line has quantum numbers (% +iv,J1+J3 —1,2’). In the second line,
the celestial operators, which are primary operators that live on the celestial sphere,
also carry SO(d — 2) representations. ﬁ;, 2 and 5;3’ 5 have the same SO(d — 2)
representations as the transverse representations of the external operators Oy, O3,
and Ps - have the same transverse representation as O. Note that the SO(d - 1, 1)
indices of the p,, p4 representations, and the SO(d — 2) indices of Ay, A3, A" are
implicitly contracted in (4.93).

In addition to the v variable, the spinning functional also depends on a choice of
SO(d-2) representation A’. Moreover, the functional has two tensor structure labels
(a), (c). The first label (a) corresponds to the tensor structure of the spinning dual

structure, defined as

((<0|04<x1>L[0] (xo. Zo)Oz(m)lO)(“))_l {0104 (x})L[O] (x0. 20) 02 (x2) [0ty | = 6.
L
(4.94)

The allowed number of labels (a) is the number of continuous-spin structures of
(0,040), which is given by [48, 15]

))SO(H) , (4.95)

/ SO(d~-1,1)
(/l ® (Resso(d_z) P2 ® pa
where Resg denotes the restriction of a representation of G to its subgroup H,
and (.. .)H denotes the number of H-singlets. The second tensor structure label
(¢) corresponds to the structures of a celestial three-point function with SO(d — 2)

representation A, A3, . The number of those structures is [48]

)SO(d—3)

(Resso(d_z)/ll RA3 A

SO(d-3) (4.96)

Combining (4.95) and (4.96), we see that given the representations of the external

operators, the allowed choice of the transverse representation A’ is

_ _ SO(d-3)
{m' € Res3ory s P2 ® pa (Resg0 4 301 © 3 ® 1) # 0} .49
In section 4.4, we will give the set of allowed A”’s for some concrete examples.

Similar to the scalar case, commutativity of the light-transformed operators implies

‘P;an)’ﬁf) [G] =0, Ji+J3-1>J. (4.98)
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Again, this condition can be equivalently written in terms of the C7, (A, p) coefficient
function,

C(_I)JI+J3—1

o E+iv,i+J3-1,2)=0, Ji+J3-1>Jp, (4.99)

where a is the same tensor structure label of the functional (4.93), which corresponds
to the structures of the O, x O4 OPE. On the other hand, b is a subset of the structures
of the O X O3 OPE that have the same counting rule as the celestial structures (4.96)

(see [77] for more details).

The spinning heavy action

We now derive a formula for the heavy action of the spinning functional in the
bulk-point limit, similar to the scalar case (4.83). For simplicity, in what follows
we assume the external operators are symmetric traceless tensors with spin J,, and
they all have scaling dimensions A,. By rewriting the light transforms in (4.93), the

spinning functional can be written as

PO = @t (] s 3), (4.100)
and
v 1G]

6 (x7+) 8 (x30) 0 (x1+0) B (x30)

_4/ dd)qddXQddX3ddX4ddeDd_2Z0
4>3>0>1>2 VOl(SB(d,Z))

(010452 LIO (x0. 2002010 ) (P, (x100)P,, (r30)Par(20))
X (Q|[04(x4), 03(x3,x30) | [O1 (x], x1+0), O2(x3) ] |Q). (4.101)

Note that the polarizations of Oy, O3 are fixed to be x39, x1+¢ (Which are null vectors

due to the delta functions in the integrand). This is because of the light transforms
L[O3]L[O;] in (4.93).

To study the action of ‘PZ’(Q{,(C) on a conformal block, we again use the Lorentzian
shadow representation of the block and consider the bulk-point limit, in which
A ~mandv,m > 1,v < m. To perform the saddle point analysis, we separate the
integrand into a quickly-varying part and slowly-varying part. Crucially, in the bulk-
point limit, the quickly-varying part of the integrand is the same as the scalar case!
To see why, recall that the factor in the scalar case is given by (4.55), and it comes

from powers of xl-zj, 20 - X10, 20 - X30, X10 * X30, and Vp 24 in the conformally-invariant
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structures in the integrand. For spinning structures, the powers of these factors
will only differ by integer values that depend on the representations and choice of
tensor structures, and hence they do not matter in the v, m > 1 limit. Since the
quickly-varying part in the scalar and spinning cases are identical, the saddle point
analysis for the spinning case is identical to what we did in section 4.3.3. As a result,
the formula in the scalar case immediately generalizes to the spinning case, and by

rewriting (4.83) we obtain that the formula in the spinning case is given by

+(a),(c)
v17:1r>r>11 lIIk v,/ [Ggp (a’b’ )]
v<m
~ 03+2d pd=3 oi% % +2V%—4d(m2 _ Vz)%(m _m2_,2 y2)d=4+ 2ddim(p)

I (452 ) vol(SO(d - 2)) vol(SO(d))

(<0|04(X4)L[0](X0,20)02(x§)|0>(a))_1 (P 0Py (x30)Ps 1 (20)) )%

(OI[O1 (x1+, x1+0), 02 (x2:)] O (x5)[0)(ar) (O (x5)O (x) (0|0 (x¢) [Oa (xa), O3 (x3, x30)110) 1)

(<5*5>, <0’r0>)

(4.102)

where (a’), (b’) are the three-point tensor structure labels of the block. The formula
should be evaluated at the same “scattering-crystal” as the scalar case, given by
(4.81), and we have implicitly contracted all the SO(d — 1, 1) indices of p3, p4, p
and the SO(d — 2) indices of A1, A3, A’.

Subtraction factors

To finish the discussion of spinning sum rules, let us give the subtraction factors that

should be used in the spinning case. We consider a more general functional

WG] = PO 6] - (1o ). (4.103)
As discussed in section 4.3.4, to have nontrivial sum rules for identical external

+(a),(c)
kv,

should be antisymmetric under (1 < 3). For the spinning functionals, the signature

operators, the kernel of the ¥ functional times the subtraction factor f(u’,v’)
under swapping 1 and 3 depends on the transverse representation A’. We will
focus on the case where the external operators are symmetric traceless tensors, so
the allowed A satisfying the selection rule (4.97) should be a symmetric traceless
tensor itself (as an SO(d — 2) representation). Therefore, the spinning functionals

in this case are labeled by an integer j’, which is the transverse spin. Due to the

scattering-
crystal
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celestial structure (ﬁl F?%R; ;) the functional ‘Pz(f;’,(c) has signature (—1)/" under

(1 & 3). Therefore, the nontrivial spinning sum rules are given by

YOO W v)6) =0, (4.104)

where the subtraction factors should satisfy
O u) =55’ ,V). (4.105)

We find that for external operators with spin J,, the subtraction factors with even j’

can be chosen to be

— Ve~ k=2J,+2mod 4

fo @ vy =g . k=2,4,6,..., (4.106)
LM k =2J, mod 4
4(uv)y 4

which reduces to the scalar case (4.87) when J, = 0. On the other hand, for odd ;’

we have
% k=2J,+3mod4
- ror (u'v") _
Sy, V) = W v,)z 1 _ ., k=3,57,.... (4107)
———7m k=2J.+1mod4
4(u'v') 4

When evaluating these subtraction factors at the scattering crystal (4.81), we find

b

2
+ _ _2(k20) (2m* —v?) 1 =246
fk;Je(u v ) scattering-crystal 2(171 - Vz) (mZ(mZ _ VZ)) k- 21‘3 T
frea, (V) 22V 1 k=357
; U ’ =7V s = s g [ e
kide Y scattering-crystal 2(m — y2) (mz(mz _ VZ)) k2decl
(4.108)

From the flat space point of view, the expressions for the subtraction factors at the
saddle are precisely what we need. We expect that functionals with even j’ are
related to the s < ¢ symmetric part of the flat space amplitude. Therefore, the

corresponding flat space sum rule should have a factor

(1 1 ) 1 28+ u 1

- : 4.109
(s(s+u))s  SG+u) (s(s+u)t ( )

On the other hand, functionals with odd j” should be related to the s <> ¢ antisym-

N Ss+u

metric part, and the corresponding flat space sum rule should have the factor

(l_ 1) L. _« L (4.110)
S sHu) (s(s+u)? S(S+“)(s(s+u))7
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Under the identification s = m?, u = —v?, we see that these expressions agree with

fki, 1. (u’,v") at the saddle. We make this connection more precise in section 4.4.

Finally, let us explain the allowed range of k in (4.106) and (4.107). In the Regge
limit, the subtraction factor f* changes the Regge spin by k — 2J, + 1, and f~
changes the Regge spin by k — 2J,. Therefore, for the integral of the functional to
be convergent, we must have k > Jy for even j” and k — 1 > Jy for odd j’. For
non-perturbative CFTs, we have Jy < 1. So, we should choose k > 2 for even j’
and k > 3 for odd j’. As we will show in the next section, k also agrees with the

Regge spin of the corresponding flat space sum rule.

Normally, introducing subtraction factors comes with a price that the action of
the functional becomes non-vanishing on finitely many light double-traces [56].
However, if J, is large enough, sometimes we can have subtraction factors that make
the Regge behavior of the kernel worse. For these unsubtracted sum rules, the action
on all double-traces will remain zero. On the flat space side, the EFT series of the
corresponding flat space sum rule should automatically truncate, since there is no
denominator in the integrand. As an example, for J, = 2 (which corresponds to flat
space gravitons), we have two such subtraction factors from k = 2,k = 3. Their
expressions at the saddle are given by

= —v72(2m? = v?),
scattering-crystal

= 1. 4.111)

scattering-crystal

f]:-:Z;Je:Z(u/’ V/)

f]{_:3;Je=2(u/’ V/)

These unsubtracted sum rules for gravitons will be given in section 4.4.

4.4 Flat space interpretation

We now discuss the flat space interpretation of the CFT sum rules derived in the
previous section. On the flat space side, we are mainly interested in sum rules of
photons and gravitons, which are dual to conserved operators on the CFT side. Our
goal is to relate the CFT heavy action formula (4.102) to the heavy state contribution
of the flat space sum rule. The heavy action formula consists of a block part (fourth
line of (4.102)) from the block insertion, and a kernel part (third line of (4.102))
from the kernel of the functional. We will be able to understand both of them in
flat space. Throughout the discussion, we will study the photon case in detail and
explain how to match the CFT result and the flat space result. For the graviton case,

we simply give the final relation between CFT sum rules and flat space sum rules.
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Hereafter, we use D to denote the spacetime dimension of flat space, andd = D — 1

is the spacetime dimension of the CFT.

4.4.1 Conservation at large A

The flat space limit of a dispersive functional corresponds to an AdS scattering
process where the incoming particles are boosted to high energies. Our main interest
is in massless particles like photons and gravitons, which are dual to conserved CFT
operators. In this highly boosted limit, conservation will substantially simplify
the dictionary that we find. We expect that for external massive particles, it is
most natural to use the goldstone equivalence theorem to break them into massless

excitations, and use our dictionary for each excitation.

We first note that the conservation condition for CFT three-point structures simplifies
when one of the operator dimensions A becomes large. For a three point function
(O1(x1,21)02(x2, 22)O03(x3, 23)), with O; conserved we can write its conservation

condition as
0 =0, (0" (x1)O02(x2, 22) 03(x3, 23)). (4.112)

We claim that at large A = A3 this simplifies to

W3Oty -, 020) = 0, 4.113)
where
2 T )
1 X X X0, — XX
Vg = 50f log 5F = 5SS 4.114)
’ 13 12713

To see why, we can isolate the A dependence in the three-point structure:

5 \A2
IRy _ 2
(O] 7 (x1)02(x2,22)03(x3,23)) = | 75 X (-+-), (4.115)
*13%23
where (- - - ) does not depend exponentially on A. Applying the conservation condi-
tion (4.112), the leading contribution in the large-A limit comes from the prefactor
in (4.115), which gives (4.113).

Let us check this claim in the explicit example (JJQO), where J is a spin-1 conserved
operator, and O is a symmetric traceless tensor. Before imposing conservation, the

general three-point function (JJO) in the embedding space (using the conventions
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in (C.9)) is given by

(J(X1,21)J (X2, Z2)O(X3, Z3))
_c1(=2V3) 2Hp3Hyz + coH1o(=2V3)! + c3VoHi3(=2V3) ™! + ¢4 Vi Hp3 (—2V3) 7!

+c5ViVa(=2V3)!

- A{+Ay—A+2—J  Aj=Dp+A+]  —Ap+Ag+At]

2 2 2
X12 X13 X23

(4.116)

Let us now impose the conservation condition (4.112). Starting with (JJQ), we can
see that dx, - Dz, (JJO) transforms like (¢JO). It therefore has two independent
structures; one proportional to V, and one proportional to H>3. These must inde-
pendently vanish. Furthermore, we get two more equations from imposing that J;
be conserved. If however we impose A; = d — 1 = A, as required for a conserved
spin 1 operator, we see that only 3 of these equations are independent. Imposing

them and denoting Az = A we get

4-2d—-J+AN)c1+4Jcr+2c3+2(d—1+A)cy =0,

2J+2AM)cr+ 2(d—=1)+J = A)c3+2(d— 1+ A)cs =0,
4-2d—-J+AN)c1+4Jcr+2(d—1+A)c3+2¢c4 =0,

(2J+2A)cr — (2(d—=1)+J = A)ca+2(d — 1+ A)cs =0. (4.117)

As mentioned above, of these four equations, only 3 are linearly independent. We

can then take the large A limit to get

01—26‘4:0 2C2+C4+2C5:O C3+C4:0. (4118)

One can then verify that this is the same as (4.113), which is equivalent to demanding

that in the embedding space

Vi - Dz (01(X1,Z1)02(X2, Z2)O(X, Z)) = 0.
Vo - D7,{01(X1,21)02(X3, Z2)O(X, Z)) = 0, (4.119)

where VZ.A is the usual embedding space structure V; defined in (C.4) with Z l.A stripped
off, and D% = (% -1+Z- 3zi) 82 - %ZiAé?%i is the Todorov/Thomas operator [30].

Importantly, the simplified conservation condition (4.113) is algebraic. It allows us
to describe the conserved operator using a boundary polarization vector with one
fewer degree of freedom, which will be necessary for writing a simple correspon-

dence between boundary and bulk polarizations.
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4.4.2 CFT 3-point structures and flat space 3-point amplitudes

Our goal now is to interpret the last line of (4.102) in flat space language. The
conformal three-point structures will become three-point amplitudes, and their con-
tractions will become a partial wave. Recall that the partial wave decomposition of
a spinning flat space amplitude is given by [110]

M(s.u) =573 0 (ap(5))ab Ty, an). (4.120)
ab

p

where p is an irrep of SO(d), a, b represent the three-point structures (see below),

D 24+ (a)d-1 g . . .o .
E, ) = % is a normalization factor. This is a generalization of

the scalar partial wave decomposition (4.17), where instead of the Gegenbauer

and n

polynomial $; we now have a more general partial wave 7, ().

The partial wave 7, (45 transforms in the representation p of the SO(d) group that

stabilizes P¥ = p{ + p/y. It can be obtained by gluing two vertices,

Tpap) = (Vp(n', e3,e4),va(n, e1, €2)), (4.121)

where the pairing (. .., ...) represents the contraction of SO(d) indices, and f (x) =
f(x)* is Schwarz reflection. The vertex v,(n, ey, e2) is a three-point amplitude of
two massless particles and a massive particle. The massive particle has momentum
PH and transforms in the representation p under the little group SO(d). We use a
to label different independent vertices, and we define n* and el‘.‘ as

IT—"
_ P
pr= 1P el = €' —p‘.lel—. (4.122)

Vipi-pr  © 0 e P
They satisfy n - e; = el.2 = 0,n> = 1. The other vertex can be defined in the same

way with momenta p%, p,.

Let us demonstrate how to obtain vertices v,(n, e, ep) from CFT structures by
studying the example of photon scattering. As we saw in the previous section, for a
CFT three-point function between two conserved spin one currents and an operator
with large A, conservation places a simple constraint on the allowed three point

structures. For example, when O is a traceless symmetric tensor, we have

(N1 (X1, Z1)J2(Xa, Z2)O(Xs, Zs))
_ c1(=2Vs)!"2HysHs + caHip(—2Vs)! + c3VaHys(=2Vs) ™! + c4ViHos (—2V5) ™! + csV Vo (<2V5)

X15 X25

X12

(4.123)
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At large A, conservation demands that we have no terms proportional to V; or V,.

Moreover, at the saddle configuration of (4.102) we find

—V1,25|saddle = V2,51 |saddle = V3.46lsaddle = —V4,63|saddlc = €, (4.124)

where e is the unit vector in the time direction. Therefore, if we choose the
polarization vectors z1, zo for the conserved currents to have no time component,

the conserved structures of (JJO) at large A will satisfy

_ (=2V5)'2H\5Has

(1)
<J1J20>saddle,2i=(0,2’-‘,2u) oA A M ,
i X 2 X 2 X 2 N
12 15 25 lsaddle,z;=(0,z,Zi1)
(=2Vs)'H
<J1J20>(2) _ 5) 12 (4.125)
saddle,z;=(0,z%,Zi1) 2d-A-J AR AL .
i X 2 X 2 X 2 o
12 15 °°25 lsaddle,z;=(0,z}.Z;1)

We would like to interpret these expressions in such a way that they give rise to
flat-space three-point vertices. We can describe the possible vertices using the
formalism of [135, 110]. The two massless spin-1 particles have momenta p; and
p2, as well as polarizations e and e,. We additionally have the momentum of the
third particle p3 := P = p; + p» and another Lorentz invariant quantity n o< pj — ps.
We have the freedom to normalize n, and to shift the polarizations e; by p;. As the
third particle is massive, we can go to its rest frame and parameterize its momentum
as P = (m,0,---,0). We can then use the symmetry of our saddle point to find the
flat space kinematics.

Since the vertices are tensors with SO(d) indices, we can introduce index free
notation and contract the indices with polarization vectors wi, wa, ... € C4 for each
row of the Young diagram. For example, if p is a symmetric traceless tensor, we
have a single polarization vector wi, and from these quantities we can build two
three-point amplitudes:
M
yyJ
@ = / 4.126
ij(n,el,ez) =(n-wi)' (e -e2). (4.126)

v./ (n,er,ez) = (n- wl)J_z(el -wi)(ez - wy),

These two amplitudes should correspond to (4.125) through the appropriate dictio-

nary.

Our saddle point (4.81) defines an SO(d — 1) c SO(d,2) subgroup that fixes

u

the locations of the operators Ji, J, O. The vector Ve 1o

points along the direction
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preserved by this SO(d — 1) at the location of O. In the bulk, there is a corresponding

SO(d — 1) that preserves n. Thus it is natural to impose
(z5-vs.12)” & (wi ). (4.127)

The left-hand side is the projection of the polarization of O along the SO(d — 1)-
invariant direction, while the right-hand side is the projection of the polarization of

the massive particle along the SO(d — 1)-invariant direction.

Therefore we should impose p’f - p‘zl oc (0, Vg,lz)' Evaluating this on the saddle
(4.81) we find n* = (0, —‘m;“’z, n%, 0,---,0), while we can choose the momenta of

the scattering process to be:

1 1
p1==(m,Vm? -v2,v,0,...,0), pr==(m,—Vm? —v2,-v,0,...,0),

2 2
1 1
P3 =§(m,\/m2—v2,—v,0,...,0), P4 = E(m,—\/ 2 =v4v,0,...,0).

(4.128)
Here, p1, p2 are incoming and p3, p4 are outgoing.

It now remains to parameterize the bulk polarization vectors e, e2, wi in terms of
CFT polarization vectors z1, 22, 25 to get (4.125) to agree with (4.126). Our CFT

polarizations can be expressed as
21=(0,21,Z11), 22=10(0,23,221), 5= (25,25, 251), (4.129)

where we have explicitly set the time component of z; and z; to be zero, in accordance

with (4.124). Meanwhile, we can express the bulk polarizations as

e/l = erlln/j_ + (Os ()9 O’ glJ_)’ eﬂ = egnlj_ + (O’ 0’ 0’ é)ZJ_)9 Wlil = (0’ th’ WJ;’ W}IJ_)9

1 2
(4.130)
where n/] is a vector perpendicular to n¥, given by
= (0,-%, Y =" o . 0). 4.131)

As we argued above, the SO(d — 1) singlets should match between CFT and flat

space. In particular, this imposes

Hs H>s
- e wi, _X ey wi,
X15 saddle 25 [saddle
H12 .
—_— &~ e1 e, V5 12| < —In-wi, (4132)
X »1<|saddle
12 [saddle
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which we can achieve by setting

- - - - 1 . t - -
=€), Lii=el, n=-€, =€, 5=-iwy, Zg=wj, Zs=Wii.
(4.133)

Let us emphasize that even though we use a ¢ superscript for the w/ component, it
is actually a spatial direction in the bulk, while zg is the time direction in the CFT.
This is why we need an i factor in their relation. Note also that the relation maps
the condition zl.z =0to el.2 = w% = 0. If the Young diagram of the representation
o has more than one row, then we need to introduce more polarization vectors for
both the flat space vertex and the CFT three-point structure. The map between these

polarizations is the same as the relation between zs and w in (4.133).

The polarization map (4.133) turns each CFT three-point structure building block
into an amplitude building block, and thus the CFT three-point structures naturally
become flat space vertices.

Note that in the CFT sum rule (4.102), the three-point structures appear as commu-
tators of Wightman functions. So we will use the commutator to define vertices,
and divide by the sin(...) factor from the commutator by hand. For the cases we
consider in this paper (photons and gravitons), the Young diagram of the exchanged
representation p has at most three rows. We will often write p = (J, j, j) to denote
the length of each row. For external operators O, O, with quantum numbers (A;, J;)

and exchanged representation p, we define the vertices as'3

va(n, ey, ez, w;)
A-Ay

ot (8s) T (OO x1e.21). 0o, 2210 s 25, #9110

= (—x7, —
2 .. —A—J1—Ay—
X35 2i(sin(p=toitmm2 12‘ 2Ny

saddle,(4.133)
(4.134)

where w; on the left-hand side are the flat space polarizations, and zs5, ws on the
right-hand side are the CFT polarizations. The 2i (sin(nw)) factor

comes from taking the commutator, and 7, = A —J + j + 7for p=,7, 7).14 We
A -4y

. Ap+dy [ 52 2
introduce the factor (—x%z) 2 ( ﬁ) to remove factors of v.
25

3Reference [136] presents a similar relation between flat space 3-point amplitudes and CFT
3-point structures, but with a different configuration of CFT positions and polarizations X;, Z;. We
expect that our relation is equivalent up to a choice of conformal frame.

14We find this sin(r2=2"21"%2="y gaotor by studying the commutator of (C.9). It would be
interesting to determine what 7, should be for general p.
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As an example, we can apply the polarization map (4.133) to the (JJO) CFT
three-point structures (4.125). We get

(OI[J (x1+, 21), J (x2+, 22) ] O (x5, 25) |0} (1 2)

2i (sin(ﬂ#))

(_X%Z)d—l
saddle,(4.133)

= —(=0)"2" {272 (n - w1’ (e1 - wi)(e2 - wi), (n-wi) (er - e2)} . (4.135)
As expected, the result correctly reproduces the three-point amplitudes (4.126).

The other vertex v(n’, e3, e4) can be defined using the (O3040¢) CFT three-point

structure in a similar way. The polarization map is given by

4 - - 4 - I . 1 - -
=€y, 31L=€31, =€y, 41 =€4, Zg=-IW, Zg=W], Z6=WiL.
(4.136)

We again set the time component of z3, z4 to be zero, and

eﬂ = eglln/iu + (0’ 09 09 53J_)a e’u = ez’n/ff + (09 Oa 0’ g4J_)9 W’lll = (05 Wt19 W)IC, lel)»

37 4
(4.137)
where
W= (0,2, Y= o (), (4.138)
which is perpendicular to n’# = (0, @ —%, 0,...,0) « p‘; - p’:.

The definition of the v(n’, e3, e4) is given by

Vb(_n/7 €3, é4, Wi)
A3y
’ (01O (xg+, 26, W6) [Oa(x4, 24), O3(x3, 23)110) (1)

]-ep . To—A3—J3—A4—J4
2i(sin(r———))

= (_x34 D)

2
2 (At (x36
Y46

saddle,(4.136)
(4.139)

On the right hand side, 7./ is a tensor that reflects all the indices in the time direction.
More precisely, for any tensor 7 with representation p, in the index-free notation we

have
(IT)(z, W) =T(Ie - 2, I - W), (4.140)

where I, = 6%, + 2ete, is the usual reflection in time direction.
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Note that (4.139) gives a definition for v(—n’, e3, e4) instead of v(n’, e3, e4), which
appears in the actual partial wave. This is to ensure that the two definitions (4.134)
and (4.139) are consistent. In particular, one can show that the partial waves are
always positive in the forward limit. Furthermore, the definitions for v(n, ey, €3)
and v(-n’, e3, e4) are related by CRT symmetry on the CFT side. We give more
details in appendix C.3, in which we also write down the relation between the partial
waves coming from CFT and the Young tableaux basis of [135, 110].

The appearance of 7 in (4.139) is due to the two-point structure (5? ( 6)5 ((—e)*))
in the block part of the CFT sum rule (4.102). The effect of this two-point structure
is a reflection of all the indices of O in the time direction with some overall factor.

For a representation p = (J, J, 7), we find

24dim(p) (0i(x5)0" (x)) rons i .
=27 ()R, (), 0, (4141
wI(S0(d) 1676y, (070)) (DR, (L),7 (414D

saddle

where the lower index a and upper index b are indices in the dual p* and reflected
pR representations respectively. As one can see from the left-hand side, the coef-
ficient R,, depends on our convention of the two-point structure. For the two-point

convention (C.5), we have

_G-j+DU-j+ DU -j+2)

R e
p=(J.j.J) G+ +1DH({+2)

(4.142)

This result can be obtained by using weight-shifting operators [39] to derive a

recursion relation of R,. We give an example in appendix C.3.

Using the momentum configuration and maps of polarizations discussed above, we
can now write down the precise flat space interpretation of the block part of the CFT
sum rule. Let us define

24dim(p)

Bapap) = mx

(01[01(x1+, 21), 02(x2+, 22)]0(x5)0) (0 (O (x5) O (x)) 01O (x}) [O4 (x4, 24), O3(x3, 23)110) )

(<575>, <0T0>)

(4.143)

saddle
(4.133),(4.
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From the definitions (4.134), (4.139), and (4.141), we find

Bhp,(a'b)
T,—A1=J1—-Ao—J> Tp—A3—J3—A4—Jy4

e R )

— 2—]+2A—A1 —Ay—A3 —A4m—A1 —Ay—A3—Ay V2(A1+A3) (m _

—2(2sin(x

> ) —Al +A2—A3+A4

)
ms—v Rpmp (ab)s

(4.144)

where 7, (o) is the flat space partial wave (4.121) in the CFT three-point structure
basis, and R, is given by (4.142). Note that when turning the vertex v(-n’, 3, e4)
in (4.139) into (1, e3, e4) to get the partial wave, we get a (—1)’~/*/ factor, which

exactly cancels with the same factor in (4.141).

Recall that in the scalar case, where the exchanged operators are symmetric traceless
tensors, we define a heavy action W[A, J] in (4.28) by rescaling the action of the
functional on the block by a positive factor. Relation (4.144) in fact suggests a way to
generalize this definition to more general representation p. Since the other parts of
the sum rule should not know about the exchanged quantum numbers of the inserted
block, the heavy action should remove the m- and p-dependent factors that we do
not expect to appear in the flat space answer, such as the R,, coeflicient. For external
operators with quantum numbers (A;, J;) and a general exchanged representation p,

we define the large A ~ m heavy action W[A, p] to be!s

21—2A—A1—AZ—A3—A4mA1+A2+A3+A4—2—g

‘P A, rhry =
[ p] (a’b’) Rp
S
X T,—A —JlflA[(—;JAﬂO’(a/b’)]~ —A3—J3—As4—Js\ " (4145)
2 sin(pm 22 — 2) sin (22 5——)

4.4.3 Kernels and the shock frame

We now consider the kernel part of our spinning sum rules. Itis given by evaluating
a celestial structure (5#%%; j») and a dual structure (0|O4L[0]0,|0)~! at the
scattering-crystal. In the heavy action formula, we first evaluate these structures at
the scattering crystal (4.81), and then we can use the maps of CFT and flat space
polarizations (4.133), (4.136) to get the corresponding flat space answer. We claim
that the resulting expression can be seen to correspond to a shockwave amplitude

in flat space. The shockwave amplitude is defined as the amplitude of an elastic

151 the scalar case (4.28), the factor ga,s in the heavy action definition comes from the OPE
coeflicient of Mean Field Theory. So, to find the analogous factor for more general external operators,
one can consider the corresponding OPE coefficients in the Mean Field Theory. However, we do not
do this in this paper, and the definition (4.145) is good enough for our purpose.
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scattering of a probe particle X and two shockwave gravitons g* [34],

g (p)X(p2) — & (p3)X(pa). (4.146)

In our case, we will take the probe particle X to be a graviton. The two shockwave
gravitons are dual to the two light transformed operators L[O;], L[O3] in the CFT
functional. A convenient choice of momenta for shockwave amplitudes is given by

(in all incoming convention)

pl=pss" +4\,  ph=pst -4

ph=-pss' +4q5, Pl =-pst -4, (4.147)

where s# and s* are two null directions, and the polarization of the shock gravitons
should be in the s* direction. The transverse momenta q‘f , qg are perpendicular to
the null directions, and in order to make the external momenta on-shell, we must
have q% = q% = 0. We will call the momentum configuration (4.147) the shock
frame. More explicitly, let D = d + 1 be the spacetime dimension of the bulk, in

the shock frame we have two null vectors s#, s* and D — 2 transverse unit vectors

B 17 i
Vi sVos- -V ., satisfying
s> =5 =85 Vi1 =5v;1 =0, s-5=-2, v -vj, =0j. (4.148)

In the previous subsection, we have shown that in order to match the blocks to flat
space partial waves, we should choose the flat space momentum to be (4.128). The
shock frame momenta (4.147) should also agree with these center of mass frame
momenta (4.128). By relating the two frames, we obtain that in terms of the bulk

Minkowski coordinates used in (4.128), the vectors in the shock frame can be written

as
— 2_42 ;
= (¥2=2,1,0,2,0,...,0)
m2—v?2 v
Sﬂ:( mV,_l’O,l%, ) ’0)

W =(0,0,1,0,0,...,0)

=(0,0,0,0,1,0,...,0)

u
2;L
U

v3;J_

vﬁDt_ZJ_ = (0’ O’ 07 ()7 O’ 07 LR 1)’ (4149)
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m2 —y? 4 vy V 4 WV oy V 4
Ps=Ps=—H > 4 _EV1;¢+2"2;¢’ q5 :Ev1;¢+§"2;¢' (4.150)

One motivation for relating the CFT kernel to the shock frame is that we set the
CFT polarization vectors z1, z3 to be x1+9, x39 in the CFT sum rule (4.102). Using
the map of CFT and flat space polarizations (4.133),(4.136) derived in the previous
subsection, we find that in flat space the two polarizations become (up to e; ~ e;+ap;

gauge redundancy)

m(m—Nm?-v?)_,
5
2 b

4

x1+0l@.133) ~ i

X30](4.136) ~ i

m(m—Nm?-v?)_,
5
2 b
v

4.151)

where ¥ is given by (4.149). We see that the polarizations of particles 1 and 3
should be set to the same null direction s¥, which agrees with the fact that the two
shock gravitons in the shockwave amplitude should have the same polarizations

along the direction of the shock.

We can now discuss the CFT kernel in the shock frame. Explicitly, evaluating the

celestial three-point structure at the saddle configuration gives

(P} (x1:0) P (x30)Ps.j7 (20, Wo))‘saddle

_ (_l)j’(_l-)—ézj’+5—31—g3vgl+53(m —m2 = Vz)—gl—ga(ﬁo W), (4.152)

where we have introduced a polarization wo = (0, 0, wg ) for the transverse indices
of Ps v, and g = Yo/|yo| is the unit vector in the transverse Yo direction in the

scattering crystal (4.81).

For each transverse spin j’, the celestial three-point function has a unique struc-
ture which gives (4.152) at the saddle. On the other hand, the dual structure
(0]|O4L[0]0,]|0)~! can have multiple tensor structures. Moreover, they are subject
to constraints from imposing conservation on O, and Oy4. Interestingly, the space
of allowed structures becomes easier to study when we just focus on the saddle

configuration. This fact can be seen from the identity

B V2’40V0’24|saddle,ZI=(0,zf,§il) = Hoolsaddte,zi=0.27 z10) » (4.153)

and a similar identity for V4 o and Hyo. Note that we also set the time component of

the polarizations to zero, which is due to the large-A conservation analysis in section
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4.4.2. This identity allows us to just remove all V5 49, V4 02 structures when writing
down the basis for the spinning dual structures. Additionally, it can be shown that
the basis constructed without V5 49, V402 gives the correct number of independent
tensor structures of continuous-spin three-point function of two conserved operators,
which should be given by [48, 15]

SO(d-1)

, SO(d-2)
(/l ® Resso(d_z)pz ® p4)

(4.154)

We give the argument for this statement in appendix C.4, and also explain how to

compute these spinning dual structures.

As an example, let us consider j* = 0. Focusing just on the spinning part of O;, O,

we see that the allowed structures should be
P -
Hz(z) ”H48 ”H§4, (4.155)

where n =0, 1, ..., min(J2, J4). The number of structures is min(J,, J4) + 1, which
agrees with (4.154).

We now study the four-photon example in detail, where all external operators should
be conserved spin-1 currents. The selection rule (4.97) implies that the allowed
values of transverse spin should be j* = 0, 1,2. Using the algorithm explained in
appendix C.4, we obtain that the dual structures for j* = 0 in the large v limit are
given by (for4 > 0> 27)

{((ou( X4, Z4)L[O](Xo, Z0)J (X2, Z5) |o><1>)_1 , ((OIJ(X4, Z4)L[O](Xo, Zo)J (X2, Z») |0>(2))_1}

_ A=y, _ix v :
-2 e 4\/;VOISO(CZ_2) 4-Ap-Jp  Ap+ip AFp+IF

X 7 Xyt (=Xo)

4
(—2Vo.42)'F Ha,

d-12
1
d-12

16(d -1 _
X {¥(—2V0,42)JF HaoHuo +

d-2
4

m(—2Vo,42)JF_2H20H40 +

(—2V0,42)JFH24} ..., (4.156)

where Ap = d,Jp = % +iv, and ... are subleading terms at large v. The first
structure is dual to the light-transformed structure (O|JL[O]J|0) with HyygHy (see
(C.67)), and the second structure is dual to the one with Hog4.

Then, the next step is to evaluate (4.156) at the saddle (after applying a 7> to (4.156)

to make the causality configuration agree with the saddle). This will give us an
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expression that depends on the external polarizations z;, z4 (note that zg is fixed in

(4.81)). For example, for the Hy4 structure, we have
H - -
= = _Z;ZZ +7221 240 (4.157)
X4 saddle,z;=(0,z7,Zi1)

Using (4.133) and (4.136) to map this to flat space, we find

X x , = - nn , > = M2 TH4 H2 M4
—252 + 221 - a1 — —€hel +Ery - Eay = eqpeay, (-0 7T+ 8 L (4.158)

Our goal is to rewrite this expression in the shock frame (4.149). Because of
the gauge redundancy, we can shift everything that is contracted with e; by ps.
Furthermore, thanks to the momentum configuration we choose in section 4.4.2, we
have e, - p1 = 0, so we can also shift by p;. Similarly, we can shift things that are
contracted with e4 by p3, p4. Using this, we can make a gauge choice to remove

all the s#, 5%, and we find that the Hy4 structure mapped to the shock frame can be

written as
Faa = egeay, [0/, - __ (VIrats L aplrqptay |
X24 saddle,(4.133),(4.136) Hb-4 Vz(m2 - V2)2 2 4 2 4
(4.159)
where we define
Vi = m’q + (m? = V)l
VI = (0 = A)g gl
WL = P = (=),
W = (m* = v gh* —m*q. (4.160)

The momenta q’f , q’; are given by (4.149), (4.150), and 6ﬁ2;g4_ 4 1s the metric in the

H H

(D — 4)-dimensional transverse space spanned by V3o Vp g

Similarly, the
structure with HogH40 becomes
H>oHyo 3 1
X20X40 saddle,(4.133),(4.136) - 4v2(m? - v?)
Using (4.156), (4.159), and (4.161), we can then obtain the flat space kernels for the

two j’ = 0 dual structures.

€205 €4, VIZ VI, (4.161)

For nonzero j’, we also need to contract the transverse indices carried by O in the

dual structure and Ps ;- in the celestial structure. Let us define

-1 .
K = (01 s 20LI0} 130 20) (e, )0V ) (P (easo)P, (o) Poy ol o
saddle,(4. (4.
y—00

(4.162)
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where v — oo indicates that we take the leading term at large v. The results for the

four-photon kernels are given by

4y
K
K = i, (((v;‘“vf“ + WIRWIS — v (m? = v?)28 ) — (D - 2)(v2“2(vf4) :

4y
7(‘7»(2) _K M2 4 4 M4 2, 2 202 oMMy
vi=0 = g€l (W Wi -y (m™ =)0 "p )

y.(D) _ 4y H2 A pH4
7(4. —KV 62'u264ﬂ4(W2 (V4 ,

v,j'=1
4y ) 2\2
4K ve(m= —v*)
7<47 — v 7 H HoH
v,j'=2 = _m62y2€4/_¢4 ((‘4/2 2(‘4/4_ ‘¥ Wélz;D4—4) s (4163)
where
ij _ 2—§+ive—nvm—dv—4+3d(m2 _ Vz)—z—g (m — V2 — 2 v2)2—d. 4.164)

d-2
Note that for j* = 1 there are two tensor structures (see (C.9)). However, they are
just related by 2 < 4, and as we will see later, kernels that are related by 2 < 4 will

give the same sum rule, so we just include one of the structures here.

Finally, let us comment on the symmetry properties of the kernel. On the CFT side,
the celestial three-point structure has a stabilizer group SO(d — 3), which is also
the stabilizer group of the scattering crystal (4.81). In the shock frame, this group

becomes the SO(D — 4) that fixes the shockwave amplitude momenta (4.147), and

H H
310 Vp-2

the continuous-spin dual structure we can choose a conformal frame to fix all three

the group only rotates in the v directions. On the other hand, for
points to be on the same line, and fix the continuous-spin polarization vector in a
null direction. The configuration should be fixed by an SO(d —2), and the transverse
spin j is a representation of this group. In flat space, this should correspond to an
SO(D - 3). From the expressions of the kernels (4.163), it is not clear what this
SO(D - 3) should be. It turns out that (at least in the Regge limit) the group can be

’2’, N shock frame vectors. To

understood as the rotation group that fixes the s#, s, v
see this we will first need to study how to apply the kernels (4.163) to four-photon
amplitudes and write down the full sum rules for photons. We will therefore explain

this SO(D —3) group and the meaning of transverse spin in the bulk in section 4.4.5.

4.4.4 Review: flat space sum rules for photons

After understanding how to map each part of the CFT bulk-point limit formula
(4.102) to flat space, we can now derive the dictionary between CFT and flat space
sum rules for photons and gravitons. Let us first review flat space sum rules for

photons [137, 110]. The graviton sum rules will be considered in section 4.4.6.
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The four-photon amplitude My, (p;, €;) is a function of photon momenta p; and
polarizations ¢ for i = 1,2,3,4. They should satisfy pl.2 =pi-€ = el.z = 0 and
€ ~ € + #p;. In general, the amplitude can be written as a sum of Lorentz-
invariant polynomials of p;, €; times functions of Mandelstam variables defined in
(4.16). Depending on the choice of the polynomials, sometimes the functions of
Mandelstam variables can develop spurious poles. It turns out that there exists
a “local module” such that the amplitude will not have any spurious poles [138].
Namely, an amplitude that is a polynomial can always be written as generators of

the local module times polynomials of Mandelstam variables.

To describe the generators of the local module, let us introduce some basic building
blocks,16

H;j = Ef,F}/ﬂ, H;jr = EﬁF]-V(T ,?;l
Hiju = FyF FOFL, Vijk = pruFap), (4.165)

where F! = p'€;, — €/ p;,. We also define

1 1 1
Xijkt = Hijii = ZHinkl - ZHikHjl - ZHilij,
S = VipaHp34 + Vo31Hza1 + V3 40H412 + Va13H123. (4.166)

Then, the four-photon amplitude can be written as

May (s,u) = (H14H23M§;)(s, u) + X1243Mfé)(s, u) + permutations) + SMg) (s,1),
(4.167)

where Miy , Mfy) are symmetric in their two arguments, and Mg) is symmetric

under all permutations of s, 7, u.

To write down dispersion relations for My, (s, 1), we need to study how the polar-
ization structures behave in the fixed-u Regge limit, where we take s — oo. This will
tell us how many subtractions we should have in the dispersion relations. Moreover,
for fixed-u sum rules it is useful to separately consider structures that are symmetric
and antisymmetric under s < . The polarization structures in the Regge limit scale
as [110]

0 2 2
Hi,His ~s, Hiz~s', Xi234,X1243 — X134 ~ 5,  Xjoaz + Xi304 ~ 57, S ~ 57,
(4.168)

16We are using V and H for the building blocks of both CFT tensor structures and flat space
amplitudes. We hope the meaning of the notations will be clear from the context and this will not
cause too much confusion.
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where other structures can be obtained by permutations.

The amplitude itself My, satisfies boundedness and analyticity properties due to
unitarity and causality [108, 13, 109, 111]. As shown by [111], for a suitably
smeared amplitude,

M
My (s) = /0 dp¥ (p)M (s, —p?), (4.169)

along any complex direction of s it should satisfy

IMy(5)|s—00 < § X constant. (4.170)

The Regge behaviors (4.168), (4.170) then combine to give boundedness conditions
on each coefficient function M. For example, since Xi243 — X324 ~ s in the
Regge limit, M® (s, u) — M (¢, u) cannot grow faster than s° in the Regge limit.
Performing this analysis for all the structures, we can then determine the subtractions
needed for the dispersion relation of each coefficient M. The complete list of flat

space fixed-u sum rules for photons is given by

} B ds 1
o« 4mi (—st)g

{ C+( 1,2,3,4,5)

dyku {(S - f)Mii,’z)Jr(S, u), (s —1) (3) Mii)(s, 1),

M (0. EIMD .0} k=24,

a2 _ L ds 1 { (1)- (5=1) A4(2) } _
feit = ) i S MY~ (5.0, EIMP b, k=35

4.171)

where we have used the notation MW*(s,u) = MO (s,u) + MY (¢,u). For later
convenience, we introduce an additional '7” factor for Mf‘?. This would also make
all the sum rules have the same power counting since the S structure has one more
pi - pj compared to the other structures. The parameter k is the Regge spin of the
sum rule. A sum rule with Regge spin & would be convergent if the amplitude M

satisfies M/s¥ — 0 in the Regge limit.

At low energy, the amplitude can be computed by an EFT with cutoff M. To derive
bounds from the dispersion relations, one can deform the contour in (4.171) and
separate the contributions from high energy s > M? and low energy s < M?. Our
main focus is the high energy part, where one decomposes the amplitude into SO(d)

partial waves and imposes unitarity.
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When applying the dispersion relations (4.171) to the partial wave expansion (4.120),

for each sum rule C we can write its heavy contribution as

(Clm*, pl(an)) » (4.172)

where (- - -) is a heavy average defined as
1 (o) dm® 4
(o) =~ ;np Zb /Mz —sm* P Im(ap(s)ap (). (4.173)

For example, for the Ciy(,lk) , sum rule in (4.171), we have

o 2m*+u) (1
[m2(m2 +u)]5 74P

oyt P (ab) = (m*,u), (4.174)

where we have decomposed the partial wave into different polarization structures

(1

similar to (4.167), so T, (ab)

is the H14H»3 component of the partial wave.

This dictionary we obtain below in sections 4.4.5 and 4.4.6 will be a relation
between the action of CFT sum rules on conformal blocks in the bulk-point limit
(4.102) and the action of flat space sum rules on partial waves (4.172). This will
allow us to find CFT sum rules with positive action on conformal blocks with large

A straightforwardly from the flat space result.

4.4.5 From CFT to flat space for photons

Now, we combine the discussion about the block/partial wave in section 4.4.2 and
the discussion about the kernel/shockwave amplitude in section 4.4.3 to write down
the relation between four-photon flat space sum rules and the bulk-point limit of our

CFT sum rules.

When combining the two parts, we first have to understand how to contract the indices
of the external operators. Recall that in the CFT functional, the polarizations z1, z3

are set to be z; = xy+9,23 = x30. As discussed in 4.4.3, this implies that in the
u _ m(m—VNm2-v2)
3 =1 v2

indices of the kernel and the block. Note that we have chosen the CFT polarization

bulk, we should set e‘f =e s#. For 2 and 4, we have to contract the

vectors to have no time component. In the bulk, this means that e, has no time and
n* components (see (4.130)), and similarly eﬁf has no time and n’* components. Let

us consider the following index contraction in the CFT sum rule:

(K" +Z2, - K1) 0 (G +72, - G), (4.175)
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where K*, K | are from the kernel and G*, G 1 are from the block, and the symbol ©
represents the index contraction. For spin-1, it is simply stripping off the z,’s and

contracting both sides, and we see that after the index contraction, we should get
K*G* +K 1 G 1. On the other hand, mapping (4.175) to the bulk, we have

(—elK*+22, - K.) © (=eAG" + &, - G )
:ezﬂz(—n’fo + 5*121'1?“) ) ezm(—nTGx + 6ﬁ2iél,-)
=e,, K" © e3,,G"?, (4.176)
where K#2 is —n!2K* + 6"*' K ,; up to a shift by p*?, p4* and similarly for G#*. For
example, in the j” = 2 kernel given by (4.163) we have K2 o« m?g\> — (m* —v?)q4”.
To correctly reproduce K*G* + K, - G, we should perform a polarization sum in

e, using?

PluuP2p, * PlpaP2us
P11 D2 '

€21,€2p; > NMwopy ~ 4.177)

Then, we obtain

PluuP2p> * PlpaP2us
P1-p2

K*2GP |y, — = K'G*+K, -G, (4.178)

In summary, for the flat space sum rules we should set the polarizations ey, ¢3 to be

proportional to s, and perform polarization sums for e,, e4. More precisely,

m(m—NVNm? —v2) _
5
2 Iz

el = ez =1

4
Pl P2py T Plpa P2y, D3usPaps + P3psPdpy
€211,€2p5 ™ Nuspy — p1- P2 s €4ps€dp, = Nuypy — P3 - P4 )

(4.179)

To study how the spinning CFT sum rules are mapped to flat space, we first start with

the heavy action formula (4.102). Then, we further decompose the conformal block

G o into independent four-point tensor structures. Namely, we want to consider
+(a) s 1
Tk,v,j’ [GA,p,(a’b’),IQ I, (4.180)

where Q' is a basis of CFT four-point structures. We will choose the CFT four-point

structures such that under the polarization maps (4.133),(4.136), they get mapped

17For a general polarization €, p; can be replaced with any null vector g. However, here we have
chosen the polarization to satisfy the condition e; - p1 = €2 - p2 = 0, so the correct choice here is

q=D1-
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to the generators of the local module of the four-photon amplitude. Namely, the

four-point structures satisfy

16 2
QI|saddle,(4.133),(4.136) =3 {H14H23,H13H24, HiyH34, X1243, X1234, X1324, ﬁS}

(4.181)

where the structures on the right hand side is the basis of polarization structures
of the four-photon amplitude introduced in section 4.4.4. We give the explicit

expressions of Q”’s in appendix C.5.

We can now apply the polarization map (4.133),(4.136) to the right hand side of
the heavy action formula (4.102). From the previous discussions, we know that the
kernel part should become (KEZ.), defined in (4.162) and it acts on the four-point tensor
structures Q”’s through (4.179). For the block part, by (4.143), (4.144), it should
turn into four-photon partial waves which are further decomposed in four-point

structures. In summary, we have

+(a) s
lim lIlk,v,j' [GA,p,(a'b’) ]
i =2(2sin’ (r25))

2§+2dﬂd—%ei%m%+2v%—4d(m2 _ vz)%(m _ m)d—4

) I (432) vol(s0(d - 2))

x K\ [0']
—J+2m—-4d+4, —Ad+d Ad—4p I
X QTIHANTAGRR TR, RoTty, (ariyy- (4.182)
Our remaining task is to evaluate the above expression explicitly. We perform the
polarization sum of ‘K‘Eaj) [Q'] using (4.163), (4.179), and also insert the subtraction

factors fk(,_Jl)j given by (4.106), (4.107) with J, = 1. Finally, by comparing the result

with the heavy state contribution of the four-photon flat space sum rules (4.171), we

obtain the dictionary between the four-photon CFT and flat space sum rules.

(1) +(1) 2
LA L) ;) Llm? pl
- 2) _ + | 2 a4
Alj,r>r>11 T47;k,v,j’=0;fzijg:1 1A Pl =  May C4)/;k,—v2 %Pl k=24.=...,
y<m kv C+(3) [m2 ]
T47§kﬂ’s]"=2;f}:;]e:1 [A’ ,0] 4y sk, —v? P
- (1) _ L e 2 _
y<m k,v

(4.183)



211

4y .
where A k" is
R

Aiyy — 25d—3_2-/,e”‘/ﬂ-l_dy6_3d_2kr(%), (4184)

The two matrices M, , M, are our main results. They are given by
y? Ay

~4(D-2) -2(D-4) 0

M, = -1 -2 (p-3) |,
2 —_1 0
-1 -1

M, = (2). (4.185)

The left-hand side of the dictionary is written as the heavy action defined by (4.145),
and the right hand side is the heavy state contribution given by e.g., (4.174). The
dictionary should be true for all tensor structures of the block/partial wave, so
we suppress their labels (a’), (b’) in (4.183). Moreover, since (—1)/" gives the
signature of the integrand under 1 < 3, or equivalently s < ¢, we can separately
consider the CFT sum rules with even/odd j” and the flat space sum rules that are
symmetric/antisymmetric under s <> t. On the CFT side, k is a parameter of the
functional and the subtraction factor, which controls the behavior of the integrand
in the Regge limit. On the flat space side, the same k gives the Regge spin of the

sum rule.

We also notice that the all the CFT sum rules correspond to the “lowest-subtracted”
flat space sum rules, meaning that they have the minimal number of subtractions
(for a given Regge spin) among all the sum rules in (4.171). (In other words,
their corresponding polarization structures grow the fastest in the Regge limit.)
Interestingly, upon setting e; = e3 to be along the s* direction following (4.179), we
find that the only four-photon amplitude structures that are still non-vanishing are
the ones that appear in the lowest subtracted sum rules. It would be nice to better

understand why this happens.

Transverse spin of sum rules

By construction, our CFT sum rules are labeled by a transverse spin j'. As
discussed below the dictionary (4.183), the signature (—l)f' tells us if the flat
space sum rule is symmetric or antisymmetric under s < f. However, ;' is a
representation of SO(d — 2), so it should encode more information than just a

signature. On the CFT side, the transverse spin appears in the dual structure



212

((()|O4 (x4)L[O](x0,20)O2 (x5 ))(a))_l, and j’ can be realized as a representation of
the SO(d —2) group that stabilizes the saddle configuration of x5+, x4, X0, zo. On the
flat space side, this should correspond to an SO(D — 3). What is this SO(D — 3) in
flat space? Moreover, in the dictionary (4.183), (4.185), each CFT sum rule with a
fixed j” gets mapped to a linear combination of the coefficient functions Mftly) How
can we interpret this linear combination as having a transverse spin j’ directly in flat

space?

We find that the simplest way to understand transverse spin in flat space is by
considering the fixed-u Regge limit in the shock frame (4.149). First, note that in
the Regge limit, the V, W vectors defined in (4.160) become V¥ ~ ¢4 + ¢4 =
vvg; LWHE~ gl =g = —in] ., - Therefore, the four kernels in (4.163) become

y,(1)

_ M2 M4 M2 | M4 M2 4
€241, €4p4 ((D 3)V2;¢V2;L ViVt 6L;D—4) ’

Regge
7(1%(2) xcen,,eq (v,uz e 4 gHaHa )
j’=0 Regge H2 ™S4 ;L7 1;L 1:D-4]"
7 H2 | H4
J'=1 IRegge €U CapsVy; 1 Vo
M2 | 4 T
Vs v 40
7<47 Ho 4 | R s
s ey, lau, | Vi VT — (4.186)
j’—z Regge M2 ﬂ4( I’J_ I,J_ D _ 3

From the expression of the kernels in the Regge limit, we see that the SO(D — 3) that
realizes the transverse spin in flat space should be the stabilizer group of s, s, va.,,
My M4 Hofa
and VIV Ty
In fact, we can see this more clearly by studying the four-photon amplitude in the

is the metric of the corresponding (D — 3)-dimensional space.

Regge limit. To make the action of the SO(D —3) more manifest, we can parametrize

the polarizations as

Ho_ < It H
ey = exest + exsst + exVy., +25,
Ho_ < It It

e, = e4ss! + 455" + €4rVy, | + 2y, (4.187)

where z’; , zﬁ: are (D — 3)-dimensional vectors that transform under the SO(D — 3)

group. Using transversality p; - e = 0 and the gauge redundancy e, ~ e> +#p2, we
can express ey, €5 in terms of ey, 7o and the shock frame momenta (and similarly
for e4). Therefore, we can parametrize the polarizations using ey, e44 and 27, z4.

—Vm2—-y2)_ .
We now take the four-point amplitude and sete; = e3 = i %s as required by

our functional. As mentioned above, after this step only the polarization structures

that appear in the lowest-subtracted sum rules are non-vanishing. We then take the
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Regge limit and consider the leading term. With the parametrization (4.187), we
find

Regge
MEEE =

m*v*(D - 1) (
4y

4
%M(m(& u) = ﬁM(z)Jr(s’ ”)) EzZ,,»:z

g
c 2.2
m-y _ 4
+ (2M<1> (s, u)) EY .
m V2

2
— 1 D=4 Af(2 2 A 1(3)\ m4r.(1)
~4(D-3) <_M( (su) = PEMP(s,1) + (D = 35 M )) Ey =0
—mzyz 1 2 4y,(2)

T (<40 =MD (5,u) = 2(D ~ HMP* (s,0)) E572,,

(4.188)

4 . . . .
where each EZZJ., is a tensor built from e, e4 that transforms as a spin-j’ represen-

tation under the SO(D — 3) group. They are defined as

4y _ <224 4y _

E24,j/:2 =22 VLak4 VL T D—_3 24,jr=1 = €4+22 " VIl T €2474 VI,
dy,(1) _ 4y,(2) _

E24,j/=0 =22 324 — €24+€44, E24,j/:0 = €2+€4+. (4189)

We see that by decomposing Mf;gge into different representations under SO(D —3),
the linear combinations of the coefficient functions exactly agree with the ones in

the dictionary (4.185). In other words, we can write ijgge as
MD* (s, u)
Mf;gge = (_4?15123) E;‘Z,’;'lz)o - 16’1(1;V—23) E;Z,’;'Z:)o ME;Z,]":Z) sz MP*(5,u)
MO (s,1)
N (@E;{jﬂ) My, (Mu)—(s, u)) , (4.190)

where sz, M4‘y are the matrices in the dictionary (4.185).

Another way to see why we get the same matrices that appear in the dictionary is
that under the polarization sum, the pairing between the Regge limit kernels (4.186)

and the spin-j’ tensors (4.189) form a diagonal matrix.

For the j° = O case, there are two different tensors structures. By comparing
E](.,lio, E](./Zio and the CFT structures that give the two kernels for j* = 0, we can even
write down a dictionary between the embedding space CFT structures and spin-j’

tensors:
HyoHyo < erreay, Hos & 2024 — 2444 (4.191)

A similar dictionary between CFT structures and polarization structures in a con-

formal frame is also given in [48].
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4.4.6 Sum rules for gravitons
In this section we give the dictionary between the CFT sum rules and flat space sum

rules for gravitons. We first review the flat space graviton sum rules.

The local module of the graviton amplitude has 29 generators, and 28 of them can
be constructed from taking products of the photon generators defined in section
4.4.4. The remaining generator G can be written as the Gram determinant of all dot
products between (p1, p2, p3, €1, €2, €3, e4). The general four-graviton amplitude in

generic spacetime dimension (D > 8) takes the form [138]

Mag(s,u) =GM;) (5, 1) + M (s,u)
+ (HRHLM (5,0) + HisHys HogHa M) (5, 1)
+ Hi4Hp3(X1243 — X1234 — X1324)M( )(S u) + X1243M(6)(S u)
+ X1234X1324M4(é,) (s,u) + H14H235Mig) (s,u)
+X 1243SM$) (s, u) + triplet permutations)

+H1,H34 X, 243/\/(4(3 (s, u) + sextuplet permutations. (4.192)

The functions that multiply the polarization structures G and S? are symmetric under
all permutations of s, ¢, u, and the ones with “triplet permutations’” are symmetric in

their two arguments. For the M®) function one should include all six permutations.

By repeating the analysis of the Regge limit behavior reviewed in section 4.4.4,
one can obtain the dispersion relations for the graviton amplitude. There are 19
independent fixed-u sum rules with even Regge spin k and are symmetric under
s <> t [110]. Similar to the photon case, the number of subtractions for a given
Regge spin of these sum rules can be different. In the dictionary for photons, we
see that our CFT sum rules all correspond to the lowest-subtracted flat space sum
rules. This turns out to be true for gravitons as well. For graviton sum rules with

even Regge spin, 7 of them are the lowest-subtracted. They are given by

+(1-7) ds (s—1) ) 3) —u\2 y4(10) (2,5)+
{C4g;k,u } ‘% 47Tl ( sl») {M ( ) ( 2 ) M4g (S, t)’ M4g (S, u)’
(%) Miﬁ’9)+(s, u), Mfé,“(s, u) + Mf;)(s, t)} :

(4.193)

For the remaining 12 sum rules that have higher number of subtractions, see appendix
A of [110]. We again use the notation MD*(s,u) = MO (s,u) + M (¢,u), and
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rescale some of the sum rules by (_7”) to make all of them have the same power

counting.

For graviton sum rules with odd Regge spin, there are 10 independent sum rules,
and 3 of them are the lowest-subtracted,
et =- a1 IMED (5.0, (F)ME (), k=35
4gik.u A (—st)% 4g AN 4g R[> AR
(4.194)

When performing the CFT analysis for gravitons, all the discussions in section 4.4.2
and 4.4.3 can be generalized straightforwardly. In particular, we can also obtain a
simple relation similar to (4.144) that relates the block part of the four-stress-tensor
functional to the four-graviton partial waves, which include 20 different cases in
total [135, 110]. Moreover, we can obtain the graviton kernels that are similar to
(4.163). The number of independent kernels are 3 for j/ = 0, 2 for j* = 1, 3 for
j' =2,1for j/ =3, 1 for j* = 4. Therefore, we have 7 even j’ and 3 odd j’ sum
rules in total, and they indeed agree with the number of “lowest-subtracted” flat
space graviton sum rules that are symmetric or antisymmetric under s < ¢ given in
(4.193) and (4.194).

Finally, the only remaining difference in the graviton case is that instead of (4.179),

the rules for polarization sum of e, e4 become

1
efeterel — (PaeP + P PLF) - PP i=2.4, (4.195)
where

7 H

Pyv_ uv plp‘2/+p11/p2

ey — n - s

P1- P2
H_y v M
pipl +pip

pEY =gy o324 34 (4.196)

P3 - P4
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(1
4g;k’y’j120;fl-:;16:2 [Aa p] ok _Vz [mz, p]
e A, o] TR
dgk.jr=0iff o L P P L)
(3) +(3) 2
lIl4g;k,v,j’=0;f,j;,e:2 1A, p] | 4g:k,—v2 [m=, p]
. (1 _ + | o4 2 _ _
Aim A Yy i, LA PL = % s | Ve [mz’ pIf. k=24=..,
y<m (2) kv
P kv, =21 [A.p] Ag:k,—v? [m* p]
pO A ] KO [m?pl
gk v =21, Lt P 4:_8(7]()_)/ )
Je C m ,
\P4g;k,v,j’=4;f,:j,e:2 (A, p] dgik—v? ™. p]
(1) -(1) 2
T‘E’g)k v jl:l;fk_;Je—Z [A, ,0] l 4g;k,—v2 [m . p]
: _ -1~ ®@ 2 _ _
Al,}/r>l>ll T‘(‘f)’k’y’j'zl;fkuez [A.pl )= A% M4g C4g(;§<),—vz [mz’ Pl k=3.5=...,
v<m k, -
lIj4g,k V]/=3;fk_;]e—2 [A’ p] 4 C4g k,-VZ [m 7p]
(4.197)
where the coeflicient Aigv is
Aigv — 25d+3—2j'envﬂl—dv2—3d—2kl—~(%)’ (4.198)
and the two matrices are given by
16(D - 4)(D -2) 0 16D(D+2)  8(D-4)D 0 0 4D -4)(D-2)
16 0 16D 2(D*-3D-2) -4D-2)(D-1) -2(D-4)(D-1) 2(D>-6D+7)
2 (D-3)(D-1) 2 b3 1-D -L-9HD-1) L(D*-6D+7)
+ +
My, = ~pa 0 i(gD—Blz)z ~ o1 0 0 4?1
D 0 - o) 0 0 o
-5 0 -5 -5 2 -1 b4
W 0 D+ 1§?D+3> B <D+11>%D+3> 0 0 wm%
-16(D+2) 4(D —-4) 0
M,, = -8 (D-3) 2(D-1) (4.199)
24 6 0
D+1 D+1

Finally, the transverse spin analysis done in section 4.4.5 can also be performed in

the graviton case. In this case we have transverse spin up to j* = 4. As an example,

let us consider the spin-4 tensor which is

4g
E24, j’=4

defined as

= (22~ V1;¢)2(Z4 . vu)2 — traces.

(4.200)
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When we isolate the spin-4 part of the four-graviton amplitude in the Regge limit

(and after setting e, e3 to be in the s direction), we obtain

4.4
Mt = T (AMO .0 +4MP (5,0 =2 MO (5,0)
6 7 4
FMO* (5, 1) + MD (s, z)) ES L, +....  (4201)

where . .. are other terms with j* < 4. Indeed, we see that the linear combination

of the coefficient functions agrees with the dictionary (4.199) (the last row of Mjg).

4.5 Discussion

In this work, we studied a basis of CFT dispersive sum rules for spinning operators.
The basis was constructed using the fact that the commutator of two null-integrated
operators on the same null plane vanishes, also known as superconvergence. Using
the Lorentzian shadow representation of conformal blocks, we expressed the action
of our sum rule on a conformal block as an integral over spacetime. We showed
that in the bulk point limit, where v (parameter of the sum rule) and A (dimension
of the block) both become large, the spacetime integral gets completely localized
to a “scattering-crystal.” This enabled us to derive a simple formula for the block
action of our sum rule in the bulk point limit, generalizing the results in [13] to the

spinning case.

The main result of this paper is a dictionary between the block action of CFT sum
rules in the bulk point limit and the heavy state contribution of flat space sum rules.
We fixed the dictionary by exploring flat space interpretations for the inserted block
and the kernel in the simple formula of the CFT sum rule. We showed that CFT
three-point structures at the saddle form a natural basis for the flat space three-point
amplitudes, allowing the inserted block to be directly related to flat space partial
waves in this basis. On the other hand, the kernels of the sum rule can be interpreted
as actions on shockwave amplitudes in flat space. Combining the two results, we
derived the dictionary between our CFT sum rules and the flat space sum rules for

photons and gravitons.

By construction, the CFT sum rules are labeled by a transverse spin j’. Through
the dictionary, this gives a basis of flat space sum rules each labeled by a transverse
spin (an SO(D — 3) representation). This SO(D — 3) stabilizes the shock directions
and the momentum transfer p; + p3 of the shockwave amplitude, and the transverse

spin of each sum rule can be realized by studying the amplitude in the Regge limit.
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However, from the flat space perspective, it remains unclear how this “transverse

spin basis” is useful in practice. It would be interesting to explore this further.

Our construction of spinning CFT sum rules is an important step toward lifting the
flat space gravitational bounds in [110] to AdS/CFT. It provides functionals with
positive action on conformal blocks with large A and fixed J. To complete the
bootstrap argument, one also needs to check positivity in the Regge limit, where A
and J are both large. Moreover, one has to derive a similar dictionary that relates
the low energy EFT contribution of the CFT and flat space sum rules. In the scalar
case [13], the light contribution analysis also involves a saddle point. Therefore we
expect we should be able to generalize it to the spinning case by arguments similar
to section 4.3. Once these calculations are done, one can then derive bounds on the
higher derivative corrections of gravitational AdS EFTs in terms of the large CFT
gap. These bounds would give a sharp form of the HPPS conjecture [114] at the

level of four-point functions of stress tensors.

It would be interesting to also test the HPPS conjecture beyond four-point functions
using superconvergence. For instance, one could consider commutators of light-
transformed operators in a multi-point correlation function. In flat space, we expect
this should correspond to commutators of multiple shockwaves. Another interesting
direction is studying superconvergence in a thermal state by using a folded light

transform contour proposed in [139].

So far, we have only found a dictionary that relates CFT sum rules to some of
the known flat space sum rules. In particular, we only get sum rules that have
the fewest subtractions. As discussed in 4.4.5, to get other sum rules we have to
leave the configuration where the polarizations of the shock gravitons are along
the shock direction. In CFT this condition comes from setting the polarizations of
the light-transformed operators Oj, Oz to be the null vectors xj¢, x39. Therefore,
it is conceivable that new sum rules can be obtained by studying null-integrated
operators that are not integrated along their polarizations. Equivalently, we can
consider taking derivatives of the light transformed operators. Schematically, we

would like to find a differential operator O such that
Dy 215 L1011 (x, 21)L[ O3] (x, z3) (4.202)

is a conformal primary at x. These conformally-invariant differential operators have
interesting connections to reducible representations of the conformal group [35].

We hope to address this problem in future.
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In [13], it was shown that superconvergence sumrules alsoexistatJ = =2, -4, .. .. In
these sum rules, one integrates a commutator against derivatives of delta functions,
which again constrains the two operators in the commutator to be spacelike separated.

It would be interesting to find spinning versions of these sum rules.

In flat space, unitarity additionally imposes an upper bound on the spectral density.
This condition has been used in the context of EFT amplitudes through primal
bootstrap methods [140, 141]. However, it is not clear what the corresponding CFT
statement is. To understand how this upper bound is realized in CFT, our dictionary

will be an important ingredient.

Crossing-symmetric dispersion relations in flat space [107, 142] have also proven
valuable in studying dispersive bounds on EFTs. They have the advantage of
making low-energy crossing almost trivial to impose, and are more well-behaved
when including loop EFT corrections [143]. Analogous CFT dispersion relations
have been established in Mellin space [144], and crossing-symmetric dispersion
relations in position space were recently studied in [145]. We expect that position

space methods will be more straightforward to generalize to spinning case.

Including loop EFT corrections often makes the forward limit in flat space divergent
[103, 146]. Consequently, one has to consider a limited set of sum rules that
give weaker positivity bounds. On the other hand, loop corrections in AdS are
automatically regularized by Rags. By computing the loop contributions from
summing over double-trace exchanged operators [147, 148, 149], one should be

able to obtain finite loop corrections to the tree-level AdS bounds.
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Chapter 5

SCALAR MODULAR BOOTSTRAP AND ZEROS OF THE
RIEMANN ZETA FUNCTION

This chapter is based on

[1] Nathan Benjamin and Cyuan-Han Chang. “Scalar modular bootstrap
and zeros of the Riemann zeta function”. In: JHEP 11 (2022), p. 143.
por: 10.1007/JHEP11(2022)143. arXiv: 2208.02259 [hep-th].

5.1 Introduction

The conformal bootstrap is a powerful program used to highly constrain quantum
field theories starting from basic consistency conditions. In two dimensional confor-
mal field theory (CFT), one avatar of this program is the so-called modular bootstrap
which uses modular invariance of the genus one partition function to constrain pos-
sible allowed spectra of 2d CFTs. This program started with the work of [150] and
has led to many interesting results (see e.g. [151, 152, 153, 154, 155, 156, 157,
158, 159, 160, 161, 162] for a non-exhaustive list). This has several applications,

including constraining theories of quantum gravity in AdSs.

In many (but not all) cases, the spinless bootstrap equations are studied, in which
one throws away information about the spin of the original operators and only looks
at their energies. This is done by grading the partition function only by the energies
of the operators, and using S-invariance, rather than the full SL(2, Z)-invariance of

the partition function. In particular, we have

Z(y) = Y e (bomh) = 7y, (5.1)
o
where the sum over O is a sum over all local operators in the theory, and Ay is the
scaling dimension of operator O. Any bound derived from (5.1) will by definition
be insensitive to the spins of the operators O. For example, the current strongest
bound on the lightest nontrivial Virasoro primary operator at large central charge ¢
is in [156], which showed at large c,

Virasoro ¢
A S 5 (5.2)
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However it makes no claim on what the spin of that operator is, or what the lightest
spin j operator is. A similar result using the spinless bootstrap was found for a
simpler class of theories, those with a U(1)¢ chiral algebra, in [162]

L T (5.3)
In this paper we derive a novel one-dimensional crossing equation using the technol-
ogy of harmonic analysis. In the case of CFTs with U(1)¢ symmetry, this crossing
equation acts only on the scalar primary operators of the theory (with respect to the
U(1)€ chiral algebra). This allows us to place new bounds on the scalar gap of all
U(1)¢ conformal field theories for any integer c¢. This is more refined information
than the bound in e.g. (5.3) since it provides explicit information about the spin of
the operator. Indeed the scalar gap is a natural object to consider. Scalar opera-
tors can be added to the Lagrangian while still preserving Lorentz invariance. The
scalar gap is then related to questions about, for instance, if the CFT has a relevant
operator or not. Another application is in the study of boundary conformal field
theory. There, the bulk scalars show up in some crossing equations rather than
all bulk operators, which can lead to interesting bounds that are conditional on the

scalar gap [163].

Remarkably, our crossing equation has an intimate relation with the nontrivial zeros
of the Riemann zeta function. In a sense which we will explain, hidden inside the
scalar operators of any 2d CFT with U(1)¢ symmetry are the nontrivial zeros of the
zeta function. As a result, we can rephrase the Riemann hypothesis as a statement

about the behavior of scalar operators of any U(1)¢ CFT.

We also discuss a generalization to Virasoro CFTs. We derive a more complicated
one-dimensional crossing equation that involves operators of all spins. The nontriv-
ial zeros of the zeta function again play an important role. This leads to the Riemann
hypothesis being equivalent to a more complicated statement about the asymptotic
density of a signed count of all operators (of any spin) in any CFT. Unfortunately we
run into some technical obstacles in bounding physical quantities such as the scalar

gap for Virasoro CFTs.

This paper is organized as follows. In Section 5.2 we review harmonic analysis on
the fundamental domain of SL(2,Z), which will play an important role in deriving
our scalar crossing equation. In Section 5.3 we apply this to the study of U(1)¢
CFTs and derive the scalar crossing equation. We present the numerical results for

the scalar gap of U(1)“ theories for various values of ¢. In Section 5.4 we discuss
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generalizations to theories with only Virasoro symmetry. In Section 5.5 we study
more explicitly the connections between 2d CFTs and the Riemann hypothesis.
We discuss various potentially interesting future directions in Section 5.6. Some

detailed calculations and derivations are banished to the appendices.

5.2 Review of Harmonic Analysis
In this section we will review harmonic analysis on the space H/SL(2, Z), where H
is the upper half plane. For much of this discussion, we refer to [164]. We will use

the notation of [165] in this section.

The main idea is to decompose square-integrable modular invariant functions into
eigenfunctions of the Laplacian on the space H/SL(2,7Z). If T € H, with real and

imaginary parts x, y respectively, then there is a natural metric on H given by

dx?* + dy?
ds? = L (5.4)
y
The Laplacian on this space is given by
A =—y*(07 +87). (5.5)

Square-integrable modular-invariant functions f(7) are those with finite L> norm

under the measure (5.4), meaning

/ Ca [T Bipop
dx/ —=|f ()| < 0. (5.6)
-1/2 V1-x2 )’2 /

If f(7) is a square-integrable, modular-invariant function, it has a unique decom-
position into eigenfunctions of the Laplacian (5.5). These eigenfunctions have been

classified and they come in three types:

* The constant function 1, with eigenvalue 0.

* An infinite, continuous family of eigenfunctions known as real analytic Eisen-
stein series, E (1), with s = % + it, t real, with eigenvalue }1 + 12, Any real ¢

is permissible.

* An infinite, discrete family of eigenfunctions known as Maass cusp forms,
denoted vy (7), n = 1,2,---. These have sporadic eigenvalues, which we
denote § + (R¥)?, for R¥ a positive real number. Both v; and v;, are ordered
in increasing eigenvalue, i.e. R} < Ry < ---, and likewise for R;. The

superscript + refers to whether the cusp form is even or odd under parity.
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The decomposition of f(7) is then given by:

(f: 1) ch Shul
f(x) = t - dsE,(7)(f, Ey) + Z or (5.7)
(I.1) oo oy vy
where the overlap function is given by the Petersson inner product:
o= [ a [T Lo
,8) = dx / —f(1)g(7). (5.8)
I8 .[1/2 Vi-x2 )’zf §

The decomposition (5.7) is known as the Roelcke-Selberg decomposition.

Let us be more explicit about the eigenfunctions of the Laplacian. The real analytic

Eisenstein series E(7), s € C are defined as a modular sum of y*:

Et)= > Y (5.9)
yelw\SL(2,Z)
where I, is the subgroup of SL(2,Z) generated by 7 — 7 + 1. The sum (5.9)
converges if Re(s) > 1. However, it admits an analytic continuation everywhere in
the s plane:
(1-5) |, < 402s-1()VyK_1(27)y)

A s
Ei(t)y=y'+ —=y ™ 2njx), (5.10
(@) =)'+ =5 +; NeTE cos(27jx),  (5.10)

where 07,-1() is the divisor sigma function, K is the modified Bessel function of

second kind, and A is defined as
A(s) =70 (2)T(s). (5.11)
The function A(s) obeys a useful identity:
A(s) = A(5 - 5). (5.12)
From (5.10) we also see that the real analytic Eisenstein series obey a useful identity:

A(S)Es(7) = A(1 = 5)E1_4(T). (5.13)

The remaining eigenfunctions, the Maass cusp forms, are more mysterious. They
take the following functional form:

(o)

vi(T) = Z aﬁ."’” VYKig: (2mjy) cos(2mjx)
J=1

(o)

v, (1) = Z aﬁ."’_)\/iKiR;l (27jy) sin(27jx), (5.14)

J=1
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where R; and a;n’i) are a set of sporadic real numbers. For example, we have the

following first few values of R} :

R ~13.77975, R ~9.53370
R} ~ 1773856, R; ~ 12.17301
RY ~19.42348, R; ~ 14.35851. (5.15)

For more numerical data on the Maass cusp forms, see the online database [LMFDB].
One key feature the Maass cusp forms have is, unlike the real analytic Eisenstein

series, they all lack a scalar piece:

1/2
/ dxv;(t) =0. (5.16)
-1/2

5.3 U(1)° CFTs

We begin with studying a family of particularly simple conformal field theories,
with an extended current algebra of U(1)¢. Examples of such CFTs include Narain’s
family of ¢ free bosons compactified on a c-dimensional lattice, parameterized by
the moduli space O(c, c,Z)\O(c,c)/O(c) X O(c). It is believed that this family
of CFTs fully classifies all theories with U (1) current algebra. However, this has
not been proven. Our results in this section will apply to all theories with U(1)¢

symmetry; we do not need to assume the theory is a Narain CFT.

5.3.1 Harmonic decomposition
In [165], the harmonic decomposition of U(1)¢ CFT partition functions were cal-
culated, which we review here. The characters of the U(1)¢ chiral algebra are given

by

qh

n(r)e’

where 1(7) is the Dedekind eta function. Instead of decomposing the full partition

Y'r) = (5.17)

function Z(7), we instead consider the primary-counting partition function

Z¢(t, 1) = yPn(n)[*Z(r)
=y 4", (5.18)
hh

where in (5.18) the sum over 4, i goes over the U(1)¢ primary operators. In (5.18),
we write Z¢ (1, u) to emphasize that the (reduced) partition function depends not
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only on the worldsheet modulus 7, but also on an abstract target space coordinate
ut

The function (5.18) is not yet square-integrable, but once we subtract out the Eisen-
stein series E.>(7) (defined in (5.10)), this yields a square-integrable function that
admits a unique spectral decomposition?. In [168, 169, 165] the spectral decompo-

sition was given as follows3:

R . 1 §+ioo .
Z°(e, 1) = Eepp(r) + 37757 (5 = 1) 8¢, () + / dsm 5T (5 = 5) &5 (WE(7)
2 2 4mi oo 2 278

+ i MVZ(T) (5.19)

n=1 e=+ (Vfl’ Vfl)

The coefficients ES (1) were called constrained Epstein zeta series in [169], and are
defined as:

E () = ) (28)7, (5.20)

AeS
where we define the set S to be the dimensions of all non-vacuum scalar primary
operators under the U(1)¢ chiral algebra (with multiplicity). This sum converges
for Re(s) > ¢ — 1, but like for the SL(2,7Z) Eisenstein series (5.9), they admit
an analytic continuation everywhere in the complex s plane. They also obey a

functional equation:
C)C(s+5-1)0(2s)
ABTIT(S = 5)[(s — $)Z(2s = 1)

& _ (u) = & o1 (). (5.21)
This equation is inherited from the functional equation that the Eisenstein series
obey (5.13), combined with the definition of & (u) as an overlap of Z"(T, ) with

the Eisenstein series:

—~

_c c
(Z° - E¢,E,) = n*"5T (5 - s) &5, (w). (5.22)

IFor Narain theories, we can view y as a parameter i € O(c, ¢;Z)\O(c,c)/O(c) X O(c). The
target space of Narain theories is parametrized by a symmetric metric G,5 and an antisymmetric
B-field B,p, where a, b indices run from 1,2,---,c. Here, however, we can just view u as some
abstract coordinate.

2For Narain CFTs, E,. /2(7) has the interpretation of the averaged partition function [166, 167].

3Note that due to the pole structure of A(s) and the real analytic Eisenstein series E(7), the
decompositions of ¢ = 1 and ¢ = 2 are slightly different than other ¢, so we will assume ¢ # 1,2 for
the rest of this section. We revisit ¢ = 1 and ¢ = 2 in Appendix D.3.
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For Narain CFTs, (5.20) can be rewritten as

07.3.0
&€ = _ 5.23
“(n) Z Ereme (5.23)
n,meze ’
with
M 5(0)?* = G (g + Baew®) (np + Bpgw®) + G ogww?, (5.24)

and the prime over the summation indicating we should not sum over the vacuum

state (with 7i = w = 0).

5.3.2 Crossing equation
Since the Maass cusp forms have no scalar piece (i.e. (5.16)), the scalar part of

(5.19) is particularly simple:

1/2 e c A(%) 1-¢ (4 c
deC(T, IJ) — yi + —y 2+ 37T_7F (_ - 1) 869_ (lu)
[1/2 A(5) 2 -
1 %+ioo A(l - S) 1—s
A(s) Y ’

(5.25)

s—< c c s
+R %_ioo dsm ZF(Z S) 8%_s(,u) (y +
where as usual 7 = x + iy, and A(s) is defined as in (5.11).

As a reminder, the set S is the set of conformal weights of all non-vacuum scalar
primaries under the U(1)¢ chiral algebra (with multiplicity). We can rewrite the
LHS of (5.25) as

12 .
/ dxZ¢(t, ) = y? 1+Ze—2”Ay . (5.26)

1/2 AeS
This gives
¢ c C <
Z o~ 2mAY _ Lyl g ()Y + — dsn®~2T (— - S) Ee_(Wy2,
A 271 Jy i 27
AeS 2 :

(5.27)

where we have defined &.(p) = 37721 (§ — 1) 8%_1 (1), and used the symmetry

between s <> 1 — s in the integral over s.

The remaining task is to do the integral in (5.27). We will do the integral over s by

moving the contour to the right of s = 5. It turns out the only poles we enclose after
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c 1+z, 1+Z;F,
222 0 2

Riemann zeta function with positive imaginary part (i.e. z; = % + 14.135i, 7 =

moving the contour are at s = , where z,, are the nontrivial zeros of the
% +21.022i, etc.). See Fig. 5.1 for a picture of the pole structure (shown for ¢ = 3).
We derive the pole structure in Appendix D.1. After moving the contour, (5.27)

becomes

A5 < "
T+ Y e 2™ = =Lyl h g (u)y™ + ) Re (6k,c(u)y'f”'7k)
AeS A (E) k=1

1 'y+ioo c C c
+ —_/ dst*=5T (— - s) & (1)y 5, (5.28)
2mi yi 2 278

100

where y > 5. The terms &.(u) and 6y (1) are moduli-dependent constants, which

have an explicit formula as

ec(p) = %/T d);fy(f"(r,ﬂ) — Ecpp(7))

dxdy -~
e = [ S () - Ep(DRes e p B, (529
T
where

VA (i~ DT |y Oy 277 Cos@ros1 (VYK (Grjy)

R o ES — 7 z—1
€S5=z/2E5(7) 28 (zi)T(35) J=1 JT 0T ()

(5.30)

Now let us consider the integral in (5.28). We first rewrite the integral using the
functional identity (5.21):

y+ico . . yHieo () I(s+5—-1)0(2s c
/ ds”s_zr(f ‘S) EL_,(Wy 7 = / ds (c?l brrs = Dey 8¢y ()y* 2.
y—ico 2 2 y-ico AT L(s—1)¢(@2s-1) ?

Because we take y > 5, this means that Re(5 +s — 1) > ¢ — 1, which means we can

write this as the following convergent sum:

¢ () = ) (2875 (5.32)
AeS
Moreover we will expand the ratio of zeta functions

2 o
e - 2,00 39
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Figure 5.1: (a) Pole structure of the integral in (5.27) in the complex s plane. The

poles are located at s = %, 1+2Z”, IJ’ZZ" (shown here for ¢ = 3), where z,, are the
nontrivial zeros of the Riemann zeta function with positive imaginary part. If the
Riemann hypothesis is true, the tower of poles in the figure all occur at real part 3,

except for the pole at s = 5. (b) Contour deformation of the integral to Re(s) > 3.
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where b(n) is a number-theoretic function defined as

b(n) = Z ku(k). (5.34)
kln

where u(n) is the Mobius function:

(_ l)number of prime factors of n niss quare—free

pn) = R .
n is divisible by a prime squared.

(5.35)

We can then rewrite (5.31) as

y+ico . c .
/ dsm°~ 2T (— - s) E¢ (wy™2
y 2 o

_ ZZb(n)/MOOd F(s)cljl(s+ — 1)(2A)“—”1 5072, (5.36)

AeS n=1 y—ioo T (s - %)

The integral in (5.36) is related to a confluent hypergeometric function of the
second kind (see 13.4.18 of [170]), which we denote as U (and is given by

HypergeometricU in Mathematica):

y

1 7+"°°d CT(s+5-1) (ZA)___M =% 725 = )’1_° ne- 2U( 1 ¢ 27Tn2A) e_M.

2mi y—ioo s+_F(S - ) \/E 2 2 Yy
(5.37)
Thus we get a final crossing equation of:
A7) -
T+ Y e ™ = Ly kg (u)y ™+ ) Re (6k,c(u)y‘%“‘%k)
AcS A(i) = (5.38)
2 ( 1 ¢ 27rn2A) _2mn?A
U e v .
y

AESn 1

In addition to a rigorous derivation we have also numerically checked (5.38) for

various values of c, y to a precision of 1 part in 107°.

Another consistency check of (5.38) one can perform analytically is to consider
the large y limit. In this limit, the LHS is dominated by 1 from the identity, but
each term on the RHS is perturbatively small at large y. Similar to the lightcone
bootstrap of four-point functions [7, 8], it turns out that the leading term on the LHS
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is reproduced by the infinite sum over A in the RHS. More precisely, one can show
that

l-¢ X 00 c _ c-2 2 2
Yy Zb(n)nc_z/ dAZJT {(c 16)% U(_l’g’ 2nn A)e_% 4
N 0 (O () 22y

(5.39)
2m°4 (c=1)A°2

{(OT(5)?
is the average spectral density for Narain theories; see [166, 167]). It might also be

where is the leading large A behavior of the spectral density (and which
interesting to understand how the perturbatively small terms at large y on the RHS
of (5.38) cancel among each other to give the non-perturbatively small corrections
on the LHS.

5.3.3 Functionals

We would now like to apply linear functionals to (5.38) to obtain sum rules that can
constrain the possible sets S. In particular we would like to put a bound on the
scalar gap, meaning the lightest operator present in S. One immediate problem is
that not every term in (5.38) is sign-definite. The term &.(u) is not sign-definite,
and the infinite terms 6y .(u) are also not sign-definite for any k. To remove the

&.(u) term is straightforward. Let us start by rewriting (5.38) as:
c 7 o 1 ¢ 27n’A 27n2A
5 —2nAy _ y 2 b c—2U o= —==
Z[ye P

4 A(%) 1-%

~<
(5] [o

+ee(p) + i Re(sec(wy'™F).  (540)
k=1

Taking a derivative with respect to y removes the €.(u) term. If we then redefine

12 = y~! we get:

a6 o

Z [I_C (4nA — ct*)e oL Z b(n)nc—ze—znmﬂﬂX

AeS \/7_1- n=1

1 1
((c _ 2 4nnPAWU (—5, g 27rn2t2A) +27n2 AU (5, g +1, 27rn2t2A))
A()
2—c 2

=’ —— (-2 + Z Re (610 (1) (zx — 2)1%) . (5.41)
A (i) k=1
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Now we need a functional acting on (5.41) to remove terms of the form ¢°* where
Zx 1s a nontrivial zero of the Riemann zeta function. To accomplish this we use the

following family of functionals#.

Consider an even function ¢(¢) that satisfies the following properties:

¢(t) and (1) both decay rapidly (faster than any polynomial) at infinity

¢(1) and @ (1) have no singularities at finite ¢

¢(0) =(0)=0

fooo %go(t)ts admits an analytic continuation to all s € C (which we will call
M(P(s))’

where @ is the Fourier transform of ¢:

o(p) = / " dx e 27X p(x). (5.42)
We define
(1) = Z o(nt). (5.43)
n=1

The function ®(¢) can also be rewritten via the Poisson resummation formula as

(1) = ~50(0) + 2.5(0) + T > (7)

o0

a(?) . (5.44)
=1

1
t
n

Combining (5.43) and (5.44) and the properties listed above, we see that ®(¢) decays

faster than any polynomial at both small ¢ and large ¢.

Now, we define a functional F¥[h(¢)] by

dt

Feh(1)] ::/0 Th(t)CI)(t). (5.45)

Let us first consider the action of the functional on a power of ¢:

FeI’] = /OO %t@(r). (5.46)
0

4We are extremely grateful to Danylo Radchenko for explaining this strategy to us. See [171] for
further generalizations of this. The construction of the functionals in [171] seems to be reminiscent
of the analytic functionals in [121]. It might be interesting to explore the connection further.
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Because of the properties of ®(7) discussed above, ¥ [¢°] is an analytic function
on the entire complex s plane. Moreover, for Re(s) > 1, we can exchange the

integration and the summation, which gives

Fet'] =/Ooodt 7o (1)

= de 1) o(nt)

foaey
Zn‘S/ dr "L o(1)
n=1 0

= () / ) di £ o(1), Re(s) > 1. (5.47)
0

Properties of analytic continuation then imply that for all s € C,

Fe'] = £(s)My(s). (5.48)

From (5.48) we see that the functional % will remove the final sign-indefinite
terms Ok .t in our crossing equation (5.41). We can then apply the functional ¥%
to (5.41) to get a positive sum rule the scalar operators must satisfy. Let us consider
the situation where ¢(7) is a (finite) linear combination of Gaussians, for which
M (s) is a sum of Gamma functions. In particular we consider the following family

of ¢(t) defining the functionals:

N
() = ) ae™", (5.49)
i=1

where k;, @; are an arbitrary set of N real numbers. In order for ¢(¢) to satisfy

¢(0) = ©(0) = 0, we choose k;, a; subject to the constraints

N
ZQ’[ZO,

i=1

N
D>k =0. (5.50)
i=1

With this definition of ¢, we can define ® and the action of the functional ¥ by using
(5.43) and (5.45). If we then apply this functional to our crossing equation (5.41),
we get a positive sum rule for the operators A. In Appendix D.2, we write down
explicit formulas for the action of this functional on (5.41) with a single Gaussian

@(1) = e ™ a5 a function of A and k.
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Although in principle we could choose any functional via (5.49) obeying (5.50), for

numerical calculations it will be more convenient to use functionals consisting of
derivatives with respect to k, evaluated at k = 1 instead. To be more explicit, the

sum rule we get after applying the functional from (5.49) is given by

i avac(k;) + i Z a;if(ki,A) =0, (5.51)
i=1 =1 A

subject to the constraints (5.50). f(k,A) and —vac(k) are the actions of the func-
tional on the LHS and RHS respectively of (5.41) (with explicit formulas given in
Appendix D.2, see e.g. (D.7)). Let us consider the action of a single Gaussian of

width k (i.e not yet obeying the constraints above):
vac(k) + Z F(k,A). (5.52)
A

The expression (5.52) is not equal to 0 because we have not obeyed the constraints
(5.50). However, the only functions of & that it can be equal to are a constant term
and a term proportional to k~'/2. Any other term would allow some combination of
functionals obeying (5.50) to not vanish, and thus contradict (5.51). Therefore we

have
vac(k) + > f(k,A) = co+ 1k, (5.53)
A
where ¢, ¢ are k-independent constants (they could be theory-dependent however).
From an explicit calculation of vac(k) and f(k, A) in Appendix D.2, we see that
vac'(1) = O f(k,A)|k=1 =0, (5.54)
which implies ¢; = 0.5 Thus we have
vac™ (1) + Z(ak)”f(k,Aﬂk:l =0, n>2 (5.55)
A
which will be the basis for our functionals. (Only even values of n will provide
independent equations, however.)
Notice that
vac (1) = 1im (00)" f (k. A)le=1, 722 (5.56)

so indeed the vac term in (5.55) is precisely the contribution of the vacuum (A = 0)

to the sum rule (and the same is true in (5.51)).

SIn fact it turns out that ¢ is related to &.(u) (defined in (5.29)) via ¢ = "8%(”). This in

principle leads to a stronger crossing equation but we find that numerically it gives very similar
bounds on the scalar gap, so we will not explore it further in this paper.




234

5.3.4 Numerical results

In this section, we present the numerical results for bounds on the scalar gap of
U(1)¢ CFTs for various values of ¢ obtained from using the basis of functionals
(5.55). Note that the hypergeometric function in (5.38) for odd values of ¢ reduces
to an elementary function, which greatly simplifies the technical calculations. We
therefore focus on odd values of ¢ (although there is nothing in principle stopping
the following from working for even c¢). We first consider the functional obtained
from taking 2 and 4 derivatives of (5.55), and obtain a bound on Acyjar gap from these
two sum rules, following the approach in [150]. Since we take at most 4 derivatives,

we denote this bound as Aéj;lar (and more generally define a bound from at most
gap

n derivatives as A" ). Note that A" is obtained from 2 functionals.
scalar gap scalar gap 2

4)
scalar gap

plotted in Fig. 5.2. The bound at large ¢ numerically appears to grow quadratically

We have computed A for odd central charge up to 251.¢ The results are

with c. Fitting it to a quadratic function gives

AW () ~0.0253303¢% + 0.13506¢ + 0.400. (5.57)

scalar gap

The coefficient of the leading term is very close to ﬁ ~ 0.0253302959. It may be
possible to analytically prove that Aiia)uar gap(c) ~ % at large c. Note that in this
analysis we only considered 4 derivatives of (5.55), but it may be the case that if
we take ¢ — oo with fixed number of derivatives, the leading asymptotics for the
bound is independent of the number of derivatives. This is indeed what happens
in the spinless modular bootstrap, where the large ¢ bound at any fixed number of

derivatives scales as % [152].

It would be better to do the analysis with the opposite order of limits, where we
take the number of derivatives to large before taking c large (as in [154]) and then
extrapolate in c. We can obtain bounds from including a larger number of derivatives
in (5.55) by using the semidefinite program solver SDPB [5, 172]. More precisely,

we consider the sum rule
2, awvac M+ > ) (@) (kM =0 (5.58)
n=2.4,....,lmax n=2,4,....nmax A

Unfortunately, the function (dx)" f (k, A)|r=1 in (5.55) does not have a good approx-

imation as a product of a positive function of A and a polynomial in A. Therefore,

®At ¢ = 1 the crossing equation we use is slightly different due to a divergence of the zeta
function at 1; see Appendix D.3.1 for discussion.
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Figure 5.2: Plot of a bound on the scalar gap for U (1) CFTs with 4 derivatives, up
to central charge ¢ = 251. The numerical data seems to be well-approximated by a
quadratic function with leading coefficient # (see (5.57)).

we discretize in A-space and sample the function ()" f (k, A)|x=1 at various points
A1, Ay, . .., Ay above the scalar gap assumption, and use SDPB as a linear program-

ming solver to look for a functional that satisfies

ayvac™ (1) = 1,

n=2.4,....,imax

CKn(ak)n]c(k?A)lkzl 20’ A:A1a~"’AM' (5'59)

n=2,4,...,Nmax

Finally, we check the positivity of the obtained functional for all A > Aigg{zxr)gap by
hand. If there is a negative region, we sample more points there and rerun SDPB,
and repeat this procedure until the functional is positive or SDPB gives a primal

feasible solution”.

Using the method described above, we have computed Ai:ilar ap forn = 10,20,---,60
for central charge odd ¢ < 27. Our bounds are summarized in Table 5.1 and plotted
in Fig. 5.3.8 We were not able to go to high enough central charge to do a reliable

extrapolation to large c. There are two obstacles in going to large central charge. The

"We are extremely grateful to David Simmons-Duffin for explaining this approach to us.

8In Table 1 of [166], a bound on the gap (of any spin) was computed using the spinless modular
bootstrap. Our results in Table 5.1 are specifically for scalars, and so in general are orthogonal.
However, for ¢ = 3, the bound in [166] is less than 1 and so must be a scalar, and is stronger than the
bound we found at ¢ = 3.
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¢ iiz?l)ar gap Aize?l)ar gap Agzz?l)ar gap Agjz?l)ar gap Agge(l)l)ar gap Aggz(a)l)ar gap Aa"g sgap
1] 0507 [2+7%x107°[1+2x10°[ =3 ~ 3 ~ 3 | ill-defined
3 0.910 0.864 0.863 0.863 0.863 0.863 0.136
5 1.444 1.310 1.304 1.303 1.302 1.302 0.324
7 2.129 1.843 1.820 1.814 1.813 1.813 0.471
9 2972 2.476 2.419 2.400 2.397 2.396 0.606
11| 3.980 3.219 3.110 3.063 3.055 3.051 0.736
13 | 5.155 4.078 3.897 3.808 3.789 3.779 0.863
15| 6.500 5.058 4.788 4.638 4.602 4.581 0.989
17 | 8.018 6.614 5.786 5.558 5.497 5.458 1.113
19 | 9.709 7.399 6.895 6.570 6.477 6.412 1.237
21 | 11.576 8.765 8.118 7.680 7.545 7.445 1.360
23 | 13.619 10.266 9.460 8.890 8.705 8.561 1.482
25 | 15.839 11.903 10.922 10.202 9.959 9.762 1.604
27 | 18.238 13.679 12.506 11.620 11.310 11.049 1.725

Table 5.1: Upper bounds on the scalar gap from U(1)¢ CFTs with odd ¢ < 27 after

taking up to 10, 20, - - - , 60 derivatives of our crossing equation (i.e., the maximum

value of n in (5.55)) computed to three decimal places. We also compare it to the
average Narain scalar gap, defined in (5.60) (though note that the optimal bound is
different from the average). See Fig. 5.3 for a plot.

first is that the convergence of the bound as the derivative order n — oo becomes
slower for larger c. The second obstacle is that the number of terms in the sum
rule (5.55) grows as ¢ (see the sum in (D.12)), which makes evaluating derivatives
with respect to k very slow. It would be good if there were a more efficient way to

compute the derivatives.

It is interesting to compare the bounds on the U(1)¢ scalar gap we get to the average
Narain scalar gap. In [166] an expression for the average scalar gap of Narain
theories was computed, by first calculating the average density of states for all
Narain theories (under the Zamolodchikov measure), and determining when the

integral of the average density of states is 1. By looking at the average density of
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Figure 5.3: Plot of a bound on the scalar gap for U(1)¢ CFTs at odd ¢ < 27.
The colors blue, orange, green, red, brown, and purple represent the bound we get
at 10,20, - - - , 60 derivatives, respectively. The color black represents the average
Narain scalar gap, for comparison. (However, there is no a priori reason the average
Narain scalar gap and the optimal U(1)¢ scalar gap should be similar.) See Table
5.1 for the numerical data.

scalars, [166] got an average scalar gap of °

W _[g@rE) -\
CEEP T (e -1)27C

c logc

- 2re  2me

+0(1). (5.60)

Our numerical bounds at large ¢ (including our bounds with four derivatives extrap-
olated to large c¢) appear to be very far from both the average Narain scalar gap and
the bound on the gap of the lightest operator of any spin (see (5.3)). It would be
interesting to explore further if our bounds on the scalar gap can be substantially
improved by considering other crossing equations. Of course, it is possible that the
optimal scalar gap behaves differently from both the average Narain scalar gap and

the optimal gap at large c.

Note that choosing the integrated average to be 1, as opposed to any other O (1) number less
than 1, is somewhat of a convention. However, if we choose another cutoff, the result (5.60) changes
very little.
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5.4 General 2d CFTs

So far our discussion has been restricted to a very special class of CFTs, namely those
with U(1)¢ chiral algebra. In this section we generalize to generic 2d CFTs, which
only have Virasoro symmetry and no extended chiral algebra (though we pause to

note that we do not have any explicit examples of such theories, even numerically
[154]).

The main obstacle to repeating our analysis to general 2d CFTs is that the partition
function is not square-integrable, due to the Casimir energy of the theory on a
cylinder. For theories with U (1)¢ chiral algebra, when we factored out the characters
of the theory and considered the primary counting partition function Z, the resulting
function grew only polynomially (~ y°/?) at the cusp (see (5.18)). For theories
with only Virasoro symmetry, however, the (Virasoro) primary counting partition
function will grow as ~ e>” T at large y. Although there are various ways we can
get around this (see Sec. 4 of [165] for some discussions of other approaches), in this
section we will simply take the partition function multiply by the same cusp form as
we did for theories with U(1)¢ symmetry, and bound the resulting function we get.
This will not give us a crossing equation acting only on the Virasoro scalar operators,
but instead will give us an equation acting on a more complicated combination of

operators of all spin.

To be more precise, let us consider any compact 2d CFT with ¢ > 1 and only
Virasoro symmetry as its maximal chiral algebra (although generalizations to other
chiral algebras are simple). Suppose the partition function of this theory is Z(7).
We define the “fake scalars” of this theory as

1/2
7 fake scalars (y) = / dx|n(t) |2CZ(7-). (5.61)
2

Note that the central charge c is not necessarily an integer in this analysis. We call
this function “fake scalars” because if this theory were to have a U (1) chiral algebra,
then (5.61) would be a count of the scalars (under the U(1)¢ algebra). However,
since the theory only has Virasoro symmetry, then Zke scalars () does not in general

have a positive g-expansion.

Even without the full U(1)¢ chiral algebra, the logic in deriving the crossing equa-
tion (5.38) in Sec. 5.3 will apply to Z™kesealars(y)y  We can still apply harmonic
analysis to y/2|n(7)|**Z(7) - E. /2(7) and derive an analogous crossing equation

for zfake scalars () T be precise, the equation we derive is the following.
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Let a.(n) be defined as'®

i ac(mq" = ﬁ(l -4 (5.62)
n=0 n=1

Then we have the following crossing equation in terms of the Virasoro primary

operators of any ¢ > 1 compact CFT:

[s¢]

Z e Vq . (n)? + Z Z e~ TV g ()ac(n + J) =

n=0 A,jeSUSMI n=0

Yy SEN _ 1 ¢ 27k>(A+j+2n)\ _2nl@som _
* PIEDIPII Ol (—5,5, S e v acd(mac(n+j)

BRSh% 1 ¢ 4nk’n) _axin
42 ZZb(k)kC‘zU(—— ¢ ”)e e ()2, (5.63)
y

In (5.63), S is the set of all non-vacuum Virasoro primary operators, labeled by their
dimension A = & + & and their spin j = |k — h|. Moreover we define S™" formally
as a set containing —2 operators of weight 1, spin 1 and 1 operator of weight 2,
spin 0. This is simply to take into account the level 1 null state in the Virasoro
vacuum block (i.e. that L_; and L_; annihilate the vacuum). The LHS of (5.63)
is precisely what we called Z™kescalars(y) above, written in terms of the Virasoro
primary operators of the theory, which we denoted by the set §. For convenience
we have assumed the theory has no additional conserved currents, but it is simple

to generalize (5.63) to allow for them.

We have tested (5.63) numerically on the pure gravity partition function of [173,
174], which we will denote as ZMWK(7), at various values of the central charge.
For simplicity we have ignored the null state at level 1 (even though this leads to
a inconsistent chiral algebra due to the lack of charged twist zero states [175], the
resulting function is still modular invariant with a gap to the first primary operator, so
it will obey (5.63), without including the contribution from S™). Strictly speaking
we glossed over a subtlety in deriving (5.63). When we derived (5.38) we used
the fact that E¢ = Y rcg A for Re(s) > ¢ — 1 because the sum converges for

those values of s. However if we define &{ analogously for the “fake scalars,” it

10At central charge 25, a.—5(n) is the Ramanujan tau function (up to a shift of the argument by

1.
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could potentially be the case that there is no s such that the sum converges, due to
the Cardy growth of the Virasoro primary operators. Nonetheless, we numerically
find that (5.63) is still satisfied. It might be interesting to present a more rigorous

derivation of this step.

We can then apply the same functionals on (5.63) as discussed in Sec. 5.3.3 to
remove the sign-indefinite terms related to the nontrivial zeros of the zeta function.
This gives sum rules the CFT must satisfy, where now all operators (instead of just
scalars) participate. For example, at ¢ = 3, and taking two derivatives in (5.55), we

get
> i te=3(M)ac=s(n+ ) f(A+ j +2n) + i ac(m)?f(2m) = 7. (5.64)
A,jeSUSMI n=0 n=1
where
n (—3 +872A + (3 + 472A) cosh(2V2ZrVA) — 6V2Zr VA sinh(zx/in\/Z))
sinh* (V27 A

f() =

(5.65)

(This comes from evaluating 6£|k:1 on (D.9).) We can apply the same family of
functionals discussed in Sec. 5.3.3 to (5.63) more generally and try to derive bounds
on the various quantities (e.g. scalar gap, gap, etc.) from this crossing equation.
Unfortunately we run into two distinct issues that stop us from bounding generic

theories.

First, we see that at large A, (5.65) falls off as ~ e27V2A 1n fact from Appendix D.2
we see that regardless of the central charge or derivative order, the functionals used

in Sec. 5.3.3 fall off with the same leading asymptotics. However, the asymptotic

growth of operators in S comes from the Cardy formula [176] and is ~ eZ”‘/@.
We thus see that if ¢ > 7, the sum rule does not obviously converge. Note that for
U(1)¢ CFTs this was not an issue because there, the asymptotic density of primary
operators grew polynomially in A (~ A72). As a check we have verified (5.64) for
ZMWK (1) at ¢ = 3, but the analogous computation at ¢ = 9 diverges (even though
both obey (5.63)). We have also verified (5.64) for various rational CFTs with ¢ < 7
where we only decompose into Virasoro characters.

#VA

It is unfortunate that we only get a falloff in e~ in our sum rules. This only

happened after we integrated against the function ®(7) in (5.45). Before this integral
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(e.g. in (5.38) and (5.63)), we had a falloff as e # which will always overwhelm

the Cardy growth at any central charge. It would be interesting to see if there
were another choice of functional that would both remove the sign-indefinite terms
related to nontrivial zeros of the zeta function, but still preserve the faster falloff in

dimension.

Second, the asymptotically large A behavior of

(0]

D ac(mac(n+j)f(A+j+2n) (5.66)

n=0
does not have fixed sign: for some spins the asymptotic A value is positive and for
some spins it is negative. (This is true when one takes any number of derivatives of
the crossing equation, not just two.) The root of this problem is that a.(n)a.(n + j)
does not have a definite sign. Thus there is no obvious way to construct functionals

that have fixed sign for all spin and all dimensions larger than some cutoff.

We note that we have chosen to multiply the partition function by the cusp form
y°/2|n(1)|?¢ to render the partition function square-integrable. However any cusp
form with a gap to the first excited state and that falls off at least as fast as (¢g)°/?*
would be sufficient and give a similar crossing equation as (5.63). It might be useful

to explore constraints one gets from other cusp forms.

Finally we end this section with an interesting observation. Our crossing equation
(5.63) for Virasoro theories involves operators of all spins, since multiplying by
y°/2|n(1)|*¢ does not have an obvious physical interpretation for theories without a
U(1)¢ extended current algebra. It would be better to have a crossing equation or
sum rule that only involved scalar Virasoro primary operators. Surprisingly, we find

strong hints that such a sum rule exists.

In order to get a sum rule acting only on scalar Virasoro primary operators, the
natural thing to do is to multiply the partition function by y'/?|n(7)|>. This is the
same object that we multiply for U(1)¢ theories for ¢ = 1. Recall that there, we
derived the following sum rule (see (D.15) and App. D.3.1):

log k + Z [h(k,A) = h(k™',A)] =0, (5.67)
AES

where

h(k, &) = V2 VEA(L = coth(V2rVkA)) + 2k Acsch® (V2 VEA) + log(1 - eV Vi%),
(5.68)
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(The expression (5.68) is just (D.14) at ¢ = 1, where we multiplied through by a

factor of —4 for convenience.)

Remarkably, we numerically find that (5.67) also holds for general Virasoro CFTs,
where S is now the set of conformal dimensions of scalar Virasoro primary operators
(minus %) subject the following constraints. First of all, due to the null state

structure of the Virasoro vacuum character, we introduce an additional term in S of

c—1 _ _¢=25
A - 2~ 12

the log k term in the sum rule (since there is not necessarily a state with A — C];zl =0

(assuming no spin 1 currents). Second of all, we do not include

in the spectrum). Finally, and most importantly, the sum rule does not converge for

sufficiently large c. At large A, we have

h(k,A) — h(k™", A) ~ ¢~ 2V2rVmxamin(k k) (5.69)
whereas
scalar primaries 2] Al=D
P (A) ~eNTT (5.70)

so our sum rule only converges if
¢ < 1+6min(k, k), (5.71)

which implies ¢ < 7.1

For various theories obeying (5.71), we very surprisingly find that the sum rule

/ ) dAp* ™ (A) [h(k,A) — h(k™',A)] =0 (5.72)

c—1

12
is obeyed to arbitrarily high precision. For ¢ < 7 we can use this to bound the
Virasoro scalar gap. However, our bounds from this so far seem to be substantially
weaker than those found in [154]. It would be extremely interesting if there were a
way to analytically continue the sum in (5.72) to arbitrary central charge (and also
to prove, or more honestly derive, (5.72)). If so, this could be a way to derive a

Virasoro scalar gap for all central charge!2.

Note also h(k,A) — h(k~', A) has poles at A = —% and A = —’ﬁTk,n € N, which may be
problematic for convergence. For example, if ¢ = 1 + 6kn” or ¢ = 1 + 6k~'n?, with n € N, then the
vacuum term contributes as a pole.

121n [154], it was shown that no bound on the Virasoro scalar gap could be derived for ¢ > 25

using the traditional modular bootstrap. This was due to the existence of a “spurious solution” to
J()+I(T)

vl ()]
[154]). However, if there exists a convergent sum rule like (5.72) for all ¢ that only acts on scalar
primary operators, then by definition it would vanish on the spurious solution found in [154], and

one may be able to find a bound for ¢ > 25.

crossing of which lacks scalar primary operators (see discussion around Eqn (3.2) of
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5.5 2d CFTs and the Riemann Hypothesis

One interesting feature of our crossing equation (5.38) is that in the small y (high
temperature) limit, the asymptotics are controlled by the real parts of the nontrivial

zeros of the Riemann zeta function. Let us rewrite (5.38), defining the temperature
T =y as

A=)
1+Z ; T + ¢,T?2

AeS (
S c_q4e ) :
+ Z T> [Re(ék,c) cos(Im(zg)logT) — Im(5g ) sin(Im(zx) log T)]
k=1
+0 (2wl ). (5.73)

At high temperature, second line of (5.73) behaves as a highly oscillatory function
with an overall envelope controlled by Re(zx). The Riemann hypothesis says that
for all &,

Re(zy) = 1/2, (5.74)

_3
4

which would fix the envelope to be 72~%. In other words, if the Riemann hypothesis

is true, (5.73) can be written as

R
p) O c
1+Z —T7 +¢.T2

AeS ( )

+ i 753 [Re(&k,c) cos(Im(zg)logT) — Im(dg ) sin(Im(zx) log T)]
k=1

NI@

+0 (e—zﬂAgapT) . (5.75)

However, if the Riemann hypothesis is false, then there is at least one z; with real
part greater than 1/2, which changes the large temperature scaling in the second
line of (5.75).% Since the leading term of (5.73) is essentially the Cardy formula,
then in some sense, the Riemann hypothesis makes a claim about the overall size of

the “subsubleading” corrections to the Cardy formula.

3By the functional equation (5.12) and meromorphicity, the Riemann hypothesis being false
implies a pair of zeros of the zeta function with identical imaginary part: one with real part greater
than 1/2, one with real part less than 1/2.

4“Note that there is a possibility that the residue at that zero vanishes, meaning d_ . vanishes in
(5.75). However, this will only happen in a real codimension 2 subspace of the moduli space. Thus
for a generic theory the scaling will change at large temperature. We thank Per Kraus for raising this
question to us.
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We can illustrate this with an explicit example. Let us consider the SU(3); WZW
model, and decompose the theory under the U(1)? chiral algebra (note that this is
not the maximal chiral algebra). The scalar partition function is given by

_2nA

Zgs (1) =1+ y e

AESSU(3)1
2 2
0 4ﬂ 47T(n—§)
:1+Z48 Z(—nksin(%ﬂ) e T +24 Z (~D)¥sin(42) | e~ 7
n=1 kln k|3n-2
_dn _4n _lén 287
=1+18¢ 5 +36eT + 18737 + 72 5 +--- . (5.76)

For ¢ = 2 the crossing equation (5.75) is slightly modified due to a pole at A(1/2).
As derived in (D.37), the crossing equation we get for a ¢ = 2 Narain theory is

3
1+Z:e_ZTA =—TlogT +

Er(p) + E1(07) + > (yp +log(dn) +24¢'(~1) ~2)| T
AES T n

Z

[~

w  (4nF ALYV E gy (p)E gy (0)
2 2

— 2 (%) ¢/ (zx)

T = 1 2
+— Z Z b(n)U (——, 1, 2nAn2T) e 2mAn’T (5.77)
\/E AeS n=1 2

where E is defined in (D.34). From the explicit form of the sum over & in (5.77),

of

T

z
we see that the coefficient in front of T2 falls off exponentially in &, so the sum

converges rapidly.

For the case of the SU(3); WZW model, we have p = o = >/3. At large
temperature, the last line of (5.77) becomes non-perturbatively small. Therefore if
we subtract the first two terms on the RHS of (5.77) and go to large temperature,
we should be able to probe the real part of the nontrivial zeros of the Riemann zeta
function. Indeed, by evaluating (5.76) up to T = 300, we numerically are able to
recover the first few nontrivial zeros of the Riemann zeta function. We plot this in
Fig. 5.4. Of course for any 2d CFT we could make a similar plot using (5.63); here
we picked this particular theory for concreteness.

We pause to note that we can only numerically go up to certain fixed temperature
(e.g. T = 300) because we only computed a finite number of terms in (5.76). Since
the residue falls off exponentially in Im(zy ), this means we only numerically test the
Riemann hypothesis up to a fixed imaginary part. Since the Riemann hypothesis
has already been checked up to imaginary part 3 x 10'? [177], we emphasize that
our numerics are not an independent check of the Riemann hypothesis.
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Figure 5.4: Scalar part of the SU(3); WZW model with first two leading terms
subtracted, rescaled by T''/4, plotted up to T = 300. If the Riemann hypothesis is
true, then at large temperature, this function will remain bounded. However, if the
Riemann hypothesis is false, at large temperatures the oscillations will grow in size
and become unbounded (modulo the subtlety explained in footnote 14). In this plot,
@ = 2E1(e¥/3) + 3 (yg +log(4n) + 24/ (=1) = 2) ~ 0.975 (see (5.77)). By fitting
this plot with oscillating functions in log(7"), we can numerically recover the first
few nontrivial zeros of the zeta function. (A similar plot can be made for any ¢ > 1
CFT.)

However, it would be extremely interesting if there were a physical reason why the
scalar partition function, with the first two leading terms subtracted off, had to scale
as T5~%. This would give a “physics explanation” of the Riemann hypothesis. We

leave this problem as an exercise to the reader.

5.6 Future directions

In this paper we have derived a crossing equation acting only on the scalar operators
of certain 2d CFTs. Rather curiously the crossing equation is intimately related to
the nontrivial zeros of the Riemann zeta function. This allows us to rephrase the
Riemann hypothesis purely in terms of the growth of states of scalar operators of
U(1)¢ CFTs. By applying clever choices of linear functionals, we are able to derive
positive sum rules that the scalar operators must satisfy, which lead to nontrivial
bounds on the lightest non-vacuum scalar operator in U(1)¢ CFTs. We discuss
generalizations to theories with only Virasoro symmetry. There are various future

directions that may be interesting to pursue.
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Virasoro scalar crossing equation?

In Sec. 5.4 we derived a crossing equation acting on all operators for theories with
Virasoro symmetry. In order to make the partition function square-integrable, we
multiplied by a cusp form, namely y*/2|5(7)|*¢, which led to the inclusion of all
spins to the crossing equation. It would be nice if there exists a crossing equation
that does not rely on this, and acts only on the scalar Virasoro primary operators. In
order to derive such an equation (if it exists), it might be necessary to consider some

generalization of harmonic analysis to allow for exponential divergences as y — oo.

In the end of Sec. 5.4, we guessed such a sum rule for Virasoro CFTs with ¢ < 7. It
would be interesting to derive it more rigorously and somehow analytically continue

the sum rule so it makes sense for arbitrary central charge.
Crossing equation for spin j?

In this paper we considered crossing equations acting on scalar operators of U(1)¢
CFTs (or “fake scalars” for the case of Virasoro CFTs). This was largely to avoid the
Maass cusp forms in the spectral decomposition (which lack scalars — see (5.16)).
It would be interesting if there were a generalization of our crossing equation to any

fixed spin partition function.

In fact, the techniques we studied almost immediately generalize to any spin j # 0
crossing equation. Let us denote J as the set of spin j primary operators of a U(1)¢

CFT. The spin j partition function is given by

Z Loy _ 200-1(7)y 7 Keo1 (27]y)

c—1

AT A§)i T
LopHe o251 (DK, 1 (2rjy)y'™
+ — dsn® 2T (— —s) Ec_ —
27Tl ——100 2 2 A(s)js—z
oo (n +)(Z V+)
+ K x 2 5.78

Unfortunately the last line in (5.78) seems very difficult to deal with analytically due
to the sporadic nature of the Maass cusp form eigenvalues, but we can in fact do the
integral in the second line using the same techniques as in Sec. 5.3.2. We move
the contour of integration to the right, past Re(s) = 5, so that we can expand the
function 8% s In terms of the scalar primary operators and then change the order

of the sum and integral. From the discussion in Appendix D.1, we know the only
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272 072
additional terms do not introduce any additional poles to the right of the contour.

polesin &¢ __to the right of the contour occur at s = 5 Lz, Itz (see Fig. 5.1). The
2

We thus get a crossing equation in terms of the spin j operators on the LHS and the
scalars on the RHS (as well as the cusp forms). It may be interesting to analyze this

equation further.
Better bounds on U(1)€ theories?

In Table 5.1 our numerical bounds on the scalar operators of U (1) theories are quite
far from the average Narain scalar gap. For instance our numerical bounds seem
to grow quadratically with ¢ instead of linearly. This may be an indication that our
crossing equation is not strong enough to pinpoint the CFT with the largest scalar
gap. It would be interesting if we could modify the set of crossing equations we
consider to get better bounds. For instance we could include both our crossing and
the “traditional” modular invariance (or four-point function) crossing equations to
see if we can get better bounds. Other avenues to explore may be to consider different
functionals from the ones used in Sec. 5.3.3 (for example not just considering ¢(?)
in (5.43) to be Gaussians) or somehow incorporate the residues at the nontrivial
zeros of the zeta function into the crossing equation. It would also be nice to get

numerical results for even c.
Four-point functions?

There is a well-known relation between crossing symmetry acting on a four-point
functions of four scalar operators and modular covariance. For four identical opera-
tors, under an appropriate coordinate transformation, the four-point function should
be modular invariant. (For different operators, it will transform as some vector-
valued modular function.) It would be interesting if one could derive a crossing
equation on certain correlation functions where only a one-dimensional slice of op-
erators are exchanged (e.g. only scalar operators are exchanged instead of operators
of all spin). It would be especially interesting if this could generalize to higher

dimensions.
Applications to N = 4 SYM?

Besides in 2d CFT, another natural place that modular invariance shows up in string
theory is in S-duality of N' = 4 super Yang-Mills theory. In [178] (see also [179]),

harmonic analysis was used extensively to study various integrated correlators as a
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function of the complexified Yang-Mills coupling. It would be interesting if there
were some sort of crossing equation acting only on the zero-instanton sector (but
note that the pole structure of the overlap with Eisensteins is different because there

is no notion of a “scalar gap”; see [178] for discussions on this).
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Appendix A

APPENDICES TO CHAPTER 2

A.1 Comments on existence of light-ray operators

In section 2.4.3 we described a picture in which light-ray operators exist in any CFT
and provide analytic continuation of local operators in the sense of equation (2.97).
This picture is supported, for example, by perturbative examples, where explicit
expressions can be given for @f 72 (x, z, w) in terms of fundamental fields and (2.97)
can be verified. However, this picture is not rigorously known to be valid in non-

perturbative CFTs as we now review.

In [11] a construction was given for light-ray operators in general CFTs, which we
reviewed in 2.4.3. The following statements need to be established before it can be

claimed that the story of section 2.4.3 is correct.
First of all, it needs to be shown that the functions
(P[0}, (x, 9)|®) (A1)

are meromorphic in A for general J. Furthermore, we need to prove that the
positions of the poles are independent of the choice of the states ¥, @, as well as of
the operators ¢, ¢, used to define QX, ;- Finally, we have to argue that the residues

of these poles depend on ¢1, ¢> only through an OPE coefficient f,+.

All these statements are known to be true for non-negative integer J (with (=1)” =
+) [11] but, to the best of our knowledge, no proof is known for other values. In the
main text we assume that these are true, since this simplifies the statement of our
results. However, even if none of the above statements hold, the results of this paper,
and in particular (2.147), continue to hold in the following sense. One needs to take
matrix element of (2.147) between the states of interest, which for concreteness we
take to be created by single insertions of primaries Oz, O4. The right-hand side is

then given by ¢ integrals of
<O3©§+1,J,/l,(a)04>’ (AZ)

which can be expressed in terms of the function C,;, (A, J, 1) which is computed by

the Lorentzian inversion integral [11] for the four-point function

(010,0304). (A.3)
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The Lorentzian inversion integral and thus C,; (A, J, 1) is well-defined on the §
integration contour of (2.147), and so we get a rigorous interpretation of (2.147)
without assuming any of the above facts about the light-ray operators. Moreover,
the entire derivation of (2.147) can be carried out in this language, which is what is

essentially done in [15] and appendix A.4.
In this language, where the matrix elements
(Os;L[0O1]L[0,]O4) (A4)

are expressed as an integral of C,; (A, J, A) along principal series in A, the analysis
of the small angle limit between the detectors can be carried out in the usual way, by
analytically continuing C,;(A, J, 1) away from the principal series and deforming
the integration contour to the right, picking up the singularities that one encounters

on the way.

A.2 Conventions for two- and three-point structures
We follow the same conventions for two- and three-point structures of traceless-

symmetric operators as in [11]. In particular, we define

(=221 - I(x12) - 22)”

(O(x1,21)O0(x2,22)) = A (A.5)
*12
where
u
I, (x) = #, - 2220 (A.6)
X
For three-point structures we define
(ZZ * X23 xf3 -2z X13 x%3)J
($1(x1)$2(x2)O(x3, 2)) = AR AT AtA-Ao+] AatA-Are] (A7)
12 13 23
In terms of embedding-space formalism these become
—-2Hy)’
(O(X1. 21)0(Xs, 22)) = 22 (A8)
X1
(-2V3 12)’
(01(X1)2(X2)0(X3,23)) = —may aaayd oo (A9)
Xp & X3 7 Xy o
where as usual
Z XX - Xoe - Z - X0 X; - X
Vijx = — 2 ka,i SR (A.11)
J

H,‘j E—2(Zl"Zle"Xj—Zi‘Xij'Xl'). (A12)
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Recall that we project from embedding space using
(X" X7 XM = (La% ), (2°,27,24) = (0,24 - 2,2M), (A.13)
and the embedding space metric is

X?=-X*X"+X'X,. (A.14)

We use these conventions both for d-dimensional structures as well as for (d — 2)-
dimensional celestial structures. For example, replacing X — z,Z — w,A — ¢
and J — j we find

( oWz szzzl)]

($1(21)$2(22)O(z,w)) = 61+62 o) = Z21 5 62+7 52+5 51+)
(—2z1 - 22) (221 - 2) (—2z2-2)7 7

(dw- 7212 22— 4w - 207+ 271)/
1+(52 S+j |+6 (52 J (52+5 51+j

(=2z1-2) (—2z2-2)

(=4 (w-zz-21—w-212- 22)/
1+62 5+j 1+6 Sr+j 62+6 S1+j

(=271 - 2) (—2z2-2)7 7
(A.15)

( -221 - 22)

( 271+ 22)

in agreement with (2.86).

Sometimes we need the standard tensor structures for continuous spin. We define
them for the Wightman functions as
(22 - X375 — 22 - x13X33)”

(01¢1(x1)O(x3, 2)$2(x2)[0) = AM+Ar—At] MAA—Dotd At A—A+d (A.16)
12 13 X23

For non-integer J, this is defined to be positive for x? i > 0 and z-x23 x 132 X13 x§3
0. The values in other configurations are obtained by analytic continuation assuming

standard analyticity properties of Wightman functions.

A.3 A Lorentzian formula for the light-ray kernel
In this appendix, we prove the Lorentzian formula for the light-ray kernel (2.152).
We follow the notation of [11]. Our starting point is the generalized Lorentzian

inversion formula

. -1 dxy - dxy
C,p (AT, 1) = R QI [0s, 01][02, 0511 )Go, (A17)
2ni 34 vol(SO(d, 2))

(‘7'2<0l02L[0*]01|0>(“’)_1 (‘71<()|04L[0]03|o><b>)‘1

vos LIOILIOT) A
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We have written the formula in slightly different conventions relative to [11]. Firstly,
we made the change of variables x; — x> and x4 — T4x4, so that the causal
relationships become 3 > 4 and 1 > 2 with all other pairs spacelike separated. This
choice makes it simpler to apply the Lorentzian two and three-point pairings defined
in [11]. In addition, we only wrote the #-channel term in the inversion formula. The
treatment of the u-channel term is analogous. In our notation, O is a representation

with quantum numbers (A, J, 4).

The object G is a conformal block with internal quantum numbers (J +d — 1, A —
d+1,2). In (A.18), we have written it in schematic notation, where the three-point
structures in the numerator should be glued using the two-point structure in the

denominator. In more precise notation, G is defined by
d_ yd-2 by !
Go = / dxD2A ) (x1,32,%,2) (THOIOLIOIO10) ) (A19)
1>x>2
where the kernel A, satisfies

-1
/ d'xDT 22 ) (31,32, %, D(LIO] (v, DILIOT (¥, )" = (TOI0SLIO] (¥, 2)0110))
1>x>2
(A.20)
Recall that dual structures (- - -)~! are defined using the Lorentzian two and three-
point pairings defined in [11]. In [11], the block G was defined by specifying its

behavior in the OPE limit x; — x;. The above definition in terms of the integral

kernel A, is equivalent and more convenient for our purposes.

The light-ray kernel should satisfy

/ dx1d 2K} ;)0 (41,7235, 2)(Q104010,051Q) = ~C},, (A, J, ){0]04L[0] 03]0) .
1>x>27
(A.21)

In the expression (A.21), we can replace (Q|040,0,03|Q) with a double commu-
tator. The reason is that the kernel K ’A J.A(a) factors through null integrals of x| and
x7, which annihilate the past and future vacuum, see [11] for details. Furthermore,

let us make the change of variables x; — 7,x; and x4 — 74x4, so that we have

/ d'x1d°x2(TK Y | 4(0) TTH(QU[0s, 01][02, 0311Q) = ~Ci, (A, J, ) Ta(0|O4L[0] Os0) .
1>x>2
(A.22)

For brevity, here and in the following, we assume the arguments of 72K ’A’ J.(a) AT€

(x1,x2;x,z). The arguments of L[O] will always be (x, z), and we use the notation
L[O’"] to indicate L[O] (x’, Z).
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Pairing both sides with the dual of the right-hand structure, we obtain

dd dd da' dd dd Dd—2 -1
“Cla = [ FHERCDE R Sk, ) (TOI0ALI010:10) )
2022 vol SO(d, 2)
X T 74(Q|[04, 01101, 03]|Q). (A.23)

Comparing with (A.17), (A.19), and (A.20), we conclude

’ - 1 t 4 -1
/1 DTG LIOILIO M) = 2 (B 0I0:L[07101]0))
(A.24)

This is essentially the desired result, written in terms of dual structures. To put
it in a more conventional form, we must apply the two- and three-point pair-
ings that appear in the definition of the dual structures. Pairing both sides with
7>(0|O-L[OT] (x’, 2/)01]0)?), we find

ddX] ddXdede—2dex/Dd—2 ’
1>x>2

= K 72(0|0,L[0710:|0)? ) (L[O]L[O" ]y~
12 10150(d.2) (TS 1 1(0) (TOIOLIOM0110)) (LIOILIO)
1

271'1552; (A.25)

Comparing with the definition of the Lorentzian two-point pairing in [11], finally

gives
/ ddxlddxz (TK[ )7-—<0|O L[O/T]O |0>(b) _ 5(b)< [ ] [O,T]>
Loran (VOISO(T, 1))2 27 A A(a)) 7202 I o ,

(A.26)

where the equality is validif x” =~ 1, 2. Finally, after changing variables x, — 75‘1x2,
we obtain (2.152).

A.4 An alternative derivation for the light-ray OPE formula

In this appendix, we give another derivation for the light-ray OPE formula (2.147).
We will first review the derivation for the low transverse spin terms given in [15].
Then we will derive the “higher transverse spin” terms by generalizing the derivation
in [15].

A.4.1 Review: derivation of [15]

We first briefly review the proof given in [15]. We are interested in an expansion for

L[O1](x, z)L[O2] (x, 22). (A.27)
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For simplicity, we assume O;, O, are traceless symmetric tensors. Generalization
to arbitrary representations will become straightforward after finishing the proof.

We will study the matrix element
W(z1,22) = (Q|O4L[O1](x, z1)L[O2] (x, 22) O3|2), (A.28)

where O3, 04 are some local primary operators. Then we can apply harmonic
analysis on the celestial sphere to expand W(zy, z») into partial waves. The result is
given by (2.91) and (2.93). The object W; ;(z1, z2) can be further written as

Ws,j(x,2) = as, / D2 D2 (P (2P (22)Ps.j (2))(QIOL[O1] (x, 21)L[O2] (x, 22) 03 |Q)

= / dx1d"x;D 21D P2y L j(x1, 21, X2, 225X, 2)(Q 0401 (x1, 21) 02 (x2, 22) O31Q),
(A.29)
and the kernel L ; is
Lsj(x1,21,%2,22;%, 2)
= a5 (P} (2)P] (22)Ps 1 (2))
X /00 daydas (—ay) 07 (=) 026D (x — 7y Jay = x1) 6D (x - z2/@2 — x2) .

(A.30)

Note that we have suppressed the Lorentz indices carried by Ws ; and L5 ;. They

are contracted with the indices carried by Cs ; in (2.91).

Using (A.29) and the fact that L[O;] annihilates the vacuum, we have
W5,j(x, Z) = / ddxlddxde_zled_zm.ﬁ(g,j(xl,zl,x2,12;x, Z)9(4 > 1)9(2 > 3)

X (Q[O04, O1(x1, 21)][O2(x2, 22), O3] [€).
(A.31)

By conformal invariance, we also have
W;s.j(x, 2) = Ap(8, /){0|O4L[O] (x, 2)03]0) . (A.32)

where O has quantum numbers (A, J,1) = (6 + 1,J1 +J2 — 1, ), (b) is the ten-
sor structure index, and (0|O4L[O](x, z)03|0>£b) is the continuous-spin structure

analytically continued from even spin.! In order to proceed, we need to introduce

!'The analytic continuation of (0]O4L[O] (x, z)03]|0)?) to complex spin has to be done separately
for even and odd spin due to our convention of the three-point function, so we have to make a choice
in the right-hand side of (A.32). However, this choice does not affect our final result. It will only
change how we relate C*(A,J) and O*(A, J) in the final step of our derivation. With our choice
in (A.32), we need to identify C*(A,J) — (O)Z,J and C™(A,J) — -0y ;-
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conformally-invariant pairings for two-point and three-point continuous spin struc-
tures in the Lorentzian signature. The pairings are described in detail in appendix
E of [11]. For a two-point structure of O in representation (A, J, A), it can be paired
with a two-point structure of O° in representation (d—A,2—d—J, ). The two-point
pairing is defined by
((00"),(050%1)),
vol(SO(1,1))?
dx1d"x,D?27; D2z,
/xm vol(SO(d, 2))
(0(0,21)0"" (0, 22))(05 (0, 22)0; (0, 21)) |
B 222 y01(SO(d - 2)) (=221 - 22)2 7

(0% (x1,21)0% (x2, 22)(O5 (x2, 22) O3 (x1, 21))

(A.33)

where in the last line we use §6(d , 2) transformations to gauge-fix tox; = 0,x, = oo,
and a, b are the indices carried by the representation A. The three-point pairing is
defined by

((010:0),(0{0}0%)

L
=/ dx,d%,dx D27
~J2< vol(SO(d, 2))

) 1 (01(e)02(0)0 (o0, 2))(0] (¢°)05 (0)0%* (0, 2))
 22d-2y0](SO(d - 2)) (27 - eY)2-d '

(01(x1)02(x2) O (x, 2))(O] (x1) 0 (x2) 057 (x, 2))

x=~1,2

(A.34)

0

Similarly, in the last line, we gauge-fixed x; = e”,xp = 0,x = oo.

We can then obtain A, (d, j) by taking a Lorentzian three-point pairing of both sides

with a dual structure
-1
Ap(6,)) = ((71<0|04L[0] (x,20310)")) ,ﬂWa,j(x,Z))

_/' dx1d%xyd%3d?x, D927, D427,
4>1 vol SO(d, 2)

L

(Q[[04, 01 (x1,21) ] [02(x2, 22), O3] 1Q)
2>3

% 75—171—1

/ dxD?2; (7Z(O|O4L[O] (x, z)03|0>§”>)_1

X (T2 Ls,j)(x1,21,%2,22;%,2)0(4" > 1)6(27 > 3)],

(A.35)

where 73, 74 translate the points x3, x4 to the next Poincaré patch on the Lorentzian

cylinder. They are introduced so that the causality configuration in the three-point
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-1
Lorentzian pairing is satisfied. The structure (7Z(O|O4L[O] (x,z)03|0)frb)) is
defined by

((71<0|04L[0] (520510 THOIOL[O] x, z>03|0>£‘”) =0
L

. (A36)

The derivation up to this point is true for all transverse spin j. In the rest of this
section we first finish the derivation assuming j < jmax, and explain what goes
wrong when j > jmax, Where jmax is the maximal allowed transverse spin in the
O X O, OPE. We then give the derivation for j > jyax in section A.4.3. Note that
since we assume (O;, O, are traceless symmetric tensors, in what follows we will

simply use jmax = J1 + Jo.

In (A.35), the term in the bracket is a conformally-invariant four-point structure, and
is an eigenfunction of the quadratic Casimir acting on 1,2 (or 3,4). Therefore it is
a linear combination of conformal blocks, and we can study it by taking the OPE
limit. In the OPE limit x3, x4 — x’, the 34 three-point structure should be given by

a linear operator Bz4p acting on a two-point function:2

b -1
(T 010sL[0] (. 2)03/0){"))
= B340 (x3, x4, ¢, 0)(0" (', )0 (x,2)), (A.37)

where OF has quantum numbers (Ar, Jr, jr) = (J+d — 1,A —d + 1, j), where
J=Ji+Jp,—1and A = 6 + 1. Plugging this into (A.35), one can then show that
the bracketed term is the conformal block that appears in the Lorentzian inversion
formula, and therefore we can relate A, (6, j) to C=(6 + 1,J; +J> — 1, ). Using
(A.32) and the relation between light-ray operators @X’ ; and C*(A, J), we obtain
that

L[O1](x,z1)L[O2] (x, 22)

d-2 ,:
TRAS (g + _
- Z Ny -Cs.j (21,22, 02) (©5+1,Jl+12—1,j(a) 4 2) = Oy gar-1,(a) 5 Z))
. d=2_. 2mi

J<Ji+J 7 !

+ higher transverse spin, (A.38)

where the differential operator C éc;) (z1, 22, 0;) can be obtained from a celestial map
formula
(OIL*[0s] (0. 22)L[0"](0. 2L~ [O1] (0, 21)[0)”
vol SO(1, 1)
(A.39)

2For continuous spin, the operator Bs4o should be an integral operator. See appendix H of [11].

CL) (21,22, 8)(L[O] (0, 22)L[07] (0.21)) =
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This result agrees with the first sum in (2.147).
When j > Jj + J,, the invalid step in this derivation is (A.37). The reason is that

the linear operator Bs4p becomes divergent when j > J; + J. To see this, consider

a conformal block
C340(x3, x4, 9y ) (01 (x1)02(x2) O (x)). (A.40)

It has been shown that this conformal block has simple poles in A, the scaling
dimension of O, due to null descendant states [35, 38].3 Furthermore, the poles

come from the differential operator Cs40 and have the form

Caa0 ~ Caa0' D, (A41)

A—-A,

where N is some coefficient, O’ is a primary descendant of O, D is a differential
operator such that O’ = DO (at A = A.), and Cz4p is the OPE operator for O’ €
O3 X Oy4. The possible pole positions A, are classified in [35] using representation
theory of the conformal group. For us, the relevant cases are what are called type I
and type Il poles in [35]. If the exchanged operator has representation (I1, [, . . ., Iy),
where /i is the number of boxes of the k-th row of the Young diagram, then the

positions of the type I and type II poles are

Aj=k—li—n (n=1,2,..., 01— I)
Aj,=d+li—k-n (n=1,2,....0; — lk11), (A.42)

and we call D for the type I and type II case Oy, , and Dy, , respectively. In
(A.37), the operator OF has scaling dimension Ap =J+d -1 =d+J;+J, — 2.
Therefore, if j = J; +J, +n for some n > 1, then A;}kzz’n =d+j—-2-n=Ap. This
implies that the linear operator Bz is divergent for all j > J; + J>. To fix (A.37),

we can separate the pole part and the finite part of B3sp near Ap = Ai‘lz -
1 .
B30 = +———C310' Dt + B3y (A43)
Ap - Allz,n

where n = j — J; — Ja, and Cs40- 1s a new linear operator proportional to the OPE

operator of Dy, ,OF € 03X 04. Plugging the above expression for B4 into (A.37),

3In even d, some of the poles can become double poles when more than one simple poles are
at the same position. However, one can explicitly check that for the case we are discussing (type 11
poles with k = 2), the poles do not overlap with other poles and hence remain simple poles in even
d >4

49y, is the differential operator D,, we use extensively in the main text.
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we obtain
(b))
(T010sL[0] (x, 2)0510).”))
= B (x5, x4, 8y, 02)(OF (', )07 (x,2))
+ Cas0 (3, X4, Oy, 0 (D, nOF (X', 2)OF T (x, 2) Vi (A.44)
where
. D OF /, ’ ()F'ﬁL ,
(D, 0" (¢.2)07 (5, iy = tim P02 CLOZIT D) iy 45
AF—>A;‘IZ’n Afp — AHM

Note that (Dy, ,OF (x’,7)0F(x,z)) ~ O(AF — Ay,.,) because when Ap = Ay
it is a two-point function between two primaries with different scaling dimen-
sions and therefore is zero. So the above limit should be finite. This struc-
ture is not conformally-invariant, since it does not vanish under the special con-
formal transformation K,. However, the result we get by integrating it against
T2 Ls,; is still a conformally-invariant three-point structure. To see this, note that

[Kyu, D, n] = O(Ar — A;‘IM) since Dy, , is conformally-invariant at AI‘IM. So, we

can define
K, D
D,= lim 1Ky, Dt ‘ff’”] (A.46)
AF—A;, Ap — AHM

Then, we have
K, / dxD* (D, ,OF (', )0 (x, ) Vim T2 Ls.j (X1, 21, X2, 22, X, Z)
:/ddXDd_zZ<DluOF(xlaZ,)OFT(XaZ))%-Lé,]’(xlaZI,XZ,ZZ,va)- (A.47)

This is simply a derivative of the Lorentzian shadow transform of 75.Ls ;. In [15]
it has been shown that the Lorentzian shadow transform of 7;.Ls ; vanishes for

Jj > Ji + J2, and therefore (A.47) should vanish as well.

The operator Z)HMOF has quantum numbers (J+d —1+n,A—d+1, j —n). Thus,
the appearance of C340- in (A.44) suggests that for j = J| + J, + n, Ay (6, j) should
come from exchanged operators with quantum numbers (6+1, Ji+J, —1+n, J1+J3).

As we will see briefly, this is indeed the case.

A.4.2 Relation between Dy, , and Dryy, ,,
We now describe an interesting relation between the differential operators Dy, ,, and

D1, . This relation will be used later in the derivation for the j > J; + J; case.
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First, note that Dy, , and Dy, , change the quantum numbers in the following way:

Din:2-j,l1,j—n)— 2—-j+nl,J)
Diyp:(d+j-n-22-d-1,j)—>(d+j-2,2-d-11,j—n), (A48

and their explicit expressions can be chosen to be °

_ DTG —n—1-0) () or)"
Do = L(j-1-INT(n+1) (x DZW)
_ DTG —n—1-0) () oo \"
P = F G T+ 1) (5x DZ’W) ’ (A.49)

where DY, and DY}, are weight-shifting operators that increase and decrease the
transverse spin, respectively [39]. As shown in [45], in a pairing between operators

one can always integrate weight-shifting operators by parts. In particular, we have
(D)) ==2j(h =2+ DX lr—a-sj-1. (A.50)

where h = %, and D|; ; indicates that O acts on a multiplet with usual spin J and

transverse spin j. Using this relation, one can show that

* — . .
2, > ) - ) aALLj—no :
(DII nld—A—n 2—-d-1; ]) N}’ZJZ)12 nlAh j—n (A 51)

where

Ir'G+DOHI(h—1+))

N,;=2" .
"/ C(j—n+DI(h=1+j—n)

(A.52)

Note that this relation holds for general A, but Dy, , and Dy, , are conformally-

invariant only when A = 2 — j. More explicitly, for an operator O; with quantum

numbers (A, l;, j — n) and O; with quantum numbers (d — A —n,2 —-d -1, j), we

have

/ dxD* 2z 01 (x,2) (D11, n02) (x,2) = Ny / dxD* 2z (D, ,01) (x,2)O0a(x, 2).
(A.53)

In other words, Dy, , and N, ; Dy, ,, are adjoint to each other.

We end this section by deriving two relations that will be used later in the derivation

for the higher-transverse spin terms. First, consider operators O; with quantum

3 After replacing j —n — j and [; — 1 — A, the definition of Dy, agrees with (2.66).
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numbers (Ay, [y, j — n) and O, with quantum numbers (A,,2 — d — [y, j), where
A1+ Ay = d. Then by (A.51), we have for general Ay, A,

/ d?xd’x' D 2D (D1, 02 D1, 105 (0107
=N, / dxd?x' DzD727 (0,05 (D1, nO1 D, 1O, (A.54)

where we use the short-hand notation that O; is at point (x, z) and O is at point

(x",7"). Setting A} — A;‘z , and Ay — A;}z ,» this equation can be rewritten as

Dit, 00> Dy, O
(A=A ) / dxdlx DI DIy iy 02D 2><010;*>
? x~x’ A2_>A?Iz,n AZ - AHz,n
<D12 nOl Dlz nO,T>
=N? (A = A / dxd?x' D 2zD42(0,0.)  lim i it Wy
n,]( : Iz,n) x=x’ < ? 2>A1_}A;2,n Al_Aikz,n
(A.55)

Finally, using (A, — Aflz’n) =—(A1 - A;‘M), we can conclude that

Dit, 102Dy, w0 D1, 101 Dy, 0
lim (D11,n 02 I z>’<0103> =-N2;[¢0,0]), 1lim (D101 L 1
Az_)A;IZ,n AZ - AHz,n L ’ Al_)Afz,n Al - AIQ,}’L L
(A.56)

The second relation is about the integral
/ddxldddedx’Dd_zz’@nz,nOF(X',Z’)OFT(x, D)F (x1,%2, %, 2) (0|0 L[OT] (', ) 0110),6((1 > 2) -
(A.57)

where OF has quantum numbers (Ag, Jr, j), O has (A, J, j —n), and F(x1, x2,x, z)
is a conformally-invariant kernel that transforms as <5Ir 5; D1, ,L[O]). Note that
Ar +n+ (1 —J) = d in order for the integral to be conformally-invariant. By
applying (A.51), we have for general Ap

/ d?x1dxd"x' D7 (D, 0" (x', 2) O (x, 2)) F (x1,x2, X, 2) T2(0| O, L[ O] (', 2) 01 0),6((1 > 2)
=Nn,j/ddx1ddxzddX’Dd‘2z’<0F(X’,z’)OFT(x, 2))F (x1,%2,%,2)

X Dyt (THOIOLIOTN (', )0110),0((1 > 2) = ).
(A58)
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Now we set Ap — Ai*lz ,andJ — J7 = A;‘Iz , — d+1+n,then Dy, , and Dy, , are

conformally-invariant, and the above equation becomes

<Z)Hz,nOF (X,, Z/)OFT (x’ Z))

%
Ar - A112,n

X 70|02 L[O7](x', 2)0110),0((1 > 2) = x')

(Ap — A ) | d¥%d%%d*x' D% lim
HQ,I’l AF A*
llz,n

F(x1,x2,x,2)

= n,j(J—Jf)/ddxlddxzddX'Dd_ZZ'@F(x’,Z’)OFT(x,Z)>F(X1,xz,x,Z)

« lim ——Dy,, (75<0|02L[0T](x',z’)01|0>+9((1 >2) zx')).

J—=J7 J - J;

(A.59)
Moreover, in the right-hand side we can apply (2.209) and finally obtain

(D, ,0" (', 2) 0" (x, 2))
Ar — A}

1lo,n

/ddxlddxgddx'Dd_zz’ lim F(x1,x2,x,2)

.
Ap =AY,

x T2(0|O,L[O"] (', 2)01]0),6((1 > 2) ~ x')
= vol(SO(1, 1))N,,; / déx1d%%d%' D2 (OF (X, 2)OF T (x, 2))F (x1, X2, %, 2)

X Diyor (TOIOLIOTI (', 2)0110),0((1 > 2) = 1)
(A.60)

where we also use the fact that (Ar — A} ) = (J = J7).

1,,n

A.4.3 Derivation for the higher transverse spin case

Now we give the derivation for the higher-transverse spin terms, where j > J; + J5.
We can follow the same steps for the j < J; + J, until (A.31), but we should
change (A.32) to ¢

W, (x,2) = Ap(6, (0|04 Dy, o L[O] (x, 2) 03|10y, (A.61)

where O has quantum numbers (A, J,j) = (6 +1,J; +J, — 1 +n,J; + J2) and
n = j—J1—Jy in order for Dy, , to be conformally-invariant. We expect that A (6, j)
is related to the OPE data of O X0, OPE. In particular, we want to show that A, (6, j)
is proportional to C*(6+ 1, J1+Jo—1+n, J1+ )+ C (6 + 1, J1+ o — 1 +n,J1 +J)2).

®Note that this is just a rewriting of (A.32), but in (A.32) the operator O has quantum numbers
(6+ 1,J1 +J2 — 1, ). Here we use the relation L[Oss1,7,40,-1,7] « Dt nL[Os41, 0,400 140,014
and call the operator O 41, 7,+J,—14n,7,+J, as O. We hope that this does not cause confusion.
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We follow the old derivation and take the Lorentz pairing with a dual structure:

45(6.) = [ (01041, L1015, 003101 7w v,

_ / ddxlddXdeX3ddX4Dd_2Z1Dd_2Z2
4>1 vol SO(d, 2)

L

(Q[]04, 01(x1,21) ] [02(x2, 22), O3] Q)

-1
[ ¢z (7010sD ,LION . 03101

X (T2 Ls,j)(x1,21,%2, 225 %,2)0(47 > 1)0(2F > 3)].

(A.62)

In the OPE limit where x3, x4 — x’, the step functions 8(4* > 1)0(2* > 3) should

become 6((1 > 2) =~ x’). Also, from the discussion in section A.4.1, we know

-1
that the three-point function (71<0|04@12,HL[0] (x,2)0s |0><b>) in the OPE limit
is given by
»)\~!
(7340104 D1, AL 101 (x, 2)03[0){")
= BIC (x3, x4, 0, 8)(0F (', )07 (x, 2))

+ Ca40 (X3, X4, 07, 0) (D, OF (', 2)OF T (%, 2) iim. (A.63)

As shown in [15], one gets zero after integrating the finite part Bgﬂge(OF ory
against 72.L;, ;. Therefore, we have

-1
/ d9xD2; (7z<0|04z>12,nL[0103|0>i">) (T2.Ls.j (X121, X2, 22:%, 2))0(4" > 1O(2" > 3)

. 1
= G340’ (X3, 23, %4, 24, Oy, 0y)  lim  ———
AF—>A;‘IZ’n AF — AH2 .

8 / d'x D2 (Dyr, ,OF (¥, )0 (x, ) T3 L 1 (x1, 21, %2, 223, 2)0((1 > 2) ~ x)

= C340/ (X3, 23, X4, 24, O, 02) (D11, nS[ T2 L5 j Diim (X1, 21, %2, 22: X7, 2)0((1 > 2) = x7),

(A.64)
where S represents the Lorentzian shadow transform, and we have defined
(D nS[T2Ls,jDiim (X1, 21, %2, 225X, 2)
. 1 — ’o_
= lim —— / dxD* 22Dy, ,OF (¥, )0 (x, 2)) T2 L5 j (x1, 21, %2, 223 X, 2).
Ap—A Ap — AHM x!

(A.65)
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This is a conformally-invariant three-point function that transforms like (51T 5; D1, ,0F).
The expression in (A.64) should then give a conformal block. To compute it, let us
first act Dy, , on both sides of (A.63):

-1
Dty (750104 D1 1 L0) (x,2)0510).”))
<Z)Hz,n0F(x,’ Z/)-Z)Hz,nOFT (X, Z))
A — A} '

Hz,n

= C340/ (X3, X4, 0x, 077)  lim (A.66)

*
AF_)AHz,n

Using (A.51) and the definition of the three-point dual structure (7Z (0|O4L[O] (x, 2)03]0)®) ) B ,
one can find
-1 -1
Dt (T 010Dy, L0 (5, 0510)) = Ny (THOIOALIO] (x,2)0510)”)
(A.67)
Combining (A.64), (A.66), and (A.67), we obtain

-1
/ d"xD" 27 (T(010: D LIO1OSI0) ) (ToLi (. 21,2, 22:.2)

(D, wS[72Ls, i Dimb((1 > 2) = x')) (71<0|O4L[O]03|0>ib))_1

(D, »OF Dy, nOFT)

hmAF_)AfIZ’" AF—AEZ,n

= Ny, . (A.68)

This is a conformal block whose exchanged operator has quantum numbers (J; +
Jo+d—-2+n,6—d+2,J; +J3). Plugging this into (A.62) and comparing with the
Lorentzian inversion formula, we find
1
Ap(6,]) = 2mi X E(C;b(‘SJF Lh+h-=1+nJ1+0)+C(0+1,J1+Jo—1+n,J1+J2))
(L[OJL[O™])~!

X Nn’J : <Z)IIZ,,1OFZ)HZ,,10FT>
hmAF—>Af12’n .
X ((Dﬂz,ns[’iila,j]hime((l > 2) ~x'), 12(0|0,L[0"]0 |o>§“>)L .

(A.69)

This result can be simplified by integrating Dy, , by parts. For the second line,
using (A.56) we have

. -1
lim,_ - (Dr,,,L[0] Dy, ,nL[O"])
v (LIOL[o'])! S i
I (Di1y nOF Dy, nOFT)y 0] (OFOFT) ’
lima, -, , 5

(A.70)
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where JI* = J1 +J2 — 1 + n. For the third line, using (A.60) we have

((PraaSIT2 Lo Dimb (1> 2) = x), TOIO:LIOTO0) )

ddxlddXde /dd Dd 2Z1Dd ZZZDd 2 /Da’—2Z

= vol(SO(1, 1)) N, / — (O (x',2)0" (x,2))
x~x! vol SO(d,2)
X T2 Ls j(x1,21,%2,22:%,2) Dy n (7§<0|02(X2,ZZ)L[OT](X/,Z/)OI (x1, 2)|0)0((1 > 2) ~ X')) :
(A.71)

Plugging in the definition of L ; in (A.30), we find that A, (6, j) is given by
Ap(d,)) ——JTZ(C+b(5+1 Ji+h=1+nJi+D)+C(6+1,J1+J—1+n,J1 +J3))

-1
f
((anJ; wlz’"L[(i]_ZJ)}z’"L[O D) Moy

L
, AT2
X Vol SO(1. 1) (A72)

where

Qg )(x 2,x,7) = a5 / D271D% 7, <55§1 (m)fg (22)Ps,(2))

x (OIL*[02] (x, 22) D1, ,LIOT] (', 2)L7[O1 (x, 21)110)S”,
(A.73)

where L*[O;] indicates that the light transform contour is restricted to 2 > x’, and
L~[O,] is restricted to 1 =~ x’. Finally, comparing the expression of A,(d, j) with
the old derivation for the lower transverse spin case, we find that the for higher

transverse spin j > J; + J,, we have

L[O1](x, z1)L[O2](x, 22)
‘Z( 1)"/_“ 4 C(a)(zl 22.,0)

+ p—
X (@IZ’”©6+1,J1+Jz—1+n,J1+J2(a) (x,2) = D105, Ji+Da—14n,J1+J42(a) (x, Z))

+ lower transverse spin, (A.74)

where n = j — J; — J,. The celestial map formula for C (;C;.) is given by

Dy, L[O] (0, 22, W2) Dy, ,L[OT](0, zo0,
C()(Z1,W1,ZZ,W2,8ZZ,6WZ)( (D1 nL[O1(0, 22, W2) D, nL1O] (0, 20 Wo)))

J—»JI J—Jr
= (=1)"(0[L*[01] (c0, 22, W2) D1, nL[OT](0, 29, wo)L ™ [O1] (00, 21, W) |0){”).
(A.75)

This result agrees with the second sum in (2.147).
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A.5 Kernel of the celestial map

In the main text we have given the celestial map formulas (2.214) and (2.215) which
map d-dimensional three-point tensor structures to OPE differential operators in
(d —2)-dimensional space. The latter are in turn in one-to-one correspondence with
three-point tensor structures in (d — 2)-dimensional space. In general the space T,
of three-point structures in d and the space T;_, of three-point structures in d — 2
dimensions have different dimensionality. Therefore, the celestial map T, — T;-»
in general has non-trivial kernel or cokernel. In this appendix we identify a part
Ky € K of the kernel K C T, of this map and conjecture that it is in fact the
entire kernel (K = Ky) and that the cokernel is trivial, i.e. that the celestial map is
surjective. We give support to this conjecture by matching the dimension of 7;/K
with the dimension of 7;;_,. Finally, we consider the SO(d —2) representations A that
can be generated by the celestial map and show that they cover all the representations

appearing in the (d — 2)-dimensional OPE.

We begin by identifying K. Let us start with the low transverse spin case (2.200).
We are instructed to evaluate the structure from 7, in configuration (2.219) after
multiplying by Vj 12. Since in this configuration V) 1, vanishes, the only structures
that survive are those which contain . iz.
Vo.12 will be singular and the structures with non-negative powers will vanish. We

Structures with more negative powers of

claim that no structures have more singular power of Vj 12 and that there is a simple

. . _1
rule for counting those with Vi |,.

To see this, let us label the SO(d — 1, 1) irreps of the operators as p; = (J1,41), p2 =
(J2,12) and p = (J,A). For large J the number of three-point tensor structures
is J-independent. This is because the number of structures is given [11] by the

dimension of
(p1 ® p2 ® p)SOUD. (A.76)

The dependence on J can be exhibited by first computing the SO(d — 1) content of
o1 ® p2 and matching SO(d — 1) irreps there to dual irreps in SO(d — 1) content
of p. As J is increased, all that happens is that new irreps appear in SO(d — 1)
decomposition of p, but any given irrep appears at most once.” Since p; ® P2
contains finitely many SO(d — 1) irreps, at some point the number of matching dual

pairs stabilizes.

"Tn what follows we use facts about dimensional reduction of SO(N) irreps. See, e.g., [180] for
areview.
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As J is decreased to sufficiently low values, some structures disappear from this
counting. In terms of explicit expressions this happens because the structures at
large J depend on V& 1, for various n, and as J becomes less than n such structures
cease to be polynomial in z and have to disappear from the above counting. We are
interested in the maximal » among all structures, which is therefore the same as the
value of J at which the number of structures stabilizes. As J is increased by 1, the
SO(d - 1) content of p is appended by representations with the first row of length
J. Since the maximal length of the first row of SO(d — 1) representations in p; ® p»
is J1 + J»,8 it follows that the stable number of representations is achieved starting
from at most J = J; + J,. This implies that n < J; + J>. This means that the power
of Vp 12 1s no smaller than

J=J1—-J
Vi (A7)

This finishes the proof of the claim that structures analytically continued to J =

J1 +J> — 1 have at most Vo_}z

singularity.

We thus find that the map (2.214) is well-defined and the structures with Vj 12 to

non-negative powers get mapped to 0. These structures constitute the set Ko. We

conjecture that (2.214) is non-degenerate on the remaining structures in 7y, i.e. those
. . -1

which contain Vj .

match their number to the number of structures in 7;_».

To support this conjecture, let us count these structures and

To do that, note that the above discussion implies that the number of structures with

-1
V0,12

J = Ji + J> and the number of polynomial structures for J = J; + J, — 1, i.e. the

is precisely the difference between the number of polynomial structures for

dimension of?®

(p1 ® p2 ® (J1 + 2, )04V o (p1 ® py ® (J) + J5 — 1,2))50 D

= (p1®pr @ Resgo(q ) (1472, ) © (U1 + 2= L)) (AT8)

We can simplify this by noting that

Resgoqy) (1+, )8 (i+h-1L0))= G (hi+h1). (AT9
S0(d-2) )

TeResSO<d73)

8To see this, note that the length of the first row of the Young diagram gives the maximal
eigenvalue under any given boost. Since it is J; for p;, it must be J; + J;, for p; ® py. Choosing a
boost in (a complexification of) SO(d — 1) yields the desired result.

“Here we use the formal difference ©. To make this precise one can interpret all identities
involving it as character identities.
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In particular, this only involves SO(d — 1) irreps with the first row of length J; + J5.
As mentioned above, this is the maximal length of the first row in SO(d — 1) irreps

in p; ® p2, and this part of the tensor product p; ® p, simplifies©

SO(d-1,1
Ressogd—m 'p1®p = @ (N1 +,1)®- -, (A.80)
SO(d—2)

‘reResSO(d73>

A11®4>

where the dots represent irreps with shorter first row. By comparing the last two

equations we see that

(01 ® P2 ® (J1 + 72,2V & (01 ® P2 ® (J1 +J2 = 1,2)30"D
= (A1 ® 1 ® )50 (A81)

which is the same rule as for counting the structures in 7;_;.

We now turn to the higher transverse spin case. In this case the celestial map
is applied to three-point structures with representations (J;, 4;) and (J, 1) where
J=Ji+Jr—1+nand A = (J; +J,y). As discussed in section 2.5.3, the structures
that contain Vj 12 to powers higher than the minimal possible J —J; — J, are mapped
to zero by the celestial map (2.215). Similarly to the above, we can determine the
number of structures which contain Vo], Ig '
number of polynomial structures at J = J; +J, and J = J; + J, — 1. However, since

2 by taking the difference between the

A = (J1 + Ja,y), there are no polynomial structures for J = J; + J, — 1. Therefore,

all tensor structures with such A contain V({ Izj =

simply would like to match the dimensions of 7; and T;_5.

%2 In this case K is trivial and we

Since 4 = (J; + J2,7), the minimal length of the first row in SO(d — 1) irreps

contained in (J, A1) with sufficiently large J! is J; + J5, in particular

Resgoy) (L) = P (i+hm)+-, (A.82)
TeResggg:;;/I

where the dots represent irreps with longer first row. Taking into account (A.80),

we find

(p1® P2 ® (J, )50 = (1 ® 1, ® 1)5003), (A.83)

"0ne can see this by treating SO(d — 1, 1) irreps as shortened parabolic Verma modules of
SO(d - 1, 1), in which case it is analogous to the statement that all primaries of dimension A| + A;
one can build out of primaries O¢, Oé’ of dimensions Ay, A, are those given by decomposing Of‘()zb
into irreducible Lorentz irreps.

"We need the number of analytically-continued tensor structures, which is the same as for very
large J.



285

Since A; has first row that is no larger than J;, it follows that 4; ® A, only contains
SO(d — 3) irreps with first row at most of length J; + J,. Since the first row of A is
already J; + J», it makes no difference to increase it by n,

(p1® p2® (J, )7V = (41 ® 1 ® A(+n)) >, (A.84)
This establishes the equality of dimensions of 7,; and 7.

Finally, let us discuss which representations A can be generated through celestial
map. The low transverse spin terms contain A’s which are parts of the p = (J, 1)
representations which appear in O x O, OPE. We claim that they cover all A’s that
can appear in (d — 2)-dimensional OPE and have first row length at most J; + J5.
Indeed, using any such 4 in (A.81) we find that

dim(p; ® p2 ® (J,1))5°¢"D > dim(1; ® 1, ® )50 (A.85)

for J = J; + J, and thus for any larger J. Since the right-hand side is non-zero
whenever A appears in (d — 2)-dimensional OPE, and the left-hand side being
non-zero implies that (J, A1) appears in d-dimensional OPE, we obtain the desired

result.

It remains to establish that the higher-transverse spin terms cover all A’s in (d — 2)-
dimensional OPE with first row of length more than J; + J,. Any such A’ can be
represented as A(+n) where A has first row J; + J>. This can be then used in (A.84)
to conclude that (J, A) appears in O; X O, OPE for generic J.

A.6 Spinor Conventions
We use conventions from [50] but switch to mostly plus signature, see appendix A

in that paper. A four-dimensional vector z# = (z°, Z) is represented by 2 x 2 matrix
Zoi = 2u(0")aa = 220 +7 - G,
2% = 7,(0")% = 20+ 7. 5 (A.86)
where o = (1,5), 7" = (-1,5) and & = (o, 2, o).
Convention for lowering and raising of indices is
PP = e “xadedﬂ ,

a®f = e‘waygeéﬁ . (A.87)

The Levi-Civita tensors are normalized as follows

e?=ep=€y=€2=1. (A.88)
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The X matrices are defined as follows

(Xij)ap 3 (Xki)ya
ya
Xijt)aw = —5— () —— . (A.89)
X3 :
ij ik
Using sigma matrix identities we can simplify
Xij * XjkXkip + Xjk * XkiXijp = Xij - XkiXjhp
Xijk = - ) ot (A90)
X5X7
17 ki

A.7 Distributional formulas
In this appendix we formally derive some of the expressions involving distributions

that were used in the main text.

A.7.1 Analytic continuation of distributions
In this section we prove (2.130), i.e. we study the analytic continuation of the

distribution
(s +1)*s"t°0(5)0(1) (A.91)

from the region a, b, ¢ > 0, where it is represented by a locally-integrable function,

to general complex a, b, c.

First, let us clarify the idea of analytic continuation of a distribution. Let us restrict
to one-variable case with one parameter, i.e. we consider a distribution g, (x) defined
for values of parameter a € U € C. Assume that this distribution depends on a

holomorphically. That is, for any test function f(x) the pairing

(8ar f) = / dxga () £ (x) (A.92)

is a holomorphic function of a. We say that a distribution A,(x) defined and
holomorphic for a € V C C is an analytic continuation of g,(x) if U C V and for

any test function f(x) we have

(ha, [) =48> [) (A.93)

for all @ € U. Similarly, we say that g,(x) is meromorphic for a € U if (g, f) is
meromorphic for any test function f and the set of poles is independent of f (of
course, some poles may disappear for a specially chosen f). We say that 4(x) is the
residue of g,(x) at a, if (h, f) = res,=q,{(gqs, f) for any f, etc. All these notions
generalize straightforwardly to the case of several variables and several parameters.
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Before studying (A.91), let us consider a simpler example,
ga(x) =x0(x). (A.94)

For Rea > —1 this is an integrable function of x, and is holomorphic in a as
a distribution. We claim that it admits analytic continuation to C \ Z( that is
meromorphic in C with simple poles at negative integer a. As a simple example,
consider a test function f(x) that is equal to e™ for x > 0 and for x < 0is completed

in some smooth way so that it decays quickly at x — —c0.12 We have then

(ga, [) = /°° e “x%x =T (a+1), (A.95)
0

which is indeed meromorphic and has simple poles at negative integer a. To see

that this statement holds for more general test functions, recall that
(x +ie)” (A.96)
is a distribution that is an entire function of a.13 For Rea > —1 we can write the

equality of distributions

(x —i€)%e™ — (x +ie)%e ™

x0(x) = —
2isina

) (A.97)

where the right-hand side is in fact analytic for all @ € C \ Z. We can compute the

residue at a = —n as

(x —i€)%e™ — (x +i€)%e "¢ _(x—ie)" = (x+ie)™

[€Sa=-n 2i sin a 2in
(” 1! '

In particular, this vanishes for n <

0, consistently with g,(x) being analytic for

Rea > —-1.

We conclude that g, (x) = x?6(x) can be analytically continued so that it has simple

poles at a = —n with residues

(=
(n—1!

I2Everywhere in this section we can work with tempered distributions, so that e~ is an appropriate
test function for x > 0 (i.e. it is Schwartz).

13The notation (x + i€)* means the boundary value of x“ on real line, approached either from
above or below. Since x* has at most power-law singularity for any a, Vladimirov’s theorem [181]
ensures that its boundary values are well-defined tempered distributions in x, analytic in the parameter
a. See, e.g. [182] for a review of these facts.

resge_nx?0(x) = ——5" D (x). (A.99)
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Let us perform a simple check with the f(x) defined above. We have

_1\n-1
reSq=—n{ga, f) =rese=—pl'(a + 1) = (=1) (A.100)
(n-1)!
and this is indeed equal to
_ (_l)n—l (n-1) _ (_1)11—1
(resg=—n&a, f) = m@ )= TR (A.101)

Note that the non-trivial part of this analytic continuation is taking care of the
singularity at x = 0, since for x > xo > 0 the function x“6(x) is locally-integrable

for any a € C.

This simple result for x*6(x) can be extended a more general setup: consider a finite

set of k smooth functions g;(x), x € R" and consider the function

k
2a() = | | 0(ai(x)qix) (A.102)
i=1

For Re ; > 0 this defines a locally-integrable function. Provided that the functions
q; are in general position (clarified below), we claim that the distribution g, (x) can
be analytically continued to a distribution meromorphic for @ € C*. To see this,
suppose we want to define the analytic continuation in a neighborhood of some
point xo where r functions ¢g;,(x), -, g;, (x) vanish. Provided that the matrix of

derivatives
M;; = diqi;(xo) (A.103)

has rank r (in particular, r < n), we can use y; = g;,(x) as the first r coordinates
in a neighborhood U of x¢. This condition is what we mean by “general position”

above. With this choice of coordinates, we simply have
r
2a(9) =2 | [5G, (A.104)
j=1

where g,(y) is a smooth function in U. Each of yjij 6(y;) can be analytically
continued as above, and we can take their product because they are distributions in
different variables y;. We can then finally multiply the resulting distribution by the
smooth function g, (y).

This more general result still does not apply to (A.91) because in (A.91) we have

functions

qi(s,t) =s, qa(s,t)=t, q3(s,t) =s+t (A.105)
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which are not in general position near s,# = 0. The conclusion about analytic
continuation, however, still holds. To establish it, one needs to use a general result
about resolution of singularities. We do not reproduce this argument, and instead
refer to [183, 184]. Here we simply work out the required resolution in the concrete

example of (A.91). Our goal is to define the integral
/ dsdi(s +1)%sP1°0()0(2) f (s, 1) (A.106)
for test functions f. To do so, we define new coordinates u, v by
s=uv, t=u(l-v). (A.107)

The region s, > 0 is mapped one-to-one onto the region u > 0,0 < v < 1, and the

integral (A.106) can be written as
/ dudvu®™P P (1 = »)w)0()o(1 = v) f(u, v) (A.108)
where
Flu,v) = fuv,u(l = v)). (A.109)
Importantly, f(u, v) is a test function in u, v. Therefore, if we manage to define
utrerLb (1)) C0(u)0(v)O(1 — v) (A.110)
as a distribution meromorphic in a, b, ¢, we are done. In this case, setting
qg1(u,v) =u, q2(u,v)=v, q3(u,v)=1-v, (A.111)

we find that g; are in general position at all points xo where at least one function
vanishes. (The coordinates u, v “resolve the singularity” that we had at 5,7 = 0.) In

particular, we find poles at
a+b+c+1=-n (A.112)
with residues proportional to 67" (u), poles at
b=-n (A.113)
with residues proportional to §” (v), and poles at

c=-n (A.114)
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with residues proportional to §¢”(1 — v). As explained in the main text, we are

interested in the pole near
a+b+c+1=-1, (A.115)
in which case from the analysis above we get

ua+b+c+lvb(1 _ V)CG(M)Q(V)Q(l _ V) - 6(M)Vb(1 _ V)CH(V)Q(l — V).

(A.116)

a+b+c+?2

Now we only need to pull this back to s,  coordinates, i.e. evaluate (A.108) with f
given by (A.109). We find

/ dsdt(s +1)*s"t°0(s)0(1) f (s, 1)

= / dudvu®P* 0 (1 =)o) (v)o(1 - v)f(u, V)

~ m / dudvs(u)vP (1 =v)°0(»)O(1 = v) f(u,v)
= rrrera ] R0 - vy
= % / dvw? (1 =v)0(»)0(1 —v)

(0,00 T(h+1I(c+1)
S a+b+c+2 T(b+c+2)

(A.117)

This implies that

1 '+ (c+1)
a+b+c+2 T'(b+c+?2)

(s +1)%s°t°0()0 (1) ~ 5(s)6(2), (A.118)

as stated in (2.130).

A.7.2 An identity

In this section, we show

oo dx 2ni
=— 0 A.119
,/_00 (xy+1+ie) a-1 ) ( )

We define the integral by analytic continuation from the region Rea > 1. Thus,
let us evaluate it assuming Rea > 1. Suppose first that y is nonzero. If y > O,
the integrand is holomorphic in the upper-half plane for x. Furthermore, because
Rea > 1, it decays sufficiently quickly at infinity that the integration contour can be

deformed into the upper half-plane, giving zero. If y < 0, a similar argument shows
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that the integral can be deformed into the lower half-plane, giving zero. It follows
that the distribution (A.119) is supported at y = 0.

Now consider the integral against a test function f(y). Because (A.119) is supported
at y = 0, we can restrict the y integral to the range [—1, 1] (or any finite-size interval
containing the origin). We furthermore substitute the Taylor expansion of f(y) and

integrate term by term:

[ee)

1 +00 dx f(n)(o) .
-[1 w -[oo (xy + 1 +i€)® Z PR (A.120)

n=0

Let us evaluate the term proportional to f(0). Swapping the order of integration,

we have

oo ! 1 B T (l+ie+x) = (1+ie-x)'
so [ e f dy(xy+1+ie)a‘f(°)[m & (T—ax
(A.121)

Because the integrand on the right-hand side is holomorphic at x = 0, we can deform
the contour so that it moves slightly above the origin (staying below the singularity
atx = 1 +ie). We denote this by /_ O; — fm. After this deformation, we split the

integrand into two terms

S(0) dx((1+ie+x)1‘“_(1+i6_x)1-a

l-a JA X X

(A.122)

The first term is holomorphic in the positive imaginary direction for x, so we can
deform the contour that direction and obtain zero. The second term is holomorphic
in the negative imaginary direction for x, except for the pole at x = 0. Thus, we can

deform the contour that direction and pick up only the residue at x = 0. We obtain

2mi

£(0). (A.123)
1-a

Finally, consider the terms in (A.120) proportional to £ (0). For these terms, note
that

n

y n 1
—_—
(xy+1+ie)* *(xy+1+ie)e™

(A.124)

This is a total derivative in x, and hence integrates to zero. Together with (A.123),
this establishes (A.119).
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Appendix B

APPENDICES TO CHAPTER 3

B.1 Alternative derivation of the three-point celestial block
In this section we give an alternative derivation of an expression for the three-point

celestial block

Ciops (21,22, 2y, ) Cpy 39y (22, W2, 23, 02) (<2p - 23) ™. (B.1)

Lorentz invariance and homogeneity imply that!

S+03+j -0’
2

(=[z2, w2l - [z3, P])/ (=p?)
(=2p - 22)07 (=2p - 23)%

[ (£23).
(B.2)

CP(SJSP(;/ (Z29 23, 013)(_2p . Z3)—§’ _

From the definition of Cp, ;3p,,, the leading term of f7,({23) should be given by

6/ -6-j-03

f5(l3) =0y > (1+0({23)). (B.3)

Solving the Casimir equation with this boundary condition, we find

& -6-j-53 (

fé{/ ({23) — {23 2 2F1 0 —63+5+j, 0 +63_6+j,6, + 2 _ c_zi’ {23) ) (B.4)

2 2

This is the two-point celestial block where one of the external operators has nonzero
J» generalizing the result derived in [15].
Now, we must compute
. ) S+03+j—0’
(=[z2,w2] - [z3, p])/ (=p7) 2
(=2p - 22)°(=2p - 23)%3%

Ciaps ; (21, 22, 02y, Oy) ( fér(§23)) . (B.Y)

Expanding the two-point celestial block f7,({23) given in (B.4), we can rewrite (B.5)
as

- (6’—63+6+j) (6'+63—6+j)
>
= (5'+2—§) n!

n

L (=p?)"Ciapy (215 22, 02y, Oy) (P, (22, W2) Psy (23) Porson (D)) »

(B.6)

"We define [a, b] - [c,d] =2[(a-¢)(b-d) - (a-d)(b-c)]
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where

(=[z2, wa] - [z3, P])’
&' +6+j-63 &' +63+j-6 S+j+s3=6'  °

(2p-z22)7 2 "™(2p-z3)7 = "(2z2-73)7 z "
(B.7)

(Ps.j (22, w2)Ps5(23)Psr+20(P)) =

Note that the function (P, (22, W2) Ps; (23) Psr+2,(p)) is not a conformally invariant
three-point function since p is not null, and therefore Ciop; ; acting on it does not give
aconformal block. To compute the action of Ciop; ; 0n (Ps j (22, w2) Ps; (23) Psr+20 (D))
we would like to express it as an expansion in conformal three-point functions in the
limit that p becomes null. To do so, we express p as a linear combination of two
null vectors p = zo + v. In the limit v — 0, p approaches the point zg. We define
the null vectors by
»? p . >
2-a T 2peal

", (B.8)

Mo

2 =ph -
essentially using z; as a reference direction. Consequently, subsequent expressions
will not be manifestly symmetric with respect to 1 < 2, but the symmetry will be

restored in the final answer. Note that zo and v satisfy

2 2

5=v2=0, p=z0+v, —p*=-2z"v. (B.9)
The cross ratios can then be written
—2z5-v —2z3 v (=222 - 23)(=220 - v)
lp=—F7F—"——"—, {3=—F——"—"—, (3= .
—222 - (20 + V) -2z3- (2o + V) (—2z2 - (20 +v))(—2z3 - (z0 +Vv))
(B.10)

In these variables, the expansion around the collinear limit is an expansion in small

v. We can write the three-point celestial block as

6’—63+6+j) (6’+63—6+j)
n

5
o (o+2-4) n

n

(=220 - v)"Crap, (21, 22, 02y, Ouy) ((Po.j (22, w2) P (23) Por2n (20 + V) -

(B.11)

We find that the function (Ps ;(z2, w2)Ps,(23)Psr+20(z0 + v)) has the following

expansion:

(Ps,j (22, w2)Ps3(23)Por42n(20 + V)

5 m
= >0 emk (=20 20) (v - Do) Py (22, w2) Py (23) Psansar (20)),
m=0 k=0

(B.12)
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where D, is the Todorov operator acting on zo. The coefficients ¢, can be

determined by expanding both sides of the above equation order by order in small v:

Cmk =

(m = k) k! (4= (k+20+8)
(B.13)

Since the Todorov operator D, commutes with Cjop 557 the three-point celestial

block is therefore given by

6+63+; s’

(=[z2,wal - [z3, P/ (=pP) 2
(=2p - 22)°% (=2p - z3)%"

(5' 53+6+] ) (5’+63—6+j)
2

((5’+2— —)nn!

ClZfD(s,j (Z] » X2, azz’ awz) ( fé’({23))

Lk (61,02.63.8+2n+2k
L k(=20 - 20)"H (v - Dy )" K g P00 (7, 25 23, 20)

NSRRIk
NoERNk
M= IDVs

51.62.63.6' +2n+2k
Brumic(=2v - 20)" (v - Dy)"" kg((gjl 20022 (21, 22, 23, 20),

3
1l
=
3
1l
=]
~
1l
=

(B.14)

(61 02,03, o’ +2n+2k) (Zl )

where 85, 73, Z0) 1s a usual four-point conformal block, and

J+0—03+¢ J=6+03+6" d_ , d_ )
( 2 )n+k( 2 )n+k(2 (2k+1+2n+6))F(2 (m+k+1+2n+5))

Bn,m,k =
(5/+2—§) nl(m — k)Ik! F(%—(k+2n+6’))

(B.15)

The expression (B.14) can be further simplified. To do so, we redefinen’ = n+k, N =
n + m, which gives

Z Bn,m,k(_2V . ZO)n+k (V . Dzo)m—kg((f} 52,03, +2n+2K) (Zl, 29, 23 ZO)
m=

R
M=

0 k=0
N n
’ —n'(81,62,03,8"+2n"
B Z Bk N-wsk ik (=2v - 20)" (v - D )N 7" 8§,} 2000 (21,22, 23, 20).

N=0n'=0 k=0

(B.16)

It turns out that the coeflicients B, ,, x given in (B.15) satisfy
Z By i N-n+k,k = Bo,n,00w 0 (B.17)

k=0
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Therefore, two of the sums in (B.14) collapse, and the three-point celestial block

becomes
o+63+J &
(—[z2, w2l - [z, P (=pH) 2,
C]Q?D(s’j (Z17 22, 622, aWZ) ( (_2p i Z2)6+J (—2p 23 )(53+] fé/(§23)
r(d ~1-¢-N) ,
= Z “ N (v Dg)Nggh 62’53’6)(Z1,zz,Z3,zo)
d_o_ ,
=T +2- ng D)2 a (29 Day) g @1, 2223, 20).
2

(B.18)

This expression is more manifestly Lorentz-invariant than (3.33), at the cost of

singling out z; as special.

It is convenient to write the result in terms of conformally-invariant cross ratios.
Before doing so, we relabel the vector v — v’ to avoid confusion with the cross-ratio
v. Factoring out the homogeneity factor in the conformal block, we find (up to linear
order in v/, for simplicity)

(<[22, W] - [z3, 1) (=pH) =
(=2p - 22)9 (=2p - 73)%+) f5:(£23)

C]Q;DM (Zl s X2 6zza 8W2)

1 4
=1+ ——=0" D)+ | Thazs (21, Zz,Z3,Z0)g5 29 (u,v),  (B.19)
d_2-¢
where u, v and T34 are deﬁned in (3.35) and (3.36) (with p replaced by z(). Finally,

[7
2p-zy

we can replace zo — p — 71,V — —zl After expanding in (—p?), we obtain

(3.34) in the main text.

We can also derive the same result from (3.33). To compute the celestial block using
(3.32), we start with the conformal block

(1235) (=2z1 - 22)(=223 - z0) (222 - 23)(=221 - 20)
(=221 - 23) (=222 - 20) " (=221 - 23) (=222 - 20)
(B.20)

Ti236 (21, 22, 23, 20) &5,

and go to the frame where zo is near the origin and z, 22, z3 are near infinity.

Explicitly, let us set

20= (L5, z =5 1,45), (B.21)
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where i = 1,2, 3, and A is an expansion parameter. The first two terms, for example,

from expanding out the Bessel function in (3.33) then become

2
1 % T (1236) (=221 - 22) (=223 - 20) (=222 - 23)(=221 - 20)
- 1235'(Z1, 22,23, ZO)g

4(6'+2-4 (=221 - 23)(=222 - 20) " (=221 - 23) (=222 - 20)

Yo—0

B (1236") {13 (1) (1236") 4
= T123(5'(Zl, 22, Z3ap)(85] (Lt V) + d—4-— 26/@14 VSo4,j (l/l V) p—(1,1,0) + 0(/1 )’
Zi:(/lzy?’l’/lyi)
(B.22)

which agrees with (3.34). More generally, when acting on the appropriate class of
functions, v’ - D, = 6;/4, s0 (3.33) and (B.18) are equivalent.

B.2 (R(l)) and (R((SOJ) yélj)) from direct decomposition

In this appendix, we give the coefficients <R((5’1}) and (R((Soj)yélj)) up to 6 = 12 for
N =4 SYM, the QCD gluon jet, and the QCD quark jet obtained by expanding the

collinear EEEC order-by-order in small r, as in section 3.3.2.

B.2.1 N =4SYM

(1) 141301 _ 2x2 (D 107129 _ 1972
<R o> ~ 352800 49 ° <R 2> = 320200 ~ 1260°
(1 33394601 _ 572 (1) 189283 _ 3x2
<R 4> =~ 85377600 ~ 132° <R 6> 1801800 ~ 286°
(R(l) ) = 84401  n% <R(1) ) = 547098707 _ 9x>
2,0 3175200 ~ 378° 2,2 5378788800  1232°
(R(l) ) = 2674437767 _ 167> ( R(l) _ 1220098669 _ 7x°
12,4/ — 81162081000 ~ 6435° 12,6/ — 19675656000 ~ 1144°
(R(l) ) = 1030567 _ x>
12,8/ = 68612544 ~ 663°
) ) () 8 (1)
<R100 100> 210’ (R 027’10 2) = 105 (R 047’104> = ‘m’
0) (1) _ 253 (1) \ _ 28247 (D \ _ 893
(Ri507120) = 650 (R 22712 2) = 194040° (R 247’124> 90090°
) M
<R126 126> 1560 (B.23)



297

B.2.2 QCD
For the gluon jet, we find

( R(l)g> _ —2(5688900072~563610307) C3 +2( 3969000072 ~399089339) Can s Tp—3108375CrnTr
80 /T 317520000 ’
( R(l)g> Ca((241456351- 244188007r2)CA+2(11207700712—110698537)npr)
277 50803200
( R(])g> _ (1713863—173600n2)cj+2(1078007#—1063963)cAnfTF+1zoanfTF
- 403200 ’
( R 1)g> _ (4851797956-4873176007) C3+2 (25114320072 ~2512589293) Can s Tr+7121499CEn s Tp
1007~ 1303948800 ’
( R(l)g> _ (104601961181-1056090420072) C5 (137282607007r2—136102341667)CAnpr
1027~ 23051952000 23051952000
389CpnsTp
1411200 °
<R(1)g> Ca((31701145719-321136200077 ) C 4 +14( 3366594007 3323123011)nfTF)
1047~ 4098124800
( R(])g> _ (459012085-465066007% ) C3+ (7638120072 —753853073)cAnfTF+2szoanfTF
10,67 86436400 ’
( R(l)g> _ (4613713731326-36381224880072) C% (254307853800712 2498045171789) Can T
1207~ 1558311955200 779155977600
788981Crn Tr
113836800 °
( R(])g> _ _ (8858964114007%-9950914029409) C3 (l393617771007r2—1376830794827)CAnfTF
1227~ 2727045921600 283329446400
9197CrnyTr
19514880 °
( R(l)g> _ (5698120428072-577018051339)C2 (6556113564007r2 6475204191751)CansTr
1247 = 129859329600 865728864000
86819Cn T
4122518400 °
( R(])g> Ca(3(37281584340072-3679625658343 ) n s Tr—7( 911485575007 899626801693)CA)
1267 865728864000
( R(l)g> _ (3609756605-36574384012) C3+16(418156207°~412703677) Can s Tp+2352Crn T
1287 = 914833920 ’
(B.24)
and
<R(0)g (1)> ~62C3~110CansTr=135CpnsTr (R(O)g (1)> _ Ca(73C4+16n¢TF)
5040 ’ 20160 ’
( R(o)g (1) ) = 1986C%—6740C an s Tr —1407Crn s Tr
10,0 V10,0 47040 ’
<R(O)g (1)> 5743C2 11981CanfTp— 594CFl’lfTF <R(0)g (1)> CA(39CA+7nfTF)
10,2710,2 332640 0.4710,4 73920 ’
<R(o)g (1) ) = 491846cg—1164457cAnfTF—102141anfTF
12,0 712,0 6486430 ’
( R(o)g (1) ) = 999298C%-1763153C an s Tr—34398Crn ;T
1227122 24216192 ’
<R(O)g (1) 3197C/24—6135CAnfTF—126CanTF <R(O)g (1)> CA(37CA+6I’lfTF)
1247124 720720 ’ 12,6 V12,6 636400

(B.25)
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For the quark jet, we find

( R(l)q> (279300007>~275120246) CaCr  (2069767>~2041751)C} (201264317 2058000072 ) CpnyTr
- 35280000 282240 35280000 ’
( R(l)q> (1022490072-100838071) CACF 3 (177450072-17530127) C2 (39243247 398160072 ) CpnyTr
- 16934400 2822400 8467200 ’
(g\ _ Cr(7(1500072-148003) C2+(1685981-1708007) Cr)
(Rgy') = 403200 ’
<R(1)q> _ (170945775072 -16812815347) CACF 3 (212184007%-209515081) C2
1007 ~ 1792929600 39513600
(168438023821—171426024007r2)CanTF
14343436800 ’
( R(])q> _ (138776715007°~136733593943) C4Cr (644994007 ~636790073)C}.
1027~ 15367968000 127008000
(2801569019 2845920007 ) Cpn s Tr
256132800 ’
( R(])q> _ (674774100072 —66583998913)CACF (46333633219-46938276007 ) C2,
1047 ~ 12294374400 12294374400
(99960072-9863251) Cpn s Tr
1330560 ’
( R(])q> _ Cr(4(953820072-94135219) C o+(540714493-547848007 ) Cr )
1067 ~ 172972800 ’
( R(l)q> _ (8305770330072-830250288473) CACr  (7023324007°-7516807777)C
1207~ 111307996800 3073593600
(2504233505507 26177991840072) Cpn ¢ Tr:
222615993600 ’
( R(l)q> _ (11239054436610072~1118604851318477) CAoCr (1848716100072 —-193326296189) C.
1227~ 159986694067200 86060620800
(20817079707113 215831015400072) Cpn ¢ Tr
1904603500800 ’
( R 1)q> _ (321644002680072-31809587301651) CACr  (51804993240072-5194727659819)C5.
1247 = 5194373184000 2597186592000
(488517802327 4985508528072) Cpn ¢ Tr
51943731840 ’
( R(l)q> _ (31815610577491-322378056000072 ) CACF B (1779241464007 -1756123265947) C2
1267~ 10388746368000 1484106624000
(97372807%-96097693) Crn ¢ T
17297280 ’
( R(l)q> Cr ((46996488007%-46383418021) C4+14 (4303513889 4360356007r2)Cp) (B.26)
128/~ 41167526400 .
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and
0¢ (1 Cr(24CA+4Cp+6Tn T, 0)g_ (1 Cr(13C4—40C

<Ré,3q7’é,g> = - Alssg . F)’ <Rz(;,2)q7’z(;,2)>: o 5730 F)’
O)g (1) \ _ CF(—23799CA+3652CF+8621911‘pr)

<R10,0y10,0 =- 517440 ,

<R(0)qy(1) y = _ Cp(—4825C4+682CF+9012n ¢ TF) (R(O)q)/(l) ) = Cr(113C4—368CF)
1027102 221760 ’ 10,4 Y104 443520 ’
0)g_ (1) Cr(~343735C2+5382C+865310n £ T)

<R12,o7’12,o> =~ 4324320 ’

RO (1) y _ _ Cr(=38990713C,+463606Cy +69682564n, Tr)

( 1227122/ =~ 887927040 ’

<R(O)q7(l) _ _ Cr(=7296C»+655CF+13016nTr) (R(O)q)/(l) ) = Cr(13C4—43CF)
1247124 1441440 ) 12,6 V12,6 514800

(B.27)

B.3 More details on the Lorentzian inversion formula calculation
(0) (1) )
j+Tc »].;(5; yj"'T(: sj

for N = 4 SYM using the Lorentzian inversion formula. We compute (R;iij.} in

;?—)T 6. Vj(i)T j) in the next subsection.

In this section, we compute in full detail the coefficients (R](.i)4 j.) and (R

the first subsection, and then we compute (R

(M
B31 (R, )

From (3.94), we have

1 —_
dz —\ -
RV, ) =216 /0 Z—zkg}ié(z)lesc, (6" (2. D]z (B.28)

Therefore, we first need GV (z, 7) |,2 in order to compute (R;BLJ.). We find

6M(z,2)].2 = 7 274z -2)0 - Z2(1 - 2) log(1 = 2) (4 +22(Z - 2) + Z(1 = 2)*log(1 - 2))

1
(1-2)? (
12733 - 3z+zz)uz(z)) . (B.29)

Using the double discontinuities

dDisc;[(1 —2)?] = - 2sin’(7a)(1 - 2)%,
dDisc,[(1 —2)? log(1 —2)] = - 2sin®(na) (1 — 2)% log(1 - Z) — 27 sin(27a)(1 - 2)%,
dDisc, [(1 — 2)?Lix(2)] = — 2 sin®(re) (1 — 2)*Li»(2) + 27 sin(27a) (1 — 2)* log(2),
dDisc, [ (1 —2)¥log?(1 - Z)] = — 2sin®(wa) (1 — 2)% log?(1 — Z) — 4n sin(2ra) (1 — 2)% log(1 — 2)
— 47% cos(2na)(1 - 2)%, (B.30)
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we obtain (after introducing a small regulator €)

dDisc,[G"(z,2)]l 2

21+E

=-2 sinz(ﬂe)g(l)(z,Z)lzz + 27 sin(2me) X (—W

) (4 +27% - 47)

— 27 sin(2me) X #(3 -37+7%) log(2)
2+e
+4nsin(2me) X (—W) log(1 -7%)
) 22+e
—4n“ cos(2me) X (—m) . (B.31)

We can then plug (B.31) into (B.28) and integrate each term over z. After taking
the € — 0 limit, we obtain (3.102).

B.3.2 <R§2)n,j;6;71('?u,j>

To do the calculation for general twist operators, we will need to compute dDisc of
more complicated functions than in the leading twist case. It is convenient to first
define the linear functional

1 4= =€
. dz 0.1 /— . Z —
I =1 —k; (z)dD R , B.32
) =l [ G @avise | Sr@). @
where «g is defined in (3.85), and
_ _B _
kg'(2) =722F) (§, £+ Lﬁ;z) : (B.33)

To compute anomalous dimensions, we will need to apply this functional to functions
with power-law divergences or logarithmic divergences near z = 1. Using (B.30),

we can obtain
, il réré+nr-1+o+5%)
Pl -2

:F(a)F(a +DIB-DI(1—a+5)(b-a+5)

B
l1-a, b-a, 1+§

B B
1—a+§, b—a+§

X 3F2 5 1 N (B34)

where a should be a positive integer (for zero or negative a the right hand side is
zero). Also, for logarithmic divergences we can take the derivative of (B.34) with

respect to a. For a = 0, we have

réréE-1
Ig[z"1og(1-72)| = —%, (B.35)
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and fora =1

—b

Z _

— log(1 —
1= g( Z)]
rOré&+1 1-b, 1452
rp-1 1z =D =510 )+3F ~1+b+5,

(B.36)

where S is the harmonic number, and

al, aj, as
3F2(0’0’1)’(0’0) ( ; 1) = Oy, |3F2

by, by

ai, a as )
b1, by ’ S

(B.34), (B.35), and (B.36) are the main results we need for the functional I in order
to do the Lorentzian inversion formula calculation for general twists. In particular,

for (B.36), it suffices to consider the b = 1 case, which is given by

réré+1) (1 —28,(8 - 1))
rp-1)

[ < log(l—z)] (B.38)

(1-3)

(0) (1)

By (3.94), the anomalous dimension coefficient (R} v,

) with celestial twist
7. should be given by

] —
T _ dz 3 . _
R, 0 ) =g (57 [ Sl D62
« 0 Z woe 72 logz
(B.39)
The 2d conformal block g e (z,2) 1s
8 jr 1 (BD =k (D, @+ (20 ), (B.40)

Expanding the above expression in small z, we find (the (z < Z) term does not

contribute)

T U-9.0-3%)
(R, i y=4> —2 22 Dy, [6@ D %, . (BAD

=0 (2 = 7c)mm! 22 "logz

where we have used the fact that G(z, 7) starts at z> to restrict the range of the sum

over m. Therefore, our task now is to find I3 [G(z,7)]| for general n. Focusing

Z"logz

)
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on the singular terms near 7 = 1, we find

Q(Z’ z) |10gZ

l+z+222 1 1 7 fara
3

_ A= 1+2 o

¢ 2(l-221-2 2(1—Z)2(1—z)2( 2 ZZZk(k+2)

C(+g)log(l-2) 2 (I-z+2P)log(l-2) 7T
2z(1-72) (1-72)2 2z2(1—z)2 (1—2)

(- (1-29(1-2)(Z(1 - 2)(1 -3)) Z ( )
2z(1 - z)(1 -7%) I—Z)"
z zlog(l-2) 3(1+222-2%)_ _ —0
_2(1—z) T TE zlog(l—z))+0((l—z) ).
(B.42)

We can then apply the functional Iz to the above expression and expand in small z.

After several lines of algebra, we obtain that forn > 1

Ig[G(z,2)]

Pnlogz
3-Tn—4n*+2n(n+2)S1(n)+ (n+2)S;(n+1) 1
2(n+2) )ﬁp_ﬁ

=2
<

(1—2)2

23 n -1 Zk+4
-7 | 2% (1—z)2 ,Zk(k+2)5 (1-72)

-2 -2
1|1 [(152)"] Ip [(1—%"-']
2 n+1

:(—n—2+
1-2

+%(S1(n+1)+S1(n))Iﬁ[

1
- 5 ((I’l + l)lﬁ
1

S I S 11
+ l(n_ ),3 —) Z B (1_Z)1+k

11 [(1 z 3 log(1 - z)] - —n(n +2)1g [log(1-2)]. (B.43)

For the leading order term n = 0, we simply have

1 3
Ig[G(z. D] 5 logz = ilﬁ [1—_2 - 31s [log(1 —72)]
(B~ @%+®N)H5—D
= 6r -1 (B.44)

Combining (B.34), (B.35), (B.36), (B.41), (B.43), and (B.44), we can then determine
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(RJ(._OBTC J.yj(.i)h J.) for any twist 7. = 6, 8, 10, . . .. For general 7., we obtain

© (1)
R}z j¥ )

(DT 20 +8(-D)T - 1OT(HT(F+ DTG+ TG+ 5+ DS+ 5 - 1)
- 2T (1, - DI(2j + 7. — 1)

FG+5rG+%5-1)
rej+rz.-1)

P () (B.45)

where P (j) is a polynomial in j. It is given by

Ly

DT E-THNE 9 +5-30+5+2) 5 (1-5)n@- % _
Pr()) = TN O ZO e Om ).
(B.46)
and
O (J)

4(j+m+2)(j+m+3)

2m+71. -6
3

+j(6—4m)+6(m+1)(m+4)—%c

=271, (j2—2j(m+2)+4m+6)+j2(4m+6)+762(—2j+m+4)+

+4(j+m+1)(j+m+2) +4(j+m)(j+m+1)
—2m+71.—4 -2m+7. -2

3k,

S+m-%, S+4m-%, j+%5 .
j+d4+m, j+6+m ’

+20(j+ & +1)°
G+z+D T +4+mI(j+6+mI(% —m-2)0(% —m—4)

P d+m—-%, 4+m-%, j+% .
j4+3+m, j+5+m ’

TG +3+mUG+5+m(% —m—1)I(% —m-3)

T 4m TG+ LG +F5F+ DI+ 5 +3)3F

3k, -k, j+E+1 .1)

J+5 -k, j+FE+3-k
+2 Z e e e
= k[C(k+ DTk +2)L(+5 -G +5+3 -G +5 1)
(B.47)
B.4 Lightcone bootstrap and large-; behavior of (R;’ig};g /0y
In this appendix, we describe how to obtain the large-; behavior of the coeflicients
(Rj.'rgl}g /9y using the double lightcone limit result (3.121) and the crossing equation

(3.48).
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B.4.1 Infinite sums of SL(2, R) blocks

We will use lightcone bootstrap techniques from [81] to study the large-; behavior
of the coeflicients. An important ingredient for the lightcone bootstrap are identities
for infinite sums of SL(2, R) blocks. One identity derived in [81] is given in (3.54).

For the calculation in this appendix, we can write it as (assuming a is negative)

1
D S G (1=2) = 7+ 0",

h=j+hg
j=0,2,...
1 IF(h-=r)(h=s)T(h—a—-1)
S'S(h) = Z — . B.48
a (1) [(-a-rl(-a=s) TQh-1) T(h+a+l) (5.48)

For our calculation, we will also need to compute an infinite sum of derivatives of
the SL(2, R) blocks, such as d;,k5; (1 - z) or dgk5;’ (1 - z). In particular, we want to

h
compute

0,—1/ - n70,—1 )
Z SO + 3Pk (1= Dlso e (B.49)
j=0,2,---

0,329

SO +3)nky 2 (1= 2)lss. (B.50)

]':0’2’...

Let us first consider (B.49) with n = 1. One way of computing it is to follow the
original argument for lightcone bootstrap given in [7, 8]. In the limit 4 — oo,

Onkon(z) ~ (A'IL)}I log(4p), and therefore the dominant contribution of the sum in

Vie

his at h ~ &= ~ —1=. Thus, we should study the large / limit of kg’h_l(z) with

I-p V1=
hV1 — z fixed. Using the Euler integral representation of k;;(z), we find that

ko ' (2) ~ ZZh\/ﬁKl 2vy), y=hr(1-2), (B.51)

in the fixed y, & — oo limit. Now, we can replace 1 — z — z in (B.51) and plug it

into (B.49) with n = 1. Focusing on the leading term in the small z limit, we find

. 1. o-
Z S0 1(h+3)§6hk2;1+16(1 ~2)
h=0,2,...

e 242k 2 sy 2046 \/m
~ Z./o dh T On (2 TKl(Zh\/E)

(1+4a)T (-3 - a)['(3 - a)
4T(1 - a)T'(-a)

+0(z*), (B.52)

1
= Ez“ (log2+ Vz
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where ~ means that the Casimir-singular terms are the same. We have checked

numerically that this formula is correct in the z — 0 limit.

Interestingly, we find that if we simply move the derivative dj, of 3., ... Sg’_l (h+
3)4 6hk2h +6(1 z) to the function 52’_1 (h +3), we will also get the same result in
the small z limit. One way of understanding this is by following the discussion in
[81]. We can write (B.49) as a contour integral
€+ico inh

L_m dhﬂz(tla;:—(ih)) o7 (h+3)3; Lomde1(1- ), (B.53)
and then integrate by parts to move all the derivatives 9. The leading term at small
z should come from 6;}52’_1 (h + 3). In conclusion, the infinite sum (B.49) in the

small z limit is given by

1, . log2
D ST +3)8kg T (1= Do jus = (—

> ) 2 +0(7).  (B.54)
=02,

We now consider (B.50). We claim that it is given by

Z SO71(j +3)ap, 2’;6 (1= 2)|5—5 = cnz®log" z + O(z* log™ ' 7). (B.55)
j=0,2,-

The coefficient ¢, can be determined by applying 95, to (B.48) n times. Since (B.48)
is independent of ¢’,, we should get zero. Hence, we have

'&

Z SO +3)3p, 2’+6 (1= 2)los

n! 0,32% 0.3
:_Z Z m!(n—m)! (6‘?25“, (j+3)|5i—’5) (agl' mk21+6 (1~ Z)|51—>5)

m=1j=0,2
C ! -H" 3 6’
) _Z Z - S 0ySa™ (j+3) |95 mkz 2 (1-2lgos|+0(z%log" " 2)
m=1 1:0’2’...
= — Z ' (_l)mcn_mza logn z+ O(Za logn—l Z) (B56)
ml(n—-m)! 4m

This leads to the recursion relation

< n! (-1H)™
n = - n—m- B.
¢ ’;m!(n—m)! am € B.57)

With the initial condition co = l , one can then determine that ¢, = 2~172". Thus,

Z SO +3)3p, 2’+6 (1= 2)lys =
j=0,2,--

ST Z“log" z+O(Z* log"_1 2).

(B.58)
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B.4.2 (RJ(.ZE}}) in the large-; limit

We are now ready to compute the large- j behavior of (Rﬁ.':gl.?g /9y As a warmup, we
first consider the leading order (n = 0) case of the double lightcone limit (3.121).
Since we know that R;i)zj is nonzero only when j = 2, the z(1 — 2)° term of
GV (z <« 1 -7 < 1) should be produced by the first subleading term in the
SL(2,R) expansion of the 7. = 4 operator or the leading SL(2, R) expansion of the
7. = 6 operator. More explicitly, the crossing equation (3.48) at leading order in the

double lightcone limit is given by (suppressing the g /g superscript for brevity)

10R{)z(1 %)%+

1
<R§1+{Lj> ((1 -~y (- + (1-2)° Z Cakypan(1=2) + -+

n=-1

_ (L)
(1-90-2) | 45

+ (R;.i)@j)(l - z)3k§;;16(1 — )+, (B.59)
=02,

where - - - are all subleading terms in the double lightcone limit. The coefficients C,,
are from the SL(2, R) block expansion of the conformal block, but their expressions
will not be important for our discussion. The reason is that the <R;.1+)4’j) coefficient
actually has no contribution to the leading term in the left hand side. There are
two ways of seeing this. First, we can simply look at the expression for (R;&J.) in
(3.105) and (3.109) we obtained from the Lorentzian inversion formula and take the

large-j limit.2 For both the gluon jet and quark jet, we find

1 i3 1,
RV, )~ 4777~ s070 (), (B.61)
and therefore
3 (1) 0,1 2
2 Z Ry 753440, (1= 2) ~ 25, (B.62)
=024,

2When taking the large-; limit of the 3 F> functions in (RJ(.Et j), it is more convenient to first use

the Euler representation of the 3 F, function to write it as an infegral of the , F; function, and then
study the large-; limit of the integral numerically. For example,

2, 3, j+1 I'(j+5) ! 4 3 _ 6 18

F R == | dz/(1-2)F (2,3, j+4.2) ~1+—- - —
s s ) TG+ Dr@ J, 22 (1-2)"2F1 (2,3, +4,2) TR
(B.60)

Sometimes the > F is even explicitly known, and one can study the large-; limit after evaluating the
integral.
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which is indeed subleading in (B.59). The other argument is to consider the term

- 3
2z =2 (1 _
(—(1 —a —z)) (1-32) ;<Rj+4j)k2]+4(1 2). (B.63)
If <R§.i)4,j) grows like Sg’:_ _12( J) or faster at large-j, we should expect to see
z(1 - Z)_l on the left hand side of (B.59). However, such terms do not exist,

5073 Y j (R;E4 j) 24 +2n(l z) must give subleading contribution to z.

Based on the above discussion, the crossing equation (B.59) becomes

— 3
(1) 50 = <2 (1 > _
10R,,z(1-2)" + ((l—z)(l—Z)) OZZ: (R 60 (1 = )k2+6(1 2+
1207
(B.64)
Using (B.48), we obtain
<R§1+)6]> 20R} S0 (j+3) ~ ;/_R(l)4/ (B.65)

which is (3.122) in the main text.

Letus now considern = 1. In this case, we should allow nonzero (R ) for general

J+Te.j
7.. At this order, the crossing equation in the double lightcone limit becomes

1 1 —
lORA(r 2)7’4(1 z)Z logz(1-2)° +

((1 —Z)(l —Z)) [Z Z< 53)7 J>Z(l Z) R Z C’?’"k(Z)HIT +2m(1 _Z)

Te<6 J m=-n

n
R L o= - . 01
+ZZ< JHe Y jte. ZOE(I_Z)ZMIOg(l_Z) Z C’:mk2j+f +2m(1_z)
n= m=—n

T.<6 ]

+ Z(l —E)%"’n Z CT(, 66k6+1+2m(1 - Z)|5—)j+TC

+ Z Z< ;Br ]7*(1)>Z(1 Z)T+n Z CT( 65 2]+T +2m(1 Z)|6’—>5

T<6 J m=-n

+ Z(Rﬁ)m (12K (1-2)

1
+Z< Y ) ( (1 -2 log(1 = DAY (1 = 2) + (1 =205k (1 = 2o

1 1 0,222«
+Z<RE+)6/7*( N1 =2 05k 2746 (1 Dloos+---
;

(B.66)
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We can use (B.48) and (B.54) to argue that for 7. < 6, <R§'-2+)r(,,j> and (R;i)T(r’jy](.i)Tc’j>

cannot grow as fast as 65,52"1|a+2 at large j, otherwise the zlogz term in the

left hand side will have the wrong leading behavior for 1 — 7z <« 1. Similarly,

( RW (D
j+6,77 j+6.j

7). Thus, we have

) should not give any leading contribution, or we will get z log z log(1—

10R)y{hzlogz+- -

)\, 0- H 0,52
= (Z<R§36,j>’<zj+le<1—Z>+Z<R§-+’6ﬂ*( N0y (1= Dlas - |
J J

(B.67)

As discussed in section 3.4, we also need to deal with the degeneracies coming from
v.. To do so, let us make an ansatz for the large-j behavior of R;'fgl;. We will

assume

1 0 1 0 1 —1/ —j .z -1 .
Rl = (c(1 8 AU 4 O 40 ))agsg’ L+ 3z + 047 jZ 1og" ! ),

1 0 1 0 1 1/ —j.l -1 .
R = (c§ A 4 DAl >) S (j +3)amsa + 047 j2 l0g" ! ),
(B.68)

(0)g/q

i

(n+1)
1

. In general, the coefficient c© at subleading order can also contribute,

where the coeflicients ¢
(n+1)
A,

are given in (3.137), and our goal is to determine A
and

but we expect them to appear as cfk)OAfnJrl_k)@Z_kSa las_2. Since 7 7%S |42 is
(0)0

subleading at large-j, we can just consider ¢, for the leading large-; behavior.

Note that the ansatz (B.68) implies that for any nonnegative integers n and k,

1 ’ 0 1 4 0 ! ! @)
Rz 100 = (A7 () 4 A D (0 0)) 0507+ Dlanoa

+ 047 jZlog"! ), (B.69)

where y;, and y/, are given by (3.132). Comparing (B.68) to the n = 0 result (B.65),

we find
1y _ 12801 1) (1)g
A= o R TR,
1280
AN =—T o (@, R)E - R, (B.70)
a+ —_— a_ £ ’

For the n = 1 crossing equation (B.67), we can also plug in the ansatz (B.68),
and use (B.48) and (B.58) to compute the infinite sums. After taking care of the
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degeneracies, we obtain

2 320m 1 1 ,
A = (R — R 4y, = o),
ay — 2
3207
AP =" (@RS - RO ) — 7)) (B.71)
CI+—a’_

Forn > 1, one can repeat the above argument and determine A(1"+1) , Ag”l). In partic-

(n+1-p)
R]‘H' oJ

(n+1)
R, Jj+6,J

ular, terms involving with 7, < 6 should not contribute to the z log" z(1-7)°

y and (RVT17™) (/(Dymy can produce z1og" z. So, we

term. Moreover, only ( 46,

have

lORA(r’l) ()/ilz)) zlog"z+---

(n+1) (n+l1-m) ,_s(1) 0,—=
(Z“%m, KA1 =0+ D) SR i E (ol

m=1 J
(B.72)

After using the infinite sum formula (B.48), (B.58) and the relation (B.69), we find

that the solution takes a suprisingly simple form for n > 1:

32On(Ri}2)q - a/_R‘(L])g)(,y(l))n 1(47(1) v

(n+1) _
Al B ay — -
1 1 ’
) _ 3207 (a+R( )8 R( )Q)(y(l))n 1(47(1) *2)
A2 . (B.73)
a+ - CZ_

It would be interesting to use some other methods to verify our results for the large-j
behavior of (R("+ )> For example, (R( j> can be obtained by performing a higher-
twist version of the Lorentzian 1nver51or’1 formula calculation described in section
3.3.3. If the collinear EEEC at subleading order is known, one should also be able
to find <R("+1)> at higher values of n.

B.5 Tree-level EEEC
In this appendix, we give the details of the calculation of tree-level EEEC in section
3.5. In the first section, we compute the functions ¥y and ¥ in (3.157). In the

second section, we derive the relation (3.168) using crossing symmetry.

B.5.1 Computing ¥, and 7,
We first calculate the squared amplitude for the initial state created by TrF?. We focus
on processes with three out-going particles since %y and ¥ only get contributions
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from those processes. At tree-level, there are three possible processes with three
outgoing particles. The first one includes three gluons, and its amplitude squared is

given by (we use mostly positive metric)
Mergsgl” = = 648° N (NG = 1)x

(6(p1 “p2+p1-p3+p2p3)

o ((m - p2)? + (p2 - p3)? L (P - p3)? + (p2 - p3)? L (P - p2)? + (p1 - p3)?
P1-P3 P1- P2 P2 P3
(p1- p2)° N (p1-p3)° N (p2- p3)°
P1 - DP3p2-Pp3 P1 - DP2p2 - P3 P1:DP2p1 - P3

+3 (m "P3P2° D3 PL P22 D3 P1o PPl -p3) ) (B.74)
P1- P2 pP1-P3 P2 P3
The second process has one gluon and two Weyl spinors
2 2
2 _ 2 2 (p1p2)”+(p1p3)
Moo " = 7168 Ne(N: = 1) PR . (BT
Finally, the third process has one gluon and two scalars
P1-p2p1-P3
Moo’ = =328°Ne(NZ = )=————=. (B.76)

P2 P3
We can then define the total amplitude squared | M|? as

1 6
2 2 2 2
IM|” = §|Mg+g+g| + M, )11y +5|Mg(p1)+¢(pz)+¢(p3)| - (B.77)

Note that due to the three identical gluons and two identical scalars in the final states,
we should include symmetry factors % and % in the phase space measure for the
corresponding final state. But here we choose to include those factors in [M]?, so

that we can just use the same phase space measure for all the final states.

Comparing (3.149) and (3.157), one can show that the function 7 is defined as

Fi1 (i1, na)

E2E . = >
:Z/dO' 13]5(711’&)5(’72,&)
7 @) E; Ej

1 PP Ppy Ppe 111,
= 21)*6(Q — Eq — Ep — E.)6® (Bu+ Po+ P
Tty 0 E e (27)? (27) (27)3 2Eq, 2E) 2E. IM|=(27)"6(Q b= Ec)6" (Pa+ Py +Pe)

E’E; 5. b
x sl i) s (7, 22 (B.78)
03 E; Ej
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and ¥ is defined as

Fo(iir, n2,13)6( (71 X 12) - 113)

= IMP(27)*6(Q — Eq = Ep = E0)6) (Pa + P + .
3 3 3
Otot (i.j K =tab.c) (27'[') (27T) (271') 2Ea 2Eb 2Ec
s 17k s 7, P 6 (7, 2L 6 (75 25 ) (B.79)
Q3 E; E; Ey
We can then plug in (B.77) for the squared amplitude | M]?. Also, the total cross
section is
NZ-1 ,
Otot = 5 o-. (B.80)
T

Performing the integral in (B.78), we then obtain that #; is given by (3.158). For
(B.79), the delta function §((7i; X 72) - ii3) on the left-hand side will be canceled
by one of the delta functions in 63 (5, + pj + p.) on the right-hand side. After
performing the calculation, we then find that ¥ is given by (3.162) and (3.163). The
step function 6({; + ¢ — 1) in (3.162) comes from the condition p, + pj + p. = 0.
If {1 + £» < 1, one can easily draw a line such that all three momenta p, p . lie on

the same side of the line, and therefore there are no solutions to p, + pp + p. = 0.

B.5.2 Crossing symmetry of 7

We now consider crossing symmetry of (i1, iip, 113). If i1y, np, i3 are all different
from each other, it is not too hard to check that the function %(iy, n2,73) given
by (3.162) and (3.163) is crossing symmetric. So we want to focus on the delta
functions and show that they are also crossing symmetric. In particular, we will

consider 2 < 3. Note that (3.162) can also be written as

- - - 1 - - - - - - - - jond - - -
Fo(ii1, fig, 113) = E\/(”ll — ii3)2 (i1 +1i3)2 (i — 1i3)2 (72 + 7i3) 2 Fo (71, 7o, 7i3),
(B.81)
and the singular part of Fo is given by (3.167).

We now preform the crossing 2 < 3 and first look at the contact term at r, = 0.

Naively, we expect that the contact term looks like

s —
r,2 E\/(111 —11p)2(1y +12)2 (i1 — 113)%(1p +113)26 ((ii] X 7ip) - 113), (B.82)
2

where the new variable 7 is given by

R Q— —
= Z\/(m +7ig)* + (71 — 113)* = hp(02)r2 + O(r3), (B.83)
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and the function /1, (6,) is

hy(63) = \/0052 0, + (\/cos B — sin 6,)4. (B.84)

If we integrate (B.82) against a test function F (i1, o, 113), we find

L L ————
/dQﬁldQﬁdeﬁgF(nl,nz,n3) r,z 1—6\/(711—nz)z(m+n2)2(n2—n3)2(n2+n3)25((n1an)'n3)
2

3 1 cos B, — V/sin @ v e o
:87r2/0 d92h2(92)2\/ \/ZSIW z dro6(rp)F(ny, ny, n3)
2

= 2 F (~ii3, i3, i3), (B.85)

which agrees with the original contact term before crossing. However, there is
actually another delta function coming from the [- - - |¢ distribution. This is due to

the relation

ax al|x a

[i] :lH plogds . (B.86)
0 0

Therefore, from the [- - - ] distribution we have

fo(65) [ 1 ] f0(65) log hy(6>)
—| — 0 , B.87
I"é ré 0 hz(@z)l’z hz(@z) (1’2) ( )
where
- - 2
¢, = tan™! (M) — tan”! ((1 - \/tanéz)z) +0(r). (B.88)
(i — 1i3)?

Therefore, we should also consider

dry6(r2) F (1, 7o, 113).

802 / 1 f0(85) log h2(62) \/cos B, — /sin 6,
0

do
? h(62)? Vsin 65
(B.89)

It turns out that the 6, integral actually vanishes. So, for the r, = 0 contact term,

the [- - - ]o distribution does not produce new delta function after crossing 2 < 3.

Now we consider the other two contact terms. After 2 <> 3, r| and r3 become

’ l = - = =
= Z\/(m —iip)* + 7y +713)* = hy3(03)r3 + O(r3),

’ 1 - = = =
ry= Z\/(”l +iig)* + (g +713)* = h31 (0)r1 +O(r}), (B.90)
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where
4
h1-3(03) = \/sin2 63 + (\/cos 65 + \/sin 93) ,
4
h3_1(67) = \/sin2 6 + (\/cos 6, — \/sin 31) ) (B.91)
Also, 61 and 63 become
- - 2 .
0
01 =tan"! (—(fz +r_l)3)2) = tan”! ( RALLE - ) +0(r3),
np—np Ccos 03 + Vsin 03
( ) (Vcos 03 + Vsin 63)2
(A2 + 173)2) 4 ( sin 0, )
9/ =tan 1 — S 5| =1ta +0(ry). B.o2
3 ((nl +171p)? (Vcos @1 — V/sin61)? (r1) ( )

Integrating the 6(r}) term, we get

. L LM —
/ dQg dQy;, dQ;. F (1, nz,n3)r—,1E\/(l’l1 — )2 (i + 7in)? (iy — 1i3)% (ip + 713)%6 ((71 X 7ip) - 7i3)
1
_ 87r2‘/7d93 1 2\/cos 03 + /sin 63
0 h1-3(63) \/cos 63

= 213 F (i3, =13, 713). (B.93)

dr36(r3) F(ny, o, 1i3)

L

- ] distribution. This term will

‘We should also include the contribution from the [ I,
1

give
, (2 fo(6)) log hi—3(63) \/cos B3 + /sin 63
8 d93 >
0 h1-3(63) +\/cos 63
7T — V21 +2log2+V2log(3 - 2V2)

512n*
Comparing this result with the contact terms before crossing, we find that for the

dr36(r3) F(ny, o, 113)

= 871'2 X F(—fi3, —1713, 7_1)3) (B.94)

delta functions to be crossing-symmetric, we must have (3.168). Also, if we consider

the contact term at r; = 0, we will get the same condition.

B.6 More details on the celestial inversion formula
In this appendix, we give the derivation for the orthogonality relation of celestial
partial waves (3.193) and the integral identity (3.204). We also show that the

contributions at infinity of the contour deformations of (3.198) vanish.

B.6.1 Orthogonality of celestial partial waves

To derive the orthogonality relation, let us consider a natural pairing

d-2_ pd=2. pyd=2. d-1. e c(67)
/D 21D "D z3d ) ys P ‘P557j5;5g(Z1,Zz,13,p)‘1’56]f6,5,(Zl,zz,13,p),
- 9, 9 6

(B.95)
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where d¢ =2d9ps(p? + 1)0(p?) is an integral over the AdS space defined by

fasP =
p? = —1. Plugging in the definition of the celestial partial wave, we get

/Dd ZZIDd 2Z2Dd 2Z3dAdsde ZZDd 2 /Dd 2 //Dd 2 "
(Po, (21)Ps,(22)Pos.js (DN Pss.js (2)Pos (23) P, (2)) =
(=22"- p)%

X (P, (21) Py (22)Pog. s (27)) (Pieuis (27) P (23) P (7)) —————
(_zzm . p) 6

d— 2 d— d-2 d-2 _rnd-2_rm
= B127’)55,_;‘567’)5P6/D dAdSpD zD 7D z

D 4 1 " 1
(Pos.is (2)Ps3(23) P () ————= (P55 (2)Ps,(23) P () ——
(27" - p)S (=2 - p)°
- BIZP‘SS-JS 3565,1537)6’ OPsps 5705’7%

1 1
diipD* 27 = . (B.96)
/ A (=27 - p)% (=22 p)’s

In the first and the second equality above, we have used the bubble formula (eq.
(232) in [45]), and BIZP‘SS»JS’ 3555’53
Moreover, the integral in the last line of (B.96) is given by

d-2
/ D*?zd{p
vol(SO(d - 1,1))

p,, are bubble coefficients given by (3.195).

1

(=2p-2)°(=2p 2" = 5 2vol(SO(d — 2))°

(B.97)

where we use the conformal group to gauge fix p = (1,0,0,...,0) and z =
(1,1,0,...,0). The stabilizer group after the gauge-fixing is SO(d — 2), and the

Fadeev-Popov determinant for the gauge-fixing is 1.

Therefore, the orthogonality relation for the celestial partial wave is

Dd 2Z1Dd 2Z2Dd 2Z3dAdSp pe
/ vol(SO(d — 1, 1)) 05:J5305
1
~ 24-2y0l(SO(d - 2))

5
(Zl,zz,Z3,p)‘P5( ) (21,22,23, D)
0676306

Blzpésyfs 3555,53?(% OPs P 67‘)5’506’ (B.98)
where
Opsp, = 2685 = 56)3 js.jos (B.99)

for 65 = +lS5,(56 = 2 2 +isg with s5, s > 0.
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B.6.2 Derivation of (3.204)

We now consider the identity

/ D722 D2 25(Ps, (21) P, (22) Ps,j=0(2)) (=2p - 21) 01 (=2p - 20) ™%

6-61-0p

= Csop0(-p?) 2 (=2p-2)7°. (B.100)

By Lorentz symmetry and homogeneity of p and z, the right-hand side must be
5-61-69

proportional to (—p?) 2 (=2p - z)7%. Thus, our goal here is showing that the
coefficient Cs, 5,5 is given by (3.205). Our strategy is to first fix p> = —1, and
integrate both sides of (3.204) against (—2p - z)‘g over z and p. More precisely, for
the right-hand side, we have

d=2_ gd-
/ D szdép
vol(SO(d — 1, 1))

1
24-2v0l(SO(d - 2))’
(B.101)

Cs,.5,6(=2p - 2)°(=2p - 2)7° = C5,.66

which follows from (B.97). For the left-hand side, we want to compute

vol(SO(d — 1, 1)) B (P, (21) P (22)Po.0(2)) (=2p - 2) ' (=2p - 22) 2 (=2p - 2)°.

/ Dd_zZlDd_zZde_dei_ép _

(B.102)

One can immediately recognize that the p integral is a three-point Witten diagram,
and can be evaluated using (3.207). Furthermore, the remaining integral over

71, 22, Z 1s a conformally-invariant three-point pairing. Therefore, the left-hand side
is given by

] _~
vol(SO(d — 1, 1))Adsp <F?561 (Zl)ﬁéz(ZZ)P&O(Z)>(_2p 2O (=2p - 22)2(=2p - 2)°

/ Dd—ZZIDd—ZZZDd—Zde—

= D51,525 ((551552P5>, <P51 7)525@)
ﬂ_%l—w(61+62;§~—d+2)1—~(61+(§2—3)I—~((51+§—62)1—1(52+§—51 ) 1

2I(61)T(62)(3) 24-2vol(SO(d - 3))
(B.103)

Finally, comparing (B.101) and (B.103), we obtain

ﬂ,%l—x( 61+62-§6—d+2)1—1(51+522—5)1—~( 61+g—52 )F( 52+g—51 )

2T(51)1(82)1(6)

Cs1.6:6 = vol(8973), (B.104)

which agrees with (3.205).
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B.6.3 Celestial block at large 6 and ¢’
In this section, we study (3.198),

F(z1,22,23,p) = Z

—+zoo d5 —+loo dé/
/ > -C(6, ;6 )G(;] s (21,22,23, P),

—ico 2ni

(B.105)

and make sure that the contributions at infinity vanish when doing the contour
deformations. For concreteness, we consider the leading order strong-coupling
EEEC, so C(4d, j;d’) is given by (3.211). When we first close the ¢’ contour to the
right, the locations of the poles are at 6’ = ¢ + 3 + 2k. Furthermore, (3.211) in the

large ¢’ limit behaves like

CO (8,],8 — 00) ~ 27 (), (B.106)

strong
where (---) grows sub-exponentially at large ¢’. Therefore, a sufficient condition
for the contribution at infinity of the §” contour to vanish is

lim 279 (sub-exponential) G ..5(21,22,23,p) = (B.107)
Re(¢’)—o00 J

After closing the ¢’ contour, (3.198) becomes

——loo

L2 ico d5
F(z21,22,23.p) = ZZﬂ RCS5' 5+3+2kcstrong(5 VB 5)) Gy j5r=s+3+2k (21,22, 23, D).
J
(B.108)

On the ¢-plane, Resgs = 5+3+2kC( )

strong has poles at 6 = 6 + 2n. The contributions from

these poles will reproduce the celestial block coefficients (3.214). Note that at large
g,

Resg= 6+3+2kC ~270 (-, (B.109)

strong

where (- --) grows sub-exponentially at large 6. Thus, a sufficient condition for the

contribution at infinity of the ¢ contour to vanish is

. (l(gn 27 (sub-exponential) Géj sk (21,22, 23, p) = (B.110)
(&} —00

If the two conditions (B.107) and (B.110) are true, the celestial block expansion
(3.183) can be obtained from (3.198) by contour deformation.

To show that (B.107) and (B.110) are true, we will need to understand the behavior

of the celestial block G° at large ¢ or ¢’. For four-point conformal blocks, one
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can determine their large A behavior by studying the Casimir equation in the limit
A — oo [36, 37, 35, 180, 38]. For the celestial block, the analogous Casimir
equations are

l .. c

I (123 v ety ¢
( 2L/Sv )L(123),U 5 (5 — d + 2))G(5,j;5' = 0’ (Blll)

where

(12) .
1/16 v v, Zﬂ’
i

Ly = (B.112)

l#av_i /1‘
g

If we take the limit given by (B.107), the second line of (B.111) will give a differential
equation that the leading behavior of G° in this limit must satisfy. Similarly, for
the limit given by (B.110), (B.111) will give two differential equations. However,
since G can depend nontrivially on three cross ratios, {12, {13, {23, these differential
equations are not as simple as as the conformal block case, and it is difficult to solve

them directly.

Thus, we are led to consider an alternative method for studying G at large ¢ or ¢’.
We find that this can be achieved by writing down an integral representation with
finite integration range for the celestial block. When we consider the limits given
by (B.107) and (B.110), the integral will be dominated by a saddle point and the

behavior of G¢ can be determined.

Warmup: conformal blocks at large A revisited

The method also applies to the conformal block, so let us first consider this simpler
case. They key idea is to use the Lorentzian shadow representation of the block [2].

Here, we follow the notation of [11], where the block can be written
Gag(xi) ~ / dxoD 22| Ty-n2-a-7(x1, %2, %0, 2)|Ta.s (X3, X4, X0, 2),
1>x9>2
(B.113)

where the causality configuration is 1 > 2,3 > 4, and all other points are spacelike.

Here, ~ means that the two sides can differ by a factor independent of the positions



318

x;, and
(22 : )Q()X%O -2z Xl()x%o)J
T, (x1,x2,%0,2) = A +hy—A+T Ay +A—Aytd Do th—A+]
2 1722 2 1 2 2 2 1
(=x7) " 2 ()T T ()T 2

is a conformal three-point structure. Since we are interested in the large A limit, we

(B.114)

focus on the A-dependence of the integrand,

((_JC%())(_X%O)(_)C%4))7 . (B.115)

(=x1) (=x30) (=x3,)
2 = uv +x2, and set
x1 = (u1,v1,0),x2 = (0,0,0),x3 = (1,1,0),x4 = co. The conditions 1 > 2 and

~ 3 become v; < 0,0 < u; < 1. Our integral becomes

Let us choose lightcone coordinates x = (u,v,x,), where x

>
>

(—ulvl)_% / dudvd®x, ((—uv - rz)(—(u —uy)(v-vy) - r2)) ((u -DHv-1)+ rz)_ (---

(B.116)
where (---) are independent of A. In the large A limit, a saddle point appears at

u=1-+v1-u;,v=1-+1-vy,r=0. Therefore, the leading large A behavior is
given by

Gay ~ (—urvi)~2 ((1 =)W1 =v - 1))A (). (B.117)

Going back to the more familiar cross ratios p, p [185], we find

_hv L (B.118)
(1=VI-u)>)(N1-vi=1)2  pp

Therefore, in the large A limit, G s is proportional to ( p/_))% (---). One can fix the
position-independent factor by considering the OPE limit of G ;. Eventually, we

obtain

Gas ~4(0p) (), (B.119)

which agrees with the known result. To match the full result in [36, 37, 35, 180,
38], we could additionally include the 1-loop determinant around the saddle point.

However, that such subleading terms will not be important in our analysis.
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Lorentzian integrals for the celestial block

For the three-point celestial block G, we can write down a similar integral represen-
tation with finite integration range by continuing to “double Lorentzian” signature,
as in section 3.2.4. That is, we must analytically continue the celestial sphere to a

Lorentzian signature space, so that the full spacetime has signature (2,d —2). We

then have
c d-2 d-2_r 1 oY ’ S
Gi s (zisp) ~ [ z0D S P (Ps (29)P3Ps,j(20)){Ps.j (20)P1P2)
0>0">3 0

(B.120)

where z;, p are in (2,d — 2) signature. We can view z; as the embedding space
coordinates of R14=3_ and the causality constraints 1 > 0 > 2and 0 > 0/ > 3 should
be understood in this space. Since the right-hand side is a solution of the Casimir
equations (B.111) by construction, one can show that it is proportional to G (up to
a factor independent of z; and p) by considering its various OPE limits. To study
the integral more explicitly, we will pick the frame z; = (1,2, ¥;), p = (p+, 1, ¥p),

where

5;1 (1’_1’0)’ 5))2:(0’0’0)’ 5))3: (_1’1’0)’ yp: (y;,y;,O), (B.121)
where the coordinate for y is (y*,y~,%.), and ¥* = y*y~ + y2. This satisfies the
causality constraint 1 > 2 > 3. Also, the relation between p.., y;, A and {12, {13, {23

can be obtained straightforwardly using the definition of the cross ratios.

Let us now consider the limit ¢’ — oo corresponding to (B.107). For this limit, it is

more convenient to study

_ 1 51,62,03,8)
D2y ——— g5 (7 2,23, 7). (B.122)
[>2>0’>3 0(—2]7 ) 26)6 6 0
In the limit &’ — oo, the conformal block g((f} ’52’63’6,)(@, 22,23, Z;)) behaves like
[186]
(=222 - z3)

(61,62,63,6")
6"]' (Zl,

)_T (), (B.123)

22,23, 29) ~
2,235 20) ((—2Z2 - 20) (=223 - 7))

where (- - -) grows sub-exponentially. Therefore, we must consider the integral

6/
- 1 (=222 - 23) oz
D27 , ( . (B.124)
/1>2>o'>3 O(=2p - 2p)% \ (222 - 25) (223 - 2j)
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After considering the integral in the frame z; = (1, 5%, %), p = (p+, 1,¥,) given by
(B.121) and solving for its saddle point in the large ¢’ limit, we can find the behavior
of the integral at large ¢’. We can further determine the position-independent factor
in (B.120) by matching the integral with the collinear limit of G given by (3.34).3-4
We find that at large ¢’,

¢ e ~ T2 (21, 22,23, D) (sub-exponential)

(2<1 I 413>)5'
{13

2(1 =1 =223)
V{13023

6’
+T1235 (21, 225 23, P) ( ) (sub-exponential),

(B.125)

where 77234 is the homogeneity factor defined in (3.36). We have checked that this
result indeed solves the Casimir equations (B.111) in the §” limit. Furthermore, if
z;’s are on the celestial sphere, all the cross ratios should satisfy ;; € (0, 1). Using
(B.125), we find that for ;; € (0, 1), 2‘5'Gg’j; s 1s always decaying exponentially at
large ¢’, and thus the condition (B.107) is true.

Finally, we consider the limit corresponding to (B.110), where we set 8" = § +3+2k

and take 6 — oo. For this limit, we must consider the integral

1 1
Dd—ZZODd—2ZI
i "2 ) 2 ) )
1

(—2z0 - Zl)_g(—2zo . Zz)_g(—Zm . Zz)g '
(B.126)

X

In the large ¢ limit, it turns out that the dominant contribution of the z;, integral
comes from the top of the diamond 0 > 0" > 3. Hence, we should set z; = z9 and

solve for the saddle point of the z integral. After comparing the saddle point result

3When comparing the saddle point result to the collinear limit of the celestial block, one should
note that in the main text we always set — p2 = 1. However, in the frame (B.121), — p2 depends on
the cross ratios and is not equal to 1. Therefore, we should first factor out the homogeneity factors
on both sides of (B.120) and just compare the remaining functions that depend on the cross ratios,
which are independent of the choice of conformal frame.

4From (3.34), one can show that if we first take the collinear limit and then the 6’ — oo limit,

the leading behavior of G€ at large ¢’ is (max ({13, {23))67, X (sub-exponential).
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to the collinear limit of the celestial block,> we obtain

2(1 -1 -41)

Gg—>00,j;6’=6+3+2k—>oo ~ T235 (21,22, 23, P)
V13412

s
) (sub-exponential)
(B.127)

The result is indeed a solution to the Casimir equations (B.111) in the corresponding
limit. Moreover, (B.127) implies that the condition (B.110) holds for ¢;; € (0, 1).

SIf we first take the collinear limit and then the limit corresponding to (B.110), the leading

S
behavior of G is |}, X (sub-exponential)
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Appendix C

APPENDICES TO CHAPTER 4

C.1 Conventions for two-point and three-point structures
In this appendix, we summarize the conventions for the conformally-invariant struc-

tures we use in the main text.

For standard two-point and three-point structures, we use

(2z1 - I(x12) - 22)’

(O(x1,21)0(x2,22)) =

2A ?
12
2xH
1", (x) = 6%, — );va’ (C.1)
and
(223 - x23x2, — 223 - X13%3,)”
(91(1)$2(2)0 (x5, 23)) = — 2 (C2)

A +A+T =My

(xf) " 7 ()7 >

A +A+J-Ay °

2 2

X3

In the embedding space, the standard structures can be written as

(2H2)’

A+
Xl 2

(0O(X1,21)0(X2, Z3)) =

(-2V3.12)’
($1(XD$2(X)0(X3, X3)) = — 7o (CD)

2 2 2
X12 X13 X23

where
Xi; =-2X; - X;,
Zl"XJ'Xi Xk —Z; 'XkXi'Xj
X; - X
Hij=-2(Z;-Z;X;- X; - Z; - X;Z; - X;). (C4

b

Vijk =

We also need the structures with more complicated representations. In the main
text, the most complicated case will be when Oy, O, are symmetric traceless tensors
with spins Jy, J>, and O has representation p whose Young diagram has three rows

of length (J, j, ). Our convention for the two-point structure is

(2H12)J_j(2Y12)j_7(2?12)7.

(O(X1,Z1, Wi, W1)O(Xa, Zo, Wa, Wa)) = e (C.5)
12
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For the additional two rows of the Young diagram, we introduce two null polarization

vectors W;, W, with the conditions

X, Wi=Z - Wi=X;-Wy =2 -W;=W;-W,; =0,
Wl' ~ VVZ'+#X,'+#Z,',
Wi ~ ‘%+#X,'+#Zi+#Wi. (C6)

The structures Y, Y, 12 are index contractions of the antisymmetrization of the em-

bedding space vectors X;, Z;, W, VT/,-. Let us introduce the notation

Vi Vas oo Vol - W0, Way o Wal = sen(0)Via, Vaay - Vi, W) 7O W57

TES,
(C.7)
Then, the structures Y2, Y, 12 are defined as
Yij = =2[X;, Zi, Wi] - [X;, Z;, Wj],
Yij = —2[Xi Zi, Wi, Wil - (X}, Z, Wy, W, (C.8)

One can check that subject to the conditions (C.6), (C.5) is the only conformally-
invariant structure with the correct homogeneity of the embedding space vectors.

We have chosen the two-point convention such that (C.5) itself is Rindler positive.
For three-point structures, we have

(01(X1, Z1)02(X2, Z2)O(X3, Z3, W3, W3)) (@
(F2Va )"V VY S H Y H S S (—2U3,12)"51 (=2U321)%2 (-2U3,12)/
- A+J +Ag+Tn—A=T—j—]  A+J{+A+T+j+j-Ay—Jp  Ap+Jo+A+J+j+j—-A1—Jy

2 2 2

X

, (C.9)

Xy, 13 X3
where the tensor structure is labeled by the nonnegative integers m;, n;;, k;;, subject

to the constraints
mi +n12+n13+k31 :J1 —j,
ITL2+I’l12+n23+k32:J2—j,
m3+niz+ny=J-7j,

k3t +ksp=j—J. (C.10)

The structures U; i, lj,; jk are defined as

X::
Uijk = X—U[Xi,zi,Wi] X5, Z;, Xie],
jk
_ XyXu _
ijk = " [Xi, Zi, Wi, W] - [ X, Z;, X, Zi]. (C.11)
J

Wy o™,
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When writing the Lorentzian shadow representation of the block (e.g., (4.43)),
we need to use the three-point structures with absolute values. Also, note that
the two structures in (4.43) have different causality configurations. Their explicit

expressions are given by

2 2\J
(225 'X25x15 — 225 * X15X 5)
A+Ay—A+J A+J+A | -A AMJ+Ay—A1
2 1722 2 17282 2 1
ZUBEERE O R €50 b

b J
(225 - X45X35 — 225 - X35X75)

[{¢3(x3)P4(x4)O(x5,25))| = 5 | Agrdy—a+s A+J+A4 A3 A+J+A3 Ay 4>5>3.
(=xjp) ™ T (=xg5) (=x35)

[{p1(x1)p2(x2)O (x5, 25))| =

1>2,5=1,2

(—x

(C.12)

From the expression of [{¢1(x1)¢2(x2)O(xs,25))|, one can explicitly verify the
identity (4.47).

In the definition of the functional (4.93), we introduce a celestial three-point struc-
ture. This structure is a standard three-point structure in a Euclidean (d — 2)-
dimensional CFT, where z; are viewed as the embedding space coordinates. There-
fore, we can get this structure by taking the d-dimensional three-point structure in
(C.3) and make the replacement X; — z;, Z; — w;. This gives

(4w -z12- 20— 4w - 207 - 21)/
<P51 (Zl)p(Sz(ZZ)P&j(Z’ w)) = 61+5+] ) 5yt +; 51 61+62 5+)

(=2z1-2) (=222 -2) (—2z1-22)" 7
(C.13)

Finally, in the functional we also use a dual structure (0|O4L[0]0+|0)~!, which
should be a continuous-spin structure. In particular, we are interested in the structure
with the causality constraint 4 > 0 > 2. We define the standard continuous-spin

structure with this configuration as

(0]¢p4(x4) O (x0, z0) $2(x3)]0)

2 2 \J
(220 - X40%50 — 220 * X20X},)

= 4>0>2. (C.14)
Ay+Ay—A+J A+J+AH—A A+J+Ay—A
(—x 24) a (—x 02) 7 4( x04) 2
In the embedding space, it is given by
(0194 (X4)O(Xo, Zo) $2(X5)|0)
—2WVour(—Xa4))’
(=2V042(=X24)) 4>0>2. (C.15)

2+A4 -A+J A+J+A2 Ay A+J+A4 Ay

( Xo4)7 7 (—Xo2)T 7T (—Xoa)T 7
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Note that the combination —2Vj42(—X>24) is always positive due to the causality
constraint 4 > 0 > 2. The actual dual structure will be the above structure with the
replacement A - J+d -1,/ - A-d+1,A; — A, multiplied by a computable
prefactor. In the scalar case, it is given by (4.37). We discuss the spinning case in

more detail in appendix C.4.

C.2 Heavy action formula from the large v limit

In the main text of this paper we have taken the large v limit of the kernel and large
A limit of the block at the same time. However, in this appendix we compute the
large v limit independently. Taking the large v limit of the kernel alone will slightly
differ from taking A and v limits simultaneously. Recall that when we perform
the gauge fixing, we also fix a fifth point x5 coming from the conformal block we
want to act the functional on. If we just study the action of the functional on a
general four-point function, we can again use conformal symmetry to fix x| + x3 to
the origin and x,+ + x4- to spatial infinity, and since we do not have a fifth point,
the stabilizer group is generated by Lorentz transformations and dilatations. We can
then use Lorentz transformation to fix all four points to be on the same plane. After
performing the large v analysis (which will be done below), one can then obtain a
kernel that only depends on the cross ratios (see (C.34)). Therefore, we can undo
the gauge fixing and go back the the bulk-point gauge fixing again, and then the rest
of the calculation is the same as [13].

We now want to take the large v limit of

‘PZ,V[Q] = 4Ak,v/ ddxlddxzddxicj’dx4ddxoDd—2Z0
4>3>0>1>2 VOl(SO(d, 2))
(Ps, (x1+0) Ps, (130) P (20) )8 (x24) 8 (x35) 0 (x1+0) 0 (x30)(QI [4 (x4), $3(x3) 1 [61 (x7), 2 (x5)]1€).
(C.16)

(0] ¢4 (x4)L[O] (x0, 20) $2(x3)[0) "

The only v dependence is in dual and celestial structures, and so we need only focus

on

/ dxoD*22(0] ¢4 (x4)L[O] (x0, 20)$2(x3)10) ' 5 (x%)5 (x3)
X (P5(2)P5, (x120) P, (x30)) (~x33) 2 (=32, (C.17)

which we can rewrite using the explicit expression for the dual structure (4.37) which
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gives us

/ dxoDU22 X (P5(2)P5. (x1°0)Ps, (¥30)) (=x33) ¢ (=33 246 (x,) 5 (x3)

(220 -x40x20 2720 X20x40)A d+l
By +Ay+A—J-2d+2 By +Atd-By 2 Ay+A+T Dy
(=x34) ? ()~ 7 () 2
(C.18)

where we have dropped the overall coefficient in (4.37). It will be useful to notice
that the dual structure has the form (¢(x4)OF (xo, z0)¢(x2)), which is a three-point
function of two scalars with shadow dimensions Z¢ =d — Ay, and a third operator
with (Ap,Jp) = (J+d - 1,A—d+ 1), where J and A are the dimension and
spin of the light transformed operator. In particular we will focus on the limit

Jp=2—-d+6= 2 d 4y, v — .

From the analysis in the cross-ratio space [13], we know that in the bulk-point limit

x and y will get fixed to saddle points of the form
x=(upve,0),  y=(uy,v,,0), (C.19)

and therefore we can just study the large v limit for this particular x and y using the

gauge fixing procedure described above.

Let us choose the coordinates of x and z to be xo = (u, v, ¥o), z = (1,52, ¥;). In the
integrand, the Jr dependent factors are (we replace ¢ with Jr +d — 2 as well as A
withJp+d - 1)

(0164(x4)O" (x0, 2) $2(x3)10) (P (2) P5, (x1+0)P5, (¥30))

_ (=2Vo.24)F o
2A¢ d+2-Jp d-2+J d-2+J
L)~ 7 (=3 T () T
1
264-d+2-Jp (C.20)
(—2z- X1+o) ( -2z X30) ( 2x1+0 + X30)

Note that we have the delta functions ¢ (x%+0)6 (x%o), and therefore —2x1+( - x39 =
(x1+0 — X30)% = X7
The two delta functions can be written as

S(x10)0(x3) = ((u +uy) (v +vy) = ¥o)d(=(u —uy) (v —vy) +53).  (C.21)

In terms of 79, X defined in (4.59) (in this case we have ¥, = 0), the delta functions

fix 7o = 0 and ro = [Yo| = (uyvy(1 - xo))z The Jacobian relating 7o, X and u, v is
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given by dudv = 2uyvya%d350. This gives (for any function f (u, v, ¥o))

3 [ dudvd® 350 5= =) (0 = v,) + TS+, 4+ ,) = T v, o)

8

where 7 is the unit vector in the y( direction.

uyvy (1 —%2))5
= / o, LTI T 05 = (1B 05, (C22)

After removing the delta functions, (C.17) becomes

vy (1 —%2) 7 2-JIr
dxodQ; dd—zyz( vy (1~ %) _ X
0 8 5 2A¢—d+2—JF 2 d-2 ) d-2
(_x2+47) 2 (x4—0) 2 (x2+0) 2
1 Texh(F0.5 2. ) d-Ag)( 4 \(d=A
d2 d2 264-d+2-Jf e e 0 (4uyvy)( ¢)(m)( ¢)’
(=27 x1+0) 7 (=22-x30) 2 (=2x1+0 * X30)~ 2
(C.23)
where the function % (X, ., ;) is given by
=2
—~ - y ~ - ~ ~) > ~ -
h(Xo, Y-, Qﬁo) =log (M_ + V_Z - ”yvy(l - x(%)(vx + uxyﬁ) - Mxvix(z) - Mivxx(%yg + 2(Mny - Vyux)xOyO : yz)
X X
1 ~ = - ~ - ~ - - ~ o\ =
— 5 log ((Vy(l —X0) — 250 - ¥z + uy (1 +X0)¥2) (v (1 +Xo) + 250 - Fouy (1 - XO)yE))
1 (1 = uyvyuyvy = (uyvy = vyt )Xo) (1 = uyvyuyvy + (v — uxvy) (1 = X))
— Elog 55 .
uxvx

(C.24)

We find that at large Jr, the integral has two saddle loci: one at xy = 0, y, = 0 and
one at xo = 0, y, = co. Namely,

a  _ . o . _
aTh(xo’yZ’Qﬁo) = aTh(XO’yZ’Qﬁ()) =0
X0 X0—0,¥,—0 Yz X0—0,y,—0
a  _ . 0 . _
aTh(X(),yZ,QﬁO) = aTh(xo,yz,Qﬁo) =0. (C.25)
X0 %0—0,5, —00 Yz 00,5, —00

Let us first consider the locus at xo = y, = 0. We will see what the other saddle

should give shortly. Expanding % (Xo, ¥, €;,) around Xo = y. = 0, we get

h(Xo i Q) ~ —log V_y + (1+ uiv% - zuxuyvxvy)(l - u%v; -
» Vs 2% Vx 2(1 _”yVnyvx)z 0
201wy X0Yo + ¥ +zvx@()'ﬂ)z_"y(”y"x—"yux)?% +
vy (1 = uyvyiuevy) 070" vag
Y 1 EO
- _y)Jr_(f y )M‘ : (C.26)
()2l o
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Alternatively, one can also choose to not integrate 7o, || and keep the delta func-
tions. Then the function /& will also depend on %, and ||, and one can show that
there are saddle loci at 7y = Xo = 0, ¥, = 0, c0. We can then expand /4 around the
saddle locus and use the delta functions to fix 7y and |yo|. This calculation should

give the same result.

Now let us compute the saddle integral in (C.23). By rotational invariance, the
determinant of the Hessian M5, in (C.26) does not depend on the direction of Y0, SO
we can pick a direction that makes computing the determinant simple. For example,
yo = |y0l(1,0,...,0). We then find

24-2(1 - u%v%)(l - vgujzc)(vyux - uyvx)d_2

DetM; = . C.27
o (vievy) 472 (1 — uyvyuyvy)? ( )

One also has to check the sign of each eigenvalue of DetMy;, in order to get the correct
phase in the saddle integral. We find that for vyu, — u,v, > 0, all eigenvalues are
positive, and for vyu, — u,v, < 0, one eigenvalue is positive and the other d — 2
eigenvalues are negative. Both cases turn out to give the same result, so let us

assume Vvyu, — uyv, > 0 here. The saddle integral in (C.23) is then given by

/ dXod "2y, (- --) e 0Te )

(27T)d 1 N
DetMz,

JF
V 171' __
~ () [fy0.5,-0 X (V—) Fung s (C.28)
y

where (- - -) are the other factors in the integrand of (C.23), and . .. are subleading

terms at large Jr. Evaluating the remaining factors on the saddle locus xp = 0, y, = 0,

we obtain
a4 J

(uyvy) 7 (veV'F ix —d1 [(2m)d]
Hagoy ) (@=D0) (4 (d-Ag) / 40 SV (V)T i gy y
( uyvy) (MXVX) no 8 Vy F DetM;O

2‘JF 1
2A¢— - 26 4-d+2-Jp

( x2+4 ) (x4 0) (x2+0) ( -2z X1+0) 2 ( -2z X30) 2 ( —2x1+0 - )C3())

= 2‘§+2d+JF7r% Vol(Sd_3)e%(d_l)J_T

d— 2 F
(vyuy) 77 (uyv ) F+d— 2(vyux - uyvx) 2 (1 - uyvyuxvx) -d

\/(1 — u%vx)(l - v%ux)

(C.29)

X0—0,y,—0
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We can write the result in terms of the conformally-invariant cross-ratios r and 7
defined as

’

(1 —21’77+r2)2 , (1 +2r17+r2)2
= 5 v = .
1672 1672

where u’,v’ are defined in (4.31). In terms of r,n, the u-channel Regge limit

(C.30)

corresponds to r — 0 with fixed 5. In our gauge fixing, they are given by

1 X - VylUy + UyV

r=Ixllyl = vy, p=-iit s O (C31)

x| |y 2(uyvyuxvx)§

Then, in terms of r, n, (C.29) becomes
A _2\3=d . d-2. —iv(,, 154

2 2aesr 5t o (si-3) a-n, gt LTV W 2 3) ® g

((1 +7r%)2 —4r2n2)2
where we have used Jr = % +ivandnp = W+21/ . One can then notice that the

leading large v behavior is similar to

2-d
2

PZ—d

T'HV

(W+§/W) N F(dd—22) LA (e—%w—z)Wiv+e%<d—2>w—iv), y — oo, [w| > 1.
F'(5%) (w-1/w)T

(C.33)

In particular, the second term agrees with (C.32), and the first term comes from the
other saddle locus. Therefore, after including both saddle loci, the integral (C.23)
becomes

L(42) (1 -r2)3dpd2

(d=2) ((1+r2)2 - 4r22)3

_9 -1 in 3y 1
27224 155 o T vol (89732

7’¥+iy(n). (C.34)

The expression we start with, (C.17), is essentially the shadow representation of

the conformal block Gﬁ‘ﬁ,
S+iv,J=—1

a celestial structure ané delta functions due to setting J = —1 [77]. What we

, where one of the three-point structures becomes

have shown here is that its large v limit is given by (C.34). Although the same
result can be obtained in the cross-ratio space using the Casimir equation [11], we
believe that the above calculation from saddle point can be more straightforwardly

. o . A . .
generalized to spinning operators. Since G d‘: 18 exactly the kernel appearing
5 V,J=—

in the Lorentzian inversion formula for C(A = % +iv,J = —1), the calculation here
could also be helpful for understanding the OPE data at large A [187].

Finally, to reproduce the heavy action formula, we can take the conformally-invariant

expression (C.34) and plug it back in (C.16). Similar to the main text, we can then
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study its action on conformal block and choose the gauge fixing (4.49), which
introduces the Faddeev-Popov factor (4.50). This gives (4.51) with the kernel part
replaced with (C.34). Combining with the subtraction factors (4.87), we find that

we get an integral of the form

/dddey rk+d_l(1_r4)77
(1+72)2 = 4r2p2) 5
1 1

(=222 (_x2 )Ro(—x2,)R0

{1+ 2+ OM1 1 (xs)) (O], ., (x5)p3a)| .

auge—fixed '

(C.35)

The only difference between this integral and the one considered in [13] (see (3.25)
and (3.37)) is a factor of 7, which becomes 1 in the bulk-point limit. One can further
check that the overall factors also agree. Hence, the calculation in [13] implies that

we recover the same heavy action formula (4.92).

C.3 Details on matching partial waves

In this appendix, we give some more details on the partial wave discussion in section
4.4.2.

C.3.1 Partial waves in monomial basis

In the main text, we define the vertices v(n, ey, e») directly from evaluating the CFT
three-point structures at the saddle and applying the polarization map. From the flat
space perspective, it is more convenient to define the vertices as monomials, which
can be easily expressed using Young tableaux, as given in [110]. Furthermore, the
bootstrap calculation done in [110] also uses the monomial basis (up to a Gram-
Schmidt procedure to convert it into a orthonormal basis). The dictionary found
in the main text tells us that we can take the flat space functional found in [110]
and construct a positive CFT functional with positive action on heavy blocks. If we
want to further study the OPE coefficients in the bootstrap calculation, we will need

to know the relation between the two different bases.

One can find the relation between the two bases by explicitly evaluating the CFT
three-point structures at the saddle for all the exchanged representations p in the
photon and graviton case (see [110] for a complete list). It turns out that there is a
clear map between the building blocks of CFT three-point tensor structures and the
building blocks of the monomial basis, given by columns of the Young tableaux.

We find that the map between the structures of (Q;0,0s) and v(n, e, e3) is given
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< [Xs,Zs] - [X1, Xz], e1-ex o [X1,Z1] - [ X0, Zs],
o [Xs5,Zs5,Ws] - [ X1, Z1, Xo], o [Xs5,Zs5,Ws] - [ X2, Z5, X1],

& [Xs, Zs, Ws, Ws] - [ X1, Z1, X2, Z2], (C.36)

where we use the notation (C.7) for the CFT structures. The Young tableaux columns
represent the antisymmetrization of the vectors in the boxes (see [110] for the precise

definition). For example,
=e1-w1n-wz—n-wlel-wz, (C.37)

where w, wy are the polarizations of the vertex. Both sides of the map agree up
to an overall factor after one evaluates the CFT structure at the scattering-crystal

configuration (4.81) and applies the polarization map (4.133).

The map given in (C.36) allows us to unambiguously relate the structure labels of
the two bases, and we find that the partial waves computed in the two bases are

related by

. ’ ’ b’ b/ ’ ’ b/ b’
CFT — 22]—2] —n{s—N5s—Nqe—Ny¢ (_l)nla2+l’lg5 3, e ﬂ_tableaux (C38)

ﬂp,(a/b’) ps(a'b’)y

where ni’s counts the number of Hys of the (a’) tensor structure, and other n?j', nf’]
are defined similarly (see (C.9)). Note that the above relation is true for each a’, b’.
Alternatively, one can think of the factor relating the two partial waves as two

diagonal matrices that rescale the vertices.

We also see that this change of basis preserves the positivity of the partial wave
actions, so we can reuse the positive functional in the monomial basis. In the
forward limit, where n = n’, e3 = e}, e4 = e, the partial wave in the monomial basis
is positive (or positive semi-definite for multiple tensor structures) by construction.
In the CFT basis, (C.38) implies that the partial wave is also positive. (Note that if
we instead define v(n’, e3, e4) in (4.139), then the partial wave wouldn’t be positive

in the forward limit.)

C.3.2 Polarization map and CRT symmetry
We now explain why the two definitions of vertices (4.134), (4.139) are consistent
with each other. In particular, we will show that by using the definition of v(n, e, e3)

and the CRT symmetry, we can recover the definition of v(—n’, e3, e4).
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For any CFT, there is an anti-unitary CRT symmetry J satisfying J?> = 1, and it acts

on local operators as (assuming the operator is bosonic)

JO(x,2)J ' = 0" (x,7), (C.39)

where ¥ = (—x0, —x!, x2, .. .) (and similarly for ") is a Rindler reflection. Since J

is anti-unitary, any CFT correlation function should satisfy
(O1(x1,21) -+~ Onon, 20)) = (O] (X1.77) -+ OF (B Z)) " (C.40)

where we have applied a CRT to each operator.

More generally, as explained in [34], for any spacelike points A and B, one can
define two Rindler wedges B > x > A~ and A > x > B™. Then, there exists a

Rindler conjugation J4p that exchanges the two wedges. Explicitly,

XX XX
A xy—2 B
X4 - Xp X4 - Xp

Jap(X)=X -2 X4. (C.41)

It turns out that if we choose A to be the future infinity and B~ to be the origin,
under the corresponding Rindler conjugation J45 we have 3 — 1*,4 — 2%, 6" — 5
in the scattering crystal configuration (4.81). Therefore, using this J4 g, one might

expect

(010" (x6+, 26) 04 (x4, 24) 03(x3, 23) 10)| s 2 (010 (x5, 75) 0} (121, 7§ O] (x1+, Z)[0)*

(C42)

This is however too fast. A funny feature of our saddle configuration is that although
the points x; 34 are timelike, they all have purely imaginary spatial components.
The correct way to think about this should be we first consider e.g. x3 = (uy, vy,0)

for real u,, vy, and at the end analytically continue to u, — —i"—-—"~ Vim?—y? vy —

4
o= ”:}LVZ To take into account the fact that there are imaginary spatial components,
we should apply an additional reflection to them, which can then be shifted to act

on the polarizations. In summary, the correct CRT relation becomes

(010" (x6+, 26) Oa (x4, 24) 03 (x3, 23)10)| e
= (010 (xs. I 2604 (x2. Lo - ) Of (i Lo - 2)IO)'| (C43)
where the polarizations are reflected only in the time direction. Since (C.43) is

simply a statement about the CFT structures at the saddle configuration, we can

explicitly verify that it is true for different representations p.

saddle '
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Using the CRT relation (C.43), we can write

A3—A4 )
2 At A 70 (010 (x6+, 26) [O4(x4, 24), O3(x3, 23) 10} (1)
(—x34 2 e T 7 N A Y
46 2i(sin(r+——5—)) saddle
A}*A4
( 5 )M (X%S) 2 <0|[O3(X1+, Z;)’ O4(~x2+’ ZZ)]O(-XS’ Z2)|O>Ekb)
=(=Xp) * | = T -As—Ts—Da—.
X2s —2i(s]n(7er : 23 : 4)) saddle
(C.44)

We assume there is only one polarization z¢ for simplicity, but the argument for more
polarizations wg is the same. We have also imposed conservation to set the time
components of z3, z4 to zero. So, I, - 73 = 23, I, - 74 = 74, and the reflection tensor
I! cancels with the I, acting on z¢. The additional minus sign in the denominator

comes from changing the operator order in the commutator.

Since the positions are now at x;+, x>+, x5, we can use the definition (4.134) for
v(n, e, ep) (although now it is a vertex for external particles with spin J3, J4). We
can then write (C.44) as

Ag-A

A8y
’ (010" (x6+, 26) [Oa (x4, 24), O3(x3, 23)1|0) ()

2
A3+A4 .x
(_x§4) : (% Iep L. T,—A3—J3—A4—J4
i 2i(sin(rEEA)
=v(n,zy'ny+725 -z n+ 25, wi = (0,iz¢, zg ", 2 )" (C.45)

When contracting the indices of the vertex v, we should contract the polarizations
after taking the complex conjugate. So, using (v - z)* = v* - ¥, we can write the

above equation as a Schwarz reflection,

A3—A4
2\~ 7
o s (x5} 7 (010" (xer, 26) [O4(x4, 24), 03(x3,23)]|0) 3)
(=x3)7 7 | L T —As—J3—As—J
X 2i(sin(r =2 )
46 ! 2 saddle
= V(n5 Z)gnJ_ + Z?)J_’ _ZZnJ_ + Z4La w1 = (05 _iZtG’ Zg, ZGJ_))' (C46)

Rotational invariance demands that the vertex should just contain dot products of
the polarizations and n¥. Thus we are free to apply a reflection to all the vectors

since it leaves the dot products invariant. In the bulk Minkowski coordinates

(roulk, xbulk xbulk "), we will apply a reflection in the x?* direction. This will

/ . . . . . .
n -n'*,n n. 4.
send n# — —n*,n!| — n™'. (See section 4.4.2 for their expressions in Minkowski
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coordinates.) After this reflection, we finally arrive at

Ay-Ay
2
2 Ay X3 ’ 7P (010" (xg+, 26) [O4 (x4, 24), O3(x3, 23)110) (5)
(=x34) 2 e . T, —As—J3—Da—Ts
X . p A3
46 2i (Sln(ﬂ 2 )) saddle
=V(—n', 50’ + 23, —zyn’ + Zas, wi = (0,izg, 25, Z6.1)), (C.47)

which agrees with the v(-n', e3, e4) definition (4.139) and the polarization map
(4.136).

C.3.3 Computing R,

In the main text, we claim that

2dim(p) (O (x5)0P(x})) P .
=2 JHA_1VIHIR _Z'EP ’ C.48
wI(SO() (676, 070)) (=1)"YR, (1), (C.48)

saddle
where the R, coeflicient is given by (4.142). Here, we give a derivation for (4.142)
in the case where p = (J, j).

By the two-point pairing definition (4.78), we can rewrite the left-hand side of the

above equation as
(04(e)0 ((=))) |
(0}, ()07 ((=e)))(0% ()0 ((=e)*))

dim(p)

(C.49)

Itis not hard to see that both the shadow two-point (5"' 5) and the two-point structure
(O'0) are proportional to the reflection tensor 7. However, the coefficient R,
should only depend on the convention of the two-point structure {(O70). From
(C.5), we get

(O (e, z5, ws, ws)O((—e)™, z6, We, We) )

= 2/ (1) TR (25, ws, Ws; 26, We, We) (C.50)
where

12 (25, ws, Ws; 26, We, We)

J=J
J—j E Boy  Bo2
— (Z6 . Ie . ZS) J ( Z6alw6(12[;7fl’3][2¥262z50( WS(r( ))

gEeS)

J
X (Z 2601 Woa, Woasle ', 132ﬁ2133ﬁ3z§”“>wf"“)wf‘””) : (C.51)

o€eS3
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where I, = 6#, + 2ete,, and we have introduced polarization vectors z, w, w for
the three rows of the Young diagram of p. By comparing (C.48), (C.49), (C.50),
and using the fact that (Z)  * (Z/)“ 7 = dim p, we obtain

If = R,IY. (C.52)
This implies

()e" (I2)5 = R, dim p. (C53)

Now, let us specialize to p = (J, j) and compute (}Z) )aE(E )“5- The main idea is
that we can use weight-shifting operators to derive a recursion relation [39, 45]. In
particular, we will use
DI = (= DwH + 7z 9
“Yrg ow’

- 0
D?,wﬂ‘ _=((—J—d+4—j)5”,,+z“—v)((d—6+2j)
J.Jj 0z

0
ow,

—w’d2|, (C.54)

where Z)?f;v increases the transverse spin j by 1 and Z)?;V decreases j by 1. These
operators are the weight-shifting operators of the SO(d — 1, 1) group in the vector
representation [39]. Using them, we can build a “bubble diagram,”

DY, DY T (25, wsi 26, we) = j(d = 6+2))(J + j+d = 4)(J = j +2)IF (25, w5} 26, W)
(C.55)

Furthermore, one can perform crossing on a weight-shift operator and move it to
the other leg of 76,

Jjd-6+4+2j)(J+j+d—-4)
J-j+1

0- 0 /
Dok I (25, wss 26, We) = DT (25, wss 26, W),
(C.56)

where p’ = (J, j — 1). Combining the above two equations, we get

1 ’
DY, DY TP (25, ws; 26, We).

7P . _
I, (z5, ws; 26, We) = (J—j+1)(-]_j+2) 25,W5 26-W6

(C.57)

Our goal is to compute the index contraction of two ff tensors. Using (C.57)

we can rewrite it as the index contraction of Z)?; ws Z)?;WJE’ and I7. Then, we

can “integrate by parts” to move the weight-shifting operators to act on 7. More
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precisely, let us denote the index contraction by a pairing (---,---). Then the
integration by parts relation is
0+ugp’ 7p J-j+2 ( P 0K p)
DU ) = 2, D%k C.58
( Lwe e Jd—6+2))(J+j+d—4) ¢ 7w ( )
Note that this relation is different from the one given in [45]. This is simply because

they are adjoint relations with respect to different pairings. To obtain the adjoint
with respect to index contraction, a simple way is to use the identity of the D)
operator given in [110]. (Note that the D%~ operator defined here is just a special
case of D with h = 2.)

The adjoint relation enables us to turn the computation into the index contraction of
ED “and DO - DO- E , which then becomes the contraction of two E) "s. Together

75,Ws 26-W6
with (C.53), this gives the recursion relation
+d-5)2j+d-4)J-j+2)(J+j+d-3
p JR2j+d-6)J—-j+1)(J+j+d—-4) p

(C.59)

The relation between dim p and dim p’ can be obtained from standard formula [180,
45], or from the recursion relation for the Plancherel measure of the SO(d — 1, 1)

Lorentz group [45]. Eventually, we get

2 .

Roy-wj=ny _(J-j+2)?

2 - . 2°
Ry U=7*D

With the initial condition R,-(;0) = 1, this leads to (4.142) in the 7 =0 case.

(C.60)

C.4 Dual structures at large v

-1
In this appendix, we discuss how to compute the dual structure ((O|O4L [0]0,]0) (“))
that appears in the kernel of the functional. In particular, we are interested in the

large v limit, where v parametrizes the scaling dimension of O as A = % +1iv.

C.4.1 Light transform at large dimension

To understand the dual structure, we should first study the light transform of the
three-point function (0|0400,|0), and then consider its Lorentzian three-point
pairing. Hence, let us first consider the light transform L[O] in the limit where O
has large scaling dimension. Recall that the light transformed three-point function

is given by
(0lO4L[OA .21 (X0, Z) 02|0) = / da (0]0404 5,2 (Zo — aXo, —X0)02]0)
(C.61)



337

N oSN\
7 N
I

0.0 Ir
\X

-25 -2.0 -1.5 -1.0 -0.5

Figure C.1: The steepest descent flow of the saddle integral (C.64). The red point
is the saddle point. We show the deformed contour passing through the saddle in
green and orange. The green part starts at infinity, goes in the opposite direction
of the flow, and gradually spirals in toward the saddle. Along the green contour,
the integrand keeps increasing and reaches maximum at the saddle point. It passes
through the saddle point along a direction that is rotated by e~ % relative to the
real axis. After passing through the saddle point, the contour (in orange) goes in
the same direction as the flow and gradually spirals out to infinity. The integrand
at infinity goes as @™, so by making the contour spiral many times clockwise at
infinity, we ensure that the contribution @™ o ¢?*#2(@) can be made arbitrarily
small.

‘We will focus on the case 4 > 0 > 2~ and consider the limit A = % +iv,v — 0. In
this limit, we see that the quickly varying part of the integrand is

e 2 (log(-2(Zo—aXo)-X2)+log(-2(Zo—aXo)-X4)) , (C.62)

which implies that the integral has a saddle point at

_ 2X() - X0Zp - X4 + 2X0 - XuZy - Xp
Xo2Xo4 '

(C.63)

(e

As one can check, this point is spacelike from both 2 and 4. Therefore, the light
transform gets localized to the point in the middle of the region that is spacelike
from 2 and 4.
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Expanding the quickly varying part around a., we find that the saddle integral we

iv [ XX 2 - —
/doz 67(%) (ama)® _ e‘%T"wlz—ﬂ—( V0’42)X24. (C.64)

v Xo2(—Xos)

comes from deforming the contour to a steepest descent

have to do is

_3izx
7

The phase factor e
contour. We show the steepest descent flow and the deformed contour in figure C.1.

The contour passes through the saddle point with angle —3F, and hence we have

the e~ factor in (C.64). Also, note that when taking (%

root, we have to make sure all factors are positive. In summary, the above analysis
implies that the large A limit of (0|O4L[Ox ;] (X0, Zo)O>|0) should be given by

ux |27 (—Vo.42) X24
lim (OlOsL[On s ](Xo. Zo)0a[0) = =7 | 2T L2 Y042) K04
A_IEWH 4L[On 7,4'1(X0, Z0)O>|0) Y Xoa(—Xoa)

v>>1

2
) out of the square

(01040 g 1 (Zo — @ Xo, —X0)O02|0).

(C.65)

Furthermore, we can study how each building block of the three-point structure
transforms under Xg — Zy — . Xo, Zo — —Xp. We will focus on the structures that

appear when A’ has a single row of length ;. We find

(—Vo.42) X24 ( H» ) (—V0.42) X24
Xoo = ——— Vou—=-|\V2u+—| Uou———7Uou
—Xo4 Vo,42 (—Xo4) X02
(—V0.42) X24 Huy (—V0.42) X24
Xog > ————, Vaoo— —\Vapo+ —|, Upar—> ———Upa,
Xo2 Vo,42 X4 Xo2
(C.66)

and all other structures are invariant (assuming O, and O4 have no transverse spin).

Therefore, starting with the three-point structure (C.9), its light transform at large A

is given by

lim (0l0sL[O s +](Xo. Zo, Wo)Os[0) = 28+/-1,=2 [ 2%

im (0]O4L[On s.j1(Xo, Zo, W0) 02(0)
A—2+tv 4

v>1

1-A-J Hy \"™? Hyo \"™™* pynos pynos pyn k k

(=2Vo4p) ~277Hm0 (—V2,04 - szz) (—V4,20 - ﬁ) Hyi Hyy o' (=2U0,24) " (2U 42) ™

X Ag+Jy+Ay+Jy =240+ -’ Ag+dy+2-A=J+j" —Dy—Js Ap+Jr+2—-A=J+j +Ar+J)> '
Xo4 ’ (=Xo4) Xon ’
(C.67)
The result can also be written as
3irm 27T
281 [==(01040" (X0, Zo, W0) 02]0) :
v Hyg Hyg
Vo,04—— (V204+ )V420—> (V420+ )Uo42—> Uo,42

V0,42

(C.68)

V0,42
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where the operator O has quantum numbers (1 - J,1 - A, j’).

Computation of light transform of general spinning three-point functions has been
discussed in [34] for general A (see eq. (5.69)). One can check that the above result
agrees with the large A; limit of the result in [34], which contains an Appell F;.
The Appell F; function in this limit will simplify and lead to the replacement rule

Hyo
_) — —_—
V2,04 (V2,04 + e

) ,Var — — (V4,20 + %) given above.

We also need to understand how to impose conservation condition. In section
4.4.1, we study the conservation condition when the exchanged operator O has large
dimension. Here, after the light transform, the dimension and spin are swapped,
and therefore we have to instead consider conservation at large spin. However, the
strategy in both cases are the same. We should identify the quickly-varying part of
the three-point structure and take its derivative. By taking a x4-derivative of the A-
dependent factor of (C.67), we find that the conservation condition dy,{0400,) = 0

after the light transform becomes equivalent to
Hyo A _
Varo+ ——| Dz, (0|04L[0]0,[0) =0, (C.69)
Voaz ) 4
where A is an embedding space index, and its meaning as a subscript is that we
should take the structures V4 29, Hao and strip off the Z4. D*Z‘4 is the Todorov/Thomas
operator [30]. This condition is perfectly consistent with the original large A

conservation (4.113) and the replacement rule from the light transform given by
(C.66).

C.4.2 Dual structures

To get the dual structures, we can start with a standard basis of continuous-spin
three-point structures (0|510F 5; |0)(@) by adding spinning structures to the scalar
convention (C.15) following (C.9). The quantum numbers of 5T, 51 are (d—Ay, J5)
and (d — A4, J4). For OF, we should have (Ap,Jg) = (J+d —1,A —d + 1), where
A= % +ivand J = J; + J3 — 1 depends on the spin of the external operators. The

actual dual structures should be given by
-1 ~ —~
((010sL[010:10)) = &), (010} 0" O} j0)®, (C.70)

and our goal is to find the coefficients a(“)(b).

Following the definition of dual structures (4.94), we have

o ) ((010;07 OF10), (0IOL[0]0[0)r)) = o, (C.71)
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which gives
~ ~ -1
@) = ((010]07 B10) "), (0I0AL[010:10)w) ),
~ ~ -1
=222 y0l(SO(d - 2)) ((010} (010" (0, 750} ()[0) (0104 (0)L[O] (0, 25) 02(e)| ) )
(C.72)

where the in the second line we have used the conformal group to fixed all the
points to the configuration x4 = 0%, x, = e¢,x9 = o0 and z9 = (1, 1, 6) (in lightcone
coordinates). The prefactor 22472 vol(SO(d — 2)) comes from the Faddeev-Popov
determinant and volume of the stabilizer group of the gauge-fixed configuration
[11].

Then, the calculation of dual structures is now reduced to evaluating the continuous-
spin basis and the light transformed structures in this standard configuration. Since
the continuous-spin basis can be obtained from (C.15), (C.9), and the light trans-
formed structures at large v are given by (C.67), the dual structures at large v can be
computed straightforwardly using (C.72).

Lastly, when we impose conservation on the external operators O,, Oy, the dual
structures get a gauge redundancy due to the conservation equations. At large v, the

statement becomes

(010sL[0]0310)" ~ (0|OJL[0]04J0)" + (V4,20 . fﬂ) () (V2,04 . fi) (..

0,42 0,42
(C.73)
The idea is that whenever we have a (V4’20 + %) factor, we can always integrate

it by parts in the pairing [45] and get the large-v conservation equation (C.69). The
argument for the other factor is similar. Fortunately, thanks to the identity (4.153),
when we evaluate the structures at the saddle and set the time component of the

external polarizations to zero, the result is independent of this gauge redundancy.

In summary, to compute the dual structures for conserved external operators, we can
use the gauge redundancy to remove all the V; structures for the external operators
and simply consider a basis with just the H,o, H;; structures, as stated in section
4.4.3. We can then use (C.72) to compute the dual structure coeflicients, where the
label (b) only includes continuous-spin structures without the V;’s, and (a) are the
conserved structures. These two structures both have the same counting given by
(4.154).
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C.5 CFT four-point structures

In this appendix, we give the expressions of the CFT four-point structures that we
use in the main text. In particular, they should satisfy (4.181). From the group-
theoretic counting argument [48], we already know that the number of CFT four-
point structures should agree with the number of flat space polarization structures.

To write down the CFT structures, let us first define

HSZT = [Xi, Z] M2 (X, 212 [ Xe, Ze )B4,
HEET = [X;, Z)M 2 (X, 21 [ Xe, Ze (X0, 24,

ijkl
1
CFT _ yCFT _ ) (14CFT 1CFT | 1yCFT yyCFT | 17CFT yCFT
Xijwr = Hijy 4(H14 Hyy " +Hyy " Hy " +Hpy Hy )
CFT _ \,CFT ;yCFT , \,CFT yyCFT , \,CFT yyCFT , v,CFT y;CFT
ST =Viag Hyyy + Vs Hyyy" + Vi Hypy' + Vi3 Hys' s (C.74)

where A; are embedding space indices, and [X,Z]48 = X4Z8 — XBZA. The
superscript CFT is to distinguish the CFT structure and the flat space structure, and

yCFT, HSF T are given in (C.4). Then, we find

CFT ygCFT pyCFT ryCFT ¢CFT yCFT CFT yCFT ~CFT CFT
{H14 H23 ’H13 H24 ’H12 H34 ’X1243’X1234’X1324’S }|
16

V4

saddle,(4.133),(4.136)

2
{H14H23, Hy3Ho4, Hi2H34, X1243, X1234, X1324, QS} : (C.75)
Thus, we choose the left hand side of the above equation to be our four-point structure

basis Q in the main text.

The CFT four-point structures we choose all have homogeneity 1 forall X153 4, Z1 23 4.
Under the map of polarizations, they reproduce the expected amplitude structures,
with the correct Regge behavior. The additional factors of v should not be a big
issue since we can absorb them into the prefactors. The only different case is that we
have to introduce a % factor for the § structure. This is reasonable from dimensional
analysis since the § structure has an additional p; - p;. It also seems to suggest that

from the CFT point of view, %S is a more natural choice for the structure.

For the four-graviton case, the construction given above can be easily general-
ized. The only four-graviton flat space structure that cannot be written in terms of
H;;, Xijki, S is the Gram determinant of all dot products between (p1, p2, p3, €1, €2, €3, €4),
which we write as G, p,.ps.e1,e.e5.¢4- Even though this structure does not appear in
the graviton sum rule dictionary given in section 4.4.6 as it grows more slowly in

the Regge limit, let us still give the corresponding CFT structure for completeness.
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The corresponding CFT structure can be written as

X14X34
X12X23

1
2
Xo4 ( ) QXl,Xz,X3,Zl,ZLZ3,Z4 - (.. ')gxl,Xz,Xa,Zl,Zz,Za,Xw (C.76)

This structure is manifestly invariant under Z; — Z; + #X; thanks to properties of
determinant. The only exception is the Zy — Z4 + #X4 gauge redundancy. This is
why we introduce the second term, and (. . .) is a factor that fixes homogeneity. The
structure is constructed such that its homogeneity is the same as the other structures
(has homogeneity 1 for all X;, Z;). When evaluating the above expression at the
saddle and applying the polarization map, we find that the second term vanishes,

and we have

X14X34
X12X23

256

- .6 gPl »P2,D3,€1,€2,€3,€4*

1
2
Xo4 gXl ,X2,X3,21,22,23,24

saddle,(4.133),(4.136)
(C.77)

So, (C.76) should be the correct CFT four-point structure that gives G, p,.ps.e1,ea,e3,e4-
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Appendix D
APPENDICES TO CHAPTER 5

D.1 Pole structure of scalar crossing equation
In this appendix we will carefully derive the pole structure of the constrained Epstein
zeta series &S (u). Much of this analysis is in Sec. 3.2 of [165]. Let us look at the

scalar sector of (5.19):

¢ 2z
y? (1 + Z e_z’rAy) = / dxZ (T, u)

AeS 1/2

M

N

C C C C
=v24+———"v 72473 _QF(——l)Sf
1 1
7Heo ¢ C A(S - —)
- dst* i (_ _ )85 s 27 1-s
c—1
=y + A (T)yl_% +3770T (E - 1) Eo_ (W)
A A
1 %+ioo c c )
+ — dsn®” 2T (— - s) ¢ (w)y’. (D.1)
270 J1 oo 2 278

In the last line of (D.1), we used the functional equation that E¢ _ () obeys, (5.21).
2
We would like to move the contour in (D.1) to the right, so we again need to classify

all simple poles of the integrand with Re(s) > % As was argued in [165], there can

l+z, 14z,
20 2

only be poles we cross at s = 5 and s = . Let us review the argument.

The idea is to take the inverse Laplace transform of (D.1) to get the scalar density
of states. We then integrate from 0O to some number A (not including the vacuum),
and demand that this vanishes for sufficiently small A. This is due to the fact that
the spectrum for a compact CFT is discrete, so in general there is a gap between

the vacuum and first excited scalar state. A simple calculation shows the number of
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scalar operators (excluding the vacuum) below A is

27 (¢ — 1)AC™ 1 25A78§_1(/1) 1 1 +ico ds25_sA§_58%_S(,u)
(c- LG~ -2 21 Jy s—%

No(A) =

27 (c — DA +122%A%3§_1(/~‘)
~ (e=DI(5)%(c) c(c=2)

| pivieo 29SATTPT(9)D(s+5 - 1)4(29)88, (1)
e ds 1 A (D.2)
27i J 1 oo a8 iT(5+1 -5 (s—3)¢(2s - 1)

Let us look at the last line of (D.2). In the limit of small A, we must get O for the
integrated density of states, which means the integral must cancel the two power
laws in A coming from the first two terms. In the integral in the last line of (D.2),
we must close the contour to the left in the s-plane since A is small. This will tell us
about the pole structure of &¢, _ (u) for Re(s) < % (if we wanted to know the pole
structure for Re(s) > % we véould look at the first line of (D.2) and again close the
contour to the left). In order to cancel the term that goes as A°~!, we need a pole at
s = 1 — 5. This comes from the term I'(s + 5 — 1) in the numerator, with the others
being finite. (Although the other gamma and zeta functions naively contribute poles
and zeros for integer c, their combination is always finite.) Moreover in order for

the residue to match, this fixes
Ep(p) = —1. (D.3)

We also need to cancel the second polynomial in (D.2). This comes from a pole
at s = 0, coming from the I'(s) term. We see the residue already matches the

coeflicient in (D.2) so we cannot constrain the value of ¢ _ (). Finally there can
2

be no other poles with Re(s) < l Naively this tells us that SC .1 () cannot have

any poles for Re(s) < 5 L but this is too fast —if the prefactor Vamshes then SC g (W)

can have a pole. The only zeros with Re(s) < 2 in the prefactor of the mtegrand are

n Zn 1
when s = 3, %, coming from the £(2s) term. Thus 8§+S_1(,u) can have a pole at
= Z" Z” . We also know that 8‘ 1(,u) must have zeros at s = —%, —% -1,--- to

cancel the poles from I'(s + § — 1)

Thus, looking at the integrand in (D.1), we see the only poles to the right of the

z_,,

contour of integration are at s = 5 and s = 1 — 3,1 - (Using the functional

equation for the zeta function, we can rewrite the last term as s = 1+21” , 14z, .) The

1+z,, 1+z), .

residue of the pole at s = 5 is given in (D.3) and the residue at s = =, —* is
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just given by reading off the pole from integrating the partition function against an

Eisenstein series at s = %" (see (5.29)).

This fully reproduces the pole structure which we used to derive (5.38).

D.2 Functional action on crossing equation

Let us consider the functional

*d = 2,2
Fr[h()] ::/O TIh(t)Ze_”kt m (D.4)
m=1

We would like to apply this functional to each of the terms in (5.41). To do so let us
first compute:

Flre ?] - ZfJi(s,A)

ﬂ[tse_BtzU(a/,ﬁ, Bi?)] = Zgaﬁk(s,B), (D.5)

with fX(s, A) and g%P* (5, B) defined as
(s, A) = /OO dt (-1 ke’
0
= AS/4k_S/4m_s/2ﬂ_s/4Ks/2(ZkanA)

a,b’k(s B) _ / dt ts—le—Btz—ﬂ'ktzsz(a,’ B’ BtZ)

0
1 2\ LT -p)2Fi(a, 3, B; B+k€rm2)
_§(B+k7rm) ( R —)
F(,B—I)(B+k7rm2)ﬁ TA-B+5)2F(l+a-B,1-B+5,2-5 B+kﬂm2)
T(a)BFT

(D.6)
Applying this term by term to (5.41) we then get:

ZZ%Z

AeS k

47rAfm( c,2nA) —cfm(2 c,2nA)

.k

b c=2 _le¢ _
- Z —(’3; ((c - 2)gm2’2’k(c, 27n*A) — drn*Ag,>

=

(c +2,2mn%A)

(2]
2

1
+ 27 Agl ’k(c +2, 27rn2A))

L) o5 Crs1a (S
)7r ;ak(zk +(5-1)k%). @)

= {(c-1T (C
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The above equation is summed over an arbitrary choice of k’s and aj’s, subject to
the constraints in (5.50).

Remarkably, for odd ¢ > 3, we can get closed form expressions for the sums over m
in (D.7). For ¢ = 3, (D.7) reduces to

Zzak 2_62\/}\/_(\/_ 277\/_) ©0 b(n)nﬂcosh(\/_mr[)
AeS k 2(~1 + e2V2rVRB)2VA n=1 4k sinh3 \/_mr\/;)

T 310 1 23
:gga’k (§k2+§k 2). (D.8)

The sum over n can be simplified to give

Yy V2 — VKB (V3 — 27K D) | G N )
(497
AeS k 2( 1+€2\/_7r\/_)2\/_ (_1 +62\/§7T\/%)2k3/2

n 3010 1 3
-5 Yo (§k2+§k ) (D.9)

To simplify (D.7) for ¢ odd, ¢ > 5, we first define the auxiliary functions:

c+l

(=) 7" (c)
(c=2)L(m+1I(SL —m)’
(n+1)(n+2)

vi(c,0,m) =

vi(c,n,m) = (—1)”+T+m22”(n+ 1)(c - 5 )(c—n—-2)
-1 i+l i+j (1 .
(=)= j+1)"
X;;F(j+1)r(n—j+2)r(m—i)r(%—n—m+i)’ n#0
vale,n,m) = 2"2"(c =3 =2m)(c —1=2m)(c+1—-2m)(c+3 — 2m)F(c _ +m)
y CT_l_mi (5 1)m+n+i+j(l j+ l)ﬂ—m
pary PG+ -m—-j))I(n—i+HI(m-n+i+1)

vi(e,mym) i= (=1)™ T2 (4 1) (n +2)(n +3)(c —n — 4)

i+1
( 1)’+](l j+ 1)n+2
XZZ; CG+ D= j+H0(m—i+ DI —n-m+i)
(D.10)
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Then (D.7) becomes:

c—1 c-1
1 2
Z Z(Ik|: 3c c=3 c=2 c+l Z ](C,l, ,])62‘/_”\/_]( Vzk 7T)l

AeS k i=0 j=0
el ess
N > b(n)ez\@m‘/%n%lﬂ 2 2 vz(c,l,])kfezn/_m‘/—
2c+13k AT ( 1+62\/§nn\/§ % i=0 j=0 ZinlﬂJAi
1 1-c C. cq C _c
= (c-Dr &= 220/1((51& +(§—1)k2), codd, ¢ > 5.
k

(D.11)

The sum over n in (D.11) can be done exactly, which gives:

c—=1 c—1
2 2

vi(e,n, m)ezﬁ”mm( V2kAr)"

R
bl
—
[\
ofR
&
)
off
)
B
9
N}
—_
[S=Y
—
+
Q
[\
g
ﬁ
>
~
v

AeS k n=0 m=0
2V2n % % % 2\/_ \/—
+ = vi(c,n,m)e 2 K 2A )"
3 -7 —4 a2 1
27 T K2AT (-1 + ezﬁﬂ‘/;)% n=0 m=0

_5(0—1)F(C ! l_TCZ:ak(gkg_l+(£—l)k_%), codd, ¢ > 5.
k (D.12)

In the notation of (5.53),
c—1\ 1= (c ¢, c e
vac(k) = —Z(c = )T (T) 7 (—kz + (5 - 1) k z), (D.13)

and f(k, A) is the term in the brackets of (D.12). Using these definitions, an explicit

calculation verifies the claim in (5.54).

By examining the crossing equation (D.12), we notice something interesting. Acting
on the crossing equation with k3/28; gives us an expression that is antisymmetric
under k < k~!. This gives us another way to rewrite the crossing equation that will

turn out to work for all ¢ (not just odd c¢). Let us define the following function, using
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(D.6)
he.kA) = Y k0, (47rA 15 (=¢,27A) — cfE (2 — ¢, 27TA))
m=1
= Z [2_%k%ﬁm%A_%lﬂ'CK% (2\/§m7r‘VkA)
m=1

— 2_Tk%m%A_C4;2(c(c -2)+ 87T2Akm2)KcT—2 (2\/§m7r VEKA)

(D.14)

The sum can be evaluated exactly in closed form for odd ¢, but exists and converges
for any c. An equivalent formulation of our scalar crossing equation is:
K32vac’ (k) + Z h(c,k,A) — h(c, k™', A) = 0. (D.15)
AeS

The sum rules used in (5.55) are just the odd derivatives of k (evaluated at k = 1)
of (D.15). Finally, note that the term k3/>vac’(k) is simply the contribution of the

vacuum state:

A(%):“‘” (K -12)

= lim (h(c,k,A) ~ (e, k—l,A)) . (D.16)

k3/zvac’(k) =

D.3 c¢=1and c =2 revisited

In this appendix, we reconsider U(1)¢ theories at ¢ = 1 and ¢ = 2. Due to the pole
structure of the function A(s) = 7n7°T'(s5){(2s), the spectral decomposition and
scalar crossing equation for these theories are slightly different than for ¢ > 2. This
is related to the fact that the average genus 1 partition function for ¢ = 1 and ¢ = 2
Narain CFTs diverges [166, 167]. For both ¢ = 1 and ¢ = 2 we will first consider
Narain CFTs, and then the potentially more general U(1)¢ theories. We will use the

notation

Ey(1) = A(s)Es(7)
o 4ss 1 (DVTK, 1 (27])

1
j=1 J7 2

=A(s)y’ + A(1 - s)yl_s +

cos(2mjx)

(D.17)

which we can see obeys E,(7) = E|_s(t). This will make s <> 1 — s crossing

manifestly invariant.
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D.3.1 c¢ =1 reconsidered
The ¢ = 1 free boson is labeled by a radius r. In our convention, we will take the
self-dual point (i.e. the SU(2); WZW model) to be r = 1 so that T-duality acts as
r <> r~!. The spectral decomposition of the reduced ¢ = 1 partition function is:

- 1 %+ioo B

ZN ) =r+77! +r ds2E(7)(r>7! + 71729, (D.18)

T J ) —ico
2

(See e.g. Sec. 3.1.1 of [165] for derivation.) Notice that there are no Maass cusp
forms in (D.18).

At ¢ = 1, our scalar crossing equation (5.38) reduces to

T+ ) ™ = 1+ gey (1)y 2+ZR3(5kc H(u)y* ) Zzb(n)( =

A€eS =1 AeS n=1
(D.19)

where as usual yu is some abstract coordinate that we include to emphasize which

terms are theory-dependent.

Let us verify (D.19) for a free boson at radius r. From the explicit spectral de-
composition (D.18), we know that the free boson at radius r has g.—;(u) = r +r~!
and 0k =1 (1) = 0. Moreover, the set of scalar operators S are simply operators
with either zero momentum or zero winding number (recall at ¢ = 1, the spin of an

operator is just the product of its momentum and winding number). Thus the set S

is simply operators of dimension 35 > and 2 r for m € Z-, each with degeneracy 2.
Thus (D.19) reduces to
[ee] o o0 7rn2m
2y%+22( xmrly 4 g=mm’r y)y%:r+r_1+222b(n)m(re v+ le )
m=1 n=1 m=1

(D.20)

We can rewrite the RHS with new variables m’ = nm, n’ = n (and dropping primes)

(o) m2
2y% +2Z(e_”m2r2y+e_’”"2r72y)y% =r+r- +222b(n) (re”"5 +r te o).
m=1 m=1 n|m

(D.21)

It can be shown from properties of the M’obius u function that

> b(n)— = (D.22)
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for all m. Our crossing equation is then equivalent to

ﬂmz

1 —m?rly —amZr2yy L -1 —amr_ o
2y2+2 ) (e +e Wi=r+r  +2 ) (re Y +4+r e ).
m=1 m=1

(D.23)

This simply follows from the modular transformation properties of the Jacobi theta

functions.

We would now like to derive a more general bound for U(1)¢ CFTs at ¢ = 1, without
assuming the theory is a free boson compactified on a circle. This means we cannot
assume that the 6y =1 terms in (D.19) necessarily vanish, so we need to apply the
same functionals that we considered in Sec. 5.3.3. We first take a derivative with

respect to y to remove the .1 (u) term. This gives the analog of (5.41):

2,

AeS

4 A _ama o \
(L - t) e K + Z b(n)47r\/§nzt4A%e_z’TA"zt2
f n=1
=20+ ) Re (S cm1 (1) (2 = D) . (D.24)
k=1
We next would like to apply the functional (5.45) to (D.24), but there a slight subtlety.
Recall that (5.45) was designed so that

FI5] o £(s). (D.25)

The last line of (D.24) has a term 2¢, which will naively give something proportional
to £(1) which diverges. However, it can be shown the integral (5.45) converges.
The reason is that M (s) in (5.48) vanishes at s = 1 which cancels the divergence of
the zeta function. A careful analysis shows that if we choose ¢(t) = Zi]\; L aie™” kit?
(subject to the constraints (5.50)), then

N
log k;
Fe2t] = ) (——) . (D.26)

We then apply the same functional ¥ to the LHS of (D.24). This gives

3 Clk(log k., D [m/Z(coth(\/Em/H) 1) log(1- e~ 2V2mVkA)
k

2\/E AeS \/i 2@
o Vk coth (\/imr\/%) + V2nr VA csch? (\/er\/%)
+ Z b(n) o = 0.
n=1

(D.27)
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The sum over n in (D.27) formally diverges but we can replace coth (\/inn\/%)

with coth \/Emr\/é — 1 since the term we add is multiplied by O from (5.50). This

gives the following convergent sum rule:

_ _ o~ 2V2nVkA
Zak(logk N Z [n\/Z(coth(\/in\/H) 1) N log(1 2V2mVkA)
k

2k 2 V2 2Vk
. i o Vi (coth (\/Emr\/%) - 1)4; l:/Enm/Z csch? (\/Enn\/%) ]) N
=

The sum over n can be done exactly to give:

_ NN
Zak(lojg Ly [m/Z(coth(\/Em/H) D, log(1 - e 227ViA)
k

2 AeS \/i 2\/E
”\/K(C‘)th(‘ﬁ”\/% )= log(1 - e_mﬂ‘/%) 0 D.29
’ V2k B 2Vk ])_ - PP

Again from the same arguments as used to derive (5.53) we know that the term in
parenthesis in (D.29) must be ¢ + c1k=1/2 for some (theory-dependent) constants
co,c1. Moreover we see after evaluating Oi|x=; on each term, that ¢; = —1.

Therefore we can write our crossing equation as

vac (1) + Z((')k)”f(k, A)lk=1 =0, n>2, neven, (D.30)
AeS
with
2+logk
k)= —2
vac(k) i
aVA(coth(V2aVkA) = 1) Tlog(l — e—zx/im/k_A)
k,A) =
T V2 T
mﬂ(cmh(\ﬁﬂ\/%) =D og(1 - e_wzﬂ\/%) 3
B : D.31
' 2k Vi (D.31)

Note that the equations (D.30) are indeed equivalent to derivatives (with respect to
k,evaluated at k = 1) of (D.15) atc = 1.
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D.3.2 ¢ =2reconsidered
The ¢ = 2 free boson is labeled by a metric and B field, which gives four real moduli

in total. These can be repackaged into two elements of the upper half plane as [188]:

G, NdetG
p=B+iVdetG, o= G” v Ge . (D.32)
11 11

T-duality acts as two independent elements of SL(2,Z) acting on p and o in the
usual way. In terms of these coordinates, the spectral decomposition of the reduced

¢ = 2 partition function is:
—~ —_— —_ _— 3 7
Z(r,p,0) = Ei(r) + Ei(p) + E1 (0) - — (4= yE —3log(4n) - 48°(~1))

L[ E@E(p)E(o)
4m Lo A(S)A(L —5)

83 OGN ZV (D) 33

(Vn’ (Vn’vn

(See e.g. Sec. 3.1.2 of [165] for derivation.) In (D.33), the function E is defined as

3

Ei(7) = lim E,(7) - / ”1
3 2\ 1207 (j)e~ 2 cos(2n )

:y——10gy+—(1—12{’(—1)—10g4n)+Z T1(j)e ™ cos(2myx)
T s J

J=1

(D.34)

Let us derive the scalar crossing equation at ¢ = 2. We first assume the theory is a
Narain CFT. As usual let us denote the set of scalar operators under the U(1)? chiral
algebra excluding the vacuum, as S. (Of course, S depends on the moduli of the
theory, which for ¢ = 2 we denote by p, o, but we will suppress that.) The partition

function of these scalars is given by
12
y([1+ Z e A = / dxZ2(t, p, o)
AeS -1/2
3 — — 3 ,
=y——logy+Ei(p)+Ei(0)+—=(-2+24, (1) + yg + log4n)
V4 V4

1 /7+i°°d (A(s)y* + A(1 = )y ™) Es(p)Es (o)

" ai 4ri J1_je0 s A(S)A(1 = 5)

3 — — 3
=y—=logy+Ei(p)+E(0)+—=(-2+24. (1) + yg + log4n)
i3 bis

Lo sF [ \F
1 2+ d Y Es(p)Es(0)

D.
TS T A=) (D-35)
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Let us move the contour in s to the right past all the poles. The function £ has
simple poles at s = 0, 1 (which can be seen from (D.17)). Moreover, A(1 —s5) =
n3s I'(s— %){ (25 — 1) has zeros whenever 2s — 1 is a nontrivial zero of the Riemann

zeta function. Thus the integrand has simple poles that we cross at s = 1, 1+2Z" , 1+22ﬁ ,

where z,, is a nontrivial zero of the Riemann zeta function (with positive imaginary
part).! A picture of the pole structure is given in Fig. 5.1 (where we move the pole

ats =5tos=1).

We then get the equation:

3 3 — —
y (1 + Z e—Z"Ay) =—Zlogy+ = (-2+247'(-1) +yg +log4n) + E|(p) + E{ (o)
AeS T T
o (4 FACEE) E gy (0)Erg (0) |,
+ ZRC = 2 2 y 2
P 2L (%) ¢’ (zx)
1 / e Y E(P)E(o)
RS S—’
271 Sy ieo A(L —s)

(D.36)

where y > 5 = 1. This integral is a special case of the one studied in (5.37), which

can be done exactly to give us:

3 (= " 7 o
1+Ze—2my:_§10g)’+ 7 (=2+2407(-1) +yg +logdn) + Ei(p) + Ei(0)
AeS Ty y

w0 4nF A(1E)2E, b (P)E s (),
+ Z Re - y
= 2T (%) &' (zx)

Z Z b(n)U ( i ) o (D.37)

The sum over & in (D.37) falls off exponentially in k so the sum is indeed convergent.

The generalization to any U(1)? CFT at ¢ = 2 is straightforward. We again need to

subtract E(T) to render the reduced partition function square-integrable, and a gap

to the first excited state constrains the poles we crossin s toonly be ats = 1, 1+21" , 1+2Z”

(see Appendix D.1). Finally, the same arguments as in Sec 5.3.2 let us compute the

The double pole at s = 1 in the numerator of the integrand becomes a simple pole when canceled
by the simple pole at s = 1 in the denominator. There is also a pole at s = 0, but since we move the
contour to the right we can ignore it.



non-perturbative corrections at high temperature to get:

31 B & 14z
" Z e—27rAy __2 ogy + 3c—2(:u) + Z Re (5k,c=2 y 2 k)
AeS T~y Y =1
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