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ABSTRACT

Studying and controlling light-matter and matter-matter interactions is a central
theme in quantum physics and provides the foundation for quantum applications.
Rare-earth ions (REIs) doped in solids are promising candidates for engineering
scalable quantum technologies, such as quantum memories and quantum transduc-
ers, and for exploring emerging fundamental phenomena. This is because REIs
have highly stable optical and spin transitions at cryogenic temperatures, and as a
solid-state platform, they are compatible for integrating with quantum devices using

well-established semiconductor manufacturing techniques.

This thesis is centered on nanophotonic devices coupling to an ensemble of REIs.
To explore the light-matter interaction, we build a light-matter interface by cou-
pling an inhomogeneously broadened ensemble of ytterbium-171 doped in yttrium
orthovanadate to a nanophotonic cavity with high cooperativity. In this many-body
cavity quantum electrodynamics (cavity QED) system, we observe the appearance
of a narrow transparency window in the cavity reflection spectrum under optical
driving (collectively induced transparency, CIT). This phenomenon results from the
destructive interference between pairs of two-level emitters across the inhomoge-
neous line and the saturation of resonant ions. Furthermore, coherent excitation of
the system within this transparency window enables us to observe highly nonlinear
optical emission, spanning from fast superradiance to slow subradiance. To study
matter-matter interactions, we shift the focus to the strongly interacting spins. These
spins feature clock transitions and pure spin exchange interactions, leading to com-
parable magnitudes of interaction strength and on-site disorder. We characterize
and control the many-body dynamics via Hamiltonian engineering and population
initialization. Furthermore, we observe the emergence of robust subharmonic os-
cillations under Floquet driving, providing evidence for the presence of a discrete

time crystal.

The discoveries in many-body cavity QED enable new mechanisms for achieving
slow light and frequency referencing, and they provide potential for superradiant
lasers. Meanwhile, our studies on spin dynamics showcase REIs as a promising
platform for the study of many-body physics, with potential applications in quantum
sensing and quantum simulations. In general, our findings deepen the understanding
for a disordered quantum system and offer valuable insights for development of

quantum applications.
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Chapter 1

INTRODUCTION

Quantum science provides the foundation for modern physics and engineering. From
a two-level quantum system to an ensemble of quantum emitters, there are broad
implications for exploring emerging exotic fundamental phenomena and developing
advanced technologies. Starting with a two-level quantum system, coherent single
emitters, such as atoms or atomlike defects, have various applications in quantum
networks, including single-photon light sources, quantum logic gates in quantum
computing, and spin-photon interfaces for future quantum networks. As we increase
the number of atoms, an ensemble of emitters serves as a more efficient light-matter
interface for engineering ensemble-based quantum technologies, such as quantum
memories and quantum transducers. Moreover, inspired by P.W. Anderson’s ‘More
is Different’[1], many-body phenomena emerge as we bring multiple atoms together.
The study of many-body phenomena not only reveals new physics but also provides
insights for developing quantum technologies, along with the potential for quantum

simulation and sensing.

In this introductory chapter, we first discuss the motivation for quantum memories,
the quantum application we engineered as a part of this thesis. Next, we provide
a broad overview of many-body physics, the main focus of this thesis. Then, we
introduce a quantum light-matter interface based on cavity quantum electrodynamics
(cavity QED) and the specific experimental platform we use—rare-earth ions in

solids coupled to a nanophotonic cavity.

1.1 Ensemble-based quantum technology: quantum memories

In the broad context of quantum information science, a quantum network is important
for the implementation of quantum computation and quantum communication. A
quantum network is comprised of quantum nodes and quantum channels linking
them (Fig. 1.1a). Due to optical absorption and other channel noise, it is challenging

to generate nearly perfect entangled states between two sites over a distance directly.

One solution is to use quantum repeaters, where the basic idea is to divide the
transmission channel into many segments (Fig. 1.1b). Entanglement is generated

and purified for each segment. Subsequently, by applying entanglement swapping
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between neighboring segments, entanglement can be extended through them. Af-
terwards, purification is applied to this extended entanglement. By repeating the
entanglement swapping and purification processes, the entanglement states can be

extended to the entire channel.

One essential requirement in the quantum repeater protocol is to store the created
entanglement until it has been established in the neighboring segment as well;
otherwise, all the entanglement needs to be created simultaneously. Therefore,
the quantum repeater protocol requires quantum memory to synchronize different

quantum processes (Fig. 1.1c¢).
a b c

\./ QM|

I

N
>

N
7

Quantum repeater I Quantum memories QM ]

! -

Figure 1.1: Quantum network, quantum repeater and quantum memories. a.
A quantum network consists of nodes and channels linking them. b. The quantum
repeater protocol is to divide the transmission line into many segments. ¢. Quantum
memories are needed to store entanglement.

Our work focuses on engineering a quantum memory device with high efficiency
and fidelity.

1.2 Quantum many-body physics
In the field of quantum many-body physics, emergent phenomena arise in a group of
interacting particles. The properties of quantum many-body systems differ signifi-

cantly from those of individual components and often lack classical counterparts.

Conventional many-body physics in condensed matter explores exotic equilibrium
phases of matter, such as superconducting phases, Bose-Einstein condensates, and

spin liquids. This typically involves experimental measurements of material proper-



3

ties under various conditions and the theoretical development of different mod-
els. On the other hand, recent advances in controllable experimental systems
provide opportunities to explore new frontiers of many-body physics, including

non-equilibrium phenomena [2].

Being out of equilibrium makes the systems much more complicated, increasing
the challenge in theoretical modeling. Therefore, understanding and controlling
non-equilibrium dynamics from the experimental side are fundamentally important.
Moreover, these dynamics could have fruitful applications, such as for quantum

information processing and quantum computing [3].

Atomic systems or atom-like systems, such as cold atoms, trapped ions, and solid-
state spins, serve as potential candidates for studying many-body dynamics. There
are several factors that are needed for them to be suitable for the study, including
long coherence time, high-fidelity manipulation, coherent control, and strong in-
teractions. One way to engineer many-body interactions is through their inherent
nature, such as magnetic dipole-dipole interaction (Fig. 1.2a), while another way is

through a medium, such as cavity photon-mediated interaction (Fig. 1.2b).

a b

b ® ¢ ¢

§ ¢ ¢

Direct interaction Mediated interaction

Figure 1.2: Mechanisms of many-body interactions. a. Direct interaction between
spins. b. The interaction between spins is mediated by some medium, such as cavity
photons.

Cold atoms and trapped ions systems usually have the advantage of individual
control, while solid-state spins have the inherent capability to scale to a large number
of emitters and the potential for integration into nano devices. Among the solid-

state spins, there have been significant demonstrations in nitrogen-vacancy centers
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in diamond for performing quantum simulations, quantum sensing, and realizing
exotic phases of matter such as discrete time crystals (DTC) [4—6]. Rare-earth ions
(REIs) doped in solids, as an alternative, can inject new vitality into many-body

studies, as we will illustrate further in the next section.

1.3 Rare-earth ions in solids

Rare earth elements refer to the 15 lanthanide series elements, as well as yttrium and
scandium. Lanthanide elements form trivalent ions when doped into host materials.
The 5s and 5p orbitals are filled, while the 4f electron shell is partially filled. Most
of the 4f orbitals are much less extended than the 5s and 5p orbitals; thus the 5s and
5p shells form a Faraday shield for 4f from the environment (Fig. 1.3).

erbium yiterbium

Figure 1.3: Rare-earth ions. Rare-earth elements in periodic table and electron
structure of lanthanide series elements.

The spectroscopic properties of 4f, including the configuration of energy levels and
dynamics of electronic transitions, are important for studying the optical properties
of REIs in solids [7]. The 4f < 4f electric dipole optical transitions are forbidden !
for free ions but partially allowed by the crystal field generated in the host materials.
As a result, the optical lifetime is quite long, and optical coherence is mainly
determined by the spin properties. The spin lattice relaxlation via phonon couping
is the main source for spin decoherence, so cooling down to crygenic temeprature
will extend the the optical and spin coherence time. The spin-lattice relaxation
via phonon coupling is the main source of spin decoherence, so cooling down to

cryogenic temperatures will extend the optical and spin coherence time.

'Magnetic dipole transitions are allowed. A substantial fraction of the emission is magnetic
dipole for atoms like Erbium.
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In this thesis, we are focusing on two species of REIs: Erbium and Ytterbium
(Fig. 1.3). Erbium is of particular interest because it has an optical transition in the
telecom band, which allows integration with silicon photonics and telecommunica-
tion compatibility. Ytterbium has an effective electron spin of 1/2 and a nuclear spin
1/2 isotope (171'Yb). The hybridization of electron and nuclear spin forms relatively
simple energy levels and can result in zero first-order-Zeeman (ZEFOZ) transitions

(clock transitions) at zero magnetic field, which can exhibit high coherence [8, 9].

1.4 Light-matter interface: cavity quantum electrodynamics (cavity QED)

The interaction between light and matter forms the foundation of quantum optics,
and an efficient light-matter interface serves as a building block for developing
quantum technologies [10]. Cavity quantum electrodynamics (cavity QED) [11]
provides a systematic method to achieve such an interface via enhanced light-matter
interaction. In cavity QED, emergent phenomena may also arise as light and matter
are confined in a small volume, given that the behavior of quantum emitters highly

depends on their electromagnetic environment.

The field of cavity QED has enjoyed great experimental advancements in the past
decades, as the rapid development of micro- and nano-scopic devices and laser
trapping techniques have revealed a diverse and rich set of phenomena [12, 13].
Such progress has also led to cavity QED’s use in quantum technology applications,
including quantum information processing [14, 15], light field manipulation [16,
17], single photon generation [18], and quantum communication [19-21], as the
ability to change the emitters’ properties with light (and vice versa) has proven to

be an indispensable tool for highly controlled quantum operations.

While many works in cavity QED have focused on one or a few cavity-coupled
emitters [15—18, 21-26], there has been growing interest in the study of cavity
QED with a macroscopic ensemble of emitters [27-30], as the increased complexity
offers deeper fundamental insights as well as expanded technological capabilities.
Cavity-coupled ensembles of rare-earth ions doped in solids are an ideal platform
for such a study [31, 32], as they offer highly stable transitions in both the optical
and microwave domain at cryogenic temperatures [33] and can be readily integrated
into nanoscale devices [34]. In contrast to atomic gas systems [27, 29], the solid-
state implementation offers the added benefit of on-chip integration for quantum
applications such as high bandwidth quantum memories and transducers [35, 36].

In such applications, the high bandwidth is necessary for frequency multiplexing in
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memories and high speed conversion in transducers and is achieved as a result of the
natural spectral inhomogeneity of the solid-state emitters. In order for such devices
to operate efficiently, one must engineer a system with high cooperativity, which is a
dimensionless figure of merit that describes the ratio between the collective coupling
strength of the cavity-emitter system to dissipation, decoherence, and disorder. As
improvements to material and device parameters are made towards increasing this
cooperativity, it becomes critical to fully understand any associated cavity QED

phenomena that may emerge.

Here, we will introduce some basic concepts from single-emitter cavity QED to

multiple emitters [37].

Single-emitter cavity QED

A single two-level system interacting with a quantized mode of an optical cavity
(Fig. 1.4a) is described by the Jaynes-Cumming model [38] with the governed
Hamiltonian

1
H =hwea'a+ zha)O'Z +hg(a'o_ +aoy). (1.1)

Here, a is the bosonic cavity field operator, o, and o, are the spin ladder operators
and the Pauli-Z operators describing the atomic coherence and inversion of the
emitter, respectively. w, is the cavity resonant frequency, w is the atomic transition
frequency, g is the atom-cavity coupling rate. g depends on the local electric field

such that it is position 7 dependent:

We e

T E d-E(F 1.2
g(r) \/Zh/everywhere e(F)|E (7)[2d73 (7) (1.2)

where d is the electric dipole moment of the atom, E(?) is the electric field at
location 7 and € is the permittivity. Sometimes g(7) is also written in terms of mode

volume V where . ) o
V= /everywhere 6(1’)|f?(l’)| dr (13)
max{e(7)|E(¥)|?}

such that
g(7):—\/ e — () (1.4)
2hVmax{e(7)|E(7)|?}
When the electric field and material inside the cavity is uniform, g will be simplified
as
g= |2 J.F (1.5)
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where E is the unit direction vector of the cavity field. We can further move to
the laser frame with a frequency w; and focus on the slow-varying part of the
operators (rotating-wave approximation in the Heisenberg picture): a — ae ¢!

and o_ — o_e~™L!, This gives us:
P i
H=A.a a+§A0'Z+g(a o_+aoy) (1.6)

where A, = w, —wr, A = w — wp, and i = 1 for brevity.

In addition to the Hamiltonian, both the cavity and the atom have dissipative rates
(Fig. 1.4a). For the cavity, we define the cavity energy decay rate as k = k. + «;,
including the intrinsic decay rate k; and the coupling rate k. of the input channel.
When we look at the cavity reflection spectrum, both the input and output coupling
can be described by k.. In the more general case where there are other coupling
channels, additional coupling terms should be included in «. For example, in cavity
transmission measurements, one should consider the output coupling rate to the
transmitted port, denoted by «, such that the total coupling rate can be written as
K = K¢ + ki + k. The intrinsic coupling k; indicates the incoherent loss rate of the
cavity energy, which can be caused by the material absorption or scattering. The
ratio “¢ reflects how well the cavity is coupled to a specific channel, and it is usually

referred as under-coupled when % < 0.5, critical-coupled when ’% = 0.5 and

K(f

< > 0.5. For the emitter, the decoherence rate is definied as

over-coupled when
v = % + ¥4, including the spontaneous decay rate v, and the excess dephasing rate
vq. This y indicates the relative energy level fluctuation of the two level system,
and it will be reflected in the linewidth of the emitter in the probe spectrum (probe

power should be small enough to avoid power broadening).

The performance of the system depends on the competition between g, « and v,

which is described by cooperativity

_ 48
-

C 1.7)

Many-body cavity QED
A cavity mode interacting with multiple atoms can be described by the Tavis-

Cummings Hamiltonian (in the laser frame) [39]:

N N
1 . . .
H:AcaTa+§Z;AJ-O'ZJ+Z‘gj(a70'l+aa'i). (1.8)
Jj= Jj=



Atomic density

~ w
Figure 1.4: a. Single-emitter cavity QED. b. Many-body cavity QED.

Here, we consider the coupling strength disorder (distribution of g;) and frequency

inhomogeneity (distribution of A;).

The total coupling of the ensemble to the cavity field is determined by the total
interaction strength gior = /> j g? and their frequency detuning relative to the probe
field with frequency, which can be described by collective absorption rate W(wy,)
[40, 41],

W(wr) = g2, / _P@ 4, (1.9)

wr —w+1iy
where p(w) is defined as p(w) = jzm 2 gjz.é(a) — w;). We can see that when g
and frequency are uncorrelated, p(w) is the spectral density distribution with a
center frequency wg and inhomogeneous linewidth Ay, (Fig. 1.4b). The collective
cooperativity is then defined as the ratio between the absorption rate and the cavity

w =
decay C = Wlwr=wo)] (“;(L/zw())l,

C

K wo—w+iy KAinh .

where the prefactor @ depends on the specific distribution. For example, a Lorentzian
distribution gives @ = 2, a Gaussian distribution gives @ = 2Vx In 2 and arectangular
distribution gives @ = & (note that Ay, is defined as the full width at half maximum

of each distribution).

1.5 Outline of the thesis
In this thesis, we are utilizing a rare-earth ions platform to engineer quantum ap-

plications, specifically quantum memory, and exploring many-body physics in both



the optical and spin domains. The structure of the thesis is shown in Figure 1.5.

Chapter 5: Many-body spin dynamics Chapter 7: Future directions

Chapter 6: Discrete time crystal: an application in a many-body

Chapter 3: Collectively induced transparency: a many-body cavity
QED effect based on an ensemble of strongly cavity-coupled ions

Chapter 4: Cavity-mediated
superradiance and subradi-
Chapter 1: Introduction

— = Chapter 2: Multifunctional on-chip quantum memory

Figure 1.5: Structure of this thesis.
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Chapter 2

ON-CHIP QUANTUM MEMORIES BASED ON ERBIUM
ENSEMBLES

In this chapter, we demonstrate multifunctional on-chip quantum memories at

telecommunication wavelengths. The content is adapted from [42].

2.1 Introduction

Optical quantum memories will enable long distance quantum communication using
quantum repeater protocols [43—45]. A quantum memory device which can control
the bandwidth and frequency of stored light is additionally useful, as it can interface
between optical elements which have different optimal operating points. Erbium-
doped materials are a promising solid-state platform for ensemble-based optical
quantum memories because of their long-lived optical transition in the telecommu-
nication C-band that is highly coherent at cryogenic temperatures [46, 47]. This
allows for integration of memory systems with low-loss optical fibers, opening up
opportunities for repeaters over continental distances, as well as integration with
silicon photonics [41, 48] one of the most advanced platforms for integrated pho-
tonics. Spin transitions in '’Er**-doped yttrium orthosilicate ('®’Er**:Y,SiOs)
have also been shown to have long relaxation and coherence lifetimes at cryogenic
temperatures and high magnetic fields [49] which opens the possibility for long term

spin wave memories.

There have been several demonstrations of optical storage in erbium-doped materials
[50-55], including storage at the quantum level [50, 51, 55], and on-chip storage
[51, 55]. These results are part of a larger body of optical quantum memory research
[45, 56], using rare-earth-ion-doped crystals [57-60], atomic gases [61, 62], and
single atoms or defects [63, 64]. In parallel with efforts to increase the efficiency
[61] and storage time [59, 60] of quantum memories, several works have focused
on new types of multifunctional devices [65—68] in which control fields are used to

modify the state of the light during storage.

In many quantum repeater protocols [69], quantum memories act as interfaces be-
tween emitters such as quantum dots [70] or individual atoms [48]. Dynamic control

of the optical pulses stored in these memories can correct for differences between
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individual emitters, leading to higher indistinguishably for Bell State measurements
at the entanglement swapping stage of quantum repeater protocols [43]. In addition,
with control over the frequency of stored light, one can map an input mode to a
different output mode in a frequency multiplexed quantum memory, which enables

quantum networks with fixed-time quantum memories [71].

In this work, we use a silicon resonator evanescently coupled to '7Er3*:Y,SiOs ions
and gold electrodes to realize a multifunctional on-chip device which can not only
store light, but also dynamically modify its frequency and bandwidth. Electrodes
create a DC electric field that can be rapidly switched, which enables control of
the '7Er** ions’ optical transition frequency via the DC Stark shift [72]. Using
a resonator increases the interaction between light and the ion ensemble, allowing
on-chip implementation of the atomic frequency comb (AFC) memory protocol
[20]. This protocol allows multiplexing in frequency, which offers a significant
advantage in quantum repeater networks [73]. Additionally, the on-chip electrodes
are patterned close together to achieve the high electric fields required for Stark shift
control with CMOS compatible, applied voltages. We demonstrate dynamic control
of memory time in a digital fashion, as well as modification of the frequency and
bandwidth of stored light.

2.2 Hybrid oSi-'®’Er**:Y,Si0Os resonator with electrodes

The multifunctional device consists of an optical resonator coupled to '”Er**:Y,SiOs
ions between gold electrodes. Using the AFC quantum storage protocol [74] and
the ions’ Stark shift, light can be stored and manipulated in this device. Figure 2.1a
shows a schematic of the device and the three functionalities demonstrated in this
work: memory time control, frequency control, and bandwidth control. Different
electric field configurations are created by applying a positive (blue) or negative
(red) bias to each electrode. For the true device dimensions, see the micrograph in
Fig. 2.2d.

The optical resonator used in this work is a Fabry-Perot resonator comprised of a 100

um amorphous silicon (aSi) waveguide on '67Er’*

:Y2S105 with photonic crystal
mirrors on either end. Figures 2.3a-c show simulations and micrographs of this
resonator. The waveguide is 4 = 310 nm tall and w = 605 nm wide. Ten percent
of the energy of the transverse-magnetic optical waveguide mode penetrates into

167Er3+

the '%’Er’*:Y,SiO5 and evanescently couples to the ions. Photonic crystal

mirrors on either side are formed by a repeating pattern of elliptical air holes in
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Memory output with:

-e / Storage time control

°- ° Frequency control
-

- ° Bandwidth control

Figure 2.1: Multifunctional quantum storage device. Schematic of device func-
tionality showing the optical resonator (pink), electrodes (blue and red), and memory
output.

the aSi waveguide with period a, = 370 nm. A grating coupler is used to couple
light from a free-space mode into and out of the resonator. The amorphous silicon
resonator is fabricated on top of an '7Er’*:Y,SiOs chip using a deposition and
etching process similar to Ref. [41]. The 167E3+:Y,Si05 substrate is doped with
isotopically purified '’Er** ions at 135 ppm, measured by secondary ion mass
spectrometry, and cut perpendicular to the D crystal axis, such that the electric
field of the transversal magnetic (TM) optical mode is polarized along this axis.
The x, y, and z axes in Fig. 2.2 and Fig. 2.3 correspond to the D,, b and D Y;Si0s5

crystal axes, respectively.

Quality factors of up to 10° were measured for weakly coupled resonators, where
the photonic crystal mirrors on both sides were designed to be highly reflective.
The device used in this work is made one-sided for more efficient quantum storage
[55, 74] by using fewer photonic crystal periods in one mirror to make it less
reflective. Light is sent into and measured from the side with the lower reflectivity
mirror. The intrinsic quality factor for this device is also lower than the weakly
coupled resonators, leading to a quality factor of 3 x 10* and a coupling ratio of

kin/x = 0.2, where ki, is the coupling rate through the lower reflectivity mirror and
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Figure 2.2: Electrodes on quantum storage device. a-c, 3D finite element sim-
ulation of on-chip electrodes. a, b, 2D slice at z = 0 showing electric potential
(blue-red gradient) in the parallel (a) and quadrupole (b) biasing configurations.
¢, Electric field E,(x) along optical resonator in the parallel (green solid line) and
quadrupole (orange solid line) configurations; E (x) was measured at z =0, y =0,
—56 um < x < 56 um (green lines in a and orange lines in b); dashed lines indicate
ideal parallel (green) and quadrupole (orange) electric field distributions. d, Op-
tical micrograph showing an optical resonator, gold electrodes, and gold wires for
electrical contact.

k is the total decay rate [76]. The lower (higher) reflectivity mirror consists of 6
(30) regularly spaced holes, with an additional 15 holes in the tapers on either side.
Several one-sided devices with different numbers of regularly spaced holes on the
lower reflectivity side were fabricated on the same chip, and the device with the best

combination of quality factor and «;i,/x was chosen.

Electrodes are used to apply electric fields to those ions coupled to the optical
resonator. There are four independently biased gold electrodes, each comprised
of a 70 um diameter circle connected to a 20 um X 60 um rectangle. They are
patterned onto the '®’Er**:Y,SiOs after the 'Si resonators using electron-beam
lithography followed by electron-beam gold evaporation and lift-off. Figures 2.2a-d
show simulations of the two electrode biasing configurations: parallel, which applies

a nearly constant electric field to all ions (E (x) = a), and quadrupole, which applies
dE (x)

an electric field gradient along the resonator (approximating == = D), where a
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Figure 2.3: aSi resonator quantum storage device. a, cross-section of waveguide
(black outline) showing 2D finite element simulation of the transverse-magnetic
waveguide mode. Purple-white gradient indicates the £, component of the optical
field. b, Band diagram showing waveguide mode (solid red line), band gap of a
photonic crystal mirror (solid blue lines), and the design frequency of 195 THz
(dashed red line). Blue areas indicate the Y,SiOs light cone containing extended
modes propagating in bulk Y,SiOs5 (both sides for photonic crystal, left side only
for waveguide). ¢, Scanning electron micrograph showing a grating coupler and
photonic crystal mirror including tapered sections on either side to reduce scattering
[75].

and b are constants. The electrode geometry was designed to best approximate these
two electric field profiles with four independently biased electrodes, while providing
a large electric field for a given applied bias (E/V). In the '®’Er**:Y,SiOs region
where ions are coupled to the optical mode, the £, component of the electric field is
dominant (Ey, > E,, E;), and it does not vary significantly in the z and y directions.
Therefore only E,(x), which is aligned to the b-axis of the Y»SiOs crystal, is

considered.

The device is thermally connected to the coldest plate of a dilution refrigerator, the
temperature of which is ~ 100 mK. A static magnetic field of 0.98 T is applied along
the Y,S105 D -axis with a superconducting electromagnet. Trim coils are used to
cancel any magnetic field component along the b-axis. Two function generators
with 120 MHz bandwidth and a total of 4 channels were used to apply pulses with
amplitudes up to 5 V to the electrodes. The remainder of the measurement setup

was similar to the one described in Ref. [55].
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2.3 DC Stark shift in '*”Er3*:Y,SiOs

Er**:Y,SiOs has been extensively studied for quantum applications [46—48, 52-55,
77, 78], including demonstrations of AFC storage [53, 55]. Erbium ions substitute
for yttrium ions in Y,SiOs in 2 crystallographic sites, each of which has four
different orientations due to the Cgh crystal symmetry [79]. In this work, we use
crystallographic site 2, which has an optical transition near 1539 nm [46]. '®7Er3*
has a nuclear spin I = 7/2, which together with an effective electron spin, leads to
16 hyperfine levels in both the optical ground and excited states. At high fields and
low temperatures, the electron spin is frozen, allowing the lowest 8 ground-state
hyperfine levels to be long-lived [49, 55], thereby enabling the spectral holeburning
that is required to create atomic frequency combs. Aligning the magnetic field with
the D crystal axis enhances this effect because the ground state electron g-tensor

of 17Er3*:Y,SiOs is nearly maximized in that direction for site 2 [79].

Dynamic control is enabled by the DC Stark shift. When a rare earth ion in a crystal
interacts with a DC electric field E, its optical transition frequency is shifted due to
the difference between the permanent electric dipole moments in the optical excited
and optical ground states i = fic — fi,. For non-centrosymmetric sites such as the
yttrium sites in Y,SiOs for which Er’* ions substitute, the linear Stark shift term

of = —% S - L-E dominates, where T is the local field correction tensor [72].

The Stark shift is dependent on the orientation of the applied field relative to &
[80]. Without knowing 6 or 7:, the Stark shift can be empirically characterized for
an electric field applied in a particular direction 7 (7 is a unit vector) using the Stark
shift parameter s; given 0 f = s3E;. We measured s; = 11.8 + 0.2 kHz/(V/cm) for
7 nominally aligned with the Y,SiOj5 crystal b-axis (Fig. 2.4). Specifically, spectral
hole burning was firstly used to create a comb consisting of four narrow teeth, and
the frequency shift under a certain applied electric field was then measured with

electrodes biased in the parallel configuration (Fig. 2.2a).

In an ensemble of '*’Er3*:Y,SiOs ions, four different Stark shifts will be observed
for an arbitrary electric field due to the four orientations of each crystallographic site
[79]. For electric fields parallel or perpendicular to the b-axis, the Stark shifts of the
four subclasses are pair-wise degenerate, resulting in two Stark shifts ¢ fr = +sE.
In this work, all electric fields are applied parallel to the b-axis, so we will simply

refer to two '°’Er3* subclasses.
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Figure 2.4: Holeburning spectroscopy measurement of DC Stark shift. a,
Frequency profile of a four-tooth comb as a function of electric field. White-black
gradient represents cavity reflectance. Both subclasses of ions are present, leading
to a two-fold splitting. Inset shows an example sweep with Ey, = 283 V/cm, the
location of which is indicated with a dashed line on the main plot. b, Splitting versus
electric field. Black circles are splitting data obtained by fitting the traces in a with
four sets of two-fold split Gaussians. A negative splitting means the positions of the
two subclasses are reversed. Error bars, which are smaller than markers, represent
95% confidence intervals from the fits. Solid line is a linear fit to the data without
an offset. The top axis shows Vyppiied, One output of the function generator used to
generate electric pulses (the other outputs are either Vapplied OF —Vapplied). The bottom
axis shows E\, the electric field applied along the Y>SiOs b-axis, calibrated using
the average value from simulation E, = 314.8 V/cm when +1 V is applied to each
electrode (dashed green line in Fig. 1g in main text). There is an additional factor
of 2 in the calibration due to the impedance mismatch between the 50 € output of
the function generator and the open-circuit electrodes.

2.4 Atomic frequency comb storage with dynamic memory time control

After a photon is absorbed by an ensemble of ions, the ensemble of ions is described
by a Dicke state [74]:

Nions
|\P> = Z cj eizﬂ(ff"'aff(t))le_ikrf |01]0N> . 2.1)
j=1

Each ion has a different transition frequency f; and position 7;. For AFC storage,
the transition frequencies {f;} form a frequency comb with period A. When a
photon is absorbed at ¢ = 0, the ensemble of ions first dephase then rephase every
t = %, m € N, leading to a coherent re-emission of the light [74]. A Stark shift
0 fj(t) enables dynamic control of light stored in the AFC by changing the optical
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transition frequencies of the ions. ¢ f;(¢) can be varied over time by changing the
amplitude of the applied electric field (slowly relative to optical frequencies). This
enables two types of control: electric field pulses applied between the absorption
and emission of light modify the phase of the output, while electric field pulses

applied during emission of light modify the frequency profile of the output light.

To achieve dynamic control of storage time, the electrodes are biased in a parallel
configuration as shown in the top panel of Figure 2.1 (Fig. 2.2a). When an electric
pulse is applied, the two '*’Er**:Y,SiOs subclasses experience opposite frequency
shifts, +6 f (t) = +s, E. By appropriately choosing the length in time 7 and amplitude
E of the electric pulse, a 7 phase difference between subclasses can be introduced
=21 X (+spE — (—spE)) X t, which will prevent any coherent emission from
the ensemble. An equal-area electric pulse with opposite sign can then rephase the
two subclasses, and allows coherent re-emissions from the AFC. This procedure of
dephasing and rephasing the ensemble works even if the electric field distribution
is not perfectly homogeneous, as shown in the context of Stark Echo Modulation
Memory in Reference [81]. Recently, dynamic control of memory time in AFC
was demonstrated using this same procedure in Pr3*:Y,SiOs [82]. Reference [53]

proposed a similar protocol but using an electric field gradient.

The pulse sequence used to achieve dynamic control of AFC storage is shown in
Figure 2.5a. Not shown is the initialization to move most of the population into one
hyperfine state, which is performed before every experiment [42, 49, 55]. First, an
AFC with period A is created by repeatedly burning away population between the
teeth of the comb, n¢omp = 20 times. Then, an input pulse indicated by the red laser
pulse is sent into the resonator at # = 0 and is absorbed by the AFC. Shown in light
red are possible emissions corresponding to rephasing events of the AFC at times
t = . Without electric field control, the output of the memory (the first and largest
emission), would be centered at ¢ = % (m = 1). The schematic shows instead an
emission in red at t = % (m = 3), obtained when a first electric pulse is applied
before the first emission and a compensating pulse is applied immediately before

the third emission.

Figure 2.5b shows the AFC used in this experiment. The period of the comb,
extracted from the fit, is 19.7 + 0.1 MHz, which corresponds to a minimum storage
time of t = % = 50 ns. Figure 2.5c shows dynamically controlled storage for various
values of m. The input pulse is a weak coherent pulse corresponding to an average

photon number in the resonator of (n¢y) = 1.9. Two electric pulses were used to
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Figure 2.5: AFC storage with dynamic memory time control. a, Pulse sequence
(not to scale, details in main text). b, Atomic frequency comb. Cavity reflectance
(black points) and fit to six Gaussians (solid black lines). All teeth are fit together,
with the finesse fixed to the value from d. Detuning is measured from 194822 GHz.
Grey Gaussian with dashed outline represents the input pulses in frequency space.
¢, Emission of stored light at different times #yemory = . Partly reflected input
pulse are shown in grey at + = 0. On-demand memory outputs are shown in blue
(darkest shade). Subsequent emissions (green to red) are discussed in the main text.
Electric pulses are not shown. d, Energy emitted in the time bin at # = % for each
value of m. Black data points represent the normalized counts when all previous
emissions are suppressed with electric pulses (blue pulses in ¢). Grey data points
represent normalized counts when previous emissions are not suppressed, meaning
no electric pulses are used (all pulses on line m = 1 in ¢). Error bars, representing

VNcounts, are smaller than the markers. Solid line is a fit to theory, fitting only for
comb finesse.
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control memory time. The first was a 10 ns long pulse with amplitude 2 kV/cm
centered at f,yse 1 = 25 ns. The second was 10 ns long with an opposite amplitude
of -2 kV/cm, and its center position was varied as fyse2 = 25 ns +(m — 1) x 50

ns to allow the emission at fmemory = The electric pulses were calibrated to

m
A
ensure optimal suppression of the emission[42]. Between the two electric pulses,
emission was suppressed down to the dark counts level, a factor of 100 lower than
peak emission counts. For the m = 1 case, no electric pulses were applied. The
presence of multiple smaller pulses following the output pulse is a feature of the
high finesse and low efficiency of the memory (section 2.9). For higher efficiency,

high finesse AFCs, subsequent emissions are significantly suppressed [82].

Figure 2.5d shows the energy emitted in the m* time bin for tmemory = 3. The
data is fit to the dephasing term in the theoretical storage efficiency for a comb with
Gaussian teeth: exp (—%’;—;) [53, 74], where F' = A/ is the comb finesse, and y
is the full-width at half maximum (FWHM) of each tooth. The m = 1 data point
is excluded from the fit because the approximately 100 ns dead time of the single
photon detector after the input pulse is thought to lead to undercounting in that time
bin. A comb finesse of F = 12.2+0.2 (y = 1.6 MHz) is extracted from this fit. This
corresponds to a 1/e point of 240 ns (m = 4 for digital storage time). To improve
on this scaling requires a smaller tooth width y. The grey data in Fig. 2.5d show the

total counts in the m'" time bin when the previous output pulses are not suppressed.

2.5 Dynamic frequency control

The frequency of light stored in an AFC can be dynamically modified during
emission. The atomic frequency comb is shifted in frequency during the emission
of stored light by biasing the electrodes in the parallel configuration as shown in
the middle panel of Figure 2.1 (Fig. 2.2a). The pulse sequence used to achieve
AFC storage with frequency control is shown in Figure 2.6a. The first step is to
eliminate one of the two '’Er** subclasses from the spectral window, leaving only
ions which experience a positive Stark shift, 6 fi = +s, E (the choice of subclass is
arbitrary). This is accomplished using a two-part comb burning procedure. With
the first burning step, a normal AFC containing both subclasses is created using
a sequence of laser pulses. For the second burning step, the two subclasses are
split by A/2 using a parallel electric field, and a similar sequence of laser pulses is
used, but with a frequency shift of A/4. This burns away ions with a negative shift
Of- = —spE.
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Figure 2.6: AFC storage with frequency control. a, Pulse sequence (not to
scale, details in main text). b, The output detuning as a function of electric field
applied during emission. Circles are the centers of Gaussian fits (as shown in (b-c)).
Error bars, which are smaller than the markers, are 95% confidence intervals for
those fits. The solid line is a linear fit to the data, yielding a slope of 13.0 + 0.3
kHz/(V/cm), similar to the Stark shift value measured by holeburning spectroscopy.
¢,d, Examples of AFC output pulses with (green, lighter) and without (blue, darker)
a frequency shift. Filled in area is a Gaussian fit to the data (circles). Detuning is
measured from 194822 GHz. Frequency shifts of 9 MHz in ¢ and 30 MHz in d are
shown, with corresponding points in b circled.

Repeating the comb burning procedure ncomp = 5 times, an AFC with width 145
MHz, and a period A = 5 MHz is created. An input pulse is sent in and the rephasing
of the AFC causes an emission at ¢t = % = 200 ns. During this emission, an electric
field pulse with amplitude Ep,use applied in the parallel configuration will cause
the ions to emit with a frequency shift of f = +s, Epyise. Figures 2.6b-c show the
light emitted from the memory, with and without a frequency shift. A heterodyne
measurement is used to measure the frequency of the output pulse directly. To
detect the output pulse with this lower-sensitivity detection method, bright input

pulses were used ((ncay) = 46 X 103). Figure 2.6d shows the linear frequency shift
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as a function of electric field. The decrease in output amplitude with frequency
shift evident in Figures 2.6b-c is mainly due to the broadening of the teeth width,
which is caused by inhomogeneity of Stark shifts experienced by the ions[42]. This
broadening results in a decrease in efficiency via the dephasing term introduced in

the previous section.

2.6 Dynamic bandwidth control

The bandwidth of stored light can be dynamically controlled by biasing the electrodes
in a quadrupole configuration as shown in the bottom panel of Figure 2.1 (Fig. 2.2b).
In the quadrupole configuration, electric pulses create a gradient electric field across
the ions so that each ion experiences a different Stark shift. Figure 2.7a shows the
pulse sequence used to achieve AFC storage with bandwidth control. First, an AFC
with A = 1.6 MHz and bandwidth 144 MHz is created by repeatedly burning away
population n¢omp = 20 times. Next, an input pulse ({ncoy) = 1.9) is sent into the
device, leading to an output pulse at = % = 630 ns. A gradient field applied during
the AFC emission causes the bandwidth of the absorbing ion ensemble to broaden,
such that the emitted pulse is also broader in frequency relative to the input pulse.
However, the gradient field also alters the phase evolution of each ion by changing
its resonant frequency. If not compensated, the different phases accumulated across
ions in the ensemble could prevent emission altogether. For this reason, three electric
pulses are applied, during the input and output optical pulses, and also during the
wait time. These three pulses have the same area but can have different amplitudes.
The first and second pulses are used to add phase compensation such that the net
electric-field-induced phase shift is zero for each ion, accounting for the fact that
AFC storage is first-in-first-out [65, 83].

Figure 2.7b shows AFC storage with no broadening (top) and with the maximum
achieved bandwidth broadening (bottom). A broadening in frequency space is seen
as a narrowing of the output pulse in time. By fitting the output pulses to Gaussians,
the temporal FWHMs (Af) of input and output pulses are extracted and converted to
bandwidth or frequency FWHMSs (Af) using: Af = %(At)_l. Figure 2.7¢ shows
the trend of output bandwidth as a function of the maximum electric field applied
during the third pulse En,x (the electric field across the resonator ranges from
—FEmax to Emax). To confirm that the trend observed in the data is expected given the
atomic frequency comb profile, the input pulse, and the electric field distribution
E(x), a simulation of the experiment was performed by numerically integrating the

time-evolution equations of the atoms and cavity (section 2.9). The simulation data
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Figure 2.7: AFC storage with bandwidth control. a, Pulse sequence (not to scale,
details in main text). b, AFC storage with (bottom) and without (top) bandwidth
broadening. Colored areas are Gaussian fits to photon counts data (circles) from
which widths are extracted. The partially reflected input pulse with FWHM 77.4 ns
(5.7 MHz FWHM in the frequency domain) is shown in grey (lighter color) in both
traces at ¢ = 0, demagnified by a factor of 103. The top trace shows the case without
bandwidth broadening: FEpnax(f = 630 ns) = Epax(f = 0) = 0.67 kV/cm, where the
width of the output (blue, darker) is 77.1 2.0 ns (5.7 +0.1 MHz). The bottom trace
shows the maximum bandwidth broadening, Epn.x (f = 630 ns) =4 X Epax( =0) =
2.8 kV/cm, where the width of the output (blue, darker) is 24.3 £ 0.5 ns (18.1 £ 0.4
MHz). Insets show schematics of electrode pulse sequences. ¢, Bandwidth of pulses

as a function of the Eg}li;ut. In all cases, Eirr‘:a" = 0.67 kV/cm. Filled black circles
put

are FWHM data. Error bars, which are smaller than the markers, represent 95%
confidence intervals from fits. Unfilled grey circles are simulation data (section 2.9).

reproduces the trend in FWHM as a function of field. The only previously unknown
parameter used in this simulation was the distance that the optical mode penetrates
into the photonic crystal mirrors, which modifies the effective resonator length and
changes the value of Ey,x. This parameter was found to be x.g = 6 um for each
mirror by coarsely sweeping Xef in 1 gm increments in the simulation to find the
best fit to the data.

2.7 Discussion

In this work, we have demonstrated the capabilities of an on-chip optical storage
device with DC Stark shift control. Taking this technology on-chip has two main
advantages. First, it allows miniaturization and future integration with other optical
components on chip. Second, it enables simple generation of large electric fields.

Because the distance between electrodes across the resonator is small (a minimum
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of 20 um), electric fields of 3 kV/cm are generated with just £5 V of applied bias in
the parallel configuration. Such biases were easily supplied by a function generator
with no additional amplification. In the quadrupole configuration, electric field
gradients of up to 50 V/cm/um were generated, corresponding to gradient of 0.58

MHz/um in '’Er**:Y,SiOs5 transition frequencies.

For the dynamically controlled memory times in Fig. 2.5d, an excellent match was
found between the amplitude of stored light as a function of time and the theoretical
limit due to the dephasing of a comb with finesse F' = 12.2, indicating that the two
electric field control pulses did not introduce any irreversible dephasing. This was
also confirmed using a two pulse photon echo measurement, where inserting two
electric field pulses with equal area and opposite sign between the first and second
optical pulses was found not to decrease the optical coherence time 7>, which was

measured in this device to be 108 + 13 us.

Frequency control was demonstrated for up to £39 MHz. In this work, the maximum
shift was set by the maximum applied electric field of 3 kV/cm. One technical
difficulty is that ions from the other subclass that are outside of the comb will act
as an absorbing background when the comb is shifted in frequency and the other
subclass experiences an opposite frequency shift. Assuming that the comb can be
sufficiently separated in frequency from the other subclass using high electric fields,
a more fundamental limit is set by the inhomogeneity of the Stark shifts, which leads
to a decrease in storage efficiency with increasing frequency shift. In this device, the
Stark shift inhomogeneity was dominated by an electric field distribution that was
not perfectly homogeneous (see Fig. 2.2¢). Even in a perfectly homogeneous field,
however, some inhomogeneity in Stark shifts will exist due to crystal field variations
throughout the crystal [72].

The bandwidth of stored light was changed by a factor of three from 6 MHz to
18 MHz. The maximum broadening demonstrated was limited by the maximum
electric field gradient of 50 V/em/um. With higher gradients, stored pulses could be
broadened up to half the bandwidth of the comb and the bandwidth of combs in this
material is limited to ~ 150 MHz [55]. Decreasing the bandwidth of a stored pulse
is not possible with this procedure, because the AFC cannot be made narrower with
a gradient electric field, only wider. Narrowing the AFC could be accomplished
with a frequency selective shift such as the AC Stark shift. The storage efficiency
was observed to decrease when changing the bandwidth of the stored pulse. This

decrease in efficiency, which was also seen in simulation, was stronger when the
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bandwidth change was larger, and was not present when the three electric pulses

had equal amplitude (corresponding to no change in pulse bandwidth).

An on-chip resonator allows for storage efficiencies approaching unity if the impedance
matching condition is met [20]. In this device, the storage efficiency was up to 0.4%,
depending on the finesse of the comb created, and was limited by the low coupling
between the ensemble of ions and the optical mode of the resonator, characterized
by an ensemble cooperativity C < 1, and the small coupling ratio of the lower
reflectivity mirror, «j,/« = 0.2 (see efficiency discussion in Appendix D of Refer-
ence [55]). The storage time on an optical transition is ultimately limited by the
optical coherence time 7>. However, in '®’Er**:Y,SiOs, superhyperfine coupling to
yttrium nuclear spins in the crystal prevents the creation of narrow spectral features,
which means a low storage efficiency for storage times longer than ~ 500 ns [55].
Superhyperfine coupling is a major limitation to high-efficiency long lived storage
in 197Er**:Y,Si05 when using memory protocols based on spectral tailoring such
as AFC.

For quantum repeater applications, the efficiency and duration of on-chip storage
must be improved. The storage efficiency in hybrid «Si-'"Er**:Y,SiO5 devices
can be increased by using thinner silicon to increase the fraction of the optical mode
energy in the '7Er**:Y,SiOs, which would increase the ensemble cooperativity,
and by optimizing the resonator nanofabrication procedure to decrease scattering
and absorption loss in order to achieve higher intrinsic quality factors. For example,
using crystalline silicon could mitigate absorption loss. Higher intrinsic quality
factors would increase both the ensemble cooperativity and the coupling ratio «j,/«,
both of which affect storage efficiency. To overcome the superhyperfine limit to
storage time, creative solutions such as using clock transitions in '9’Er**:Y,SiOs5[78,
84, 85], which are less sensitive to superhyperfine coupling, or finding new crystal
hosts for erbium ions can be used. Longer storage times can also be realized
by combining AFC storage with spin-wave storage, where the optical excitation is
reversibly transferred to a hyperfine level [74]. Spin-wave storage could be combined
with the bandwidth and frequency control demonstrated here, and it would eliminate
the need for memory time control with electric fields. Another requirement of
quantum memories is to store quantum states of light with high fidelity. This has
already been demonstrated with the AFC protocol [50]. Storage of weak coherent
states using the AFC protocol with DC Stark shift control of storage time has also

been recently demonstrated [82]. Future work should include demonstrations of on-
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chip storage of light at the quantum level with dynamic frequency and bandwidth
control. More generally, this type of device could work with different absorbers that
experience linear Stark shifts, or with other quantum storage protocols that do not

require spectral tailoring such as Stark echo modulation memory [81].

The functionality of the device is not limited to the demonstrations in this work.
For example, a gradient field could be used instead of a homogeneous field to

dynamically control the storage time. The bandwidth or frequency of emissions

m

A
combined, and the order of two pulses could be reversed. A device which enables

at any time ¢t = % could be modified, frequency and bandwidth control could be

Stark shift control of an ion’s transition frequency is useful for other technologies as

167Er3+ jons

well. For example, a gradient electric field could be used to tune two
coupled to the same resonator into resonance with one another. This would enable
entangling gates between the two ions, a key step in quantum repeater protocols

using single ions [86].

2.8 Conclusion

In this work we demonstrated a multifunctional on-chip device that can store light
while dynamically modifying its storage time, frequency and bandwidth. Dynamic
control of the memory time and the frequency profile of the output light was achieved
via the linear DC stark shift of '’Er** ions in Y,SiOs . We demonstrated dynamic
control of memory time in a digital fashion with storage times that were multiples
of 50 ns, for up to 400 ns. The frequency of stored light was changed by up to
+39 MHz, and the bandwidth of stored light was increased by up to a factor of
three, from 6 MHz to 18 MHz. This on-chip platform, comprising a resonator
evanescently coupled to an ensemble of atoms that experience a DC Stark shift and
on-chip electrodes, can be adapted to other materials and other quantum memory

protocols.

2.9 Theory of higher-order memory efficiency and simulation of time evolu-
tion
In this section, we provide more detail on deriving the m™ quantum memory effi-

ciency in the AFC protocol and developing the simulation method for time evolution.

Amplitude of the m™ light emission
The following section expands upon the analysis by Afzelius et al. in References

[20, 74] to consider multiple emissions. An ensemble of ions is coupled to a cavity
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with field decay rate k. An AFC is created in this ensemble of ions, which leads ion
distribution to be n(w), where f n(w)dw = N, and N is the number of ions. Each
ion has a detuning w relative to cavity center frequency, coherent decay rate y;, and
ion-cavity coupling rate g. After sending a photon into the cavity that is resonant
with it, the dynamic equations [20, 87] of cavity field & and atomic polarization o,

in the rotating frame of photon frequency are

E = —k& + \2kinEin + ig/ n(w)oy,dw, (2.2)
0w =—(lw+7yp)o, +1gE. (2.3)

The input output formalism gives

Sout = _Sin + \/2Kin8 (2.4)

where «j, is the cavity decay rate to the input channel. We can solve Eq. 2.3 and get

t
oo (1) = ig / e~ W= g (" ay'. (2.5)

(o)

Then, inserting Eq. 2.5 into Eq. 2.2, we find
&(1) = ~k&(1) + V2kinEin (1)

—g° /t e~ (=) / n(8)e ) dwE (') dr’
= k(1) +V2xin&in (1)

t
—g2/ e R = HE()dr

[e9)

(2.6)

where 7() is the Fourier transform of n(w) [74].

We have an atomic frequency comb with period A, and each tooth has a shape

described by f(w), so n(w) can be written as

n(w) < ) flw=ka)

k:—OO

. 2.7)
o Z f(w) = 8(w — kA).
k=—o00
The Fourier transform of n(w) is n(z):
_ « = k
(t) o Z (1) (r - K)
(= (2.8)
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Inserting Eq. 2.8 into Eq. 2.6, we find
S(I) = _Kg(t) + V2Kin8in(t) - 1—‘comba(l‘)
N K~k k
- ~“Ynx £ |2 _=
21—‘comb;e hAf(A)S(Z‘ A)

where I'comp is the absorption rate of atomic frequency comb [55], and Teomp o 2.

(2.9)

Consider the time after the ensemble of ions absorb the light (r > 0). There are no
input pulses after r = 0, so &;,(r > 0) = 0. Applying adiabatic elimination of the
cavity mode (&(¢) = 0) leads to

21—‘comb « - k
E(t)=—F7 Yhi t——]1. (2.10)
K + Fcomb kz; f A
The cavity field at time ¢ = ¢ goes as
m 2l eomb Kk m-—k
a(r:—):— com ek ( ) (—) @2.11)
A K+ rcomb ; A
From this, we can see that the amplitude of the cavity field attime t = 7 is determined

by the cavity field at all earlier times ¢ = %, where k = 0,1,...,m — 1. We can
theoretically find the amplitude of the cavity field at any time, which depends on
how we modulate the cavity field at previous times. In our case, y;, is much smaller
than the teeth width [55], so we can ignore the term e‘yhﬁ. We assume each tooth

has Gaussian shape, which gives

(4] ool (225))

[nr)
=exp|—-———=—

(2.12)

4In2 F?

where y is the FWHM of the Gaussian peak, and F' = A/y as we defined in the main
text, Eq. 2.11 becomes

m 2Leomb - n* k2 m-—k
S(t:—):—& -———|E&[—]. 2.13
AT T+ Tooms sz P\ a2 P2 A .13)
We also know from Eq. 2.4 that the amplitude of the k™ emission (for k > 0) is

k k
80ut ([ = K) = \/2Kin8 (t = K) . (214)
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At time ¢t = 0 we have

E(t=0)= YK g _0). (2.15)

K + I'comb

From the above three equations, the emission at time ¢ = % has the following

amplitude

2T
Eout (t _ ﬂ) _ __“lcomb
A K+Fcomb

'"Z_lex 7R\, (m—k
Pl-3m 2 ) o | % (2.16)

k=1

n? mz) 2Kin

4n2 F? Oin(t = 0)) '

+exp (-
( K + I'comb

The m™ emission is the sum of 1% to (m — 1)™ emission and the input. In the case
where we do not apply electric fields to prevent any emissions, the first and second
emitted field amplitudes are

1 4kinTeomb 2 1
Eoutlt=—]=-——""22 - —|&,(t=0 2.17
out ( A) (K + Fcomb)zexp ( 41n2 FZ m( ) ( )

2 4kin T comb 72 1 72 1 2T comb
Eotlt == == - — | &L(t=0 SN E————U
°‘“( A) (K+rcomb)ze"p( 2In2 F2) i )(e"p( 22 F2| &+ Deom

As Eq. 2.18 shows, the amplitude of the second emission is composed of two parts.
The first part is from the light absorbed at + = 0, and the second part is from the
light reabsorbed at the first emission time ¢ = 1/A. The competition between these
two terms determines the amplitude and the phase of the output at r = %. When
we operate in the high finesse regime (since we always want the dephasing term
exp (—%%) to be close to 1), if the amplitude of the first output is small, the
amplitude of the second output will be dominated by the first term in Eq. 2.18, so it
will still have an observable amplitude. If the amplitude of the first output is high,
the amplitude of the second output will be small due to the minus sign between the

two terms in Eq. 2.18. In particular, when the impedance matching condition[20]

2r(:omb

e — 1, the second emission will be zero. This trend also holds

holds where

for higher order emissions, as can be seen by extending the analysis of Eq. 2.16.

In the case where we apply an electric field to suppress all the lower order emissions
(from 1 to m — 1), we find the m™ output amplitude to be

2 2

m )Sin(t - 0). (2.19)

m) 4kinl comb e T
__ Hcinloomp [ 7 m”
P\ " 42 2

& (r L -
out A (K + I_‘comb)z
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Then, we can find the efficiency of the m™ output pulse to be

2

Sout (1 = %)
Sin(t = O)

(2.20)
_ [ Kin Al comb /K

n? m?
- (7 (1+ rcomb/K)Z) =P (_ME) '
Time evolution simulations
Simulations of the cavity-ion system were performed to confirm the trends observed
in the bandwidth control experiment. These simulations involved numerically solv-
ing the discrete form of Eq. 2.2 and Eq. 2.3 for the cavity field & and the atomic

polarization o; of a number n of ions in the rotating frame, following Reference
[40]:

E(1) = — (k +iAwg) E(1) + 2kinEin (1) +i Z go:(1), (2.21)
i=1
(1) = = (yn +iAw; (1)) oi(t) +ig&E(1), (2.22)

where Aw, is the cavity detuning and Aw;(¢) is the detuning of each ion, which
can vary in time as a function of applied electric field at the location of the ion
Awi(t) = Aw;o £ SE,(x;,1). Aw; is the detuning of each ion in the absence of an
applied electric field and the + sign depends on which subclass the ion is in. The
cavity field is coupled to external fields as described by input-output formalism (see
Equation 2.4). The initial conditions are &(0) = 0, 07(0) = 0.

For the simulation, a system of n + 1 differential equations (Equations 2.22 and
2.21) are numerically solved. To keep the number of equations to a reasonable size,
the number of ions simulated n ~ 10% is significantly smaller than the true number
of ions coupled to the cavity ~ 107. To accurately represent the strength of the
interaction between the ion ensemble and the cavity, g in the simulation is chosen
such that gtzOtal = ngz, where gioal = 27 X 0.6 GHz is measured from the cavity
reflectance curve [55]. The time-independent frequency distribution of the ions
(frequency comb) is described as a continuous distribution, and n values of Aw; g
are sampled from it. A time dependent scalar +sE\ (x;, t) representing the Stark shift
is added to all ion detunings. E,(x;,t) for each ion is given by randomly sampling
the x-position along the resonator, and obtaining the corresponding electric field
from Figure 1g in the main text, then varying it in amplitude and time to represent

each electric pulse.
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Using this simulation, the output pulse profile Eqy () can be computed given &, (1),
the input pulse profile centered around ¢ = 0, and certain set of electric field control

pulses.
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Chapter 3

COLLECTIVELY INDUCED TRANSPARENCY (CIT)

In this chapter, we will discuss the experimental discovery and theoretical proof of a
novel phenomenon in many-body cavity QED, which we name collectively induced
transparency (CIT) [88]. This chapter is adapted from the [88].

3.1 Overview

We study an ensemble of approximately 10® 171Yb3* jons embedded in YVOy4 cou-
pled to a nanophotonic cavity (Fig. 3.1a, Fig. 3.3c), subjected to a strong driving
field such that the resonant ions are excited. The relatively low spectral inhomo-
geneity, the strong transition dipole moment [8], and the cavity coupling lead to a
high optical cooperativity of up to 24 (Table 3.1). This allows for strongly enhanced
light-matter interactions, enabling the probing of complex collective and many-body
phenomena [89]. In particular, we discover a sharp transparency window in the cav-
ity reflection spectrum which we call CIT (Fig. 3.1b, d). We find that the quantum
interference of many inhomogeneously broadened emitters plays a critical role in
producing the CIT window, mechanistically distinguishing itself from other types

of transparencies [90].

3.2 Experimental observation

To explore cQED phenomena for a driven, inhomogenous many-body system, we
first characterize the cavity-ion coupling by measuring the cavity reflection spectrum.
Scanning with low laser power, the spectrum reveals broad peaks centered around
the atomic resonances reaching unit reflection with about 3 GHz width, larger than
the ensemble inhomogeneous linewidth of 150 MHz (Fig. 3.1b, middle, Fig. 3.3d).
These peaks are known as dipole induced reflectivity (DIR), resulting from strong
ion-cavity coupling [91]. Specifically, in steady state under continuous driving, the
cavity field (a) depends on the sum of the atomic coherences (0'j_> of individual
emitters as {(a) o j.v:l(aj‘), where o= |g); (el for the 7™ jon. As such, even if
most ions remain in the ground state at weak excitation, the Yb ions still modify the
internal cavity field due to the nonzero atomic coherence. This in turn influences
the cavity reflectivity, leading to DIR. However, when the laser power is increased,

we observe the formation of a sharp dip around the center of the DIR, which both
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Figure 3.1: Cavity QED with driven inhomogeneous emitters. a, Schematic
description of the cavity-ion interaction. An inhomogeneous ensemble of ions is
coupled to a one-sided cavity with total decay rate . The input field A;j, is coupled
into the cavity with rate «.. The interaction strength between the cavity field and
a single ion is g. Each Yb ion can be regarded as an effective two-level system
consisting of a ground (|g)) and excited (|e)) state, whose transition wavelength is
around 984 nm (grey dotted box). b, Reflection spectrum of a cavity without ions
showing the bare cavity resonance (left), with ions under weak drive showing DIR
(middle), and with ions under strong drive showing DIR and CIT (right). ¢, The
atomic distribution of ions with inhomogeneous linewidth Aj,,. dy, Zoom in of the
right panel of b, showing CIT. CIT opens a transmissive window narrower than the
inhomogeneous linewidth, and allows for the excitation of ions in the center of the
ion distribution.

deepens and narrows with increasing power (Fig. 3.2b). A Lorentzian fit to the dip
gives a minimum width of 50 MHz, and a maximum normalized depth approaching
1 (Fig. 3.2d).

We find that the origin of such a transparency window can be understood as the
collective contribution of the inhomogeneous ensemble to the cavity field (Fig. 3.2a).
For clarity the individual contributions of on- and off-resonance ions (with respect
to the laser) should be considered separately. For resonant ions, strong driving
saturates their steady-state populations to the completely mixed state, where both
atomic inversion and coherence vanish, thus having no influence on the cavity field.
In contrast, the off-resonant ions are only weakly excited, such that their atomic
coherence is inversely proportional to the ion detuning A;, that is, <O'j_> oc AJ_.'
(section 3.5). This means that ions at equal and opposite detunings are out of phase

with equal amplitude, such that their pairwise contributions to the cavity field will
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Figure 3.2: Experimental observation of CIT. a, Physical origin of CIT, showing
the phase distribution of atomic coherence of the inhomogeneous ensemble. The
ions far-detuned from the laser frequency are out of phase on the two sides, denoted
in red and blue. The resonant ions are denoted in white. The left and right Bloch
spheres contain the Bloch vectors of the red- and blue-detuned ions, respectively.
Three scenarios with different laser frequencies are shown. If the laser is detuned
from the ensemble center (top, bottom), there is imbalance in the ion phases, while
if the laser is centered (middle), the ion phases cancel and lead to CIT. b, Measured
cavity reflection spectra at three different powers, vertically shifted for clarity. Sharp
dips due to CIT appear at the center of the DIR peaks, which get deeper and narrower
with increased power. ¢, Corresponding simulated cavity reflection spectra. d,
Extracted Lorentzian fit width (blue) and depth (orange) with power, error bars
represent the standard errors of the fit. The CIT depth is normalized with respect to
the cavity depth. Solid lines are the fits from our theoretical prediction.

destructively interfere. In particular, when the laser frequency is in the center of
the inhomogeneous line, all of the contributions from the detuned ions cancel with
each other (Fig. 3.2a, center). Thus, the combination of these two effects, (1) the
saturation of the on-resonance ions and (2) the pairwise destructive interference of
the off-resonant ions, leads to a transparency (the CIT) that emerges at the center of
the inhomogeneous line. Itis worth noting that CIT is unique to systems consisting of
a large ensemble of emitters with fixed frequency and an appreciable inhomogeneous

broadening [92], and does not occur for just a few emitters (section 3.5).

Going beyond the qualitative description, we derive an analytical expression for the

width of CIT (Acyr) using the N-atom Tavis-Cummings Hamiltonian [39] under
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appropriate approximations (section 3.5):

Ainn 1

C YsY
(1-c|zZ)

Acrt ® (3.1)

where y = 7—25 +7v4 1s the total decoherence rate, comprised of the spontaneous decay

rate vy and the excess dephasing rate y;, g is the single ion-cavity coupling rate,
C = 4Ng?/(kAimn) is the ensemble cooperativity, and u is the cavity mean photon
number in the absence of ions, representing the rescaled driving laser power. The
measured CIT widths and depths show excellent agreement with the predicted power
dependence (Fig. 3.2d). Crucially, at high powers we expect the dip width to be
narrowed by the ensemble cooperativity, reaching Acit ~ Ajnn/C. Intuitively, this
is because higher cooperativity leads to a larger contribution towards DIR for even a
small number of imbalanced ions, effectively increasing the sensitivity to the imbal-
ance near the ensemble center, which narrows the CIT. This indicates that if C > 1,
the CIT width can be significantly narrower than the inhomogeneous broadening of
an ensemble, ultimately limited by the homogeneous linewidth (section 3.6). Given
our C and Ajpp, the expected minimum linewidth is 13 MHz, narrower than the
measured value of 50 MHz. This discrepancy can be partially attributed to spectral
diffusion, which effectively increases y and causes a breakdown of some of the
assumptions made in order to derive the approximate analytical expression Eq. 3.1.
To account for this, numerical simulations of the cavity reflection (without the above
approximations) provides a better match to the experimental width (Fig. 3.2c, more

detail in section 3.6).

3.3 Device and system parameters

Device

The substrate is a 3xX3x0.5 mm piece of 17y p3+:YVO, (a X a X ¢), measured to
have a Yb doping concentration of 86 parts-per-million using glow discharge mass
spectrometry [93]. The device is fabricated directly in the substrate using focused
ion-beam milling. The optical cavity is formed by periodic grooves milled into a
triangular nanobeam waveguide, with a slight aperiodicity in the center which forms
a defect creating the cavity mode. A 45-degree angled coupler couples the light
from free-space to the waveguide with an efficiency of = 25%. Further details on

the device fabrication can be found in [34].
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Figure 3.3: Cavity-ion coupling. a, Energy level spectrum of !7'Yb**:YVO, at
zero external magnetic field. The optical transitions whose polarizations are along
the cavity mode are shown in blue (A, E, I). Since the three transitions are separated
by ~ GHz, larger than the inhomogeneous broadening, each transition is spectrally
well-resolved and can be regarded as an isolated, effective two-level system; for
example the levels labelled |e¢) and |g) form a two-level system for the A transition.
b, Schematic showing the relative population of ions in each transition, where the
I transition has double the population due to a doubly-degenerate ground state. ¢,
Scanning electron microscope image of the device. d, Cavity reflection spectrum
at weak laser power reveals three DIR peaks corresponding to the A, E, and I
transitions. The peak corresponding to A is marked with orange, as we focus on this
transition. e, Theoretical cavity reflection as a function of laser detuning in the low
excitation regime (DIR), showing ion-cavity coupling. Three DIR peaks (orange)
corresponding to the A, E, and I transitions of a Yb ion are identified using Eq. 3.9,
showing high cavity reflectivity.

System parameters

Based on the concentration of Yb ions and the cavity volume, we estimate that about
N ~ 7 x 10° ions are coupled to the cavity with varying coupling strengths. The
cavity is tuned into resonance with the 2F7, to 2Fs ), transition of Yb around A = 984
nm using nitrogen gas condensation. The large cavity linewidth (x = 27 X 44 GHz)
covers all three transitions aligned along the cavity polarization (labelled as A, E, I,
Fig. 3.3b). The narrow optical inhomogeneous linewidths (Aj;, = 27 X 150 MHz)
compared to the separation between those transitions (a few GHz) enables each
transition to be addressed as independent two-level systems. The nanoscale cavity
allows for tight confinement of the electromagnetic field, resulting in a small mode

volume of about a cubic wavelength (= 1(1/n)>, where n is the refractive index). In
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conjunction with the relatively strong dipole moment of Yb in YVOq [8, 33], these
factors enable high vacuum Yb ion-cavity coupling g up to ~ 2z X 35 MHz, leading
to a large collective ensemble cooperativity C = 4Ng?/(kAinn) > 1 in the optical

regime.

The ion-cavity coupling rate g has a particular distribution, arising from inhomo-
geneity of the cavity field across the device. Simulating the cavity structure in
COMSOL,, the total YVO, volume is 3.058 um?, with total coupling rate Q = 27 X9
GHz, calculated assuming uniformly distributed Yb ions across the YVOyq. In or-
der to obtain the distribution of g, we generate the histogram of varying g across

3. Since there are many ions with very

the entire nanobeam volume of 3.058 um
small g, we ignore ions with g < 1.39 MHz which retains 98.4% of Q, result-
ing in a total coupling rate of Q = 27 X 8.86 GHz and the distribution shown in
Fig. S1. The considered ions occupy a physical volume of 0.636um?® and their
total number is ~ 7 x 10°. From this, the root mean square of g is estimated to be
\/(g_2> = \% ~ 2r x 10.6 MHz. Additionally, we calculate the optical mode volume

t0 be Vinode = 0.0918 um?>, based on the maximum field strength.
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Figure 3.4: The simulated probability distribution of cavity-ion coupling
strength g in the device.

3.4 Theoretical analysis: from DIR to a few driven emitters
In this and the next section, we will give a more detailed theoretical analysis of CIT.
Due to the fact that the CIT dip is observed within the broad DIR peak, we will
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Parameter Description Symbol Value

Optical Frequency w 27 x 304500 GHz
Spontaneous decay rate Vs 21 x 0.6 kHz
Excess dephasing rate Yd 27 x 6 kHz
Optical inhomogeneous linewidth (FWHM) Ainh 2 x 150 MHz
Cavity energy decay rate K 2r x 44 GHz
Cavity external coupling rate Kc 2 x 8.8 GHz
Maximum Yb ion-cavity coupling rate g 21 X 35 MHz
Number of Yb ions in cavity N 700000

Cavity mode volume Vinode 0.0918 ,um3
Ensemble cooperativity Ca(Cy) 12(24)

Table 3.1: Relevant system parameters.

start by introducing the DIR at the weak-excitation limit and then proceed to analyze

some simple cases with only a few driven ions.

General formalism

We start with the Tavis-Cummings Hamiltonian for N two-level systems coupled
to a single cavity field under the rotating-wave approximation in the laser frame
(setting 1 = 1):

N N
1 . . .
H=A.a"a+ > Z AjO'; + Z gj(a’o'j + O';a) — ivkeAin(a" - a). (3.2)
j:] ]:1

In our case, the two-level system consists of the ground (|g)) and excited state of
the A (E, D) transition. Here g; is the 7™ ion-cavity coupling strength, a is the
bosonic cavity field operator, O'J.i, 0'; are the j spin ladder operators and the Pauli-
Z operators, respectively. Note that here we consider the general case where each
ion has a different coupling strength g;. A, is the cavity-laser detuning and A; is
the j™ ion-laser detuning, accounting for inhomogeneous broadening. Compared
to Eq. 1.8, y/k¢Aiy is added to include the coupling from the input power P;,, which

is associated with the cavity mean photon number in the absence of ions u, as:

K

VKcAin = S VA (3.3)

where u is defined as

& Pu ke Pa
(k/2)2+ A2 Thw  (x/2)2 hw

y (3.4)
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Here, three variables Ajy, Py, and u all represent the excitation power, and they are
related to each other by system parameters. We will use u to represent power in the

following theoretical analysis for brevity.

Starting with Eq. 3.2, we obtain the equations of motion for a, o and O'JZ. in the
Heisenberg picture, with dissipation terms, given as (we need to be careful here,

especially 3.7, see more detailed analysis in Appendix A):

N
. K . - K
d:—(lAc+§)a—l;gj0'j _5\//7 3-3)
o= —(iA; +y)o-j_ + igjO';a (3.6)
of =2igj(a’o; —ofa) —ys(1+07%) (3.7)

where y = % + v4. Using Eq. 3.3 and input-output formalism, Aqy = Vkca + Aip,
we obtain the cavity reflection:

2 2

(Aout) 2K
<Ain> K\//_'l

where cavity field a is determined by solving Eqs. 3.5-3.7 and thus depends on the

= = (a) + 1 (3.8)

state of ions.

Weak-excitation case (DIR)
Under the weak-excitation condition ({o,) ~ —1), an analytical expression for the
cavity reflection R(w) as a function of laser frequency w is derived in [40] as:

K 2

W—we+ik[2 —Wa(w) — Wg(w) — Wi(w)

R(w) =1~ (3.9)

where Wy accounts for the coupling of an X (X = A, E, I) transition to each of the
inhomogeneously broadened ensembles:

2
Qy

W = .
X(w) a)—wx+i)/X+iAx/2

(3.10)

Here, Ay is the full-width half-maximum (FWHM) of a Lorentzian distribution,
Qx = \/Zig)z( is the total ion-cavity coupling rate, yx is the dephasing rate, and wx
is the center frequency of an X transition. From COMSOL simulations, we estimate
that Qa = Qg = Q;/ V2 = 27 x 4.4 GHz, where the 1 / V2 factor in Qp comes from
the double degeneracy in that ground state of the I transition. We plot the cavity
reflection using Eq. 3.9 in Fig. 3.3e, which qualitatively matches the experimental
data in Extended Data Fig. 2c. From this, the cooperativity Cx = W [41] of
the three transitions is computed as Ca g = 12, C1 = 24.
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Driven single-ion case
We would now like to see if CIT appears for just a few ions, starting by considering
a single ion coupled to the cavity. Since there is only one ion, the subscript j is
dropped. In the fast-cavity limit, we adiabatically eliminate the cavity mode by
setting @ = 0, and using the fact that A, < k we get
o K L
- ’i‘;ﬁg‘m ~ 87 (3.11)

2

Substituting Eq. 3.11 into Eq. 3.6 and Eq. 3.7, we obtain linear differential equations

foro*and o~ )

2
o = —(iA+y + =)o —igoQ (3.12)
K

4g? ) .
ot :—(7S+T)(1+0'Z)+2lg\/ﬁ(0' —0). (3.13)

Then we solve the expectation value of the operators in the steady-state (o%) =
(™) =0as:

(o%) = - > (3.14)

(o = SVH . (3.15)

The cavity reflection is

R =

—4ik, _
PR gl >_1A +_+

(3.16)

where 4:}1 g{o ™) is the contribution from the ion, which is related to the power, and
A +K + 1 is the contribution from the bare cavity. We plot the cavity reflection for

varying /u using Eq. 3.16 in Fig. 3.5a. We see that in the weak-excitation regime
(4/u — 0, black), there is a DIR centered at the ion frequency, reaching unit cavity
reflection. Upon increasing the power, the entire DIR profile decreases, and finally
disappears, as the cavity reflection reaches the bare cavity value of R = )—2% + 1)

(R = 0.36 for our case). This occurs when we fully saturate the ion.
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Figure 3.5: Cavity reflection spectrum of one, two, and three atoms. a, Cavity
reflection spectrum of a single ion coupled to the cavity with rate g = 27 X 35 MHz,
using Eq. 3.16. DIR is observed for small powers, and decreases with increasing
powers. b, Simulation of the cavity reflection spectrum of two symmetrically
detuned ions at +27 X 0.048 MHz. There are two DIR peaks at each of the ion
frequencies, and destructive interference between two ions form a dip at 0 MHz.
¢, Three ion simulation, adding an ion at 0 MHz. The dip from the two-ion case
disappears at low powers due to DIR from the added third ion.

Driven two- and three-ion cases

Since there is no dip for the single ion case, we add another ion, where the ions
are now symmetrically detuned around 0 MHz, with detunings +27 X 0.048 MHz.
The cavity reflection for 4/ — 0 is plotted using an analytical expression under
the weak-excitation condition, similar to Eq. 3.9. Additionally, we sweep the power
from y/u = 1074 to Vi = 1072 and simulate using the master equation (Section 4.5).
First, we note that \/u = 1074 is very close to the weak-excitation limit. In this case,
we observe two DIRs centered around each ion frequency. The two DIRs overlap
at zero detuning where the ions destructively interfere, producing a narrow window
even with low excitation, indicating that this is not exactly CIT (Fig. 3.5b). When

/i is increased, both DIRs decrease, similar to the single ion case.

We now add a third ion between the two ions at zero detuning, where a third DIR
peak appears (Fig. 3.5c). At the same time, two sharp dips appear between the
first/second ion and second/third ion. When /u is increased, all three DIR peaks
decrease where the center peak decreases the fastest. This eventually leads to a
single, wide dip at \/u = 1072, From the results of the two- and three-ion cases, we
see hints of the origins of CIT, from the destructive interference between different

ions.
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3.5 Theoretical analysis: driven multi-ion coupling leading to CIT
In this section, we will extend our discussion to the multi-ion case, where we can see

that CIT results from a large ensemble of ions with an inhomogeneous distribution.

Analytical derivation

From the simple cases analyzed in the last section, we get the intuition that an
inhomogeneously broadened ensemble of ions is required for a narrow dip to form.
To see this more rigorously, we derive the analytical expression for CIT under certain
conditions. We first set the steady state of Eqs. 3.5 -3.7 (¢ = 6* = ¢~ = 0), which
gives 2N + 1 equations for 2N + 1 variables:

N
~(iAc +5)(@) - i;gj((rj_) - SVE=0 (3.17)
—(iAj +y){o;) +igj{oj)a) =0 (3.18)
2ig;((a"){o}) = (o} )a)) = ys(1+ (o)) = 0. (3.19)

Note that here we adopt the hypothesis that quantum correlation between atomic and
cavity field operators can be neglected ((07a) = (o){a) and (a""aj‘) = (a"')(aj‘))

[94]. Eliminating <0'j‘>, we get the equation relating (0']‘?) and (a) as:

(a) = —\//72 o) o

- yN 28950

j=1 K()/+1Aj)

1

e . (3.21)

(o) L [

+ Vs 72+A§
We define (a) = —%’ where

- _ZN: 2630y T 2igilor) (3.22)
C Hry+id) «(a) |

which represents the ions’ response to the cavity field. Here, we also ignore A, for
simplicity based on the fact that A, < k. We can get an implicit equation for x as:
N 2
2g; 1

x:ZK(y+iAj)(l+ 4g%u (L))

j=1
| 14x|2y, 72+A%

(3.23)

where the distribution of coupling strength g ; is not correlated with the distribution of

ion frequency detuning A, as the physical position of the ion in the cavity is unrelated
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to its resonance frequency. We first consider g; = g and define y(x) = |ffj|% for
simplicity, and convert the summation to integral in the limit of large N:
2
o= 28 / plw)dw = (3.24)
K - y(x
(’)/ + l((,l) - (,()L)) (1 + m)

where wy is laser frequency and p(w) is the probability distribution of a given ion
frequency w. Given x, the cavity reflection is now simply
B ‘ 2k, 1 2

k (1+x)

(3.25)

Ainn /2 1
T (Ajnn/2)?+(w—-wo)?

where Ajy, is the FWHM and wy is the center frequency of the ion distribution,

We consider a Lorentzian distribution of ions with p(w) =

which gives us:

r e NAinhg? /+°° (y—i(w-wpr))dw
K Jw (PP H (w—wp)?+y()) ((Ainn/2)? + (0 — w0)?)

Making the approximations Aiyp > |wr — wol, ¥, Vy(x) and y(x) > 2 as well as

V> % (summarized and justified below), allows us to solve for x explicitly:

(3.26)

1 8i(w; —
x= , Bilwr —wo) (3.27)

M K _1 AiznhK
2Ng \ vsY Ng?

Plugging Eq. 3.27 into Eq. 3.25, we get the explicit expression of the reflectivity

relative to the laser frequency wy as:

K_c(M)Z ke _ CAcrr
Kk~ C K Ainh

R=1+ ' (3.28)
(5] + (@1 - w0
where C = |W(Z’/:2w°)| (= iﬁi: when Ajpp > v) and
A; 1
Acir = —oh . (3.29)
€ (1-cf2)
4g%u

According to Eq. 3.28, it is apparent that the profile of the CIT dip is a Lorentzian
function with width Acyt and depth ncrr, which is determined by the reflectivity at

Wyl = wq as
A
necir = >
&
5 Tlbare
) (3.30)
1 ¢
(I-25) dg=u  « 4gu
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where the depth has been normalized against the bare cavity depth npae = 1 —

2
(1 - 2%) . The lower bound of Acrt 1S AcIT, min = Agh, as the laser power u
becomes large. Additionally in the same limit, the depth reaches 1. Here we
summarize the assumptions made to derive the analytical expressions of the CIT

width and depth.

High cooperativity:
C>1. (3.31a)

Intermediate power:

2
Ainh Vs > 1> 7'}"?.
4g | v 4g?
Appreciable inhomogeneity and good coherence:
Ainh

Y
We note that for a uniform (rectangular) ensemble distribution, the CIT depth and

(3.31b)

> C. (3.31¢)

width have the same power and cooperativity dependence up to a factor of 5. From
this we anticipate CIT to be a ubiquitous phenomenon for any distribution satisfying
Eq. 3.31.

Inhomogeneity of g distribution

For simplicity, we have so far assumed that all ions are coupled equally to the cavity
(g; = g). Now we consider inhomogeneously distributed g, with a probability
distribution given by p(g). Using the fact that p(g) is uncorrelated with p(w),
Eq. 3.24 can be written as:

2 p(w)dw
== | Ng*p(g)d : (3.32)
* K/ $ s g/(y+i(a)—wL))(1+—y(x’g) )

¥ +(w-wr)?

Note that y(x, g) is now also a function of g. We can first calculate the integral over
frequency w, then over g to get the solution of x similar to Eq. 3.27:

| .
x= J Siwr (3.33)

M I 1 AiznhK
2Ng avg \ VsY Q2

where Q% = [ Ng?p(g)dg, and we define gay, = [ gp(g)dg. Now, we obtain the
width

Ainhk

Acit = Ainn 4 . (3.34)

2Ngan YsY
L YR e
inh K H
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From this, we can see that the CIT profile and the minimum width do not depend on
the specific distribution of cavity-ion coupling strength, but only the total coupling
strength. Ensemble cooperativity C o % also only depends on the total coupling
strength Q2, so the expression of the minimum FWHM relative to the cooperativity

will still be AcrT, min ~ %, regardless of the specific distribution of g.

Intuitive understanding

From the above derivations, we see that for high cooperativity (C > 1), we will get
a CIT dip with width approximately equal to the inhomogeneous linewidth divided
by C. Looking back at Eq. 3.22, the contribution of each ion to x can be extracted
using Eq. 3.18 (still assuming g; = g since g; and A; are uncorrelated):

(o) 1804, (y —i4))
(a) y2 + A2

(3.35)

Here, we use notation <0'j‘) = <O’A_j ) and (a’f) = <0'§j), where the subscript now
denotes the ion-laser detuning. For ions with detuning much larger than a homoge-

neous linewidth |A jl > v, if a ion is blue-detuned (A; > 0), its atomic coherence

(o3 )

(025)
phase arg(%) — —m while its red-detuned pair has arg(%) — 0. Their
f)

@ (o)

(a (a)
ions with +A, the phase difference will be , such that their phases will cancel and

amplitudes are ~ ﬁ | <O-\ZA_,-I>|' We can see that for the above pair of

their contribution to the cavity field will be

(o) .\ (o5, igloy, 0 (2y) N 2gy|< ) (3.36)
@ ) | prear AT OWUE |

Note that the phase we talk about here is the phase of <0'j_> relative to (a). For the
Fig. 3.2a, we add a global phase of 7 to the ion phases for visual clarity.

To summarize:

1. The contribution from any ion to cavity reflection will decrease as the ion gets
excited ((O'JZ.) > —1), and finally disappear when the ion is saturated to the

completely mixed state where <O'IZ.> = (0'].‘) =0.

2. The phase of each ion relative to the cavity field is determined by the detuning
of an ion relative to the laser frequency. For blue-detuned ions (A; > 0), the
phases are between —75 to —x, while for the red-detuned ions (A; < 0), the

phases are between —7 to 0.
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3. A pair of symmetrically detuned ions relative to the laser frequency will have
a reduced contribution to the cavity field compared to a single ion due to
the phase cancellation, by a factor of ~ Alj. This is obtained by comparing
Eq. 3.36 to Eq. 3.35 in the case of |A;]| > v.

Validity of Mean-Field Approximation

In the above derivation of CIT, we have used the mean-field approximation [95, 96]
where the mean values of the products of the operators a and 0'1? are factorized:
(o7ay = (0;)(a). In the following, we will justify why such an approximation
can be made for this system when considering CIT. To start, we introduce the
term (O'JZ.a) - <U;><a> which considers the correlations between a and 0']?, and
we would like to show that this term is negligible. Using adiabatic elimination

a~ =2 Zk 1 8k — /i, we expand this as:

% N
(0ha) = (i) a) = —;’ ;gk ((ajak‘> - <aj><ak‘>)

N

N
=g (<a;a;>—<a;><a;>)+;gk ((T5o) = (@ixoD) |-
J
(3.37)

The first term is the self-correlation between o’f and o of'ion j, and the second term
is the cross-correlation between different ions. Setting the second term <0’JZ.O'k_ ) —
(O'JZ.) (o) = 0(k # j)indicates that the final states of differentions are notentangled.
For the first term (self-correlation), we use the commutation rule between 0']? and

o (0'] o= —(fj_) to rewrite it as

Zlg 2igj . .
& (507) Do) = 22 (1440D) (0. (B3Y)
It is true that this term can be nonzero based on the solution in CIT. However, we
now want to show that the influence of this term of the final cavity field {(a) is very
small. To do this, we introduce ¢ ((O'j_)), which is the modification to (0'].‘) if we
were to consider this self-correlation term. Using Eq. 3.18,
2 2

5((o7)) = ﬁ (1+¢0D) (7). (3.39)
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We can then plug this back into our expression for the cavity field a using Eq. 3.17,

and get the modification to the cavity field introduced by this self-correlation:
2 &
5((a)) === ) sd (o)
k=1

A &
k2 — A +y

(1+¢oD) (@)

- _% Z — (1440 (o)a). (3.40)

If we plug solution Eq. 3.21 into Eq. 3.40, we get

LN 4 4gf|<2a>A|22)
Ys(y +
0((a)) = = ay. 341
((a)) = 2Z(m P st (3.41)
( + 73(72+A2))

Assuming g, = g for all the ions, we can obtain the relative change of (a) is

‘5(<a>) 16g° 72 a)? 16Ng67|< )P ~ 16Ng%y

(a) K2ys (A +y)2 (V2 + A KPyAL, 2’ysAfnh
(3.42)

2

Using Eq. 3.31b where y < ( '"h) 77 we can then get |5(<<a“>>) < 4SA < 1, which

is validated both in experiment and simulation for our system. The conclusion is that

6((a))
‘ (a)
term will be very small.

< 1, or that the fractional change in the cavity field due to the self-correlation

Validity of the Tavis-Cummings model

It has been shown in [30] that large collective coupling rates can lead to a breakdown
of the standard Tavis-Cummings model. The relevant condition for the validity of
the Tavis-Cummings model is FSR > W, where FSR is the free-spectral range of
the cavity, and W is the ensemble absorption derived in Eq. 3.10. Plugging in the
parameters of our system, we find FSR = 27 x 25 THz, and W = 27 x 0.5 THz,
thus satisfying the above inequality, and validating our use of the Tavis-Cummings

model.

3.6 Analysis of CIT widths and depths

In this section, we will provide a more detailed analysis of fitting the experimental
data, comparing CIT widths and depths for different transitions. We will also
discuss the numerical simulation of CIT when some approximations in Eq. 3.31
break down, and thus the analytical expression of CIT in Eq. 3.1 does not hold.
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The fits for CIT widths and depths

As the distribution of ions in our experimental system is approximately Lorentzian,

based on Eq. 3.29 and Eq. 3.30, we use the following functions to fit the power
dependent CIT width and the depth

Acrtfit = D (3.43)
\/ﬁ
P2 P2 2
noirhie = p4 |l ——=—-p3 (1 - —) (3.44)
t ( VP VP

where p123.4 are free fitting parameters and P is the excitation power. The fit
parameters are left floating as the purpose of these fits are to validate the analytically
derived power scaling, which contains some approximations that may make it inexact
in certain regimes. This is already apparent in the discrepancy of the minimum CIT
width, where the analytical value is a few times smaller than the experimental and

numerically simulated values.

Comparison between A and I transition

We find that the extracted fit parameters from Fig. 3.2d and Fig. 3.6 are physically
reasonable based on our system parameters, for both the A and I transitions. First py,
representing the minimum CIT width, is fit to 42(36) MHz for the A(I) transitions.
P2, the prefactor to the excitation power, is fit to 0.08(0.25), where the larger value for
the I transition reflects both the larger cooperativity and dephasing. The analytical
expression of py is C,/ MgZ—ZKZ and plugging in system parameters we obtain about
0.07(1.4), accounting for optical losses and the factor of 4 discrepancy found in
the numerical simulations. We attribute the discrepancy of p, for the I transition to
an overestimation of the dephasing rate, which we assumed to be a hundred times
worse than the A transition. ps3 is the extracted fit for the cavity in-coupling ratio
ke /K, fitto 0.3(0.1), a good match to the estimated value of x./x ~ 0.2 measured in
similar devices. Correspondingly, p4 is fit to 1.2(1.1), consistent with its analytical

expression m
c

We note that the measured CIT depths in Fig. 3.2d and Fig. 3.6 are normalized
against the bare cavity depth, determined by «.. For the experiment data, we set the
cavity resonance minimum to be 0 (which we take to be the minimum of the edge
of the DIR, since the cavity is broad), and the DIR maximum to be 1. This is done

to eliminate the background counts of reflected light that do not enter the cavity.
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Figure 3.6: CIT width and depth comparison between the A and I transitions. a,
Measured CIT width and b, depth with power and corresponding fits for the A (red)
and I (blue) transitions. We expect the I transition to have different width and depth
values, as the cooperativity is twice as high, but the dephasing rate is expected to be
more than 100 times larger than A. While we find similar depth values, the width
differs between the two. In particular, the I transition starts out much broader than A,
as expected from the worse coherence properties. Despite this, the minimum width
is slightly narrower for the I transition, indicating that indeed the cooperativity is
larger for the I transition.

Numerical simulation

While the analytical expressions above give the intuition behind CIT , an arbitrary
distribution can be numerically solved without making the assumptions listed in
Eq. 3.31. The simulation model still follows the mean-field approximation, thus
solving the 2N + 1 equations of 2N + 1 variables in Eq. 3.17-3.19. The simulation
method is very similar to the steady-state solution in [97].

This is how the results in Fig. 3.2¢ are obtained. This gives CIT widths closer to
the experimental values. Note that the power used in simulation in Fig. 3.2c¢ is four
times smaller than the experiment in Fig. 2b, which is attributed to discrepancy of the
realistic distribution of ions and power calibration errors in experiment. Specifically,
we found that making the simulated ion distribution imperfect or asymmetric resulted
in requiring more power to effectively reach the high power regime, where the CIT

width reaches its minimum.

From the derivation in section 3.5, we note that the lower limit of CIT width does not
depend on homogeneous linewidth vy as long as % > vy. When the cooperativity
is high enough such that % ~ v, Eq. 3.29 and Eq. 3.30 do not hold anymore; In
such a high cooperativity regime, numerical simulation is neede and shows that the
CIT will finally be limited by homogeneous linewidth (Fig. 3.7a,b).

From the simulation, we can also look at the phase of the cavity field, and we found
that the phase has a sudden shift (Fig. 3.8c).
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Figure 3.7: Numerical simulation for a higher cooperativity in CIT a, Simulated
cavity reflection showing narrow CIT for Ay /(27C) = 1 kHz and y /27 = 0.3 kHz.
b, CIT width with varying y in this high cooperativity system, showing a strong
dependence on vy.
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Figure 3.8: Phase shift in CIT a. The simulated cavity phase Arg(a) (red) across
the CIT for a laser power of 0.5 nW, exhibiting a relative m phase shift. The
corresponding cavity reflection spectrum (blue) as a function of laser frequency for
reference, identical to Fig. 2c purple. Note that this phase shift can be reproduced
either by numerical simulation or by the analytical expression in Eq. 3.27. Here, we
are presenting the numerical simulation results to better match experimental data.

3.7 Potential applications for CIT

In this section, we will discuss two potential applications for CIT.

Description of CIT in the good-cavity regime
We have so far focused on the resonant bad-cavity regime, such that A, = w.—wy , the
cavity detuning from the laser, was ignored. Here we generalize the CIT derivation

to the case where A, is considered, and 3.24 becomes:

‘o 2Ng? / p(w)dw
K+2iAC ()/+l((1) _ wL)) (1 + y(x) )

¥+ (w-wr)?

(3.45)
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|1+x|2ys(1+4Ag/K2) [T+x ]2y,

where now y(x) = , keeping the first order of A./«.

Solving for x:

1 2i(w, — 2i -
‘o | - i(we —wr) N i(wr wo). (3.46)
2_g uo 1 K M
C\vsy ¢
Using this, we can write our cavity reflection coefficient as
2K,
r=1- ,
(k +2i(we — wr))(1 +x)
. ACIT,minK¢ /K (3.47)
ACIT/2 + i(wL - (Ucenter) ‘ .
From this the center of CIT and width of CIT are:
Ainh Ainh
woC w < 1 Tx
Wcenter = (A - _C) < = wo — Lwc» (3.48)
) )
Ck Ck Ck
Ainh Ainh
Acrt = < — ACITmin = ———. (3.49)
NI R
2g u Ck Ck

In the experiment, we measure the CIT for different cavity resonance frequencies,

as shown in Fig. 3.9, where we can observe the linear dependence as expected.

The above derivations show the following:

1. The CIT spectrum is similar to a cavity resonance, with Acyr linewidth and

Acitminke
AcrTk

nism in which a new resonance can be produced from a cavity, where this new

input relative coupling ratio — ’% This means that CIT is a mecha-

resonance will be much narrower than the original cavity, whilst maintaining

the input relative coupling ratio.

2. This narrow feature can be used for precision sensing. The effective cavity

Ainh
(CIT) fluctuation is reduced by a factor of (1 CAKinh) — AC“;(h compared to the
T
original cavity fluctuation.
3. The above derivation requires % < 1 (besides the conditions in Eq. 3.31),

which gives Ajpp < 2VN g. However, we can see that there is no individual
requirement for «, so the CIT phenomenon is not necessarily restricted to the

bad cavity regime, and can work for cavities with higher quality factors. We
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Figure 3.9: CIT dependence on cavity resonance frequency. a, CIT spectrum
for different cavity detunings, fit to a Fano resonance. b, Relation between CIT
detunings and cavity detunings, showing the expected linear dependence. The error
bar is from the fit.

note that if the cavity becomes extremely narrow, the mean-field approxima-
tion may not hold and a more exact model may be required. It is unclear,

however, if we must be in the mean-field regime for CIT to occur.

Response time of CIT and application for optical switch

In the previous sections, CIT has been investigated in the steady state regime.
However, CIT has a finite response time, which is important to explore for certain
applications such as an optical switch. To this end, we park the laser at the center of

the CIT, and measure the reflection as a function of time (Extended Data Fig. 10).

We find a fast response time of 600 ns, and posit that a two-port optical switch
with an integrated filter can be realized using CIT. This current device has not
been optimized for this particular application, hence we are unable to measure the
other port (transmission) nor apply a transverse pump. Additionally, the contrast
suffers from reflection due to an imperfect beam overlap with our optical coupler
and our cavity being under-coupled. However, this problem can be solved by
critically coupling and coupling the laser better into the cavity. This will result in
increased contrast, important for improving the extinction ratio of the switch. For
the best extinction ratio, the cavity should be designed as critical-coupled where
k1/k = ka/k = 0.5 where k| and «, are the coupling rate from ports 1 and 2. We
note that the pump light is to create the CIT, which is an absorptive process where
the ions absorb light and get excited. In contrast, as long as the signal is weak

enough, the optical switch can be non-absorptive. Furthermore, we believe the
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Figure 3.10: Optical switch based on CIT. a, CIT response time. We park the
laser at the center of the CIT, and measure the reflection as a function of time after
turning the pump on. The reflection signal decreases as the CIT is created in sub-us
timescales. b, Schematic of an ideal two-port optical switch with an integrated
filter with CIT. A transmission port and a transverse pump port are added to realize
this application. For the best extinction ratio, the cavity should be two-sided and
critically coupled such that x;/x = k2/x = 0.5 where «; and k;, are the coupling
rates from ports 1 and 2. The top schematic shows that when the pump is off and
DIR is formed, the signal is entirely reflected (port 1). The bottom schematic shows
that when the pump is on and CIT is created, the signal is transmitted (port 2) within
the CIT window (spectral filter).

current switching time is limited by how fast the ions can reach saturation, which

can be faster by engineering a larger g.

3.8 Discussion and outlook

In this work we have investigated the spectral response and open quantum dynamics
of alarge cavity QED system, revealing a sharp CIT appearing in the reflection spec-
trum. Notably, the CIT width is found to be narrowed by cooperativity, indicating
that improvements in fabrication and material properties towards increasing coop-
erativity can lead to much narrower transparencies, potentially useful as frequency
references. The sudden cavity phase shift across the CIT (Extended Data Fig. 3.8)
can provide a novel mechanism to achieve optical nonlinearities and the storage of
light [98]. In particular, we demonstrate a proof-of-principle optical switch using
CIT, and posit that with further optimization a fast, high contrast two-port optical

switch can be realized (Fig. 3.10).
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Chapter 4

DISSIPATIVE MANY-BODY DYNAMICS: CAVITY-MEDIATED
SUPERRADIANCE AND SUBRADIANCE

In chapter 3, we demonstrate the newly discovered CIT appearing in a many-body
cavity QED system with high ensemble cooperativity. This phenomenon can be
well explained under the mean-field approximation (section 3.5), which holds in the
relatively small power!, and quantum correlation can be ignored. Furthermore, as
we increase the optical driving, such highly cooperative systems can exhibit many-
body phenomena [89]. One example is Dicke superradiance and subradiance [99],
the collective enhancement and suppression of radiation due to quantum interference
between identical emitters, respectively. Indeed, thanks to the transparency window
opened by CIT, we are able to send enough power into the cavity and study the
dissipative many-body dynamics—cavity-mediated superradiance and subradiance—
which will be the topic in this chapter. This chapter is adapted from [88], and all

simulation results in this chapter are provided by Riku Fukumori.

4.1 Introduction

Previously, superradiance has mostly been explored with cold atoms [27, 100-102],
microwave resonators coupled to spins [28] and superconducting qubits [24, 103].
In particular, optical superradiance in the solid state has only been studied for few
emitters [104—106] and signatures have been observed only with very few examples
for larger ensembles [32]. This is because superradiance is a coherent process that
requires cooperative decay to overcome disorder, which is typically challenging
to achieve in solid state systems due to large optical inhomogeneities [31]. Phe-
nomenologically similar to superradiance, the so-called superfluorescence (SF) has
been observed in several solid-state platforms, including quantum dots [107] and
rare-earths doped in crystals [108, 109]. However, SF is distinct from superradiance
as an initially incoherent system that self-evolves to build up a coherent polariza-
tion. Superradiance, on the other hand, happens when the coherent polarization is

deterministically generated by external coherent excitation.

Furthermore, in the presence of dissipation, subradiance can also emerge as a

"'We call it intermediate power in Eq. 3.31 since it has an upper and a lower bound. The overall
experimental power regime discussed in chapter 3 is smaller than in this chapter.
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result of the interplay between interatomic interaction and decoherence. Due to
its intrinsically weak coupling to the environment, however, subradiance has been
demonstrated only a few times, mostly in cold atom systems [102, 110, 111]. Unique
experimental systems that exhibit both superradiance and subradiance can provide
fundamental insights into the dynamics of complex open quantum systems, leading
to multiple emerging applications including narrow linewidth superradiant lasers

[112] and long-lived subradiant memories [113, 114].

4.2 System overview

We study an inhomogeneously broadened ensemble of Yb ions embedded in a crystal
coupled to a nanophotonic cavity with high cooperativity. The cavity-mediated
dissipation allow us to control the population distribution within the Dicke space
[99] and observe many-body dynamics in the form of superradiance and subradiance
(Fig. 4.1). The features of the observed dynamics are well explained by numerical
simulations based on a many-body master equation. In the single-ion case, the
Purcell effect enhances the ion’s emission by increasing the decay rate by 4g%/«
when coupled to a cavity. When an ensemble of ions is coupled to the same cavity,
we will see that 4g%/« acts as a collective decay channel, ultimately leading to
many-body dissipative dynamics.

Our system consists of an ensemble of Yb ions embedded in YVO,, with approxi-
mately 10° ions coupled to a nanophotonic cavity (Fig. 4.1a). The cavity is tuned
into resonance with 4 = 984 nm optical transition of Yb, where the large cavity
linewidth (k = 27 X 44 GHz) covers all three transitions aligned along the cavity
polarization (A, E, I in Fig. 4.1). The narrow optical inhomogeneous linewidths
(Ainh = 27 X 150 MHz) compared to the separation between those transitions (a few
GHz) enables each transition to be addressed as independent two-level systems. The
high ensemble cooperativity (C4 = Cg = C;/2 = 12) opens a CIT window around
the center of the inhomogeneous line and enables the investigation of the rich dy-
namics of a driven subensemble near the transparency window. This is because the
effect of the off-resonant ions on the cavity field is cancelled, allowing more light
to enter the cavity, and we will able to isolate the resonant ions. More details about

the system parameters can be found in section 3.3.

4.3 Experimental observation and analysis
To probe the dynamics, we tune the laser to the center of the CIT, and detect the

cavity emission after pulsed excitation (Fig. 4.2a). For state initialization, the system
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Figure 4.1: Cavity-mediated suprradiance and subradiance. a, Schematic de-
scription of the cavity-ion interaction. An inhomogeneous ensemble of ions is
coupled to a one-sided cavity with total decay rate «. The input field A;, is sent into
the cavity, and the dynamics is detected through the same channel. The interaction
strength between the cavity field and a single ion is g. Two spectrally indistinguish-
able ions have an effective cavity-mediated dissipation rate I'. = 4g°/«. Each Yb
ion has an energy structure, as shown in the zoomed-in dashed frame. The A, E, and
[ transitions are around 984 nm and coupled to the cavity mode. Each transition,
such as A, forms an effective two-level system, consisting of a ground state (|g)) and
an excited (|e)) state. b, The Dicke space for 4 two-level systems in the |/, M) basis
[115], where the J = 2 manifold forms the superradiant ladder and the rest form the
subradiant subspace. ¢, Schematic of superradiance (orange) and subradiance (blue)
which are enhanced (suppressed) decays where emissions from ions constructively
(destructively) interfere.
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is driven to a non-equilibrium steady state using a long pulse. Varying the excitation
power prepares the system into different initial states, followed by distinct emission
dynamics (Fig. 4.2b). Analyzing the peak counts of the emission, we find that the
trend of peak counts with power is strongly non-monotonic, forming an S-shaped

curve (Fig. 4.2¢).

To systematically characterize the observed nonlinear dynamics, we classify three
power regimes (I, II, III) based on the slope of the S-curve. In regime I with low
powers, the decay is predominantly fast. A characteristic 1/e decay time is measured
to be ~ 150 ns, faster than the fastest expected Purcell decay of a single ion coupled
to the cavity (=~ 1.4 us, Fig. 4.2b inset). In regime II, with intermediate powers,
both a fast and a slow decay compared to the Purcell-enhanced rate are observed. In
regime III, with higher power, a continuum of different decay lifetimes are observed,

leading to a stretched exponential decay.

To gain a microscopic understanding of this nonlinear power dependence, we use
a master equation to describe driven dynamics in the presence of decoherence and
dissipation. The numerical simulation of the entire inhomogeneous ensemble of
N ~ 10° ions is not tractable. However, the phase cancellation in CIT negates the
influence of the off-resonance ions on cavity field, which allows us to initially only
consider the dynamics of the resonant ions. Additionally, we note that the cavity
mediates photon exchange between ions, which triggers collective dissipation with
rate proportional to T, = 4g2/k (section 4.5). As the system dissipation is dominated
by I'., a smaller number of ions that sit within a spectral window whose width is about
I'. can be treated as indistinguishable ions. To this end, we first simulate a small-scale
homogeneous ensemble. Specifically, we study a toy model of 6 identical ions whose
dynamics can be described using the Dicke states, the coupled basis defined for
indistinguishable two-level systems [99]. As shown in Fig. 4.1b and Fig. 4.3, vertical
decays between the Dicke states are enhanced and superradiant, and diagonal decays
are suppressed and can only decay through individual dissipation channels, which
we call subradiance (section 4.6). To effectively capture the existence of multiple
decay rates among the various Dicke states, as well as a clear separation between
fast (superradiant) and slow (subradiant) decays, we employ a phenomenological
stretched bi-exponential fit and extract the relevant fit parameters, which also clearly

reveals the presence of the distinct three regimes discussed earlier (Fig. 4.2d).

By simulating this system’s dynamics using the master equation, we find that the

peak emission is a good indicator for the population distribution of the Dicke states
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Figure 4.2: Observation of dissipative many-body cavity emission. a, Measure-
ment schematic. After a 50 us long excitation pulse, peak counts are obtained by
integrating the counts within the first 128 ns. b, Three representative cavity emis-
sion time traces from each of the three power regimes with equal peak counts (3,
14, 26 nW). All traces are fit to a phenomenological stretched bi-exponential fit,
Arpexp[—(t/11)"] + Ay exp[—(¢/12)*2] + b (section 4.6). Inset: single exponential
fit for the first 500 ns of the emission excited with 3 nW, with higher time resolution.
The fitted decay lifetime of ~ 150 ns (solid line) shows an enhancement beyond
the fastest expected Purcell decay of ~ 1.4 us (gray dashed). ¢, Peak counts with
varying excitation power. The three labelled points correspond to the data shown
in b. d, Fit parameters, A2, 712, and x; 7, of the time traces. The transparency

of the data points in the decay times 71, and stretch factors x;, are weighted by

their relative amplitudes A?iflg to emphasize the significance of the parameters. In

regime III (for powers greater than 20 nW), x; is set to 1, as there is no longer a
distinct fast decay (section 4.6).

prepared by the drive (Methods). The simulated peak emission matches the trend
measured in regimes I and II, where distinct temporal dynamics are attributed to
decays from different parts of the Dicke space (Fig. 4.4). In regime I we attribute
the fast decay to superradiance, dominantly from the collective dissipation within
the superradiant ladder, as we expect to have populated only the low-excitation su-
perradiant states within a narrow bandwidth of the ensemble (Fig. 4.5). From the

measured fast decay rate, we estimate the number of ions participating in superradi-

Note that the x-axis is different from what we presented in [88]. For this paper, we rescaled the
x-axis to match the experiment for simplicity.
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Figure 4.3: Decay rates between Dicke states in a bad cavity regime [116].
Here, Dicke states are formed by 6 identical two-level systems. a, Collective decay
(red) governed by ', = 4g%/« decays vertically, preserving total spin J. b, d, e,
Individual decay (green) governed by spontaneous emission y; decays diagonally,
and ¢, f, individual dephasing (beige) v, couples neighboring J states with the same
M. With higher M, the diagonal decay rates are faster towards larger J, and slower
towards smaller J.

ance to be on the order of ~ 50 (section 4.6). With increased power, we expect that
the system climbs up the superradiant ladder and reaches Dicke states with larger
decay rates, leading to even faster emission. This is consistent with the observed
trend of decreasing 77 in regime I as shown in Fig. 4.2d. At even higher powers,
strong driving of the superradiant ladder allows for significant population to diffuse
into the subradiant space via decoherence processes, resulting in the slow decay
observed in regime II (Fig. 4.5) [101, 102]. Populating multiple dark subradiant
states exhibiting different decay rates manifests as a stretched exponential decay in

the emission dynamics.

In regime III a completely mixed state of equal population in each Dicke state can be
reached (Fig. 4.5). Further increasing the power excites more of the off-resonance
ions, while the subensemble of the on-resonance ions addressed in regimes I and

IT remains in the completely mixed state. This leads to the emergence of interme-
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Figure 4.4: Master equation simulation of dissipative many-body dynamics. a,
Simulation of 6 identical ions excited with a long (50 us) pulse. The peak of total
squared atomic polarization (J*J~) (red) is plotted as a function of excitation power
along with individual (blue) and correlation (orange) terms from Eq. 4.11, where
the peak amplitudes are calculated from the values right after the excitation pulse,
to emulate the peak counts measurements. b, Simulated population dynamics of
different subspaces in the Dicke basis as a function of excitation power. Note that
the superradiant ladder here refers to all of the states in the J = 3 manifold except
the ground state. We find that the evolution of the superradiant population with
power aligns with the correlation term in a. ¢, Simulated Dicke state population
distribution for different powers. The size of the black circles represents the relative
population weights at the end of the excitation pulse. With low power (Power =
0.5 a.u., left), primarily the lower excitation superradiant ladder (orange bars) is
populated. With increased power (Power = 1 a.u., middle), the subradiant subspace
(blue bars) begins to populate, including the long-lived dark subradiant states. At
high power (Power = 2 a.u., right) the system approaches a completely mixed state.
Here, the population distribution appears to be unequal among the Dicke states due
to the varying degeneracies of the states in the subradiant subspace.

diate decays, departing from the homogeneous Dicke subensemble picture, which
suggests that a wider excitation bandwidth at high powers should be considered
in numerical simulations. To this end, we simulate a larger number of emitters
by including a Lorentzian distributed ensemble of ions with experimental inhomo-
geneous linewidth (Methods). Specifically, the dynamics of each subensemble is

computed separately and incoherently added, by assuming that the subensembles
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Figure 4.5: Simulation of dissipative many-body cavity emission with N = 569
ions. a, b, Schematics of excitation bandwidth and Dicke space occupation in
the three power regimes. In regime I, only a narrow bandwidth is excited, and
primarily the low-excitation superradiant states are occupied. In regime II, the
bandwidth increases, and the subradiant subspace becomes populated. In regime
III, the bandwidth further increases, and the off-resonant subensembles get excited
while leaving the on-resonance subensemble in a completely mixed state. ¢, Master
equation simulation of 91 subensembles of identical ions, for a total of N = 569
ions. Incoherently adding the peak emission of detuned subensembles qualitatively
reproduces the S-curve observed in experiment (section 4.5)2. d. Subsensemble
distribution, where each subensemble is separated by 5 MHz (inset).

are effectively non-interacting (more detail section 4.5 Fig. 4.9). The emergence
of the upturn of the peaks counts at high powers is reproduced by the simulation

(Fig. 4.5¢), consistent with the experimental observation in regime II1.

4.4 Control over coherent emission

To demonstrate control over the dissipative many-body dynamics, and to show
further evidence of the beyond-single atom nature of the cavity emission, we first
modify the decay dynamics by changing the number of ions. Specifically, we tune
the number of ions resonant with our excitation laser Ny via optical hole burning,
and then observe the changes in the S-curve (Fig. 4.6a,b). Upon increasing Nies,
the S-curve shifts towards higher power in regimes I and II, along with an increase
in the maximum of peak counts (Fig. 4.6¢c). The shift implies the formation of a
larger superradiant ladder when the number of local homogeneous ions increases,

which requires more excitation power to optically pump into the subradiant subspace
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Figure 4.6: Control and characterization of dissipative many-body dynamics via
hole-burning. a,b, Schematic representations of hole-burning (a: no hole burning,
b: with hole burning). The C transition connects another state |Aux) in the ground-
state manifold to the excited state |e). Optical pumping on the C transition transfers
population from |Aux) to |g), introducing an anti-hole in the original distribution
of the A transition. This increases the local ion density of the A transition at the
probe frequency (colored thin bars), and expands the Dicke space (shaded areas).
See Methods for the detailed description of the A, C transitions and the |Aux) state.
¢, Peak emission counts measured as a function of excitation laser power with (red)
and without (blue) hole burning. S-curve shifts towards higher power when the
burning is on. d, Normalized beat note amplitude Apeye for burning off (blue) and
on (red). The two data sets are separately normalized, as the amplitude strongly
depends on the local oscillator polarization, which can vary between experiments.
Inset shows the experimental characterization of width I'hey and amplitude Apear Of
a beat signal from a heterodyne measurement (Methods). e, Single exponential fit
I'1 (filled markers) from the time-dynamics measurement and extracted width ['pey
from a Lorentzian fit (open markers) from coherence measurements for burning off
(blue) and on (red). Error bars represent standard errors of the fits. In b-d, vertical
dotted lines indicate the turning points between regimes I and II.
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(section 4.6). However, regime III is observed to be largely insensitive to a change
in N, as indicated by the overlap of the S-curves, since spectral hole-burning only
changes the population locally in frequency without affecting the number of detuned

ions as illustrated in Fig. 4.6b.

We provide additional evidence of the traversal of the Dicke space by measuring
the coherence of the emission via heterodyne detection (Methods). The beat-note
between the emission and the excitation laser provides the rate and amount of
coherent decay through its width ['hey and amplitude Apey, respectively (Fig. 4.6d,
inset). We first note the rise of Apey in regime I, indicating the increase in population
of the superradiant ladder. Later, Ape, decreases in regime II, corresponding to the
incoherent coupling to the subradiant subspace. Finally in regime III, Apeye vanishes
because of the absence of coherent decay, as the population has undergone incoherent

processes to reach the completely mixed state.

Since only decays within the superradiant ladder are coherent with respect to the
excitation, ['pea represents the rate of superradiance within the superradiant ladder.
For comparison, we extract the fast decay part of the time dynamics of photon
emission as a single exponential with the rate I';, which captures all of the enhanced
decays from both superradiant and subradiant subspaces (Fig. 4.6e, filled markers).
The comparison between ['hey and I'; can then be used to evaluate the relative decay
contributions from the two subspaces. We find that I'; overlaps with ['yey for low
powers, confirming that all of the fast decays in regime I are within the superradiant
ladder. However, entering regime II, I'; deviates from I%ey (for powers beyond
dashed lines in Fig. 4.6e). This observation of I'j < Iey in regime II indicates
that I'; also includes some incoherent decays slower than I',ea¢, Which point to the

enhanced decays within the subradiant subspace (Fig. 4.3a).

Lastly, we vary the frequency of the probe laser near the A transition to control the
number of driven ions and observe that the nonlinear S-curve shifts in the expected
direction (Fig. 4.7). We can also extend this variation of frequency to cover all the
transitions (Fig. 4.8). The laser frequency is swept from the lower frequency side of
the A transition to the higher frequency side of 1. In Fig. 4.8a we plot the reflected
pulse amplitude and in Fig. 4.8b we show the integrated total emission counts.
There are two aspects of the plot in Fig. 4.8b. Firstly, we find three tall peaks
corresponding to A, E, and 1. Zooming into one of these transitions, we can see that
the spectral width of the emission is narrower than the inhomogeneous linewidth

of the ensemble, and resembles more a flat top rather than a Gaussian/Lorentzian
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Figure 4.7: Frequency and power dependence of peak counts. a, Peak counts with
excitation power and laser detuning. We repeat the pulsed excitation measurement at
different frequencies along the inhomogeneous line in the A transition, and observe
that the S-curve shifts to higher power. b, Horizontal cuts of a at different detunings.
Red dashed line indicates the maximum peak counts for different detunings. ¢,
Extracted local maximum of peak counts as a function of laser detuning. The
maximum of peak counts decreases with increased detuning from the center. We
note that this behavior differs from Fig. 4.6¢c, where while the S-curve also shifted
towards higher powers, the maximum of peaks counts increased with laser detuning.
Here, the S-curve shifts towards higher powers because of the CIT profile; as the
laser is detuned from the center, less power enters the cavity, resulting in effectively
more power being required to excite the ions. At the same time, the decrease of the
maximum of peak counts indicates there are less ions resonant with the laser when
detuned from the center.

(see zoom in of Fig. 4.8b). This is because CIT creates a transparency window
in the center of the inhomogeneous line, allowing more light to enter through that
window. Thus, the CIT shapes the incoming light with width approximately equal
to the CIT width (zoom in for Fig. 4.8a). Secondly, between the A and E, and E
and I transitions, at detuning around 1.5 and 5.5 GHz, there are elevated counts
where there are no resonant ions. This is related to the phase cancellation effect
observed in CIT. Specifically, when there are balanced ions on either side of the
laser frequency, more light can enter the cavity, resulting in enhanced off-resonant

excitation for the same input power.

Similar to CIT, we have also confirmed that the experimental findings for sub-
and superradiance are reproducible and consistent with our theoretical predictions,
independent of the choice of the optical emission lines between the A, E, and I
transitions. All of these complementary experiments lend strong support to our

microscopic understanding and control of an inhomogeneous ensemble.
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Figure 4.8: Cavity emission and reflection of the entire spectrum. Pulsed ex-
citation with 47 nW as a function of laser detuning, where the a, reflected pulse
amplitude and b, integrated emission counts after the pulse are extracted. The x-axis
denotes the laser detuning relative to A transition. The other sharp peaks at ~ 4
and ~ 7 GHz correspond to E and I transitions, respectively. The green shaded area
indicated the inhomogeneous ion distribution, clearly showing that the emission is
nonlinear and narrower than the ion distribution due to phase cancellation.

4.5 Theoretical modelling for dynamics

Master equation formalism

For simulating the dynamics of a driven inhomogeneous ensemble, we use the same
Hamiltonian in Eq. 3.2, and introduce various dissipative mechanisms through the

Lindblad operators:

1 1
Lea = k(apia’ - za*apz - Epta*co (4.1)
N 1 1
Lem =y ;(Ujpzaf — 50}0};0; — Epsz,*ff,') (4.2)

N N

1 1

Laeph = Y E (0ipof = EO';O';PI - Eptcfftff) = Ya E (oipo;—pr)  (4.3)
j:l ]:1

where L.y is the cavity dissipation, Ly, is the free-space spontaneous emission,
Laepn 1s the local dephasing, and p; is the total density operator consisting of cavity

field and the atoms.
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We operate in the fast cavity limit, where x > g, v,, ¥4, and adiabatically eliminate
the cavity mode by setting @ = 0 (Appendix A). This allows us to replace the cavity
field operator a with atomic operators as:

—i 3 j=18;9 —5VH

= . 4.4
“a A+ E ( )

We then rewrite H and L.,, to Hy and L.y (collective dissipation) in terms of

atomic operators3:

N N N

Ac
H = _— 0— Z
“ (:</2)2+A2 ng 9J ;gk k Z:; 7j
8RR (G ] pAcK®
- Z — + — | - 4.5)
2 \k/2+iA.  k[2-iA.] AN+ K2

=1
K \ 1 1
Lol = m Z gjgk(o; poy = Eo';.ro'k_p - EpO';O'k_). (4.6)
C ]’k

We can further simplify Hy; and L by noting that « is large and the cavity is tuned

to be on resonance with our atomic transition (A, — 0) as#4:

N N
1 _
Hy ~ 3 E Ajos - E givu(o} +o7;) 4.7)
j:] J:]
4 _ 1 _ | _
Lool & p Ek 8jgk(0; poy = EO’;O'kp - ipO';-—O'k ). (4.8)

The system master equation now reads:

p =—i[Hy, p] + Leot + Lem + Ldeph' (4.9)

Here Lem and Lgeph can be reduced to the many-body atomic density operator p,

obtained by taking the trace over the cavity field subspace.

However, since this requires atoms to be identical, we stick to the full simulation in

cases where we add inhomogeneities or want to look at correlations between ions.

3We note that Eq. 4.5 represents the correct form of the atomic Hamiltonian, while the same
expression shown in Eq. S51 in [88] contains some typos.

4We note that Eq. 4.7 represents the correct form of the atomic Hamiltonian under A — 0, while
the expressions shown in Eq. 10 and Eq. S53 in [88] both contain a typo, specifically a missing
square root.
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Master equation simulations of dynamics
For modelling the dynamics, we solve the master equation in Eq. 4.9 using QuTIP
[117]. Assuming ions with identical coupling strengths g, we have:

1 1
Leot =TeIpJ" = 3T p = 5pJ"T7) (4.10)

where J* = Zj.v:l 0']‘.—” is the collective atomic coherence and I', = 4g%/« is the
Purcell-enhanced decay rate of a single ion. Here, I'. describes the cavity-mediated
collective dissipation rate among ions, defining an effective spectral bandwidth
within which the ions are considered to be indistinguishable. Hence, we simulate a
mesoscopic, homogeneous ensemble to aid in the qualitative understanding of our

system dynamics.

In simulating our system, we must first establish a connection between experimental
measurements and simulatable quantities. We note that the peak counts reflects the
cavity population at the end of the excitation pulse (section 4.5). In the fast-cavity
regime, and in the absence of an input field, the cavity population depends on the

atomic states as (a'a) = ['.(J*J), where (J*J~) can be written as:

N N
(J'I7y = Z<a,.+a;> +Z(0’l~+0'j_) . 4.11)
i=1 i#]
Individual Correlation

Here the first term is the sum of the emission of individual ions, and the second
term represents the correlation between different ions. We simulate different parts
in Eq. 4.11 with a toy model of 6 identical ions with experimental coupling and
dissipation rates (Fig. 4.4a). The trend of (J*J~) indeed qualitatively matches the
experimental observations for regimes I and II. The initial increase of (J*J~) is due
to the build-up of positive correlations, or superradiance. With higher power, the
correlations decrease, due to an increase of population in the subradiant subspace.
This is substantiated by the evolution of the population in the superradiant and

subradiant subspaces with power (Fig. 4.4b, c).

While the modelling of a small, homogeneous ensemble qualitatively captures the
experimental behavior in regimes I and II (Fig. 4.4a), regime III cannot be modelled
in this way. To this end, we include some frequency inhomogeneity to our model to
capture the fact that as we increase power, we increase our excitation bandwidth, and

thus excite more ions detuned from the laser. In order to incorporate more ions in our
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Figure 4.9: Comparison of simulated uncoupled and coupled ensembles. Mas-
ter equation simulation of the peak counts with power for a single homogeneous
ensemble of 5 ions (red), two coupled subensembles of 5 ions at 0 MHz and 2 ions
detuned by 5 MHz (blue), and two uncoupled subensembles of 5 ions at 0 MHz
and 2 ions detuned by 5 MHz (orange). Here uncoupled refers to the fact that the
peak emission is simulated separately for the subensembles of 5 and 2 ions, and
later added together. Note that the peak emission reflects the cavity population
(a'a) (Methods). The qualitatively similar behavior of the uncoupled and coupled
subensemble cases motivates the simulation of an inhomogeneous ensemble via
incoherent addition of many uncoupled smaller subensembles in Fig. 4.5c.

simulation, we first exploit the permutational symmetry of identical particles using
Permutational Invariant Quantum Solver (PIQS, [118]) to decrease our computation

time, allowing upwards of 30 identical ions to be readily simulated.

Additionally to incorporate inhomogeneity, we would ideally like to approximate
sufficiently detuned ions as separate ensembles whose contribution to the cavity
population (a’a) can be incoherently summed. To this end we compare two cases
with 7 ions in Fig. 4.9. One case is simulating the full system of 7 ions, with 2 ions
detuned by 5 MHz. Another case is the incoherent addition of 5 ions on resonance
and 2 ions detuned by 5 MHz, where each system is solved separately and the peak
emission summed after. While there is an offset in the values of the peak emission

at certain powers, the qualitative behavior remains the same.

Combining the above two assumptions, we simulate an inhomogeneous ensemble
of ions following a Lorentzian distribution. We indeed qualitatively reproduce the
experimentally observed behavior in regime II1, where the excitation of off-resonant
ions leads to the increase of peak emission at high powers, giving rise to the nonlinear
S-shaped profile.
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Figure 4.10: Excitation pulse length dependence. a, Simulation of the cavity field
population (a’a) during a 50 us pulse applied to a system of N = 6 identical ions,
for different powers. The power increases from red (0.6 a.u.) to blue (1 a.u.) to
yellow (1.5 a.u.) curves. Regardless of the power, here 50 us is long enough for
the cavity to enter steady state. b, Experimental data for pulse length dependence
of peak counts, with 10 nW of power, showing steady-state behavior at 50 us.

Excitation pulse length dependence

Here we study the non-steady state regime where the driving pulse length is short.
We first theoretically investigate the atomic states during the driving period. In
the case of 6 identical atoms, we plot the normalized cavity mean photon number
(a'a) o (J*J7) during the drive for three different powers (Fig. 4.10a).

For a low drive (Fig 4.10a, red), we see that {(a'a) quickly and monotonically
increases to reach steady state. The steady-state population at this power consists
primarily of lower excitation states, as the system is unable to be excited into the
higher Dicke state manifolds. As we increase our drive, we see the appearance of
Rabi-like oscillations among the Dicke states (Fig. 4.10a, yellow) and then a decay
into steady state. The origin of this decay is two-fold: one is the dampening of the
oscillations. This is due to collective decays (which go as g2/«) that drive the system
towards equal population within a single vertical Dicke ladder. In other words, even
in the absence of individual decay and dephasing, collective emission will spread the
population out evenly among the superradiant states, leading to damped oscillations.
Another decay type is the overall decay of the magnitude of (a'a). This is due to
the coupling to the subradiant subspace through individual decay and dephasing,
similar to the experimentally observed decrease in peak counts with power in regime
II.

We explore this experimentally by measuring the excitation pulse length dependence
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Figure 4.11: N-dependence of S-curve. a, Extended data of Fig. 4.6¢c, showing
more burning powers. For higher burning power, N, is larger and S-curve shifts
towards the higher probe power. b, Simulation of varying ion number for the S-
curve, showing a shift of the S-curve to higher powers. We find that, as expected,
the turning point between regimes I and II shifts towards larger power, as our Dicke
space expands and it requires more power to populate the subradiant subspace. As
a result, at smaller powers, larger number of ions will have smaller peak emission,
while the global maximum of peak emission increases for more ions.

of peak counts, shown in Fig. 4.10b. We find a qualitative match to the simulation of
the initial build up of photons as we populate the superradiant states, and then a decay
towards a steady state as we pump into the subradiant subspace. However, despite
increasing the pump power, we do not observe the oscillations seen in Fig. 4.10a for
high power (yellow). We attribute this to an averaging effect over our ensemble, as
the oscillation frequency depends on g and ion detuning, both inhomogeneous in

our system.

N-dependence of S-curve

Using PIQS, we simulate the dependence of the S-curve with varying system size
N (Fig. 4.11b). We find that as expected, the turning point between regimes I and II
shifts towards larger power, as our Dicke space expands and it requires more power
to populate the subradiant subspace. As aresult, at smaller powers, larger number of
ions will have smaller peak emission, while the global maximum of peak emission
increases for more ions. This qualitatively matches what we see in the experiment
(Fig. 4.11a). We note that regime III is not reproduced in this simulation as we do

not consider the detuned ions.
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4.6 Methods

Considering the complexity of the experiment and simulation results, we will provide
more details on the experimental setup, decay data fitting method, and additional

analysis.

Experimental setup

AOM Driving
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Figure 4.12: Experimental Setup. Laser A addresses the A transition. Optical
pulses are generated using AOMs, which are driven with gated RF sources. Part of it
can be split off for use as a local oscillator for heterodyne measurements. A second
laser, Laser C can be used to perform optical hole burning on the C transition. The
combined light is sent through a circulator, to the device, and the reflected light is
sent to a superconducting nanowire single photon detector for time-resolved photon
counting.

The optical setup for the experiments is shown in Fig. 4.12. Not all parts of the
setup are used in all of the measurements. The lasers addressing transitions A and
C are both Toptica DL Pro, tunable around 980 nm. Both lasers can be frequency
locked (not shown in Fig. 4.12) to a stable reference optical cavity using the Pound-
Drever-Hall method, and we measure a laser linewidth of approximately 600 Hz
over 10 us using the delayed homodyne method. The lasers can also be frequency-
swept by modulating the internal piezo-electric actuator. In this mode the laser is
free-running, where the linewidth is measured to be 50 kHz, with a slower drift in
the center frequency on the order of a few MHz over tens of seconds. A Thorlabs

S130 photodiode power sensor is used to measure excitation powers. The actual
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powers that reach the cavity are calibrated by measuring round-trip losses from the
cavity. We measure approximately 10% of the light reaches the device, including the
angled coupler efficiency of ~ 25%. However, we note that due to slight differences
between measurements of the laser polarization and device coupling, there is likely

slight discrepancies in all calibrated powers.

Acousto-optic modulators (AOMs) are used to gate optical pulses for pulsed mea-
surements. Two AOMs are used in series for the probe laser giving an extinction of
~ 100 dB. The light is sent to the device via an optical circulator (Precision Micro-
Optics), and focused onto the angled coupler with an aspheric lens doublet, which
1s mounted on a 3-axis piezo nano-positioner stack (Attocube) for fine alignment.
The device itself is mounted on the mixing chamber plate of a Bluefors dilution
refrigerator with a base temperature of around 40 mK with no external magnetic
field applied. The reflected signal from the circulator is sent to a superconducting
nanowire single photon detector (SNSPD) held at 900 mK, and photon counts are
time-tagged with a Swabian Time Tagger 20. A gating AOM is used before the

SNSPD to selectively attenuate the intense reflected input pulses.

The coherence measurements of the cavity emission were taken by splitting off
part of the input laser as a local oscillator to beat with the emission [119]. The
beat signal was subsequently detected by the SNSPD and Fourier transformed to
obtain the power spectra. All of the RF drives used to drive the AOMs were phase
synchronized. To maximize the signal-to-noise ratio, it is desirable to integrate for a
long time. However, long integration time requires phase stability of all of the parts
of the experiment, particularly the fibers. Due to this, we found that an integration
time of 1 second provides sufficient signal-to-noise ratio while maintaining the phase
stability. To further improve the signal-to-noise ratio, we repeatedly integrated the
signal for 1 second and averaged the power spectra. An example of the power spectra
is shown in Fig. 4.6d inset, where the beating frequency is around 408 MHz, given

our chosen frequency difference between our probe and local oscillator.

Decay data fits method
To characterize the power-dependent, non-single exponential decay profiles in

Fig. 4.2, we employ the following phenomenological stretched bi-exponential fit
y(t) = Avexp[—(t/T)"'] + Az exp[—(t/72) ] + b (4.12)

with a fast stretched exponential decay with time constant 7y, amplitude A, and

stretch factor x; and a slower stretched exponential decay with time constant 77,
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amplitude A,, stretch factor x,, and background b. The fit parameters (Fig. 4.2d)
reflect the distinct decay behaviors in each of the three regimes consistent with the
observations in Figs. 4.2b and 4.2c. In particular, we see a clear transition in the
fitted decay time from superradiance to subradiance at around 20 nW of power, as

there is an emergence of slow decay (77) and increase of 7.

Here we provide justification for the above fitting function (Eq. 4.12). To find
the best fit, one could start with a naive guess of a bi-exponential, to capture the
superradiant and subradiant decays. A representative curve with a bi-exponential fit
is shown in Fig. 4.13a. We see that the fit fails due to the strong multi-exponential
nature of the subradiant decay. We then try a single stretched exponential fit in
Fig. 4.13b. However, we still see that the fit fails at the crux between the slow and

fast decay, shown in the inset.

To capture both the multi-exponential fast and slow decay, we now attempt a fast
stretched exponential + slow stretched exponential (Fig. 4.13c¢). In particular, the fit
function is Ay exp[—(¢/11)*'] + Ay exp[—(#/72)*?] + b, where there is a fast decay
with subscript 1 and slower decay with subscript 2. We find that this fits the data
well in all power regimes, and most importantly does so with fit parameters that
match our qualitative expectations from the picture provided in Fig. 3f in the main
text. Additionally, while there are 7 fit parameters, we take several steps to minimize
any overfitting of the data. First, the background b is set to be the count level at
a time much longer than the longest observed lifetime, essentially the dark counts
and any leakage through our setup. Second, the existence of two decays is only
relevant in regime II where there is a clear distinction between a fast and slow decay.
In both regime I (III), the fast (slow) decay component is dominant over the other,

effectively resulting in just a single stretched exponential.

We note that we employ two different data taking methodologies to capture both the
fast decay (which requires fine timing resolution at the nanosecond level) and the
slow decay (which requires data out to 100s of microseconds after the excitation).
To first capture the fast decay, we zoom into the first few microseconds of the decay
with 1 ns resolution. This allows us to fit the decay to a stretched exponential in
regimes I and II. At the same time, a separate data set with a timing resolution of
128 ns is taken such that we can probe out to longer timescales. We use this data set
to fit the slow decay in blue. However in regime III, as shown in Fig. 3b, the decay
is smoother without a clear distinction between fast and slow decay. Because of this

we only use the 128 ns timing resolution dataset, and force x; = 1 as here the fast
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Figure 4.13: Fit function justification. Fit of an emission curve to a a, Bi-
exponential, b, Stretched exponential, and ¢, Addition of two stretched exponentials.
The blue and orange lines are from experiments and fits, respectively. Insets show
early-time comparisons between the data and the fits.

decay simply samples the fastest decay in the smooth, multi-exponential profile.

Dicke states

The Dicke states can be described in the |J, M) basis, with J = [N/2, N/2 -1,
] J=20and M =[-J, -J +1, .., J], where M is is the projection quantum
number associated with the number of atomic excitations (Fig. 4.1b). The states
with maximum J are symmetric under permutation of atoms, forming the so-called
superradiant ladder. Decays between states with the same J (Fig. 4.3a) are all
collectively enhanced beyond I, and in particular, we call such decays within the
superradiant ladder superradiance. Meanwhile, any process that does not conserve
J is forbidden by symmetry to occur collectively, and must occur via individual
dissipation such as spontaneous emission (Fig. 4.3b, d, e) or dephasing (Fig. 4.3c,
f) [116]. Since the system starts in the ground state and the coherent laser drives
the system up the superradiant ladder, the states with / < N/2, which form the
subradiant subspace, can only be populated through decoherence. In particular, the
states |J, —J) in the subradiant subspace cannot collectively decay, and thus are the

long-lived dark subradiant states.

Here we also clarify our reasoning for the nomenclature used for the Dicke states.
The superradiant ladder is comprised of the states with J = N /2, and decays between
them are all superradiant. Technically, Dicke defined the J = N/2, M = 0 state to
be the superradiant state [99], however for our purposes we consider all of the
enhanced, coherent decays within the ladder to be superradiant as they are enhanced
beyond the single-atom decay. Meanwhile, the subradiant subspace is defined as the

space formed by the rest of the states, as such states cannot be driven collectively
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with a coherent drive. We note that decays within the subradiant subspace are not
always slower than I',.. In fact, all of the decays within the same J are faster than I,

even in the subradiant subspace, as shown in Fig. 4.3a for J < 2.

Strictly speaking, subradiance is defined as inhibition of emission due to the destruc-
tive interference among indistinguishable emitters. By this definition, subradiant
decay is forbidden and cannot be observed. However, there are some processes that
can break subradiance in order for us to observe that there was suppression of decay.
Hence, the experimentally observed slow decay is due to dephasing and individual
spontaneous emission processes from the dark subradiant states (J < N/2, M = —=J).
For simplicity, in the main text we refer to this decay as subradiant decay or subra-

diance, as they provide evidence of subradiance.

Comparison to the saturation effect

An increase and subsequent decrease in emission can also occur due to the saturation
of the atomic coherence (below, saturation effect), which occurs even for a single
atom and is unrelated to the Dicke model. Here, we will show that we do not see
the saturation effect, and explain the difference and the connection to the saturation
effect. First, let us consider the single ion case, where we have already derived the

analytical solution in Eq. 3.12 and Eq. 3.13.

We can see that the intensity of the coherence (Jo-~|%) first increases and then
decreases with power where power P o g?u. However, what is measured from

cavity emission is

4g(oto) _ 48> (o) + 1)

+ o\
(@ha) = K2 K2 2

(4.13)
Here we have applied Eq. 3.11 and the commutation rule. Then, by plotting both

_ +1 . — .
|o~|* and |‘Tz2 |, we can see that while |o~|? has the non-monotonic trend, our

measure |UZ2+1| does not (Fig. 4.14). In other words, since we are not directly
measuring the coherence by detecting the cavity emission, our S-curve cannot be
explained by saturation of coherence.

4g2J* -

Once we move to the multiple ions case, the measure becomes (a*a™) = p

)
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Figure 4.14: Comparison to the saturation effect. Comparison between excited
state population, | <022> +l |, and the intensity of coherence, [(o")|?, of a single atom
as a function of excitation power.

thus

N
(ata™) = Z(O‘ o; >+Z<O‘ o= Z(w- >+1) Z<0-l+0-]_>

i#] 1 i#j

Individual Correlation Individual Correlation

(4.14)

as we analyzed in Eq. 4.11 in section 4.5. The first term is monotonically increasing
relative to driving power, so the existence of the second term is necessary to observe
S-curve shape. This second term is correlation between distinct ions, and will be

absent for the single ion case, hence distinct from the saturation effects.

Estimation of the number of ions participating in superradiance

From Fig. 4.2d, we see that x approaches 1 as the decay becomes single exponential
for very low powers. In this case, we expect to be primarily exciting the single-
excitation manifold, leading to a decay rate of NIT'., where N is the number of atoms
in our Dicke space, and I'; is the Purcell enhanced decay rate of a single atom.
While N (and thus 1) changes continuously in this regime due to power broadening,

we still can estimate an effective Dicke space.
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Figure 4.15: Different methods of calculating the average of g. Master equation
simulation of the decay of N = 6 ions with inhomogeneous g (red) with low
excitation. The three dashed lines (pink, black, green) are single exponential decays

2 2 3\2/3
with decay rate 4Nig> , 4Nig ) 4N<gK e respectively. The results show that, as
expected, the superradiant decay from the single excitation manifold is governed by

the average of g2 for the case of inhomogeneous g.

In order to estimate N, we first show that the superradiant decay rate is N times the
average Purcell decay rate, given that our system has inhomogeneous g. To this end,
we simulate the time dynamics of 6 ions with varying g, excited with low power

(Fig. 4.15). We find that as expected, the superradiant decay time from the lowest

4N(g*)

==, indicated by the overlap of the simulation and analytical

manifold is given by
time decay curves. From Section 1, we estimate the average Purcell enhancement
by using \/((gT = 2n x 10.6 MHz, giving an average Purcell decay time of 15.6 us.
Meanwhile, we measured a decay time of 270 ns in the low power regime with x = 1
(Fig. 3d), from which we can estimate the effective number of ions participating in

superradiance at this particular power to be ~ 50.

Cooperativity required to observe superradiance

For a general symmetric distribution of ions, m—j"w‘é)) = g2 [40] where p(w = wy)
is the ion probability distribution at w = wy, from which we obtain C = %/:2‘”")' =

2 —
ZﬂgN+(w_‘”°). This ensemble cooperativity represents the ratio of the absorption rate

to the cavity decay rate, which indicates the number of ions a photon can interact
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with before it leaks out of the cavity. The condition to observe superradiance
in an inhomogeneous ensemble is roughly given by 7z < T, [31], where 7 is
the slowest superradiant decay time in the absence of inhomogeneity, and 77 is
the inhomogeneous dephasing time. Assuming there are N.g ions participating
in superradiance, spanning a frequency A.g, this leads to the requirement that the
superradiance decay rate Neﬂ-‘# must be larger than the effective bandwidth A.g
of the participating ions. For the ions around wg, we know Neg = AgNp(w =

4¢>Np(w=wy)
K

2
wp). Using Neff% > Aefr, We obtain > 1, giving an estimate of the

cooperativity required to observe superradiance as C > 7.

4.7 Outlook

The observed optical superradiance and subradiance represent a key step towards
enabling narrow linewidth superradiant lasers [112] and long-lived subradiant mem-
ories [113, 114] in solid-state, while the control over the population of the Dicke
space opens the door for dissipation-based engineering of state preparation [120,
121]. In addition, operating with a detuned cavity may allow the probing of coherent
photon-mediated interaction between the ions (Eq. 4.5 in section 4.5), opening new
possibilities for studying coherent spin exchange effects and quantum simulations
[27, 122] in a solid-state platform. Finally, the improved understanding in this
regime of collective and many-body cQED phenomena informs the development of

high-cooperativity solid-state quantum memories and transducers [20, 123].
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Chapter 5

MANY-BODY SPIN DYNAMICS

In this chapter, we will transition from the optical regime to the spin regime, focusing

on direct spin-spin interaction.

5.1 Introduction

A strongly interacting ensemble of spins serves as a potential platform for exploring
many-body physics. The addition of coherent manipulation and control enables the
investigation of fundamental scientific concepts, such as the mechanisms of quantum
thermalization [124] and the emergence of out-of-equilibrium phases of matter [3].
This capability further allows quantum engineering for the development of a system

robust against decoherence and noise.

Among the plethora of systems exhibiting many-body physics, solid-state spin en-
sembles have emerged as a rich system to study. This is due to their inherent
capability to scale to a large number of emitters, and motivated by their poten-
tial usefulness as quantum devices. In particular, researches in vacancy centers in
diamond have demonstrated significant advancements in performing quantum sim-
ulations, quantum sensing, and realizing exotic phases of matter such as discrete
time crystals (DTC) [4, 125].

Rare-earth ions (REIs) doped in solids can inject new vitality into studies of many-
body physics due to their highly coherent optical and spin transitions at cryogenic
temperatures, as well as their potential for long-range interactions [126]. Because
of their remarkable properties in coherence, REIs have been investigated to develop
quantum technologies such as quantum transducers, memories and sensors [42, 93,
127]. Although there have been numerous fundamental studies on REIs, they typi-
cally characterize the decoherence process via macroscopic angles and semiclassical
methods with the sole intention of extending coherence times for engineering quan-
tum applications [128—130]. However, a more microscopic and quantum approach
is necessary for a deeper understanding of decoherence mechanisms, not only to
provide insight for improving the performance of quantum technologies but also to

open the door for the study of many-body physics.



79

o

Ensemble distribution

|
1

Excited states
I

Atomic Density
=
\

Figure 5.1: Many-body spin systems. a, An ensemble of 3D spins is coupled
to an optical cavity for initialization and fast readout and to a coplanar waveguide
for microwave drive w,,. Zoom in: two spins (i and j) interact with a strength
of Ji;. b, The full energy levels of each spin include optical ground states and
excited states, where the ground states consist of qubit manifolds (|1), |0)) and the
double degenerate state |Aux). ¢, Upper: The ensemble distribution of spin detuning
relative to the microwave drive w — w,, exhibits inhomogeneity (disorder) with a
linewidth of W. Lower: For each spin, the qubit manifolds feature a clock transition
that is insensitive to the magnetic field.

5.2 System overview

We focus on an ensemble of '7'Yb** ions doped in yttrium orthovanadate (YVO,),
where 171'Yb3* replaces yttrium sites in a 3D lattice at a concentration of 86 ppm
(Fig. 5.1a). The 980 nm optical transitions of Yb ions couple to the optical cavity,
enabling emergent phenomena as discussed in chapter 3 and chapter 4, and also
facilitating initialization and fast readout for the spin systems. The microwave drive
is transmitted through coplanar waveguides for both initialization within excited
states manifolds at around 3.37 GHz and spin control over qubit manifolds (|1) <
|0)) at around 675 MHz (Fig. 5.1b).

Focusing on the qubit manifolds |1), |0) among the optical ground states, each spin
exhibits a clock transition that is insensitive to the magnetic field to the first order
(or ZEFOZ transition, zero first-order Zeeman), resulting in a narrow spin inhomo-
geneity (on-site disorder) W within the ensemble (see fig. 5.1c). Among the spins,
the long-range magnetic dipole-dipole interaction leads to a certain distribution of
interaction strengths J;;. The ratio between interaction strength and disorder is

essential, as their interplay results in rich spin dynamics.
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5.3 Spin exchange interaction and on-site disorder
Firstly, let us start with the magnetic dipole-dipole interaction and derive an effective

spin-spin interaction within the qubit manifolds.

The qubit states (|1),|0)) can be written as [19]:

1
=— - 5.
0) ﬁ(ITlD M) (5.1
1
= 5.2
1y \/Q(ITUHIMT)) (5.2)

where {|T),|])} are effective electron spins and {|f}), ||})} are nuclear spins.

The magnetic dipole-dipole interaction Hamiltonian between spins i and j is as

follows:
IJO - N - A - -
Hyq = R (B - 7ij) (- 7ij) — i - [) (5.3)
ij

where 7; ; = ri;jFj 1s the vector from ion i to ion j. The magnetic dipole moment

operator for our system is

81 S;Jc gJ_g)JC.
fj=upg-S=up gL SI1=ns|g.S)|- (5.4)
g/ \S8! 8)5:

Here, the S = {§,, S s S.} are defined in the effective electron spin basis {|1), [|)},
which is different than the {|1),]0)} basis. We can see the zero sensitivity to
the magnetic field along the z-direction from the fact that (0| S. [0) = (1| S, |1) =
(0] S,, |0) = (1] S, |1) = 0 where S, is the nuclear spin operator.

Then we can calculate the magnetic dipole moment within the qubit manifolds

{11}, 10)}.

g {01; LI, 0
Ol A7 10 = pp| 82 €0; Sy 1) | = Su8 O
g//<0|jS£|1>j gy

- A 1 A
Ol (By - 74j) 1), = 5488 P

<O|j ﬁj |O>j = 0.
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Hgq 1s a 4x4 matrix, so there are 16 elements. Among these, only 4 terms are

non-zero, allowing H g, to be expressed as:

Hyy = — = (3 o= D(SLSL + LS, + 8.8, + SLSY). (5.5)
7Tr
ij

Here, S. = Sy +iS,, and we use Sy, ; to denote spin operators in the {|0),[1)}

basis. We can see that we get flip-flop, flop-flip, flip-flip, and flop-flop terms. Using
secular approximation, the last two terms should be neglected. Considering the fact
that S.87 + S7.87 = 2(S.S/ + §',87), we have:
HOMEE]
Hua = ————=L (372, — 1)(SLSL + 58], (5.6)
8713,

ij

o0l 2: Defects in hBN [l |

4: Black diamond

* . 1: Non-ZEFOZ REls

6: ZEFOZ REls (our work)

J (27 xMHz)

. 5: P1 centers

¥ 3: Pink diamond

0 1 2 \S N 6 () ) N
10 10 10 q, (\% S 8%
W (27 x MHz) <O W80 & AL o
1,?/ e’\e Q\(\ AR\
~ 2 o\
V\o ?01/
61?,

Figure 5.2: Average interaction strength J and disorder W for various solid-
state electronic spin systems. a, The positions of our work and other electronic
spin systems on the J-W map. 1: Non-ZEFOZ REIs [131, 132]; 2: Defects in hBN
[133]; 3: Pink diamond [133]; 4: Black diamond [134]; 5: P1 centers [135]. b, The
bar chart shows the ratio between average interaction strength J and disorder W for
different systems in a.

As a result, the systems can be described by a full Hamiltonian

H= ZAS’+ZJ,J(S’S’+S’S’) (5.7)

i.j
where A; = w; — wm is the ion spin detuning relative to the microwave drive
frequency, J;; = #;#38// (37 Alzj . — 1) is the interaction strength between a pair of
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spins, and generates a distribution based on the position of the spins in the lattice.
The combination of clock transitions and long-range spin exchange interaction thus
provides us with a comparable magnitude of on-site disorder and interaction strength,

resulting in a high J/W ratio among different electronic spin systems (Fig. 5.2).

5.4 Controllable many-body system: tunability of J
a S b
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Figure 5.3: Initialization for spin systems. a, The energy levels of Yb ions. The
optical A and E transitions, f, and f,, are labeled for use in the pulse sequences. b,
Pulse sequences for the experiment include three parts: initialization, spin operation,
and readout. Initialization involves optical driving on the F transition to move
population from |Aux) to |1), followed by a combination of driving on the A
transition and a 7 pulse on f, to transfer population from |0) to |1). Spin operation
represents different spin control on f,. Readout is a short optical pulse on A and we
collect fast superradiance afterwards. ¢, Population changes within ground states
during initialization part of the pulse sequences. By controlling the amplitude
of burning on the F transition, the amount of population transferred from |Aux)
to |1) varies. A larger amplitude results in more population within |1) after the
initialization within the qubit manifolds, leading to a larger interaction strength J.
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In order to explore system behaviors, having tunability over certain parameters (such
as J, W) broadens the study of spin dynamics by providing more data points. This
deepens understanding and increases the versatility of a many-body platform for
potential applications. Thanks to the multiple energy levels provided by rare-earth
ion systems, we have designed some initialization sequences to shift population

among different ground states (Fig. 5.3b).

Specifically, |1), |0), and |Aux) are initially populated with a certain number of ions
following Boltzmann distribution. Firstly, we pump the optical F transition with
a chirping frequency across the entire inhomogeneous line to transfer population
from |Aux) to |0). After repeating this process 10 times, we then apply a similar
chirped pump on the A transition, followed by a microwave & pulse on the excited
spin transition f,. This combination is also repeated 10 times, and thus, we obtain
polarized spins within the qubit manifolds (Fig. 5.3c). The amplitude of burning on
the F transition controls the amount of population we transfer from the |Aux) state,
thus determining the final population in the |1) state. As we recall the expression
#, more population
within the qubit manifolds indicates a smaller distance r;;, consequently resulting in

for the interaction strength between a pair of spins J;; o

a larger interaction strength J;;. Since J;; has a distribution, we define the average
interaction strength J using the average nearest neighbor distance r and ,;Zz =1. We

find that ) 5
_ HOHBS, 27 x467.4
 4ard r3

where r is in the unit of nm and can be calculated using the lattice structure and

MHz (5.8)

doping concentration. Here, g, = 6 for our system, while g = 2 for NV systems,

which leads to J - 3 = 27 x 52 MHz - nm? as a comparison [135].

The combination of a strongly interacting spin system along with robust controls,
including coherent microwave drive, fast readout, and system parameter control
(interaction strength J), showcases our system as a platform for studying many-body
spin dynamics under Hamiltonian engineering, leading to various applications,
including exotic phases of matter such as discrete time crystals (DTC), quantum

sensing, and quantum simulation (Fig. 5.4).

5.5 Experimental characterization of many-body spin interaction using spin
echo and Ramsey sequences
We characterize the spin interaction in our system using spin echo and Ramsey

measurements. To begin, we apply the spin echo sequence during the spin operation
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Figure 5.4: Many-body platform. Our platform consists of a strongly interacting
ensemble (green spins) and robust controls (triangular frame), which include co-
herent microwave drive, fast optical readout, and the ability to change the effective
density. This enables us to study many-body dynamics under Hamiltonian engi-
neering and has applications such as DTC (chapter 6), quantum sensing, quantum
simulation, and so on.

(Fig. 5.3b) to decouple the disorder to the zeroth order and focus solely on the
interaction (Fig. 5.5a). For a given free evolution time 7, the phase 6 of the last 7/2
pulse is swept from O to 2. We collect the fast photoluminescence (superradiance)
after a readout pulse on the A transition to measure the population projected onto
the |1) state as a function of 8. A cosine dependence of population counts on 6
is then obtained as P = Pyyp cos 0 + Pofiser, and the coherence is extracted using
C = Pamp/Pofrser. The coherence at 7 = 0 is related to the polarization rate 7,01
as C(t = 0) = 2npo — 1. From this, we extract our polarization rate within qubit
manifolds to be around 75%. Afterward, we divide the coherence by C(7 = 0) to

obtain the normalized coherence for different 7 as a decoherence profile (Fig. 5.5a).

Focusing on the first 1us, we observe that the decay rate significantly exceeds the
rate observed in the single-ion case, due to the interaction-dominated dynamics. As
we increase J, the decay becomes even faster. By matching the simulation to the
experiment, we extract the effective concentration of ions within qubit manifolds as
46 ppm for the large J case and 25 ppm for the small J case, with corresponding
average interaction strengths of 2 X 0.34 MHz and 27 x 0.19 MHz, respectively
(section 5.6).

Next, we perform the Ramsey measurement to account for the influence of disorder
at an early time scale (Fig. 5.5b). The decoherence profile is obtained using the
same method as in the echo measurement. Within the same time window of 1us,
the coherence decays faster under the Ramsey sequence compared to the echo

sequence for both small and large J cases (Fig. 5.5). By aligning the simulation
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Figure 5.5: Spin echo and Ramsey measurement. a, Spin echo measurement
decouples disorder to the zeroth order and isolates the interaction. The coherence
after the free evolution time 7 under the spin echo sequence is measured for the large
J (blue) and small J (orange) cases and then normalized relative to the maximum
coherence for each trace. The data are represented by filled circles with error bars,
and the solid line represents the simulation (section 5.6). The single ion case is
plotted in gray as a reference. Inset: An example of the collected readout counts
for the swept phase 6 of the last /2 pulse. b, Ramsey measurements include the
influence of disorder and the interaction. The data is taken and normalized using a
similar method to that used in a.

with experimental data, we extract a common disorder for both the small and large
J cases as W = 2 X 0.65 MHz (section 5.6). We do not expect tuning J to change

W; thus, the common W supports our use of this method for extracting parameters.

In our coherence measurements (for both spin echo and Ramsey sequences), the first
7/2 pulse along the £ axis prepares all the spins to align along the y direction?, such

that the decoherence profile essentially describes the depolarization process along

. . 04> C e
I'We use the convention of the rotation operator U = e~ "2 here, which indicates counter-

clockwise rotation relative to the laser unit vector 7 by an angle 6.
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the § axis. In the Ramsey measurement, the system evolves under both interaction
and disorder (Eq. (5.7)), AiSé acts as a pinning field along the Z axis with strength
A;, and J; ]‘SQS){ acts as a pinning field along the £ axis with a strength of J;;. Due
to the finite width of the distribution of A; and J;;, the total polarization along the §
axis starts to decay over time. In contrast, a spin echo sequence adds an additional
7 pulse in the middle of the system evolution, where the pinning field introduced
by A;S. cancels out both before and after the 7 pulse, while the influence of J;; Sch){

remains.

Having established the dominant role of dipolar interactions in the short time scales
(< 1us) of the spin echo sequence, we include the longer time scales (> 1us) in
our discussion, where the coherence profile now exhibits two distinct decay rates
(Fig. 5.6). In the next two sections, we will provide a detailed analysis of how the
second, slower decay is attributed to the system’s disorder. Put simply, while the
detuning A,Sé is canceled by the middle n pulse in the echo sequence, the relative
detuning between a pair of spins, A; — A, determines how resonant they are, thereby

affecting the way that interaction J;; SfCS,{ depolarizes the spins.

T T T T T
10°F ]

107 |

Normalized Coherence

l

Figure 5.6: Spin echo measurement extending to longer time scales. The data
are represented by filled circles with error bars, and the solid line represents the
simulation (section 5.6). A log scale is used to show two distinct rates.

Evolution time 7 (us)

5.6 Microscopic numerical simulation
In this section, we present the method of microscopic numerical simulations for

many-body dynamics. This simulation was conducted by Riku Fukumori.
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We start with the realistic lattice structure of YVO,4 and position a number, N,
of Yb ions in the Y sites based on the doping concentration. We then randomly
assign each ion a frequency detuning A; based on the Lorentzian distribution with
a certain linewidth, W, and calculate the interaction strength J;; between each pair
according to their relative positions using Eq. 5.6. For a given free evolution time,
7, a complete solution of spin states is obtained for a system under Hamiltonian
Eq. (5.7) and a certain pulse sequence (such as spin echo or Ramsey). Note that
we only read out the final state of the center spin to avoid finite size effects. The
above process is then repeated with many Monte-Carlo runs to obtain the ensemble
dynamics. A convergence test has been conducted to investigate the dependence of
the decay profile on the simulated Yb number N in order to determine a reasonable
value for N. We find that 8 ions are sufficient when only reading out the central
spin, as adding more ions only includes those far away, which do not significantly
contribute to the dynamics (Fig. 5.7a).

From the simulation, we deduce that the decay for a short time scale depends
solely on the interaction strength by comparing the cases with and without disorder
(Fig. 5.7b). Although the doping concentration of Yb in this sample has been
measured to be approximately 86 ppm [93], the ion concentration within the qubit
manifolds remains unknown. This concentration largely depends on the temperature
of the system and can be tuned via initialization sequences. By matching the
decay rate at small time 7 < lus of simulation to that of the experiment, we can
extract the ion concentration within the qubit manifolds for different cases, ranging
from 25 ppm for the small J case to 46 ppm for the large J case (Fig. 5.5a).
Subsequently, introducing the common disorder variable W = 27 X 0.65 MHz into
the simulation enables us to align the simulation results with the experimental data in
the Ramsey sequence across all cases (Fig. 5.5b). Moreover, this same disorder value
W successfully matches the decay rates at large time 7 in the spin echo measurement
as well (Fig. 5.6), which indicates that decay at a longer time scale can be predicted

by a closed Hamiltonian without excess dephasing.

We also find that the initial polarization rate 17,0 only scales the overall decoherence
profile by a factor of 2mp, — 1 without influencing the decay rate (Fig. 5.7b,c).
Therefore, for brevity in state representations, we set np,; = 1 in the following

analysis.
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Figure 5.7: Many-body simulation. Simulation of decoherence profile for a, differ-
ent numbers of simulated spins N; b, different disorder W; ¢, different polarization
rate 17,,p. d, Normalized coherence for c.

5.7 Theoretical analysis: from a pair of spins to many spins with frequency
disorder
In this section, we will use some toy models to deepen the understanding of how

interactions and disorder influence the dynamics in the echo measurement.

A pair of spins with interaction strength J and detuning A
For a pair of spins with interaction strength J and detuning A, we can derive the total

polarization along y at time 7 under the echo sequence as follows (section B.1).

A J? VA2 + J?

+
A2+J? A2+ )7
For the resonant spins with A = 0, P(7) = cos(%r). This implies that the two spins

oscillate between pointing § and —9 with a frequency of J/2. The corresponding

P(7) = 7) (5.9)
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Figure 5.8: Evolution of a pair of spins with interaction strength / and detuning
A. a, For a fixed J = 27 X 0.3 MHz, we compare A = 0 (blue) and A = J (red). b,
We average different J and A values, where J follows a Gaussian distribution with a
FWHM of 27 x 0.65 MHz for both without disorder (W = 0, blue) and with disorder
(W =2 x 0.65 MHz, red). ¢, Longer time scale for b.

measured P(7) ranges from 1 to -1 where 1 is defined relative to the initial state.

Averaging a distribution of J will lead to a spin polarization decay to O.

However, when the detuning is introduced with A # 0, the total spin ranges from
AZ_JZ . AZ

1to e with an offset of Yo

increases from J/2 to VA2 + J2/2, the decay rate at small T remains the same:

dP(1) ~ J? ,\/A2+J2) _ 2 (5.10)
dr |y 2VAZ+ )2 7 '

4
From this, we can see that the decay rate at small T depends only on J. Consequently,

(Fig. 5.8a). Although the oscillation frequency

7—0

after averaging different J values, the decoherence profiles at small 7 overlap,
regardless of the presence of disorder (Fig. 5.8b).
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What changes is that with disorder, the spins have a preferred direction of §, and
averaging a distribution of J will result in a residual polarization (Fig. 5.8b, ¢). In
this two-atom model, the residual polarization does not decay at a longer time scale
(Fig. 5.8c). This implies more atoms need to be involved to explain our experimental

observation of a second decay in the decoherence profile.

From two spins to three spins

Next, let us introduce a third spin to see what happens. Given that the interaction
strength scales as J;; o« T, the third spin is likely to have a much smaller interaction
compared to the first palr Let us consider the case without disorder for simplicity.

The three-atom Hamiltonian is given by
H=Hy+V =Jo(S;S +8,53) + J1(S,S5 + S55) + J2(S385 + 5555),  (5.11)

where Hy = Jo(S!1S2 + S;Sﬁ) and |Jo| > |J1]|,|J2], so V is a perturbation relative
to Hp. By solving the problem using second-order perturbation theory, we obtain
the final population under the echo sequence. Let us only measure spin 1 at the
end to avoid finite size effects (section 5.6): P = (¢(7)|2S! |¢(7)). The value
should range from —1 to 1. We can list terms with different frequencies separately
(section B.2).

B i+ +4AN
+

PyC = 5.12
2Jy 2Jg (5.12)
J11

T 1(J2 JL(J1+J]2) J1J»
P =— 5.13
! 2 (Jo A R (5.13)
ph= I =) o g 112”%) (5.14)

: 2J2 A
phzt _ L[N+ 13J7 +7J5 + 12J1J, Jo JP+I2+6J1,
1 =511~ - > cos (— + T
2 2Jo 4J3 2 4J,
(5.15)
1 Ji1+Jp .712+3J§+4J1]2 Jo (J1+J2)2
PP =211 - U T 5.16
] > + 7 4J§ cos ( > + 2 )t (5.16)
1 —J, 3(JE-=-J? J2+J2—6J1J

P{O/m Y (2~ D) cos (20 L5 Sy (5.17)

21 2Jo 4J2 2 4J,

L (L-J Ji-J; Jo (J1—D)?

PP = = e A 5.18
] >\ 27, + 4J§ cos(2 + o )T ( )
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Figure 5.9: Comparison between numerical simulation and perturbation theory
for three resonant spins. For Jy fixed at 2r X 0.3 MHz, we compare numerical
simulations (Num., blue), obtained using the same method as in section 5.6, with
predictions by perturbation theory (PT, orange) at different values of J;/Jy and
J2/Jo.
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Figure 5.10: Slowly varying component in three resonant interaction spins. For
Jo fixed at 27 X 0.3 MHz, we compare numerical simulations (Num., blue) with
Pil"w (slow varying, orange) at different values of J;/Jy and J,/J.

Jih
where P; = PPC + PIJO + P{O + P{O/z’l + P{O/z’z + P{°/2’3. The validity of Egs. 5.12

- 5.18 can be verified by comparing them to numerical simulations, and we can
see that they match to a good extent (Fig. 5.9). Similar to the case when we add
detuning to a pair of spins, adding a third spin makes the polarization prefer the

initial direction and never reach -1. Moreover, by looking at a larger time scale, a
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new slowly varying term appears, as predicted by Eqgs. 5.12-5.13.

J1Jo 2 2 2 2
a2 7 3Jc+J5+ 4 Jy (=T Jr+J
P?IOW - PlDC + PIJO - 2 + 1 2 1J2 + 1( 1 2) cos (J() + 1 2 )T
2Jo 2J3 2J3 2Jo
(5.19)

This slowly varying term indicates that adding a third spin will introduce a slow time

scale into the system dynamics (Fig. 5.10). Finally, when comparing the three-atom
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Figure 5.11: Comparison of different interaction strengths for three resonant
spins. Jj is fixed at 27 X 0.3 MHz. J,/Jo = J2/Jy = O represents the two-atom case.
Curves are generated by numerical simulation.

case with the two-atom case, we observe in the numerical simulation that the decay
rate at small 7 changes only minimally (Fig. 5.11), as predicted by:
dP(7) Jo+ I

— o 5.20
dr 4 (5.20)

7—0

Decoherence profile explanation by dividing into three time regimes

After understanding the above toy model well, we can now return to our experimental
data and gain a deeper insight into the dynamics. Here, we plot the experimental
data together with three different simulation cases (Fig. 5.12). Case I and Case II
are without disorder. In Case I, only the nearby spin with the largest |/| is included
for a given readout spin (two-atom case), while in Case I, all surrounding spins are
considered (8 atoms are sufficient, as proven by the convergence test; further details
are provided in section 5.6). Case III is the same simulation as Case II but with the

addition of disorder to the system.

As mentioned earlier, Case III closely matches the experimental results. For the
three simulations, they all overlap at a very early timescale with 7 < 0.6 us. This

means the early-time dynamics of a spin can be described by a pairwise process,
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interaction is decoupled more, while the disorder decouples the best at |e| = 0 but
worse at |e| = /2.

where decoherence is dominated by interacting with the nearby spin with the largest
interaction strength. We can call this time regime I. At 7 = 0.6 us, Case I and
Case II start to diverge. Now, we enter time regime II, where the spin can interact
with more than one spin. As we have seen in the three-atom case, this would slow
down the decoherence (depolarization). Later, at 7 ~ 1 us, Case II and Case 1II
start to diverge. This is the time regime III when disorder begins to play a role, and
detuning between spins makes depolarization difficult to occur, as we have seen in
the detuned two-atom case. This gives rise to an overall double-exponential-like
behavior, with interaction-dominated dynamics in the early time period and disorder

slowing the dynamics later.

5.8 Experimental characterization of many-body spin interaction using e-
CPMG sequence

2We note that the decoupling of influence from interaction and disorder is not independent.
Therefore, it is not strictly correct to simply ‘add’ the influence from disorder and interaction, as
there exist higher-order coupling terms between them. We provide an illustration like this to start
with, for intuitive understanding.
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Figure 5.14: Time-domain transformations of the single-body S, operator in
the toggling frame. The pulse sequence and the corresponding S, transformation
in the toggling frame for a, —5-CPMG sequence and b, CPMG sequence.

As we gain a comprehensive understanding of echo measurement, we now turn to
more complicated pulse sequences to study many-body interactions. Here, we firstly
introduce a recently demonstrated sequence called e-CPMG sequence [136]. On the
basis of the normal CPMG sequence [137], a rotation offset € is added to the middle
m pulse (Fig. 5.13). This effectively adds a pinning field proportional to € along the

¥ direction, which can alter the interplay between interaction and disorder.

Introduction to e-CPMG sequence
Let us analyze the effective Hamiltonian for two extreme cases with € = 0 and
€ = —7 in the toggling frame [138]. It is well-known that under the CPMG
sequence, the single-body operator alternates between Sfc,y,z and —Sﬁc’yl, while the
two-body operators such as S'SJ remain the same (Fig. 5.14). As a result, the
disorder is decoupled while the interaction is not. In contrast, for the —7-CPMG
sequence, the /2 pulse transforms the S, operator to —S,.The effective zeroth-order
approximation of the parent Hamiltonian (Eq. 5.7) then becomes:

N Ji e

Hy = Z S (8,8)+ 5 -8 (5.21)

i,J

where S7- §/ = SfCS)]é + S§S§ + S;S! is the Heisenberg interaction. We can see that the

state after the initial /2 pulse is the eigenstate of Hy. Thus, both the interaction and



96

a b
X y k 5}
7] 1/2=200 ns Fﬂ‘ £ 3
2 il §L 0.4t
T T T T T
0.8 r ]

o
(¥
:

[0}
[&]
C
o
[0}
<
Q
[&]
°
[0}
N
£
[0
206+ 5 0
o P4
2
[0}
o4l ¢ o q
3 o
N 2
5] o] . .
g02r © o5l Single ion
S kst
=z N
©
0r €
. . . . s 0 . . .
0 5 10 15 z -1 -0.5 0 0.5 1
Total time T (us) e (m)

Figure 5.15: e-CPMG measurement. For this set of experiments, 7/2 = 200 ns,
and a large J is chosen (46 ppm). a, For a fixed € = 0O (yellow) and € = —x/2
(purple), we change the loop number & to obtain the normalized coherence relative
to the total time 7, including the middle pulse length. Here, the coherence is
normalized to a constant value, which is the maximum coherence in the spin echo
measurement (Fig. 5.5a). Filled dots with error bars represent experimental data,
and solid lines are phenomenological stretched exponential fits. b, For k = 5,
the normalized coherence is measured at different € values. Filled dots with error
bars represent experimental data, and solid lines are simulated results scaled with
a prefactor < 1, independent of €. Dashed vertical lines indicate the location of €
for the time traces in a. ¢, The e-CPMG measurement in the single-ion case for
reference.

disorder are decoupled to zeroth order under the —5-CPMG sequence®. However,
higher-order terms related to J;; and A;, under Magnus expansion [138, 139], could
still depolarize the spins and lead to a decay of the coherence profile. This is

indicated by the cross sign with certain transparency in Figure 5.13.

Experimental observation

We then apply an e-CPMG sequence to our platform. Firstly, we study the case with
a large J, with 7/2 = 200 ns in the pulse sequence (Fig. 5.15). The coherence is
extracted by sweeping the rotation axis 6 of the last 77/2 pulse to obtain the contrast
and normalizing it to the contribution from the polarization rate 27,0, — 1, similar
to the echo measurement. With a fixed €, we sweep the loop number k to obtain the
time traces of normalized coherence, where the total time 7 includes the varying

middle pulse lengths for different €. Comparing € ~ 0 and € ~ —7/2, we observe

3This analysis holds when & is an integer multiple of 4.
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Figure 5.16: e-CPMG measurement for different 7 and k. a, 7/2 = 50 ns, and a
large J is chosen (46 ppm). Normalized coherence relative to total time 7 is plotted
for € = 0 (yellow) and € ~ —n/2 (purple). b, For 7/2 = 50 ns and k = 20, the
normalized coherence is measured at different € values. The corresponding curve
or 7/2 =200 ns and k = 5 are plotted for reference.

that the decay time extends as we change € from 0 to —x/2, which is attributed
to better decoupling for the interaction (Fig 5.15a). Then, with a fixed k = 5, we
sweep € to observe the double-humped feature [136], as the coherence is maximized
at non-zero € (Fig 5.15b). We note that the experimental data matches simulated
results well up to a rescale factor, which we attribute to decay due to finite pulse error
and excess dephasing. Furthermore, in comparison with the normalized coherence
dependence on € for a single ion case (Fig. 5.15¢), we can observe that our system

exhibits strong interaction characteristics.

The choice of 7 and k will affect how effectively the interaction and disorder are
decoupled (in other words, how many terms in the Magnus expansion we should
retain), thereby influencing the sensitivity to €. As an extreme case, when v — 0, the
e-CPMG sequence becomes a spin locking sequence (more details in section 5.9),
and coherence becomes independent of €. Conversely, when 7 or k are too large,
the coherence has already vanished, such that almost no features could be observed.
Intermediate values of T and k should be selected to achieve the double-humped
feature in the coherence-e dependence. For comparison, a similar measurement to
that in Figure 5.15 but with a shorter 7/2 of 50 ns has been conducted (Fig. 5.16a).
Compared to the case with 7/2 = 200 ns, the extension of coherence time is even
more prominent from € ~ 0 to € = x/2 for 7/2 = 50 ns, as the interaction has

been decoupled more rapidly once |e| is leveraged. Especially, the decoherence
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profile measured at 7/2 = 50 ns and € = —x/2 shows a decay time of around 43
us (Fig. 5.16a), reaching Ti ,, as measured by the spin locking experiment (see
section 5.9). In terms of the coherence-€ curve, we choose k = 20 for the 7/2 = 50
ns condition to ensure that the total free evolution time (excluding pulse length) is
the same as in Figure 5.15b. A sharper dip in the center of the double-humped
feature has been observed for smaller 7, indicating a greater sensitivity of coherence
to € (Fig. 5.16b).

Next, let us examine the difference between large J and small J in the e-CPMG
measurement. We pick 7/2 = 150 ns and choose k = 8 to satisfy the integer
multiple of 4 condition (Fig. 5.17). Firstly, the overall normalized coherence is
lower for the large J case. This occurs because, theoretically, even at optimized e,
interaction and disorder cannot be perfectly decoupled; hence, it leads to smaller
coherence, qualitatively illustrated by simulations (Fig. 5.17b). Experimentally,
this difference is even more pronounced, as reflected by the fact that the prefactor
required to match the simulation to the experiment is far smaller than 1. We attribute
this discrepancy to the larger excess dephasing associated with large J (section 5.9).
Secondly, the optimal € for the largest coherence should be slightly further away
from O for the large J case (Fig. 5.17b), but this difference is too small to be observed

in experiment.

5.9 Hamiltonian engineering for exploring rich dynamics

To explore the many-body dynamics in our systems under different Hamiltoni-
ans, we further apply various pulse sequences, such as the Waugh-Huber-Haberlen
(WAHUHA) echo [138, 140] and spin locking sequences, to probe the decoherence
profile.

Engineering Hamiltonian via different pulse sequences

For all of the pulse sequences, the system is initially prepared in the |(0)) state
using a rotation around £ by /2, where |¢(0)) is the fully polarized state along
y: ¥ (0)) = [y1...yi...y;..). After an evolution time 7, the system transforms into
|y (T)) = U(T,0) |¢(0)). The final state is then read out by sweeping the rotation

axis 6 of the last 7r/2 pulse to obtain the remaining polarization along y (Fig. 5.18a).

The time evolution operator U(T,0) = e~ faT

is determined by the applied pulse
sequences using average Hamiltonian theory [138, 141]. Here, we only consider
the leading-order contribution (zeroth-order Magnus expansion) and assume that the

pulses are perfect and infinitely short. Let us then calculate the effective Hamiltonian
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Figure 5.17: Comparison between large / and small J case for e-CPMG mea-
surement. For 7/2 = 150 ns and £ = 8, normalized coherence is measured at
different € values for large J (blue) and small J (orange). a, Filled dots with error
bars represent experimental data, and solid lines are simulated results scaled with a
prefactor. b, Simulated coherence without rescaling. € steps increment by 0.02 and
are smoothed every 7 values.

for each pulse sequence (Fig. 5.18b).

For the Ramsey sequence, the effective Hamiltonian remains the same as the parent

Hamiltonian shown in Eq. 5.7, but we can rewrite it as

HY™SY = g2 4 Hyeis — H-. (5.22)

disorder

where Hf;isor dor = va AL-SQ represents the disorder, HHeiS = vaj J; jSi - S/ represents
the Heisenberg interaction, and lesing = vaj Ji jSQSé represents the Ising interaction

along Z. Since |¢(0)) is the eigenstate of Hyeis (shown in gray in Fig. 5.18b), in
the Ramsey sequence, depolarization is caused by disorder and the Ising interaction

along Z.

For the spin echo sequence, the disorder is decoupled to the zeroth order, while the
interaction remains the same, which gives us:

Hspin echo

spinecho _ gy (5.23)

Z
HIsing'

In the WAHUHA echo sequence, not only is the disorder decoupled to the zeroth
order by the middle 7 pulse, but the interaction has also been symmetrized through

four /2 rotations along X and . We have that:

2
H:\\]’AHUHA echo — _HHeis ) (524)

3
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The initial state should be an eigenstate of the above Hamiltonian so that it remains

unchanged during the evolution over time.

In the spin locking sequence, a strong Rabi drive €, is applied along $, resulting in
the original Hamiltonian:

N N N
H=Qu > S+ ) ASL+ > (i8S +S58)). (5.25)
i i i,J

We provide two methods here to obtain the effective Hamiltonian while remaining
in the same rotating frame. One way is to first apply a unitary transformation with

Uy = exp(~iQ, >V §') such that we obtain H = Zf\’] %(@' ST+ S;Sé) using the

rotating-wave approximation. We then transform back by applying U ¥ which gives

us Hp = Q, va S§ + vaj %(5‘7 ST+ S§S§). Another way is to follow the procedure
as in [142], where we define a new quantization axis along y with S, = §, +iS,.
SﬁcSi thus can be expressed as }‘(SiS{ + Si_Si - SiS_{ — §'.87). Using the secular
approximation, we discard energy non-conserving terms SﬂrSi, S S/ and S;. We

also get the same Hj as:

- locki . A
HPM O — g = Hgyzy + E(HHeis +Hy, ing) (5.26)
where we define Hgy2y =Q, >V S and Hj ing = vaj JijSi,Sy. The initial state is

also an eigenstate of the this effective Hamiltonian. The coherence time measured

by spin locking sequence is called T;, relaxation time [143]. Using the above
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Figure 5.19: Decoherence profiles for different Hamiltonian engineering. Filled
circles with error bars represent experimental data for the small J case. The solid
lines are simulations for Ramsey (yellow) and spin echo (green) measurements,
and are single exponential fits for WAHUHA echo (blue) and spin locking (red,
Q, ~ 2 X 10 MHz) measurements.

expressions, we can clearly see that only the Hamiltonian related to z, indicating a

pinning field along Z, could introduce depolarization.

Experimental results
We now examine the decoherence profile to study the system dynamics under differ-

ent Hamiltonians. We have previously analyzed the Ramsey and echo measurements

and H?

(refer to section 5.5), where the depolarization sources are H: . in
disorder Ising

Ramsey, and H-. _in spin echo. For WAHUHA echo and spin locking measure-

Isin

ments, theoreticilligy, depolarization should not occur, as the initial state |(0)) is
the eigenstate of the Hamiltonian shown in Eq. 5.24 and Eq. 5.26. This is further
supported by the fact that numerical simulation shows no decay in the decoherence
profile using the method outlined in section 5.6. However, experimentally, decays
of 20 us and 73 us are extracted by fitting the data to a single exponential decay for
the WAHUHA echo and spin locking measurements, respectively (Fig. 5.19). We
attribute the decay in the spin locking measurement to excess dephasing, such as
nuclear spin noise, while additional factors should be considered for the WAHUHA

echo measurement.

Firstly, the higher-order terms in the Magnus expansion are non-zero for the current
WAHUHA echo sequence and need to be added to the effective Hamiltonian. Indeed,

a symmetrized WAHUHA echo sequence can be designed to cancel higher-order
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effects [138]. Secondly, finite pulse duration and spin-manipulation error could lead
to imperfect control [138]. Additionally, there is a sweep parameter in the WAHUHA
echo sequence, which is the pulse separation 7. The current decoherence profile
under the WAHUHA echo sequence is obtained by fixing v and increasing k to
extend 7. Different values of 7 will lead to decay times in the decoherence profile,
and theoretically, a smaller 7 is preferred. From the perspective of Hamiltonian
engineering, as 7 is decreased, Eq. 5.24 becomes more valid since the mth order
in the Magnus expansion scales as 7", resulting in reduced contributions. From
the viewpoint of dynamical decoupling, the interaction has been decoupled more
rapidly for smaller 7. However, in the experimental implementation, for a fixed 7', the
imperfections from finite pulse duration and spin-manipulation errors accumulate
more for smaller T since more pulses are needed. Experimentally sweeping 7 to
find a decay time dependence is usually necessary to determine the optimized 7
(Fig. 5.20a). In our experimental results, with a /2 pulse duration of 22 ns, the
value of 7 that provides the longest coherence time is 22 ns for small J and 33 ns for
large J. In the case of small J, the coherence time could be extended if we could

implement shorter /2 pulse lengths.

Lastly, we compare the decoherence profiles in the spin-locking measurement for
large J and small J.We observe a 50 us decay time for large J and a 73 us decay
time for small J. This difference might be due to an increased dephasing rate in the
case of large J, caused by extra heating introduced during the optical initialization

when transitioning population from |Aux) to qubit manifolds.

In summary, this platform provides us with a testbed for various Hamiltonian engi-
neering, enabling us to observe the dynamics under the interplay between different

types of interactions and disorder.

5.10 Conclusion and outlook

Our results introduce an ensemble of rare-earth ions as a many-body platform with
plenty of future possibilities and applications. Firstly, we probe the interaction-
dominated dynamics and observe two distinct decoherence processes, for which we
provide a comprehensive analysis using microscopic many-body modeling and toy
models. This methodology can be transplanted to other disordered and interacting
spin ensembles. Additionally, controlling the interaction strength through optical
pumping and modifying the interaction format via Hamiltonian engineering enables

us to study the system’s response under various conditions, laying the foundation
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Figure 5.20: WAHUHA echo and spin locking measurements for large J and
small J. a, The single exponential fit times for the decay in WAHUHA echo
measurements as a function of 7 are extracted for large J (blue) and small J (orange).
b, Decoherence profiles for large J (blue) and small J (orange) in the spin locking
measurement. Filled circles with error bars represent experimental data, and the
solid lines are phenomenological single exponential fits.

for more advanced quantum engineering and quantum simulation.

Rare-earth ion systems have their own specialties for serving as many-body platforms
to study fundamental physics and develop quantum simulation. Firstly, operating
with rare-earth ion ensembles provides great flexibility, offering a variety of choices
for species, host crystal, as well as various doping concentrations, ranging from very
dilute samples of tens of ppb to stoichiometric samples. These flexibilities allow
us to integrate the ensemble with nanotechnology and scale the system to a large
size. Secondly, co-doping different rare-earth ions makes it possible to engineer two
species of many-body systems simultaneously and study their interplay [144—146].
Thirdly, we can also form another many-body platform by making use of the nearby
nuclei. For example, each Yb ion in our system is surrounded by four protected
vanadium registers with longer coherence time and lifetime [147]. Although the
vanadium nuclei do not interact with each other directly, the Yb ions interact with
each other and with the vanadium. The interaction between the vanadium is then
mediated through the Yb ions. Manipulating the interaction and changing the states
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of Yb ions are equivalent to controlling the interaction between vanadiums. The
vanadium ensemble then forms a highly coherent many-body system with a decent

level of interaction.

Reciprocally, many-body studies of rare-earth ions help to understand the mecha-
nism of decoherence and engineer techniques to decouple the interaction, adding

significant knowledge to rare-earth ion-based quantum technologies.
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Chapter 6

DISCRETE TIME CRYSTAL

In this chapter, we will discuss one of the applications we implemented on the
many-body platform that we characterized and discussed in chapter 5. Specifically,
we observe the signature of discrete time crystals (DTC), a robust phase of matter
in driven systems, resulting from many-body interactions and playing an important
role in understanding complex many-body systems. There are a few comprehensive
or concise reviews on this topic, such as [4-6]. Here, we will provide a relatively

simple introduction and focus more on our experimental observations.

6.1 Introduction

Starting with the well-known space crystal, the Hamiltonian exhibits continuous
spatial translation symmetry, remaining invariant under continuous translations in
space, while periodic crystals only have discrete translation symmetry. This is an
example that the existence of crystals manifests spontaneous symmetry breaking. In
the time domain, for a periodically driven system, the Hamiltonian exhibits discrete
time-translation symmetry. If this system evolves with a different periodicity, such
as subharmonics, then the broken discrete time-translation symmetry indicates the
formation of a DTC. We notice that subharmonic behaviors are ubiquitous, such as
in spin echo measurements and parametric down conversion. However, the existence
of a DTC requires the subharmonic behavior to be robust in the parameter space

without requiring fine-tuning [148-151].

There are different mechanisms for achieving DTCs. The canonical ones are realized
by many-body localization (MBL), which has been experimentally demonstrated in
one-dimensional systems such as trapped ions [152], '*C nuclear spins in diamond
[153], and superconducting qubits [154]. Other types include prethermal DTC [155,
156], dissipative DTC [157, 158], and slow-decaying DTC [125, 159].

In our study, we focus on rare-earth ions doped in solids, specifically 7' Yb**:YVOy,,
to probe the signatures of discrete time crystals. Our system, comprised of three-
dimensional spins interacting via long-range dipolar interaction, exhibits certain
similarities to the NV centers in diamond [125], enabling us to realize the same type

of DTC [160]. Meanwhile, the inherent existence of spin-exchange interaction in
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our system provides some special features to the field.

6.2 Experimental demonstration

As shown in section 5.9, we can engineer different Hamiltonians through pulse
sequence design. Especially, the spin locking sequence gives us T, of 50 us for
large J and 73 us for small J. This long relaxation time provides us with a good
starting point to observe system behavior at longer time scales after periodically
inserting (1 + €) rotations into the spin-locking sequence to perform Floquet
driving. Starting with a 7/2 rotation around X to prepare the spins along ¥, we
then apply a Floquet pulse sequence as illustrated in Figure 6.1 and observe the spin
dynamics along §. The Floquet operation includes continuous microwave driving
along ¥ and a rotation of (1 + €) around X. During continuous microwave driving
(spin locking) with a Rabi frequency of €, = 2 x 11.7 MHz for a period of time T

(interaction time), the system is governed by the effective system Hamiltonian:

s 1
He = Hgyzy + E(HHeis +H, (6.1)

¥
Ising)’

as derived in Eq. 5.26. The following rotation around the X axis flips the spin
polarization between y and —3J for every period, with an additional angle of me.
After repeating this Floquet operation k times, the remaining polarization along y

is finally read out.

a b

¢ . Floquet driving sequence

P T
““UU\}V”*‘“\‘WVHNUU“ e - - B e
,.‘./:Ij\/\/:.' Eﬂ = EH z

Figure 6.1: Schematics for DTC. a, Illustration of spin interactions along § under
periodic driving. b, All spins are initialized into states along the § axis by a rotation
of /2 around %, followed by the Floquet operation repeated k times. This operation
involves spin locking along the y axis for a time 7 and a (1 + €) rotation around X.
The system is then read out by rotating back to the Z direction using a /2 rotation
around —X%.

We analyze the final polarization for different values of 7 and € in both the time
and frequency domains (Fig. 6.2). Here, frequency spectra are obtained by taking

the Fourier transform of the time traces and normalized to the entire area of each
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Figure 6.2: Representative time traces and Fourier transform spectra. a, Time
traces using nearly 7 pulse with 7 = 0 ns (light blue) and 7 = 425 ns (light red). b,
Corresponding Fourier transform spectra for ¢, which have been normalized to the
area of the spectra. a, Time traces using nearly 1.037 pulse with 7 = 0 ns (dark
blue) and 7 = 425 ns (dark red). d, Corresponding Fourier transform spectra for c.

spectrum. We choose 7 to satisfy ,7 = 2zn, where n is an integer number, to avoid
accidental dynamical decoupling [125, 160]. Figure 6.2 shows the representative
time traces and Fourier transform spectra in experiments. The straightforward
case is that when nearly perfect 7 pulses are applied, different values of 7 exhibit
similar behavior. We observe the total polarization alternating between positive and
negative values in time traces, with a corresponding subharmonic peak at v = 1/2
in the frequency domain. In contrast, when a certain amount of perturbation € (e.g.,
€ = 0.03) is added to the 7 pulse, the spin dynamics becomes highly dependent on
7. For v = 0 ns, there appears the beating on the basis of 2T-periodic response,
resulting in a splitting of peaks at v = 1/2 + €/2. As 7 increases, the subharmonic

behavior is recovered, corresponding to a stabilized v = 1/2 peak in the frequency
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domain (Fig. 6.2c, d).

The stabilization of this subharmonic behavior is then systematically studied by
sweeping 7 and €. In the Fourier spectrum, the normalized intensity at v = 1/2
(JP(v = 1/2)|?), which indicates the crystalline fraction, is extracted for a given
7 and €. A phase diagram is thus obtained to show the degree of the periodic
order in the parameter space (Fig. 6.3). We roughly draw the red dashed line in
Figure 6.3 to denote the phase boundary, where the system becomes more robust to

the perturbation € as the interaction time 7 increases.
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Figure 6.3: DTC phase diagram.

To understand the role of the interaction in stabilizing the subharmonic behavior, we
notice that the Ising interaction HIyS ing APpEAIS in the effective Hamiltonian during
the time period 7 (Eq. 6.1). Based on previous studies on 3D dipolar interaction
spins [125, 160], we know that the Ising interaction stabilizes the DTC phase. The
addition in our system is the Heisenberg interaction Hyejs, and it turns out that
the existence of both Ising and Heisenberg interactions can also stabilize the DTC

phase.

6.3 Comparing phase boundaries for different interaction strengths J
Next, let us take a closer look at the phase boundary by quantitatively defining it at
|P(v = 1/2)]? = 0.4 point and comparing it for the different interaction strengths
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Figure 6.4: Phase boundaries for large and small J. a, |P(v = 1/2)|* in Fourier
transform spectra at different € for 7 = 340 ns in large J (blue) and small J (orange)
cases. The dashed red line indicates |[P(v = 1/2)|*> = 0.4. b, Extracted phase
boundary in large J (blue) and small J (orange) cases. The transparent red line
indicates the condition where a is shown.

J. Specifically, the normalized intensity at v = 1/2, |P(v = 1/2)|?, in the Fourier
transform spectrum is plotted as a function of € for a given 7. By intersecting it with
|P(v = 1/2)|> = 0.4, we find the €. value at the phase boundary for this 7, where
linear interpolation is applied to the |P(v = 1/2)|>-e dependence curve (Fig. 6.4a).
In the comparison of the phase boundaries for large and small J, we can observe
that the large J case has a wider DTC phase area (Fig. 6.4b). This is because
larger interactions have a better ability to prevent the system from thermalization,
thus making it more robust to perturbations. The above observation supports the
argument that interaction is the cause of stabilizing the subharmonic behavior, and

reciprocally provides further examination of our strongly interacting system.

6.4 Robustness to the initial states

Finally, we investigate the robustness of our DTC phase relative to the initial states.
Different initial states are prepared by rotating a varying angle ¢ of the first pulse in
the spin control sequence (Fig. 6.5a). For each initial state, we then sweep € and 7
to generate a phase diagram (Fig. 6.5b-f). In the experimental results, a robust DTC
phase appears for those initial states with |¢ — 7/2| < n/4 (Fig. 6.5d-f). For ¢ =0
and ¢ = n/8, the subharmonic pattern only exists in a small area of the parameter
space (Fig. 6.5b,c). In these cases, it is likely that the temperature determined by
the initial state is too high for the interaction to stabilize the subharmonic behavior.

Furthermore, for the cases of ¢ = n/4, 37/8, and n/2, the corresponding phase
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Figure 6.5: Robustness of DTC phase to the initial states. a, Spin control
sequence with different initial rotations of ¢ to prepare various initial states. b-f,
Phase diagram for different initial rotations of ¢. g, Phase boundaries for d-f. We
note that b-g share the same x-axis and y-axis ranges.

boundaries are extracted using the condition |P(v = 1/2)|*> = 0.4 (Fig. 6.5g). We
can see that the slope of the phase boundaries is similar for different ¢, indicating a

robustness relative to the initial states.
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6.5 Conclusion and outlook

To conclude, we observe a signature of DTC in the rare-earth ions system, which
serves as an example of the applications in our system as a many-body platform. The
inherent spin-exchange interaction, the large ratio between interaction strength and
disorder, and the tunability of interaction strength distinguish our system from other
solid-state spins, and provide new possibilities in the field of DTC. Here, we focus on
spin locking driving in the Floquet operation, while other pulse designs have been
implemented for Hamiltonian engineering (section 5.9), enabling us to integrate
them for studying subharmonic behavior under periodic driving. For example, we
can also study the system’s phase diagram under the spin exchange interaction or
the Heisenberg interaction, with or without disorder. Those studies can broaden the

mechanism for realizing DTC.
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Chapter 7

FUTURE DIRECTIONS

From chapter 3 to chapter 6, we investigate many-body physics in an ensemble of
rare-earth ions, specifically '”!Yb3*:YVO, ranging from novel optical cavity QED
phenomena to dynamics of strongly interacting spins. Different from conventional
methods for studying rare-earth ions, such as engineering highly quantum memories
or characterizing the spectroscopy of materials, we provide insights for studying
these systems from a more fundamental perspective, thus opening the door to several
future directions. In this chapter, we will briefly enumerate some possible directions

to explore.

7.1 Narrower structure using CIT

The sharp feature (CIT) we discovered in chapter 3 occurs under the most basic
conditions, where continuous wave driving is applied and the ions start with a
natural distribution with inhomogeneous broadening. To extend this work, we can
prepare the ions with some spectral structure, such as using hole-burning technique
to create a narrow feature. When we probe this hole via cavity reflection, an
even narrower structure is expected, referring to the fact that the inhomogeneous
linewidth has been narrowed by a factor of C, the ensemble cooperativity, in CIT.
Indeed, we have utilized optical pumping in chapter 4 and chapter 5 to modify the

ion population, providing grounds for further spectral tailoring.

7.2 Cavity-mediated interaction in the detuned cavity regime

The superradiance and subradiance studied in chapter 4 arise through dissipative
interactions mediated by the cavity field. This occurs when the cavity is in resonance
with the frequencies of the ions. When the cavity is tuned off resonance, coherent
interactions between ions can be engineered (Eq. 4.5). Indeed, we have demonstrated
a tens of GHz increment in our cavity tunability (Fig. 3.9), such that controlling this

coherent interaction is possible.

7.3 Discrete time crystal for spins in optical excited states
The f, transition in Figure 5.3 is also a clock transition and could be controlled

using microwaves at 3.37 GHz. We currently only use this transition for initialization
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using a 7 pulse, but more complicated spin control can be implemented. The dipolar
interaction strength between these spins is J - 7> = 27 x 81.8 MHz (Eq. 5.8 for spins
in ground states). Although the spin lifetime will be limited by the optical lifetime,
thanks to the subradiance regime, the spins can remain in the optical excited state
for up to the bulk lifetime (267 us). To this end, it will be interesting to look at
the interaction-induced dynamics for those spins and the possibility of realizing a
discrete time crystal.
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Appendix A
ADIABATIC ELIMINATION OF CAVITY FIELD

In this appendix, we will discuss the adiabatic elimination of the cavity field, which
we have been using frequently in chapter 3 and chapter 4. We will point out a
potential confusion when performing adiabatic elimination, then present a rigorous
derivation, and finally offer a simplified procedure — the formula that we use in

chapter 3 and chapter 4.

A.1 Setting up the confusion

Starting with the Tavis-cumming model (Eq. 3.2), we rewrite the Hamiltonian here:

N N
1 _ K +
H=Aad"a+ > Z AjO'; + Zgj(a*aj + 0';.'61) — 15\//1(“' —a). (A.1)

J=1 J=1

We can write the quantum Langevin equation in the Heisenberg picture as in Eq.
3.5-3.7 (Equivalently, we can use the master equation to calculate the evolution of

p and the expectation of the operators, and then drop the expectation symbol.):

N
. . K . LS
0= ~(iAc+3)a~i Zg,aj -5V (A.2)
=1
o7 =—(iAj+y)o; +igjoia (A.3)
o =2igj(a'o; —ofa) —y(1+ 7). (A4)

We note that in Eq.A.4, some people write it as (aTO'j‘ - O';Fa) while others write
it as (a?O'j‘ - aO'J’.“), (O'J.‘aT - aa']’.“) or (O'J.‘aT - O'Jf’a). These four choices make no
difference at this point since [a, 0']._] = (. But we should remember that it implicitly
contains the information [a, 0'].‘] = 0 (you will see it more clearly if you are deriving

through master equation).

When the cavity field is adiabatically eliminated, we ignore the dynamics of the a

operator by setting d@ = 0, which gives

~i 31 807 — 5VH
o= 21817 TaVE (AS)
A + 3
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If we directly plug Eq. A.10 back to Eq. A.4, we will see that four choices give

different results:

o Es (g (ot s ofor) <A (ofof - o))
a'oc; —oja= — + f(w)
Ac + Y
(A.6a)
P . D=1 8k (’% (O'ko'] +0—k_0-}-) A (O-ka-] -9 07))
a'c; —ao; = - + f(u)
A+ 5
c 4
(A.6b)
. . Do 8k (l% (0' o +0'k0';.’)—Ac (0'170';—0',;0';“))
o;a' —ao; = T + f(p)
AL+ 5
ct 3y
(A.60)
. . 2\]:1 gk (l% (O'j_o-]:' + O'}'O'k_) - A (O'J._O'I-: - O'-."O'k_))
oia'—o;a= T + f ().
AC + T
(A.6d)

When j # k, the order of j and k in terms of operators is changeable. So, the
difference between the four expressions occurs in those terms where k = j, and we

use ¢ to represent this difference.

igs (O'JZ +I)

TorT — 5tg) =
o(a o; —0; a) = A KZZ (A.7a)
g (l’%l - Aco';)
6(aTO'J-_ —ao}) = - (A.7b)
A2+ %
ig5 (I - 0';)
(5(0']-_aT - aO';.r) =——— (A.7c)
A2+ %
g (i%l + ACO';)
(5(0']-_61T - O';a) = > (A.7d)
A2+ %

If we choose to plug Eq. A.10 back to Hamiltonian to get effective Hamitonian, we

have similar issue
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N N N
B A, _
Acata+ Zgj(aTO'j +ota) = -5 — nga,j Zg,aj + g (A.8a)
j=1 ¢t k=1 j=1
N i N A N N
i t o - 252 ¢ -
j=1 ct 7 = ¢t T k=1 j=1
(A.8b)
N A N N n N N
— C — C —
AcaTa+Zgj(O'jaT+aO';'):A2 KZngO';ZgjO'j _—AZ KZngO'k Zgja'_;'+g1
j=1 ¢t T k=1 j=1 ¢t 7T k=1 j=1
(A.8¢c)
N i N A N N
_ 2 c _
AcaTa+Zgj(0'j aT+0';-'a) = _ng/aj_ A2 2 ngo-k ZgJO'f+gl
j=1 ct 7 =1 ¢t k=1 j=1
(A.8d)

Note that we only keep the second-order terms (the product of two operators) since
other terms do not have commutation issues. We can already see that Eq. A.8b and

d are not Hermitian.

A.2 Effective Hamiltonian in the Schrodinger picture: Reiter and Sorenson’s
procedure
In this section, we will follow the procedure of Reiter and Sorenson [161]. Similar

procedures have been applied to [162, 163].

To set up the problem more completely, we write down the Lindblad terms related

to cavity decay as in Egs. 4.1 in terms of Lindblad operator L4y

A A 1 A ~ a3 oy
Leay = LcavPLZav - E(LéavLcavP + pLZaVLcav)
1 1

= k(apa’ - EaTap - EpaTa) (A.9)

where L = Vka. Note that, unlike p, used in section 4.5, here p represents the

total density operator, consisting of both the cavity field and the atoms.

We should emphasize that, in order to use Reiter and Sorenson’s procedure, the elim-
inated field has to be weakly excited (rather than just reaching the steady state).Due
to the laser drive (u), the photon occupation inside the cavity is not small, thus the
weakly driven condition is not satisfied. However, we can subtract the classical term
related to the external drive from the operator a to obtain a new operator b, which

represents the quantum fluctuations. The relation between a and b is as follows:
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a=b+a (A.10)
§ Vi

iAc+%
the Hamiltonian Eq.A.1 in terms of b as

where a = — . Mathematically, b is just a displacement of a. We can rewrite

N
H=ADb"b+ (A — ig\/ﬁ)bT + (Aca™ + ig\/ﬁ)b + Zgj(bTO'j_ + bO';-’)
=1
+liA~ Z*i (@t o7 +aot) + Adal? - isya(e” - a)
> i gj\a'o; +ao; cla 12 ula” —a
j=1 j=1

(A.11)

and plug Lindblad operators Ly, = V& (b + @) back to Eq. A.9. We find that:

1 1
Leay = k(bpb' — EbTb,o - prTb) - ig[ia/*b —iab', p]]. (A.12)

To simplify this, we know that master equation is:
p =—i[H,p] + Leay (A.13)

such that we can absorb the second term in Eq. A.12 into Hamiltonian. Using the

equality Acar — i54/u — iz = 0, we get know Hamiltonian and Lindblad operators:

N N N

1

H'=Ab'b+ Y gi(bloy +baf)es 3 Njoi+ 3 g (a0 +ac)
J=1 Jj=1 J=1

+Ac|a/|2—ig\/ﬁ(oz* —a) (A.14)
and L., = \kb.

Now, following reference [161], we will calculate the effective Hamiltonian H.g and

Lindblad operators Leg.

Hiyy=H, - =L/T B = (Ae - gi)bfb (A.15)

2 cav—cav

and

N
Vo= gibloy. (A.16)
j=1



134
Thus

1 /4 /4 4
-V (Hh + (H) )V++H
N —1/p1\-1 “1pt
_ 1 (")~ (b ) ,
__Ekg ( _jl + E gjo' +H

A N N

c —

= "L, E gkO} E gjo; +H, (A.17)
¢t k=1 j=1

where Hj, = 22 A 0' +ZN1gJ (a o +ao; )+A |0/|2—12\/_(a/ —a). And
Lle=1Ll HY, 1V+_ 5 Zg]a (A.18)
2!

A.3 Simplified procedure
Comparing Eq. A.8 and Eq. A.17, we can see that Eq. A.17 is the correct one. For

Lindblad operators it is equivalent to replace quantum fluctuation b with %,
and
> 1 1
A2 Z 8jgk(0'j_PO';:' - 50'}’0,:;) - Epa}'ak‘). (A.19)

C J.k

Let us use the master equation to derive the evolution of <0']Z.> after adiabatically
eliminating the cavity field to determine the correct choice in Eq. A.6. For brevity,

we drop the expectation symbol to show the equation of motion in the Heisenberg

picture.
. z Zlgj ;-
koo ng(crk o7 —ofoy) 2, ngwka +Ttor) + (1 ys)
c 4 ¢ k=
. Zgzl gk (ij(O'k o +0] To) = Ac(oy o - 0';0',:))
= 2ig; + f(u,ys) (A.20)

2
AZ + X

We can see that Eq. A.6a is the correct one to use! Let us summarize the simple

procedure here:

1. For the Hamiltonian, we write it in the this order: aTO'j‘ + O'JTa.

2. For the 0'; dynamics, we write it in the following order: ClTO'j_ - O';a.
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3. We can see that the general rule is to keep the creation operator first, followed

by annihilation operators, whether it is for the cavity field or the atom.

4. When adiabatic elimination of the cavity field is applied, we can substitute
the operator a with its steady-state solution in the expressions that follow the

above order.

5. For the Lindblad terms, we will also perform the same substitution, but the

constant needs to be dropped.

Due to this reason, we maintain the order of operators as described above throughout
the thesis.
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Appendix B

ANALYTICAL SOLUTIONS FOR TWO AND THREE
INTERACTING SPINS

In this appendix, we will include the full derivation for two and three interaction

spins.

B.1 'Two spins with interaction strength / and detuning A
For the two-atom case, we can theoretically solve the system’s evolution under spin
echo sequence. Let us transition to the toggling frame after the first 7/2 pulse; the

Hamiltonian in the first and second periods is as follows:
Hy = ASS + J(S7S5 + S]S3), (B.1)

Hy = —AS; +J(S1S5 +5)S). (B.2)

We want to solve the eigenstates of the above Hamiltonians in the uncoupled basis

{T1T2) 5 1iT2) 5 1Tid2) s Lid2) }, where {|T1),|l1)} represent the eigenstates of S,
and {|T2) , [12)} represent the eigenstates of S5. Itis easy to see that [T1T2) and [ 1]2)
are still the eigenstates of H; (H,) with respective eigenenergies of i%A@%A).
Therefore, we only need to deal with the evolution in the subspace {|T1l2),l1T2)}
Let us define new S, = %(llsz) LiT2l = 1T1d2) (T1l2]) such that the Hamiltonians
can be written as

Hi =AS, +JS, (B.3)

I:IQ = —ASZ +J§x (B4)
where we have used the fact that
X QX 1 - - 1 ~
S185+878) = > (STS; +57837) = 5 (IT1d2) il + [aT2) (Til2l) = S

This is exactly the Rabi oscillation with detuning, and the sign of the detuning
flips in the later half of the evolution time. We know that the eigenstates of these

Hamiltonians are dressed states.

For H,, the eigenstates and eigenenergies are as follows

VA2 + J? (B.5)

Ei:i
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|+) =sinf[T1]2) +cos O []1T2) (B.6)
|=) =cos@[T1]l2) —sin6||iT2) (B.7)
where 6 is defined by
J b4
tan29:K(0s9< 5). (B.8)

The inverse solution is
IT1l2) =sin@ |+) + cos € |-),
[L1T2) =cos b |+) —sin6 [-).
For H,, we just need to set A’ = —A, and thus we obtain 8’ = —6 + % E. =FE,,
[+)" = cos[T1l2) +sinbl112),

|-) =sin@[T1]2) —cosb|]i1T2),

and the corresponding inverse solution as:
IT1l2) = cos@[+) +sind|-)",
[LiT2) =sin@|+)" —cos @ |-)".
We get the relations between egenstates for H; and H, as:
|[+) = sin26 |+)" — cos 260 |-)", (B.9)
|-) = cos 20 |+) +sin26 |-)". (B.10)

The initial state in the full space after the first 7/2 pulse around £ axis is

ST+ 12) 1) = 5 (<1112 =i Ta) + 1) + ui:i)l )

After the total evolution time 7:
_iLl(Ae
IT1T2) = [T172) e a A=A

1L1l2) = [L1lo) e a AT
and

111T2) +T1l2) — |o(7))

where |¢(7)) is as follows

-7

|¢(§)> = (sin @ + cos 0) |+) P i (cos @ —sin ) |-) e i T (B.12)
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|¢(7)) = (sin 6 + cos H) (sin 26 [+)" e E+7 — cos 20 |-)')
+ (cos 6 — sin ) (cos 20 |+)’ +sin 26 |-) e E-T)

=A1[Til2) + A2 [L1T2) (B.13)

where

A1 = cos26(cos 26 — sin26) + sin 20(sin 26 + cos 26) cos(E, 1) — i sin 260 sin(E,7)
(B.14)

and

Ap = cos 26(cos 26 + sin 20) + sin 26(sin 20 — cos 20) cos(E 1) —i sin 20 sin(E, 7).
(B.15)

The final /2 rotation along £ and measurement on the Z basis is equivalent to

measuring the expectation value of .

Py = %(— (MTal+ o)+ (Lidal) ST (= IT1T2) = il6(1)) + [L1l2))  (B.16)

1
:g(A2+A’;‘+A;+A1)
cos220 sin®26 . VA2 + J2

=5t sl
A? J? VAZ + J2
= cos( T)

+
2(A2+J%)  2(A%+J?)
It is easy to know that P| = P;

B.2 Perturbation theory calculation for adding a third spin to a pair of
strongly interaction spins

In this appendix, we provide the full derivation of second-order perturbation theory

for the evolution of three resonantly interacting spins under an echo sequence. In

the case without disorder, the three-atom Hamiltonian is given by
H=Hy+V =Jo(S;S57 +5,57) + J1 (5,55 + 5,83) + )2 (5185 + 5383)  (B.17)
where Hy = Jo(S; S + 5)53) and |Jo| > |J1], 2], so V is a perturbation relative to
Hy.
To begin, the eigenstates of Hy = % (S1S2 + §152) are as follows:
1
V2

) =

(ITrd2) + [L1T2)) (B.18)
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o) = %mlw L) (B.19)

with eigenvalues of J_r% and |T1T2), [L1l2) with eigenvalues of 0. The final eight
eigenstates are formed by taking the direct product of these four eigenstates with the
states of the third spin, |T3), ||3).

First-order correction

J J
V= 3‘(5153 +5183) + Ez(sisi +5282) (B.20)

It is easy to see that the first-order correction to the eigenenergies is zero due to
the fact that (T3| V| |T3) = (U3l V]||l3) = 0. Let us now calculate the first-order

correction for the eigenstates.

11y =2 Q;Jf M) ) (B.21)

() = B.22

I+) [13) \/_ 7 |l1lz> T3) (B.22)

M = B.23

=) T3) \/_ N |T1Tz> 113) (B.23)

M = B.24

=) 113) \/— N |l1l2> T3) (B.24)

0= _ B.25

[L1d2) [T3) \/_ T | ) L3) + \/_ T | ) [L3) (B.25)
0= _ B.26

[TiT2) [43) \/_ T | YIT3) + \/— T | ) 1T3) (B.26)
1Lil2) 1y = 1112y 1) =0 (B.27)

Second-order correction
J5 - i
[+)13)? = ( v )| >|T>—%|+> I13) (B.28)
0
2 2
11 = YL )| ) - Ly 1) (B.29)
0
£® @ _ (i1+h)? (B.30)

B3~ Tl T 4Jo



JZ - —J)?
i@ = v I |y gy - 14J22) =) I13)
2 2
@ = Ui v L)y - 412&) ) 1L3)
(i = Do)
E2 = EDuy = - 14102
JZ
Lila2) [13)?) = == 2J2 ulw I13)
J2
1112) 113 ® = -1 2]2 2 10 1)
) ) J1J2

Eliny = Emnann = 77,

il 1) = 1M1 113) = 0

@ _ o
E s = By =0
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(B.31)

(B.32)

(B.33)

(B.34)

(B.35)

(B.36)

(B.37)
(B.38)

Thus, we have our eight new eigenstates and their eigenenergies to the second order.

Eigenstates

Eigenvalues

(J2-J%)

1) =(1- <’;+Jé2>>|+>m>+’1”2 Ti2) Is) + 55 1) 113)

JZ_jZ

2) = (1- “'4;’5) ) 1) La) + 2 11112} 113) + 2 =) 1)
_ (J2-J%)

3) = (1 - o T 1)

[4) = (1= S2E) [ 11} + S22 o) 1) + S 14 113)

2
4J;

J+]

5= =52 il 1T3) = 55

J+J

6) = (1= 25 I T2) o) = 222 1) 113+ 222 1) 1)

17) = 1T1T2) IT3)
18) = [L1l2) 113)

Jo (i+)?
Ly

2
Jo  (itha)

2 4Jy
_Jo _ Ui=h)?
2 4o
_Jo _ Ui=h)?
2 4Jy
_ N

Jo
_ N
Jo
0
0
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We can solve inversely up to second-order accuracy.

2

b 1 = (1 -2 %) 15+ \ff |2>+Jféjjl 14) (B.39)
I STR 2) 6) + le;]f 1)+ J;;Jf 3) (B.40)
11y = (1 - L 4;(;2)2) - f 6) + JZ:;ngz 3) (B.A1)
1Ly = (1 - 1 Lg”z) 2) - le;]z 2 |5) + Ji;g]% 14) (B.42)
S sy = (1= 4}312) )13 + f Z L6y + @4;3]12 1)y (B.43)
sy = - 4‘1(%]2) o)+ Z 2 |5) + le;g]% 2) (B.44)

System evolution
Let us then look at the system evolution. The initial state after the /2 rotation along

' gives [¢(0)) = %(ITl) + Il1>)%(|Tz> + |l2>)%(|T3) +13)). expressed in terms

of the new eigenstates as

2 2

1 J] +J2 (J] +J2)2 J2 Jz -
0) = —([V2 - +2 4
|#(0)) 2\5((‘/—+ Vil IR )(I)I))(\/_0+2\/_J2)(I>I>)

Ji+J, JP+J?
+(1— 1J0 _ lzjgz)(|5)+|6))+|7>+|8)). (B.45)

Since there is no detuning, the middle 7 pulse will not change the final polarization

along X, so we can ignore it. After time ¢, the system state becomes:

1 i+l (1 +)? il Urn?y,
— \/E 1 2_ 1 2 (2 ZN/ )
l6(2)) —2\/5(( + Valo Nt )(I ) +12))e
=0 =07 (s sy,
3 4 2t 410
+(\/§J0 2\/_12)(” [4))e
Ji+h J2 J5 ity
+(1_ VIR )<|5>+|6>>e 17y +18)). (B.46)

'In this derivation, note that we rotate relative to the § axis instead of the £ axis to avoid using i.
The results should be the same regardless of the choice of £ and ¥ axes.
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Measure spin 1 at the end: P; = (¢()| 2S! |¢(¢)). The value should range from —1
to 1. Keep terms up to second order of J; /Jy and J»/Jy.

2511 +12)) = (1) +120) + (13 - 4)
RIS 194160 + (=~ 22 () gy )
V2 2V273 V2 2V248

251(13) - 4)) = j—;<|1> s+l 14)
1 M+ =300 IRt
+( G aan )9 (G T s @
2815y +16)) = [ - HIHIEHI (0
! \V2 2V2J}
L_4J12+J§—3J1J2 B 2] A
+( T )(|3> ) = ZL15) +16) = (D +18) (B4
217y +18)) = [ - 2E092) (1 4oy
' V2 22
(L oL >—|4>>——(|5> 6)) (B.50)
V2 2V272 '

Based on the orthogonality of different eigenstates, we can calculate the contribution

from each eigenstate up to second order as follows:

72472
1 (2(J1 +4) 20 +J5)? LN = D) i 4y,
4° D J3 J?
Jitd BT 412000\ e, Bsnn),
't T e e

2 2 .
N 1+J1+J2 _‘]1 +3J2+4J1J2 e(fo (11“{)2) )t) (B.51)
2Jo 473

P*=
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p34_ l(-]l(JI—JZ) —z(Jo+ e 2); 4 Ji—J N 3(]22 — le) e_i(JTO"'JlZH%;OGJIJZ)l

1 = 4 J2 270 4]2

Ji—J JZ_JZ
_(12J2+ 2421) ( 4, )t) (B.52)
0 gy

pS6 — 1( 1 Ji1+J» 13J12 +7J§ +12J1J> l( i ”j;;lljz)z

b4 2Jo 4J2

Ji—D N 3(]% — J12) e’(Jzo 12+J3U06J112)t
2Jo 473

2/ 401 +0) (Jz L1+ )

Jo 7 Jo J3

iJ‘JZt
Yo 7) (B.53)

2Jo 4J?2

JZ—JI J%-J% i(@+ul472)2)z
+ + e 0
2Jy 4J2

P 1((1 UEY. J2+3J2+4JIJ2) PR
4

i I,
Jo 7). (B.54)

(2 Ui+ )
Jo VA

And Py = P? + P3* + P + P7®. We can list terms with different frequencies

separately:

b, 3J+ T3 +401)s

PYC = B.55
2Jo 2J3 ( )
1112
== 1
pho—__ Q Jo(J1 + J2) o8 J1J2t (B.56)
! 2\ Jo J2 To
—J J?+ 2
plo — Ji1(J1 = J2) cos (Jo+ L2, B57)

1 = A2
2J2 2Jo
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2 2 2 2
P{O/Z,l _ l - Ji+)h B 13]1 +7J2 + 12.]1.]2 cos (ﬁ N ‘]1 +J2 +6J1J2
2 2Jo 4_]3 2 47y
(B.58)
1 Ji+d, JP+3J3+4000, Jo (1 +1)?
phi2_ L[ - D2y (B9
1 21 472 coslz+—gy, 1 B9
1 - 3(J% - J? J2+J2—-6J,J
P{0/2’3 _1! J1 =2 + ( 2 1) c & " 1 2 1 2)2‘ (B.60)
2 2Jo 4]3 2 47y
V(-0 -T2 Jo  (Ji—Jo)?
pl2s _ 1 U Y2 B.61
1 AT + v cos ( >t 7o ) (B.61)
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