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SIDA:MARY 

The theory of the application of the tensor calculus 

to conservative dynamical systems is wel l lmown. However~ 

the results of the actual application to specific systems 

are not. The thesis concerns itself with this aspect of 

the subject. 

The gyroscope or spinning top is first considered. 

Necessary and sufficient conditions are developed in 

order that the Riemannian geometric space described by 

the system shall have constant Riemannian curvature, be 

an Einstein space , have a zero curvature invariant, etc. 

It is found that a simple relationship must exist between 

the moment of inertia coefficients. It is sho~m that 

the space described by the gyroscope is a special case 

of a general class of Riemannian spaces having the above 

properties. 

A second type of conservative dynamical system is 

co~sidered. It is shown that with a suitable choice of 

moment of inertias the above properties hold and that 

the geometric space obtained reduces to the gyroscope 

space . 

An investigation is made into the form of the 

components ofthe fundamental metric tensor in order 

that general Riemanni an spaces of three, four, and n

dimensions, suggested by the dynamical systems themselves, 

shall be Einstein spaces, possess constant Riemannian 



curvature and zero curvature invariant, and may be mapped 

co~formally on a flat-space. 
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I 

A solid of revolution, having one point of its axis 

fixed, and whose initial rotation ab0ut its axis is given, 

is subject only te the external f orce of gravity. 

j& investigate the Riemannian geometry described by 
1 

such a. top or gyroscope. 

Taking Euler's angles x', x 1
, x 3 for independent 

coordinates with the axis of spin being z, the position 

of a rigid body of this sort can be giv~n at anytime 

through these angles. Let (fig. 1) G be the center 0f 
2 

gravity and let OG:: 1.
1 

~ ~·~ - / 
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'¼x,--., Y 
The Potential Function will be 

1 .1 ) U -:::. Mgl C© s x 1 

1. Fer the general theory 0f the application of the 
tensor calculus to dynamics see Brillouin {l), 
McConnell (1), pp.233-251, A. D. Michal (1) and (2). 

2. F@r a more complete discussion see Whittaker, (1), 
pp. 163-164. 



while the kinetie energy will be given by 

1.2) 
"l.. 

,"L ' ").. ·1. •3 t. 

2T::::A(x' -t- x~ sin x')+B(x +x cos x 1) 

where A and Bare the moments of inertia about the principal 
3 

axes of the body. 

2.2) 

4.2) 

The three Lagrange's equations in x', x~ and x 3 are 

A dx' - (A - B) sin x 1 cos x 1 x"3~+B sin X
1 x'.l.,c3 +d'sin x

1

=0 
dt 

B d ( x .,_ + OQ s x x 3 ).:::: 0 
dt 

d ( ( A sin 
1 

x 
1 + B cos 2 x 1 

) x 3 + B cos x' x 2..) =- 0 
dt 

Using summation convention, the kinetic energy (1.2) 

of the system can be represented in the f0llowing manner • 

5.2) T =-½ • c.: • i where 1, j -=-1, . 2, 3 a .. X X 
ll 

and 

6.2) A, a:2.'l...-= B, A sin ~ x'+ B 
2. x' a II =- 8.33 ::. cos 

a.3,._ ::. B 
I 

0 a.'l. ~ =- cos X a,"l.-:... &,2, = (A l'3 -::. ~,-=-, 

The quadratic form (5.2) is positive definite and 
:l.. hence we may define an element of arc-length, ds, for a 

Riemannian geometric space in the following manner: 

7.2) ds~= a .. d~dxj where the at.i's are defined as in 4 (.J .J 

(6.2). 

We sha.11 call this space the "Static Riemannian Space" 

3. Fer the derivations of the equations for the potential 
function and the kinetic energy see Akimoff (l)ppl35-136. 

4. A complete explanation 0f the prinicple involved can be 
found in Brillouin (1), McConnell (1) and Michal (1). 



ef our dynarnical system under inf'estigation and proceed to 
5 

develope the Christoffel symbols for the Static R1emannian 

space. 

All the Christoffel symbols of the first kind are 

zero with the exception of the following: 

L33, ll =- (B-A) sinx'cos x' 

[12, 31 -=- [21, 3j ~ --tB sin x' 

1.3) [13, 21 ~ [31, 2] ~ -tB sin x' 

[1~, 3] [31, 3] ~ (A-B) sin I x' = X COS 

[ 23, 11 ::.. [32, 1] ~ iB sin x 1 

3 

In order to form the Christoffel symbols of the second 

kind we first compute the conjugate of a~P where 
..... p 

a = cofactor of aev
la l 

t ~ B~os x 1 x•I -=-A
2

B sin2. x' 
0 Beos x 1 As1n x'+Bcoa 

therefore 
3'3 

a =-1/A 
~ I 1. I A sin X + B cos X a ::: l 

3?.. 

a - -COS XI 
A s1n2.x1 

AB sin2.x• Asin2 x 1 

1 'l.. :LI J) 3 t 

a:: a =-a. ~a -=-o 

We calculate the Christoffel symbols of the second 

kind. 

5. 
Ja,"'p JQ.py,,, - J.a.m"') 

Symbol of the first kind: [ ""'• h, P 1 = },__ l J. >C."" + J. it"' J. ll P 

Symbel of the second Kind: t:,. \ :. CA, _.,P [ ""'1, hJ P] 



I ,1-) 

£ ~:i\ = 13/ ~x• ~x• 

f I~ 1 ~ f ~~ l = ~
3A:::: 

t ,~ ~ -L~ 1 = 

( 13 - A) c~y•/ x' - A 
olA~x' 

l I: 1 ~ l ~3, } = 

- 13 

\ 3 1 { 3 l (_ J.,A - 13) ~ x.' 
Lis),,_ 9') = :tAA,VNx:' 

We calculate the Riemann symbols of the first kind 

of the Static Riemannian space which are defined in the 

following manner: b 

~ i 
1

1( = Ix 1 [ C K,L ]- ill>< [ti, ,i] 4- [ L; ~ [ 4 1t 1 l -[ :t( ~ [ _.q -f 1 1.] 

The six distinct components of the Riemann tensor are 

as follows: 

6. 

R ll.1?.. :: B 1.. 
4A 

For the development and properties of the components 
of the Riemann tensor see Eisenhart (1) pp. 20 - 47 
(2) p. 101, 103, 120-122. 



J, 1 I 
R23~3 =- B sin x 

4A 

R ,,,_, :::: 0 
~ 

R,131 = -B cos x 1 

4A 

7 
In computing the f"irst covariant derivative of the 

Riemann symbols we need concern ourselves only with the 

covariant derivative with respect to I 
X • 

R1'31~j I ::. B(A-B) sin x'cos x' 

2.5) R,1311 1 == B(B-A) s1n ' X 

R, 1.1111 = R :1..n.3// =- R t:2.3~ I = R 13.2~1 == o. , 

8 
The components of the Ricci tensor are defined in the 

Since the following relationshlp is usefu~ in calcu

lations it is stated also. 

where i is a summation index. 
2-

R =- B-2A R1 "' =- -B 
II ~ ~ 2A~ 

R 
:Z3 

~ 
= -B cos x 1 

2A2 

5 

7. For the definition and concept of the first covariant 
derivative consult Eisenhart (l)pp27-31,(2)ppl07-ll2, and 
McConnell (1) ppl40-149. 

8. For a. complete discussion of the geometrical signiricance 
and derivation of the Ricci tensor see Eisenhart (l)pp22-47 
(2)ppl03-ll2. 



9 
As we use the curvature invariant, R, in theorems 

which follow, it is computed here. 

1.6) 

R - gii R .. 
- c...d 

R::: B - 4A 
2A£ 

10 
The conformal curvature tensor, Rlj~ , is der1ned in 

the following manner: 

Rt:it< =- R(i.,'"- - Ru<
1
i -t- 1 (gilf RJci - &j R,K) 

2(n-l) 

6 

All components of this tensor for the Static Riemannian 

space are zero with the exception of the following: 

2.6) 

R.1,; =- B(B-A) sin x' ==- -R~,1 =R 3,2._ == -R:r.u 
2A2... 

=- B(A-B) sin x'cos x' 
A,_ 

The Riemannian space in wnich the dynamical trajectories 

for a given energy constant, h, are geodesics, has an element 
.2. of arc-length ds given by 

3.6) d.s..,_ =- 2(h-U)a.:1 dxi.dxi 

where U is the potentia.l energy or· the conservative 
11 

dynamical system under consideration, which in our case 

is ~ cos x' . Or the element of arc-length may be expressed 

9. For the development and properties of the curvature 
invariant see Eisenhart (1) p.83. 

10. The derivation and significance ot· the conformal 
curvature tensor is treated ful.ly in Eisenhart (1) 
p.91. 

11. For a complete discussion of the principle involved see 
McConnell (1) pp. 246-251. 



in the following form: 

where 

2. . . 
ds =- g • · dx l. dx "

'-1 

g,
1 

= 2A(h- ~ cos x' ) gu -=- 2B(h- 'If cos x' ) 

3. I 2. V( :t 1 1 3 f 2.7) g 33 =- 2h(Asin x + Boos x') - 2 o Asin x cos x + Bcos x ) 

g_n =- g 3,. = 2B cos x 1 (h- ~ cos x' ) , g"-· =- g_,_ 1 =- g13 =- g31 =- 0 

The Riemannian space with the above line element we 

shall call the uAction Riemannian Space" and now proceed 

to develope its properties. 

All Christoffel symbols of the first kind of the 

Action space are zero with the exception of the following: 

[11,11 =A~ sin x 1 

[22, 1] = -B ~ sin x' 

[33, 1] =- 2h(13-A) sin x' cos x' + ~ ~2A-3B) sin x' cos
2 

x '-A ~ sin
3 x' 

[12, 2j = (?1, 2] = B ~ sin x' 

3 .7) [12, 31 = (?1, 3j = -B(h-2 ~ cos x 1
) sin x' 

[13~2]-= L3l, 2j = -B(h-2 d' cos x') sin x' 
\" 7 h ;J I V I 21 3 \_13,3J= L_31..,3J = 2h{A-B)sin x'cos x +-o (3B-2A)sin xc<Csx+A<r'sin x' 

[23, 1] ~ 62, iJ = B(h-2 ~cos x' ) sin x' 

r-P 
We calculate the conjugate -iif g of grP where 

rP 
g =- cofactor of gp ...... 

jgl 
~ 1 3 

4. 7) / gJ = 8A B sin x 1 
{ h - ¥cos x \ } 

therefore 
,, 

g = 1 
2A(h - ~ cos x') 

1 I "2. \ 
g = A sin x +B cos x 

2ABsin1 x\ (h- d"COS x') 



l'l.. ~f I '3 31 
g ::..g -::.g =.g =0 

JJ 
g =- 1 , 

2A sin~x' (h- ¥cos x 1 ) 

1.8) :z ,g ~~ I 
g = g - -cos X 

- 2A sin~x• (h- ~cos x') 

All Christoffel symbols of the second kind or the 

Action space are zero with the exception of the following. 

2.8) 

, 1 , d" A)MJ x, f 1 7 - B ~ ~,( 
1_ 11~-= ~(--P._-'clem.x:) ) lictS = ~A(~-~~x') 

2. - 3 , s ~ ..t rn -,4),<l</Jox' toa,x I+-- If OA -J Ii ,<jfiO K , tJY-b X , - A r ,,ov>v ~ 
l ~31 "' ~ A ( Jv- ~ t.1n·t.'} 

[ l 8 ( _,p., - J ~ ~x,J ,-0,'I)<} x' u g 1 c_ {_ /.z s =- 1 A (_/._, - lr' t,o,-0, ·d 
f o:L l [ 1- ~ l A /4)1)'0'l-x •- f3 ~'2..x') + 5_,l ~ x.' 

L,1 ~ -=- 1, l ,::: 2.A ~x· (/4-V ~x.) 

, 'L 1 r 'L 7 c s -A-) ~2. x • - A 
l_1'35=l 3d=- 1A~x' 

t, 3~ ~ = { /, ~ = 

{,
3
31 = [7,~ = 

-B 

( .2 A -8) (-L- q1 ~ v) 6y,),l(' + A ~~2x' 
~A ~x' ( ~~ ~ ~x') 



The six distinct components of the Riemann symbols 

of the first kind for the Action space are as follows! 

R 1:u2. = 2AB {'. { {'.-hcos x 1
) tB .. ~h- 11:'cos x') '-

2A(h- ~ cos x ' 

9 

R 13,3 = -3ABsin1 x 1 (h,_ +~~0s2..x') t 4A
2
hsin

2
x t (h-3 d"cos x ' ) 

+ 2AB ¥ h cos x ' ( 4sin2.X 1 -coi· x ' ) + 2A~ er 'l.sinl..xl ( s1ttx~4cosx:1 
) 

"l,. ~ 1.. 'l- 2.. • 

t 2AB '6' cos x' + B co a x 1 ( h- 6" cos x ' ) -t- 2A ( h- i cos x 1 ) 
l ~ 

Bsin x 1 (B(h-2 r cos x ' ) + ~cos x 1 (B-A) 

R ,ni-=- 0 

R 1'313 -=- 0 

R
1
'lS'I =: AB ~ h(3cos 2 x 1 -l)-AB~ 'l.(l t cos L.x ' )cos x ' 

'2.. 1-
- B ( h- ~ cos x t ) cos x' + 2A ( h- ¥ cos x ' ) 

The non-zero first covariant derivatives of the 

components of the Riemannian tensor are 

R 11.,,.,, "- 2A 
1
Bh >--o' +- 2AB,_h.,__ Y -6A .,_ B r \ cos x 1 ( 4A 2..B<Th + B 3 h3 ) 

;-c0s1. x 1 ( 1Mr2A 2 Bh"J.~ - 2AB1-h2.r' -2B 
3 ~ h ~ 6A2 l? t 3

) 

+cos3 x ' (-4A 
2
B ~~h + B 3 t')..h) • 2A 2 ein x 1 (h- Ycos x l ) 1. 

R 1'3 13
1

1 == 4A 
2 

B '( h :i. -6A 
3 ~ 3 +- (-lOA '"l. B r'-h + 12A

3 
<f "l-h-4AB1.h 3 

,. 3 
f 4A Bh ) cos x 1 

2 .9) t-cos ;i. x 1 
( 16A~ o h '). -12A2 B r h ~ -lOA

3 
t 3-I- 6AB l-h -i ~ ) 

+cos3 x ' (70A2 B !,_h-72A3 ~).,h-2AB1 t,.h t-4AB 2..h~ -4A1.Bh3
) 

Jf I 2 '3 ""2- 1- 3 "l.. 3 :, 7... ~.3 
+cos x (-40A B t t l2A Bh Y-16A h Y -t- 70A r -BAB a- n-4AB 6' ) 

S" 3").. 2.. ')- °l.'2.. 

+- cos x' ( 60A ~ h-64A B K h + 4AB ~ h) 
l.. I 1.. '3 °3'3 1.3 ')... 2,. 

+ cos x ( 50A B 1r -54A rt- 4AB d' ) + 2A (h- O'"' cos x \ ) sin x ' 



l.O 

31 2. -.a. -;a..~ -;i.. 'J 2-) 
+cos x (2A B'(h +16ABoh+4A Bd' -4AB er) 

'11 '),..,_ :l.- t- 3). 

+c0s x (-20AB ~ h-8A B~ h +-B ~ h) 
:r, 2.3 'l. 3 !2.. l. 

t-cos x (8AB K + 2A :B ~ ) + 2A sin x' (h- ~cos x' ) 
1.10) 2. -:a. 2.. .,_ ~ 3 

R;i3.,23 ,:~- ( 3AB h Y + 2A Bh <Y' -A B d" ) 
./ 

+cos x 1 (-6AB2.h~'1.-6A->-B lf~-2A~Bh~'J_} 

+cosl.x' (3AB2 ct\12A'l..B'r'3-10AB2.h1.Y -4A.2...Bh2..~) 

31 2..-,... :z.. ~ 2- 3 
+-cos x (20AB ht +10 A Bhr + 6A Bi) 

+cos "f x' (-10AB,.t 3 -15A
2

B~ ;.7AB'2..h:z.Y+-2A:2-Bh-:i..Y ) 

+cos6 x' (-14AB,..h6'~-12A~Bhr-i.) 

(, l 2. 'l "1- 2. 
+cos x (7AB ~ ) + 2A (h- Ycos x') sin x 1

• 

We develQpe the components of the Ricci tensor for 

the Action Space. All components are zero with the exception 

of the following. 
"l. "l.. ').. 2. 1\ ~ 

Ru=- (2ABh -4A r -8A hJ-,.. cos x 1 (14A Y h-4AB 2rh) 
2 l 'l..,_ "l-- ;i. 2.'2. + cos x (-2A 'r + 2AB r -2ABh +- 4A h ) 

1 ' '2-+ ems x {-14A ~ h + 4AB cYh) 
'-4 l "1.-v"l.- "1- "2- ~ I l_ 

+cos x (6A o -2AB 'tr ) + 4A sin x (h- ~cos x') 
2.10) ~ 

R,11 = (-ABlS'2..-2B·hJ-t-cos x 1 
( 4AB Yh t- 4B O"' h) 

+cos1 x' (-2B2.~2..-3AB~'2.) + 4A!L.(h- t'cos x' ):t. 

"l.. 'l... I .1, I "2. ) 
R29 =- 2AB ~ h-2B h cos x +cos x (-2AB ~ h +4B Y h 

':3 I ').. '). 2.. L 
+ cos x (-4AB6" -2B )-2-) ♦ 4A (h- o-'cos x 1) 



'J,. ,,_ s- .... .. , "'-
R,, :. 3ABh - 4A h - A ~ +cos x (-9AB lJh rl4A ~h) 

:l ,- S.,_ "). L.._ 2. ~ 

+cos x' (-ABh - 3B h +5AB~ +4A h -BA t ); 
1.11) 'a I 'I- ~ 

+cos x (7ABrh +7B h'h - 14A rh) 
a.t, ,.. ~._ ~. :a- 2,,_ 

+cos x (-5AB~ -4B r +9A l ) .;. 4A (h - b" cos x' ) 

The curvature invariant for the Action Riemannian space 

has the following form. 

2.11) 

R : (-6A..._r,. -12A"h ~ + 3ABh~) -t-COS x· (-13ABlh +-32A~~h), 

+cos1 x 1 (-12A.,.,.,,. + SA~h• + 4AB \' ~-Bs-h ~ -ABh..,) 

+cos 1x' (15ABlh + 3B~ h - 32A~ h) 

-tcos,,. x' (18A r,. - 2B-s-t,) + 8A
3 
sin -a. x' (h - 'r" cos x' ).

3 

All the components of the conformal _curvature tensor 

are zero for the Action Riemannian space with the exception 

of the following. 

R : 18A ~1h .,-t8A~B ~h >· -12AB.,..'rh.,.. 
..1,1. 

'"1 ... ,, .,,., 

+cos x.1 (-12A g-., ).,h + 38AB ~.,_h +-2B h -4AB h } 

"' .,_.-;a..,_ ~, "J-J .,,_ .. 
-t cos X

1 (-6A Br+ 8A Brh + 20AB t -2B r -20AB rh ) 

+cos~x' (-17A,.B~►h + 66AB"""~ .. h -t-2B
7
t,h) 

111 

3.11) t. a., ~, ., 3 ~, 
-t cos x' (-4AB t t-6A 'B t -2B l ) -t 16A sin x (h-'cos 

R l2.1-: -R .1,~ 

& ) ., :x: . 



12 

'2-~ 2. >. 'l. 3 
R .2, t 3 :: -1 OAB h t 28A B ~ h + 8A Bh 

+cos x 1 (-60A'2..B ~h'l-+32AB~~Y+26Ai.BY 3) 

--\-0 0 8 ~XI ( -7 6A 2. B <S' y h-8 AB >i ►h + l 2AB :,.h,.,... 4B 3 h 
3 

- l 6A~ Bh 3 
) 

3 J.. y3 .:z. 3 2. "l-- ~ "J- 3 .2. 

+cos x'(-58A Bu +4AB a+ll2A B ¥h -64AB h Y-16B hf') 

+cos 4 x' ( 99A 
2

1' ~ ..... h-20AB:). t ,_h-6AB 2 h3+ 18B' cY')-h-7B 
3
h 

9 
t- 8A -i. Bh 3 ) 

S" 2. ?I ~ 3 .,_ 'l- "l- :1- 1 3 3 i. 

-tcos x'(34A Blt-4ABI -52A BYh+32AB r-h -6Br+8Bc\"h) 
(, '2-- -:,... 3 

tcos x' (-4-4A B\'n.+24AB tvh-8B ~:2..h) 
3 3 , 3 

+ 16A sin x (h- ~cos x') 

Rn\ =- -R1,,3 

1.12) !l ').. 3 3 3 2. -:i.. 3 "l,. 3 
R 3 ,~ =- -4A B~h +18A l\' +cos x' (20Ain-2A B61n +28A Bh -26ABh ) 

+ cos~x' (-108A'l.B ~ hi lOOAB ,.~h">- -68A ~,'\42A1.B 'r 3 ) 

+cos 3 x' (-45A
3 ~►h-86AB2.~~h -t-190A-z.. B t .,h-44A:a-Bh

3
-t- 58ABh

3
+-6B3 h j) 

J..l-1 '1-- 3 .,_ 3 ,3 .. ~ ►").. 3~ 
+cos x (-126ABr +-22AB I +92A er t-196AB~h -168ABJ-h-24B h ¥) 

-+ cosS" x' (-35A 
3

( 71 +-112.4.B-:2.~!2h-123A"l-B }t·h +-36B ~ ~ 'l-h 
- 36AB Lh 3 -4B '3 h~ t- 16A"2, Bh3 ) 

7 -a'2- . "l,-1. ~"' :,~ 

+cos x'{60A cr h-28AB r h+42A B'rh-26B <S' h) 
8 1 3 2.3 .33 33 + cos x' (-22A B~ -2AB 4" + 18A r ;- 6B ?r ) 

+ 16A
3 

sin1x 1 (h- ~cos xl )
3 

In the theorems which follow, A and B stand for the 

moments of inertia of our s pinning top computed with respect 

~,9 ~p.~ P,F~R-~J]?~J. ~~§, 



Theorem 1: A necessary and sufficient condition in order 

that the Static Riemannian space be an Einstein space is 

that A:::.B. 

Proof: 

By anc_ Einstein space is meant a space in which the 

Ricci tensor and the curvature invariant are related in 

the following manner: where n is the 
12 

dimension of the geometric space consideeed. 

From equations (3.5) and (1.6) , to prove the 

sufficiency: 

R - .,..l.. 
lt - 2 

R =- -3/2A 

From equations {6.2) 

a " R 
3 

a.,_1. R 
3 

, 

a,33R 
3 

a.23 R . 
3 

This proves the sufficiency. 

To prove the necessity: 

R ;;z 3 ::: -½ co S X ' 

=- -½ ::. R f3 

=- -cos XI =R:J.J 
2 

Applying the necessity hypothesis to equations 

( 3 • 5 L ( 1 • 6) and ( 6 • 2) 

R 11 ~ Bu2A = ;(B;!A1 or 2B-2A ::. 0 or A =- B • 

12. For a more complete discussion of Einstein spaces, 
see Eisenhart {l) pp.92-95, Schouten (1), and 
Weyl (1). 



We state without proof a well known theorem on Rlemannian 

curvature. 

Lemma 1: A necessary and sufficient condition in order 

that the curvature of a Riemannian space be constant is 

that R~~ii< :: b(a.~~ ao{ - a.~I\ a.(.~ ) where b is constant and 

the ac~ 's are the components of the fundamental metric 
13 

tensor. 

Theorem 2: A neeessary and sufficient condition for the 

Static Riemannian space to have constant Riemannian 

curvature is taa.t A= B. 

Proof: 

To prove the sufficiency. 

Assuming A= Busing equations (2.4), (1.5) and 

(6.2), plus Lemma 1: 
1... 2.. 

a ,, a 22. - a n. =- A ==- 4A R , )..1?... 

2. I 
a, 3 ai, - a 11 a.22. = -A cos x =- 4A R , 2 31 

therefore, 

b-=- l/4A . 

Applying the hypothesis of constant Riemannian curvature 

to equations (2.4), (1.5) and (6.2) 

b =-B/4A 7.. 

b 4A
l. -z.. I . ""l.. I '2. 2. I 

-= sin x -3AB sin x +-B cos x 
A(A s1n~'+B cos"l.x•) 

iolving these two equations simultaneously, we have 

13. For the concept of curvature in a Riemannian space and 
the proof of this lemma see Eisenhart (1) pp.79-81. 



A =- B and b =- 1/ 4A . 

Theorem 3: A necessary and sufficient condition for the 

Static Riemannian space to have the first covariant 

derivatives of the distinct components of the Riemann 

tensor equal to zero is that A= B. 

Proof: 

From equations (2.5) the proof is evident 

15 

In what follows a V~ geometric space stands for an 

n-dimensional Riemannian space. When the fundamental form 

is definite, Vh is a Euclidean space of n-dimensions. We 

denote by Sn a space for which the relationship of lemma 1 

is satisfied with b~o and call it a flat space. 

We state without prolf the following well known result. 

Lemma 2: A necessary and sufficient condition that av~ 

can be mapped conformally on ans~ is that the conformal 
14 

curvature tensor RL1~ be a zero tensor. 

Theorem 4: A necessary and sufficient condition in order 

that the Static Riemannian space can be mapped conformally 

on an S '3 is that A =- B • 

Proof: 

Applying Lemma 2 to equations (2.6) the proof is 

evident. 

14. For a complete discussion of the principles involved 
and the proof of this Lemma see Eisenhart (l)pp.90-92. 



Comgining theorems 1, 2, and 4 we have the following 

general result. 

16 

Theorem 5: A necessary and sufficient condition that the 

Static Riemannian space be an Einstein space with constant 

Riemannian curvature equal to l/4A which can be mapped 

conformally upon an S 1 is that A= B. 

It can be shown that the Static Riemannian space is 

a special case of a general class of Riemannian spaces 

which have the properties of the results of the preceding 

theorems. It is developed in the following manner. 

Theorem 6: In a V 3 for which g 11 ~ g~2. -=--- g 33 = A, g.2..3 =- Af ( x), 

and g n .. -- g.1.1 =- g,~ = g-a, -=- 0, a necessary and sufficient 

condition in order that the V3 have constant Riemannian 

curvature of value b., is that g.t
3 

=- A sin 2VbA ( x t- C) 

where C is arbitrary and x -=- x 1 
, 

Proof: 

2.. 3 x ,or x. 

For the above V 3 the Riemann s._i mbols of the first 

kind have the following form: 

4(1,- f1-) 
R 1:2.sl.. ~ 0 

1--

R,3,3 ::.. Ar' 
4(1 - f'-) 

A f 1 
2. 

4 
We shall go through the proof ~r R • ~ 12..1~ only. 

Applying the necessary and sufficient condition for 



or 

constant curvature to R 1 ~i'L 
. • 

1. 
f\ :: b A 

4(1 - fi) 

I 
f 2 \/bA ::. 

\[tl - f 2.) 

Solving 

er 

this differential equation 

s in-
1 

f ( x) ::: 2 VbA ( x ;- C ) 

f ( x) == sin 2 VbA ( x -t- C ) 

Corollary: The Static R1emannian space in which A -==-B is 

a space of constant Riemannian curvature where b =- l/4A 

and C:::.. -,, • 
4 \}l5K 

and g 1~ ~ g~, ::. g/'3 -=- g 1 , :::. 0, a necessary and sufficient 

condition in order that the V 3 be an Einstein space is 

that f(x) =- sin k(x +-C) where k and C are arbitrary and 

x -=- x' , x 1 or x 3 
• 

Proof: 

The Ricci tensors for the above V; are as follows: 
L II ~ I 'L 3 II 

R,L - -fl -2f f - f f + 2f f 
2(1 - r"2-.)'2.. 

' '/ R2. 3 ==- f 2 

2-

- r' 
2(1 - fl.) 

The curvature invariant R is 

4 
11 4 '3 JI f 2. f I -ff+ ff-

2A {l - f'-} 2 

2-

We shall go through the case of R, 1 only. 

17 
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Applying the definition of an Einstein space, we obtain 

the following differential equation upon setting f(x) =- y. 

~:1<1 - y"}c: -ye~( 

~ 

Ma.king the substitutions .9:I,_ -=-P and U = p ~ 
dx dx'l.. dy 

we have 

.2.) 1.... p 9:£ ( 1 - y =- -y p 
dy 

fil2_ -y dy 
p 1-y~ 

dy = dx 
k V l-y1-

or 

y = f(x) -=- sin k(x + C) 

Corollary: The Static Riemannian space in which A= B is 

an Einstein space in which k = 1 and 6 -=- u. 

Theorem. 8: In a. V3 for which g
11

--=-- g22 :::. g 33 = A, g:q"" ~tAf(x) 

and g ,~ ~ g 21 -:::. g ,~ -=- g'J, = 0, :, a necessary and sufficient 

condition that the first covariant derivative of the 

components of the Riemann tensor of the first kind be 

zero is that f ( x) ==- sin k ( x t- C) where k and C are arbitrary 

I .2. 3 and X-=- X , X , or X • 

Proof: 

We shall go through the case of R2123 only. 

".Che first covariant derivative of R 2 J2J is 

Af If II 

2 --J-

3 
f 1 f 

Setting this differential equation equal to zero, 



we obtain the following: 
,, 2 // 3 

r'r - r r'r +-fr' =-O 
2. 

Setting f =- y and gz =- p, and LI =- p ~ 
dx dx.2.. dy 

we have 

~ ( l - y .,_) ~ -y P 
dy 

Solving this equation 

y ::. f(x) =- sin k(x t C) 

Corolla.ri: Set ting k -= 1 and C -=-- 1t , in the Static 

Riemannian space in which A =- B the first covariant 

derivativesof the Riemann symbols 1s zer0. 

19 

Theorem 9: In a V3 for which git-=-- g 1 :i._-=--gn =-A, g:u=-g3~Af{x) 

and g ,1..-:... g-2., -=- g 13 =- g;J, ==- 0, a necessary and sufficient 

condition that the V 3 may be mapped conformally upon a 

S 3 is that f{x) --=-sin k(x +C) where k and C are arbi tra.ry 

andx-=--x', 2. 3 x, ar x. 

Proof: 

As in the preceding theorems, by calculating RLj~ 

and setting the resulting differential equation equal to 

zero, the result is obtained. 

In attempting to secure a corresponding set of theorems 

for the Action Riemannian space, insurmountable barriers 

are met. In fact, one may say that no relationship exists 

{with either physical or mathematical meaning) between 



A, B, ¥, and h which will enable one to obtain a set of 

theorems. 

For example: Using equations (2.10), (1.11), and 

(2,11), the following set of equations must be satisfied 

in order for the Action Space to be an Einstein space. 

1.20) 

2.20) 

3·.20) 

4.20) 

5.20) 

1 ~ 2. ~ 'l-

-6A t -12A h t- 3ABh ::: 0 
2-

20A <( h t-AB ¥" h = 0 

6A ').r 'l-t- 2AB ~ ,_ -5ABh2---r 4A2-h ':). f-B ~ ~ == 0 

> ~ 

-20A Yh -3AB o"h -3B oh= 0 

-6AB (l :). f 2B .. d' ';. 0 

Equations (2.20) and (5.20) a~e clearly inconsistant 

unl ea s A =- B ::: O . 

Similarly in searching for possible conditions to 

obtain constant Riemannian curvature, we obtain equations 

which are inconsistant unless h =- ~ =- 0. 

The same facts occur if one uses an approximation 

by neglecting all terms of higher order than the second. 

By neglecting all terms of higher order than the second, 

one can show that the first covariant derivative of R,~,~ 

will equal zero if h =- \-' and A;;::.. -B . However., in the 
3 

case of Rl 323 , an( imaginary relationship must exist 

between A and B. 

20 



II 

A dynamical system which resembles the preceding 

spinning top is the following. 

A body of revolution is mounted on a straight wire 

R-S, coinciding with its axis, one end of which can slide 

along a vertical 0-Z, while the lower end, S, can slide in 

any way 0n the horizontal plane x.-o-y; no friction and no 
15 

external forces except gravity. 

We investigate the Riemannian geometry described 

by such a dynamical system. 
2 

ti 1 

x_ 

X 
------ '--.... 

............ 

------y ............ 

~ ......... 

Once again using Euler's angles as independent 

coordinates, the kinetic and potential energies have the 
16 

following form. 

15. F0r a eomplete discussion of this dynamical system 
see Akimoff (1) pp. 131-132. 

16. For the derivation of these equations see Akimoff 
{l) pp. 132-135. 
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... 1. 

1.22) 2T = (A-t-Mr,._cos,.x'+M(l-r) 1 sin 1 x')x' -t Cx 2 

'l. 

-t((A+Mr'l..)sin 1 x' +C cos~x' )~ 3 +2C cos x' 

2.22) V-=-Mg(l-r) cos x
1 

Lagranges equations in terms of x', 

as follows. 

2. 

X ' and x 3 are 

• -., ?.. I I 
x sin x -t- m cos x =-- b 

where 

n ~ Ml(l-2r l 
& +- Mr 1 

and 

where m -::. a C 
A +Mr1. 

p :: 2Mg( 1-r) 
A -1- Mr'l-

The kinetic energy (1.22) of the system can be 

represented in the following manner. 

4.22) T =-½at.ix~ xii where 1 , j -=-1., 2., 3 and 

a,,-;:_ A t-Mr'l.+ Ml(l-2r) sin.2x 1 

5.22) a ~:t. =- C &n = C cos x 1 

'.l We define an element of arc-length ds in the 

following manner • 

22 

6.22) 
.:l. 

ds ·~ a t. j dx dx where the al~ are defined as in ( 5 .22) 

We develope the Christoffel symbols fer the Riemannlan 

space with element of arc-length given by (6.22). We shall 

call this space the nstatic Riemannlan Space". 



All Christoffel symbols of the first kind are zero 

with the exception of the following. 

[11,11 -=-Ml(l-2r) sin x' cos x' 

[12, 31 -=- ~l, 3] =--tc sin x 1 

(13, 21-_ ~l, 21 =--½Csin x 1 

1.23) 
[13, 3] -=--~l, 3] =(A+ Mr z - C) sinx 'cos x' 

~3, 11 =- B 2, 1] = ½c sin x • 

B 3, 17 ::.. ( C - A - Mr 1 ) sin x ' cos x 
1 

rP 
We calculate a ~ cofactor of apr 

I a.I 

2.23) l aJ ==C(A-tMr1.) (A +-Mr~ -t-Ml(l-2r) sin.2.x1) sin.2.x' 

therefore 

23 

tl 

a. =-
'l..,_ 

1 a :::. C + A+Mr=-9C sin.2.x' 
A-t-Mr1.+Ml(l-2r)sin1.x 1 I C A+Mr'l.. sin2.x' 

~3 ~S I 
a. =- a = __ -_c_o_s_x __ _ 

(A +Mr,..) sin2.x' 

All Christoffel symbols of the second kind are zero 

with the exception of the following. 

M.Q c i- ~ ~J ,<UM) x, ~ ~· 
A+ M~'l +- f1 i Ci -~ .,t)~:ux' 

(_ t -A - MA.,~~ x \ UJQix' 

A+ f'/l A 'l. + Mi {l-:1.~) t<)J/~./'x.' 



c~x· 
~ CA +n~ Y AJt>ux, 

C C -A - ('1.4.,~ tuo.~x.' - (A-t-1'1.A.."J 

~ CA+ t1.102J~x· 

-c 
~ l A + /'1.ll, 2-) ~ X , 

( -{A+- ~ /'1--k]-- C) ~ x.' 

:l.(l-++MA,~~ x· 

The six distinct components of the Riemann tensor of 

the first kind have the following form. 
't. 

R - C 
1~ 1 i. - -4-( A-,--~-1r_l._)_ 

R 131s -=- (A +Mr 2. -C)(sin:2-x' - cos.1.xl) 

-t- C A +-Mr i t- A +Mr2..-C 4A t-4Mri -C cos 2.x 1 

A -t-Mr'L 

"l,. • 1. I 1. l + Ml l-2r A t- Mr -C sin x cos x 
A +Mr2.-f-Ml l-2r s1n.2.x 1 

2.24) ~ • '-, I R ~ C sin x 
:1323 4{A + Mr1.+Ml(l-2r)sin~x 1 ) _ 

R,i~1 :::. 0 

R ,3:z3 = 0 



+- C( 2A +-2Mr 2. -C) cos x' 
4(At Mr•) 

+ cy1(1-2r s1n~x 1 cos x' 
2 A ;-Mr2.. t-Ml l-2r) sin 2 x 1 

25 

We compute the non-zero components of the Ricci tensor 

for the Static Riemannian space. 

2025) 

3.25) 

R,l =- (A+Mr 2 C-2A-2Mr2..-2Ml l-2r + CMl l-2r sin2 x 1 

2 A+ Mr 2. A +--Mr2.+Ml l-2r sin1 x 1 

2... 
R,11 =- -c 

2(A+-Mr'.2. +Ml{l-2r) sin2.x•) {A +-Mr2.) 
1 

R33 -= -C (A +Mr2.) +Ml(l-2r) (2(A tMr 2
) (C-A-Mr~)-C :i")sin2 x' 

-CMl ( l-2r) (A+ Mr "L-C) sin 1 x' 

+ 2(A +Mr"2.) (A t-Mr:i.+Ml(l-2r) sin 2 x 1
) 

2. 

R.2
3 

=- C -c A +Mr:>- + Ml 1-2r A+ Mr .,__c cos x « 

2 A;-Mr:2-) (A +Mr2.. +-Ml l-2r s1n"2.x 1 2. 

The curvature invariant R is as follows. 

R =- -2CM1 ( l-2r )(A +Mr1.-C) 

+sin~x 1 
( (A t-Mri)°l.(C-2A-2Mr ~-2Ml(l-2r)) t- Ml{l-2r) 

(2(A+Mr~)(C-A-Mr2.) -C~) -2C
1
(A+Mr2.) 

-+ 2CM1( l-2r) (A-t- Mr 2. -C) -c (A -t-Mr "l--c) (A +Mr"L) 
~ 

-C Ml ( l-2r) ) 

+sin4 x' ( CMl ( l-2r) ( 2C-A-Mr~)) 

+ 2(A + Mr 2. )~ (A t-Mr2.+ Ml ( l-2r) sin ix') L.sin 1 x 1 
. 

The Riemannian space in which the dynamical trajectories 

for a given energy constant, h, are geodesics, has an 



element of arc-length given by 
~ . . 

l .26) ds ==-2(h-V) a t.-i dx l dx i 

where V 1s the potential energy given by equation (2.22). 

Or we may say 

2.26) 

where 

g 1,-=- 2(h-Mg(l-r)cos x 1 )(A+Mr--+Ml(l-2r)sin 2 x 1
) 

Su::. 2C(h-Mg(l-r)cos x 1) 

3.26)g,
3 

=- 2(h-Mg(l-r)cos x 1 ) (C +-(A t-Mri.. -C)sin 2 x 1
) 

g!l3 = 2C(h-Mg(l-r)cos x' )cos x' 

g I~ =- g 1'3 =- Q 

26 

The Riemannian space with element of arc-length (2.26) 

we shall call the 11 Action Riemannian space". 

We calculate the Christoffel symbols of the Action 

space. All non-zero symbols of the first kind are 

4.26) 

[}.1., lj == Mg( 1-r) {A +Mr 1 -211.11 { l-2r)) sin x 
1
+2Mlh( l-2r) sinxcos x' 

A 3 ' + 3M 7.g( l-2r) { 1-4) sin x . 

(?2., lJ =- -CMg{ 1-r) sin x 1 

[)3, 1] :: -Mg{ 1-r) ( 3C-2A-2Mr.1) sin x!.2h(A +Mr2- -C) sin x' cos x 1 

-3Mg(l-r) (A +Mr2. -C) sin3 x' 

8,2, 2] ~ [?1., 2] -= CMg( 1-r) sin x 1 

@-2, 3]-=- @l, 3] -==- -Chsin x 1 +2CMg( 1-r) sin x t cos x t 

(_i3, 21-:. ~l., 2] :::. -Chsin x
1
-l-2CMg(l-r) sin x' cos x 1 

~3, 3 ]-=- ~l, ~ = Mg{ 1-r )( 3C-2A-2Mr.2.) sin x 
1
-l-2h(A t-Mr -C) sinxbosx' 

+ 3Mg ( 1-r) ( A + Mr 2. -C) sin '3 X' 

[23., 1]-=- B2, ~ =- Chsin x' - 2CMg{ 1-r) sin x' cos x' 
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yp 
We compute g ~ cofactor of &e~ 

I g l 
3 ")... 

1.27) I gf -=-80 (h-Mg( 1-r) cos x 1) (A -\-Mr + Ml ( l-2r) sin'x') (AtMrJ sin 2..x 1
. 

thereforj 
ll 

g ::: 1 
2(h-Mg( 1-r) cos x') (A +MrA-,+Ml ( l-2r) sin2.x•) 

g2,. = C -t- A -t-Mr 2 -C Sin 2..x 1 

20 A+ Mr~ h-Mg 1-r cos x 1 sin2.x 1 

2.27) 
33 

g ::: l 
2(A +Mr2.)(h-Mg(l-r)cos x') sin'l.x' 

g 13 ~ - cos x' 
2(h-Mg(l-r)cos x 1 )(A +Mr ~) sin~' 

I l. '3 
g =- g ::: 0 

All Christoffel symbols of the second kind are zero 

with the exception of the following. 

r , 1 =- M 1 o.-.Jt,) c A+ /YIJL .. -.z ,ri J.(J.-1,.,>J /4V><> x • +- t M .. u., c 1- .:1'94,1,i..K •411,l( • 

(1 1 J + 3 t>'j 2J i (1 _~A,) (.1-.A) ,M>-u \• -;- ~{!-Ni U-A) ~x){Atf>111,'"+fYIJ (J-~~ill+l'x) 

3.27) 



1.28) 

28 

\ l l :: C-tAk)Vx' -.,ll lV}a(i-A.,)~x.·~x• 1---

l ~3 ~ ,H )/_- M 'A- U-A.) ~ x.•)( A+ M./l,,_ -i-- MJ. 0-1AJ/4<M- x•) 

f I~~ :: - C, I'll i U.- .A,) t M~ (1.-Jt,) CA+ /~.A,'-+ e,) /41,1/X; 'LJ(, + ( l,e.o-a, X' 

J ( A -t- f>1_;i}-) (R-Mi (-{-A) ~x1 J~x' 

) 'J., } - C. - l A - 1 IV/ fl}- + ( A + {Y/ I!,"- - C) ~ ,, x ' l l 3 J -
~ lA-+ MA})~~,-

- t 

~ 3 1 :: "'11;t U- A.) CC. - .tA - -<MA,'-) + .l, 6Y.u XI ( 2.A + ~ M,(,,_ - e,) 

( 1 3 ~ + JY\ i ( !-.,J l 3 4 + 3 MA,"" - c) ,a,,,,~,1' X ' 

---; ~ ( A+ Md CL Mi U-J\,) <',,,r'vX. 1 ),avw XI 

We develope the six distinct components of the Riemann 

tensor of the first kind for the Action space. 

R
1
~-''l =- C2.(h1 - M'1..g"(l-r)'--( A + Mr i.) t-h( A -t-Mr:2..)) 

+cos x 1 (CMg(l-r)(-3A-3Mr~-h-3Ch-C(ATMr')) 

+cos 2-x 1 { CM 2..g 
2 ( 1-r f{ I t 2C) ~ 

}cos x' sin2 x' ( CM2.gl ( l-2r) ( 1-r) (-I+- Ch-2C + 2h( A-tMr 2.) ) 

+sin1 x 1 
{ CM (Mg 2.( 1-r) 'L( A +-Mr 2..-t- C) (A-t-Mr "2..)-CM4.lg2. ( 1-r) (l-2r) 

+Clh( l-2r) t- Mg.2..( 1-r )2.. (A t Mr 2.) (A+ Mr :i..-2Ml ( l-2r))) 

+sin 'ix' ( CM 31g ,_( 1-r) ¢1-2r) ( 4A + 4Mr+C) 

+ 2{A+ Mr "2..) (h-Mg{l-r)cos x') {A+Mri.+Ml(l-2r)sin2.x') 
2 • 28 ) '1.. 2.. ,_ 3 

R
1
'31'

3
::: 4h {A+Mr7.)(A+Mr2.-C)+Ch2 (A+Mr2..)+M2..g"2..(l-r) (A-tMr:i.) 

!2..-

+co s x' {Mgh( 1-r) (A+ Mr,.) ( 11C-15A-15Mr 1)) 

+cos2..x1 (18Mgh(l-r) (A+Mr'l..)-:2-(A +Mr"2--C) +h1..( A +Mr'2..) 

(A+- M r "1- -C) (-4A-4Mr ".2- -C) t 2M 2.g -:2.( 1-r) '2.(A + Mr"2..§ 2.. 

(SA f-5Mr ~-4C)) 
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+cos 3x' (9M 1 g-i.(l-r) "l.(A +-Mr2..) 1..(C-A-Mr:2.) + Mgh(l-r) (A -t-Mr'"") 

( A + Mr 'l.. -C) ( -8A-8Mr +-2C) ) 

+cos 4 x' (M 1 g ').( 1-r ):l. (A+ Mr ')_) ( C-A-Mr :i.) ( C-9A-9Mr 'l.-)) 

+sin 2.x' (Mh ')..l ( l-2r) (A -t- Mr 1.) ( 4A-tJfjiMr 2. -C) 

t M 3 g 'l.l ( 1-r) 'l. ( 1-2r) ( 1 + ( A +-Mr 'l. )2- ) + M ~ g 1. ( 1-r) "l-( A + Mr 'l.) 3 ) 

+sin 1 x' cos x' (M :i glh ( 1-r} ( l-2r) ( A -t- Mr 2.) ( -llA-llMr ,_t-lOC) 

+ 2Mgh( 1-r) (At- Mr 2-) (At- Mr 2 -C)) 

+-sin'-x1 cos 2 x' (l8M2.glh(l-2r) (1-r) (A+Mr,..) (At-Mr 2- -C) 

-CMh2.l(l-2r) (A t-Mr 1 -C) t-M
3
lg2.(l-r) ~(l-2r) (A +- Mr ~) 

~ 2. 2.. 'l. 2.. 
{ 4A +4Mr -5C) -t-3M g 2( 1-r) (A+ Mr ~) ( C-A-Mr 2.) 

-t s:ini'cos3 x' (-18M
3 

g ½. ( 1-r) 'l. ( l-2r) ( A + Mr l.) (A +-Mr ')_-C) 

-tM3 glh( 1-r) ( l-2r) (A +-Mr -i. -C) ( 5C-12A-12Mr 1.) 

+ M '--glh( 1-r) ( l-2r) (A -bMr 2. -C) ( 2QA f-2QMr 2.. -C)) 

+sin~x1 cos4x' (M~g1..l(l-r)~(l-2r)(C~A-Mr~)(C-18A-18Mr')_)) 

+ 2(A+Mr2.)(h-Mg(l-r)cos x' )(A+Mr+Ml(l-2r)sin2..x1) 
1.29) 

R,:i
323

::. Sin
1

x ' (C 1 h2.-CM ~g:i(l-r) 
2

(3C-2A-2Mr 1.)) 

+sin-'-x I cos x t ( 2CMgh ( 1-r) (-C-A-Mr l.)) 

+sinx~cos 1 x 1 ( 4C 1M~ gt ( 1-r) ~) 

i sinlf x' (3M 2 g2.C(l-r) ,_(C-A-Mr2..)) 

+ 2(h-Mg(l-r)cos xt) (A i-Mr+Ml(l-2r) sin 2.x 1) 

R,n, =- CMgh(l-r) (A + Mr1..t(6-A-Mr 'l-) -4CM 2 lh(l-r) (l-2r) (A+ Mit·,_) 

t 4CM3 g1.l(l-r) (l-2r) (A+ Mr 2...) +CM2.lgh(l-2r) (1-r) (3A+3Mr,..+7C) 

-C 
1

Mgh( 1-r) (A+ Mr2..) -02.M 2..ghl ( 1-r) ( l-2r) 

-t cos x 1 (-2C 'n2 (A + Mr2..)-2C 1-h'l..Ml(l-2r)-CM 2-g,..(l-r) 2.(A + Mr 1.)2· 

t2CM 2 ghl(l-r) (l-2r) (A + Mri.) + 2CMlh 2..(l-2r) (A + Mr1..) 

3 'l. l. 'l.. 
-5CM g 1(1-r) (l-2r) (A+Mr }) 
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+cos :tx ' ( CMgh ( 1-r) (A -t-Mr ')._) ( 3A + 3Mr 'l.. + 2C) 

t-4CM-i-hg(l-r)(l-2r)(A-t-M r2-) + 8CM1.lh(l-r)(l-2r)(A + Mr 2.. ) 

3 'l.. 2. 
-12CM g l ( 1-r) ( l-2r) ( A -t Mr 1.) 

t- CM :t.lgh ( l-2r) ( 1-~:) ( -16A-16Mr 2. + 2C) + C 1.h ,_ (A+ Mr 1.) 
1. 2. 

-t C Mlh ( l-2r)) 

+ cos 
3 

x 1 ( 2C 1 h 1.Ml ( l-2r) - CM i g 2. ( 1-r) .2. { A +- Mr -i ) ( A + Mr :i. + C ) 

-2M 
1
Cghl ( 1-r) ( l-2r) (A -+ Mr2..~-2CMlh ~( l-2r) (A -t-Mr -i.. ) 

+ CM 3 g 1 1(1-r) 2.(l-2r) (16A + 16Mr 2.. -C)) 

t-ces ~ x ' (-4CM 1ig( 1-r) ( l-2r) ( A -t-Mrl) - 4CM "111 ( 1-r) ( l-2r) (At-Mr'" ) 

3 2 i 
t 8CM g.i l(l-r) (l-2r)(A t Mr 2 ) + CM lgh(l-2r)(l-r){l3A+l3Mr"l.-2C) 

-C
1
Mlh'l.(l-2r)) 

t cos~x' (CM 3lg~(l-2r)(l-r)~(-11'Q-11Mr~-C)) 

1.30) 
♦ 2(A -tMrl. )(h-Mg(l-r)cos x 1 )(A +- Mr + Ml(l-2r) sin1.x 1 

) 

R 1:in -=- 0 

R,31, -=- 0 

All components of the Ricci tensor R (. 1 for the 

Action space are zero with the exception of the following. 
'2. 3 ,._ ,- .,,_. ').., 2. ~ 3,_ 'l-

R ,, =- (A t-Mr ) (-4h-M g (1-r) ) +- (A -t-Mr ) (-4Mlh +- 2C-Mgl(l-r)(l-2r)) 

+( A -t- Mr:1 ) ( C2.M 1.g 2( 1-r) ~ -2CM :2. g 1( 1-r) + 2CM.l ( l-2r) + 2Ch 2. ) 

~ ~ . 3 ~ ~ 
+( A -t- Mr + C )( M 1 g 'l. ( 1-r) ( A t-Mr .,__ ) + M g 1 ( 1-r) ( 1-2r) ) 

2 .30) 3 'l. 'l. 
t CM g 1(1-r) (l-2r)(C-2) 

I 3 2- ~ - ._ 3 
+ cos x (18Mgh(l-r) (A + Mr .l. ) -4M g n(l-r) (A +- Mr -i.) 

'l.. '.l-- 3 2. 2... 
+ 14M ghl(l-r)(l-2r)(A+ M r l.) -4:M. g -'- lh(l-r) (l-2r)(A + Mr 2) 

'2. 'l. 'l.. 

+ 2CMgh(l-r) (A t- Mr"l. ) -20 M ghl(l-r)(l-2r) 

t- 2CM 2.. ghl ( 1-r) ( l-2r) (A+ Mr :i.. +- C) -4ChMg( 1-r) (A + Mr 2) 
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+2Mgh(l-r) (A +-Mr 1
) (2A -t-2l"\1r 2 -C) -t2M ighl(l-r) (l-2r) (~-t2Mri-C)) 

-i 1.. 3 .2. 2. .l. 3 3 3 3 3 
+cos x' (4h (A +Mr1) -18M g (1-r) (A+Mr..2.) +4M g (l-r)(ArMr 2) 

l. 3 2. 2 3.2.. -:,. 2.. 
-4h Mg(l-r) (A t- Mr 'L.) + 8Mlh (A+Mr2.) -13M g 1(1-r) (l-2r) (AtMr1.) 

4 '13 3 2. 'l-'-
-t Mg 1(1-r) (l-2r)(A+Mr2..) -4h M gl(l-r)(l-2r)(A+MrLI 

1,2. .l. .1- 11. 

- 2M g ( 1-r) ( A + Mr .2-) ( A + Mr 'l. + C ) + C J;i' ( A +-Mr 2. ) 

J'J_ 'l.. ) 31 1 .2.. + 2 CM g 1 ( 1-r) ( 1-2r - 3M g 1 ( 1-r) ( 1-2r )( A + Mr +- C ) 

t2CM 3g~ 1 (1-r} 
2 

( l-2r) ( 2A t-21Yir ~+C) +c 1-Uh .. , l-2r) 

-+20 (A+ Mr :i..) ( C-A-Mr 1 )-2Ch11 ( l-2r) (A + Mr 1.) + 2CM1 ( l-2r) ( C-A-Mr 2 ) 

+2Ch 'l. ( C-A-Mrl.) -t-2CM~ g :t( 1-r) 1. (A+ Mr~ )-21\1 :i.g2 
( 1-r) ~ (A+-Mr(( 3A+-3Mr~C) 

th '1.. ( A t- Mr l.) ( 2A +2Mr"l. -C) l -4Mlh~ ( l-2r) ( A + Mr").)")...) T J~-! ~(1- l_.,)( 1A+ ~M--t,'l.-c./ 
- l l"13 fl l -t--A.,) 2. (-l- 2-tJ) lA+ (\'\~ .... ) (,A+ 3 J)'t.\l~ - ~J 

+cos 3 x' (-18Mgh(l-r) (At-Mr.2.) 3 -t-l6M2.g~(l-r) 'L(A -t-Mr"l.)
3 

l. '1.. 3 'l. 'l.. 2... 
-36M ghl(l-r) (l-2r) (A +Mr"l.,) -t 8M g lh(l-r) (l-2r) (A + Mr 2.) 

+-12M3 g 'l.lh( 1-r) 'l.. ( l-2r )-2CMgh( 1-r) ( XM2xi(A +- Mr +c) (AtMr '- ) 

+--201.M~ghl(l-r) (l-2r)-4CM 2 ghl(l-r)~l-2r) (A -t Mr2.. + C) 

-4Ch.Mg( 1-r) ( C-A-Mr 2.) -2Mgh( 1-r) (A+ Mr 2..) ( 2A +-2Mr 4--c) 

( 3A + 3Mr~ -C )-2M.2.ghl ( 1-r) ( l-2r) ( 2A -t-2Mr L -C) 

-2M 
1 
ghl ( 1-r) ( 1-2r) ( 2A + 2Mr 2.._c) ( 3A +-3Mr 1-_c)) 

1. 31) '-t l.. 2. 3 3 3 J 3 
+-cos x' (20M g2..(l-r) (A + Mr 'l) -12M g (1-r) (A +Mr:1.) 

'>- '3 2 'l.. 3 ').... 
+4Mgh (1-r) (A +-Mr 1) -4Mlh (A + M r 2..) +50M g -i-1(1-r) {l-2r) 

(A-t-Mr 2 )
2 

-16M4 g1.1(1-r)
3 
(l-2r) (A -t- Mr~) 2. 

+8M3 gh 2.l ( 1-r) ( l-2r) (A + Mr 2
) -07-1:th '.l..( l-2r) 

3 l- ?--

t-4M g 1(1-r) (l-2r) (A i- Mr').)-2CM1(1-2r) (C-A-Mr'j_) 

+2CM1 g 2 (l-r)~(C-A-Mr :l- } +4M2.g:z(l-r)-:a..( A +Mr1.)
2 

-Mh
2 

l ( 2A + 2L\ir 2 -C) ( l-2r) + 4Mlh 
1

( l-2r) (A -t- Mr L) 
2 

s-,( '2.)- -:2. 3 2. 2.. 
+cos x -12M g h(l-r) (A +-MrL) +22Mghl(l-r)(l-2r)(A+Mr4) 

3 "2 1. 2-
2 3 2-, ~ 

-4M g 1(1-r) (l-2r)(A+Mr) -2tiM g .Lh(l-r) (l-2r) 
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+2CM 2.ghl(l-r) (l-2r) (A+-Mr:2-+C) 

t-2M 2. ghl ( 1-r) ( 1-2r) ( 2A + 2Mr "l.. -C ) ( 3A + JMr :i. - C ) ) 

lo I 'J 3 '3 )S _j "J. '2- ~ + cos x ( 8M g ( 1-r) ( A + Mr 1. -28M g 1 ( 1-r) ( 1-2r) ( A f- Mr ,.. ) 

+20M i g3 1 ( 1-r) 
3 

( l-2r) ( A -t-- Mr 2 ) 

1 

-4M 
2 
gh 2 1 ( 1-r) ( 1-2r) ( A -t- Mr -i. ) 2.. 

-4M3 g ~ ( 1-r) '.l..( l-2r) (A +-Mr 2-)) 

tcos 7x ' (l2M
1
g2.hl(l-r) 2 (1-2r)) 

+cos~ x ' (-8IVI 4 g 3 1 ( 1-r )
3 ( l-2r) { A +-Mr1 ) 2.) 

.. 4(A + Mr2.)'
1
sin

1
x 1 (h-Mg(l-r)cos x • /" (At-Mr

1

+-Ml(l-2r)s1n2 x ' ) 

~ ~ 
Rn =- 2h(A+Mr1.) +anh{l-2r) (A + Mr'L)-2CMg(l-r) {A+ Mr'l.) 

-2CM 1.gl ( 1-r) ( l-2r) (A+ Mr 2.) -2C 2 h 'l. (A + Mrl-)-2C 1v1h ~ ( l-2r) 

+CM l-g 1 ( 1-r) 'L ( A -t-Mr 'l t-+ CM 3 g 1 1 ( 1-r) ').._ ( 1-2 r) ( A + Mr ~) 

2- 2.. 
+cos x ' (-2Mg( 1-r) (A -t-Mr'l.) -2M gl ( 1-r) { l-2r) {A + Mr 2. ) 

-tCMgh ( 1-r )( A -t Mr i ) ( 4C + 2A + 2Mr 2. ) 

t 4CM :i. ghl { 1-r) ( 1-2r ) ( A t- Mr 1- ) ) 

t cos i x 1 {-2Mlh(l-2r) (A + Mr ,._ ) + 2CMg (1-r) (A +-Mr 2 )2.. 
1.32) 

+4CMgl ( 1-r) ( l-2r) (A + Mr 1. ) + 2C 1-ihil ( l-2r) 

-CM2 g :2.. ( 1-r f2

• (A +- Mr~) ( 2C +3A -+ 3Mr 2 ) 

-2CM 3 g :l.l ( 1-r f · ( l-2r) ( 3A +- 3Mr :i.. -t- C)} 

+cos3 x ' ( 2M :,.gl ( 1-r) ( l-2r) (A + Mr '1)-4CM "l-ghl ( 1-r) ( l-2r) (A i·Mr:).-t-C)) 

+cos'f x ' {-2CM ~gl ( 1-r) ( l-2r) (A + Mr :i. ) 

+ CM 
3 
g 1.l ( 1-r) ")...( l-2r) ( 2C +- 5A + 5Mr 1 ) ) 

+ 4(A t- Mr1 )(h-Mg(l-r)cos xj(A + Mr ~+ Ml(l-2r) sin1 x 1)
2 

R u:: -CMgh(l-r) (A +- Mr 'l.. f 2.. -CM 'l..glh(l-2r) (1-r) (A +- Mr :a. ) 

+cos x ' (-2C'l..h"l-(A t-Mr 2 )2.. -2CMlh-i.. (l-2r) (A t Mr ;&.-C}) 

+cos 2.x • {4C 2.M2-glh(l-r) (l-2r) + CMgh(l-r) (A+Mr1.. )f5A + 5Mr~C}) 



-\cos 3x• (-2CMl.g2.(l-r) ,..(A +Mr"2.) ( 2A + 2Mr'2,.+C) 

-2c ""M 3 g 2J. ( 1-r) 'l.( l-2r) -2CMlh ,_, l-2r) ( A +Mr ,__c)) 

+cos'i-x' (CM2..glh (1-r) (l-2r) (A +Mr.,.-4C)) 

-t-COSf" X 1 (2C2.M 3g2.l(l-r) 4 (1-2r)) 
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+ 4(A+-Mr2..)(h-Mg(l-r) cos x')2-(A-tMr+Ml(l-2r) sin.2x•)2. 

1.33) 

R39 -=- -2h1 (A t-Mr'2..fl.(2A i- 2Mr-i.-C)-2Mlh.t(l-2r} (A +Mri) (2At-2Mr1.-6) 

•2M2 g 2.( 1-r) 'J,,(A +-Mr 2.) ~ -2M 3 g1 1 ( 1-r )~ ( l-2r) (A t-M r1. f" 
tCM 1 g 2.( 1-r) 2. (At-Mr,_) ( 2A + 2Mr1.-96) 

t-M 1g 1 ( 1-r) ~ ( A +Mr1) { A -H'-ir :at- C) ( 3C-2A-2Mr2.) 

-M 3g1J.(l-r) 2-(l-2r) (A+-Mr~) (5A + 5Mr.t.-6C) 

+cos x' (Mgh(l-r) (A-t-Mr2.) (16A -t-l6Mr2.-14C) 

t- l 4M "2-. ghl~l-r) ( l-2r) ( A +Mr~) ( A +- Mr 2. -c) 

+CMgh(l-r) (At-Mr-a.) (8C-A-Mr 2.) t-CM2.glh(l-r) (l-2r) (80-A-Mri.) 

iMgh(l-r) (A t-Mrl..) (A t-Mr:a..-c) (3C-2A-2Mr'--) 

+ M2..ghl ( 1-r) ( l-2r) ( c-~A-2Mr 2-) ( 2C-A-Mr2.) 

-4M 1.ghl ( 1-r) ( l-2r) (A+ Mr '--c) 2.. 

-t-cos:t..x' ( 2h~ (A+ Mr 1) ( 2A +2Mr 'l-t-C) (At- Mr.1..-C} 

t-M1.g 'l..( 1-r) ~(A +Mr 1) '2,.( 90-lOA-lOMr .2..) 

+2Mlh 2. ( l-2r) (A+ M r 2-) ( 4A + 4Mr1 
- 3C) 

+M3 g,.l(l-r)2. (l-2r) (A +-Mr"l.) (9C-7A-7Mr 2) 

-tCM2.g"l.(l-r) 2 (A +Mr-i.) (3C-7A-V-,ir~) 

3 2. 2-
+-3CM g 1 ( 1-r) ( l-2r) ( 3C-4A-4Mr 2.) 

t-M
1
g2.(l-r):t (A +M r2.) (A +Mr2--C) (9C -fl4A +-14Mr1-) 

3 .2. ( )2. '1-+Mg 1 1-r (l-2r)(C-2A-2Mr..,_)(4A-J-4Mr -30) 

-2Mlh l...( l-2r) ( A +M r ~-C) ( 2A + 2Mr --c) 



+M3 g2.l ( 1-r) 1.( l-2r) ( 3A + 3Mr 2-_c) ( 5A t-5Mr ~ 3C) 

-M 'l-g '2-( 1-r) 'l.( A+ Mr').) (A+ Mr:J.+-C) ( 3C-2A-21\1r ')..) 

+ M 
3g1 1 ( 1-r) 2. ( l-2r) (A+ Mr2-+ C) ( 13A t-13Mr"J.. -150) ) 

+ cos3 x' ( 6Mgh( 1-r) (A+ Mr 2.) (A+ Mr-i..-C) (A +-M r"2.-2C) 

+28M2-ghl(l-r) (l-2r) (A +-Mr">-) (C-A-Mr,_) 

t-CM~ glh( 1-r) ( l-2r) ( lOA + lOMr 2--170) 
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1.34) 1 

r M ~ ghl( 1-r) ( l-2r) ( C-2A-2.Rir "1.) + 8M glh( 1-r) ( l-2r) (A+Mr:i..-c) 2-) 

+-cos'-!x 1 ( 2M ,._g 'l..( 1-r) 2.. (A+ Mr 'l.-C) ( 3A + 3Mr .,._C) 

~M
1
g~l(l-r)

1
(1-2r)(3C-2A-~~r~)(2C-3A-3Mr~) 

tcM 3 g 2 1 ( 1-r) i. ( l-2r) ( 3A + 3Mr 1.+ C) 

-3M
3 

g ~ ( 1-r) '2-( l-2r) (A+ Mr ~-c) (5A +-5Mr 7+-C )-2CMlh ~ l-2r) ('4+Mr -z.._c)) 

+cos" x' ( 2M 2..glh( 1-r) ( l-2r) (At- Mr "3,.-C) ( 2A +- 2Mr "1--C)) 

+cos"x' (M '9 g2.l ( 1-r) 'l.( l-2r) ( A t-M r .,.__C) ( 4C-15A-15Mr i)) 

-t 4(A +Mr ) (h-Mg(l-r) cos xi)').. (A +Mr~+-Ml ( l-2r) sin"l.xl) 2-

The curvature invariant of the Action space has the 

following form. 

R .::. -4CMlh2..(A+ Mr1
) 1.+ 2C -:i..( A -t- Mr'2..f--+ 2C2Ml ( l-2r) (A+ Mr 2..) 

+20~1.(A +Mr:i.) + C3
M9 g 2J. ( l-2r) ( 1-r )"\ 2h(A -t-Mrl. r1 

+2Mlh(l-2r) (A+Mr,._)" -2CMg(l-r) (A + Mr";l )3 -2CM~gl 

(1-r) (J:-2r) (A + Mr2.)'2.. -2CM1.g:z..(l-r) 2
(A +-Mr7..)3 

-tCM2. g 2 ( 1-r )2- (A +Mr.2...) (A+- Mr-:i..+C) ( 3C-2A-2Mr~)-8Ch"2. ( A-tMr2..)3 

+2C
2

M-:i..g~·(1-rf' (A + Mr ~) (A + Mr :2..-4C) 

+-cM :z..g '2.( 1-r )-:2-( A + Mr 2.) ( A -t- Mr z._c) 

+CM 3g½.(l-r) -:2.(l-2r) (A + Mr '>-:.C)-4CMlh .... (l-2r) (A +-Mr~)~ 

3 2. ~ 
-CM g 1(1-r) (l-2r) (A +-Mr "J-.) (7A+ 7Mr 4-6C) 
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+cos x 1 (-40M2.g "lh( 1-r) "2-(A + Mr :2. ) 
3 

-4CM 3 g 4 lh( 1-r) 'l-( l-2r) (A-t-Mr";t. ) ~ 

+ 20M' ghl(l-r) (l-2r) (2A +- 2Mr "l.--C)-2Mg(l-r) (A +-Mr1. ) 3 

~ 4 
-2M gl ( 1-r) ( l-2r) (A t- Mr i ) + CMgh( 1-r) (A + Mr ")..) (A-t-Mr .a..-C) ( 3C-2A-2Mrj 

+cM' ghl(l-r) (l-2r) (01'2A-2Mr -a...) (20-A-Mr j 

-4CM-z..ghl ( 1-r) ( l-2r) ~A + Mr 2._c) 

+C ,_Mgh ( 1-r) ( A +-Mr ~) ( 3A + 3Mr ~+ 80) 

+ 4CMgh(l-r) (A -t-Mr • t ·(5A t- 5Mr ,..,+C) -t-l6CM1-ghl(l-r) (l-2r) 

( A + Mr ';J") ( 2A +- 2Mr.,_+ C) + 200Mgh( 1-r) (A -t-Mri ) (A + Mr 1 -C) 
+ C-z.M2.ghl ( 1-r) ( l-2r) ( 80 +- A + Mr2 )) 

1 .35) -;a_ 3 3 3 3 3 2.. 3 
;-- cos2.x , (4Ch (A + Mr 2) i-4CM g (1-r) (A + Mr ~) -4CMgh(l-r) (A + Mr"l. ) 

t l8CMlh2. (A t-Mr 2. ) + 4cM " g ' 1(1-r) '3 (1-2r) (A + Mr "l.. ) l. 

-4Ch';l..M -i.gl ( 1-r ){ l-2r) (A + Mr 1) +-C 3h 1.. ( A 4-Mr :&. ) 

+-20 2..(A + Mr -i.) ( O-A-Mr 2.) + 2C:2.h 2. ( 0-A-Mr 2.) t- 20:M g .a..( 1-r) (A +- Mr2.. ) 

+ 2h(A + Mr 2-)1.( O-A-Mr"2 ) t- OM 3g2i_ ( 1-r) 4-( l-2r) ( ( C-2A-2Mr 2. ) 

( 4A +- 4Mr .,_ - 30) + ( 3A + 3Mr ~ -C) ( 5A + 5Mr ._ - 30) 

-t ( A + Mr 2.+-C )( 13A + 13Mr ,_ -150)) -20 3h ,..,(A + Mr 2.. )°2
• 

"l.. "2. "'2.. "1- ~ ; ~ "")_ 
+8CM g ( 1-r) ( A t- Mr :a. ) ( C-5A-5Mr ) +- 30M g .l ( 1-r) ( l-2r) 

(A + Mr 2.) ( 40-9A-QMr ~)-3CM 3 g ~l ( 1-r) .,_( l-2r) ( 3A + 3Mr "1--C) 

t C2..M '3 g -i.l ( 1-r) 2. ( l-2r) ( 11C-8A-8Mr 1) + C ' Mlh ,.. ( l-2r) 

+ 20 ~Ml ( l-2r) ( C-2A-2Mr '-) + Ch~ ( A +-Mr 4 ) ( 8 (A + Mr 2. f -40 ( A+Mr)-30 ,.. } 

+ CMlh 'l.. ( l-2r) ( 2A -t 2Mr ").. -C) ( 4A -t-4Mr .._ -30) 

-+ 4CMlh"l- ( l-2r) (A t Mr 2. ) (A + Mr~ -C) 

+ 2Mlh(l-2r) (A + Mr.,_) (C-~A-2Mr 2. ) +-20Mg(l-r) (A-t Mr") (2A+2Mr "'"-C) 

+2CM~gl(l-r) (l-2r) (A + Mr"L. ) (3A + 3Mr "2.. -C) 

+CM 2. g :2 (l-r) :i.... (A 1--Mr "l...) (-l3A0-13CMr"l.+ l6A"2..+32A1Vlr~ l4M.,_ r 'l -9C 2.)) 

t cor?x 1 (16CM'l.g~(l-r) "1..(A + Mr 2. )'3+ SOM 3g~h(l-r) ~(l-2r) (A-+Mr 2..)°l.. 

t 12CM '3g~lh( 1-r) 'l. ( l-2r )-2CM'"ghl ( 1-r) ( l-2r) ( 2A + 2Mr2.-0) 



-2Mg{ 1-r) (A -\-Mr :2..) "2-( C-A~Mr -i.)-2CMgh(l-r) ( A +Mr"l.) t13A+l3Mr~C} 

+2M 2..gl { 1-r) ( l-2r) (A + Mr "l...) ( 2A t-2Mr ~ -C) 

+4CM 'l-ghl ( 1-r) ( l-2r) ( -18 { A -t-Mr "l. f""+6C ( A -t- Mr-i.. )-5C 2..)) 

+cos 4x 1 (-12CM 3 
g 3( 1-r) 

3 
(A + Mr1) 

3
-t- 4CMgh::t ( 1-r) (A+ Mr 1 ) 3 

"2.- "2. '/ 3 3 '4 
-4CMlh (A+M r-i.) -16CM g 1(1-r) (l-2r)(A+M r').) 

3 "2... 2... 3 --
+8CM gh 1(1-r) ( l-2r) (A+ Mr "l.) + 4CMgJ. (1-r) ( l-2r) ( A + Mr ~) 

-2C 2 Ml ( l-2r) ( C-A-Mr 2.) -2Mlh( l-2r) (A+ Mr1) ( C-A-Mr "2..) 

-:2.. 
+2CMg(l-r) (A+Mr2) (C-A-Mr'2-) 

1 4 ~ 

+CM g 1.. ( 1-r) ( A -t-M r 2..) ( 23 ( A + Mr -i..) -t- 7 C ( A + M r .,. ) + 20 '1..) 
31 '2. :1.. '3 '2.. 

~M g 1(1-r) (l-2r) (A t-Mri.)(55A +-55Mr +-2C)-C Mlh (l-2r) 

+ 2CM :2.g2.( 1-r)L ( 2C-z--5C(A +Mr2..) t-5( A +- M r-z. f·) 

t2C "2..glh( l-2r) (A+ Mr "2.) ( 2C-3A-3Mr ,_} 
1.36) 

+0"2.-Mlh,_( l-2r) {4A +4Mr 2.. -C) 

3 'l.., 'l.. ,_ 

+-CM g J.(1-r) (l-2r)(-3(At-Mr1.) -2C(A-l-Mr~) +12C:i..)) 

tcoss-x' {-12CM.,_g-i.h ( 1-r) 2.. ( A +- Mr 2.) ~ -4CM 3 g J. ( 1-r) .,_( l-2r) ( A -t- Mr 2.) 1-

-24CM 3 gl..hl(l-r) ~(l-2r) + 21v12..gl(l-r) (l-2r) (A + Mr i-) (C-A-Mr~) 

+2CMghl(l-r) {l-2r) (2l(A t- Mr i) 4.- -8(A +Mr "l-) + 5Ci..)) 

+cos~ x 1 ( 8CM
3 

g3 ( 1-r) 3 (A+ Mr 2..) 
3
+- 20CM '1' g31 ( 1-r) :,( l-2r) {A+ Mr~)~ 

2. '2.. L. "3 ~ 2.. 
-4CM gh 1(1-r) (l-2r) {A +.Mr :z..) -4CM g 1(1-r) (l-2r) (A+ Mr 'l.) 

-2CM 2.gl ( 1-r) ( l-2r) (A-+ Mr 2-) ( C-A-Mr 2.) 

¼-2CM'3gJ.(l-r) '2..(l-2r) (-24(A + Mr~) +llC( A t-- Mr,_) -20 ~)) 

t-cos 7x 1 (12CM
3
g

2
hl(l-r) 2-(l-2r)) 

tcos ix• (-8CM'f g 31 { 1-r) 3 ( l-2r) (A -t-Mr 2-) 2....) 

'2.- 3 "L i.., l..1 
+ 8C(At-Mr2..) (h-Mg(l-r)cos x') (A -I- Mr +-Ml(l-2r)sin x )sin x . 



In the following theorems C refers to the moment 

of inertia of the body about R-S, and A is the moment of 

inert.ia. abou"t a. prinei pa~ axis in the pla.llle per:p,~nd.i.(§.'Ular 

to R-S. Mis the whole mass considered concentrated at 

the center of gravity G, while r is the distance RG and 

1 is the distance RS. 

TheoremlO: If C::. A 4-Mr..,_ and 1-=- 2r, then the Static 

Riemannian space is a Riemannian space of constant 

Riemannian curvature in which b~l/4C, where bis the 

value of the curvature. 

Proof: 
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From equations (2.24) and (1.25), applying the necessary 

and sufficient condition for constant Riemannian curvature 

(Lemma 1), we have 

C -=- b ( A t-Mr "2.. + Ml ( 1-2r) s 1 n "2.x' ) 
A + Mr 2-

if 
1 -=- 2r., then b =- C _4_(_A_i-_M_r-.,_""""') ..... 2. 

From equation ( 2. 24) for R ,. 3 13 

C :tsinl..x• -=. bC(A +-Mr2.) sin ~x 1 

4(A + Mr ~+Ml(l-2r) sin:2..x1) 

if 1 = 2r 

or 

b::. C 
4(A +- Mr i) 1 

Similarly from equation (2.24) for R ,~ 31 

C
1
cos x' 

4(A t- Mr2. ) 

b =- C 
4 ( A + Mr 4) '2. 

bC (At-Mr "2.) cos x ' 



From equation (1.25) for R,,,., 
o 2- -t-sin .... x, (A +- Mr 2.,- o )(~ +-4Mr +o) 

.,,. 
= 4b0 (A + Mr'Jo) +- 4b (A -t-Mr -a.) (A -t ].,fr -a._O ) • .,_ I 

SJ.n X • 

As f ar as the constant term is concerned 

b:z C 
4(A +-Mr .. )i· 

But for the sin~x' term, we must further i mpose that 

6 =- A +:Mr• , and hence b" 1/40 

We note that if x' is very small and we may neglect 
• .._ I s 1n x , which is the same as letting 1-=- 2r in the case of 

R1-i.,~ , R, 2 ,
1 

, and R:a,2,, we then would have a space of 

constant Riemannian curvature where b::: 0 
4(A + Mr"'-)-a.. 

-:a. Under the hypothesis of O = A +-Mr and 1 = 2r, our 

space becomes identical with the Static Riemannian space 

of our spinning top or gyroscope discussed in I. Therefore 

we may write the following theorems. 

Theorem 11: If Z: 2r, a necessary and sufficient condition 

in order that the Statie Riemannian space be an Einstein 

space with constant Riemannian curvature equal to 1/40 

31 

which can be mapped conformally upon an s , is that c-- A +:Mri... 

Theorem 12: If 1 = 2r, a necessary and sufficient condition 

in order that the Static Ri emannian space have the first 

covariant derivative of the six components of the Riemann 

t ensor of the first kind equal to zero is that C-= A +Mr,._• 



Theorem 13: If C.:. A +Mr\ a necessary and sufficient 

condition in order that the Static Riemannian space have 

constant Riemannian curvature is that 1 = 2r. 

Proof: 

Under the hypothesis of C ~A +Mr""' 
"1. ,_ I 

39 

R2u, -= C sin x 
4(C t-Ml(l-2r)sin~x•) 

= -C cos x' ( C-Ml { l-2r) sin-:..x' ) 
4{C+Ml(l-2r) sin1 x•) 

By direct calculation, one can show that the condition 

for constant Riemannian curvature is satisfied if and 

only if 1 = 2r. 

Theorem 14: If C=A+Mr'l.. , a necessary and sufficient 

condition in order that the Static Riemannian space be 

an Einstein space is that 1 =- 2r. 

Proof: 

Under the hypothesis of C = A +:tvir1.. 

R _ -C 
.2~ - 2\C +-Ml (l-2r) sin'&.x') 

R~ - -C-2CM1 l-2r sin -:a.x ' 
"' - 2 +Ml l-2r s1n1 x' :a. 

R - -C. 
.2, - 2 (C t-1,U {1-2r} Sill3.X l) -a.. 

, R-:.. -3C-4M1 (l-2r )-t-Ml (l-2r )sfu ~' 
2 ( C -r Ml ( 1-2 r ) sin 2 x ' ) 

By direct calculation, one can show that the 

definition of an Einstein space is satisfied if and only 

if 1 = 2r. 

I n attempting to secure a corresponding set of theorems 



for the Action Riemannian space, we know that a hypothesis 

of 1 =-2r and C-::. A +Mr1.will give no results, since under 

40 

this hypothesis our space becomes the spinning top Action space. 

Concerning an investigation of a general nature, the :tm 

following occurs. 

· pplying the condition for constant Riemannian eurvature 

to R
1

,_
1

,._ , we find that either 1::. r or 1-= 2r. Under the 

hypothesis of 1~ 2r, the following equation must be satisfied: 
3 1 , 3 

80 {A + Mr 2.) M g r = 0 

None of the solutions to this equation have physical 

significance. 
2., 

Concerning the solution C z:: O or A-::- -Mr , our 

problem is reduced to an absurdity. 

If M is extremely small, and we approximate by M-::.. 0 

, giving us b-=- C {h -t-A) 
SA 'l h~ 

Ra"),., -: 4Ah-4hC +- CAh + cos ~x 1 (-4A ~h -r3ACh t- C :a.h) 
2 A 

giving us two conditions on b 

b_ 4A - 40 + AC 
- 8A'h 

2. "1, 

b =- -4A t- 3AC -+ C 
SA'h (A - C) 

Solving these simultaneously, 

C: 2 A(A --l.) 
2 - A 

which gives us 

b:. A - 5 
8Ah(2-A) 



Solving this simultaneol..1\l.y with the b of R,~,~ we 

see that h, the energy constant, no longer remains 

arbitrary. 

Similarly in all other investigations, we find that a 

necessary condition is that either 1 must equal r or 2r. 

Imposing this condition, h nolonger remains arbitrary which 

makes the necessity hypothesis untenable. 



II.iI. 

The investigations of the preceding dynamical systems 

suggested the following problem. 

W.o investigate the Riemannian geometry of a V3 

in which the components of the fundamental metric have 

the form g q"" ~tr(x) where ~i"-o if i f J and i~ ::.1 
1 

if i = j, 

and I 
X -= X , x 1 , or x 3 

• 
1. . • 

With element of arc-length ds = g c.:) dx l dxi , the 

non-zero Christoffel symbols have the following form. 

1.42) 

The three non-zero components of the Riemann t ensor 

R 
232.'3 
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All components of the Ricci tensor are zero with the 

exception of the following. 

R11=- ~ J ll\1 
l .43) ~ X 

R-12.=c }Ji',1 + ri:r 
R 33 -=- Ru .. 

The curvature invariant may be expressed as 

2
•43> R = t x 1, ', 1 t- 1 t, • r-

All components of the conformal curvature tensor are 

zero with the exception of the following. 
J f 1 1 _f ,1ct 

3 .4 3) R .:1. \l_-=- R '313 :;. J X l l l J L' l s 
For a Riemannian space with the above structure, one 

may prove the following theorems. 

Theorem l!;!: In a V 3 Riemannian space in which g q"' ~~(x), 

a necessary and sufficient condition in order that the 

space have constant ·Riemannian curvature of value bis 

that f ( x) -=- l where b =- -k and C 1 s an arbitrary 
k(x t-C)'l.. 

constant. 

Proof: 

By direct calculation the sufficiency of the 

condition may be shown. Assuming constant Riemannian 

curvature we find the two following differential 

equations must be satisfied: 

From R,'J...,!t. and R 1'3 , 3 ( 2 .42) 



Solving we have 

f(x) =- l -k-( x-. _+-_0_)_1 

44 

where k= -b. 

Theorem 16: In a V'J Riemannian space in which gli"' \'f(x), 

a necessary and sufficient condition in order that the 

V 3 be an Einstein space is that f(x) ==- ___ l_~ 
k(x +cp~ 

k and Care arbitrary constants. 

Proof: 

where 

The sufficiency can be shown by direct calculation. 

Assuming our necessity hypothesis we find that 

will equal gcL R/3 if 

j{'l-{'1~ 
J.1-,. I I j - l I 

{i'.1 :c x+t 

X + C 
-=-- _I c)j_ 

TJ JX 

Solving this differential equation 

r ( x) = l ~lli.,.....x_+_c .... )--:t-



Theorem 17: In a V 3 Riemannian space in which g t.i-=- S~f( x), 

a necessary and sufficient condition in order that the 

space can be mapped conformally upon an S 3 is that 

f(x)=- 1 
k(x+- c)i 

where k and Care arbitrary constants. 

Proof: 

which gives us the differential equation 

J ( ' 1 = r ' ' t 
Jx L1 

'~ L• 15 
or f(x)_ I 

- -k-( x-. _--r_C_)_2.. 

Theorem 18: In a V3 Riemannian space in which gtj ~ ~if{x) 

a necessary and sufficient condition in order that the 

curvature invariant R=- O is that f(x) =- k(x t-C) 4 where 

k and Care arbitrary constants. 

Proof: 

Setting equation(2.43) equal to zero we have 

t £,',1= - ~ t,'.r 
ti 1

11- X !L 

or 1 
-2 ---f--( x-)-

df 
dx 

Solving, we get 

f(x)-=- k(x +c)1 

2 
X + C 

45 



We may extend the above theorems to a Vf with a 

similarly defined arc-length. 

46 

Theorem 19: In a Vt Riemannian space in which g (~ =- ~-t(x), 

a necessary and sufficient condition in order that it be 

a space of constant Riemannian curvature of value b, is 

that f(x)~ 1 where k~ -b and C is arbitrary. 
k(x+cr-

Proof: 

The Riemann symbols of the first kind have the 

following form: 

R1J.1'l._~ R,'313 ~ R,.;.,'/-= - ix. L11,1] t- .1. {,'i} L. 11,,J 
1.46) 

R 23.2..J =- R :i" l'f ~ Rn ..l', = - t I 'i 1 L l I I , J 

Proceeding as in Theorem 15, the proof is completed. 

The results of the theorem may be extended to a 

Riemannian space of n-dimensions. 

(' ( 
Theorem 20: In a V ~ Riemannian space in which g c..:.~ =- oif( x), 

a necessary and sufficient condition in order that the 

space have constant Riemannian curvature of value bis 

that f( x):::.. 1 where k = -b and C is arbitrary. 
k(xt- c)2--

Proof: 

The proof is the obvious extension of Theorems 15 

and 19. 
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Theorem 21: In a V1 Riemannian space in which gL~~ ~ir{x), 

a necessary and sufficient cona~ion in order that the 

space be an Einstein space is that f(x)= l 
-k (-x-=+_c_)_'l.... 

where k and Care arbitrary. 

Proof: 

The Ricci tensor has the following form: 

Ru cc 3 jl\ l1
1
1} 

1.47) 

R 1 l. =- R 13 " R L/'f = ;j X t I 'i} + ~ ~ l 'i 11 

Proceeding as in Theorem 16, the proof is completed. 

Theorem 22: In a V., Riemannian space in which 8t.~ ~ ~1f(x), 

a necessary and sufficient condition in order that the 

space be an Einstein space is that f ( x)-=- l where 
k(x t-0)2-

k and Care arbitrary. 

Proof: 

The proof is obtained by the obvious extension of 

the proofs in Theorems 16 and 21. 

In a similar manner we may obtain the following. 

Theorem 23: In av~ Riemannian space in which g(~ ~ ~jr(x), 

a necessary and sufficient condition in order that it may 

be mapped on ans~ is that f(x)= 1 
k(xt-C)2.. 

Theorems 20, 22 and 23 may be combined into the 

following general theorem. 



Theorem 24: In a V"" Riemannian space in which g (~ =- ~i< x), 

a necessary and sufficient condition in order that 

the space be of constant Riemannian curvature of value b, 

an Einstein space, and may be mapped conformally on an 

is that f ( x) :::.. l 
k(x + ep-

where k =- -b and 

e 1s an arbitrary constant. 

48 
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