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ABSTRACT 

A study was made of the atmospheric and terrestrialphe

nomena that influence the angle of arrival of microwaves at 

a receiving station. The primary atmospheric phenomenon 

studied was the refractive bending due to vertical gradients 

of the index of refraction. Terrestrial effects of multi-path 

radio ray transmission were considered. 

A theoretical study of the contribution of free water 

in the atmosphere in the form of water dro lets to the atmos

pheric index of refraction was made. It was found that water 

droplets do not add appreciably to the refractive index. 

Also a method of theoretically determining directly the angle 

of arrival due to refractive bending was derived. 

Angle of arrival measurements were made at the Ca .ifornia 

Institute of Technology, Pasadena, Californi , over a 7.15-

mile path from Mt. W lson, California, to Cal Tech . Measure

ments were made using 3.2-centimeter radio equipment with a 

metal lens antenna ~ Variations in angle of 0 .31 degree were 

measured. These variations were greater than to be expected 

by refractive bending . Multi-path propagation is believed 

to have caused these com aratively large variations. 
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I 

INTRODUCTION 

1.1 Early Historr 

Atmospheric refraction effects on light rays have been 

known for some time. Due to this refraction , it can be no

ticed that the apparent angular elevations of stars near the 

horizon are greater than the true elevations. Also as a re

sult of this atmospheric refraction, one can see the sun 

after it physically sets below the horizon or before it rises. 

Other optical phenomena associated with the presence of an 

atmosphere are the appearance of mirages and the unsteadiness 

in the appearance of bodies due to the fluctuating density 

in the hot air currents over a stove o 

On the average, the index of refraction of the atmos

phere decreases with height above the earth since the density 

of the atmosphere diminishes with height. This causes light 

rays to bend downward toward the earth. The amount of this 

bending depends primarily on the gradient of the refractive 

index which varies with weather conditions. 

In the past this phenomenon was primarily of interest to 

astronomers and surveyors since refraction led to errors in 

their observations and. measurements. Recently, however , with 

the advent of the usage of the h~gher frequency bands, radio 

engineers have become interested in this subject. The struc 

ture of the lower atmosphere definitely affects the propaga-
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tion of radio waves in much the same manner as light waves 

are affected. 

The first observation reported of the duct propagation 

phenomenon was by Jouaust in 1931( 1) . He reported observa

t ions of unusually large signal strengths during the night , 

following hot days, over a propagation path from Nice, France, 

to the Island of Corsica , an over-the-sea path of a distance 

of 205 kilometers e These ducts occur when the index of re

fraction decreases very rapidly with height near the surface 

of the earth. This causes the radio waves to bend suffi

ciently so that they might follow the curvature of the earth . 

In a sense the radio waves are ''trapped" by the duct which 

guides the waves around the earth and keeps them from escap

ing into free space. 

Other observers noted similar anomalous propagation, but 

not until the World War II period and the development of 

radar was more than passive interest given to atmospheric ef

fects on radio wave propagation. One of the outstanding ob

servations made was of the propagation of a radar signal for 

a distance of 1500 miles over the Indian Ocean< 2)s 

In addition to causing usual propagation distances the 

atmosphere also changes the angle-of-arrival of the radio 

waves at any given terminal . This is the aspect of the pro

pagation field with which this work is concerned. With vary

ing atmospheric conditions, the amount of bending over the 

path of propagation will change, and thus the total effect of 
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this bending will be to alter the arrival orientation at the 

terminal . 

1 . Previous Angle of Arrival Measurements 

The first studies made of direction of arrival treated 

the problem of atmospheric noise. Potter< 3) and Jansky( 4) 

were the first to make such studies at the higher frequencies 

in 1930 and 1931. But the first attempt to determine the 

direction of arrival of a transmitted radio signal was re

ported in 1934 by Bell Telephone Laboratories engineers<,). 

These measurements were made with short radio waves sent from 

Rugby , England, across the North Atlantic Ocean to Holmdel, 

New Jersey. The ionosphere was responsible for the variations 

in arriving angle at the frequencies used. As a result of 

these measurements, inf'ormation was obtained which made pos

sible the building of special types of receiving antennas for 

transoceanic reception. 

In 1944, Bell Telephone Laboratories became interested 

in the angle of arrival of microwaves , and from 1944 to 1945 

performed a. series of measurements< 6)(7). They located trans

mitters at two different points , which permitted observation 

over two different paths to the receiver located at Beer's 

Hill, New Jersey (elevation 353 feet) . The two paths were 

from New York City (elevation 492 feet) , a distance of 24.06 

miles and partly over water, and Deal, New Jersey (elevation 

210 feet), a 12.63-mile overland path. Two different methods 

were used for the measurements. The first consisted of rock-



-4-

ing a parabolic-reflector-type antenna with a beam width of 

0.36 degree throu h an arc of ± 3/4 degree nd recording the 

received microwave si nal. The relative shift of the recor

ded maxima indicated the change in the arrival angle. Later 

a metal lens antenna was used with the recei ver horn placed 

at the focus. The lens was moved upward and downward while 

the receiver recorded the output, and as before the shift in 

the position of the maxima indicated the angle. In the first 

measurements using the parabolic antenna it was found that the 

vertical angle of arrival deviated as much as 1/2 degree above 

the normal direction of the transmitter. The horizontal angle 

deviation angles were found to vary not more than ± 1/10 de

gree. No attempt to correlate these first measurements with 

index of refraction gradients was made. In the later measure

ments using the metal lens antenna, somewhat smaller varia

tions were observed. At times variations in the angle oc

curred that could not be correlated or explained by simple 

ray theory in view of the existent index of refraction gra

dients. Instances of multipath transmission were also ob

served . 

Shortly after these measurements, similar stud es were 

made in 1946 by the Electrical Engineering Research Labora

tory of the University of Texas for the u. S. Navy< 8)(9) . 

The method emp oyed involved the use of two receiv·ng horns 

spaced a fixed distance apart. By mea ur·ng the phase dif

ference of the arriving microwave signal at the two horns, 

the angle of arrival could be determined . The vertical 



-5-

arrival angle measurements were performed in the Arizona de

sert from Gila Bend to Sentinel over a path of 2? miles . In 

these measurements the angle of arr:v 1 of the direct wave 

was determined as a function of height by an indirect method . 

An indirect method was used becaus e of the complication of 

multipath transmiss i on. Variations of angle of the order of 

0.16 degree were measured for both low and high elevation of 

the receiver. Much larger variations were obtained at times 

which could not be satisfactorily explained. Horizontal 

angle measurements were made over a 6.9-mile path along the 

south Texas coast with maximum observed variations of 0 . 03 

degree. 

In 1948, C. M. Zieman conducted further arrival measure

ments at California Institute of Technology(lO) . He used a 

metal lens antenna to focus the incoming microwave signal and 

then manually followed the height change of the upper mini mum 

of the main diffraction lobe at the focus with a receiver to 

deter mine the change of the direction of arrival . The path 

was from Mt . Wilson , California, to Cal Tech at Pasadena , 

California , a di stance of ?.15 miles . He obtained variations 

in the vertical angle of arrival of about 1/5 degree , which . 

were much lar ger than ray theory would predict. 

1.3 Objectives 

The purpose of this work was to further study the sub

j ec t of microwave angle of arrival and to continue the mea

surements started by Zieman with i mproved automatic receiving 
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equipment and a different method to obtain further arrival 

data over the same path of propagation. This study is dif

ferent than previous angle of arrival measurements in that 

the path of propagation was over mountainous terrain , the 

geometric arrival angle was comparatively high, elevation 

7.38 degrees , and the method of obtaining the measurements 

somewhat different. Previous studies were all over rela

tively level land with arrival angles very close to the hori

zontal. 

Angle of arrival studies are of interest to both radar 

and communication engineers. Deviations of the angle from 

the true angle may give appreciable errors in the elevations 

of the target in precision radar sets. Such deviations also 

limit the ultimate directivity and the beam sharpness which 

microwave relay antennas may have, unless some means is pro

vided to steer the antennas in the correct direction. Other

wise the maximum directivity position of the antennas might 

not always coincide with the direction of signal arrival. 

This would cause variations in the received signal strength. 

The meteorologist may also be interested in such measure

ments as a meansto further knowledge in hi s field. 
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II 

THEORY 

2.1 Index of Refraction of the Atmosphere 

As the result of many experiments and measurements, the 

following empirical formula for the index of refraction of 

moist air has been obtained and reported(ll)(l2)(l3) as 

(11-1) 10' = ?f.f (P- ~ + 48ooe) 
T 7 T , 

(1) 

where n is the index of refraction, Tis the air temperature 

in degrees Absolute, Pis the atmospheric pressure in milli

bars. To a sufficient approximation the e/7 term may be ne

glected(l4) and the formula written as 

( -n _ I) 10 6 ;:: 7 'I ( p + 4Booe) 
T T • 

( 2) 

A modified index of refraction , N, may be defined as 

N = (-n-1) 10' (3) 

giving 

(4) 

Frequently another mod fied index of refraction , M, is used 

and defined as 

( 5) 

where his the height above sea-level and R is the mean radius 
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of the earth. This is to allow the treatment of the earth as 

a plane< 5) as will be shown later in the analysis. 

To date the contribution of the free water in the air in 

the form of fog, clouds, or precipitation to the index of re

fraction has been overlooked. It is of interest to investi

gate this contribution. 

In ~nalyzing the droplets of water in the atmosphere and 

their interaction with microwaves, the following factors may 

be assumed with reasonable certainty: 1) the water droplets 

are spheres, 2) the spacing of the droplets is much less than 

one wave-length, and 3) the size of the droplets is much less 

than one wave-length. Under these conditions< 16) one can say 

that the dielectric constant , € , in MKS units with the drop

lets present in free space is 

€ = Eo +No< (6) 

where € 0 is the dielectric constant of free space, N is the 

number of droplets per unit volume, and o( is the polariza

bility of each droplet. 

The polarizability depends upon the induced dipole moment 

of an object when an electric field is applied. The poten

tial due to the dipole moment, m is in MKS units(l7) _, ' ' 

(?) 

~here mis in the direction from negative to pos i tive charge 

of the dipole , ~ is the radial vector from the dipole to the 

point where potential , v, is desired , and e is the angle 
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between m and!• The induced dipole moment caused by an elec

tric field , ! , is 

(8) 

At microwave frequencies, water is a semi-conductor and 

has a r a ther hi gh dielectric constant< 18). Thus , to a good 

approximation it can be said that at the boundary of the water 

dro the tangential electric f i eld is zero(l9) . Consequently, 

the potential outside the droplet , V0 , due to a constant elec

tric field , ~ will have the form< 20 

Vo = (Er + ~~) cos e, 

or it may be written as 

Since the tangential electric field is zero at r = a, where a 

is t he radius of the droplet , 

= -(Er- 4 :S.r,._)sin0 = 0 1 

r=a 

and we have 

From equat ion 8, 
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€,.=__§_=I+ 47rNa. 3
) 

€.o 
(9) 

where 6r is the relative dielectric constant with water 

droplets in free space. This static solution will also apply 

for m· crowaves since the size of the dr oplets is much less 

than a wave-length . 

In addition to changi ng the dielectric constant there is 

the possibi ity of the water droplets affecting the magnetic 

permeability of the med um. The vector potential, Ao , in MKS 

uni ts outside a sphere of resistivity , , , permeability, fl , 

and radius a, due to a uniform alternating magnet · c field , 
. t 

B = Bo0 eJw , is( 21) 

where 

D = 2.(-½o- I) h1 [(.ip)¾.] - (:¾+,)Iv,._ ((jp)'"'a.1 a.3 

(-lfo + 2.) I y~ [Cj p) Y:1.a.] - ( ~- I) I s-/a [Cj p/~a.] 

(10 

Since for water ,JJ.=j'o, we have <22) 
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If the droplet were a perfect conductor, D would be 

equal to -1; but ·at 3.2 centimeters , the complex dielectric 

constant of water is(lB) 

Hence the p for water at 3.2 centimeters is 

-p = jw:>-)lo €0 {66-j ::i.a) = t:Jl:;J;_ 108 tr-s .. ',o,;f'{:181-p,r,) 

= (!.08+ja .54)Jo6 

For clouds and fog a.~ 5x10-
5 meter< 23) , giving 

Thus all terms in equation 11 must be considered . 

Equation 11 may be expressed in a more convenient form(24} 

Only the first term in the above expression need be considered, 

and thus numerically 

D = ( t. 10 - j 0.72) 10
5 a. s 

(DI = I. 84 • Jos tL 5. 

The term involving Din equation 10 represents the con

tribution to the magnetic field caused by a magnetic dipole 

loop ( 25) . Thus the magnetic susceptibility , cxrn , is ( 26) 
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CXrn =- 2 7r)Ao ( DI :a I. 15" 10' }Jo a 5 • 

The relative permeability is< 26) 

The index of refraction, n, is 

-5 Since a~ 5 x 10 meter, for sufficient accuracy the index of 

refraction may be expressed as 

n=Vl+41rNa.3 

neglecting the effect due to the disturbance of the magnetic 

field. Since 41rNa.3 << I , n may be expanded by the binomial 

theorem giving 

n = l + 2.rrNa3
• 

The mass concentration of free water in the air, me, in 

grams per cubic meter is 

4 3 N Ync = 31Ta f > 

where f is the density of water, 106 grams per cubic meter, 

and N is the number of droplets per cubic meter. Thus the 

index of refraction increase due to water droplets is 

N = (n-1) 10 6 = 1.5 me. (12) 

Therefore, it is seen that the increase in the refractive in

dex depends only upon the mass concentration of the free water 

in the air. Consequently , if the index of refraction is to 
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be expressed somewhat more accurately , equation 1 becomes 

N = ~ ( P- ~ + 48~e) + I. 5 me (la) 

Generally, this added term will be quite small since for a 

fog where the optical visibility< 27) is 200 feet , mis 0 . 85 . 

Also , when water droplets appear the air must be saturated 

with water vapor and the contribution to t he index by the 

water vapor will be much greater than that b the droplets. 

2.2 Ray Theory 

The rues of eometric optics may be applied to r adio 

waves propagating i n the troposphere. In a locality, the 

lower atmosphere may be considered stratified , with the index 

of refraction only a function of the height above the earth. 

For ray theory to apply with refraction, and not reflection, 

occurong as a result of nonhomogeneities, the following two 

conditions are necessary< 28): 

(i) the radius of curvature of t he wave front must be 

larger than the local wave-length, A , of the radio 

waves, 

(ii ) the gradient of the index of refraction, dn/dh , 

must satisfy the relat ion 

dn _L Cos i << I 
dh 21r O > 

where 10 is the angle the r ay direction makes with 

the oca vertic 

W th t hes e conditions satisfied, the different ia e ua-
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tion 

d
2

h - (--3_ + _I dh )(dh)'2..- (R+ hf(-'-+ J_ dh) = 0 
dsA. R+h n dh ds ~/ R+h n dh (13) 

applies for the r ay trajectory in a nonhomogeneo atmos

phere< 29). Figure 1 illus trates the nomenclature m:;ed in 

equation 13 ~ In most practical cases one can assume small 

vertical angles and that the r ays ar e near the surface of the 

earth ; so that (dh/ds) 2« 1 a.nd h<<R·. With these assumptions 

equat io J3 becomes 

And since n ~ 1 and <p = ~~ , the usual s olution may be obt ained 

for a ray traveling between two fixed points( 30): 

(14) 

The angle q, is always measured with respect to the 1 cal 

horizontal@ If one were to determlne the angle of arrival 

fr om equation 14, in addition to knowing the modified index 

of refraction difference , the local sending angle would also 

have to be kn.own. Since both </> and tp0 are functions of the 

atmosphere , a more convenient form for the angle of arrival 

should be obtained so as to be able to determine it directly. 

For mathematical simplification it is sometimes conven

ient to find an equivalent flat earth (Figure 2). Only at 

the origin (x-axis and y-axis intercept) and along the y-axis 

do the heights and distances correspond to the true round 

earth values. For distances and heights less than 500 miles 



Figure 1. Atmospheric Ref ractive Bending 
of Radio Rays for Round Earth. 

y 

Figure 2. Atmospheric Refractive Bending 
of Radio Rays for Equivalent Flat Earth. 

X 



from the origin 

and 
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5'2-
Y = h--2 R 

(15) 

(16) 

The flat earth assumption is particularly applicable where 

the propagation is between two points which are within the 

line-of-sight of each other. 

For the flat earth, in equation 13, R-+oo, s -..x, and h ..... y, 

so that 

41 - _1 ~ Ii (~)'Z] 
dx2. - n dy LI+ cix • (17) 

Again for all practical purposes n may be assumed equal to 

unity in this formula. Also the minor deviations of the 

slope of the ray will be small compared to unity, so conse

quently the (dy/dx) term may be considered equal to the con

stant slope between the two fixed points, tan~ 0 , shown in 

Figure 3. Thus equation 17 becomes 

ti ( t '2 ) dn alx2. = I+ an «o dy 

or 

(18) 

And since o<=o<0 + S , where S is the small devia.t i on angle from 

the direct path when refraction is absent, 
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y 

T 
X 

Figure 3. Propagation within Line-of-Sight. 

+ 
dn 
d.J 

0 
1.o X 

(a) 

+ 

'Xo X 0 k-----------,-.-~--

(b) 

Figure 4. Figures for Equation 22. 
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tano(o + to.n~ tano< = ta.n (o<o + &) 

ince t an&<< 1 , 

= I - t«no< 0 ta.n & • 

so that 

ix tan Cl( = :1x. tan S 

Substituti ng the above in equation 18, 

) 

which when integrated from x =- 0 to x = x becomes 

(19) 

(20) 

Thi s gives a similar relation to that of equation 14, so that 

another relationship in regard to tan & is needed. This is 

obtained by integrating 19 from y = 0 to y = y O : 

fYo f Xo 

0 dy = (tan«o+ta.n~)dx 
0 

rXo 
'lo =1lotanoco+J., to.ncS' dx 

0 

giving 

J
Xo 

0 
tanS dx = o 1 

(21) 

which in effect states that the average deviation angle along 

the path must be zero. Thus integrating equation 20 from 
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x = 0 to x = x0 and applying relation of equat ion 21 

and since S0 is small, such that tan S0 ~ S0 , the above finally 

gives 

ro.di o.ns . ( 22) 

Equation 22 gives a direct method of evaluating the 

angle of arrival at a station that is chosen for reference 

at the origin. If the atmosphere is stratified and the var i 

ation of n with height is knovm then (dn/dy) is easily deter-

mined as a function of x (Figure 4a) . f the atmosphere is 

not stratified , then corrections are to be made according y. 

The integral s: :; dx , may be determined as a f mction of 

x (Figure 4b . Then I;· rtx j~ dJ< ]dx is the rea of the lot 

of rX dn dx 
Jo dy • 

Since in general , n decreases w·th hei ght and 80 will be 

posi tive , the angle of arrival due to re ract · on will be 

above the true e evation angle. If dn/dy were constant , the 

shaded ar ea of Figure 4b would be that of a ri ght trianglee 

When dn/dy varies with height , Figure 4b will depart from a 

right triangle. On the average, assuming a constant dn/dy is 

a good approximation; this only leads to small error in de

termining go . 
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III 

EQUIPMENT AND METHOD 

3.1 Description of Site 

The path of propagation was from Mt . Wilson, Cali fornia, 

to the California Institute of Technology, asadena , Califor

nia . ransmitting equipment was located in the now Tele

scope Building at Mt . Wi l son at an elevation of 5720 feet and 

receiving equipment was on the roof of the Mudd Laboratory 

(Cal Tech at an elevation of 820 feet. The air line d s t ance 

between thee two point s is 37 , 750 feet or 7.15 miles. The 

terrain under a large part of the path was mountainous as 

seen by the profi e in Figure 5, and the radio path was un

obstructed. 

3. 2 Transmitter 

The transmitting tube , a 2K39 reflex klystron , was used 

in connection with a Microline (Sperry) M.K-SXll Klystron Sig

nal Source . Average power output was 250 milliwatts. The 

repeller of the klystron was modulated by an 840 cycles per 

second saw toot h wave produced by the Potter sweep circuit(31) . 

The repeller was chosen to be modulated because of the very 

low power requirement for such modulat ion. This resultant 

modulation was a combinat · on of ampli tude and frequency modu

lation. The amplitude modulation was slight since the saw 

tooth voltage was centered on the maximum output value of the 
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repeller voltage for the mode . The resultant frequency sweep 

was from 8996 to 900? Mcps , or a sweep of 11 Mcps . The rea

son for this range of sweep was to make allowance for fre

quency drift of the transmitter or the receiver . 

The klystron, modulator , and power supply were enclosed 

in t he building and the energy was fed to the parabolic an

tenna by means of flexible waveguide. The antenna was placed 

outstde on the south side of the building as shown in Figure 6. 

The transmitting parabolic antenna used was a part of an 

AN/APS 15 r adar set . Its diameter was 75 centimeters with 

the r ad iating slots located at a distance of 26 centimeters 

from the reflecting surface . The beam-width (between half

power points) was three degrees with a power gain of about 

2800 or 34.5 db. The outgoing signal was vertically polar

ized. 

~ Receiving Equipment 

Equipment used to measure the angle of arrival consisted 

of a metal lens antenna, a radar receiver, amplifier-detector

power supply, driving mechanism , and recorder . Record ing of 

the data was semi-automatic. Figure? shows a block diagram 

of the receiving equipment . 

Incoming radio rays were focused by means of a stepped 

metal lens antenna<3 2) (Figure 8). This lens was buil t by 

C. M. Z eman for his work on thi_s same subject(lO . The 

aperture dimensions of the lens were 38.5 x 233 centimeters, 

with the focus designed to be a t 400 centimeters, but as used 



-23-

Figure 6. Tran mitt ng 
Parabolic Antenna at Mt. Wi so 
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it was somewhat less. As determined experimentally the maxi

mum signal was obtained when the distance from the lens to 

the apex of the horn was 8 centimeters. The di stance be

tween the null points of the primary maximum of the diffrac

tion pattern at the focus was 13.6 centimeters and the beam

width of the antenna was 0 . 9 degree. The pattern was symmet

rical about the maximum. Power gain of the lens antenna at 

the maximum position was about 6600 or 8.2 db . The lens was 

tilted a few degrees from the normal to the average angle of 

arrival to minimize standing waves between the lens and the 

horn . This did not disturb the symmetry of the pattern since 

the metal lens can focus beams arriving many degrees from its 

normal quite we11<33). 

The receiver was mounted on a steel shaft that was free 

to move up and down (Figure 9). The receiver horn, with an 

aperture of 15.3 x 16 . 5 centimeters, fed into a waveguide 

where the incoming signal was mixed with the output of the 

loca reflex klystron (723 A/B) oscillator . Power gain of 

the horn was about 200 or 23 db . Dimensions of the .waveguide 

were 1.25 x 2.85 centimeters. 

Maximum power available at the receiver may be deter

mined by 

where Pr is the power received, Pt is the power transmitted, 

Gp is the gain of transmitting parabolic antenna, G1 is the 

gain of the receiving lens , ~ is the gain of the receiver 
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horn , Ag is the cross-sectional area of . the waveguide, and r 

is the distance of the radio path. Thus numerically in MKS 

units 

Pr ::: 
0 25 

(2800)(6600) {2.00) (0.000'35"0) 
• 4 7r ( ll 5 00) 2-

= z )( ,o-4 watts. 

Sensitivity of the receiver was measured to be 10-11 watts 

which leaves · a wide margin of safety for a good si gnal to 

noise ratio . 

The incoming signal , after being mixed with the local 

oscillat r , is detected by a germanium crystal (1N23). The 

detected signal is then amplified by a 60 Mcps intermediate

frequency strip using 6AK5 tubes~ This i-f amplif er was 

part of an AN/APS 4 radar set. The bandwidth of this ampli

fier was 2. 5 Mcps and the possible gain was designed to be 

130 db. The automatic frequency circuit was of the discrimi

nator type which would apply a correcting voltage to the local 

oscillator repeller to keep its frequency 60 Mc ps above the 

incoming signal. Unfortunately in the AN/APS 4 this AFC re

ceived its signal from the magnetron oscillator through leak

age through the TR box and thus little amplification was ne

cessary before the discr i minator. But when converted to use 

in the angle of arrival measurements, this lack of gain ahead 

of the d scriminator hindered to a small extent the efficient 

operation of the AFC and thus there was some tendency for the 

local osci ator to drift . This i - f strip , that was avail 

able, had an added disadvantage i n that the gain was control-



-28-

led by varying the plate voltage of three of the 6AK5 tubes. 

This made the i-f gain adjustment very critical and very in

flexible. 

The amplified, converted signal was detected by a plate 

detector (second detector). Since the signal sweeps through 

11 Mcps 640 times per second , the envelope of the detected 

signal has the appearance of the gain versus frequency curve 

of the amplifier repeated 640 times per second. Due to the 

fact that the i-f amplifier only pass es somewhat more than 

2.5 Mcps of the 11 Mcps sweep , the effective average power is 

reduced by a factor of 2.5/11 or 0.23. This reduces the maxi

mum available power to 4.6 x 10-5 watts which still is well 

above the sensitivity limit. 

The detected audio si nal was amplified by a one st ge 

audio a plifier whose out ut was rectified to obtain d.c. 

s n which was roportional to the incoming signal. This 

d.c . si.gnal was applied to the grid of a vacuum tube in a 

bridge circuit (Figure 7). Such a bridge is similar to the 

conventional Wheatstone Bridge except that the resistances in 

two legs are rep aced by vacuum tubes. Originally the vacuum 

tube bridge wou d be b lanced and the s· nal applied to one 

oft e tube would unbalance the bridge causing current pro

portional to the s·gnal to low thr ugh the meter. By this 

means the voltage signa is converted to a current reading 

which can be recorded. A good a proximation of the current 

output of such a bridge is 
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where I is the meter current, gm is the transconductance of 

each of the similar tubes, and eg is the unbalancing grid 

voltage at one of the tubes. It is noticed to the first ap

proximation the output current is independent of the circuit 

resistances. 

An Esterline-Angus recorder with a five milliampere move

ment was used as the ammeter for the vacuum tube bridge. A 

clock-driven motor moved the recording paper at a rate of 

three inches per minute as the pen arm was recording the data. 

3.4 Mechanical Details of Receiving Equipment 

inear up and down movement of the receiver at the focus 

beh nd the ens antenna was desired . This was attained by 

using as iral of Archimedes cam to drive the shaft on which 

the receiver was mounted (Figure 9). The equation of the 

spiral for the cam is 

where p is the rad·us , Ki and K2 and constants , and e is 

the angle in radians (Figure 10). For the cam used K1 was 

chosen one inch per radian and K2 equal to three inches. With 

the steel supporting shaft mounted on the cam by means of a 

roller bearing the rate of rise is 



Figure 10. Spiral 
or Archimed·es Cam. 

Figure 12. 

LENS 

Figure 11. Lens Focus for 
Specific Angle of Arrival. 

Recorded Data. 
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Thus if ~~ is constant , the r ate of rise and descent is uni

form . Consequently, the receiver swept a distance of 1r 

inches or 7. 98 centimeters of the diffraction pattern of the 

lens. 
de To attain fairly constant angular veloci ty , dt , the cam 

was dr i ven by a d.c . shunt motor . The motor was geared down 

to turn the cam at 3/4 r.p.m. The shaft was mounted normal to 

the average angle of arrival with the receiver constantly 

varying upward and downward automatically scanni ng the pattern 

for the angle of arr·val measurements. 

3.2 Method of Angle of Arrival Me~surement 

Depending upon the angle of arrival, the pos i tion of the 

focus behind the lens antenna will vary (Figure 11). Since 

the focus is not a sharp spot , but rather a diffraction maxi

mum, the whole diffraction pattern will shif t . For this rea

son the receiver was made to sweep the pattern so that the 

portion of the pattern about the main maximum was recorded . 

Figure 12 shows an example of the appearance of the re

corded data. The minima of the curves occur at either the 

bottom (B) or the t o (T) of the sweep and the maxima occur 

somewhere in between , depending upon t he app rent angle of 

arrival . I n measur i ng the data, it was convenient t o measure 

the position of the maxima fr om the bottom minima which were 

used as reference. Thus , the angle between the arriving beam 

and the line joining the electrical center of the lens an

tenna and the center position of the sweep , 11. (Figure 11), 
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may be tabulated by 

7t = ! ( ~ - b_) ro.d i a. n s 1 

wheres is the sweep distance of the receiver (7.98 centi

meters), dis the distance from the metal lens to the apex of 

the horn (383 centimeters), and band care the distances in

dicated in Figure 12. Numerically the deviation of the angle 

from the center position in degrees is 

'1 = 1.20 ( ~ - l) degrees. (23 

It was found that the measurements averaged over a 

period of ten minutes would give an accuracy of ± 0.02 degree. 

Approximately fifteen readings were averaged in this ten

minute period. A ten-minute period was small enough to de

tect significant changes and large enough to have sufficient 

readings for a fairly accurate average. 

The chief advantage of this method is that the system in 

its o eration is mai nly dependent on mechanical stability and 

to a small extent on electronic stability . Thus small elec

tronic variations in supply vo tage, frequency ar·rt, overall 

gain, signal fluctuation , etc ., do not affect the measure

ments appreciably. 

3.6 Evaluation of Meteorological Data 

Weather data were obtained from the U.S. Weather Bureau 

stat·on at the Los Angeles Air ort for the times during which 

the angle measurements were taken. Synoptic hourly reports 
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of Glendale and Burbank, synoptic three-hourl re or ts of Mt. 

Wilson , and t he six-hourl y r di osonde observations from Long 

Beach were used. Observations of Glendale and Burbank were a 

very good indication of the conditions at Cal Tech because of 

the proximit and simi arity of terrain. The radiosonde data 

indicated the l apse rate of temperature, water c ntent, and 

pre sure between the two terminal poin s. 

To ev l ute the modified index of refraction , use is 

made of equation 4 

From this formula the refraction index pror · 1e was determined 

for the varyi ng weather conditions using the information sup

plied by the weather data. The partial vapor pressure , e, 

is a function of the air temperature , dew point and pressure. 

Knowi ng these quantities and using Weather Bureau Form 1147B, 

a seudo- adiabat i c chart, the mixing ratio , w, in grams of 

water vapor per kilogram of dry air is found . The partial 

vapor pressure , e , to sufficient accuracy equals wP/622 in 

millibars<34)_ 
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IV 

RESULTS OF MEASUREMENTS 

4.1 Representa tion of Results of Measurements 

ngle of arr i val measurements were made from February 

through April, 1949. The results of the measurements mad e 

are shown graphically in Figure 13. The maximum variation of 

angle dur i ng the period of measurement was 0.31 degree. In 

addit i on to showing the angle , o< , Figure 13 illustrates the 

variations of the di fference in modif i ed index of refraction, 

4 N, which is 

L\.N = Ne - N o..l Tech Mt. W i \son • 

Def ining ~ Nin this manner makes it a positive number since 

the index of refraction tends to decrease with height as the 

atmosphere becomes less dense . The changes in A N appear to 

correlate with the changes of the angle of arrival . As the 

angle increases, 6 N tends to become larger . 

Th s tendency of correlation between the ngle of arri

val and th difference of the index at the two terminals is 

shown in Figure 14. Drawing the best stra ght line the 

change of arrival angle would seem to vary with A N as 

do< = 4 . q x Io-?) d ( A N ) d e9 re es • ( 24) 

The values of N obtained were only approximate since the 

surface weather data was for stations in the vic inity of Ca 
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Tech and the u per air sounding was taken at Long Beach . It 

i estimated that the values of A N obtained are accurate to 

bout ± N un ·ts. This • of suff . cient accuracy for some 

correlation and may or may not explain the devi ation of some 

points from the empirical line (Fi gure 14 . 

4.2 Discussion of Results 

A theoretica express on for the change in the rrival 

angle as function of the change in index of refraction gra

dient may be obtained by a lying equation 22 to this parti

cular case. The constants for the equation are 

x0 = 37 , 760 feet , 

Yo = 5,685 - 820 = 4,865 feet , 

tan 0(0 = x0 / y O = 0 . 129 2, 

o(o = 7. 38 degrees ., 

If a constant gradient is assumed , which is true of an ave

r ge situation, then 

givin 

so that 

dn 
dy -

)<. 

r $. dx = 
Jo ay 
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(1-+ tartz1Xo JL\N Xo 

2 Yo 

For the ath from Mt. Wilson to Cal Tech , 

radians . ( 25) 

( 26 ) 

If the me sured ng e chan es were to be attributed to 

a tmospheric refr , eq a on 24 nd 26 would have to 

r e ,;, t as seen , t hey ot ~r ee and the measured var i-

ation the arrival 

pected fr om e uation 26 

g e e e much greater t . . to be ex

nee ace r di g t c t h · equation ·r 
A N var ·.e ~ .bout 100 N uni ts then han es i n t he e hborhood 

of two or three undred hs of a ~ere 

f actor hat tend s t om ~ .... e t heore t c 

ght be expected . A 

dev · t on ang es 

small i s that thee ev t in difference between Mt. Wilson and 

Cal Tech, Yo, s of the s me order of magnitude s the d s 

tance between the two termlnals, x0 • Only when y O << x0 does 

there exist the possibility of large variations in the angle 

of arrival due to refraction. Also large gradients of the 

index, on the order of 20 to 30 N units per hundred feet, in 

general occur only quite near the earth ' s surface. For the 

path of propagation used in these measurements, gradients of 

1 to 2 N units per hundred feet prevailed. 

c. M. Zieman(lO) experienced the same order of variation 

in the arrival angle and was likewise unable to explain such 
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by atmospheric refraction. These further measurements were 

made in order to attempt to repeat the observations of Zieman 

by a different method and to find the explanation for these 

variations. All evidence seems to indicate that the varia

tions in the apparent angle of arrival were due to the multi

path propagation phenomenon. 

4.3 Multi-Path Explanation 

As seen in Figure · 5, the direct radio ray from Mt. Wil

son skims above some of the hi gh points in the terra ·n. 

here exists the possibility of other r ays that emanate from 

the transmitter being reflected from these high po nts of the 

terrain . Thus in addition to the direct ray , many reflected 

rays may arrive at the rece ver . If the lens ant enna is un

ab e to resolve the different rays , tfle ref ected rays my 

add to the direct ray and affect the rece ved signal. Tis 

ma c use an a rent change in the ang e of arrival . 

Consider the case where on y the direct ray and one re

flected ray are important . The metal ens antenna will act 

as a rectangular aperture with a Fraunhofer diffraction pat

tern in the focal plane. The Fraunhofer pattern due to a 

single source of electromagnetic energy has the following ex-

pression for the power intensity: 

P _ C sin'l.p sin
2

0 
- I (32 1~ ) 

where (d = ~ sine) 
1rl . ('"\ } = ~ StnJl-> a and 1 are the dimen-

sions of the rectangular aperture, ';l is the wave-length of 
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the energy , and the angles B and .fl. are measured from the nor-

mal to the aper ture at its center , in anes throug the nor-

mal parallel to the sides a and 1, respectively(35). Only 

the vert • cal pattern of the lens and small distances from the 

center of the focus are of interest. Thus for a direct ray 

that is slightly inclined off the reference axis so that t e 

center of the focus is at -z0 (Figure 15 the electr i c r · eld 

intensity in the focal plane w· 11 be 

where 

• :Z1r ( ) 
Ed = A stn :a: z + 20 sin wt ) 

(Z+ Zo) 

is the relative amp itude , dis the distance between 

the minim and the sides of the princi. le maximum in the 

focal plane, z is the vertical dis acement from the reference 

axis in the focal plane , and w is the angular frequency of 

the received signal. Likewise the electric field intensity 

due to the one reflected ray is 

• 211' ( ) 
E =fA s1n:a:: z-Zo sin(wt+1/')> r (z-z 0 ) 

where f is the fractional factor relating the direct and re

flected signal intensities and 1/J is the phase difference in 

the two signals due to different paths . Thus the total sig

nal due to the two r ys is 

ET = Ed+ Er = Afr[sin ¥(z+Zo)+ -f -,11 sin7l(z-Zo)l . + ll (z+ Zo) cos., (Z-Zo) J51n WI.. 

+f sin1/J sin ~(Z-Zo) t} 
T (Z-Zo) COS W • 
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LENS z 

DIRECT RAY 

REFLECTED RAY -Zo 

REF~RENCE 
AXIS 

Figure 15. Lens Focus for Two R_ays. 

RELATIVE 

POWER 
INTENSITY 

I 

I \ 

-o.eo -0.40 0 -to.ao 
DEGREES FROM RcFERENCE A><.I.S 

Figure 16. Lens Diffraction 
Patterns due to Multi-Path. 
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The power intens ·ty is proportional to the square of the 

electric fie d strength, us · ng c2 as constant of proportion

ality 

For the lens used d = i3 a6 centimeters. The line-of

sight angle of arriva from Mt. Wilson is 7.38 degrees a,nd 

the angle of arrival of a reflected ray from a peak 35, 750 

feet from Cal Tech and at an elevation of 5725 feet is 7.09 

degrees , giving a spread of 0 .29 degree between the two ar

riving rays. Thus z0 is 

us·ng the above values in equat·on 27, Figure 16 shows 

some possible ens patterns with two arriv"ng signa s . It is 

seen that the resolving power of the described metal lens an

tenna is not sufficient to separate the two signals, and that 

depending on the relative values off and 1/1 the apparent 

angle of arrival seems to ch nge. Changes inf seem to be 

the governing factor in determining the shift in the angle. 

In general it would be expected that f < 1 since a reflected 

signal generally has a smaller intensity than a direct signal, 

but if the transmitter antenna maximum were pointed somewhat 

below the true ine-of-sight path to Cal Tech , there is the 

possibility off being greater than one. 

Actually there are many ref ected signals which act in a 
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more complicated manner to change the apparent arrival angle. 

As seen in Figure 5 there are many minor peaks between Mt . 

Wilson and Cal Tech which the lens antenna cannot resolve . 

It is d fficult to say which reflected s · gnals are influenc

ing the measurement at any given time. 

Further evidence of the multi-path explanation lies in 

investigating the absolute angles of arrival. To determine a 

reference point in the sweep of the receiver horn, a trans

mitter was placed on a high pole on the Kerckhoff Laboratories 

building at Cal Tech at two different known angles above the 

horizontal with res ect to the receiving equipment. The ar

rival angle corresponding to the center point of the receiver 

horn sweep was found to be 7.25 degrees . Thus combining this 

measurement with equation 23, the absolute angle of rrival, 

o< , is 

o< = 7.2s-1.20(~ --½) degrees. (28) 

F·gure 13 was obtained by us·ng the measurement data in con

junction with the above relationshi . If the measured changes 

were due to refractive bending, then ~ would be equal to or 

greater than the line-of-sight angle, 7.38 degrees (Figure 3); 

while conversel y , if the changes were due to the multi-path 

phenomenon then ~ would be equal to or less than line-of-sight 

angle since the elevation of all the reflecting surfaces are 

bel ow Mt . Wilson . It s readily seen in Figure 13 that the 

l atter condition is definitel y fulf i led, consequently giving 

further proof to the conclusion of multi-path conditions . 
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It is difficult to speculate about the exact intensity 

and relative phase that the direct and any r eflected wave 

might have. The intensity of a reflected wave would depend 

to a large extent on the properties of the reflecting surface. 

These properties depend on past and present weather conditions 

since the conductivity of the earth depends on the chem cal , 

moi ture content , and the vegetat on present. The vera e 

measured ng e of arrival was lowest ·n February when the 

ground in the mountains was covered with snow and highest 

when the ground was dry. The relative phase of the arriving 

signal may be attributed to possible phase shift upon reflec

tion from the earth and the slightly different average index 

of refraction for the different paths. 

Further evidence of multi-path transmission over the Mt. 

Wilson to Cal Tech path was the observation of ·gnal fad ng 

by both C. M. z · eman(lO) and the author. In Figure 16, it is 

seen how the signal intensity will decrease for the case 

where f = 1 , as Y' approaches 180 degrees . 

An interesting fact is the apparent correlation of the 

arrival angle and the refractive index difference (Figure 14) 

except for the sea e factors in equations 24 nd 26 . The 

correlation· not too striking , but · t could lead one to the 

erroneous conclusion that refractive bending was the cause of 

the measured changes . 
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V 

CONCLUSIONS 

5.1 General Observations 

It has been shown that multi-path transmission of micro

waves may change the angle of arrival as well as affect the 

signal strength at the receiver . So it is significant to 

note that when cons i dering angle of arrival problems , mul t i 

path effects as well as refraction should be considered. The 

manner in which the angle changes, in addition to dependi ng 

upon atmos pher i c and terrestrial effects , may also depend upon 

the receiving antenna. For example , in the case of a metal 

lens antenna, if the resolution of the lens were great enough 

to separate the various rays, then the change of arrival angle 

of each ray would depend upon atmospheric refraction. Since 

the lens used i n these investigations was not abl e to separate 

the various rays , the apparent s ignal direction was deter

mined by the integrated effect of the arriving rays. 

This consideration enters into the choice of a proper 

beam-width of the directive ant ennas for a microwave relay 

system over mountainous terrain , such as existed in these 

measurements. If the beam-width is narrow enough to separate 

the arriving rays so the receiver can be fixed on the main 

ray then there is the poss i bility of the variation in refrac

tive bendi ng caus i ng the s i gnal to arrive at an angle to 

either side of the di.rective maximum of the antenna. The use 
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of a "steerable" antenna may be a solution for this case. If 

the beam-width is oft es me order of magn tude as the pos

sible variations due to multi-path , there wi 1 be signal 

strength variations due to mult - ath signal stren th inter

ference in addition to the multi-path ap arent angle of arri

val change. If the beam-width is ap reciably greater than 

multi- ath angle changes then there is still the signal 

strength interference and the greater transmitter power re

quirement due to decrease in directivity. 

5.2 Suggestion of Further Studz 

It would be interesting to investigate the propagation 

over this same path with a more directive antenna. A direc

tive antenna of reasonable size could be attained if a higher 

frequency , e.g. 1.25-cent·meters, were used. Thus , the main 

rays might be reso ved and the angle of arrival of these se

parate rays could then be determined. In addition it mi ght 

be seen which rays entered into the determination of the 

changes measured in this investigation. 

Another study that would be of interest would be to make 

angle of arrival measurements of a high and a low angle of ar

rival simultaneously. That is , in addition to having a trans

mitter at Mt. Wilson, one should also be placed at the foot

hills. Then by having two different receiving horns mounted 

on the steel sh ft used (Figure 9) the angles of arrival could 

be determined using the one metal lens antenna. The correla

t ion of the two measurements with weather data and with each 

other mi ht yields me interesting results. 
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