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ABSTRACT

Every double coset in GL,,(k[[z]])\GL,.(k((2)))/GL,,(k((z?))) is uniquely rep-
1
resented by a block diagonal matrix with diagonal blocks in {1, z, 0 Zl (i >1)}
Z

if char(k) # 2 and k is a finite field. These cosets form a (spherical) Hecke mod-
ule H(G, H, K) over the (spherical) Hecke algebra H (G, K) of double cosets in
K\G/H, where K = GL,,(k[[z]]) and H = GL,,(k((z%))) and G = GL,,(k((2))).
Similarly to Hall polynomial hfll,v from the Hecke algebra H (G, K), coefficients
hfll,v arise from the Hecke module. We will provide a closed formula for A’ > under

some restrictions over A, v, U.
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Chapter 1

INTRODUCTION

1.1 Symmetric Elliptic Difference Equation

In [5, 6, 7], Rains studies a general elliptic difference equation of the form v(g+z) =
A(z)v(z) where ¢ is a point of an elliptic curve and A(z) is a matrix of elliptic
functions with det(A(z)) not identically 0. Such equations arise, for instance, in
studying elliptic analogues of ordinary and g-hypergeometric special functions. At
the elliptic level, these functions tend to satisfy an additional symmetry of the form
v(z) = v(—z), which leads the equation itself to satisfy an additional symmetry,
namely that A(—g — z) = A(z)~!. To understand symmetries of such equations, it is
important to understand how they behave locally, i.e., over the ring of formal power
series. At a typical point zo, the equation is regular if and only if A and A~! are both
holomorphic at zg, since then the spaces of solutions near zy and near g + zo are
naturally isomorphic. However, for symmetric equations, we care about the space of
symmetric solutions, which means that the condition is more subtle. (For instance,
the equation v(g+z) = —v(z) is symmetric, but any holomorphic solution satisfying
v(—z) = v(z) will vanish at points with 2z = —g.) We thus see that to understand
local singularities in complete generality, we need to better understand matrices A
satisfying this symmetry. Two such matrices give the same local behavior at zg
(satisfying 2z¢p = —¢q) if and only if they are related by an invertibly holomorphic
change of basis at zp, and thus we need to understand such matrices up to (twisted)

conjugation by invertibly holomorphic matrices.

Instead of the difference equation, it is natural to classify the matrices A. We can
rephrase the problem in an abstractly geometric way. Given an elliptic curve C,
over algebraically closed field k and a translation 7, : C, —» Cyandn : z > —g -z,
the problem of classifying A becomes classifying matrices GL,(k(C,)) such that
n*A = A~'. By Hilbert’s theorem 90, we have the following proposition.

Proposition 1.1. [5, Proposition 2.1] Let L/K be a quadratic field extension, and
let A € GL, (L) be a matrix such that A = A~', where . is the conjugation of L over
k. Then there exists a matrix B € GL, (L) such that A = BB™' and B is unique up
to right multiplication by GL,(K).
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Thus, there exist a canonical factorization A = p*B~'B' where B is an injective
morphism B : ;) V — Ogn, with V a rank n vector bundle over P!, the projective
space. Take any pointin p € C,, B is a matrix over the local ring. In [5, Chapter 8]
, Rains first mentioned the following without proof: if p is fixed by 7, the invariants
A(B; p) is determined by the equivalence relation of left multiplication by invertible

matrices over the local ring and right multiplication by symmetric matrices over
1
the local field. That is, B is a direct sum of matrices 1, z, and 0 Zl (i>1). In
Z
Chapter 2, we will give a proof in a different way from how Rains observed it.

In [7, Chapter 13.2], Rains constructs the solution sheaf with respect to a vector
bundle over C,, a system of local condiitions, and g-connections over A for an elliptic
difference equation and uses the dominant coweight to study the multiplication of
A(g™'2)A(¢"%z)...A(2), in other word, the interactions of poles and zeros for
shift matrices A. In the symmetric case, we will study the interactions of A and B

in terms of poles and zeros.

1.2 Hecke Algebra and Hall Polynomials

Let k be a finite field of ¢ elements with characteristic char(k) # 2. Let k[[z]] be
the ring of formal power series. Let k((z)) be the the field of fractions of the ring
k[[z]] of formal power series. Let G = GL,(k((z))) and let K = GL,(k[[z]]) be

the maximal compact subgroup of G. Then G /K is the affine Grassmaniann.

Theorem 1.1. [I, Chapter 9] Every double coset in K\G /K has a unique rep-
resentation of the form diag (Y, z2 . ZW), where 1 > Ao > ... > A,. We
define the partition (11, A2, ...4,) to be the dominant coweight of all elements in the

corresponding double coset and denote it by p.

This theorem is known as the Cartan decomposition.

Definition 1.1. For ¢ € G, define gcd(g) to be the fractional ideal of k[[z]]
generated by the entries in g. Let A\“ be the a-th exterior power representation, the
matrix entries of AN*(g) are the a by a minors of g. Then gcd(A*g) is the fractional

ideal generated by these minors.
The fractional ideal gcd(A“g) is invariant under left and right multiplication by K.
In the proof of Theorem 1.1, we have the following statement.

For any g € G with p(g) = (41,42, ...4x), we have gcd(g) = zhand ged(AN'g) =
ZZim1 e for all i,
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The (spherical) Hecke algebra H (G, K) is the convolution algebra of all complex-
valued continuous compactly supported K-bi-invariant functions on G. Let ¢, be the
characteristic function of Kz'K. The Hecke algebra (G, K) has a basis given by
{ca}iy=n- Infactc, xc, =3, gl/}y(q)cﬁ, where gﬁy(q) is the Hall polynomial.

Proposition 1.2. [1, Proposition 37] (special case of Satake Isomorphism)

Let 6, = g7 "")2¢\ for all r. The ring structure of H(G, K) is a polynomial ring

over 01,0, ...,0,, 9;1.
H(G,K) = C[01,6,, ...,0,,6, ]

Proposition 1.3. /3, Chapter 5, Theorem 2.7]

Let G* = G N M, (k[[z]]). Then, naturally we have H(G,K) = H(G*, K)[c[,ll].
There is a C-algebra isomorphism from H(G™, K) to the ring of symmetric polyno-
mials in nvariables with coefficients in C[g™'], i.e., f: cqa — ¢ "D Pi(x1, .. X0 g7 )).

Here P is the Hall-Littlewood polynomial.

In 2007, Rains and Vazirani [8] developed affine Hecke algebra techniques to prove
results in terms of vanishing integrals of Macdonald and Koornwinder polyno-
mials. However, at q = 0 (the Hall-Littlewood level), these approaches do not
work, although one can obtain the results by taking the appropriate limit. In [9],
Venkateswaran developed a p-adic representation theory approach dealing with this

special case.

The Hall polynomial was historically studied by Hall, which is an important building
block in the theory of special functions. MacDonald [3, Chapter 2] provides an
extensive introduction of the Hall polynomial. Since the actual explicit formula is
lengthy and involves LR-sequence of type (u’, v’; A’), we will only mention some

results that are used in this thesis:

. g?]r)y(q) = O unless A — v is a vertical stripe of length r. (Pieri rule)

. g?r)v(q) = 0 unless A — v is a horizontal stripe of length r. (Dual Pieri rule)

The product P, P, of Hall-Littlewood polynomials is a linear combination of the
Py’s for all ’s with |A] = |[v|+ |u| : P, (x;1) P, (x51) = 3 gﬁv(t)PA(x;t).



1.3 Outline of the Thesis

In the second chapter, we give a proof of the decomposition of K\G/H, where
G = GL,(k((2))),H = GL,(k((z%))), and K = GL,(k[[z]]), and the Pieri rule
as well as the dual Pieri rule of the interaction between dominant coweight and

symmetric coweight. In the third chapter, a Hecke module will be defined and we

A

will compute the structural constant A~ .

In the fourth chapter we will compute

the structural constant h*, .

1.4 Future Directions

Several questions can be raised as future directions. In terms of double coset
structure K\G /H, if we replace the maximal compact subgroup K with an Iwahori
subgroup, i.e. a conjugate of the inverse map of the subgroup of all upper triangular
matrices in GL,(k), are there any good coset representatives and a nice Hecke
module that could be possibly extended to other types? In Chapter 3, we provide

a formula for hf 1y Thus, a natural question to ask is there a pure combinatorial
2

_lrv9

obtained from induction and the simplicity of the formula itself shines a light on

approach to compute such A since in this part, the building block of h* 1rgn 18
a possible purely combinatorial proof. Furthermore, what is the complete formula
for hfm, and, if possible, is there any construction we can make to give a one-to-
one correspondence from the Hecke module structure to the ring of polynomials
(similarly as the correspondence from Hall-Littlewood polynomials to the Hecke

algebra)?

1.5 Notation
Recall the g-integer [n] = % and g-factorial [n]! = [n][n — 1]....[1]. The g-

binomial is defined as () = % and the g-multinomial is defined as

n B [n]!
(al, as, ...a,-) ~lai'[a2])...[ai]'[n—a; —az — ... —a;]!”

n
ai,az,...a;

For the simplicity of notation in Chapters 3 and 4, we denote ( ) = 0 if any
a; is smaller than 0 and same for the g-binomial. In this thesis, ALL terms in the

form of (Z), (a1 a;l...ai) are g-binomial/g-multinomial.

In this thesis, we will use English notation for Young Diagram.
Notation on partitions: A partition is a sequence A = (A1, A»,...) of integers in

decreasing order (we allow negative integers) and containing finitely many nonzero

terms. For the sake of simplicity, we may neglect the string of zeros when writing



5

explicitly the sequence. The definition of length for A is also different from the
tradition: Here [(A) is the number of all terms in A. Furthermore, we define
m;(A) = |{j : A4; =i}|, and n(4d) = X;50(i — 1)A;. The partition A’ is the conjugate
of 1.

Notation for matrices: Let 1(; ;) (f) withi # j be a transvectional matrix: All entries
in diagonal are 1 and the only nonzero off diagonal term are at row i and column j
withentry f. Let 1(;;(f) be the diagonal matrix: All entries in diagonal except for

row i is 1 and the (Z,7)-entry is f.

Notation for Laurent series: Since we require the base field to be finite, k((z)) is a
local field. Given f = Y5, a;z" with a, # 0, the valuation of f, v(f), is . Let foqq
be the odd part of f and f,,., be the even part of f, that is, feyen + foda = f and

fevena fodd/Z € k((zz))



Chapter 2

SYMMETRIC COWEIGHT

2.1 Decomposition

Theorem 2.1. Every double coset in GL,,(k[[z]]1)\GLn(k((2)))/GL(k((z?))) is

uniquely represented by block diagonal matrix whose diagonal blocks are 1, z, or

1
0 Zl), where i > 1 and the base field k is finite and has char (k) # 2.
Z

Proof. By the Iwasawa decomposition, for any g € GL,,(k((z))), there exists
h € GL,,(k[[z]])) such that gh is upper triangular.

Before we start the actual proof of the theorem, we introduce 4 tricks that are used in
the actual proof. We call left multiplication by matrices in GL,,(k[[z]]) and right
multiplication by matrices in GL,,(k((z%))) allowed operations .

2 foz

Trick 1: A submatrix of the form ( 0 ) (the column with element z” only has
1

b a
one nonzero entry and f, € k((z%)) , v(f,) = 0) can be reduced to ¢ ; ) with
1

allowed operations. We left multiply by 1 1)(1/f), right multiply by 11 1)(fe).
Note that this may change the other entries in the same row as the top row of the

submatrix.

Trick 2: If d < a and for the two pairs {a, d} and {b, c}, elements in each pair are
b a
Z

of different parities, a submatrix of the form

d) (the column with z” only

¢z
b

has one nonzero entry) can be reduced to . 4 with allowed operations.
7z

We left multiply by 1; 2 (—z%?), right multiply by L1 (z47%*<=P). Note that this

may change the other entries in the same row as the top row of the submatrix.

: . L f :
Trick 3: A submatrix of the form 0 & (the column with the 1 only has one

1 z"(foad) 1

nonzero entry) can be reduced to 0 5 or 0k where 0, v( foqq) are of

different parity with allowed operations. Denote f = fodd + feven- We first right
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multiply by 1(;2)(=feven). If foda = O, then the second submatrix is achieved.
Otherwise, by Trick 1, f,qq reduces to z"(fa), Note that this may change the other
entries in the same row as the top row of the submatrix. If the (1,1) term is z, the

trick is similar.

f

1
Trick 4: A submatrix of the form
0 z¢ ¢

) (two columns do not have other

<

a a—1
2% 8= fodaz )
operations. We right multiply by 11 3) (= feven) 1(2,3) (= fodd/2)-

nonzero entries in the matrix) can be reduced to with allowed

Given the above reductions, the proof proceeds by induction on m. Suppose that
the claim holds for matrices of smaller dimension. In particular, the claim applies
to the upper left m — 1 X m — 1 submatrix of X, which allows us to assume without

loss of generality that submatrix is block diagonal with blocks of the desired form.

We use trick 3,4 to modify entries in column m of X: X, is in the form of z¢ if
X;; corresponds to one-dimensional blocks (trick 3). X;,, = 0 if X;; corresponds
to the first row of a two dimensional part (trick 4). If there exists p such that
v(Xpm) = v(Xym) and X, ,, is nonzero, X, ,, can be reduced to 0 by row operations
onrow m and p. Notice that to prove the inductive statement, it suffices to reduce one
nonzero entry X; ,, to be 0 or completely separate one block from the matrix. (Then
by induction, matrices of smaller dimension are block diagonalizable.) Therefore,
one more assumption on valuations of column m entries can be added: X, ,, has the
largest valuation among all nonzero elements in column m. We permute rows and
columns in the first m — 1 by m submatrix such that for all nonzero X; ,,,, v(X; ) is in
increasing order and the first m — 1 by m — 1 submatrix is still block diagonal. There
will be two cases according to the permutation: Case 1 is the first block in a two-
dimensional block (i.e., an entry in column m with the least valuation corresponds
to a 2-dimensional block); Case 2 is the first block in a one-dimensional block (i.e.,
an entry in column m with the least valuation corresponds to a one-dimensional
block).

Case 1: A nonzero column m entry with the least valuation corresponds to a
two-dimensional block. We will show that allowed operations can make a one-

dimensional block completely decomposed from the matrix.

1 z 0
The following is a submatrix of {1,2,m} rows and columns: [0 z¢ Z' f;
0 0 =z
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Step 1: Make the second entry of column m to be the only nonzero entry by row
1 Z 0

operations: | 0 74 Zi Ni
0 _Zb+a—i1f1—l 0

Step 2: Multiply the second row by f|” !"and make the second entry of column two
in the form z* f,, where f, € k((z?)) by column operations (column m only has one

nonzero element).

1 Z 0 1 z 0

0 z“fl‘1 Z11—10 2% f3 7],

0 _Za+b—[1f1—1 0 0 _Za+b—i1f1—1 0
where z“fl_l = 71 fo+z% f,3 and {a’, i1} have different parity, and f.3, fo» € k((z2)),
v(f.3) = 0.If f,3 =0, 7! is a one-dimensional block in the submatrix.

Step 3: Turn X5 > to the form z*. (We multiply the second column by fe‘31, first row
by fe3, first column by fe_31).
1 Z 0
0 Za’ Zil
a+b—iy £~1 p—1
0 =z s 0

Step 4: Make the only nonzero entry in the second row be X ,,.

1 Z 0 1 z 0
24! 0 21— |0 0 4
0 _Za+b—i1f1—1 6—31 0 0 _Za+b—i1f1—1 6—31 0

From the inequality of ¢’ > a > 2 and the fact that {a’ — 1,i;} are of same parity,

trick 2 removes element z¢ ~!. Thus, z'! is a one-dimensional block. We can reduce

it to either 1 or z.

Case 2: A nonzero column m entry with the least valuation corresponds to a one-
dimensional block. If there exists at least 2 one-dimensional blocks in the m — 1
by m — 1 submatrix, assume that one of them is in the £-th row. Then X/, reduces
to O by trick 2. Therefore, X/, is the only nonzero entry in column or row ¢ in the
matrix. Thus, for this case, it remains to show that if all blocks from row 2 tom — 1
are 2-dimensional, we can still split one block out of the matrix. (If there is no

two-dimensional block, which is equivalent to m=2, the 2 by 2 matrix is a block.)

We will have two major steps for this part:
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1. We simplify our matrix into the following form: on column m of X, X»;, = 0
(X2i 2i corresponds to the first row of a two-dimensional block), X2;41, is in the
form of z% ( X2i+1.2i+1 corresponds to the second row of a two-dimensional block),

and X, 1is still in the form of z¢.

Zal,l O O 0 o e Zal,Z
0 Zaz,l Z“Z,l o --. 0
0 () Za3,1 0 . Za3,2
0 0 0 0 ... zni

2. We completely separate one block from the matrix.

Part 1: Step 1: Write X3, = z°f1. If fi € k[[z?]], then, by trick 1, we have
X3, goto 29, If fi ¢ k[[z?]], multiplying fl_1 to the third row will take X3, to z*
and X33 to z* f{!. (The following matrix illustration is the submatrix of {1,2, 3, m}

rows and columns.)

Zw 0 0 Zi Zw 0 0 Zi
0 1 z 0 0 1 z 0

kK oap | T kp-1 _a
0 0 " %A 0 0 " z
0 0 0 7 o0 o ¢

Step 2: Row operations on row 2,3 can split X3 3 into even and odd parts to X3 2, X33
(we have zkf]_l = 2K fo1—2% for, Withv(f.1) = v(f.2) = 0and {a’, a} are of different
parity), i.e., X33 — —z% fur, X302 — —z¥ £,1. Then, we multiply column 3 by fe‘zl,
multiply row 2 by f.2, multiply column 2 by f!. Thatis, f,,' is in X (the matrix
on the left). Notice 2|k” — 1 + a’. Thus, by column operation on column 2,3 we

eliminate X3, (the matrix on the right).

Zw 0 0 Zi ZW 0 0 Zi
0 1 z 0 0 1-2""f.f! z 0
k'—1 -1 a’ a - a’ a
0 - faf, -z z 0 0 -4 z
0 0 0 7 0 0 0o Z

Step 3: We write 2", = 1 — 2K £, f-1(v(f2) = 0). Multiplying row 2 by
f()_zl, column operations on column 2,3 will make X,3/z7"*23) € k((z%)). We
write z fz_l =z Seur + " Sfeuz where 2|u — u” and u’, u”are of different parity and
V(fewz) = 0. By column operations on columns 2,3, X3 would be reduced to

a Sfeuz. Next by trick 1, the term f,,» and minus sign are eliminated.
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Y 0 0 7 20 0 Z Y 0 0 7
0 Zu Zfe_zl 0 0 Zu Zu”feuz 0 0 Zu Zu”
’ % ’ H ’

0 0 —z¢ ¢ 0O 0 —z# z¢ 0 0 z¢ z¢

0 0 0 <2 0o 0 0 ¢ 0 0 0 ¢Z

Now, redoing steps 1-4 for all two-dimensional blocks such that all nonzero entries

in column m are in the form of z would finish part 1.

Part 2. Taking any nonzero elements to be 0O will break the matrix into smaller

blocks. Recall that there are two semi-block forms from step 1 above:

P || 1 z -+ 0
, and ' .
0 Za DR Za O Z DR Za
The former is the semi-block obtained from part 1 and the latter is the case where

fi € k[[z%]]. The former has a restriction: For the two pairs {u,u”} and {a,a’},

elements in each pair are of different parities. The latter has a restriction: k > 1.

. . M0 - 0
If u” > a’, trick 2 takes the former semi-block to ( , ) .
O Za PEEEEY Za
2 0 . ral b 0 .
For , , wWe rewrite it as , . . Similarly for
0 z¢ R 0 g4'tu-u 7@
1z - 0. . . ooz 0
' , if k, a are of different parity, we rewrite it as el .
O Z c e Za Z DY Za
. P AP |
Now, two semi-blocks are both of the form b b | where for the two
Z .o o Z

pairs {w,w’} and {b, b’ + 1}, elements in each pair are of different parities and

w’ < b.

We claim that on the submatrix of {1, 2, 3, m} rows and columns, by those allowed

operations, we can extract one two-dimensional block from the matrix and obtain
Zal,l O O Zal,Z
0 Z“Z,l Z02,2
. Let condition (A’) denote a3 —as» < az» —aj», and
0 () Za3,1 Za3,2 ’ ’ ’ ?

0 0 0 z%i
condition (B’) denote a3 | —az» > azs — aj .

Zal,l 0 O Zm,z Zal,l O 0 Zal,Z
A, O Zaz,l Z“Z,Z O 0 Za2,1 Z“Z,Z Za3,2+a2,2_a3,1
. —
O 0 Z‘l3,l Za3,2 0 0 Z“3,I 0

0 0 0 o 0O 0 0 Zn
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z41L1 0 0 7412 z41L1 0 0 7412
Z03,2+d2,2—a3,1+a1,1—al,z Zaz,l Zaz,z 0 0 Zaz,l Zaz,z 0
— —
0 0 z%r 0 0 0 z%r 0
0 0 0 z% 0 0 0 zfnt

Condition B’ is more subtle than A’: First we do row operations from row 3 to
5,7,...,and m to remove all entries in X241, for K > 1 and X, ,,. That is, terms
on column m are transferred to column 3. In the following submatrices we rewrite

an1 +as)—azptobea .

Zal,l 0 0 Zal,Z Za1,1 0 Za3,1—a3,2+a1,2 Zal,z
0 7321 022 0 0 721 7322 0
H
0 0 7331 7432 0 0 0 732
0 0 z%f1 0 0 0 Zna 0
Zal,l Z613,1—613,2+a1,2+512,1—512,2 0 Zal,z Zal,l 0 0 Zal,z
0 72,1 7922 0 0 7321 022 0
— —
0 0 0 z®2 0 0 0 z%2
0 0 20 0 0 %1 0

Now rows 1,3 and columns 1,4 form a two-dimensional block in the matrix (column

3 still holds all the original column m information).
The remaining of this proof is to show such blockwise decomposition is unique.

Given B(z) € GL,(k((z))), we write a decomposition of B as B(z) = gAh, where

g € GL,(k[[z]]). h € GL,(k((z?))). Denote B(z) = B™!(-z) and B = BB. For
-2
€)= 11

C =1,p(C) ={0}. For C =z, C = -1, p(C) = {0}. By Cartan decomposition,
p(B) is unique. B = gAh = g’AN'W, B = gAAG = ¢’ N’ A’§’. By abuse of notation,

Z . oA
C= ;| the corresponding C'is
Z

. 1
we write 7' = Zl . For A = ®;z, we denote o (A) = {ci, ...c;}. Here a block
b4
diagonal matrix A has z¢ on the diagonal in the order of valuation non-decreasing.
We rewrite o (A) = {a', a)?, ..., 11,0}, o (N) = {b’;l, b;z, ..., 122,07}, Therefore

p(B) = p(AR) = {(a1-1)", (2= 1)", ..., 0", (1-ay)™, (1-ay)"'} = p(A'N).

Thus we have these equalities: a; = b;,n; = n;foralli,and ly +ry = [h +1rp. It

suffices to show /| = [, r; = r; for this part.

We prove this part by contradiction. Without loss of generality, | > [,. We rewrite
gAAg = g’ N'N'§ as goAA = NN go(-2).
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We write the (7, j)-th entry in the matrix g¢ in the formof a; ; = a; ; . +a; j ,, Where
aj j,, is the odd part and q; ;. is the even part. By direct computation of the first
I + r by [; + r; submatrix of LHS-RHS (i.e.,g0AA — A’A’go(—z)), we have

ailo ail.o Tt aAlri+l,e e ailli+rye
az 1,0 azn.o e al ri+l,e e an.li+rye
=0.
—Apy+l,l,e —Arp+12,e " “Ary+lri+lo " —Ary+ll1+r1,0

By direct computation on submatrix with rows {/{+ry,[{+r;+1, ..., n} and columns
{1, 2, . ll + 7‘1} of LHS—RHS, we have Al +r1+2k,] = Q] +r1+2k,l,e OF [ +r +2k 1,0 O 0
and v(aj,+r,+2k,1) = my for I < Iy +ry, k > 0. By direct computation on submatrix
with rows {1,2,...,1; + r1} and columns {/y + ri,l; +r; + 1, ..., n} of LHS-RHS,
we have ajj 4ri42k41 = Q1 4r42k-1,e OF 11 4r42k-1,0 OF O and V(a4 42k41) 2
my — 1 forl < Il; +ry,k > 0. By direct computation on submatrix with rows
{l+r,li+r1+1,...,n}and columns {l; +r1,l; +r; +1,...,n} of LHS-RHS, we
have aj yr+2k,1 47 42k41 = Qliar 4267 0 4r142k+1,e OF Q4 42k 11 4r1+2k+1,0 OF O where
the valuation > max (my,my) — 1 for k’, k > 0. Here is an illustration of these
rules, where X represents an element complying to the restriction. (We only need

the fact that each nonzero term has valuation greater than 0.)

aile Tt ail+ry,0 X Al i+r1+2 Tt X
all+r1,l,e e all+r1,ll+r1,o X all+r1,ll+r1+2 e X all+r1,n
al+r+1,1 0 Al4r+L,4+r; Ali+r+L0 4+l Al4r+L,0+r+2 0 AlLi4r+ln-1 Ali4r1+1n
X e X X Al +ri+2,L1+r+2 " X Al 4+ri+2,n
an-1,1 e An-1,114r1 An-1,l14r1+1 An-1,114r1+2 e an-1,n-1 an-1,n
X X X An 1 +r 42 e X

From Leibniz’s formula of determinant and gg € GL,,(k[[z]]), the least valuation of
nonzero summands is 0. We write one such summand with valuation 0 by 7. Notice
that in row /1 + 1 + 2k (k > 0), NONZEIrO Ay, 4r 42k 1 A1+ +2k.1,+r+2k'—1 Where (kK >
0,1 < Iy + r1) have valuations greater than 0. Thus, we require that 7 picks ”_l%
elements in these rows from columns {/| +r;+2,l; +r1 +4,...,n}. Inrows < [| +7rq,
no element in columns {/; +r; +2,[; +r; +4,...,n} is in 7. From observation on
column/; +r;+2k —1(k > 0), nonzero aj, +r,+21.1,+r,+2k+1 for all /, k have valuations

greater than 0. Thus, we notice that all elements in 7 which are in the first [ + r;

aln

An,n
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rows are in the first /1 + | column. That is, in the first /1 + r by /1 + r| submatrix

of go (denote by g1), there exists a summand of Leibniz formula with a 0 valuation.

ail,e al2.e Tt al,}’1+l,0 Tt al,ll+r1,0
al e ajzn.e cet az ri+1,0 crt az li+ry,o
81 =
Ary+1,1,0 Ary41,2,0  °°° Arp+lri+le " Qrp+lli+ry,e
all+r1,l,0 all+r1,2,o et all+r1,r1+1,e Tt all+r1,ll+r1,e

Fornonzeroa; j ., a; j.,, wehave v(a; j.) > 0,v(a; ;o) > 1. Any nonzero summand

will have valuation > |r| — r;|. The contradiction appears since r; < r». O

We define the symmetric coweight o on the blockwise decomposition. Recall in the
proof of uniqueness in Theorem 2.1, for A = @;z, we have o (A) = {c1,...c;}.
Therefore, for any B € GL,(k[[z]])AGL,(k((z?))), we extend the definition of
o (A) to B such that o (B) = o (A).

2.2 Pieri and Dual Pieri Rule

Having classified matrices of this form, it is natural to ask how a small change to the
matrix affects the class of the matrix. We have already considered a version of this
in the proof of Theorem 2.1, where we added a single row and column to a matrix
in block form and reduced it to block form. Another natural operation corresponds
to a meromorphic change of basis in the difference equation, or in terms of B,
left-multiplying it by a matrix A which is not invertibly holomorphic. There are two

cases in which we obtain particularly nice results on how the type can change.

In this section, we define two relations a ~ b and a ~" b corresponding to a; — 1 <
b; < a;+1anda;y; < b; < a;— for all i. In the language of Young diagram, it is
equivalent to: 4 ~ u means that A can be obtained from u by adding and subtracting
a vertical strip and 4 ~" u means that A can be obtained from u by adding and

subtracting a horizontal strip.

Theorem 2.2. Forany A € GL,(k((z))) with p(A) = {1'} and any Be GL,(k((z)))
with o(B) = {ay, ..., a,}, we write 0 (AB) = {by, ..., b,}. Then, we have o(B) ~
o(AB).

Theorem 2.3. Forany A € GL,(k((z))) with p(A) = {l} and any Be GL,(k((2)))
with o(B) = {au,...,a,}, we write 0 (AB) = {by, ...,b,}. Then, we have o(B) ~’
o (AB).
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We need two lemmas to prove the above two theorems.

Lemma 2.1. For any A € GL,(k((z))), we write p(A) ={ay,...,an}. Ifa, >0,
0(A) ={b1,...,b,} has the property b; < a; forall j.

Proof. If a, > 0, each element in A has nonnegative valuation. Recall in Theo-
rem 2.1, in the algorithm of decomposing gAh = A, h can be written as a product
of transvectional matrices with entries in k[[z?]], diagonal matrices with entries
of nonpositive valuation and permutation matrices: In Case 2 Part 1 step 2, if
k" =1 < a, then, instead of making X3, — 0, we do similar column operations
to make X33 — 0. In Case 2 Part 2 condition A’ and B’, we do column multipli-
cation on column 2,3 to make X3, X;4 € {1, z}. Then, all transvectional matrix
(column operations) have entries in k[[z%]]. Thus p(H) = {hy,...h,} has h; < 0.
0(A) =0(A) =p(A) = p(GAH) = p(AH). From [3, Chapter 5], b; < a; for all
J. O

Lemma 2.2. For any A € GL,(k((z))), we write p(A) = {ay,...an}. If a1 >
Oanda, <0, 0(A) = {b1,...b,} has the property b; < a;_y for all j.

Proof. Claim: Thereexistsa D € GL,(k((z))), where the firstrow is (2", z, 0, .., 0)
(w € {0,1};c > w;w, c are of different parity) or (z", 0,0, ..,0) and the first col-
umn is (z",0,0,..,0), with the following properties: o (A) = o(D); the lower
right n — 1 by n — 1 submatrix of D can be written in the form of D’[z%], where
D’ € GL,_1(k((2))), p(D’) = {ay,ay,...an-1}, [z*] denotes an — 1 by n — 1 di-
agonal matrix with the first entry z¢ and other entries 1 and a > 0; if w = 1, then
a=0.

We denote p(D) = {dy, ...d,—1,d,}. With the claim, Lemma 2.1 implies b; < d;
for all i. Recall the original Dual Pieri rule for p states: for E and E’ = XE,
with p(X) = {f}, f > 0, and p(E) = {ey,..en}, p(E’) = {fi1,..fn}, We have
ei-1 > fi > e, fi < e;+ f. In other word, there is no vertical strip on the
diagram. Thus, p(D’[z*])={d,...d,—1} has d; < a;_; for i < n. One direct
result from the claim is that D can be decomposed in to D’[a] and z". Thus,
if w=1,{dy,..d-1} = p(D'[a]) = p(D’) = {a1,as,...an_1}. Inserting one
additional 1 (z" part) leads to d; < a;—; for all i < n. If w = 0, we can rewrite
p(D) = {d,,...d,-1,0}. Thus we have the property d; < a;—; for all i (if i = n,
d, =0 < a,_1). Combining with b; < d;, the inequality b; < a;_; is reached for all

i
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Proof of the claim:

We will present an algorithm to find such D. All matrices operations are allowed
operations from Theorem 2.1. Pick A; ; to be an entry in A with the least valuation,
ie., v(A;;) = a,. Let B = go(1,i)A(1, ) such that By; = z%, B;; = 0 for
i > 1, where (1,7), (1, j) are permutation matrices and go € GL,(k[[z]]). (We
permute rows and columns such that A; ; is in the 1,1 position and reduce it to
z% and eliminate all other entries in column 1.) The bottom right n — 1 by n — 1
submatrix has p={ay, ..a,—1}. Now, we have v(B ;) > a, for/ > 1. By trick 3 from
Theorem 2.1, By; = z° f; or 0, where a, < ¢; and {a,, c;} are in different parities
and f; € k[[z?]]* forall I > 1. If By ;’s are all 0, then the proof of the claim is done:
D13 =0,a =0. Ifnotall By is 0, we pick the least ¢; (assume it is c,,) and do trick
1 to remove f;. Then we cancel all other By ;’s by column operations and switch
column p, 2. Let C denote the g; Bh; where g1 € GL,(k[[z]]), b1 € GL,(k[[z*]]),
and A is the above column operations, g is the above row operation. Remember
that the bottom right n— 1 by n— 1 submatrix of C still has p={ay, ..a,—1}. We denote
the submatrix [C],-1. C has the first row (z*, 27,0, ..,0). ¢, > a, and {c, a,} are

of different parity.

If ¢, > 0 and 2|a,, C right multiplies by 1(1,1)(z7“"). In this case, w = 0,c¢ =
cp.a=0.1If ¢, > 0and2|a, + 1 and ¢, # 0, C right multiplies by 1y 1)(z!7").
In this case w = 1,¢ = ¢p,a = 0. If ¢, > 0 and 2|a, + 1 and c, =0, C
right multiplies by 1(;1)(z'™)(1,2) and left multiplies by [];5; L;,1)(—=C;2).
In this case, w = 0,¢ = l,a = 1. If ¢, < 0 and 2|a,, C right multiplies by
11(1,1)(z_"")ll(z,z)(zl_cl’). In this case w = 0,c = l,a = 1-c¢,. If ¢, < 0 and
2la, + 1, C right multiplies by ]1(1,1)(ZCP+1‘“")(1, D) 11,1y(z7?) L (2,2)(z77) and left
multiplies by [];51 1(;,1)(=C;2277). In this case, w =0,c = 1,a =1 - ¢),. O

Proof of Theorem 2.2. We write gABh = A, g’Bh’ = A’ with g, g’ € GL,(k[[z]])
and h, i’ € GL,(k((z?))). A, A" are block diagonal matrices.

a(N) = p(N) = (a1, a2, ....,an). o(A) = (Ag"'A) = (b1, by, ...,b,). Also
p(Ag~! = {1'}. Therefore, p(Ag" 'A’) = (c1,¢2, ..,cn) has a; < ¢; < a; + 1 for all

i < n (original Pieri rule). By Lemma 2.1, b; < ¢; for all i. Therefore, b; < a; + 1.

For the other inequality, i.e., a; — 1 < b; , we take A" to be A" = zA‘lg‘l. Now, one
direct result from A is p(A’) = {1"'}. Notice that A’gABh = A’A, A’gABh = zBh.
Thus, o (A’A) = o (zA\') = (ay, dy, ..., d,). Since multiplying z by A" only switches

1 and z, we know a; = a; for a; > 1 and all other 4; are less than 2. Applying the
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result from the previous paragraph on A and A’A implies @; < b; + 1. This equality
leads to a; < b; + 1 from the fact that b; > 0. O

Proof of Theorem 2.3. We write gABhA and g’'Bh’ = A’ with g, g’ € GL,(k[[z]])
and h, i’ € GL,(k((z?))),where A, A’ are block diagonal matrices.

Wehave o (A’) = p(A) = (ay, as, ...,a,) and o (A) = 0 (Ag"'A’) = (by, ba, ..., by).
Also p(Ag’~! = {I}. Therefore, p(Ag’'A’) = (c1,¢2,...,cn) has a; < ¢; < aj_
for all i < n (original Dual Pieri rule). By Lemma 2.2, b; < ¢; for all i. Therefore,

b; < aj-.

For the other inequality, i.e., a; < b;_1, we take A’ to be A’ = A~!g~!. Similarly
to the proof of Theorem 2.2, o(A’) = o (A’A). We write p(A’A) = (ey, ..., en).
Recall the original dual Pieri rule for p of A”, A’A shows b;.1 < e; < b;. If e, > 0,
by Lemma 2.1, we have a; < e¢;. Thus a; < b; < b;_1. If ¢, < 0, then by the

inequality on original dual Pieri rule, we have e,_; > 0. By Lemma 2.2, we have

a; < e;_1. Thus, both cases yield a; < b;_;. m|
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Chapter 3

HECKE MODULE

In section 2.2, Pieri and Dual Pieri rules provide two nice results on how left-
multiplying B by a matrix A with certain type can change the symmetric coweight
of B. The next natural question to ask is how spreading can the symmetric coweight
be after the left multiplication. Similarly to the classical study of (spherical) Hecke
algebra, we will define a Hecke module over double coset structure to describe the

spreading with respect to Haar measure.

Throughout this chapter, we write K = GL,(k[[z]]),H = GL,(k((z%))),G =
GL,(k((2))). We define 7t = diag(z', ..., z"') and c, is the characteristic function
of the double coset Kn*K. We define IT* the block diagonal matrix with valuations
in nondecreasing order. Let d, be the characteristic function of the double coset
KII'H.

Recall the construction of (spherical) Hecke algebra H (G, K) in [3, Chapter 5],
MacDonald proves that ¢,’s form a C-basis of H (G, K).

Definition 3.1. The Hecke module H(G, H, K) is the C— vector space of all complex
valued continuous functions on G that is a linear combination of d,. Equivalently,
dy’s form a C-basis of H(G,H,K). We define a multiplication on H(G, H, K)
and H(G.K): [ x g(x) = [ 8(y"'x)f(y)dy for f € H(G.K), g € H(G.H,K),
x € G. By Proposition 3.1, the Hecke module H(G,H,K) is a left H(G,K)-

module.

Unlike the definition of the (spherical) Hecke algebra, in this case, H is not compact,
thus a definition of all continuous function with compact support cannot be applied
here. Any function in H (G, H, K) is invariant with respect to (H, K), i.e., f(kxh) =
f(x)forallx e G,he H, k € K.

Proposition 3.1. H(G, H, K) is a left H(G, K)-module.
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Proof. Forallhe H, k € K,

f % g(kxh) = / ¢ kh) f(y)dy = / k) £ () dy
G G
= / gV ') f()dy = / g(y 'x) f(y)dy.
G G
Given fi, f» € H(G,K) and g € H(G, H,K), we have
fi % (f2 % 8)(x) = /G (o X )y fi () dy
= / / g(z7 'y %) fa(2) fi(y)dydz
GJG
= / / sV ') AEHAG DY dZ.
GJG
The last equality is obtained by y’ = yz and z = z’~!. Moreover, we have

(fifo) x g(x) = /G g X)) (fif)()dy = /G /G g(y"'x) fi(yz) oz ") dzdy.

Thus, we have f1 X (2 X g) = (fi1f2) X g
Similarly, for distributivity of f, we have
(fi+ f2) X)) = / sO7 (i + ) ()dy = / ($G7 0 i) + (670 o)y
G G
=(fixg+ frxg)(x).

Thus, we have (f1 +f2) X g= fl X g +f2 X g.
Similarly, for distributivity of g, given g1,g> € H(G,H,K) and f € H(G,K), we

have

Fx (g1 +82)(x) = /G (g1 + )0 () (y)dy = /G (@107 () + 82070 F(0)dy
= (fx g+ xg2) ().
Thus, wehavefx (81 +g2) = fXg1 +fXg2.

Identity for H (G, K) is ¢y, i.e., the characteristic function on K. Thus,

co X g(x) = /G (o) dy = /K (" dy = g(x).
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Given partitions A, ¢ of length 7, the product ¢, X d, is a linear combination of d,.
Define hf” byc,xd, =3, hﬁvdv. We have

K, = (cux dy)(IT)

= /G di(y"'I) e, (y)dy

= / di(y ') dy
KnHK

:Z/dﬂ(kyi_ll_[”)dk
i K

= Z da(y7 ')

where Kn#*K = U;y;K, and K has measure 1. It follows that a’/l(yl.‘IH") =1if
y;'II” € KII*H and d,(y; ') = 0 if y;'TI” ¢ KII'H. Recall that the Haar

measure of K7#K 1is finite; a direct result is that hfw e 7.

In this chapter, we will first give a representative for y;’s (Lemma 3.1). Then, hﬁv is
equal to the number of i’s such that yl.‘1HV € KTI'H. Before we start Theorem 3.1,
we introduce a system of paired tuple and associated equivalence relation. The set
WZ}’V denotes the set of all paired tuples of size £ that are associated with the partitions
v and A, which corresponds to symmetric coweights of elements in GL,(k((z))).
Explicitly, we have €(v) = n, mo(v) > >;1 m;(v) and m;(v) = 0if i < 0, similarly

for A as well.

Given partitions v and A with £(v) = £(A1) = n, let w be a tuple of length n consisting
of 0’s and 1’s. We say w is a paired tuple of size ¢ associated with v and A if the

following conditions hold:

1. >;w; = €. Here ¢ is defined as the size of w.

2. Pairing is imposed on tuple w. There is at most one pairing for any index i.
If v; > 1, the indices i,n — i + 1 form a pair (i,n — 1 + 1). For index i with
v; = 1, it can be paired with a index j where w; = 0 and v; = 0, written as
(i,j). Let v = (¥1,...,V,) be a tuple obtained from v by changing each part

v according to the pairing of i. We define:
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vi+w;—wj;, v;> land (i, j) is a pair
2, v; = 1,and (i, j) is a pair

vi+ (=1)""w;, iis not paired

0, otherwise.

3. vis areordering of A.

10

1,1
If i > 1, denote wy;) = (w[], NEGE

([)f]] ), where

wat]b = |{(7‘,S) twy=a,wg=b,v, = l}|

l
W] 0

: _ (00 11
We also write w(j] = (w [y @np

)’ [1]) where

[{pair(r, s) : v, = 1}, if (a,b) = (0,0),
b |{r : w, = v, = 1 and r not paired}|, if (a,b) = (1,1),
|{r : w, = 1,v, =0 and r not paired }|, if (a,b) = (1,0),
0, if (a,b) = (0,1).

An equivalence relation is imposed on w and w’: w ~ w’ if and only if w(; = w’[l.]

for all 7.

Next, we give a formula of hfw for 4 comprised of —1 and 0. For a > 1, we denote

j o n—j—k _1\k ~ ) . .. .
{(ltgzlj):k’ia:} J(a-1)*} and denote h‘:[a] — h;],kq—Jk—(]H)(n—l—k) if Wl =

(n—i—j—k,i,k,j). We denote A

],k
as hl J

2 1n2-i- Jj+k}

Ciresk 1 iy 35 B(;)[l] where wy] = (k, j,1,0).

In Proposition 3.2 and 3.3, we will give a closed formula for A, h. In the rest of this

chapter, we write t; =n —2 ;. m;(v).

Theorem 3.1.

h/_ll[’)/: Z qr([W])Btf[l] n il;'u[i]

[wlew;, /~ w[i).i>1

’ . ) |
(WD) =( ) @i+ @0 e+ ) mng+ ) milwp-wp;

L

—

i>1,je{0,1} i>1 J.k 1<i<j I<i<j

1
coa 1 00 _ 112 0.0 oo 111
+Zn,wm 2((2%[] w;i)” - (Zw ,]“’[z]))
1>

i>1
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Define A, as the set that consists of all upper triangular matrices X € GL,(k[[z]])

with the following properties:

I. X;;=1lorg,

2. forisuchthat X;; = z, wehave X; ; =0if j >iand X;; € kif j <1,
3. forisuchthat X;; =1, wehave X;; =0if j <iand X; ; € kif j > i,
4. the number of z on the diagonal is a.

Lemma 3.1. Given A € G with p(A) = (1), we have KAK = | |xc#, KX.

Proof. Given X,Y € A,, we first show that KX N KY is empty unless X =Y. It
suffices to show XY~! ¢ K. From direct computation, for Y with entries ¥; ;, Y ~lhas
Y_I,-,j ==Y, ;j/zifi # j and Y‘li,i =1/Y;,;. Since X, Y are both upper triangular, on
the diagonal of XY !, each entry is in {1, z, 1 /z} and XY ! is also upper triangular.
Thus, X;; =Y;;. LetI ={i : X;; =z}. For j € I,i ¢ I,i < j, we have

XY= X (<Y /2) + Xo j(1)Y; ) = =Y ;)2 + X j/z.

Thus XY~ ; € k[[z]] iff X;; = ¥; ;. Recall that the Haar measure of KAK is (").

Also, we have (Z ) = |Ayl. Thus, A, is a representative of the coset. |

Lemma 3.2 and 3.3 are useful in the proof of Lemma 3.4, 3.5, 3.6.

Lemma 3.2. Forany A € GL,(k((z))) with p(A) = {uy, ...un} where u; < a and
Un = 0,and A’ € GL,,(k((2))) withA’—A € M, (z°k[[z]]), we have p(A) = p(A’).

Proof. We recall a classical result on determinant from [4] :

det(A + B) = Z Z (=1)*@*+B) det(A[a|B]) det(B(a|B))
r a,pel,
Here A and B are n by n matrices, the outer sum on r is over {0, ...n}, I, consists of
all subsets in {1, ..., n} with size r, A[a|B] (square brackets) is the r by r submatrix
of A in rows a and columns B, and B(«|B) (parentheses) is the n —r by n —r

submatrix of B in rows complementary to @ and columns complementary to S.

Denote p; = >

i=n—I+1

viand B = A — A’. It suffices to show that gcd of / by /
submatrix of A + B is the same as that of A. It suffices to prove the claim: for
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any [ < nand @, € I;, we have v((A + B)[a|B]) > pi; pick a, B € I; such that
v(Ala|B]) = pr.v((A + B)[a|B]) = p1.

We first prove the second half of the claim. For the sake of simplifying the
notation, denote C = A[«|B],D = Bl«a|B]. For r < landforall ¢,y € I,
nonzero summand (—1)*@*W) det(C[p|y]) det(D(p|)) has valuation > (I —
ra+p, > p;. vi < a,pr—pr < (Il —r)a.) Forr = landforall ¢,y € I,
(—=1)5@)+W) det(C[p|y]) det(D(¢|w)) has valuation equal to p;. For first half of
the claim, the argument is the same as the r < [ part: For r < [ and for all ¢,y € I,
nonzero summand (—1)*®*+W) det(C[¢|w]) det(D(¢|¥)) has valuation > (I—r)a+

or = p; (Note that vy < a, p; — p, < (I —r)a). O

Lemma 3.3. Denote the subgroup generated by transvection matrices, i.e., all
L) (f) withi # jand v(f) 20, as E C K. For any gg € G, there exists k| € K
and ey € E such that kigoes = A, where A is a diagonal matrix of the form with
diagonal entries z¢ and valuations of diagonal entries correspond to the dominant

coweight of go.

Proof. Let R be a commutative ring. By [2, Theorem 4.3.9], if R is a Euclidean
domain, then E, (R) = SL,(R), where E,(R) is the subgroup of SL,(R) generated

by transvections (also called elementary matrices).

Take R = k[[z]]. We notice that GL,(k[[z]]) = (k[[z]]")SL,(k[[z]]). Cartan
decomposition leads to kigper = A. O

In the proof of Lemma 3.4, 3.5, and 3.6, we fix matrix B as follows: for i with
vi > 1,wehave B;; = 1, B ,_ix1 = 2, Bp_ip1p—iv1 = 275 if (n —11)/2 < i < mp(v),
then B;; = 1;if mo(v) <i < mo(v)+m(v), then B;; = z; other entries are 0. Let ¢;

denote column 7 and r; denote row i. Lemma 3.6 is a weak version of Theorem 3.1.

Lemma 3.4. For any X, X' € A, satisfying X, ; = Xl.’j for 0 < i,j < % or

n—t| .. n+t n+it .. _ ’
>+ <1I,] <=t or—t <i,j<n wehave c(XB)=o0(XB).

Proof. 1t suffices to prove that the lemma holds if X” satisfies the extra condition:
X/, =0for (52 >iand j > Sy or (G2 <i < Zand j > S1). We write
Y = XB. We will do allowed row/column operations on Y to prove this lemma. This
is a 6-step matrix operations procedure:

n—ry
2

Step 1: For any i < there exist allowed operations such that X;,_;4+; can be

reduced to 0.
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For j < % and i # j, we do column operation to make Y;; = 0. Thus,

the first % by % submatrix of Y is diagonal. If X;; = 1, Yi,iy1 = 2+
Xin—i+1Bn—i+1.n-i+1 can be reduced to z: It suffices to consider X; ,_;+1 # 0, which
implies Xy—i+1 n—i+1 = 2. We write By_j1 5—i+1 as z2%. If 2|a, then c,,_;4; replaced by
Cn—i+1 = Xin-i+1Bn-is1 n-i+1¢; Will make Y; ,_i1 to z. If 2|a + 1, we replace ¢,
by ¢p—it1/(1 + Xi n—i+1 Bn—i+1.n-i+1/2). Recall that on row n — i + 1 the only nonzero
term in Y 1S Y;,—it+1 n—i+1, thus by row operations from row n — i + 1 to all other rows,
Yinoivt/(1 + Xipis1 Buixtn-i+1/2) — Yip—igr foralll # n—i+ 1. If X;; = z,
Yini+1 = 2>+ Xin_ir1Bn_i+1.0-i+1 can be reduced to z2: similarly as X;; = 1.

Step 2: For any i < ”_2—“ and "_2—” <j< ";—” , there exist allowed operations such

that X; ; can be reduced to 0.

It suffices to consider X; ; # 0, which implies X; ; = z, X;; = 1. If B; ; = 1, ¢;
can be replaced by ¢; — X; jc;. If B; ; = z, ¢j can be replaced by ¢; — X; jc,—is1.
Notice that on column n —i + 1, Y; ,—;+1 = z and all other entries in ¥’s column

n —i+ 1 are 0 or of valuation z%, 74!

if we write Bj_i41 4—i+1 = 2% On row j the
only nonzero terminY is Y; ; = z2. Thus, by row operations from row j to all other
Tows, Yl,]‘ - Xi,le,n—i+1 4 Yl,j forall [ #i.

Step 3: Forany i, j < ”%“ and X;; = zand i # j, there exist allowed operations such

that X; , ;41 can be reduced to 0, i.e., ¥} ;41 = X iBin—it1 + Xjn—iv1 Bn—is1,n—-i+1
reduces to X ;z.

It suffices to consider X ,_;41 # 0, whichimplies X,,_;11 ,-i+1 = 2, X; ; = 1. The only
two nonzero elements in Y’srowiareY;; = z,Y; p—iy1 = z2. We write By _i+1.n-i+1 bE
z%. If 2]a, then c,,_;41 replaced by c¢,,—is1 — Xj noiz1 Bnis1 n-i+1¢j will make Y; ;11
to X;;z. If 2|1 + a, we replace r; by r; — Xj,n_i+1Bn_,~+1,n_,-+1/z2 (Bp—i+1.n-i+1 has
valuation > 2.). Then a column operation ¢; = ¢; + Cij,n—i+an—i+l,n—i+l/Z2 will
keep all other terms the same as before.

Step 4: Forany i < "1, j > "0 X, ;11 ,-js1 = landi < n— j+1, there exist

allowed operations such that X; ; can be reduced to 0.

Starting from j = %’1 — n, for all eligible i satisfying the above condition,

the following algorithm would remove X; ;. We write B;; be z%. If 2|a, then
c; replaced by c¢; — X; ;B; jc; will make Y;; to 0. If 2|a + 1, we replace r; by

ri — rn-j+1X; B} j/z( Bj ; has valuation > 2). Recall on row n — j +1 of ¥,

Lo _ n+t . _
Yn—j+1,n—j+l = 1’Yn—j+1,j = z; if Xn-l+1n-1+1 = Z, 21 <l < (V(Yn—j+1,l) =

loreo), then Y, ji1) = Xy jsinis1Buorsry 5 i Xpp = 2,0 > j. 0(Yjrry) 2
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2 or o0), then Y,,_j+1; = X,—j+1,B1;. Then we need to do the next three steps to

make all other entries in row i remaining the same.

1. A column operation ¢,_j+1 = ¢4—j+1 +¢; X jBj j/z.

2. If Xp—141-141 = 2, % <[ < j, weredo step 3 to eliminate terms in Y;; that

is caused by the r,_;,| row operation.

3. If X;; = z, 1 > j, we do row operation r; + r;X; ;B; ;Y;;/(2Y;;) (row [ has

only one nonzero term Y ;).

Notice that for step 4, we on purpose make current ¥ and original Y only differ by
one element for each i, j.
n-ty

2 5
allowed operations such that X; ; can be reduced to 0.

Step 5: For any i < Jj > %“,X,,_jﬂ’n_jﬂ = 1landi > n— j + 1, there exist

Starting from j = n — %, for all eligible i satisfying above condition, the
following algorithm would remove X; ;. We write B;; be z*. If 2|a, then c;
replaced by ¢; — X; ;B jc; will make Y;; to 0. If 2|a + 1, we replace r; by r; —

rn-j+1Xi B} j/z( Bj; has valuation > 2). Recall that on row n — j + lof ¥,

. _ n+t . _
Yiojrtn—je1 = LYnjuj = 20 if Xpppipe1 = 25+ < 1 < j OYojury) =

1 or o), then Yijr10 = Xn—jstn—i+1Bn-141,1 3 it Xpy =2z,0> . (V(Yn—j+1,l) >
2 or 00), thenY,,_ 117 = Xy—j+1,B1;. Then we need to do the next two steps to make

all other entries in row i remain the same.

1. A column operation ¢, j41 = cp—js1 + ¢ Xi jBj j/z.

2. If X141 n—141 = 2, % <[ < j, weredo step 3 to eliminate terms in Y;; that

is caused by the r,_;,1 row operation.

Notice that for step 5, we on purpose make current ¥ and original Y only differ by

one element for each i, j.

n+ty n—i
2 2

X; j can be reduced to 0.

n+t
2

Step 6: Forn > j > <i< there exist allowed operations such that

It suffices to consider X; ; # 0, which implies X; ; = z, X;; = 1. If B; ;and B;; are
of the same parity, ¢; can be replaced by c¢; — X; ;B ;/B;c;. If B; jand B;; are of
different parities: if X,,_j41,—j+1 = 2, apply step 3 again; if X,,_ ;41 ,—j+1 = 1, apply
step 5 again. O
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In the following lemma, [M],,/, denotes the n/2,n/2 submatrix of M that consists

of the {n/2 + 1,n/2 + 2, ...n}th rows and columns; [M],, denotes the n/2,n/2
submatrix of M that consists of the {1, 2, ...n/2}th rows and columns. Let [# L2
denote a matrix Y in GL,([[z]]) such that ¥;; = 1,Y;,,—;+1 = z fori < n/2 and

[Y],/2 = [M],/2 and all other entries are 0.

Lemma 3.5. In this lemma, we impose a further condition on B: t; = 0. For
any X € A,, there exist M,N € GL,/>(k((z))) such that: N is diagonal with
Nii = 1/ Xpppoivtno-ivt; Xij = —Muppp1-injor1—j for 0 < i,j < nf2andi # j;
M;; =1 foralli. Thus o(XB) = p([X]n/2[Bln/2MN).

Proof. Lemma 3.4 shows that if X, X’ € A, and they follow the restrictions in
Lemma 3.4, there exist kg € K, hy € H such that keXBhy = X’B. It suffices to
show: 1. There exist columns and rows operations on XB to a matrix Y, where
Yii=1Y,_is1 =zfori <n/2and [Y],/» = [X]n2[Bls2MN and all other entries
are 0. 2. On [Y],2, given any transvectional matrix e3 in GL,,»(k[[z]]), there exist
row and column operations such that [f’]n jp turns to [Y] . 2¢3. Thus by Lemma 3.3,
o (XB) = p([X1,/2[Bl,2MN).

For 1: we add steps 7 and 8 after the former 6 steps for the sake of proof continuity.
Step 7: Fori < n/2,n/2 < j <n—isatisfyingY;; = 1 and X,,_j41 4—j+1 = z (recall
Y; j = Xin—j+12), column operation on c¢; by rewriting c¢; to be ¢; — cp—i+1Xin—j+1
makes Y; ; = 0. Then a first half of step 1 will make Y;,_;4+1 0. Now, [Y],;» =
[XT1n2[Bluj2M.

Step 8. For all i < n/2 withY;; = z and for all n/2 < j < n, row operation on r; by
rewriting r; to be r; — r,~Yj,n_,~+1/z2 makes Y;; = =Y} ,_i+1/2( Y} 4—i+1 refers to the
entry of ¥ before step 8) and Y; ;41 = 0. After each j is proceeded, we do a column
switch for ¢;, cy—i+1. Then rewrite ¢,_j+1 aS — Cp_i+1; 7 a5 —74; ¢; as —c¢;/z>. Notice

that these procedures for i are equivalent to rewrite ¢,—;+1 as ¢y—i+1/2.

For 2, we write e3 as a column operation that takes c; to be ¢; — fc;. This is
equivalent, onY, to ¢,,/21; — f ¢n/2+; on bottom right submatrix of ¥ while preserving
other parts. Let f, denote the odd part of f and f, even part of f. Similarly to step
8, for n/2 < | < n, row operations on r; by writing r; to be r; — 72— j41Y1 /24 /2
will make Y ,,/24; = =Y;u/2-j41/2 (Y nj2-j+1 refers to the entry of Y before) and
Yinj2-j+1 = 0. After each [ is proceeded, we do a column operation on ¢, »,; by
WIIting ¢,,/24; 10 be ¢,1/24i — foCnj2-j+12. Notice that currently Yy, /241102 = = fo2,

thus 72— ji1 +ruja—iv1 fo @s rujo—jy1 and 241 = Cnj24j fo @S Cpj2—ip1 Will remove



26

the term Y, 2_j41,4n/2. Similarly to step 8, for n/2 < [ < n, row operations
1 = Tnj2-j+1Y1 02— j+1 on r; will make Y; /24 to be the original ¥; ,/».;. For f,,
column operation on ¢, />4; by writing ¢, /24; t0 be ¢/24; + feCpj2+; makes column
Cn/2+i 88 Cuj24i — fCpjo4j. Notice currently Yy, o_ji1i4n/2 = fez, TOW operation
on rp/p—j+1 by writing 7,241 to be r,/2_j41 — ruj2—is1fe and column operation
on C,/2—ix1 by writing c,/2-i+1 t0 be ¢pjo_ip1 + Cpj2—j41fe Wwill remove the term

Y jstnj2-it1- o

We first prove a weak version of Theorem 3.1 with the help of the above lemmas:

Lemma 3.6. Theorem 3.1 holds if distinct parts of v with v; > 1 differ by at least 5.

Proof. Define I; = [Z{:zl m;(v)+1, Z{zz m;(v)]. Let [C]; denote the submatrix of
C with rows and columns in /. Let [C]; ; denote the submatrix of C with rows in /

and columns in J.

Claim: Following lemma 3.5, there exist g1 € GL,,/»(k[[z]]), e2 € E,/> such that

g1 [X]n/2 [B]n/zMNez — EB ZP([[X]n/Z]Ii[[B]n/Z]Ii (M1nj2-1; INInja-1;)
i

In other word, if i{ # i, all terms in [[X]n/Z]IilJiz’ [[X]n/z]li,,liz do not have any
influence on o (XB).

We denote I} = [*5%, 5], and

j-1 j Jj-1 J
=1y mi0)+ 1Ym0 U S+ 13 mi) + 1, Y mi).
=2 =2 =2 =2

By lemma 3.4 and the claim, we have shown X, X’ € A;, c(XB) = o(X’'B) if
[X];, = [X']y; for all I. In the proof of the claim, we will show:

o (L[X1n215 L [Blnj2) 1, [M1j2—1, [NTnja-1,) = {(i + 1), (i = 1)},

We write the number of z and 1/z in [[X],/2]7, U [N]n/2-1, to be d. Thus, d -
(a+c) 2 0and2|d — (a + c). In the proof of Proposition 3.3 , we will show
on Ii, o = {29, 10 ,0°} and same rule on a,b,c hold, with additional dimension
requirement: z> exists only if 1 exists in o (B). These are the rules in the summation

of the original theorem under [w].

The remaining part of this proof is to compute r[w]. In Lemma 3.4, Step 2: For

any i < 5% and 5L < j < T

>+ , there exist allowed operations such that X; ;
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can be reduced to 0. The number of all entries satisfying above condition in X’s is

(Z,>1]€{01}a} )(Z,] ”) In Lemma 3.4, Step 6: forn > j > "5, 50 < i <
n+ll

, there exist allowed operations such that X; ; can be reduced to 0. The number of
all entries satisfying the above condition in X’s is (Z,>1 _]E{O 1y w[l] )(t1 —2lijw [1])

+t
Bh there

Combining all other steps in Lemma 3.4, for any i < 2 Landn > j >

exist allowed operations such that X; ; can be reduced to 0. The number of all entries
. o .- . y 1 0,j

satisfying the above condition in X’s is (51, je(0,1} wj[l.] ) (Zis1,je0.1) w[l.]j). From

the claim, the number of all entries satisfying the condition in X’s is

20020 i @i+ D W ) wf.

1<j<i, ke{0,1} ke{0,1} I<i<j, ke{0,1} ke{0,1}

From the definition of A, '“! and Proposition 3.2, Y. (w%;]o w([)l?]l) need to be added

inr[w].
Therefore,
1.k k,0 k,1
)‘Z“’ oy +Z(Z Z“’U]*Z“’m Z“’[i])
i>1 1<j<i ke{0,1} ke{O,l} ke{0,1} ke{0,1}
J,1 0] 0] j,1 _ i,J
D IR IR DY Z“’m DGR
i>1,j€{0,1} i>1,je{0,1} i>1,j€{0,1} ij i>1,j€{0,1} i,j

Up to reordering and simplifying, we have the [w] in the statement.

Proof of claim: We are still following our steps in Lemma 3.5. However, in
the following proof, we will replace [X],/2[B],2MN by Y temporarily for the
simplicity of notation. The row and column operations refers to the transvectional

matrix in E,/> multiplying on the left and right, plus simple row multiplication by

f withv(f) =

We start from the first nonempty set /;,. Denote C;, = [[X]n/2]li, [[B]n/Z]Ii, [M]n/z_li1 [N]n/2—1il-

We will prove three statements: 1. p(C;,) consists of {i1,i; — 1,i; + 1}; 2. There
exist column and row operations that make [Y] 1, diagonal and remove all other
elements in the same rows or columns with statement 3 always true; 3. Each term
in [Y] 1;, = Ci; has valuation > i; + 1. Each nonzero term in [Y] 1,,.1;, has valuation
> max(i;,i;) — 1. Therefore, employing 3 statements on i’s from all nonempty sets

I; with i in increasing order will finish the proof of the claim.

Statement 1: Recall that original Pieri rule guarantees that p([[X],/2] I [[Bln2] I, )
consists of {i + 1,7} with the number of i+1 being the number of z’s on the diagonal
of [[X]”/Z]Iil' By the construction of M, all entries in M are in k and det(M) # 0.
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Thus, p(Cj,) consists of i; — 1,71,i; + 1. and there exists p > 0 such that the

number of i; — 1,i; + 1 plus 2p is the number of z or 1/z on the diagonal of
[[X]H/Z]Ill’ [N]n/2_1i1 .

Statement 2: Currently, each term in [Y] 1, — Ci) has valuation > i + 1 (directly

1

from multiplication). Then, by Lemma 3.4, p([Y] 11.1) = p(Ci,). By Lemma 3.5,
the submatrix [Y];,

i

can be diagonalized, with rows/columns operations. Then
we remove all nonzero terms in column /;, under the current block. On rows in
Ii_]., the difference in elements before and after row operation will have valuation
>ij—1—(i; +1). Thus on the J;; diagonal block, the difference in any element has
valuation > 2(i; — 1) — (i1 + 1). On the off diagonal block, [Y] I 0y the difference
in any element has valuation > i; — 1 +i; — 1 — (i1 + 1). Then we remove all terms
in rows /;, after the I;, block. Notice that with the gap of greater than 4, all above
inequality satisfies the statement 3. We redo this procedure to make Y blockwise

diagonal. O

Before we close the gap of Theorem 3.1, we will first provide closed formulas for
h with restrictions on v. Since the proof of closing the gap is pure combinatorial
and lengthy, we will give a self-contained proof for the following two theorems
(Proposition 3.2 is a simple case of Proposition 3.4). In the rest of this chapter, we
will define B slightly different than before. Let B denote the block diagonal matrix
with valuations in nondecreasing order and o-(B) = v. Recall from the beginning
of this chapter, this is the definition of IT".

In this theorem, we have v = {a"}. Equivalently, on B, it consists of z* blocks.

Proposition 3.2.

]jl(n—i—j—k,z‘,k,j) _
a i,j,k

)forallawitha > 1.

PY‘OOf. We will prove h{(a*'l)jsan_j_k,(a—l)k} — qn(i+j)—i(i+j+k) ( nk)

_12i+j+k’{an} L],

Let i5"* denote h{_(lazj:ljijkf;:}j S0 We will give a detailed proof based on the
matrix decomposition of Proposition 3.4. However, instead of employing the entire
paired semi-tableau construction, we only borrow the matrix decomposition tech-
niques and the statement: All elements that must be Os (originated from the rule in
X) still remain to be 0 under some row operations. We prove by induction on #,

where 7 is the number of two dimensional blocks. i, j, k correspond to =1, +1, —1.
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That is, for B consists of n z% block, hi;j’k is the number of X in Ay j1« such that
o(XB) = {(a+ 1)/,a" /7% (a — 1)*}. Assume the statement holds for all hln]k

with n’ < n. We will prove the following equality:

th,k — h;lj—lk " hi;]_‘,lk—lqn—k—i " hi;]_'zl,k(an—k—j—Zi " qn—i—l(qn—i—j—k -1))
+ h;'l—_ll,j,k+1qn—i—k—1 (qk+1 1)+ h;—_ll,j,qun—y—k " hi;j_:l,k—ICIZn—Zi—k—l (qn—i—j—k+1 ~1)
" hi;j_:lkq3n—3i—j—k—1(qn—i—j—k+1 -1+ h;—_ll,j—l,kﬂqsn—3i—2k—j—1(qk+1 —1).
Following the general proof of Proposition 3.4, we embed a (2n — 2) by (2n — 2)
X' € Ainto X € Ayyjsk as the first (2n — 2) by (2n — 2) submatrix. Denote
o(X'[B]) = {(a+1)/",a" 7 (a-1)*}. (By abusing the notation, we write [ B]
to be the first (2n — 2) by (2n — 2) submatrix of B.) Then on columns 2n — 1, 2n of
X, the following changes in o~ can be achieved:

1. If there is no z’s in X2,_1.24-1, Xon.2n, then o(XB) = {(a+1)/",a" /¥ (a-
¥’} (summand 1).

2. Ifthereis 1 z’sin X2,_124-1, X2n.20, then o(XB) = {(a+1)/",a"7"~¥ =1 (a-
D¥*1) (summand 2), {(a + 1)/, a"7/"=¥'=1 (a — 1)K’} (summand 3), {(a +
17, a" "%+ (@ — 1)K~} (summand 4).

3. If there are 2 z’s in Xo,—124-1, Xonon, theno = {(a + D/, a7 (a -
DX} (summand 5), {(a + 1)/, a"7"=¥=1 (a — 1)¥*1} (summand 6), {(a +

1)/*2,a" 772 (a=1)K'} (summand 7), {(a+1)"*!,a"7"7¥ (a=1)¥""!} (summand 8).

Each summand is the number of X with fixed o times the number of all possible
fillings in the last two columns given o. To simplify the notation afterward, we
will reorder the XB’s 2 dimensional blocks in nondecreasing order, and make all
z% blocks with both rows affected by z in front of all the unaffected z“ blocks

a—1»

(x1z%7 s , xpz%’s affected, x3z%’s affected, x42%%s ). We denote

1. A = {XZr,gn_l,where r<xi},
2. A2 = {er_l,zn_l,where X1+Xx2<r <x3+xp +X1},
3. Ay = {er,zn_l,where X1+x <r<x3+xp+x1},

4. Ay = {er_l,zn_l,where X1 +Xx2+x3 <r <Xxq4+Xx3+Xx2+Xx1},
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and similarly for By, B2, B3, B4 on X, 2.

The following statements are direct results from Proposition 3.4, since these are

from the same matrix operations as in case 1,2,3.

Claim 1: If X2,2, = z and X2,-12,-1 = 1, then the last z block becomes 7% In
terms of B’s, any elements in k can be filled in all entries in By, B,, B3, B4 (case 1

in Proposition 3.4).
If X2,2, = 1 and X2,-124-1 = 2, then:

Claim 2: A z% block in [B] becomes z¢*! (subcase 1 in case 2) and in terms of B's,
any elements in k can be filled in all entries in Ay, Ay, A4 and there exists at least

one nonzero entries in As ;

Claim 3: A z%"! block in [ B] becomes z% (subcase 1 in case 2) and in terms of B’s,
any elements in k can be filled in all entries in A, A4 and there exists at least one

nonzero entries in A and all entries in A3 are 0;

Claim 4: A z% block in [B] becomes z%~! (subcase 2 in case 2) and in terms of
B’s, any elements in k can be filled in all entries in A4 and there exists at least one

nonzero entries in A, and all entries in A3, A; are O;

Claim 5: The last z¢ block becomes z*~! (subcase 3 in case 2) and in terms of B’s,

any elements in k can be filled in all entries in A4 and all entries in Az, Ay, A, are 0;
If Xonon = z and Xp,-12,-1 = 2, then:

Claim 6: A z% block in [ B] becomes z*! and the last z% block becomes z%*! (subcase
1 in case 3) and thus in terms of B’s, any elements in k can be filled in all entries in

A1, Ay, A4, By, By, B3, B4 and there exists at least one nonzero entries in Az ;

Claim 7: A z% ! block in [B] becomes z¢ and the last z% block becomes z%*!
(subcase 1 in case 3) and thus in terms of B’s, any elements in k can be filled in all
entries in Aj, A4, B1, B2, B3, B4 and there exists at least one nonzero entries in A
and all entries in A3 are O;

Claim 8: A z“ block in [B] becomes z¢~! and the last z% block becomes z*!
(subcase 3 in case 3) and in terms of B’s, any elements in k can be filled in all
entries in A4, By, By, B3, B4 and there exists at least one nonzero entries in A, — B3

and all entries in Az, A are O;

Claim 9: The last z* block becomes z“ (subcase 3 in case 3) and in terms of B’s,

any elements in k can be filled in all entries in A4, , By, B2, B3, B4 and all entries in
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A3,A1,A2 - B3 are 0.

Now, we explain the coefficient for each summand in the equality.

Summand 1: Directly from the n — 1 blocks with i, j, k indices. Since there is no

Z’s on the two columns, there is only one possible filling.

Summand 2: From the n — 1 blocks with i, j, kK — 1 indices, the last block provides
one —1 (not necessarily on that block.) Equivalently, claim 4 and 5 gives Aj, A3 = 0,
and fill A, A4 with k.

Summand 3: From the n — 1 blocks with i, j — 1, k indices, the last block provides

one +1 (not necessarily on that block). We distinguish two cases below.

1. Xo4-12n-1 = z: fill allA3 with at least one nonzero element and fill Ay, A4, A;
with k. This summand becomes g™~ !(¢g"7=/=k — 1).

2. Xonon = z, fill By, By, B3, B4 with k (Claim 1). This summand becomes
g¥kei=2

Summand 4: From the n — 1 blocks with i — 1, j, k + 1 indices, the last block takes
one —1 block to +1. Equivalently, by claim 3 we can fill all entries fill all A; with
at least one nonzero element, Az = 0, fill A, A4 with k. This summand becomes
qn—i—k—l(qk+1 _ 1)

Summand 5: From the n — 1 blocks with i — 1, j, k indices, the last block provides
+1. Equivalently, by claim 9 we can fill all entries A4, By, B,, B3, B4 with k and

A3, A1, Ay — B3 with 0. This summand becomes ¢2"~%*.

Summand 6: From the n—1 blocks with i, j — 1, k — 1 indices, the last block provides
+land — 1. Equivalently, by claim 8 we can fill all entries A4, By, B2, B3, B4 with k

and fill allA, with at least one nonzero element in A, — B3. This summand becomes

g2kl (gneimi kel ),

Summand 7: From the n — 1 blocks with 7, j — 2, k indices, the last block pro-
vides +1,+1. Equivalently, by claim 6 we can fill all entries A3 with at least one

nonzero element and fill A1, A,, A4, By, B>, B3, B4 with k. This summand becomes

q3n—3i—j—k—1 (qn—i—j—k+1 _ 1) )

Summand 8: From the n — 1 blocks with i — 1, j — 1, k + 1 indices, the last block
provides +1,+1. Equivalently, by claim 7 we can fill all entries A; with at least
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one nonzero element and fill A, A4, By, B2, B3, B4 with k. This summand becomes
q3n—3i—2k—j—l (qk+l _ 1)

Next, we group some of these summands to reduce the redundancy.

(2,6): g~ DED=ili+j+k) [[n']_'l[]'iﬁflf]_'l g/ k]

(3,7): q(n—l)(i+]) i(i+]j+k) [F] 1] l+l][+]f '1 (qn i—k +qn i—j—k _ 1)[ ]

(4,5,8)2 q(n—l)(i+]) i(i+j+k) [[ﬂ]yl[j,+1+k l(qn i—k +qn 1+ 1)[ ]

o (=) () =—iikjrk) [P it e
I q T = =k

From direct computation, we have

qj+n—k[ ]+(qn i—-k qn i—j—k 1)[ ]+(qn i—k qn_1+1)[i]+[n—i—j—k] :qi+j[”]~

Thus the statement is true for 7. O

In the following proposition, we have v = {12, 0" }. Equivalently, on B, it consists of

ok np+i=j-k
1-dimblocks. Recall that we define 1~ . (1m0

as I_z?“' where w(y] = (k, j,i,0).
Proposition 3.3.

2k 1n2+z Jj-k (k l)k

) np ni
h _pik (m gmy T (4~ 1) m _l]k(k’j,”Z_k_j)( i)

Proof. Let B denote the diagonal matrix where B;; = lfor/ < njand B;; =

zforny <1 < ny+ny. Step 1: for all / such that X;; = 1, do column operations to
remove all X;,B,,. Thus, Y;, = 0ifl # r,and ([,r < njorn; < l,r < n; +ny).
Step 2, for all / such that X;; = z,and Y;, # 0, pick the first nonzero Y;, in the
rth column, then remove every Y, below (i.e., I’ < r). Then, remove all Y; , for
p >r. Wecall (,r) apair. Step 3, for all / such that X;; = z, and ¥, = 0, this row

becomes 1.

On column / < ny, if there is a z action on the column, then 1 becomes z with weight
g'~17"" " Oncolumnn; <[ < nj+ny, with a z action, either a z2 or 1 will occur. We
write J = {1, j2,...jj} to be those columns with z — 1, K = {ky, ...k, } to be those
columns with z — z2, {i1, ...ix } to be those columns paired with k’s, I = {1}, 1%, .07}
to be those columns with 1 — z,. A z — z2 occurs when there exists a I’ < n
column of 1. Given J, K, for any le J, K, we have r(I) = [{k, < I} U{j, < I}|.
Given /, for any l€ I, we have r'(I) = |{i, < I}|.
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The total weight for k; is (¢~ — g'~1) g%~ 177(k)  (The ¢'~! term is the weight

for i’s, where z — z2). The weight for j; is g/t~ 17701 gl{kir where ki <ji}

2k qmati-j-k _ i=1-r'(i! ni—i I-1N\ kj—nj—1-r(k i1—n1—1-r(j k;» ,where k; <j
h_1i+j+k R~ Z l—[ g’ (i) rl(q 1= gl hgkem (k1) rl g/m (Jl)q|{ ! r<Jji}l
! I /

1,J,K
— (nll) Z n(qnl—i _ ql—l)qkl—nl—l—r(kl) n q]'l—”ll—l—r(jl)qul’ ,where k;r<ji}|
JK 1 l
a\ [ o k-1
— m—i _ Iy . [{k;s ,where k;»<j;}|
(i)(k+j) [ Jr=ar-2 1 1

The last summation is exactly the combinatorial description of g-binomial coefficient
in terms of inversion. Thus
h2k,1"2+i—f—k _[m na k+j 1 ni—i l
— Lk (1m2 gm1} T ( i )(k +])( k ) !:O[(q -9 )

By rearranging, the original formula holds. O

The next step is to construct a system of paired semi-tableaux to prove the original
theorem, i.e., closing the gap of v;;; —v; > 4. The construction is pure combinatorial.
We will define Dﬁ , (the set of all paired diagrams which the original diagrams are v
and reduced shapes are A with the total amount of added boxes being /) and T, (the
set of all paired semi-tableau from a paired diagram w) before stating Proposition
34.

For any Young diagram v with my(v) = n/2 and m(v) = 0, we define an approach
to add box toward v. New boxes are added to v following the original Pieri rule, i.e.
at most 1 box per row. We call one such added box diagram w (We do not reshuffle
rows in w to make them in decreasing order). We introduce a pairing (i, j) for rows
i, j: for any i with v; > 1, there is a pairing for v; with v,,_;;1, i.e., (i,n —i + 1).
The total number of added boxes is £. Let r(w) = {ry, r2, ...} be the reduced shape
of w: r; = w; — wj for pair (i, j). Note that r(w) is a partition. We call all such
Young diagrams with added boxes paired diagrams, with the original diagram v and
reduced shape 1 = r(w) and total amount of added boxes being ¢. Let Df’ , denote

the set containing all such paired diagrams.

Next, a definition of paired semi-tableaux based on paired diagram w is introduced.
For each ADDED box in w, numbers in {1, ...,n} will be filled in. Notice that in

the original definition of Young tableaux, all boxes are filled with numbers. Rules:



34

1. Each number can appear in at most one box.
2. The number 2k + 1 can be only filled in the (k + 1)th row.

3. The number 2k can be filled in any row from the (k + 1)th row to the n—k + 1th
row with the exception: 2k cannot be filled in row j if v = v,,_;;1 and v; = 0

and the number filled in row n — j + 1 is greater than 2k.

Before we start Proposition 3.4, a definition of weight on the paired semi-tableau
v would be necessary. We first assign a label (r(w);,n — i) for each row of y,
and a lexicographic order on labels. We create a sequence of subtableaux of
{[y]1,.... [y]z}, where [y]; consists of [5 — i+ 1,5 +i] rows of v with all added
boxes with filled number > n — 2i + 1. Naturally, labels are assigned to rows in
[v]i. Let S(a),[y]; denote the set of all rows in [y]; with no added boxes in [y];
and labels being less than (a, b). Here is the definition for weight on {1, ..., n}:

1. For 2k + 1 newly filled at [y]; (2k + 1 does not appears in [y];—;, that is

i=2-k), w1 (y) = gl

2. For 2k newly filled at [y]; at the jth row (thatis i = 5 — k + 1), we write
the label for row j as (a,n — j). Then wty(y) = g/S@tnn.oil=l(g - 1) if
j#En—k-1.

3. Under the same condition with 2, if j =n — k — 1 and 2k — 1 is not in [y]; ,

wiag(y) = gt

4. Under the same condition with 2, if j = n—k — 1 and 2k — 1 is in [y];,

Witk ('y) = q'S(a,n*j),[ﬂi | .

5. If a number % is not filled in y, wt (y) = 1.

Then, we define a weight on tableau y: wt(y) = [[; wt;(y).

Here is an example.
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O 00 9 O Lt AW N =
O 00 9 O L A W N =
(o)}

[S—
o
[S—
)

With pair {(1, 10), (2,9), (3, 8), (4,7)(5,6)}, we write subtableaux sequence of y
{[y]1. [vl2, [7]3, [v]as [y¥]s)-

1 1
2 2
3 3 3
4 4 4 4 2
5 5 6| 5 6 5 6
6 6 6 6
7 7 7 7
8 814 814
9 9

—_
o

The reduced shape is {5, 4,4, 3,2}.
wte = (g — 1)¢>. Labels in [y]3 : ((3,7), (3,6), (3,5), (=3,4), (-3,3), (-3,2)),
wty = (g—1). Labelsin [y]4 : ((4,8),(2,7),(3,6),(3,5), (-3,4),(-3,3),(-2,2),(-4,1)),

wty = (g—1)g*, wt; = ¢°. Labelsin [y]s: ((5,9), (4,8), (2,7), (4,6), (3,5), (=3,4), (-4, 3),
(_2’ 2)’ (_49 1)9 (_59 0))

The following proposition will give a combinatorial summation for h?v. Since
in Lemma 3.4 we completely separated 1-dimensional blocks and 2-dimensional
blocks, v has the property mq(v) = 5 and m(v) = 0. Again, unlike Lemma 3.4, 3.5
and 3.6, we denote B to be the block diagonal matrix with valuations in nonde-
creasing order and o (B) = v. Recall from the beginning of this chapter, this is the
definition of IT".
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Proposition 3.4.

Hyey= D, D, wi):

(I.)ED;} v ’YETw

Proof. Recall the key property for X € A,: Given any i such that X;; = z, we have
X;j=0forj >iand X;; € k for j <i.Given any i with X;; = 1, we have X; ; € k
for j >iand X;; =0for j <i.

We claim that each X can be represented uniquely by a paired semi-tableau. More-
over weight of each paired semi-tableau is the number of all such X’s corresponding
to the tableau. The algorithm below shows that for any i such that X;; = z, firsti by i
submatrix of X B (if i is the second row of some two dimensional blocks of B) or first
i+ 1byi+1submatrix of XB (ifiis the first row of some two dimensional blocks
of B) has one block turning from z” to z"~! or z/*! comparing to the (i — 2,i — 2)
submatrix (former) or (i — 1,7 — 1) submatrix (latter). This is equivalent to filling

n —i+ 1 in to some added box under the restriction of filling boxes.

For any 7 such that X;; = z, we take j to be the number of elements in the ith column
vector that are not necessarily 0. In the algorithm we will present, we call X; to be
ith column vector of the matrix corresponding to Y in the X form. Thus there are
g’ choices for this column vector. In the algorithm we present below, the current
column vector correspond to a matrix in GL;_;(k[[z]]) times the original vector in
X. Thus, the map k/ — k/ is bijective. We do not necessarily need the following
statement (since the map is bijective), but the algorithm will follow the statement:
All elements that must be Os (originated from the rule in X) still remain to be 0

under some row operations.

We introduce 3 tricks that are used below. We call left multiplication by matri-
ces in GL,(k[[z]]) and right multiplication by matrices in GL, (k((z?))) allowed

operations.

) ) 1 z+7"b
Trick 1: A submatrix of the form 0

nitl ) (the column with the 1 only has one

Z
1z . .
nonzero entry, b € k ,n; > 1) can be reduced to 0 ol with allowed operations.
Z

If 2|ny, right multiply by 11 2)(=bz"); else, left multiply by 11 1)(1/(1 + bz 1)
and right multiply by 1y 1)(1 + bz™"~1). Note that this may change the other entries

in the same row as the top row of the submatrix.
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1 z 0 f
) i 0z 0 ¢
Trick 2: A submatrix of the form 0 | (the first two columns only do
b4
0 0 0 zn
1 z 0 O
. 2" 0 .
not have other nonzero entries, v( f) > 0) can be reduced to 0 1 with
0 0 0 zn

allowed operations.

We left multiply by 11 3)(— foad/2), right multiply by 1 (1,3)(=foad/2) L(1,4)(—feven)-
Note that this may change the other entries in the same row as the top row of the

submatrix. This trick still holds if the third row is in the form of z,z2, given

v(f) > 1.

1 z 0 g
. ) a0 f
Trick 3: A submatrix of the form | (the first two columns do not have
Z
0O 0 0 ¢
I z 0 O
. 0z 0 O
other nonzero entries, v(f) > aj,v(g) = 0) can be reduced to 0 | ,
Z
0 0 0 zm

with allowed operations. If 2|ay, left multiply by 11 3)(=foadaz ") 1(2,3) (= foaa/2)
right multiply byll(274)(—fevenz‘“‘)11(2,3)(—f0ddz‘“"1), then use trick 2. For a;
being odd, vice versa. Note that this may change the other entries in the same row

as the top two rows of the submatrix.

Next we present an algorithm on decomposing ¥ = XB. We apply the algorithm in
all i’s such that X;; = z, in increasing order. Then there are three cases: v(B;;) > 1;
v(B;;) = 0and v(Bi1,i+1) > 1 and Xjy1 41 = 1; v(B;;) = 0 and v(Bj11,41) > 1 and

Xiv1,iv1 = 2.

Case 1: v(B;;) > 1.

1 Z O - blZal
0 z% O --- bz«
0 1 z+b,7%
0 0 Za;+l
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By trick 1, we remove b,z%. By trick 2, we remove b1z%. By trick 3, we remove
byz.

At the block corresponding to i, z¥ — z%*! Thus, weight of the tableau of this X
atiis g'Y, where y is the number of rows above i that are permanently 0. On the
tableau, this is equivalent to fill n — i + 1 in the added box of row % + 1. In the
notation of lexicographical order, [S(con),[y];,| i the number of all rows < i inY

with possible nonzero entries. Thus, wt,_i = g ©"-Winl,
Case 2: v(B;;) =0 and v(Biy1i+1) > 1 and Xy 41 = 1;

(=v(Yier1), =20, ifv(Yy) =0and < 1 +i
(v(Y), B2 - 1), if v(¥;;) >0and ! <i+1

We write £(Y) = ({1, {2, ..-{i+1) With lexigraphical order imposed on ’s.

There are three subcases basedon Yy ;: 1. There exists / such that ¥;; # 0 with v(B;;) >
1; 2. For any / such that v(B;;) > 1 we have ¥;; = 0; There exists / such that ¥ ; #

0 where B;; = 1,v(B41,141) < v(Bit1,14i)- 3. Forany/ such that v(B;;) > 1 or By =
L v(Bis1,441) < Biy1,i41, we have Yy; = 0;

Subcase 1: There exists [ such that Y;; # 0 with v(B;;) > 1. Among all nonzero
Y2, we take 2/’ to be the index of the largest {»; with respect to £ (Y).

z 0 O by bz
1 0 0 b, bsz
0 1 z boy-1 bz
0 0 z% by byz
00 0 ¢ 22
0O 0 0 O 0 ZG+n/2

ai

S O O O =

Remove terms with by left multiply by 13 4)(=b2;-—1/b2yr), thentrick 1. Remove
all byy,—1’s (i.e., in this matrix, remove bp): left multiply by 1(14)(=b1/ba),
then trick 2. Remove all by;’s (i.e., in this matrix, remove b;): left multiply by
1(2,4)(=b2/by), then trick 3 (since we get rid of by first, row 1 and 2 are not
affected in the columns 5, 6). Left multiply by 1(54)(—z/b2;), then trick 2 will take
Y44 to be 0. Reorder the row of z, 72 with the row of by switch row 4, 5 and left

a,/+1

multiply by 1(44)(1/b2;/). Notice that the current row of z is obtained by z

times that of the original row. Thus, any terms on the right will be removed to 0.

Therefore, z%' — z%*! and the other entries in the corresponding row become

permanent 0. On the tableau, this is equivalent to fill n — 7 + 1 in the added box of
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row n/2 —1"+ 1. In the notation of lexicographical order, S (ap I7+3-1),[ consists

Yliv12
of all rows in Y above i with possible nonzero entries with £ less than (a;/, I’ +5 — 1)

. T s |
and row i. Thus, wt,_i11(y) = q' (@780, iy 2 (g-1).

Subcase 2: Forany [ such that v(B;;) > 1, we have Y;; = 0. There exists / such that Y;; #
0 where B;; = 1,v(Y41.141) < v(B14i14i)- Among all nonzero Yy;_1 ;, we take 21" — 1
to be the index of the largest {»;— with respect to £(Y).

I z 0 0 by by-iz
0 z 0 O 0 0
0 0 1 z by by-iz
0O 0 0 z¢ 0 0
00 0 0 2 22
0O 0 0 O 0 Z4i+1/2

Remove by;: left multiply by 1(42)(—z% %" bai—1/bar—1) 13,1y (=b2-1/b2r-1), right

multiply byl (3,1)(b2i-1/b21—1) L(4,2)(b21-1/b21/~1). Remove the row z, z2 (we delete

row 3,4): leftmultiply by 1(22)(b2r—1)1(2.3) (2% "2borr—1) L(a2) (2441279 [ bop_1) 1 (3.1)(2/ barr-1),
right multiply by 11 3)(=b2r—1)1 2.4y (=b2r-1) La2) (—=1/b2rr-1) 13,1y (= 1/b2r—1) L4 (=1/22) (3, 4).
Now, we permute rows and columns correspondingly to make z%'~! block still in

row 20’ — 1,2/.

Therefore, it takes z%' — z*'~'and the corresponding row becomes a permanent
0 row. On the tableau, this is equivalent to fill » — i + 1 in the added box of row
5 + 1. In the notation of lexicographical order, $ (=ap,~I+2),[¥] 41y 2 consists of all
rows above i with possible nonzero entries with £ less than (-a;/, =’ + 5) and row

. IS e oy -1
i (V(Bix1)j2,i+1)/2) = ap). Thus, wi,_i1(y) = g~ "2 Wit (g - 1).

Subcase 3: Forany / such that v(B;;) > 1 or By; = 1,v(Yi41.041) < v(Bit1,+1), We have ¥y, =
0. Notice that this may be different from (Y1;,Y2,, ..., ¥i—1;) = (0,0, ..,0). On the

21 — 1th row of Yz;_1; # 0 and Y2;2; = z¥;;: (since the original B is in increasing

order, row 2/ of Y is a permanent 0 row).

Iz by byz
0 Za,+1 0 0
0 O Z 22
0O O 0 z%*2

Remove the row z, z2: left multiply by L44(—1)143(=2%""2)154(zby;), right mul-
tiply by 113(=b21)12.4(=b2) 14,4([2). Then switch columns 3, 4.
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This takes z% to z#~! and the corresponding row becomes a permanent 0 row. On
the tableau, this is equivalent to fill » — i + 1 in the added box of row =— ”“ L In the

notation of lexicographical order, S _, 125 [y consists of all rows < 1 +1i

in Y with possible nonzero entries with ¢ less than ( al+1 /2, & i 1) (it is equivalent

| _ i+1 |
to first rows with z!*%+1/2). Thus, wt,_j.1(y) = g "4+ >,m,+1/2 . Moreover, it

shines half light on the rule why no added box on the first row of z%*!.
Case 3: v(B;;) =0 and v(Bjs1,i+1) > 1 and Xjy1 441 = 2.

This will be similar to case 2 combined with case 1, but with some subtle differences
in subcase 3. Thus, the definition of { applies here. X; ;1 does not play a role until

subcase 3.

Subcase 1: There exists / such that ¥;; # 0 with v(B;;) > 1. It is equivalent to first
do subcase 1 of case 2 then do case 1. Among all nonzero Y»;;, we take 2/’ to be the

index of the largest {»; with respect to £(Y).

’ al/+1

Therefore, 7" — z%'*! 7% — 7z%*! and the corresponding rows become permanent
0 row. On the tableau, this is equivalent to fill » — i + 1 in the added box of row
n/2 — 1"+ 1 and n-i in the added box of row % é“ Similarly to subcase 1 in case 2

n_ S(eo A
and case 1, wt,_i11(y) = q' (ard'+ 3011 oy 2| (q —1); Wty = q| ( ’">’[V]z+1/z|,

Subcase 2: Forany / such that v(Bj;) > 1, we have ¥;; = 0. There exists / such that ¥;; #
0 where (B = 1, v(Yir1,141) < v(Bi44,14))0r(v(Yix1,141) = v(Biai14i) and v(Bieyi41) =
v(Bis1+1) — 1). Among all nonzero Y,;_;;, we take 2/” — 1 to be the index of the
largest ¢»;—1 with respect to £(Y). (Recall in case 2’s subcase 3 had the condition
V(Yl+1,l+l) < V(Bl+i,l+i))-

This will take z% — z%~1 z% — z%*! and the corresponding rows become
permanent O row. On the tableau, this is equivalent to fill n — i + 1 in the added box
of row 5 +1” and n — i in the added box of row ”'é“. Similarly to subcase 2 in case

S peny o |-l Steom (o],
2 and case 1, wt,_j41(y) = q' a0 | (g=1);wty; = ql Con- sl

Subcase 3: Forany / such that v(B;;) > L or B;; = 1,v(Y41.41) < v(Bit1,+1), we have Y;; =
0 (except the case that v(Yi41.141) = V(Bi+1.041) = V(Bis1.i+1))-
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1 2z 00 0 biz° 1 z 00 0 0
0220 0 0 byt 0z 0 0 0 bzt
0 01 z b bz+b3z? 0O 01 z O 0
0O 00 z2 0 byz? _>OOOZ”0(b4—b)z“
000 0 z 7 000 0 z 2
000 0 0 z¢I 000 0O 72+

By trick 2, b1z%, b3z* go to 0. This takes z — z% on col 5,6 if b, = by — b = 0.
Also row 5, 6 are permanent 0 rows.

Take 2/’ — 1 to be the index of largest entries in £(Y) with Xp ;11 — Yop_1; #

0 and Yy o1 = z%Recall that X is the corresponding X with current Y. This will

take 7% — 771, z% — z%*! and the corresponding rows become permanent 0

row. On the tableau, this is equivalent to fill » —7 4+ 1 in the added box of row

5+ 1" and n — i in the added box of row * é*l In the notation of lexicographical

order, S(—a;,—1+2),[y] consists of all rows < i with possible nonzero entries

(i+1)/2
with £ less than (—ay, =1’ + 5) and row i (v(B(i+1)/2,(i+1)/2) = ar). In the notation

of lexicographical order, |S (con),[¥] | is the number of all rows above i+1 with

i+1/2
possible nonzero entries. Thus, wt,_;,1(y) = q| a1+ 8). i1 21 (q —1); wtyj =
q|5<oo,n>,[y1,»+1/2|_

If no [’ exists, z* — z% and the corresponding two rows both become permanent

0 row. On the tableau, this is equivalent to fill » — i + 1 in the added box of row

n+i—1

25— and n — i in the added box of row Lin—i

2
a4 . S0 .
and subcase3 in case 2, wt,_i11(y) = ql (s l'+2)’[”l+1/2|; Wty—i = q' o). i |,

. Similarly to the above computation

Moreover, it shines the other half light on the rule why no added box on the first row

of z4*1, O

Proof. [Theorem 3.1]
Now we have all components to close the gap!

Let v denote {(vi +5(p — 1)), ..., (vp—2 + 10)9P2, (v,_1 + 5)“»~1, (v;,)*» } where
y32
Vyls e

T, € Dly17 such that w, " have the same added box position and 7, 7" have the

y = {v v;l,” }. Givent € T,,w € va, there exists corresponding 7/ €
same numbers filled in. A key observation is that y is not necessarily 1. Let I denote
the set of all possible y’s. From the definition of weight, wt(7) = wt(7"). We call the
number of pair (i, j) where both rows have added boxes to be re(7), the redundancy
of 7. hf Zl/z ZweD’l 2ireT,, re(r)=i Wt(7). For any y with hy~ # 0, all T have
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the same redundancy, denoted by i. Thus, hzlf’,ﬂ = ZweD;yﬂ 2irel,, re(r)=i WH(T).
Therefore, h/—llf,v = Dyer ZwED;lV and w'eD? 2irer, WHT) = 2yer hzlf,v' Recall the
definition of [w] and Wl/lv, each w corresponds to one w € Dﬁv, while the equivalent

relation is the rearranging order of w. O

Corollary 3.1. Forany partitionv = {a\"', ay™, ...a;"’ y with distinct parts differing
by at least 2 and t; = O, for any €, A, each equivalence relation in the set Wﬁ has

O 1 (1 <i < ?) fixed. We denote it by Ql 0 Q([)]l For the simplicity ofh we

r—Zn,n1+Zn,(901 —Qlo)+z Q

i<j i<j

:—({’ Zszl%d’l

[l
further wrlte

mi=n; — QY0 — Q([);ll'] for all i.

lai]
Then,
P! r ! 1 ~1/2((%; mi)—2M)? ! M\ 1/2(m2+2e;(e;—m;))

i=1 lai]’ "7 [a;] ej+ext..+e =M i=1 !
Proof. We have t; = 0 if and only if there is no 1-dimensional block. Combining
with the condition on gap of size 2, we know that all a)% ? ([)]1 are the same for all
equivalent classes. Thus the first five summands in r([w]) are the same among all
w. Recall

0,1 1,0
i, ( i ) ( i )(”““’[m] "% l])
lal =1 01 11 10]=| 01 10 1.1 :
Cla) Clair Cla)) \C0ai Clai) @]

Thus, summing over all w is equivalent to summing over all w[ 1 Notice we cannot
further simplify the summand over e; + e> + ... + ¢; = M because this is not the
g-Vandermonde formula 3, (" ) (1) %" = (""). i

Recall in Proposition 1.2 that the ring structure of H (G, K) is a polynomial ring
over 61,62, ...,0,,0,". Combining with the closed formulas of 4! , . any i, is
theoretically computable. However, due to the complexity nature of h* . (paired

tuple structure), we only give another special case for hfw in Chapter 4.
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Chapter 4

DUAL PIERI

A natural question to ask is what hfm looks like under the restriction of Dual Pieri
rule, i.e., the left multiplying matrix has dominant coweight {£}. In this chapter, we
will study hf_ £} 4am) under the restriction ¢ < a — 1. Theorem 2.3 states: For any
A € GL,(k((z))) with p(A) = {/}, any B € GL,(k((z))) with o (B) = {ai, ..., a,},
o (AB) ={by, ..., by}, we have inequalities on a’s and b’s (Dual Pieri rule): a;.; <
b; < a;—1. In Theorem 4.1, we make one simple assumption: n > 2 over v = {a"}.

Thus A = {a +i,a"?,a—jyfor0<i,j <fandi+j < €and?2|f~- (i+j). For

other A, hfw = (. Theorem 4.2 computes h’{l_f}, (an) for n = 1. In this chapter, we
rewrite pi,’j = h}f;'}?’;}a_] )
g ) (= 1)(g = 1)? i.j > landi+j <
g CH=Dm=2 1 [~ 1] (g = 1) i,j>landi+j="
geDn=(=D ] j=0andi=¢
Theorem 4.1. p})/ = 3 g(&i-Un=5"[4](g - 1) j=0andi<¢
g{=n=(t=D ] i=0andj="¢
g =S ) (g - 1) i=0andj<¢
¢"""2n] (g~ 1) i=j=0

There is a symmetry oni, j: piﬁj = q(i_j)npi»"i-

Proof. From [3, Chapter 5], we recall that {c, } forms a C-basis of H (G, K). Here

is some equalities in c,.
Clk—0}C{=1k} = Cfo1h1 ji—g} + qu{_lk’k_g} for k < min(¢,2n)

C{1-13C{-1} = [f]c{_lf} + C{-16-2,-2}-

If £ > 2n, we notice that ¢_j2n-15,_1_¢ = c2p—¢. For £ > 2n, we have

coty = cp—ae-ny — 4(cp-pery — ¢ (Cponep) = = 47 enme)).

If ¢ < 2n, we have

-ty = cli—pye-1y=q(c -y C-y=q (c3-tyC -3y = mq 2 (conye ey =[Lle 1))



44

From the definition of Hecke module, ¢, X d; = ., hfwdv, and the commutativity
of H(G, K), we will prove the equality by induction on ¢. The general strategy is:

since each c_; acts on d,; 4n-2 we write explicitly the summation for p;’ in

a=j}
terms of A and p.

If ¢ < 2n,
-1 r-1
C-eXdgyign2a-jy = €] (1_[ —CIS)C{—V’}Xd{a+i,an—2,a—j}+z(1—[ =q") (=17} C -0y X (44i qn2 - j)
— r=1 s=1
=2 ( 1 =1 r-1 £ (arian? )
a+i,a"%a—j s e, a+i,a" *,a—j
- f](l—[ —-q )h{ 10} {am} +Z(1—[ —-q ) Z pf—rh{—lr},{a+e,a"’2,a—f}'
s=1 r=1 s=1 le—i|,|j—fI<L;|le—i|+| f—j|<r;e,f=0
If¢ > 2n,
2n—-1 r-1 2n—1

_ o pof platia™a=)) s
_Z(rl 1) Z f”h{ 1"} {a+e,a"2,a— j}+(l—[ )pf 2n°
r=1 s= le—i|,|j—fI<L;|le—i|+| f—j|<r;e,f=0 s=1

Fori,j > 2,

min (2n,0)—1 2n—1

Lj _ {a+i,a"2a-j} u+l V) s
Pe = Z Z Z h{ 1"} {a+u+i,a"2,a-v-j} Py (1—[ -4 )+(1—[ )pg n

ve{-1,0,1}  r=1  ue{-1,0,1}

(the last term is only nonzero when ¢ > 2n+i+j). To avoid extensive heavy notation,

we denote Ar Aj, ...Ay the summand, in the order of the following h’s. Explicitly,

_ g H{a+i,a"?a- j} 2r 1_ _ platia"2.a-j} i,J 2r+1
Ap= h{ 127} {a+i,an2,a~ j}pf Zr( 7). A = h{ 1292} {avi-1am2.a-j+1} P e=2r- U1 7)-
Therefore, we have

1.

{a+i,a"2,a-j} _ ("~ 2 (n+2—-r)r n—2 ~1=r24n+rn [0~ 2 (n-r)(r+2)
h{ 127y {atian2amj) = ( - )6] +2r_1q +r_261
(AThasr € [1, %] i f_;_j.  hasr € [1,n—1] otherwise.);
2.
h{a+i,a”_2,a—j} — n-2 qn(3+r)—2r—r2—3
{12742} {a+i—1,a"2,a—j+1} 7

(A% hasr € [0, G ]1f{’<2norn>€’— Al hasr € [0, n—2] otherwise.);
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{=12+2} {a+i+1,a""2,a—j—1}

h{a+l a"%a—-j} _ (l’l - 2) qn(l+r)—(r+1)2)
r

(A has r € [0, —2]if ¢ < 2norn > S5L. AL hasr € [0,n - 2]

otherwise.);

h{a+la ,a—j} -2 n(1+r)-(r+1)%)-1
{=12r+2} La+i+1,a" 20— J+1} q
t’ —i— -

(A} has r € [0,

otherwise.);

—1] if { <2norn >

'21. Al has r € [0,n - 2]

h{a+l a"%a—-j} -2 n(3+r)—(r+1)?)-1
{~12+2} {a+i—1,a"2,a—j— l} q
{—

(A% has r € [0,[_;_j —1]if ¢ <2norn > '21. A% has r € [0,n - 2]

otherwise.);

{a+i,a"%,a-j} _[n- 2 (r+1)n—r2-1 n-2 n(2+r)—(r+1)2-1
h{ 12r+1} La+i,a"2 a—j+1} ( r )q + r—1 q
(Afhasr € [0, & ’2 Gt f rhasr € [0, n—1] otherwise.);
{a+i,a"%,a-j} _(n- 2 (r+1)n—r? n-2 n(24r)—(r+1)?
h{ 12r+1} {a_Han Za —j- 1} ( r )q + r— 1 q

(AL has r € [0, —1]if € < 2norn > SL. AL has r € [0,n — 1]

otherwise.);

{a+i,a" 2 a-j} _(n- 2 rn—r? n-2 n(1+r)—(r+1)?
h{ 12r+1} {a+i+1,a"2,a—j} ( r )q +(r_1)q
(Ap has r € [0, ~1]if ¢ < 2norn > 5L AL hasr € [0,n — 1]
otherwise.);
{a+i,a" 2a- Jj} _ n-2 (r+2)n—r2—1 n-2 n(3+r)—(r+1)2—1
h{ 12’+1}{a+1 1,a"~ Za J} ( r )q + I"—l q

(A} hasr € [0, S5L]if ¢ < 2norn

5 hasr € [0, n—1] otherwise.);
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10 < r < min (5, n - 1),
A+AL = ~[n][n-1](g=1)2g" DT 1(r) [n] [n—l](q—1)Zq”““""”_(’”)z_#ﬂ(rf1)
= —Ag.
(If r = n -1, it follows that A} = -2),
Ag‘1+Ag+A;:O. Forl <r < rnln(—n 1), Ar+A’1+Ar—0 We

combine all summands under the assumption { < 2n or n > %, the only left

over term is AO We combined all the summands under the assumption ¢ > 2n and

n < “— , thus left over terms are Ag~ ! AO ( 2” - v)p . From the induction,
(112", 1 S)p = Ag~!. Thus, the left over term is AJ. p} ” plg lquz" !
Fori >2,j =1,

min (2n,6)—1 2n-1

Li — {a+i.a"".a-j} P s
Pe = Z Z Z h{ 17}, {a+u+i,a"2,a—v—j} Pey 1—[ )+(1—[ )pg ot
s=1

ve{-1,0,1} r=1 ue{-1,0,1}

We denote Bi, BS, ...Bg the summands, the same as that of i, j > 2. Therefore, we

have,
1.
{a+i,a"2,a-1} L 2 (n+2-r)r n-2 ~1=r2+n+rn
h{ 127} {a+i,a"2,a-1} ( 7 )q +2r_1 4q
n—2 n—2 2 n-—2
(n=r)(r+2) nr—r=—r (n=r)(r+1)
+ + +
(r—Z)q (r— 1,1)q (r—Z,I)q
2.
h{a+l a"?a-1} (n - 1)qn(2+r)—(r+l)2
{ 121+2} {a_H 1,a" 1} l,r
3. |
{a+i,a”’2,a—j} — n-= nr—r2—2r
h{—12’+2},{a+z’+1,a"‘1} - ( r,l )q
4.
h{a+za a—j} _[n- 2 n(r+1)—(r+1)?)
(1272} {a+i+1,a"2,a—j-1} ~ r q
5.
platia" *a-j} (" =2\ -1
{=12r+2} {a+i-1,a"2,a—j-1} ~ r 4q
6.

{a+i,a"2%,a-j} n—1 rn—r? n—1 n(1+r)—(r+1)%+1
h{ 12041} {a+i,an1} ( r, 1 ) +(1,r—1)q
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7.
{a+i,a"2,a-j} _(n- 2 (r+1)n—r? n—2 n(24r)—(r+1)?
h{ 12041} {a+i,a"2,a—j—1} ( - )(] + o q
8.
{a+i,a"2,a=j} n—2 rn—r? [0 2 n(14r)—(r+1)? n—-2 nr—(r+1)r
h{ 127+1} {a+i+1,a"2,a—j} ( r )q +(r — 1)61 * r—1,1 K
0.
{a+i.a"2a—j} _[n- 2 (r+2)n—-r2-1, [~ 2 n(3+r)—(r+1)2-1 n-2 n(r+2)—(r+1)r-1
h{ 12r+'}{a+zla"2aj} ( r )q +r_1q +V—1,1q .

Before computing pi;l, one key observation on /4’s is the symmetry between (i, 1)

. 1 1
and (1,1); h}“:’zla} {af_’l a"} 1) hi“:hi {afl ;,}1 » 4y (@ll five terms are the same.)

After direct computation for all nine Bs, we observe that p’ = = gl=Dn p é, .

If0 <7 < min (55, n-2), By+B, '+ B, =0. If 0 < r < min (52 -1,n-2),
By'+B.+B, =0. If 1 <r < min(5-,n-1), B’+B"1+B’ = 0. We
combine all summands under the assumption £ < 2n or n > & 2 , and the only left

over term is B0 We combined all the summands under the assumptlon ¢ > 2n and

n < gT and left over terms are Bg~ ! BO ( %”11 S)pf ,,- From the induction,
(112" =g*)p}’,, = Bi~'. Thus, the left over term is BY).

Fori >2,j =0,

min (2n,0)—1 2n-1

NP YD YD YRR It R ?”r”’(l—[ xd >+(|—[

ve{-1,0,1} r=1 ue{-1,0,1}

We denote C { , C; ,...C g the summands, the same as before. Therefore, we have

1.
{a+i,a" '} n—1 (n+1-r)r n-1 (n=r)(14r)
h{ 12} {a+i,a" 1} ( r )q * r-1)1
2.
platia™y n=2) G —(r+1)2=1

{=1242} {a+i—1,a"2,a— 1} r q
3.

plaria™) n=2) () =(r+1)?

{=12r+2} {a+i+1,a" 2,0~ 1} r q

4.

{=12r+1} {a+i,a" 2 a-1} r—1

h{a+l a1y (I’l - 2)(](}'+1)n—r2 + (l’l - 2)qn(2+r)—(r+l)2
r

V)Pf o
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5.
{a+i,a" '} n-1 (r+2)n—r2—r-1
h{ 12r+l} {a+l 1,a" 1} ( r )q
6. .
{a+i,a" '} n-= rn—r?—r
h{ 12r+1} {a+i+l,an1} — ( r )C] )

Before computing pi;o, one key observation on /4’s is the symmetry between (i, 0)

and (0, 7). After direct computation for all six Cs, we observe that pi =g pg .

IfO<r<min(§-1,n-2),C+C ' +C,=0.1f1 <r < min (F,n-1),

Cl+C+ Cg‘l = 0. We combine all summands under the assumption { < 2n

orn > g_;_j , and the only left over term is Cg. We combined all the sum-

. —i—j
mands under the assumption £ > 2n and n < '2] , and left over terms are

¢t e, (12! q‘v)pi’j . From the induction, ([12';" - ?)pifon = C2~!. Thus,

O_ i-1,0 _2n-1
Py 947

the left over term is Cg. ‘

Fori=1,; =0,
min (2n,£)—1
i,j _ {a+i,a"%,a-j} M+l JV+]
Py = Z Z Z h{ lr}{a+u+ta”2av1} t-r (n
ve{-1,0,1} r=1 ue{-1,0,1}
2n—1

-2
1] [ -atmlri e ”+<H 4" )Pl
s=1

Therefore, it follows that,

1.
h{a+1 a1y n-1 (n+1=r)r + n—1 (n=r)(14r) + n—1 (n—r)r
{12'}{a+1a"1} r q r—lq r—l,lq
2. |
{a+1,a" 1} n- n(2+r)—(r+1)2+1
h{ 12r+2} {an la 1} ( 7’,1 )q
3.
platia™) n=2) ()= (r+1)?
{=12r+2} {q42,a"" 2 a— 1} r q
4,

{a+1,a""} n-2 (r+1)n-r? n—2 n(2+r)—(r+1)? n-2 (14r)n—r—r?
h{ 12r+|}{a+1anza l} ( 7 )q +I"—1q +r_1’1q
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5.
{atla™'y  _ [ ) (r+Dn-(r+D)r
h{_12r+l}’{an} (r’ l)q
6. |
{a+1,a""} _ ("~ rn—r?—r
h{_12r+1}’{a+2,an—1} - ( r )q .

Instead of computing pi;1 , one key observation on /’s is the symmetry between (1, 0)

and (0, 1). After direct computation for all six terms, we observe that p 61),0 =q" pg’l.

Recall the measure of
Kn'K (= u(ee) = ) = gD 24,
we can write 3, ; p’;j = ¢g=D=D[2p].

We notice that ¥, pi™" " = [n]2q-DED+(FH+mn=1(g _ 1) for 2m — 1 #

L=C 1 =1 Tip[ = pp? = [nlg DO T p = pyt = [m]g DD,
Combining with the measure of Kz‘K, we have pél)’o = qf’”—%[q](q — 1) and

-1

0,1 1
p; =4" 7 lql(g - 1).
Fori=j =0,
min (2n,6)—1 , r—1
i,j = {a+i’an_ 7a_j} M+[,V+j _ s
Pe = Z Z Z h{—l’},{a+u+i,a"‘2,a—v—j}p€—r (1_[ q )
ve{-1,0,1} r=1 ue{-1,0,1} =1
) 2n-1

-2
{a+i,a" *,a—j} i,j
10 = + (] =apils,
s=1 s=1

We denote Dq , Dg, Dg, Dz those summands, the same as before. It follows that

1.
W = (':) e
2.
hﬁiiﬁz}’{aﬂ’an_l,a_l} _ (n ; Z)qn(1+r)—(r+1)2
3. 1
h?_lj}ér+l},{a+1,an_1} = (n . )qrn—ﬂ_r
4,

{a"} _[n- 1 n(r+l)—r2—r
h{_12r+1}7{an—l7a_l} - ( r )q .
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D1 +D} = D§_1+FDZ (from(the eque;lity [IZ—I’][ rl(g=1)+[n] =q" [n—r]+q" 7" [r)]).
Thus, we have DZ_z + 2D37_1 +D?+ D} !

under the assumption £ <2norn > & ’2 , and the only left over term is DO

If0<r < mn(-1n-1),D;=D, Ifl <r < min(5-2n-2),

+ D0 0. We combine all summands

pg = p P 1‘] We combined all the summands under the assumption £ > 2n and

n < SFL with D472 42D+ D4 DY+ (127! =¢%)p)Yh, = 0. and the left

over term is DO.

Fori=j =1, pf is obtained from: Z,] q(2" D=1 12n]. The proof is the
same as the one fori =1, j =0, by evaluatlng i) pé, . O
We now analyze h{" ire.,n=1.

{é’}{}’

J+

qT‘ YWg-1) j=€-2,-4,..2-¢
1

Theorem 4.2. 1/ j=-¢

(=0 {ay =

q° j=¢

Proof. Claim: Forall A € GL,(k[[z]]) withp(A) = a, wehave KAK = | |xcq KX

where A consists of upper triangular matrices X with following properties:

. X11=2,X00=27"

r—1

2. X1p=bo+biz+byz>+...+b,_17"" where b; € k

3. ift #0, then bg # 0

4. t+r="¢

The proof of the claim follows the same strategy of Lemma 3.1.

From trick 1 of Proposition 3.4 in Chapter 3, we have the following: each X €

=j 1
ﬂWltthz—ZZ X1 = TJ,X 4
Z

| . . -
) is in the form of z?*/. The number

of X in A with the above condition is q%‘l(q —-1)if j # —¢,¢, and h?+§} @ =

4 h{Th o = 1 O
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