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ABSTRACT 

It has been known for some time that an analogy exists between 

t he flow of a liquid with a free surface and the flow of a compres-

sible gas. A less accurate analogy has been shovm to obtain betwe en 

hydraulic jumps and compression shocks. The interaction of shocks 

can occur in two forms, the regular or two-shock configuration and 

the Mach or three-shock configuration. The latter configuration is 

not yet completely understood, either in the case of hydraulic jumps 

in a free-surf ace liquid or in the case of shocks in a compressible 

gas. This experimental study was primarily concerned with t he Ivlach .. 
interactions of hydTaulic jumps. The conclusions of this study are: 

(a) there is a definite disagreement between experiment and existing 

theory ; (b) a depth discontinuity, or wave, rather than a velocity 

discontinuity separates t he r egion behind the Hach vvave from the re-

gion behind the reflected wave; (c) there is evidence t hat, for in-

teractions of weak hydraulic j umps, there is a deviation from con-

stant depth bet vve en waves; ( d) the Mach wave i s convex for the in-

teraction of the stronger hydraulic jumps, but is concave for the 

interaction of weak hydraulic jmnps; (e) measurements shoul d not be 

made so as to allow for curvature of the r:~ach vr.i.thout considering 

the curvature of the incident and reflected waves i n t he neighbor-

hood of t he triple point. 
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I INTRODUCTION 

The flow of liquids with a free surface is of two different 

types: relatively smooth low-velocity flow, and high- velocity flow 

characterized by standing waves and sudden changes in depth lmovm as 

hydraulic jumps. 

The sirnilari t y betvreen lovv-veloci t y free-surface flow and sub-

sonic compressible gas flow, and between high-velocity free-surface 

flow and s upersonic compressible gas flow, was first presented in 

mathematical form for two-dimensional motion by Jouget(l)* and for 

three-dimensional motion by Riabouchinsl0J~ 2 ) Further investigations 

were made by IppenP) Binnie and Hooker ~4) and von Karman~)) 

F'reiswerk(b ) investigated the extent of the analogy and applied 

t he methods of the theory of compressible flow directly to the solu-

tion of problems in t he field of liqllid flow. More recent work con­

sists of numerical flow calculations(? , S) and a theoretical paper on 

liquid free-surface flow by Stoker~ 9 ) with an appendix by Friedrichs~lO ) 

A comprehensive treatment of the analogy was given by Gilmore~ ll) 

who derives the mathematical analogy in a manner somevrhat simpler and 

more general t han that used by Preiswerk, discusses the divergence of 

theory from the actual situation, and treats the a pplication of the 

analogy to shock-intersection problems. 

Some experimental verifications of the theor~r were included by 

* Numbers in parentheses refer to references at end of this thesis. 
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Preiswerk~6 ) but most later work has been concerned with the practi­

cal application of the analogy to model testing~12 ' lJ) Investiga-

tions have been made concerning the experimental reflection of shock 

waves in compressible flowf14' l5, 16 ) and studies have been made on 

the similar problem of hydraulic-jump intersections~l?, lS) 

The Mach reflection, or three-shock configuration, is not yet 

completely understood, either in the case of hydraulic jumps in a 

free-surface liquid or in the case of shocks in a compressible gas. 

It is experimentally simpler to study hydraulic-jlTIIlp interactions, 

and it is possible that if suff icient information could be obtained 

to clarify this phenomenon, the interaction of shocks in compressible 

gases would also be more exactly understood. 

The purpose of the experimental work herein reported is to 

study the interactions of hydraulic jumps, or surface shock vvaves in 

shallow liquids, especially Mach-type or three-shock interactions, 

and to attempt to ascertain the source of the discrepancy between 

experiment and theor-ff • 
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II DISCUSSION OF THEORY 

The analogy between isentropic free-surface liquid flow and 

isentropic perfect-gas flow, and the analogy between hydraulic jumps 

and compression shocks, are presented here by the method developed 

by Gilmore~ll) The quantitative relations for regular (two-shock) 

and Mach-type (three-shock) intersections follow the deve lopment by 

Einstein and Baird~l 7 , lS) 

THE ISENTROPI C ANJJL:OGY 

Consider in the fluid a stream tube of infinitesimal cross sec-

tion over which the fluid velocity., u, pressure, p, and other param-

eters are sensibly constant. If steady flow is assumed, with no vis-

cous or thermal transfer of energy a cross the tube boundaries, the 

energy equation obtains: 

E + + + gz constant ( 1) 

I 1. z where E corresponds to internal energy; Pip , to me chanical work; ·2U 

to kinetic energy; a nd g z, to gravitational potential energy. 

In a flow field where there are no viscous forces and the den-

sity is a constant or a function of pressure only, then (for proof 

see Ref. 19, pp . 112-116) 

fs, curl u • dS' constant ( 2) 

where the surface s'is any surface fixed physically in the field, 

and the vorticity is a vector defined by 
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curl~= [~Yuz - Ouyl.:!: + [Oux - Ouzl_;i + [~ - OuJ .!! (3) 
v ozJ oz oxJ ox oy] 

To apply the above equations to the flow of a liquid having a 

free surface and bollilded below by a horizontal bed, the follovving 

simplifying assumptions are made: (a) constant liquid density; (b) 

constant pressure on the free surface; (c) surface tension f orces 

negligible; (d) vertical acceleration of liquid negligible compared 

with the acceleration of gravity; (e) slope of free surface, consid-

ered in direction of fluid motion, of order e; (f) boundary condit-

ions independent of z. Eqs. (1), (2) and (3) then simplify to (Cf. 

Ref. 11) 

-1 [a~ -auv] ----'- constant 
h oy ox 

gh + 1: ( u2. + u2
) = constant 

2 x y 

The continuity equation for conservation of mass may be vvritten 

d -(hu) 
ox x 

+ ~(hu ) = 0 
ay Y 

(4) 

(5) 

(6) 

The three equations ( L.), (5) and ( 6) for the three llilknovms u , u 
x y 

(velocities) and h (liquid depth), together with appropriate bollild-

ary conditions, completely determine the liquid flow field. 

In a perfect gas . for which c is constant, p 

E + .E = c T 
p p 

(7) 

At ordinary temperatures and for distances up to a few hllildred feet, 

gz is negligible compared to c T. Consider a two-dimensional gas 
p 

flaw, where all flow parameters and boundary conditions are indepen-
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dent of z and u = O. Equation (1) then becomes 
z 

c T + ~( u2 + u2
) = constant 

p 2 x y 
(8) 

The vorticity ~q. (3)] has only a vertical component, and it can be 

shown that for a gas 

% [:x -;:y J = constant 
The continuity equation is 

a -(pu) ox x 

0 + -(pu ) = 0 oy Y 

(9) 

(10) 

In flow without viscous or thermal losses, the isentropic relation 

for a perfect gas holds: 

p p-r = constant ·. Or 

I 

p = Tr=i x constant (11) 

where r is the ratio of specifi c heats for the gas. Substitution of 

Eq. (11) in Eqs. (9) and (10) yields, respectively, 

T- 7~• [aux - ~] = constant 
oy ox 

d I 

-(u TT-I) 
ox x 

+ _£_ ( u T /-1 ) = 0 
oy Y 

(12) 

(13) 

The three equations (8), (12) and (13) for the three unknmvns u, u x y 

(velocities) and T (absolute temperature), t ogether with t he appro-

priate boundary conditions, completely determine the gas flaw. 

The analogy between isentropic free-surface liquid flow and 

isentropic perfect-gas flow can be shown by a comparison of Eqs. (4), 

(5) and (6) with Eqs. (8), (12) and (13). Eq. (5) is equivalent to 

Eq. (8) if gh is replaced by cpT. Eq. (4) is equivalent to Eq. (12) 

and Eq. (6) to Eq . (13) if t wo conditions are met: 



gh --. c T 
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and ?' = 2 (14) 

The analogy between the motion of a free-surf ace liquid and a 

gas having r = 2 is evidently complete within the limits of the 

assumptions made in deriving the flow equations, provided the 

boundary conditions are analogous. 

According to dimensional arguments, similarity between two 

different physical situations ~ust occur if all the corresponding 

dimensionless ratios of the relevant parameters are equal. Eq. (14) 

can therefore be written 

h 
h 

0 

T 
T 

0 

2) 

where h and T are the height and temperature at some reference 
0 0 

point. Also, according to Eq. (11), 

(1.5) 

h p 
- ~-h p 

and (:/' = 2) (16) 
0 0 

HYDRAULIC JUMPS AND COMPRESSION SHOCKS 

A hydraulic jump is a steady elevation wave of finite ampli-

tude produced by a sudden disturbance of the surface of a liquid or 

by an obstacle placed in a rapidly flowing liquid. 

Consider a normal hydraulic jump occurring in a region of 

uniform parallel flow. The problem is reduced to one of steady flow 

by choosing coordinates stationary with respect to the jump. Let 

the fluid be flowing with height h
1 

and uniform velocity u1 up to the 

plane where the jump starts, and assume that at the plane a distance 

w behind the start of the jump the flmv has a height h? and uniform 
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velocity u z. . The energy balance for steady flow ~q. (1) ] , gives 

gh , + E + 
2. 

The continuity relation is simply 

h 1 u , = h 'l. u 2. 

The momentum equation can be written 

= 

(17) 

(18) 

+ (19) 

Since Eqs. (18) and (19) do not involve internal energy E, they can 

be combined to yield 

( 20) 

By considering coordinates fixed with respect to the fluid ahead of 

the jump, it is seen that u , is the velocity with which a hydraulic 

jump will move into a still body of liquid. 

To treat an oblique hydraulic jump, coordinates are chosen 

which move with the constant velocity u parallel to the jump. In 
p 

such a coordinate system, the fluid ahead of the jump will appear 

to be moving into it at right angles, as in a normal jump. Since the 

equations of mechanics are invariant to such a coordinate transform-

ation, the equations of a normal hydraulic jump in these coordinates 

are applicable. The results may be referred back to stationary 

coordinates simply by adding the uniform velocity u • 
p 

Consider a compression shock in a region of uniform parallel 

flow. Choose coordinates to make the shock stationary and normal to 

the flow: the conservation of energy Eq. (8) becomes 
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cPT ' + 1 i c T + 1 2 
-u = 2u2 2 I p 2. 

(21) 

The continuity relation Eq. (10) is 

P , u , = P2 u ?. (22) 

The momentum equation is 

+ 2. + 2 
P, P, u , = P2 P2 u 2 ( 23) 

Equations (21), (22) and (23) are the Rankine-Hu~oniot equations for 

a shock wave. Combinea with the perfect gas relation 

p = R p T = r -1 r cp p T 

t hey can be solved for any four of t he variables, such as Pz, P-z, , 

An analogy bet-ireen hydraulic j umps and compression shoc ks can 

be found by comparing t he basic equations for t he two cases . The 

continuity conditions, Eqs. (18) and (22), are i dentical if his 

taken to be equivalent to p. The t wo momentum relations, Eqs. (19) 

and (23), are equivalent if h corresponds top and h2 to 2p/g. In 

order f or t his to be possible, p2 and p must be proportional in the 

shock wave case, i.e. 

Using the shock-wave equations, with 1 = 2, 

= 1 + ~(M t - l)! 
27 I 

+ 

Vfnere M, is the initial Mach number, defined by 

lvl 1 = 
- 1) c TI 

p 

(25) 

(?' = 2) (26) 

(27) 

Thus Eq . (25) is satisfied and the analogy is quite good for weak 
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shocks vvith (M~ -1)«1, but for strong shocks it becomes increas-

ingly inaccurate. Condition (25) is identical with the isentropic 

condition, Eq. (11), when r = 2. Therefore, real hydraulic jumps 

(with losses) are analogous to fictitious isentropic compression 

shocks (vvithout losses) in a gas having 1 = 2. 

THE REGULlffi (Tl/VO-SHOCK) INTERSECTION 

For the intersection of two hydraulic jumps of equal strength, 

the line of syrnmetry is a streamline and can therefore be replaced 

by a -wall if boundary friction is assumed negligible. The following 

theory is thus applicable to the reflection of a hydraulic jump from 

a rieid wall. 

Consider the configuration shovm in Fig. 1. The line of sym-

metry is taken as the x-a,"'Cis; the incident wave S, is moving into 

stationary liquid. Area I is a region undisturbed by any wave; area 

II is the region through which the incident wave has passed; area 

III is the region through which both the incident and r eflected 

waves have passed. 

The velocity of propagation of the incident wave S1 into the 

undisturbed liquid of area I is, from Eq. (20), 

(28 ) 

If h
2 

is assumed constant, the flow represented by the hydraulic 

jump superimposed on a body of still liquid and the general flow 

after the wave has passed must be equal. The continuity relation-

ship can be written 
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= (29) 

The vel oci t y uz. can be r esolved i nto component s normal and par allel 

t o t he r eflected wave Sz.. From the geometry of Fi g . 1, t hese com-

ponents are 

= a - a 1 ) = 

-uzcos(a +a ') 

uzsin(a + a ') 

Solve Eq . (29) f or uz and substitute in Eq . (30) : 

U ·'2.N = 

U'l.P 

- C, (1 - ~•)cos(a + a ') 
h?. 

c, (1 - *')sin(a +a ') 
--z. 

(30) 

(31) 

(32) 

The velocity of t he point of intersection along t he l i ne of symmetry 

must be t he same f or both waves; t heref ore, 

__ c_,_ = 
sin a 

C2 
sin a 1 (33) 

If h
3 

is assumed const ant, t he gener al f low in area I I I normal to 

wave Sz inust be equal to t he component of the f low i n area I I nor-

mal to S2 pl us t he a dded flow due to S2 superimposed on h2 • This 

continuity relation is written 

(34) 

The components of u
2 

and u~ parallel t o t he vrave S2 must be equal; 

= (35) 

The velocity of propagation of t he r efl ected wave Sz will be equal 

to the velocity of a similar wave i n still wat er pl us t he normal 

component of t he velocity in area II: 

= U'l.N + (36) 

Combi ne Eqs. (28), (31), (33) and (36): 
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Square both sides and simplify to 

('!:.3{· + (~ 3 ) - (1 + ~ 'l. ) [s~_n a' + (1 - E1 )cos(a +a' )Jz = 0 (38) 
h 2 h 1 h

1 
Slll a h 'l. 

This is a quadratic equation in h3 /h'Z. for which the solutions are 

11 1 ·[ 1 • h ) { sin a 1 h ~z Ji _: 3 = - - + - + (1 --r- ? -.- + (1 - - ' )cos(a +a') 
h 2 2 - 4 h , sin a h 'Z. 

(39) 

Since h3 /hz is always positive in the physical sense, only t he plus 

sign before t he radical need be considered. 

If h
3 

is assumed constant, the velocity u3 must be parallel to 

the line of symmetry. Therefore, the component of u3 normal to the 

line of symmetry must equal zero: 

~N COS Q
1 u 3Psin a' = 0 (40) 

with the convention that u is positive when directed toward the 3p 

intersection. Us ing Eqs. (31) through (35), Eq. (40) becomes 

c,[ -Ez ( 1 - E: ' ) cos (a 
h, h 'l. 

+ a ') + s~n a,t (1 - .e 'l. ) ] cos a' 
sin a h 3 

sin a' cos 
_!:! 3 sin a = 
h 2. sin a' cos 

sin a 

- C1 (1 - * ' )sin(a + a ')sin a' 
'l. 

a' (1 h + - - • )cos(a + a')cos a ' h 
a' (1 - _!:! , )sin(a + a' )sin a ' -

h? 

Equation (42) may be simplified as follows: 

= 

cos a { sin a' + 

sin a. '[ cos a' -

h 
(1 - ;- ' )cos(a 

Ilg 

(1 - _!:! , ) sin(a 
hz 

+ a' )sin a] 
+ a' )sin a J 

(1 - E1 )sin a cos a 
hz 

0 

l + 
sin a'[ cos a' - (1 - ~~ )sin(a + a 1 ) sin a J 

(41) 

(42) 
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1 
- sin a'[sin(a +a') - 1 c~s a'] 

(l _ ~.) sin a 
h~ 

cos a 

The strength ~ of a hydraulic jump is defined as 

= 

(43) 

(41+) 

since it is thus analagous to the pressure ratio across a compres-

sion shock in a gas. Letting 

c;' = (~Z )?. 
h3 

(45) 

and substituting Eqs. (4L) a~d (45) in Eqs. (39) and (43), t wo equa-

tions are obtained involving the four variables a, a', ~ and c;1 : 

I 

~ + ( 1 + (1 + 1 ){s~n a' + (1 - ~-i )cos(a + a 1J2
]
2 (46) 

2 4 ~ sin a 1 
1 

_ cos a 

sin a.'[sin(a +a') -
1 

, c~s a'] 
( 1 _ ~ 2 ) sin a 

The characteristics of the intersection of two similar hy-

(h7) 

draulic jumps are completely determined if the values of ~ and a 

are lmovm. If values of a' are assumed, the value for ~ 1 can be 

found from both Eq. (h6) and Eq. (L7). These two values of ~ 1 are 

plotted against a'; if the curves intersect, a regular interaction 

is possible and ~· and a' are given by the common value of the two 

curves. 

THE bACI-I (Ti lREE-SHOCK) I NTEHSECTION 

Consider the configuration shown in Fig . 2. The line of sym-

metry is taken as the x-axis; the incident 1vave is moving into sta-
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tionary fluid. Four areas are involved as follows: area I through 

which no wave has passed; area II throu.sh which only the i ncident 

wave S1 has passed; area I I I through which both wave S, and the re-

fleeted wave S'l. have passed; area IV through v,rhich only the Mach 

wave 83 has passed. The line I"I which separates areas III and IV 

is indicated bys~. 

The fundamental assumptions are: (a) t he three hydraulic j umps 

are straight and the Mach is normal to the line of syrr1metry; (b) the 

depths h , , h i and h3 are constant within the respective areas and 

Yri th respect to time. 

The velocity of propagation of the incident wave S
1 

into the 

rmdisturbe'd liquid of area I is , from Eq . ( 20), 

c = I 

The velocity of pr opagation of the Mach wave S3 is 

c = 
3 

(48) 

(49) 

since t he depth h
4 

is assumed equal to the depth h~. The following 

relations from the development of t he r egular intersection theory 

are applicable to t he three-shock conf i guration: 

U z. = C I (1 - ~ I ) ( 29) 
't 

UZN2 == c (1 ~ . )cos(a + a ' ) (31) 
I h 'l. 

UZP2 = c (1 - ~ ' )sin (a + a') (32) 
I h ? 

U 3N?. = h t + ci (1 ~?. ) (3L.) U 2NZ h h , 3 

U 3P2 = U ?.P2 (35) 
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= + (36) 

The subscript 2N2 indicates the component velocity in area II normal 

to the wave Sz ; JP2 , the component veloci ty in area III parallel t o 

the wave Si. A similar conventi on is used for other component vel-

ocities . 

Fr om the geometry of Fi g . 2, with t he convention that u
3

P
2 

is 

positive when directed toward t he point of intersection I , t he vel -

ocity in area III par allel t o the line I"I is 

= u sin(a ' + €) 
3tJ'Z. 

+ u cos(a' + €) 
3PZ 

Similarly t he velocity in area III normal to the line I"I is 

= u
3

P
1

sin(a 1 + e) u cos(a ' + €) 
3N2. 

Combining Eqs. (32) and (35) , 

= c, (1 - ~ 1 ) sin(a +a') 
h? 

And from Eqs . (31; , (34) and (36) 

(50) 

(51) 

(52) 

u = - c (1 - e i )c os(a. + a ') + (1 - !:! i ) gh~ r1 + ~ 3 )e3 (53) 
3rJ2 I h 'Z. h 3 2 \ h~ h 'Z. 

Substituting Eqs . (52) and (53) in Eq. (50): 

- - C
1 

(1 - ~ ' )cos(a + a ')sin(o. 1 + €) 
n z. 

h -Hgh h h . + (1 - _-i ) Z.( l + _s )-! sin(a ' + e) 
h 5 2 h~ ~ 

+ C ( 1 - e I ) Sin ( Q + Q t ) C 0 S ( Q I + €) 
I h 'Z. 

h h \.lgh h h = c, (1 - h: )sin(a - e) + (1 - h: 1 V"""'21(1 + h: )h: sin(a' + e)(54) 

Substituting Eqs. (52) and (53) in Eq. ()1): 

u = c ( 1 - ~ 1 ) cos (a + a. 1 ) cos (a ' + €) 
3N4- I hz. 

- (1 - !:!z gh~ c1 + ~ s )e1 cos(a ' + e) 
h3 2 h -z ht. 

+ C 
1 

( 1 - ~ 1 
) sin (a + a' ) sin (a 1 + €) 

2. 
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The flow represented by the hydraulic jump S3 superimposed on the 

stationary liquid in area I and the general flow in area DT must be 

equal. The continuity relationship can be vvritten 

7hen the velocity in area IV is given by 

u = 4 
= (1 -

The component parallel to the line I"I is 

h y gh h h u4 P4- = u4-cos e = (1 - - 1
) -' (1 +-')-~cos£ 

h3 2 h, h, 

and the component norm.al to t he line I"I is 

= 

The triple point I of the intersection originates at I 1 and 

moves along l'I. During this time interval, however, the liquid 

(56) 

(57) 

(58) 

(59) 

through which this point has passed moves to a position along the 

line I"I due to the f low velocities. Therefore, 

tan E 

tan "6 

tan a h = 1
1 tan e 

J.1~ 
(60) 

The intersection of the incident wave 8
1 

and the ref lected wave 

Si moves along the line I 1I; so, 

sin(a S) sin(a' + h) 
(61) 

With the relations of Eqs. (31), (36) and (48) , Eq . (61) becomes 
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gh , (l + ~t)~tsin(a' + ~) = r gh2.(l + ~3)~3 
2 h I h I . [ 2 h 2 h2. 

- (1 - ~. gh , (1 + et)~~cos(a + a')]sin(a - S) (62) 
h?, 2 h I h 1 

The intersection of the incident wave S1 and t he Mach wave S~ 

also moves along t he line I'I; then, 

(63) 

Substitut ing Eqs. (L.8) and (49) in Eq. (63): 

(64) 

For continuity , the velocities normal to t he line I"I must be 

the same and equal to the velocity of the line itself; thus, 

(65) 

Us ing the relations of Eqs. (48) , (55) and (59), one gets f or Eq .(65) 

gh, (1 + ~z. )!2-z. cos (a - e) 
2 h, h, 

h h )h z.(1+ - 3 
1

3 cos(a' + e) r6o/' ) 2 h 2 n2 , 

Since the intersection of the ref l ect ed wave S2. and the Mach 

wave S
3 

also moves along the line I'I, 

Ci --_s_i_n_( a-, ---+-· ~ J 

Combini ng Eqs. (31) , (36), (L.8) and (L~9 ) -vrith Eq. (67 ) : 

(1 - ~.) 
h3 

+ a) = [ L i (1 + ~ ~ ) ~~ 
2 h-a h-z. 

+ ~t)~tcos(a +a ' )]cos 3 
h, h, 

Equation (68) involves the same variables as Eq. (62) and may be 

used as a substitute. 

(67) 

(68) 
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Because of the relation expressed by Eq. (65), the velocities 

parallel to the line I"I must not be equal. The line I"I thus repre-

sents a surface of velocity discontinuity, or slip plane. The slip 

velocit y can be obtained from 

u 
s 

with u ?>P4- and u 4 p 4 given by Eqs. (54) and (58) respectively. 

( 69) 

The introduction of the wave strengths defined by Eqs. (44) and 

( 45) results in unnecessary complic s.tion; therefore, let 

I I 

(l.. {· ~z 1 2: 
~; 'Yl s h, '1. t (-~-r) 
h.2. 

( 70) 

Upon substitution of Eq. (70) in Eqs. (60), (62), (64) and (66), 

four equations are obtained involving the six variables OL , o<.', c, 

S, 11. and -ri_': 

t a n € 1'l_11.' tan S ( 71) 

-rt '(l + "'l ' J (1 + yt J [ :~~( (;: + ~ ) + (1 - ~ Jcos(«- + <>L' J]' (nJ 

'Y\.'(l + 11.ll' )sin
1 (oc.. - a ) (1 + 11 )cos 'l. s (73) 

(1 - 11~, J-{ 1 + "'l''l' sin € (1 - ~)~ 1 + '1. cos(Ol - E ) 

( 1 - ~, ) ~ 'Yl.' ( 1 + 'Yl.' ) cos ( ot. ' + E) ( 7 4) 

The characteristics of the intersection of t wo similar hydraulic 

jumps are cornpl etely determined if the values of ex. and C_, (thus "Yt ) 

are known. 

The solutions for the regular and Mach intersections have been 

computed by Einstein and Baird(l8 ) and are presented in graphical 

form in Fig s. 3 and 4. For the regular intersections, the curves 

give the values computed from Eqs. (46) and (47). For the Mach 
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intersections the values are taken from tables prepared by the 

Mathematical Tables Project~ 20) These values are in essentj_al 

agreement ·with the theory represented by Eqs. (71) through (74). 
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III EXPERHIENTAL PROCEDURE 

Hydraulic jumps, or surface shock waves, are produced by 

means of generators in a liquid such as water contained in a shallow 

ripple tank. Variations in water depth are measured by means of 

electrode pairs in conjunction with a recording oscillograph. Photo­

grams of the waves are made directly on sensitized paper utilizing the 

light fron a high voltage spark. A mechanical timer facilitates co­

ordination of the el ectrically operated apparatus. 

GENERATION OF HYDRAULIC JUMPS 

The ripple tank consists of a shallow glass-bottom tank 

approxi.rnately five feet long and four feet vvide. The tank is sup­

ported on a frmnework built as rigidly as necessary to prevent the 

creation of undesired waves by vibration of the frame (Fig . 5). 

The liquid used in the ripple taILl( is a solution (0.001 to 

0.002 normal) of manganous chloride in distilled water, the salt 

being added to give more uniform electrolytic characteristics when 

the electrical method of depth measurement is used. The liquid is 

stored in five-gallon glas s bottles above the ripple tank: the trans­

fer from tank to storage is accomplished by means of an as pirator. 

The surface shock waves are produced by means of the apparatus 

shovm in Fig . 6. The wave generator is 24 inches long and makes 

wave fronts of the same length. The reservoir into which the water 

is drawn prior to its r el ea s e is 9 inches high and has a variable 
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cross-section as indicated in Fig. 6. Air inlet valves are located 

at the quarter points of the top surface. These valves are opened 

by springs tripped by electrical solenoids. The valve openings are 

throttled by means of removable orifice plates. The water is made 

to rise inside the generator by reducing the pressure by means of a 

vacuum pump or aspirator. The face of the discharge slot is milled 

from heav-y brass tubing, thus providing for a uniform discharge 

through the full lengt h of the slot. The body of the generator can 

be lifted by means of a rack and pinion to vary the height of the 

discharge slot. 

The f ollovving variables affect the strength of the generated 

vvave: (a) the general ·water level in the ripple tank; (b) the 

height to vrhich water is raised in the generator; ( c) the diameter 

of the air inlet orifice; (d) the height of the discharge slot. 

The more important variables are the initial depth of the water 

in the ripple tank and the air inlet diameter. Their effect upon 

wave strength is indicated in Fig . 7. It is seen that a given wave 

strength can be obtained by a suitable choice of initial water depth 

and air inlet diameter. 

In Fig . 8 is indicated the effect upon wave strength of generator 

head, i.e. the height to vv-hich water is raised in the generator reser­

voir before release. In general the effect seems to be negligible 

within experimental error for a generator head above 18 centimeters. 

The height of the discharge slot has a negligible ef fect upon 
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wave strength. However, the height of the discharge slot is impor­

tant, especially for strong waves, since, if the wave is created 

through too narrow a slot, the resulting effect is that of a jet of 

water overriding the still water. 

The ability of the two available generators to create identical 

waves is within experimental error provided a generator head of 19 

to 21 centimeters is used. 

DEFrH MEASUREMENT 

The depth of liquid at any point in the ripple tank is deter­

mined by means of a pair of electrodes. Three of these electrode 

pairs were used, each connected to one channel of a Consolidated 

~ngineering Corporation recording oscillograph (Type 5-101 A) which 

enabled depth to be recorded as a function of time. A typical 

osci l lograrn is shown in Fig. 9. 

The electrode pair consists of t wo platinum wires supported 

vertically so that the length of the v1 ire immersed is equal to the 

depth of the liquid ( :F'ig . 10). Since the separation is kept constant, 

any variation in the height of the liquid causes the resistance to 

vary in an inverse manner. The electrical system has been arranged 

so that this relationship is nearly linear. 

A voltage of approximately three volts across the electrode 

terminals is produced by an oscillator giving an alternating current 

with a frequency of about 1000 cycles per second. This frequency is 

too high to be recorded by the low-frequency galvanometers of the 
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oscillograph. 

The alternating current is . used to minimize any electrolysis 

effects: with the voltage and f requency use d, these effects are 

essentially r educed to zero. 

An automatic current interrupter breaks the galvanometer 

circuit at intervals of approximately 0.6 second. The interruptions 

last for about 0.02 second. This resuits in a series of points 

which establish the zero displacement. This method eliminates any 

error due to drift of galvanometer. 

The electrodes are cali brated by means of a point gage before 

and usually after a set of observations. The electrodes should be 

kept clean to obtain consistent calibrations. A satisfactory pro­

cedure is a periodic dip of the electrodes in concentrated nitric 

acid, ammonium hydroxide (two normal) and water, in that order, vvi th 

a dip in carbon tetrachloride before each set of observations. It 

has been fo und that the oscillator output tends to drift i n magnitude 

thus affecting calibration. If t he oscillator is allowed to warm up 

for 1/2 to 3/4 hour before being used, the drift thereafter is very 

small. 

If the prel:iln.inary calibr ation is plotted wit h oscillogram values 

as ordinate vs. point gage values as abscissa, the drift in oscillator 

output tends to change the slope of t he linear portion of the cali­

bration curve without affecting t he intercept of t he line extended 

and the ver tical axis. This fact can be used to determine the 
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calibration for each observation. · The initial water depth is 

measured by means of the point gage and plotted; a line through 

t his point and the above mentioned intercept point is a close 

approximation t o the linear portion of the desi red ca]j_bration 

curve. This method has been used only in the case of relatively 

small drift and should be checked by a complete calibration after 

t he set of observations. 

PHOTOGRAPHIC PROCEDURE 

The light s ource is an open air spark created by the discharge 

across a 1/8 inch gap of a 10 mi crofarad condenser charged to 7)00 

volts (design value) The light from the spark is reflected by a 

mirror so as to pass upward through the liquid in the glass-bottom 

ripple tank and then i mpinge upon the sensitized paper. 

The sensitized paper used is 18 inch wide record paper (Grade 

B, Substance 28) as prepared by the Haloid Company. The spark 

photograms made were approximately 18 by 24 inches. The distance 

from light source t o sensitized paper was about nine feet. The 

photograms were developed in Eastman D72 Developer (diluted 8 to 1) 

for one minute. 

A sheet of aluminum, stiff ened so as to be reasonably plane and 

suspended over the ripple tank, served to support the sensitized 

paper dtrring exposure. The paper was held f l at agai ns t t he aluminum 

sheet by means of t he adhesive action of Eastman's Kodaflat Clear 

Solution. 
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MEG HANI CAL TTIVlEll. 

The timer consists of a synchronous 110 volt 1800 rpm motor and 

a directly coupled lead screw having a pitch of 20 threads per inch 

(Fig. 11). A special nut rides the screw; the nut is prevented from 

turning by a bearing constrained by two guide rails on the base of 

t he .L • Glmer. Three microswitches are attached to the two guide rails 

and are tripped by projections on the driven nut. The switches can 

be move d along the rails; a scale allows time intervals between 

zero and four seconds to be set in advance. The driven member can 

be returned to its starting point by reversing the direction of 

rotation of the motor. Liniit svvitches at each end of the lead screw 

cut the current to the motor when actuated by the driven nut. 

The action of the electrically operated apparatus can be coor-

dinated by means of the three microswitches. For example: the 

first switch activates the solenoids on the wave generators to trip 

the valves and initiate the ·waves, and also turns on the recording 

mechanism of the oscillograph; the second switch initiates the 

spark for making a photografil of t he instantaneous wave configuration; 

the third switch turns off the recordine mechanism of the oscillo-

graph. 
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IV Ai~ALYSIS OF RESULTS 

A preliminary experimental study was made of wave forms and of 

the effect of adding detergents to the work'"ing fluid. A number of 

hydraulic-jump interactions were investigated. The results are 

presented and discussed. 

MEASUREMENTS 

In the investigation of hydraulic-jump interactions two types 

of measurement are necessary: the measurement of the angles between 

waves from the photograms, and the measurement of liquid depths from 

the oscillograms. 

The measurement of the angular relation of the waves from the 

photograms was accomplished by means of a drafting machine. The 

error introduced in measurement is approximately one-half degree. 

Errors difficult to express quantitatively are introduced by rough­

ness of the wave-fronts of strong hydraulic jumps and by curvature 

of the reflected waves; however, these errors are believed not to 

exceed one or two degrees. 

Determination of liquLd depth consists in measuring the corres­

ponding distance on the oscillogram and correcting this value to the 

actual depth by means of a calibration curve. The error in liquid 

depth introduced by this process is approximately four per cent or 

less f or the depths encountered. 

Two less tangible factors tend to introduce error into the 
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measurement of liquid depth and thus influence reproduction of a 

wave of given strength. The first factor is the lack of smoothness 

behind strong and very weak hydraulic jumps or shock waves. The 

strong hydraulic jumps leave a rough and turbulent wake (Fig . 12a), 

while the very weak jumps are accompanied by secondary waves which 

create an oscillatory surface behind the shock front (Fig. 12b). 

This factor necessitates averaging the wave form by means of a some­

what arbitrary smooth curve before measurements can be made. 

The second factor is a decay in strength as the shock progresses. 

This effect is more pronounced when a large diameter air inlet is 

employed on the generator; i.e., when the generator discharges rapidly. 

Under this condition, the capacity of the generator reservoir is not 

sufficient to keep the water depth constant behind the wave front 

until the wave has passed beyond the last measuring point. Thus an 

instantaneous section thro ugh the hydraulic jump shovrn an after-wave 

surface which slopes dmmward toward the rear. This lack of continual 

reinforcement results in a decrease in the strength of the shock as 

it progres ses. The decay of wave strength is not so pronounced for 

the waves created under conditions which as sure a contimal discharge 

of water from the generator until the wave has passed the last meas­

uring point. This condition (Fig . 12c) is obtained by using a large 

generator head and small diameter generator air inlets. In reproducing, 

or comparing waves -with a marked decay in strength, it is important to 

make corresponding measurements at the same distance from the generator. 

The velocities of a number of hydraulic jumps vrere calculated 
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-from the oscillograph records and compared with the theoretical 

value given by Equation (20). The experimental value of velocity 

was in all cases higher than the theoretical value. A difference of 

as much as five per cent was found in the case of some strong waves. 

It has been suggested that this discrepancy is caused by a jet effect 

near the generator due to the :fact that the velocity of the water as 

it leaves the generator is normally greater than the velocity of the 

wave generated. Also to be considered is the effect of wave strength 

decay. · The velocity computed from the oscillogram is necessarily an 

average value, and, since the wave strength is decreasing throughout 

the measured distance, the problem arises of selecting the proper 

wave strength to use in the calculation of the theoretical velocity. 

For the weaker hydraulic jumps where the decay in strength is not so 

pronounced, the discrepancy between experimental and theoretical values 

of velocity is less than two per cent. Because of the above factors, 

measurements to determine wave strength and velocity should not be 

ma.de too near the generator; a distance greater than 20 inches is 

desirable. 

EFFECT OF ADDING DETERGENTS TO THE WORKING FLUID 

The hydraulic jumps generated in the basic working fluid of 

distilled water had rough surfaces and the slopes of the wave-fronts 

were not so steep as desired (Fi~. 13a). 

In an attempt to improve wave shape and decrease roughness, 0.5 

per cent by volume of 11 Isothan Q-15" (20~% concentration of lauryl iso-

quinolinium bromide) as prepared by the Onyx Oil and Chemical Company 
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was added to t he working fluid. Hydraulic jumps created in the resulting 

fluid had the desired smoothness and a subs)tantially increased wave-front 

slope (Fig . 13b); however, t wo disadvantages were apparent. First, 

suds were formed by each generated wave, and the resulting bubbles would 

interfere with photographic procedures. Second, the secondary waves 

accompanying the weaker shocks were also intensified, these secondary 

waves becoming evident with stronger shock wave s than had been the case 

with no detergent. The r ange of strengths giving desirable wave forms 

thus shifted to higher vahrns, an unsatisfactory situation in view of the 

fact that future plans were to investigate as weak hydraulic jumps a s 

possible. 

To obtain an intermediate effect, 0.5 per cent by volume of Kodak 

Photo- Flo (an aerosol solution) was added to the di stilled water. 

Hydraulic jwnp s created in this fluid had the desired smoothness and a 

substantial increa se in wave-front slope when compared with corres ponding 

waves genera ted in distilled water (Fi g . 1 3c). The advantage lay in the 

absence of bubbles to interfere with photographic procedures, and i n the 

obtaining of weak er waves with more s atisfa ctory form than were possible 

in the Isothan Q-15 solution. 

The use of these detergents had no measurable effect on either 

the velocity or the strength of the hydraulic jumps, other variables 

remaining constant . 

I NTERACTi ffJ OF' HYDRAUR.IC JUMPS 

'.rhis investigation was concerned principally with the Mach 
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interactions of hydraulic jmnps. Four sets of observations were 

made with the primary purpose of determining experimentally the 

strength and angular relation of the reflected wave. Test para.meters 

and results of the observations are presented in Tables I through IV. 

The intermediate strength ~ = 0.45 was chosen as the weakest 

for which a satisfactory wave-form could be obtained using an aerosol 

solution as working fluid. The strong shock waves of strength ~ = 
0.28 utilized the same test para.i.~eters except generator air inlet 

diameter; therefore, the observations of strong and intermediate 

strength waves could be made concurrently. The weak waves ( ~ = 

0.70) were generated in distilled water (MnClz. added) since a more 

satisfactory wave form. was thus realized than in the aerosol solution. 

The upper limit of experimental values 1Nas determined by the weakest 

reflected wave which could be detected on the photograms. 

In Figs. 14 through 17 the strength ~ ' of the reflected wave 

is plotted as ordinate vs. the incident angle a as abscissa. The 

theoretical curves were obtained from Fig. 4. 

For presentation of the angular relation of the reflected wave, 

the parameter usually chosen is a - a 1 (see Figs. 1 and 2), which 

represents the difference between the angle of incidence and the angle 

of reflection. The values of a - a 1 a.re plotted as ordinate vs. the 

incident angle a as abscissa in Figs. 18, 20, 21 and 22. The theo­

retical curves were obtained from Fig. J. 

If the shock wave angles are measured "With respect to the 
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direction of motion of the triple point of the Mach intersection, 

the results should be independent of any curvature of the waves. 

The experimentally determined relation between the angle a .(see 

Fig. 2) representing the direction of motion of the triple point and 

the incident angle a is presented in Fig. 24. In Figs. 2), 27, 28 

and 29 the modified angle of reflection w• (= a' + a ) is plotted as 

ordinate vs. the modified incident angle w (= a - ~ ) as abscissa. 

In these figures the theoretical curves for regular interactions 

were obtained from Reference 8; for Mach interactions the theoretical 

values were obtained from Reference 19. 

COMPARISON OF EXPERIMENT WITH THEORY 

In all cases studied there is a definite disagreement between 

experimental and theoretical values for Mach interactions and some 

disagreement is indicated for regular interactions. 

Consider the relation between ~ 1 and a presented in Figs. 14 

through 17. The lower limit of Mach intersections occurs at the pre­

dicted value for strong and medium hydraulic jumps, but at a higher 

value for weak jumps. Theory predicts a discontinuity between the 

curves for regular and Mach intersections: experiment shows a smooth 

transition from one configuration to the other. Also, no upper limit 

of values for Mach intersections was reached experj_mentally. 

Similar discrepancies are noted in the relations between a - a' 

and a (Figs . 18, 20, 21 and 22) except that the experimental values 

reach a minimum in the neighborhood of the transition from regular to 
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Mach intersections. Enough data in this re gion are not available 

to detennine or disprove the existence of a discontinuity. 

The relations of Figs. 18 and 22 for the interaction of 

hydraulic jurnps can be compared with the corresponding relations 

of Fi gs. 19 and 23 respectivel y for the reflection of compression 

shocks in air. Figs. 19 and 23 are from Gilmore (ll) who used the 

experimental results of Harrison and Bleakney~ 16 ) For strong shocks 

in air the Ma ch t heory g ives a reasonable ap proximation to experiment 

(Fi~. 19). The theoretical curves for shock and hydraulic jurnp inter­

actions are analogous; but, since it has been found that the physical 

analogy is inexact for strong shocks, the discrepancies of Fi g . 18 

might be expected. For weak shocks in air the Jl ach theory evidences 

considerable disagreement with experiment (Fig . 23) although the dis­

agreement is in the opposite direction to that for hydraulic jurnps 

(Fig . 22). 

Measurement of the angle of incidence and angle of reflection 

with respect to the line of motion of the triple point in order to 

allow for curvature of the shock waves did not alleviate the discrep­

ancies between experiment and theory (Figs. 25, 27, 28 and 29). The 

disagreement is very marked for Mach interactions: a slight disagree-

ment is evident for regular intersections. 

Harrison and Bleakne y (l6 ) have presented data for the relation 

between w and w' in the case of compression shocks in air: the data 

for strong and weak shocks are presented in Figs. 26 and 30. Figs. 

25 and 26 show corres ponding data for strong shock waves in water and 
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air respectively: no resemblance is noted in the discrepancies 

between experiment and Mach theory in the two cases. The trends 

of experimental data are seen to be more similar in the cases of 

weak shock waves in water and air (Fig. 29 and 30). For air, the 

experimental values terminate at the extreme sonic point, which 

represents a configuration in which incident and Mach shocks are 

aligned, and the reflected shock has a strength ~· = 1.0. For water 

this limiting configuration is indicated by the dashed curve: experi­

mental values are found which exceed this limit. 

Because of the definite disagreement of experiment with theory 

for the Mach interactions of hydraulic jumps, the oscillograms and 

photograms pertaining to the interactions were studied for information 

leading to the source of the disagreement. 

An examination of the oscillograms produced an important factor: 

the depth h4- behind the Mach wave is not equal to the depth h3 

behind the reflected wave (see Fig. 2). Thus the assumption used in 

the development of the Mach theory, that the discontinuity is one of 

velocity only, is not valid for hydraulic jurnps. 

The oscillograms also showed that a constant depth does not 

exist between incident and reflected waves for the interaction of 

weak hydralllic jumps (c; = O. 70). In the cases of medium and strong 

hydraulic jumps, no deviation from constant depth between waves was 

detectable. This finding should be modified by two factors: the 

weak hydraulic jumps were generated in water with no detergent; and 

at most only two depth-measuring electrodes covered the area between 
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the incident and reflected waves. 

Photograms of typical hydraulic-jump interactions are reproduced 

in Fi gs. 31 through 36. Fi gure 31 shows the Mach intersection of t wo 

equal strong hydrau1ic jumps. The next three figures show the devel­

opment of the Mach intersection of two equal hydraulic jumps of inter-

mediate strength. The three photograms are not of the same wave 

but show three different waves alike vd thin experimental error. The 

reflection of a wave similar to those in Fig. 32 is presented in 

Fig. 35, and the intersection of two equal weak hydraulic jumps is 

presented in Fig. 36. 

The most noticeable feature of these interactions is the Mach 

wave. This wave is convex for strong and medimn hydraulic jumps, 

but is concave for the weak jumps as in the case of interactions of 

shocks in air. In general the convex Mach waves are not curved 

through their full length but have a straight center portion with 

curve d ends. 

Consider Fi g . 34: the detail of the interaction is clearer in 

the case of intermediate strength hydTaulic jumps. In the neighbor­

hood of the triple point there appears to be a bending or curving of 

all three waves. This small bending is not consistent vvith other 

parameters and is not necessarily t he same f or two interactions with 

the same incident strength ~ and incident angle a. The measurement 

of wave angles with respect to the curvature of the Mach does not 

give satisfactory results unles s the bending of the other waves is 

also considered. If the wave angles are measured in the i.rrunediate 
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neighborhood of' the triple point and are plotted in the manner of 

Fig . 20, the points do not lie in any logical sequence but do fall 

nearly on a straight line (Fig. 37). 

In the interactions of strong and intermediate strength hydraulic 

jumps, a second wave is seen to follow the reflected wave. There is 

no secondary incident wave which appears strong enough to have pro­

duced this secondary reflected wave. However, this wave can easily 

be explained by the fact that the oscillograJns shovr the depth behind 

the Mach to be greater than the depth behind the reflected wave. In 

this case, the secondary reflected wave also exists for the inter­

action of weak hydraulic jumps but this wave is too weak to be de­

tected on the photograms. 
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V CONCLUSIONS 

1. There is a def inite disagreer.ient between experiment and 

theory for Mach interactions of hydraulic jumps. 

2. The assumption that the depth behind the Mach is equal to 

t he depth behind the reflected wave is not valj_d. A wave separates 

these two areas rather than a velocity discontinuity . 

J. It is indicated that constant state between ·waves does not 

hold in t he case of weak hydraulic-jump intersections, whereas con­

stant state between waves holds for the interaction of strong and 

interme c:hate strength hydraulic jumps. A similar conch ti on may ex­

ist in t he case of interactions of shocks in air, explaining in part 

t he greater disagreement of t heory and experiment for weaker shocks. 

L.. The Mach vvave is convex for the interaction of strong and 

intermediate strength hydraulic jumps, but is concave in the case 

of weak hydraulic-jump intersections. The latter configuration ex­

ists f or all shock reflections in air. 

). For the Mach interactions of strong and intermediate 

strength hydraulic jumps, there is a curving of all three waves 

(l:iach, incident and ref lected) in the neighborhood of the triple 

point. l:ieasurements should not be made so as to allow for curvat ure 

of the Hach without considering t he curvature of the incident and 

ref lected waves. 

6. The addition of a detergent to the working fluid results 
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in smoother waves and steeper shock fronts for hydraulic jumps of 

intermediate strength, but causes accentuation of the oscillatory 

nature of ·weaker hydraulic jumps. 

7. It is recommended: (i) The theory of the l\fach interac­

tions of hydraulic jumps should be revised, taking into account the 

inequality of the depth behind the Mach and the depth behind the 

ref lected wave. (ii) The lack of constant state between vraves f or 

the interaction of weak hydraulic jumps should be fm~ther investi­

gated to determine the incident wave strength for which inconstancy 

of state first becomes experin1entally detectable and to measure the 

amount of the deviation from constant state. (iii) Regular inter­

actions of hydraulic jumps should be studied to determine whether 

the indicated disagreement between experiment and theory exists. 

(iv) The photographic procedure might be improved so that vreaker 

ref lected waves could be detected on the photograms. (v) The 

strength of incident ·wave f or which the Llach changes from convex to 

concave should be determined. This transition point may bear some 

relation to the limit of reasonably exact analogy between shocks in 

air and surface shocks in liquids. 
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TABLE I 

~ = 0.28 + 0 .02 -
Intersection of Two Equal Hydraulic Jumps 

Liquid: 0.5 per cent by vol. Kodak Photo-Flo (aerosol solution) in 

distilled water (0.001 to 0.002 normal MnC1
2
). 

Initial liquid depth: 6.95 ~ O.OJ millimeters 

c:t I c; ,,;') I a w w 

29.2 2).5 0 .)48 29 .2 2).5 

33.8 28. 0 0.58 3J.8 28.0 

40. 8 41.2 0.56 1.2 39. 6 42 .4 

46 .o 49 .1 0.62 2.7 hJ.J 51.8 

51. 8 42.5 o.66 4 .4 L-7 .4 46.9 

56 .2 39.5 o.68 6.o 50 .2 45 .5 

61.0 37.5 o. 72 7. 8 53 .2 45 .3 

6) . 0 33 .0 0.76 9.0 56.o 42 .0 

70 . 0 31.0 0. 80 11.0 59.0 42.0 

75.5 29.0 o . 84 14.0 61.) 43.0 
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TABLE II 

~= o.45 =!: 0.02 

Intersection of 1~ro Equal Hydraulic Jumps 

Liquid: 0.5 per cent by vol. Kodak Photo-Flo (aerosol solution) in 

distilled water (0.001 to 0.002 normal MnC12). 

Initial liquid depth: 6.95 ~ O.OJ millimeters 

a. I ~· (J I 

a. w w 

28.8 27.5 0.60 28.8 27.5 

33 .5 31.5 0.62 JJ.5 31.5 

40 . 8 44.0 o.68 o.4 1.~ 0.)..j_ 44.4 

46.o 48.o 0.70 1.8 L4.2 49.8 

)1.5 L7 .0 o. 71 3.J_j. 48.1 50.4 

56 .5 Li6.o 0.73 L.9 51.6 50.9 

62.0 L~2 .o 0.76 6.6 55.l+ 48.6 

66 .o 36.0 0.82 s.o 58.o L.4.o 

71.2 34.0 o.86 9.9 61.4 43. 9 

7).8 31.5 0.92 11.9 63.9 43.4 

79.8 27.2 14.3 65.5 L.1.5 
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TABLE III 

c; = o.45 :i: 0.02 

Reflection of Hydraulic Jump from Ri gid Wall 

Liquid: 0.5 per cent by vol. Kodak Photo-Flo (aerosol solution) in 

distilled water (0.001 to 0.002 normal l\lnC12). 

Init i al liquid depth: 6.93 + 0.03 millimeters 

I t: I a w' a c::t w 

35.5 28 .5 0.70 35.5 28.5 

. LO.) 39.0 0.67 0.3 h0.2 39.3 

45.0 46.o o. 71 1.5 43 .5 47.5 

50.0 46.o 0.75 2.9 L7.l 48.9 

56.o 111.0 0.79 4.7 51.3 45 .7 

61.0 36.5 0.82 6.3 5L .7 42.8 

6).5 32.5 o.85 7. 8 57.7 40.3 

70.5 2b .5 0. 90 9.7 60. S 38.2 
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TABLE IV 

~ = 0.70 + 0.03 

I ntersection of T"l.i\TO Equal Hydraulic Jmnps 

Liquid: Distilled water (0 .001 to 0 .002 normal MnC1
2
). 

Initial liquid depth: 5.00 ~ 0.03 milli meters 

a. I ~· a I 

Cl w w 

29 . 2 26.2 o.68 29.2 26. 2 

34.2 33 .5 0.67 31_~. 2 33.5 

40.5 41.5 o.68 40.5 41.5 

46.5 50.0 o. 72 46.5 50 .0 

52 .5 61.0 0.76 52.5 61.0 

) 7.8 6J .8 0. 81 1.4 56 .L~ 65 .2 

63.0 66 .o o. e4 2. 9 60.1 68. 9 

68.o 6) .0 o .88 4.2 63 .8 69 .2 
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a. Strong Wave with Rough and Sloping After-Wave Surface. 

b. Weak Wave with Secondary Waves . 

v 
c Sat isfactory Wave Form . 

Fig. 12 Typical Wave Forms . 

a. Distilled Water. 

b Lauryl lsoquinolinium Bromide Solution. 

-i 
c Aerosol Solution. 

Fig 13 Comparison of Similar Waves Generated in Different Fluids . 
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Fig . 27 Intersection of Two Equal Hydraulic Jumps of Strength t = 0.45 . 
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Fig. 29 Intersection of Two Equal Hydraulic Jumps of Strength t = 0 .70 . 
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Fig. 31 Photogram of Hydraulic-Jump Intersection . t = 0 . 28, a = 5 6 ° . 
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Fig . 32 Photogram of Hydraulic-Jump Intersection. t = 0.45, a= 56° . 
0 .45 Second after Beginning of Interaction. 
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Fig . 33 Photogram of Hydraulic-Jump Intersection. t = 0.45, a = 56°. 
0 .85 Second after Beginning of Interaction. 
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Fig. 34 Photogram of Hydraulic-Jump Intersection. ! = 0.45, a= 56° . 
I . 2 5 Seconds after Beginning of Interaction. 
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Fig. 35 Photogram of Hydraulic-Jump Reflection from Wall. t==0.45, a=61°. 
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Fig. 36 Photogram of Hydraulic-Jump Intersection . ~ = 0.70, a 58°. 
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