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THE EFFEC'r OF SJ✓,ALL AivIOID'J TS OF I MPURITIES ON fi-IE MAGNETIC 

SUSCEPTIBILITY OF SI1'JGLE CRYS 'rALS OF BISMUTH 

One of the most fundamental problems in the ~tudy of the 

structure of matter is the or~tm of diamagnetism. The phenomenon 

was first observed by Brugmans1) who noticed that metallic bismuth 

was repelled from the pole pieces of a magnet. It was Faraday2), 
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however, who first made a systematic investigation of a large number 

-of materials, and found that bismuth was not a singular case, but that 

the diamagnetic behavior was common to many other substances in a 

greater or less degree. 

In 1852 Weber gave a theoretical explanation of this effect, 

based on the supposition that the molecules of a diamagnetic substance 

contain resistanceless circuits, in which an electric current may be 

set up when the material is placed in a magnetic field. Since this is 

an induced current, b~r 'Lenmz 's law its direction would be such that its 

magnetic field would oppose the impressed field. In this way, the mag

netic intensity within the substance would be reduced, and the diamag

netic property would result. 

If the area of such a molecular circuit is A, and its coeffi

cient of self induction is L, then the current prodµced by a field of 

strength H, which is at an angle 9 with the normal to the plane of the 

circuit, is given by 

i HA cos 9 
T 

'rhe magnetic moment of such a current is 

)1 = i A 
HA2 

cos 9 
L 



and the component of this parallel to H is 

p cos e = HA2 cos e 
].,_, 
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Now if there are N such molecular circuits per unit volume, with their 

axes distributed at random, the number of axes lying between e and 

~ i- d9 will be 

N 
2 sin 9 d9 

Hence the resultant magnetization per unit volume will be gbren by 

-:Tf 

1 NHA2 2 I = - -- cos 9 sin 9 d9 
D L 

whence the diamagnetic susceptibility per unit volume is 

Weber further postulated that if, instead of resistanceless 

circuits, the molecules contained currents which were already flowing, 

the materia l would be paramagnetic instead of diamagnetic. Maxwell 

comb ined the two ideas, assuming that there might be both; primitive 

currents, and resistanceless circuits in which no current flowed ini-

tially. In this case, the molecular current in a magnetic field would 

be 

i : i 0 - HA cos g 
T 

where i 0 represents t he initial molecular current. The magnetic 

moment would then be 

= iA = i .fl_ - HA
2 

cos 9 f- O· r_;-

and the component parallel to H 
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Thus this one theory would yield both paramagnetism and dia

magnetism, the only determining factor being the i 0 • If i 0 were small, 

the second term would predominate, and the substance v,ould be diamag

netic, while if i 0 were large, only the first term virould give any appre

ciable contribution, and the material would be paramagnetic. 

At the time this theory was developed, the idea of such molecu

lar currents was considered extremely artificial and difficult to 

believe. The discovery of the electron, however, provided a possible 

mechanism for such a conception, and in 1905, Langevin3) worked out his 

fe.mous theory of magnetism. His primary assumption was that every atom 

consists of positive and negative electrical charges, which rotate in 

fixed orbits. Each of these circulating charges would thus have a 

magnetic field associated with it, and so could be treated as a magnetic 

dipole or a 11magneton 11
• The magnetic properties of the atom would then 

depend upon the relative orientations and directions of the axes of these 

magnetons. 111Iorking from this standpoint, Langevi n found that if an atom 

possessed a resultant magnetic moment, it was paramagnetic, and its 

magnetic susceptibility followed the law k = I 0 _E_ where k is the volume 
3K'r 

susceptibility, I the maximum value of the intensity of magnetization, p 

the magnetic moment of the atoms or molecules, K, Boltzmann's constant, 

and T, the absolute temperature. This lavv agrees with the 4 mpirical law 

that was established by Curie 3 ) that the paramagnetic susceptibility 

should be inversely proportional to the absolute temperature. 

If, however, the magnetic moment of the atom or molecule is zero 

then Langevin showed that the material would be diamagnetic, and its 

susceptibility would be given by k .::. -Ne 2 r2, where N is the number of 
4mcG 
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electrons per unit volume, e, the charge of the electron, m its mass, 

c the velocity of light, and r the radius of gyrat ion of the mean con

figuration of the electrons in the atom or molecule, with respect to 

an axis through their centroid. In this case, k is found to be independ

ent of the absolute temperature, which is again in agreement with Curie's 

e mpirical law for diamagnetism. 

The development of the Bohr theory of the atom gave further 

gr o-g.nds for the existence of electrical charges in orbital motion, 

limiting these motions, however, to the extra-nuclear negative charges 

only. This a.t once gave a good expla.nation for the existence of the 

magnetons, but also showed that it should be expected that a. monovalent 

atom of the alkali type should be paramagnetic, due to the resultant 

magnetic moment of the valence electron. This discrepancy wa.s overcome 

by Pauli4), by considering the Lamor precession effect that would be pro

duced, in the case of an atom possessing both a la.rge mechanical moment 

of momentum and a magnetic moment, when this atom was placed in a m~gne

tic field. 

Ehrenfest5) attempted to explain the large value of the diamag

netic susceptibility of bismuth by postula.ting that it was due to elec

trons moving in orbits about two atoms. That is, in the crystalline 

phase, the valence electrons were no longer considered to be bound to 

one atom, but should be thought to be shared by two neighboring atoms. 

In order to understand the relative positions of the atoms, between 

which the interchange was assumed to t ake place, a photograph, Figure 

(1), of a model of the bismuth lattice, was taken in the plane normal 

to the principle a.xis. This shows that in this direction, the crystal 

consists of a system, in which a pair of planes are close together, and 

are separated from the next pair by a much larger distance. 
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Figure 1. Model of the bism th lattice. 
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The assumption, made by Ehrenfest, was that the interchange of 

electrons should take place between atoms in the close pair of planes 

only. This was in agreement with the prevailing ideas gathered from 

chemistry, as well as the fact that such interchanges are much more pro

bable, the closer the atoms are together. The distance between two 

neighboring atoms, in a direction parallel to the planes, is much greater 

than the distance between the planes. Thus the area of the electron 

orbits must possess a larger projection in a direction normal to the 

principle axis of the crystal than parallel to it. This would result 

in the production of the maximum diarnagnetism parallel to the main axis. 

Through some misunderst anding, Ehrenfest states this to be the result 

found experimentall y by Tyndall, thus strengthening his theory. In fact 

however, Tynda116 l reported the ratio of the susceptibility parallel to 

the pri nciple axis, to that normal to it, as 70:100, which is just the 

inverse of that which Ehrenfest ' s t heory would give. Thus although this 

theory indicates the possibility of electronic orbits of more than one 

atomic diameter, it cannot be considered as the explanation of the large 

diemagnetism of bismuth. 

Drude ' s theory, explaining electrical conduction in a metal as 

due to the existence of a free electron ga 1 led Schrodi nger7 ) and 

Wilson8 ) to calculate the diamagnetic properties of such a gas. Their 

investigations led them to the same conclusion, that if -;\_ is the mean 

free path of a free electron , the volume susceptibility of a gas con-

1 Ne2 A. 2 

sisting of such electrons, is given by the expression k = - 3 mc2 

All the other letters have the same meaning as in the Langevin formula . 

At first, this theory seemed successful, as it was the only one 

by which a large enough value could be obtained to satisfy the experi

mental results in the particular case of bismuth. However , in this 
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theory, one very important condition was neglected. This was the 

effect of the boundary upon the mot ion of the electrons. In his dis

sertation, Bohr3) has shown that if the electrons obey Maxwe ll 1s Law 

of distribution of velocities, the behavior of the electrons at the 

botmdaries produces an equa l but opposite effect to that of the elec

trons in the interior. This may be most simply illustrated by the 

following diagram . 

If the electrons in the interior of a body are moving under the in

fluence of a magnetic field, as indica ted by the paths 1 and 2, an 

electron that happens to collide with the boundary will have some such 

path a s 3. It will be seen at once that a path such as 3 results in 

an apparent current flowing ar ound the boundary, in a direction just 

opposite to the direction of rotation of the electrons in the interior. 

A further a.r gument against a resultant diamagnet i c behavior of 

free electrons has ar isen with t he need to postulate that an electron 

spins. 'rhe result of such an assumption would be to make the electron 

itself a magne t <im which, if it were free to move, would be definitely 

paramagnetic. In a paper immediately £.allowing his article on the 

diamagneti sm of a mona tomic gas, Pauli~) calculate d this paramagnetic 

property of a free electron, and found it to be 
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More recently, Bi tterlO) attacked the problem of the diama.g

netisrn of a free electron by using the method of quantum mechanics, 

and although he found an apparent diamagnetism, it possessed a smaller 

value than the paramagnetism found by Pauli. Thus, it seems that the 

free electron cannot be considered as contributing any diamagnetism, 

and of the foregoing theories, the only ones which yield a resultant 
as 

diamagnetism, are those which treat the phenomenonAintrinsically atomic 

in nature. There are, however, several rather strong objections to 

explaining all the observed diamagnetic facts in this way. 

The first of these is the discontinuity of magnetic properties 

in a number of metals when they pass through a change of phase. It is 

found in general that the phase which is stable at lower temperatures, 

is more diamagnetic than the higher temperature phase. This effect is 

shovvn very weiU in the work of' Hondall) and Endol2). Figure 2 shows 

the results of the latter. In some instances, notably the cases of 

antimony and bismuth, the solid may be as much as fifteen to twenty 

times as diamagnetic as the liquid. The exact correspondence of this 

change in the susceptibility, with the change of phase, has been shown 

quite definitely by \/"ebsterl3), who investigated the effect in the case 

of bismuth, and found that the magnetic change and the phase change took 

place at the same temperature, within a limit of one-hundredth of one 

degree. 

Thus it appears that the diamagnetic susceptibility of an 

element is not alone a function of the atom itself, but also the parti

cular configuration in vvhich the atoms are arranged. A further striking 

example of this is found in the case of the element carbon, which can be 

obtained in three forms: amorphous, diamond and graphite. Here it is 

found that in the first two forms, carbon has a specific susceptibility 
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Figure 2 .. Change of susceptibility at the melt i ng point. 
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of- 0.49 x 10-6 while in the form of graphite, its value is more than 

6 twelve times e.s large, or about-6 .o x 10- • 

A second serious objection to the atomic explanation is to be 

found in the recent wor-k of Lowance and Constantl4), who investigated 

the effect of cold working on the susceptibility of various metals. 

F'igure 3 gives some of their results, showing that the metals become 

considerably less diam0gnetic when subjected to any form of cold work

ing, even ii' the metal was paramagnetic in the beginning. They found 

further that annealing restored the metals. to the i r original and normal 

states. 

A third, and perhaps the most strik ing published set of exper

iments that rather definitely point toward the necessity of a 11 crystal 

diamagnetism 11
, that is, one which depends on the coni'iguration of the 

atoms rather than on the atoms alone, is the work done in India during 

the past two years by Vaidyanathanl5), Raol6), Mathur and Varma17), and 

Paramasivanl8). In these papers, a study has been made of the depend

ence of susceptibility upon the size of grains of the substance under 

observation. The elements used were antimony, bismuth and graphite. 

As would be expected, the susceptibility was found to be independent 

of the particle size, as long as the particles were larger than two 

microns. When they became smaller than this, however, it was found 

that the diamagnetism decreased rapidly to approximately the value for 

the liquid or amorphous material, as shown in F'igure 4. 

The correspondence of this particle size vrith the dimensions of 

the secondary structures in bismuth as measured by Goetzl9) leads to 

the further possible a ssumption that the large crystal diamagnetism of 

these elements may be very closely connected with the secondapy struc

ture in the crystals. 
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PURPOSE OF THIS I NVEST IGATION 

The purpose of the present investiga tion is to extend the 

knowledge of the factors governing crystal die.magnetism to the influ

ence of small amounts of impurities on the susceptibility of single 

crystals of bismuth. 

The element bismuth was chosen as the basis of this work for 

several reasons. In the fiirst place, it has an unusually large crystal 

diamagnetism. In the second place, there had been considerable work 

done with bismuth at this Institute by Goetzl9) 20), Goetz and 

Hasler21) 22), Hergenrother23) and Goetz and Focke 24). The methods for 

producing and handling bismuth single crystals had already been well 

developed. In the third place, the results of Endol2) 25) in investi

gating the magnetic characteristics of several series of binary alloys, 

showed that the alloys of bismuth with small amounts of antimony, te llur

ium, lead, and tin, should be of considerable interest. His results for 

these four alloy series are shown in Figure 5 and Figure 6. These dia

grams give the phase equilibrium diagram, the magnetic susceptibility 

of the solid alloys at room temperature, and the magnetic susceptibility 

of the liquid alloys at temperatures considerably above their melting 

points. 

The phase diagram for the bismuth-antimony series, Figure 5, 

shows that these two meta ls form a simple solid solution. In e.greement 

with existing theories of diamagnetism, the susceptibility is a linear 

function of the amount of antimony present in the bismuth. Thus a 

simple atomic t he ory would explain this case, if it could give a suffi

ciently high va lue for bismuth. Such a theory would also explain all 

cases of susceptibilities of the liquid a lloys. The reason for the 

deviation from a straight line in the case of bismuth-tellurium liquid 
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alloys, is that the compound Bi2Te3 decomposes to a certain extent at 

the temperature at which the measurements were made. 

This is as far as a simple atomic theory could go in explaining 

these curves, since the susceptibility of the alloys falls off very 

rapidly with increasing percentages of the impurity, in the range of 

limited solid solutions of tellurium, lead or tin in bismuth. 

In view of the fact that the crystal structure of' a pure metal 

is maintained through a region of solid solution, it appears that it 

would be possible to investigate - this most interesting region of these 

diagrams by the study of single crystals of these alloys. Through this 

study, more accurate information could be sought concerning the mechanism 

by which the magnetic susceptibility is so greatly changed by compara

tively sme.11 amounts of foreign atoms. 

EXPERIMENTAL PH.OCEDUIIB IN THIS INVESTIGATION 

The bismuth used in this investigation was manufe.ctured by the 

Merk Chemical Company, and was of commercial grade. This particular 

kind was used because a spectroscopic analysis, performed by Mr. Hasler, 
• 

proved that this grade of bismuth was freer £rom impurities than several 

so-called chemically pure grades from various sour-aes. The following 

table gives the percentages of impurities for all the samples tested. 

The capital letters A, B, C, etc. refer to the samples of bismuth. 

Each letter denotes a separate consignment of the metal. 
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Impurity At.Wt. A B C D E F 

Copper 63.57 0.002 o.on 0.006 0.003 0.007 0.001 

Silver 107 .88 0.017 0.028 0.012 0.046 0.013 0.006 

Tellurium 127.5 0.000 0.001 0.000 0.004 0.000 0.000 

'rhalium 204.4 0.000 0.002 0.000 0 .005 0.000 0.000 

Lead 207 .2 0.025 0.061 0.019 0.020 0.014 0 .002 

TOT.AL 0.044 0.103 0.037 0.078 0.034 0.009 

.fl. Baker Corporation Chemically pure 

B Hartmann Braun Chemically pure 

C Hartmann Braun Electrolytic 

D Karlbaum Chemically pure 

E Merk Commercis.l 

F Merk Commercial 

Table 1. 

Subsequent to the spectroscopic determination, two more lots 

of Merk bismuth were obtained, for which no analyse s were made. These 

are designated by the letters G and H. Their magnetic properties agree 

perfectly with bismuth E, and so may be considered as containing approx

imately equivalent amounts of impurity. 

The other metals used in making up the alloy samples were of 

chemical reagent quality. No special precautions were taken to insure 

their great purity, as all the alloys were limited to small percentages 

of the added metal. 

'I'wo methods were used in determining the amounts of impurities 

a dded to the bismuth. The first, used in making up the first series of 

silver and lead a lloys, was the preparation of a base solution contain-
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ing ten percent of the impurity, which was subsequently diluted to the 

desired strength. The object in using this method, was the avoidance 

of relatively large ina ccuracies, in we i ghing the very small amounts 

of the impurity metals used in the most dilute solutions. However, 

the uniformity of the ten percent a lloys was uncertain, and as there 

was an apparent loss of lead each time an alloy containing it was melted 

this method was abandoned in favor of direct we i ghing. 

It was by me ans of the latter procedure that all the later 

alloys were m~de. In all cases, the amounts of impurities were calcu

lated in atomic percentages, in order to facilitate the comparison of 

the changes produced by different foreign atoms . 

PRODUCTION OJ!' THE CRYSTALS 

In a general way, the procedure used in growing the single 

crystals followed that developed by Goetz20), but as there were se-:v-eral 

changes, it would be well to outline the method used. The firs t step~ 

a,fter the desired amounts of metals were we i ghed, was to me lt the bis

muth in a pyrex crucible, under an atmosphere of purified hydrogen. 

After being heated to about 500° C., to r e.duce any oxide present, the 

bismuth was cooled to about 350° C., and the impurity v,as added. This 

procedure was used in an effort to reduce the amount of chemical combin

ation of the i mpur ity with either the hydrogen or the glass crucible. 

It seemed to be satisfactory for a ll the a lloys except lead and tin. In 

these cases , it was found that t he re was always some reaction with the 

glass , resulting in the loss of a part of the i mpurity. As this would 

cause considerable error in the estimated amount of i mpurity present 

in the finished crystal, crucibles made of quartz were used for these 

two metals and no further difficulty was encountered. 
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After the impurity metal was me lted into the bismuth, the 

mixture was thoroughly stirred and then drawn into pyrex tubing, which 

had an inside diameter of two to three milimeters. The furnace des

cribed by Goetz20) in his method was not used because it was desired 

to cool the bismuth alloy as rapidly as possible, to further prevent 

an excessive loss of the impurity by reaction with the gle.ss. l!(uartz 

was not used here, as it was necessary to break the tubing to get the 

metal rod out, and it was felt tha t if the a lloy we re cooled quickly, 

the loss of known impurity would not be great enough to warrant the 

expense involved in destroying the necess i'n'y amount of quartz tubing. 

Considerable trouble was found, due to the tendency of the 

alloys to stick to the gle.ss tubing, and v a rious methods were used to 

prevent this. The method suggested by Bridgf man 26 ) was tried. It con

sisted of coating the inner surface of the tubing with oil, and then 

heating it until only a very light deposit of ca rbon remained. Although 

it was found to be successful in general, it did not work at all for the 

tellurium and selenium alloys, For these cases, a very simple procedure 

solved the problem. The tube used was cleaned before the a lloy was 

dra:wn up, and after solidi:f.'ication of the alloy, the tube was i mme rsed 

in ·water, and the g l as s cracke d off while still wet. The capillary 

action of the vvater in the crack s formed in break i ng the glass, seemed 

to admit a film of water betwee n g lass and metal, so tha t the glass 

came off with ease. \fter re mova l from t he [~lo.ss, the metal rods were 

stra i ghtened, e.nd cut to lengths of about twelve ce ntimeters. 

'rhe 11 second generation II of the crystals, as described by 

Goetz20), was omitted in a ll the s amples used in t his inves t i gat ion. 

This was done because it was found tha t if the density of the i mpurity 

meta l was considero.bly diffe rent from tha t of bismuth, there was a 
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definite tendency toward separation. 1'here was also a tendency to 

form gaseous hydrides, in the ce.ses of tellurium, selenium and anti

mony. Due to these facts, it was thought best to make the single 

crystals in as few operations as possible. 

The "third generation 11 -v1ms carried out in exactly the manner 

described by Goetz. It was found necesse.ry to grow the crysta ls at 

the greatest possible speed, to assure a uniform distribution of the 

impurity metal al ong the whole length of the crystal. To test the 

necessity of this, several crystals were grovm at one-sixth the normal 

speed, or ab out one millimeter a minute. It was found that in the case 

of very pure bismuth, there was no difference betvveen the magnetic pro

perties of the two ends of the crystal so grown. A rod originally con

taining 2 percent lead, when gro1,1m at one-sixth the norma l speed, was 

found to have the magnetic properties of a norrne.l 1% crystal at the end 

which crysta llized first, and of a normal 3% crystal at the other. It 

was found, on the other hand, that a crystal grown at normal speed had 

the same chara cteristic magnetic properties throughout its entire length. 

METHOD OF' MEASUREMENT 

There are tiNo principle methods of measuring the magnetic sus

ceptibility of a solid body: the Faraday or Curie method, and the Gouy 

method. 1) In the Faraday method , the sample to be tested must be 

placed in a region of a magnetic field, where both the field strength 

and the field gradient are known. The product of the two must be con

stant throughout the whole sample. Because of this last requirement 

it is necessary that the sample be small, as it is difficult to obtain 

d.H a region of any considerable size in which the product H - is a con
dx 
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stant. This restriction of the size of the s ample would be a serious 

objection if t he me t hod were to be used for the measurement of sing le 

crystals of bismuth, because it is impossible to cut or cle ave a bis

muth crystal without causing the formation of some t winning lammellae. 

These t winning lannne llae are in re a lity re g ions in which the orienta

tion of the crystal has changed by an angle of sixty de grees. 'rhus, if 

s mall samples were cut from a bismuth crysta l for magnetic measurement 

by the Faraday method, the resultant sample would no longer be a single 

cry sta l, but a composite of severa l differen t crysta ls. This is with

out doubt, one reason for Nusbaum's 27 ) failure to obta in t he correct 

values for t he principle susceptibilities of bismuth by this method. 

Therefore the Gouy method was chosen for making a ll the deter

minations in the present investigation. The principle requirement of 

this method is that the s amples have a uniform cross-section over the 

entire part in which the field gradient is appreciable. The condition 

of the extreme ends is not importan_t, as they are both located in uni

form fields. Both of these f a cts were advantageous, because the crys

t a ls grown by the method described above may be of almost any desired 

lene; th, and are of quite uniform area , while the unavoidable tvvinned 

a reas due to cleaving would be in such a position as to have no effect 

upon the results. 

One dis a dvantage of the Gouy method is that no quantitative 

measurement ci,m be made of the dependence of susceptibility on field 

strength. Furthermore, if the susceptibility of the sa.mple should 

depend on the strength of field, the result obta ined would be the 

average value for a l]:; fields, from zero to the strongest used. Due to 

t hese facts, severa l tests. were made at field strengths r anging from 
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2500 gauss to 22,500 gauss. In this re g ion, no change of suscepti

bility with field strength was found, so it is unlike ly that any 

errors have been introduced from this cause. 

The principle factors limiting the accuracy of the measurements 

were: 1) the determination of the area of the cross-section of the cry

stals, 2) the sensitivity of the balance, and 3) the measurement of the 

strength of the magnetic field. Due to the irregular sha pe of the cry

stals, the cross-sectional area. could not be measured directly, but had 

to be calculated from the weight, length and density of a portion of 

each crystal. That part in which the most of the field gradient occurred 

was used for this measurement. All forces were measured with an accuracy 

of one-tenth of a milligram, ·which was in general less the.n one-half of 

one percent of the total force. The field strength was measured with a 

Grassot fluxmeter, with an accuracy of one percent. 

The arrangement of the apparatus is shovm in Figure 8. 

An aluminum suspension, S, was designed to take the place of 

one of the regular pans of a sensitive analytical balance, B. It was 

fitted with a torsion head T, so that the cryste.l could be rotated 

about a vertical axis. The lo•Ner end of the suspension was seven centi

meters aboYe the pole pieces P, of the magnet. This distance was great 

enough so that the suspension was but little affected by the me.gnetic 

field, the greater pe.rt of the gradient being quite well conr'ined to 

the first centimeter from the edge of the pole pieces. These were flat 

faced, and ten centimeters in diameter, g iving a very unifor·m field 

between them, with compe.r a tively little stray field. The crystals, C, 

r9.nged from nine to twelve centimeters in length, thus placing the lower 

end well within the uniform region of the field, while the uppe r end was 

in a field of negligible intensity • . 
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Figure 8 Arrangement of apparatus . 
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Figure 9. Liquid air tlask. 

Figure 10. coolin& jacket. 
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For a few measurements taken at temperatures between -185oc 

and 22°c, a cooling jacket similar t o that used by Kapitza28) was 

employed. This is shmvn in Figure 10. Liquid a ir was boiled by means 

of an electric fmma ce, an d the cold gas was passed through the cooling 

jacket. The temperature of the crysta l could be varied by changing the 

rate of boiling of the liquid a ir. This control was found to be very 

good, but due to t he a rrangement of the appar a tus, it was not possible 

to make the cooler efficient, and so it was not used to any great extent. 

The balance, suspension, crysta l, and t he ends of the pole 

pieces were enclosed in a cab inet to prevent a ir currents from t he warm 

coils disturbing t he ba l ance. 

THEORY OF THE METHOD 

Let a crysta l with principle susceptibilities k1, k2, k3 be 

placed in a magnetic field as in Figure 11. 

X.YH 

Take a set of axes par a llel to the princi ple magnetic axis of 

the crystal with origin at its lower end. Let Z be parallel to the 

length of the crystal, and let X make an angle 9 with the magnetic lines 

of force. The boundary conditions will then be 
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Hx = H cos 9, Ify = H sin 9, Hz = 0 

if the- diameter of the cry sta l is sma ll in comparison to that of the 

pole pieces. 

The equation for the energy of a magne tic field in an aniso

tropic medium is given as 

where 

Thus 

Now if we consider the case of a crystal hang ing i n a ir where p =- 1, 

the force experienced by the crystal in the direction parallel to the 

axes, due to the magnetic fie ld, will be 

Fx _Z> E~ 'oEa _ kx ~ Hx2 ky 2) Hy2 kz ) Hz2 
-~ - "ox - 2Z>x + 2~ +2~ 

. Fy _ ~ Ee _ i>Ea :. kx ~ I-Ix + ky "'z>~]l + kz ~ Hz 
- ~ y '°2) y 2 ~ y 2 ~ y 2 "';) y 

F , 0 Ee ~ Ea kx 2) Hx2 ky ')Hy2 kz 2> Hz2 
z -~ 1>--;- .:. 2'bz -t- 2~ t- 2~ 

or 



Substituting the boundary conditions, these equations reduce to 

or 

Fx = 0 

Fy ::- 0 

Fz -::. kx Hxi> Hx + ky Hy 'z>Hy 
l> z ~ 

F k 2" H~ H l • 2n H~ H 'z ~ X COS ,::, - -- T .{ S 1.n ,::, _ ~ 
~ X () Z 

Fz :::tky t- (kx - ky) cos29 J 4~ 
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Now if H :: H when Z = O, and H ::. H0 when Z ::- Z, and the expression for 

Fz is integrated over the volume of the crystal, the total force acting 

is given by 

F "1Fz dv ~ iGY t-(kx - ky) cos2Q} dx dy dz H ;:;; 

[ 
2 2 

F = ky kx - ky ,::, + ( ) Cos 21"\J H -
2 

H0 A. 

if F is given in gr1:tms, and if H0 (.( H, this becomes 

which, if expressed in terms of the specific susceptibility instead 

of the volume susceptibility, becomes 

Now if we choose Y to be paralle 1 to the principle crysta llographic 

axis, the fina l express ion will be 
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Thus it is shown that if the magnetic field is parallel to 

the principle axis of the crystal, that is, 9 ~ 900, we get 

Xq = 2 g F,1 
dA H2 

and if the field is normal to the principle axis, g = o.o , the expression 

becomes 

Also the susceptibility of the crystal should follow a cos2 

law between the maximum and minimum values. 

Since the bismuth crystallizes in a hemihedral form of the 

hexagonal system, it should be isotropic with respect to all directions 

normal to the principle axis. If this were found to be correct, the 

problem of investigating the magnetic properties would be greatly 

simplified, as all the necessary data could be obtained with one crystal. 

By using a crystal in which the principle axis is normal to the length 

of the rod, the entire variation of susceptibility with direction, can 

be obtained by turning the crystal about the axis of the rod. This 

degree of freedom was provided for, as stated in the description of 

the apparatus. 
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TABLE OF A.BBREVIATIONS USED IN DATA 

A, B,C,D,E,F,G,H ---- indicate the source of the bismuth used in the 

crystal. 

G 0.0251all.g --------- shows that the crystal is made of G bismuth, to 

which 0.025 atomic percent of silver has been added. 

as all measurements are made by the counter balance 

method, this symbol indicates the weight added to 

the crystal pan to bring about a balance with no 

field acting. 

W.1. ----------------- gives the weight added with the magnetic field 

normal to the principle axis of the crystal. 

W11 ----------------- gives the weight added when the field is parallel 

to the principle axis. 

Wg __ :._ ______________ indicates the added weight when the field makes 

an angle 9 with the principle axis. 

F ------------------ gives the difference between Wn and the W with 

R ------------------
H ------------------
T ------------------

a field. The subscript of F corresponds to that 

of W. 

is the ratio X ..L /X 11 

gives the strength of the ma.gnetic field. 

gives the temperature in degrees Centigrade. 

P1P2 --------------- indicates that the principle axis of the crystal 

is normal to the length of the rod; unless other

wise indicated, the crystals are of the P1 type. 

P3 ----------------- indicates that the principle axis of the crystal 

is parallel to the length of the rod. 
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g ------------------- gives the angular position of the crysta l as 

shown on divided torsion head. 

G1 
---------------- - - g ives the angle between the principle axis of 

the crystal and the direction of the magnetic 

field. 

X 11 ----------------- indicates specific susceptibility parallel to 

the principle axis of the crysta l. 

X .!. ------------------ indicates specific susceptibility perpendicular 

to the principle axis of' the crystal. 

C ------------------- is the constant by which Fis multiplied in the 

ca lculation of the susceptibility, and is deter

mined by the equation 

where g is the acceleration of gravity, d, 1, 

and W, the density, length and weight of that 

section of the crystal in which the greater part 

of the field gradient occurred in the magnetic 

measurements. 
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PRELIMINARY EXPERIMEN TS 

I. DEPENDENCE OF SUSCEPTIBILITY ON FIELD STRENGTH 

Before the investigation could be carried out by using the 

above method, it was first necessary to test the variation of the sus

ceptibility of the bismuth crystals, as a function of the magnetic field 

strength. This was done, and the restj.l t is given in Figure 12. In 

this case the field strength was varied from 20,151 gauss to 2,805 

gauss• It is seen at once that the susceptibility was independent of 

the field strength in this region, and so no errors have been intro

duced from this source. 

II. VARIATION OF SUSCEPTIBILITY IN THE FLA.NE NORMAL 

TO THE PRINCIPLE AXIS. 

It was necessary to investigate the variations of the suscepti

bility in the plane normal to the principle axis in order to show that 

~11 the magnetic properties of a single crystal of bismuth can be obtain

ed by measuring only those that exist in any plane containing the prin

ciple axis • The result of this test is shown in Figure 13, i:md it is 

seen that the crysta l was isotropic with respect to a ll directions 

normal to the principle axis, thus verifying the assumption that such 

should be the case. 

III. DETERM INATION OF 'l'H.8 PRINCIPLE SUSCEP'i'IB ILITIES 

OF BISMUTH 

The next step necessary before an investigation could be made 

of the effects of impurities was the measurement of t he principle sus

ceptibilities of the pure bismuth itself. 'l'he bismuth used in this set 
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of measurements was origina lly of the E type, and was subsequently 

distilled in an effort to remove some of the impurities. Spectroscop-

ic tests showed, however, that very little improvement had been effected 

and the composition was still substantially the same as before. Measure

ments were made on five different crysta ls, every fifteen degrees, 

throughout a complete revolution about the axis of the rod. In addition 

to making an accurate determination of the principle susceptibilities, 

this allowed a further test of the theory of the method in regard to 

the cos2 relationship that s hould hold for intermediate positions. 

Figure 14 is a composite diagram on which all the data for the five 

crystals, as well as points ca lculated by the cos2 9 Law, have been 

plotted. The curve dravrn is the theoretical one, and the agreement of 

experiment with theory is seen from the excellent correspondence of 

this curve with the experimental points. 

The values of the principle susceptibilities as g iven by these 

measurements are 

X .L :; -1.487 x 10-6 , x., = -1.046 x 10-6 , R = 1.425 

From these the value of the susceptibility to be expected of a poly

crysta lline aggregate is given by 

2 X.1 ~ Xu 
3 

.:: -1.340 X 10-6 

which is in very good agreement with the values given in the Inter-

national Critical 'l'ables. 



78 

1.500 

1.400 

Xx 10° 

90 180 270 

Figure 14. Variation of susceptibility in the plane of the main axis. 
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IV. DETERMINAT ION OF THE M.AGNETI C RATIO X ,1. /X n FOR ALL 

THE DIFFERENT TYPES OF 11PURE u BISMUTH. 

It is interesting to notice the wide variations in the magneti c 

prope rties of the various k inds of 11 pure II bismuth used in the earlier 

vrnr k done in this Laboratory. The ro.tio of t he principle susceptibili

ties was the only quant i ty measured since t h is pe r mits a direct compar

ison of the different s amples without t he introduction of errors due 

to t he measurement of the cross-sec~ion and of t he field strength. The 

results found for e.11 the 11 pure '1 bismuths are g iven in Tab le 2. 

A 

B 

C 

1.499 

1.597 

1.440 

l) 

E 

F 

1.460 

1.430 

1.410 

G 1.430 

H 1.435 

E- Distilled 1.423 

These variat ions may wel l be one of the contribut ing cause s 

of the great differences observed by Goetz and Has ler~-2) in their work 

on crysta ls gro-vvn in a magnetic fie J.d. From the above table, it would 

be expected that bismuth B would be most affected by growth in a mag

netic field, due to the l a r ger torque acting on it. This is exactly 

the result found. 

V. :OEPEtT.!)ENCE .. OF ~CHE DIS TIU BU'rION OF IMPTJRI 'i'Y CD.N 

TEE SPEED OF GROWTH OF THE CRYSTALS. 

It is a we 11 known fact tha t it is generally possible to 

purify a substar,ce by crysta llization. This effect is always ampli

fied by causir,g the crysta llizat ion to proceed slowly, and this process 
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was the method used by Schubnikow and de Haas29) for producing their 

purest bismuth. It was therefore considered necessary to determine 

the extent to which this separation of pure bismuth from the a lloys 

·would affect the magnet ic measurements. To make this test, several 

samples of bismuth conta ining different amounts of lead were grown in

to single crystals. Two rods of ea.ch a lloy were made as nearly a like 

a s possible. One of these was then grown at a speed of six millime ters 

per minute, while the other was grown a t a speed of one mill imeter per 

minute . The magnet ic an isotropy was then measured a t each end of each 

crystal. 'fhese measurements showed that the crysta l gr own at the more 

rapid speed was of uniform m0.gnet ic properties, while the other crystal's 

properties varied to a great extent. Table 3 gives a series of such 

crystals. The crys t als grown at normal, or fast, speed are indicated 

by the letter n. 
R1 R2 

188/lln G 3 .00 ~1◊ Pb 2.619 2.625 

188/2ls G 3 .oof{ Pb 2.130 2.764 

166/12n G 0 .15~{ Pb 1.630 1.627 

166/22s G o.15% Pb 1.605 1.751 

192/lln G 1.430 1.428 

192/2ls G 1.438 1.429 

Table 3. 

R1 is the magnetic an isotropy of the beginning of the crystal. 

ll II II II ,, 
end II II II 

From this series of measurements it was seen that if the crystals ·were 

grown rapidly there would be no resultant. se pa.ration of metals to cause 

irregularity in the magnetic properties in one and the same crystal. 
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DISCUSSION OF RESULTS 

The results of the first silver series are given in Figure 15. 

These show a definite variation of the magnetic anisotr opy which is too 

l arge to be explained by experimental error. These variations are, how

ever, irregular, and a lthough reproducible in the same crystal, differ

ent crys t a ls of the same composition do not agree with each other. A 

possible explanation of the vari&..tions will b,e g iven after the discussion 

of the tin:, and lead alloys. 

The results for the series of copper a lloys showed no changes 

in the magnetic anisotrop~, and consequently are of little interest. 

This vms to be expected from a consideration of the phase equilibrium 

diagram vvhi ch shows there is no eutectic and no solid solution. There

fore regardless of the amount of copper in the molten a lloy the bismuth 

will not crystallize out of the me lt until all the copper is solid, 

Consequently the copper is unable to disturb the bismuth lattice in 

any way. This meta l was therefore not considered throughout the rest 

of the investigat ion. 

F'igure 16 shows the result of the first series of lead alloys. 

These are in striking contrast with those obtained from silver a.nd 

copper. Here, instead of finding little or no effect, we find a sur

prisingly large one. The most remarke.ble aspect of the curve is the 

tremendous effect of small amounts of lead, and the r apid falling off 

of the magnitude of the effectiveness of each additional atom. 

This striking a ction of lead on the magnetic properties of 

bismuth led to the investigat ion of the behavior of tin as an impurity. 

This was a conse quence of the similarity in act ion of tin and lead in 
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the alloys investiga_tE;Jd. magnetically by Endo.2 5) 'I'he first crystal 

investigated contaifled:- 5t~ tin. The anisotropy of this was so large 

at room temperature that it was decided to investigate it s· varie.tion 

as a function of temperature. The solid line in Figure 17 shows the 

result of this investigation. This curve indicates tha.t the aniso

tropy becomes infinite at some temperature in the neighborhood of ooc. 

The shape of the curve suggests that it would be interesting to plot 

the inverse ratio X ,t / X .L as a function of temperature instead of the 

anisotropy itself. The result of such a plot is shovm in Figure 17, 

by the broken line. As is seen at once, this proves to be a contin

uous curve indicating the desirability of using the inverse ratio for 

plotting purposes. This has been used in all subsequent diagrams. 

The results of the first tin series are plotted in Figure 18, 

with the revised curve for lead. This diagram shows that tin and lead 

behave in a simila.r fashion. The only difference is that each tin atom 

is about five times as effective as each lead atom. Since lead and tin 

are in the same column in the Periodic Table of Elements, the question 

arose as to the action of germanium. Through the oou!"tesy- of Professor 

Dennis of Cornell in supplying the necessary germaniurn, two crystals 

were grown with germanium as an impurity. These shm•red that the 

action of this metal was approximately that of lead, thus leavi ng tin 

as the most effective metal of the three. 

The investigation was extended further to the metals antimony, 

tellurium, and selenium. Antimony was chosen because of its simila.rity'to 

bismuth. Tellurium was used since Endo 1 s25) resul ts pointed out that 

it should have an effect comparable to that of lead &.nd tin. Selenium 

was added due to its location in the Periodic Table of Elements. In 
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view of the success in obtaining crystals containing selenium it be

co1nes necessary to change the phase equilibrium diagram for bismuth

selenium alloys from that given by the full lines in Figure 6 to one 

of the type shown by the broken lines. 

A complete set of measurements were then made on.all these 

series of alloys for the determination of the absolute values of the 

susceptibilities as a function of the amount of.impurity. ·These mea

surements included the dependence on temperature for temperatures 

ranging from -185° C to 245° C. 

Figure 19 gives the inverse ratio of susceptibilities as a 

function of the amount of impurity for all the alloys at -185° C and 

22° C. The results of the antimony series show that in the case of a 

true replacement solid solution the properties of bismuth are but 

little changed by the addition of small amounts of the solute metal. 

The curves for tin and lead at liquid air temperature, -185° C, show 

a striking effect. Due to the similarity between the two curves, a 

discussion of the case of tin will serve for both. 

The curve is seen to consist of two straight lines, the inter 

section occurring at 0.025% tin. This concentration corresponds to one 

tin atom in 4,000 bismuth atoms. The shape of the curve shows that if 

there is less than one atom of tin present for 4,000 bismuth atoms, in 

a crystal, each additional tin atom produces the same effect on the 

susceptibility ratio as each atom already present. However, if there 

is already present one tin atom per 4,000 bismuth atoms, and one more 

tin atom is added, this last atom cannot produce the same effect as 

the first group. Such a situation is difficult to explain if the dis

tribution of the tin atoms is considered as statistical. For this to 

be the case, one of two mechanisms for destroying the suscepti bility of 
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the cryste.l must be assumed. The first of these is that the s phere of 

influence of the tin a tom has such a l a rge volume tha t it conta ins 

4 ,000 bismuth atoms. Tha t is, each tin a tom woul d have to act through 

a distance of 16 a tomic diame ters. Such an hypothesis is directly in 

contradiction to the modern theories of inter-atomic forces. The second 

possibility would be that the susceptibility of crysta lline bismuth is 

due to a co-operative action of many atoms, such a s is assumed to ex

plain ferro-me gnetism. The difficulty with this hypothesis is that the 

tin atoms affect t he susc:Etptibili ty in radically dif.ferent ways in the 

different crysta lographic directions, and it is hard to believe tha t a 

coopera tive group could be destroyed in one dire ction and at the s §l,"fne 

time reenforced in another. 

If, however, the crysta ls possess a secondary structure, as 

Zwiclcy30) 31 ) has shown must be. the case, and it is assumed that the 

tin a toms are loca ted primarily in the planes of the secondary structure 

a mechamism could be postulated to expla in the observed effects. If it 

were further assumed that the crystal susceptibility of bismuth was 

caused by a comparatively small number of electrons moving in very 

l a rge orbits, or possibly free electrons with ve ry long free paths, the 

necessa r y me chamism would be supplied. This particular consideration 

vrnuld be advantageous as it would give an explanation of the observed 

incre a se in the diamagnetic susceptibility of bismuth with decreasing 

tempera tures. Due to the reduced magnitude of the heat motions of the 

bismuth atoms with decreasing temperatures, the undisturbed paths of 

the ele ctrons would be lengthened, thus increasing their diamagnetic 

effect. 

A,rough determination of t he number of electrons which must be 
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a ssume d to possess such l arge paths may be computed from Schrodi.nger I s? ) 

f ormul a 

k - -

Substitut ing the value of t he susceptibility of bismuth for k , an d 

4 . 
g iving ~ the value of 10- -· cm., it is possible to solve for N. 

3 km c2 
e25\.2 

N _ 3 X 1.32 X 10-5 X 9 X lo-28 X 9 X 1020 

2.28 X lo-l9 X 10-8 

N :: 1.4 1 x 1016 electrons per cub ic centimeter 

But there a.re 2.85 x 1022 bismuth a toms pe r cubic cent i me ter, so t his N 

re presents one electron for each 2 x 106 bismuth atoms. 

The assumption of such a cause for cry sta l diamagnetism would 

fully explain the results obta ined in re gar d to the variation of sus

ceptibility with particle size, for a s t he pa~ticle size appr oxima ted 

the dimensions of .1/" , the diamagnetism v,ould of necessity be reduced. 

'rhe effect of cold work ing would likewise be explained due t o the alter

ed conditions of the secondar y structure planes which might e a sily pro

duce potential b a rriers, thus break ing up the long e lectron paths. 

If the s pacing of t he secondary structure pl anes is t hat measur

ed by Goetz 19), it ~s seen that the postulated paths may a lso be des

troyed by the introduction of forei gn a toms into these plane s and in 

this way causing them to become potential barriers. 

The fina l a ssumption tha t is needed in de a ling with the move

ments of t he electrons is tha t the mechanism of collision with the 

potentia l walls is that of a dsorption and reemission. The effect of 

this is best seen if the motions of the electrons are sepa r a ted into 
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components parallel and pe r pendicula r to t he wall. In this way it is 

seen t ha t the component pe r pendicula r to the wall is t he only one tha t 

is affected by the mechanism of collision. The result of the assumed 

wall effect is tha t the number of electrons moving par a llel to the wall 

is incre a sed a t the expen s e of those moving perpendicular to it. 

Thus if the foreign a toms are supposed to be loca ted in one set 

of the secondar y pl anes only, it would be e xpected t ha t t he susceptibi

lity in a direction parallel to the g iven plP4nes should decrease, while 

that perpendicular to them would increase, as the amount of impurity 

was increased. Figure 20) shows that in the re g ion from zero to O .025% 

tin, the susceptibility pa r a llel to the principle axis decreases and 

the susce pt ibility in a direction perpendicular to this axis increa ses. 

The experiment will be in agreement with the assumptions if the tin is 

considered a s loca ted in pl a.nes which are much more nea rly parallel to 

the prinmiple axis than perpendicular to it. One such possible set of 

planes is the ( III) type. A stereogr aphic diagr am of bismuth, Fi gurw 

21, shows that the angle between the (111) planes and t he (111) plane 

is 72°. The ( 111) pla ne is perpendicular to the principle axis. 

In order to expla in the f a lling off of the susce ptibility in 

a ll directions at percentages gr eater than O .02 5~{, it is to be assumed 

t hat a fter this concentration has been reached, it becomes possible for 

t he tin to e nter the ( 111) p ib ane s a lso, thus breaking up the electron 

paths in a ll directions. 

A very simila r idea will expla in the effect of le a d, t he only 

change being the shifting of the critica l amount of impurity from 0,025% 

to O .1251;~, as is seen from Figure 22. 

In the cases of te llurium s.nd s e leniwn, see Fi gures 23 and 24, 
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Bismuth . ~. 

Figm."e 21~ stereographic diagram of bismuth~ 
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it must be assumed that these metals are first filled into the ( 111) 

planesand later into the (lll) planes •. The critical amount of tellur

ium must be less than O .Ql~1c, while that of se leniwn lies between O .02~1a 

and 0.03%. From the shape of the curves it must futther be assumed 

that for these elements the probability of being located in the (111) 

planes must always be considerably less than the probability of being 

placed in the ( lll) planes. In the cases of tin and lead, however, the 

probabilities of entering the different types of planes must be very 

nearly the same, after the critical value has been passed. 

The hypothesis of potential barriers may be extended to explain 

the temperature dependence of the susceptib ility of the impure cnystals. 

If the deviation from the normal susceptibility is caused by the dis

turbing action of potential walls it would be expected that, due to the 

heat motions of the atoms, these deviations should decrease with in

creasing temperature. Super-imposed upon this would be the changes due 

to the normal crystal lattice as observed in pure bismuth. Figure 25 

shows the relation bet-ween ternperafure and susceptibility for the two 

particularly interesting crystals 0.03f"8n and 5.oofoSn as compared to a 

pure crystal. Figure 26 gives similar curves for a tellurium crystal 

(0.27%Te), and a selenium crystal (0.8lfoSe). These all show that the 

variations are of the type to be expected, 

The irregularities observed in the silver alloys may now be 

explained by assuming that there is no preferred position of the silver 

in the bismuth crystal, and that due to conditions of growth, some sil-

-ver may be forced into the (111) type planes. In this case the aniso-

tropy of the crystal would be increased. It would be just as probable, 

however, that the silver was forced into the (111) type planes, and 

the result would be a decrease in the magnetic anisotropy. Thus, the 
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effect to be expected would depend on the conditions governing the 

formation of the crystal, and if no special precautions were taken, 

the behavior of the silver alloys would be erratic. 

The discontinuity in the temperature-ratio curves for tellur

ium at 70° C, Figure 27, indicates a transformation in the bismuth at 

this temperature. '.rhere has been considerable discussion as to the 

reality of a transformation at this point, as evidence of it lj.as been 

found in thermo-electric and other measurements, but no change in the 

x-ray l attice structure has ever been reported. In view of the hypoth

esis used to explain the magnetic phenomena under discussion this 

apparent transformation may be explained as s. change in the secondary 

structure. planes alone. 

A further important result of the investigation, which may 

best be indicated by Figure 25, is the co-existence of paramag_~netism 

and diamagnetism. A number of theories have postula.ted this fact in 

order to explain the varying degrees of magnetic properties observed 

in nature. The case of XII shows that this must be true, and that the 

mechami sm that destroyed the diamagnetism continues to destroy it 

further, even though the crysta l has become paramagnetic. 

SUMiviARY OF RESUL'l'S 

Impor.tant conclusions that may be drawn from this investigation 

a.re: 1. In the region of partial solid solutions of lead, tin, tellur

ium, and selenium in bismuth, these impurities are not distributed at 

random through lthe crystal, but are located in definite planes. The 

planes in which these metals are located are probably the secondary 

-structure planes of the ( 111) and ( 111) types. It is found that when 
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the foreign metal is present in extremely small amounts it tends to 

be located in one of these sets of planes only. These preferred planes 

are, in the case of metals in the next column to the left of bismuth in 

the Periodic Table of the Elements, the (lll) type, while the (lll) 

plane is the preferred one for metals in the next column to the· right. 

For each meta l there exists a critical amount the.t may be taken into 

• 
the preferred planes before any is forced into the other type of plane, 

the amount being a function of the impurity metal rather than that of 

the bismuth. 2. All the observed deviations of the magneti c properties 

may be explained if the crystal diamagnetism of bismuth is assumed to 

be due to a comparatively small number of e lectrons moving in orbits 

with diameters of the order of 10-4 centimeters, or free electrons 

whose free paths are of the same dimensions. The mechansim of collision 

of an ele ctron wi th the potential barriers crea ted by the impurity atoms 

in the secondary structure planes, must be that of adsorbt ion and re

emission. 3. It is shown that diamagnetism and paramagnet ism must co

exist in the same material. 4. If the added metal does not exist in 

the planes of the secondary .structure, as i n the cases of antimony, 

silver, and copper, it has little to no effect upon the magnetic pro

perties of the crystals. 5. The princ i ple magnetic susceptibilities 

of bismuth are found to be: 

X.l ::: -1.487 X 10-6 

X 
11 

= -1.046 x 10-6 

I wish to express my deepest appreciation to Dr. Goetz for his 

kind suggestions throughout the investigation. I wish a lso to thank 

Mr . Hasler for his spectroscopic determinat ion of the purity of the 
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bismuth, and Dr. He rgenrother for h is distillation of the bismuth used 

in making the determination of t he princ iple susceptibil ities. 
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