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ABSTRACT

In the first part of the thesis, a systematic way to construct topological invariants of
gapped states of quantum lattices systems is proposed. It provides a generalization
of the Berry phase and its equivariant analogue to systems with locality in arbitrary
dimensions. For a smooth family of gapped ground states in d dimensions, it gives
a closed (d + 2)-form on the parameter space which generalizes the curvature of
the Berry connection. Its cohomology class is a topological invariant of the family.
When the family is equivariant under the action of a compact Lie group G, topological
invariants take values in the equivariant cohomology of the parameter space. These
invariants unify and generalize the Hall conductance and the Thouless pump. We

prove quantization properties of the invariants for low-dimensional invertible systems.

In the second part, we discuss the properties of the invariant associated with the Hall
conductance for 2d lattice systems with U(1)-symmetry. We define anyonic states
associated with the flux insertions and relate their statistics to this invariant. We also
provide the construction of states realizing chiral topological order with a non-trivial
value of this invariant. The construction is based on the data of a unitary regular

vertex operator algebra.
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Chapter 1

INTRODUCTION

One of the most significant discoveries in theoretical physics over the last four
decades is the existence of topological order. It arises in quantum matter at zero
temperature with a non-vanishing energy gap for local excitations, examples of
which include topological insulators and fractional quantum Hall liquids. It was
realized that some properties of such systems are robust against perturbations that
do not close the gap, leading to the emergence of new phases of matter known as
topological or gapped phases. They do not fit into the traditional Landau paradigm
and provide a playground for fascinating phenomena of topological nature. These
include fractional statistics of quasi-particles and universal anomalous transport of
energy and current, making topological phases of matter an exciting area of study for

physicists.

It is natural to ask how to characterize and classify topological phases of quantum
matter at zero temperature. Since systems with the same gapped ground state can
be deformed into each other without phase transitions, all the information about the
phase must be encoded in the entanglement pattern of the ground-state wave function
[64]. It is, however, remarkably hard to extract this information from the knowledge
of the wave-function directly since the universal properties are encoded in a rather
non-local way. This non-locality manifests itself in the existence of topological
excitations and/or topological transport and implies the impossibility to disentangle

the ground state by a locality-preserving adiabatic evolution.

Many classifications schemes of topological phases of matter have been proposed over
the years. Phases of gapped non-interacting fermions can be classified using K-theory,
as pointed out in the pioneering works [57, 56, 43]]. However, these methods do not
generalize to interacting systems. It is believed that at least some class of interacting
gapped phases can be captured by topological quantum field theories (TQFT). While
TQFT had a great impact on our intuition about the behavior of topologically ordered
systems and provides a guess for what sort of universal information characterizes them,
it is remarkably hard to give a microscopic justification for this belief. In particular,
it is mysterious how the underlying geometry if the field theoretic description can

emerge from something microscopic like particles and spins.
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To pose the problem mathematically, one needs to choose a suitable microscopic
model for “matter". As it is difficult to deal with quantum systems of many particles
with Coulomb-like potential in full generality, one often considers some effective but
still microscopic lattice systems with arbitrary rapidly-decaying interactiong!] One
may hope that once the physical and mathematical principles behind the classification
of topological phases of such such systems are understood, they can also be applied

to real matter that consists of atoms.

In this thesis, we apply methods of quantum statistical mechanics and operator algebra
to gapped states of quantum lattice systems. We give a mathematical definition of

various topological invariants of such states and prove some of their properties.

In Chapter 2] we define a class of models we are working with and introduce a
formalism that will be used in the reminder of the work. We discuss how densities
and currents of physical quantities can be defined on the lattice and prove a version
of a Noether theorem. We also give a mathematical formalization of the notion of a
topological phase by introducing a special class of automorphisms of the algebra of

observables.

In Chapter [3] we provide the first application of our formalism. We describe a
systematic way to produce topological invariants of gapped states or smooth families
of gapped states in the same topological phase originating from Berry curvature.
They give a generalization of Berry classes to the many-body setting and for d-
dimensional lattice systems take values in the degree-(d + 2) de Rham cohomology
of the parameter space. Higher Berry classes allow one to probe the topology of
the space of gapped states and to detect high-codimension critical loci in the phase
diagram where the gap closes [30]. In the case of invertible quantum lattice systems,
higher Berry classes were first discussed by Kitaev [41]; for general gapped systems
explicit formulas for them were written down in [38]] using a choice of a family of
Hamiltonians. Our construction makes it clear that higher Berry classes depend only
on the family of states, not the Hamiltonians used to define them. We also introduce
equivariant version of Berry classes for systems with a Lie group symmetry and
show that they unify and generalize Hall conductance and Thouless pump invariants.
Our main technical tools are the Lieb-Robinson bound in the form proved in [50, 47]

and the linear integral transforms introduced in [25} 40, |55].

Chapter []is devoted to the analysis of invertible states of one-dimensional systems.

We prove that all invertible states are in the trivial phase. We also show, that higher

"Long-range Coulomb-like interactions are often screened



Berry classes for families of such states are quantized.

In Chapter[5|we give a more detailed analysis of 2d gapped states with U (1)-symmetry.
We relate the equivariant Berry class o~ defined in Chapter [3|to the Hall conductance
and show how one can explicitly construct states representing anyons that correspond
to vortices. Using the properties of these vortices, we give a proof that for invertible
systems the numerical value of o is quantized and takes values in 2Z or Z depending

on whether the systems is bosonic or fermionic.

The last Chapter [6] aims to introduce a new class of states of 2d lattice systems which
describe chiral topological order. The construction is based on the data of a unitary
regular vertex operator algebra and provides a realization of the topological order
associated with this vertex algebra. We provide various evidence for that, but our

account in this chapter will be more expository.



Notation

* F - the Fréchet space of functions R,>¢9 — R which decay at infinity faster

than any power of r and topologized by a sequence of norms

[1flla == sup(1+r)*|f(r)|, @ € No.

r=0

A sequence f;, k € N, converges to 0 iff || fx||o — O for all .
* FI - subset of monotonically decreasing non-negative functions from F.
* 0 : R — R - the indicator function of [0, o).
* The diameter of a subset X c R¢ is defined by

diam(X) := sup |x — y|.
x,yeX

* The distance between any subsets X and Y is defined by
dist(X,Y) := inf -yl
ist(X,Y) ot lx =yl
* xy - the indicator function of ¥ c R%, i.e., yy(x) = 1ifx € Y and yy(x) =0
ifxgY.
* The complement of a subset X is denoted X°.

* An open ball of radius  with the center at x € R is defined by B,(r) := {y €

R? : |x — y| < r}. Its complement in R? is denoted BS(r).

* Fin(A) - the set of finite subsets of a set A. It is a directed set with respect to

inclusion.

* For a Hilbert space I, by B(J) we denote the C*-algebra of bounded operators
on J.

* For a state ¢ of a C*-algebra &, we denote the evaluation of ¥ on A € & by
(Ay-

* For a spin system, the tracial state (or the infinite temperature state) is denoted

(+ Do
» The GNS representation of a state ¢ is denoted (7, Hy, [¢)).

* The conditional expectation value of A € @/, on & is denoted A|y.



Chapter 2

QUANTUM SPIN SYSTEMS

The goal of this preliminary chapter is to define the class of models we are working
with and introduce the terminology. We assume that the reader is familiar with some
basics of quantum statistical mechanics (see, e.g., [11}, [12]) and only give proper

description of non-standard notions and facts.

In Section we introduce C*-algebras of quasi-local observables & for lattice
systems. We also define a certain dense subalgebra &/,, C & of observables with
rapidly-decaying localization which we call the algebra of almost local observables.
This subalgebra is not complete with respect to the norm topology of &, but it is
complete with respect to a topology defined by a non-decreasing family of norms
labeled by a non-negative integer. Such topological vector spaces are known as
(graded) Fréchet spaces. The central role played by &/,¢ and its relatives necessitates

a systematic use of calculus in Fréchet spaces as described, for example, in [24]].

In Section [2.2] we define a differential graded Fréchet-Lie algebra (DGFLA) as-
sociated with a quantum spin system which encodes all localf| Hamiltonians, their
densities, currents, and their higher analogs. We prove that the cohomology of this
DGFLA vanishes. This kinematic result implies, among other things, that any local
continuous symmetry of a local lattice Hamiltonian gives rise to a local conserved
current. Since the relation between symmetries and local conservation laws is usually
referred to as the Noether theorem, we call the DGFLA attached to a lattice system the
local Noether complex. The current corresponding to a symmetry is not unique, but
the ambiguity can be completely described. Non-uniqueness of the energy current,
in particular, is the cause of many complications in the theory of heat transport, see,
e.g., [16]. The effect of these ambiguities on the standard Kubo-Greenwood formulas
for transport coefficients has been studied in [7, |39]. Hopefully, our results help

clarify such issues, at least for lattice systems.

In Section we define a certain class of automorphisms of the algebra that
corresponds to the evolution of the system performed by a Hamiltonian with rapidly

decaying interactions. The main use of such automorphisms is to defined an

'In the sense that interactions are either finite-range or decay faster than any power of the distance.
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equivalence relation on gapped states of lattice systems that we describe in Section

[2.4] via quasi-adiabatic evolution in a sense of [28].

2.1 Algebra of observables

Lattices

Definition 2.1. We say that a subset A ¢ R? is uniformly discrete if

= inf |j — . 2.1
€ j}]geAIJ k| >0 (2.1)

Jj#k
Definition 2.2. We say that a subset A c R? is relatively dense if

A := sup inf [x — j| < oco. 2.2)
x€R4 JEA
Definition 2.3. A Delone subset A C RY is a countable subset that is uniformly

discrete and relatively dense.

In what follows we consider Delone subsets with the metric on R? being rescaled
so that A < 1/2. Then every open ball of diameter 1 has a nonempty intersection
with A, and the cardinality of the intersection is upper bounded by Cye¢ for some Cy
depending only on d. Elements of A are called sites.

Functions

We will denote by F, the space of functions R,>o — R which decay at infinity faster
than any power of r. We denote the subset of monotonically decreasing non-negative
functions by #Z. The space ., is a Fréchet space topologized by a sequence of
norms (see Appendix [A.1|for a brief reminder on seminorms and the topologies on
vector spaces defined by countable families of seminorms)

1/ lle == sup(1+r)*|f(r)|, @ € No. (2.3)

r>0
A sequence fi, k € N, converges to 0 iff || fx||o — O for all a.

Finally, 6 : R — R will denote the indicator function of [0, o).

Quasi-local algebra

To a finite set I" and a collection of separable Hilbert spaces {V;}jcr, one can

associate the Hilbert space Vr = (X) ;- V; and the C*-algebra o1 = B() ;1 V))-

By convention, & := C.
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Let S be a (possibly-infinite) set, and let {V,} jcs be a collection of separable Hilbert
spaces. The set Fin(S) of finite subsets of § is a directed set with the order given
by the inclusion. For for a pair I',I” € Fin(S) with I' C I, there is a canonical
homomorphism of «-algebras err- : &/r — & givenby a — a ® ly,,,.. The data
({r}reFincs), {err }r.rerins)) defines the direct system of *-algebras. We define
the x-algebra &/, as the direct limit &/, := li_r)nszip and call it the algebra of local

r
observables. For A € o/, the minimal set I" such that A belongs to </ is called the
support of A. We define the C*-algebra &/ as the norm completion of &/, and call it

the algebra of quasi-local observables.

Let A c R? be a Delone subset. By a (bosonic) lattice system on A, we mean a
collection of separable Hilbert spaces {V;};ea and the associated algebras of local
and quasi-local observables. By the abuse of notation, we denote lattice systems by
&/ assuming that it contains the information about the lattice A and {V,;}ea. By a
(bosonic) spin system, we mean a bosonic lattice system with uniformly bounded
{dimV;};ea. The maximal value of dimV; is called the maximal spin of a spin
system. If we replace the Hilbert spaces {V,}; with Z/27 graded Hilbert spaces and
tensor products with Z/2Z graded tensor products, we get a definition of fermionic

lattice systems or fermionic spin systems.

Remark 2.1. In the following, except for Chapter[6| or unless otherwise specified,
for simplicity we consider only bosonic spin systems. Most results can be straightfor-
wardly generalized to the case of fermionic spin systems, and some modifications
needed for that are mentioned explicitly in the text. We believe that many results can
also be generalized to the case of lattice systems with infinite-dimensional on-site

Hilbert spaces.

We say that a lattice system has (internal) G-symmetry for a compact Lie group G, if
each V; is equipped with a unitary representation of G. Every such representation
can be written as direct sum of irreducible unitary representations each of which is

finite-dimensional.

There is a natural monoidal structure on systems. Given two systems &/ and &/’ on R¢
we can consider the stack or the composition of two systems denoted & ® &/’ with the
lattice being the union of two lattices, and Hilbert spaces for a site j € A U A’ being
Vi® \7} if j € AN A" and V; (respectively, \7}) if j € Aand j ¢ A’ (respectively, if
jeNandj ¢ A).
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Let of be a spin system on a lattice A. For any j € A we letII; : o, —
be the averaging over local unitaries supported at j, i.e., for any B € o/, we let
IT;(B) = f UBU*du;(U), where du;(U) is the Haar measure on the group of
unitary elements of &f; normalized so that / 1du;(U) = 1. Itis well-known that IT;
is positive and does not increase the norm. The maps II; for different j; commute,

therefore for any I' € Fin(A) we can define I := [] ;e I1;. For X R4 we let

Iy := h_I)n IIr. 2.4)

rex
We will use without comment various obvious properties of the averaging maps Ily,
for example I1yx o [1y = [Ixyy forany X,Y C R?. The following simple estimate is

also sometimes useful:

B
A - Ty ()] < sup APl 2.5)

peaty 1B

Note that [T = h_r)n ITr maps any B € o/, to the center of &/, and thus can be thought

r
of as a state (i.e., a positive normalized linear function) on &/,. We will denote it

(-)oo since it is the infinite temperature state. This state can also be defined as the
unique tracial state on &/,. More generally, for any X ¢ R? we define the conditional

expectation value &y — Ay by
A Alx :=Txe(A). (2.6)

Conditional expectation value does not increase the norm.

Almost local algebras
The algebra & of quasi-local observable of a lattice system has a rather rough
dependence on the geometry of the ambient space. For example, it does not capture

the metric or even the dimensionality of the space.

More sensitive algebras can be produced by a completion of the algebra &/, in the
norm or a family of norms which depends on the geometry. One way to produce such
a norm is to choose a decaying function 4 : Ryg — Ry¢ and a point x € R. Then
Allnx = llAll +sup [A(r) inf |lA - Bl 2.7)
r Bedp,(r)

is a norm. There is no canonical choice of 4 or x.

The central role of this manuscript is played by a certain subalgebra &/, C & of

quasi-local observables which decay rapidly at infinity. Roughly speaking, </,,
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consists of quasi-local observables which on a ball of radius r can be approximated
by local observables with an O(r~>) error. Such an algebra corresponds to the
completion in the norms of the form above with ( f, x) being of the form ((1 +r)?, j)
for @ € N and fixed j € A.

To define «/,¢ we first introduce some notation. For any A € &/, x € R andr > 0
let
fi(A,r) = 5 inf ||A-B|. (2.8)

€ Bx (r)
This is a monotonically decreasing non-negative function of r which takes values in
[0, |lA]]], approaches zero as r — oo, and for any x € R? and any r > 0 satisfies the
triangle inequality:

(AL +Ag,r) < fi(ALr) + fi(Az, 7). (2.9)

Thus for a fixed x € R? and fixed r > 0 f,(-, ) is a seminorm on /. Note for future
use that if I € Fin(A) and A € o, then f,(A,r) = 0 for any r > diam({x} UT),
and thus f;(A,r) < ||A||6(r — diam({x} UT)).

Given b(r) € F we will say that an observable A € & is b-localized at x if
f(A,r) < b(r) for all r. Note that for such an observable f,(A,r) € FZ.

For j € A, let us define the norms
ANl ¢ = IIAll +sup(1 +7)* f;(A,7), @ € N. (2.10)

Lemma 2.1. Let &/, be a =-subalgebra A, C oA, and let us fix j € A. The following

characterizations of A ¢ are all equivalent:

(1) A4 is a subspace of A defined by the condition ||A||;a < ooforall @ € N.
(2) A4 consists of elements A € of which are b-localized at j for some b(r) € F}.

(3) Ay¢ is the completion of the algebra oy with respect to the norms || - ||’;

J’

a €N,
A q¢ thus defined does not depend on j.

Proof. The implication (1) = (2) follows directly from the definition of the norms

Il - ||;. - The definition of the completion with respect to norms implies (3) = (1).
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To show that (2) implies (3), let {A(”)} be a sequence of observables A e of B, (n)
for n € N for which the infimum in the definition of f;(A, n) is reached: f;(A,n) =
A — A™]|. We have

A = AP, = 1A = AP+ sup(1+7)7 fj(A =A™, r) <
J. J

< fi(A,n) +sup(1+r)*fi(A,r). (2.11)

rzn
Therefore {A"™} converges in the norms || - ||;. o 10 A

Independence of j is manifest in the characterization (2). O

Definition 2.4. The space of almost local observables o, is the x-subalgebra

satisfying the equivalent characterizations of Lemma2.1]

As recalled in Appendix one can use the family of norms || - ||’; , for a fixed
J € A to define a topology on &/,¢. In Appendix [A.2] we show that this topology on

9,0 does not depend on j and turns &, into a Fréchet algebra.

Lie algebras

The algebras &/, o/, define the Lie algebras with the bracket being the commutator.
The elements of the quotient by the ideal generated by the identity can be identified
with the equivalence classes of observables [A] under A ~ A + A for 1 € C. We
denote by dr, d; the real subalgebras of these quotients, elements of which correspond
to equivalence classes [A] of skew-self-adjoint observables A* = —A. We also

define the Lie algebra d,; as the completion of d; with respect to the norms

llalljo :=sup(l +7)*fi(a,r) (2.12)
where

(a,r):= inf ||A-B 2.13

far) = it A=) @13

and A € o, is any lift of a € d;. Since the bracket is continuous, d,; is a Fréchet-Lie
algebra. Elements of d,; define derivations of the algebra &, which preserve & ,.
For a € d,;, we denote the value of the corresponding mapa: &/ — &/ on A €
by a(A).

When all on-site Hilbert spaces are finite-dimensional, we can identify dr, d;, d,; with
the Lie algebra of traceless skew-self-adjoint elements of </, &¢, &,¢, respectively.
For A € o, sometimes we write A € d,; if A = —A* and (A). = 0. Note that for
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any A € d;, by we have ||A]| > f.(A,0) > |lA||/2 for any x € R¢. Therefore, upon

restriction to traceless anti-self-adjoint observables one can replace the norms (2.10)

with an equivalent set of norms
lAllj .o == sup(1 +7)f;(A,7), @ € Ny. (2.14)

In this work we will mostly work with traceless anti-self-adjoint observables and
then will use the norms (2.14)). Two other equivalent sets of norms are defined in

Appendix [A.4]
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2.2 Hamiltonians and currents

Interactions

A Hamiltonian for an infinite spin system is an unbounded densely-defined real
derivation of the algebra &/. The Hamiltonians of physical interest usually have the

form

A s Z D (A) (2.15)
CeFin(A)

where @r € dr satisfies @f. = —®r. Typically one also assumes that supp||®r|| < oo.
In the mathematical physics literature the function @ : Fin(A) — d;, [ — ®r, is

known as an interaction.

The domain of such a derivation depends on how rapidly ||®r|| decays with the size
of I'. As a minimum, it should be defined everywhere on &/,. Further, it should
be possible to exponentiate a physically sensible derivation to an automorphism of
& to defined a dynamics of a spin system. Before we can describe suitable decay
conditions, however, we need to deal with the fact that the map from interactions
to derivations is many-to-one and that there is a large “gauge freedom" in choosing
the function @ for a given derivation. Any decay condition on @ should respect this
freedom. Unfortunately, it is not straightforward to describe this “gauge freedom.”
To rectify the situation, one may impose a suitable “gauge condition” on @ so that
a derivation determines ® uniquely. One natural condition is to demand that for
any proper inclusion I ¢ T" and any A € dp one has (®rA). = 0. This condition
implies that ®@r is not localized on any proper subset of I'. Its advantage is that
it does not depend on any choices. But this gauge condition is difficult to work
with when the interaction has exponential or slower than exponential decay because
the number of finite subsets of B;(r) N A grows as €. Later we will describe a

convenient but non-canonical “gauge condition” on ®.

Another drawback of describing a Hamiltonian via an interaction @ is that there is
no natural notion of energy density (and therefore also of energy current). As an

alternative, we may study derivations of the form

6h:A|—>Z[h]-,A], (2.16)

JEA
where each h; is a traceless anti-self-adjoint observable which in some sense is
localized in the neighborhood of the site j and can be interpreted as i times the
energy density on this site. The gauge freedom is present in this approach as well,

since the observables h; are not uniquely determined by the derivation 6n. However,
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it is fairly straightforward to parameterize this gauge freedom and to define a class of
derivations which is mathematically natural and is large enough to describe lattice

systems with rapidly decaying interactions.

For that, we introduce a certain chain complex, which we call the complex of currents.
We first describe this complex for finite-range interactions, and then show how to
complete it to a complex of rapidly decaying currents using a family of norms, in the

same way as the algebra &/, can be completed to </,;.

The complex of finite-range currents

Definition of the complex

For any non-negative integer ¢ we define a uniformly local (UL) g-chain as a

4+l _; 9, for which there are constants C > 0 and

skew-symmetric function a : A
R > 0 such that for any {jo, ji,....,j4} € A and any a € {0,1,...,g} we have
aj,..j, € D, (r) and [|aj,_; |l < C. The smallest possible value of R is called
the range of a. If the distance between any j, and jj, is greater than 2R, then
aj,..j, = 0. The space of UL g-chains will be denoted C,(d;). The boundary

operator d, : C4(d;) — Cy4—1(d;) has the form
(aqa)jlqu = Z ajojl..‘jq. (217)
JoEA

Since a;;,... Jqg 18 skew-symmetric in indices, we have 9, o ;41 = 0 for all g. Note

that to any UL O-chain a : j = a; one can attach a derivation of &/,
5a:AHZaj(A). (2.18)
JeA

We will call derivations of this form UL derivations. Physically, they correspond to
finite-range Hamiltonians. It is easy to see that a UL derivation 9, is not affected
if we add to a an exact O-chain. We will show that this is the only gauge freedom
associated to UL derivations. That is, we will show that the space of UL derivations

is isomorphic to the zeroth homology Hy(d;) of the complex

B cion S coo) — 0. (2.19)

Homology

To compute the homology of (Ce(Dd;), d), we introduce the following definition.
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Figure 2.1: Let A c R? be the lattice (Z + %)2 with two-dimensional on-site Hilbert

spaces. Let O'E ) be the Pauli matrix observables on site (x, y). The brick decom-
position of A = 0'( )0'2“ )+0' s %) (y )+0'( )O'(Z%’%)O'(Z%’
3

has three terms AYl =c0* AR =0 o), A

(3.3) ( (3.3) ( 3.3)
<o for brlcks Yy, Y2, Y3 shown on the plcture

73373976

Nl\l

)

Definition 2.5. A brick is a subset of R? of the form {(x1, ...,xq) : nj < x; < mj, i =
1,...,d}, where n; and m; are integers satisfying n; < m;. The empty brick is the

empty subset.

We denote the set of all bricks in R¢ together with the empty brick by B,. B, is a

poset with respect to inclusion?] Any finite subset of A is contained in some brick.

Recall that for any Y C R? we let by = d; N y. Clearly, if Z C Y, then dz C by.

For any Y € B, we define d to be the orthogonal complement of the subspace

Dbz (2.20)

ZeBy
Vs ¢

in dy with respect to the inner product (A, B) := (A*B)w. Elements of d! are
anti-self-adjoint traceless local observables which are localized on Y but not on any
brick which is a proper subset of Y. It is easy to see that for any ¥ € B; we have a
direct sum decomposition dy = @ZeBd,ZgY pZ and d; = @YeBd d'. Forany A € b,
we will denote by A" its component in d”. For an example of a brick decomposition
see Fig. Clearly, if A € by, then AY = 0 whenever Y N X = 0. Additional
properties of the brick expansion can be found in Appendix [A.3]

Let hy : Cy(d;) — Cye1(d7) be a map defined by
q+1

h @y gy = D, (=1 XU oy 2.21)

YeBy k=0 |YﬁA| J0~--Jk~-.jq+1

’In fact it is a lattice. That is, every two elements of B, have a join and a meet in By.
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where fk denotes the omission of ji. Since the sum over Y is finite, £, is well-defined.

Note that 4,1 0 §; + 0441 © hy = id for any g > 0. Therefore we have the following

Theorem 2.1. H,(d;) =0 for all g > 0.

To describe the homology in degree zero, we introduce the following definition.

Definition 2.6. Let D; be the space of bounded functions A : By — d;, Y +— AY,
such that

o AY € dY,
o AY =0 forall Y of sufficiently large diameter.

We also extend the definition of d, and h, by introducing maps dy : Co(d;) — Py
and h_; : ©; — Cy(d;) defined by

(Ba)” := > a], (2.22)
JEA
o Xj(Y) Y
hoy(A); = Y%d A (2.23)

Note that the sums on the r.h.s. of both expressions are finite and thus well-defined.
We have
hg-1004+ 0411 0hy=1id, ¢q >0, (2.24)

(90 o h_1 =id. (2.25)

Theorem 2.2. Hy(d;) is isomorphic to D; and to the space of UL derivations.

Proof. To any UL 0-chain a we attach a function Y — AY = ¥, j a/Y. . The sum over j
is finite. It is easy to see that this function belongs to ©;. Furthermore, it is trivially
checked that if the O-chain a is exact, then the corresponding function vanishes. Thus

we get a map p; : Hyo(d;) — D;.

This map is surjective because a right inverse exists: to an element A of ©; one
can attach a UL O-chain 4_;(A). To prove injectivity, suppose that a UL 0-chain a
satisfies 3J; @l = O forall Y € By. For any j, k € A let

xi¥) xe(Y) y
b = a, — a.. 2.26
w= 2, Y NA| 2 Y N A (2.26)
YeBy YeBy
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It is straightforward to check that the collection of observables b defines a UL

1-chain, and that b = a. Thus the map p; is an isomorphism.

By definition of UL derivations, the map from Hy(d;) to UL derivations defined
by is surjective. To prove injectivity, suppose 6, = 0 for some UL 0-chain a.
Then for any A € &/, we have

DUIAY, 4] =0, (2.27)

YeBy

where A” = 3 ! is an element of d". Let us pick an arbitrary brick Z € By. Then
for any A € o/ the sum in (2.27) truncates to those ¥ which have a nonempty

intersection with Z. Thus if we define a traceless local observable B by

B = Z AY, (2.28)
YeB,,YNZ#0

then B = 1, ® B, where B € 4. Therefore BX = 0 for any brick X such that
X C Z. On the other hand, from the definition of B we have that for such bricks
BX = AX. Since Z was arbitrary, we conclude that AY = 0 for all Y € By. |

Thus, the augmented complex
0> 0 12
.— Ci(by)) = Co(d) > D, —0 (2.29)

is contractible with a contracting homotopy %, g > —1. We call it the uniformly

local Noether complex. It is graded by integers g > —1.

For any F € ©; we denote the action of the corresponding UL derivation on A € d;
by F(A). Explicitly, F(A) = 3, [F', A].

Brackets

An important property of the space of UL derivations D; is that it has the structure of
a Lie algebra. This is easiest to see if we identify it with Hy(d;). For given F,G € D,
and f, g € Cy(d;) such that F = 9f and G = dg, the Lie bracket can be defined by

{F.G} :=9d([f.9}) (2.30)
where the components of a UL O-chain [f, g} are defined as a finite sum

[f,9}) = > [fi 9] (2.31)

keA
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The bracket [-, -} on 0-chains is not skew-symmetric and awkward to work with. But
one can express it through a more natural structure which exists on the augmented
complex C,(d;) — D;: the structure of a 1-shifted dg-Lie algebra. This means that
there is a degree 1 bracket {-, -} on the augmented complex which is graded-skew-
symmetric:

{f.g} = —(-)FDUsD (g 1}, (2.32)

satisfies the graded Jacobi identity:

(_1)(|f|+1)(lh|+1){f, {g.h}} + (_1)(|g|+1)(|f|+1){g’ {h,f}}+
+ (=)IMDUSHD (g (f g3} =0, (2.33)

and the graded Leibniz rule:

a{f,g} = {of, g} + (=D)IM*1{f, og}. (2.34)

Here | - | denotes the degree of a chain. For f € C,,(d;), g € Cy(d;), F € D; the
bracket is defined by
1

ITCI! [fjo...jp, 9jpai mjpwﬂ] + (signed permutations), (2.35)

{f’ g}jo'“jp+q+l =

{F.9}jo..j, =F (gjo...jq), (2.36)

while the bracket of two UL derivations is defined to be their Lie bracket eq. (2.30).
Then for any two UL 0-chains f, g we can write

[f,g} = {0f, g}. (2.37)

The non-skew-symmetric bracket [-,-} on O-chains is an example of a “derived
bracket” [6].

There is an injective Lie algebra homomorphism from d; to the Lie algebra of
UL derivations ©; which sends B € b; to the derivation A — [B, A]. One can
describe the image of this homomorphism more intrinsically by making the following

definition.

Definition 2.7. An element A € D, is called summable if A # 0 only for finitely

many bricks.

Physically, summable UL derivations correspond to interactions which are localized
at a point. Obviously, summable UL derivations form a Lie sub-algebra of D;. In

the following we identify it with d;.
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Figure 2.2: An example of a conical partition of R?.

Integration

If we interpret a O-chain b € Cy(d;) as a density of energy or some other physical
quantity, then it is natural to define energy in a region A as a derivationb, € ©; which
actson A € d; by ba(A) = X jealby, Al. Equivalently, bi = DljeA b?. Generalizing
this, for any b € C,(d;) the contraction of b with regions Ao, ...,A; C RY is a
derivation by, . A, € D, defined by

Y _ Y
byy..a, = . Z bjo.. iy (2.38)

We may interpret ba,. 4, as an “integral” of b over Ao, ..., A;. Since chains are
antisymmetric in j,, without loss of generality we can assume that the regions are

non-intersecting.

Note that if all the regions Ay, ..., A, are infinite, then in general the derivation
a,... Ag is not summable. For the contraction to be a summable derivation (that is,
an element of d;), one needs to choose the regions Ay, . .., A, with some care. For
our purposes the following set of regions will suffice. Let us pick a point p € R?
and a triangulation of S9! as a boundary of a d-simplex. Let oy, . . ., o be its open
(d — 1)-simplices and let A,, a =0, ..., d, be an open subset of R4 which in polar
coordinates has the form R, X o,,. We will say that A, is a conical region with base
o, and apex p. More generally, for a fixed p and a fixed triangulation of $¢~! into
d + 1 simplices we say that an open set A, is an eventually conical region with apex
p and base o, if outside of a ball B, (r) it coincides with R, x o,,. We say that an
ordered partition (Ao, ..., Aq) of R? with A being in the interior is a conical partition,
if Ao, ..., A4 are eventually conical regions with an apex p and bases oy, ..., o4 (see
Fig. . To any conical partition (A, ..., Ay) and a UL d-chain b one can attach an
element of d;:

bag.ac= D, Do (2.39)
Jk€Ak, k=0,....d
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which is the contraction of b with Ay, ..., Ay. This sum is finite. Note that the
expression (2.39) does not depend on the ordering of the simplices o, provided they
correspond to a fixed orientation of S~! and changes sign when the orientation is
flipped. A version of Stokes’ theorem holds: (9¢)a,..4, = 0 for any ¢ € Cyi1(d)).

Remark 2.2. With any conical partition (Ao, ..., Ag) we can also associate an
integrated version of the complex eq. of Cech type. Let A* be the set of
(d — k — 1)-simplices of the triangulation of S~ as a boundary of a d-simplex. For
any o € A there is an associated set of cones {Ai,, ..., Aj, }. We denote the image of
the contraction of Cy(d;) with {Ai,, ..., A, } by DZ(‘T). Each TDI(U) is a Lie subalgebra

of ©;. Then we have an exact sequence

v— P 97> P o7 - .- Pd D (2.40)

oeAd-1 oeAd-2 oeAY

with the differential being a sum of signed injections.

The complex of rapidly decaying currents
In the same way as d; can be completed to d,; using a family of norms, the space

C,4(d;), g € Ny, of UL g-chains can be completed using the norms

lalle :=sup(l+r)*f(a,r) = sup sup  laj...j, ljues @ €Ng (2.41)
r a€{0,1,....q} jo,---jg€EA

where

f(a,r):= sup sup  fj,(@j...jy>T) (2.42)
a€{0,1,....q} jo,--jg €A

is defined for any a € C,(d;). We call the completed space the space of uniformly
almost local (UAL) g-chains and denote it by C,(d4;). This means that any element
a € Cy(dy) can be represented by a sequence {a®™}, n € N of UL g-chains
a e C,(d;) such that for any @ € Ny la® —a'™)]|, can be made arbitrarily small
by taking arbitrary sufficiently large n, m.

Lemma 2.2. The following characterizations of UAL chains are all equivalent:

(1) A skew-symmetric function a : A1 — b, defines an element of Cy(dar) if
llallq < oo for any @ € N.

(2) A skew-symmetric function a : A S vy, defines an element of Cy(dy;) if
there is a function b(r) € F such that for any jo, ..., j4 the observable aj, . Ja
is b-localized at j, for any a € {0, 1, ..., q}.
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(3) Cy4(dap) is the completion of C,(;) with respect to the norms || - ||,

Proof. As in Lemma [2.T]the implication (3) = (1) is straightforward.

If all the norms are finite, the function f(a, r) can be upper-bounded by an element
of #. Therefore (1) implies (2).

It is left to show (2) = (3). Let {a} be a sequence of elements of C,(d;) such

that aj.'g_)h_jq is a best possible approximation of a;,__ ; by a traceless observable on
Dg; (mNB;, (N...NB, (n)- Lemma [A.T|implies

l3jy...j, =% Il < 2(2g +1)b(n). (2.43)
Therefore for any a € {0, ..., g} one has
Fio (B0sy =25 07) < 202 + Dmin(b(r), b(n)) (2.44)
and therefore
la—a™|l, <22+ 1) sup(l +r)*b(r). (2.45)
rzn

Thus the sequence {a”} converges in the norms || - || to a. Therefore (2) = (3). O

We use the family of norms || - ||, to define a topology on C,(d,;) as discussed in
Appendix [A. T} Characterization (3) implies that this topology turns C(d,;) into a
Fréchet space. Two other equivalent families of norms are described in Appendix

A4l

Similarly, the space ©; can be completed using the norms

|5 = sup (1 +diam(Y))?||FY|| < o0, Va € Ny. (2.46)
€bg

The resulting space is denoted by D, and the resulting space of derivations of d,;

is called the space of UAL derivations.

In Appendix [A.4] we show that the boundary map 9, the contracting homotopy £,
the bracket {-, -}, and the contraction maps on C,(d;) can be extended to maps on

C.(d,;) continuous in the Fréchet topology. Therefore we have the complex
& )
.— C1(dg) = Co(dy) — 0 (2.47)
and the corresponding augmented exact complex

B va) D Colvar) B D — 0 (2.48)
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with the structure of a 1-shifted dg-Fréchet-Lie algebra. We call the latter the
uniformly almost local Noether complex or simply Noether complex and denote it N,.
It is graded by integers ¢ > —1. The existence of the extension of the contracting

homotopy 4 implies
Theorem 2.3 (Local Noether theorem). The Noether complex N, is exact.

Remark 2.3. The space of UAL derivations D, can be regarded as a subspace of
the space of interactions satisfying the following “gauge condition”: ®r € d' if
I'=Y N A forabrickY € By and ®r = 0 otherwise.

It is convenient for the following sections to define localization criteria for derivations
from D,;. For f € %, we say that Fis f-local if ||F¥|| < f(diam(Y)). For a region
A and f € F}, we say that F is f-localized on A, if ||F¥|| < f(sup,y dist(x, A)).

We say that F is almost localized on A, if it is f-localized for some f € FF.

There is an injective Lie algebra homomorphism from d,; to the Lie algebra of UAL
derivations which sends B € d,; to the derivation A — [B, A]. One can describe

this sub-space more intrinsically by making the following definition.

Definition 2.8. An element F € D, is called summable if the infinite sum Y,y FY is

absolutely convergent in the Fréchet topology of .

The image of d,; under the embedding into D,; consists precisely of summable
elements of ©,;. Physically, summable UAL derivations correspond to interactions
which are approximately localized at a point. Summable UAL derivations obviously

form a Lie sub-algebra of ®,;. In fact, it is easy to see that they form an ideal.

Finally, the contraction of any b € C;(d,;) with a conical partition (Ao, ..., Ag) of R4
gives a summable element of D, as Prop. shows. Moreover the corresponding
map Cy(d47) — g is continuous. As in the Remark there is an almost local
version of the integrated complex eq. (2.40).

Relation to energy and charge currents

As mentioned in the introduction, currents on a lattice can be defined using the
language of chains. Consider a lattice system with finite-range interactions. The
dynamics for such a system is described by a Hamiltonian that can be regarded (after
multiplication by i) as a UL derivation H. The Hamiltonian density can be defined
as a UL O-chain h such that H = dh. Obviously, for a fixed H the 0-chain h is far
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from unique. The ambiguity can be fully characterized, since by Theorem [2.2] any
two choices of h differ by a boundary 0 of a 1-chain. Once h is fixed, we can define

an energy current j© : A x A — o, as a solution of the equation

> [he.h; Z it - (2.49)
k

The observable j‘kEj represents the energy flow from site j to site k. It is natural
to require jfk to be traceless, so that there is no energy flow between sites in the
infinite-temperature state. Since h is finite-range, it is also natural to require jfk to
vanish whenever j and k are sufficiently far apart, and to be localized near j and
k. Thus j¥ is a UL 1-chain. The equation can be written using the algebraic
operations on the UL Noether complex:

{H,h} = -9j". (2.50)

Note that this equation for j¥ is guaranteed to have a solution because by the properties
of the shifted Lie bracket the L.h.s. is closed, d{H, h} = {H, H} = 0, and thus exact.
Similarly, a Hamiltonian H with rapidly decaying interactions can be regarded as a
self-adjoint UAL 0-chain h such that H = dh, while an energy current is defined to
be a self-adjoint UAL 1-chain j* solving the equation . Both in the UL and
UAL cases, the equation has an obvious solution:

it; = —[hi.hyl, (2.51)

which can be written using the operations on the Noether complexes as
1
E- —E{h, h}. (2.52)

Triviality of H;(d;) and H;(d,;) ensures that any other solution differs from (2.52])

by an exact 1-chain.

Similarly, a continuous one-parameter symmetry of a lattice system is encoded into a
charge density which, after multiplication by 7, can be viewed as a 0-chain q (usually
assumed to be uniformly local). The Hamiltonian H is said to be g-invariant if the
derivations corresponding to q and H commute, {dq, H} = 0. If the symmetry group
1s compact, using the average over the group action we can always make sure that the
Hamiltonian density h satisfies {dq,h} = 0. A current for the symmetry generated

by q is a UL or UAL 1-chain j solving the equation

> lheaj] ij, (2.53)
k
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This equation can also be written using index-free notation:
{H,q} = -9j. (2.54)

A solution always exists because the Lh.s. is closed. Any two solutions differ by an

exact 1-chain. If {dq, h} = 0, one can write an explicit solution

j=—th.q}. (2.55)

From the above discussion, it is clear that all densities and currents have ambiguities.
However they can be fully characterized, and one expects that physical quantities,
such as transport coefficients in linear response theory, are not affected by this “gauge
freedom.” Transformation properties of Kubo formulas under such re-definitions of

the Hamiltonian density have been analyzed in [7, 39].

2.3 Locally generated automorphisms

To describe an evolution of a lattice system in the Heisenberg picture, we need
to specify a family of automorphisms Aut(</) of the algebra </. In this section
we describe how such families can be produced by integrating the derivations in
D, or continuous one-parameter families of derivations. Such an evolution can be

interpreted as an evolution by the Hamiltonian that corresponds to the derivation.

Let C([0, 1], D) be the Fréchet space of D ;-valued functions on the interval
[0, 1] (see Appendix A for a brief discussion of functions valued in Fréchet spaces).
In Appendix we show that for any G € C([0, 1], D,;) there is a unique one-

parameter family of automorphisms ag : [0, 1] — Aut(</), the value of which on

(s)
G

continuously differentiable and solves the differential equation

s € [0, 1] we denote by a.’, such that for any A € &/, the curve s a((; ) (A) is

(s)
day’ (A)
—&—— = o (G() (W) (2.56)
ds G
with the initial condition a/(GO) = id. We call such one-parameter families locally

generated paths (LGP). One may also regard G as a component of a continuous
D,-valued 1-form Gds on [0, 1]. In what follow we will not distinguish between
this 1-form and the function G and for any continuous D,;-valued 1-form F denote
by af a unique one-parameter family of automorphisms af : [0, 1] — Aut(,¢)
defined by

dal (A) = al (F(s)(A)). (2.57)
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We also write a/,(:s) for a family of automorphisms generated by a constant UAL

derivation F € D,;.

The map G — ag from continuous 1-parameter families of UAL derivations to
LGPs is clearly 1-1. This allows us to identify the set of LGPs of unit time with the
Fréchet space C ([0, 1], ®,;) and thus make the former into a Fréchet manifold. The
set of such LGPs also has a group structure. The composition af o ag of two LGPs
is an LGP generated by G(s) + (oz(j))_1 (F(s)). The inverse a¢ !'is an LGP generated
by —(a/l(:s))_l (F(s)). By Prop. [B.2, both the composition and the inverse are smooth

maps of Fréchet spaces and thus the set of LGPs of unit time is a Fréchet-Lie group.
Its Lie algebra is C ([0, 1], ©,;) with the Lie bracket

{F.G}(s) =/0 ({F(u), G(s)} = {G(u),F(s)}) du. (2.58)

Definition 2.9. We say that an automorphism [ € Aut() is locally generated
(LGA) if there exist F € C([0, 1], D,;), such that B = a/l(:l).

Remark 2.4. It is plausible that the group of LGAs is a Fréchet-Lie group integrating
the Lie algebra of UAL derivations ;. The group of LGPs is supposed to be the
group of based continuous paths in the group of LGAs.

The action of LGAs and LGPs on observables can be extended to an action on UAL

derivations and chains in a straightforward way:

(ozés)(a))joqu - ag) (aj()'"jq) . A€ Cy(da), (2.59)
(ag)(A))Y = Z;B;d (o (AZ))Y, A€ Dy (2.60)

By Proposition this action is jointly continuous and smooth.

We say that an LGA B is f-local for some f € F if there exist f-local F €
C([0,1], D) such that 8 = al(:l). We say that it is f-localized on a region A c R4
if F is f-localized on A. We say that it is almost localized on a region A c R¢ if it is

f-localized on A for some f € F}.

Remark 2.5. Suppose F € C([0, 1], D) is f-localized on a finite region so that
F(s) = adg(s) for some traceless A(s) € dq. There is a canonical family of

(5) = Adys). It is defined by the solution of the equation

unitaries U(s), such that a

d%U(s) = U(s)A(s).
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Let M be a finite-dimensional manifold. We say that a family of LGPs of unit time
Bm = aF,,, m € M, is smooth, if the corresponding map F : M — C([0, 1], D)
is smooth (smooth here means that derivatives of all orders exist, see Appendix
A for a further discussion). This is equivalent to saying that G(s,m) is jointly
continuous in s and m and infinitely differentiable in m. As explained in Remark
to any such family of LGPs one can assign a smooth 1-form wg € Q1(M, D)
satisfying d (ﬁ(l)(ﬂ)) = B (wp(A)) for any A € d . The 1-form wg is flat, i.e.,
dwg + %{wﬁ,wﬁ} =0.

Similarly, we can define smooth families of LGAs.

Definition 2.10. A smooth family of LGAs  over M is a family of LGAs for which
there exists G € Q' (M, D) such that for any smooth path y : [0,1] — M one has

By(s) = By, © “;‘?G.'

Note that for a smooth family of LGAs g the corresponding G is unique and satisfies
dG+1{G,G} = 0.

2.4 States
Recall that a state of a unital C*-algebra &/ is a positive linear functional ¢ : &/ — C

such that (1) = 1, while a pure state is an extremal point of the convex set of states.

Notation 2.1. We prefer to use a non-standard notation and denote the evaluation
W (A) of a state y on a given observable A € o by (A)y as it is common in the

physics literature.

With every state one can associate a representation that is canonical up to isomorphism
using Gelfand—Naimark—Segal construction. We denote it by (7, Hy, [)) where
Hy is a Hilbert space, |¢) € H, is a cyclic vector, m, : A — B(Hy), and call it a
GNS representation. We have (A)y = (¢|my (A)|¢).

States of lattice systems

We say that a state ¢ of a lattice system &/ is a product state, if for any A, B € o/,
with disjoint supports we have (AB), = (A)y(B),. We say that ¢ is factorized, if
it is a pure product state. For a region A, we let /|4 be the state on &4 obtained
by the restriction of y to the subalgebra &/4 C &/. A spin system & has a unique
tracial state (or infinite temperature state) denoted ( - ), defined by the property
(AB)oo = (BA)w. We define the average (a), of an element of d,; to be the average
(A)y of its (unique) traceless representative A € ¢, a = ady.
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For any state ¢ and an automorphism « € Aut(</), one can define a new state
Y' = ¢ oa given by (A), = (a(A))y,. We say that a derivation F does note
excite the state i or preserves the state ¥, if (F(A)), = 0 for any A € &,. For an
observable A € o/, we say that A does not excite the state, if the same holds for the
derivation ad4( -) := [A, -]. Similarly, for an automorphism @ € Aut(&f), the same

notion means ¥ o @ = .

In this work we are mostly interested in states of spin systems at zero temperature,
and therefore all states on the whole system will be pure. A pure state i is said to be a
ground state of a Hamiltonian H € D, if for any A € &/,¢ one has —i(A*H(A)), > 0.
Any such state is necessarily invariant under the 1-parameter group of automorphisms
generated by H [[12].

Gapped states
One of the main objectives of the present work is the analysis of topological properties

of the class of gapped states defined as follows.

Definition 2.11. A pure state  is said to be a gapped ground state of H € D, with
a gap greater or equal than A > 0 if —i(A*H(A))y > A ((A*A)y — [(A)y|?) for any
A € d . If Y satisfies the above condition for some unspecified choice of H € D
and A > 0, we will say that  is gapped. We will also say that a derivation H € D
is gapped if there exists a state Y which is a gapped ground state for H (such a state

need not be unique).

Warning 2.1. The notion of a gapped state depends on the class of Hamiltonians one
allows. States which are gapped for one class of Hamiltonians may not be gapped
for another class with a faster decay of interactions. In this work, unless specified

explicitly, by gapped state we always mean gapped for the Hamiltonians from ;.

Remark 2.6. If ¥ is a gapped ground state of H € Dy, then { is the only vector
state in the GNS representation of & which is the ground state of H. Further, if
H is the generator of the 1-parameter group of automorphisms ay(s) in the GNS
representation of Y, then Hisa positive operator annihilating the vacuum vector,
and its spectrum on the orthogonal complement of the vacuum vector is contained in
[A, +00).
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Topological phases

Definition 2.12. We say that two states  and ' of a lattice system o are LGA-
equivalent, if there is an LGA a € Aut(), such that y =y’ o a.

Given states ¢ and ¢’ of lattice systems & and &/’, respectively, one has a natural
state of the composite systems & ® &/’ denoted ¥ ® y’'.

Definition 2.13. We say that two states  and Y’ of possibly different lattice systems
oA and A’ are stably LGA-equivalent if there are lattice systems & and g’ satisfying
A @d =o' @', afactorized states o of I, a factorized states v, of A’ such
that  ® Yo is LGA-equivalent to ' ® ;.

Being in the same phase defines an equivalence relation on states of lattice systems.
If two states are stably LGA-equivalent we say that they are in the same fopological
phase or simply phase. A monoidal structure on states of spin systems induces a

monoid structure the set of phases.

Warning 2.2. While it is reasonable to say that two stably LGA-equivalent states
model physical systems in the same topological phase, we do not intend to say
that it is a complete definition, as there might be two states which are not stably

LGA-equivalent, but describe systems which are equivalent from physical perspective.

In the following by topological invariants of states we mean properties which are the

same for any two stably LGA-equivalent states.

The notion of a topological phase can be generalized to the case of systems with
a Lie group symmetry G in a straightforward way. We say that two G-invariant
states are in the same G-invariant phase, if they are stably LGA-equivalent and the

corresponding LGA can be generated by a G-invariant path of UAL derivations.

Invertible phases
There is a natural class of states representing the invertible part of the monoid of

phases introduced by Kitaev [41] that forms an abelian group.

Definition 2.14. Let s be a pure state of a lattice system &f. We say that s is invertible,
if there is another system &’ with a pure state y and an LGA a € Aut(f @ A’), such
that the state (W ® Y') o « is factorized. In this case, we say that the state Y’ is an

inverse of .
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Given a state i ®y’ of a composite system &/ ® &/’ and an observable A € &/ ® &/, one
can define a partial average (A ), € & thaton observables of the form O®0’ € 4 @4’
is given by (O ® 0"),» = (O")y-O. The value on general observables is obtained by
the linear extension. Note that ||[(A)y|| < ||A||. In particular, for A € &, we have

((Adyr,r) = inf B - (Al < inf B-Ayy | <
G = ot B = (Al inf B = A
< inf B-All = fi(A,r). (2.61)
36(9{@&7')31-(;-) | | f]( )
Hence, if A is g-localized at j, then so is (A),-. Using this fact we can extend the
partial averaging to C,(d,;), and since any F € D,; can be represented as of for

some f € Cy(d,7), we can also extend the partial averaging to D,;.

Proposition 2.1. An invertible state \ is gapped.

Proof. Let ¢’ be a inverse of ¢, and let @ be an LGA of the composite system, such
that ¥y = (Y ® ¥’) o « is factorized. Let us choose UAL Hamiltonian F for the
composite system such that Wy is a gapped ground state for F with a gap greater than
A > 0 (we can choose F to be df for an on-site O-chain f). Then (¢ ® ') is a gapped
ground state for @(F). Let H be a UAL Hamiltonian obtained from a(F) by partial

averaging over ’. Then for any A € o/ we have

~ IGATH(A)y = ~i(@(B)a(F(B) oy = ~i(BF(B)y, >
> A((B*Blw, = [(Bhwy[2) = A ((A"A) — (AW ) (2:62)

where B = a~!(A ® 1). Thus, ¢ is a gapped ground state for H with a gap greater
than A > 0. |
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Chapter 3

BERRY CLASSES FOR GAPPED STATES OF SPIN SYSTEMS

A bosonic system without any locality can be modeled by the algebra of bounded
operators on a Hilbert space J{. Pure states of the system correspond to self-adjoint
rank-1 projectors P in B(JH) that defines a line in the Hilbert space. All such
projectors can be continuously (in the natural topology) deformed into each other,
that can be interpreted as the absence of non-trivial gapped phases of such systems.
However, the space of all such projectors is not contractible as it has non-trivial second
homotopy group. In particular, given a smooth family of self-adjoint projectors (that
defines a smooth family of states) parameterized by a smooth compact manifold M,
we can construct a 2-form f = Tr(PdPdP) € Q2(M,iR) that gives the celebrated
Berry curvature. A non-triviality of the cohomology class [ f/(27i)] € H>*(M,Z),
which we call the Berry class, gives an obstruction to the contractibility of such a

family.

One may wonder if analogous invariants exist for many-body systems with locality.
As the Berry curvature is extensive with respect to the system size, its value diverges
in the thermodynamic limit and it is unclear how to make sense of it for a microscopic

model without imposing any translational symmetry{']

The physics heuristic, based on the assumption that at long distances a gapped
system can be effectively described by a field theory, suggests that with every smooth
family of systems, one can associate a de Rham cohomology class taking values in
H%*2(M, R). Indeed, for a (d + 1)-dimensional effective field theory on a manifold X,
one can write down a topological term in the effective action that has the form fB ffw,
where w is a closed (d + 2)-form on the space of parameters X, B is a manifold such
that 9B = X and f isamap f : B — X. If the systems have a Lie group symmetry,
one can also use gauge fields to construct topological terms. In particular, one can
write down the Chern-Simons topological terms for any even d. All such topological
terms are characterized by the equivariant cohomology H g*z( M, R) which may be
non-trivial even if M is a point. In particular, by Chern-Weil theory, the space of
Chern-Simons forms of degree 2k + 1 is H***>(BG,R) that agrees with Hé (pt,R).

'Tf the lattice has a translational symmetry with the fundamental domain of a finite volume (e.g.,
74 symmetry of a cubic lattice on R?) and if each state of the family is invariant under it, one can talk
about the Berry curvature per unit cell.
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The goal of this chapter is to define topological invariants of families of gapped states
of spin system (possibly with an internal symmetry described by a connected Lie
group G) which take values in H g*z(M, R) and are obtained by solving a suitable
Maurer-Cartan equation. We call them G-equivariant Berry classes. We show that
the usual Berry class, the Hall conductance, and the Thouless pump invariants are all
particular instances of this invariant. More generally, when M = pt, the equivariant
cohomology can be identified with the space of G-invariant polynomials on the
Lie algebra g of G. Thus, for any even d, our construction attaches a G-invariant
polynomial of degree (d + 2)/2 to a G-invariant gapped state in d dimensions. This
is in agreement with the TQFT approach, which predicts that topological invariants
of such systems should take values in the space of Chern-Simons forms of degree
d + 1. It is well known that the latter arise from invariant polynomials on the Lie

algebra.

We start with formulating a condition on a state that allows us to construct the
invariant in Section [3.1] It can be stated as an exactness of the subcomplex of the
Noether complex that consists of derivations and chains preserving the state. We
show that it is satisfied for any gapped state. In Section [3.2] we give a definition of
a smooth family of states based on the idea of quasi-adiabatic evolution [28]] and
introduce a differential graded Fréchet-Lie algebra of differential forms taking values
in derivations and chains associated with it. We use this algebra to define higher
Berry classes and their equivariant analogues in Sections [3.3]and [3.4] respectively.

We describe various examples at the end of the chapter.

3.1 Complexes associated to gapped states

Given a pure state ¢, one can study the algebras of observables, Hamiltonians or
currents which preserve it. Recall that a UAL derivation F does not excite ¢ if for any
A € by one has (F(A)), = 0. Such derivations form a Lie sub-algebra in D,; which
we denote CDZZ. Similarly, the Lie sub-algebra bﬁl C by consists of B € d,; such that
([B,A])y =0 forall A € by;. We also define a subcomplex C.(bgl) — Co(Dy) of

chains that do not excite ¢ and the complex
i) W o W 7% W
.= Ci(db,) = Co(d,)) > D —0 3.1

of chains and derivations that do not excite . The latter is a sub-complex of the
UAL Noether complex N,. We will denote it NY. The space of k-cycles of N¥
will be denoted Z; (NY). As usual, the k-th homology group of the complex is the

quotient of the space of k-cycles by the subspace of k-boundaries.
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Our first goal of this chapter is to prove the following:

Theorem 3.1 (Local Noether theorem for gapped states). Let i be a gapped state of
a spin system. Then the homology He(NY) is trivial. Moreover, there is a continuous
map hl]f CZk(NY) — N',fﬂ such that O © hl]i’ =1Id.

As we will see later, the exactness of the complex of state-preserving currents

provides a natural way to construct invariants of states and families of states.

To analyze the homology of complex N¥ we will make use of certain linear maps
defined by means of integral transforms. For any H € D,; and a piecewise-continuous
function f : R — R satisfying f(z) = O(|¢|™™) we define amap . ¢ : Hp — Aar
by
+00
(= [ roa o (32)

Itis shown in Appendix[A.5|that .7 s is well-defined and continuous. More precisely,

for any a-localized A € b,; we have
”jH,f(-A)”j,a < Ca”‘A”j,aa a € Ny (3.3)

where C, > 0 depends on H, f and a. This estimate implies that #y ; is continuous
but is stronger than continuity because C, does not depend on j. In other words, the
map Fy r is equicontinuous w. r. to a family of metrics on d,; labeled by j. This
ensures that %4 r extend to continuous chain maps %4 s : No — N,. On k-chains
with £ > 0 it is defined by

I (@) jo..ji = IHf (@jo.ji)» (3.4)

while on derivations it is defined by
Y
T A = 3 (T (AD)

z

(3.5)

If ozg ) preserves a state i, then fy ; preserves the subspace bfl and the subcomplex
NY. Indeed, for any A, B € d,; we have

([Fn.f(A), Blyy = / FOA, @ (B)]ydr. (3.6)

Therefore if A € bﬁl, then Sy r(A) € bﬁl.

If ¢ is a gapped ground state of H, then with a clever choice of f a stronger result
holds.
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Lemma 3.1. Let  be a gapped ground state of H € D, with a gap greater or equal
than A > 0. Let wa(t) be an even continuous function wa(t) = O(|t|=*) satisfying
/wA(t)e_i‘“’dt =0 for |w| > A’ for some 0 < A" < A and/wA(t)dt =1 E] Then
for any A € d,; and B € b, we have

(FHwa () By = (Fwa (A))y By (3.7

and thus Fiy, (A) € Y, and i, (Na) € NY.

Proof. Let m; be the GNS representation corresponding to ¢ and dP,,, w € R, be
the projection-valued measure on R corresponding to the self-adjoint operator H.
Then

(T (A) By = /_ dw [ dr w(1)e™ ' (Olmy (A)dP 7y (B)|0) =
+A’ +00
= / dw / dt wa(t)e ™ (0| ry (A)dP,my (B)|0) =
—A’ —o0

= [ s A By = T, A (B (B9

o0

O

Using this lemma, one easily obtains the following result.

Lemma 3.2. ForanyH € D, with a gapped ground state s there exists h¥ € Co(bﬁl)
such that H = h¥.

Proof. Let wa = O(]¢|~®°) be a function as in the statement of Lemma and
suppose H = dh for some h € Cy(d,;). Let ¥ = Fy,,, (h). Then for any A € o,

we have

+00

oh? (A) = / mwA(r)ag)H(a,g‘”(A))dt: / wa(t)H(A)dt = H(A). (3.9)

(o) —00

O

Remark 3.1. The construction of hY by means of the map Sy, is due to Kitaev
[40].

Another interesting choice for f is described in the next lemma.

2Such functions exist [26} 4]. See Lemma 2.3 from [4] for an explicit example.
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Lemma 3.3. Let ¢ be a gapped ground state of H € D,;. Let Wa(t) = O(|t|™°) be

an odd piecewise-continuous function defined for t > 0 by Wa(|t]) = — f|;|>o wa(s)ds.
Then for any A € d,; we have

A = Fnw, (HA)) = Fw, (A). (3.10)
Proof. Straightforward computation. m|

Remark 3.2. The map S w, first appeared in [55]].

In what follows we will use a shorthand ¢ for the chain map %4, : No — N, with
wa chosen as in Lemma and a shorthand 3¥ for the chain map Fiyw, : Ne — N,
with Wy chosen as in Lemma These chain maps preserve the subcomplex NY.
In addition # maps N, to NY. Finally, they satisfy an identity

a-J7"({H,a}) =t¥(a), VaeN,. (3.11)
We are now ready to prove Theorem [3.1]

Proof of Theorem Let H € D,; be a gapped Hamiltonian for . By Lemma|[3.2]
there exists h? € Co(bfl) such that Ah¥ = H. For any f € N, let

s (f) =77 ({h”,f}) . (3.12)

s¥ is a continuous linear map N — Ny, which maps N‘,f to NZH. Now suppose
a € Z,(\NY). By Prop. a = db, where b = h(a) € Ny, is a continuous linear
function of a. The identity (3.11)) implies

a=0t"(b) +ds’(a) = d(t¥ o h(a) + s/ (a)). (3.13)
Therefore we can set AY =¥ o h + s¥. O

Remark 3.3. The vanishing of Ho(NY) can also be explained as follows. Eq.
implies that s¥ induces a contracting homotopy on the quotient complex N,/ NY,
therefore the homology of N/ NY is trivial. The homology of the UAL Noether
complex is also trivial. Therefore the long exact sequence of homology groups (in

the category of vector spaces) corresponding to the short exact sequence
0N SN, - NN 50 (3.14)

implies that H,(NY) is trivial. However, for our purposes it is important to know

that a continuous linear map hY inverting 9 exists.
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In the following sections we will define invariants of gapped states and smooth
families of gapped states under LGA-equivalence. The definition depends exclusively
on the existence of a derivation H € Sﬁl and a map J¥ with the properties described
abovel]

3.2 Smooth families of states of spin systems

Let M be a compact connected smooth manifold. Consider a family of states ¢
parameterized by M. We denote a state at the point m € M by ¢, : &/ — C. The
averaging over states defines a function (- ), : M — C.

Definition 3.1. A smooth family of states  over M is a family of states for which

there exists G € Q' (M, Dy;) such that for any smooth path y : [0,1] — M one has

_ (®)
Wy(s) = Yy(0) © g

Remark 3.4. As explained in Appendix[A.5] the result of A. Moon and Y. Ogata [48]
implies that for a smooth family of gapped UL Hamiltonians H € Q°(M, D) with a
unique gapped ground state yr,, Ym € M and such that the function M +— (A) is
smooth for all A € o ¢, the family  is smooth in the sense of Definition 3.1

Proposition 3.1. A family of states W is smooth if and only if for any observable
A € A ¢ the function M +— (A)y is smooth and satisfies

d( Ay = (G(A))y (3.15)

for some G € Q' (M, D). That is, a family of states  is smooth iff it is parallel

with respect to the connection d + G on the trivial vector bundle with fiber & .

Proof. Pick a point my € M. For any m € M there is a smooth path y : [0, 1] - M
with y(0) = mo, y(1) = m, and by assumption (A), ., = (afy‘i)G (A))wmo. By Prop.
this function is smooth and its derivative at s = 11s (y*(1)G(A))y,,. This implies

(3.15). Conversely, eq. (3.15]) implies that for any such path y and any A € &/,, the

© 4

function s <(a;i)c;)‘1(fl) ), 18 constant. Therefore ¥, (5) = ¥y(0) © @G

Corollary 3.1. Let {U®} be an open cover of M. A family of states  over M is

smooth if and only if it is smooth over each element of the cover.

3The existence of ¥ roughly means that any restriction of an arbitrary state-preserving Hamiltonian
to a region (that in general does not preserve the state) can be modified at the boundary of the region,
so that the resulting Hamiltonian still preserves the state. A similar property has been considered in
131
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Proof. The only if direction is obvious. Now suppose one is given a D,;-valued
1-form G® on each U® such that v is parallel with respect to each of them. Then
we can construct G on M with respect to which ¢ is parallel using a partition of

unity for some open cover subordinate to {U®}. O

If every element of the cover {U(®} is smoothly contractible, one can also describe

a smooth family of states using locally-defined smooth families of LGPs.

Proposition 3.2. Let {U®} be a finite cover such that each element is smoothly
contractible. A family ,,,, m € M, is smooth if and only if there is a state o and
smooth families (B®),,, m € U®, of LGPs such that ¥, = g o (,B(a)),gf)for any
m € U@ and any a.

Proof. Suppose ¥, is parallel with respect to G € Q! (M, D,;). We pick a point
mo € M and let g = ¢,,,. For every alet y® : U@ x [0, 1] — M be a smooth
homotopy between the map of U@ to mg and the identity map. We regard it as a

smooth family of paths in M based at m and labeled by m and let (3®),, := @ @

In the opposite direction, given families of LGPs 3@ we can define G = 3, f®@w @,
where 0@ = wg@ and f () 5 a partition of unity. Since the family of states i is
parallel with respect to the connection d + w® on each U@, it is also parallel with
respect to d + G. m]

Given a smooth family of states v,,, m € M, one may ask whether it is possible to
choose a globally defined smooth family of LGPs 3,,, m € M, such thaty,,, = o S,,.
Since the space of LGPs is smoothly contractible, this is possible only if the family
of states is smoothly homotopic to a constant family. For d = 0, when the algebra
A4 1s simply the algebra of operators on a finite-dimensional Hilbert space I,
it is well known that not all families of states are homotopic to a constant family.
Indeed, for d = 0 a smooth family of states is the same as a smooth line bundle
L over M. If the 1st Chern class of this line bundle is non-trivial, the family is
not homotopic to a constant one. If ¢, is a ground state of a family of gapped
Hamiltonians parameterized by M, it is the cohomology class of the Berry curvature
which provides an obstruction for the existence of a globally defined family of LGPs.
Below we will construct similar obstructions (“higher Berry classes”) for smooth
families of gapped states with d > 0. This includes smooth families of ground states

of gapped finite-range Hamiltonians.
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To construct these obstructions we will use a bi-complex of differential forms taking
values in the complex N = (C.(bal)i>Dal):

5 QN M, G (da)) D Q° (M, Colba)) 2 M, Da) S0, (3.16)

with the second differential being the de Rham differential 4. Itt will be convenient to
use a cohomological rather than homological grading on N and accordingly denote
its degree k-component by N*. Then d has bi-degree (1,0), while d has bi-degree
(0,1). We will also shift the grading on N so that D,; sits in degree 0 and the
bracket has degree 0. Then N*® becomes a defferential graded Fréchet-Liet algebra
(DGFLA).

The bi-complex is a graded tensor product of the DGFLA N*® and the
supercommutative algebra Q°(M,R). Therefore it has a natural graded bracket
which makes it into a graded Lie algebra. Explicitly, the bracket of decomposable
elementsg® ¢ andh® 6, g,h € N°®, 9,6 € Q*(M,R), is

[g® ¢, h@6] = (-1)"I"[g h] (¢ A 6). (3.17)

The space Q°* (M, N*) equipped with the total differential d + 9 and the bracket is a
DGFLA.

When Q° (M, N*®) is regarded as a complex with respect to 0, it has a sub-complex

consisting of chains and derivations preserving ¢ pointwise on M:
LSt o) St an) Seond’) S0 3

We will denote it Q° (M, NI;,). This sub-complex is not preserved by d. But if the
family (M, ) is parallel with respect to G € Q'(M, D), then it is preserved by
a “covariant differential” D := d + {G, -}. Indeed, for any b € Q™ (M, Ng) and any
A € d,r we have

({Db, A})y = (D{b, A}y + (-1)7"({b, DA})y = d{{b,A}), =0.  (3.19)

D has bi-degree (1,0) and supercommutes with 9 provided we flip the sign of d
on odd-degree forms. It also satisfies D> = {F,-}, where the “curvature” F :=
dG + %{G, G} e Q2(M, D) is covariantly constant: DF = 0. In addition,

(F(A))y = (D*A)y = d*(A), = 0. (3.20)

Therefore F € Q%(M, CDZZ).
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Remark 3.5. The above properties of D and F mean that Q*(M, N{’ﬂ) equipped
with D + 0 is a curved differential graded Lie algebra (CDGLA) with curvature F,
while the inclusion of (Q°* (M, NJ/), D + 0) into (Q* (M, N*®),d + 9) is a morphism
of CDGLAEs.

Theorem 3.2. Let (M, ) be a smooth family of gapped states parameterized by
a compact connected manifold M. Then the complex is exact with respect
to 0. Moreover, there is a continuous linear map th from Q*(M, Z¥ (Ny)) to
Q* (M, Nﬁ‘l) which is right inverse to 0.

Remark 3.6. Since all states in a smooth family are related by LGAs, to check
whether a family is gapped it is sufficient to check whether any particular state in the

family is gapped.

Proof of Theorem[3.2] Let us fix a finite smoothly contractible cover {U®} and
families of LGPs 8@, such that ,, = ¥ o (,B(a)),(nl) for some (. Since ¥ is
gapped, the complex (3.18)) becomes exact if we replace the family ¢,, with the
constant family . The corresponding right inverse to 9 is the map h¥° from
Theorem Then the right inverse to d for the restriction of to U@
is hﬁ(a) = (B@)D o p¥o o ((B@)(M)~1 Then picking a partition of unity f@
subordinate to the cover we get a right inverse to d on the whole M by letting

hi{ =2 f(a)hf((a)-

3.3 Higher Berry classes

For d = 0, we have D,; = d,;. A smooth family of pure states can be identified with
a smooth family of self-adjoint rank-1 projectors P in &/, parameterized by M. The
gapped condition is vacuous for d = 0. Then F is a closed 2-form on M with values
in ®,; which commutes with P. If one defines a 2-form f = (F), = TrPF, then f is
closed and purely imaginary. If we identify G with the adiabatic connection arising
from a family of gapped Hamiltonians for which i is the family of ground states,

then f is the curvature of the Berry connection.

For d > 0 the expression (F), does not make sense since the derivation F need not
be summable (i.e., the Berry curvature is divergent in the thermodynamic limit).
Instead, following [4 1} 37], we will define descendants of F and use them to construct

an element of Q%*2(\, bfl) whose average will be a closed (d + 2)-form on M.
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Letd = d+ 0. If (M,y) is parallel with respect to D = d + G, then using
Theorem we can recursively build g(”) e Q"2(M, N{;"‘l), n > 0, such that
G =G+, g™ satisfies the Maurer-Cartan (MC) equation

1
dG* + E{G.’ G*}=0. (3.21)
Indeed, the MC equation is equivalent to the following system of equations:

F=-d9", (3.22)

n—1

1

Dg" + 3y {g(k), g<”—1—’<>} = _9gmD, n=0,1,2,... (3.23)

k=0

It is straightforward to check that if the first n equations are satisfied, then the
left-hand side of the (n + 1)-st equation is annihilated by 9. Therefore by Theorem
a solution for g+ exists.

Any solution to the MC equation defines a differential D = d+G*® on Q* (M, N*) which
preserves Q° (M, Nl;,) and satisfies D> = 0. The differential D turns Q°® (M, NJ/) into
a DGFLA. Note also that

d(g™)y = —(09" )y, (3.24)
where we have used ({g¥, P =0.

For a d-dimensional system and any conical partition (Ao, ..., Az) of R? we have
an evaluation operation (( - )4,..4,) : Q°(M,N*) — Q°*(M,iR) that takes value
(aay..4,00 if a € Q°(M, N-4-1) and is 0 otherwise.

Let
[ =G a, a0 € QT(MIR). (3.25)
We have
df =d(@\, Y =—09“" ) apa,..a.)u =0. (3.26)
Therefore f defines a de Rham cohomology class [ f] € H*?(M, iR). Clearly, f is

the same for all orderings of (Ao, ..., Ay) which correspond to the same orientation

of bases on S9~!. Note also that f is locally computable: if we truncate the sum

(d)
AoAl...Aq

an O(r~*°) quantity.

defining g by replacing each A, with A, N B, (r), this will modify f only by

One and the same smooth family of states can be parallel with respect to many
different connections G € Q! (M, D), and for a fixed connection G, the solution of
the descent equation (3.21) is also far from unique. We will now show that the class

[ f] is not affected by these choices and defines an invariant of (I, ).
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Theorem 3.3. The class [ f] € H*?(M, iR) defines an invariant of the family of

states (M, ). In particular, it does not depend on the choice of G® or a conical

partition (Ao, ..., Ag) (provided it corresponds to some fixed orientation of S¢~1).

Proof. Suppose we have changed the regions Ay, ..., Ay by reassigning a finite
region Ag — Ag+ Band Ay — A; — B. Then

_ (ad) _ (d) _ (d-1)
Af = 9p(agian s aghv = (09pa, a v = dQpa, a0 (3:27)

Thus [ f] does not depend on the choice of Ay, ..., Ay for a fixed triangulation of
§9=1 . The same argument combined with local computability implies that [ ] does

not depend on the choice of the triangulation of $9-!.

Let us fix a map h”['M as in Theorem Using hl/'M for any two choices G,G of
the connection on a given family of states (M, ) we can construct solutions g°,
g° of the MC equation eq. . Let h and h be the elements of Q! (M, Cy(d4))
such that G = dh and G = dh. Since ([G - G, ]) = 0, we have G — G = dk for
some k € Q!(M, CO(DZ,))- For a half-space A defined by x > 0 for some linear
coordinate x on R? we let fi; = h; + ya(j)k;. Then G = 8h is a connection which
preserves the family ()M, ) and interpolates between G for x < 0 and G for x > 0.
Starting with G and using hl/'M we can construct a solution §* of the descent equation
that interpolates between g* and §°. The corresponding class [ f] € H™*2(M, Z) is
independent of the choice of conical partition, and therefore by choosing the apex of
a conical partition with sufficiently large and negative x (resp. sufficiently large and
positive x) we can make it arbitrary close to the class [ f] corresponding to G* (resp.
the class [ f] corresponding to G*). Hence [ f] = [f] = [f].

It is left to show that for a fixed conical partition (Ao, ..., Az) and a fixed G the class
[ f] does not depend on the choice of the solution of the MC equation eq. (3.21). Let
g° be any solution of the MC equation, and let g; be a solution obtained from G, g,
...9g%=D using h;f/[ Let [ f] and [ fx] be the corresponding classes. Note that [ fp]

depends o(rlgy on G and th. Similarly to the argument from the previous paragraph,

since 4(9,,, g,(ck)) = 0 for any k we can construct §; , ., that interpolates between
gz and g7 . Hence we have [ fi] = [ fi+1]. By definition [ f] = [ f4+1], and therefore
[f1 = [fo], which does not depend on the choice of g°. O

Remark 3.7. For families of invertible states, it is expected that the class | f [ (2xi)] €
H%™2(M, iR) can be refined. In particular, it lies in the image of H**(M,iZ) —
H2 (M, iR) for systems of dimension d < 2. We give proof of this for 1d spin
systems in Section
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3.4 Equivariant higher Berry classes

Let G be a compact connected Lie group with the Lie algebra g. In this section we
define equivariant higher Berry classes for gapped states and their smooth families in
the presence of G-symmetry. They generalize the Hall conductance of U (1)-invariant
gapped 2d states defined in [34]] and the Thouless pump [61] and its analogs in higher

dimensions [37]].

We assume that each on-site Hilbert space V; is acted upon by a unitary representation
of G. Lety : G — Aut(«) be the corresponding homomorphism. We denote
the derivations corresponding to the infinitesimal generators of the symmetry by
Q€ Dy ® g*, thatis on G we have dy®(-) = y(g)(Q((f)( -)), where 6 = g7'dg €
Q!(G, g) is the Maurer-Cartan form.

Let M be a manifold with a smooth G-action L, : M — M, g € G. Letv €
['(TM) ® g* be the vector fields corresponding to this action. If we choose a basis r¢
for g*, then we can write v = ), , v, ® r%, where v, is a vector field on M. There is
an induced G-action on Q° (M, R) via the pullback w L;_lw. Infinitesimally, it is

given by £, = >\, L« ® r* where £, =1,,d + du,, is the Lie derivative along v,,.

Let Sym® g* be the ring of polynomial functions on g. We regard it as a graded
vector space, with linear functions on g sitting in degree 2. G acts on it via the
co-adjoint action Adz. To define the Cartan model for the equivariant cohomology
HZ (M, R) we consider the graded vector space Q°(M, R) ® Sym*® g* equipped with
degree-1 maps d® 1, ¢, = 3, t,a ® r¢, and a degree-2 map £, = t,d + dt,,. Then the
complex of the Cartan model Q2.(M, R) is defined to be (Q*(M, R) ® Sym® a9)’,
where (-)¢ denoted the G-invariant part, with the differential being dc = d +t,.
Note that a% = £, vanishes when restricted to Q¢ (M, R).

Let (M, ) be a smooth family of gapped states over a compact connected manifold
M.

Definition 3.2. A family (M, ¢) is called G-equivariant if Y, o y'&) = ‘/’Lg—l (m) for
allm e Mandall g € G.

We can define equivariant analogs of differential forms taking values in observables,
derivations and chains. They are annihilated by £, — Q. There is an averaging
operation that projects spaces of such differential forms to their G-equivariant

subspaces:
(10 = [ duoe) YO (LAl (), (3:28)
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where ug is the Haar measure with the normalization /G dug(g) = 1. The existence

of this operation ensures that G-equivariant versions of the complexes (3.16) and

(3.18) are exact.

Given a smooth G-equivariant family of gapped states (M, ), we consider the
complex of equivariant differential forms €¢.(M,N*) which is the totalization
of (Q*(M,N*) ® Sym® g*)¢ with elements of g* being assigned degree 2. Let
dc = dc + 0. Then using the G-equivariant version of Theorem we can

recursively build

g(n) c @ (Qg+2_2k(M, Nl;n—l) ® Symk g*)G, n>0,
0<2k<n+2

such that G* := G + X2 g satisfies
1
dcG*® + E{G.’ G*'}+Q=0 (3.29)

so that for D¢ = d¢ + G* we have ch = L, — Q that vanishes on Q2. (M, N°*).

Similarly to the previous subsection, we can define the evaluation operation
(()ag.aqg) = QLN — Q2 (M,iR). For a conical partition (Ao, ..., Ag)

we define an equivariant differential form
f=1(G},. a,0v € Q;(M,IR) (3.30)

which is closed with respect to d¢. In general, unlike in the non-equivariant case, this
form is not homogeneous when regarded as an ordinary form. The form f represents

a class of total degree d + 2 in the equivariant cohomology:

[£1= (Gh, 0] € HE (M, iR). (3.31)

In the same way as in Theorem [3.3|one can show that this class is independent of the
choice of (Ao, ..., Ag) (provided it corresponds to some fixed orientation of S¢~1)

and G°*, and therefore defines an invariant of the family (M, ¢).

Example 3.1 (Hall conductance). Let d = 2, M = pt and G = U(1). The
corresponding state  must be U(1)-invariant. For G = U(1) we can identify
(Sym**! ¢*)C = R via the isomorphism that sends the minimal integral element
12k+1) 1o 1. It is easy to see from the Maurer-Cartan equation eq. that G*

only has components of even chain degree. Let M) be the component of G* of
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chain degree 2k. The lowest two components of eq. are

Q=-0m?, (3.32)
1
E{m(o), m®} = —om®. (3.33)
In more detail, eq. says that the derivation Q has the form
Q) = -y [mP. Al (334)
JEA

where for all j € A the observable m;o)

V. Egq. reads in components:

[m (0) m®] ngl){ (3.35)
leA

€ DZI is U(1)-invariant and does not excite

(2

where the observables m;; ) € bd/ are U(1)-invariant and do not excite . The

contraction of Mm@ with a comcal partition Ay, A1, Ay defines an invariant
o? = 4m(mA v € Hpoy (0 R) = R, (3.36)

In Section we discuss this invariant in more detail. We show that for ground
states of gapped Hamiltonians in two dimensions (o-® |27) coincides with the Hall
conductance and prove that for invertible bosonic states o € 27, while for invertible

fermionic states o € Z.

Example 3.2 (Non-abelian Hall conductance). The case of d = 2, M = pt and

G
arbitrary Lie group G is similar to example above, but now m(© ¢ (Co(b )®g ) ,

satisfying Q = —om?, and m® e (Cz(hﬁl) ® Syng*) solving

m®, m(0] @
[m =- > m7. (3.37)
leA

The contraction of m? with a conical partition Ay, A1, Ay defines an invariant

o .= 4m<mf>Al v € HE(pt,R) = (Sym?g*)°. (3.38)

For a simple Lie algebra g we have (Sym*>g*)° = R. This agrees with the expectation
that the response of a gapped 2d system with a symmetry G to a background gauge field
is described by a 3d Chern-Simons action whose coefficient (level) is a topological

invariant.
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Example 3.3 (Higher-dimensional generalizations of the Hall conductance). More
generally, let us take M = pt but consider an arbitrary d and an arbitrary compact
Lie group G. Lety be a G-invariant gapped state. As before, G* only has components
of even chain degree. Let m'*%) be the component of G* of chain degree 2k. For
d = 2k the contraction with Ay, ..., Aq defines an invariant

im0, Yy € (Symt*! g9 = HE(pr, R). (3.39)

Example 3.4 (Thouless pump and its generalizations). Let G = U(1) act trivially
on M and  be a smooth family of U(1)-invariant states parameterized by M. We
may identify ¢* = R. Let t*) e (Q*(M, Nl;k_l) ® )¢ be the component of G*
of chain degree k and form degree k, k = 0,1, .... The Maurer-Cartan equation
implies an infinite number of equations for t©), the first three of which look as

follows:

Q= —otO, (3.40)
Dt® = D) (3.41)
DtV 4+ {g© 1O} = _5t?@, (3.42)

Ford =1 and M = S the invariant /81 <t£\]0) A1>¢ computes the charge pumped through
any point of the system in the process of the adiabatic evolution along a loop S' in

the parameter space.

Ford = k and a € Hi(M, Z) the invariant /a<t1(41i))Al...Ak )y is a higher-dimensional

generalization of the Thouless pump introduced in [38].

Finally, let us discuss an example of a family of 1d states with a nonzero non-
equivariant higher Berry class. (Other examples of families with a nonzero higher

Berry class appeared in [63]].)

Example 3.5. The family is associated with a compact connected Lie group G and
a G-invariant 2d state in the trivial phase but with a nonzero non-abelian Hall

conductance (such 2d states are known as Symmetry Protected Topological states).

Let us consider a two-dimensional lattice system (A, &) with an action of G as
defined in Section Since Q = 0q for q € Co(dar) ® g%, for any T C R? we
can define an action of G generated by Q|r = qr. We denote the corresponding
homomorphism by yr : G — Aut(&f). We denote the left-invariant Maurer-Cartan
formby 0 =g 'dg € Q'(G, g).
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Let Y be a factorized pure state. Let 8 be an LGP such that the state w = g o BV
is also G-invariant, with a G-action defined by Q € (Dy; ® §*)C. The equivariant
Berry class eq. for w defines an invariant quadratic form o on g. This form

is the non-abelian analog of the Hall conductance.

Let (Ao, A1, Ay) be a conical partition. We define a smooth family of states (N, )
with M = G, such that at a point g € G we have Y, = Yo oM oy/(f)) o (BM)~L. Note
that though the state is defined on a two-dimensional lattice, far from the boundary

of Ay it is almost factorized. Hence we may call it “quasi-one-dimensional."

We have
d(Ayy = {BY (¥40 (Qa))s A}y (3.43)

Since Q € (DY ® a*)C, there are G-invariant § € Co(d?) ®g* andk € C1(dy) ® 9"
such that q = q — 0k. Therefore (M, ) is a family of quasi-one-dimensional states
parallel with respect to G = ,8(1)()/;; (kAoKo(g))) e Q'(G,Dy).

We have
a0 (B0)! (dG + %{G, G}) -
= (a0, Ky 7. (0)} + K, 7, (d6) + %{kAOZO(Q), o (0)) =
= —%{dzo(e),%(e)} = —%{qu(e),qu(e)} - %{qu(e),qu(e)}. (3.44)

Hence the contraction of the Berry class [ f] € H>(M,iR) for a family (M, ) with
[M] is given by

o= [ r-
_l</{ (6) = Ky 7,(0). {4, (6). Gag ()} =
PN A AgAp\7)> 1941 10), A ©
- _i<L{qA1(9)’ {CIAO(H), qAO(Q)}}>w =
1 . . 1
— 5[ @ @@, = o [ @.done. 045

Note that all derivations inside the averages { - )., belong to the subspace of summable
derivations d%, and therefore the average is well-defined. If @ does not vanish,

the Berry class | f] is non-trivial.
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Chapter 4

INVERTIBLE STATES OF 1D SPIN SYSTEMS

This chapter is devoted to the analysis of invertible states of one-dimensional spin
systems. In Section [d.T| we prove that all invertible states are in the trivial phase,
while in Section 4.2 we prove quantization of Berry classes for families of such

states.

4.1 A classification of invertible states of 1d spin systems

In this section we show that any invertible state of a 1d bosonidT]spin system is stably
LGA-equivalent to a factorized state. For simplicity of the exposition, we assume
that the lattice of the spin system is A = Z C R. A general case can be treated

similarly. By the origin of a half-line on R we mean its boundary point.

We will say that a pure 1d state has bounded entanglement entropy if the entanglement

entropies of all intervals [, k| C Z are uniformly bounded.

Remark 4.1. It was shown by Matsui [46]] that if & has bounded entanglement
entropy then it has the split property: the von Neumann algebras My = I1, (A 4)”
and M = Tly (A ;)" for a half-line A (and the GNS representation (my, Hy)) are
Type I von Neumann algebras. Since they are each other’s commutants and generate
B(FHy), they must be Type I factors. Thus My = B(Ha) for some Hilbert space Ha,
and the restriction Y|4 to a half-line A can be described by a density matrix p s on
Ha. In fact, [46|]] shows that I 4 can be identified with the GNS Hilbert space of one

of the Schmidt vector states of Y, which are all unitarily equivalent.
Lemma 4.1. Invertible 1d states have bounded entanglement entropy.
Proof. Suppose we have a state ¢ obtained from a factorized state ¢ by conjugations

with almost local unitaries U; and Uy which are g-localized at sites j and &,

respectively, for some g € F. We have

| U U AU gy = (Aol < (817 =11 + g1k = 1D) [l Al 4.1)

By Fannes’ inequality [[19], the entropy of the site / in the state  is bounded by
h(lj —=1]) + h(|k = 1|) for some h € FZ, that depends only on g and the maximal

I'This is not true in the case of fermionic systems: Kitaev chain provides a counter-example.
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spin. Therefore such a state has a uniform bound on the entanglement entropy of any
interval [/, k]. Since any LGA can be written as a composition of conjugations with
unitaries almost localized at j and k and LGAs which are generated by derivations
strictly localized inside [j, k] and outside [, k], and since the stack of an invertible
state with its inverse is LGA-equivalent to a factorized state, the same is true for any

invertible state. O

Let ¢ be a possibly mixed state on a half-line A which is f-close (see Definition [C.I)
at the origin of A to a pure factorized state 9 on A. By Corollary 2.6.11 of [11]], ¢

is normal in the GNS representation of ¢ and can be described by a density matrix.

Lemma 4.2. Let s be a pure 1d state on &f. Suppose ¥ is f-close at 0 to a pure
factorized state w* on [0, +00) and is f-close at 0 to a pure factorized state w™ on
(—00,0). Then it is g-close at 0 on the whole line to w* ® w™ for some g € F, which

depends only on f and the maximal spin.

Proof. Since the states are split, we can describe them using density matrices on
appropriate Hilbert spaces. The decomposition of Z into the union (—oco, —n) LI, L
(n, +00) gives rise to a tensor product decomposition H = H;, @ Hr, ® K. Let
and w; be restrictions of ¢ and w* to (n,+0), and ¢, and w,, be restrictions of ¥
and w™ to (—co, —n). Let p; and o7 be the corresponding density matrices. Let i,
be a restriction of i to (—oco, —n) U (n, +00) with the corresponding density matrix
Pn. We have

ot — ol < £(n). 4.2)

Since trace norm is multiplicative under tensor product, we have

1(on @ py) = (o @ o)l < llpy — oyl + oy — oyl < 2f (). (4.3)

On the other hand, Fannes’ inequality implies that for sufficiently large n the entropy
of p; is upper-bounded by i(n), where h € F, depends only on f and the maximal
spin. Therefore mutual informations I(p, : p;) are also upper-bounded by /i (n),

and the quantum Pinsker inequality implies
llon = (o ® Pl < 2vh(n). (4.4)
Combining this with eq. (4.3)), we get

llon = (o ® o)l < 2f (n) +2vh(n). 4.5)
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We say that a set of (ordered) eigenvalues {1;} has g-decay for some g = FJ if

e(k) < g(log(k)), where (k) = Z;’;kﬂ A;.

Lemma 4.3. Let  be a state on a half-line A which is f-close at the origin of A to
a pure factorized state Y for f € FZ. Then its density matrix (in the GNS Hilbert
space of this factorized state) has eigenvalues with g-decay for some g € FJ, that
depends only on f and the maximal spin. Conversely, for any density matrix on a
half-line A (in the GNS Hilbert space of a pure factorized state) whose eigenvalues
have g-decay there is a state on that half-line which has the same eigenvalues and is
f-close at the origin of A to this pure factorized state. Furthermore, one can choose

f € F so that it depends only on g and the maximal spin.

Proof. Without loss of generality, we assume A = Rso. Suppose ¢ is f-close to
a pure factorized state at 0. It can be purified on the whole line (e.g., in a system
consisting of the given system on a half-line and its reflected copy on the other
half-line). Moreover, by Lemma[4.2] we can choose this pure state to be f’-close at 0
to a pure factorized state on the whole line for some f’ € % that depends only on f.
By Proposition [C.2] it can be produced from a pure factorized state on the whole
line by a unitary observable U which is A-localized at O for some 7 € F} which
depends only on f’. Let |o) be a GNS vector for the corresponding factorized state
Yo. By Lemma A.1 of [35], there is i’ € FZ, such that for any r > O there is a unitary
observable U e of, with the support on I', = B,(0) such that

170y (W) [0) = 7y (W) o) || < 1 (7). (4.6)

On the other hand we have

1790 (W) [0} — 7 (U o) | = [l = " I1 4.7)

where p is the density matrix for ¢ and p(") is the density matrix for Iy, (UMY o)
on A. The tracial distance between any two density matrices p and p’ can be bounded

from below in terms of their eigenvalues [[60]:

lo =o'l = > 14;(p) = 4; (), (4.8)
j=1

where the eigenvalues A; are ordered in decreasing order. Applying this to p and p")

and noting that p") has rank at most dim AnT,., We get

lo = p" 1 2 &(dim Hanr,). (4.9)
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Combining (#.6), (4.7) and (4.9) we get
e(dimHanr,) < H'(r). (4.10)

Since dim H4nr, is upper-bounded by exp(cr) for some positive constant ¢, we have
e(k) < g(log(k)) for some g € F which depends only on f and c.

Conversely, suppose we are given a density matrix on a half-line A with eigenvalues
A1 > A3 > .... We may assume that the dimension of /4 is infinite, since otherwise
the statement is obviously true. Pick any pure factorized state 9 on A and choose
a basis in each on-site Hilbert space V;, j € A, such that for all j the first basis
vector gives the state yo|q;. This gives a lexicographic basis |n), n € N, in the GNS
Hilbert space of . By our assumption on the boundness of d; = dim V;, there
is a positive constant ¢ such that for any r and any n < e the vector state |n)(n|
coincides with ¢ outside of I',.. Therefore the state 3, A,|n)(n| is f-close at 0 to

o, where f(r) = g(cr). O

By Lemma {4.3|any restriction /|4 of a state ¢ with g-decay of Schmidt coefficients
to a half-line A can be purified by a state on A, which is f-close at the origin of A to
a pure factorized state for some f € 7, that depends on g only. We call such state a
truncation of  to A. Clearly, if w is a truncation of ¢ to A, then w|4 = ¥|4. The

following lemma shows that truncations exist for all invertible states.

Lemma 4.4. Let y be an invertible state with an inverse Y’ such that that ¥ = Y’
can be produced by an f-local LGA 3 from a pure factorized state ¥y = o ® ).
Then  has g-decay of Schmidt coefficients for some g = FZ, that depends only on f.

Proof. By Lemma.1|and the results of [46]], ¥, ¥, and ¥ have the split property.
Therefore for any half-line A C Z the corresponding GNS Hilbert spaces factorize
into Hilbert spaces for A and Hilbert spaces for A, and the restrictions /|4, ¥’|4,
W|4 can be described by density matrices p4, p;& and P4 in the Hilbert spaces for A
[46]. The restriction of ¥ o B on A is f-close at the origin of A to a pure factorized
state, and therefore by Lemma [4.3] the density matrix P4 has g-decay of Schmidt
coefficients for some g € & that depends on f. Since P4 = pa ® p’;, the same is

true for p4 and p/,.

O

Lemma 4.5. Any truncation of an invertible state  to any half-line is in a trivial

phase.
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Proof. Lety be an invertible state on &/ with an inverse " such that that ¥ = ¢ @ ¢’
can be produced by an LGA (a/l(:l))_l with f-local F € C([0, 1], ®,;) from a pure
factorized state Wo = /o ® ).

For k € Z, let ¢y be a truncation of ¢ to [k, o), and let ¢ be a truncation of ¢’ to
[k, ). Since by Lemma (k ® ¢}) © aFy,,, is g-close at k to Yo ® Y, for some
g € FJ that depends on f only, Proposition [C.2]implies that ¢y is invertible with the
inverse ¢/,. Let ¢ be a pure state on &/ V) ® o/ ?), where /1) and /% are two copies
of o/, with the following two properties: (1) its restriction to (—co, k) coincides
with the factorized pure state (Yo ® ¥0)|(-co,k)s (2) its restriction to A = [k, +o0) is a
purification of /|4 on szf/gl) by some state on df) which is f’-close at k to a factorized
state for some f’ € #} that depends on f only. The existence of such a state follows
from Lemma Simiia)rly, we can define a state ¢7;{ on o’V ® o/"® which is an
1

inverse of ¢;. We let g’ be an LGA that maps Gk ® P oo ® Yo @Y, @Y. G

can be chosen to be vanishing on (—oo, k) and g’-local with g’ € #; depending on
g only.

Let us first show that the state o ® ¢ ® () ® Yo can be transformed into b ® Y ®Yo
by applying a certain LGA B, then an LGA h;-localized at k (for some hy € F),
and finally the inverse of . The sequence of steps is shown schematically in Fig. 1,
where it is also indicated that S is a composition of two LGAs described in more

detail below.

Equivalently, we can apply (5 to both states and then show that the resulting states are
related by an LGA hj-localized at k. 8 is a composition of two LGAs. The first one
has the form Id ® Id ®ag), where ag) maps i, ® Yo to ¢} ® ¢, see Fig. 1. The
second one has the form Id ®a,(:l|[)k+l’m) ® Id. The product of these two LGAs maps
the two states of interest to the states Z; ® ¢, and Z; ® ¢y, where both Z; and = are
hi-close at k to the same pure factorized state on &f ® of ® &/’. Here h; € F} which
depends only on f. By Proposition 2 and Z, are related by a conjugation with

a unitary observable which is /,-localized at k for some h, € F depending only on
I

Let us fix L € N. Since the state ¢, on &1 @ o/? is invertible, by Lemmaits
restriction to (—oo, k + L) has g-decay of Schmidt coefficients with ¢ depending only
on f. Also, since the restriction of the state gﬁ}{ to (—oo, k) is factorized, the nonzero
Schmidt coeffients are the same as for the state ¢y | [k.k+L)- In particular, the number of

nonzero Schmidt coefficients does not exceed the dimension of [y x11) ® Ak k+L)-
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Let us tensor &/ () @ /@ with o 3 @ o/ . By the proof of Lemmaone can find

(1) (2) A3) (4)
a state y; on d[k k+L) ® ﬂ[k k+L) ® d[k k+L) ® ‘Qi[k k+L)

3 4
¢k|[k k+L) ON .Qf(k K+l ® Qf (k. k L) and such that its restriction to 'Q{[(k)k L) ® 'Q{(k)k+L)

is h-close to a factorized state at k + L for some h € F that depends on f only. The

which is a purification of

state y can be produced from (Yo ® Yo ® Yo ® Yo)|[x,k+1) by a conjugation with a

: 0 (1 (2 (3) (4)
unitary V(' € o ksl © Diiisr) © Diirery © Direry

Consider the states 0| [ c0) ® Y0l [k,00) ® Pr|[k,00) a0 xi ® (Yol [ksL oo) Yo l[k+L,00) ®

br+1) onthe algebra,szf[(3) )®.s27[(4) )®dfl) )®.szf(2) )(seeFlg . They are stably

related by an almost local unitary which is 4’-localized at k + L, with i’ € &, which
depends only on f. Indeed, we can first tensor both states with ¥ ® ¥, ® Yo ® Yo

restricted to [k, +00) then produce on these ancillas the state ¢§}( ® ¢ with a g’-local
oW

Gl(—m k+L) G|[k+L o)

states and ¢’ . in an obvious way. In the same way as in the previous paragraph one

LGA, and apply !l acting on the tensor product of the original
can argue that these states are related by an almost local at k£ + L unitary. This implies

that the original states are also related by almost local at k + L unitary U©.

We have shown that the states q?k and gE;HL are related (after tensoring with a total
of six copies of factorized states o and i) by a conjugation with an almost local
unitary U(? followed by a conjugation with a strictly local unitary V(%) Similarly, we
can construct such unitaries U™, V) relating stabilizations of ¢y, and $k+(n+1) L.
By Lemma [B.6 we can choose L such that an ordered product of conjugations with
[T, U™ is an LGA. Since V" commute with U™ for n < n’, an ordered product
[T V(")U(") is equal to [];-_ \7(’”) [T u<") and therefore is also an LGA. By

construction it relates ¢ to a factorlzed state, and therefore ¢y is in the trivial phase.

O

Theorem 4.1. Any invertible bosonic 1d state ¥ of a spin system is in the trivial

phase.

Proof. Lety’ be an inverse state for ¢, and let (a/,(:l))_1 be an LGA with f-local F
that produces (¢ ® /') from a pure factorized state (Yo ® ). It enough to show
that the state Yo ® ¥ ® ¥/, ® Yo on AV @ A @ d'® @ o/ is in the trivial phase.

Let A be a half-line [0, o). Since ,fo‘l) is identical to .Qflgz) there is a pure state
on ,szi/(;) ® ,szi/(f) identical to . Let w_ its truncation to A. Similarly, let w, be a
truncation to A of a pure state on 52722) ® dlgl) identical to . By Lemma the
state (w- ® wy) ® Y, ® Yo is in the trivial phase. Therefore it is enough to show that
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Figure 4.1: The sequence of steps that transforms 1o ® ¢ ® ¥, ® o into G @y .
The regions shaded in blue denote the entangled parts of ¢, while the regions shaded
in red denote the entangled parts of ¢’. The regions where the state is close to a
factorized state are schematically indicated by a faded shading.

. . ° ° ° ° ° ° ] . ° ° ° ° ° . . °
L] . ° ° ° ° o o ] ] ° ° ° ° ° L] . °
(] . ° ° ° o o o . . o ° ° o o L] . °
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Figure 4.2: States ¢ and xx ® (Woli+L.co ® YoltsL.co ® Pisr)

(w-®w4) Y[ ® Yo and Yo ® Y ® Y ® Yy are related by an LGA. In fact, as we

show below, such an LGA can be chosen to be almost localized at 0.

First, we apply to both states an LGA which acts only on the last two factors and
produces ¢’ ®y out of Y ® Yro. This gives us Yo ®Y @Y’ ® Y and (w-Bw,) Y’ @Y.

Second, we apply a composition of al(:}; and al(:a on o @ o' to states (w_ ®
wy) @y and Yo @y @y’ on AV @ A @ o'®. This transformation is shown
schematically in Fig. 4.3] By Lemma[4.2]this gives two states which are both g-close
at 0 to a pure factorized state o ® /o ® i/, on AV AP @ o', for some g € F.
By Proposition [C.2] these states are related by a conjugation with an almost local
unitary. Applying the first two steps backwards we conclude that the two original

states are related by an LGA almost localized at 0.

4.2 Quantization of the Berry class for 1d invertible states.

Let ¢ be a smooth family of zero-dimensional states parameterized by a smooth
compact manifold M. In this case the Berry class [f] € H>(M,iR) defined in
Chapter [3is quantized, i.e., [ f/(27i)] belongs to the image on the canonical map
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Figure 4.3: The sequence of steps that transforms o ® ¥ ® ¥ ® Y into (w- ®
wy) ® ¥, ® Yo. The coloring in the same as in Fig.

H?*(M,iZ) — H*(M,iR) and therefore

L/fez @.11)
z

2ri

for any closed two-dimensional submanifold ¥ ¢ M. One can deduce it by
contemplating f as a curvature of a 1-form gauge field. Mathematically, such
a gauge field describes a connection on the canonical line bundle over M. If
(U@} ey is goo open cover of M, then a connection can be defined by a pair
(h@) e C®(U®), U(1)),a® € QL(UP,iR)) satisfying

j (@) p(bo) _ py(ac) (4.12)
a® — g®) = p@b)-1,p(@b) (4.13)

where U@) = U@ n y®) . The existence of such a pair with f = da® implies
quantization of [ f/(2ni)].

In this section, we prove the quantization of the Berry class [f] € H>(M,iR)
for a family of invertible states ¢ of 1d spin systems parameterized by a smooth
manifold M, i.e., we show that [ f/(2x1)] belongs to the image on the canonical map
H?*(M,iZ) — H?>(M,iR) and therefore

1
— ./2 fez (4.14)

2ri

for any closed three-dimensional submanifold ¥ ¢ M. By analogy with the

zero-dimensional case, we contemplate f as a curvature of a 2-form gauge field.

By good we mean that all charts and all their non-empty intersections are diffeomorphic to an
open ball.
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Mathematically, such a gauge field corresponds a connection on a line bundle
gerbe over M that can be defined by a triple (h(@°) e C*(U@), U(1)),a@®) ¢
QL U@ jR), b@ e Q> (U@, iR)) satisfying

h(abc)h(acd) — h(abd)h(bcd)’ (4.15)
a(@) _ 4(30) 4 ,(b0) _ p(abo)-1 zp(abo) (4.16)
@ — p® — gq(@) (4.17)

where U@ = @ 0 y® n U©. The existence of such a triple with f = db@
implies quantization of [ f/(2x1)].

Remark 4.2. Let O* be the sheaf of smooth U (1)-valued functions on M and Q" be the
sheaf of smooth purely imaginary n-forms on M. Then the triple (h(@°) (@) p(@))
can be interpreted as a degree-2 Deligne-Beilinson 2-cocycle is a 2-cocycle of the

totalization of the Cech cochain complex with coefficients in the complex of sheaves

d1
(0% 2%, ol 4 2. (4.18)

Deligne-Beilinson cocycle

Let ¢ be a smooth family of invertible states of 1d spin systems over a compact smooth
manifold M. In the proof of quantization of [ f/(2xi)], without loss of generality
we can assume that each state of the family is LGA-equivalent to a factorized state
Yo. Indeed, we can always stack ¢ with a constant family of states ¢’ given by an

inverse of any state of the family . The resulting family ¢ ® ¢ has the same Berry

class [ f].

We pick a partition (Ag, A1) of R into half-lines and a connection G* that contains

(G, g, gy and defines the 3-form f = <g£x10)A1>'ﬁ'

Let us choose smooth families of LGAs 8@, ﬁ(()a), ﬁga) over U® such that 8@ :=

(()a) o B yo = ¢ o @ with ﬁ(()a), ﬁga) being almost localized on A and A,
respectively. Since i = g o 8@~ we can also choose smooth families of uniformly
almost localized at the apex of (Ao, A1) unitaries U@ e C®(U@) of,,) such that
(U@E=T @)y =0 and ¢ = ¢ o B@ for p@0) = Ady ) oﬁia) o (ﬁib))—l. We
define smooth families of unitaries U3¢ = g(@0) (((b))q(ab) (1((@c))~1 gyer y(abC),
Since U@®) preserves the family of states, its average (U(3)),, defines a smooth

U(1)-valued function. On U@ we have

u(abc)u(acd) — ,B(ab) (u(bcd))u(abd) (4.19)
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and therefore
<u(abc) >l// <u(acd) >l// — <u(abd) >l// <u(bcd) >l/" (4.20)

Thus, <u<ab0>>w defines a Cech 2-cocycle and a cohomology class in H*(M, O%) =
H>(M,Z).

We define B(@®) = pa)-17p(@b) ¢ ol(y (ab),l)il). By local Noether theorem
for gapped states we can choose A®@ e QI(U®, D) that differs from G| Ao —
B@(B@-145@)|,, by a smooth family Q' (U@, b,;) uniformly almost localized
at the apex of (Ag, A1) and therefore interpolates between G far from A; and
—B@ (B@-148@) far from Ag. Note that B(@) interpolates between 0 and (A®) —
BED-I(A@)),

By setting?
p(@be) . <u(abc)>¢, 4.21)
a'® = (B — A + g (AR))),, (4.22)
b @ = ((dA® + %{A@, A@} — gy, (4.23)
with
j,(@c)=1 77 (abe) _ <(ﬁ(bc)—1(B(ab)) — B@) 4 gbo)yy, (4.24)

1 1
da® = (B (A + (AW, AR} — (dA® + (AP, APY)), - (4.25)

db(a) — _<D9£&)> — _<g,(410)A1> — _f, (426)

we get the triple (h(@°), 4@ p(@) satisfying the relations eq. (4.15) and — f = db®,
That implies quantization of the Berry class [ f/(2x1)].

Remark 4.3. In contrast to the zero-dimensional case, the construction of a connec-
tion and its curvature f on a line bundle gerbe involves various choices and therefore
is far from being canonical. Nevertheless, the cohomology class in H> (M, Z) that
defines the isomorphism class of line bundle gerbes is unambiguous as it is mapped

to the Berry class.

Remark 4.4. Note that if there is a smooth family of LGAs B over M such that
Yo = ¥ o B, then the Berry class vanishes. Therefore non-triviality of | f/(2ni)]

gives an obstruction to the existence of such .

3Note that all derivations inside the averages below are almost localized at a point.
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Chapter 5

HALL CONDUCTANCE AS THE TOPOLOGICAL INVARIANT

Quantization of the Hall conductance of insulating two-dimensional materials at low
temperatures is one of the most remarkable phenomena in condensed matter physics.
Starting with the seminal work of Laughlin [44], many theoretical explanations of
this phenomenon have been proposed which vary in their assumptions and degree
of rigor. For systems of non-interacting fermions with either an energy gap or a
mobility gap there are several proofs that zero-temperature Hall conductance o,
times 277/ e is an integer in the infinite-volume limit [62, (9, |10, 8, |1]. In particular,
Laughlin’s flux-insertion argument was made rigorous in this setting by Avron, Seiler
and Simon [1]]. The case of interacting systems is more involved, since quantization
of Hall conductance generally holds only in the absence of topological order. Much
progress can be made using the relation between o, and the curvature of the Berry
connection of the system compactified on a large torus. This line of work originated
with Avron and Seiler [2]] and culminated in the proof by Hastings and Michalakis
that for a gapped system on a large torus with a non-degenerate ground state the
difference between 277i0 411/ € and the nearest integer is almost-exponentially small

in the size of the system L, as defined in [29] (see also [5] for a simplified proof).

In this chapter, we apply the formalism described above to the case of 2d spin
systems with U(1) symmetry. Since it allows to work directly in the thermodynamic
limit rather than on a particular compact surface, it gives a way to define the Hall
conductance as an invariant of a phase that can be computed locally. As was already
mentioned in Example [3.1] this topological invariant is a particular case of an
equivariant higher Berry class o~ which is defined for any state with acyclic Noether
complex NY that makes it manifestly independent of a parent gapped Hamiltonian

for the state. We confirm this claim in Section[3.1]

We further show that for states for which this invariant is defined, there is a natural
way to produce new states which can be interpreted as vortices or magnetic flux
insertions. Such states may represent states from different superselection sectors
and correspond to abelian anyons. We compute the charge and the statistic of such
anyons and relate it to o in Section providing a formalization of the argument

from [59]. Using these results, we give proof of the quantization o € Z for invertible
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states in Section[5.3] For bosonic invertible spin systems, our methods allow us to

show o € 2Z which is stronger than the result from [29, |5].

5.1 U(1)-equivariant Berry class as a Hall conductance

In this section we consider 2d spin systems with on-site U (1) symmetry. We denote
the automorphism that corresponds to a group element g = ¢4 by y(¥) € Aut().
It is generated by a constant derivation Q € D,;. As we require U(1) action to
be on-site, Q is given by dq for a O-chain q € Cy(d,;) such that q; € b;. We can
interpret q; as the operator of the charge on site j. For a region A, we let yy) be the
automorphism generated by a constant derivation q4. It corresponds to the action of

the symmetry restricted to the region A.

In the following we often use conical partitions of the 2d plane (as defined in Section
[2.2)) and call them tripartitions.

Definition 5.1. Ler &/ be a 2d spin system with on-site U (1) symmetry. We say that
a pure U(1)-invariant state  of & has no local spontaneous symmetry breaking if

there exist U(1)-invariant k € C1(dg;) such that q := q — 0k does not excite .

Informally, a state ¥ has no local spontaneous symmetry breaking if the action of the
charge operator inside a region on this state can be compensated by the action of a
UAL Hamiltonian almost localized on the boundary of this region. Indeed, for any
region A, since g4 does not excite the state, the action of g4 can be compensated by

the action of kK4 7.

Remark 5.1. In the Definition we can equivalently require the existence of
U(1)-invariant q € Co(bﬁl) satisfying 0q = Q as the existence of k would follow
from local Noether theorem[2.3]

Remark 5.2. Note that if  has no local spontaneous symmetry breaking, then so
does any state o 8 for a U(1)-invariant LGA B. Indeed, for the state s o B we can
use B~1(q) instead of §.

Example 5.1. Any gapped U (1) invariant state has no local spontaneous symmetry
breaking as the existence of Q follows from local Noether theorem for gapped states
More explicitly, given a choice of a gapped U (1)-invariant Hamiltonian H € D
we can always choose U(1)-invariant h € Cy(d,;) such that H = dh. Then we can
set k to be S w,(—]) where Fw, is the map from Lemma[3.3|and j := —{h,q} is

the electric current.
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For a state with no local spontaneous symmetry breaking ¢, one can define the

following topological invariant:

Proposition 5.1. Let  be a pure U(1)-invariant state with no local spontaneous

symmetry breaking. Choose k and a tripartition (Ao, Ay, Ay). Then

o = 27Ti<{k,6k}A0AlA2>¢ (51)

does not depend on the choice of the tripartition, the choice of K, and is the same for

any two states related by a U (1)-invariant UAL evolution.

Proof. Note that d({k, dk}), = ({q—-38,9 - §}), = 0, where we have used that
{a,9} =0and ({q, - }), = 0. The conservation of the 2-current {{k, dk}), implies
that the contraction ({K, 9k} 4,4,4,)y does not depend on the tripartition.

Let X and Y be the right and the upper half-plane, respectively. As o~ does not depend
on the choice of the tripartition, we have o = 2mi([Kxxe, Kyye])y. Suppose we have
a different choice of the current k that we denote k’. We have ([kxxc,kyyc])y =
([ax, kyye Dy = ([Kyxes Kyye Dy = ([Kyxe-Ar Dy = ([Kyxe> Kpyel)y. Therefore o
does not depend on the choice of k.

We can always split a U(1)-invariant derivation F = F, + F_ into U(1)-invariant
derivations F,, F_ almost localized on an upper and a lower half-plane, respectively.
Therefore, it is enough to show the invariance of - under a U(1)-invariant UAL
evolution that is almost localized on a half-plane X. Let 8 be the corresponding
LGA. We can compute o for the state i o S using a tripartition with the apex in an
opposite half-plane X¢ far away from X, where its value coincides with the value
of o for the state /. Since o does not depend on the tripartition, it is the same for
states ¢ and ¢ o . O

Remark 5.3. If ¢ is a gapped U(1)-invariant state, then o coincides with the
equivariant Berry class from Example Indeed, we have {{K, 0K} ,4,4,)y =

({k.a = @ agaia0)y = (K, Q+ 8 aga 50y while d{k,q+d} = —{3,8} = 2 om®.

Thus, we have o = 47ri(m£‘20)A1A2>¢, = —4ni{[Qay, 94, Dy-

Let us show that for gapped states, o /2x is nothing but the zero-temperature Hall
conductance. Suppose ¢ is a ground state of a gapped U (1)-invariant Hamiltonian

H. As noted in Example [5.1, we can set k = Fyw, ({h,q}) where Wx(¢) is the
function from Lemma[3.3]and h is a U(1)-invariant O-chain such that H = dh. Let
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p
A B

Figure 5.1: A tripartition (A, B, C) with the apex p.

Jjk =1 my(jjx) be the images of the components of the electric current in the GNS
representation of . We denote the operator that corresponds to the Hamiltonian
by H. Let X and Y be the right and the upper half-planes, respectively. The Hall

conductance is given by the Kubo formula [54]]

) 1
CHan = ), D, )y D, KOl =P)os (1= P)i|0) = (X © 1) (52)
jeX keX¢ leY meY¢©
where |0) is a cyclic vector for the GNS representation and P = |0)(0|. Although the
regions X, X¢,Y,Y¢ are non-compact, the quadruple sum is absolutely convergent
and thus well-defined. To see this, we note that for any two observables A and B we

have

O]y (A)(1 = P)%(l - P)my (B)[0) =
= (IHwy (A Inw, (B)y = (Fuwa (A, (T wy (B))y. (5.3)

Therefore we can rewrite the formula for the Hall conductance in terms of correlators

of almost local observables K = — 71w, (jjx):

OHall = Z Z Z Z i(Kjkkim) = (X © Y) = i{[kxxe, kyye])y = o /(2n).

JEX keX¢ leY meYe©
5.4

5.2 Vortices and their statistics

Given a U(1)-invariant state ¢ with no local spontaneous symmetry breaking, a
choice of k € C1(d,;) and a point p € R?, one can produce a natural class of states
that can be interpreted as states of a vortex (unit of magnetic flux) at p. To define it,
let us make a choice of a tripartition (A, B, C) with the apex at p (see Fig. [5.2a)). Let

(¢)

v be the path of LGAs generated by (q4 — kap). The states of interest have the

ABC
form y o vfgé.
Remark 5.4. Alternatively, we can consider the path of LGAs G%;C = UXQC o )/1(4_@
that is generated by y/(f) (kpa) which is almost localized on the path AB as ﬁfgé =
(27)
v

ABC’
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Proposition 5.2. Tivo vortex states at the same point p but with different choices of

tripartitions (A, B, C) are related by an almost local unitary.

Lemma 5.1. Let X € D, and Y € D, such that [X,Y] € dy;. Then the automor-

(1) () (1)
X \%

X +Y)'l is a conjugation with an almost local unitary.

phism ay’ o a,’ o (@

Proof. We have

d _ ! , _ _
i (o5 o o @) = [ s (o oo o DI o0y 0@,
(5.5)
Theref 0 5o o ()1 i ted by [ ds ol (@ ([X,Y])) €
ererore, Q’X Q’Y aX+Y 1S genecrale Yy 0 S aX+Y aY s
bal- O

Proof of Proposition We can change the paths BC, CA, and AB by reassigning
a cone-like region E from one cone of the tripartition to another (so that the resulting
tripartition is still well-defined). By Lemma|5.1] in order to show that v4 ¢ changes
by composition with Ady for some almost local unitary U, it is enough to show that
the change X of the generating derivation Y = q4 — K4p is such that [X, Y] € d,; and

Yo a)((2”) can be produced from ¢ by conjugation with an almost local unitary.

If we vary BC this way, we have X = kg4 that is almost localized at the origin. If we
vary AC, then X = (qg — kgp). We have kpp € dy; and [, Qs — kag] € Dy, while
qge generates the identity automorphism at ¢ = 2x. Finally, if we vary AB, then a
change of the generating derivation is given by (§g — kcg). We have kcg € b, and
[Ge,94 —Kka] = [QE,Qal + [QE, Kac] € D4, while §g generates the automorphism
that preserves . m|

Remark 5.5. Ifthe state  is gapped, one can also relate vortex states for different
choices of K. Suppose we have another choice of k which we denote K'. Since
ok —k) € CO(DZI), by local Noether theorem for gapped states there is
k € Ci(da), such that (K’ — k) = dk. By local Noether theorem there
isn e Cz(bﬁl) such that K = kK + Kk + dn.  One can split the cone A into two
sub-cones A’ and A” so that (Qa — kap — kag) = (Qar + Kac) + (G4~ — kap) and
[Gar + kac, Qar — RAB] € Dy Since (Qar — RAB) generates automorphism that
preserves , by Lemma and Proposition modification of k by k produces
the vortex states related to the original one by an almost local unitary. The lemma

also implies that the same is true for modification of K by on as it changes Kap by

NABC € Dyl.
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D
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A B
A B A B
C
(a) (b) ()

Figure 5.2: Creation, annihilation and transport of vortices. The shaded region
covers sites, for which q; are involved.

The Proposition |5.2| has an important consequence. Let A be an observable almost
localized at a point x at distance r from the apex p of a tripartition (A, B, C). Let us
choose a cone X with the apex at p and not containing x. We can choose another
tripartition (A’, B’, C’) obtained by a rotation around the apex so that the path A’B’
is inside 2. Then using Proposition[5.2] we get

(AY o = (UAUDY o +0O0G™) =
L”OUABC lﬁOUA/B,C/
= (A ppen  +O(™) = (A +0(™). (5.6)
A’B'C’

This implies that almost local observables localized in any cone with the apex at p
and far from p cannot detect the presence of a vortex at p. (This statement, however,
might not be true if we consider local observables localized on a ring around p. In
this case one cannot deform the paths such that there is no intersection between the

ring and these paths.) In particular, this implies that for a gapped state  and any
(2m)

choice of the corresponding gapped H € D, the state y o v, -

has finite energy.

We can also compute the charge of the vortex. The following proposition shows that
itis given by o.

Proposition 5.3. Let y = ¢ o vﬁf,;%

(Ap)j; — (Ap)y = —ic + O(r™).

be a vortex state at p. Let D = B,(r). Then

Proof. We have

0) ? ?
@ (dp)—ap = @ ([ga—kap.qpl)ds = ; @ sk ([Kag. Ap])ds =

qa—kas ga—kap

¢ ¢
= [ agl e kaabids + 067 = [ ol (lapkashds + 007). 6:)
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Therefore,

(Ap)y — Aply = (a! (ap) —dp)y =

QA kAB
2r 2r

= ([ g dtankasds)y + 067 = [ kope,kalds + 06 = —io-

(5.8)

O
Similarly, one can define a family of LGAs vi@c generated by (g + qc — Kpa)

_(27)
ABC Note that

with the same properties (see Fig. |5.2b)) and the state ¢ o U

XZC © UE@C oy!" =Idas

d (@ =@ o (-9
%(UABCOUABCOV ‘ ) =

= o) o (qu+as+ac) o i(h. oy =) 05l 0oQoyP =0. (5.9

Therefore ¢ o nggé 17542;2

By applying automorphisms v?®) and #*® at different points and choosing the

= . It is natural to interpret this state as an anti-vortex.

paths AB so that they do not overlap, one can create several vortices and anti-vortices

at different locations.

In general, a vortex state cannot be produced by an action of an almost local observable
(or even a quasi-local observable) on the ground state. However, one can create a
vortex-anti-vortex pair by acting on the ground state with an LGA that is f-localized
on a finite interval for f that depends on the localization of k (and therefore is a
conjugation with an almost local unitary). For example, suppose one wants to create
a vortex at the point ABD and an anti-vortex at BCA (see Fig. [5.2¢). This can be
accomplished using an automorphism generated by 7(¢) (kpa). By the Remark

A+C
there is a canonical path of almost local unitaries that corresponds to the path of
(¢)
LGAs @y pic(kpa)®

To study the transport of vortices along paths, we will first define the set of vortex
configurations and paths of interest. We only consider configurations with a finite
number of vortices, so the set of initial and final positions of vortices is always finite.
These positions are vertices of a trivalent graph, some of whose edges connect the
vertices and some go off to infinity. The paths needed to define vortex states are
paths on this graph. For simplicity we will assume that the graph is a tree. The edges

of the graph need not be straight lines or segments, but we need to assume that they
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Figure 5.3: Admissible paths AB, BC, and C A meeting at the point ABC.

do not come close to each other. One way to achieve this is the following recursive
procedure. Let us fix an angle 6. and a vertex p with adjacent regions A,B,C (see
Fig[5.3). Removing p will cause the graph to fall into three components each of
which is itself a tree. We require that each component is contained in an eventually
conical region with the apex at p such that the angles between adjacent boundaries
of different regions are greater than 6.. Then for each component, we take the vertex
connected to p as the basepoint and repeat the procedure. Any trivalent graph which

satisfies these requirements will be called admissible.

Lemma 5.2. Let (A, B, C) be an admissible tripartition of the plane. Then the
path of LGAs a(¢) é‘z) o a/éi) o y(=9) is generated by p € C([0, 2], bgl) that is
f-localized at the apex of (A, B, C) for some f that depends on the localization of
only and (p(#)), = i¢ o/ (47).

Proof. We have

d (@ @ @ (o)) _ (& () @) . (~¢) _
%(anoanom 0y = a0 @) 00l 0 (Gc - Q) o 0y =

:/0 ds( g © aés) [G4,0G5] © ag"b Do a@ (_¢)). (5.10)

Therefore the path of LGAs is generated by p € C([0, 2x], d,;) where

é
p(0) = [ ds vV el (ol ([anaaD)). (5.1

Since all automorphisms and derivations preserve ¢, we have (p(¢#) )y = #<[da,0s])y =
ip o/(4n). O

Let us consider a processes shown on Fig. [5.4] We assume that the graph formed

by the lines and vertices is admissible and the distances between triple points are
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Figure 5.4: Transport of vortices.

BII BII

Figure 5.5: Transport of vortices along intersecting paths.

bigger than some L. In the first process we consequently produces two vortex-anti-
vortex pairs so that the vortex of the first pair is annihilated by the anti-vortex of
the second. We denote the corresponding unitaries performing the transport by
U4 and Up. In the second process, we create a vortex-anti-vortex pair directly.
The corresponding unitary is denoted Usp. Combining eq. (5.9), the proof of
Lemma |5.2{and applying it to the path of unitaries U AV,(4¢) (uB71(9¢) (W), we get

(UpUAWY, )y = €772 + O(L™).

We see that vortex-transport operators, for large paths L — oo without “sharp"” turns,
compose in the expected way except for a phase ¢™/2. Similarly, one can show that
if one transports a vortex so that shaded regions intersect (see Fig. [5.3)), one gets a

phase e~ /2,

One can create vortices and anti-vortices at the corners of a rectangle using transport
operators 12 and 34 (see Fig. [5.6) and then annihilate them in a different order
by applying transport operators 23 followed by 41. After the application of the
operator 23 one gets the inverse of the application of the operator 41 times a phase
factor ¢™7/2¢™ /2 Therefore the net result of this operation is multiplication of the

vacuum vector by ™ plus O(L~*) corrections.
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N/
7 2\

Figure 5.6: One first creates vortex/anti-vortex pairs by operators 12 and 34 (shaded
in red), and then annihilates them by first applying operator 23, and then 41 (shaded
in blue).

5.3 Quantization for invertible phases

In general, one cannot create a single vortex by applying some almost local or even
quasi-local observable to the ground state vector, i.e., the single-vortex state and
the ground state can belong to different superselection sectors. However, invertible

systems are special in this regard.

Proposition 5.4. Let y be an invertible U(1)-invariant state of a spin system o with

U(1) symmetry. Choose a corresponding k and a tripartition (A, B, C) with the apex

(27)

at p. Then a vortex state y = o Ve

can be produced from ¥ by a conjugation

with an almost local unitary.

Proof. Let (&, ) be the inverse of (<, ), and let 8 be an LGA such that (¢ ®y)of =
¥, for a factorized state ¥y on of ® .

(27)
ABC

localization of k only, the restriction of the state (1 ® /) o 5 to C is g-close at p to

Since v is f-localized on the path AB for some f € %} that depends on the
Wy|c for some g € FF, depending on f. Choose a cone C” inside C and a tripartition
(A’, B’, C’) with the same apex such that the path A’B’ is contained inside C”. Let
W' =yo vf,’l?, - Since vf,’l?, ¢ is f’-localized on the path AB for some f” € FJ that
depends on the localization of k only, the restriction of the state (¥’ ® i) o 5 to C€ is
g’-close at p to Wy|c- for some g’ € F} depending on f’. By Proposition[5.2] states
yy and i’ are related by an almost local unitary. Therefore, the restrictions of the state
(¢ ® ) o B to C and to C¢ are g”-close at p to Wo|c and Wo|ce, respectively, for

some g” € F3. By the same proof as in Lemma 4.2} we conclude that (i ® /) o 8
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is h-close at p to ¥ for some h € F}, and therefore, by Proposition [C.2]there is a
unitary Vapc € Par, such that (f ® ') o f = ¥y o Ady, .- m|

Remark 5.6. For an admissible tripartition (A, B, C), the localization of the unitary

V apc that produces a vortex state depends on the localization of k only.

The fact that a vortex can be produced by an almost local unitary implies that it has
an integer charge as an operator representing Q in the GNS representation has an

integer spectrum. Together with Proposition it gives

Corollary 5.1. Let ¥ be an invertible U(1)-invariant state of a spin system <f. Then
o €Z.

The relation between the statistics of vortices and the invariant o, allows us to prove

a stronger result.

Theorem 5.1. Let y be an invertible U (1)-invariant state of a spin system /. Then

o € Z. Moreover, if the system is bosonic, then o € 2Z.

Proof. Firstly, we consider the case of a bosonic spin system.

By Proposition [5.4]and Remark [5.6 for a fixed choice of k, there is f € F} such
that any vortex state constructed using an admissible graph can be produced by an

almost local unitary which is f-localized at the point of the vortex.

Let us consider the partition of the plane depicted on Fig. with segments
connecting triple points having length L. Let V| and V;, be almost local unitary
observables creating vortices at points 1 and 2 as shown on Fig. and Fig.
let Wi, be a transport operator shown on Fig. and let |0) be the cyclic vector in
the GNS representation (ry, Hy) of . Then, using the results from Section we
have

0 = my (V51 VD (V2V)) 10y + O(L™) =

= 2y (V3191 Wi5) [0) + O(L™) = 7170} + O(L™). (5.12)

As L can be chosen to be arbitrarily large, we have o € 2Z.

For fermionic systems the arguments are the same, but the unitaries V; ; relating the
vortex states to the ground state can either (both) preserve or flip fermionic parity. In

the former case, the unitaries have even fermionic parity, and the same arguments as
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(a) (b) (c)

Figure 5.7: The processes corresponding to Vy, V, and Wj,.

above show that o € 2Z. In the latter case, they have odd fermionic parity, and thus
operators creating vortices at widely separated points anti-commute up to O(L™>)
terms. The above argument then shows that o is an odd integer. Thus vortices are

bosons or fermions depending on whether o is even or odd, in agreement with [59].

O
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Chapter 6

STATES OF 2D LATTICE SYSTEMS FROM VERTEX ALGEBRAS

It is believed that topological phases of matter in two dimensions can be classified by
(2 + 1)-dimensional unitary topological quantum field theories (TQFT) and that the
whole information about this TQFT is encoded in the entanglement structure of the
ground state. In particular, for any such topological field theory, there should be a

pure state of a lattice model on R? that has the corresponding topological order.

There is a big class of non-chiral topological orders that can be realized by tensor
network states defined using the Turaev-Viro construction. The string-net models
introduced by M. Levin and X.-G. Wen [45] 23| 14] provide parent commuting
projector Hamiltonians for such states. The situation is very different for chiral
topological order as only a few chiral interacting topological models have been
solved exactly [40]. One of the main features of such states is the non-existence of a
boundary with short-range correlations. When the boundary modes of the system
with such a ground state can be described by a conformal field theory, this obstruction

manifests itself in the central charge of the chiral Virasoro algebra.

It was suggested a long time ago that the wave function of electrons for the ground
state of a fractional quantum hall system is related to some vertex operator algebra
[49], generalizing Laughlin’s wave function. Similar ideas have been used to propose
various candidates for chiral topologically ordered states of lattice systems [33} 58,
53]. While some expected properties of such states can be checked numerically, it is
difficult to verify analytically that they are representatives of the correct topological
phase. To the best of our knowledge, no general proposal exists for an arbitrary
unitary TQFT. Even a lattice state for the simplest non-trivial invertible bosonic

phase, known as Kitaev’s Eg phase, has not been described explicitly.

In this chapter, we propose class of states of lattice systems with infinite-dimensional
on-site Hilbert spacegT] associated with any simple unitary regular vertex operator
algebra. We show that the states from this class are well-defined in the thermodynamic
limit and have exponentially decaying correlations. We argue that they have the

topological order associated with the vertex operator algebra and propose a way to

I'The entanglement of each site in the construction is finite. The states can be well approximated
by replacing the infinite-dimensional spaces with finite-dimensional ones of large enough dimension.
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insert anyons. In particular, we obtain a lattice realization of a fractional quantum
Hall state with such a topological order?l We argue that our states belong to the
class for which flux insertions and the topological invariant associated with the Hall
conductance can be defined in a similar way as in Chapter [5 and show that the latter
coincides with the expected value. The usage of infinite-dimensional on-site Hilbert
spaces allows us to use the full power of conformal invariance and get analytic results
by relating state averages of observables of a lattice system to correlators of a certain
auxiliary tensor network statistical model that was recently introduced in [13]. It also
allows us to map the problems of computing invariants of states and determining
the properties of topological excitations to evaluations of correlation functions in
CFT which can be done exactly. We emphasize that our chiral states are not tensor
network states. However, we show that they can be obtained as a limit of a family of

non-chiral tensor network states together with a decoupled complex conjugated copy.

Our exposition would be more informal in this chapter compared to the previous ones.
We give a precise description of the class of states and show that it is well-defined,
but we only sketch the proofs of various properties. A more detailed account needs a
generalization of the methods from previous chapters to the case of lattice systems

with infinite-dimensional on-site Hilbert spaces and will appear elsewhere.

6.1 General construction
Preliminaries

Vertex operator algebra

Let V be a simple unitary regular vertex operator algebra with the vacuum vector
|0) € V and vertex operators Y (-, z) : V — End V[[z*']]. The energy-momentum
tensor (the vertex operator for the conformal element) is denoted 7(z) = 2,7 L,z7"?
with the central charge c. Let Rep(V) be the category of representations of V, which
has the structure of a unitary modular tensor category [31]. We denote the finite
set of simple objects of Rep(V) by I with the trivial object denoted a = 1 and with
the dual label being a. We let V(@ be the corresponding modules, and let V(@) be
the corresponding Hilbert spaces. We choose an orthonormal basis e,ﬁf ) in V@ and
the corresponding basis |e,(4f )) in V(@ labeled by integers m € N such that |e,(7f )>
are eigenvectors of Lo with the weight £(® (m) and 1@ (m) < KD (m’) if m < m’.

When we omit the label a, we mean a = 1.

ZFor an integer quantum Hall phase, a commuting projector Hamiltonian model has been proposed
in [17].
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By the state-operator correspondence, any vector |e,,) € V on the boundary of the
unit disk D can be obtained by the insertion of Y (e,,, 0). More generally, if we have
a holomorphic embedding of the unit disk ¢ : D — C, in order to obtain a state |e,,)
on the boundary of the closure of the image, we need to insert (see, e.g., Section 5.4
of [20])

Og(em) =Y (Rgem, ¢(0)) (6.1)
where - -
L Vm L
Ry, =v," exp(z mem) = exp(Z v—mLm)voo (6.2)
m=1 m=1 0
and v,, € C are given by the solution of
Vo exp(z vmzm”az)z = ¢(z) — ¢(0). (6.3)

m=1

We also introduce (a, ¢| as the covector that is parallel to (0|0, ()" and normalized
such that {(a, ¢|O,(a)[0) = 1.

Evaluation maps

Let I be a finite set, and let V := ®/€r V; where V; = V. Let ¢r := {¢;} jer be a
collection of holomorphic embeddings ¢; : D — C of open unit disks with disjoint

images, which closures we denote by B;. The vector |¥r) € Vr is defined by

(Prlen) = (| [ O (em,)) (6.4)
jer

where |e,,) = (X) jer lem;) € Vr. This vector is well-defined since (¥r|¥r) is
given by the partition function on the Riemann surface obtained by gluing two copies
of C\{B,}er along the boundaries of B; (in the sector with only the states of the
trivial module running through the tubes connecting the holes) and therefore is finite.
We denote the corresponding pure state on the algebra B(Vr) of bounded operators
on Vr by ¥r : B(Vr) — C. We can interpret Vr as the Hilbert space for chiral

modes living on the boundaries of B;.

Let I, be a pointed set I' U {«} obtained by adjoining a new element s, and let
Vr, :=V ® Vr. If, in addition to the data from the previous paragraph, we have a
holomorphic embedding ¢. : D — C such that its image contains all {B;} jcr, we
can define a vector |¥r,) € Vr, by

(r.lem,em) = (em. 0l | | O, (em))- (6.5)
jer
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This vector defines a natural pure state Wr, of modes on the boundary of Z that is the
closure of (Im ¢.)\ (UjeF BJ-).

Conformal field theory

When we say CFT, we always mean the diagonal (or Cardy case [22]) conformal field
theory associated with V. We denote the anti-holomorphic sector by V. The Hilbert
space on a circle is HFT = P, (\7(“) ® V(a)). The topological line defects and
the elementary conformal boundary conditions [[15] for the diagonal CFT are labeled
by elements of /. We denote the Hilbert space of states on the interval with the left
boundary condition a and the right boundary condition b by H(@). We choose a
basis |e,(4fb)>, m € Ny ordered by weights. We also use F = @a’beM F(ab),

An elementary conformal boundary condition on the outer part of the disk of radius

r < 1 corresponds to the state on the circle

—c ®) (m
la) = r /62 s Z 2h(P)( )| (b)>®|e(b)> € J(CFT (6.6)
V1

bel m=0
where r=¢/% is the Liouville factor for the disk, and Sap are the components of the S

matrix. Their linear combinations

|b>> _ (Slb)l/z Z Sb |Cl> —r —c/6 Z Zh(b)(m)l (b)> ® |€(b)> (67)

ael
are called the Ishibashi states. We extensively use the linear combination of
elementary boundary conditions (or topological line defects) that corresponds to the

Ishibashi state of the vacuum

1) = (51" ) Sala) =1~ 6/62 " e,) © [em). (6.8)

acl
We call it cloaking linear combination following [[13|], where its various properties
are discussed. In particular, any topological line defect can freely pass through a
hole with the cloaking linear combination of boundary conditions without changing

the correlation functions

- \O/ (6.9)

The discussion about the state-operator correspondence can be generalized to bulk

and boundary field insertions of the diagonal CFT. For a holomorphic embedding
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f : D — C of the unit disk, we denote the bulk field insertion at f(0) that produces
la) ® |@) € V@ @ V(a) on the boundary of the image by O;a)(a ® @). For f that
maps the interval [—1, 0] to the boundary with the elementary boundary condition a,
the interval [0, 1] to the boundary with the elementary boundary condition b and
the upper half-disk to the bulk, the boundary field insertion at f(0) that produces
an open state vector |a) € H@?) on the image of the upper half-circle is denoted
0" (a).

Chiral state

Let A be the two-dimensional lattice which we identify with Z> c C. The elements
of the lattice are called sites, while the segments connecting two neighboring sites
are called edges. The dual lattice is denoted AY. The location of j € Aor j € A on
the complex plane is denoted z; € C. For a finite subset I' C A we let the algebra
of observables of the finite lattice system on I be o/1 := (X) jer B(V;). When V is
fermionic, we use the graded tensor product. In the thermodynamic limit, we define
the algebra of quasi-local observables & on A, which is the norm completion of the

algebra of local observables &/, defined by the canonical direct limit <f, := h_r)n .
r

We consider I C A that are the sets of sites inside the square {z € C : |Re(z)|, | Im(z)| <
N + 1/2} for some N € N. As explained in Section to each such subset we
can associate vectors |¥Yr) € Vr and |Wr,) € Vr, if we choose a collection of
holomorphic embeddings ¢r, := {¢;}jer, of the unit disk. To fix this data, we
choose a function f(z) that maps the unit disk into the interior of the square with
vertices at (+1 £ i)e for0 < & < 1/2 and let ¢;(z) := f(z) + z;. We also fix some
@, such that Im ¢, is given by the square from the first sentence of this paragraph.

The resulting surface X is the square Im ¢, with a collection of holes at each site of
I" (see Fig. [6.1).

In the following, for convenience, we choose a particular one-parameter family of
functions f(z) defined in eq. with the parameter 7 > 0 that characterizes the
size of the holes. When T — 0, the holes almost touch each other, while when 7
is large, the holes are very small. To emphasize the dependence on 7, we write X,
Y.rand ¥, 1,

The norm (¥: ., |¥-r,) is given by the partition function on the Riemann surface
obtained by gluing two copies of X; in the sector with only the states of the trivial
module running through the tubes connecting the holes. Alternatively, it is given

by the partition function of CFT on X; with the cloaking linear combinations of
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Figure 6.1: The surface £, and its partition into elementary blocks.

elementary boundary conditions. It can be computed by cutting the resulting surface
along the edges of A and gluing using the usual rules (see Fig. [6.I). Such a
decomposition defines a tensor network statistical model that is similar to the one
introduced in [13]]. Note that when the holes are large, the necks of the elementary
blocks are very thin, and therefore the states with non-zero weight running through

the necks are suppressed.

We claim that the direct limit of the restriction of the state W, r, to &/r over I' C A
exists and defines a pure state ¥; on &/. In Appendix we argue that it is true at
least for sufficiently small but finite 7 using the cluster expansion, though we believe
that it is true for any 7. We also show that the state ¥, has exponential decay of

correlations of local observables.

Remark 6.1. While we have fixed the lattice to be a square lattice and the shape
of the holes, we believe that construction works for any (not necessarily ordered)
lattice and holes around sites that homogeneously fill the plane so that the widths
of the necks of all elementary blocks are uniformly bounded. In particular, for the
cluster expansion to work, we only need all the holes to be relatively close to each

other so that all the necks are sufficiently thin.

Remark 6.2. We can make the correlation length arbitrarily small by choosing a
small enough value of T. When t grows, the holes shrink, and each site becomes
more and more disentangled. However, the correlation length grows with T since the
necks of the elementary blocks become thicker and the states running through the

necks are becoming less and less suppressed. Therefore, decreasing the size of the
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holes homogeneously does not allow to disentangle the sites without destroying the

locality.

Remark 6.3. The states Y. r and Y r, almost coincide in the bulk, and therefore
we can also get Y. by taking the thermodynamic limit of W, 1. The advantage of
working with Y. 1, over Y r is that the former has decaying correlations for any two
distant observables of 9lr, while the latter has relatively large correlations between
distant observables near the boundary (as the decay of such correlations is only
polynomial). The entanglement with the modes living in the auxiliary factor V in Vr,

effectively localizes the boundary correlations.

Remark 6.4. One can analogously define states on a finite lattice modeling the
system on an arbitrary Riemann surface. In this case, one generally has a non-trivial

space of conformal blocks, and each basis element gives its own state.

In the remainder of the chapter, we give arguments in support of the fact that ¥; has

the topological order associated with the vertex algebra V.

Local perturbations

One natural way to modify the state ¥'; locally is to insert a vertex operator into the
defining correlator eq.(6.5) for ¥r, (such that the resulting vector in V., is non-zero)
and take the thermodynamic limit. Such an insertion corresponds to a change of
an element of the tensor network statistical model that computes the averages of
observables in the state ¥'>. The analysis from Appendix [D.3|implies that the change
of the expectation values of observables outside a large disk around the insertion
exponentially decays with the size of the disk. Using this, one can argue that the

modified state can be obtained from ¥- by an almost local| unitary observable (see
Appendix [C).

A local variation of the moduli of the Riemann surface X, (e.g., changing the size
of a hole) corresponds to the insertion of a certain combination of vertex operators
from the Virasoro subalgebra, and therefore can also be performed by an almost local
unitary observable. The localization of the observable (i.e., the rate of decay of the
“tails") depends on the correlation length. Suppose a global variation of the moduli

is composed of local changes which keep the correlation length bounded. Using

3By almost local, we mean that the observable can be approximated by a local one with the error
(in the operator norm) that decays rapidly (faster than any power) with the diameter of the support
(see [36]] for a precise characterization).
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unitaries for local changes, one can construct a finite time Hamiltonian evolution, with
the Hamiltonian being a sum of almost local terms, that performs the global change.
Therefore, states related by such a global variation are in the same topological phase.
In particular, the states ¥, are in the same phase for different values of 7 as long as

the correlation length stays finite.

One can also modify the state by entangling it with ancillas. If we describe the
initial ancillary state as a pure state of the trivial module living on the boundary of a
decoupled disk, one can create a “wormhole" between this disk and X (i.e., cutting
a small disk out of each surface and gluing the boundaries) by inserting a certain
combination of vertex operators as only the states of the trivial module are running
through this wormhole. Hence, the modified state can be obtained from the original
one by an almost local unitary which entangles the sites of the lattice with the ancilla.
By inverting the process, we can disentangle any single site of the lattice system.
Note, however, that in this way, we can not disentangle all the spins of the system
keeping the correlation length finite (see Remark [6.2)).

Anyons

One can also modify the state W by inserting non-trivial modules of V. A choice of
a holomorphic embedding of the open unit disk v : D — X, and a vector a® € V(@
gives the map V(* ® Vi — C that evaluates the amplitude on the Riemann surface
with fixed state vectors |@(@) € V@, |e,(7f3) e V@, {lem;) € Vj}jer on the
boundaries of the closures of the images of v, ¢., {9} jer, respectively. Therefore v
and a@ define |E£‘%) € V(FZ) := V(@ @ V. We interpret the thermodynamic limit
55‘” of the corresponding state on &/ as a state of the anyon of type a localized on
sites in the vicinity of the image of v. More generally, one can insert several anyons
by choosing a collection of embeddings of open unit disks into X, a collection of
elements of the modules, and an element of the corresponding space of conformal
blocks. The determination of braiding properties is reduced to the analysis of the

correlation functions of CFT.

By the arguments from the previous subsection, one can move anyons (or create
particle-antiparticle pairs) on the lattice using a Hamiltonian evolution, with the
Hamiltonian being a sum of almost local terms localized along the path. In particular,
a non-trivial anyon inside a large ring can be detected by an observable of the algebra
that performs a transport of an anyon with non-trivial braiding around the ring. It

implies that Eﬁa) is not related to W, by an almost local unitary observable.
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Figure 6.2: The surfaces 2, (on the left) and ;o (on the right).

Doubled state and invertibility

While the averages in the state ¥, can be computed using an auxiliary tensor network
statistical model, the state itself is not defined as a tensor network state. However,
there is a natural family of tensor network states @, (o), o € (0, co0) of the doubled
system, such that in the limit c — oo one gets ¥; ® @T, where @T is the state

obtained by complex conjugation.

Let us first define ®. (o) using the correlation functions of CFT operators. Let £,
be the surface obtained by taking the closure of Im ¢. after removing the images
of f(z) + zi for each k € AV (see Fig. , where f(z) is given by f(z) with 7
replaced by 0. We define |®, (o)) € Vr ® Vi by

(@er()emen) = (| | O, (em; ® En ST (6.10)

jer
with the cloaking linear combination of boundary conditions along the boundary of
$,. Alternatively, one can define the components of |®, (7)) as a correlator of
the vertex algebra on a Riemann surface obtained by gluing two copies of ¥ in the

sector with only the states of the trivial module running through the holes.

We claim that the direct limit of the state @ (o) over I' C A exists and defines a
pure state @, (o) on & ® o/ with exponential decay of correlations. In the same way
as for ¥;, one can show that this claim holds at least for small enough 7 using the

cluster expansion.

To define it as a tensor network state, let 2. , be the surface obtained by removing
the images of ¢r from ¥, (see Fig. . We can cut the surface X, , along the
edges of the lattice AV to decompose it into elementary blocks. Each block gives a

mapV ® V ® FH®* — C that defines a tensor network state with the physical space
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being V ® V and with the auxiliary Hilbert space being F on each leg. In Appendix
we explain how one can get an expression for the components of the map in

terms of the CFT correlation functions on the unit disk.

The parameter 7 gives an upper bound on the correlation length of the states @, (o)
for any o, that follows from the auxiliary statistical model obtained by cutting along
the edges of A in the same way as in Section[6.1] When o is large, the presence of
the holes near the sites of the dual lattice is negligible, and the state @ (o) is locally
close to the tensor product of pure states ¥, and ¥.. On the contrary, when o — 0,
the holes are large, and the individual spins become more and more disentangled.
One can produce @, (o) from ¥, ® ¥, by creating "wormholes" (with only the
states of the trivial module running though it) at each site of the dual lattice. As
argued in Section each wormhole can be created by an almost local unitary. The
localization of such unitaries would not be affected if some wormholes have already
been created. Hence, one can compose such creation processes to argue that both
states are in the same topological phase. The same argument does not work if one
tries to disentangle the state @, (o) by disconnecting the necks of the tensor network

since the states of non-trivial modules are running through them.

The situation is special when V is a holomorphic vertex operator algebra, i.e., I = {1}.
In that case, there is only a single boundary condition, and only one state running
through the legs of the tensor network is not suppressed in the limit o — 0. The
state @, (o) can be completely disentangled into a factorized state, and since @ (o)
is in the same phase as ¥; ® @T, the state W; is invertible with the inverse being
... We conjecture that the states ¥, for holomorphic vertex algebras with different

values of ¢ are in different invertible phase.

Remark 6.5. It is believed that invertible bosonic phases in two dimensions are
classified by ¢ € 8Z [42]. Our construction produces a candidate for a state in a
non-trivial invertible phase for any holomorphic vertex operator algebra, including
a representative of Kitaev’s Eg phase, which is believed to be a generator of all
invertible phases. It would be desirable to show that any holomorphic vertex operator

algebra gives a state in the same topological phase as a stack of several Eg states.

Remark 6.6. While in this note we do not provide explicit parent Hamiltonians,
we want to point out that given a parent Hamiltonian H for a tensor network state
@, (o) we can construct a Hamiltonian for Y by applying to H a uniformly almost
local unitary evolution that produces ®. (o) from ¥; ® ¥, and taking the partial

average of the result over Y. In particular, it provides a parent gapped Hamiltonian
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Figure 6.3: The action of the U(1) charge on a region A can be implemented by

inserting fa A (z)% into the defining correlator eq. (6.4).

in the invertible case (since @ (o) can be produced from a factorized state by a

uniformly almost local unitary Hamiltonian evolution and hence gapped).

Internal Lie-group symmetry
Suppose V has a U(1)-symmetry at level k. Let J(z) be the corresponding current
with the operator product expansion
J(2)J(w) :L+... (6.11)
(z—w)?
Our lattice model associated with V naturally has the on-site U(1)-symmetry that
corresponds to the U (1) action on the vacuum module. The state ¥, is U(1)-invariant.

For a region A, let Q4 be the generator of U(1) action on sites inside A. We have
dz
(YrrlQalem) = <(j1§ —.J(Z)) Oy, (em;)). (6.12)
g oA 2Mi g AN

As argued in Appendix C| there is a self-adjoint almost local observable K(z) € o/
such that the difference between the state vector for the state affected by the insertion
of J(z) and the vector K(z)|¥;) is proportional to |¥;). This observable can be
chosen to be U (1)-invariant using averaging over U (1) action. Since the action of Q 4
corresponds to the insertion of the integral of J(z) along dA, it can be compensated
by the integral of K(z) over A, which corresponds to a uniformly almost local

Hamiltonian localized on d A.
Using K(z), in a way similar to Chapter [, we can define an analog of a U(1)-
equivariant Berry class of spin systems o~ for our lattice system that is given by

/1 & d—W] J(2)J(w)s'. (6.13)

o = 2mi( -, -
mz=0 2mi Rew=0 2mi
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Only the singular term contributes to the integral. Since

d d 1 1
[ oE [ = .14
mz=0 270 JRew=0 27 | (z —=w)?  2mi

we have o = k.

One can similarly consider the case of V with G-symmetry for a compact Lie group
G. The analog of a G-equivariant Berry class of spin systems for the state ¥, can be

identified with the level of the G-current subalgebra.

6.2 Examples
Free fermions

The vertex operator algebra of a single Weyl fermion is generated by the fields

()= > Wi, (6.15)
nez

b(2)= ) U1pal" (6.16)
nez

with {U, Wi} = Smen0s {ns¥m} = {¥n, ¥} = 0 and the operator product expan-
sion (OPE)

U (Y (w) = ¥ (6.17)
—Ww

Each site of the lattice system has infinitely many fermionic modes labeled by
r € Z + 1/2. The entanglement of modes in the state ¥, decays with |r| so that

modes with large |r| are almost disentangled.

We have U(1) currents

J@) =) T = g (@Y(2) (6.18)

nez
and the corresponding on-site U(1) symmetry action for the lattice model. The class
o from eq. (6.13)) of ¥ is given by the level of the U(1)-current algebra that, in our

case, is equal to 1.

The lattice state ¥, is free, i.e., the average of any observable can be expressed
through the two-point functions of the fermionic creation and annihilation operators
using Wick’s theorem. These two-point functions define a projector in the single
particle Hilbert space that fully characterizes the many-body free state. The index of
the projector determines whether the state is in a non-trivial phase [9, 1, 40]. The

doubled free state always has the U(1) symmetry that swaps the fermionic modes,
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and its o is given by the index of the projector of the original system. Therefore the

index of the projector for ¥, for a single Weyl fermion is 2.

The vertex algebra of a single Majorana-Weyl fermion is generated by
X(2) =) xo12a?" (6.19)
nez
with {xy, Xm} = Om+n0 and the OPE
1

x@x(w) = +... (6.20)

Its double gives the Weyl fermion, and therefore the index of the projector of the

state corresponding to this vertex algebra is 1.

The states @ (o) are also free and have the trivial index. They give a path between a
factorized state and @T ® W that shows invertibility of V.

Free bosons
With every finite rank lattice L equipped with a positive symmetric bilinear form
K : L X L — 7Z, one can associate the vertex operator algebra of free periodic bosons
with the OPE

¢“(2)¢" (w) = —K** log(z — w) + ... (6.21)

Depending on whether the lattice is even or odd, we can generate examples of chiral
states of bosonic and fermionic lattice systems.
Eg state

The simplest non-trivial free bosonic system that has no anyons is given by free

periodic bosons ¢“, a = 1, ..., 8 with

(¢°(2)¢"(w)) = —(C")* log(z — w) (6.22)

where (C~1)4? is the inverse of the Cartan matrix of Eg. The corresponding state ¥,
is invertible, as discussed in Section [6.1}

U(1),, state

Let us now consider the topologically ordered states produced by a single periodic

boson with .
(P(D)p(w)) = - log(z —w) (6.23)
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Figure 6.4: The partition of the plane into three cone-like regions.

for m € 2Z. The simple modules are labeled by p =0, ..., m — 1. The module with
label p corresponds to the field e'7?.

The system has U(1) symmetry J(z) =id¢ atlevel k = 1/m

1/m
z-w)?

Therefore the resulting state realizes a fractional quantum Hall topological order

J(2)J(w) = (6.24)

with o = 1/m.

Using K (z) from Section we can define the analogs of vortex states from Section
For a tripartition (A, B, C), let K4p be the derivation that corresponds to the
integral of K(z) along the path AB. The action of (Q4 — K4p) on ¥; corresponds
to the insertion of /A B %J (z) where the integral is performed along the half-line
AB. Since J(z) = i0¢, the state with the unit of flux and the state obtained by the
insertion of ¢'? into the apex of the tripartition are related by an almost local unitary.

Thus, both states represent an anyon with fractional charge o = 1/m.
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Appendix A

TOPOLOGY OF ALGEBRAS OF OBSERVABLES

A.1 Fréchet spaces
A seminorm on a real or complex vector space Visamap V — R, v — ||v|| such
that ||[v|| > Oforallv € V, [[v+V'|| < ||[v]|+|]V'|| forall v,v' € V,and |[cv]|| = |c|||v]|

for all v € V and all scalars ¢. A seminorm is a norm if ||v|| = 0 implies v = 0.

A Fréchet space is a complete Hausdorff topological vector space whose topology
is determined by a countable family of seminorms || - ||, @ € Nyp. A base of

neighborhoods of zero for such a topology consists of sets
U(aq,al)...((z,,,s,,) = {V € V : ”v”(li < Si’ l: 1’ L ,f’l}, (Al)

where n € N, @; € Ny, and &; > 0. Any finite-dimensional Euclidean vector space
is a special case where all the seminorms happen to be the same and equal to the

Euclidean norm.

In this work we will be often dealing with a situation where the seminorms satisfy
l-llo <Nt £1l-ll2 <.... One calls such Fréchet spaces graded Fréchet spaces.
Thenthesets Uy = {v € V : |[v|lo < &}, @ € Ny, also form a base of neighborhoods
of zero. A linear map f : V — V' between graded Fréchet spaces is continuous iff
for any a € N there is a 8 € Ny and a constant C, such that || f (V)| < Collv]lg-
The Cartesian product of two graded Fréchet spaces V, V’ is also a graded Fréchet

space, with the seminorms ||(v, V) |lo = [|[V|la + [[V'||,-

Different families of seminorms on V may define the same topology; in that case

one says that the families are equivalent. A family of seminorms || - ||23, B € Nyis
equivalent to a family || - ||, @ € Ny, if for any § there is an a and a constant Cg
such that || - || "8 < Cgl| - |la» and vice versa, for any « there is an 8 and a constant CJ,

such that | - [l < GG I - 5.

If X is a compact topological space and V is a graded Fréchet space, then the space
C(X,V) of continuous V-valued functions on X is also a graded Fréchet space. The
corresponding family of seminorms is || f|lo = sup,ex || f(x)|lo, @ € Np. In the
case when X = [a, b] C R elements of C([a, b],V) are called continuous curves

in V. Most basic rules of calculus (such as the existence of integrals of continuous
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functions, the Fundamental Theorem of Calculus, the Mean Value Theorem, the
continuous dependence of integrals of continuous functions on parameters, etc.)
hold in the setting of continuous functions on regions in R” valued in a Fréchet space

V, see [24] for a review.

If X is a non-compact topological space which is a union of compact subsets
Ky € Ky C ... such that K; C int(K;;) for all i, then C(X,V) is a Fréchet
space whose topology can be defined using seminorms || f||n.o = sup,ek, 1./ (%) [las
n,a € Ny. This topology is independent of the choice of the compact subsets K;.
Similar seminorms are also useful when defining Fréchet topology on spaces of
smooth functions and differential forms on manifolds. Let M be a compact manifold
of dimension M and V be a graded Fréchet space. A function f : M — V is
called smooth iff derivatives of all orders exist and are continuous. In particular, a
smooth function f : [a, b] — V is called a smooth curve in V. The space of smooth
V-valued functions on M is denoted C*° (M, V). One can define a Fréchet topology
on C®(M, V) as follows. First, we choose an atlas {(U @ (@ .py@ 5 rM )} for
M. Then we define a family of seminorms labeled by a chart index a, a compact
subset K,(Za) cU®, keNy,anda € Ny:

|l fllan.k.c = maxmax sup |07 f(m)||a. (A2)
a |l|l<k (a)
mek,
Here I = {i1,...,iy} € N¥ isa multi-index and |I| = 2/[:1 ig. Similarly, one can

define a Fréchet topology on the space of smooth p-forms Q7 (M, V) by regarding
the restriction of a p-form w to U® as a collection of (A[;I ) V-valued functions. One

can show that the topologies thus defined do not depend on the choice of the atlas.

We will also need the notion of a possibly nonlinear smooth map from a Fréchet space
W to a Fréchet space V. One says that f : W — V is continuously differentiable if
the directional derivative

S 1aw) = /) a3

df (w,Aw) = }1_{1(1)

exists and is a continuous function on W X W. Iterating this definition, one says that
a function f : W — V is smooth if directional derivatives of all orders exist and
are continuous functions on W x W X .. .. In particular, continuous linear maps are
smooth. So are continuous bilinear maps from W x W’ to V. Composition of smooth
maps is smooth, other basic rules of calculus also hold true [24]. We will use these
notions to construct certain smooth maps from a manifold M to a Fréchet space V as
compositions of smooth maps from M to a Fréchet space W and smooth maps from
WtoV.
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A.2 Algebra of almost local observables
Fix j € A. Since || - ||f/’a are norms and </, is complete in these norms, the topology
induced by || - ||;. , makes </, into a complete Hausdorff space, and therefore into a

Fréchet space.

Proposition A.1. &/, is a Fréchet algebra.
Proof. For any A, A’ € of,¢ and all r > 0 one has

[iCAA" 1) < fi(A ) (AL 1) + AN (A7 r) + AN (AL ) <
3
<5 (AILF (A" ) + IR f (A7) - (A4

Therefore for any @ € N one has

AU 3 4 AU
A < SIAIG LI, (A5)
that implies joint continuity of the multiplication. O

Proposition A.2. The topology on o, defined by the norms || - || ; JJorafixed j € A
is independent of the choice of j.

Proof. Forany j,k € A with R =|j — k| we have f;(A,r + R) < fi(A,r). Hence

A} o < Al +sup(1+r+R) fi (A, r) < (1+ R)*[IAll} - (A.6)

Ja =

Therefore the families of norms {|| - }and {|| - ||}, ,} are equivalent. O

I’
]

Lemma A.1. Let j, k € A. Suppose an observable A € o satisfies f;j(A,r) < &1
and fi(A,r) < &2. Let B € dp,(r)nB;(r) be a best possible approximation of A on
Bj(r) N By(r). Then

A — Bl < &1 +&+min(gyq, &2). (A7)

Proof. Let AD and A® be best possible approximations of A on B j = Bj(r)and
By = Bi(r), respectively, and let B (resp. B(?) be a best possible approximation
of AW (resp. A®) on Bji = Bj(r) N Bi(r). Then

IA =B < [A-BD| < A-AD|+JAD - BD|| <
< &1+ |[Mpp, (AD - AD)|[ < 261 + 2. (A8)

O
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A.3 Brick expansion

A brick in R is a subset of R? of the form {(x1,...,xq) :m <x; <my, i=1,...,d},
where n; and m; are integers satisfying n; < m;. The empty subset is also regarded
as a brick. A unit brick is a brick with m; = n; + 1 for all i. The intersection of
any two bricks is a brick. The set of all bricks in R? (including the empty set) is
denoted B,. It is a poset with a partial order given by inclusion. This poset has a
lower bound (the empty set) and is locally finite (i.e., for any two bricks Y, Y’ € B,
the set {Z € By, Y < Z <Y’} is finite).

In Section we defined the subspace d' C Dy as an orthogonal complement of

Z bz (A.9)

ZeBy
Vs e

with respect to the inner product (A, B) = (A*B). One can give a more explicit
description of this subspace using a Pauli basis of </,. This is a basis obtained by
choosing an orthonormal self-adjoint basis 8;‘. ,k=0,..., djz. —1,d; :==dim v ; for
each of; (where the inner product is the same as above) so that 8? is the identity
element in &/;. The resulting basis elements of &/, can be labeled by functions
v:A—> Nowithv(j) < djz. which vanish outside of a finite set. The identity element
in &/, corresponds to v being identically zero. If we denote by supp(v) € Fin(A)
the support of v, then a basis for dy consists of those £, for which supp(v) is
nonempty and supp(v) C Y. A basis for d¥ consists of those &, for which, in
addition, supp(v) ¢ Z for any brick Z C Y. Note that since A < 1/2, every unit
brick (and therefore also every nonempty brick) contains at least one point of A.

Therefore d is nonzero for every nonempty brick Y. For any A € d; we have

Aly = Z AY' (A.10)
Y'eBy,Y'CY

Recall [32] that to any locally finite poset P which is bounded from below one can
attach its Mobius function up : P X P — Z. This function has the following property.
Let f : P — V be any function with values in a vector space V. Let us define another

function g : P — V by g(y) = 2.,<, f(z). Then f can be expressed through g by

FO) =D (2 )8(2). (A.11)

z<y

The function up(z, y) is uniquely defined by this property if we demand u(z,y) =0
for z £ y. The Mobius functions is multiplicative under Cartesian product: if P, Q
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are locally finite posets bounded from below, and P X Q is given the obvious partial

order, then ppxp = pup - pg.

Proposition A.3. For any A € d; we have ||AY|| < 44]|A]l.

Proof. Note first that the poset B is the Cartesian product of d copies of B;. The

Mobius function of B is easily computed:

o (1) =m+lm=m’) 3¢ (0’ —n), (m —m’) € {0, 1},
ug, ([n',m"), [n,m)) = ,
0, otherwise.

(A.12)
Therefore ug,(Y’,Y) € {0,1,—1} forall Y’,Y € B, and is nonzero if and only if the
integers n;, m; and n;, m’ defining Y and Y satisfy m;—m’ € {0, 1} andn—n; € {0, 1}

for all i. Applying the inversion formula to (A.10) we get

A = Z wa(Y,Y)Aly. (A.13)
Y'eBy,Y'CY

Since the sum on the r.h.s. contains exactly 4¢ terms, and since ||A|y|| < [lA|l, we

get the desired estimate. O

Similarly, if for any A € d,; we define AY to be the d¥ component of Ay € dy, then

we have the following estimate.

Proposition A.4. For any a € F, and any A € d,; which is a-localized at j € A
we have
|AY|| < b(diam({;j} U Y)) (A.14)

where
b(r) = 2" a(max(0,r/(2Vd) - 2)). (A.15)

Proof. LetJ = (Ji,...,J4) be a point of Z¢ such that |J — j| < 1/2 (such a point
exists because we normalized the metric so that A < 1/2). Suppose a nonempty brick
Y € B, isdefined by integers n; < m;,i = 1,...,d. Let K = max{|m;—-Jy|, ..., |my—
Jal, |n1=Jils s Ina—J4|}. Let Z be the brick [J1 —K, J1+K)X...X[J;—K,J;+K)
andletZ' =[J1 - K+1,J1+K-1)X...x[J;-K+1,J;+K —1). Obviously, Z
contains both Y and Z’. It is also easy to see that B;(r) C Z forallr < K —1/2, and
Bj(r) c Z' for all r < K —3/2. Note also that Y contains a unit brick which does

not intersect Z’, and thus Y contains at least one point of A which is not in Z’.
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Since diam({j} UY) < 2KVd, for K < 2 we get diam({j} UY) < 4Vd, and thus
b(diam({j} UY)) = 22?*14(0). Note also that ||A|y| < ||A] < 2a(0). Therefore
by Prop. [A.3| we have [|AY || < 22%+14(0) and the condition (A.14) is satisfied.

It remains to consider the case K > 2. For any r > 0 let B(") be a best possible
approximation of A on aball B;(r). Since B;(K-2) C Z, BE-2)|y is supported on
the brick Y N Z’. Since Y contains points of A which are notinY NZ’, (B(K ‘2))Y =0
and thus AY = (A—BE-2)_ Therefore by Prop. [A.3|we get | AY || < 22¢+1a(K -2).
Since diam({j} UY) < 2KVd, the condition is satisfied. O

Corollary A.1. For any A € H,¢ the sum Yyep, AY Fréchet-converges to A.

Proof. By the above lemma, [|AY||; o < (1+7)b(r), where r = diam({j} UY) and
b(r) € F£. This proves convergence. By eq. (A.10), the sum is A. O

A4 Chains

Other families of norms

In the body of the work, d,; was defined as a completion of d; with respect to a
family of norms || - ||, where j € A was fixed and a ranged over Ny . Sometimes it
is useful to consider two other natural families of norms on d; labeled by the same
data:

A5G = sup(1+r)*llA = Algnll- (A.16)
LAY, = YsuB?(l +diam({;} UY))*||AY|. (A.17)
€Bqg

For a fixed j, all three family of norms are non-decreasing with «.

Proposition A.5. The families of norms {|| - ||}, {ll - ||§e;}, and {|| - ||§’ra} define

the same topology on 0, and thus give rise to the same completion d,.

Proof. To show the equivalence of two non-decreasing families of norms, we need
to show that each norm from the first family is upper-bounded by a multiple of a

norm from the second family, and vice versa.

It follows directly from the definition that ||A||; , < ||A||;i¥ for all @ € Ny and all
A e bl.

Prop. [A.4]implies

[ AY || < 224*1 £, (A, max (0, ﬁ diam({j} UY) — 2)) . (A.18)
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Hence ||A||?fa < CyllAllj,o for some Cy > 0.
.

,a+2d+1°

any observable A € b; and any brick Y C B;(r) we have A”|g,(,) = A". Therefore

Finally, let us show that ||A||§ir is upper-bounded by a multiple of ||.A| f. For

A=Al = 3 (A =Agm), (A.19)
YZB;(r)
and thus
A= Als,mll <2 > A" (A20)
YZB;(r)

Since for any Y ¢ B;(r) we have diam({j} UY) > r, we get

AN < 2CallANY w210 (A21)
where we have used
+ diam(Y U - < Cy .
1 +diam(Y U {j}))" %D < C (A.22)
YeBy
for some constant C; that depends on d only. O

Similarly, in addition to {]| - ||} on C,;(D,;) we can introduce families of norms:

lall” = sup sup  laj,..j, 15 (A.23)
ae{0,1,....q} jo,---JgEA
b b
”a”(yr = sup sup ”aj()...qu j:,(y' (A24)

ac{0,1,....q} jo,-- g €A
Prop. implies that all these families of norms are equivalent with the following

dominance relations

b b
lalle < llallg™, llalle™ < Cllallghag-  llally” < Collalle- (A.25)

Continuity of chain maps
Proposition A.6. The boundary operator 04 : Cy4(da1) — Cy-1(dar) for g > 0 is

well defined and continuous.

Proof. For g =0, leta € Cy(d,;). Then

l6ally” < sup " (1+diam(Y U {j})?llal ]| < Cllall%;,s, (A.26)
YeBy jEA
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where we have used

2(1 +diam(Y U {j}))"“D < ¢ (A.27)
JEA

for some constant C that depends on the lattice only.

Similarly, for g > 0, leta € C;(d,;). Then

b
10all," <

IA

sup  sup sup Z (1 +diam(Y U {j,}))*||a¥

| <
Jo---Jgq
YeBgy ac{l,....q} j1.-njg €A

JoEA

< Call’ ... (A28)

a+d+1

for some constant C” that depends on the lattice only. Thus, the map d, is well-defined

and continuous for any g > 0. O

Recall that on UL chains we have a map A, : C,;(d;) — Cy1(d;) for g > —1 defined

by
q+1

o Xy Ui oy
Mg @y = D D (D) ¥ A S Feondgn (A.29)
YeB, k=0
for g > 0 and
xy (Jo) AY
h_1(A)j, = E A.30
1( )]o |YﬂA| ( )

for g = —1, that gives a contracting homotopy for the augmented complex Co(d;) —
@1, i.e., hq—l o 8q + 6q+1 o hq =1id and (90 oh_; =1id.

Proposition A.7. The map h, extends to a continuous linear map hy : C4(dq1) —
Cy+1(dy1), that gives a contracting homotopy for the augmented complex Co(dy;) —
Dy

Proof. For a € Cy(d,) with g > 0 we have

lhg @5 < (g+2)llall’. (A.31)

Similarly, for A € Dy
Ih_ (A IE < AN (A.32)
O

Proposition A.8. The bracket {-,-} : Cp(0a1)XCy(da1) = Cpigs1(dar) forp,q > -1

is well defined and jointly continuous.
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Proof. Let A,B € b, and j,k € A. By the definition eq. (2.8) we can choose
Ay € 9, ), such that ||A — Ayl < f;(A,n). Then for AW = A, — A, we have

A= Z A (A.33)

neNy

with A® ¢ Ap;n+1) and || X, AM|| < fi(A,n). Similarly we define B 50
that [| X7, B < fi(B,n). Let @™ = [AM B Clearly, @™ = if
|j — k| > n+m +2. On the other hand, for |j — k| < n+m +2 the observable ")
is localized on a ball of radius 2(m + n + 2) centered at j and has a norm bounded

from above by 8f;(A,n) fi (B, m). Then we have an estimate
sup(1+7)f;(C™ 1) < 8(1+2(m+n+2)"f;(A,n) fi(B,m).  (A.34)
Hence

A Blllja <8 > (1+20m+n+2)" f;(A,n) fi(B,m). (A.35)

n,meN

Moreover, for any @ > 0 we have an estimate

D+ D) (A n) < Mlljar2 ) 1/ (n+1)% (A.36)
neNy neN
Therefore
LA, Blllj.o < CallAlljas2llBllk,a+2 (A.37)

where C, is some constant depending on « only.

Similarly, for any a € C,>0(d4;) and b € Cy»0(d47) we have

”{a’ b}”a < Ca/,p,q”a”a+2”b”a+2 (A38)
for some constant Cy, p 4.

For A € D, and b € C;(dg) using eq. we have

HA.BYIG" = 18 (h-1(A).bllla" < CagllAllg i3 lIbllasasa (A.39)
for some constant C, ,, where h_; is a contracting homotopy from Proposition
Finally, for A, B € ©,; we have

KA BHIY = 1104A, et BVHIY < Call A5 a B 2 (A.40)

Thus the map {-, -} is well-defined and continuous.
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Proposition A.9. The contraction ba,..a, € Da of b € Cy(dy) with regions

Ao, ..., Ay is a well-defined and continuous.

Proof. By the same argument as in the proof of the Proposition[A.6 we have

a5 < Cllbl|>" (A.41)

a+d+1

where by, € Cy—1(dy) is a (possibly partial) contraction defined by

(Ba).sy = D, Bl (A.42)
Jo€Ag
Therefore
1bag..a, 10" < CTMIBIZY oty iaen)- (A.43)
O

Proposition A.10. For any conical partition (Ao, ..., Ag) of R? the contraction

(*)Ap...a, s en element of d, and defines a linear continuous map (-)a,..A, :
Cd(bal) - bal-

Proof. Without loss of generality, we can assume that all A, are conical regions,
since otherwise the map (-)4,...4, differs from a contraction with a conical partition

by a manifestly continuous linear map.

Let p € R? be the apex of (Ao, ..., Ag). Note that the number of tuples {jo, ..., ja}
such that j, € A, and |j, — p| < R is less than CRY(@*D for some constant C. Also
not that when at least one j, belongs to B}, (R) we have diam({jo, ..., j;}) < C’'R for
some constant C’. In the latter case by Lemmawe have ||bj,..;,Il £3f(b,C'R/2)
for any b € Cy(dy).

Hence for any b € C4(d,;) we have

fp(0ag...ags7) < C(r/2)" 4D £ (b, r/2)+

+ D C (L+n+r/" D f(b,C (n+7/2)/2) (A44)
n=0

for some constant C”, that implies

”bAo-n,Ad”p,af < Ca||b||a+d(d+l)+2- (A.45)
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A.5 Ground states of gapped Hamiltonians

For any H € ®,; and a piecewise-continuous function f : R — R satisfying
F(@) =0(|t|™®) let F s : S — Har be the map

Fns () = [ f(nal (. (A.46)

Lemma A.2. The map Sy is a well-defined continuous map.

Proof. Let us choose h € F. such that

sup E ||HY|| < h(r). (A.47)
JEA Y>j
diam(Y)>r

By Theorem 2.1 from [47], for any A € B, (r) and B e .QfB?(RH) with » > 1 and
any 0 < o < 1 we have

[[Lan () (A), Bl||

< CiRY"7 £ CotRI(1 + 1) h(r7)+
IA[B]|

+ Cate" T RMTHR(rT) (A48)

for some constants Cy, Cy, C3, v independent of j,z,r, R.
Let to = r'=7/2v. Then

A, (A, BTN _
IAINBI

o () (A). Bl -
< 2(/0 |f(2)] TANTBI dt) +4/[(; |f(r)|dt <

< 2C'R¥(Ci19e" ™7 + Cor2 (1 + 1) h(r)+

[e9]

+C3r2e" T P R(r)) + 4 / |f(0)|dt =: g(R,R+r) (A.49)

to

for some constant C’. Since g(r/2,r) € F«, in the same way as in eq. (B.8]), we get
an estimate for any A € o/,

Fi(Hr(A),r) < fi(A,r[2) + 2||Allg(r/2,r) +2f;(A,r/2)g(r/2,r), (A.50)

which implies

[T (Ao < CoallAll a € Ny (A51)

4
@’
for some Cyq o > 0. Therefore Sy  : Ay — A4 is well-defined and continuous.

O
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Remark A.1. The version of the Lieb-Robinson bounds proved in [4|] is sufficient

to prove the existence of the map v y for UL Hamiltonians or Hamiltonians with
exponential decay, but not for arbitrary UAL Hamiltonians. It was pointed to us
by Bruno Nachtergaele that the case of UAL Hamiltonians can be dealt with using
the improved Lieb-Robinson bounds from [47,18]. Further implications of these
improved bounds for gapped Hamiltonians are studied in [51]].

Using the result of [48]] one can show that a smooth family of gapped UL Hamiltonians
under certain additional assumptions defines a smooth family of gapped states in
the sense of Definition [3.1] (though we expect that a similar result should hold for a
smooth family of gapped UAL Hamiltonians):

Proposition A.11. Let M be a compact manifold, and let H be a D;-valued function
which is smooth when regarded as D ,;-valued function. Suppose for any m € M the
derivation H,, is gapped with a unique ground state Yr,,,. Suppose also that for any
A € dy¢ the average (A)y,, is a smooth function on M. Then yr is a smooth family
of gapped states.

Proof. Since M is compact, there exists A > 0 which bounds from below the gap of

H,, for any m € M.

Let us define G € Q1(M, D) by G = — Iy w, (dH), where W (1) = O([t|™) is an
odd function such that f Wa(t)e @l dt = O’—J for |w| > A’ for some 0 < A’ < A (see

Lemma 3.3).

For any smooth path p : [0, 1] — M the family p*H satisfies the conditions of the

Theorem 1.3 from [48]] that guarantees p*y(s) = p*(0) o a;)i)G,
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Appendix B
SOME CONSEQUENCES OF THE LIEB-ROBINSON BOUND

B.1 Reproducing functions

We say that f : Ryg — Ry is reproducing for A, if

£ = DAL= kD)
Cr = 00
N T (T I

(B.1)

Note that 1/(1 + )" is reproducing for any A ¢ R? if v > d, but not every f € F,

is reproducing.

Lemma B.1. Forany f € FZ there is f € FZ, that upper-bounds f and A > 0 such
that f(r)f(s)/f(r+s) < Aforallr,s € Rso.

Proof. Without loss of generality we can assume f(0) = 1/2.

Let h(r) := —(log f(r)). This is a monotonically increasing positive function. If
h(r) > Cr + D for some C > 0, the function f(r) = e ¢"~P satisfies the required
conditions (with A = e™P). Otherwise, let i(r) = rinfo<s<,(h(s)/s) and f = e~

It is easy to check that f satisfies the required conditions. O

Lemma B.2. Any f € % can be upper-bounded by f € FZ which is reproducing
for A.

Proof. By Lemmal[B.1] f can be upper-bounded by /" € %, such that for some A > 0
we have f'(r) f'(s) < Af'(r+s) forany r, s € Rso. Let f(r) = B/’ (r)/(1+7r)%*!
with B = /|| f'[l24+2. Then f(r) > f’(r) for all » > 0 and

N _ N NPU=1) VPUT=kD
IEZAf(U ~IDJ( - k) =B ; T+ T 0+ T k)T

< BZZ AV kD

(L+1j =P A+ 1= kDt

L))
(L+1j = k[

leA

< C/AI/ZBZ = C’Al/zBf(lj - kl) (B2)

where C’ is some constant that depends on the lattice A only. O
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Lemma B.3. For any sequence {f,}, n € N of functions f, € FZ, converging to
f € FZ, there is a reproducing for A function g € FZ, that upper-bounds f and f,
foranyn e N.

Proof. Let §(r) = sup,c fu(r). We have an estimate

”g”a < sup ||fn - f”a + ”f”cx (B.3)

neN

Since f,, converges to f, this implies § € . and thus can be upper-bounded by a
function from %}. Hence by Lemma[B.2]there exists g € #J, which is reproducing
and upper-bounds g and f. O

B.2 Locally generated automorphisms

Proposition B.1. For any G € C([0, 1], D), there is a family of automorphisms
aG : [0, 1] — Aut(/) such that VA € gy and Vs € [0,1] we have a3 (A) € Ay
and the function ag(A) : [0,1] = Ay, s — ozés ) (A) is continuously differentiable

and satisfies

dal(A)
—— =ag (G(s)(A). (B4)

Proof. To show this we invoke the version of the Lieb-Robinson bound from [27, 50,

52] for an interaction defined in terms of GY, ¥ € B.

Let h € FJ be the function h(r) = sup, SUPy.giam(y)>r |G (s)||. We can choose

g € F (e.g., we can take A(h(r))® for some constants A and 0 < @ < 1) such that

GY
sup sup M <1 (B.5)
jkeh s g 87— kD)
Y>j.k
Moreover, by Lemma g can be chosen to be reproducing, with a reproducing

constant C, > 0.

Let {T',} be an exhausting sequence of bricks. Let G = G|r,. It is easy to see that
for any A € o, the sequence of of,,-valued functions {G (s)(A)} converges to
G(s)(A) in the Fréchet topology of C([0, 1], & ,¢).

Let agm) be the family of automorphisms of /1, defined by

da® (A)

—E =g, (G ()(A)). (B.6)
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(0)
G
exists and is unique (it is the holonomy of the parallel transport with respect to the

and the initial condition « = id. It is well-known that such an automorphism
connection % +G™ on a trivial bundle with fiber T,,). We extend agw to the
whole &/, in the obvious way. Theorem 2.1 from [4] (or more precisely, its version
for time-dependent interactions from [52]) then guarantees the following estimate
g, (LB 2
G“” 2Cgs .

< (e —0(R-71)) g(lj —kl) =:2h(r,R) (B.7)
IANIB]] Cq . Z

JEB] (r)

keB;(R)

forany A € o B;(r) and B € o B(R)> while Theorem 2.2 in [50] proves the existence

(s) _ (S)

am = € Aut() satisfying the same estimate. We have

of the limit lim,,_, @

an estimate

filag (A).r) < filag (A7), r) + A - AP <
< llag (ATD) = (g (ATP)Ig;0ll + £ (A1 /2) <
< 2lAY PN h(r/2,r) + f; (A r[2) <
< fi(A,r/2) +2||Allh(r/2,r) + 2f; (A, r[2)h(r/2,7), (B.8)
where A/?) is a best possible approximation of A on B j(r/2) and we used lb to

go from the second to the third line. This implies

lag’ (AN 5 < CopllAlll 5 B €No (B.9)
for some Cy g > 0. Therefore cxg) (A) € Ay forany A € A yp.
Let A € o;. Eq. implies

S+ASs
ag A -af, = [ ol (@) dn. @10
(s)

G
limit uniformly in s on any compact subset of R, we may exchange the limit n — oo

Since according to Theorem 2.2 of [50] @/ (A) converges in norm to its n — oo

and integration and get
s+As
a8 (A) - o) (A) = / e (G(u)(A)) du. (B.11)

To deduce this for general A € o,,, we choose a sequence of local observables
A converging to A in the Fréchet topology and use the uniform convergence
of G(5)(A™) to G(s)(A) on [0, 1] and Prop. to show that (B.11) holds for
fleeﬁhp
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Lemma B.4. The map oV : C([0, 1], Dar) X Lat — Har, (G, A) = S (A) is

continuous.

Proof. First, let us show continuity in G. Let {AG,(s)}, n € Ny, be a sequence in
C([0,1], Da) converging to 0. Note that by Lemma B.3|we can find g € F, such
that for any n eq. holds for G replaced with G + AG,,. Therefore eq.
implies

legsg, (Ao < BallAllj (B.12)

for any u € [0, 1] and any n € Ny and some constants B, > 0 depending on g only.
Hence

lag)ra, (A) = ag (Al ,
1 [ (0, o M) <

<n [ dun(AGn(u))( O @ (AN, <
< Boll Al 44as3|AGRlIY, 445 (B.13)

for some constant B,. Here we have used the same estimate as in (A.39). Since the

r.h.s. converges to zero as n — oo, this proves continuity in G.

To show joint continuity, we similarly choose g for a converging sequence (G, A,) —
(G, A). Then

1 1 ’ 1 ’
lad) g (A +AA) —al (A, < ||angG(AA) ||,-,a+

+lled) s(A) —ad DI
+ ||a(Gl+>AG(A) —al (A}, (B.14)

O

Corollary B.1. The map a : C([0,1],D,) X [0, 1] X Ao — Hur, (G, 5, A) —

ag(s)(A) is continuous.

Proof. Consider the “rescaling map” A : C([0, 1], D,;) X [0,1] — C([0, 1], Dy),
(G,s) — AG, s)(u) = sG(su). It is easy to check that this map is continuous. It
is also straightforward to check that a(G, s, A) = @V (A(G, s), A). Therefore by
Lemma B.4]the map « is continuous. m|
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Proposition B.2. The map o'V : C([0,1], Da) X Lur — Ay¢ defined by (G, A) —
aél) (A) is smooth.

Proof. aél) (A) is linear in A and by Lemma [B.4]is jointly continuous in G and A.

Therefore it is sufficient to show that it is a smooth function of G. As in the proof of
Lemma [B.4] we write

e ~ g (A) =
1
d [ w -1 _ (1)
= /o Tu [“GHAG °lg  °0ag (A)] du =

1
=1 /O o (4G (08" 00 (W))) du. (B.15)
Using Cor. [B.1] we get

(D (1)
lim guagA) —ag (A) _

t—0 t

/01 o (AG(M) (ag>—1 o ozg)(A))) s (B16)

This shows that the directional derivative of a!) with respect to G exists. Moreover,
by Cor. [B.T]and Prop. [A.§|the derivative is continuous. Iterating the argument, we
infer that aél) (A) is a smooth function of G. O

Remark B.1. It follows from the above computation that if G is a smooth C ([0, 1], Dg;)-
valued function on a manifold M, then a/él) (A) is a smooth o ,p-valued function on

M whose dyi-derivative is given by

1
dj\/[a’(Gl) (A) = /0 a(GM) (dMG(M) ((aéu))—l ° a(Gl) (A))) du. (B17)

Somewhat schematically, we can also write

1
@) odyal = [ (@) oal) (@G ®.13)

This formula is schematic because a/él1 )

is a function on M valued in automorphisms
of d4¢, and we do not introduce any topology on the set of automorphisms. The
proper interpretation of this formula is as follows. Note that the r.h.s. of eq. (B.18)
is an element of Q' (M, Dy;). Let us denote it wg. Then for any B € o ¢ the 1-form
(048))'1 o dMozg)(B) e Q'(M, oy is equal to wg(B). More generally, if B is a

smooth 9l ,¢-valued function on M, then
dwg)@) = aél) (dmB + wa(B)) - (B.19)

This implies that the covariant differential dy; + wg( -) on the trivial bundle with
fiber ¢ is flat, i.e., dywg + %{we, wg} =0.
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B.3 Discrete Lieb-Robinson bound

Lemma B.5. Given observables {A;}? such that 3, ||A; — 1| converges, [1; A; =

HAoAy ... exists as an observable.

Proof. Let C, =[], A; and B; = A;41 — 1. Then

—_

C, = G,-%l- + e(). (B.20)

i

Il
[}

This implies [|C,|| < X7, UIBA1ICi Il + [1Coll, which by Gronwall’s lemma implies

n—1 00
1Cll < lICollexp | D IBill| < ICollexp | > IBill| < co.
i=0 i=0
Thus the right hand side of equation (B.20) converges absolutely. m]

Corollary B.2. Given strictly local unitaries Vi on [(=k — 1/2)L, (k + 1/2)L]
with ||Vi — 1|| £ h((k + 1/2)L) for some h € F, the product VoV1V,... exists.
Furthermore, it is f-localized at 0 for some f € F determined by h.

Proof. As h(r) = O(r~) and ||V —1|| < h((k+1/2)L), 2 IV =1 < Xx h((k+
1/2)L) converges. Therefore, the product C,, = VoV 'V, ... exists by the lemma
above. Let G, = VoV V,...V,, and B; = V;;; — 1. Then

—_

n—

C, = GiBl- + eo. (B.21)
i=0
For any A € o;,
I[€w, All Ze Bi+CoAll < D ITCB, Al
(i+1)L>j

<2Al D Bl <24l Y. A(G+1/2)L). (B.22)

(i+3)L>j (i+3)L>j
Thus, we may let f(r) = >, h(s) = O(F™). m]

Lemma B.6. Let A be a 1-dimensional lattice with sites j € Z C R. Forany f € F,
—_—

there is L € N such that any ordered composition H,‘;":_OO,B(”) of LGAs B™ which

are f-localized at j = nL for n € Z is an LGA.
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Proof. First, note that it is enough to show this for [ ,8(”) Second, to prove the
latter it is enough to show that with an appropriate choice of L for any f-localized at 0
observable A the observable (ﬁﬁ(”) (A) is almost localized at 0 with localization
depending on f only (in particular, independent of N), and that as N — oo it

converges in the norm to some element of &/.

Let UM = ¢ be a unitary that corresponds to 8. It can be represented

as a product (\7(()")\75”)\72")...) of strictly local unitaries V]((”) on B,((k + $)L) :=

[(n—k = DL, (n+k + D)L], so that [V — 1]| < h((k + L)L) for some h € F,
B

that depends on f only. This is achieved by letting (\7(()")\75")...\71((")) = |B"(<"+%)”.

Since conjugation of a strictly local observable A with a unitary U strictly local in
the localization set of A does not change the property ||A — 1|| < & and preserves

the localization set, we can rearrange unitaries \7,({") in the product
/S R I TR /A U S N I AR AR VLI (B.23)
in the following order:
GOV @PVIVD) (DD DDy (B.24)

where \7,({") is obtained from \7/({") by conjugation with Vl(m) with m, [ satisfying
n+l<m<n+kand0 <!/ < n+k—m. Importantly, \7,((”) is strictly local on
the same interval as V](c") and still satisfies ||\~7,(<") =1 < h((k + %)L). The infinite
product eq. is a well-defined almost-local observable by Corollary
Indeed, ||\~7(()”)\~7§"_1)...\~7£11_)1 -1 <X, ||\~7,(l’2 ; — 1|l by repeatedly applying inequality
[AB-1-A+A| < ||A||IB - 1]|+]||A—1]|. Since for any fixed N we have \7;{") =1
forn > N, I[PV D D0 —1)) < S IPY <101 < SN, ((n—i+ ) L) satisties
the assumption of Corollary - B.2| After this rearrangement the infinite product eq.
still converges to the same unitary observable as eq. (B.23).

Let U™ = \7(") .\7(1) We canrepresentA Z oAp with Z" Ap = Alpy(n+1/2)-
Let AV = A, A<”) srb Aty u<">]. Note that A( Do d, Jpe1) for

n < p,and AE,) € LQYBO(H%) forn > p. Therefore we have

n—1 n-1 n-1
k) 7 k) & (n-1
IS = D A, T™) < > ALY, V07 <
= k=0 s n=k=1 /2< 1

—_

n—

S 2P+ 5 >L><2Z||A”||gnk (B.25)

kl>n12<1 k=0

Il
[}
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where g, := g(nL/2) for g(n) := 3,2, h(l).

By Lemma any function g € & can be upper-bounded by a reproducing
function ¢ € #}. We can further upper-bound g(r) by a reproducing function
g'(r) =Ag(r)¥/rY € %2 for some constants A,0 < @ < 1 and v > d. Since 1/r” is

also reproducing, we have

(B.26)

n—1
2O §(kL/2)"8((n—k)L/2)*  C  g(nL/2)"
4 ; (kL2 ((n-K)Lj2y L' (nLj2)" "’

and therefore for g/, := g’(nL/2) > g, we have ’Z;} 2.8 < (C/L”)g, for some
constant C. By changing L one can make (C/L") < 1/2. Therefore one can choose

L so that for a, = 2ng,, we have

2(gn - 1+ gna1a) +gnoaz+ ...+ gran—1) <

<2(g,-1+2g g1 +4g g5 +...+2(n—1)g1g _|) <2ng,=a,. (B.27)

Together with eq. (B.25)) this implies that ||A(()”) I/l Aol| can be upper-bounded by

a, = O(n™>), and the sequence };_, A(()k) converges in the norm to some element,

which is almost localized at 0. By construction the localization depends on f only.

In the same way one can estimate the norms of AI(D”“LP ) for n,p > 0 and bound
IAY*P|1/1IA4, || by a sequence a, = O(n™). Together with [|lA, | = || 2, AL
that ensures convergence of Z;":O 2o AE,") to some almost localized at 0 observable

with localization depending on f only.
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Appendix C
LOCAL PERTURBATIONS

Definition C.1. Let f : R>o — Ry be a non-increasing function. We say that two
states Y, : dn — C of a d-dimensional lattice system o n are f-close at x € RY if
forany o € Apey and r > 0 we have

[y = Ayl < FONIALL (C.1)

Ifthere exit C,a > 0 and x € R¢ such that the states are f-close atx for f(r) = Ce™™,

we say that two states are exponentially close.

Proposition C.1. Let f : Ry9 — Rsg be a non-increasing function, such that
lim, e f(r) = 0. If two pure states Y,y : of — C of a lattice system o are
f-close at x for some x € R%, then there is a unitary element U € o5 such that
Y =y o Ady.

Proof. By Corollary 2.6.11 [11]], both states are unitarily equivalent. Hence, they
are vector states in the same Hilbert space that can be chosen to be space of the GNS
representation associated with . Let us choose the corresponding state vectors [i)
and |y’). By Kadison transitivity theorem, one vector can be produced from another

by a unitary element U of <. O

Corollary C.1. The theorem also implies that there is a self-adjoint observable
XK € o such that ") — K|y ) is proportional to ).

The goal of this section is study the situations in which the observable U from
Proposition can be chosen to be almost local.

We start with recalling well-known facts about the fidelity F(p, o) := (|[pvVo|h)?
of quantum states on a separable Hilbert space described by density matrices p and
o. Firstly, the fidelity satisfies Fuchs van de Graaf inequalities

1
1—\/F(P,0’)S§||P—0'||1S\/I—F(p,a')- (C2)

Secondly, by Uhlmann’s theorem, one can identify the fidelity F(p, o) with the the
maximal overlap (x| Yo )|? of unit vectors | Xp)s | Xo) € H®H for some H = H

representing purifications of p and o on H ® H".
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Proposition C.2. Let  be a pure state on & which is f-close at the origin to a
factorized state Y for some f(r) = O(r==). Then ¥ and Y are unitarily equivalent
and one can be produced from the other by a conjugation with a unitary U € ¢

with localization that depend on [ only.

Proof. Unitary equivalence of states ¢ and y follows from Proposition [C.1] Let
(ITy, Ho, |0)) be the GNS data for yo. The state i is a vector state corresponding to
l¥) € Hyp. Let V,, be a subspace of H( spanned by vectors which can be produced
from |0) by an observable localized on I',,. Note that V; ¢ V, c V3 C ....

Let ng be such that f(ng) < 1/2. Let us temporarily fix n > ng and not indicate it
explicitly. Let us estimate the angle between the vector |y) and the subspace V =V,,.
The Hilbert space H is isomorphic to Hr ® Hy, where the Hilbert spaces Hr and
Hr carry representations of &/ and &/, respectively. The restrictions of vector
states ¥ and ¥ to < can be described by density matrices p and pg on Hy. The
density matrix pg is pure, but p is mixed, in general. We have

llp—polli < & (C.3)

where € = f(n) € (0, 1). Fuchs—van de Graaf inequality implies that for fidelity we

have
£
F(p: po) = 1(p) 2 (po) 2l 2 1 - 5. (C.4)
Let
N
) = >V ) ® 1) (C.5)
i=1
be the Schmidt decomposition of |). Here N < dimHr, |n;),i =1,...,N, are
orthonormal vectors in Hr, |&;),i = 1,..., N, are orthonormal vectors in Hr, and
A, i =1,..., N, are positive numbers satisfying >, 4; = 1. Since |0) is factorized,

its Schmidt decomposition contains only a single term:

10) = 10r) ® |Or). (C.6)

Let a; = (£;|0p). The fidelity of p and pg can be expressed in terms of A; and a;:

12
F(p,po) = (Z /1i|ai|2) - (C.7)
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We define |v) = ) ; \/ziaflni) and let

-1/2
) = mez) [v) ®[0p). (C3)
k

Then it is easy to see that

[l =

1/2
E
Zﬂilailz) =F(p,po) 21— 5 (C.9)

Since € < 1/2, |¢) is not orthogonal to the subspace V.

For any n > ng let |y,) € V, be as above (geometrically, it is the normalized
projection of ) to V,;). The estimate (C.9)) implies

|l xns1)] = 1= 2g,, (C.10)

where g, = f(n). Let U,, = ¢'9% be a unitary localized on ', that implements a
rotation of [0) to | x,,) with [|G,,|| < 7. We can also choose unitary observables U,
for n > ng localized on I',,; and satisfying ||1 — U, || < (4&,)'/?> which implement
rotations of |y,) to |xu+1), and which therefore can be written as U, = e'Sn for
an observable G, local on I',y; with ||S,|| < 2(2¢,)!/?. The ordered product of
unitary maps |0) to |¢). Moreover, since [|G,]] < 2(2f(n))'/? for n > ng, G is
g-localized for some MDP function g(r) = O(r~*) that only depends on f(r), and
ISII < 20, 2(2f(n))"/? + 7, a quantity that also depends only on f(r).

all such unitaries over n > ng can be written as U = ¢’9. By construction, this

To generalize the result for states which are not necessarily factorized at infinity, we

need some additional requirements.

Definition C.2. Let f : Ryg — Rsq be a non-increasing function. We say that a
state  : S — C of a lattice system S p has an f-decay of mutual correlations, if for
any finite disjoint subsets X,Y C A and any O € o xyuy, we have

KOy = Oyixouly| < FNDIO], (C.11)

where r is the distance between X and Y. If there exists f € O(r=*), such that
has f-decay, we say that ¥ has a rapid decay of mutual correlations. If there exist
C,a > 0 such that  has f-decay for f = Ce™ ", we say that  has an exponential

decay of mutual correlations.



104
Remark C.1. The conditions of the Definition implies what is usually meant by

rapid or exponential decay of correlations, as the latter correspond to the special

case O = OxOy for Ox € Ax, Oy € dy. In general, it is a stronger condition.

Lemma C.1. Let H 4, Hp, Hc be separable Hilbert spaces, and let €, a, 6 € Rxy.
Let |x) and |x') be unit vectors on H ® Hp ® He, such that 1) |||x’) — )|l < Ve,
2)|lpse—paclli € @ 3) llpac—pa®pclli < 6% and ||p)y . — P, ®prlli < 62, where
px and p'y are density matrices for the restrictions of |x){x| and |x"){x'| to X €
{A,B,C,AB, BC, AC}, respectively. Then there is a unitary Usp € B(Hs ® Hp)
such that ||[Uxg — 1| < Ve + 6 + V26 + @ and ||| x’) — Uaslx)|l < 6 + V26 + a.

Proof. In the proof, we implicitly use that |||¢’) — |¢)]| < /€ is equivalent to
Re(¢’|¢) > 1 — 5 for any unit vectors |¢’), |#) in a Hilbert space.

By the first Fuchs van de Graaf inequality and Uhlmann’s theorem for p4¢ and
pa ® pc, there is a purification | ¢) of ps ® pc such that [(f|x)| = (1 — 62/2) and
Ie) — [x)|| < 6. Let px be the density matrix for the restriction of |y){¥¢| to X.
By the second Fuchs van de Graaf inequality we have ||ggc — ppclli < 26 and
therefore ||pp~ — Prclli < 26 + a. By the first Fuchs van de Graaf inequality and
Uhlmann’s theorem, there is a vector |y’) that purifies gpc such that (y’|¢’) € R
and (x| Y’y = 1 — (26 + @) /2. Hence, we have

LY = LI < V26 +a + Ve + 6. (C.12)

The states |y)(¥| and |¥’){¥’| have no correlations between A and C and their
restriction to BC coincide. Therefore, there is a unitary Uap € B(Hs ® Hp)
such that Uap|y) = |¥’). Moreover, eq. implies that we can satisfy
Uag — 1| £ Ve+6+ V25 +a. We also have ||[Uaplx) — XD < lllx) = LIl +
X" = X <6+ V26 +a. 0

Proposition C.3. Let y and ' be pure states of a lattice system <. Suppose both
states have f-decay of mutual correlations and are f-close to each other at 0. Then
there is an almost local unitary U € of ;¢, such that y = ' o Ady, and U is g-localized
at O with g depending on f only. Moreover, if f is rapidly decaying (exponentially
decaying), then so is g.

Proof. By Proposition|[C.1] the states ¢ and ” are unitarily equivalent. Let us choose
the Hilbert space J{ for the GNS representation of one of the states, and let us choose

state vectors |¢), |¢') € H representing  and y/’, respectively.
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Let {r,}nen, be an increasing sequence of real numbers, A, := B, _,(0), B, =
B;L:,PI (O) N B,-n(()), Cp = B’C,n(()), Op = Vf(rn - rn—l)’ a = f(rn)» \/'S_n =0p-1+
V20,-1 + a,— forn > 1 and /g, := |||¥’) — |¥)||. We iteratively apply Lemma
for every n to get a sequence of unitaries U, € &/, (o) such that [[U, — 1]| <
VEn + \fEns1 and |||y”) — UM )| < \VEnst, where U = U,..U; € A, .

We can choose {r,},en, such that the sequence {+/e,},en, converges to 0. For
example, one can take r, = n*R for some R € R. Since ||U, — Un1|| < VEn + VEns1s
{W, }nen, converges in the normto some U € &/5. Moreover, if f is superpolynomially

(or exponentially) decaying, then U is almost local (or exponentially local). O

Lemma C.2. Let |y) be a unit vector on Hs @ Hp @ H¢e and A € B(H ) such
that 1) ||pac — pa @ pcll < 62 2) ||A| = 1 and ||A|x)|| < €. Then there is a
constant ¢ € C and a self-adjoint KX € B(Hpc) such that ||c + K|| < 2(e + ) and
l(c+XK—-A) ) < (1 +2¢e+206).

Proof. By the first Fuchs van de Graaf inequality and Uhlmann’s theorem for p4¢
and p4 ® pc, there is a purification | §) of ps ® pc such that [(¥|x)| = (1 — 62/2)
and |||¥) — [x)|| £ 6. Then ||A|¥)|| < €+ 6. Since |¥){(¥| has no correlations
between A and C, there is ¢ € C and a self-adjoint X € B(Hs ® Hp) with
lcl, IK]| < (& +6) such that A| ) = (¢ + K)|x). We have ||c + K|| < 2(e+ ) and
[(c +X =AM < [l(c+K=ADIE) = Dl < 6(1 +2& +26). O

Proposition C.4. Let Y and ' be pure states of a lattice system &f. Suppose both
states have f-decay of correlations and are f-close to each other at 0. Then there
is an almost local unitary U € ¢, such that ¢ =y’ o Ady, and U is g-localized
at 0 with g depending on f only. Moreover, if f is rapidly decaying (exponentially
decaying), then so is g.

Proof. Since |¢") = U|y), and since we can represent U as a sum of local observables
with norms rapidly decaying with the size of the support, to show the existence of K,

it is enough to consider the case |¢’) = Aly) for a local observable A.

Assume the support of A is inside D,. Suppose we have found ¢, € C and a self-
adjoint I, with the support on D, such that ||(A—c, =) |[Y)|| < €||(A—-c, = K,)||
for some €. Let 6 = Ce™®". Lemma|C.2]allows us to find ¢3, € C and a self-adjoint
X3, with the support on D3, such that ||c3, + K3, || < 2(e +9)||[(A — ¢, — K,)|| and
(A —cr =K = c3r = K3 )l < 6(1 +2 +26)|(A — ¢ = K |-
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We can iterate the procedure, in the same way as for unitaries above, to find ¢
and K™ on Dg, such that llc™ + K| and ||(A - Z;’:o(c(l) + KDY |y)|| decay
exponentially with R,,. The sum of K™ gives a desired K. O
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Appendix D

TENSOR NETWORKS FROM CFT

D.1 Weierstrass elliptic function
Let A be the lattice nyw +nywoy, ny, ny € Z generated by w1, wy € C. The Weierstrass
elliptic function is defined by

1 1 1
Sowl,a)z(z) = pa(2) := Z_2 +/IEAZ\;0} ((Z _ /1)2 - ﬁ) > (D.1)
o () =9\ (2) =— Z ( 2 ) . (D.2)
w1,wW2 A r (Z _ /1)3

Any elliptic function is a rational function of p,(z) and ¢’,(z). Some useful
constants are e; = Pa(w1/2), e2 = pa(w2/2), e3 = par((w1 + w2)/2) and g, =
—4(6162 + ere3 + 6163) = 60G4, g3 = deiere; = 140G, where

Gy = Z 1k, (D.3)

A€A\{0}

We have

0\ (2)2 = 4pA(2)° —g29n(2) 83 = 4(pA(2) —€1) (PA(2) —€2) (Pa(2) —e3). (D.4)

The inverse of g, (z) is given by

(w) = — S . (D.5)
e / N7TEpapsaays / VA =D el —e3)

D.2 The shape of the holes and the basic tensor

Let us set n = 4. Consider cylinders with the coordinate w ~ w + 1 and cuts along the

half-lines [%, % —ioo], k =0, 1,2,3. We assign such cylinders to sites of the square
lattice, such that for a given site, each cut corresponds to one of the four adjacent
edges, and glue them along the cuts corresponding to the same edge to produce a
Riemann surface. Let ux(z) be the inverse of the Weierstrass function g for the
lattice A and e; = p5((1+1i)/2). The function ux(e;e~*") maps the Riemann
surface to the plane such that the circles with constant Im w are mapped to contours
around sites of A or AV depending on weather Imw > 0 or Imw < 0. The size of

the region inside the contour is controlled by | Im w|.
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Figure D.1: The cylinder and its image under the map ua(eje*™") to the unit
square. The region (-o) < Imw < 7 gives the elementary block.

We set the function f(z) from Section [6.1]to be

f(2) = up(erz2e*) (D.6)

so that the image of the Riemann surface after removal of Imw > randImw < (—0o)
defines X, , where 7, 0 > 0. The image of the region (—0) < Imw < 7 on a single
cylinder defines the elementary block (Fig. [D.I). It is convenient to work with such
2r o since the parameters 7 and o have a simple geometric interpretation on the

cylinder. In the limit o — oo we get the surface .

If we only remove Imw < (—o), the cylinder defines the map (7| : H®* — C that
is the amplitude of the elementary block (with filled inner hole) with fixed states

on the necks. It vanishes on basis elements |em l'b') (a" n) )

that do not satisfy
bx = ay4+1. To express it through correlation functions of CFT on the unit disk} one
should find a holomorphic map w — &(w) of the elementary block into the unit disk
as shown in Fig. [D.2)and functions go(z),..., gn 1(z) such that g; maps the upper

half of the unit disk into the white region near e“". Then

n
(T, |e(alaz) ’S:l’:lal)> _ eAL(O'T)(S )3/2((“ o((gikakﬂ)( (akak+1)) >SFT (D.7)
k=1

AL

where e’ is the overall Liouville factor that does not depend on the boundary

conditions or states and is not relevant in the following. We can take

1/n
1+ \/cosh2 (nmor) tanh? (nmi(w + o)) — sinh?(nror)
cosh(nno) (1 — tanh(nxi(w +io)))

§(w) = . (D)

I'See Section 6 of [13] for a similar computation.
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Figure D.2: The images of the maps go, g1, &2, €3, h are shown in white with the
black dots being the images of 0.

ik (1 — tanh (no/2) z 1/n
= n . D.9
gk(z) = e i +tanh (nwo/2) z (D-9)

Note that when o — 0, the components (Tg|e,(,f1‘a2)...e,(,?:m)> are suppressed by

tanh (nmo /2) to the power of the total weight of basis elements, as can be seen from
the rotation map eq. (6.2)). That allows us to get an upper bound on the components.

More precisely, for any S we can find oy, such that for any O < o < 0y we have

(Tl ..emm )|

11 11
[(ToleV...el!)]

< exp (—ﬁ Z h(“k“k+l>(mk)) : (D.10)
k=1

The map (7| defines the statistical model for the computation of averages in the state

¥, as we discuss in Appendix [D.3

When 7 is finite, the cylinder defines the map (77 | : V® Ve H®* - C. To express
it through correlation functions of CFT on the unit disk, in addition to gz, we need
the function i(z) = ¢ (ﬁ log(ze~>"7)) which maps the unit disk to the white region
in the center in Fig. (D.2). We have

n

<TT,O'|a&e}(’nalla2)“-ei(1?:al)> — eAL(O"T)(Sll)3/2<(n oéikakﬂ)(e}(ndkkakﬂ)) Oh(&@@))SFT
k=1
(D.11)

where |@@) € V ® V. The tensor network state defined using the map (T:.~| gives
the state @, (o).

Remark D.1. We have discussed only the maps H®* — Cand V@V @ H®* — C

corresponding to the blocks in the interior of the network. The maps corresponding
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to blocks on the boundary can be defined by contracting the outward legs with some

elements of H, corresponding to attaching the boundaries, in a straightforward way.

D.3 Cluster expansion for the auxiliary tensor network

In this section, we first recall standard facts about the cluster expansion for statistical
models, also known as the polymer expansion. We follow Ch. 5 of [21]. We then
apply it to tensor networks coming from our construction. We will use it to prove that
the states W, defined in the main text are well-defined in the thermodynamic limit, at
least for a small enough value of 7, and that the correlators decay exponentially with

the distance.

General setup

Let I" be a set equipped with a function w : I' — C and a binary relation that contains
the diagonal. We call elements of I" polymers; w(y) is the weight of a polymer
v € I'. If (y1,y2) does not belong to the binary relation, we write y; Ny, = 0 and
say that the polymers do not intersect. Otherwise, we write y; Ny # (0. A subset of
polymers I C T is called disconnected if all its elements do not intersect with each

other. The partition function is defined by

z=>1]vw» (D.12)

T/ yel”
where the sum is over all disconnected subsets IV c T'.

We call a collection X of elements of I' a cluster if the graph of intersections?| G (X)

of X is connected. The index of a cluster X is defined to be
1(X) := Z(—1)|E<H>| (D.13)
H

where the sum is over all connected subgraphs H of G(X) and |E (H)| is the number
of edges in H. If a collection X is not a cluster, we set /(X) = 0. Then, formally, we

have

ogz=3" 3" L, ,yn}>]—[w<m—

n>1 vy el y,,eF
=> N Ir(r)z(x)(y)' [ v =) wx) m14)
ve

XeC yeX XeC

’The graph of intersections is the graph with vertices being the elements of X and edges being
pairs {y1,y2} such that y; Ny, # 0.
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Figure D.3: Each red point is the vertex of V(;. The edges E¢ are not shown, but they
connect two neighboring red points. A square containing some vertex v corresponds
to the piece of the surface that defines the vector |[7)) € ®,5,H.

where ny(7y) is the number of times the element y appears in X and C is the set
of clusters. This expansion is convergent provided a certain sufficient condition is

satisfied. We will use the following criterion (Theorem 5.4 from [21]). Suppose

there is a function | - | : I’ — R such that for any y € I" we have
1 .
o Z w(y)|e”! <1 (D.15)
Y Y yNy #0
and
D w&)le! < oo, (D.16)
,y/

Then for any y; € I we have

1+ - Z ”({71’_' I)T"})l ﬁIW(%)I < el (D.17)
) i=2

n>2 v2

In particular, it guarantees the convergence of the cluster expansion eq. (D.14).

CFT tensor network

To compute the averages of observables in the state ¥, r,, we introduce an auxiliary

statistical model.

Let V, E, F be the set of vertices, edges, and faces of the infinite square grid defined
by the dual lattice AY. We choose the same orientation on each edge and face. Let
G be the subgraph of size (2N) X (2N) as show in Fig. (D.3). The corresponding
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sets of vertices, edges, and faces are denoted by Vi, Eg, Fg, respectively. Let us cut
the surface X; into simple blocks, as shown in Fig. Each block containing a
vertex v € Vg defines a map (T")| : X sy F — C where e € Eg. The components
of the map can be computed as explained in Appendix [D.2] The space of states
of the model is Hg = ® ecEq f]tfe, where U:Ce = H is the space associated with
each edge of Eg. Using a natural pairing on each H(,, the contracted maps (T)|
compute the partition function of the CFT on X, with the cloaking combination of
elementary boundary conditions. We label the basis elements of J{ by a function
P : F — [ that is constant on f ¢ Fg, and a function J : E — Ny with J(e) = 0 for
e ¢ Eg. A pair (P, J) is called a configuration. The function P defines the choice
of elementary boundary conditions on each boundary, while the function J defines
the corresponding vectors in F. Hence, each configuration (P, J) defines a basis
element |v, P,J) € ®63fo{€ for each vertex v € V. We define the weight W (P, J)
of a configuration (P, J) by the contraction of (T™)|v, P, J)(v, P, J|. The partition

function of the model is given by

Z=> W(PJ). (D.18)
PJ

Let A be a connected set of faces on the lattice A, and let S = {sy, ..., sy} be the set
of edges of E¢ intersecting the boundary of A (see Fig. [D.4)). The contraction of
maps (T")| for v that belong to faces of A defines a map (Ty| : & F, > Cor

A

H,. Similarly, we can define (7| for the

seS

the corresponding vector |T4) € Q). ¢

complementary set A := Fg\A. The partition function is given by (T5|T4)

Any local observable A € &/ with the support inside A gives another canonical map
(OA)] + R yes F, — C. Note that (O(1)| = (T4|. The average of the observable

A can be expressed by
_ ({TZ10(A))

A =
< >\PT,]"* <T_|T >
Note that |||0(A))|| < ||A|||||2A>||.

(D.19)

In the following, we analyze the model in the regime of small 7. When 7 is small,
the system energetically prefers the configurations with constant P and J(e) = 0, and
we can perform the cluster expansion around this point. We show that there is 7
such that for any 0 < 7 < 79 the cluster expansion converges, and the correlations

decay exponentially. We use the fact that for any S there is 75 such that for 7 < 73
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Figure D.4: A consists of four faces forming a square. The edges of S are parallel to
violet segments.

the following bound holds
|<T(v) |e(0102) e(anal)
my e

Samar)y| ( .
n <exp|-B > R (1) (D.20)
(T el ...ef" )] ;

as argued in Appendix [D.2]

We first analyze the model for a holomorphic V, so that / = {1}. Then we discuss

the modifications for general V.

Single vacuum

Suppose V is holomorphic. In this case, there is only one sector @ = 1, and the
configurations are labeled only by functions J. We omit P in this subsection. We
also renormalize all (T(")| so that the lowest weight components are equal to 1. For
a configuration J, we say that an edge e is activated if J(e) > 0. We can apply the
cluster expansion with polymers being connected sets of edges and with the weight of
a polymer being the sum of W(J) over configurations J such that the set of activated

edges coincides with the polymer.

Let |y| be the number of edges in y. Then for any e € Eg we have

o !
Do w@le < > e (Z e‘zﬁh(’")) (D.21)

y3e >1 m=1
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where n; is the number of connected subsets of Eg intersecting e of cardinality
[. The sum in the brackets is related to the character of V, and for regular V with
modular Rep(V) can be made arbitrarily small by varying 8. Sincen; < 4%, for a
large enough f3 the cluster expansion convergence criteria eq. (D.I5) and eq. (D.16)
are satisfied for any N. Moreover, by eq.(D.17), for large enough 8 we have

Z IW(X) el < 1 (D.22)
X:supp(X)se

and therefore

D) < ek (D.23)

X:|X|>=R
supp(X)3e

for any e € Eg and R > 0, where W(X) is the weight of the cluster defined in eq.
(D.14), | X| is the number of edges appearing in the polymers of X and c is some

constant.

The averages eq. |b correspond to the contraction with ({(T5|Ta))~|Tz). Let
us write |T1§N)> in this paragraph to indicate the dependence on N. We can use the

cluster expansion to compute the overlap of normalized vectors for consecutive N

(N+1) ~(N) (N) | (N+1)
(VDT (N,
(N+1) |- (N+1) (N) |(N)
(VDN (D)

(D.24)

with the polymers and clusters living in the tensor networks obtained by gluing
two complements of A of the original networks along the edges of S. Note that
the clusters which do not intersect simultaneously the boundary and $ cancel. The
remaining clusters have at least as many edges as the distance between A and the
boundary, and eq.(D.23) implies that their contribution decays exponentially with N.
Similarly, the norms of ((TEN) |T4))! <TI§N)| are upper bounded, and since they have
unit overlap with |T4), the thermodynamic limit N — oo exists. Therefore the state
Y. is well-defined.

Suppose now we have two observables A € B(V4) and B € B(Vp) localized in
disjoint collections of plaquettes A and B with the corresponding sets of edges S
and Sp intersecting the boundaries of the regions. To find a bound on [(AB)y_—

(A, (B, |, we can compute the normalized overlap of vectors |T3) and [T;T) :=

3That can be argued as follows. For each connected subset of edges and a vertex v that belongs to
it, there is a path of length 2/ that starts at v and crosses each edge exactly twice. The number of all
paths of length 2/ starting at some fixed vertex of e and crossing e is bounded by 4%,
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|T;) ® |Tj) corresponding to the contraction of |T™) in the complement of the

corresponding regions. The cluster expansion of

(Tig|TsTe)T;T5|T5)
(TATE|TzTp) T35 )

(D.25)

on the corresponding glued tensor networks has the contribution only from clusters
intersecting both A and B. They have at least as many edges as the shortest distance
R between A and B. Therefore using eq.(D.23) one can get

loag — pa ® pslli < Cmin(|Sal, [Sg)|IAl||B|le”*F (D.26)

for some constants C, @ and for density matrices p4, pp, pap corresponding to the
restrictions of the state ¥, to the supports A and B of the observables A and B,
respectively. In particular, we have

[(AB)w, — (A)w, (B, | < Cmin(|S4l, SgDIIANIBlle " (D.27)

Thus correlations between observable in the state ¥, have exponential decay. Simi-
larly, if one modifies the state W, by a local insertion of vertex operators (as in Section
[6.T)), the change of the expectation values of observables decays exponentially with

the distance between the insertions and the support of the observable.

Multiple vacua

For a non-holomorphic V, the polymers would be again the subsets of connected
edges of E¢. For a configuration (P, J), an edge e is activated (i.e., the state running
through the corresponding neck has a non-zero weight) if J(e) > 0 or if P has
different values on the adjacent faces. The weight of a polymer is given by the sum
of W(P, J) over all configurations (P, J) which set of activated edges coincides with
the polymer. Note that P of the configurations contributing to the weight has the
same value in each connected component of the partition of the plane defined by the
polymer. For a given P, we can replace the elementary boundary condition around
each hole (defined by P) with the trivial elementary boundary condition and the
appropriate topological defect around the hole. For the computation of the weight of
a given polymer y, we can reconnect all the topological defects in deactivated necks
as the states running through those necks must have zero weight. Each reconnection
of defects with label a gives a factor (S1,/S 1)~ L. The resulting configuration has
contractible topological defects near the vertices inside each connected component

(which give a factor (S1,/S11)) and topological defects running along the edges of the
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polymer. That allows to show that the contribution of a collection of non-intersecting
polymers to the partition function is given by the product of weights. We have a

bound
|

<[> DT e (D.28)
a,b m:h(ab) (m)>0
that can be made arbitrarily small by varying £, and therefore, in the same way as for

holomorphic V, for a large enough § the cluster expansion convergence criteria eq.

and eq. (D.16) are satisfied for any N.

We can organize the cluster expansion in a similar way to show that, at least for large
enough S (or small enough 7), the averages of observables (A)y, are well-defined
in the thermodynamic limit, and the correlators of two local observables decay
exponentially with the distance between their supports. Modifications of the state
¥; by a local insertion of vertex operators can also be treated similarly, while for
insertions of non-trivial modules (see Section [6.1)) the arguments are no longer
applicable since it may not be possible to contract the topological defects after the
reconnections. That is consistent with the fact that the averages of observables on
an annulus might be affected by an insertion of an anyon into the center even if the

annulus is very large.
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