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ABSTRACT

I. The structure of the intermetallic compound Mgigce has
hean Anvestipated by x-ray diffraction methods., The diffrac~
tion photopraphs seem to indicate that the struetuvre has hexa-
ronal symmetryr, but further econsiderations reveal that the true
symmetry is orthorhombie, and that the space group is very
probably D%h. The orthorhombic unit cell, with dimensions
aaw35=§2§, bamzo,asﬁ, and camlﬁ.ﬁgi, contains 156 atomg. The
diffraction maxima with the Miller index 1 even can be 1ndexed
on the bvasis of a smaller pseudo-hexagonal unit cell containing
only 13 atoms, In this subecell, the arrangement of the atoms
is related to those found in the CaZnﬁ and Tiﬁelg gtructures,
The structure of the crystal i1s partially disordered in
o complex fashion, A theory based on erystal growth has been
deviged which successfully accounts for the zross f@atuﬂeﬁ'ef

the disorder,

II. Two distinet addition compounds, with formulas Glgﬁlgﬁgiﬁ
and Céﬂ?EIE have been isolated from the reaction products of
iodine and 7 -picoline. The second of these compounds is ana-
lopous to the well-known addition compound of pyridine and
iodine. It has been of Iinterest to determine whather the com-
plexing forces between lodine and the organic base are suffi-
cient to break the iodine-lodine covalent bond, X-ray radial
distribution analyses showed that in the {irst compound the
covalent bond had been broken, leadlng to an ionic struciure,
whereas in the second compound the cévalent bond remalined in-

tact.
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I. The Cryatal Structure of the Intermetalile Compound

Mgy oCe.

A, Introduction,

The binary alloy system Mp-Ce was first studlied by
Vozel, who used thermal and metallographic methods (1). He
reporied four distinet intermetallic compounds, to which he
asgizned the formulas %@Ce&, MeCe, ﬁgaﬁe, and ﬁg@ﬁe. It was
declided to investigate the laat of these compounds , ﬁggﬁe,
by meray diffreaction methodsg, since ordered structures of
the type ng had not been reported in the literature, and
the difference 1in the metallle radii of cerium and magnesium
makes substitutional disorder unlikely. The present investi-
gation ﬁnﬁicat&é that the formula of fhe phase is Mglgﬁe,
Phases with the composition X,,Y have been studied by other
investigators, but the atructuve type represented by %@zﬁﬁe
has not been observed previcusly., However, the rvesemblance
betwsen the x-ray diffraction pabterns of ﬁglﬁée and those
produced by TiBe,, 1s striking (2,3},

Some interesting features of the investigation are as

- follows., The structure was determined in spite of its great

complexity and the fact that the reciprocal lattice indieated
by the x-ray diffraction photozraphs 13 not the one corre-
@@éﬂdiﬂg to 8 coherently scatitering domain in the crystal.
The interesting distribution of the very large number of
abaent reflections other than those corresponding to the

ppace group made the determination of the structwres particu-
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larly challenging. In a typlical é?&ﬁ%&& structure investiga-
"tion, the prinecipal problem is to determine the positions of
the atoms., In this investigation, the coordinates of the
sites where atoms could be located were found very easily,

but there were more of these sites than there were atoms, and
the main efforts were devoted $0 finding the relationships
involving the probabilities of occupsncy of each site. The
methods which had vo be devised to cope with such a situstion
a&e different from those ordinarily used in crystal structure
analysis, and are sppiliicable to other structures where sinmilar
oceunancy problems arise., A theorebtical investigation was
made to attempt to sxplain the curious disorder phenomens
goourring in the %@zgﬁ@ atructure. This luvegtigation resulted
in the formulation of a set of principles which are awpiicabl&
not only to the Mglgﬁ@ phase, but to several known structures

a8 well,

B, Preparation of the alloys,

The materials used in the preparation of the melts were
9%,5% pure cerium supplied by Dr. ¥, H, Spedding and chemi-
eally pure magnesium (purity otherwise unspecified) cbitalned
from Bimer and Amend. Both metals were in rod form. Ace~
cording to the phase diasgram repovbed by Vogel, primavy
crystals of the magnesimm-rich phage are Formed {rom nelis
within the range of composition from 65 welght perecent of
magneaiun, where liguidus curve of the ﬁggﬁe phase intersects

the liquidus curve of the Mg.le phase to 73 weight percent
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magnesium, which is the composition of the %ggﬁang gutectic.
Azcordingly, the melts were prepared having a composition
near 70 welght percent of magm&siﬁmﬂ It is reported that
the magnesium-rich phase melis incongruently at 620°%., form-
ing %@BG& and liquid. The temperature corrvesponding to the
Mg,Ce-Mg eutectic polat is 550°C,

The initlal preparation was sealed under vacuum in a
gquartz tube and fused with a gas-oxygen torch. After cool-
ing, the tube was cracked open. A sillicide layer which
formed at the inberface hetween the melt and the quariz was
ground off. Bpectrographic anmlyaiaﬁ of the welt showed only
0.25% Bllicon to ve present. Subseguent melts were prepared
by fusing the elements at approximately 750°C. in hard-sintered
alundum thimbles in an atmosphere of argon. This method of
preparation 18 superior to the first lnasmuch a8 there is no
ehange of composition due to reaction with the walls of the
vepsel., A total of five to ten gramﬂ of the metals was used
in pé@g&rimg the melts., A few milligrams of magnesium in
excess of the desired composition were included to compensate
for vaporization, There was no oxidation or contamingtion of
. the melts prepared in this way. The fusion was carzied out
in an induction furnace. The melts thus prepared were
homogeneous, due to the induction stirring effect,

Some of the melis prepared in the induction furnace were

@
The analysis was carvied out by the Smith-Emery
Company of ILog Angeles,
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guenched, and after pealling the thimble in an evacuated Pyrex
tube, annealed for several weeks at sggoc, It was possible
to obtain satisfactory single crystals both from annealed
melts and from melts which were allowed %o cool naturally to

roon Semperature,

C. ZX-ray diffraction photographs.

| Samples of the melts were crushed in a steel mortar and
powdersd in an agate mortar. The preparstions were sulfi-
ciently stable so that they could be mounted; using petrolatum
as an adhesive, on the surface of glass {ibers ﬁaﬁ X-PRY pOW-
der photography. The powder photographs thus obtalned were
moderately complex, and attempts to index them with nomograms
for the trigonal, hexagonal, and tetragonal systems (include
ing the cubic system) were not successful. Thus, single
crystal work was necessitated., It was fortunate that very
1ittie time was SQanﬁ on these attempis, since in retrospect
it‘ia clear that 1t would have been ilmpossible to determine
a structure as complex as that of mglECe sclely from powder
photographs.,

Promising fragments of the crushed melts were attached
to plass fibers wilith dry shellac, and Laue photographs were
made Co determine whether the fragments were single crystals,
Several satisfactory crystals were found by this method,
Comparison of single crystal photographs with powder photo-
graphs of an unamnealed sample confirmed that the crystals

selacted were of the principal constituent of the melt.
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Laue photographs were used to establish the Lave symmetry

of the orystals as Dg = 6/, and o approximately orient
the eryastals for rotation, w@is.enmerg, and precession photo-
graphy.

A1}l photographs from which di{fraction intensity data
were taken were obltained with molybdenum K, radiation., Rela
tive intensities of the reflections were egtimated visually
usiﬁg‘inﬁansiﬁy strips and multiple £ilms (4). The crystals
were sufficlently small to make it unnecessary to correct the

data for avsorptlon.

L. The unit cell dinmenglons,

It was Tound that the reflections wlth the Miller lndex
1 even could be indexed on Che bagis of 2 hexagonal subeell
with /vg and C, = ¢,. Approximate dimensions & and
¢, of the ?f%ewiﬁ wore found from rotétion and Welsssuberg
photographs to be §,% and 16,2 K respentively. Precise
unit cell dimensions were determined from (Wk0) and {(kO1)
ginzle crystal data obtained Trow two eguabtorial rotation
photagraphs, using the Straumanls arrangenment. When the two
vhatographs {rotation aboudt the c-232ls and a-axis respectively)
were superimpoessd on one another, it wags found surprlsingly
that the positions of the spobts on the twe phobographs coine
cided within the limits of asccuracy of Cthelir measurement,
even in the hack-rellection repion, {(There was no auestion
that the sane pMJ%ag? aph Uy nistake was taken twice: rela-

tive intensities on the two fiims differed,) Thils is the
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case because %he spacing of the {(100) subeell planes is
almost exactly equal to the spaclug of the (002) planes,
More will be sald aboul this fortulious equality in the dis-
gussion of %the subcell structure, The precision determing-
Slon of the unit cell éim@aﬂi@n@ involves the specification
of only cne parameier, mamalydzggg This parameter was deter-
mined by a least squares Iitting of the best straight line
through a ﬁlﬁb of dqqq computed for each observation versus
008~ (mgwg ‘5 ), the NHelson-Riley function (5). Copper
Ky, vadiation {Jlﬁd’w 1.5405 B) was used, and equal weighs

wag glven Yo each observation. The value si‘dlqp~lgﬁg at
approximately 22°C, obtained by extvapolation of the data

in table 1 to cos”6 = O was 5,142, + 0.001 B,

- Since in the hexagonal system

¢] 100
{1a,%)
Co = 2d 0
and
= 8d
a, = 8440
(Pa,b)
s owm D4
o = P%02 *
the dimensions of the suboell and the btrue unit cell are

»
mlts of error gucged for this f;; e, as well as
the limits of error given for all other guantities in this

thesis are probable errors, equal to 0.6745¢ (6),

w iim

§3%7
&
%3

w el



Table 1. Data for determination dgﬁgﬁ

' 1
§h2+hk+kg}32

[ R D

Subeell O, = 8in® o1

; cos 6 (

indices radians ging = ii&@ e din
50 L1511 .150%3 5.117 & 12,961
110 D630 ARG 5,131 T.132
200 . 3055 30077 5.122 6,001
210 L0 L 3OT30 5,18¢ 5,180
300 LUETY L5057 5,108 3474
220  SUST . 51002 5,181 2 .ThE
8OO LH43G L60008 5,134 2,060
320 JTIAT 65312 5,141 1,684

500 8530 75326 5,113 1,082

729 8877 77562 5,160 0.963
k2o gls 7o3u 5.139 0,873
210 5838 83201 5,151 0. 630
@{}g’; 14135313‘ @8:’:}6(}?} 5*13%6 ngg@
220 1.2106 93583 5,14¢ 0.235
610 1,3730 .GB147 5,146 0. 054

respes 7 ive 3-.37

B0

A, = 5.938 £ 0.002

€, =10.284 + 0,003 &

and
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E, The composition of the phase,

Attempts to prepare a melt ccmsisting only of this phase
vere not sucecessful, If, in accord with the phase diagran re-
ported by Vogel (1), the magnesiuvm-rich phase melis incon-
gruently, orysiels of %33C® are first formed upon cooling.

The probable explanation for the faillure to obialin melts cone
sisting solely of MglgCa is that the heterogeneouns reactions
ere slow below the peritectic temperature, and equilibrium
wag not achieved, Nor i3 it feasible to collect encugh single
crystals 8¢ that the compositlon of the phase can be esbabe
lished by chemical analysis, Nevertheless, there is very
strong evidence, degscribed in the paragraph below, that the
formala of the phase is «glgﬁa, and not ggﬁ@ as reported by
previcus investigators,

The density of the phase was found from {letation meas-
urements on single crystals to be 2,302 gms,/bm.g at 229,
From this Pigure, the molecular weight of the contents of the
subcell with dimensions A, = 5,935 B, ¢, = 20.284 § 1s 435,

It is entimated that this figure i8 in error by less than 2%,
or & molecular welight units. The calculated formula welght
of Mg ,Ce is 431,97. The density calculated for the formla
ﬁngCQ, on the assumption that the atomie volumes ©of corium
and magnesium in the alloy are the same as in the elements is
230 @ms,/bm.ﬁ, which 18 in good agreement wlth the observed
Cdenaity, ,

In order to disprove the conclusion obiained from Vogel's

investigation that the formula of the mapgnesium-rich phase is



Mz .Ce, the thermal analysis resulits must be shovn o be in

gl

.
error, The stoichliomebtric formula Mg, ,Ce corrvesponds by
colneidence to nearly the composition répovted for the sutee-
tic of ﬁggCe and Mg, A melt having this composition was pre-
pared and analyzed chemically, The metallographic examination
of the melt kindly performed by Paul Pietrokowsky of the Jet
Propulsion Laboratory revealed that the alloy consisted of
about 90% of primary crystals, rather than of the eubeetic
minture which would have been expected 17 the thermal analysis
investigation was corvect,

A powder photograph of & melt having the stoichiomebrie
composition E@lgﬁﬁ taken with copper radiation shows several
wealk lines in the front reflection region which cannot be
associated with the magnesiuwm~rich intermetallic compound,
Their Dragg spacings, in g, together with data for ﬁggﬁ@ and
Mz are tabulated below,

Table 2, Spurdcus 1lines observed on & powder phobograph
of an alloy having the composlbtion g4 nCe

Bragy spacings

@ Clogest ﬁﬁrgng
Spurious lines Clogest ﬁgBG@ 1ines Mg lines (8)

6,03 A o

§,13 B 4,26 %

3.86 2 3,68

QQ“ZZ_? e c} Q‘Z?
2."2}1\‘* 90{31 A 2.00
Qo%@ o a.?a!;f’}
2.08 2,11 A

»

Caleulated from the data of Rossi {7).
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The §puwious lines, with the exception of the 6.¢3 g gpacing,
nay be intarpreted as ariaing Irom ﬁgsae and Mg Impurlities,
The agreemont 1g not good, dut the lines were all wegl, and
the observations were made in the low precislon lront-rafleg-
tion repion. The presence of both Mgsﬁé ané Mz in small
anounts ig cousisbtent with the hypothesls that the phase,
with the formula Mglgﬁé, ia Pormed by an 1ncomplete peritectic
reaction betwaen %gBQQ and the nelt,

Additional svidence which supporis the assigment of the
formuia Mglﬁﬁa %o the phase ip the simlliarity of the diffrac-
ticn patierns o those observed for the compound Tiﬁaigv The
structure of the pubeell found in this lnvestigation is iso-
morphous to that reported for TiBey, (2).

n order to disprove that there are actually two mag-
negium~rlich phases, having the Tormulas Mg§6a and %@lgﬁay a
melt having the compogition of the former was prepared and
a powder photopraph was taken. This photograph was essen~
lally identical to those made ol the melts more rich in

masmesium, showing that no new principal phase was present.

F. The absences in the reciproeal lattice and possgible
SpAce groups.

Although most of the absences whicgh ocewr In the z-ray
diffractlion patterns fop MngCe are not agceountanle for by
apace group symetry elenents, they are nevertheless of a
gystematde nature. The diffraction patterns are best de-

goribed by considerins planes in reciprocal space having

2
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congtant Miller index 1, All such planes with even 1 have
one configuration of absences, and 81l planes with odd 1
have another confliguration. Throughout this thesis, the

two types of planes will be referred to, respectively, as
the even and odd layers. Figure 1 shows which reflsations
on odd and even lavers are not ruled out by the absences.

A& preciprocal lattice plot of dlffraction date apparently

showlng large unit cell dimensions wilth many absencesd can
aam@%im@% be resolved into & seb of slmpler Inbevpenetral-
ing lattices, 8o that what was supposedly a single crystal

is actunlly multiple. A three dimensional model of several
layers of the Wﬂlgwg reciprocal lattice was constructed as
a visual ald to debermine whether suech g rescolution was
possible, A model of this sori was useful in
gation of the S-phase in the silver-zinc system (4}, No
lattlees could be Tfound however which could be combined te
explaln the majoristy of the absenses in the reclprocal lat-
vﬁﬁee for mglgéem

he Leue symuetry Dg, = O/mum 1s consistent with ti

crystal classes Do, = G2m, Cg, = Gmm, Dg = 622, and Dy, =
Gfmmm {10). The only absences in the veclprocal latiiece whieh
can he space group extinctions are the (001) absences with 1

ol

odd. Space groups having ¢ gllde planes, or mngﬁguﬁs o Oy

serew ares ave therefore eliminated. The space groups whieh
5 TN 5 3 1’ L) el "”33 “'?"’"Wn o~ 1 Far o
rvemain pogsible arve 3;1 = L, L‘%h w2 LT, S @ LT,

3 - 6 oy . )
Dg = Cb2, 9§ = (6.2, and ﬁ%d = CC/mmm (11). Puriber reduc-
tion of the number of possible space groups will be made by

spacial methods Lo be described later,
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G. The sitructure determination,

1, Division of the problem.

| In order to take advantage of the zslmplicity of the
diffraction data with Miller index 1 even the method described
b7 Raeuchle and Rundle (2) for the structure of TiBe,, was
used., 1If

! - i + "y
pEAD=v 253 Fuse 2ei (fzedysdy) s {3)

then

f(z,3/5+/z)= v %%% Fﬂé’ e-z”i541+7éy+f(§+z’)]

/ ‘é-i£+ +¢3)
§ 2T T gy (1) e R laiky ) (#)

From equations 3 and 4,

2 \
‘ 1 I + (‘\) -Z.Tl‘z(gl+£ +[§)
LLptua)+9(x,9,3+2)] = ’\7%%% el Je t

~An (Rx s By +£
g A (hzeRy + é))

A

where the primed suwmation over 1 indlcates that only bthose
J
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terms with 1 even are included in the sum, Thus, the three-
dimensionally perlodic function formed by averaging the elec-
tron density at each point (x,ry,2) with that at {x,v,z+1) is
the Fourier transform of those structure factors haviag 1
evenn, The spacings on the even layer reciprocal space maps
dictate that this functbion must have a ﬁéwiuﬁi 11ty correspond-
ing to a hexagonal unit cell of dimenslons A@ and %CG, Once
this averaged denslty 1s determined, the strueture must he
found by resolving té@ ambipulties arising {rom the fact that
a peak at (®,,7,,3,) i the functlon 3| plx,y,z) + p{x,y,2+4)]
mey avise {rom atoms situsted either atb {xagymgzﬁ)g akb
{xﬁjyg,zg+%), or at both positions., Resoclution of these am-
biguitlies must be based on an interpretation of the diffraction

data with 1 odaé,

&

#
2. Interpretation of the diffraction data with 1 even,

2. The trial stracturs of the subeell,

The eantire reciprocal labtice, with phases as well as
intensities aaaign&@ to each point, eand consequently the
even layer reclprocal lattice, possesses one of the point
symmebtries congistent with Lave symwmelry ﬁﬁ? Sines the
Fourler transformation preserves polint symmebtry, the slectron
density function 3 plx,y.z) + .f(x,y,z+%)}, which 1s the trans-
form of the even layer reciprocal latitlee, muat alse have sueh

a symmetry. The space group of the function %{_F{K,y,z} +

%
In this section, all Mliller indices used are based on
the subcell edges A, = 5.938 &, G, = 10.234



.Fixsy,z%%)}a which hag a pericdicity in the z direction equal
o 4 C,s is therefore one of those possible for the overall
gtrueture after omisslon of Dg, a8 there are nuo gvstematic
abaences among the {(0,0,21) reflections., The possible space

- groups are then ﬁ%h = Chm, ﬁ%b = COom, G%v = GO, ﬁé = A2,
ana D, = C6/umm,

It was ohserved on the (hkC) photographs thet the inbten-
sitles of the reflections are related approzimately by normal
declines along the subeell reciprocal lattice vector with
components {22&3, Tﬁiﬁ suzgests that the atoms are ab (or

ar) the special positions for which the x and v coordinates
are rational fractions of the subeell edge. The three sets
of special posltions in hexagonal plane groups that have

rational coordinates are tabulated below,

Toble 3., Some speclial posltions in hexagonal plane groupsd.

i-fold {a}) 0,0
2-fold (b) 1/3’ L/f}; 55/?3; 1/3.
3-fold (e} ©, 1/ 1/2, 03 1/2, 1/2

For each of the positions in table 3, 2z 4 2y is an integer,
39 that 1 the atoms were exclualively in these positions,
there would indeed be the aforementloned normal declines of

the observed Intensities,
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The following treatment confirms that the z,y coordi-
nates of the atony ave essentially those of speclal posi-
tiong above, and establishes the phases of the hi0 refleg-
tlong, I2 all of the atoms have subecell x,7 coordinabes

that place then In these special pogiiions, then within each

reciprocal lattiee laver of constant 1 there must bhe grouns
173 o &
1

is possible Lo test whether the atoms have special %,7 ao-
ordinates by exanination of the relative intensliies of the
gubgell bkl reflections.

On the assumptlion that each atom in the subcell has one

wiall

of the spscial %,y coordinates tabulated above, the geometri-

o e &

cal strugture factors G, for the bk reflections can have
) o

&3
ocg
e
P
o}

ene of only four values, It 48 egual to A + 2B 4+ 3
helt = 30 and b and & are Loth sven, A + 2B « Cwhen b = & =
3n and b and k are not both even, A -~ B 4+ 3C when h - k # 3n
and h and k are both even, and A - B « C when h ~ 2 ¥ 3n and
h and k are not both even, Here A 1s the scatbering power
of the atoms assoclated with the position (a) in the table
above, B the scatiering power assoclated with each of posi-
tions (b)), C the scattering power associated with each of
positions {¢), and n is an integer., The {(hko) veflections
in each group of equal thﬁ for which intensity data are

avallable are tabulsated below,
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Table &, Crouping of observed hk0 reflections

@hkﬁ Indices

A+ 285 4+ 3C 220, 600, 440, 820, 666

A+ 28 - C - 110, 300, 410, 330, 520, 710, 63C,
550, 900

A - B + 3C 200, 400, 420, 620, 300, 6ho,
10%0:0

A-B-C 100, 210, 310, 320, 500, 510, 430,
£10, B30, 700, sko, 720, Bio,

730, 650

I the approximation is made that the scattering powers
of %éﬁh magnesium and cerium fall off in the same way with
increasing 8ing/M , the intenslties 1,0 OF the hkO reflec-

tiong ave given by the relationship

2 2 " ’
e = K”(Mfg >] gﬁh%e:@\eﬁ% Lg, {€)

where K 18 a proportionality constant, f(ﬁiﬂ@) ia the fune-

tion describing the deecline of scattering power of the atoms,

%0 is the geomebtrical structure factor discussed above,

nko 5%
o $1h

5 AR is the temperature facior, L is the Lorentz fac-

tor, and p 18 the polarization faector,

The funetion ¢ Bind chosen wag a welghted average of
2
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the atomlc scatlering factors of magnesium and ceviusm, namely

Making the appvax&ma%iam that the K electrons of the cerium
atom are not excited by molybdenum radiation, twe electrons
ave subtracted from the atomic scattering factor for cerium,
This modified scattering power for cerium shall henceforth
be denoted simply as f@e'

Equation € may be rewritbhen

| 4 %
lozy 4 [ ko SX z lagigi{K(Aba,)] \thg\ﬁ

L@f(ﬁﬁn@
A
B in"g |
BN

Within each group of reflections defined above, |G, .l1is
e@na tant, Therefore a plot of leglg[j Ihkﬁ X% versus
AmBf2)

ﬁiﬁmg for each of the four families of r@fi@@ﬁien should

3
2 ot
be a stralght line with slope - B and interecept

249e
x7mf[K@Zq]ﬁ/Gxﬁoﬁz . Figupe 2 31@%8 the {(hk0) intensity
data plotted in this fashion. The intercepts on the plot
Indiente that the ratios of the absolute values of the reo-
mebrical structure factors [A+PB+3C) ¢ !A+QE~613/A~E+3CI:
|A-B-C| are approximately 241:117:163:72, From the figures
above, |A+2B-C|[>|a-B-C| . Since A, B, and ¢ are positive

quantities, A+2B-C) A-B-C, Therefore A+2B-C is positive,



P

2.3

2.2

i/2
]

N
n

L-p-f(sine/ 7\

FIGURE 2.  TREATMENT OF (hkO) INTENSITY DATA.

Points on plot are labelled with indices of reflections.

Ghko
® A+2B+3C

© A+2B-C —-—
® A-B+3C — ——
O A-B—=C =—===-—



i (om

regardless of the sign of A-B-C, Similarly, [A-B+3C|)A-B-C|
&m@‘&»3+3ﬁ)>éoﬁwﬁ implies that A-B43C ig positive. Decause

A, B, and € are positive, A+2B4+3C is pesitive also., Since

the 8 Ens and relative magnibudes of A42843C, A+2B-C, and
A-B4+3C are known, 1% 1s posslble to compute the ratios between
vhe gquantities A, B, and €, The sclution of the proportion-

alities

A+ 2B + 3Cac2i]
A+ 2B - CoC 117 {(8)
A « B 4+ 30 o« 163

is A:BiCe:06:26531, or 120,27:0,32, PFrom this result it fol-
lows by substitution that A-B-C is greater than zero., It is
ﬁh@?@f@?@ established that the sign of every hkl reflection
ig positive,

There are feabtures of the intengliy dabta plotted on
figure » which are not explained by the simple treatment. It
is possible to account for the differences in the slopes of
the lines by asslgning to the atoms at each pomition a gif-
ferent temperature factor. Other data cannot be explained
in this way. For instance, the intensities of the {530) and
{700) reflections, which have equal Pragz ansles and supposedly
egual geometrical structure facbors, differ from each other by
a factor of more than two. The reason for the misbehavior of
the data becomes apparent when a Fourder map of the hk0 struc-

ture factors is made, Funched card methods were used Lo
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facilitate the Pourler caleculations., The electron dengivy
nrojected ontoe the x,y plane of the subeell, with contour

drawn at aréi%ra‘y intervals, i shown in figure 3. The

¥

distortion of the peaks in the Fourier projection at 1/3,2/3
civeular ghape indilcates that some of the atoms are dise
placed slightly in the x,y plane from these positions, with

the direction of the displacements varying from one subesll

There 1is considerable evidence windeh
subeell structure is isomorphous with that reported fop
Titie, ,{?). In addition toc the aforementioned similerity be-

LA B

tween the z-ray diffraction patterns produced by the

pounds, She following arguments support the cholee of the

Tiﬁ@l@ mmmc@xl sbtructure as a starting point for the reling-
Lo

mant of Ghe %@}QG@ gtructure., In the hypothesized structure

ﬁ%@wg are two maznesium atomg and a cerium atom in a row
@wm along the c-axis and the dlagonal of the x,v plane. I

would be expected that the cell dimensions in these direo

tionsg would he alightly larger than &@mt + ?wﬁﬁg where ?%ﬁ and

T, B ToBp retively the metalliec radil of mapnesium and
W ¢
o
cerium. The valus of this samg whieh 18 10,0 12), using
radll for coordinatlon number 17, a@mp&feﬁ favorably with the

ongerved cell dimensgions in these directicng, bobth of which

All of the x,v coordinates of the atoms in the TiBe

12
structure correspond {or nearly corrvespond) to bthe special
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positions listed in table 3. For Mglgce the num&érs of
electrons A, B, and C associated respectively with the atoms
at positions {a), {bdg and {c) {subtracting 2 from the
atomle number of cerium) are in the ratios A1B:C::B0:nhinh,
or 1:0.3:0.3. These figures are consistent with She ratios
A:B:Ce31:0,27:0,32 found from the analysis of the observed
(nk0) intensities in the previcus seciien.

The subcell coordinates, which &ra_iﬁenﬁie&l to those
reported for Tiﬁ@lgfﬁ)@ except that the parameters have been
estimeted ueing the metallic radil for magnesium and cerium

(12), are listed in table 5,

Table 5. Atomic positions isomorphous wiith the

Tiﬁ@lg gubeell structurs

1 Ce in (a) 0,0,03 or (b) 0,0,1/2.
2 Mg in (e} C,0,293 0,0,-2; 2, approxi-

mately 0,35 or 0,85,

6 Mg in (1) | 1/2,0,25;5 0,1/2,2,5 1 2,1/2,2,;
1/?$§,~39; agijﬁ,wggg
1/2,1/2,z,

2 Mg in (o) 1/3,2/3,05 2/3,1/3,0 @, ap-
prozimately .25,

2 Mz in (d) 1/3:2/3,1/25 2/3,1/3,1/2,
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Trne coordinates tahulabted above do not take inteo account the
leplacements of the masnesiuvm frow thelr “I1deal® positions
st 1/3, 2/3, 0, ete. (These displacements ave ohservable

not only on the {(hied) Pourier map for Mg, ..Ce, but also on
= le::t

of

the corresponding map for TiBe, . {2).) Purthermore, theve
are other atoms in the structure which can underze similar
displacements,

Satisfactory agreement between the caloulated and obe
served structure lactors is obtained 1P 1%t is reglized that
the surrcundincs of the magnesium atoms in peositions {c},
{a), and (1) vary from one subecell to another, so that
these atoms can be displaced from their ideal positions listed
above, The cerium atoms in positions {(a) or (b) and th
magnesiunm atoms in position (e) form chains parallel to the
g axis of the crystal which are crdered alony thelr length,
but which may te arranged either with 2 cerium atom a4t 2 = O,
or with a pair of magnesium atoms above and below the plane
z2 = 0,

The ﬁispla&@mﬁnté of the magnesiuvm atoms in positions
{c) and (&) will be discussed first. The gross way in which
the surroundings of these atomeg vary from one subcell to
another can be deseribed by considering only those nearest
neighbors which lle in and about the plane through the atoms
wnder consideration which 1s perpendicular to the ¢ axis of

the crystal, Changes in the configuration of the other

nedlzhboring atoms are perturbations produced by the gross
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ehanges 1n the plate. Fach maguesium atom in posisions {e)

-
1

- H - Y R L o : 4 a A P RSP B - £ & S
or {4) is surrounded sguilazterally by thres of the aiore-

3 Gy I 3 3 2 Rl o o g% dnTo o g

moent loned MeleMe chalins,. The surroundings of The central
O D P EYN DI VN A0 S SN e Ll cmeiyom s e .

pasnesium atom In and aoub The plase arg Thevefore n ceriun

Fm E] 2.7, cy g oy b iy o, - iR <1 F
atoms In the plane and 3-n paire of wasnesiur abtoms logaised

ar

" 3 et vy PO : T 4 e e 5 rmesmnliiana o Plag Merst
avove and below the plane, which are umenbers of the MgleMp
.
CHAaLng .

1% is veasonable ©o supposs that the mapnitudes and

oy

directions of the displacanments of the central atom Ifrom its
1deal positlon at, 2.8., 1/3,2/3,0 will be debernined shilefly
by the disposition of its three surrounding groups. There
will be mirror planes through z = 0 and ¢ = 1/2 whether or nob
the MgleMz chainsg arve translated, so that the central atoms
will be displaced within these planeg, It will be assumed
that 12 the central atew 1s gsurrounded by two cevium atons
and one wagnesiuvm valr, 1P will be displaced from 1%s ldsal
position by a distanca 81‘9 expressed in c@li gdge uwnlds,
towards the magnesium valr, I 1t is surrounded by one
cerlum aton and bwg magnesium @&iwég iv will be displaced

by 89 away from the cerium atom. It ig evident fvom Tigure 3
that 51 is graater than 552e If the cenltral aton 1 sur-
rounded symaesrically by three cerium atoms, or by three
magnesiun palrs, 1% will be esgsentlally unpevrturbed Iroun

its ideal pesltion., In the discussion of the structure of

ris congiderations prohibit

5
4
¥
g

.r‘

8 central (veryliium) atom from belng surrounded by three large
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Fare o

&

banium) atoms, This also prohibits the situation in which

(61

a conitiral atom is swrrounded by three beryilium atom palrse,

§

insamuch as the DeTile chalng are ordered along thelr length
{47 the composition is exsctly TiB@l }, 80 that a centeral

atom with coordinates x,v,2 belng surrcunded by thres heryl-

Qx"%

1ium atom pairs would imply that the central atom ab x,y,z2+1/2
i survounded by three tltanlum atoms. In this lovestigation
it will bve assumed that a central magnesium atom is sur-~
rounded by three cerium atoms or by three magnesium palrs
only very varely. The validity of this assuwnpilion will b
discusged in detall in the analysis of the odd layer diffrac-
tion data., A @@ng@qa@meelmf this supposition is that thers
are virtually no central atoms which remailn undisplaced,
Furthermore, 17 an atom near the ideal position x,y,%z is sur-
reunded by two cerium abtoms and 2 magnesium palr, the atom
pear the ideal position x%,v,3+1/2 will be surrounded by two
magnesive palrs and 8 cerium atom, Thus, for every central
stom displaced by 8 from its ideal position there will be

an atom trenslated from the Pirst b by nearly ”Q/” which is
dieplaced from its ideal position by 82 in the opposite
direction., Thus, equal numbers of atoms are displaced by
51 and §,. The hexagonal symmetry of the subeell veguires
that an equal number of atoms be displaced along each of the
vertical mirror planes pasgsing through the positions {c) and

1) in 1

£ méh“ Pigure & shows in projection the disposition of

™
£

TN

atoms of zroups (c¢) and {4).

e
5
o
D
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it was the conclusion of the preceding parapgraph that
each of the c¢ircles, open or closed, in the subeell prolection
shown in figure 4 will on the average hg oceupled by an equal
nupber of atoms. There are twelve such circles and four atoms
in groups {(¢) and {d), 8o each circle must represent one-

L

third of & magnesium aton, Since the diffraction dabta with 1

even does not distinguish beiween atoms at z = ¢ and 2z = 1/2,
1t suffices in diseussing the structure of the subcell to

place the twelve sites in the positions
{l} X139X1,Q§ ""2 ..3.3“}!,3‘@; 3{‘13"“%1505 “'Klg‘“gxig'@;

2%1@%19{,); “Klgxlg{}‘g

(m) =,,2%5,1/2; ==K 3 1/25 Kpy=Kn,1/25 uxzywﬁxg,i/?;

Exg,xgyif?g ~xg,xg,1/@@
where

{(Za,b)

%y = 1/3 + §,/13

The positions (1) and (m) are meant to distinguish between
the x coordinates rather than the z coordinates of the atoms,

For example, it is permisgsible for an atom $o have the o=



ordinates xg,zxg,e, and in the digcussion of interatomic
distances which will follow, such an atom will be describéﬁ
as belng in position (m).

The displacement of the magnesiunm atoms from their ideal
positions at (1), 1/?,@,223 ete,, will now be discussed.
Onece again, 1t will be assumed that the disposition of each
of these atoms depends only on the confilouration of its
ﬁ&igﬁb@yimg MpCeMe chains., The displacements of these atoms
will be described further in the discussion of the odd layer
data. Pilgure B (pace 111} shows the four possible configura-
tione of the nelzhboring MplelMg @haimﬂ, and the way in whieh
the atoms near the ideal positions (1) are displaced, For
gases C and D in flgure 8, 4he atoms undergo no displacement
at all, so that thelr z coordinates remain 1/4 and 3/8. In
cases A and B, the atoms are displaced in the z direction by
a distance 8 from thelr ldeal positions, bub the even layer
data cannot distinpuish whether the dlsplacements are towards
or away from the cevium atoms., (It will be shown labter that

he displacements are Sowards the cerium atoms.,) Referring

i

to figure §, it is evident that the same number of atoms ave
displaced upward as downward, There rempins to establish the
ratlo of displaced to undisplaced atoms, that ils, the relativwe
Treguency of sonficurations asuch as A and B compared to that
for € and . In discussing thes previous group of astoms 1t was.
asasumed that configurations having three anﬁ@ans;a%ed chains

{i.e., & ceatral magnesium atom gurrounded by three cevium
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atoms or by three masnesium pairs) occurred with neglizible
fregquency,. Therefore, virtuvally every triangle of chains
hag two similar wesbers, and one dissimilar with respect ¢o
the 2 coordinate of the cerium atom. Thus, two of the faces
of the triangular prism formed by the chains will resemble
configurationsg C and D, and one of the faces wlll resembls
confizurations A and 3. From this, 1t is concluded that
ong-third of the magnesium atoms are displaced from thelr
ideal positions (ona-sixth in each direction) and that two-
thirds are undisplaced. Due o the sixlold symmebry of the
subcell, 1%t suffices to specify the coordinates of the six

atoms ag follows:

b Mg atoms in (1,) 1/2,0,1/4; 0,1/2,0/8; 1/2,1/2,1/4;
1/2,1/2,1/8; 1/2,0,3/8; 0,1/2,3/4; 1/2,1/2,3/4
(2/3 atom in each position.)

2 Mg atoms in (i,) 1/2,0,2,5 0,1/2,2,; 1/2,1/2,2,;
l/ﬁgﬂsuzgg 0,1/25~2,5 1/2,1/2,-2,.
{1/3 atom in each position.)

The trial strmcéur@ for the subcell which results when
the perturvations of the atoms from %h@ir ideal positions
is c@§aiaareé is summarized in table & below,

Individual subcells in the actual structure will not
in peneral possess the hirh symmetyry represented in table 5,

There are, however, mlirvor planes through Z = 0 and 2 = 1/2 in
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Table 6. Trial structure f@ﬁ the subeell of Hgynle.

4

Space proup Qﬁﬁ
In the true structure, there is an ambigulty of L7
in the z coordinate of each posgition listed,

Pt

P

g

4

060G,

1 {e) 0,0 0s2y5 0,0, zia (a approximately 0,35, )

in (1,) 1/2,0,1/8; 0,1/2 gl/fz-, 1/2,1/2,1/83 1/2,0,3/8;

0,1/2/,3, ’*; l,/é?,l/ﬁ,j/% (2/3 aton in sach

position, ) -

1J@awgzgg 0,1/2,2,5 1/2, 1/25255 1/2,0,+85;
if%ymzfglfﬁﬁi/éswgg (1/3 atom in esch positl

Mg in

™
2
b}
L

z, 8lightly lese than 1/4.)
M?‘» in (}.} -Am:j.skm.u 'EA W “"?ﬁlg“’agl‘g\) ..«.15““'&.1.; 5 “,}?19 u«ﬁ}.yug

Xy 5%y 5 O {(1/3 atom in each position.
'ﬁl %11” 1bly less than 1/3.)

i Ty

Mg in

[

" % gz
'g:}g#:f}{z:}gl 2;

Qxﬁgxggl/?;

Xn alightly

“qug““.‘K;}g 1/@; er‘g*‘:f{qgl;/ﬁ”
“"fﬂ)‘gﬁw*gll/a s (ifu) 51 Qﬂ?
more than 1/3.)

%
iy B Wu~n.ﬂ"§c3 Il &
31

in each posit




ench subeell, As pointed cut by Raeuchle and Rundle; the

<ty

3 <]

interchangeabllity of Gthe coordinates of the atoms in pos

e

b

Liong (il} and (1,) and the varlation of the X,y goordinates

of the atoms in positions (1) and (m) from one subcell to

-

another constitute deviations from an ideal subeell gtrue-
sure (2), It wight therelore be expeched in case the siruc-
ture was crdered that reflections other than thoss indexed
on the basis of the subeell axes will appesr on the even
layers, However, & displacement lu the parameters from
1deal subcell pesitions which changes the structure factor
F to F+O0  will change the sguare of the structure factor

2 L2 2 . ,
vy (F+A )7-F° = OFA +A S, Since the observed intensities are

-

g

@?@$Q?=i@ﬂ&1’ﬁ@ Fg it 48 possible, 47 A is small, that the
deviation of atoms from their "ideal” positions at 1/3,2/3
and 2/3,1/3 can influence the observed intenslties without
cauging other reflections, whoss "ideal” siructure lactors

are sero, Lo appear.

. Refinement of the parameters

£
L

The expression for the hkO structure factors correspond-

ing to the coordinates listed 1n table € is

) 2 ) :
%@ = fo, + Sfmgﬁfh,ig) + 3-%%{B(Qnm)m(nuk)m(mz@m3, (10)

where

D{n) = cos2mnxy + COBAT NX,, {11)
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and A{hgk) is egual %o one if h and k are both even, and is

. o o . (o) \
equal to zevro otherwise, The observed values th@ For the

¥

{nk0) structure factors are related within limits of error

to Fﬁ%@ vy the equation
. 2,9
B A
O“"‘(°) © e 7 "1’( ) (12)

ko T Fnko

The values of the positional parameiers £y and Xo determined

Ly lesst squares refinement of the observed Intenslly data

were

Kl =2 Q.?gf‘) 'i" CB:QOQ

x = 0,360 + 0,002,
2
2
with %A agual fo 1‘73 . The observed structure fachors were

then corrected for secondary extinction in accordance with

the relationship (13)

!

Ly (13)

S

where y’iﬁ the observed Iintensity, f is the intensity which
would be observed i there were no extinction, and g is the
ceafTiclent of secondary extinetion which, in thig investi-

zation, was determined graphically. The observed structure

factors, denoted by F ., (which are equal to Fggi multiplied

by the scale factor and corrected for extinetion) and

F(C) e'% A“___ﬁ.z;-e

W20 ax » &re tabulated below.

s, denoted as Fcale
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g™
foncsd

100 e 3 L3 21,7 20,1
110 R By 30,1 32,5
200 104,31 500 22,6 20,5
210 31.4 510 22T 23,5
220 He A ¢ 520 . 23,0 17.0G
3000 46,8 850 530 1%.3  15.3
L0 24,8 24, 540 15,1 13.5
320 28,3 23, 550 12,4 16,6
3RO 2R 23, Ho0 424 81,7
100 TR T, 810 17.4 15,9
410 32,4 248, 620 32.5 32,0
hoo  ho,n Ao, 630 13,3 11,8

5| Pt - Feate |

S 1 Fsbal
The expression for the (o1 sbtructure factors la

B factor

3
poe
@

Popr these daba is 0,070,

0oé

where E{1) is equal ¢o one if 1 is divisible by four, and is

egual o saro otherwise, Since the scatbering povwer of a

cerium aton is greaber than the scatitering power of four mage

aluays positive, The caleulated and observed {001) sitrucit

factors are related by an expression analopous o equation

Pron least sguares refinsment of the observed 001 intensity

data 1t was Tfound that

AR +9fM35(e)+szg tos 2m 03, +,sz$ tea 23, (14}

nesium atoms for all values of s8ind/  , the sign of Fooy 1w

o

e



z, = 0.353 + 0.002
z5 = 0,215 + 0,001,

-~

 on
with B, equal to 1.9 A", Table 7 shows the observed {001)
structure factors, corrected for extinectlion, and the calcu-
lated structure factors, ineluding the temperature factor,

The R factor for the date below is 0,038,

PTabvle T. Caleulated and observed 001l structure factors.

Index Fobs Fcalc Index Fmba Faalﬁ Index F@bs Faala
002 26,3 26.5 | 0,0,10 23,7 19,6 | 0,0,20 11.4 14,1
Co4 107.2 107.2 | 0,0,12 36,8 36.8 | 0,0,22 6.2 4.7
006 A1.6 42,0 10,0,14 22,7 22,2 | 0,0,24 5,1 6.6
008 T2.7 72.8 |¢,0,16 18,0 18.5 | 0,0,26 3.3 2.4

0,0,18 11.1 6.0

In order to check the trial structure and the determins-
tion of the parameters, it was decided to compare ecalculated
and observed structure factors for a2ll reflections with 1 even
observed on molybdenum radiation photographs, Subeell (hkl)
data were collected on several sets of films. Each set of mul-
tiple filma had enocugh reflections whiech were in common with
other seis to'esﬁablish relative}mcale factors., The following
procedure was used in correlating the data, For each set of
films, observed intenmsities were converted into ahsolute values

factors
of the structureA)in\. The subscript h denotes the index
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of the re ation, and the asubseript 1 Jdenotes the £ilm set

Pram whleh the omgorved value woe devived, Thore axisd gobs

o

T values E ,Q and {ﬂ { whioh minimize the exprosgion

%Z’ (aM}(lF°\) There are an infinite number of golutions,
Z

5@? if every Ay i mulitinlied, and avery By, im divided by

the pane conatant, the value of the preceding euproganion i

wwmhaﬂz@da_ These sats are unigue however 17 the factor ai

8 gy o2 =3 2 [N 28 & Lo & £ s e -
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is observed in the fllm set 1, 4ivided by the observed rela-
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tive value of the structure factor. The expregalon mey there-

fore be vewpitten as

P(§IFg 1, 1e;8) = %Z_ %j (a 1Fg - 1F 2 1) (15)

2
~ i

The factor 8y for the (hkQ) Weissenherpz set was fixed, since
the conversion factor for the relative hkl data im@é abgolute
sbtruchure factors was established in the relinsment of the
{hiz0) data dincussed @r@vi@uﬁlye

ebting the derivative of equation 16 with respeect to

\Fh\ equal to zZero gives

}F%S = for each h (18}
= 2 wo

z o ‘
ﬁ.
If a veflection with index h oceurs Iin only one film set, the

Py
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An approximate set of values fop {apg was obbtained by summning

2

£

she obhserved structure factors within each get. Thaese values
uation 16 Lo evaluate a set §|F,|¢ . Appli-

18 ¢o the values of {(EQ{ zave & new setb

4 " ES e "N . 9
whe applications of equaticng 10 and 1O

wore sufflclient for convergence of successive sels,
the fimal values Jor {uiﬁ%%Wb ol:balinegd, the qm&mtiﬁi@&{{

h oceurred on single £ilm sets were evalu-

e
s
G

p

for We“&ﬁatz“’g Wi

ated. Fach member of {\F%Q is denoted below as |F_. _|.
& ot LA

Combined structure and temperature factors for all obe
sarved reflections were caleoulated from values of the parame-

Lers ¥ % Zye Zos ﬁép and BG previocusly determined, and

s
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Feade F%;ul T{;p = % \Cce+sz%[Co¢z7r£3‘+ H&R)conaly + 2 WAL

_8A(1‘2€££+£2) __85_{__2
+{D(he R+ § DE-RFE D(Enab)] (€ “FLE, e, (19)

where D(n) has been defined in eguation 11, ang

H{b,k) = 1 49 h and k are both even,

H{h,k) = -1/3 17 1 and k are not hoth even, ( }
208w
L{1) = 1 1f 1 48 divisible by four,

L(1) = -1 1f 1 is not divisible by four.

Values of F, .. and {Fg%g\, ineluding the (hk0) and (001)
refiections are tabulated below, Reflections which were Coo

!

wealk to be observed are denoted by dashed lines in @hﬁﬁﬁgbg
column, Only the (hkO) and (001) data have been corrected
for extinetion. The largest relative discrepancies between
the observed and calculated data ocour for Lhe moat intenae
reflections, and for wealt reflections at small Bragzg angles,
The [irst discerepancies are accountable fop LY secondary exe

tinctlon, for in every case |F 1s greater than |F___|.

cale\
The discrepancies between She caleulated and observed inten-

2les are

&

itien of the weak reflections at small Brags a
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probably due to the use of incorrect atomic form factors in
the structure factor caleulations. These discrepancies do
not arise between caleulated and observed (hk0) and (001)
gtructure factors. For these reflections all the slgns are
posltive, and all of the reflections at small Bragg angles
are rather intense, On the whols, the agreement between the
caleulated and observed (hkl) reflections with 1 even is pood
enough to conclude that the ¢rial structure and the valuss

of the parameters which were determined are essentially core

rect, The R factor for the data in table 8 is 0,116,

c. Discussion of the subcell strusture

Distances to Ghe nearest nelghbors of each atmﬁwere‘@alu
culated, and are listed in table © below, The quantities
N, Py Gs Ty 8, &, and u are integers which vary between the
limits preseribed in the table to take into account the ambi-
guities in the positions of the atoms.

. The ligancy of cerium in the structure is twenty. The
number of nearest neighbors arcund each magnesiwn atom ia
twelve or fourteen. Distances betwesn cerium and magnesium
atome range between 3.63 and 3.93 g, with & large number of
distances near 3,70 g » These interatomlec sepavations are,
as expected, considerably larger than 3,46 2, the sum of
the Pauling metalllc radll for coordinatlon mmmber 12, Some
of the distancez beltween nelighboring pairs of magnesium

atoms, which vary from 2.87 to 3,63 2, are gigniflieantly
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Tanle 8. Caleulated and obgserved subecell structure factors
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Interatonlec distances in the ﬁgl?Ce gtructure.

Central Atom Ligands
Restraints
Interatomic
L Rumbey Distance
Kind | Position & kind Position|, Angstroms
Ce {a) 2 Mg e) 3.63
§1 -2n) Mg i) 3.70 Osn<h
Gep) Mg 1? 3.70 O<pgE
r Mg ] 3.71
2n Mg iy) 3.93
g (e) 1 Mg e) 3.02 )
q Mgz i) 3.15 0¢g<6
ém»qg o ié} 3.30
b-r) Mg 1 3.36 Ogr<h
r Mg mg 3.63
1 Ce a 3.63
Me; {4.) s Mg i § 2,97 05l
1 {&wﬁ% Mz ) 3% 2.59
2 Me 1 2,99
2 Mz @ 3,1§
2 Mz m 3.32
2 Ce a 2.03
M (1) & M 41) 2.59
“ 2 Mg 1 3.12
2 Mz w 3.27
2 Mg e 3,30
2 Ce a 3.70
Mg (1) & Mg 1) 2.93 0¢L<o
b g 11% 2,99
2 M if_}v Bc?ﬁ?
2 Mg & 3.30
(2-t) Mg i 3.32
2 Ce ;3 3.70C
Mg {ra) 1 Mg m) 287
2 Mg igg 3.27
4 Mg i 3.32
(o) Mg 1 3.32 oguge
2‘?’ mﬁ“ i e 30‘{:33
un Mz m 3.71
1 e 8 30?1
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of the metallie radll, which 1l 3,20 A,

oy

shorter than The sunm
However, reporits of magnesiwm-magnesium dlstances conslderably
ghortey than the sum of the radli for coordination number 12
are not meommon in the lit@rature, and a distance a3 short as
2,83 g has been veported (14)., In no case is an atom sure
rounded by an excessively large number of ligends at short
dilstances., Nor is any atom contalned in a framework that
“rits too loosely." Varying the quantities n, p, g, rs 8,

t, and u ﬁa@s net, in géﬂev&l, make the configurations of
ligands arcund the atoms coverwhelmingly more or less desirable
from the standpolnt of interatomie distances. If the values
of ali.@f these quantities were sufficiently restricted, the
phase would have & simple ordered structure. On the contrary,
the ambiguities are of such a nature that leads to the com-
plex odd-layer data,

There is a similarity between the structures of Mglgc@
and Ca’ng(15), The latter structure has hezagonal layers con-
sisting of & larsge (Ca) atom at (0,0,0) and small {Zn) atoms
at 1/9,2/3,0 and 2/3,1/3,0 alternated with graphite-like
layers conslsting of small (2a) atoms &t 1/2,0,1/2; 0,1/2,1/2,
and 1/2,1/2,1/2. The Hgy,Ce structure results when half of
the larzge atoms in the Gaan configuration are replaced by
pairg of small atoms with the axes of the palrs parallel fo
the ¢ axig, and the remaining small atoms are displaced slightly
from thelr ideal positiouns.

The relative constaney of the distribution of inter-
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atomic distances has, in additlion, the following consequence,
The substibutlion of paire of small atoms for large atowms in
the GaZnS structure can take place in mpany ways, leading

o a family of interrelated stable structures, Some examples
of sbtructures in addition bo Mglgée and ?iBelg which ean be
derived in this manner from the CaZn; confipuration are those
of BaMg,, Thiny,, Thyliy-, ThyPe,., and MoBe,, (16,17,18),
The last of these structures has an especially interesting
relationship to the MngCe structure., It can be regsrded

as an ordered modification of Mg,.Ce with the disposition of
heavy atom sites as depicted in figure 5, The configurations
of the subcells in the two structures are identical, so that
the subeell of MglgCe should have very nearly the same axial
ratioc as that for MoBey 5. But the Mobe, structure 1s tetra-
gonal, having the space group Dég = IN/fmmm. The pseudo-
tetragonality of the M@igee structure in evidenced by the
subeell (hol) photographs which have nearly (but not quite)
perfect tetragonal symmetry, and glves rise to the relation-
ships between the axisl dimensions that was mentioned previ-

ously.

. &%
3., The interpretation of the diffrasctlion data with 1 odd.
a. The search for an ordered hexagzonal structure
In order to complete the description of the ﬁ@lgﬁe struce

ture the ambigulties regarding transglation of the atoms by

- ;
In this section, the Miller indices are bassd on the
true cell edoges a, = ﬁl.l& A, ¢, = 10,284 A,

o o
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1/2 &, mast be resolved, This deseription must involve the
true periodiclilty of the structure, which has the axial dimen-
ailon &, = #1.1% A and contalns forty-elcht subecells, A nearly
~omplete apeeclification of the strueture would result by remov-
ing the ambigulties assoclated with the cerium atoms only,
inagmuch as this would glso fix the pogsitiens of the magnesium
atoms in ambgell pasiti@n&l(l}, and the parametor Zn ig suf=-
ficiently closs to 1/4 so that the alternative z coordinates
for the magnesium atoms at (1) virtually coincide,

Two cases are admissible. I{ may be possible to specify
unequivoeally the z coordinate of every atom in the unit cell,
in which case the structure is ordered. On the other hand,
it may only bhe posalible to state, for insgtance, that there
is a prohadbility p that the z coordinate of a particular
cerium atom in the true unlt cell will be zZero, and a proba-
bility 1-p that the z coordinate will be 1/2. Por such a
digordered structure, the array of probability assignments
to the atomiec sites in the uvnit cell muat satisly the aynm-
nmetry and translational requirements imposed by the space
group., Before disordered structures were considered, the
possibilities for ordered structures were fully examined,

he reciprocal lattice lavers of Mg136® with 1 odd pre-
sent a complex but systematic pa%éern of absences which are
- not accountable for as space group extincbticns, In atbempilng
to interpret these absences, there arises guite naturally

the notion of partial ‘ourler summation. The density of
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glectrons at the vector position » in a crystal is relaied
to the array of structure factors {Fﬁg by the Fourler 1w

version

e )

Umy=+ ZF 2Tk (21)
%

where V 18 the volume of the unit cell. In the sircumstance
that systematic {(non-amccidental) abvsences occur in the reci-
procal lsttice, 8 subset of the sbtruecture factorsg wili he
either exactly or virtuslly equal to zerc. Then the glec-
tron @@ﬂai%y can be expressged as
P - 2ley RS (217)
, TR
where the primed summation ls over the non-vanishing strug-
ture factors. The right hand silde of eguation 21°' is &
bepical partial Fourier summation,

The following theorem on partial Fourier summations is
useful in treating some of the absgences that ceccur in the
MzypoCe structure. If {2} i3 a piesewise continuocus one-
dimensional functlon with unilt perliodicity 1t can bhe ex-

pregged as a Fourler servles

It will he shown that the funoebion gn@)p defined, in terns



of the same coefflclents a,, as

w0 ; f
-2ATIRX Y
Py = 2. 2p€ (23)
s %=‘
where the primed summation denobtas that only those values
of I which are integral multiples of some integer n are

included in the sum, is expressib

ile in a simple manner in

}“"“

cerma of JD{X>. The theorem states that

Pa)= )0(7“':&) {24)

This vrelationshilp 18 saslly verified., From equation 22,

o e +
f(¥+i%>:{21 a,e 2%7£(1+7”)‘ (25)
=-00

Substitution of equation 25 into equation 24 pives

g
O%
R

] -

p oo - aé‘;_— aﬂe_zm%(wg)' (2

Any fun ﬂbi@ﬁ'FQX) which will be encountered in crystallography



will Le Pinlte and conblauous so that series such a8 equa-

tions 22, 25, and 26 converge uniformly. Equation 26 may

ol ig il
fu-2 L5 2 (e 5] g pamids (27)
feem ib-:l

2mik
The gquantity € = is squal to one if h ig an integval

multiple of n, and is otherwise equal Lo some other n-ih
root of one. By consldering the veetor repregentation of

complex numbers, 1t is ovident Shat

o one If h is an intezral multinle of n, and is
Lo

otherwise equal to zero. Sinece equation 27 ecan be writte

a

~2Wi K% N

Pulx) = Z 8hm) 2y eTFTE (29)
he-o ~

een thet £ (x) satisfles definition 23, Equasion 5

is merely the spscial case of the theorem for which n eauals 2.
g

e

It will now be shown with the aid of this theorenm that
there 18 a unigue (bui nevertreless unacceptable) ordered
asgigoment of the 2z eoordinates of the forty-eight corlum
asoms 1n the unlt cell that is consistent with the chaerved

odd layer (hhl) and h0l) absences. Each space group consisten
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with Che Dauva symiebtey of the crystal and the observed ab-
gences in 168 reciprocal labtitice has at least a Lhrsefold
axis pevpendiceular to the x,y plane through 0,0. There are
two ways of assigning X,y coordinates to the cerium abtoms in
the true unlt ecell which are consistent with this sywmetry

. 23 u’s
hese are illustrated in

2

and the presence of g subeell.,
Tigures 5 and 7. The existence »of & threefold axis wakes

it possible to separate bthe [orty-elgnt cerium atoms in each
asgizbment Ints sixteen sels of three., These sels are de-
noted by the letters A through P on eash of figures € and T.
The abveence of 001 reflections when 1 is odd indicabes that
for every atom at helght 2 there is somewhere an equivalent
atom at z+f. (If this were not the case, e.g., 1P there were
55 Ce atoms at z=0 and 23 atoms at ze=d, there would be a
contribution of ?fg@ Lo each of the 00) reflections with 1

”

bubions would

;&.

odd. For some orders at least, these coniri
nect he cancelled by those from magnesium stoms. The resul-
tant intensities could readlly have been observed, bubt were
not. ) The@@f@re, twenty-Lfour of the cerium atoms are at
20, and twenty-four are at =%, The sites denoted by A iz
Tigure 6, the assignment with a cerium atom at the orig
are not .a threefold set by symmetry. However, if there ave
to be twenty-four cerium abtoms in an ordered structure at
2=0, and twenty-four at zw%, then the A atoms must all be
at 2=0, or they must all be at z=%, This argument is not

valid 1if the arvangemsnt of cerium atomg is disordered,



(x,y) PLANE.

FIGURE 6. ASSIGNMENT OF CERIUM ATOMS ONTO THE

CERIUM AT ORIGIN.
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{The discussion of the siruveture of Ti&%lg is in error on
this poini,)

An ordered structure with a cerium atom having X,y co-
ordinates 0,0, a2 in figure 6 will be considered first. The
only hhl reflectlions with 1 odd are those for which h=ln+?,
where n 18 an inteper, The conditions on the configuration

of the cerivm atoms whigh are imposed by the hhl absences

fdevived ag Tollews., The sus

L ~ami(fa+ds) | "
V%%FW wwi(ha+d5) yjo(aggﬁ)ctg @w)

wheve V ig the unit cell volume, j) ig the eleciron denasity,

and asx+y. The Intezral on the rigzht hand side of egquation

©oghasly

230 is the projection of the electron denslity onto the hhl
plane., The object of this derivation 1s to make use of
eguation 24, to express as a function of P the paritlal
Fourier summation over the hhl refleet Eanﬁ with 1 odd which
nhains only the absent reflections, and Lhen to eguate this
fungtion %o zero,

Lo indiecabte gsets of Lntepers, vhe et

Qmélg . Hy be expressed as
fonti{= §n) - §2n} {31)

whare n ranges over all positive and negative integer: The

partial Fourier summation over any subset of the intezse
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35 gy e TG (UL ey g 2 pay,
R 4=an A d

T LA A T Ty e
SE fom equation 30 glves

-2 Z({aﬁ-g)
% Elodfu i e f [f{a 44, 5}~f{a 33 ’)]dg:—: G(a3). (33)

ERT

E 9845

suzmmation over i oon the lelt hand side of
e further restricted go ap to include only the terms whilch
ara absent in the {hil) data with 1 odd. The values of &

corresponding Lo these abgences, agaln uslng sel nobatlon,

are
§n{ »gﬁﬁ+€§ &= §m§ - {Qw} + {%m}‘ {34)
From equations 33 and 34,

_2mi(fa+l. ‘
AR AN R (35)

fi=2m

3% omast
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s %- Odimemae“ﬁp A LGP 605 D4 Glarg 24 Glard 3)]. (36)
£:4“ﬂr

Suttraction of equation 35 Prom the sum of equations 33 and

30 gives the partial Pourler summation involving only the

absent hhl reflections with odd 1

i\; Z Z F&ﬂz a- £TL(£a+ﬂ3)
fL=ing- ~§4n-% £ odd

363+ 2 Glas ) 3563 2)4 4 Glans 3) - (37)

The right hand side of eguation 37 may be expressed in its

intesral form aceording to the definition of Gla,z) in

equation 33 and 1s set equal to zero in equation 38,

gggz[f(agg,‘g) FOBERDIL @iy g0y plaed gy 0]

“Lprigy3) - plasiy Bl ey g ) ptars g3 idy  (39)
= 0,
It will ve assumed in this analysis that the siruciure

{actors of the systematically absent reflections are rigore

Gusly zero, (The validity of this assumption will be dig.
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eguation 28 is valid when yﬁz ; the partial eleci:

»
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the cerium atoms In the goruocvure, L¥

‘f , the total elsctronic dens ’ﬁy,

To each of the fortr-eizbt serium sites shov

N 5 & s ) v T e . e
a value of a=x+y, the parameter appeavring in

may Le aspl
eguation 38, Sinsce, from eguation 33, 6la,s) = G(a*i,z}s the
1. The

oo
W

range ¢f the parameler @ may he vrestricted from ¢

value of & Topr each of the cerium s8ites ig G,
ey Tew b G 2%l e oy o o7 Taci g o VN N ) a0
1/%, /2, or 3/, Tabls 10 is arad from {lgure 6, and

shows the x and ¥y coordinates and the value for a

3 £ T oy o S 4y " o Bo % ar ]
cerium aatoms in each of the threefold sets. Ngualion 28 ex-

o Sk

4

speased in teras @f‘ﬁm is valid for every value of a and 2,

K%

so in particular, 1t must be valid for a=2,1/4,1/2 and 3/4,
2= and 1/2, the positions of the cerium peaks in the {nhl)
projection. For values of a and 2z corresponding to a corium

{
peak position, the integral Sﬁfke(a~y33,z)&y is propovtional
ium atoms agsnciateﬁ with that peal, so

can be wriltten in the digcrete Torm
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112 18 14 | 1/he w1/ir o | s/6 11/1n
16 110 1/4 (131 /i o |11/ 5/6 0 3/
301/ | /80 /3 e o s/e 0 1 /6 0
/6 1/ /e e/3 s/ 1/ e s /8 O
/e /4 3/% 0 3/ v i/ ) 3/ 1/ O
v/ 3/ /e 34 AL /4 0 34 )
5/12  1/12 /2 11 1/3 1/4 | e/s T/ v/

Lot
=

112 s5/12 /2 | u/3 111 y/m | 7/1e 2/30 /4

7/ L6 3/ s/8 s/ 1/ | FAe S/ 0
/6  7/12 3/4 ) 5/ 5/ 14 | 8512 7/12 O
2/3 1/12 3/4 (11752 7/ L2 | 5/1e 1730 3%
a2 e/3 34 | 7/12 1112 /2 | 1/% 5/18 34
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3im{a,z)-ula,z2+3)] + [mla+tt,z)-n(atd,z4d)z
= [m{a+t)-m{a+d,z2+4)] + [m(a+2,z)-m{at,z+d)] = o,
{39)
vhere a 18 an integral multinle of one guarvier, ¢ 1s sero or
one-half, and m{a,z) is the number of cerium atoms asscciaied

with the pealt in the hhl projection at a,z,

Qﬁfimingagp,v, and § as

<= LLmioo)- m(02)] (40a)
f=3 DG 0)-m(3,3)] (hov)
¥= 2 0m(g0)-miz 3]l (40¢)
§ = zImigo)-mi2 1) (#oa)

and substituting the values z=0 and a=0,1/4,1/2 and 3/

successively into equation 39 give the simuliancous eguations

S+ B3+ S=Q {41a)
oL +3B +Y-§=0 {41n)
I B Y S {41c)

-8+ 4360, (41a)



Bauations 41 have the trivial solution d:F:2G=S=69 s
wut since the value of the debterminant of the aseffieiea@g in
equations 41 is zero, a non-trivial sclution exists. This

golution is

A=-B=2=-§ {42)

Bauationg 40 may therefore be written, leaving « as a parameter,

88
n{0,0)-m{0,%) = 2« (43a)
m{t,0)-m(f,4) = -2« (430)
m{3,0)-m($,3) = 2« o (430)
m{3/8,0}-n{3/%,1/2) = -2« {434)

Let the quanbtitles ?ﬁgpggvucvﬁjﬁF be the probavilities that
the cerium atoms in the threefold sets A,B, - 0,F, vaapecw
fively, have the coordinate 2=0. It was established in the
3@cﬁi@ﬁﬂwm the subcell structure that each cerium pite in
the x,v plane The occurrence of cerium atoms atbt z=0 and

z=t are exhaustive and mubtually exclusive events, sc that
the probabilitles of finding the atoms at zed are I-f "

«/~¢%)p—f? . In an ordered assignment of the 2 aoordl-

nates of the cerium atoms, egch of the probabilities f&f%;'

B P,  must be zero or one, With the aid of table 10,
7 N



w30

it is possible o evaluate the guantities appearing on the
1.h.8. of equations 43 in terms of these provabilitiles.
Table 10 shows, for instance, that there are three mites In
the threefold set A, and one site e&éh in the seits b, E,
¥, ¢, H, I, J, M, and N for which tha parameter a is gero,
80 that

D) = Sfn i Perfr e o e Pr bt (Y
and |

(o, p) = (- fg)+ (1= p) + (1- o ) + - o)

4'F¢3)+0-fm)4fﬁf&)4(Ff%)*@yﬁm)+0-ﬁ~i {45)

The values for m thus obtained are asctual values iu the case
of: an @@é@?@d'atv&mﬁur@, and expectation values in the case
of a disordered structure.

Substitution of equations 44 and 45 into equation 43a

and division by 2 gives

St bo PerPriPe tPutPrt Pt B TN T 64 (4ba)

Equations 43b, 43¢, and 43d may similarly be expressed in

terms of the probabvilities, leading Lo the relationships

2f3+0b«5 WbF *»0@1 +daj+2ﬁK+2fb+dﬁM+fN = b-a {@5%)
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460

Fosthe P 2p t APy R T iy AR ¢ty =Gt (46e)

- b6
Zéhc’LfE*JhF +0Q‘I +fJ+0bM+3QN +2f0 *2 e = 6ot { 6a)

Equations 46 ave the finsl expressions for the consequences

of the hhl abzences with 1 odd for the assignment of cerium

siteg having a cerium atom at the origzin,

Purther relations involving the probabllities can be
obtained by considering the (hOl) absences with 1 odd. Malk-
ing use of the Fourier analysis theorem and equation 28, it
is possible %o express the Fouriler frangform of the h0l struce

ture factors with 1 odd as

; !
"‘\;% Z,'MF{“ e’Z’IraMuﬂé): f'_;':j [f(X,*j,Z)f(Z)y)yé)]c% = H(x)é), {(47)

From flgure 1, odd~laver hil reflectlons with h modulo 12 =
051,2,4,8,10, and 11 are absent., It is not posasible to ex-
presg this set of absences as combinations of arithmetic
progressions containing zerce. However, if consideration of
the absences with h modulo 12 = 1 and 11 is postponed for
the present, the remaining set, h module 12 = 0,2,4,8, andg
10 ip expressible in a form which can be interpreted with

the partial Pourler summation theorem., In set notation

{12n{+f12n+28 + f1en+t] + f12n+8] + f12n420f = |
fen{ - f6n{ + {12nf (48)
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Using equation 2, the partlial Fourier summation over the
hOol reflections with 1 odd and h moduloe 12 = €,2,4,8, and

10 heeonmes

1 Z ZF{» e-,mrz(%u%)
fml/.z Zodd
=02AK,10

o
Feg

W

Sttt

The right hand side of equation 40 may be expressed in its
invegral form asccording to the definition of H(x,z) in

equation 47 and when @quaﬁed to zero, pgives
Z’aLlff[f(z,«g@)-Jo(x,g)y;’)} +[f("*ﬁ>“2r>3)‘ P(Jur,—'i’a ,M.B]
Lol by 3)-p b g B4 L )90 g s M L0y 3) -Plxsdn 3t ]
+”ﬁwmﬁgy&%%@v}+$@&q%§)P&gzﬁ«ﬂ+h@+ %B)N“uﬁk'ﬂ
“Lp0 90 plerd g gl [pGend - plxed oy 2] - Co0us,g,3) p(xe y 3+4)
Lol g)- 00 ye 1)) fay = 0. | (50)

For reasons mentioned previously, equation 50 s8hall be
considered valid when 0., is substltuted in each term for f .
Prom table 10, the x coordlinate of each cerium atom in an
integral multiple of one-twelfth., Since for values of x which
are integral multiples of 1/12 and for z = 0 or 1/2, the posi-
tions of the aerium peaks on the hOl projections, the integral

f fCe(x)g,g)dAd, ig proportional to the number of cerium atoms
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associated with 2ach peak, eguation S0 ean be written in

the form

5 niz,3)- n (@3] Inlxe 3)- h(ﬂ,z,y;’)]-[n(x'« 5) A(x+} 5+')}+[:%(z+ 13)- fxrt 34 d)]
_.[72(1'*3,}) 71(1+—‘§rz)]+£’}t(z+ 5) h(zr— 3-«——)] +5'[n[x+—57 n(x+ 5_;,}".)]
+['n(z+,25) -n(xedy 314 L) - —[n(z+2% 3)-n(x+% 344 )] +In(xed 30 n(x+ 2 542

Il 2 30 n(xe £ 2+ t)) +[nlx+r 1530 —%(11»,%_)5,»2’)] =0, {51)

whare x 48 an integral multiple of one-twelfth, z 18 zero or
one-half, and n{x,z) is the number of cerium abtoms asgoclabed
with the peak in the hOl projection at %,z

Malting the definitions

€= Z'[N{OJO)- %(O>é)] ("m%)
S=2(n(he)-nip H)] {(52v)
= 4Inlt0)-n(7,3)] (52¢)
0= zln(4,0)-m(%3)] (524)
2 = 3 [n(30)-2(4%) (52e)
k= z0x(%0)-n(8 20 (52r)

= é[h¢(io)-%(é)§2], {528)

M= Z[’h[zp) (2, z)] &:%9?1)



3)

c EEzlnlZo)-n(i ) (524)
o = é(rhggﬁg-An(ggéz] {52k)
= =il B IE AR 7o

2 72,0 2,2 {521)

and substituting the values z=0, ang ®=0,1/12,1/6,1/4,1/3,
5/12,1/2,7/12,2/3,3/4,5/6, and 11/12 successively into

equation 51 lead to the simultaneous equations

£5+§—;j+e—z+/c+5,14¥/,(_;J+§’_o+'7r=0 (538)
€E+55+n-04+7 -4 +1+5/uf71-§4—0—'n:=0 (53n)
-€+§’+5/]+9-2+/<~2 t U ESYy S 04 T=0 {53e)
€E-5 + ) 456+ 7 -Kked -l +D +5E+0-T=0 {(53a)
“€+85 -7 M A R T Y 2 {53e)
€=S 40 =0 40 45k 42 -y + -¥ +0 +85W=0 {53¢)
Se +% -p +o -, PRSI+ U-P+ E -0 ¢ Wep {53g)

€+58+n-8 +2 -k *AASUIY ¥ 10 - =, {53n)



C5esgr6 Tk A ep 15P s E0rT=0 {531)
€-§+y+59+2—t+)\—/,1+12+5‘§+0‘7r=«9 : {(534)
—g+g’—y+9+52+fc~l+/z~‘ﬂ4§’ 50+ M=0 {531‘5)
€-CHp-b+e+5Kk+ -pu+? - +0 +57=0. (531)

Eguations 53 are not linearly independent. However, most of

thelr redundancy can bhe removed i the substitutions

;,“: é+2 (%&a)

fom S H | {545
§= 717 | '  {S%e)
fezort {5hd)
for 700 (5he)
;6: K+ 7 (ﬁl&f)

are made. Eguations 53a8-5317 then become ildentical to equa-~

tions 53g-531. The new eguations are



f e
ARSI T ER AL (55a)

Ay,
Wit
-
-
P—

?f+g&+}3lﬂf55“fiza

RS IANI 209 YRl 208 A | \55e)

;/—;%’+ ;3+5g#+3%__fé:¢> {55a)
RS ZEF I IS SRS A (55¢)
Fr-fat s 2?4’“ SR 7l (558)

The determinant of the coeffislents of equations 5% is equal
te zero, In addition to the trivial solution {1= 28 fafs

AL there i3 the solutien

P

V3
<Ny

s

RN IR 730 Sl 2

Subgtituting equations 54 and 52 successively in @a&aﬁian )

and retaining 4y as & paraneter results in the sguations

o) no3) e xlz00- nl3,%) = g, {57a)
M(/ZO) g /5 2)+}l(20) 7‘(/2 2= —D{/ (57%)

/

m(z0)-n(z,7)+2(%0)-n z’):;’ {57c)



!EW%)
[

i) - (33) ¢l w(53)= -5 o

5) [oems

%[é)0)~%(éjl>+%[5 O)~x é ).. l/}{:/ i;:’@.)
) 5y /4 \ . . A)

M(/Z)é.«) - /2,,_21)4' %//2)0,)‘ ?b[%)—‘) = -—g/ . {i}?{

The quantities n{x,z) appearing in equations 57 can

be expresged with the ald of table 10 in terms of the pwnb&»

Lilities 7; sz“'f’f? by oa mebthad analopous Lo the evaluabtlion
= :
of the guentitliazs nfa,z). Sub atltuting these values in sgua-

fo BT e T apy
Slong 57 aives

70'4%}5 Ffoo +3f fl* %, z4+g/ {52a)

1 9%
[
o
3
i

U+ 2, F2pytipp = 44, (
PotPrt3pu t ety 1, = 44, (58¢)
Lot Ay FRpredpr = Aoy, (584)
Fatletipot o fon t fpe Arg, {58e)

— £ 5
Lo + Ay VAP, 28, =4-7, {58¢7)
Iquabtion 59 ig obtalned by adding equations 92 and 584,

[

f@A +5(;{;E«szc +67QD +é¢)1 + ;bg) =& {79)
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If the assigmment of cerlum atoms is ordeved, all of the p's

i g d B

g, ¢ 4 &=Ta oo = Py FTY f’i s e |
are either gers or one., éﬁeremarﬁg;pb+f%.;f%>+f&;¢% should
ke an integer N, between zero and flve. Eguation 58 san

therefore be rewrlitten

However, no integer N satisfles the relations

v =& s 3/\/:7)

g0 there can he no ordered structures haviug the fivst ar-
rangement of % and v coordinates of the cerium atoms, I
muat be concluded that any ordered arrangement of cerlum
atoms that is conesistent with the observed absences in the
reciprocal lattice must conform with the assipgnment of cerium
atoms in figure 7 with no cerium atom on the z axis.

of the space groups which are possible for the MngG@
structure, only Eg& = (H2m 18 compatible with the second
choice of x,v eaa?dihaﬁaﬁ for the ceriun atoms. The sym-
metry element m in this space group regquires the following

relationships between the probabllitiles to be valid,

U/QE - Aoy (62a)
ﬁbc ’féﬂ ~ {62v)

fj’lz”@j {G2e)
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Thé sixteen threefold groups in figure 7 may thersfore be

reclassified inte four threefold sets A,B,C, and D, and

gix sixlfold sets E,G,I1,5,M, and ©, Table 11 glves Sthe x and

ceoordinate, and the values of a=x+y for the sites in each
The values of x are all integral multiples of one-twelfth,

and the values of a are all one-twelfth plug Intepral multiples

of onpe gquarter. The derivations of aqua&iaﬁ@ 39 and 51 do

0ot depend on the cholce of oripglin in the x,y plane, and

are valld as long ap the grzuments a8 and 2 iln equation 3¢ and

X and z in equatlion 51 gorrespond respectively to cerium pealk

positions in the (hhl) ané(hﬁl) projections., EBguations 3G

and 31 are therefore applleable to the assipgnment of serium

atons fecording to table 11 when a is 1/12,1/7,7/12, or 5/6,

o
i

Il

g an integral multiple of one~twelfth, and 2z is zero or
one-hnlf, The development of expressions involving the
probabilities of finding the atoms in the new sebs of Zero
proceeds identleally with the derivations of equations 456 and
58, The four equations analogous to eguation U6 which express
the consequences of the (hhl) absences in the present assigne-

ment are



Table 11,

Ll

Coordinates of cerium aztomg with no cerium

assigned to origin,

Seb X by a X ¥ a ¥ F a
A /3 o i3 | 6 13 1/3 |2/3 2/3 1/3
B v/l 0 7/12| © 7/12 T/i2 | 5/12 s5/12 5/6
c /12 o 1/321 © 1/i2 1/12 11/12 11/12 ?5/6
D 5/6 o 5/6 0 5/6 58 |16 1/6  1/3
E i/ 112 1/ ivfie 16 12 5/6 0 340 712
i/l2 /& 173 | 1/6 1i/1ie 112 3/h 546 7/ie
& /3 12 s5/6 0 106 /3 s/6 | 1/ 5/60 /3
ve /3 5/ 2/3 36 56 | 5/6 12 L3
i 1/2 Lz T/ie 712 /2 v/ an/ie /120 1/3
112 /2 7/ie) v/ 7/ie 1/iz 5/12 1112 1/3
K 1/ y/3  t/i2| 1/12 340 s/6 0 2/3 1i/i2 t/i2
/3 1/4 t/i2l 3/4 1/12 5/6 |1y 2/ 7/12
M 5712 1/6 T/i2) s/6 1/ 1/0| 3/80 7/i2 1/3
1/6  s5/12 7/i2| /4 5/6  1/12 ) 7/12 3/80 1/3
0 /4 /e 5/ 0 w30 3/4 1fis| s/l 2/30 1/12
T/ 1M s/6 | 3/ /3 /iR B/3 5/12 | 1/i2
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Tt 3o 4 Apr +Ap, AP, = il (63a)
“%4 tpp + 2y +2 /;G +2fe, +1ﬂ= b+l (63n)
2pg i e + Ay + A+ 2y = b (63¢)
Fs +sz +2pp +4 £a *Z(f’x rzlbo=6+o./, (63a)

The expressions which are analogous to equabtions 58 are
{6ha )}

Pat e tpo tPo 2 +2ps =4+§/
P thet Pe P okt futf, =4 F, : (64n)
Fort Fot et e *fit P #fos =444, {6ke)
Zpe + L t1py 2P, =4-¢, | (64a)
Fat Potbe 2 vl putpes 1, (6te)
Pot e te TApr it s = A (o40)

Eouations Ole and 6Uf are identical $o equations 6le and &i4b,
regpectively. There 18 no simple combination of the equa-
tions simllar to equablons 590 that leads to an elimination

of ordered structures in this assignment of cerium atoms.

The eight equations 63a-03d and S8a-64d are underdetermined,
inasmuch as they contain as unknowns «, Zv s and ten prob-
abillities., However, because of the Diophantine nature of

the solutions desired for ordered structures {the probabilitie

all being either zero or one), it is possible to find a unique



solution for the probabilities,
Some of the probabilitles oceur in fixed combinations
throughout the four equations 63, They can be summed to

form new variables. Defining

FPepsrip, (65a)
6= fogt oo+l (65%)
T Rt 2p, {(65¢)
Y pe iy (654)

eguations €3 become

20542T =6-u ‘ {G6a)
‘f+za=é+x-%% (66n)
20+ 20 = E-& {66¢)
zf+’z“+v=é+oa, {664)

Eguations 66 have the solution

fE (672)

0= 2-
2,



’Z‘=/+/oﬂ;% : fﬁg?ﬂ)
Vet {674)
From equations 67 and definiiions 65,
Fot 2f =Z-fey t (68a)
Fetx +Pn= 2 g (68b)
fat A= P g (68¢)
fgt Afx =/+&@A-?_§:, (684a)

Using equation Oda to solve for gy and substitubing in
equations 64b, Olde, and 64¢ resulis in

Patifs t A0t o e ripg v oo HPrtPur P

{(6oa)
TFe Pt PRt it P tP, =0 (690)
Eat st ot L+ 20 + 2o + 2 s 2, + 2p, =8 {69¢)
The probabilitiles appearing in equations 60 may alsc be grouped.
Deflining
§=fe *x +fu o (702)
X = ZAAJ’fD +Zf@ {700}

Ve g foe 2, (70¢)
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equations 69 can be rewritien as

PHX+2Y =5 {71a)
g "’l/’ = 0 {?l%)

20+ X+ Y8, {T1e)

According to equation Tib, ¢- 7 . Substituting this in

eguations Tla and 7le glves rise to the same equation,

X =8-3¢9 ‘ (72)

From definitions 70, if the arrvangement of cerium atoms is
ordered, ¥ and ¢ nust have intepral values ranging between
zero and four, Tabhle 12 shows the valuea of X corregponding

to the possible values of ¢ .

Tavle 12, Values of @ awd X.

X=G-30

o

=w w@ius
i
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The only allowable get of values in view of the limits im-
posed on ¢ and X , is
Q:?ﬁ:z} X:Z' (?3}
Eguations 70 can ihevefore b rewritten
(Tha)

po b a0
Pat Potip.= 2 {7hn)
ﬁé’B‘ +(¢24 + /Zé’bI = (?‘{3’{3}

Comparison of equation T4b with equation 68a shows that « =0,
Because twenty-four of the cerium stoms in the unlt esll
are at z=0, and twenty-four are at z=l/2, the arrangement
formed ?y'r@plgaing zere probablliities with unit probabilities
and vice-~versa is ldentical to the orizinal arrvangement dige
placed by Fa/} . These complementary assipmments of prooa-
pilitles Chus differ from each other only with reaspsci to
a cholee of the origin. This redundancy can be civeunvented
Ly arbltrarily assiguing to one of the symmetry-egulvalent
sets of ceriuvn atoms a 2 coordinate of zero. Fixing the 2z
coordinate of ﬁ@t A as gero, and subgtituting ;qul and o =0

in eguations 60 resuli in

fD’LZfZG =/ {758)

et prtn = {750)
e TPy = 2 (75¢)

Pt "4 (75a)
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In an ordered structure, £8ll of the probabilities are
elther zero or one. The only ordered values of Pp and by
gonsisvent with eguation 75a are

pp =1 (76a)
p& = ii?ﬁb}

Similarly, equation T5¢ requires that

p = 0 {778)

Py = 1, {770)

and equation 754 implles
pg = 0 (?@&)
pg = 1 (78v)

Substitution of the values for py and p, in equation Tia

glves
Dg + Py = 0 (79)
from which 1t follows that
pg = O {30a)
Py = O {30p)

Because py = 1, equation 74t s identical with egquation T5a.

From equations 77a, 788, and Tia,

Py = 1 {81)



T

811 of the probabllities have now been fixed. The only equa-
tion in sebs T4 and 75 which hag not been used 18 equation
75b, Substistutlon of the values of PgePye and Py in egqua~
tion 75b shows that it is consistent wlth the solution for
the probabilitles, To the sgwme%ry equivaient sets of cerium
atoms listed in table 11 z coordinates may be assipgned. The

positions of the cerium atoms are tabulated below

Table 13. Ordered arvangement of cerium atoms consistent

with observed {(nhl) and (hOl) abmences with 1 odd,

Set Number of atoms 2 coordinate
A 3 0
L 3 0
I 6 0
K & 0
0 6 -0
B 3 1/2
¢ 3 1/2
E 5 1/2
G 6 1/2
M 6 1/2
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Ag has heeun stabed previously, fixing the Z coordinates
of the cerium atons regulfes In g nearly comnplete description
of the M&lgﬁe structure, In the preceding developuent, the
only assumpbion made was that the sonfliguration of the |
gerlium atoms in the unit cell wag ordered. It is interest-
ing that with the theorem on partial Fourier summailions and
Diophantine analyais of the resuliing eguations a unigue
ordered solution could be obtained from 2 consideration of
only the absenses in the reciproeal laﬁtica, without regard
to the Intensities of the reflections with 1 odd,

With the exception of the atoms in the HzCeMz chalns at
subeell coordinates x,y = 0, sach atom in the unit cell has
& chemieally equivalent abtom displaced from 1t by a transla-
tion which 1s nearly 1/2 ¢ . Therefore the structure fac-
tors of reflections (close to the origin in reciprocal space)
having the Miller index 1 odd should involve principally the
geattering from the MpleMg chains., If the coordinates of
the cerium atoms listed in table 13 are correct, there should
be approximate agrecment between calculated and observed in~
tensities., The siructure factora of several reflections with
1 equal to cne were computed, taking into account only the
contributlons from the aforementioned chaing of stoms, Be-
cauge the X and y coordinates of the MzCeMp chpins are all
rational multiples of the unit cell axes, it suflfices Ho
compute the structure factors for only the nine reflections

listed in table 14, The intensities of the rvemaining odd-



o
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layer reflections ave related Lo those in the ftable by novpal

deelineg,

Table 14, Contributions from HgleMg chalns to odd layer

shiructure faators .
s . . s L. - L2
Unigque ordered configuration - Space group Qgh

The quaﬂﬁ&ties & below are to be multiplied by ﬁa* ggngf%\

'Iﬁ&iaea o | Observed
h,k : & intensity
0,0 O abaent
1,0 wl abgent
2,0 Q absent
3,0 8 weRslk
4,0 0 absent
1,1 0  absent
2,1 66134 absent
3,1 242 {34 mediun
2,2 : 0 weal

Thelr agreement with the cbserved intans&ﬁies is completely

unaceceptable., With the exception of the systematlc absences
expliclitly taken into account, the array of caleculated struce~
ture factors bears little resemblance to the observed reciproe

eal lattiece. 1t must therefore be coneluded that the strusw
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v, The hreatment of systematlic absences.
nr treating only & subset of the absences whleh ogour

o t.J
1 bhe x-ray diffractlon pabterns of the phase M”zqnﬁ it

(A

~ = o Ton o o g memn v By o By P e, p ; o 1o B o
e been shown that there ave no ordered hexas ronal solutions

£2 e 2 N . oy o g g 4
for the sktructure. In order to cope with the Qﬁﬁpi@hiwiﬁﬁ
P . N—_— s Loy o 3 ) F5 i > 2
added by the presence of disorder, a wmethod must ve devised

+o interpret the entire pabttern of absences. The necessary
and sufficient conditions imposed on a crystal structure by
the existence of the general case of systematic absences will
ne derived in this saction.

@ats of absences can differ from each other In their
dimensionality. Thus, the isclated absence of & single point
in reciprocal gpace is zero-dimensional; the absences caused

sy a sorew axls are one-dimensionals those gaused by a glide

s
)

plane ave two-dimensional; and those caused by lattlce cen-

cerings or by the speeial relationships bebtween the s8ita-

socupancy probabilitises encountered in the %Elmw@ structure
arve thres-dimensional.

A set of absences shall be defined as gyebamatiec 17 the

1ndices of the absent reflesctions form a finlte nuuber of one-,
two-, or three-dimenslonal arithmetic progressions, Absences
whiech are caused by an n-dimensional space Zroup syrne bry

nt have the property that the compliment of the 0-

&
3
’G
A":-"
[
kﬁ

dimensional arithmetic progressiong {1.e2., the n-dimensional
set of present reflections) is & nzle %»diawssiam@l arlth-

matic progression containing a zero Leri,



h]
3

In order %0 clarify the notlon of how n-dimensional
arithiretic progressions can be used Yo express sets of re-
flections which are involved in, or wnaflfected by absences
{this notion belng img@@ﬁamﬁ'im the Fortheoming treatment)
aonme examples will be given.

& typleal one-dimenglonal ggt of absences are those
caused by & 6 gserew axis, The abssnces ocourring are amnong
the {001) reflections. Because these absences are due to a
space zrovp symmebtry element, the class of present relles~
tions along the (001) axis 18 expreseible as a one-dimen-
sional arithmetic progreggion containing zers, namely

1 = 6n, {82}
whare n is any integer,

Az an example of a two-dimenslional set of absences, con-
sider those produced by an n glide plane perpendicular to
the b axis. The absences for this symmetry element ccour
in the {(hol) plane, and only reflections for which hel is
aven ocour in this plane. The two-dimensional avithmetiec

progression expresaing the selt of present reflectionsg ls thus

ks

{83}
1 = “E&}%’Qﬁﬂ;

}7'

Here, iy and n, are integers (positive or negabtive) which
vary independently.

Féﬁe centering is a t?piaal symmetry element whiech pro-
duces a three-dimensional set of abgences., In this ecase, the

indices of reflectionsg which ocour can only be all even op



ail odd. 7This relationship can be expressed algebraically by

%ﬁ%ggs and Tiﬁ@ig differ from those above in that the sets
of avsent reilectlons {or the present reflections) camiot be
completely cixpressed in the form of arithmebic progresgions
which contain no constant terms, such as those in eguations

#] . Yy T N Y E I o~ = oy e o 2 9
82, 83, and 85, vut must instead by expressed 4in the genaral
3 4 v

form of a three-dimensional arithmetic progression, which

introduces constant terms Bys Bys and o

L= a,+am +a,m,+ aym,
%séf£%+@%+3% (&

L =C, O+ Oy + Canyg

-
{42
St

”
i

The approach to the treatment of a general ithree-dimen-

3

sional set of ahsences will bhe as follews, The enbive array

of absences iz brolen down intoc ong or more sabs of ansences

whose indiecas form ar z?M@ria pregressions of the form of



-84~

equations 86, Because the guantities Frieq @ve all zero

{or virtuvally zero} in Uhe expression
/ | :
- _zme(4 4 Qe
> F_p/{ z (x+1éc/4+ 5)) {37)

where the primed summation dndicates that only thoge indlees
wiiich are members of one of the aritibmetic progressions de-
geriving the absences are incliuded, the sum ltsell may be
equated to zero, It will be shown that this sum s expres-
sible in a closed form as a fuﬁetigmhp of the electron densliy
{2,7,8) of the crystal, For each arithmeblc progression
leserdibing a subget of absencen, there wlll be an sguation
\f’mﬁw The set of equatlons correspounding to all of the
arithmetic progressicns desceribing the abgences will then be
eguivalent to the conditions lmposed on the strucbure by the
abBRencses,
Deriving the result for g one-dilmonsiongl st of ab-
gences will facllitate the solution of the problem in higher
dimensions, Let £{x) be a function with unlt periodicity

that is expressible in the one-dinmensional Fourler seriesn

{0
ot
?

@ Y,
1[’&): Z ;;:e— 2r r. {
iz @

Then

Fe= f ﬁ§7€2x%§d5, (52)



We wish to evalunbe

3
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X

¢
M

Ny

D
LSy
1
=

f;“'
o

whore the prinsd sumagtion Indicabtes that ’zz;%:;r thoge terms
Tor which
h=antan {01

arc inecludad, where n ranges throush 1l intecers from -o

oo, and where Gy, and a ave intogers. from eguablions

f

#'(x) _ Z [ff(%’) zrz(aomn)g’dg] -27i(a, +an)7c (o5}

’n:-m 9

sguation 92 mey be rowribtten

L= ff(f)e 2mia, (E—Z)Z zmvz[a(s-x)] it (03)

M=~

e properties of the gum



3
ra {55 3

o) - Zwezm‘n[ﬂ(f’~1)] (ch)

Mz

shall now e investizated. By considering the veclor ve-

presentation of complex numbers, 1t is apparent that
c{¥) = 0 when a{5-x) is not an integer, and
og{¥ )} =0 when a(C-x) is an intemer

Bvidently, (&) will have a infinite peaks per unlt interval

] [
a -
fa'(f)df _j 627”71[ (¥ ")]
) o M=
! P
= {’*ZZ:@mzwn[a(;qufdgf/ {26}

Therefore the grea wnder each of the pealks in the function
Because the integrand in equation 9% has unil perilodiclity,

£r{x) can be reexpressed as

/4-14-8
P = [ Dg) et ”"”Z e dminlale>), (97)
x+5 n=

(0<§(4)



in the range 215« § i+x+8, a(g-*) aasumned lntegral values
S PR, T ?3 " . % 3 o ey
’a.f‘.’i@?.a g = }E‘%"‘gg i‘) s -E«s a9 g @4 @ ﬁih«ti}@

, a imia,
Fli)= 5 Z 40 b)e ) (28)
Oa .

rin d el 8 20 % 3 3 I N
wnicn is bhe desived reguls,

T e B, 1 9 oy oy 5 oy 23 L S
ho= g tan form a set of absences,
Yk

for all values., The nature of the systomatic absences 1n the

iy B s g 3 » . sy e D e der e o B e T A Ly o [T
recliprocal latilce 15 comnected intimately with 4he nobion
A o5 iy 5 T 4 T g g Ere A E . il %«» s 3 -
ol a subeell In lhe real crystal lattice. Corresponding Lo

the absences in the one-dimensional reciprocal labiice dew
serived above, which repeat alfter a intervals, there is a sube
celli in real space whose length is 1/a of that of the true

o & Lo o N £ ity e Ty ot o %
unis cell, Any of thess subcell

files the requirement that a.% is an inte
The inbterpretation of a general three-dimensional set of
avgences, guch as thogse oceurring in ahe Mgigﬂa raciproral
lattice, will aow be discussed. Corresponding to the zeneral
three-dimensional arvithmetlc progression of reciprocal lattice
indices given in equations 86, there is a three-dimensional
subcell in real space with Lhe property thab RKys $ouo 808 2,

the components of any subcell translation ¢, satialy the

o

gquations

&



a/ZaAJ’/;/Zd*C/gd:f’,

L, + 4yt G5, fa Fodafs wndigma (98
djlad-ﬁ 32%&/_;.6'305“/:(/1{3_

Le@jD(xgygm) be a funcbion with unit periodieity in

- aach of the three variables and expressible in the three-

dimensional Fourier serics

o 24
porgsr= L 2 2 Fpy, et TR Ry 4 G5 (100)

f:-ﬂv fé:-a) €=‘m

Then

/ ’ |
_ 2mwi (R +{y+/§')
ke [[ [f[i% §)e | (101)
We wish Lo evalumie

f’(z,‘g,éﬁiz, ﬁz; ;/ ng,w e~27rz/fz+7€g+€5)) (102)
[y 4 = -0 = -

where the primed summstlons indiecate that only those values

of {hkl) which satisfy equations 36 are 4o be ineluded,
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101, and 102,
) @ © @ + an+d'ﬁ)§
f(rgghzz.jz Z; {§g~§:%§0§) A (2027 8Ty 57
S ’?2: - n, =

xm‘(# lf%/ ,,+é7t )Uezwz'(co+ c,*n,+cz%z+ C3N3)%

dgdparé

. €_z’7ri/a0+d,%,*41”2*43”3)15—27‘i(5a*é7" + /rz Myt [Jr, 763)?

o @Al C Py G ) g (103)

Because the functions,; as belfore, are welle ~behaved, eguation

103 may be vewritien

f”(l y 5) _ f/fl‘("e 2rz'[do(§-z)+é(7‘—])+ Co(f“é)]
-3)]

) 5 exminla(se b 5]+ (f’éﬂfe”“‘z[“z(f'”*4(7"7)*62({10%)

;5 -® wf"m
z : £-2) ﬁ[ )*C (§-3)
M;_fﬂr ny[as(§-2)+ 5 (-4 3]d§°dya’f

Bach of the sumsatilons in eguation 108 1s a Dirge §S-function

L T W trbe sy e PO G . oo vy 2
wiich 1s non-gero when bthe Lerm in the gquare braciket is

R b B g gim g FT T, o v - e A RO . . - B B
eguel o an interer, Therve can o sz slautlon to bhe

PO B SURTT ST S &Y, s - iy
aoverall expression only when all Shree susma are siruliane-

L T R & o
L@ LETWMB L0 e

Jomparicson of




{

the souare brackets with eguations <O reveals that this oo~

curs when and only when (% -x), (/-y}, and (§ -z} are the

conponants Hyo Voo and z , of a subeell translation §M .
becauss
t At !
f ( ( Zwezvrm [a,(5-0)+6(7-§) + ¢ fa)]ze winy[a, (5-1)+ M}H (5-3)
“6 Yo Yom=-o n, =@

 § emmlaEoibirgiatsal, (105)

’723:—@

the welrhbing factor of each peak in the compound S-funciion

1/1, where N is the number of subecells (and hence the nun-
*
per of §-functlon peaks) in the true unlt cell, Thus,

from equation 104

'do aé+lo +C° °‘> g
2milyxy + bffa Gdu) 10y

POy ; g §rc) e

£

where the sumpabtlion ig carried out over all subcell glites
i the trus unit ecell., I vector notatlion ls used, eguation
06 can he made formally identical to egquation 6B, Thus

Pl = N f?f(f*fﬂ e 47! ﬁ"'f“) (107)




where b i the ponstant reciprocal lattlee vector in the

~3
avithmesic progzression 80 whose components are a_, b, and
Cpye In tnis form the eaquation 18 valld eseavdiess of dimen-
aionality, if suitable projections are substituted for

shen the dimensionallity of the absences 1s less than that

of the crvsatal,

«:‘3
n«.?«
arg
&)
3
2
frnt
ot
&
<

§

Eguation 107 can he applied fo a set of re
tiee anpences resulting in 2 Bet of simuliansous equatlons
each having the form

Zf(/“’éaé)esz"’?‘%o (108)
4 ~ooow )

wnere hg in eanch equation is the recivrocal lattice vector
of an absent reflectlon in the "asyvmmetric unit® in reclipro-
cal space enclosed by the primitive reciprocal lattlce vec-

ihe set of

u.u

tors ecorresponding to the subeell, This £l
agquabtions involving the electron ﬁ@m&itv-f then containsall
the conditions imposed by the absences upon the siructbure.
REguations of thls Stype were applied to the M@l Ce siruc-
ture by setting r egual to gero and succesgively substituvting
for @Q the indices of abgent ?@fzam&iags in bthe “asyvmmetric
m“;i“ in reciprocal space, This led to a sel of simulvaneous

equations involving the quantities (2p,-1)=x, , where p, is the

probability that the cerius atom at x,v site o is at z = O,

It was conveniend Lo develop a set of equations for sach pos-

sinle space group, using the egualitles among the p,'s imposed



by bhe syvmmelry velationshins to reduce the number of une
knowng, In no case could the set of unitnowns be conpletely
elininated., It was posslble, however, Lo relabte the remain-
ing unknowns to the amplifudes and phasges of the C@umfi%@%i@ﬁ
of bthe cerlum atoms to the siructurse factors of those odgd

1 P,

layer refllections which were not absent,

c. The structure factor {or the odd layer vreflectlons,
i. Sepavation of atoms intoe groups.

Dwing to the fact that the z and y coordinates of the
atomn in Lhs Mﬁlgﬁﬁ gtructure are ab, or neariy at, specisl
aubcall positlions, it is posaible to treat Ghe absences in
ite diffyvaciion patiterng in an alternate way whiech shows how
absences in the contribvution Lo the structure factor frowm one
get of atoms leads Lo absences in the contribvutions from the
obther sets of atomg., The method which will be developed is
less cumbersome to apply than the general theory of absences

deseribed avove., Furthermore, g8ince no assumpbtlons are made

involving the symebry of the crystal, the re sults are ap~
plicable to all of the possible space groups.

The total struecture factor for each odd layer reflection
can Le scparated into the sum of the coniribubions from (1)

the cerium atoms, {(2) the magnesiwe atome with subcell co-

erdinates G,ﬁsleﬂ (3} the magm@sixm atoms with subecell co-
s :%f BN emeny s 1 e Nl - R £ 3 ,L Yy 3 v gy e
3)‘{ "; U(Lu & a&@uf f») RSV AR | x}g LV uf; 8 ¥ C"LL‘}:( u;ﬁe ? sﬂ; { ST =9 V@mg

with subesll coordinates ne 1/2,0,1/%, ete. Expressions



wli g

will be derived for the coniributionz to the odd laver struce

r will be shown

i

ture Tactors for each group of atoms, and 1

) T, “ .
e made, The sXpros-

£
Tr
vl
$i
o
4
;

73
i

that 17 certaln reasonasle assum

s ey o, ey g . =g oA 5 y
fachor can be simplified enor-

ﬂ'}

gion for the total steuchur
movsly.
11. Contribubtions from the cerium atons.
For the cerdus site « in the 2,y profection of the true

unit cell, with coordinates Kys Yyo let the probablility that

o
o
[ ]
I
o
g
i,:-\
£
s

tom is loeated at z2=0 be P, . The propability
that there is a cerium atom at z=1,/2 is then i-p, . These
probabilitlies c¢an be equated to the average number of cerium

atoms 8t each position. The contribution of the cerium atoms

““3

Lo the structure factors with odd 1 must be Dased on these

averares, Sinee an odd index can be represented as Zn+l, whe

n is an interer, the contributlon of the cerium abtous Lo the

odd layer structure factors, Fgeéh,k)s is
' 0 : 2 o
ZfCe {fdeznz[ﬁxufgﬁ@nu) ]+ ("ﬁ‘)ezm[&‘d* ke panri)1] ) (109)
or
Fro(dk) = ,f e (2p,-1) Yo AT ry + Ry (110)

making the delinitions

P = 2p =l (111)
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and

o
i3
|
Pt

Vi k) =2 hy e am (K Age). (1

there resilts

Ca(h,&} = £ ﬁ{ﬁgk), (113)
It will now be shown that the absolube magnitudes of

the gquantities U(h,k) may assume only a limlited number of

values, Lot Xd and Y, be the components of a subeell trang-

lation. EBach set of cerium atom coordinates z,,v, can be

3 . oy Ao B de RN R wags  Fomdermensian ey sy A . . o 3
where the guantities x . and y . arve Iintroduced te aceount for

the X,v

g o5 e e Yo, 1. L By 3 i y e, P £ g %3 o wo g
gite, then both ¥, and ¥y GED e made Zerc, and

o ¢ oy Ao . g Fa Yo g A PN, TN A - . Tty et 44
egol get, 28 well ap thelr avsolute valuss, can e ouuabed, )
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are related so that the vecﬁg?(hgnhls k?~ki)is reciprocal %o

& subecell translation, i.e.,
(hy-ny )X, + (ky=kty)¥, = n - (116)

where n is an integer, bthen

Uk )= 3 oy et R
5 g oA Ky R)K 4 (R )Yyt (Ag-R) 2y + (B =R )G, + £, +€gj¢]
o 4

= eZW’Z'[(fff/)ZO?L({[ﬁ,)aoJZ /zdeA??ff(ff"“*’égd)

o AL Ay £,) 2, +(B-8)%.T U4, A) . (117)

Eince the exponential of a purely lmaginary guantity has an
amplitude of unity, the absolute value of H(hg,kg) is equal

to the absolute value of U(h,,k;). (In any case, the auantities
X and Vo are rational submultiples of thg unit ecell dimen-
sions, 80 that there will be periodiclty in the actual values

of U(h,k) as well.) A two-dimensional map 1n reciprocal space
of the absolute values of the guantities U(h,k) thus has trans-
lational symmetry of precisely the same sort possessed by an
electron density map of a céystal in real space, and it becomes

posaible to Introduce the notlon of a "unit ¢ell" in recipro-

cal space. Referring to the reciprocal space plot of flgure 1,



~G6~

the unit cell corigins are at the centers of the polygons

about which the odd layer fecipfgeal points are avrayed,
Furthermore Prledel's law dictates that the point symmetry

0f the absolute mapnitude of any compounent of the sliructure
factor must be the Lauve symmetry of the diffraction patiern,
which is pbm in the projection plane., The translation group
and the point symmetry may be combined exactly as in real
apace to produce g space group in reciprocal space, and 1t is
convenient to refer to an asymmetric unit in the reciprocal
space map of the absolute values of U{h,k). Referring %o
figurse 1, 1t will be seen that the non-equivalent reciprocal
points with h,k indieces 31, 30, and 22 are the only non-
abgent reflections occurring in one guch asymmeltric umi%.

The entire map of the masnitudes of U(h,k) can be described
by specifving the quantities [U(3,1)] ., 9(3,0) , ana|U{2,2)|.
These gquantities can be determined from the observed odd

layer Intenslitles after their relationshlp to the total struc-
ture factors has been developed. Table 1% shows the criteria
for the three groups of refl@cti@gﬁ having the same values

of ' § )Zo£€ Z‘R'L'(éf,;"‘)egac)‘ .

Table 15. Groups of odd layer reflectlons equivalent with

respect to |Ulh,k)| .

Criterion: Value of
]
{h-k) " mod3 + o)
2 . 2 2WL{hx,+
Prototype indicas {h"+hk+k" Jmod? lgkde “ g“'
31 > U{z,1)
30 1 W{3,0)1

22 O [U(2,0)1
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3111, Contributions {rom the magnesium atoma ol type I.
Evaluation of the contribution %o the odd layer structure

factors of the magnesium atoms at subcell poordinaten Q,G,le
which shall henceforth be called the atoma of type I, is a
simple matter. EBach cerium atom has a pair of magnesium
atome in contact above and below, wlith the centers of the
three atoms on & line parallel to the ¢ axis of the crystal,
Therefore, if p, is the probablility that a cerium atom is atb
xwﬁyw,o, and 1l-p, 1s the probabllity that a cerium atom 18
at xd,yx,ljés then the probability of finding a pair of mag-
nepium atoms at x ,v ) is p, , and the probability
of finding the pair at x,,¥,,1/2+z, is l-p, . The contribu-
tion to the structure factor from the set of atoms, Fmgz(n,k,l)

can therefore be writiten as

%%gg(ﬁ,([ezn({xw fyx-h./j,)’*. ez’ﬂ‘ll([xx+ é%" —‘éjc)]

g ][eZWi[’éxoz" £7¢+l(,g’+§,)]+ ezm‘[fx,,gnég,ﬁ 4—’(2/‘3%)3]5 . (118)

Since 1 1s odd,

2mi
e 2=, (119)

and 118 may be rewritten as



“ GG
FMSI (4 0) = gan% [Jz[ (;A&ﬂ[ezwi[gfxﬁ*@af“ﬂé. ) ez"”(i’xu Ry~ 43, )j

=2/ z%i@&,+43¢? (120)

g too 27043, g (2@4&-/) e

Making use of definitions 111 and 112, 1t 18 Tound that

Fggl(h,kgl) = Efmgcoaﬁwlziﬁ(h,k). {121)

It was mentioned in the description of the subecell struc-
ture that the configuration of the MgleMg chding Is the only
feature which is affected grossly by the ambiguity of frans-
lation by l/égéo The remaining ten atoms are shifted only
slightly from their "ideal” positions at l/?:Q/BEG, and
1/2,0,1/4, ete, It is convenient to regard the structure as
being largely described by the configuration of the HzleMp
chains, and to treat the shifts of the other atoms from
their ildeal positions as small perturbations needed to it

them into the framework of MgCeMz chains,

iv. Contributions from the magnesium atémﬁ of type II.

The contributions to the odd layer structure {actors
from the magnesium atoms of type II, near the subcell posi-
tions 2(c) and 2(d} (1/3,2/3,0; 2/3,1/3,0; 1/3,2/3,1/2, and

2/3,1/3,1/2) will now be discussed. There are mirror planes



g
o g e
peie

at Z&G and 2=1/? regardless of the ambisulties introduced by
the possitllity of translation by 1/2 Co+ The atoms under
congideration must therefore have z coordinates of exactly
zero or one-half, so that any displacements from the idesl
positions wmust be in the x,v plane, Theaa atoms are in the
centers of equilateral triangles in a plane perpendicular

%o the ¢ axis whose corners are occupied elither by cerium
atoms in the plane of the central atom, or by pairs of nag-
nesium atoms, which belong Lo the ordered MgleMs chains,
above and below the plane of the central atom,.

The displacement of these atoms {rom thelr "ideal”
pogsitiong at the centers of the equllateral triangles depend
princlpally only on whether cerium atoms or magnesium atom
palrs occupy the corners. In calculating FMgII(ﬁyx)g the
contribution of this group of atoms to the odd layer struc-
ture factors, the following assumpbions will be made regard-
ing their displacements {rom ithe centers of the triangles.
If a ecentral magnesium aton 18 surrounded symmetriecally by
three cerium atoms, or by three maghnesium palrs, it will not
e shifted. If the atom is surrounded by two cerium atoms
and one magnesium pair, it will be displaced from the center
of the triangle’by a distance 8l toward the maghesium pair,
If it is surrounded by one cerium atom and two magnesium
pairs, it will he displaced away from the cerium atom by
a

a distance 82, (The valuss of 81 and 6? have been established

in the discussion of the subeell,)
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two orlentation
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P AL w WS 5 5. 44 4 LW ¢"t"& r Ahd -~ B "7K i LAY .;:-x e g e p
¥t 1/12, with the cenbter of the itriansle b X 9”¢¢&g@ ; LY
Z a7 b X412, v, +1/6, and x,+L G, v, ,+1/12, with the center

5

¢f the triangle ab x 41717, v,+1/12, Using the assusphtions
made ahove, table 16 lisbte for both orientations the posi-
tions of the ecentral atom for each possible arranszement of
the cerium amama and magnesium atom palirs at the corvers of
the triangles. {For each configuration denoled by capltal
lethers in table 16, the assignment of cerilum atoms or mag-
nesiun palrs to the corner slbtes &,b,c 18 the same for bhoth
orientations.,) It should be noticed that configurations A
and B, € and D, E and F, and ¢ and H are complementary pairs

with regpect Lo interchange of cerium atoms and meinesiuvm

paiéﬁ. Since the MgCeMg chains are ordered along thelir lang
1f the configurations of a triangular sibte at z=0 i3 one menm-
bher of suech a palr, then the configuration of the triansular
site immedlately above the first at z=1/2 1s the other member
of the pailr.

This complementarity makes 1t possglble %o deducse cevialn

alationships concerning the contributlion of the central mag-

e

Tot e

nesiuwn atoms to the odd layer siruciture facitors, For instance,
10 the configuration abt a paviticulsr site at z=0 iz of Stype A

{and of %tvpe B at z= 1/2 } then neither the masnesium atom of

#bh,



Tahle 16,

{central wmagnesium atoms) for different
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of thelr ligands.

Coordinates of the magnesium atoms of type I

confisurations

Designation of \
corner sit g b ©
o 73 - &
Coordinates of &¢+1/%“) Fy =112,
corner sibe: X, s¥u |97,+1/6 y,+1/12
Crientation 1
ort ton 2 % +1/1%,1 x, #1756,
rientation 2 . . e o
Xys¥, |¥ut1/6 2 *1/12 | orienta- |Orienta-
Confisuration tion 1 tion 2
A Ce Ce Ce N x 41/12,
' 7, t1/12 |y 112
B Mz-Mg | Mz-Mg Mg -Mg; Xus x,41/12,
ydv‘}'}./:?,? v, +1/12
C Ce | Mg-Mg Mg ~Mg Ko x,41/12+ 8,
¥, 1/ 1248, v, +1 /124§,
D Me-Mg Ce Ce X, x +1/12-8,
. A1 12=8ly +1/18~5,
E E-Mz Ce Me~Mg =52, |x +1/12,
T +t1/12-51y +1/12-6,
F Ce Mg -Mg; Ce X+ S m +1/12,
v, +1/12+8 |y +1/12+3,
G Mzg-Mg | Mg-Mg ’ Ce Xyt 0z, |X &1/13~§’
v +1/12 |y +1/12
H Ce Ce Me~Mg X.—81, |® +1/12+45
v +1/12 |y +1/12
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type I adem ab 2z=0 nor the atom at z=1/2 will be perturbed
from Lts ideal position, Siﬁﬁe the two atons have the same
¥ and ¥ coordinates, and z coordinates differving by 1/2,

thely combined contribution to any odd layer siructure fac-

tor will ve zero., Furthermore, defining

S, = f fel"”['f»’x s Byt 451 gamilRx + Rt 75 5’)]57

Sea =ty {ezmmx 8+ R (gyr -8, 2ROy 45’)4/744/“5%

Sea =y gpamR(x, s8R (g )] o ALK %, -8) + Rlgyt 33 ]f
! Z . »
- ,p {el"fz[f(lx /z+52)4 )6(},‘ ﬁ+ Sz)] 27{2[{[1’ 75 ..g).;-,(-(fyx,,_? $) ]iilﬁﬁa*-f)

1
%)
&
!

-4, ;ezmtf( )+ (gt =823 amilh (e ) + Ry ,245)]33

£ 5e a7 - 8, )+ R+ 7)) ezwz[fzz¢+,-'z+s,>+é(g.‘+,iz7] g,

ngx :
the cowbined contribubions to the odd layer structure factors
from the atoms at 2 = 0 and 2z = 1/2 at the center of the
triangle whose corners have the coordinates gziven in table 16
can be tabulated for each configuration at z = O ag follows.(Bsk/?)

The distinction bebween an ovdered and a disordered

crystal structure 1g that in the former, similarly located
sites have the same configuration in every unlt cell, This
is of course not the case when there is disorder. The in-
tenaltles of the Frage peaks obtained from a disordered struc-
ture are related to the Fourler transform of the structure
which 1s the average over all unit cells of the ztomic con-
figuration. This introduces what appears to be a powerful

device for the treaiment of disordered structures, {or at



Table 17. Contribution from palr of type II magnesium atoms

at z=0 and z=% to the odd layer structure faciors.

%
Conflguration Contedbutlon 3
at z=0 Orientation 1 Orientation 2
A 0 0O
B G £
¢ S, Sg,u
D “"Sc\o{ ‘SCZ‘(
B ; S
2 B,
F ""‘SE‘[)& ‘NS‘EZM
a
H “Sg, o =56,
k- .
See table 16,

least for disordered structures of the type belng discussed
in this thesis,) which may be called the method of ensemble
averages, Consider an ensemble of &quiv&l@mﬁié located tri-
angular sites, all corresponding to a particular & , in each
unlt cell of the crystal. Let the fraction of thesse slies
having the couflgurations A, ....,H be 4, .oe0sfy {(This
argument will be velid for voth orilentatlions of the triangles,

80 bthe numerical subscripits pertaining to the two orientations
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will be dropped.) PFrom table 17, the appropriately averaged
scattering S¢ from the magneslium atoms at the centers of

the triangles at z=0 and z=% is

S, = (nﬁ“RD)SG¢+ (ng-np)8g, + (nﬁwﬁﬁ)ﬁgﬁ_ (123}
The quantity 2, for a cerlum site « has been defined as the
probabllity of finding a8 cerium atom at gﬂ, 3£,Q minug the
probablility of finding a cerium atom at 3x,3¢,3/?, An al-
ternate definition, consistent with the notion of averaging
the configuratlon over all unilt cells, is that », is the
fraction of unit cells having a cerium atom at x,,¥, 0
minug the fraction of unit cells having a pair of magnesium
atoms above and below the point xk,yx,o. Referring to table
16, there resulis

(The guantitles r in eqguations ;2% depend of course on « ,
although thils dependence is not explicitly denoted. A nota-
tion with « introduced in the subscript would have been cum-
bergome, oOr have produced amblgulties with the quantities r ‘)

Defining
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-0 (125a-d)

g

L¢]
il
e

<

equations 124 become

l‘a Lo Ja'!'JG"JE"’JG

Tp = Ip-IeHgIg (1268-¢c)
Equations 126 have the solution

Jo = Jﬁw%(rb+rc)

Jg = Ip-d(ry+r,) (127a-¢)

Jg = dp-Rlrgery).
Substitution of equations 125 and 127 into equation 123 gives
8, =y (Seut Sea+Squ) -7 Uhgtne) Spu +(Rg+2,) Sgoy +(ng4 ng) Sgu]. (128)
The guantity JA for each triangular gite ig the differ-

ence between the fraction of thosse sites that have three

cerium atomes at 2 = 0 and the fraction having three magnesium



paivs at z=0 {or three serium atome at z=3), Although the
sguilateral trianzlie is Just large enoush to accomodate a
central magneslium abtom wlth three cerium atoms at 1U8 corners
" the sum of the etandard magnesium and cerlum mebtallice
rgdil ig tabken, this conflgzuration must stlll be regarded as
unlikely, Due %o the lavge llgancy of the cerium atoms in
the structure, an interatomic distbance somewhat larger than
the standard radil sum is to be expected, and this is evi-
denced by the observed dilsplacements of the central aton when
is not symmetrically surrounded. (From the analysis of
the subeell data it was found that a likely distance between
neighboring cerium and magnesium atoms is approximately
370 g, This is e&m%iﬁ&r&bly oreater than 3.43 g,\%h@ distance
hetween the center and the apex of each triangle.) In the
TiBe,, structure {2), the atomic radil and the unlt cell
dimensions are such that configurations with three heavy
{titanium) atoms at the corners of a btriangle ave virtually
impossible. If sueh configurations are regarded as highly

improbable, then Jﬁ will be much smaller than the other Jis,

and ag an approximation

a o~ A g ! - g (»«;- g 100
More pbhout this approximation will be mentioned later,
There are 56 equilaterszl triangles in the unit cell, each

sonsalning two central masnesium atoms {(one at z=0 and one

at z=), or & total of 162 atoms contributing to FﬂﬁlI(%,k).
A
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There 1s one tri angle of orientation 1, and one of orienta-
tion 2 in correspondence with each ceriunm X,7 8ite indexed

Yy o ., Accordingly,

FM;H ({i%/ = §(sld + Szx))‘ {230}

whepre glw and ? are the quantities expressed in eguation
129 with the suhseripts denoting orientation ineluded, can be
written as follows with the use of equations 129 and 124, and
the listing of coordinates of corner sltes at the top of
tahle 16,

F—le(g){)“
~é¢hgz{ﬁx+i bt P 77 An t Ryt 5,01 2Tl iR (g v - 50
« 12,8e%75 120 Y 7
‘meaz ih, A ngge Tilh (2 82) Ry 75 - 51 o ATULA 5+ )’é(y‘ﬁ;—t-fg)]f
o LOTR
25}11 y ‘A . ggég}/ zm[f(zw&)%(yw,—z)zezwiff(xd-&JJ(yu,—},)]);
« oy )
L+ 5 +S)+£(’7d+,+6;)] zm[{{z+,z-g)+,,(( 2457
"EM Z{/? , ’*fl ‘ z{ i/ 2792 T f
§ t72, dut te, ot 2
fmng/’ SR o1 Ffat TR ) kG 8] e Rl ) klyn 4500
% 4. ydol T 72
“zfu g1y e Py 90t 1 §F et 1 -5) R Gpur )] o TR 13 4 5) 4 Rly 4 )15
2 < .

(131)

The aspect crucial to the following development is that
it 18 possivle to express equation 131 in terms of the same

quantities which are invelved in the contributions from the
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other groups of atoms in the structure, As an exan nle, the
£

fivst term,
1L s, 2[R, + R4y 55 +5, 0]
Z M x 4,, +L (54 J

in eqguation 131 will ve re~evaluated this wav,

i 27(1'[7{’114-{( a8
g gt gt Futitias
*éfMge "Iz }g(/z 52)]217 5 et 627[i[£(yx*/”’z)*’€[7x*2,/] {132)
12, fu™ & ‘

The summation on the right hand side of equation 132 is over
the products of the value of v at each site in the x,v plane
and the usual phase exponential Involving the coordinates of
that site. Since the summation is over all of the geﬁium

sites In the plane,

e TR ) A2 2)] o (i 8
Z/Zx“,_/_;)y‘-fz' Z 1&)70(62717 1‘,4 7x): U('{)k) (133)
Therefore, .
- (£ £ +t8,)
2’[4)45 ; /7%“*7/2)7&1‘;: LI (%472+8,)]
:"j%ge 7[3[ '-£(/Z &)]U(g)ﬁ)‘ (134!2’}
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e

51&;1&? fashion, U{h,k) can be faLQUQ@ﬁ out of ea

Fowt
P
i

y equation 131, resulting in

Fugx (F4) == 34 Uil e LA AR il A GSY, amil o4, ]
Lo xmil R8T ami[ASAh5)] | 4T LAS, - Al 5]
ezyrz’[{(r'z- &)%Sﬂ_ ezm'[f(r’; +§)+ 48, . el”iffsz," %]
milAs AT il A5 AT i [-R(548)- £
J2milhey - R &)] | amil-A5 A8 amil A5+ 48]
AT 808 amil h B8] amil B oA (G 8] (135)

o 2L *%SL]_ R 2ril-% 4 é&h ezvfi[’e(rz‘gz)‘* £7

3

amildhr8) R amiks BT milds A1y

The expression for Fﬁﬁll(h’k) can be reduced to a much less

cumbersome form if{ the substitubtlion

gn) = cou 270n{ 34 +8,) - Cot 2TN(F4 -5, ) (136)

is made., The application of equation 134 and trigonometric

manipulation to equation 135 results in

(££) =

MZH\

zfg[mm”‘ 30) + oo SR gl scos R g UK, (137)
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winldeh is The final, and esasily calculated expression Lo be

derived in this secitlon,

Contributions from the magnesium atoms of type III,

Ve

Thus far, it has been possible to express the contribu-
tions to the odd laver structure factors in terms of pre-
viocusly determined positionsl parameters and the quantities
U{h,k) for every group of atoms except those forming the |
graphite type layers near the planea z=1/4 and z=3/8, The
contrivutions for this 1@&@ group, III, of atoms will now
be discusged., It i8 again possible torelate the probabillities
and magnitudes of the displacements of each of these atoms
from their ideal positions to the gquantities r for the neigh-
boring cerium sltes,.

The presence of mirror planes in the structure at z = ¢
and z = & r@qairas that each palir of atoms of type III near
z = 1/ and z = 3/4have the same % and y coordinates. The
displacement of these atoms 18 determined principally by
the configurations of the btwo MeCeMgz chains nearest to the palr
of atoms., In Pigure 8 cross-sections through the plane xs=y
in the subcell show the four possible configurations of the
MuCeMg ehaina and the di@placemants of the btype 111 atous
which would be expected if only the MzCeMg chains shown influ-
enced thelr positions., A aore complete analysis of the ef-
fect on the displacements of the group III atoms by all of

thelr ligands Indicates that there are interactions from the
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the confliovration »f the magnesium atoms of type II. Thae
second order intersctions in some configurabtiong can produce
amall horizontal displacements of the type II atems., (These
displacenents could account for the shape of the peak on the
{ak0) Fourier projection at 1/2,0, and yet produce ne con-
trivutiong Lo the odd layer strucbure factors with amall 1,
as guch pairs of atomz are zeparated by ver? negrly ﬁ/@gﬂe)
The complete expressions produced by the more rigorous tregt
ment cannot be slnpplified by methods similar to those used

i the discussion of the other groups of atoms., However, un-

bt

less 1 is large, the simple treatment plctorialized by {igure

ol

£ results in B good approximation to the contribution to the

odd layer structure factors given by the complete analysis.
Pigure 3 indicates that 17 %12V BN Xp,2, BPe the X,V

coordinates of the left hand and right hand MgleMp chwing,

vespectively, then %(yl+xﬁ), d{v +y.,) are the x,y coordinates

of the pair of magnesium atoms of type III, The z coovdi-

nates of these atome are 1/4-§ and 3/8+8 in configuration
1/6+8 and 3/4-5 in B, and 1/4 and 3/4 in both C and D,

The contributions from the type III atoms to the odd layer

struciure factors F%.Ixz(h,ﬁ 1) can therefore be tabulated as

follows., If Rps. . »0p DOW represent the fraction of eguivalent

e

gites in an ensenble of unit cells fthat have conlisuration:
&,,.,D respectively, then the effectlive scatbering 8 Ifrom the

2 III atoms in the site under consideraticn is
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Table 18, Contribuiions o FMgIII{h,k,zl

Configuration Contribution
A 2 4y ('l)%’(wu 2L 8)e wi [ A7) + R 3140
d
& [Alxex304 B+ 72)]
B -,chMg(ﬁ) 2ol e TR Raly KUGH T
¢ 0
D O

4-1 : )

S =(nA_n3)-2§,,g(—z)T(szz/s)em[{m'*w R+ J. (138)
But from figure 8,

Py sy = Bptlig-ip=iig

o ' (13¢a,b)

g0 that

‘;‘5' &4 - f] -

gizx s %»rx“gz ) ny =Ty , {(140)
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and

S=1s ¢ + A %z,‘dz)g"fg (1) é(mzvrls)e TG 1 2) + /é/‘}(, +ﬁ)]-. (142)

Figure § illustrates the relationship between the scattering

from & single palr of type III atoms and the scattering from
the entire group, Corresponding to each MgCeMy site at

X, v, there are three sltes in the x,y plane for atoms of
J

&
type III. The first of these, deﬂ@%@ﬂ in figure O by split

clrcles, is siltuated between the MgleMg chaing at Ky Vo and
x ,+1/12,y , + 1/6; the aeeénd, denoted by open circles, be-
@mwmammnaatxx,%amaxM«Lﬂé,yM+LQ2§amimm third,
denoted by closed circles, between chains at x ,, g(aﬁé

x,+ 1/6, y,+1/12, The total contribution of the type III
atoms i3 the Bum over ¢ of the gquantities S given in equation

141 for each of the three sets of sites, or

FM?S m (ﬁ,&‘f) =

& g ; ¥+ Y
(‘]) 2 fmgmzwé’s;%'(nx ‘é,"’/l L>el‘l[£(21d+/1)+é&yx é),,

\
o 'Xd+l—z) ‘aa-f‘

) e TRy 3) (2907

¥ g(hx‘ﬁ%d‘ +/Zr<'%2)45°‘* 72

FElny g by g g, TR AR, (142)



-/[5..-

1T 3dAL 40 SWOLY ANV SNIVHD BWedbiy 40
S3LIS 3NOS ONIMOHS INVId (A'X) I OLNO NOILO3r0Nd ‘6 JMN9I-

. O
21/1+™ 97147 O 0 l1+7k 21y Px
o . ®
O o)
N+Ke M O @
[ ]
Se{is B I 8dA| o ¢
. O

selis Beybpy O



~116w

By approprilately factoring the exponentials out of the sum-

mation, equation 142 may be rewritten
zm[ zm‘[n”r,ﬁ +Ay ]
24 /Z
Z)Z o{»gd

Mgma))éf) (-1) zmzvr%{e
z,m[A(x,( ,z)fé’(ng')]

awi(h %]
+& S /l’za(*/zjgd'*é €
183 '__’.é ) e 27‘[2.[%25“"* ﬁyxj

zm'(,- ) 2[R 7y) ¢ Rl )]
‘e ail Z’ﬂ&—r'z,?w/’fz .

ézwﬁfa+£%]

2milA G+ )+ Rt /z)]
o *ZI,?oz‘*/“,ze ‘ "Z 5 (1’43}

By the game argument that was used to Justify eguation 133,

every summation over « in equation 143 can be eguated to

Ul{h,k). Therefore, the final expression for the contributions
of the greoup 1II magnesium atoms 1z simply

Fma biig U%.)@)é) =

2(~1) %’fMg dim 2Tl S le?f(%é)—# mzw[%_)+m zvr(igf)]u(,el,é ). (144)

The expression for the total structure factor for an

odd layer reflection is

F(h,k,1) = Fce(h,zc)%f‘mgl(h,k,l) + Fyopp(Bok) + Fyoqqpqp(i,k,1)
(145)
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to equations 113, 121, 137, and 148, equation 145

1%

o
(]
Wb
1]
g
4
jia
]
e

HEE {[fCeJrfM%gzmzﬂjﬁz{mz'l((%_:&) 9ck) +Ca4.271(% )3(£+&)+mzv({@£‘:’%)j(4)]

+200€£uazwés[anzw[££§9+anzw(%%)+awzw{%éﬁ)]f}]U(éé). (146)

The essential feature of equation 146 is that this formula-
tion of F{h,k,1) where 1 i8 odd contains Ulh,k) as a factor.
As is shown by equation 113 U(h,k) is closely related to the
contrlbution to the odd layer structure factors from the
cerium atoms. EBouation 148 therefore indicates that 1P the
add layer contributlion f{rom the cerium atoms satisflies the
observed absences, then the total structure factors mus% ooM-
ply with the observed absences alse. It should be noted that
it 1z erroncous Lo attempt Lo Justify the assumptions and
approximations made in Sthe development of eguatlons 137 and
1" by arguing that deviations of the actual contributions
to the siructure factor from those stated in these equations
will result in net contributions which viciate the observed
set of absences., It has already been discussed how small
deviations from an ideal structure can alter the intensities

of the reflecltionsg which are observable in the ideal siructure,

*

Namely, that there are no configurations wilth three
cerium atomg at the corners of an eguilateral triangle, and
that the disposition of the typelil magnesium atoms are Je-
termined only by the configuration at the two nearest
MoCeMr pites,
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and 8411l not cause new refleationz to appear,
Another important property of the expression for F{h,k,1)

hecomes evident when 1t is wrltten in the form

F(f)éf}: F’Wg pif (Z/'é)* Z(“pCe +/’M(?[ZMZ7Z'Z}1 '

2(-1) 2 w28 (con 2w 222 7{’+.z»é mz%%ﬁ +a¢27r{%’f)]§7 VL A), {147)

The expression contained between the braces in eguation 147
involves the indices h and k only a8 the trigonometric Munc-
tiong of their ratlonal multiples times 27 . For a given 1,
there are therefore only a finlte number of groups of indices
{h,k) such that the guantity between the braces ig constant
for each grovy, with the exceptlon of changes in fﬁe and fﬁg
due to normal decline. This conclusion can alsc be deduced
if it is considered that each cerlum atom, and ecach masnesium
atom of type I or III which contributes to the odd layer
structure factorg hag subcell x and v coordinates which are
integral multiples of 1/2. Thus the combined structure fac-
tor contribution from thepe groups of atoms must show noymal
decline in the h,k plane along the subeell reciprocal vectors
[2,0), ete.

This result has another interesting consequence. Thus
far, it has been assumed that since no violations to the sys-
tem of absences on the odd layers were observed, even alb large

Bracg anglesg, these absences had to be rigorous extlnetions.



It is now apparent that for the absent reflections, Ul(h,k)
can have a small but finilte value without causing any of

the reflections to be observable, (It 1s estimated that

any Ul{h,k) larger in absolubte value than four percent of
U{3,1) would have caused reflections to appear where none
were observable.) In the treatment which follows, the oc-
cupancy probabilitles for the cerlum siltes are related in a
simple fashion to the quantities U(h,k}. Except in the com=~
putation of the probable errors, contributions from the ab-.
sent reflections will be neglected, The resulting structures
will be such that the calculated structure factors for the
abgent refllections are rigorously zZere. HMerely by lncluding
small terms in equation 165 wﬁieh repregent the unobserved
reflections; the resulting arrvay of probabilities is medified
glightly in such a way that the caleulated intengities of

the observable reflections remain the same, and the inten-
aities of the other reflectlens have & finilte, bub unobserv-
able value, HNeglecting the unobserved terms, which is equiva-
ient %o assuming that they are truly zero, has no effect on
the forthcomling treatment, except making the equations therein
somewhat more compsct.

There are eight groups of indices {h,k) for which odd
layer reflectlons are observable, each corresponding to a
point in the asymmetric wnit in reciprocal space. The perti-
nent information about each of these groups 18 summarized in

tavle 16 below,



Table 14,

Groups of reflections havimg aqual values of

2cosinl By +2 (- 1){Z 3}/?&GSQﬂmﬂﬁfwc"5“1Mﬁgwaesari%§ﬁ)miman/S
=z G,
Prototype «
indices Value of
Group {h,k) Values of @ w{h,k)
1 31 Peosemizy+1.7320(-1) V¢ Painontss U3, 1))
2 FO E@aaﬁwé31«2.?5?3(~1fgfi)/ésin2ﬂfs 1{3,1)
3 50 Qeesgwjzl«®.5?58(ml){z“i)/%simgwfs lU{3,1}
b 30 aaaszlzlw‘ﬁlz?é%M»i) w"l)/%m?vrls [7{3,0)] |
5 h 2cos2rl 2y {9{3,0)
6 71 2eos2T! zlwﬁzﬁf&?@i&(«k)u “1)/ 25300165 19(3,0)|
7 60 Qwsséwzlw?(-l)w“}‘ V243 nont5 (2,2}
3 22 Peoson! z,lw{«}.)(*’ “1)/253no0es lw(2,2)
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The fact that large groups of reflections have identicsl cone
tributions from the cerium atoms and the magnesium atoms of
types 1 and 1II makes 1t possible to test the validity efl
eguation 137, which expresses the contribution to the éﬁd
layer structure factors from the type II magnesium atoms, The
largest set of odd layer refllections as tabulated above which
are readily observable 1s group 1., It is apparent from the
odd layer Welssenberg photographs that the intensities of the
group 1 reflections deviate fram 2 normal decline. Since the
“geometrical part of the structure factor sontributions fwam
the cerium sbtoms and the magneslium atoms of types I aﬁﬁ IIX
are constant within each reflection group, the deviations from
normal decline sare due %o the eontributions from the atoms of
type II. Furthermore, if two porresponding groups of reflec~
tions having different values of 1 are compared, 1t is ob~
served that the intensitles of two reflections having the
same values of h and k dlffer from the other members of their
respective groups in the same way. This confirms that the
deviatione within each group from the normal decline are caused
by the type II magnesium atoms, inasmuch as these are the
only atoms in the structure with the exception of the carium
atoms for which the contributions to the odd layer structure
factors are independent of 1,

It should now be possible to correlate the deviations
from the normal decline with the geometrical structure factor

contributions from the type 1I atoms, using the numerical



values of the positional parameiers 51 and 52 Ffor these atoms
determined in the treatment of the subrell structure. Using

the values

61 = 00,0121
{148a,b)

6, = 0.0067,
egquation 136 becomes
{n) = cos2T n{0.0537) - cos2xn{0.035C). {(149)
Tabulated below are qualltative intenslties for group 1 re-

flections which ocecur at nearly the same Bragg angles, (o~

gether with computed values for H e e039r$§ﬁg(h) + e@&@ﬂﬂ%ﬁx

g(h+k) + casznrzizf' g{£), which 48 proportional to the gec-
metrical structure factor contributions from the type I1II
atoms, Comparison of the calculated guantitles H with the
observed values of the intensities reveals that although the
formulation for the contribution of the type II atoms is in
fair agreement with the observed deviations from normal de-
¢line, there are still striking discrepancies, e.z3.s the
reversal of the order of the intensities with the indices
45,8,1 and 43,12,1. It was thought that these discrepancies
could be removed by adjusting the positional parameters

5, and §,, but 1% was found that no reasonable values of

these parameters gave hetiter agreement., IBecause the dis-
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Table 20, Calculated contrlbutions and observed intensities

of the btype 1II magnesium atoms for mome odd layver rellections.

Indices Obberved Indieces Dheerved
h,lt intengity H h,k intengity H

0,168 45,4 M -0,243

21,4
““‘(}g?}‘? é&},g lg W “{}1&‘;}

17,12

%m%m

13,20 1,460 7,20 M 2.395
a,28 ~1.244 33,28 vw -1,382
245,36 Vi 0,551

33,4 M3 0,208
26,12 M -0, 592 &7 U My 0. 565
25,20 Me 1.2&6 53,19 W 0,443
21,08 MW -1, 406 44,20 M 1,309
17,36 Ml 0.382 45,08 W ~2,100

Intennlty acale

S ~ strong.

ME - medlum strong
M - medium

MW - medium weal
W - wesgl

VW - very weak
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placements of the type II magnesium atoms from thelr ideal
positiong are such a small fractlon of the true unit sell
dimension, that H is rather insensitive to changes in them,
even for large values of the Miller indices. 4 posasible
explanation of the discrepancy is that eguation 137 s
slightly in ervor because Criangular arrays of cerium atoms

actually ocecur to some extent in the structure,

d. Interpretation of the datae by differential analysis,
Due to the fact that the contribubtion of the type II

mapgneslum atons Lo the odd layer reflections is independent

.

cf 1 except fur the form factors of the atoms, it is possible
to bypass the complications introduced by the nresence of

the trilangular arrays. For example, i the geowmebrical part
of F{h,k,1) is subtracted from thaet of Plh,k,3), there is8 no
contribution from the type II atoms in the difference, 'Thus,
from equation 146,

FAAD AR

[UEE

£, 3({,&,3) #,,,3(@4);?

febhD LR

YD ir7?£O+Z@né%§;anzW5¥¢CuM@%8+A@z%5)&2ﬁiﬂﬂﬁﬂL . {130)
Jﬁg" flad) Mz"""’ !

wWhnere

At 4) = mzw{{zjﬁ) " mz'zr(ig'—;fi ) + ol (’Qé*f) (151)
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?“ s s N ({‘3} ‘TC@ ({4))
h the possibvle exception of the terms 64\5‘5) [gé,) s

]

i1

he expression inslide the brackets on the right aana gide of

P

oF

egquation 150 is a constant for each of the eight groups of

veflecstions listed in table 1¢, It will now he shown that

to a good approximation, the remaining terms add up o a

guantity which is independent of h and k., {In many struc-

tures, lineay combinatbions of the geometrical parts of sitruc-
ture factors result in expressions which are gimp*@? Lo

interpret than the structure factors ﬁhemselvee. Complica~-

iong are introduced into such analysis if the atoms in the

s
[

g,ag

structure have dissimlilar form factors. The method to be
deseribved generally eliminates thepe complications ﬁﬁoviﬁed
that the crystal has orthogonal axes.) The {ollowing
emplirical relationship hetween the atomic secattering factors
of magneslum and cerlum takes Into acecount the different
shapes and atomic numbers of the atoms, and is valid over a

wide rance of 8ind/a.

— don*6 _
£, = (482+4.9% 7){%, (152)
Therefore,
([63 (a&)/) /41/"2'9 - o6
FooR)  fee BA1 a6 (2R i«?ﬁ) (153)

%Mg [fﬁ,@ qu [ﬁa, k,')
g d
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Since in the hexapgonal system

_ 2
SoTOthe A ARKE, L (154)
2L 4dz}pp 40{'?0/
2
/4%29{@3 AP B4p ,/35’_ I T O 09/ e
A R 7——‘/“4‘{20/ 45[?0/# doza/ o (3%}:))

for the Mglpﬁe lattiee. Thus from egquations 153 and 155,

B3 Lo (hR1) :
'pCe ;5, T(e 44?4)(0.0/?/50‘?47) (15‘3'{)

[ P S

ﬁ%%@@ %#{QU

for all values of h and k. Rquatilon 150 now becomes

FUAks)  FIRED .
Tk B k) | COOTTdleeenmton 275
Mg "% >

‘Mf
’ : (86 T8 + 4o 2T E) AR A)] UK K). {157)

Using the valges z, = T.353 and &= 0,035 determined in the
FUAS)  FRAD)

nalvsis of the subeell data, the guantity - —
B ] P g © A/%(M}) fug(é)’é/)



gvaluated below in terms

cpoups of reflectlionsg.

Flh,lk 1)
" T (n’&’ .

Table 21, Interpretat

[P{h,k, 1)
%h(hsfw 1)

1 1,726 Ulh,k) : 1.726 10(3,2)1

2 5,465 Uln,k) 5,865 105(3,1)1
3 3,788 u{n,k) 3,748 10{3,1)!
4 0815 Ulh,k) ¢,815 10(3,0)
2 3,155 Ulh,k) 3,165 10{3,0}1

& 5,515 U{h,k} 5.515 19{3,0)1

T L8071 uln,k) 5,927 u{2,2)]
3 1,509 Ulh,k 1.503 |u{z.2)|

The inclusiorn of the expressions invoelving abeclute values

in takble 21 is justified because it follows from the treatment

of the odd laver sbtructure factors In the previcus sectilon
that all structure factors asscclated with the same Ulh,k) have

. . . F(R&3)) .
Lhe samne phase, and beeavse ’( is gregber whan
£ 5&&3)
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lﬁfﬁd/
M%zéu
the three quantities [U(3,1)[, [U{3,0)!, and [U(2,2)] , whilch

are fundamental o the description of the disorder prﬁh&hiliti@a,

is arrived at by which

£

. Thus, a metho

S,

can be evaluated [rom the observed odd layer intensivcy data.

The accuracy of the evaluvation suilfers because the guantity
RSN
'C‘/’g (fJ &13) fMg (g' :&1")
numbers, but this disadvantaze 1s more than overcome by the

is a small difference betwesen larger

fact that for each group containing a larpge number of reflec-
tions the observed quantity is a constant, and statistical
accursacy can be achleved by a simple averaging process., Pur-
thermore, the method has the advantage that if theve are any
residual contributions to the odd layer siructure factors

from the magnesium atoms of type III1 which have not been ac-
counbted for in equation 144, they will not affect the averaged
walues of [ﬁ(h,k}i . Such conbributions will be positive

for some values of {(h,k) within each group and negative for
otherg, and will tend to cancel each other when averaged over
2 larce nunber of reflections.

The odd layer intensity data was taken principally f{rom
hkl and higd molybhdenum Welssenberg photographs. Scale fac-
tors were correlated wilth the even laver data using true cell
no  {subcell hh ) precession photographs. As was mentioned
previously, the erystals are sufficiently small so that there
18 no appreciable absorption correction when molyhdenum radi-
ation is uéeé, and since the intensitles of the cdd layer

reflections are considerably smaller than thoge of the even
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i o

layer reflections, 1t was not necessary to correct for ax-
tinetlon, {Only the strongest even laver reflectlons showad

rere correcked for the

o)
£
&
o}
o
&
£
::
4]
Pyl
o
@
b
‘-ﬂf
fioio
=
L&l
o
i)-.fa
9
b
L
N
e
1]
g
.3

aorents and polarizatlon factors, the Cenperature factor was
divided oul, and the ahsolubte values of the structure factors
were compubed, In fixing the scale factor the even layer
gtructure factors weore given values 48 ¢imes those listed
previcusly since they were in reference to the trie unit eell,
which contains 48 pubeells., Tablée 22 lists the eight groups
of odd layer reflections, the values of the indices (h,k) for
which data were obtalvable, the values of 1F{h,k,3)| and

\Flh,k,1)} in electrons, and

\F(£42)] IF(4, 01 ]

ﬂ%@és <€ Mﬁ)

WK = 5 L

where ¥ is the multiplier for each group of reflectlons glven
fo table 21,

The compubad values of |(Ulh,k)| should be equal to
U(3,1)) for each value of (h,k) in groups 1,2, and 3 to
1U(3,0) in groups 4,5, and 6, and to |[U{2,2) in sroups 7 and
8 The average values and probavle errors for these guantliles
are given in tanrle 23,

The guantity
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Table 23, Values of [U{h,k)l.

E]

lg{gﬁl)! == 129? 'i' Q,f}
1§(3!Q}I = Bn& ﬁ Go%
‘{E{S)?}[ = 30.9' 'i‘ {«-g

which 18 anslogous in this treatment to the B factor, has a
value of 0,281, This flguve ig in reagsonable accord with

the R factor for the even layer data in view of the fact that
the quantities lF(h,kyB)l/f%ﬁ(h,k,E) and !F{hgk,ﬁ}l/?%g{ﬁ,k,l)
are on an sverage approximstely 2.3 times grester than theilr

difrereonce.,

¢, EBvaluation of the disorder provablilities for hexagonal
Bpace oroups.
The evaluation of the three guantities [U{(3,1) , 0(3,0)
and |U{2,2)] represents the last gtage in the treatment of
the odd layer data., The flnal step 1n the description of
the Mglgﬁe gtructure 18 to determliune the values of r, for each
ceriun site in the %,y plane. If the actual, rather bthan the
abselute values of U{h,k) were known, the guantities r, could
e easlly deternined., IV should be noted that the expressgion

for Ulh,k),

o({£)=:Eigiez”f(ﬁ%é*g?d)) {112)
o
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in Povrally identical to that for the hkD giruelure factor

5

Ly e o Y vy, 8 penn o € e G e ey S o wyp ey b w4
L & OOl LR aration of point atong with avonle nunbers OV

¥

o o ™ win 2 o g e & one e iy g $a)
e Pourder summatlion thoeorom {

oo
et
Y
D
Yot

2‘ U({{)G—Z'Il‘tﬂxqffg): Z%_/Zx 6w({2—xx) 5(2”3(’6)‘)

2

where § is the Dirgc delta funetion, The left hand side of
egquation 150 may he expressed in an aliternate way because
the periocdicities in the indlces of the «dd layer rellec-
tions which are present and in the guantitles Ulh,k). In
aceord with thege perilodicitien, for every rveflection wilith
indises (hj,kj) that 1s present on the sdd lavers, there are

algo present reflections with the indlices

{: {3 -/-‘4721-/*5922

£ e
1o0a,b
b vin-Ang, (160a,b)

where tiy and n, are integers, {The parts of eguations 160

dependent on ny and n, are merely the btransformation helween

the true cell and suheell indices given previcusly.) It has

already been shown that 1f there is a cerium site at the
origin of the %,y plane, then ﬁ{h?+&ﬁi+ﬁmg, k3+&ﬂ1~%ﬁﬁ}

U{h ?jx .} Por all values of ni and n,. It is advantageous

in this trsaiment to arbitrarlily make the ¥,y orizin coin-

cide with a ceriunm site even at the expense of not having it

colneide with the three- or mixfold axis., Zguation 159 can



then bhe reweltien as

55 U({(ﬁnje_zﬁg['(fijﬁm)z #(ax, - ang )y ]

?/245(/1“’7:{)5/61;__3&)) {}.51)

where the summatlcon indexed by J is over shose refloctions
conbained In a single "unit cell” in reciprocal space of the
tind that has been desmeribed previcusly, The double summa-

tion In eguation 161 can he factored, resulting in

{EUMJ{{) 27rz([7:+ )jz(« -27[1‘[(/4%,%79)1+(47z,—4>zz)y]f

2‘,

:%’ by 8(n-z,) 8(y-2). (162)

i -2 [(47‘#5’”1)11#(4”;"4"252{]
It can be recosnized that the guantity 2. ¢
’)Z“')(z

1s & funetion of z and v having Dires delba functlon conbri-

nubions whenever (%ﬁl+§nﬁ}x + {%nimﬁ Yy A8 an inteser, il.e.,,

(:

at all sites = Phyus

L27 u"

_ 4
5 e AT )R (0 ‘”’"W zax *.)804- «m (263)

7’//7’1

%

where N I1s the constant of nroportionality equal to the do-

&

terminant of the transformation and hag the absolube value 48,
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saion of perindle ansences in the re-

clprecal lattice.) It is now pernlasible o wrlte equation

[52 U({g,;@g/é’ ATz é/“)] S(x-2,) 5(4-4,)
“ 3

= 2, 50, 5y-5.,), (164)

Py

from which follows the expresplon for the soluiio

"5

the

‘\3
&
o3

gquantitles » , in Serms of U(h,k):

BTV ket Gy it (165)
o .

Two reflections having the same value of |U{h,k)| ecan
have dlfferent values of Ulh,k). Thore are phase relation-

SN . Tom ey Ry s in vy e Tty ” o v iy s PR R
shivs hetween the values of Ulh,k) for suel reflections
& kY ER

o hure,

vyl & syt v e PR O S WY ) oy £ %
which vary according to the apoce group of She &

equation 100 ean be appliled, 1% i necessary to
& 2

diseuss the various possible space groups, This involves only
tihe gpeelflcation of the ifwo-dimonsional syrmebrr of the array
T ovalues r, in the x,r plane. As was mentioned previously,

Fa

the space groups which are consistent with the obgerved abe

A A

sences and the hexazonal symmety

1 = 3 P 1 o~ 6 o
sre D e 0bnm, DY, = ngm ¢ s w 00, Dr e QLR
[ %% <5 3%1 W ig 3{3 e {:": 5 .: L :3 3
and DF. = C8/mm, The Bpace rroups ct P D%, asd DY ean now

t PN g oy O Q2
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be ealindinated, inasmuch a8 they do not contain the horizontal
mirror planes whiﬁh‘ay@ pregent in the structure, To each
of the remalning space groups thers corresponds a plane group
which represents the symmetry of the assigmment of », values
to the ceriunm sites In the x,y plane. Thus, the plane groups
panul, p3ln, and pla covrrespond respectively Lo She space
groups 31” D§~, and Dp {11). Bither of the two possible

e 3h? T3k oh &
arvangements of the cerlum asites a3 shown in figures 5 and 6
are conslstent with the symmetry of the plane group 31m,
Only the arrangement as in flpure 5 1s consigtent with p3ml
and pbm, The assignment of cerium sites as per Tizure 5 in
plane group p3lm can he gquickly elininated, The squalities
which must be valid among the guantities in a gtructure
having this symmetry cause the sine part of the contribution
from the cerium atoms Lo the strueture factor o vanish for
every odd layer reflection which 1s present. This implies
that such a structure 1 centrasymmetric, The additlon of

a canbter of gymmetry o the non-centrosymmetric plane group
21m reduces it to the plane growp bn. The three possibpili-
ties which remain ave paml and »6m with the assigment of
cerius atons ag per fligure 5, and p3lm with the assignment

as per fioure 6,

The compubtatlons for the cenirosymmetric arrangoment pbm,
corragsponding to the space grouwp ﬁ%h = GG fwann were carried
out ag follows, In a centrosymeirle space group the point
and Leve symmebtry of the reciprocal lattice are ldentical,

It thus results in D, Ghat the quantitles U(h,k) themselves
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can te placed in the three groups. The h and k indices of
the non-abpent reflections occcurving in one "unit eell® 4n
reciprocal space, and the corresponding values of U{h,k)
are tabulated below, It is observed in table 24 that f@&

every index h,k which occurs in the reflection groups (3,1)
8 ¥

Table 24, Reflections in the "unit cell” in reciprocal space

and values of U{h,k) in ﬁéﬁ.

Indices U{h,k)
3o15-3,-151, -850 850, -3;5.0,3 U(3,1) = +|U(3,1)]
3,0:~3,0:0,3:;0,~3:3,~3:~3,3 7(3,0) = +0(3,0}]
2,05-2,0:.4,0 g{2,2) = +|U{2,2)]

and (3,0}, the index h,k also appears. Therefore, for Space

1 ;
group Dg, equation 165 becomes

vy 5513’ fzu(s},)[ Cow 2T (37,4 ) + mzw(xxwgd) + mzr(zlz[sg,c)]

t ZU(30)[ conzmiz, + CM,ZT'Bga + mZW(EZX—.?c‘% )]

. U(zjz)[e‘*"m/“d*‘zyxh f,,zm'é,zxdw Yu), a4, dy"‘)]f (166)

Table 25 lists representative x,y coordinates of the equivalent

3
cerium sites in space group 35%‘



Deslgnation Multiplieity  Coordinates {x,,v,)
A 3 0,0
B 2 1/3,2/3; ete,
¢ 3 0,1/23 ete,
D 6 1/4,0; ete.
B 6 T/12,1/6; ete,
F 6 1/2,1/4; ete.
o & 1/3,1/6; ete.
H & 1/6,1/12; ete,
I 12 5/12,1/12; et

Stralghtlorward substitution of the coordinates

X miven

»
P or

in table 2% 4initc equation 1686 rasults in the followling ex-

pressions for the quantities » .
/
ny =g U31) - 5U(30) + 77 7 U(2,1)
2g® 72 U/g,z)+ U300 + 7 U(2,2)

D=4 U)) -5, UGB+ 7 U(2,2)

- L gA
Np =74 V(3)+ 54 V(30)- 24 U(2,2)

_ [+ L L
Mg U(3,1) =55 U(30) 25 U(22)

Vi U(3 1) - U(Jo) T U(Z 2)

F-

{(167a~1)
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R = 5 U313, U(3,0) + % 0(22)

_1-273 N
Ay = g V1) 740050 - 70(2,2)
Jep == V(31 + 7 003,00 - 55 U(2,2). (167a-1)

{(cont.)

Only the absolute values of U(3,1), U(3,0), and U{(2,2) (which
are real for a centrosymmebtric space group) are known, 80

that theve are a total of £3 = 5 pholces of signs possible.
But as mentioned in connection with the elimination of

ordered solutlons, there is & redundancy of ga/%~1ﬂ the cholce
of the z origin which can be removed by arbitrarily fixing

the sign of one of the quantities U(h,k). Therefore the sign
of U(3,1) was made positive, and numerical values of Tpseses

ry were caleulated for the 29 arrvangements of signs., The re-
sults are shown in ﬁabie 26. Probable errors for vy and rq

re also listed., None of the sebs of values for the gquantities
r, &lven in table 26 13 a satlsfactory solution because the
equation

where p, 18 & probability, implles that r, cannot be greater
than 1 or less than -1. Every assignment of signs in the
table gives rise to g value for ry Oor rp which strays from

these 1limifs by nmore than the prohable errors can exvlain,
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Table 26, Values of v, for the various
cholces of glgns In Béh*
Gacice of signs

0{3,1)=12,9 mlﬁ. 12,6 Ul3,1)1=12,6C

u({3,0)= 3.4 300 | 00370355300 | 003 0)om3.k

v{2,2)= 3.0 v 2,, mw3 G | U{2,2)= 3.0 | U{2,2)=-3.9
Py ?.ﬁﬁgﬁﬁlz 1.79+0.11 1,@3&0,11 0.9&¢Q;11
r -, 14+0,08 «0,63+0.08 | -0,99+0,08 ~1.4840,08
ra “8,515 ""0&99 ""‘{}.115 ""09623‘
T 0,60 0,76 0.32 0,48
Ty 0.98 1,14 1.26 142
P ~-0.76 -0, 60 -0,48 -0, 32
"G‘ 0#3? "{2012 G;ﬁﬁ {3.}-?
}:“H g'ig.i% 005{} Qn?g Qt@?
vy | ~0.21 -0,05 -0, 49 -0.33

It is evident that the space group Déh i not the symmetry
of the structure, and that there 1s 2 crifterion for the ae-
cepbabhility of the remaining possible space groups., When
values of r, are abmpaﬁeé for the space Jroups B%h and
Dgh it is Ffound that for every possible scolution, there are
pome 1, 's which are markedly more than 1 or less than ~1. The
methed of solution for the v, 's lIn space group D%h is similar

to that in ﬂéﬂ, because 1t can be shown that with the proper



choice of ordgis W{(3,1) and U(2,2) are real, and that U{(3,0)
is purely imaginary, s8¢ that agaln only four assisnments of
phases need be congldered. 1In space oroup Qgh the guantltles
U{l,k) are complew wunbers, but manipulistion of the phases

regulted in solutions which were only slightly leas objec-

tionable than those for ﬁ? . Something fundamental iz wrong.
fatae)

b e

£, Modified interpretation of the reciprocal latitice.
The foregoing hes heen an admittedly involved but cor-
rect analyslis of the reciprocal lattlce deplceted in figure 1,
I% can be inferred from the falluve of the preceding treat-
ment to give acceptanle golutliens that there ig some subtleby
about the diffraction phenowens which has been overlogied
untdl now, Acceptable scolublons can be obiained 1P there
~ig a phenomenon akin to but net identical with twinning in
the specimens of ﬂwqu@ uged In this investigation. In a
truly sliwle crystal, the probabllities of translptlon of
the MplCeMg chaing would be periodically and coherently arraved
over the entlre domain of the azsrepate. The curious dis-
order exhibited by the structure will later be %howa to be
intinately associated with the growth of the erystal. Be-
couse the MgleMs chains are ordered along their length
{parallel to the sixfold axis) 1% will suffice in discussing
vhe relation beitween crystal growth and the disorder to con-
sider only the conmponent of growth in the plane perpendicular

o the sixfold axis. I¢ is reasgonable that this component of
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spowih should be in a hezagonal spiral around a gerew di

t
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=

locablon.” I the avray of probabilities becomes incoherent

wivh those in the proevious sectlion sach time the dirscbtion
of growth in the plans changes, then there result alx domalns

of ecoheront probebilily avrays as illustrated in Piguwre 10,
ather then one domalu as m a truly single crysbal.

Yhe consequonces of gueh a mode of growil on the siruce
ture of the crystel and its z-ray diffrasetion pabttern are as
follows, Within each domaln the sbructure obvlously has less
than hexagonal symuoebtyy. Since thds decreased gymusiry per-
valne only to ithe arroy of probebilitles doseribing the
dlgsordsr, and the @m***‘i.gaﬁ*w*fmm of the reciproosl latblce
lagors with 1 even is quite lndepandont of the fealwres of
the disopder, the sympebry of the dilfraction phenomena fron
g single domain ressling very noavly h:eﬁa.fma;%, for the even

layegs. The odd layer diffrection pattorns from opposing

sexbtants in i’:i:%m*g 10 coineide, so that
&

will pive thres interponstrabing odd lay
Ina ﬁmmyaﬁﬁiy grosm aggrogate, there will be an agual

smount of mabteriel in such of the siz donwlos, so thaet itz

2

st i . BE L F3 g i & on il 2 ot ey L s ="
wergy diffrecblion patborps will show sizfold syuwebtyry thwoughe

.

#

gut the rsciprocal lattice. Un the othey hand, a i’:a;*wzu
of sueh an agerogobe will not in ganoval mednialn an egual
aisteibution of the domalns. The x-prpay diffraction data with

o S By Ed Y TP 3 ) ity oy v g  Z— 4 g o
1 aeven Ivom such 2 specinen should stlll have hexagopsl syu-

“hin execellent pholtopraph of a polygonal growth splval can
*:,,3 found on w,s} cover of the lapch 10705 lssue of Selentifie

lmarloan
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mebry, but on Tthe odd layers there will be bthree egquivalent
reciprocal lattices rotased 120° to eachother whieh differ
in the overall inlensitles of thelr veflections, This de-
scribes precleely what was observed upon reinspection of
some of the diffraction photographs prepared earliey The
bulk of the odd layer intensity data were obialned fron
equi-inclination Welssenberg photographs with consbtand 1,
made from a crystal speclmen that was & completely formed
needle., There was no noticeable deviation from hexsconal
symmetry on these photographs., A set of precession photo-
graphs with constant 1 was made with the sape crysial used
to obtain the subeell (hhl) Weissenberg data. These phobo-
graphs were not used for intensity m&a&u*am&n@ag so that
thelr deviations from hexapgonal symmebry wewe not cbserved
previously. A careful examination of the photographs showed
that those with 1 even 8till retained full hexagonal syn-
metry, but that those with 1 odd showed svstemabic diffey-
ences in the intensitles of supposedly symetry-equivalent
reflections, The internal consistency of the intensitles
of three subgets of the odd layer reflections corrvesponded
to the reciprocal lattice illustrated below, Figure 11
shows the subset of the lattice depleted in figure 1 which
corregponds to the correct reciprocsl lattice of bthe struc-
ture, The new latilce has the Laue symmetry corresponding
the orthorhomble holohedry Dﬁh 2/mmm, The new unilt cell
retains the original orientation of the ¢ axis and one of the

a axes.
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Legend
Even layer lattice points.

Odd layer lattice points

@)

reciprocal to a single domain.

O 0dd layer lattice points

from other domains.
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The unlt cell containg 12 cerium atoms., I5H was men-
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tioned that 2t the ongel of thig investigetion an attewmpt
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was made Lo resolve the obierved diffraction data Into a
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set of gimpler interpenetrating reciprosal latilcesn, Al

was recosnized
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b the mode of resclution descerid
at that time, 1t was not consldered further hecauss it eli-
micated nelther the non-space group absences nor the necessity
af large unit cell dimensions, The "twinning” reported for
MoBe,, snd postulated for TiBe,, {18) is probabiy due to the
pame phenomenon desceribed here,

It 1s Portunabte that this altered version of the recl-
procal lattlce reguires only trifiing revisions of the inlter-
pretations which have been made until now. The discussion
of the subecell structure remaning Intact., In the section
where orvdered condigurations were eliminated by considering
subgets of the odd layer diffvaction data it was asmuned
that the gtructure possessed hexagonal symmeiry, Ordered
structures are therelore now possible, bhub they can be ex-
cluded by simple methods, In the sectionsg deriviog the ex-
pression for the odd layer structure factors In terms of
U{h,k), ¢the only information used involving the symmebtry
of the structure was the existence of horizontal nirror planes.
The positlional paramelers were referred to the hexagonsl axes,
wul sinece it ls posgsibnle U0 deseribe the orthorhomble struc-
ture in this syptem also {although it is now acﬁvﬁéimi%ive),

the quantities U(h,k) 8t111l have the same signilicance as
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hefore., It is desirable however to refer both Q(ﬁ,k) and

the Miller indices to the primitive orthorhombic cell with
o o

dimensions 2, = 35.63+0,01 A, bc = 10,284+40,003 A, and

o
¢, = 10.284 + 0,003 A. The transformation equations relet-

ing the subcell indices (H,K,L} to the true cell indices

{h,k,1) are now

h = 68 + 6K
k=H -XK {168a-c)
1 =1L

The reflections in the "asymmetric unit® of the odd
layer reciprocal plane have the indices 50, 30, and 60,
corrvesponding respectively to the hexagonal indices 31, 30,
and 22, If the quantities U{h,k) are to refer %o the new
unit cell the former values should be divided by &, since
in establishing the relatlionship between the even and odd
layer structure factors it was assumed that there were 48
rather than 12 subeells in the true unlt cell., PFurthermore,
1t must be realized that in accord with the present notion
of the erystal growth, the even layer reflections are pro-
duced by the entire aggresete, whereas each odd layer re-
flsetion is produced LWy only one-third of the agoregate,
Since the scattering from an individual domaln is Lo be con-
gldered, the measured odd layer int@nﬁitﬁea are btoo small

relative to the even layer intensities by a factor of three,
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Therefore an additional factor of{3 should be included in
the conversion of the quantisties Ulh,k) from the old to the
new axial system. The new values of [U(h,k) and their
probable erréé which are egual to the formeér values multle

plied by {3/4, are tabulated below,

Table 27, Values of |U{h,k)| in the orthorhombic system,

Hexagonal Orthorhombic

Index class ‘ Index class [6{h,k)
313- 590 ‘5‘*6 :ﬁ" {},Q»
3,0 3,0 1.5 + 0.2
2,2 6,0 1.7 + 0.2

Equation 165 which relates the values of r, for each
cerium site to the quantitles U(h,k) is sti11l valid if the
factor of 1/48 (which is the reciprocal of the number of
cerium sites in the unit cell) isg changed to 1/12,

g. Evaluation of the disorder probabilities for orthor-
hombic gpace groups. ’
t is now necessary to enumerste the possible space
groups for the structure that are coﬁsisﬁanﬁ with the orthor-

hombic pystem, As bafore, this involves merely the discussion



of the two-dimensional symmetry of the array of p,'s in
the %,y plane, Because this array cannot be centered, it
suffices to consider only the primitive rectangular plane
croups, whilch are pm, plm, pg, plg, pmm, pmz, pem, and
vee {11). Because the v coordinates of the cerium sites
in the new unit cell are either O or 1/2, there must be
mirror lines perpendieular to the b axis, so that the plane
proups pm and pg can be eliminated inasmuch as they cor-
respond respectively to pmn and pgm. In addition, pmg, prig,
and pgg wmust be dlscarded, since in combination with the
aforementioned mirror lines they result in centering o?
halving of the unit cell edge depending on the coordinste of
the glide line., The remaining plane groups aﬁé plm, pgm,
and pmm corresponding respectively to the space groups
Porm = C%v, Pemm = Eghg and Pmmm = B%h' Table 28 shows the
poslitions of equivalent cerium sites for each of these synm-
metry groupns.

Plane group pgm can be discussed simply. For i the
quantity U(6,0) is computed according to eguation 112 and

the coordinates in table 28h there resulis
w6 X . i gt wigd
U(é,o)=2hdez ¢ “:kA(ezmw,ucz s pg(e*™ 6%, 2Mon)
24
I b3 WA 2 A )
(TS AR ) s (eFTCR, 2GR 4 (LANE6T, 0TV )

‘n, (ezm-é»gi 6270‘6'2’) =0 {168)



Tahle 28,

Plane coordinates of the cerium sites

in pln, pem, and pom

Slte desig-

nation

Multi-
plicity

Coordinates

a. plm
(acentro-
symmetric)

o o

AN O ®E g O

B b fd b b bt ped ped e el el

[

0,0
1/6,0
1/3,0
1/2,0
2/3,0
5/6,0
1/12,1/2
1/4,1/2
5/12,1/2
T/12,1/2
3/4,1/2
11/12,1/2

b. pgm
{center at

1/12,1/%)

NN RN R

0,031/12,1/2
1/6,0311/12,1/2
1/3,0:3/8,1/2
/2, 95?/1;251/2
2/3,035/12,1/2
5/6,03;1/4,1/2

8, Dmm
{center at 0,0)

SRy OD R ame Qo

VIRV S

R o oo

0,0

1/2,0

1/6,0;5/6,0
1/3,0:2/3,0
1/12,1/2;11/12,1/2
/4, 3-/‘?33/&1 1/2
5/12,1/257/12,1/2




That U(6,0) is identically zero ig inconsistent with the ob-
served intensity data, so that prm may be dismizsed as a
posslble gymmetry for the array of cerium sites.

The symmetry plm, corrvesponding to the space group Gév
cannot be eliminated, since B%h is a special case of e;v,
and the structure must possess as symmetry one of these space
groups op ﬁh@ other. The solutlon in spase group s%v will
be presented in terms of the observable guantities |U(h,k)\
and the phases of U(3,0) and U(5,0), which in this space
group are in general complex numbers, It is, of course,
imposaible to obmerve these phases directly, and sinee cone
tinuously varying values may be assigned to them, She nume
ber of solutions in this space group is infinite. It will
be shown, however, that none of the solutions corregponds to
an ordered structure, The reflections in the "unit cell"
in reciprocal space are 30, 30, 50, 50, and 60, Thus, from
equation 165 with the factor 1/12 substituted for 1/48,

‘ ~2me-3% .3 ~IMEEX
Re= 2, LU0 €T 4 U30) A TERL 105y 0 ~HTEE %y

TESZL | e o) e 2TE6¥a ] (169)
J

+U(-50) e
From the definition of U(h,k) in equation 112, it is evident
&
that U(3,0) = U (~3,0) and U{5,0) = U (-5,0), where the

asterisk denotes the complex conjugatbe. Furthernore, since
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the x coordinates of all of the cerium sltes are multiples

&
Lo

of 1/12, Uw{6,0) must be real, In ovder to remove the anbl-

h Y

gulity associated with the posivion of the origin In the 2
3 : S A . o Lo o ity = . ) .
direction, T{5,0) ean arbitrarily be made positive. IF the

tions are made,

— .
WAL o x = k6,  WEOL Ly o og105, LWL
12 8 12
m Zom 0,14,
- {i708~c)
then
Uiz o 4g U(-30)_ 163
iz Ke ? —7z 1,
Vo) |, iy U(-50) _ 165
2 e, S =Y
Ue,0)
and 2L 2 {1718-e)

In eguationsg 170a-d, 63 and eﬁ; are the lndeterminate phase
anzles assoclated with U(3,0) and U(5,0)., From equations

169 and 171 1t follows that

-z(am3x - (27 3% -6 -3 (2w5%,-6, (25X - Os) 276
2= Xl {3z, éa)+ez(z7z3zo( 3)]”[62&75’( 5) IETSY 5], pedTEé%

S 2X oo (2T03%,-8,) 4 2 tou (2m51 0, )1 20 LT O (172)



Subgtitution of the % coordinates of the ceriunm sises ligted

cable 26a into eguation 172, followed by trigonometrie

c«k

n

s

manipulatlion, results in the solubion bel 0% of the quantities

Ty  In terms of the lmowns X; ¥, and Z, and %he unknowns

exw a& 3. e +
3 and B

Ay =X conb; + 27 Coa O +2Z
A= 2X s 85 + 27 (Jp coa b= Taiup,) +2
e = 2K eoa By =27 (1 Cos 64 T o 6,)42
Zp = "AXCos Bz - 2Y Coa Bt Z

e = 2K oo By - 27 (foa bp-B g, ) +2
Ry = -2X Cou By +z>/(/z'm95+—g,¢,;w@5)+z
ZX dow 3 - ZY(Z CoL B - /) din 65 ) ~Z

&
fi

&
x
!

A1 = AN Lo b3+ 2/ (F e b, St 65)- 2

= -2X dew B, +2Y(1im<95~&m«95>-z

jlj—
Ak 5 AKX don 6; =27 dun O -7
k< -2XM93~2,>’( Coe B +/z,4w95) -Z, (173a-1)

It is simple to show that no cholece of 93 and 6‘;55 can result

in values of ¥, corregsponding to ordered structures, For
from equations 173,

vy + rp = 22 (174)
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In an ordered structiure, sach v, can have the value 1 or

-1, 8o thatl Ta 4 Ty could be equal only to 2,0, oy -2, which

!»»»‘v

s Aneonaistent with the dastum 22 = 0,28 obiasined from the

4. - B o e o & Ao B o g 3 -3 E N s
ohagerved Intensitlies. It should be noted that becauss the

SDACE TrouD Gév 1 polar as well ag non-centrogsymmetric it

i an improbable gymmetry for the structure of an intere
metallic compound,
There remalns only the possibility that the symmetry

=

of the structure corresponds to the orthorhombic holonedry

D%h = Pmmm., The solution of equation 165 in this space

group, which follows, results in s unique acceptable set of
< ¢ Due to the presence of a center of synmotry at
the origin of the unlt cell in space group D%& 81l of the

values r

guantities Ulh,k) will be real. It follews {rom this and the
definition of Ulh,k) in eguation 112 that in Dgh, U{3,0) =
u{~-3,0), and U{(5,0) = U(-5,0). Eguation 165 can therefore

he writie

, AMLSX, _Zyri.élxj

xLSX,
2= 1 LUGo)(e ™ ey &™) is0)(e LT ) vt e

=7z [2030)con 2 5%, + 20(50) coa 252 4 Ult0) e 2ML6xy 5 (175)

From equatlon 175 and the x coordinates in table 28¢, there

resulis
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247 LU0 + FUE0) +4 U06,0)
hg® - U300 - £ Us0) + 15 UG 0)

=1
/26— z

V3,00 + 5 U(50) +73 U6,0)

RpT (3,00 =55 Uso) +-5U60)

= B ulso) -7 0(60)

h = ~ 120060

.= ig(%kp)———LLMéQ) (176a-g)
A 2 VG 72 Yo .,

Of the elpght possible cholces of signg for 3{3,0), U({5,0)
and U(6,0) only two are independent when the ambigzultics asw
sociated with the position of the origian are removed. First,
it is possible to make the sign of U(5,0) positive to remove
the ambigulty in the origin of z, Second, it is observed
that a trenslation by 1/28, carries sites A into B, C into D,
E into G, and F into themselves. In equations 176, changing
the sign of U(6,0) (symbolized by U(6,0)— -U{6,0)) results
in Tp—> =L, PC“*"PD? TR~=Pgs and Pp—>=p. Therefore, solu-
tions with the same sign of U(3,0) and different gsigng of
U{6,0) are not independent, but correspond to the Bame con-
Tlguration with the. origin translated by 1/2§0+1/?g6, 1%

suilices then to consider only the assiznments
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9(3;0) = 1.5 U(5,0) = 5.6 U{6,0) = 1,7
and
U(S,O) = -1.5 g(ﬁ»g) = 5,6 3(639) = 1,7.

The numerlcal values of r, corresponding to these cholces of

giens are shown in table 29,

Table 29, Values of r, for the cholces of
signs in E%h_
[ - CHpICE OF STGNS
- U%g,@}:}.@ Z G;3,®‘§~1‘§
U{5,05=5.5 U Es,f‘gm 5.5
U{6,0)=1.7 U(6,0)=1.7
'y 1.32+0.06 0.82+0,06
vy ~1,04+0.06 -0, 5840, 06
re 0.36+0,04 0.86+0,04
ro -0, OT+0, 08 ~0.57+0,04
re -0.9540, 0 ~0.95+0, Ol
g -0, 1440,03 0.1440,03
g 0.67+0.04 0.67+0.04

The value of T in the first ahmice.af plen deviates {rom the
allowed limits (~1< r< 1) by far more than the estimated devi-

ations in the gquantities |U{h,k)| permit. Assignment 1 there-
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fore cannot be corrvect. However, the values of r, in assign-
ment 2 are a8ll greater than -1 and less than 1. This assizn-
ment is attractive because it is the unlgue non-polar solution
for which the resulting probabilities are physically realizadle,
It follows from equation 111 that the probability Py that the

cerium atom at slte £ 18 at z=0 is given by
p =1/2+ 1/, . (177)

The values of p  corresponding to assignment 2 are listed
below.
Table 30, Unigue non-polar solution for the proba-
bilities p, .

Space group Eéh

Cerium
site P,
a 0.91
B 0.23
c .93
D 0,21
E 0.03
F o. b2
G 0.83




Figure 12 depicts how the subecells are positioned in the
X,y plane of the true unit eell and shows the probahilities
e, for each cerium site,

The (h%3) reflections for the odd reciprocal lattice
layer with the greatest overall intensity. If the struce
ture is indeed centrosymmetric, 1t follows when humerioal
parameters are inserted in equation 146 that the sign of
F(h,k,3) is the same as that of U(h,k). Thervefore, the signs
of the {hk3) reflections consistent with the molution pre-
sented in table 30 are determinate, Although it wa§ not at-
tempted, a generalized Fouriler projection using the (hk3)
data 1s thus feaslble, and would serve the following purpose.
The solutlon presented above would be’farﬁhsr confirmed 1f
the resulting peak shapes and positions (especially those
of the type II magnesium atoms) appear proper., In addition
an analysis of the projectlon could pe&si&ly provide informa-
tion about the contingent probabilitles sasociated with the

gstrunture,
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H, Discussion of the causes of larce repeat digtances and
periodic cisorders, with reference to the mglgﬁ@ shructure,
At the conclusilon of the interpretation of the diffrac-

tion data wlth 1 even, the aspects of the arrvangement of the

atoms 1lu the Mgy.le siructure were discussed. The treaiment
L4

£ the odd laver Jdiffraction data showed fThat a specific

o

type of disorder was p?@%@ﬁtsbaﬂﬁ that & unit cell or large
dimensions wap required Lo apecliy the arvay of discrder
probabiileies encountered., The discussion 1n this conclud-
Ing seobtion will not be regitriclted te the disorder occurring

in Mg

19G@, Rather, an attempt will be made %o treat the
nature of long repeat dlstances in a fairly geneval fashion,
and to relate the disovders in some other structure to that
found 1ln the Mglgﬁe structure.,

The ﬁimpl@ﬁt cause of large unit cell dimensions is that
the structure consisits of large wolecules,., In webtals the
notion of & "molecule’ rarely arises., Howsver, in many inter-
mebailic compounds packing requirements and the abttainment
of favorable electron-atom ratios necessitate that a large
number of atoms be placed in the unit ecell, leadinz to long
lattice spacings.

There 1s 8411l a class of metallic structuves in which
the reasons f{or the larpe r@p@aﬁ distances are not obvious,
These are structures for which simpler configurations involv-
ing the same altoms and atomic ratios can, and often do exist.

{Superlattice structures are an example.) It is remarkable
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vhat two eguivaleni stoms separated by the long lattice opac-
inge encountered can somehow contrive to behave in an equiva-
lent way when atomlic interactions are basically short-ranged.

im of this rectlon is to present some exanples

&

The oversll
ghowing how shord range interactions can transmiit the infor-
matlion ensuring the similavity of remcle slites, without the
agency of lntervening equivalent sites which would be present
in a atructure having small unit celil dimenslons.

20 discuse how far the "shord
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It is &
ranze” atomlic intersctlons are elffective, Radial distribu-
tion studies on single crystals of disordered AuCuy show that

ghort range order resulits in deviatlons from randomness as
far away as the btenth nesrest neighbor {(19). Bubt this does
not imply that the range of lorces extendsto th@ tenth near-
est nelghbor, As will be shown later, such a v@aal‘ can be
accounied for even by nearest nelghbor interactlious., Another
vay that information about the range of interactions can be
obtalned is from the examination of ordered giructures, If,
for example, a one-dimensional crystal consist imu of two
typeg of atoms A& and B has the structure AAADEBAAARER,..., it
must be concluded that the interactions extend at least as
far as the third nearest nelghbor, This can be appreciated
by considerling that in the growth of the crystal, a knowledge
of the &ypes of the last two atoms to be deposited is insuf-
fici@ﬁ% to determline the type of atom that will e deposlted

next, HReference %o the sequence ol growth shows that if the



agt two atoms were holh of type B then eilther a btype A
atom or a type © atom can be depogited next, However, the
rules in ftavle 31 whieh are baged on a

Shree atoms to be dencsited lg sufficlient tn determine the
growth of the cerygtal. In thils and in the following examples
bhe conligurations llsted in paventheses would osour only

as defects in the strucsture. The types of next atoms deposi-

ted for such conficurations have heen chosgen so that the struc-

ture heals 1tself immedialely,

ABANER struchbure

Confipuration of last Tyee of next
three atoms deposited atom deposited

AAA B
AAT
A"?’b

BrE

PEA
TAA
{25}

e g g - Sy R e

3
LA
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It should be noted thet the intersctions dedweed from
the obgeorvation of suech ordered struchtures result in cers
taintles, and not probability relationships about the deposl-
tion of the next atonm, _A most remarkarle gtructure has been
veported for the orthorhombic phase of the loftermetallic
compound Culu (29). The atoms are arrvanged at the points

o

of o distorited face-centered cubile lattice. The overall
structure can be described as resulting from stacking layers
of four types A, 3, £ and D in the sequence ARAVAVAPARCDODCD-
CDCD  to form a single unit cell, No less than ninth near-
est neighbor inbteractions (~17 2 range) are reguired te
produce this configuration., Interactions of considerably
ghorter range generally suffice to determine other structures,
Slmnilay reasoning can be applied to show that structures
can arise which have repeat distances considerably longer
than the range ol interactions within them. Such struc-
tures are most conveniently discusped using the theory of
Markov chaing (21}, The growth of a one-dimensional ordered
structure will be considered. It will be purposed that
there are k& kinds of atoms al,...,ak in %ﬁ@_aﬁﬁuﬁﬁuray and
that the type of atom deposited at the nth lattice point is
deternined completely by the configuration of the m mosi
recently deposited atoms, i.e., on the configuration of bthe
atoms at the l&ﬁtic@ points ne-m, nem+l;...n-1. In terms
of probablility language, the speciflication that the configu-

ration of these m latbice points is a particular arrangement
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of the kinds of atoms a; is equivalent to stating that a par-
ticular event E takes place at the n-lst trial., If k is

the number of kinds of atoms which can be at each lattice
point, and m is the number of lattice points which are speci-

fied, then the number p of possible events E is
D = K, , (178)

These sfatements can be made more clear if a simple example
ig given. Let there be three kinds of atoms (k=3), de-
noted by A,B, and C. Only the configuration of fthese atoms
at the two most recently deposited lattice points (m=2) will
determine which kind of atom is deposited at the next lattice
point. Then the n-1st trial, which specifies the configura-
tion at the n-2nd and n-lst lattice points, can result in

o]
37=0 outcomes En—l which are listed below in table 32.

Table 32. Outcomes of En—] for k=3, m=2,

Atom at Atom at
Qutcome lattice point lattice point
number n-2 n-1

O 0O~ OV =) 1O 1
caauEwmE e
QwE Q> QW=
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The usefulness of this method of notatior

ey

cording to the laws of erystal rprowth, the oubcome Of}event
Eﬁ 1s determined complebely by the outecome of event Enw1°

it should be noted that only k rabvther than " outcomes are
possible for E , once E, , is speciiied. Thus, in the previ-
ous exampls, if the event Eﬁ-l had outcome number 1, nanmely
that there are A atoms at lattice point n-2 and n-l, then

the event En can have only the three outcomes listed in
table 33. ¥Whieh of the k outcomes for the event Eﬂ will re-
zult once the oubcome of the event E, , is established is
determined completely by the particular law relating to the

growtn of the erystal,

Table 33. Outeomes of E, given that the ocuteome of E 4

was an A atom at lattice points n-2 and n-l,

Atom at Atom at
Outoome lattice point lattice point
number fiwl n
1‘ A A
2 A B
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The important property of thess laws 1s that 1f the
outcome of E,_, 18 1 implies that the cutcome of E, is J,
the relationship that ] followe 1 is independent of n,
Thus, in the example given, if cutcome number 1 {configuration
AAY} in the n-1st trial implies outcome number 2 (econfiguration
AB) in the nth trial, then every time the configuration AA
oceurs in the structure, a B atom follows immediately. Since
the growth law determines the structure of the crystal com-~
pletely, the entire configuration (in an infinite crystal)
followlng any one pair of atoms AA is the same as that fol-
lowing eny other pair of atoms AA, Now, any infinite struc-
ture which ean be brought into self-coincidence by & transla-
tion i8 periodic. It is through this mechanism in the growth
of a one-dimensional eryatal that{ periodicity 1s introduced.

A simple relationship exists between k,m, and the waxil-
mum period the structure can display. It is evident that the
crystal can grow without repeating iteelf only as long as
none of the events Eoccurs more than once, because the con~
figuration of the crystal is the same following each identi-
cal event E. But the number of different evente E is limited
by equation 178, Since the numbering of each e?ent increases
by one each time an atom is deposited, the longest sequence
of atoms that can be deposited without a repeat is algo k",
Restating this result, the maximum number of atoms in the
unit cell of a one-dimensional oryatal is equal So 1, where

k is the number of kinds of atoms in the structure, and m
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ig the number of nearest neighbors over which interactions
extend,

Certaln laws of aerystal growth result in struchbures
which have & smaller periodicity than the maximum. For
instance, the structure AAARBR,,.. has & periodiclty of
only 6 as compared with the maximunm ngga Reference ¢o
table 31 shows thabt the twe configurations placed in paren-
theses do not occur 1f the laws of crystal growth ars obeved,
and this accounts for the reduced perlodiclty. Growth laws
in whieh all of the ¥ evenis E materialize before any single
E occurs twilce correspond to irreducible Marikov chalns, A4n
example of such a growth law, in whieh there are two kinds
of atoms and fourth nearest nelghbor interactions is shown
in table 34 and 1ilus@ra@eﬁ how & structure of large periodi-
clity can result from a shorter ranged intersction. A unit
eell grown according to the Yinstructions” presented in
table 34 has the confipuration AADAAPBABARBOEBAA,

Another example will now be presented which is closer
to physical reallty. The possible structures reguliing from
the closest packing of spheres will be enumerated up to a
certaln complexity of interactions required to produce the
configurations., The structures can be derived by stacking
planar lavers of hexaponal close packed apheres, ?h@%@ are
three possible orientations for any glven plane, which are
ugually denoted by A,B, and €, In order to avoid redundancy

in the cheoiece of origin (e.z. ABCARC...and BACBAC.... are
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Table 34, A gzrowth lav producing maximum periodicity

for the case k=2, m=l,

Configuration of the Type of
tast four atous new atowm
deposited depogited

e

AAAA
AAAR
AABA

T

AABD

&5

ABAA
ABA®R
ABBA
ABBB
PAAA
BAAR
BABA

o

=ow W w

]

b

BABE
BBAA
ERAB
BEBA

P P

BnBEB
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noth cuble closest packing) and to lmpllceltly introduce the

reqgquirenent that ne two consecutive layers can have the same
orientation, an altered notetlon of the layer type willl Le
used, If a layer has the same surroundings above and below,
ag in hexazonal closest packing, it will be denoted as H,
gnd 1f 1t has different surroundinzs above and below, a8 In
cubic closest packing, it will be dencted as C. ALl of
the resulting structures can be described by an infinlte se-
guence of the letters C and H. The laws governing the growih
of the crystal shall be limited in complexity by requiring
that whether a layer is € or H is determined completely by
the configuration (€ or H) of the preceding two layers. The
derivation of sesguences of Cyﬁv H from such growth laws is
isomorphous logically to the formatlon of structures naving
two kinds of abtome with sgcond nearest neighbor interactions.
Since k=2 and mwﬁg the preatest periodicity which can result
in the seguence of letters C and H is four. (This does nob
imply that this is the periodicity of the arvangement of
layers, For example, the cublce closest packed structure
which in the present notatlon is vepresented as COCCe=e°,
with a periocdiclty of one, has a periodicity of three in
ite arvencement of layers ABCABL e--, )‘ The sequences with
various perilodicities up to four are easily enumerated,

The two sequences with unit pericdicity are shown in
tavles 35 and 36 along with the zrowth laws producing them
{The parentheses arcund configurations have the same signl-

ficance as in table 31.,) There 1s only one seguence with a



. Closest packing of spheres. Sequence HHHE»oe» |

i

% e, E88 g o, & 3 pnn =
Confipuration of

LWO Successive Configuration of
layers next layer

HH H
{(1C) H
(cH) . H
(cT) H

Tabie 36. Closest packing of spheres, Seqgusnae CCCCeess

Configuration of

two successive Configuration of
layers next laver

(HH) c
(ue) »
{cH) c
ce ¢




periodieity of two, 8lince HCHO..-« 1 aanlvalent %o CHOHecee

oels

noan Infindte crvstal. The rrowth law for such & senuence
ig tabulated below, In an infinite crvatal there ave Lwo
non-egquivalent senuences of periloed 3, They are HCHHCH....,
gnd CHCCHC.... , a3 ghown in tables 38 and 30. The sequence
CCCHCCCH-»+» has & perdodicity of four but it is not admis-
gible heve, since at one gtage in its growth the confisura-

EE

on CC reqguires that a C laver follows, while at ancther

P

stare the same configuration reqgulres that an H layer fol-
lows., This 1s contrary to the simple types of interactions
aasumed, The only acceptable seguence with a periodieity of
four, as tabulabed beiowﬂ is CHHCCHHC.s+- , It thus results
that there are 8lx closest packed atruchuras which are de-
rivable from the interaction range assumed. It is intevesting
to note that they are hexagonal closest packing {HHHH....),
cubie closest packing (CCCCe.+.), and the Pour closest packed
structures (CHCH...., HCHHCHeo-» , CHCCHC.+-., and

CHHCCHHC «»«+ ) involving two non-equivalent kinds of spheres
with the same radius {(22),

Thus far, the laws discussed have dictated with certainty
the next stage of the growih of the eryatal;, leading to ordered
stmictures., Thers are manr instances, however, where the
srowth laws are expressions of probability, rather than of
certainty. For example, in a structure with k=2 and m=?, the
conficuration AB may result in the subsequent depositlon of

an A atom in seven-tenths of the Instances and in the deposi-
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Table 37. Closest packin: of spheres. Sequence CHCHevso

Configuration of

two succegsive Configuration of
layers next layer
{(1H) c
HC H
CH c
(cc) H

Tabvle 38. Closest packing of spheres. Sequence HCHHCHeses

Confipuratlion of

two sucgessive Configuration of
layers next layer
HH
HC H
CH

(cc) H
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Table 39, Closest packing of spheres. Sequence CHCCHC....,

Configuration of

two successive Configuration of
layers next layver
(1K) ¢
HC C
CH ‘ C
ce H

Table 40, Closest packing of spheres. Sequence CHHCCHHC:eos

Configuration of -
two successlive Configuration of

layers next layer
HH ¢
EC C
CH H
ce H
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tlon of a8 B atom 1o three-tenths of the instances. The
regulting structure will of course be disordered. Analysls
of such growth laws gives rise to relstionships between the
probabilities of occupaney at the various sites in the lat-
tice. These relationsbkips can vary in complexity. For

o 29,2650, e Ry Ty e, g & B A Y S A e o 0¥
exampie, the disvribubion of

Fa)

isotopic atoms in an elemental
crystal irm essentially independent of the latitlice position.
On the other hand, the array of probabilities in the %glgﬁe
struciture represents a complicated situation. It willl be
shown, nevertheless, that the analysis of fairly éimple
kinds of growth laws can result in structures which resemble
that of ﬁglaCe‘ Three examples will be presented in order
of increasing complexityv. In each cage, the resulting solu-
tions are praba&iiity relationships similar to those ocour-
ring in known structures.

The first case t¢ be discussed will be the growth of a
ong-dimensional corystal consisting of two types of atoms A
and B, and where the probability of whether an A or a B
atom is deposited a2t the nth lattice site depends only on
the type of atom already present at the (n-l)st lattice
site, If an A atom is present at the (n-~l)st lattice point,
let the probablliity that an A atom 1s deposited at the nth
lattice point be « , and the probability that 8 B atom is
deposited be 1-x . If & B atom is present at the n-lst
lattice point, let these prebabilities be@ and l»@ s re-

gpectively. The notations A and B need not be restricted %o
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atong., TFor cxample, identical one~dimensional periodic chains
of atoms may be arranged to form a two-dimenslional structure.
i some ol these chains are translated in Che structure with
ragpect to the othors by mne-halfl of thelr perlod, a seguence
of the letters A and 8 can he used o describe the resulting
and untranglated chains can be
labelled A and B respectively.) The array of MzCeMs chains

in the Mglgae structure 1s a three-dimensional configuration
of precisely this nature. Two sequences of the letters A

and B which are rolated by the Iinterchange of all the A's with
Ltg describe ildentical structures of this soré, one conligu-
ratlon merely being translated with reaspect to the other by
ong-~-half of the periodicity along the chain., Beecause of this
agquivalence, a reciproeity relatlonship is induced in the laws
governing the growih of such a structure. If a certain cone-
figuration implies that an A chain {(or aton) will be de-
pogited next with a probabllility p, then the configuration
formed from the first by the interchange of At's and Bis im-
plies that a B chain {or atom) will be deposited with the
probvabllity p. In the case now being discussed, this rela-

tilonship irmplies that

“=1-8 (179)

In each of the examples which will be presented, 1t will be

assuned that the reciproecity relationship holds,
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Let p,, be the probability of event A at the nth lattice
gite. The following table is therefore valid in the dis-
cuspion of the first case. Corresponding to the growth law
in table 41 is a difference equation relating the probability
of occurrence of A {or B) at lattice sites {n-1) and n, In
this simple example, this equation is readily derivable by
the ordinary probabllity considerations. Invth@ other ocpses
to be discussed, considerations inveolving contingent proba-~
pilities make the formulation of the corresponding difference
eguations by the usual pvw%ability caloulus more difflcult,
In order to avold these difficultles, the same method of en-
semble averaging that was used to derive the expressions for
the odd layer structure‘facﬁor contributions from groups of
atoma in the %@igﬁe structure will be employed. Consider an
ensemble of crystals growing according to the law in table

41, The growth of each crystal has proceded up to the {n-1)st

Tavle 41, Growth law for case 1.

P 1-p
Cooupancy Pwabab?li%y Prmbabil?ty
at (n-1)st of A at of B at
gite nth site nth site
& lea

B l~ol o




lattice site., Lel the fractlon of erystals with an A event
£ site n-1 be Tp s and the fraction with 2 B event at site
-1 be m., If the total number of crystals in the ensemble
1z N {where N ig very large), then the number of crystals
that wlll have an A(@V@nﬁ at sites n-l and n ie NmAm, and
the number of crystals that will have a B event at sitle
n-1 and an A event at site n is %mB(Fd? . R8ince the proba-
Bility of finding an A event at site n is the fraction of

those crystals having an A event at this site,

Py = Myl + mg(b—x) . {180)
Since

%&lmmﬁ, (18l)

Dy, = 1=+ (Exfml)mﬁ . {182}

In accord with the notion that the probability of an esvent

in the fraction of times it ocecurs in an ensemble,

My = By {183)

Substitution of equation 183 into 182 results in the desired
difference egquation

B, = l-x+ (P -1)g:ﬂ_“1 . {184)

Eguation 184 can be made homogeneous by the same substitu-
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tion

Py = /2 - 1/2 ry {(185)

that was so useful in discussing the odd layer diffraction
data in the ﬁngC@ structure. When this substitullon is

made, 184 vecomes

= 0, {186)

It ean be verified by substitution that the linear 4if-

ference equation of degree A

A
Z:Cifnwﬁ¢i = 0 (187)
i=0
has the solution
A "
2, = Z'_o QJ. R: (188)

{
where each R, i8 one of the A roots of the algebralc equation

A
2. Cixt =0, (189)
=0

and ecach Qj is an arbitrary coanstant {whilch may be fltted

to satisfy the initial conditions).
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The alzebralc egquation correspondlng to the Tfirst degree

SifTerence equation 186 is

x -~ (2« =1) = 0, {190)

r, = Q{2 -1)%, (191)

3ince « is a probvability, 2« -1 18 & number which can be
hetween -1 and 1. Thus a crystal feollowing the growth law

in table 41 has Che féllowﬁag behavior., If it is known that
iattice gite zero is occupled by an A atom, then r, = Q@a“l“l*
and substltution into equation 191 shows that § = 1, Unless

v is zero or one, the absolute value of 2« -1 iB less than
one, 80 that for sufficiently large values of n, T is very
nearly equal to zero. This implies that at large distances
from the 8lte at which an A event is known to have occurred,
the provabllity of finding an A event 1s egual to one-halfl,
and is hence equal to the probabllity of fluding & B avent.

In other words, the correlatlion effects vanish at long dis-
tances., If ¢ ig elther gero or one, the absolute valus of

2x -1 ig equal to one, 80 that the correlation function r,
is undamped., These instances correspond of course to ordered
structuresa. If « is only slightly greater than zero, there
will be a2 tendency for successive sites to have altérnating
ccnfiguratiéms. This is the sort of short range order that

was found in the radial distributicn investigation of AuCug

{19).
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Reference to equation 165 shows that the values of r
in the ﬁglECe structure aré the sums of exponentials of
gquantities proportional tc the coordinates of the cerium
sites {which would be proportional %o n in a one-dimensional
gbructure}, Bguation 160 differs from 191 in that the ex-
pounents in the former are purely lmazinary, and combine to
form undamped trigonometric functions. The guantities r
assoclated with a row of cerium sites parallel to the a axis
of the erygtal thus vary Urigonometrlically along the row,.
It will be shown C(hat similar trigonometric modulatlon re-
gsults in one-dimensional growth when the probabilitlies ag-
sociated with depoaition at the nth lattlce site depend on
the configuration at the (n-1) st and (n-2)nd sites, Again
assuming the reciproclty relationship to be valid in a
structure containing two types of atoms A and B let the
growth law be as shown in table 43, Defining my-My as the
fraction of crystals in an ensemble having the configura-
tions 1-4, respectively, the following relationships are
evident from table 42 and from the considerations made about
probabilities in the discussion of case 1.

Pp.p = Wy + mg {(152)

Ppog = My + iy (193)

o

= 44 - - ( w
P, =«my + (1 o Y, +Bpmy + (1 ﬁ} M . {1o4)
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Tabhle 42, Goowbth law for case 2.

2
Cecupaney Gocupaney =1
confisuration at {(n-2)nd at {(n-l)st Probability of A
number site s8ite av the nih siie
1 A A &
2 B B 1=
3 A B 8
h B A 1-8
Sinee

my +omy ma +omy = 1, {195)
the Following equations are also valid,

1 ~p, = m, +my {100%)
g™ o«

1 =P,y =y + ity {1037)
i-p,= (1~a}m1+cxmg+(1~ﬁ)m3+g;mg {(1081)

Sinee ry = 2p,~-1 = pi»(l—pi), subtracting 192¢ from 192,
103 fprom 143, and 194t from 104 vesults in

b
Tyt
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r s (m1~mg)»(m3~mh) (197)

n-1
r, = (2&»1)(m1~m9)+(zp»1)(m3wmn) {158)
It should be noted that in equations 146, 197, and 193, the
guantities m occur only in the combinations (ml~m9) and
(m3~m&), Equations 196 and 1¢7 can therefore be used to

eiiminate the m's in equation 188, resulting in the homégenea

cus difference equation
vyt (powry g+ (Lea-plry 5 =0 (199)
The alcgebralc equation corraspenﬁing to 199 1is
x% 4 (J-a)x + (Lew-p) = 0 (200)
If the substitutions
1-q-§ = 6° (201)
af~ﬁ = Eéeaaig- (r02)
are made, equation 200 becomes
zgzmhn§ﬂ>z+ezso) (203)

¥

whieh can be factored as follows,



o
w10

2L 27

ZAZQ('Coe %’ir,}z c6%=z-0z0 §-sxe f +6
, 27 _RTe
=(x-6e"g M x-6e""g ) =0 {204)
The roots of this egquation are e ¢ and € ¢ s BO

that the solution 10 the difference equation 199 is

A= Q,(@e%('z)mav Q, (& e‘z'%“z)n.z (205)

m

For the proper initial conditions, Ql = QQ, and eguation 205

becomes

h, =20Q,0" toe *"7;‘ {206)

Equation 206 shows that for the prowth law stated in
table 42, the quantity r can be a trigonometric function of
n which is damped exponentially by the factor o™, The
damping constant 6 and the periodiclty q of the modula-~
tion depend on the probabillities « andhﬁ which appear in the
growth law, The only solutions in which the trigonometrie
function is undamped have O egual to 1 or -1, Reference
to equation 201 shows that this sitvation can result only
when o and\? are zersc, which corresponds to an ordered struc-
ture of periodiclty four. For damped solutions, however,
the perdodicity can be made arblitrarily large., It can be

shown that if the latiice grown according to this law is



resularly spaced, 1ts z-ray éiffrac?i&n pattern wlll con-
s8ist of sharp diffraction maxima with intensities propor-
tional to the square of the average scattering factor of

the A and B atoms (or confipurations), with broadened
satellite refllections on each side of the sharp maxima, The
intenslties of the satellites are
of the difference vetween the scatbtering factors of A and

%, and have their maxima 1/gth the distance between the

pharpg maxima,. Structures showing such phenomensa have been
reported., PFor example, when the intermetallic compound
Smaﬁeﬂig is heated at 650°C for one hour, diffuse sidebands
develop which are similar to those discussed above (23},

The cdd-lpyer reflectlions produced by the M&12C@ siruc-
ture are sharp, indiecating that there is little or no damp-~
ing of the trigonometric probabllity modulation waves, It
may be that growih iaws which depend on more than second
nearest neighbors can produce undamped or very slightily
damped modulavion. Such situations are difficull to treat
with the methods used here. Another way by which undamped
solutions might result is by increasing the dimensionality
of %the growth. The problem of long range order 48 in
reneral asgsociated with the transmission of information from
one point in the lattice o another. As the number of trans-
misgion paths iacreases zreatly asg fthe dimenslonalibty is
raised, more information could be transmitted {rom one point

in the crystal to anothner, leading perhaps to undamped modu-
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lation of the type‘being discussed. The third case to be
discussed in this section wlll treat a two-dimensional growth
provlem which resulis in exponentially damped correlation in
one direg?ion as in equation 1$1, and in undamped trigono-
metrie modulation in a directlon normal to the first,

~ As the difficulties rapidly mount with increasing com-
plexity of the crystal growth laws, an especlally simple
two~dimensional case will be presented. The growth of a
two-dimensional rectangular lattlce whose s8lites are indexed
by k and € will be treated. Once again, either of twé
configurations A and B willl be deposited at each site, It
will be assumed in this example that Prgs the probabllity of
deposition of an A configuration at site k¢, depends only
on the occupancy of sites k-2, €; k-1, ¢, and k,¢/-1, If the
reciprocity relationship ils asgsumed, the growth law is ex-
pressible as in table 43, |

In addition; it will be assumed that

w-8-7+8=0 {(206)

The sole reason for imposing this restriction on the prob-
abllities «, 4 ¥ , ani/ﬁ>&s that it enables the resulting
difference equation to'be solved by methods similar to those
used in the previous maseé. Define iy * *Hg @s the fraction
of ensembles having configurations 1...8 ag in table 43,

By methods identlcal to those used to deduce equations 196,



0

-1

7

Tahle 43, Growth law for case 3,

Occupancy at site Py ¢
Configuration Provablility of A
numher w-2,0 | k-1,f K,l-1 at site k,?
1 A A & &
2 B B B Lea
3 A A B B
i B B A 14
5 A B A P4
G B A B 1-7
7 A B B &
8 B A A 1«6

167, and 198, it is found thab

Peop,l T (m1«m93+(m3wm&)+(m5~m6)+(m?nm8)
rkml,! = (ml”mg)+(m3"mg)“(m5‘m6)~(m?wm@)
“rd-1 7 (ml“mg)”(m3“m&)+(m5“m5)”(m?“mg) s

and

Agy M) (00 g, )+ (0 i, ) #2531y,

Bquations 207, 208, and 209 have the solutions

(mg‘“mlg) = %{?E.&:—«?M‘*?Rm}.g() - (ml“"mg)

(207)

{208)

{20¢)

{210)

{r11)
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-—(m? mg ) é(?kwl,é**k,éuig oy =)

Substituting equations 211, 212, and 213

Lermg resulte in

{212)

{213)

in 210 and collecting

£y =(2o~2p-29428 ) (my iy )+ {(f49-1)ry o ,+HE-E)vy y

+ 9y o

{214)

In view of assumpblon 206, equation 214 can be rewritten

Eguation 215 1s separable 1f the substitution

T = XY,

is made, resulting in
(842~ 1)Kk p {8~ 8%y 1Y, + (0~ S)Xb”

Division of eguation 217 by KQYZ wives

(8+3-1) “+(§5>Yﬁ‘+(?/s) e 2o
4 X3 L

. {716)

- X%,= 0. (217}

218)
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I (- 5>—~~ = (g+7-1) ! f._z_ Figs 5) A (2187)

X4 X4

ion 218% 48 a funetion

fud

Since the left hand side oFf equa
d

"

of only, and the right hand side a funcilon of k only, each
aide must be independent of k and /¢ » 8nd therafore eqgual

to a constant K. Equation 218! 1s thus resclved into Gwo
‘equations: 219 invelving the variation of vk/ in the
dlrection, and 220 involving the variation in the k& dirvection

- (2-5) 14: iy (p1¢)

%

((£+2’—/) +(§ 7) SR X’e' = {220)

“

Bguatlon 219 will be solved flrst., It can be rawritten

2-6
¥,- S2=0, {221)

and referring to case 1, has the solution



Equation 220

k

The solubtion

may be rewrltten

56 Gl

"l {223)

N

K2

Xk«l

of this equatlon, which is identicel to that

nregented in case 2 i3
. 22 4 _2mt 4
X, = Ql0eg) rq (0 F ), (224)
where now
A (225)
K )
and
8-F . 2p0we 2T (226)
K F
The composlte solution, from equ&ﬁieﬁa 216, 222, and 224
1W7£ 2mif
6, (Z2 ) (g ote ra,0% %) (227)

)

It sheould be observed that constant QG can be incorporated
fnto @y and € and therefors eliminated {rom egquation 227

without logg of generality.

Specification of the Initial con-



diticns for a particular sclution of case 3 requires fix-
ing three arditrary constants, {or example, 139 Poys and
Toge It was the elimination of &@ in equation 227 that

nocesslitated the introduction of the constant K inte the

sclution, If Q, ﬂm@ in eguation 227, then

-~ 2 PR s
-5 AR 21 2
7 < ,%9@@&335. (228)

Preo = 2q {

Some numerical values can be Ingerbted in equation 228
that vesull in an array of probabilities scwmewhnat like those
shown in figure 12 whiech depicts the projection of the Mp 4y nCe

e

structure onto the x,y plane., If ithe values for She proba-

%

fu

ilitles 4, g 27y and § required to speeify the growth lay in

L)

. 2 o o 'm, oy o 5 o~ 02 N
:le §3 are 0.4, 1.0, 0.7, and 0.8 respectively, whieh

gatisly restricil ’O@ and i @ = 1/@ and K = ~0,2, then

a)‘—g . Ooﬁ‘*{.;"gg -
o 5 :f *i + ,{uat::

)
.

1%,

Ty
)
£
Wk

L

W

0% = /-B-¥ 141,0-0,2 _ (23)

T o Mm
s 2

K *"i}wr

so that g = &, and equation 228 hecomes

/ oot
k‘”ke e (u—%} 08 "”"}*"""’37[& ) ('33"1)
: | B
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Inivial conditvions which satisfy eguation 232 are reallizable,

80 the cholee of © and K is justified. In the solution of

B4

> Mo, e strushbure representad in flgure 12 bthere arve six

wl"”)
cerium sites along the rows parallel Lo the a axis for each

eyole of trirsonomebtric modulation. (The value of o in egua-

ture, ) Furthermore, it should be noted that the negabive
dampinz factor in the / direction is consistent with the
proposed array of probabilities for the Mgigﬁ@ structure,

Where the probabllitles p, in one row of cerium sites {v = O)

vering row {y = &) are larpe, and vice-versa. (It must not
b@@mm%@mﬁﬁ%ﬁtmémmmﬁmﬂmeMﬂofd,ﬁ,ys and
5 eiven here ars meant to represent deposition probabilities
for the ”qlﬂﬁﬁ structure The numbers used above are con-

)

for caleulation and give the desired values of 7 and

<ﬁ

c'?'

enien
q: other combinations would have sufficed.)

A srowth law of the type treated in case 3 will not com-
nlesely aceount for the arrey of probabilitles found in %miguae
if the valugﬁ'@f<13§ 57 5 5, and K are gsuch that there is no
demping in the ¢ directlon, then there necessarily resulis
damping of the trigonometric modulation in the k dirvection

“

whielh 18 no less than could have been obbtained wlih the one-
dimensilonal exawple. % 18 certalnly reasonavle Lo expect
in strucihures such asp Mo, Sk prowth laws more complicated
here Cross-tery Interazstions 1in Lwo-

o A 453 ».&«»»y\.'..

B o yom g e S oy Y
than those btreated
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2

dimensional growth laws, which were neglected in case 3,
mizht lead %o gclutions in which there 1s less damping.
A growth phenomenon which should noi be neglecled as

p g £ e 3 Y

a pespible explanation of the digorder in Hgyale 1s th
fovmatlion of ordered domains,., The distribvution of diffracted
intensity fvowm a disordered structure comsisting of two ipes
of atome is related to the probabilities of fluding & o B
atoms st various distances from an atom known o be A or B,
It will be shown that certaln nearly orderead struchures can
lead bo probability modulation whieh is virtually undauped
gven when the growth is one-dimenslonal. Consider the growth
law shown ih table 44 for a strueture contalning two types

of atoms which dlctates that each atom s8hall be unlike ite

Table 48. Crowth law leading to undamped modulation.

Configuration Configuration of Next atom
number three successive atons deposited

1 AAA B

A AAW B

? ABA B

3 ABB - B

& BAA A

& BAR A

7 B A

2 BRn A

thivd nearest neighbor, This growth law differs {from the

other ordered laws discussed in that 1t corresponds to &
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when vegsonable interactions during the growth of 8 erygtal
are assumed, complex structures can occur, which mar possess
in particular disorder of the type encountered in %3126@,
Nevertheless, only when & growth law 18 found whieh i3 cone-
gistent with the known principles of the structure of metals,
and which is shown to lead to an array of probabilitiss in
agreement with the x-ray diffraction data, can the ﬁglgﬁe
strugture be regarded as fully understood. Examples have
been presented (tables 31, 34, and 35-40) showing how the
analysis of ordered seguences or configurations san lsad

?

G

to sets of growth laws which describe the interactlons
neighbeoring atoms, If a method eould bhe found ¢o snalyee

the probabillity arvays in disordered structures as couplex
as %ﬁlﬂﬁe into corresponding growth laws, & new way would be

opened for the study of structural fundamentals,
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II. Reaction Products of ¥ ~Picoline and Iodine.,

&, Introduction,

A considerable body of experimental evidence has been
collected concerning the complexes between pyridine and its
homologs with iodine. The nature of these complexes has
been the subject of some discussion, The main problem has
been to determine whether the interactions between iodine and
the organic base are stirong énaugn to brealk the lodine-iodine
bond, leading to ionization, or whether a covalent iodine
molecule 8t111l sexists in the addition compound. 3Since a
knowledge of this distribution of lodine-iocodine distances in
the s0lid complex would be sufficient to resolve this prob-
lem, it was thought that an x-ray radial distribution
analysis would be applicable, rather than & complebte crystal
structure determination (as suggested by Reid and Mulliken
{28)), which would be enormously more laboriocus. Such gques~
tions as the relative spaﬁiéi orientation of the iodine mole-
cule with r@épect to the organic base are not answered by
the radial distribution method, and fall outside the objec~
tives of the pregent investigation.

The organic base Y-picoline was used rather than pyridine

because 1ts addition compounds with ilodine were found to be

*

This sectlion ia the text of a paper co-authored with
Dr, Dongald L. Glusker and submitted for publication in the
Jeurnal of Chemical Physics.
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more sitable. From the ¥Y-plcoline-iodine system 1t was pos-
aible to lsolate two distinct compounds, bhoth of which were
investigated chemlically, spectroscopically, and by the x-ray
radial distribution method,

The first of these was a stable, water-soluble, alcohol-
insoluble compound, (I), whose analysis corresponded to two
molea of o -picoline per mole of iodine (25a,b). The apparent
anomalous behavior of this compound when compared with the
complexes of ilodine with the other picolines and with pyri-
dine led to & search for another compound, essentially co-
valent, corresponding to the well-known solld pyridine-iodine
gomplex reported by many workers (26). Other evidence which
pointed to the existence of a second compound was that solu-
tions of iodine in 7 -picoline do not set solid until several
hours after mixing, whereas the chaagea produced in the ab-
gorption frequencies of ¥ -picoline are immediate (25b).

These changes in spectra are also entirely analogous to those
observed in pyridine and the other picolines upon the addl-
tion of lodine, The second compound, (II), was isolated

by the addition of water to a freshly prepared solubtion of
iodine in excess ¥ -plcoline., I%e analysis corresponded to
an eguinmclar addition compound vetween the lodine and the
organic base.

The radial distribution method leads directly to in-
formation about the atomic configuration in a noen-erystalline

or powdered erystalline substance, Making the approximation



~108~

that the radial distribution of eslectrons assoelated with
each atom in the structure is the same except for a constant
f&etsr, one may calculate from the distribution of intensluvy
on an X-ray powder photograph or diffractometer tracing of
the substance the welghited summatlon over each astom M in the

olecule of the guantity 4 frp— gﬁ{r}, where lre” myfﬂjdf is

2

the numbey of @l@eﬁroma asociated with atoms lying within
a spherical shell of radius v and of thickness r SUle
rounding a given atom M in the molecule. It 1Is not neces-
sary bto index the powder photograph or (o inbroduce any
arguments concerning crystal symmetry or steric relation-

ships a8 18 done in obther methods of structure analysis
E«; QQ‘I’Z@Q&&@ (I) * C"i ?}I:LEQ-N?EIQ.

1. Experimental.

“In the course of spectroscopic investigations on solu-
tions of lodine in pyridine and its homologs, & saturated
golution of resumblimed lodine in $9.77% pure 7 -picoline
{obtained from the National Chemical Research Laboratories,
Teddington, Engi&ﬂd) was prepared under anhydrous conditions.
It set to a sblid mess after approximately two hours. The
mixture was partially soluble in ethyl alecohol. The insol-
uble residue, (I), which proved to be water-soluble, and
insoluble in the common organic solvents, was washed with
ether and reerystallized from water-alcohol mixtures as a

light brown microcrystalline solid, Its melting polnt I8
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223.49C with decomposition, and its density approximately

1.¢@ gm&./bm.B Ether washings {rom a sample prepared by

oneg of ug two years previously were colorless, indicabting
that nepligivle dissociation had taken place durlng that
time, Chemical analysis and equivalent welgnt determined
from the freezing point depression of water solutions were
consistent with an ionie formula GIQHlﬁﬁQI I, The analyti-
ecal data for compound(I)are sumarizéd in table 45, A
precipitate of silver iodide i formed lmmediately upon the
addition of aseldified silver nitrate solutlion Yo an agueous

solution of (1),

Table 45, Composition and Molecular Weight of Compound (I).
Cy oty aNpT,

Analysis % ¢ 4" % N % I
Calceulated 32.75 3.21 6.37 57.68
Pound C 34,32 3.34 6.25 56,085
Formula weilght kho
Eguivalent weight* 220

Cryoscopic equivalent weight 214

&
Based on dissociation into two particles

For pollecting the x-ray intensity data of compound {I),
the conventional procedure of wmeasuring the intensity distri-

pution of an x-ray powder phobtograph with a recovding micro-
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photometear was used. The photographt wers tak@n uging
riltered copper radlation (AK, = 1,5418 A). The intensities

neasured on the ulcerophotometer tracing corrvected in the
ugual fashion for absorption and polarization were plotied
versus 8 = 47 8in6 /2 . The maximum value of s for which
tiles were measurable on the powder photograph was
e N B

intensd
G
L A

2, ﬂalau&ati&n&5

The measured intensity distribution must be placed on an
absolube seale, and the Compton seattering subtracted. This
was accomplished by Warren's method (97a,b), which is based
on sguating the obperved intensity at large values of 8, where
the gtructural Teatures no longer influence the seattering, to
the inbteunsity dietribubtion caleulated for a random array of
atoms, After the correcbed intensity distribvution, I{s),
had been obtained, the radisl distribution funchtion was cal-

eulated {2Fa,b) according to the eguation

2 (i 3
4T 2K,y [ 4, (04,1 - —ffwwwwﬂ) (234)
where
S 2
i(4) = ”‘KZiZ 235
( Lxxxiéifmz w M (#35)



In these eqaaﬁiansg Zg ig the average electron dengity i
the Sﬂfﬁu&ﬂu@; f 1s the atomic seatbering factor for
the Yth atom in the molecule, N is the affechtive munber of
moleculea in the x-ray beanm, 1@ 18 the intengity seattered
by a clapsleal {ree slectron, and Kﬁ is the effactive welght-
ing factor for the Mth atom, which was equated here to Zﬁg
the atomie number

In practice, it is not possible to evaluate the integral
in equation 23 to the limit g =0 bvub rather only o 8 = B
In order to decrease spurlous debtail in the caleulsted radial
distribution function introduced by berminating the integral

ab S e and by asslgning too much welght to intensity wmeasure-

mente abt large values wf 8, the following msdifﬁ@d Porms of

eguations 234 and 23% are useéd,

doay

4%z‘%;KML%&(M>%;1= %?JﬁdiY4>dﬁudadb) (2341}

' y )
where
z L8 -8 S -
7{4)= ~lle ZZ . {K«Bij')
[Nle%fmz ] M
mﬂtg?

The introduction of the convergence factor o broadens

each peal in the radial distrib&ti@n function due to a pair

Ld

of atoms {1,]) without changing 1%s area (28), The value of

iThe quantity g. refers to %h@ average electron d@nﬁiuv
within the Individual particle of the substance, and not to
the electron density of the groes sample, including its inter-
gtlees., This point hag been the sudbject of some aaafaﬁi@m in

& L2

other discussions of the x-ray radlal distribution method,
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2

$
Bls max is equal Lo cne~-tenth.

of B! was chosen such that €

In this investigation the corrvected intensity curve
was separated into two parts: the set of discrete peaks
corresponding o lines on the powder photograph, and a
slowly varying curve through the bases of these peaks. In
eraleulating the integral in eguation 2347 the slowly varying
portion was divided into 100 equal intervals over the range
of 8, For each discrete peak, the value of s asgsigned vas
the elosest integral muliiple of gmax/%ﬁﬁ*

Values of si' (8) and the contributions from the dis-
arete peaks adjusted to the same scale are shown in table 45,
A scale factor of 20.9 has been introduced to bring the flgure
to a convenlent range for the next stage of the calculatlon,

The integral in equation 234 was evaluated by the
sane puwched card wethod as is used for electron dilfran-
tion compubtations carvried outbt at the California Ingtitute of
Technology (29}, The resulting funetion Aﬂfrg%% KM*
igﬁ(r)w@@} has been plotted in flgure 13 {curve A} together
with the function ~%ﬂ??%%xﬁga caleulated from the swpirical
Pormula and measured density of the compound (curve B}, Tae
ares enclosed between a pealk at » = ry O curve A and the
base curve B is agpraaim&tely'?ézin, the sum over the mole-
cule of the products of atami&)numbeﬁﬁ of atom pairs whose
separations are sulficiently close to rp $0 be included
under the pesk. Curve € is the caleulated countriovution to

the differential radial distribution functlon for the palr
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Teble 46. Intensity Date for the Radiel Distribution Amalysis of Compound (I).

€y BNty B(s) = 26.9 si’(s)/gzM
Continuous 5008 5008 5008 5008

Poax  Bls) Pmex E(s) Cmex 2 8) Cmex  E(s)
5 ~2 130 19 255 5 3o 1
30 -2 135 19 P50 2 385 0
15 -2 140 1k 255 3 350 0
20 -l 145 16 270 6 ggg 1
25 1 1850 12 275 8 40 0
0 6 155 8 280 8 o5 )
35 9 160 9 285 9 w10 o
ko 18 165 10 200 8 his 0
45 20 pheis) 9 293 7 L20 0
50 15 175 11 300 & 23 )
55 12 180 6 305 8 k30 o
60 11 185 8 310 7 ﬁgg 1
65 12 190 8 315 & ; 1
70 13 195 8 320 7 Lhs 0
%5 15 200 10 325 8 50 W1
. B 18 205 16 330 9 455 8]
8s 23 210 6 335 9 W60 w1
90 26 215 10 313@ g ks 0
95 28 £20 6 345 8 70 0
100 ks o2ps 8 350 7 75 O
05 31 230 5 35 5 o o
110 3k 215 "6 360 i 485 W1
115 29 ok0 6 365 3 koo 0
120 oh 2hg 5 370 2 L9y ~1
25 12 250 3 275 i 500 «L
Discrete g B9 8 8 102 19 i3 28
Fortion 68 2 g8 23 115 k2 143 16
73 6 95 2k 122 16 150 38
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o
of lodine-iodine interactions in the neighborhood of 2.66 A

that must be present 1f covalent bonding exiata between

iodine atoms,
¢, Compound {(II). Cﬁﬁ?ﬁlg;

1, Experimental,.

The obvious difference between the properties of com-
pound (I) and those of the pyridine-lodine s0lid complex
(Py.I,) seemed to indicate that (I) was not the simple 131
complex, but something else, The compound Py.I, is precl~
piltated by the addltion of water Lo pyridine-~lodine solu-
tiong., In an analogous fashien, it was attempted bo isclatbe
compound (II) vy the addition of water to a solutlon of Llodine
in 7 -picoline.

The following progedure was g satisfactory methed for
the isolation end purification of (II)., To an excess of
7 -picoline was added a ssturated solution of lodine in
ethanol. This was followed ilmmediantely bj the eddition of
water. The precipltate was filtered and washed with water
gontalning approximately 1% pleoline, The compound was dried
in a stream of nitrogen and stored in a reflrigerator at 0%,
Jnder these condltions no neoticesbhle decomposition took place
over a period of ocne year. When compound (IX) was left in
a dezicecator under nitrogen &t room temperature, it decom-
posed to a tarey mass within two days. There are appreciable

vapor pressures of picoline and lodine over the so0lid come
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pound, Compound (II) is soluble in mosi organic solvents,
mﬁde?gaing slow decomposition. When {II) 1s added to 7-pico-
iine, it dissolves without decompositlon, and the slow forma-
tion of {I) can be detected. Compound {II) can be crystale-
iized from most solvents by evaporation., Tadble 47 lists the
results of the chemical analysis of (II), which are consist-
ent with the f@rmgla C@H?NIQS corresponding Lo an eguimolar
addition product of lodine and plicoline. Mo molecular welght
was determined because the compound undergoes partial dig-
sociatlon in ssimtimm. Compound (II) melts sharply at
#3,2-83, 3o €., and hag a density of 2.45 %mﬁ./hmgg at 20° Co

It was declded to investigate the applieabllity of a
recording x-ray diffractomebter for collecting the intensity
éa%a for the radial distribution analysis of {(II). This
1@@”@&%@%& records the intensity of x-radiation scattered
from & apecimen directly as a function of the Bragg angle by

means of a8 movable Gelger counter tube., In addition to being

Table 47. Composition of Compound {(II)

Céﬁ?%i&,
Analysis % C . % H % N % I
Caleulated 20,78 2,02 4,03 73.20

Found 19,49 1,34 3.60 75.0L
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more rapid than powder photography and subsequent mieropho-
tometry, the diffractometer method has the advantages that
{with the proper type of specimens) the absorptiocn correc-
tion is independent of the Erégg angle (20}, and that the
ratio of gpuriocusly scattered to diffracted intensity is
smaller than with the Debye-Scherrer technique, A General
Electric model XRD-3 recording diffractometer was used with
filtered copper radiation from an x-ray tube exeited to 25
kilovolis peal at a space current of 15 milliamperes, Re~
sults satisfactorily free from the effects of preflerred
orientation of crystallifes in the sample were obtained by
using the mounting procedure describved by MeCreery (31),
and the compound was auffiﬁiénﬂly stable in alr to permit
scarming at the rvate of 0.2 degrees of 20 per wminute, The
aiffraction pattern of (II) differed from that of (I) in
that it aunﬁiét@d entirely of a series of discrete peaks

on a monctonously varying background. Forty-nine peaks were

. , wl
. | ¥ o [+
ohserved to & value of ﬁmﬁx 4,518 E .

2. Caleulations

The procedure of caleulating the radial distribution
function when the intensity data is in the Torm of diserete
peaks differs somewhat from the method used in computing
the radial distribution funetion of compound (I) and has not
praeviously been presented completely. For a seatberer giv-

ing discrete Bragp peaks, I{s), which appears in eguation



235¢% can be written as

= . T ! ol
el = Ineage * T'ing (236)
where Eﬁragv i8 the discrete inbtensity distribubtion of the

bragg peaks, and Eiimd ig the elastic seatbering produced

by the aperiodic component of the elecbron density in the
crystal which is due to thermal vibrations., AL large values
of 8, where the teuperabure factor has suffliclently reduced
the intensities of the Bragg peaks, It, . approaches Nzé%f% .
If sach atom in Tthe structure hag the sBame iscoiropic (empera-

¥
. e g P~
tuve factor e % 2 I‘in% can ve approximated by
NI G-e B | (237)
Substituting equations 2357, 236, and 237 in 2347 vesults in

47()&1% Kl 4y (n)-9,1=

4t _ga% 2z
n 2 Tyt NIe(1-€5%) 76
W(%ZM )Jo*d-[ l]e M,d),,d‘,‘

NIe%ﬁK
Aoy ’
(2 2 2ot ¢ e (L%, 0]
M [} NIC?A‘GM 7S
¢ 2
= (s St e - B4t A2 2
= =2z )[gAM_e A'A;' (228
™ M M A NlezMgl A di 4(B+3)3/z6 4(34-5)1 { u")
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4

coshdb, and
,l

Since 8 = Umsing/1 , ds =

‘ T fon 8l Omar | ordinecec® gl
L - *._._———-——’—"""' - : 1 } 2 9
ikg?gﬁ%e i dn da = lawﬁ CVNI§¥M€ o ind6,  (239)
M

Because the function I is in the form of narrow pesks

Bragg
having a sufficlently small range of ©, the other functions
in the integral do not vary appreciably over a single peak,
and the right-hand side of equation 239 can be expressed

as the summation

"2 g aAg-WA%»»a)

ng NI ZQ‘

where A j/&az%fgj 18 the ratlio of the integrated counting

rate for the jth. Bragg peak (in counts per second inbegrated
over radians of Bragg angle) to the scattering due to an inde-
pendent array of atoms, The summation indexed by J is over
the observed Bragg peaks. Substituting this expression for

the integral in eguation 238 gives

¥4

oo oA
47r/zZZI< [3 (n)- 3] ’ZZ(ZZ )EZC Aoy - /;BTB)%@ B8] (240)
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The diffracboneter used was nob sulficlently stable go that
the seale factor could be rellably estimated by observing
the counting pate at larvge angles, It is therefore neces-

. 2mre 4R
sary to introduce the quantity (FwRaI @4>
o

; which is the
proportionality factor relating on an absolube basis the
intensity scattered by a random avray of atoms Lo the
counting rate actually observed with the diffractometer,

in this expreszslon, @ and m are respectively the charge and
mase of the electron, ¢ 1s the veloclty of light, R is the
distance between the scatterer and the deteetor, A is the
eross-secbional area of the x-ray beam at 1its ﬁminﬁ of inter-
section with the specimen, & is the accepbance area of the
detector, Im is the intensity of the x-radiation incldent

on the scatterer in @rgs/émogﬁecw@ and P 1ls the detection
gificiency éf the CGeliger tube in counis per erg. This con-
gtant of the instrumentation was determined by measuring the
intensities diffracted by & sodium chloride standard. In

equation 241, fk' i3 the molecular absorption coefficlent



Equations P40 and 241 are the working expressions for
the computation of the radial distribution function Irom
giffractomelber data consisting of discrete Prags peaks.

- :

(iumerlical values of 8in26; PR T LT 2@8 Y were obitalned from
th

3 Ber - 3 [ 5. IR
guantity 1030 £, is llsted 1o table 48 with the
el
ing Treguency of the contribublon, lo unlts of

The ecoefficlent B in cguation 240 way esblimated
, Dy
T D gty Ao oy ey AN A s P R e - o s Y g N
ofification of Wilson's nethed (33) to be 0.057A7,

53

zind the Pourder sum was evaluanied by the same puma&ﬁ@ card
method mentioned previously. The guantities 47 e Kﬁigﬁ(r}wgﬁﬁ

and «%TPQZ:KMg are plotted in figure 14 together with the
theoretlc l contribubion to the differential radial di @%”$bu~

tion funetion from & pailr of lodine atows separabed by O 6@5

D. Interpretation of the Radial Distribution Curves.

& striking feature of both radial distribubtion curves
(& in fizures 13 and 18) 48 the peak b@tweaﬂ.& and ﬁg. The
presence of such a peak indicates that more Than the average
amount of electron density is assoclabted with atoms that
have separabtions within this range, The region beiween 4 and
ﬁg is expecited to be well populated in bobth compounds; the
van der Waals asntaats TowsI, I°°°I 7, and I ¢l  should all
coeur at abou .3A3 and the van der Waals C... aontacis

o
neling ab aboub 44, these and the nsxt nesrest non-bonded
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Table L8, Intensity Data for the Redlal Distribution Analysis of Coumpound (II)

Col N1,

1030C) 500z 1030) 500 1030CS S00s  1030CS 5008 1030C]
®ax ® et & ex ®ax fax
58 37 157 18 231 28 L 37 375 1l
Bl 9 64 100 £36 27 313 2O 387 ik
28 B3 E : BB OB
& 2 T , 57 : ]

:g; 10 18g 18 268 k1 332 6 bl 2z
108 3 189 Ly 269 53 334 S ks 20
139 b1 200 8o 281 16 3 gﬁ LY G 5
137 19 p03 28 293 16 353 T kg 6
Wo 13 219 B 299 3 %L 22 500 12
154 ah 2e5 82 ik 366 28

303
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Cee»I will also fall in the interval from 4 to 52.

The curve £or compound (I) (but not for compound (II)),
has & prominent peak at 1°§§a This pealr is much too lavge
to be due to the interactions near this distance, whish
are all bebtween light atam&;yit mugt be almost entirvely the
result of errors in the measured intensity distribution,
Spurious peaks near the origln are sometimes encounbered
in radlal distribution functions computed fr@mvaiesaﬁam dif-
fraction data, and do not vitiate the validity of the func-
tion at larger values cof r. They result from incorreech esti-
mation of %ﬁ@ average background, which 1s anmlogous to the
funection mxggfg in the present investigation. The error in
the measured Intensity distridbution which would have to be
present to produce the spurious pealk was calculsted as a
function of 8, The caleulated ervor in 1'{s) falls smoothly
from & maximum value &t 8 = 0 to nearly zero in the region
of 8 that was used to establish the scale factor by Warren's
method., This type of @fvar, both in i1ts variation with o
and ite magnitude, is what can reasonably be expected from
mlgegtimation of the absorption factor and from extvancous
scattering by the walls of the capillary in whiech the specimen
¢f compound (I) was mounted. The diffrachometer technique
uged to collect the intensity data for compound (II) eliminates
these errors, so that the radlal distribution function for

&%
this compound has no false peak at the origin,

K]
The erroneous variation of measured inbtensity for com~
pound (I) is observable in the values of si'{s) presenied in
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From the radial distribution function 1t is possible
to determine whether or not there are I-I interactions at
avout 2,668, and hence if there is covalent lodine-iodine
bonding. Because the significant éan der Waals separations
in each structure are all longer than 3,53, the features in
the radial distrilbutlion curves at smaller vaiuea of r must
be due to predictable intramolecular interactions, The most
significant points are displayed in table 49, in which the
areas measured betwsen the radial distribution curves A and
the base parabolas B within limits of r corresponding to intra-
molecular intersctions are compared with gézizj a8 computed
for all éﬁam& i and J separated between these limite for co-
valent and ionic models of each compound. The range of v,
from 1.9 to 3QDX i8 chosen because 1t includes the region
where the covalent lodine-iodine contributions would occur

(See curves €, figures 13 and 14.), and because it is suffi-

table 46, These values are predominantly positive for inter-
mediate values of o, whereas si'(s) should be & function
which Tluctuates arcund zero, In table 46, the cbserved devia-
tione of the average values of si'{s) nearly colneide with,
the error term calculated by assunming that the peak at 1,54
is spurious. Therefore, the errore in the measured intensity
disprivution are such that they will introduce the peak at
1.5 without significantly affecting the features of the
radial distribution curve at greater values of r., The nini-
mum_in the radlal distribution function of compound {I) near
2.54, the presence of which is eritical in the interpreta-
tion of the strusture, cannot be appreciably in evror, If

it were, an ervor term would have to be introduced in the
measured intensity distribution which oscillates through no
lesa than three cycles in the obeervable range of s, No
plausible experimental error could produce such a variation.
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©
Teble 49. Contributions between 1.9 and 3.04 Por tovalent and lomic

models of compounds (I) and (I1),
bydrogen sre neglected,

Intersctions involving

Compound I,

Compound IX

Covalent I.I bond

Present

32 Cull 30wt
12 C=H 1&%637
b M-I bu7xs3
b 0T butx53
2 I-1 2x53%53

e ——

10,030

15 CC 16xbn6
6 C-l  Exbix?
@ WeI 2xTx53
b €I bubzs3
2 I-I 2x53%53

8,460

32 C-C 30x6x6
12 C-l 12wbmy
4 BT bx7es3
b CeI hufxs3

O ARSI

4,412 Totals

16 CuC 16ubxf
6 C-l Oubxy
2 N=1 2x7u53
b Cwl bxfus3

SRR skt

2,806 Totals

peasured
from
flgare 13

3,900

measured
fron
figure 1k

8,400




clently removed from She regions of the van der Waals inter-
actionsg and the false peak in figure 13 discussed above.

An lonle &tr&@%age for compound {I) and a covalent strue-
ture for compound (II) are clearly indicated. For each
compound, the discrepancy bebtween the measured area on bthe
radial distribution curve and the sum of the interactlouns in
the alternative model pignificantly exceeds the reasonable

limits of error,

E. GConclusions,

The date which have bheesn collected by other workers and
in the course of the present investipgation lead us Yo pro-
nase the fellowing sequence for the reaction of iodine with

Y-pleolines

CHs CHy CHg
S=gad-
I~ on \
(1] N zg@ s ':Té ® KZ«’E‘
7- Ficolne 180
1
W(I)
D0 -0 — L
+ — ® T®
r;@ N e NS >Chy .
10 I



{The « addition of the second molecule of pieoline to the
ioniged form of {(II), as hers indicated, sscems reasonabls
in view of the resonance representation of {(II) by several
Lewis structures, ineluding
CHy ‘
® 19
r:; H
. I

The following evidence strongly supports the conclusion
that (I1) is a picoline-lodine addition complex analogous to
the pyridine~iodine complex:
1. The changes in the infra-red spectra of pyridine and
of o-pleoline caused by the addition of iodine are similar
(250),
2. After belng stored for nearly a vear at o@c., aompound
(II) yielded an infra-red spectrum in carbon disulfide solu-
tion which was Iin all respects identical with that found |
for freshly prepared aolgtian of jodine and ¥-picoline in
carbon disulfide. (The spectrum of the latter has previously
been published (25b).)
3. Compound (II), like Py.I,, is insoluvle in water, and
soluble with decomposition in most organic solvents, Its
dilute solutions in carbon disulfide show the purple color
characteristic of frae iodine in this solvent., Hore con-
centratead sclutions are brown in color, as is characteristic
of complexed fodine. This behavilior 1s consistent with the

partial dissociation of the compound in accord with the law



of mass achion,
Evidence for the existence of equilibria of the Lype

1 pathered in the following

‘?Lv
@
o
i
&

b B o Al DR S . p -
En in the pyridine system ha

Aadiocactive exchange experiments using 1%31

have shown
the presence of Pyi% ions in ifodine-pyridine solutions {34).
2. Measurements of the electrical econductivity of pyvridine-
iodine gclutions show a small inltial conductivity which in-
creases slowly with time {35). The initilal value hasg been
ascribed to & small concentratilon of PyIT and I” lons in the

gnd the inerenss with time to resctions of lodine

&2
&
ok
f”'”
Fas
fedo
o
a«.?
@

with the ring, ovr perhaps to those of the type shown in

Z.‘v‘

reaction {2} above. The ccourrence of a slow chemical reac-

Sion between lodine and pyridine has been found by okbher
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Modifleation of the emulsion type and/or the develop-

fle
ment process of x-ray £ilm can result in & considerable
decrease in the necessary erposure bime,

It iz propoged that the strong light-absorpticn shown
by polyvinyl chioride after appropriate heat treatment
is due to dehydrochlorination, with the formatlon of

§!

condugated poly-one sysboms (mQHmCEm}m, with n preater

than for systems previously studied, Some experiments

and appileations are suggested,
Some fundamental errors have been made in the interpre-

tation of the diffrection data with £ odd in the Ti%e, .,
strugture (P-1). The ensemble averaging wnethods intro-
duced in the discussion of the Mﬁigﬁﬁ gtructure would
be especinlly useful {for the correct solution of the
Tiﬁ@zg structure,

it would be worthwhile %o attempt the solution of the
difference equations corresponding to growth laws based
on mors ccmpiéx interactions and serhens higher dimen-
picnallty than those discussed previcusly (P-2), and

Lo try to corrvelate the resulis wilith known disordered
atruciures, |

The x-ray absorpiion correction for cylindrical speci-

mens when the equi-inclinetion technioue i1s used can be



-

e

£y PN ey ey |

o By e & g
£ Lo FS

e e

S & g G . 5 g o R e e Feps ey e T
Liey due Lo zocd GELTLIE HRLG S _E

Y T ; ey e
weoposed Lhat

ey R
neral

ave

P
3% ey s
e b

P S 3

T B
oy e A
P AN

- 3 ey v e
L Serlel G




ot
oy ] o
e L W px} % ] K
S = sl (o] 3 ored o

]

b

A

by
Formulat

et 3 3
LT 4 ey} = I =
X, s s A

£ ) 5 ) b 5%

& e Sy £

i Syt &3 o o o
.v»..h Sy S
s P oR )

£
s

£

%

winy & ] i H et} M\M
@3 ok o ] o wb 33 ot
i £a apod s EAG el
oo & e 4 w3 £ A2
< A & ES] et [ v B
DR =T PR < =
. j#2] g 7 o} 4 o] o
@ o Q . e P
o fox] o i3 @ - £

ot . _ﬂ& mU fes]
. & ) WL W &
" e} ;ﬂb e $os oY L]
H..nu o pm @.m &
Gt o R o 2
- ) L4 m - o
£ 47 o @ s o
@ o o &

(e gt o i
Ly ke 4.3 S
e 3 2 £4
. Mm L5 )
R Sk 5

4

wlusg

K]
o

ot

) —> (¢) + (),

N o i
& @ a
e 2]
R =t %4 s
Gy g 7% ] s “aa
€ &3 o R s
= > o
o £ o @ i
] ! £ B4 e
et @ 5] & o
=4 N S i 3

oy

L&

s
g
o] g



- Comments on Propositions

dv of

Pl fo iy AV g Y Bom it e By 5 e st
o1 the solution of the Tile, . siruchure
B R
1D £ w9 -y e o s x LT I VR S S T 14 vy €1 o
wareg incorrect, In ftdeon, 1% is fell thatlt the proosss by
PO S BBy s o, £ -, - . ” 2 E - P 5 sy oyt 8 g o g
which the 8 odd laver vreflections were debernined

ig oot Jugnifiable., In effect, relaotive odd laver intensi-

Higs were vagd to enleulate g aelb of relative va

of the possible agsignments of phases corresponding

[

mebtria struchture., The eviterion that all of
ne restricted in valne betwesn -1 and 1 was

The gulting

values of r, obtained for

ment were rounded off into simple rational

Z,

a set of odd laver structure fachors corre-

@ m9$i1ﬁmﬁﬂ? of

st

o eaeh soluitlon wasg ealeulated, T

mnent between calceulated andg

was selected ag the covrrach

chioice, Acbually, 1f the r, '8 were not rounded off, the

intensicies would be ldentical for sach

ment of nhases, 80 that the decision method enploved here has

lisslie T

B

make 1t unsarly lupessible

Fizurationg of tilitaniwus

atoms all at g = O expresgion for the struniure



U S, e A s gy Lo 3 L 2o ! PR . kN . “ya .
factor analeorous to eguation 145 ghould be accuraie,

L8

It Zs well known that the absorption Factor A{pﬁ,@} {or
eguatorial diffraction from a eylindrical specimen iz a funce-

Lhe Bragg angle &, and the

tion of two varisbles, namsly
product pR of the linesar abscrpilon coeflficient and the
reding of the speciwen (P-4). Examination of figure P-}
showa that each path &G and from a scaititering element for
the eguli-inclination case has a lenpth which 18 pgreater than

ing path-length for the equatorial case by

<
R
=
&
el
o
"3
?‘5
&
0w
&
i
9
=
Gads
e

factor of secv (vhere Y ip the egui-inclination anzle. 1t

ig evident that the sxpregsion for the avsorpiion factor

s

)

A for the egui-inclinatlon case 1s ziven by the eguabtion

A = A(pReecy ,T/2}) , {p-1)

where T is the projectlion of the deviation angle 20 onto
e

the eguatorial

Propositions 7 and 5,

Many attempts have been made o so0lve the phase problen
in xe-ray crystallography by deriving velationships between
the phases that zre generally applicavie o all struchures,
i these relationships arve Lo be general, they must be de-
rivable {roa properiies shared by every structure. The

properiics nosl commonly used in the derivation of these
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relationships are

. that the electron density is everywhere pogitive,

. %that the atoms in the structure do not overlap, and

. that the distribution of eleectron density associ-
ated with a single atom is approximately spherical.

Gid f) et

Some of these relationships, such ag the first lnequality
of Harker and Kasper (P-5)

IF,, 12 ( z*% , (p-2)

hil
where Z is the number of electrons in the unit cell, use only
one of these properties {(in this case property 1), while
others, such as Sayre’'s equality (P-3) use all three, It is
suggested here that the ultimate, and moat powerful of these
relationships would be the expresgion, in terms of the phases,
of the necessary and sufflcient conditions of each of the
properties above., It will be shown below that such an ex-
pression for property 2 is easily discussed, and that it is
possible to derive an approximate relationship that approaches
the necessary and suffleient statement of property 3.

It is an interesting result that no further information
about the phases 18 contained in the criterion that the atoms
de not overlap than is already contained in the criterion
that the electron density assoclated with each atom has the
appropriate spherilcal distribution, This statement is &
corollary of the theorem that if a cholce of phases results

in an electron density function whieh 18 the composite of
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appropriately shaped peaks correaponding to each atom in the
structure, there can be no averlapping of these peaks, The
proof of this theorem followzs, The correct cholce of

phages produces an electron denslty function which has

properly shaped aéémic peaks, with no overlapping. Suppose
that the theorem 18 untrue, i.e., that a certain incorrect
cholice of phases results in an electron denslty function

which pregerves the proper pesalk shapes, but which exhibits
overlapping of some of the peaks., The Patterson functlon
corregponding to the latter electron density function is neces-
gsarily different from that corresponding to the former, There-~
Ffore the set of intensities corresponding to the latter func-
tion differs from the correct set of intensitles. This 1s

a contradiction, and the proof is completed,

The inf'ormation relating to the nan~overlapping of the
atoms must then be contained in the relative intensities
cbtained in the diffraction experiments, If the neighbor-
hood near the origin of the Patterson function consists

solely of self-interaction terms, then around the origin,

St e-2mi(hutkvelw) S 8 (uv.w P
Gt > 5, (wv,w) 5 (P-3)
where the left hand side of equation P-3 18 the Patterson

function for a erystal having unit periodieity in each direc-
tion, and the right-hand side is the summatlon over the atoms

« in the unit cell of the shape funection gx(u,v,w) for each
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atom « produced by convoluting the electron cengity of the
atom with 1tself. It can be shown that

" 2 =211 (hutkv+lw)
Selu,v,w) = :Z.fx,h,k,lQ , (P-4)

oy,

wWhere § is the form factor for atom for the reflec-
«*,h,k,1

tion with indices h,k,1. Equation P-3 can therefore be re-

written
~271 (hutkv+iv) s 5 .2 =21t (hutkvelw)
{/Z;}nme o an,k,1® (P-5)

Substituting in equation P-5 the values u=0, v=0, w=0 results

in the relationship

o

{%!Ihkl =2 g;.ﬂ L hk,1 (p-6)
which is the basis of the statistical method for obtaining
the scale factor (P-6), Because equation P-5 1s valid in
a finite neighborhood about the origin, it may be differen-~
tiated any number of times, and the relationshipe that result
upon setting us=0, ve0, w=0 are still valid. Thus, by dif-
ferentiating equation P-5 twice with reapect to u, there

resulis

z azsx zp? )
AT fZ,@I{ZI{M - %( ‘)“ii ) UMFZZ{Z&@K 0/)&:5/ ’ (7-7)
’o o

4 v
! Wz
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Hany other relationships are gimilarly derivable.

The forthcoming derivation involving the sphericity of
atoms is based on the fact that under the appropriate con-
ditions, the atomic peaks in a generalized projection ocecur
at the same coordinates as the peaks in a regular projection,
3ince the result 1s independent of the reciprocal lattice
level over which the generalized ﬁrcdecﬁiom summation is made,
thisg can be the case only 1f the atoms have ecylindrical sym-

metry about an axis parallel to the projection axis, But if
this result is to be valid for all projection axes,
must be cylindrically symmetrical with respect t¢ every axis,
i.e,, they are spherically symmetrical. Unfortunstely, the
argument iz not as clean-cut as it has been made to sound,
Some objections will be presented below in the process of
deriving from this notion a relationship between the struc-
ture factors. |

It will be assumed that each atom in a structure has a

gimilar, spherical shape, ag implied by the equation

£, (8in6/Q) = dec{aing/ﬂj, (p-8)

where f 18 the form factor for the atom « , which varies

with 8ine/1, Z, is the effective atomic number of the atom
« , and fo(singzh) is a standard shape function describing
the varilation of the form factor with sine/A , For such a

atructure, define Uhkl by
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P,
Vg = b , (p-5)
fm(sin@/h)
where the value of Bln 6/4 corvesponding to the indices hki
is used on the right hand side, If, in addition, the struc-
Cure has a center of aymwetry and unlt perlodieity, 1t can

be shown {P-7) shat

Cé(x;})?% U{M‘M ZT(%xh@y) :,,(sz S(x-z,) 5(2/—2,{) ot 2T 43, (P-10)

S0 (14) = Z Uy gaon 10 (i ihy) - 2 7, 8¢ ") 80y a 243, (P-11)

where Cé and 8'% are respectively the pealki-sharpened sine
/ ;

and eaﬁiﬁ@ generalized projections of order é&, and the §'s
are Dirac delta-functions, The summabtions on the right-hand
side ol equations P-10 and P-11 are over the atoms o in the
unit oell, with coordinates x%yx)aad z, . If the pesaks in

the projection do not overlap, then it follows that

(er, ()17 + I87, (x,3)12 = [cy(x,3)1° (p-12)

/

becsuse

cos“2m /3, + sin® 274 2= 1 \ (P-13)

for all values of / and z, . In equation P-12, ci(x,y) is
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the sharpened cosine generalized projection of order zero,
i.e., the ordinary peak-sharpened projection., Equation
P-12, which 1s valid for all values of / , no longer de-
pends expllcitly on the coordinates of the atoms in the
structure, and can be used ag a criterion for the correct-
nesy of a particular choice of signs to a subset of the
structure factors, If it is suspected, for exsmple, that
all of the signs of the hk0 and hich reflections are known,
the function on the left hand side of eguation P-12 can be
computed from the bkl data, and the function on the right
hand gide from the hkO data, If & few of the signs were
incorrectly chosen, there will be discrepancies between the
two functions.

Some obJections to the method are as follows, In many
space groups, there will necessarily be overlapping in the
projections. Because the reciproeal lattice data, in any
event, does not extend to infinity, 1% will be necessary,
in practice, to apply an artificial convergence factor,
This broadens the atomic peaks, and in addition to increas-
ing the incildence of overlap, it makes the result somewhat
inaccurate when the prolection axis is not orthogonal to the
other axes of the unit cell.

Equation P-12 can be stated in a different form which
is more directly related to the guantitiles Bhkl‘ Ina

gentrosymmetric structure, ﬁhko %= Uhkc’ 80 that



S ENAE g o tuem (i tley ) =3 {Z;jhk(){ sin2T{hi-+ley )+

)

sin2m({-nx-ky)] = 0O (P-14)

It is therefore permisaible %o add [8&(x,y)}2(mo) to the right
hand side of eguation P-12, obtaining

[er, (x,3)]° + (81, (x,3)1° = [e(x3)1" +
[sy(x,5)12 (p-15)

With the use of equations P-10 and P-11 the left hand silde

of equation P-15 can be written

[{Z& U{&I‘MZW(QHQ% )]{E‘_\(U““\mzw(““ “gﬂ
+ [%&U{ 41‘MZ7F(£x+&g U[HZ)KUHK@\ MZW[HI+KZ)1

:E,ﬁ HZ)K Uiy, Uk, L mzw(fn@z)m 2T (Rxr K«d)+mzqr(£x+k3)mz1?(}ﬂ+ Ky )]

= i% Uﬁ&,Q‘UHKﬂ\ mZﬂT[(H-ﬁ)x +(\<—(§)«6:(, (P~16)

K

Making the substitutions

N = Heh

[ - Kok (P-17)

the left hand side of eguation P-15 Decoumes



%K( {21:6 szt’, Ua +h,k+k, £, Yeos2T () x+ky ) {P-158
The commutation of the summations in these manipulations is
Justified when 1t 12 considered that the U's will be modified
by a convergence factor which makes the summations finite.
The right hand side of @Qu&tian P-15 can be treated in the
same fazhion a8 the left hand side, with the substitution
of the index O for /, ., Thue, equation P-15 can be rewritten

£ f} Uttt Uprt kut 1, | costm(prey)-= %Zk( Zeebo Yot ko) o 27 (pan by,
er

2 L ana ek 07 (Z VetV edo)] eoetTlprekiy)=o. (B19)

2

Since the coefficients in a cosine Pourier transform whiah is

identiecally zeroc must all in turn be egual to gero, it follows

CZ Vs Uy peiend, ) = (2 PicoPyan,iak,0) = 0 s

£k i

or

Zsh%tﬂ. Uy sn, k+ie,l, = 2 Pnico® +h,k +k, 0 (P-20)
ik / o {4 h >
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whleh 18 the desired result. Eguation P-21 18 valld, within
the limits imposed by the objections mentlioned above, for all

values of yx and [ . It has the corollary

-2
5 Uniet, Yy +n, e, L, = %Unu,_ Upan, k+k, 4, (P-21)
for all { and £, , The equation is also valid in altered
form for any other projection axis,
If the atoms in the strueture are all egual, it can be

shown that

ZUm )+, ka0 = BUKIY o (P-22)
where s(ak)is an appropriate shape function., This is Sayre's
equality for a non-overlapping projection (P-3), As a con-
gequence of equation P-20 1t is evident that the self-convolu-
tion of the (hkO) reciproecal plane which appears on the left
hand slde of equation P-22 can be replaced by the sgelf-convolu-
tion of any reciprocal lattice layer parallel to the (hk0)
layer. This 18 a considerably stronger form of Sayre's rela-

ticnship,



P-1.

P-2,

P-3.
P-li,
P-3,
P-6,
P-7.
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