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ABSTRACT

We consider systems of ordinary differential equations with
rapidly oscillating solutions. Conventional nﬁmerical methods
require an excessively small time step (At = 0(&h), where h is
the step size necessary for the resolution of a smooth function
of t and é measures the size of the large eigenvalues of the
system's Jacobian).

For the linear problem with well-separated large
eigenvalues we introduce smooth transformations which lead to
the separation of the time scales and computation with a 1large
time step ( At = 0(h)). For more general problems, including
systems with weak polynomial nonlinearities, we develop. an
asymptotic theory which leads to expansions whose terms are
suitable for numerical approximation. Resonances can be
detected and resolved often with a large time step (At=0(h)).
Passage through resonance in nonautonomous systems can be

resolved by a moderate time step (At=0W&h)).
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CHAPTER I

INTRODUCTION

Mathematical modeling of a chemical, electrical, mechanical
or biological process often leads to a differential system whose
Jacobian has at 1least one eigenvalue with either a large
negative real part or a large imaginary part. Even when the
underlying structure is quite complicated, one generally can
analyze the stiffness of such a system through the simple scalar

equation:

dy/dt=ay , t > @
(1.01)

y(8)=y, .

Case I: Re{-a} >> 1

Case II: |Im{a}ll >> 1

Unless one is prepared to compute with an excessively small
time step, most conventional numerical methods are ill-suited to
thé problem for reasons of stability or accuracy. For example,
in table <1.10> we consider several generic schemes as applied

to the system (l1.81l) with mesh width h.
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METHOD FORMULATION / SOLUTION |ah|=>» oo (arg(ah)<@g)
Forward Vi +1 =v"(l+ah)

Euler Va =Ya N vy | = oo (N>2)
<l.lga> . Vg =(1+ah)” v,

Backward Vn+t (1=ah)=v,

Euler Vo =Ye lvyl => 8 (N>2)
<1.1gb> v, =[1/(1-ah) " g,

Trapezoidal VN;,(l-ah/2)=vh(l+ah/2) N

Rule Va =Ye N vy = (=1) v, (N>0)
<l.ldc> vy=[(1+ah)/(1-ah)] v,
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On considering the stiff limit (|lah|-» o0 with arg(ah)<g),
we find that the first method is unstable while the second and
third are stable. Moreover, the solution of <1.1¢b> decays
rapidly on the grid points, while the solutioﬁ of <l1.16c> can be
characterized as grid oscillations. These observations do not
contradict the general theory which has been developed for the
non-stiff limit (lah|->»@) but rather indicate that one cannot
expect convergence in the stiff limit.

Nevertheless, for case I the solution of <1.18b> is
qualitatively similar to the solution of the differential
equation (l1.41). Much has been made of this salient feature of
the backwards Euler formulation, and many schemes with similar
stability properties have been proposed for stiff problems of
this type (see, for example, Lambert [20] and Kreiss [18]).
With the exception of a thin boundary layer, such problems have
nicely behaved solutions. Our aim is a detailed numerical

analysis of the highly oscillatory case (II), in which the rapid



changes are expected to persist.

Since the fundamental work of Poncaréﬁ mathematicians
studying oscillatory phenomena have developed an extensive
arsenal of pertufbative techniques including multi-scaling,
averaging, and the near-identity transformation (see, for
example, Kevo;kian and. Cole [16], Nayfeh [29], and Neu [28]).
For the most part, these tools are difficult to implement
numerically since the analytical manipulations require a
competence not to be expected of a collection of FORTRAN
statements; however, a number of computational schemes have also
been proposed.

Many researchers have attempted to extrapolate the effects
of the oscillations from grid point to grid point. For certain
problems in which the high frequencies are known in advance,
Gautschi [1l1] developed linear multisﬁep methods which are exact
for trigonometric polynomials up to a certain degree, and later
Snyder and Fleming [31] proposed an aliasing technique
applicablg to Certaine's method for solving ordinary
differential equations. Multirevolution methods [12,32] were
first introduced by astronomers to calculate future satellite
orbits by wusing some physical reference point such as a node,
apogee or perigee; these ideas were further developed by Petzold
[38], whose methods extrapolate the effects of the oscillations
for many cycles by first calculating for one cycle near each
grid point. Fatunla [8] also introduced schemes designed to
follow many cycles with each time step. |

Others less concerned with the deails of the oscillations



have proposed filtering techniques designed to eliminate
entirely the effects of the- fast. modes. In their study of
linear problems with well-separated, slowly varying large
frequencies, Amdursky and Ziv [3]  used left and right
eigenvectors corresponding to the high frequencies to project
the solution onto the manifold of smooth components. Lindberg
[21] wused temporal filters to remove the grid oscillations
;esulting from the application of the trapezoidal rule <l.1l@c>.
More recently Kreiss [19] has sﬁown that for a large class of
linear and nonlinear problems oscillations can be suppressed by
a proper choice of initial conditions. And finally Majda [22]
has demonstrated that for the 1linear problem time-filtered
solutions have the full accuracy of the filtering method as long
as the system has constant coefficients, the fast and slow
scales have been separated, or the 1initial data have been
prepared by Kreiss's technique; otherwise, the computed
solutions are only firsteorder accurate.

Since, for many problems, the effects of the oscillations
cannot be blindly suppressed or crudely approximated, a number
of analytical-numerical methods have been proposed to fyrther
exploit the underlying mathematical structure. Miranker and
Hoppensteadt [13,23,24] analyzed the theoretical and practical
difficulties of implementing .a method of averaging for such
problems; however, they only executed their strategy to solve
linear equations with constant coefficients. Moreover, they did
not attempt to ~calculate the phases accurately. Amdursky and

Ziv [2] also studied the 1linear problem with slowly varying



large frequencies by using a formulation similar to averaging.
Nonlinear problems of the form

dX/dt=(A/E)X + g(t,X) , t > @
(1.62) g 1

X(0)=X, , A= y B <EK 1

-1 @

were studied by Miranker and van Veldhuizen [25], who introduced
a Fourier expansion 1in the fast scale (I=t/&€). Miranker and
Wabba [23,26] also analyzed such oscillators by developing a
calculus of stable averaging functionals to replace the standard
point functionals of analysis.

Our approach is similar to this last group in that we use
analytical as well as numerical techniques to calculate the
solutions accurately. While some of the/latter methods require
extensive preparation, we generally insist that the analytic
manipulations be programmable, and also we treat linear and
nonlinear systems in considerably greater generality than has
previously been attempted.

In  chapter 1II we consider the general linear problem and
propose a method which separates the time scales by a smooth
transformation when the 1large fregencies are well-separated.
Using a combination of numerical and asymptotic techniques, one
then can compute the solution accurately with a large time step.
In chapter III we consider systems with weak polynomial
nonlinearities and derive an asymptotic expansion whose terms
aﬂe suitable for computation with a large time step; in
addition, we demonstrate how these principles can be applied to

more deneral systems, including partial differential equations



in which the oscillations occur temporally but not spatially.
In chapter v we discuss passage through resonance in
nonautonomous systems and demonstrate how the results of chapter
IIT can be extended to handle these circumstances.

In our consideration of linear systems with well-separated

large frequencies (Chapter 1II), we study the partitioned real

system
¥\ |gal1(e,8)  Eal2(c,e)| |vT tri(e,8)
= +
v 0 a22(t,8) \¢& F2(t,8)
(1.03) )
¥-(9,8) = Yo
*(g,8) = Y= g <t<T, g < & << 1

Here Y* is an nl-vector, and v* is an n2-vector. All given
matrices and vectors are smooth functions of t and E.
Moreover, é?All(t,s) is block diagonal with each diagonal block

a (2 ¥ 2) submatrix of the form

[a(t,8) +b(t,8)

(1.24)

‘_.-tb(t. ) a(t,8)]

The fast modes in (l1.03) are completely decoupled, and fE is the

solution of the smooth system

™ = A22(t,8) V" + F2(t,g)

(l.ﬁS)

(0,8 = o

Let Sa(t,s) be the (nl x nl) solution operator of the reduced

system



Y™ = All(t,2)YF
(1.06)

YS(,8) = ¥5

In fact Sz(t,s) is a block diagonal matrix with each block a (2

X 2) submatrix of the form

rcos (Be(trs)/e) sin (B, (t,s)/g)

(1.97) exp(’z&‘a(t,s))

_-sin(@a(t,s)/a) -cos(é},(t,S)/&)J

where, in correspondence to (1.04), we have

N
Bgltys) = ga(r,adr
(1.08) .
.t
Bg(t,s) = J:(r,z)dr

Now the solution for fr is given explicitly by

+
.
vE(t,e) = Sg(t,0)Ys + % Ls&(t,s)c;(s,s)ds

(1.09) 4 | .
G(s,s) = Al2(s,g)¥E(s,g) + Fl(s,&)

“

One now can denerate an asymptotic expansion for fr by
means of integration by parts, and in Section 2.4 we show how
this procedure leads to numericai techniques for approximating
the solution of (1.063). Of course one does not have this form
in general, and so in Sections 2.1, 2.2, and 2.3 we discuss the

reduction of a general linear system to the form



Y' = [&A(t,g) + e¥B(t,e)]Y + EF(t,2)
(1.19)

Y(0,€) = Y,

where, afﬁer the O(Eq') terms are discarded, we have the form
(1.03). For this strategy to be successful one must assume that
the 1large frequencies are well-separated. That is, in
correspondence to the block diagonal structure of All(t,£) we

must have:

i b (t, > K
o?é—%'r‘ k-( el
(1.11) k - ,
i I Ib (t,&)] - Ib, (t,&)! | > K
o?f:%:r K.( ) J( £)
K#]

where K is a positive constant independent of £€. This procedure
leads to very accurate approximations with large time steps when
assumption (1.11) is possible; however, the exclusion of weak
nonlinearities and coalescing 1large frequencies considerably
restricts the qualitative possibilities for highly oscillatory
éystems.

In Chapter III we begin our development of more general
techniques. Since we intend to compute with a relatively large
mesh width, it is again essential to represent the oscillatory
structure analytically; otherwise, excessively small time  steps
will be needed to resolve these features numerically. To

illustrate our approach, we first consider the scalar problem



u' = (ia/g)u + u®

(1.12) ’

u(g,&) =y, , g <t<T

where a is a nonzero real number and & is a small parameter

(0<€<<1l). The substitution
(1.13) u = exp(iat/g) x

reduces the stiff system (1.12) to a formulation in which the

right-hand side is bounded but rapidly oscillating:

x' = exp(iat/g) x&
(1.14) .

X(0,8) = %, 0 <t <T

In this introduction we refer to terms with factors such as
exp(iat/€) as oscillatory; terms without such factors are called
nonoscillatory. For sufficiently small & system (1.14) can be

solved explicitly by separation of variables:

x = X, { 1/ [1- &%, (exp(iat/g)-1)/(ia)] }
(1.15)
S . .k
=% Z[xc(exp(lat/e‘)—l)/(la)] Ck .
K=o

For less tractable equations, of course, this method is
unworkable, and solutions must be uncovered by more general
techn%ques. On inQestigating the dominant balance of (1.14), we
intuitively expect the rapidly oscillating terms to be 1less

important, and accordingly in section 3.3 we demonstrate that
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lv16 t - = 0 .
( ) og\g}éTIX( 1 €) Xl (e)

This analysis leads to an obvious change of variables:

X' = exp(iat/e) [(x%/e) + 2x,¥ + £%*]
(1.17) .
X(8,8) =0 , X =X +¢%

The 0(1/€) oscillatory term cannot be neglected; however, after

the substitution

]
x =y, (t,8) +7%

(1.18)
y,(t, & = -i(x:/a) exp(iat/g)

we have the more manageable system

R = (-2ix2/a) exp(izat/e) + 2x,% exp(iat/g)
(1.19) + gl(-ix>/a) exp(iat/e) + R1*exp(iat/e) ,
R(8,8) = i(x2/a)

and again by the results of Section 3.3 we can neglect

oscillatory terms and 0(€) terms to give

(1.20) max |x(t,€) - w, (t)| = Oo(&) ,
o(t(T-

where w, satisfies the system:

w,' =90

(ldél)

w, (8) = i(x%/a)



. Thus, the first-order approximation to the solution of (1.14) is

given by
(1.22) C X = Xy + E(W, () +y, (t,8)) + 0(gd) ,

where w,(t) is nonoscillatory and Yy, (t,g) 1is oscillatory.

We systematically develop this methodology for nonlinear
systemg in Sections 3.1, 3.2, and 3.3, where the balancing of
terms is justified by a functional Newton iteration.
Integration by parts yields the first oscillatory correction as
in (1.18), whereupon the elimination of secondary terms
determines the first nonoscillatofy correction as in (1.21).
When this procedure is repeated after linearization, corrections
of higher order are likewise generated; the solution 1is then

represented by an asymptotic expansion of the form
(1.23) X (t,£) ~ ZKI.(wK(t) + y(t,e)er

where each wK(t) is bounded and nonoscillatory and each x‘(t,s)
is bounded and osciilatory. We characterize the terms of (1.23)
as the solutions of équations which are easily resolved with a
large time step; that is, a time step which need not be small
compared with €. Our approach is conceptually similar to the
generalized method of averaging as developed by Bogoliubov and
Mitropolsky [4];

Given this asymptotic form for the solution, we develop in
Section 3.4 a formal procedure which generétes the terms of the
series so that repeated 1linearizations are unnecessary. For

example, in the solution (1.15) of -equation (1.14) the
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oscillations clearly occur on the fast scale

(1.24) T =t/e,

and so (1.15) can be rewritten as
)
. . K
(1.25) X = X, ;Z[XO(eXp(lET) - 1)/ (ia)] gk .
‘ K=o
One might discover the first terms of this summation through a

multi-time expansion of the form
(1.26) X ~ ZfK(TIt)ekl
k

where each q((t/e,t) is bounded. In general, however, the
&-dependence will not appear simply through the fast scale
(1.24). For example, we consider a nonautonomous variant of

(1.14)

x' = exp(ia(t)/g) x*
(1.27) ,

Xx(0,8) =x,, 0 < t<T
where a(t) is a smooth real function with

(1.28) min fa'(t)| > @ .
olteT
As in the case of (1.14) the solution is readily obtained by

separation of variables:

b
i

X,{l / [l - x F(t,e)]}
(1.29)

X, DX F(£,8)] :

=0



where
t

(1.38) P(t,e) = Iexp(ia(t)/a) dt .
(]

The right-hand side of (1.30) can be integrated by parts to give

an asymptotic expansion :

3
F(t,€) ~ | exp(ia(t)/g) {el-i/a'(t)] +
(1.31)
+ EMarr(r)/(@a ()P ] +oe?) } .

And after the substitution of (1.31) into (1.29) we have an
expansion of the form given in (1.23). Now the oscillatory

behavior enters through the factor
(1.32) exp(ia(t)/&) = exp(ia(€%)/g) (s=t/&)

and so we do not have the form given in (1.26). Without the
assumption (1.28) this ©procedure 1is unworkable because the
mathematical structure of F(t,€) changes significantly over any
interval where a'(t) vanishes. This behavior characterizes the
genefal theory, where the expansions first become nonuniform and
eventually break down entirely due to the failure of the
technique of integration by parts.

In Chapter IV we extend the theory of the preceding chapter
to handle these circumstances, which can be described
mathematically as a turning point or physically as a passage
thrqugh resonance. Under these conditions the structure of
certain terms is changing from oscillatory to nonoscillatory to

oScillatory, and correspondingly the balancing of terms also
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must change, Since in practice one computes simply from grid
point to grid point, we need only develop a principle which can
be applied 1locally, and as in the previous example this
essentially must be a procedure for the evaluation of integrals

. of the form

g

(1.33) Xf(t) exp(a(t) /&) dt,
ok

where a'(t) may now vanish at some points in the interval of

interest. 1In this context we consider the evaluation of the

integral
4.

(1.34) fexp(itz/za) dt ,
o

which corresponds to a response to the frequency (it/€). With

the introduction of the scalar parameter

(1.35) >1,

we can decompose (1.34) into the sum of

RVE
(1.36) Sexp(itz/zs) dt
’ [}
and
i .
(1.37) 5exp(itz/2a) dt .
KE

For the first integral the change of variables
(1.38) JE€r = s

in the integrand gives
A A
KVE' K

(1.39) Sexp(isa/za) ds = J;xp(irz/Z) dr .
e o
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Thus, using an O(V&) stretching factor completely resolves the
oscillatory effects in the neighborhood of the turning point.
For the.evaluation of the second integral we again use the
techﬁique' of integration by parts, but here we approximate to
within O({E/82%™ %) where m is sufficiently large so that this

error can be neglected:

1
S;xp(isz/za) ds

Rve -
= tjeXp(isz/Zi) [-€i/s - €%/s3 + ... +&™, /s
[
(1.48) + Ry, )
1
IR < €™a,, | '&/s"M ds |
RE
< B, /K™ [ (A By 3,1 C R ]
The point
(1.41) & = Rve

then marks the transition between a fast mode which requires
asymptotic analysis and a slow mode which requires full
resolution, and correspondingly the value of'ﬁ determines a
trade-off between the number of integrations needed in one
region and the number of grid points needed in another. One
might compare this procedure to a perturbation theorist's
matching of inner and outer expansions; that is, after one has
derived the correct balances in two disjoint regions, one
postulates that the corresponding functional representations can
be matched through an intermediate 'range in which both

expansions are valid.



Our turning point arguments can resolve the transition of

modes in the neighborhood of an isolated point. 1In general,

however, if there is no well-defined separation between the

frequencies of the fast and slow modes of a system, then one is

not really solving a singular perturbation problem.



(2.1.1)

and

(2.1.2)

CHAPTER II

THE LINEAR PROBLEM WITH

WELL-SEPARATED LARGE FREQUENCIES

2.1 OSCILLATORY STABILITY

In this chapter we consider real systems of the form

dx/dt=A(t,e)X
X(B,€)=X, » 8 < t<T, B <€<<1
(dx/dt=A(t,E)X + F(t,%)

X(B,8)=X, » 8 < E<T, 0< €< 1

where we assume:

(1)

(ii)

(iii)

(iv)

(v)

X(t,€&) and F(t,&€ are n-vectors; A(t,€) is an (n x n)

matrix;
A(t,€)=A,(t)/£ + A, (t,8)

@ < £€<< 1 is to be interpreted as "for sufficiently
small positive &"; for definiteness we also introduce

an explicit upper bound E: @ < € < E;

A (e) € cPrey; Ay (e,8) @ cPre, ey Fre e e cPre,e);

p21l (continuous partial derivatives of order p),

The eigenvalues of A,(t)»can be divided into two sets

uniformly on @<t<T :
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Oscillatory Set:

nl imaginary eigenvalues ﬁlj(t)} with

min I)ﬁ(t)l > r
J
and

min [A;(t) = 2.(e)1 > ¢,
itk Y S

where r is some positive real constant,

Nonosdillatory Set:

n2 (=n-nl) identically zero eigenvalues,

Although we restrict ourselves here to real systems, these
principles also can be applied to complex systems. And also our
analysis \applies to the system (1.83), where we allow 0(1/&)
forcing terms in certain components. In later chapters we shall
relax the restrictions of assumption (v) so as to allow the
treatment of coalescing eigenvalues in the oscillatory set and
the transfer of eigenvalues between the two sets. For this
chapter, however, we consider only well-spaced large

i)

frequencies. x

ZJK) is the k-th column of the matrix A.

is the k-th component of the vector x and

We can write the solution of (2.1.1) in the form
(2.1.3) < X(tla)'-:sa(tlg)xol

where Se(t,s) is the solution operator of the system (2.1.1). By
Duhammel's Principle we then can write the solution of the

system (2.1.2) in the form

t

(2.1.4) X(t,€)=Sg (t,0)K, + Sos‘ét,s)F(s,a)ds .



The system (2.1.1) is said to be oscillatory stable if we have

an estimate for the solution operator:

(2.1.5) lSs(t,s)l < K exp(a(t-s)) ,
where K and a are real constants independent of & (|l.| 1is the
max imum norm) . The following example demonstrates that

stability is not simply determined by the real parts of the

eigenvalues.

example 2.1.1

i 1 . g o
Let A, (t)= and A?_(t.z)=

. The eigenvalues of
g i 1 0 -

A(t,&) are
Ay =i/e £ 14T .

Thus, the solution operator cannot be bounded independently of
€, and the system is not oscillatory stable. Note that the
system with Az(t,Z)Eﬂ does not have a bounded solution operator

although the eigenvalues are purely imaginary.

The folloWing lemmas follow directly from our stability

requirements.

LEMMA [2.1.1]

If the system (2.1.1) is oscillatory stable, then the solution

of the inhomogeneous system (2.1.2) satisfies the estimate
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IX(t,e)] < K [exp(at) |X,] + R(a,t) gfﬁ)lF(s,a)l]

(2.1.6) t ¢y a=g
with R(a,t)=

(exp(at)-1)/a , at#®

PROOF

From (2.1.4) and (2.1.5) we have
.6.

[X(t,€)] < K [exp(at) |X_,l + max |F(s,%)| j;xp(a(t—s))ds]
(59 o

and the lemma follows.

LEMMA [2.1.2]

Let the matrix B(t,f) be in C°(t,€) with
d = sup [B(t,e)l <eoo.
(4 ¢)

If the system (2.1l.1) is oscillatory stable, then the system

dw/dt=[A(t,&) + B(t,g)] W
(2.1.7)

W(g,g)=W, r B <t < T
also satisfies an estimate of the form (2.1.5):
(2.1.8) IW(t,&)| < K |Wg| exp([a+Kd]t).

PROOF

By Duhammel's Principle we can use the solution operator of

system (2.1l.1) to reformulate system (2.1.7) as
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13
W(t,&) = Sg(t,0)W, + st(t,s)B(s,a)W(s,s) ds
o

By (2.1.5) we have

: <
IW(t,&) | < exp(at)K|Wg| + Kdgexp(a(t—S))IW(s,z)Ids.

-]

After the substitution

~~

W(t,&) = W(t,g) exp(-at)

we have:

-+
|W(tlz)| < K iwol + KdS'WSli‘;)lds-
o

The result now follows directly from a fundamental inequality of

stability theory (see Coddington and Levinson [6], p.37).

—— i - — o —— — -

LEMMA [2.1.3]

Let the systems (2.1.1) and (2.1.7) be oscillatory‘ stable, and

let Sa(t,s) be the solution operator of (2.l1.1). Then if
E(t,g) = W(t,8 - X(t,g)

we have:

_6.-

(2-;-9) E(t,g) = S&(tlg) [WQ_XO] +‘[Ss(t,S)B(S,£)W(S,£.)dS
o

and
(2.1.10) |

lE(t,&) | < K exp(at) [IW, =X, | + |[W_ | (exp(Kdt) - 1)].
PROOF

The equations for E(t,£) can be written
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dE/dt = A(t,g)E + B(t,g)W(t,g)
(2.1.11)

E(0,g8) =W, - Xa v

and the result follows directly from Duhammel's Principle and

(2.1.8) .

None of these results depends on assumption (v) £for its
validity, but now we demonstrate that assumption (v) can be
strengthened to give a sufficient condition for oscillatory

stability.

THEOREM [2.1.1]

If Ay (t) can be reduced to diagonal form by a smooth
transformation W(t), then the system (2.1.1) with is oscillatory
stable.

PROOF

By Lemma [2.1.2] it is sufficient to verify the result for the

system

dx/dt = [A (t)/g]X

X(0,8) = X, .
The equations for

X

W(t)X

become
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d%/dt = (W (A, /g) W + dw/dt W) X
X(o,8) = x, .
Again by Lemma [2.1.2] we can ignore the 0(l) term of the system

and consider the further reduced system

aX/dt = (W (a,/g) W) X

o~

X(8,8) =X '

o

which has diagonal structure and is clearly oscillatory stable
since by assumption (v) the eigenvalues of A,(t) are purely

imaginary. Thus, the system (2.1.1) is oscillatory stable.
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2.2 Normal Forms and Canonical Transformations

In this section we investigate the use of similarity
transformations to reduce the homogeneous problem (2.1.1) to a
more tractable form. The system (2.1.1) is said to be in normal

form (p,q) if the matriX-A(t,EX can be written in the form

(2.2.1) -A(t,a)=='%B(t.m +-€QC(t,£),

where we have

| Bl1l(t,&) {£B12(t,8)
(2.2.2) T B(t,£) =
| ) B22(t,E)
and
Cll(t,§&) cl2(t,g)
(2.2.3) C(t,E) = .
C21(t,g) C22(t,8)

We assume:
(1) %Bll(t,i) is an (nl x nl) block diagonal submatrix with

each diagonal block a (2 x 2) submatrix of the form

a (t,g)  Eb,(t,g)

~

(2.2.4)

~gby (t,8) a,(t,f)

where ak(t,a) and bK(t,i) are in C?(t,a) with

mén Ibk(t,a)l >D >0
(2.205) ' e

min | IbK(t,a)I - lbh(t,a)l | >b > 0
KJ



(i)

(iii)

(iv)

(v)

(vi)
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B22(t,&) and C22(t,&) are (n2 x n2) submatrices which are
in CP(t,S).

B12(t,8) and Cl2(t,&) are (nl X n2) submatrices which are

in ¢P(t,8).
C21(t,8) is an (n2 x nl) submatrix which is in CP(t;e).
Cl1(t,2) is an (nl x nl) submatrix which is in cP(t,g).

q is a nonnegative integer and p is a postive integer.

THEOREM [2.2.1]

If the system (2.1.1) is in normal form (p,q), then it is

oscillatory stable.

PROOF

By Lemma [2.1.2] it is sufficient to consider the reduced system

After

where

dx/dt = (B(t,&)/g) X

X(#,8) =X .

[-]

the transformation

X(t,&) = S(t,8)X(t,8),

=1
I (B11(t,z)) Bl2(t,¢)

S(t,g)



we can again by Lemma [2.1.2] neglect 0(l) terms to give:

A,

dXzat = (B(t,8)/s) X

(2.2.6)
;(’(gla) =$(\: r
where
Bll(t,¢&) ]
Pt ~ ~
B(t,g) = —B(t,‘a) =

7] ) .
The system (2.2.6) is clearly oscillatory stable since
~T ~T o~ —~ T o~
d/dt(X X) = X (B(t,2)/¢ + B(t,t)/k) X = 0.

From the results of a later section one can prove the

following result, which characterizes the eigenstructure of the

oscillatory set.

THEOREM [2.2.2]

For the system (2.1.1) in normal form (p,q) there exists,
correspondingly to the oscillatory set, a set
{(uk(t,i),lt(t,a))} of nl normalized eigenpairs which are in

CP(t,E) and which satisfy
(2.2.7) Alt,8) u(t,2) = A (t,8) up(tg) '

where for k odd we have
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/—ut = e + 1 e, + TG (L,
Uy = U (1T (t,0)} € cT(t,8)
(2.2.8) ﬁ .
2R = €ag(t,8) + i b (t,®) +£“""Z(t,z)
Aen= K Uag(t,0) byp(t,2), T, € (e, )

\

The vectors {eK} are the Euclidian unit vectors.

PROOF
The theorem follows from Corollary [Al.2a] in the appendix of

this chapter and the eigenstructure of the (2 x 2) matrix

(2.2.4).

It is convenient to represent the eigenstructure in another
form derived from (2.2.8). For real systems we can assume,

without loss of generality that for the oscillatory set
_—- __/\ _LA

(2.2.9) -+ Q,0) = (e D) = A (0 + igb(,2)  (k odd),

and similarly

(2.2.10) \JK(t,zJ = uzqét,z) (k odd).

The space spanned by {uz} can be equivalently represented by the

nl real, independent vectors {Wc} which are given by

VK(t,&‘) RE{UK(t,'(;)} (k odd)

(2.2.11) ’ .

v (t,g)

Im{ut(t,z)} (k odd)
K+t .

For convenience we define V(t,Z) to be the (n‘x nl) matrix whose
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k-th column is vk(t,S); furthermore, let Ve be the (n x nl)
matrix whose k-th column is ep . We note that
(2.2.12) A(tla) v(t,8) = V(t,g) L(t,g) [

where L(t,&) is an (nl x nl) block diagonal matrix with blocks
of the form given in (2.2.4). Hereafter we shall refer to the

matrix V(t,€) as a canonical representation for the oscillatory

set.
From the eigenstructure corresponding to the oscillatory
set, we construct transformations designed for the separation of

time scales.

THEOREM [2.2.3]

Assume the system (2.1.1) is in canonical form (p,q) with (p>2),
and let V(t,&) be the canonical representation for the

oscillatory set. 1If S(t,€) is a transformation of the form
(2.2.13) S(t,8) = I +Mr(t,9),

where T(t,&) is in cP(t,g), and if

(2.2.14) S(t,&)V(t,&) = V, = '

then the system for
o~
(2.2.15) X(t,&) = s(t,g) X(t,g)

is in normal form (p-1,g9+1l). S(t,g) is then called a canonical

transformation.
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PROOF
Since
(Sl(t,g))-‘ =I- EMr(t,2) + 0(£3%* 2
we have
S(t,z) A(t,£) (S(t,2)) = A(t,2) + 0(¥).
Moreover, the first columns of this matrix are given by

S(t,2) A(t,B) V(t,£)

-1
S(t,8) A(t,8) (S(t,g)) V,

S(t,e) V(t,g) L(t,zg)

Vo L(t,a) L4
where L(t,&€) has the form given in (2.212). Since

ds/dt = o(g%*y ,

S

the equations for X are in normal form (p-1,9+l).

Next we demonstrate that such transformations can be
constructed from the canonical representation for the

oscillatory set.

THEOREM [2.2.4]

Let the system (2.1.1) be in normal form (p,q), and let V(t,Z)
be a canonical representation for the oscillatory set. Then the
transformation S(t,€), whose 1inverse W(t,£) has its columns

given by
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vit,ef , 1<k <nl

(k)
(2.2.16) W(t,g)

il
~

e( ’ nl < k < n

satisfies the requirements of Theorem [2.2.3].

PROOF
The theorem follows immediately £rom Theorem [2.2.2] and the

definition of the canonical representation for the oscillatory

set.

—— ——— - ————

Let |l«Jl be the Euclidian norm. Through the following variation
of the Q~R Factorization Theorem, we can construct other forms

for canonical transformations.

LEMMA [2.2.1]

If u is an n-vector such that
u# ey

and if the reflection H is defined by

H=1 - 2wa
14
w=(u+7?/m1+v%u , = Jul
then
= - U
Hu eK.
PROOF

We have:
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it

Hu u - 2[(u +0’eK)Tu/ﬂu +U"e'<[lz](u +0e,.)

since

Ila +a’eK !(2 = 2 (0’7'+ G'u(K))

THEOREM [2.2.5]

Let the system (2.1.1) be in normal form (p,q), and let V(t,£)
be a canonical representation for the oscillatory set. Then the
conditions of Theorem [2.2.3] are satisfied by a unique

transformation of the form

R(t,2) 0

(2.2.17) S(t,g) = Q(t,g)

where:

(i) tﬁe (nl x nl) submatrix R(t,&) has the form

(2.2.18) R(t,8) = I + £M8e,) (Rit,e) e cPt,n),
where’ﬁl},z) is upper triangular;

(ii) Q(t,&) has the form

(2.2.19) Q(t,e) = Q, (tr8) Qm_i(tci)---Ql(t,S) '

where each Qk(t,a) is expressible as a product of Householder

transformations:
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Q(tr8) = [T - 2e ep] [T - 2w (t, D)W (t,0)7]
(2.2.20) | ,
W (t,g) = ep + ¥ (t,5) (z{t,2) € cP(t,2))
whereby
(2.2.21)  Q(t,2) = I+ 2“-“'wk(t,a) (W2 e cP(t,8).

PROOF

By Theorem [2.2.2] and (2.2.11) we have

,v(t,t)“)

v, (t,g)
(2.2.22) , =e, + &z (t,8)

z, (t,g) € CT(t,g)
Q,(t,&) now can be defined by (2.2.28) with

wl(tls) = (V,(t,i) + o'ae()y/uvl(tla) +°Te| )"

(2.2.23) : ’

S+
e, +Z y(t,g)
where

0, (t,8) = Iv, (t,8)]
(2.2.24) ’
y,(t,8) € cPe,o)

to give by Lemma [2.2.1]
(2-2-25) Q’l(tri)v,(tla) = U"‘(t,z‘.)e, .

We now procede by induction. After the elements of {Q"Qz""’Qk3

have been calculated as in (2.2.20), we define
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~ )
V(£i®) = 0 (£,8)0 (£,2)...0 (£,8) V(t,eff

(2.2.26) |

[

e  + 2%"zk(t,£) ‘ ’

and by (2.2.11), Theorem [2.2.2], and our inductive hypothesis

we have zk(t,Z)€CP(t,L). Next we construct the projection of 5;

onto the span of {eK,e,“l ,...,eh}:

K-
= ~ .TN
VK(tIS) VK(tli) - ‘}Z_:(EJ VK)e:)

(2.2.27)

eK + i.q'+"Z~K(t1£-) '

where'?k(t,t)ecP(t,z). And now we define Qkét,a) as in (2.2.20)

with
wi(tr8) = R (ti8) + Ge )/ I (t,8) +og e )l
(2.2.28) '
= ek +Z"+‘y' (t,s) |
where
O‘K(tIS) = “v‘((tlﬁ) n
(2.2.29) '

Y (tr8) & cP(e,z)
to give by Lemma {2.2.1]
Qkﬁtlz) éj = ej (j<k)

(2.2.30) - « .

Q (t,s) VK(tl‘s) = 0,’<(t,£) e’(

K

Thus, with Q(t,g£) defined by (2.2.19) we have
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—

U(t,g)

(2.2.31) . Q(t,e) Vv(t,&) = ’

4

where the (nl x nl) submatrix U(t,e) 1is upper triangular.

Furthermore, we can write

(2.2.32) U(t,8) = I+ & 0(t,8) (T(t,8)ecP(t,8)]
since Q(t,&) and V(t,&) also have this property. With
(2.2.33) R(t,8) = u(t, "

in (2.2.17) we have the desired result.

The smoothness of the transformations of Theorem [2.2.4] and .
Theorem {2.2.5] leads to the following wuseful result which

characterizes the effect of perturbations of v(t,Z).

THEOREM [2.2.6]

Let V(t,€ in the previous theorems be repléced by the
perturbation

o~

(2.2.34) (t,&,8) = V(t,g) + 5F(t,8),

where F(t,g2) &€ C'(t,&) (r<p) and % is a small scalar parameter.
Then for sufficiently small 8§ the derived transformations of

Theorems [2.2.4] and [2.2.5] are likewise perturbed:
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S(t,e,8) = s(t,e) + £(t,£,§) in (2.2.16)
(2.2.35) R(t,£,5) = R(t,g) + g(t,£,8) in (2.2.18) .

W (t,€,8) = w (t,2) + h_(t,2,5) in (2.2.21)

{frgrhk} C Cr(tIZIS)

PROOF

The theorem follows from the smoothness of the transformations,

which are given explicitly‘by ((2.2.16) - (2.2.32)).

By the straightforward application of Theorem [2.2.3] we
can transform the basic equations to an improved normal form; by
the repeated application of this procedure we can reduce the

original system to a more manageable formulation.

THEOREM [2.2.7]

Let the system (2.1.1) be 1in normal form (p,q), and let the
positive integer r be 1less than p. Then there exists a
transformation §8S(t,£), expressible as ~a product of canonical

transformations, such that the equations for

o~

(2.2.36) X(t,& = S(t,2) X(t,&)
can be written as

| dX/dt = A(t,€) X
(2.2.37)
X(2,e) = X, ’

where the system (2.2.37) is in canonical form (p-r,g+r) with

(2.2.38) At,8) =B,k + & C(t,e).
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=

Furthermore, if ¥(t,&) is the solution of the system

dy/dt = [B(t,&)/e] Y

(2.2.39) |
Y(ﬂ,?_) = YQ ’
then
(2.2.48)  max IX(t,) - Y(t, 8] = 0(X, - ¥,) + o(2¥*" ).
PROOF

The theorem follows directly from Theorem [2.2.3], Theorem

[2.2.4] (or Theorem [2.2.5]), and Lemma [2.1.3].

- —— — o -

The reduction of system (2.1.1) to system (2.2.39)
represents the major result of this chapter, for the presence of
the small parameter in the latter formulation no 1longer places
serious practical limitations on our ability to represent or to
approximate the solution. Since the time scales have been
effectively separated, the now apparent singular nature of the
problem can be treated by asymptotic techniques. For example,
consider the system (2.2.39) with B(t,&) as in (2.2.2) and with

the decomposition

(2.2.41) Y

yIT

where fz is nl-dimensional and YT is n2-dimensional. Clearly v

can be represented as the solution of the system
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av®/dt = B22(t,E) Y™
v5o,8) = Yo '

(2.2.42)

where the coefficients depend smoothly on the small parameter.

I

The components of Y~ are handled in pairs which correspond

to the block diagonal structure of Bll(t,%); therefore, without

r

loss of generality we can assume that Y™ is two-dimensional.

The appropriate equations have the form:

u\ a(t,e) b(t,g)&| [u £1(t,€) /e
(2.2.43) d/dt = +
v -b(t,g)/e al(t,£) v £2(t,E) /&

with the appropriate initial conditions

[ucs,&) U
(2.2.44) = )
v(9,¢E) Vo

The change of variables

T u

|- exp(-Ag(t,0))
(2.2.45) v v v

T= B_(t,o0)

&

where

A z

Aa(t,'r) = ja(rIS) dr
(2-2.46) "— r

B,em = [Bre ar
T.

gives for the homogeneous problem
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<

T Y/ 1 |[T
d/4at -
(2.2.47) ) v _l ﬂ v 7
VO

ﬁ‘(@li) ='6° Iv(gli) =

which has the solution operator

~ cos(E-9 sin(t-7)
(2.2.48) S¢ (T, = .
-sin (-1 cos (T-7)
Therefore, the solution operator for the system

((2.2.43)-(2.2.44)) is

Sa(t’lﬂ =

. cos Bg(t,M/e)  sin(Bg(t,m /)

(2.2.49) eXP(AE(tIT’)) A
-sin(B (t,7)/e)  cos(By(t,m)/e)

and the solution of the original system is explicitly given by

Duhammel's Principle (2.1.4). For the first component we have

u(t,g) = exp(®Rg(t,0)) cos(Bg(t,8)/e) u,
+ expC&i(t,ﬂ)) sin(ﬁé(t,@)/t) Ve
t
(2.2.58) + Séxp(ﬂi(t,s)) cosC@z(t,s)/g) fl(s,g)/¢ ds

+ [Sxp®B(t,9)) cos(By(t,s)/8) £2(s,0)k ds .
Q

An asymptotic expansion for the integrals easily can be

generated by integration by parts. For example, we have:
¢
S;:OS(@e(t,s)/a) f(s,e)/e ds =
Y1 {sin(Bg(t,s)) [-f(s,&)/b(s,8)]1}
(2.2.51) + fla{cos(ﬁ%(t,s)) [(d/ds) (£(s,e)/b(s,€))] [1/b(s,€)1}

+ ..o + O(E™) '
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and -
Sosin(ﬁ\;(t,s)/z) f(s,g)/e ds =
Z| {cos(Bg(t,s)) [£(s,8)/b(s,£)]}
(2.2.52) + Clgisin(By(t,s)) [(d/ds) (£(s,e)/b(t,£))] [1/b(s, )]}

+ ... + 0(E™) .

In subsequent sections we shall use these theoretical
results to justify algorithms suitable for computation with

large time steps.
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2.3 REDUCTION TO CANONICAL FORM

The purpose of this section 1is to reduce the general
problem (2.1.1) to the normal form described in Section 2.2. By
Theorem [Al.2] of Appendix A, there exist nl smooth eigenpairs

which correspond to the oscillatory set:
(2.3.1) {[Rk(t;ﬁ):u,((tyi)]};
where

(A (21} e ch(t, e
(2.3.2) .

{u(t,8)} Ccl(t,2)

As in the previous section we assume, without 1loss of
generality,
(,1 (t,€) = —j—(t ) k odd
K ’ k-H ’ ’
(2.3.3) | ,
LuK(t,z) ='Egﬂt,t) , k odd

and so the eigenspace can be equivalently represented by {WC}’

where

vK(tla) = Re{u,(t,g)} , k odd
(2.3.4) .

Vigay (E08) = Im{uc(t,g)} + k odd

As 1is the previous section we define the (n x nl) matrix Vv(t,&)

by
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(2.3.5) V(t.&*K) = VK(trz)

and refer to V(f, €) as a canonical representation for the

oscillatory set. Furthermore, 1let Vg, be the (n x nl) matrix

whose k-~th column is S . Theorem [2.2.3] now must be replaced

by the following assumption.

Assumption (2.3a)

If there exists a transformation S(t,€) such that

{s(t,&),s(t,eS'1 € cPe,q)
(2.3.6) v

Ss(t,g)v(t,eg) = V°
then the equations for
(2.3.7) X(t,8 = S(t,£)X(t,g)

are in normal form (p-1,0).

By (2.3.6) the structure of the first nl columns is clearly that
of (2.2.1), and also the first nl rows of the last n2 (=n-nl)
columns have the appropriate form; thus, the assumption simply
insures that no O0(1/€) terms appear in the lower (n2 x n2)
>diagonal submatrix, which must correspond to the ﬁonoscillatory
set. If unbounded terms do exist in this submatrix, then smooth
perturbations of the system can change the number of large

eigenvalues,

example (2.3a)
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The system

(2.3.8) dxX/dt X, X(0,2)=X,

has eigenvalues

(2.3.9) Ay =0

while the perturbed system

r—

/] 1/&

(2.3.10) dx/dt X , X(8,8)=X,

has eigenvalues

(2.3.11) 24_=i‘J~’ .

)

)

M

Moreover, neither system is oscillatory stable since neither has

a bounded solution operator.

In Section 2.1 two methods for the construction of such
transformations were demonstrated. The method of Theorem
[2.2.4]rseems not so useful here since one cannot conveniently
éugment the matrix v(t,€) so as to span the underlying
n-dimensional space; however, we have the following

generalization of Theorem [2.2.5].

THEOREM [2.3.1]
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Let V(t,€) be a canonical representation for the oscillatory
set; then there exists a locally valid canonical transformation

s(t,& , where

R(t,g) g

(2.3.12) - 8(t,&) = Q(t,e);

the (nl x nl) submatrix R(t,&) is upper triangular with

(2.3.13) R(t,2) € cP(t,s)
and
(2.3.14) Q(t,8) = POy (£,8)0y ,(E,8) .. 0, (£,2),

where P is a constant permutation matrix and

(2.3.15) Q (t,g) = [I - 2ep e 1[I - 2w (t,8)w_(t,£) ]
o K 2 R | S K’

with

W (t,g) € C (t,8)

(2.3.16) .

PROOF

Essentially we repeat the constructive argument of Theorem
[2.2.5]. Let Py be chosen so that the p,-component of vy(t,8)
is locally bounded away from zero. Without loss of generality,

. ~
we assume that for some T,

(V,(tlf))(m >80 (B <t<T<T
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since otherwise a renormalization is possible. By Lemma [2.2.1]

Q,(t,C) is given by (2.3.15) with

W, (t,2) = (v, (t,8) +oey, )/llv (t,8) + 0] e |l
OT (¢, ) = ||V. (t,2) N .
We proceed by induction. After the elements

{Qg+Qp/s---sQ, ,} have been determined, we define

L onad

Vk(tri) = Qk_'(tra)QK.,L(tlz) ---Ql(tli)vk(trﬁ) v

where by our inductive hypothesis

P
V(8 e C it .
= \ . . . .
W<(t,£) is defined as the projection of this vector onto
complement of the span of {eﬂ 'eﬁ.""’eFk-:}:
K= J
Vi (8r2) = vK(t,z) - Zi(eﬁi vK(t.i))ea. .
J=
We choose Pr and ﬁ; such that

(t,z)m‘)>ﬂ (0 <t T <T ),

K-f

P

and now with QK(t,z) as in (2.3.15) with

we(t,8) = [ (t,8) +ogep )/ (£,8) + Tpep |

Gltra = v (£, 0l
we have

QK(tri) ePJ' = ePJ. (3<k)

Q (trf.)vk(tr?—) = ‘o—(tli)e& .

K K

of

the
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Here O;(t,a) cannot vanish because of the linear independence of

{Ve (t,€) }.

This construction gives

U(t,g)

(L, E)V(t,g) = P ,

where P 1is a constant permutation matrix, the (nl X nl)

submatrix U(t,&) is upper triangular, and
2t = t t
Q(t, 8 = th( ,E)th_l( ri)---Ql(t,i).

moreover, since the 1left-hand side of this -equation is in
CP(t,i) the right-hand side is also in CP(t,a). Thus we have

for ﬂgtgﬁai the form given by (2.3.12) with

R(t,2) = U(t,e) .

- —————— o —

Singularities in the unitary transformations arise

when RWC+%%I‘ becomes small; then a small change inf%;(t,i) may

mean a large change in Qg(t,t). In fact the transformation is

not even continuous in a neighborhood of

= -
Note that in Theorem [2.3.5] V(t,&) is normalized so that
(2.3.18) - ‘ VK(t,Z_) = eK,

and so singularities are avoided.
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The following smoothness result, which 1is analagous to

Theorem [2.2.6], will also be useful.

THEOREM [2.3.2]

Let V(t,&) 'in the previous theorem be replaced by the

perturbation

T(t,8,8) = V(t,2) + 6F(t,z)
(2.3.19) ' ,

F(t,e) € C(t,&)  (r<p)

where & is a small scalar parameter. Then for sufficiently
small & the derived transformations of Theorem [2.3.1] are

likewise perturbed:

R(t,€,5) = R(t,€) + §9(t,,8)

o~

(2.3.20) We(t,8,8) = w(t,z) + h,(t,£,8) .
{g,h} ¢ c (t,5,$)
PROOF

The theorem follows from the smoothness of the transformations,

which are given explicitly in the proof of Theorem [2.3.1].
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2.4 NUMERICAL METHODS

The theory developed in the previous sections leads very
naturally to the formulation of algorithms which are well-suited
to highly oscillatory problems. 1In practice, the solutions of
differential equations must be approximated through the
techniques of discretization. In this context it is sufficient
to consider the homogeneous problem; thus, we study the

following reformulation of (2.1.1):

dx/dt = A(t,8)X
(2.4.1) '

X(8,8) = X, , O<t<T

where the system satisfies assumption (2.2a) and where the

solution must be approximated on the grid {tK} with

B = (e~ tx )
(2'4f2) h = mgx IhKI .
t° =0 , tN =T

The system (2.4.1) can be analytically transformed to the
normal form (p,q) by Theorem [2.2.7] and Theorem [2.3.1] by

which we have:

A, = A(t,g)

(2.4.3) .
1 7 -l

=S AS +8°s

Ay YRi T N SN

Here S;, the canonical transformation associated with A”, can be

explicitly constructed from the canonical representation vectors
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that correspond to the oscillatory set of Ag. Thus, from

(2.2.12) one must calculate the solutions of the equation
(2.4.4) G(Ay(t,2) ,L,V) = A (t,£)V - VL = g,
where V is normalized in some convenient way and where

[Agl = 0(1/8)
(2.4.5) .

Ll = 0(1/8)

Since, by Theorem [Al.2], these quantities depend smoothly on
the coefficients of Ay, one equivalently can obtain V by

solving the system
(2.4.6) G(iAN(tlt) (2L, V) = @,

where V 1s normalized as before. 1If the eigenvalue problem is
well-conditioned, as it must be for the normal form, this system
can be solved by a Newton iteration to an accuracy within
roundoff error.

Suppose the grid values for Ay are given to Ogﬂu/g), where
;%‘is a measure of the relative error. By Corollary [Al.2a] the
eigenvectors which correspond to the oscillatory set of the
perturbed system are changed only by 09%‘), and likewise by
Theorem [2.2.6]- and Theorem [2.3.2] the constructed
transformations are changed‘only by OEFN)' Thus, we can assume
that, for‘ a given vector v, SgV and g‘v can be calculated to

within relative error O(Eh). And also we can approximate %; by

a linear operator:
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(2.4.7) L{Sy+0(p,) stsh} = §i(t) + O(B™) + 0(p,/h).

"Then by (2.4.3) it is reasonable to assume that the error

in Am}s

(2.4.8) Dy, /E = 0N/ + Ru/h + B ).
If we take

(2.4.9) R=0®,

where §© is a measure of the relative roundoff error, then for

N>1 we have by induction :

(2.4.16) /€ = O((1+ &/BN) (6/8) + (1 + (&/m)N' )n™)

as
S = ¢
(2.4.11) E = .
h -» ¢

Thus, after these transformations have been carried out, we
can assume that the system (2.4.1) is in normal form (p,q) with
a grid error given by 0(52/8) . Settipg (5>=ﬂ) then corresponds to
the analysis without the consideration of roundoff error. We
propose to approximate the solution on the grid by the following

Linear Solver of thé form (p,q,ml,m2,m3,m4):

1

The O(dm) terms of the system in normal form (p,q) are discarded
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to give on the grid points a system of the form

v| [#B11(t,8)  gBl2(t,8) [vT
d/dt

Y& g B22(t, %) y &
(2.4.12) .
Yo(g,8) = YT
v(0,8) = vE B<ELT

fr is an nl-dimensional vector; Y]ris an n2-dimensional vector;

the coefficients are given by

(411t

= $B11(t,e) + 0(P/2)
(2.4.13) | B22(t,g) = B22(t,£) + O(p/8) ,
- L
-2.!:1312(1:,5) = $Bl2(t,T) + O(y/z:)
\.

where the first right-hand=side terms are in CP(t,E). By Lemma

[2.1.3] this truncation gives rise to an error

(2.4.14) oz = o(e?).
II
The system for YIE is solved approximatively by some

self-starting method which is accurate to within

(2.4.15) Oz = 0(h™) + 0(p/(h®))
with
(2.4.16) ml < (p-1) .

(see Frdberg [14] , p. 260)

CIII

The system for Y= is solved by approximating the terms of the
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asymptotic expansion derived in Section 2.2. O(&ﬂ') terms are

ignored’and the solution operator (2.2.49) is estimated by

L1{a+0(p/2) ,t, Ty &h} = A (e, + o(H™) + 0(P/g)

(2.4.17) A m3
L2{b/a+0(9/£),t,'r‘,8,h} = Bg(t,M)/e + O(h " 7/2) + 0 /)

¥
where the discrete operators L1 and L2 approximate the integrals
given in (2.2.49) with

(2.4.18) max {m2,m3} < p .

The t-derivatives in (2.2.51) and (2.2.52) are also estimated by

"~ discrete operators such as, for example,

(d/dt) [g(t, )1 + o™ + o(p/en®)

{1

L3{g+0(p/gh) ,t,h}

(2.4.19){ L4{g+0(p/gh) ,t,h} = (d*/at*)[g(t,2)] + o(™!) .+ o(p/en?)

L.5{g+0(y/sh) ,t,h}

(a®/d€®) [g(t,0)1 + o™ + op/enY)
with
(2.4.2@) méd < p-1 .

(See Froberg [1@]: p. 190, p. 195) By the form of the expansions
(2.2.51) and (2.2.52), these discretizations give rise to a

cummulative error

Q= o(e¥* + 0™+ 0™z + pren ) +
(2.4.21) .
o™ (1 + (&/m¥' ) + (p/en) (1 + (/)T

This procedure gives an approximation of the form

(tls) 4

(2.4.22) Y(t,e) = G(t,e) + KZCK(t,E)f’c
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where G(t,&) and {CK(t,s)} are approximations to smooth vectors
and the {ﬂ‘(t,i)} are approximations to oscillatory functions of

the forms

(2.4.23) sin (B, (t,0)/g)
and
(2.4.24) cos (B (t,0)/2) .

By our analysis of the algorithm we have:

THEOREM [2.4.1]

Let X(t,&) be the solution of the system (2.4.1), which 1is in
normal form (p,q), and 1let Y(t,&) be the apprbximation by a
linear solver of the form (p,q,ml,m2,m3,m4) on the grid (2.4.2),
where the system coefficients are given to within ngﬁf). We

then have:
(2.4.25) mg_x | X -Y|=O((7£.+G;r +0—;—,:|:'):

where O, G;f , and CIE:are given respectively by (2.4.14),

(2.4.15), and (2.4.21).

- —— — - -

The composite error (2.4.25) gives much information as to
the relative importance of the approximations which are made; in
particular, the critical terms arise from roundoff error in the
t;ansformed system and the frequency approximations for the fast
‘-modes (2.4.17). A concern for the balance between the various

contributions to the total error must influence any realistic
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implementation of these methods.



2.5 A Computational Example

In this section we describe a simple implementation of the
techniques of Section 2.4. We consider the following system,
which describes the motion of two weakly coupled simple harmonic

oscillators:

"
[ g k,(t)/g  a(t) 2
X' = |-k, (v)/¢ P 0 a(t) X
b(t) 2 ) k(t) /e
(2.5.1) ) b(t) ~k, (£) /& o | ,
X(0,8) = [1,0,1,017 To< t < T,
where
( k,(8) = 1.5 + .9t -.2t°  k,(t) = 2.7 + .5t
a(t) = sin(t) b(t) = 1 - .5t .
(2.5.2) < T, = @ T, =5
£= .01

\

We propose to solve these equations to within an accuracy of

three or four significant figures by using the step size
(2.5.3) h = .85

If the calculations are done with standard single-precision

accuracy, then in the notation of Section 2.4 we have
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P ~1077
(2.5.4) .
Pr/e ﬂflﬂ—§.

and so the effects of the roundoff error can be ignored. The

sysfem is in normal form (p,q) with

p=+°°

(2.5.5)

-

after transforming the equations to normal form (p-2,9+2) we can
continue as in the previous section by dropping the

O( 22') terms. This procedure is modeled by tableau in table

table <2.5.1>

<2.5.1>.

| e e e e e e
] NORMAL FORM GRID POINTS

| Lo . ® @ .'

I L2 Al

I

I (a) (p,9) X X X X X X X X oo X X X X X X
|

| (b) (p~-1,g+1) X X X X X X o00 X X X X

I .

| (c) (p=-2,9+2) X X X X X X eee X X X X

| :

I

|

|

In <2.5.1a> we use grid values of the system in 1its original
form; two extra points have been added at the end points of the
interval so that centered differences can be used throughout to
estimate the derivatives. At the grid points the canonical
representation vectofs are calculated by a bNewton iteration

applied to equation (2.4.2); we note that the computed values at
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t=ty can be wused as the initial guess for t=ty, since, by
Theorem [2.2.2], this estimate gives the correct value to within
O(h). At the grid point t=ty we calculate the canonical

transformation
(2.5.6) TN = RNQN ’

where, as in Theorem [2.2.5], Ry is upper triangular and Qn is

orthonormal. For this implementation, however, we express QN as

S

a product of plane rotations rather than reflections. We note

that for
cos () sin(®)
(2.5.7) Q = »
-sin(8) cos (©)
we have
/ﬁ * r-sin(B) cos (& cos (&) -sin (&) /
Q'Q = 8
-cos(®) -sin(®) sin(&® cos (&)
(2.5.8) < 3 .
7] 1 /
-1 2 6}

.
To estimate the derivatives of the transformation we use a

fourth order centered approximation [see Fr®berg ([10], p. 192]:

h £'(ty) + o(h) .

(2.5.9) h L{f,N}

Thus, the transformation can be carried out at the grid points

to bring the system to normal form (p-1,9+l):



| PO |
Ay > AL = T AT T
(2.5.10) .
/-I__
T Ty = 0(®)

This procedure can be repeated at the grid points to transform

the system to normal form (p-2,9+2):

o~ ~ o~ o ] .a-’»-..l
- =
AN AN TN ANTN + TNTN
(2.5.11) .
/\"ﬂ-,
= 2
ﬂMTN = 0(2 =)

Here we need not carry out the differentiation since the 0(g?)
terms are to be discarded; thus, no extra. points are needed at
the ends of the interval. The initial guess for the Newton
iteration now comes from the values of the system in normal form
(p-1,g+1) at the same grid point since, by Theorem [2.2.2], the
canonical representation vectors and the rescaled eigenvalues
change only by 0(&).

We note that there are no smooth components to be
approximated as .in (2.4.12). The necessary approximations for
the integrals in (2.4.17) are made by aysixth-order Newton-Cotes

formula [see Froberg [18], p. 198]:

M{f,N,h}
(2.5.12) = 17(6,+ Eyey) + 32(Eg)t Eneg) + 12(Ey,,)1(h/90) .
Ny
= Jf dt + 0(h®)
‘éN

Thus, the error in the integration of the frequencies is
O(hb/g). In the nomenclature of Section 4.4, we have outlined a

linear solver of the form (p-2,9+2,2,.,6,6,.).



All calculations were done with single-precision accuracy

on a VAX11/788 computer. In figure <2.5.1> we plot the leading

order energy funcions of the two oscillators:

E,(t) = (k, (8)%)/2 (x% + x2)

(2.5.13) .

E,(t) = (k,(8)%)/2 (x5 + x7)

The amplitudes and phases have been linearly interpolated
~ between grid points. And in table <2.5.1> we compare the-
computed grid values with the accepted function values{ which
were computed with double-precision accuracy by means of a

fourth order Runge-Kutta scheme with a time step

(2.5.14) h = 107" .

In the table we list
ERRL(t) = max {Ix,(t) - X.(t)}

(2.5.15) ‘ ,
ERR2(t) = max {|(E,(t) - E,(£))/E (t) 1}

'

where {x,} and {Ei} are the computed function values and where

{?}} and {ﬁ:} are the accepted function values. We have

(2.5.16) max max |x.(t)] < 1.1 .
Py < ¢

The analysis of this chapter has demonstrated that when the
large frequencies of a linear system are well-separated the fast
modes can be essentially decoupled; thus, in figure <2.5.1> we

see that the energies behave rather independently. In Chapter
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III we find that the introduction of nonlinearities considerably
enriches the qualitative possibilities. For example, in Section
3.7 we study a coupled system where, although the leading order
problem is oscillatory stable, the nonliﬂéarites induce an
internal resonance which results in a sequence of energy
exchanges between the two oscillators. Our assumptions also
preclude the possibility of passage through resonance since our
approximation techniques break down when the 1large frequencies
coalesce; under these circumstances the turning point arguments

of Chapter IV must be utilized.
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| N TN E, (Ty) E,(Ty) ERR1(T,) ERR2(Ty) |

|
|
I
]
i
]
|
I
]
|
I
i
|
{
i
i
]
I
I
|
|
|
|
|
i
i
I
I
|
1
i
|
I
|
|
1
1
|
|
|
|
|
|
|
|
|
1
1
|
{
|
i
l
i
!
|
|
|
I
i
|

@ 0.00 9.11250E+01 #.36450E+01 J.0E+00 g.0E+00
4 0.20 4.13929E+41 2.38615E+01 g.3E-04 g.1E-04
8 .40 P.16821E+01 9.42653E+01 g.6E-04 0.2E-04
12 .60 9.19306E+41 0.44863E+01 g.8E-04 ¢.5E-04
16 g.80 2.21575E+01 2.47505E+01 g.1E-83 g.6E-04
20 1.00 0.24134E+01 9.51131E+01 g.1E-03 p.7E-04
24 1.20 0.26682E+01 0.54840E+01 @.1E-03 g.7E-04

28 1.49 2.28324E+01 2.58010E+01 P.1E-83 ?.8E-04
32 1.60 .28919E+01 9.61043E+01 g.1E-03 2.9E-04
36 1.80 2.31073E+01 2.64937E+01 @.1E~-03 g.1E-03
49 2.00 @.31090E+01 9.68469E+01 g.1E-903 @.2E-03
44 2.20 @.31315E+01 0.72284E+01 ¢.1E-03 0.2E-03

52 2.60 B.30731E+01 7.80339E+01 g.1E-03 3.2E-03
56 2.80 . B.29934E+41 J.84461E+01 g.2E~03 #.2E-03
60 3.08 g.28831E+01 B.87763E+01 #.2E-03 8.2E-083
64 3.28 B.27164E+01 3.91938E+481 #.2E-83 0.2E-83
68 3.490 3.25307E+681 #.97375E+01 f.2E~03 3.2E-03
72 3.60 3.23057E+0@1 3.10128E+02 #.2E-03 0.2E-03
76 3.80 B.28723E+01 #.10650E+082 #.2E~-03 3.2E-03
80 4.00 B.17970E+01 3.18992E+02 d.2E-03 3.2E-03
84 4.20 #.15418E+01 3.11598E+02 g.2E-03 0.2E-03
88 4.490 @.12674E+01 0.12095E+02 g.2E~-03 @.3E-03
92 4.60 3.99624E+00 #.12595E+02 3.2E-03 @.2E-03
96 4.80 3.73748E+90 B.13094E+02 #.2E~03 8.2E-83
Ilﬂﬂ 5.00 @.50035E+00 - @.13550E+02 §.2E~-83 g.2E-03
o o s e e i i o e P e o S . S . D T o S i A At o D 7 S . S i . S o S S i S S e S R S S St e I
| figure <2.5.1> ' I
I I

| I
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I I
| I
I I
I I
I |
| I
I |
I |
| I
I I
| 48 2.490 0.31700E+01 §.75886E+01 7.1E-03 9.2E-83 |
I I
I I
I I
I I
I I
I I
I I
I I
| I
I l
I I
| |
I I
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CHAPTER II
APPENDIX A

THE SMOOTHNESS OF EIGENVALUES AND EIGENVECTORS

Although the study of -eigenvalues and eigenvectors is
usually developed within an algebraic framework, the tools of
analysis are often more effective in the treatment of
perturbations of the spectrum. 1Indeed, the smoothness results
will follow from the wvalidity of local expansions which are
derived by the standard tools of analysis. The first basic

result is the continuity of the eigenvalues.

THEOREM [Al.1]

Let L(t,€) be an (n X n) matrix which is continuous on some
domain. The eigenvalues of L(t,€) can be represented by an

unordered n-tuple
(Al.1) G(t,g) = {gl(tla)l‘°°lg“(tl£)}‘l
where we define the distance between two such n-tuples as
(Al.2) dist{G1;G2) = min max lg: ‘%f'
[

where the min 1is taken over all possible orderings of the
elements of the n-tuples. The eigenvalues are continuous at

each point (t_,, £); that is,

(t,€) > (to, E.)

(Al.3) =

dist{G(t, £), G(t,,} —> 0 .



PROOF

This fundamental result is most easily interpreted algebraically

as it is really a theorem about the roots of the polynomial
(Al.4) IL(t,&) - AIl = @ .

See, for example, Franklin [9].

The existence of smooth functions which represent the
eigenvalues 1is quite another matter; however, in certain

circumstances such parameterizations can be demonstrated.

THEOREM [Al.2]

Consider the (n x n) matrix L(t,€) where:

(1) L(t,8) = A (t) + A,(t,£);

(ii) A, (L) and Az(t,S) are (n X n) matrices which are in

cP(t,€) for @<t<T and B<E<<];

(iii) The eigenvalues of A, (t) can be divided into two groups

uniformly on @<t<T :

Oscillatory Set:

nl imaginary eigenvalues {2,(t)} with
min |2K(t)| > r
K
and
nin | RK(t) - Aje) >

where r is some positive real constant.

Nonoscillatory Set:
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n2 (=n-nl) identically zero eigenvalues.
Then there exist, correspondingly to the oscillatory set,

(i) nl scalar functions {Zk(t,e)} (c CP(t,s)) which represent

eigenvalues of L(t,€);

{ii) nl matrix functions {PK(t,e)} ( CZCP(t,e)) which represent

one~-dimensional eigenprojections of L(t,€); and

(iii) nl wvector functions {VK(t,a)} (< CP(t,s)) which

correspond to normalized eigenvectors of L(t,€).

Moreover, these functions can be represented by local expansions

which depend smoothly on the coefficients of L(t,E£).

PROOF

First we argue that the eigenvalues of the oscillatory set can

be represented by nl continuous functions

(Al.5) { Ag(t,e)}.

To achieve a unique ©parameterization one <can number the
eigenvalues §f the oscillatory set in ascending order with
respect to their imaginary parts. By assumption (iii) the
ordering of these eigenvalues is preserved while the eigenvalues
of the nonoscillatory set have imaginary parts which are o(l).
The continuity of these functions follows from Theorem [Al.1l].

The resolvent matrix of L, defined by

(A1.6) R(L,T) = [L-TI1]7',
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is well-defined for TeP(L), the resolvent set of L. A resolvent

matrix theory for linear operators on finite-dimensional spaces
has been developed, especially for the case where L is an
anaiytic function of a single variable (see, for example, Kato
[15]). Here we outline a simplified theory for the case where L
is a smooth function of its arguments.

For the case Qhere L - is constant one has the local

representation formulas for the oscillatory set:

(Al.7) %4 = (—l/ZWi)‘gR(L,r) ay
fL

and

(Al1.8) llc = trace{LP .} ,

where ’2 is a simple closed curve enclosing ZK. but not
enclosing or passing through )5 for j#k.
We now summarize some of the basic results of the resolvent

theory (for proofs see Kato [15]). PK is said to be the

projection for the eigenvalue Rk; that is, Pe is an (n x n)

‘matrix which projects elements of the underlying linear space

onto the one-dimensional eigenspace associated with the
eigenvalue which 1is enclosed by CZ. (Al.8) gives an analytic
representation for the eigenvalue enclosed by CZ. The most

fundamental properties of the projections are

(Al.9) PK Pj = Smi PK
and
(Al.10) LP = P L =P LP_ .
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Finally with suitable choices for w and m we can represent the

k-th normalized eigenvector by

Ve = PKw/l | (B w) ||
(Al.11) .

(%nwqu > @

Thus, for each wvalue 6f its arguments L(t,&) has,
correspondingly to the oscillatory set, a set of nl triples,
each comprised of eigenvalue, eigenprojection, and eigenvector;
moreover, by (Al.5) these triples can be parameterized so that
the eigenvalues are represented by nl continuous functionsv of
the independent variables. The smoothness of these triples can
be analyzed through (Al.7), where L 1is now considered as a
smooth function. '

Let f; be a simple closed curve which encloses“lkéto,ﬂ)

but no other eigenvalue of L. Near (t,€)=(t,,d) we have:
(Al.12) L(t,&) = L, + L(t,8) = L, + O(lt-t, | +g&) .

Now we construct the so-~called second Neumann series for the

resolvent:

R(L(t,8),%)
(L(t,& -3y11°"

(A1.13) R(Y) [I + T(t,2)R(y)1™" where R(®=[L, - TII”

R(%3) Et-m,mmr‘ for |T(t,g)| < max_IR(s)]|™.
J=o _ Ye [l

For sufficiently small [|t-t_,| +&] we can expand the resolvent

in some neighborhood of (t,€)=(te,,8), and then by (Al.7) and
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(Al.8) we have:

(Al.14) . ‘
Pe(ts€) = 2 TBq: (ot (@ + o((e-t Py + o(e)
¢ J

and

(Al.15) Z ; N »
Zg(tls) = - szkzj(t—to) (i) ‘+ o((t—ta) ) + 0(2 )'

And likewise we have a similar 1local expansion for the
normalized eigenvectors. Thus, the funcional representations
for the eigenvalues, eigenprojections, and eigenvectors are all

in cP(t,8).

COROLLARY [Al.2a]

Let K(t,€&,8) be the (n x n) matrix defined by
(Al.l1l6) ' K(t,E,S) = L(t,e) + 8F(t,g),

where 6§ is a small scalar parameter, F(t,€) is an (n x n) matrix
which is in cT(t,¥g) (r¢p), and L(t,&) 1is as given 1in the
previous theorem. For sufficiently small § there existi,
correspondingly to the oscillatory set of L(t,€), the following

nl eigenvalues, eigenprojections, and eigenvectors of K(t,&,8):

_~

(€ E,8)

At,E) + S £ (t,E,8)

(A1.17) Pr(t,E,8) = P (t,E) + §£;(t,€,5)

T (£,€,8) = v (£,8) + § £, (t,6,9),

where {PK‘}, {)k}, and {VK} are as in the previous theorem and

where each of {ff} is in Cr(t,a,s).
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PROOF
The results follow from the substitution of K(t,€,8) for L(t,&)

in (Al.7), (Al.8), and (Al.ll).
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CHAPTER IIT

THE NONLINEAR PROBLEM WITHOUT TURNING POINTS

3.1 REDUCTION TO THE NON-STIFF FORMULATION

In this chapter we consider the system

Z' = A(t)/e Z + H(Z,t)
(3-1.1) r
Z(8,€) =2,; 0 < £<< 1 ; B<E<T
where:

(i) G; is independent of g;

(ii) H(Z,t) has components which are polynomial in the

components of Z with t-dependent coefficients in CP'(t) (p298
P continuous derivatives);

(iii) A(t) is in diagonal form:

A(t) = diag(A,(t)) (Re{Z, ()} < @)
(3.1.2)
k) _ P
A(e)T = A () € c(t)

Here jl(tﬂk) is the k-th component of the vector _A.(t).

If A(t) is not in diagonal form, then, provided the reduced
system
Z' = A(t)/e 2
(3.1.3)
Z(0) = 7,

-}

is oscillatory stable (Section 2.1), one can construct an

associated canonical transformation T(t) which diagonalizes A(t)
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(Section 2.3). The system for
(3.1.4) 7 = T(t)Z

is then in the form (3.1.1) with p replaced by (p-1l). By the
constructive argument of Theorem [2.2.2] this procedure will
work even in the case of repeated eigenvalues if there exists a
corresponding set of smooth eigenvectors. The system now can be
transformed to a formulation in which the coefficients are

bounded but some are rapidly oscillating.

(example 3.1la)

The following system describes the motion of an unforced

oscillator with cubic damping:

2\ ' 7] IWANES g
= +
Zq -1/ 2 Zy —(Z,)3
(3.1.5) . ,
z,(0,8) 1

= , B <ELKT ,@8<E<K1
2,(0,2) 0

After the change of variables

Zy u; 1 u, (u, + uz)/z
= S = - 1/2 =
z, Uy -i Uy iy - u,)/2
(3.1.6)
u, -1{2; 1 itz zy + izy
Uy zy 1 -1 z, 2, - iz4

the equations become
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(u\) " -i/g g u, F(u, ,u,)
= +

U, a ik U, ~F(u, ruz)
(3.1.7) '
u,(9,t) 1
= r g <t <T
uz(ﬂ,f) 1
where
F(u|,u2) = 1/8 u? - 3/8 u?uz + 3/8 u‘u: - 1/8 ug
(3.1.8) .
up = T,

The system (3.1.7) has the form (3.1.1). Next we make the

change of variables

u, = exp(-it/eg) x,
(3.1.9)
u, = exp(it/g) Xo
and obtain
X\ ! exp(it/€) F(exp(-it/£)x, ,exp(it/€)x,)
(3.1.19) = ,
X, -exp(-it/€) F(exp(-it/&)x,,exp(it/g)xz)

by which we have:

(x,' = -3/8 x?xa +

, 1/8 exp(-2it/g)x} + 3/8 exp(2it/e)x x2 +
(3.1.11) .
\ -1/8 exp(4it/8)xg

x,(0,8) =1, X, =%, , 8<t<T

\
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For the general case, let ss(t,s) be the solution operator
of the reduced system (3.1.3) where A(t) satisfies (3.1.2); in

fact, we can write:
T
(3.1.12) - sg(e,s) = dlaglexp( §2 (mamy/el
Thus, with the change of variables
(3.1.13) X = Se(t,ﬂ)z

we reach a system in which the coefficients are bounded but some

are rapidly oscillating:

[ x!

= G(X,t,€)
= gp(X,t,8) + gu(X,t) + E(t,8) + £g(t)
(3.1.14) < .
A
X(0,8) =%K,; 0 < & <1 ; B <t<T
.

Here the forms of the coefficients are given by:

(i) Q; = i; is independent of §&;

(ii) g:_.(x,t,a){")= Za‘.j(t) exp[By (L) /e] Ppp(X);
(111) gu(X, 09 = 3. () az; (%)

(iv)  Ex(t,6)% = Fcr(v) exploy;(t)/el;

() )= n, ()

. . P .

(vi) {aij(t) ,d;J’ (t) ,C"J-(t) ,h‘.(t)} C CV(t);
péj(X) andquj(X) are monomials of positive degree
in the components of X; Béi(t)AS and Géj(t)/a can be

represented by n-vector scalar products of the form

(3.1.15) N' P(t)/& ,
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where N is a constant n-vector with integral components
and P(t) is given by
@ _ (-
(3.1.16) P(t)* = Sli(s)ds.
-]

By (3.1.2) and (3.1.16) the t-derivative of the expression

(3.1.15) is
(3.1.17) S (NTR(t)/g)' = NA(t) /e .

The entries of _A(t)/e are called fundamental frequencies while

the relevant terms of the form (3.1.17) are called secondary

frequencies. We also impose the following restriction on all

relevant secondary frequencies:
-+
(3.1.18) INYA(t)l > K > @,

where K is some positive constant. (K/&) is then a measure of
the stiffness of the system.

This assumption arises out of the necessity £for some
concrete specification as to the meaning of "fast oscillations";
moreover, this restriction must be maintained in sebsequent
levels of analysis. Functions which have the form given by (iv)

and which satisfy (3.1.18) are called strictly oscillatory (of

class p); functions of the form given by (v) are called strictly

nonoscillatory (of class p). In this chapter the subscript I

designates an strictly oscillatory function ,and the subscript
II designates a strictly nonoscillatory function. The system

(3.1.14) is said to be in non-stiff oscillatory form.

If for some relevant
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(3.1.19) ot) = NT p(t)
we have
(3.1.20) o' (t) = NAt) s 0,

then the corresponding term can be reclassified as
nonoscillatory; however, if ¢'(t) vanishes at some isolated
point, then the approximation must be made as a turning point
calculation. Essentially the underlying structure of some termé
is changing from oscillatory to nonoscillatory to oscillatory,
and correspondingly the balancing of the terms also must change.
We develop this procedure in chapter IV. 1If, as in example
(3.3a), the entries of JAL(t) are integral <constants, this
difficulty cannot occur since all possible secondary frequencies

must satisfy (3.1.18) or (3.1.20) with
(3.1.21) K=1 .

The strength of (3.1.18) also allows us to define the

leading order antiderivative of any oscillatory function through

the linear operator

(3.1.22) 2{c(t) explB(t)/€1} = [c(t)/B'(t)] expl[B(t)/&]
since

(3.1.23)’ g Lic(v) exp[B(t)/al}I= c(t) exp[B(t)/&€] + 0(&).

Qur aim is to <characterize the solution of the system
(3.1.14) in terms of these concepts. Thus, the function £(t,§)

is said to be decomposable if
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(3.1.24) f(t,g8) = Z&K(Wk(t)"+ YK(tyt))r
K

where each kat,i) is strictly oscillatory and each wk:(t) is
strictly nonoscillatory. And likewise f(t,€) 1is said to be

decomposable to O(E™M) if

(3.1.25) f(t,&8) = ZEK(WK(t) + YK(t,i‘.)) + O(g™*),
K

where each YK(t,e) is strictly oscillatory and each MIKKt) is
strictly nonoscillatory. The characterization of the solution
of (3.1.14) in terms of such an asymptotic expansion stands as
the major goal of this chapter; the breakdown of this
décomposability principle will correspond to a violation of

(3.1.18), whereupon turning point techniques must be used.
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3.2 Hierarchy for the Linear Problem

Since our treatment is based on a functional Newton

iteration, We first discuss the linear problem

X' = Ap(t,8)X + A )X + fz(t,&) + fﬁ(t)
(3.2.1) '

X(0,8) =X,; = 0<t<T, 0<E&<1

where the subscript I denotes a strictly oscillatory function
and the subscript II denotes a strictly nonoscillatory function.
We begin with a rather standard result on the stability of

ordinary differential equations.

LEMMA [3.2.1]

The system
Y' = B(t)Y + h(t)
(3.2.2) ’
Y(8) = Y,, t >0
where
B(t) € C°(t)
(3.2.3) h(t) € Cc®(t) '

max |[B(t)] = K
z
has a bounded solution operator S(t,s), by which we have:

Is(t,s)| < exp[K(t-s)] (t > s)
(3.2.4) | +t .

Y(t) = S(t,B)Y, + SS(t,s)h(s)ds
o
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PROOF
We derive a bound for the solution operator from the homogeneous

version of (3.2.2). Let

w(t) = |y(t)l
woo= |Y,|
then
t
Y(t) =y, + jB(s)Y(s)ds
o
impliés
t
w(t) < w, + K yw(s) ds,
o

and by a fundamental lemma of stability theory (Coddington and

Levinson (6], page 37) We have
w(t) £ wyexp[Kt] (t > 0).

This guarantees the bound for the solution operator. The
solution of the inhomogeneous equation is given by Duhammel's

Principle.

LEMMA [3.2.2]

Consider the two systems

(” ' = B(t)Y + h(t,&)

(3.2.5) \
Y(0,8) =Yy, 8 <t<T

-
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and

Z' = B(t)Z + h(t,8) + €& h(t,e)
(3.2.6) . '

Z(8,8) =Y, , B <t

where each vector or matrix is a bounded continuous function of

t, and € is a sufficiently small positive real number. Then we

have:
mzx lY(t,8) - 2(t,8)1 = 0( £)
(3.2.7) .
sz lY'(t,8) - 2'(t,8)1 = 0( €)
PROOE

By the previous lemma both systems have bounded solution

operators. The system for

then has the form given by (3.2.2) with

R' = B(t)R - & h(t,g)

R(,E) = 0

and therefore we have (3.2.7).

Thus, to achieve 1leadingeorder accuracy one simply ignores
certain terms of the system. This  principle 1leads to the

following useful result concerning the system (3.2.1).



79

@

THEOREM [3.2.1]

Let X(t,%) be the solution of (3.2.1) and 1let V(t) be the

solution of the system

V' = Amﬁt)v + gm(t)

(3.2.8) '
v(g) =%,
then
max |X(t,8) - V(t)| = 0(%)
(3.2.9) mgg [X'(t,g) - V'(t) - EF'(t,e)] = 0(g) .

F(t,e) = L{fy + ALV}

PROOF

Let
Z(t,g) = X(t,g) - V(t).
Then the equations for Z(t,&) are

Z' = (Ag(t,e) + Ap(L))Z + (£.(t,2) + Ap(t,2)V(L))

2(0,8) =0

Since V(t) 1is strictly nonoscillatory both forcing terms are

strictly oscillatory. Then by (3.1.23) the equations for
7 =2 - g(F(t,g) - F(O,8))

have the form
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Z' = (Ag(t,8) + Ag(t))Z + £h(t,e)
7(0,8) = 0

~and so by Lemma [3.2.2]:

mgx [Z(t,e)] = 0(g)

m.zvx |Z'(t,£) -eF'(t,8)] = o(eg)
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3.3 SOLUTION BY SUCCESSIVE LINEARIZATIONS

By using the results of the previous section, we now
generate an asymptotic expansion for the solution of the system
(3.1.14), which 1is 1in non-stiff oscillatory form. If a
linearization technique is to be successful one must have a

suitable value for the initial approximation.

ASSUMPTION [3.3a]

In correspondence to the system (3.1.14), the reduced system

Vo= gn(Vet) + £p(t)
(3.3.1)
v(e) =%,, 8<t<T

is well-posed and has a bounded solution in CP*'(t).

Given this assumption, we can define the (n X n) matrices

A:(t,i‘,) = QI(X,’Cri = gr(V:t:ﬁ)

k IX=v X
(3.3.2) ’

Aglt) = 9g(Xetly |yay = GlVrBly

where AI(t,E) is strictly oscillatory of class p and An(t) is
strictly nonoscillatory of class p. Here the notation g(Xb(
indicates the Jacobian of the vector function, and g(x)u)

indicates the i-th component. We also define the operators:
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G(X,t,g) = gI(X,trf) + gI(Xrt) + f.:-(tla) + f.'.ﬂ'.'(t)
(3.3.3) .

M(X) = G(X,t,&8) - X'

For a positive integer m, ¥™is said to be .an &M -approximate

solution of (3.1.14) if

%)
Zg“(w‘((t) + Y (t,8)) + ™Y L, (E,8)
Kro

% + O(EM.H) ’

M(@E™ = o(g™!)

™k, €)

(3.3.4) { ™,

where each Y’K is strictly oscillatory and each wk.is strictly
nonoscillatory. By means of Assumption (3.3a) we can
immediately demonstrate the existence of such an approximate

solution.

THEOREM [3.3.1] The function ¥X°, which is given by

o~y

X°(t,g) = Wo(t) +eY (t,e)
(3.3.5) W (t) = V(t) ,

Y, (t,8) = Lo (V,t,8) + £2.(t,8)}

is an Eo—approximate solution of the system (3.1.14). Wo(t) is
strictly nonoscillatory of class (p+l), and Yl(t,C) is strictly
oscillatory of class p.

PROOF

To verify (3.3.4) we consider
ME® = cX%t,8 - X°°'.

By (3.3.1) and (3.1.23) we have:
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>}
Q
[}

v' + gI(Vrtrs) + fI(tl?-) + 0( &)

G(Vrtre) + O( E.) ' ’
and also a simple Taylor expansion gives
G(i.’grtla) = G(V,t,e) + O(e) .

Therefore, X° 1is an &°—-approximate solution of the system

(3.1.14).

——— — . — — i —— o -

We now demonstrate that an C"Lapproximate solution actually
approximates the exact solution of the system.

THEOREM [3.3.2]

If X™is an &™-approximate solution of the system (3.1.14), then
(3.3.6) max IX™(t,8) - X(t,8)1 = o(e™),

where X(t,&) is the solution of (3.1.14).
PROOF

Consider the (n+l)=dimensional space
L= {(x,t) D 15X <8, 0<¢t<T},

where © is some arbitrary positive constant. By our assumptions
on XMand the system (3.1.14), we <conclude that for some

positive constants Ky and Kz we have:

(i) G(x,t,8) is continuous in J£&;
(ii) 1G(x,t,&) | < K, in;
(i1i)  1G(x,,t,8) - G(xp,t,8)| < KyIx, - x,| in .

Note that the Lipshitz condition (iii) is guaranteed even though
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the t~derivatives of G(x,t,€) are unbounded

example, we have:

2

lexp(it/g)x? - exp(it/g)xa l € 2 S|X| - X

We now introduce a sequence of Picard iterates:

%, = ¥ .
<D
X el =X°+ f;(xN,t,e)dt.

as £€-» @, For

X

Since X ™satisfies the equation to within o(g™*') we have

. T
o
1%, - x| = IF™-%, - (c(@®m¢t,e)at]
o
where R 1s a positive constant. Provided

iterates are all hniz we have by induction

1 .
1%, = %! < g R(Kzt)N/N! ,

and thus for all positive N

™
£

pzx IxN - gal < R exp(KzT).

the

successive

Therefore, for sufficiently small £ all iterates remain in &.

By the wuniform convergence of the iteration,

we

have the

‘existence of a unique continuously differentiable function X

which satisfies

M(X) = 0
X(0,8) = %o

m_zx XM - X| = o@"™).
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COROLLARY [3.3.2]

The system (3.1.14) with assumption (3.3a) is well-posed with
(3.3.7) mgx [v(t) - X(t,&)] = o(&),

where X(t,£) is the solution of (3.1.14).
PROOF
Since an &®-approximate solution is given by Theorem [3.3.1],

the error estimate follows from Theorem [3.3.2].

By using Theorem (3.3.2) we now extend the result of
Corollary ([3.3.2] to obtain higher order approximations.

THEOREM [3.3.3]

o~

Consider the system (3.1.14). Let X™ be an &m-approximate
solution where, for (k>1), wK is strictly nonoscillatory of
class - (p+2-k) and Yk is strictly oscillatory of class (p+l-k).

Let M(X™ be decomposable to O(E™*) with the form
(3.3.8) M(RX™) = E™EL + E™EL + 0™,

where f,. is strictly oscillatory of class (p-m-1l) and fr 1is
stfictly nonoscillatory of class (p-m) . Then an

EM*_approximate solution of the system is given by

M gy ™' + ™2y

(3.3.9) -

M+ 4

where



86

| Wy, ' = Ag(t)W, .+ £.(t)
(3.3.10) Wy, (8) = =Y, (8,2)

Y ot =L {E + AW}

Here WWM‘ is strictly nonoscillatory of :class (p-m-1), and Yﬁ+

is strictly oscillatory of class (p-m-1). Thus, we have:

el

X = X771 = o(g™?)
(3.3.11) { - .

L I 4 2.

M = Ze (W + ¥) + &%y, o

" Ko

Moreover, M(?”W') has the form (3.3.8) with m replaced by (m+l)
if
(1) M(X™ ) is decomposable to 0(g£™*%);
(2) AI(t,s)wazis decomposable;
and
(3) [(G(X,t,a)x ) (Wens, )]X (wl + Y’)‘X_Vis decomposable.
PROOF

By Theorem [3.3.2] we have

X ="+ &Mz

Z2(90,t) = -Ym_‘_‘(la) ’
where Z(t,£) is a continuously differentiable function of t, and
X is the solution of (3.1.14). The differential equation then
can be written as
(™ + €™V z2)t = (8™ + g™ 7)

G +e™ ) - 6 + o (¥M.

2.
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We now carry out a linearization which 1is equivalent to a
functional Newton iteration:

z' = [G(R™ +™M2) - (XM 1/e™ + M) e

[A(t,€) + Ag(t)]1Z + £_(t,8) + fg(t) + O(E)

where A, and An are given by (3.3.2). By Lemma ([3.2.2] and

Theorem [3.2.1] we have

mgx 12 - (W,,, +&Y Yl = 0(&)

mag

max |Z' - (W

3 ey T £Y

mez) | = O(E)

where

Wppey ' = Ag(O) W, + £ (t)
Wpgr () = =Yy, (8,8 .

Yingpltr€) = L{fp + AW, 1}

Since
Se(ﬂ,ﬂ) = I

by (3.1.12), the initial condition for W,,,, is actually
independent of &. By our construction Y™ and (Xm+t oy
'approximate X and X' respectively to within 0O(g"*2). Thus, we

have

1]

M(X™MH) M(XT™Y - M(X)

[GE™' ,t,8) - G(X,t,&)] + (™)' - Xx']

0 (8m+t)

W
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. Since

o~ el

X" a,8 =%, +£™

Y ia(2:8)

™+!is an g™* -approximate solution of the

we conclude that ¥
system (3.1.14); (3.3.11) then follows from Theorem [3.3.2]. We

have:

Lrd 02

M(X

ME™ + ME™ - M(E™

=M™ -Em'wm‘,(t) —Em’Ymr:(t, ) +

)

E™ (G (X7t 8 ) 10, (B) +
ETTEIG (XM t,8), 1Y, ,(£,8) +
o (e
= M(X™ - .
/
g, (o) -e™, Jee) +
8”*'[AI * AW (t) 4
E™AL + AglY (t,8) +
£ IG (X, t,8) 1W,, I W, + ¥, 1)+

o Em+3)

By our specification for Ym.p,and W,,, the second and third lines
of the last expression for M(Y“"ﬁ combine with the strictly

mi ]

0(€™") terms of M(X™) to give a term of the form

2
8m+ f\I( t ,8)

A
where @: is strictly oscillatory of class (p-m-2).
The three additional assumptions of the theorem gquarantee
that- the other terms are likewise decomposable. The smoothness

conditions for these terms are satisfied since the terms must be
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algebraic combinations of terms which meet those requirements.
Thus, provided the conditions of the theorem are met, we have

decomposability to the next order.
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3.4 Solution by Formal Expansion

Under the assumptions of the preceding section, one can
approximate the solution of the system (3.1.1) by an expansion
whose terms are soiutions of equations which can be treated by
standard numerical techniques. 1In principle Theorem [3.3.3] can
be applied repeatedly until the decomposability argument breaks
down. However, provided the asymptotic form of the solution is
guaranteed, one can generate the corresponding smooth equations
by a formal procedure that is well-suited to computational
implementation since the analytic manipulations, although
cumbersome, are simply the Taylor expansions of polynomials.

First we introduce a fast time scale

T =t/
(3.4.1) '

X' = xt+ (l/’é‘)xr

and we accordingly reformulate the system (3.1.6):

X = gI(X.t,?,S) + gn(x,t) + f:__(t,‘.r,a) + f,n(t)

(3.4.2)

X(d,8) =%, g < &8<< 1, g <t<T

-3

with the appropriate modifications of the <conditions on the

coefficients:

(1) 5§ is independent of g;

(1) ez (6,3, = Jag(6) explpy @)/e] by ()
J -

<) _ .

(11i) g (X,£)™ = ZJ ',d‘»J(t) 9,5 (X);

i (L.) = ¢ e H

(iv) £.(£,5,8) JZ Cg;(8) explGy; (23)/2];
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«)
(v) Ep(t) = h,(t);
3 P -
(vi) {aij(t)' dzj(t), ng(t), hi(t)} C Ch(t);
pzj(X) and qzj(X) are monomials of positive degree
in the components of X; Bl:J-(E”S)/C and G[j (€%) /& can

be represented by n-vector dot products of the form

(3.4.3) NT P(EY)/E

where N is a constant n-vector with integral components

and
" €3
pes) = J"zgs)ds
-]
(3.4.4) P'(23) = A\(£%)

INTAr) | > K

for some positive K.
To extend the nomenclature of the previous section we call

terms of the form (iii) strictly oscillatory (of class p), and

we call terms of the form (iv) strictly nonoscillatory (of class
P). As before subscript I denotes a strictly oscillatory
function and subscript 1II denotes a strictly nonoscillatory

function. The leading order antiderivative of an oscillatory

function is given by the linear operator

(3.4.5) L {c(t) exp[B(gs)/el} = (c(t)/B'(t)) exp[B(e¥)/e].

To maintain our formalism we must 1insist that J -dependence
ocurr only as in (iv). Thus, we must interpret the

J-derivative of an oscillatory function by the rule,

(3.4.6) =2 (c(t) exp[B(e¥)/€]) = c(t)B'(t) explB(es)/cl,
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whereby we have:

9 o~

Sv Llc(t) exp[B(€X)/2]} = c(t) exp[B(e¥)/g]
(3.4.7) .

Z(Zct) explB(ex)/£1}

c(t) exp[B(eT)/z]

Clearly this procedure can not correspond to é traditional
multi-scaling argument; however, we are only attempting to
derive a set of formal rules which mimic the balancing arguments
of Section 3.3. The following assumptions give justification to

our methodology.

ASSUMPTION [3.4A]

The reduced system

V; = gnév,t) + ;nét)
(3.4.8)

v(g) =X

{
is well posed and has a bounded solution in C?+(t).

ASSUMPTION [3.4B]

Theorem [3.3.3] can be successively applied to system (3.1.14)

to give an asymptotic expansion for X(t,E&):

144)
X = JXe€r €™y, (t,5,8) + 0(€™)  (n<p)
. K=o
(3.4.9) .

_XK"= YK(t;TrE) + wK(t)
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These assumptions assure that our formalism will not break
down since our procedure 1is really a reworking of the
decomposability argument of Theorem [3.3.3]. The substitution

of the expansion into the differential equaﬁion gives:

2
(Ko * X )+ EX + X)) + 20+ %) +
(3.4.10) = .
Ip(Xe + X, +£X, + o+ ,£,7,8) + £(t,T,8) +

Ip(Xe + EX, + €KX, + o0 b)) + £i(F)

We now adopt a formal procedure to solve the system. First we
expand each monomial as a power series in &; then we balance
successive powers of &. Given that on the k-th level we have

previously determined Xeg + X,

reeerXe, and YK, we balance the

0(e®) terms by the following rules:

I. Determine W, (t) to eliminate all terms which are
strictly nonoscillatory. This is essentially a
secularity condition designed to eliminate powers
of T in the expansion. The appropriate initial

conditions are:

A\
W (8) =X, '
(3.4.11) ’
WK(ﬂ) = -YK(ﬂ,ﬂ,i) (k>2)

II. Determine Yk*“t,K,S) by (3.4.7) to balance the

remaining terms.

For the expansion of the monomial péj(X) we have
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p_,(x°+gx'+...) =
(3.4.12) ¢y

Poi(Xe) + &P (XgyX,) + €2p. ;) (XgiX,sX,) +-

where

K(xofxlyoo.'xk ) =

[p‘.J. (xo))g Xe t

p..
(3.4.13) ey

o~

‘JK(XO'X”...IX

k1)

with E}JK a polynomial in the components of its arguments.
After a similar expansion for g LJ(X) we have the following
expression for the i-th component of the right-hand side of

(3.4.19) :

& ; ; '
CIRE SN L IO S LA ST S L ST

22, () exp(B; @3)/8) (B (X,), 1,3 +
(3.4.14) g_‘,{e“ ¢ (8) exp(By; (€%)/8) P, .

ZKI;{s" G 8 T, (%) 1Xye b+

g;{i"d‘-\j(t) G (XX, reeerXe )}

(Xalx-‘,.l.’XK-')} +

vk

Now by assumption [pij(x°)x] and [qEJ(onx] are smootﬁ vector
functions and therefore can be combined with the other smooth
components. In correspondence to (3.3.2) let AI(t,T,a) and Aﬂ;t)

be (n x n) matrices whose (ml,m2) components are given by

(m, )mt) -

(my)
(AL(t,5,9)] JZ:am- (£) expIB(EN)/E] [P, (X,), ]

(3.4.15)

(M)

1(myma)

By our inductive hypothesis we have already determined
Xo ,Xl ,...,xKQ , and g( when we are ready to balance the O(Ek)

terms. Thus, f;:'JK. and ?;"‘.J.K are in principle known functions at
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this stage, and, with reference to assumption [3.4B], we
decompose these into oscillatory and nonoscillatory terms.

Considering only the O(sK) terms of (3.4.14), we have

GJK.(Xe’X' ,...,Xk_l) +

j Lt
(3.4.16) J.Z:déj(t) UKo rX reeerXy)

ga‘»\;(t) exp[B,; (£%)/&] P,

(<) (&)
ﬁqét,Yfi) + ﬁmﬁt)

where fIn and fﬂk depend implicitly on Xe 1 X reeerXpy » And

finally by combining (3.4.14), (3.4.15), and (3.4.16) with the

observation
(3.4.17) (XK)‘S = (YK(t,’s‘,z) + wk(t))‘s = YKS‘ '
we have:
° z se 9
(x°*+ Y'r) + E(X,i_+ Y23-) + £ (X2t+ Ys,), +
(3.4.18) =

gI(Xc,t,‘r,z) + gm(xo,t) + £.(t,7,8) + £(t) +

%z"{AImr.z)x.‘ + Ag(©)Xy + Er (£,5,8) + £ (8)}

We now balance the successive powers of £ by using the formal

rules and the given assumptions. For the strictly 0(l) terms we

have:

]

[—X°£+ gm_.(xo,t) + f:m(t)] +
(3.4.19)

[-Y'?+ g:.(xoltl-s.ls) + fI(tlxla)]

and, therefore, by rules I and II and by assumption [3.4A]:
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>
o
]

V(t)

(3.4.209)

<
i

' x{gr(vltrrria) + fI(tlrri)}

And likewise for the strictly 0(£X) terms we have:

g = [-wk*+ AIWK + %mg +
(3.4.21) [‘Ym;' AW, + ALY + _Y"-¢+ £ d
(ALY, }

where gtu' ﬁEK, and Y, are determined while

determined. From the functional forms it is clear

Agter and Ykéare oscillatory and so can be absorbed

We is not yet

that AxWK'

into fI' ’A:,:Y'<

may contain oscillatory as well as nonoscillatory components but

by Assumption [3.4B] must be decomposable. Thus, we have:

Pa)
g = [—wa+ AIWK + §‘3 +
(3.4.22)

N
(- YK-HT + f:tk]

where f;kis completely determined while E;Kdepends implicitly on

wk. By rule I we have

/= £
We = AgW, + £y

(3.4.23) ’

W () = -y (0,¢)

X A
and since iIK

(3.4.24) Y, = XD,

is now determined we can use rule II to determine Y

K+t

[ ]
[ ]
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In this manner we can successively generate the equations which

determine the terms of the expansion,

Example (3.4a)

We return to the nonlinear oscillator of example (3.la) and

calculate the leading-order approximation:

( ,
=TV + &W, +%,) + €%, + o(z?)
X2
(3.4.25) < =T + gW, +%) + 0(?) .
- v
V =
L V

In the notation of this section we have:

(r)
gI(Xlt '?' i)

1/8 exp(-21i%) x? + 3/8 exp(2i¥) x,xF

- 1/8 exp(4i%) x.
(3.4.26) gI(x,t,‘s,z)"‘” = g_(X,t,5,8) " '
a(x,0)" = - 3/8 xx,
g (x, 0% =g (x,5)¢)

and the appropriate version of (3.4.18) is

V. +Y% + ¥ +W +Y )+ o0(x
&+ . &( " » 23) (e*)
(3.4.27) a=(Vit, 0 + g (V,t) +

LA+ AN+ AT+ AT + o(e?)

bThé first row of AL is the row vector ,4ét;?,z), where
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r 2 __"1
[3/8 exp(-2iT)V® + 3/8 exp(2i¥)T?]
(3.3.28) _4ét,r,a)T'= ’

[3/4 exp(2iT)VV - 3/8 exp(4iT)V¥]

e

and likewise the first row of Ap{t) is the row vector .,4m§t),

where

fwas Sy

-3/4 VW
T

(3.4.29) ,4ét) = .

-3/8 v*

By Rule‘I we determine V(t) as the solution of

V' = -3/8 V3V
(3.4.38)

v(g) =1

and thus V(t) must be real (V=V§. By Rule II we have:

(}|(t,?)8) = J°{1/8 exp(—ZiT)Va + 3/8 exp(2:l‘:)V'3
-1/8 exp(4iT)Vv? }
(3.4.31){ )
= i/16 exp(-2iT V3 - 3i/16 exp(2iT) v’
§ + i/32 exp(4iv) V3

With the exception of Axi; all 0(g) terms of (3.4.27) are either

strictly oscillatory or strictly nonoscillatory. We have:

¥,
= F(V) + <strictly oscillatory terms>
T\,

(3.4.32)

s" 4
F(v) = 271/256 V

and thus by Rule I the system for W, is
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wl
W' = + F(V)
(3.4.33) ' ‘/@‘Tm .

W, (0) = —Y,(ﬂ,ﬂ,e) = 31/32

In terms of the original variables we have

N
]

' Re{exp(-i ¥ ) x,} |3’=

oy,

(3.4.34)

Z, Im{exp(-i J°) x,} |

?

e

We now compare the results of our procedure with the
multi-scale approximation as given by Kevorkian and Cole [16,

p.123]1:

'z, = (1 + 3t/47¥cos(t/g) +

(3.4.35) £(3t + 472 [3/8 (3t +a7' + 15/32] sin(t/e) + .
€(1/4 (3t + 47 2] sin(3t/g) + o(e®)

The solution of (3.4.39) is

-ade
(3.4.36) V= (1 + 3t/4) & .,
After the substitution
(3.4.37) W, =1iw

where, by (3.4.33), w,(t). is real and must satisfy the system

w
' 5
W' = 4' + (27/256) V
(3.4.38) b —w

1 14

w, (0) = 3/32

we can rewrite the first equality of (3.4.34) as
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N
]

Re{exp(-it/g)V} + € Re{exp(-it/e)y,}

+ & Ref{i exp(-it/g)w, }

(3.4.39) V cos(t/g) + [3/16 V’+ w ] sin(t/e) + .

[1/32 V°] sin(3t/g)

The representations (3.4.35) and (3.4.39) are equivalent if

2
2

(3.4.40) w, = 15/32 (3t + 4)°F - 9/8 (3t + 4)% |

By inspection one easily can verify that (3.4.49) gives the
solution of (3.4.38), and so the representations are indeed
equivalent.

Our procedure also can be used to generate higher order
corrections. Since the fundamental frequencies of the system

(3.1.5) are
(3.4.41) {i/e ,-i/e}

our decomposability principle guarantees the existence of an
asymptotic expansion in powers of & to arbitrarily high order

(cf. (3.1.21)).
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3.5 EXTENSIONS TO MORE GENERAL SYSTEMS

The most obvious extension of the system (3.1.1) is

Z' = A(t)/e Z + H(Z,t,£)

(3.5.1)

A
Z2(g,g) = Zo(Z}”l g < t<T

where the t-dependent functions of H(X,t) in (3.1.1) have been
replaced by power series in & with t-dependent coefficients and
the initial condition i; has been replaced by a power series in
€. Both the Newton iteration theory and the formal expansion
theory are essentially unchanged since our principle for
determining the leading-order solution of a 1linear problem is
still wvalid. In general, however, one does not have such an
explicit €-dependence and is content with form (3.1.1), which
has the artificial small parameter only. in the large component
of the system. From our point of view a forﬁalism is useful in
so far as it mimics the balancing arguments of the linearization
thedry which Jjustifies our procedure. Thus, one can absorb an
0(€) term into an O(l) term without compromising the integrity
of the method.

.0f somewhat more importance is the system

Z2' = A(t,&)/e Z + H(Z,t,®)

(3.5.2) _ ,
Z(0,8) =708, @F<t<T

where the t-dependent functions of A(t) also have been replaced

by power series in & with t-dependent coefficients. For
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theoretical purposes this system is, of course, equivalent to
- (3.5.1); however, in practice the £-dependence is not explicitly
given, and so this reduction is not possible.

The theory for system (3.5.2) must be developed with some
modifications in the requirements for secondary frequencies.
For system (3.3.1) we insist that for some ©positive K all

relevant terms of the form
(3.5.3) NT _A(t) (A(t) = diag{_A(t)¢?)

fall wuniformly 1into one of two distinct subsets of the real

line:

—X | NTAM)]

e

1
]
o) K

3.
il

®

Thus, terms which correspond to frequencies .in the subset
satisfying (3.1.18) are «called strictly oscillatory while, if
any INTJﬁL(t)l vanishes identically, the corresponding term can
be reclassified as strictly nonoscillatory. (K/&) then measures
the stiffnéss of the problem and the n-th term of the derived
asymptotic expansion‘is O((K/E)").

For the system (3.5.2) all relevant terms of the form
(3.5.4) NT_ A, ) ( A(#,8) = diag{A(t,g)\%/)

must likewise fall uniformly into one of two well-separated

subsets of the real line:

| Y— | NTALR)]
° K, K,
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Terms whose frequencies fall into the subset given by
T
(3.5.5) IN"A(t,8)] 2 K,

are callled strictly oscillatory, and terms whose frequencies

fall into the subset given by
(3.5.6) INTA(t,2)] < K, €

are redefined as strictly nonoscillatory. Here K, and Kzare
positive real numbers which measure the stiffness of the
problem. That |is, _the frequencies satisfying (3.5.6) are
resolved as smooth functions, and the frequencies satisfying
(3.5.5) are treated asymptotically by an expansion whose n-th
term is O((K,/e)").

Essentially a frequency must be <classifiable as fast or
slo& if a technique based on the separation of modes is to be
successful. The violation of this principle in a neighborhood
of an isolated point can be treated by the turning point
arguments of the next chapter. 1In general, however, if there is
no well-defined separation between the fast and slow modes of
the system (3.5.2), then one is not really solving a singular

perturbation problem.
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3.6 EXTENSIONS TO PARTIAL DIFFERENTIAL EQUATIONS

The study of  oscillatory  phenomena frequently leads to
systems of partial differential equations in which, as one might
expect from physical considerations, the oscillations occur
temporally but not spatially. We consider the n-dimensional

vector system:

/uf = ¥, (&)U

+ (P, (x,t,U,8,8) + B(x,t,U,8))U + F(x,t,8)

(3.6.1)
U(x,0) is given; t > 8 ; 0 < € << 1
u(x,t) is 2Mr-periodic in each component of X
\
where
(1) Py and P, are first order differential operators:
4 2 %
po(%-&) = ZAJ%{’. A = A;
(3.6.2) ¢ R ;
P,(z,t,U,z,-;ag) = Z;Bj(i,t,U,S)‘ng 'B; = BJ-*
- e

the elements of {BJ,B} are smooth matrix functions of their
arguments; the U-dependence is polynomial in the components of

U, and the x-dependence is 24-periodic in each component)

(ii) F(x,t,& is a smooth vector function of its arguments and

2Mr-periodic in each spatial component.

For convenience we shall suppress the £-dependence in the

arguments of the dependent variable. Browning and Kreiss [5]
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&

have demonstrated that there exists a time interval
(3.6.2) g < t<T '

where T 1is independent of &, but dependent on uU(.,@)"P and

max  [|F(.,s,€)]l, such that
0Ls<T P

(3.6.3) ﬂU(-,t)||P< const ( "U(.'lg)up + ;n(asff IF(.,s, )“P).

Here we define

Bu, ol = 12" -2 u(., el
n tilep

1451 | :

(3.6.4) 11l ‘
Jzi

2% = %

and we require

(3.6.5) p>Cn/23 + 2,

where [«] is the integer— part function. Thus the spatial
dependency is smooth, and so we can decompose the dependent
variable in space and then solve the stiff problem in time.

To illustrate this approach, we consider a scalar version

of (3.6.1):

4.

uf_: g u, + r{u,x,t)
(3.6.6) u(x,t) = u(x+29M,t); g <t < T
| u(x,8) = £(x) |

The Fourier decomposition of u is

-]

(3.6.7) u(x,t) = ‘-%-chh(t) exp(inx) ,

Nz
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where
( ar
c, (t) = ﬁ; gu(x,t) exp(—-inx) dx
o
(3.6.8) _ < T .
c,,(8) = %? S%(x) exp(-inx) dx = q:
_ 6

From (3.6.6), (3.6.7), and (3.6.8) one can derive equations for

the t-dependent coefficients:

cn'(t) = (n/e)i c,(t) + Zj°ﬁn(t) pJ(cc,c|,qq,...)
J

(3.6.9) { c,(@) =ch; =-e0<n<eo .
g <t <T

Here each OSh(t) is a smooth coefficient and each pi(co,...) is
a monomial in its arguments.

Given the a priori bounds on the solution's spatial
derivatives, one can use (3.6.8) to -achieve bqunds on the
coefficients of the high modes and thereby justify the

truncation of (3.6.9) to a finite system. Let

T
(3.6.10) C(t) = [co,c‘,q',...,c"‘,qw"].

Then by ignoring all terms dependent on the coefficients of the

higher modes we reach a system of the form

c' = £AC + H(C,t,9)

(3.6.11) .

C(g) =C; 8 <t<T

System (3.6.11) 1is in the cannonical form of Chapter III

(3.1.1); moreover, since the entries of the diagonal
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matrix /A are integral constants, Theorem [3.3] guarantees the
existence of an asymptotic expansion in powers of € to higher
orders (cf. (3.1.21)). This procedure is likewise applicable to
the more general system (3.6.1), where the introduction of a

multiple Fourier expansion

(3.6.12) U(x,t) = 'alv'u Z'g""""""“(t) exp(i(m,x, + ... + mn, x,))
m,..,m,

yields a coupled system of highly oscillatory ordinary

differential equations for the time dependent vectors

(3.6.13) S,y (£) .

[ad
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3.7 Computational Examples

In this section we describe possible implementations for
problems in nonlinear oscillations. For 1illustrative purposes
we include the resulting algebra although, as we have previously
noted, the analytic manipulations are conceptually simple enough
to be computationally feasible.

A simple mass spring system with small damping can be

modeled by the equation for a Rayleigh oscillator:

d*y/dt® + y = £1[dy/dat - (1/3) (dy/d%)® ]
(3.7.1) y(8) =1, y'(@) =0 .

B <TLKT/E , B < E<K 1

T is independent of &, and & is the ratio of the characteristic
time for one oscillation to the characteristic damping time [see

Kevorkian and Cole [17]). After the change of variables

2, =Y , 2, = dy/dt
(307.2) ’

t =T

we can rewrite the system as

(.z, ' [} l/¢e z, /]
= +
Z, -1l/e 2 z, \ 2%, - (22?‘/3
(3.7.3) '
< z,(0,8) 1
= ’ B <tEtLKT , B8<E€<K1
Zo(0,8) ]

.
and, as in example (3.4a), the system can be reduced to diagonal

form; thus, after the change of vafiables
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Z, u, 1 1 Jfu, (u, + ugyz)/2
= S = 1/2 =
z, u, -1 - i\, i(u, - uz)/z
u, -] 2, 1 illz, z, + iz,
S =
u z 1 -i|\z 2, - iz
the equations become

-

(3.7.4)«

]
I

u,\ "' . -if ] u, =-£(u; ,u,)
= +
u, /] i u, f(u|,uz)
(307.5) u‘ (QIZ) l ‘ -
= r B <ELST, B<CE K1
u, (8,%) 1 :
£(u,,u) = =1/2 u, + 1/2 uy + 1/24 ui -
k. 1/8 ufu, + 1/8 uy,u? -1/24 u?

The system (3.7.5) has the form (3.1.1). Next we make the

change of variables

u, = exp(-it/e) x,
(3.7.6)
uz = exp(it/g) x2
and obtain
X, \' -exp(it/g) f(exp(-it/€)x, ,exp(it/g)x,)
(3.7.7) = '
Xy exp(-it/g) f(exp(-it/&)x, ,exp(it/e)x,)

and so we have:
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ffx\' = 1/2 x,- 1/8 xtxf +

~-1/2 exp(2it/&)x, - 1/24 exp(4it/;)x§ +

(3.7.8) < .
- 1/8 exp(2it/g)x2x, + 1/24 exp(-2it/g)x3

x(ﬂ,_a)=1, xz=§",ﬂ<t<T_

“

Thus the original two-dimensional real system has been
replaced by a one-dimensional complex system. Following the
formalism of Section 3.4, we now introduce an asymptotic

expansion in powers of §£:

(3.7.9) : .

Here the fast time scale is
(3.7.10) T=t/8 ,
and in the notation of the section we have:

~1/2 exp(2i%) x, - 1/24 exp(4i¥) x +

]

(’ ()
gI(xltlylt)

| 1/8 exp(2i¥) xZx, + 1/24 exp(-2i%) x}
(3.7.11) { oz (%, 6,52/ = Tx, e, 5,0 :
GI(X,t)“) = 1/2 x, - 1/8 x,x%
ap (X, 0 = FU(x, )0
\

The appropriate version of (3.4.18) is
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‘ . + ’Y: ) + 0(e?)
¥ " ¢ s
(3.7.12) Ix(Vrt,5,8) + g (V,t) + .

e(AMW, + AW, + 2T + AY,) + 0(e%)

The first row of AL is the row vector.,@#t,?}z) where

r -

[1/8 exp(2i¥)V?* + 1/8 exp(-2i%)V?]
(3.7.13) 4 (t,5,8) = .
[-1/2 exp(2i¥) - 1/8 exp(4iy)V?

+ 1/4 exp(2i¥)VV ] l
L -

and likewise the first row of A]4t) is the row vector *”4z(t)

where

-
1/2 - 1/4 W

(3.7.14) Jtr(t)T = .

| -1/8 V*
- -

By Rule I we determine V(t) as the solution of

V' = 1/2 V - 1/8 W%
(3.7.15) '
V(g) =1

and by Rule II Y' is given by

'Yl(t,s.z.) f{-l/z exp(2iTIV - 1/24 exp(4i¥)V o+

| 1/8 exp(2iT)V°V + 1/24 exp(-2i%)V3}
(3.7.16) _ o - -3 .
i/4 exp(2i¥)V + i/96 exp(4im)V” +

—1/16 exp(2i¥) VoV + i/48 exp(-2i%)v3
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With the exception of ALY all O(g) terms of (3.7.12) are either

strictly oscillatory or strictly nonoscillatory. We have:

Yl
A l-]= R(V) + <strictly oscillatory terms>
(3.7.17) T\Y, '
’ '
R(V) = i/8 V + 3i/256 V2V° - i/16 ¥ V=
and thus by Rule I the system for W, is
A "
W, ' = _ |+ R(W)
(3.7.18) ‘ W, .
W.(9) = -Y (0,0,8) = -71/32

By wusing (3.7.18), we can restore the full t-dependence of the

coefficients; in terms of the original variables we then have

N
]

Re{exp(-i T ) x'} l
. T=¢
(3.7.19) , ' .

N
"

Im{exp(-1F ) x,} [
%=

it

Using this analysis, we outline an approximation scheme
based on standard discretizétion techniques., First we 1ignore
0(f%) terms of the expansion. Using a step size h, we
approximate the solution V of the equation (3.7.15) by means of
a fourthe=order Runge-Kutta scheme (see Lambert [20], p.126);
then Y, is given explicitly by (3.7.16), and with the same step
size h we approximate W, from (3.7.18) by means of a forward
Euler predictor followed by two trapezoidal rule correctors (see
Lambert [208], p. 85). The total error for this approximatiion

is then:
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(3.7.20) o(h') + 0(g?) + o(gb%) .

Computations were done with single-precision accuracy on a

VAX11/788 for the case,
(3.7.21) '

and therefore, by- (3.7.20), one might expect a grid error of
approximately lﬂ-g.

In phase space the solutions of (3.7.3) approach a stable
limit cycle of approximate radius two. Thus, in figure <3.7.1>

we plot the amplitude

(3.7.22) A(t) = [ z7 + zj_]'/’-'-

as a function of the rescaled time variable, and also we plot

the curve of
(3.7.23) z, (t) = y(t/e)

in figure <3.7.2>. 1In both cases we have linearly interpolated
the amplitudes and the phases between grid points. In table
<3.7.1> we compare the computed grid values with the accepted
function values, which were computed with double-precision
accuracy by means of a fourth order Runge-Kutta scheme with a

time step

lﬂ .

(3.7.24) h
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1.0000000
1.8361134
1.8747031
1.1145539
1.1541607
1.1920174
1.2283492
1.2661535
1.3050122
1.3432373
1.38082726
1.4145483

1.4483656°

1.4831481
1.5163764
1.5486927
1.5789385
1.6066599
1.6358559
1.66173740
1.6864364
1.7109314
1.7324642
1.7534370
1.7739089
1.7909912
1.8083004
1.8247517
1.8390280
1.8539859
1.8656223
1.8758882
1.8878965
1.8976505
1.9076006
1.9163814
1.9214646
1.9287945
1.9361542
1.9421252
1.9489839
1.9519360
1.9546887
1.9602964
1.9641300
1.9688038
1.9718472
1.9715779
1.9746908
1.9780447
1.9805924

1.0000000
-7.8686084
#.4352194
0.1760627
-0.7716992
1.1502984
-1.1698117
2.7996659
-0.1398034
~-3.6051558
1.1908320
-1.4131837
1.1782711
-9.5411782
-2.3039049
1.0847387
-1.54940852
1.5069457
-0.9760583
0.1064526
9.8245143
-1.5126638
1.7257520
-1.3801000
9.5748035
2.4346920
-1.3218288
1.7961023
-1.6950778

. 1.0405447

-9.0386439
-9.9876618
1.7061471
-1.8811355
1.4482372
-#.5415334
-3.5470619
1.4660136
-1.9188806
1.7552749
-1.0224489
-0.0444038
1.1006080
-1.8064740
1.93385892

- —=1.4372377

0.4744309
#.6431262
-1.5553792
1.9700294
-1.7512197

ERR ()
(absolute

P.0E+00
?.8E-06
@.7E-06
g.5E-06
g.1E-05
@.2E-05
@.3E-05
g.1lE-05
9.4E-05
g.1E-05
@.4E-85
@.6E-05
@.4E-85
@.3E-05
9.7E-85
@.4E-85
#.8E-05
0.8E-05
@.3E-85
0.1E-04
@.4E-06
?.9E-05

0.1E-04

2.9E-85
¢.6E-05
g.9E-05
0.1E-04
g.1E-04
g.1E-04
@.5E-85
0.1lE-04
@.4E-085
0.1E-04
f.2E-04
g.1E-04
@.7E-85
g.6E-085
g.1E-04
g.2E-04
g.1E-04
g.6E~-05
g.1E~-04
#.8E-05
g.1E-04
g.2E-04
9.1E-04
P.6E-85
¢.l1E-85
g.1E-04
f.2E-94
¢.1E-04

ERR(Z,;)
errors)

0.0E+00
2.1E~06
@.1E-05
g.3E-05
@.4E~-05
@.2E-85
@.4E-05
g.1E-05
g.1E-04
¢.l1E-04
g.2E-05
9.6E-05
g.1E~-04
f.2E-05
g.3E-05
@.5E-06
@.2E-05
g.2E-04
g.3E~-04
0.4E-05
g.3E-05
g.6E-05
#.1E-04
9.6E-05
g.3E-04
2.3E-04
g.2E-05
g.1E~-04
g.1E~-04
g.6E-04
#.8E-05
g.5E~-04
0.2E-04
g.2E-04
#.5E-04
9.9E-0@5
g.7E-04
g.3E-05
g.1E-04
2.4E-04
P.1E-04
#.5E~04
g.5E-04
g.1E-04
f.2E-04
g.2E-04
g.5E-04
g.7E-04
g.3E-04
g.1E-04
9.5E-04
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One likewise can apply these techniques to systems of
coupled nonlinear oscillators. The following extensively
analyzed system is taken from the theory of stellar orbits in a
galaxy (see, for example, Contopoulos [7], Hori [14], and

Kevorkian and Cole [16]):

d*r, /at? + a%r, = g %

2 ~2 2
drz/dt +br2 2er, 1,

(3.7.25) .

r,(9,8)
r (8,8

1, rz(gre) =1

g, t)(8,8) =0

B < E<K 1, 8<T < 1T/8

Here r, stands for the radial displacement of the orbit of a
star from a reference circular orbit, and Iy stands for the
deviation of the orbit from the galactic plane. With the change

of variables

T - 7, T
z = [z, 129 124 lzq,] = [r‘ 29 /arrg_rrz/b]
(3.7.26)
t= gt
we have:
( - -
4] a /] ] /]
-a 7] 2 2 (l/a)z%
A = (1/8&) Z +
] ) a b 2
(3.7.27)
| o 0 -b ] (2/b) 2, 2,
™
2(0,e) = [1,0,1,0] ’ g <t<<T, < E<K1
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By a transformation similar to (3.7.4), we can reduce the system

to diagonal form. Thus after the change of variables

-~

Z =514
U= (u, su, suy,uy,l
(3.7.28)
- S 9 1 1
S = r S5 = (1/2)
g S -i i

the equations- become:

[ -a 0 ) (f. (u)
g a g 0 -£, (U)
u' = (i/e) 8] +
2 @ -b /) ft(U)
Lﬂ g 0 b \—f1(U)

(3.7.29) T
u(g,e) = [1,1,1,1]1 , B < £t < T, B8 < &<kl
£ (U) = 1 (ug + u*/4a

(i/4a) [u; + 2ugu, + d;]

i (u

fz(U) + uz)(u3 + uq)/2b

I

(i/2b) [u,ua

+ u,uy + uzu3 + uzpyl

\

As in (3.7.6), we now factor out the leading order oscillatory

behavior by means of the transformation

U = T(t.ﬁ) X

(3.7.30) { X' = [X,,%,,%y,%,]
T(t,&) =
diag[exp(—iat/;),exp(iat/g),exp(—ibt/g),exp(ibt/g)]

and obtain the system:
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exp(iat/g) £, (T(t,2) X)
-exp(-iat/g) £, (T(t,g) X)

exp(ibt/g) £,(T(t,8) X)
(3.7.31)

-exp(-ibt/g) £,(T(t,¢g) X)J

e

X(6,8) = [1,1,1,117, 68 < £t < T , 8 <& << 1

From the structure of the transformations we have

Xz = X'
(3-7.32) r
Xq = X3

and therefore, similarly to the first example, we have replaced
the original four-dimensional real system with a two-dimensional
complex system. Once again, in the spirit of Section 3.4, we

introduce an asymptotic expansion in powers of &:

rx =T+ (W +7%) + o(€)

/-T w— ——
(3.7.33) V' = Va0V, Vg h Vg1 ;
~T e —
W, = Wy, W, Wy W]
T -~ -
N A AR Ay

.
here the fast scale is again (3.7.10). The most interesting

resonances. occur for the case
(3.7.34) a=2b ,

and so we consider the parameter valuations
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(3.7.35) .
b=.5

System (3.7.31) then has the form (3.4.1) with

-

(l) _ . . . 2 .
qr = (i/2) )(_3x‘f exp(ivw) + (i/4) x* exp(2i%)

). QU
9r = 9

gg)= i X, Xq exp(-i%) + i xzxaexp(ir)
+ i X, Xy exp(2i¥%)
(3.7.36) g(;)= g‘;) -
) = (i/4) 2
g -9
G inx
&%

We proceed as in the first example by applying the
balancing arguments of Section 3.4 to equation (3.7.12). The

first and third rows of Ayq are given by the (2 x 4) matrix ,/411.,

where
f ] i Vg
T ] 3
(307.37) Az-'—‘ i .
(i/2) Vé @
"] iv
L AJ

The first and third rows of QI are'given by the (2 x 4) matrix

“4I , Where
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@

r
4] i VBexp(—iT) _1
/] i Véexp(i?)
T + i V. exp(2iw)
B
(3.7.38) .‘4 = .
(i/2) -'v;exp(i‘s‘) i Vyexp(=i¥)
+ i '\&exp(i}')
(1/2) Vgexp(i'®) iV, exp(2i7)
+ (i/2) V%exp(ZiS? |

V is then determined as the solution of

(o \ . 2
‘A (i/4) vy

4 Vg (i/2) VgV,

Vg (9,8) 1 '
= , B < ELT

k V-B(ﬁli:) 1

(3.7.39)

and then, as in (3.7.16), ?} is given explicitly by

¥, (1/2) VyT exp(i¥) + (1/8) Vyexp(2i¥)
(3.7.40) = - .

Y - VaV, exp(-i¥%) + VgV, exp(iYy)

B A +(1/2) U, 7, exp(2i¥)

With the exXception of AIQ; all 0(g) terms of (3.7.12) are either

strictly oscillatory or strictly nonoscillatory. We have:

Yp
Yo (i/4) V,V_V,
A'B B
(3.7.41) 4, = _ _ , 2 '
Yp (i/2) VaVaVy + (9i/8) VBVB
Yg + < oscillatory terms >

and thus the system for ﬁ: is:
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Wa \' (i/2) VgWg

W i \‘r,;wn + 1 v, Wy
(i/4) vV, V,

(3.7.42) + hB Y .

(i/2) V‘,vmvl3 + (9i/8) VBVB ’

Wa(0))  [-¥a(2,0,2)\  [(-5/8)

WB(Q) ‘YB(grgri) . ("1/2)

g < t<T

Once again the full t-dependence of the system can be restored

by (3.7.18). In the original system variables we have:

Re{exp(-i%T ) x,1} l

N
il

T=4t/8

= Im{exp(-i%¥ ) x,}
(3.7.43) ¢ ' |?=¢/s )

s = Re{exp(-i%/2 ) Xgé} '3-_—4-/2
Im{exp(-i3/2 ) X4} I

N N
] [

N
£
[}

T=t/¢

Now we can apply the same approximation techniques to this

system, which is characterized by the energy integral

(a%/2) (z* + zD) + (b*/2) (z + z:) - £z,2°

E(t)

(3.7.44)

The sharing of this energy between the two oscillators is
illustrated in figure <3.7.3>, where we have plotted the leading

order energy functions

T (t) = (a%/2) [22+ z}]

(3.7.45) ) . » .

(b%/2) [2* + z2]

B, (t) ; :

2
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Once again we have linearly interpolated the amplitudes and
phases between the grid pointsQ In table <3.7.2> we compare the
computed grid wvalues with the accepted function values, which
were computed with double-precision accuracy by means of a

fourth-~order Runge-Kutta scheme with a time step

-4
(3.7.46) h= 10 .

The grid error, somewhat larger than in the first example, is
mainly due to the truncation of the asymptotic expansion.
Indeed, decreasing € by a factor of (.l1) caused the grid error

to fall by a factor of (.41).
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<gE*L°€> 2anb137
Boe‘s gB@" h ] 7
L ] 1

pea° 1 )
T

(1)%3

(N'g

HOLJHd 3HIS.
I

at =

[n

aaa" h aaa“ ¢ gaa-a

aga- 9

@dga°8



N Tn E,(T),) Ez(TN) E(Ty) ERR(E,) ERR(E,)

(absolute errors)

2 2.00 B.50000 3.12500 2.61500 3.0E+080 B.0E+080

1 2.19 0.48806 B.12678 7.61507 f.1E-03 g.6E-g4

2 0.20 3.48705 #.13221 @.61505 g.7E~-g4 #.2E-04

3 3.30 3.47304 9.14231 B.61506 g.5E-84 3.6E-85

4 g.40 #.45326 g.15821 #.61512 2.2E-03 g.6E-g4

5 g.50 @.44374 g.184d19 3.61499 g.3E~@5 g.1E-04

6 g.60 #.468577 3.20755 g.61506 g.1E-03 g.6E-04

7 3.70 g.38896 #.23889 #.61505 Jg.1E-903 g.8E-04

8 g.80 7.34183 B.27316 #.61508 @.4E-04 @.3E-04

9 3.99 d.30006 g.31187 3.61548 7.2E~03 @.1E-03

10 1.00 @.26412 #.35566 B.61506 g.5E-04 #.4E-085
11 1.10 0.20223 P.40463 g.61527 g.2E-03 g.4E-04
12 1.20 @.17779 - 0.45441 #.61510 0.2E-03 ¢.1E-83
13 1.30 3.11494 7.49996 g.61542 #.8E-04 g.3E~03
14 1.40 7.08408 ?.53890 #.61492 g.7E-04 g.2E-83
15 1.50 2.04627 #.56935 #.61556 g.7E-85 3.6E-03
16 1.60 2.062329 #.59125 #.61545 #.2E-04 0.4E~-83
17 1.70 2.01678 2.60876 @.61558 g.4E-04 g.6E-03
18 1.80 g.01982 3.59754 0.61676 g.7E-04 @.2E~-82
19 1.99 7.04063 #.58132 @.61612 3.2E-03 #.9E-03
20 2.00 3.06296 #.55485 #.61786 g.3E~-03 g.3E-82
21 2.10 @.11564 #.51750 #.61674 @.5E-83 g.1E-82
22 2.20 7.13904 @.47206 g.61736 0.7E~03 d.2E-02
23 2.30 0.20292 #.42321 #.61813 d.1E~82 @.2E-82
24 2.490 @.23668 3.37477 7.61858 0.2E-02 @.1E-02
25 2.58 7.28856 #.33194 0.62056 g.3E~02 g.3E-82
26 2.60 #.33981 3.29106 3.61974 g.3E-02 g.2E-02
27 2.70 g.36541 @.25374 7.62827 ?.4E-02 0.2E-02
28 2.80 7.41310 8.21964 3.61996 3.4E-02 g.1E-82
29 2.90 7.42624 #.18906 . 0.62033 g.5E-92 #.6E-03
30 3.00 @.45659 3.16642 #.62139 g.5E-02 2.1E-02
31 3.10 0.47430 #.14899 2.62135 @.6E-02 g.7E-083
32 3.20 @.48399 #.13765 3.62199 3.6E-02 @.1E~-02
33 3.30 g.501840 #.12967 #.62149 #.6E-0@2 #.5E-@3
34 3.40 3.49574 @.1253¢0 #.62132 3.6E~02 g.1E-03
35 3.50 #.50259 @.12503 #.62147 g.6E-82  0@.3E-@3
36 3.60 #.49224 #.12839 3.62120 g.6E~-@2 4.2E-03
37 3.70 7.48185 g.13809 3.62199 g.7E-02 0.4E-83
38 3.80 #.47529 #.15256 3.62164 2.7E-02 #.2E-03
39 3.90 #.44656 8.17295 3.62164 g.6E~-@2 0.2E-83
49 4.00 #.43653 #.19768 2.62129 g.6E-02 3.2E-03
41 4.10 #.39495 8.22504 0.62000 3.6E~-02 g.6E-03
42 4.29 §.36364 #.25825 2.62058 ¢g.5E-@2 3.2E-03
43 4.30 .32688 #.29513 2.61984 @g.5E-02 8.2E-03
44 4.49 3.27122 8.34047 7.62085 g.5E-02 g.9E-03
45 4.50 #.24658 #.38921 3.62030 3.4E-02 g.1E-02
46 4.60 #.17959 3.43775 #.61965 @.3E-02 2.8E-083
47 . 4.70 B.14646 7.48428 3.61863 3.2E-02 g.1E-@2
48 4.80 #.99411 0.52366 0.61782 3.2E~-02 g.1E-@2
49 4.90 @.85555 #.56037 0.61892 3.1E-02 ¢.3E-82
50 5.00 @.083574 #.58694 #.61895 3.8E-@3 #.3E~-82

O i i - T D . — T — T o " T - —_ ) W A — — — —— ——— " —— —— — — —— - —— — - s ——" T v W T A = " o
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CHAPTER IV

THE RESOLUTION OF TURNING POINTS

4.1 Solution by Nonuniform Expansion

As previously illustrated, the fundamental difficulty of
the turning point approximation is the transition of frequencies
from the fast scale (¥=t/e), which is treated asymptotically, to
the T=t A8 scale, which is resolved by an O0O(W&' ) time step.

Here we assume that all turning points are of the simplest type.

ASSUMPTION [4.la]

All relevant secondary frequencies are bounded away from zero
except in the neighborhood of a turning point such as s, where

for a vanishing frequency we have:

(4.1.1) N' A(t)/& = a (t-s)/e + O((t-s)®/g) (a#0) .

In the neighborhood of a turning point we must extend the
notion of oscillatory and nonoscillatory to accommodate this

transition; thus, given the parameters {C,K',Kz}, where

g < &K1
(4-102) K' > g 14
K, > 1

2

we classify a secondary frequency (NTJL(t)/&) in the
neighborhood of a turning point by introducing the following

subdivisions:
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oscillatory range:

Ky /& < INTA(E) /8]

nonoscillatory range:

IN"AA(E) /£ | < K /NE'

(4.1.3)
quasi-oscillatory range:
Ky, NE < INT ALY E] < K, /€
II IIT I T
+ 4 t >IN A /E]

In this chapter terms with frequencies in the oscillatory,
nonoscillatory, and quasi-oscillatory ranges are denoted
respectively by the subscripts I, II, and III. The intention
here is to identify the strictly oscillatory terms, discussed in
Chapter III, with the-oscillatory range of frequencies since the
same asymptotic principles are applied to each, and also we
identify the strictly nonoscillatory terms of Chapter III with
the nonoscillatory range of frequencies since these terms are
completely resolved as smooth functions. The quasi-oscillatory
range then gives the transition region between these two ranges.
Since we need only apply our principle locally -- that is, from
grid point to grid point -- we can assume, in correspondence to
the decomposability principle of Chapter 111, that the
classification of relevant frequencies 1is uniform on the

interval of interest.

ASSUMPTION [4.1Db]
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On the interval <9== [T,,Tz] all relevant secondary frequencies
fall wuniformly into the oscillatory, nonoscillatory, and
quasi-oscillatory ranges, where the parameters (4.1.2) have been
specified.

We accordingly reformulate the system (3.1.14):

X' = G(X,t,8)
= gI(Xltls) + g:r(xrtle) + gm_ixrtli) +

(4.1.4) f:(tre) + f:m(tli:) + fm(tri)

X(T, +€) =%, T, <t<T,
where we assume:
(i) §Q is independent of g&;
s (¢) _ .
G4 gpee Jia;p(€) explByy(6)/8] Pyy(X);
(110)  agx,e,ef = Z8 (0 exp(B (00 /e] By (0
: (c) _ = = .
(iv) SmX /€807 = %‘,fu(t) exp[By - (£)/e] B, ;(X);
(v) fr(t,e)e? = Zle gy (8) explG, (t) /el
(vi) fI(t,z)U-) = %E‘.J.(t) explG,,; (t) /gl

. s 1 a2

(vii)  fg(t,e)% = ZE;; (1) exp(§; (61 /51

(viii) All t-dependent functions are in C°°(t); all ¥X-dependent
functions are polynomials in the components of X;

(ix) Assumptions [4.1a] and [4.1Db] hold; terms with
frequencies 1in the oscillatory, nonoscillatory, and
quasi-oscillatory ranges are respectively given by the

 subscripts I, II, and III.

The extra smoothness conditions are for convenience since more
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integrations are needed to resolve the effects of the
oscillations in the quasi-oscillatory range. We also insist
that -the system (4.1.4) satisfy the appropriate modification of

" Assumption [3.3a]:

ASSUMPTION [4.1c]

In correspondence to the system (4.1.4), the reduced system

V' o= g(V,t,8) + £ (t,2)

(4.1.5)

>

V(T,,8) =% , T, <t<T,

is well-posed and has a bounded solution in,C“%t).

In Chapter III we introduced the linear operator (3.1.21),
which essentially returned the result of one integration by
parts of the indefinite integral of a rapidly osciilating
function. In the neighborhood of a turning point the technique
of integration by parts is still effective, but it is convenient
to carry out the integration completely because the simple order
relation (3.1.22) degenerates as the turning point is
approached, and weak singularities appear in the expansion

coefficients. For example we consider

.

fa(t) explit*/28] 4t
of
(4.1.6) | : .

&K, <a <f <K

-

Integration by parts yields:
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$ .

jexp[itz/zz] a(t) dt

-4 ™m
(4.1.7) ='f| exp[it*/28]( Za‘bk(t)/tz“")
=t
+ Rm(d'é) ’
where
£
Rd/f) = g Jexp(it‘/ze) B (£) /" dt
(4.1.8) 4 .

Lot - -]
{bK(t)rbm(t)}C C (t)
From (4.1.8) we conclude:

g“ﬁl exp (it* /g) b, (t) /5% o/
(4.1.9) @ '

IR« < €7 M jl/t"" dt = oWE/xk3™")
)

where, by our smoothness assumption and (4.1.2), we can choose m
so large that the error term is insignificant. Accordingly we
define a 1linear operator which carries out this integration

procedure on functions with quasi-oscillatory frequencies:

A
B fd = by
(4.1.19) ’
Why' = £

although in practice the approximation is made only to within
O(1;/K:m"). In like manner the antiderivative of a term with

an oscillatory frequency is given by
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A
L} = h
(4.1.11) < .
S
-

And again in practice one only carries out this procedure to
within a certain accuracy.

Analagously to (3.3.4) we say that X is an swV?-approximate

solution of (4.1.4) if

T = ZU0up(tre) + W, (t,8) + ¥ (t,8) ) g®
B

f“’_

(4.1.12) M(X) = ¢g(X,t,8) - X'=0(e
T =%, + o)

where the frequencies of w,%_, YK/:.’ and Qk/zare respectively
nonoscillatory, oscillatory, and quasi-oscillatory. Each of
vthese functions is bounded, but, because of the ndnuniformity of
the expansion, some may be O(f&'). The basic theory developed in
Chapter III now can be extended. We pfesent the appropriate

analogues of Theorems [3.2.1], [3.3.1], [3.3.2], and [3.3.3].

THEOREM [4.1.1]

If Assumptions [4.la] and [4.1b] are valid for the linear system

Y' = [Ap+ Ap+ AplY + £o + £+ £
(4.1.13) ,

2\
Y(T,e) =Y, T, < t<T,

' then we have:
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max |y - ¥ = o(g*)
(4.1.14) { , -
max |Y' - ¥'| = o(e*)
&
.
where

~ vy I
Y= v+ ed(agv+ £2) + @BAY + £
(4.1.15) V' = A-::V"'ﬁ':

vm) = T

PROOF

After the change of variables
Z(t,8) = X(t,g) - V(v),
the equations for Z(t,&) are

{7+ = [A:+ Ap+ ALlZ + (£ + ALV) + (& + ApV)

z(T,,&) = @, T, <t<T,

The equations for

~ & Pl
7 =2 - ¢L{f, + AV}~ EBlf_+ AV}

have the form
Z' = [A_+ A+ A]Z + ®h(t,g)

~ =~
Z(T,8) = RZ,, T, < t<T,

and so by Lemma [3.2.2] we have:
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m Zl = 0O ﬁ
ax |z] (€%)

max |Z'| = 0(2*-')
z

THEOREM [4.1.1]

Let m be a nonnegative integer. If X is an Em,z—approximate

solution of the system (4.4.1), then
~ mt
(4.1.16) max 1X(t,8) - X(t£,®] = 0(g %= ).

Moreover, the existence of an Ca—approximate solution is

guaranteed.

PROQOF
The proof of this theorem 1is very similar to the proof of

Theorem [3.3.2]; that is, by a Picard iteration one can show

that if
mtl
M(Z) = O(E % )
,
Z(T, ,€) =§<\°L+ o
then

Ml
max |2 - X| = 0(& #* ),
E
where X 1is the solution of (4.1.4). Using Assumption [4.1c],
one can demonstrate the existence of an £°%-approximate solution

~in the manner of Theorem [3.3.1].

——— e — ———. o> ‘-
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THEOREM [4.1.3]

m
Let X be an Cir—approximate solution of the system (4.1.4), and

assume that Assumptions [4.la] and [4.1b] can be applied to the
m ) ~

O(€£ = ) terms of @4 M(X) to give:

~ bl m-
(4.1.17) MX) = & % [fx+ £+ £ + O 25
Then we have an ¢ % -approximate solution of (4.1.4):

mit

(4.1.18) X = X + £*R.

Here R(t,€) is determined by

R=7V + zb/e\{f1+ ALV} +\fi’§{fm+ AV}
(4.1.19) T o= AV + £ '

Tty = & - XtThe))

where

g

(4.1.20)

>

m= G lXeti 8l

Here V(t) is the approximation guaranteed by Assumption [4.lc].
PROOF

The proof of this theorem 1is very similar to the proof of
Theorem [3.3.3], where the decomposability principle replaces

Assumption [4.1b].

As in Chapter III one also can develop a formal expansion

theory based of the Taylor expansions of polynomials. Here,
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however, there are three time scales to consider.

In practice one must solve the equations for the
nonoscillatory behavior approximatively by standard numerical
techniques, and so the step size control is crucial for any
implementation. As illustrated by (4.1.7), the integration
procedure leads to the introduction of mild singularitieswhich
must be resolved as smooth functions when they arise 1in the
differential equations for the nonoscillatory terms. Adain it is
sufficient to <consider the case of a turning point at t=0; by
the analysis of (4.1.7), the induced singularities must be of

the form

aK- t/tz K=1!

(4.1.21) .
Ko {8 < It] < K,

Using the stretching factor
(4.1.22) S(t) = [it/&l/ (K, /g) = |tI/K},

we locally can change the independent variable by

£ = %1 + ms)
(4.1.23) M= £/ (1t*IK,)
t = E* at s=g

to give

(€7 Rkl 10 4 wepRl

K~4 o
(4.1.24) E£5Z /2K

and for
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(4.1.25) K, = 1

the expression (4.1.24) 1is a smooth function of s in a

neighborhood of
(4.1.26) s = 0.
Thus for a given secondary frequency

(4.1.27) , Ne A\(t) /e

in the quasi-oscillatory rahge, we define the stretching factor

S‘(t) by

| (N, A(t)/€)/ (K, /2) |
(4.1.28) .

i, |
INg A(t) /K,

5 (B)

As the frequency passes through the quasi-oscillatory range, we

have

Se(t) =1 for INJA(t)/gl = K, /&
(4.1.29) ' .
S .(8) = (K, /R NE  as ING A (t)/e| >R AT

If more than one quasi-oscillatory frequencies are present, we

define the uniform stretching factor by

(4.1.38) S(t) = min [S. (t) ],
K K

where the minimization is taken over all relevant
quasi-oscillatory frequencies.

If the step size
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(4.1.31) h = h S(t)

is wused, the induced singularities are resolved adequately by
the analysis of (4.1.24); moreover, as secondary frequencies
paés from the oscillatory range through the quasi-oscillatory
range the step size is reduced to O(WEh).. Since frequencies in
the nonoscillatory range must be resolved by an O(Wgh) time
step, the resolution can be made without an unduly abrupt
adjustment in the mesh width. The appropriate step size for the
problem then depends primarily on the smallest quasi-oscillatory

frequency and the largest nonoscillatory frequency.
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4.2 The Cost of Resolution / Turning Points of Higher Order

The cost of resolution can be measured by the number of
points used. Consider a term with a secondary frequency

satisfying Assumption (4.la) at the turning point t=g:

NT_A(t)/e = iat/k + 0(t%/g)
(4.2.1) | .
. a€ R\{0}

If we 1ignore the O(t* /g ) correction, the regions for the

frequencies are:

oscillatory: R,/lal < |tl
(4.2.2) quasi-oscillatory: K, Ky /lal < [t] < K, /lal .
nonoscillatory: ltl < K, K& /lal

If we assume that all other components of the system are smooth
functions of t and that h is the step size required to resolve
these functions, then 0(1/h) points will be needed <£for the
oscillatory range.  For the quasi-oscillatory range the local

density of points is

(4.2.3) 1/(hs(t)),

where the stretching factor S(t) is given by
(4.2.4) s(t) = latl|/K, -

Thus, the number of points required is
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¢

2 gK,/(hlalt) dt =.0(llog(e)|/h)
[\
(4.2.5) .

(& =K /lal , § = KK, {E/Ial )

For the nonoscillatory region the local density of points is

0(1/eh)), and so the number of points needed is

(4.2.6) 0(1/({€h)) o(¥&") = 0(1l/h).

Therefore, the "+ cost of resolution is:

(4.2.7) O(llog(g)l/h)

The restriction on the order of the turning point is
superfluous. For example, 1let a secondary frequency with

turning point t=@ be given by

NT A(t) /e = iat ™ /((p+l)e)
(4.2.8) .
a € R\{ﬂ}l P e N\{ﬂll}

One could develop a theory based on an expansion in powers of
(53%7 ) as we did for the restricted case p=l. In  practice
though one would 1like to compute with a consistent method for
all turning points, and so we apply the technique of Section

4.1 to (4.2.8). The stretching factor is then
(4.2.9) Cos(t) = la £t /k,

and the frequency ranges are:
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i
oscillatory: - (R /lah)yP <t

| o b o *
(4.2.10) { quasi-oscillatory: (K‘Ke/lal) S < |t] < (Kl/lal) .

IS
nonoscillatory: lt] < (K, K,/lal)? ¢ ?F

Clearly the order relations given by the asymptotic
expansion are still valid, and algo one can show that the
stretching factor (4.2.9) 1is sufficient for the resolution of
the weak singularities induced by the techniqué of integration
by parts. However, the <cost of resolution must be derived
again. As in the case of the turning point of lowest order,
0(1/h) points are required for the oscillatory range. For the

quasi-oscillatory range the density of points is
(4.2.11) 1/1hS(t)] = K, /(hla t7 1),

and therefore the number of points required is

8
P = ¢ P-i
2 K,/(ht lal) dt = 2 K;/(h(1l-p)lal) “Il/t
of -
(4.2.12) = O a"ﬁ;/h) .

oL

d.
(o= (x/1ahT , f= (x,k,/1aPe™)

For the resolution of the nonoscillatory range an O(h 84%) time
. -

step 1is possible, but if an 0O(h &%) time step is used the

number of points required is

-

‘-—
(4.2.13) 0( 22P) O(l/(th"-)) = 0(€e =F /h).

The cost of resolution for a turning point of higher order Iis

then
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(4.2.14) o(1/(hef)).

‘Thus, the penalty for using our procedure to resolve turning

points of higher order is not a loss of accuracy but rather a

modest increase in the number of points required.
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4.3 A Computational Example
In this section we describe a possible implementation of

the turning point procedure. We consider the system

y' = exp(it®/2g) y*
(4.3.1) ,
which-one might have derived from the system
z' = (it/g)z + z*
(4.3.2)

z(~2)=exp(2i/g), -2<t<2, &=.01

after the usual <change of variables. We propose to solve
equation (4.3.1) to within three or four digits of accuracy.

The fundamental frequency of the system is given by

(4.3.3) {it/e} .

For the stiffness parameters (4.1.2) we choose:

K, = 1.9
(4.304) ’
K, = 5.0

and thus, by (4.1.3), the ranges for the fundamental frequency

are:

(a) I  oscillatory range: 1.0 < |t|
(4.3.5) (b) II nonoscillatory range: |t]| < @8.5 .

(¢) III quasi-oscillatory range: 9.5 < |Jt| < 1.0
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When (it/g€) is in the nonoscillatory range, all components
of the system are resolved as smooth functions, and no
asymptotic analysis is needed. When the fundamental frequency
is in the oscillatory or quasi-oscillatory range, then our
asymptotic techniques introduce other relevant secondary

frequencies of the form:
(4-306) 211:/8, 3it/8' o e e r

but by our parameter valuations these must be in the oscillatory
range.
In a given subinterval where the classification is uniform,

the problem is of the form

y' = exp(it*/28) y?
(4.3.7) .

y(E)=y, r  E <<t
By the analysis of Chapter III we have for the case (4.3.5a):

Yy~ Yo+ & (-ivy:‘/t exp(it?/2¢g) + w,) + 0(¢tY)
(4.3.8) , '

w = iy, /t exp(it®/2¢) I-&-'z':

S
and in the case (4.3.5b) all coefficients are resolved as smooth
functions. For (4.3.5c), however, the analysis 1is more
complicated. As in (4.3.8) we determine the expansion to within
an error of 0(g% ), and also 'we need only calculate the
integration operators ((4.1.1@)—(4.1.11)) to within the same

.
accuracy; thus, we ignore terms of the size 0(g%), O(EAVKfB, or
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3
0(& /K;).
The simplest way to generate the asymptotic expansion is to

introduce the time scales

™= t/e"*
(4.3.9) T=t/¢g
- 2 1 2 2
d/dt = & + F2 + 517&571"

and the formal expansion

K/z
~ X, &
Y %; K/
XKI?.= WK/z (t,e) + Y"h_(?'z) + QK/?. (T €)
(4.3.10) Y (718) = Ty, (t/8,8) = ¥y, (£,9) .

Qpp (Tr8) =T\, (t/€ 48) = Qp, (t,0)

K/2.
Yo(tla) z 0, Qo(trf)

ﬂ, Yq/z(tle) = @

Then when the O(Ekk-) terms are to be balanced, we have on the

left-hand side

(4.3.11)  d/dt W, (t,8) + d/dy ?'%z (5i2) + /3% 0, (Tr0)

and the right-hand side will depend on

~moreover, the dependence on the (j=k)-values will be linear for
k>1. After the right-hand side 1is decomposed according to
Assumption [4.1b], the t-dependence is restored in the left-hand
side. The terms corresponding to each frequency range are then

matched to guarantee the balance on this level. We have:
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o 2 .
f}a) € W, + Q”‘r + Y'T = (Xo) exp(it%*/2¢)
4 (b) g'k: Wi, + Q. * Yau = 2X.Xy, exp(it? /28)
() & + Wiy + Qpp  + Yoo = (X + 2X,X,) exp(it®/2¢)
L('d) PARE w,ﬁf t 0 f ¥ T (2% X+ 2K, X)) exp(it®/2¢)

By following the procedure outlined above we have from (4.3.13a):

f
Wy, = 0 ,
{ - Wy = W= ¥,
W,(8,8) = v,
£y, =0 =  v,-=%{0} =0
(4.3.14) { %0, = W} exp(it®/2¢) .
.é .
Qy, = Biwx exp(it?/2g)}
— = q,, exp(it*/2¢)
[ dyp, (Er8) = W) [ef7ic - %1 + 0(1/K%)
From (4.3.13b) we have:
Wy = 0
"
Tt =7 wl/?_ = wlh_= _Qllz(gli)
W”z(@’i):-Q 'Iz(g'i)
iY.,,'__e = 2W, Qy, exp(it*/¥)
Yo = L12%, q, exp(it*/g)}
(4.3.15) = = (-w2) [ + 2% /it"] exp(it?/g)
+ 0(1/K3) .

SJiQ = 2w, w, exp(it*/2%)
,'é - o iy p

Bl2w,w,, exp(it®/22)}

"

Q,
= q, exp(it*/2€)
k q, 2 wow,, (£7/it) + 0(1/K})

"

From (4.3.13c) we have:
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((w,, =0

)
* =2 W, =w = -0,(0,8)
W(0,e) = -Q,(8,¢)
(4.3.16)ﬁ g"‘g%: exp(it?/2g) [we + 2w, w,] .

Q‘-!h.:a{[w‘z- + 2w,w, ] exp(it*/2g)}
=%? = dj exp(it?/2¢)
G = [ + 20w, 1 €7it) + o(1/k})

And from (4.3.13d) we have:

Wy, = 0
(4.3.17) { | W, (8,8) = Qg (0,8) = Y5, (8,2) .

For (4.3.5a) and (4.3.5b) all smooth components are
constants, and so we do not really require any points; however,
we mark grid points as might be required for the resolution‘of a
smooth funcion. For the cases (4.3.5a) and (4.3.5c) we

respectively use the step sizes

(4.3.18) h = .1
and
(4.3.19) h = .05 .

Thus, if a fourth-order Runge-Kutta scheme were used to
resolve smooth <components in (4.3.5%a), the error would be
comparable to the truncation error from the asymptotic
expansion.  For _(4.3,5c) we have from (4.1.28) the stretching

factor
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s(t) = |t|
(4.3.20) .

.5 < S(t) < 1.9

In practice one might adopt a strategy which leads to adjusting
the mesh only by a factor of (1/2) or (2); thus, the step size
(4.3.19) is reasonable.

For (4.3.5b) we fully resolve the <coefficients of the
equation by means of a fourth-order Runge-Kutta solver with a
time step sufficient so that the the estimated local truncation

error is bounded above by

-3
(4.3.21) 16" h ,

and so the global error is bounded by

-3

(4.3.22) (163 h) oq&/h) = 16° oWE') .

Thus, depending on how well or how poorly the bound (4.3.21) is
achieved, we accordingly adjust the step size by a factor of
(1/2) or (2). One can estimate the local truncation error by
comparing the results of two increments with the results of one
double-increment over the same interval (see Lambert [20], p.
139) .

All calculations were done with single~-precision accuracy

on a VAX11/78G computer. Plots of
(4.3.23) : u = Re{y} - .8

and
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(4.3.24) v = Im{y}

illustrate the passage through resonance in figure <4.3.1>,
where we have linearly interpolated the amplitudes and phases
between grid points. 1In table <4.3.1> we compare the computed
grid values with the accepted function wvalues, which were
computed with double-precision accuracy by means of a

fourth-order Runge-~Kutta scheme with a time step

-7
(403025) h = 19 .
In the table we list
(4.3.26) ERR(t) = max [Re{y-¥},Im{y-9}] .,

where y(t) and T(t) are respectively the computed and the

accepted function values.
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:RANGE h N Tn Re{y(Tn)} Im{y(Ty)} ERR(Ty)
| I 9.100 ] -2.0000 1.00000 0.00000 9.0E+00
| I 2.109 1 -1.9000 1.00084 -0.08318 g.2E-04
|- I @.140 2 -1.8000 1.00197 -3.00129 0.9E-05
| I 0.100 3 -1.7009 .99571 0.00345 ?.2E-04
| I 0.100 4 -1.6000 2.99113 -3.00677 0.1E-03
| I 9.100 5 -1.5000 9.99938 g.00308 -@.1E-04
| I 0.100 6 -1.40090 0.99973 -9.00829 9.1E-93
| I 0.100 7 -1.30009 2.99319 -0.080973 g.2E-03
| I 0.100 8 -1.2000 .99352 -3.018590 g.2E-03
| I 0.100 9 -1.1000 1.00222 -3.00871 9.1E-03
| I 9.100 190 -1.0600 2.99826 0.00721 §.4E-04
| IITI @.9450 11 -3.9500 ?.98625 2.00294 9.4E-04
| III @.058 12 ~-0.9000 2.99165 -9.01260 0.4E-04
| ITI ©9.950 13 -0.8500 1.90740 ~-0.00262 g.5E-04
| III 9.050 14 -0.8000 ?.98892 0.08797 g.5E-04
| ITIT @.0850 15 -3.7500 #.99317 ~3.01534 g.5E-04
| IITI @.050 16 -2.7009 1.00429 0.00904 g.6E-04
| III @¢.858 17 -0.6500 9.98374 -9.01168 g.7E-04
| III @.050 18 -7.6000 1.008490 g.00842 g.7E-04
| IITI ¢.859 19 -3.5500 2.98498 -0.01673 0.1E-93
| IIT 0.850 20 -0.5000 2.99741 0.01743 9.1E-03
| II @.025 21 ~-3.4750 1.01621 .00280 9.1E-03
| II @.925 22 -0.4500 1.00870 -2.02025 9.1E-23
| II @.825 23 -3.4250 9.98518 -3.02272 9.1E-93
| II @.825 24 -0.4000 9.97171 -0.90420 0.1E-03
| II @.825 25 -0.3750 2.97913 g.01744 9.1E-03
| II @.825 26 -0.3500 1.80153 2.02518 g.1E-03
| II @.0625 27 -0.3250 1.082276 9.01222 g.1E-03
| II -@.825 28 -3.3000 1.02715 -3.01301 @.1E-03
| II @.825 29 -3.2750 1.01229 -0.083369 2.1E-03
| II @.0825 30 -0.2500 2.98836 -3.83937 9.1E-03
| II g.825 31 -0.2250 2.96656 -70.03041 P.1E-03
| II @.0625 32 -9.2099 9.95287 -0.01222 2.1E-03
| II @.925 33 -2.17589 0.94870 3.20979 9.1E-903
| II -9.825 34 -0.1500 2.95326 0.93179 9.1E-83
| II @.825 35 -3.1250 0.96497 2.05150 P.1lE-03
| II ©@.0625 36 -3.1000 ?.98220 0.06779 9.1E-03
| II @.050 37 -0.9500 1.082771 2.088963 g.1E-03
| II @.450 38. 0.0000 1.08236 2.10200 9.1E-03

- ———— . ————— > — - — A " —— T W Y T SV T P . — — — " —" " — ——— — "
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|IRANGE h N Ty Re{y(Ty)} Im{y(Ty)}  ERR(Ty)
II 0.858 39 0.0500 1.14302 0.11667 g.1E-03
II 0.050 40 0.1000 1.20317 8.15097 g.1E-83
II 9.050 41 0.1500 1.23784 9.21743 §.1E-03
II 0.050 42 0.2000 1.20994 g.28779 g.1E-03
II @9.025 43 8.2250 1.17553 §.30218 g.1E-03
II 0.025 44 0.2500 1.14090 #.29565 0.1E-03
II 0.025 45 3.2750 1.11767 #.27181 g.1E-03
IT 9.025 46 0.3000 1.11363 0.24000 g.1E-03
IT 0.025 47 0.3250 °  1.13092 §.21313 g.1E-03
II $.025 48 0.3500 1.16308 0.20580 g.1E-03
IT 0.925 49 0.3750 1.19055 0.22681 g.1E-03
II §.825 50 0.4000 1.18836 9.26220 g.1E-03
II 9.025 51 0.4250 1.15735 8.27764 9.1E-03
II 0.025 52 9.4500 1.13042 0.25888 9.1E-03
II (.025 53 g.4750 1.13437 8.22740 8.1E-03
II 0.0825 54 0.5000 1.16518 9.21792 0.1E-83
III 0.050 55 9.5500 1.16186 0.26997 9.2E-03
III 0.050 56 0.6000 1.14675 0.22434 0.2E-03
III ©6.950 57 0.6500 1.16692 0.26425 0.1E-03
III 0.050 58 0.7000 1.15234 #.22559 g.2E~-03
III 0.850 59 2.7500 1.15238 P.26273 .2E-03
III 0.950 60 3.8000 1.17186 §.23485 §.2E-03
III 0.850 61 0.8500 1.14233 ?.23848 0.1E-03
III 0.050 62 7.9000 1.15608 7.26028 g.1E-03
III 0.950 63 2.9500 1.17215 @.24437 g.1E-03
ITI ©.050 64 1.0000 1.15987 9.23093 g.2E-03
I 0.180 65 1.1000 1.14544 §.24934 9.5E-03

I 0.100 66 1.2000 1.15570 0.25631 g.3E-03

I 0.100 67 1.3000 1.15654 g.25550 g.3E-93

I ©0.100 68 1.4000 1.14887 0.25014 9.4E-03

I 9.160 69 1.5000 1.15540 5.23566 g.2E-03

I 0.100 70 1.6000 1.16079 8.25278 g.2E-03

I 0.100 71 1.7000 1.16034 §.23715 §.2E-03

I 0.100 72 1.8000 1.15089 0.24039 g.3E-03

I 0.108 73 1.9000 1.15017 0.24295 9.3E-03

I 9.108 74 2.0000 1.15296 .23930 8.2E-03

. — - — " T —— - ———— - —— T " — — A —— — o - — U — — —— — — A A — . —— ——— N — — — -
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