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Abstract

The AdS/CFT correspondence provides a rich testing ground for many important
topics in theoretical physics. The earliest and most striking example of the corre-
spondence is the conjectured duality between the energy spectrum of type IIB su-
perstring theory on AdSs x S° and the operator anomalous dimensions of N' = 4
supersymmetric Yang-Mills theory in four dimensions. While there is a substantial
amount of evidence in support of this conjecture, direct tests have been elusive. The
difficulty of quantizing superstring theory in a curved Ramond-Ramond background
is compounded by the problem of computing anomalous dimensions for non-BPS op-
erators in the strongly coupled regime of the gauge theory. The former problem can
be circumvented to some extent by taking a Penrose limit of AdS5 x S®, reducing the
background to that of a pp-wave (where the string theory is soluble). A correspond-
ing limit of the gauge theory was discovered by Berenstein, Maldacena and Nastase,
who obtained successful agreement between a class of operator dimensions in this
limit and corresponding string energies in the Penrose limit. In this dissertation we
present a body of work based largely on the introduction of worldsheet interaction
corrections to the free pp-wave string theory by lifting the Penrose limit of AdSs x S°.
This provides a new class of rigorous tests of AdS/CFT that probe a truly quantum
realm of the string theory. By studying the correspondence in greater detail, we stand
to learn not only about how the duality is realized on a more microscopic level, but
how Yang-Mills theories behave at strong coupling. The methods presented here will

hopefully contribute to the realization of these important goals.
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Introduction and overview

Since conservation laws arise from symmetries of the Lagrangian [1], an efficient way
to characterize physical systems is to describe the mathematical symmetries under
which they are invariant. From a certain perspective, the symmetries themselves may
be viewed as paramount: a complete description of fundamental physics will likely
be founded on an account of which symmetries are allowed by nature, under what
circumstances these symmetries are realized and how and when these symmetries are
broken. At the energies probed by current experiments, nature is described at the
microscopic level by a quantum field theory with certain gauge symmetries. This
framework is remarkably successful at describing particle spectra and interactions,
but there are many convincing indications that this picture breaks down near the

Planck scale, where gravitational effects become important.

To incorporate gravity in a way that is consistent at the quantum level, one
must make a dramatic departure from the point-particle quantum field theory upon
which the Standard Model is based. Only by replacing the fundamental point-particle
constituents of the theory with one-dimensional extended objects (strings) is one
afforded the freedom necessary to accommodate gravity [2,13]. The physical theory
of these objects, or string theory, is not only able to provide a consistent theory of
quantum gravity, but also has a rich enough structure to give rise to the types of
gauge symmetries observed in nature (and is free of quantum anomalies) [2-7]. One
fascinating aspect of string theory, however, is that quantum consistency demands
that the theory occupies ten spacetime dimensions (M-theory is eleven dimensional).

Since we observe only four spacetime dimensions in the universe, theorists are charged

1



2 INTRODUCTION AND OVERVIEW

with the task of understanding the role of the six ‘extra’ spatial dimensions that are
predicted by string theory. At first glance, the idea that six spatial dimensions exist
in the universe but are somehow hidden seems fanciful. Stated concisely, a strong
hope among theorists is that the extra dimensions in string theory will provide a

mechanism through which the gauge symmetries in nature are realized naturally.

In the course of trying to describe the known symmetries of the vacuum, the study
of string theory has led to the discovery of a dramatically new class of fundamental
symmetries known as dualities. These symmetries stand apart from more traditional
examples in that they connect physical theories that, at least superficially, appear
to be entirely distinct in their formulation. This notion of duality, or the underlying
equivalence of two seemingly disparate physical systems, has emerged as a powerful
tool in recent decades. The usefulness of duality derives in part from the fact that dual
descriptions are typically complementary, insofar as information that is inaccessible in
one physical theory may often be extracted from a straightforward calculation in the
theory’s dual description. This is often realized in the form of a strong/weak duality,
whereby a small parameter useful for perturbation theory on one side is mapped to a
large parameter on the other. Information provided by a perturbative expansion in
one theory therefore equates to knowledge about nonperturbative physics in the dual

theory (and vice versa).

In this work we will primarily be concerned with dualities that arise holographi-
cally, meaning that information (or degrees of freedom) existing in one theory with
a given number of spacetime dimensions can be encoded in some dual theory with
fewer spatial dimensions. This is of course analogous to an actual hologram, wherein
information about the shape of an object in three spatial dimensions can be encoded
on a two-dimensional film: in addition to recording the location in two dimensions
of laser light incident on its surface, a hologram records the polarization of this light
as it is reflected off of the object. A major theme in holographic dualities is that the
importance of the spatial dimensions in which a theory is defined is often secondary

to a proper accounting of the degrees of freedom accessible to the theory. This leads
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us to how holography was initially recognized as an important concept in theoretical

physics: the black-hole entropy problem.

0.1 The holographic entropy bound

As described above, the degrees of freedom in the universe appear to be described
by quantum fields living in a four-dimensional spacetime, at least down to the scales
accessible to current accelerator experiments. The belief among theorists is that this
description holds all the way down to the Planck scale, lpjanec. The implication is
that, with lpjanec serving as an ultraviolet cutoff, the degrees of freedom available
to the vacuum can be roughly described by a three-dimensional lattice theory with
internal lattice spacing equal to lpjanac. With one binary degree of freedom per Planck
volume, the maximum entropy of a system enclosed in a volume V' should scale in
direct proportion to V' [8H10].

The limitations of this simple picture can be seen by considering a thermodynamic
system in which gravitational effects are important: namely, a black hole. The entropy

of an isolated black hole is given by the Bekenstein-Hawking formula [11}/12]:

A
Son = 15 - (0.1.1)

The most striking aspect of this formula is that Sy scales linearly with the area
A of the event horizon. A simple thought experiment, following Bekenstein [12-14],
leads to an interesting problem. Imagine some volume V of space that contains
a thermodynamic system with entropy S > Sgg. If the entropy of the system is
bounded by its volume, then this is a reasonable proposal. The mass of the system
must be no greater than the mass of a black hole whose horizon is the boundary of V,
otherwise the system would be larger than V. Now, if a thin shell of mass collapses
into the system and forms a black hole whose horizon is precisely defined by V', the

entropy of the new system is given by the Bekenstein-Hawking formula: this process



4 INTRODUCTION AND OVERVIEW

violates the second law of thermodynamics.

A striking solution to this problem, proposed by 't Hooft [15], is that nature obeys
a holographic entropy bound, which states that the degrees of freedom available to a
physical system occupying a volume V' can be mapped to some physical theory defined
to exist strictly on the boundary OV (see also [8,(9,/16,(17]). The maximum entropy
of a system is thus limited by the number of degrees of freedom that can be mapped
from the interior of the system to its boundary. The most striking aspect of this
claim is that, while both theories must give rise to equivalent physical predictions,
the ‘dual’ theory defined on the boundary necessarily exists in a fewer number of

spatial dimensions than the original theory living in the bulk.

0.2 Holography and string theory

The holographic principal is deeply enmeshed in the intricate relationship between
string theory and point-particle gauge theory. As a toy example, consider the anal-
ogy between the classical statistical mechanics of a D dimensional system and the
quantum dynamics of a D — 1 dimensional system. (This analogy was alluded to
extensively by Polyakov in [18].) The statement for D = 1 is that the quantum tran-
sition amplitude for a point particle over some time interval 7' can be interpreted as
the classical partition function of a string whose length is determined by 7. Although
not strictly holographic, this example captures several themes that are ubiquitous in
gauge/string-theory dualities.

We should first take note of the types of gauge theories that will be of interest
to us. The theory of the strong nuclear force, or quantum chromodynamics (QCD),
is an SU(3) gauge theory: it is a non-Abelian Yang-Mills theory with three colors
(N. = 3). QCD is known to be asymptotically free, meaning that the theory is
free at high energies. At very low energies one enters a regime where perturbation
theory is no longer useful, and with no further advancements (such as a dual string

formulation) the only hope is that lattice computations will one day be able to probe
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these regions of the theory in detail. In 1974 ’t Hooft suggested that a more general
SU(N,) Yang-Mills theory would simplify when the rank of the gauge group (or the
number of colors) N, becomes large [19]. Such a simplification is intriguing, because
if the theory is solved in the large N, limit, one could study a perturbative expansion
with coupling 1/N, = 1/3 and perhaps learn about the non-perturbative regime of
QCD. In the course of these studies 't Hooft noticed that when 1/, is interpreted as
a coupling strength, the resulting Feynman graph expansion is topologically identical
to the worldsheet genus expansion of a generic interacting string theory. This was one
of the early indications that Yang-Mills theory could be realized, in certain respects,

as a theory of string.

In 1997 Maldacena fused 't Hooft’s holographic principle and the 1/N, expan-
sion in a dramatic new proposal [20]. It was known that one can construct a four-
dimensional maximally supersymmetric (N = 4) SU(NN,) gauge theory by stacking NN,
coincident D3-branes and allowing open strings to stretch between pairs of branes [21].
The ’t Hooft limit becomes accessible in this setting by taking the number of branes
to be large. Since the D-branes are massive, however, a large number of them warp
the ten-dimensional background geometry and a horizon is formed. The geometry in
the near-horizon limit can be computed to be the product space of a five-dimensional
anti-de-Sitter manifold and a five-dimensional sphere, or AdSs x S°. Furthermore, the
branes are sources for closed string states, and the physics in the region just exterior
to the branes is described by type IIB closed superstring theory in an AdSs x S°
background geometry. According to holography, the theory on the horizon should
correspond to the physics inside the horizon. Maldacena was thereby led to conclude
that type IIB superstring theory on AdS5 x S® is equivalent to N' = 4 supersym-
metric Yang-Mills theory with SU(N,) gauge group in four spacetime dimensions!
The conjectured equivalence of these two theories is a holographic duality. The re-
lationship turns out to be dual in the more traditional sense, insofar as the coupling
strengths that govern perturbative expansions in each theory are inversely propor-

tional: perturbative physics in one theory corresponds to a non-perturbative regime
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in the dual theory. The power afforded by a conjectured duality, however, is some-
times tempered by the inability to directly verify the proposal. Generically, a direct
verification would require specific knowledge of non-perturbative physics on at least

one side of the duality.

0.3 The Penrose limit

It should be noted that there is a substantial body of evidence that stands in support
of Maldacena’s conjecture. Most notably, the string and gauge theories are both in-
variant under the same superconformal symmetry group: PSU(2,2[4). Apart from
the satisfaction of achieving a proof of the conjecture, an exploration of the under-
lying details would be useful in its own right; a more detailed understanding of how
the AdS/CFT correspondence is realized on the microscopic level would be extremely
valuable. The primary obstructions to such a program have been the difficulty of com-
puting the dimensions of non-BPS operators in the strong-coupling limit of the gauge
theory, and the unsolved problem of string quantization in the presence of a curved,
Ramond-Ramond (RR) background geometry. In February of 2002, Berenstein, Mal-
dacena and Nastase (BMN) found a specific set of limits where these problems can,
to some extent, be circumvented [22]. In this section we will briefly review how this is
achieved, paying particular attention to the string side of the duality (relevant details

of the gauge theory will be covered in Chapter .

In convenient global coordinates, the AdS5 x S® metric can be written in the form

ds* = §2(—Cosh2p dt* 4 dp* + sinh®p dQ2 + cos?0 d¢* + df* + sin®0 dﬁ%) :

(0.3.1)

where R denotes the radius of both the sphere and the AdS space. (The hat is
introduced because we reserve the symbol R for R-charge in the gauge theory.) The

coordinate ¢ is periodic with period 27 and, strictly speaking, the time coordinate
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t exhibits the same periodicity. In order to accommodate string dynamics, it is
necessary to pass to the covering space in which time is not taken to be periodic.
This geometry is accompanied by an RR field with N, units of flux on the S5. It is
a consistent, maximally supersymmetric type IIB superstring background provided

that
R = g,N.(o/)? (0.3.2)

where g; is the string coupling. Explicitly, the AdS/CFT correspondence asserts that
this string theory is equivalent to N/ = 4 super Yang—Mills theory in four dimensions
with an SU(N,) gauge group and coupling constant ¢g&,, = g,. To simplify both
sides of the correspondence, we study the duality in the simultaneous limits g, — 0
(the classical limit of the string theory) and N. — oo (the planar diagram limit of
the gauge theory) with the 't Hooft coupling g3-,,N. held fixed. The holographically
dual gauge theory is defined on the conformal boundary of AdSs x S°, which, in
this case, is R x S3. Specifically, duality demands that operator dimensions in the
conformally invariant gauge theory be equal to the energies of corresponding states

of the ‘first-quantized’ string propagating in the AdSs x S® background [23].

The quantization problem is simplified by boosting the string to lightlike momen-
tum along some direction or, equivalently, by quantizing the string in the background
obtained by taking a Penrose limit of the original geometry using the lightlike geodesic
corresponding to the boosted trajectory. The simplest choice is to boost along an
equator of the S® or, equivalently, to take a Penrose limit with respect to the lightlike
geodesic ¢ =t, p =60 = 0. To perform lightcone quantization about this geodesic, it

is helpful to make the reparameterizations

1 2/4 1—q2%/4
+2/ cosf = v/

hp= —"'— - J 7
COSP 1—22/4" 1+y?2/47

(0.3.3)
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and work with the metric

. 14 1.2\ 1— 1y2\? dzd Ay digyy
oo = [ (FH5) o (THE) v 2 ]

(0.3.4)

where y? = >, y*y* with k' =5,...,8 and 2% = 3, 2F2* with k = 1,...,4 define
eight ‘Cartesian’ coordinates transverse to the geodesic. This metric is invariant
under the full SO(4,2) x SO(6) symmetry, but only translation invariance in ¢ and
¢ and the SO(4) x SO(4) symmetry of the transverse coordinates remain manifest
in this form. The translation symmetries mean that string states have a conserved
energy w, conjugate to ¢, and a conserved (integer) angular momentum J, conjugate
to ¢. Boosting along the equatorial geodesic is equivalent to studying states with
large J and the lightcone Hamiltonian will give the (finite) allowed values for w — J
in that limit. On the gauge theory side, the S® geometry is replaced by an SO(6)
R-symmetry group, and J corresponds to the eigenvalue R of an SO(2) R-symmetry
generator. The AdS/CFT correspondence implies that string energies in the large-J

limit should match operator dimensions in the limit of large R-charge.

On dimensional grounds, taking the J — oo limit on string states is equivalent
to taking the R — oo limit of the geometry (in properly chosen coordinates). The

coordinate redefinitions

€T ’
t—at, ¢—>x++§, zk—>z—£, ykxﬁ% (0.3.5)

make it possible to take a smooth R — oo limit. (The lightcone coordinates z* are a
bit unusual, but have been chosen for future convenience in quantizing the worldsheet
Hamiltonian.) Expressing the metric (0.3.4) in these new coordinates, we obtain the

following expansion in powers of 1/R2:

ds? ~ 2drtdr +d? +dy? — (22 +47) (dat)? + O(1/R?) . (0.3.6)
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The leading contribution (which we will call dsf)p) is the Penrose limit, or pp-wave
geometry: it describes the geometry seen by the infinitely boosted string. The z™
coordinate is dimensionless, £~ has dimensions of length squared, and the transverse

coordinates now have dimensions of length.

In lightcone gauge quantization of the string dynamics, one identifies worldsheet
time 7 with the ™ coordinate, so that the worldsheet Hamiltonian corresponds to the
conjugate space-time momentum p,; = w — J. Additionally, one sets the worldsheet
momentum density p_ = 1 so that the other conserved quantity carried by the string,
p_=J/ §2, is encoded in the length of the o interval (though we will later keep p_

* are eliminated, the quadratic

explicit for reasons covered in Chapter . Once x
dependence of dsgp on the remaining eight transverse bosonic coordinates leads to
a quadratic (and hence soluble) bosonic lightcone Hamiltonian p,. Things are less
simple when 1/ R? corrections to the metric are taken into account: they add quartic
interactions to the lightcone Hamiltonian and lead to nontrivial shifts in the spectrum

of the string. This phenomenon, generalized to the superstring, will be the primary

subject of this dissertation.

While it is clear how the Penrose limit can bring the bosonic dynamics of the
string under perturbative control, the RR field strength survives this limit and causes
problems for quantizing the superstring. The Green-Schwarz (GS) action is the only
practical approach to quantizing the superstring in RR backgrounds, and we must
construct this action for the IIB superstring in the AdSs x S5 background [24], pass
to lightcone gauge and then take the Penrose limit. The latter step reduces the
otherwise extremely complicated action to a worldsheet theory of free, equally massive
transverse bosons and fermions [25]. As an introduction to the issues we will be
concerned with, we give a concise summary of the construction and properties of the
lightcone Hamiltonian H> that describe the superstring in this limit. This will be a
helpful preliminary to our principal goal of evaluating the corrections to the Penrose

limit of the GS action.

Gauge fixing eliminates the oscillating contributions to both lightcone coordinates
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xF, leaving eight transverse coordinates ! as bosonic dynamical variables. Type 11B
supergravity has two ten-dimensional supersymmetries that are described by two 16-
component Majorana—Weyl spinors of the same ten-dimensional chirality. The GS
superstring action contains just such a set of spinors (so that the desired spacetime
supersymmetry comes out ‘naturally’). In the course of lightcone gauge fixing, half
of these fermi fields are set to zero, leaving behind a complex eight-component world-
sheet fermion 1. This field is further subject to the condition that it transform in
an 8, representation under SO(8) rotations of the transverse coordinates (while the
bosons of course transform as an 8,). In a 16-component notation the restriction
of the worldsheet fermions to the 8, representation is implemented by the condition
1) = 41 where 4° = 4! ---~® and the ¥* are eight real, symmetric gamma matrices
satisfying a Clifford algebra {74, 72} = 2042, Another quantity, which proves to be
important in what follows, is IT = v!'~42~3~%. One could also define IT = v%~%+7+8, but
Iy = Iy for an 8, spinor.

In the Penrose limit, the lightcone GS superstring action takes the form

S, = — / dr / do(Ly+ Lr) (0.3.7)

2mal

where

Lo = 5[~ @ - @] (0.3
Lo = igh)+ T+ S(y) + 1) 039)

The fermion mass term ¢TIt arises from the coupling to the background RR five-form
field strength, and matches the bosonic mass term (as required by supersymmetry).
It is important that the quantization procedure preserve supersymmetry. However,
as is typical in lightcone quantization, some of the conserved generators are linearly

realized on the 2 and 1, and others have a more complicated non-linear realization.
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The equation of motion of the transverse string coordinates is
it — 2"t =0 (0.3.10)

The requirement that 2 be periodic in the worldsheet coordinate o (with period
2wa’p_) leads to the mode expansion
- n nR?

A A —ikno _ _
o) = Y wp(r)e ;o ka= = wT (0.3.11)

n=—0oo

The canonical momentum p* also has a mode expansion, related to that of 24 by the
free-field equation p?* = &4. The coefficient functions are most conveniently expressed

in terms of harmonic oscillator raising and lowering operators:

z(r) = ﬁ(aﬁe”“ — M etenT) | (0.3.12)
pa(r) = 22" (e +ale™T) . (0.3.13)

The harmonic oscillator frequencies are determined by the equation of motion ((0.3.10)

to be

= VTHRE =\ 1+ B2/ J)2 = \[1+ (g N2/ T2) . (03.14)

where the mode index n runs from —oo to +00. (Because of the mass term, there is no
separation into right-movers and left-movers.) The canonical commutation relations

are satisfied by imposing the usual creation and annihilation operator algebra:

[af, alT] = 6,,,6"7 = [2(0),p"(0")] = i2nd/6(0 — )67 . (0.3.15)

m?'n

The fermion equation of motion is

i+ + T =0 (0.3.16)
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The expansion of 1 in terms of creation and annihilation operators is achieved by

expanding the field in worldsheet momentum eigenstates

(o, T) = Z Y (1)e" e (0.3.17)

n=—oo

which are further expanded in terms of convenient positive and negative frequency

solutions of the fermion equation of motion:
T (T + wyy — k)b + €77 (1 = (wy, — k)IDBL) . (0.3.18)

The frequencies and momenta in this expansion are equivalent to those of the bosonic

coordinates. In order to reproduce the anticommutation relations
{Y(7,0),¢"(1,0)} = 21d/6(0 — '), (0.3.19)
we impose the standard oscillator algebra
{b5,, 001} = %(1 +%9) 8 - (0.3.20)

The spinor fields 1 carry 16 components, but the 8, projection reduces this to eight
anticommuting oscillators, exactly matching the eight transverse oscillators in the

bosonic sector. The final expression for the lightcone Hamiltonian is

HSS = f Wn (Z(aﬁ)*a;‘ + Z(bg)*bg) : (0.3.21)

A

The harmonic oscillator zero-point energies nicely cancel between bosons and fermions

for each mode n. The frequencies w,, depend on the single parameter
N =gyulNe/ >, wn=V1+Xn?, (0.3.22)

so that one can take J and ¢g%,,N. to be simultaneously large while keeping )\ fixed.
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If X' is kept fixed and small, w, may be expanded in powers of )\, suggesting that
contact with perturbative Yang—Mills gauge theory is possible.

The spectrum is generated by 8 + 8 transverse oscillators acting on ground states
labeled by an SO(2) angular momentum taking integer values —oo < J < oo (note
that the oscillators themselves carry zero SO(2) charge). Any combination of oscilla-
tors may be applied to a ground state, subject to the constraint that the sum of the
oscillator mode numbers must vanish (this is the level-matching constraint, the only
constraint not eliminated by lightcone gauge-fixing). The energies of these states are
the sum of the individual oscillator energies , and the spectrum is very degen-
erate. For example, the 256 states of the form AILBT_nU ) for a given mode number
n (where AT and BT each can be any of the 848 bosonic and fermionic oscillators) all

have the energy

pr=w— T =21+ (3 Nen?/J2) ~ 2+ (g3 Nen® [ J5) 4. (03.23)

In the weak coupling limit (A — 0) the degeneracy is even larger because the depen-
dence on the oscillator mode number n goes away! This actually makes sense from
the dual gauge theory point of view where p, — D — R (D is the dimension and R
is the R-charge carried by gauge-invariant operators of large R): at zero coupling,
operators have integer dimensions and the number of operators with D — R = 2, for
example, grows with R, providing a basis on which string multiplicities are repro-
duced. Even more remarkably, BMN were able to show [22] that subleading terms in
a A expansion of the string energies match the first perturbative corrections to the
gauge theory operator dimensions in the large R-charge limit. We will further review

the details of this agreement in Chapters [I] and [3]

More generally, we expect exact string energies in the AdSs x S° background to

have a joint expansion in the parameters )\, defined above, and 1/.J. We also expect

Note that the n = 0 oscillators raise and lower the string energy by a protected amount dp, = 1,
independent of the variable parameters. These oscillators play a special role, enlarging the degener-
acy of the string states in a crucial way, and we will call them ‘zero-modes’ for short.
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the degeneracies found in the J — oo limit (for fixed \') to be lifted by interaction
terms that arise in the worldsheet Hamiltonian describing string physics at large but
finite J. Large degeneracies must nevertheless remain in order for the spectrum to
be consistent with the PSU(2,2|4) global supergroup that should characterize the
exact string dynamics. The specific pattern of degeneracies should also match that
of operator dimensions in the A/ = 4 super Yang—Mills theory. Since the dimensions
must be organized by the PSU(2, 2|4) superconformal symmetry of the gauge theory,

consistency is at least possible, if not guaranteed.

0.4 The 1/J expansion and post-BMN physics

As noted above, the matching achieved by BMN should not be confined to the Penrose
(or large-radius) limit of the bulk theory, or to the large R-charge limit of the CFT.
When the Penrose limit is lifted, finite-radius curvature corrections to the pp-wave
geometry can be viewed as interaction perturbations to the free string theory, which,
in turn, correspond to first-order corrections, in inverse powers of the R-charge, to
the spectrum of anomalous dimensions in the gauge theory. With the hope that the
underlying structure of the duality can be understood more clearly in this perturba-
tive context, this dissertation is dedicated to exploring the AdS/CFT correspondence
when these effects are included. In this section we will briefly review the work ap-
pearing in the literature upon which this thesis is based. In addition, we will also
point out some of the more important developments that have appeared as part of
the large body of research that has appeared following the original BMN paper.

In references [26] and [27], it was demonstrated that the first-order curvature
corrections to the pp-wave superstring theory precisely reproduce finite R-charge
corrections to the anomalous dimensions of so-called BMN operators, and exhibit
the full ' = 4 extended supermultiplet structure of the dual gauge theory. The
leading-order correction to the string theory gives rise to a complicated interacting

theory of bosons and fermions in a curved RR background. While the steps taken
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to quantize the resulting theory were fairly elaborate, it was demonstrated that they
comprise a practical and correct method for defining the GS superstring action in
that background. A detailed prescription for matching string states to gauge theory
operators was given specifically in [27], along with a description of the procedure used
to quantize the fully supersymmetric string theory and manage the set of second-class

fermionic constraints that arise in lightcone gauge.

While the conjectured equivalence of the two theories emerged in this perturbative
context in a remarkable manner, these studies also took advantage of the underlying
duality structure of the correspondence. In particular, finite R-charge corrections to
operator dimensions in the gauge theory emerge at all orders in 1/R (where R denotes
the R-charge), but are defined perturbatively in the 't Hooft coupling A = ¢%,,N.
Conversely, finite-radius corrections to string state energies appear perturbatively in
inverse powers of the radius, or, equivalently, in inverse powers of the angular momen-
tum J about the S° (which is identified with the gauge theory R-charge). According
to duality, however, the string theory should provide a strong-coupling description of
the gauge theory. This is realized by the fact that string energy corrections can be
computed to all orders in the so-called modified 't-Hooft coupling ' = ¢&,,N/J>.
By studying the dilatation generator of NV = 4 SYM theory, several groups have
been able to compute gauge theory operator dimensions to higher loop-order in A
(see, e.g., [28-36]), and, by expanding the corresponding string energy formulas in
small )\, the one- and two-loop energy corrections can be shown to precisely match
the gauge theory results in a highly nontrivial way. The three-loop terms disagree,
however, and this mismatch comprises a longstanding puzzle in these studies. Some
investigations indicate that an order-of-limits issue may be responsible for this dis-
agreement, whereby the small-\ expansion in the gauge theory fails to capture certain
mixing interactions (known as wrapping terms) that are mediated by the dilatation

generator [37].

To explore the correspondence further, and perhaps to shed light on the estab-

lished three-loop disagreement, a complete treatment of the 4,096-dimensional space
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of three-excitation string states was given in reference 38|, including a comparison
with corresponding SYM operators carrying three R-charge impurities. (The inves-
tigations in references [26] and [27] were restricted to the 256-dimensional space of
two-excitation string states, also known as two-impurity states.) Although the inter-
acting theory in this larger space is much more complicated, it was found that the full
N =4 SYM extended supermultiplet structure is again realized by the string theory,
and precise agreement with the anomalous dimension spectrum in the gauge theory
was obtained to two-loop order in A’. Once again, however, the three-loop formulas

disagree.

Concurrent with these studies, a new formalism emerged for computing operator
dimensions in the gauge theory. This began when Minahan and Zarembo were able
to identify the one-loop mixing matrix of SYM operator dimensions with the Hamil-
tonian of an integrable SO(6) spin chain with vector lattice sites [39]. One practical
consequence of this discovery is that the quantum spin chain Hamiltonian describing
the SYM dilatation generator can be completely diagonalized by a set of algebraic
relations known as the Bethe ansatz. Work in the SO(6) sector was extended by
Beisert and Staudacher, who formulated a Bethe ansatz for the full PSU(2,2|4) su-
perconformal symmetry of the theory (under which the complete dilatation generator

is invariant) [32].

The emergence of integrable structures in the gauge theory has given rise to many
novel tests of AdS/CFT (see, e.g., [40-58]). It has been suggested by Bena, Polchinski
and Roiban, for instance, that the classical lightcone gauge worldsheet action of type
1B superstring theory in AdSs x S° may itself be integrable [59]. If both theories
are indeed integrable, they should admit infinite towers of hidden charges that, in
turn, should be equated via the AdS/CFT correspondence, analogous to identifying
the SYM dilatation generator with the string Hamiltonian. Numerous investigations
have been successful in matching classically conserved hidden string charges with cor-
responding charges derived from the integrable structure of the gauge theory. Aru-

tyunov and Staudacher, for example, were able to show that an infinite set of local
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charges generated via Backlund transformations on certain classical extended string
solutions can be matched to an infinite tower of charges generated by a corresponding
sector of gauge theory operators [41]. It is important to note, however, that these
identifications are between the structures of classically integrable string sigma models
and integrable quantum spin chains. Along these lines of investigation, Arutyunov,
Frolov and Staudacher developed an interpolation between the classical string sigma
model and the quantum spin chain that yielded a Bethe ansatz purported to cap-
ture the dynamics of an SU(2) sector of the string theory [44]. This ansatz, though
conjectural, allowed the authors to extract multi-impurity string energy predictions
in the near-pp-wave limit (at O(1/J) in the curvature expansion). Corresponding
predictions were extracted in reference [60] directly from the quantized string theory,
and the resulting formulas matched the Bethe ansatz predictions to all loop-orders in

A in a remarkable and highly intricate fashion.

Recently the question of quantum integrability in the string theory was addressed
in reference [61]. Using a perturbed Lax representation of a particular solitonic so-
lution to the string sigma model, one is able to argue that the string theory admits
an infinite tower of hidden commuting charges that are conserved by the quantized
theory to quartic order in field fluctuations. In addition, a prescription for matching
the eigenvalue spectra of these charges to dual quantities in the gauge theory can also

be formulated.

At this point there is a considerable amount of evidence that both the string
and gauge theories are exactly integrable (see also [62/63] for recent developments).
The hope is of course that we will ultimately be led to an exact solution to large- N,
Yang-Mills theory. Before reaching this goal, it is reasonable to expect that type IIB
string theory on AdSs x S° and N/ = 4 super Yang-Mills theory will be shown to
admit identical Bethe ansatz equations, thereby proving this particular duality. This
is likely the next major step in these investigations. There are several intermediate
problems that need to solved, however, including the known mismatch between the

string and gauge theory at three-loop order in the 't Hooft coupling. The resolution
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of these outstanding problems will inevitably lead to a deeper understanding of both
the relationship between gauge and string theory, and the capacity of string theory

itself to generate realistic models of particle physics.

0.5 Overview

In this dissertation we will work in the large-N, limit, where we can ignore string
splitting and joining interactions; the “stringy” effects we are concerned with arise
strictly from interactions among the bosonic and fermionic field excitations on the
worldsheet. In Chapter [If we will provide a brief treatment of the relevant calculations
that are needed on the gauge theory side of the correspondence, based on work orig-
inally presented in [26]. While the results computed there can be found elsewhere in
the literature (see, e.g., [28]), we present our own derivation for pedagogical reasons
and to arrange the computation in a way that clarifies the eventual comparison with
string theory.

As noted above, the task of calculating operator dimensions in the planar limit
of N' = 4 super Yang-Mills theory can be vastly simplified by mapping the dilata-
tion generator to the Hamiltonian of an integrable spin chain. These techniques
are powerful at leading order in perturbation theory but become increasingly com-
plicated beyond one loop in the 't Hooft parameter A = ¢%,;N,, where spin chains
typically acquire long-range (non-nearest-neighbor) interactions. In certain sectors
of the theory, moreover, higher-loop Bethe anséitze do not even exist. In Chapter
we develop a virial expansion of the spin chain Hamiltonian as an alternative to the
Bethe ansatz methodology, a method that simplifies the computation of dimensions
of multi-impurity operators at higher loops in A. We use these methods to extract
numerical gauge theory predictions near the BMN limit for comparison with cor-
responding results on the string theory side of the AdS/CFT correspondence. For
completeness, we compare our virial results with predictions that can be derived from

current Bethe ansatz technology.
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In Chapter [3| we compute the complete set of first curvature corrections to the
lightcone gauge string theory Hamiltonian that arise in the expansion of AdSs x S°
about the pp-wave limit. We develop a systematic quantization of the interacting
worldsheet string theory and use it to obtain the interacting spectrum of the so-called
‘two-impurity’ states of the string. The quantization is technically rather intricate
and we provide a detailed account of the methods we use to extract explicit results.
We give a systematic treatment of the fermionic states and are able to show that the
spectrum possesses the proper extended supermultiplet structure (a nontrivial fact
since half the supersymmetry is nonlinearly realized). We test holography by compar-
ing the string energy spectrum with the scaling dimensions of corresponding gauge
theory operators. We show that agreement is obtained in low orders of perturbation

theory, but breaks down at third order.

Notwithstanding this third-order mismatch, we proceed with this line of investi-
gation in Chapter [4] by subjecting the string and gauge theories to significantly more
rigorous tests. Specifically, we extend the results of Chapter |3|at O(1/.J) in the cur-
vature expansion to include string states and SYM operators with three worldsheet or
R-charge impurities. In accordance with the two-impurity problem, we find a perfect
and intricate agreement between both sides of the correspondence to two-loop order
in A and, once again, the string and gauge theory predictions fail to agree at third

order.

In Chapter |5| we generalize this analysis on the string side by directly computing
string energy eigenvalues in certain protected sectors of the theory for an arbitrary
number of worldsheet excitations with arbitrary mode-number assignments. While
our results match all existing gauge theory predictions to two-loop order in X, we
again observe a mismatch at three loops between string and gauge theory. We find
remarkable agreement to all loops in )\, however, with the near pp-wave limit of a
Bethe ansatz for the quantized string Hamiltonian given in an su(2) sector. Based on
earlier two- and three-impurity results, we also infer the full multiplet decomposition

of the N-impurity superstring theory with distinct mode excitations to two loops in
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M.

In Chapter |§| we build on recent explorations of the AdS/CFT correspondence
that have unveiled integrable structures underlying both the gauge and string theory
sides of the correspondence. By studying a semiclassical expansion about a class of
point-like solitonic solutions to the classical string equations of motion on AdSs x S°,
we take a step toward demonstrating that integrability in the string theory survives
quantum corrections beyond tree level. Quantum fluctuations are chosen to align
with background curvature corrections to the pp-wave limit of AdSs x S°, and we
present evidence for an infinite tower of local bosonic charges that are conserved
by the quantum theory to quartic order in the expansion. We explicitly compute
several higher charges based on a Lax representation of the worldsheet sigma model
and provide a prescription for matching the eigenvalue spectra of these charges with
corresponding quantities descending from the integrable structure of the gauge theory.
The final chapter is dedicated to a discussion of the current status of these studies

and an overview of future directions of investigation.



Chapter 1

N = 4 super Yang-Mills theory

As discussed in the introduction, the AdS/CFT correspondence states that the energy
spectrum of string excitations in an anti-de-Sitter background should be equivalent
(albeit related by a strong/weak duality) to the spectrum of operator anomalous di-
mensions of the field theory living on the conformal boundary of that background.
Any attempt to test the validity of this statement directly must therefore involve a
computation of operator dimensions in the gauge theory, particularly for those opera-
tors that are non-BPS. As discussed above, this is a nontrivial task for generic gauge
theory operators, but the advent of the BMN mechanism has led to dramatic sim-
plifications and insights. Following the appearance of the original BMN paper [22],
the field witnessed remarkable progress in understanding the dilatation generator of
N =4 SYM theory (see,e.g., [28-36,/40-58]). The review presented in this chapter
will focus on some of the major contributions to this understanding. Since this work
is dedicated primarily to understanding the string theory side of the AdS/CFT corre-
spondence, special preference will be given to information that contributes directly to
our ability to interpret the dual spectrum of string excitations. For a more compre-
hensive and detailed review of the gauge theory aspects of these studies, the reader

is referred to [35].

To arrange the calculation in a way that is more useful for our subsequent com-
parison with string theory, and to emphasize a few specific points, it is useful to

rederive several important results. We will focus in Section on the dimensions

21
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and multiplicities of a specific set of near-BPS (two-impurity) operators in the pla-
nar limit. Most of the information to be covered in this section originally appeared
in [28], though we will orient our review around a rederivation of these results first
presented in [26]. Section generalizes these results to the complete set of two-
impurity, single-trace operators. This will set the stage for a detailed analysis of the

corresponding string energy spectrum.

1.1 Dimensions and multiplicities

As explained above, the planar large- /N, limit of the gauge theory corresponds to the
noninteracting sector (gs — 0) of the dual string theory.E] In this limit the gauge
theory operators are single-trace field monomials classified by dimension D and the
scalar U(1)g component (denoted by R) of the SU(4) R-symmetry group. We will
focus in this section on the simple case of operators containing only two R-charge
impurities. The classical dimension will be denoted by K, and the BMN limit is
reached by taking K, R — oo such that Ag = K — R is a fixed, finite integer. The
anomalous dimensions (or D — K) are assumed to be finite in this limit, and the
quantity A = D — R is defined for comparison with the string lightcone Hamiltonian
P, =w — J (see Section |0.3| of the introduction).

It is useful to classify operators in the gauge theory according to their representa-
tion under the exact global SU(4) R-symmetry group. This is possible because the
dimension operator commutes with the R-symmetry. We therefore find it convenient
to label the component fields with Young boxes, which clarifies the decomposition of
composite operators into irreducible tensor representations of SU(4). More specifi-
cally, the tensor irreps of SU(4) are represented by Young diagrams composed of at
most three rows of boxes denoted by a set of three numbers (n1,n2,n3) indicating
the differences in length of successive rows. The fields available are a gauge field, a

set of gluinos transforming as 4 and 4 under the R-symmetry group, and a set of

!The Yang-Mills genus-counting parameter is go = J?/N, [644/65].
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scalars transforming as a 6. In terms of Young diagrams, the gluinos transform as
two-component Weyl spinors in the (1,0, 0) fundamental (4) and its adjoint (0,0, 1)

in the antifundamental (4):
0 g
Xa (4), Xa (4)

The a and & indices denote transformation in the (2,1) or (1,2) representations of
SL(2,C) (the covering group of the spacetime Lorentz group), respectively. Likewise,

the scalars appear as
o7 (6).

In the planar large- N, limit the operators of interest are those containing only a
single gauge trace. To work through an explicit example, we will restrict attention
for the moment to operators comprising spacetime scalars. It is convenient to further

classify these operators under the decomposition
SU4) D SU(2) x SU22) xU(1)g , (1.1.1)

since we are eventually interested in taking the scalar U(1)g component to be large
(which corresponds to the large angular momentum limit of the string theory). The
U(1)g charge of the component fields above can be determined by labeling the Young
diagrams attached to each field with SU(4) indices, assigning R = % to the indices
1,2 and R = —% to the indices 3, 4:

&=
=]

i

il [E]] _

R=1:¢%(2), R=0:¢",6" 6% 6% ("), R=-1:¢"(2),
B B g B
R=1/2: X" X%, 30,5, R=-1/2: x® x%, %%, %".

(1.1.2)

To remain consistent with the literature we have labeled the scalars using either Z
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or Z for fields with R = 1 or R = —1, respectively, or ¢* (with A € 1,...,4) for
fields with zero R-charge. The types of operators of interest to us are those with
large naive dimension K and large R-charge, with the quantity Ay = K — R held
fixed. The number Ay is typically referred to as the impurity number of the operator;
as explained above, N-impurity SYM operators map to string states created by N
oscillators acting on the vacuum, subject to level matching. Operators in the gauge
theory with zero impurity number are BPS, and their dimensions are protected. The
first interesting set of non-BPS operators are those with Ay = 2. Restricting to

spacetime scalars with Ag < 2, we have

tr ((¢E)K)7 (Rmax - K)
tr (Coax ) (@) ), tr (oo )@, L (Ruax = K — 2)

)
b (P 6, tr (F6Bor) (o5

). (Rpax = K — 2)
tr (V,65v# (o) K1), (R = K —2)
(1.1.3)

where V is the spacetime gauge-covariant derivative.

Starting with purely bosonic operators with no derivative insertions, we must
decompose into irreps an SU(4) tensor of rank 2K. These irreps are encoded in
Young diagrams with 2K total boxes, and the goal is to determine the multiplicity
with which each diagram appears. (An alternative approach, taken in [28], is to
use the bosonic SO(6) sector of the R-symmetry group.) For the purposes of this
example, we restrict to irreducible tensors in the expansion with Ay = 0,2. For K

odd we have

tr(¢HK) - IxdHdHH e (K_l)x @ (K_1>><
K

2

— —
K-1 K-2
K—1 HH K-3 H-
@<T> Xf,K - ) T X 1] y D ... s (114)
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while for K even we have

@)~ @ e () EEe (7) T

K K-1 K-2

@(?)x@ (%)x @ .... (L15)

The irreps with larger minimal values of Ay = K — R have multiplicities that grow

as higher powers of K. This is very significant for the eventual string theory inter-

pretation of the anomalous dimensions, but we will not expand on this point here.

The bifermion operators (that are spacetime scalars) with Ay = 2 contain products

of two gluinos and K — 3 scalars:

tr (x" o2 x“ (ng)K_S) — 1x @ ® 1x @ ® ..., (1.1.6)
K—2 K-1

tr(xH o2 %8 (6B = 1 x HHH @ lx@ & ... (117
h— K-2

H

they transform under inequivalent irreps of SL(2,C').

Note that products of y~ and Y- cannot be made to form spacetime scalars because

Different operators are obtained by different orderings of the component fields,
but such operators are not necessarily independent under cyclic permutations or per-
mutations of the individual fields themselves, subject to the appropriate statistics.
Using an obvious shorthand notation, the total multiplicities of bifermion irreps are

as follows for K odd:

—
K-2 _

tT(XDUzXD (¢H)K_3)_> (K;S) Xm—m—’—’@(Kgl) XHEEEFD@”' ,
K-1

(1.1.8)
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= K-3 K-1
u(dl o ¥ 087~ (52 xgge (557) <o
W—/ L1
K=2 K1
(1.1.9)
The results for K even are, once again, slightly different:
—~ K -2 K -2
o 08 - (£52) « e (552 » ..
K—2 K—1
(1.1.10)
— K -2 K -2
tr(YEmYEWH)Kg)—)( 5 )x ea( . )x HHe ... .
Koo S——
- K—-1
(1.1.11)

Since the dimension operator can only have matrix elements between operators be-
longing to the same SU(4) irrep, this decomposition amounts to a block diagonaliza-
tion of the problem. The result of this program can be summarized by first noting
that the decomposition can be divided into a BPS and non-BPS sector. The BPS
states (A¢ = 0) appear in the (0, K, 0) irrep and do not mix with the remaining non-
BPS sectors, which yield irreps whose multiplicities scale roughly as K/2 for large
K. Even at this stage it is clear that certain irreps only appear in the decomposition
of certain types of operators. The (2, K — 4,2) irrep, for example, will only appear
within the sector of purely bosonic operators (the same statement does not hold for
the (0, K — 3,2) irrep). Restricting to the (2, K — 4, 2) irrep, we see that the dimen-
sion matrix cannot mix operators in the purely bosonic sector with bifermions, for
example. We will eventually make these sorts of observations much more precise, as
they will become invaluable in subsequent analyses. The general problem involves
diagonalizing matrices that are approximately K /2 x K/2 in size. The operators of
interest will have large K = R + 2 and fixed Ag = K — R = 2. As noted above,
we expect that the anomalous dimension spectrum should match the energy spec-

trum of string states created by two oscillators acting on a ground state with angular
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momentum J = R.

As an example we will start with the basis of K — 1 purely bosonic operators
with dimension K and Ay = 2. The anomalous dimensions are the eigenvalues of the
mixing matrix d¢®, appearing in the perturbative expansion of the generic two-point

function according to
(O4(2)04(0)) ~ () 2% (8yp + In(2*)ds®) , (1.1.12)

where dy is the naive dimension. The d, term implies that the operator basis is
orthonormal in the free theory (in the large- NV, limit, this is enforced by multiplying
the operator basis by a common overall normalization constant). The operator basis

can be expressed as

{O%5, ..., 051} = {te(ABZ"7?), «(AZBZ"7%), ...,
tr(AZ53BZ), tr(AZ*%B)}, (1.1.13)

where Z stands for ¢E and has R = 1, while A, B stand for any of the four ¢4 (A =
1,...,4) with R = 0 (the so-called R-charge impurities). The overall constant needed
to orthonormalize this basis is easy to compute, but is not needed for the present
purposes. Since the R-charge impurities A and B are SO(4) vectors, the operators in
this basis are rank-two SO(4) tensors. In the language of SO(4) irreps, the symmetric-
traceless tensor descends from the SU(4) irrep labeled by the (2, K — 4,2) Young
diagram. Likewise, the antisymmetric tensor belongs to the pair (0, K — 3,2) +
(2, K —3,0), and the SO(4) trace (when completed to a full SO(6) trace) belongs to
the (0, K — 2,0) irrep. In what follows, we refer to these three classes of operator as
Tﬁj’, T4 and Tﬁ‘?, respectively. If we take A # B, the trace part drops out and the

T%) operators are isolated by symmetrizing and antisymmetrizing on A, B.

At one-loop order in the 't Hooft coupling ¢%,,N. the action of the dilatation
operator on the basis in eqn. (1.1.13)), correct to all orders in 1/K, produces a sum
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of interchanges of all nearest-neighbor fields in the trace. All diagrams that exchange
fields at greater separation (at this loop order) are non-planar, and are suppressed
by powers of 1/N,.. As an example, we may restrict to the A # B case. Omitting the
overall factor coming from the details of the Feynman diagram, the leading action

of the anomalous dimension on the K — 1 bosonic monomials of (1.1.13]) has the

following structure:

(ABZ%7%) — (BAZX7?) + 2(AZBZ*7?) + (K — 3)(ABZ¥?) |
(AZBZ573) — 2(ABZX72) + 2(AZ?BZ* ) + (K — 4)(AZBZ%7?) |

(AZ572B) — 2(AZX3BZ) + (K — 3)(BAZ" ™)+ (ABZ*7%) . (1.1.14)

Arranging this into matrix form, we have

K-3 2 0 1
2 K—-4 2 0
[ Anom Dim ] ey ~ (1.1.15)
0 2 K-4 2
1 0 2 K-3

As a final step, we must observe that the anomalous dimension matrix in eqn.
(1.1.15)) contains contributions from the SU(4) irrep (0, K, 0), which corresponds to
the chiral primary tr(Z%). The eigenstate associated with this operator is X, =
(1,...,1), with eigenvalue K (the naive dimension). Since this operator is BPS,
however, its anomalous dimension must be zero: to normalize the we therefore

subtract K times the identity, leaving

-3 42 0 ... 1
+2 -4 42 ... 0

[ Anom Dim }(Kil)X(Kil) ~ (1.1.16)
0 ... 42 —4 42
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The zero eigenvector belonging to the (0, K, 0) representation should then be dropped.
The anomalous dimensions are thus the nonzero eigenvalues of . This looks
very much like the lattice Laplacian for a particle hopping from site to site on a
periodic lattice. The special structure of the first and last rows assigns an extra energy
to the particle when it hops past the origin. This breaks strict lattice translation
invariance but makes sense as a picture of the dynamics involving two-impurity states:
the impurities propagate freely when they are on different sites and have a contact
interaction when they collide. This picture has led people to map the problem of
finding operator dimensions onto the technically much simpler one of finding the
spectrum of an equivalent quantum-mechanical Hamiltonian [66]; this important topic

will be reserved for later chapters.

To determine the SU(4) irrep assignment of each of the eigenvalues of (1.1.16]),
note that the set of operator monomials is invariant under A < B. For some vector
C= (C4,...,Ck_q) representing a given linear combination of monomials, this trans-
formation sends C; — Ck_;. The matrix ((1.1.16) itself is invariant under A < B, so

its eigenvectors will either be even (C; = Ck_;) or odd (C; = —Ck_;) under the same

exchange. The two classes of eigenvalues and normalized eigenvectors are:

/\;KH = 8sin® nr , n=12,..., N = (K =8)/2 K odd
K -1 (K —2)/2 K even
2 2 1
() —— cos |:K7T—n1(i_§):| . i=1,... K—1, (1117
)\;K—) — Qgin? <n_7T> ’ n=1.2. .. Ny = {(K—l)/2 K odd |
K (K —2)/2 K even

O = 2 _gin {—(i)} : i=1,...,K—1. (1.1.18)
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The eigenoperators are constructed from the eigenvectors according to

Tl (@ Z CP0RE (x) . (1.1.19)

By appending the appropriate overall normalization factor and adding the zeroth
order value Ag = 2, we obtain A = D — R. The results are divided according to
operators belonging to the (2, K — 4, 2) irrep (T( ), the (0, K —3,2) + (2, K — 3,0)
irreps (T%—)) and (0, K — 2,0) (ng ). In SO(4) language, these are the symmetric-

traceless, antisymmetric and trace representations, as described above. We therefore

have the following, exact in K:

2
() 9GyuNe . o nm (K —3)/2 K odd
AT =2+ sin , n=12,..., e = ,
( K ) us (K_ 1) {(KQ)/Q K even
() QYMN nmw (K —1)/2 K odd
A(Tx') =2+ =" —sin (—) , n=12 ... Nmew = ,
s K (K —2)/2 K even
A(T(O)) 94 ZYM e gYMN SlIl nm n—=129 n . (K—-1)/2 K odd
K 7T2 K+1 7 T e (K/2) K even
(1.1.20)

The multiplicities match the earlier predictions given by the expansion in Young
diagrams in eqns. and (| -

We will eventually be interested in exploring the overlap of such results with
that which can be predicted by the dual string theory. As described above, the
central assumption introduced by Berenstein, Maldacena and Nastase is that the R-
charge and the rank of the gauge group N, can be taken to infinity such that the
quantity N./R? remains fixed. The perturbation expansion in the gauge theory is

then controlled by ¢3y,N. (which is kept small in the g2,; — 0 limit, which is the
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classical g5 — 0 limit of the string theory), while worldsheet interactions in the string
theory are controlled by 1/ R. If we express the dimension formulas in terms
of R-charge R, rather than naive dimension K (using K = R+ 2) and take the limit
in this way, we find

_ 2.
A(Tyly) =2+ P w2 (1 -

2

R

. 2 N, 4
ATy )y) — 2+ FAL2e 2 (1—E+O<R2>> ,

6

R

_ 2 N.
ATY,) — 2+ DMte 2 (1 - +0(R2)) . (1.1.21)
The key fact is that the degeneracy of the full BMN limit (at leading order in 1/R)
is lifted at subleading order in 1/R. By including these subleading terms we generate
an interesting spectrum that will prove to be a powerful tool for comparison with

string theory and testing the claims of the AdS/CFT correspondence.

1.2 The complete supermultiplet

We have thus far reviewed the anomalous dimension computation for a specific set of
operators. For a complete comparison with the string theory, we need to carry out
some version of the above arguments for all the relevant operators with Ay = 2. While
this is certainly possible, we can instead rely on supersymmetry to determine the full
spectrum of anomalous dimensions for all single-trace, two-impurity operators. The
extended superconformal symmetry of the gauge theory means that operator dimen-
sions will be organized into multiplets based on a lowest-dimension primary Op of
dimension D. Other conformal primaries within the multiplet can be generated by
acting on super-primaries with any of eight supercharges that increment the anoma-
lous dimension shifts by a fixed amount but leave the impurity number unchanged.
We need only concern ourselves here with the case in which Op is a spacetime scalar

(of dimension D and R-charge R). There are sixteen supercharges and we can choose
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eight of them to be raising operators; there are 28 = 256 operators we can reach
by ‘raising’ the lowest one. Since the raising operators increase the dimension and
R-charge by 1/2 each time they act, the operators at level L, obtained by acting
with L supercharges, all have the same dimension and R-charge. The corresponding

decomposition of the 256-dimensional multiplet is shown in table|1.1

0|1 2 3 4 ) 6 7 8
Multiplicity | 1 | 8 28 56 70 56 28 8 1
Dimension | D |D+1/2 | D+1|D+3/2|D+2|D+5/2|D+3|D+7/2|D+4

R|R+1/2 | R+1|R+3/2|R+2 | R+5/2 | R+3 |R+7/2 | R+4

Level

R — charge

Table 1.1: R-charge content of a supermultiplet

The states at each level can be classified under the Lorentz group and the SO(4) ~
SU(2) x SU(2) subgroup of the R-symmetry group, which is unbroken after we have
fixed the SO(2) R-charge. For instance, the 28 states at level 2 decompose under
SO(4)por X SO(4)g as (6,1) + (1,6) + (4,4). For the present, the most important
point is that, given the dimension of one operator at one level, we can infer the
dimensions of all other operators in the supermultiplet.

By working in this fashion we can generate complete anomalous dimension spectra
of all two-impurity operators. The results obtained in this manner agree with work
originally completed by Beisert in [28]. We will summarize these results here, adding
some further useful information that emerges from our own SU(4) analysis. The
supermultiplet of interest is based on the set of scalars ) , tr (¢AZP¢AZR_7’), the

operator class we have denoted by ngiz. According to (|1.1.20f), the spectrum of

A = D — R eigenvalues associated with this operator basis is

_ 2 N, 2 N, 6
A(Tg)-)i-Q) =2+ gyj\:z sin? (an:S) — 2+ gygz n? (1 % + O(R_Q)> .

(1.2.1)



1.2. THE COMPLETE SUPERMULTIPLET 33

The remaining scalar operators Tﬁsz are included in the supermultiplet and the di-
mension formulas are expressed in terms of the R-charge of the lowest-dimension
member. It turns out that governs all the operators at all levels in the super-
multiplet. The results of this program, carried out on the spacetime scalar operators,

are summarized in table [[.2

L|R SU(4) Irreps Operator A =2 Multiplicity

0 | Ro (0, Ro, 0) T4 tr (¢ ZPpA ZRo—P) "2YMN sm2((R0)+3) n=1,., %
2 | Ro+1| (0,R0,2) +c.c. tr (plizPpil ZFHo+1-p) Q%MNL 51n2((R0+1)+2) n= 1,.,%
4 | Ro+2 | (2,Ro,2) tr (¢0 2P g9 ZFot2) 92YMNL sin? ((p5er) | n=1,., fgtl
4 | Ro+2 | (0,Ro+2,0) x 2 tr (x[@zPxPlzRot1-p) giMNC 51n2((R0+2)+1) n=1,., ot
6 | Ro+3 | (0,Ro+2,2) +cc. | tr(x(@zryf)zRo+2-p) 92YMN° 31112((R0+3)+0) n=1,., fetl
8 | Ro+4 | (0,Ro,0) tr (V,Z22PVrZZRo+2-p) 92YMN 51n2((R0+4) D) | n=1,., %

Table 1.2: Dimensions and multiplicities of spacetime scalar operators

The supermultiplet contains operators that are not spacetime scalars (i.e., that
transform nontrivially under the SU(2,2) conformal group) and group theory deter-
mines at what levels in the supermultiplet they must lie. A representative sampling
of data on such operators (extracted from Beisert’s paper) is collected in table .
We have worked out neither the SU(4) representations to which these lowest-A oper-
ators belong nor their precise multiplicities. The ellipses indicate that the operators
in question contain further monomials involving fermion fields (so that they are not
uniquely specified by their bosonic content). This information will be useful in con-

sistency checks to be carried out below.
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LR Operator A—2 A—2—
7 - ZulNe nm 2 v Ne
2| Ro+1|te(¢2PV,22%07%) +... | T sin® (i) | Y n’(1 - 1)
i ZulNe nm 2y Ne
4 | Ro+2 | tr (' 2PV, Z 2 o+1) A= sin® () | P’ (- &)
_ 2 Ne . nr 2 i Ne
4 | Ry+2 tr( ZZPN ) Z ZFo p) gyffz Sln2((R0+2)+1) gyﬁ% n’(1— Rlo)
Z Ne - iy 2 N.
6 | Ro+ 3| tr (¢°2PV,Z2R0t27P) 4 | £ 51n2(R0+3) gyg,% n?(1 — R%)
— 2 Nc . nm 2 Nc
6 | Ro+3 | tr (V,Z2PV ) ZZ w1 r) | S gin? (1) gygg n?(1- )
Table 1.3: Anomalous dimensions of some operators that are not scalars
Level 0 1 2 3 4 ) 6 |7 8
Multiplicity 1 8 28 |56 |70 |56 |28]s8 |1
§E x (R?/g%,Nn?) | =6/R | —=5/R | —4/R | -3/R| —-2/R | -1/R|0 |1/R|2/R

Table 1.4: Predicted energy shifts of two-impurity string states

The complete dimension spectrum of operators with R-charge R at level L in the

supermultiplet are given by the general formula (valid for large R and fixed n):

2
AS’L = 2+ 9y arlVe sin? (—mr )

2 R+3-L/2
2
gy e 6-L
= 2 1 — —— . 1.2.2
I 2 (1202 E o) (122)

It should be emphasized that, for fixed R, the operators associated with different
levels are actually coming from different supermultiplets; this is why they have differ-
ent dimensions! As mentioned before, we can also precisely identify transformation
properties under the Lorentz group and under the rest of the R-symmetry group of
the degenerate states at each level. This again leads to useful consistency checks, and
we will elaborate on this when we analyze the eigenstates of the string worldsheet

Hamiltonian.



Chapter 2

A virial approach to operator
dimensions

In the previous chapter we reviewed how the problem of computing operator dimen-
sions in the planar limit of large-N N = 4 SYM theory maps to that of diagonalizing
the Hamiltonian of certain quantum mechanical systems. Calculating operator di-
mensions is equivalent to finding the eigenvalue spectrum of spin chain Hamiltonians,
and various established techniques associated with integrable systems (most notably
the Bethe ansatz) have proved useful in this context (for a general review of the Bethe
ansatz method, see [67]). The utility of this approach was first demonstrated by Mina-
han and Zarembo in [39]. For operators with two R-charge impurities, the spin chain
spectra can be computed exactly via the Bethe ansatz. For three- or higher-impurity
operators, however, the Bethe equations have only been solved perturbatively near
the limit of infinite chain length [32,39,68]. Furthermore, at higher-loop order in
A, the spin chain Hamiltonians typically acquire long-range or non-nearest-neighbor
interactions for which a general Bethe ansatz may not be available. For example,
while the action of the spin chain Hamiltonian in the “closed su(2|3)” sector is known
to three-loop order [33], the corresponding long-range Bethe ansatz is not known
(though it may well exist). (See [52] for a more recent approach to deriving Bethe
ansatz equations.) A long-range Bethe ansatz does exist for the particularly simple
“closed su(2)” sector of the theory [34,37], and our methods will provide a useful

cross-check on these approaches to gauge theory anomalous dimensions at higher

35
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order in the 't Hooft parameter A = g2, N...

In this chapter we will present a virial approach to the spin chain systems of N' = 4
SYM theory. The generic spin chain Hamiltonian acts on single-impurity pseudopar-
ticles as a lattice Laplacian and higher N-body interactions among pseudoparticles
are suppressed relative to the one-body pseudoparticle energy by inverse powers of
the lattice length K. Surprisingly, this expansion of the spin chain Hamiltonian is
truncated at O(K2) in certain subsectors of the theory, allowing straightforward
eigenvalue calculations that are exact in the chain length for operators with more
than two R-charge impurities. Furthermore, since the goal is to eventually compare
anomalous dimensions with 1/.J energy corrections to corresponding string states near
the pp-wave limit of AdSs x S%, and because the string angular momentum J is pro-
portional to the lattice length K, this virial expansion is precisely what is needed to
devise a practical method for testing the AdS/CFT correspondence at any order in
the gauge theory loop expansion for an arbitrary number of R-charge (or worldsheet)
impurities.

We will focus on three particular closed sectors of the theory, each labeled by the
subalgebra of the full superconformal algebra that characterizes the spin variables
of the equivalent spin chain system. Specifically, there are two sectors spanned by
bosonic operators and labeled by su(2) and sl(2) subalgebras plus an su(2|3) sector
which includes fermionic operators. Section is dedicated to an analysis of the
bosonic su(2) closed sector to three-loop order in A. In Section we analyze an
su(1|1) subsector of the closed su(2|3) system to three-loop order. The spin chain
Hamiltonian in the bosonic s[(2) sector has previously been determined to one loop,

and we analyze this system in Section [2.3]

2.1 The su(2) sector

Single-trace operators in the closed su(2) sector are constructed from two complex

scalar fields of N' = 4 SYM, typically denoted by Z and ¢. Under the SO(6) ~
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U(1)g x SO(4) decomposition of the full SU(4) R-symmetry group, the Z fields are
charged under the scalar U(1)z component and ¢ is a particular scalar field carrying
zero R-charge. The basis of length-K operators in the planar limit is constructed

from single-trace monomials with I impurities and total R-charge equal to K — I:
tr(¢p' 2571, (' ZeZ5 Y ) (¢! 222K o (2.100)

The statement that this sector of operators is “closed” means simply that the anoma-
lous dimension operator can be diagonalized on this basis, at least to leading order

in large N, [31./69].

The heart of the spin chain approach is the proposition that there exists a one-
dimensional spin system whose Hamiltonian can be identified with the large- N, limit
of the anomalous dimension operator acting on this closed subspace of operators [39].
Since the anomalous dimensions are perturbative in the 't Hooft coupling A, it is

natural to expand the s1(2) spin chain Hamiltonian in powers of A as well:

A " 2n
Hoy =1+ (@) Hyys) - (2.1.2)

Comparison with the gauge theory has shown that successive terms in the expansion of
the Hamiltonian have a remarkably simple structure: the one-loop-order Hamiltonian

H®

su(2) is built out of permutations of pairs of nearest-neighbor fields and, at n'* order,

the Hamiltonian permutes among themselves fields that are at most n lattice sites
apart. This is a universal structure that leads to remarkable simplifications in the

various closed sectors of the theory [32].

Beisert, Kristjansen and Staudacher [31] have introduced the following useful no-
tation for products of permutations acting on operators separated by an arbitrary

number of lattice sites:

K
{'I’Ll, na, ... } = Z Pk+n1,k+n1+lpk+n2,k+n2+1 R (213)
k=1
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where P, ; simply exchanges fields on the i"" and j™ lattice sites on the chain. The
upshot of the gauge theory analysis is that the equivalent spin chain Hamiltonian for
the su(2) sector can be written in a rather compact form in terms of this notation.

The result, correct to three-loop order, is (see [31] for details)

HG = 2({}—{0}) , (2.1.4)
Héﬁ?z) = 2(—4{} +6{0} — ({0,1} + {1,0})) , (2.1.5)
HY), = 4[15{} —26{0} + 6 ({0,1} + {1,0}) + {0,2}

- ({07172} + {27170})} . (216)

(Note that {} is just the identity operator.) The form of the three-loop term Héﬁgm
was first conjectured in [31] based on integrability restrictions and BMN scaling; this
conjecture was later corroborated by direct field-theoretic methods in [33] (see also [30]
for relevant discussion on this point). Our goal is to develop practical methods for
finding the eigenvalue spectrum of the spin chain Hamiltonian for various interesting

cases.

2.1.1 One-loop order

We start at one-loop order with Hs(ng) in eqn. (2.1.4)), which provides a natural

‘position-space’ prescription for constructing matrix elements in an I-impurity ba-
sis of operators. As an explicit example, we consider first the basis of two-impurity

operators of length K = 8:

tr(¢*Z°) | tr(¢pZpZ°) , tr(pZ%pZ") | tr(pZ°¢Z%) . (2.1.7)
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It is easy to see that the one-loop Hamiltonian mixes the four elements of this basis

according to the matrix

2 —2 0 0
g 1 2+t 20 . 2.1.8
su(2) 0 5 4 V3 ( )

0 0 —2v2 4

This matrix generalizes to arbitrary K and it is simple to show that the two-impurity

one-loop eigenvalues of Hﬁ(tle?) are given by the formula [28§]
K —2)/2, K even
E® = 8sin? [ 0 = 4 ¢ ’ (219
s T O A\ ) o TRl (K —3)/2, Kodd *19

Note that if the denominator K — 1 were replaced by K, the above expression would
agree with the usual lattice Laplacian energy for a lattice of length K. The difference
amounts to corrections to the free Laplacian of higher order in 1/K and we will seek

to understand the physical origin of such corrections in what follows.

To compare gauge theory predictions with 1/J corrections to the three-impurity
spectrum of the string theory on AdSsx S®, we need to determine the large- K behavior
of the three-impurity spin chain spectrum. We are primarily interested in systems
with few impurities compared to the length of the spin chain and we expect that
impurity interaction terms in the Hamiltonian will be suppressed by powers of the
impurity density (i.e., inverse powers of the lattice length). This suggests that we
develop a virial expansion of the spin chain Hamiltonian in which the leading-order
term in 1/K gives the energy of free pseudoparticle states on the lattice (labeled by
lattice momentum mode numbers as in the two-impurity spectrum eqn. (2.1.9))) and
higher 1/K corrections come from N-body interactions described by vertices Vy. A

reasonable guess about how the N-body interactions should scale with 1/K suggests
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that we can write the one-loop-order energy for I impurities in the form

I 21
A . n;m A
E({?’Lz}) = ]—I— 2—71_2 E Sln2 K + E WVN_body(nl,...,n1)+--- s (2110)
i=1 N=2

where the leading-order contribution / measures the naive dimension minus R-charge,
the next term is the lattice Laplacian energy of I non-interacting pseudoparticles and
the 1/K corrections account for interactions between pseudoparticles (which may
depend on the lattice momenta mode numbers n;). In the many-body approach,
one would try to derive such energy expressions by rewriting the Hamiltonian in
terms of creation/annihilation operators b,,, bili for the pseudoparticles (commuting
or anticommuting as appropriate). The N-body interaction vertex would generically

be written in terms of the b, b as

N N

Vv = > Onpstmyam ety S ({nd, {mi}) T 05, T [ o - (2.1.11)

ni,m; i=1 =1
where fy({n;}, {m;}) is some function of the lattice momenta and the Kronecker delta
enforces lattice momentum conservation. One has to determine the functions fy by
matching the many-body form of the Hamiltonian to exact spin chain expressions
such as eqn. (2.1.4). We will see that, once the Hamiltonian is in many-body form,
it is straightforward to obtain a density expansion of the higher-impurity energy

eigenvalues.

The discussion so far has been in the context of one-loop gauge theory physics,
but the logic of the virial expansion should be applicable to the general case. To
include higher-loop order physics we must do two things: a) generalize the functions
fn({ni}, {m;}) defining the multi-particle interaction vertices to power series in A and
b) allow the free pseudoparticle kinetic energies themselves to become power series
in \. We will be able to carry out the detailed construction of the higher-loop virial
Hamiltonian in a few well-chosen cases. To match this expansion at n-loop order in

A to the corresponding loop order (in the modified 't Hooft coupling N = ¢y N./J?)
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in the string theory, we need to determine the Hamiltonian to O(K~"*+1) in this
virial expansion. (The first curvature correction to the pp-wave string theory at one
loop, for example, appears at O()\'/J) or, in terms of gauge theory parameters, at
O(\/K?).) Auspiciously, it will turn out that this virial expansion in the su(2) sector
is truncated at small orders in 1/K, allowing for simple eigenvalue calculations that

are exact in K (although perturbative in A).

The first step toward obtaining the desired virial expansion is to recast the spin
chain Hamiltonian Hygy,), which is initially expressed in terms of permutation opera-
tors, in terms of a creation and annihilation operator algebra. We begin by introduc-

ing the spin operators

1
S* = 3 (0, +io,) , S*=—o0., (2.1.12)

where & are the Pauli matrices and S;—L, S7 act on a two-dimensional spinor space at
the ;' lattice site in the chain. In this setting the Z and ¢ fields are understood to
be modeled by up and down spins on the lattice. The nearest-neighbor permutation

operator F;,;.; can be written in terms of spin operators as

Piiv1 =558, + 857 S, +25757, + (2.1.13)

2 )

and the one-loop Hamiltonian in eqn. (2.1.4) can be written as

K
__Z S+S]+1 g+1 Z 5§85+ (2.1.14)
j=1

A Jordan-Wigner transformation can now be used to express the spin generators
in terms of anti-commuting creation and annihilation operators (anticommuting be-
cause each site can be either unoccupied (Z) or occupied once (¢)). A pedagogical
introduction to this technique can be found in [70]. The explicit transformation is

Sf o= bK() = K(j)b] .

J J



42 CHAPTER 2. A VIRIAL APPROACH TO OPERATOR DIMENSIONS

Sy = Kby =b;K(j) ,
S = blb;—1/2, (2.1.15)

where the Klein factors

K(j) = exp <i7r ]Z bLbk> (2.1.16)

serve to ensure that spin operators on different sites commute, despite the anticom-

muting nature of the b;. The functions K (j) are real, Abelian and, for j <k,
[K(5),8%] =0 . (2.1.17)
The operators b; and b; can therefore be written as
bl =SFK(j), b =S;K(j), (2.1.18)
and we easily verify that they satisfy the standard anticommutation relations
{500} =0, {bb}} = {by.ta} = 0. (2.1.19)

Cyclicity on the lattice requires that Si.1 = Sy, a condition that can be enforced by

the following boundary condition on the creation and annihilation operators:

K

b= (=)o, T=) blb (2.1.20)

j=1
where the integer I counts the number of spin chain impurities. In this chapter
we will be primarily interested in analyzing spin chains with three impurities. The
two-impurity problem can usually be solved more directly and, although the tech-
niques presented here are certainly applicable, going to four impurities introduces

unnecessary complications. We will henceforth impose the boundary conditions in
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eqn. (2.1.20) for odd impurity number only. We can use all of this to re-express
eqn. (2.1.14)) in creation and annihilation operator language, with the result

K
= 3 (Bl bl iy = by — bl + 28000 bk ) L (2121

J=1

Converting to momentum space via the usual Fourier transform

TR =
bij=——Y e KPh, (2.1.22)
K =0
yields
K-1 K-1
2 = 43 sin? (T2) 5ij, + 2 LG B 6
su(2) Z Si ? PP + E Z p+q,r+s - (2123)
p=0 p,q,m,5=0

This is a rather standard many-body Hamiltonian: it acts on a Fock space of momen-
tum eigenstate pseudoparticles, contains a one-body pseudoparticle kinetic energy
term and a two-body pseudoparticle interaction (the latter having the critical prop-
erty that it conserves the number of pseudoparticles). Note that the Hamiltonian
terminates at two-body interactions, a fact that will simplify the virial expansion of
the energy spectrum. This termination is a consequence of the fact that the one-loop
Hamiltonian contains only nearest-neighbor interactions and that lattice sites can

only be once-occupied.

Because the pseudoparticle (or impurity) number is conserved by the interaction,

three-impurity eigenstates of the Hamiltonian must lie in the space spanned by
bLOLDLIK) . kitkytks=0 mod K (2.1.24)

where the ground state |K) is identified with the zero-impurity operator tr(Z%) and
the condition of vanishing net lattice momentum arises from translation invariance

on the spin chain (which in turn arises from the cyclicity of the single-trace operators
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in the operator basis). As a concrete example, the basis of three-impurity states of

the K = 6 su(2) spin chain is
DIBIDS ) . DGBLD ) . DIBIBL ) L BORRLIE) L (2.1.25)

and the matrix elements of the Hamiltonian (2.1.23)) in this basis are easily computed:

5o g
2 -1 3 -1 -1
Humy=1 , | » . |- (2.1.26)
3 3 3
o1 3R

The first-order perturbation theory corrections to the three-impurity operator anoma-

lous dimensions are the eigenvalues of this matrix.

The construction and diagonalization of the Hamiltonian matrix on the degenerate

basis of three-impurity operators can easily be carried out for larger K. The results

of doing thig| for lattice sizes out to K = 40 are displayed in figure 2.1 According to

Figure 2.1: One-loop su(2) spin chain spectrum vs. lattice length K (6 < K < 40)

1 Using the position- or momentum-space formalism is purely a matter of convenience. In practice
we have found that for all sectors the momentum-space treatment is computationally much more
efficient. The large-K extrapolations of both methods can be checked against each other, and we of
course find that they are in agreement.
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2)

eqn. (2.1.10), we expect the eigenvalues of Hs(u@) to scale for large K according to

EUI({k:}) + OAK ™) . (2.1.27)

Ex({ki}) = 7 E"? ({ki}) +

The scaling coefficients E (2 and E 2 can easily be extracted from the data dis-
played in figure 2.1] by fitting the spectral curves to large-order polynomials in 1/K
(a similar treatment was used in [29]). The results of this procedure are recorded
for several low-lying levels in the spectrum (excluding zero eigenvalues) in table [2.1]

Subtracting the small errors, we claim that we have the following simple predictions

Egié)) ESL(:;)) ﬂll(g) / Esi 2) Lattice Momenta (ky, ks, k3)
1+26x107" 2-49x1077 2-50x1077 (1,0, 1)
34+46x107° 7-88x107"7 7/3-3.0x1077 (1 1 ,—2)
34+46x107 7-88x107"7 7/3-3.0x1077 (—-1,-1,2)
4460x107° 8—-11x10°% 2-29x107" (2,0,—2)
7+32x107% 14-71x10% 2-1.0x107° (1,2, -3)
74+32x107% 14—-71x10% 2-1.0x107° (-1,-2,3)
9422x1077 18—-51x10"° 2-57x107 (3,0,-3)
124+57x107° 28+3.8x 1073 7/3—1.4x1073 (2,2, —4)
124+57x107° 28+3.8x 107 7/3-1.4x1073 (—=2,-2,4)
13-56x107° 26—38x10% 2+1.3x1073 (1,3, —4)
13-56x107° 26—-38x107% 2+1.3x 1073 (—1,-3,4)

Table 2.1: Scaling limit of three-impurity su(2) numerical spectrum at one loop in A

for the large-K su(2) expansion coefficients E( ) and E )
By = (6 + k3 +K3)/2 i+ ks + ks =0,
By ey =2 (k1 # ka # ks)
7
B B = 3 (ky = ks, ks = —2ky) . (2.1.28)

Note the slight annoyance that we must distinguish the case where all mode indices
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are unequal from the case where two indices are equal and different from the third.
The last column of table displays the choice of indices {k;} that best fit each
spectral series. As the lattice momenta increase, higher-order 1/K corrections to the
spectrum become stronger and more data will be required to maintain a given level
of precision of the polynomial fit. This effect can be seen directly in the extrapolated

eigenvalues in table 2.1}

We also note that the spectrum in table 2.1] exhibits a degeneracy of eigenstates
whose momentum labels are related by an overall sign flip (a symmetry that is im-
plemented on the operator basis by a parity operator P that reverses the ordering of
all fields within the trace). This degeneracy among “parity pairs” of gauge theory
operators was observed in [31], where it was shown that it arises as a consequence of
integrability (which can, in turn, be used to constrain the form of the Hamiltonian
at higher loop order [30]). See [71] for further discussion on the implications of this

degeneracy.

To corroborate these results we turn to the one-loop Bethe ansatz for the Heisen-
berg spin chain. The Bethe ansatz for chains of spins in arbitrary representations
of arbitrary simple Lie groups was developed some time ago [72] (see also 73] for
an extension to supersymmetric spin chains) and applied only recently to the spe-
cific case of the dilatation operator of N' =4 SYM [32,[39]. In the notation of [32],
the Bethe equations are expressed in terms of the so-called Bethe roots (or rapidi-
ties) u; associated with the various impurity insertions in the single-trace ground state
tr(Z%). In a one-dimensional dynamical interpretation, the impurities are pseudopar-
ticle excitations and the roots parameterize in some fashion the lattice momenta of
the pseudoparticles. The index ¢ in the Bethe root u; runs over the total number I
of impurities. A second index ¢; = 1,...,7 is used to associate each of the I Bethe
roots with a particular simple root of the s[(4|4) symmetry algebra associated with

N =4 SYM. The Bethe ansatz then takes the form (see [32] and references therein
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for further details)

i K I
vt )Ty (Mt M (2.1.29)
ui — 5V, Ui — ZM ’ N

j;ﬁl qi,q5

where V,, denotes the ¢;"* Dynkin coefficient of the spin representation and M is the
Cartan matrix of the algebra. To be slightly more specific, if «,, are the root vectors
associated with the nodes of the Dynkin diagram and g is the highest weight of the
spin representation, then the Dynkin coefficient (for a bosonic algebra) is V, = 2 a/(%).
1/(a!%))? and the elements of the Cartan matrix are M, , = 2a(%) . (%) /(a(9))2
(note that diagonal elements M, ,, = 2). (For superalgebras see, e.g., [74,/75].) Fur-
thermore, since the spin chain systems of interest to us are cyclic and carry no net
momentum (analogous to the level-matching condition in the string theory), the Bethe

roots u; are subject to the additional constraint
L (u + 1V,

1= -2 % 2.1.30

11 (=) (2:1:30)

Having found a set of Bethe roots u; that solve the above equations, the corresponding

energy eigenvalue (up to an overall additive constant; see, e.g., [32]) is given by

E=Y)" (u +V2/4) . (2.1.31)

Jj=1

In the current application all impurities are of the same type (i.e., carry the same
Dynkin label), so the index ¢; can be ignored. It is worth noting, however, that the
Dynkin coefficient V,, can vanish, in which case the associated Bethe roots do not

contribute directly to the energy.

The Bethe equations are typically exactly soluble for the case of two identical
impurities (i.e., two Bethe roots u;, us associated with the same simple root of the
algebra). The two-impurity su(2) Bethe equations, for example, yield solutions that

reproduce the familiar two-impurity anomalous dimension formula noted above in
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eqn. (see [32,[39] for further examples). For three and higher impurities, how-
ever, exact solutions are not known. Since we are ultimately interested in comparing
with string theory predictions at large values of the S° angular momentum .J, an
alternate approach is to solve the Bethe equations perturbatively in small 1/K. Ex-
perience shows that, in the limit where we can neglect interactions between excitations
(or impurities), the Bethe roots are simply the inverse of the conserved momentum

carried by the impurities. With a little work, one can show that the Bethe ansatz

conditions, eqns. (2.1.29} [2.1.30)), can be solved order-by-order in a large- K expansion:

U;

= (KJFA”/?JF BHL...) 7 (2.1.32)

where 0 < k; < K is the usual integer lattice momentum. The half-integer powers
of K may or may not be present in eqn. (2.1.32)): they are needed to deal with
special kinematic situations (such as when a pair of impurities has the same lattice
momentum) where the integral power expansion would be singular. The eigenvalues
of the spin chain (or the anomalous dimensions of the corresponding gauge theory
operator) are then obtained as a power series in 1/K by substituting the expansion
of the Bethe roots into eqn. (2.1.31f). This is the approach introduced by Minahan
and Zarembo for the s0(6) spin chain in [39]. Since we wish to carry out similar
calculations at higher orders in A\, we will review this methodology at one-loop order
for the specific case of three identical impurities in the su(2) spin chain. (Since the
su(2) chain is a subsector of the s0(6) system studied in [39], the three-impurity
Bethe ansatz predictions derived here are of course implied by the all-impurity so(6)

anomalous dimension formula derived in [39] at one loop.)

We now apply this to the closed su(2) sector where the Dynkin diagram has a single

node, the Cartan matrix is Mgy2) = 2 and the Dynkin coefficient of the fundamental

representation is Vg, 2) = 1. Consequently, the Bethe equations ([2.1.29] [2.1.30)) reduce
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to

: I :
ui+i/2\ % w; — uj + 1

= _ 2.1.33

(Ui—i/2> g(ui—%‘—i) ’ ( )

1= f[ (Z i zg) . (2.1.34)

%

With three or more pseudoparticle excitations, bound-state solutions can arise that
satisfy the second equation (2.1.34). These solutions are characterized as having

pseudoparticle states sharing the same lattice momenta (e.g., k; = k; for the ™ and

J™ roots). The generic solutions to the Bethe equations can therefore be loosely

divided into those that do or do not contain bound states. For three impurities with
no bound states present (k; # ko # k3), eqn. (2.1.34)) states that k3 = —k; — ko. The
strategy of [39] can then be used to obtain a systematic expansion of su(2) Bethe

roots in powers of K !, with the result

K—14 3k _
_ O(K™!
w ok T w0 =)@ £ h) TOE )

(K — k2 + (K — Dkrky — 2(K — 1)k2 »
_ K
2 kg (K2 + ks — 2K2) + 0K,

(K — 1)k — (8 — 5K)kiks + 2(K — 1)k? -1
S O(K™Y) . (2135
s 21 (k1 + ko) (2k1 + ko) (k1 + 2k2) +OE™) ( )

Substituting these roots into the energy formula in eqn. (2.1.30)) gives the following
expression for the anomalous dimension of the su(2) three-impurity operator at one

loop:

872

B (ki ks) = o (K 4+ b 4+ K3) (K +2) + O(K ™),
(ki £ ks # ks) . (2.1.36)

This is in perfect agreement with the results of eqn. (2.1.28)) and the numerical gauge
theory results in table When a single bound state is present the Bethe roots must
be altered. Taking, for example, k1 = ko, the cyclic constraint in eqn. (2.1.34) sets
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ks = —2kq, and the Bethe roots are

—7+3iVK + 3K

= O(K~/?
7+3iVK — 3K
= - K712
_ 4-3K 12
U = oo +O(K™1?) . (2.1.37)

In this case the anomalous dimension is predicted to be

8% 5 —4
y(k1) = ——=kBK+T7)+O0(K™7),

(2)
E e

su(2

(kl = kg, ]fg = —Zkl) 5 (2138)

which is again in agreement with the results of eqn. (2.1.28)) and table (note that
the fractional powers of K~! have obligingly canceled out of the final expression for

the energy).

2.1.2 Two- and three-loop order

A similar analysis can be performed on the two-loop su(2) spin chain Hamiltonian. As
before, we use the Jordan-Wigner transformation restricted to an odd-impurity basis
of operators to rewrite the two-loop Hamiltonian (2.1.5)) in terms of position-space

fermionic oscillators, obtaining a result similar to eqn. (2.1.21)):

K
1
HD, = Z{—§ (014t + 02 = (b0 + Blbjer )| = 3b1; — 4BIbL, byt

j=1

+bl, bl obibj 1+ bIbLL by by + b;‘b;‘+2bjbj+2} : (2.1.39)

Passing to momentum space, we obtain the two-loop analogue of eqn. (2.1.23]):

K—
(4) . . 4 (PTTN 715
ng(z) = -8 sin <?> ;r,bp

p=

[y
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1 2mi(g+r) —27i(p+s) 4ri(g—s) 2mwi(g—s) ~p~L~ o~
E e K  +e K  +4e K —4de K‘)bLbj;brbs%Jrq’Hs.

(2.1.40)

Although the two-loop Hamiltonian includes “long-range” interactions among non-
neighboring lattice sites, the momentum-space Hamiltonian conveniently ter-
minates at two-body interaction terms. An equally important point is that, for fixed
momenta p, g, ..., the one-body (two-body) operators scale as K~* (K°) for large
K (the corresponding scalings for the one-loop Hamiltonian were K2 (K ~3)). This
special relation between density scaling and power of coupling constant is critical for

matching to string theory.

We deal with the problem of finding the eigenvalues of the combined one- and two-
loop Hamiltonian via Rayleigh-Schrodinger perturbation theory: at each value of the
lattice length K we treat the one-loop operator Héigm as a zeroth-order Hamiltonian
and regard Hs(ng) as a first-order perturbation. The O(\?) corrections to the spectrum
s
(numerically-determined) eigenvectors of H5(12122)' This is the recipe for non-degenerate

of Hﬁzm are then found by taking expectation values of the perturbation H in the

s
first-order perturbation theory and we might worry that the previously-noted parity-
pair degeneracy of the eigenvalues of Héizm would force us to use the rules of degener-
ate perturbation theory. As discussed in [31}38,71], however, parity degeneracy can
be traced to the existence of a higher Abelian charge that is conserved to at least
three-loop order. This charge can be used to show that the formulas of non-degenerate
perturbation theory can be used without modification. The basic observation is that
conservation of the Abelian charge guarantees that the matrix element of Hﬁ(ﬁé) be-
tween two degenerate eigenstates of Hﬁzz) with different eigenvalues of the higher
Abelian charge vanishes: this eliminates the vanishing energy-denominator singu-

larities that would otherwise invalidate the non-degenerate first-order perturbation

theory formulas (and similar arguments apply to the higher-order cases).

Using this method, we have evaluated the O(A\?) corrections to the spectrum of
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anomalous dimensions for lattice sizes from K = 6 to K = 40. As before, we fit the
spectral data to a power series in 1/K to read off the leading scaling coefficients of the
low-lying eigenvalues. As mentioned in the discussion of the two-loop Hamiltonian
, we expect the two-loop eigenvalues to have the following scaling behavior in
1/K:

)\2

EQ({h}) = g ESV({k}) + B (k) + OOK ™) . (2.141)

The numerical data confirm that the eigenvalues scale at least as fast as K~*. The

resulting numerical values for the leading scaling coefficients of low-lying eigenvalues,

E(24 nd F 25), are presented in table We thus have the following simple
Epio) Epio) Bui Baiy (k1 ko, k)
—0.25—-4.6x107% —-2+80x107" 8 —3.4x107° (1,0,-1)
—225—-14x107% —-194+26x107* 76/9+1.2x107* (1,1,-2)
—225—-14x107% —19+26x107* 76/9+1.2x107* (-1,-1,2)
—4+4+83x1077  -32—-11x10* 8+3.0x107° (2,0,-2)
—12.25-9.9x107°% —98+23x 102 8—-20x10"* (1,2,-3)
—12.25-9.9x 1075 —98+23x 1073 8-20x10"* (-1,-2,3)
—20.25+ 3.2 x 1073 —161.4 7.97 (3,0,-3)
—36 —2.8 x 1073 —304.6 8.46 (2,2, —4)
—36 —2.8x 1073 —304.6 8.46 (—2,—2,4)
—42.25 4+ 4.9 x 1073 —337.0 7.97 (1,3,—4)
—42.25 4+ 4.9 x 1073 —337.0 7.97 (—1,-3,4)

Table 2.2: Scaling limit of three-impurity su(2) numerical spectrum at two loops in A

predictions for the two-loop large- K expansion coefficients:

B = —(k} + K + k3)?/16
25)/E23 _3

76

E(25 /l?ml@)_?7

k1+k32+k?3:0,

(kv # k2 # ks) |
(kl - k’z, kg - —2]{}1) .
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Once again, the decline in precision as one goes to higher energies is expected. As a
consistency check we note that this time we have no freedom to choose the momenta
(k1, ko, k3) associated with each state: they have been fixed in the one-loop matching

exercise.

The three-loop su(2) Hamiltonian (2.1.6) can be dealt with in a similar fashion.
The position space operator version of this Hamiltonian is too long to record here,

but its momentum space version is fairly compact:

K—-1
() B - 1 2mi(g+r) 27i(2g+r) 2mi(g+2r)
Hyly = 32Zsm( ) ot 5 D {—106 Kode K t+e K

Pq;1,5=0
27r7,(q 3s) 2mwi(2g—2r—3s) 2mwi(3q—2r—3s) 2mwi(g—r—3s) 2mwi(2q—r—3s)
+e K +e K +e K +e K +e K
2mi(g—2s) 2mi(g—r—2s) 2mi(2g—r—2s) 27i(3q—r—2s) 2mwi(g+r—2s)
—e€ K — (& K — € K — € K — € K
2mi(g—s) 4mi(g—s) 6mi(g—s) 2mi(2q—s) 27i(3q—s)

+29e¢= K —10e” K +e kK —e K +e K

2mwi(g+r—s) 2mwi(2g+r—s)

i r—s)
—e K +e K -+ 62 Q}L{Q }b b b b 0 p+q,r+s

K-1

1 2mi(g+3r—2t—3u) 2mi(q+2r—s—2t—3u)
S K K
+ K2 E e +e
D,q,7,8,t,u=0
27i(2g+3r—t—3u) 2mi(g42r+s—u) | vy~ ~iy ~ ~
+e K e K }bTbTbTb biby Opigirsitrn - (2.1.43)

It contains at most three-body operators and a careful examination of terms shows
that, for fixed momenta, the one-body operators scale as K%, the two-body op-
erators as K~ and so on. We therefore expect the leading scaling coefficients in
the O()\3) eigenvalues to be F 53(2) and F 53(2 to use a by-now-familiar notation. To
find the eigenvalues to this order, we continue with the Rayleigh-Schrédinger per-
turbation theory strategy: the O(\?) correction to any eigenvalue is the sum of the
matrix element of Hs(ﬁz 2) in the appropriate eigenvector of 2

su (2)
sum-over-states contribution of Hs(u(Q)' These two pieces can easily be computed nu-

plus the second-order

merically from the explicit Hamiltonian operators at a fixed K. Parity degeneracy
and conservation of the higher Abelian charge mentioned above continue to hold,

and we can again use non-degenerate perturbation theory formulas to compute the



o4 CHAPTER 2. A VIRIAL APPROACH TO OPERATOR DIMENSIONS

eigenvalue corrections. We have generated numerical eigenvalue data for lattices from
K =6 to K = 40 and the large- K scaling coefficients of the low-lying states extracted
from those data are given in table [2.3]

Eg(ié)) Eg(i(;)) El ;) / Esi(g)) (K1, ko, k3)
0.1250 2.0003 16.003 (1,0,—1)
4125 58.03 1407 (1,1,-2)
4125 58.03 1407 (—1, 1,2)
7.999 128.2 16.03 (2,0,—-2)
49.62 713.3 14.37 (1,2,-3)
49.62 7133 1437 (-1, 2,3)
0115 1,454 1596  (3,0,-3)
2638 3,739 1417 (2,2, —4)
263.8 3,739 1417 (=2,-2,4)

Table 2.3: Scaling limit of three-impurity su(2) numerical spectrum at three loops in
A

A modified Bethe ansatz for the su(2) sector of the gauge theory, possibly incor-
porating all orders of higher-loop physics, has been proposed in [34,37] E| It is an
instructive exercise and a useful consistency check on this bold proposal to verify
that it reproduces the higher-loop scaling coefficients for three-impurity anomalous
dimensions that we have just computed by virial methods (and displayed in tables
, and . For completeness, we briefly summarize the new ansatz, referring
the reader to [34] for a detailed account. In the new ansatz, the momenta p; of the ex-
citations (closely related to the Bethe roots) become functions of A\ (as well as K and

mode numbers) and are determined by a modified version of eqns. (2.1.33} [2.1.34)):

1

SiKp: H@D —ep) +i S pi=0. (2.1.44)

]7&@ 90 ])_Z i=1

2The long-range ansatz based on the Inozemtsev spin chain in [37] suffers from improper BMN
scaling at four-loop order, a problem that is surmounted in [34]. For further insights into the
importance of BMN scaling, see [58].
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Dependence on A enters through the phase function ¢(p;), which is defined in terms

of the excitation momenta p; as follows:

olp) = %Cot (pi/2) \/1 + % sin? (p;/2) . (2.1.45)

The energy eigenvalue corresponding to a particular root of these equations is given

in terms of the excitation momenta p; by the formula

I

87 )
Ba@ =Y % <\/1 + sin (p;/2) — 1) : (2.1.46)

=1

Finding exact solutions of these equations is even more difficult than before, but we
can follow the previous strategy of developing an expansion in powers of 1/K about
non-interacting impurities on an infinite lattice. This is achieved by expanding the

excitation momenta p; according to

B % K"TH ,

n=1

Di (2.1.47)
where the integers k; (subject to the cyclicity constraint ), k; = 0) characterize the
non-interacting state about which the expansion is developed. The appearance of
half-integer powers of K~! in this expansion is needed to accommodate bound-state
solutions to the Bethe equations that arise when some of the momenta k; are equal.
Solutions to the Bethe equation ([2.1.44]) will determine the expansion coefficients pl(-n)

in terms of the mode numbers k; and ultimately lead to expansions of the energies as

power series in K1, with coefficients that are functions of \/K?.

Explicit results for the K~ expansion of gauge theory operators of arbitrary
impurity number, derived by the above method, were presented in [44].E| As usual,

expressions are different depending on whether all momenta are unequal or some

3Tt is important to note that the focus of this chapter is a different Bethe ansatz, designed to
match the spectrum of the string theory: the gauge theory Bethe ansatz results are derived for
comparison purposes.
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subset of them is equal. For all mode numbers k; unequal the I-impurity energy

formula in [44] is
I

E = K-1 1+ NE? al i
su2) T - +Z + e Sy

=1
N~ 2k2k; 1+ X k2
A ST S kg | D | 4 O(KY) (2,148
KT 2=k —w \ 7 e |7 (K7), (2148)

where we have used N = \/J?> = \/(K — I)? for convenience (J = K — I is the

total R-charge). To compare with our virial results, we must further expand in A;
expanding to first and second order yields the following scaling coefficients (valid for

all k; unequal):

BN = K+ ks + 43 B = 282 + kiks + K2) |
2.4 1 2,5
Essu(Q)) = —;1(612 +qr+1%)?, Eﬁu@)) = 2 +qr+1?)?% . (2.1.49)

These one- and two-loop coefficients match the numerical results presented in ta-
bles and and the analytic string formulas in eqns. , . It is harder
to write down a general formula for the many cases in which subsets of momenta are
equal but the solution for the particular case of three impurities with a two-excitation

bound state (k1 = ks = n, k3 = —2n) was also presented in [44]:

Eap = K—3+2V1+XNn2+V1+N4dn?

N n? < 1 N N 12 8 )
K—=3\14+XNn%2 V1+Nn2 V1+N4nZ2 V1+Nn2V1+N4an2)
(2.1.50)

To compare with the virial results, one must again expand the energy in powers of A.
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Doing so yields the following one- and two-loop bound-state scaling coefficients:

(1,2) 2 (1,3) 2
Egzy =317, Eofay =17,
24) _ 9 4 25) _ 4
Esu(2) = _Zn , Esu(z) =—19n" . (2.1.51)

We easily verify that this agrees with numerical virial results to two-loop order.

The three-loop coefficients obtained by expanding the energy formulas in eqns.

(2.1.48] [2.1.50)) are given by

1
ESLo) = 0 (2 8+ 6k kg + 15Kk ko® + 20 k1 ky®

+15 k1 ko + 6 Ky kp” + 2 k?26> ;

1
Eﬁi(?) = 1 (8 kiS4 24 k1% ko + 51 Ky ko® + 62 k3 ko

451 k2 kot + 24Ky ko +8k:26> , (2.1.52)

for (k1 # ko # k3), and
ESS) = % n®, B =580, (2.1.53)
for the bound-state solution with (k; = ks = n, k3 = —2n). The numerical values of

these O(A\?) coefficients are tabulated for several low-lying states in the spectrum in
table[2.4 The correspondence with table 2.3 which displays the three-loop expansion
coefficients extracted from numerical diagonalization of the three-loop Hamiltonian,
is good. At this order in the loop expansion higher-order 1/K corrections to the
spectrum are more important (compared to the one- and two-loop cases), and the
numerical extrapolation is less reliable (especially as the lattice momenta increase).
The precision can always be improved by including data from larger lattices in the
extrapolation. We emphasize that this discussion concerns the different methods of
calculation of operator dimensions in the su(2) sector only. It seems to us to give

useful further evidence that the long-range Bethe ansatz for the su(2) sector of the
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gauge theory [34] is exact.

ESS  ESD ESDJESS (ki ky, ks)
0125 2 16 (1,0,-1)
4125 58 14.06 (1,1,-2)
4.125 H8 14.06 (—1, -1, 2)
8 128 16 (2,0, —2)
49.625 713 14.37 (1,2,-3)
49.625 713 1437 (=1,-2,3)
91.125 1,458 16 (3,0,-3)
264 3,712 14.06 (2, 2, —4)
264 3,712 14.06 (—2, -2, 4)

Table 2.4: Three-impurity su(2) spectrum from the long-range Bethe ansatz at three
loops

2.2 A closed su(1|1) subsector of su(2|3)

The three-impurity string theory analysis of [38] identified a fermionic sector of the
theory that is diagonalized by string states composed of fermionic excitations pro-
jected onto particular four-dimensional subspaces (which transform in an SU(2)? x
SU(2)? notation as a (2,1;2,1) or (1,2;1,2) of SO(4) x SO(4)) and symmetrized
in their SO(4) x SO(4) indices. It was also shown that this three-impurity subsector
of the theory decouples at all orders in \.

On the gauge theory side this subsector corresponds to an su(1|1) subgroup of
the closed su(2|3) sector studied by Beisert in [33,/69]. (Supersymmetric integrable
su(n|m) spin chains have previously been studied in certain condensed-matter appli-
cations; see, e.g., [76].) In the present setting the fields of su(2|3) consist of three
complex scalars ¢, and two complex fermions 7. In the closed su(1]1) subspace we
are restricted to a single scalar denoted by Z and a single fermion labeled by . Just

as in the su(2) sector, we use the fermionic position-space oscillators b}, b; to create
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or annihilate fermionic 1 insertions in a ground state composed of K scalars:

K) =t(Z%), LK) =t(Z Zj 0 Zk) - (2.2.1)

In [33], Beisert gave the action of the Hamiltonian on the su(2|3) spin chain to
three-loop orderﬁ In the notation of [33], the action of the Hamiltonian on basis

states can be represented in terms of special permutation operators denoted by

A An
Bi...By] '’
which replace all occurrences of the upper sequence of fields A; ... Ay in the trace

by the lower sequence Bj...By. Restricting Beisert’s su(2|3) Hamiltonian to the

su(1|1) subsector at one-loop order yields

Z A A Z
e S D L S L S L I L (2.2.2)
st Zy (0 (04 A% Yy
In terms of the position-space oscillators of eqn. (2.2.1)), the su(1|1) Hamiltonian can
be assembled by inspection and takes the form
K
2
HE) 1y = 37 (8105 + blybyen = bty — bl ) (2.2.3)

J=1

There are no higher-body interaction terms at this order in A. This fact can be

checked by computing
(Kbiy1b; (H (1)) )bTb;r+1|K> =2, (2.2.4)

which reproduces the two-body matrix element given by the last term in eqn. (2.2.2)).

4Beisert’s three-loop Hamiltonian was restricted in [33] to the bosonic sector, but the author has
since provided us with the complete version.
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In momentum space we obtain

2 . PT 7457
Hﬁ(uzlll) =4) sin? <—> pr . (2.2.5)

The two-loop su(1|1) momentum-space Hamiltonian can be extracted in the same

manner (the position-space version is too long to print here):

K-1
(4) o f 1 2mwi(g—2r) 2mi(2g—r) 2mwi(g—r)
Hsu(lll) - _8ZSIH < )bb +4K Z {6 " te ¥ —de K
p,q;1,5=0
2mwi(g—2r—s) 2mi(g+s) 2mwi(g—r+s) 27i(2q—2r—s) | ~o~viv ~
gl ) mlgen | nilgores | s }b;bgb,bs Sprqris -
(2.2.6)

Finally, the complete three-loop Hamiltonian for this subsector is

(6) _ 60mi(q—r)  2mi(27¢—297)
Hsu(1|1) = BQZsm( )bTb _ Z o ¥ { g

p q,r,5=0
_ 2mi(28q—29r) _ 2mi(27q—28r) _ 2mi(29g—28r) _ 2mi(29g—27r)
+2e K —4e K +37e K —6e K
_ 56mi(q—r) _ 58mi(q—r) _ 2mi(299—297—2s) _ 2mi(299—307r—s)
+8e T K —T2e T K —0e K —40e K
_ 27i(299—297—s) _ 2mi(299—28r—s) _ 27mi(279—287r+s) _ 27i(289—287+s)
+37e K —8e K +8e K +2e K
_ 27i(299—28r+s) _ 2mi(279—27r+s) _ 27mi(299—27r+s) _ 27mi(279—27r+2s)
—40e K —4e K +8e K +2e K
( ) 1 — ( )
27i(29qg— 307" 2s 27mi(q+2r—3s—2t
+8e” }bbbb 5+q’T+S+E E {26 K
D,q,7,8,t,u=0
2mwi(qg+3r—3s—2t) 2mwi(g+2r—3s—t) 27i(2g+3r—3s—t) 2mwi(g+2r—2s—t)
—e K —4de K —e K +3e K
27i(2g+3r—2s—t) 2mwi(q+2r—3s—2t—u) 27i(q+3r—3s—2t—u) 2mi(g+2r—2s4u)
+2e K —4e K +2e K +2e K
27i(g+2r—s+u) 2mi(g+2r—2s—t+u) | i~~~y ~ o~
—4e K —4de K }b;bgb,tb bibu Opiqirsttiu - (2.2.7)

H<4

We note that H (1|1)7 su(1]1)

and H 1I1) terminate at one-body, two-body and three-
body interactions, respectively. This will permit us to obtain the exact K-dependence

of successive terms in the \ expansion of energy eigenvalues.
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As in the su(2) sector, we can use non-degenerate perturbation theory to extract
the K ! scaling coefficients of the su(1|1) eigenvalue spectrum up to three loops in .
The scaling coefficients extrapolated from numerical diagonalization of lattices up to
K = 40 are recorded for one-loop, two-loop and three-loop orders in tables[2.5] and
, respectively. The same increase in leading power of K ~! with corresponding order
in A that was noted in the su(2) sector is found here as well (we use the same notation
for the scaling coefficients as before in order to keep track of these powers). It should
also be noted that, because the impurities in this sector are fermions symmetrized on

all group indices, the lattice momenta of all pseudoparticles must be different. These

results amount to the following predictions for the one-loop and two-loop scaling

coefficients:
(1,2) 1,3)
Esu(m (k7 + ks + £3) B =0,
EEH — 105+ by + R EED = (k4 ks + KD . (2.2.8)

We again have the usual caveat that data on larger and larger lattices are required

to maintain a fixed precision as one goes to higher and higher energy levels.

Boii Buily  Bain/Baily (ki ke ks)
1+13x1071% —1.9%x10®% —-19x10"%  (1,0,—1)
4—-1.0x1077 1.8x107° 4.6 x 1076 (2,0, -2)
7—-25x1077  4.4x107° 6.3 x 1076 (1,2, -3)
7—-25x1077 44x107° 6.3x107%  (=1,-2,3)
9-39x1077 79x107° 8.7 x 107° (3,0,—3)
13—-40x107% 82x107* 6.3 x 107° (1,3, —4)
13—-40x107% 82x107* 6.3 x 1070 (—1,-3,4)
16 —2.0x 107 4.1x1073 2.6 x 107 (4,0, —4)
19-35x10° 73x1073 3.8x 1074 (2,3,-5)
19-35x10"° 7.3 x1073 3.8x 107  (=2,-3,5)

Table 2.5: Scaling limit of one-loop numerical spectrum of three-impurity su(1]1)

subsector
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Eﬁ(ﬂl) E£3(51)|1) Es(i(ﬂl)/Es(ié)]l) (kla ka, kS)
—0.25 —0.99999 3.99995 (1,0,-1)
—4.00006 —15.990 3.998 (2, 0, —2)
—12.251 —48.899 3.992 (1, 2, 3)
—12.251 —48.899 3.992 (—1,-2,3)
—20.25 —80.89 3.995 (3,0,-3)
—42.25 —168.2 3.98 (1, 3, —4)
—42.25 —168.2 3.98 (—1, -3, 4)
—64.00  —254.6 3.98 (4,0, —4)
—90.26 —359.3 3.98 (2,3, —5)
—90.26 —359.8 3.99 (—2,-3,5)

Table 2.6: Scaling limit of two-loop numerical spectrum of three-impurity su(1[1)
subsector

The scaling limit of the three-loop ratio E®7 / E®9 s recorded for the first

su(1]1)/ su(1]1)

few low-lying states in the spectrum in table [2.7]

The extrapolated gauge theory results in eqn. for the one-loop coefficients
Eii(gl)‘l) and Es(i(?u) should be checked against the predictions of the general one-loop
Bethe ansatz [32,|39] applied to the su(1|1) sector (as far as we know, no higher-
loop Bethe ansatz is available here). To apply the general Bethe ansatz equation of
eqn. (2.1.29)), we note that the su(1|1) Dynkin diagram is just a single fermionic node:
the Cartan matrix is empty and the single Dynkin label is Viyapy = 1 [74,/75]. We

therefore obtain the simple one-loop Bethe equation

K

(ui i 5) —1. (2.2.9)

Rather remarkably, eqn. (2.2.9) can be solved exactly for arbitrary impurity number!

The general su(1|1) Bethe roots are

1 [k
wi = 5 cot ( [:) : (2.2.10)
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E(SJ) /E(376) (k17 k?? k?))

su(1]1)/ Psu(1]1)
—86.41 (1,0,—1)
—85.71 (2,0, -2)
—83.74 (1,2, -3)
—83.74 (—1,-2,3)
~101.9 (3,0,-3)
—96.01 (1,3, —4)
—96.01 (—1,-3,4)
—158.1 (4,0, —4)

Table 2.7: Scaling limit of three-loop numerical spectrum of three-impurity su(1|1)
fermionic subsector

and the energy eigenvalues computed from eqn. (2.1.31)) are

I
ki
Eugpy =4 sin® <7TK ) : (2.2.11)
=1

with the usual condition Y k; =0 mod K from eqn. (2.1.30). This is just the sum of
free lattice Laplacian energies and clearly matches the energies one would obtain from
the one-loop su(1|1) Hamiltonian of eqn. (2.2.5)) (since the latter has no interaction
terms). No expansion in 1/K was necessary in this argument, but it is straightforward

to expand the energies in 1/K and verify the numerical results obtained in table [2.5

and eqn. ([2.2.§]).

2.3 The sl(2) sector

As noted in [3§], integrable s[(2) spin chains have previously been the subject of
several studies involving, among other interesting problems, high-energy scattering
amplitudes in non-supersymmetric QCD (see, e.g., [77] and references therein). The
sl(2) closed sector of N =4 SYM was studied in [69], and the spin chain Hamiltonian
in this sector is presently known to one loop in A. (For more recent progress, see

ref. [52].)
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The constituent fields in this sector are SO(6) bosons, Z, carrying a single unit
of R-charge (Z = ¢5+i¢g or, in the language of Chapter , gbg), and each lattice site
on the s[(2) spin chain is occupied by a single Z field acted on by any number of the
spacetime covariant derivatives V. = V; + tVy. The total R-charge of a particular
operator is therefore equal to the lattice length K, and an I-impurity operator basis
is spanned by single-trace operators carrying all possible distributions of I derivatives

among the K lattice sites:

T (V'Z 2571 e (VIT'Z vz 2572
T (VI7'Z 2vz 2577 o (2.3.1)

The integer I counts the total number of derivatives in the operator and, since any
number of impurities can occupy the same lattice site, one can think of n derivative
insertions at the " lattice site as m bosonic oscillator excitations at the " lattice

position:
(@)™ |K) ~ Tx (2771 zz2570) L (2.3.2)

The ground state |K) is represented by a length K chain with no derivative insertions:

|K) = Tr (25).

The one-loop sl(2) spin chain Hamiltonian (corresponding to the dilatation op-
erator in this sector) was constructed in [69] and was defined by its action on basis

states rather than directly expressed as an operator:

Jg+lo

K
2 _ 1(2)
Hs - Z H;
j=1

n

HY (al Y (ab)" 7 |K) - = Z[(sj:j/ <h<j>+h<n—j>>—u§jfj}/y (a) (a})" | K)

o —

J

(2.3.3)
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(where h(n) = 14...41/n are the harmonic numbers). In other words, Héfé) is a sum
over the position-space Hamiltonian A j j( +)1, which acts on the j® and (j+1)" (neigh-
boring) lattice sites; the action of H +1 can be summarized by the explicit form given
for Hf[2 above. Since it is only defined by its action on the state (al)? (al)"~7 |K), it

is difficult to immediately translate H ([()2) to momentum space. However, it is possi-
ble to expand it in powers of fields and use eqn. to iteratively determine the
expansion coefficients. The virial argument furthermore tells us that higher powers in
the fields will determine higher powers of K ! in the expansion of the energy. For our
current purposes, it suffices to know the Hamiltonian expanded out to terms of fourth

order in the fields and this truncation of the Hamiltonian can easily be constructed

by inspection:

K
@  _ i 14
Hyp = —Z[(a]+l—2a +al_ 1) (aj—iajcﬁ)
=1
1 T2 2
+Z(aj+1 2a! % + al - 1) FR (2.3.4)

K—1
2 _ ~
Hs[@) = Z4sm — aT ap
p=0
-1
1 Lo DT . ,qm . o (pt T
+— Z Op+q,r+s (_ sin? == — sin? =— + sin? ~~—— aTaTaras + .-
Kp,qmszo K K K

(2.3.5)
This Hamiltonian acts on an /-impurity Fock space spanned by the generic states
af ayal - |K) | (2.3.6)

with lattice momenta labeled by k; = 0,..., K — 1, and subject to the constraint
> ki=0 mod K. Numerically diagonalizing this Hamiltonian on a range of lattice

sizes, we obtain data from which we extract the numerical predictions for the one-
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loop coefficients E( 2) and E

predictions for the scahng coefﬁ(nents

presented in table . We arrive at the following

Eér(z) (KT + kko + &3) 13)/Em) 2, ki Ak Ak,
1,2 1,3 1,
Es([(2)) =3n”, E:E[@))/Eél(z)) =-17/3, ki =ky=n,ks=—-2n,

and we can easily verify that the agreement with table is excellent.

Es(rl(’;)) Eétl(’zg)) By 3)/ E 1 2) (K1, ko, ks3)
1+12x107% —2-31x1007 —2-31x 10 T (1,0,-1)
3—-76x107 —74+19x10¢ —-7/3+63x1077 (1,1,-2)
3—-76x107 —74+19x107% —-7/3+6.3x1077 (-1, —1,2)
4-28x1077 —-8+69x10% —2+1.7x107% (2,0,-2)
7-29%x1077 —-14+471x107° —-24+10x107° (1, 2 -3)
7-29x1077 —14+71x107° —-2+1.0x107° (-1,-2,3)
9—-41x1077 —18+1.0x107* —-2+1.0x10"°  (3,0,-3)
12484 x 1077 —28—-15x107* —7/3—-12x107° (2,2,—4)
12484 x 1077 —28—15x10"* —7/3—-12x 1075 (-2,-2,4)
13—70x107% —26+1.7x107% —-2+13x107* (1,3,—4)
13—-70x107% —26+1.7x107% —2+13x10™* (=1,-3,4)
16—-1.4x10% —324+3.9x10™* —24+24x107°  (4,0,—4)
19-75x10% —38422x107% —24+11x10™* (2,3,-5)
19-75x107% —38+22x107% —-2+1.1x107* (-2,-3,5)
21 —34x107% —42+88x 107 —2+42x107°  (1,4,-5)
21 —34x107% —42+88x107* —-2+42x107° (—1,-4,5)

Table 2.8: Scaling limit of numerical spectrum of three-impurity s[(2) sector at one
loop

The extrapolated predictions can again be checked against those of the corre-
sponding one-loop Bethe ansatz equations. In the s[(2) sector the highest weight

is —1/2: the Dynkin diagram therefore has coefficient Vi2) = —1 and the Cartan
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matrix is Mgyo) = 2. The Bethe equations (2.1.29, [2.1.30) thus reduce to
. K n .
U — Z/2 _ H ul_—uﬂﬂ : (2.3.8)
u; +1/2 i \Ui Uy —

1= ﬁ (z J_r zg) . (2.3.9)

7

Apart from a crucial minus sign, this is identical to the su(2) Bethe equation (2.1.34)).
In the absence of bound states, eqn. (2.3.8]) is satisfied by the following Bethe roots:

21+ K2 — (4+ K)kiks — (44 K)k2 |
_ K
" ke (42 1 Frkey — 202) O,

20+ K)k3 — (4 + K)kiks — (4 + K)k? .
= - O(K
2 277']{'2(]{% + klk'g - 2]4)%) * ( ) ’

2(1 4 K)k2 + (8 + 5K )kyks + 2(1 + K)k2 .
_ LOK™Y . (23.10
U3 21 (k1 + ko) (21 + ko) (k1 + 2ks) (=) - ( )

Using eqn. (2.1.31f), we obtain

A
Bl (kiks) = 5 (k4 ik + K2) (K = 2) + O(K ™)

(ky # ko # ks) . (2.3.11)

For the bound state characterized by ky = ks = n and k3 = —2n, the Bethe roots are

7T—-3vVK+3K
u = VK + +O(K™?)
6mn
7+ 3vVK + 3K
v — I VK + L O
6mn
4+ 3K
= - O(K 12 2.3.12
1 12mn + O ) ( )
with spin chain energy
E2) (n) = 2 (8K — 7) + O(K ki =ky =mn, ky = —2 2.3.13
ﬁ[(2)(n)_ﬁ< —7)+O0(K™), (ky =ky=mn, kg =—2n) . (2.3.13)

These results again agree with the numerical results in table [2.8]
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2.4 Discussion

In this chapter we have demonstrated that the virial expansion of the N’ = 4 SYM
spin chain Hamiltonian for small impurity number provides a simple and reliable
method for computing exact anomalous dimensions of multi-impurity operators at
small scalar R-charge (chain length) and estimating with great precision the near-
BMN scaling behavior of these dimensions as the R-charge becomes large. The lat-
ter application, which is suited to direct comparison of gauge theory predictions
with corresponding results on the string side of the AdS/CFT correspondence, works
well for three-impurity operators to three-loop order in A in the su(2) sector (the
order to which the su(2) Hamiltonian is known definitively). Specifically, the nu-
merical predictions from the virial approach for the near-BMN scaling coefficients

(1,2) (1
(Esu(Z)’ Esu

su(2) long-range Bethe ansatz to three-loop order, and will eventually be shown to

(z)), Es(ié)), Es(i(‘;)), Eii(g)) and Es(i(?)) match corresponding results from the
agree with near-plane-wave string theory predictions to two loops (the disagreement
with string theory at three loops is by now an expected outcome in these studies; this
will also be demonstrated below). We also find convincing agreement near the BMN
limit between the virial approach and the Bethe ansatz results at one-loop order in
the closed s[(2) and su(1]|1) subsectors. As a side result we have found in the su(1]1)
sector an ezact (in chain length) agreement between the Bethe ansatz and the virial
expansion for one-loop operator dimensions with arbitrary impurity number (this was
only possible because the Bethe equations can be solved exactly in this subsector for
any number of impurities). There are currently no higher-loop Bethe ansétze for
the su(1|1) system, however, so in this sense our numerical predictions go beyond
the current state of Bethe ansatz technology (see [78] for further developments of
higher-loop gauge theory physics in non-su(2) sectors). Recent progress in develop-
ing reliable Bethe equations in the s[(2) sector beyond one-loop order has been made
by Staudacher in [52]. It would be very interesting to find a general long-range Bethe
equation appropriate for N' = 4 SYM at higher loop-order in A, both for compar-
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ison with string predictions and with the virial approach studied here. (For recent

developments in this direction, see reference [63].)



Chapter 3

A curvature expansion of AdSs; x S°

In order to address specifically stringy aspects of the duality, it is typically necessary
to consider simplifying limits of the canonical AdSs x S® background. As described
above, Metsaev [25] showed that, in a certain plane-wave geometry supported by a
constant RR flux, lightcone gauge worldsheet string theory reduces to a free theory
with the novel feature that the worldsheet bosons and fermions acquire a mass. This
solution was later shown to be a Penrose limit of the familiar AdS5 x S® supergravity
solution [22], and describes the geometry near a null geodesic boosted around the
equator of the S° subspace. The energies of Metsaev’s free string theory are thus
understood to be those of a string in the full AdSs x S° space, in the limit that
the states are boosted to large angular momentum about an equatorial circle in the
S5, Corrections to the string spectrum that arise if the string is given a large, but
finite, boost can be computed. Comparison of the resulting interacting spectrum
with corrections (in inverse powers of the R-charge) to the dimensions of the corre-
sponding gauge theory operators largely (but not completely) confirms expectations
from AdS/CFT duality (see [26,30] for discussion). The purpose of this chapter is
to describe in fairly complete detail the methods used to obtain the results presented
in [26] (but only outlined in that paper). Some aspects of the purely bosonic side
of this problem were studied by Parnachev and Ryzhov [79]. Although we find no
disagreement with them, our approach differs from theirs in certain respects, most

notably in taking full account of supersymmetry.

70
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The approach is to take the GS superstring action on AdSs x S%, constructed using
the formalism of Cartan forms and superconnections on the SU(2,2[4)/(SO(4,1) x
SO(5)) coset superspace [80], expand it in powers of the background curvature and
finally eliminate unphysical degrees of freedom by lightcone gauge quantization. We
treat the resulting interaction Hamiltonian in first-order degenerate perturbation the-
ory to find the first corrections to the highly-degenerate pp-wave spectrum. The com-
plexity of the problem is such that we are forced to resort to symbolic manipulation
programs to construct and diagonalize the perturbation matrix. In this chapter we
give a proof of principle by applying our methods to the subspace of two-impurity
excitations of the string. We show that the spectrum organizes itself into correct
extended supersymmetry multiplets whose energies match well (if not perfectly) with

what is known about gauge theory anomalous dimensions.

In Section [3.1] we introduce the problem by considering the bosonic sector of the
theory alone. We comment on some interesting aspects of the theory that arise when
restricting to the point-particle (or zero-mode) subsector. In Section [3.2] we review the
construction of the GS superstring action on AdSs x S® as a nonlinear sigma model
on the SU(2,2|4)/(SO(4,1) x SO(5)) coset superspace. In Sections and we
perform a large-radius expansion on the relevant objects in the theory, and carry
out the lightcone gauge reduction, thereby extracting explicit curvature corrections
to the pp-wave Hamiltonian. Section presents results on the curvature-corrected
energy spectrum, further expanded to linear order in the modified 't Hooft coupling
N = g%,,/N./J?% results from corresponding gauge theory calculations (at one loop
in A = ¢g2,,N.) are summarized and compared with the string theory. In Section
we extend the string theory analysis to higher orders in X', and compare results with

what is known about gauge theory operator dimensions at higher-loop order.
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3.1 Strings beyond the Penrose limit

To introduce the computation of finite-J corrections to the pp-wave string spectrum,
we begin by discussing the construction of the lightcone gauge worldsheet Hamiltonian
for the bosonic string in the full AdSs x S® background. The problem is much more
complicated when fermions are introduced, and we will take up that aspect of the
calculation in a later section. A study of the purely bosonic problem gives us the
opportunity to explain various strategic points in a simpler context.

In convenient global coordinates, the AdS5 x S° metric can be written in the form
ds* = §2(—cosh2p dt? + dp?® + sinh?p dQ2 + cos®0 d¢?® + df* + sin?0 dQ2) , (3.1.1)

where R denotes the radius of both the sphere and the AdS space, and d€23, dQ% denote
separate three-spheres. The coordinate ¢ is periodic with period 27 and, strictly
speaking, so is the time coordinate ¢. In order to accommodate string dynamics, it
is necessary to pass to the covering space in which time is not taken to be periodic.
This geometry, supplemented by an RR field with N, units of flux on the sphere, is
a consistent, maximally supersymmetric type IIB superstring background, provided
that R* = g,N.(c/)? (where g, is the string coupling).

In its initial stages, development of the AdS/CFT correspondence focused on the
supergravity approximation to string theory in AdS® x S°. Recently, attention has
turned to the problem of evaluating truly stringy physics in this background and
studying its match to gauge theory physics. The obstacles to such a program, of
course, are the general difficulty of quantizing strings in curved geometries, and the
particular problem of defining the superstring in the presence of RR background fields.
As noted above, the string quantization problem is partly solved by looking at the
dynamics of a string that has been boosted to lightlike momentum along some direc-
tion, or, equivalently, by quantizing the string in the background obtained by taking
the Penrose limit of the original geometry using the lightlike geodesic corresponding

to the boosted trajectory. The simplest choice is to boost along the equator of the
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S5 or, equivalently, to take the Penrose limit with respect to the lightlike geodesic
¢ =1, p=~60 =0 and to quantize the system in the appropriate lightcone gauge.

To quantize about the lightlike geodesic at p = 8 = 0, it is helpful to make the

reparameterizations
1+ 2%/4 1—y%/4
hp=——F>5- 0= —F— 3.1.2
COMPET 2y T Tz (381.2)
and work with the metric
~ 1+ 122\? 1— Ly2 ?
2 P2 4 2 4 2
o (Y e (Y
1* 1Y
dzd Ay dyi
Zklzk Yk lyk (3.1.3)
=527 0+

The SO(8) vectors spanning the eight directions transverse to the geodesic are broken
into two SO(4) subgroups parameterized by 22 = z,2* with k = 1,...,4, and 3? =
ypy® with ¥ = 5,...,8. This form of the metric is well-suited for the present
calculation: the spin connection, which will be important for the superstring action,
turns out to have a simple functional form and the AdSs and S® subspaces appear
nearly symmetrically. This metric has the full SO(4,2) x SO(6) symmetry associated
with AdSs x S°, but only the translation symmetries in ¢ and ¢ and the SO(4) x
SO(4) symmetry of the transverse coordinates remain manifest. The translation
symmetries mean that string states have a conserved energy w, conjugate to ¢, and
a conserved (integer) angular momentum J, conjugate to ¢. Boosting along the
equatorial geodesic is equivalent to studying states with large J, and the lightcone
Hamiltonian gives eigenvalues for w—.J in that limit. On the gauge theory side, the S®
geometry is replaced by an SO(6) R-symmetry, and .J corresponds to the eigenvalue of
an SO(2) R-symmetry generator. The AdS/CFT correspondence implies that string
energies in the boosted limit should match operator dimensions in the limit of large
R-charge (a limit in which perturbative evaluation of operator dimensions becomes

legitimate).
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On dimensional grounds, taking the J — oo limit on the string states is equivalent
to taking the R — oo limit on the metric (in the right coordinates). The coordinate

redefinitions

t—>x+—;—§2, gb—>x++2x—§2, zk—>z—],§, yk/ﬁ% (3.1.4)

make it possible to take a smooth R — oo limit. Expressing the metric 1' in

these new coordinates, we obtain the following expansion in powers of 1/ R

ds’> ~ 2datdrT +d2 +dy’ — (22 4 y°) (dat)?

+ 2 (2* — ¢?) da—da™t + 22d2” — yPdy® — (2F — y*) (dat)?] QL}AQQ
+O(1/RY) . (3.1.5)

The leading ﬁ—independent part is the well-known pp-wave metric. The coordinate
is dimensionless, £~ has dimensions of length squared, and the transverse coordinates
now have dimensions of length. Since it is quadratic in the eight transverse bosonic
coordinates, the pp-wave limit leads to a quadratic (and hence soluble) Hamiltonian
for the bosonic string. The 1/ R? corrections to the metric are what will eventually
concern us: they will add quartic interactions to the lightcone Hamiltonian and lead
to first-order shifts in the energy spectrum of the string.

After introducing lightcone coordinates z* according to , the general AdSsx

S® metric can be cast in the form
ds® = 2G_dxTdx™ + G datdet + G__do~dz™ 4 Gapdz?dz® ,  (3.1.6)

where 24 (A = 1,...,8) labels the eight transverse directions, the metric components
are functions of the z only, and the components G 4 and G_ 4 are not present. This
simplifies even further for the pp-wave metric, where G__ = 0 and G,_ = 1. We
will use as the starting point for constructing the lightcone gauge worldsheet

Hamiltonian (as a function of the transverse 2 and their conjugate momenta p,)
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and for discussing its expansion about the free pp-wave Hamiltonian.

The general bosonic Lagrangian density has a simple expression in terms of the

target space metric:
1 ab m v
L= §h G 0" Opz” (3.1.7)

where h is built out of the worldsheet metric v according to h*® = /—det yy* and
the indices a, b label the worldsheet coordinates o, 7. Since det h = —1, there are only
two independent components of h. The canonical momenta (and their inversion in

terms of velocities) are

Ta v . 1 v hTe
Pu = h G,Lwaax ) it = FG# Pv — BT

" (3.1.8)

The Hamiltonian density H = p,a* — L is

TO

h
(. G"py, + 2"G 2" —

H
h’TT

= S (z™p,) . (3.1.9)

As is usual in theories with general coordinate invariance (on the worldsheet in this
case), the Hamiltonian is a sum of constraints times Lagrange multipliers built out

of metric coefficients (1/h7" and h™ /h77).

One can think of the dynamical system we wish to solve as being defined by
L = p,i* — H (a phase space Lagrangian) regarded as a function of the coordinates
z*, the momenta p,, and the components h*’ of the worldsheet metric. To compute the
quantum path integral, the exponential of the action constructed from this Lagrangian
is functionally integrated over each of these variables. For a spacetime geometry like
, one finds that with a suitable gauge choice for the worldsheet coordinates
(1,0), the functional integrations over all but the transverse (physical) coordinates
and momenta can be performed, leaving an effective path integral for these physical

variables. This is the essence of the lightcone approach to quantization.

The first step is to eliminate integrations over ™ and p_ by imposing the lightcone
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gauge conditions 7 = 7 and p_ = const. (At this level of analysis, which is essentially
classical, we will not be concerned with ghost determinants arising from this gauge
choice.) As noted above, integrations over the worldsheet metric cause the coefficients
1/h™ and A" /h™" to act as Lagrange multipliers, generating delta functions that

impose two constraints:

ptapa =0,
( x/ApA)Q

=0.
P2

GTpt +2GT pyp_ + G P2 4+ paGPpp + /G apr™® + G__

(3.1.10)

When integrations over = and p, are performed, the delta functions imposing con-
straints serve to evaluate = and p, in terms of the dynamical transverse vari-
ables (and the constant p_). The first constraint is linear in = and yields '~ =
—a'4p, /p_. Integrating this over o and using the periodicity of z~ yields the stan-
dard level-matching constraint, without any modifications. The second constraint is
quadratic in p, and can be solved explicitly for p, = —Hyc(z?,pa). The remaining
transverse coordinates and momenta have dynamics that follow from the phase space

Lagrangian
Lps = pi +p_i” +pai? ~ pai® — Hye(z?,pa) | (3.1.11)

where we have eliminated the p_ term by integrating by parts in time and imposing
that p_ is constant. The essential result is that —p, = Hp¢ is the Hamiltonian that
generates evolution of the physical variables 2, p4 in worldsheet time 7. This is, of
course, dynamically consistent with the lightcone gauge identification 2™ = 7 (which

requires worldsheet and target space time translation to be the same).

We can solve the quadratic constraint equation (3.1.10|) for p, = — Hy¢ explicitly,
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obtaining the uninspiring result

Gy_ G__ G?
Hic = _PG + p \/_ 14 == AGABpB + a:’AGABa:’B) 4 2= (x/ApA)Q
(3.1.12)
where
G=G"_ -GG . (3.1.13)

This is not very useful as it stands, but we can put it in more manageable form by
expanding it in powers of 1/ R2. We can actually do slightly better by observing that
the constraint equation (3.1.10) becomes a linear equation for p, if G__ = 0 (which

is equivalent to Gt = 0). Solving the linear equation for p, gives

p-Giy | Gio AB 1A
Hic = G G 3.1.14
L= oG + 2 (pAG*Ppp + 2" G apa’®) ( )

a respectable non-linear sigma model Hamiltonian. In the general AdSs x S° metric
(3.1.1)) we cannot define a convenient set of coordinates such that G__ identically
vanishes. Using , however, we can find coordinates where G__ has an expansion
which begins at O(1/R%), while the other metric coefficients have terms of all orders
in 1/R2. Therefore, if we expand in 1/R? and keep terms of at most O(1/R?), we may
set G__ = 0 and use to construct the expansion of the lightcone Hamiltonian
to that order. The leading O(ﬁo) terms in the metric reproduce (as they should) the
bosonic pp-wave Hamiltonian

HP? (52 + @2+ @] (3.1.15)
(choosing p_ = 1 for the conserved worldsheet momentum density). The O(1/R2)

terms generate a perturbing Hamiltonian density that is quartic in fields and quadratic
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in worldsheet time and space derivatives:

S_o 1 1
R2_ + (2.2 2.2 - 2 2\ N2 2 _2y(, 2
Hi _4}?2(3“’ P zpy)+4f{2((2z ) (22— (297 = D) (Y)Y . (3.1.16)

This is the bosonic part of the perturbing Hamiltonian we wish to derive. If we
express it in terms of the creation and annihilation operators of the leading quadratic
Hamiltonian (3.1.15) we can see that its matrix elements will be of order 1/J, as
will be the first-order perturbation theory shifts of the string energy eigenvalues. We
defer the detailed discussion of this perturbation theory until we have the fermionic
part of the problem in hand. Note that this discussion implies that if we wanted to
determine the perturbed energies to higher orders in 1/ 1§2, we would have the very

unpleasant problem of dealing with the square root form of the Hamiltonian (3.1.12]).

We have to this point been discussing a perturbative approach to finding the
effect of the true geometry of the AdSs x S° background on the string spectrum.
Before proceeding with this program, however, it is instructive to study a different
limit in which the kinematics are unrestricted (no large-J limit is taken) but only
modes of the string that are independent of the worldsheet coordinate (the zero-
modes of the string) are kept in the Hamiltonian. This is the problem of quantizing
the superparticle of the underlying supergravity in the AdSs x S® background, a
problem that has been solved many times (for references, see [81]). A remarkable
fact, which seems not to have been explicitly observed before, is that the spectrum
of the zero-mode Hamiltonian is ezactly a sum of harmonic oscillators: the curvature
corrections we propose to compute actually vanish on this special subspace. This
fact is important to an understanding of the full problem, so we will make a brief

digression to explain the solution to this toy problem.

The quantization of the superparticle in a supergravity background is equivalent
to finding the eigensolutions of certain Laplacians, one for each spin that occurs in the
superparticle massless multiplet. The point of interest to us can be made by analyzing

the dynamics of the scalar particle and its associated scalar Laplacian, which only
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depends on the background metric. With apologies, we will adopt another version

of the AdS5 x S® metric, chosen because the scalar Laplacian is very simple in these

coordinates:
ds? = —dt*(R? + 2°) + d¢*(R? — y?)
, 202k y Yy ,
J = k J - k
+dz (6]k T 22> dz" + dy ((5J e+ 7 dy™ . (3.1.17)

As before, the coordinates zF and y* parameterize the two SO(4) subspaces, and
the indices 7,k and j', k' run over j,k = 1,...,4, and j/,k' = 5,...,8. This is a
natural metric for analyzing fluctuations of a particle (or string) around the lightlike
trajectory ¢ =t and Z = ¢ = 0. Because the metric components depend neither on ¢
nor on ¢, and because the problem is clearly separable in z and , it makes sense to
look for solutions of the form ® = e~®/¢ F(2)G(7). The scalar Laplacian for ¢ in

the above metric then reduces to

w? J? 0 /., 2\ 0
_ _ gk L 2~ Y 2
[ §2+52+§2_gz 8953'(6 +§2>8z’€
a N yj/ykl a
57 (51 W = >W ]F(Z)G(y) ~0. (3.1.18)

The radius R disappears from the equation upon rescaling the transverse coordinates
by z — z/ R and y—y/ E, so we can set R = 1 in what follows and use dimensional
analysis to restore R if it is needed. The scalar Laplacian is essentially the lightcone
Hamiltonian constraint (3.1.10) for string coordinates z*,y* and string momenta

2]

3 (projected onto their zero modes). This implies that

p: = —i% and p’;/ = —1
we can use the structure of the Laplacian to correctly order operators in the string

Hamiltonian.

The periodicity ¢ = ¢ + 2 means that the angular momentum J is integrally

quantized. The allowed values of w then follow from the solution of the eigenvalue

problem posed by (3.1.18). As the trial function ® indicates, (3.1.18]) breaks into
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separate problems for 2 and y:

k
Hags, F(2) = |p3(67% 4+ 27 29)pf + w* — 22| F(2) = A(w)F(Z
s P = |0 + 201+ s | ) = ARG

k/
Hg:G(i]) = {pg,(af Kyl o+ JQ%} G(ij) = B()G®@) , (3.1.19)

2 _ J?2 = A+ B. The separation eigenvalues A, B depend on their respective

where w
parameters w, J, and we determine the energy eigenvalues w by finding the roots of the
potentially complicated equation w? — J? — A — B = 0. The scalar Laplacian ((3.1.18])
is equivalent to the constraint equation projected onto string zero modes, and

we are once again seeing that the constraint doesn’t directly give the Hamiltonian

but rather an equation (quadratic or worse) to be solved for the Hamiltonian.

The Hgs equation is just a repackaging of the problem of finding the eigenvalues of
the SO(6) Casimir invariant (another name for the scalar Laplacian on S°) and H 45,
poses the corresponding problem for SO(4,2). The SO(6) eigenvalues are obviously
discrete, and the SO(4,2) problem also turns out to be discrete when one imposes the
condition of finiteness at 2% — oo on the eigenfunctions (this is a natural restriction in
the context of the AdS/CFT correspondence; for a detailed discussion see [81]). Thus
we expect w to have a purely discrete spectrum, with eigenvalues labeled by a set of
integers. The simplest way to solve for the spectrum is to expand F(Z) and G(¥) in
SO(4) harmonics (since this symmetry is explicit), recognize that the radial equation
is, in both cases, an example of Riemann’s differential equation and then use known
properties of the hypergeometric function to find the eigenvalues and eigenfunctions
of . Since it takes three integers to specify an SO(4) harmonic and one to
specify a radial quantum number, we expect each of the two separated equations
to have a spectrum labeled by four integers. The exact results for the separation

eigenvalues turn out to be remarkably simple:

+4, m;=012...,
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4

>(n+3)

+4,  my=012....

4
1
B = QJE <mi+§)+
1

(3.1.20)

Different eigenfunctions correspond to different choices of the collection of eight inte-
gers {n;, m;}, and the fact that the energies depend only on ¥n; and ¥m,; correctly
accounts for the degeneracy of eigenvalues. The special form of A and B means that

the equation for the energy eigenvalue, w? — J?> — A — B = 0, can be factored as

PJiGWSiGT%)

w+J—Z(ni+%>+i<mi+%)

1

X =0.

(3.1.21)

For obvious reasons, we retain the root that assigns only positive values to w, the

energy conjugate to the global time t¢:

oos = Y (e d) e 2 (merd) 3122

1

From the string point of view, w catalogs the eigenvalues of the string worldsheet
Hamiltonian restricted to the zero-mode subspace. Quite remarkably, it is an exact
sum of harmonic oscillators, independent of whether J (and w) are large or not. This
is simply to say that the eigenvalues of the string Hamiltonian restricted to the zero-
mode sector receive no curvature corrections and could have been calculated from the
pp-wave string Hamiltonian . We have only shown this for the massless bosons
of the theory, but we expect the same thing to be true for all the massless fields of type
I1B supergravity. The implication for a perturbative account of the string spectrum
is that states created using only zero-mode oscillators (of any type) will receive no

curvature corrections. This feature will turn out to be a useful consistency check on
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our quantization procedure. It is of course not true for a general classical background

and is yet another manifestation of the special nature of the AdSs x S° geometry.

3.2 GS superstring action on AdSs x S°

The AdSs x S° target space can be realized as the coset superspace

G/H = SU(2,2[4)

= S0(41) x SO() - (32.1)

The bosonic reduction of this coset is precisely SO(4,2) x SO(6)/S0(4,1) x SO(5) =
AdSs x S5 To quantize the theory, we will expand the action about a classical
trajectory that happens to be invariant under the stabilizer group H. There is a
general strategy for constructing a non-linear sigma model on a super-coset space
in terms of the Cartan one-forms and superconnections of the super-coset manifold.
In such a construction, the symmetries of the stabilizer subgroup remain manifest
in the action while the remaining symmetries are nonlinearly realized (see, e.g., |24,
80,[82-85]). Metsaev and Tseytlin [83] carried out this construction for the AdSs x
S5 geometry, producing a x-symmetric, type IIB superstring action possessing the
full PSU(2,2|4) supersymmetry of AdSs x S°. Their action is conceptually simple,
comprising a kinetic term and a Wess—Zumino term built out of Cartan (super)one-

forms on the super-coset manifold in the following way (this form was first presented

in [86]):

S = —1/ d*o h“bLng‘H/ s ANLITH AL (3.2.2)
2 Jon M

Repeated upper indices are summed over a Minkowskian inner product. The indices

a,b are used to indicate the worldsheet coordinates (7,0), and we use the values

a,b = 0 to indicate the worldsheet time direction 7, and a,b = 1 to specify the o

direction. The matrix s’/ is defined by s/ = diag(1,—1), where I,J = 1,2. The

Wess-Zumino term appears as an integral over a three-manifold M3, while the kinetic
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term is integrated over the two-dimensional boundary 0Mj3. The left-invariant Cartan

forms are defined in terms of the coset space representative G' by

- 1
GG = L'"P" + LY Qo + L*Qo + LI

LN =axMry,, LY=Ly 0,Xx™, XM=(a"6%6% . (3.2.3)

The explicit expansion of this action in terms of independent fermionic degrees
of freedom is rather intricate. One starts with two 32-component Majorana-Weyl
spinors in ten dimensions: 6!, where I = 1,2 labels the two spinors. In a suitably
chosen representation for the 32 x 32 ten-dimensional gamma matrices I'*, the Weyl
projection reduces to picking out the upper 16 components of # and the surviving
spinors can combined into one complex 16-component spinor :

go\ !
0" = ( 0 ) : = V2 [(0) +i(0)7] . (3.2.4)

The following representation for I'* (which has the desired property that I';; =

(1g,—1g)) allows us to express their action on v in terms of real 16 x 16 y-matrices:

H 0 ’}/‘u nV vV 7%
I*= ) VA =2
0
=1 3 = (=1,94,7°) . (3.2.5)

The indices p,v,p = 0,...,9 denote SO(9,1) vectors, and we will denote the cor-
responding spinor indices by a, 3,7,d = 1,...,16 (we also use the convention that
upper-case indices A, B,C,D = 1,...,8 indicate vectors of SO(8), while i,7,k =
1,...,4 (¢, j', K =5,...,8) indicate vectors from the SO(3,1) = SO(4) (SO(4)) sub-
spaces associated with AdSs and S° respectively). The matrix 79 is formed by taking
the product of the eight 4. A representation of 4 matrices that will be convenient
for explicit calculation is given in Appendix A. We also note that in the course of

quantization we will impose the fermionic lightcone gauge fixing condition 4% = 1.
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This restricts the worldsheet fermions to lie in the 8, representation of SO(8) (and
projects out the 8. spinor), thus reducing the number of independent components of

the worldsheet spinor from 16 to 8. The symmetric matrix
I = 4152935 (3.2.6)

appears in a number of places in the expansion of the action, so we give it an explicit
definition. Since II? = 1, it has eigenvalues 41, which turn out to provide a useful
sub-classification of the 8 components of the 8, worldsheet spinor into two groups of
4. The quantity II = IIyg also appears, but does not require a separate definition
because Iy = ﬁw for spinors satisfying the lightcone gauge restriction to the 8,
representation.

Kallosh, Rahmfeld and Rajaraman presented in [82] a general solution to the
supergravity constraints (Maurer-Cartan equations) for coset spaces exhibiting a su-

perconformal isometry algebra of the form

[BM7BV] - fﬁpr )
[FomBu] = fgyFﬁ )
{F., Fs} = fc’jﬁBH , (3.2.7)

with B, and F,, representing bosonic and fermionic generators, respectively. In terms
of these generators, the Cartan forms L* and superconnections L® are determined

completely by the structure constants &]u and (’jﬁ:

sinht M\
LY = (—> (D.9)" | (3.2.8)
t M ,
2 B
Lhy = e, 042" +20°f! M (D.0)" (3.2.9)
M g
(MG = —07f3.60° fhs . (3.2.10)

The dimensionless parameter ¢ is used here to define “shifted” Cartan forms and
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superconnections where, for example, L* = L' |,—;. In the case of AdSs x S°, the

Lagrangian takes the form
1 hab [

Lxin = —5 LULy (3.2.11)

1
Lywy = —2ie® / dt Lt,s"0'T L], . (3.2.12)

0
In the context of eqns. (3.2.8} [3.2.9), it will be useful to choose a manifestation of
the spacetime metric that yields a compact form of the spin connection. The form

appearing in eqn. (3.1.3)) is well suited to this requirement; the AdSs and S subspaces

are represented in (3.1.3) nearly symmetrically, and the spin connection is relatively

simple:
1

tzp 2k Zi 2 521‘3

w t_l—%227 w™ Zj—l_izQJ
1

’ / Yyt 5 Yk’

L A — L (3.2.13)
1 _|_ ZyZ J 1 + Zy2

Upon moving to the lightcone coordinate system in (3.1.4)), the 2% direction remains
null (G__ = 0) to O(1/R*) in this expansion.
By introducing dimensionless contraction parameters A and 2 [87], one may ex-

press the AdSs x S® isometry algebra keeping lightcone directions explicit:

[P-F’ Pk] _ AQQQJ-I—k 7 |:P+,Pk,] _ _A2Q2J+k’ :
[P+,J+k] — _A2Pk 7 |:P+’J+k'} _ A2Pk' ’
[P~ P =2 [P, g™ = P4,
[P, PF] = AQ27% PP = —arort
[J+j’ J+k] — A2k _J+j” J+k;’} — _A2JIF
[P ] = =% (P — A*P7) [P, JT] = =6"(Pt+ AN P7)
[Pi, ij} _ §ipk _§kpi —Pi’7 Jj’k’:| _ i pF _ §'i' pK 7
R N e A e A A
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[J97, JH] = §% J + 3 terms [Ji'j', JW] = ¥ J" + 3 terms .

(3.2.14)

The bosonic sector of the algebra relevant to (3.2.7) takes the form

. 1 .
[J”,Qa] = 5@5(7”)% ;
[ .. 7] 1 ol
JZ])Qa = 5@ﬁ<71])ﬁa )
. 1 . »
[J7.Q.] = 5Qs(v" - A*y7HP
[ v T ]. -/ —q!
J+l ) Qa = 5@ﬂ(7+l + A27 )ﬁa 5
i - iA2Q) _
P1Qu] = Q') = SQu(y i), (3215)
The fermi-fermi anticommutation relations are
{Qu,Qs} = —2ink,P" — 20(710)p ™ — 2Q(F¥ )]

QT g7 + QT F g

—A2Q(F ) o J7F + A2Q(F A F )0 ” . (3.2.16)

This form of the superalgebra has the virtue that one can easily identify the flat
space (2 — 0) and plane-wave (A — 0) limits. The Maurer-Cartan equations in this

coordinate system take the form

dL¥ = —LWLY — QiZ)'_y“L ,
1 1) iA%Q)
ALt = =g OB L)L = S LI L
= 1 - 182 - iA%2Q) _
dL® = _ZLMV(,YMV)aﬁLﬁ _ 7LM(H7+,7M)046LB + LM(H,Y—fyu)aﬁLﬁ ’

(3.2.17)
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where wedge products are understood to be replaced by the following rules:
ML = L', DMLY= —L°Lr,  LOLP =L°L~. (3.2.18)
Upon choosing a parameterization of the coset representative GG
G(z,0) = f(2)g(0) ,  g(0) = exp(0°Qu + 0°Qa) , (3.2.19)

one derives a set of coupled differential equations for the shifted Cartan forms and

superconnections:
oLy = df+ iL;‘”yﬂ”e - gLforﬁ“Q - iAmLnyW“e ,
oLt = —2i03"L, — 205" L, ,
oLy = 2Q(07'TIL;) — 2Q(07'TIL,) ,
8Ly = 2Q(05'T1L,) — 2005 T1L,) |,
QLY = —2Q(07TIIIL,) 4 2Q(0747TIL,)

+202Q(07 7 TLL;) — 20*Q(07 v71LL,) |
AL = 2007ty TIL,) + 2067 4" TIL,) — 202Q(05 vV TIL,) |

+2A%Q(05 ~ ' TIL,) . (3.2.20)
These coupled equations are subject to the following boundary conditions:

Li(t=0)=0, L, =e", Lf,=¢*,

LYy =w | Lty =w™. (3.2.21)
The generators J* and J** are not present in the superalgebra, so the conditions
L™=0, L*=0 (3.2.22)

are imposed as constraints.
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To employ the general solution to the Maurer-Cartan equations (3.2.8] |3.2.9)),
the relevant sectors of the superalgebra may be rewritten in the more convenient

32-dimensional notation (setting A =1 and 2 = 1):

QP = SeQuIIv
1
[QI7 JW/] = _§Q1F“y )
{(QD" (@)} = —2i6;,T°T*P, + " (—FOFJ’“F*ij + FOFJ”“/F’*Jj,k,) :
(3.2.23)
where
F* = iF01234 s FI* = iF56789 . (3224)
The Cartan forms and superconnections then take the following form:
sinh t M
Ly, = ———DyW’
bt M b )
. inh*(tM/2
Lt = et duaf — 4i0'T" (Sm/i/l—jzw)) DO, (3.2.25)

where the covariant derivative is given by
I 1 b 17 J
(D,O) = (&ﬂ + 1 (w“”p Oam”) F’“’H) — 3¢ e, 0u T, ITH07 . (3.2.26)

The object M is a 2 x 2 matrix, which, for convenience, is defined in terms of its

square:

— 1 . - - AN = i 1!
(M) = = /(D TH070"TY) 4 S H (~TVR0"0 AT, + TV 915,

(3.2.27)

At this point, the GS action on AdSs x S° (3.2.11], [3.2.12) may be expanded
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to arbitrary order in fermionic and bosonic fields. In the present calculation, the
parameters €2 and A remain set to unity, and the action is expanded in inverse pow-
ers of the target-space radius ]§, introduced in the rescaled lightcone coordinates in
eqn. (3.1.4)). The fact that supersymmetry must be protected at each order in the
expansion determines a rescaling prescription for the fermions. Accordingly, the eight
transverse bosonic directions 2 and the corresponding fermionic fields ¥® receive a
rescaling coefficient proportional to R~1. The first curvature correction away from
the plane-wave limit therefore occurs at quartic order in both bosonic and fermionic
fluctuations. The particular lightcone coordinate system chosen in , however,

gives rise to several complications. The % coordinates given by

t:x+—;—§2, ¢:x+—|—;—§2 (3.2.28)

have conjugate momenta (in the language of BMN)

{ 1
po= 0 = (0 -0) = — = (A+ ) (3.2.30)

with A = F =40, and J = —i04. The lightcone Hamiltonian is H = —p,, so with

A = J — p, one may schematically write

= —=(2J-

p o7 2~ p)
- L. 2
R* 2R

J 1
- 5 (1 + 53 > Nw) . (3.2.31)

This result appears to be incorrect in the context of the lightcone gauge condition

0,t = p_. To compensate for this, one must set the constant worldsheet density p_
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equal to something different from 1 (and non-constant) if the parameter length of
the worldsheet is to be proportional to J. This operation introduces an additional
o(1/ ]§2) shift in the energy of the string oscillators. This is acceptable because, in
practice, we wish to consider only degenerate subsets of energy states for comparison
between the gauge theory and string theory results. Because of the compensation be-
tween corrections to J and the Hamiltonian contribution from p_, the eigenvalues of
J will remain constant within these degenerate subsets. Therefore, while it may seem
incorrect to introduce operator-valued corrections to p_, one could proceed pragmat-
ically with the intent of restricting oneself to these degenerate subsets. When such
a program is carried out, however, the resulting theory is subject to normal-ordering

ambiguities; we instead use a coordinate system that is free of these complications.

A different choice of lightcone coordinates allows us to avoid this problem com-

pletely. By choosing

= X R
6 = zt+ % , (3.2.32)
we have
—py = A—J, (3.2.33)
, ? J
—p_ = 0, = ﬁ&ﬁ =% (3.2.34)

such that p_ appears as a legitimate expansion parameter in the theory. In this

coordinate system, the curvature expansion of the metric becomes

ds? = 2dztdr™ — (z)?(dx")? + (dz?)?
1 1 1 1
+§ {—2y2dm+dx_ + §(y4 — 24)(dl‘+)2 + (d:E_)Q + §Z2d2’2 N §y2dy2
+0 (R™). (3.2.35)
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The operator-valued terms in p_ that appear under the first coordinate choice
are no longer present. However, it will be shown that this new coordinate system
induces correction terms to the spacetime curvature of the worldsheet metric. Fur-
thermore, the appearance of a nonvanishing G__ component, and the loss of many
convenient symmetries between terms associated with the ™ and 2~ directions bring
some additional complications into the analysis. The advantage is that the results

will be unambiguous in the end (and free from normal-ordering ambiguities).

3.3 Curvature corrections to the Penrose limit

In this section we expand the GS superstring action on AdSs x S® in powers of 1/}A22.
We begin by constructing various quantities including combinations of Cartan one-
forms relevant to the worldsheet Lagrangian. Spacetime curvature corrections to the
worldsheet metric will be calculated by analyzing the x~ equation of motion and the
covariant gauge constraints order-by-order.

We introduce the notation

A o'THDRo" (3.3.1)

A" o'rHDrY! (3.3.2)
where the covariant derivative is expanded in powers of (1/ fz)
0, Lo L »-3
D, = D°+ =D+ D>+ O(R?). (3.3.3)
R R?

Terms in the Wess-Zumino Lagrangian are encoded using a similar notation:

or = s7o'TrDRe’ | (3.3.4)

o" = $Me'rrpre’ . (3.3.5)

The subscript notation (A#)g will be used to indicate the quartic fermionic term
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involving M?:
1 -
(AM)gs = EGI(M2)D391 : (3.3.6)

For the present, it will be convenient to remove an overall factor of R? from the
definition of the vielbeins e*,. In practice, this choice makes it easier to recognize
terms that contribute to the Hamiltonian at the order of interest, and, in the end,
allows us to avoid imposing an additional rescaling operation on the fermions. We
proceed by keeping terms to O(1/R*), with the understanding that an extra factor

of R? must be removed in the final analysis. The covariant derivative
1 .
Dob’ = 08" + 70" T, 0" %EUF*Fue“lﬁax”H‘] (3.3.7)

may then be expanded to O(1/ }A%Q) (we will not need O(1/ }A%3) terms, because the

covariant derivative always appears left-multiplied by a spacetime spinor 6):

1[p . , 1
Db’ = {aoef — p_eUH@J} + 3 {pz <zjr-ﬂ — gy T ) o7 + ZEIJF_H(ZEAFA)QJ

111 . . _
+ﬁ {—(z"jzkf‘jk — yj/yk/FJ k )01 -+ %GIJH(?/2 — ZQ)HJ

4
1 ~
—ée”(j:)neJ] +O(R™?), (3.3.8)
D0 = 810]—1—%6”FH(3:'AFA)9‘]
L T gy T~ e e |+ O(R 3.3.9

Note that we have not rescaled the spinor field 6 in the above expansion. This allows
us to isolate the bosonic scaling contribution from the covariant derivative when
combining various terms in the Lagrangian. Subsequently, the fermionic rescaling is
performed based on the number of spinors appearing in each term (two spinors for
each A* or O*, and four for each (A*)y4). The worldsheet derivative notation is given

by 0,x = Opx = & and J,x = O1x = @’.
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The various sectors of the worldsheet Lagrangian are assembled keeping = and
its derivatives explicit; these will be removed by imposing the covariant gauge con-

straints. From the supervielbein and superconnection

12
LY = et Qur¥ — 4:01TH (M) D, 0"

M2

_ ttM?
~ et Our” —if'TH <t2+ o )Daef, (3.3.10)
Ll = Sme W0’ (t+ MQ)DGHI, (3.3.11)

we form the following objects:

1 . . . _
Lilg = = {24 - P2 (@) + (i) = 2ip-Ag }
1 1 ?
b P =2 G )+ - )
1
—2i {Ej:—Ag +p_ Ay +p_(Ag e

—%(yQ — A, +¢AA{‘] } +O(R™) (3.3.12)
1 4 1 (1, ) _

BT T (A2 122 14, 2 /—\2

et = o {2 )
—2ia’ AN — i A } +O(R™%) (3.3.13)

1 _ _
Lyl = E {p_:}:’ + 3 ip- A, }

—|—i T — x +1(zzz 2',’)

i p-y° B k2 — Y Y'Y g

. 1= . p - 1= -A 1A
—ip- A% _Zp—(A0>94—2Z(Z — A __95 EAY A%
—ig AL — %x’_AO_} +O(R™%) . (3.3.14)

It will be advantageous to enforce the lightcone gauge condition z* = 7 at all

orders in the theoryH When fermions are included, this choice allows us to keep the

1 This differs from the approach presented in [79).
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k-symmetry condition I'"# = 0 exact. In the pp-wave limit, keeping the worldsheet
metric flat in this lightcone gauge is consistent with the equations of motion. Beyond
leading order, however, we are forced to consider curvature corrections to the world-
sheet metric that appear in both the conformal gauge constraints and the worldsheet
Hamiltonian. In the purely bosonic case described in Section [3.1] above, these correc-
tions are kept implicit by defining gauge constraints in terms of canonical momenta.
In the supersymmetric theory, we must explicitly calculate these corrections. The
strategy is to expand the z~ equations of motion in rescaled coordinates and
solve for the components of the worldsheet metric order-by-order. By varying =~ in

the full Lagrangian we obtain

5L [ 1 _ )
= " {% = [207 = 2py? 0T 0"+ 20p '] }

+——s10T-0,67 + O(R™F). (3.3.15)

2R4
The worldsheet metric is taken to be flat at leading order, so there is no contribution
from L L} here. To obtain corrections to h® entirely in terms of physical variables,
however, we must eliminate all instances of x~ (or its derivatives) from the above
variation. We can solve the conformal gauge constraints at leading order to remove
2~ from . These constraints are obtained by varying the Lagrangian with

respect to the worldsheet metric itself:
1
T = LELY — 5habideng : (3.3.16)

yielding a symmetric traceless tensor with two independent components. To leading

order in 1/R, we find

Too = S(LoLy +LYLY)+---=0

1

- = (2037 = P2 (@) 4+ () = 20p_A7 + («)?) + OB ,

DN | —
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= pa +i —ip Ay +O(R™Y) . (3.3.17)
Expanding #~ and '~ in the same fashion,

- an p al,
r = ) r = =, 3.3.18
DL ey a3

we use (13.3.17) and (3.3.17)) to obtain

_ 1 A 7]
a0 = @ = o [ @] o — i FT e
p—

(3.3.19)

1 _
ay = ——ite +if'T-0,0" . (3.3.20)
p—

By substituting back into (3.3.15)), and performing the analogous operation for the
x'” variation, these leading-order solutions provide the following expansions for the
objects that enter into the £~ equation of motion:

oL L oo | 2p- 1 2 - AN2 1AN2 AIT—a pl

e §h {§+§ p_(z"—y°) — — [(m )+ (x )}%—@9 '~ 0,0

L SIT89,67 + O(RY) |
2R
oL hmp, hll

' . o R
- (—-M’A + 391r—alef) — L G900 + O(RS) .
ox R? R* \ p- 2 QR4

(3.3.21)

It is obvious from these expressions that the = equation of motion will not be con-
sistent with the standard choice of flat worldsheet metric (h%° = —h!t =1, 4% = 0).
We therefore expand h® in powers of E_l, taking it to be flat at leading order and

allowing the higher-order terms (the ﬁ“b) to depend on the physical variables in some
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way:

7,00 . Lt R
R = -1+ —+O(R™"), Rt =1+—+O0O(R™),
R? R?

01 501 p—4
h :§+O(R ). (3.3.22)

Using (3.3.19)) and ([3.3.20)), we find that the specific metric choice

- 1 1 1 = 1 =
00 2 2 . A2 1AN2 It—2q ol Iipip—a nJ
= —(z°— - — —6'T - — r
h 30~ [(x P ] g BT o s 0
(3.3.23)
- 1 o ' _
P = ittt = 0T 00 + —— "0 T 0’ (3.3.24)
p= 2p_ 2p_
simplifies the expressions of ([3.3.21]) to
0L ~ oL ~
— 1 —4 = —4 . . 2
= +O(R™%), S O(R™) (3.3.25)

The x~ equation of motion is then consistent with the standard lightcone gauge choice
Tt =p_toO(1/ }A%Q) (with no corrections to p_, which must remain constant). Note
that h%0 = —iloo and iLoo = ﬁll. The fact that these curvature corrections have bi-

fermionic contributions is ultimately due to the presence of a non-vanishing G__ term

in the expanded metric (3.2.35)).

Since the worldsheet metric is known to O(1/R?), 2~ can now be determined to

this order from the covariant gauge constraints (3.3.16)). By invoking the leading-order
solutions ((3.3.17], [3.3.17)), we can simplify the equations to some extent:

700

1 h =

T = 5 (LHLE + LY L)) + EL’{L’{ +OR =0, (3.3.26)
h .

T = LhLK — %Lm‘ +O(R3) =0. (3.3.27)

Equation (3.3.26) may be expanded to solve for as, the first subleading correction to
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i . o
Too = 2p-as+ay—2p ylag+ay+ 5(222° = y°) + = (v* — =)

2 2
1 / / / 1 . / /
(2 =y )+ (P =) = [ @]
AN I e ol L 1AN2 LIpT— o g — _
+—(2"7)*0 T~ 00 (") 0 T~ 0107 —iagAy — 2ip_ A,
P p-
—2ip_ (A3 )t + L= (2 — 2 AT — 2i(EAAL + 2 AY) — i) Ay =0 .

2
(3.3.28)

The remaining independent component 7p; is the current associated with trans-
lation symmetry on the closed-string worldsheet. Enforcing the constraint 7; = 0 is
equivalent to imposing the level-matching condition on physical string states. This
condition can be used to fix higher-order corrections to ', as is required by confor-
mal invariance on the worldsheet. However, since our goal is to examine curvature
corrections to the pp-wave limit using first-order perturbation theory, we will only
need to enforce the level-matching condition on string states that are eigenstates of
the pp-wave theory. We therefore need only consider the equation Ty; = 0 to leading
order in the expansion, which yields above. If we were interested in physical
eigenstates of the geometry corrected to O(1/ fA£2) (i.e., solving the theory exactly to
this order), we would be forced to solve Ty, = 0 to O(1/R?).

With solutions to the = equations of motion and an expansion of the worldsheet
metric to the order of interest, we may proceed with expressing the Hamiltonian as
the generator of lightcone time translation: p, = §£/dz%. It is helpful to first vary
AH with respect to dyt and Jy¢:

YANG ~ [ 1 . 1 1 22 ~
= g~ —— Tl — — T - + —= 67 O(R™¢
5(ot) R 2° (R2 i 2R4> } TOET),
(3.3.29)
YA — [ 1 y 1 1 y2 ~
= QIF“ — = ‘/ng (9[ — —EIJH (T - T) QJ:| + O R_G .
6(0oo) L 2R3 vi 2 R2  2R% ( )

(3.3.30)
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The kinetic term in the Lagrangian (3.2.11)) yields

5£Kin o 1

it T T {p-(z")? — i~ +iAy —ip_0'T €167}
1 ) .
po{ T = 2 g i i+ (- )G
_ZPT_(ZQ — AT 1197 — %é[r— (M) ILT10"

A / ) - 1
—I—%x’AGlI‘A (zkf_k — I 7F > o' — %(j:_)HIF_eIJHQJ + [—§(z2 — )

1 . A\2 /A2_i—1— I L rpip— J A2
+_2p2, [(m )+ (z )] _2;0_0 '~ 0,0 +—2p_s G'T=00" | |p—(z7)
_ 1 L
—i Ay — Z'p_QIF_eUHQJ] + [—2¢Ax’A A
pZ 2p_
U [igI—a pl 1= AT »—6
—|—2p_s 6 I~ 0y0 } <a: ZAO>} +O(R™), (3.3.31)

while the Wess-Zumino term (3.2.12]) gives

5L i 1rare VL gip- '
&;VXZ - ﬁs”efr 810J+§{131J91r (252" — yn )67

_i_éSIJQ_IF—(MQ)JL@l@L _ i(y2 — 2)sM9IT-0,6”

?: A = _ sl 2 ~_
+1x’ s70'T A (y; T — 24T J)@J} +O(R™°) . (3.3.32)

The variation is completed prior to any gauge fixing (with the worldsheet metric
held fixed). After computing the variation, the lightcone coordinates x* and the
worldsheet metric corrections A%, R are to be replaced with dynamical variables
according to the z~ equations of motion and the gauge conditions ™ = 7 and T, = 0.
Hence, using ag and a, determined from the covariant gauge constraints ,
, we remove x~ (z1 has already been replaced with p_7 in the above variations)

and restore proper powers of R in the vielbeins (so that the desired corrections enter
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at O(1/R?)). As expected, the pp-wave Hamiltonian emerges at leading order:

- 1 _ _

H,, = %(xA)Q o |+ (@2 —ip_0'T 1167 +is'6' T~ 0,67 .
D_
(3.3.33)
The first curvature correction to the pp-wave limit is found to be
H.,, = L [yz(,z’Q — )+ A (P 4y + 2,2’2)]
int EQ Ap_
1 _ 1
+§ BN = @] [ @] 4 5 [T - s Y

T Zel (9 T4) e T~ 11(0,25T8)0” — %p_(xA)2§IF_6”H9J
P a=0
Lo A2gI—n ol W= sl A LT JLaL  P= aip— Liripdy2

——(21)%0'T 0,0 _EQF (M=) e’ 110 —7(6’1“ e 1107
_L< . A /A) 1111 9,0”7 — i( 2 _ZQ)SIJQ_IFfal(gJ
—i—ia:'AsUé’_IFA(yj/F_j/ — z 707 + is”H_IF_(z;szjk - y;,ykxfj/k,)g‘]
er (i) — (x'A) ] s 0,07 + = s (M2)L0, 6"

1 - - ' -
+§(stefF*alej)(GKF*eKLHGL) + i(a:A)Qs”efFaleJ} : (3.3.34)

The full Lagrangian (3.2.11} |3.2.12)) can also be expressed to this order. In terms
of the quantities found in equations (3.3.12} 3.3.13] |3.3.14} [3.3.23] [3.3.24)), the kinetic

term Lkin = —%habLg‘Lg can be written schematically as
1 139 W 1 KT g 1 7200 (7T W
Lgin = §(L0Lo _L1L1)2+2_§2(L0L0 _L1L1)4_2_§2h (LoLo)z
1 ~
+2—R2h°° (LYLY), — ﬁhm (LHLY), + O(R™Y) (3.3.35)

where external subscripts indicate quadratic or quartic order in fields. The Wess-
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Zumino term is given explicitly by:

1
Lywz = —2ie” / dt Lys™0'T" Ly,
0
~ —ip_ (s"70'T~0,07) — é{pﬂ’; +p_ (O )gr + %(22 — )
1. 1, ~
+587 0 — 52/ 05 + iAot — x’AD{‘} +O(R™). (3.3.36)

It will be useful to recast both the Hamiltonian and Lagrangian in 16-component

notation (details may be found in Appendix A):

0= o (@ @+ 2 @) = pwTl+ S0 + 0l
g 3 = @] [+ @]+ B ()

7 . N A _ _ ’
+3v (22 = gt r?™ + 2 (3™ = 7))

i - AN A _ _ /
+§¢T (ZkZ;"V]k R G S R G U e )) Pt

i (0 ) Wi+ 2 = P+ 0l
o (@2 = @) + ] v+ vt

DR - 2 0019 + )
—p—*<w*¢”f’w><w%’w> e WW I — gy

L (1) (1) + @(W 4 W) (9 M T — ¥ T

——( 2 [0t + | — 2! + 0T )

e R ARG G L Sae iy (3337

One could scale the length of the worldsheet such that all p_ are absorbed into the

upper limit on worldsheet integration over do. To organize correction terms by their
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corresponding coupling strength in the gauge theory, however, we find it convenient to

keep factors of p_ explicit in the above expression. The Lagrangian can be computed

from (|3.3.35} [3.3.36)), giving

Liw = pi =g [N = @6+ (@] - Dot 4 ut) - gty
2
2;2 {(fb)2 =2y + %(2222 — ) + S — )
P (5520 (01 + 90) + T i) (9 9+ 17 )

U ARTAEE 1)
+p L (M ) (M TIPT — 1y I

48
b (B2 = ) — | @il 40t —p [267 —p_(s — )] T
p2 1 P2 N ’Lp_ . .
~o (WP G TR 4 SR () (0 e+ 0l )
—%(x yi ) (Wy Y 9T + Ty )

PP (W I — oy TP
_%(21222 N y/2y2) _ (1}/_)2 + %x/—(wwﬁ + wtw/)

L@ B (A TP — AT

4
R [2p_i — p? (z)? + (1) — ()2 — ip_ (pif + i) — 2p? YITy]
—2h% [p_a’” + @t — Z (T + oty )]} O(R™) , (3.3.38)

and

twr = =T+ i) - B0 + vt

~E () (77 ) + i i+ - )| (v + )
@)W+ ) + L@ # T 0 0r%
+g (@) @iy et +@/w ) = @y W T 0+ 15 )

D-
I (W ) (I — )
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—E @+ g ) oy T - W%W)} +O(R™) . (3:339)

For later convenience, the Lagrangian is not fully gauge fixed, though we set "
to p_ for simplicity and ignore any Z* that arise through partial integration (since
we will ultimately choose the lightcone gauge ¥ = p_7). As noted above, sending
R — —1 + A%/R? simply rewrites the function A%, and does not amount to a

particular gauge choice for the worldsheet metric.

3.4 Quantization

Our goal is to calculate explicit energy corrections due to the rather complicated
perturbed Hamiltonian derived in the last section. To explain our strategy, we begin
with a review of the pp-wave energy spectrum in the Penrose limit. This limit is
obtained by keeping only the leading term in R~! in the Hamiltonian expansion of
(3.3.37) and leads to linear equations of motion for the fields. The eight bosonic

transverse string coordinates obey the equation
i ptat=0. (3.4.1)

This is solved by the usual expansion in terms of Fourier modes

o) = 3w
z(r) = ! (ademinT — gl gionTy | (3.4.2)

v 2wy,

where k,, = n (integer), w, = 1/p> + k2, and the raising and lowering operators obey

the commutation relation [a2,aB"] = 6,,,645.

m?n

The bosonic piece of the pp-wave

Hamiltonian takes the form

1 o0
H}i = Z W (a‘yaf—l—4> . (3.4.3)

T n=—o0
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The fermionic equations of motion are

(F + ') +ip_ Tt =0, (3.4.4)

(+9") —ip_ Tl =0, (3.4.5)

where 9 is a 16-component complex SO(9,1) Weyl spinor. As mentioned earlier, 1)
is further restricted by a lightcone gauge fixing condition 4%t = 1 which reduces
the number of spinor components to eight (details are given in Appendix A). In
what follows, ¢ and the various matrices acting on it should therefore be regarded as

eight-dimensional. The fermionic equations of motion are solved by

o= > ha(r)e (3.4.6)
1 . 4 .
_ —iwn T T dwnT —ikno
2/}TL(T) ~ 9 o (Anbne + Bnb_ne > € 5 (347)
¢T (7_) _ 1 (HBnbnefiwnT . HAan eiwm—) 67ikno (348)
n 2 D -n )

where we have defined

A, = \/iu_n (Wn N/ an) , (3.4.9)
B, = \/i_n (\/wn F E + v won — k:nH> . (3.4.10)

The anticommuting mode operators b,, bl carry a spinor index that takes eight
values. In the gamma matrix representation described in Appendix A, the matrix IT
is diagonal and assigns eigenvalues +1 to the mode operators. The fermionic canonical
momentum is p = ip_1)T, which implies that the fermionic creation and annihilation
operators obey the anticommutation rule {b%,, bﬁ*} = §%6,,,,. The fermionic piece of

the pp-wave Hamiltonian can be written in terms of these operators as

1 C (e (e
ot = o > wn (b3 —4) (3.4.11)

n=—oo
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Given our earlier conventions, it is necessary to invoke the coordinate reflection x#* —
—x# (Metsaev studied a similar operation on the pp-wave Hamiltonian in [25]). Such
a transformation is, at this stage, equivalent to sending z4 — —z4, p_ — —p_,
and H — —H. In essence, this operation allows us to choose the positive-energy
solutions to the fermionic equations of motion while maintaining our convention that
b represent a creation operator and b* denote an annihilation operator. The total

pp-wave Hamiltonian

1 o0
Hyp=— Y wn (a;;”a;;‘ + ot bg) (3.4.12)

n=—oo

is just a collection of free, equal mass fermionic and bosonic oscillators.

Canonical quantization requires that we express the Hamiltonian in terms of phys-
ical variables and conjugate momenta. At leading order in 1/ }A22, &4 is canonically
conjugate to z* and can be expanded in terms of creation and annihilation operators.
Beyond leading order, however, the conjugate variable p4 = §£/84 differs from 4

by terms of O(1/R?). Substituting these O(1/R2) corrected expressions for canonical

momenta into the pp-wave Hamiltonian
Hpp ~ (%) + 'y + Q/JW)/T (3.4.13)

to express it as a function of canonical variables will yield indirect O(1/ }ABQ) correc-
tions to the Hamiltonian (to which we must add the contribution of explicit O(1/R?)
corrections to the action). For example, bosonic momenta in the SO(4) descending

from the AdSs subspace acquire the following corrections:

. 1 1 9 1 2 1AN2 1 1AN 1 i NI — I
Pk = Zk:"‘ﬁ{iypk"'ﬁ[(p/l) + ( )]pk—p—g(}?Ax )Zk—Q]T_pk@F 0ol

5 pes 000" — Eof 120" — LT (50 — )
P—

- pae’ 9T (DD 4 DAL, 67 + 20T 00" — o —2/4s"9'T~ 06
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—I—%:E’Aslje‘]l(élf_ (T4 II04 — DATITY,) eK} +O(R™) . (3.4.14)

The leading-order relationship pr = Z; has been substituted into the correction term
at O(1/ ]§2), and the lightcone gauge choice x™ = p_7 has been fixed after the varia-

tion.

To compute fermionic momenta p = 0L/ 1, it is convenient to work with complex
16-component spinors. Terms in £ relevant to the fermionic momenta p are as follows:

Lo~ —ip (W/?) _ é{i [j;— + %(22 _ y2)] (ww + z/W)

D },00
2

—% (wz/} + wW) — (k=7 k’)} +O(R™) . (3.4.15)

(0 + 1) + 5= (70" (09 1141 — iy )

This structure can be manipulated to simplify the subsequent calculation. Using

partial integration, we can make the following replacement at leading order:
- Y+t ) =idp_ (Y ) + surface terms. (3.4.16)

Operations of this sort have no effect on the £~ equation of motion or the preceding
calculation of §£ /527, for example. Similarly, terms in £ containing the matrix (M)?

may be transformed according to
~ o5 (") (wfyf’“m/ﬂ - wwklw) = = () (w’f»yﬂ’fnqp) . (3.4.17)
Terms of the form

(i) (WT +ww) , (3.4.18)

I

however, cannot be treated in the same manner. The presence of (3.4.18|) ultimately

imposes a set of second-class constraints on the theory, and we will eventually be led
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to treat ¢! as a constrained, dynamical degree of freedom in the Lagrangian. The

fermionic momenta therefore take the form

?

Po = ip_l + %{— (56‘ + (2 - )) Wl — Zp_ hpl — —%

4 2
_% [(yy7aph) (¢T7jkn)a k=7 K)] } OB (3.4.19)
pL = %{% (ZL'_ + %(22 - y2)> wa - %B00¢a ¢T} ( 4)
(3.4.20)

Using (3.3.19) and (3.3.20]) to replace = and 2/~ at leading order (in 16-component
spinor notation), and using (3.3.23) to implement the appropriate curvature correc-

tions to the A% component of the worldsheet metric, we find

p = ip YT+ é{ Lrp+ 8;_ [(pi) + (w’A)Q] p+ j(pAw’A)w + j (pILy) p
4o (o= o) o
+ﬁ (¥ p) (0™ I0) — (5. k= 7, k:’)] +O(R™) (3.4.21)
pho= %{ip—?f@wr @ [(pA) + (2 } (pr )p— = (pIIY) ¥
8;3 (o' + o) p =5 (W - %pp) w} +O(R™). (3.4.22)

Denoting the O(1/ §2) corrections to p in (3.4.21) by ®, the pp-wave Hamiltonian

can be expressed in terms of canonical variables as

Hy = —p uiTlp + 3@’ + ot

) :
= iplly + W - pp +R {2p2 p® + 2’2 @p'—i@ﬂl/}} . (3.4.23)

The O(1/R?) correction to the Hamiltonian can also be expressed in terms of canonical

variables. The overall canonical Hamiltonian can conveniently be broken into its BMN
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limit (Hpp), pure bosonic (Hpp), pure fermionic (Hpr) and boson-fermion (Hgr)

interacting subsectors:

HPP

HFF

HBF

P @ty + 2%_ [(m)2 + (w’A)Z] +ipllyp + %W/}’ — %pp’ :

11 _
7{7 [ (22 2y + 22 (o 4+ 22) | + B ()]

o {100 #2007+ [0+ o ()}
(3.4.25)

o e o1 g+ o (4 = o)

A4 G V) pp' 2/)/) pr’

1 1
T (W’ - p—Q_pp’> (pIp) + 2]7;3 (Vo' + pd") p'y

1

137 (07"°0) ("' TIF)

_ﬁ (w,yjkw _ pi?_p,yjkp> (p/fyjknw . p,yjkl—h/}/) B (j, E— j/, l{:')} :

(3.4.26)

%{%Z%W T8 [(PA)Q + ($,A)2] Yy’

i [0+ @42 =) o

_L 2 4 2 2Z2_1( )2_1(x/A)2_p_2—2 )
22 D TY p_ 4pA 1 2y P

) /[; -/ 1./ 1 =1 1./
+4( ) (W’w 7 — Y’ p) — 1 W) (WJ My — p—Qp’W g p>

Z‘ ! 1 !/
—g(zéyld + 2kYp) (¢7kk Y — 0z PV P) + E(pkyk’ + zip )y p

1 | 1
+—(p;2 (Wknw + —mﬂ“Hp)
4p7< J kJ) pQ_

1

AN ]_ <11/
k k
—H(pjfyé/) <1W Iy + p—z_mj Hp>

1 / 1 /
_E(pkyllc' + 2w (W'“ Iy + p—zm’“k Hp)

1
—— (pax ) () + 29p') —

1 —— (Pepw — z]/cy;g/W’Ykk/Hp} . (3.4.27)

2p
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This Hamiltonian has one problem that we must resolve before attempting to
extract its detailed consequences. At the end of Section [3.1] we argued that when the
theory is restricted to the subspace of string zero-modes (i.e., excitations of the string
that are independent of the worldsheet coordinate o), curvature corrections to the
leading pp-wave Hamiltonian should vanish. The only terms in the Hamiltonian that
survive in this limit are those with no worldsheet spatial derivatives. Although Hgg
has no such terms, the fermionic pieces of the Hamiltonian do. For example, Hgp
contains a term E‘Z(pﬂw)Q that would appear to modify the zero-mode spectrum at
o1/ EQ), contrary to expectation. In the end, we found that this problem can be
traced to the presence of second-class constraints involving ¢. As it turns out, the
constrained quantization procedure needed to handle second-class constraints has the
effect, among many others, of resolving the zero-mode paradox just outlined. To see

this, we must work out the appropriate constrained quantization procedure.

The set of constraints that define canonical momenta are known as primary con-
straints, and take the generic form y = 0. Primary constraints can be categorized as
either first or second class. Second-class constraints arise when canonical momenta
do not have vanishing Poisson brackets with the primary constraints themselves:
{pv, xv} # 0, {pyt, xyt } # 0. (First-class constraints are characterized by the more
typical condition {pyi, Xyt } = {py, Xe} = 0.) To the order of interest, the primary

constraint equations are

- {21/2 T [(pA)2 - (:c’Aﬂ Co(HTI) + (! + g [
SR? pz_ D «a

o i 1Ay ip- rt Fo0 ip- Gk 1ty (ot ik
1p_I2 [(pr ) R (V" + 'y )} VYo + oy (Py 1) (T4 1),

(3.4.28)

& =0= dh= = ar) = T u ot
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. B 1 ]
_i—pAz {y2+_2p2 [(pA)2+(x’A)2 - (¢an)+§;_-(¢¢’+¢w*) Do -
R (3.4.29)

It is clear that these constraints are second-class. In the presence of second-class
constraints, consistent quantization requires that the quantum anticommutator of two
fermionic fields be identified with their Dirac bracket (which depends on the Poisson
bracket algebra of the constraints) rather than with their classical Poisson bracket.

The Dirac bracket is given in terms of Poisson brackets by (see, for example, [88])
{A,B}p = {A, B}p — {4, xa}p (C")" {xu1, B} , (3.4.30)
where

Cnum = {xn xumtp - (3.4.31)

The indices N and M denote both the spinor index « and the constraint label a = 1, 2.
For Grassmanian fields A and B, the Poisson bracket is defined by

A 0B B 0A A OB B 0A
0A 0 0 8)_(8 0 0 8) (3.4.32)

A, B}p=—

{ ) }P (awa apa + awa 8pa awTa 8PL + awTa apL
As an example, the Dirac bracket {p,, ps}p is readily computed (to the order of

interest) by noting that the partial integration in (3.4.16]) introduces an asymmetry

between ¢ and ' into the system. Since {p., ps}p contains

{PasXar} = O(R™?) . {Xtmsps} = O(R7?) (3.4.33)

an immediate consequence of this asymmetry is that {p,, ps}p vanishes to O(1/ RY).

To compute {pa, ¥s}p, we note that

~

Ix _
{PasXoptp = —Oapad =O(R?), (3.4.34)
oY,
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and, to leading order,
(CHEen — _ L5 4 O(R?), (3.4.35)
o

such that

1
{Pas¥slp = —dap — p_{me(Qﬁ)}P - (3.4.36)

Similar manipulations are required for {1, ¥s}p, which does exhibit O(1/ EQ) correc-
tions. The second-class constraints on the fermionic sector of the system are removed

by enforcing

(pa(0) s(0)}p = —6usblo — ') + 4—%25@— - o/>{;—f<pn>awﬂ n pi_conw(saﬂ

1 12 ) 1

+— "Sap — — pp'das ) +Uhtbs + — Pl }
5 KW# 9= 7 PP Oas Vols 7 Pals
1

+2PT%

[(19,4)2 + (x'A)Q] bap + y25aﬁ}
(st L pups) Lbo— oy rOETY) . (3437)
8p7§2 a¥p pg_papﬂ oo’ g—0 ) -

/ ) / 1 /
(o) (oo = (o= ) Mty = 2 par

1

Tz [Vars = Plaths) + (00" + p0")0(as) }

2
)

9 o
= (pats) = Yiaps) 5,:0(0 = (34
o (Pt —Vern) 55d(o = o) HO(R) (3438

{pa(0), ps(0)}p = O(R™). (3.4.39)

Identifying these Dirac brackets with the quantum anticommutators of the fermionic
fields in the theory naturally leads to additional O(1/R2) corrections to the energy

spectrum. One way to implement these corrections is to retain the Fourier expansion

of ¥ and ¥ given in (3.4.7, [3.4.8) while transforming the fermionic creation and



3.4. QUANTIZATION 111

annihilation operators

b — bl — (3.4.40)

n

such that {p(c,c"),1(c,cl)}p, for example, satisfies (3.4.37)). This approach amounts

to finding O(1/R2) corrections to {2, c!?} that allow the usual anticommutators to

n-m

be identified with the above Dirac brackets (3.4.3743.4.39). In practice, extracting
these solutions from (3.4.3743.4.39)) can be circumvented by invoking a non-linear

field redefinition ¢ — ¢, p — p, such that

{p(e,c)w(e, e = {p(b, b)), (b, b e - (3.4.41)

Both representations satisfy ((3.4.37)), and the operators b, b/? are understood to obey

the usual relations:

{62, 01P} = 5985, . (3.4.42)

n’-m

In general, the non-linear field redefinition ¢ (b, b') = ¢ (b, b')+. .. contains corrections
that are cubic in the fields p(b, bT), (b, b)), 24(a,a’) and pa(a,a’). Such correction
terms can be written down by inspection, with matrix-valued coefficients to be solved

for by comparing {(b, b'), (b, b")}p and {4 (b, b1), (b, bt)}p with (3.4.37,[3.4.38). A

straightforward computation yields

Pa = Pa = Pa s (3.4.43)
~ 1 , 1, 2 A
wo =By = ot e W~ 2 — s+
1 1
b (6 00a— (o0l + 200 [P0+ e (0 + ) ] b
(3.4.44)

This approach to enforcing the modified Dirac bracket structure amounts to adding
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O(1/R?) correction terms to the Hamiltonian while keeping the standard commu-
tation relations. It is much more convenient for calculating matrix elements than
the alternative approach of adding O(1/ ]§2) operator corrections to the fermi field

anticommutators {b, b'}.

By invoking the redefinitions in (3.4.43| [3.4.44)), the pieces of the interaction

Hamiltonian that involve fermions take the final forms

_ 1 o _p_2— 1,1,\2 / /
o =~ it W)+ >} (o11) (0 + (W0 (p)

~ 3 WP + () = 5 )00 + (0] + 15077 9) (o7 T10)
p; (W”% P p> (P I — py* ) — (k= 7, k’)} :
(3.4.45)
Hpr = Ri{— @) 4 P2 - 2] (W’ - ]%pp’)
—%(w’ )(pU" +1p) — # (P} +y” —p22) ity

: i PP B
(%) (?WW =Y p) — 1 W) (@W Yot p)

) , 1 ,
_g(zllcyk/ + Zky//a) (WYM Y — p2 PV ﬂ) + E(pkyk/ + kak/)"éb’Ykk p
o (pjz1,) | ¥y 1Y + P
1
4dp_
1 ! ! kk' Lo
_4_(Pk1/k/ + 2i.p) | Y™ Y + —-py™ p
P— P
_ 7
2p*

</ 1./ 1 </ 1./
(pjry) (QW My + p—QW b Hp)

(Prpw — zl’gyﬁc/)wk""ﬂp} : (3.4.46)

The full Hamiltonian is the sum of these two terms plus the bosonic interaction
term Hpg (3.4.25)) and the free Hamiltonian H,, (3.4.24). This system is quantized
by imposing the standard (anti)commutator algebra for x4+ and their conjugate

variables p?, p. This will be done by expanding the field variables in creation and



3.5. ENERGY SPECTRUM 113

annihilation operators in a standard way.

Returning to the phenomenon that led us to explore second-class constraints in the
first place, note that manifestly vanishes on the subspace of string zero-modes
because all terms have at least one worldsheet spatial derivative. The bose-fermi
mixing Hamiltonian still has terms that can lead to curvature corrections
to the string zero-mode energies, but their net effect vanishes by virtue of nontrivial
cancellations between terms that split SO(4) x SO(4) indices and terms that span the
entire SO(8). How this comes about will be seen when we actually compute matrix

elements of this Hamiltonian.

3.5 Energy spectrum

~

To compute the energy spectrum correct to first order in O(R™1), we will do de-
generate first-order perturbation theory on the Fock space of eigenstates of the free
Hamiltonian H,,. The degenerate subspaces of the BMN theory are spanned by fixed
numbers of creation operators with specified mode indices (subject to the constraint
that the mode indices sum up to zero) acting on the ground state |J), where J = p_R?
is the angular momentum (assumed large) of the string center of mass in its motion
around the equator of the S°. In this chapter we restrict attention to “two-impurity
states” generated by pairs of creation operators of equal and opposite mode number.
For each positive mode number n, the 16 bosonic and fermionic creation operators
can be combined in pairs to form the following 256 degenerate two-impurity states:

adBT 1y o ety a1y aeet ) (3.5.1)

n —-_n-n

The creation operators are classified under the residual SO(4) x SO(4) symme-
try to which the isometry group of the AdSs x S® target space is broken by the
lightcone gauge quantization procedure. The bosonic creation operators a’' de-

compose as (4,1) + (1,4), or, in the SU(2)? x SU(2)? notation introduced in [26],
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as (2,2;1,1) + (1,1;2,2). Analogously, the fermionic operators 2T decompose as
(2,1;2,1) + (1,2;1,2) under the covering group. It is useful to note that the two
fermion irreps are eigenvectors, with opposite eigenvalue, of the II operator intro-
duced in (3.2.6). To find the perturbed energy spectrum, we must compute explicit
matrix elements of Hj, in this basis and then diagonalize the resulting 256 x 256
matrix. We will compare the perturbed energy eigenvalues with general expectations
from PSU(2,2[4) as well as with the large R-charge limit of the anomalous dimen-
sions of gauge theory operators with two R-charge defects. Higher-impurity string
states can be treated in the same way, but we defer such questions to a later chapter.
Our purpose here is primarily to check that our methods (choice of action, lightcone
gauge reduction, quantization rules, etc.) are consistent and correct. Due to the alge-
braic complexity met with at each step, this check is far from trivial. Once reassured
on these fundamental points, we can go on to examine a wider range of physically

interesting issues.

The first step in carrying out this program is to expand Hj, in creation and
annihilation operators using (3.4.2} [3.4.7) for ##,% and the related expansions for
p?,p. As an example, we quote the result for Hpg (keeping only terms with two

creation and two annihilation operators):

1 d(n+m+1+p)
H = — —~ X
op 32p_ R? 2 3

{2 {52 - (pf — kikpknkn) + wpwmkik, + wiwpkn ki, + 2wpwiknky

—|—2wmwpk;nk:l} aT_‘L:LaT_’?naZBaf +4 {52 —(pt — kikpkn k) — 2wnwmkik,

+wiwmknk, — wpwikyky — wpwpky ki + wnwpkmkl} aiﬁafaﬁlaf

—n_ D

+2 [gklkpa“ aal,al + 2(kik, + kyky)aal’ alal
+Hwwy + kiky, — wpwp, — knkm)a“ all a{laf,/ — d(ww, — klkp)a“ a“/ainag

nl_m —n—l

—(i,j = i’,j’)] } : (3.5.2)
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with § = | /w,wnwiw,. The expansion of the interaction terms involving fermi fields
are too complicated to be worth writing down explicitly at this stage. Schematically,
we organize the two-impurity matrix elements of the perturbing Hamiltonian as shown

in Table B.11

Hiw | aptaZh |7) 658070 10) a0 1) aZlbat|g)
(/| aﬁa]_gn Hgp Hpp 0 0
(J|b3v’, | Her Hyr 0 0
<J’ a;?bfn 0 0 Hgp Hpr
<J| aénbg 0 0 Hgp Hgp

Table 3.1: Structure of the matrix of first-order energy perturbations in the space of
two-impurity string states

To organize the perturbation theory, it is helpful to express everything in terms
of two parameters: J and X. In the duality between Type IIB superstring theory
on AdSs x S° and N/ = 4 SU(N,) super Yang-Mills theory in four dimensions, we

identify

N =4 SYM AdS; x S,
SUN,) = / B =N, .
S5
g%(lv[]\fC = R* ,

(3.5.3)

B = s
In the pp-wave limit, however, the AdS/CFT dictionary reads

R = pR=1J,
~ = 9pl=g02,
R—oo = p_R? N,— 00 . (3.5.4)
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The modified 't Hooft coupling

2

is kept fixed in the R, N, — oo limit. (We have kept o/ = p = 1.) Since the
gauge theory is perturbative in A = ¢2,,N,, and p? on the string side is mapped to
R?*/(g% 1y Ne), we will expand string energies w, in powers of 1/p_, keeping terms up
to some low order to correspond with the loop expansion in the gauge theory. This
type of dictionary would be incorrect in the original coordinate system characterized
by the lightcone coordinates ¢ = z+ — (2~ /2R?) and ¢ = z* + (2~ /2R?) given in
. In this case, one would calculate corrections to R = p_ﬁz appearing in the

perturbing Hamiltonian (which amount to operator-valued corrections to p_).

3.5.1 Evaluating Fock space matrix elements of Hpp

We now proceed to the construction of the perturbing Hamiltonian matrix on the
space of degenerate two-impurity states. To convey a sense of what is involved, we
display the matrix elements of Hgp between the bosonic two-impurity Fock
space states:

<J §AD jBC

aza®, (Hgp) alalt

J) = (Nen(n®X)—2n2X)

+ 77'2)\/ [6ab50d + 5ad5bc o 5a05bd]
J(1+n2N)
n2)\l 10l TRV VYR
_ 6ab5cd 5ad6bc_6a66bd
J(1 + n2X) | + }

2)\/ 2)\/
~ (nBB _ 2) nJ 5AD5BC + nJ [5ab50d + 5ad5bc . 5@05bd}
2)\/ N ! g/ 1/ /A [~ ! g/
nJ |:5ab50d +5ad560 . 5ac(sbd] + O()\/2) , (356)

where lower-case SO(4) indices a,b,c,d € 1,...,4 indicate that A, B, C, D are chosen
from the first SO(4), and o', ¥/, ¢, d' € 5, ..., 8 indicate the second SO(4) (A, B,C, D €
5,...,8). We have also displayed the further expansion of these O(1/J) matrix
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elements in powers of A’ (using the basic BMN-limit energy eigenvalue condition
wn/p- = V1 + XNn?). This is to facilitate eventual contact with perturbative gauge
theory via AdS/CFT duality. Note that Hgg does not mix states built out of oscil-
lators from different SO(4) subgroups. There is a parallel no-mixing phenomenon in
the gauge theory: two-impurity bosonic operators carrying spacetime vector indices

do not mix with spacetime scalar bosonic operators carrying R-charge vector indices.

Due to operator ordering ambiguities, two-impurity matrix elements of Hgg can
differ by contributions proportional to §4”65¢ depending on the particular prescrip-

', which is included to

tion chosen [26]. Npp(n?)) is an arbitrary function of n?\
account for such ambiguities (we will shortly succeed in fixing it). To match the dual
gauge theory physics, it is best to expand Npp as a power series in \'. The zeroth-
order term must vanish if the energy correction is to be perturbative in the gauge
coupling. The next term in the expansion contributes one arbitrary constant (the npp
term) and each higher term in the A" expansion in principle contributes one additional

arbitrary constant to this sector of the Hamiltonian. Simple general considerations

will fix them all.

3.5.2 Evaluating Fock space matrix elements of Hyp

The calculation of the two-impurity matrix elements of the parts of Hj,; that involve
fermionic fields is rather involved and we found it necessary to employ symbolic
manipulation programs to keep track of the many different terms. The end results

are fairly concise, however. For Hrp we find

5ad 58y
<J b’ (Hpp) b7 501 J> = (Nep(n®X) = 2n%N) —
f N[y 4 (4088 () (4]
247(1 + n2\)
n2\

T e Ul AR MR G R CUP R PRI CRS ]
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n’\ ad o8 n’\ ii\ad [ i7\ B i\aB [ ij\Yo i\ (- ij\ 38
R (mep = 2) =007 + o [(Y) > (79T + (Y1) ()7 — ()27 ()]
77,2)\/ ey il i\ o il il il ’
AT (37 ) (3 ) ()] o)

(3.5.7)

This sector has its own normal-ordering function Ngp, with properties similar those of

Npg described above. The index structure of the fermionic matrix elements is similar

to that of its bosonic counterpart (3.5.6)).

We will now introduce some useful projection operators that will help us un-
derstand the selection rules implicit in the index structure of . The original
16-component spinors ¢ were reduced to eight components by the Weyl condition
4% = 1. The remaining eight components are further divided into spinors zﬁ and 1/3,

which are even or odd under the action of II:

) = —1 , [y = —pfe
) =1 , It = b (3.5.8)

The spinors ¢ transform in the (1,2;1,2) of SO(4) x SO(4), while ¢ transform in
the (2,1;2,1). This correlation between II-parity and SO(4) x SO(4) representation

will be very helpful for analyzing complicated fermionic matrix elements.

We denote the SU(2) generators of the active factors of the (2,1;2,1) irrep as
Y and QF, where the ¥ act on the SO(4) descended from the AdSs, and the Q act
on the SO(4) coming from the S°. The (1,2;1,2) generators are similarly labeled
by ¥~ and Q~. Each set of spinors is annihilated by its counterpart set of SU(2)

generators:

ypte = Qtple = 0,

e =7t = 0. (3.5.9)
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In terms of the projection operators
1 1
M= 0+1), L= (-1, (3.5.10)
which select the disjoint (1,2;1,2) and (2, 1;2,1) irreps, respectively, we have

M=, 0% = b,

Iy =1, 5% = b~ . (3.5.11)

The I1: projections commute with the SO(4) generator matrices v, v"7', a fact that
implies certain useful selection rules for the one-loop limit of (3.5.7). The rules are
most succinctly stated using an obvious + shorthand to indicate the representation
content of states created by multiple fermionic creation operators. In brief, one finds
that ++ states connect only with ++ and —— states connect only with ——. The
only subtle point is the statement that all ++ — —— matrix elements of must
vanish: this is the consequence of a simple cancellation between two terms. This

observation will simplify the matrix diagonalization we will eventually carry out.

3.5.3 Evaluating Fock space matrix elements of Hgp

The Hgr sector in the Hamiltonian mediates mixing between spacetime bosons of the
two types (pure boson and bi-fermion) as well as between spacetime fermions (which of
course contain both bosonic and fermionic oscillator excitations). The 64-dimensional
boson mixing matrix

beb”, (Hpr) a’tfalt

n-—m

(s )

is an off-diagonal block in the bosonic sector of the perturbation matrix in Table [3.1]

The same methods used earlier in this section to reduce Fock space matrix elements

involving fermi fields can be used here to obtain the simple explicit result (we omit
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the details)

(7

babﬂ (HBF) a’jn

n-—m

Ay

) = w0 )]
+n\/_[< N ) (5 - 5ab’>5aﬁ”

n;;\' l(VGb/)aﬁ B <7a’b>aﬂ:| +O(/\/3/2)  (35.12)

Q

The complex conjugate of this matrix element gives the additional off-diagonal com-
ponent of the upper 128 x 128 block of spacetime bosons. We note that terms in the
Hpgr sector split the SO(8) group (manifest in the pp-wave limit) into its SO(4) con-

a't bt

—-n-n

stituents such that states of the form a |.J), for example, which descend strictly
from the S° subspace, vanish in this subsector. This behavior is reproduced in the
gauge theory, wherein two-boson states that are either spacetime scalars or scalars of

the R-charge group do not mix with bi-fermionic scalars in either irrep.

The 128-dimensional subsector of spacetime fermions is mixed by matrix elements
of the same Hamiltonian taken between fermionic string states of the general form
beta | 7). Our standard methods yield the following simple results for the two

independent types of spacetime fermion mixing matrix elements:
5AB 5&,8

<j > = Ngp(n®)\) 7

2)\/ o 1\ @B N sab o N cd'b co

+m&7ab) T (1) = 3 an®N)0"5 — (54 4n®N)0"'s 5}
2\/ N . of -

~ " {(7(1[)) - (7ab> + [(QHBF —3)(5“1)—}— (2nBF _ 5)5ab} 5aﬁ} +O()\,2) 7

2]
(3.5.13)

bﬁafn (HBF) n A

bral, (Hgr) b’

(s

2/ N
) = Ty - 0)”
11/2 o o
iy [0 () o -0
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~ ”;JA { (o)L (ya’b’)aﬁ - (5ab - 5@’”) 5&6} O . (3.5.14)

Equation involves yet another normal-ordering function. Since these func-
tions have a nontrivial effect on the spectrum, we must give them specific values
before we can calculate actual numerical eigenvalues. The key point is that the struc-
ture of the perturbing Hamiltonian implies certain relations between all the normal-
ordering functions. Because the interaction Hamiltonian is quartic in oscillators,
normal-ordering ambiguities give rise to terms quadratic in oscillators, appearing as
constant contributions to the diagonal matrix elements. There are normal-ordering
contributions from each sector of the theory: Hgg contributes a single term quadratic
in bosonic oscillators; Hpp yields a term quadratic in fermionic oscillators; Hgg con-
tributes one term quadratic in bosons and one quadratic in fermions. The bosonic
contributions multiply terms of the form a'a, which are collected into the function
Ngg(n?)\') with one contribution from Hpg and one contribution from Hgp. Similarly,
Nrr(n2)) collects terms multiplying b'h, receiving one contribution from Hry and one
contribution from Hgp. Normal-ordering contributions from both a'a and b'b terms
are non-vanishing in the spacetime fermion subsector; all possible normal-ordering
ambiguities appear in this subspace. The normal-ordering function Ngp(n?)\') there-

fore must satisfy
NBF(R2)\/) = NBB(TL2>\/) + Npp(ng)\/) . (3515)

The normal ordering functions are basically finite renormalizations that must be
adjusted so that the spectrum reflects the PSU(2,2|4) global supersymmetry of the

classical worldsheet action (a symmetry we want to preserve at the quantum level).

As has been explained elsewhere [26}28] (and as we shall shortly review), energy
levels should be organized into multiplets obtained by acting on a “highest-weight”
level with all possible combinations of the eight R-charge raising supercharges. All the

states obtained by acting with a total of L supercharges have the same energy and we
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will refer to them as states at level L in the supermultiplet. The levels of a multiplet
run from L = 0 to L = 8. A careful inspection of the way the normal ordering
functions contribute to the energies of states in the two-impurity sector shows that
states at levels L = 0, 8 are shifted by Ngg only. Similarly, levels L = 2, 4, 6 are shifted
by Ngr or Ngg and one must have Ngg = Npr if those levels are to remain internally
degenerate. Finally, levels L = 1,3,5,7 are shifted by Ngr only. By supersymmetry,
the level spacing must be uniform throughout the supermultiplet and this is only
possible if we also set Ngg = Npr. But then the constraint Nggp = Npg + Npp can
only be met by setting Ngg = Npr = Nr = 0, which then eliminates any normal-
ordering ambiguity from the string theory. This is basically an exercise in using global

symmetry conditions to fix otherwise undetermined finite renormalizations.

3.5.4 Diagonalizing the one-loop perturbation matrix

We are now ready to diagonalize the perturbing Hamiltonian and examine whether
the resulting energy shifts have the right multiplet structure and whether the actual
eigenvalues match gauge theory expectations. To simplify the problem, we will begin
by diagonalizing the perturbation matrix expanded to first nontrivial order in both
1/J and X. Our results should, by duality, match one-loop gauge theory calculations
and we will eventually return to the problem of finding the string spectrum correct to
higher orders in \’. From the structure of the results just obtained for the perturbation
matrices, we can see that the general structure of the energy eigenvalues of two-

impurity states must be

B (n) = 2 +n?N (1 + % + O(J‘2)> +0(N\?) (3.5.16)

where A is dimensionless and the dependence on 1/.J, A" and mode number n is given
by (3.5.6} [3.5.7). The eigenvalues A must meet certain conditions if the requirements
of PSU(2,2|4) symmetry are to be met, and we will state those conditions before

solving the eigenvalue problem.
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The eigenvalues A must meet certain conditions if the requirements of PSU(2,2|4)
symmetry are to be met. The eigenvalues in question are lightcone energies and thus
dual to the gauge theory quantity A = D — J, the difference between scaling dimen-
sion and R-charge. Since conformal invariance is part of the full symmetry group,
states are organized into conformal multiplets built on conformal primaries. A su-
permultiplet will contain several conformal primaries having the same value of A and
transforming into each other under the supercharges. All 16 supercharges increment
the dimension of an operator by 1/2, but only eight of them (call them Q,) also in-
crement the R-charge by 1/2, so as to leave A unchanged. These eight supercharges
act as “raising operators” on the conformal primaries of a supermultiplet: starting
from a super-primary of lowest R-charge, the other conformal primaries are created
by acting on it in all possible ways with the eight Q,. Primaries obtained by acting
with L factors of Q, on the super-primary are said to be at level L in the supermul-
tiplet (since the Q, anticommute, the range is L = 0 to L = 8). The multiplicities
of states at the various levels are also determined: for each L = 0 primary operator,
there will be C% such operators at level L (where C” is the binomial coefficient). If
the L = 0 primary has multiplicity s, summing over all L gives 2%s = 256s conformal

primaries in all.

These facts severely restrict the quantity A in the general expression (3.5.16))
above. Although the states in the degenerate multiplet all have the same J, they
actually belong to different levels L in more than one supermultiplet. A state of
given L is a member of a supermultiplet built on a “highest-weight” or super-primary
state with R = J — L/2. Since all the primaries in a supermultiplet have the same
A, the joint dependence of eigenvalues on A, J, L must be of the form A(\, J — L/2).
The only way the expansion of can be consistent with this is if A = L + ¢,
where ¢ is a pure numerical constant (recall that X' = \/J?). Successive members of
a supermultiplet must therefore have eigenvalues separated by exactly one and the
difference between “top” (L = 8) and “bottom” (L = 0) eigenvalues for A must be
exactly eight.
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3.5.5 Details of the one-loop diagonalization procedure.

We now confront the problem of explicitly diagonalizing the first-order perturbation
matrix A (obtained by expanding the relevant matrix elements to first order in \').
The matrix block diagonalizes on the spacetime boson and spacetime fermion sub-
spaces, as indicated in Table [3.I] Within these sub-blocks, there are further block
diagonalizations arising from special properties of the one-loop form of the matrix
elements of the perturbing Hamiltonian. For example, Fock space states built out of
two bosonic creation operators that transform only under the internal SO(4) mix only
with themselves, thus providing a 16 x 16 dimensional diagonal sub-block. Within
such sub-blocks, symmetry considerations are often sufficient to completely diagonal-
ize the matrix or at least to reduce it to a low-dimensional diagonalization problem. In
short, the problem reduces almost entirely to that of projecting the matrix elements
of H;,; on subspaces of the two-impurity Fock space defined by various symmetry
properties. Determining the SO(4) x SO(4) symmetry labels of each eigenstate in
the diagonalization will furthermore enable us to precisely match string states with
gauge theory operators. In this subsection, we record for future reference the de-
tailed arguments for the various special cases that must be dealt with in order to
fully diagonalize the one-loop perturbation and characterize the irrep decomposition.
Although the projections onto the various invariant subspaces are matters of simple
algebra, that algebra is too complicated to be done by hand and we have resorted
to symbolic manipulation programs. The end result of the diagonalization is quite
simple and the reader willing to accept our results on faith can skip ahead to the end
of this subsection.

We begin with a discussion of the action of the purely bosonic perturbation Hgg
on the 64-dimensional Fock space created by pairs of bosonic creation operators. Part
of this subspace connects via Hgp to the Fock space of spacetime bosons created by
pairs of fermionic creation operators, and we will deal with it later. There is, how-
ever, a subspace that only connects to itself, through the purely bosonic perturbation

Hgg. We will first deal with this purely bosonic block diagonalization, leading to
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eigenvalues we will denote by Agg. The eight bosonic modes lie in the SO(4) x SO(4)
representations (2,2;1,1) and (1,1;2,2) (i.e., they are vectors in the SO(4) sub-
groups descended from AdSs and S®, respectively). The key fact about Hgg is that
the 16-dimensional spaces spanned by two (2,2;1,1) oscillators or by two (1,1;2,2)
oscillators are closed under its action (it is also true that Hgp annihilates both of
these subspaces). The SO(4) representation content of the states created by such
oscillator pairs is given by the formula (2,2) x (2,2) =(3,3)+(3,1)+(1,3)+(1,1)
(we use SU(2) x SU(2) notation, rather than SO(4), since it is unavoidable when we
discuss fermions). By projecting the O()\') part of onto these subspaces, one
can directly read off the eigenvalues Agg, with the results shown in Table 3.2 The
identification of the representations associated with particular eigenvalues is easy to
do on the basis of multiplicity. In any event, projection onto invariant subspaces is a
simple matter of symmetrization or antisymmetrization of oscillator indices and can
be done directly. The most important point to note is that the eigenvalues are suc-
cessive even integers, a simple result and one that is consistent with our expectations
from extended supersymmetry. It will be straightforward to match these states to

gauge theory operators and compare eigenvalues with anomalous dimensions.

SO(4) ags X SO(4)gs | App SO(4) ags X SO(4)gs | App
(1,1:1,1) —6 (1,1:1,1) 2
(1,1;3,3) —2 (3,3:1,1) —2

(1,1;3,1) + (1,1;1,3) | —4 (3,1;1,1)+ (1,3;1,1)| 0

Table 3.2: Energy shifts at O(1/.J) for unmixed bosonic modes

The Fock space of spacetime bosons created by pairs of fermionic creation oper-
ators contains a similar pair of 16 x 16 diagonal sub-blocks. The construction and
application of the relevant projection operators and the subsequent match-up with
gauge theory operators is more complicated than on the bosonic side and we must
develop some technical tools before we can obtain concrete results.

Just as Hpp is closed in the two 16-dimensional spaces of bosonic (1,1;2,2) or
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(2,2;1,1) states, Hpp is closed on subspaces of bi-fermions spanned by a pair of
(1,2;1,2) or a pair of (2,1;2,1) fermionic oscillators (i.e., —— or ++ states, to use
an obvious shorthand). The complete spectrum of eigenvalues from these subsectors
of the Hamiltonian can be computed by projecting out the (2,1;2,1) and (1,2;1, 2)
spinors in Hp (3.5.7). To do this, it will be helpful to express the eight-component
spinors of the string theory in a basis which allows us to define fermionic oscillators

labeled by their (2,1;2,1) and (1,2;1,2) representation content.

The original 32-component Majorana-Weyl spinors ! were reduced by the Weyl
projection and a lightcone gauge condition to an eight-component spinor ¢ (trans-
forming in the 8; of SO(8)). The generators of the four SU(2) factors of
the manifest SO(4) x SO(4) symmetry can be expressed as 8 x 8 SO(8) matrices as

follows:

1 1
Z:I: - _ 2.3 j: 1.4 =+ — 6.7 :i: 5
1 42.(77 YY), 1 41‘(77 ),
1 1
Sy = (" E 744, 0 =—(—""£4%,
7 4y
1 1
% = -0 =Y 5= (=" ) (3.5.17)

We will use the representation for the v* given in Appendix A when we
need to make these generators explicit. The 8, spinor may be further divided into
its (1,2;1,2) and (2,1;2,1) components ¥ and 1), respectively, and this suggests a
useful basis change for the string creation operators: for the (1,2;1,2) spinor, we

define four new objects w, x,y, z by

1 0 0 0
0 1 0 1
0 1 0 1

A -1 0 0 0

b =w +x +y +z : (3.5.18)
0 0 1 0
0 0 0 1
0 0 0 -1
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which we then organize in two different ways into two-component complex spinors:

w + 1y —z+ix

= s 90: <= Z’L_’
Z 4T w — 1y

_ w ~+ 1y z+1ix

(= , Q= <= Q. (3.5.19)
—z+ix w — iy

This organization into two-spinors is meant to show how components of 1& transform
under the two SU(2) factors that act nontrivially on them. As may be verified
from the explicit forms of the SU(2) generators obtained by substituting into
(3-5-17)), the two-component spinors ¢ and ¢ transform as (1,2) under the first SO(4)
and the spinors ¢ and @ transform as (1, 2) under the second SO(4) of SO(4) x SO(4).

The explicit realization of the two SU(2) factors involved here is found in this way

to be
0 1/2 0 1/2
Z:1_ - / 9 Ql_ = / 9
1/2 0 1/2 0
0 1/2 0 —2/2
E; - / 9 Q; = / )
—i/2 0 i/2 0
1/2 0 1/2 0
¥ = , Qg = ) (3.5.20)
0 —1/2 0 —1/2

One may similarly decompose (2,1;2,1) spinors and express the corresponding
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generators X and Q. We decompose 1; into components w, Z, i, Z according to

1 0 0 0
0 1 0 0
0 -1 0 0
i=a| | +z| " +g] ° [+z] ° |, (3.5.21)
0 0 1 0
0 0 0 1
0 0 0 1
0 0 ~1 0
and rearrange them into two-component complex spinors:
Z iz W — iy
5 = ) n= <~ Zj— )
W+ iy —Z 4T
_ —Z4iZ 0 — iy
£ = , 7= <= Qf. (3.5.22)
W + i 7+ iz
The corresponding explicit (2, 1;2, 1) generators are given by
0 -1/2 0 1/2
2 = , 9 = :
—-1/2 0 1/2 0
0 /2 0 —i/2
Xy = , Q3= :
—i/2 0 i/2 0
1/2 0 /2 0
Y1 = , QF = . (3.5.23)
0 -1/2 0 -1/2

These observations will make it possible to construct linear combinations of products

of components of 1 transforming in chosen irreps of SO(4) x SO(4).

Let us now use this machinery to analyze the perturbation matrix on spacetime
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bosons created by two fermionic creation operators (bi-fermions). As explained in
the discussion of , Hygp is block-diagonal on the 16-dimensional ++ or ——
bi-fermionic subspaces. To project out the (2,1;2,1) or ++ block of Hgp, we simply
act on all indices of with the II, projection operator:

(7

- o~ -y~ 2y 2\ - -
602 (Hpp) 070 001 J> S AR § 1 G ”—{ {(H#YZJHQM(H#Y”HHM

n-—mn

J 24J

(I VI ) (T yTT ) = (T VT ) (T 7T )
- [(H+7iljlﬂ+)a6(H+71/j/H+)m + (H+7ilj/H+)QB(H+7ilj/H+)7§

—(H+7i/jlﬂ+)w(H+Vi/jlﬂ+)’g6} } : (3.5.24)

The SO(4) x SO(4) representation content of this subspace is specified by (2, 1;2,1) x
(2,1;2,1) =(1,1;1,1) & (1,1;3,1) ® (3,1;1,1) ® (3,1;3,1) and we must further

project onto individual irreducible representations in order to identify the eigenvalues.

With the tools we have built up in the last few paragraphs, we are in a position
to directly project out some of the desired irreducible representations. Bi-fermions of
++ type transforming as scalars under the first SO(4) (i.e., under ;) are constructed
by making SU(2) invariants out of the two-component spinors & and 1. There are

four such objects:

g—n7-2€n ) €—n7-277n ;

n—n7—2§n ) N—nT2Mn , (3525)

where 75 is the second Pauli matrix. At the same time, they must also comprise a 3
and a 1 under the second SO(4) (i.e., under Q). To identify the irreducible linear
combinations, one has to re-express the objects in (3.5.25) in terms of the spinors &

and 7] that transform simply under . Representative results for properly normalized
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creation operators of ++ bi-fermion states in particular SO(4) x SO(4) irreps are

_% (f—nTQUH - n—nTan) (17 17 17 1) ) AFF =-2 5

% (5—”727}% + 77—117—2&1)
% (5—717-2571 + 77—n7_277n) (17 ]-; 37 1) ) AFF =0. (3526)

_% (ffn7—25n - 777117—27771)

We simply have to re-express the &, ) bilinears in terms of the original spinor creation
operators b in order to obtain an explicit projection of the matrix elements
onto irreducible subspaces and to obtain the eigenvalues App associated with each ir-
rep. A parallel analysis of states constructed by forming normalized SU(2) invariants

from ¢ and 7 gives another irrep and eigenvalue:

5 (EonTolin + T1-nT2ln)
% (g—n7_2gn + ﬁ—nTQﬁn) (3’ 17 17 1) ) AFF =—4. (3527)

_% (EfnTQEn - ﬁfn7—277n)
By similar arguments, whose details we will omit, one can construct the creation

operator for the normalized (3,1;3,1) or ++ bi-fermion and find the eigenvalue

AFF = —2.

An exactly parallel analysis of <J ‘ ZA)ZA)(H FF)BTBT ‘ J > on the 16-dimensional subspace
spanned by (1,2; 1, 2) bi-fermions yields the same eigenvalue spectrum. The creation
operators of irreducible states (built this time out of ¢ and ¢) and their eigenvalues

are

_% (CfnTQSOn - 907n7'2Cn) (17 1; 17 1) ) AFF = -2 s
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% (<*n7—290n + (pfn7—2<.n)
% (C—nTQCn + QO—nTQQDn) (17 1; 17 3) ) AFF =0 5 (3528)

_% (C—nTZCn - 90—n7—290n)

N[ =

(§—n7—2¢n + @—nTQEn)
(

% CnTaln + @7n7—2§5n) } (1,3;1,1), App = —4 . (3.5.29)

_% —n7-2<_.n - @—nTQQn)

The overall results for this sector are displayed in Table [3.3]

SO(4) ags x SO(4)gs | App SO(4) aas X SO(4)gs | App
(1,1;1,1) —2 (1,1;1,1) -2
(1,1;3,1) 0 (1,1:1,3) 0
(3,1;1,1) —4 (1,3:1,1) —4
(3,1;3,1) —2 (1,3:1,3) -2

Table 3.3: Energy shifts of states created by two fermions in (2,1;2,1) or (1,2;1,2)

To this point, we have been able to study specific projections of the Hgg and Hgp
subsectors by choosing states that are not mixed by Hpr. We now must deal with
the subspace of spacetime boson two-impurity states that is not annihilated by Hgp.
This 64-dimensional space is spanned by pairs of bosonic creation operators taken
from different SO(4) subgroups and pairs of fermionic creation operators of opposite
[T-parity. The representation content of these creation-operator pairs is such that the
states in this sector all belong to (2,2;2,2) irreps. This space is of course also acted
on by Hgg and Hgp, so we will need the matrix elements of all three pieces of the
Hamiltonian as they act on this subspace. By applying the appropriate projections

to the general one-loop matrix elements, we obtain the expressions

(7

2y/
J> N _QnJ)\ <5ad’5b’c + 6a’d5bc’ + 5ad6b’c’ + 5a’d’5bc) :

(3.5.30)

a;?a]fn (Hgg) a?LafT
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n2\ , af , af

o ) () )

+ (H ab'[1 )aﬂ— (H a’bp] )aﬁ]
-7 + -7 + )

(3.5.31)

b°b?, (Hgr) al a®

b2b’ (Hpp) 071 001

n-—m -n-n

2)\/
J) = =25 (0?4 )

(7

n2\

247
(7T ) (T T )P | — | (I L ) (T T )
+ Z T )“ (H—’Yi,j/HJr)w - (H+7i/jln—)M(H—’Yi/j/HJr)ﬂé]

+ { [T ) (AT ) 4 (I 9T ) (11T, )

un
(T AT (AT )™ o (T 4L, )P (T4

(T A9TL)* (IL 37T — | ([T T )" (T T )
(™ T )P (T T )70 — (T T ) (T 7 T ) } :
(3.5.32)

Since the 64-dimensional space must contain four copies of the (2,2;2,2) irrep, the
diagonalization problem is really only 4 x 4 and quite easy to solve. The results for

the eigenvalues appear in Table [3.4L Collecting the above results, we present the

SO(4) aas x SO(4)gs | Apr
(2,2:2,2) 4
(2,2:2,2) x 2 —2
(2,2:2,2) 0

Table 3.4: String eigenstates in the subspace for which Hgg has non-zero matrix
elements

complete SO(4) aqs X SO(4)ss decomposition of spacetime boson two-impurity states

in Table 3.5

By projecting out closed subspaces of the one-loop Hamiltonian we have success-
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Table 3.5: Group decomposition of the 128 two-impurity spacetime bosons

SO(4) aas X SO(4)gs | A

SO(4) ags x SO(4)gs | A Hpp (1,1;1,1) —2

Hyp (1,1;1,1) —6 (1,1;1,1) —2
(1,1;1,1) 2 (1,1:3,1) +(1,1;1,3) | 0

(1,1;3,1) +(1,1;1,3) | —4 (3,1;1,1) + (1,3;1,1) | —4
(3,1;1,1) +(1,3;1,1) | 0 (3,1;3,1) + (1,3;1,3) | —2
(1,1;3,3) —2 Hpp (2,2:2,2) 0

(3,3:1,1) —2 (2,2:2,2) x 2 —2

(2,2:2,2) —4
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fully classified each of the energy levels in the bosonic Fock space with an SO(4) x

SO(4) symmetry label.

Similar arguments can be applied to the fermionic Fock

space, where two-impurity string states mix individual bosonic and fermionic oscil-

lators (we omit the details). A summary of these results for all states, including

spacetime fermions, is given in Table [3.6 The important fact to note is that the

A eigenvalues and their multiplicities are exactly as required for consistency with

the full PSU(2,2|4) symmetry of the theory. This is a nontrivial result since the

quantization procedure does not make the full symmetry manifest. It is also a very

satisfying check of the overall correctness of the extremely complicated set of proce-

dures we were forced to use. We can now proceed to a comparison with gauge theory

anomalous dimensions.

Level | 0 2 4 6 8
Mult.| 1T 28 70 28 1
Apose | =6 —4 —2 0 2

Level | 1 3 5 7

Mult. | 8 56 56 8

AFermi -5 -3 -1 1

Table 3.6: First-order energy shift summary: complete two-impurity string multiplet
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3.5.6 Gauge theory comparisons

The most comprehensive analysis of one-loop anomalous dimensions of BMN opera-
tors and their organization into supersymmetry multiplets was given in [28]. As stated
in [26], the above string theory calculations are in perfect agreement with the one-loop
gauge theory predictions. For completeness, we present a summary of the spectrum
of dimensions of gauge theory operators along with a sampling of information about

their group transformation properties.

The one-loop formula for operator dimensions takes the generic form

AR =24 93/%21\[0”2 (1 + % + O(R2)) : (3.5.33)
The O(R™!) correction A for the set of two-impurity operators is predicted to match
the corresponding O(J 1) energy correction to two-impurity string states, labeled
above by A. Part of the motivation for performing the special projections on two-
impurity string states detailed above was to emerge with specific symmetry labels for
each of the string eigenstates. String states of a certain representation content of the
residual SO(4) x SO(4) symmetry of AdSs x S® are expected, by duality, to map to
gauge theory operators with the same representation labels in the SL(2, C) Lorentz
and SU(4) R-charge sectors of the gauge theory. Knowing the symmetry content of

the string eigenstates therefore allows us to test this mapping in detail.

The bosonic sector of the gauge theory, characterized by single-trace operators
with two bosonic insertions in the trace, appears in Table [3.7, The set of operators
comprising Lorentz scalars clearly agrees with the corresponding pure-boson string
states in Table[3.5] which are scalars in AdS5. Operators containing pairs of spacetime
derivatives correspond to string theory states that are scalars of the S® subspace. The
bi-fermion sector of the string theory corresponds to the set of two-gluino operators
in the gauge theory. A few of these operators are listed in Table 3.8, These states,
which form either spacetime or R-charge scalars, clearly agree with their string theory

counterparts, which were constructed explicitly above. The string states appearing in
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Operator SO(4) aas x SO(4)gs | A
Satr (¢pAZrgt ZRP) (1,1;1,1) —6
tr (¢ ZPg) ZE-p) (1,1;3,3) -2
tr (@l Zrgl ZR-P) (1,1;3,1)+(1,1;1,3) | —4

tr (V,Z2rVHz Z2527r) (1,1;1,1) 2
tr (V(,Z2PN ) ZZR727P) (3,3;1,1) -2
tr (V,Z2°V,) ZZ2%%*P) 1 (3,1;1,1) + (1,3;1,1) | 0

Table 3.7: Bosonic gauge theory operators: either spacetime or R-charge singlet.

the (2,2;2,2) representation (listed in Table correspond to the operators listed
in Table 3.9 Finally, the complete supermultiplet spectrum of two-impurity gauge
theory operators appears in Table [3.10} The extended supermultiplet spectrum is in
perfect agreement with the complete one-loop string theory spectrum in Table

above.

Operator SO(4)aas X SO(4)ss | A

tr (xlzrx P ZR-1-p) (1,1;1,1) -2
tr (x> zrx? ZE-17r) (1,1;3,1) 0
tr (x[oy, 6, 2P x Z7717P) (3,1;1,1) —4

Table 3.8: Bosonic gauge theory operators with two gluino impurities.

Operator SO(4) 405 x SO(4)ss | A
tr (¢' 2PV, ZZR1P) 4 (2,2:2,2) —4
tr (¢ 2PV, ZZ771p) (2,2;2,2) —2

tr (¢ 2PV, ZZ5717P) + . (2,2;2,2) 0

Table 3.9: Bosonic gauge theory operators: spacetime and R-charge non-singlets
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Level 0 1 2 3 4 5 6 |7 8

Multiplicity 1 8 28 o6 70 o6 2818 1

SE x (R?/¢%yNan®) | —6/R | —5/R| —4/R| —3/R | —2/R| —1/R|0 |1/R|2/R

Table 3.10: Anomalous dimensions of two-impurity operators

3.6 Energy spectrum at all loops in )\

To make comparisons with gauge theory dimensions at one loop in A = ¢%,,N,,
we have expanded all string energies in powers of the modified 't Hooft coupling
N = g2&,;N./R* The string theory analysis is exact to all orders in ), however,
and it is possible to extract a formula for the O(1/.J) string energy corrections that
is exact in A and suitable for comparison with higher-order corrections to operator
dimensions in the gauge theory. In practice, it is slightly more difficult to diagonalize
the string Hamiltonian when the matrix elements are not expanded in small \’. This
is mainly because, beyond leading order, Hgp acquires additional terms that mix
bosonic indices in the same SO(4) and also mix bi-fermionic indices in the same
(1,2;1,2) or (2,1;2,1) representation. Instead of a direct diagonalization of the
entire 128-dimensional subspace of spacetime bosons, for example, we find it more
convenient to exploit the ‘dimension reduction’ that can be achieved by projecting
the full Hamiltonian onto individual irreps.

For example, the (1,1;1,1) irrep appears four times in Table and is present
at levels L = 0,4, 8 in the supermultiplet. To get the exact eigenvalues for this irrep,
we will have to diagonalize a 4 x 4 matrix. The basis vectors of this bosonic sector
comprise singlets of the two SO(4) subgroups (a®a'®|J) and a'”a’® |J)) plus two
bi-fermion singlets constructed from the (2,1;2,1) and (1, 2; 1, 2) creation operators
(btobte |J) and biebte |J)). The different Hamiltonian matrix elements that enter
the 4 x 4 matrix are symbolically indicated in Table [3.11] It is a simple matter to
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project the general expressions for matrix elements of Hgg, etc., onto singlet states
and so obtain the matrix as an explicit function of X', n. The matrix can be exactly

diagonalized and yields the following energies:

n?\ [ 4 1
Eo(n,J) = 2V14+ In2 — 2 + +0(1/J%)
o, J) e Y U IR
M2\
Ea(n,J) = 2V1+Nn?— "J +O(1)%)
n?\ [ 4 ]
Eg(n,J) = 2V14+ Mn?— 2— ———— | +0(1/J% . 3.6.1
s(r. ) T P v PO B0

The subscript L = 0,4, 8 indicates the supermultiplet level to which the eigenvalue
connects in the weak coupling limit. The middle eigenvalue (L = 4) is doubly degen-

erate, as it was in the one-loop limit.

Hiye | afa™|J) af®al® [J) bleble | J)  blepte|])
<J| aa“ Hgp Hgp Hgp Hgr
(J|a¥a® Hgg Hgg Hgr Hgr
(J|bbe Hgr Hgr Hyr Hrr
(J]bob° Hgp Hgp Hyp Hyp

Table 3.11: Singlet projection at finite A’

There are two independent 2 X 2 matrices that mix states at levels L = 2,6.
According to Table [3.5] one can project out the antisymmetric bosonic and anti-
symmetric bi-fermionic states in the irrep (1,1;3,1) + (1,1;1,3) or in the irrep
(3,1;1,1) + (1,3;1,1). The results of eqns. (3.5.26] [3.5.27} [3.5.28} [3.5.29)) can be

used to carry out the needed projections and obtain explicit forms for the matrix
elements of the perturbing Hamiltonian. The actual 2 x 2 diagonalization is trivial

to do and both problems give the same result. The final result for the energy levels
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(using the same notation as before) is

n2\ 2
EQ(”,J) = 2\/1+)\’n2— J |i2+\/ﬁ

n?\N 2
E6<n7<]) = 2v1+>\’n2—7[2—ﬁ

} +0(1/J%)

] +0(1/J%) . (3.6.2)

We can carry out similar diagonalizations for the remaining irreps of Table [3.5] but
no new eigenvalues are encountered: the energies already listed are the exact energies
of the L = 0,2,4,6,8 levels. It is also easy to see that the degeneracy structure of

the exact levels is the same as the one-loop degeneracy.

The odd levels of the supermultiplet are populated by the 128-dimensional space-
time fermions, and this sector of the theory can be diagonalized directly. Proceeding
in a similar fashion as in the bosonic sector, we find exact energy eigenvalues for
the L = 1,3,5,7 levels (with unchanged multiplicities). We refrain from stating the
individual results because the entire supermultiplet spectrum, bosonic and fermionic,
can be written in terms of a single concise formula: to leading order in 1/J and all

orders in ), the energies of the two-impurity multiplet are given by

B N (4-1) 2
Ey(n,J) = 2V14+Nn? - — {2+ m} +0(1/J%),  (3.6.3)

where L = 0,1, ...,8 indicates the level within the supermultiplet. The degeneracies
and irrep content are identical to what we found at one loop in . This expression

can be rewritten, correct to order J~2, as follows:

An? n’\ 4
Ep(n,J) = 2\/1 T UL T-L2p [2 T - L/2)2] |
(3.6.4)

This shows that, within this expansion, the joint dependence on J and L is exactly
what is required for extended supersymmetry multiplets. This is a rather nontrivial

functional requirement, and a stringent check on the correctness of our quantization
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procedure (independent of any comparison with gauge theory).

In order to make contact with gauge theory we expand (3.6.3) in A, obtaining

Er(n,J) ~ [2 X L) (N ]
+% {nQX(L —6) + (n*X)? (#) + (n*N)? (3L 8_ 12) + .. } . (3.6.5)

We can now address the comparison with higher-loop results on gauge theory
operator dimensions. Beisert, Kristjansen and Staudacher [31] computed the two-
loop correction to the anomalous dimensions of a convenient class of operators lying
at level four in the supermultiplet. The operators in question lie in a symmetric-
traceless irrep of an SO(4) subgroup of the R-charge and are guaranteed by group
theory not to mix with any other fields |31]. The following expression for the two-loop

anomalous dimension was found:

SAR = _ngT{l ¢ sin’ R”L (Z +ﬁ> . (3.6.6)

As explained above, N' = 4 supersymmetry ensures that the dimensions of operators
at other levels of the supermultiplet will be obtained by making the substitution
R — R+2— L/2 in the expression for the dimension of the L = 4 operator. Making
that substitution and taking the large-R limit we obtain a general formula for the

two-loop, large-R correction to the anomalous dimension of the general two-impurity

operator:
2 nm
SARL — _9§M4Nc2 sin? nm 1 4 COS” Rs—1/2
0 R+3—-L/2 \4 R+3-1L/2
1 1 4—L
~ —Z(A’nz)Q - 5(W)Q —& + O(1/R?) , (3.6.7)

Using the identification R = J specified by duality, we see that this expression
matches the corresponding string result in (3.6.5)) to O(1/.J), confirming the AdS/CFT

correspondence to two loops in the gauge coupling.
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The three-loop correction to the dimension of this same class of L = 4 gauge theory
operators has recently been definitively determined [33]. The calculation involves a
remarkable interplay between gauge theory and integrable spin chain models |30, 31,

69,89]. The final result is

SAL = i gsin("n—7r
" 2 R+1

1 0052 nm_

R+1 2 N
- — 2 . (3.6.
8+4(R+1)2 (3R—|— (R + 6) cos R+1)] (3.6.8)

If we apply to this expression the same logic applied to the two-loop gauge theory re-
sult (3.6.6)), we obtain the following three-loop correction to the anomalous dimension

of the general level of the two-impurity operator supermultiplet:

28

— 3L
SARY ~ V) — (X2 S 01 R?) (36.9)

1 1
8 8
We see that this expression differs from the third-order contribution to the string
result (3.6.5)) for the corresponding quantity. The difference is a constant shift and
one might hope to absorb it in a normal-ordering constant. However, our discussion

of the normal-ordering issue earlier in the chapter seems to exclude any such freedom.

3.7 Discussion

In this chapter we have given a detailed account of the quantization of the first curva-
ture correction to type IIB superstring theory in the plane-wave limit of AdSs x S°.
We have presented the detailed diagonalization of the resulting perturbing Hamil-
tonian on the degenerate subspace of two-impurity states, obtaining string energy
corrections that can be compared with higher-loop anomalous dimensions of gauge
theory operators. Beyond the Penrose limit, the holographic mapping between each
side of the correspondence is intricate and nontrivial, and works perfectly to two loops
in the gauge coupling. The agreement, however, appears to break down at three loops.

(Similar three-loop disagreements have appeared in semiclassical string analyses; see,
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for example, ref. [37].) This troubling issue was first observed in [26], at which time
the third-order gauge theory anomalous dimension was somewhat conjectural. In the
intervening time, the third-order result acquired a solid basis, thus confirming
the mismatch. Several questions arise about this mismatch: is it due to a failure of
the AdS/CFT correspondence itself? Does it signal the need to modify the world-
sheet string action? Is it simply that the perturbative approach to the gauge theory
anomalous dimensions is not adequate in the relevant limits?

Regarding this final point, a specific explanation has been proposed that may
account for the disagreement with gauge theory at three loops. The essential idea is
that certain types of gauge theory mixing terms that connect fields within single-trace
operators are dropped in the particular limit that is taken in this setup. This amounts
to a plausible order-of-limits problem: we will leave a more detailed discussion of this
proposal for Chapter [7] Despite vigorous investigation from several directions, all of

these questions remain open.



Chapter 4

The curvature expansion: Three
impurities

Thus far, we have seen that attempts to push the original results of BMN further have
gone in two independent directions. In the gauge theory, the calculation of anomalous
dimensions of BMN operators has been greatly simplified by Minahan and Zarembo’s
discovery that the problem can be mapped to that of computing the energies of
certain integrable spin chains [39]. Based on this development, calculations in certain
sectors of the theory have been carried out to three loops in the 't Hooft coupling
A [31,33]EI Furthermore, we have shown in the previous chapter that the quantization
of the GS string in the AdSs x S® background has developed far enough to enable
perturbative computations of the effect of worldsheet interactions on the spectrum of
the string when it is boosted to large, but finite, angular momentum J [26}27,/79].
As demonstrated in Chapter [3], these two approaches lead to different expansions of
operator anomalous dimensions (or string eigenenergies): on the gauge theory side,
one naturally has an expansion in the coupling constant A that is typically exact in
R-charge; on the string theory side one has an expansion in inverse powers of angular
momentum J (the dual of gauge theory R-charge) that is exact in .

The expansion on the string side is difficult and has so far been carried out to

O(1/J) for two-impurity states (i.e., states with two string oscillators excited). The

'We note that the conjectural three-loop computation of [31] was solidified by field theoretic
methods in [33].
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resulting functions of the loop expansion parameter A can be compared with the large
R-charge expansion of two-impurity BMN operators in the gauge theory to provide
new and stringent tests of the AdS/CFT correspondence. As mentioned above, gauge
theory technology has made it possible to compute anomalous dimensions of certain
two-impurity BMN operators out to at least three-loop order. The agreement between
dual quantities is perfect out to two-loop order but, surprisingly, seems to break down
at three loops [26,27]. Exactly what this means for the AdS/CFT correspondence is
not yet clear but, given the circumstances, it seems appropriate to at least look for
further data on the disagreement in the hope of finding some instructive systematics.
The subject of this chapter is to pursue one possible line of attack in which we extend
the calculations described above to higher-impurity string states and gauge theory
operators. The extension of our two-impurity results to higher impurities is not a
straightforward matter on either side of the correspondence and gets more complex
as the number of impurities increases. We focus here on the three-impurity case,
where we obtain results that validate our methods for quantizing the GS superstring;
the agreement with gauge theory at one and two loops is impressive, though we will

also confirm the previously observed breakdown of agreement at three-loop order.

In Sections |4.1]and 4.2| we present the details of the diagonalization of the perturb-
ing string worldsheet Hamiltonian on degenerate subspaces of three-impurity states.
We give a compressed discussion of general strategy, concentrating on the aspects of
the problem which are new to the three-impurity case. An interesting new element
is that the non-interacting degenerate subspace breaks up into several different su-
persymmetry multiplets so that the detailed accounting of multiplicities and irrep
decomposition amounts to a stringent test that the quantization has maintained the
correct nonlinearly realized superconformal symmetries. Section is devoted to
the comparison of the string theory spectrum with gauge theory anomalous dimen-
sions. We employ our own gauge theory data derived in Chapter 2 for the various
higher-loop spin chains onto which the gauge theory anomalous dimension problem

has been mapped. We find perfect agreement through two-loop order and, once again,
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a breakdown at three loops.

Overall, the three-impurity regime of the string theory offers a much more strin-
gent test of the duality away from the full plane-wave limit. While we are unable
to offer (via this analysis) a solution to the disagreement with gauge theory at three
loops, we can confirm that the complicated interacting worldsheet theory at O(1/ EQ)

in the curvature expansion is properly quantized and correct to two loops in .

4.1 Three-impurity spectrum: one loop in )\

The three-impurity Fock space block-diagonalizes into separate spacetime fermion
and spacetime boson sectors. The bosonic sector contains states that are purely
bosonic (composed of three bosonic string oscillators) and states with bi-fermionic

components:
a?TafTagT |J) | a?TbSbeT |]) . (4.1.1)

Pure boson states are mixed by the bosonic sector of the Hamiltonian Hgg, while
states with bi-fermionic excitations are mixed both by the purely fermionic Hamil-
tonian Hpp and the bose-fermi sector Hgr. The sector of spacetime fermion states
is composed of purely fermionic excitations and mixed states containing two bosonic

oscillators:
at1.B T At Btia
b)Y  alTalTeet ) (4.1.2)

Pure fermion states are acted on by Hrp, and mixed states with bosonic excitations are
acted on by Hgg and Hgp. This block diagonalization of the perturbing Hamiltonian
is displayed schematically in table [4.1]

The three-impurity string states are subject to the usual level-matching condition
on the mode indices: ¢+1r-+s = 0. There are two generically different solutions of this

constraint: all mode indices different (¢ # r # s) and two indices equal (e.g., ¢ =1 =
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Hine ataPTaC ) aMetolT ) bTBPTYT ) a?TaBTeet | )
(J) a*aPa® Hpgp Hpp 0 0
(J] a? b’ Hir Hyp + Hyp 0 0
(J| bbb 0 0 Hyr Hug
(J] a?taPv® 0 0 Hgpp Hpg + Hpp

Table 4.1: Three-impurity string states

n, s = —2n). In the inequivalent index case, there are 16> = 4,096 degenerate states
arising from different choices of spacetime labels on the mode creation operators.
In the case of two equivalent indices, the dimension of the degenerate subspace is
half as large (there are fewer permutations on mode indices that generate linearly
independent states). The two types of basis break up into irreducible representations
of PSU(2,2|4) in different ways and must be studied separately.

As in the two-impurity case, the problem of diagonalizing the perturbation sim-
plifies enormously when the matrix elements are expanded to leading order in \'. We
will take this approach here to obtain an overview of how degeneracies are lifted by
the interaction. The generalization of the results to all loop orders in A" (but still to
first non-leading order in 1/J) will be presented in the next section. It is once again
the case that in the one-loop approximation, projection onto invariant subspaces un-
der the manifest global SO(4) x SO(4) symmetry often diagonalizes the Hamiltonian
directly (and at worst reduces it to a low-dimensional matrix). Symbolic manipula-
tion programs were used to organize the complicated algebra and to perform explicit

projections onto invariant subspaces.

4.1.1 Inequivalent mode indices (q # r # s)

In the sector of spacetime bosons, the subspace of purely bosonic states a?*afﬁag* |.])
is 512-dimensional. When each of the three mode indices (q,r,s) are different,
states with bi-fermionic excitations afTbﬁ‘beT |.J) are inequivalent under permutation

of the mode indices, and form a 1,536-dimensional subsector. The entire bosonic
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sector of the three-impurity state space therefore contains 2,048 linearly indepen-
dent states. The fermionic sector decomposes in a similar manner: the subsector
of purely fermionic states bg‘beTby |.J) is 512-dimensional; fermionic states contain-
ing two bosonic excitations a;“TafTb?T |.J) are inequivalent under permutation of the
mode indices, and comprise an additional 1,536-dimensional subsector. Adding this
2,048-dimensional fermion sector brings the dimensionality of the entire state space

to 4,096.

Our first task is to evaluate the interaction Hamiltonian matrix. The matrix
elements needed to fill out the spacetime boson sector are listed in table 1.2 To
evaluate the entries, we express the Hamiltonian H;, computed in Chapter [3| in
terms of mode creation and annihilation operators, expand the result in powers of \’
and then compute the indicated matrix elements between three-impurity Fock space

states. The pure-boson (Hgg), pure-fermion (Hgp) and bose-fermi (Hgg) mixing

sectors of Hi, appear above in eqns. (3.4.25)), (3.4.45) and (3.4.46) respectively. We

collect below all the relevant results of this exercise.

Ho  [oPaBall7) PG PGS 1)
(J| a?afaf Hpg Hpp Hgp Hgrp
<‘]| a?bffbf Hpgp Hyr + Hpr Hpp Hgp
(J] @;“b;’bf Hgp Hgp Hpyp + Hpr Hgp
(J]ab3b] Hgp Hgp Hpgp Hyp + Hpp

Table 4.2: H;,, on spacetime-boson three-impurity string states (q # r # s)

We will use an obvious (m, n) matrix notation to distinguish the different entries
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in table[4.2] The purely bosonic, 512-dimensional (1,1) block has the explicit form

q 'r Vs

(J]agalal (Hpp)al al alT|J) = )\jéAFéBEéCD (rs+q(r+s)— ¢ —r*—s?)
+%{6AF |:(7,2 + 82)((5Cd(5be _5c’d’5b’e/> + <82 o 702)((5be(5c’d’ - 6cd6b’e’)

+2rs(gtee — ghegde —gtd 5 4 5*”6'56”6’)} +(r=gq, F=E, A= D)

+(s=g¢q, F=D, A:(J)} . (4.1.3)

The off-diagonal entries that mix purely bosonic states afTaf}TafT |J) with states
containing bi-fermions a(fTbﬁ‘beT |.J) are given by a separate set of 512-dimensional

matrices. The (1,2) block in table , for example, yields

(J]agalal (Hgp)altb20]]T) = %50qu{(’v“b/)aﬁ - (VG%)&B} - (414)

where the index a (a’) symbolizes the value of the vector index A, provided it is in the
first (second) SO(4). There are six blocks in this subsector, each given by a simple
permutation of the mode indices (g, 7, s) in eqn. . In table , these matrices
occupy the (1,2), (1,3) and (1,4) blocks, along with their transposes in the (2, 1),
(3,1) and (4,1) entries.

The pure-fermion sector of the Hamiltonian, Hgpr, has non-vanishing matrix ele-
ments between states containing bi-fermionic excitations. The Hgp contribution to

the (2,2) block, for example, is given by

)\l

([bgblal (Hep)al 00| T) = —o=(q —r)*6"76767"
\ e ol s o ab s s

+24J5A3q7,,{(,y7,j) Y (,yzj)ﬁfs o (Pyzj) 5(,}/1])’?5 _ (P)/Z]) 5(77,])5'Y

—(’yilj,)a’y(’yilj/)ﬂts +(’yi/j/)aﬁ(7i/j/)’)/5 + (Fyi’j’)a(s(’yi’j’)ﬁW} . (415)

A similar contribution, related to this one by simple permutations of the mode indices

(q,r,s), appears in the diagonal blocks (3,3) and (4,4) as well.
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The bose-fermi mixing Hamiltonian Hgr makes the following contribution to the

lower diagonal blocks (2,2), (3,3) and (4,4) in table [£.2}

/
(J[beba (Hpr)aZ o100 J) = A {28(q+r 5)00 50 5P

q-r Qg
a g a't ﬁ a ad a'bt! ad
—rs[(m”—(w)q—sq[wb) = ()]
2 g0 (4.16)

The Hpy sector also makes the following contribution to the off-diagonal (2, 3) block:

(J|62blal (Hpr)al 01031 J) =

q-r 8

)\, L/ n/
o oy ab _ sa’d’\ ¢B6 ab) Bo a'b’\ B8
570 7“8{((5 §77)0% — ()" + (") }
(4.1.7)

The contributions of Hgp to the remaining off-diagonal blocks (2,3), (2,4), etc. are

obtained by appropriate index permutations.

The sector of spacetime fermions decomposes in a similar fashion. The fermion

analogue of table for the bosonic sector appears in table [4.3] The (1,1) fermion

Hin bSToCTOot 1) aSTaP N | T)  altalTRT] ) alTalTR0T | )
(J| babﬁbV Hpp Hgp Hgr Hpp
(J] b a;a; Hgp Hpp + Hpp Hgp Hpgp
(J] b2aiat Hgp Hgp Hpp + Hpp Hgp
(J] brala f Hpgp Hgp Hgp Hgp + Hgr

Table 4.3: Interaction Hamiltonian on spacetime fermion three-impurity states (g #

T # 3)

block is occupied by the pure-fermion sector of the Hamiltonian taken between the
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purely fermionic three-impurity states 627671071 |.J):

(J[02b]07 (Hpp)bSTbT00T|T) - = 242+ 57 —rs—q(r+s)] 62265
N\ . e iiNBe s i y i TE
_’_Eéaérs{ (,yzg)ﬁv(,yz]) ¢ (73)[3 (7]>’YC + (7]>/J‘C(7J)W
B (,yi’j’)ﬁW(,yi’j/)EC + (ryi/j’)ﬁﬁ(,yi’j’)’% . (/yi’j’)ﬂ((,yi/j’)7€
—i—(?”ﬁq, a =g, 5¢e)+(3¢q, a =", ﬁg)} )
(4.1.8)

The off-diagonal (1,2), (1,3) and (1,4) blocks (and their transposes) mix purely

fermionic states with afTa1027[.J) states:

N N N
(6062 (Hpr)al a1l J) = ﬁ(sa%{(yab) T (ya b) 7} . (4.1.9)

The lower-diagonal (2,2), (3,3) and (4, 4) blocks receive contributions from the pure

boson sector of the Hamiltonian:

J‘bq Q. Qg HBB) <t DTbBT‘J Q)\_J(SQB{(T—S>25BC5AD
—(r? + 82)(5ad5bc B 5a’d’5b’c’>
_2fr=S <5(l65bd _ 5ab(50d . 5@’6/51;/6[/ + 6a/b/5c/d/>

(i — ) (5‘“15”6’ - 5@’(’5“) } . (4.1.10)

In the same diagonal blocks of table the Hgp sector contributes

;}{5"‘5 [—i— (8q(r +s) — 5(r* + s%) — 6¢°)6*P55¢

+(3(]2 + 82)5AD5bc + (3612 + T,Q)(SBC(sad + (7”2 . 5q2)6B05a’d’
+(52 - 5q2>5AD5b’c’i| _ 4530q7"|:(’}/ad>aﬁ . (,ya’d/)aﬁ]

—464Pgs [(7b0)aﬁ — (vb/‘c/)aﬁ} } . (4.1.11)

(J|b2aal (Hpr)aStal 03t T) =

q r S
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Finally, the off-diagonal blocks (2,3), (2,4) and (3,4) (plus their transpose entries)

are given by the Hgp matrix element

/
(J|bgaital (Hpr)ay a)"0]T] ) = —3;—J5AC{5‘“ [(q — 5)%0°7 — (¢ + 14gs + 570"
—(q” — 18¢s + 52)5”"’} + 16¢s [(vbd)aﬁ _ (,yb’d’)aﬁ} } .
(4.1.12)

A significant departure from the two-impurity case is that all these matrix ele-
ments have, along with their spacetime index structures, nontrivial dependence on the
mode indices. The eigenvalues could potentially have very complicated mode-index
dependence but, as we shall see, they do not. This amounts to a rigid consistency

check on the whole procedure that was not present in the two-impurity case.

4.1.2 Matrix diagonalization: inequivalent modes (q # r # s)

We now turn to the task of diagonalizing the one-loop approximation to the perturbing
Hamiltonian. To simplify the task, we exploit certain block diagonalizations that hold
to leading order in A’ (but not to higher orders). While we eventually want to study
the spectrum to all orders in ), diagonalizing the Hamiltonian at one loop will reveal
the underlying supermultiplet structure. As an example of the simplifications we
have in mind, we infer from that the matrix elements of Hgp between pure
boson states anTaf”TafT |.J) and bifermionic spacetime bosons vanish to leading order
in " if all three SO(8) bosonic vector indices lie within the same SO(4), descended
either from AdSs or S°. Restricting to such states brings the bosonic sector of the
Hamiltonian into the block-diagonal form in table[4.4] This leaves two 64-dimensional
subspaces of purely bosonic states on which the perturbation is block diagonal, as

recorded in table .5l
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Hig a®ta’tat 7Y + a®TaTaT | T)  aATbetbst 1)
(J]a%aba® + (J| a” a” a® Hgp 0
(J] ab? 0 Hyr + Hpp

Table 4.4: Block-diagonal SO(4) projection on bosonic three-impurity string states

Hi a*a’Tat | J) a® Tt Tqct |J)
(Jla"aba® | (Hpg)oaxou 0
(J]a"a" a® 0 (HBB)64x64

Table 4.5: SO(4) projection on purely bosonic states

Since the interaction Hamiltonian has manifest SO(4) x SO(4) symmetry, it is
useful to project matrix elements onto irreps of that group before diagonalizing. In
some cases the irrep is unique, and projection directly identifies the corresponding
eigenvalue. In the cases where an irrep has multiple occurrences, there emerges an
unavoidable matrix diagonalization that is typically of low dimension. In what follows,
we will collect the results of carrying out this program on the one-loop interaction
Hamiltonian. A very important feature of the results that appear is that all the
eigenvalues turn out to have a common simple dependence on mode indices. More
precisely, the expansion of the eigenvalues for inequivalent mode indices (g, r, s) out

to first non-leading order in A" and 1/.J can be written as

E;(q,r,s) =3+

N(g* +r? + s?) (

5 1+ A + O(J—Q)) : (4.1.13)

J

where, as in Chapter [3, A is a pure number that characterizes the lifting of the
degeneracy in the various sectors. (The notation Agg, Apr and App will again be
used to denote energy corrections arising entirely from the indicated sectors of the
perturbing Hamiltonian.) This simple quadratic dependence of the eigenvalues on the
mode indices does not automatically follow from the structure of the matrix elements

themselves, but is important for the successful match to gauge theory eigenvalues. In
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what follows, we will catalog some of the different A values that occur, along with
their SO(4) x SO(4) irreps (and multiplicities). When we have the complete list, we

will discuss how they are organized into supermultiplets.

In the SO(4) projection in table [£.5 we will find a set of 64 eigenvalues for
both the SO(4)aqs and SO(4)gs subsectors. We record this eigenvalue spectrum
in table using a now-familiar SU(2)? x SU(2)? notation. For comparison, it
is displayed alongside the projection of the two-impurity spectrum onto the same

subspace (as found in Chapter [3)). In the three-impurity case, the (1,1;2,2) level in

SO(4) aqs X SO(4)ss App SO(4) aqs X SO(4)ss | App
(1,1,2,2) 8 (1,1;1,1) 6
1,1;(2+4),2] +[1,1;2,(2+4)] | —6 (1,1;3,1)+(1,1;1,3) | —4
1,1;(2+4),(2+4)] —4 (1,1;3,3) —2
[(2+4),(2+4);1,1] —2 (3,3;1,1) -2
(2+4),2;1,1]+[2,(2+4);1,1]| 0 (3,1;1,1)+(1,3;1,1) | ©
(2,2:1,1) 2 (1,1;1,1)

Table 4.6: Three-impurity energy spectrum in the pure-boson SO(4) projection (left
panel) and two-impurity energy spectrum in the same projection (right panel)

the SO(4)gs subsector clearly descends from the two-impurity singlet (1,1;1,1) in
the same SO(4) subgroup. In the same manner, the three-impurity [1,1;(2 +4), 2]+
[1,1;2,(2 +4)] level descends from the SO(4)gs antisymmetric two-impurity state
(1,1;3,1) +(1,1;1,3), and the three-impurity [1,1; (2 +4), (2 + 4)] level is tied to
the two-impurity symmetric-traceless (1,1; 3, 3) irrep. In the SO(4)gs subsector, each
of these levels receives a shift to the energy of —2. The total multiplicity of each of
these levels is also increased by a factor of four when the additional (2,2) is tensored
into the two-impurity state space. The SO(4) 445 subsector follows a similar pattern:
the (2,2;1,1), [(2+4),2;1,1] + [2,(2+4);1,1] and [(2+4),(2+4);1,1] levels
appear as three-impurity descendants of the two-impurity irrep spectrum (1,1;1,1)+

(3,1;1,1) 4+ (1,3;1,1) + (3,3;1,1). In this subsector, however, the three-impurity
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energies are identical to those in the two-impurity theory.
The bosonic SO(4) projection has a precise fermionic analogue. Similar to the
bosons, the SO(9, 1) spinors b} decompose as (2,1;2,1)+(1,2;1,2) under the action

of II parity:

~ ~

I}, = —b] . (4.1.14)

q q’ q

(As described above, the notation l;j] labels (1, 2;1, 2) spinors with positive eigenvalue
under II, and lN)(T] indicates (2, 1;2, 1) spinors, which are negative under I1.) Analogous
to the SO(4) projection on the SO(8) bosonic operators aj;” — CLZT + aguf, projecting
out the positive or negative eigenvalues of II on the eight-component spinor bg‘T leaves

a subspace of four-component spinors spanned by bII and b:f].

We can perform a projection on the subsector in table similar to that ap-
pearing in table [£.5] In this case, instead of three bosonic impurities mixing with a
single bosonic (plus a bi-fermionic) excitation, we are now interested in projecting
out particular interactions between a purely fermionic state and a state with one
fermionic and two bosonic excitations. Using + to denote the particular representa-
tion of the fermionic excitations, the off-diagonal elements given by vanish for
+++ — + and — — — — =+ interactions. In other words, the pure fermion states in
the (1,1) block of table 4.3| will not mix with states containing two bosonic excitations
if all three fermionic oscillators lie in the same Il projection. This projection appears

schematically in table [4.7]

Hing BT T 4 beTBAT T ) aATaBbet |)
(J| b0 + (J| bbb Hyp 0
<J| aACLBba 0 HBB -+ HBF

Table 4.7: Block-diagonal projection on fermionic three-impurity string states

The (1,1) pure fermion block in table breaks into two 64-dimensional sub-
sectors under this projection. By tensoring an additional (1,2;1,2) or (2,1;2,1)
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impurity into the two-impurity state space, we expect to see a multiplicity structure

in this projection given by

(1,2) x (1,2;1,2) = (1,2;1,2)+[1,2;1,(2+4)]
+01,(2+4);1,2]+[1,(2+4);1,(2+4)],
(2,1) x (2,1;2,1) = (2,1;2,1)+[2,1;(2+4),1]

+[(244),1;2,1] +[(2+4),1; (2 +4),1] , (4.1.15)

for a total of 128 states. The projections onto the two 64-dimensional I, and II_
subspaces yield identical eigenvalues and multiplicities. The results for both sub-

spaces are presented in table 4.8 The two-impurity bi-fermion states in table are

SO(4) aqs x SO(4) g5 App SO(4) aas x SO(4)gs | Apr

(2,1;2,1) +(1,2;1,2) -3 (1,1;1,1) +(1,1;1,1) | =2
(2,1;(2+4),1]+[1,2;1,(2 +4)] -1 (1,1;3,1)+(1,1;1,3) | 0
[(24+4),1;2,1] 4+ [1,(2 + 4); 1, 2] -5 (3,1;1,1) +(1,3;1,1) | —4
(24+4),1;(2+4),1]+[1,(2+4);1,(2+4)] | -3 (3,1;3,1) +(1,3;1,3) | —2

Table 4.8: Spectrum of three-impurity states (left panel) and two-impurity states
(right panel) created by II.-projected fermionic creation operators

spacetime bosons while the tri-fermion states are spacetime fermions. For comparison
purposes, we have displayed both spectra. Note that the O(1/J) energy corrections
of the two types of state are simply displaced by —1 relative to each other.

This exhausts the subspaces that can be diagonalized by simple irrep projections.
The remaining eigenvalues must be obtained by explicit diagonalization of finite di-
mensional submatrices obtained by projection onto representations with multiple oc-
currence. The upshot of these more complicated eigenvalue calculations is that the
first-order )\ eigenvalues take on all integer values from A = —8 to A = +2, alternat-
ing between spacetime bosons and fermions as A is successively incremented by one

unit.
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4.1.3 Assembling eigenvalues into supermultiplets

Finally, we need to understand how the perturbed three-impurity spectrum breaks
up into extended supersymmetry multiplets. This is relatively easy to infer from the
multiplicities of the perturbed eigenvalues (and the multiplicities are a side result of
the calculation of the eigenvalues themselves). In the last subsection, we described
a procedure for diagonalizing the one-loop perturbing Hamiltonian on the 4,096-
dimensional space of three-impurity string states with mode indices p # ¢ # r. The
complete results for the eigenvalues A and their multiplicities are stated in table
(we use the notation of , while the B and F' subscripts are used to indicate

bosonic and fermionic levels in the supermultiplet).

]A 8 -7 -6 -5 -4 -3 -2 -1 0 1 2
Multiplicity | 45 40r 1805 480 8405 1008y 8405 480r 1805 40p 4p

Table 4.9: Complete three-impurity energy spectrum (with multiplicities)

The A eigenvalues in table are integer-spaced, which is consistent with super-
symmetry requirements (for details, the reader is referred to the discussion following
eqn. in Chapter 3| above). However, because the range between top and
bottom eigenvalues is ten, rather than eight, the 4,096-dimensional space must be
built on more than one type of extended supermultiplet, with more than one choice
of ¢ in the general formula A = L + ¢ (where L is the supermultiplet level and ¢
is some numerical constant). This is to be contrasted with the two-impurity case,
where the degenerate space was exactly 256-dimensional and was spanned by a sin-
gle superconformal primary whose lowest member was a singlet under both Lorentz
transformations and the residual SO(4) R-symmetry. We can readily infer what su-
perconformal primaries are needed to span the degenerate three-impurity state space
by applying a little numerology to table 4.9 The lowest eigenvalue is A = —8: it
has multiplicity 4 and, according to table [4.6] its SO(4) x SO(4) decomposition is

(1,1;2,2) (spacetime scalar, R-charge SO(4) four-vector). According to the gen-
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eral arguments about how the full extended supermultiplet is built by acting on a
“bottom” state with the eight raising operators, it is the base of a supermultiplet of
4 x 256 states extending up to A = 0. By the same token, there is a highest eigenvalue
A = +2: it has multiplicity 4 and, according to table its SO(4) x SO(4) decom-
position is (2,2;1,1) (spacetime vector, R-charge singlet). Using lowering operators
instead of raising operators, we see that one derives from it a supermultiplet of 4 x 256
operators with eigenvalues extending from A = —6 to A = 4+2. The multiplicities
of the A eigenvalues occurring in these two supermultiplets are of course given by
binomial coefficients, as described above. By comparing with the total multiplicities
of each allowed A (as listed in table we readily see that what remains are 8 x 256
states with eigenvalues running from A = —7 to A = +1 with the correct binomial
coeflicient pattern of multiplicities. The top and bottom states here are spacetime
fermions and must lie in a spinor representation of the Lorentz group. It is not hard to
see that they lie in the eight-dimensional SO(4) x SO(4) irrep (2,1;1,2)+(1,2;2,1).
This exhausts all the states and we conclude that the three-impurity state space is
spanned by three distinct extended superconformal multiplets. The detailed spectrum
is given in table (where the last line records the total multiplicity at each level as
given in table and the first line records the two-impurity spectrum for reference).
Note the peculiar feature that certain energies are shared by all three multiplets: this

is an accidental degeneracy that does not survive at higher loop order.

[ A [-8 -7 -6 -5 —4 -3 -2 -1 0 1 2 ] \
[Ap=2] 1g 8¢ 283 56p 705  56p 285 8p lp | scalar \
Ao=3] 4 32 112 224 280 224 112 32 4 50(4) g5 vector

4 32 112 224 280 224 112 32 4 | SO(4)agg, vector
8 64 224 448 560 448 224 64 8 spinor
Total [4p 40p 1805 480p 840p 1008p 8405 480p 180 40p 4p | 4,096

Table 4.10: Submultiplet breakup of the three-impurity spectrum

A complete analysis of the agreement with gauge theory anomalous dimensions

will have to be deferred until a later section: the dimensions of three-impurity gauge
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theory operators are much harder to calculate than those of the two-impurity opera-
tors and there are few results in the literature, even at one loop. However, it is worth
making a few preliminary remarks at this point. Since there are three superconformal
multiplets, we have only three independent anomalous dimensions to compute. Mi-
nahan and Zarembo [39] found that the problem simplifies dramatically if we study
the one-loop anomalous dimension of the special subset of single-trace operators of
the form tr (¢! Z”7) (and all possible permutations of the fields inside the trace), where
the R-charge is carried by an SO(4) x SO(4) singlet scalar field Z and the impurities
are insertions of a scalar field ¢ lying in the (1,1;2,2) (vector) irrep of the residual
SO(4) x SO(4) symmetry. More formally, these operators are in the SO(4) x SO(4)
irrep obtained by completely symmetrizing I vectors in the (1,1;2,2) irrep. The
crucial point is that such operators form a closed sector, mixing only among them-
selves under the anomalous dimension operator. More importantly, the action of the
one-loop anomalous dimension operator on this closed sector can be recast as the
action of an integrable spin chain Hamiltonian of a type solvable by Bethe ansatz
techniques. Although the Bethe ansatz is generally not analytically soluble, Minahan
and Zarembo used it to obtain a virial expansion for the anomalous dimension in
which the number [ of impurities is held fixed, while the R-charge J is taken to be
large (see eqn. (5.29) in [39]). In terms of the number of spin chain lattice sites K,

their result appears as

A
Vaols) = 575 > M k2 (K + M, + 1) + O(K™) . (4.1.16)

The integer k, represents pseudoparticle momenta on the spin chain, and is dual to
the string theory worldsheet mode indices; the quantity M, labels the number of
trace impurities with identical k,. With I impurities, the spin chain length is given

in terms of the R-charge by K = J + I, which leads to

A
Tso6) = 575 Z Muk2 (J =21+ M, +1)+0(J ™). (4.1.17)
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This virial expansion is similar in character to (4.1.13)) and, for I = 3 (the three-

impurity case), it matches that equation precisely with A = —4.

On the string theory side, three completely symmetrized (1,1;2,2) vectors form
a tensor in the (1, 1;4,4) irrep; such an irrep can be constructed from three SO(4)gs
vector (bosonic) creation operators. Table shows that the corresponding string
perturbation theory eigenvalue is (at one-loop order) A = —4 as well. We infer from
table[4.10]that this eigenvalue lies at level L = 4 of the SO(4)gs vector superconformal
multiplet (and this argument takes care of the gauge theory/string theory comparison

for all other operators in that multiplet).

The sector described above is often called an 50(6)E| sector on the gauge theory
side, with reference to the subalgebra of the full superconformal algebra under which
it is invariant. In an su(2) subspace of the s0(6), this sector becomes closed to
all loop order. For future reference, we note that Beisert [69] has identified two
other closed sectors of operators in the gauge theory. In addition to the bosonic
su(2) sector, a bosonic s[(2) sector and an su(2|3) sector (of which the closed su(2)
sector is a subsector) are also exactly closed. It should be noted that integrable
s[(2) spin chains were discovered some time ago in phenomenologically motivated
studies of the scaling behavior of high-energy scattering amplitudes in physical, non-
supersymmetric QCD [90] (see also [91-94]). The su(2|3) spin chain was studied more
recently in [33]: this closed sector breaks into the su(2) bosonic sector and a special

fermionic subsector, which we denote as su(1]1) (a subalgebra of su(2|3)).

In the string theory, the subsectors analogous to the gauge theory sl(2) and su(1]1)
are constructed out of completely symmetrized SO(4) 445 bosons and completely sym-
metrized fermions of the same II eigenvalue, respectively (see Chapter |3 or ref. [27]).
They correspond to the central L = 4 levels of the remaining two supermultiplets in
table |4.10, and a calculation of their eigenvalues would complete the analysis of the

match between three-impurity operators and string states at one-loop order. Since

2This notation is used to distinguish the protected gauge theory symmetry groups from those in
the string theory.
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we eventually want to go beyond one loop, where Bethe ansatz technology is less
well-developed, we have found it useful to employ the numerical methods presented
in Chapter [2| for evaluating spin chain eigenvalues (we refer the reader to Chapter ,
or to ref. [95], for a check of our results against Bethe-ansatz techniques, including

the higher-loop corrections of [34]). This subject will be developed in a later section.

4.1.4 Two equivalent mode indices (¢ =7 =n, s = —2n)

When two mode indices are allowed to be equal, the analysis becomes slightly more
complicated. Since we are diagonalizing a Hamiltonian that is quartic in oscillators in
a basis of three-impurity string states, one oscillator in the “in” state must always be
directly contracted with one oscillator in the “out” state and, with two equal mode
indices, there are many more nonvanishing contributions to each matrix element.
While the matrix elements are more complicated, the state space is only half as
large when two mode indices are allowed to be equal (only half as many mode-index
permutations on the basis states generate linearly independent states). As a result,
the fermionic and bosonic sectors of the Hamiltonian are each 1,024-dimensional. By
the same token, the multiplet structure of the energy eigenstates will be significantly
different from the unequal mode index case studied in the previous subsection.

To study this case, we make the mode index choice
g=r=n, s=—2n. (4.1.18)

The structure of matrix elements of the string Hamiltonian between spacetime bosons
is given in table[d.11] This table seems to describe a 3 x 3 block matrix with 512 x 512
blocks in each subsector, giving a 1,536-dimensional state space. However, the vector
and spinor indices are required to run over values that generate linearly independent
basis states. This eliminates one third of the possible index assignments, implying

that the matrix is in fact 1,024 x 1,024.
To evaluate the entries in table |4.11] we express the Hamiltonians (3.4.25| [3.4.45|
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Hing aPl aPtalT |y Pl BT Y aPTerTe’t, 1)
(JlapajaS,, Hgg Hgp Hgp
(J] agvat?, Hgr Hyp + Hpp Hgp
(J] aty, 500 Hpgp Hgr Hyp + Hpp

Table 4.11: Bosonic three-impurity string perturbation matrix with (¢ =r =n, s =
—2n)

in terms of mode creation and annihilation operators, expand the result in
powers of X\ and compute the indicated matrix elements between three-impurity Fock
space states. We collect below all the relevant results of this exercise for this equal-

mode-index case.

The purely bosonic subsector in the (1,1) block is given by

nZ\
2J
+4 5BF 6@05de + 45AF 5b05de + 553E 5cd5af o 45BE 5ad50f + 453E 5acddf

(J|aaBaC,, (Hpp)a®l aBtaft|gy = {5 §BF sedgac | 5 SAF sedsbe 4 sBF sadgee
L4 §AE ghegdl _ 4 sbd ( §AF gee | SAE 5cf) | g §BF sac scd' | 3 SAF ghe s'd

(3 §BE gaf §¢d _ 3 §BF sed sa'e _ g SAF sed gb'e! 5 sBF s'd sa'e’ 5 SAF sc'd sb'e’
LY §BF g sc¢ | g SAF ¥ d sde! 4 SBF sa'c sd'e’ g SAF sb'd sd'e’ g sBE sed sa'f’
_3§AE sed gV F 5 §BE sd sa'f 5 SAE sd/ sV f' | g sBE sa'd s¢f' | g SAE gb'd sc'f'
_ Y §BE §a'd §dF _ 4 SAE gV sd'f' | SAE sbf (5 5ed 13 5c'd/>

_9§CD [9 <5BE6AF 1 5AE53F> _ sbegal

_gaesbf + gabsef + 5b’e’5a’f' + 5a/e’5b’f' _ 6a’b/5e/f/} } ) (4‘1'19)

This matrix element exhibits the same antisymmetry between the SO(4)aq4s and
SO(4)gs indices that is exhibited in eqn. (4.1.3]). The off-diagonal Hgg mixing sector
is essentially equivalent to its counterpart in eqn. (4.1.4)):

(7 J)= ”22—?5017{ (rﬂ“)aﬁ - (ya’b)aﬁ} . (4.1.20)

a’aPaC,, (Hgr)a"] befoft

n 2n“n “n
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The diagonal contributions from the pure fermion sector Hpg in the (2,2) and (3, 3)
blocks of table appear as

(J

beblat,, (Hep)a® pT00f

n-’n"—2n —2n"n “n

24.J
o R G R G RN R R CLP RN CRO R CEOI

(4.1.21)

J> _ ﬂ(sAB{(,yij)a"/(ryij)ﬁfs - (,yij)aﬁ(,yz‘j)’ﬂs

The Hpr sector exhibits the following contribution to the lower diagonal blocks (2, 2)
and (3, 3):

(s

b2blat, (Hgr)a®l b1fpdf

n“n>—2n —2n"n “n

n2)\/ a'b a o
5 == {—105 V(500557 — 55

-8 5ab <5a5é‘ﬁ’y o 50475&5) — 5 |:(,yab)ﬁ6 . (,Ya’b’)ﬁé] + 5015 |:(,yab)ﬁ’y . (,ya’b’)ﬁfy}

#0910 = ()] % ey - (0]}
(4.1.22)

Finally, the off-diagonal version of (4.1.22) appears in the (2, 3) block (along with its
transpose in the (3,2) block):

5 TL2>\, 1y
<J b,i‘bﬁai‘gn(HBF)a,’fTbZTb_En J> — _T{5ab (5a65ﬁ’y _ 50/75%)
_5ab (6a66ﬂ7 - 5&7555) 4§ [(vab)ﬁé . (,ya’b/)ﬂ(s] o 5,37 [(vab)azi o (rya’b/)a5i| } ]

(4.1.23)

The fermionic sector perturbation matrix is displayed schematically in table [4.12]
Like table 4.11}] it is 1,024 x 1,024 once redundant index assignments are eliminated.
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Hiw | V500007 [7) aCh,al 07 17) agia o, | )
(J| bbby, Hpp Hyr Hgp
<J| bgaﬁa?% HBF HBB + HBF HBF
(J] 025,050, Hgrp Hgp Hgp + Hpr
Table 4.12: Fermionic string perturbation matrix (¢ =r =n, s = —2n)

The purely fermionic subsector in the (1, 1) block of table takes the form

(J
A {5“ [ (927 — (/)BT o (3 7)(719) 8 — (57 ) (77
21]

()BT () ()| — 2698 () ()€ () ()6

P (I 4 (P (T

257 (1) ()5 — ()P ()1 4 () ()8 — (57T ) ()6

A CRD Y CHb ORI Bl [ Gl R CRIRE CRO L CRI

F OIS = (T (T () (e

—26% [(W )7 (7% = (Y9 (FIVC + () ()0 = (47 ()%

+(,Yi’j’)a6(,yi’j’)vc _ (,yi’j’)aC(,yi’j’)vé]} ) (4.1.24)

beVoYT,, (Hpp )bt bET00f

n“n"—2n —2n“n ¥n

9n2)\, Qe QU €
J) = = (6797 — 5°75)

+

The off-diagonal blocks (1,2) and (1, 3) receive contributions from the Hgp sector:

(s ) = ) =0
_5%[(7@/)”‘7 B (,ﬂc:)‘”]} . (4.1.25)

bb20Y, (Hgp)ah, aB1odf

n’n”—2n n
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The bosonic sector Hgp contributes to the (2,2) and (3, 3) blocks:

(J]b2as

qrs

2N
B (Hpp)altaPp2t | J) = — - 57 5aﬁ{9 0APGPC 4 45050 — 455
_5ad <5 5bc + 35b’c/> _ 46a’c’6b/d’ + 46a’b/5c/d’ + 5a/d’ (5 5b’c’ + 35bc>} )

(4.1.26)

In the same lower-diagonal blocks, Hgg exhibits the contribution
<J
+5a,6’5AD <5b’c/ _ 75bc> _ 45aﬂ530 (5ad _ 5a’d/) + 4530 |:(,yad)a,6‘ _ (,ya’d’>a,8

g 54D {(w«‘)aﬁ - (yb’c’)ﬂ } . (4.1.27)

2/\/
beazta®,, (Hpr)alh,ak > —n8 7 {395%“530

Finally, Hgr yields matrix elements in the off-diagonal block (2, 3):

(s

v2ata®, (Hgr)alla

n'n>—2n

n2\
> - _ 397 {9 5115514053D +9 5&,85AD5BC

F805AC (2307 — 41877 ) + 99517 (2890 — 418")

=320°P | (31)° — (41¢)°0 ] — 32547 (4P1)P — (5 )] } - (41.28)

We can perform a full symbolic diagonalization of the 1,024 x 1,024 bosonic and
fermionic perturbation matrices to obtain the one-loop in X', O(1/.J) energy correc-

tions. They can all be expressed in terms of dimensionless eigenvalues A according

to the standard formula (4.1.13)) modified by setting ¢ =r =n, s = —2n:

Ej(n) =34 3n?N (1 + % + O(J‘2)> : (4.1.29)

The resulting spectrum is displayed in table [4.13, The levels clearly organize them-
selves into two superconformal multiplets built on vector primary states. Note that

the spinor multiplet is absent and that the degeneracy between multiplets that was
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Ay (S5 vector) | —23/3 —-20/3 -17/3 -—14/3 —11/3 —-8/3 —-5/3 —2/3 1/3
Multiplicity 4p 32r 112 224p 280p 224p 112 32F 4p
Ay (AdSs vector) | —19/3 —16/3 —13/3 -10/3 -7/3 —4/3 -1/3 2/3 5/3
Multiplicity 4p 32r 112 224p 280 224p 112 32F 4p

Table 4.13: Spectrum of three-impurity string Hamiltonian with (¢ = r = n, s =
—2n)

seen in the inequivalent mode index case has been lifted. The spinor multiplet is
absent for the following reason: it contains a representation at level L = 4 arising
from fermion creation operators completely symmetrized on SO(4) x SO(4) spinor
indices; such a construct must vanish unless all the creation operator mode indices

are different.

If we keep track of the SO(4) x SO(4) irrep structure, we find that the symmetric-
traceless bosonic SO(4)gs states arising from the closed su(2) subsector fall into the
—11/3 [2805] level. This is the counterpart of the —4 [280p] level in table [£.10] To
compare with Minahan and Zarembo’s Bethe ansatz calculation of the corresponding
gauge theory operator dimension, we must evaluate eqn. (4.1.17)) with the appropriate
choice of parameters. In particular, M, = 2 when two mode indices are allowed to
coincide and, comparing with eqn. (4.1.29)), we find perfect agreement with the string
theory prediction A = —11/3. States at level L = 4 in the second multiplet in
table correspond to operators in the s[(2) closed sector of the gauge theory and
the eigenvalue A = —7/3 [2805] amounts to a prediction for the one-loop anomalous
dimension of that class of gauge theory operators. As mentioned at the end of the
previous subsection, we will need to develop a numerical treatment of the s[(2) spin
chain Hamiltonian in order to assess the agreement between the string theory and

gauge theory in this sector.
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4.2 Three-impurity spectrum: all orders in )\

In the previous section, we have studied the eigenvalue spectrum of the string theory
perturbation Hamiltonian expanded to leading order in 1/J and to one-loop order
in \. The expansion in \" was for convenience only since our expressions for matrix
elements are exact in this parameter. We should, in principle, be able to obtain results
that are exact in X' (but still of leading order in 1/.J). This is a worthwhile enterprise
since recent progress on the gauge theory side has made it possible to evaluate selected
operator anomalous dimensions to two- and three-loop order. The simple one-loop
calculations of the previous sections have given us an overview of how the perturbed
string theory eigenvalues are organized into superconformal multiplets. This provides
a very useful orientation for the more complex all-orders calculation, to which we now

turn.

4.2.1 Inequivalent mode indices: (¢ # r # s)

Our first step is to collect the exact matrix elements of the perturbing Hamiltonian
between three-impurity states of unequal mode indices. The block structure of the
perturbation matrix in the spacetime boson sector is given in table and the exact

form of the (1,1) block is

1 -
(Jlajalal (Hpp)allal alT|) = —m{éBEwr _5CD5AF(82 +¢*(1+25°XN))

_(q2 + 52)50d5af - 2q8<5adécf - (Sac(sdf) + (q2 o 52)5af50’d’ - (q2 - 82)5a’f’5cd

+(q2 + 52)5C/d,5a/f, + 2q8(5a/dl(sclf/ N 5@’0/5d/f/)_ + <C — B’ D — E’ 5 = T)

+<A¢B, F=E, q:r>} , (4.2.1)

where we define w, = 1/¢? + 1/X to simplify this and other similar expressions.

The off-diagonal Hgp contributions to the (1,2), (1,3) and (1,4) blocks are yet
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more complicated. To simplify the expressions, we define

Flz\/(wq—i—q)(wr—'r), FQE\/(wq—q)(wr—i-'r),
Fy =/ (w, — a)(w, 1) . Fi=/(w, + 9)(w, +7) . (4.2.2)

Using these functions, the matrix elements in these off-diagonal subsectors are given

by:

(J|agaral (Her)alb210]1 ) = 32221 - { \/i_,(Fl — )51
—2(q —r)(Fs + F1)6*P07° + 4(q — r)(Fs + Fy) (")
—2(q+r)(Fs = F)(y"')° + (2gF5 — 2qFy + 2rFy — 2rFy) (")
—(4qFy + AqF, — 4rFy — 4rFy)(v*)° + %( Fy — Fy)o7Y 570
+4(q — 1) (F3 + Fy)67%6%Y —2(q — r)(F3 + Fy)67 (6% — 67
—dNwgw, (g — ) (F3 + Fy)4567°
FAVN(r = ween) | (F + B) (5770 = (°)0) = (Fy = B)an® (6 — 6
2w + ) (Fy + Fa) [ ()7 = ()]
VN (o, = qur) (B + B) [ (077 = (77') |
—4N(q —7)(F3 — Fy)(rwy + qu,)64P57° — X648
2N (wewy — qr)(q — 1) (Fs + Fy)64P87 + 4/ N (wgw, + qr)(Fy — Fy)04857

—2X(g — ) (wer + ) (F +F4>5ABW}. (423)
The Hgr contribution to the lower-diagonal blocks (2,2), (3,3) and (4,4) is

(T|bebPa (Hep)aP by Tb3t 7) =

q-r s

(SAB

48wrwsJ\/y{2“\/W [((v"j )" (47)% — (yi,j/)ow(,yi’j’)ﬂ'&)
_<(7ij)°‘5(7ij)5v — (W’j')%(vi’j’)ﬁv) _ ((’Vij)aﬁ(’yij)w _ (’yi,j/)aﬁ(fyi'j’)w)}
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12 [25“5% (ﬁm — sV Nuwnw, + 12252V N + \/W)ﬂ } L (4.2.4)

The bose-fermi Hamiltonian Hgp contributes the following matrix elements to the

same lower-diagonal blocks:

1
(J1b30alt (Hpp)al 071007 ) = o {3\/)\’5“1’5‘15557 [swr(2q2\/)\’ +/1/X)
q¥r¥s

+5wg (2r2VN 4+ /1) N) = 2waw,ws(q + T)\/Y} + 09 59 55 [Qquz(l + 52X)

+8%w, 4+ 2w,r? (1 + s°N) + s*w, — 2s(q + T))\'wqwrws]

sregd® | ()77 = (77| sqund® | ()07 = ()| } S (425)

To simplify off-diagonal elements in the (2,3), (2,4) and (3,4) blocks, we define

Gi= v (wr +7)(ws — 5) | Gy = v/ (wr — 7)(ws +5) ,
Gs = v/ (wr — 7)(ws — 5) , Gy =/ (wr +7)(ws + 5) . (4.2.6)

The matrix elements in these subsectors are then given by

(J|b262a (Hpr)aPT7 1000 ) =

q-r—s
1
—W{\/wrwwé“ {25“”5“ [(G1 + G3) (2 — 2N w,w,)

(4 5)VN (G = NGalr = w) (s — wy)

FGa(—1 4 78N + rwX + w, (s + ws))\’)>]

F2VN (1 + 5)(Gs — Ga) + VN(G1 = Ga)(rw, — swy) | [ ()% = ()]
VN [mﬁal — sV NGy + (r — 8)(Gs + G) + (ws — w,) (G — Ga)
+2uw,ws VN (G — Gl)] [(yab’)ﬂﬁ - (ya’b)ﬁé] 4257 5% [—%W(Gl —Gy)
+(r + s)ﬁ(—(ﬂ — NGa(r —wy)(s — wy)

+G3(1 —|—7’3X+7“w8)\’~|—wr(s—|—ws))\’)>]]} . (4.2.7)
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The entries in the spacetime fermion block matrix of table are far too compli-
cated to write out explicitly: they are best generated, viewed and manipulated with
computer algebra techniques. The explicit formulas, along with a collection of the

Mathematica programs written to generate and work with them, are available on the

web Bl

We were not able to symbolically diagonalize the complete perturbation matrix
built from the exact (in \) matrix elements listed above: with the computing re-
sources available to us, the routines for diagonalizing the full 2,048-dimensional matri-
ces would not terminate in any reasonable time. As noted in the previous section, how-
ever, gauge theory arguments suggest that there are three protected SO(4) x SO(4)
irreps that do not mix with any other irreps. It is a straightforward matter to project
the perturbation matrix onto these unique protected irreps to obtain analytic expres-
sions for the corresponding exact eigenvalues. In fact, the superconformal multiplet
structure of the three-impurity problem is such that the energies/dimensions of all
other irreps can be inferred from those of the three protected irreps. Hence, this
method will give us exact expressions for all the energy levels of the three-impurity

problem.

Consider first the s[(2) closed sector. The dual sector is generated on the string
theory side by bosonic creation operators completely symmetrized (and traceless) on
SO(4) aqs vector indices. The simplest way to make this projection on eqn. (4.2.1)) is

to compute diagonal elements between the symmetrized states
ag‘lTagTaf) |]) | (4.2.8)

with a # b # ¢ (and, of course, a,b,c € 1,...,4). The charges of the fermionic oscil-
lators under this subgroup are £1/2, so the three-boson state of this type cannot mix

with one boson and two fermions (or any other state). Hence, the above projection

3http://theory.caltech.edu/~swanson/MMA1/mmal.html
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of eqn. (4.2.1)) yields the closed sector eigenvalue correction

1
0Faas(q,r,8,J) = m{qs(l — qs\)w, + qr(l — grX\)ws + rs(1 — rs\)w,
q 'S8 S

+[gr + s(q+7)] )\’wqwrws}

1
—{—2(q2 +qr +r*)N —

Q

J

Sl a2

To facilitate eventual comparison with gauge theory results, we have performed a
small-)\ expansion in the final line with the substitution s — —(g+7) (since the mode
indices satisfy the constraint s +¢+r = 0). The leading correction —2(q? + qr +r?)N
reproduces the one-loop eigenvalue Agg = —2 [280p] located at level L = 4 in the

SO(4) aqs multiplet in table m

The closed su(2) sector is generated by bosonic creation operators completely
symmetrized on traceless SO(4)gs indices. Projection onto this irrep is most simply
achieved by choosing all mode operators in eqn. to carry symmetrized, traceless
SO(4)gs labels (they can also be thought of as carrying charge +1 under some SO(2)
subgroup of SO(4)gs). Direct projection yields the SO(4)gs eigenvalue

1
0Ess(q,1,8,J) = _m{[qr+r2+q2(l+r2>\’)} W
qYrws

+ [gs + >+ (1 + *N) ] w,

+ [rs+ 2+ r*(1+ $*N)] wy — [rs + q(r + s)] )\’wqw,,ws}

~| =

{—Zl(q2 +qr + )N + (2 + qr +12)2\°

(¢° + 3¢°r + 8¢*r* + 11¢°r® + 8¢*r* + 3¢r° + 7“6))\'3 +... } . (4.2.10)

A~ w

This is the all-loop formula corresponding to gauge theory operator dimensions in
the closed su(2) subsector; the leading-order term —4(q¢* + qr + 7?)\’ reproduces the
one-loop eigenvalue Agg = —4 [2805] at level L = 4 in the SO(4)gs vector multiplet

in table 410l
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The eigenvalue of the symmetrized pure-fermion irrep can be obtained by evalu-
ating the exact matrix element Hpp acting on three symmetrized fermionic creation
operators with SO(4) x SO(4) indices chosen to lie in the same II projection (with

inequivalent mode indices). The exact energy shift for this irrep turns out to be

1

0 Epermi(q, 7,5, J) = T T
qWrWs

{—4(7’3 +q(r + 5)) Nwgw,ws

—l—{wq (28 + 43N +2r°) + (s >, 1 —q, ¢ — s) + (¢ = 7“):|}

1 1
~ —{—3( 24 qr 1N 4 (P A+ g+ )N

<

2

3
—1—6(2q6 +6¢°r + 21¢*r% + 32¢%r3 + 21¢%* + 6gr® + 2rF) N7 4. } . (4.2.11)

The leading-order X correction —3(q¢? + qr + r?)\ reproduces the App = —3 [580F]
eigenvalue at the L = 4 level in the spinor multiplet in table [£.10, This and the
higher order terms in the eigenvalue will eventually be compared with the dimensions

of operators in the closed, fermionic su(1|1) sector in the gauge theory.

The argument we are making relies heavily on the claim that the perturbation
matrix is block diagonal on the closed subsectors described above: we have evalu-
ated the exact energy shift on these subsectors by simply taking the diagonal matrix
element of the perturbing Hamiltonian in a particular state in each sector. We will
now carry out a simple numerical test of the claimed block diagonalization of the full
perturbing Hamiltonian. The basic idea is that, while it is impractical to algebraically
diagonalize the full 2,048 x 2,048 perturbation matrices, it is quite easy to do a nu-
merical diagonalization for a specific choice of X' and mode indices ¢,7,s. One can
then check that the numerical eigenvalues match the analytic predictions evaluated

at the chosen coupling and mode indices. For definiteness, we choose
g=1, r=2, s=-3, N=1. (4.2.12)

The predicted eigenvalue shifts of the three protected states, evaluated at the pa-
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rameter choices of (4.2.12)) are given in table 4.14] These values come directly from

equs. (4.2.9 [4.2.10] 4.2.11)) above (with J set to unity, for convenience). Since we

OFE: N =1 g=1,r=2 s=-3
0Fa45(1,2,-3,J =1) = —16.255434067000426
0Fgs(1,2,-3,J=1) = —20.137332508389193
Fpemi(1,2,-3,J =1) = —18.19638328769481

Table 4.14: Exact numerical eigenvalues of three-impurity protected sectors

want to compare these energies to a numerical diagonalization, we must maintain a
high level of precision in the numerical computation. With the parameter choices of
, the numerical diagonalization of the full 2,048 x 2,048 perturbation matri-
ces on both the spacetime boson (table and spacetime fermion (table sectors
yields the spectrum and multiplicities displayed in table The multiplicities
are consistent with the superconformal multiplet structure we found in the one-loop
analysis (given in table . The predicted closed sector eigenvalues (listed in ta-
ble match, to the precision of the calculation, entries in the list of numerical
eigenvalues. These energies also appear at the expected levels within the multiplets.
Faas(1,2,-3,J) and Egs(1,2,—3,.J) appear in bosonic levels with multiplicity 280z,
while energy Epemi(1,2,—3,.J) appears as a fermionic level with multiplicity 560z;
according to table these are uniquely identified as the central L = 4 levels of
their respective multiplets, exactly where the protected energy levels must lie. All
of this is clear evidence that the closed sector states of the string theory do not mix
with other states under the perturbing Hamiltonian, thus justifying our method of

calculating their exact eigenenergies.

At one loop, we found that the three superconformal multiplets were displaced
from each other by precisely the internal level spacing. This led to an accidental
degeneracy that is lifted in the exact dimension formulas we have just derived. To
explore this, it is useful to have formulas for the eigenvalues of all the levels in each

multiplet. From the discussion in Section [4.1] we see that each level in the string
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§E(1,2,-3,J=1) N =1 Mult.
—30.821354623065 Ap
—26.9394561816763 4p
—26.2093998737015 645
—25.4793435657269 1125
—21.5974451243382 1125
—20.8673888163637 4485
—20.1373325083801 2805
—16.2554340670003 2805
—15.5253777590258  448p
—14.7953214510512 112p
—10.9134230096624 1125
—10.1833667016878 645
—9.4533103937133 4p
—5.57141195232456 Ap

§E(1,2,—-3,J=1) N =1 Mult.
—28.8804054023706 8p
—28.150349094396 32p
—24.2684506530072 325
—23.5383943450326 2245
—22.808338037058 224
—18.9264395956693 2245
—18.1963832876947 5605
—17.4663269797201  224p
—13.5844285383314  224p
—12.8543722303568 2245
—12.1243159223822 32p
—8.24241748099347 32p
—7.51236117301893 8p

Table 4.15: All-loop numerical spectrum of three-impurity states (¢ =1, r =2, s =
=3, N'=1, J=1). Left panel: bosons; right panel: fermions

energy spectrum can be connected by a simple integer shift in the angular momentum
J. Since we are working at O(1/J) in a large-J expansion, all contributions from this
shift must come from the BMN limit of the theory. In other words, by sending
J — J+2—L/2 in the BMN formula for the energy

n2g% N,
E=4/1 4.2.13
\/ U2 ( )

we can generate an expansion, to arbitrary order in ), for each level L in the entire

superconformal multiplet.
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For the vector SO(4) 445 multiplet, we find

J

3
o [2(L —4)¢® 1 6(L — 4)¢°r + 5(3L — 14)g"?

+20(L — 5)¢*° + 5(3L — 14)¢r* + 6(L — 4)qr® + 2(L — 4)r°| X"

1 1
0B ags(q,r, J, L) =~ —{(L —6)(* +qr +rH)N — (L= 4)(q* + qr +r2)2\?

2 2
_% [5(L — 4)° +15(L — 4)g°r + (50L — 247)g'r”
H(T5L — 394)¢*r® + (50L — 247) g%

+15(L — 4)gr® + 5(L — 4)7‘6] N } (4.2.14)

(for convenience in eventual comparison with the gauge theory, the eigenvalues have
been expanded to O(A\?)). The corresponding result for the SO(4)gs vector multiplet

18

J 2

3
oo [2(L —6)¢® + 6(L — 6)¢°r + (15L — 92)¢*r2

AL = 31)¢%° + (151 — 92)¢°r" + 6(L — 6)qr° + 2L — 6)r° ] \°

1 1
6Egs(q,7, J, L) = —{(L —8)(¢® + qr + )N — Z(L — 6)(¢* + qr +17)*\?

2 2
_% [5(L —6)¢® +15(L — 6)¢°r + (50L — 309)¢™r?

+3(25L — 156)¢°r® + (50L — 309)¢*r*

+15(L — 6)gr® + 5(L — 6)7‘6} N } : (4.2.15)
Finally, the result for the spinor multiplet is

1 1
5EFermi(Qa r, J7 L) ~ j{(L - 7)((]2 +qr + T2)>‘, - i(L - 5)(q2 +qr+ T2>2)‘/2

3

+16

[2(L —5)¢® + 6(L — 5)¢°r + 3(5L — 27)¢*r? + 4(5L — 28)¢*r®

+3(5L — 27)(]27’4 -+ 6<L _ 5)q7=5 + 2(L o 5)7,6 )\/3
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2 2
— T ) [5(L = 5)¢° + 15(L = 5)¢°r + 2(25L — 139)g"r? + (5L — 431)¢*r"

+2(25L — 139)¢*r* + 15(L — 5)qr® + 5(L — 5)r6] N } : (4.2.16)

It is important to remember that, to obtain the energies of the states as opposed
to the energy shifts 6, we must add the BMN energy of the original degenerate

multiplet to the above results:

EBMN = \/1+)\’q2—|—\/1—|—)\’r2+\/1—1-)\/((1—1—1")2

1
= 34 (@ +r7 )N = (@ )N (4217)

We can conclude from the above formulas that all three multiplets have a common

internal level spacing given by the following function of \" and mode indices:

oE 1 1
5T j{((f +qr +rHN — 5 [(QQ +gr 4+ 22|\
3
2 |24° + 60 + 15677 + 20" + 15¢%r* + 6qr° + 20| X"
2 2
—% [5q6 +15¢°r + 50¢"r® + T5¢°r”
+50¢°r" + 15qr° + 5(#} Nt } : (4.2.18)

We have expanded in powers of X', but an all-orders formula can easily be constructed.
The multiplets are displaced from one another by shifts that also depend on A and
mode indices. We note that the one-loop degeneracy between different multiplets (see
table is preserved to second order in X, but is broken explicitly at three loops.
At this order and beyond, each multiplet acquires a constant overall (L-independent)

shift relative to the other two.

4.2.2 Two equal mode indices: (¢ =r=n, s = —2n)

An independent analysis is required when two mode indices are equal (specifically, we

choose ¢ = r = n, s = —2n). The all-loop matrix elements are complicated and we will
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refrain from giving explicit expressions for them (though the complete formulas can be
found at the following URL: http://theory.caltech.edu/~swanson/MMA1/mmal.html).
As in the unequal mode index case, however, exact eigenvalues can easily be extracted
by projection onto certain protected subsectors. In particular, the energy shift for
states created by three bosonic mode creation operators with symmetric-traceless

SO(4) aqs vector indices (the sl(2) sector) turns out to be

n2\ 1
SF = — An2? + — An2 N n (44 8n2 )N
aas (1: J) J(1+n2)\’)\/4n2+1/)\’{ SEDY (3 :+4m°X) 0, {4+ 8n >}
1 1
~ j{—7n2)\/+n4)\/2 - gnﬁ)\'g—k...} : (4.2.19)

The leading order term in the small-\" expansion is the —7/3 [280p] level L = 4
eigenvalue in the A, multiplet in table 4.13] The energy shift of the SO(4)gs partners

of these states (belonging to the su(2) closed sector) is

n2\ { / 1
0Fgs(n,J) = — 4n? + — (54 4n*XN) + w, 6+8n2/\’}

1 101
~ j{—11n2X +8niN? — Tn6)\'3 +... } : (4.2.20)

The one-loop correction corresponds to the —11/3 [280p] level in the A; submultiplet
of table [1.13] As noted above, the protected symmetrized-fermion (su(1|1)) sector
does not appear when two mode indices are equal. As in the previous section, we
can do a numerical diagonalization of the full perturbation matrix to verify that the

predicted eigenvalues are indeed exact and closed, but we will omit the details.

By invoking the angular momentum shift J — J+2 — L/2 in the BMN limit, we
can use the energy shift of the L = 4 level to recover the exact energy shifts of all
other levels in the superconformal multiplets of table [4.13. The energy shifts of the

vector multiplet containing the protected SO(4) 445 bosonic irrep at level L = 4 are
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given by the expression

1(1 1 1
0Eags(n, J, L) = 3{5(3L — 19)n2N — 5 (0L — 38)n*\? + S (99L — 464)nSN\'®

1
—16(045L — 3160)nS\" + .. } . (42.21)

The shifts of the multiplet containing the protected SO(4)gs bosonic irrep are given
by

1(1 1 1
§Egs(n, J,L) = 3{5(3L —23)n%\ — 5(9L — 52)n*\? + §(99L — 598)n°\"

1
—1—6(645L —3962)n*\* + . .. } . (4.2.22)

Once again, we note that in order to get energies, rather than energy shifts, one must
append the BMN energy of the original degenerate multiplet to these results. Unlike
the unequal mode index case, there is no accidental degeneracy between superconfor-
mal multiplets spanning the three-impurity space, even at one loop in X. The level
spacings within the two superconformal multiplets are the same, but the multiplets
are offset from each other by an L-independent shift (but one that depends on A" and

mode indices).

4.3 (Gauge theory anomalous dimensions

In the previous sections, we have given a complete analysis of the perturbed energy
spectrum of three-impurity string states. The “data” are internally consistent in the
sense that the perturbed energy levels organize themselves into proper superconfor-
mal multiplets of the classical nonlinear sigma model governing the string worldsheet
dynamics. Since the quantization procedure leaves only a subgroup of the full symme-
try group as a manifest, linearly realized symmetry, this is by itself a nontrivial check
on the consistency of the action and quantization procedure. To address the issue

of AAS/CFT duality, we must go further and compare the string energy spectrum
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with the anomalous dimensions of gauge theory operators dual to the three-impurity
string states.

As discussed in previous chapters, the task of finding the anomalous dimensions of
BMN operators in the limit of large R-charge and dimension D, but finite A = D— R,
is greatly simplified by the existence of an equivalence between the dilatation operator
of N =4 SYM and the Hamiltonian of a one-dimensional spin chain. The one-loop
spin chain Hamiltonian has only nearest-neighbor interactions (in the planar large- N,
limit) and is of limited complexity. This is tempered by the fact that the higher-loop
gauge theory physics is encoded in increasingly long-range spin chain interactions that
generate a rapidly growing number of possible terms in the Hamiltonian [31]. Fixing
the coefficients of all these terms by comparison with diagrammatic computations
would be a very impractical approach. Fortunately, Beisert was able to show that,
at least for BMN operators in the su(2) closed subsector, general requirements (such
as the existence of a well-defined BMN scaling limit) suffice to fix the form of the
spin chain Hamiltonian out to three-loop order [3033]. In Chapter 2| we discussed
the use of these higher-loop spin chains to generate the information we need on the
anomalous dimensions of three-impurity operators: we will rely on these results for
our comparison with the three-impurity string theory predictions computed above.

We have already noted that there are three closed subsectors of BMN operators
in which impurities taken from a subalgebra of the full superconformal algebra mix
only with themselves: we have referred to them as the s[(2), su(2) (both bosonic) and
su(1|1) (fermionic) sectors. We will focus our attention on these sectors because their
spin chain description is simple and their anomalous dimensions fix the dimensions
of the remaining three-impurity operators in the theory. Spin chain Hamiltonians
incorporating higher-loop-order gauge theory physics have been constructed for the
su(2) and su(1]1) sectors but, as far as we know, the s[(2) spin chain is known only
to one-loop order [f]

Although these spin chains are integrable, methods such as the Bethe ansatz tech-

4See ref. |52 for important progress on this problem.
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nique do not immediately yield the desired results for all multiple-impurity anomalous
dimensions of interest. Minahan and Zarembo did use the Bethe ansatz for the one-
loop s0(6) spin chain (of which the exactly closed su(2) system is a subsector) to
obtain approximate multi-impurity anomalous dimensions [39], but we need results
for all sectors and for higher-loop spin chains. As mentioned above, the s[(2) spin
chain has phenomenological applications and has been extensively developed in that
context. It is therefore possible that some of the results we need can be extracted
from the relevant literatureﬂ In the end, since we are looking for a unified approach
that can handle all sectors and any number of loops, we decided that numerical meth-
ods are, for the present purposes, an effective way to extract the information we need
about gauge theory anomalous dimensions. Since Bethe ansatz equations exist for
most of the results that are of interest to us, the numerical results obtained here can
be checked against the Bethe-ansatz methodology: these exercises were performed in
Chapter [2| above (see ref. [95]).

We begin with a discussion of the bosonic s[(2) sector. Recall from Chapter
that for total R-charge K (the R-charge is equal to the number of lattice sites K in

this sector), the basis for this system consists of single-trace operators of the form
Te (V'Z ZF7Y), (V72 vz 2577, Te (VI Z Z2vz 2R L, (43.0)

where Z is the SO(6) Yang-Mills boson carrying one unit of R-charge, V is a space-
time covariant derivative operator that scales under the chosen sl(2) subgroup of the
Lorentz group (V = V; +iVy), [ is the total impurity number and the full basis
contains all possible distributions of V operators among the Z fields. Conservation
of various U(1) subgroups of the R-symmetry group ensures that operators of this
type mix only among themselves to all orders in the gauge theory (as long as we work
in the 't Hooft large-N, limit). This gauge theory closed subsector corresponds to

the symmetric traceless irrep of SO(4)a4s bosons in the string theory (states whose

5We thank A. Belitsky for making us aware of this literature and for helpful discussions on this
point.
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energy shifts are given in eqns. (4.2.9) and (4.2.19)).

To compare the results of Chapter [2| (see eqn. ) with the string theory
predictions of eqns. and , we reorganize those results as follows: we
reinstate the BMN energy of the degenerate multiplet (expanded to first
order in \'); we replace X with \/J? and replace J by K. This gives specific string
theory predictions for the large- K scaling of one-loop anomalous dimensions of the

AdS closed sector. As usual, there are two distinct cases: for unequal mode indices

(g #7r+#s=—q—r), we have

Eaasla,r, K) =3+ (K =2+ +ar) g + O(K™) . (432)

(Note that here we label mode indices with g, r, s instead of the ki, ks, k3 triplet used

in Chapter [2]) For pairwise equal mode indices (n,n, —2n) we have

Eags(n, K) =3+ (3K — 7)n? % +O(K™). (4.3.3)

For convenience, we redisplay the numerical gauge theory predictions from the s[(2)

spin chain from eqn. (2.3.7)):

Eétlzz) (K} + kaky + K3) 13)/E12) -2, ky # ko # ks,
Eyy =30, B /Eys ==T/3,  ki=ks=n, ks=—2n. (4.3.4)

The string predictions in eqns. (4.3.2) and (4.3.3) match the expected virial scaling

of the spin chain eigenvalues displayed in eqn. (2.3.7)), with the specific identifications

1,2 1,3 1,3 1,2
Eﬁxds) = (@ +7r"+qr), E,(alds) ==2("+1r° +qr), E,(clds)/E,(ald )= -2

(4.3.5)
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forq#r#s=—q—r,or

Elgg =30, Eyg=-m*.  EuQ/Eyd=-7/3 (4.3.6)
forg=r=nand s = —2n.

At this point it is appropriate to say a few words about the role of integrability in
this problem. It was first argued in [59] that the complete GS action of IIB superstring
theory on AdSsx S? is integrable. Integrability has since taken a central role in studies
of the AdS/CFT correspondence, as any precise non-perturbative understanding of
integrability on both sides of the duality would be extremely powerful. Integrability
on either side of the duality gives rise to an infinite tower of hidden charges that can be
loosely classified as either local (Abelian) or non-local (non-Abelian). In the Abelian
sector, contact between the integrable structures of gauge theory and semiclassical
string theory (a subject that was first investigated in [41]) has been made to two
loops in A (see, e.g., [29,/45[50,96]). (The corresponding problem in the non-local
sector was addressed to one-loop order in [47,48].) One of the local gauge theory
charges can be shown to anticommute in the su(2) sector with a parity operator P
(to three loops in \), whose action on a single-trace state in the gauge theory is to
invert the order of all fields within the trace [31,33]. Furthermore, this operator can
be shown to connect states of opposite parity. These facts imply that all eigenstates
in the spectrum connected by P must be degenerate. These degenerate states are
known as parity pairs and their existence can be interpreted as a necessary (but
not sufficient) condition for integrability. The spectrum in table from Chapter
exhibits such a degeneracy and makes it clear that parity pairs are simply distinct
states whose lattice momenta (or worldsheet mode indices) are related by an overall
sign flip. Since the net momentum of allowed states is zero, parity pair states can in
principle scatter into each other, and their degeneracy is a nontrivial constraint on the
interactions. As a small caveat, we note that lattice momentum conservation implies

that mixing of parity-pair states can only occur via connected three-body (or higher)
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interactions. As the virial analysis shows, at the order to which we are working,
only two-body interactions are present and the parity pair degeneracy is automatic.
The same remark applies to the string theory analysis to O(J~!) in the curvature
expansion. A calculation of the string theory spectrum carried out to O(J7?) is
needed to see whether parity pair degeneracy survives string worldsheet interactions;

further discussion of this point will be given in Chapter [f] (see also ref. [71]).

We now turn to the closed su(2) sector of gauge theory operators, corresponding
to the symmetric-traceless bosonic SO(4)gs sector of the string theory. The operator
basis for this sector consists of single-trace monomials built out of two complex scalar
fields Z and ¢, where Z is the complex scalar carrying one unit of charge under
the U(1) R-charge subgroup and ¢ is one of the two scalars with zero R-charge,
transforming as an SO(4) vector in the SO(6) ~ U(1)g x SO(4) decomposition of

the full R-symmetry group of the gauge theory. The collection of operators
tr(p' 2570, tr(¢" 1 ZoZ5 Y, tr(¢p' 22?2, L (4.3.7)

(and all possible permutations, modulo cyclic equivalence, of the K factors) forms
a basis with I impurities and R-charge equal to K — I. The anomalous dimension
operator simply permutes these monomials among themselves in ways that get more
elaborate as we go to higher loop orders in the gauge theory. The relevant gauge
theory predictions from Chapter [2| are given at one-loop order in eqn. and at
two-loop order in eqn. . For convenience, we reproduce those results here:

ELo) = (K + k3 +k3)/2 | ki +ky4+ks =0,
E“g‘”’))/E“f)) =2, (ky # ks # ks) |
v/ B = g (k1 = ko, ks = —2ky) ,
Eéié)) (kQ + k5 + k3)?/16 ki+ ke + ks =0,
v/ Bz =8 (ks # ko # k3) |
Eﬁﬁé /Ej o) = ? , (ki = oy ks = —2k1) . (4.3.8)
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To compare with string theory results for the bosonic symmetric-traceless SO(4)gs
sector eigenvalues, we need to recast eqns. and as expansions in
powers of A and K~!. We denote by Eg;m) the coefficient of A* K~™ in the large-K
expansion of the string theory energies: they can be directly compared with the cor-
responding quantities extracted from the numerical spin chain analysis. The string
theory predictions for scaling coefficients, up to second order in A, are given in ta-

bleld.16l As usual, the predictions for three-impurity states with unequal mode indices

EG™ | (a#r#s)  (g=r=n)
Eélf) (¢* + qr +r?%) 3n?
Eélg,’g) 2(¢* + qr +r?) n?
Eé%‘l) _i<q2 +qr+ r2)2 —%n‘l
Eg"r’) —2(q* + qr +1r?)? —19n*

Table 4.16: String predictions for su(2) scaling coefficients, to two loops

have to be stated separately from those for states with two equal mode indices. We
take these results as strong evidence that the string theory analysis agrees with the

gauge theory up to O(\?) in this sector.

We now turn to a discussion of gauge theory physics beyond two loops. As it
happens, the three-loop Hamiltonian can be fixed up to two unknown coefficients (ay

and as) by basic field theory considerations [30]:

HE® = (60 + 60y — 560) {} + (=104 + 140y + 9602) {0}
+ (24 + 201 — 240) ({0, 1} + {1,0}) + (4 + 6a1) {0, 2}

(—4 -+ daw) ({0,1,2) + {2,1,0}) — ar ({0, 2,1} + {1,0,2}) . (4.3.9)

Originally, these coefficients were determined by demanding proper BMN scaling in
the theory and that the dynamics be integrable at three loops; these assumptions set
a1 9 = 0. By studying an su(2|3) spin chain model, Beisert [33] was subsequently able

to show that independent symmetry arguments, along with BMN scaling, uniquely
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set a; = ay = 0 (thus proving integrability at three loops).

As described in Chapter , the three-loop Hamiltonian ng(Q) can be treated as a

@) This allows us to numerically evaluate the O(\3)

second-order correction to H"
contribution to the spectrum by using second-order Rayleigh-Schrodinger perturba-
tion theory (there is an intermediate state sum involved, but since we are doing the
calculation numerically, this is not a serious problem). There is also the issue of degen-
eracy but the existence of a higher conserved charge once again renders the problem
effectively non-degenerate. The resulting three-loop data for large- K was fit in Chap-
terto a power series in K ! to read off the expansion coefficients Eig). It turns out
that, to numerical precision, the coefficients are non-vanishing only for n > 5 (as re-
quired by BMN scaling). The results of this program are reproduced for convenience
from Chapter [2|in table 4.17, where they are compared with string theory predictions
derived (in the manner described in previous paragraphs) from eqn. (4.2.10). (The
accuracy of the match is displayed in the last column of table ) The important
point is that there is substantial disagreement with string results at O(A\3) for all
energy levels: the low-lying states exhibit a mismatch ranging from roughly 19% to
34%, and there is no evidence that this can be repaired by taking data on a larger
range of lattice sizes. There is apparently a general breakdown of the correspondence
between string theory and gauge theory anomalous dimensions at three loops, despite
the precise and impressive agreement at first and second order. This disagreement
was first demonstrated in the two-impurity regime [26]. It is perhaps not surprising

that the three-loop disagreement is reproduced in the three-impurity regime, but it

provides us with more information that may help to clarify this puzzling phenomenon.

The same exercise can be repeated for the closed su(1|1) fermionic sector, whose
string theory dual is comprised of pure fermionic states symmetrized in SO(4) x SO(4)
indices in either the (1,2;1,2) or (2,1;2,1) irreps (projected onto IIL subspaces).
The spin chain system is embedded in Beisert’s su(2|3) model, where the fermionic

sector of the Hamiltonian has been recorded up to two-loop order [33]. Since the
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3(2)) /E 53(2)) String Modes (g, r,s) %Error
16.003 (1,0, —1) 33%
14.07 (17 1, _2) 19%
14.07 (— 1, ~1,2) 19%
14.37 (, : 3) 22%
14.37 (—1, 2,3) 22%
15.96 ( ) 30%

Table 4.17: Three-loop numerical spectrum of three-impurity su(2) subsector and
mismatch with string predictions

relevant points of the numerical gauge/string comparison have already been made,
we will simply state the one- and two-loop results. (The large-K spectrum of the
three-loop contribution is scrutinized in Chapter [2 one again finds disagreement
with string theory.)

In this sector, the R-charge and the lattice length are related by J = K —1/2. The

fermionic one- and two-loop string predictions are therefore found from eqn. (4.2.11)

to be
Bim = (¢ +qr+77) ELD =0
1
oo = (@ +ar )7, EZD — (4 qr+r2)% . (4.3.10)

As noted above, this sector does not admit states with equivalent mode indices.
Reproducing the results from the gauge theory analysis in Chapter 2, we find

precise agreement:

1,2 1,3

LD = (6 + kika + k), B =0,
B2 L2 ok, a2y EES = —(k + kiks + K3)? . (4.3.11
ﬁu(m)—z(ﬁr 1ks + k3)7 wi) = — (k1 + kika + k3)7 . (4.3.11)

The two-loop data are obtained using the same first-order perturbation theory treat-

ment described above in the su(2) sector (the results are recorded in table [2.6|above).
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The two-loop spectrum is subject to stronger K ! corrections, but the data are still
convincing and could be improved by running the extrapolation out to larger lattice
sizes. Nonetheless, the close agreement for the low-lying levels corroborates the match

between gauge and string theory up to two-loop order.

4.4 Discussion

The BMN /pp-wave mechanism has emerged as a useful proving ground for the pos-
tulates of the AdS/CFT correspondence. When the full Penrose limit is lifted, a
rich landscape emerges, even in the two-impurity regime, upon which the string and
gauge theory sides of the duality have exhibited an intricate and impressive match
to two loops in the gauge coupling and first nontrivial order in the curvature ex-
pansion. While the conditions under which agreement is obtained are substantially
more demanding in the higher-impurity problem, we have shown that this agreement
is maintained for three-impurity string states and SYM operators. Although the
two-loop agreement survives at the three-impurity level, we have also confirmed the
previously observed mismatch at three loops in the gauge theory coupling. In the end,
the analyses carried out here will provide an extremely stringent test of any proposed

solution to this vexing problem.



Chapter 5

N impurities

In Chapters 3| and [4] we analyzed the first curvature correction to the spectrum of
string states in the pp-wave limit of AdSs x S°. The string energies in this set-
ting correspond in the gauge theory to the difference between operator scaling di-
mensions and R-charge (A = D — R), and states are arranged into superconformal
multiplets according to the psu(2,2]4) symmetry of the theory. The fully supersym-
metric two-excitation (or two-impurity) system, for example, is characterized by a
256-dimensional supermultiplet of states built on a scalar primary. The complete
spectrum of this system was successfully matched to corresponding SYM operator
dimensions in Chapter 3| to two loops in the modified 't Hooft coupling ' = \/.J?
(see also [26,127]). A three-loop mismatch between the gauge and string theory re-
sults discovered therein comprises a long-standing and open problem in these studies,
one which has appeared in several different contexts (see, e.g., [2934,37]). This
was extended to the three-impurity, 4,096-dimensional supermultiplet of string states
in Chapter |4] (see also [38]), where precise agreement with the corresponding gauge
theory was again found to two-loop order, and a general disagreement reappeared at
three loops. In the latter study, three-impurity string predictions were compared with
corresponding gauge theory results derived both from the virial technique described
in Chapter [2| and the long-range Bethe ansatz of [32] (which overlaps at one loop with
the original s0(6) system studied in [39)]).

In the present chapter we generalize the string side of these investigations by

186
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computing, directly from the Hamiltonian, various N-impurity spectra of I1IB super-
string theory at O(J~1) in the large-J curvature expansion near the pp-wave limit of
AdSs x S°. We focus on the bosonic su(2) and s[(2) sectors, which are characterized
by N symmetric-traceless bosonic string excitations in the S° and AdSs subspaces,
respectively. Based on calculations in these sectors, we also formulate a conjecture
for the N-impurity spectrum of states in a protected su(1|1) sector composed of N
fermionic excitations symmetrized in their SO(4) x SO(4) spinor indices. We then
describe the complete supermultiplet decomposition of the N-impurity spectrum to
two loops in X' using a simple generalization of the two- and three-impurity cases.
We note here that a new Bethe ansatz for the string theory has been proposed
by Arutyunov, Frolov and Staudacher [44] that is meant to diagonalize the fully
quantized string sigma model in the su(2) sector to all orders in 1/J and X (see
the discussion in Chapter [1)). This ansatz was shown in [44] to reproduce the two-
and three-impurity spectra of quantized string states near the pp-wave limit detailed
in [27,38]. The methods developed here allow us to check their formulas directly
against the string theory for any impurity number at O(J~1), and we find that our
general su(2) string eigenvalues agree to all orders in X" with their su(2) string Bethe
ansatz! We compute the N-impurity energy spectra of the su(2), sl(2) and su(1|1)
closed sectors of this system in Section [5.1 and generalize the complete N-impurity
supermultiplet structure of the theory to two-loop order in X' in Section [5.2]

5.1 N-impurity string energy spectra

As described above, our string vacuum state carries the S° string angular momentum
J and is labeled by |J); the complete Fock space of string states is generated by acting
on |J) with any number of the creation operators a1 (bosonic) and b2T (fermionic),
where the lower indices n,m,l, ... denote mode numbers. The excitation number
of string states (defined by the number of creation oscillators acting on the ground

state) will also be referred to as the impurity number, and string states with a total
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of Ng 4+ Nr = N impurities will contain Ng bosonic and Ng fermionic impurities:

[Np, Np: J) = aifaat .aﬁﬁgzagﬁbgg‘f . bixgiw . (5.1.1)

Ngp Np

States constructed in this manner fall into two disjoint subsectors populated by space-
time bosons (N even) and spacetime fermions (Np odd). In this notation the pure-
boson states |Ng,0;J) are mixed only by Hgp and the pure-fermion states |0, Ng; J)
are acted on by Hpp. The more general spacetime-boson states | N, even; J) are acted
on by the complete interaction Hamiltonian H;,, as are the spacetime-fermion states
|Np,odd; J). There is of course no mixing between spacetime bosons and fermions;

this block-diagonalization is given schematically in table [5.1]

Hi |Ng,0; J) |Ng,even; J) |Np,odd; J) |0, odd; J)
(Np,0; J| Hgp Hgp
(Np,even; J| Hgp Hgg + Hpr + Hyp
(Np,odd; J| Hgp + Hgr + Hyr Hgr
(0,0dd; J| Hpgp Hyr

Table 5.1: Interaction Hamiltonian on N-impurity string states (Np + Np = N)

The full interaction Hamiltonian can be further block-diagonalized by projecting
onto certain protected sectors of string states, and we will focus in this study on three
such sectors. Two of these sectors are spanned by purely bosonic states | N, 0; J) pro-
jected onto symmetric-traceless irreps in either the SO(4)aqs or SO(4)gs subspaces.
Another sector that is known to decouple at all orders in X is comprised of purely
fermionic states |0, Ng; J) projected onto either of two subspaces of SO(4) x SO(4) la-
beled, in an SU(2)?x SU(2)? notation, by (2,1;2,1) and (1, 2;1,2), and symmetrized
in spinor indices. Each of these sectors can also be labeled by the subalgebra of the
full superconformal algebra that corresponds to the symmetry under which they are
invariant. The bosonic SO(4)aqs and SO(4)gs sectors are labeled by s[(2) and su(2)

subalgebras, respectively, while the two fermionic sectors fall into su(1|1) subsectors
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of the closed su(2|3) system studied in [32,33}/69).

In the large-J expansion about the free pp-wave theory, we will isolate O(J~!)

corrections to the energy eigenvalues of N-impurity string states according to

E({g;}, N, J) =) \/1+¢N +6E({q;},N,J)+O(J?) . (5.1.2)

The spectrum is generically dependent upon X', J and the mode numbers {n,}, {g;}, ...
where j is understood to label either the complete set of impurities (j = 1,...,N) or
some subset thereof (e.g., j = 1,..., Np). The leading order term in this expansion
is the N-impurity free energy of states on the pp-wave geometry, and §E({g;}, N, J)
always enters at O(J~!). When it becomes necessary, we will also expand the O(1/.J)

energy shift in the small-\" loop expansion:
SE({g;}, N, J) = 6ED({g;}, N, J)(N)" . (5.1.3)
i=1

Finding the explicit form of 0E({g;}, N, J) for N-impurity string states in certain
interesting sectors of the theory will be our primary goal. As a side result, however,
we will see that the spectrum of all states in the theory will be determined to two-loop
order in X' by the specific eigenvalues we intend to compute.

We begin by noting that the canonical commutation relations of the bosonic fields

24 and py allow us to expand Hpgg in bosonic creation and annihilation operators

using
o, 7) = Z zi(r)e ke
e () = —sz (afe_i“’” — aéLei“"T) , (5.1.4)

where k, = n are integer-valued, w, = /p? + n? and the operators a?' and a2 obey

aA GBT

o, a } = 6mnd”B. Since we are only interested in computing

the usual relation [

diagonal matrix elements of Hgg between physical string states with equal numbers
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of excitations, we can restrict the oscillator expansion to contain only equal numbers of
creation and annihilation operators (all other combinations automatically annihilate
between equal-impurity string states). Explicitly, we obtain the following expansion

from the results in Chapter

1 Zé(n—i—m—l—l—l—p)
32p_R? £

X {2 {52 — (pt = kikpko k) + wpwmkik, + wiwpkn ko + 2wnwiknk,

HBB =

+2wmwpknkl} aT_’iaT_‘?nalBaf +4 {52 — (pf — kikpknkm) — 2wpwmkik, + wiwmknk,

—wWpwikmky, — wnwpk, ki + wnwpkmkl} a%afaflaf + 2 {Sklkpaiinaijla;ai

+2(kik, + k:nk:m)a“ al agaf, + (wiwp + kiky — wpw, — knkm)a“ all a{/azl

—n“—m —nY—m

—4(ww, — klkp)aT_inaT_jllafnaZ —(i,j = i',j’)} } : (5.1.5)

where £ = | /W, Wn,wWW0,.

5.1.1 The SO(4)ss (su(2)) sector

We begin in the su(2) sector spanned by symmetric-traceless pure-boson states ex-
cited in the S® subspace. Because we are restricting our attention to SO(4)gs states

symmetric in their vector indices, we form the following oscillators:

1

1
5, ;6 - 5 _ 6
an, = —( (a, +1a,) , an = —= (a, —1a,) . 2.1.6
By taking matrix elements of the form
(J| anan, - any, (Hgg)a}, al .. .aLNB |J) | (5.1.7)

we can therefore select out excitations in the (5, 6)-plane of the S® subspace and make
the symmetric-traceless projection manifest. (More generally we can project onto any

(n,m)-plane, as long as n # m and both are chosen to lie in the S® subspace.)
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There are two basic oscillator structures of Hpp in eqn. (5.1.5): one in which the

creation (annihilation) operators are contracted in their SO(4) x SO(4) indices

tA tA B B
al,a’ara;

and one where pairs of creation and annihilation operators are contracted

tA 1B A B
al,a’ian,a, .

In terms of the a, and a, fields of eqn. ([5.1.6)), the former structure contains

A 1A
a afaf

—_n-—m

= (aT_n a, +a', aT_m) (wa, +aay) | (5.1.8)

(5,6)

which cannot contribute to su(2) matrix elements of the form appearing in (5.1.7)).

The latter structure, however, contains

fA tB A B

a’yajana, f f

=a' a' a,a f 5.1.9
56 a.,a’,ama, +al,a ;ana,, ( )

which will contribute to the su(2) energy spectrum.

The string states appearing in the matrix element of eqn. ([5.1.7) have been written

in the generic form

al al ...al |J)

ni 'na nNg

and, as usual, they are subject to the level-matching condition

Np
> nj=0. (5.1.10)
j=1

The complete set of mode indices {ny,ns,...,ny,} can contain one or more subsets
of indices that are equal, while still satisfying eqn. (5.1.10)); this scenario complicates

the calculation of energy eigenvalues to some extent. We will eventually compute
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the eigenvalues of interest for completely general string states, but for purposes of
illustration and to introduce our strategy we will start with the simplest case in which
no two mode numbers are equal (n; # ny # ... # nx,). To organize the presentation
of this chapter, we will use mode numbers labeled by {n;} to denote those that are
inequivalent from each other, while {g;} will be allowed to overlap. Between states
with completely distinct mode indices, the oscillator structure in eqn. ([5.1.9) exhibits
the following matrix element:

(J| apyan, ... aNB(aT_naT_lamap)aLIaLQ .. .ajVB |J)

Np
1
J,k=1

J#k

61 Ot O O & O +1 Ot O 5nj_p) . (5.1.11)

With this in hand, it is a straightforward exercise to compute the energy eigenvalue of
the SO(4)ss bosonic interaction Hamiltonian in the Np-impurity symmetric-traceless
irrep (with unequal mode indices): we simply attach the Hgp coefficient of the oscil-

lator structure aT_naT_lamap to the right-hand side of eqn. (5.1.11)) and carry out the

summation over mode numbers. The result is remarkably compact:

Np
dEss({n;}, Np,J) = —é Z ﬁ (i + 15 (LX) +nyng (1 — wp,wn V)]
jk=1 g ="Mk

ik

(5.1.12)

This su(2) formula can be checked against previously obtained string theory re-
sults in the two- and three-impurity regimes. Namely, the two-impurity eigenvalue
computed above (and in [26,27]) takes the form (which is exact in \')

2n2\

5E55(n1,n2,J) = — i y (5113)

where we have set no = —ny using eqn. (5.1.10]). This eigenvalue matches the general
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formula in eqn. (5.1.12) restricted to two impurities. The su(2) eigenvalue for three
impurities with unequal mode indices (n; # ny # n3) was calculated in Chapter

(and in ref. [38]) and found to be

1
J W Wy Wy
+ [nlng + n§ +n2(1+ ng)\’)} Wny + [ngng + ng +na(1+ ng)\’)} Wy

5E55(n1,n2,n3,J) = — {[n1n2+n§+n?(1+ng)\’)} Wng

— [nang + ny1(ng + ng)] Xu)mwmwns} : (5.1.14)

It is also easy to check that eqn. ([5.1.12)) reproduces this formula exactly for Ng = 3.

Since eqn. (5.1.12)) matches all previously computed results from the string theory
in this sector, it must therefore agree with corresponding su(2) gauge theory predic-
tions only to two-loop order in A. We note, however, that eqn. is identical
to the N-impurity O(J 1) energy shift (with unequal mode numbers) obtained from
the su(2) string Bethe ansatz of [44].

To treat the slightly more complicated scenario of overlapping mode indices (which

can occur for three or more impurities), we introduce the normalized eigenvectors

1 N,

e ot o1 T
N (aq) gy Gy - s ), (5.1.15)
which contain a single subset of IV, bosonic oscillators ag that all share the same mode
index ¢. The remaining indices n; € {n1,ng,...,ny,—n,} are all separate from ¢ and

unequal from each other, such that the level-matching condition in eqn. (5.1.10]) now

reads

Nyg+ > nj=0. (5.1.16)
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For this case we compute a matrix element analogous to that in eqn. (5.1.11)):

1 N, N,
N_q! <J| (atI) / an1an2 ce an(NB—Nq)(aT—na’T—la’ma’p) (O/Z) ! a’jlla’-ll:l,g e aL(NBqu) |J>
= Nq(Nq - 1)5p—q Om—g On+q O+
Np—N,
+L Z (6pfq 5n+q 6mfnj 5l+nj + 6qu 5n+q 5pfnj 5l+nj
j=1
+5pfq 5l+q (Smfnj (5n+nj + 5qu (5l+q 5pfn]v 5n+nj>
1 Np—Ngy
+§ Z <5nj+n 5nk+l 6nj—m 5nk—p + 5nj+n 6nk+l 6nk—m 5nj—p
T
8y g Oy O+ Oy 41 O Oy Oy ) (5.1.17)

Using this result, we arrive at the su(2) energy shift for string states with Np total
excitations containing an Ng,-component subset of oscillators that share the same

mode index ¢:

Ny(N, — 1)¢?
5E55({ni}7q7 NanB,J) = —Tujg
Np—N, N
- Z quz, (¢ +n3(1+¢N) +qny (1 = wgwn, \)]
Jj=1 nj
No=Ny
= D gy [l (LX) s (1 - weX)] - (5.118)
J,k=1 J
J#k

This formula can be compared with the three-impurity su(2) energy shift with two
equal mode indices (N, = 2) obtained in Chapter . For this particular case we can
set the isolated mode number to —2q using the level-matching condition to simplify

the result:

q2

2
Jwgwa

5E55(q, J) = —

[wag (B+4¢°N) +w, (6+8¢°N)] . (5.1.19)

It is easy to show that eqn. (5.1.18) exactly reproduces this energy shift when re-
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stricted to N = 3 with a subset of two mode numbers equal to q.

We now generalize the analysis completely by using eigenstates with M mode-

index subsets, where all mode indices are equal within these subsets:

The j*® subset contains Ny, oscillators with equal mode index g;, and the total im-

purity number is again Np, such that

M M
> N,=Np, > Nygi=0. (5.1.20)
=1 =1

The matrix element of ain CLT,[ an, a, between the above states, analogous to eqns.

(111, [.1.17), is

)qu )NqM

(J] (CLQI)qu N (aqM) ( ab | ap) (a @ (a;M

Nlh! V NQM Nlh' Nq

M
= Z qu (qu - ) 6n+n 5l+nj 6m nj 5p n; + = Z N N <5n+nk 6l+nj (Smfn;C 6p7nj

j=1 G k=1
J#k

+6n+nj 6l+nk 5mfnk 6p7nj + 6n+nk 5l+nj 5mfnj 6pfnk + 5n+nj (SlJrnk 6mfnj 5pfnk) .

M

(5.1.21)

We thereby obtain the completely general su(2) energy shift for Np-impurity string

states containing M equal-mode-index subsets of oscillators:

PBee(lash (Nuh, M, J) = _%]{ZN%(N% —1) (1 - wzl_x)

+ Z qk + qj qk)\ + qjqi(1 — wq].qu)\’)] } .

j,k=1 QJ ‘Ik
J#k

(5.1.22)
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This master formula can be used to determine the su(2) string energy spectrum to

O(J71) for all possible physical string states in this sector.

By taking M = 2 and setting N,, = N,,, = 1 (using the unequal mode indices
{n1,n2}), we recover from this equation the exact two-impurity result recorded in
eqn. (0.1.13)) above, with ny = —n;. For M = 3 and N,,, = N,, = N,,, = 1, we get
the complete three-impurity unequal-mode-number (n; # ny # n3) formula found
in eqn. . Finally, the three-impurity eigenvalue with two equal mode indices
(g1 = q2, g3 = —2q1) given in eqn. (5.1.19)) can also be extracted from eqn. ([5.1.22))
by setting M = 2, N, = 2 and Ny, = 1.

We also note that eqn. ([5.1.22)) agrees perfectly with the corresponding near-pp-
wave formula derived from the su(2) string Bethe ansatz of [44] for completely general
mode-number assignment. This successful match stands as very strong evidence that

their ansatz is correct, at least to O(J71).

5.1.2 The SO(4) 445 (s1(2)) sector

Following the derivation of eqn. for the energy eigenvalues of arbitrary string
states in the symmetric-traceless SO(4)gs sector, it is straightforward to find the
analogous expression for symmetric-traceless string states excited in the SO(4)aqs
subspace, dual to operators in the s[(2) sector of the corresponding gauge theory. We
can define, for example,

W=7 (an +iay) . @ = % (ay, —ia?) , (5.1.23)

and carry out the above calculations by computing general matrix elements of atnailamap
defined in terms of these oscillators. (Here we can project onto any (n,m)-plane in

the AdSs subspace, as long as n # m.) General string energy eigenvalues in the
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SO(4) ags symmetric-traceless irrep are thus found to be

0Eaas({ait, {Ng, }, M, J) = %{ZN%(N% -1 (1 - wzl')\/)

+ Z — i [1 — g\ + wy, qu/\]} . (5.1.24)

jk=1 CIJ (]k
J#k

For later reference we record the limit of this equation for states with completely

unequal mode indices ({N,,} =1, M = Np):

Np
1 A
0Eass({ni}, Np, J) = 57 . % [1—njneX + wywe X . (5.1.25)
o1 niWny

J#k

When M = 2 and N,;, = N,, = 1 in eqn. (5.1.25)), we find the two-impurity

eigenvalue (with ny = —n;)

2n1)\’
J Y

(5EAdS(n1,J) = (5.1.26)

which agrees with the two-impurity result reported in Chapter|3|[26,27] (the su(2) and
s[(2) eigenvalues are degenerate in the two-impurity regime). For the three-impurity
eigenvalue with three unequal mode indices we set M =3 and N,,, = N,,, = N,,, =1

to obtain

1

(5EAdS(nl>n2an37J> = m
n1“%“no““ns

{nlng(l — nnz\) wn, + nina(1 — nina') wy,

+nonz(1 — nang\') wy, + [ning + n3(ng + na)] )\'wmwmwng} , (5.1.27)

which precisely reproduces the corresponding s[(2) result reported in Chapter |4 [38].
Finally, by setting M = 2, N, =2, Ny, =1 and ¢1 = ¢2 = q, g3 = —2q, eqn. (5.1.24)
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provides the following three-impurity eigenvalue with two equal mode indices:

2

0B aas(q, J) = [wag (B+4¢N) +w, (4+8¢XN)] . (5.1.28)

T2
Jwiwa,

This again matches the corresponding three-impurity formula computed in Chapter [4]

5.1.3 The su(1|1) sector

Based on the above results in the bosonic SO(4) 445 and SO(4)gs symmetric-traceless
sectors, we can easily formulate a conjecture for the N-impurity eigenvalue of sym-
metrized pure-fermion states in either the (2,1;2,1) or (1,2;1,2) of SO(4) x SO(4),
labeled by the su(1|1) subalgebra. We first note that, since these states are composed
of fermionic oscillators that are symmetrized in their spinor indices, no states in this
sector can carry subsets of overlapping mode numbers (since they would automati-
cally vanish). Furthermore, when restricting to states with completely unequal mode

indices, we can see that the N-impurity eigenvalues obtained for the su(2) and s[(2)

sectors (eqns. (5.1.12)) and (5.1.25))) are obvious generalizations of the corresponding

three-impurity formulas (eqns. (5.1.14) and (5.1.27)), respectively). Namely, if the

three-impurity eigenvalues take the generic form

dE(ni,ng,ns3, J) = Z F(n;,ng) , (5.1.29)

the N-impurity generalization is simply

SE({n:},N,J) = > F(nj,m) . (5.1.30)

k=1
J#k

By carrying this over to the su(1|1) sector, we find the N-impurity eigenvalue of Hgp

between symmetrized (2,1;2,1) or (1,2;1,2) fermions (the eigenvalues of both are
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necessarily degenerate):
1 & 1

4] £ WnyWn,
i#k

5E5u(1|1)({ni}7 N, J) =

2 2 2.2/ /
[nj +n; + annk)\ -2 njnkwnjwnk/\} )

(5.1.31)

For Np = 2, this formula matches the two-impurity result in Chapter [3}

2niN
J Y

O Eqapy(ni, J) = — (5.1.32)

with ny = —ny (this eigenvalue overlaps with the corresponding two-impurity su(2)
and sl(2) values). When Np = 3 we of course recover the three-impurity eigenvalue

reported in Chapter [4}

1

5E5u(1|1)(n1,n27n37j> = —m
ni¥n2=mns

{—4 (’I’Lgng +ny(ng + ng)) N W, Wiy Wns

+ | Wny (2n§ + 4n§n§)\' + 2n§) + (n3 — Ng, Nog — Ny, N — ng) + (n1 = ng)} } .

(5.1.33)

It would be straightforward to check eqn. against an explicit four-impurity
calculation in the string theory, for example. Better yet, one might carry out the
direct N-impurity calculation in the Hgp sector analogous to the above calculations
for Hgg. The latter would certainly be more technically complicated than in the
bosonic sectors, and for the moment we leave eqn. as it stands, withholding

direct verification for a future study.

5.2 Spectral decomposition

At one- and two-loop order in X\ we can infer from basic arguments the spectral
decomposition of the extended N-impurity superconformal multiplet of O(J~!) energy

corrections to the pp-wave limit. For simplicity we will restrict the discussion to
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eigensystems with completely unequal mode numbers, though the generalization to
more complicated cases is straightforward. To begin we will review the two- and

three-impurity supermultiplet structures studied in [261[27}38].

We denote the one- and two-loop energy eigenvalue shifts as A and A®, accord-

ing to the generic formula

E({n;},N,J) =

M|>:

N A
Z n; (1 + 7 + O(J ))
A®

_%Z_: (+_+O(J ))+O(/\’3). (5.2.1)

The fact that these energy shifts can be expressed as coefficients of Y n? and - nj

is not obvious. In the two- and three-impurity cases this was shown to be true by

direct diagonalization of the Hamiltonian. By expanding eqns. (5.1.22}[5.1.24} |5.1.31))

in small X, it can also be seen that the more general N-impurity su(2), s[(2) and
su(1|1) eigenvalues adhere to this structure to two-loop order. We will argue that the
remaining energy shifts (those in non-protected subsectors) can be obtained from the
protected sectors through half-integer shifts of the S° angular momentum J: it will
therefore be seen that all energies considered here will appear in the form given in

eqn. (5.2.1)).

As described above, the conformal invariance of the full psu(2,2]|4) symmetry
algebra of the theory guarantees that the energy eigenvalues (and hence A and
A®) will be organized into conformal (sub)multiplets built on conformal primary (or
highest weight) states. For the sake of continuity we will briefly review this here.
Within a given submultiplet we refer to states with lowest energy as super-primary
states, and the other conformal primaries within the submultiplet are obtained by
acting on super-primaries with any of the eight supercharges, labeled by Q,, that
increment A or A® by a fixed amount but leave the impurity number unchanged.
In the gauge theory these charges are understood to shift both the operator dimension

and R-charge such that A = D — R remains fixed within the submultiplet. Acting
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with Lg,, factors of these supercharges on a super-primary generates nine levels within
each submultiplet labeled by Lg, = 0,...,8. If the lowest energy level (Lgy, = 0)

in the submultiplet is occupied by p degenerate super-primaries, the L2 level will

sub
therefore contain pC}?_~ degenerate states, where C* is the binomial coefficient.
Furthermore, if the super-primary in a given submultiplet is a spacetime boson, the
Ly, = even levels of the submultiplet will all be bosonic, and the Lg,;, = odd levels
will be fermionic. The opposite is true if the bottom state is fermionic.

As an example, consider the one-loop, two-impurity supermultiplet structure stud-
ied in Chapter [3] The spectrum in this case contains only a single multiplet built on
a scalar super-primary (labeled by 15, where the subscript denotes a bosonic level)
with O(1/.J) one-loop energy shift A®) = —6. The Ly, = 1 level therefore has eight
degenerate states (8z) with A = —5, the Ly, = 2 level contains 28 states with

A®M = —4 and so on. We record the two-impurity supermultiplet structure in ta-

ble for comparison with higher-impurity spectra. The one-loop energies of the

Leub o 1 2 3 4 5 6 7 8
lp 8p 285 56p |[70p| 56p 285 8p 1p
AY(Lggp)| -6 =5 —4 -3 -2 -1 0 1 2
AP(Lag) | -4 =3 —2 -1 0 1 2 3 4

Table 5.2: Submultiplet breakup of the 256-dimensional two-impurity spectrum

three protected sl(2), su(2) and su(1]1) subsectors studied here are degenerate in the
two-impurity regime and lie in the boxed 70p “centroid” level in table [5.2] We also
record in table the two-loop energy shifts A, which are offset from the one-loop
values by two: A® =AM 42,

In the gauge theory there are 16 operators that increment the impurity number by
one and shift the R-charge by certain amounts [28]. Four of these act on single-trace
operators by rotating the SO(6) scalars Z (carrying one unit of R-charge) into ¢
(which carry zero R-charge): they increase the operator impurity number by one and

decrease the R-charge by one (N — N + 1, R — R — 1). Four operators rotate Z
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into VZ, increasing N by one and leaving the R-charge fixed. The remaining eight
operators are fermionic and send N — N+1, R — R+1/2. If one uses these operators
to generate N-impurity super-primaries from those in the (N — 1)-impurity spectrum,
an immediate implication is that, within a given N-impurity spectrum of anomalous
dimensions, all of the eigenvalues in the gauge theory will be related to each other by
half-integer shifts in the R-charge. Certain energy levels will therefore be common
to all of the submultiplets in the spectrum built on super-primary operators, and
this special degeneracy can be used to deduce the overall structure of the extended
supermultiplet. This degeneracy, however, only persists in the string theory to two-
loop order in X, and it is for this reason that we are forced to limit the general
superstring spectral decomposition to two-loop order in the expansion. (It will be
shown below, however, that a certain subset of submultiplets in the string theory can

always be determined to all orders in \'.)

Sending J — J+ A on the string side (dual to an R-charge shift in the gauge the-
ory) shifts A1) and A® by —2A: starting from the two-impurity super-primary (1)
with energy A1) = —6, the string versions of the 16 impurity-increasing operators can
be understood to generate four (degenerate) bosonic three-impurity super-primaries
with AV = —8, eight fermionic three-impurity super-primaries with A = —7 and
four bosonic three-impurity super-primaries with A") = —6. By acting with the eight
charges Q, we then generate submultiplets based on each of these super-primaries
whose levels are populated by pC’Esub degenerate states, where p here is either four
(for the two four-dimensional bosonic super-primary levels) or eight (for the eight-
dimensional fermionic super-primary level). The submultiplets themselves can be

labeled by a separate index L', in this case running over L' =0, ..., 2.

The complete three-impurity multiplet structure is recorded in table [5.3] Here
there are a total of 11 levels in the extended supermultiplet, and we label these
with the index L such that L = Lgy + L. In table the closed su(2) sector
lies in the boxed 2805 level in the L/ = 0 submultiplet with A = —4, the sl(2)
eigenvalue (AY) = —2) is in the boxed 280z level of the L' = 2 submultiplet and
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the su(1|1) eigenvalue (A1) = —3) is in the 560 level of the L' = 1 submultiplet.
For any impurity number these protected eigenvalues will always lie at the Lg,, = 4
level within their respective submultiplets. We also note that, in the L’ direction,
the su(2) and sl(2) eigenvalues will correspond to eigenstates composed purely of
S5 or AdSs bosonic excitations, and will therefore fall into the “bottom” and “top”
submultiplets, respectively (the L' = 0 and L' = 2 levels in the three-impurity case).
Similarly, the su(1|1) eigenvalue will correspond to eigenstates composed of either
(2,1;2,1) or (1,2;1,2) excitations, and always lie in the “centroid” submultiplet
in the L' direction (the L' = 1 level for three impurities). The energies shared by
each of the submultiplets can be collected into degenerate levels of the complete

supermultiplet. This total level degeneracy D(L) is recorded in the bottom row of

table 5.3

I\L |0 1 2 3 4 5 6 7 8§ 9 10
0 4 32 112 224 [280 | 224 112 32 4

1 8 64 224 448 [560| 448 224 64 8

2 4 32 112 224 [280] 224 112 32 4
ALy -8 -7 -6 -5 -4 -3 -2 -1 0 1 2
ALy -6 -5 -4 -3 -2 -1 0 1 2 3 4

| D(L) |4 40p 1805 480 8405 1008; 8405 480p 1805 40r 4p

Table 5.3: Submultiplet breakup of the 4,096-dimensional three-impurity spectrum

It is easy to generalize this supermultiplet structure to arbitrary impurity num-
ber based on how the complete three-impurity spectrum is generated from the two-
impurity supermultiplet above. For N impurities, the complete supermultiplet will
have a total of 16" states and 5+2N levels: the supermultiplet level index L therefore
runs over L = 0,...,(442N). The entire supermultiplet breaks into 2N —3 submulti-
plets, each of which have nine sub-levels labeled by Lg,, = 0, ...,8. The submultiplets
themselves are labeled by the index L', which runs over L' = 0,..., (2N —4). The
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sth

one-loop energy shifts within the L' submultiplet at level Lg,, are thus given by

A(l)

sub

(L', Loy, N) = L' + Loy, —2(N + 1) . (5.2.2)
Equivalently, the L' level of the entire supermultiplet has energy shift

AY(LN)Y=L—-2(N+1) . (5.2.3)
The number of degenerate states at level Ly, within the L/ th submultiplet is

Do (L', Lo, N) = 4V 20PN 4CY (5.2.4)

sub ’

so that the total dimension of the L™ submultiplet is 256 x 4% —2C2V-*. By summing
the submultiplet degeneracies over a given supermultiplet level L, the total number
of degenerate states at level L in the supermultiplet is given (in terms of Euler’s I'

function) by

AN-20(2N + 5)

D(L’N):F(2N+5—L)F(1+L) ‘

(5.2.5)

The level is bosonic when L is even and fermionic when L is odd. As a verification
of this formula, we can check that the total number of states in the N-impurity

supermultiplet is indeed

4§V NTTEN 45w (5.26)
£« TN +5- DI(1+ L)

As noted above, the one-loop N-impurity su(2) energy corresponds to eigenstates
that are composed purely of symmetric-traceless (1, 1;2,2) excitations: since each of
these excitations increments the angular momentum J by one, the energy eigenvalue
must therefore lie within a submultiplet built on super-primary states that exhibit

the lowest possible energy in the extended supermultiplet. In other words, the su(2)



5.2. SPECTRAL DECOMPOSITION 205

eigenvalue always lies at level Ly, = 4 of the L' = 0 submultiplet and, using the
general formula in eqn. ([5.2.2)), we see that it exhibits the one-loop energy shift

A (N) =AY

sub

(L' =0, Loy, = 4,N) = —2(N — 1) . (5.2.7)

As a cross-check on this result, we note that this agrees with the one-loop limit of the
general su(2) eigenvalue formula (with unequal mode indices) in eqn. (5.1.12)) above
(with N = N):

N N

1 1
Jik=1 j=1
7k

(5.2.8)

(Note the prefactor of 1/2 in the definition of A1) in eqn. (5.2.1).) At this point we

also see that A" indeed appears as a coefficient of > n?, as given in eqn. ([5.2.1)).

The N-impurity s[(2) eigenvalue, composed entirely of (2,2; 1, 1) excitations, must
lie in the “top” L' = 2N — 4 submultiplet at Lg,, = 4. This gives the one-loop energy
shift

ADG(N) = =2 (5.2.9)

To check this we use the general s[(2) formula for completely unequal mode indices

in eqn. (5.1.25)), and again expand to one-loop order in X"

N
1
0Bass({ni}, N, J) = >y XN+ 0N (5.2.10)

J.k=1
ik

With the level-matching condition Zjvzl n; = 0 this becomes

N
§Eaas({ni}, N, J) Z 2N 4+ 07, (5.2.11)

K{ I
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which agrees perfectly with the prediction in eqn. (5.2.9) (and again confirms that
AW here is a coefficient of 7 n?).

Finally, the su(1]1) one-loop eigenvalue, composed of either (2,1;2,1) or (1,2;1, 2)
spinors, lies in the I/ = N —2 submultiplet at Lg,, = 4, exhibiting the one-loop energy
shift

AY(N)=-N . (5.2.12)

Using eqn. (9.1.31)) we see that

N
1
0EBgqany({ni}, N, J) = 17 (n; — ni)2N + O(N?)
1 N
— —52]\771? N (5.2.13)
j=1

where we have again invoked the level-matching condition to derive the last line.
This of course agrees with eqn. . For reference we present in table 6.4 the
complete 65,536-dimensional four-impurity spectrum of one- and two-loop energies.
The su(2) eigenvalue in this case lies in the boxed 11205 level with A = —6, the
su(1|1) eigenvalue is in the 67205 level with A() = —4, and the sl(2) energy lies in
the 11205 level with A1) = —2.
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I\L| 0o 1 2

0 16 128 448

1 64 512
2 96
3
4
AOLY | -10 -9 -8
ALy | -8 -7 -6

D(L) | 165 1927 10565

Table 5.4:



208 CHAPTER 5. N IMPURITIES

Comparing the A® and A® spectra in tables and (which are determined
directly from the string Hamiltonian), we see that the spectrum of A®) is identical to

AWM up to an overall shift. The two-loop analogue of the general N-impurity energy

shift of eqn. (5.2.2)) is therefore
Aéi{)(L/7 Lsub7 N) =L + Lsub — 2N . (5214)

Equivalently, we have A®) (L, N) = L—2N for the entire supermultiplet shift in terms
of L.

Similar to the one-loop case, we can test this two-loop formula using the N-
impurity results derived above in the three protected sectors. According to eqn. ([5.2.14]),
the su(2) eigenvalue in the L’ = 0 submultiplet at level Ly, = 4 has the following

two-loop energy shift:
AD(N)=4-2N. (5.2.15)

Isolating the two-loop energy eigenvalue 5E§5) from the N-impurity su(2) equation

(5.1.12]), we have

N
1
SEZ ({n:},N,J) = i > (nf + ning + nyn + np X
g
1 N
= 72 mE—2N)X7, (5.2.16)
j=1

which matches our prediction. The s[(2) eigenvalue in the L' = 2N — 4 submultiplet

is predicted to vanish

ADs(N) =0, (5.2.17)
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which agrees with the two-loop expansion term in eqn. ([5.1.25):

N

1
5E,(4235({n¢}, J)=—-— [njnk(nj + nk)ﬂ NP=0. (5.2.18)

Finally, the su(1|1) pure-fermion sector in the L' = N — 2 submultiplet at Lg,, = 4

should have an energy shift of
(N)=2-N, (5.2.19)

which agrees with the su(1]1) formula given in eqn. (5.1.31)):

N
1
Eatiy (0 N ) = g5 50 —m)*"
J‘;I;Il
1 N
- 4 _ /2
=~ 2= NN (5.2.20)

1

J

As described in Chapter [4] it should also be noted that since we know the su(2),
s[(2) and su(1|1) eigenvalues to all orders in X', we can easily determine complete all-
loop energy formulas for the three submultiplets to which these eigenvalues belong.
It was previously noted that the eight supercharges (Q,,) that act as raising operators
within each submultiplet are known in the gauge theory to shift both the dimension
and R-charge by 1/2 such that A = D — R is kept fixed. Because all states within
a given submultiplet share the same A, the string energy shift at any level Ly, can

therefore be obtained from that at some level L. . (not to be confused with L’) by

sub

replacing
J—J- Lsub/2 + L;ub/2

in the energy eigenvalue evaluated at sub-level L. , . Since we are expanding to

O(J™1), however, this replacement can only affect the eigenvalues §E via the O(J°)
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BMN term in the pp-wave limit. For the protected eigenvalues determined above at
L, = 4, we therefore find the all-loop energy shift for the entire submultiplet by
including the appropriate O(J~!) contribution from the BMN formula

N 2
nsA\

E = 1 J . 5.2.21

BMN ; +(J+2_Lsub/2)2 ( )

Explicitly, the complete level spectra of the L' =0, L'’ = N —2 and L' = 2N — 4
submultiplets are given, to all orders in )\, by

N ol n2(Low, — 4)
SE({n;}, Law, N, J) = == =20 4 0B ~a({n;},]) . (5.2.22)

27 j=1 1/1+ n?)\’
where 0E7,_, —4 is the Ly, = 4 energy shift in the submultiplet of interest. Since the
level degeneracy among submultiplets is generally broken beyond two-loop order, it
is difficult to obtain similar expressions for submultiplets not containing the su(2),
s[(2) and su(1|1) protected eigenvalues. This can possibly be addressed by relying
directly on the commutator algebra of various impurity-increasing operators in the

string theory, and we will return to this problem in a future study.

5.3 Discussion

In this chapter we have directly computed the near-pp-wave eigenvalues of N-impurity
bosonic string states with arbitrary mode-number assignment lying in the protected
symmetric-traceless irreps of the AdSs (s[(2)) and S° (su(2)) subspaces. Based on
the observation that the su(2) and sl(2) eigenvalues are simple generalizations of the
three-impurity results obtained in Chapter [4] we have also presented a conjecture for
the N-impurity eigenvalues of symmetrized-fermion states in the su(1]1) sector. This
conjecture meets several basic expectations and we believe that it is correct. (It would
be satisfying, however, to derive the su(1]1) eigenvalue formula directly from the

fermionic sector of the string theory.) We have also found that the su(2) eigenvalues
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perfectly match, to all orders in A, the corresponding eigenvalue predictions given
by the string Bethe ansatz of [44]. Along these lines, it would be very interesting to
have long-range Bethe ansétze analogous to [44] for the entire psu(2,2[4) algebra of
the theory.

The supermultiplet decomposition given in Section [5.2] is based on the breakup
of the energy spectrum observed between the two- and three-impurity regime, and is
precisely what is expected from the gauge theory based on how 16 particular charges
are known to act on operators that are dual to the string states of interest [28,
38]. Assuming that this mechanism is not specific to the three-impurity case, we
were able to generalize the decomposition of the N-impurity (unequal mode index)
supermultiplet to two-loop order in \. By knowing where the eigenvalues of the
su(2), sl(2) and su(1]|1) sectors are supposed to appear in this decomposition, we
were able to provide a stringent cross-check of our results, and we have found perfect
agreement. Given the many implicit assumptions in this procedure, however, it would
be instructive to perform a direct diagonalization of the four-impurity Hamiltonian
to test our predictions. While such a test is likely to be computationally intensive,
the problem could be simplified to some extent by restricting to the pure-boson Hgg
sector at one loop in ). We of course expect complete agreement with the results

presented in this chapter.



Chapter 6

Integrability in the quantum string
theory

The emergence of integrable structures from planar AN/ = 4 super-Yang-Mills (SYM)
theory and type IIB string theory on AdSs x S® has renewed hope that 't Hooft’s
formulation of large-N. QCD may eventually lead to an exact solution. If both
the gauge and string theories are in fact integrable, each will admit infinite towers
of hidden charges and, analogous to the usual identification of the string theory
Hamiltonian with the gauge theory dilatation generator, there will be an infinite
number of mappings between the higher hidden charges of both theories. This has
led to many novel tests of the AdS/CFT correspondence, particularly in the context
of the pp-wave/BMN limits [22,25,097]. Barring an explicit solution, one would hope
that both theories will at least be shown to admit identical Bethe ansatz equations,
allowing us to explore a much larger region of the gauge/string duality.

As described above, the fact that the gauge theory harbors integrable structures
was realized by Minahan and Zarembo when they discovered that a particular SO(6)-
invariant sector of the SYM dilatation generator can be mapped, at one-loop order
in the 't Hooft coupling A = ¢g3,;N,, to the Hamiltonian of an integrable quantum
spin chain with SO(6) vector lattice sites [39]. The Hamiltonian of this system can
be diagonalized by solving a set of algebraic Bethe ansatz equations: the problem
of computing operator anomalous dimensions in this sector of the gauge theory was

thus reduced in [39] to solving the set of Bethe equations specific to the s0(6) sec-

212
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tor of the theory. The correspondence between operator dimensions and integrable
spin chain systems at one loop in A was extended to include the complete psu(2,2[4)
superconformal symmetry algebra of planar N’ = 4 SYM theory by Beisert and Stau-
dacher in [32]. Studies of higher-loop integrability in the gauge theory were advanced
in [34/,37], where so-called long-range Bethe ansatz equations, which are understood
to encode interactions on the spin lattice that extend beyond nearest-neighbor sites,
were developed for a closed bosonic su(2) sector of the gauge theory. The dynamics of
the gauge theory therefore appear to be consistent with the expectations of integra-
bility, at least to three-loop order in the 't Hooft expansion, and there is convincing

evidence that this extends to even higher order [34}35].

Concurrent with the introduction of the Bethe ansatz formalism in the s0(6) sector
of the gauge theory [39], related developments emerged from studies of semiclassical
configurations of rotating string on AdSs x S°. This branch of investigation began
with [98], where the pp-wave limit of the string theory was reinterpreted in the context
of a semiclassical expansion about certain solitonic solutions in the full AdSs x S®
target space. Using this semiclassical picture, Frolov and Tseytlin computed a class
of two-spin string solutions in [99], demonstrating explicitly how stringy corrections
in the large-spin limit give rise to systems that can be understood as generalizations
of the original pp-wave solution studied in [22,25,97]. This work was extended by a
more general study of multi-spin string solutions in [100], where the authors provided
a detailed prescription for making direct comparisons with perturbative gauge theory.
(For a more complete review of the development and current status of semiclassical
string theory and the match-up with gauge theory, see [53] and references therein.)
Early indications of integrability in the classical limit of the string theory emerged
when it was shown that a certain configuration of the GS superstring action on
AdSs x S® admits an infinite set of classically conserved non-local charges, and may
therefore be an integrable theory itself [59] (see also [40] for a reduction to the pp-wave
system). The gauge theory analogue of this non-local symmetry was studied in [47,48],

where a direct connection with the string analysis was made to one-loop order in .
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Various subtleties surrounding studies of the non-local (or Yangian) algebra arise at

higher loops, and further work is certainly warranted.

In addition to the sector of non-local charges, however, integrable systems typ-
ically admit an infinite tower of local, mutually commuting charges, each of which
is diagonalized by a set of Bethe equations [67,101]. The presence of such a sector
of hidden, classically conserved bosonic charges in the string theory was pointed out
in [51]. Moreover, in accordance with the expectations of AdS/CFT duality, var-
ious studies have been successful in matching hidden local charges in the classical
string theory to corresponding quantities in the quantum spin chain formulation of
N =4 SYM theory. In [41], for example, Arutyunov and Staudacher constructed an
infinite series of conserved local charges in the bosonic string theory by solving the
Bécklund equations associated with certain extended classical solutions of the O(6)
string sigma model. The local charges generated by the Backlund transformations
were then matched to corresponding conserved charges obtained from an integrable
quantum spin chain on the gauge theory side. In fact, they were able to demon-
strate agreement between both sides of the duality for the entire infinite tower of
local commuting charges. This study was extended in [42,/43], where it was shown
that a general class of rotating classical string solutions can be mapped to solutions
of a Neumann (or Neumann-Rosochatius) integrable system. More recently, a class
of three-spin classical string solutions was shown in [102] to generate hidden local
charges (again via Bécklund transformations) that match their gauge theory coun-
terparts to one-loop order. (For a thorough review of the match-up of semiclassical
string integrable structures with corresponding structures in the gauge theory, see

also [35,53].)

The mapping between string and gauge theory integrable structures was studied
from a somewhat different perspective in [50], where it was shown that the genera-
tor of local, classically conserved currents in the string theory is related in certain
sectors to a particular Riemann-Hilbert problem that is reproduced precisely by the

gauge theory integrable structure at one and two loops in A\. An analogous treat-
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ment of the corresponding Riemann-Hilbert problem in non-compact sectors of the
gauge/string duality was carried out in [49], and an extension of these studies to
50(6) and su(2,2) sectors was recently achieved in [46] and [103], respectively. The
structure of the higher-loop Riemann-Hilbert problem descending from the classical
string theory and its relationship with the corresponding gauge theory problem was
used in conjunction with the long-range gauge theory Bethe ansatz of [34] to develop
an ansatz that, albeit conjecturally, is purported to interpolate between the classi-
cal and quantum regimes of the string theory [44]. Although this proposal is not a
proof of quantum integrability on the string side, it was demonstrated in [60] that
the quantized string theory in the near-pp-wave limit yields a general multi-impurity
spectrum that matches the string Bethe ansatz spectrum of |[44]. The intricacy of
this match-up is quite remarkable, and stands as strong evidence that this ansatz is
correct for the string theory, at least to O(1/J) in the large angular momentum (or
background curvature) expansion. Furthermore, the proposed string Bethe equations
can accommodate the strong-coupling A/ scaling behavior predicted in [104]. The
spin chain theory implied by these Bethe equations, however, appears to disagree

with that of the gauge theory, even at weak coupling [105].

Although the Bethe equations of [44] reproduce several predictions of the string
theory in a highly nontrivial way, a direct test of quantum integrability (beyond tree
level) in the string theory is still needed: this is the intent of the present chapter.
Early steps in this direction were taken in [71], where the presence of a conserved
local charge responsible for a certain parity degeneracy in the near-pp-wave string
spectrum is examined at sixth-order in field fluctuations, or at O(1/.J?) in the large-J
expansion. Various subtleties of the analysis (possibly involving the proper renor-
malization of the theory at O(1/J?) in the expansion) make it difficult to reach any
concrete conclusions, however. In this chapter we take a more immediate approach,
relying primarily on a Lax representation of the classical string sigma model and
studying a semiclassical expansion about certain point-like solitonic solutions. The

goal is to establish the existence of a series of conserved, mutually commuting charges
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in the string theory that can be quantized and studied using first-order perturbation
theory. By aligning field fluctuations with the finite-radius curvature expansion stud-
ied in Chapters[3|and [4] we are able to study quantum corrections to quartic order, or
to one loop beyond tree level. We show directly that several of the low-lying hidden
charges in the series are conserved by the quantum theory to this order in the expan-
sion, and we propose a method for matching specific eigenvalues of these charges to

corresponding spectral quantities in the gauge theory.

The chapter is organized as follows: In Section [6.1] we briefly review the procedure
for string quantization in the near-pp-wave limit developed in [|26,27], with the par-
ticular goal of demonstrating how background curvature corrections to the pp-wave
theory can be interpreted as quantum corrections in a particular semiclassical expan-
sion about point-like classical string solutions. In Section [6.2] we show how a Lax
representation of the O(4, 2) x O(6) nonlinear sigma model can be modified to encode
the string dynamics to the order of interest in this semiclassical expansion. We then
generate a series of hidden local charges by expanding a perturbed monodromy ma-
trix of the Lax representation in powers of the spectral parameter. In Section [6.3| we
compute the eigenvalues of these charges in certain protected subsectors of the theory
in the space of two-impurity string states. The resulting spectra are then compared
on the S° subspace with those of corresponding charges descending from the su(2)
integrable sector of the gauge theory. We provide a prescription for matching the
spectra of local charges on both sides of the duality, and carry out this matching
procedure to eighth order in the spectral parameter. To the extent that they can be
compared reliably, the gauge and string theory predictions are shown to match to this
order (and presumably continue to agree at higher orders). We are thus led to believe
that the integrable structure of the classical string theory survives quantization, at

least to the first subleading order in field fluctuations beyond tree level.
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6.1 Semiclassical string quantization in AdSs; x S°

Most of the literature comparing semiclassical bosonic string theory in AdSs x S°
to corresponding sectors of gauge theory operators has focused on classical extended
string solutions to the worldsheet sigma model in either “folded” or “circular” con-
figurations, where certain components of the string angular momentum (i.e., certain
charges of the Cartan subalgebra of the global symmetry group) are taken to be large
(see, e.g., [42,/99,/100]). The latter amounts to choosing a so-called spinning ansatz
for the string configuration [42}43,51}53,/99|,100], and solutions endowed with such
an ansatz can be identified with periodic solutions of the Neumann (or Neumann-
Rosochatius) integrable system. The standard bosonic worldsheet action is usually
chosen with flat worldsheet metric so that it is easily rewritten in terms of R® embed-
ding coordinates and identified with an O(4,2) x O(6) sigma model. In the present
study we will modify this treatment to allow for curvature corrections to the world-
sheet metric, a complication that we are forced to confront when moving beyond tree

level in lightcone gauge [26,27].

We begin with a particular form of the AdSs x S° target space metric, chosen
originally in Chapters [3] and [] for the fact that it admits a simple form for the spin
connection:

~ 1+ 122 2 1-— ly2 2 dede dyk’dyk’
2 _ P2l 4 2 4 2
0545, 055 = I [ (1 i ) it + ( y) 16+ G

7 L+ 3 (1+19°)?
(6.1.1)

While we will not address fermions in this study, we will eventually return to the
crucial issues of supersymmetry, and the metric choice in eqn. (6.1.1)) will undoubtedly
simplify further investigations. By defining

1+ 122 1— 1y
cosh p = 1—?‘2 , cosf = Tlllyg , (6.1.2)
— 37 1Y
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we may write the R® x R® embedding coordinates of AdSs and S® as

Zk:sinhpf—kH , Zy+iZs5 = coshpe™ |

z

y%::gneﬁﬁﬁ, Yi +iYs = cosf e (6.1.3)
Yy

with ||z|| = /zkzk. The coordinates Zp, with P,Q =0, ..., 5, parameterize AdSs and

are contracted over repeated indices using the metric npg = (—1,1,1,1,1,—1). The

) Y Y Y

coordinates Yj;, with M, N = 1,...,6, encode the S geometry, and are contracted

with a Euclidean metric.

Decomposing the theory into AdSs and S® subspaces, the usual conformal-gauge

worldsheet action
S:—/fammwmﬂ&ﬂ (6.1.4)
can be written as

S = /dzg(ﬁAds5 +£S5) ,

] ~

ﬁAdS;, = —éhaanQaaZPabZQ + g (nPQZpZQ + 1) s (615)
1

Lo = —5h"0YudYu + 5 (YaYa —1) . (6.1.6)

The quantities ¢ and ¢ act as Lagrange multipliers in the action, enforcing the fol-

lowing conditions{T]
’/]pQZpZQ =-1 s YMYM =1. (617)

The action in eqn. (6.1.4) must also be supplemented by the standard conformal
gauge constraints, and the worldsheet metric h® (the worldsheet indices run over

a,b € 7,0) will be allowed to acquire curvature corrections in accordance with these

!Note that, in general, ¢ and @ will depend on dynamical variables. We thank Arkady Tseytlin
for clarification on this point.
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constraints.

We wish to study a semiclassical expansion about the following classical point-like

(or “BMN-like”) solutions to the sigma model equations of motion:
t=¢=p_1, 2k =y =0. (6.1.8)

The expansion is defined in terms of quantum field fluctuations according to the
following rescaling prescription:

7=

2
t—at ¢—>x++\/g, zk—>£1—’;4, yk%%. (6.1.9)

(A similar but notably different choice was made in [99].) This particular choice of
lightcone coordinates will allow us to maintain a constant momentum distribution
on the worldsheet. Additionally, as noted in Chapter [3] it will have the effect of
eliminating all normal-ordering ambiguities from the resulting worldsheet theory, an
outcome that is particularly desirable in the present study. Furthermore, we note
that if we identify & = }A%‘l, the proposed expansion about the classical solution in
eqn. (6.1.8]) is identical to the large-radius curvature expansion about the pp-wave
limit of AdSs x S® studied above [26},27,|38]. In other words, we have chosen a per-
turbation to the classical point-like string geodesic that reproduces the target-space
curvature perturbation to the pp-wave limit. The background metric in eqn. (6.1.1)

thus yields the following large—ﬁ expansion:

ds? = 2dztdr™ — () (dr)? + (dz?)?

> > >
+0 (fﬂ) , (6.1.10)

1 1 1 1
TR {‘Qyzdﬁdf £yt = (et + () S — Py

where the pp-wave geometry emerges at leading order.

The details of quantizing the string Hamiltonian in this setting are given in Chap-



220 CHAPTER 6. INTEGRABILITY IN THE QUANTUM STRING THEORY

ter 3] (see also [24,82-85] for further details), though we will briefly review the salient
points here. The lightcone Hamiltonian Hyc is the generator of worldsheet time

translations, and is defined in terms of the Lagrangian by
— Hyc = —p, =6L/6aT (6.1.11)

(or A—J in the language of BMN), and this variation is performed prior to any gauge
fixing. The non-physical lightcone variables #& are removed from the Hamiltonian
by fixing lightcone gauge x* = p_7 and replacing =~ with dynamical variables by

enforcing the conformal gauge constraints

e
- Shab

T =0. (6.1.12)

This procedure can be defined order-by-order in the large—fi expansion. At leading
order, for example, we obtain the following from eqn. (6.1.12)):

i = B - [ @] o R
T = —pix'Aa:’A +O(1/R?) . (6.1.13)

The conformal gauge constraints themselves are only consistent with the equations
of motion if the worldsheet metric acquires curvature corrections (i.e., h departs from
the flat metric h = diag(—1,1)), which we express symbolically as 2% according to

-1 + ﬁ‘r‘r/§2 ETJ/EQ

h = o . (6.1.14)
hTo/RZ 1 + ha’o/RZ

The requirement that det h = —1 implies T = hoo and, for future reference, the

correction terms h® are given explicitly to the order of interest by

BTT _ %(22 N y2) S— [(ZL’A)Q + (ZL'/A)Q ’
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ITO0 1 A 1A
h = —ata . (6.1.15)

Finally, we note that the canonical momenta associated with the physical worldsheet
excitations, defined by the variation ps = 6£/8z, also acquire O(1/R?) corrections:
consistent quantization requires that these corrections be taken into account. Ex-

pressed in terms of canonical variables, the final bosonic Hamiltonian takes the form

p— 2 1 2 14y2
Hio = Jm @+ (ea + )
1 L T o, 9 12 2 202 | 2 2 p- 212
+§{E [z (py +y"~ +227) =y (0 + 27 + 2y )} +5 @]
_8%3{ ()" + 20a)2(@ ™) + [0} + 2]%(oc“‘mf} +O(1/R) .

where the pp-wave Hamiltonian emerges as expected at leading order. The lightcone
momentum p_ is identified (via the AdS/CFT dictionary) with the modified 't Hooft

parameter \' according to

po=1/VN=J/VX. (6.1.17)

From the point of view of the semiclassical analysis, we are working to two-loop
order in quantum corrections. Since the quadratic theory can be quantized exactly,
however, we can study the quartic interaction Hamiltonian using standard first-order
perturbation theory. A detailed analysis of the resulting spectrum of this perturbation
can be found above in Chapters[3} [4and 5] In the course of those studies it was noticed
that, analogous to the gauge theory closed sectors studied in [30,31},33,/69], certain
sectors emerged from the string analysis that decouple from the remainder of the
theory to all orders in A'. One sector, which maps to the s[(2) sector of the gauge
theory, is diagonalized by bosonic string states excited in the AdS; subspace and

forming symmetric-traceless irreps in spacetime indices. The corresponding sector of
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symmetric-traceless S° string bosons maps to the closed su(2) sector in the gauge
theory. The block-diagonalization of these sectors in the string Hamiltonian will be
an important tool in the present analysis: just as all higher hidden local charges in
the gauge theory are simultaneously diagonalized by a single Bethe ansatz, all of the
higher hidden charges descending from the string theory should be block-diagonalized

by these particular string states as well.

6.2 Lax representation

The goal is to determine whether a ladder of higher local charges can be computed and
quantized (albeit perturbatively), analogous to the existing treatment of the near-pp-
wave Hamiltonian given in eqn. (6.1.16)) above. To quartic order in the semiclassical

expansion defined by eqn. (6.1.9)), the difference between the string sigma model in
equs. (6.1.5(6.1.6) and that of the O(4,2) x O(6) sigma model, defined by

1 ~
Lowg) = —577PQ8aZp8“ZQ + % (npoZpZg +1) ,
1
Lowe) = —§8GYM8GYM + g (YuYy —1) (6.2.1)

will essentially amount to an interaction perturbation due to curvature corrections to
the worldsheet metric. We therefore find it useful to rely on a known Lax representa-
tion of the O(4,2) x O(6) sigma model; this representation will define an unperturbed
theory, and we will add perturbations by hand to recover the full interaction Hamilto-
nian in eqn. (6.1.16)). (For a general introduction to the Lax methodology in integrable
systems, the reader is referred to [101].) Since worldsheet curvature corrections only
appear at O(1/R?), the reduction to the O(4,2) x O(6) sigma model at leading order

in the expansion will be automatic.

For simplicity, we start from the four-dimensional Lax representation given for the

O(6) sigma model in [43] (see also [106] for details), and work only to leading order
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in the semiclassical expansion. The complexified coordinates

Vi=Vi+iYe, D=YetiYi, Dy=Yi+iYy, (6.2.2)
are used to form a unitary matrix Sgs
0 Vi =Y. Vs
Se= | 20 " o2 (6.2.3)
Y2 =Vs 0 N1
Y5 =Y -1 0
in terms of which one may form the following SU(4)-valued currents
A, = Sg50,54" . (6.2.4)
The equations of motion of the O(6) sigma model
8a(9“YM + QDYM =0 (625)
are then encoded by the auxiliary system of linear equations
(0, U)X =(0,—V)X =0, (6.2.6)
where the Lax pair U and V' are defined by
1 1 1 1
=—A - Ay, V=——-A — Ay (6.2.7)
147 1—7

U= _
1+~ 1—7v

The constant v is a free spectral parameter, and Ay are defined by AL = %(AT +A,).
Note that on the SO(4) subspace spanned by yx/, eqn. (6.2.5)) reduces to the pp-wave

equations of motion on S°:

i =y + Py =0 . (6.2.8)
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The utility of the Lax representation arises from the fact that U and V may be
considered as local connection coefficients, and a consistency equation for the auxiliary

linear problem can be reinterpreted as a flatness condition for the (U, V')-connection:
o.U—-90,V+[UV]=0. (6.2.9)
Parallel transport along this flat connection is defined by the path-ordered exponent

Qc(v) = PeXp/C(U do +Vdr) , (6.2.10)

where C is some contour in R2. Restricting to transport along the contour defined by

7T=1 and 0 < ¢ < 27 yields a monodromy matrix:

2
T(2m,7) —Pexp/ do U . (6.2.11)
0

The flatness condition in eqn. (6.2.9)) admits an infinite number of conservation laws,
which translates to the fact that the trace of the monodromy matrix yields an infinite
tower of local, mutually commuting charges @;?5 when expanded in powers of the

spectral index about the poles of U (v = +£1, in this case)ﬂ
T2r ) =Y 7"Q . (6.2.12)

The first nonvanishing charge @55, for example, is the Hamiltonian of the theory (on
the S° subspace).

Moving beyond leading order in the semiclassical expansion, the essential differ-
ence between the O(6) sigma model defined in eqn. and the string action given
in eqn. (6.1.6) is, as noted above, that worldsheet indices are contracted in the latter

case with a non-flat worldsheet metric. Keeping the components of A% explicit, the

2In general, an expansion around some + that is finitely displaced from a singularity of U will
yield combinations of local and non-local quantities. One is of course free to redefine 7 such that

the expansion about v = 0 in eqn. ((6.2.12) is local.
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lightcone Hamiltonian derived from the string sigma model in eqn. (6.1.6) appears at

leading order as

1 ~
HE = ———— | (0P + oy +5°) + 2077 - y’} YO(/RY,  (6.2.13)
2p_R?
where h™™ = —1 + h™"/R% and h™ = h7°/R%. The prescription will be to find

a perturbation to the (U, V)-connection such that the Hamiltonian in eqn. (6.2.13))
emerges in an appropriate limit from the charge @5 5 defined by eqn. (6.2.12)). Such a
perturbation is achieved by transforming the U matrix according to

1 fay 1 ~,
=— (1+u_/RHA_ — —(1 A 2.14
U= U= (s [RYA = o (1w [R)A, (6.2.14)

where u4 are given by
1. 1-
=—-h""F=h"7. 6.2.15
Ut 5 + 3 ( )

These perturbations should be treated as constants, to be replaced in the end with
dynamical variables by fixing conformal gauge according to eqn. (6.1.12). The re-
maining quartic perturbations to the pp-wave theory will be naturally encoded in the
semiclassical expansion of the underlying O(6) (likewise, O(4,2)) sigma model. The

matrix V' can be transformed in a similar way:

1 - 1 ~
= (14v_/R)A. — ——(1+v_/R)A 2.1
V-V 1+’y( +uv_/R?) 1_7( +u-/R)AL, (6.2.16)

where vy may be chosen such that the perturbed Lax pair satisfies the flatness con-
dition in eqn. . Given that the intent is simply to determine whether the
higher local charges generated by the perturbed monodromy matrix are conserved
when quantum fluctuations are included, fixing V' to satisfy the flatness condition is
not really necessary: the complicated formulas for vy that do satisfy eqn. will

therefore not be needed.
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The perturbation in eqn. (6.2.14]) can be obtained by a slightly different method.
When the path-ordered exponent defining the monodromy matrix is expanded, it can
be seen that all odd products of the Lax matrix U will not contribute to the final

expression. By replacing all even products of U according to the rule

ﬁ [hUUAJ(Ul)AU(ag) — 2R Ay (01) A (o)

—v?hT7 A (01) Ay (09) — VAT AL (01) A (02) | (6.2.17)

U(o)U(o2) —

the Hamiltonian in eqn. (6.2.13]) is again obtained at leading order in the expansion.
Computationally, this latter method seems to be much more efficient, and we will
use eqn. in what follows. At leading order in the 1/ R expansion, the first
nonvanishing integral of motion descending from the monodromy matrix is thereby
found to be

4 27‘(’ ~
F =2 o [ty e ) 2y | OWRY L (0218)
0

which, by construction, matches the desired structure in eqn. (6.2.13)).

The same construction may be carried out for the AdS; system. In fact, to

make matters simple, we may borrow the Lax structure of the O(6) model defined in

equs. (6.2.346.2.7)), replacing the O(6) coordinates in eqn. (6.2.2)) with the following

Euclideanized O(4,2) complex embedding coordinates:
Z =T il  Zo=Ts+iZy, Zs=iZy— s . (6.2.19)

In this case, however, the Lax matrix Syqs, will obey SLdS5S adss = —1. Otherwise,
the analysis above applies to the AdSs sector by direct analogy: expanding the per-
turbed O(4,2) monodromy matrix in the spectral parameter yields a set of charges

labeled by @ﬁdsf’. The local charges for the entire theory are then given by

Qn = Q5 — QA% (6.2.20)
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The corresponding currents will be labeled by Q,,.

It turns out that the expansion in the spectral parameter v is arranged such that
the path-ordered exponent defining the monodromy matrix can be computed explic-
itly to a given order in v by evaluating only a finite number of worldsheet integrals.
The procedure for extracting local, canonically quantized currents is then completely
analogous to that followed in computing the lightcone Hamiltonian described above.
All gauge fixing is done after the currents are evaluated, all occurrences of x~ are
replaced with dynamical variables by solving the conformal gauge constraints, and
worldsheet metric corrections i are evaluated according to eqns. above. We
note, however, that previous studies involving the matching of integrable structures
between gauge and string theory have found it necessary to invoke certain redefini-
tions of 7y to obtain agreement [34,50]. It would be straightforward to allow for rather
general redefinitions of the spectral parameter in the present calculation. When we
turn to computing spectra and comparing with gauge theory, however, such redef-
initions can lead to unwanted ambiguity. We will therefore be primarily interested
in finding ratios of eigenvalue coefficients for which arbitrary redefinitions of v are

irrelevant, and for simplicity we will simply retain the original definition of v given

by eqn. (6.2.7)) above.

As previously noted, the first current Q; defined by eqn. (6.2.12) vanishes. In
fact, all Q,, vanish for odd values of n, and this property of the integrable structure
is mirrored on the gauge theory side. The first nonvanishing current emerging from

the monodromy matrix is given by

4
+Al{222 [y/? + 22/2 N yz] o 2y2 |:Z/2 + 2y/2 B 22] - p_z(j:AI/A)Q

b [3602 - @] [+ @ 42 [ |+ 0B
(6.2.21)
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The leading-order term is the quadratic pp-wave Hamiltonian, as expected, and the
perturbation is strictly quartic in field fluctuations. All occurrences of = and all
curvature corrections to the worldsheet metric A% have been replaced with physical

variables as described above. The final step is to express eqn. (6.2.21]) in terms

of canonically conjugate variables determined by directly varying the Lagrangian in

eqn. (6.1.4). We obtain

0: = Z (" + (pa) + (0P
+%{2 02 (2427 20%) 422 (2 497 +22%) | 402 (@)
{0 sy [ ()} o

(6.2.22)

Comparing this with eqn. (6.1.16|) above, we see that, to the order of interest,

Qy =8rp_Hic . (6.2.23)

As expected, the perturbed monodromy matrix precisely reproduces the structure of
the lightcone Hamiltonian to quartic order in the semiclassical expansion. (Note that
Qs is only expected to be identified with the lightcone Hamiltonian up to an overall

constant.)

Computationally, the expansion of the monodromy matrix becomes increasingly
time consuming at higher orders in the spectral index. The situation can be mitigated
to some extent by projecting the theory onto AdSs or S® excitations, eliminating all
interaction terms (from the quartic perturbation) that mix fluctuations from both sub-
spaces. We will eventually want to compute eigenvalue spectra in the block-diagonal
subsectors discussed above (which require such a projection), so this maneuver will

not affect the outcome.
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The next nonvanishing S current in the series is given by

5 8T 2
o= = (3-m2) (pizf +py +y )

2m
3p2 R
_szz [4(]911 . y/>2 + (pz + y/2>2] . 12p%y/2y2

—ply® [47r2pf, - 3y2] — 37%p° (y2)2} +O(1/R") . (6.2.24)

+

2 2
{—3(p§ —2py -y + )0+ 20y -y )

Although the quadratic interaction of Q;f5 is proportional to the pp-wave Hamilto-
nian on the S%, the structure of the perturbing quartic interaction differs from that

obtained for Q,. The corresponding AdS5 current takes the form

8T
Adss . ST o 99y ( 2 2 2 2
7 = (3—7%p2) (p,z +pl+2 )
+ o {—3(1)2 —2p. 2+ ) (P + 2. - 2+ 2
3p* R4 - -

—mp® [4(pz 2+ (P + 2'2)2} +12p? 227

+p? 22 [—47?22’2 + 322} + 72p° (22)2} +O(1/R" , (6.2.25)

where the quadratic sector is again proportional to the pp-wave Hamiltonian, pro-
jected in this case onto the AdSs; subspace. Continuing on to sixth order in the

spectral index, we find the S® current

1
S5 _ 2,2 44 2.2 2 12
£ = —15§2{4w (45— 20w +2m'pt | (2P + 4 +y )}
Vs
15p% R4
—20p? [27T2 (4(py ')’ + (0] + y'Q)Q) + 9y’2y2}

0t |20 (4py - )? + 303 + y/*)?) — 160m°p2y? + 45(y°)?]

{—45(192 —2p, Y + )P+ 2p, Y + )

+872p5 ¢ [(2#2])3 + m2y?) — 15y2] + 107%p® (y2)2} + O(l/ﬁG) .

(6.2.26)
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The quadratic piece of Qg5 is again identical in structure to the pp-wave Hamiltonian.

The analogous current in the AdS; subspace is arranged in a similar fashion:

1
,64(155 - —A{47r [45 —407%p? + 27r4pq <p2_22 +p? + z'2> }
15R?
T
15p% R
—20p* [2%2 <4(pz -2 (p? A+ 2’2)2) — 92’222}

+p* [2%4 <4(pz -+ 3(pE+ 2'2)2> — 16072222 + 45(22)2]

{_45(2?3 —2p. -2+ %) (P2 + 2. 2+ )

820 P (w22 4 52%) — 6W4p§(22>2} +O(1/R’) . (6.2.27)

While we will not present explicit formulas for the resulting currents, it is easy to

carry this out to eighth order in .

Taken separately, each current can be viewed as a free pp-wave Hamiltonian plus
a quartic interaction. This is particularly useful, as it allows us to quantize each
charge exactly at leading order and express the perturbation in terms of free pp-wave
oscillators. More explicitly, we quantize the quadratic sectors of these currents by

expanding the fluctuation fields in their usual Fourier components:

oo
o, 7) = Z z2(T)e e

n=—oo

wA(7) = —— (ade7 7 4 e (6.2.28)

V2w, * "

The quadratic (pp-wave) equations of motion

it =" pr et =0 (6.2.29)

are satisfied by setting k, = n (integer), and w, = /p? + k2, where the operators

ait and a;T obey the commutation relation [aZ}, aZT| = 6,,,647.

In accordance with integrability, we expect that the local charges in eqns. (6.2.22
6.2.27) should all be mutually commuting. Expressed in terms of quantum raising
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and lowering operators, we can check the commutators of the hidden local charges
directly. To avoid mixing issues, we will need to select out closed subsectors of each
charge that completely decouple from the remaining terms in the theory. We have
already noted that the Hamiltonian @2 is known to be closed under AdSs and S® string
states forming symmetric-traceless irreps in their spacetime indices. The equivalent
gauge theory statement is that the dilatation generator is closed in certain s[(2) and
su(2) projections. Since the complete tower of corresponding charges in the gauge
theory (including the dilatation generator) can be diagonalized by a single set of s[(2)
or su(2) Bethe equations, it is a reasonable guess that the full tower of local string
charges decouples under corresponding projections. (A similar conjecture is made,
for example, in [41,[50].) Following the treatment in Chapter [5| we therefore define
the following AdSs oscillators

(af, —iak) | (j#£k), (6.2.30)

S
an = — (al, +ial) | ap, =

V2

which satisfy the standard relations

[an,al,] = [an,al,] = 0um . [an, @] = [Gp,al,] =0 . (6.2.31)

m m m m

When restricted to these oscillators, the symmetric-traceless projection in the AdSs
subspace is achieved by setting all @,, @l to zero (see [60] for details). A corresponding

definition on the S° takes the form
Ay = 1 (ajl + iakl) ap = —= (aj/ — iak') (' #K) (6.2.32)
n \/§ n n ) n \/é n n bl )

where the symmetric-traceless projection is again invoked by setting a,, @, to zero.
In other words, we can test the commutativity of the local charges in the AdS5 and

S5 symmetric-traceless projections by rewriting their oscillator expansions according

to eqns. (6.2.30, [6.2.32)) and setting all @, a!, to zero.

Since the currents are expanded to O(1/R%), we only require that the commu-
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tators vanish to O(1/R®). This simplifies the problem somewhat, since we only
need to compute commutators involving at most six oscillators. On the subspace

of symmetric-traceless AdSs string states, we obtain
[Q\;}d&’ Q\;?Ldé%] — O(l/ﬁ(j) , n,me2,...,8. (6.2.33)
The corresponding projection on the S® yields
[@55,@511 —O0(1/R%, nme2,...8. (6.2.34)

We therefore find evidence for the existence of a tower of mutually commuting charges
(within these particular closed sectors) that are conserved perturbatively by the quan-

tized theory.

6.3 Spectral comparison with gauge theory

Given the freedom involved in redefinitions of the spectral parameter, it may seem
that any spectral agreement between the string charges computed above and corre-
sponding quantities in the gauge theory would be rather arbitrary. We therefore seek
a comparison of integrable structures on both sides of the duality that avoids this
ambiguity. It turns out that such a test is indeed possible in the symmetric-traceless
sector of S? excitations, which will map in the gauge theory to the closed su(2) sector.
We will further restrict ourselves to computing spectra associated with the following

two-impurity string states:
Kt
altaZ,|J) .

The analysis for three- or higher-impurity states would require an accounting of in-
teractions between AdSs and S° string excitations; as noted above, however, this

dramatically complicates the computational analysis. (We intend to return to the
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question of higher-impurity string integrability in a future study.) The ground state
|J) is understood to carry J units of angular momentum on the S°, and the two-
impurity SO(4) subspace above comprises a 16 x 16-dimensional sub-block of the
Hamiltonian. In addition, the mode indices (labeled here by ¢) of physical string
states must sum to zero to satisfy the usual level-matching condition (the Virasoro
constraint is understood to be satisfied by the leading-order solution to the equa-
tions of motion; any higher-order information contained in the Ty, component of

eqn. (6.1.12)) is irrelevant).

To simplify the analysis, and for comparison with previous chapters, we will also

rescale each of the charges computed above by a factor of R2:
Qn — R2Q, . (6.3.1)
The two-impurity matrix elements of the charge @55 are then given by:

<J|aglab_/q(A§5)a‘i’2a3,T|J) = 167w, 07 6%

Smq?

_J\/ng

(34 2¢2X\)074 Y — 9§V 1 59V 59| 1 O(1/J%) | (6.3.2)

The radius R has been replaced with the angular momentum .J, and p_ has been

replaced with 1/v/ ) via
Jlp- =R*=+X\. (6.3.3)

As expected, contributions to the pp-wave limit of eqn. (6.3.2)) all lie on the diagonal.
Up to an overall factor, one may further check that the correction terms at O(1/J)

agree with those computed in Chapter , projected onto the S° subspace. The next
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higher charges in the series yield matrix elements given by

3271w,

3N

(Jlag a” (QF)aShag 1|7y =

—qq

(3)\/ - 7T2)5a’d’5b’c/

167 2 2 2172 2 a/d gb'c!
q
[ 722+ ¢2N) = 3g2N7] 60V
+2N (3N — w2)5a’b’50’d’} +0(1/J%) , (6.3.4)
(Jlaa” (G5 )atati]7y = 0T (pt  40m2N 1 45N )26 5V
e 15w N2 e
8
+%{ [27#(4 F NG+ @EN)) — 4072N (2 + ¢2N)
15 wy

—45¢° X (3 + 2q2)\')] R L [27r4(4 + 2N — 402N (2 4 ¢2X)
+45q2/\’3] §Ue g g2\ [/\'(4O7r2 — 45N — 27r4] §o'v W} +0(1)J?) .

(6.3.5)

We will again project onto symmetric-traceless irreps of SO(4) x SO(4), trans-
forming as (1,1;3,3) in an SU(2)? x SU(2)? notation. Although it is not necessarily
guaranteed that the symmetric-traceless states will diagonalize the higher charges @4
and @6 at quartic order, this can be checked directly at one-loop order in A" by com-
puting the eigenvectors of the charges above (the higher-loop version of this check is
much more difficult because the above charges are no longer completely block diago-
nal under the SO(4) projection, a fact that can be seen in the structure of Qs above).
The @§° eigenvalue between symmetric-traceless (1,1;3,3) S° states (denoted by
Q5") is then found to be

Q5" = 167 <wq 25_> +0(1)J% . (6.3.6)

Up to an overall constant, this is just the two-impurity energy shift computed in

Chapter . The corresponding eigenvalues of the higher charges @4 and @6 can be
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computed in an analogous fashion:

P o= By -]

3 LN
e [T(2+ PN + 3N |+ 01/
m[”(Jﬂ} )+ 3¢ N wy | o +0(1)J7)
q

16
- ”{ Y4 (2rt — 4072\ + 45N'7) — [407r2X(2 +¢°N)

15 |2 W2NT2J

HA5PN W2 — 2mt (A + PN (3 + qW))} } +0(1/J%) . (6.3.7)
Similar formulas can be extracted for the AdSs charges Q39" Q495 and Q.
which are diagonalized by symmetric-traceless (3,3;1,1) string states excited in the
AdS5 subspace. Though we have not given explicit formulas, it is also straightforward

to obtain the corresponding eigenvalues for Q?dss and Q§5.

By modifying the Inozemtsev spin chain of [37] to exhibit higher-loop BMN scaling,
Beisert, Dippel and Staudacher were able to formulate a long-range Bethe ansatz for
the gauge theory in the closed su(2) sector [34] (we will simply state their results
here, referring the reader to [34] for further details). In essence, the Bethe ansatz
encodes the interactions of pseudoparticle excitations on a spin lattice and, in terms
of pseudoparticle momenta py, the ansatz given in [34] diagonalizes the entire tower
of local gauge theory su(2) charges. The eigenvalues of these charges, which we label

here as D, are given by

D, = ZQn(pk) ) Qn(p)

n—1 2¢%sin®(p/2)

n—1
~ 2sin(2(n - 1)) <¢1 + 8¢ sin’(p/2) — 1)

(6.3.8)
where ¢g> = \/87%, and the index k runs over the total number I of pseudoparticle

excitations (or R-charge impurities) on the spin lattice. These eigenvalues can then

be expanded perturbatively in inverse powers of the gauge theory R-charge (R) by
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approximating the pseudoparticle momenta p; by the expansion

pr=) fitnw) (6.3.9)

where f; are functions of the integer mode numbers ny, determined by solving the
Bethe equations explicitly to a given order in 1/R.

In general, we wish to identify the local string charges with linear combinations of
corresponding charges in the gauge theory. From eqn. , however, it is easy to
see that as one moves up the ladder of higher charges in the gauge theory, the eigen-
values D,, of these charges have leading contributions at higher and higher powers of
g*/R? in the large- R, small-\ double-scaling expansion. This is puzzling because the
string eigenvalues computed above do not exhibit similar properties. The difference
in scaling behavior therefore motivates the following prescription for identifying the

eigenvalues of the higher local charges on both sides of the correspondence:
n 2/n
Q.- N=C (§Dn) . (6.3.10)

N here counts the number of string worldsheet impurities and C' is an arbitrary
constant. Fractional powers of the gauge theory charges D,, are well defined in terms
of the double-scaling expansion, so that the right-hand side of eqn. (6.3.10)) is in fact
just a linear combination of conserved quantities in the gauge theory.

A potential subtlety arises when matching @, and D, in this fashion for n >
2 beyond one-loop order in A. The problem is that, under the identification in
eqn. (6.3.10), information from string energy eigenvalues at O(1/J%) and higher is
required to completely characterize the higher-loop (in A) coefficients of the gauge
theory charges D,,. The essential reason for this is that the string loop expansion
is in powers of the modified 't Hooft coupling, which, in terms of the gauge theory

R-charge R, is

N=\J"=\R*. (6.3.11)
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In other words, under eqn. (6.3.10)), it is impossible to disentangle higher-order 1/.J
contributions to the string charges @),, from higher-order A\ corrections to D,,. The
prescription given in eqn. (6.3.10)) therefore holds only to one-loop order in A, where

knowing the 1/.J corrections in the string theory is sufficient.

Furthermore, since the local charges in the string and gauge theories are only
identified up to an overall multiplicative constant, directly comparing the spectra of
each theory is not especially rigorous. A convenient quantity to work with, however,
is the ratio of the O(1/J) eigenvalue correction to the pp-wave coefficient: at first-
loop order in A this ratio eliminates all ambiguity associated with overall constants
and v redefinitions, and thus provides a meaningful comparison with gauge theory.
(The analogous quantity computed for charges in the AdSs subspace is not free from
such ambiguities.) We therefore arrange the one-loop, two-impurity eigenvalues of

local S% string theory charges according to

5 A, )
QY =2+ ¢ N (Amo + J’l) +ON*) +0(1/J?%) , (6.3.12)

where the numbers A, o and A, ; characterize eigenvalue coefficients in the pp-wave
limit and at O(1/.J), respectively, and ¢ is the mode number associated with the
two-impurity string states defined above. On the gauge theory side we make a similar

arrangement:

n 2/n o q2)\ /_\ml 9 1
<§Dn) - (An,o + ) + O\ + O(1/RY (6.3.13)

where the integer ¢ is a mode number associated with the momenta of pseudoparticle
excitations on the spin lattice (which, in turn, correspond to roots of the su(2) Bethe
equations). The R-charge R is understood to be identified with the string angular

momentum J via eqn. ((6.3.11)).

The quantities Ay and Ag; for the string Hamiltonian ()2 can be computed

from the eigenvalue formula in eqn. (6.3.6]) (or, alternatively, retrieved from the two-
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n | Ani/Ano A1 /Ao
2 —2 —2
3 0 0
4 —2 —2
5 0 0
6 -2 —2
7 0 0
8 —2 —2

Table 6.1: Ratios of O(1/.J) (or O(1/R)) corrections to pp-wave/BMN coefficients in
string and gauge theory local charges

impurity string results reported in Chapter . We find the following ratio:
A271/A270 — —2 . (6314)

As shown in Chapter [3 this agrees with the corresponding gauge theory prediction

at one-loop order in A:
No1/Agg=—2. (6.3.15)

The ratio of O(1/J) eigenvalue corrections to pp-wave coefficients is in fact —2 for all
of the nonvanishing string charges. Under the matching prescription in eqn. ,
this agrees with the gauge theory perfectly. (The odd charges vanish altogether on
both sides of the correspondence.) We summarize the results of this comparison for
the first eight charges in the series in Table [6.1] It would be satisfying to test this
agreement at higher loop-orders in A\. The corresponding computation at two-loop
order, however, would require evaluating the local string theory charges at O(1/ }/%6)
in the semiclassical expansion, where several subtleties of perturbation theory (and,
for that matter, lightcone quantization) would need to be addressed. This emphasizes
the need to understand the quantum string theory at higher orders in the expansion

away from the pp-wave limit.
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6.4 Discussion

In this chapter we have provided evidence that an infinite tower of local, mutually
commuting bosonic charges of type IIB string theory on AdSs x S5, known to exist
in the classical theory, can also be identified in the quantum theory. In addition, we
have provided a prescription for matching certain eigenvalues of these charges in a
protected subsector of the string theory to corresponding eigenvalues in the closed
su(2) sector of the gauge theory. The fact that the spectra of local string charges
computed here can only be matched to corresponding quantities in the gauge theory
via the matching prescription in eqn. (6.3.10)), however, indicates that the monodromy
matrix used to derive the local string charges is substantially different from that which
would give rise to the proposed quantum string Bethe ansatz of [44] (or, since they
are equivalent at one-loop order, the corresponding su(2) Bethe ansatz in the gauge
theory). In other words, we expect that there is a Lax representation for the string
sigma model that gives rise to hidden local charges that can be compared directly with

the gauge theory, without having to take fractional powers or linear combinations.

There are a number of additional tests of integrability in the quantum string
theory that, in the context of the present calculation, should be relatively straight-
forward. By computing the quartic interactions among fluctuations in the AdS; and
S5 subspaces for each of the higher local charges studied here, it would be easy, for
example, to find the resulting spectra of three- or higher-impurity string states. Apart
from the difficulty of actually computing the mixing interactions, this would provide
a simple check on the methodology employed here. A more difficult problem would
be to address whether the integrable structure of the string theory respects super-
symmetry. By formulating a supersymmetric Lax representation that generates the
complete interaction Hamiltonian computed in Chapter [3| one might be able to show
that each of the higher local charges are individually supersymmetric, and a compar-
ison with gauge theory could be carried out in the closed su(1]|1) sector studied in

Chapters 4| and || (the corresponding sector of the string theory would be comprised of
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symmetrized fermionic excitations in the (3,1;3,1) or (1,3;1,3) of SO(4) x SO(4)).

Ultimately, the hope is that the arsenal of techniques associated with integrable
systems can be employed to find an exact solution to the string formulation of large-
N, Yang-Mills theory. Alternatively, a proof that both sides of the duality are diag-
onalized by identical Bethe equations should be obtainable. At present, the major
obstacle preventing such a proof is the disagreement between gauge and string theory
at three-loop order in the 't Hooft coupling. The fact that the integrable systems
of both theories seem to agree in certain limited cases, however, stands as strong

evidence that they are likely to be equivalent.



Chapter 7

Conclusions and outlook

Since the advent of the BMN /pp-wave limit, the AdS/CFT correspondence has been
subject to a new class of rigorous and detailed tests. These studies have not only
provided novel verifications of the validity of Maldacena’s conjecture, but they have
given a much more detailed understanding of how holographic dualities are realized.
In this dissertation we have focused on the correspondence between type IIB su-
perstring theory on AdSs x S° and N/ = 4 SYM theory in four dimensions, widely
viewed as the simplest and most striking example of AdS/CFT duality. Given the
large number of symmetries on either side of the correspondence, this is, in many
respects, the easiest system to study. It has been a longstanding problem, however,
that string quantization is not well understood in the presence of a curved, RR back-
ground. Together with the difficulty of computing non-BPS operator dimensions in
the strong-coupling limit of the gauge theory, the obstacles preventing a direct test
of the proposal have been formidable. Of course, this situation changed dramatically
when BMN discovered a large R-charge limit of the gauge theory that matched the
pp-wave limit of the string theory, a limit that was shown by Metsaev to render the
string theory exactly soluble. Their insights were a tremendous success because the
match-up between the string and gauge theory in this limit marked the first direct
comparison of string energy spectra with a corresponding set of anomalous dimensions

in the gauge theory.

At this level of the analysis, however, one is limited to dealing with spectra on

241
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either side of the duality that are highly degenerate. We demonstrated that this
degeneracy can be lifted by including worldsheet interactions associated with back-
ground curvature corrections to the Penrose limit. Including such corrections is a
difficult task, as it reintroduces the puzzle of quantizing the string theory in a curved
background with RR flux. The essential point is that this vexing problem can be cir-
cumvented by treating the curvature corrections in a purely perturbative setting. The
corrections to the spectrum can be controlled by the expansion in inverse (squared)
powers of the scale radius (1/ §2") or, equivalently, in inverse powers of the S® angular
momentum (1/J). We have focused in this dissertation on the leading set of these

corrections, appearing at O(1/J) in the expansion.

Chapter 3| was dedicated to computing the interaction Hamiltonian and analyzing
the resulting spectrum in the Fock space of two-impurity string states, formed by
acting with two raising operators on the ground state |.J). The resulting spectrum was
composed of 256 distinct states that sort themselves into a nine-level supermultiplet
whose multiplicity structure matches that which is expected from the structure of
N = 4 supersymmetry. Furthermore, the string theory provides energies that are
exact in the gauge theory coupling A = ¢2;N.. When compared with higher-order
A corrections to anomalous dimensions computed directly from the gauge theory, we
found a perfect match at both one- and two-loop order, but this remarkable agreement

with the gauge theory breaks down at third order.

By extending this analysis to the 4,096-dimensional Fock space of three-impurity
string states, we were able to show in Chapter [4] that the string and gauge theories
again agree in this perturbative setting at one- and two-loop order. The agreement
again breaks down at three loops, however. When compared with the conjectured
Bethe equations that provide anomalous dimension formulas in the gauge theory, this
pattern was discovered in Chapter p|to exist for the generic N-impurity case, albeit

restricted to certain protected subsectors of the theory.

The BMN/pp-wave limit of the AdS/CFT correspondence provides an immensely
powerful testing ground for holographic gauge/string dualities. We have provided
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direct spectral comparisons of the gauge and string theories, along with convincing
evidence that, in this setting, one can expect to see an impressive match-up that
holds to two-loop order in the 't Hooft coupling, but breaks down at three loops.E|
Whether one can perform the similar analyses in the string theory at even higher
orders in the 1/ R expansion is still an open question. (Early steps in this direction
are taken in [71].) It is unclear whether lightcone methods will be helpful in this
context, because, dimensionally speaking, the theory becomes nonrenormalizable at
O(1/R*) in the expansion. In addition, it still remains to be seen whether the diverse
set of integrable structures underlying the duality will be useful for actually solving
certain sectors of the gauge theory or the string theory.

In the end we stand to learn a great deal about the non-perturbative aspects of
Yang-Mills theories by relying on their string theory counterparts. As noted above,
the next landmark achievement will likely be proving the complete equivalence of
some sector of IIB string theory on AdSs x S° and N' = 4 SYM theory, perhaps at
the level of the Bethe equations. For this to happen, however, we need to rectify
the higher-loop disagreement. Given the huge amount of symmetry on both sides
of the duality, it may be possible to reach the strong-coupling regime of the gauge
theory and verify the form of the conjectured wrapping interactions therein. If current
trends continue, we will undoubtedly uncover fascinating new realms of physics in the

process.

!This pattern has been found elsewhere, particularly in the study of the duality between semi-
classical extended string configurations and corresponding sectors of the gauge theory (see also [53]
for a general review of this program, and [55}56}/107H111] for more recent developments). Extended
string configurations typically give rise to additional conserved charges that provide an intuitive
generalization of the BMN /pp-wave picture.



Appendix A

Notation and conventions

For convenience we record in this appendix the most common symbols used in the

text. In the following list we collect quantities defined on the CFT side of the corre-

spondence:

D Operator dimension

R U(1)r component of the SU(4) R-symmetry (the R-charge);
is mapped to and used interchangeably with the string theory
angular momentum J (see below)

K Naive dimension; counts the total number of fields in
an operator, or the number of sites on the corresponding spin
chain; maps to J + [ on the string side, where
I is the impurity number

A D — R; maps to P, on the string side

IYM Yang-Mills coupling

A g% v Ne, 't Hooft coupling

N, Rank of the Yang-Mills gauge group

Tﬁ;” Symmetric-traceless, rank-two SO(4) tensor operator in the
(2, K —4,2) SU(4) irrep

Tﬁ;) Antisymmetric, rank-two SO(4) tensor operator in the
(0, K —3,2) +(2, K —3,0) of SU(4)

Tﬁ? Trace part of the set of rank-two SO(4) tensor operators,
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in the (0, K —2,0) of SU(4)

D—-K Anomalous dimension

Ay K — R, counts the number of R-charge impurities (can be half-integer
valued when fermionic impurities are present)

L The level of a supermultiplet, reached by acting on a primary level
with some SUSY generator L times

gzﬁE SYM scalars, rank-two antisymmetric SU(4) tensor in the
six-dimensional (0,1,0) ((2,1) of SL(2,C))

x5 SYM gluino, rank-one SU(4) tensor in the four-dimensional

fundamental (1,0,0) ((1,2) of SL(2,C))

SYM gluino, rank-three antisymmetric SU(4) tensor in the

four-dimensional antifundamental (0,0, 1)

V, Spacetime covariant derivative
o
Scalar field with R = 1: (b@
: : : B 3 B B . A B
A, B Scalar impurity fields with R = 0: ¢, ¢, ¢*, ¢" (or simply ¢*, ¢°)
— 3]
Z Scalar field with R = —1: ¢
P ; Permutation operator that exchanges spins on the i*" and ;'

lattice sites of a spin chain

{ni1,n2,...} Shorthand for the following series of permutation

L
operators: Zk:1 Protny ktna+1Phtng ktno1

I Spin chain impurity number (Chapter )

n; Mode number of the i*" pseudoparticle excitation on the
spin lattice (Chapter

b}, b; Position space raising and lowering operators for magnon

excitations on the spin lattice

b;, I~)p Momentum space raising and lowering operators for magnon
excitations
|L) Ground state of the length-L spin chain; corresponds to

the BPS operator tr(Z%)
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APPENDIX A. NOTATION AND CONVENTIONS

O(1/R) shift of the anomalous dimension

On the string side we use the following symbols:

o)y B

Hic
Hint

String coupling, equal to g3y,

Curvature radius of AdSs x S°

Modified 't Hooft coupling, g3yN./J?

Angular momentum of string states along an equatorial geodesic
in the S° subspace; maps to L — I, or simply R, in the CFT
String excitation energy

The string ground state, carrying J units of angular momentum
on the S°

String lightcone Hamiltonian w — J, maps to A on the CFT side
Supermultiplet level of a string energy spectrum

Bosonic raising and lowering operators with mode number n
Fermionic raising and lowering operators with mode number n
SO(4) vector in AdSs

SO(4) vector in S5

Vector in a transverse SO(8) subspace of AdSs x S°

Metric tensor of AdSs x S°

Worldsheet metric tensor

2 x 2 matrix s = diag(1,—1)

Coset space representative

Cartan one-forms

Cartan superconnections

The full lightcone string Hamiltonian

Interaction sector of the string Hamiltonian, appearing at

o(1/ R?) in the curvature expansion

Purely bosonic sector of the interaction Hamiltonian



247

Hyp Purely fermionic sector of the interaction Hamiltonian
Hgp Bose-fermi mixing sector of the interaction Hamiltonian
A String energy shift at O(1/.J); the shifts denoted by

Agg, Apr and Agp are associated with the corresponding

sectors of Hiy

W String energy at mode number n: \/m

kn, String mode function k, = n (integer)

p_ Worldsheet momentum in the x~ direction, equal to 1/ VN

L Marks the overall level within a (super)multiplet of energy states
Laup Marks the level within an energy submultiplet (Chapter D

L Index labeling submultiplets within a supermultiplet of

energy levels (L = Lgy, + L)

The various indices on the string side are chosen to represent the following:

wv,p=20,...,9 SO(9,1) vectors ,

a,3,7,0=1,...,16 SO(9,1) spinors

A B=1,...,8 SO(8) vectors

,5,k=1...,4 SO(4) vectors ,

i, 7 K =5,...,8 SO(4)" vectors

a,b=0,1 Worldsheet coordinates (7,0) ,

I,JJK,.L=1,2 Label two Majorana-Weyl spinors of equal chirality .

The 32 x 32 Dirac gamma matrices are decomposed into a 16 x 16 representation

according to

0 ~* ~ ~
(I")32x32 = , VY +AAE = 2P
70
= (1,747, = (=1,7%,9"),

t=1+497, Ft=—-1+4". (A.1)
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In particular, the notation # lowers the SO(9, 1) spinor indices «, 3:

=0 A= (1")as - (A.2)

These conventions are chosen to match those of Metsaev in [25]. By invoking k-

symmetry,

F0=0 = 0 =0, (A.3)
7 =1+%" = 5 6=20. (A.4)
The antisymmetric product v* is given by
puryo — 1 w=rv\«x N
(") 8 = 5(’7 7") ﬁ—(M*V%
o 127 0% 1 = v
()% = (") = (=) (A.5)
We form the matrices IT and IT according to:
I = 49",
I = 3575 (A.6)

These form the projection operators (I12 = 112 = 1)

IL.

N = DN =

(1+10) I

(1 _EII)a

(1+10) s

=
+
Il
NN

(1—1I) . (A7)

The spinors 67 represent two 32-component Majorana-Weyl spinors of SO(9,1)
with equal chirality. The 32-component Weyl condition is I'y10 = 0, with

Iy =1°.1°= : (A.8)

32x32
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The Weyl condition is used to select the top 16 components of # to form the 16-

component spinors

o = (9;)1. (A.9)

It is useful to form a single complex 16-component spinor 1) from the real spinors '

and 62
Y o= V20 +i6?) . (A.10)

The 16-component Weyl condition v70 = 6 selects the upper eight components of 0,
with

=A% = : (A.11)

16x16

The 16-component Dirac matrices v can, in turn, be constructed from the familiar

Spin(8) Clifford algebra, wherein (in terms of SO(8) vector indices)

0 A4
(’YA)16><16 = ) <A'12)
()" 0
and
{VAaVB}mxm = 2047, (’VA('VB)T +P ()T = 25AB)8x8 - (AL3)

The Spin(8) Clifford algebra may be constructed explicitly in terms of eight real

matrices

Y'=exexe, P =mxexl,

V¥=1x1 xe€, VW=ex1xm,
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73:1><7'3><e, 77:e><1><7'3,
Yr=m xex1, P=1x1x1, (A.14)
with
0 1 0 1 1 0
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