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Abstract 

A catalogue is prepared of 2712 rich clusters of galaxies 

found on the National Geographic Society--Palomar Observatory 

Sky Survey. From the catalogue, 1682 clusters are selected which 

meet specific criteria for inclusion in a homogeneous statistical 

sample. 

An investigation of the sample leads to the following 

conclusions: (i) The distribution function of clusters according 

to richness, N(n) increases rapidly as n decreases. (ii) The data 

allow no significant decision that the spatial density of cluster 

centers varies with distance. (iii) Galactic obscuration of the 

order of a few tenths of a magnitude (photored) exists at high 

northern galactic latitudes around galactic longitude 300°. 

(iv) There is a highly significant nonrandom distribution of 

clusters in direction, both when clusters at all distances and when 

clusters at various distances are considered. An analysis of the 

distribution yields strong evidence for the existence of second­

order clusters, that is clusters of clusters of galaxies. A 

statistical test shows the observed distribution to be compatible 

with the assumption of complete second-order clustering of 

galaxies. 
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Introduction 

The observational approach to cosmology requires the determination 

of the distribution and of the kinematical properties of matter in the 

universe. For remote objects, only the radial components of the 

space motions are observable , and only two of the spatial coordinates 

are readily available (say right ascension and declination). Comparison 

of theory and observation dependsin a critical way upon at least a 

third spatial coordinate, say distance. 

Distances to nearby galaxies are determined from the apparent 

luminosities of their brightest stars. In the nearest galaxies, cepheid 

variables are particularly important as such distance indicators. 

However, distances to more remote galaxies (beyond a few million 

parsecs) must be found from their integrated magnitudes.* 

Unfortunately, absolute luminosities are known for comparatively 

few galaxies, and for those only approximately. The galaxies in even 

this small sample display a large range of absolute luminosities. It 

is thus not possible to learn the distance of an isolated galaxy from 

its apparent magnitude alone. However, clusters of galaxies provide a 

possible method of determining cosmic distances if some suitable 

characteristic of the luminosity function for a given cluster, for 

?Hn the measurement of the total magnitude of a galaxy, because of 
the difficulty encountered in including the contributions of light 
from its outermost regions, it is common practice to consider the 
magnitude included within a given projected radial distance of the 
center of the galaxy, or within a given isophotal countour (1) . 
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example the magnitude of its nth brightest member, is assumed known. 

At the present time even the bright end of the luminosity function 

for clusters in not accurately known, nor is it knovm how the function 

might depend upon the richness, distance, or compactness of a cluster. 

However, there is some observational evidence (1) that the dispersion 

among the absolute magnitudes of the third, fifth, and tenth brightest 

galaxies of rich clusters is not over 0.35 magnitudes. The relative 

distances of clusters may thus be determined approximately. 

It might seem that the velocity--distance relation (2,1) would 

make it possible to determine the distance of a galaxy from its 

redshift . However, the slope of the velocity--distance relation 

(Hubble constant) and the nature of any nonlinearities which may exist 

are known only tentatively. Furthermore, the calibration of the far 

end of the velocity--distance relation itself has been ma.de with 

clusters of galaxies for which distance estimates are possible. 

Counts of individual galaxies are useful in the investigation 

of the large scale distribution of cosmic matter (3,4,5,6,7,8,9). 

The apparent magnitudes of galaxies are, of course, statistically 

correlated with their distances, but the usefulness of the correlation 

is limited by the uncertainty of the luminosity function for all 

galaxies. Clusters of galaxies, on the other hand, provide an 

independent approach to the problem of the over-all distribution of 

matter. Since there is a possibility of determining at least relative 

distances to individual clusters, their spatial distribution is directly 

obtainable. Zwicky (10,11,12,13) has been investigating the cluster 

distribution; his published results pertain to a relatively small 
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fraction of the total sky. 

The principal statistical limitation of clusters of galaxies for 

distribution studies has been their small numbers. Prior to 1949, 

only a few dozen clusters were known. Twenty-five of these had been 

listed by Shapley in 1933 (14). In recent years , however, two 

independent photographic programs have indicated that clusters of 

galaxies are far more numerous than was formerly thought, and that 

indeed they may be fundamental condensations of matter i n the universe. 

These· are the proper motion survey made with the 20-inch astrographic 

camera of the Lick Observatory and the National Geographic Society­

Palomar Observatory Sky Survey. 

On the Palomar survey, which is by far the more extensive of the 

two, tens of thousands of aggregates of galaxies can be identified. 

Nearly two thousand of these clusters are sufficiently rich as to 

provide a homogeneous sample large enough to be useful for a 

provisional statistical investigation. Such an investigation is the 

purpose of the present program. 

The study is in two parts . The first part consists of the 

compilation of a catalogue of 2712 rich clusters of galaxies discovered 

on the Sky Survey. The catalogue is intended as a finding list which 

is expected to be useful for the investigation of problems related 

to clusters . 

In the second part, a homogeneous sample of 1682 clusters is 

selected from the catalogue for statistical study. The three problems 

considered are the uniformity of the distribution of clusters with 

depth in space, the isotropy of the distribution of clusters, and 
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the evidence available for second-order clustering, that is, for the 

existence of clusters of clusters of galaxies. 
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PART I 

A Catalogue of Rich Clusters of Galaxies 

A. Observational Material 

The observational material used for this study is the National 

Geographic Society--Palomar Observatory Sky Survey. The survey covers 

the sky from the north celestial pole down to declination -27° on 

photographs taken with the 48-inch Schmidt telescope of the Palomar 

Observatory. Observations for the Sky Survey were carried out by 

Dr. Albert G. Wilson (now director of the Lowell Observatory) , Mr. 

Robert G. Harrington of the California Institute of Technology, and 

the writer. The National Geographic Society provided financial 

backing for the project, and the Palomar Observatory furnished 

administration and observing time at the 48-inch telescope. 

The telescope is of the standard Schmidt type. The spherical 

mirror is 72 inches in diameter and has a radius of curvature of 

241 inches. The correcting plate is made from 3/8-inch plate glass 

which transmits half intensity at about 3500 angstroms and actUa.lly 

has a clear aperture not of 48 inches but of 49.5 inches. The 

effective focal length of t he system is 121 inches, giving a focal 

ratio of f/2.44. 

The photogr aphic plates employed are 14 inches square and are one 

millimeter thick,so that they can be curved in the plate holder to a 

121-inch radius along the focal surface which is concentric with the 

spherical mirror. The image scale is 67 .1 seconds of arc per millimeter. 
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The smallest stellar images have a diameter of about 0.03 millimeters, 

about the average limit of resolution of the photographic emulsions 

used. The nonvignetted field of the telescope, determined by the 

respective sizes of the mirror and correcting plate, is 5.4 degrees in 

diameter. The computed loss in limiting magnitude because of 

vignetting at the extreme corners o~ a 14 x 14-inch plate is less than 

0.2 magnitudes. 

The total field covered by one plate is 6.6 degrees square. A 

total of 879 different fields were required to cover the portion of the 

sky surveyed. Allowance was made for an overlap of at least 0.6 degrees 

along all edges of adjacent fields. 

Each field was photographed with the Schmidt telescope on both 

blue- and red-sensitive photographic emulsions. The two exposures 

were taken in :immediate succession. The order of the exposures was, 

however, arbitrary, being generally dictated by convenience or 

efficiency in arranging the observing schedule . 

All exposures were made on photometrically clear nights in the 

absence of moonlight, and when the seeing disc of a stellar image was 

not more than three seconds of arc in diameter. Further, all exposures 

were made as near to the meridian as practicable (with very few 

exceptions, within two hour s) to minimize extinction, differential 

refraction, and instrumental distortions . 

For the blue exposures, the Eastman 103a-O emulsion was used. 

For the red exposures, the Eastman 103a-E ellllllsion in combination with 

a red Plexiglass filter, number 2444 which has transmission character­

istics similar to those of the ·wratten Number 29 filter, was used. 
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The exposure times were chosen to reach the faintest stars which 

can be recorded by the instrument under average observing conditions. 

They were separately determined by test exposures f or each shipment 

of plates and ranged from 10 to 15 minutes for the blue exposures and 

from 40 to 60 minutes for the red. All plates were developed in 

standard formula D-19 developer for five minutes, while being agitated 

by an electrically operated mechanical rocking device designed to 

insure uniform development. The contrasts {ratio of density to the 

logarithm of the exposure for the approximately linear part of the 

characteristic curves for the emulsions) are between gamma 1.5 and 2.0. 

Magnitudes of stellar images on the blue and red plates are 

approximately on the same color system as that of international 

photographic magnitudes and red magnitudes of Kron and Smith (15). 

The differences between blue and red magnitudes of stars on the 

survey plates are approximately 1.6 times their international color 

indices. A star with an international color index of 0.7 appears 

about equally bright on the blue and red plates. The red and blue 

limiting magnitudes were determined by the writer from six pairs of 

red and blue plates which contained Selected Area 57. The standards 

used were the photoelectric measures of stars in SA 57 by w. Baum 

which were communicated to the writer prior to publication. The 

limiting photographic magnitude for the blue plates is 21.1, and the 

limiting photored magnitude for the red plates is 20. 0. Here, by 

limiting magnitude is meant the faintest magnitude for which every star 

produces an image. 

These observations for the Sky Survey were carried out as part 

of a project sponsored jointly by the National Geographic Society and 
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the Palomar Observatory, and are not properly part of this thesis. A 

description of the observations has been included here, however, because 

they are pertinent to the quality of the material used for the study 

of clusters of galaxies. 

The intrinsic international color indices of nearby elliptical 

and early spiral galaxies cluster between 0.8 and 0.9, while the later 

spirals are somewhat bluer (16). Owing to the redshift of distant 

galaxies, the maximum of their spectral energy curves are shifted to 

the red. The largest red shifts so far measured (1) are about dA/A=0.2. 

A galaxy with an intrinsic effective wavelength of A5000 would thus 

appear to have an effective wavelength of A6000. Therefore, all but 

the nearest galaxies are more conspicuous on the red survey plates than 

on the blue. A cluster of galaxies with a redshift of dA/A=0.2 although 

plainly visible on the red plate is so inconspicuous on the blue plate 

as to be scarcely recognizable as a cluster. 

Because of the advantages of the red plates for revealing distant 

clusters of galaxies, only the red survey photographs were used in 

the present study. The red plate-filter combination has a wavelength 

range of from A6200 (filter cut off) to A6700, with an effective 

wavelength near A65oo. The sensitivity curve for the combination is 

given in figure 1. 

B. Definition of a Cluster 

In a recent series .of papers, Neyman, Scott, Shane, and Swanson 

developed a theory of galaxian distribution in which it is assumed that 

all galaxies belong to clusters. In the first paper of the series (4) 
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a probability generating function is derived from which can be predicted 

on the basis of the theory the probability of an observed distribution 

of galaxy images on a photographic plate. Their formula includes the 

effects of the projected distribution along the line of sight of images 

of galaxies at various distances, of galaxies belonging to clusters 

centered outside the photograph, and of galaxies contributed to the 

field by clusters most of whose members lie beyond the magnitude range 

of the telescope. The formula involves unspecified functions regarding 

the spatial distribution of galaxies within clusters, the distribution 

of the number of galaxies per cluster (the possibility of clusters 

containing only one gal~y is allowed), the limiting magnitude in 

various portions of the plate, and the luminosity function of galaxies . 

The only specific assumption is that the distribution of cluster centers 

is quasi-uniform, that is, according to a Poisson law. 

In the second paper of the series (5) certain of these functions 

are specified, and some of the parameters of the functions are 

provisionally evaluated from counts of galaxies made at the Lick 

Observatory. In the third paper (6) the probability generating 

function with the assu.med functions and derived parameters is employed 

to marrufacture a "synthetic plate" which displays a possible 

distribution of galaxy images in accord with the theory. The distribu­

tion of galaxies on the synthetic plate is then compared with the 

distributions on several actual plates obtained with the 20-inch 

astrographic camera . The comparisons indicate that the actual 

distributions of galaxies on the 20-inch plates are compatible with the 

theory that all galaxies are clustered. Indeed, the actual plates 

show slightly gr eater clustering tendency than does the synthetic plate . 
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The synthetic plate showed considerable "clumpiness11 in the 

distribution of galaxies. At first thought, it would seem that these 

clumps would indicate galaxies belonging to a particular cluster center. 

However, when it was checked back to determine which cluster centers 

the various galaxies in such an association actually came from, it was 

invariably found that the galaxies included in the "apparenttt cluster 

really were contributed from two or more different cluster centers (7). 

Thus even though the distributions of galaxies on the 20-inch plates are 

compatible with the assumption that all galaxies are in clusters, it is 

not possible (at least on those plates) to identify the clusters to 

which individual galaxies belong. 

The results of the Lick investigation imply that one must 

exercise considerable caution in deciding what a cluster is. It 

would appear that many apparent clusters are only projection effects, 

not physical associations of galaxies. Furthermore, the many clusters 

projected on top of each other on a photograph create the impression 

of a general field of galaxies, individual clusters often being "washed 

out" and indistinguishable from the field. Whereas no attempt has 

as yet been made to determine whether the distribution of galaxy images 

on the 48-inch plates is also compatible with the theory of complete 

clustering, the possibility must be considered that the same difficul­

ties in the identification of clusters on the Palomar survey plates may 

be encountered as in the case of the Lick survey. 

On the other hand, there are some well known rich clusters of 

galaxies which are unquestionably real physical associations. 

Consider, as examples, the famous clusters in Virgo and Coma Berenices, 
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both of which have been well studied (11,12,17,18,19,20,21). The 

following arguments can be advanced in support of their reality as 

clusters: Firstly, the areal numerical densities of galaxies in these 

clusters substantially exceed the densities of the surrounding fields. 

Secondly, the dispersion in magnitudes among the members of these 

clusters is in reasonable agreement with our estimates of the dispersion 

of magnitudes of the brighter galaxies in our neighborhood. In 

particular, in each cluster large numbers of galaxies have nearly the 

same magnitudes, and also similar angular sizes. Thirdly, the spatial 

distributions of galaxies within the clusters are reasonable considering 

the numbers of galaxies within the clusters. Specifically, the Coma 

Cluster has approximately the (isothermal) distribution of a relaxed 

system, while the less rich Virgo Cluster has not (11). Fourthly, the 

galaxies within the clusters are observed to have about the same radial 

velocities; assuming the velocity--distance relation, their similar 

velocities imply similar distances. Fifthly, the internal dispersion 

of velocities in the clusters can be applied, with basic mechanics, to 

compute the average masses of their brighter members (11,18,22,23). 

The masses so obtained (1 - 2xlo11 solar masses) are in satisfactory 

agreement with the masses of bright galaxies obtained by other methods 

(24,25,26). 

For the purpose of the present study, we shall consider the 

following picture of the distribution of galaxies: There is a general 

field of galaxies, the areal numerical density of which varies from 

point to point in the sky. Whether this field is composed of isolated 

individual galaxies, of clusters of galaxies overlapping in projection, 

or both is considered immaterial. In any case, superposed upon the 
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general field there are occasional very rich clusters of galaxies which 

stand out conspicuously and which we shall assume to be physical 

associations. There will generally be a few galaxies belonging to the 

general field which will be indistinguishable from the bona fide 

cluster members. However, their nUIDber will .be relatively small if we 

consider only the very richest aggregates. In the present investigation, 

criteria have been set up which are intended to exclude those 

associations which have a nonnegligible chance of being optical only, 

or which are insufficiently rich to insure identification. 

To be useful for statistical analysis, it is essential that those 

clusters which meet the adopted criteria be identified completely. As 

each Sky Survey plate was taken, it was carefully inspected, either by 

Dr . A. G. Wilson or by the writer. A card file was kept of interesting 

objects, including clusters of galaxies , noted on the photographs. 

Since nearly half of the survey fields had to be photographed more than 

once to obtain plates which met the standards set for the Sky Survey, 

duplicate inspections were made of a large part of the sky. As the 

data were collected for the catalogue of clusters, the acceptable red 

plate of each survey field was again carefully inspected by the writer. 

The list of clusters found on each plate was t hen compared with the 

earlier records of the original inspections of that plate and all 

duplicate plates of the same field. The criteria for the definition of 

a cluster of galaxies were so set that no more than about two per cent 

of the clus ters identified on one of the original inspections , and 

which meet the criteria, were missed on the final inspection. The 

adopted criteria are described in the following paragraphs. 
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Richness criterion: A cluster must contain at least fifty 

members that are hot more than two magnitudes fainter than the third 

brightest member. The third rather than first brightest member was 

chosen as the reference point to reduce possible errors in the counts 

caused by confusion of the brightest members of clusters with field 

galaxies. 

Compactness criterion: A cluster must be sufficiently compact 

that its fifty or more members are within a given radial distance r 

of its center. The actual length of r is arbitrary so long as it 

is the same for all clusters. In determining whether a cluster meets 

this criterion, it was assumed that the redshift of a cluster is 

proportional to its distance. An estimate of the redshift was made 

by a technique described in section E. Then the counts of galaxies in 

the cluster were extended to a distance on the plate 5 4.6xl0 /cdf.,/}.._ 

millimeters from the center of the cluster (c in kilometers per second). 

For an asswned value of the Hubble constant of H = 180 km/sec.106 pc 

(1), this corresponds to a distance in space of 8.2x105pc. It should 

be pointed out that the counts are not particularly sensitive to the 

estimate of the redshift, nor to the linearity of the redshift law. 

In practice, it was found that the circle on the plate to which the 

counts were made was always considerably larger than the main concen-

tration of the cluster, and counting to a radius fifty per cent 

larger or smaller would not substantially affect the counts (after 

correction for the general field). 

Distance criterion: A cluster must be sufficiently distant so that 

counts of its members do not extend over more than one plate, or at 
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most part of an adjacent plate. The Virgo Cluster, for example, 

spreads over several survey fields and would be very difficult to 

catalogue in a manner comparable to the more distant clusters. The 

adopted lower limit of distance is the distance corresponding to a 

redshift of 6000 km/sec. The Coma Cluster (cdA/A = 6600 km/sec) 

would thus be among the nearest clusters included in the catalogue.* 

The upper limit on distance is set by the requirement that two 

magnitude intervals beyond the third brightest member of a cluster be 

visible. Since it is not desirable to extend counts to within less 

than half a magnitude of the plate limit (20.0) it was decided to set 

as an upper limit on distance clusters whose third brightest members 

average about magnitude 17.5. The corresponding redshift for such 

clusters is 60,000 km/sec. The range of depth in space included within 

these distance limits (corresponding to H = 180 km/sec•106pc) is 

3.3x107 to 33xl07pc. 

Galactic latitude criterion: In fields at moderately low 

galactic latitudes the density of stars is high enough so that 

clusters may not be completely identified. As each plate was 

inspected, it was noted whether or not it was thought that visible 

clusters were being completely identified. Those areas of the sky in 

the neighborhood of the Milky Way, where the star fields are moderately 

dense, were excluded for the purpose of statistical analysis. 

Interstellar obscuration, of course, also prevents complete identifica-

tion of clusters. The magnitudes of partially obscured clusters, and 

~~It is number 1656 in the catalogue (Table 6). 
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consequently t heir distances, are overestimated. Distant clusters are 

reduced in brightness so as to either be invJsible or t o appear beyond 

the range of distances considered in the study. However, at the 

latitudes down to which the catalogue is actually extended, the effect 

of a moderately rich star field in camouflaging visible clusters is 

more important than is the effect of interstellar obscuration in 

actually hiding clusters. How galactic absorption actually affects the 

results of the investigation will be discussed in section M. 

The precise galactic latitudes at which the catalogue is 

considered incomplete vary with longtitude and are based on the 

judgements made of the star densities at the times when the various 

plates were inspected. In Table 1 are tabulated the galactic latitudes 

above which (in the northern galactic hemisphere) or below which (in 

the southern galactic hemisphere) the identification of clusters is 

considered complete for the purposes of the statistical investigation 

of Part II. 

Table 1 

Galactic Latitudes Above Which (in the Northern Hemisphere) 
or Below Which (in the Southern Hemisphere) Identification of 
Visible Clusters is Considered Complete 

North Galactic Hemisphere South Galactic Hemisphere 

Longitude Latitude Longitude Latitude 

o0 to 10° 0 o0 to 80° -35° +40 
10 60 +35 80 160 -30 
60 150 +25 160 200 -25 

150 210 +30 200 340 * 210 360 +40 340 360 -35 

~~Area of the celestial sphere not covered by the Palomar Sky 
Survey. 
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In the preparation of the catalogue, all survey fields, including 

those in the Milky Way, were inspected. All clusters which looked 

as if they might satisfy the completeness criteria were examined. 

Many clusters which for one reason or another did not fulfill the 

various requirements to be included in the statistical study were 

nevertheless included ih the catalogue to enhance its value as a 

finding list. All such entries, which are not suitable for the 

statistical sample, are so noted in the catalogue. In particular, 

the catalogue contains many clusters which do not meet the richness 

or the galactic latitude requirements. 

C. Magnitude Estimates 

Magnitudes of galaxies in clusters were estimated by comparing 

them with calibrated galaxy images on 4x5-inch sheets of cut film. 

The films are negative reproductions of arbitrary galaxy fields on 

survey plates. The film copies were made with a very low density sky 

background, and with the same scale as the originals. The procedure 

was to superpose the appropriate film on a survey plate, and looking 

through both the film and plate, match up the image of the Unknown 

galaxy on the plate with one of the calibrated images on the film. 

A six to ten power magnifying lens was used for optical aid. 

The galaxy images on the films were calibrated by the simil ar 

technique of superposing the films on survey plates containing images 

of galaxies of known magnitude. A total of sixty galaxy images on 

three sheets of film were so calibrated. The images on the films thus 

served as "step scales" to compare images of galaxies of unknown with 
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those of known magnitudes. The tacit assumption in this procedure 

is that all survey plates are identical to each other (as regards 

image quality) and to the plates from which the calibration was made. 

Fortunately, the acceptable survey plates were taken under fairly well 

standardized conditions, and only in a very few cases does the quality 

of plates vary sufficiently to affect the magnitudes so determined by 

more than a few tenths. Quantitative estimates of the consistency 

of the magnitudes can be made, and are described in section G. 

Unfortunately, there were not available photored magnitudes of 

standard galaxies covering a sufficient luminosity range. Magnitudes 

of a number of galaxies therefore had to be determined before calibra­

tion of the images on the films was possible. For this purpose, forty­

seven galaxies of various apparent luminosities were arbitrarily chosen 

in the field near SA 57. 

It was not important for this program whether or not the standard 

magnitudes had a zero point error. There were two purposes for 

which magnitude estimates were required. First, an estimate of the 

magnitude of, say, the tenth brightest member of each cluster was to 

be used as a distance criterion. The procedure assumes a certain 

constancy of the bright end of the luminosity function in clust er s, as 

discussed in the introduction. No attempt was actually ma.de to 

interpret distances directly from magnitudes. Rather, since the 

catalogue includes most of the clusters for which measured redshifts 

are available, it was possible to scale the magnitudes of the tenth 

brightest cluster members to approximate redshifts (see section E). 

Thus , if the pertinent part of the luminosity function of clusters is 
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constant, and if the magnitude determinations are self consistent, there 

will exist a one to one relation between the magnitudes of the tenth 

brightest members of clusters and their redshifts (as well as distance 

if a specific redshift--distance relation is assumed). This will hold 

regardless of any zero point error in the magnitude standards, or 

even of any scale error. 

The second purpose for which magnitudes were needed was to 

determine in each cluster a two magnitude interval beyond the third 

brightest member for the purpose of making a count of the population 

of the cluster which is independent of its distance. For this purpose 

also a zero point error is immaterial, although a scale error would 

obviously introduce a systematic bias in the counts between near and 

distant clusters. 

The determination of galaxian magnitudes by photographic tech­

niques is difficult and involved. The aperture effect introduced by 

the contribution of light from the outer unobserved parts of a galaxy 

(1) is particularly troublesome. However, since the aperture effect 

appears largely as a shift in the zero point, and since high precision 

was not required, the following photographic technique was employed 

to find magnitudes for the standard galaxiesi 

Four red plates of the field containing SA 57 and the 47 standard 

galaxies were taken with the 48- inch telescope. The plate-filter 

combinations, sky transparency, exposure times, and development were 

all matched to those of the red survey plates. One of the four plates 

was taken in focus, and the other three were respectively 0.75 mm, 

1. 75 mm, and 5.o mrn out of focus. The faintest galaxies appear so 
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nearly stellar on the Schmidt plates that they could be compared 

directly with standard stars in SA 57 on the in-focus plate. On t he 

extrafocal Schmidt plates images of brighter and nearer galaxies 

appear indistinguishable from the stellar images provided the plates 

are far enough out of focus. Of course the farther out of focus a 

pl ate is, the lower its limiting magnitude is . Therefore, on the plates 

with the largest extrafocal images the brightest galaxies were compared 

with standard stars in SA 57, and on the plates with intermediate 

sized extrafocal images the galaxies of intermediate magnitudes wer e 

similarly compared with stars . To facilitate comparison of densit ies 

of extrafocal images, film strips with varying density spots were used; 

on the i n- focus plate , a flyspanker was used. 

The principal source of error in this technique is that the outer 

extremities of the galaxies will not be included in the extrafocal images. 

The effect is minimized if the extrafocal images are large compared 

with the angular extent of the galaxies . Measures for most of the 

galaxies could be made on two or thr ee of the plates. Especially for 

the nearer and brighter galaxies, the measured magnitudes were 

systematically larger for smaller extrafocal image sizes. However, in 

the case of most of the galaxies, magnitude determinations on at least 

two of the plates would be in fair agreement. The plan adopted was to 

average the two results obtained from the in-focus plate and the plate 

O. 75 mm out of focus for galaxies fainter than 16th magnitude , from 

the plates 0.75 mm and 1.75 rmn out of focus for galaxies between 15th 

and 16th magnitudes, and from the plates 1. 75 mm and 5.o mm out of 

focus for galaxies brighter than 15.o magnitudes. The r esults are 

considered least reliable for galaxies bright er than about 14th 
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magnitude; the images of these galaxies were so large that i t was 

felt that the magnitudes obtained were too large. 

The results are given in Table 2. The second and third colunms, 

headed x and y, are the plate coordinates of the galaxy images , measured 

respectively horizontally and vertically in centimeters from the 

northeast corner of the exposed part of the plate. The field has the 

same center as Sky Survey plate Number 1393 (1855: a = 13h Om, 5 = +J0°). 

The center of SA 57 on this field is x = 15.3 and y = 16.3. The next 

four columns list the magnitudes which were used in the final averages 

as determined from the plates respectively 5.0 mm, 1.75 mm, and 0.75 nnn 

out of focus, and in focus. The last column gives the adopted 

magnitudes for the standard galaxies. 

Table 2 

Magnitudes of 47 Standard Galaxies Near Selected Area 57 
Out of Focus: 

Number x ...L 5.ornm 1. 75mm o.75mm In Focus Adopted -
1 25.2 23.8 12.0 12.4 12.2 
2 25.8 23.8 12.8 12.7 12. 8 
3 19.5 17 .6 12.8 12.7 12.8 
4 20.8 22.7 13.0 12.8 12.9 
5 28.4 26.2 13.1 13.2 13.2 

6 25.o 22.5 13.5 13.2 13.4 
7 24.2 24.7 13.5 13.S 13.5 
8 23.0 23.6 13.7 13.6 13.6 
9 23.6 24.3 13.5 13.7 13.6 

10 13.8 18.7 13.5 13.7 13.6 

11 27.6 22.2 13.9 13.7 13.8 
12 25.7 18.6 13.6 13.9 13.8 
13 17.2 20.7 13.7 13.9 13.8 
14 18.3 16.8 13.8 14.3 14.0 
15 24.5 18.1 14.0 14.1 14.0 
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Table 2 

(Continued) 

Out of Focus:: 
Number x ..L. 5.0mm l.75mm 0.75nnn In Focus Adopted -

16 27.9 24.2 14.0 14.7 14.4 
17 27.9 24.4 14.4 14.9 14.6 
18 24.6 23.3 14.9 15.o 15.o 
19 12.7 14.4 14.7 15.3 15.o 
20 26.7 23.1 15.1 15.4 15.2 

21 28.0 24.8 15.1 15.6 15.4 
22 12.1 13.9 15.2 15.5 15.4 
23 9.5 12.6 15.4 15.3 15.4 
24 10.0 14.6 15.5 15.5 
25 14.9 18.o 15.5 15.5 

26 25.7 23.8 15.4 15.6 15.5 
27 12.8 20.2 15.4 15.7 15.6 
28 25.7 17.6 15.8 16.0 15.9 
29 8.9 16.0 16.1 16.1 
30 22.4 17.l 16.7 16.1 16.4 

31 27.2 22.8 16. 7 16.0 16.4 
32 18.4 15.o 16. 7 16.7 
33 13.6 19.2 16.6 16.9 16.8 
34 7.9 19.6 16.9 16.8 16.8 
35 14.8 25.7 16.9 16.9 16.9 

36 15.2 23.6 17.3 16.9 17.1 
37 25.5 17.6 17.6 17.8 17.7 
38 14.4 22.5 17.5 18.o 17.8 
39 13.6 15.7 17.2 18.J 17 .8 
40 14.6 26.8 17.7 18.4 18.o 

41 17.5 24.5 18.o 18.0 18.o 
42 12.0 16.2 17.8 18.1 18.o 
43 18.2 22.9 17.9 18.4 18.2 
44 18.7 26.9 18.o 18.6 18.3 
45 17.6 25.4 18.4 18.4 

46 18.0 23.1 18.6 18.6 
47 14.8 26.4 18.6 18.6 
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The standard error of the adopted magnitudes, computed from those 

cases where two values were averaged, is 0.21 magnitudes. This 

describes the internal consistency of the results, but not, of course, 

the real error of the magnitudes. Photographic magnitudes and colors 

for three of the measured galaxies, numbers 1, 2, and 7, are given 

by Pettit (27). While Pettit does not give photographic minus photored 

colors, these can be estimated by assuming the color equation given 

in section A, namely, 

(P - R) = l.6(P - V). (1) 

The red magnitudes so determined from Pettit's measures of the three 

galaxies in common average about 1.0 magnitudes brighter than the 

values given in Table 2. This was an expected result for such bright 

galaxies because of the comparatively large aperture effect. In 

section G it will be described how the entire range of magnitudes was 

roughly checked against magnitude measures by Sandage. The systematic 

error noted for bright galaxies is much smaller or absent for galaxies 

fainter than 15th magnitude. Consequently, counts of galaxies in 

the nearest clusters may have been extended over a range of less than 

two magnitudes beyond the 3rd brightest member. This source of error, 

which is discussed in section G, applies to very few clusters and 

does not affect the results of the investigation of Part II in a 

significant way. Other than at the bright end, the sequence of 

magnitude standards is considered satisfactory. 

At the time the calibration of the step scale images on the 

films was made, it happened that four pairs of survey plates of this 

same field containing the 47 standard galaxies were available. These 
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were plates which had not met the standards set for the Sky Survey 

and had thus been rejected for the final survey collection. In none 

of the four cases, however, was the cause for rejection one which 

affected the quality of images on the red plates. Therefore, the 

images of the standard galaxies on each of the four plates were used 

for the calibration. Fu~thermore, each of the sixty step scale images 

on the films was calibrated by interpolation between three pairs of 

standard galaxies on each of the four survey plates. The final 

calibration of each step scale image is thus the average of twelve 

independent estimates, and is considered accurate (except for a zero 

point error) to within 0.1 magnitudes. Actual estimates of magnitudes 

made from the calibrated images may, of course, have considerably 

greater errors; indeed the survey plates are not all homogeneous to 

within 0.1 magnitudes. 

D. The Luminosity Function of Clusters 

In two respects the results of the investigqtion depend upon the 

bright end of the luminosity function of clusters of galaxies. ( i) The 

magnitude of the tenth brightest member of a cluster is used as a 

distance criterion for the cluster. (ii) The number of galaxies not 

more than two magnitudes fainter then the third brightest member of the 

cluster is used as a richness criterion for the cluster. 

The validity of (i) requires that the tenth brightest members of 

all rich clusters have the same absolute magnitude. The requirement 

will be fulfilled if there exists an intrinsic upper limit to the 

luminosities of galaxies, and if all of the clusters considered contain 
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galaxies sufficiently luminous to reach this limit. The low dispersion 

observed by Humason, Mayall, and Sandage in the luminosities of the 

third, fifth , and tenth brightest members of clusters of measured 

redshifts is the only observational evidence that such an upper limit 

to galaxian lu.rninosities does exist. Unfortunately, the redshift list 

does not include clusters as rich as the richest ones entered in the 

present catalogue. The validity of (i), therefore, can not be 

completely verified until more comprehensive data are available on the 

luminosity function of clusters. 

The validity of (ii) depends on the form of the bright end of the 

cluster luminosity function. If, for example, the numbers of galaxies 

of various magnitudes in each cluster increase linearly with increasing 

magnitude, clusters of all richnesses would have the same number of 

members in the magnitude interval counted. If, on the other hand, 

there is an upper l imit to luminosities of galaxies, as discussed •in 

the last paragraph, differences in populations of different clusters 

can be expected to be reflected in the counts through the interval of 

the brightest two magnitudes. 

Fortunately, it was possible to check whe ther the counts of the 

brightest galaxies in clusters do indeed indicate the total richnesses 

of the clusters. Five clusters were selected for which counts of 

members not more than two magnitudes fainter than their third brightest 

members range from 3h to 140. The bright ends of the apparent luminosity 

functions for these clusters were determined approximately with the 

step scale of calibrated galaxy images. The results are shown in 

figure 2. The ordinates are the integrated luminosity functions, that 
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is the numbers of galaxies brighter than m, and the abscissas are the 

magnitudes all adjusted to the same scale by subtracting the magnitude 

of the third brightest member for each cluster. The interval through 

which counts were made for the catalogue is that indicated by the 

vertical line. 

It is seen in figure 2 that the curves for richer clusters have 

steeper slopes both in and beyond the magnitude range to be counted. 

It can therefore be concluded that counts of galaxies in the two­

magnitude interval beyond the third brightest member do actually 

indicate differences between clusters of different richnesses. 

However, it must not be assumed that there exists a proportionality 

between the counts in the adopted magnitude range and the true total 

population of the cluster. The relation between the bright end of the 

luminosity function and the total population of a cluster is not 

lmovm at present. 

It must further be remembered that the curves in figure 2 have 

been arbitrarily shifted to the same magnitude for the third brightest 

members of the clusters. This in no way assures that the third 

brightest members of clusters all have the same absolute magnitudes. 

Figure 2 indicates only that richer clusters will yield larger counts 

in their brighter magnitude intervals . 

Finally, it should be noted from figure 2 that it is not possible 

that the third brightest and tenth brightest galaxies both have exactly 

the same absolute magnitudes in different clusters. However, it is 

seen that when the third brightest members of clusters are matched, 

their tenth brightest members show a fairly small dispersion of 

magni"t:udes. Thus these approximate data on the luminosity functions 
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for five clusters do not invalidate the use of the tenth brightest 

members as approximate distance indicators . 

E. Relation Between Magnitudes and Redshifts 

The magnitude of the tenth brightest member of a cluster, as 

described in an earlier section, is used here as a distance criterion. 

The results of the investigation do not depend in any critical way upon 

a knowledge of the actual distance to a cluster. It is sufficient that 

clusters can be ordered in distance with the assumption that an 

approximate one to one relation exists between the distance of a cluster 

and the magnitude of its tenth br ightest member. 

As it happens , however, it is possible to use a redshift-magnitude 

relation, dete rmined for the clusters for which Humason and Sandage have 

measured redshifts, to estimate the redshifts of the catalogued clusters 

from the magnitudes of their tenth brightest members. When the Hubble 

constant is finally determined, or if one assumes the provisional value 

of the Hubble constant that was determined by Humason and Sandage (1) , 

the r edshifts can be translated into distances. 

In the preparation of the catalogue it was necessary that 

relative distances be approximately known for clusters, so that counts 

of their memberships could be extended to the same radius in space. 

For t his purpose, a pr ovisional redshift estimate was made for each 

cluster at the time the inspection of the plate for the cluster 

catalogue was made, and the counts of that cluster were extended to a 

distance on the plate 4.6x105/cd\/\ mm f r om the cluster center 

(section B) . As explained earlier, an accurate knowledge of the 
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redshift for this purpose is not necessary. 

Eighteen rich clusters with measured redshifts were available. 

On the Schmidt plates the tenth brightest members of these clusters 

were measured with the calibrated step scales. The velocity-magnitude 

relation for these data was plotted (figure 3) and was used to estimate 

redshifts for the other clusters. The point at log cdA/A = 4.365 and 

m = 16.6 was apparently a bad magnitude estimate and is rediscussed 

in section G. 

The curvature of the log cdX/A-magnitude relation of figure 3 

is not significant but reflects the systematic errors in the magnitude 

scale determined by the photographic extrafocal technique (section C). 

F. Inspection of Plates 

The red plate for each Sky Survey field was inspected and searched 

for clusters of galaxies, using a J.5X magnifying lens. All rich 

clusters which were recognized and which appeared as possible 

candidates for inclusion in the statistical sample were marked in 

ink on the cover glass of the plate. Next the records were consulted 

of earlier routine inspections of the same plate or of other plates 

of the same field made by either the writer or A.G. Wilson. All but 

one or two per cent of those clusters which finally met the criteria for 

the statistical sample and which were found on one of the earlier 

inspections were also found in the final cluster search. If, as very 

occasionally happened, a cluster noted in the older records was missed 

in the final inspection, that cluster was also marked on the cover 

glass of the plate. 
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After its identification the center of each cluster was estimated 

by eye and noted with an ink dot on the cover glass. No attempt 

was made to locate a cluster center quantitatively; the centroid of 

the collection of galaxies was determined purely by judgement. 

As various data were gathered from the plate, they were entered 

on Jx5-inch filing cards, one card for each cluster. The number of 

clusters identified and catalogued on each plate ranged from none to 

over thirty, and averaged around five or six for fields far from the 

Milky Way. The following information was noted on the card for each 

cluster: 

(i) The plate number of the red Sky Survey plate inspected. 

(ii) The rectangular plate coordinates of the cluster center, 

measured in inches from the northeast corner of the plate. 

(iii) The 1855 epoch right ascension and declination, entered to 

a tenth of a minute of time (for right ascension) and one minute of 

arc (for declination). The position was determined by locating the 

cluster center on the appropriate BD chart with a pencil mark and 

then measuring the position of the mark on the chart with a ruler. 

(For the clusters south of 6 0 = -23 , the CD charts were used and the 

epochs of the positions were 1875 rather than 1855.) The writer's 

previous experience with this method of determining positions 

indicates that positions so obtained are usually accurate to within a 

minute of arc. A larger source of error arises in locating the center 

of the cluster. A check is available on the positions obtained in 

this way, and is discussed in section G. 

(iv) The photored magnitude of the tenth brightest member, 
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estimated with the step scale technique described in section C. 

(v) The nu..mber of members in the cluster which are not more than 

two magnitudes fainter than the third brightest member. Using the 

step scale, a galaxy was identified which was, as nearly as could be 

estimated, exactly two magnitudes fainter than the third brightest gal-

axy in the cluster. From the magnitude of the tenth brightest member 

the redshift of the cluster was estimated (section E) and then the 

galaxies in the cluster were counted which were as bright as or 

brighter than the one identified as two magnitudes beyond the third 

brightest, and which were within 4.6x105/cdA/A mm from the cluster 

center on the plate. A sheet of transparent celluloid upon which 

concentric circles of various sizes were scratched was superposed 

over the cluster center to facilitate extending the counts over the 

proper area of the plate. In each case, galaxies in a region of the 

pl.ate apparently 11 free 11 of clusters were counted in a comparable 

area down to the same limiting magnitude. The 11 field" count was then 

subtracted from the direct count over the cluster to obtain the 

corrected 11 true 11 population of the cluster. The corrections for 

the "field" galaxies ranged up to about thirty per cent of the total 

uncorrected counts, the larger corrections occurring for the more 

distant clusters in which the counts are extended to fainter magnitudes. 

(vi) A judgement as to whether or not interstellar absorption 

is apparent on the plate, and whether the star density in that field 

is so dense that complete identification of visible clusters is 

in question . These judgements were later used to determine the 

limits of galactic latitude at which the sample is considered complete, 

as set down in section B. 
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(vii) The date of the inspection. 

G. Accuracy 

In the course of the inspection, nearly 3,000 clusters were 

catalogued. However, since adjacent plates overlap by 0.6 degrees 

on all edges, a number of clusters occurring in the overlap regions 

of the plates were catalogued separtely during the inspection on two 

different plates. These duplications are of great value in determining 

the internal consistency of the measuring and counting techniques. 

The filing cards containing the cluster data were first sorted in 

order of right ascension so that the duplication~ could be located 

and removed. 120 pairs of duplicate cards for clusters were found, 

including one case where a cluster occurring near the corner of a field 

was measured on three different plates. The number of duplicates is 

smaller than might be expected from the relative areas of the over­

lapping and nonoverlapping parts of the plates because many clusters 

whose centers lie in the plate overlaps were not measured on two 

plates. The reason is that while the cente~ of a cluster might be 

on two different plates, a large fraction of its members might lie 

outside of the overlapping region. 

For each pair of overlap duplicates the corresponding determinations 

of positions, magnitudes, and counts were averaged and the results 

entered on new cards, one for each cluster. The values obtained in the 

two inspections of each cluster were then used to estimate the 

accuracy of the positions, magnitudes, and counts of the general 

catalogue clusters. The accuracy estimates made are conservative ones , 
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for the largest measuring and counting uncer tainties occur for cluster s 

near the edges of plates. 

Accuracy of positions : As stated in the last section, the 

writer has found from experience that the position of an object can 

be located on the BD charts to an accuracy of about a minute of arc . 

In the case of a cluster of galaxies, however, a considerable 

uncertainty arises in locating the center of a cluster, and positions 

of a cluster determined on two different plates can be expected to 

differ from each other appreciably owing to varying judgements of 

the location of the centroid of the cluster on the two plates. The 

effect is particularly important near the edge of a plate where part 

of a cluster may be out of the field . For the 120 "overlap" clusters 

the standard deviation of the individual positions f r om the mean 

positions was computed to be 1.9 minutes of arc . Thus a position 

determined from the BD charts with the technique described will, in 

general, be within a few minutes of arc of the center of the cluster, 

and always somewhere within the main concentration of the cluster. 

The greatest deviations occur for the comparatively nearby clusters 

which occupy a larger area in the sky, but for these clusters the 

positions are less cr itical. 

Accuracy of magnitudes: The internal consistency of magnitude 

estimates can also be checked from the overlap duplicates. Again, a 

conservative check on the estimates is obtained. Not only were the 

plates of the two adjacent fields often taken years apart under var ying 

observing conditions and with different emulsion shipments , but the 

quality of photogr aphic images is generally poorest near the edge of a 
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plate. For the 120 pairs of magnitude estimates in overlap clusters 

the standard deviation of an individual estimate from the mean was 

computed to be 0.19 magnitudes. 

Accuracy of counts: Counts of clusters in the overlap regions 

are subject to the same uncertainties as are the magnitude estimates, 

in addition to the handicap that some of the members of an overlap 

cluster may lie off the field of the plate. For the 120 pairs of 

counts of overlap clusters, the standard deviation of an individual 

count from the mean is 16.9 per cent. 

Before the plate inspection began, those clusters for which 

measured redshifts were available were separately inspected (section E). 

Later, during the routine inspection, these clusters were treated on 

the same basis as all of the new clusters. Thus positions, magnitudes, 

and counts were obtained for the Hum.a.son-Sandage clusters along with 

all other catalogue clusters. The magnitude estimates obtained 

the second time could then be compared with those made before the 

main cataloguing began. Thus another check is available on the 

magnitude estimates, as well as on the redshift-~agnitude relation 

described in section E. 

Sandage (1) has also measured the magnitudes of the tenth 

brightest members of the redshift clusters. Sandage gives photo­

graphic and photovisual magnitudes which are not directly comparable 

to photored magnitudes. However, approximate photored magnitudes can 

be obtained from Sandage's values with the color equation given in 

section C (equation 1). The use of a linear color equation may not 

be accurate for galaxies, especially ones of large redshift, owing to 
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the unknown ultraviolet emission. Nevertheless, photored magnitudes 

so obtained are sufficiently good for a rough check between magnitudes 

estimated here with a step scale technique, and measured by Sandage on 

plates taken with a jiggle-camera at the 200-inch telescope. 

Table 3 gives for each of the Humason-Sandage clusters the 

original magnitude estimate (Abell Est. 1), the final magnitude 

estimate (Abell Est. 2), and the approximate photored magnitudes 
I 

obtained from Sandage's measures with equation 1. The catalogue number, 

the Humason-Sandage designation, log (cdA/A), and the richness 

designation (see next section) are also given. Figure 4 is a plot of 

log (cdA/A) vs magnitude from the final (Abell Est. 2) data. The 

corresponding curve in figure 3 is shown as a dashed line in figure 4. 

Magnitudes derived from the measures of Sandage are shown as open circles. 

Comparison of the second and third to last columns of Table 3 

indicates that the magnitude estimates are fairly consistent with 

each other except for the two clusters, catalogue numbers 1020 and 568. 

In each case, one of the estimates was apparently a poor one, and the 

other one satisfactory, judging from the scatter of the respective 

points in figures 3 and 4. 

Comparison of the last three columns of Table 3 indicates that 

whereas the magnitude estimates made with the step scale scatter 

about those derived from measures by Sandage (or perhaps are 

systematically slightly fainter) there is no gross inconsistency, and 

for magnitudes fainter than about 15.o, no significant systematic 

difference. Perfect agreement is not to be expected for the reasons 

given above. The approximate agreement with the Sandage magnitudes, 
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Table 3 

Magnitudes of Tenth Brightest Cluster Members 

Catalogue Sandage-Humason dA Richness 
Abell Abell Sandage 

Number Designation log c-r Est.l Est.2 

1656 1257+2812 3.826 2 13.6 13.5 13~0 

151 0106-1536 4.196 1 i5.o 15~0 15.6 
1020 1024+1039 4.290 1 15:0 16:0 
2065 1520+2754 4~333 2 15.7 15.6 

568 . 0705+3506 4.365 0 16.6 15.4 

465 0348+0613 4.410 1 17 .5 17.7 
2048 1513+0433 4.450 1 15.7 16.0 
1930 1431+3146 4~594 1 16.8 17 ~o 17.1 
1132 1055+5702 4.608 1 16.6 17.0 17.1 
1413 2253+2341 4.632 3 16.9 17 .1 

2100 1534+3749 4.662 3 16.9 17 .o 
31 0025+2223 4:680 2 17 :5 17.7 17 :o 

234 0138+1840 4. 714 1 17 .8 17~9 17.5 
1689 1309-0105 4.720 4 17 .2 17.6 
1677 1304+3110 4.740 2 17 .8 17.7 

801 0925+2044 4.761 2 17 .8 17.7 17 .3 
1643 1253+4422 4.764 1 17 .5 17.7 

732 0855+0321 4.785 1 17 .8 17.7 17 .6 

and the fairly good internal consistency of the step scale estimates 

furnish confidence that magnitudes obtained for the catalogue are 

satisfactory for the purpose for which they are used. 

Investigation of the scatter about the smooth curve in figure 3 

indicates the standard error in redshift obtained from the redshift-

magnitude relation to be 26 per cent. The standard error would be 

much lower except for one point (catalogue cluster number 465). 

Magnitude estimates for this cluster are consistently too high for 

the observed redshift. However, Humason (1) has measured only one 

galaxy in the cluster, and he states that its cluster membership is 
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in doubt. The smooth curves in figures 3 and 4 were therefore dravm 

without regard to that one point. 

The effect of a scale error among the bright magnitudes (13.0 to 

15.0) must finally be considered. As was discussed in section C, 

magnitudes determined by Pettit indicate a zero point error at magnitude 

13.0 of about one magnitude. Although it is not definitely established 

that the zero point error is less for fainter magnitudes, it seems 

very likely that it could be so in view of the general agreement 

with the Sandage magnitudes. If a zero point error decreasing 

with increasing magnitude is present, it is equivalent to a scale 

error and will result in the counts of nearby clusters being extended 

over too small a magnitude range. There is a possibility, therefore, 

that some nearby clusters sufficiently rich to meet the requirements for 

inclusion in a statistical sample may be omitted. However, the 

number of clusters whose tenth brightest members are brighter than 

15.0 is very small compared with the more distant ones; increasing 

their number by a factor of two would not in any substantial way 

affect the results of Part II of this study. 

H. Reduction of Data 

To facilitate the reduction and processing of the material, the 

data for each cluster were entered from the 3x5-inch filing card to 

an IBM punch card. The calculations and miscellaneous processing 

involved in the reduction work were carried out by the writer with 

the IBM Model 604 Digital Calculating Punch and IBM card sorting and 

duplicating equipment of the Department of Engineering of the California 
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Institute of Technology, with the exception of the computation of 

galactic coordinates, which was done with the Datatron Digital 

Computer Model 204 of the ElectroData Corporation of Pasadena. 

Epoch of positions: The positions for the clusters were for 

the epoch 1855, except for the clusters south of 6 = - 23° which 

were for the epoch 1875, the epoch of the Cordoba Durchmusterung. To 

reduce all of the positions to a uniform epoch, positions for the 

southern clusters were precessed from 1875 back to 1855. 

Extinction: The magnitudes of the tenth brightest members of all 

clusters were corrected for the effect of atmospheric extinction . It 

is important that extinction be taken into account because the south 

galactic pole lies near the southern limit of the Sky Survey, while 

the north galactic pole passes nearly through the Palomar zenith . 

The adopted procedure was to reduce all magnitudes to their value 

at the Palomar zenith, at the bottom of the atmosphere. The ext inction, 

in magnitudes, is given by 

6m = - 2.5logT(A,z) ~ ksecz , 

where T(A , z) is the transmission of the atmosphere at wavelength A 

and zenith distance z , and k is a constant . For z = O, 

(2) 

- 2. 5logT(A,0) = k . (3) 

The atmospheric transmission at the Palomar zenith was assumed to be 

the same as that at the Mount Wilson zenith, for which (28) 

(4) 
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It follows that 

k = 2. 5(0. 034) = 0 . 085 , (5 ) 

and 

tim = o. o85secz. ( 6) 

Because practically all red survey plates, especially those taken far 

to the south, were centered within an hour of the meridian, it was 
• + 

d l f' l +_30nunuves . assume that the hour ang e ~or a 1 exposures was This 

simplification introduces little error, for the magnitudes were to 

be corrected only to the nearest tenth and the corrections were at 

most - 0. J., magnitude for clusters north of +84° or south of - 18° 

declination. 

Galactic coordinates: Galactic coordinates wer e computed for 

each cluster referred to the galactic pole (1900) a = 12h 44~0 , 

5 = +27° 30
1 

or (1855) a = 12h 41~8 , 5 = +27° 45
1

• The transformation 

equations , analogous to those used by Ohl sson (29) for a slightly 

different pole , are 

I I 
tan l = cosi t ana + s i ni seca 

' 
(7 ) 

sin b =-sini cos6 sina + cosi s ine , 

where i is the inclination of the galactic equator to the celestial 

0 I I 
equator (62 l~ ) and a is the right ascension reduced by the right 

< 

ascension of the ascending node of the galactic plane on the equator. 

Galactic obscuration: Corrections to magnitudes for the effect 

of general galactic obscuration were made , following Hubble (3) , on 
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the assumption of a plane parallel di stribution of the absorbing 

material . In particular, i t was assumed that the absorption, in 

magnitudes, is a linear function of the cosecant of the galactic 

latitude , that is, 

Am(b) = constant(cscb-1). ( 8) 

Hubble, from an analys i s of galaxy counts had derived t he photographic 

absorption, AP(b1 to be 

AP(b) = 0.2.5(cscb-l). 

From the selective abs orption data of Whitford (30), it is 

f ound that 

t.P(b ) = 2.20, 
(P-R)ex 

( 9) 

(10) 

where (P-R) is the photographic minus photored color excess, and ex 

where A4050 and A6440 are assumed f or the bl ue and red effective 

wavelengths, respectively. Thus,where AR(b) is the photored 

abs orption, 

bP(b) = 2.20(P-R)ex 

and (11) 

AR(b) = l.20(P-R) ex• 

From equations 9 and 11, 

(P-R) ex = 0.113.5( cscb-1), (12) 

and 
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6R(b) = 0.1J6(cscb- l) . 

All magnitudes were corrected by subtracting ~R(b) as calculated 

from equation 13. 

(13) 

Precession constants: Ten year precession rates were computed 

for all of the cluster positions from the standard formulae (31) for 

the epoch 1900. 

Richness classification: As discussed in section G, the counts 

of the membership of the clusters, intended as richness criteria, are 

approximate only. It was desirable, therefore, to group the clusters 

into categories according to their richness in such a manner that a 

negligible number of clusters would be misclassified by more than 

one group interval. The standard error of an individual count was 

estimated (section G) at about 17 per cent. It was decided to extend 

a group interval about three and a half times this standard error, or 

about 60 per cent, beyond the lower limit of the group. Then, if the 

counting errors are normally distributed, even a value at the upper or 

lower limit of a group interval would have only one chance in five 

thousand of being in error far enough to belong in a group more than 

one interval removed . 

The richness groups are defined in Table 4. 11Counts 11 refer to 

the number of galaxies counted in a cluster that are not more than 

two magnitudes fainter than the third brightest member . The group 

intervals are not exactly 60 per cent of their lower limits, but are 

rounded off, for convenience in classifying, to even numbers. 
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Table 4 

Richness Group Intervals 

Richness 
Group 

0 
1 
2 
3 
4 
5 

Counts 

30-49 
50--79 
80-129 

130-199 
200-299 
JOO or over 

Distance classification: As in the richness classification, the 

clusters were grouped into distance classifications according to the 

magnitudes of their tenth brightest members. The standard statistical 

error in magnitude estimates was estimated (section G) at 0.19 

magnitudes. Analogously to the case for richness classification, the 

magnitude interval in a distance group was chosen to be approximately 

J.5 times the standard error in magnitude estimate, or about 0.7 

magnitudes. Table 5 defines the magnitude intervals corresponding to 

various distance groups. Magnitudes refer to tenth brightest cluster 

members. 

Table 5 

Distance Group Intervals 

Distance 
Group 

1 
2 
3 
4 
5 
6 
7 

Yagnitude 
Range 

13.3-ll.i.O 
14.1-14.8 
14.9-15.6 
15.7-16.4 
16.5-17.2 
17.J-18.o 
18.0 or over 
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I. Explanation of Catalogue 

Table 6 contains the completed catalogue of 2712 rich clusters 

of galaxies . The clusters are listed in order of right ascension. 

Table 6 was printed directly from the IBM cards with an IBM Model 407 

Accounting Machine. Plus signs are not available on IBM tabulators; 

thus in Table 6 a positive quantity is indicated by the absence of a 

minus sign. 

The first colwnn contains the catalogue number for each cluster , 

running consecutively from 1 to 2712 . An asterisk (*) following the 

number indicates that the cluster does not meet the requirements s t ated 

in section B for inclusion in the statistical sample investigated in 

Part II. These nonsample clusters are included in Table ·6 to enhance 

the value of the catalogue as a finding list . 

The second and third columns give the right ascension and 

declination. The equatorial coordinates are given for the epoch 1855, 

the epoch of the Bonner Durchmusterung. It was decided to list 1855 

positions because then clusters can be immediately located on the 

BD charts from which, in turn, they can be easily identified on the 

National Geographic Society--Palomar Observatory Sky Survey prints, 

or on other photographic sky atlases. It should be pointed out, 

0 however , that clusters s outh of 6 = -~3 must be located on the 

Cordoba Durchmusterung charts , which are in the epoch 1875. It was 

not feasible to tabulate positions in two epochs; therefore , before 

the southern clusters can be located on the CD charts , they must be 

precessed from 1855 to 1875. 
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Columns four and five contain ten year precession rates computed 

for the epoch 1900. The precessions in right ascension and declination 

are respectively given in minutes of time and minutes of arc, and to 

sufficient accuracy so that one hundred year precessions can be rounded 

off accurately to a tenth of a minute of time and one minute of arc. 

Columns six and seven give the galactic coordinates computed for 

h m 0 I 
the galactic pole (1900) a = 12 44.0, and 6 = +27 30 • 

The eighth column gives the magnitude of the tenth brightest clus-

ter member, estimated by the step scale technique described in section 

C and corrected for the effects of atmospheric extinction, and general 

galactic obscuration, as described in section H. Some numbers in 

the last place occur more frequently than others owing to step scale 

"rounding off" errors. 

The last two columns list respectively for each cluster the 

distance and richness classifications, both of which are defined in 

section H. 
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PART II 

The Distribution of Rich Clusters of Galaxies 

J . Selection of Statistical Sample 

From the catalogue of r i ch clusters (Table 6) those clusters 

were selected which meet the criteria for inclusion in a statistical 

sample as outlined in detail in section B. To summarize, these 

criteria are: 

(i) The cluster must contai n at least fifty members not more 

than t wo magni tudes fainter than the third brightest member. 

(ii) These fifty members must be included vii th a radius on the 

plate of 4.6x105/cdA/A mm from the center of the cluster (c in km/sec). 

(iii) The cluster must have a redshift (as estimated from the 

magnitude of its tenth brightest member ) in the range from 6000 to 

60, 000 km/sec . 

(iv) The cluster must not be near the galactic equator; 

specifically, its galactic latitude must be in the range indicated in 

Table 1. 

A total of 1682 clusters were found in Table 6 which meet the 

above criteria, and these clusters were used in the statistical 

analysis described in the following sections . 

K. Distribution of Clusters According to Richness 

The distribution of the 1682 clusters according to their richness 

classifications is tabulated in Table 7, and illustrated by the 
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histograms in figures 5 and 6. (Figure 6 is on a logarithmic 

scale.) The data indicate that the number N(n) of clusters of n 

merr~ers each (not more than two magnitudes fainter than the third 

brightest member) increases rapidly as n decreases, logN(n) being 

approximately inversely proportional to n. Furthermore, during the 

course of the plate inspections, many thousands of clusters and groups 

of galaxies were recognized which vrere not catalogued because they 

obviously were not sufficiently rich to insure their essentially 

complete identification. Thus neither the statistical sa:nple of 

clusters nor a subjective impression indicates a maximum in the 

N(n)-n relation. 

Table 7 

Distribution of Rich Clusters of Galaxies 
According to Richness Classification 

Richness 
Group No. 

1 
2 
3 
4 
5 

Total 

Number of 
Clusters 

N(n) 

1224 
383 
68 

6 
1 

1682 

Logarithm 
of Number, 

Log N(n) 

3. 088 
2.583 
1. 832 
o. 778 
o.ooo 

3.226 

L. Distribution of Clusters According ·to Distance 

The distribution of clusters in depth is assumed here to be 

equivalent to the distribution of clusters accor ding to the magnitudes 

of their tenth brightest members, N(m). Since, because of step scale 

errors, magnitude estimates are not significant to a tenth, the 
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magnitudes are classified for the purposes of this investigation. Thus 

N(m) is meant to indicate the number of clusters whose tenth brightest 

members lie in a magnitude class m. In Table 8 the distribution of 

clusters with magnitude class is given, if the· magnitude classes are 

taken as the distance groups defined in Table 5, section H. The 

distribution is also illustrated i n the histogram in figure 7. To 

obtain the distribution with a somewhat finer division of magnitudes 

the clusters were also grouped into intervals of 0.3 m~gnitudes for 

their tenth brightest members, and the corresponding distribution 

is displayed in the histogram in figure 8. 

Table 8 

Distribution of Clusters with Distance Group 

Distance Number 
Clusters Log N(m) Group N(m) 

1 9 0.954 
2 2 0.301 
3 33 1.518 
4 60 1. 778 
5 657 2.818 
6 921 2. 964 

The dashed lines in fieures 7 and 8 have the slope o.6 which 

would be the slope of log N(m) vs m if the cluster distribution were 

uniform in depth and if the tenth brightest members of all clusters 

were of the same absolute magnitude, and if there were no redshift (32). 

The crosses superimposed on the histogram in figure 7 indicate the 

computed mean magnitude of the clusters within each distance group . 

For future r eference, those mean magnitudes are listed in Table 9. 

The values of cdA/A corresponding to those mean magn~tudes, as read 

off the curve in f igure 4, are also given in Table 9. 
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Table 9 

Mean Magnitudes of Clusters Vfi thin Each Distance Group 

Distance Magnitude 
Group 

dA. 10-3 CT x 

1 13.76 8~1 
2 14~40 11.4 
3 15.36 20.0 
4 15.96 27 
5 17 .02 42 
6 17 .6)..i. 54 

1 to 4 15.54 21.6 

In figures 7 and 8 it is seen that there is some departure of 

the observed distribution from that of perfect uniformity. It is of 

interest to determine whether the apparent departure from uniformity 

persists for all richness groups. Table 10 shows the cluster 

distribution among distance groups for the various richness groups. 

These distributions are illustrated graphically in figure 9. 

Table 10 

Distribution of Clusters by Distance Group and Richness Group 

Distance Richness Group 

Group 1 2 3 JL 5 

1 5 4 0 0 0 
2 2 0 0 0 0 
3 26 7 0 0 0 
4 49 9 2 0 0 
5 517 122 18 0 0 
6 625 241 48 6 1 

Inspection of Table 10 or figure 9 reveals that the departures 

from uniformity, especially for the faint magnitudes, are not 
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important except for richness group 1. In particular, it appears that 

there are fewer by about a factor of two than the expected number of 

clusters belonging to distance group 6 and richness group 1. However, 

there is not a particular shortage of faint clusters in the other 

richness groups. Because the distribution function N(m) is, in 

principle, an important test of various cosmological models (33) it 

is important to investigate whether or not the observed departure 

from uniformity is really significant. 

There are several possible explanations for the shortage of faint 

clusters in richness group 1, aside from those of cosmological 

significance. Firstly, it is possible that the identification of 

faint clusters of that richness on the Sky Survey plates 'Has 

incomplete. In view of the precautions taken to avoid such 

incompleteness, however (see sections Band F), it would seem 

incredible that half or so of the clusters under consideration would 

have been missed. A second possibility is that interstellar obscura­

tion dims many fa i nt clusters sufficiently so that less than two 

w.agnitudes beyond their third brightest members are visible on the 

plates. Cne would expect such an effect to reduce the number of faint 

clusters in other richnes s groups as well. However, the numbers of 

clusters in richness groups 2 to 5 are comparatively smaller, and 

figures concerning these groups have less stati stical significance . 

Furthe;rmore , the form of the distribution function of clusters 

according to richness, N(n) (figure 5), is such that a relatively 

larger percentage of the clusters in richness group 1 occurs near 

the lower boundary of the group interval and would appear, because 
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of obscuration, to belong to a lower group than is the case for 

the other richness groups. 

Two further possible explanations for the shortage of faint 

clusters are the possibility of intergalactic obscuration, and the 

possibility of a large scale nonrandom distribution of cluster 

centers, in the latter which case one would not expect that a survey 

to a limited depth in space would reveal a perfect uniformity in 

cluster distribution. 

Irregular galactic obscuration produces an obvious ef fect on 

the cluster distribution (next section) . Furthermore, in several 

later sections evidence is presented that the cluster centers are, 

indeed, not randomly distributed in space. Therefore , it is 

considered that no particular significance can be placed upon the 

apparent shortage of distant clusters. \Ni thin the accuracy and 

sensitivity of the present observational data, there is no evidence 

that the distribution of matter with depth in space departs radically 

from uniformity. 

M. Effect of Galactic Obscuration 

The surface distribution of all clusters in the catalogue (Table 6) 

which belong in distance groups 1 to 6 inclusive and richness groups 

1 to 5 inclusive, is displayed in figure 10. A dotted l i ne 

irregularly outlining the Milky Way indicates the region of the s ky 

in which clusters are not i ncluded in the statistical sample . The solid 

line indicates the circle of declination 6 = -27° below vvhich the 

Palomar Sky Survey does not reach . 
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Two effects of galactic obscuration are apparent in figure 10. 

The gradual thinning of clusters as lower galactic latitudes are 

approached is the expected result from the plane parallel model of 

galactic obscuration. In addition, the significant shortage of clusters 

in the north galactic hemisphere around galactic longitude 300° 

indicates the presence of considerable galactic obscuration at high 

latitudes . In the same region Shane and Wirtanen (34) have obtained 

low gala.xy counts, and various radio surveys (35) have also 

revealed relatively high radio emission. Both of these observations 

indicate the presence of interstellar material . 

The variation of the areal density of cluster centers with 

galactic latitude is displayed in Table 11. The logarithms of the 

nu.mbers of cluster centers per square degree are entered in the 

table . The effect of galactic obscuration is to hide clusters , 

especially the more distant ones, and to an increasing degree as the 

line of sight approaches the galactic equator . In no fie l d north of 

b = +40° or south of b = -40° was the obscuration apparent from the 

appearance of the sur vey plate . 

To investigate quantitati vely the variation of the areal density 

of cluster centers of different groups with galactic longitude, counts 

were made of the numbers of cluster centers of distance groups 5 and 6 

north of b = +40° and south of b = -40° and in str ips of galactic 

longitude 20° wide . The results are illustrated in figur e 11. The 

obscuration of faint clusters in the region around longitude 300° is 

very appar ent . 

To obtain an es t imate of the amount of obscuration in the longitude 
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Table 11 

Density of Cluster Centers (Logarithm of Number per Square 
Degree) as a Function of Galactic Latitude and Distance Group 

Distance Group 

b 1 and 2 3 4 5 6 

+80° to +90° -2~50 - 00 - 00 -1. 38 -0~87 
+70 +80 ..;.2.67 - 2.67 - 2. 13 -1.21 -1.15 
+60 +70 -2.88 -2.48 -2.34 -1.15 -1. 13 
+50 +60 - 00 -2~36 -2.08 -1.27 -1.26 
+40 +50 -2. 71 -2.93 -2.50 -1.46 -1.28 

· 1 0 -40 to ~oo -;) ..:.3.11 -2.80 -2.33 -1.42 -1. 20 
-50 -60 - 00 -3~01 -2~41 -1.50 -1.15 
-60 -70 - 00 ..:.2~40 -2~28 -1.09 -1.17 
-70 .:.so - 00 -2~67 -2.37 -1.22 -0.90 
-80 -90 - 00 -2.20 - 00 -1.24 -1.12 

zone around 300° as compared with the less obscured areas of the sky, 

the distribution function N(m) was determined separately for clusters 

in the longitude ranges 100° to 180? and 260° to 340°, and in both 

cases, north of b = +40°. Log N(m) vs m (m being the mean magnitude 

of a distance group, given in Table 9) is plotted for both 

longitude zones in figure 12. The solid lines are the least squares 

fits of the lines log N(m) = constant + 0.6m to the two sets of 

plotted points. The two lines are displaced with respect to each 

other by about 0. 6 magnitudes. Although the numbers involved are 

too small to place much statistical significance to this value, the 

data do suggest galactic obscuration around longitude 300° and 

extending well north of latitude +40° of the order of a few tenths of 

a magnitude (in the photored) more than in comparable latitudes halfway 

around the sky. 
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N. Distribution of Clusters in Direction in Space 

Figure 10 shows the surface distribution of cluster centers of 

all groups used in the statistical sample. The plot is in galactic 

coordinates on an Aitoff Equal Area Projection of the sphere. It is 

noted that there are certain areas of the sky comparatively sparse 

in clusters, an effect which can be attributed to galactic obscuration, 

as discussed in the last section. In addition, however, there 

appears to be a relatively small scale clumpiness in the distribution 

of clusters which suggests that the clusters themselves may be 

clustered. 

Shane and Wirtanen (34) have indicated several clouds of clusters 

of galaxies that appear to be second-order clusters on the Lick 

plates. On the other hand, Zwicky, who has investigated the 

distribution of clusters in certain areas in the sky, has also 

discussed this possibility of second-order clustering of galaxies. 

His conclusions have been stated (36): 

11 The statistical investigation of the distribution of 
cluster centers shows that there is no systematic cluster­
ing of clusters . Any apparent superclusters such as those 
in Corona Borealis and in Perseus-Pisces must be considered 
accidental in the sense of being expected in the proper 
frequency in a random distribution of noninteracting 
objects . n 

It is appropriate, therefore, to investigate the actual distri-

bution of clusters in the present sample . The procedure adopted was 

to superpose a rectangular grid over the Aitoff plot (figure 10) and 

to count the number of cluster centers in square grid cells in order 

to determine the distribution N(t) of cells containing t clusters each. 
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There is a source of error in this technique which might be 

of importance. Owing to the nature of the Aitoff projection, the 

area of the sky included in each grid cell is the same. However, 

although areas are preserved in the projection, linear dimensions 

are not. A cell near the center of the chart will cover a more or 

less square area in the sky, but near the edge of the chart a square 

cell covers an elongated area of the sky. In the extreme cases, 

the elongation is approximately a factor of two . If the distribution 

of cluster centers were strictly random, the shape of the cells 

would make no difference in the counted distribution. On the 

other hand, Neyman, Scott, and Shane have investigated the matter 

with galaxy counts on the 20-inch astrographic plates made at the 

Lick Observatory, and found that the details of a nonrandom 

distribution do depend upon the shape of the cells. 

For several reasons this source of error is not considered 

important in the present investigation. The elongation of the 

cells is appreciable only in a relatively small fraction of the sky, 

and in the worst cases it reaches only a factor of two. Neyman, 

Scott, and Shane find that the distribution of galaxies on the Lick 

plates is not seriously affected by this moderate amount of cell 

elongation, and furthermore, the distribution is changed in the 

direction of appearing ~ random with elongated cells. One can 

intuitively understand this result for the case where the 11 clumps 11 

of galaxies appear to have circular syrmnetr y on the plates. Then 

elongated cells would tend to include galaxies from a larger number 

of such clumps, and the nonuniformities in the distribution would 
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be slightly smoothed out. In the case under consideration of 

clusters of galaxies, if the distribution is completely random 

the cell shapes do not matter; if the distribution is nonrandom, the 

nonrandomness will be underestimated by the inclusion of some 

elongated cells. Thus any estimate of the degree of nonrandomness 

will be a conservative one. 

The Aitoff charts used were projected from a sphere 10 cm 

in radius. The cell size used for the counts on figure 10 was one 

quarter inch squared, which corresponds to 13.2 ~quare degrees in the 

sky. The counted distribution is shown in the upper histogram on 

figure 13. Also shown (dashed histogram) is the Poisson distribution, 

P(t) = 
-mt e m 
t! ' (14) 

which would be expected for a random distribution of noninteracting 

objects. Here the mean number of clusters per cell, m, was computed 

from the sample. The upper half of figure 13 exhibits the distri-

bution of clusters over the entire part of the sky covered by the 

statistical sample, that is where the cluster identification was 

considered complete. However, owing to the obvious presence of 

obscuration up to at least b 0 
= +60 , the cluster distribution was 

also determined for the part of the sky north of latitude +60° and 

0 south of -60 • The corresponding observed and theoretical random 

distributions are shown in the lower half of figure 13. 

It is now necessary to compute the probability that cluster 

centers are really randomly distributed, that is the probability that 

the observed frequencies (solid histograms in figure 13) would be 
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obtained in a random sampling from a population with the specified 

theoretical frequencies of a Poisson distribution (dashed histograms 

in figure 13) . 

The statistic Y.,
2 (chi squared) defined by 

k 2 y2 __ ~ (o . -e.) 
I\ ,£_ l l (15) 

is widely used for testing the compatibility of k pairs of observed 

and theoretical frequencies , where o . and e. are the observed and 
. l. l 

theoretical ·frequencies, and ~ o . = :E.. e. = n the total population. 
• l. . l. 
l. J.. 

If the o. are always obtained from a random sampling from a population 
l. 

with specified theoretical frequencies e. it can be shown (37 ,38) 
l. 

that for large samples a close approximation to the distribution func-

ti on off is given by 

v-2 y.,_2 

rCX2
) 

1 fX.2)- 2 -2 
(16) = e 

2¥r<~) ' 

where V is the number of de grees of freedom. v is equal to the 

number of pairs k of frequencies to be compared, diminished by the 

number of independent linear restrictions placed upon the observed 

frequencies o .• In the present problem there are k- 2 degrees of 
. l 

freedom.* Theoretical investigations (39) indicate that equation 16 

is a satisfactory approximation to the distribution function of-X,2 

when k and all of the e. are equal to or greater than 5. If k is less 
l 

7k-The first restriction is that only k-1 of the pairs of fre ­
quencies are independent . The second is that the mean of the Poisson 
distribution is estimated from the sample . 
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than 5, e. should be somewhat larger. 
1 

The probability that the observed distribution of clusters is 

random is approximately the probability that the value of 1..,2 computed 

from equation 15 will be obtained from a random sampling from a 

population with a Poisson distribution, that is, 

00 

P(/<-
2

) = Jf(x)d.x • 
--A.2 

(17) 

The results of the test for randomness are summarized in Table 12. 

They indicate that whether one considers the entire area of the 

sample or just the galactic polar caps, the observed distribution of 

cluster centers is highly significantly nonrandom. 

Table 12 

The Probability that the Observed Clusters of Galaxies 
Form a Random Sampling from a Population Distributed 
According to a Poisson Law 

Area -x.2 Degrees of 
P(f) of Sky Freedom 

Entire Area 295.7 5 10-61 

\bl>6oo 6J . 2 4 10-12 

The nature of the distribution of cluster centers may depend 

strongly upon the size of the cells in which clusters are counted. 

For example, if the cells are made sufficiently small (and therefore 

numerous) the observed distribution can always be made to approach 

a random one . In the limiting case, there would be just 1682 cells 

containing one cluster center each, and an infinite number of cells 

containing no clusters . This would be exactly the Poisson distribution 



- 137 -

for the case n = 1682 and m approaching zero. On the other hand, as 

the size of the cells is increased until they are large compared 

with the scale of the 11 clumpiness 11 of the distribution, the 

irregularities tend to become smoothed out, and again the frequency 

distribution begins to appear random. If there exists a preferred 

size of the 11 clumps 11 of clusters, one would expect a maximum 

departure from randomness to occur when the size of the cells in 

which the counts are made corresponds roughly to the mean size of the 

clumps. 

To determine whether such a mean size for the clumps exists, it 

was desirable to repeat the counts using various cell sizes. 

However, in the event that the clumpiness in the observed distribution 

of clusters is a consequence of a physical parameter in the 

distribution, such a parameter might be expected to impose a 

preferred linear dimension on the cluster clumps . In particular, 

such a linear dimension rni p,ht be related to the mean diameter of 

second-order clusters of galaxies, if, indeed, they exist . Therefore , 

in subsequent investigations of the cluster distribution the clusters 

were sorted into distance groups, and each distance group was 

studied separately. Figures 14, 1), and 16 exhibit respectively the 

distributions of clusters in groups 1 to 4, group 5, and group 6. 

The original plots are on Aitoff charts similar to figure 10, and 

counts were made in rectangular grid cells superposed on the charts, 

as in the previous case. 

As before, the probability was computed that each observed 

distribution could be a random sampling from a population distributed 
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with a Poisson law, using the j.,,
2 distribution function (equation 16). 

For distance groups 5 and 6 the distribution was investigated over 

the whole area of the sample, and also over the regions /b/~60° . The 

group 1 to 4 combination, however, contained too small a sample to 

obtain a meaningful distribution function in the galactic polar caps 

alone. The results are given in Tables 13 and 14, and in figures 17 

to 21. 

cell 

Table 13 

Log P(X2), the Logarithms of the Probabilities that the 
Observed Distributions are Random for the Entire Area of 

the Sample 

size: 
cm o.5oo o.635 1.000 1.270 1.500 1.905 2.000 2.500 

square deg 8.2 13.2 32.8 52.8 73.B 119 131 205 

Group 

cell 

6 -32.0 -37.l -38.7 -34.2 -27 .8 -13.6 -10.1 
5 -17.8 -28.3 -20.5 -23.6 -27 .4 -11.7 -10.4 

1 to 4 -1.15 -1.30 -0.672 

Table 14 

Log Pr/..2), the Logarithms of the Probabilities that the 
Observed Distributions are Random for the Areas 

lb\?- 60° 

size: 

-0.347 

cm o.5oo o.635 1.000 1.270 1.500 1.905 2. 000 
square deg 8.2 13~ 32.8 52.8 73.8 ~ 131 

Group 6 - 8.2 -15.o - 8.7 - 2.4 - 2.4 - 2.2 - 2.1 
5 - 4. 7 - 6.8 - 6.3 - 8.4 - 4.1 - 0.4 - 2.1 

The data in Tables 13 and 14 are plotted in figures 22 and 23. 

It is seen that the negative logarithms of the probabilities that 

the cluster distributions are random have a maximum for each distance 
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group. The maximum is especially well developed for group 6, and 

also for the combined groups 1 to 4, although because of the small 

sample size the nonrandomness in the distribution of the nearer 

groups is only slightly significant (about at the 5 per cent level). 

In any case, for each group there seems to be a mean linear dimension 

which corresponds to the scale of the clumpiness. In Table 15 are 

listed the cell sizes corresponding to the maxima indicated in 

figures 22 and 23, and also the redshift corresponding to each 

distance group (from Table 9). In figure 24 the redshifts are plotted 

against the reciprocaJsof the cell sizes of maximum nonrandomness. 

Group 

6 
5 

1 to 4 

Table 15 
- 2 

Cell Sizes Corresponding to Maxima of Log P(/{'. ) 

Cell Area Cell Diam. 

cd"L1 
(sq. deg) (deg) 

Entire lb\~60° Entire lbl ~6o0 xlO Area Area 
--

51 24.3 20 4.93 4.47 
39 40 36 6.33 6.oo 
20.5 60 7.75 

l/Diam. 
(mean) 1 
(degf 

0.213 
0.162 
0.129 

In figure 24, except for the point corresponding to groups 1 to 4 

which is the least reliable owing to the smaller sample size, it is 

apparent that the angular sizes of the clumps are approximately 

inversely proportional to the distances of the groups. The result 

is the expected one if it is assumed that the clumps of clusters 

tend to have more of less the same size everywhere in space. The 

6 clump size corresponding to H = 180 km/sec•lO pc would be about 

6 24 x 10 pc. The result strongly suggests the existence of second-
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order clusters, that is clusters of clusters of galaxies. A visual 

inspection of figures 10, 11,i., 15, and 16 leads to the same conclusion, 

although less objectively. 

The observed nonrandom distribution of clusters can not be 

accounted for by the assumption of either galactic or intergalactic 

obscuration. If, for example, the apparent second-order clusters of 

group 5 were really portions of a random distribution of clusters 

seen through holes in either galactic or intergalactic absorbing 

material, one would also expect to find clusters of group 6 appearing 

through those same holes, but certainly not between them. However, 

inspection of figure 10 shows many apparent groupings of clusters 

in group 6 in regions comparatively sparse in group 5 clusters, and 

conversely. If transparent regions in an absorbing medium permitted 

the observation of distant clusters but nearer clusters were absent, 

again a clumpy distribution of nearer clusters would be implied. 

The above argument is not intended as disproof of the existence 

of intergalactic obscuration. Such obscuration may well be present, 

particularly, as Zwicky suggests (13), within certain rich clusters. 

The possibility was not one of the topics of investigation in the 

present study, and nothing can be said here regarding it. The 

conclusion here is simply that the assumption of dark material in 

intergalactic space is not sufficient to account for the observed 

nonrandom distribution of cluster centers, and there fore, that the 

observed clumpiness must indicate a real tendency toward second-order 

clustering of galaxieso 

It is of interest to compare either figure 10 or figure 14 with 
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figures 12 to 16 in reference 34, in which Shane and Wirtanen identify 

six clouds of galaxies which they suspect to be second-order clusters. 

In three of the cases the Shane-Wirtanen clouds (numbers 4, 5, and 6) 

correspond to apparent groupings of two or more clusters in the 

present catalogue. Two of their other examples (numbers 2 and 3) 

correspond to a single cluster in this catalogue. The other Shane-

Wirtanen clusters in the six clouds are apparently not rich enough 

for inclusion in the statistical sample. 

One further test was made, namely whether the mean surface 

density of cluster centers differs between the northern and southern 

galactic hemispheres. Clusters in each distance group were counted 

both over the entire area of the sample and within only 30° of the 

galactic poles. The assu.rrrption that the mean areal density of 

clusters is the same in both hemispheres was then checked with a 

""'/...2 test. Table 16 gives the computed probability for each case that 

the assumption is correct. In no case is the probability less than 

10 per cent; adopting a 5 per cent significance level, it is concluded 

that their is no significant difference in the density of clusters 

in the two galactic hemispheres. Thus there is no reason to assume 

that there are more clusters on one side of the galactic plane than 

on the other. 

Table 16 

Probability that the Mean Areal Density of Cluster Centers is 
the Same in the Northern and Southern Galactic Hemispheres 

Group 

Entire SaJJ.IPle 
\b\~60° 

1 to 4 

0.2 

5 

0.1 
o.6 

6 All Groups 

o.6 
0.4 

0.1 
0.9 
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o. The Index of Clumpiness 

Zwicky (13) has studied the empirical quantity k(z,n) defined 

by 

' 
(18) 

2 where s
1 

is the sample variance of the observed distribution of n 

galaxies in a given solid angle divided into z equal parts or cells, 

and S~ is the variance to be expected if the n galaxies are 

distributed uniformly and independently among the z cells . 

Neyman, Scott, and Shane (7) have investigated an analogous 

quantity which they call the "index of clumpiness11 , K, defined as 

cJ1 
K = - ' 

<Jo 

where O"'i is the true variance of a theoretical distribution of 

(19) 

n galaxies among z cells, computed on the assumption of no intervening 

interstellar or intergalactic absorbing clouds, and on the assumption 

that all galaxies are clustered, and cl~ is the variance of the same 

n galaxies distributed singly, independently from one another, and 

with statistical uniformity. K differs from Zwicky 1 s k(z,n), as the 

• authors point out, in that n is a random variable and hence k(z,n) is 

subject to random fluctuations. k(z,n) would be obtained in a random 

sampling from a population with a true index of clumpiness K. More 

specifically (7), 

" •• • • if sf and s5 are computed for many different but equal 
solid anglesSLin randomly selected directions, always with 
the same substantial number z of parts, then the average 
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2 2 values of the s1 and s0 so obtained will be approximately 

equal to cJ i and Cff • II 

In an early paper by Neyman and Scott (4), a probability generating 

function is derived for the assumption that all galaxies are clustered 

and that the cluster centers are distributed according to a Poisson 

law (see section B) . In the paper under discussion by Neyman, Scott, 

and Shane (7), the probability generating function is used to derive 

an expression for K. The the authors derive the following two 

theorems (numbered from their paper): 

"Theorem 3.--If the probability density ••• governing 
the internal structure of clusters is continuous, then, 
whenever the solid angle ~ [:=Jl/z] in which galaxies are 
counted tends to zero, the index of clumpiness K con­
verges to unity. 

2 "Theorem 4. --The square of the index of clumpiness, 
K (s), corresponding to a rectangular solid angle 
2ct1 x 2sa2 is a nondecreasing function of s ••• 11 

The authors also show that if both dimensions of the solid angle are 

increased, K2 will also grow. 

These theorems, which are quite general imply that if all galaxies 

are clustered, and if there is no obscuring interstellar or inter­

galactic matter, then k2(z,n) will statistically be a nondecreasing 

function of the area of the cells in which galaxies are counted. 

Counts of galaxies ma.de both by Shane and Wirtanen (7) at Lick and 

by Zwicky (13) give values of k2(z,n) which increase with increasing 

cell size, compatible with the assumption of complete clustering.* 

~· "Zwicky originally considered the increase of k(z,n) with cell 
size to be evidence of intergalactic obscuration. Neyman, Scott, and 
Shane, however, showed that there was no necessity for the hypothesis 
of absorbing clouds. 
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The foregoing discussion refers to the distribution of 

individual galaxies. However, exactly the same theory applies to 

the analogous distribution of clusters of galaxies . Thus if one 

considers the hypothesis that all clusters of galaxies are members 

of second-order clusters, and that the second- order clusters are 

distributed according to a Poisson law, the square of the index of 

clumpiness, defined analogously to equation 19, will be a nondecreasing 

function of the area of the cells in which clusters are counted. 

The statistic k(z,n) defined analogously to equation 18, with 

the variance of the Poisson distribution sg [equal to the mean of 

the Poisson distribution (40)] estimated as the mean of the sample, 

was computed for distance groups 5 and 6, both for the whole area of 

the sample and for the galactic polar caps, and for the combined 

groups 1 to 4 for the whole sample area. The resulting values of 

k2(z,n) are given in Tables 17 and 18. 

the cell size are in figures 25 and 26. 

2 The plots of k (z,n) vs 

Ta,ble 17 

The Square Eqipirical Index of Clumpiness for Clusters, 
k2(z,n)--Entire Sample Area 

Cell Size 
(Sq.deg) 

8.2 
13.2 
32 . 8 
52.8 
73.8 

119 
131 
205 

Groups 1-4 

1.38 

1.50 

1.39 
1.47 

Group 5 Group 6 

1.51 1.73 
1.45 1. 78 
2. 54 2.64 
2.41 2.10 
3.08 3.00 
2. 21 2.89 
3.87 3. 28 
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Table 18 

The Square Empirical Index of Clumpiness for Clusters 
k2(z,n) 
jb~6o0 

Cell Size 
(Sq. deg) 

8.2 
13.2 
32.8 
52.8 
73.8 

119 
-Ul 

Group 5 

1.71 
1.82 
3.18 
2.46 
2.95 
2.01 
3.27 

Group 6 

1.65 
1.83 
2.36 
2.03 
2. 56 
2.27 
2.84 

Although there is considerable scatter about a smooth curve, 

which is expected for a sample of this size, there is no evidence 

of a maximum of k2(z,n) in any of the cases. Thus on the basis of 

this test the observed distribution of cluster centers is c ompatible 

with the assumption of total clustering of clusters of galaxies. 

P. Correlation Coefficient of Counts 

An attempt was made to determine the correlation coefficient of 

counts in different directions for distance groups 5 and 6. Only the 

region of the sky north of galactic latitude +40° was considered. 

The procedure was to divide the region into zones of galactic latitude 

five degrees wide. Each zone was then divided into an integral 

number of cells with centers as nearly as possible five degrees 

apart. There was a total of 296 cells in the region investigated, 

all with approximately the same area, 25 square degrees. In the 

region 462 clusters of group 6 were included and 362 of group 5. 

It was desired to find the correlation coefficient, f'Ce), 
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between counts in cells e degrees apart, defined by 

' 
(20) 

where n. and n. are respective counts in two different cells e 
i ie 

degrees apart, and m is the mean number of clusters per cell for 

the distance group considered. If no second-order clustering 

exists, and if there is no interstellar nor intergalactic 

obscuration, one would expect no correlation between counts in 

different cells, and 

rce) = o(e) ' (21) 

where o(e) is the delta function which is unity when e = o, and zero 

otherwise. However, if second-order clustering does exist r(e) 

would have the value unity when 8 = 0 and would decrease gradually 

with increasing e, the rate of decrease being determined by the 

angular dimensions of the second-order clusters. General large 

scale obscuration, if present, might introduce some correlation 

in the counts in cells some distance apart, so that /'Ce) might 

not reach zero even for fairly large values of e. 

An estimate of the correlation coefficient was obtained as 

follows: Values of n.-m for all of the cells in each latitude 
l 

zone were obtained and listed on each of two strips of paper. The 

pr©ducts (n. - m)(n. -m) fore = 5, 10, 15 ..• degrees were conveniently 
i ie 

computed by displacing the two strips of paper for each latitude 

zone by 1, 2, J ••• cells, and multiplying adjacent numbers together. 
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All of the products from all of the latitude zones were then averaged 

for each value of e and divided by n~ to obtain r ( e). The procedure 
]_ 

is essentially that described by Limber (9) , except that no 

corrections needed to be made for end point effects, for the products 

could be obtained in a complete circ.le along a latitude zone, and 

consequently there were no ends. 

The resulting estimates of the correlation coefficient are 

given in Table 19 and are plotted in figure 27. The correlation 

coefficient for group 6 seems to approach a lower limit as e is 

increased, at least over the range of e considered. This is 

probably the result of the general galactic obscuration discussed 

in section M. Otherwise the correlation coefficients decline more 

or less gradually, consistently with the assumption of second- order 

clustering. Unfortunately however, the size of the cells counted 

was too large to determine the form of j1(e) significantly. It 

appears (see figure 27) that r ( e) declines more gradually for 

group 5 than for group 6, which is expected since second-order clusters 

in group 5 would be nearer. However, the conclusion is based on 

only one or two points, and the expected error of these points 

(judging from the scatter about a smooth curve) is as great as the 

observed effect. 

Table 19 

Correlation Coefficient r'(e) of Counts in Cells 6 
Degrees Apart 

e 

Group 5 
Group 6 

15° ----------
0.278 
0.246 

0.171 - 0.010 - 0. 036 
0. 134 0. 117 0.133 0.255 0.151 
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0.0 
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• 
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FIGURE 27. CORRELATION COEFFICIEN1 
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It would be highly desirable to repeat the computation of 

correlation coefficients with a finer cell division, say 2 degrees 

square. Unfortunately, the computations involved are too laborious 

to be completed in the time available for the present investigation; 

the project will probably be feasible only with an electronic 

computer. 

Q. Summary 

The results of the foregoing sections can be summarized briefly 

as follows: 

(1) The distribution function of clusters according to richness, 

N(n) decreases rapidly as n increases. The present data indicate no 

maximum in N(n), that is, no mean number of galaxies (not more than 

two magnitudes fainter than the third brightest member) is indicated 

for clusters with fifty members or more. 

(2) The data allow no significant conclusion that the spatial 

density of cluster centers varies with distance. 

(3) Galactic obscuration certainly plays a role in the observed 

distribution of clusters of galaxies. In particular, around galactic 

longitude J00° and extending in the northern galactic hemisphere to 

at least latitude +60° there exists galactic absorption of the order 

of several tenths of a magnitude (photored) greater than at corres­

ponding latitudes around longitude 100°. 

(4) There is a highly significant nonrandom distribution of 

cluster centers in direction. The scale of the clumpiness of the 

distribution varies roughly inversely proportionally with distance. 



- 163 -

The nonrandomness can not be accounted for by either interstellar or 

intergalactic obscuration, although the existence of intergalactic 

obscuration is not specifically disproved. The data suggest strongly 

the existence of second- order clusters, or clusters of clusters of 

galaxies. 

(5) There is no significant difference in the mean density of 

cluster centers between the northern and southern galactic hemispheres . 

(6) The square of the index of clumpiness, defined as the 

ratio of the variances of the observed distribution to a purely 

random one , is approximately a nondecreasing function of the size 

of the cells in which clusters are counted, a result compatible with, 

although not confirming, the assumption that all clusters belong to 

second-order clusters . 

(7) Estimates of the correlation coefficients of counts of 

clusters in cells in different directions give weak support to the 

assumption of the existence of second-order clusters . Unfortunately 

the cell division used in computing correlation coefficients was not 

sufficiently fine to give results of high statistical significance. 
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