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ABSTRACT

Low-rank matrix recovery problems are prevalent in modern data science,
machine learning, and artificial intelligence, and the low-rank property of
matrices is widely exploited to extract the hidden low-complexity structure
in massive datasets. Compared with Burer-Monteiro factorization in the
Euclidean space, using the low-rank matrix manifold has its unique advan-
tages, as it eliminates duplicated spurious points and reduces the polyno-
mial order of the objective function. Yet a few fundamental questions have
remained unanswered until recently. We highlight two problems here in
particular, which are the global geometry of the manifold and the global

convergence guarantee.

As for the global geometry, we point out that there exist some spurious
critical points on the boundary of the low-rank matrix manifold M,, which
have rank smaller than r but can serve as limit points of iterative sequences
in the manifold M,. For the least squares loss function, the spurious critical
points are rank-deficient matrices that capture part of the eigen spaces of
the ground truth. Unlike classical strict saddle points, their Riemannian

gradient is singular and their Riemannian Hessian is unbounded.

We show that randomly initialized Riemannian gradient descent almost
surely escapes some of the spurious critical points. To prove this result, we
tirst establish the asymptotic escape of classical strict saddle sets consisting
of non-isolated strict critical submanifolds on Riemannian manifolds. We
then use a dynamical low-rank approximation to parameterize the mani-
fold M, and map the spurious critical points to strict critical submanifolds
in the classical sense in the parameterized domain, which leads to the de-
sired result. Our resultis the first to partially overcome the nonclosedness of
the low-rank matrix manifold without altering the vanilla gradient descent
algorithm. Numerical experiments are provided to support our theoretical
tindings.

As for the global convergence guarantee, we point out that earlier approaches
to many of the low-rank recovery problems only imply a geometric conver-
gence rate toward a second-order stationary point. This is in contrast to the

numerical evidence, which suggests a nearly linear convergence rate start-
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ing from a global random initialization. To establish the nearly linear con-
vergence guarantee, we propose a unified framework for a class of low-rank
matrix recovery problems including matrix sensing, matrix completion, and
phase retrieval. All of them can be considered as random sensing problems
of low-rank matrices with a linear measurement operator from some ran-
dom ensembles. These problems share similar population loss functions

that are either least squares or its variant.

We show that under some assumptions, for the population loss function,
the Riemannian gradient descent starting from a random initialization with
high probability converges to the ground truth in a nearly linear conver-
gence rate, i.e., it takes O(log 1 + logn) iterations to reach an e-accurate so-
lution. The key to establishing a nearly optimal convergence guarantee is
closely intertwined with the analysis of the spurious critical points Sy on
M,.. Outside the local neighborhoods of spurious critical points, we use
the fundamental convergence tool by the Lojasiewicz inequality to derive a
linear convergence rate. In the spurious regions in the neighborhood of spu-
rious critical points, the Riemannian gradient becomes degenerate and the
Lojasiewicz inequality could fail. By tracking the dynamics of the trajectory
in three stages, we are able to show that with high probability, Riemannian

gradient descent escapes the spurious regions in a small number of steps.

After addressing the two problems of global geometry and global conver-
gence guarantee, we use two applications to demonstrate the broad ap-
plicability of our analytical tools. The first is the robust principal compo-
nent analysis problem on the manifold M, with the Riemannian subgradi-
ent method. The second application is the convergence rate analysis of the
Sobolev gradient descent method for the nonlinear Gross-Pitaevskii eigen-
value problem on the infinite dimensional sphere manifold. These two ex-
amples demonstrate that the analysis of manifold first-order algorithms can
be extended beyond the previous framework, to nonsmooth functions and
subgradient methods, and to infinite dimensional Hilbert manifolds. This
exemplifies that the insights gained and tools developed for the low-rank
matrix manifold M, can be extended to broader scientific and technological
fields.
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Chapter 1

INTRODUCTION

Low-rank matrix recovery problems are prevalent in modern data science,
machine learning, and artificial intelligence. The low-rank property of ma-
trices is widely exploited to extract the hidden low-complexity structure
in massive datasets from machine learning, signal processing, imaging sci-
ence, advanced statistics, information theory, and quantum mechanics. Some
excellent overviews of the low-rank recovery problems can be found in the

survey papers [39, 68,80, 116]. Below are a few specific examples.

Matrix sensing. The problem of matrix sensing is one of the canonical
model problems for low-rank matrix recovery [39] and has its background
in linear matrix equations [30, [116]. The problem can be formulated as fol-
lows. Suppose the unknown ground truth matrix is X € F"*"2, where F
can be either R or C, and X is a low-rank matrix satisfying rank(X) = r <
min{ny,n>}. We know the measurement matrices {A_/}’;?:l c F""2 whose
entries are drawn i.i.d. from a standard normal distribution, i.e., N (0, 1), if
F=R;or %N(O, 1) +i§N(O, 1),if F = C. Usually we require that m is at least
O(min{nq,ny}). Lety = \/%((Al, X),....{An, X))". The goal is to recover X
from y and {4; }Tzl.

Matrix completion. The problem of matrix completion has a long history
since [31), 32]. It is still widely used in collaborative filtering for recom-
mendation systems [18], where the goal is to predict users” preferences for
unseen items given their reactions to the items they have already seen. In
mathematical terms, the problem can be formulated as follows. Suppose
X € R"™*™ js the unknown ground truth matrix, and we assume rank(X) =
r < min{ny,ny}. The information we have is the value of X at a small
proportion of the entries, whose indices are denoted as Q. Usually we as-
sume that the index set Q is generated by a uniform sampling of indices and
|Q| < niny. The goal is to recover X from the values of Q only.

Phase retrieval. The Fourier phase retrieval problem originated from optics
[56, 81], where it is used in diffraction imaging. More recently, Gaussian
phase retrieval has been studied in [34, [122]. The problem can be formu-
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lated as a low-rank recovery problem as follows. Suppose x € C" is the un-
known ground truth vector. The measurement vectors are {a; }]".’:1, whose
entries are i.i.d. Gaussian. We only have the magnitude information of
the measurements {[(a;, x)l};fl:l, but not the phase. Denote A; = a jaj. and
X = xx*, then the problem can be seen as recovering a rank-1 matrix X from

((A1,X),...,{An, X)), which is a low-rank recovery problem.

Robust principal component analysis. This problem is used in image in-
painting [113] and video processing [35] and has long been studied in low-
rank matrix recovery [33]. We are given a matrix M € F"*"2 which is the
sum of a rank-r ground truth L. and a sparse noise S.. The goal is to re-
cover L, and S, from M = L, + S..

Neural networks. Because of the rapid development of machine learning
in recent years, it is impossible to identify the single most important ap-
plication of low-rank recovery in neural networks. Here we just look at
one example from the fine-tuning of large language models and generative
art models. In a recent work named LoRA [79], it is proposed that large
models can be fine-tuned with low-rank updates. Suppose W is the weight
matrix consisting of tunable parameters, the goal is to find the best AW with
rank(AW) = r such that W = W + AW optimizes the objective of the neu-
ral network. Empirical study [4] shows that the intrinsic dimensionality of
large models is actually low, implying that a low-rank approximation of the
weight matrices could recover most of the capabilities of the model. LoRA
makes the training of large models significantly cheaper and is now widely

used in generative models.

The low-rank matrix manifold [70, [71] is a useful tool for solving low-
rank recovery problems like those above. It has gained popularity in recent
years since it gives a neat description of low-rank matrices. Let F = R or
C, and consider the set of all matrices of size ny X npy with the same rank
r < min{nq, ny}. Then this set is a Riemannian manifold, which is a classical
result, see for example [91, Example 8.14]. We call it the low-rank matrix

manifoldl]and denote it as

M, = {X e F""" : rank(X) =r},

'In some literature it is called the fixed rank matrix manifold.



3

where the subscript r denotes the rank of the matrices in the manifold, and
the dimension of the matrices is usually evident from the context. Some-
times we are only interested in the set of n X n symmetric positive semi-
definite (SPSD) matrices S; or Hermitian positive semi-definite (HPSD) ma-
trices H;, and we can define the corresponding low-rank SPSD/HPSD ma-

trix manifold as
M, ={X € S} or Hy : rank(X) =r}.
See Chapter 2} Section [2.1] for more details.

As a Riemannian manifold, M, is nonconvex and is locally isomorphic to
the Euclidean space. Thus, many nonconvex optimization techniques can
be transferred to M, without much difficulty. Among them, the most com-
mon one is the Riemannian gradient descent, which is the manifold ver-
sion of the vanilla gradient descent in the Euclidean space. For a function
f : M, — R, starting from an initial guess Zy € M,, the Riemannian gra-
dient descent (RGD) generates a sequence of matrices {Z};, ¢ M, as fol-
lows:

Ziy1 = R(Zy — ay - grad f(Zy)).

Here gradf is the Riemannian gradient of the function f on M,, and « is
the kth step size. For more details see Section This algorithm demon-
strates nearly optimal convergence rate and practical flexibility in a number
of problems, see e.g., [26,139] 118,125 127] and our work [77].

Compared with the Burer-Monteiro factorization method (the parameteri-
zation X = UV*, U € F"",V € F"2*"  or X = UU*, U € F”) in the Euclidean
space, using the low-rank matrix manifold has a few advantages. One ob-
vious advantage is that it avoids the duplication of spurious points in the
Burer-Monteiro factorization. For example, if Z, = UV* is a saddle point or
local minima, then any (UQ, VQ) with a unitary 0 € O™ is also a saddle
point or local minima in the factorized space, but there is no such problem

on the manifold M, because we are looking at Z, itself directly.

Another advantage is that the function of Z is a lower-order polynomial
compared with the function of U or (U,V). For example, with the least
squares loss function, f(Z) is a quadratic polynomial while f(U) is a quartic

(4th order) polynomial. When using the Lojasiewicz inequality (Chapter
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Section [5.3) to analyze the convergence rate, it is easier to prove a linear

convergence rate for quadratic functions.

In addition to the above immediate advantages, a perhaps more remote as-
pect is the potential extension from M, to other Riemannian manifolds. Ex-
tracting low-complexity features from high-complexity models is a recur-
ring theme in applied mathematics. Manifold learning [124] has long be-
come a standard technique in modern machine learning. We hope that the
insights gained and tools developed for the low-rank matrix manifold M,
can be extended to other manifolds in broader scientific and technological
fields.

The past few years have seen great progress in the study of the low-rank ma-
trix manifold, yet a few fundamental questions have remained unanswered
until recently. In particular, we highlight two problems in this thesis, which
are the global geometry of the manifold and the global convergence guar-

antee.

The problem with global geometry lies in the fact that the set M, = {X €
Fm>m2 s rank(X) = r} or M, = {X € S} or H} : rank(X) = r} is not a closed
set. As we will see in Chapter 2} Section[2.1} the boundary of M, consists of
matrices with rank less than r. Closedness of the domain is useful in non-
convex optimization because when using an iterative algorithm to optimize
a function on the manifold, closedness is necessary to guarantee that the
limit point of the iterative sequence is still in the manifold. Indeed, because
M, is not closed, examples (like Example demonstrate that some ma-
trices in M, with rank s < r can be the limit points of the iterative sequences
in M,.. We call them the spurious critical points. When the objective function
is the least squares function f(Z) = %HZ -X ||%, the set of spurious critical
points is denoted as Sy and can be characterized as follows:

Sy ={Z.: Z. = U1D1V], where Uy, V1 and D1 are submatrices of Ux, Vx and
Dx satisfying Ux = (Ul, Uz), VX = (Vl, Vz), DX = diag{Dl, Dz}, Z* # X}.

Here X = UxZxVy is the singular value decomposition (SVD) of X. Section

gives a more detailed description of these spurious critical points.

Our work [76478] is among the first to give a thorough analysis of the spu-
rious critical points and their influence on the Riemannian gradient descent
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algorithm. We discover that the Riemannian gradient becomes singular at
the spurious critical points or in the spurious regions in their local neigh-
borhoods. We show that Riemannian gradient descent almost surely es-
capes some of the spurious critical points. Moreover, with high probability,
Riemannian gradient descent avoids these spurious critical points in nearly

linear time.

The problem with global convergence rate lies in the fact that earlier anal-
ysis of the aforementioned low-rank recovery problems only implies a ge-
ometric convergence rate toward a second-order stationary point. This is
in contrast to the numerical evidence, which suggests a nearly linear con-

vergence rate starting from a global random initialization, see e.g., Figure

L1

In our work [77], we show that the key to establishing a nearly optimal
convergence guarantee is in fact closely intertwined with the analysis of
the spurious critical points Sy on M,. The spurious regions are where the
Riemannian gradient becomes degenerate and the Lojasiewicz inequality
might fail. Careful treatment is needed to bound the probability that the
randomly initialized gradient descent is attracted to the spurious critical
points and the number of steps it takes to avoid the spurious regions. We
show that using the Riemannian gradient descent to minimize the popula-
tion loss function for a class of low-rank recovery problems on the manifold
M., it takes O(log n + log 1) time to converge to an e-accurate solution.

In the following, we discuss each of the results in this thesis in more detail.

1.1 Asymptotic escape of strict saddle sets in manifold optimization

In nonconvex optimization, it is a classical result that first-order algorithms
like gradient descent escape from strict saddle points and converge to lo-
cal minima. This holds true not only in the Euclidean space [89] 90, 112],
but also on Riemannian manifolds [41, [123]. Combined with the fact that
many low-rank recovery problems actually do not have spurious local min-
ima apart from the ground truth solution [55} 164} 98], this has facilitated the

global analysis of first-order algorithms for many applications.

Before our work [76], however, previous analysis on strict saddles mostly
focuses on isolated saddle points [89, 90]. There is a lack of explicit treat-
ment for non-isolated continuous saddle sets, despite their prevalence. This



motivates us to develop a more general analytic tool for such case.

In Chapter 3, we present a systematic analysis for the asymptotic escape
of non-isolated and possibly continuous saddle sets with complicated ge-
ometry. We prove that Riemannian gradient descent is able to escape strict
critical submanifolds under certain conditions.

An important implication of this saddle analysis is that it paves the way for
the asymptotic escape of spurious critical points in Chapter 4 The spurious
critical points are different from the classical strict saddle points in that the
Riemannian gradient is singular around a spurious critical point Z, € S.
But with a parameterization of the manifold M, and a rescaling of the gra-
dient flow, a spurious critical point can be mapped to a classical strict saddle
set in the parameterized manifold. In this way, the saddle set analysis serves
as an intermediate tool that tackles a much less understood question about

the low-rank matrix manifold.

1.2 Asymptotic escape of spurious critical points

Next, we look at the global geometry of the low-rank matrix manifold M,
and tackle the fundamental problem of nonclosedness of M,. As we have
mentioned before, there exist some matrices with rank smaller than r that
can be the limit points of the iterative sequences in M,. In the SPSD/HPSD
case, for the least squares loss function f(Z) = %HZ -X ||2F, the set of spurious
critical points is Sy = Ul ;(1)SS, where each S; can be characterized as

Sy ={Zs : Zy = U1D1U;, Uy e F*, D1 € F°}.

Here X = UxDxUy is an eigenvalue decomposition of X, Ux = (Uy,Uz), Uy €
s Uy € F™(=9) jg a block decomposition of Uy, and Dy = diag{D1, D>},
Dy € RS, Dy € RU=9%(=5) jg a block decomposition of Dy.

To see why each matrix in Sy can be a limit point of an iterative sequence,
one can construct examples explicitly. In Example using the RGD al-
gorithm Z;41 = R(Zy — « - Pr, (Zr — X)) to minimize the least squares loss
function f(Z) = %HZ - X||12: on the manifold My = {Z : Z € S3, rank(Z) = 2},
where X = diag{2, 1, 0}, starting from Zp = diag{2, 0, 1}, the sequence
{Z};, converges to Zy = diag{2, 0, 0}, rather than X.

However, with a slightly perturbed initialization, the RGD alogrithm almost

always escapes Zy and converges to X instead. In fact, when the initial point
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Zy is sampled on M, according to some general random sampling scheme,
we observe that convergence to spurious critical points almost never hap-
pens. This motivates us to conjecture that their basins of attraction actually

have zero measure, and gradient descent almost surely avoids them.

In Chapter 4, we give a partial confirmatory answer to the above conjec-
ture. Our results on the asymptotic escape of spurious critical points can be
summarized as follows. We show that when minimizing the least squares
loss function, the Riemannian gradient flow and the Riemannian gradient
descent with varying stepsize asymptotically escape the rank-(r-1) spurious
critical points on the rank-r SPSD or HPSD manifold. More specifically, we
have the following informal theorem:

Theorem (Informal version of Theorems |4.2.1|and 4.3.1). The gradient flow Z,

of the least squares loss function and the gradient descent sequence {Z;};7

with step size @y ~ 0 (Zx) almost surely escapes the rank-(r-1) spurious crit-
ical points, i.e., Prob (lim; .« Z; € S,-1) = 0 and Prob (lim—e Zx € Sy—1) =
0.

Many previous attempts have been made to deal with the rank-deficient
critical points, also called apocalyptic points in some literatureﬂ One way
is to replace M, with M, and replace tangent space projection with tangent
cone projection [118]. Another direction is to modify the algorithm to help
it converge to stationary points, for example by using a smooth lift [92] or

using numerical rank information [109].

Empirically, however, the original Riemannian gradient descent seems to
be robust enough. Even though the spurious critical points can be the limit
points of the Riemannian gradient descent algorithm, the required initial-
ization is so special that it is almost impossible under random initialization.
In Example on My, from a slightly perturbed initial point with arbi-
trarily small perturbation, {Z;};?, converges to X instead of the spurious
Zy.

To understand this phenomenon, it helps to compare it with the asymptotic

escape of strict saddle points by gradient descent [89]. The two are remark-

2In [92], the set of apocalyptic points on M, is Ug<, M,. We remark that the set of
spurious critical points here in Definition is a subset the apocalyptic points described
in [92], i.e., for each s, Sy € M. This is because each element in S, is not only rank-s, but
matches s out of r of X’s eigen components. If X has distinct singular values, then S is a
finite set.
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ably similar, except that the spurious critical points in our context are not
strict saddle points. Instead, the spurious critical points are singular points
where the Riemannian Hessian gets unbounded in certain directions.

To deal with the singularity of the spurious critical points, we propose us-
ing the dynamical low-rank approximation [85] to parameterize the gradi-
ent flow on the low-rank matrix manifold. We then introduce a rescaled
gradient flow to remove the singularity of the ODE system. After rescaling,
each spurious critical point becomes a strict critical submanifold in the pa-
rameterized domain. Classical saddle escape theorems can then be applied
to derive the desired result.

1.3 Fast global convergence for low-rank matrix recovery

The central result of this thesis is the global convergence guarantee for a
class of low-rank matrix recovery problems under a unified framework. In
Chapter 5, We show that for the population least squares loss function, un-
der certain assumptions, with high probability the Riemannian gradient de-
scent on the manifold M, starting from a global random initialization con-
verges to the ground truth in a nearly linear convergence rate, i.e., it takes

) (log % + poly(log n)) iterations to reach an e-accurate solution.

We propose a unified framework for a class of low-rank recovery problems,
expressed as the following optimization problem over the low-rank matrix
manifold M,

1
min /(2) = 5I7T(2) - I} D

where T : M, — R™ is a linear operator, T(Z) = #((ALZ), oA Z)T,
and y € R" with y; = ‘/%(A j»X). The formulation is general and covers
many different low-rank matrix recovery problems that we have discussed.

Here are a few examples.

(1) Matrix sensing: T : M, — R™, where {A j};."zl Cc F"*™ have entries

drawn i.id. from N(0,1), if F = R; or ¥A/(0,1) +i*ZN(0, 1), if F = C.

(2) Matrix completion: 7' : M, — R™, where {A;}_; C F"*"2 are gen-
erated by a uniform sampling of indices Q C [n1] X [n2] of an ny X ny
matrix. The matrix A; is the indicator matrix of the j-th sampled entry,

which has value 1 at the sampled index and 0 at other indices.
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(3) Gaussian phase retrieval: T : M; — R™, where M is the symmetric
rank-1 matrix manifold, and {A; }’]’?:1 c ™" are rank-1 matrices. In the
real case, A; = a ja]T., where a; € R" and their entries are drawn i.i.d.
from N(0,1); in the complex case, A; = a J-a;*., where a; € C" and their
entries are drawn i.i.d. from \/TEN(O, 1)+ i‘/TEN(O, 1).

All the above examples can be considered as random sensing problems of
low-rank matrices, where T is a linear operator and {4 };.”21 are drawn from
some random distribution. Despite the difference in problem settings and
the distributions of {A; Yy, their population loss functions share some com-
mon properties. Thus we focus on the global convergence behavior of the
population loss functions. More specifically, the population loss of matrix
sensing and matrix completion is Ef(Z) = ¢||Z - X ||12p with some positive
constant ¢ > 0, while the population loss of the phase retrieval problem is
Ef(Z) = cl|Z - X|% + (IZ|lr - I X|lr)? with ¢ = 1 or § (see Theorem[5.7.2).

. 1 2
F(Z)==|Z-X '
nin 12) =5 %> (1.2)
. 1 2 2
F(Z)==(|Z|lr = ||X Z - X||%. .
or min 2(2) = 5(IZlIF = 1IX1IF)" +cll 7 (1.3)

We are interested in the population loss functions F; or F, because they
can be seen as model problems for the finite sample loss functions. The
behavior of the algorithms on the population loss functions to some extent
predicts the behavior on the finite-sample loss functions, which can be seen
from subsequent chapters. A similar strategy is also employed in [38] and
[47]. In Chapter [5, we mostly focus on analyzing Problem (I.2), as it lays
the foundation for other population losses. We then briefly discuss Problem

(1.3).

Let the sequence {Z;}}” , be generated by randomly initializedﬁ Riemannian
gradient descent algorithm:

Zra =R (Zk — axPry, (Vf(Zk))) :

where Pr, is the projection onto the tangent space of M at point Zy, oy is
the k-th stepsize, and R : T, — M is a retraction operator. Below is the

main result.

SRandomly initialized means the initialization is drawn from the general random dis-
tribution (defined in Definition|5.5.1).



10

Theorem (Informal version of Theorem . For the population loss (1.2), with
high probability no less than 1 — m, the sequence generated by a randomly
initialized Riemannian gradient descent needs O (poly(logn) +log %) iterations to

reach an e-accurate solution of X, i.e., to reach ||Z — X||r < €||X||F.

The above result provides a partial explanation for the mechanism behind
the nearly linear convergence rate of vanilla first-order methods and re-
veals the shared mechanism behind such low-rank matrix recovery prob-
lems. The O(logn) or O(poly(logn)) term in the number of iterations is
mainly because these problems have spurious critical points, and the se-
quence needs this many iterations to escape these spurious points and their
local regions. Our results imply that the randomly initialized Riemannian
first-order scheme with high probability converges to the second-order sta-
tionary points at a nearly linear rate that is essentially independent of the

dimensionality.

Figure(l.1|gives some numerical results obtained using the randomly initial-
ized Riemannian gradient descent to minimize the least squares loss func-
tion for the three problems. We observe nearly linear convergence in
all three experiments. This is consistent with the theoretical results stated
above. Our contribution lies in bridging the gap between theory and prac-
tice by analyzing the mathematical mechanism behind the fast convergence

rate.

SHh o o

log error
o & A M o N

0 50 100 150 200
iterations

(a) Least squares function
with F1(Z) = 311Z - X|1%,
n=200, r=10.

log error
[} =] - N o N

20 40 60 80 100
iterations

(b) Matrix sensing with

f(2) = 3IT(Z) - I3,
n=100, r=5, m=2500.

log error
[N
o (42 o

N
o

20 40 60 80 100
iterations

(c) Phase retrieval with
f(2) = 3I1Z) - I3,
n=100, m=1000.

Figure 1.1: The randomly initialized Riemannian gradient descent. Each
log-error band stands for the results from 100 independent experiments.

To further highlight the unique challenges that we overcome, in the follow-
ing, we review some related works in the literature by topic, and discuss

their connection and comparison with our work.
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Burer-Monteiro factorization. Earlier approaches to the low-rank matrix
recovery problems use convex relaxation [30-32) 34] [116]. Later ones shift
focus to nonconvex methods due to their lighter computational cost, and
these nonconvex methods mainly rely on the Burer-Monteiro factorization
(the parameterization X = UU*, U € F" in the Hermitian case) and the
global landscape analysis of the corresponding nonconvex objective func-
tion [11} 20, 55, 163H65, 98|, [122]. In some applications, it has been shown
that the landscape does not have spurious local minima [55, 64, 65, 98]
This property, combined with the convergence guarantee of nonconvex op-
timization [63} [82], leads to a convergence guarantee for second-order sta-

tionary points.

However, the convergence rate results obtained by those nonconvex meth-
ods are largely sub-linear, in sharp contrast to numerical observations indi-
cating faster, nearly linear convergence. Instead of Burer-Monteiro factor-
ization, we look at the low-rank matrices as a whole on M,. As we have
discussed at the beginning of this chapter, using the manifold M, instead
of the Burer-Monteiro factorization eliminates duplicated spurious points
and reduces the polynomial order of the objective function. Eventually, it

enables us to obtain a better convergence guarantee.

Rank-1 versus rank-r. Quite a few previous works explore the asymptotic
landscape and exact convergence rate for rank-1 problems, see e.g., [38][133]].
Our results differ from these previous works in that we provide a unified
framework of analysis that applies to the general rank-r problem (Theorem
from the low-rank matrix manifold perspective. It is important to
note that the general rank-r case is much more challenging than the rank-1
problem. To see the main technical challenge for general rank-r problems,
note that while for the rank-1 problem, the core matrix is an 1 X 1 matrix
(a scalar), for the general rank-r problem, it becomes an r X r matrix. The
closed form solutions of some quantities (e.g., the angles between the col-
umn spaces) are no longer available, which adds considerable difficulty to

the convergence analysis.

Convergence rate. Earlier landscape analysis on the low-rank matrix recov-
ery [20} 55, 64} 165| 98| [122], combined with the convergence guarantee for
the nonconvex optimization [63}82], only implies a geometric convergence
rate toward a second-order stationary point. As we have seen in Figure
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numerical evidences suggest a linear convergence rate, and it is common
among many low-rank recovery problems. Recent work [38] proves nearly
linear convergence rate for the rank-1 phase retrieval problem. This result
is consistent with ours, but we extend beyond rank-1 to the general rank-
r case. We intend to explore the common mechanism for the linear con-
vergence rate behind many low-rank recovery problems by studying them

under a shared framework.

The power of randomness. First-order schemes are widely used in large-
scale computation due to their light computational cost. Under certain as-
sumptions, first-order schemes are shown to have fast local convergence
to the neighborhood of stationary points [106, 107]. A common problem
with first-order schemes is that undesirable critical points, including saddle
points and local maxima, could occur. Due to the lack of geometry informa-
tion around critical points, first-order schemes with bad initialization could
get trapped around the undesirable critical points instead of converging to
the local minima. However, when augmented with randomness, the first-
order schemes work well and have some provable guarantees. Below we
discuss two ways of incorporating randomness: the randomly perturbed

tirst-order schemes and the randomly initialized first-order schemes.

1. Perturbed first-order schemes. Convergence of perturbed first-order schemes
toward second-order stationary points has been studied both in the Eu-
clidean and the Riemannian settings, see [41}, 51} 163} 182} 123]. These results
show that the general global convergence rate is polynomial and almost
dimension-free. Whereas perturbations help perturbed schemes escape the
saddles better than non-perturbed first-order schemes in the worst case [51],
the perturbations also prevent a very accurate approximation of the ground

truth without further (and sometimes complicated) modification.

2. Randomly initialized first-order schemes. Though it has been proved that
randomly initialized gradient descent asymptotically escapes saddles and
only converges to the local minima [76),189] 90| [112]], its convergence rate is
much less clear. In the worst case, when the initialization is close to the
stable manifold of saddle points, the convergence toward the local minima
slows down substantially. Indeed, the authors of the previous work [51]
show that, in the worst case, the randomly initialized gradient descent can
take exponential time to escape from the saddles. Despite such worst case
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scenario, the optimal efficiency of saddle escape behavior in a more general
sense remains unclear. A recent answer to this question is given by [38],
where it is shown that for the rank-1 phase retrieval problem, gradient de-
scent with random initialization has a nearly linear and almost dimension-
free convergence rate, improving upon the previous algebraic convergence
rate. This motivates us to investigate the underlying mechanism and es-
tablish a similar fast convergence rate for general rank-r matrix recovery

problems.

We point out that an alternative way to avoid saddle points is to use Hessian-
based schemes and second-order geometric information around the critical
points. However, the computational costs of such methods are much higher,
and the implementation can be complicated.

Apocalypse-free algorithms. Recent works [92] 109] study the escape of
spurious critical points (called apocalyptic points in those works) from a dif-
ferent perspective. They describe the apocalypse event where the sequence of
iterative points is in M, but the limit point has rank less than r and is not sta-
tionary. Along this line, it is proposed that a second-order algorithm using
a smooth lift [92] or a numerical rank reduction step [109] could avoid spu-
rious critical points and guarantee convergence to the stationary points. We
remark that both approaches require major modifications to the first-order
algorithm, while we focus on establishing a guarantee for the Riemannian

gradient descent algorithm without modification.

1.4 Robust principal component analysis on the manifold

In Chapter|[6} we discuss an application of the low-rank matrix manifold M,
that is beyond the framework of linear measurements and smooth loss func-
tions. We study the Robust Principal Component Analysis (RPCA) prob-
lem, whose goal is to recover an unknown low-rank matrix L, and an un-

known sparse matrix S, from their sum M:
Find L. € M,, S. sparse, such that M = L. + S..

The problem of RPCA is interesting for a couple of reasons. One reason
comes from our choice of the objective function to promote sparsity. We
minimize the (vectorized) /1 norm as our loss function:

F(L) =M= Llly,  where X[l = Y |X;|.
i.J
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The /1 norm is a nonsmooth function, but it has a well-defined subgradient
(the generalized sign function), which enables us to define its Riemannian
subgradient. We thus use the Riemannian subgradient descent algorithm to

minimize f(L):
Zgn = R(Zk — arPr,, (0 f(Zy))),

where Pr,, (0f(-)) is the Riemannian subgradient of f. We develop a tool
for the convergence guarantee of the Riemannian subgradient method on
the manifold M,, which is based on the sharpness and the weak convex-
ity conditions [45]. We show that the Riemannian subgradient method for
the /1 loss function satisfies the sharpness and weak convexity conditions
in the local neighborhood of the ground truth L.. Combined with a spec-
tral initialization that is guaranteed to be in the local neighborhood, we are
able to establish the linear convergence rate of the Riemannian subgradient

algorithm.

Another reason why RPCA is worth our attention is that the incoherence
property of the low-rank matrix L, is heavily involved in this problem. As-
suming the SVD of L, is L, = UXV", the incoherence parameter is defined

as the positive constant u satisfying

”V‘_F IVll2eo = max V(. )||2<ﬂ\/\£_

This gives us the opportunity to take a deep dive into the incoherence of

U200 := max UG, )2 <

the tangent space of M, near L, and gain some interesting insights. We
use concentration tools to show that most elements in the tangent space at
an incoherent matrix on M, are also incoherent. We also use incoherence
to show that when r = 1, L, is guaranteed to be the local minimizer of
f(L) =||M - L||;; on the manifold M.

1.5 Sobolev gradient descent for a class of nonlinear eigenproblems

In Chapter [/, we discuss another application that further extends beyond
the low-rank matrix manifold, as it is posed on an infinite dimensional
Hilbert manifold. We explore how the insights gained and tools developed
for the low-rank matrix manifold M, can be extended to other manifolds
in broader scientific and technological fields. Specifically, we demonstrate
that the Lojasiewicz inequality tool can be used to derive the convergence

guarantee for the manifold gradient descent method here.
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The problem of interest is the Gross-Pitaevskii eigenproblem, a well-known
example of the nonlinear Schrodinger eigenproblem, which seeks 4 € R and
v € Hy(Q) that satisfy Equation (7.1):

~Av+Vv+BvPv=Aav onQ cRY,

where Q is a bounded region in R, V(x) > 0 is an external trapping poten-
tial, and 8 > 0 is a parameter describing the repulsive interaction between

particles. To find the ground state v is equivalent to solving minimization

problem (7.2):
min E(u) ::/(|vu|2+V|u|2+§|u|4 dx.
Q

llull,2=1, ueH} (L)

The constraint set {u € Hy(Q) : ||ull;2 = 1} is the unit sphere in Hj(Q). It can
be seen as an infinite dimensional Hilbert manifold. Thus many manifold
optimization methods on the Riemannian manifold are readily applicable

to this problem, with diverse techniques and rich theories.

In Chapter[7} we use a manifold gradient descent method named the Sobolev
projected gradient descent (Sobolev PGD) first proposed in [72]:

(I/ln, ul’l)L2

(Gupttns Gu,tn)ay,

where R is the retraction onto the manifold, 7, is the n-th step size, (-, ),,, is

Uns1 = R (1_Tn)un+Tn'

gunun 9

an adaptive inner product in the tangent space of M, and G,, is the Greens
operator associated with (-, )., . Their definitions can be found in Section
The main result is as follows.

Theorem (Informal version of Theorem |/.3.14). If initialized with a positive
initial guess uo, the a,-Sobolev gradient descent which is given by (7.3) con-
verges to the ground state of the eigenproblem (7.1) exponentially fast.

To prove the convergence rate, we introduce the Lojasiewicz inequality tool
to this problem. The Lojasiewicz inequality has been discussed in Section
[1.3|where it serves as a fundamental convergence tool for low-rank recovery
on the low-rank matrix manifold. We rewrite it in a slightly different form
in Section Using the Lojasiewicz inequality tool, we reveal that the key
to exponential convergence is the quadratic nature of the objective energy
functional. In other words, regarded as a polynomial, the objective func-
tional should behave like a degree-2 polynomial under the given manifold

metric.
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The Lojasiewicz inequality tool also makes the Sobolev gradient descent
easily applicable to general optimization of high-degree objective or eigen-
value problems other than the Gross-Pitaevskii eigenvalue problem. Its in-
teresting property of making a high-degree polynomial behave like a quadratic
one is not specific to a certain problem, but is general. Examples include the
biharmonic Schrodinger, the nonlinear Schrodinger with a different order
or extra interaction terms, and potentially some general manifold optimiza-
tion problems. We analyze an example of nonlinear Schrodinger eigenprob-
lem from [17] at the end of the chapter. Extension to more general manifold

optimization problems would be of interest in future research.

1.6 Organization of the thesis

The remainder of this thesis is organized as follows.

In Chapter 2, we give a self-contained overview of the low-rank matrix
manifold M,. We introduce the basic properties of the manifold and the
basic operations on it. We discuss two Riemannian first-order algorithms
on the manifold, i.e., the Riemannian gradient descent and the Riemannian
subgradient descent. We give a detailed description of the spurious critical
points on the boundary of the manifold. We also include some auxiliary
lemmas at the end.

The next few chapters each discuss the results of one section in the intro-
duction. Specifically:

In Chapter 3| we discuss the asymptotic escape of non-isolated strict saddle
sets in manifold optimization.

In Chapter 4, we discuss the global geometry of the low-rank matrix man-
ifold M,, and show the asymptotic escape of Riemannian gradient descent
from some of the spurious critical points for the SPSD/HPSD low-rank ma-
trix manifold.

In Chapter |5, we discuss the global convergence guarantee of Riemannian
gradient descent on the low-rank matrix manifold M,. We establish the
nearly optimal global convergence rate of RGD for the population loss of
a class of low-rank recovery problems. We show that starting from a gen-
eral random initialization, Riemannian gradient descent converges to the

ground truth in a nearly linear convergence rate.
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In Chapter |6, we discuss solving the robust principal component analysis
problem on the manifold M, with the Riemannian subgradient method.

In Chapter [/} we discuss the convergence rate of the Sobolev gradient de-
scent method for the nonlinear Gross-Pitaevskii eigenvalue problem on the

infinite dimensional sphere manifold.
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Chapter 2

LOW-RANK MATRIX MANIFOLD: AN OVERVIEW

The purpose of this chapter is to give a self-contained overview of the low-
rank matrix manifold and related topics. In Section 2.1, we present the def-
inition of the manifold and some basic constructions on the manifold. In
Section we discuss the Riemannian first-order algorithms that we use.
In Section 2.3} we introduce the spurious critical points on the manifold, an
important concept that will show up in both asymptotic escape and conver-

gence rate analysis in upcoming chapters.

21 Low-rank matrix manifold

The low-rank matrix manifold is defined as M, := {X € F™" : rank(X) =r},
where F = Ror C, and r € {0,...,min{m,n}}. Sometimes we consider the
manifold of real symmetric positive semi-definite (SPSD) or Hermitian pos-
itive semi-definite (HPSD) matrices, which can be defined as M, = {X €
Sy or H : rank(X) = r}, where S or H; denote the set of n by n SPSD or
HPSD matrices respectively The manifold is slightly different with differ-
ent F and with or without symmetry. We use the same notation M, through-
out the thesis, but clarify its meaning in each chapter. Below we summarize

the basic properties of the manifold in each case.

Lemma 2.1.1 (Real, asymmetric case). Let M, = {Z € R™" : rank(Z) = r}.
Let M, be its closure. The following is true about M, and M,:

(1) M, ={Z e R™" : rank(Z) < r};

(2) M, is dense in M,;

(3) M, is connected;

(4) The local dimension of M, is (m +n — r)r;

(5) The boundary of M, is M\ M, = Upesar M.

In some literature, the notation is S,(r,n) for the SPSD fixed rank manifold, and
H..(r,n) for the HPSD fixed rank manifold. see e.g., [105].
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Proof.

(2) For each Z € M, \ M,, it can be approached by a sequence of rank-r
matrices {Z;} € M, such that lim;_,., Z; = Z.

(3) Consider

@, : SO(m,R) xR’ x SO(n,R) — R™"
(U,0,,V) - UV,

where SO(m,R) is the real orthogonal group in dimension m, X =
UV is the full singular value decomposition of X, o, € R, o,(i) # 0,

i=1,---,r,and

5 - diag(o;) '
O(m—r)x(n—r)

Since SO(m,R) x R, x SO(n,R) is connected and ®, is continuous, its

orbit M, is connected.

(4) Consider the compact singular value decomposition X = Udiag(o,)VT,

where U € R™,V e R, and o, is in descending order. The local di-

oo 2m—r-1 2n—r-1
mens1on1sr+(m2r )r+(”£ )" = (m+n—r)r.

(5) Itis obviously true.

O

Lemma 2.1.2 (Complex, non-Hermitian case). Let M, = {Z € C"™" : rank(Z) =
r}, and let M, be its closure. The following is true about M, and M,:

(1) M, ={Z € C"™" : rank(Z) < r};

(2) M, is dense in M,;

(3) M, is connected;

(4) The local dimension of M, is (2m +2n —r)r;

(5) The boundary of M, is M\ M, = Upesar M.

Proof.
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(4) Consider the compact singular value decomposition X = Udiag(o,)V*.

The local dimension is r + (4m_2r —br 4 (4"_£_1)r =2m+2n-r)r.

O

Lemma 2.1.3 (Real symmetric case). Let M, ={Z € S, : rank(Z) = r} and let
M, be its closure. Then

(1) M, ={Z €S, : rank(Z) < r};

(2) M, is dense in M,;

(3) M, has r + 1 disjoint branches and each branch is connected;
(4) The local dimension of M, is (211—2;+1)r;

(5) The boundary of M, is M\ M, = Upesar M.
Proof.

(3) Consider the set of matrices that has p positive eigenvalues and g neg-
ative eigenvalues, p + g = r. Define

¥,,:GL*(n,R) - §"
P+ Pl P

where GL*(n,R) is the real positive-determinant group in dimension
n, and

0(n—r)><(n—r)

Thus, the orbit of each ¥, , is connected. The tuple (p, g) is called
the signature of the matrix. However, matrices with different signa-
tures are not path-connected on M, (they are path-connected only
on M). So M, has r + 1 branches corresponding to the orbits of
Y0, Y11, Por.
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(4) Consider X € M, and let X = UDU" be its compact eigenvalue de-
composition with descending eigenvalues. Consider the mapping

@, : (U,0,) — UDU".

2n—r-1)r _ 2n-r+)r
2 - .

The local dimension is r + >

O

Lemma 2.1.4 (Complex Hermitian case). Let M, = {Z € H,, : rank(Z) = r}
and let M, be its closure. Then

(1) M, ={Z € H, : rank(Z) < r};

(2) M, is dense in M,;

(3) M, has r + 1 disjoint branches and each branch is connected;
(4) The local dimension of M, is ”‘”_Zﬂ;

(5) The boundary of M, is M\ M, = Upesar M.
Proof.

(4) Consider X € M, and let X = UDU" be its compact eigenvalue decom-
position with descending eigenvalues. Consider the mapping

@ : (U,o,) —» UDU".

(dm-r-Dr _ (dm—-r+Dr
= > .

The local dimension is r + >

The tangent space of M, is defined as follows, see [125] for further refer-

ences.

Definition 2.1.5 (Tangent space, non-Hermitian case). Let X € M,, X =
UZVT (or X = UZV*). Let U = Col(U), V = Col(V) be the column spaces of
U and V respectively. Then the tangent space of M, at X is

XM, =(UV)® (URIVH) & (U3 V).
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We use the abbreviation Tx instead of Tx M, when the manifold M, is clear
from context. The projection operator onto the tangent space can be charac-
terized as:

Pry(Y)=Py-Y+Y -Py—-Py-Y-Py,

where Py = UU* and Py = VV* are the projections onto the subspaces U
and V respectively.

Definition 2.1.6 (Tangent space, Hermitian case). Let X € M,, X = UDU"
(or X =UDU"), U = Col(U). Then the tangent space of M, at X is

M, =(USU)® (URIU) & (U U).
The projection operator onto the tangent space can be characterized as
PTX(Y):PU'Y+Y-PU—PU-Y-PU,

where Py = UU™ is the projection onto the subspace U.

We are sometimes interested in the closure M, instead of M, itself. A few
reasons might come into play as to why people might favor M, over M,.
First, M, itself is not a closed set. Iterative algorithms for nonconvex opti-
mization generate a sequence that converges to a solution, but closedness is
necessary for the sequence to have a limit. Second, a sequence might simply
cross the boundary of M, at a certain iterate and the rank might fall below
r. For these reasons, M, are sometimes used. Since M, is constructed by
“gluing together” all lower-rank matrix manifolds, it needs some special
treatment at M; (s < r) in order to make up for the deficient dimension. In
addition to the classical tangent space, we can define tangent cone at these

lower-dimensional sets. A reference on this is [118].

Definition 2.1.7 (Tangent cone, non-Hermitian case). Let X € M, C M
where s < r, X = UZVT (or X = UZV*), U = Col(U), 'V = Col(V). Then the
tangent cone of M, at X is

TxM, =TxM; ® {n:n € U* @ V*, rank(y)) = r — s}.

The projection onto the tangent cone is the projection onto the tangent space

plus a rank (r-s) principal component, i.e.

Prarc(Y) =Prm,(Y) + Y,



23
where Y, _; is a best rank (r-s) approximation of Y — Py, (Y) in the Frobe-

nious norm.

Definition 2.1.8 (Tangent cone, Hermitian case). Let X € M, C (M,) where
s <r,X =UDUT (or X = UDU*), U = Col(U). Then the tangent cone of M,
at X is

TxM, =TxM;® {n :n € U* @ U*, rank(n) =r — s}.

The projection onto the tangent cone is
PTXM(Y) = PTXMS (Y) + Y}’—S9

where Y, _; is a best rank (r-s) approximation of Y — Pr, a, (Y) in the Frobe-

nious norm.

as long as there

When M is involved, we use Pr, for both P75, and P

is no confusion.

Next, we define the retraction operation. It is also called the projection onto
the manifold in some literature. The retraction operation is not unique, but
we usually require that it satisfies the following first-order retraction prop-
erty.

Definition 2.1.9 (First-order retraction). Let M be an arbitrary Riemannian
manifold and let || - || be the norm of the ambient Banach space of M. Let T,
be the tangent space (or tangent cone) of M at Z. We say that R satisfies the
first-order retraction property, if forany Z € M, & € Ty,

o IR(Z +a) = (Z+ad)| _

a—0* (0%

0. (2.1)

The above definition applies to any manifold M and not just M,. When it
comes to the low-rank matrix manifold M,, a natural retraction on M, is
the following best rank-r approximation under the Frobenius norm:
Ry(Z+¢) =argmin ||Z+¢& - Y||F.
YeM,
We use Ry as our R for M, in the rest of the thesis. It not only satisfies the

tirst-order retraction property, but is actually second order, see also [110,
118, [125]:

R(Z+af) =Z+aé+a’n+0(a%).
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Vandereycken [125] provides an explicit second-order approximation Rj(\%)
to this second-order retraction R(-) and shows that R(Z + ¢) = RI(VZ) (Z+&)+

OI€1P).

To define and analyze Riemannian nonconvex optimization methods on the
manifold M,, we need to define the Riemannian gradient and Hessian.
They are different from their Euclidean counterparts because Riemannian
manifolds are only locally isomorphic to an Euclidean space, and careful
treatment is needed to find out what corresponds to the Euclidean gradi-
ents on the manifold. We first introduce the concepts in their most general
form, then look at the special case that is actually used in practical compu-
tation.

Definition 2.1.10 (Levi-Civita connection). The Levi-Civita connection %n,
acting on two vectors or vector fields n, ¢ in the tangent bundle TM of a
Riemannian manifold M, is the unique affine connection on M that pre-
serves the metric and is torsion-free.

Note that the notation V is not to be confused with V, which we use to
denote the gradient in the ambient space.

Definition 2.1.11 (Riemannian gradient). Given f : M — R where M is an
arbitrary Riemannian manifold, the Riemannian gradient of f is the vector
tield grad f, such that for any vector field Y on M,

(gradf.Y) =Y(f),

where (-, -) is the metric on M and Y (-) is the vector field action, i.e., Y(f) =
i Yig—,é for a basis {E;}.

The good news is that Riemannian gradient is equivalent to the tangent
space projection of the embedded gradient in the ambient space if they exist,

i.e.,

grad f(2) = Pr,(V/(2)). (2.2)

Furthermore, if the metric of M is inherited from the ambient space, then
the Levi-Civita connection on M is the tangent space projection of the Levi-
Civita connection (natural gradient) of the ambient space. In other words,
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forn, &£ e TM, we have

Ven = Pr, (Vi[€]).

Therefore, if we let M, inherit the metric from its ambient Euclidean space,
i.e., (A, B) = trace(A*B) and ||A|| = ||A||r, then the Levi-Civita connection be-
comes the Euclidean derivative and the Riemannian gradient is just the pro-
jected gradient. Because of this, the Riemannian gradient descent method
is sometimes called the projected gradient descent method [76]. Equation
is how we calculate the Riemannian gradient on M, in practice.

Definition 2.1.12 (Riemannian Hessian). Given a function f : M — R, the
Riemannian Hessian of f at point Z is Hess f(Z) : Ty M — Tz M defined by

Hess f(Z)[¢] = Vegrad f(2), (2.3)
where 5(.) (+) is the Levi-Civita connection on M.

Proposition 2.1.13. If the retraction is second-order, i.e.,

2

d
Pr, (@Rz(af) |a=o) =0,

then
Hess f(Z) = Hess (f o Rz)(0). (2.4)

In particular, is true for the low-rank matrix manifold, and this can
sometimes make the Riemannian Hessian easier to compute, see also [125].
It is proved in [2] that in the case of the low-rank matrix manifold,
recovers Definition

2.2 Riemannian first-order algorithms
In this subsection, we discuss two nonconvex optimization algorithms on
the low-rank matrix manifold, namely the Riemannian gradient descent

method and the Riemannian subgradient descent method.

Riemannian gradient descent

This Riemannian gradient descent (RGD) method is the gradient descent
on the Riemannian manifold, and it has long been studied in data science
and machine learning problems [24] 118| 125, 127]. Assume we are given
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a differentiable objective function f : M — R to be minimized, where M
can be a general Riemannian manifold. We start from an initial guess Zy €
M. Using the Riemannian gradient descent method, the iterative sequence

{Zk}lk(:o is generated as follows:
Zis = R (Zr — agrad f(Zy)) , (2.5)

where grad f(Zy) is the Riemannian gradient of the function f at Z; € M
as defined in Definition 2.1.11}, ay is the k-th stepsize,and R : T, — M is a
retraction operator.

When the manifold is embedded in an ambient space and its Riemannian
metric is inherited from the inner product in the ambient space, by (2.2), the
Riemannian gradient descent can be written as follows:

Zrn =R (Zk — Py, (Vf(Zk))) : (2.6)

Here V is the derivative in the ambient space of the manifold and Pr, _is the
projection onto the tangent space (or tangent cone at a rank-deficient point)
of M at point Z.

It is worth mentioning that there exists other manifold optimization tech-
niques. For example, when it comes to M,, some manifold optimization
methods skip the projection step Pr, and compute the eigenvalue decom-
position directly. This is also called the “hard retraction”. We choose the
current Riemannian gradient descent algorithm with “soft retraction” mainly
due to two reasons:

1) The projected gradient is the true Riemannian gradient, as is evident

from ;

2) The projected gradient is also cheaper in computation. Namely, solv-
ing R(Zy — axgrad f(Zy)) involves calculating SVD of a n; X np matrix,
while R(Z; — axPry, (gradf(Zx))) only involves that of a 2r X 2r matrix,
as mentioned in the previous literature [127]. Since r <« min{nq,n2},

the soft retraction is of lighter computational cost.

More specifically, to see why RGD has light computational cost, assume that
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the SVD of Z; is Z; = U %V} and denote Wy, := grad f(Z;) € F"*"2, we have
Zky1 = R(Zx — aPr, (Wi))
= R (UEV; = a(UU Wy + Wi ViV = UcUSWeViVy))
- R(Uk(Zk — QUIW VOV = aU (I = ViVYWUy)"
—a((I - UkU;;)kak)V,j)
(Uk ngz) Zk - a/UszVk —CL/R;;1 Vlj,l '
—aRy» 0 Q1

Assume (I - VkVZ)WZUk = Qk1Rk1 and (I - UkUZ)Wka = Qk2Ry o are the
QR factorizations of the respective matrices. Notice that O} ,Ux = 0,x,

=R

Q5 1Yk = 0x. Therefore, to compute SVD of Z; - aPr, (Wy) it only in-

Zk - CyU;—Wka —cyRZ

volves solving the SVD of ‘1], which is only a 2r x 2r

—aRy >
matrix. The symmetric/Hermitian versions of the algorithm can also be

derived similarly by replacing SVD with eigenvalue decomposition.

Riemannian subgradient descent

The Riemannian subgradient method is a variant of the Riemannian gra-
dient descent method for nonsmooth functions with generalized gradient.
Assume that f : M — R is a Lipschitz function and has generalized gra-
dient 0 f, and M inherits its Riemannian metric from the inner product of

ambient space, then the Riemannian subgradient method can be written as

Zk = R(Zk — axPr, (0 f(Zk))). (2.7)

A common case where the subgradient is needed is when the objective func-
tion contains /; norm. The /; norm is differentiable almost everywhere ex-
cept when an entry is zero. The generalized gradient of the /; norm is the
entrywise generalized sign function. An example can be found in Chapter|)
where we solve the Robust Principal Component Analysis (RPCA) problem
by minimizing the vectorized /; norm using the Riemannian subgradient
method on M,.

2.3 Spurious critical points
One of the important findings in our work is the existence of some singular

critical points for the Riemannian first-order algorithms on the manifold
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M., which we call the spurious critical points. Our study of the spurious
critical points was motivated by an analysis of the population loss of a class
of low-rank recovery problems on the manifold.

We have seen in Section that M, is not a closed set, and the boundary
of M, consists of matrices with rank smaller than r, which are not in M,
themselves. In other words, M\M, =Ul ;(1)/\/(3 ¢ M,. For this reason, there
is no guarantee that the limit point of an iterative sequence will converge
to a rank-r ground truth instead of being stuck at some lower-rank spuri-
ous points. In particular, when minimizing the least squares loss function
f(Z) = %HZ -X ||% with X € M,, there exist some points with rank smaller
than r which could also serve as the limit points of minimizing sequences.
These spurious critical points are lower-rank matrices that captures part of
the eigen components of the ground truth. This phenomenon was first re-

ported in [71] and later attracted more research interest.

The following lemma tells us that the critical points of f(Z) = %HZ -X ||12V
in Riemannian optimization consist of the ground truth X and the set of
spurious critical points denoted as Sy, and each matrix in S is a lower-rank
matrix that captures part of the eigen components of the ground truth.

Lemma 2.3.1 (Spurious critical points). Consider the Riemannian gradient de-
scent for the function f(Z) = %llZ - X||12F with fixed step size ax = «. Let
X = UDV* be the SVD of X € F"*"2, where D € R"™" is a non-singular diagonal
matrix (here the diagonals are not necessarily in descending order) and U € F"",
V e F2X" gye orthonormal. Then,

1) There are two types of fixed points: one is the ground truth Z = X, and the
other consists of the set

Sy ={Z.: Z. = U1D1V;], where Uy, V1 and D1 are submatrices of Ux, Vx and

Dy satisfying Ux = (U1, Uz), Vx = (U1, Va), Dx = diag{D1, D>}, Z. # X};

2) Specifically, if X has distinct eigenvalueﬂ then Sy has cardinality |Sy| = 2"—
1. Assumethat X = 3, diu;v}, then Sy = {Z. : Z. = ¥y dimu;v;, withn €
{0,1} andn +# (1,1, ..., 1)}

2Which means that the eigenvalues of X all have algebraic multiplicity equal to 1.
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In the SPSD/HPSD case, let X = UDU* be the eigenvalue decomposition of X
where D € R™ is a non-singular diagonal matrix and U € F™" is orthonormal.
Then the set of spurious critical points is

Sy :={Z. : Z. = U1D1U;, where U = (U1, U,), D = diag{D1, D>}, Z. # X}.

If X has distinct eigenvalues, then Sy = {Z. : Z. = X, dquu;,withn €
{0,1Y andn +# (1, 1, ..., 1)*}.

Proof. We only prove it for the general non-Hermitian case. The proof for
the SPSD/HPSD case is similar and we omit the details here.

1) Itis obvious that Z is a fixed point of Zy41 = R(Zx — @ Pz, (grad f(Zy)))
if and only if Pr, (gradF;(Z)) = 0. Denote Z = U.X;V; and X = UDV",
then for any ¢ € T, there exists A; € F"*" and A, € F", such that

& = U,A] + A;V;. Simple calculation gives

Pr (gradFi(Z)) =0 & (Pr,(Z - X),¢) =0, forall ¢ € T,
= (Z - X, U+ M) =0, forall € = UAL + AV € Ty
etr((V.Z, — VDU U,)A: + (S,U? - VIVDU*)Ay), for all Ay € B, Ay € F'2
V.3, - VDU'U, = XU’ - VVDU" =0
—UX =3,V and U.Z, = XV,.

This implies Py, (X) = Py, (Z) = Zand Py (Z*) = Z* = Py (X"). As-
sume

v

Vil

Then we get X11 = %, X12 = 0 and X1 = 0. Therefore, we have

X1 X2

X:(U ﬁ)
©OT X Xop

Z = UyDyV;, with U = (U1 Uz) , D = diag {D1, D>} and V = (v1 vz) .

2) If X has distinct eigenvalues, then S consists of the points Z, = '/, dinu;v?,
wheren € {0,1}" and pisnot (1,1, ...,1)* e R". So |S| =2" - 1.
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The set Sy consists of 2" — 1 points (including Z, = 0) if the eigenvalues
of X are distinct, or contains some submanifolds of M, when at least one
eigenvalue has multiplicity more than one. We call them “spurious” critical
points because they are not stable, and when the tangent cone is taken into
consideration they are not true fixed points. More importantly, it is very un-
likely that the sequence generated by the randomly initialized Riemannian
gradient descent will converge to any one of these spurious fixed points.

Below is an example.

Example 2.3.2. Assume thatn =3,r =2. Let

2 00 2 00
X=10 1 0], Zo=10 0 O
000 0 01

Then the {Z;}} , generated by the Riemannian gradient descent and their
limit point are given by

20 0 200
Ze={00 0 | Z:=lmZz={00 0
00 (1-a) 000

We see that Z. is a spurious critical point. Note that even though each Z; is
in My, their limit is in M;.

Figure is a visualization of the gradient ||Pr,(Z — X)||r in the neighbor-
hood of a spurious Z,. We can see that the gradient is essentially singular
near Z.. There is only one direction in which the sequence converges to
Z.. Along other directions, the Riemannian gradient remains large and the
RGD diverges from Z,.. We point out that such property of these spurious
tixed points is very similar to that of strict saddle points in many nonconvex
optimization problems, although they are not exactly the same because the

gradient of the spurious critical point is singular.

Example demonstrates that we cannot assume that the sequence gen-
erated by the Riemannian gradient descent always stays in the interior of
M, and converges to a minimum. However, numerical evidence shows
that the Riemannian gradient descent almost always escapes the spurious
critical points Sy and converges to the global minimum. In Chapter 4, we

will establish the asymptotic escape of Riemannian gradient descent from
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Figure 2.1: Magnitude of the gradient in the neighborhood of a spurious
tixed point

some of these spurious critical points; in Chapter |5, we will further establish
the nearly linear rate in which Riemannian gradient descent escapes from

spurious critical points and converges to the local minima.

2.4 Auxiliary lemmas
Here we list some auxiliary lemmas about matrix analysis that come in

handy in future chapters.

Lemma 2.4.1 (The Sin® Theorem, [44]). Let A be a Hermitian operator. Assume
that

Ap O
0 A

Eqg

A= (EQ El) P
1

is an invariant subspace decomposition (i.e., a generalized eigenvalue decomposi-

tion) of A. Let
By 0
0 B

Let ©q be the angle matrix between subspaces Eg and Fy. Define the residual as

Fy

B=A+A, B:(FO Fl) ,
Fy

R = BE() - E()A().

If there is an interval [B, a] and § > 0, such that the spectrum of Ay lies entirely
in B, a], while that of By lies entirely in (—co, 8 — 6] U [@ + &, +00), then for every

unitary-invariant norm || - ||, we have
ollsin®| < [|R]|.

In particular, this holds true for the matrix 2-norm and the Frobenius norm.
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Lemma 2.4.2 (Hoffman-Wielandt Theorem).

1) Assume Z,Z’ € R™" or C™" are normal matrices, and their corresponding
ordered spectra are {A;} and {A;}. Then, we have

n
S =22 <12 - Zle.
j=1

2) Assume Z, Z' € R™" or C"™", and denote their eigenvalues in descending

order as {0} and {&;}. Then, we have

n
1G5 -2 < 12 - Zllr.
Jj=1
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Chapter 3

ASYMPTOTIC ESCAPE OF STRICT SADDLE SETS IN
MANIFOLD OPTIMIZATION

In this chapter, we present some analysis on the asymptotic escape of strict
saddle sets in manifold optimization using Riemannian gradient descent.
The main contribution here is that we extend previous analysis on the es-
cape of strict saddles to include non-isolated and possibly continuous sad-
dle sets with complicated geometry. We prove that Riemannian gradient
descent is able to escape strict critical submanifolds under certain condi-
tions on the geometry and the distribution of the saddle point sets. We also
show that the Riemannian gradient descent may fail to escape strict saddles
under weaker assumptions even if the saddle point set has zero measure.

As examples of this saddle set analysis, we apply it to the phase retrieval
problem on the low-rank matrix manifold, prove that there is only a fi-
nite number of saddles, and that in a specific region, they are strict saddles
with high probability. We also apply this saddle set analysis to a variational
eigenvalue problem on the sphere manifold, which is a special case of the
Gross-Pitaevskii eigenvalue problem in Chapter

Beyond the above examples, a more important implication of this saddle
analysis is that it paves the way for the asymptotic escape of spurious crit-
ical points in Chapter 4. As has been discussed in Section the spuri-
ous critical points are significantly different from the classical strict saddle
points in that the Riemannian gradient is singular around a spurious critical
point Z, € Sy. It is important to keep in mind that any result on classical
strict saddle points cannot be directly applied to the spurious critical points
because of their singularity. Interestingly, with a parameterization of the
manifold M, and a rescaling of the gradient flow, a spurious critical point
can be mapped to a strict saddle set in the parameterized manifold. In this
way, the saddle set analysis in this chapter acts as an intermediate tool that

tackles a much less understood question about the low-rank matrix mani-
fold.

Organization of this chapter. We have given a brief introduction of this



34

problem in Section The rest of this chapter is organized as follows.
In Section we further elaborate on the background of the problem and
related works. Section [3.2 contains the result on the asymptotic escape of
Riemannian gradient descent from isolated strict saddle points, and Section
3.3 contains the result for non-isolated strict saddle sets and strict critical
submanifolds. In Section phase retrieval is analyzed as an example of
asymptotic escape of saddles on M,. We extend the application to other
manifolds and a broader scope of problems in Section We make some

final discussion in Section 3.6

3.1 Background

As has been discussed in Section[I.T] in this chapter, we provide a systematic
analysis for the asymptotic escape of non-isolated and possibly continuous
saddle sets with complicated geometry. This is motivated by the fact that be-
fore this work (published in [76]), previous analysis on strict saddles mostly
focuses on isolated saddle points, while non-isolated continuous saddle sets
have not been thoroughly studied.

Specifically, we prove that Riemannian gradient descent is able to escape
strict critical submanifolds under certain conditions. These conditions are
concerned with some geometric properties of the saddle set or the distribu-
tion of these saddle points. These conditions are necessary to guarantee the
asymptotic escape of the strict saddles by the RGD in manifold optimiza-
tion. However, these conditions are not stringent and are usually satisfied
by common applications. We compare our conditions with those of the re-
cent work [112], and point out that these two are consistent. We also give
some examples that violate the conditions and result in failures of asymp-
totic escape, for the purpose of theoretical interest.

What lies at the core of this asymptotic analysis is an interesting interplay of
dynamical systems and nonconvex optimization, and a translation of lan-
guages from the Morse theory [12} 13| 40] into gradient flows and further
into gradient descents. Although these tools were initially developed to
study homology, they have provided invaluable insight into the converg-
ing/escaping sets of strict saddle points with nontrivial geometry. We draw
inspiration from them and propose a new unified tool to analyze asymptotic

convergence and escape from saddle points.
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We are aware that there is a parallel line of research on stochastic/perturbed
gradient descent, as well as Riemannian stochastic gradient descent. A few
works including [41) 163, 182, [123] show that the stochastic/perturbed gradi-
ent descent is a powerful tool to avoid saddles and does not impose any
constraint on the geometry of saddle sets as we do. The reason our analy-
sis focuses on the unperturbed gradient descent is that only by eliminating
the perturbation effect can we single out the essential property of gradient
descent itself. The development of a thorough asymptotic theory for this
vanilla RGD algorithm is crucial toward the understanding of why vanilla

RGD works sufficiently well in many applications.

As an application of our asymptotic escape analysis for strict saddles, we
consider the phase retrieval problem [56) 66, 81, [119] that has received con-
siderable attention in the recent years. We combine the perspectives of Rie-
mannian manifold optimization [24] and landscape analysis [98,122] to de-
rive new results. We analyze the saddle points of the phase retrieval prob-
lem on the low-rank matrix manifold. Surprisingly, there are only a finite
number of saddles and they are all strict saddles with very high probabil-
ity. Our analysis provides an explanation for the robust performance of
the RGD in solving the phase retrieval problem as a low-rank optimization
problem, a phenomenon that has been observed in previous applications
reported in the literature [98]].

Although our primary focus is the low-rank matrix manifold, the asymp-
totic convergence to the minimum and the escape of strict saddles or strict
critical submanifolds are valid on any finite dimensional Riemannian man-
ifold. In particular, the properties of the RGD are well preserved if the man-
ifold is embedded in a Banach space and inherits the Riemannian metric
from its ambient space. Common examples of manifold optimization in-
clude optimization problems on the sphere, the Stiefel manifold, the Grass-
mann manifold, the Wasserstein statistical manifold [94], the flag manifold
for multiscale analysis [130], and the low-rank tensor manifold [74} [102].
Applications can be found in many fields including physics, statistics, quan-
tum information, and machine learning.

To illustrate this, we consider the eigenvalue problems as minimization
problems on the unit sphere and the Stiefel manifold. In the examples, the

eigenstates of the linear/nonlinear eigenvalue problems are strict saddle
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sets on the sphere manifold or Stiefel manifold. This can either be proved
analytically or verified numerically. We apply the saddle set escape theo-
rem to these problems. We demonstrate that RGD can act as an acceleration
method by formulating a simultaneous eigen-solver on the Stiefel manifold.
We observe a considerable speedup in the convergence of the RGD method
on the Stiefel manifold.

3.2 Asymptotic escape of isolated saddle points

This section is a self-contained overview of the classical results for the asymp-
totic escape of strict saddle points by gradient flow and gradient descent.
Note that we only intend to include the results for the vanilla gradient de-
scent. We do not cover the perturbed or stochastic gradient descent, as they

are less relevant to our problem.

We emphasize that the spurious critical points in Lemma are not clas-
sical strict saddle points. It is because the Riemannian gradient at the spu-
rious critical points is singular. Therefore, the theorems and lemmas in this
section are not directly applicable to the spurious critical points. Neverthe-
less, these theorems and lemmas will be used in an indirect manner, on a

rescaled system where the singularity is removed, see Chapter

Assume we are given a function f : M — R where M can be a general
manifold. We start from a proper initial guess Zy € M. Consider the Rie-
mannian gradient descent (RGD) method with a fixed step size a. Let ¢ be

the iteration operation:

Zni1 = ¢(Zy) == R(Z, - aPr,, (Vf(Zn))).

Here V f is the embedded gradient of f in its ambient Banach space , Pr,, is
the projection onto the tangent space of M at point Z,, @, is the n-th step
size, and R : T, — M is a first-order retraction as defined in Definition

When max,{e,} — 0, the limit of the gradient descent is the gradient flow,
characterized as

d

azz =-Vf(Z), Zi e M.
We first look at the result on the stable and unstable manifolds of the gradi-

ent flow at a hyperbolic point.
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Theorem 3.2.1 ([114, The Center Manifold Theorem]). Let p € C*(E) where E
is an open subset of R" containing the origin and a > 1. Let x(t) = ¢;(xo) be the
gradient flow of the system x = p(x). Suppose that p(0) = 0 and that Dp(0) has
k eigenvalues with negative real part, j eigenvalues with positive real part, and

m = n — k — j eigenvalues with zero real part. Then there exist

(1) A k-dimensional stable manifold W*(0) of class C* tangent to the stable sub-
space E* at 0, where for all xo € W*(0),

lim ¢,(xo) =0;
t—+00

(2) A j-dimensional unstable manifold W*(0) of class C* tangent to the unstable
subspace E* at 0, where for all xo € W*(0),

Il_i)l'_noo ¢:(x0) = 0;

(3) And an m-dimensional center manifold W€¢(0) of class C* tangent to the

center subspace E€ at 0.
Furthermore, W¢(0), W*(0) and W*(0) are invariant under the gradient flow.

Next, we introduce the counterpart of the previous results for the gradient
descent. The strict saddle point is defined as follows. It basically says that a

strict saddle point is a hyperbolic point of the iteration function.

Definition 3.2.2 (Strict saddle point). Consider a function f : M — R de-
fined on a manifold M. We call Z € M a strict saddle point of f, if

L Pr,(Vf(2)) =0;

2. Hess f(Z) has at least one negative eigenvalue.

The result on the Riemannian gradient descent (RGD) and the strict saddles

points is as follows.

Theorem 3.2.3 (RGD asymptotically only converges to a local minimum).
Let f : M — R be a C* function on M. Let {Z}, be the sequence generated
by the Riemannian gradient descent algorithm on M. Suppose that f has either
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finitely many saddle points, or countably many saddle points in a compact subman-
ifold of M, and all saddle points of f are strict saddles as is defined in Definition
Let A denote the set of strict saddles. Then we have

Prob(klim Zr e A)=0.

In other words, the RGD with a random initialization almost never con-

verges to a saddle point Z, as long as Z. is a strict saddle.

To prove this result, the main tool is the stable manifold theorem on low-
rank matrix manifolds, which is an extension of similar results in the Eu-
clidean spaces.

Theorem 3.2.4. Let ¢ : M — M be a smooth diffeomorphism of a finite dimen-
sional smooth manifold M, and p is a fixed point of ¢. Assume that

T, M=TMOTM e TEM, (3.1)

which is the invariant splitting of T, M into contracting, centering, and expand-
ing subspaces corresponding to eigenvalues of magnitude less than, equal to, and
greater than 1. Let
TAPM=T,MoT,M.

Then we have

Wi(g) = {x € M| lim " (x) = p}
is an immersed submanifold of M and T,W; (¢) € T;° M. We call it the (general-
ized) stable manifold of p with respect to ¢.

For those who are interested in the proof, a detailed one for the Euclidean
case can be found in Theorem III.7 in [120], and the extension to the mani-
fold is similar to [13, Theorem 4.15].

Proof of Theorem[3.2.3, From Theorem if ¢ is a diffeomorphism, and
Tz, M has an invariant splitting as in with a nonempty expanding sub-
space T; M, then W} (¢), the stable set of Z,, will be a lower dimensional
submanifold in M. Then, the converging set of Z, will have measure 0 with
respect to the manifold, and any random initialization of RGD will escape
such a strict saddle point almost surely.
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We now look at the splitting of 7, M. The diffeomorphic property of ¢ is
actually contained in the proof of the former.

Given ¢ € Tz, M, for any ¢ that satisfies Z, + £ € M, Pr, (§) = £, we have

Hess f(Z.)[¢] + O(|€%) = Ve grad f (Z.)
= Pr,, (Vgradf(Z.,)[£])
= Pr, (gradf(Z. + &) - grad f(Z.)) + O(I€]I*)
= Pr,, (grad f(Z. +)) + O(l).

Note that gradf(Z.) = 0 since Z, is a critical point. Therefore, for ¢(Z,) =
R(Z, — aPr,, (Vf(Z,))),

Dyz, €] = Pr, (¢(Z. + &) — ¢(Z.)) + o(|I€]))
= Pr,, (R(Z, + £ — @ grad f(Z. + §)) = Z.) + o(||€]))
= Pr, (Z. +& - a grad f (Z, + &) + o([i€])) - Z.)
= Pr,, (£ -~ @ grad f(Z. + &)) + o([I£]))
=& —a Hessf(Z.)[£] + o(lI£])).-

We have

Dgz,[£] = & — aHess(f)(Z.)[£].

ie.
Dyz, =1—-aHess(f)(Z,).

Thus Z. being strict saddle implies that, by choosing « sufficiently small
(but depending on the eigenvalues of Hessf(Z.)), D¢z, has at least one
expanding subspace coresponding to an eigenvalue whose magnitude is
greater than 1.

Now, ¢ is a diffeomorphism at Z, because, if we choose @ small enough
so that ||[Hessf(Z.)|| < %, then D¢ is always invertible and bounded. If
there are only finitely many strict saddle points, or there are countably in-
finite number of them in a compact region, |[Hess(f)(Z.)|| shall be upper
bounded, and such an « is always attainable.

Using Theorem the set of points on M that converge to Z, is a lower
dimensional submanifold in M, which has measure 0. We could safely de-

duce that, by randomly sampling a start point Zy in M, the probability of
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converging to a strict saddle pointis 0, i.e.
Prob(klim Zy=2,) =0.

Since there are only countably many strict saddle points, Uz, c SWg*(go) still
has measure 0. So the RGD with a randomly sampled starting point con-
verges to any point in § with probability 0. This proves the first argument.

As for the second argument, since the step size is a constant @, the only
stationary points of the algorithm are first-order critical points of the loss
function. The local maximizers are ruled out by the descent property of
gradient descent. So if the limit point exists, it is a local minimizer with
probability 1. o

3.3 Non-isolated strict saddle sets and strict critical submanifolds

As is mentioned in Section it is very common that there are more than
a countable number of strict saddle points, e.g., when they form a subman-
ifold, or a more complicated set, with Lebesgue measure 0. Empirical ev-
idences show satisfactory convergence of the RGD to its minimum, which
indicates successful escape from these strict saddles. But there is a lack of
theoretical analysis to confirm this observation. In the following, we will
use some further results from the Morse theory and its extensions to pro-

vide an analytical tool for this purpose.

Definition 3.3.1 (Critical submanifold). For f : M — R, a connected sub-
manifold N' ¢ M is called a critical submanifold of f if every point Z in N is
a critical point of f, i.e., grad f(Z) =0 forany Z € N.

Definition 3.3.2 (Strict critical submanifold). A critical submanifold N of f
is called a strict critical submanifold, if VZ € N,

Amin(Hess f(Z)) < ¢ <0,

where Amin(+) takes the smallest eigenvalue, and ¢ = ¢(N) is a uniform con-

stant for all Z € N depending only on N.

Analogous to the stable/unstable manifolds of critical points in Theorem
we may define stable/unstable manifolds of critical submanifoldsﬂ

!The reader shall be careful while distinguishing different “manifolds”: the domain of
the function f is a manifold, and the critical set of f is now a submanifold, but the names
of stable /unstable manifolds are given regardless of the domain of f.
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Definition 3.3.3 (Generalized stable/unstable manifold). Let ¢ : M — M
be a smooth diffeomorphism of M. Then for a submanifold of N ¢ M, the
stable manifold and unstable manifold of N with respect to ¢ are defined as

Wr(p) = {x € M| lim ¢"(x) € N,

Wi(g) = {r € M lim " (x) € N}.

Given a nontrivial strict critical submanifold N of f, at every point p € N,

the tangent space is split as
T,M=T,Neov,N,

where v, N is the normal space of N at p immersed in M. Similar to Equa-
tion (3.1), it is further split into

TM=T,N® (V;M ® V;M ® v;‘,/\/().

To arrive at a result similar to that stated in Theorem [3.2.4] it suffices to

define
T;SM =TN & (V;M ® V;M),

and notice that 7,W3 (¢) € T,°M for any p € N. Since T;* M is dimension
deficient by the definition of strict critical submanifold, any random initial-
ization still falls into the converging set of N with probability 0. Because
the union of a finite number of 0-measure sets still has measure 0, the above
result works well with countably many critical submanifolds. To sum up,

we have the following theorem.

Theorem 3.3.4. Let f : M — R be a C? function on M. Let {Z;}, denote
the sequence generated by the Riemannian gradient algorithm (2.6). Suppose that
f + M — R has either finitely many critical submanifolds, or countably many
critical submanifolds in a compact region of M, and all of them are strict critical
submanifolds as defined in Definition Let ‘A denote the union of strict critical

submanifolds. Then we have
Prob(klim Zre A)=0.
We remark that the results on the asymptotic escape of saddle points in

the Euclidean space, e.g., the results in [89], can be seen as special cases of

Theorem
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For situations that are even more complicated than those stated in the above
theorem, it is conjectured that the transversality relationship of submani-
folds can be exploited to find out the succession relationship of critical sets.
We refer the reader to Section 3.7/ for some useful tools and interesting in-
sights in this direction.

Finally, we point out that the number of critical submanifolds being count-
able is an essential condition, but not a binding one. Of course, one rea-
son of this statement is that it is often satisfied in practice. Namely, in the
known applications with very complicated saddle geometries, e.g. matrix
factorization and nonlinear eigenproblems, the saddles can still be grouped

into countably many points or submanifolds. In those cases, either Theorem
or Theorem is applicable.

But even from a purely theoretical point of view, the number of strict criti-
cal submanifolds being uncountable is unlikely to happen. This is in accor-
dance with the result of a recent work [112]. The result explicitly includes
the case of “uncountably many critical points”, but from the viewpoint of
submanifolds, such result belongs to the case of “countably many submani-
folds” in our Theorem[3.3.4} (A submanifold can contain uncountably many
points, but is still a single object to escape.) This can also be inferred from
the use of a countable subcover in Theorem 10 of [112] and the subsequent
proof of the main theorem, where the convergence set to any saddle is cate-

gorized into a countable number of stable manifolds.

To further illustrate this point, here we give some interesting examples. The
saddle sets in Example occupy a zero measure set in the whole man-
ifold. They cannot be assembled into countably many connected submani-

folds. We will analyze and see why they cannot be almost surely avoided.

Example 3.3.5. Let M = [-1,2] x [-1,1] ¢ R? be a rectangular region,
viewed as a 2-dimensional submanifold of R2. Then the tangent space T M
equals M. To construct the function f on M, we need the 1-dimensional
Smith-Volterra-Cantor (“fat Cantor”) set V in [0, 1]. The construction is as

follows:

1) Remove the middle interval of length 411 from [0, 1], and the remaining

setis [0,3] U [3,1];
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2) Remove 2 middle subintervals of length 5 L from the 2 remaining inter-

vals, and the remaining set is [0, 352] [%, %] U [%, %] U [gg, 1];

3) Remove 4 middle subintervals of length from the 4 remaining inter-

vals;

4 ...

A visualization of the construction is given in Figure The construc-
tion is different from that of the classical Cantor set in that we remove pro-
portionally shorter subintervals, instead of subintervals proportional to the
mother interval. Therefore, V has positive measure in R, meas(V) = %, while

the classical Cantor set has zero measure. Still, V is nowhere dense.
We look for a synthetic objective function on M in the form
MR, fx,y)=-px)+)y
where p(x) is a function of certain regularity on the 1D interval x € [-1,2].

Consider two examples:

(A) Define pa(x) =0 for x € V. As V is a closed set, write V¢ = [-1,2]\V =
(Ue(aa, ba))U[-1,0)U(1,2] as the disjoint union of intervals. On each

interval (a, b), let

(x —a)?, for a<x<a+ (b4a)
palx) =1{C1(x - %)4 +Co(x — %)2 +C3, for a+ ”’4“) <x<b- —(b;“);
(b —x)?, for b- (b Y < x < b,
where C; = (b e’ Cr=-2,C3= 5(b3_2a)2. See a visualization in Figures
B.1bland B.1d

(B) Similar to (A), but on each interval (a, b), let

4 (b—a) a)
(x —a)®, for a<x<a+-—7—
PB(X) = {Cr(x — 42)0 + Co(x — L)4 + C5, for a+ M <x<b- —(b;“);
(b -x)4, for b- “’4“> <x<b,
24 _ 11(b-a)?
where C; = 3(b a)4, C=-Zg G="9 —
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It is easy to see that both functions p;(x), i = A or B, satisty p(x) > 0 and
p(x) =0if and only if x € V. Thus for fi(x,y) = —pi(x) + y?, the saddle set of
fis § =V x [0]. Viewed in the 2-dimensional manifold, it has zero measure.
But the converging set of S is Wg(¢) =V x [-1,1]. It has positive measure in
M: meas(Wg(p)) = 1. If we start the RGD algorithm with a uniform random
initialization, the probability that {Z,} ’ , end up toward a saddle is

1
Pr(lim 7, € 5) = 2 > 0.

So what happens? The reason that gradient descent fails to escape such a
saddle set is well hidden. Specifically, in Example (A), pa(x) is only C I but
not C?. For each x € V, the second derivatives of p4(x) on two sides are
not equal. One side of x is an open interval in V¢, so the second derivative
is 2; while on the other side x is the limit point of a sequence {x; Yo cV,
and the second derivative is not well-defined. As for Example (B), pp(x) is
C3 over [-1,2] and thus f3(x, y) satisfies the regularity requirements. How-

ever, p(x) =0Vx € V,s0x € V are not strict saddles.

A loosely relevant discussion of the above constructions can be found in
[117], Exercise 5.21. This example is purely synthetic, but it raises a healthy
warning as to how much the assumptions can be relaxed while the escape
from saddle sets is still valid.

I I

I I

N .. N .. 3
EEEE EENEN EEEE EEEN x10
HEER NRER  NEER AN NNEN BRER  NEEN EEEN

(a) Construction of Smith-
Volterra-Cantor set for the

first 5 steps. 0.05

(c) Visualization of f(x,y) = —pa(x) +y?,
where saddle set is the middle of the
(b) Example of pa(x) on a “plateaus”.

single interval.

Figure 3.1: Illustration of Example
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3.4 Example of asymptotic escape on the low-rank matrix manifold

In this section, we consider the phase retrieval problem [24] 98| [122] on the
rank-1 matrix manifold. This serves both as an application of our asymp-
totic escape analysis for strict saddles, and as a demonstration of the possi-
bility of treating such a problem rigorously on the manifold as opposed to
the Euclidean space.

Since the phase retrieval problem involves a large number of stochastic
measurements (i.e., random coefficient matrices {A;(w)} that constitute the
objective function f,, w indicating the random event), we will approach
this problem in two steps. First, a crude analysis will be performed on its
expectation E,, f. In this case we will locate a strict critical submanifold in
the shape of a “hyper ring”. Then, for the non-expectation case f = f(,),
we will prove a rather surprising result that it almost surely has only a fi-
nite number of saddle points. We will then show that with high probabil-
ity, these saddles are strict saddles, and we know they are located near the
above “hyper ring”, so our asymptotic escape analysis is also applicable.

The asymptotic escape is further supported by numerical experiments.

Phase retrieval on manifold: the expectation
The problem of phase retrieval in the case of real values aims to retrieve the
information about x € R”, from the phaseless measurements

yj = |a]Tx|2, j=1,...m,

where the entries of {a;(w) }Zf’zl are drawn from i.i.d. Gaussian. Usually a

large m is needed to ensure successful recovery of x.

Let X =xx", Aj =a;a;j, theny; = (A}, X). The problem can be posed on the

rank-1 matrix manifold M as

1 m
in f(Z):==— » (A;,Z-X).
min £(2) Zm;K »Z=X)l
We can apply the Riemannian gradient descent to solve this problem on
M. We refer the reader to [24] in which the authors discussed the practical
aspects of the RGD algorithm applied to phase retrieval. It is easily seen that
Z = X is the unique global minimizer. To ensure asymptotic convergence

of the RGD to the global minimizer, it remains to rule out local minimizers
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and identify other critical points as strict saddles. Previous works [98),122]
have shown that phase retrieval has no spurious local minimum at least
with high probability in the Euclidean setting. The analysis of saddle has
been more complicated because of the stochasticity and Euclidean space
parameterization.

It helps to take the expectation of f(Z) and look into its landscape on the
manifold. Note that

. 3 3
F(2) =Buf(2) = SIZIIE + SIXIE = N ZIFlIX]lF = 2(Z, X),

and the Riemannian gradient (i.e., projected gradient) is

X1~
1ZlF

The first-order condition is satisfied if either Z = X, or

gradf(Z) = Pr,(Vf(Z)) = Pr,((3 -

)Z - 2X).

1
1Zl|F = gHXHFa (Z,X)=0.

The latter are spurious critical points, and they form a (n-2)-dimensional
submanifold on M;. To see whether they are strict saddles, we look into
their Hessian.

Let Z = zz", u = z/||z]l2, then u L x. Any element £ € Tz can be represented
as & = wuu' +uv’ +vu', wherew € R, v € R" and v L u. From [125],
RN(Z+&) = Z+&+n+0(||€])?) where n = w7 /||Z||r. Using the formula that
Hessf(Z) = Hess(f o Rz)(t¢) |i=0, we have

foRz(&) = f(Z+&E+n) +O0(€1P)
1
= f(Z) +(Vf(Z),&) +(Vf(Z),n) + §<V2f(Z) [£], &) + O(l€1P),

and collecting the second-order terms gives

(Hessf(2)[£],€) = 2V (Z),n) + (V[ (2)[£].€)

X1~ X1l X1l

=(6-2 Z.n) — 44X, 3 - 2 7. &)?
( ||Z||F)< m — X, )+ ( ||Z||F)”§”F+||Z||§',< &)
3
= —4(X, Z,&)?
( ">+||Z||§,< &)
T,.,12
:—4|x ul +3w2,

1ZllF
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Let & = ux™ +xu", then (Hessf(Z)[£],&) = —12||X||r < 0. Therefore these
spurious critical points are strict saddles. In fact they form a strict critical
submanifold N = {Z € M | ||Z|lr = }IX|lp, (Z,X) = 0}. For p € N,
TyM =dim(TyN) = n -2, dim(vyM) = dim(v, M) = 1. RGD will escape the
strict critical submanifold and converge to the minimum of f almost surely
by Theorem 3.3.4]

Note that although we focus on the real case (i.e., M;(R)) here, the above
results can be generalized to the complex case easily, and the only change is

in the constants concerning Gaussian moments.

Phase retrieval: Dive into specific realizations

Specific realizations of phase retrieval may have much more complicated
landscape than the expectation case. However, in the previous work [98]
the authors have shown that for a slightly modified objective function, with
high probability, the saddles of a specific realization of phase retrieval lie in
the neighborhood of the above N, what we call the “hyper ring”.

Consider
_ 1< 2
f(2)=5- lej (A7 Z =X

for a specific realization of {A;(w) };f’:l. The Riemannian gradient is

m

gradf(2) = Pr,(V/(Z)) = - ) (As, 2~ X)Pr, (A)).

j=1

And the Riemannian Hessian is

(Hessf(2)[£],€) = 2V (Z),n) + (V2 f(2)[€],€)

1 m
== DA Z - X)(Aj ) + (A} E)).
=1

The first result is a rather surprising one showing the finite number of criti-

cal points for phase retrieval.
Lemma 3.4.1. When m > n, the above f(Z) almost surely has only finite number

of critical points on the manifold Mj.

The proof of Lemma is quite neat using the following result from [62]
and restated in [93].
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Lemma 3.4.2. For a polynomial system P(x) = (p1(x),...,pn(x)) with x =
(x1,...x,) and d; = degree p;(x), let p;(x) = p; 1x) + 2 2(x) where P; L(x) con-
sists of all the terms of p;(x) with degree d;. If the homogeneous polynomial system
Pl(x) = (p1(x),....,pp(x)) = 0 has only the trivial solution x = 0, then the origi-
nal system P(x) = 0 only has a finite number of solutions. Moreover, the number
of solutions is exactly IT"_, d;.

Proof of Lemma The first-order condition grad f(Z) = 0 is equivalent to
1 m
— D (A Z = X)Pr,(4)) =0
j=1

Let U € R~ be the orthonormal complement of u. Then we have that
Pr,(A;)) =uu"Ajuu” +uu" A;00T + UUT Ajuu’
= u(aJTu)ZLtT + u(a]Tu . a]T.U)UT + U(a;u Uaj)u’.

Applying a basis transform (u, U) to the first-order condition, by symmetry,

it is equivalent to

"ALZ-X)-alu-alu=

.
j J 0,
" (A Z - X) - aTu aJTU 0,
which is equlvalent to Z (A, Z — X)(a u)a; =0, i.e., finding z € R" such
that

> (a2 - la]x*)(a] 2)a; = 0. (3.2)

j=1
This is a third-order heterogeneous polynomial system of n equations for n

unknowns. The homogeneous part of the system is

m

Z |a}z|2(asz)aj =0.

J=1
This system almost surely only has the trivial solution z = 0. To see this,

note that it requires 37, |a]Tz|4 =0,i.e.

Since {a;} are ii.d. Gaussian, when m > n this linear system is almost
surely nondegenerate. Now we can apply Lemma and deduce that the
original system only has finite number of solutions, i.e., f(Z) only has finite

number of critical points on the manifold. o



49

Remark 3.4.3. From Equation (3.2), we can see that the first-order condition
on the manifold M; is equivalent to that in the parameterized Euclidean
space. This means that their critical points match. Still, a critical point
Z = zz" corresponds to at least two critical points +z in the parameterized
Euclidean space. Also, their Hessian can be very different.

Remark 3.4.4. The result of Lemma only applies to the case z € R".
In the case z € C", we conjecture that there would be a finite number of of
critical submanifolds instead. Each critical submanifold consists of {¢!z, :
6 € [0,2n)}, the family of phaseless vectors. To see this, we can impose
the constraints a? z € R to the above equations (this is always possible by
letting a; absorb the phase information, which does not alter A;). Now we
can replace | - | with () and again get a polynomial system. Lemma m
is still applicable, and we get the finiteness of solutions on this constrained
subset. To remove the constraints, we put the phase information back and

obtain the submanifolds.

The Hessians of saddle points in phase retrieval are treated in the next
lemma. Note that the condition m > n in Lemma only ensures the
finite number of saddles. To make sure that saddles are strict, we need
m 2 nlogn, which is consistent with recovery guarantees from previous

works (see e.g., [24] and references therein).

Theorem 3.4.5. Given 69,61 > 0. If m > C(61)nlog n, then with high probability
no less than 1 — % — e~ for all Z that satisfy the following conditions

(Z,X) <ol ZlIFII X s

1_ IZllr o 1

Pr,(Vf(2)) =0,

we have
Amin(Hess f(Z)) < A(6g,01) < 0.

Here Cy, Cy are absolute constants, C(61) depend only on &1, and A depend only
on 8o and 81. If we further require 6o < %, 01 < %, then Ay (Hessf(Z)) < —1.

Proof of Theorem The construction of a negative curvature direction is
similar to that in the previous subsection. Let & = xu™ + ux", then ¢ € Ty.
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Since now x and z are not orthogonal, ¢ = wuu™ +uv'™ +vu’, where w = 2u"x

and v = x — uu"x. The Hessian is

(Hessf(2)[¢] Z(2<A,,z X)(Aj )+ (A, €)%)
=—Z(2<A,,z X) (A o+ 0= ) (a0,
An important observation is
—Z<2<A,,z X)(Ay, (1= o)) =

This is because

n-1ZllF —xx' =vwl —xx' = (x — uuTx)(X - uuTx)T —xx'

= —MMTX)CT —X)CTMMT + MMT)CXTMMT S Tz,

and the first-order condition glves =2 (A Z - X)(Aj, () =0forany { €
T7.

Therefore, we have

(Hessf(2)[£]. &) _271(2<AJ’Z X><AJ’||Z|| )+ (A1 6))
€112 €112
Ly @(laTzl? - laTxP)aTx? + 4lalz|a]x[?)
211zl + (x, 2)2)
= 2 (BlaTzPlaTx? — |aTx|*)
222 + (x, 2)2

Using the concentration inequalities from Section 4 in [77], with high prob-
—Chn

ability no less than 1 — & — =€, we have

(Hessf(2)[£].£) _ 3(1+S)UIZIIFIXIIF +2(X, Z)) - (3 - SDIIXII%
€112 B 1ZIIFIIX]|F + (X, Z)
. 3(1+61)(3 + 60 +280(3 +60)) — (3—61)
- (3 +30) + 60(3 + 60)

:= A(00,01).
If 69 < 6, 01 < 36, then we get A(dp, 1) < —1. O

The above results give us a good idea of the critical points in the “hyper

ring” region {% -9y < ”}Z(HF + 00} on the manifold. Specifically, Lemma
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tells us that there are only a finite number of critical points, and The-
orem asserts that these critical points are all strict saddles on the man-
ifold since they have a common negative curvature direction. We are par-
ticularly interested in the “hyper ring” region because Theorem 2.2 of [98]
shows (with a slightly modified objective function) that all the critical points
lie in this region with high probability, except the unique global minimum.
From Theorem 3.2.3, we now know that the RGD will avoid saddles and

converge to the global minimum.

5 5
0 0
5 5 5 5
(0] (6]
&-10 &-10
15} 1 15}
-20 ' -20 :
0 50 100 0 50 100 150 200
iterations iterations

(a) log10 error for the expectation case. (b) log10 error for a specific realization.

Figure 3.2: Convergence (visualized as error band) of RGD for phase re-
trieval.

Figure3.2/shows the l0g10 error convergence of the RGD for phase retrieval
on the manifold M. The left figure is about the expectation case, also called
the population problem, while the right one is a specific realization with a
certain group of {A;}7_;, where m = 12n. In both experiments, we take
n = 256, learning rate o = %, draw 100 zo from i.i.d. Gaussian distribution
(Zo = 202 ), and minimize Ef(Z) or f(Z) starting from these random ini-
tializations. The darker central line is the average, and the band shows the
deviation. In general, it can be seen that the RGD is hardly affected by the

possible existence of saddle points and converges to the minimum.

This experiment has also demonstrated the curious phenomenon mentioned
at the beginning of Section namely a first-order method such as RGD
converges exponentially fast (i.e., linearly), even though in the Euclidean
space it does not (i.e., only sublinearly). This will be explained in upcoming
Chapter
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3.5 Example of applications on other Riemannian manifolds

Although our primary setting is the low-rank matrix manifold M,, the asymp-
totic convergence to the minimum and escape of strict saddles (strict critical
submanifolds) is valid on arbitrary finite dimensional Riemannian manifold
M. In particular, the properties of the RGD are well preserved if the man-
ifold is embedded in a Banach space and inherits the Riemannian metric
from this ambient space. Below we discuss the optimization on the unit
sphere and the Stiefel manifold as two examples of applications.

Variational eigenproblem on a sphere
Consider M = S"71, the sphere embedded in the Euclidean space R". We
consider the following eigenvalue problem:

g(z) =z, zeR",

where g(z) is a function of z that may or may not be linear in z. Assume
that it has eigenpairs (11, v1), (A2,v2), ..., (A, Vi), 0 < A3 < Ap < ... < A4
If g(z) = Vf(z) for some function f(z), then to find (11, v1) is to solve the

following optimization problem:

min f(z) st zeM=8"1
Z

Viewed as an embedded Riemannian manifold, the tangent space, tangent

space projection, and retraction on M = $"~! are given as follows:

T.={£eR":£7z2=0},

Pr, =1- 7z,
y
R(y) = ——.
lI¥ll2
Note that R(y) is a second-order retraction, because for any z € M, ¢ € T,
we have
Zt+w _1
R(z+a€) =~ _ (z408)(1+?I€1D)7 = 2+ aé + O(a?).
llz + aéll2

The Levi-Civita connection on M is the projection of the Levi-Civita con-

nection of the ambient space (which is the derivative in R")

Ven=Pr,(Ven) =(I—22")(Ven), neTy, & €T
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The Riemannian gradient on M is

gradf(z) = Pr,(Vf(2)).

So z is a critical point on M if and only if z is an eigenvector of the eigen-
problem g(z) = Az. The Riemannian Hessian on M is

Hessf(2)[£] = Pr,(V2f(2)[€]) = (2" Vf(2))é,

If g(z) is linear in z, then f(z) is quadratic. With the positiveness assump-
tion, we have f(z) = z"Az, where A is an SPD matrix. Then f(x;) = 4;,
gradf(z) = Az — (z"Az)z, and ¢ THess f(2) [£] = € TAE — (2T Az)¢TE. Tt is easy
to see that v; is the unique (up to sign) global minimum with a positive
Hessian, and v (s > 1) are all strict saddles whose Hessian has at least one

negative curvature direction & = v;.

It is interesting to look at the case where a non-minimal eigenvalue has mul-

tiplicity greater than 1. Assume that A, = 4,41 = ... = A4, then the subman-

2

< = 1} is an immersed

ifold N ={y e R" | y = cyvs+...+CssVsirs c?+. ..+c
submanifold of M, and it is a strict critical submanifold of f if s > 2. Since
the number of such submanifolds is finite, escape from these submanifolds

toward x; is ensured by the tools in Section

When g(z) is not linear in z, as f(z) now contains non-quadratic terms, it is
not immediately clear from the algebraic expression whether Hess f (xy), s >

1 has negative curvature direction, though it can be verified numerically.

The first numerical example is from the discretized 1D Schrédinger eigen-
problem —Au + V(x)u = Au with periodic boundary condition, where V(x) is
taken to be the smoothed 1D Kronig-Penney (KP) potential describing free
electrons in 1D crystal [87, 111]. Figure shows the profile of the KP po-
tential defined on D = [0, 50] with 5 energy wells and periodic BC. Figure
shows the first 30 eigenvalues of the operator —A + V(x). We can see
that the first 5 eigenvalues are clustered (but not identical).

We discretize D into n = 27 grids and solve the discretized problem on
M = §"! with the RGD starting from a random initialization. The step
size is @ = 0.01. In Figure we observe that the generated sequence
tirst seems to “stagnate” near a non-minimal eigenstate, but then escapes
and converges toward the minimum. Figure shows the profile of the
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computed ground energy state vi, which is quite close to the true ground

state but slightly deformed. An improvement will be proposed in the next

subsection.
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Figure 3.3: Solving the linear Schrédinger eigenproblem on the sphere.

The second example is the nonlinear Schrodinger eigenproblem —Au+V (x)u+

Blul>u = Au, or the so-called Gross-Pitaevskii eigenvalue problem for the

Bose-Einstein Condensate (BEC) [115]. It gives a more accurate description

of the dynamics of Bosonic gases at ultra-low temperature. With the pres-

ence of the nonlinear term fB|u|?u, linear eigensolvers would fail, and the

optimization of its variational form becomes the state-of-art solver, see e.g.,
[72]. Apart from the RGD based on the L? metric, there can be other RGD
algorithms based on other types of metrics and with different convergence

theories, whose analysis is beyond the scope of this chapter.

We use the same potential function V(x) and discretization size as above.



The nonlinear term has the weight g = 1. The objective function is

f(z) :%ZTAZ+§;Z(D4, A=-L+V.

For an eigenstate vy, the eigenvalue associated to it is

n

=2/ +5 Y 20

j=1
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We compute the first two eigenstates of the nonlinear Schrodinger problem
using the RGD with stepsize @ = 0.01. Figure shows their profiles.
Figures and demonstrate the convergence of the RGD toward the

computed eigenvalues.

To verify that v, is a strict saddle point, we numerically compute the small-
est eigenvalue of Hessf(v2) and Amin(Hessf(v2)) = —0.0024 < 0. Figure
shows a profile of the corresponding eigenvector émin, i.€., a negative

curvature direction.
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Figure 3.4: Solving the nonlinear Schrodinger eigenproblem on the sphere.
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Apart from physical problems like BEC eigenstates, linear and nonlinear
eigenproblems also find applications in image processing and machine learn-
ing. For example, the MaxCut problem corresponds to a linear eigenprob-
lem, while the optimization of the Ginzburg-Landau type functional in im-
age segmentation and learning tasks corresponds to a nonlinear eigenprob-
lem, see e.g., [19,[75]. Although there are many algorithms tailored for linear
eigenproblems, their nonlinear relatives often lack a rigorous convergence
guarantee. Manifold optimization thus provides a more versatile point of

view for them.

Simultaneous eigensolver on the Stiefel manifold
Subspace iteration is a common technique for accelerating the convergence
of smallest eigenstates in linear eigenproblems, especially when the ground

states are clustered, as is in the previous examples.

From the viewpoint of manifold optimization, to solve the first m eigen-
states simultaneously can be posed as the optimization on the Stiefel mani-
fold M={ZeR™:Z27Z=1,}:

mZin trace(f(Z)) st.Ze M={ZeR™:Z'Z=1,}.

The Stiefel manifold [53] 83] is the set of all m-frames in R”. When m = 1,
it reduces to the sphere S"~1. With the Euclidean metric, its tangent space,
tangent space projection and retraction are given as follows:

T, ={E R ETZ+77¢ =0},

Pr,(Y) =Y — Zsym(ZTY),

R(Y) = gf (1),
where sym(-) takes the symmetric part and qf(-) takes the Q factor of QR
decomposition. Similar to the case of the sphere manifold, the Rieman-
nian connection and gradient are defined by the projection onto the tangent
space. When f(Z) = ZTAZ, we have

gradf(Z) = Pr,(AZ),
(¢, Hessf(Z2)[£]) = tr(§T A& — (£7¢)(ZT AZ)).

It is easily verified that the minimum is achieved when spanZ = span{vi,...,vn},

and all Z that span other eigen subspaces are strict saddles if all the eigen-

values are distinct.
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We compute the first 5 eigenstates simultaneously for the linear Schrodinger
eigenproblem with the same potential as in Figure The step size is
« = 0.01. Figures and compare the computed eigenstates extracted
from Z and the true eigenstates, which are almost identical. In Figure [3.5¢|
we can see that the subspace iteration on the Stiefel manifold achieves much

better convergence in fewer steps than the optimization on the sphere.

0 10 20 30 40 50 0 10 20 30 40 50
X X
(a) Computed eigenstates. (b) True eigenstates.
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(c) Error decay of RGD. (d) Accumulated energy of the

first 5 eigenstates.

Figure 3.5: Simultaneously solving the first 5 eigenstates of the linear
Schrodinger problem on the Stiefel manifold.

Application of the Stiefel manifold optimization can also be extended to
data science, e.g., frame construction and dictionary learning [25, [121], if

the frame/dictionary satisfies orthonormal assumptions.

3.6 Discussion

We have studied the asymptotic escape of strict saddles points of the RGD
on the Riemannian manifolds. The first main contribution of this chapter is
that it pushes the boundary of current analysis to non-isolated saddle sets,
proving when the RGD can escape and indicating when it cannot. As a
general tool, it can be applied to various settings as long as the manifold



58

of interest satisfies certain smoothness conditions. This is demonstrated by

several representative examples from different fields.

The saddle analysis of phase retrieval on the low-rank matrix manifold
serves as an application of the above asymptotic escape result, but it also
stands as an insightful result by itself. We have shown that it always has a
tinite number of critical points, and the saddles are strict saddles with high
probability. Essentially, the low-rank matrix manifold sheds light on the
intrinsic quadratic (instead of quartic) structure of this problem.

In addition to the asymptotic convergence behavior of the RGD, the con-
vergence rate is also an important issue. Empirical linear convergence rates
in many low-rank matrix recovery problems are already observed but are
yet to be explained. This is the topic of Chapter 5, where we prove the lin-
ear convergence rate using the quadratic nature of those problems on the
manifold M,.

3.7 Appendix

As we mentioned in Section when there are a bunch of self-connected
critical submanifolds (generalization of critical points), the escape of strict
critical submanifolds (generalized strict saddles) and convergence to a min-
imum rely on the number or the structure of such critical submanifolds.
When the number is uncountable, the situation can be quite complicated.

In this appendix, we discuss some structural properties of critical subman-
ifolds that may help untangle their successive relations. We introduce the
concepts of index and transversality, point out the transversality properties
of certain functions and their consequences, and link the stable manifolds
of the gradient flow to that of the gradient descent.

Definition 3.7.1 (Index). For f : M — R, let p be a critical point of f, then
the index of p is
Ap =dim TyM.

Remark 3.7.2. All critical points in the same connected critical submanifold
N have the same index, and we define it as the index Ay of the submanifold

N. An equivalent way to define strict critical submanifold is 15 > 0.

Definition 3.7.3 (Transversality). (1) For smooth maps f : N; — M and
g : No = M, we say that f is transverse to g, iff for any X, X, such that
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f(X1) =g(X2) =Y,
df (Tx, N1) + dg(Tx,N2) = Ty M,

where df and dg are gradient vector fields of f and g;
(2) If N1 and N, are immersed submanifolds of M, then N is transverse to
N, iff for any X € N1 NNy,

TXNl + TXN2 = TxM.
Two immersed submanifolds vacuously transverse if they do not intersect.

Remark 3.7.4. A function f : M +— R is called Morse-Bott if all its criti-
cal points lie in some disjoint union of connected and nondegenerate crit-
ical submanifolds; f is called Morse-Smale if it satisifies the Morse-Smale
transversality condition, i.e., for any two critical submanifolds Nj, N;, their

stable and unstable manifolds intersect transversally.

The transversality condition for immersed manifolds simply means that
two manifolds “cross” each other and do not “overlap”. Figure[3.6is a vivid
illustration of transversality on a 2-dimensional manifold. If the objective
function f is a Morse-Smale function, transversality implies more favorable

properties.

Figure 3.6: An illustration of transversality.

Theorem 3.7.5 (Corollary 6.27 in [13]). For a Morse-Smale function f, any crit-
ical point p of f satisfies
we(p) = w(q).
p=q
wi(p) = w (),
r=p
where W*(p) (resp. W"(p)) is the stable (resp. unstable) manifold of p defined by
gradient flow, and p > q means W*(p) N W*(q) # 0.
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Theorem 3.7.6. For a Morse-Smale function f, if two critical submanifolds Ny
and Na have the same index, then they vacuously transverse, i.e., W*(N1)NW*(Nz) =
0.

Proof. By Proposition 6.2 in [13], if W*(N7) N W*(N2) # 0, then their intersec-
tion is an embedded submanifold of dimension (Ax; —Ap,). But Ax, —An, =0,
which is a contradiction. O

Both Theorem and Theorem are helpful when taking the union
of stable manifolds of infinitely many critical submanifolds. Theorem 3.7.5|
shows that the closure of the stable/unstable manifold of one critical set is
the union of the stable/unstable manifolds of the sets that have successive
relations with it. On the other hand, Theorem [3.7.6| shows that the succes-
sive relations are strictly limited by the indices (i.e., negative curvature di-
mensions) of the critical sets. This successive relation simply cannot happen

between sets of the same index.

It should be stressed that the above results are on the stable /unstable man-
ifold of gradient flows, not gradient descents. Whether this can be generalized
to gradient descents is still unclear. We know that with first-order retrac-
tion property, as @ — 0, the Riemannian gradient descent on the manifold
approximates the gradient flow trajectory. It can be proved that the respec-
tive stable/unstable manifolds also converge, as long as the retraction is
at least first-order and the domain is compact. However, the transversal-
ity concerns the “angles” at the intersection of these submanifolds. Even
the uniform convergence of submanifolds cannot ensure the preservation

of their intersection angles along the convergence.

What lies at the core of the asymptotic analysis is an interesting interplay of
dynamical systems and nonconvex optimization, and a translation of lan-
guages from the Morse theory [12} [13| 40] into gradient flows and further
into gradient descents. Although these tools were initially developed to
study homology, they have provided invaluable insight into the converg-
ing/escaping sets of strict saddle points with nontrivial geometry. This dis-
cussion aims to draw interest to the vast possibilities that Morse theory has
to offer. They point out a way to deal with complex geometries of critical
point sets. It would be interesting to further pursue this direction to quan-

tify the above relations.
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Chapter 4

ASYMPTOTIC ESCAPE OF SPURIOUS CRITICAL POINTS
ON THE LOW-RANK MATRIX MANIFOLD

This chapter is focused on a fundamental problem that has long remained
open in the analysis of the low-rank matrix manifold M,. It concerns the
spurious critical points (Section 2.3), an intriguing phenomenon that is not
present in the Euclidean space or other Riemannian manifolds. The spu-
rious critical points Sy are some rank-deficient matrices that capture part
(but not all) of the eigen components of the ground truth. Unlike classical
strict saddle points, they are singular and their Riemannian Hessian is un-
bounded. For a long time, people have used the low-rank matrix manifold
M, without realizing their existence. But we have seen in Section [2.3| that

they could serve as limit points of certain minimizing sequences.

In this chapter, we show that the Riemannian gradient flow and the Rieman-
nian gradient descent with a particular step size almost surely escape some
spurious critical points on the boundary of M,. Our result is the first to
partly overcome the non-closedness of the low-rank matrix manifold with-
out changing the vanilla Riemannian gradient descent algorithm. Numeri-

cal experiments are provided to support our theoretical findings.

One important feature of the spurious critical points is that the Riemannian
gradient around a spurious critical point is singular and the Riemannian
Hessian is unbounded, see Figure for an illustration. Because of this
singularity, no asymptotic escape theorem in Chapter 3| can be applied di-
rectly to Sy. This poses a significant challenge to any attempt aiming at an
asymptotic escape result.

To tackle this problem, the main technique we use is the dynamical low-
rank approximation, which parameterizes the gradient flow on M,. By
rescaling the gradient flow system in the parameterized domain, we are
able to map a spurious critical point Z, to a strict critical submanifold in the
classical sense. This allows us to apply the result in Chapter[3|and show that
Riemannian gradient descent and Riemannian gradient flow asymptotically

escape rank-(r-1) spurious critical points.
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The results in this chapter are purely asymptotic, in the sense that even
though the algorithm escapes the spurious critical points, it is still unclear
how long it takes to converge to the local minima. This question will be
answered in Chapter 5, which establishes the linear convergence rate guar-
antee.

Organization of this chapter. We have given a brief introduction of the
problem in Section The rest of this chapter is organized as follows.
In Section we further elaborate on the background of the problem and
related work. In Section 4.2 we present and prove the main result of this
chapter, which is the asymptotic escape of the rank-(r-1) spurious critical
points by the gradient flow. Specifically, we introduce the dynamical low-
rank approximation as a primary tool, propose the rescaled gradient flow,
prove its C%- and C'-extension to the rank-(r-1) spurious critical points, and
show that these points are strict saddle points under the rescaled flow. In
Section we present the corresponding result for the gradient descent.
In Section some numerical experiments are performed to illustrate our
theoretical results. Finally, Section[4.5]is devoted to some discussion.

Notations. Unless otherwise specified, upper-case letters stand for matri-
ces, lower-case letters stand for vectors or scalars, and calligraphic letters
stand for manifolds or sets. The field F can be either R or C. The low-rank
matrix manifold is denoted by M,, defined in Section The Hermitian
transpose is denoted by (-)*. The set of n x n real symmetric matrices is
denoted by S,, while the set of n X n Hermitian matrices is denoted by H,,.
The Stiefel manifold is St(n,r) = {U € F*" : U*U = I,}. The orthogonal
group is SO(n) = St(n, n). The subscript (-)x is reserved for the spurious crit-
ical points. We use grad and Hess to denote the Riemannian gradient and
Hessian, and V to denote the Euclidean derivative.

4.1 Background and related work

We focus on the symmetric positive semi-definite (SPSD) or Hermitian pos-
itive semi-definite (HPSD) manifold. In Section2.3] we have introduced the
spurious critical points that emerge when minimizing the least squares loss
function f(Z) = |Z-X ||12: on M,. When it comes to the SPSD/HPSD case,
one can define the spurious critical points as follows:

Definition 4.1.1 (Spurious critical points). Assume that X = UxDxUy is an
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eigenvalue decomposition of X € M,. Then the set of spurious critical
points with respect to f(Z) = %IIZ — X||1% on M, is Sy = U;(l)SS, where each
S, can be characterized as

Sy ={Zs : Zy = U1D1Uy*, Uy € F™, D1 € F}.

Here Uy = (Uy, Up), Uy € B, Uy € F™¥U %) is a block decomposition of Uy;
similarly for Dy.

The contribution of this chapter is to show that when minimizing the least
squares loss function, the Riemannian gradient flow and the Riemannian
gradient descent with varying step size asymptotically escape the rank-(r-
1) spurious critical points on the rank-r SPSD or HPSD manifold, see Theo-
rems 4.2.1land 4.3.1]

In Section we have introduced the motivation of our work. Below, we
further review some related works in the literature and discuss their con-

nection and comparison with our work.

Nonclosedness of the low-rank matrix manifold. The fact that M, is not a
closed set is first reported in [125] in the context of matrix completion, and
later in [86] with low Tucker-rank tensor completion. To guarantee that the
iterative sequence of the proposed algorithm stays inside a compact sub-
set of M,, the author of [125] proposes to add a regularization term to the
objective function f:

g(Z) = £(Z) + (I ZIE + 11 Z711),

where Z7 is the pseudo-inverse of Z, and y is a parameter. In particular, the
term p?||Z* ||% guarantees that ||Z T||g will not go to infinity, i.e., the rank of Z

will not drop below r.

However, the author also comments that 4? can be chosen very small, in
fact as small as 1071°. In numerical experiments, one can simply neglect this
term and use the original function f instead of the regularized function g.
In other words, the author has observed that even without regularization,
the iterative sequence of the vanilla Riemannian gradient descent almost
surely avoids the rank-deficient points and stays inside M,..

Apocalypses from a geometric point of view. Concurrent with our paper,
the authors of [92] propose a similar concept. They use the term apocalypse
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to describe the event where the sequence of iterative points is in M, but
the limit point has rank less than r and is not stationary. This is exactly
what happens in Example They observe that apocalypse occurs when
the tangent cone at the limit is not contained in the limit of the tangent
cones. A more detailed discussion on the relation between tangent cones

and optimality conditions can be found in [97].

Along this line of research, two remedies have been proposed to fix the
apocalypse. The first is a second-order algorithm [92], which uses a smooth
lift (similar to the Burer-Monteiro factorization) and the trust-region method.
Another is a first-order algorithm proposed in [109], which uses the numer-

ical rank to perform suitable rank reductions.

We remark that although both approaches avoid apocalyptic points, they
require major modification to the gradient descent algorithm. In contrast,
we focus on understanding why gradient descent needs no modification
in practice, and we give a partial answer for the minimization of the least

squares loss function.

Asymptotic escape of classical strict saddle points. We have discussed in
Section [1.1] that gradient descent with random initialization almost surely
escapes strict saddles and converges to minimizers. Results on the asymp-
totic escape of non-isolated strict saddle sets and strict critical submanifolds
in the most general form are given in Chapter 3, The important observation

is that the spurious critical points in M,\ M, are fundamentally different
from, but subtly related to, the classical strict saddle points. The spurious
critical points have singular local neighborhoods as illustrated in Figure
Their asymptotic escape behavior cannot be directly explained by Theorem
However, using a rescaled gradient flow, we can eliminate the singu-
larity, and apply the saddle escape results to the rescaled system.

Implicit regularization in low-rank matrix factorization. The concept of
implicit reqularization is often used to describe the emergence of favorable
structures without explicit regularization terms. In deep matrix factoriza-
tion and deep neural networks, this describes a tendency toward low-rank
solutions and better generalization [7]. In statistical estimation, this could
mean a tendency to promote incoherence and accelerate convergence [39,
103]. As we have seen, the phenomenon that iterative sequences on the

nonclosed manifold M, stay inside the manifold does not rely on an ex-
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plicit regularization term x?||Z*||Z. Thus it can also be seen as a form of
implicit regularization.

Matrix decomposition and its continuity. Our analysis crucially relies on
finding a low-rank decomposition that is sufficiently continuous along the
whole gradient flow trajectory. The dynamical low-rank approximation
(DLRA), first proposed in [85], is a decomposition that suits our purpose.
In contrast, the singular value decomposition will lose its differentiability
whenever singular values coalesce [49]. A variant called the analytic SVD
[22] could fix this issue, but it requires analyticity of the gradient function.
It cannot be applied to functions on M, as the Riemannian gradient is not
analytic because of the spurious critical points. We remark that the success
of DLRA is still limited to the rank-(r-1) spurious critical points. Extension
of the current analysis to general spurious critical points is left for future
work.

4.2 Main result
Recall that by Definition the set of spurious critical points of the least
squares loss function on M, is Sy = Ut ;183, where each S (0 < s < r -1)

contains the rank-s spurious critical points, i.e.,
Ss ={Zy: Zy = U1D1Uy*, Uy € F™, Dy € F*},
The first main result of this chapter is as follows.

Theorem 4.2.1 (Asymptotic escape of S,_1: gradient flow). Let f(Z) = %HZ - X1,
where X € M, has distinct eigenvalues. Let Z; : t > O be the gradient flow of f on

M, starting from a random initialization Zy. Then we have that Z; € M,, ¥V 0 <

t < oo, and

Prob (tlim Z:€S,.1)=0.

In the next few sections, we introduce some technical tools that eventually
constitute the proof of Theorem at the end of Section

Dynamical low-rank approximation
The dynamical low-rank approximation was first proposed in [85] and soon
gained popularity as a discretization method for the computation of low-

rank evolution systems. It gives a neat description of the column space and
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core matrix of the low-rank matrix along the evolution. The decomposi-
tion enjoys better smoothness than SVD and other classical decompositions.
While a smooth version of SVD is only available when the gradient func-
tion is analytic, the dynamical low-rank approximation always preserves
the smoothness of the gradient function. Below we first recall the general
version of DLRA.

Lemma 4.2.2 (Dynamical low-rank approximatiorﬂ [85]]). Consider the gra-
dient flow of a function f : F/™" — R, where FI*" is the set of m X n matrices with
rank r. Assume Z = USV*, where U, V € F™" are orthonormal, and S € R™" is
nonsingular. Let M = —gradf(Z) = —Pr,(Vf(Z)) denote the negative Rieman-
nian gradient of f at Z € M,. Impose the constraints U*U = V*V = 0. Then the
gradient flow of f can be described by the following ODE system:

U=Ps;MVS™,
V=PiM UGS, (4.1)
S=U*MV.

Here, P, = - UU" and P;; =1 - VV*.

More specifically, in the SPSD or HPSD setting, for the least squares function
f(2) = }11Z - X|12, we have the following result.

Lemma 4.2.3 (Existence of gradient flow). Consider the manifold of SPSD or
HPSD matrices M, = {Z € S,orH,, Z > 0, rank(Z) = r}. Consider the least
squares loss function f(Z) = %HZ - X||12:. Let M := —grad f (Z) denote its negative
Riemannian gradient. Let Zy € M, be the initialization of the gradient flow at time
T =0,and Uy € St(n,r), So € S, nonsingular such that Zy = UOSOUOT. Then there
exists a unique gradient flow satisfying

U=P:MUS™,
S=U"MU,

forall 0 < T < co.

Proof. The Riemannian gradient of the objective function f(Z) = %HZ -X ||12:
is Pr,(Z — X). Plugging in M = —Pr,(Z - X), and noticing that P;;Z = 0 and

IStrictly speaking, our ODE system is not an “approximation” but an exact characteri-
zation of the gradient flow. We stick to this terminology for ease of reference.
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PyU = U, we get the following ODE system:

U=P:XUS™,
§=-S+U"XU.
It suffices to show that the ODE system does not blow up in finite time. We

prove that for any 77 > 0, omin(S) is bounded from below for all 7 € [0, T1],
where omin(S) is the smallest eigenvalue of S € S,.

At T = 0, we have omin(S) > 0. At a given time 7, let the multiplicity
of omin(S) be j, ie., or_;(S) > o—j+1(S) = ... = 0+(S5). Denote PU,_ i)t
as the projection onto the corresponding eigen subspace. Using a similar

argument as in [104], one can show that

d a d
a( Z O-I(S)) =tr (PU(r—j+1)t0r ’ aS) .

I=r—j+1

In particular, when o0(S) is a simple eigenvalue and u, is its eigenvector,
this reduces to the classical result

d L[ d
EO}(S) =u, (ES) u.

Note that %S = -8+ U"XU and X is positive semi-definite. Thus %S > =S,

and we have

d r r
< ( > o'l(S)) > tr (PU(F_M)W : (—S)) == > als.
I=r—j+1 [=r—j+1
In particular, when o, (S) is a simple eigenvalue, one has
d
37 (8) 2 —o(8).
By Gronwall’s inequality, omin(S) decays no faster than exponentially fast.

Thus it is bounded from below in any finite time interval. o

The dynamical low-rank approximation introduces a multiple-to-one map-
ping as a parameterization of M,. Let St(n, r) denote the n by r Stiefel man-
ifold, i.e., St(n,r) = {U € F™ . U*U = I,}. Then we have that for S nonsin-

gular,

Stin,ry®S, — M,
(U,S) +— Z=USU"
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Since S is not required to be diagonal, there are infinitely many tuples of
(U, S) corresponding to the same Z, and these tuples are not equivalent un-
der permutations. However, after we impose the constraint U*U = 0, from
any initial tuple (Uy, So) there is a unique path in St(n,r) ® S, that describes
the gradient flow of f according to Lemma In other words, as long
as the initial decomposition Zy = UpSoUj is given, the decomposition that
satisfies the dynamical low-rank relation is uniquely determined along the
whole trajectory.

The advantage of the dynamical low-rank approximation lies in the fact that
the ODE system generically stays continuous. This is especially remarkable
for the eigenvector matrix U. In comparison, SVD might enjoy uniqueness
to some extent, but it is known to lose its differentiability when singular
values coalesce [49], and that could only be fixed with the unrealistic as-

sumption of analyticity [22].

Under the above parameterization, any isolated critical point Zz on M, cor-
responds to a critical set on St(n, r) ® S, consisting of infinitely many points,
denoted by Nz,:

Nz, == {(Uy, Sy) : U#S#U; = Zu}.

Some constraints need to be imposed on the above decomposition to make
it a valid parameterization for a spurious critical point. We will discuss it in
more detail in Section

In the following, we do not distinguish between the parameterized gradient
flow on St(n,r) ® S, and the original gradient flow on M, when there is no
confusion. To prove the asymptotic escape of spurious critical points on M,,
then, is to prove the asymptotic escape of spurious critical submanifolds on
St(n,r) ®S,.

Parameterization of M,

As is mentioned in the previous subsection, using the parameterization
St(n,r) ® S, — M,, each single critical point Z4 corresponds to a submani-
fold Nz,. In this subsection, we formally establish this result.

In order to use the dynamical low-rank approximation from Section 4.2, we
decompose a rank-r matrix Z € S, into Z = USU*, where U € St(n,r) and
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S € S,. This decomposition differs from the eigenvalue decomposition in

that S is not necessarily a diagonal matrix.

Consider a spurious critical point Zy = UiD1U1* € My C M\M,, where
U; € F”" represents the s eigenvectors that are also eigenvectors of X. We
would like to determine a submanifold Nz, C St(n,r) @ S, that corresponds
to Zs. Assume that

Zy = U#S#U;,
where
Sy = P#Z#P;;

is the eigenvalue decomposition of Sx. Then there exists Uz L Uy, such that

Dy 0

Uy = (U1, U3) Py, Ty = 0 o

In addition, for Z to be a critical point of f(Z) = %HZ -X ||% on M,, we need
gradf(Zy) =0, i.e, Pr,, (Zy — X) = 0. One can show that this gives

Uz L Ux = (U, Uy).

In other words, U3, the n X (r — s) matrix that makes up for the missing
rank, should be chosen to be perpendicular to the missing component U,.
This also gives us limz_,z, grad f(Z) = 0, a property that will be useful in

upcoming computation.

To sum up, a spurious critical point Z4 € Sy can be parameterized as

D,

Nz, = {(U#, S#) : Uy = (U1, U3) Py, S#=P#( o ol f* U3J-UX}’

where Py € SO(r) is an orthonormal matrix.
Lemma 4.2.4. Nz, is an embedded submanifold of the manifold M := St(n,r)®S,.
Proof. The proof of this lemma is very technical and is deferred to Section

The main idea is to invoke the definition of a submanifold directly and

construct chart functions on Nz,. o
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Rescaled gradient flow

Consider the dynamical low-rank description of the gradient flow in Lemma

U=F(U,S) = P;XUS™,

_ (DLRA)
S=H(U,S) =-S+UXU.

The main tool for the proof of asymptotic escape is the following rescaled

gradient flow ODE system:

U=F(U,S) = P5XUS™" - omin(S),

S (DLRA*¥)
§=HWU,S) = (=S + U*XU) - omin(S).

Here ormin(S) denotes the smallest eigenvalue of the r x r matrix S. In other
words, the rescaled system (DLRA¥) is just the original system (DLRA)

times a scalar ormin(.S).

We first show that the rescaled system (DLRA¥) is well-defined.

Lemma 4.2.5 (Continuity). The functions F(U,S)and H(U, S) are C° in M,.

Proof. Inside M,, the matrix inverse S -1 is well-defined, so are the functions
F(U,S) and H(U, S). Then use the fact that the smallest eigenvalue omin(S)
is C° with respect to S. o

Lemma 4.2.6 (C’-extension). The functions F(U,S) and H(U,S) can be ex-
tended continuously to S,_1.

Proof. Take any Zy € S, 1 with parameterization Zy = UsSyU,. It suffices
to show that limz_,, F (U, S) and H (U, S) exist, and are independent of the

specific choices of parameterization.

Let § = PXP" and Sy = PyZ4P}, be the eigenvalue decompositions of § and
Su respectively. Denote p; = P(:,i), and ps; = P#(:,i). Assume that X =
UxDxUy = g diwju’. Since Zy € S,_1, from the previous subsection, we
know that

Dy 0

Yy =
o o

b
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where D1 is an (r — 1) X (r — 1) diagonal matrix, D1 = diag{di,...,d,-1}.
Moreover, when ||S — Si||[r < € for small enough ¢, by the sin® theorem

(Lemma [2.4.1), we have
Y =diag{o1,...,00-1,0+},
where

o >min{d;....,d,1}—€, 1<j<r-1;

0<o,<e.

In other words, o, and the rest of the eigenvalues of S are well-separated.

Thus, when € is small enough, we always have omin(S) = o7

Consider ¢(S) := S~ omin(S). When ||S — Si||r < €, we have

¢(S) = P-diag{o;,...,0 o} - P oy

:P-diag{ﬂ,..., Ir ,1}-P*
o1 Or-1
:P-diag{ﬁ,..., Ir ,0}-P*+prpj.
o1 Or-1
Thus,
o, o
lim ¢(S) = lim [P -diag{—, ..., L0t - P+ p,pt
Sﬁs#so( ) SHS#( g{g1 o } prpr)
=0 + p#,rp;’r
= P#rPy,

In other words, ¢(S) can be continuously extended to Si.

We can now compute the limits of F and H. Note that
F(U,S) = P5XU - ¢(S).
Using the parameterization

D1 0

Zy=UySyUy : U= (U, Us)Py, Sy=Py 0 o

*
P#,




72

we have
lim  F(U,S) = P& XUy - lim o(S
(U,S)—(Us,Ss) (U, S) = Py, XUy S— 84 #(5)
= Py, XUs - pa.,Dy,
= (I = Py, — Pu,) - (U1D1U] + UaD2U3) - (Ur, U3) Py - par Py,
= UsDyU; - (U1, Us) - Py - parDy,
=0.

As for H (U, S), since H(U, S) is bounded and opin (S) converges to zero, we
have
lim HU,S)= lLm HUV,S)  omin(S) =0.
(U,S)—(Us,S#) (U.8)— (U, S4)

Thus, F (U, S) and H (U, S) can both be extended continuously to S,_1, inde-
pendent of the parameterization. o

Limit points of the rescaled system

In this subsection, we show that the ODE systems (DLRA) and (DLRA¥)

have the same limit points.

Lemma 4.2.7 (Existence of rescaled gradient flow). Consider the rescaled ODE
system . Let Zy € M, be the initialization of the gradient flow at time
T =0,and Uy € St(n,r), So € S, nonsingular such that Zy = UOSOUOT. Then there

exists a unique gradient flow that satisfies forall T € [0, o).

Proof. The proof follows the same idea as that of Lemma[.2.3] We show that
within finite time, (U, S) remains in a region where F and H are Lipschitz
continuous. Note that VSU.(S‘l) = —S71E;;S7! where E;; is the indicator
matrix of the (i, j)-entry. Note also that the smallest eigenvalue opmin(S) is
Lipschitz continuous with respect to S [84]. Thus the Lipschitz continuity
of F and H holds if S7! is bounded. This is true if omin(S) is bounded from
below.

Atagiven time T, let the multiplicity of omin(S) be j, i.e., 07— (S) > 07— j41(S) =
. = 0y(5). Denote Py,_,,,,, as the projection onto the corresponding
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eigen subspace. Using a similar argument as in [104], we now have

d - d
a( Z O'I(S)) =tr (PU(r—j+1)tor ) ES)

I=r—j+1

=tr (PU(r—j+1)t0r (=S+U'XU) - O'min(S))

tr (PU(,«_j+1)tor : (_S)) - Omin ()

= ( 2 O'Z(S)) : O'min(S)'

I=r—j+1

\%

In particular, when o (S) is a simple eigenvalue, this reduces to
d
777 (8) 2 —0y(5)%.

Thus omin(S) decays no faster than geometrically due to Gronwall’s in-
equality. Thus it is bounded from below in any finite time interval. |

Lemma 4.2.8 (Limit points). Let Zy € M,. Then the limit points of the ODE
system (DLRA™) are the same as those of (DLRA). Moreover, the gradient flows

starting from the same initial point always converge to the same limit point.

Proof. Observe that the rescaled system (DLRA¥) is just the original system
(DLRA) multiplied by a scalar:

F(U,S) = F(U,S) - omin($),
H(U,S) = H(U,S) - 0min(S).

Thus the gradient flow of the rescaled system follows the same path as the
original system. In other words, let Z; (r > 0) and Z, (t > 0) be the solutions
of (DLRA) and (DLRA?) starting from the same initial point Zy, then for any
time 7 > 0, there exists a corresponding time w > 0 such that Z, = Z,..

When the time goes to infinity, both flows have limit points because both
are minimizing flows of a coercive and lower-bounded function f. Denote
them as Z,, and Z., respectively. Then either Z, = Z., or there exists a finite
T such that Zs = Zr.

We now argue that only Z,, = Z is possible. Looking at the ODE sys-
tem (DLRA¥), a critical point has to satisfy either F(U,S) = H(U,S) =0, or
Omin(S) = 0. In the former case, F(U,S) = H(U,S) = 0 means such (U, S)
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is stationary for (DLRA), s0 Ze = Z.. In the latter case, such (U, S) has
to be Z, because we know that omin(S) cannot be zero at any finite time
from Lemma So either way;, Zoo = Zoo. Therefore, the limit points of

(DLRA%) could only be those of (DLRA). O

By Lemma if we can prove that gradient flows of (DLRA) starting

from random initializations almost surely avoid the spurious critical points
in S,_1, we immediately have that the same results apply to (DLRA). In
the next subsection, we will show that this is much easier to prove for the
rescaled system than for the original system, because the points in S,_; are

now strict saddle points in the classical sense.

Landscape around the spurious critical points

We now analyze the landscape of around the spurious critical
points. In fact, we will show that the C%-extension that we proved in Lemma
can be improved to a C!-extension.

Lemma 4.2.9 (C!-extension). Assume that the eigenvalues of the ground truth
matrix X are all distinct. The functions F(U,S) and H(U,S) can be C'-extended
to Sr—l'

Proof. We first compute VF and VH in the interior of M,. In this region, §
is non-singular, and all the derivatives are well defined. Let ¢ = (£1, &) be
a placeholder for the directional derivative, where ¢; and &, correspond to

the direction of U and S respectively. Direct computation gives

_|-(U&E +EUNXUS™ + PEXE(ST)”
VF(U,S)[¢] = _PXUSIES] :
VH(U,$)[£] = fTXU_*;*X& .

To extend VF and VH themselves to S,_; is impossible: S7! is singular near
S,_1, causing the derivatives to explode. We aim to show that it becomes
possible with the rescaled system (DLRA%).

For this purpose, we define the following function, which is the directional

derivative of ¢(S) along the direction #:

W (S, 1) = Ve(S)[n] = V(S omin($)) [1].
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We follow the same notations as before. Direct computation gives
lim ¢/(S.7) = lim (=575 0min($) + 57 - Vorn($) ]
S— Sy S—Ss

We know from the proof of Lemma that when ||S — Sx||[r < € for small
enough ¢, the larger eigenvalues o to 0,_1 and the smallest eigenvalue o,
are well-separated. In fact, assuming that the eigenvalues of X are distinct,
for small enough ¢, all the eigenvalues of S are well-separated, and the cor-
responding eigenvectors are continuous with respect to the change of S. In
this case, we know from [104] that

Vo, (S)[n] = pynps-.

Thus, we have
lim ¥ (S.7n) = li (—S—1 Slo +571p )
sg?#‘/’( n) Jim nS~or+S8pmp

For simplicity, we focus on the real case F = R. Since {pl-p’;} form a

.
i.j=1
complete orthogonal basis of R, we can write

_ *
n= Z CijPiP;-
1<i,j<r
Such decomposition is continuous around S, since all 0;’s are well-separated

and all p;’s are continuous with respect to the change of S.

It now suffices to compute limg_,s, ¥ (S,n) forn = p; p’J"., as ¥ (S, n) is linear in
1. This comes in the following cases:

1) Ifi, j <r:
lim y (S, pip}) = lim (=57 pip;s7 ', + 7 pipinp )
= lim (—Pz—leie;z—lmp* +st. 0)
—o#

= lim (=P -0 P* +0)
S—8s

=0.
2 Ifti<r,j=r:
lim ¢ (S, pip;) = lim (—S’lpipiS'lar +S'1p?pfpi‘pr)
S—Su S—Su
= lim (—PZ_leiefZ_lo'rP* +57L. O)
S— Sy

=d ' pip;.
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(3) Ifi =r, j < r: Similar to the previous case,
. A | *
Slggl#w(S,prpj) =d; ppj.
4 Ifi=j=r:
hm Y (S, prp;) = lim ( SppiST o+ ST pi‘prpr*vr)

P le et s o P 4 5-1)

= Jim -
(

= lim (P- dlag{(r1 ,...,O'r__ll,—O'r_1+0'r_1}'P*)

S—Ss

511_)12#(P dlag{O'1 fees O 1,0} P)
:P#-dlag{al_l,... rl,O} Py,

Therefore, (S, n) can be continuously extended to S for any 7.

We now compute the derivatives of F and H at Zs. The directional deriva-

tive in U only involves ¢(S#), and we have
Jim VuF(U.S)[1] = Jim (~(UE] + 61U XUS Tuin($) + PEXES ™ 0rmin(S))
—Ly

= —(Usé] + &1(Us)") XUy - 9(S) + Py, Xé1 - o(Sy)
= —(Usé] + &E1(Us)") XUy - prpy + Py Xé1prpy.

As for the directional derivative in S, we now make use of ¥ (S, n):
Jim VsF(U.S)[£] = Jim Vs (PixUS™) (2]
= lim (PLJ}XUQ,//(S, &))
=Py XU - (S, £2).
Since P[LJ#X Us = 0 and ¢ (S, &) is bounded, we have
Jim VsF(U.$)[62] =0-y(S.£2) =0
Thus, the derivatives of F can be extended continuously to Zy, and we have

Usé] + U*XU'r*‘FPJ'X “ PrDy
Jim VE(U.S) = —(Usgy +&1(Up)") #OPPr v XE pror|
.
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As for the derivative of H , we have

zh—{rzl# VH(U,S)[£] = lim

(fIXU+U*X§1) 'O-min(S) _ 0
224 \~£& - Omin(S) + (=S + U"XU) Vsomin(9)[&2]]

ol
Thus, we have shown that the derivatives of F(U, S) and H(U, S) can both

be extended continuously to such Zy, which is equivalent to saying that the
functions themselves can be Cl-extended to such Z. O

The C!-extension is crucial to the landscape analysis of the system (DLRA¥)
at the submanifolds corresponding to the rank-(r-1) spurious critical points.
It enables us to compute the Jacobian right at those submanifolds, and de-

termine its eigenvalues. We now show that those submanifolds are actually
strict critical submanifolds of the system (DLRA¥).

Lemma 4.2.10 (Strict critical submanifold). Assume that the eigenvalues of the
ground truth matrix X are all distinct. Given a point Zy € S,_1, let Nz, =
{(Us, Sy) = USyU, = Zy} be the submanifold after parameterization that corre-
sponds to Zy. Then Ny, is a strict critical submanifold of the system in
the sense of Definition 3.3.3]

Proof. The goal is to show that for any (Uy, S¥) € Nz, itis a hyperbolic point
of the gradient flow with at least one escape direction, and all these points
in Nz, share a common escape direction perpendicular to the submanifold
itself with a uniformly bounded eigenvalue. We will determine this escape

direction by construction, using the results from the proof of Lemma

Recall that § = PXP*, Sy = Py2Z4P,, and X = UxDxUy = ¥/, diuu;. Let

é: = (é:l’ 62)’ é:l = urp;;’r, é‘:z =0.

Note that X = U1D1Ui" +U,DoU*, where U = u,, D> = d,, and UZDZU; is the
missing component in this spurious critical point Zy. In other words, we

construct ¢ exactly along the direction of this missing component. Using
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this property, we have that

VuF (U, $)[é1] |,8)=Uy.50)

= —(Usé] + EU) XUy - py.rpy, + Py, XE1 - purDy,

= —(Ugps,uy +u,py U XUy - py,py .+ (I = Py = Py)X - u,py, - parDy,

= — (0, Us)uy +u,(0,Us)*) (U1 D1U] + U2 D2U3) - Uspsrpy , + UaD2Us - u,pi,

% %
=0+ dyuyu; - UrpPy,

= dyurpy,,»
and
VsF(U, S)[€2] l(v.5)=(us.50= O-
Thus,
VF(U, $) €] l.5)=(vs.50= dyurpy, +0=deu,py,.
Meanwhile,

VHU, )IE] |w.s)=wy.50=0-
Putting everything together, we have

V(ﬁ’ ﬁ) [f] = dr : (”rP;,raO)
= dr . f

This means that ¢ = (u,p;, ., 0) is an eigenvector of the Jacobian V(F, H) with

eigenvalue d,, which is positive.

Thus, for every tuple (Us, S#) in Nz,, we have found an escape direction with

uniform eigenvalue. So Nz, is a strict critical submanifold as desired. o

Proof of the main result

We now prove Theorem using the results from previous subsections.

Proof of Theorem By Lemma there are only finitely many spuri-
ous critical points that belong to S,_1. By Lemma4.2.10} for each Z4 € S,_1,

in the parameterized domain St(n,r) ® S,, the corresponding submanifold
Nz, is a strict critical submanifold for the rescaled gradient flow. Since there

are only finitely many of them, we can apply Theorem This implies
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that the rescaled gradient flow in the parameterized domain almost never
converges to Uz.s, ,Nz,. Thus the rescaled gradient flow in the original
domain M, also almost never converges to S,_;. By Lemma the origi-
nal gradient flow has the same limit as the rescaled gradient flow. Thus the
original gradient flow enjoys the same result, i.e., Prob (lim,_,. Z; € S,-1) =
0. o

4.3 Main result for the gradient descent

The previous section has focused on the gradient flow. In this section we
derive the result for the gradient descent, namely the asymptotic escape of
the Riemannian gradient descent algorithm from the spurious critical points

in Sr—l .

Theorem 4.3.1 (Asymptotic escape of S,_1: gradient descent). Consider f(Z)
%HZ -X ||% where X € M, has distinct eigenvalues. Let Zy € M, be a random ini-
tialization, and {Z;};, be the sequence generated by the following Riemannian
gradient descent algorithm with varying step size:

Zia = R (Zk - - 0p(Z0) - Pry, (VF(Z0)) (42)

ie., @y = a-or(Zy), where 0. (Zy) is the r-th eigenvalue of Zy, and o > 0. Assume
that Zy € M, for any k < +oo, i.e., the sequence stays inside M, at any finite step.
Then we have

Prob (klirn Zr€S,_1)=0.
In particular, this holds true for arbitrarily large o > 0.

Remark 4.3.2. A few remarks are in order.

(1) The step size ay = @ - 0(Zx) is varying but not necessarily diminish-
ing. As long as the sequence eventually escapes the spurious critical
points, 0 (Zy) converges to o,(X) and ay = « - 0(Z;) does not dimin-
ish. See Figure for a numerical illustration.

(2) The reason for the choice oy = @ - 0-(Zy) is similar to the rescaling of
the ODE system (DLRA*) in the previous section. Namely, this makes
the Jacobian of the iteration function C!-extendable to the rank-(r-1)
spurious critical points in S,_;, using the same techniques as in the

proof of Lemma[4.2.9]
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Proof of Theorem[4.3.1, We use the same notations as before, namely Z =
USU*, S = PLP*, Sy = PyZyPy, and X = UxDxUy, = 3./, diuu;. We also let
Z = UzZU, denote the eigen decomposition of Z, which implies Uz = U - P*.
We let U € St(n,n — r) be the orthogonal complement of U. It is also the
orthogonal complement of Uz. Since U = (U, Us), where Uz L Up, we know
that span{U,} c span{U}. Without loss of generality, we let U, be the first
column of U.

Consider the iteration function

#(Z) =R (Z —a-o0.(Z)- PTZ(Vf(Z)))

(4.3)
=R(Z-a-0+(Z) gradf(2)).

Here gradf(Z) is the Riemannian gradient. The Jacobian of the iteration
function is

D¢(Z) =1-a - (0+(Z) -Hessf(Z) + Do (Z) - gradf(Z)) .
It has been shown in [125] that
Hessf(Z)[€] =&+ Py (Z - X)UNS'U, + Uz 'N*US(Z - X)Pg,,  (44)
where the vector ¢ is parameterized as
£=U;MU, +U;NU* +UN*U,, M eF™, NeR>0)

In particular, when F = R, the degree of freedom of ¢ is w It is equal
to the dimension of the tangent space that ¢ lies in, which is the same as the

dimension of the manifold.

Consider limy_,z, D¢(Z) for Zy € S,_1. Note that the parameterization from
Section 4.2 ensures that span{Us} L span{U, U>}, so that Z is a valid crit-

ical point, i.e., gradf(Z4) = 0. Plugging Equation into Equation (4.3),
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we have

DOZIE] = Jim DH(D)IE]
~¢-a-Jim (7:(2)  Hess (DleD) + Doy ()lé] - radf (20|
~¢-a-Jim (7:2) - Hessf D)le))
=¢-a- zhfz‘# ((fr(z) € - PH(Z - X)UNZ'U* — U IN*U* (Z - X)Pé))

=¢&—a-|0-&=UyDyUy"UN, (Zhrrzl 2—10,) U; — Uy (Zhrrzl 2_10',) N*ﬁ*UzDzUzT)
2 2

=é+a - |UpDaUy UN, (Zhrrzl 2—1@) U + Uy (Zhn’zl 2—10,) N*ﬁ*U2D2U2T) :
2y 2y
Here, similar to the proof of Lemma we have
lim >0, = diag{0,...,0,1} = e,e;.
PEEIIM
Thus, it follows that

Do(Zs)[E] = £ +a - (UzDzUzTﬁNe,er; + U#e,ejN*fJ*UzDzUZT) :

Note that without loss of generality, we have let U be the first column of U.
Thus we have

Uy 1
0 0
Do(Z)[€] =é+a - (U2D2(1, 0,....00(Ne)| . |+ (U2 0,...,0)(e;N")| DzUzT)

0 0
=¢+a-2N(1,1) - UpDaUs".

We can immediately read the eigenvalues and eigenvectors of D¢(Zy) from

the above expression. Specifically, when F = R, D¢(Zy) has

~ 00 ...
(1) One eigenvector ¢ = UNU* + UNU* with N =| | |, whose

00 ...0
corresponding eigenvalueis A =1+2a - Dy > 1;

) (M — 1) eigenvectors with eigenvalues A = 1.
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The complex case F = C is similar except that the dimensionality is different.

Now that D¢(Zy) has one eigenvalue greater than 1, while the rest of the
eigenvalues are equal to 1. By [120, Theorem IIL.7], there is an unstable
manifold and a center manifold in the neighborhood of Zy, which can be
extended globally. The existence of the unstable manifold ensures that Zy is
an asymptotic unstable fixed point of the iteration function ¢(Z4). Thus, the
Riemannian gradient descent algorithm with varying step size almost

surely escapes S,_1.

In particular, D¢(Zy) is always a local diffeomorphism independent of the
choice of @, as its only eigenvalues are 1 and 1 + aD. Therefore, the result
of Theorem holds true for arbitrarily large a > 0. o

4.4 Numerical experiments

In this section, we present some numerical experiments to illustrate our the-

oretical results in Theorem 4.2.1)and 4.3.1} We also provide some evidence

in support of conjectures beyond the previous theorem and lemma.

In all experiments, we consider the real SPSD case F = R, and let n = 100, r =
5, and we use the same ground truth matrix X € M, with distinct singular
values. We use the Riemannian gradient descent algorithm to minimize
f(Z) = %HZ -X ||%. The experiments only differ by the sampling rule and
the choice of the step sizes a;. Each figure is generated by repeating the
experiment 100 times. The shaded area represents the range of the data and
the solid line represents the median.

logyo([|Zx — X|Ir)
logyo([|Zx — X||r)

0 20 40 60 80 100 0 20 40 60 80 100
k k

(a) Local escape near S, _. (b) Local escape near S, _».

Figure 4.1: Escape of spurious critical points.

The first experiment is performed near a rank-(r-1) spurious critical point

ZS) € S,_1. The initial points are randomly sampled in the local neighbor-
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hood of Z#l). The step size is fixed to be @y = @ = 0.2. Figure 4.1a|shows

the log10 distance between Z; and X. It can be seen that in all the repeated
experi @)

periments, the sequence always succeeds to escape Z,’ and converge to
X.

To verify whether S, (s < r — 1) incurs the same behavior, we repeat the

experiment with Zf) € S,-2. It can be seen in Figure 4.1b| that the phe-

nomenon is indeed the same. Thus we conjecture that a similar result as
Theorem holds for those S, with s < r — 1 as well. Proof of such result
is left for future work.

2 0
0
= A-O.S*
= 5 =
B S
i 4 \% 1
= <0
0 6 <
= -1.5-
-8
-10 -2
0 20 40 60 80 100 0 20 40 60 80 100
k k

(a) log;,([1Zx — X||g), fixed step (b) log, (0 (Zy)), fixed step size.

size.

5 0
3 0 1 A—O.S'
B S
N £ -1
20 =l
< -10 1.5

-15 -2
0 20 40 60 80 100 0 20 40 60 80 100
k k

() log,(lIZx — X||p), varying (d) log,y(0+(Zy)), varying step
step size. size.

Figure 4.2: Comparison of fixed and varying step sizes.

Next, we investigate Theorem[4.3.Tand the varying step size ax = a0 (Z).
Figures and are the results with a fixed step size ay = 0.2. Figures
and are the results with varying step sizes ay = 20,(Zx). The left
are the distances to the ground truth X. The right are the log values of o (Z)
along the iterative path. We can see that first of all, the iterative sequences
always escape all spurious critical points and converge to the ground truth.

Moreover, the value of o (Zy) is never too small, but soon converges to the
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smallest eigenvalue of X. This helps illustrate that the varying step size
ay = a - 0r(Zy) is not a diminishing step size in practice, but is rather always

above a certain value.

4.5 Discussion

In this chapter, we discuss the asymptotic escape of the spurious critical
points on the low-rank matrix manifold. The goal is to shed some light
on the nonclosedness of the low-rank matrix manifold M, and justify the
global use of Riemannian gradient descent on the manifold. To this end, we
first point out the existence of a set of spurious critical points S¢ ¢ M, \ M,
and discuss its singularity. We then use a rescaled gradient flow combined
with the dynamical low-rank approximation to describe the local landscape,
which enables us to eliminate the singularity and prove the asymptotic es-
cape result. We also present a corresponding result for the gradient descent.

Numerical experiments are provided to illustrate the theoretical results.

Though this study is focused on S,_1, the asymptotic escape is empirically
observed for Sy with s < r — 2 as well. In fact, all spurious critical points
in Sy are observed to be asymptotically unstable in practice, which can be
seen from the numerical experiments. The current rescaled gradient flow
loses both C?- and Cl-extensions at S, with s < r — 2. This is be-
cause the continuity of eigenvalues and eigenvectors are only possible when
only one of the eigenvalues is approaching zero. Extension of the result to
the case s < r — 2 is left for future work. On the other hand, the assumption
that the eigenvalues of X are distinct is not an essential assumption, and can

easily be removed.

Even though the result for the gradient descent calls for a step size a - 0 (Z),
this is not a diminishing step size. As long as the sequence eventually es-
capes the apocalyptic points, 0 (Z) converges to 0;(X) and a; does not di-

minish. This is supported by numerical observations.

In addition to the asymptotic result in this chapter, a non-asymptotic result
on the number of steps needed to escape the spurious critical points can be
found in Chapter[5} There it is shown that the converging set of the spurious
critical points can be upper bounded by a small positive measure. With high
probability, one has nearly linear convergence rate toward the ground truth.

The two sides of the story complement each other and provide a complete
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picture of the unique structure of the low-rank matrix manifold.

4.6 Proof of Lemma4.2.4

We recall the previous lemma below.

Lemma 4.2.4. Define

* Dl
Nz, = {(U#, Sy) : Ug = (U1, U3) Py, Sy = Py

0
0 P;;, U3J_Ux}.

Then Nz, is an embedded submanifold of the manifold M :=St(n,r) & S,.

The intuition behind Lemma is that the set Nz, is a subset of M char-
acterized by some algebraic constraints, namely UySsU, = Z4 and Us L Uy.
As is often the case, one would expect such algebraic constraints to give an
embedded submanifold. We will make this intuition rigorous in this sec-

tion.

We note that traditionally, embedded submanifold is proved by the submer-
sion theorem, i.e., by showing that the set is the preimage of a regular value
of a submersive mapping. But this approach does not work here because
Zy is not a regular value. Instead, we need to go back to the definition of a
submanifold and construct chart functions on Nz, directly.

Below are some auxiliary results from the literature.

Lemma 4.6.1 ([1, Proposition 3.3.2]). A subset N of a manifold M is a d-
dimensional embedded submanifold of M if and only if, around each point x € N,
there exists a chart (U, ¢) of M such that N 0\ U is a p-coordinate slice of U, i.e.,

NONU={xeU: o(x)eRx0}.

In this case, the chart (N N U, @), where ¢ is seen as a mapping into RY, is a chart
of the embedded submanifold N.

By Lemma m if we can construct an atlas of M and an atlas of Nz, such
that the charts in the latter atlas are coordinate slices of the charts in the
former atlas, then Nz, is an embedded submanifold of M. This approach
is less common than the traditional submersion theorem approach, but is

necessary for our problem.
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Lemma 4.6.2 ([57]). For the real Stiefel manifold St(n, k), there exists an atlas
Uo(Ug, ¢o) of the Stiefel manifold. Namely, for each chart (Up, ¢g), Q is a matrix
in St(n, k), and the function ¢g can be expressed as

("ZoR WQ - Sk@ZU(k) @ R(n_k)Xk,
U (Q11,92),

where

Qi1 = (U] +0)) T (Q]U1 + Uy 02— U 01 - O] Un) (U1 + Q1) 7Y, Qi = -Q7,
Q1 = (U — Q) (U + Q1) 71,

and U = Zl , 0= Ql) are the block forms of U and Q respectively. Such a chart
2 2

function is defined on the subset Uy C St(n, k) which covers all of the manifold
St(n, k) except a zero-measure set.

1
In particular, if Q = ;), then

Qi1 = (U] + L) (U1 = U]) (U + 1),
Q1 = Ua(Up + 1)

Lemma provides a neat construction of charts on the Stiefel manifold.
In fact, we only need two charts to cover the whole manifold, if we choose
any two Q’s that do not share any left singular vector. We will use this

construction frequently in the proof of Lemma[4.2.4,

We are now ready to prove Lemma[4.2.4]

Proof of Lemma We restrict our attention to the real case F = R. The
complex case F = C is very similar except that the dimensionalities of some
manifolds in the subsequent proof are slightly different.

We aim to construct explicit charts of M = St(n,r) @ S, and explicit charts
of Nz,, such that the latter are the coordinate slices of the former. For clarity,
we will first write out the charts of Nz,, and then express them as coordinate
slices of charts of M.

Step 1: Construct charts of Nz,.
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For any (U, S) € Nz,, we rewrite U and § as the following:

U=UP| +UsP;, S=PiDP],
where P; e R™, P, e R0 p= (P, Py) € SO(r).

We argue that there exists a mapping from every P; to a unique P>. An
intuitive explanation is that P, can always be uniquely determined by a
Gram-Schmidt process starting from the identity matrix. Thus we can write
Py = P5(P1) where P, : R — R™(~9 is a function. Therefore, any
(U,S) € Nz, can be re-parameterized using only (P1,Uz). We write this

re-parameterization as a function f:

f+ Nz, — St(r,s) €B§t(n,r —s; Uy);
(U,S) = (P1,U3).

Here St(r, s) is a Stiefel manifold, and §t(n, r —s; Uy) is a constrained Stiefel

manifold:

St(n,r —s; Uy) :={Us : Us € St(n,r —s), U3 L Ux}, whereUyx = (Uy,Us).

We now construct charts for P; and Us respectively. The domain of P; is
the Stiefel manifold St(r,s). By Lemma there exists an atlas where
every chart function maps to Skew(s) @ R=9%s Let ¢(1) be one such chart

function:

gM: St(r,s) — Skew(s) @ RV
P1 = (211, Q01).

The domain of Us is the constrained Stiefel manifold §t(n, r —s; Ux). Here
Ux € St(n,r) is the eigenvectors matrix of the ground truth X, which is
fixed. To construct a chart of St(n, r — s; Ux), we first construct a mapping
g? according to Lemma such that

g?: St(n,r-s; Uy) — Skew(r — 5) @ RV (r=s)x(r=s),
Us = (A1, Az).

The domain of Ay is R~(=)X("=9) ‘which is a constrained set. To express
Usa

the constraints Uz L Uy in terms of constraints on Ay;, we write Uz = U
3.2
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U
and Uy = X1

U ) Assume without loss of generality that g? is constructed
X2

by picking Q = (I,_,0)" in Lemma Then
Ao1 = Usp(Usy + L) L.
Since Uz L Uy, we have
USUs = U U1 + Uy U3 = 0.
Thus,
UY ,Usz = ~UY Us.
This gives us
Uy Ao = =Ug U3 (Usy + 1)

These are linear constraints on Aj;.

Let g be the concatenation of gV and g(®, then we have a re-parameterization
of (P1,Us) as follows:

g: St(r,s) ®St(n,r —s) — Skew(s) ® RV™* @ Skew(r — s) @ RO~ (r=)x(r=9),
(P1,U3) = (Q11, 201, A11, A21).

Here R("~("=$)X("=5) i5 the submanifold of R"'~0=%(=%) defined by the lin-
ear constraints that we derived:

R(=(r=))x(r=s) ._ { Ay € R (= (r=s)x(r=s) . U;,z Ay = _U;,1U3’1(U3’1 + Ir_s)‘l} .
Let A}, be an arbitrary solution to the equation U;’2A21 = —U;’1U3,1(U3,1 +
I,_s)~'. Then

By finding an orthogonal basis for Ker(Uy ,), it is easy to construct a chart
function

h- I’é(ﬂ—(r—s))x(r—s) BN R(n—(r—s))(r—s)—r(r—s)

A21 —TI.
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Putting everything together, we have that

¢:=(d,h)ogof: Nz — Skew(s) ® R @ Skew(r — 5) @ R (=) r=s)=r(r=s),
(U, S) = (L1, Q1, A1, T).

This is a chart function for the whole Nz, except a zero-measure set. Varying
g and g@ as needed, we have the atlas for the whole Nz,.

Step 2: Express the charts of Nz, as coordinate slices of charts of M.

To express things into coordinate slices, we will work the other way around:
we extend the chart function ¢ into a chart function ¢ defined on M =
St(n,r) ®S,.

For any (U, S) € M = St(n,r) & S,, we construct a re-parameterization as

follows:

P _(PT
U= ((U1R1,0)+(M4, Ust)) PT , S =(P1,P2)S PT ,

where P e R, P, e R0 p= (P, Py) € SO(>r),
Us € St(n,r —s; Up), My eR™, SeS,,

Ry € upper(s,s), Rp € upper(r —s,r —s).

The domain of P is St(r,s). P» is still uniquely determined by P; as be-
fore. The domain of Us is the constrained Stiefel manifold §t(n, r—s; Up) =
{Us: Uz € St(n,r —s), Uz L Up}. Note that the constraints are only in terms
of Uj instead of Ux = (Uj, Uz). The domain of My is the linearly constrained
subspace R%S .= {My € R™ My 1 U;i}. The domain of S is S,. The domain
of R; is the subspace of s X s upper triangular matrices. The domain of R,
is the subspace of (r — s5) X (r — s5) upper triangular matrices, but with some
constraints that will be specified later. We define the following mapping:

f: St(n,r)® S, — St(r,s) ® §(n, r—s;U) ®R(n,s) @ upper(r —s,r —s) ® S, ® upper(s, s);

Dy 0O
’Rl_IS .

(U, S) = Pla U3’ M47 R2 - Ir—é‘a §_
0 0
The mapping f is written in such a way because, if (U, S) € Nz, then the

last few components are all zero, and f is just a coordinate slice of f

f(U,S) = (P1,Us,0,0,0,0) .
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For the first part of the image of f, we apply g as before:

g: St(r,s) ®St(n,r —s) — Skew(s) ® RV™* @ Skew(r — s) @ RO~ (r=)x(r=9),
(P1,U3) = (Q11, 201, A11, A21).

However, the set R"=(=)x(=s) jg different from the R(*~(=))x(=9) pefore,
because the constraints only contain U; but does not contain U,. Fewer

constraints mean a larger subspace, and we have
R (= (r=))x(r=s) _ {A21 e R(=(r=9))x(r-s) . U{ZAzl — _U11U3,1(U3,1 " Ir—s)_l}
= RO-0m0x0=9) 4 (Ker (U]) \Ker (U, )

= Ay +Ker(Uy ) + (Ker(U],)\Ker(Uy, )|
Let 1? be the chart function for the extra subspace, then
(hh@):  RO-0-9)x(=9) _, Rn-(r=s)(r=5)=r(r=s) g R (r=5)(r=5)
Ay - ([,T?).
Putting them together, we have
(id.h.h®P)ogo fr (P1.Us) > (@1, Q1. At T.T?).

The chart function ¢ is a coordinate slice of the above mapping.

It suffices to find the chart functions for the remaining components of f(U ,S),
i.e., the components My, §, Ry, Ry. For § € S, and Ry € upper(s, s), the do-
mains are Euclidean spaces with natural bases. We now look at M, and R».

Decompose M, into parts that are parallel to and perpendicular to the sub-
space of Us:

M4 — MJLI +Mi_, Where Mélll = PU3M4, Mi_ = PIJ}3M4.

Let M;- = UyR4 be the QR decomposition of M, . Then the whole M4 could

be written as

3

My = (Us, Uy) R
4 = 3 4 R

) , Ry € RU=X0=9) R, ¢ upper(s, s).
4

In this way, we can re-parameterize (My, Ry) using (Uy, R2, R3, Ry):

p: (Mg, Ry —I,—5) = (U, Ry, R3, Ry).
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The domain of U, is the constrained Stiefel manifold §t(n, s; U1, Us). Just as
before, we can construct a composite function for this constrained Stiefel

manifold:

¢®:  St(n,s;Uy, Us) — Skew(s) & R9%,
Uy — (I, [p1);
h® . Re=sxs _ gn=s)s-rs
I — E;
(id, @) 0 g® . St(n, s;Up, Us) — Skew(s) @ RO=9)57s
Uy - (II11, ).

The remaining components are Ry, R3, and R4. The constraints for them
come from the requirement that U as a whole is in St(n, r). This gives

Ry O
R3 Rp

UTU = ((U1R1, 0) + (My, U3R2))T((U1R1, 0) + (M, Ust))

RTUJUIR; 0
0

Ry

3 2
T
_(RTR 0 [Re 0) (Rs O
0 0 R3 Ry R3 R
_ RIR1+R;—R3+RIR4 R;Rz - 1.
R;—Rg R;—Rg

+ | (Ug, Uz) (Us, Us)

Denote

Ry R
Ry = (02 Rz) € upper(r,r).

Then the r x r upper-triangular matrix Ry should satisfy

I_ 0
RjRo=|"" .
0 I,-R[R;
Such Ry is uniquely determined. Therefore, we get the following chart func-
tion for the components (My, Ry):
(id, i) o0g®op: R(ns)a® upper(r —s,r —s) — Skew(s) & R(=8)s7s
(My, Ry = I,—5) — (111, E).
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Putting everything together, we get the following chart function for the
manifold M:

7= ((d, b hA®) o g, (id, ) 0 g o p, id) o [
M= (SkeW(S) O RV @ Skew (r — 5) @ RU2+9)0=5) g R(r—s)(r—s))

® (Skew(s) ® R(”_s_’)s) ® S, ® upper(s, s),

Dy 0O

(U’S)'_) 0 7R1_IS)-

(911, Qr1,A11, T, F(z)), (Hn, E) =

The chart function ¢ is a coordinate slice of the chart function ¢. Hence, Nz,
is an embedded submanifold of M. O
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Chapter 5

FAST GLOBAL CONVERGENCE FOR LOW-RANK MATRIX
RECOVERY

This chapter presents the central result of this thesis, which is the global con-
vergence guarantee for a class of low-rank matrix recovery problems under
a unified framework. We show that for the population least squares loss
function, under certain assumptions, with high probability the Riemannian
gradient descent on the manifold M, starting from a global random initial-
ization converges to the ground truth in a nearly linear convergence rate,

i.e., it takes O(log 1 +log n) iterations to reach an e-accurate solution.

Our result is the first to establish a nearly optimal and almost dimension-
free convergence rate for general rank-r problems. In this sense, it fully
explains the behavior of the Riemannian gradient descent trajectory ob-
served in numerical experiments. This is in contrast to previous works on
the global convergence guarantee with random initialization for such low-
rank recovery problems, which either only obtains a geometric convergence
rate that is slower than ours, or only tackles the case where the rank r =1,
see the comparison in Section

By analyzing the low-rank recovery problems on the low-rank matrix man-
ifold M,, it brings about unique benefits and challenges at the same time.
On the one hand, the Lojasiewicz inequality can be satisfied on the mani-
fold, and this naturally leads to linear convergence. On the other hand, the
spurious critical points Sy (Section and their local neighborhoods pose
significant challenges to the analysis because the spurious critical points
have singular Riemannian gradient and the Lojasiewicz inequality can be

violated near them.

To tackle this difficulty, we conduct a careful analysis of the spurious re-
gions near the spurious critical points. We divide the trajectory into three
stages, and show the preservation of the concentration results of the ini-
tialization throughout the trajectory. We show that with high probability,
the trajectory either avoids the spurious regions, or enters and escapes from

them in a small number of iterations.
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Organization of this chapter. We have given a detailed introduction of the
problem setting and related work in Section The rest of this chapter is
organized as follows. In Section 5.1} we present the main result of this chap-
ter, namely the nearly linear convergence guarantee for the randomly ini-
tialized Riemannian gradient descent toward the ground truth when min-
imizing the population least squares loss function. The next few sections
are devoted to the proof of the main result. More specifically, Section
outlines the key intermediate steps to describe the trajectory. Section
introduces the Lojasiewicz convergence tool as a fundamental convergence
guarantee. Section |5.4] discusses the spurious regions around the spurious
critical points. Section 5.5| gives some technical lemmas about the dynam-
ics of the trajectory behavior. Section 5.6 presents the proofs for the main
result in Section The next few sections discuss a different population
loss function that stems from the phase retrieval problem. Section 5.7 gives
the main results for this loss function, and Section |5.8| presents the proofs.
Finally, in Section 5.9, we make some concluding remarks.

5.1 Main results

In this section, we introduce the main results of this chapter. The optimiza-
tion problems we are looking at are and (L.3), namely we minimize ei-
ther F1(Z) = }1Z - X|I% or F2(2) = 3(IZIlF ~ 1X 1)+ cl|Z - X|/% on the low-
rank matrix manifold M,. The analysis focuses on the case of symmetric
positive semi-definite (SPSD) or Hermitian positive semi-definite (HPSD)
matrices, and one may refer to [65] for potential extension to the asymmet-

ric case.

Preliminaries
We first introduce the necessary notations, optimization techniques, and as-

sumptions for the statement of our main results.

Notations. Throughout the chapter, F = R or C, and we use (-)* to denote
the real transpose when F = R and the Hermitian transpose when F = C.
Denote M, as the fixed rank manifold {Z € F"*"2 : rank(Z) = r}. In the
SPSD/HPSD case, M, = {Z € S, or H,, : rank(Z) = r}, where S,, or H,, de-
notes the set of n by n real symmetric or Hermitian matrices. Let M, denote
the closure of M,. We always use X to denote the ground truth matrix of
size n X n and rank r, while we use Z, to denote any fixed point or limit
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point. Let X = UDU" be the eigenvalue decomposition of the ground truth
matrix X, where D = diag{d;,...,d,} is in descending order unless other-
wise specified. Let Z = V. 2.V} be the eigenvalue decomposition of a matrix
Z, where X, = diag{o, ..., 0.} is also in descending order unless otherwise
specified. In general, we use o7;(-) to denote the j-th largest eigenvalue of
a matrix. Let « := % denote the condition number of the ground truth X.
For an integer s > 0, let [s] = {1,2,...,s}. Forany j € [r], let \j := [r] \ {j}.
The vector norm we use is || - ||2 and the matrix norm is || - ||z unless oth-
erwise specified. We use 0 < ¢, C < oo to denote any absolute constant
independent of n in our statement. These constants may vary in different
contexts. The symbol Q(n) means that there exist constants C > ¢ > 0 such
thatc - N < Q(n) < C - n, and O(n) means that there exist a constant C > 0
such that O(n) < C - n. In this chapter, we focus on the large n regime, and
other quantities including r, o, and d, will be treated as constants and will
be ignored in the O(-) and Q(-) notations. The symbol poly(a) stands for a
nonnegative quantity upper bounded by C - a* for some C > 0 and k € N,.

Assumptions 5.1.1. The following assumptions are necessary for the main re-
sults:

Assumption 1: Assume a > 0 is a small constant such that the discretized system
can be well approximated by the continuous system. In other words, let A(t) denote
a continuous system of interest and { Ay} be its time discretization, then we assume
that Agq = Ay + CZAk + O(CL’Ak).

Assumption 2: Assume that the eigenvalues of Z are always simple and do not cross
one another along the whole gradient flow or gradient descent trajectory. More-
over, the smallest eigenvalue gap is lower bounded along the whole trajectory, i.e.,
l0i(Z) = 0j(Z)| 2 c,max{o;(Z),0;(Z)} foranyi,j € [r] and i # j.

Remark 5.1.2. The gradient flow of Z with non-crossing singular values is
common in practice. In fact, it is generi(ﬂ as is proved in [49]. However, gra-
dient flows with crossing singular values have also been observed in some
experiments. Assumption 2 is mainly for the purpose of simplifying the
presentation of our technical analysis, as crossing singular values would
introduce additional difficulties. These additional difficulties can be poten-

LA property of a topological space is called generic if it holds for a subset of the space
which is of the second Baire category.
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tially overcome by considering subspaces of singular vectors as a whole.

This is left for future work.

Statement of main result

We will prove that the randomly initialized Riemannian gradient descent
for F1(Z) = %HZ -X ||12F with high probability escapes the set of spurious
critical points Sy (defined in (5.1)) and converges to the global minimum
X. With high probability, the convergence rate is nearly linear and almost
dimension-free and condition number free. By choosing a small enough
constant step size, for any € > 0, with high probability it only takes O(log n+
log 1) iterations to get an e-accurate solution. More specifically, we have the

following theorem.

Theorem 5.1.3. Consider F1(Z) = %llZ — X||%, and let {Z}7, e the sequence
generated by the Riemannian gradient descent initialized at Zoy which is drawn
from the general random distribution (as defined in Definition [5.5.1). Under As-
sumptions there exists constant stepsize «, such that with high probability
no less than 1 — W, we have limy_,o Z; = X. Furthermore, there exists an
integer K = O (L logn) such that:

1Zk = X||3 < ek, forall k > K.

Here ¢ = Q(a) > 0. In other words, it takes no more than O(L - (log 1 + logn))
iterations to get an e-accurate solution (i.e., ||Z — X|| < €||X||r) via the randomly

initialized Riemannian gradient descent.

The proof of Theorem consists of three stages, described by Theorem
Theorem and Theorem respectively. We will provide more
details of the proof strategy in the next few sections. Below we give some
high-level explanation of what happens in those three stages.

Sketch of proof

Here we highlight a few high-level ideas of our proofs for the main theo-
rem stated in the previous subsection. A more comprehensive and detailed
presentation of the proof strategy and intermediate results can be found in
the next few sections.

Fundamental convergence guarantee by the Lojasiewicz inequality. The

Lojasiewicz inequality [3} 9} 21, 118] has long been studied as a fundamen-



97

tal tool for convergence analysis. It is especially useful in proving the linear
convergence rate of first-order optimization methods. In Section we
derive a version of this tool tailored for the Riemannian gradient descent
method, stated in Theorem Using this theorem, the task of checking
the convergence rate for a specific problem is reduced to checking condi-
tions (D) and (L) for the objective function. We then observe that for prob-
lems and (L.3), these conditions are satisfied except for some small re-
gions on the manifold. Such regions are later dubbed spurious regions, illus-
trated by the blue balls in Figure The spurious regions lead to the next

important result on the geometry of the low-rank matrix manifold.

Geometry of spurious regions over M,. We have discussed in Section
that for the simple least squares loss function F1(Z) = %HZ - X|I%, apart from
the ground truth solution Z = X, there are some spurious critical points in
M\Mr, which we denote as Sg:

Sy :={Z.: Z. = U1D1Uj, where U = (U,U,), D = diag {D1, D2}, Z. # X} .
(5.1)

See Lemma for more details about the derivation of spurious critical
points. If X has distinct eigenvalues, then |Sy| = 2" — 1. In particular, every
point in Sy has local geometry somewhat similar to that of a saddle point,
except that the Riemannian gradient is singular. Formally, the Riemannian
Hessian has a —co direction, which indicates that the curvature is singular

at such point.

In the local neighborhoods of these spurious critical points, there are cer-
tain spurious regions where Condition (L) could fail. In other words, a linear
convergence rate is guaranteed outside the spurious regions, while the con-
vergence rate slows down inside the spurious regions. It then becomes im-
portant to characterize how the Riemannian gradient descent may escape
these regions and converge to the ground truth. A full description of the

spurious regions, along with examples and illustrations, is given in Section

b4

Three-stage description of the trajectory behavior. It now remains to study
how the trajectory of the randomly initialized gradient descent sequence es-
capes the spurious regions and converges to the ground truth on the mani-
fold. In Section we divide the whole trajectory into three stages. In the
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worst case, the sequence is dragged toward Z. = 0 in the first stage, then
escapes Z,. = 0 and approaches some other Z, € Sy \ {0} in the second stage,
and finally escapes such Z, in the third stage. We show that by throwing out
a small probability measure, the total number of iterations needed to reach
the e-neighborhood of X is bounded by O(log% + logn), as stated in the
main theorems. This worst case is, however, rarely observed in numerical
experiments; usually, the sequence generated by the Riemannian gradient
descent simply avoids all spurious critical points quickly and converges to
the ground truth. Proofs of the three-stage behavior are stated in Theorem

Theorem Theorem and they further depend on a series of
technical lemmas detailed in Section 5.5

More specifically, from Lemma the “angle” (the product of the two
column vector matrices) between the randomly initialized column space
and the ground truth column space is of order €(arccos %). If the angle
remains less than € (arccos m) when the sequence enters the spurious
region B(Ss, 0) (defined in Lemma and it grows exponentially fast, it
only takes O(logn) iterations for the angle to become €(1), which means
the sequence has escaped the spurious region. Note that the spurious crit-
ical point Z, differs from a classical strict saddle in that the Hessian of Z,
has —oo directions. Still, we can bound the number of iterations needed to
escape from B(Sy, 0) by throwing out a small probability measure. Details
can be found in the proof of Theorem[5.2.3|

N

Figure 5.1: [llustration of the trajectory of the Riemannian gradient descent
on M,.

5.2 Key intermediate steps for Theorem

This section and the upcoming sections are primarily devoted to the proof
of Theorem This theorem is the central result of this chapter and fully
describes the trajectory behavior of the Riemannian gradient descent for the
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least squares loss function on the rank-r matrix manifold M,.

To prove Theorem we divide the trajectory of the Riemannian gradient
descent on the manifold into three stages.

Stage 1: The iterative sequence generated by the Riemannian gradient de-
scent starts from a random initialization point. Then, with high probability,
the sequence will enter the spurious region of Z, = 0, where the radius of
the spurious region ¢ is a constant satisfying ¢ = Q(1).

Stage 2: Following stage 1, as the sequence reaches the ¢-spurious region
of Z, = 0, it further takes O(logn) iterations to escape this spurious region,
and enters stage 3. The sequence then stays away from the spurious region
B(0,0).

Stage 3: The sequence either enters the §-local region of the ground truth
X without entering any spurious region of Z, € Sy \ {0}, or reaches a ¢-
spurious region of some Z, € Sy \ {0}. If it enters the ¢-local region of the
ground truth X, then it takes O(log %) iterations to reach an e-accurate so-
lution. On the other hand, if it reaches a d-spurious region of some Z, €
S \ {0}, then with high probability, after O(poly(logn)) iterations the se-
quence will escape the §-spurious region.

The following three theorems state the above three stages in mathematical
terms respectively. Their proofs are given in Section

Theorem 5.2.1. Under the setting of Theorem for the sequence initialized at
Zy and generated by the Riemannian gradient descent, there exists Ko = Q(1) such
that with high probability exceeding 1—%, we have Ux <k, Zi ¢ Uz,es,\(0yB(Z+, 0)
and Zg, € B(0,9), i.e., the sequence enters B(0, 6) at step Ko. Here, 6 = Q(1) is
a constant that depends only on X, the constants C1 and C» in the general random
distribution (Definition[5.5.1), and the step size a, and Ko = O(log 6) = Q(1).

Theorem 5.2.2. Under the setting of Theorem and following the first stage
in Theorem [5.2.1} suppose Ko = Q(1) is the positive integer such that (Ug<g,Zi) N
B(0,0) = 0 and Zk, € B(0,9), i.e., the sequence enters B(0,6) at step Ko. Then
there exists an absolute constant C1 = O(1) > 0 such that with high probability

we have U} Z, N B(0,6) = 0. Here, K1 = Ko + O(logn).

exceeding 1 — roKy

1
poly(n)’
Theorem 5.2.3. Under the setting of Theorem and following the first and
second stages in Theorem and Theorem assume there exists a positive
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integer K1 and some Z, € Sy\{0} such that Zg, € B(Z.,6) and Zy<x,NB(Z., ) =
0, i.e., the sequence enters the local neighborhood B(Z.,6) of a nonzero spurious
critical point Z, at step K. Then, with high probability exceeding 1 — W’ we
have || Z — X||r < €l|X||F for k > K». Here, K, = K1 + O(L - (logn +log 1)) and

c. > 01s a constant.

Proof of Theorem J

(Proofs are given in Section

T

{Technical lemmas}

{Trajectory: Three main intermediate stages, Theorem[5.2.1}5.2.2} 5.2.3}

Lojasiewicz convergence

tool (Section

Spurious regions

(Section 5.4) (Section

Proof of Theorem Let the stepsize @ and 6 be small constants that meet
the requirements in Theorem Theorem and Theorem The-
orem can be proved by combining the result of Theorem The-
orem and Theorem Note that if the sequence does not enter
Uzses, B(Z,,0) in stage 3, then ||PTZk(Vf(Zk))|| > ¢ always holds true af-
ter the end of stage 2, and by Lemma we have that {Z; } -0 converges
to X directly in a linear rate. Otherwise, if the sequence does enter some

spurious region in stage 3, we can bound the number of steps needed to
converge to X by Theorem o

The proofs of Theorems follow the roadmap laid out in Section
In particular, from Section5.3]to[5.5] each subsection introduces a group
of technical results corresponding to a main idea in Section[5.1} They are the
fundamental convergence tool by the Lojasiewicz inequality, the geometry
of spurious regions on M,, and the technical lemmas describing the dynam-

ics of the trajectory behavior. We then use those technical results to prove

Theorems in Section

5.3 Fundamental convergence guarantee of the Riemannian gradient de-
scent
The tojasiewicz inequality, which is named after S. Lojasiewicz [100, [101], is

a powerful tool for analyzing the convergence rate of gradient-based meth-
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ods. Previous works have used the Lojasiewicz inequality to prove the con-
vergence rate in many Euclidean optimization problems as well as Rieman-

nian optimization problems, see for example [3|18-10, 21}, 118 [128].

The following theorem serves as a primary tool to determine the conver-
gence rate of the Riemannian gradient descent when minimizing a differen-
tiable function f : M — R. We assume that {Z;} generated by the Rieman-

nian gradient descent is bounded for the rest of the chapter.

Theorem 5.3.1. Let M be a Riemannian manifold, f : M — R be a differentiable
loss function to be minimized, {Z,}"_, be a sequence generated by the Riemannian
gradient descent algorithm (2.6). Assume that the following conditions hold:

1) (Descent Inequality) There exists C4 > 0 such that
F(Zk) = f(Zi+1) = CallPr,, (Vf(Zi) | Zir = Ziell; (D)
2) (Lojasiewicz Gradient Inequality) There exists 0 < C; < +oo such that

1F(Z) - F(Z)° < CillPr, (VA(Z)I, (L)

with 0 < w < 3. Here, Z. is the accumulating point of {Zy}.

, . o 2C7
Then, if the learning rate « satisfies 0 < a < —=+, the sequence {Zi} converges to

its accumulating point Z,. with the following convergence rate:

—ck ; 1
e ¢ Jifw=73;
Ze-zl<y , Y
k™2, if0<w< 3.
When w = 3, linear convergence rate can be guaranteed with ¢ = —log(1— ‘;—gg’) >
. . . . . . l
0. Here || - || is an arbitrary norm under which there is a first-order retraction on

the manifold.

Proof. Since {fi}}", is a monotone and lower bounded sequence, Condition
(D) and continuity of f(-) implies convergence of {Z;} to some fixed point
Z.. Without loss of generality we assume that f(Z,) = 0. By Conditions (D)
and (L)), we have

| Zks1 — ZillF <

— Q w-1 _
Cd”PTZ(Vf(Zk))”F(fk fin1) < Cdfk (fk = fis1)
G Jx

C
< == w—ld — l W _ fw oy
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Since {fr};., is a monotone and lower bounded sequence, {f;} is conver-
gent. Therefore, {Z;} is convergent, and the limit point is Z,.

Consider s; == 22, 1 Zis1 = ZillF < chld f¢- Combined with Condition (L), we
get

l-w

C 1w q_ C 1o
© < (—) @ “Y<C(—) e ||P V§i(Z .
S, _(de) fi ©=< l(wcd) 1Pr,, (VF(Zi) |l

Let fk = _PTZk (Vf(Zk)) and agk =2 —2Zr = R(Zk + a'fk) - 7. By the
tirst-order retraction property, aéy = aéy +o(a||€|]). This gives us

l-w

C l-w C l-w 1
5, < Cl(—) S |éxllr = CH(—) %" = (1 Zks1 = Zellr + 0| Zis1 — Zil)).-
wCy wCy a

Let p = p(a@) := (% “’TC[")PT‘U, i.e., p is a constant depending only on C;, Cy

and w. Then we have
l-w
pa)s,© =Zis — ZillF + o1 Zks1 = ZillF)-

This implies

— W
w

p(@)5,® < (1+0(1) (st - sea1).

By choosing a to be a small enough constant, there exists p € (0, 1) such that

l-w

P8 S Sk = Skl (5.2)

In the case of w = %, the above inequality gives sx41 < (1 — p)si for some
p € (0,1). This implies |Zx — Z.|lr < sk < (1 = p)ksg = spe™k, where

c=-log(l-p)=-log(l- %) > (0, which implies linear convergence rate.

On the other hand, in the case of 0 < w < %, assuming there exists p such
that s, = ¢c1k™”, we solve for p as follows:

1 1

Sk+1 = Cl177 =1, —

1
— _\7P
G+r - ety

1
fp+2

)

1
kp+2

1 p
= Clk_p(l - E)+O(
11
=sk(1=ps;c,”)+0(

120
S Sk(l _pskw )7

)

where the last inequality follows from Equation (5.2). Choose c; a proper
constant, then the above inequality holds with p = ;55-. Thus, we obtain

|Zx — Z.||F < sk < c1k”T20. This implies polynomial convergence rate. O
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Remark 5.3.2. A few remarks are in order.

1) This theorem explores the convergence rate of the Riemannian gradi-
ent descent to an accumulating point. This convergence rate depends
on the property of the function f (reflected in the exponent w), the
constants Cy and Cj, and the learning rate a > 0.

2) With Theorem the task of checking the convergence rate is re-
duced to checking conditions (D) and (L)) and determining the respec-
tive constants.

3) This theorem only requires Z. to be an accumulating point, but Z, is
not necessarily a local minimum. It can also be other types of critical

points such as saddle points.

4) From this result, we can see that the convergence rate is faster with
a larger stepsize «, or a larger Riemannian gradient 1P, (VF(Z)lF

(which makes C; smaller).

5) An extension of this theorem has been proposed in [134], which allows
for mixed norms in (D) and (L), see also Chapter 7}

Lemma 5.3.3. Let f(Z) = F1(Z) or F2(Z). Assume that Zy satisfies Conditions
(D) and (L)) in Theorem only for k =1,...,K, with K < +co. Then, we have

fin <A =-p)fk, k=1,...,K,
where fi == f(Zy). Furthermore, if « > 0 is small enough, we have || Zy — X||r <

ek, where p = Q(ag—%’) € (0,1)and c = —% log(1-p) > 0.

Proof. For any finite k € [K], from Conditions (D) and (L), by the first-order
retraction property, we have:

Jen1 £ fie = CallPry, (Vf(Zi) | Ziesa — Zi|l
< fi = Q@)CallPr,, (VF(Z)IP

<

fk-

Cq
1-Q(a)—
()Cl2

Since for both F;(Z) and F>(Z), wehave || Z,—X||> < fi, we have || Zy—X||F <
ek, with p = Q(ag—:{) and ¢ = —1log(1 - p). If @ > 0 is properly small, we

have ¢ > 0. m|
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The two conditions stated in Theorem [5.3.1]are satisfied in a large part of the
manifold M, for the loss functions that we consider, including the neighbor-
hood of the ground truth X. The fast convergence rate in most parts of the
manifold is thus easy to derive. In some regions of the manifold, though,
Condition (L)) could fail and the convergence rate could deteriorate. As we
will see in the next section, these regions are the spurious regions near the
spurious critical points on the manifold. Special analysis is needed to study

how the Riemannian gradient descent escapes these spurious regions.

We also mention that another version of Theorem is given in Section
specially tailored for the objective functions with weak isometry, which
will be used in our convergence study of the Riemannian gradient descent

for phase retrieval.

5.4 Geometry of the spurious regions on the low-rank matrix manifold

The spurious critical points play an important role in the analysis of the
convergence guarantee for F1(Z) = %HZ -X ||12p. In addition to the spurious
critical points themselves, here we need to look at some local regions in their
d-neighborhoods, which we call the spurious regions and denote as B(S, 9).
This is where Condition (L) of Theorem [5.3.1]is violated. In the next two
sections, we show that with high probability, the trajectory either avoids

the spurious regions, or escapes from them in a small number of steps.

Spurious regions in the neighborhood of spurious fixed points

As is mentioned in Section[5.3) there are some regions on M, that violate the
conditions for fast convergence guarantee in Theorem These are the
regions near the spurious critical points. We have discussed the motivation
and definition of the spurious critical points in Section In this subsec-
tion, we take a detailed look at the spurious regions near those spurious
critical points.

To ensure that Condition (L)) holds with w = J, what we essentially need is
1Pr.(Z = X)|lF 2 CL,  CL>0.

However, for some special Z which occupies a small part of the whole do-
main, the Riemannian gradient P7,(Z — X) becomes so small that this lower
bound is violated. We use spurious regions to refer to the regions where Z

violates this lower bound.
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The following results show that the spurious regions are in the neighbor-
hoods of the spurious fixed points.

Lemma 5.4.1 (Spurious regions). The spurious regions on M, can be character-
ized as follows:

B(S4,0) = Uz,e8,8(Z:,0) ={Z : |Pr,(Z - X)||IF < 6}

More specifically, each B(Z.,6) can be characterized as follows. In the general
non-Hermitian case, assume X = UDV* is the SVD of X, then

D1 +A1 0
0 A

C*
5*

b

B(Z.,6) = {z; Z-= (B, E)

ALl A2ll, 1P = Pulls 1P = Pgll, |1Pc = Pyl 1P = Pyll < 0(5)},

where Pg = BB* is the projection onto the subspace of B (similar for Py,, Pg,
Pg, and those of C and V); U = (Uy,U>) is an (s,r — s) dimensional splitting
for some 0 < s < r (similar for V); U satisfies U C col(U)* and U*U = I,_,
D = diag(D1, Dy) where D1 and Dy are diagonal matrices, and Ay, Ay are also
diagonal matrices.

In the SPSD/HPSD case, assume that X = UDU" is the eigenvalue decomposition
of X, then
Dq+ Al 0 B*
0 M) \B)’

1ALl A2l 1P = Pusll, 1P — Pyl < 0(5)}-

B(Z,,6) = {Z . 7= (B, E)

Proof. We only prove it for the general non-Hermitian case. The proof of the
SPSD/HPSD case is very similar and we omit the details here.

Assume Z = U 2.V}, and let U., V., € F*(=7) be the orthogonal complements
of U; and V;. We can express X in the following block form under this new

basis:
—[v* ~\[X11 X v
x=(v. O)X(2]=(v. &) P
V: X1 Xoof \V2
where
s [X1n X2 .
= =QL-D-Q%.
X X R
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Then we have

X1 X2

PTZ (X) = (Uz ﬁz) X1 0

;Z) v=(v. O.)or v=(v. V.o

Z

Assume that ||P7.(Z — X)||r < 6, then

Xi1-2 X ~ > 0
IPL(Z = X)||F = 1; : 52 :HX— NI
21 F 22 F
Let
s (B Of_(t 0)(= o)1 0
“lo X 0 Pflo =pflo Py

where the second equality gives the eigenvalue decomposition of the matrix
S. Then ||X = Z||F < 6.

Using Lemma we have that the eigenvalues of S are §-perturbations
of those of X. Note that the eigenvalues of X are the same as those of X,
which are {di,...,d,;} U {0}. On the other hand, the eigenvalues of S are
{o1,....,00YU{0o1, ..., 00—}, where {07} and {0} are the diagonal entries of
Y, and Xy, respectively. Thus, for each oy, i € [r], either |0y — d;| = O(6)
for some j € [r], or 0; = O(9). In other words, each o; either captures a

eigenvalue of X, or is close to zero.

Now let I denote the set of indices of {d;} captured by {o;}, and 7¢ = [r]\7.
Without loss of generality, assume |0 —d;| = O(9) fori € T, i.e., their indices
also match. Let Uy = U(:;, 1), Uy, = U(;,1°), V1 = V(., 1), V, = V(:, 19,
and D1 = D(1,1), D, = D(I¢,1°). Then ||Z,(I,1) — D] = O(6), and
1Z:(Z, 79|l = O(6).

By Lemma the singular subspaces of X and S corresponding to indices

I are §-close. In mathematical terms, we have

P11y — Po,.0)ll = O(6), I1Pr..r) = Por.n)ll = O(6),

where I denotes the identity matrix and P denotes the projection onto the
space spanned by the column vectors. Using the relations U = (U, U.)0.,
and V = (V,, \Z)QR, we have

1Py, .1y — Pu,ll = O(6), Py, .1y — Pwll = O(9).
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Let B=U,(:,I) and C = V,(:, I') and we have the results regarding B and C
in the lemma.

Similarly, the singular subspaces of Z corresponding to 7 are ¢-close to
some singular subspaces perpendicular to U and V. Denote them as U and
V respectively. Then we obtain

1Py, (.re) = Puyll = O(6),  [IPv,(.1¢) = Pwill = O(6).

Let B = U.(:,7¢) and C = V,(:, 7¢) and we have the full result. Note that
by Lemma the constant in the O(-) notation only depends on the gap
between the two groups of eigenvalues, which in our case is determined by
the smallest eigenvalue of X. o

Remark 5.4.2. The intuition behind Lemma is that an s-dimensional
principal part of Z is “almost aligned” with an s-dimensional principal
part of X, and their eigenvalues are close to each other; while the other
(r — s)-dimensional part of Z is “almost perpendicular” to the other (r — s)-
dimensional part of X, and the eigenvalues of that part of Z is very small.

Lemma 5.4.3. Let X = UDU" and Z = V. 2.V be the eigenvalue decompositions
of X and Z respectively (here the diagonals of ., are not required to be in descending
order). Assume that U = V.R + V.S, with V, € Col(V.)*. If Z € B(S4, ), where
rank(Z,) = s, then we have

IS+E1 E2
Es  E4

R =

with ||[E1]], |E2|l, |E3ll, and ||E4]| < O(6), rank(Z.) =s,0 < s <r,and S € F™>.

Proof. Since U = V,R + V.S, we have R = V:U. By Lemma for Z e
B(S4, ), Z can be decomposed as

B*

Z:(B,E) |, e, VZ:(B,E),
B*

D+ Al 0
0 Ay

and there exists a block form U = (Uy,U,) and a U L (Uy, U) such that
P — Py,ll < O(6) and ||P5 - Pgll < O(6).

We now look at the block form of R:

. ¥ B*U; B*U;
R=V U= (Uy,Up) = ~ ~
B*U;y B*Up

E*
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,then E; = B*Uy — I, Ey = B*Us, E5 = B*Uy, E4 = B*Up.
E3 Ey

LetR =

For E,, we have that

| E2||% = |B*Us||% = tr(B*UU3B) = tr(BB*UUs)
= tr(PgPy,) = tr(P3Py) = PPy, |I% < O(62).

Thus ||E>||r < O(6). Similar results hold for E3 and Ej4. As for E1, we have
IE1NI7 = |1 B* Ul

Note that if X has distinct eigenvalues and ¢ is small enough, then the eigen
perturbation result (Lemma [2.4.2) applies to each eigenvector. In other
words, fori=1,...,s,

IPB(.i) — Pu,i.pllF < O(0).

Thus it can be shown that
IR =B U2 = D IBG) TGP < 0@
1<i,j<s
As aresult, ||E1||r < O(06). O
Remark 5.4.4. In the case where the eigenvalues of X are not distinct, one

can simply let U; be the basis of the best subspace that V, can capture, and
the above result still holds.

Convergence rate outside the spurious regions

We now show that as long as the spurious regions are excluded, we can
establish the linear convergence rate of the RGD, using Conditions (D)) and
in Theorem[5.3.1

a8

Figure 5.2: Convergence guarantee on the main part of M,.
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Lemma 5.4.5. Let F1(Z) = %HZ —- X2, X,Z € M,. Let {Zy}ro be the sequence
generated by the RGD with a small enough constant step size @ = O(1). Assume
that {Zy } k=0 remains in a bounded subset of M,, and stay in the set {Z : ||Pr,(Z —
X)lF = CLyU{Z:1Z - X|lr < %}. Then we have:

D Pr,(VF(Z)lF = CillZx — X||F, for all k, with C1 = Q(Cr) > 0. That is,
Condition (D) holds with w = 3;

2) There exists some absolute constant Cy > 0 such that
Jie = fent 2 CollPr,, (VF(ZO)Fl| Zir — Zill F-

Thus, by Theorem there exists a > 0 such that the sequence {Z; } generated
by the RGD (2.6) converges to X in a linear convergence rate:

1Zk = X|IF < ™.

Here, ¢ = —log(1 — @ - min(Q(C}), 1)).

Proof. The proof is a direct consequence of Theorem and Lemma[5.5.6
Specifically, to make use of Theorem [5.3.1} it suffices to check Condition (L)
with w = 3 and Condition (D).

As stated at the beginning of Section we assume {Z;} is bounded, i.e.,

I1Z||F < C. In the region {Z : ||P1.(Z - X)|| > C.}, we have % >

€L _ - on the other hand, in the region {Z : || Z-X||F < %}, by Lemma2.4.2

C+IX][F”

and Lemmal5.5.6 1Pr. (Z-X)ll; > d; One can take C; = min C
e I1Z-XxI2 = d+4lXx|5" 1 C+IXIlF>\/ d

0. In other words, in the region {Z : ||P7,(Z-X)|| > CL}U{Z : |Z-X]||F < %},
for F1(Z) = %HZ — X||%2, we have Condition holds with w = % and

_ C+|X|lF 4)1x11%.
C) = max{—cL A1+ —Z ("

For Condition (D), we consider
1 2 1 2
e = fisr = 512 = Xl = 511 Zier = X[
1
= 5t ((Zk + Zin = 2X)(Zk = Zien))

1
=tr((X = Zi)(Zks1 — Zi)) — §||Zk+1 ~ Zi||%.

d2

r >
2 2
r+4||X||F}
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Let Zy,1 = Zp + ag?k and &, = _PTzk (Vf(Zy)), then by first-order retraction
property we have & = & + o(||&]lF). So the left- and right-hand side of
Condition (D) are

LHS = fi = fin1
—_ a? ~ >
=tr(-Vf(Zp)aéy) - ?”fk”F

= tr(=Vf (Zi) (=aPr,, (Vf(Zi) + o(allécllF)) - “;uéku%
= all&ll +o(alléllr).

RHS = CallPr, (Vf(Z)lFl1 Zks1 = ZillF
= Calléelirlloellr

= Caall&llF + o(allélF)-

By choosing a proper C; > 0 and a small enough step size @, one can get

Ji = fiwer 2 CallPr, (VA(ZO) P Xk — Xl

which is Condition (D). The results now follow from Theorem And
the constant in the exponent for the linear convergence rate is ¢ = —log(1 -
Q(é—’lz)) = —log(1 - - min(Q(C}), %)). O

Lemma ensures linear convergence to X in the main part of the man-
ifold outside of the spurious regions. The rest of the analysis thus evolves
around how the trajectory of the Riemannian gradient descent escapes the
spurious regions.

5.5 Dynamics of the trajectory behavior

In Section we have outlined how the trajectory of the Riemannian gra-
dient descent is divided into three stages, corresponding to Theorem [5.2.1]
Theorem and Theorem In this section, we introduce a few tech-
nical lemmas describing the dynamics of the trajectory behavior, which will
be used for the proofs of Theorems[5.2.15.2.3|

We first define the general random distribution on the low-rank manifold.

Definition 5.5.1 (General random distribution). Z is said to be drawn from
a general random initialization, if Z = V1ZV; where V| and V; are drawn from

a uniform distribution on the Stiefel manifold V,(R"), and the entries of X
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are drawn independently from a uniform distribution over [C1, C2] with
Cy>C1 >0.

Remark 5.5.2. 1) The simplest example of a general random distribution

2)

3)

is the following symmetric rank-1 Gaussian sampling. One can con-
struct Zo = cuouy € F™", where ¢ > 0is a constant and u( is drawn
from L FN(O, D" for F =R, or Z=N(0,1)" + z—N(O 1)" for F = C. It
is equlvalent to Zo = pvovy w1th vo drawn from V1(R"™) or Vl (C”) and
p drawn from Q(%)Xz(n) or Q(zl—n))(z(Zn). Here, y%(s) := i1 nl where
n;,i=1,2,...,s are i.i.d. standard normal variables.

In practical computation, a uniform distribution on the Stiefel mani-
fold can be easily constructed as follows. For F = R, let G be drawn
from %N(O, 1)"™", and construct V = G(G*G)‘%. For F = C, change
the law of G to v%(N(O, 1) +i-N(0,1))».

The density functions of the sampling laws of V and X can be extended
from constants to more general ones. In fact, it suffices to require that
p(V) € [¢,C] for any V € V,(R"), where C > ¢ > 0. This allows more

flexibility in the initialization.

For any given i € [r], the marginal distribution of V; := V(:,i) is a uniform

distribution on S”‘l Therefore, for any given u that satisfies ||u|], = 1, we

have [[Viull 2

pol oy with high probability. More specifically, we have the

following lemma.

Lemma 5.5.3. Assume W = (Wq, Wa, ..., W,.) ~ Uniform (V,.(R")). For any ug €
F" such that ||ugl|2 = 1, we have:

1)
2)
3)

4)

E(llugWli3) = %

Prob(|uyWil* > Q( ) =1 — e R O(log,, ), i € [r];

nlog n

+ e‘g(”), ielr];

. logn
Prob(lugWil? > Q(<%)) < i

Prob(JuyWil* > Q(=L7)) > 1 -9 —0(L), i e [r].

np+l

Proof. Since the marginal distribution of W(:,7) (i = 1, 2, ..., r) is the uni-

form distribution on S$"! and the distribution of W is right-rotational in-

variant, we assume unitary U € F"" such that Uug = e; and UW = W and
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use the distribution of W to replace that of W. We first look at the real case
F = R. Consider the marginal distribution of W;, and write W; = ||§_|| where g
is drawn from N (0, 1,,). Then, by the Bernstein-type inequality, we have the

following estimation:

Prob (|llgl” - E(llgl®)| > tE(lls]®)) < 2exp (—cmin (IZE(IIgHZ)2 tE<||g||2>)) |

K?n K
This implies Prob(||g||? € (%n, %n)) > 1 - e 2 _On the other hand, we have

Prob(|g(1)|> -1 > 1) = Prob(|g(1)| > V1 +1)
1 A2 2
= ——e Tdx = \/jA,
/\/F V2n n
where / / - dxdy =T E
Vi+r JVI+ 2

Taking t = -1+ ¢y log;”n’ we have

1

Prob (|g(1)]* > ¢ og

):e-ﬁ/(‘“og”") >1-0( ).

1
log” n

Therefore, we have |u’W;|* > with the fail probability controlled b
0 p y y

nlogn

e~ Q) 4 O( 1 ). By taking ¢ = ¢1 logn — 1, with ¢1 = Q(1), we have:
logn Yy g g
. 1
Prob(|g(1)|* = ¢1logn) < e 1lo8(W/4 = -
nC

1
Therefore, we have lugWi > < Og “

by ¢~ 4

holds, with the fail probability controlled
Taking ¢ = —1 +cp/nP, we have that

poly( n)”

HON
gl =

holds with fail probability controlled by ¢=" + O(-%). For the complex
case, the proof is very similar and we omit the details here. O

Lemma shows that the general random distribution with high proba-
bility captures weak information of a given column space. The following
lemma is an important technical result that describes the dynamics of the

eigenvalues and column spaces of the iterative sequence.
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Lemma 5.5.4. Consider the gradient flow of F1(Z) = %HZ - X||%- Assume Z =
V.2,V and X = UDU" are the eigenvalue decompositions of the SPSD/HPSD
matrices Z and X respectively. Denote U = V R + V.0 with V, € Col(V,)*. We

have:
.

ZnDzR eill = Z G0

Furthermore, denote the spectra of R*R and RR* by

2RR = diag{rl,rz, N S ST (5.3)
then we have
d r r
E%?”?;“_m“ (5.4)
d o~ ..
—(Zz(i, i)) = (RDR")(i,1) — 2.(i,1). (5.5)

Moreover, Q= X/ (1 —ri)r) < $ 37 < Q(E X (1= r)r). If oy = Q(1)
foralli € [r], then we have

iiﬁ QQ}L%M (5.6)

i=1

Proof. 1) LetZ = U.S.U? be an alternative decomposition of Z with U} U, =
I, and S; € R™". Assume P € O(r) such that V, = U,P and P*S.P = %,.
Denote U = U,Ry + ﬁZQﬁ = V.R + V,Q. By applying the dynamical
low-rank approximation from [85] (see also Lemma [4.2.2), we have:

d _ L
—U, = UZQﬁDRﬁSzl

dr
d \
asz = RﬁDRﬁ - SZ'

Therefore, we obtain

d
—Ry = —WUL . RyDQ, Q4.

dr
Using R =V;U = P*U;U = P*Ry, we have
d
k= —(P Ry)
= —(P)*R +P*E(R )
S de T

4 (5.7)
- a(P)"‘PR + P*Sz_lPRDQ;Qﬁ

_ d * -1 %
- (E(P) P)R+ZZ RDQ"Q.
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The last equation follows from P*Sz‘lP = Zz‘l and Q*Q = I, - R*R =
I, — R*P*PR = Q;Qﬁ. Then, we have

d * - * * * * -
a(RDR ) =X'RDQ*QDR* + RDQ*QDR*:"

4 4 (5.8)
+(E(P) P) RDR* + RDR (P a(P)).

Due to the fact that P*P = I,, we have c%(P)*P + P*%(P) = 0. Denote
M = P* % (P), then M is an antisymmetric matrix and satisfies M +M* =
0. Therefore, we have

d k k 3k k - * 3k * * -
T (RDR*) = M*RDR* + RDR*M +X.'RDQ*QDR* + RDQ*QDR*>".
On the other hand, we have

d d .
a(zz) - E(P SZP)
d .. . d L. d
= a(P) S.P+P a(SZ)P +P SZ_I(P)
= P*(RyDR; - S:)P + (E(P) P) IS (P a(P))
= RDR* -3, + i(P YP |, +X P*i(P )
= Z dr z b4 z z P z)]-
Thus, we arrive at
d .
E(Zz(sas)) = (RDR*)(S$ S) _ZZ(S’ S)' (59)
Since %(offdiag(EZ)) =0, we have
offdiag(RDR*) = —~M*Y. — .M = M¥. + 5. M*, (5.10)
By substitution, we get

d 2
S (RDRY)(i,i) = €, 2ME.M - £.MM — MMS.)e; + ——||QDR"¢;||2
dr 0i(Z)

IQDR*ei|l3

_ \ ) _ 2
—2;(01(2) T(Z)M (ki) + —

(5.11)

1 o 2 .
=23 (RDR*)(k,i)? + IQDR"¢;]|2.
k#

40— O oi(Z)
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Note that

S Y (0(2) - @M KR == Y Y (0x(2) - 2Dk, 2

=1 k=1 k=1 i=1

=- Z 2(@(2) — o (2))M (k,i)>.

k=1 i=1

Thus, we obtain

<Z ID2Ri[|?) = Z WIIQDR eill” (5.12)

Recall that we define the spectra of R*R and RR* as Xgg = diag{ri,....r,
Let R*"R = T1ZggI; be the eigenvalue decomposition of R*R. Since
R*R+Q*Q = I, we have Q"0 = T1 ZgoT; with Zgg +Xgg = I,. Consider

.
Z(RDR*)(i, i) = trace(RDR") = trace(DR"R) = trace(T; DT1Zgg).
i=1

Define
— D Tyei|? = (1), i€ [r], (5.13)

then we have

Z(RDR*)(;‘, i) = Z tir:.
i=1 i=1
Now, for a bounded trajectory {Z;}, we have

p
2

Z Z|ODR*¢;||* > trace(RDQ*QDR")

i-1 71

= trace(Tl*DTlZQQTfDTlZRR).

Denote N = T; DTy, then N = Q(1) because D is the spectra of X and T;
is orthonormal. We obtain the following estimate:

r

Z —|QDR*ei||” 2 Zr,(l — rN (i, )

ill i=1

> Zr,-(l - r,-).
i=1
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This gives

More specifically, we have Q (Jl1 Yiq(1- ri)r,-) < % 2iqTi £ Q (a% 2 (1= ri)r,-).
If 07 = Q(1), for all i € [r], by Equation (5.12), we have

,
> IIQDR*eiIIZ)
i=1

= Q(trace(Tl*DTlZQQTl*DTlERR))

ii’i(l - Vi)) -

i=1

d s 1 2
- D2Re; =
dt(iél ID2R"¢;||") = Q

=Q

Thus we have % il =Q (X (X =r)ri).

The values of {r;}’_; describe the angle between the column spaces of Z and
X. From (5.4), we can conclude that }}'_; r; is non-decreasing. The quantity
i_; ri can be used to describe whether Z is close to a spurious critical point.

The following lemma gives a more detailed description of the dynamics of
R defined above.

Lemma 5.5.5. Under the same setting as Lemma and defining M = P* % (P),
we have the following:

d

k= M*R+32;'RDQ"Q, (5.14)
RDR*(j.i
Mo = PRGOSy (5.15)
g; — O'j
1, .
|Me;|| < —|IR el (5.16)
()]

Proof. Equation (5.14) can be deduced from (5.7), and (5.15) can be deduced
from (5.10) directly.

To prove (5.16), by (5.14), we have

d 1 1
arR(Lk):——-dea—HReHF)-R(Lk)———-ZScARU,Q(RehRek)+eﬁW*Rek
! i Ti s#k
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By (5.15), M(i',i) = RDRU"S) and we have

gi—0y/
d 1

1 1.
G REK) = — - di(l - IRex]?) - R(i, k) — — - E diR(i, s){Res, Rex) £ O(—)||R e[| Re]]).
t a; g oy a;

By Assumption 2, we have

1 o1 1 1.
Me;|l s —||Re;|| - max min(—, —)||R"er|| < —[|R"e;l|.
Cg e[r]\{i} oy Oy gy
Therefore, |e;M*Re;| < S [|R e, ||| Rexll. O

Finally, the following lemma gives the local Lojasiewicz inequality in the
neighborhood of the ground truth X as well as the local convergence rate.

Lemma 5.5.6 (Local convergence). For Fi(Z) = %HZ - X||12,, let Z = UXV}
and X = UDV*. Denote o; and d; as the j-th largest eigenvalue of Z and X
respectively.

1) We have

2

Oy 2 2 2
————1Z - X||z < 1P, (Z - X)|Iz < 1Z - X||%;
o? + IX11

2) In the local region around the ground truth {Z : rank(Z) =r, ||Z — X||r <
%}, we have o, > % > 0 and %
enough constant step size a, we have ||¢o(Z) — X||r < e~¢||Z - X||F with
¢ = —log(1 - Q(ad?)) > 0.

> d,. Furthermore, with a small

Proof. For simplicity, the following proof is based on the symmetric case
where Z = U,XU} and X = UDU".
1) Let U, € F**") be the orthogonal complement of U, and

X1 X2
X201 X»

Uz

X=(U., ﬁz)y(UZ’ ﬁz)* = (U, ﬁz) Ul
z

Then we have

X11—-%; X2

Pr(Z-X =
| Pr, ( )NF Yo 0

2 2 2
= | X11 = 215 + I X12ll% + 1 X211 7,
F

1Z = XI5 = 1P7,(Z = X) |17 + |1 X227
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We also assume that U = U,R + U.S, where R € F” and § € F»=")*",
Then, we obtain

X11 = RDR*, X1 = RDS*, Xy =SDR*, Xy = SDS".

The goal is to find lower and upper bounds for

PLZ- D)2
1Z - X117
It is obvious that s < 1. To identify the lower bound we consider
_Nz-xI7
X2l
Then we have s = ‘%1 Note that ¢ > 1 because ||Z — X||% = ||Pr,(Z -

X)||12V+ | X202 > ||X22||%. For fixed ¥ and D, ¢ can be seen as a function
of R. We express ¢(R) in terms of ¢1 and ¢, defined below:

_n(®)
$2(R)’

#(R) ReEDCPFY, D={R:0<R'R<L}, (5.17)

where
¢1(R) = | XI5 + |27 — 2(Z. X11) = |DII7 + IZ]7 — 2tr(ERDR"),
$>(R) = tr ((SDS*)z) — tr ((DS*S)Z) — tr ((D(l - R*R))z) :

To minimize ¢ for given D and %, the first-order condition is obtained

by taking derivative of ¢ over R:

00 _1 00 o
G_R_¢§(8R¢2 3R 7V

= %(—4¢22RD +4¢1RD(I - R"R)D)
2

4
= ;(—gszRD +$1RDS*SD).
2

Imposing g—R =0 gives
YRD = ¢ - RDS*SD. (5.18)

We now claim that this first-order condition cannot be satisfied in the

interior of the domain . To see this, note that the above equation

(5.18) gives
YRDR* = ¢ - RDS*SDR*, ie., (Z,X11) = ¢[|X12||% = &1 X115
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Thus, we have

NZ =X B+ IXa I = 22, Xan) + (X2l + 1 X1 17 + 1| X2l

IXl2 1 X212
_ IR0 + Xl - 2= 2/4)¢E, Xan)
- 1 X202
_ X - A=Yl 2.1 1213
| X212 ¢ ¢* || Xn2ll%
2 1 =13

> (S -— +
(¢ ¢ || XI5

Note that when R € int(D), R is full-rank. Since D, ¥ are also full-rank,
(5.18) gives P? = ||Z||% / ||X22||125 by some simple matrix manipulation:

SRD = ¢ - RDS*SD
= R !SR=¢-DS*S
tr ((R‘lZR)Z) = ¢’tr ((DS*S)z)
tr (22) = ¢°tr ((SDS*)Z)
= |ZIF = ¢*l1Xa2ll3-

U

U

Hence, we obtain

2 1
> (= - =)¢p*+1=2¢-1+1=2¢,
6> (=230 ¢
which contradicts the fact that ¢ > 1.

Therefore, either the extreme values of ¢ are only achieved on 9D, or
the full-rankness of D is violated. In either case, the RHS of is
rank-deficient. So the LHS of (and thus R and Xj;) is also rank-
deficient. Therefore, we conclude that

. 1 X11 - Z|12 . 1X11 = =12 . o?

X207 IXIE X

where o is the smallest nonzero eigenvalue of Z. Finally, we obtain

2

o,

> .
oF + X7

Now we have ||Pr, (Z - X)ll% > s||Z - X||% for s > 0 as long as Z is

of rank r and the smallest nonzero eigenvalue of Z is bounded away

from 0.
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2) By Lemma when ||Z — X]||r < dz—’, we have o, > %. Furthermore,

by (1) we have % > d,. By Lemma |5.4.5, we have the locally
linear convergence toward X with ¢ = —log (1 — Q(ad?)). To prove the

result for single-step convergence, we consider

fir1 £ fi = AP, (Zi = X)FlIZks1 — ZilF
< fi — Ca(a +o(a)) - |1Pr,(Zk — X)|I7
< (1-Q(a)C3C) fi.

Here, fi = 3l1Zx — X||%. The first inequality is from Condition (D).
The second inequality is by the first-order retraction, and the third
inequality is from Condition (L). Therefore, we have

1Zis1 = XlIF < {1 = Q(@)C3Co|Zy = X |-

That is, || Zi+1 — X||F < e[| Zk = X||F, with ¢ = —log(1 - Q (ad?)).

5.6 Proofs of Theorem[5.2.1-Theorem[5.2.3]
In this section, we give the detailed proofs of Theorems[5.2.1 using the
technical results from the previous three subsections.

Proof of Theorem Our goal is to show that with high probability, the
sequence starting from randomly initialized Zy will not reach Uz cs,\ (01 B(Z., )
(the spurious regions near any other nonzero spurious critical points) within
Ko = Q(1) steps, and will reach 8(0, 6) (the spurious region near 0) at step
Ky.

Without loss of generality, assume || X||r = 1. Recall that X = UDU" and
Z = V.2, V} are the eigenvalue decompositions of X and Z respectively, and

U = V.R+V.Q. By Lemma|5.5.3) with fail probability controlled by m, we
have ||R||F < 108" This implies },/ ;7 < \/lofn. By (5.6) in Lemma |5.5.4

n

we have % Y ri = Q2 ri(1-ry)) = Q(X r;). Combined with Assumption
1, within k£ < K = Q(1) steps, with high probability exceeding 1 -

1
poly(m)’ W€

have Y7, ri < /82 < Q(1). By Lemma5.4.3} it implies that the sequence

n

will not reach any spurious region 8(Z,, §) where Z, is a nonzero spurious

critical point and ¢ = Q(1).
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Meanwhile, since Zj is drawn from the general random distribution, for
all i € [r] we have 0; = Q(1), where the constant depends on C; and C;
in Definition By in Lemma within Q(1) time, for every i,
%07 = RDR*(i,i) — 0; = —Q(07). Therefore, there exists Ky = (1) depending
only on Cy, Cy, 6, such that within Ky steps, o; = (1) for alli € [r]. After Ky
steps, we have ¥, 07 = ¢ K0 . Q(1) < §and 3, r; < Q( 10%) <6 =Q(1).
By Lemma the sequence enters 8(0, §). O

Proof of Theorem From the proof of the previous stage, at k = Kj,

Zy is in the spurious region 8(0,6) and };r; < Q( k’%). Moreover, by

Lemma |5.5.3, with fail probability controlled by we have |[R|F =

1
poly(n)’
[ :
W. Thus, m S 2iti S %. By (5.5) in Lemma [5.5.4) we have
% i1 ti 2 Xiqri- This implies }}'_; r; increases at least exponentially fast.
Therefore, 3.;_; r; 2 6 = Q(1) atstep K] = Ko+C} log n with some C] = O(1) >
0. By Lemma it implies that the sequence has escaped from B(0, 6).
Since }.;_; r; is non-decreasing, >\/_;r; 2 ¢ for all k > K7. This implies the

sequence will not come back to 8(0,9), i.e., U . Zx N B(0,6) = 0. O
="

Proof of Theorem[5.2.3] Under the setting of Theorem and following
Theorem we consider the case that in stage 3, the sequence enters
spurious region 8(Z,, §) near a spurious critical point Z,. We now look at
how the iterative sequence escapes from this spurious region by looking at
the change of R from one step to the next. We introduce a few shorthand

notations:
d; := di(1 - ||Reil|?), (5.19)
IRe;l\; = /Z R(, )2, (5.20)
I#j
IR el = /Z R(j. D). (5.21)
l

Now, we consider the behavior of R(j, j) and R(i, j). By (5.14), (5.16), and
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the Cauchy-Schwarz inequality, we have

d 1
R(J J)= Pl d;(1-1IRe;|I*) - R(J, J)—— deR(J k)(Rek, Rej) +e;M"Re;
J gj k#j
1
= &1~ Rej ) R(. )~ 3 diR(j, K){Res, Re) +0(—>||R ejllllRe; ).
J gj k#j
Similarly,
d 1
R(l J) = o d;(1-1IRe;|I*) - R(i, j) - —de R(i, k)(Rey, Rej) +—O(IIR eill[[Re;ll),
[ oF; ey
d 1
GRU-D= o= IRel)- R0 = - 3 di - RGO (Rer. Re) = —O(IR'e; I Red).
J gj k#i

The dynamics can be further simplified as

d 1 o1 .

—R(J,J) = —-d;(1-||Re;I®) - R(j, j) £+ —O(||R*¢;||IIRe; ), (5.22)
gj gj
1 | «

- (l J)=—-d;(1- IRe;|1?) - R(i, j) + EO(IIR eillliRe;|l), (5.23)

d o 1 5 .1 .

aR(J,l) = — -di(1-||Re;[|°) - R(j,i) £ —OC(||R"e;|l||Re;l|)- (5.24)
agj O'J'

We will make use of the dynamics equations (5.22)-(5.24) frequently in the
proof.

In stage 1 and stage 2 and within O(logloglog n) time, by (5.5) we have
that all {0;} are in the range of [Q(logllogn) Q(1)]. By (5.5) in Lemma 5.5.4
%o-r = RDR*(r,r) — 0 = —Q(0). Thus within Q(logloglogn) time, o, >

1
(log logn)‘
By Lemma [5.5.3} initially with high probability no less than 1 — m,
.. . .. . 1 Ylogn
we have that R(j, j), R(i, j), R(j,i) are in the range of (\/ﬁpoly(logn)’ ).

Using (5.22)—(5.24), one can show that

d 1 . d, . 1. .

GIReI? s IR eI, IR eI s IRl (5.25)
Therefore, within Q(logloglog n) time, we have that R(j, j), R(i, j), R(j,i) =

O(M\};(‘;m). As a consequence, through all the time within O(loglog log n),
in (5.22)-(5.24), the first term dominates the right-hand side.

Meanwhile, for j > i we have that

d R(j,J) _ 1 1. - RG.J) _cdi R(,J)
dr R(, j) ‘Q(l)'(aj ai) 9 RGJ) ~ oi  R@,j)

(5.26)
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By Lemma|5.5.3 at initialization, with high probability exceeding 1— IW’
R(r,r . .yl e

R((l.’r)) > poly(llogn) for all i # r. Within O(logloglog n)-
time, we have RDR*(r,r) = Q(||R*e,||?) < O(M). On the other hand,
we have seen above that o, Q(m). Again, by (5.5) in Lemma [5.5.4

Lo, = RDR (r,1) — 0y = —Q(o-r) This implies & 1;((7:)) > QMR ygg

for j = r we have

R(i,r)
ing Gronwall’s inequality, from (5.26), it takes O(logloglog n)-time to get
xim 2 Q).

In the following, beyond O(logloglogn) time, using (5.22)—(5.23), we write
out the exact dynamics of the ratio for j = r as follows:

d R(r,r)? _2 ( R(r,r? IR e, llIRe/ll,  R(r,r) )

dt ||Re, |2, o | IRe, |12~ IRerlly~ IIRerIl\

o L RE? Re
Or-1 ||R€r||%r ”Rer”\r

:Q(l) ' R(r,r)? L0(1)- 1 _ R(r,r)? g R(r,r)?

o |IRel}, o1 |IRel?, IRe, |17,

_R(r, r)? ' Q(1) N o) s R(r,r)?
CIRe, 2\ v T oo IRe, |12, )

The first equality holds because

d 2
ZZR(k Jj)- —R(k i) <2||Re,~||\jJZ(aR(k,j))

k#j k#j

d 2
‘anRejn\

d
< 2||Rej|l\;j - Vr—1- Iila?( —R(k,j)‘
#J

= 2||Rej||\j “Vr—1- max
#]

d; 1
—R(k, J) + — 0(||R€J||)
Tk

[HIRe ;)

By Assumption 2, &=L > L = Q(1). Therefore, beyond O(logloglogn)

time, we have that Hﬁ(r ﬁ) > Q(l)

Using (5.22), we then have that

d 1 1 .
P R(r,r) 2 — - (d, - ||Re,||2)R(r,r) —— -O(R(r,r)) - |IR"er||. (5.27)
t o o

7
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If ||Re,|| and ||R*e,|| are smaller than a Q(1)-constant §’, we have %R(r, r) 2
o% -Q(1)R(r, r). This means that within a spurious region, when o, is small,

R(r,r) grows exponentially fast. It takes at most O(logn) steps for R(r,r)

to grow from Q(m) to 6. = Q(1). By Lemma [5.4.3} this means that Z

escapes the spurious regions 8(Sx \ {0}, 6).

Assume that at stage 3 there exists some K = (K7 + O(1)) - % and some Z, €
S»\ {0} such that Zx € B(Z.,6) and Zy<xNB(Z.,6) = 0, i.e., Z enters another
spurious region again. From (5.22), we have $R(r,r) > —%S)R(r, r). Let R,
denote the R at the next step and AR denote the change in R in one step.
When « - 0, is smaller than some constant ¢, combined with Assumption
1, we have AR(r,r) > —«a - O(1)%R(r, r) > —%R(r, r). This gives R, (r,r) >
%R (r,r). In other works, R(r,r) never decreases too fast. Thus, with high
R(r,r) > =—-1-(3)°D, at k = K. When

1
poly(n)’ poly(n)
inside this spurious region, we again use %R(r, r) 2 %R(r, r) to deduce

probability exceeding 1 —

that it takes O(logn) - % steps to escape this spurious region.

Outside of spurious regions, using Lojasiewicz inequality from Lemma[5.4.5)
Z converges to X exponentially fast. This implies that the sequence enters
spurious regions at most O(1) times. Overall, it takes O(log 1) - 1 steps to
reach an e-accurate solution. m|

5.7 Results for the weak isometry case

In this section, we present the results for the weak isometry case (1.3):

: 0 2 2
min F>»(Z) = =(||Z||F = || X +||Z - X||%.
min 2(2) 2(II lr = IXIlF)" +l I3

Global convergence for least squares on M;

The following result can be regarded as a special case of Theorem re-
stricted to r = 1. However, the analysis is simpler. We list this as one of
the main results because the trajectory behavior in this result may help us
understand the trajectory behavior of phase retrieval in the next subsection.
Specifically, when r = 1, by Lemma we only have one spurious crit-
ical point Sy = {0}. In addition, we can directly write out the closed form
formula of gradient descent or gradient flow. We now state the result in the

following theorem.

Theorem 5.7.1. Assume X satisfies rank(X) =1, || X||r = 1. We consider F1(Z) =
%HZ -X ||f7 with Z € My. Let {Zy} be the sequence generated by the Riemannian
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gradient descent (the RGD) initialized at Zo which is drawn from the general ran-
dom distribution. Denote Z = zz* and X = xx*, h = || Z||p and p = % Then
we have the following:

1) The continuous evolution dynamics of the gradient flow can be described by
the following ODE system:

d

—h=-h

dt +p’
d P

P = Zz(l -p)

Consequently, with high probability no less than 1 — the Riemannian

1
poly(n)’
gradient flow only converges to Z. = X, and it takes O (log n +log %) time to

generate an e-accurate solution, i.e., to get ||Z — X||r < €||X||F-

2) In addition, the discrete evolution dynamics can be described by the following
discrete system:

M1 = hi + a(=hy + pr) + O(a?),

Pial = Pk +2a;’—’k‘<1 — pr) +0(?).

Under Assumption 1, there exists constant stepsize o > 0 such that with

high probability no less than 1 — the Riemannian gradient descent

1
poly(n)’
only converges to the equilibrium with p* = h* = 1, meaning limy_, Zy =
X. Moreover, it takes O(log L + log n) iterations to generate an e-accurate

solution, i.e., to get ||Z — X||F < €| X||F.

Theorem is in preparation for the next result on the global convergence
for phase retrieval. As we will see below, the population loss function F; of
phase retrieval and its generalization differs from F in that it only satisfies
a weak isometry property. A detailed proof of Theorem5.7.Tand its connec-
tion with Theorem can be found in Section We again emphasize
that the techniques for Theorem[5.7.T|cannot be directly applied to Theorem
because the case r > 1 is significantly more difficult and closed form
formulas are not available.

Global convergence for the population phase retrieval problem
Isometry properties weaker than the RIP (Restricted Isometry Property) are

also common in various real-world applications. An example is the phase
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retrieval problem, whose loss function is as follows:
2= 2@ - iz = 2 S a2 - xp? (528)
2 Poamgn” ' '

Here, X = xx™ is the ground truth, y = T(X), Z = zz", and A; = aja;‘., where
{a;}7, areiid. drawn from N(0,1,) (if F = R) or %(N(O, I,) +i-N(0,1,)
(if F = C). To simplify the analysis, we only establish the result for the
population loss function here. We focus on studying the problem on the
Riemannian manifold and revealing its connection to the rank-1 isometry
case (Theorem. Our proof complements that of [38], which establishes

a complete proof for random measurements from a different viewpoint.

Theorem 5.7.2. For the Gaussian phase retrieval problem (5.28), we have the fol-
lowing results:

1) Let Fo(Z) :=Ef(Z) be the population loss of (5.28). Then, we have F»(Z) =
UZIF = 11XIlF)?* + ¢ |Z = X||3, where @ = 1, and ¢ = 1 when F = R, or
c= % when F = C.

2) Without loss of generality, consider Fo(Z) = ||[T(Z) — T(X)||§ = §(||Z||F -
IXIF)? + |1Z - X||2, with 0 < 6 < Q(1). Denote Z = zz*, X = xx*,
h=|Z||fand p = % Let the initial point Zy be sampled from the
general random distribution. Then, the continuous evolution dynamics of
the gradient flow can be described by the following ODE system:

d
—h=0-(2+68)h+2p,
R (2+6)h+2p

d 4p
ar 7(1 - p).

Consequently, with high probability no less than 1 — the Riemannian

1
poly(n)’
gradient flow only converges to Z, = X, and it takes O(log n+log 1) time to

generate an e-accurate solution, i.e., to achieve ||Z — X||r < €|| X||F.

3) Let {Z} be the sequence generated by the Riemannian gradient descent ini-
tialized at Zo which is drawn from the general random distribution. Then the
discrete evolution dynamics can be described by the following discrete system:

hisr = hi + (0 — (2 + 0)hy +2p1) + O(2?),

4
;%H=m+af§a—pw+om%.
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Under Assumption 1, there exists constant stepsize a > 0 such that with

high probability no less than 1 — the Riemannian gradient descent

1
poly(n)’
converges to the equilibrium with p* = h* = 1 only, meaning limy e Zy =
X. Moreover, it takes O(log% + log n) iterations to generate an e-accurate

solution, i.e., ||Z — X||r < €||X||F.

The proof of Theorem is built upon Theorem as F, satisfies a
weaker isometry property than that of ;. The detailed proof is given in
Section5.8

The proofs of Theorem and Theorem in Section 5.8|are much sim-
pler than that of Theorem but they also follow the idea of tracking
dynamics of the trajectory. They also make use of the technical results in

Sections[5.3land B.5

5.8 Analysis of the weak isometry case

In this section we prove Theorem and Theorem Theorem [5.7.1]
is a special case of Theorem restricted to r = 1, and its proof is much
simpler. Theorem builds upon the previous theorem, but extends the
analysis to the case of weak isometry. Finally, we provide some insights on
the connections between Theorem and Theorem

We first introduce Theorem[5.8.1} a variant of Theorem|5.3.1} as a fundamen-
tal tool for analyzing the convergence rate for functions with weak isome-
try as in Theorem Using this theorem, we can show that if the mea-
surement sampling operator preserves the distances of points on the man-
ifold to the ground truth X to some extent (indicated by C; and C; in the
distance-preserving condition below), and the projection operator satisfies
a similar property as before, then with this 7'(-) operator, the loss function
f(Z) = %HT(Z) -T(X )||12E still preserves the nice properties of the original
least squares loss function F1(Z) = %HZ -X ||%. As a result, the sequences
generated by the Riemannian gradient descent still converge to the ground
truth in a linear rate on the manifold as long as they stay outside of the

spurious regions.

Theorem 5.8.1. AssumeT : M, — R™ is a linear operator, and f(Z) = %llT(Z)—
T(X) ||§. If the following conditions hold:
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1. (Distance-preserving condition) C1||Zx — X|lr < [T(Zx) — T(X)|l2 <

CllZi =X F and Crl| Zis1 = Zi|lF < T (Zie1) =T(Zi) 2 < C2llZis1 = Zk | F,
where C1, Cy > 0 are uniform constants for all k;

2. (Critical ratio condition) || Zx - X||r < C3l|Pr,, (Vf(Zi))llF, where C3 > 0
is a positive constant for all k.

Then, Conditions (D) and (O) hold with w = . As a consequence, by Theorem
there exists a small enough « > 0 such that the sequence {Z;} generated by
the Riemannian gradient descent converges to X in a linear rate: ||Z;—X||p < e~¢¥,
with ¢ = —log(1 - Q(ﬁ)).

Proof. The proof of Theorem can be reduced to proving Conditions
and (D) from Conditions (1) and (2) in the assumptions. Note that with the
linear operator 7 : M — R",T(Z) = \/Lm((Al,Z), (A2, Z), ..., {A,,Z))T and
the loss function f(Z) = %HT(Z) — T(X)||2, Conditions and (D) can be
formulated as follows.

1) Condition (L)): Lojasiewicz gradient inequality

1
(% Z(Aj,z — Xx)?
7

holds with w = %

1-w

1
< C||Pr,(— Aj,Z - X)A;
<ql Tz(m;k #Z=X)A)lF

2) Condition (D):

1
fie = i1 2 CallPry, (— 3 (Aj Zk = XOAD FlIZist = Zilr.
4

The proof now goes as follows.

1) To prove Condition (L)), by Conditions (1) and (2) we have

1
1Pr. (VA)IF 2 7112 - Xl
3

1
> EHT(Z) -T(X)|l
V2 1
= GCa 1f(Z) - f(X)|2,

which implies that ([) holds with w = 1 and C; = % > 0 is an

absolute constant.
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2) To prove Condition (D)), we first consider

1 1
fie = fis = SIT(Ze) = TOON = 51T (Zew) = T(X)l3
= %(T(Zk + Zis1 = 2X), T(Zk = Z41))

N 1
=(T"T(X = Zk), Zk+1 — Zx) — §||T(Zk+1 - Zo)|I%.

Assume that Zy,1 = Zy+a&, and —aPr, (Vf(Zy)) = ay. By first-order
retraction property and Condition (1), we get

2 2
Cza

fie = fisr 2 (=Y f(Zi). aér) = ——lI&|?
= (-Vf(Zx), &) + o(allé|F)
= (=Vf(Zk),=P1,, (VF(Z)) + o(elléclF)
= al|Pr,, (VF(ZO)IIF+ o(ell&lI7)-

On the other hand, we also obtain

CallPr,, (VF(ZIFIZist = Zillr = CallPr, (Vf (Zi) I llaér e
= Caal|Pr, (VF(Z)7 + o(@ll€xlIF)-

By choosing C; > 0 small enough, we have
> Cy||P ! Ai, Zr — X)A; Z Z
fi= fienn = CallPry, (— 3 (A} Zic = X)AD P Zkst = ZellF,
J
i.e., Condition (D) holds.

From Theorem we conclude that Riemannian gradient descent for the
least squares loss function f(Z) = %HT(Z) -T(X )||% converges to its global
minimum linearly. Since [|Z — X||r < C%IIT(Z) — T(X)||» with constant C; >
0, this implies that the sequence converge to the target point X in a linear

rate. O

By throwing out a controllable failure probability, many random sensing
applications potentially have such a distance-preserving property. Some
examples are mentioned in Section The RIP (Restricted Isometry Prop-
erty) can also be seen as a special case of this distance-preserving condition.

Instead of checking the descent inequality and the Lojasiewicz inequality in
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Theorem we use the above conditions as a more user-friendly version

for such distance-preserving cases.

We are now ready to prove Theorems [5.7.1] and 5.7.2} using Theorem [5.8.1]
and following a similar but simpler strategy compared to the one for Theo-
rem

Proof of Theorem[5.7.1, Let Z, denote the next iterate of RGD from Z, and
¢o(-) denote the iteration function with step size a, Z, = ¢,(Z). Since Z, is
SPSD/HPSD and rank-1, we let Z, = z,z}. Recall that Z = zz" and X = xx¥,
h=|Z|rand p = . Letu; = 1 and uz, = 1=, Then yp = (uz,x).

IXNIFIZIF llz+1l*
By Lemma we have

d ;

ah =u (X-Z)u;=p-h,

d 1 . 1
a”z = e (I —uu?)(X = Z)u, = 7 (Vpx = puz),
d 2

P =7 Pd-np.

Assume ¢ > 0 is a small constant. Since r = 1, by Lemma the only spu-

rious region is B(0, 6). Since Z is drawn from the general random distribu-

1 1 Op-
poly(n)’ poly(n)
serve from the third equation above that p is non-decreasing, and % o =p

tion, with high probability no less than 1—- wehave p|;-o >
until p approaches 1. Thus we have p > § = Q(1) within O(log n) time. As p
is non-decreasing, the Riemannian gradient flow arrives in M \ 8(0, §) and
remains there. By Theorem and Lemma it further takes no more
than O(log %) time to generate an e-accurate solution. Combining all the
above, to generate an e-accurate solution, i.e., ||Zy — X||r < €||X||F, it takes
O(log 1 +1logn) time for the gradient flow.

For the Riemannian gradient descent, by Assumption 1, we have

hisr = hi + (@ +o(@)) - (=hi + pi),
k
prst = pi+ 2a+ o(@) - (1= pu).
Using an argument similar to the continuous case, we can prove it only

takes O(log % +log n) iterations to generate an e-accurate solution, i.e., || Z; —
X||F < €llX||F- O
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Proof of Theorem Recall that Z = zz"* and X = xx*, h = ||Z||[r and p =

% € [0,1]. If F =R, the population loss of (5.28)) is

3 3
Ef(2) = EIIZII% + EIIXllzp -1 ZllFlIX]lF - 2({Z, X)

1
= 5 (1Zllr = 1X119% + 112 = X1}

Since 0 < (|| Z|lF - |IX|lF)? < ||1Z - X||%, we have
12~ XI% < F(z) < 212 - X1
If F = C, the population loss of is
Ef(Z) = 1ZIF + IXI7 = 1ZIF X = (Z, X)
= 2 1zl ~ X119 + 2 1Z - X3,

And Y|Z - X% < F2(Z) < |1Z - X|I%.

We still let Z, denote the next iterate of RGD from Z. Assume Z = zz*, and
Zy =242} Letu, = ffpand uzy = By Lemma. we have

||Z+||

dih—u (ZX (9+2—%)Z)u222p—(2+9)h+9,

d . 0 1 2
$uzz(I—uzuz)(ZX—(9+2—E)Z)uz-E:E~(\/ﬁx—puz),

d 4

EPLa p(1-p). (5.29)

Note that in this case, in addition to the spurious region $(0, ¢), there is
another region B(Z.,6) :={Z:p <0,|0+2 - %| < 0} where the Riemannian

gradient is 6-small, because the Riemannian gradient is now
0
VmFa(Z) = (9 +2- E) Z - 2P (X).

Similar to Lemma we have

IPr, (VMF2(2) || <6 &= ZeB(0,6)UB(Z..0) =p<os.  (530)

Since Zj is drawn from the general random distribution with high proba-

bility no less than 1- we have pl,— > Observe from (5.29) that

1
poly(n)” Poly( n’
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%p > p when p < % and £ is bounded. The boundedness of / can be easily
concluded from the first equation using 0 < p < 1and 0 < 6 < Q(1). Thus
we have p 2 ¢ = Q(1) within O(log n) time. Using the non-decreasing prop-
erty of p and the relation (5.30), we conclude that the Riemannian gradient
flow arrives in M \ 8(0, ) U B(Z., §) and remains there. By Theorem [5.8.1]
and Lemma it further takes no more than O(log %) time to generate
an e-accurate solution. Combining all the above, to generate an e-accurate
solution, i.e., || Zx — X|Ir < €llX||F, it needs O(log L + logn) time.

For the Riemannian gradient descent, by Assumption 1, we have

hiw1 = b + (@ +o(@)) - (6 = (2+0) hy +2px),

pret = pi +4(a +o0(a)) - Z—]’:a — p).

Similar to the argument for continuous case, we can prove it only takes
O(log %+log n) iterations to generate an e-accurate solution, i.e., || Zy - X||r <
€[l X1l £

Comparison of Theorem and Theorem

Dynamics. The dynamical low-rank approximation (Lemma [4.2.2) shows
that the evolution of the column space is given by

U. =Py (-VF(Z)U.S™".

For F1(Z) = %HZ - X||12,, we have that VF(Z) = Z — X, while for F>(Z) =
EUIZIF = IXNlF)* + 1IZ = X||5 we have VF>(Z) = (2+6 — £)Z — 2X. Although
F>(Z) only satisfies the weak isometry property, direct computation shows
that U, for Fi(Z) and F,(Z) are similar, because PLL]Z on the right cancels out
the Z terms and leaves only the X terms. That explains why the dynamics
of Fy(Z) is similar to that of F»(Z).

Stationary points. Theorem is a special case of Theorem there-
fore Z. = 0is the only spurious critical point and has a saddle-like geometry
(see Section[5.4). On the other hand, for the phase retrieval problem in The-
orem it has two groups spurious critical points, which are Z, = 0 and
{Z, : | Z:||lF = ﬁ”XHF, (Z,X) = 0}. Still, the upper bound for the num-

ber of iterations that the sequence is trapped by the spurious region can be
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estimated in a similar way. This can be seen by comparing the proofs of
Theorem and Theorem

Numerical illustration. To demonstrate the similarity between the evolu-
tion behavior in solving the rank-1 matrix recovery and the phase retrieval
problem, we give some numerical experiments in Figure 5.3/and Figure
for a comparison. We can see that the curves of the evolution of 4 and p

have similar shapes in both problems.

2
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log error
S
h
p

A

>
o
o

5 10 15 20 5 10 15 20 5 10 15 20
iterations iterations iterations

(a) Log-error (b) The evolution of h (c) The evolution of p

Figure 5.3: Solving the rank-1 matrix recovery by the randomly initialized
Riemannian gradient descent (RGD), with n = 1024, o = % Each band
stands for the results from 100 independent experiments.
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(a) Log-error (b) The evolution of h (c) The evolution of p

Figure 5.4: Solving the population phase retrieval problem by the randomly
initialized Riemannian gradient descent (RGD), with n = 1024, a = % Each
band stands for the results from 100 independent experiments.

5.9 Discussion

In this chapter, we have established a unified framework for the analysis of
a class of low-rank matrix recovery problems. We have shown that using
the Riemannian gradient descent (RGD) algorithm on the low-rank matrix
manifold, there is a rigorous theoretical guarantee for the fast convergence

rate in low-rank matrix recovery problems.

For this purpose, we first performed an extensive analysis of the low-rank

matrix manifold M, itself by analyzing the simple least squares loss func-
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tion F1(Z) = %HZ -X ||12p where X is the ground truth. Our focus is on
the symmetric positive semi-definite (SPSD) or Hermitian positive semi-
definite (HPSD) setting, which is common in practice. Our results on the
rank-r manifold with r > 1 are original and much more complicated than
the corresponding results for the rank-1 case.

We showed that there is a ground truth and several spurious critical points
on the manifold. The spurious critical points are of independent interest
themselves, as they behave like strict saddle points, but their Hessian has
singular eigen directions. In this chapter, we proved that the gradient de-
scent or gradient flow starting from an initial guess drawn from the general
random distribution converges to the ground truth with high probability.
The initializations that might lead to the spurious critical points only have a
small probability measure on the manifold. This result and the almost-sure

escape result in Chapter 4 complement each other.

The convergence rate of the Riemannian gradient descent toward the ground
truth is nearly linear and is essentially independent of the dimensionality
of the problem. The main difficulty when analyzing the convergence rate
comes from estimating the upper bound for the number of iterations that
the sequence is trapped by the spurious regions. Our primary tool is the it-
eration function of the column space derived from the dynamical low-rank
approximation. We showed that with high probability, the square of the ini-
tial angle between the column spaces of the ground truth and the random

initialization point is between Q(nlolgpn) and Q(lof"). Moreover, by ana-
lyzing the dynamics of the trajectory, we showed that the angle grows fast
in spurious regions. Thus, we showed that with high probability, the se-
quence generated by the randomly initialized Riemannian gradient descent
escapes from the spurious regions quickly. When the sequence is outside of
the spurious regions, we use the Lojasiewicz inequality tool to derive linear

convergence.

The above analysis offers a general framework for a class of inverse prob-
lems that share a desirable structure, namely those problems whose for-
ward problem is a linear mapping from a low-rank matrix to a vector and
preserves the isometry property to some extent. The well-known RIP en-
semble is a special case, but other applications with only weak isometry
properties also fall into this category. We analyzed the phase retrieval prob-
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lem as an example of weak isometry problems, and established its nearly
optimal (nearly linear) convergence rate by invoking its connection with

the rank-1 simple least squares problem.

The global analysis for population loss functions could potentially be ex-
tended to finite-sample problems. The finite-sample loss function is the sum
of the population loss function plus some small deviations. One can control
the magnitude of the deviations and show that the loss function still sat-
isfies some weak isometry conditions. Thus the fundamental convergence
guarantee by the Lojasiewicz inequality is readily applicable on the main
part of the manifold. On the other hand, the geometry of the spurious re-
gions, as well as the escape from these spurious regions, could be different
from the population case. We leave the detailed analysis of finite-sample
cases to future work.
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Chapter 6

ROBUST LOW-RANK MATRIX RECOVERY BY
RIEMANNIAN SUBGRADIENT METHOD

In this chapter, we discuss an application on the low-rank matrix mani-
fold M, that is different from the previous random linear measurements
framework. The problem of interest is Robust Principal Component Anal-
ysis (RPCA), whose goal is to recover a low-rank L, and a sparse S, from
their sum M = L, +S.. We minimize the /;-norm loss function over M,,
and we use Riemannian subgradient descent to minimize this nonsmooth

function.

To establish the convergence guarantee for the Riemannian subgradient de-
scent algorithm, we first analyze the local optimality of L, for the /1 loss
function on the manifold. We discuss the incoherence of the tangent ele-
ment at L.. We show that when the rank r = 1, L. is the local minimizer of
f(L) on M, in a local neighborhood. We then use the sharpness and weak
convexity conditions to show that starting from a spectral initialization, the
Riemannian subgradient algorithm converges to L. at a linear convergence
rate.

Organization of this chapter. We have given a brief introduction of the
problem in Section[I.4} The rest of this chapter is organized as follows. Sec-
tion 6.1 gives some preliminary information, including the problem setting
and the subgradient algorithm to be used. In Section we discuss some
related work and compare their approaches with ours. In Section we
look at incoherence in the tangent space. In Section we show the lo-
cal optimality of L. for f(L) on M;. In Section we establish the linear
convergence rate of the subgradient algorithm toward the ground truth. Fi-

nally, we make some concluding discussion in Section

6.1 Preliminaries

In this section, we introduce the problem setting and the subgradient algo-
rithm to be used.
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Notations

Let M, = {X € R™" : rank(X) = r} denote the low-rank matrix manifold.
Let M denote the matrix to be decomposed, M = L, + S., where L. and S,
are unknown low-rank and sparse ground truth factors to be recovered. Let
Q(-) denote the support of a matrix, and Q* = Q(S.) denote the support of
the ground truth S.. We use || - ||, to denote the usual p norm for vectors
and operator p-norm for matrices. We use || - ||;, to denote the vectorized
p-norm for matrices, e.g., [| X[, = X;; |Xi;|- Let 0:(-) denote the ith largest
singular value of a matrix, and o; specifically denotes the ith singular value
of the ground truth L.. For an integer s > 0, let [s] = {1,2, ..., s}.

Problem setting

The problem of Robust PCA can be formulated in mathematical terms as
follows. Given M = L, + S, where L, is a low-rank matrix, S, is a sparse
matrix, and both L. and S, are unknown, the goal is to recover L, and S,
from M.

It is well recognized that the problem of RPCA is only uniquely solvable
when L, and S. satisfy some incoherence and sparsity assumptions. In this
work, we adopt the following assumptions.

Assumptions 6.1.1. Assume that we have M = L, + S., where L, and S, are
unknown low-rank and sparse matrices satisfying the following properties:

(a) Rank(L,) = r, and r < min{m,n}. Moreover, L, is an incoherent matrix
with incoherence parameter u(L,) < u, namely, L, = ULV, where U €
R™*T 'V € R"™ and

pNr
Ullpoo := U < —
U2, max WU, )2 N

puNT
V0700 := \% < —
V12, {naxll (@, )12 N

(b) S. is a sparse matrix in the sense that for each i € [m], j € [n], we have

1SG Do < pn, ISCG, o < pm.

Let Q* denote the support of S.. Moreover, the sparsity constant p satisfies

_ 1
P= 3621
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Remark 6.1.2. We emphasize that here we do not assume the ground truth
matrices L, and S, are generated by any underlying random model. Thus
our assumptions are weaker than the assumptions using random models
(e.g., the Bernoulli random sampling model). Still, they suffice to imply

rich structural properties under the /; minimization regime.

Subgradient algorithm
In this work, we propose solving the following minimization problem on

the low-rank matrix manifold M,:
f(L) =M - L. (6.1)

We propose using the Riemannian subgradient algorithm to minimize (6.1)
over M,. The subgradient algorithm has been briefly mentioned in Section

and we provide more details here for the specific problem.

The Riemannian subgradient algorithm proceeds as follows. Let Ly be the
initialization for L, and let L; denote the kth iterate, {L;}r—0 € M,. At the
kth step, consider the subgradient of the loss function (6.1)):

df(Ly) = —sign(M — Ly).

Here 5/175;1(-) is the entrywise generalized sign function:

-1 ifx <0
sign(x) = ¢ Vre[-1,1] ifx=0;
1 if x > 0.

In other words, any value in [-1, 1] can be chosen if the variable is 0.

The Riemannian subgradient on the manifold M, is the projected subgradi-

ent in the tangent space of M,:
Pr,, (0f(Lo)) = Pr,, (sign(Le = M)).

At each iteration, the Riemannian subgradient algorithm moves one step in
the direction of the Riemannian subgradient. Denote the kth step size as ay,

then the next iterate is generated as follows:

List = R (L - ax - Pr,, (sign(Le - 1)) . (62)
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To sum up, we have the Riemannian subgradient method in Algorithm
Similar to what has been discussed in Section [2.2|for the Riemannian gradi-
ent descent method, because the tangent space projection is of rank at most
2r, each step of the Riemannian algorithm only involves a size 2r x 2r SVD,
and is fast when r < min{m, n}.

Algorithm 1: Riemannian subgradient algorithm

Input : Sparse noise corrupted low-rank matrix observation M, rank
estimation r, initial low-rank matrix estimation Ly, step size
scheme aj, maximum number of iterations K.
fork=0,1,2,...,Kdo
Lis1 =R (Lk -y Pry, (Spigwn(Lk - M)));
If f(L;) < €, break.
end for
Truncate M — L; to obtain a sparse matrix S.
Output: Recovered low-rank matrix L = L and sparse noise matrix S.

To find a good initial Ly, we use the same spectral initialization method as
[131]. This method finds the initial guess for S by truncating M and keeping
only the largest entries in each row and each column. More specifically,
S = 7,(M), where the truncation operator 7,(-) is defined as

M, j), if|IMG, )| > M@, and [M@, )| > |M(, j)|Pm;
Tp(M) = _
0, otherwise.

Here |M(i,:)|!P" denotes the (pn)th largest entry in the row |M (i, :)|; simi-
larly for [M(:, j)| [pm] 'We thenlet L =M — . Finally we take the best rank-r
approximation Ly = R(L) as the initial Ly. The initialization algorithm is
summarized in Algorithm

Note that other local initialization methods are also used in literature, with
similar construction and effect. For example, truncation by ranking can be

replaced with truncation by a certain threshold ¢.

The following condition comes in handy when we analyze the convergence
of the algorithm.
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Algorithm 2: Initialization

Input : Sparse noise corrupted low-rank matrix observation M, matrix
size [m, n], rank estimation r, and truncation parameter p.

Compute thresh; = sort(abs(M), 1, descend), thresh; « thresh;(pm,:).;

Compute thresh; = sort(abs(M), 2, descend), thresh; « thresh;(pn,:).;

Compute S = (abs(M) > thresh;).  (abs(M) > thresh;). « M;

Compute L=M - §;

Compute the SVD of L: [Up, Zo, Vy] = lansvd(L, r).;

Lo = UpZoV/..;

Output: Initialization L.

Condition 6.1.3. Forall k = 0,1, ..., we always have that (L — L.) is incoherent
in the sense that

|ILx — Lilly,
ILy — Lillr —

cymn

for some uniform constant ¢ € (0, 1] independent of k.

One way to interpret the ratio % in Condition [6.1.3|is to take it as a neces-

sary condition for incoherence. Namely, if a matrix X = UXV* is incoherent

in terms of U and V, then each entry of X must be O(\/%), which implies

IX 1l

that the ratio = is of order ymn.

We also remark that much of the results in this chapter does not depend
crucially on Condition We clearly distinguish those results that need
Condition and those that do not in the upcoming sections. The pur-
pose of Condition[6.1.3]is to improve some constants, which results in faster
convergence rate and larger local convergence neighborhood. Numerical
evidence shows that this condition is consistently satisfied in practical ap-
plications.

6.2 Related work
Below we discuss some related work and compare their approaches with

ours.

Convex formulations and alternating methods for RPCA. Early approaches
to the Robust PCA problem mainly rely on the nuclear norm relaxation. The
work [33] first proposes the Principal Component Pursuit method, which
solves the RPCA problem by minimizing the weighted combination of the
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nuclear norm and the /; norm. This nuclear norm relaxation has since be-
come a standard heuristic. Concurrent with this work, the authors of [36]
develop the theory of rank-sparsity incoherence that lays the foundation
for a class of low-rank recovery problems. In [37], the authors further estab-
lish a unified performance guarantee for the convex optimization approach
using the nuclear norm and the /; norm based on the assumption of joint
incoherence. However, with the growth of the dimension of the real-world
problems, convex optimization methods gradually grew out of favor due to

high computational cost.

An important class of nonconvex methods for the RPCA problem is the al-
ternating projection methods. The work [108] first proposes the alternating
projection algorithm that performs low-rank projection on the L variable
and hard thresholding on the S variable alternatively, and establishes the
linear convergence rate of this algorithm. It is worth noting that in their
assumptions, no randomness is required for the support of the sparse noise
S, in contrast to [37] which requires joint incoherence. Later, the algorithm
is further improved by [23] for more efficient computation. In [131], the
authors propose an alternating /, gradient descent method for RPCA, and

establish its linear convergence guarantee under spectral initialization.

Manifold algorithms for RPCA. The low-rank matrix manifold M, [70,
71] has recently gained attention as a useful tool for low-rank recovery
problems including RPCA. Among existing work that uses M, for RPCA,
the one closest to us in spirit is [26], in which they essentially solve the
same problem min;ep, f(L) = ||M — L||;, over M,. This formulation uses
l1 minimization to promote sparsity in the S factor. However, the work

[26] differs from our work in that, to tackle nonsmoothness, they solve

minyep, 2. )ee \/52 + (X;j — M;;)? for successively smaller §. For each 6,
the approximate problem is solved by Riemannian conjugate gradient. More-
over, the work [26] left a few questions unanswered, including the justifica-
tion for the ground truth L. being a local minima, and the convergence rate
of the algorithm. In contrast, our work establishes the local optimality of Lx

and a linear convergence guarantee under certain conditions.

Apart from the low-rank matrix manifold, some works have formulated
the RPCA problem on different manifolds, usually the Grassmannian. For

example, in [69], the authors propose the so-called Grassmannian robust
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adaptive subspace tracking (GRASTA) method, which is an alternating min-
imization method on the Grassmannian. In [129], the authors essentially
solve miny y ||[Po(UVT — M)||;,, where U and V are on Grassmannians, and
the mask Q is adaptively updated at each iteration to determine the support
of the outliers.

Convergence of subgradient method. The Riemannian subgradient algo-
rithm is the counterpart of Riemannian gradient algorithm for nonsmooth
functions with generalized gradients. A few works have used subgradient
methods on various manifolds to solve low-rank recovery problems, includ-
ing orthogonal dictionary learning [11], Gaussian phase retrieval problem
[46], dual principal component pursuit [135], and robust low-rank recovery
[96]. The work [96] essentially studies the Gaussian matrix sensing with a
gross sparse noise, and aims to recover UU " from y = A(UUT) + S, where
A is Gaussian ensemble, but the problem is posed on the Stiefel manifold.
We stress that no previous work has studied the Riemannian subgradient
method on the low-rank matrix manifold M, or established a provable con-

vergence guarantee on this manifold.

When it comes to the convergence rate, it is first proposed in [45] that the
sharpness condition and weak convexity condition (Conditions (S) and
in Lemma imply linear convergence rate. The work [45] focuses on
the Euclidean algorithms, and proves the convergence rate for a number
of different step size schemes, including the Polyak stepsize, the constant
step length, and the geometrically decaying stepsize that we use in our
work. Later, the conditions (S) and are extended to manifold subgra-
dient methods by [95], where they study the Riemannian subgradient on
the Stiefel manifold. In this work, we extend these conditions to the low-
rank matrix manifold M,, which has a very different structure compared
with other manifolds.

6.3 Incoherence

In this section, we take a deep dive into the incoherence property on the
low-rank matrix manifold M,. When working with M,, one often deals
with the tangent space. We discuss some results on the incoherence proper-
ties in the tangent space that have not been reported in previous literature.

Theorem 6.3.1. Under Assumptions a randomly sampled matrix & in the
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tangent space Ty, at L. € M, is incoherent with high probability. More specifically,
write & as

§=(U, ﬁ) N, O Al

M N1) (VT), 63)

and let U, V be sampled uniformly from the Stiefel submanifolds St(m,r;U) =
{(UeR™ . U*U=1,,U LU}and St(n,r;V)={VeR™ : VTV =1,V LV}
Then with high probability no less than 1 — ¢cN=2log N, where N = min{m, n},
¢ is incoherent with incoherence parameter bounded by C + u, where ¢ and C are
absolute constants.

Proof. Assume that the SVD of ¢ is § = UgZV,!. Then there exist orthonor-
mal matrices 01, 0> € 05, such that

_ _ M N
Us= (U, 0)01, Vi=(V,V)0y %:=0] \ 01) 0,.
2

Observe that the (2, o0)-norm of U is equal to that of (U, U). This is because

|U¢ll2.00 = max [|Ug(i,2)]l2 = max |le] - (U, U)O1]l2 = max |le] - (U, U)|l2 = [|(U, U)||2.0.
1<i<m 1<i<m 1<i<m

The same applies to V. Thus it suffices to bound the (2, o0)-norms of (U, U)
and (V, V).

Using the same trick, we can assume that we first sample U and V from the
Stiefel manifold St(m, r) and St(n, r) directly and re-orthogonalize them to
get U and V. So we only need to bound the (2, co)-norms of (U, U) and (V,V)

because they are still the same.

Since U and V are incoherent with incoherence parameter y by Assumptions
we focus on U and V. Following the same idea as in the proof of [31],
Lemma 2.2], one can show that there exist absolute constants ¢ and C, such
that with probability no less than 1 — cm™ log m, we have

2 2
max || Pw¢;||5 < Cr/m.
1Sl,SmII eilly /
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This implies that

1Ugll2,00 = |(U, U)l2,00 = max [[(U(i,3), U(i,2)l2
1<i<m

< max WG, IE + TG )1

< \/m,ax 1.2 + max (TG )12
1<i<m 1<i<m

< \/,uzr/m +C2%r/m

= (/1+C)\/%-

Similarly, with high probability no less than 1 — cn=3log n, we have

.
Vel < (0 + c>\/;.

Therefore, with high probability no less than 1 — ¢cN~3log N, where N =
min{m, n}, £ is incoherent with incoherence parameter bounded by C+u. O

Theorem|[6.3.1|can be interpreted as follows. Intuitively, when L, is incoher-
ent, any tangent element & € Ty, is at least somewhat incoherent, because &
can be written as € = UAT + BV for some A € R"* and B € R™ and it
seems that UAT and BV are one-sided incoherent. Theorem tells us
that a one-sided incoherent matrix is with high probability truly incoherent.

The next theorem is a deterministic result on the incoherence in the tangent

space, expressed in terms of the tangent space projection.

Theorem 6.3.2. Let Py« be the shorthand for the tangent space projection Pr, at
the ground truth L., and let P~ be the projection onto the support of ground truth
S.. Under Assumptions we have

| Pr- Po+Pr+|l2 < A[2pp?r||Pr-]|2.

Proof. To prove the theorem is equivalent to proving that for any ¢ in the

tangent space Ty,
1Po- (&7 < 2pu*r €|
Note that each ¢ can be expressed as ¢ = UAT + BV with A and B satisfying

IUAT + BVT |2 = |UAT||% +||BVT||2.
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To see this, consider the decomposition
M N\ (VT
N, O vT)’

) and B = (U, U)N,. Thus, it suffices to prove that

e (o. )

T

\%4
and let A = (M, N7) (VT

1Po ()7 < 2pur(WUATIIF + IBVT 7).

We first compare [[UAT||2 and ||Po-(UAT)||3. Write

aj
A=|:
a,
Then
n n
WUATIZ = > Uaill3 = > llaill3.
i=1 i=1
On the other hand,
n
1Pe: (UADI7 = > 1Pac.s (Uai 3.
=1
Since
-
1Wailles < Ul llaillz < g1y ~llaillz,
we have

2
1Pa.i (Uall; < (pm) (,u\/;llaillz) = prlrllaillz.
Putting all columns together, we get
1o (UAT)II7 < pur||UATIZ.
Similarly,

1Po (BVT)IIZ < pp®rlIBVT |7
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Thus,
1Po- (E)I1F = IPo- (UAT + BVT) ][
<2 (1P (AT +11Pa- (BVT) )
< 2pyPr (JUATIG +11BVT 1)
< 2puPr|UAT + BVT|3.
This gives us the desired result. o

We emphasize that Theorem|[6.3.2)is a deterministic result. There is no lower
bound for P7«Pq-Pr+, and counterexamples are easy to construct, so it is not
a concentration result. We include this result here because Assumptions
are also deterministic without any underlying probabilistic construc-
tions, and a corresponding incoherence theorem might be of theoretical in-
terest.

6.4 Local optimality
In this section, we present the first main result of the chapter, which gives

that L. is a local minimizer of the function f(L) on the low-rank matrix
manifold M,.

The main theorem of this section is as follows.

Theorem 6.4.1 (Local optimality). For r = 1, under Assumptions L.isa
local minimizer of f(L) on My in the sense that

0.2
1) Forall L such that ||L — L.||;, < W, we have that f(L) — f(L,) > 0;

2) Furthermore, if Condition is satisfied, then for all L such that ||L —

L 2o 2ymn o
iy < T50ro, and ||L — L.|l2 < %, we have that f(L) — f(L.) > 0.

Here o is the singular value of L, and C is an independent constant.

We remark that while Theorem only applies to r = 1, in numerical
experiments, the local optimality seems to hold true for r > 1 as well. Es-
tablishing this result for general r is left for future work. Also, the depen-

dence on m and n could be improved if expressed in other norms, but we
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use the /1 norm because this is the measure of distance for convergence in

our Riemannian subgradient algorithm.

The proof of Theorem relies on the following lemmas, and is deferred
to the end of this subsection.

Lemma 6.4.2. A convex function on a bounded convex polytope C achieves its

maximum at the extreme points of C.

The proof is obvious by definition of convex functions and convex poly-
topes.

Lemma 6.4.3 (adapted from [61, Theorem 3.14]). Let C c R" be a closed con-
vex polytope. Then there exists A € R™", b € R", A’ € R, b’ € R*", such
that

C={xeR": Ax+b <0, A'x+b' =0},

where the inequality holds in a componentwise sense. Moreover, every facﬂ ¥ of
the convex polytope C can be represented by forcing some inequality constraints of
C into equality constraints, i.e., there exist A1 € R®", Ay € RU"EX1 gnd by € R¥,
by € R™ X such that

F={xeR": Ajx+b1 <0, Apx+br =0, A’x +b" =0},

A1 b

where [ =11 [A b] and I1 is a permutation matrix.

Ay by

Using the lemma, we can determine the representation of the vertices of
a convex polytope by making as many inequality constraints into equality
constraints as possible. We will show the local optimality of L. by finding
the vertices of the polytope C; := {¢ : ¢ € Ty, ||¢]l;; < 1} and finding an
1Pas (D)l I1Pas (Ol 1

fer,— there. More specifically, —z; = < 3.

upper bound for &
1

Lemma 6.4.4. Theset C; ={¢: £ e Ty, ||€||;, < 1} is a convex polytope.

Proof. The inequality constraint |£]|;, < 1is equivalent to the following con-

straints:

D€y <1, Ve= (& )man € {1}

i,j

IVertices are seen as zero-dimensional faces.
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Thus C; is a subset of R™*" described by a set of equality and inequality con-
straints. So C; is a convex polyhedron. Moreover, it is a bounded polyhe-
dron due to the constraint ||£||;, < 1. Therefore, C; is a convex polytope. O

Denote Cy := {¢ : ¢ € Ty, ||é|l;, = 1}, where rank(L.) = 1. One can see
that Cp is the boundary of Cy, and is itself a collection of convex polytopes.
Moreover, the vertices of Cy are the same as those of C;.

Proof of Lemma(6.4.6]

The following two lemmas describe the structure of a vertex £ and the be-
havior of Pg:(¢) there. We first prove the following intermediate lemma
about a property of the zero patterns of the vertices of the polytope C;.

Lemma 6.4.5. Let & be a vertex of the polytope C1, and let Q¢ (€) denote the index
set of the zero entries in ¢&. Then & is a matrix that contains as many zeros as
possible, in the sense that there does not exist another vertex & such that Q°(£) ¢

Q(&).

Proof. By Lemma the faces of C; are determined by forcing some in-
equality constraints of C; into equality constraints. The vertices are the zero-
dimensional faces of Cj, and they can be determined through the same pro-
cedure. We now study the equality constraints created in this way. It is easy
to see that there must be at least two such equalities. Let k = (i, j) denote
the indices. Let K denote the index set of € that flip signs between these two

equalities. Then

Z €xék + Z exér =1,

kekK keK¢

(6.4)
Z(—Ek)fk + Z exér = 1.
keK keK¢

Therefore,
kafk:(), Z €ér =1.
keK keK¢

We now look at all the inequality constraints with the same choices of signs

in K¢, but different choice of signs in K. They are

Z bk + Z eér <1, V(€ )rex € {1}/,

keK keK¢
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This implies
Db <0, V(e iex € {1},
keK
Since the signs (€, )rc; are arbitrary, we let €, = sign(&;). This gives
2l <o,
keK
which implies
& =0, VkeKk.
In other words, the effect of forcing inequalities constraints into equalities
is inducing zeros in ¢.

On the other hand, one can show that all the zeros in ¢ are induced by
equality constraints. To see this, let J denote the index set of zeros that are
not in the previous index set K. In other words, J = Q°(¢£)\K. Rewrite the
previous pair of equalities as

Z €xék + Z €xék + Z exék =1,

kekK keJ keQ(L.)

(6.5)
Z(—Gk)fk + Z €xék + Z exér = 1.
kekK keJ keQ(L.)

Since ¢x = 0 Vk € J, we immediately have

D e+ Y (—eE+ Y ek =1. (6.6)
kekK keJ keQ(L.)
Therefore, Equation and the first equation of (6.5) make a pair, and
K U J can be interpreted as zeros induced by a pair of equality constraints.
To conclude, we have shown that all the zero entries in ¢ are induced by

pairs of equality constraints as above.

Moreover, it can be shown that more zeros always imply a lower-dimensional
face. In fact, let the index set of the zeros be Q*(L,), then the equality con-
straints are exactly the following:

D, adit ) sign(éi=1.
keQ*(L,) keQ(L,)

The other inequality constraints are strict inequalities because one cannot

flip the sign before a &; that is nonzero.
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Now suppose we have two points in two faces
EeF, &eF,

and suppose the zero pattern of ¢ is a subset of the zero pattern of ¢, i.e.,
Q°(&) ¢ Q°(¢),

then we must have ¥’ ¢ F, i.e., ¥’ is a sub-face of the face #. This means

that # cannot be a zero-dimensional face, so ¢ cannot be a vertex. O

We are now ready to show that the vertices actually have a block form under

permutations.

Lemma 6.4.6. Let V be the set of vertices of the convex polytope Cy (equivalently,
Co). Then every vertex in V satisfies a certain block form up to permutations.
Specifically,

0 &D
£@

ITo, where Iy, I are permutation matrices} .

(Vc{fzle'll

Proof of Lemmal6.4.6} Let L. = uov' be the SVD of L., where u € R” and
v € R" are vectors in the case rank(L.) = 1. Then every ¢ in the tangent
space can be expressed as ¢ = ua’ + bv', where a € R" and b € R". Let u;
denote the ith entry of the vector u, and similarly for other vectors. Let &;;
denote the (i, j) entry of £&. Then &;; = w;a; + b;v;.

First assume for simplicity that u; # 0 foralli =1,...,m and v; # 0O for all

Jj =1,...,n. We will prove the following claim:
If&j=¢&j=¢&;=0,then&y =0.
To see this, note that &;; = £;; = &€ = 0 implies

uia; + b,’Vj = 0,
u;a;+b;v; =0,

uga; +byv; =0.

. . ai Vi
Since u;, uy, v; and v; are nonzero, either a; = b; = a; = by =0, or a—l’ = V—; In

either case, & = uga; + byv; = 0.
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Essentially, the above claim guarantees that the zeros in ¢ always come in

blocks under permutation.

Next, we show that for any &, there exists another ¢’ in the form of ¢’ =
0 g/(l)

th &

ie., Q°(&) c Q(&).

[T, such that the zero set of £ is a subset of the zero set of &,

&

To see this, we show that we can construct & = Iy IT, for any

&@
block division. In fact, denote the indices of the upper-left block after per-
mutation as I x J, and let

y 3 —ii
i=TY, v=15"v, a=|"|m b=m| "],
0 0
then
3 3 —ii 0 -,
E=ua' +bvT =11 ﬁ(ﬁ}, 0)+ T M =m| LU
0 eV} 0

Take the normalization & = £/||€||;, and &’ is an element in C) that satisfies
the block form after permutation.

By Lemma the vertices of C; are found by forcing as many of the in-
equality constraints in C; into equality constraints as possible, until there
is a unique solution. By Lemma this translates to forcing there to be
as many zeros as possible. Since for ¢ that are not in the block form, there
always exists £’ that has more zeros and are in the block form, we conclude
that any vertex must have the block form.

In the case where u or v has zero entries, simply let the corresponding entries
in b or a be zero. For example, if u; = 0, we let b; = 0 so that &;; = 0 for any ;.
This construction can max out the zeros in ¢. It is easy to see that the same
block form still applies, and the conclusion in Lemma [6.4.6/holds true. O

Proof of Lemma
Lemma 6.4.7. For r =1, under Assumptions we have that for all € € Ty,
1P ()1l _ 1

<

1111, 3
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The proof of this lemma is very technical. To build up some intuition, we
can look at the cases when & only has the UAT part or the BV part.

Example 6.4.8. If ¢ = UAT, since U is incoherent, ¢ = UAT is row-wise
spread-out. As the sparse support set Q" is row-wise sparse, it is intuitively
correct that ||Pq-(£)||;, only takes up a small portion of ||£]|,.

Example 6.4.9. If £ = BV, since V is incoherent, £ = BV is column-wise
spread-out. As the sparse support set Q* is column-wise sparse, it is also

intuitively correct that ||Po-(£)]|;, only takes up a small portion of [|£]|;,.

When it comes to the case when ¢ = UAT + BV, the proof still follows the
same basic idea. It makes use of the incoherent structure of U and V, and
proves a delicate balancing of the entries of two nonzero blocks.

Proof of Lemmal6.4.7) To prove the lemma, it suffices to solve the following

maximization problem

max _|[Po- (£l
g€ty €l =1 h

and show that the maximum value is upper bounded by 1.

By Lemma a convex function on a convex set takes its maximum at
the extreme points of the convex set. Since ||Po+(£)]|,, is a convex function
in ¢, and the constraint set is Cy which is a collection of convex polytopes
with vertex set V, we only need to evaluate [|Po+(§)||,, at £ € V.

From Lemma we know that every vertex ¢ in the vertex set V must
&

take the form IT; I1,, where I1;, IT; are permutation matrices. In

@
the proof of Lemma we have constructed some ¢’ that takes such block
form, where each &’ is a normalization of the following ¢:

ii (ﬁ}, 0) + (—571

We now prove that in fact every £ that takes this block form must follow

_ i 0 —iiT
E=ua” +bvT =TI 57 m =y “Vre) .

vl 0

this construction. For simplicity assume that I1; = I, = id, then # = u and
0 &M

. Denote the indices of the
5(2)

7 = v. Suppose that £ = ua™ + by = (
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upper left block after permutation as / x J. Then

Uy vy aj bi
u= , v= , a= , b= ,
Uje Vje ajce b[c
u1a;+b1v}— =0, ulca}—c+b1cv}—c =0.
More specifically, we have

uiaj+b,~vj:0, V(i,j)G(IXJ)U(ICXJC).

Suppose that all entries of u and v are nonzero. If |I| > 2 and |J/| > 2, it can
be deduced that Z—; = Z—j forany j, /€ J,and 5—2 = Z—; foranyi, k € I. In other
words, ay is just a rescaling of v; and b; is just a rescaling of u;. Moreover, b;
is determined by a; because they are linked by the relation u;a; + b;v; = 0.
We can thus let a; = C; - v;, and we have b; = —C1 - u;. The same thing
applies to the /¢ x J¢ block, and we have ajc = C; - vje and bje = —=Ca - uje.
Thus,

0 (C2 = Cupvye

E—ua +bv' =
é: (C] - CZ)MICV}— O

The constant C; — C; can be determined by the normalization constraint
I€]];, = 1. This means that the ¢ that takes this block form is unique. Since
we have already found an explicit form in the proof of Lemma this is
the unique solution.

When |I| = 1, we still have % = i—j for any j, [ € J, and by is still a rescaling
of u; because both are scalars. When an entry of u or v is zero, from the
proof of Lemma we let the corresponding entry of b or a be zero, and
the rescaling relation still holds. Thus, the previous conclusion is still valid.

We now look at the block form that we have found, and study the value
of [|Pa: (&), where Q" is the support of L.. For simplicity we still assume

I1; = I, = id, and rewrite a vertex candidate ¢ as

.
0 uleL.)

- C.
¢ urevy; 0

We are interested in the following ratio

1Po- (O, 1P (urvio)lly + 1Par(urev )iy
[E31/7 Nowrv iy, + llurevylly
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By Assumptions u and v are incoherent and Q" is sparse. We look at

what this implies for the mass distribution of u Ivjc, u 1<~va, and their projec-

tion onto the support set Q.

Let us look at u as an example. Since u is incoherent, |u;| < \/% for each i. On
the other hand, |ju» = 1, i.e., 3, |u;j|* = 1. Therefore, we know that there are

at least /’% nonzero entries in u, and ||u||; > %

For any index division / U ¢, either there are many nonzeros in I, or there
are many in /¢. Forany y < %, either X ;¢ |u;| > y% Or Y jcre |Ui| = 7% must
be true. The same thing applies to v as well. In the following, we discuss
the cases determined by the above criterion, and look into what that implies

for Po+(¢) and &é. We take y = %

(1) I ey ] = y ¥ and 3¢ [vi] 2 y L
In this case, u has large mass in / and v has large mass in J. Consider

the upper-right block u;v]. in £. For the jth column in this block,

\m
1€r 0l = D vl = y=—1v;|.
iel H
On the other hand, since Q* is sparse, Q* takes up at most pm entries in
this column. In each entry, |u;| is upper bounded by % due to incoher-
ence. Thus

M
1PacEplly = > uiv] < pm=lv;| = pmly;
iel: (i,j)eQ* m

Therefore,

1Po- (1)l _ puNmlv,| _ pu?
Wrjll, 7%|Vj| Y
Since this applies to every column, for the whole upper-right block, we
have

”PQ*(MIVIC)Hll < p/lz

[ I

For the lower-left block, we can derive the same bound by looking at
each row and using the fact that v has large mass in J. This gives

||PQ*(MI<‘VJT)||11 < puz
lurevill, = ¥



155

Therefore,
. 2
1P ()l <P 1. 1
€11, y ~12 3
(@) 1 Sies luil > y L2 and Siepe ] = y ¥, while X e [vil < y 2L

In this case, we must have 3 ;¢c |vi| 2 y%. Therefore this case can be

proved in the same way as case (1), except that for the upper-right block
we calculate by row and for the lower-left block we calculate by column.

(3) If Lyere luil < y¥2, and 3 e [vil < y 2
In this case, u has very large mass in / and v has very large mass in
J¢. This means that the upper-right block u;v]. has very large mass and
dominates over the lower-left block u;cv; . For the upper-right block, we
use the same technique as case (1) to derive that

|Pas (urvio)lly - pu?
||u1v‘-]rc||11 - Y

For the lower-left block, we now show that its mass is so small that it
does not tweak the ratio too much. More specifically,

Nurevylle, = (Z |Mi|) (Z |Vj|) < 7% \,{l— yzg.

T 7 H
On the other hand,

v el = (Z |ul-|) (Z |v,-|) > (1—7>VM—% - (1—y>£ (1- )2"?
1 Je

Therefore, we have

||PQ*(§)”11 _ ”PQ*(U]V}—C)”[l + ”PQ*(MICV}—)”ll < ”PQ*(U]V}—C)”[l + ”uICv}r”h

€1, leervielly + ||u1<~vT||z1 - leervielln
2 2 1/9 1
L b Y. /

y Ta=y2 " 12+4/9 3

(4) If ey il < y L2, while 3¢ vil 2 L and 3jcje [vil 2 y 2

This case is the same as case (2).

() If Xies luil < 7%, and 2 jeje [vil < 7%1

This case is the same as case (3), except that now the lower-left block

urev} has very large mass and the upper-right block has small mass.
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(6) If e lusl <y and X e vl < yL:

This case is the same as case (2).

1Pa (@)l

To conclude, for all £ € Ty, we have IEP
LS |

1
Sg. O

Proof of Theorem [6.4.7]

We are now ready to prove the local optimality of L, on the manifold M,.

Proof of Theorem For any rank-r matrix L,

JL) = f(Ls) = [IM = Ly, = IM = L]l
= IS« + Lo = LIz, = |Slls,.-
Recall that the support of S, is Q*, which is p-sparse. Separating the entries
in Q* and (Q*)¢, we have
IS« + L = Ll = [IS:ly
=[Pa- (S + Lv = L) Iy, + 1P(@ye (S« + Lu = D)ll; = IS4y
> = [|Pa((Ss + Ly = L) = Sl + I1P@ye (S« + L = L)l
== |Pa- (L« = L)ls, + [[P(@sye (Ls = L) |1,

It remains the show that || P(q«)c (L.—L)||;, is consistently larger than || Po: (L.~
L)||;,- This is intuitively correct because Q* is much sparser than (Q*)¢ when
p is small. To show this, let ¢ = Py, (L - L.) be the tangent space projection
of L — L,. Then
1Po- (L. — L)l _ P (Ls = L)l
I1Pa(Le = D)l + 1Pe@ye (Lo = D)y~ 1L = Lully,

1Po: (Il + II(L = L) = &l

€Ml = I(L = L) = €lly,

We now show [[(L — L.) — £|;, is sufficiently small when L is sufficiently

(6.7)

close to L.. Specifically, for arbitrary L, we have
I(L = L.) = &lln = I(L = L) = P, (L = L)l
=L = P, (D)l
= 1Pz, (D) (6.8)
< Nmnl|Pf, (D)l
< Vmn||Py, = Py, ll2- |Pv, = Py, ll2- IL|lF.



157

It is known [126] that for any unitary invariant norm (including operator 2-

norm and Frobenius norm), the following SVD perturbation bound holds:

2 .
”PUL - PUL* ”2 + ”PVL - PVL* ”2 < ?”L - L*||2’ where 6 = mln{O’r(L*), O-r(L)}
(6.9)

Note that in both cases (with or without Condition [6.1.3), we always have
IL = L.|l2 < %. This is because in the first case without Condition [6.1.3]

2
given ||L - L. ||11 < 120%, we have

o o

oy
% S —_——— < —
I 2 60roy\Vmn 2
Since ||L — L.||» < %, we have 6 = min{o,(L.), 0, (L)} > & (L) . Thus

IL - Lill2 < IL = Luflr < IL-L

8
1Py, = Py, 1>+ 1Py, = Py, |I> < < IIL - L.|1>.

r

Using the Frobenius norm and plugging the above into (6.7), we have

8\/
(L= L) =€l < IL = LIZILI F. (6.10)
Since ||L||r < ||L«llp + 75 < %roq, and ||L — L.||r < ||L — L.||;;, we have
121’0’1\/
(L~ L) —élly, < )L~ L, 7 (6.11)
. . . o2
Thus, in the first case, if ||L — L.||;, < Tooro v We then have
12rovVmn o?
L-L,)- < . L-L,
II( ) =€l -2 120r01«/%” Iy
1
< sl = Ll
1
ST (L = L) = Elly, + 1€ ) -

This implies

1
(L = L.) =&l < §|I§|Izl-

By Lemma |6.4.7] P2 (&)l < 1 . Plugging both of them into (6.7)), we have
y G g8ing

1Por (Ls = L) ||y, 1/3+1/9 1

< = —.
IPo-(Ly = L)|lsy, + 1P@+ye (L = L)|l;, ~ 1-1/9 2
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Thus, ||Pq: (L. — L), < [[P(q+)c (L« — L), which implies f(L) — f(L.) > 0.

When Condition [6.1.3/holds, i.e., when n(L — L,) = H > cymn, we can

deduce from (6.10) that

12royymn 1 5 12roy 5
L= L) =€l < 2V L L} = 5L~ L}
lor c*mn c?of\mn
. 6‘20'2\/% .
In this case, we only need ||[L — L.||;, < 00, 1O obtain the same result.
This proves the theorem. o

6.5 Linear convergence of the subgradient method
Having established the local optimality of L. on the manifold M,, in this
section, we establish the linear convergence rate of the Riemannian subgra-
dient algorithm toward L.. The main theorem is as follows. Note that
this result holds for all r and is not restricted to r = 1.

Theorem 6.5.1 (Linear convergence). Let L be the spectral initialization gen-
erated by Algorithm |2, Let {Ly}k=o be the sequence generated by the Riemannian
subgradient algorithm with stepsize ay = ag - B, where ag and B < 1 are
small enough positive constants. Assume that L, is the local minima of (6.1). Let
Condition [6.1.3|hold for all k > 0. Assume further that

c2o?

<—r
P> 1344302

Then {Ly}r=o converges linearly to L., i.e., there exists C, ¢ > 0 such that ||Ly —
L., < Ce™°* for large enough k.

The proof of Theorem is deferred to the end of this section. The ma-
jor tool of the proof is the following lemma which establishes that sharpness
and weak convexity imply the linear convergence rate of subgradient meth-
ods.

Lemma 6.5.2 ([45, Theorem 5.1]). Assume f(x) : M — R is L-Lipschitz with
respect to a norm || - ||. Let X be the local minimizer of f(x) in a subset of the
manifold B C M. If f(x) satisfies the following two conditions:

* (Sharpness) For any x € B,

Jx) = f(®) 2z w-[lx-x||. (S)
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* (Weak Convexity) For any x, y € 8B,

) 2 F@)+@f (). =) = Slly =« (©)

Let the stepszze in Algorzthmlbe ay =A-g~, where A = pL ,qg=+1-(1-v)712,
where v = ¢, and y € (0,1) is a fixed constant. Then we have

2w2 k
o =51 < o= (1- (- n7?)

The constants w in (S) and p in (C) are called the sharpness and weak convexity
constants.

The constants w and p can be interpreted as follows. A larger sharpness
parameter w implies that the function is “sharper”, and the convergence is
faster. In the convergence rate result, we have (1 - (1 — y)7?), where 7 = 7
Thus a larger w allows us to let the stepsize decay more aggressively, which
gives us faster convergence rate. On the other hand, a smaller weak convex-
ity parameter p implies that the function is “more convex”, and the linear
convergence rate is guaranteed in a larger local region. This is because the
previous convergence rate only holds in a region Ty := {x € 8 ¢ M :
lx —x|| < y%} for some y € (0,1). A smaller p allows for a larger 7,. In fact,

when p =0, f is globally convex, and we have global convergence.

We also note that there are other types of stepsize schemes which also give
linear convergence, such as the Polyak step size or the constant step length
[45]. The geometric step size that we use is the most popular and suffices
for our purpose.

Lemma 6.5.3. The sharpness condition (S)) is satisfied in the local region near L.
on M,. More specifically,

1) Forall L € M, such that |L — L.||;, < 168”\/% and ||L — L.|l» < %, the

sharpness condition is satisfied with the || - ||;, norm and w = g;

2) Furthermore, if Condition 6.1.3|is satisﬁed then for all L € M, such that
IL=Lully <
with w = 3.

168m “and ||L—L.||2 < &, the sharpness condition is satisfied
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Proof. We have shown with (6.11)) in the proof of Theorem that when

IIL - L.|2 < %, we have

121‘0’1 \/

I(L—=L.) =€l < i - L. 7.
Thus, if |[L-L.||;; < W, similar to the proof of Theorem|6.4.1, we have
12ro\mn 0‘2 1
L-L,) - < L— L. < L-L +
1€ ) = ¢l - 168ml\/_ll ly < T (Il O = Elly +11€ll) -
This implies

1
ICL = L) = &l < 3161
which further gives us

|Po- (L. — L)l _ |Pa- (L« — L)1, _1/3+1/13 4
IL. = LIl 1P+ (L. = L)|l;y + 1Py (L = L)|l;, = 1-1/13 9

Thus,

1
fL) = f(Ls) 2 =lIPar (Le = D)l + 1P@ye (L = L)l 2 GIIL = Lalls,-

In other words, (9) is satisfied with w = %. The case with Condition can
be proved similarly. o

Lemma 6.5.4. The weak convexity (C) is satisfied in the local region near L., on

M. Specifically, for all L € M, such that |L — L.|l2 < %, f(L) satisfies weak
12roy\mn
a7

convexity with constant p = . Furthermore, under Condition 6.1.3

this can be improved to p = cz?; -
:

Proof. Consider X,Y € M,. We have
fX) = f(Y) = (Orf(Y),X-Y)
=M - X|l;, = IM =Y|l;, — (Pr, (0f(Y)), X -Y)
=M = X, = IM =Yl;, =@f(Y),X =Y)+(Py, (8f(Y)),X =Y).
The first part [|M - X||;, — [|M = Y|, —0f(Y),X —Y) > 0 because || - ||, is

convex in the ambient space. Now consider the second part which is the
term (P;Y (0f(Y)),X —Y). We have

(P3, Of(Y)), X =Y) =(0f(Y), P, (X =Y)) 2= [0f(V)lli, - 1P, (X = V)]l
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It is easy to see that
18 ()i, = llsign(¥ = M)]|,,, < 1
Thus, we have

fX) = f¥) = Orf(Y), X =Y) 2 =[IP, (X = V)]l

To establish the weak convexity condition, it now suffices to compare ||P;Y (X-

. _ 2 . . . .
Y)|l;, with || X - Y| - Similar to the proof of (6.11)), for any X, Y in the region
{LeM,: |IL-L| <%},

121”0'1 \/
1P, (X = V)]l < OV X - Y7
Therefore, (C) is satisfied with
12)’0‘1 \/
O-r

When Condition is satisfied, we have

12ro
IPE (X =)l < 22J_MX Y2
This gives
_ 12ro- 1
P= czarzx/mn’
which is a smaller weak convexity constant. o

Theorem 6.5.5 (Local linear convergence). In the local neighborhood {L € M,
IL = Lilly < 5 o \/W} we have that Ly converges linearly to L. If Condition

is satisfied, the local neighborhood can be extended to {L € M, : ||[L—L.||;, <

%%%?HL—Lmzs%y

Proof. This is a direct consequence of Lemma Lemma and Lemma
6.5.21 O

The question remains as to whether the initialization is in the local region
required in Theorem When it comes to the initialization, we first have
the following lemma characterizing the distance between the initial point
and the ground truth.
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Lemma 6.5.6 ([131, Theorem 1]). Under Assumptions the initialization
Ly is close to L. in the spectral norm. Specifically,

ILo — Lill2 < 8pur - o1.

We are now ready to prove Theorem which is the linear convergence
of Algorithm [Tjwith the initialization as in Algorithm

Proof of Theorem[6.5.1, To prove the linear convergence of the Riemannian
subgradient using the spectral initialization, it remains to show that under
the assumptions of Theorem the spectral initialization Ly is in the lo-
cal neighborhood of Theorem and remains in there along the whole
trajectory.

We first show that the spectral initialization Lg is in the desired local neigh-

2.2
borhood. Since p < 13:4’1—0:302, we have
1

ILo = Lillyy, < Vmnl||Lo — L.||[p < rvmnl||Lo — L2
< rymn-8puroy

2 i 202
< 8ur-oiVmn - ———
1344purdo?
- c?o2\/mn
= 168roq
We also have
c?o? c2o? o

Lo — L.||l2 < 8puroy < 8uroy - = < —.
1o la < 8purc < 8uran 1344,ur30'12 168r201 2
2 .2
Thus L is in the local neighborhood {L € M, : ||[L - L.||;; < %Z_", IIL —
L.l2 < 5}

Next, we prove that the whole trajectory {L} =0 is in this neighborhood as
well. From the proof of [45, Theorem 5.1], iteratively, the sequence satisfies

||Lk—L>,<||,21 < 7:;)2 (1-(1- y)TZ)k, which is bounded by 7;‘;’2. In other words,

2,2
if Ly, k =0, 1, ...,K is in the local neighborhood, then ||L; — L*||121 < yp(f
for 0 < k < K. Here w and p are sharpness and weak convexity constants.

When Condition [6.1.3|is satisfied, we have w = % and p = 12191 Thuys,

c2o2\mn’
Yo CZO'rz\/mn
o 4 108roy




163

2 2
With a small enough constant y, we have ||Ly — L.||;, < % < Clzgr‘;:". In
addition, using Condition we have
2 2
yw c?o?
Liy—L.||> < ||Lrx — Ls||F £ Ly—L.|, £ ——=v- .
| Lk ll2 < [[Lk |F CWH k Il N Y 108r0r

With a small enough y that only depends on ¢, o1, o and r, one can have
ILy = L.|l2 < %. Combined with the bound on ||Ly — L.||;;, L is in the
local neighborhood. Using Theorem we have linear convergence of
Riemannian subgradient along the whole trajectory. |

6.6 Discussion

In this chapter, we have discussed the RPCA problem as an application of
the low-rank matrix manifold M,. We solved the RPCA problem by mini-
mizing the /; loss function f(L) = ||M - L||;, over L € M,, and used Rieman-
nian subgradient descent method since f(L) is a nonsmooth function with
well-defined subgradient. We investigated the incoherence property of the
tangent space of the manifold near the ground truth L., and used incoher-
ence to show that L. is a local minimizer of (L) when the rank r = 1. We
then looked at the convergence rate of the Riemannian subgradient algo-
rithm, and showed that under certain assumptions, Riemannian subgradi-
ent converges to the ground truth in a linear convergence rate. In particular,
under a mild condition, the spectral initialization suffices to guarantee lin-

ear convergence of the algorithm.

Our work differs from other works in the literature in that we are the first
to use Riemannian subgradient for the /; loss function on M,. This demon-
strates the flexibility of the low-rank matrix manifold M, for different low-
rank recovery problems outside of the framework in Chapter 5| Our analy-
sis of the Conditions (S) and (C) for the linear convergence of Riemannian
subgradient algorithms could potentially be extended to other problems on
the manifold.

Although the local optimality result is restricted to r = 1, numerical evi-
dence suggests that this is true for r > 1 as well. Analysis of incoherence in
the tangent space is more complicated for rank » > 1 since the SVD factors
become nontrivial. Extension of local optimality to r > 1 is left for future
work. Another restriction on our results is Condition which, though

not stringent in practice, is hard to prove in theory. It would be interesting
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to either remove this condition or prove that it holds true with the subgra-
dient algorithm.
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Chapter 7

SOBOLEV GRADIENT DESCENT FOR A CLASS OF
NONLINEAR EIGENPROBLEMS

In this chapter, we consider an application of the convergence guarantee for
manifold first-order algorithms that extends beyond the low-rank matrix
manifold, as it is posed on an infinite dimensional Hilbert manifold. We ex-
plore how the insights gained and tools developed for the low-rank matrix
manifold M, can be extended to other manifolds in broader scientific and
technological fields.

Our contribution is that we establish the linear convergence rate of the
Sobolev projected gradient descent (Sobolev PGD) algorithm that has been
observed in numerical experiments [72]. To show this, we propose to use
the Lojasiewicz inequality as a general tool for analyzing the convergence
rate of gradient descent on a Hilbert manifold. Using this tool, we show
that a Sobolev gradient descent method with adaptive inner product con-
verges exponentially fast to the ground state for the Gross-Pitaevskii eigen-
problem. This method can be extended to a class of general high-degree
optimizations or nonlinear eigenproblems under certain conditions. We
demonstrate this generalization using several examples, in particular a non-
linear Schrodinger eigenproblem with an extra high-order interaction term.
Numerical experiments are presented for these problems.

Organization of the chapter. We have given a brief introduction of the
problem setting in Section The rest of the chapter is organized as fol-
lows. In Section we discuss the background of the problem and com-
parison with related work in more detail. In Section we introduce the
Lojasiewicz inequality tool with mixed norms on the Hilbert manifold as
an abstract convergence theorem. In Section we establish the main re-
sult about the exponential convergence of the a,-Sobolev gradient descent
method applied to the Gross-Pitaevskii eigenproblem. Section is de-
voted to the analysis of spatial discretization. In Section we introduce
several extensions of the Sobolev gradient descent to other nonlinear eigen-

problems. Some numerical results are presented in Section Finally, we
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make some concluding remarks in Section[7.7]

7.1 Background
The problem of interest here is the Gross-Pitaevskii eigenproblem, which
seeks 4 € R and v € Hj(Q) that satisfy the following equation

~Av+Vv+BvPv=Aav onQ cRY, (7.1)

where Q is a bounded region in R¢, V(x) > 0 is an external trapping poten-
tial, and 8 > 0 is a parameter describing the repulsive interaction between
particles. In physics, this describes the Bose-Einstein condensate when the
temperature is close to absolute zero. The eigenstate v corresponding to the
smallest A describes the ground state of this system. It has long been studied
both in experiments [5] and in numerical analysis [28, 52} 73, 99].

To find the ground state v is equivalent to solving the following minimiza-
tion problem:

min E(u) ::/ (qu|2+V|u|2+'§|u|4 dx. (7.2)

lull,2=1, ueH}(Q) Q 2
The constraint set {u € Hé (Q) : ||lul[z2 = 1} is the unit sphere in Hé(Q). It can
be seen as an infinite dimensional Hilbert manifold. Such a manifold (with
additional L*(£2) constraints) will be denoted as M in subsequent sections.

In this chapter, we focus on a special manifold gradient descent method
named the Sobolev projected gradient descent (Sobolev PGD), first proposed in

[72]. This method has the following iteration formula:

(una un)Lz

(gun Up, gu,, un)au"
A detailed discussion of Algorithm (7.3) can be found in Section[7.3]

Ups1 = R (1 - Tn) Up + Ty - Qunun . (73)

The idea of using a discretized normalized gradient flow (DNGF) to solve
Problem can be traced back to [15]. Following this seminal work there
have been a number of variants, see e.g., [42, 43 54] and the review paper
[14]. The viewpoint of (Riemannian) manifold optimization has also been
explicitly adopted in [43]. Based on those methods with fixed inner prod-
ucts, the adaptive version of a,-Sobolev gradient descent has recently been
proposed in [72]]. Despite its popularity, quantitative convergence analy-

sis of the DNGF family has been quite lacking. The convergence rate has
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been either unavailable, or only proved for the gradient flow [72]. Another
popular choice is the self-consistent field iteration (SCF), see e.g., [27], but
rigorous global convergence rate is also difficult to establish. There are also
second-order methods like the Riemannian Newton method, but they re-

quire second-order information which can be expensive to obtain.

We highlight the main differences between our work and [72]. The authors
of [72] first propose the Sobolev gradient descent method (7-3). They estab-
lish the exponential convergence rate of the time-continuous gradient flow.
But the important question of whether the time-discrete gradient descent also
achieves optimal exponential convergence rate remains open. Our main

contribution is to give a confirmatory answer to this question.

To prove the convergence rate, we introduce the Lojasiewicz inequality tool
to this problem. The Lojasiewicz inequality has been discussed in Section
[1.3|where it serves as a fundamental convergence tool for low-rank recovery
on the low-rank matrix manifold. We rewrite it in a slightly different form
in Section Using the Lojasiewicz inequality tool, we reveal that the key
to exponential convergence is the quadratic nature of the objective energy
functional. In other words, regarded as a polynomial, the objective func-
tional should behave like a degree-2 polynomial under the given manifold

metric.

Although the degree of polynomial of the objective function in Problem
is formally higher than quadratic, Algorithm changes the situ-
ation by using an adaptive inner product a,(-,-) instead of a fixed inner
product. As a comparison, using a fixed inner product, the Lojasiewicz ex-
ponent (the 6 in Theorem calculated in [132] is 1/4; while in our work,
using an adaptive inner product, we have 6 = 1/2. The latter is more desir-
able according to Theorem Thus, in Section using the Lojasiewicz
inequality tool, we are able to prove the exponential convergence rate of

discrete time gradient descent directly.

The Lojasiewicz inequality tool also makes the Sobolev gradient descent
easily applicable to general optimization of high-degree objective or eigen-
value problems other than the Gross-Pitaevskii eigenvalue problem. Its in-
teresting property of making a high-degree polynomial behave like quadratic
is not specific to a certain problem, but is general. Examples include the bi-

harmonic Schrodinger, the nonlinear Schrodinger with a different order or
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extra interaction terms, and potentially some general manifold optimization
problems.

In addition to the necessary regularity conditions, the only essential re-
quirement is that the global ground state of the nonlinear problem is also
the unique ground state of its linearized version, what we call the “double
ground state” propertyﬂ For Problem , this property will be rigorously
proved in Section For many other problems, it is either provable, or a
reasonable assumption according to numerical evidence.

Specifically, an example of nonlinear Schrodinger eigenproblem from [17]
is rigorously discussed in Section[7.5 This example has an extra high-order
interaction term —6A(|v|*)v where § > 0. Classical methods that work for
could become inefficient or unstable for this problem. A density func-
tion reformulation p := |u|*> was proposed in [16], but it has to treat the
lack of continuity of V4/p near 0" with extra regularization. Therefore the
adaptive Sobolev gradient descent is advantageous for its simplicity and
fast convergence.

We remark that if the domain is convex, an alternative approach to derive
local linear convergence rat of gradient descent methods is to use strong
convexity (SC). This is especially popular in the finite dimensional data sci-
ence problems [39]. Attempts have also been made to extend it to noncon-
vex settings like manifolds. Some works in this direction can be found in
[1, 29]. We emphasize that our approach using the Lojasiewicz inequality
has its advantages over SC, namely it applies to degenerate critical points
where SC could fail, and it allows more freedom in the choice of iterative al-
gorithms and convergence measures. A more detailed comparison of these

two approaches would be of interest in future research.

7.2 Abstract convergence theorem using the Lojasiewicz inequality

In this section, we introduce the Lojasiewicz inequality tool as an abstract
convergence theorem. We show that one can deduce the convergence of
an iteration algorithm from a triplet of conditions (L), (D), and (S). Further-

This property is nontrivial. Although an eigenstate of the nonlinear problem is always
an eigenstate of the linearized problem, it is not always the lowest energy eigenstate (i.e.,
ground state) of the linearized problem.

2Both exponential and linear convergence refer to the case where erry < c* - errq for some
0 < ¢ < 1. We sometimes use both terms interchangeably. The term linear convergence is
more popular in the optimization community.

k



169

more, whether the convergence rate is exponential (linear) or polynomial
(sublinear) is determined by the exponent in the (L) inequality.

Theorem 7.2.1. Assume that the domain M is a Hilbert manifold. Let || - ||x be a
norm on T M, the tangent bundle of M, and || - ||y be a norm in the ambient space
of M which is complete. Here || - ||x and || - ||y can be either same or different. Let
{un}>y © M be a sequence generated by some iterative algorithm. Assume that
E (u) is differentiable on M and let grad E (u) be the manifold gradient of E (u). If
E(u) and {u,}" , satisfy the following conditions for all n € Z,.:

* (Lojasiewicz Gradient Inequality) There exists u™ that is a cluster point of
{u,}, and there exists 0 < Cy < +00,0 < 6 < %, such that for large enough
n,

|E(un) = E)'™ < Cllgrad E (uy)lx; (L)

* (Descent Inequality) There exists Cp > 0 such that for large enough n,
E(up) = E(ups1) 2 Cpllgrad E (un) || x lluns1 = unlly; (D)
* (Step-size Condition) There exists Cs > 0 such that for large enough n,

lttps1 — unlly > Csllgrad E (u,)||x. (S)

Then u* is the unique limit point of {u,.},” , w.r.t. ||-|ly. Moreover, {u,} , converge
to u* with the following asymptotic convergence rate:

e~", iff= %,

lw —ully s {7 0 1
n~ T2, if 0 € (0, 3),

where ¢ == 1log (1 — CzDT%S)'

Proof. {E(uy,)} is monotonically decreasing from Condition (D). Since u* is a
cluster point of {u,}, E(u,) > E(u*) for any n. We also have lim,_,« E(ut,) =
E(u*) by continuity of E(-). Without loss of generality, assume that E(u*) =
0. By Conditions (D) and (L), we have

E(un) — E(un+1) CL 0-1
Collgrad E(un)llx = Cp (En) = Ens)) Eun)

||un+1 - un”Y <

C E(un) C
< —L y9—1 dy = L

< —(E(u Q—Eun19.
Co Jeun GCD( (un) (Un+1)")



170

Using a bootstrapping argument, we have that for any m > n,

||un—um||ys9%<E<un>9 E(un)?) < CC E(uy)’. (7.4)

Since E(u,) is convergent, we deduce that u, is convergent, and the limit
point is u*.
To estimate the convergence rate, let r, := Y02 |lug+1—ur|ly, then ||u,—u*|ly <

rn. It suffices to estimate the convergence rate of r,. By Conditions (L) and

(S), for large enough n,
sy 11— C
|E(u,) — E(u)|"™ < Cp|lgrad E (u,)||x < C—inunﬂ — |y

Since we have made the assumption that E(u*) = 0, we obtain

1
C =g
E(u,) < (—CL st = unuy) . 75)
N

Thus, we have

oo

o= D ko =l < 3% G (Bl = Blun)) = G Bl

1-6 %
s — unny) _

-0
< — Cu (CL (rn_rn+1)) s

CL (G
~ 0Cp \C

" 0Cp \Cs
where the first inequality is due to (7.4) and the second inequality is due to
(7.5). This gives
1o -1 1-6

rpp1 <rp,—Cr,? , C:= CLG(QCD)TCS.
Note that here 0 < C < 1, otherwise the sequence would have converged in
finite steps.
If 6 € (0, %), lets, :=sgn™,y= ﬁ, and sg > max{rg, (C/y)™"}. Then

y+l 1-0

1 -Y 1 = 1-0
Sn+l = Sn (1 + _) = Sy (1 - = 7) = Sn (1 Y5y 1y 1/7) 2 CSny =85y — Csn" .
n

1-0
Combining sg > ro, rps1 < 1y —Cr,? ,and s,41 > s, — Csn , by induction,

0
ry <8, =son =20 Vn,

which is polynomial (or sub-linear) convergence.
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Ifg =1 thenr, < (1-C)ry and

rp <rge, ¢ :=In(1-0C),

which is exponential (or linear) convergence. O

The above result can be seen as a generalization of Theorem 2.3 in [118] to
the Hilbert space/manifold. Another work in this direction is [59]. What is
new in our version is that one has the freedom to choose mixed norms (|| - || x
and || - [ly), as long as the conditions (L), (D), and (S) can be satisfied under
these norms. One example is the || - ||, in this chapter, which varies with u.

The advantage of the Lojasiewicz inequality approach is that instead of
dealing with the time discretization of the gradient flow, it gives the con-
vergence of the gradient descent directly. The triplet of conditions (L)), (D),
and (S) in Theorem all have clear and intuitive meanings. In fact, it
is easier to deduce the convergence property of the gradient flow from that
of the gradient descent, since we only need to take the limit 7 — 0%; while

the reverse direction from gradient flow to gradient descent can be more
difficult.

An important observation is that the exponent 6 in Lojasiewicz gradient
inequality indicates the degree of polynomial of the objective function. For ex-
ample, consider x € R, let f(x) = x* fora positive integer k, then Lojasiewicz
gradient inequality holds with 6 = 1/k. From this viewpoint, exponential
convergence is closely related to certain quadratic-like behavior of the ob-
jective functional. It is thus unusual for a quartic-quadratic functional E(-)
(i.e., a functional which is the sum of nonnegative quartic and quadratic
terms) to have exponential convergence rate. What the Sobolev gradient

does is to force the quartic term to behave like quadratic. This is the idea
behind the proof of Theorem[7.3.9

7.3 Exponential convergence of Sobolev gradient descent

In this section, we establish the convergence rate of the a,-Sobolev gradient
descent for Problems and (7.2). In Section we introduce the set-
ting of manifold optimization and derive the a,-Sobolev gradient descent
method. In Section using the Lojasiewicz inequality tool from the pre-
vious section, we prove the exponential convergence rate by checking con-
ditions (L), (D) and (S) for this specific method.
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Manifold setting and derivation of a,-Sobolev gradient descent.
The following assumptions on €, V and g will be required throughout this

section.

Assumptions 7.3.1. Let Q, V and B be chosen such that the following assump-
tions hold:

e Qisabounded domaininR?, d =1, 2, or 3, and Q is either convex Lipschitz

or has a smooth boundary;
* V>0andV e L*(Q), V is a trapping potential, and § > 0.

Remark 7.3.2. V is chosen as a trapping potential so that the eigenstates of
interest are localized. It is then natural to impose zero Dirichlet boundary
conditions on Q. Examples of a trapping potential include the well model
in the classical Anderson localization where lim |, V(x) = +c0, and the
fully disordered model with high contrast and small interaction length.

Define the infinite dimensional Hilbert manifold M as
M:={ue H(l)(Q) ull 2 =1, llullz=@) < Mo for some global constant Mo} .

Then M is a submanifold in Hé (Q) N L*(Q). Note that although the original
problem allows v(x) € C, we restrict our search to u(x) € R, as we will
see that the existence of a real and positive ground state is ensured by The-
orem We also remark that ||ul|z~q) < Mo is not directly guaranteed
by the iterative algorithm, but is rather left as an assumption. It is a plausi-
ble assumption because we will see that the ground state v is in L*(Q) by
Holder continuity in Theorem[7.3.4]

For simplicity we drop € in norm and inner product notations when there

is no confusion. The tangent space of M at point u € M is defined as
TuM = {& € Hy(Q) NL(Q) : (&,u)2 =0}, (7.6)

We need an inner product in the tangent space, denoted as (-, -)x. On the fi-
nite dimensional Riemannian manifold, this is dubbed the Riemannian met-
ric. It can be easily generalized to the infinite dimensional Hilbert manifold.

For u # 0, the retraction of u onto M is given by

R(u) = u/|ull 2.
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Note that the retraction operation itself is independent of the choice of the
inner product (-, -)x, but its approximation property is not. When the inner
product (-, )y is introduced, it is usually required that the retraction is at
least first-order, i.e., R(z + &) = z+ o(||€]|x) for z € M and & € T,M.

Given an inner product (-, -)x, let G be its associated Greens operator, i.e.,
(z,Gw)x = (z,w)2, Vz,w e X.

For an arbitrary element ¢ in the ambient space, the projection onto the tangent
space at point u € M is given by

(‘f’ u)Lz

T Gu gy 2"

Prm (&) = ¢

Given a differentiable function E(u) defined on M, the Sobolev gradient of
E (u) with respect to the inner product (-, -)x is the unique element Vy E (u) €
X such that

(VxE(u),w)x = (VE(u),w);2, VweX.

The manifold gradient of E(u) on M, denoted as gradE (u), is the projection
of the Sobolev gradient onto the tangent space with respect to the inner
product (-, -)x. Thus we have
(VxE(u),u);2

(Gu, Gu)x
It can be inferred from the above expression that grad E(u) = 0 implies
VE (u) = Au for some scalar A. If E(u) is as in (7.2), then u is an eigenstate of
. This fact is independent of the choice of inner product (-, )x.

grad E(u) = Ppm(VxE(u)) = VxE(u) —

The choice of the inner product in the tangent space plays an important role
in the analysis of manifold optimization algorithms as different inner prod-
ucts give different forms of gradient flow and gradient descent algorithms.
Popular choices include L?, H!, and the ag inner product defined as follows:

(2, W)g, = / VzVw + Vzw, Yz, weT, M, ueM.
Q

All the above inner products are fixed everywhere on the manifold. Things
become interesting when the inner product becomes adapted to u. Specifi-

cally, we are interested in the following inner product

(z,W)q, = / VzVw + Vzw +,B|ulzzw, Ve, weT M, ueM, (7.7)
Q
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and we define
Ay = —A+V + Blul’, (7.8)

such that (A,z,w);2 = (z,w),, for any z, w. This new inner product (-, -)q,
can be seen as the linearization of the Gross-Pitaevskii energy functional. A
desirable property of this inner product is that the Sobolev gradient of E (u)
is u itself, i.e.,

Va,E(u) = u. (7.9)
This inner product has the associated Greens operator G, whose properties

have been explored in [72].

Lemma 7.3.3. Under the adaptive inner product (-, -),,, the retraction R is second-

order.

Proof. For u e M and for any ¢ € T,M,
[R(u+&) — utEla, _ A= 1/lu+Ell2)+E)lla, _ ‘1 1

llu +&lla, llu +&lla, [l + &1l 2

Note that ¢ is a tangent vector of the manifold at u. By 1} lu + & ||%2 =
lull2, + 1112, +2(&,u);2 = 1+ [£]12,. Thus we have

IR(u +&) = (u+&)|la,
[t +&lla,
By the Poincaré inequality, when V > 0 and g > 0,
€12, < CplIVENZ, < Cplil3,

for some domain constant Cp > 0. Thus we have

IR(u+€) = (u+E)lla, = OUEIIZ,),

where the constant in O(-) is independent of &. O

1
= |1 = @+ 1127 = S0, + OClél):

Using the inner product (-, -),,, the manifold gradient becomes

(u, u)p2
(Gutts Gutt)a,
We now have the Sobolev projected gradient descent (Sobolev PGD) as in

(7.3):

grad E(u) = u — Guu. (7.10)

Uns1 = R (up — 7 - grad E (u,))
(Up,un)p2 (7.11)
Gu,n | -
(Guttns Gu,Un)ay,

=R|(1-71)u,+7,-
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Asymptotic convergence and exponential rate.

Throughout the rest of the chapter, let v always denote the global minimizer
of E(u), i.e., the ground state of the nonlinear eigenproblem. Let 1 always
denote its corresponding eigenvalue. We have the following basic observa-
tions about the ground state v.

Theorem 7.3.4. There is a ground state v that satisfies v(x) > 0 everywhere on
Q. It is the only strictly positive eigenstate of up to scaling. Moreover, it is
both the unique ground state of the nonlinear eigenproblem and the unique
ground state of the linearized operator A, up to the sign. Moreover, v has Holder
reqularity v € C%*(Q) for some 0 < a < 1.

Proof. This theorem is a consequence of Lemma 2 in [28] and Lemmas 5.3
and 5.4 in [72]. We only outline the main idea of the proof here to make this
chapter self-contained.

The idea is that the existence of at least one global minimizer v is ensured
by the convexity of E(u). The Holder continuity of v is ensured by ellip-
tic regularity, see e.g., [67, Theorem 8.24]. This v can always be chosen to
be nonnegative because E («) = E(|u[). This nonnegativity can be made into
positivity by applying the Harnack inequality to (A, —-21), see e.g., [67, Corol-
lary 8.21]. Thus, there exists a ground state of the nonlinear problem that is
positive. The same argument shows that the ground state eigenfunction of
the linearized operator A, is also positive and is unique. Since v is an eigen-
function of A, and is positive, it is exactly that ground state. Thus we have
the “double ground state” property. Finally, the uniqueness of any positive
eigenstate of the original nonlinear eigenproblem can be established by con-
tradiction. This can be done either by the Picone identity as in [72], or by
showing that as long as some u itself is the ground state of the linearized

operator A,, it must be the ground state of the original problem. o

It turns out in subsequent results that v being the “double” ground state in
Theorem is essential to the exponential convergence rate.

Lemma 7.3.5. If the initial point uq of the Sobolev PGD satisfies ug > 0 every-

o0

where on Q, then {u,}, , generated by the Sobolev PGD with step size Tyiy < T, <

Tax for some 0 < Tpin < Tyax < 1 converges to the ground state v strongly in
HY(Q).
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Proof. The proof is originally developed in [72] and we only outline its main
idea here to make this chapter self-contained. The key idea is to show that
u,(x) > 0 for all n by induction. Assume that u, > 0, we will show that this

implies G, u, > 0, and with 7, < 1 this implies u,,; > 0.

Specifically, observe that G, u, is the unique minimizer of

¢(y) == (¥, ¥)a,, — 2(y, un) 2.

Since u, > 0, we have that ¢(|y|) < ¢(y) Vy. This implies that the minimizer
of ¢(-) is nonnegative because we can always take the absolute value of the
variable without increasing the functional value. Thus, G,,,u, > 0. We then
use the fact that u,,; is the scaled weighted average of two nonnegative

quantities:

(Un, Un) 2 . -
2 > 07 Uptl = un+1/”un+1”L2‘

(Gupttns Guytn)a,,

Upsl = (1 - Tn)un + Tn')’ngunun’ Yn =

Thus, we establish that u, > 0 implies u,4; > 0. Since ug > 0, we have that

u, > 0 for all n.

The existence of a cluster point u* for {u,} can be ensured by energy decay.
This convergence to u* is in the sense of weak convergence in Hé (). From
the above induction, u* is nonnegative, and following an argument similar
to that in Theorem we can show that it is all positive.

Since the step size is lower-bounded, u* must be a fixed point of E (1), where
grad E(u*) = 0. As we mentioned above, grad E(u*) = 0 implies VE (u*) =
Au” for some scalar 4, i.e., u* is an eigenstate of the eigenvalue problem (7.1).
From the uniqueness result of positive eigenstate in Theorem[7.3.4we know
that it could only be the ground state v. Therefore, {u,} converges to v itself.

Finally, the weak convergence in Hj(Q) implies strong convergence in L” (Q)
for p < 6 by the Rellich-Kondrachov embedding. This would give the
convergence of energy {E(u,)}, and consequently strong convergence in
HY(Q). O

Before proceeding to the proof of Conditions (L)), (D), and (S), we first need

some technical lemmas.
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Lemma 7.3.6 (Norm equivalence). Under Assumptions there exist posi-
tive constants Cg, Cg depending only on B, My, V, and the domain Q, such that

-1
Cell lla, = Il llag = C [+ llay,»
~— —-1
Cell MNla, <Nl -l < Ce |l - la,-
Proof. As for the equivalence between || - ||, and || - ||4,, the second part of

the inequality holds for all 0 < Cg < 1 since u?

is nonnegative. For the
first part, by Poincaré inequality, IIZIIi2 <C PlZl?_Il for some domain constant
Cp = Cp(Q). Thus, we have

122, - Cellzl2, = (1 - Cr)lzf?, + /Q (1= Cp)V = Cuud) 22

> (1= Cplely - Cep [ 12
Q

> (1-Cg - CepM{Cp)Izl5, Yz e Hy(Q), Cr<1.

Take 0 < Cg < 1/(1 +ﬁM§Cp), then CEllzllgu < ||Z||30.

As for the equivalence between || - ||, and || - ||z1, we have

2 ~ 2 2 ~ 2 ~ 2N\ 2
12l2, - CEllzl2, = N1zl - Crlzf?, - Cr /Q (V + )z

> (1= Cp = CaCp(IVli + BMD) 12Py,  Vz e HY(Q), Cr<1.

Take 0 < Cg < 1/(1+Cp(|[VI|= +8MD)), then Cg|1z]12, < ||z]|%,- On the other
hand,

—~ 1 — 1 — 1
o I, ~ IRl = (G2 = DlzPy + Ca /Q (V + pud) 22 — Izl 2

o, —-1 ~-1
z(cpl(cE ~1) +Cg ﬁMg—l) 1zl 2

Take 0 < Cz < (1+CpBMZ)/(1 + Cp), then |Iz||%, < 6,;‘1||z||§u. The final
choice of Cg is the smaller of the two. O

In the next two lemmas, let A; and y; be the ith smallest eigenvalues of A,
and A, respectively, and v; and w; be their corresponding eigenfunctions
satisfying ||v;||;2 = 1 and ||w;||;2 (so that v = v, 4 = A7). Theoremhas
ensured the uniqueness of the ground state. The fact that A, only has point

spectrum ensures that there is a positive gap C, between 4; and A,.
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Lemma 7.3.7 (Perturbation of eigenvalues and eigenfunctions). Under As-
sumptions there exists a positive constant C = C(B8,V, My, Q, 11, C,), such
that for all u € M satisfying |lu —v||;n < C, we have that |ju —w1||;2 < s for some
s < 1.

Proof. For notational simplicity, we allow the constants C, C’ to change their

meanings through the proof. We also denote
ti=|lu—vlmp.
Using the variational form of the eigenvalues, we have

ﬂl = mll’l (Z, Z)au S (V$ v)(lu’
Z€H}(Q),
llzll 2=1

A1 = min (z,2)q, < (W1, W1)a,,
Z€H}(Q),
llzll 2=1

A+ A= min (z1,21)a, + (22, 22)a, £ (W1, W1)a, + (W2, W2)q, -
21,22€Hj (),

lz1ll 2=llz2ll  2=1,
21122

We will use the above relations to bound the gap between p1 and 41, and 1>
and u;y. First, we have

11 S (V) = (V2 V), + / B - v
Q
_ 2 _
—/11+/Q,8v (u+v)(u—-v)

< /11+2,8M8/Q|u—v|
<A1 +C(B, My, Q) -t.
Therefore, there exists C = C(8, My, Q) such that when ¢ < C,
H <A+ %CV. (7.12)
Next, we note that
A1+ A2 < (W1, W1)g, + (W2, W2)a,

= (01w + oz, + [ BP0 ewd (7

=y + o + /Q,B(v+u)(v - u)(w% +w%).
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To estimate ||w1||z~, note that it is the weak solution of
—Awq + Vwq +,Bu2w1 = U1w1.
Since V, u € L*(Q), by elliptic regularity, we get

Iwillgz < C(B,V, Mo, Q) ([lw1ll g1 + pallwill2)
< C(,B, V, M(),Q) + Cl(ﬁ, V, M(),Q) - U1

When d < 3, using Sobolev embedding, we obtain
willze < C(Q)[Iwill 2.
Since we have shown that y; < A1 + C - ¢, putting them together we have
Iwille < C(B,V, Mo, Q, 21) + C'(B,V, Mo, &, 11) - 1.
Similarly, we can prove thaiﬂ
Iwalle < C(B,V, Mo, 2, A1, 22) + C'(B,V, Mp, Q, 21, A2) - ¢.
Plugging them back into (7.13), we have
(W1, W1)ay + (W2 w2)ay < p1 + 2 + (C(B,V, Mo, 2, 21, 2) + C' (B, V, Mo, Q, A1, 42) - 1)* - 1.
Therefore, there exists C = C(B,V, My, Q, 11, A2), such that when ¢t < C,
A+ < pqp+up+ %CV. (7.14)
Combining and (7.14), we have

1 1 1
p1 < A1+ ECV, Mo > A — ng, K2 = p1 2 5C. (7.15)

Next, note that
_ 2 2\ 2
A1 < (W1, W1)a, = (W1, W1)g, +/ﬁ(v — u*)wi
Q

< w1 +C(B,V, Mo, Q)||wol|>w - t
<1+ (C(B,V, My, Q) +C'(B,V, My, Q) - 1)* - ¢.

3We omit the details of showing o < A + C -t by showing uy + o < 41+, +C -t using
the variational form.
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Therefore, there exists C = C(B8,V, My, Q, A1) such that when ¢ < C,

1
A1 <+ ECV. (7.16)
Equations (7.12), (7.15), and (7.16) contain all the relations between A1, A2, p1,

and u; that we will need.

Since {w;}, forms an orthonormal basis of Hé (), in order to estimate ||u —

w1l 2, it suffices to bound (u, u),, — p1. Note that
(U, u)g, — A1 = (u,u)q, — (v, v)a,

_ 3 22 4

= (u,u)g, — (v,v)q, +/Qﬁ(u ve—v7)

< (lullay + V1) - e = lla, +//3v2<u ) - v)
Q

< C(B,V, Mo, Q)([lull g + IVI[g1) - [l = vl +/Q,3v2(u +v)(u—v)
<C(B,V,Mpy,Q) -t.

The fourth inequality uses the norm equivalence in Lemma Thus,
there exists C = C(B,V, My, Q), such that when t < C,

1
a, — A1 < —=C,. 717
(u,u)q, — 11 ¢ (7.17)
Combining (7.15), (7.16), and (7.17), we have

1 1
(u,u)q, — p1 < L—LCV < 5 (u2 — u).
Assume that u = 3 °; ¢;w;, where 3,2, c? = 1. Then we get

(o)

(s t)a, — 1= ). =1 = A+ )y = pn = (1= ) (2 = o).
i=1 i=2

Since (u, u),, — p1 < %(/12 — u1), we have

1—c%£ lc1] > —.

2 V2
If ¢; < —1/V2, we can use —w to replace wq. Thus, we always have ¢; >
1/V2. This gives

lu = wallz =2 —2c1 <V2-V2<1.

In other words, s < V2 — V2. The constant C in the statement of the lemma
is the smallest of all the constants C, C’ in the proof. Since 1> = 4; + C,, the
dependence on A; is the dependence on C,. o
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Lemma 7.3.8 (Condition (L)) for the linearized operator). Let A : X — X bea
symmetric and positive definite linear operator on the Hilbert space with a bounded
Greens operator G. Let u; denote the i-th smallest eigenvalue of A, and w; be its
corresponding (normalized) eigenfunction. Assume that pp > pq. Then for any u
such that ||ul|;2 = 1 and |lu — w1||;2 < s < 1, we have

1
(u, Gu)p2

for some constant Cy, that depends only on s, p1, and uo.

(,u)a — (W1, w1)a < Cp | (u, u)a —

Proof. Since pj is strictly greater than u1, we can split A and « as

A=AY+ A2, AV =ap,, AP =aAP,
u=ub + u(z), u® = Py, u, u® = Pvf,lu.
Here P,,, is the orthogonal projection onto the subspace of wy under the L?
inner product, and Py, = id—P,,,. Then AV u = p1u®, and (1@, u?) 40 >
,112||M(2)||i2 since u? 1 wy. By definition of G, (u,Gv)a = (u,v);2 for any
u,v € X. We have
(u, GuD) 2 = i V12,
(u, gu(Z))L2 - (u(l), gu(2))L2 + (u(2), QM(Z))L2 - (u(Z), gu(2))L2,
@?,6u?) 2 = (Gu?,6u?)a 2 wlGu17,
= wlu®[2 - AGu@ P @1P,) = wolu® 2 - @@, Gu®)?,,

ie., (u, Qu(z))Lz < ,uglllu(z)ﬂiz-

Therefore, the objective inequality is transformed into

- ((u,u) 7 — (W1, w1)a)

L,
——+
(u, Gu)p2 H

= (C. = D@V, uV) 20y + @, uP) 1)) -

Cr|(u,u)za -

_
(Lt, g”l)L2
=(C - D(u,u)n -

CL

(u, GuD) 2 + (u, Gu?),»
CL

i DR, + 4 @2,

!

> (Cr = D (ualluDN3, + pallu®|17,) - + 4

Cruipo
p2 + (1 = ) [lu@ |12,
((CL = Dpz = CoLp)lu@ |12, = (CL = 1) (u2 = p) 1@,
p2 + (1 = ) [[u @2, '

= (CL = 1)(u1 + (2 = ) [u®13,) =

+ U1

= (2 — p1)
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We look for C; and u such that the above is greater than or equal to 0. In
fact, for any C, > 1, if

(CL—Dup = Crun
0 < Ju@2, < (CLL—l)(uz—;L:)’

then this is satisfied. Note that |[u — v1|[;2 < s implies ||u(2)||i2 < s2. So the

requirement on Cy, is

+ s )
(p2 = p1)(1 = %)

CL>1

Using the above technical lemmas, we are now ready to prove the following
theorems. They show that the sequence {u,} generated by (7.3) satisfies

Conditions (L)), (D), and (9).

The first theorem is on Condition (L) near the ground state v of the nonlinear
eigenproblem. It is the central one of the three theorems.

Theorem 7.3.9. Under Assumptions Condition (L) is satisfied for || - ||x =
Il lq, and 6 = % near the ground state v. In other words, there exists some constant
C > 0, such that foranyuin {u: u € M, E(u) > E(v), |lu —v|[zn < C}, we have

|E(u) — E0)|? < Cpllgrad E(u)]a,.

Proof. First notice that for any u in the constraint set of the theorem, E (u) —
E(v) < a,(u,u) —a,(v,v). This is because

E(u)—E(v)—((u,u)au—(v,v)au):—'g/Qu4—'[53/9114+B./Qu2v2

= —'g/g(u2 —-v2?2 <0.

Let w1 be the eigenfunction corresponding to the smallest eigenvalue of A,,
then

(M,I/t)au - (V, v)au < (I/t,l/t)au - (Wl»wl)au-

On the other hand, by (7.10), we have

2 2 1
= (U, u)q, =~ ————
ay (M, gu”)Lz

(u, u)p2

- (guu’ guu)au Gui

lgrad E(u)|1?, = H

_ H Guu

T (l/t, QMM)LZ

ay
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It suffices to show that
1

@G, G (7.18)

(Ll, u)au - (Wl’wl)au < CL (l/l, u)au -

which only involves the inner product (-, -),, .

Using Lemma we have that there exists C > 0 such that when |ju —
v|[gn < C, we have |lu — wil||;2 < s for some constant s < 1. Thus, Lemma
is applicable to (-, -)4,. This gives the above inequality on (-, -),,, with
a constant C; depending only on g, V, My, Q, 11, and C,. The Lojasiewicz
inequality can thus be achieved. o

Remark 7.3.10. The above proof of Condition (L) depends crucially on Lemma
Lemma can be seen as the version of the Lojasiewicz inequality
with @ = 1 for a linear operator A. So its primary consequence is the linear
convergence rate of the proposed algorithm to the ground state of a linear

operator A.

The key idea of the proof Theorem[7.3.9} then, is to reduce it to the inequality
(7.18). The inequality only involves the operator A,, which is bilin-
ear. Although A, formally depends on u, the inequality itself is not
affected by nonlinearity. So Lemma can be applied to prove (7.18).

Thus, one way to interpret the proof of Theorem is to view it as lin-
earizing the nonlinear eigenproblem (7.1 using the adaptive inner product
(*, *)a,, 0 that it preserves the Lojasiewicz property with 6 = %
The next theorem is on Condition (D) for the sequence generated by the
proposed algorithm.

Theorem 7.3.11. Under Assumptions Condition (D) is satisfied for || - ||x =
I Naw 11+ Ny = 11+ llag f {un} is generated by the Sobolev projected gradient descent
with step size 0 < T, < Tyax for some Tpay > 0, Le.,

E(un) - E(un+1) > CD”grad E(un)”aun ”un - un+1”a0-

Proof. Itis obvious that |lu, —u,i1llay < ltn—ttni1lla,, - Since {u,} is generated
by the Sobolev projected gradient descent algorithm, we have

Uns1 = R (un — 7, - grad E (up)) ,

(um un)LZ gunun

_ g U, =u, - ——8.
(gunun,gunun)aun ot " (un’gunun)Lz

grad E(u,) = uy,
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The second-order retraction property implies that

gunun

(un’ gu,, un)Lz

) +0(72).

Up —Upy1l = Tn (un -
Thus, we obtain

E(un) = E (1) = (ttn = 1, Va,, E(n), +O(ltn = unsa|?)
= (Un — Up41, ”n)aun +O(||lu, - un+1”2)
Gu,Un ) 2
=T un_é’ Un +O(Tn)
( (Mn, gun”n)Lz ay
1

=Ty (l/ln, un)aun - m
’ n

)+0(T,3).

On the other hand, we have

1 2
I'ad E Un ay = Up, Un Ay — (T o TN ’
”g (1) | n (( ) " (up, gun”n)Lz)

and

Gu, Un

2
(un’ gunurz)L2 +O(Tn)

Aup

1

(una gunun)L2

lun — unsillay, = T ||un —

)2 +0(72).

=T ((un, u”l)aun

This implies that

)+0(T,3).

||grad E(un)”aun ||I,{n - Mn+1||a0 S Tn ((un, un)aun - m
nsJu,“n)L

Therefore, there exists a Tmax > 0 such that when ™ < 7y, there exists

Cp such that Condition @ holds. This Cp only depends on tmay, but is
independent of u,,. o

Next, we have the theorem is on Condition (S) for the sequence generated

by the proposed algorithm.

Theorem 7.3.12. Under Assumptions Condition (S) is satisfied for for || -
Ix =11 Naw, Il - ly = |1 * lag if {un} is generated by the Sobolev projected gradient
descent with step size 0 < Tyyiy < Ty < Tyax for some 0 < Tyyiy < Tyax, 1.€.,

lt4ps1 — un”ao 2 CSngad E(Mn)”aun‘
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Proof. By Lemma we have ||upy1 — unllag 2 Cellupsr — unllq,, for some
constant Cr. Note that in the previous proof we have shown that

1 2
llgrad E (un)lla,, = ((un,un)a,,n —)

(’/lna gu,,,’/tn)L2

and

N S
(tn, gunun)L2

Therefore, when tiin < 7, < Tmax for some 0 < Tmin < Tmax, there exists a

1
2
llun — Un+1||au,, =Tn ((un, un)aun ) + O(sz)

constant Cs depending only on Cg, Tmin and Tmay, such that

41 — un”ao 2 CS”grad E(un)“a,m-

Finally, we deduce the following results on the exponential convergence.

Theorem 7.3.13 (Convergence rate of Sobolev PGD). If the Sobolev projected
gradient descent for E(u) converges to the ground state v, and the step size {7,}
satisfies 0 < Tyin < Ty < Tyax, then it converges in the ag-norm with an asymptotic
exponential convergence rate.

Proof. The proof follows directly from Theorems [7.2.1} {7.3.9, [7.3.11, and
7312 O

Theorem 7.3.14 (Global convergence to ground state). If the initial state ug
satisfies ug > 0 everywhere on Q, and the step size {t,} satisfies 0 < T < T, <
Tinax, then the Sobolev projected gradient descent for E (u) converges in the ag-norm

to the unique ground state with an asymptotic exponential convergence rate.

Proof. Since the initial state is nonnegative, Lemma ensures the strong
convergence of {u,} to the ground state v in Hé (Q). By Theorem [7.3.13, the
asymptotic convergence rate in the ap-norm is exponentially fast. o

Note that since the domain Q is bounded, this convergence rate in the ap-
norm implies the exponential convergence rate in the H L or L? norm. We
also remark that the optimal step size with theoretical guarantee depends
on the values tin and Tmax, which in turn depend on some properties of the
ground state that are not known beforehand, but some practical choices of

7 are demonstrated in the numerical experiments in Section
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7.4 Spatial discretization

To solve the eigenproblem numerically using the computational procedure
in the previous sections, we need to discretize the problem in the spatial
domain Q. Let Q) be a spatial discretization with grid size . Note that we
only require Q; to be a convergent discretization, i.e., the solution to the
discrete problem converges to that of the continuous problem as 4 — 07,
and the following analysis applies to general discretization schemes. The
discretized problem can be written as

i 2 2 B 4
min En(up) = ||uy + [luy, + 2l 719

where

N N
2 2 . 2 .
Ny, = g (=Loyun - A% Nl = D Va@un @0, unlly, = 7 w0y .

i=1 i=1
Here N denotes the total number of grid points, (i) is an indexing of the grid
points, i.e., u,(i) is the i-th entry of the vectorized uj, d is the dimension
of the physical space, and £, is the discretized Laplacian. The linearized
operator A, , now has a matrix representation in RNXN.

Aup = =Ly + diag{V}, +,8u£2]},

[2
h

The respective norm is defined as ||y ||§( L= vy Ayny. We have the following

where ul[lz] (i) == up(i)?, ie., u I'is the componentwise squared vector of uy.

results.

Theorem 7.4.1 (Discrete version of Theorem [7.3.4). There is a ground state
vy, of the discretized problem that satisfies v, > O everywhere on Q. It is the
unique positive eigenstate of (7.19). Moreover, it is both the unique ground state
of the nonlinear eigenproblem and the unique ground state of the linearized
operator A, j, up to the sign.

Proof. The existence of the ground state follows from the compactness of the
constraint set {u;, : u;, € RY, ||uh||Li = 1} and the boundedness of Ej,(uy).
Thus it suffices to prove its uniqueness and positivity. The proofs for the
continuous version, i.e., Lemma 2 in [27] and Lemmas 5.3 and 5.4 in [72],

need to be slightly modified to suit the discrete case. This is because the
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Harnack inequality and the Picone identity are only valid for continuous

functions, and we need to establish their discrete counterparts.

One way to do this is to look at the convergence of the discretized eigenvec-

tor to its continuous counterpart at the small grid size limit # — 0%, see e.g.,

[88]. This is always possible no matter what kind of discretization we use.

We do not present the details here.

Another way is to observe that the discretized Laplacian, £, is an M-matrixﬁ

under some typical discretizations. Examples include finite difference dis-

cretization, and some P1-finite element discretizations. When £, is an M-

matrix, the proof can be simplified and the small & constraint can be re-

leased. In this case, the proof takes the following steps:

1)

()

For any A, , its eigenvector corresponding to the smallest eigenvalue can be

chosen to be all positive, and is unique up to the sign.

Since —L), has positive diagonals and non-positive off-diagonals, so
does A, ;. Let y be the ground state eigenvector of A, 5, then |y|" A, »|y| <
yT Ay ny. This is because A, 4 (i,1)y(i)? = A,u(i,1)|y(i)|? for anyl <i <

N, and A, (i, ))y(@O)y(j) = Aun(i, )+ ly@Olly(j)| forany i # j. Asyis
the ground state eigenvector, this implies y = |y|, i.e., y is nonnegative.
We now show that y is all positive. If this is not true, then y has some
positive and some zero entries. So we can always find a zero entry y(i)
that is spatially next to a nonzero one, say y(j), i.e., y(i) =0, y(j) > 0,
and —L;(i, j) < 0. Then

0= Ay(i) = (Auny) (D) = (=Lay) () + Vi (Dy(@) +By()°
= (=Liy)() = D =L@, )y (k) = > =La(i, )y (k) < =La(i, )y(j) <0,
k

ki
which is a contradiction. Thus y is all positive and is unique up to the

sign.

If uy, itself is the smallest eigenvector of Ay, n, then it is also the unique global
minimizer of Ep(u).

*An M-matrix is a matrix with nonnegative diagonal entries and nonpositive off-
diagonal entries, with eigenvalues whose real parts are nonnegative.
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For any other w;, # tu;, we have

NI
1=

I
[

Enwn) = En(un) = lwalh,, = lanlly,, + 5 3 (v + )t = 2002 (ug™)?) i

i
N

3 (2 = @) > 0,

i=1

N[

2 2
= (IwliZ,, — lunl%,, ) +

Thus uy, is the unique global minimizer of Ej(u).

(3) There is a unique positive eigenstate of , which is the ground state of
and the ground state of the linearized operator.

Any positive iteration sequence stays positive with gradient descent
iteration. The compactness of the constraint set ensures the existence
of a sub-sequential limit point v;, which is nonnegative. The fact that
vy is the minimizer of Ej(u) implies that it is an eigenstate of A, ;. By
Step (1), this eigenstate is all positive and is thus the smallest eigen-
state of A, ;. By Step (2), it is also the unique global minimizer of
Ep(u).

O

Theorem 7.4.2 (Discrete version of Theorem [7.3.13). If the Sobolev PGD for
Ej(u) converges to the ground state v, and the step size {t,} satisfies 0 < Ty,iy <
Ty < Tpax, then it converges with an asymptotic exponential convergence rate.

Proof. Theorem ensures that v, is still the “double” ground state of
both E;(u) and A,, . Thus, Theorems and can all be
generalized to the discretized case in the same way. The exponential con-
vergence rate follows from the master theorem [7.2.1] o

Theorem 7.4.3 (Discrete version of Theorem 7.3.14). If the initial state ug sat-
isfies ug(i) > 0 Vi, and the step size {t,} satisfies 0 < Tpin < Ty < Tyax, then the
Sobolev PGD for Ej,(u) converges to the unique ground state v, with an asymptotic
exponential convergence rate.

Proof. The proof follows similarly from the nonnegativity and uniqueness
results of Theorem and the exponential convergence result of Theorem
742 O
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7.5 Generalization to other nonlinear eigenproblems

The Sobolev PGD points out a new direction for first-order fast solvers of
nonlinear eigenproblems and higher (than quadratic) order optimization
problems. Its application is thus well beyond the Gross-Pitaevskii eigen-
value problem. The operator class and the form of the objective function

can be generalized. For example, consider
—Av + Vv + Blv]*y = Ay (7.20)

for general @ > 0. This ground state equation and the corresponding time-
dependent nonlinear Schrodinger equation are locally well-posed in H! (R¢)
as long as 2« + 2 < W, see e.g., [58] and references therein. The

previous Gross-Pitaevskii eigenvalue problem corresponds to the case a =
1.

In general, Theorem holds true for any @ > 0. The adaptive inner
product remains well-posed and the ground state remains a “double” eigen-
state. The change of inner product from a,(-) to a,(-) in the proof of Theo-
rem essentially relies on the convexity of the last term f | - [2%*2 in the
energy functional E(-). Therefore, extensions of the previous results in both
spatially continuous and discretized cases are easy. We do not present the

details here.

It is also common in physics that the diffusion is not homogeneous in all
spatial directions. For example, it can be stronger in two physical directions

and weaker in the third one. More generally, we have
—V - (A(X)Vv) + Vv + Blv[*% = A, (7.21)

where the coefficient A(x) € L®(Q)%*?, A(x) is symmetric and coercive. An
interesting discrete counterpart to this is the nonlinear Schrédinger equa-
tion on metric trees (e.g. [50]), where the Laplacian is replaced by a graph

Laplacian on a tree-graph G.

When restricted to a bounded domain, so that the lowest part of the spec-
trum is always point spectrum, our previous arguments still hold. In the
elliptic case, the discretized A, may or may not be an M-matrix, but one
can always turn to the small grid size limit # — 0" limit when necessary.

For an even broader class of nonlinear eigenproblems or constrained op-

timization problems, the Sobolev gradient descent may still be applicable,
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but it is not clear whether exponential convergence is still true. It can be seen
from previous sections that the convergence rate relies on the (L)) condition,
which in turn relies on the ground state v being the ground state of the lin-
earized operator A, at v, i.e., the so-called “double ground state” property.
This is a nontrivial property in general, although it can be true for some
operators like the biharmonic operator under certain conditions.

We discuss here one specific generalization of nonlinear Schrodinger eigen-
problem, and demonstrate that the Sobolev PGD indeed has the potential
of tackling previously formidable problems. The problem of interest is

—Av + Vv + Bv[2v = SA(|v)?)v = Av, (7.22)
where § > 0. In other words, we add a higher-order interaction term —6A(|v %)
to the Gross-Pitaevskii problem. The corresponding energy functional is

o
E(u) :/|Vu|2+V|u|2+§|u|4+§|V|u|2|2. (7.23)

The above eigenproblem and its variational form are analyzed in [17]. More-
over, in [16] the authors propose to minimize the energy functional by
reformulating it as E(p) = f |V\//3|2+Vp+ §p2+% |Vp|?, where p := |u|2. This
reformulation facilitates the minimization, but it also suffers from the lack
of continuity of |V/p| near p — 0*. This has to be treated with extra care,
and a regularization term has to be added, which complicates the analysis.
Therefore, instead of replacing |u|?> with p, we propose to minimize E (u)
with respect to u directly with the Sobolev PGD.

Assume that Assumptions still hold. Define the manifold M with an
extra constraint:

M= {z € Hy(Q) : llull2 =1, lulls < Mo, [|Vullz= < My}

Define the adaptive linearized operator and the respective inner products
as follows:

(z,W)q, = / VzVw + Vzw + Bu’zw + 6V (uz)V(uw),
Q
(Z’ ﬂuw)LZ = (Z’ W)au’

(2, W)qq = / VzVw + Vzw, Yz, we T M, ueM.
Q

Then we have the following results.
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Lemma 7.5.1. The ground state v of satisfies v > 0 everywhere on Q. It is
the unique positive eigenstate of . 1t is also both the unique ground state of
and that of the linearized operator A, up to the sign.

Proof. Following the same arguments as in Lemma 2 in [28]], the extended
E(u) as in still admits a nonnegative minimizer v. According to [17,
Theorem 2.2], we know that v € C1(Q). This implies that v, Vv € L*(Q).
Thus, the nonnegative v can still be made positive by the Harnack inequal-
ity. Also, the linearized operator A, still has a unique positive ground state,
which is exactly the above v. Thus the “double ground state” property re-

mains true.

We now show that has a unique positive eigenstate by a contradic-
tion argument. Suppose instead that there is a different positive eigenstate
# > 0 with its eigenvalue 1, and E(¥) > E(v). Using the Picone identity,
/VﬁV(VvTZ) < [(Vv)% We have

2

2
A-2=A,v)2 = (V,v)g, =4 (ﬁ, VT) - (V,v)q, = (\7, VT) - (v, V)a,
1% 12 1% as

= / ViV ("v—z) + V2 + B2 + 6V (I V(v?) - /(Vv)2 +Vv?+ Bvt + 6(V(1?))?
< / (Vv)* + V2 + /2—3(# + %) + g ((V(vz))z + (V(ﬁz))z) - / (Vv)® + V2 + Bvt + 6(V(1?))?
= [ B3 - [ B S TOh = A= EG) - (- EO))
ie.,
E(7) < E(v).

This contradicts our assumption that E(¥) > E(v). O

The next lemma shows that the eigenvalue and eigenfunction perturbation

results stated in Lemma [7.3.7]hold similarly for (7.22).

Lemma 7.5.2. Let A; and y; be the ith smallest eigenvalues of ‘A, and A, respec-
tively, and v; and w; be their corresponding eigenvectors (so that v = v1). Let
C, = A2 — Ay denote the eigenvalue gap. Then there exists a positive constant
C=C(B,0,V, My, M1,Q, 1, C,), such that for all |lu—v||;n < C, u € M, we have
lu — willz2 < s for some s < 1.
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Proof. The main idea of the proof is the same as that of Lemma so we
only point out their differences here. For example, to estimate u; — 11, we
have

1 < (), = 00+ [ B2 v [ 6 ((Tan? - 9077)
Q Q
= + / BV (u+v)(u—v)+ / S(V(uv) + V) (V(uv) = V().
Q Q

The second term is bounded in the same way as the proof of Lemma
Only the third term containing high-order interaction is new. To bound the
third term, we note that

/ S(V(uv) + V(v (V(uv) = V(v?))
Q
=0 / (vVu +uVv +2vVv)(vVu + uVy — 2vVv)
Q
< 46 MyM; / [vVWu + uVv — 2vVy|
Q

:4(5M0M1/|v(Vu—Vv)+(u—v)Vv|
Q
< C(6, Mo, M1, Q) ||lu = v| 1.

Similar bounds can be obtained in the estimation of (11 + A2) — (u1 + u2),
A1 — 1, and (u,u),, — 11. The dependence of the constant C only has two
additional dependencies which are § and M;. o

Theorem 7.5.3. If the initial state satisfies ug > 0 everywhere on Q, then {u,},

generated by the Sobolev PGD with step size 0 < Ty < T < Tynax cOnverges to the
unique ground state v of with an asymptotic exponential convergence rate.

Proof. First, the Sobolev PGD sequence starting from a positive initial value
remains positive as before, and convexity ensures convergence to a nonneg-
ative local minimizer of E (), which must also be the global minimizer and
the ground state of . This convergence can be proved to be a strong H'
convergence by the Sobolev embedding and the convergence of energy.

In order to establish exponential convergence, it suffices to show that Con-
ditions , @, and (S) all hold for {u,}:? . The nonnegativity of § ensures
the equivalence of ag and a, norms. Thus Conditions @) and @) hold. Con-
dition (L)) follows from Lemma and Lemma(7.3.8 O
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The above results establish the exponential convergence of the Sobolev PGD
for problem forany 6 > 0. Numerical evidence shows that the Sobolev
PGD for this problem converges very well just as the original Gross-Pitaevskii
eigenproblem. This is a demonstration that the Sobolev gradient descent
has the potential to be generalized to study some continuous or discrete
high-degree optimization problems. We believe that this method has the
potential to be extended to a broader class of problems as long as certain

assumptions are satisfied, which is left for our future work.

7.6 Numerical experiments

In this section, we demonstrate the convergence of the Sobolev PGD method
using some numerical examples. We show that exponential convergence
rate is attained both for the original eigenproblem and for its extension
(7.22). We also observe and discuss some interesting phenomena that one

may encounter in numerical experiments.

Gross-Pitaevskii eigenproblem in 2D.

We first look at the Gross-Pitaevskii eigenproblem in two dimensions.
Let the domain be Q = [-1, 1]? c R? with Dirichlet boundary condition. The
problems are discretized with P1 Lagrange finite element method. The grid

is a uniform grid with fixed size h = 2 - 278 throughout this section.

The first example is a single well potential V(x) = %|x|2. It is well known that
the Anderson localization [6] is present in this setting. We set 8 = 1. The
initial guess zg is chosen as the eigenvector corresponding to the smallest
eigenvalue of Ay. It is strictly positive over the whole domain Q. The step

sizeist = 1.

Figure shows the profile of the potential V(x). Figure is the profile
of the computed ground state with g = 1. Figure displays the log H'-
error convergence log,,(llu, — vllz1/l[vllz1). It can be seen that the Sobolev
PGD converges in just a few steps with an exponential (linear) convergence

rate.

By increasing 3, there is a greater nonlinearity in the problem. When g > 1,
the quartic term §|u|4 would dominate the energy functional (7.2). This
would be a significant barrier to some traditional methods. Yet the Sobolev
PGD remains stable and fast. Figures to show the log H!-error con-
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Figure 7.1: Example of with single well potential V = 1|x|? and g = 1.

vergence and the profiles of the respective ground states with g = 10 and
B = 100 respectively. With the Sobolev PGD, there is only a mild increase
in the computational complexity, and the iteration still converges exponen-
tially fast as predicted.
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0.5 ’ 6
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Xy Step
(c) Ground state when g = (d) Convergence when
100 B =100

Figure 7.2: Example of with single well potential V = 3|x|* and 8 = 10
or 100.

Localization under the disordered potential.

The second example is a disordered potential V. Its fully discrete coun-
terpart, the randomized potential on the lattice 74, has been extensively
studied for its rich behaviour in spectral gaps, exponential localization of
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eigenstates near the bottom of the spectrum, and implications about the
“mobility edge” conjecture in quantum physics and random matrix theory
[48, 160].

In our semi-lattice example, the localization of the ground state is also present.
In the experiment, V(x) is generated as follows. The extent of disorder is de-
termined by a parameter K = 50. This means that the domain Q is divided
into K x K cells. The value of V(x) in each cell is either 1 or 1/K?, randomly
chosen with equal probability.

Figure shows the profile of V(x). Figure displays the computed
ground state with 8 = 0.5. It can be seen that the ground state is concen-
trated in a small region whose diameter is about a few times the interac-
tion length of the disorder. Figure shows the convergence rate of the
Sobolev PGD iteration for this example.

To facilitate convergence, we have chosen 7 = 1.5. Although Theorem[7.3.14
requires a small 7, in the numerical experiments we find that choosing 7 > 1
results in significantly faster convergence. This is in accordance with the
empirical findings of [72].

-1 600

500
400

300

log 4 0(err)

N S N

200

100

0 20 40 60 80 100
Step

1
(a) Profile of the disor- (b) Profile of the ground (c) Log H -error conver-
dered potential state gence

Figure 7.3: Example of with a disordered potential and g = 0.5.

Asymptotic escape of Sobolev PGD from saddle states.

It is interesting to look at the asymptotic behaviour of the Sobolev gradient
descent method if starting from a non-positive initial value. Recall that The-
orem|[7.3.14only ensures exponential convergence to the global ground state
from up > 0. When this condition is violated, it is a priori unknown what
the iteration will converge to. It is possible that there are other spurious
fixed points, including local minimizers and saddle points. The first-order
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condition ensures that all these spurious fixed points are eigenstates. But

the convergence rate to such points is unknown.

As for the spatially discretized case, the Hilbert manifold M becomes a Rie-
mannian manifold, and the spectra of the operators become finite. As is
proved in Chapter [3|and references therein, a random initialization almost
surely avoids saddles and converges only to local or global minimizers. It
means that if an excited state is a strict saddle point, then a random ini-
tialization is very unlikely to converge to that state. As for the spatially
continuous case, it is reasonable to expect the same phenomenon, although
the analysis could be more difficult due to the infinite dimension of M and

the infinite number of eigenstates.

In the subsequent numerical experiments, we let V(x) = %|x|2 and B = 100.
We will use an example to show that for an excited state that is a strict
saddle, it has a very thin converging set close to measure zero. Thus, using
Sobolev PGD to compute excited states could be unstable. The accuracy of

the computed excited states could be limited.

First, we let the initialization ug be the second-smallest eigenvector of Ay.
This ug is positive on half of © and negative on the other half. It is displayed
in Figure We then let Sobolev PGD iterate a few steps. Figure
displays the computed state u* when the algorithm stops. Figure shows
the decrease of the log L? error with respect to u*. We also compute the
manifold Hessian at ™ and find that it has at least one negative eigenvalue.

Thus u* is a strict saddle state.

log ,(err)
S & A N o

-10 \
50 100 150 200
Step

(c) Log H'-error conver-
gence

(a) Profile of initial state g (b) Profile of computed
state u*

Figure 7.4: Behavior of Sobolev PGD for with ug 2 0.

Next, we add a small perturbation to ug: we let fip = ug + € - 7, where nj is a
random noise that is of the same order as ug, and the parameter € controls
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Figure 7.5: Asymptotic escape from saddle state under small perturbations.
Figures (a)-(c) displays the distances to the saddle state u* starting from
g =ug+e€- n.

the magnitude of noise. We let Sobolev PGD start from #y and trace its
evolution. What we observe is that, as long as there is a small perturbation,
Sobolev PGD escapes from the previous saddle state and converges to the
ground state. The parameter € can be chosen as small as 10~* and this effect
is still present.

Specifically, Figures|7.5a|to demonstrate the evolution of the log-distance
to the precomputed closest excited state u*. We choose € = 1072, 10, and
1074, respectively. Saddle escape behavior can be observed in all three cases.
We can see that the distance to the excited state first goes down, then goes

up. Figure show the computed state starting from iy, and it is the
ground state.

In general, first-order optimization methods, including Sobolev PGD as
well as other methods in the gradient descent family, are not good choices
for the computation of excited states. They rely on a good enough initial-
ization (like the above ug without noise) and could suffer from numerical
instability issues. One has to resort to other methods if the goal is to obtain

high accuracy. This would be an interesting topic for future research.
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High-order interaction.

We now look at Problem (7.22) with an extra high-order interaction term.
This adds additional nonlinearity to the problem. Consider the same do-
main Q = [-1,1]> ¢ R? and spatial discretization size h = 2 - 278, Let
V(x) = %|x|2 still be the single well potential. The first example is 8 = 10
and § = 1. Figure shows the log error convergence. The iteration con-
verges in a few steps and shows a good convergence rate.

In the second example, we increase ¢ and look at the problem with strong
high-order interaction. We choose 8 = 100 and § = 100. Figure shows

the log error convergence. The convergence rate is slower but stable.

0 0
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log(err)
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-6 -6
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Step Step

(a) Convergence when 8 = (b) Convergence when g8 =
10,6 =1 100, § = 100

Figure 7.6: Examples of (7.22) with different nonlinear effects

7.7 Discussion

In this chapter, we analyzed the exponential convergence of the a,-Sobolev
gradient descent method without resorting to the time-continuous gradient
flow. To this purpose, we introduced a general convergence tool using the
Lojasiewicz inequality, and adapted it to the setting of infinite dimensional
Hilbert manifold and mixed norms. By proving the (L)), (D), and (S) condi-
tions for the Sobolev PGD, we were able to unveil the mechanism behind
the good performance of the Sobolev PGD for the Gross-Pitaevskii eigen-
problem (7.1), which was only empirically observed in previous works.

The success of the Sobolev PGD on the Gross-Pitaevskii eigenproblem in-
spires us to further explore alternative fast solvers for more general nonlin-
ear eigenproblems and optimizations with high-degree objective functions.
Our analysis revealed that the essential condition is the “double ground
state” property, namely the ground state of the nonlinear problem is also
the unique ground state of the linearized operator at that point. This can be
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rigorously proved in some cases and seems to be true in a number of phys-
ical applications of interest based on empirical evidence. Specifically, we
showed that this condition is satisfied for a nonlinear Schrodinger eigen-
problem with extra high-order interaction term. Thus the Sobolev PGD
works well for this problem and has superiority over previous methods.
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