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ABSTRACT

Thin-shell structures are becoming increasingly popular for space missions due to
their high stiffness-to-mass ratio, easy folding and coiling, and self-deployment us-
ing stored strain energy. Broadly, two deployment strategies exist: 1) controlled
or deterministic, and 2) unconstrained. Controlled deployment involves carefully
orchestrated events using control or guidance systems, while in unconstrained de-
ployment, the structure is simply allowed to self-deploy with minimal guidance.
Unconstrained deployment offers lighter deployment mechanisms and better pack-
aging efficiency but the unpredictability of this process has been a significant obstacle
to its adoption.

This study focuses on demonstrating the predictability of unconstrained dynamic
deployment of thin-shell structures, using the Caltech Space Solar Power Project
(SSPP) structures as a case study. The Caltech SSPP uses composite triangu-
lar rollable and coilable longerons as the primary building blocks to create large
bending-stiff structures. The specific objective is to improve the predictability and
robustness of the unconstrained dynamic deployment of the Caltech SSPP structures.
Deployment is influenced by the initial conditions and the interaction between the
structure and the mechanism during the deployment. To understand these effects,
high-fidelity numerical simulations are developed and validated against experiments.
The study also examines the sensitivity of deployment characteristics to various de-
sign parameters and external influences to ensure the robustness of deployment.

This research demonstrates that the interaction between the structure and the de-
ployment mechanism must be minimal to ensure the predictability of deployment,
as thin-shell structures can self-deploy using stored strain energy. This study’s
sensitivity analysis will inform the design of future SSPP deployment mechanisms
and structures. Additionally, the numerical simulation techniques developed have
broader applicability beyond this specific case study to any deployable thin-shell
structure.

Due to the large aspect ratios of thin-shell structures, a very fine finite element mesh
is required to model them accurately. A dense finite element mesh is also required
to model the contact interactions between the structure and the rigid components
of the deployment mechanism. As large spacecraft structures become increas-
ingly complex, full-scale numerical modeling becomes impractical, necessitating
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the search for more computationally efficient finite element methods. In this study,
NURBS-based isogeometric analysis is explored, and it is shown that it is not yet
worth switching to NURBS-based elements for the analysis of thin-shell deployable
structures. In addition, h-adaptive meshing for quadrilateral shell elements is inves-
tigated, and more efficient refinement indicators and solution mapping techniques
for nonlinear analyses are proposed and their superior performance is demonstrated
using a test case of quasi-static folding of a tape spring.

This thesis fills a gap in the literature on unconstrained dynamic deployment of
space structures, providing crucial insights and numerical modeling tools for fur-
ther research. It establishes a knowledge and resource foundation to advance space
structure design and promote more frequent use of unconstrained deployment, mark-
ing a pivotal contribution to the field and enabling safe and efficient space structure
deployment. Furthermore, the study provides insights into more computationally
efficient finite element methods, such as h-adaptive meshing. These insights are
broadly applicable and can inform the design of future deployable structures beyond
the tested cases.
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C h a p t e r 1

INTRODUCTION

1.1 Motivation
Deployable structures are designed to be compact and easy to transport, but can
unfold and expand to create a large and stable structure. The concept of deployable
structures has been around for many centuries and has been used extensively in a
wide range of applications, both on the ground and in space.

Deployable structures are particularly useful for space applications because they
offer a practical solution to the challenges of weight and volume. They can be
efficiently packed for launch and then deployed in space to form large structures that
would otherwise be impossible to launch in their fully assembled states. This helps
to reduce the cost and complexity of launching payloads into space.

While majority of the deployable spacecraft flown to space used rigid elements such
as trusses or panels to support lightweight surfaces, the more recent deployable
space structures utilize thin-shell components due to their lightweight and flexible
nature. Thin-shell structures are better than their rigid counterparts because they
offer a higher stiffness-to-mass ratio, higher packaging efficiency, and simplified
actuation. Their curved cross-sections provide high moments of inertia, resulting
in high bending stiffness despite their thin walls. Additionally, the shape of their
cross-section allows them to be elastically collapsed and often coiled into compact
volumes. Some examples of space missions utilizing thin-shell deployable compo-
nents include the Roll-Out Solar Array (ROSA) [2], NASA’s Advanced Composite
Solar Sail System [3], and MARSIS radar antenna consisting of flattenable and
foldable tubes [4].

There are two main types of deployment strategies for thin-shell deployable struc-
tures: controlled or deterministic deployment and unconstrained deployment. Con-
trolled deployment involves a carefully orchestrated sequence of events to deploy
the structure, typically using motors or other actuators. This approach ideally allows
for a high degree of predictability and accuracy in the deployment process, ensuring
that the structure unfolds exactly as planned. However, the required deployment
mechanism for controlled deployment would be complex and the complexity may
increase with the size of the structure. This results in lower packaging efficiency and
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higher launch costs. Examples of space missions that use this type of deployment
are plenty. James-Webb Space Telescope, NASA’s Advanced Composite Solar Sail
System are a few examples.

On the other hand, in unconstrained deployment, the structure is simply released
and allowed to deploy on its own by releasing the stored strain energy. The deploy-
ment may, however, be guided by pulling the structure outward at specific points.
Unconstrained deployment has been rarely used in space missions as it can be
less predictable and more difficult to control once the deployment process begins.
However, since unconstrained deployment does not require extensive control and
guidance systems to guide the deployment at every step, it can potentially lead to
lighter and more efficient deployable spacecraft. Also for this reason, such a de-
ployment can be quite complex and challenging to predict. An example of a space
mission that uses unconstrained dynamic deployment is the Caltech Space Solar
Power Project (SSPP).

The majority of the space structures that use thin-shell deployable components use
them as antennas [5], hinges [6]–[8], deployable booms [9]–[11], and compression
elements to support and pretension thin membranes ([2], [12]). This means that
only a small part or a small percentage of the overall spacecraft has stored strain
energy in the stowed configuration. On the other hand, the innovative architecture of
Caltech Space Solar Power Project (SSPP) utilizes thin-shell foldable and coilable
components as the primary building blocks to create large bending-stiff structures
(Figure 1.1. A significant percentage of the overall spacecraft has stored strain
energy when stowed and hence an unconstrained deployment is the ideal choice.

The Caltech SSPP conceptualizes a constellation of spacecraft that host functional
elements to collect solar energy in space and wirelessly transmit them to a receiving
stating on the Earth. The modular structural architecture of each spacecraft (Figures
1.1 1.2, and 1.3) consists of bending-stiff trapezoidal strips built from two foldable
composite longerons with a TRAC cross-section [13] each that are connected by
battens. The strips form structurally independent modules and are attached to
diagonal cords suspended between the tips of four diagonal booms and a central
mechanism.

Studies of the fundamentals of unconstrained deployment are relatively rare. Major-
ity of the structural design approaches in the current literature only consider stowed
and deployed configurations [14]. However, it is crucial to consider the intermedi-
ate dynamics of deployment to optimize the design of the structures as well as the
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Figure 1.1: Bottom up construction of an SSPP deployable structure.

Figure 1.2: Packaging and deployment concept. Focus of this study is on the
deployment process (C to A).

deployment mechanisms. Future advancements in the field of deployable structures
depend on the ability to accurately model and simulate the dynamics during deploy-
ment, enabling the successful deployment of large precision deployable structures
in deep space missions [14].
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These gaps can be filled by studying the complex dynamic deployment of the
Caltech SSPP. Methods developed in the process and the knowledge gained from
such a study will also be applicable to the deployment of a wide variety of thin-shell
space structures outside of this project.

1.2 Challenges in studying dynamic deployment of Caltech SSPP
Vast amount of literature is available on the Caltech SSPP including the concept,
manufacturing, packaging and deployment [15]–[23]. The latest version of the
deployable structure as it was flown into the Low Earth Orbit has three strips per
quadrant and is of the approximate size 1.7 m × 1.7 m (Figure 1.1).

diagonal cord

diagonal boom

strip

Figure 1.3: Schematic of a single SSPP spacecraft showing the structure and de-
ployment mechanism in fully deployed configuration.

The deployment mechanism consists of a central hub, four diagonal booms and
diagonal cords. Four cylinders hinged to the central hub keep the folded structure
from deploying. When the cylinders are released, the structures starts to unfold
due to its own stored strain energy while the four diagonal cords guide the structure
towards the corners. In the fully deployed state, the cords are in tension and provide
the needed support to the structure. This highly dynamic process (Figure 1.4)
happens in less than two seconds.

This deployment involves a complex interplay of several dynamic factors. The
geometry of the structure, rotation speed of the deploying cylinders, tension in the
diagonal cords, gravity, and interactions among the strips are all critical components
that affect the success of the deployment.
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(a) (b)

(c) (d)

(e) (f)

Figure 1.4: Deployment of a Caltech SSPP structure with three strips in each
quadrant. (a) is the folded configuration and (f) is the deployed configuration.

Measurement techniques
The deployment (shown in Figure 1.4) is dynamic. There are numerous structural
elements to track and observe. The point cloud data from the deployment tests on the
prototype (full structure with four quadrants; see [24, Chapter 4]) is too big and does
not provide insight into the fundamental behavior of the deployment. Therefore, the
deployment mechanism and the structure must be simplified.

To accurately observe and track the behavior of all the structural elements during
deployment, it is important to utilize appropriate measurement techniques. Pho-
togrammetry, a non-contact measurement method that uses cameras to record the
motion of the structure, is a popular technique that has been used extensively in
engineering and science fields.

One of the most common photogrammetry techniques used in this context is Digital
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Image Correlation (DIC). DIC involves capturing a series of high-speed images of
the structure during deployment and using image processing software to analyze
the changes in shape and motion of the structure over time. The advantages of
DIC include its high accuracy, non-invasiveness, and ability to capture detailed
deformation information.

However, despite its accuracy, DIC has some limitations that make it less suitable
for highly dynamic deployments. Capturing the entire SSPP structure using DIC
requires a large field of view and larger speckles resulting in poor resolution. Fur-
thermore, the large 3D translations and rotations of the strips during deployment
make it difficult to track the speckle pattern, resulting in incomplete data [24, Chap-
ter 4]. Moreover, DIC is sensitive to lighting conditions and the quality of the
camera used, which can affect the accuracy of the measurements.

To overcome these limitations, another photogrammetry technique that can be used
for dynamic deployments is motion capture, which involves using infrared cameras
and reflective markers to track the motion of the structure. Motion capture has
several advantages over DIC, including the ability to track non-uniform surfaces and
to operate in a wider range of lighting conditions. Additionally, motion capture is
highly accurate and can provide real-time data for monitoring the behavior of the
structure during deployment. However, motion capture only tracks discrete points
on the structure and provides a point cloud data. Shapes of the various components
of the structure must be reconstructed or approximated from the available point
clouds.

Numerical simulations
Numerical simulations are essential in the design and development of deployable
space structures. They play a vital role in predicting the behavior of the structure
during deployment and identifying potential deployment failures, which can be
addressed before building the spacecraft. Additionally, numerical simulations can
be used to study the impact of external influences such as the absence of gravity,
which would be challenging or impossible to replicate in experimental testing.

In the existing literature, high-fidelity numerical simulations of thin-shell deploy-
able structures have been limited to studying folding, coiling, or deployment of
singular structures such as booms and hinges or systems with very minimal struc-
tural elements [7], [11], [25]–[28]. A fully functional numerical model for the
dynamic deployment of a structure as complex as that used in the Caltech SSPP is
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not yet available although a notable first attempt was recently made to simulate the
deployment of the Caltech SSPP structure [24, Chapter 4].

This work aims to develop a high-fidelity numerical model to simulate the de-
ployment dynamics of the Caltech SSPP and verify it against experiments. The
challenges faced during such an undertaking are as follows.

1. Deployment of the mentioned structure happens in less than two seconds.
Mass and inertia of the ultralight structure are very small compared to that
of the mechanical components involved in deploying the structure. To model
the deployment dynamics, behavior of all the involved components such as
the material constitutive properties, behavior of cords and springs, friction in
hinges and pulleys, contacts among surfaces and various geometric constraints
must be accurately modelled.

2. The structure and the deployment mechanism consist of numerous structural
elements to track and simulate. To simplify the analysis, both experimental
and numerical, a simplified version must be chosen. However, this must
not compromise the complexity of the original deployment dynamics and the
knowledge gained using the simplified version must be readily transferable to
the original deployment.

3. Employing a high-fidelity approach to model all components of the deploy-
ment mechanism poses significant computational costs. Therefore, it is es-
sential to selectively model those components that directly impact boundary
conditions or interact with the structure. However, a priori knowledge re-
garding these crucial components remains elusive, as does the identification
of areas where appropriate approximations may be made. Precisely how
much attention and accuracy must be devoted to modeling each component
remains uncertain, resulting in a pressing need for extensive experimentation
and observation to establish an effective approach for modeling these complex
mechanisms.

4. To study the deployment of the structure from folded to unfolded states using
numerical simulations, the folded state must first be accurately simulated. This
is achieved by beginning the analysis with an unfolded, stress-free structure
followed by simulating the folding process. The intermediate path taken from
initial stress-free state to the folded state in non-unique. At the end of the



8

folding process, kinetic energy should be negligible. In addition, throughout
the process, artificial energy should be negligible and total energy should be
constant. One such appropriate folding technique is unknown a priori and
arriving at one requires extensive trials.

5. To appropriately model the moving contact surfaces throughout the deploy-
ment, explicit dynamic solvers can be used. Explicit finite element analyses
require extremely small time increments. Moreover, the accuracy of the results
produced by explicit solvers must be rigorously validated, and this process
can be time-consuming and require numerous trials to ensure the reliability
of the simulation outcomes.

6. A very fine finite element mesh is required to model the TRAC longerons
because of the long aspect ratios. Highly dense finite element mesh is often
also required to accurately model the contact interactions between the structure
and the rigid components of the deployment mechanism.

7. For the above two reasons, numerical simulation of a dynamic deployment
of the structure requires days of computations making an already difficult
process extremely time consuming.

1.3 Research objectives
The primary objective of this research is to demonstrate that the unconstrained dy-
namic deployment of thin-shell space structures can be rendered predictable through
a comprehensive understanding of the deployment dynamics of the Caltech SSPP.
The deployment process is influenced by the initial conditions and the interplay
between the structure and the mechanism during deployment. To investigate these
effects on the deployment process, high-fidelity numerical simulations will be devel-
oped and verified using experimental data. The research will address the following
specific objectives.

• Experiment benchmark and high-fidelity numerical simulations: The
deployment is highly dynamic and there are numerous structural elements to
track and observe. The point cloud data from the deployment tests on the
prototype (full structure with four quadrants; see [24, Chapter 4]) is too big
and does not provide insight into the fundamental behavior of the deployment.
Therefore, the deployment mechanism and the structure must be simplified.
The simplified version must have only the necessary components needed for
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deployment. To verify the numerical simulations, the motion of the structure
during deployment will be reconstructed from the motion capture data.

To provide input to the numerical simulations, properties of all the involved
components such as the material constitutive properties, tensile behavior of
cords, stiffness of springs, friction in hinges and pulleys will be quantified
through experiments.

• Structure-mechanism interaction: The structure is constrained by the cylin-
ders in folded configuration (Figure 1.4). The deployment begins when the
cylinders are released. The strips of the structure can unfold completely out
of their own stored strain energy. However, the diagonal cords are needed to
pull the strips to their desired final positions. In addition, the tensions in the
cords stabilize the fully deployed structure. Although the cylinders do not
have an intended role to play upon release, they do interact with the structure
and act as obstacles in the path of the deploying structure. The slower the
cylinders rotate, the longer they interact with the structure. In addition, a
greater pulling force in the diagonal cords might increase the duration of this
undesirable interaction. These two effects will be investigated and quantified
to make the deployment predictable.

• Sensitivity of deployment characteristics to design parameters: Upon
minimizing the structure-mechanism interaction, the dependence of the de-
ployment to various design parameters and external influences will be inves-
tigated.

While the Caltech SSPP structures are intended for space applications, thus
far, the deployment tests have been performed on the ground and under the
influence of gravity. Hence, it is essential to know how well on-the-ground
deployment tests can predict the in-space deployment.

As mentioned earlier, the Caltech SSPP structures would carry photovoltaic
cells and functional elements to wirelessly transmit electricity to the Earth.
Hence, the numerical simulations will be used to understand their effect.

In addition, the sensitivity of the deployment characteristics to initial condi-
tions such as initial orientation and locations of cord-structure intersections
will be studied using numerical simulations.

• Building larger SSPP structures: Maximum length of the structure used in
the current prototype and the flight model shown in Figure 1.4 is approximately
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1.7 m owing to the limitations on the size of the autoclave used to manufacture
the composite laminates. However, the next generation SSPP structures will
be larger. Hence, an out-of-autoclave bonding technique to build a longer
TRAC longeron from the shorter TRAC longerons cured in autoclave will
be proposed. The robustness of the developed numerical simulations will be
tested by simulating the deployment of a larger structure with four strips and
verifying the result against experiments.

• Reducing the computation cost in modeling folding of thin-shell struc-
tures: The numerical simulations require a large number of degrees of free-
dom because of the long aspect ratios and localized instabilities that are typical
of thin-shell deployable structures. For these reasons, numerical simulation of
the dynamic deployment in the commercial software Abaqus[29] requires days
of computations making an already difficult process extremely time consum-
ing. Moreover, the next generation and significantly larger SSPP structures
cannot be simulated at full scale using the current finite element techniques.
Therefore, the total number of degrees of freedom used to model the structure
must be reduced.

For this purpose, the applicability of isogeometric analysis and h-adaptive
finite element analysis will be investigated. As a test case, the widely studied
problem of folding of a tape spring [30]—the simplest and most fundamental
deployable structure—will be used.

1.4 Layout of the thesis
This thesis is organized as follows.

Chapter 2 focuses on designing a simplified version of the deployment mechanism
and the deployable structure. One quadrant of the original SSPP structure is chosen
as the test object. Various physical parameters involved in the mechanism such as
friction in the hinge and pulleys, tensile behavior of cords, constitutive behavior of
composite laminate are characterized experimentally. A new experimental technique
to quantify the coefficient of friction in a pulley is proposed and implemented. The
resulting numerical data is provided as input to the numerical simulations. For
simplicity, hanging masses at the ends of the diagonal cords are used to drive the
deployment of the structure. Movement of the structure is tracked using infrared
motion capture cameras and the shapes of the individual strips are reconstructed
from the point cloud data. Detailed steps to implement high-fidelity numerical
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simulations of the deployment are presented. Results from the simulations are
verified against the data from experiments.

Chapter 3 uses high-fidelity numerical simulations to study the sensitivity of the
deployment to various influences such as the interaction between the mechanism
and the structure; effects of gravity, constant deploying force in the cords, initial
orientation of the structure, mass of the functional elements installed on the structure,
constraints applied by the adjacent quadrants in a full structure, and the locations of
the strip-cord connectors. This chapter presents a blue print to assist the design of
the next generation SSPP structures and deployment mechanisms.

Chapter 4 discusses a technique to build larger SSPP structures and the deployment
tests conducted to test the robustness of the technique. Efficiency of the numerical
simulations is further tested by simulating the deployment of a four-strip SSPP
structure and comparing with the experiment.

Chapter 5 investigates the efficiency of NURBS-based isogeometric analysis in re-
ducing the computation cost of studying thin-shell deployable structures. Opposite-
sense bending of a tape spring, the simplest and most fundamental deployable
structure, is chosen as the test case. Bi-quadratic and bi-cubic NURBS elements,
and traditional Lagrange finite shell elements available in the commercial finite
element package LS-Dyna are used. The CPU times needed to achieve reasonably
accurate solution using the elements of interest are compared. This chapter demon-
strates that it is not yet worth switching to isogeometric analysis to study deployable
structures.

Chapter 6 presents a brief literature review of adaptive finite element analysis and
uncovers the need for further research in the area in relation to geometrically non-
linear analysis of deployable structures. Using the opposite-sense bending of a tape
spring as an example, this chapter shows that the widely used error estimator based
on energy norm and solution mapping procedure on recovered stresses fail in case
of nonlinearity. In their places, strain energy based refinement indicator and a direct
transfer of solution between the old and new integration points are proposed and
their efficiency is demonstrated. A few mesh refinement techniques are investigated,
and an improvement to an existing red-blue refinement strategy is proposed. This
chapter demonstrates the applicability of h-adaptive meshing for nonlinear analysis
of shells and provides a few tools to drive future research in this area.

Chapter 7 presents the conclusions of this research and directions for future research
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in the area of numerical modeling of deployment dynamics and in the area of
time-efficient finite elements for deployable shell structures.
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C h a p t e r 2

EXPERIMENTS AND NUMERICAL SIMULATIONS

Parts of this chapter were modified from the following publication.

N. H. Reddy and S. Pellegrino, “Dynamics of the Caltech SSPP deployable struc-
tures: Structure–mechanism interaction and deployment envelope,” in AIAA SciTech
2023 Forum, 2023, p. 2065. doi: 10.2514/6.2023-2065,

2.1 Introduction
Studies of the fundamentals of unconstrained deployment are relatively rare. In
this chapter we attempt to fill this gap by explaining in detail the development of
high-fidelity numerical simulations for this type of deployment. We will use the
deployment of the Caltech Space Solar Power Project (SSPP) as an example, but
the methods presented here can be used to study the dynamic deployment of many
other thin-shell space structures outside of this project. The numerical simulations
developed will be validated through experiments on a Caltech SSPP structure.

Figure 2.1 shows schematically the modular structural architecture adopted by the
Caltech SSPP. It consists of bending-stiff trapezoidal strips bounded by foldable
longerons with a TRAC cross-section [13] that are connected by battens. The
strips form structurally independent modules and are attached to diagonal cords
suspended between the tips of four diagonal booms and a central mechanism. Of the
four identical quadrants in the full architecture, the present study focuses on a single
quadrant to simplify the deployment and understand its fundamental behavior.

This chapter is organized as follows. Section 2.2 explains the experimental bench-
mark and the procedures used to quantify the various components involved. Specif-
ically, the constitutive behavior of the composite laminate and the diagonal cords,
and friction in the hinge and pulleys are quantified to provide input to the numerical
simulations. To drive the deployment of the structure, weights are attached to the
diagonal cords. Motion of the structure during deployment is tracked using infrared
motion capture cameras. Section 2.4 explains, in detail, the steps involved in devel-
oping numerical simulations of folding and deployment. Section 2.5 presents the
results from experiments and simulations, and compares the two. The comparison
metrics used are the positions of the strip-cord connectors, fold angles in the two

https://doi.org/10.2514/6.2023-2065
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diagonal cord

diagonal boom

strip

Figure 2.1: Full architecture of the Caltech SSPP.

outermost strips, and the time taken for all the longerons to latch into their flat states.
The simulations are accepted if the individual errors in the comparison metrics are
less than 10%.

2.2 Experimental setup
The only way to truly verify the fidelity of numerical simulations is to compare
them with experiments. The composite structure of interest and the deployment
mechanism that was designed to study its deployment are described below.

Structure
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Figure 2.2: Geometry of structure.

The composite structure used in this study comprises three strips (Figure 2.2). Each
strip consists of two bending-stiff longerons of TRAC cross-section ([13]). The
composite layup in the flanges of a TRAC longeron is [±45𝐺𝐹𝑃𝑊/0𝐶𝐹/±45𝐺𝐹𝑃𝑊 ],
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and that in the web region is [±45𝐺𝐹𝑃𝑊/0𝐶𝐹/±453,𝐺𝐹𝑃𝑊/0𝐶𝐹/±45𝐺𝐹𝑃𝑊 ], where
CF represents a thin ply with unidirectional Pyrofil MR 70 12P Carbon fibers made
by Mitsubishi Chemical (30 gsm). GFPW represents plain weave scrim glass (25
gsm). Both plies are impregnated with North Thin Ply Technology’s ThinPreg 415
resin. The longerons are fabricated in-house using the techniques laid out in [18].
A strip is made torsion-stiff by connecting its two longerons at specific locations
by carbon fiber rods called battens. The battens, made of carbon fibers, have a
rectangular cross-section with a width of 3 mm and thickness 0.6 mm. Placement
of the battens in a strip and the placement of strips in relation to one another was
adopted from [21]. The battens are bonded to the web regions of the longerons with
epoxy.

The three strips are connected via cords. To support a strip with the cord, two 3D
printed sleeves called strip-cord connectors are rigidly bonded to the leftmost and
rightmost battens (Figure 2.2). The cord is bonded, using epoxy, to the outermost
strip-cord connectors of every strip. These connectors are shown in black in Figure
2.2.

Table 2.1: Mass properties of the composite structure.

Areal density of flange 1.196 × 10−4 g/mm2

Areal density of web 2.908 × 10−4 g/mm2

Density of batten 1.61 × 10−3 g/mm3

Total mass of 6 longerons 45.4 g
Total mass of 18 battens 12.4 g
Total mass of 12 strip-cord connectors 7.5 g

The deployment mechanism
Inspired by the designs described in [21], [28], we designed a simplified deployment
mechanism that incorporates only the essential components to trigger the release of
the structure and study its deployment, but does not provide other key functions of the
full flight mechanism. Also, instead of using constant-force retractors attached to the
ends of the diagonal cords, for the purpose of verifying the numerical simulations,
hanging masses were used in our experiments. The masses can be more easily
tailored in the experiment, and are easier to quantify compared to other sources of
deployment force such as retractor springs.

The deployment mechanism depicted in Figure 2.3 is built around a rigid cylinder
labeled central shaft. Two annular plates made of acrylic are placed at the top
and bottom of this shaft to mimic the mechanism in [21], [28]. The central shaft
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supports the quick release mechanism at the very top, and is connected to the hinge
and diagonal frames at the bottom. One end of each of the two cords is rigidly
attached to the central shaft. The metallic frames placed along the diagonals of
the quadrant support pulleys mounted on vertical columns at the outer ends (Figure
2.3). The central shaft, deploying cylinder, and the hinge components are made of
aluminum while the top and bottom plates are made of acrylic.

hinge axis
X

Y
Z

hinge axis

central
shaft

diagonal boom

cord

Strip 1
Strip 2

Strip 3

cylinder

cylinder
pulley

pulley

Folded Deployed
X

Y
Z

lift to deploy

quick-release
link

deploying
    cylinder

hinge with
torsion spring

cord connection

central shaft

top plate

bottom plate

Y
Z

Figure 2.3: Deployment mechanism and structure in folded and deployed configu-
rations, along with a schematic of the cylinder and hinge assembly. Strip 1 of the
structure is shown in orange, Strip 2 in blue, and Strip 3 in green.

Motion capture
In order to verify the numerical simulations of the deployment, the motion of the
structure was recorded using six infrared motion capture cameras, set a frame rate
of 180 fps, marketed as Prime 41 by NaturalPoint Inc. These cameras track the
reflective markers attached to the structure at chosen locations. Flat reflective
stickers were attached at all the longeron-batten intersections. A reflective sticker
was placed also on the webs of the longerons, in the middle of two longeron-
batten intersections. These flat markers include discs of diameter 7.5 mm and
squares of each edge length 12.7 mm. In addition, to track the motion of the
strip-cord connectors, reflective spheres 6.4 mm in diameter were glued to them.
These passive markers reflect infrared (IR) light emitted from the camera and are
subsequently detected by the camera’s sensor. The captured reflections are then
utilized to determine the 2D position of the markers. The software associated with
the cameras: Motive leverages this information to calculate the corresponding 3D
positions through reconstruction.
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Calibration of the motion capture setup was performed before each experiment fol-
lowing the instructions laid out by the manufacturer [32]. The process of calibration
is crucial in ensuring the optimal performance of optical motion capture systems.
By performing calibration, the system calculates the precise position, orientation,
and image distortions for each camera. These measurements are then utilized to
construct a three-dimensional capture volume in Motive software. This construction
involves the examination of synchronized 2D images from multiple cameras and the
correlation of known calibration markers’ positions through triangulation.

Before each experiment, the calibration was performed multiple times until the
resulting mean 3D reprojection error was below 0.25 mm. For example, the mean 3D
error over the six cameras in the motion capture of the deployment tests mentioned
in Figure 2.12 was 0.184 mm. This error can be considered negligible with respect
to the size of the structure. For example, the smallest length of Longeron 1 of the
structure is approximately 184 mm (1000 times the mean 3D error) and the smallest
distance between any two reflective markers on the structure is 27 mm (147 times
the mean 3D error).

Measurement errors can arise also from the size of the reflective markers. A marker
with a finite size is tracked as a single point with coordinates at the center of the
visible portion. Consequently, the precise position of the point changes based on
the visibility of the marker.

2.3 Characterization of composite laminates and deployment mechanism
To develop high-fidelity simulations of the dynamic deployment, it is essential to
quantify the constitutive behavior of the composites, tensile behavior of the cords,
and friction in the hinge and pulleys. The quantities measured will be used in the
dynamic simulations presented in Section 2.4.

Material properties
The elastic stiffness of the flange and web laminates (Figure 2.2) was modeled with
the generalized stiffness matrices 𝑨, 𝑫 for symmetric laminates [33],

{
𝑵

𝑴

}
=

[
𝑨 0
0 𝑫

] {
𝝐

𝜿

}
, (2.1)

where 𝑵 and 𝑴 are the in-plane forces and out-of-plane moments per unit length,
𝝐 and 𝜿 are the mid-plane strains and curvatures, respectively; 𝑨 is the in-plane
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stiffness matrix, and 𝑫 is the bending stiffness matrix.

To fold a longeron, the flanges are first flattened inducing a bending strain in the
transverse direction (along the circumference of the circular arc, direction 2) followed
by bending the flanges and web in longitudinal direction (direction 1). Hence, the
elements of the stiffness matrices 𝑫 contributing significantly to the stored strain
energy due to bending are 𝐷web

11 , 𝐷flange
11 and 𝐷flange

22 .

We conducted four-point bending tests on the flange and web laminates to experi-
mentally measure the stiffness values 𝐷11 and 𝐷22, and tensile tests in longitudinal
direction to measure the compliance values 𝑎11 and 𝑎21, where the compliance ma-
trix 𝒂 = 𝑨−1. The missing elements of 𝑫 and 𝒂 for both flange and web laminates
were taken from an earlier study [18] conducted on similar laminates. The non-zero
stiffness values used in the numerical simulations are listed in Table 2.2.

Table 2.2: Generalized stiffness values for flange and web laminates.

Flange Web
𝐴11(N/mm) 6218.5 11476.1
𝐴12(N/mm) 637.38 1112.8
𝐴22(N/mm) 1078.55 2291.54
𝐴33(N/mm) 736.5 1727.4
𝐷11(Nmm) 0.76 39.61
𝐷12(Nmm) 0.48 4.32
𝐷22(Nmm) 0.59 10.42
𝐷33(Nmm) 0.46 4.93

Behavior of the cord
Cords are the primary members carrying the deploying force in addition to holding
various strips of the structure together (Figures 2.2 and 2.3). Knowing the tensile
behavior of the cord helps accurately estimate the transfer of forces along the cord
in numerical simulations. In addition, deformed lengths of the various segments of
a cord decide the positions of the strips in relation to one another (see Figure 2.13).

Cords used in this study are 8 strand weave fishing lines with a load rating of 50
lb, marketed as J-Braid by Daiwa. To measure the elastic behavior (reaction force
vs extension) of these cords, we conducted tensile tests on a sample using Instron
machine. Extension was measured using two laser extensometers (LE-01 and LE-
05 from Electronics Instrument Research), and the reaction force in the cord was
measured using a 500 N load cell. The resulting data (Figure 2.4) was given as a
direct input (in the form of a table) to the simulations.
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Figure 2.4: Response of the cord to applied tensile strain. Measurements from three
repetitions of the tensile test are presented.

Characterization of the hinge
Deployment of the structure begins the instant the deploying cylinder is released.
Initial dynamics of the structure depends on the rotational speed of the cylinder. This
speed in turn is governed by the stiffness of the torsion springs and friction in the
hinge (see Figure 2.3). Therefore, quantifying the elastic and friction contributions
to the moment at the hinge axis is essential to accurately simulate the initial dynamics
of the deployment. Elastic stiffness of the torsion springs was obtained from the
data sheets, and was verified experimentally. To measure the friction moment at
the hinge axis, we released only the cylinder, without any structure, and tracked its
motion using motion capture cameras (Figure 2.5(a)). The measured rotation of
the cylinder as a function of time, \𝑒𝑥𝑝 (𝑡), will be used in the following analysis to
obtain a constant value for friction moment in the hinge.

The equation of motion of the cylinder at a rotation angle \ is

𝑀𝑔𝑑 sin(\ + \0) + 𝑇𝑒 − 𝑇 𝑓 = 𝐼ℎ ¥\, (2.2)

with the initial conditions

\ (0) = 0 and ¤\ = 0, (2.3)

where 𝑀 is the measured mass of the cylinder, 𝑔 is the acceleration due to gravity,
𝑇𝑒 is the elastic moment due to the torsion spring in the hinge, 𝑇 𝑓 is the opposing
friction moment, 𝐼ℎ is the rotational moment of inertia about the hinge axis, 𝑑 is the
distance of the center of gravity from the hinge axis, \0 is the angular position of
center of gravity from the hinge axis with respect to the longer edge of the cylinder.
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Mass of the cylinder was measured as 𝑀 = 885 g. The location of the center of
gravity of the cylinder (𝑑 = 171.2 mm and \0 = 9.14𝑜) was obtained from the CAD
model and was verified with experiments. Moment of inertia 𝐼ℎ = 38.25×10−3 kgm2

was obtained from the CAD model.

The hinge has two torsion springs with measured stiffness of 54.1 Nmm/rad each.
Since each spring was pre-compressed by 180◦, the elastic moment is given by

𝑇𝑒 = 108.2(𝜋 − \) Nmm. (2.4)

The equation of motion 2.2 has two unknowns, constant 𝑇 𝑓 and \ (𝑡), and needs to
be solved iteratively. For a given value of friction moment 𝑇 𝑓 , Equation 2.2 can be
integrated numerically to obtain the rotation as a function of time, \𝑎𝑛 (𝑡). The value
of 𝑇 𝑓 that minimizes the difference between the experimental measurement and the
analytical result,

𝐽 = norm
(
\𝑒𝑥𝑝 − \𝑎𝑛

)
, (2.5)

was searched for using the unconstrained optimization solver fminunc in MATLAB.

The aforementioned experiment was repeated four times and four corresponding
values for friction moment were obtained. The average value 𝑇 𝑓 = 137.9 Nmm was
used in the numerical simulations that follow.

Coefficient of friction of the pulleys
Deployment of the cord ends is driven by gravity. The deploying force is carried
by the cords which go over pulleys. Due to friction in a pulley, the tension force
available to deploy the structure is smaller than the force applied at the loose end of
a cord.

The miniature pulleys made of acrylic are mounted over ball bearings and are
of diameter 12.7 mm each. We aim to approximate the friction moment in this
assembly as a linear function of the total radial force acting on it. This linear
behavior will then be simulated using hinge connector element in Abaqus [29]. The
linear proportionality constant is the kinetic coefficient of friction.

Total radial force on the pulley supporting a cord is the vector addition of the tension
forces in the two segments of the cord. The tension forces can be generated by
attaching the ends of the cord to known masses. In a dynamic experiment, the
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Figure 2.5: Estimating the friction moment in the cylinder hinge. (a) Schematic
of the experiment. Cylinder is deployed without the structure. (b) Rotation of the
cylinder with time. Friction moment 𝑇 𝑓 = 137.9 Nmm was used for the curves from
numerical integration and Abaqus simulation. Cylinder locks at a rotation of 109𝑜
in the simulation.

tension forces can be calculated from the known weights and measured motion
of the masses. Due to the small size of the pulley, to avoid clashing between
the two masses, our experimental setup utilizes two identical pulleys at the same
horizontal level (Figure 2.6). The cord (of the same material used in the deployment
experiments) running over the two pulleys is connected to two masses. When
released, the heavier mass moves downward and the lighter mass upward. The
reflective spheres attached to two masses were tracked using the motion capture
cameras at a speed of 200 fps.
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Applying Newton’s second law of motion at masses 𝑀1 and 𝑀2,

𝑇1 = 𝑀1(𝑔 + ¥ℎ), (2.6)

𝑇2 = 𝑀2(𝑔 − ¥ℎ), (2.7)

where 𝑇1 and 𝑇2 are the tension forces in the cord at 𝑀1 and 𝑀2, respectively, 𝑔 is
the acceleration due to gravity, and ¥ℎ is the acceleration of the masses.

The equations of rotational motion of the two pulleys are

𝑇𝑅 − 𝑇1𝑅 − 𝑀 𝑓 1 = 𝐼 ¥𝛽, (2.8)

𝑇2𝑅 − 𝑇𝑅 − 𝑀 𝑓 2 = 𝐼 ¥𝛽, (2.9)

where 𝑇 is the tension in the portion of the cord between the two pulleys, 𝑅 and 𝐼
are the radius and moment of inertia of the pulleys, respectively, 𝑀 𝑓 1 and 𝑀 𝑓 2 are
the friction moments in the left and right pulleys, respectively. When there is no
slip between the cord and a pulley, rotation 𝛽 = ℎ/𝑅.

The vertical displacement ℎ of the masses we measured is a quadratic function of
time, so the acceleration ¥ℎ is a constant and is known. Therefore, tension forces
𝑇1 and 𝑇2 in Equation 2.6 are known. The moment of inertia 𝐼 of the pulley was
previously measured in [24] to be 1.9 × 10−8 kgm2. To solve the three unknowns
𝑇 , 𝑀 𝑓 1, and 𝑀 𝑓 2 in Equation 2.8, we used the optimization solver fmincon in
MATLAB.

Assuming that the friction moment in a pulley is directly proportional to the total
radial force at the pulley bearing,

𝑀 𝑓 1 = `1𝑟𝐹𝑛1, (2.10)

𝑀 𝑓 2 = `2𝑟𝐹𝑛2, (2.11)

where `1 and `2 are the coefficients of friction in the pulleys, 𝑟 = 1.59 mm is the
radius of the bore, and 𝐹𝑛1 and 𝐹𝑛2 are the total reaction forces at the pulleys.

The force resultants on the pulleys are

𝐹𝑛1 =

√︃
𝑇2

1 + 𝑇2, (2.12)

𝐹𝑛2 =

√︃
𝑇2

2 + 𝑇2. (2.13)

This experiment was conducted with 21 different combinations of masses (Figure
2.7) with 2 to 4 repetitions for each combination. Using linear fits, the coefficients
of friction were found to be 0.0323 and 0.0326 for the two pulleys.
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Figure 2.6: Schematic of the experiment to measure the friction coefficients of the
pulleys.

2.4 Numerical simulations
Using the data presented in Section 2.3 for the composite laminates and the com-
ponents of the deployment mechanism, we implemented explicit dynamic simu-
lations in the commercial finite element package Abaqus, version 2020 using the
Dynamic/Explicit solver.

Since the deployment tests were performed in air, air damping was approximated
in simulations as a stagnation pressure with coefficient 1.41 kg/m3 as proposed in
[24, Chapter 2]. However, air effects are expected to be negligible on the current
structure as observed in [24] for a similar structure.

To simulate the deployment of the structure, the initial condition is its folded con-
figuration at rest (zero kinetic energy) which is unknown. Therefore, a first, key
step of the analysis is to determine the folded configuration, starting from the known
geometry of the unfolded structure. The exact path taken to achieve the folded
configuration is unimportant as long as the total energy is conserved and the kinetic
energy is negligible at the end of the folding process. In the experiments, each
longeron has maximum one fold, mid-way along the length. Therefore, at the end
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Figure 2.7: Friction moments in the pulleys in relation to the total radial forces
acting at the centers. In pulley 1, coefficient of friction, `1 = 0.0322, and in pulley
2, `2 = 0.0326. The mean value ` = 0.0324 is used in the finite element analyses.

of the folding process in the simulations, the structure was visually inspected to
make sure that it has the same number of folds and that there are no local buckles
away from the expected folds. In addition, the folded configuration in the simula-
tion was quantitatively verified by comparing the coordinates of all the strip-cord
connectors and the fold angles in the longerons with those from the experiments.
The deviations in these quantities from the simulations relative to those from the
corresponding experiments were restricted to less than 5%.

The procedure used to simulate the folding process in this study is summarized
below.

1. We began the analysis with a Z-folded structure with all the longerons, battens,
and cords in their unstressed states (Figure 2.8).
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2. To induce elastic folds in the TRAC longerons, the flanges were flattened by
pinching the longerons. To pinch a longeron, a small pressure normal to the
surface of each flange was applied over a length of 25 mm in the middle of
the longeron.

3. All the longerons were then folded by applying vertical displacements to
the ends of the suspension cords (regions of the cords between pulleys and
hanging masses) as shown in Figure 2.8. During this, the tensions in the
suspension cords were linearly ramped up to their intended value 𝐹 or when
hanging masses were used to drive deployment, gravity was linearly ramped
up to its final value.

4. The displacement boundary conditions at the tips of the suspension cords were
released and the structure was allowed to reach its natural folded state under
the influence of the applied deploying forces. During this process, viscous
damping pressure was applied over all the surfaces to dissipate the kinetic
energy. It was linearly ramped up to its intended value, held constant for a
certain duration, and linearly ramped back to zero.

The rigid components of the mechanism such as the semi-annular plate and the
cylinder were modeled using quadrilateral shell elements R3D4. The mesh size
for the cylinder was 2 mm. Interactions between surface pairs were modeled as
frictionless, hard contact.

Modeling the deploying cylinder
The pre-compressed, elastic torsion spring used to deploy the cylinder, and the
constant friction moment in the hinge were modeled in Abaqus using the connector
element hinge. In the folded state, the rotation of the hinge connector about its axis
was set equal to zero. This rotation constraint was deactivated at the beginning of the
deployment step. The dynamics of the cylinder deployment, without the structure,
was found to agree with that in experiments (Figure 2.5).

Modeling the strips
The composite laminates were modeled using quadrilateral shell elements with re-
duced integration, S4R. The flange and web sections of the longerons were modeled
individually with the generalized stiffness values listed in Table 2.2. The mesh size
for these elements was 2 mm, and the total number of such elements in the model
was approximately 44000.
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Figure 2.8: Illustration of the steps to achieve a folded configuration in the finite
element simulations.
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The battens were modeled as isotropic beams with Young’s modulus of 137 GPa
and Poisson ratio 0.3. Beam elements B31 each of length 4 mm were used for the
finite element discretization.

The rigid connections between battens and longerons were modeled using kinematic
coupling. The end of a batten was rigidly coupled to the nodes over a small region
of the corresponding web laminate. This means that each degree of freedom was
constrained to be equal at all the nodes involved in the coupling.

With the mentioned finite element mesh sizes, the stable time increment in the
explicit analysis was approximately 7.4 × 10−8 s, and the critical elements deciding
this time increment were the beam elements used to model the battens. To increase
the stable increment of the analysis—to reduce the overall computation cost—a mass
scaling can be applied to artificially raise the material density of a batten. However,
it was observed that the deployment dynamics of the structure are highly sensitive
to the mass of the structure. Therefore, no mass scaling was applied in any step of
the analysis.

Modeling the cords
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Figure 2.9: Cords were modeled using slipring connector elements in Abaqus.

As mentioned earlier, each of the two cords is fixed at one end to the central shaft,
goes through six strip-cord connectors, goes over a pulley, and is connected to a
force or a hanging weight (as in our experiment) at the other end. In the simulations,
the cords were modeled with slipring connector elements. The elastic behavior
observed in Figure 2.4 was provided as an input to these elements. A slipring
element in Abaqus is defined as a straight line between two nodes. Each node has
a material flow degree of freedom in addition to three translations. This degree of
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freedom allows the flow of material between two adjacent elements (or two segments
of a cord). Where the end of a cord is rigidly bonded to a batten or to the central
shaft (Section 2.2), material flow was constrained to be zero (Figure 2.9).

To simulate a rigid strip-cord connector of finite width, two nodes were placed
at a distance of 10 mm and were rigidly coupled (constraining all six degrees of
freedom) to the nodes over the same span of the batten (Figure 2.9). These two
nodes represent the two sides of the strip-cord connector that the cord goes through.

Modeling the pulleys
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Figure 2.10: Modeling a pulley using flow-converter and hinge connector elements
in Abaqus. Nodes A and B are coincident. Two segments of the cord are connected
at node B.

Abaqus allows flow of material between two adjacent slipring elements at their
common node. Such a joint is, by default, frictionless and a special arrangement
was needed to model the friction moment in the pulleys (as described in Section
2.3).

The connector element hinge can model friction between two rotating surfaces.
Specifically, the friction moment at the interface, about the axis of rotation, can be
made to linearly vary with the total reaction force (see Figure 2.7 and Equation 2.10).
To convert the material flow of the cord at one side into rotation of the hinge, and to
convert the same rotation into material flow at the other side, two flow-converter
elements were used. This conversion emulates a no-slip contact between the cord and
the pulley. These three elements were defined between coincident nodes A and B as
shown in Figure 2.10. The specific ordering of the nodes within a connector element,
and the boundary conditions at the nodes were chosen based on the definition of
these elements in Abaqus. The translation degrees of freedom at node A, and the
rotation degrees of freedom at node B were set to zero. The two slipring elements
modeling the two segments of the cord on either side of the pulley were connected
at node B.
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2.5 Results
Repeatability of experiments
The structure was deployed three times with 300 gram hanging masses and the
deployment path was found to be repeatable. As an example, fold angles in the
longerons of the outermost Strip 3 are shown in Figure 2.12.

Figure 2.11: Estimating the fold angles from the positions of the reflective markers
(shown as white dots). Fold angles \1 and \2 are obtained as 𝜋−𝛼 and 𝜋− 𝛽, where
𝛼 and 𝛽 are angles between the vectors (u, v), and (w, x), respectively.0 0.2 0.4 0.6 0.8 1
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Figure 2.12: Fold angles in the longerons of Strips 2 and 3 from three repetitions of
the deployment with 300 g hanging masses.

Explanation of the folded configuration
The folded configuration of the structure, prior to deployment, is shown in Figure
2.13. For a qualitative comparison, a top view of the folded structure from an exper-
iment is provided. At a first glance, our simulations capture the folded configuration
accurately. Quantitative comparisons are provided in the following sections.
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(a)

(b)

(c)

Figure 2.13: Structure in folded state: (a) perspective view and (b) top view in
simulation, and (c) top view in an experiment. Cord is rigidly bonded to alternate
strip-cord connectors hence the discontinuity in tension forces. Deploying force
acts directly on the outermost strip. Fold angles in the inner strips are determined
only by the unextended lengths of the cords. The innermost cords attached to the
central shaft are slack.
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The two cords holding the three strips together transmit the force that causes the
deployment. Each cord is rigidly bonded to the strips at the outermost strip-cord
connectors of every strip (shown in black in Figure 2.13(a)). This is done to ensure
that the required length of the cord is available between a pair of strips to make the
deployment possible. The required cord length is the length of the cord between the
pair of strips in the fully deployed state (Figure 2.2).

The forces that cause deployment act directly upon the outermost strip-cord connec-
tors C16 and C26 and are not transferred to the interior segments of the cords. Due
to the elastic strain energy stored in the folded strips, a certain amount of force is re-
quired to prevent them from unfolding. This required force results from the tension
forces in the interior segments of the cords. Therefore, the folded configuration of
the interior strips (Strips 1 and 2) is dictated by the lengths of the cords between
strips.

A longeron is said to have latched when it snaps back into its unfolded state i.e.
when the fold angle first becomes approximately 0𝑜. The longerons (1 and 2) of the
innermost Strip 1 are the least folded and are very close to their latched state. Hence
the tension force required to keep the strip folded is very small compared to the
applied force. When deployed, these longerons move almost straight along the 𝑦−
axis while the strip rotates about the 𝑥− axis to reach its deployed state (Figure 2.14).
The longerons (5 and 6) of the outermost Strip 3 are the most folded and follow more
complex paths to reach their latched state. Upon deployment, the structure exhibits
highly transient oscillations as seen at the end of every curve in Figure 2.14. While
in experiments these oscillations are naturally dissipated and the structure comes to
complete rest, the structure in the simulation continues to oscillate.

Energy history in simulation
The validity of the solution from an explicit finite element analysis must be estab-
lished using the energy histories. As an example, Figure 2.15 shows the energy
output by Abaqus for a simulation of the deployment with 300 g hanging masses.

The kinetic energy is negligible at the beginning of deployment as needed. Since
the rotation of the cylinder was arrested at 109◦ (see Figure 2.5), the kinetic energy
of the cylinder was removed out of the system and hence, the kinetic energy and the
total energy dropped instantly (Figure 2.16(a)). This fall in total energy is equal to
the amount of kinetic energy removed. Before this instant and after, the total energy
remains constant. At the end of deployment, the kinetic energy becomes negligible
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Figure 2.16: Contribution of the mechanism and the structure to the kinetic and
strain energies. (a) Distribution of kinetic energy among the two hanging masses
(300 g each), cylinder, two pulleys, and the structure. (b) Strain and kinetic energies
of the structure. Deployment begins at time = 0. Hanging masses are 300 g.

as the structure gets close to its fully deployed state.

The total strain energy (in Figure 2.15) starts from a non-zero value as it includes the
strain energy stored in the torsion springs (precompressed by 180◦) in the cylinder
hinge (Figure 2.16(b)). As mentioned in Section 2.5, the longerons were pinched
over a duration of 30 ms to assist folding. This lead to a sharp rise in the strain energy
of the structure (Figure 2.16(b)). The total strain energy remains constant throughout
the damping step and starts to decrease when the cylinder is released. Towards the
end of deployment, the strain energy reaches a non-zero steady state value equal to
the strain energy remaining in the torsion springs that are still compressed by 81◦.

The local maxima in total strain and kinetic energies after the cylinder is locked are
due to the oscillation of the hanging masses as shown in Figures 2.16(a) and 2.17.

In addition, the artificial energy is less than 6.5% of total strain energy throughout
the simulation.
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Figure 2.17: Effective deploying force in the suspension cord and vertical dis-
placement of the hanging mass at point B. Tension in the cord rises suddenly at
approximately 0.4 s due to the momentum of the hanging masses.

The only two sources of friction dissipation are the friction in the cylinder hinge and
the friction in the pulleys (see Sections 2.3 and 2.3). The friction dissipation starts
to rise at the start of deployment and remains almost constant after the cylinder is
locked since the cylinder hinge contributes the most to the friction dissipation.

Experiment vs. simulation
Table 2.3: Percentage of absolute deviation from experiments in distances from
origin of the strip-cord connectors before 0.4 s. Hanging masses are 300 g.

Location Mean Standard deviation Maximum
C22 5.17 2.61 10.02
C24 0.95 0.56 2.30
C26 1.00 0.63 2.00

To compare the implemented numerical simulations with the experiments, we per-
formed the deployment of the structure with two different hanging masses: 300 gram
and 400 gram. Reflective markers on the structure were tracked using the infrared
motion capture cameras mentioned in Section 2.2. Only the data from the first 0.4
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Figure 2.18: Qualitative comparison of the deformation profiles between experiment
(left) and numerical simulation (right). Hanging masses are 300 g.
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Figure 2.19: Simulation vs. experiment: comparison of the 𝑥, 𝑦, 𝑧 coordinates
of three strip-cord connectors (defined in Figure 2.13(a)) during the first 0.7 s of
deployment. The hanging masses are 300 g in (a) and 400 g in (b).

Table 2.4: Percentage of absolute deviation from experiments in distances from
origin of the strip-cord connectors before 0.4 s. Hanging masses are 400 g.

Location Mean Standard deviation Maximum
C22 4.27 2.39 7.57
C24 0.75 0.42 1.41
C26 0.51 0.34 1.08
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s of the deployment is considered for the comparisons. The hanging masses reach
their lowest vertical positions at approximately 0.4 s. In other words, the structure
reaches its maximum radial position at this instant. After this instant, deployment
characteristics are dominated by the oscillations of the masses (and hence the os-
cillations in the structure). Moreover, the deployment mechanism offers structural
damping which was not modeled in the simulations.

The outermost strip-cord connectors C16 and C26 (defined in Figure 2.13(a)) are
directly driven by the hanging masses and their motion should be the easiest to
predict, followed by the motion of the interior connectors. As an example, a
comparison of the Cartesian coordinates of three strip-cord connectors is shown in
Figure 2.19. The corresponding deviations in the absolute positions of the strip-cord
connectors are presented in Tables 2.3 and 2.4. Position of a connector is the square
root of the sum of squares of its 𝑥, 𝑦, and 𝑧 coordinates.

Relative error is defined as the ratio of the absolute difference between the values
from experiment and simulation to the value from experiment.

It can be seen that the initial positions (at 0 s) of the connectors in simulation are in
excellent agreement with the experiment. The simulations estimate the motion of
C26 with maximum error less than 2% until the hanging weights reach the bottom
of their motion range (0.4 s). At this time, the tension forces in the suspension cords
rise significantly for a short time duration to oppose the momentum of the weights.
After this time, the 𝑥 and 𝑦 coordinates are estimated with better agreement with
experiments than the vertical 𝑧 coordinates.

Although in case of the innermost strip-cord connector C22, the simulations deviate
further from the experiments (Figure 2.19), the mean deviation from experiments is
less than approximately 5% in both cases (Tables 2.3 and 2.4). The maximum error
in each case is less than 10% until the end of deployment.

Table 2.5: Percentage of absolute deviation from experiments in the fold angles
before 0.4 s. Hanging masses are 300 g.

Longeron Mean Standard deviation Maximum
3 2.85 2.23 7.31
4 2.29 1.38 5.63
5 2.79 2.07 8.29
6 3.49 2.93 9.92
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Figure 2.20: Simulation vs. experiment: comparison of the fold angles in the
longerons. Longeron IDs as defined in Figure 2.2 are marked against the corre-
sponding curves. Hanging masses are 300 g in (a), and 400 g in (b).

Table 2.6: Percentage of absolute deviation from experiments in the fold angles
before 0.4 s. Hanging masses are 400 g.

Longeron Mean Standard deviation Maximum
3 1.94 1.25 4.51
4 2.20 1.41 6.31
5 1.63 1.47 6.50
6 2.36 2.08 7.66
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Going a step further in verifying the simulations, we compare the fold angles in all
the longerons (Figure 2.20). It was observed in the experiments and simulations
that the elastic folds remain in the middle of the longerons at least until the end
of deployment or until the hanging masses reach their lowest positions (at approx.
0.4 s). Hence, two markers (in experiment) or two nodes (in simulation) at the
longeron-batten intersections on either side of the middle of a longeron are used to
define the fold angle (Figure 2.11). The two vectors connecting these two pairs of
markers or nodes define the fold angle. In the few instances (after approx. 0.4 s of
deployment) where the fold is not in the middle of a longeron or where there are
multiple folds, the angle between the two vectors does not represent the true fold
angles. However, the comparison is still valid since the parameter being compared
is the same in both experiment and simulation.

Note that the experimental data for the fold angles of Longerons 5 and 6 is missing
in between 0.4 s and 0.6 s of deployment time because of the rotation of Strip 3
away from the central shaft as shown in Figure 2.18. Because the six motion capture
cameras used to track the reflective markers on the structure were placed behind as
well as on either sides of the central shaft, the reflective markers on Strip 3 were not
tracked by the cameras during the aforementioned time frame.

As explained in Section 2.5, the innermost smallest strip begins at fold angles
closest to 0◦. This is also the first strip to latch into the fully flat state during
deployment (Figure 2.20). In the experiments, not all the reflective markers on the
innermost strip are in the field of view of the motion capture cameras in the folded
configuration. Since the locations of at least four markers on a longeron are needed
to compute the fold angle, experimental data for the fold angles in the innermost
Strip 1 is not available at the beginning of the deployment. Hence, the fold angles in
the two outermost Strips 2 and 3 are considered for quantitative comparisons (Tables
2.5 and 2.6). The absolute deviation in fold angles from experiment is defined as
|\𝑠𝑖𝑚 − \𝑒𝑥𝑝 |/(𝜋 − \𝑒𝑥𝑝), where \𝑠𝑖𝑚 and \𝑒𝑥𝑝 are fold angles from simulation and
experiment, respectively.

In both the cases (hanging masses 300 g or 400 g), among the four outermost
longerons, the maximum deviations in fold angles are less than 10% with mean
errors less than 3.5%.

The time for latching is defined as the time taken for all the longerons to first latch
into their deployed configuration. The deployment times for the two test cases are
listed in Table 2.7 and differ by approximately 10%.



40

Table 2.7: Simulation vs. experiment: comparison of time for latching.

Hanging masses Simulation Experiment
300 g 0.503 s 0.56 s
400 g 0.508 s 0.56 s

Although we expected that the deployment would be faster when hanging masses
are increased, the results show practically no change. Although the initial dynamics
of the deployment are different with different hanging masses, the time taken for
all the longerons to latch into their unfolded state is almost identical. The key
factor affecting this behavior is the effective deploying force, i.e., the tension in
the suspension cord. Due to the inertia of the hanging masses, the tensions in
the suspension cords are of comparable magnitudes and have similar time histories
(Figure 2.17) before the masses reach their lowest vertical positions.

Furthermore, the tension forces in the diagonal cords rise significantly when the
hanging masses reach their lowest vertical positions. The deployment dynamics
from this instant are dominated by the oscillations of the masses and the structural
damping provided by the mechanism. Hence, a comparison between the simulations
and experiments was not viable after this instant. Using the hanging masses to guide
the deployment is not ideal and the deployment tests will be conducted using constant
force spring retractors for further comparisons in Chapter 4.

2.6 Conclusions
Unconstrained dynamic deployment of the ultralight deployable space structures
developed by the Caltech Space Solar Power Project (SSPP) was studied using
experiments and numerical simulations. For the purpose of verifying the numer-
ical simulations, deployment tests of the structure triggered by hanging weights
were conducted, and the motion of the structure was tracked using motion capture
cameras.

To provide input to the numerical simulations, the components involved in the
deployment mechanism were quantified using experiments. In the process, a novel
technique to characterize friction in a pulley was designed and implemented. The
numerical simulations of folding and deployment of the structure were implemented
in the commercial finite element software Abaqus using the explicit solver. Before
verifying with experiments, the finite element solutions were validated using the
energy histories.
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To metrics used to compare the simulations with experiments were the positions
of the strip-cord connectors, fold angles in the two outer strips, and the time taken
for the entire structure to latch into its flat state or the first instant where all the
fold angles are 0◦. In all the comparisons, the max deviation, over time, was less
than approximately 10% with respect to the experiments. Therefore the developed
simulation techniques are accepted and will be used to understand the structure-
mechanism interaction and sensitivity of deployment to design parameters in the
next chapter.

The numerical modeling techniques presented here will not only benefit the Caltech
project but can also be applied to the design of future lightweight deployable space
structures that undergo dynamic deployment.
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C h a p t e r 3

STRUCTURE-MECHANISM INTERACTION AND
SENSITIVITY OF DEPLOYMENT TO DESIGN PARAMETERS

3.1 Introduction
The effectiveness of the numerical simulations in predicting the dynamic deployment
of the thin-shell Caltech SSPP structures has been established in the previous chap-
ter. In this chapter, we use the developed simulation techniques to understand the
structure-mechanism interaction, and make the deployment predictable and robust.
We will demonstrate that by tailoring the initial conditions, the desired deployment
can be achieved. The deployment desired here is the one where each longeron
has maximum one stationary elastic fold during the deployment. In addition, a
deployment with smaller envelope or lower maximum heights is preferred.

Once the design is optimized to achieve the desired deployment behavior, we will
investigate the sensitivity of the deployment to various design parameters. The out-
comes can be used to improve the design of the current prototype as well as to assist
the designs of the next generation SSPP structures and deployment mechanisms.

In the previous chapter, we used hanging masses to assist the deployment for the
sole reason that the masses are easy to quantify and model in numerical simulations.
However, the structure is intended for space applications and will be deployed using
spring retractors in the absence of gravity forces. Therefore, in this chapter, we study
deployment using constant force spring retractors. Schematic of the structure and
deployment mechanism in stowed and deployed configurations is shown in Figure
3.1.

Figure 3.2 shows the model considered in the numerical simulations. The same
thin-shell composite structure introduced in Chapter 4 will be studied (see Figure
3.4). The structure is made of three ladder-like components called strips. Each strip
comprises of two composite longerons of TRAC cross-section. The three strips are
connected by two cords at the strip-cord connectors (SCC for short).

To make the deployment possible, each cord is rigidly bonded to the strips only at
half the number of SCCs. As shown in Figure 3.2, each cord is rigidly bonded to the
outermost SCCs of every strip, i.e., SCCs closest to the even-numbered longeron of
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Figure 3.1: Schematic of the deployment mechanism and structure in folded and
deployed configurations. Spring retractors at the ends of diagonal booms assist the
deployment.

Figure 3.2: Model used in numerical simulations.

that strip. The cords can freely slide through the innermost connectors of each strip.

One end of each strip is fixed in space simulating the rigid connection to the central
shaft depicted in Figure 3.3. The other end of the cord is connected to a constant
force spring retractor.

In the numerical simulations, only those components of the deployment mechanism
that are in contact with the folded structure or those that might come in contact with
the deploying structure are modeled. Such components are the rigid plate, rigid
shell, and cylinder shown in Figure 3.2.

The structure in folded configuration is sandwiched among the rigid components.
The rigid shell at the bottom of the mechanism and a rectangular protrusion at the
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tip the top plate (see Figure 3.3) assist in holding the folded structure in place as
well as in ensuring the repeatability of the folded configuration. The cylinder when
stowed prevents the structure from deploying.

lift to deploy

quick-release link

deploying
    cylinder

hinge with
torsion spring

cord connection

central shaft

top plate
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kicko� springs

27
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m
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Figure 3.3: Schematic showing the center of the deployment mechanism. Two
kickoff springs in parallel provide an impulse to the cylinder upon release.

The deployment of the structure is triggered by the release of the cylinder and is
affected by the following.

1. Gravity: While the structure and deployment mechanism are designed for
space applications, away from the influence of Earth’s gravity, preliminary
tests are conducted on the ground, i.e., in the presence of gravity. Hence, it is
essential to know how reliable on-the-ground deployment tests are in gaining
insights into in-space deployments.

2. Spring retractors: While the folded structure deploys and unfolds solely
due to its own stored strain energy, the outer ends of the structure as guided
by the constant force spring retractors. Hence, the stiffness of these springs
or equivalently, retraction force offered by the spring retractors affects the
dynamics of the deployment.

3. Cylinder: The cylinder, upon release, takes a finite time to reach its final
state and interacts with the structure during deployment. While the spring
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retractors assist the unfolding of the structure, the cylinder provides an obstacle
to the deployment of the structure. The speed of rotation of the structure can
be controlled through the choice of torsion springs at the hinge and kickoff
springs at the top of the structure (Figure 3.3). Note that kickoff springs
were utilized in the flight prototype of Caltech SSPP [21] to ensure separation
between the central hub and the cylinder upon release. Here, the kickoff
springs are intended to increase the rotation speed of the cylinder.

4. Membrane and functional elements: The structure is intended to host
functional elements such as photovoltaic cells and RF antennas in space.
These elements would be mounted on a Kapton membrane that fills all the
gaps among the longerons and battens of every strip. The membrane would
be rigidly bonded to a strip at the longeron-batten intersections [34]. Inertia
of these components affects the deployment dynamics.

5. Orientation of the structure in folded state: Before installing the structure
in the deployment mechanism, it is first Z-folded (alternating mountain and
valley folds), inserted into the gap between the central shaft and the cylinder,
and then the cords are attached to the central shaft and the retractors. Two
orientations of the structure are possible (as shown in Figure 3.21) and will
lead to different deployment paths.

6. Locations of strip-cord connectors (SCC): The placement of the SCCs
affects the kinematics and dynamics of the deployment. It determines the
locations of centers of mass of the strips, locations of application of retractor
forces (through tensions in cords) on the strips, and the lengths of cord avail-
able between strips during deployment. Moreover, the locations of the SCCs
are of particular interest since they are decided at the final stage of assembling
the structure and can be altered without damaging the strips.

This chapter is dedicated to studying the effect of the above parameters on the
deployment of the SSPP structures using numerical simulations. The structure used
along with the approximation of the mass of membrane with functional elements
(hereafter, simply referred to as membrane) is shown in Figure 3.4. While the mass
of the membrane is approximated, the membrane itself is not modeled and neither
are the resulting effects such as wrinkling and air drag.

In all the simulations presented in this chapter, the torsion spring stiffness is 100
Nmm/rad and the friction in the hinge of the cylinder is ignored (Figure 3.3).
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To analyze the resulting deformation profiles from the numerical simulations quan-
titatively, the following quantities are used: radial motion of the structure 𝑅 and
rotation of a strip 𝛼 as defined in Figure 3.5, fold angles in the longerons, and the
maximum and minimum heights reached by the structure during deployment.

A B C D

E F G H

I J K L M N

O P Q R S T

U V W X Y Z AA AB

AC AD AE AF AG AH AI AJ

A, D, E, H: 0.86 g
B, C: 0.89 g
F, G: 1.56 g

I, N, O, T: 0.98 g
J, M: 1.31 g
P, S: 1.98 g
K, L, Q, R: 2 g

U, AB, AC, AJ: 0.99 g
V, AA: 1.42 g
AD, AI: 2.09 g
W, X, Y, Z, AE, AF, AG, AH: 2.2 g

Strip 1

Strip 2

Strip 3

Longeron 1

Longeron 2
Longeron 3

Longeron 4
Longeron 5

Longeron 6

Side view
of strips

Top view

Figure 3.4: Schematic of the structure: Mass of membrane and functional elements
is approximated by placing point masses at the intersections of longerons and battens.
The values shown correspond to areal density of membrane 𝜌 = 100 g/m2. Mass of
the structure was 65.3 gram. Total mass of the added point masses is 55.43 gram.

3.2 Effect of cylinder rotation
The deployment begins at the instant the cylinder is released by the quick-release
mechanism. During the initial part of the deployment, the cylinder could interact
with the structure and sometimes lead to undesirable effects. For example, it can
be seen in Figure 3.8 that in the absence of kickoff springs (𝐾 = 0), the cylinder
provides a ramp to the structure thereby raising the maximum height reached by the
structure during deployment. An example of a more adverse effect is the deployment
of the structure with constant force 𝐹 = 5 N shown in Figure 3.14. The structure-
cylinder interaction in this case lead to a chaotic behavior of the strips. Hence, it is
essential to minimize this interaction between the structure and the mechanism.

In other words, the cylinder must be out of the way of the deploying structure as
soon as possible. This can achieved by pushing the cylinder with a large force at the
beginning of the deployment. Helical springs between the top plate and the cylinder
fulfill this objective and hence are called kickoff springs (Figure 3.3).

The current model employs two kickoff springs of stiffness 𝐾 each. Each of these
springs is precompressed by 5 mm in the stowed configuration. The force applied
by these springs on the cylinder linearly reduces to zero as the cylinder rotates by
approximately 0.9◦. from the stowed position. This short-lived kickoff spring force
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(a)

(b)

Figure 3.5: Definitions of (a) radial motion of the structure 𝑅 and strip rotation 𝛼,
and (b) fold angle in a longeron. 𝑅1 and 𝑅2 are the radial distances from Z-axis, on
X-Y plane, of the outermost strip-cord connectors of the structure. Vector 𝑣𝑖 in a
strip 𝑖 points from midpoint of the smallest longeron to the midpoint of the longest
longeron of the strip. Fold angles \1 = 𝜋 − 𝛼 and \2 = 𝜋 − 𝛽 are estimated from
the positions of the reflective markers (shown as white dots). 𝛼 and 𝛽 are angles
between the vectors (u, v), and (w, x), respectively.

can have a significant impact on the angular velocity of the cylinder. Figure 3.6
shows the impact of a few kickoff spring stiffnesses on the motion of the cylinder.
For this comparison, only the cylinder was deployed, without a structure.
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Figure 3.6: Effect of kickoff spring stiffness 𝐾 on the rotation and angular velocity
of the cylinder. Since two kickoff springs are used, total stiffness is 2𝐾 . Cylinder
locks at a rotation of 109◦ in the simulations.

The effect of the kickoff springs on the deployment of the structure is studied using
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numerical simulations. The extreme cases of no kickoff spring or 𝐾 = 0, and
𝐾 → ∞ where the cylinder reaches its final position instantaneously also were
simulated. In all cases, the same retractor force 𝐹 = 2 N and the same membrane
density 𝜌 = 100 g/m2 were used.
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Figure 3.7: Radial motion of the structure with time, and deployment envelopes
with radial motion for varying kickoff spring stiffness, 𝐾 . Since two kickoff springs
are used, total stiffness is 2𝐾 . Gravity is absent. retractor force 𝐹 = 2 N. Membrane
density 𝜌 = 100 g/m2.

As expected, the deployment is the slowest when there is no kickoff spring and the
fastest when the cylinder instantly clears the structure upon release (Figure 3.7).
While there is a significant jump in the time taken for deployment when the kickoff
spring stiffness is increased from 𝐾 = 0 to 𝐾 = 50 N/mm, the difference is minute
for further increase in 𝐾 .

The maximum and minimum heights the structure reaches during the deployment
are also presented in Figure 3.7. Vertical (z-) positions of the nodes along the edges
of the webs of all the six TRAC longerons were considered in this search. As noted
earlier, the cylinder acts as a ramp causing the structure to reach higher vertical
positions. This effect reduces with increasing kickoff spring stiffness 𝐾 .

Since the only role of the cylinder is to maintain the structure in its folded configura-
tion, it must be moved away from the structure as soon as possible after deployment
begins. This is supported by the findings presented here. For the simulations per-
formed hereafter, two kickoff springs with stiffness 𝐾 = 100 N/mm each will be
used.

3.3 Effect of gravity
While the structure and deployment mechanism are designed for space applications,
away from the influence of Earth’s gravity, preliminary tests are conducted on the
ground, i.e., in the presence of gravity. Hence, it is essential to know how reliable
on-the-ground deployment tests are in gaining insights into in-space deployments.
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Figure 3.8: Deformed profiles of the structure at various levels of radial motion
with kickoff spring stiffness, 𝐾 = 0, 100 N/mm, or ∞. Since two kickoff springs
are used, total stiffness is 2𝐾 . In all cases, retractor force 𝐹 = 2 N and membrane
density 𝜌 = 100 g/m2. Gravity is absent.
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Figure 3.9: Effect of gravity on the rotation and angular velocity of the cylinder.
Kickoff spring stiffness 𝐾 = 100 N/mm. Cylinder locks at a rotation of 109◦ in the
simulations.
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Figure 3.10: Effect of gravity on the radial motion and maximum and minimum
heights of the structure. Kickoff spring stiffness 𝐾 = 100 N/mm. Constant retractor
force 𝐹 = 2 N, and membrane density 𝜌 = 100 g/m2.

We performed numerical simulations of the deployment both with and without
simulating the influence of Earth’s gravity. In the presence of gravity, the cylinder
rotates faster and reaches its final state sooner. However, this does not affect the
time taken for the structure to reach its maximum radial position (Figure 3.10). This
is because the cylinder ceases to interact with the structure soon after its release
(Section 3.2).

While the rotations of the individual strips, 𝛼 remain almost the same before the
structure reaches maximum radial position (approximately 0.22 s), differences can
be seen afterwards. For example, the strips take longer to latch into their fully
deployed states (or 180◦ fold angles) in the absence of gravity. In addition, once the
structure reaches the maximum radial position, the amplitude of oscillations of the
outermost Strip 3 is greater in the absence of gravity while that of Strip 2 remains
almost the same (Figure 3.11).

While the overall shapes of the evolution of the maximum heights reached by the
structure during deployment appear similar, a significant difference is seen in their
magnitudes. The whole deployment envelope shifts upward and the structure can
reach significantly higher vertical positions in the absence of gravity.
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Therefore, despite the differences in the deployment behavior, ground tests can
still be used to reasonably predict the radial motion and the orientations of the
strips during deployment in space, and the design choices must allow more vertical
clearance for a successful deployment.
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Figure 3.11: Effect of gravity on the strip rotations. Kickoff spring stiffness 𝐾 = 100
N/mm. Constant retractor force 𝐹 = 2 N, and membrane density 𝜌 = 100 g/m2.

3.4 Effect of constant retractor force
While the folded structure deploys and unfolds solely due to its own stored strain
energy, the outer ends of the structure are guided by the constant force spring
retractors. Hence, the retraction force offered by the spring retractors affects the
dynamics of the deployment.

The time taken for the deployment is not of primary concern and the amount of
retractor force that promises a successful deployment must be chosen. Since the
deploying (or retracting) force and the rotation of the cylinder have opposite effects
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Figure 3.12: Effect of gravity on the deployment. Kickoff spring stiffness 𝐾 = 100
N/mm. Constant retractor force 𝐹 = 2 N, and membrane density 𝜌 = 100 g/m2.

on the motion of the structure, the optimal force depends on the chosen stiffness of
the kickoff springs.

Deployment of the structure with various values for the retractor force was simulated.
In all cases, kickoff spring stiffness 𝐾 = 100 N/mm, and areal density of the
membrane 𝜌 = 100 g/m2.

As the retractor force in the diagonal cords increases, the maximum height reached
by the structure also increases (Figure 3.13). Significant increase in the maximum
height happens before the structure reaches its maximum radial position. Further
rise in maximum height happens because of the rotation of the outermost strip about
the position of maximum radial distance.



53

0 0.2 0.4 0.6 0.8 1
Deployment time (s)

0

100

200

300

R
ad

ia
l m

ot
io

n,
 R

 (m
m

)

F = 0.5 N
F = 1 N
F = 2 N
F = 3 N
F = 5 N

0 0.2 0.4 0.6 0.8 1
Deployment time (s)

0

200

400

600
M

ax
im

um
 a

nd
m

in
im

um
 h

ei
gh

ts
 (m

m
)

Figure 3.13: Radial motion of the structure and deployment envelopes for different
pulling forces in the diagonal cords. Kickoff spring stiffness 𝐾 = 100 N/mm.
Membrane density 𝜌 = 100 g/m2. Gravity is absent.

Deformation profiles for three of the cases 𝐹 = 1 N, 2 N, 5 N are presented in
Figure 3.14. When 𝐹 = 5 N, the structure is pulled outward significantly faster than
the cylinder can clear the structure. Hence the outermost Strip 3 (in green) slides
along the cylinder and reaches higher vertical positions than in the other two cases.
In addition, the outermost longeron of Strip 2 (in blue) also is pulled against the
cylinder leading to multiple folds. Note that in the initial part of the deployment
before the structure reaches its maximum radial position, Strip 3 needs to rotate in
the same sense as the cylinder while Strip 2 needs to rotate in the opposite sense.
Hence, the cylinder has an adverse effect (inducing multiple folds) on Strip 2 and
not on Strip 3. This is evident from the deformation profiles in Figure 3.14. For
example, in case of 𝐹 = 2, two elastic folds can be seen in Longeron 4 of Strip 2 at
𝑡 = 0.2 s.

Deployment with 𝐹 = 1 N or less when 𝐾 = 100 N/mm has maximum one fold
in each longeron and the fold remains approximately in the same location of the
longeron.

Therefore, a smaller pulling force leads to a smaller and lower deployment envelope
and the deployment is less prone to the formation of additional folds.

In the simulations presented hereafter, a constant retractor force of 1 N will be used.
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Figure 3.14: Deformation profiles of the structure during deployment with constant
retractor forces 𝐹 = 1 N, 2 N, or 5 N. Kickoff spring stiffness 𝐾 = 100 N/mm.
Membrane density 𝜌 = 100 g/m2. Gravity is absent.

Analyzing the deployment with 𝑭 = 1 N, 𝑲 = 100 N/mm, 𝝆 = 100 g/m2

We analyze the deployment of the structure further using the optimal combination
of parameters: retractor force 𝐹 = 1 N, kickoff spring stiffness 𝐾 = 100 N/mm, and
membrane density 𝜌 = 100 g/m2.

The validity of the solution from an explicit finite element analysis must be estab-
lished using the energy histories. Figure 3.15 shows the energy output by Abaqus for
the simulation of interest. Time is chosen to be zero at the beginning of deployment
and is negative during the folding processes. The kinetic energy is negligible at the
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Figure 3.15: Energy history in the simulation with a constant retractor force of 1 N.

beginning of deployment (𝑡 = 0). Since the kickoff springs provide an impulse over
a rotation of 0.9◦ of the cylinder, the kinetic energy rises almost instantaneously at
𝑡 = 0. Beyond this, the kinetic energy results from contributions of the cylinder as
well as the deploying structure.

Since the rotation of the cylinder was arrested at 109◦ (Figure 3.6), the kinetic
energy of the cylinder was removed from the system and hence, the kinetic energy
and the total energy dropped instantly. This fall in total energy is equal to the amount
of kinetic energy removed. Before this instant and after, the total energy remains
constant. At the end of deployment, the kinetic energy becomes negligible as the
structure gets close to its fully deployed state.

The strain energy starts from a non-zero value at the beginning of the folding
process as it includes the strain energy stored in the torsion spring (of stiffness 100
Nmm/rad and precompressed by 180◦) in the cylinder hinge as well as that stored in
the kickoff springs. As mentioned in Section 2.4, the longerons were pinched over
a short duration to assist folding. This lead to a sharp rise in the strain energy near
𝑡 = −530 ms.

The total strain energy remains constant throughout the equilibrium step and starts
to decrease when the cylinder is released. Since the two kickoff springs were
precompressed by 5 mm, the strain energy stored in them (2500 mJ) is released
almost instantaneously. Towards the end of deployment, the strain energy reaches
a non-zero steady state value equal to the strain energy remaining in the torsion
springs that are still compressed by 81◦.
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In addition, the artificial energy is negligible throughout the simulation.

Friction dissipation is zero everywhere since the cylinder hinge was assumed to be
frictionless.
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Figure 3.16: Constant retractor force = 1 N. Kickoff spring stiffness 𝐾 = 100 N/mm.
Membrane density 𝜌 = 100 g/m2. Gravity is absent.

The behavior of the structure during deployment is quantified by the radial motion
of the outermost strip-cord connectors 𝑅, rotations of the strips 𝛼, and fold angles in
the longerons presented in Figure 3.16. The structure reaches its maximum radial
distance of 𝑅 = 258 mm within 0.3 s and the strips rotate about this point until all
the longerons fully unfold. Since there is no damping in the deployment steps of the
simulation, the structure continues to oscillate about its fully deployed state.

Strip rotation 𝛼 is defined as the angle the vector connecting the midpoints of the
longerons makes with the Y- axis on the YZ plane (Figure 3.5). We noticed that,
throughout the deployment, the midpoints of all the six longerons remain within 10
mm from the YZ plane. Hence the strip rotations defined here, along with the fold
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angles, provide complete information on the shapes and orientations of the strips.
Because the structure is Z-folded (Figure 3.21), strips 1 and 3 begin at 𝛼1 = 𝛼3 = 90◦

at 𝑡 = 0 while Strip 2 begins at 𝛼2 = −90◦.

Since the retractor force acts directly on the outermost Strip 3 and since this strip
needs to rotate in the same sense as the cylinder, 𝛼3 begins to change as soon
as the cylinder is released. This is evident from the non-zero slope of the curve
corresponding to 𝛼3 at 𝑡 = 0 in Figure 3.16.

On Strip 2, the retractor force acts at the strip-cord connectors closest to Longeron
4. Since this longeron is closer to the hinge of the cylinder and since Strip 2 needs to
rotate in a sense opposite to that of the cylinder, 𝛼2 remains almost constant until the
cylinder rotates by a certain amount making space for Strip 2 to deploy. Therefore,
the curve corresponding to 𝛼2 begins with zero slope.

The innermost Strip 1 is restricted by the interior Strip 2 and hence 𝛼1 changes
slowly upon deployment and starts with a zero slope. This behavior is also evident
from the deformed profiles in Figure 3.14.

The longerons 5 and 6 (of Strip 3) have fold angles of approximately 100◦ in the
folded configuration while the longerons 3 and 4 (of Strip 2) begin at fold angles
close to 120◦. The complex evolution of these fold angles through the deployment is
shown in Figure 3.16. The longerons 1 and 2 of Strip 1 start with fold angles slightly
smaller than 180◦. They latch into their flat states within 0.2 s and remain that way
for the rest of the deployment (not shown here). The reason for the difference in the
initial fold angles among the three strips was explained in Section 2.5.

3.5 Effect of membrane mass
The structure is intended to host functional elements such as photovoltaic cells
and RF antennas. These elements would be mounted on a Kapton membrane
that fills all the gaps among the longerons and battens of every strip. Since the
membrane would be rigidly bonded to the strips at the longeron-batten intersections
[34], the mass of the membrane and functional elements (all together referred to
as membrane for simplicity) is approximated through point masses at the longeron-
batten intersections. For example, for an areal density of the membrane 𝜌 =

100 g/m2, Figure 3.4 shows the point masses needed at all the longeron-batten
intersections. Only the mass of the membrane is approximated and other effects of
the membrane such as air drag and wrinkling are not modeled in this study.

We simulated the deployment of the structure for three different values of membrane
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Figure 3.17: Effect of membrane density on the radial motion and deployment
envelope. Constant retractor force 𝐹 = 1 N. Kickoff spring stiffness 𝐾 = 100
N/mm.

Figure 3.18: Effect of membrane density on the deformation profiles in the first
0.15 s. With increase in mass, the structure moves slower at the beginning of the
deployment thus interacting less with the cylinder. Constant retractor force 𝐹 = 1
N. Kickoff spring stiffness 𝐾 = 100 N/mm.
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Figure 3.19: Evolution of maximum and minimum heights, and rotation of Strip
3 until the first instant structure reaches its maximum radial position. Constant
retractor force 𝐹 = 1 N. Kickoff spring stiffness 𝐾 = 100 N/mm.

density 𝜌 = 0 (no membrane), 𝜌 = 100 g/m2, and 𝜌 = 300 g/m2. In all these cases,
constant retractor force 𝐹 = 1 N, and kickoff spring stiffness 𝐾 = 100 N/mm.

Before the structure reaches the maximum radial position, increasing the density of
the membrane results in a decrease in the maximum heights reached by the structure
(Figures 3.17 and 3.19). This is because with increase in inertia, the structure starts
slower and the structure-mechanism interaction is reduced (Figure 3.18).

The deployment behavior is opposite after the structure reaches its maximum radial
position. Due to the increase in inertia with increasing membrane density, after the
structure reaches its final radial position, amplitude and time period of the rotation
of the outermost strip increases (Figure 3.20). This results in an increase in the
maximum heights reached by the structure (Figure 3.17).

Nevertheless, in all the three cases, it was observed that no additional folds were
created in the longerons during the deployment and the existing folds were stationary
as desired.
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Figure 3.20: Effect of membrane mass on deployment dynamics. Constant retractor
force 𝐹 = 1 N. Kickoff spring stiffness 𝐾 = 100 N/mm.

Standard

Inverted

Figure 3.21: Two possible orientations of the Z-folded structure. Solid blue line
represents a mountain fold and dashed line represents a valley fold.
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3.6 Effect of structure orientation
The structure is Z-folded before folding and installing it in the deployment mech-
anism. There are two possible ways of Z-folding the structure (Figure 3.21) and
both the folded states lead to the same fully deployed configuration. Thus far, only
one orientation of the structure has been studied and the deployment path from the
inverted orientation to the identical final state is unknown.

When the structure is stowed in the standard orientation (Figure 3.21), Longeron
6 is close to the top of the cylinder and when it is stowed the inverted orientation,
Longeron 6 is close to the hinge of the cylinder. Since the force applied by the cords
acts directly on the outermost strip-cord connectors that are closest to Longeron 6,
the interaction between Strip 3 and the cylinder depends on the initial orientation.
For example, with the inverted initial orientation, Longeron 6 stays in contact with
the cylinder longer resulting in a slow start of the deployment. This is evident from
the smaller slope of radial motion, 𝑅 with time in Figure 3.22. In addition, Strip
3 remains vertical (𝛼3 = −90◦) for a longer duration (Figure 3.23) and hence the
zero slope of rotation 𝛼3 at 𝑡 = 0 in Figure 3.22. These initial differences in the
deployment dynamics result in only a small difference in the time taken to reach the
maximum radial position.

A major deviation from the standard deployment behavior is seen in the maximum
and minimum heights reached by the structure after it reaches its maximum radial
position (approximately 0.3 s). This is because of the difference in sense of rotation
of Strip 3. With the standard initial orientation, Strip 3 rotates forward (away from
the central hub) and reaches higher vertical positions whereas with the inverted
initial orientation, Strip 3 rotates backward and reaches lower vertical positions.

Therefore the initial orientation of the structure can be chosen based on the limitation
on the vertical clearance available for the structure, and the allowable amount of
structure-mechanism interaction which in turn depends on the speed of cylinder
rotation (Section 3.2) and the retractor force (Section 3.4).

3.7 Effect of strip-cord connectors locations
As mentioned earlier, each strip is connected to two diagonal cords through four
strip-cord connectors (SCCs). The outermost SCCs on each strip, i.e., those closest
to the longest longeron of the strip are rigidly bonded to the cords while the cords can
freely slide through the innermost SCCs. Due to this arrangement, the tension forces
in the cords act directly on the outermost SCCs. Hence, the choice of locations of
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Figure 3.22: Comparison of the orientation of the structure. Constant retractor force
= 1 N.

SCCs affects the kinematics and dynamics of the deployment. Since the length
of a cord available between adjacent strips determines how the adjacent longerons
interact with each other during deployment, the locations of the SCCs also affects
the success of the deployment. Moreover, the locations of the SCCs are of particular
interest since they are decided at the final stage of assembling the structure and can
be altered without damaging the strips.

In the structure studied thus far, the SCCs were placed asymmetrically on the
diagonal battens (Figure 3.24). However, to reduce the number of variables, we
place the SCCs at equal distances from the ends of the diagonal battens in this
particular analysis (Figure 3.25). We simulate three scenarios with the distances
of an SCC from an end of a diagonal batten 𝑥 = 0.1𝑑, 0.2𝑑, 0.3𝑑, where 𝑑 is the
length of a diagonal batten. 𝑥 = 0 is not possible because of the conflict between the
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Figure 3.23: Comparison of the orientation of the structure – deformation profiles.
Constant retractor force = 1 N. Kickoff spring stiffness 𝐾 = 100 N/mm. Membrane
density 𝜌 = 100 g/m2.

required length of the cord between Strip 1 and central shaft and the gap between
the central shaft and the deploying cylinder.

The cord tension of 𝐹 = 1 N acts directly on the outermost SCCs of Strip 3. Tension
forces in the interior portions of the cords are determined by the moments needed
to maintain the fold angles in the strips which in turn depend on the lengths of the
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Figure 3.24: Locations of the strip-cord connectors in the structure studied thus far.
Strip 1 is shown as an example and the same placement is true for all the strips of
the structure. 𝑑 is the length of a diagonal batten.
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Figure 3.25: Strip-cord connectors are placed at equal distances, 𝑥 from the ends of
the diagonal battens. Strip 1 is shown as an example and the same placement is true
for all the strips of the structure. 𝑑 is the length of a diagonal batten.

cords between adjacent strips.

Since the length of a cord from the central shaft to the point of attachment to a spring
retractor (Figure 3.2) must be the same in any scenario, the amount of cord between
any two adjacent strips decreases with decreasing 𝑥. Therefore, the strips are much
closer to each other when 𝑥 = 0.1𝑑 than in the other two cases which resulted in
snagging between Strips 1 and 2 (for example, at 𝑡 = 0.2 s in Figure 3.30).

For the same reason, the smallest Strip 1 is more folded (smaller initial fold angle)
when 𝑥 = 0.1𝑑 compared to the other cases (Figures 3.26 and 3.28).

In addition, due to the chosen gap between the central shaft and the cylinder in the
mechanism (Figure 3.3), the interior portions of the cords, i.e, those attached directly
to the central shaft, are significantly taut resulting in larger bending curvatures in all
the diagonal battens. On the other extreme, for 𝑥 = 0.3𝑑, all the interior portions
of the cords have negligible tension and the innermost Strip 1 is the least folded
compared to the other two cases.

The evolution of fold angles in the longerons is unique to each case (Figure 3.28).
However, the shapes of the curves for 𝑥 = 0.2𝑑 and 𝑥 = 0.3𝑑 are closer to each
other and differ significantly from those for 𝑥 = 0.1𝑑. One unique feature of the
deployment path in case of 𝑥 = 0.1𝑑 is that for the first 20% of the radial motion,
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Figure 3.26: Top views of the folded structure with 𝑥 = 0.1𝑑, 0.2𝑑, 0.3𝑑.

Longeron 2 occupies the highest vertical position followed by Longeron 6 for the
rest of the deployment (Figures 3.29 and 3.30). Whereas, for 𝑥 = 0.2𝑑 or 0.3𝑑, only
Longeron 6 contributes to the maximum heights until the maximum radial position
is reached. This means that the smallest Longeron 1 might come in contact with the
top of the central hub and has implications on the design of the central hub when
the SCCs are placed too close to the ends of diagonal battens.

Despite the differences, the time taken for the structure to reach maximum radial
position is almost the same in all the three scenarios (not shown here). Also, no
significant differences in the evolution of strip rotations 𝛼 were noticed at least until
the structure reaches the maximum radial position (at approximately 0.3 s).



66

0 0.2 0.4 0.6 0.8 1
Deployment time (s)

0

50

100

R
ot

at
io

n 
(d

eg
)

Strip 1

0 0.2 0.4 0.6 0.8 1
Deployment time (s)

-100

-50

0

50

R
ot

at
io

n 
(d

eg
)

Strip 2

0 0.2 0.4 0.6 0.8 1
Deployment time (s)

-50

0

50

100

R
ot

at
io

n 
(d

eg
)

Strip 3

x = 0.1d
x = 0.2d
x = 0.3d

Figure 3.27: Rotations of the strips during deployment for different locations of the
strip-cord connectors 𝑥. Constant retractor force 𝐹 = 1 N. Kickoff spring stiffness
𝐾 = 100 N/mm. Membrane density 𝜌 = 100 g/m2.

3.8 Conclusions
The numerical simulation techniques developed in the previous chapter have been
used to study the effects of various influences on the deployment path of the Caltech
SSPP structure. Important findings of this study are as follows.

1. Cylinder: Interaction between the structure and the deploying cylinder can
significantly affect the deployment dynamics. The cylinder assists in main-
taining the structure in its folded state and the deployment begins once the
cylinder is released. Since the cylinder has no role to play during the deploy-
ment, it is crucial to eliminate any interaction between the cylinder and the
structure. Ideally, the cylinder must be ejected out of the deployment path as
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Figure 3.28: Fold angles in the longerons during deployment for different locations
of the strip-cord connectors 𝑥. Constant retractor force 𝐹 = 1 N. Kickoff spring
stiffness 𝐾 = 100 N/mm. Membrane density 𝜌 = 100 g/m2.
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Constant retractor force = 1 N. Kickoff spring stiffness 𝐾 = 100 N/mm. Membrane
density 𝜌 = 100 g/m2.
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Figure 3.30: Fold angles in the longerons for 𝑥 = 0.1𝑑, 0.2𝑑, 0.3𝑑. Constant
retractor force = 1 N. Kickoff spring stiffness 𝐾 = 100 N/mm. Membrane density
𝜌 = 100 g/m2.

soon as it is released.

2. Retractor force: Upon release, the folded structure unfurls and latches into its
original flat state due to the stored strain energy. Time taken for this process
is unimportant as long as the deployment is predictable, damage-free and
successful. Therefore, the tension forces in the diagonal cords need to be only
large enough to guide the strips to their final radial positions and to stabilize the
entire structure once it reaches it fully deployed state. A smaller retractor force
also reduces the interaction between the cylinder and the structure resulting in
a predictable deployment with lower maximum heights and constant number
of stationary elastic folds.

3. Gravity: The radial motion of the structure is nearly identical with and
without gravity. And, the orientations of the strips with respect to the ground
plane are identical until the structure reaches its maximum radial position.
The most significant difference is that in the absence of gravity, the structure
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reaches significantly higher vertical positions. Therefore, the design choices
must allow more vertical clearance for on-orbit deployment than needed in
ground tests. However, the overall shape of the deployment envelope is similar
in both cases, and together with the aforementioned observations, ground tests
can still be used to reasonably predict the deployment path in space.

4. Membrane mass: Increasing the density of the membrane attached to the
structure makes the deployment slower thus reducing the structure-mechanism
interaction. This results in a decrease in the maximum height of the structure
before it reaches its maximum radial position. Beyond this point, amplitude
and time period of the oscillations increase resulting in an increase in the
maximum height reached by the structure. However, the overall shape of the
evolution of these quantities with time remains the same. In all the three cases
simulated, no additional fodls were formed and the exiisting folds remained
stationary, in the middle of the longerons.

5. Initial orientation of folded structure: The initial orientation determines
which longerons interact with the cylinder, and significantly affects the max-
imum and minimum heights after the structure reaches its maximum radial
distance. Therefore the initial orientation of the structure can be chosen based
on the limitation on the vertical clearance available for the structure, and the
allowable amount of structure-mechanism interaction which in turn depends
on the speed of rotation of the cylinder and the retractor force.

6. Locations of the strip-cord connectors: This design choice affects the
initial folded state and in turn, the initial fold angles and the tensions in
various segments of the cords. Three different locations of the SCCs were
studied. The time taken for the structure to reach maximum radial position
is almost the same in all the three cases. Also, no significant differences in
the evolution of strip rotations were noticed at least until the structure reaches
the maximum radial position. However, when the SCCs are placed too close
to the ends of diagonal battens, snagging can occur between adjacent strips
causing material damage. This also has noticeable affect on the deployment
path of the innermost strip and necessitates more vertical clearance within the
central hub.
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C h a p t e r 4

DEPLOYMENT USING CONSTANT-FORCE SPRING
RETRACTORS

4.1 Introduction
The prototype of the Caltech SSPP structure studied so far has a maximum length
of approximately 1.7 m. The in-house manufacturing of the TRAC longerons uses
an autoclave for curing the composite laminates [16] and the maximum length
of a longeron was limited by the size of the autoclave. However, Caltech SSPP
envisages a structure with a maximum length of 60 m and hence, out-of-autoclave
manufacturing methods are needed to build bigger structures.

In Chapter 3, it was demonstrated that by choosing optimal initial conditions for
deployment (rotation speed of cylinder and retractor force in diagonal cords), no
additional folds will be created during the deployment. Moreover, the existing
folds remain stationary, in the middle of the longerons. Therefore, multiple TRAC
longerons can be bonded together to form a longer longeron as long as the location
of the bond region is away from the middle of the resulting longeron where folds
will be induced.

The objectives of this work are as follows.

• To develop an out-of-autoclave bonding technique for joining two TRAC
longerons.

• To investigate the robustness of the bonding technique by manufacturing a
larger structure and conducting deployment tests on the same.

• To implement kickoff springs and constant force spring retractors in the ex-
periment setup. Kickoff springs increase the speed of rotation of the cylinder
thus reducing its interaction with the structure during deployment. In addi-
tion, constant force spring retractors will be employed to guide the structure.
As noticed in Chapter 2, hanging masses create undesired oscillations in the
structure. This is due to the steep rise in the tensions in the cords needed
to arrest the momentum of the masses when they reach their lowest vertical
positions.
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• To further test the fidelity of the numerical models (developed in Chapter 2) by
simulating, and verifying against experiments, the deployment of a three-strip
structure and a four-strip structure using kickoff springs and spring retractors.

4.2 Bonding two TRAC longerons
Step 1: Peel web of TRAC longeron 1 Step 2: Insert TRAC longeron 2

Figure 4.1: Illustration of the technique followed to bond two TRAC longerons.

Figure 4.2: Procedure to bond two TRAC longerons with epoxy.

As specified in [18], the TRAC longerons are manufactured in an autoclave using a
two-cure process. Each flange has the stacking sequence [±45𝐺𝐹𝑃𝑊/0𝐶𝐹/±45𝐺𝐹𝑃𝑊 ]
and a thickness of 80 `m. CF represents a thin ply with unidirectional carbon
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fibers and GFPW represents plain weave scrim glass (25 gsm). For the second
cure, an additional glass fiber ply is inserted in between the flat regions of the
two halves. This step results in a 7-ply web region with the stacking sequence
[±45𝐺𝐹𝑃𝑊/0𝐶𝐹/±453,𝐺𝐹𝑃𝑊/0𝐶𝐹/±45𝐺𝐹𝑃𝑊 ] and web thickness of 185 `m.

After manufacturing two individual longerons in the autoclave, they can be bonded
together as shown in Figure 4.1. The two flanges at the web region of a longeron
are first delaminated over a range of 5 mm. This will result in two flaps one with
three plies and the other with four plies. The second longeron is inserted into this
gap and the overlapping regions are bonded with epoxy. Pressure is applied on the
overlapped region by inserting it into a silicone mold and is maintained for 24 hours
(Figure 4.2).

This bonding technique introduces a localized increase of stiffness at the location of
the overlap. To mask this effect, the bonding locations are chosen to coincide with
the locations of longeron-batten intersections. Battens and longerons were anyway
connected together with epoxy leading to a local increase in stiffness [20]. Moreover,
as observed in Chapter 3, the elastic folds in the longerons remain stationary, in the
middle of the longerons, when the structure-mechanism interaction is minimized.
Hence, an increase in stiffness away from the fold locations is not expected to affect
the deployment. A schematic of the resulting four-strip structure is presented in
Figure 4.3.
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Figure 4.3: Schematic of the structure with four strips.
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4.3 Improvements to deployment mechanism
Kickoff springs
It was demonstrated in the previous Chapter 3 that the rotation speed of the cylinder
can be increased by utilizing kickoff springs. Two kickoff springs with stiffness of 15
N/mm each were installed on the top frame of the mechanism (Figure 3.3). This was
the maximum stiffness possible with the existing deployment mechanism due to the
limitations on the electromagnet used to hold the cylinder in stowed configuration.
If each kickoff spring were precompressed by 4 mm in the stowed configuration,
initial force applied by these springs at the top of the cylinder in stowed configuration
would be 120 N.

Spring retractors
To avoid the undesired oscillations or the inertia effects associated with hanging
masses in Chapter 2, spring retractors were instead used to drive the deployment.
The retractors marketed as Negators, with part number ML-1448 and a cable tension
rating of 1.67 N, by Hunter Spring were used. Four such retractors were tested on
an Instron universal testing machine and the best two retractors that showed the least
variation in the cable tensions were used in the deployment tests (Figure 4.4). The
maximum displacement rate possible on the Instron machine, 8.5 mm/s was used in
the tests.

4.4 Deployment of three-strip structure
To verify the numerical simulations against the deployment tests using spring re-
tractors and kickoff springs, deployment test was first conducted on the three-strip
structure introduced in Chapter 2. Positions of the strip-cord connectors C1, C2 and
C3 denoted in Figure 4.3, fold angles in the longerons, deployment envelopes from
the experiment and numerical simulations are compared (Figures 4.5, 4.6, and 4.7).
The deviations in these predicted quantities from experiments were computed at all
the time instants where the experimental data is available and are listed in Tables
4.1, 4.2 and 4.3. The motion capture data of certain reflective markers becomes
unavailable when they are not visible to the cameras.

The outermost strip-cord connectors, including C3 defined in Figure 4.3, are directly
driven by the diagonal cords and their motion should be the easiest to predict,
followed by the motion of the interior connectors. As an example, a comparison
of the Cartesian coordinates of three strip-cord connectors is shown in Figure 4.5.
The corresponding deviations in the absolute positions of the strip-cord connectors
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Figure 4.4: Tension forces in the cords of the two chosen retractors during retraction.
Using linear approximation, constant force applied by the retractors are 1.79 N and
1.77 N. The mean value is used in the numerical simulations.

are presented in Tables 4.1. Position of a connector is the square root of the sum of
squares of its 𝑥, 𝑦, and 𝑧 coordinates. Relative error is defined as the ratio of the
absolute difference between the values from experiment and simulation to the value
from experiment.

It can be seen that the initial positions (at 0 s) of the connectors in the simulation
are in good agreement with the experiment. The simulations estimate the motion of
C3 with maximum error less than 3%. Although in the case of the innermost strip-
cord connector C1, the simulations deviate further from the experiments, the mean
deviation from the experiments is less than approximately 3% and the maximum
error is less than 6%.

Table 4.1: Percentage of absolute deviation from experiments in distances from
origin of the strip-cord connectors of the three-strip structure before 0.6 s.

Location Mean (%) Standard deviation (%) Maximum (%)
C1 2.61 1.86 6.37
C2 1.40 0.90 3.23
C3 1.14 0.93 3.53
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Figure 4.5: Simulation vs. experiment: comparison of the positions of the strip-cord
connectors C1, C2, C3 from Strips 1, 2, 3, respectively.

Table 4.2: Percentage of absolute deviation from experiments in the fold angles of
the three-strip structure before 0.6 s.

Longeron Mean (%) Standard deviation (%) Maximum (%)
3 3.69 4.39 15.87
4 2.94 3.19 10.97
5 4.70 5.67 19.35
6 2.79 3.64 13.64
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A significant deviation is observed in the prediction of maximum heights reached by
the structure during deployment (Figure 4.7). Structure in simulation reaches higher
vertical positions than that in experiment. This is because the interaction between
the structure and the cylinder was not accurately captured in the simulation.The
cylinder used in experiments has accessories at the top to allow it to be stowed and
acted upon by the kickoff springs (as illustrated in Figure 3.3). These appendages
protrude beyond the cylindrical surface and stop the structure from sliding off the
cylinder for the first approximately 0.15 s of deployment. Hence the structure travels
with the cylinder and does not reach higher vertical positions as expected. Although
we attempted to model the protruding appendage on the cylinder in simulations, the
structure-cylinder interaction was not captured entirely.

Although the lower deployment envelope observed in the experiment (as shown
in Figure 4.7) may seem advantageous, it is important to note that the structure-
cylinder interaction responsible for this result is not desirable. This interaction is
not repeatable and may potentially cause material damage or result in a deployment
failure.
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Figure 4.7: Simulation vs. experiment: comparison of deployment envelopes of the
three-strip structure.

Table 4.3: Absolute deviation from experiments in the maximum and minimum
heights reached by the three-strip structure before 0.6 s.

Quantity Mean (mm) Standard deviation (mm) Maximum (mm)
Maximum height 42.30 46.22 181.78
Minimum height 25.61 19.52 100.97

4.5 Deployment of four-strip structure
To test the efficacy of the bonding technique proposed to build longer longerons
(Figure 4.2), a deployment test was performed on a four-strip structure with the
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maximum length of 2.2 m. Constant-force spring retractors (Figure 4.4) were used
to guide the deployment, and two kickoff springs with stiffness approximately 15
N/mm each were used to increase the rotation speed of the cylinder.

The resulting deployment is depicted in Figure 4.8. It was noticed that no additional
folds were created during the deployment, and the existing folds remain stationary
in the middle of the respective longerons. This proves the efficacy of the proposed
bonding technique, and demonstrates how the high-fidelity numerical simulations
developed in Chapter 2 and the sensitivity studies explained in Chapter 3 helped
improve the deployment mechanism.

To further test the simulation techniques developed in Chapter 4, the deployment
of the four-strip structure was simulated in the commercial finite element soft-
ware: Abaqus. A qualitative comparison of the deformation profiles between the
experiment and the simulation are presented in Figure 4.8, and the quantitative
comparisons are presented in Figures 4.9 and 4.10 and in Tables 4.4 and 4.5. The
deviations in the predicted quantities from experiments were computed at all the
time instants where the experimental data is available. The motion capture data
of certain reflective markers becomes unavailable when they are not visible to the
cameras.

The comparison metrics used to verify the numerical simulation against the exper-
iment are the positions of the strip-cord connectors C1, C2, C3, and C4 defined in
Figure 4.3, and the fold angles in the Strips 2, 3, and 4.

Position of a connector is the square root of the sum of squares of its 𝑥, 𝑦, and
𝑧 coordinates. Relative error is defined as the ratio of the absolute difference
between the values from experiment and simulation to the value from experiment.
The absolute deviation in a fold angle from the experiment is defined as |\𝑠𝑖𝑚 −
\𝑒𝑥𝑝 |/(𝜋−\𝑒𝑥𝑝), where \𝑠𝑖𝑚 and \𝑒𝑥𝑝 are fold angles from simulation and experiment,
respectively.

The initial positions, at time 𝑡 = 0, of the strip-cord connectors were predicted with
an absolute error less than 4%, and the initial fold angles strips were predicted with
absolute error less than 2%.

The simulation estimated the motion of C2, C3 and C4 with maximum error less than
5%. Although in the case of the innermost strip-cord connector C1, the simulation
deviated further from the experiment, the mean deviation is less than 3.5% and the
maximum error is less than 8% (Table 4.4).
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Figure 4.8: Qualitative comparison of the deformation profiles of the four-strip
structure during the deployment.
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Figure 4.9: Simulation vs. experiment: comparison of the positions of the strip-cord
connectors C1, C2, C3, and C4 from Strips 1, 2, 3, and 4 respectively.

Table 4.4: Percentage of absolute deviation from experiments in distances from
origin of the strip-cord connectors of the four-strip structure before 0.9 s.

Location Mean (%) Standard deviation (%) Maximum (%)
C1 3.33 1.85 7.19
C2 1.65 0.89 4.01
C3 0.88 0.73 3.11
C4 0.88 0.95 4.04

The deformation profiles predicted by the simulation look similar to those from the
experiment until 0.3 s of the deployment (Figure 4.8). The deviation is larger after
this instant because, in the experiment, Longeron 6 of Strip 3 snagged against the
cylinder which had reached its final position. The consequences of this interaction
are reflected in the differences in the time periods of the oscillations of the z-
coordinates of the strip-cord connectors (Figure 4.9) as well as the differences in the
evolution of the fold angles (Figure 4.10 and Table 4.5).

Another major difference between the simulation and the experiment is the time taken
for the longerons to latch into their flat configurations (where fold angle \ ≈ 0◦).
While in the experiment, the longerons of Strips 3 and 4 latch at approximately the
same time, the same is not true in the simulation (Figure 4.10). This could be a
consequence of the structure-cylinder interaction not being predicted accurately in
the simulation.
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Figure 4.10: Simulation vs. experiment: comparison of the fold angles in the
longerons of the four-strip structure. Longeron IDs as defined in Figure 4.3 are
marked against the corresponding curves.
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Table 4.5: Percentage of absolute deviation from experiments in the fold angles of
the four-strip structure.

Before 0.9 s Before 0.3 s

Longeron Mean
(%)

Standard
deviation
(%)

Maximum
(%)

Mean
(%)

Standard
deviation
(%)

Maximum
(%)

3 1.45 1.39 6.89 1.44 1.31 6.08
4 1.68 2.59 10.80 1.29 1.14 4.24
5 4.24 4.24 13.58 1.77 1.42 4.76
6 4.06 3.73 11.43 2.19 1.26 4.72
7 3.01 4.12 13.75 1.14 1.03 4.12
8 2.80 3.64 14.01 0.96 0.79 3.48

4.6 Conclusions
In the previous chapter, it was established that by choosing appropriate initial con-
ditions, no additional elastic folds will be formed in the longerons during the de-
ployment and the existing folds remaining stationary in the middle of the respective
longerons. In this chapter, this property was exploited to build longer longerons
by bonding multiple TRAC longerons together using epoxy. The efficacy of this
method was verified by performing deployment tests using a four-strip SSPP struc-
ture. The deployment proceeded as desired (no additional folds and existing folds
remain stationary) implying that the proposed method can be used to build SSPP
structures of any desired size.

The efficiency of the high-fidelity numerical simulation techniques laid out in Chap-
ter 2 were further put to test by simulating the deployments of a three-strip and a
four-strip structure and comparing the behaviors against the experiments. Constant-
force spring retractors were employed to guide the deployment, and kickoff springs
were utilized to increase the rotation speed of the cylinder. In both cases, posi-
tions of the strip-cord connectors were predicted with maximum absolute errors
less than 7.2%. The larger deviations in the fold angles from the experiments were
primarily due to the inaccurate estimation of the interaction between the structure
and the cylinder appendages. This implies a need for a better design of the cylinder
assembly.
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C h a p t e r 5

ISOGEOMETRIC ANALYSIS FOR QUASI-STATIC
GEOMETRICALLY NONLINEAR PROBLEMS

This chapter was modified from the following publication.

N. H. Reddy and S. Pellegrino, “Time-efficient geometrically non-linear finite ele-
ment simulations of thin shell deployable structures,” in AIAA SciTech 2021 Forum.
2021, p. 1795. doi: 10.2514/6.2021-1795,

5.1 Introduction
Thin-shell structures have unique properties and are widely used in many fields,
including architecture and aerospace [30]. They have been studied extensively over
many years [36], with much emphasis placed on studies of their initial buckling
and post-buckling. Recently, there has been an increasing number of studies and
engineering applications in which the post-buckling behavior of thin shells is the
key to achieving certain specific features [37], [38]. Examples include energy dissi-
pating dampers [39], [40], actuators [41], [42], deployable [43]–[45] and morphing
structures [46], [47]. These applications require extensive, highly geometrically
non-linear simulations and the computational effort for design optimization is cur-
rently beyond reach. Enabling further developments in these areas requires new,
faster computational tools and hence this study assesses the performance of one
of the latest developments in computational structural mechanics, NURBS-based
thin-shell finite elements, for deployable structures.

For background, it should be noted that the properties of thin-shell structures are
very sensitive to geometric imperfections [48] and the standard finite element ap-
proximation of a curved shell geometry introduces geometric imperfections because
the spatial discretization is inherently inaccurate unless mid-side nodes are placed on
the shell surface. Standard thin-shell finite elements are based on Reissner-Mindlin
kinematics and use Lagrange polynomial shape functions [49]. They provide 𝐶0-
continuous displacement fields (with slope discontinuities along the element bound-
aries) and make discretization errors inevitable. Finer meshes are needed to reduce
the effects of these errors, which leads to higher computational costs.

The recently developed isogeometric analysis [50] has been shown to provide a better

https://doi.org/10.2514/6.2021-1795
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approximation for the analysis of shell structures, as it uses the same functions to
approximate both the geometry of the shell and its deformation. Irrespective of the
size of the mesh, the initial geometry of the shell can be defined accurately, even for
sparsely defined nodal variables, thus greatly reducing the errors related to shape
discretization. The shape functions—B-Splines, Non-Uniform Rational B-Splines
(NURBS) or other parametrizations used in CAD—naturally span across multiple
knot intervals (or ‘elements’) maintaining inter-element continuity which can be
easily extended to slope (𝐶1-) and curvature (𝐶2-) continuous shape functions. An
early development of a shell element formulation based on isogeometric analysis
was [51], followed by many additional studies [52]–[57]. Despite the use of smooth,
high-order shape functions, NURBS-based shell elements are not free from locking,
although there have been successful attempts to avoid geometrical locking effects at
the theory level [58], [59].

Previous authors have noted the advantages of isogeometric analysis to analyze the
buckling of plates and shells [60]–[63]. These studies have shown that NURBS-
based analysis achieves convergence with fewer degrees of freedom, however so
far there has been no comparison of the computational effort that is required when
NURBS-based elements are used for geometrically nonlinear problems such as
folding simulations. This research fills this gap by studying the quasi-static nonlinear
bending of a tape spring—a longitudinally straight and transversely curved strip of
uniform thickness—that is the prototypical thin-shell deployable structure, capable
of elastic folding, self-deployment and latching [64]–[66].

Tape springs can be bent longitudinally to form localized elastic folds. If the bending
is in the sense opposite to the original transverse curvature, the tape spring undergoes
a sudden snap-through buckling that results in the formation of a localized fold.
When the bending is in the same sense as the transverse curvature, the fold formation
occurs gradually, through a combination of bending and torsional deformation [67].
In both cases, the elastic fold is bounded on either sides by relatively undeformed
regions of the tape spring. When it is released from a folded configuration, the tape
spring returns to its straight, undeformed configuration. Owing to the simplicity of
their geometry, repeatable self-actuation, and ease of manufacturing, tape springs
have found several applications in aerospace engineering [43], [64], [65], [67]–[70].

The present study focuses on the simulation of the opposite sense bending of an
isotropic tape spring whose cross-section forms a circular arc, using both NURBS-
based and bilinear shape functions finite elements. Convergence analyses are per-
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formed for both types of elements and the CPU times required for an accurate simu-
lation of the nonlinear moment-rotation relationship are compared. In an additional
comparison, high aspect ratio meshes are used to model the less deformed regions of
the tape spring, on either side of the elastic fold. This targeted meshing significantly
reduces the number of variables and computational resources required to achieve
convergence. Both of these comparisons show that NURBS-based isogeometric
analysis converges with fewer variables but is computationally more expensive.

The chapter is organized as follows. Section 5.2 provides a brief outline of the two
formulations for thin shells, and discusses the commercial finite element software
used for the study along with the elements and solvers used. Section 5.3 presents the
specific tape spring chosen for the present study and discusses the applied boundary
conditions. Sections 5.4 and 5.5 present the results obtained from simulations
carried out with uniformly-sized bilinear and NURBS-based elements, respectively.
Section 5.6 presents the results obtained with high aspect ratio meshes in the less
deformed regions of the tape spring. Section 5.7 concludes the chapter.

5.2 Background
This section presents a short introduction to the thin-shell finite elements and solvers
in the commercial finite element package LS-DYNA that were used for the present
study.

Bilinear finite elements versus higher-order NURBS elements
Isogeometric analysis derives its name from the use of the same shape functions
to approximate the initial geometry of the model and also for the finite element
discretization. NURBS, the most commonly used shape functions, allow an exact
description of conical sections irrespective of the size of the finite element mesh.
On the other hand, bilinear finite elements provide a faceted representation of the
actual geometry.

This difference is shown in Figure 5.1 for the case of a cylindrical surface. Figure
5.1(a) shows the finite element discretization of the surface using 𝐶0−continuous
bilinear elements and Figure 5.1(b) shows the exact representation of the surface
using biquadratic, 𝐶1−continuous NURBS elements. In both of these meshes, four
elements are used in the longitudinal and circumferential directions, although one
NURBS element would be sufficient in Figure 5.1(b). The corresponding linear
polynomial shape functions and the quadratic B-Spline polynomials in one of the
parametric directions for one of the internal elements are shown in Figure 5.1(c)
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Figure 5.1: Finite element discretizations of a cylindrical surface using a 4×4 mesh
of (a) bilinear elements and (b) biquadratic NURBS elements. The dots represent
the control points; the element shaded in blue has support from nine control points,
shown as blue dots. (c) Bilinear basis functions and (d) quadratic B-Spline basis
functions with the knot vector Ξ = {0, 0, 0, 0.25, 0.5, 0.75, 1, 1, 1}, in one of the
parametric directions b.

and 5.1(d), respectively.

Notice that the B-Spline polynomials span across more than one element, ensuring
higher-order inter-element continuity as opposed to the linear polynomials that offer
only 𝐶0−continuity. Each bilinear element is supported by two basis functions in
each direction, and hence needs four nodes in total. In contrast, each biquadratic
element is supported by three basis functions in each of the parametric directions,
see Figure 5.1(d), and hence there are nine control points in total. Also note that all
of the nodes supporting the bilinear element lie on the element boundaries whereas
the control points supporting the NURBS element do not lie on the surface.

It must also be noted that, despite the mentioned differences in the kinematic formu-
lation of these elements, the rest of the finite element formulation can be essentially
the same.

Isoparametric finite element analysis
In isoparametric formulation, the same interpolating functions are used to define the
element geometry as well as the unknown field (e.g., displacements). For example,
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the position of a point within a 2D element 𝑒 is defined as

x𝑒 (b, [) =
𝑛𝑒𝑛∑︁
𝑎=1

𝐿𝑒𝑎 (b, [)P𝑒𝑎, (5.1)

where 𝐿𝑒𝑎 is the Lagrange polynomial shape function and P𝑒𝑎 is the position of the
node associated with the basis function index 𝑎. b and [ represent the natural
coordinates of the point, and 𝑛𝑒𝑛 is the number of basis functions supporting the
element. For example, a 4-node quadrilateral element is supported by 4 basis
functions (𝑛𝑒𝑛= 4). The unknown variable at this point 𝑢(b, [) is approximated in a
similar fashion as

u𝑒 (b, [) =
𝑛𝑒𝑛∑︁
𝑎=1

𝐿𝑒𝑎 (b, [)d𝑒𝑎, (5.2)

where d𝑒𝑎 are the nodal variables. Linearization of the equilibrium equations over
the element gives the following system of equations.

K𝑒u = f𝑒, (5.3)

where K𝑒 is the element stiffness matrix of size 𝑛𝑒𝑛𝑛𝑑𝑜 𝑓 × 𝑛𝑒𝑛𝑛𝑑𝑜 𝑓 , u is the vector
of nodal variables of size 𝑛𝑒𝑛𝑛𝑑𝑜 𝑓 × 1, and f𝑒 is the nodal force vector. 𝑛𝑑𝑜 𝑓 is the
number of degrees of freedom per node.

Isogeometric analysis uses this isoparametric concept but with different basis func-
tions—those used in CAD modeling to generate the geometry. A brief introduction
to NURBS-based analysis is presented in the following.

Important details about NURBS-based elements
Given a set of control points P𝑖 (𝑖 = 1 to 𝑛) and corresponding weights 𝑤𝑖, an
approximating NURBS curve is defined as

C(b) =
𝑛∑︁
𝑖=1

𝑅𝑖,𝑝 (b)P𝑖, (5.4)

where the rational polynomial basis functions are defined as

𝑅𝑖,𝑝 (b) =
𝑤𝑖𝑁𝑖,𝑝 (b)∑𝑛
𝑖=1 𝑤𝑖𝑁𝑖,𝑝 (b)

, (5.5)
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and the B-Splines 𝑁𝑖,𝑝 of polynomial degree 𝑝 are constructed from the Cox de
Boor formula [71] for a given knot vector Ξ = {b1 = 0, . . . , b𝑖, . . . , b𝑛+𝑝+1 = 1}
(with b𝑖 ≤ b𝑖+1).

For example, rotation-free biquadratic elements (𝑝 = 𝑞 = 2) with 3 degrees of
freedom are supported by (𝑝 + 1) × (𝑞 + 1) = 9 basis functions and the size of the
element stiffness matrix is 27 × 27.

The knot vector Ξ is termed open or clamped if the first and last knots are repeated
𝑝 +1 times. In such a situation, the approximating curve passes through the first and
last control points as well as being tangent to the control polygon at these points.
This facilitates the application of displacement and slope boundary conditions. The
B-Spline basis functions are 𝐶 𝑝−𝑘 continuous at a knot of multiplicity 𝑘 (𝑘 = 1 at
the interior knots, in the present study), and hence continuity at a knot can be easily
controlled by repeating that knot.

The following aspects of NURBS-based isogeometric analysis are particularly rele-
vant to the present study.

(i) The control points do not necessarily lie on the actual surface, but open knot
vectors are used to ensure that the surface passes through the control points
along the edges of the model.

(ii) Non-zero knot spans are defined as ‘elements’ and their control points are
defined as ‘nodes’.

(iii) The degrees of freedom of the model are defined at the control points, and the
boundary conditions are applied at these points. Purely displacement-based
or rotation-free shell elements are used in this study.

(iv) Gauss quadrature is employed for numerical integration at the element level.
Full integration uses (𝑝+1)×(𝑞+1) integration points while uniformly reduced
integration uses 𝑝 × 𝑞 integration points. Fully integrated shell elements are
likely to suffer from geometrical locking effects such as shear and membrane
locking.

Software description
Simulations of the end-rotation-controlled, opposite-sense bending of an isotropic
tape spring were carried out with the commercial finite element software LS-DYNA.
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∗Control_Implicit_Auto
IAUTO ITEOPT ITEWIN DTMIN DTMAX

1 25 20 0.01 1.0
∗Control_Implicit_General
IMFLAG DT0 FORM

1 0.05 0
∗Control_Implicit_Solution
NSOLVR ILIMIT MAXREF DCTOL ECTOL DNORM

12 21 25 0.0001 0.001 1

Table 5.1: Parameters used for the keyword ∗Control in the LS-DYNA implicit
simulations. Default values were used for any parameters not listed here.

Quasi-static finite element simulations were performed using LS-DYNA (version
R11.1) type-16 shell elements, recommended by the developers for implicit simu-
lations. This element, also denoted as ELFORM=16, is a 2 × 2 integrated planar
element with assumed strain interpolation to alleviate locking. It has five degrees
of freedom per node in the local coordinates.

NURBS-based isogeometric analysis is available in LS-DYNA through the keyword
∗Element_Shell_Nurbs_Patch. A surface may be both modeled and meshed
with NURBS-based elements, and there is the option of using the LS-DYNA user
interface or to import a NURBS patch in .iges format. The latter was done in this
study using an open source toolbox [72]. The elements are rotation-free and use
a Reissner-Mindlin shell formulation with kinematics based on a degenerated solid
approach developed by [73]. Both full and uniformly reduced Gauss integration
were investigated.

For all of the simulations, the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-
Newton solver with automatic incrementation and without arc-length control was
used. LS-DYNA offers many control options for the solver and numerous control
parameters must be chosen. The parameters that worked for all simulations presented
in this study are listed in Table 5.1. The default values were used for any parameters
not listed in the table. All solution control parameters and boundary conditions were
unchanged throughout the study.

The keyword files were compiled in double precision (note that LS-DYNA implicit
does not support single precision) in LS-Run on a 12-core, 24-thread Intel Xeon
X5680 @3.33 GHz, using a single CPU.
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5.3 Case study
A tape spring is a longitudinally straight cylindrical shell with a circular arc cross-
section, as shown in Figure 5.2(a). The ends of the tape spring are assumed to
be attached to rigid plates, which prevent any cross-sectional deformation. When
the end plates are rotated about axes perpendicular to the plane of symmetry of
the structure (shown in Figure 5.3(a)), such as to impose a relative rotation \

between the end sections, initially the tape spring exerts monotonically increasing
bending moments 𝑀 , as shown in Figure 5.2(b), until a dynamic snap occurs and
the moments suddenly decrease. At this point, an elastic fold forms and the bending
moment becomes constant for further increases of \, as shown schematically in
Figure 5.2(c). In effect, the tape spring behaves like a constant-moment elastic
hinge. Note that the tape spring undergoes small strains although the rotations are
large.

Figure 5.2: Case study. (a) Schematic of tape spring of length 𝐿, radius of cross-
section 𝑅, thickness 𝑡 and subtended angle 𝛼. (b) Tape spring under opposite sense
bending, and (c) schematic of post-snap-through configuration with elastic fold in
the middle.

The geometric properties (defined in Figure 5.2(a)) and the material properties
(Young’s modulus 𝐸 and Poisson’s ratio a) of the specific tape spring that was
studied are listed in Table 6.1.

𝐿 𝑅 𝑡 𝛼 𝐸 a

200 mm 10 mm 0.1 mm 110◦ 131 GPa 0.3

Table 5.2: Properties of tape spring chosen for the case study.

Instead of rotating both end plates, a set of simple and yet equivalent boundary
conditions were chosen. The right-hand plate was fully clamped and the left-hand
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plate was rotated through a clockwise rotation of magnitude \, as indicated in
Figure 5.3(a).

A reference point (massless node) RP (in Figure 5.3) was introduced at the inter-
section of the centroidal axis of the tape spring, in the initial configuration, and the
end cross-sectional plane. All the nodes (or control points) at this cross-section
were kinematically constrained to RP using the keywords ∗Extra_Nodes_Set or
∗Constrained_Nodal_Rigid_Body. Therefore, the rigid body translation and
rotation of the left-end of the tape spring are controlled by RP.

Figure 5.3: Boundary conditions for (a) bilinear finite elements, and (b) rotation-free
NURBS-based elements. Nodes at the left end are kinematically constrained to the
reference point RP.

Although only translational degrees of freedom are defined at the control points in
isogeometric analysis, it should be noted that rotational degrees of freedom were
defined at the reference point.

When an open knot vector is used in one of the parametric directions, the NURBS
surface is tangent to the control net (matrix of control points, i.e., the faceted surface
represented by dashed lines in Figure 5.3(b)) at both ends, in that direction [50]. This
property was exploited in applying the fully clamped boundary condition shown in
Figure 5.3. The reaction moment 𝑀 around the 𝑋-axis, at the clamped end, was
computed from the nodal reaction forces in the 𝑍-direction.

Under static equilibrium conditions, the moments at the two ends are equal in
magnitude and in opposite directions.
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Mesh size Degrees of freedom CPU time (s)
30×15 2480 16
40×15 3280 23
50×15 4080 34
100×20 10605 187

Table 5.3: CPU times for LS-DYNA implicit simulations with shell type-16 ele-
ments. The best converging result is highlighted in bold.

5.4 Simulations with bilinear finite elements
This section presents the results obtained from the LS-DYNA simulations using
uniform meshes of 4-node, bilinear type-16 shell elements described in Section 5.2.

Figure 5.4 presents the results of the convergence analysis that was performed. The
resisting moment 𝑀 increases with the applied rotation \ until a peak moment of
about 300 Nmm is reached at a rotation \ ≈ 12.5 deg. After going past this limit
point, the tape spring undergoes dynamic buckling, leading to the formation of an
elastic fold, which offers a steady resistance of approx. 29 Nmm across the range
\ = 12.5 − 50 deg.

Figure 5.4(a) shows the 𝑀 vs. \ relationship for four uniform meshes in which
the number of longitudinal elements increases from 30 to 50 and the number of
circumferential elements is equal to 15. A reference solution with 100 elements
longitudinally and 20 elements circumferentially (labelled 100×20) is also presented.
Note that these simulations do not track the unstable behavior after the limit point,
and hence a sharp fall in the moment 𝑀 is predicted. The full equilibrium curve can
be traced with an arc-length solver, and further details can be found in [65]. Note
that the results converge for a uniform mesh of 40 × 15 elements. Figure 5.4(b)
examines the sensitivity of this result to the number of circumferential elements,
and shows that 15 elements are sufficient for convergence.

The CPU times for the simulations presented in Figure 5.4(a) are listed in Table 5.3.
A comparison of these results to those obtained from NURBS-based elements will
be provided in the next section.

5.5 Simulations with NURBS-based elements
The NURBS-based elements were defined with open knot vectors, with the mul-
tiplicity of all interior knots set to 1. Therefore, the degrees of continuity at the
interior knots were 𝐶 𝑝−1 and 𝐶𝑞−1 in the directions with polynomial degrees 𝑝 and
𝑞, respectively.
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Figure 5.4: Convergence analysis using LS-DYNA type-16 shell elements. 𝑚 × 𝑛
refers to 𝑚 and 𝑛 uniformly distributed elements in the longitudinal and circum-
ferential directions, respectively. Results for different numbers of elements in (a)
longitudinal direction and (b) circumferential direction.
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Note that if linear B-Splines had been used to construct the NURBS surface, the
continuity at the interior knots would have been 𝐶0 and the surface would have
passed through all of the control points. In addition, all of the control points would
have lied on the element boundaries, leading to a faceted model of the curved surface
which would have not provided an exact geometric representation of the tape spring.

The tape spring was meshed with either biquadratic (𝑝 = 𝑞 = 2) or bicubic (𝑝 = 𝑞 =

3) elements, uniformly distributed over the surface. A fully integrated element has
(𝑝 + 1) × (𝑞 + 1) integration points and uniformly reduced integration implies 𝑝 × 𝑞
integration points. Note that, while the elements are uniformly spaced, the control
points are not, as shown in Figure 5.3(b). Also note that, although a single element
would be sufficient to describe exactly the initial geometry of the tape spring, a
larger number of elements is needed to accurately predict the complex deformed
shapes, see Figure 5.5.

Figure 5.5: Deformed shapes of tape spring at a rotation of \ = 0.9 rad, for the
biquadratic NURBS mesh of size (a) 1 × 1 and (b) 40 × 10. The circles connected
by dotted lines represent the control points (or nodes). While the 1 × 1 mesh can
represent the undeformed geometry exactly, it would not predict buckling and fold
formation.

Figure 5.6 presents the moment-rotation curves obtained with biquadratic NURBS-
based elements. Discretizing the arc with only 10 quadratic elements independently
of the number of elements along the length, Figure 5.6(a), leads to a stiffer response
indicating membrane locking. This was eliminated by using a finer discretization in
the circumferential direction or by reduced integration, Figure 5.6(b), or by using
higher order splines, Figure 5.7.

Figure 5.6(b) shows that 10 elements along the arc and 100 elements along the
length are sufficient for convergence, however, 50 elements in the length direction
result in an oscillating response in the post-buckling regime (the reasons are not
known). Since the maximum deviation from the reference steady-state moment
with respect to the peak moment is only 2%, it can be assumed that convergence has
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Figure 5.6: Convergence analysis using (a) fully integrated and (b) reduced in-
tegration biquadratic NURBS. 𝑚 × 𝑛 refers to 𝑚 and 𝑛 uniformly distributed
elements((𝑚 + 2) and (𝑛 + 2) control points) in the longitudinal and circumfer-
ential directions, respectively.
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been achieved with 50 × 10 meshes. The same oscillation is seen also in Figure 5.7
for the𝐶2−continuous bicubic elements, except for meshes with 100 elements along
the length. For these elements, the maximum deviation from the reference is approx.
2.5% and hence it is assumed that convergence is achieved with a 50 × 10 mesh.

The CPU times for these analyses are presented in Table 5.4. Note that the reduced
integrated elements are computationally less expensive in almost all cases and,
therefore, the following discussion focuses only on the results obtained with reduced
integration elements. Also note that the number of Gauss points is equal to 4 for
both the type-16 shell elements and the reduced integration biquadratic NURBS
elements.

Mesh size Degrees of freedom CPU, full integration CPU, reduced integration
Biquadratic NURBS (𝑝 = 𝑞 = 2)

50×10 1873 81 s 76 s
50×20 3432 173 s 143 s
100×10 3672 250 s 200 s
100×20 6732 533 s 409 s

Bicubic NURBS (𝑝 = 𝑞 = 3)
50×10 2067 176 s 147 s
50×20 3657 379 s 301 s
100×10 4017 363 s 459 s
100×20 7107 1003 s 838 s

Table 5.4: CPU times for LS-DYNA simulations with NURBS meshes. The best
converging results are highlighted in bold.

The CPU times for the converging solutions were 76 s and 147 s for reduced
integration biquadratic and bicubic elements, respectively. Comparing these times
with the CPU time of 23 s for the 40 × 15 mesh of type-16 shell elements, see
Table 5.3, the NURBS-based simulations were, respectively, 3.3 and 6.4 times more
expensive. Although the NURBS-based elements converged with fewer degrees of
freedom, 1873 for biquadratic elements vs. 3280, they are computationally more
expensive.

An explanation is that the global stiffness matrices in isogeometric analysis are less
sparse than the stiffness matrices in standard finite element analysis because the
element stiffness matrices are bigger. For example, a biquadratic NURBS-based
element used here has a stiffness matrix of size 27 × 27 while the type-16 shell
element has a local stiffness matrix of size 20 × 20.
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Figure 5.7: Convergence analysis using (a) fully integrated and (b) reduced inte-
grated bicubic NURBS. In the legends, 𝑚×𝑛 refers to𝑚 and 𝑛 uniformly distributed
elements ((𝑚 + 3) and (𝑛+ 3) control points) in the longitudinal and circumferential
directions, respectively.
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5.6 High aspect ratio elements
The mesh design can be targeted to the problem in hand by noticing that, because
snap-through buckling occurs in the middle of the tape spring, a fine mesh is not
necessary in the outer parts of the tape spring. Hence, computational resources
can be saved by coarsening the mesh, i.e., using high aspect ratio elements in these
regions. To quantify the improvement that can be achieved in this way, the tape
spring was partitioned as shown in Figure 5.8. The two regions that span 80 mm
from the end cross-sections are denoted as region 2 and the middle region, where
the fold is expected to form, is denoted as region 1. Note that the length of 40 mm
for the middle region is sufficient for a fully formed 180◦ fold to form without going
beyond the finely meshed region 1, see Figure 5.9.

Figure 5.8: Partitioned tape spring. The number of elements along the arc is denoted
by 𝑛, the numbers of elements along the length in regions 1 and 2 are denoted by
𝑚1 and 𝑚2, respectively.

The performance of meshes with highly elongated elements was studied with the
number of elements in the circumferential direction, 𝑛, kept constant while varying
the number of elements along the length. The number of elements in the longitudinal
direction in region 1 is denoted by 𝑚1 and the number in each region 2 is denoted
by 𝑚2. The total number of elements will then be (𝑚1 + 2𝑚2) × 𝑛 and all elements
within each region have uniform size.

Figure 5.10(a) presents the moment-rotation plots for NURBS meshes with polyno-
mial degrees 𝑝 = 𝑞 = 2, 𝑛 = 10, 𝑚1 = 10 and varying 𝑚2. This particular choice
of 𝑛 results from the observation made in Section 5.5, that 10 elements along the
arc are sufficient to accurately predict the moment-rotation relationship. Setting
𝑚1 = 10 means that each element in region 1 is 4 mm long, which matches the case
in Section 5.5 where a 50×10 biquadratic NURBS mesh led to a converging solution
(see Figure 5.6(b)). As the number of elements in region 2 is reduced, the predicted
response tends to become stiffer. Note that 𝑚2 can be as low as 5, corresponding to
16 mm long elements for a reasonably accurate solution. This particular simulation
requires 28 s of CPU time, see Table 5.5.
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Figure 5.9: Deformed profiles of the tape spring for the rotations 14.27◦, 14.91◦,
50◦, 90◦, and 180◦. The solid lines on the surface represent the biquadratic NURBS
mesh with 𝑛 = 10, 𝑚1 = 10 and𝑚2 = 10. The fold remains within the finely meshed
middle region.

For comparison, a similar study was done using type-16 shell elements, with 𝑛 =

15, 𝑚1 = 10 and varying 𝑚2. The results are presented in Figure 5.10(c). The initial
stiffness of the tape spring and the post-buckling response are accurately predicted,
although the peak moment is over-estimated for𝑚2 = 2. The mesh with 40 mm long
elements in regions 2 (𝑚2 = 2) also buckles at a slightly higher rotation than the
others. The converging solution, obtained for 𝑚2 = 3 provides an accurate solution
with the smallest CPU time of 9 s.

With the hope of achieving better results with longer NURBS-based elements in
region 2, higher order polynomials (𝑝 = 𝑞 = 3) and a finer discretization of region
1 were chosen. It was found that the behavior of bicubic elements deviates from
biquadratic elements and type-16 elements. As shown in Figure 5.10(b), the pre-
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buckling response is the same in all three cases but when𝑚2 was decreased from 4 to
2 the peak moment decreased and the steady-state post-buckling moment increased
significantly. In conclusion, the NURBS elements in region 2 can be up to 20
mm long, corresponding to 𝑚2 = 4, for a reasonably accurate solution, and the
corresponding CPU time is 105 s.

An overall comparison of CPU times is presented in Table 5.5, with the meshes that
provide the best CPU time performance highlighted.

Comparing the best result obtained with the reduced integration biquadratic NURBS
mesh (𝑚2 = 5) with the previously obtained CPU time for uniformly distributed
elements of the same type (50 × 10, reduced integration), a 63.2% reduction was
obtained, with a reduction of 57.7% in number of degrees of freedom. In case
of type-16 elements, the CPU time reduction from uniformly distributed elements
to high aspect ratio elements was slightly worse, 60.9% instead of 63.2%, as the
number of variables was reduced by 58.5%.

Overall, these results show that significant performance improvements are achieved
with non-uniform meshing, but NURBS-based elements are still much more expen-
sive than the standard bilinear finite elements.

𝑚2 Degrees of freedom CPU time (s)
Biquadratic NURBS, 𝑛 = 10, 𝑚1 = 10

10 1152 44
5 792 28
3 648 24

Bicubic NURBS, 𝑛 = 10, 𝑚1 = 20
5 1287 134
4 1209 105
2 1053 81

type-16 shell, 𝑛 = 15, 𝑚1 = 10
5 1680 14
3 1360 9
2 1200 9

Table 5.5: CPU times for simulations presented in Figure 5.10. The best converging
results are highlighted in bold.

5.7 Conclusion
Simulations of geometrically nonlinear deployable thin-shell structures have been
carried out to compare the computational efficiency of two different finite ele-
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Figure 5.10: Convergence analysis using (a) reduced integration biquadratic NURBS
with 𝑛 = 10, (b) reduced integration bicubic NURBS with 𝑛 = 10, and (c) type-16
shell elements with 𝑛 = 15.
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ment formulations, type-16 bilinear thin-shell elements vs. NURBS-based elements,
available in version R11.1 of the LS-DYNA software. Specifically, the comparison
was between fully-integrated bilinear quadrilateral (type-16) finite elements and
𝐶1−continuous biquadratic and 𝐶2−continuous bicubic NURBS-based elements,
respectively. The NURBS elements are rotation-free and use a Reissner-Mindlin
shell formulation with kinematics based on a degenerated solid approach.

The opposite sense folding of a tape spring was used as a case study that was divided
into two parts. In the first part, the tape spring was discretized into a uniform mesh
of identical elements. Comparing the coarsest meshes for which convergence was
achieved, the bilinear elements were more than three times faster than the NURBS-
based elements (23 s vs. 76 s). In the second part of the comparison, high aspect
ratio elements were employed in the parts of the tape spring that deform less and a
speed-up of around 40% was obtained for both types of elements. The higher-order
and smooth NURBS-based elements converged with fewer degrees of freedom and
the difference in simulation times decreased a bit, but they were still over three times
computationally more expensive than the bilinear elements (9 s vs. 28 s).

It has been shown here that the currently available NURBS-based elements are
considerably less efficient for the analysis of thin-shell deployable structures. It may
be expected that the performance of the NURBS elements could be improved by
using Kirchhoff-Love elements instead, however, this type of shell formulation was
still under testing in LS-DYNA version 11.1 and could not be investigated in this
study.
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C h a p t e r 6

H-ADAPTIVE FINITE ELEMENT ANALYSIS FOR
QUASI-STATIC GEOMETRICALLY NONLINEAR PROBLEMS

6.1 Introduction
Thin-shell deployable structures, including booms and longerons, undergo complex
deformations such as localized folding and buckling, and snap-through instabilities.
These deformations are often accompanied by moving contact surfaces. Nonlinear
finite analysis of such behaviors requires highly dense meshes in the regions of
interest. Since most of the deployable structures such as booms are very long in
one dimension compared to the others, mesh density must be high throughout the
domain of the analysis leading to a high computation cost.

The computation cost can be reduced by adapting the mesh to the deformation
throughout the geometrically nonlinear analysis. In other words, the finite element
mesh can be refined in the regions of localized deformation or stress concentrations,
and can be coarsened in the regions with small deformations.

While the adaptive finite element framework developed in this chapter will be valid
for any thin-shell deployable structure, the Caltech Space-based Solar Power Project
(SSPP) is chosen as a specific focus. The primary structural elements, the longerons,
undergo local and global buckling and these buckles can elastically move along the
length of the longerons. The two flanges of a longeron are longitudinally straight
and transversely curved thin shells. The flanges, by themselves, would be called tape
springs—the most fundamental and widely used deployable structures [30]. Hence,
we use the widely studied quasi-static opposite-sense bending of a tape spring as a
tool to develop and verify our adaptive finite element framework.

The geometric properties (defined in Figure 6.1(a)) and the material properties
(Young’s modulus 𝐸 and Poisson’s ratio a) of the specific tape spring that was
studied are listed in Table 6.1.

𝐿 𝑅 𝑡 𝛼 𝐸 a

200 mm 10 mm 0.1 mm 110◦ 131 GPa 0.3

Table 6.1: Properties of tape spring chosen for the case study.

Mesh adaptivity has three components: error estimation or refinement indication,
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Figure 6.1: Case study. (a) Schematic of tape spring of length 𝐿, radius of cross-
section 𝑅, thickness 𝑡 and subtended angle 𝛼. (b) Tape spring under opposite sense
bending, and (c) schematic of post-snap-through configuration with elastic fold in
the middle. (d) A typical moment-rotation relationship for a tape spring under
opposite-sense bending. Although non-physical, arclength solvers can trace the
unstable path shown in red.

remeshing, and solution mapping. First step of adaptove meshing is to identify
the regions of the domain that need refinement, coarsening or an improvement
in the finite element mesh. The mesh in these regions is then altered (called
remeshing) and the solution is transferred from the old mesh to the new mesh
(called solution mapping or transfer of variables). Following is a brief description
of these components for geometrically nonlinear finite element analyses.

6.2 Error estimators or refinement indicators
Error estimation or refinement indication is a crucial step in h-adaptive mesh refine-
ment, as it determines which regions of the mesh require adjustments to accurately
capture the solution. Broadly, there are two ways of assessing the error: error
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estimators or refinement indicators [74]–[77]. An error estimator approximates a
measure of the actual error in a given norm and is ideally close to the true error.
Refinement indicators, on the other hand, are based on physical properties specific
to the application [78], [79].

Majority of the literature on mesh adaption for linear elliptic problems uses a
posteriori error estimation. This error estimation aims to compare the finite element
solution with the actual solution. Since an actual solution is not available, the
comparison is instead made with a ‘recovered’ solution which is obtained by using
recovery techniques. The ‘error’ or the difference between the finite element solution
and the recovered solution is then used to guide the mesh adaption. The most widely
used a posteriori error estimator was proposed by Zienkiewicz and Zhu [80], which
uses simple nodal averaging to improve the finite element solution. Some of the
studies that use this error estimator are [81]–[89]. While there were many suggested
improvements to their recovery techniques ([90], [91] for instance), the underlying
idea remains the same.

Several contributions to stress recovery and error estimation for two-dimensional
linear elliptic problems can be found, but there are relatively few applications to
linear analyses of shell structures [76], [79], [92]–[96] and even fewer to nonlinear
analysis of shells [81], [97], [98]. Moreover, most of the studies on nonlinear
adaptive finite element analysis for shells are limited to standard patch tests and
applications to real-world problems are quite rare. Especially, applications to thin-
shell deployable structures are non-existent.

Studies of nonlinear analyses of shells use error estimators originally developed for
linear problems. While the error estimators perform well for linear problems, rigor-
ous error estimators for highly nonlinear problems are still missing [99]. Although
many nonlinear generalizations have been made from the linear estimators, most of
them lack the sound theoretical basis of their linear counterparts [98], [100], [101].

Therefore, we propose using strain energy itself as a refinement indicator. After
all, every finite element analysis fundamentally rests upon minimization of energy
[101]. Using the opposite-sense bending of a tape spring as a case study, we will
compare the evolution of an energy norm error in the finite element solution [90]
with that of bending strain energy and demonstrate that the latter is the right choice
for a refinement indicator.



106

Error in energy norm
For the sake of completeness, we present here the error estimator by [90] that will
be used for comparison against strain energy based refinement indicator.

The error in a finite element solution is defined as the difference between the actual
solution and the finite element solution at the nodes.

𝒆 := 𝒖 − 𝒖𝒉 (6.1)

For purely linear-elastic materials, energy norm of this error over an element be-
comes

∥𝒆∥2
𝐸 =

1
2

∫
𝑉

(
𝝈 − 𝝈ℎ

)
: C−1 :

(
𝝈 − 𝝈ℎ

)
d𝑉 ℎ, (6.2)

where 𝝈 is the actual stresses in the region of the element, 𝝈ℎ is the stress from
the finite element solution at the integration points of the element, C is the stiffness
matrix of the material, and d𝑉 ℎ is the volume of the element.

In the case of shells, where the finite element domain is a 2D manifold, the energy
norm error can be derived from the stress resultants instead.

∥𝒆∥2
𝐸 =

1
2

∫
Ωℎ

(
𝒔 − 𝒔ℎ

)𝑇
C−1

(
𝒔 − 𝒔ℎ

)
d𝑆ℎ, (6.3)

where 𝒔 is the actual stress resultants in the region of the element, 𝒔ℎ is the stress
resultants from the finite element solution at the integration points of the element,
and d𝑆ℎ is the surface area of the element.

Using Voigt notation, the stress resultant tensor can be represent as a vector of the
generalized forces 𝑵, generalized moments 𝑴, and generalized shear forces 𝑸 as
follows.

𝒔 =


𝑵

𝑴

𝑸

 . (6.4)

The corresponding stiffness matrix can be written as

C =


Cm 0 0
0 Cb 0
0 0 Cs

 , (6.5)



107

with

Cm =
𝐸𝑡

1 − a2


1 a 0
a 1 0
0 0 (1 − a)/2

 , Cb =
𝑡2

12
Cm, Cs =

𝐸𝑡

2(1 + a)

[
1 0
0 1

]
. (6.6)

However, the above definition of the error requires the actual solution which is
unavailable. Therefore, this approach replaces the unknown actual solution 𝒔 by a
solution recovered from the finite element solution itself 𝒔∗. Therefore, the energy
norm error over an element now becomes

𝜖2 = ∥𝒆∥2
𝐸 :=

1
2

∫
Ω𝑝

(
𝒔∗ − 𝒔ℎ

)𝑇
C−1

(
𝒔∗ − 𝒔ℎ

)
det(J) db d[, (6.7)

where Ω𝑝 is the domain of the master element and J is the Jacobian of the mapping
between the reference and the actual domains.

For the above integration over the area of the master element (with area db d[), the
stress resultants over an element 𝒔∗(b, [) are computed using the weighted linear
combination of the nodal recovered stresses and the weights are the values of the
shape functions at that location.

Stress recovery at nodes
We recover the stress resultants at the nodes as follows.

The recovered stress resultant vector at a point in the reference domain 𝒔∗(b, [) has
six components 𝑠∗𝑖 (b, [), with 𝑖 = 1 to 6. Value of each component 𝑠∗𝑖 at a point
(b, [) can be defined as the weighted linear combination of the nodal values of that
component as follows.

𝑠∗𝑖𝑒 (b, [) :=
𝑛𝑁∑︁
𝑎=1

𝑁𝑎 (b, [)𝑠∗𝑖𝑎𝑒 = {𝑁 (b, [)}𝑇 {𝑠∗𝑖𝑒 }, (6.8)

where the subscript 𝑒 represents an element, 𝑛𝑁 is the number of nodes in the
element, {𝑁 (b, [)} is the vector of shape functions, a function of the position (b, [),
and {𝑠∗𝑖𝑒 } is the vector of unknown nodal values at the element level (of size 𝑛𝑁 × 1)
of the component 𝑠∗𝑖.

The global vector of nodal values {𝑠∗𝑖} are obtained by minimizing the below
function over the domain of the whole finite element mesh.
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𝐹 ({𝑠∗𝑖}) :=
∫
Ω

(
𝑠∗𝑖 − 𝑠ℎ𝑖

)2
d𝑆ℎ, (6.9)

where 𝑠ℎ𝑖 is the component of stress resultant 𝑠𝑖 from the finite element analysis.
This information is available at the integration points of the elements.

At an element level, the above function becomes

𝐹 ({𝑠∗𝑖𝑒 }) :=
∫
Ωℎ

(
𝑠∗𝑖𝑒 (b, [) − 𝑠ℎ𝑖𝑒

)2
d𝑆ℎ. (6.10)

Using Equations 6.8 and 6.10, and minimizing the above function at the element
level with respect to the nodal vector {𝑠∗𝑖𝑒 },

[𝐴𝑒]{𝑠∗𝑖𝑒 } = {𝑏𝑒}, (6.11)

with
[𝐴𝑒] =

∫
Ωℎ

{𝑁}{𝑁}𝑇d𝑆ℎ, {𝑏𝑒} =
∫
Ωℎ

{𝑁}𝑠ℎ𝑖𝑒 d𝑆ℎ. (6.12)

A global linear system of equations for the global nodal values, [𝐴]{𝑠∗𝑖} = 𝑏 can
be assembled from the above equations at element level.

6.3 Remeshing
The most commonly used approaches for large deformation problems are the r-
adaptivity where the nodes are merely relocated [102]–[105], or h-adaptivity which
involves changing the number of nodes and/or elements [81], [106]–[108], or a
combination of both. The structures of our interest are narrow and long booms such
as the tape spring that undergo localized deformations. The use of mesh adaption
should allow us to begin the analysis with as few elements as possible in both the
directions—longitudinal and transverse. However, since r-adaptivity does not create
new elements and only rearranges the nodes to alter the mesh density, only so much
refinement is possible in transverse direction. Capturing the localized deformations
with this method, for example immediately before snap-through buckling in tape
springs, requires a large number of elements along the transverse direction to begin
with.

On the contrary, the h-adaptive method adjusts the spatial discretization by con-
tinuously increasing the mesh density in zones where a more accurate response is
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expected. This approach is particularly effective in improving the solution accu-
racy for problems involving large and localized deformations, and moving folds.
Therefore, only h-adaptive refinement for quadrilateral elements will be used in this
study.

When a quadrilateral element is split into two or more quadrilaterals, certain newly
created nodes do not belong to the neighboring elements despite being placed on the
common edges (Figure 6.2(a)); such nodes are called non-conformal or ‘hanging’
nodes and the mesh is termed non-conformal or irregular. This irregularity leads
to a discontinuity in the mesh. Each irregular edge contains a new middle node
that does not contain any new degree of freedom. In order to preserve continuity,
degrees of freedom of a hanging node must be constrained with respect to those of
its neighbors[109], [110]. For example, when using linear shape functions, degree
of freedom at a hanging node is constrained to be the average of those at the two
neighbors on that edge.

It is advantageous to ‘regularize’ the mesh by restricting the number of irregular
vertices on each edge. Reasons for this are simplifying computations such as matrix
assembly and mesh refinement, increasing approximation power by ensuring that
neighboring elements are not of vastly differing sizes, and guaranteeing that each
element is in the support of a bounded number of basis functions [111].

hanging node red-blue refinement(a) (b)

Figure 6.2: (a) Creation of hanging nodes when one element is refined. (b) Regular-
izing the mesh through red-blue refinement. The element marked for refinement is
split into four new elements (red) and the neighbors are split into three new elements
each (blue)

There are various techniques for regularizing an irregular mesh. The underlying
idea of all is to further refine the elements around the hanging nodes with the aim of
forming new edges and elements using the hanging nodes. This process continues
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until no hanging node exists in the mesh or until a boundary is reached. The newly
created elements in this process are often called transition elements. Many different
regularization techniques that use quadrilateral or triangular transition elements or
a combination of both were proposed in the literature [82], [112]–[118]. Typically,
when refining a quadrilateral mesh, an element that is split into four new elements
is nicknamed ‘red’ element; the element that is split into three is ‘blue’ and the
one split into two new elements is ‘green’ [1]. In this study, we use the ‘red-blue
refinement’ illustrated in Figure 6.2(b). To implement it, we will use the open-source
Matlab package developed by [1] that combines several ideas from the literature,
and propose an improvement to their technique.

6.4 Solution mapping or transfer of variables
Almost all the previous studies on adaptive meshing for shells used recovery tech-
niques to transfer solution from the old integration points to the new [108], [119],
[120]. This approach comprises of the following steps and is illustrated in Figure
6.3(a).

1. Transfer the solution such as stress and strain at the integration points of the
old elements to the old nodes.

2. Assign solution variables to each node in the new mesh by interpolating values
of the solution variables at that location based on the nodal values of the old
mesh.

3. Evaluate the solution variables at the new integration points based on the
nodal values of the new mesh.

4. Assign these solution variables as initial conditions to the following analysis.
A few equilibrium iterations on the new mesh might be necessary to ensure
that the transferred solution is in equilibrium with the external load.

We will investigate the efficiency of this solution mapping method for our case
study and demonstrate that it fails to improve the result with mesh refinement. We
propose a novel and seemingly obvious method where the solution variables at
the new integration points are interpolated directly from the old integration points
(Figure 6.3(b)). In this method, first the old element (parent element) that contains
the location of the new integration point of interest is identified. Next, using the
basis functions corresponding to the (old) integration points of the parent element,
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the solution variable at the location of the new point is interpolated. This solution
is then assigned to the new integration point.

(a)

� �
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Step 1 Step 2 Step 3

old mesh

new mesh

new mesh

� integration points

� �
��

� �
��
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��
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��
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� �
�� � �

��
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��

old mesh

Figure 6.3: Two methods of transfer of variables: (a) Method 1 transfers recovered
nodal stress resultants at the nodes of the old mesh to the nodes of the new mesh
followed by another transfer to the new integration points. (b) Method 2 directly
transfers the stress resultants from the old integration points to the new.

6.5 Software used
Simulations of the end-rotation-controlled, opposite-sense bending of an isotropic
tape spring were carried out with the commercial finite element software Abaqus.
Quasi-static finite element simulations were performed using the Riks arclength
solver and the 4-noded reduced integrated shell elements called S4R. This is a
planar element with only one integration point to avoid shear locking, and comes
with default hourglass stabilization [29]. It has six degrees of freedom per node in
the local coordinates. The solution from Abaqus was transferred to the program-
ming platform Matlab for postprocessing using the open-source package called
Abaqus2Matlab [121].
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6.6 Results
Choosing a refinement indicator
To investigate the efficiency of the error estimator based on energy norm (Section
6.2), a non-adaptive finite element analysis of the opposite-sense bending of the tape
spring with a uniform mesh of 30× 10 (longitude×transverse) is considered (Figure
6.4). The distribution of energy norm error at different values of rotation (marked
in Figure 6.4) are shown in Figure 6.5(a)–(d).

The bending behavior of a tape spring is well known and the localized fold is expected
midway along the longitudinal direction. Hence, a refinement indicator must be able
to predict the need for a finer mesh in the middle of the tape spring. However, until
the peak moment is reached, maximum energy norm error is concentrated away
from the region of an imminent fold.

At the same values of rotation, the distribution of the strain energy due to bending is
shown in Figure 6.5(e)–(h). Maximum bending strain energy is always concentrated
in the region of the imminent fold and hence this quantity is an appropriate refinement
indicator for nonlinear analysis of the tape spring. Since every quasi-static finite
element formulation is built upon minimization of the total potential energy, a
refinement indicator based on strain energy must be appropriate for any nonlinear
analysis [101].
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Figure 6.4: Moment vs rotation with the mesh size 30 × 10.

Choosing a method of transfer of variables
To investigate the efficiency of transfer of solution based on recovered nodal stresses
(Section 6.4), we considered an adaptive analysis of the tape spring bending without
making any changes to the mesh. a uniform mesh of 30 × 10 was used throughout
the analysis. However, the finite element analysis was broken at arbitrary values of
rotation and the solution mapping was performed using the two methods mentioned
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 6.5: (a)—(d) Energy norm error and (e)—(h) bending strain energy (in mJ) at
four different rotations \ ≈ 4◦, 13.4◦, 14.7◦, 16◦, respectively, of the opposite-sense
bending of the tape spring with a uniform mesh 30 × 10 (Figure 6.4).
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in Section 6.4. Since there was no change in the mesh, an appropriate method of
solution transfer should not alter the result. The results from the multiple runs of
the adaptive analysis were compared with the result from a non-adaptive analysis
with the same mesh (Figure 6.6).

When the method based on recovered nodal stresses was used (referred to as Method
1), the solution deviated from that of the non-adaptive analysis using the same mesh.
The amount of deviation increased every time the solution was transferred with no
change in the mesh.

On the other hand, if the solution were transferred directly between the integration
points without any stress recovery, the solution should not deviate from the non-
adaptive analysis since the mesh remains the same. This is evident from Figure
6.6(b). The only deviation in this case is seen in the unstable equilibrium path
traced by the Riks arclength solver in Abaqus. However, this path has no physical
basis and can be non-unique (Figure 6.1). Therefore, this method is best suited for
nonlinear analyses and will be used in the rest of this study.
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Figure 6.6: Moment vs rotation using (a) Method 1: transfer of variables based on
recovered nodal stresses, and (b) Method 2: direct transfer of stress resultants from
old integration points to the new.
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Choosing a method of mesh refinement
There are various ways to generate a regular mesh without hanging nodes upon
refinement. In case of long aspect ratio structures such as the tape spring, when
an element is marked for refinement, all the elements in the same row along the
longitudinal or transverse directions can also be refined. Refinement along the
longitude refers to the increase in number of elements along the length of the tape
spring (Figure 6.7). Carrying over the refinement to the boundaries does not leave
any hanging nodes. While such a refinement in the longitudinal direction does
not increase the total number of elements by a large number, refining along the
transverse direction might result in an unnecessarily large number of elements.

To investigate the efficiency of these two refinement techniques, adaptive analyses
were performed with refinement only in one direction in each case (Figures 6.7 and
6.8). a uniform mesh with size 20×5 was used to begin an analysis. For comparison,
results from the non-adaptive analyses with uniform mesh of sizes 200 × 20 and
20×5 are also shown. An appropriate refinement technique would steer the solution
from that of the 20×5 mesh towards the solution with a much finer mesh of 200×20.

In the case of mesh refinement in the longitudinal direction, three refinements were
performed at arbitrary values of rotation. All the elements within the span of
40 mm in the middle of the tape spring were halved at each stage of refinement
(Figure 6.7(b)–(d)). This method of refinement did not improve the result. This
could be because although the refinement introduced more elements, there was no
improvement in the finite element approximation of the cross-section of the tape
spring. Only a small improvement in the 𝑀 − \ curve can be noticed immediately
after the snap-through buckling. This is because of the higher mesh density available
in the middle of the tape spring to better approximate the curvature of the elastic
fold.

In the case of refinement only in the transverse direction, when the new nodes were
placed on the edges of the parent elements, the 𝑀 − \ curve deviates from that of the
non-adaptive analysis with mesh size 20 × 5. One of the reasons could be that there
was no improvement in the approximation of the curved geometry of the tape spring.
Another reason for the deterioration of the bending response could be the long aspect
ratio of the newer elements. Each element in the initial mesh is 10 mm long and
3.82 mm wide. The width of an element gets halved with refinement. Therefore, the
elements in the middle of the cross-section of the tape spring have widths 1.91 mm,
0.955 mm, and 0.475 mm after the first, second, and third refinements, respectively
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Figure 6.7: (a) Moment vs rotation when the refinement is performed only along
the longitude of the tape spring. (b)—(d) Finite element mesh used for Runs 2, 3,
and 4, respectively. 𝑛𝐸 is the number of elements and 𝑛𝑁 is the number of nodes in
the mesh.

while the length remains at 10 mm.

The finite element response of a thin-shell structure is sensitive to the approximation
of the curved cross-section. For the mesh adaption to be more effective for nonlinear
shell analyses, the new nodes must be placed closer to the actual deformed surface of
the structure. Actual deformed surface of a shell structure in current configuration
is usually approximated by interpolating a smooth surface from the positions of
the nodes. If linear interpolation of the displacements is used to find the current
location of the new node, it would be placed midway between the nodes of the old
mesh. Bilinear interpolation might introduce discretization errors in the transferred
solution if the old mesh is relatively coarse. Often, cubic interpolation by means of
Hermitian interpolation is used to estimate the true deformed surface [81, Chapter
6].

For the tape spring with a simple undeformed geometry, we also propose an ‘exact’
interpolation where the remeshing is first performed on the initial curved geometry.
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Figure 6.8: Moment vs rotation when the refinement is performed only in the
transverse direction of the tape spring. New nodes are placed on the planes of
the parent elements in (a). Exact interpolation is used to place new nodes on an
approximate current geometry in (b). (c)—(e) Finite element mesh used for Runs 2,
3, and 4, respectively. 𝑛𝐸 is the number of elements and 𝑛𝑁 is the number of nodes
in the mesh.
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In other words, the new nodes are first placed on the exact circular surface of the
tape spring and are then displaced in 3D space to their current positions. This dis-
placement at a new node is the average of the displacements of the two neighboring
nodes from the old nodes.

Repeating the above adaptive analysis using the proposed exact interpolation im-
proves the bending response noticeably before buckling occurs (Figure 6.8(b)).
However, the post-buckling response remains the same as before.
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Figure 6.9: (a) Moment vs rotation when the refinement is performed along both
the directions. (b), (c) Finite element mesh used for Runs 2, 3, respectively. 𝑛𝐸 is
the number of elements and 𝑛𝑁 is the number of nodes in the mesh.

By refining the mesh in both the directions and using exact interpolation, the adap-
tive analysis inherits the advantages of the two techniques. Pre-buckling response
improved because of the refinement in the transverse direction and the post-buckling
response improved due to the refinement in the longitudinal direction. This improve-
ment was seen with only two levels of refinement. Only two levels of refinement
were performed to keep the maximum number of elements closer to that in the
previous case for a fair comparison.

Despite the improvement, number of elements grows exponentially with each level
of refinement. Aspect ratio of the refined elements also grows and the variation
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of mesh density over the domain is not smooth. Hence, we turned to red-blue
refinement for quadrilaterals to generate a regular mesh.

Improving the red-blue refinement of [1]
In red-blue refinement strategy, hanging nodes are eliminated by refining the neigh-
boring elements into three quadrilaterals (blue elements). One blue refinement only
shifts the location of the hanging node and several blue refinements are necessary to
completely eliminate all hanging nodes. Because the hanging node is shifted from
one edge to an adjacent edge, there is a directionality to this refinement strategy and
if not implemented properly, it could trigger a long chain of refinements that ends
only upon reaching a boundary. This is illustrated through three examples in Figure
6.10.

Case 1: Mark one element for re�nement Case 2: Mark two elements for re�nement Case 3: Mark two elements for re�nement

Reference

Present

Reference

Present

Reference

Present

Figure 6.10: Comparison of the refinement efficiency of red-blue refinement of [1]
(reference) and our improved version (present). The elements marked for refinement
in the original mesh (top row) are shown in red. The reference version refines the
mesh excessively and until the boundary is reached

The red-blue refinement implemented in [1] refines a significantly more number
of elements than necessary for the reasons illustrated in Figure 6.11(a). In their
technique, a node of the element is chosen as reference (the first node from the
connectivity matrix for that element) and the Y- formation is limited to one of the
two sides of the diagonal passing through the reference node (bluer and bluel). For
this reason, when two edges on the opposite sides of the diagonal are marked, that
element undergoes red refinement creating three new hanging nodes and triggering
a new chain of blue refinements.

Moreover, since the blue refinements at various regions of the mesh happen inde-
pendently of one another, the chain of refinements does not always come to an end
before reaching the boundaries.
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(a)

edge marked for refinement
reference node

bluer bluel red red redbluel bluer

(b)

edge marked for refinement
reference node

bluelrbluerl redbluelrbluelrbluerl bluerl

Figure 6.11: (a) Mapping used in [1]: Y-formation is restricted only one side of
the diagonal (dashed line). (b) New mapping introduced in our improved version:
When only one edge is marked for refinement, Y- refinement is centered about
the diagonal. When two adjacent edges are marked for refinement, Y- is formed
bisecting those two edges irrespective of the location of the reference node.

To improve these two situations, we introduced two new possibilities called bluer and
bluel where the Y-formation always happens about the diagonal. In this strategy,
the refinement has a tendency to loop around an element originally marked for
refinement rather than branching away from it. Performance of this improved
version is evident in Figure 6.10. For the sake of completion, the complete mapping
needed to reproduce this improved version of the red-blue refinement strategy is
presented in Figure 6.12.

We performed an adaptive analysis of the tape spring bending using the improved
red-blue refinement and the compared the performance of Hermitian and exact
interpolations (Figure 6.13(a)). Only one refinement was performed at an arbitrary
rotation to assess the performance of this refinement strategy. Eight elements
in the middle, along the length of the tape spring were marked for refinement
and the resulting mesh has 222 elements in total (Figure 6.13(b)). Refinement
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Figure 6.12: Complete mapping of red-blue refinement in the present improved
version.
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Figure 6.13: (a) Moment vs rotation with red-blue refinement. (b) Eight elements
along the longitude in the middle of the tape spring were marked for refinement and
the resulting mesh in (b) was used for Run 2; number of elements is 222 and number
of nodes is 255.
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with no interpolation or where the new nodes are placed on the planes of the old
elements showed a slightly better approximation of the peak moment and the post-
buckling behavior. Both the interpolation techniques further improved the response.
The improvement can be further amplified by carefully choosing the instances of
refinement, elements to be refined, and the number of levels of refinement.

Based on the above observations, red-blue refinement shows promise to the applica-
tion of mesh adaptivity to geometrically nonlinear analysis of thin-shell deployable
structures.

6.7 Conclusions
Mesh adaptivity for geometrically nonlinear analyses of thin-shell deployable struc-
tures have been non-existent in the literature. By using the opposite-sense bending
of a tape spring as a case study, we showed that adaptive meshing shows promise in
the field of deployable structures.

Mesh refinement has three components: error estimation or refinement indication,
remeshing, and solution mapping. Most of the existing studies on nonlinear analyses
of shells use inefficient error estimators that were originally proposed for linear
elliptic problems. We compare the performance of one such error estimator based on
energy norm with that of a refinement indicator based on strain energy, and showed
that energy-based refinement indicators are best suited for nonlinear problems.
Moreover, no extra computation is necessary to obtain such an indicator.

We also investigated the efficiency of a widely used solution mapping based on
stress recovery and showed that it fails in a nonlinear analysis. We proposed a direct
transfer of solution from the old integration points to the new and demonstrated its
superior performance.

We applied the red-blue refinement strategy to refine the finite element mesh and
proposed an improvement to an existing algorithm.

Overall, we have uncovered many open areas for potential research in the area of
mesh adaptivity, and introduced novel and more efficient techniques to drive further
research in the same area.
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C h a p t e r 7

CONCLUSIONS

The primary objective of this research was to achieve predictability in the uncon-
strained dynamic deployment of ultralight thin-shell space structures. This was done
by developing effective numerical tools for simulating the folding and deployment
of deployable structures, which were evaluated using the Caltech Space Solar Power
Project (SSPP) structures as a case study. High-fidelity numerical simulations were
used to understand the structure-mechanism interaction and the effects of initial and
boundary conditions on deployment. To verify the accuracy of the simulations, a
simple experiment benchmark was designed and deployment tests were performed.

Due to the computational expense of finite element methods, it is not feasible
to simulate large deployable structures such as the next-generation Caltech SSPP
structures at full scale. To address this, the study investigated the potential of more
computationally efficient methods such as isogeometric analysis and h-adaptive
finite element analysis.

This chapter provides a summary of the contributions made to the existing literature
in achieving the research objectives. Additionally, it outlines possible directions for
future research in related fields.

7.1 Experiments and numerical simulations of unconstrained dynamic de-
ployment of Caltech SSPP structures

To understand the fundamental deployment behavior of the Caltech SSPP structures,
a simplified deployment mechanism was devised to conduct tests on a quarter of the
structure. Masses attached to diagonal cords drove the deployment, while infrared
motion capture cameras tracked the structure’s motion. Numerical simulations
of the folding and deployment of the structure were developed using the explicit
solver in the commercial finite element software, Abaqus. Verification of numerical
simulations was carried out through point cloud data obtained from the experiments.

Contributions and future directions:

• This thesis addresses a gap in the literature regarding the unconstrained dy-
namic deployment of space structures, offering crucial insights and numerical
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modeling tools for further research in this area. By establishing a founda-
tion of knowledge and resources, this work provides a platform for advancing
the design of space structures and encouraging more frequent use of uncon-
strained deployment in space missions. The implications of this research are
significant, as they offer the potential to enhance the safety, efficiency, and
reliability of space structures in the future.

• Until now, numerical simulations of thin-shell deployable structures have
primarily focused on individual components or simplified systems. However,
this study has achieved a significant breakthrough by successfully simulating
the highly complex dynamic deployment of the Caltech SSPP. By developing
high-fidelity numerical simulation techniques, this work offers a valuable
resource that can be adapted to a wide range of thin-shell deployable structures,
providing a promising avenue for future research and development.

• In order to better comprehend the fundamental behavior of SSPP structure
deployment, a single quadrant was subjected to testing and simulation. To
expand this understanding and explore the impact of neighboring quadrants on
deployment, tests could be conducted using two quadrants, with the knowledge
gained being applied to the full structure comprising four quadrants.

7.2 Making the deployment robust and predictable
Unconstrained deployment has the potential to offer significant advantages over
controlled or sequential deployment schemes in terms of packaging efficiency and
reducing the risk of failure. However, this approach has not been widely adopted
due to concerns over its perceived unpredictability. The high-fidelity numerical
simulations developed in this research were used to show that an unconstrained
deployment can be made predictable.

The deployment of the structure was guided by constant force spring retractors
connected to the diagonal cords. It was demonstrated that reducing the interaction
between the structure and mechanism during deployment can lead to a smaller de-
ployment envelope or reduced maximum height. Additionally, limiting the number
of elastic folds and their location on the longeron can increase predictability. To
further optimize the design, numerical simulations were conducted to analyze the
effects of various parameters, such as gravity, initial orientation of the structure,
mass of functional elements, as well as the positions of strip-cord connectors.
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The fact that appropriate initial conditions can be selected to prevent the formation of
new folds and maintain the stability of existing folds on the respective longerons en-
abled the construction of extended TRAC longerons by bonding multiple longerons
together using epoxy. To demonstrate the efficacy of this approach, a deployment
test was conducted on a larger four-strip structure. The deployment was guided by
constant-force spring retractors and kickoff springs were utilized to minimize inter-
action between the structure and the cylinder. The deployment process exhibited no
formation of additional folds, and the existing folds remained stationary, as desired.

Contributions and future directions:

• This thesis has successfully demonstrated a significant advancement in the de-
ployment of space structures through the implementation of an unconstrained
dynamic approach. The unconstrained dynamic deployment method devel-
oped herein ensures robustness and predictability throughout the deployment
process. This breakthrough marks a pivotal contribution to the field, as it
provides a solution to the long-standing problem of low confidence in uncon-
strained deployment methods. As a result, this novel approach has opened up
new possibilities for the space industry and beyond, enabling researchers and
practitioners to safely and efficiently deploy space structures with confidence
and reliability.

• This study offers a promising solution for ensuring the safety of functional
elements that will be carried by SSPP structures during deployment. Specif-
ically, the study demonstrates that by limiting the number of elastic folds
in a longeron to one and restricting its location, complex deformations can
be avoided, thereby minimizing potential damage to functional components.
These findings hold significant implications for the future deployment of SSPP
structures, offering a new level of safety and reliability.

• Prior to this study, the design process of SSPP structures was limited to the
stowed and fully deployed configurations. However, through a comprehen-
sive investigation of the sensitivity of deployment to changes in the structure’s
design, this work has yielded a crucial finding: the need to consider inter-
mediate deployment profiles. The implications of this discovery extend far
beyond SSPP structures, as it underscores the importance of considering all
possible deployment scenarios in the design of any deployable structure.
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• The study validated the efficacy of ground tests in predicting in-space de-
ployment of SSPP structures by demonstrating the consistency of the radial
motion and strip shapes during deployment, irrespective of gravity. However,
the study also revealed that gravity significantly impacts the maximum height
attained by the structure. This highlights the importance of accounting for
gravitational effects and designing deployment mechanisms with additional
vertical clearance to ensure successful deployment in space. To further ver-
ify this observation, future deployment tests can be conducted with gravity
offloading.

• Through simulations, the effect of functional element mass was investigated
by approximating it with lumped masses at longeron-batten intersections. The
study revealed that the additional mass did not affect the location or creation
of folds on the longerons, indicating the robustness of the deployment. Future
research can extend this study to explore the impact of membrane elasticity
and tension on the unfolding of a strip.

• The size of the SSPP structure employed in previous experiments and sim-
ulations was constrained to approximately 1.7 m due to the limitations of
the available autoclave for composite laminate curing. However, the SSPP
envisions a structure measuring 60 m × 60 m. The insights gained from
the deployment simulations facilitated the upscaling of SSPP structures. A
practical out-of-autoclave bonding technique was proposed and successfully
validated, enabling the construction of SSPP structures of any desired size.

7.3 Reducing the computation cost in modeling the folding of thin-shell struc-
tures:

The structure studied so far has a maximum length of around 1.7 m. However, the
next generation of SSPP structures will be much larger, making full-scale simula-
tions impractical. Therefore, more computationally efficient finite element methods
are necessary. In this study, NURBS-based isogeometric analysis and h-adaptive
meshing for quadrilateral shell elements were explored as potential solutions. To
validate these methods, a simpler problem of quasi-static folding of a tape spring
was used as a test case.
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Isogeometric analysis for geometrically nonlinear, quasi-static analysis
An analysis of the folding of a tape spring, a prototypical thin-shell deployable
structure, was conducted using both NURBS-based and bilinear Reissner-Mindlin
finite elements available in the commercial software LS-DYNA. The analysis re-
vealed that the isogeometric elements are slower than the bilinear finite elements by
a factor of three. However, the use of a coarse mesh in the regions of the tape spring
that do not deform significantly during folding leads to significant improvements in
speed for both types of elements, although the difference in performance persists.

h-adaptive finite element analysis
There is currently a lack of literature on mesh adaptivity for geometrically nonlinear
analyses of thin-shell deployable structures. This research aims to address this gap
and has identified several areas for future investigation.

Contributions and future directions:

• The study found that, for the analysis of thin-shell deployable structures, it
is not yet worth switching to NURBS-based elements. However, it may be
expected that the performance of NURBS elements could be improved by
using Kirchhoff-Love elements, which could be investigated in future studies.

• In this research, a significant contribution was made by demonstrating the in-
effectiveness of existing error estimators originally proposed for linear elliptic
problems and showing through a detailed comparison that the refinement indi-
cator based on strain energy is the superior choice for nonlinear problems. By
highlighting this issue and demonstrating a better solution, this research pro-
vides a crucial contribution to the literature on adaptive meshing for thin-shell
deployable structures.

• This research proposes a new and effective technique for solution mapping in
nonlinear analyses, which involves the direct transfer of solutions from old to
new integration points. The superiority of this technique over the commonly
used stress recovery-based solution mapping technique was demonstrated.
However, the proposed method transfers stress resultants and the subsequent
run is still affected by the inaccuracies in the previous runs. Therefore,
future work could investigate a solution mapping based on the transfer of
nodal degrees of freedom, which would enable the analysis to start from
the undeformed configuration with transferred degrees of freedom as initial
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conditions. This would require a short equilibrating step to bring the structure
into the current configuration while generating the necessary stresses at the
integration points to satisfy equilibrium.

• In this study, user-adaptivity was implemented to investigate the applicability
of h-adaptive mesh refinement to thin-shell structures, and it was demonstrated
to be effective. Future work can focus on developing self-adaptivity algorithms
to determine the optimal instances of remeshing and the optimal level of mesh
refinement. Additionally, adaptive mesh coarsening can be integrated into
the algorithms. These advancements would result in more automated and
efficient adaptivity methods for thin-shell structures.

• Finite element models of thin-shell structures are particularly sensitive to
the accuracy of curvature approximation. In h-adaptive meshing, when new
nodes are introduced, special interpolation techniques are required to place the
nodes on an approximate true surface of the structure. Isogeometric analysis
provides an advantage in this regard since it exactly interpolates the curved
surface, resulting in more accurate and efficient analyses. By combining
isogeometric analysis with mesh adaptivity, the benefits of both techniques
can be utilized to achieve even greater accuracy and efficiency in the analysis
of thin-shell structures.
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