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ABSTRACT

This thesis covers topics in gravitational wave physics, including optomechani-
cal measurement theory, novel detection schemes (PT -symmetric interferometer,
matter-wave interferometer), andmodeling of binary black hole ringdownwaveform.

Measurements are accomplished through the interaction between signal and mea-
surement devices. Identifying the nature of couplings is an important step in design-
ing setups for specific applications. In Chapter II, we develop a general framework
based on the system Hamiltonian to unambiguously classify optomechanical cou-
plings. We add the new type, “coherent coupling”, where the mechanical oscillation
couples several non-degenerate optical modes supported in the cavity. We give
examples of different couplings, discuss in detail one particular case of the coherent
coupling, and demonstrate its benefits in optomechanical experiments. Our general
framework allows the design of optomechanical systems in a methodological way,
to precisely exploit the strengths of some particular optomechanical couplings.

Conventional resonant detectors are subject to bandwidth-peak sensitivity trade-
off, which can be traced back to the quantum Cramer-Rao Bound. Chapters III
and IV in this thesis are devoted to the study of PT -symmetric amplifier, which
is a stable quantum amplification scheme enabled by two-mode non-degenerate
parametric amplification. In Chapter III, we study stability and sensitivity improve-
ments for laser-interferometric gravitational-wave detectors and microwave cavity
axion detectors, under Hamiltonian formalism adopting single-mode and resolved-
sideband approximations. In Chapter IV, we go beyond these approximations and
consider realistic parameters in the optomechanical realization of PT -symmetric
interferometer for gravitational detection. We show that the main conclusion con-
cerning stability remains intact using Nyquist analysis and a detailed time-domain
simulation.

The detection method of gravitational waves is developed with linear quantum
measurement theory. In Chapter V, we extend the usage of this theory to another
kind ofmeasurement device—matter-wave interferometers, which have beenwidely
discussed as an important platform for many high-precision measurements. This
theory allows us to consider fluctuations from both atoms and light and leads to
a detailed analysis of back-action (of light back onto the atoms) and its effect on
dynamics and measurement noise in atom interferometry. From this analysis, we
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obtain a Standard Quantum Limit for matter-wave interferometry. We also give a
comparison between the LIGO detector and matter-wave interferometer from the
perspective of quantum measurement.

In Chapter VI, we switch focus from measurement to gravitational wave sources.
Specifically, we study high-frequency gravitational radiation from the ringdown
of a binary black hole merger. We study the high-precision modeling on both
temporal and spatial features of ringdown wave to propose a more complete test of
General Relativity. We show that spin-weighted spheroidal harmonics, rather than
spin-weighted spherical harmonics, better represent ringdown angular patterns. We
also study the correlation between progenitor binary properties and the excitation of
quasinormal modes, including higher-order angular modes, overtones, prograde and
retrograde modes. This chapter seeks to provide an analytical strategy and inspire
the future development of ringdown tests using data from real gravitational wave
events.
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C h a p t e r 1

INTRODUCTION

1.1 Preface
Gravitational waves (GW) are the ripples of space-time predicted by Einstein’s

theory of General Relativity (GR). The detection of gravitational waves from a
Binary Black Hole (BBH) merger in 2015 [1] opened a new window of astronomy
observation.

Embedded in perturbation of space-time curvature, GWs can be treated as weak
classical signals in experimental measurements. Oscillators are often used to mea-
sure weak signals, for which the quantum uncertainty and the measurement-induced
back-action play important roles. Therefore, the analysis of such precision measure-
ment processes must be carried out in a linear quantum measurement framework.

Many newmethods and technology have been developed to enhance the detection
sensitivity spectrum, together with the science case discussion on astrophysical
sources for different frequency ranges. This thesis covers topics in these two aspects:
on the detection side, it involves the development of quantum theory for detector
improvement; on the source side, it involves modeling of BBH ringdown waveform.

1.2 Linear quantum measurement device for gravitational wave detection
In the early days of GW detection, excitations of mechanical oscillators (resonant

bars) were read out by inductive, capacitive [2], or parametric [3] transducers and via
a superconducting quantum interference device (SQUID) amplifer [2–4]. A more
sensitive technique is to read out the phase fluctuations in a light beam (Michelson
and Fabry-Perot type interferometers) [1, 5, 6] using photodetection. Signal recy-
cling [7] and Resonant Sideband Extraction (RSE) [8] techniques were designed
optimize GW sensitivity by tailoring the optical frequency response.

1.2.1 Optomechanics and the interaction classification
Cavity optomechanics [9–12] studies the interaction between light andmechanical

systems embedded into optical resonators. The precision at which modern optome-
chanical experiments operate allows us to study the quantum properties of light and
matter, including the cooling of macroscopic oscillators to their quantum ground
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state [13–15], optomechanical squeezing of quantum fluctuations in light [16–19],
quantum entanglement between optical and mechanical degrees of freedom [20–
23] as well as between space-like separated mechanical oscillators [21, 24–27]
and non-classical states of mechanical oscillators [20, 27–30]. Optomechanics has
become an experimental platform for testing quantum mechanics in the macro-
scopic world [21, 24, 31, 32] and looking for potential paths towards quantum grav-
ity [27, 33–35]. Optomechanics has also been established as a toolbox for computa-
tional and metrological tasks, such as: frequency-converting microwaves to optical
light [36–39], on-chip signal modulation and processing [40], nanoscale torque de-
tection [41] and the detection of gravitational waves [1, 42, 43] with kilometer-scale
detectors (Advanced LIGO [44, 45], Advanced Virgo [46, 47], GEO600 [48, 49],
KAGRA [50, 51]).

While optomechanical systems vary in scale, frequency, and complexity, their
theoretical description on a fundamental level can be reduced to simple Hamilto-
nians. Conventionally the coupling between the optical and mechanical degrees of
freedom is classified based on intuitive physical picture of the setup. Most common
are the systems with dispersive coupling, where the mechanical oscillation mod-
ulates the cavity’s resonance frequency [9]. The simplest case of such systems is
a Fabry-Pérot cavity with a movable end mirror [52]. Another type of coupling
is dissipative [53]: the oscillation modulates the coupling between the system and
the environment. Any system with a movable mirror that simultaneously couples
with the cavity modes and the pumping field can be viewed as having dissipative
coupling, and the simplest example is a Fabry-Pérot cavity with a movable front
mirror [54]. There exists another type of interaction where the mechanical oscilla-
tion modulates the coupling between two or more cavity modes [55]. In practice,
a complex optomechanical system might not fit into one single type of interaction
presented above, or might be misclassified. Therefore, we want amutually exclusive
and collectively exhaustive way of classification. Exploring such a problem defines
the theme of Chapter II. Our classification strategy will help physicists approach the
experimental design in a systematic way and choose the system that would perform
optimally.

1.2.2 Novel schemes to bypass bandwidth-sensitivity trade-off
Since the first detection in 2015 [1], BBH systems have so far been the most com-

monly measured GW sources [56, 57]. The demand for extracting richer properties
of the ringdown stage [58–62], as well as other astrophysical processes that produce
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pronounced gravitational waves at high frequencies, calls for the broadband and
high-frequency sensitivity of gravitational wave detectors.

In the canonical interferometer configuration [63], resonant arm cavities are used
to increase the relative signal strength by effectively extending the length of the
detector via repeated reflections of the optical field. However, the positive dispersion
of the arm cavity makes the signal at higher frequencies no longer resonant. This
leads to an inverse relationship between the peak sensitivity and bandwidth of
the detector, known as the Mizuno limit [64]. This can be traced back to the
energetic quantum limit [65, 66], which is also called the quantum Cramer-Rao
Bound (QCRB) [67], and is therefore limited by the quantum fluctuation of the
intracavity light field [68].

Bandwidth-sensitivity trade-off. – Early in 1990s, Mizuno noticed a trade-off
between bandwidth and peak sensitivity [64] — analogous to the gain-bandwidth
product in electronic amplifiers [69]. Braginsky et al. [65, 66] showed, using the
energy-phase uncertainty relation, that the power spectral density of equivalent
spacetime strain noise is (ℎ (Ω) ≥ 4~2/(E (Ω) where (E is the spectral density of
energy in the cavity, and∫ +∞

0
3Ω/(2c)(−1

ℎ (Ω) ≤ ΔE
2/(4~2) . (1.1)

This was also obtained by Tsang, et al. using Quantum Fisher Information [67], and
further elaborated in Refs. [68, 70–72]. For coherent states, ΔE2 = ~l0E, and in
this case, Eq. (3.1) is also referred to as the Energetic Quantum Limit (EQL) for
GW detection. The EQL trade-off applies to all quantum metrology experiments
that use oscillators at coherent states. Specifically, GW detectors (of the laser
interferometer type [1]) use optical resonators to increase the interaction between
the spacetime strain and the laser light field. Axion detectors [73] (of the Sikivie
Haloscope type [74]) use microwave resonators and a powerful permanent magnet to
increase the interaction with the axion field and the microwave field. In both cases,
the emphasis is on increasing the quality factor [75] of the resonance to maximize
the transduction coefficient between the physical signal and an electrical readout
variable. However, the EQL limits the useful bandwidth of the detector according
to the gain-bandwidth trade-off.

In GW detection, the EQL can be surpassed when non-classical states of light are
created for the arm cavity, with ΔE2 > E2/#̄ [76–79]. This can be implemented
via squeezing injection [63, 80], or internal ponderomotive squeezing achieved by
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optical springs [68, 81, 82]. To directly address the EQL, the concept ofWhite-Light
Cavity (WLC), which resonates with a broader spectrum of frequencies without
sacrificing sensitivity, has been proposed [76–79, 83–87]. In the unstable WLC
(uWLC) design of Miao et al. [77], a negative-dispersion optomechanical filter
cavity is attached to the arm cavity [77], which can compensate for the phase gained
in the arm cavity. However, this scheme is dynamically unstable and an additional
stabilizing controller must be implemented, which makes the setup rather complex.
In a later study [88], it was found that converting the signal-recycling cavity (SRC)
into the optomechanical filter can lead to bandwidth broadening with a simpler
optical layout, while the parameter regime considered still leads to an unstable
system.

In Chapters III and IV, we introduce and model a parity-time (PT )-symmetric
coherent quantum control strategy [88–91] that not only leads to a stable spectrum
enhancement but also applies to a wide range of other quantum systems.

1.2.3 Matter-wave interferometer
Parallel to LIGO detector where the underlying principle is the interference of the

electromagnetic waves, other concepts of GW detectors have also been proposed,
even before the first detection event [1]. One particular attractive concept is the
atom-interferometer GW detector, first raised by Dimopoulos et al. [92, 93] and
later enriched by many further discussions [94–102]. Different from the LIGO, the
physical principles under the atom-interferometer GW detector is the interference
of the matter waves, rather than the light waves.

The advantage of the proposed application of atom interferometer in GW detec-
tion is mostly at low frequency (below 10 Hz), which can be understood as follows.
Since the test masses are connected to the ground through suspension system, the
sensitivity of a laser interferometer GW detector is seriously contaminated at low
frequencies partly through the coupling of the test masses with the sesmic oscilla-
tions, although the multi-stage vibration isolation technique has been applied [98].
For space-borne optical GW detector such as Laser Interferometer Space Antenna
(LISA), the test masses are also connected to the satellite platforms, thereby the
random motion of the satellites will be transfered onto the test masses and contam-
inate the GW signal. However, for the atom interferometer, since the atoms are
free-falling during the interferometry process, they are less sensitive to the seismic
perturbation (or the satellite motion in the space case). The laser noise can be re-
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Figure 1.1: Block diagram of a linear quantum measurement device.

moved by designing the detector configuration with common mode rejection. More
sophisticated designs such as implementing the large momentum transfer technique
or optical cavities have been also discussed [103–107].

Typically, experimental devices such as GW detectors that targeted on measuring
extremely weak signals are affected by the quantum mechanics. The theory of
quantum measurement developed from the 1960s is a framework to analyze how
quantum mechanics affects the sensitivity of an experimental device [108]. As
shown in Fig. 1.1, in this framework, a quantum measurement device is divided into
probe and detector, where the probe dynamical quantity Ĝ is linearly coupled to �
— the information to be measured. The probe and detector are coupled through
linear Hamiltonian �̂int = −UĜ�̂. The information of � will flow into the detector
through probe-detector interaction �̂int and then be read out as Ĥ(C). The early
resonant bar GW detectors and the current laser interferometer GW detectors have
been extensively studied and understood using this quantum measurement theory
framework [108–110].

For atom interferometry, although the effect of quantum noise has been discussed
by various authors [111–114], a complete analysis under quantum measurement
theory has not been discussed in the current literature. Establishing such a theory
provides important insights in understanding the atom interferometer. In Chapter
V, we set up a quantum measurement theory framework for analyzing the physics
of atom interferometer based on the interaction between atom cloud and two optical
fields. A comparison between the LIGO detector and matter-wave interferometer is
also given from the perspective of quantum measurement.

1.3 Modeling of BBH ringdown gravitational waves
In gravitational wave observations, the prospective searches for ringdown wave-

forms [115, 116] would enable the tests of GR [117–120] from different aspects.
With the rapidly increasing number of binary coalescences observed [121–124]
by ground-based detectors like Advanced LIGO [125] and Advanced Virgo [126],
eventswith detectable higher-ordermodes [127–129] are observed, e.g., GW190412 [130]
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and GW190814 [131]. The detectability of higher-order modes not only impacts the
parameter estimation [120, 132–136], but can be used to study angular emission as
well. Currently, in the ringdown stage, a high signal-to-noise ratio (SNR) is difficult
to achieve due to the lack of post-merger cycles and the degraded detector sensitivity
at high frequency range. However, the sensitivity of the proposed next-generation
detectors, including Einstein Telescope [137, 138], Cosmic Explorer [139, 140],
and NEMO [141], will be significantly improved [142], especially at the high fre-
quencies, opening more possibilities in the BBH post-merger studies [143].

The gravitational waves emitted at the final stage of a BBH merger, the ringdown
stage, consist of a series of quasinormal modes (QNMs) [144–148]. QNMs are
solutions to the homogeneous Teukolsky equation [149–152], i.e., the linearized
Einstein’s equations in the background of a Kerr black hole, as described by numer-
ous work since the 1970s [153–157]. The foundation for doing so follows models
that describe stellar collapses [153–156] — the strong-field region “falls down” to-
ward the future horizon of the final black hole, revealing a spacetime region in which
perturbations satisfy the homogeneous Teukolsky equation with ingoing condition
near the horizon, and outgoing condition near infinity.

The homogeneous Teukolsky equation predicts the temporal dependence of the
ringdown waves, in terms of their complex spectra, as well as their spatial distri-
butions, in terms of angular emission patterns. There have been many studies on
black hole ringdown spectroscopy involving multiple angular frequencies by model-
ing it as the superposition of exponentially damped sinusoids [132, 134, 158–161],
or using other methods of frequency extraction [162, 163]. Recently, it has been
shown that the inclusion of overtones [147, 164] can improve the fitting of numerical
relativity (NR) waveforms and lead to better estimation of ringdown model parame-
ters [143, 161, 165], because of the better characterization of the post-merger signal
from an earlier time.

Although a single event could provide limited information about angular depen-
dence, combining multiple events and extracting angular-dependent features will
become possible with the expected large number of events in the future. That calls
for strategic studies of temporal-spatial emission patterns before more events with
high ringdown SNR are observed. Many phenomenological fitting studies based
on NR waveforms have been done [166–168], while most previous work focused
on the ringdown temporal properties. As the temporal-spatial consistency check
of ringdown emission can provide more complete tests of GR, exploring such a
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problem defines the theme of Chapter VI.
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C h a p t e r 2

CLASSIFICATION OF OPTOMECHANICAL INTERACTION
AND THE DISCOVERY OF COHERENT COUPLING

In most optomechanical systems, a movable mirror is a part of an optical cavity, and
its oscillation modulates either the resonance frequency of the cavity or its coupling
to the environment. There exists the third option — which we call “coherent
coupling”—when themechanical oscillation couples several non-degenerate optical
modes supported by the cavity. Identifying the nature of the coupling can be
an important step in designing the setup for a specific application. In order to
unambiguously distinguish between different optomechanical couplings, we develop
a general framework based on the Hamiltonian of the system. Using this framework,
we give examples of different couplings and discuss in detail one particular case
of a purely coherent coupling in a ring cavity with a movable mirror inside. We
demonstrate that in certain cases coherent coupling can be beneficial for cooling the
motion of the mechanical oscillator. Our general framework allows us to approach
the design of optomechanical experiments in a methodological way, for precise
exploitation of the strengths of particular optomechanical couplings.

2.1 Introduction
Cavity optomechanics [1–4] studies the interaction between light and mechan-

ical systems embedded into optical resonators. The precision at which modern
optomechanical experiments operate allows us to study the quantum properties of
light and matter, including the cooling of macroscopic oscillators to their quantum
ground state [5–7], optomechanical squeezing of quantum fluctuations in light [8–
11], quantumentanglement between optical andmechanical degrees of freedom [12–
15], as well as between space-like separated mechanical oscillators [13, 16–19]
and non-classical states of mechanical oscillators [12, 19–22]. Optomechanics has
become an experimental platform for testing quantum mechanics in the macro-
scopic world [13, 16, 23, 24] and looking for potential paths towards quantum grav-
ity [19, 25–27]. Optomechanics has also been established as a toolbox for computa-
tional and metrological tasks, such as: frequency-converting microwaves to optical
light [28–31], on-chip signal modulation and processing [32], nanoscale torque de-
tection [33], and the detection of gravitational waves [34–36] with kilometer-scale
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detectors (Advanced LIGO [37, 38], Advanced Virgo [39, 40], GEO600 [41, 42],
KAGRA [43, 44]).

While optomechanical systems vary in scale, frequency, and complexity, their
theoretical description on a fundamental level can be reduced to simple Hamilto-
nians. Conventionally the coupling between the optical and mechanical degrees of
freedom is classified based on intuitive physical picture of the setup. Most common
are the systems with dispersive coupling, where the mechanical oscillation mod-
ulates the cavity’s resonance frequency [1]. The simplest case of such systems is
a Fabry-Pérot cavity with a movable end mirror [45]. Another type of coupling
is dissipative [46]: the oscillation modulates the coupling between the system and
the environment. Any system with a movable mirror that simultaneously couples
with the cavity modes and the pumping field can be viewed as having dissipative
coupling, and the simplest example is a Fabry-Pérot cavity with a movable front
mirror [47]. There exists another type of interaction where the mechanical oscilla-
tion modulates the coupling between two or more cavity modes [48]. In practice,
a complex optomechanical system might not fit into one single type of interaction
presented above, or might be misclassified. Therefore, we want amutually exclusive
and collectively exhaustive way of classification.

To illustrate the necessity for such a classification, we showhow the coupling could
be identified ambiguously when the description of one optomechanical system has
different forms depending on the choice of cavity basis modes. We consider two
optical modes 0̂1, 0̂2 with frequencies l1, l2 coupled via the mechanical oscillation
G. Such system is described by the following intuitive Hamiltonian:

�̂cav = ~l10̂
†
10̂1 + ~l20̂

†
20̂2 + ~612G(0̂†10̂2 + h.c.). (2.1)

If the system is classified simply based on this Hamiltonian, it could fall into
the category of "optical modes coupled by mechanical oscillation." However, this
Hamiltonian would have two different forms based on the parameters of the system.
The first case is when the frequencies of the modes 0̂1, 0̂2 are equal (l1 = l2). Then
Eq. (2.1) can be presented in another form:

�̂′cav = ~(l1 − 612G)0̂′1
†0̂′1 + ~(l1 + 612G)0̂′2

†0̂′2, (2.2)

with the following choice of basis modes:

0̂′1 =
0̂1 − 0̂2√

2
, 0̂′2 =

0̂1 + 0̂2√
2

. (2.3)
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Such Hamiltonian is a dispersive one: the resonant frequencies of the modes are
modulated by the mechanical oscillation. The second case is when the eigenfre-
quencies of the modes 0̂1,2 are separated by Δl ≡ (l2−l1)/2. Then we can define
a new basis of G-dependent modes 0̂′′1,2(G):

0̂′′1 (G) = 0̂1 −
612

2Δl
G0̂2, 0̂′′2 (G) = 0̂2 +

612
2Δl

G0̂1, (2.4)

where we assume mechanical oscillation to be small (612G � |Δl |) and keep only
the terms linear in G. Under this basis the Hamiltonian in Eq. (2.1) takes another
form:

�̂′′cav = ~l10̂
′′
1
†(G)0̂′′1 (G) + ~l20̂

′′
2
†(G)0̂′′2 (G), (2.5)

where themodes themselves have G-dependence. Such a form of the optomechanical
coupling is distinct from either the dispersive or the dissipative coupling. We call
it coherent coupling and will define rigorously in the next section. These three
different forms of the Hamiltonian illustrate the ambiguity: Eq. (2.1) describes the
coupling between the two modes via the mechanical oscillation, but in different
regimes depending on Δl, it could also be either classified as dispersive coupling
in Eq (2.2), or have some new form in Eq. (2.5). However, one system should
have a unique classification, which is determined by the physical properties, not by
the choice of basis. Identifying the coupling correctly and uniquely is important
for optimizing the design of the experiment. Thus, an unambiguous classification
framework is necessary.

In this work, we establish a general framework for the unambiguous classification
of the optomechanical systems. The chapter is organized as follows: Sec. 2.2
provides a step-by-step strategy for expressing the Hamiltonian in a canonical form
and discriminating between different G-dependence. We make emphasis in this
section on the coherent coupling, which has not beenwidely recognized as a separate
type of optomechanical coupling. Sec. 2.3 gives some examples from the literature,
including possible ambiguities that could arise in identifying couplings and how
our approach helps to resolve them. We provide a further focus on the purely
coherent coupling in Sec. 2.4, where we investigate an optomechanical ring cavity
system [49–51]. We provide an application example where in certain cases this
coupling is beneficial for laser cooling of the mechanical oscillator to its ground
state. Sec. 2.5 includes a summary of the chapter and further discussion.
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2.2 Classification of optomechanical couplings
In this section we provide a step-by-step strategy that will lead to a unique

classification for each cavity optomechanical system and help to avoid potential
amiguity. We start by expressing the total optical Hamiltonian in a canonical form
that can describe any optomechanical system with multiple optical and mechanical
degrees of freedom:

�̂ (x) = ~â†(x)
(x)â(x) + 8~
(
â†(x)�(x)b̂ − h.c.

)
, (2.6)

where x = {G1, G2, ...} are the displacements of mechanical oscillators from their
equilibrium positions; â(x) = (0̂1(x), 0̂2(x), ...)T are the cavity eigenmodes, such
that 
(x) = diag(l1(x), l2(x), ...) is a diagonal matrix with the corresponding
eigenfrequencies; b̂ = (1̂1, 1̂2, ...)T are the external electromagnetic modes, which
couple to cavity eigenmodeswith coupling rates�(x) = diag(

√
2W1(x),

√
2W2(x), ...)

and the optical linewidths are W1,2,... (x). Note that x can be treated as quasi-stationary
parameters here because the time scale for optical relaxation ismuch smaller than the
mechanical one. For practical calculation, the x-dependence in â(x),
(x),�(x) can
be expanded in series and x can be upgraded to dynamical variables and quantum
operators x̂ following the canonical formulation [52–54]. We further consider a
conventional linear regime, where the mechanical oscillation x is much smaller than
the optical wavelength _, allowing the Hamiltonian to remain only linear x terms
for a good approximation. While this approximation is not necessarily applicable to
all optomechanical systems [55–58], it covers most of the popular ones.

One system can be described by different Hamiltonians under different choices
of basis, as shown from Eq. (2.1) to Eq. (2.5), but the canonical form in Eq. (2.6) is
always unique. This serves as the starting point for establishing an unambiguous
classification. Position-dependence in 
(x) and �(x) are intuitive and can be
directly understood as dispersive and dissipative couplings separately. We construct
a mutually exclusive and collectively exhaustive way of classification by considering
the last possible x-dependence: â(x), which we call coherent coupling. Such x-
dependent modes â(x) can be presented as linear combinations of unperturbed
modes â(0) coupled via the mechanical oscillation x, as follows from the linearity
of the optical system:

0̂8 (x) =
∑
;

58; (x)0̂; (0), (2.7)

where 58; (x) are the coupling coefficients and 588 (x) ≡ 1 (no summation for the
repetitive 8).
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In order to classify an optomechanical system without any ambiguity, we formu-
late the following steps:

1. Write the total Hamiltonian of the optomechanical system including all the
optical and mechanical degrees of freedom and the coupling among them in
any convenient basis.

2. Transform the Hamiltonian to the canonical form shown by Eq. (2.6), where

(x) and �(x) are diagonal and â(x) is the set of cavity eigenmodes. Envi-
ronmental modes b̂ can be chosen correspondingly.

3. Classify the type of optomechanical interaction by the x-dependence feature
in â(x), 
(x), and �(x).

We can follow these steps to illustrate the classification of the optomechanical
couplings into three types mentioned in the Introduction. We consider a specific
example with two cavity modes 0̂1, 0̂2 and one mechanical degree of freedom G,
and expand the G-dependence up to a linear order in G, where 61,2 and 6W1,W2 are the
expansion coefficients of diagonal terms in 
(G) and �(G) matrices:

1. Dispersive coupling, where the eigenfrequencies depend on the mechanical
oscillation: 
(x), the example reads:


(G) =
(
l1 − 61G 0

0 l2 − 62G

)
. (2.8)

2. Dissipative coupling, where the rates of coupling to the externalmodes depend
on the mechanical oscillation: �(x), the example reads:

�(G) =
(√

2W1 + 6W1G 0
0

√
2W2 + 6W2G

)
. (2.9)

3. Coherent coupling, where the eigenmodes depend on the mechanical os-
cillation: â(x), and the derivative of any optical mode 0̂8 with respect to
any mechanical displacement G 9 includes only the other optical modes (see
Eq. (2.7)):

m0̂8 (x)
mG 9

����
x=0

=
∑
;≠8

m 58; (x)
mG 9

����
x=0

0̂; (0). (2.10)
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Figure 2.1: The comparison between coherent coupling and dispersive coupling:
the 
(x) matrix under the basis of â(0). Each color block represents a frequency
degenerate subspace, which can have one or more modes. Different blocks have
different frequencies, e.g., l1 ≠ l2 ≠ l3. The influence of mechanical oscillation
shows up as x-dependent perturbation, which will either directly add on to diagonal
terms as dispersive coupling, e.g., theU3G term, or will show up in off-diagonal terms
to couple different modes. The off-diagonal coupling within one color block, e.g.,
the U2G term, will open the degeneracy and also cause dispersive coupling. While
the coupling between blocks, e.g., the U12G term, won’t change the eigenfrequencies
l1,2 and will cause coherent coupling. See main text for detailed discussion.

The simple example can be taken from Eq. (2.5) where the original modes
0̂1,2 become mixed by G (see Eq. (2.4)) and the corresponding eigenfrequency
matrix:


′′(G) =
(
l1 0
0 l2

)
, (2.11)

doesn’t depend on G: 3
′′(G)/3G = 0.

Following our classification strategy, one can clearly distinguish among the different
types of interactions, even in cases where several couplings coexist.

In addition to the definition above, a physical picture of coherent coupling also
helps to understand this new concept. The difference between dispersive coupling
and coherent coupling can sometimes be not obvious: both of them can be expressed
as coupling of optical modes bymechanical motion under some specific cavity basis,
as showed the example in Eq. (2.1). The distinction between them is illustrated in
Fig. 2.1: when mechanical motion couples different optical modes, these modes are
either frequency-degenerate or have different frequencies. When the unperturbed
modes are frequency-degenerate, the coupling via the mechanical motion breaks
the degeneracy and leads to new x-dependent eigenfrequencies, which are the sign
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of dispersive coupling. On the other hand, when the unperturbed modes have dif-
ferent frequencies, the mechanical displacement leads to a coherent energy transfer
between these modes, and such coupling is coherent. Expressed in the canonical
Hamiltonian, up to linear order in x, the eigenfrequencies remain unchanged, but
the eigenmodes are the original ones mixed in a x-dependent way.

2.3 Example of different couplings
In this section, we provide some detailed examples of optomechanical coupling

of the above three categories. We also cover cases with coexisting couplings.

2.3.1 Dispersive coupling
Dispersive coupling is the most well-studied type of optomechanical interac-

tions [1]. The physical origin of dispersive coupling is the dependence of cavity
resonant frequencies on the mechanical oscillation G. The Hamiltonian of a single
cavity, shown in Fig. 2.2, reads:

�̂cav = ~(l0 − 6lG)0̂†0̂, (2.12)

where l0 is the resonant frequency not affected by the mechanical oscillation,
6l = l0/! is the dispersive coupling strength, G is the end mirror displacement
from its equilibrium position (see detailed derivation in App. 2.6).

In this section, we discuss a metrological system that features the dispersive
coupling: the Laser Interferometer Gravitational-Wave Observatory (LIGO) [38,
48]. This detector takes advantage of two Fabry-Pérot cavities in the arms of
the Michelson interferometer (arm cavities), which sense the gravitational-wave-
induced displacement of the test masses. The two arm-cavity modes are represented
by 0̂, 1̂ and their resonance frequencies are by l0. These two modes have the same
dispersive coupling strength 6, but they couple to two different displacements G1, G2.
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<latexit sha1_base64="4y+op8NyTB1ylYFUF065s+H/YlA=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbQM2lhYJGA+IDnC3mYuWbO3d+zuCeHIL7CxUMTWn2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+PbWb39hErzWD6YSYJ+RIeSh5xRY63Gfb9ccavuXGQVvBwqkKveL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWtR0gi1n80XnZIz6wxIGCv7pCFz9/dERiOtJ1FgOyNqRnq5NjP/q3VTE177GZdJalCyxUdhKoiJyexqMuAKmRETC5QpbnclbEQVZcZmU7IheMsnr0LroupZblxWajd5HEU4gVM4Bw+uoAZ3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+yPn8AaOLjNA=</latexit><latexit sha1_base64="4y+op8NyTB1ylYFUF065s+H/YlA=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbQM2lhYJGA+IDnC3mYuWbO3d+zuCeHIL7CxUMTWn2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+PbWb39hErzWD6YSYJ+RIeSh5xRY63Gfb9ccavuXGQVvBwqkKveL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWtR0gi1n80XnZIz6wxIGCv7pCFz9/dERiOtJ1FgOyNqRnq5NjP/q3VTE177GZdJalCyxUdhKoiJyexqMuAKmRETC5QpbnclbEQVZcZmU7IheMsnr0LroupZblxWajd5HEU4gVM4Bw+uoAZ3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+yPn8AaOLjNA=</latexit><latexit sha1_base64="4y+op8NyTB1ylYFUF065s+H/YlA=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbQM2lhYJGA+IDnC3mYuWbO3d+zuCeHIL7CxUMTWn2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+PbWb39hErzWD6YSYJ+RIeSh5xRY63Gfb9ccavuXGQVvBwqkKveL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWtR0gi1n80XnZIz6wxIGCv7pCFz9/dERiOtJ1FgOyNqRnq5NjP/q3VTE177GZdJalCyxUdhKoiJyexqMuAKmRETC5QpbnclbEQVZcZmU7IheMsnr0LroupZblxWajd5HEU4gVM4Bw+uoAZ3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+yPn8AaOLjNA=</latexit><latexit sha1_base64="4y+op8NyTB1ylYFUF065s+H/YlA=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbQM2lhYJGA+IDnC3mYuWbO3d+zuCeHIL7CxUMTWn2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+PbWb39hErzWD6YSYJ+RIeSh5xRY63Gfb9ccavuXGQVvBwqkKveL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWtR0gi1n80XnZIz6wxIGCv7pCFz9/dERiOtJ1FgOyNqRnq5NjP/q3VTE177GZdJalCyxUdhKoiJyexqMuAKmRETC5QpbnclbEQVZcZmU7IheMsnr0LroupZblxWajd5HEU4gVM4Bw+uoAZ3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+yPn8AaOLjNA=</latexit>

Figure 2.2: Single cavity with a movable end mirror. ! is the original cavity length,
G is the end mirror displacement from its equilibrium position, 0̂ is the cavity optical
mode.



28

The cavity Hamiltonian can be expressed as:

�̂cav = ~(l0 − 6G1)0̂†0̂ + ~(l0 − 6G2)1̂†1̂. (2.13)

Defining the common and differential mechanical and optical modes as G+ = (G1 +
G2)/
√

2, G− = (G1 − G2)/
√

2; 2̂+ = (0̂ + 1̂)/
√

2, 2̂− = (0̂ − 1̂)/
√

2, the transformed
Hamiltonian takes the form:

�̂cav = ~(l0 − 6G+)ĉ†ĉ + ~6G−ĉ†f̂G ĉ, (2.14)

where ĉ = (2̂+, 2̂−)T and fG is the G-component of Pauli matrix. Only the differential
motion G− carries the gravitational wave strain signal, so we don’t consider the
common motion G+. After this operation the transformation from 2̂+, 2̂− to 0̂, 1̂ is
equivalent to the transformation from 0̂1, 0̂2 to 0̂′1, 0̂

′
2 in Eq. (2.3). Even though

the Hamiltonian can be expressed in different forms in Eqs. (2.13) and (2.14), in
our classification strategy, the coupling will always be classified as dispersive with
eigenmodes 0̂, 1̂ and G−-dependent eigenfrequencies: l±(G−) = l0 ± 6G−.

2.3.2 Dissipative coupling
Dissipative coupling happens when the coupling of cavity modes to external

modes depends on G. For example, for a single cavity mode 0̂:

�̂W = 8~
(√

2W + 6WG
) (
0̂†1̂ − h.c.

)
, (2.15)

where 1̂ is the external mode and
√

2W + 6WG is the coupling rate, which gives rise to
the finite cavity linewidth. The 6WG term describes the dependence of the dissipation
rate on the mechanical oscillation G. The form of dissipative coupling strength 6W
depends on the specific physical realization.

One recent example is the on-chip dissipative optomechanical resonator [32]. As
schematically shown in Fig. 2.3, this system consists of a racetrack optical cavity,
which is also a mechanical resonator with out-of-plane vibrations, and a curved
input waveguide. Except for the material refractive indices, the optical coupling rate
between the racetrack cavity and the input waveguide is determined by the distance
between them. The racetrack cavity supports optical mode 0̂ and the out-of-plane
oscillation expressed by G, while the input waveguide carries optical mode 1̂. The
mechanical oscillation G changes the distance between the racetrack cavity and the
input waveguide and thus changes the optical coupling rate between modes 0̂ and 1̂.
The Hamiltonian describing the optical modes reads:

�̂ = ~l0 0̂†0̂ + 8~
(√

2W + 6WG
) (
0̂†1̂ − h.c.

)
, (2.16)
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Mechanical Resonator
<latexit sha1_base64="94bcyjzbO8XHlbVnvs0EBeebV/c=">AAACAnicbZDLSgMxFIYz9VbrrepK3ASL4KrMiKDLohs3QhV7gc5QMumZNjSTDElGKENx46u4caGIW5/CnW9j2s5CW38IfPznHE7OHyacaeO6305haXllda24XtrY3NreKe/uNbVMFYUGlVyqdkg0cCagYZjh0E4UkDjk0AqHV5N66wGUZlLcm1ECQUz6gkWMEmOtbvnAVzG+ATogwnrcx3egpSBGqm654lbdqfAieDlUUK56t/zl9yRNYxCGcqJ1x3MTE2REGUY5jEt+qiEhdEj60LEoSAw6yKYnjPGxdXo4kso+YfDU/T2RkVjrURzazpiYgZ6vTcz/ap3URBdBxkSSGhB0tihKOTYST/LAPaaAGj6yQKhi9q/YhqEINTa1kg3Bmz95EZqnVc/y7VmldpnHUUSH6AidIA+doxq6RnXUQBQ9omf0it6cJ+fFeXc+Zq0FJ5/ZR3/kfP4A6w6XHg==</latexit><latexit sha1_base64="94bcyjzbO8XHlbVnvs0EBeebV/c=">AAACAnicbZDLSgMxFIYz9VbrrepK3ASL4KrMiKDLohs3QhV7gc5QMumZNjSTDElGKENx46u4caGIW5/CnW9j2s5CW38IfPznHE7OHyacaeO6305haXllda24XtrY3NreKe/uNbVMFYUGlVyqdkg0cCagYZjh0E4UkDjk0AqHV5N66wGUZlLcm1ECQUz6gkWMEmOtbvnAVzG+ATogwnrcx3egpSBGqm654lbdqfAieDlUUK56t/zl9yRNYxCGcqJ1x3MTE2REGUY5jEt+qiEhdEj60LEoSAw6yKYnjPGxdXo4kso+YfDU/T2RkVjrURzazpiYgZ6vTcz/ap3URBdBxkSSGhB0tihKOTYST/LAPaaAGj6yQKhi9q/YhqEINTa1kg3Bmz95EZqnVc/y7VmldpnHUUSH6AidIA+doxq6RnXUQBQ9omf0it6cJ+fFeXc+Zq0FJ5/ZR3/kfP4A6w6XHg==</latexit><latexit sha1_base64="94bcyjzbO8XHlbVnvs0EBeebV/c=">AAACAnicbZDLSgMxFIYz9VbrrepK3ASL4KrMiKDLohs3QhV7gc5QMumZNjSTDElGKENx46u4caGIW5/CnW9j2s5CW38IfPznHE7OHyacaeO6305haXllda24XtrY3NreKe/uNbVMFYUGlVyqdkg0cCagYZjh0E4UkDjk0AqHV5N66wGUZlLcm1ECQUz6gkWMEmOtbvnAVzG+ATogwnrcx3egpSBGqm654lbdqfAieDlUUK56t/zl9yRNYxCGcqJ1x3MTE2REGUY5jEt+qiEhdEj60LEoSAw6yKYnjPGxdXo4kso+YfDU/T2RkVjrURzazpiYgZ6vTcz/ap3URBdBxkSSGhB0tihKOTYST/LAPaaAGj6yQKhi9q/YhqEINTa1kg3Bmz95EZqnVc/y7VmldpnHUUSH6AidIA+doxq6RnXUQBQ9omf0it6cJ+fFeXc+Zq0FJ5/ZR3/kfP4A6w6XHg==</latexit><latexit sha1_base64="94bcyjzbO8XHlbVnvs0EBeebV/c=">AAACAnicbZDLSgMxFIYz9VbrrepK3ASL4KrMiKDLohs3QhV7gc5QMumZNjSTDElGKENx46u4caGIW5/CnW9j2s5CW38IfPznHE7OHyacaeO6305haXllda24XtrY3NreKe/uNbVMFYUGlVyqdkg0cCagYZjh0E4UkDjk0AqHV5N66wGUZlLcm1ECQUz6gkWMEmOtbvnAVzG+ATogwnrcx3egpSBGqm654lbdqfAieDlUUK56t/zl9yRNYxCGcqJ1x3MTE2REGUY5jEt+qiEhdEj60LEoSAw6yKYnjPGxdXo4kso+YfDU/T2RkVjrURzazpiYgZ6vTcz/ap3URBdBxkSSGhB0tihKOTYST/LAPaaAGj6yQKhi9q/YhqEINTa1kg3Bmz95EZqnVc/y7VmldpnHUUSH6AidIA+doxq6RnXUQBQ9omf0it6cJ+fFeXc+Zq0FJ5/ZR3/kfP4A6w6XHg==</latexit>

Input Waveguide
<latexit sha1_base64="koOk2C8ymnaftAxfPtCI2pM7uss=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4KokIuiy6EZ3FewFmlAmk5N26EwSZiaFWoqv4saFIm59D3e+jZM2C239YeDjP+cw5/xBypnSjvNtlVZW19Y3ypuVre2d3T17/6ClkkxSaNKEJ7ITEAWcxdDUTHPopBKICDi0g+FNXm+PQCqWxA96nIIvSD9mEaNEG6tnH3lS4Ls4zbSH22QE/YyF0LOrTs2ZCS+DW0AVFWr07C8vTGgmINaUE6W6rpNqf0KkZpTDtOJlClJCh6QPXYMxEaD8yWz7KT41ToijRJoXazxzf09MiFBqLALTKYgeqMVabv5X62Y6uvInLD8OYjr/KMo41gnOo8Ahk0A1HxsgVDKzK6YDIgnVJrCKCcFdPHkZWuc11/D9RbV+XcRRRsfoBJ0hF12iOrpFDdREFD2iZ/SK3qwn68V6tz7mrSWrmDlEf2R9/gAXe5T7</latexit><latexit sha1_base64="koOk2C8ymnaftAxfPtCI2pM7uss=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4KokIuiy6EZ3FewFmlAmk5N26EwSZiaFWoqv4saFIm59D3e+jZM2C239YeDjP+cw5/xBypnSjvNtlVZW19Y3ypuVre2d3T17/6ClkkxSaNKEJ7ITEAWcxdDUTHPopBKICDi0g+FNXm+PQCqWxA96nIIvSD9mEaNEG6tnH3lS4Ls4zbSH22QE/YyF0LOrTs2ZCS+DW0AVFWr07C8vTGgmINaUE6W6rpNqf0KkZpTDtOJlClJCh6QPXYMxEaD8yWz7KT41ToijRJoXazxzf09MiFBqLALTKYgeqMVabv5X62Y6uvInLD8OYjr/KMo41gnOo8Ahk0A1HxsgVDKzK6YDIgnVJrCKCcFdPHkZWuc11/D9RbV+XcRRRsfoBJ0hF12iOrpFDdREFD2iZ/SK3qwn68V6tz7mrSWrmDlEf2R9/gAXe5T7</latexit><latexit sha1_base64="koOk2C8ymnaftAxfPtCI2pM7uss=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4KokIuiy6EZ3FewFmlAmk5N26EwSZiaFWoqv4saFIm59D3e+jZM2C239YeDjP+cw5/xBypnSjvNtlVZW19Y3ypuVre2d3T17/6ClkkxSaNKEJ7ITEAWcxdDUTHPopBKICDi0g+FNXm+PQCqWxA96nIIvSD9mEaNEG6tnH3lS4Ls4zbSH22QE/YyF0LOrTs2ZCS+DW0AVFWr07C8vTGgmINaUE6W6rpNqf0KkZpTDtOJlClJCh6QPXYMxEaD8yWz7KT41ToijRJoXazxzf09MiFBqLALTKYgeqMVabv5X62Y6uvInLD8OYjr/KMo41gnOo8Ahk0A1HxsgVDKzK6YDIgnVJrCKCcFdPHkZWuc11/D9RbV+XcRRRsfoBJ0hF12iOrpFDdREFD2iZ/SK3qwn68V6tz7mrSWrmDlEf2R9/gAXe5T7</latexit><latexit sha1_base64="koOk2C8ymnaftAxfPtCI2pM7uss=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaL4KokIuiy6EZ3FewFmlAmk5N26EwSZiaFWoqv4saFIm59D3e+jZM2C239YeDjP+cw5/xBypnSjvNtlVZW19Y3ypuVre2d3T17/6ClkkxSaNKEJ7ITEAWcxdDUTHPopBKICDi0g+FNXm+PQCqWxA96nIIvSD9mEaNEG6tnH3lS4Ls4zbSH22QE/YyF0LOrTs2ZCS+DW0AVFWr07C8vTGgmINaUE6W6rpNqf0KkZpTDtOJlClJCh6QPXYMxEaD8yWz7KT41ToijRJoXazxzf09MiFBqLALTKYgeqMVabv5X62Y6uvInLD8OYjr/KMo41gnOo8Ahk0A1HxsgVDKzK6YDIgnVJrCKCcFdPHkZWuc11/D9RbV+XcRRRsfoBJ0hF12iOrpFDdREFD2iZ/SK3qwn68V6tz7mrSWrmDlEf2R9/gAXe5T7</latexit>

Optical Racetrack Cavity
<latexit sha1_base64="Tql7CvsIoxSQWZz0r+8zu6s/fSE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6LLYjTur2Ac0oUymk3boZBJmbgoldOfGX3HjQhG3/oI7/8Zpm4W2Hhg4nHMvZ+4JEsE1OM63VVhZXVvfKG6WtrZ3dvfs/YOmjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWBYm/qtEVOax/IBxgnzI9KXPOSUgJG69rGnInybgBGEh+8JZaAIHXq4RkYcxl277FScGfAycXNSRjnqXfvL68U0jZgEKojWHddJwM+IMgmCTUpeqlliAkifdQyVJGLaz2Z3TPCpUXo4jJV5EvBM/b2RkUjrcRSYyYjAQC96U/E/r5NCeOVnXCYpMEnnQWEqMMR4WgruccUoiLEhhCpu/orpgJgiwFRXMiW4iycvk+Z5xTX87qJcvc7rKKIjdILOkIsuURXdoDpqIIoe0TN6RW/Wk/VivVsf89GCle8coj+wPn8AVc6Y9g==</latexit><latexit sha1_base64="Tql7CvsIoxSQWZz0r+8zu6s/fSE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6LLYjTur2Ac0oUymk3boZBJmbgoldOfGX3HjQhG3/oI7/8Zpm4W2Hhg4nHMvZ+4JEsE1OM63VVhZXVvfKG6WtrZ3dvfs/YOmjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWBYm/qtEVOax/IBxgnzI9KXPOSUgJG69rGnInybgBGEh+8JZaAIHXq4RkYcxl277FScGfAycXNSRjnqXfvL68U0jZgEKojWHddJwM+IMgmCTUpeqlliAkifdQyVJGLaz2Z3TPCpUXo4jJV5EvBM/b2RkUjrcRSYyYjAQC96U/E/r5NCeOVnXCYpMEnnQWEqMMR4WgruccUoiLEhhCpu/orpgJgiwFRXMiW4iycvk+Z5xTX87qJcvc7rKKIjdILOkIsuURXdoDpqIIoe0TN6RW/Wk/VivVsf89GCle8coj+wPn8AVc6Y9g==</latexit><latexit sha1_base64="Tql7CvsIoxSQWZz0r+8zu6s/fSE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6LLYjTur2Ac0oUymk3boZBJmbgoldOfGX3HjQhG3/oI7/8Zpm4W2Hhg4nHMvZ+4JEsE1OM63VVhZXVvfKG6WtrZ3dvfs/YOmjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWBYm/qtEVOax/IBxgnzI9KXPOSUgJG69rGnInybgBGEh+8JZaAIHXq4RkYcxl277FScGfAycXNSRjnqXfvL68U0jZgEKojWHddJwM+IMgmCTUpeqlliAkifdQyVJGLaz2Z3TPCpUXo4jJV5EvBM/b2RkUjrcRSYyYjAQC96U/E/r5NCeOVnXCYpMEnnQWEqMMR4WgruccUoiLEhhCpu/orpgJgiwFRXMiW4iycvk+Z5xTX87qJcvc7rKKIjdILOkIsuURXdoDpqIIoe0TN6RW/Wk/VivVsf89GCle8coj+wPn8AVc6Y9g==</latexit><latexit sha1_base64="Tql7CvsIoxSQWZz0r+8zu6s/fSE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiQi6LLYjTur2Ac0oUymk3boZBJmbgoldOfGX3HjQhG3/oI7/8Zpm4W2Hhg4nHMvZ+4JEsE1OM63VVhZXVvfKG6WtrZ3dvfs/YOmjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWBYm/qtEVOax/IBxgnzI9KXPOSUgJG69rGnInybgBGEh+8JZaAIHXq4RkYcxl277FScGfAycXNSRjnqXfvL68U0jZgEKojWHddJwM+IMgmCTUpeqlliAkifdQyVJGLaz2Z3TPCpUXo4jJV5EvBM/b2RkUjrcRSYyYjAQC96U/E/r5NCeOVnXCYpMEnnQWEqMMR4WgruccUoiLEhhCpu/orpgJgiwFRXMiW4iycvk+Z5xTX87qJcvc7rKKIjdILOkIsuURXdoDpqIIoe0TN6RW/Wk/VivVsf89GCle8coj+wPn8AVc6Y9g==</latexit>

x
<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit> Optical Coupling
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Figure 2.3: On-chip optomechanical coupling between the curved input waveguide
and the optical racetrack cavity, adapted from FIG. 1 in Ref. [32]. The upper right is
the top view of the chip, where blue line represents the input waveguide and the red
one represents that optical racetrack cavity which is also a mechanical resonator that
can have out-of-plane vibrations. The lower left is the schematic of the cross-section
inside the dashed area of the upper right. See the main context for discussion.

where neither the cavity mode 0̂ nor its resonance frequency l0 depends on G.
There exists only one cavity eigenmode and it already satisfies the canonical form
of Eq. (2.6). Thus, the G-dependence in 0̂, 1̂ coupling rate shows the feature of
dissipative coupling.

2.3.3 Coherent coupling
The last interaction category to be discussed is coherent coupling where the G-

dependence appears in the eigenmodes themselves rather than the eigenfrequencies
of the optical modes.

One notable example of coherent coupling is the three-modes optoacoustic in-
teraction [59]. It can give rise to important non-linear optomechanical effects such
as parametric instability [60, 61], which complicates the operation of gravitational-
wave detectors. In a simplified model [59] as shown on the left side in Fig. 2.4, there
are two orthogonal transverse optical-cavity modes 0̂ and 1̂ with different resonant
frequencies l1 and l2. The acoustic mode has a torsional mode profile and G is
its generalized coordinate. The cavity Hamiltonian in this case has the form (see
App. 2.7 for detailed derivation):

�̂cav = ~l10̂
†0̂ + ~l21̂

†1̂ + ~�0G
(
0̂†1̂ + h.c.

)
. (2.17)

Note that Eq. (2.17) has the same structure as Eq. (2.1) and thus follows the same
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+ -

Figure 2.4: Mapping from three-mode optoacoustic system to a power and signal-
recycled interferometer, adapted from FIG.2 in Ref. [59]. Although they share
a similar three-mode scheme, their physical origins and classification results are
different. See the main text in Sec. 2.3.1 and Sec. 2.3.3 for detailed discussion.

transformation process as in Eq. (2.4). Up to linear order in G, the eigenfrequencies
remain the same and the new eigenmodes are the original ones mixed by mechanical
oscillation G:

0̂(G) = 0̂ − �0
2Δl

G1̂, 1̂(G) = 1̂ + �0
2Δl

G0̂, (2.18)

where Δl ≡ (l2 − l1)/2 is the frequency difference. The G-dependence in eigen-
modes shows the feature of coherent coupling.

Note that Ref. [62] was aware of the G-dependence that only happens in eigen-
modes, but didn’t notice the new coherent coupling category in optomechanics. In
Sec. 2.4 we will investigate a ring cavity system, where the coherent coupling is
mediated by the longitudinal oscillation of the mechanical center-of-mass degree of
freedom.

2.3.4 Coexisting coupling
In many cases, different types of optomechanical couplings can coexist. Some

optomechanical systems might show different coupling features depending on the
parameter regimes that they work in. Following our classification strategy, each
type in the coexisting couplings can be clearly distinguished.

One notable example is the Michelson-Sagnac interferometer [7, 46] with coex-
isting dispersive and dissipative couplings. With careful tuning [7], it can become
either pure dissipative coupling or pure dispersive coupling.

Another example of a system with coexisting couplings is the system of two
coupled cavities separated by a movable mirror, as shown in Fig. 2.5. The coupling
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x
<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>

â
<latexit sha1_base64="tu7hNNy+wbq3I1LPFHYkhzrV8aU=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZHFAntlSt+1Z+LrEKQQwVy1Xvlr25fszTmCpmk1nYCP8EwowYFk3xa6qaWJ5SN6ZB3HCoacxtm822n5Mw5fTLQxj2FZO7+nshobO0kjlxnTHFkl2sz879aJ8XBdZgJlaTIFVt8NEglQU1mp5O+MJyhnDigzAi3K2EjaihDF1DJhRAsn7wKzYtq4Pj+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Y+8zx8eHo7Q</latexit><latexit sha1_base64="tu7hNNy+wbq3I1LPFHYkhzrV8aU=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZHFAntlSt+1Z+LrEKQQwVy1Xvlr25fszTmCpmk1nYCP8EwowYFk3xa6qaWJ5SN6ZB3HCoacxtm822n5Mw5fTLQxj2FZO7+nshobO0kjlxnTHFkl2sz879aJ8XBdZgJlaTIFVt8NEglQU1mp5O+MJyhnDigzAi3K2EjaihDF1DJhRAsn7wKzYtq4Pj+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Y+8zx8eHo7Q</latexit><latexit sha1_base64="tu7hNNy+wbq3I1LPFHYkhzrV8aU=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZHFAntlSt+1Z+LrEKQQwVy1Xvlr25fszTmCpmk1nYCP8EwowYFk3xa6qaWJ5SN6ZB3HCoacxtm822n5Mw5fTLQxj2FZO7+nshobO0kjlxnTHFkl2sz879aJ8XBdZgJlaTIFVt8NEglQU1mp5O+MJyhnDigzAi3K2EjaihDF1DJhRAsn7wKzYtq4Pj+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Y+8zx8eHo7Q</latexit><latexit sha1_base64="tu7hNNy+wbq3I1LPFHYkhzrV8aU=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZHFAntlSt+1Z+LrEKQQwVy1Xvlr25fszTmCpmk1nYCP8EwowYFk3xa6qaWJ5SN6ZB3HCoacxtm822n5Mw5fTLQxj2FZO7+nshobO0kjlxnTHFkl2sz879aJ8XBdZgJlaTIFVt8NEglQU1mp5O+MJyhnDigzAi3K2EjaihDF1DJhRAsn7wKzYtq4Pj+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Y+8zx8eHo7Q</latexit> b̂

<latexit sha1_base64="TRXk2Wjo+kr6ebFcapPYrU/Uih0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZHFEnUK1f8qj8XWYUghwrkqvfKX92+ZmnMFTJJre0EfoJhRg0KJvm01E0tTygb0yHvOFQ05jbM5ttOyZlz+mSgjXsKydz9PZHR2NpJHLnOmOLILtdm5n+1ToqD6zATKkmRK7b4aJBKgprMTid9YThDOXFAmRFuV8JG1FCGLqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACDR3iGV3jztPfivXsfi9aCl88cwx95nz8foo7R</latexit><latexit sha1_base64="TRXk2Wjo+kr6ebFcapPYrU/Uih0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZHFEnUK1f8qj8XWYUghwrkqvfKX92+ZmnMFTJJre0EfoJhRg0KJvm01E0tTygb0yHvOFQ05jbM5ttOyZlz+mSgjXsKydz9PZHR2NpJHLnOmOLILtdm5n+1ToqD6zATKkmRK7b4aJBKgprMTid9YThDOXFAmRFuV8JG1FCGLqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACDR3iGV3jztPfivXsfi9aCl88cwx95nz8foo7R</latexit><latexit sha1_base64="TRXk2Wjo+kr6ebFcapPYrU/Uih0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZHFEnUK1f8qj8XWYUghwrkqvfKX92+ZmnMFTJJre0EfoJhRg0KJvm01E0tTygb0yHvOFQ05jbM5ttOyZlz+mSgjXsKydz9PZHR2NpJHLnOmOLILtdm5n+1ToqD6zATKkmRK7b4aJBKgprMTid9YThDOXFAmRFuV8JG1FCGLqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACDR3iGV3jztPfivXsfi9aCl88cwx95nz8foo7R</latexit><latexit sha1_base64="TRXk2Wjo+kr6ebFcapPYrU/Uih0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk07SNzSZLMiuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b6+wtr6xuVXcLu3s7u0flA+PmlanhvEG01KbdkQtl0LxBgqUvJ0YTuNI8lY0vp3VW0/cWKHVA04SHsZ0qMRAMIrOanZHFEnUK1f8qj8XWYUghwrkqvfKX92+ZmnMFTJJre0EfoJhRg0KJvm01E0tTygb0yHvOFQ05jbM5ttOyZlz+mSgjXsKydz9PZHR2NpJHLnOmOLILtdm5n+1ToqD6zATKkmRK7b4aJBKgprMTid9YThDOXFAmRFuV8JG1FCGLqCSCyFYPnkVmhfVwPH9ZaV2k8dRhBM4hXMI4ApqcAd1aACDR3iGV3jztPfivXsfi9aCl88cwx95nz8foo7R</latexit>

r, t
<latexit sha1_base64="Tb9Xu2RL81+OdmYHqa5tX6EPdB0=">AAAB63icbZBNS8NAEIYn9avWr6pHL4tF8CAlEUGPRS8eK9gPaEPZbDft0t0k7E6EEvoXvHhQxKt/yJv/xk2bg7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi5FxFsoUPJuojlVgeSdYHKX1ztPXBsRR484Tbiv6CgSoWAUc0tfEBxUa27dnYusgldADQo1B9Wv/jBmqeIRMkmN6Xlugn5GNQom+azSTw1PKJvQEe9ZjKjixs/mu87ImXWGJIy1fRGSuft7IqPKmKkKbKeiODbLtdz8r9ZLMbzxMxElKfKILT4KU0kwJvnhZCg0ZyinFijTwu5K2JhqytDGU7EheMsnr0L7su5ZfriqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c5L86787FoLTnFzDH8kfP5A3DBjdQ=</latexit><latexit sha1_base64="Tb9Xu2RL81+OdmYHqa5tX6EPdB0=">AAAB63icbZBNS8NAEIYn9avWr6pHL4tF8CAlEUGPRS8eK9gPaEPZbDft0t0k7E6EEvoXvHhQxKt/yJv/xk2bg7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi5FxFsoUPJuojlVgeSdYHKX1ztPXBsRR484Tbiv6CgSoWAUc0tfEBxUa27dnYusgldADQo1B9Wv/jBmqeIRMkmN6Xlugn5GNQom+azSTw1PKJvQEe9ZjKjixs/mu87ImXWGJIy1fRGSuft7IqPKmKkKbKeiODbLtdz8r9ZLMbzxMxElKfKILT4KU0kwJvnhZCg0ZyinFijTwu5K2JhqytDGU7EheMsnr0L7su5ZfriqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c5L86787FoLTnFzDH8kfP5A3DBjdQ=</latexit><latexit sha1_base64="Tb9Xu2RL81+OdmYHqa5tX6EPdB0=">AAAB63icbZBNS8NAEIYn9avWr6pHL4tF8CAlEUGPRS8eK9gPaEPZbDft0t0k7E6EEvoXvHhQxKt/yJv/xk2bg7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi5FxFsoUPJuojlVgeSdYHKX1ztPXBsRR484Tbiv6CgSoWAUc0tfEBxUa27dnYusgldADQo1B9Wv/jBmqeIRMkmN6Xlugn5GNQom+azSTw1PKJvQEe9ZjKjixs/mu87ImXWGJIy1fRGSuft7IqPKmKkKbKeiODbLtdz8r9ZLMbzxMxElKfKILT4KU0kwJvnhZCg0ZyinFijTwu5K2JhqytDGU7EheMsnr0L7su5ZfriqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c5L86787FoLTnFzDH8kfP5A3DBjdQ=</latexit><latexit sha1_base64="Tb9Xu2RL81+OdmYHqa5tX6EPdB0=">AAAB63icbZBNS8NAEIYn9avWr6pHL4tF8CAlEUGPRS8eK9gPaEPZbDft0t0k7E6EEvoXvHhQxKt/yJv/xk2bg7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi5FxFsoUPJuojlVgeSdYHKX1ztPXBsRR484Tbiv6CgSoWAUc0tfEBxUa27dnYusgldADQo1B9Wv/jBmqeIRMkmN6Xlugn5GNQom+azSTw1PKJvQEe9ZjKjixs/mu87ImXWGJIy1fRGSuft7IqPKmKkKbKeiODbLtdz8r9ZLMbzxMxElKfKILT4KU0kwJvnhZCg0ZyinFijTwu5K2JhqytDGU7EheMsnr0L7su5ZfriqNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c5L86787FoLTnFzDH8kfP5A3DBjdQ=</latexit>

L1
<latexit sha1_base64="sCX6gf2o5hPydr1JpewW3X4FVX4=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIU7EWIZtLGwiGg+IDnC3mYuWbK3d+zuCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+ObWb39hErzWD6aSYJ+RIeSh5xRY62Hu77XL1fcqjsXWQUvhwrkavTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWpQ0Qu1n81Wn5Mw6AxLGyj5pyNz9PZHRSOtJFNjOiJqRXq7NzP9q3dSEV37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbAje8smr0LqoepbvLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AyJuNdA==</latexit><latexit sha1_base64="sCX6gf2o5hPydr1JpewW3X4FVX4=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIU7EWIZtLGwiGg+IDnC3mYuWbK3d+zuCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+ObWb39hErzWD6aSYJ+RIeSh5xRY62Hu77XL1fcqjsXWQUvhwrkavTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWpQ0Qu1n81Wn5Mw6AxLGyj5pyNz9PZHRSOtJFNjOiJqRXq7NzP9q3dSEV37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbAje8smr0LqoepbvLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AyJuNdA==</latexit><latexit sha1_base64="sCX6gf2o5hPydr1JpewW3X4FVX4=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIU7EWIZtLGwiGg+IDnC3mYuWbK3d+zuCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+ObWb39hErzWD6aSYJ+RIeSh5xRY62Hu77XL1fcqjsXWQUvhwrkavTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWpQ0Qu1n81Wn5Mw6AxLGyj5pyNz9PZHRSOtJFNjOiJqRXq7NzP9q3dSEV37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbAje8smr0LqoepbvLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AyJuNdA==</latexit><latexit sha1_base64="sCX6gf2o5hPydr1JpewW3X4FVX4=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8UgWIU7EWIZtLGwiGg+IDnC3mYuWbK3d+zuCeHIT7CxUMTWX2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+ObWb39hErzWD6aSYJ+RIeSh5xRY62Hu77XL1fcqjsXWQUvhwrkavTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWpQ0Qu1n81Wn5Mw6AxLGyj5pyNz9PZHRSOtJFNjOiJqRXq7NzP9q3dSEV37GZZIalGzxUZgKYmIyu5sMuEJmxMQCZYrbXQkbUUWZsemUbAje8smr0LqoepbvLyv16zyOIpzAKZyDBzWowy00oAkMhvAMr/DmCOfFeXc+Fq0FJ585hj9yPn8AyJuNdA==</latexit>

L2
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Figure 2.5: The coupled cavity configuration. !1,2 are the length of two subcavities,
A and C are the amplitude reflectivity and transmittance of the mirror inside, and G is
membrane oscillation around its equilibrium position. In the main text we consider
membrane with low transmittance C � 1. It is then reasonable to claim that the
left and right subcavities can support 0̂ and 1̂ modes separately. The bare optical
frequencies of the two modes are l1,2 and the optomechanical coupling constants
are 61,2 = l1,2/!1,2. Different parameter regime can lead to different classification
results. See main text for details.

in such a system can be classified as dispersive, or coherent, or coexisting, depending
on the position and optical properties of the central mirror [5, 62, 63]. In the
following contents, we give a theoretical description of this system and classify it
using our strategy.

When the transmittance of the central mirror is relatively low, C � 1, we can
define two optical modes 0̂, 1̂ for the left and the right subcavities respectively,
which are coupled at a characteristic sloshing frequency lB. In terms of these
modes the cavity Hamiltonian can be expressed as:

�̂cav = ~(l1 − 61G)0̂†0̂ + ~(l2 + 62G)1̂†1̂ + ~lB (0̂†1̂ + h.c.). (2.19)

For convenience, we define the average frequency l0 ≡ (l1 + l2)/2 and the
frequency difference Δl ≡ (l2 − l1)/2. We then convert the Hamiltonian in
Eq. (2.19) into the canonical form in Eq. (2.6) as required by our classification
procedure.

When the central mirror is perfectly reflective [5], the sloshing frequency becomes
zero (lB = 0) and Eq. (2.19) is already in the canonical form. No optical coupling
can happen between 0̂, 1̂ modes and they remain to be cavity eigenmodes. The
corresponding eigenfrequencies l1 − 61G, l2 + 62G are G-dependent. In this case,
the system has pure dispersive coupling.

When lB ≠ 0, Eq. (2.19) needs to be transformed to the canonical form. The
interaction with themechanical oscillation G couples the original optical eigenmodes

2̂±(0) = (−Δl ±
√
Δl2 + l2

B )0̂ + lB 1̂, (2.20)
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and they become:

2̂±(G) = 2̂±(0) ±
61 + 62

4
√
Δl2 + l2

B

G2̂∓(0), (2.21)

with the corresponding eigenfrequencies:

l±(G) = l0 ±
√
Δl2 + l2

B +
(
62 − 61

2
∓ (61 + 62)Δl

2
√
Δl2 + l2

B

)
G + O(G2). (2.22)

Both the eigenmodes and eigenfrequencies depend on G, which reveals the coexisting
coherent and dispersive couplings.

The system can have a purely coherent coupling if the central mirror has low
transmittance and the two subcavities have the same length !1 = !2 [62, 63]. In this
case, the sub cavity frequencies and the corresponding coupling rates in Eq. (2.19)
become equal: l1 = l2 = l0,Δl = 0, 61 = 62. The original eigenmodes are
2̂±(0) ∝ 1̂ ± 0̂ and the dispersive feature is absent as the eigenfrequencies of
Eq. (2.22) no longer have G-dependence: l± = l0 ± lB.

The purely coherent coupling in this coupled cavity example only happens in
some specific parameter regimes. In the following section, we will discuss a ring
cavity system which always has a purely coherent coupling.

2.4 Purely coherent coupling in a ring cavity system
In this section we discuss an example of purely coherent coupling in an optome-

chanical ring cavity systemwhere two resonant modes are coupled via the oscillation
of a partially reflective mirror, see Fig. 2.6. Similar ring cavity systems with one
or multiple scattering objects inside have been studied, including some cases with
membranes or mirrors [64–66] and some other cases with cold atom clouds [67–74].
However, no systematic Hamiltonian construction with a clear definition of optical
modes has been done. That motivates our derivation in this section. We also an-
alyze how the coherent coupling helps the laser cooling of mechanical oscillation
and compare it with the single cavity dispersive coupling case [6].

2.4.1 Cavity modes and the Hamiltonian
The detailed derivation of the total Hamiltonian of the ring cavity system can be

found in App. 2.8. Here we only sketch the key steps of the derivation.

Without the membrane, the ring cavity can support degenerate clockwise and
counterclockwise modes that propagate independently. The membrane reflection
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ĉ2
<latexit sha1_base64="6oS+HEuzK2meT6PIisnfbFHFs6k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctDlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqylo0FrHqBqiZ4JK1DDeCdRPFMAoE6wST29zvPDGleSwfzDRhfoQjyUNO0Vip2x+jIXRQH1Sqbs2dg6wSryBVKNAcVL76w5imEZOGCtS657mJ8TNUhlPBZuV+qlmCdIIj1rNUYsS0n83vnZFzqwxJGCtb0u7P1d8TGUZaT6PAdkZoxnrZy8X/vF5qwms/4zJJDZN0sShMBTExyZ8nQ64YNWJqCVLF7a2EjlEhNTaisg3BW355lbTrNc/y+8tq46aIowSncAYX4MEVNOAOmtACCgKe4RXenEfnxXl3Phata04xcwJ/4Hz+AEtuj3c=</latexit><latexit sha1_base64="6oS+HEuzK2meT6PIisnfbFHFs6k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctDlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqylo0FrHqBqiZ4JK1DDeCdRPFMAoE6wST29zvPDGleSwfzDRhfoQjyUNO0Vip2x+jIXRQH1Sqbs2dg6wSryBVKNAcVL76w5imEZOGCtS657mJ8TNUhlPBZuV+qlmCdIIj1rNUYsS0n83vnZFzqwxJGCtb0u7P1d8TGUZaT6PAdkZoxnrZy8X/vF5qwms/4zJJDZN0sShMBTExyZ8nQ64YNWJqCVLF7a2EjlEhNTaisg3BW355lbTrNc/y+8tq46aIowSncAYX4MEVNOAOmtACCgKe4RXenEfnxXl3Phata04xcwJ/4Hz+AEtuj3c=</latexit><latexit sha1_base64="6oS+HEuzK2meT6PIisnfbFHFs6k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctDlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqylo0FrHqBqiZ4JK1DDeCdRPFMAoE6wST29zvPDGleSwfzDRhfoQjyUNO0Vip2x+jIXRQH1Sqbs2dg6wSryBVKNAcVL76w5imEZOGCtS657mJ8TNUhlPBZuV+qlmCdIIj1rNUYsS0n83vnZFzqwxJGCtb0u7P1d8TGUZaT6PAdkZoxnrZy8X/vF5qwms/4zJJDZN0sShMBTExyZ8nQ64YNWJqCVLF7a2EjlEhNTaisg3BW355lbTrNc/y+8tq46aIowSncAYX4MEVNOAOmtACCgKe4RXenEfnxXl3Phata04xcwJ/4Hz+AEtuj3c=</latexit><latexit sha1_base64="6oS+HEuzK2meT6PIisnfbFHFs6k=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctDlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqylo0FrHqBqiZ4JK1DDeCdRPFMAoE6wST29zvPDGleSwfzDRhfoQjyUNO0Vip2x+jIXRQH1Sqbs2dg6wSryBVKNAcVL76w5imEZOGCtS657mJ8TNUhlPBZuV+qlmCdIIj1rNUYsS0n83vnZFzqwxJGCtb0u7P1d8TGUZaT6PAdkZoxnrZy8X/vF5qwms/4zJJDZN0sShMBTExyZ8nQ64YNWJqCVLF7a2EjlEhNTaisg3BW355lbTrNc/y+8tq46aIowSncAYX4MEVNOAOmtACCgKe4RXenEfnxXl3Phata04xcwJ/4Hz+AEtuj3c=</latexit>

x
<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>
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<latexit sha1_base64="n92bh9T9EeNW2TxJoE4z2HHDAL4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MWLUNF+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHwzq7efUGkey0czSdCP6FDykDNqrPVw13f75Ypbdeciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svuqUnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rwys+4TFKDki0+ClNBTExmd5MBV8iMmFigTHG7K2EjqigzNp2SDcFbPnkVWhdVz/L9ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w/InY10</latexit><latexit sha1_base64="n92bh9T9EeNW2TxJoE4z2HHDAL4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MWLUNF+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHwzq7efUGkey0czSdCP6FDykDNqrPVw13f75Ypbdeciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svuqUnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rwys+4TFKDki0+ClNBTExmd5MBV8iMmFigTHG7K2EjqigzNp2SDcFbPnkVWhdVz/L9ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w/InY10</latexit><latexit sha1_base64="n92bh9T9EeNW2TxJoE4z2HHDAL4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MWLUNF+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHwzq7efUGkey0czSdCP6FDykDNqrPVw13f75Ypbdeciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svuqUnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rwys+4TFKDki0+ClNBTExmd5MBV8iMmFigTHG7K2EjqigzNp2SDcFbPnkVWhdVz/L9ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w/InY10</latexit><latexit sha1_base64="n92bh9T9EeNW2TxJoE4z2HHDAL4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MWLUNF+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHwzq7efUGkey0czSdCP6FDykDNqrPVw13f75Ypbdeciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svuqUnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rwys+4TFKDki0+ClNBTExmd5MBV8iMmFigTHG7K2EjqigzNp2SDcFbPnkVWhdVz/L9ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w/InY10</latexit>
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<latexit sha1_base64="lr4z9kR9Bg3urt6KlGmUwT+ROEU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MWLUNF+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHwzq7efUGkey0czSdCP6FDykDNqrPVw1/f65Ypbdeciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svuqUnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rwys+4TFKDki0+ClNBTExmd5MBV8iMmFigTHG7K2EjqigzNp2SDcFbPnkVWhdVz/L9ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w/KIY11</latexit><latexit sha1_base64="lr4z9kR9Bg3urt6KlGmUwT+ROEU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MWLUNF+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHwzq7efUGkey0czSdCP6FDykDNqrPVw1/f65Ypbdeciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svuqUnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rwys+4TFKDki0+ClNBTExmd5MBV8iMmFigTHG7K2EjqigzNp2SDcFbPnkVWhdVz/L9ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w/KIY11</latexit><latexit sha1_base64="lr4z9kR9Bg3urt6KlGmUwT+ROEU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MWLUNF+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHwzq7efUGkey0czSdCP6FDykDNqrPVw1/f65Ypbdeciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svuqUnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rwys+4TFKDki0+ClNBTExmd5MBV8iMmFigTHG7K2EjqigzNp2SDcFbPnkVWhdVz/L9ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w/KIY11</latexit><latexit sha1_base64="lr4z9kR9Bg3urt6KlGmUwT+ROEU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MWLUNF+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHwzq7efUGkey0czSdCP6FDykDNqrPVw1/f65Ypbdeciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svuqUnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rwys+4TFKDki0+ClNBTExmd5MBV8iMmFigTHG7K2EjqigzNp2SDcFbPnkVWhdVz/L9ZaV+ncdRhBM4hXPwoAZ1uIUGNIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w/KIY11</latexit>

M2
<latexit sha1_base64="pQ6Jmzgt42DS+iC5N8Cd2c/O+Ow=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MWLUNF+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHwzq7efUGkey0czSdCP6FDykDNqrPVw16/1yxW36s5FVsHLoQK5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiWNUPvZfNUpObPOgISxsk8aMnd/T2Q00noSBbYzomakl2sz879aNzXhlZ9xmaQGJVt8FKaCmJjM7iYDrpAZMbFAmeJ2V8JGVFFmbDolG4K3fPIqtGpVz/L9RaV+ncdRhBM4hXPw4BLqcAsNaAKDITzDK7w5wnlx3p2PRWvByWeO4Y+czx/LpY12</latexit><latexit sha1_base64="pQ6Jmzgt42DS+iC5N8Cd2c/O+Ow=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MWLUNF+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHwzq7efUGkey0czSdCP6FDykDNqrPVw16/1yxW36s5FVsHLoQK5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiWNUPvZfNUpObPOgISxsk8aMnd/T2Q00noSBbYzomakl2sz879aNzXhlZ9xmaQGJVt8FKaCmJjM7iYDrpAZMbFAmeJ2V8JGVFFmbDolG4K3fPIqtGpVz/L9RaV+ncdRhBM4hXPw4BLqcAsNaAKDITzDK7w5wnlx3p2PRWvByWeO4Y+czx/LpY12</latexit><latexit sha1_base64="pQ6Jmzgt42DS+iC5N8Cd2c/O+Ow=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MWLUNF+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHwzq7efUGkey0czSdCP6FDykDNqrPVw16/1yxW36s5FVsHLoQK5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiWNUPvZfNUpObPOgISxsk8aMnd/T2Q00noSBbYzomakl2sz879aNzXhlZ9xmaQGJVt8FKaCmJjM7iYDrpAZMbFAmeJ2V8JGVFFmbDolG4K3fPIqtGpVz/L9RaV+ncdRhBM4hXPw4BLqcAsNaAKDITzDK7w5wnlx3p2PRWvByWeO4Y+czx/LpY12</latexit><latexit sha1_base64="pQ6Jmzgt42DS+iC5N8Cd2c/O+Ow=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MWLUNF+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHwzq7efUGkey0czSdCP6FDykDNqrPVw16/1yxW36s5FVsHLoQK5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7FiWNUPvZfNUpObPOgISxsk8aMnd/T2Q00noSBbYzomakl2sz879aNzXhlZ9xmaQGJVt8FKaCmJjM7iYDrpAZMbFAmeJ2V8JGVFFmbDolG4K3fPIqtGpVz/L9RaV+ncdRhBM4hXPw4BLqcAsNaAKDITzDK7w5wnlx3p2PRWvByWeO4Y+czx/LpY12</latexit>

M
<latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit><latexit sha1_base64="crANvVgGivIiDMWlFPoP+QRYTmE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OJFaMF+QBvKZjtp1242YXcjlNBf4MWDIl79Sd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7efUGkeywczSdCP6FDykDNqrNW475crbtWdi6yCl0MFctX75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi1KGqH2s/miU3JmnQEJY2WfNGTu/p7IaKT1JApsZ0TNSC/XZuZ/tW5qwms/4zJJDUq2+ChMBTExmV1NBlwhM2JigTLF7a6EjaiizNhsSjYEb/nkVWhdVD3LjctK7SaPowgncArn4MEV1OAO6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOZ8/pQ+M0Q==</latexit>

f̂1
<latexit sha1_base64="86pTBsw+eU/nGyQFCB3wX7bjE6w=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3EtRGJesBJyoOYDpWIBKNorU5vRJFEfa9frbl1dy6yCl4BNSjU7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrUdGYmyCf7zslZ9YZkCjR9ikkc/f3RE5jYyZxaDtjiiOzXJuZ/9W6GUbXQS5UmiFXbPFRlEmCCZkdTwZCc4ZyYoEyLeyuhI2opgxtRBUbgrd88iq0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDprgAwMJz/AKb86j8+K8Ox+L1pJTzBzDHzmfP058j3k=</latexit><latexit sha1_base64="86pTBsw+eU/nGyQFCB3wX7bjE6w=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3EtRGJesBJyoOYDpWIBKNorU5vRJFEfa9frbl1dy6yCl4BNSjU7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrUdGYmyCf7zslZ9YZkCjR9ikkc/f3RE5jYyZxaDtjiiOzXJuZ/9W6GUbXQS5UmiFXbPFRlEmCCZkdTwZCc4ZyYoEyLeyuhI2opgxtRBUbgrd88iq0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDprgAwMJz/AKb86j8+K8Ox+L1pJTzBzDHzmfP058j3k=</latexit><latexit sha1_base64="86pTBsw+eU/nGyQFCB3wX7bjE6w=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3EtRGJesBJyoOYDpWIBKNorU5vRJFEfa9frbl1dy6yCl4BNSjU7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrUdGYmyCf7zslZ9YZkCjR9ikkc/f3RE5jYyZxaDtjiiOzXJuZ/9W6GUbXQS5UmiFXbPFRlEmCCZkdTwZCc4ZyYoEyLeyuhI2opgxtRBUbgrd88iq0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDprgAwMJz/AKb86j8+K8Ox+L1pJTzBzDHzmfP058j3k=</latexit><latexit sha1_base64="86pTBsw+eU/nGyQFCB3wX7bjE6w=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgmkLbSib7aZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYXFh7emWFn3jCVwqDrfjultfWNza3ydmVnd2//oHp41DJJphn3WSIT3Qmp4VIo7qNAyTup5jQOJW+H49tZvf3EtRGJesBJyoOYDpWIBKNorU5vRJFEfa9frbl1dy6yCl4BNSjU7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrUdGYmyCf7zslZ9YZkCjR9ikkc/f3RE5jYyZxaDtjiiOzXJuZ/9W6GUbXQS5UmiFXbPFRlEmCCZkdTwZCc4ZyYoEyLeyuhI2opgxtRBUbgrd88iq0Luqe5fvLWuOmiKMMJ3AK5+DBFTTgDprgAwMJz/AKb86j8+K8Ox+L1pJTzBzDHzmfP058j3k=</latexit>

f̂2
<latexit sha1_base64="2HoX89nWNs3L3Rqlv8wVqFEV8/0=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjBfsBbSib7aZdutmkuxOhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N6+0nro2I1SNOE+5HdKhEKBhFa3V6I4ok7Nf65YpbdRci6+DlUIFcjX75qzeIWRpxhUxSY7qem6CfUY2CST4r9VLDE8rGdMi7FhWNuPGzxb4zcmGdAQljbZ9CsnB/T2Q0MmYaBbYzojgyq7W5+V+tm2J442dCJSlyxZYfhakkGJP58WQgNGcopxYo08LuStiIasrQRlSyIXirJ69Dq1b1LD9cVeq3eRxFOINzuAQPrqEO99CAJjCQ8Ayv8OZMnBfn3flYthacfOYU/sj5/AFQAI96</latexit><latexit sha1_base64="2HoX89nWNs3L3Rqlv8wVqFEV8/0=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjBfsBbSib7aZdutmkuxOhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N6+0nro2I1SNOE+5HdKhEKBhFa3V6I4ok7Nf65YpbdRci6+DlUIFcjX75qzeIWRpxhUxSY7qem6CfUY2CST4r9VLDE8rGdMi7FhWNuPGzxb4zcmGdAQljbZ9CsnB/T2Q0MmYaBbYzojgyq7W5+V+tm2J442dCJSlyxZYfhakkGJP58WQgNGcopxYo08LuStiIasrQRlSyIXirJ69Dq1b1LD9cVeq3eRxFOINzuAQPrqEO99CAJjCQ8Ayv8OZMnBfn3flYthacfOYU/sj5/AFQAI96</latexit><latexit sha1_base64="2HoX89nWNs3L3Rqlv8wVqFEV8/0=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjBfsBbSib7aZdutmkuxOhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N6+0nro2I1SNOE+5HdKhEKBhFa3V6I4ok7Nf65YpbdRci6+DlUIFcjX75qzeIWRpxhUxSY7qem6CfUY2CST4r9VLDE8rGdMi7FhWNuPGzxb4zcmGdAQljbZ9CsnB/T2Q0MmYaBbYzojgyq7W5+V+tm2J442dCJSlyxZYfhakkGJP58WQgNGcopxYo08LuStiIasrQRlSyIXirJ69Dq1b1LD9cVeq3eRxFOINzuAQPrqEO99CAJjCQ8Ayv8OZMnBfn3flYthacfOYU/sj5/AFQAI96</latexit><latexit sha1_base64="2HoX89nWNs3L3Rqlv8wVqFEV8/0=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjBfsBbSib7aZdutmkuxOhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/N6+0nro2I1SNOE+5HdKhEKBhFa3V6I4ok7Nf65YpbdRci6+DlUIFcjX75qzeIWRpxhUxSY7qem6CfUY2CST4r9VLDE8rGdMi7FhWNuPGzxb4zcmGdAQljbZ9CsnB/T2Q0MmYaBbYzojgyq7W5+V+tm2J442dCJSlyxZYfhakkGJP58WQgNGcopxYo08LuStiIasrQRlSyIXirJ69Dq1b1LD9cVeq3eRxFOINzuAQPrqEO99CAJjCQ8Ayv8OZMnBfn3flYthacfOYU/sj5/AFQAI96</latexit>

ê2
<latexit sha1_base64="8iacsLI0NuQz6Pzzumah6XGsYWQ=">AAAB73icbZDLSgNBEEVrfMb4irp00xgEV2EmCLoMunEZwTwgGUJPp5I06XnYXSOEIT/hxoUibv0dd/6NnWQWmnih4XCriq66QaKkIdf9dtbWNza3tgs7xd29/YPD0tFx08SpFtgQsYp1O+AGlYywQZIUthONPAwUtoLx7azeekJtZBw90CRBP+TDSA6k4GStdnfEiWGv2iuV3Yo7F1sFL4cy5Kr3Sl/dfizSECMSihvT8dyE/IxrkkLhtNhNDSZcjPkQOxYjHqLxs/m+U3ZunT4bxNq+iNjc/T2R8dCYSRjYzpDTyCzXZuZ/tU5Kg2s/k1GSEkZi8dEgVYxiNjue9aVGQWpigQst7a5MjLjmgmxERRuCt3zyKjSrFc/y/WW5dpPHUYBTOIML8OAKanAHdWiAAAXP8ApvzqPz4rw7H4vWNSefOYE/cj5/AE56j3k=</latexit><latexit sha1_base64="8iacsLI0NuQz6Pzzumah6XGsYWQ=">AAAB73icbZDLSgNBEEVrfMb4irp00xgEV2EmCLoMunEZwTwgGUJPp5I06XnYXSOEIT/hxoUibv0dd/6NnWQWmnih4XCriq66QaKkIdf9dtbWNza3tgs7xd29/YPD0tFx08SpFtgQsYp1O+AGlYywQZIUthONPAwUtoLx7azeekJtZBw90CRBP+TDSA6k4GStdnfEiWGv2iuV3Yo7F1sFL4cy5Kr3Sl/dfizSECMSihvT8dyE/IxrkkLhtNhNDSZcjPkQOxYjHqLxs/m+U3ZunT4bxNq+iNjc/T2R8dCYSRjYzpDTyCzXZuZ/tU5Kg2s/k1GSEkZi8dEgVYxiNjue9aVGQWpigQst7a5MjLjmgmxERRuCt3zyKjSrFc/y/WW5dpPHUYBTOIML8OAKanAHdWiAAAXP8ApvzqPz4rw7H4vWNSefOYE/cj5/AE56j3k=</latexit><latexit sha1_base64="8iacsLI0NuQz6Pzzumah6XGsYWQ=">AAAB73icbZDLSgNBEEVrfMb4irp00xgEV2EmCLoMunEZwTwgGUJPp5I06XnYXSOEIT/hxoUibv0dd/6NnWQWmnih4XCriq66QaKkIdf9dtbWNza3tgs7xd29/YPD0tFx08SpFtgQsYp1O+AGlYywQZIUthONPAwUtoLx7azeekJtZBw90CRBP+TDSA6k4GStdnfEiWGv2iuV3Yo7F1sFL4cy5Kr3Sl/dfizSECMSihvT8dyE/IxrkkLhtNhNDSZcjPkQOxYjHqLxs/m+U3ZunT4bxNq+iNjc/T2R8dCYSRjYzpDTyCzXZuZ/tU5Kg2s/k1GSEkZi8dEgVYxiNjue9aVGQWpigQst7a5MjLjmgmxERRuCt3zyKjSrFc/y/WW5dpPHUYBTOIML8OAKanAHdWiAAAXP8ApvzqPz4rw7H4vWNSefOYE/cj5/AE56j3k=</latexit><latexit sha1_base64="8iacsLI0NuQz6Pzzumah6XGsYWQ=">AAAB73icbZDLSgNBEEVrfMb4irp00xgEV2EmCLoMunEZwTwgGUJPp5I06XnYXSOEIT/hxoUibv0dd/6NnWQWmnih4XCriq66QaKkIdf9dtbWNza3tgs7xd29/YPD0tFx08SpFtgQsYp1O+AGlYywQZIUthONPAwUtoLx7azeekJtZBw90CRBP+TDSA6k4GStdnfEiWGv2iuV3Yo7F1sFL4cy5Kr3Sl/dfizSECMSihvT8dyE/IxrkkLhtNhNDSZcjPkQOxYjHqLxs/m+U3ZunT4bxNq+iNjc/T2R8dCYSRjYzpDTyCzXZuZ/tU5Kg2s/k1GSEkZi8dEgVYxiNjue9aVGQWpigQst7a5MjLjmgmxERRuCt3zyKjSrFc/y/WW5dpPHUYBTOIML8OAKanAHdWiAAAXP8ApvzqPz4rw7H4vWNSefOYE/cj5/AE56j3k=</latexit>

ê1
<latexit sha1_base64="4qI8g9w04WwuJH4Q2j9s5Gj9Aso=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nUrSpOdhd40QhvyEGxeKuPV33Pk3dpJZaOKFhsOtKrrqBomShlz32ymsrW9sbhW3Szu7e/sH5cOjpolTLbAhYhXrdsANKhlhgyQpbCcaeRgobAXj21m99YTayDh6oEmCfsiHkRxIwcla7e6IE8Oe1ytX3Ko7F1sFL4cK5Kr3yl/dfizSECMSihvT8dyE/IxrkkLhtNRNDSZcjPkQOxYjHqLxs/m+U3ZmnT4bxNq+iNjc/T2R8dCYSRjYzpDTyCzXZuZ/tU5Kg2s/k1GSEkZi8dEgVYxiNjue9aVGQWpigQst7a5MjLjmgmxEJRuCt3zyKjQvqp7l+8tK7SaPowgncArn4MEV1OAO6tAAAQqe4RXenEfnxXl3PhatBSefOYY/cj5/AEz2j3g=</latexit><latexit sha1_base64="4qI8g9w04WwuJH4Q2j9s5Gj9Aso=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nUrSpOdhd40QhvyEGxeKuPV33Pk3dpJZaOKFhsOtKrrqBomShlz32ymsrW9sbhW3Szu7e/sH5cOjpolTLbAhYhXrdsANKhlhgyQpbCcaeRgobAXj21m99YTayDh6oEmCfsiHkRxIwcla7e6IE8Oe1ytX3Ko7F1sFL4cK5Kr3yl/dfizSECMSihvT8dyE/IxrkkLhtNRNDSZcjPkQOxYjHqLxs/m+U3ZmnT4bxNq+iNjc/T2R8dCYSRjYzpDTyCzXZuZ/tU5Kg2s/k1GSEkZi8dEgVYxiNjue9aVGQWpigQst7a5MjLjmgmxEJRuCt3zyKjQvqp7l+8tK7SaPowgncArn4MEV1OAO6tAAAQqe4RXenEfnxXl3PhatBSefOYY/cj5/AEz2j3g=</latexit><latexit sha1_base64="4qI8g9w04WwuJH4Q2j9s5Gj9Aso=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nUrSpOdhd40QhvyEGxeKuPV33Pk3dpJZaOKFhsOtKrrqBomShlz32ymsrW9sbhW3Szu7e/sH5cOjpolTLbAhYhXrdsANKhlhgyQpbCcaeRgobAXj21m99YTayDh6oEmCfsiHkRxIwcla7e6IE8Oe1ytX3Ko7F1sFL4cK5Kr3yl/dfizSECMSihvT8dyE/IxrkkLhtNRNDSZcjPkQOxYjHqLxs/m+U3ZmnT4bxNq+iNjc/T2R8dCYSRjYzpDTyCzXZuZ/tU5Kg2s/k1GSEkZi8dEgVYxiNjue9aVGQWpigQst7a5MjLjmgmxEJRuCt3zyKjQvqp7l+8tK7SaPowgncArn4MEV1OAO6tAAAQqe4RXenEfnxXl3PhatBSefOYY/cj5/AEz2j3g=</latexit><latexit sha1_base64="4qI8g9w04WwuJH4Q2j9s5Gj9Aso=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nUrSpOdhd40QhvyEGxeKuPV33Pk3dpJZaOKFhsOtKrrqBomShlz32ymsrW9sbhW3Szu7e/sH5cOjpolTLbAhYhXrdsANKhlhgyQpbCcaeRgobAXj21m99YTayDh6oEmCfsiHkRxIwcla7e6IE8Oe1ytX3Ko7F1sFL4cK5Kr3yl/dfizSECMSihvT8dyE/IxrkkLhtNRNDSZcjPkQOxYjHqLxs/m+U3ZmnT4bxNq+iNjc/T2R8dCYSRjYzpDTyCzXZuZ/tU5Kg2s/k1GSEkZi8dEgVYxiNjue9aVGQWpigQst7a5MjLjmgmxEJRuCt3zyKjQvqp7l+8tK7SaPowgncArn4MEV1OAO6tAAAQqe4RXenEfnxXl3PhatBSefOYY/cj5/AEz2j3g=</latexit>
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Figure 2.6: Ring cavity configuration and field labeling. Here "0 is the front mir-
ror with amplitude reflectivity A0 and transmittance C0, "1,2 are two fixed totally
reflective end mirror, " is the movable membrane with amplitude reflectivity A and
transmittance 8C. ! is the total cavity length, !1 = !2 = !/2 are the distances from
the "0 to the equilibrium position of " in clockwise and counterclockwise direc-
tions, G is the microscopic displacement of " from its equilibrium. For fields, 2̂1,2
are the counterclockwise, clockwise propagating field directly coupled from outside
continuum 0̂1,2. Defined at the instantaneous position of the membrane, 4̂2,1 ( 5̂1,2)
are the propagating fields towards (away from) the membrane in counterclockwise,
clockwise direction separately.

couples the two circulating waves and opens the mode degeneracy, as shown in
Fig. 2.7. We first consider resonant cavity modes assuming a perfectly reflective
front mirror "0. In this case no outside field can couple into the cavity and the field
operator vector ê(:) = (4̂1(:), 4̂2(:))T obeys the following matrix formula:

T2 (:)ê(:) = 0̂, (2.23)

where T2 (:) is the closed form transfer matrix:

T2 (:) =
(
1 − 8C48:! −A48:!

−A48:! 1 − 8C48:!

)
. (2.24)

Solving this equation allows us to find wave numbers :± of the resonant fields:

:± =
1
8!

log(±A − 8C). (2.25)

The two corresponding resonant frequencies l± = 2:± within one free spectral
range (FSR) ΔlFSR = 2c2/! are separated by:

lB =
2 arcsin A

!
. (2.26)
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Figure 2.7: Cavity modes splitting caused by different membrane reflectivity A.
The horizontal axis is a relative phase defined as X ≡ (: ?! + c/2) − #2c and the
vertical axis is the ratio of the field amplitude in and out of the system from the
input port. The red and blue line correspond to A = 0.3, 1 respectively. As analyzed
in the main context, the cavity resonant frequencies do not depend on G while the
electromagnetic mode profiles depend on that. This optomechanical interaction is
called coherent coupling. The cavity free spectral range (FSR) is ΔlFSR = 2c2/!
and the linewidth is W = 2C20/2!.

The two resonant modes have the following feature (see Eq. (2.72)):

4̂1(:+) = 4̂2(:+), (2.27a)

4̂1(:−) = −4̂2(:−), (2.27b)

and the field operators 4̂1,2(:±) are denoted by 4̂1,2± in the following contents for
notational convenience.

We assume that the membrane has a low reflectively (A � 1), which allows us
to work only with two modes that are close to each other within one FSR, i.e.,
lB � ΔlFSR, as shown approximately by the red line in Fig. 2.7. In this case,
we do not need to consider the other optical resonances out of one FSR. We then
assign 2̂± to represent the annihilation operator of the two cavity modes with optical
frequencies l±. The only nonzero commutators between them are:

[2̂−, 2̂†−] = 1, and [2̂+, 2̂†+] = 1. (2.28)

According to Eq. (2.27), 2̂+ is named symmetric mode and 2̂− is named antisym-
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metric mode. 2̂± can be constructed from 4̂1,2± fields :

2̂+ ≡
4̂2+ + 4̂1+√

2
, (2.29a)

2̂− ≡
4̂2− − 4̂1−√

2
, (2.29b)

such that 4̂2+ = 2̂+/
√

2 and 42− = 2̂−/
√

2.

To quantitatively describe the electric field distribution, we introduce a coordinate
system inside the ring cavity, as shown in Fig. 2.6. The origin of this I-coordinate
is the front mirror "0 and it increases clockwise along the optical axis of the ring
cavity. It becomes IG = !/2 + G at the instantaneous position of the membrane and
finally becomes I = ! when it reaches the front mirror again. The coordinate system
here is circular and thus I = ! represents the same position as I = 0. The electric
field inside the ring cavity can be represented by the standing wave distribution of
two optical modes (see Eq. (2.80)):

�̂+(I; G) = N(l−)%−(I; G)2̂− + N(l+)%+(I; G)2̂+, (2.30)

where N(l) =
√
~l/2An0! is the frequency-dependent normalization factor for a

beam with cross-sectional area A inside the ring cavity, and %−(I; G), %+(I; G) are
the wavefunctions of 2̂−, 2̂+ modes along I axis:

%−(I; G) =
{

28 sin(:−(I − G)) I ∈ (0, IG),
28 sin(:−(I − ! − G)) I ∈ (IG , !),

(2.31a)

%+(I; G) =
{

2 cos(:+(I − G)) I ∈ (0, IG),
2 cos(:+(I − ! − G)) I ∈ (IG , !).

(2.31b)

%±(I; G) also represent the electric field standing wave distribution and are qual-
itatively shown in Fig. 2.8. The position of the nodes for both symmetric and
antisymmetric modes are shifted with the membrane position IG and %±(I; G) have
the following features:

%±(IG − Z mod !; G) = ±%±(IG + Z mod !; G), (2.32a)

|%−(I = G; G) | = 0, (2.32b)

|%+(I = G; G) | = max
I∈(0,!)

|%+(I; G) |, (2.32c)

where Z represents the distance from an arbitrary point to the membrane. That
is, starting from IG and going in two directions, the standing wave amplitude of
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ĉ� mode profile
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ĉ+ mode profile
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Figure 2.8: Illustrating plot of 2̂± wavefunction %±(I; G) in Eq. (2.81). We use
here a circle instead of a triangle to represent the space inside the ring cavity for
plotting convenience. The coordinate system is the same as that in Fig. 2.6: I = 0
is the position of the front mirror "0 and IG is the position of the membrane. The
position of the nodes for both symmetric and antisymmetric modes are shifted with
the position of the membrane IG . Starting from IG and going in two directions, the
standing wave amplitude of 2̂+(−) mode remains the same (opposite sign), until it
reaches maximum (zero) at I = G.

2̂+(−) mode remains the same (opposite sign), until it reaches the maximum (zero)
at I = G, which is !/2 away from IG both clockwise and counterclockwise. The
standing wave feature of 2̂+(−) mode agrees with the naming of (anti)symmetric
mode.

The cavity Hamiltonian can be obtained from the total optical energy inside the
ring cavity [75] and it reads:

�̂cav = ~l−2̂†−2̂− + ~l+2̂†+2̂+. (2.33)

It doesn’t have G-dependence because the ring cavity is a closed quantum system
until now, as shown by the G-independent equation Eq. (2.23) that we start from.

To obtain the total Hamiltonian and reveal the G-dependence, we consider the
coupling of the cavity modes to the outside modes by assuming the front mirror to
have low transmittance (C0 � 1). The cavity linewidth W can be obtained from the
input-output relation (see Eq. (2.65)):

W =
2C20
2!
, (2.34)

and the ring cavity, as an open passive system, only supports the inside field with the
pumping frequency l? = : ?2. The extent to which 2̂± modes are excited depends
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on the detuning of the pumping frequency to the resonant ones: l? − l±. In the
following sections we will use the wavevector : ? of the pumping field instead of
the resonant wavevectors :±. We use 2̂1,2 to represent the counterclockwise and
clockwise propagating fields that the environment fields 0̂1,2 directly couples to.
Thus the cavity-environment interaction Hamiltonian can be expressed as:

�̂W = 8~
√

2W(2̂†10̂1 − h.c.) + 8~
√

2W(2̂†20̂2 − h.c.). (2.35)

The front mirror position I = 0 is a natural choice of phase reference point for modes
2̂1,2. However, the resonant modes 2̂± take the membrane position IG as the phase
reference point, as shown in Eq. (2.32a). Thus, the transformation between 2̂1,2 and
2̂± depends on G:

2̂±(G) =
1
√

2
48: ?!/2(4−8: ?G 2̂1 ± 48: ?G 2̂2), (2.36)

where 2̂±(0) is the original cavity modes that the outside modes 0̂1,2 directly couple
to and they have distribution %±(I; G = 0). For the outside modes, 2̂±(G) are the new
resonant modes when the membrane is displaced by G. It is equivalent to saying that
the mechanical oscillation G changes the way of interference between 2̂1,2 that leads
to the formation of different resonant modes 2̂±(G).

The cavity optomechanicalHamiltonian linearizedwith respect to G (seeEq. (2.89))
reads:

�̂opt(G) = �̂0 + �̂int(G), (2.37)

where the free part �̂0 is equivalent to Eq. (2.33) with 2̂± → 2̂±(0) and the optome-
chanical interaction part �̂int(C) reads:

�̂int(G) = 28lB~: ?G
(
2̂†−(0)2̂+(0) − h.c.

)
. (2.38)

The feature of coherent coupling is shown in Eq. (2.38) explicitly: the mechanical
oscillation G induces the coupling between two original optical modes 2̂±(0) which
have non-degenerate frequencies.

In the derivation until now, G merely works as a parameter. Alternatively, one
can start from the total Lagrangian including the mechanical degree of freedom and
follow the canonical formulation [52–54], where G can be upgraded to a dynamical
variable and further becomes a quantum operator Ĝ after quantization.

To describe the system in the general framework of Eq. (2.6), we need to ex-
press the total Hamiltonian in terms of the new resonant modes 2̂±(Ĝ). Applying
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similar transformation as in Eq. (2.36), we can express the input modes 0̂1,2 into
antisymmetric and symmetric ones:

2̂±in(Ĝ) =
1
√

2
48: ?!/2(4−8: ? Ĝ 0̂1 ± 48: ? Ĝ 0̂2). (2.39)

Up to linear order in Ĝ, the cavity-environment interaction Hamiltonian in Eq. (2.35)
can be transformed to (see Eq. (2.94)):

�̂W (Ĝ) = 8~
√

2W
(
2̂†−(Ĝ)2̂−in(Ĝ) + 2†+(0̂)2̂+in(Ĝ) − h.c.

)
. (2.40)

It is clear from Eq. (2.40) that the Ĝ dependence only lies on optical modes 2̂±(in) (Ĝ)
themselves and the cavity-environment coupling rate W doesn’t depend on Ĝ. Thus,
this optomechanical coupling has no dissipative feature.

To sum up, the total Hamiltonian reads:

�̂ (G) = �̂opt(G) + �̂W + �̂<, (2.41)

where the cavity optomechanical part �̂opt(G) is given in Eq. (2.37), the cavity-
environment interaction part �̂W is given in Eq. (2.40) and the free mechanical part
is:

�̂< =
?̂2

2<
+ 1

2
<Ω2

< Ĝ
2 − �Ĝ, (2.42)

with � representing any external force exerted on the mechanical oscillator. If we
write it in the canonical form of Eq. (2.6), we obtain:


 =

(
l− 0
0 l+

)
, � =

(
8
√

2W 0
0 8

√
2W

)
, (2.43)

and the mode operators are â(Ĝ) = (2̂−(Ĝ), 2̂+(Ĝ))T, âin(Ĝ) = (2̂−in(Ĝ), 2̂+in(Ĝ))T.
There is neither dispersive nor dissipative feature in the Hamiltonian above, and
thus the coherent coupling is verified.

In the next section, wewill discuss the advantage of coherent coupling in enhanced
optomechanical cooling.

2.4.2 Application: Enhanced cooling
Mechanical oscillators can be cooled to their ground states by extracting thermal

phonons through laser light with a near-zero effective temperature bath [76]. Such
optomechanical cooling contributes to fundamental physics in studying the quantum
effects of macroscopic objects [23, 24]. It is also beneficial in the application aspect
of frequency conversion [28–31] and quantum information processing [32].
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In the Hamiltonian linearized with respect to G, the coherent coupling starts with
two non-degenerate optical modes and then couples them by mechanical oscillation.
This coupling doesn’t change the resonance frequency up to linear order in Ĝ.
Thus, the double resonance structure of coherent coupling systems can potentially
provide a more efficient cooling compared with the standard dispersive-coupling-
based cooling [6], because of the additional resonant enhancement of the pumping
field: When the mechanical frequency matches the frequency distance between the
two resonance peaks and the lower frequency is pumped, both the pumping field
and the upper mechanical sideband are resonant inside the cavity.

The optoacoustic interaction [59] in Sec. 2.3.3 has similar physics properties
with the ring cavity system. Contrary to the cooling described above, when the
cavity mode with upper frequency is pumped, both the pumping field and the lower
mechanical sideband are resonant and the enhanced heating occurs. That explains
the principle of parametric instability [60, 61]. Different from the optoacoustic
interaction which influences the transverse mechanical oscillation, the ring cavity
system interacts with the longitudinal mechanical oscillation. In this section, we
will focus on the cooling of the ring cavity system and compare it with the single
cavity dispersive coupling case.

The detailed derivation of optomechanical cooling and mechanical occupation
number limit in the ring cavity system can be found in App. 2.9. Here we only list
the main results. Under the resolved sideband condition Ω< � W, we obtain the
optical damping rate (see Eq. (2.103b)):

Wopt =
2|�in |2:2

?~lB
<W2 , (2.44)

such that the equation of motion for mechanical operator Ĝ becomes:

< ¥̂G = �̂bafl − <Ω2
< Ĝ − <(W + Wopt) ¤̂G, (2.45)

where �̂bafl is the G-independent part of fluctuating back-action force (see Eq. (2.102)
and the contents below it). The mechanical occupation number can be expressed as:

〈=̂〉 =
Wopt

W< + Wopt
1
2

[
W2

4Ω2
<

− W<

Wopt

]
+ W<

W< + Wopt
:�)

Ω<~
. (2.46)

Under further condition Wopt � Wm, we can obtain the ultimate cooling limit:

〈=̂〉 = W<

W< + Wopt
=th +

Wopt

W< + Wopt
=ba ≈ =ba, (2.47)



40

Figure 2.9: Pumping regime of sideband cooling. Coherent coupling has a poten-
tial advantage over dispersive coupling in sideband cooling because the pumping
frequency is also resonant inside the cavity. Dispersive coupling only has the right
resonance peak shown by the blue dashed line.

where =th = :�)/Ω<~ is the thermal occupation number and =ba = W2/8Ω2
< is the

back-action limited occupation number.

We then compare the cooling rate in ring cavity (with coherent coupling) and the
one in a single cavity (with dispersive coupling). We assume the two systems have
the same optical bandwidth W and similar round-trip length !, !sc, and are used to
cool a mechanical oscillator with the same resonant frequency Ω<. Both of the two
systems are pumped with frequency l?. For the ring cavity case, l? = l− and
the pumping is injected from the left port as analyzed above. For the single cavity
case, l? is red detuned by Ω< from its resonance. In both cases, Ω< � ΔlFSR

and thus the two-mode or single-mode approximation is feasible. The ultimate
occupation number =ba is determined by the ratio between W andΩ< and is the same
in the two cases. The advantage of coherent coupling is the simultaneous resonant
enhancement of pumping field and the upper sideband, which can support higher
intracavity field and thus provide larger optical damping Wopt. The intracavity field
amplitudes in two cases are:

�− =
�in√
W

in the ring cavity, (2.48a)

�sc =

√
2W�in

W + 8Ω<
≈

√
2W�in
8Ω<

in the single cavity, (2.48b)

which are related as |�− | � |�sc | for the same input amplitude �in. The optical
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damping rates of the ring cavity and the single cavity are:

Wopt,rc =
2lB:2

?~
<W

|�− |2, (2.49a)

Wopt,sc =
62
sc~

<WΩ<
|�sc |2, (2.49b)

where 2lB = Ω< is the setting of ring cavity resonance and 6sc = 2l?/!sc is the
dispersive coupling strength (see Eq. (2.58)) expressed in cavity round-trip length
!sc. According to Eq. (2.38) with coherent coupling strength defined as 6rc =
28lB: ?, the damping rate in Eq. (2.49a) takes the form:

Wopt,rc =
|6rc |2~
<WΩ<

|�− |2, (2.50)

which has the same as Eq. (2.49b). Assuming the same single-photon coupling rates,
the advantage of intracavity resonance in the coherent coupling case described in
Eq. (2.48) shows up. Substituting Eq. (2.48) in, we obtain the damping rates under
the same input amplitude:

Wopt,rc =
Ω<:

2
?~

<W2 |�in |
2, (2.51a)

Wopt,sc =
8l2

?~
<!2

scΩ
3
<

|�in |2. (2.51b)

The ratio between the damping rates of the two cases is:

'rc/sc =
Ω4
<!

2
sc

822W2 . (2.52)

The ring cavity has the advantage in cooling efficiency over a single cavity so long
as Ω< is larger than the geometric mean of ΔlFSR and W, i.e., Ω< �

√
ΔlFSRW.

Because of Eqs. (2.26) and (2.34), the ratio above can also be expressed as:

'rc/sc =
8!2

sc(arcsin A)4

!2C40
=
!2
B!

2Ω4
<

2C4>24
. (2.53)

These equations demonstrates that the ring cavity can provide benefit in a larger-
scale optomechanical setup with long cavities or with high-frequency mechanical
oscillators. For example, if we compare a single and a ring cavity with a mechanical
membrane as an oscillator of frequency of 2.5MHz [77], front mirror transmission
of 0.01%, and an equal length of ∼ 40cm, we find that the cooling rate in the ring
cavity is 2.4 times higher than in a single cavity. The ring cavity thus could be
beneficial for long cavities, used, e.g., as optomechanical filters for gravitational-
wave detectors [78].
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2.5 Discussion
In this work, we build an unambiguous framework for classifying the optome-

chanical interaction in a unique way. This framework prescribes to express each
Hamiltonian in the canonical form and examine the dependence of its terms on the
mechanical oscillation. The canonical form of the Hamiltonian is unique for each
system, hence the classification based on that is mutually exclusive. No ambiguity
in classifying similar systems, as it was illustrated in the Introduction, can occur.
There are some limitations in our classification framework: we only consider Hamil-
tonians linear in G and linear in optical modes. Quadratic optomechanical coupling
and nonlinear optical effects, for example, are not covered in our framework and
need further consideration.

Based on our framework, we analyze several optomechanical systems, including
the newly investigated ring cavity system which exhibits purely coherent coupling.
We show that coherent coupling is fundamentally different from either dispersive or
dissipative coupling and allows us to complete our classification framework. Our
analysis reveals a previously underestimated relevance of coherent coupling in op-
tomechanical systems. It will show up whenever the system has two or more optical
modes with non-degenerate frequencies get coupled by mechanical oscillation. We
show that although coherent coupling occurs even in some well-studied systems, yet
it has never been identified as such. For instance, in the system of two coupled cav-
ities with a movable central mirror, both dispersive and coherent coupling coexist,
as we show in the Sec. 2.3.4.

The nature of the optomechanical coupling defines the strengths and weaknesses
of the system in one desired application. Our classification strategy will allow us to
approach the experimental design in a systematic way and choose the system that
would perform optimally. As a concrete result, we show that coherent coupling
allows for more effective laser cooling of the mechanical oscillation due to the
simultaneous resonant of pumping field and the upper mechanical sideband.

We anticipate our classification framework to serve as a methodological and
practical guide in the growing field of optomechanics. We believe the recognition
of the highlighted coherent coupling will lead to the development of novel quantum
optomechanical systems and new parameter regimes in the existing ones.
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2.6 Appendix: Dispersive Hamiltonian
The resonance condition gives wave vector := (G) = =c/(! + G) and the corre-

sponding resonant frequency l= (G) = 2:= (G). The electric field inside a single
cavity is the superposition of modes with multiple resonant frequencies:

�̂+(I) =
∑
=

√
~l= (G)

4An0(! + G)
2 cos(:= (G)I)0̂=, (2.54)

with I ranging in (0, ! + G). The counterintuitive node antinode distribution is
because we choose zero reflection phase in two cavity mirrors.

The cavity Hamiltonian can be obtained from the total optical energy [75]:

�̂cav(G) =
∫ !+G

0
2An0�̂

−(I)�̂+(I)3I, (2.55)

where the factor 2 accounts for both electric and magnetic energy. The integration
result of Eq. (2.55) is:

�̂cav(G) =
∑
=

~l= (G)0̂†=0̂=. (2.56)

Under single-mode approximation, only one specific mode = is considered and we
obtain the cavity Hamiltonian:

�̂cav(G) = ~(l0 − 6lG)0̂†0̂, (2.57)

by defining l0 = l= (0) for mode =. The dispersive coupling strength 6l can be
extracted from the expressions above as:

6l =
l0

!
. (2.58)

2.7 Appendix: Optoacoustic Hamiltonian
The Hamiltonian of three-modes optoacoustic interaction [59] in Eq. (2.17) is

originated from the following cavity integral:

� ∝
∫

3A⊥(! + GDI)
[
n (�0 + �1)2 +

1
`
(�0 + �1)2

]
, (2.59)

where DI = DI (®A⊥) is the transverse spatial profile of mechanical oscillation and
(�0, �0), (�1, �1) are two optical modesTEM00,TEM01 with orthogonal transverse
profile 50(®A⊥), 51(®A⊥). The dispersive coupling and the three-modes coupling in this
system appear as:

�disp ∝
∑
0,1

∫
3®A⊥GDI

[
n�2

0,1 +
1
`
�2

0,1

]
,

�3-mode ∝
∫

3®A⊥GDI
[
n�0�1 +

1
`
�0�1

]
.

(2.60)
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Apparently, they contain overlapping function Λ0,1 =
∫
3®A⊥DI 5 2

0,1 and Λ01 =∫
3®A⊥DI 50 51, respectively. In general, both terms should exist. The reason for

the vanishing of dispersive coupling here is simply because of the vanishing of the
overlapping function Λ0,1. In Eq. (2.17) the coupling constant is defined as �0 ≡√
Λ~l0l1/

(
<Ω<!

2) with the geometrical overlapping factor Λ ≡ (!Λ01/+)2.

2.8 Appendix: Hamiltonian derivation of ring cavity system
2.8.1 Input-output relation

We start the rigorous derivation by writing down the input-output relations [23]
for the coupling of incoming electromagnetic fields 0̂1,2(:) of wavenumber : to all
intracavity fields shown in Fig. 2.6. Unless claimed otherwise, we will view G as a
parameter in the following contents as the two counterpropagating fields 4̂1,2(:) are
defined at the instantaneous position of the membrane. The input-output relations
can be derived from the frequency space field transfer matrices:

ê(:) = T42 (:; G)ĉ(:), (2.61a)

ĉ(:) = T2 5 (:; G)f̂ (:) + T20â(:), (2.61b)

f̂ (:) = Mê(:), (2.61c)

where the field vectors are:

ê(:) =
(
4̂1(:)
4̂2(:)

)
, f̂ (:) =

(
5̂1(:)
5̂2(:),

)
ĉ(:) =

(
2̂1(:)
2̂2(:)

)
, â(:) =

(
0̂1(:)
0̂2(:)

)
,

(2.62)

and the transfer matrices read:

T42 (:; G) =
(

0 48: (!/2+G)

48: (!/2−G) 0

)
,

T2 5 (:; G) =
(
A04

8: (!/2+G) 0
0 A04

8: (!/2−G)

)
,

T20 =

(
C0 0
0 C0

)
, M =

(
A 8C

8C A

)
.

(2.63)

The 4̂1,2(:) fields thus take the form:

ê(:) = T? (:)ê(:) + Tin(:; G)â(:), (2.64)



45

where T? (:) = T42 (:; G)T2 5 (:; G)M is the transfer matrix describing the circulation
of ê(:) inside the cavity and it no longer has G-dependence; Tin(:; G) = T42 (:; G)T20
is the transfer matrix describing the process of â(:) coupling into the cavity and
propagating to join ê(:). Eq. (2.64) can further be written as:

ê(:) = T2 (:)−1Tin(:; G)â(:). (2.65)

where T2 (:) is the closed form transfer matrix defined as:

T2 (:) ≡ I − T? (:) =
(
1 − 8C48:! −A48:!

−A48:! 1 − 8C48:!

)
, (2.66)

and T2 (:)−1 works as the feedback kernel that describes the effect of cavity circu-
lation.

2.8.2 Resonance structure
To derive the Hamiltonian, we first consider resonant cavity modes assuming a

perfectly reflective front mirror "0. In this case no outside field can couple in, i.e.,
Tin(:; G) ≡ 0, and therefore Eq. (2.64) becomes:

T2 (:)ê(:) = 0̂. (2.67)

The resonance condition can be obtained from the nontrivial solutions of Eq. (2.67)
which requires detT2 = 0. Within one FSR, the ring cavity can support two
resonances with different propagation phases:

48:+! = A − 8C, (2.68a)

48:−! = −A − 8C, (2.68b)

where :± are the resonant wavenumbers that depend only on the total cavity length !
and the optical property A, C of the membrane. The distance between the frequencies
l± = 2:± of the two modes within one FSR is:

lB ≡
l+ − l−

2
=
2 arcsin A

!
. (2.69)

To work in a parameter regime which only involves two optical resonances closely
separated within one FSR, as shown approximately by the red line in Fig. 2.7, we
assume the membrane to have low reflectivity A � 1 such that lB � ΔlFSR. In this
case, we don’t need to consider the other optical resonances out of one FSR. We
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then assign 2̂± to represent the annihilation operator of the two cavity modes with
optical frequencies l±. The only nonzero commutators between them are:

[2̂−, 2̂†−] = 1, and [2̂+, 2̂†+] = 1. (2.70)

The relation between 4̂1,2 in the two resonant modes 2̂± can be obtained by plugging
:± into Eq. (2.66) and Eq. (2.67) thus becomes:(

1 −1
−1 1

) (
4̂1(:+)
4̂2(:+)

)
= 0̂,

(
1 1
1 1

) (
4̂1(:−)
4̂2(:−)

)
= 0̂. (2.71)

The two solutions ê(:±) have the following feature:

4̂1(:+) = 4̂2(:+), (2.72a)

4̂1(:−) = −4̂2(:−). (2.72b)

The operator vector f̂(:) = ( 5̂1(:), 5̂2(:))T is defined similarly as ê(:), containing
two fields 5̂1,2(:) that propagate away from themembrane, as shown in Fig. 2.6. f̂(:)
satisfies T2 (:)f̂(:) = 0̂, the same as ê(:) in Eq. (2.67), and its two solutions have
the same feature as ê(:±) in Eq. (2.72). These field operators 4̂1,2(:±), 5̂1,2(:±),
represented by 4̂1,2±, 5̂1,2± in the following contents for convenience, are related by
the propagation phases:

4̂1± = 4
8:±! 5̂2±, (2.73a)

4̂2± = 4
8:±! 5̂1±. (2.73b)

According to the spatial features mentioned above, 2̂+ is named symmetric mode
and 2̂− is named antisymmetric mode. They can be constructed from 4̂1,2± fields as
follow:

2̂+ ≡
4̂2+ + 4̂1+√

2
, (2.74a)

2̂− ≡
4̂2− − 4̂1−√

2
, (2.74b)

such that 4̂2+ = 2̂+/
√

2 and 42− = 2̂−/
√

2 because of Eq. (2.72). We will use these
expressions above to construct the electric field in the following contents.

2.8.3 Electric field standing wave distribution
To quantitatively describe the electric field distribution, we construct a coordinate

system inside the ring cavity, as shown in Fig. 2.6. The origin of this I-coordinate
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is the front mirror "0 and it increases clockwise along the optical axis of the ring
cavity. It becomes IG = !/2 + G at the instantaneous position of the membrane and
finally becomes I = ! when reaching the front mirror again. The coordinate system
here is folded and thus I = ! represents the same position as I = 0.

For a beam with cross-sectional area A inside the ring cavity, the frequency-
dependent normalization factor is:

N(l) =

√
~l

2An0!
, (2.75)

such that the positive frequency part of the electric field at any spatial coordinate I
can be written as [46]:

�̂+(I, C; G) =
∫ +∞

0
3lN(l)2̃(I, l/2; G)4−8lC , (2.76)

where the mode function 2̃(I, l/2; G) ≡ 2̂(I, :; G)48lC with : = l/2 can be con-
structed from 4̂1,2(:), 5̂1,2(:) fields taking the membrane position IG as the phase
reference point:

2̂(I, :; G) =
{
48: (I−IG) 4̂1(:) + 4−8: (I−IG) 5̂1(:) I ∈ (0, IG),
48: (I−IG) 4̂2(:) + 4−8: (I−IG) 5̂2(:) I ∈ (IG , !),

(2.77)

because the optical relaxation time is much less than the mechanical one and thus
the field distribution can adjust itself simultaneously when IG changes. The field
inside a perfect cavity is rigorously restricted by the resonance structure and thus
has a discretized frequency space distribution, as shown in Eq. (2.68). Therefore,
instead of an integral over the whole spectrum as in Eq. (2.76), the electric field
takes the summation of components with discretized frequencies l±:

�̂+(I; G) =

√
~

2An0!
×{ ∑

±
√
l±48:± (I−IG) 4̂1± +

∑
±
√
l±4−8:± (I−IG) 5̂1± I ∈ (0, IG),∑

±
√
l±48:± (I−IG) 5̂2± +

∑
±
√
l±4−8:± (I−IG) 4̂2± I ∈ (IG , !).

(2.78)

Considering all Eqs. (2.68)(2.72)(2.73)(2.74) and plugging them into Eq. (2.78),
where the process is actually a unitary transformation from (4̂±, 5̂±) basis to (2̂+, 2̂−)
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basis, the optical standing wave inside the ring cavity can be derived as:

�̂+(I; G) =

√
~

4An0!
×{

28 sin(:−(I − G))
√
l−2̂− + 2 cos(:+(I − G))

√
l+2̂+ I ∈ (0, IG),

28 sin(:−(I − ! − G))
√
l−2̂− + 2 cos(:+(I − ! − G))

√
l+2̂+ I ∈ (IG , !).

(2.79)

Or equivalently,

�̂+(I; G) = N(l−)%−(I; G)2̂− + N(l+)%+(I; G)2̂+, (2.80)

where %−(I; G) and %+(I; G) are the wavefunctions of the twomodes 2̂− and 2̂+ along
I axis:

%−(I; G) =
{

28 sin(:−(I − G)) I ∈ (0, IG),
28 sin(:−(I − ! − G)) I ∈ (IG , !),

(2.81a)

%+(I; G) =
{

2 cos(:+(I − G)) I ∈ (0, IG),
2 cos(:+(I − ! − G)) I ∈ (IG , !).

(2.81b)

%±(I; G) repersent the electric field standing wave distribution and are qualitatively
plotted in Fig. 2.8. The position of the nodes for both symmetric and antisymmetric
modes are shifted with the membrane position IG and %±(I; G) has the following
features:

%±(IG − Z mod !; G) = ±%±(IG + Z mod !; G), (2.82a)

|%−(I = G; G) | = 0, (2.82b)

|%+(I = G; G) | = max
I∈(0,!)

|%+(I; G) |, (2.82c)

where Z represents the distance from an arbitrary point to the membrane. That is,
starting from IG and going in two directions, the standing wave amplitude of 2̂+(−)
mode remains the same (opposite sign), until it reaches maximum (zero) at I = G,
which is !/2 away from IG both clockwise and counterclockwise. The standing
wave feature of 2̂+(−) mode agrees with the naming of (anti)symmetric mode.

2.8.4 Conservative cavity Hamiltonian
The cavity Hamiltonian can be obtained from the total optical energy inside the

ring cavity [75]:

�̂cav = 2An0

∫ !

0
�̂−(I; G)�̂+(I; G)3I. (2.83)
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Substituting Eq. (2.79) in, we can obtain:

�̂cav = ~l−2̂†−2̂− + ~l+2̂†+2̂+. (2.84)

The cavityHamiltonian doesn’t have G-dependence because the ring cavity is a closed
quantum system until now, as shown by the G-independent equation Eq. (2.67) that
we start from. Explicitly illustrated in Eq. (2.82a), the field distribution relative to
the position of the membrane remains the same regardless of the value of G. As the
coordinate system is a folded one, the integration in Eq. (2.83) doesn’t contain G.

2.8.5 Interaction with the environment
To complete the total Hamiltonian derivation and reveal the G-dependence, we

consider the coupling of the cavity modes to the outside continuum by assuming
the front mirror to have low transmittance C0 � 1. The cavity linewidth W can be
obtained from the imaginary part of the pole of Eq. (2.65) and it only depends on !
and front mirror transmittance C0:

W =
2C20
2!
. (2.85)

Also according to Eq. (2.65), as an open passive system when Tin(:; G) ≠ 0, the ring
cavity actually only carries the pumping frequency l? = : ?2. The extent to which
2̂± modes are excited depends on the detuning of the pumping frequency to the
resonant ones: l? −l±. In the following contents we will use the wavevector : ? of
the pumping field instead of the resonant wavevectors :±. We use 2̂1,2 to represent
the counterclockwise and clockwise propagating fields that the environment fields
0̂1,2 directly couple to. According to T42 (:; G) in Eq. (2.63), the field operators 2̂1,2

and 4̂1,2 are related by the propagation phases:

4̂1 = 4
8: ?IG 2̂2, (2.86a)

4̂2 = 4
8: ? (!−IG) 2̂1. (2.86b)

The cavity-environment interaction Hamiltonian can be expressed as:

�̂W = 8~
√

2W(2̂†10̂1 − h.c.) + 8~
√

2W(2̂†20̂2 − h.c.). (2.87)

For 2̂1,2 as well as the fields leaking out from the ring cavity towards the detector,
the front mirror position is a natural choice of the phase reference point. However,
the resonant modes 2̂± take the membrane position IG as the phase reference point,
as shown in Eqs. (2.77), (2.78), and (2.79). The G-dependent way that 2̂1,2 get
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superimposed to form 2̂± is revealed by Eqs. (2.74) and (2.86). The transformation
between 2̂1,2 and 2̂± thus depends on G:

2̂±(G) =
1
√

2
48: ?!/2(4−8: ?G 2̂1 ± 48: ?G 2̂2). (2.88)

Note that 2̂±(0) can be seen as the original optical modes that the outside modes
directly couple to and they have the specific distribution when the membrane stays
on its equilibrium G = 0. For the outside modes, 2̂±(G) are the new resonant modes
when the membrane is displaced by G. It is equivalent to say that the mechanical
oscillation G changes the way of interference between 2̂1,2 that leads to the formation
of different resonant modes 2̂±(G).

To show the feature of optomechanical coupling, we linearize Eq. (2.88) with
respect to G:

2̂−(G) = 2̂−(0) − 8: ?G2̂+(0), (2.89a)

2̂+(G) = 2̂+(0) − 8: ?G2̂−(0). (2.89b)

Thus, the optomechanical Hamiltonian can be expressed as:

�̂opt(G) = ~l−2̂†−(G)2̂−(G) + ~l+2̂†+(G)2̂+(G)
≡ �̂0 + �̂int(G),

(2.90)

where the free part �̂0 is equivalent to Eq. (2.84) and the optomechanical interaction
part �̂int(C) reads:

�̂int(G) = 28lB~: ?G
(
2̂†−(0)2̂+(0) − h.c.

)
. (2.91)

The interaction Hamiltonian in Eq. (2.91) explicitly shows the feature of coherent
coupling: the mechanical oscillation G induces the coupling between two original
optical modes 2̂±(0) which have non-degenerate frequencies. Note that in the
previous derivation G merely works as a parameter. Alternatively, one can start with
the total Lagrangian including the mechanical degree of freedom and follow the
canonical formulation [52–54], G can thus be upgraded to be a dynamical variable
and further becomes a quantum operator Ĝ after quantization. To describe the system
under the general framework of Eq. (2.6), we need to express the total Hamiltonian
with the new resonant modes 2̂±(Ĝ). Applying the same transformation as in
Eq. (2.88), we can express the input modes 0̂1,2 into antisymmetric and symmetric
ones:

2̂±in(Ĝ) =
1
√

2
48: ?!/2(4−8: ? Ĝ 0̂1 ± 48: ? Ĝ 0̂2). (2.92)
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Thus, the cavity-environment interaction Hamiltonian in Eq. (2.87) can be trans-
formed to:

�̂W = 8~
√

2W
(
2̂†−(0)2̂−in(0) + 2†+(0)2̂+in(0) − h.c.

)
, (2.93)

which is equivalent to the generalized expression up to linear order in Ĝ:

�̂W (G) =
∑
±
8~

√
2W

(
2̂
†
±(Ĝ)2̂±in(Ĝ) − h.c.

)
≈

∑
±
8~

√
2W

(
(1 − 2:2

? Ĝ
2)2̂†±(0)2̂±in(0) − h.c.

)
=�̂W + O(Ĝ2).

(2.94)

It is clear from Eq. (2.94) that, even expressed in 2̂±in(Ĝ) for consistency under the
framework, the coupling rate with the environment doesn’t depend on Ĝ. Thus, the
optomechanical coupling has no dissipative feature.

2.9 Appendix: Optomechanical cooling limit in the ring cavity system
2.9.1 Coupled optical and mechanical equations of motion

For notational convenience, in the following contents, all expressions without
explicit arguments are by default in time domain with temporal argument C; all
derivatives represented by dot are with respect to C, i.e., ¤̂2± ≡ m2̂±/mC; 2̂±(in) are
used to represent 2̂±(in) (0); �± ≡ 〈2̂±〉 are used to represent the expectation value of
optical modes, i.e., the classical amplitude. We assume single-port pumping from
0̂1 with frequency l− and amplitude �1. According to Eq. (2.92), the pumping
amplitude of cavity modes are �±in = �1/

√
2. We work in the rotating frame with

pumping frequency l−. Based on the Hamiltonian in Eq. (2.41), the equations of
motion for 2̂± modes read:

¤̂2− = 2lB: ? Ĝ2̂+ − W2̂− +
√

2W2̂−in, (2.95a)
¤̂2+ = −28lB 2̂+ − 2lB: ? Ĝ2̂− − W2̂+ +

√
2W2̂+in. (2.95b)

The intracavity amplitudes of the two modes are given by the static solutions of
Eq. (2.95) with Ĝ = 0:

�− =
�−in

√
2W

W
=
�1√
W
, (2.96a)

�+ =
�+in

√
2W

W + 28lB
=

�1
√
W

W + 28lB
. (2.96b)

It can be seen from Eq. (2.96) that 2̂− mode is on resonance while 2̂+ mode is off
resonance.
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Each optical field can be divided into static amplitude and quantum fluctuation
2̂± → �± + 2̂± and Eq. (2.95) can thus be linearized as:

¤̂2− = 2lB: ? Ĝ�+ − W2̂− +
√

2W2̂−in, (2.97a)
¤̂2+ = −28lB 2̂+ − 2lB: ? Ĝ�− − W2̂+ +

√
2W2̂+in. (2.97b)

The mechanical equations of motion are:

¤̂G = ?̂
<

(2.98a)

¤̂? =28lB: ?~(2̂†+2̂− − 2̂†−2̂+)
− 4lB:2

?~Ĝ(2̂†−2̂− − 2̂†+2̂+)
+ � − <Ω2

< Ĝ − <W< ¤̂G.

(2.98b)

The linearization of Eq. (2.98b) gives:

¤̂? =28lB: ?~(�∗+�− − �∗−�+),
+ 28lB: ?~(2̂†+�− − 2̂†−�+ − 2̂+�∗− + 2̂−�∗+)
− 4lB:2

?~Ĝ(�∗−�− − �∗+�+)
+ � − <Ω2

< Ĝ − <W< ¤̂G,

(2.99)

where the first line represents the static radiation pressure, the second line is fluctu-
ating radiation pressure and the third line represents optical trapping due to standing
wave energy distribution.

2.9.2 Sideband feature and optical damping
To solve the coupled optical andmechanical EOMs inEqs. (2.97), (2.98a), and (2.99),

we transfer them into frequency domain [3]. The Ĝ-dependence in sidebands of each
mode 2̂± is obtained by scattering from the other mode amplitude �∓ and can be
expressed as:

2̂(Ĝ)− (+Ω) = �+ ×
2lB: ? Ĝ
W − 8Ω , (2.100a)

2̂†(Ĝ)− (−Ω) = �∗+ ×
2lB: ? Ĝ
W − 8Ω , (2.100b)

2̂
(Ĝ)
+ (+Ω) = �− ×

−2lB: ? Ĝ
W − 8(Ω − 2lB)

, (2.100c)

2̂
†(Ĝ)
+ (−Ω) = �∗− ×

−2lB: ? Ĝ
W − 8(Ω + 2lB)

. (2.100d)

Note that 2̂(Ĝ)− is gained by scattering from �+ which is off-resonance in cavity
and the two sidebands 2̂(Ĝ)− (+Ω) and 2̂†(Ĝ)− (−Ω) are symmetric. Similarly, 2̂(Ĝ)+ is
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gained by scattering from the resonant mode �−. However, as 2̂+ is peaked at a
higher frequency from pumping, the two sidebands 2̂(Ĝ)+ (+Ω) and 2̂

†(Ĝ)
+ (−Ω) are

extremely unbalanced. See Fig.2.9 for illustration. Based on sideband expressions
in Eq. (2.100), we derive the Ĝ-dependent part in (2̂†+�− − 2̂†−�+ − 2̂+�∗− + 2̂−�∗+) as
below:

(2̂†+�− − 2̂†−�+ − 2̂+�∗− + 2̂−�∗+) (Ĝ)

=2lB: ? Ĝ |�− |2
(

1
W − 8(Ω − 2lB)

− 1
W − 8(Ω + 2lB)

)
+ 2lB: ? Ĝ |�+ |2

(
1

W − 8Ω −
1

W − 8Ω

)
≈2lB: ? Ĝ

|�in |2
W

−48lB
(W − 8Ω)2 + 4l2

B

,

(2.101)

The beating between �− and two highly unbalanced sidebands in 2̂+ mode pro-
vides strong optical rigidity and damping to the mechanical oscillator. Note that
strong average field in each mode only beats with quantum fluctuation in the other
mode. This scattering-like interaction between non-degenerate optical modes is the
essential feature of coherent optomechanical couplings. Because the two optical
resonance is splitted by 2lB, the two sidebands will have maximum difference when
Ω ≈ 2lB. As a result, optical cooling happens when we pump the antisymmetric
mode with frequency l− and will be the strongest when Ω< ≈ 2lB.

We will focus on parameter regime Ω ≈ Ω< ≈ 2lB in the following contents of
this section. The momentum equation of motion near that frequency is:

F [ ¤̂?] = �̂bafl(Ω) + �eff − <Ω2
effĜ(Ω) + 8<WeffΩĜ(Ω), (2.102)

where �̂bafl is the G-independent part of radiation pressure force 28lB:~(2̂†+�− −
2̂†−�+ − 2̂+�∗− + 2̂−�∗+), �eff = � − 2|�in |2: ?~ is the offsetted external force, Ω2

eff =

Ω2
< + 3|�in |2:2

?~lB/<W is the mechanical resonance together with optical rigidity,
Weff = W< + 2|�in |2:2

?~lB/<W2 is effective mechanical damping rate including
optical cooling. All expressions above are obtained under approximation condition
Ω< � W. We can extract the optical spring and optical damping terms from the
approximated formulas above:

Optical spring: Ω2
opt =

3|�in |2:2
?~lB

<W
, (2.103a)

Optical damping: Wopt =
2|�in |2:2

?~lB
<W2 . (2.103b)
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Compared with original mechanical properties, optical spring is always negligible
within reachable input power (%in < 1W) while optical damping is comparable
with mechanical damping when %in ≈ 0.04W and is much bigger with higher input
power.

2.9.3 Quantum limit of mechanical occupation number
We then calculate the occupation number limit. In the case where the mechanical

object is a high-Q-oscillator, we represent the mechanical oscillation in terms of
mechanical creation and annihilation operators <̃† and <̃ in the rotating frame of
mechanical resonant frequency Ω<:

Ĝ = GZPF(<̃4−8Ω<C + <̃†48Ω<C), (2.104)

where GZPF =
√
~/2<Ω< is the zero-point fluctuation of the mechanical oscillator.

Using l to represent the sideband frequency of mechanical oscillator around Ω<,
the Fourier components of <̃ and <̃† read:

<̃(C) =
∫ +∞

−Ω<

3l

2c
<̃(l)4−8lC , (2.105a)

<̃†(C) =
∫ Ω<

−∞

3l

2c
<̃†(−l)4−8lC . (2.105b)

Although the upper and lower limits for both integrals in Eq. (2.105) can be extended
to infinity under condition l � Ω<, we keep this rigorous form for clearer future
reference. The average mechanical occupation number is defined as [79]:

〈=(C)〉 ≡
〈
<̃(C)<̃†(C) + <̃†(C)<̃(C)

〉
− 1

2
. (2.106)

According to Eq. (2.105) <̃(C)<̃†(C) and <̃†(C)<̃(C) can be expressed as:

<̃(C)<̃†(C) =
∬ +∞

−Ω<

3l3l′

(2c)2
<̃(l)<̃†(l′)48(l′−l)C , (2.107a)

<̃†(C)<̃(C) =
∬ +∞

−Ω<

3l3l′

(2c)2
<̃†(l′)<̃(l)48(l′−l)C . (2.107b)

To obtain the mechanical occupation number, we need to calculate the second-order
correlation function of mechanical operators

〈
<̃(l)<̃†(l′)

〉
and

〈
<̃†(l′)<̃(l)

〉
.

Therefore, we need to obtain equations of motion of <̃, <̃† by rephrasing those of
Ĝ, ?̂ in Sec. 2.9.1 and Sec. 2.9.2.

Quoting Eq. (2.102) and ignoring the static force by letting �eff = 0, we obtain
the second-order equation of motion of Ĝ:

< ¥̂G = �̂bafl − <Ω2
< Ĝ − <Weff ¤̂G. (2.108)
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Transferred into frequency domain, Eq. (2.108) becomes:

<(Ω2
< −Ω2 − 8ΩWeff)Ĝ(Ω) = �̂bafl(Ω), (2.109)

which can be factorized under condition Weff � Ω< as:[Weff
2
− 8(Ω −Ω<)

] [Weff
2
− 8(Ω +Ω<)

]
Ĝ(Ω) = �̂bafl(Ω)

<
. (2.110)

According to Eqs. (2.104) and (2.105), the Fourier Transformation of Ĝ reads:

Ĝ(Ω) ≡
∫ +∞

−∞
3CĜ(C)48ΩC

= GZPF

∫ +∞

−∞
3C

[
48(Ω−Ω<)C

∫ +∞

−Ω<

3l

2c
<̃(l)4−8lC + 48(Ω+Ω<)C

∫ Ω<

−∞

3l

2c
<̃†(−l)4−8lC

]
= GZPF

[
<̃(Ω −Ω<)\ (Ω) + <†(−Ω −Ω<)\ (−Ω)

]
,

(2.111)

where \ (Ω) is the Heaviside step function and X(Ω) is the Dirac delta function.
Plugging Eq. (2.111) into Eq. (2.110) and considering the thermal force �̂th, we
obtain the equations of motion for <̃†, <̃ in their frequency domain:[W< + Wopt

2
− 8l

]
<̃(l) = 8GZPF

~

[
�̂bafl(Ω< + l) + �̂th(Ω< + l)

]
, (2.112a)[W< + Wopt

2
+ 8l

]
<̃†(l) = −8GZPF

~

[
�̂bafl(−(Ω< + l)) + �̂th(−(Ω< + l))

]
.

(2.112b)

The fluctuating back-action force on the mechanical oscillator in the frequency
domain reads:

�̂bafl(Ω) = 28lB~: ?
(
�∗+2̂−(Ω) − �+2̂†−(−Ω) − �∗−2̂+(Ω) + �−2̂†+(−Ω)

)
, (2.113)

and satisfies the relation �̂†bafl(Ω) = �̂bafl(−Ω). The spectrum (� (Ω) of the back-
action force �̂bafl(Ω) is defined as:〈

�̂bafl(Ω)�̂bafl (Ω′)
〉
= 2cX (Ω′ +Ω) (� (Ω) (2.114)

and takes the following expression:

(� (Ω) = 8�2
inl

2
B~2:2

?W
2
[

1
W2 (W2 + (Ω − 2lB)2

) + 1(
W2 +Ω2) (

W2 + 4l2
B

) ] . (2.115)
Also, the thermal force �̂th has white spectrum:〈

�̂th(Ω)�̂th(Ω′)
〉
= 2cX (Ω′ +Ω) 2<:�)W< . (2.116)



56

Thus, the second-order correlation function of mechanical operators can be calcu-
lated by: 〈

<̃(l)<̃†(l′)
〉
= 2cX(l − l′)(+(l), (2.117a)〈

<̃†(l′)<̃(l)
〉
= 2cX(l − l′)(−(l), (2.117b)

with (+(l) and (−(l) defined as:

(+(l) ≡
G2
ZPF/~

2 [(� (Ω< + l) + 2<:�)W<](
W<+Wopt

2

)2
+ l2

, (2.118a)

(−(l) ≡
G2
ZPF/~

2 [(� (−(Ω< + l)) + 2<:�)W<](
W<+Wopt

2

)2
+ l2

. (2.118b)

According to Eq. (2.107), the time-domain mechanical correlation functions can be
calculated as follows:〈

<̃(C)<̃†(C)
〉
=

∫ +∞

−Ω<
(+(l)

3l

2c

=
4�2

inW
2:2

?~l2
B

<Ω<
(
W< + Wopt

) [ 1
W2 (W2 + (Ω< − 2lB)2

) + 1
4Ω2

<l
2
B

]
+ W<

W< + Wopt
:�)

Ω<~
,

(2.119a)〈
<̃†(C)<̃(C)

〉
=

∫ +∞

−Ω<
(−(l)

3l

2c

=
4�2

inW
2:2

?~l2
B

<Ω<
(
W< + Wopt

) [
1

W2 (Ω< + 2lB) 2 +
1

4Ω2
<l

2
B

]
+ W<

W< + Wopt
:�)

Ω<~
.

(2.119b)

Based on all derivation above, under condition Ω< � W, the mechanical occupa-
tion number defined in Eq. (2.106) can be expressed as:

〈=̂〉 =
Wopt

W< + Wopt
1
2

[
W2

4Ω2
<

− W<

Wopt

]
+ W<

W< + Wopt
:�)

Ω<~
. (2.120)

Under further condition Wopt � Wm, we can rewrite the expression above to get the
ultimate cooling limit:

〈=̂〉 = W<

W< + Wopt
=th +

Wopt

W< + Wopt
=ba ≈ =ba, (2.121)

where =th = :�)/Ω<~ is the thermal occupation number and =ba = W2/8Ω2
< is the

back-action limited occupation number.
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C h a p t e r 3

PT-SYMMETRIC AMPLIFIER: BROADBAND SENSITIVITY
IMPROVEMENT VIA COHERENT QUANTUM FEEDBACK

Conventional resonant detectors are subject to bandwidth-peak sensitivity trade-off,
which can be traced back to the quantumCramer-RaoBound. Anomalous dispersion
has been shown to improve it by signal amplification while leading to instability. We
propose a stable quantum amplifier enabled by two-mode non-degenerate parametric
amplification. Operated at the threshold, one amplifier mode is PT -symmetric to
the original detector mode. Our scheme is applicable to all linear systems operating
at fundamental limits. Sensitivity improvements are shown for laser-interferometric
gravitational-wave detectors and microwave cavity axion detectors.

3.1 Introduction
Oscillators are often used to measure weak classical signals. In the early days of

gravitational-wave (GW) detection, excitations of mechanical oscillators (resonant
bars) were read out by inductive, capacitive [1], or parametric [2] transducers and via
a superconducting quantum interference device (SQUID) amplifer [1–3]. A more
sensitive technique is to read out the phase fluctuations in a light beam (Michelson
and Fabry-Perot type interferometers) [4–6] using photodetection. Signal recy-
cling [7] and Resonant Sideband Extraction (RSE) [8] techniques were designed
optimize GW sensitivity by tailoring the optical frequency response. In this pro-
cess, Mizuno noticed a trade-off between bandwidth and peak sensitivity [9] —
analogous to the gain-bandwidth product in electronic amplifiers [10]. Braginsky
et al. [11, 12] showed, using the energy-phase uncertainty relation, that the power
spectral density of equivalent spacetime strain noise is (ℎ (Ω) ≥ 4~2/(E (Ω) where
(E is the spectral density of energy in the cavity, and∫ +∞

0
3Ω/(2c)(−1

ℎ (Ω) ≤ ΔE
2/(4~2) . (3.1)

This was also obtained by Tsang, et al. using Quantum Fisher Information [13],
and further elaborated in Refs. [14–17]. For coherent states, ΔE2 = ~l0E, and in
this case Eq. (3.1) is also referred to as the Energetic Quantum Limit (EQL) for
GW detection. The EQL trade-off applies to all quantum metrology experiments
that use oscillators at coherent states. Specifically, GW detectors (of the laser
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interferometer type [6]) use optical resonators to increase the interaction between
the spacetime strain and the laser light field. Axion detectors [18] (of the Sikivie
Haloscope type [19]) use microwave resonators and a powerful permanent magnet to
increase the interaction with the axion field and the microwave field. In both cases,
the emphasis is on increasing the quality factor [20] of the resonance to maximize
the transduction coefficient between the physical signal and an electrical readout
variable. However, the EQL limits the useful bandwidth of the detector according
to the gain-bandwidth trade-off in Eq. (3.1).

In GW detection, the EQL can be surpassed when non-classical states of light are
created for the arm cavity, with ΔE2 > E2/#̄ [21–24]. This can be implemented
via squeezing injection [25, 26], or internal ponderomotive squeezing achieved by
optical springs [14, 27, 28]. To directly address the EQL, the concept ofWhite-Light
Cavity (WLC), which resonates with a broader spectrum of frequencies without
sacrificing sensitivity, has been proposed [21–24, 29–33]. In the unstable WLC
(uWLC) design of Miao et al. [22] (Fig. 3.1), an additional coherent quantum
feedback controller [34, 35] (enabled by an unstable optomechanical oscillator)
is attached to a laser interfereomter to provide an “anomalous dispersion” whose
negative group time delay cancels the positive group time delay in the interferometer,
achieving broadband signal amplification without increasing noise. The instability
of this quantum system can, in principle, be stabilized by a classical controller
without adding quantum noise [27, 28].

Carrier
X Arm

Y Arm

( ̂a , ̂a†) : diff . mode

(b̂, b̂†) : cavity mode
ω0

uWLC readout

sWLC
readout

pumped at ω0 + ωm

movable mirror ( ̂c, ̂c†)
ωm

Figure 3.1: Coherent quantum feedback for laser interferometer GW detectors. The
feedback controller (parametric amplifier) is achieved by the filter cavity pumped at
l0 +l< and the movable mirror with oscillation frequency l<. The uWLC scheme
(shown in gray) extracts signals from the arm cavity, while the sWLC scheme
extracts signals at the end of the filter cavity (shown in black).



66

In this chapter we introduce a parity-time (PT )-symmetric coherent quantum
control strategy [36–39] that not only leads to a stable WLC (sWLC), but also
applies to a wide range of quantum systems. We first consider the simplest sWLC,
showing that it approaches an Exceptional Point (EP) [40–42] as the feedback gain
reaches the threshold, where the theoretical gain in sensitivity is infinite. We then
show the generality of this design strategy, since the controller’s Hamiltonian always
corresponds to the time reversal of that of the plant. We finally discuss applications
to GW detection and axion detection. Specifically, for the optomechanical GW
detection, we further introduce a more complete PT -symmetric structure with a
fictitious “negative mass” to evade the measurement-induced back-action.

3.2 PT-symmetric amplifier
3.2.1 Theoretical model

Suppose the mode of a weak-signal sensor has annihilation/creation operators
(0̂, 0̂†), which can be reorganized into quadrature operators 0̂1 = (0̂ + 0̂†)/

√
2,

0̂2 = (0̂ − 0̂†)/(
√

28), and the detector is coupled to a signal ℎ via +̂B = −U0̂1ℎ. For
a GW detector, 0̂ is the cavity mode, ℎ is GW strain, while U is achieved by strong
carrier field in the cavity (ignoring the radiation-pressure effects [26]).

As shown in Fig. 3.2, 0̂ and 1̂ are coupledwith rate ^, while 1̂ and 2̂ are amplified by
a non-degenerate amplifier with rate j, the Hamiltonian reads (Sec. 2 of Ref. [43]):

+̂ = 8~^(0̂1̂† − 0̂†1̂) + 8~j(1̂†2̂† − 1̂2̂). (3.2)

The mode 1̂ is read out from Ê, which in turn gives input quantum noise D̂. The
resulting Heisenberg equations reads:

¤̂0 = 8Uℎ − ^1̂, ¤̂2† = j1̂, ¤̂1 = −W' 1̂ + ^0̂ + j2̂† +
√

2W'D̂, (3.3)

and Ê = D̂ −
√

2W' 1̂. The combination

j0̂ + ^2̂† (3.4)

forms an internal mode that responds purely to the signal, i.e., 3 (j0̂ + ^2̂†)/3C =
8jUℎ, with the vacuum noise coherently canceled out. When j = ^, this internal
mode coincides with the extraction mode

^0̂ + j2̂† (3.5)

that directly couples to mode 1̂, as shown in last equation in Eqs. (3.2). A similar
system was analyzed in Ref. [36] as an amplifier to manipulate the injected signal,
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Figure 3.2: Mode interaction and stability analysis. a, A weak signal sensor
[mode (0̂, 0̂†), plus (G, ?) for the test mass in case of GW detectors] plus coherent
quantum feedback with modes (1̂, 1̂†), (2̂, 2̂†). For the “sWLC readout”, the mode 0̂
couples to 1̂ (via 0̂†1̂), which in turn couples to 2̂ (via 1̂†2̂†). The mode 1̂ is coupled
to an external continuum. The system is PT -symmetric when ^ = j. Mode 2̂ may
also couple to (-, %) with negative mass to evade the back-action noise caused by
0̂’s coupling to (G, ?) (see Fig. 3.6). The uWLC scheme (in gray) is recovered when
0̂ directly couples to continuum; further setting ^ → 0 reduces it to a conventional
detector. b, Poles trajectories of the two WLC dynamics in the complex plane,
where arrows show the directions for increasing j with ^ fixed. Left: the sWLC has
a fixed pole atΩ = 0, invisible to the input-output relation in Eq. (3.6); the other two
poles move up and down along the imaginary axis after meeting each other, until
one reaches 0 at j = ^. For j > ^, the system becomes unstable. Right: the uWLC
is unstable when j ≠ 0.
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while our system was used to surpass the EQL that limits the sensitivity for weak
classical signal detection. The phase quadrature of the output field reads:

Ê2 =
Ω2 − 8W'Ω + j2 − ^2

Ω2 + 8W'Ω + j2 − ^2 D̂2 +
2√W'^U

Ω2 + 8W'Ω + j2 − ^2 ℎ . (3.6)

As shown by pole trajectories in Fig. 3.2(b), for sWLC, increasing the j tends to
destabilize the system, while increasing ^ tends to stabilize it; the entire system is
stable when j ≤ ^. While for sWLC, the dynamics is always unstable.

In the single-cavity (conventional) detector where 0̂ is read out directly, without
adding 1̂ and 2̂, the output field has: Ê2 = (Ω − 8W')/(Ω + 8W')D̂2−28√W'Uℎ/(Ω + 8W').
For vacuum fluctuations, we have the spectrum (D̂8 D̂ 9 = X8 9 , and thus

(conℎ =
Ω2 + W2

'

2W'U2 , (
amp
ℎ

=
(Ω2 − ^2 + j2)2 + W2

'
Ω2

2W'^2U2 . (3.7)

The gain in integrated sensitivity by amplification reads

Λ ≡
∫ +∞

0 3Ω/(2c) [(amp
ℎ
]−1∫ +∞

0 3Ω/(2c) [(con
ℎ
]−1

= (1 − j2/^2)−1, (3.8)

which Λ → +∞ as j → ^−. Both configurations have the same noise level in
Ê2, while the amplifier has higher signal amplitude, especially as j → ^−. The
broadband improvement for an example case of ^ = 10W' is shown in Fig. 3.3.

3.2.2 Connection to EP, PT-symmetry, and multi-mode generalization
On threshold at j = ^, poles of the output field Ê2 are at Ω = 0,−8W', making

Ω = 0 a double pole (see Fig. 3.2). At this point, the internal mode (Eq.(3.4)) will
be parallel to the signal extraction mode (Eq.(3.5)), and the system only has two
independent eigenmodes, making it an Exceptional Point (EP) [40–42].

The system is also PT -symmetric: the Hamiltonian is invariant if exchanging
0̂ → 2̂† and 2̂ → 0̂†. Specifically, the P (parity) transformation swaps the (0̂, 0̂†)-
mode and the (2̂, 2̂†)-mode, the T (time-reversal) transformation swaps creation and
annihilation operators; combination of PT transformation leaves 1̂ invariant.

For a multi-mode device with modes {0̂ 9 } coupled to signal ℎ with coefficients
{U 9 } and with

∑
V 9 0̂ 9 originally coupled to the external continuum, let us bring in

systems 1̂ and {2̂ 9 }, with {2̂†9 } having the same equations of motion as {0̂ 9 }, and 1̂
coupled to {0̂ 9 }, {2̂†9 } symmetrically:

¤̂0 9 =M 9 : 0̂: + 8U 9ℎ − ^V 9 1̂, ¤̂2†9 =M 9 : 2̂
†
:
+ jV 9 1̂, (3.9)

¤̂
1 = −W' 1̂ + ^V 9 0̂ 9 + jV 9 2̂†9 +

√
2W'D̂ , Ê = D̂ −

√
2W' 1̂. (3.10)
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Figure 3.3: Coherent amplification of sensitivity by sWLC (red) and uWLC (blue)
when ^ = 10W', compared with the conventional detector (black), all lossless. For
the same choice of W' and j, uWLC tends to improve higher frequency sensitivity,
while sWLC tends to improve lower frequency sensitivity.

These equations can be solved in a matrix form and lead to:

Ê =

(
Ω − 8W' − 8Δ
Ω + 8W' − 8Δ

)
D̂ − 8

√
2W'^

( ∑
:,; V:�:;U;

−8Ω + W' − Δ

)
ℎ, (3.11)

where
Δ = (j2 − ^2)

∑
:,;

V:�:;V; , G = (−8ΩI −M)−1. (3.12)

Similar to the single-mode case, PT -symmetry at j = ^ allows Δ = 0, hence the
cancellation of response delay exists for {0̂ 9 }, and leads to a broadband amplification
of signal — noise remains white, while signal transfer function is proportional to ^.

Previous studies of PT -symmetric systems [44, 45] highlighted the feature of
gain-loss balance, usually in the context of non-Hermitian Hamiltonians constructed
by eliminating the external degrees of freedom. In our case, if the 1̂ mode is
adiabatically eliminated, the ({0̂ 9 }) and ({2̂ 9 })modeswould have balanced effective
loss and gain, respectively [36, 39].

3.2.3 Effect of Decoherence
Suppose the (0̂, 1̂, 2̂) modes have dissipation rates W0, W1 and W2, to their baths

respectively, and have noises =̂!0 , =̂!1 , =̂
!
2 entering in return. The effect of decoherence

can be modeled by adding dissipation terms −W..̂ and noise terms
√

2W. =̂!. (. =
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0, 1, 2) to Eq. (3.3):

¤̂0 = 8Uℎ − ^1̂ − W0 0̂ +
√

2W0=̂!0 , (3.13a)
¤̂2† = j1̂ − W2 2̂† +

√
2W2=̂†!2 , (3.13b)

¤̂
1 = −(W' + W1)1̂ + ^0̂ + j2̂† +

√
2W'D̂ +

√
2W1=̂!1 , (3.13c)

where the noise operators =̂!
0,1,2

in the baths are associated with spectrum (!
0,1,2

,
respectively.

Depending on the different nature of noise sources, the decay rate and noise
spectrum vary. For the laser interferometer type GW detectors, the arm cavity mode
0̂ and filter cavity mode 1̂ decay to optical baths with vacuum fluctuation noise,
while the mechanical mode 2̂ decays to a thermal bath. For the Sikivie Haloscope
type axion detectors [19], all modes decay to thermal baths. There are two thermal
noise sources: Nyquist noise from the resonator (narrowband), and amplifier noise
characterized by noise temperature (broadband). If the quality factor& of the axion
field is greater than that of the resonators, both noise sources may appear broadband.
In this sense, the noise temperature is approximately the ambient temperature at the
resonant frequency before tuning.

The thermal fluctuation of a mechanical oscillator is driven by thermal noise
from the bath attached to it [22, 46], and therefore the occupation number for 2̂2

needs to be :�)env/(~l<), with )env being the bath temperature and l< being the
mechanical resonant frequency. Noting that

22
1 + 2

2
2

2
= 2†2 + 1

2
, (3.14)

at thermal equilibrium, for 9 = 1, 2 we have∫ +∞

0

3Ω

2c
(2 9 = 〈2̂2

9 〉 = 〈#〉 + 1/2 ≈ :�)env
~l<

. (3.15)

Meanwhile, without optomechanical coupling,

(2 9 =
2W<

W2
< +Ω2

(bath, (3.16)

where (bath is the spectrum of the thermal bath attached tomechanical 2̂mode, which
is supposed to have white noise. Thus, the single-sided thermal noise spectrum
reads:

(th2 =
2:�)env
~l<

. (3.17)
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It can also be derived from first-principal using Bose-Einstein distribution under the
high-temperature limit :�)env � ~l<.

In the scenario of GW detectors, we can assume the decoherence rates to be
low compared with the readout rate W' [4–6], and only consider the noise effect.
Different noise sources are uncorrelated with each other, and thus the effect of
decoherence-induced noise to the ℎ-normalized spectrum is given by:

(!ℎ = [2W0(
!
0 + 2W1 (Ω/^)2(!1 + 2W2 (j/^)2(!2 ]/U2, (3.18)

where (!
0,1,2

are the spectrum of =̂!
0,1,2

baths. If 2̂ is a mechanical mode with
eigenfrequency l<, quality factor &<, and is kept at temperature )env, we have
W2 = l</(2&<) and (th2 is given by Eq. (3.17). Even though (th2 is much greater
than unity, W2 can be much lower than optical relaxation rates.

3.3 Comparison with the unstable amplifier
In this section, we will carry out a more detailed comparison between uWLC and

sWLC. Specifically, we will analyze the problem from the perspective of control
theory [47].

In sWLC, the mode 1̂ is read out by being coupled to a continuum F̂b of in-
coming (b < 0) and outgoing (b > 0) fields at b = 0, with +̂1 = 8

√
2W' 1̂F̂†b=0 +∫ +∞

−∞ 3b

[
8F̂
†
b
mb F̂b + h.c.

]
. In uWLC, instead of 1̂, the original detector mode 0̂ is

coupled to the continuum, as shown in Fig. 3.2 a. We shall use D̂ and Ê to denote
F̂0− and F̂0+, the field right before entering and right after leaving. Thus, different
from sWLC having Eq.(3.3), uWLC has the following equations of motion in phase
quadrature:

¤̂02 = Uℎ − ^1̂2 − W' 0̂2 +
√

2W'D̂2, (3.19)
¤̂
12 = ^0̂2 − j2̂2, (3.20)
¤̂22 = −W< 2̂2 − j1̂2 +

√
2W<F̂2, (3.21)

where D̂2 and F̂2 represent the phase quadrature of optical vacuum and thermal noise
respectively. As in Sec. 3.2.3, we ignore the mechanical loss rate and only consider
the thermal noise, the solution reads:

Ê2 =
Ω3 − 8W'Ω2 + (j2 − ^2)Ω − 8j2W'

Ω3 + 8W'Ω2 + (j2 − ^2)Ω + 8j2W'
D̂2

−
28√W' [(j2 +Ω2)Uℎ + ^j√W<F̂2]
Ω3 + 8W'Ω2 + (j2 − ^2)Ω + 8j2W'

. (3.22)
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Here we have the ℎ-normalized shot noise given by

(shot(Ω) =
W2
' +Ω2

(
Ω2 + j2 − ^2

Ω2 + j2

)2

2U2W'
, (3.23)

and the ℎ-normalized thermal noise by

(thermal(Ω) =
2^2j2

U2(j2 +Ω2)2
:�)env
~&<

. (3.24)

The regime which we proposed before is to have W'/^ � 1, and then ^ close to
j, and both much larger than Ω, so that the bandwidth is broadened. We have,
approximately,

(shot(Ω) ≈ W'/(2U2), (3.25)

within the bandwidth of roughly

Γ =
W'

|1 − ^2/j2 |
. (3.26)

From the viewpoint of control theory [47], the sWLC and uWLC have different
feedback loops because of their readouts, as shown in Fig. 3.4b. For sWLC, the
0̂ − 1̂ interaction forms the open-loop signal transfer (the plant) and the 2̂ mode
contributes to the feedback gain (the controller) through the interaction with 1̂,
which is proportional to j2. While in the uWLC case, the 0̂ mode itself forms the
plant, which is the same as the conventional detector, and the 1̂−2̂ together composes
the feedback controller. If we formally represent the plant transfer function as % and
the controller transfer function as �, the open-loop gain will be expressed as

�> = �%, (3.27)

and the closed-loop gain can be represented as

�2 =
%

1 − �>

. (3.28)

The stability of the system is determined jointly by the stability of open-loop gain
�> and the condition when �> = 11.

The �, % transfer functions of sWLC and uWLC are shown inside the colored
box labeled by plant and controller in Fig. 3.4b, and the open-loop gains can be

1In the convention of �2 = 1/(1 + �0), the gain margin should be �> = −1.
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Figure 3.4: The comparison between sWLC and uWLC. a, Mode interaction
structure (same as Fig. 3.2 a). b, The feedback loops of two WLCs from the view-
point of control theory, with the color code of plant/controller boxes following that
of the interacting modes in a. For each kind ofWLC, the straight line on the top rep-
resents the open-loop transfer function, while the polyline on the bottom represents
the feedback gain. For sWLC, the plant is formed by the 0̂ − 1̂ modes together, and
the mode 2̂ forms the feedback controller through the coupling with 1̂. While for
uWLC, 0̂ itself is the plant and the controller is formed by the 1̂ − 2̂ modes together.
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Figure 3.5: Nyquist Plot for the open-loop gain of sWLC (upper) and uWLC
(lower) based on Eqs.(3.29) and (3.30). The numbers shown near the solid lines
with different colors are (j/(10W'), ^/(10W')) for sWLC or uWLC. The solid lines
represent gains with Ω taking real values from −∞ to +∞. The dotted lines with
decreasing opacity are Ω taking real values from −∞ to +∞ plus some increasing
values of the imaginary part, i.e., they represent the grid image of mapping from
the upper half of the Ω complex plane. The system will become unstable if the grid
image encloses the 1 + 0 8 point. The right-top inserts of four subplots on the left
are the zoom-in near 1 + 0 8. See the main text for more details.
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expressed as:

�
(sWLC)
> =

−j2

Ω2 + 8W'Ω − ^2 , (3.29)

�
(uWLC)
> =

1
W' − 8Ω

−8Ω^2

j2 +Ω2 . (3.30)

The feedback gain of uWLC is intrinsically unstable and the instability will be
inherited by the whole system; while for sWLC, the stability depends on the relation
between feedback gain and the open-loop transfer function, i.e., the condition of
reaching �> = 1, which is determined by the value of j/^. The open-loop gain
maps the complex plane of Ω to the image complex plane. If the image of any point
in the upper half of Ω complex plane touches the 1 + 0 8 point, instability will show
up in the closed-loop gain. Nyquist plots for the open-loop gains of sWLC and
uWLC with different j/^ values are shown in Fig. 3.5. In our case, it is indicated
that uWLC is always unstable, while sWLC becomes unstable only when j/^ > 1.

The connection to feedback control provides another viewpoint on system dy-
namics and it agrees with the pole trajectory analysis in Fig. 3.2 in terms of stability.

3.4 Application to laser interferometer GW detectors
3.4.1 PT-symmetric amplifier for GW detection

The sWLC can be implemented in aGWdetector bymaking a simplemodification
of the uWLC: changing the location of signal extraction, as shown in Fig. 3.1.
To incorporate motions of mirrors under radiation pressure, we need to modify
the interaction Hamiltonian to include Ĝ and ?̂ of the differential mode of mirror
motion [26]:

+̂GW = −UGW(Ĝ − !ℎ)0̂1 + ?̂2/(2`). (3.31)

Here UGW =
√

2%2~l0/(!2) =
√
E~l0, %2 is the circulating power in the arm

(E is the energy stored in each arm), l0 is the carrier angular frequency, ! is
the arm length, and ` = "/4 is the reduced mass of the differential mode (" is
the mass of each mirror). In Fig. 3.6, we plot quantum noise spectrum (including
radiation-pressure noise) for sWLC and uWLC configurations with W'/(2c) =
500Hz, (^, j)/W' = (10, 9.86). We use the LIGO Voyager [48] parameters " =

200 kg, ! = 4 km, circulating power of 3MW and a 2-`m laser wavelength. We
did not include the effect of optical losses, but did consider thermal noise of the 2̂
oscillator mode, with &< ∼ 8 × 109 and ) = 4K [22, 46], which is the most serious
source of decoherence in our scheme.
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Figure 3.6: Example of GW noise spectra for sWLC and uWLC (both with
^/(2c) = 5 kHz, j/(2c) = 4.93 kHz) configurations, only accounting for quan-
tum noise and thermal noise from the mechanical oscillator 2̂. The solid red (blue)
curve represents sWLC (uWLC), with the dotted pink (cyan) curve showing the
quantum noise contribution, while dashed magenta (purple) curve shows the BAE
configuration that requires additional nonlinear elements. The quantum noise spec-
trum for conventional detector without optical loss is shown in green for comparison.
All plotted cases have the same carrier wavelength, arm cavity power, WLC 2̂-mode
mechanical loss, thermal bath condition, and readout rate W'/(2c) = 500Hz.

Our proposal may also be realizable by inserting a nonlinear crystal into the
signal recycling cavity, and pump with the sum frequency of the carrier frequency
and another cavity mode [24, 49].

3.4.2 BAE with effective negative mass
Furthermore, a fullPT -symmetry can be designed to achieve back-action evasion

(BAE) by coupling mode 2̂ to an ancillary mode ( -̂, %̂) that has an effective negative
mass [50–52] −`, with Hamiltonian +̂BAE = −UGW -̂ 2̂1 − %̂2/(2`). Viewed more
broadly in the context of coherent quantum control theory [47]: we are attaching
a controller that consists of a time reversal of the plant, which, by canceling the
inertia of the plant, helps drive up the closed-loop signal gain [53]. We shall leave
the details of this for future work, but show their potentially achievable sensitivity
in Fig. 3.6, in magenta and purple curves; aside from quantum noise, we have
only included 2̂-oscillator thermal noise. This significant potential improvement
motivates further studies in this direction [54, 55].
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3.5 Application to microwave axion detectors
3.5.1 Introduction of microwave axion detector

The Sikivie Haloscope type axion detectors [19] we considered are designed to
detect the weak conversion of dark matter axions into microwave photons in the
presence of a strong magnetic field. For an axion detector consisting a station-
ary magnetic field B0 and a single mode Ê< of a microwave resonator, it can be
characterized by the following interaction Hamiltonian:

+̂axion = 60WWA
∫

33x Ê< (x) · B0(x) , (3.32)

where 60WW is axion-photon-photon coupling constant, A is the axion field (with
negligible spatial variation), and Ê< (x) = E< (x) (0̂ + 0̂†)/

√
2 is the electric field

operator of the microwave mode, with (0̂, 0̂†) being the annihilation and creation
operators, and the mode function E< (x) satisfying

∫
E2
< (x)33x = 4c~l0, with l0

being eigenfrequency of the mode.

Using l0 as carrier frequency, we can rewrite Eq. (3.32) as:

+̂axion = Uaxion(Ψ10̂1 +Ψ20̂2). (3.33)

Here 0̂1,2 are the mode quadratures of the electric field, Ψ1 = (Ψ + Ψ∗)/
√

2, Ψ2 =

(Ψ − Ψ∗)/(
√

28) are two quadratures of the oscillations of the axion field, A(C) =
Ψ(C)4−8l0C +Ψ∗(C)48l0C . The coupling coefficient are defined as:

Uaxion ≡ 4c[60WW
√
~l0E�, (3.34)

where E� is the energy of magnetic field, and [ is the overlap between the static
magnetic field and the cavity mode:

[ =

∫
E< (x) · B0(x)33x

/ [ ∫
|E2
< |33x ·

∫
|B2

0 |3
3x

]1/2
. (3.35)

Note that l0 is the central frequency at which the device operates, and it needs to
be scanned over different values to search for the yet unknown Compton frequency
of axion.

We then discuss the figure ofmerit for axion searches [56, 57]— the effective scan
rate. As shown in Fig. 3.7, the broadband search for axion’s Compton frequency
requires many different such data stretches with duration ) = Γ−1

�
, possibly using

different detector configurations. Let us divide the entire bandwidth of Γ into
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Figure 3.7: Illustration of the axion search. The entire bandwidth Γ is divided
into bins with width Γ�, and to be covered by a (large) number of detectors (three
shown in the figure, in terms of their 1/(Ψ(Ω)). Each bin can get contribution from
multiple detectors; for example, the highlighted bin is covered by both detectors 1
and 2.

discrete angular frequencies separated by Γ�, which we label as Δ 9 , 9 = 1, 2, . . . , =,
with

= = Γ/Γ�. (3.36)

We shall approximately view the search as to be carried out independently for each
of these bins.

Our requirement is that for the same fiducial axion amplitude �0 (eventually the
minimum detectable axion-field amplitude), we can cumulate at least d2

th for each
axion frequency bin. Note that to achieve the same statistical significance, d2

th should
increase as the number of bins (hence the independent trials) increase, but rather
mildly. Let us make a very crude estimation. Regarding our problem as having
= = Γ/Γ� independent trials, an overall false-alarm probability of n requires each
bin to have

?FA = n/# = nW0/Γ . (3.37)

In absence of axion field, in the ideal situation, each d satisfies an exponential
distribution, which means

d2
th ∼ | log(nW0/Γ) | , (3.38)

which indeed depends very mildly on the number of bins.

For each run, let us assume that we have a noise spectrum of (� (Ω). For bin 9 ,
we perform

/
( 9)
�
=

����∫ )

0
I
( 9)
�
(C) cosΔ 9 C3C

����2 + ����∫ )

0
I
( 9)
�
(C) sinΔ 9 C3C

����2 . (3.39)
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Here I( 9)
�
(C) = =� (C) + �0 cos(Δ 9 C + q0) where the second term is a fiducial axion

term with amplitud �0 and unknown phase q0. Thus we have (up to numerical
factors):

〈/ ( 9)
�
〉 = �2

0)
2 + (� (Δ 9 )) , Var/ ( 9) = (2

� (Δ 9 ))2. (3.40)

It is the �0 contribution to the expectation of / ( 9)
�

that we are aiming to detect. We
do this by combining multiple observations. If we assign coefficient 2( 9)

�
for the �

observation, we will obtain
2
( 9)
�
∝ 1
(2
�
(Δ 9 )

, (3.41)

and the total SNR squared we get for the 9-th bin is given by[
d( 9)

]2
=

∑
�

�4
0)

2

(2
�
(Δ 9 )

. (3.42)

If we focus on each detector �, the figure of merit for axion detection should be
counted by the integral of total SNR squared:∫

1
(2(Ω)

3Ω, (3.43)

which is called the effective scan rate. We will use that to optimize the amplifier for
axion detection in the following section.

3.5.2 PT-symmetric amplifier for axion detection
The circuit diagram that can realize Hamiltonian (3.2) for axion detection is

shown in Fig. 3.8 a. The parametric amplification can be realized by a 3-wave mix-
ing device [58–60]; sWLC corresponds to having 1̂ mode coupled to the external
continuum (“sWLC readout” in the figure), while uWLC corresponds to having 0̂
mode coupled to the external continuum (“conventional/uWLC readout” in the fig-
ure). For conventional readout with ^ = 0, the circuit is reduced to be a conventional
detector.

Bode plots of the signal transfer function, i.e., from Ψ to Ê, in sWLC and con-
ventional schemes are shown in Fig. 3.8 b. From the feedback control viewpoint
discussed in Sec. 3.3 and in Fig. 3.4, the j = 0 lines represent the open-loop sig-
nal transfer function of sWLC, while the j/^ = 0.995, 1, 1.005 lines represent the
closed-loop ones. Note that the system is unstable for j/^ = 1.005 > 1, shown
by the light blue lines, where the phase of signal transfer function decreases with
frequency around the resonance near DC, which is different from the red lines with
monotonically increasing phases.
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Figure 3.8: Microwave axion detector and the Bode plots for signal transfer
functions. a, Circuit diagram of an axion detector (dashed box on the right)
attached to a quantum amplifier (dashed box on the left). The parametric amplifier
is achieved by Josephson 3-wave mixer indicated by the × symbol in the figure, with
Φ(C) indicating time-depending external flux that act as parametric pumping (see
Figure 9 of Ref. [59]). Coupling “sWLC readout” to a continuum results in a sWLC,
while keeping “conventional/uWLC readout” coupling to a continuum results in
uWLC, and for comparison, using “conventional/uWLC readout” without coupling
to “quantum amplifier” results in a conventional detector. b, Bode plot of the transfer
function from “signal” to “sWLC readout” with ^ = 10W' and W! = 0 (lossless),
with the black lines representing signal transfer function of conventional detector for
comparison. Note that the light blue lines represent an unstable parameter setting
in sWLC scheme.
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We will consider one axion field quadratureΨ1 and account for squeezed vacuum
injection with spectral density (D̂2D̂2 = 4−2A . We also assume the same loss rate
W! for 0̂, 1̂, and 2̂ modes, assuming vacuum noise from each bath, and propagate
these noise contributions to the output by applying Eq. (3.13) to Eqs. (3.3) (with ℎ
replaced by Ψ1), leading to the Ψ1-referred noise spectrum (Ψ(Ω). For the figure
of merit of axion detection, we shall use the effective scan rate [56, 57] as discussed
in Sec. 3.5.1:

R0 ≡
∫ +∞

0
3Ω/(2c)(−2

Ψ
(Ω), (3.44)

which is inversely proportional to the search time, assuming the axion field’s coher-
ence time to be very short compared with observation time, and no additional time
cost when switching between configurations centered at different frequencies. In
comparison with the EQL in Eq. (3.1), the effective scan rate favors peak sensitivity
more than bandwidth.

Considering the losses, numerical optimization is carried out on R0: for values of
j/W! and squeezing factor 4−2A , search over ^/W! and W'/W! to achieve an optimal
R0, and compare it with that of a single-cavity detector with the same W! (for which
the optimal W'/W! is 2 [56]). As shown in Fig. 3.9, j improves R0 substantially,
and in a way compatible with squeezing. The uWLC cases optimized with the same
procedure but showing less improvements are plotted for comparison. We also plot
the noise spectra of several configurations, which improve the scan rate R0 (3.44) by
substantially broadening the detector bandwidth, thereby requiring far less switches
between different central frequencies.

3.6 Discussion
We proposed a quantum amplifier that can be attached to an existing sensor as a

coherent quantum feedback device, and improve its sensitivity-bandwidth product.
The improvement is achieved via signal amplification, and therefore, is robust against
readout losses. The sensitivity gain has an interesting connection to PT -symmetry:
a mode 1̂ is coupled to the original sensor modes {0̂ 9 }, as well as auxiliary modes
{2̂ 9 }, which is time reversal to {0̂ 9 }; furthermore, the readout is carried out from
mode 1̂ which is the only one that couples to the continuum, and thus, coherent
noise cancellation is achieved when the couplings to original and auxiliary modes
match. Such a strategy can be used to substantially improve the sensitivity of laser
interferometer gravitational-wave detectors and microwave axion detectors. We
analyzed different figures ofmerit, Eqs. (3.8) and (3.44), for the two detector schemes
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Figure 3.9: Sensitivity improvement for axion detection. a, The enhancement of
effective scan rateR0 achievable by sWLC (black solid lines) and uWLC (red dashed
lines) axion detectors over the single-cavity one, as a function of the amplifier gain
j and squeezing factor 4−2A , optimized over the rate of 0̂-1̂ coupling ^ and readout
coupling W'. b, Examples of single-cavity (SC) and sWLC noise spectrum with
R0-optimized ^, W' for different j and input squeezing levels (sqz) 4−2A shown by
color dots in a. Note that all couplings are shown in the unit of the generic loss rate
W! .
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respectively. Furthermore, in optomechanical GW detection, a more complete PT -
symmetric structure for back-action evasion is proposed using fictitious negative
resonance. We leave the more detailed study to future work.
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C h a p t e r 4

OPTOMECHANICAL REALIZATION OF PT-SYMMETRIC
INTERFEROMETER

Quantum noise limits the sensitivity of precision measurement devices, such as laser
interferometer gravitational-wave observatories and axion detectors. In the shot-
noise-limited regime, these resonant detectors are subject to a trade-off between
the peak sensitivity and bandwidth. One approach to circumvent this limitation in
gravitational-wave detectors is to embed an anomalous-dispersion optomechanical
filter to broaden the bandwidth. The original filter cavity design, however, makes
the entire system unstable. Recently, we proposed the coherent feedback between
the arm cavity and the optomechanical filter to eliminate the instability via PT-
symmetry [1]. The original analysis based upon the Hamiltonian formalism adopted
the single-mode and resolved-sideband approximations. In this study, we go beyond
these approximations and consider realistic parameters. We show that the main
conclusion concerning stability remains intact, with both Nyquist analysis and a
detailed time-domain simulation.

4.1 Introduction
The detection of gravitational waves (GW) from a binary black hole merger in

2015 [2] opened a newwindowof astronomy observation. Binary black hole systems
have so far been the most commonly measured GW sources [3, 4]. The demand for
extracting richer properties of the ringdown stage [5–9], as well as other astrophysi-
cal processes that produce pronounced gravitational waves at high frequencies, e.g.,
the binary neutron star mergers [10–12] and core collapse supernovae [13–15], calls
for the broadband and high-frequency sensitivity of gravitational wave detectors.
For current advanced detectors and even future detectors including Einstein Tele-
scope [16, 17] and Cosmic Explorer [18], the quantum shot noise limits the detector
sensitivity from a few hundred Hz to kilo Hz [19]. Similarly, recently proposed
detectors of axion-like-particles in the galactic halo suffer from the photon shot
noise across their sensitivity bands [20–23].

In the canonical interferometer configuration [24], resonant arm cavities are used
to increase the relative signal strength by effectively extending the length of the
detector via repeated reflections of the optical field. However, the positive dispersion
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of the arm cavity makes the signal at higher frequencies no longer resonant. This
leads to an inverse relationship between the peak sensitivity and bandwidth of
the detector, known as the Mizuno limit [25]. This can be traced back to the
energetic quantum limit [26, 27], which is also called the quantum Cramer-Rao
Bound (QCRB) [28], and is therefore limited by the quantum fluctuation of the
intracavity light field [29].

One approach to broaden the bandwidth without sacrificing peak sensitivity is
to attach a negative-dispersion optomechanical filter cavity to the arm cavity [30],
which can compensate for the phase gained in the arm cavity and thus resulting in
a white light cavity effect. However, such a scheme is dynamically unstable and
thus an additional stabilizing controller must be implemented. We will call this
unstable white light cavity scheme as uWLC for short. In the original proposal [30],
in addition to the filter cavity, there are several auxiliary optics, either for impedance
match with the input mirror of the arm cavity or for steering the field to the filter,
which leads to a rather complex setup.

In a later study [31], it was found that converting the signal-recycling cavity
(SRC) into the optomechanical filter can lead to bandwidth broadening with a
much simpler optical layout, as illustrated in Fig. 4.1. The parameter regime
considered [31], however, still leads to an unstable system. We recently realized
that, when the optomechanical interaction strength is smaller than or equal to the
coupling frequency between the arm cavity and the filter cavity, the system will be
self-stabilized [1]. More interestingly, the peak sensitivity is improved together with
the bandwidth, not due to squeezing but a significant enhancement of the signal
response. We shall call this stably operated white light cavity scheme as sWLC for
short. So far, the sWLC scheme has only been analyzed using the Hamiltonian in
the single-mode and the resolved-sideband approximation [1, 31], which treats the
arm cavity signal field, the mechanical oscillator, and the field in the filter cavity as
single modes, separately. The stability issue of the system is based on the poles of
the resulting input-output relation [1]. One natural question to ask is, whether the
stability and sensitivity improvement remain valid when these approximations are
removed by considering realistic parameters. Answering such a question defines the
theme of this work.

Note that in the low-frequency band (below 40Hz), quantum back-action in the
main interferometerwill further restrict the sensitivity, because the radiation pressure
force from the strong field would interact with the test mass. Throughout the chapter,
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Figure 4.1: A schematics of the interferometer configuration with the signal-
recycling cavity (SRC) as the optomechanical filter. Both the main arm cavities
and the SRC resonant at l0, but they have different free spectral ranges due to the
different cavity lengths. One of the mirrors in the SRC acts as the mechanical degree
of freedom that resonant at l<0 . It couples to the signal sidebands around l0 via
the radiation pressure due to the blue detuned SRC pumping field at l0 +l<. Note
that l<0/l< ≈ 1, with slight difference caused by the optical spring effect due to
the blue-detuned pumping (will be explained later near Eq. (4.17)). ITM: input test
mass, SRM: signal-recycling mirror.

we will be focusing on the shot-noise-limited sensitivity, leaving the consideration
and cancellation of back-action noise for future studies [1].

The outline of this chapter goes as follows: in Sec. 4.2 we revisit the idealized
Hamiltonian dynamics and stability requirement, and introduce the full analysis
method beyond the single-mode and resolved-sideband approximations. In Sec. 4.3,
we solve the system dynamics in the frequency domain. We also analyze the stability
using the Nyquist criterion and show the resulting sensitivity. In Sec. 4.4, we carry
out a detailed time-domain simulation, and show the agreement with the frequency-
domain analysis. Finally, in Sec. 4.6, we summarize our results and discuss further
possibilities.

4.2 From single-mode approximation to full analysis
In this section, we will first recap the idealized Hamiltonian dynamics under the

single-mode approximation as analyzed in Refs. [1, 31] for the sWLC, and also
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revisit the stability requirement. We will then introduce the analyzing framework
considering the realistic setup, by abandoning the approximations applied in the
previous treatment. The detailed analysis in the frequency and time domain will be
carried in Sec. 4.3 and 4.4, respectively.

The idealized sWLC mode interaction in the rotating frame of frequency l0, as
illustrated in Fig. 4.2, can be described by the following Hamiltonian:

�̂int = 8 ~lB (0̂ 1̂† − 0̂†1̂) + 8 ~� (1̂†2̂† − 1̂ 2̂) , (4.1)

with 0̂ , 1̂ , 2̂ being the quantum operators of the differential optical mode of the
arm cavity, the SRC (i.e., the filter cavity) optical mode, and the mechanical mode,
respectively. Here lB is the beam-splitter-type interaction strength between mode
0̂ and 1̂, and � describes the optomechanical interaction strength between mode 1̂
and mode 2̂.

Considering the GW strain signal input ℎ with coupling strength U, as well as
the coupling to the external bath 1̂in with rate W [32], we obtain the Heisenberg
equations of motion for the three modes:

¤̂0(C) = −lB 1̂(C) + 8Uℎ(C) ,
¤̂2†(C) = � 1̂(C) ,
¤̂
1(C) = −W1̂(C) + lB0̂(C) + �2̂†(C) +

√
2W 1̂in(C) ,

(4.2)

with outgoing field given by 1̂out(C) = −1̂in(C) +
√

2W 1̂(C). The above equations can
be solved in frequency domain via Fourier transform:

>̂(Ω) = F [>̂(C)] ≡
∫ ∞

−∞
3C 48ΩC >̂(C) , (4.3)

where Ω is the sideband frequency in the rotating frame of frequency l0, and >̂
represents 0̂, 1̂, 2̂, or 1̂in,out. The resulting solution for the outgoing field is:

1̂out(Ω) =
8Ω(W + 8Ω) − �2 + l2

B

8Ω(W − 8Ω) + �2 − l2
B

1̂in(Ω)

+
8
√

2W lBU
8Ω(W − 8Ω) + �2 − l2

B

ℎ(Ω) . (4.4)

Interestingly, regardless of the value of� andlB, the outgoing field is not squeezed,
as the modulus of input-to-output transfer function remains equal to unity. The
signal is contained entirely in the phase quadrature [33, 34] defined as .̂ = (1̂out −
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âb̂†
<latexit sha1_base64="7jnaQJcyA5Q7hUsjP5rlH3e80us="></latexit><latexit sha1_base64="7jnaQJcyA5Q7hUsjP5rlH3e80us="></latexit><latexit sha1_base64="7jnaQJcyA5Q7hUsjP5rlH3e80us="></latexit><latexit sha1_base64="7jnaQJcyA5Q7hUsjP5rlH3e80us="></latexit>
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Figure 4.2: Idealized mode interaction structure of the optomechanical system
illustrated in Fig. 4.1. (a) The sWLC scheme. Here 0̂ represents the differential
mode of the arm cavity which couples to the GW strain ℎ, 1̂ represents the SRC
(filter) mode, and 2̂ represents the mechanical mode of the suspended mirror. The
coupling between 0̂ and 1̂ (1̂ and 2̂) is characterized by lB (�). Mode 1̂ is coupled
to the external ingoing field 1̂in, which carries the vacuum noise, and the outgoing
field 1̂out, which carries the signal and will be read out. (b) The uWLC scheme for
comparison. In the intracavity readout scheme presented in Ref. [30], the external
fields couple to the arm cavity mode 0̂, rather than the filter cavity mode 1̂. (c) The
frequency-domainmode structure under single-mode (for both 0̂ and 1̂) and resolved
sideband (for 1̂) approximations. The parametric interaction 1̂†2̂† is realized by the
optomechanical coupling under blue-detuned pumping by the mechanical resonant
frequency. Note that allmode operators are defined in the rotating frame of frequency
l0, and Ω is the sideband frequency with respect to it.

1̂
†
out)/(

√
2 8). The resulting signal-referred shot noise spectral density when mea-

suring the phase quadrature is given by

(ℎℎ (Ω) =
Ω2W2 + (�2 − l2

B +Ω2)2

4Wl2
BU

2
. (4.5)

The sensitivity given different relations between � and lB is plotted in Fig. 4.3.
One interesting case is when � = lB where the noise spectral density vanishes at
DC as the signal response diverges:

(ℎℎ (Ω) |�=lB =
Ω2(Ω2 + W2)

4Wl2
BU

2
. (4.6)

The system stability, as analyzed in Ref. [1], is determined by the poles of the transfer
function in Eq. (4.4), i.e., the roots of

8Ω(W − 8Ω) + �2 − l2
B = 0 . (4.7)
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Figure 4.3: The signal-referred shot noise spectral density for different optomechan-
ical interaction strengths �. Different curves are plotted based on Eq. (4.5) with the
relation between � and lB shown near each line.

When the imaginary part of any root becomes positive, the system becomes unstable.
The locations of roots are determined by the relation between � and lB. It can be
proven [1] that whenever� is equal to or less than lB, there is no unstable root. The
critical point happens when � = lB, and there is a pole at DC, which is consistent
with the resulting signal response being infinite at DC, as can be seen in Eqs. (4.4)
and (4.6). To summarize, under the idealized Hamiltonian, the system is stable with
� ≤ lB and at the same time, the shot-noise-limited sensitivity will be improved.
In the following content, we will show that these features will remain intact even
after we relax the approximations applied in deriving the idealized Hamiltonian.

In terms of the physical parameters described in Table 4.1, the two approxima-
tions to produce the idealized Hamiltonian in Eq. (4.1) are: (i) the single-mode
approximations, i.e., Ω!arm/2 � 1 and 2l<0!SRC/2 � 1, which treats the arm
cavity and the filter cavity as single modes each described by an annihilation oper-
ators 0̂ and 1̂, and (ii) the resolved-sideband approximation, i.e., l<0!SRC/2 � W,
which treats the mechanical sidebands around l0 as a single operator 2̂, ignoring
the higher sidebands around l0 + 2l<0 that should be involved in the interaction
between the blue detuned filter cavity and the mechanical oscillator. Note that all
the parameters lB, �, U, W used in Eqs. (4.1)–(4.7) above are effective parameters,
that can be approximately expressed in terms of the physical parameters. Under the
single-mode and resolved-sideband approximations, the mode interaction strength
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Table 4.1: A list of parameters and nominal values

Parameters Description Value
!arm arm cavity length 4 km
%arm arm cavity power 800 kW
)ITM ITM power transmissivity 0.5%
!SRC SRC length 40m
)SRM SRM power transmissivity 0.02
%1 filter cavity power 6.4 kW
_ laser wavelength 1064 nm
< oscillator mass 10mg

l<0/(2c) mechanical frequency 105 Hz
&< mechanical quality factor ∞ 1

lB and � can be expressed as:

lB =
2
√
)ITM

2
√
!arm!SRC

, � =

√
8c%1

< _l<0!SRC
, (4.8)

where %1 is the power of the filter cavity pumping field that impinges on the
mechanical oscillator. Also, the signal coupling strength U and the SRC cavity
half-bandwidth (i.e., the decay rate, or bath coupling rate) W are defined as:

U =

√
%arm!arml0

2~
, W =

2 )SRM
4!SRC

. (4.9)

For the full analysis, we adopt the approach in Ref. [24] by propagating the
fields through the interferometer and taking into account their interactions with the
mechanical degree of freedom via the radiation pressure. As all optical elements
are axisymmetric, for simplicity, the optical fields can be treated as 1D propagating
ones along the optical axis. At each location, the optical field is represented as:

�̂ (C) = >̂(C)4−8l0C + >̂†(C)48l0C , (4.10)

where >̂(C) can represent 0̂(C) and 1̂(C), the slowly-varying field operators in the
rotating frame of l0 for the light inside the arm cavity and filter cavity respec-
tively. We can define sideband operators 0̂(l) and 1̂(l) via Fourier transform as
in Eq. (4.3), but for a large sideband frequency l up to the order of l<0 . Note
that so long as l � l0, the slowly-varying operators in time domain and sideband
operators in frequency domain will be well-defined.

1Weeffectively remove themechanical damping to highlight that the system can be self-stabilized
without additional damping mechanism.
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ITM

SRM

ITM

SRM

Figure 4.4: The fields involved in the complete analysis of the scheme shown in
Fig. 4.1. The right figure is a simplified version of the left one when only looking at
the differential mode of the two arms, which is adopted in the analysis in the main
text. In the right figure, the sign convention for the mirror reflectivity is also shown.
The arm cavity and the SRC length are both tuned to be integer numbers times the
wavelength of the carrier at frequency l0.

The relevant fields fully describing the scheme in Fig. 4.1 are illustrated in Fig. 4.4.
We will focus on the differential mode of the two arm cavities, and the right panel of
Fig. 4.4 shows the simplified representation considered here. We assume both the
arm cavity and the SRC are tuned such that the cavity lengths are integer numbers
times the wavelength of the carrier at frequency l0. Since we are looking at
the linear dynamics, the equations of motion will only involve linear terms of the
sideband operators. The Heisenberg equation of motion is formally identical to the
classical Maxwell equation. The field operators are described by the following set
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of equations:

0̂1(C) =
√
)ITM 1̂3(C) +

√
'ITM 0̂2(C) , (4.11a)

0̂2(C) = 0̂1(C − garm) + 28:0�arm!armℎ(C) , (4.11b)

1̂4(C) =
√
)ITM 0̂2(C) −

√
'ITM 1̂3(C) , (4.11c)

1̂2(C) = 1̂4(C − gSRC/2) + 28:1�14−8l<0 C Ĝ(C) , (4.11d)

1̂3(C) = 1̂1(C − gSRC/2) + 28:1�14−8l<0 C Ĝ(C) , (4.11e)

1̂1(C) =
√
)SRM 1̂in(C) −

√
'SRM 1̂2(C) , (4.11f)

1̂out(C) =
√
)SRM 1̂2(C) +

√
'SRM 1̂in(C) . (4.11g)

Here the round-trip delay times are defined as garm = 2!arm/2 and gSRC = 2!SRC/2,
for the arm cavity and SRC respectively. The two cavities are pumpedwith frequency
l0 and l0 + l<0 , with wave vectors being :0 = l0/2 and :1 = (l0 + l<0)/2 ≈ :0

(l0 � l<0) respectively. The steady-state field amplitudes �arm and �1 are given
by �arm =

√
%arm/(2~l0) and �1 =

√
%1/2~l0. The mechanical motion is driven

by the radiation pressure in the presence of the blue-detuned pump field:

¥̂G(C) + W< ¤̂G(C) + l2
<0 Ĝ(C) =

�̂rad(C)
<

, (4.12)

where the radiation pressure �̂rad reads:

�̂rad(C) =
2~l0�

∗
2

2
48l<0 C

[
1̂1(C) + 1̂4(C)

]
+ h.c. (4.13)

The displacement operator Ĝ is related to the mechanical mode operator 2̂ by:

Ĝ(C) =
√

~
2<l<0

[
2̂(C)4−8l<0 C + 2̂†(C)48l<0 C

]
. (4.14)

4.3 Frequency-domain analysis
In this section, we will solve the system dynamics in the frequency domain, and

analyze the stability using the Nyquist criterion [35].

4.3.1 Formalism
In the frequency domain, Eqs. (4.11a)–(4.11g) can be converted into algebra

equations in thematrix representation. For the slowly-varying field operators defined
in Eq. (4.10), we apply the time-shifting relation in the Fourier transform of optical
modes, i.e.

F [>̂(C − g)] = >̂(l)48lg for >̂ = 0̂ and 1̂ , (4.15)
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ĉ

<latexit sha1_base64="hJ+rrHDgUwpzG+/VjaGoq1+yeeM="></latexit>

ĉ
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Figure 4.5: Coupling between the optical modes and the mechanical modes rep-
resented in frequency domain. (a) Without optical spring compensation, the para-
metric interaction will be shifted by a small frequency (not to scale) which will
greatly ruin the designed filter response. (b) With optical spring compensation, the
correct sidebands are coupled. It is achieved by making the value of blue-detuning
to be slightly larger than the bare mechanical resonant frequency, as described in
Eq. (4.17). Insert: the best scenario for resolved-sideband is to set 2l< around half
FSR1. It will make l< larger than W1 as much as possible and, at the same time,
make the influence from the higher FSR as little as possible. (c) The full circulation
loop within the signal channel (sidebands around l0, represented by the red box
in the upper panel) and the idler channel (sidebands around l0 + 2l<, represented
by the blue box in the lower panel). The idler channel is ignored in the idealized
Hamiltonian analysis.
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to connect propagating light inside the cavities, where l is the sideband frequency
in the rotating frame of l0. The Fourier transform of the mechanical mode in the
filter cavity reads:

F [4−8l<0 C Ĝ(C)] = Ĝ(l − l<0) . (4.16)

With the l< blue-detuned pumping, the optomechanical interaction will couple
the optical sidebands at frequency l = ±Ω (Ω � l<0) with the sidebands at
l = 2l< ∓ Ω. As mentioned in Fig. 4.1, the value of l< is slightly different from
the mechanical resonant frequency l<0 . The difference is caused by the optical
spring effect,

l< = l<0 +
%1l0

2<l2
<02

2g1
, (4.17)

when we consider the realistic scenario beyond the resolved-sideband approxima-
tion. As illustrated in Fig. 4.5 (a)–(b), when there is optical spring, the parametric
interaction will be shifted by a small frequency, causing the demanded sidebands
not to be correctly coupled. As our system works near a critical point of PT symme-
try [1], the effect of a rather small optical spring effect is fairly important and needs
to be carefully compensated.

As illustrated in Fig. 4.5 (c), the sidebands around l0 are named as the signal
channel, and the ones around l0 + 2l< are named as the idler channel. We will
first treat the filter cavity as an effective mirror, obtain the transformation relation
for signal and idler channels, as well as mixing between the channels, and then
combine it with the circulation loop of the arm cavity. As the filter cavity is pumped
with frequency l0 +l<, for convenience, we temporarily use >̃(l̃) to represent the
sidebands in the rotating frame of l0 + l<, where >̃ can be 0̃ or 1̃, and l̃ is in
the order of magnitude of l<0 . The input-output relation of the filter cavity can be
represented as follows:

1̃out(l̃)
1̃
†
out(−l̃)
0̃1(l̃)
0̃
†
1(−l̃)


= M̃filter(l̃)


1̃in(l̃)
1̃
†
in(−l̃)
0̃2(l̃)
0̃
†
2(−l̃)


, (4.18)

where M̃filter(l̃) is determined by the optomechanical interaction and the field
circulation inside the filter cavity.

Before connecting the filter cavity to the main interferometer, let’s comment on
the required functionality of its transfer function in the full circulation loop. Notice
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that in the lossless case, the open-loop circulation in the arm cavity will result
in a phase delay, without harming the amplitude. Thus, we expect the feedback
gain provided by the signal channel reflection 0̂1(Ω) → 0̂2(Ω) to compensate
that effect by providing the same amount of phase advance with an amplitude
1. For the phase advance, we require 4l0% 5 /(<l<22)ITM) = 2/!arm [30] and
optical spring compensation to correctly amplify the demanded sidebands. For the
physical parameters shown in Table 4.1, the optical spring leads to a shift of the
mechanical frequency by around 77 Hz. In the actual simulation, this value will be
compensated numerically to avoid any tiny discrepancy. The influence of optical
spring in the signal-referred shot-noise and stability will be analyzed in the following
Sections 4.3.2 and 4.3.3. The other requirement is that the amplitude of reflection
should be 1, as we want the idler channel to mix with the signal channel as little
as possible. The best scenario for that purpose is to set 2l< around half FSR1, as
shown by the insert of Fig. 4.5 (b). It will make l< >> W1 as much as possible and,
at the same time, suppress the higher FSR from amplifying the idler channel. In
addition, we want the mechanical loss to be as small as possible, as the filter cavity
contains a parametric process and thus the mechanical loss will ruin the reflection
amplitude.

By setting l̃ = ∓l< +Ω, we can extract relevant matrix components to compose
the transformation matrices for the optical fields outside the filter cavity:

1̂out(Ω)
1̂
†
out(2l< −Ω)
0̂1(Ω)

0̂
†
1(2l< −Ω)


= M̃filter(−l< +Ω)


1̃in(Ω)

1̃
†
in(2l< −Ω)
0̃2(Ω)

0̃
†
2(2l< −Ω)


, (4.19a)


1̂out(2l< +Ω)
1̂
†
out(−Ω)

0̂1(2l< +Ω)
0̂
†
1(−Ω)


= M̃filter(l< +Ω)


1̃in(−Ω)

1̃
†
in(2l< −Ω)
0̃2(−Ω)

0̃
†
2(2l< −Ω)


. (4.19b)
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For simplicity, we define M̃∓ ≡ M̃filter(∓l< +Ω) and thus have:

R00 (Ω) ≡


M̃3,3
− , 0, 0, M̃3,4

−
0, M̃4,4

+ , M̃4,3
+ , 0

0, M̃3,4
+ , M̃3,3

+ , 0
M̃4,3
− , 0, 0, M̃4,4

−


, (4.20a)

T01 (Ω) ≡


M̃3,1
− , 0, 0, M̃3,2

−
0, M̃4,2

+ , M̃4,1
+ , 0

0, M̃3,2
+ , M̃3,1

+ , 0
M̃4,1
− , 0, 0, M̃4,2

−


, (4.20b)

R11 (Ω) ≡


M̃1,1
− , 0, 0, M̃1,2

−
0, M̃2,2

+ , M̃2,1
+ , 0

0, M̃1,2
+ , M̃1,1

+ , 0
M̃2,1
− , 0, 0, M̃2,2

−


, (4.20c)

T10 (Ω) ≡


M̃1,3
− , 0, 0, M̃1,4

−
0, M̃2,4

+ , M̃2,3
+ , 0

0, M̃1,4
+ , M̃1,3

+ , 0
M̃2,3
− , 0, 0, M̃2,4

−


, (4.20d)

where R00 (Ω) represents the 0̂2 → 0̂1 reflection, T01 (Ω) represents the 1̂in → 0̂1

transmission, R11 (Ω) represents the 1̂in → 1̂out reflection, T10 (Ω) represents the
0̂2 → 1̂out transmission. Thus, the effect of filter cavity on the optical fields can be
expressed as follows:

0̂1(Ω)
0̂
†
1(−Ω)

0̂1(2l< +Ω)
0̂
†
1(2l< −Ω)


= R00 (Ω)


0̂2(Ω)
0̂
†
2(−Ω)

0̂2(2l< +Ω)
0̂
†
2(2l< −Ω)


+ T01 (Ω)


1̂in(Ω)
1̂
†
in(−Ω)

1̂in(2l< +Ω)
1̂
†
in(2l< −Ω)


,

(4.21a)
1̂out(Ω)
1̂
†
out(−Ω)

1̂out(2l< +Ω)
1̂
†
out(2l< −Ω)


= R11 (Ω)


1̂in(Ω)
1̂
†
in(−Ω)

1̂in(2l< +Ω)
1̂
†
in(2l< −Ω)


+ T10 (Ω)


0̂2(Ω)
0̂
†
2(−Ω)

0̂2(2l< +Ω)
0̂
†
2(2l< −Ω)


.

(4.21b)

In the idealized analysis in Secion. 4.2, the idler channel was ignored under
resolved-sideband limit. The full analysis here will keep both signal and idler
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channels. Further linking the filter cavity to the main interferometer, propagation in
the arm cavity will be considered for both channels to form a closed-loop transfer
function. GW strain signal will be added to the signal channel in the arm cavity and
the final input-output relation takes the following form:[

1̂out(Ω)
1̂
†
out(2l< −Ω)

]
= M(Ω)

[
1̂in(Ω)

1̂
†
in(2l< −Ω)

]
+ v(Ω) ℎ(Ω) , (4.22)

where M(Ω) is a 2 × 2 matrix describing the transformation of the ingoing field
to the outgoing field, and v(Ω) is a 2 × 1 column vector describing the response
of the outgoing field to the GW signal, with the v(Ω)2,1 component describing the
signal leading into the idler channel 1̂†in(2l< −Ω). The exact expressions for M(Ω)
and v(Ω) are quite complicated, and in the subsection that follows, we will use the
quantum noise spectral density to illustrate their frequency dependence.

4.3.2 Noise spectral density
The resulting noise spectral density from the full analysis is shown in Fig. 4.6 and

Fig. 4.7.

In Fig. 4.6, the optical spring effect is shown to play an important role inmodifying
the sensitivity. As analyzed in Sec. 4.3.1, if left unattended, the optical spring will
cause an additional resonance in the sensitivity via shifting the central frequency
of signal sidebands in the filter cavity response. After compensating such a shift,
the full analysis and the idealized Hamiltonian analysis produce a similar result for
most of the frequencies, given the same set of parameters. However, they start to
deviate at low frequencies, where the full analysis shows a higher noise spectrum.

The deviation from idealized analysis is because of the coupling to the idler
channel at low frequencies, as shown in Fig. 4.7, where a larger amount of signal
will leak to the idler channel than what is output in the signal channel. Thus, the
idler channel has a much better sensitivity at low frequencies. We can extract the
signal information contained in the idler channel either by using the heterodyne
readout with the pump field at l0 +l< as the local oscillator or using an additional
at l0 + 2l< for the homodyne readout of the idler channel. We will discuss the
details about the additional homodyne readout scheme in Sec. 4.5, and show the
final sensitivity by optimally combining the two readout schemes.

As we will show in Sec. 4.3.3, the parameters in Table 4.1 are within the stability
regime. Therefore, we can indeed obtain sensitivity improvementwithout sacrificing
the stability.
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Figure 4.6: The signal-referred shot-noise spectral densities from the full analysis
(red and blue) in comparison with the one obtained from idealized Hamiltonian (red
dotted curve). Compensating the frequency shift of the mechanical oscillator due
to the optical spring effect has a significant influence on the sensitivity.
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Figure 4.7: The noise spectral density for the idler channel, which can be read out
by using a local oscillator atl0+2l<0 (blue), in comparison with the signal channel
(red). At low frequencies, the signal information contained in the idler channel is
even more than that contained in the signal channel.
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4.3.3 Stability analysis
In this section, we use the Nyquist technique [35] to analyze the system stability.

The criterion is a diagrammatic approach to test the stability of a system by only
using the open-loop transfer function, even with delay.

In the idealized analysis in Sec. 4.2, � ≈ lB defines the boundary for stability.
Further increasing � through increasing the pumping power of the filter cavity will
destabilise the system. In the full analysis when the idler channel is also included, we
have a more complicated multi-input-multi-output (MIMO) system. In the sideband
picture, given the 2-dimensional open-loop transfer matrix MOL(Ω), the real and
imaginary part of the determinant of I + MOL(Ω), where I is the 2-dimensional
identity matrix, should not enclose the origin of the complex plain. This is limited
to the case where MOL(Ω) does not contain elements that have unstable poles, and
we therefore also need to be careful about the point where to extract the open-loop
transfer function, even though the stability of the final closed-loop transfer function
is independent of such a choice. We choose the interface near ITM as highlighted
by the red dashed line on the right panel of Fig. 4.4, where the top part is the arm
cavity and the bottom consists of the mechanical oscillator and SRM.

The open-loop and the closed-loop transfer matrices in our case are:

MOL(Ω) =Mopt(Ω)Mcav(Ω), MCL(Ω) = (I +MOL(Ω))−1 . (4.23)

The optomechanical transfer matrixMopt(Ω) is defined as:

Mopt(Ω) = 48ΩgSRC/2
[

Topt Topt +
√
'SRM

−
√
'SRM − Topt −2

√
'SRM − Topt

]
, (4.24)

where

Topt = −
√
'SRM +

8(1 +
√
'SRM)262gSRC l<0

2[Ω(Ω − 2l<) + 8W< (Ω − l<)]
. (4.25)

Similarly, the passive cavity propagation matrix is:

Mcav(Ω) =
[
Tcav(Ω) 0

0 T ∗cav(2l< −Ω)

]
, (4.26)

where
Tcav(Ω) =

48Ωgarm −
√
'ITM

1 − 48Ωgarm
√
'ITM

. (4.27)

In Fig. 4.8, we show the resulting Nyquist plot for the nominal parameters in
Table 4.1. Because the mechanical frequency is not an integer number of the FSR
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Figure 4.8: The plots for the determinant of the open-loop transfer matrix, given the
nominal parameters. The left plot shows the case without compensating the optical
spring, while the right one has the optical spring compensated and the contour
does not enclose the origin. The opacity of the curve is intentionally made smaller
when the magnitude of the frequency is large, which is to highlight the relevant low
frequencies.
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Figure 4.9: The plots for the determinant of the open-loop transfer matrix for� = lB
(left) and � = 1.01lB (right), both with the optical spring shift compensated. For
clarity, we only show a tiny regime around the origin, but we have checked that only
the right plot has the origin enclosed when zooming out.
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of the arm cavity, the contour is quite complicated due to the phase factor 428l<0garm

of the idler channel. Nevertheless, we only need to check whether the origin is
enclosed or not to make a firm claim on the stability, while the complex feature of
the contour does not matter. It turns out that, compensating the optical spring shift
not only has a significant impact on the sensitivity, as shown in Fig. 4.6, but also
on the stability. As shown in the plot on the right-hand side of Fig. 4.8, with the
nominal values for the parameters, the system only becomes stable after the optical
spring shift is accounted for. This feature can be understood as follows: to meet the
PT-symmetry condition, the parametric interaction with the mechanical mode must
be achieved by the correct optical sidebands in the filter cavity; thus, only after the
optical spring is correctly compensated, it is possible and meaningful to discuss the
stability issue.

In Fig. 4.9, we further show the effect of the optomechanical coupling rate � on
the stability, after the necessary optical spring compensation. Indeed, the system is
stable when� ≤ lB, which is consistent with the idealized Hamiltonian analysis [1].

4.4 Time-domain analysis
In this section, we perform a numerical time-domain simulation to confirm the

enhancement in sensitivity as derived above. The purpose of remaining in the time
domain is to capture behavior that may have been lost due to approximations used
in the frequency-domain analysis. It is also much easier for us to capture non-linear
behavior in the time domain, as we have no need to perform Fourier transforms in
this analysis. The primary limitation of this method is the relative lack of insight into
the physics that we can obtain, as it is difficult to “break open” the simulation and
understand the behavior of individual parts in isolation. As such, our time-domain
approach is a powerful complementary tool to the analysis performed thus far and
not a replacement.

We will begin by considering Eqs. (4.11a)–(4.11g). The principle of this sim-
ulation is to appropriately discretize the equations and enable the evolution of the
system forward in time using the knowledge of its previous state. The mechanism
through which the system steps forward and the way to recalculate relevant quanti-
ties are at the very heart of this simulation and, therefore, it is worthwhile to delve
into some details.
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4.4.1 Discretization of equations
The first step towards the time-domain simulation is the discretization of equa-

tions. The equations in our system can subdivided into three distinct types. The
treatment of the full system will be made clear after the functionality of each type
is explored.

The first type of equation comprises all quantities that are related to others in the
way of time-delay. For instance, the field quantities that propagate from one optical
component to another. The general form of this type of equations reads:

02(C) = 01(C − g), (4.28)

where g = !/2 is the time delay caused by the propagation across the space of
distance !, with 2 being the speed of light. This type of equations are discretized at
time step = as

02 [=] = 01 [= − =3], (4.29)

where =3 is time-step delay (steps in the past at which the field must be evaluated).
It is given by =3 = g/ΔC, where ΔC is the simulation time increment. This type of
equations encompass the forward evolution of the field quantities, whereby a field
at a new simulation step can be calculated only with reference to the previous value
of another field, which will have been calculated at their step.

The second type of equation comprises interactions of fields at an optical compo-
nent. This treatment follows a very standard approach, where the fields at a mirror
(as defined in Fig. 4.10) are given by:

02(C) = C<04(C) + A<01(C), (4.30a)

03(C) = C<01(C) − A<04(C), (4.30b)

where A< and C< are themirror amplitude reflectivity and transmissivity respectively.
The discretization of these fields is rather trivial:

02 [=] = C<04 [=] + A<01 [=], (4.31a)

03 [=] = C<01 [=] − A<04 [=] . (4.31b)

a1

<latexit sha1_base64="xdfIErPvGeFdKPF3OE8mLP3TEt0="></latexit>

a2

<latexit sha1_base64="UkL+TyzcJWz5EXJ/19LLbfqlNzg="></latexit>

a3

<latexit sha1_base64="1pJvlj2W58nmaXndpNCAsbI+Dus="></latexit>

a4

<latexit sha1_base64="pmGQf/Si/UXELzjFxCn7968SBik="></latexit>

Figure 4.10: Field interactions at a mirror.
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However, care must be taken in choosing the order to calculate these fields, as the
field quantities are all initially unknown. The procedure for calculating these fields
will be discussed later in due course.

The final consideration is the treatment of Eq. (4.12). It can be approached in
many ways according to the choice of discretization for time derivative. Based on
its well-studied nature [36], a “symmetric” approach is implemented:

¥G [=] + W< ¤G [=] + l2
<0G [=] =

�rad [=]
<

, (4.32a)

with ¤G [=] = G [= + 1] − G [= − 1]
2ΔC

, (4.32b)

and ¥G [=] = G [= + 1] − 2G [=] + G [= − 1]
ΔC2

. (4.32c)

Note that substituting the latter two equations into Eq. (4.32a) allows for the G [=+1]
term to be rearranged in terms of quantities at previous time steps and, therefore, it
can be used to evolve the position of the mechanical oscillator without further issue.

4.4.2 Connecting the system
After categorizing the relative equations, the next to consider is connecting the

discretized equations into a consistent loop. The most challenging feature of the
system is the signal-recycling structure in the optical cavities, as the signal sent
“downstream” from the simulation inputs returns and combines with the upstream
signal in a feedback-like structure. For a system with many cavities, the cycling of
signal could become very complicated to handle.

Considering that the signal must traverse the space between optical components,
which induces a time delay, it allows us to break up the system into several indepen-
dent “compartments”. As the system is evolved forwards in time, when we consider
fields at step =, we can rely on the values for all steps < = that have already been cal-
culated. This naturally means that all terms of the Eq. (4.28) type can be calculated
immediately. To tackle the issue with Eqs. (4.30), we can treat the right-hand side
quantities 01,4(C) as the “inputs” to the mirror, which are already available, as the
“outputs” or left-hand side of Eq. (4.28). This results in a logic flow, as shown in
Fig. 4.11. At the start of a new simulation step, we calculate all the “outputs” of the
Eq. (4.28) type first, which give all of the “inputs” quantities of the Eq. (4.30) types.
We then calculate the “outputs” of all Eq. (4.30) types, which then affect the input
fields in a neighboring compartment that links the whole system together. Note that
these links occur at a future time step and thus do not need to be calculated now,
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Figure 4.11: Logical flowchart of the time-domain simulation.

avoiding the trap of circular logic. This approach greatly simplifies the calculation
performed in each simulation cycle. By compartmentalizing the equations in this
way, we can create several independent systems with very few equations each. It is
thus very easy to add extra components to the system, without the need to rewrite
any existing elements in the simulation. Furthermore, the system is well set up for
optimization techniques such as parallelization.

The key issue in our approach is the large number of calculations to be performed,
as well as the large number of quantities that need to be stored. To suitably capture
the system behavior, the time increment in simulation needs to be smaller than the
shortest time-scale of the system, which in our case is the short cavity traversal time
around 100 ns. Although thisMHz level of sampling is far above the frequency range
of interest (1 Hz - 10 kHz), it is necessary to capture the behavior of components
that affect the signal response within that frequency band. This will lead to a lot of
waste as we are simulating about 1000 times more data than what we are interested
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in. Furthermore, we want to simulate for at least 1 second, which consists of 10
million samples, resulting in rather a lot of data for a computer to store.

A further limitation is the requirement for integer values of =3 in the discretization
of Eq. (4.29). For all cavities in the system, the traversal times must be some integer
multiple of ΔC. To enable the free choice of cavity lengths, particularly when there
are many cavities in the system, ΔC may have to be even smaller than the shortest
cavity traversal time. This is not a big issue in our case as cavity number can be
limited to be two. All the optical components are separated by a short delay time
gB, except for the arm cavity with a long delay time g0. For convenience, we can
choose g0 to be an exact multiple of gB, without any loss of physical insight.

4.4.3 Step-response stability analysis
The steady-state response is the most essentials in the sensitivity analysis of the

system. As the simulation loop relies on past values of the system, initialization
is required at some finite time from which the simulation starts. To resolve this
issue, all quantities in C < 0 are set to be 0, which corresponds to the off state.
After the simulation begins, the building-up process of the steady-state leads to an
initial transient effect, which might negatively affect the response estimate. Luckily,
in our simulation, this initialization takes about 0.03 s, which is sufficiently small
compared to the total runtime and will not cause any problem.

Interestingly, the transient behavior is more of an opportunity than a problem.
The time-domain response with custom inputs can be used to gain insight into some
aspects of the system that can not be easily studied using the frequency-domain
approach. One such test we can perform is to determine the stability of the system
using its step response. Inserting a constant signal from C = 0 (step-function input)
to excite the system dynamics, the resulting time-domain behavior will clearly show
whether the system is stable (settling at a constant value or a steady oscillation)
or unstable (growing indefinitely towards an infinite amplitude). As shown in
Fig. 4.12, the position response of the mechanical oscillator in the cases with or
without compensating the optical spring clearly shows the stability or instability. It
further confirms the result shown in Fig. 4.8 that the system can be stabilized by
optical spring compensation.

4.4.4 Numerical noise spectral density
To check the consistency with the frequency-domain approach in Sec. 4.3.2, the

noise spectral density in this time-domain simulation will be determined in a two-
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Figure 4.12: In-loop step-response of the position of the undamped mechanical
oscillator. (a) When the pump field is offset byl<0 only. (b) When the pump field is
further offset by compensating the optical spring. The lighter solid fill contains rapid
oscillations with the dark bounding lines representing the amplitude envelope. The
inserts of (a) and (b) show the zoomed-in views of two sections in the time-series,
where the individual oscillations can be seen.

step approach. The noise power spectral density in the strain signal measurement is
given by:

(=ℎℎ (Ω) =
(=
11
(Ω)

) (Ω)) (Ω)∗ , (4.33)

where (=
11
(Ω) is the noise power spectral density of the appropriate quadrature of

1̂out (see Fig. 4.4) and ) (Ω) is the ℎ → 1̂out transfer function. The strain noise can
thus be obtained through two separate simulations: one to obtain ) (Ω) and another
to obtain (=

11
(Ω).

For a preliminary consistency check, we compare the optical transfer function
) (Ω) by injecting a noiseless random signal with a constant spectral density into
the channel of gravitational wave strain. By measuring the spectrum (1ℎ (Ω) of
the output variable 1̂out, the transfer function ) (Ω) can be determined through the
relation between cross- and power spectral density:

(1ℎ (Ω) = ) (Ω)(ℎℎ (Ω). (4.34)

Two simulations are implemented only with a difference in mechanical quality
factor, as shown in Fig. 4.13, and a great agreement has been confirmed between
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Figure 4.13: Transfer functions for optical gain with optical-spring compensated.
The pump-off (� = 0) gain is shown in contrast to the pump-on gain for (a) a finite
mechanical quality factor of 5000, and (b) an undamped oscillator. The numerical,
time-domain approach shows very good agreement with the analytical, frequency-
domain approach.

the numerical and analytical approaches. In Fig. 4.14 we further show the optical
transfer function of the mechanically undamped system for both the signal and idler
channels, which also shows good agreements.

The second simulation is implemented by injecting all relevant noises with their
own spectral densities in the absence of strain signal. This provides (=

11
(Ω) and,

together with the optical transfer function ) (Ω) obtained in the first simulation,
allows us to complete the calculation of strain noise spectral density according to
Eq. (4.33). The final results of the time-domain simulation are shown in Fig. 4.15,
which consistently corresponds to the frequency-domain analysis in Fig. 4.7.

4.5 Optimal readout scheme
In this section, we will investigate the readout scheme to optimally blend the

outputs from the signal and idler channels for achieving the best signal sensitivity.
Note that the approach we apply here can in general be used for any correlated
signals.

Consider a generic casewith two noisy signalswhichmeasure the same observable
G, Ĩ1 and Ĩ2, such that Ĩ8 = )8G + =̃8, 8 = 1, 2, with )8 referring to the transfer function
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Figure 4.14: Optical gain transfer functions for the signal and idler channels in the
undamped, optical-spring-compensated system.

of G to the signal, and =̃8 being the corresponding noise. These signals can be
normalized such that I8 = Ĩ8/)8 = G + =8.

In this case G is the gravitational wave signal, where in each measurement there
is differing sensitivity in different frequency bands such as that shown in Fig. 4.14.
In the frequency domain representation, the normalized signals I8, can be blended
together with frequency dependent filters, U(Ω) and 1 − U(Ω), which sum to one
over the entire frequency range:

/ (Ω) = U(Ω) I1(Ω) + (1 − U(Ω)) I2(Ω), (4.35)

with total noise given by =(Ω) = U(Ω) =1(Ω) + (1 − U(Ω)) =2(Ω). The power
spectrum of the total normalized noise can be represented as:

(== (Ω) =|U(Ω) |2(=1=1 (Ω) + |1 − U(Ω) |2(=2=2 (Ω)
+ U(Ω) (1 − U∗(Ω))(=1=2 (Ω)
+ (1 − U(Ω))U∗(Ω)(=2=1 (Ω),

(4.36)

with (=8= 9 (Ω) being the noise spectrum of (8 = 9) or correlation between (8 ≠ 9)
=1(Ω) and =2(Ω). Minimising Eq. (4.36) with respect to the conjugate of the filter
U(Ω), i.e., m(== (Ω)

mU∗ (Ω) = 0, the optimal filter can be constructed for each frequency Ω
independently:

U(Ω) =
(=2=2 (Ω) − (=2=1 (Ω)

(=1=1 (Ω) + (=2=2 (Ω) − (=1=2 (Ω) − (=2=1 (Ω)
. (4.37)
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Figure 4.15: The normalized noise spectrum for the signal and idler channels. The
signal channel (red) recovers the same response as the pump off case (magenta)
which is limited by the bandwidth of the cavity at frequencies of a few kHz and
above, which shows there is no degradation of the signal or the bandwidth of the
cavity. The idler channel (blue) has greater sensitivity below 30Hz. The ideal blend
(black) has greater sensitivity than both the signal and idler channels across the
blend frequency range of approximately 25Hz (green star).

Applying the filters to Eq (4.35), we can obtain the the power spectrum of the total
signal / (Ω):

(// (Ω) =|U(Ω) |2(I1I1 (Ω) + |1 − U(Ω) |2(I2I2 (Ω)
+ U(Ω) (1 − U∗(Ω))(I1I2 (Ω)
+ (1 − U(Ω))U∗(Ω)(I2I1 (Ω),

(4.38)

whose noise power spectrum is the same as (== (Ω) in Eq. (4.36). When there is
correlation between =1 and =2, the noise across the applied high- and low-pass
filters U(Ω) and 1 − U(Ω) can be further improved. When the cross-correlation
terms are zero, the final noise spectrum would be determined by the ability to create
the optimal blends between two filters, such as high-order roll-offs of the filters
with phase margin at the blending frequency. The advantage of this signal post-
processing scheme is to reduce the stability requirement if the system is operating
in a closed feedback loop.

In the simulation discussed in Sec. 4.4, the signal can be extracted from both the
signal channel aroundl0 and the idler channel nearl0+2l<0 . Applying the optimal
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blending strategy of Eq. (4.37), the overall noise spectrum can take advantage of
whichever channel with the better behavior at one frequency. As shown in Fig. 4.15,
the idler channel contributes more below 25Hz, while the signal channel dominates
at higher frequencies above 25Hz, and the optimal blending curve follows the better
one at all frequencies.

4.6 Discussion
In this work, we analyze in detail the realization of a PT-symmetric interferom-

eter [1] using an optomechanical filter cavity. We go beyond the idealized Hamil-
tonian analysis under single-mode and the resolved-sideband approximations, and
consider the real physical parameters in the filter cavity setup. We prove that, after
compensating the optical spring in the filter cavity, the stability and sensitivity im-
provement stated in the original proposal [1] remains valid in the realistic settings,
even when a portion of the signal gets mixed into the idler channel.

To perform full analysis, we implement numerical simulations in both frequency-
domain and time-domain. The methods’ consistencies have been checked with both
the signal transfer function and output noise spectrum. In the frequency-domain
analysis, the system stability is confirmed using Nyquist criteria, where the Nyquist
plot with the stable parameter setting does not enclose the origin. In the time-domain
simulation, the stability manifests itself in the transient behavior before the system
reaches its steady-state, where the stable parameter setting won’t make any system
quantity go to infinity.

Considering the unavoidable leakage of the signal into the idler channel in the
actual setups, we further constructed the blending scheme for the output of the
two channels. Applying the optimal output filter, one can take advantage of the
channel with better behavior at each frequency, to obtain optimal sensitivity at all
frequencies. Another scheme with an auxiliary mechanical cooling beam is under
investigation, where the information in the mechanical oscillator can be read out
supplemently. Together with the idler channel, they can provide more possibilities
for optimized blending readout.
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C h a p t e r 5

ATOM INTERFEROMETRY: LINEAR QUANTUM
MEASUREMENT THEORY AND THE PRECISION LIMIT

The theory of linear quantum measurement has been developed for analyzing the
sensitivities of experimental devices that measure extremely weak signals, such as
gravitational waves. It has successfully contributed to the theoretical understanding
of laser interferometer gravitational-wave detectors (used by LIGO, VIRGO, and
KAGRA) and helped many important experimental upgrades. In this work, we
establish a linear quantum measurement theory for another kind of measurement
device — matter-wave interferometers — which has been widely discussed as an
important platform for many high-precision experiments. This theory allows us
to account for both atom and light fluctuations, and leads to a detailed analysis
of back-action in matter-wave interferometry (action of light back onto the atoms)
and its effect on dynamics and measurement noise. From this analysis, we obtain
a Standard Quantum Limit (SQL) for matter-wave interferometry. A comparison
between the LIGO detector and matter-wave interferometer is also given from the
perspective of quantum measurement.

5.1 Introduction
The detection of gravitational waves (GWs) from merging binary black holes [1]

and merging neutron star binaries [2] by an international network of gravitational-
wave detectors (LIGO, VIRGO, and KAGRA) opened the era of gravitational wave
astronomy (in this chapter we shall use "LIGO detector" to refer to a detector that is
used by LIGO [3], VIRGO [4], and KAGRA [5]). This detection is also a milestone
in the development of high-precision measurement physics, making LIGO detector
the most sensitive instrument that human beings ever built. Parallel to LIGO
detector where the underlying principle is the interference of the electromagnetic
waves, other concepts of GW detectors have also been proposed, even before the
first detection event. One particular attractive concept is the atom-interferometer
GW detector, first raised by Dimopoulos et al. [6, 7] and later enriched by many
further discussions [8–16]. Different from the LIGO, the physical principle under
the atom-interferometer GW detector is the interference of the matter waves, rather
than the light waves.
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The concept of atom interferometry can be traced back to the 1930s, when
Rabi demonstrated that the atoms’ internal quantum states can be altered using RF
Resonance [17]. In 1949, Ramsey firstly created and detected long-lived coherent
superposition of internal quantum states [18]. These pioneering works pave the
way for the further development of a field named atom optics, namely, one can
manipulate coherent beams of atoms asmanipulating those of light fields [19]. Atom
interferometry is an art of atom optics and an important experimental platform for
high-precision measurement, which is now being used for measuring earth’s gravity
acceleration and testing fundamental physics [20–32].

The advantage of the proposed application of atom interferometer in GW detec-
tion is mostly at low frequency (below 10 Hz), which can be understood as follows.
Because the test masses are connected to the ground through a suspension system,
the sensitivity of a laser interferometer GW detector is seriously contaminated at
low frequencies partly through the coupling of the test masses with the sesmic oscil-
lations, although the multi-stage vibration isolation technique has been applied [12].
For space-borne optical GW detector such as Laser Interferometer Space Antenna
(LISA), the test masses are also connected to the satellite platforms, thereby the
random motion of the satellites will be transferred onto the test masses and con-
taminate the GW signal. However, for the atom interferometer, since the atoms are
free-falling during the interferometry process, they are less sensitive to the seismic
perturbation (or the satellite motion in the space case). The laser noise can be re-
moved by designing the detector configuration with common mode rejection. More
sophisticated designs such as implementing the large momentum transfer technique
or optical cavities have been also discussed [33–37].

Typically, experimental devices such as GW detectors that targeted on measuring
extremely weak signals can even be affected by quantum mechanics. The theory
of quantum measurement developed from the 1960s is a framework to analyze how
quantum mechanics affects the sensitivity of an experimental device [38]. The early
resonant bar GW detectors and the current laser interferometer GW detectors have
been extensively studied and understood using this quantum measurement theory
framework [38–40]. For atom interferometry, although the effect of quantum noise
has been discussed by various authors [41–44], a complete analysis under quantum
measurement theory has not been discussed in the current literature. Establishing
such a theory will provide important insights in understanding the atom interfer-
ometer. Here, it is useful to briefly overview such a framework, based on the
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block-diagram shown in Fig. 5.1. In this framework, a quantum measurement de-

Probe Detector

(Ẑ, F̂ )

ŷG

x̂

�↵x̂F̂

Figure 5.1: Block diagram of a linear quantum measurement device.

vice is divided into probe and detector, where the probe dynamical quantity Ĝ is
linearly coupled to �—the information to be measured. The probe and detector are
coupled through linear Hamiltonian �̂int = −UĜ�̂. The information of � will flow
into the detector through probe-detector interaction and then be read out as Ĥ(C):

Ĥ(C) = /̂ (C) + U
[
Ĝzero(C) + Gsig(C) + U

∫ C

−∞
3C′j< (C − C′)�̂ (C′)

]
, (5.1)

where Ĝzero, Gsig, �̂ are the zero-point fluctuation of Ĝ, the signal, and the back-action
force, U is the coupling strength and the j< (C−C′) is the dynamical response function
of the probe. Braginsky et al. shows that for measuring the GW tidal force, the zero-
point fluctuation of test masses does not contribute to the final sensitivity, thereby
Ĝzero can be simply ignored [45]. If /̂ and �̂ have no correlation, the sensitivity will
be limited by the so-called standard quantum limit (SQL), given by (in the frequency
domain):

(
SQL
GG (Ω) = 2~|j< (Ω) |, (5.2)

where Ω is the angular frequency of GWs. For advanced LIGO, the SQL is given
by (SQLGG (Ω) = 2~/(<Ω2), with the mass of the test mirrors denoted by <.

In this work, we set up a quantum measurement theory framework for analyzing
the physics of atom interferometer, which is based on the interaction between atom
cloud and two optical fields (passive and control laser). It is straightforward to
extend our result to other atom interferometer configurations.

5.2 Effective Hamiltonian of an atom interferometer
In an atom-interferometer GW detector, the GW information is carried by the

light field in the TT gauge, thereby the light field corresponds to the probe and the
detector corresponds to the atom cloud in the above quantum measurement model.
Concretely speaking, the atom cloud, as a phase meter, records the optical phase
(more precisely, the phase difference between the control and passive fields as we
shall see) imposed by the signal. In this section, we will establish a one-dimensional
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effectiveHamiltonian for analyzing this system. Real systems are three-dimensional,
therefore this one-dimensional model is obtained by reducing a three-dimensional
system by paraxial approximation. This Hamiltonian can be derived from first
principle and the details are given in Apps. 5.8 and 5.9. In this section, we are going
to show how the back-action effect manifests itself in atom interferometers.

5.2.1 Effective Hamiltonian and dynamics of an interaction kernel
The basic physical process that happens in a typical atom interferometer is a

four-boson interaction, where the atomic transition between energy level |1〉 and |2〉
happens through coupling to an intermediate energy level |3〉 by control and passive
fields, as shown in Fig 5.2.

The Hamiltonian describing the Raman interaction happens in an atom interfer-
ometer has the following structure:

�̂opt =
8~
2

∫ ∞

−∞
[mG 0̂†2G 0̂2G − mG 0̂†?G 0̂?G] + h.c.,

�̂atom = ~l� �̂† �̂ + ~l� �̂†�̂,
�̂int = ~j( �̂ + �̂†) (�̂ + �̂†) (0̂2 + 0̂†2) (0̂? + 0̂†?),

(5.3)

where the �̂opt describes the free control light 0̂2 and passive light 0̂? in G-space;
�̂atom describes thewhole atom clouds at two different energy levels and thereby does
not depend on G; �̂int describes the atom-light Raman interaction at one specific
spacetime location, the derivation of such a four-field interaction Hamiltonian is
shown in the Appendix. �̂ and �̂ are the effective annihilation operators for energy
levels |1〉 and |2〉, respectively. Their corresponding number operators are #̂� = �̂† �̂
and #̂� = �̂†�̂, and we have the commutation relation [ �̂, �̂†] = 1 (the same for

Figure 5.2: A four-boson Raman interaction kernel and its corresponding WKB
trajectory. For a detailed discussion of this process and the description using field
theory, see Apps. 5.8 and 5.9.
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�̂). For the continuous optical fields, we have [0̂2G , 0̂†2G′] = X(G − G′) (the same for
0̂?G), and it is related to particle number by #̂ =

∫
3G0̂

†
2G 0̂2G . The precise definition

of these effective operators will be presented in Section IV.

Note that under the rotating wave approximations, only the terms satisfying
l� + l2 = l� + l? will be kept while those non-rotating wave terms such as
�̂�̂0̂

†
2 0̂
†
? etc. can be safely ignored, which leads us to a simpler form of interaction

Hamiltonian:
�̂int = ~j�̂†�̂0̂†2 0̂? + h.c., (5.4)

and the corresponding equations of motion for atomic clouds are given by:

¤̂
� = −8j�̂0̂†2 0̂?, ¤̂� = −8j�̂0̂2 0̂†? . (5.5)

Solving these equations perturbatively by writing the operators as: �̂ = �̄� + �̂�
and �̂ = �̄� + �̂� (where the magnitude of �̂�/� is small compare to the �̄�/�) leads
to the zeroth-order equations:

¤̄�� = −8Ω�̄�48i, ¤̄�� = −8Ω�̄�4−8i, (5.6)

where Ω = j |0̄2 0̄? | is the Rabi-frequency, and i = i2 − i? is the phase difference
between control field and passive field.

The rest terms satisfy the following equations:

L̂
[
�̂�

�̂�

]
= −8j

[
�̄� (0̂†2 |0̄? |4−8i? + 0̂? |0̄2 |48i2 )
�̄� (0̂2 |0̄? |48i? + 0̂†? |0̄2 |4−8i2 )

]
+ΩiB

[
�̄�4

8i

−�̄�4−8i

]
, (5.7)

in which the differential operator L̂ takes the form of:

L̂ =
[

mC 8Ω48i

8Ω4−8i mC

]
, (5.8)

and the right-hand side of these equations describes the influence of optical fields to
the evolution of atom fields. The iB � i is the signal phase carried by the optical
field, and we expand it to the linear order to obtain the signal terms.

The solutions for the optical fields, to the leading order, are given by:

0̄2out = 0̄2in, 0̄?out = 0̄?in, (5.9)

and the rest terms satisfy:

0̂2out = 0̂2in − 8j( �̄∗� �̄�0̂? + �̄
∗
�0̄? �̂� + �̄�0̄? �̂

†
�
+ �̄∗� �̄�0̄?),

0̂?out = 0̂?in − 8j( �̄� �̄∗�0̂2 + �̄�0̄2 �̂
†
�
+ �̄∗�0̄2 �̂� + �̄� �̄∗�0̄2).

(5.10)
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The first terms in the brackets of the r.h.s. of the Eq. (5.10) are much smaller
than the rest terms (the ratio ∼

√
#0/#! , where #0 and #! are the atom number

and photon number in the pulse), which can be ignored. Also note that the optical
operators on the r.h.s. of the above equations are defined at the interaction point,
in principle the Eq. 5.7 should be solved in the way that we substitute 0̂? = (0̂?in +
0̂?out)/2 and 0̂2 = (0̂2in + 0̂2out)/2. However, since the atom-light interaction is
weak, if we ignore the term involving high orders of j, the r.h.s. of Eq. (5.10) can
be simply written in the way that 0̂2 = 0̂2in , 0̂? = 0̂?in.

Substituting Eq. (5.10) into the equations of motion for the atom field Eq. (5.7),
we obtain:

L̂
[
�̂�

�̂�

]
=

[
�̂�flu + �

�
cl + �

�
dy

�̂�flu + �
�
cl + �

�
dy

]
+ΩiB

[
�̄�4

8i

−�̄�4−8i

]
. (5.11)

Here the terms on the r.h.s. can be understood as "optical force" acting on the atomic
fields, explained in detail as follows:

(1) The �̂�/�flu have the form:

�̂�flu = −8j�̄� ( |0̄? |4
−8i? 0̂†

2in + |0̄2 |0̂?in4
8i2 ),

�̂�flu = −8j�̄� ( |0̄? |4
8i? 0̂2in + |0̄2 |4−8i2 0̂†?in),

(5.12)

which is the optical Langevin force acting on the atom fields, due to the randomness
of the incoming states of optical fields.

(2) The ��/�cl have the form:

��cl =
j2

2
| �̄� |2 �̄� ( |0̄? |2 − |0̄2 |2),

��cl =
j2

2
| �̄� |2 �̄� ( |0̄? |2 − |0̄2 |2),

(5.13)

which describes the pondermotive force exerted by the mean optical fields on the
atoms.

(3) The ��/�dy have the form:

��dy =
j2

2
( |0̄? |2 − |0̄2 |2) ( �̄� �̄� �̂†� + |�� |

2 �̂�),

��dy =
j2

2
( |0̄? |2 − |0̄2 |2) ( �̄� �̄� �̂†� + |�� |

2 �̂�).
(5.14)

These forces, which depend on the operators �̂(†)
�
, �̂
(†)
�

will modify the Rabi-
dynamics of the atom fields.
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In case of balanced passive and control fields (i.e., |0̄? | = |0̄2 | = 0̄!), these
dynamical back-actions will vanish. In the following sections, we will focus on the
configuration with balanced passive and control fields.

The solution of these dynamical equations can be expressed in a more convenient
way by using the following basis: (1) �̂± = ( �̂�4−8i/2± �̂�48i/2)/

√
2 for atom fields;

(2) 0̂21 = (0̂248i2 + 0̂†24−8i2 )/
√

2, 0̂?1 = (0̂?4−8i? + 0̂†?48i? )/
√

2, 0̂22 = (0̂248i2 −
0̂
†
24
−8i2 )/(

√
28), 0̂?2 = (0̂?4−8i? − 0̂†?48i? )/(

√
28) for optical fields; (3) the common

and differential modes of incoming optical fields: 0̂±in1/2 = (0̂2in1/2 ± 0̂?in1/2)/
√

2.
Under this basis, the equations of motion Eq. (5.7) can be transformed to:

(mC ± 8Ω) �̂±(C) = ∓ΩiB �̄∓(C) ∓ 8j0 [ �̄±(C)0̂+in1 + 8 �̄∓(C)0̂−in2], (5.15)

where j0 = j0̄! . Then the solution can be written as signal and noise parts,
respectively. The signal part is:

�B±(C) = ∓ΩiB
∫ C

C0

3C′4∓8Ω(C−C
′) �̄∓(C′)

= ∓iB �̄∓(0) sinΩ(C − C0).
(5.16)

The noise part is:

�̂±(C) = 4∓8ΩC �̂±(C0) + �̂±opt(C), (5.17)

where
�̂±opt(C) = �̂±am(C) + �̂±ph(C), (5.18)

with

�̂±am(C) = ∓8j0
∫ C

C0

3C′4∓8Ω(C−C
′) �̄±(C′)0̂+in1(C′),

�̂±ph(C) = ±j0
∫ C

C0

3C′4∓8Ω(C−C
′) �̄∓(C′)0̂−in2(C′).

(5.19)

Here, the 4∓8Ω(C−C ′) is the free propagator of the atom operators �̂±. The �̂±ph and
�̂±am are the quantum optical noise contribution to the atom clouds evolution, while
the �̂±(C0) is the initial quantum fluctuation of atom field.

5.2.2 Back-action noise
For the atom interferometer systems (both for a single atom interferometer and

for the GW detector configuration involving a pair of atom interferometers), there
exist such situations that the same control fields connect several different interation
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kernels. For example, in Fig. 5.3, the two c/2 processes are connected by the same
control field. In the GW detector configuration proposed by Dimopoulos et al. (see
Fig. 5.4), all the interaction kernels of the two atom interferometers are connected
by the control fields. In these cases, the quantum fluctuation of the first interaction
kernel (e.g., denoted by 0) can be carried by light field (probe) and then affects the
second interaction kernel (e.g., denoted by 1), and finally affects the output atom
fields (detector). This would lead to a “back-action" noise, somewhat similar to
the optomechanical system that the quantum fluctuation of light (detector) will be
carried by the test masses (probe), and then affect the output light field (detector).
Formally, to analyze such a system, we have to duplicate the Hamiltonian, and the
interaction should happen at two different spacetime points:

�int = j�̂
(0)†�̂(0) (0̂†2 0̂3) | (0) + j�̂(1)†�̂(1) (0̂†2 0̂3) | (1) . (5.20)

Following the same approach discussed in the last section, one can write down the
equations of motion for atom clouds of the second interaction kernel in an almost
identical form. The only difference is that the optical fields operators on the r.h.s.
of the atom equations of motion (Eq. (5.7)) can be connected to the optical fields
flying out of the atom-light interaction region of the first interaction kernel, that is:

0̂
(1)
2in = 0̂

(0)
2out. (5.21)

Substituting this relation into the Langevin force Eq. (5.12) for the second inter-
action kernel, and keeping only those terms, which, due to the atom fluctuations
brought from the first interaction kernel, we obtain the “back-action force” acting
on the atom fields of the second interaction kernel as:

[� (1)
�
]BA = j2

0 �̄
(1)
�
( �̄(0)∗

�
�̂
(0)
�
+ �̄(0)

�
�̂
(0)†
�
),

[� (1)
�
]BA = −j2

0 �̄
(1)
�
( �̄(0)

�
�̂
(0)†
�
+ �̄(0)∗

�
�̂
(0)
�
).

(5.22)

In writing down these expressions, we have used the conditions of balanced control/
passive lasers |0̄? | = |0̄2 | = 0! and the optical field strength for these two interaction
kernels are identical 0 (1)

!
= 0
(0)
!
= 0! .

Adding these back-action force terms into the atomdynamical equationsEq. (5.11)
for the second interaction kernel, integrating the equations and expressing these back-
action equations in terms of �̂±, 0̂1,22/?, we have the back-action force contributions
�̂BA± as :

�̂BA± (C) = ∓
j2
0

2

∫ C

C0

3C′4±8Ω(C
′−C) [ �̄(1)± (C′)Â(C′) + �̄

(1)
∓ (C′)B̂(C′)], (5.23)
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where

Â(C) = �̄(0)+ (C) �̂(0)†− (C) + �̄(0)∗− (C) �̂
(0)
+ (C) − h.c.,

B̂(C) = �̄(0)+ (C) �̂
(0)†
+ (C) − �̄(0)− (C) �̂(0)†− (C) + h.c..

(5.24)

5.3 Interferometry solution
This section will give the solution of the atom interferometer. As an example,

we only show the solution of which the signal is contributed from the optical phase
imprinted on the atom cloud during the atom-light interaction. This is actually
the situation for the proposed atom-interferometer GW detectors. In many other
important applications, the signals are carried by the atom fields themselves. For
example, the atom interferometry gravity meter is based on the principle that the
gravitational acceleration will affect the propagation phase of the atom fields. In
an atom-interferometer GW detector, this effect is the physical origin of the gravity
noise, which is an important issue that needs to be taken care for the design since
the local gravitational field can not be screened. In this paper, we will not discuss
these issues (and all the classical noise sources) since they are not the subject of the
quantum measurement theory. For simplicity, we also do not consider the effects
such as distortion of the atom cloud for simplicity, and we assume that the free
propagation of atom fields is coherent.

5.3.1 Input-output relation
At the detection stage of an atom interferometer, firstly the particle numbers of A

and B atom species are detected respectively, and then the signal is extracted from
their difference. Since the detected quantity Δ#̂ = #̂� − #̂� is in the ( �̂�, �̂�))

basis while the formulae of optical noise and back-action terms are more concise in
the ( �̂+, �̂−)) (see Eq. (5.19)), we will use the transformation matrix between these
two bases, defined as:

T(i) = 1
√

2

[
48i/2 48i/2

4−8i/2 −4−8i/2

]
, (5.25)

and the transfer matrix of atom field in the ( �̂�, �̂�)) basis is given by:

M(\ 9 , i 9 ) =
[

cos \ 9 −8 sin \ 948i 9

−8 sin \ 94−8i 9 cos \ 9

]
, (5.26)

where \ 9 = ΩC 9 .
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For the beam-splitting process (named as step-1), we have:[
�(1) (C)
�(1) (C)

]
= M(\1, iB1)

[
�(C0)
�(C0)

]
, (5.27)

in which C0 is the initial time of the interrogation process, and �/�(C) can be
decomposed into �/�(C) = �̄�/� (C) + �̂�/� (C), where �̄�/� (C) is the mean value
of the atom field while �̂�/� (C) is the perturbation around the mean value. At
step-1, �̂�/� (C) contains the quantum fluctuation of atom field and also the quantum
fluctuation of light field, given as:[

�̂
(1)
�
(C)

�̂
(1)
�
(C)

]
= M(\1, iB1)

[
�̂� (C0)
�̂� (C0)

]
+ T(0)

[
�̂
(1)
+opt(C)
�̂
(1)
−opt(C)

]
. (5.28)

After the step-1, we have \1 = c/4 with C1 = c/(4Ω), and the �(C) and �(C) fields
start to separate spatially. The c/2 processes for �-channel and �-channel connected
by the control light happen sequentially and they should be treated individually. Let
us denote the c/2 processes of the � and � channels to be the step-2a and step-2b,
respectively. Clearly, the initial conditions of the step-2a and step-2b processes
are [�(1) (C1), �̂(2)� ]

) and [ �̂(2)
�
, �(1) (C1)]) respectively, where �̂(2)

�/� are the field
fluctuations injected at the c/2 steps, shown in Fig.5.3.

During the c/2 processes, the corresponding transfer matrices are given by:

Step-2a:[
�(20) (C)
�(20) (C)

]
= M(\2, iB2)

[
�(1) (C1)
�̂
(2)
�

]
+ T(0)

[
�̂
(20)
+opt (C)
�̂
(20)
−opt(C)

]
,

Step-2b:[
�(21) (C)
�(21) (C)

]
= M(\2, iB2)

[
�̂
(2)
�

�(1) (C1)

]
+ T(0)

[
�̂
(21)
+opt (C) + �̂

(2)
+BA(C)

�̂
(21)
−opt(C) + �̂

(2)
−BA(C)

]
,

(5.29)

where the upper indices 0/1 denote the �/� channels, respectively. Since step-2a
and step-2b are connected by the same control light, the control light after step-2a
will carry atom information of step-2a and impose a “back-action" on the step-
2b. Here the effect of this back-action is denoted by �̂

(2)
±BA(C), whose concrete

representation can be derived from Eq. (5.23)

As shown in Fig.5.3, only one component of the output fields from step-2a/2b
participates the recombination stage, while the other component is left unmeasured.
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Figure 5.3: Comparison between atom interferometer and optical Mach-Zender
interferometer. Left panel: space-time diagram of the c/2 processes happening in
an atom interferometer. Right panel: an optical Mach-Zender interferometer. On
the optical Mach-Zender interferometer, part of the quantum noise injected at 2a and
2b stages is reflected away and left unmeasured. A similar situation also happens in
the atom interferometer, where part of the atom noise of ��/� channel injected to
2b/a interaction kernels will be reflected away and left unmeasured. However, the
difference is, in the atom interferometer, the “mirrors" that reflect the matter waves
are not uncorrelated as in the optical Mach-Zender interferometer. The control field
that connects the interaction kernel 2a/b is the same field.

For those recombined components, we form a new input field column for the recom-
bination stage as: [�(21) (C2), �(20) (C2)]) ,where C2 = c/(2Ω).

The field’s evolution at the recombination stage now can be written as:[
�(3) (C)
�(3) (C)

]
=M(\3,

c

2
+ iB3)

[
�(21) (C2)
�(20) (C2)

]
+ T( c

2
)
[
�̂
(3)
+opt(C3)
�̂
(3)
−opt(C3)

]
, (5.30)

which completes its recombination process at C = C3 = c/(4Ω). Note that this
equation can be expanded perturbatively, since the signal terms containing phase iB
and the noise terms are small compared to the expectation values. The results are
given as follows:

• Mean field. — Expanding the output atom fields Eq. (5.30) to the zeroth order,
we obtain the final mean field as:[

�̄
(3)
�
(C3)

�̄
(3)
�
(C3)

]
= − 1
√

2

[
48c/4

4−8c/4

]
�̄� (0). (5.31)
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• Signal field. — Expanding the output atom fields Eq. (5.30) to the first order, we
obtain the signal field as:[

��B

��B

]
=

1
2
�̄� (0)2

[
8iB1 − (1 + 8)iB2 + iB3
−8iB1 + (1 + 8)iB2 − iB3

]
. (5.32)

• Atom noise. — Similarly, the noise contributed by the atom fluctuations can be
written as:[

�̂
(3)
�
(C3)

�̂
(3)
�
(C3)

]
=−4

8c/4
√

2

[
1 1
−8 8

] [
�̂�ini

�̂�ini

]
︸                          ︷︷                          ︸

atom shot noise

−
8j2
0 �̄

2
�
(0)

4
√

2Ω

[
�̂
(2)
�
+ �̂(2)†

�

−�̂(2)
�
− �̂(2)†

�

]
︸                               ︷︷                               ︸

back-action noise

.
(5.33)

•Optical noise. —The formulae for optical noise are more complicated since they
contain contributions from four different steps and the results are:

�̂
(3)
�/� (C3) =

1
2
[−28 �̂(1)+opt + �̂

(20)
+opt − �̂

(20)
−opt ± �̂

(21)
+opt + �̂

(21)
−opt

+ (1 ± 8) ( �̂(3)+opt + �̂
(3)
−opt)] .

(5.34)

Substituting the Eqs. (5.18) and (5.19) leads to the representation of the above
formula in terms of incoming optical noise fields:

�̂
(3)
�/� (C3) =

j0 �̄

2

∫ c/2Ω

0
3C′ sin 2ΩC′[0̂ (20)−2 (C

′) ± 80̂ (21)−2 (C
′)]

+ 4±83c/4 j0 �̄√
2

∫ c/4Ω

0
3C′[0̂ (3)+1 (C

′) + 428ΩC ′ 0̂
(3)
+1 (C

′)]

+ 483c/4 j0 �̄√
2

∫ c/4Ω

0
3C′[0̂ (1)+1 (C

′) + 8428ΩC ′ 0̂
(1)
+1 (C

′)] .

(5.35)

5.3.2 Standard quantum limit for a single atom interferometer
Using Eqs. (5.31)–(5.34), we can compute the particle numbers #� = �†� and

#� = �†� after the recombination completes and expand to the first order of
perturbation:

#�/� ≈
1
2
�̄2
� (0) ∓

1
2
�̄2
� (0) (iB1 − 2iB2 + iB3). (5.36)

Then the Δ# = #� − #�, which is the atom number difference at states |2〉 and |1〉,
is linearly proportional to the signal:

Δ#signal = −�̄2
� (0) (iB1 − 2iB2 + iB3). (5.37)
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Similar methods can be used to treat the quantum optical noise and the quantum
atom noise, the latter of which is given by:

Δ#̂atom = �̄� (0) ( �̂�ini + �̂†�ini)︸                     ︷︷                     ︸
atom shot noise

+
j3
0 �̄

3
�
(0)

2
√

2Ω
( �̂(2)

�
+ �̂(2)†

�
)︸                        ︷︷                        ︸

back-action noise

, (5.38)

and the optical noise is given by:

Δ#̂opt =
�̄� (0)√

2
[483c/4 �̂(1)opt− + 48c/4 �̂

(1)
opt+ −

√
2�̂(3)opt+

+ 1
√

2
( �̂(20)opt− − �̂

(20)
opt+ + 8 �̂

(21)
opt− + 8 �̂

(21)
opt+] + h.c..

(5.39)

Now, normalizing the particle number difference Δ# by the signal coefficient, the
estimator of the signal can be written as:

Δ#est = (iB3 − 2iB2 + iB1) +
1

�̄2
�
(0)
(Δ#̂opt + Δ#̂atom). (5.40)

Here, we can approximate iB3 − 2iB2 + iB1 ≈ ¥iB)2, where ) is the interrogation
time of the atom interferometer.

To estimate the scaling of the error contributed by these noises, we need tomap the
parameters in the effective Hamiltonian model to the experimental parameters. It is
easy to prove that j2

0/Ω = j2 |0̄! |2/Ω = (Ω0/2)/#! using the relation j |0̄! |2 = Ω
and the fact that the photon number in the rectangular pulse is #! = |0̄! |2;0/2 where
;0 is the width of the optical pulse. Then the scaling of the error can be estimated
as:

f2
B ∼

#�

#2
!

(
Ω;0

2

)2
+ 2
#�
+ 1
#!
, (5.41)

in which the first, second, and third terms are the orders of magnitude of the
errors contributed by back-action noise, atom shot noise, and purely optical noise,
respectively. Apparently the first and second terms have a trade-off when #0 = #! ,
therefore the error has a minimum value

[f2
B ]mim ∼

1
#!
, (5.42)

which is actually the photon shot noise (usuallyΩ;0/2 = c/2 or c/4, i.e.,Ω;0/2 ∼ 1).
This corresponds to the standard quantum limit given in Eq. (5.2).
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It is important to note that this Standard Quantum Limit can only be understood
in the sense of extrapolation. Actually when #0 ∼ #! , the linear approximation
we used in analyzing the atom-light interaction will not be valid. The real atom
interferometer does not work in this fully-nonlinear region. Therefore, for real
devices, even in the most ideal situation, this Standard Quantum Limit is not as
accessible as that of LIGO. It only gives a bound to the device sensitivity.

5.4 Back-action in atom interferometer pair
The back-action effect discussed in the last section, as we have mentioned, also

exists for the system of a pair of atom interferometers. The detector configuration
of atom interferometer pair was proposed to measure low frequency GWs. Control
fields carrying the atom information of the first interferometer impose back-action
on the second interferometer. The calculation follows the same logic as in the above
sections, which is straightfoward but a bit tedious. We only give the final results and
discussions here.

The Δ#̂atom for the second interferometer is given by:

Δ#̂
(II)
atom = �̄� (0) ( �̂

(II)
�ini + �̂

(II)†
�ini )︸                     ︷︷                     ︸

atom shot noise of AIII

+
j2
0 �̄

3
�
(0)

2
√

2Ω
( �̂(2II)

�
+ �̂(2II)†

�
)︸                            ︷︷                            ︸

back-action noise inside AIII

+
j2
0 �̄

3
�
(0)

2Ω
[( �̂(I)

�ini + �̂
(I)†
�ini) + 8

√
2( �̂(2I)

�
− �̂(2I)†

�
)

−( �̂(I)
�ini + �̂

(I)†
�ini) +

√
2( �̂(2I)

�
+ �̂(2I)†

�
)]︸                                                             ︷︷                                                             ︸

back-action noise brought from AII

.

(5.43)

Here the indices (I) and (II) stand for the first (AII) and second (AIII) interferometers.
The first term in the aboveΔ#atom is the atom shot noise of the second interferometer
while the second term is the back-action noise contributed by atom fluctuations of
step-2a of the second interferometer, similar to the second term in Eq. (5.38). The
last term in Eq. (5.43) represents the back-action imposed by the first interferometer
via control light. This result is obtained under the condition that �̄(II)

�
(0) = �̄(I)

�
(0) =

�̄� (0), that is, the two atom interferometers have the same atom initial states1.
1The original expression for the Δ#atom for the second interferometer is: Δ#̂

(II)
atom =

�̄
(II)
�
(0) ( �̂(II)

�ini+ �̂
(II)†
�ini )+(j

2
0/2
√

2Ω) [ �̄(II)
�
(0)]3 ( �̂(2II)

�
+ �̂(2II)†

�
)+(j2

0/2Ω) [ �̄
(II)
�
(0)]2 �̄I

�
(0) [( �̂(I)

�ini+
�̂
(I)†
�ini) + 8

√
2( �̂(2I)

�
− �̂(2I)†

�
) − ( �̂(I)

�ini + �̂
(I)†
�ini) +

√
2( �̂(2I)

�
+ �̂(2I)†

�
)], where one can see the “beating”

of atom fields of these two interferometers. The result shown in the main text is obtained simply by
substituting �̄(II)

�
(0) = �̄(I)

�
(0) = �̄�(0).



133

C
on

tr
ol

lig
ht
s

Passive lights

x

t
Â
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Â
(2I)
A

Â
(II)
AiniAII

AIII

Figure 5.4: Atom interferometer gravitational wave detector configuration: this
is the configuration proposed by Dimopoulos et.al. Two atom interferometers are
connected by the control lights. The control fields flying out of the first atom
interferometer will carry the corresponding atom information and impose a back-
action noise on the second atom interferometer. The scales in this figure are for
illustrative purpose and do not reflect the real situation. The distance between
two interferometers in the real device is much larger than the length scale of atom
interferometers themselves.

The signal field is given by:

Δ#
(II)
signal = �̄

2
� (0) (i

(II)
B1 − 2i(II)

B2 + i
(II)
B3 ). (5.44)

Clearly, the noise terms described by Eq. (5.43) and Eq. (5.38) are correlated,
since there are terms with ( �̂(I)

�ini + �̂
(I)†
�ini) and ( �̂

(2I)
�
+ �̂(2I)†

�
) in Eq. (5.43). This

simply means that the two interferometers are entangled via the coupling to the
same control light fields, if the control light does not decohere strongly during its
propagation between two interferometers.

The optical noise in the case of atom interferometer pair consists of the contribu-
tion of three control lights and eight passive lights, which is very cubersome and not
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very interesting in the aspect of quantum measurement theory — it simply contains
the initial quantum fluctuation of the probes. We are not going to show it here.

Finally, for extracting the GW signal, we need to subtract the measurement results
of the two interferometers. Suppose iGW8 = :GGW8 for a GW-induced optical phase
modulation, then iGW1 − 2iGW2 + iGW3 ∼ :0GW)

2, where 0GW = l2ℎGW! is
the tidal acceleration (for a monochromatic gravitational wave with frequency l
and detector baseline length !) and ) is the interrogation time. A more detailed
calculation [6] showed that the full result (for a monochromatic GW wave with
frequency l and strain ℎGW) is:

iGW ∼ :ℎGW! sin2
(
l)

2

)
sinl!
l

sinlC, (5.45)

in the limit of l) � 1 (which can be easily satisfied from low frequency GW), it
reduces to the result here. For the noise part, it is easy to prove that the Eq. (5.41)
and Eq. (5.42) are still the same in terms of the orders of magnitudes. It is interesting
to note that, according to the general theory of linear quantum measurement, there
exists a fundamental quantum limit which is the so-called quantum Cramer-Rao
bound [46]. Eq. (5.42) is also the quantum Cramer-Rao bound of the atom inter-
ferometer since the signals directly couple to the optical fields (probes) in the TT
gauge and the probes’ fluctuations here are determined by their own initial quantum
states.

5.5 Dynamics of the effective operators: A more exact treatment
The exact definition of the operators �̂�, �̂� etc, and the coupling strength j in the

effective Hamiltonian can be determined by using a field theory approach developed
in the Apps. 5.8 and 5.9. This field theory approach is based on the following action:

(int = 6

∫
32Gq� (G)q� (G)q2 (G)q? (G), (5.46)

where the coordinates G represents (C, I). The relationship between 6 and the
physical quantities describing the atom-light interaction such as the atom dipole
moments, frequencies of different energy levels, etc. are given in the Appendix.
The corresponding equations of motion are given by:

(mC + E�mI)q̃+� = 6�q̃
+
�q̃
+
? q̃
−
2 , (5.47a)

(mC + E�mI)q̃+� = 6�q̃+�q̃
−
? q̃
+
2 , (5.47b)

(mC + mI)q̃+2 = 62 q̃−�q̃
+
�q̃
+
?, (5.47c)

(mC − mI)q̃+? = 6? q̃+�q̃
−
�q̃
+
2 . (5.47d)
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Here the q̃+
9
( 9 = �, �, 2, ?) are the slowly varying amplitude field operators of the

positive branch defined through q̂+
9
(G) = q̃+

9
(G)4−8l 90 (C−C 90)+8: 90 (I−I 90) , where l 90 are

the frequency of the free fields q̂8 and are related to the wave vector : 90 through
l2
90 = :2

90 + <
2
90 (for optical fields, the masses are zero). The E�/� is the WKB

velocity of atom wave packet A/B and the two optical fields are propagating along
the opposite directions. The coupling constants are defined as: 6 9 = 86/(2l 90).
The q̂−

9
is the corresponding negative branch field operators. As shown in detail in

App. 5.10, the initial states of the mean optical fields can be treated as plane waves,
and the initial states of the mean atom fields are zero and a Gaussian profile for the
q� and q�, respectively. This Gaussian profile, in the spacetime-domain is given
by:

q̄� =
Ū�Δ

1/2
�

(2c)1/4
exp

[
−
Δ2
�

4
[I − I0 − E0 (C − C0)]2

]
, (5.48)

where the Ū� is the coherent amplitude and the 1/Δ� is the width of the Gaussian
profile.

5.5.1 Perturbative solution to the optical fields: Effective operator for atoms
Typically, in an interferometric process, the light-atom interaction time is very

short compared to the free evolution time of the atom cloud, and the center-of-mass
velocity of the atom cloud is very low, typically ∼ 2 cm/s. Therefore to the leading
order, we can treat the atom center-of-mass motion to be static during the interaction
process, that is, E� ≈ E� ≈ 0. We also note that the spatial size of optical fields is
much larger than the size of the atom cloud, therefore we can approximate the mean
value of the optical fields to be almost constants during the interaction process. For
this calculation, we only care about control field because it transfers noise to the next
atom-light interaction kernel, while different kernels interact with different passive
fields, as shown in Fig. 5.3.

These equations can be solved in a perturbative way. For the equation of motion
of the control field, the formal solution of the first-order perturbation is given by:

Xq+2 (C + I, I)−Xq+2 (C − n,−n) =

62

∫ I

−n
3HX[q−� (C + H, H)q

+
� (C + H, H)q+? (C + H, H)],

(5.49)

where the atom cloud mostly distributed in [−n, n], as shown in Fig. 5.5 (we move
the coordinate origin to the atom center-of-mass position). For brevity, we remove
the tilde on the operators. In the following, all operators are the slowly varying
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Figure 5.5: Atom-light interaction kernel. The atoms are undergoing the state
swapping interaction, and during the very short interaction time (typically ∼ `s),
the A and B atoms do not have enough time to fly apart. Our effective atom
operators Φ are defined through integration over the atomic cloud profile on the
spatial direction. The discussion in the Section II will reduce the problem to be an
effective model describing the interaction of the effective atom operators with the
incoming light fields.

amplitude operators. Expanding the r.h.s. to the first order, we obtain:

62

∫ I

−n
3Hq̄+? q̄

+
� (C + H, H)Xq−� (C + H, H)

+ 62
∫ I

−n
3Hq̄+? q̄

−
� (C + H, H)Xq

+
� (C + H, H)

+ 62
∫ I

−n
3Hq̄+� (C + H, H)q̄−� (C + H, H)Xq

+
? (C + H, H).

(5.50)

The classical atomic fields can be written as (under the slowmotion approximation):

q̄
+(−)
�/� (C, H) = 50 (H)Ū(∗)�/� (C), (5.51)

where

50 (H) =
Δ

1/2
0

(2c)1/4
exp

[
−1

4
Δ2
0H

2
]
. (5.52)

Since H ∈ [−n, n] and n � 1, we can expand

Ū�/� (C + H) ≈ Ū�/� (C) + H ¤̄U�/� (C). (5.53)
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Note that |H ¤̄U�/� (C) | ∼ ΩHŪ�/� (C) and ΩH � 1, we can simplify the terms in
Eq. (5.50) to be:

62 q̄
+
?

[
Ū� (C)

∫ I

−n
3H 50 (H)Xq−� (C, H) + Ū

∗
� (C)

∫ I

−n
50 (H)Xq+� (C, H)

]
+ 62

∫ I

−n
3HŪ∗� (C)Ū� (C) 5

2
0 (H)Xq+? (C + H, H).

(5.54)

Now let us define the effective atom operators to be:

XΦ±
�/� (C) = limI→n

∫ I

−n
3H 50 (H)Xq±�/� (C, H). (5.55)

As we shall see later, these effective operators have a nice property that the com-
mutation relation of the associated creation and annihilation operators normalizes
to one. The physical interpretation of the effective operators is that it describes
the whole wavepacket of the atom field. Using these effective operators, the input-
output relation for a light ray passing through the atomic cloud can be written as
(for the passive field, it can be calculated in the same way):

Xq+2out(C) − Xq+2in(C) =62 q̄
+
? [Ū� (C)XΦ−� (C) + Ū

∗
� (C)Φ

+
� (C)]

+ 62Ū∗� (C)Ū� (C)
∫ n

−n
3H 5 2

0 (H)Xq+? (C + H, H),

Xq+?out(C) − Xq+?in(C) =6? q̄
+
2 [Ū∗� (C)XΦ+� (C) + Ū� (C)Φ

−
� (C)]

+ 6?Ū� (C)Ū∗� (C)
∫ n

−n
3H 5 2

0 (H)Xq+? (C − H, H).

(5.56)

The negative frequency branches simply obey the Hermitian conjugate of the above
equations. The ratio between the second term and the first term on the r.h.s. of the
equation is ∼

√
#0/#! � 1, therefore it can be safely ignored.

Furthermore, we introduce the creation and annihilation operators that correspond
to those effective atom operators and also the optical operators. Remember that the
operators here are related to the creation and annihilation operators as follows:

XΦ+
�/� =

�̂�/� (C)√
2l0

, Xq+
2/?in =

0̂2/?in(I, C)√
2l!

, (5.57)

where we take assumptions l20 ≈ l?0 = l! and note that Φ̄+
�/� = Ū�/�/(2l0).

Now we want to rewrite the equations of motion of the atom fields in a more
concise way, using these creation and annihilation operators. First, let us check the
dimension of the above defined creation and annihilation operators. We have

�̂�/� (C) =
∫

3I 50 (I)0̂�/� (I, C), (5.58)
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where 0̂�/� (I, C) has the standard commutation relation on one time slice C:

[0̂�/� (I, C), 0̂†�/� (I
′, C)] = X(I − I′). (5.59)

Using this commutation relation and the normalization condition for 50 (I), it is
straightforward to show that:

[ �̂�/� (C), �̂†�/� (C)] = 1. (5.60)

Note that �̂ is a dimensionless operator, while 0̂2in(I, C) has the dimension [Length]−1/2.
The gravitational wave community is more familiar with the operator satisfying
[0̃(C), 0̃†(C′)] = X(C − C′), so it is important to note that this is an equal time
commutation relation for propagating fields, and the operators here are related by
0̃2in/0̂2in = 21/2 where 2 is the speed of light. In the following, we will use the 0̃
and replace the tilde with hat, i.e., 0̃ → 0̂. Then Eqs. (5.56) can be translated to:

0̂2out − 0̂2i = 8j!4−8i? [Ū� (C) �̂†� + Ū
∗
� (C) �̂�],

0̂?out − 0̂?i = 8j!4−8i2 [Ū∗� (C) �̂� + Ū� (C) �̂
†
�
],

(5.61)

where we have j! = |62 |q̄!
√
l!/l0 under the approximation that l2 = l? = l!

and |q̄+? | = |q̄+2 | = q̄! = 0̄!/
√

2l! . Comparing this equation with Eq. (5.10), we
know that the j in the effective Hamiltonian has the form:

j→ −6/(2l!) = 62 = 6? . (5.62)

5.5.2 Deriving the evolution of atom fields using field theory
Using Eq. (5.55), we integrate the perturbation equations of atom fields to obtain

the perturbation equations of effective atomic operators:

mCXΦ
+
� + 8Ω4

8iXΦ+� =60 q̄
+
?

∫ n

−n
3I 50 (I)Φ̄+� (C, I)Xq−2 (C, I)

+ 60 q̄−2
∫ n

−n
50 (I)Φ̄+� (C, I)Xq+? (C, I),

mCXΦ
+
� + 8Ω4−8iXΦ+� =60 q̄

−
?

∫ n

−n
3I 50 (I)Φ̄+� (C, I)Xq

+
2 (C, I)

+ 60 q̄+2
∫ n

−n
50 (I)Φ̄+� (C, I)Xq

−
? (C, I).

(5.63)

Now, we substitute the formal solution of Xq±
2/? into the above equations, which will

reveal the structure of the optical back-action on the atom fields.
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Let us take the first term on the r.h.s. of the XΦ� equation as an example. It has
the following form after substituting Xq−2 (C, I):

60 q̄
+
?

∫ n

−n
3I 50 (I)Φ̄+� (C, I)Xq−2 (C, I)

= 60 q̄
+
?U� (C)

∫ n

−n
3I 5 2

0 (I)
{
Xq−2in(C) + 62U� (C)U

∗
� (C)

∫ I

−n
3H 5 2

0 (H)Xq−? (H)

+ 62 q̄−?
∫ I

−n
3H 50 (H) [U� (C)Xq−� (H, C) + U∗� (C)Xq+� (H, C)]

}
.

(5.64)

Note that the 50 (H) takes a Gaussian form symmetric around H = 0, which means
that we can write:∫ n

−n
3I 5 2

0 (I)
∫ I

−n
3H 50 (H)Xq+� (H, C) =

1
2
XΦ+� (C), (5.65)

where we have used the normalization condition for 50 (I), and we have:

60 q̄
+
?

∫ n

−n
3I 50 (I)Φ̄+� (C, I)Xq−2 (C, I) (5.66)

= 60 q̄
+
?U� (C)Xq−2in(C) +

1
2
|6062 | |q̄? |2

[
U� (C)U� (C)XΦ−� (C) + |U� (C) |2XΦ+� (C)

]
.

Here, we ignore the q̄−? term since it is much smaller than the other terms. In a
similar way, we have:

60 q̄
−
2

∫ n

−n
3I 50 (I)Φ̄+� (C, I)Xq+? (C, I) (5.67)

= 60 q̄
−
2 U� (C)Xq+?in(C) −

1
2
|6062 | |q̄2 |2

[
U� (C)U� (C)XΦ−� (C) + |U� (C) |2XΦ+� (C)

]
.

Finally, we have the equations of motion for atom fields as:

mCXΦ
+
� + 8Ω4

8iXΦ+� = 60 q̄!U� (C) [4−8i?Xq−2in(C) + 4
8i2Xq+?in(C)],

mCXΦ
+
� + 8Ω4−8iXΦ+� = 60 q̄!U� (C) [4

8i?Xq+2in(C) + 4
−8i2Xq−?in(C)] .

(5.68)

Then we can obtain the exact form of equations of motion for atom cloud:

mC �̂� + 8Ω48i �̂� = 8j� (C) [4−8i? 0̂†2in(C) + 4
8i2 0̂?in(C)],

mC �̂� + 8Ω4−8i �̂� = 8j� (C) [48i? 0̂2in(C) + 4−8i2 0̂†?in(C)],
(5.69)

where i = i2 − i? is the phase difference between control and passive lights, and

j�/� (C) =
√
l0

2l!
|60 |q̄!U�/� (C). (5.70)

The U±(C) = U±(0)exp[∓ΩC] and j0 :=
√
l0/2l! |60 |q̄! . Using the relation

Eq. (5.62), we can also map Eq. (5.69) to Eq. (5.7).
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5.6 Conceptual comparison with the laser interferometer GW detector
Now we can make some comparison between Laser Interferometer GW detector

and atom interferometer detector from several different aspects:

• Discrete or Continuous. — LIGO is a detector where the optical field continu-
ously monitors the position of the test masses, recording the continuous waveform
of the gravitational wave. The continuity of such a measurement is the reason
for the existence of SQL. However, the atom interferometer works differently, in a
somewhat discretized way. Basically, each interrogation process records one data
point of the waveform time-series, and the measurements of different data points
are mutually independent. To record the waveform of the GWs, the interrogation
process needs to be repeated many times. For each data point, the measurement is
continuous, with the time scale equal to the interrogation time scale of the matter-
wave interferometry. Therefore, the quantum limit discussed here is the limitations
to the data point recorded by each individual interrogation process.

• Measurement quantity. — Gravitational wave information is carried in the
curvature perturbation Ψ ∼ ¥ℎ, which corresponds to the acceleration of the test
masses. For LIGO, we have the equation of motion for the test masses as < ¥G ∼
<Ψ ∼ <! ¥ℎ, where < and ! are effective mass of the test masses motion and
the baseline length of the interferometer, respectively. The light field will directly
carry the information of test mass displacement, and thus the interferometer is
a displacement sensor. However, for an atom interferometer, each interrogation
process directly records the acceleration as shown in Eq. (5.44), therefore, an atom
interferometer is an acceleration sensor.

•Test mass quantization. —Aswe have shown in Eq. (5.1), test mass quantization
will generally have an impact on the measurement result. LIGO’s measurement
result will be in principle affected by the test mass quantization if we directly
apply Eq. (5.1). However, if we do the post-data processing to extract the curvature
perturbation (acceleration) information, we are targeted on G(2ΔC) − 2G(ΔC) + G(0).
Using the free mass evolution equation Ĝ(C) = !ℎ(C) + ?̂0C/< + Ĝ0, it is easy to
prove that all the information about the initial test mass quantum state will be
eliminated when we extract the acceleration information. This important result
has been obtained by Braginsky et al. [45] The key for the elimination of test mass
quantization effect is the fact that the differential motion of the test masses of the two
arms is a single degree of freedom during the entire detection process. However,
for atom interferometer (Dimopolous configuration), four different pairs of laser
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beams are needed to complete one interrogation period and they belong to different
degrees of freedom. Therefore, the probe quantization effect can not be removed in
the same way as LIGO, that is why we need to consider the quantum fluctuation of
light field (or the probe in a more general sense) in discussing the sensitivity of the
atom interferometer.

• Back-action. — In LIGO, the back-action is contributed by the radiation pressure
force acting on the test mass. In the atom interferometer, the back-action comes
from the atom noise carried by the control fields linking two atom interferometers.
In LIGO, the back-action can not only be a noise source, but also can change the
dynamical behavior of the system in certain parameter regions. For example, if the
resonant frequency of the interferometer does not match the carrier laser frequency,
which can be done through tuning the signal recycling cavity, the dynamics of the
test mass and optical field will change and create an optical rigidity for the test mass.
In atom interferometer, the state transition dynamics (Rabi rate) of the atom cloud
can also be changed by the interaction between optical and atomic fields, if there is
an intensity unbalance between the control and passive fields, as we have shown in
detail in Section 5.2.1 and Section 5.5.2.

The above discussion qualitatively compares the physics of atom-interferometer
GW detector with the LIGO detector. It is also worth to comment the similarity
between atom-interferometer GW detector with the LISA detector. Unlike the
Michelson-type LIGO detector, the LISA detector is actually a transponder system
where pairs of test masses are connected by optical links and the optical phase
changes due to the gravitational waves are recorded with local interferometry set-
ups around each test mass. Atom interferometers also match with this picture, where
two atom clouds are connected by an optical link and the phase change of this optical
link is recorded. In LISA, only the optical sensing noise is worthy of consideration
and the quantum back-action is extremely weak since the optical power received
on each satellite is of picowatts. Zero-point fluctuation of the test masses on LISA
can be eliminated since it is also a displacement sensor. For a detailed study for
the comparison between atom-interferometer GW detector with LISA detector, see
Refs. [10, 47].

5.7 Discussion
In this chapter, the matter-wave interferometry, in particular the example of a

one-dimensional model of atom interferometer, is carefully added onto the jigsaw
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puzzle of the linear quantum measurement theory. Previous studies on the atom
interferometry [7, 48], although quite complete and careful, mostly worked in the
Schrödinger picture and did not speak in the langauge of quantum measurement
theory. Establishing such a theory for matter-wave interferometry can help the LIGO
community clearly understand the physics of atom-interferometer GW detectors.
Our result demonstrates in detail how the light-atom interaction affects the dynamical
and noise behavior of the atom clouds and gives the input-output relation for the
linear response of this device. Concretely, we clarify how the concepts of detector
shot noise, probe’s zero-point fluctuation, back-action noise, and dynamical back-
action manifest themselves in the atom interferometry. Similar to LIGO case, we
also obtain the formula for the Standard Quantum Limit in the atom interferometry.

The configuration raised byDimipolous et al. is themost original one proposed for
detectingGWs. Other configurationswere also raised [9, 11, 37], in particular, the so
called single-photon atom interferometer, where the interferometric process happens
via transition of Rabi oscillation of two-level atoms rather than Raman transition [9].
The advantage of this configuration is that the optical noise (zero-point fluctuations
of probe) can be removed in the ideal one-dimensional case through common mode
rejection. In order to increase the fringe visibility of the atom interferometer,
the distinguishbiliy of the atom cloud trajectory should be increased which means
we need a larger momentum transfer [33–35]. The formalism developed in this
paper can be extended to these configurations also. Moreover, the concept of
optical-cavity-assisted atom interferometry was also discussed and experimentally
tested [36, 37]; using our formalism to study these configurations will be a future
work.

The analysis in this work is targeted on revealing the physical principle. Therefore
we focus on the simplest case where we ignore the classical noise sources and optical
losses that would more seriously affect the sensitivity of atom interferometry. One
typical example is: The back-action noise carried by the control fields that propagate
from one interferometer to the other will not contribute to the sensitivity in the
current design of atom-interferometer GW detector. The reasons are the following:
(1) The real three-dimensional atom-light interactions happen in a point-scattering
way that the cross-sectional area of the light field is much larger than that of the
atom field. Therefore such a scattering itself is very lossy thereby noisy. (2) For
detecting GWs, these two interferometers must be separated in a relatively large
distance so that the atom clouds of the second interferometer will only interact with
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a small patch of the large wavefront propagated from the first interferometer. The
diffraction loss will erase most of the information of the atom cloud of the first
interferometer carried by the light field. Here, we want to emphasize that the loss of
back-action noise here does not imply that the current atom-interferometer designs
are perfect, quite contrary, it implies that current designs are too lossy to have the
back-action issue. It is probably insightful to study the method to mitigate these
issues in the future. General understanding tells us that the capability of any type
of interferometric experimental platform is determined by the coherence of every
physical step in the device, and the goal for reaching a better sensitivity is practically
realized by mitigating all the issues that decohere the waves in the interferometer.
To mitigate the first issue mentioned above, we have to design the system so that we
have a mode-matched atom-light interaction and thereby a more coherent scattering
of light by atom cloud, which is very difficult under the current technology; while
to mitigate the second issue, one way is to place the two atom interferometers in
some optical-cavity-assisted structures. This idea has been proposed for the MIGA
(Matter-wave laser Interferometric Gravitation Antenna) project [37]. Analyzing
the quantum noise for such a device will be a future extension of this work.

5.8 Appendix: Field formalism for atom interferometer
Usually, the light-atom interaction happens in a Λ-level system with lower energy

levels |1〉, |2〉 which are the hyperfine structures and a higher energy level |3〉, as
shown in Fig. 5.2. The atomic system is interacting with optical field which is
off-resonant with respect to the energy gap of |1〉 − |3〉 and |2〉 − |3〉. The dynamics
of this system can be reduced to an effective |1〉 − |2〉 dynamics by adiabatically
eliminating the energy level |3〉. Moreover, the atom states |1〉 and |2〉 are also
associated with different linear center-of-mass momentum. The non-relativistic
Hamiltonian of such a system, in a single-particle formalism, can be written as:

�̂ = −
∇2
8

2<
+

∑
8

~l8 |8〉〈8 | + �2 (G)313 |1〉〈3| + �? (G)323 |2〉〈3| + h.c., (5.71)

where< is the inertia mass of the atom with center-of-mass momentum ?8 = −8~∇8,
l8 corresponds to the energy of the internal electron state and 38 9 describes the dipole
moment of the electron and it is convenient to define them as real numbers. The
summation is over all three energy levels. Since the |1〉 − |2〉 transition is forbidden,
therefore 312 = 0. For extension to the multi-particle system and furthermore
establishing a field-theoretique approach, we need to do second quantization [49].
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5.8.1 Free fields
For doing second quantization, we need to first distinguish the group of non-

interacting identical particles, or equivalently, free theory. Tracing out the internal
energy levels for the non-interaction single particle Hamiltonian, we have:

�̂8 = ~l8 −
∇2
8

2<
, (5.72)

Assuming that there are #− identical particles in group 8, we have a multi-particle
Hamiltonian as:

Ĥ8 =
#∑
0

[
~l8 −

∇2
08

2<

]
, (5.73)

where 0 is the index of particles, and ∇08 only act on the coordinate of 0-th particle
belong to group 8.

Following the standard method of doing second quantization, and choosing the
orthnormal eigenfunctions of particles to be their momentum eigenstates, we have:

Ĥ8 =
∫

33?

(2c)3

(
~l8 + < +

?2

2<

)
0̂†? 0̂?, (5.74)

where the rest mass term is also included here. Apparently, this is a non-relativistic
Hamiltonian. The full relativistic form is:

Ĥ8 =
∫

33?

(2c)3

(√
<2
8
+ ?2

)
0̂†? 0̂?, (5.75)

where <8 = < + ~l8 with the physical meaning that the internal electron-nuclei
interaction energy also contributes to the “rest mass" of the atom. It is clear that
such a Hamiltonian can be derived from a canonically quantized Klein-Gordon field
with the action:

(8 =

∫
34G

(
1
2
m`q8m

`q8 + <2
8 q

2
8

)
. (5.76)

Since we are now discussing a one-dimensional mode of atom interferometers, we
will apply the para-axial approximation in order to reduce the above 3+1 action to
a 1+1 action by integrating out the transversal components.

The relationship between 1+1 fields and the 3+1 fields is given as follows. The
plane wave expansion of the fields is:

q3+1(G) =
∫

3:I

(2c) (2l) 4
−8lC+8:I I

∫
32:⊥
(2c)2

48
®:⊥®G⊥ 0̂: + 2.2. (5.77)
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We thus have the dimensional relation: [0: ] = [m]3/2 [Hz]1/2. While for 1+1 fields,
we have:

q1+1(G) =
∫

3:I

(2c) (2l) 4
−8lC+8:I I0:I + 2.2, (5.78)

where [0:I ] = [m]1/2 [Hz]1/2. Denoting the cross-sectional area of field beams as
�, we then integrate out the transversal components and define:

0:I ≡
∫

32:⊥
(2c)2

0:4
8®:⊥®G⊥
√
�, (5.79)

so that

q3+1(G) =
∫

3:I

(2c) (2l)
√
�
4−8lC+8:I I0:I + 2.2

=
1
√
�
q1+1(G).

(5.80)

The 3+1 form for electromagnetic field can be written as:

�̂2/? =

∫
33:

(2c)3

√
~l:
n0

0̂
2/?
:
4−8(l: C−:G) + h.c., (5.81)

and following the same approach, one can show that it can be effectively described
by a 1+1 scalar field under paraxial approximation:

�2/? (I, C) =
√

2l2/?

√
~l2/?
n0�

q2/? (I, C). (5.82)

5.8.2 Interacting fields
In a similar way, we can do second quantization to the interaction Hamiltonian as

follows:
�̂
8 9

?′? =

∫
33G0k

∗
?′ (G0)4

8�
9

?′ C �̂2/? (G0)38 9k? (G0)4−8�
8
?C , (5.83)

where � 8? = <8+ ?2/(2<8), and k? (G0) is the momentum eigenfunctions of atoms in
the coordinate representation. Using box normalization condition, we havek? (G0) =
exp(−8 ®?®G0)/

√
+0. Substituting the second quantization form of the electromagnetic

field:

�̂2/? =

∫
33:

(2c)3

√
~l:
n0

0̂
2/?
:
4−8(l: C−:G) + h.c., (5.84)

leads to:

�̂
8 9

?′? =38 9 0̂
9†
?′ 0̂

8
?

∫
33G03

3:

(2c)3
k∗?′ (G0)k? (G0)4−8:I048(�?′−�?−l: )C 0̂

2/?
:

+ (0̂: → 0̂
†
:
, : → −:, l→ −l) + h.c..

(5.85)
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Performing the integral on G0, we have:

�̂
8 9

?′? =

√
~l0

n0+
2
0

38 9

(2c)3
4
8(� 9

?′−�
8
?−l?′−?)C 0̂ 9†

?′ 0̂
8
? 0̂

2/?
?−?′

+ (non rotating wave terms) + h.c..
(5.86)

The energy difference in the exponential can be written as:

<8 +
?2

2<8
+ l2/? −

(
< 9 +

(? + :2)2
2< 9

)
, (5.87)

which clearly describes the energy transfer of the photon-absorption process. In
practice, the non rotating-wave terms can be safely ignored. The total interaction
Hamiltonian will be:

� =
∑
?,?′

�?,?′, (5.88)

where ?, ?′ are discretized momenta. In the continuous case, we have:

� =

∫
33?

(2c)3
33?′

(2c)3

√
~l0
n0

38 9

(2c)3
0̂
9†
?′ 0̂

8
? 0̂

2/?
?−?′4

8(� 9
?′−�

8
?−l?′−?)C + h.c., (5.89)

where for the atomic operators: 0̂? →
√
+0 0̂? (note that the dimension changes

correspondingly).

This Hamiltonian can be derived from the following interaction action:

(fullint = 6

∫
34Gq� (G)q3(G)q2/? (G), (5.90)

where:

6 =

√
~l0
n0

38 9

(2c)9
(2l�)1/2(2l2)1/2(2l2/?)1/2. (5.91)

Reducing it to 1+1 D case, the 6 will change as:

6 =

√
~l0
n0�

38 9

(2c)9
(2l�)1/2(2l2)1/2(2l2/?)1/2, (5.92)

and we have an 1+1 interaction action:

( = 613

∫
3I3Cq�q3q2 + 623

∫
3I3Cq�q3q? . (5.93)



147

5.8.3 Effective interaction
The above full interaction Hamiltonian can be further reduced to an effective

Hamiltonian describing the transition between energy levels |1〉 − |2〉 by integrating
out the q3(G) field, which can be done by solving theHeisenberg equation ofmotions
for the field q̂3(G) (under canonical quantization).

The Heisenberg equation of motion for q̂3(G)corresponds to the above action is:

(� + <2
3)q̂3 = 613q̂�q̂2 + 623q̂�q̂? . (5.94)

Written in the rotating frame of l30 and :30 (they are the Compton frequency and
Compton wave vector for the atoms on level |3〉), we have:

q̂3(G) = q̃3(G)4−8l30C+8:30I + h.c., (5.95)

and the equations of motion for q̃3 is given approximately by:

(mC + EmI)q̃3(G) =
8613
2l30

q̃2 q̃�4
8Δl3�C−8Δ:3�I + 8623

2l30
q̃? q̃�4

8Δl3�C−8Δ:3�I, (5.96)

where we have already ignored the non-rotating-wave terms, which oscillates at
frequencies l30 ± l2/?0 ∓ l�/�0 or l30 + l2/?0 + l�/�0. The Δl3�/�,Δ:3�/� are
defined as:

Δl3�/� = l30 − l2/? − l�/�0 ≈ l3�/3� − l2/?0 + E�/� (:30 − :�/�0),
Δ:3�/� = :30 − :2/? − :�/�0,

(5.97)

where l3�/� are the energy level difference between |3〉 and |1〉 , |2〉. In ideal
case, we assume that the phase matching is satisfied Δ:3�/� = 0. We also define
Δl0 := l3� − l2 = l3� − l? and if we further choose q̃3 to work in the rotating
frame of Δl0, the equation becomes:

Δl0q̄3(G) + (mC + EmI)q̄3(G) =
613

2l30
q̃2 q̃�4

8E�:2C + 623
2l30

q̃? q̃�4
8E�: ?C . (5.98)

Under the adiabatic approximation that the typical time scale of varying q̄3(G) is
much smaller than 1/Δl0, the dynamics of q̄3(G) is solved by the right-hand side
of the equation above:

q̄3(G) ≈
613

2Δl0l30
q̃2 q̃�4

8E�:2C + 623
2Δl0l30

q̃? q̃�4
8E�: ?C , (5.99)

while the positive frequency branch of q̂3(G) can be recovered by changing to the
original frame: q̄3(G)exp[8Δl0C − 8l30C + 8:30I]. Substituting q̂3(G) back into the
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interaction Hamiltonian Eq. (5.93), we have:

Ĥint = ĤStark
int + Ĥ

AB
int , with

ĤStark
int =

62
13

2Δl0l30

∫
3Iq̂� (G)q̂2 (G)q̂2 (G)q̂� (G)

+
62

23
2Δl0l30

∫
3Iq̂� (G)q̂? (G)q̂? (G)q̂� (G),

ĤRaman
int = 2 × 613623

2Δl0l30

∫
3Iq̂� (G)q̂2 (G)q̂? (G)q̂� (G).

(5.100)

Here, the ĤStark
int corresponds to the AC Stark shift of the mass of the atom fields,

which is typically very small compared to the internal energy and rest mass thereby
negligible 2.The ĤRaman

int term is the one we are interested in, i.e., describing the
Raman transition between |1〉 and |2〉 induced by control and passive fields. This
term can also correspond to an effective four-scalar field interaction action:

(int = 6

∫
32Gq� (G)q� (G)q2 (G)q? (G), (5.101)

where 6 represents the coupling coefficient in ĤRaman
int .

5.9 Appendix: Field quantization
5.9.1 Definition of field operators

As discussed above, The one-dimensional light-atom interaction model can be
described by the following interaction action as:

(int = 6

∫
32Gq� (G)q� (G)q2 (G)q? (G), (5.102)

where G = (C, I). These free scalar fields, after canonical quantization can be
expanded as:

q̂
(0)
9
(G) =

∫
3: 9

2c2l 9

[
0̂(: 9 )4−8l 9 (C−C 90)+8: 9 (I−I 90) + h.c.

]
, (5.103)

where the 0̂(: 9 ) is an annihilation operator which is covariant under Lorentz trans-
formation and 9 = �, �, 2, ?. The l 9 and : 9 are related by dispersion relation
l2
9
= :2

9
+ <2

9
, while for optical fields < 9 = 0. The C 90, I 90 determine the phase

reference point.

2The mass correction due to AC Stark shift is position-dependent here, which is not surprising
since the light-atom interaction happens in a local region of space-time.
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When we introduce the interaction, the Heisenberg operators will be modified,
according to:

$̂ (C, I) = *̂†
�
(−∞, C)$̂ (0) (C, I)*̂� (−∞, 0), (5.104)

where $̂ (0) (C, I) and $̂ (C, I) are the operators whose evolution are governed by the
free and full Hamiltonian, respectively. The *̂� (C1, C2) is the evolution operator in
the interaction picture. Therefore, in the interaction case, one can have a full field
operator given by:

q̂ 9 (G) =
∫

3: 9

2c2l 9

[
�̂(: 9 , C)4−8l 9 (C−C 90)+8: 9 (I−I 90) + h.c.

]
, (5.105)

where �̂(: 9 , C) = *̂†� (0, C) �̂(: 9 , 0)*̂
†
�
(0, C).

Since all these fields have a WKB trajectory in real experiment, they can take a
scale-separated form as:

q̂ 9 (G) = q̃ 9 (G)4−8l 90 (C−C 90)+8: 90 (I−I 90) + h.c., (5.106)

where the exponents describe the fast-oscillating part of the field and the tilde
operators describe the slowly varying amplitudes. Using the above definition, one
can obtain the relation between the �̂ and q̃ operators as:

q̃ 9 (C, I) =
∫

3:A
2c2l 9

[
�̂(C, : 9 )4−8(l 9−l 90) (C−C 90)+8(: 9−: 90) (I−I 90) + h.c.

]
. (5.107)

Also note that the transformation *̂ (0, C), as an unitary transformation, will not
affect the commutation relation, therefore we have:

[ �̂ 9 (C, :), �̂†9 (C, :
′)] = 2l 9X(: − :′). (5.108)

It is worth noting that in the spatial domain, the �̂ and the q̃ is related by (take
A-field as an example):

q̃(+) (G) = �̂(C, I − IC�)/(2l�0), (5.109)

where I − IC
�
(IC
�
= I� (C0) + E� (C − C0)) comes from the propagation and the first

C−argument comes from the perturbation due to the 4-scalar interaction.

5.9.2 Quantum states of fields
In the experimental setup, the control/passive field can be well approximated to

have a rectangular profile, and the state of, e.g., the control field is given by:

|k2〉 = exp
[∫

3:2

2l2

(
U2 (:2)0̂†2 (:2) − h.c.

)]
|0〉2 , (5.110)
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where
U2 (:2) = Ū2

sin c0X:
√
0cX:

, X: = :2 − :20, (5.111)

and 2c0 is the width of this rectangular wave and Ū2 is the coherent amplitude.

It is easy to show the q waveform:

q̄(+) =

∫
3:

2c

(
1

2l

)
Ū2

sin c0X:
√
0cX:

48(:0+X:) (G−C−G0+C0)

≈ Ū2

2l0
Rect0 [G − C − G0 + C0]48:0 (G−C−G0+C0) .

(5.112)

Since the typical atom width is much smaller than the light pulse width, it can
be approximated as almost a plane wave in the atom-light interaction region by
lim0→∞0 sinc(c0G) = X(G).

The initial state of atomic cloud is a Gaussian profile, given as:

|k�〉 = exp
[∫

3:�

2l�

(
U� (:�)0̂†� (:�) − h.c.

)]
|0〉� , (5.113)

with

U� (:�) =
Ū�

(2c)1/4Δ1/2
�

exp

[
− (:� − :�0)2

4Δ2
�

]
, (5.114)

while the �-field is a vacuum initially. Here the Ū� is the atom coherent amplitude,
Δ� is its width in the :-domain.

5.9.3 Equations of motion: Structures
Following the standard canonical quantization scheme, we have the Heisenberg

equations of motion for the atomic and optical field as:

(� + <2
�)q̂� = 6q̂�q̂2 q̂?, �q̂2 = 6q̂�q̂�q̂?

(� + <2
�)q̂� = 6q̂�q̂2 q̂?, �q̂? = 6q̂�q̂�q̂2,

(5.115)

where� = m2
C −∇2 (in 1-dimensional case here,� = m2

C −m2
I ). These equations have

the same form as their classical counterparts, this is because different q̂ 9 belongs to
different Hilbert space and their operators are commutewith each other. Substituting
Eq. (5.106), we have the approximated equations for the slowly varying operator’s
positive frequency part (we take 2 = 1 and their Hermitian conjugates are ignored
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for brevity):

(mC + E�mI)q̃+� = 6�q̃
+
�q̃
+
? q̃
−
2 ,

(mC + E�mI)q̃+� = 6�q̃+�q̃
−
? q̃
+
2 ,

(mC + mI)q̃+2 = 62 q̃−�q̃
+
�q̃
−
? ,

(mC − mI)q̃+? = 6? q̃+�q̃
−
�q̃
+
2 .

(5.116)

Here, E�/� theWKB velocity of atomwave packet A/B and the two optical fields are
propagating along the opposite directions. The coupling constants are defined as:
6 9 = 86/(2l 90), where 9 = �, �, 2, ?. In deriving the above equations of motion,
we take the leading non-relativistic approximation so that E�/� ≈ :�/�/<�/� and
we also use the rotating wave approximation, namely, we only keep those terms
satisfying:

: ?0 − :20 = :�0 − :�0, l20 − l?0 = l�0 − l�0. (5.117)

These conditions, under non-relativistic approximation and<� ≈ <�, have the clear
physical meaning of relativistic Doppler effect:

l20 − l?0 ≈ E(:�0 − :�0), (5.118)

where E ≈ E� ≈ E� is the approximate speed of atom. The Hermitian conjugation
of these equations can also be easily obtained. In the following, we are going to
solve these equation in a perturbative way.

5.10 Appendix: Mean field solutions
Typically, in an interferometric process, the light-atom interaction time is very

short compared to the free evolution time of the atom cloud, and the center-of-
mass velocity of the atom cloud is very low, typically ∼ 2 cm/s. Therefore to the
leading order, we can treat the atom’s center-of-mass motion to be static during the
interaction process, that is, E� ≈ E� ≈ 0. We also note that the spatial size of optical
fields are much larger than the size of the atom cloud, therefore we can approximate
the mean value of the optical fields to be almost constants during the interaction
process.

The zeroth-order of the equations of motion is simple:

mC q̄
+
� = (6�q̄

+
? q̄
−
2 )q̄+�, (mC + mI)q̄+2 = 0,

mC q̄
+
� = (6�q̄−? q̄+2 )q̄+�, (mC − mI)q̄+? = 0.

(5.119)

We ignore the r.h.s. of the equation for the optical field because the photon number
is much larger than the atom number. Since q̄? and q̄2 are almost constant, therefore
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we can rewrite the zeroth-order atom equations to be:

mC q̄
+
� = −8Ω4

8i?2 q̄+�, mC q̄
+
� = −8Ω4−8i?2 q̄+�, (5.120)

where i?2 is the phase difference between the control field and passive field, Ω is
the Ramsey frequency. Here, we make use of the approximation 6� = 6� := 60
thereby Ω = |60 q̄? q̄2 |. The full solution of this equation is:

q̄+� (C) = q̄
+
� (0) cosΩC − 8q̄+� (0)48i2? sinΩC,

q̄+� (C) = q̄+� (0) cosΩC − 8q̄+� (0)4
−8i2? sinΩC.

(5.121)

The gravitational wave signal will be carried by the i2?. Clearly, this is where the
matrix M(\, i) in the main text comes from.
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C h a p t e r 6

HIGH-PRECISION MODELING FOR GRAVITATIONAL WAVES
OF BBH REMNANTS

The gravitational radiation from the ringdown of a binary black hole merger is
described by the solution of theTeukolsky equation, which predicts both the temporal
dependence and the angular distribution of the emission. Many studies have explored
the temporal feature of the ringdown wave through black hole spectroscopy. In
this work, we further study the spatial distribution, by introducing a global fitting
procedure over both temporal and spatial dependences, to propose a more complete
test of General Relativity. We show that spin-weighted spheroidal harmonics are the
better representation of the ringdown angular emission patterns compared to spin-
weighted spherical harmonics. The differences are distinguishable in numerical
relativity waveforms. We also study the correlation between progenitor binary
properties and the excitation of quasinormal modes, including higher-order angular
modes, overtones, prograde and retrograde modes. Specifically, we show that the
excitation of retrograde modes is dominant when the remnant spin is anti-aligned
with the binary orbital angular momentum. This study seeks to provide an analytical
strategy and inspire the future development of ringdown tests using real gravitational
wave events.

6.1 Introduction
The gravitational waves emitted at the final stage of a binary black hole (BBH)

merger— the ringdown stage, consist of a series of quasinormal modes (QNMs) [1–
5]. QNMs are solutions to the homogeneous Teukolsky equation [6–9], i.e., the
linearized Einstein’s equations in the background of a Kerr black hole [10–14]. The
foundation for doing so follows models that describe stellar collapses [10–13] —
the strong-field region “falls down” toward the future horizon of the final black
hole, revealing a spacetime region in which perturbations satisfy the homogeneous
Teukolsky equation with ingoing condition near the horizon and outgoing condition
near infinity.

The homogeneous Teukolsky equation not only predicts the temporal dependence
of the ringdown waves, in terms of their complex spectra, but also their spatial
distributions, in terms of angular emission patterns. There have been many studies
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on black hole ringdown spectroscopy involving multiple angular frequencies by
modeling it as the superposition of exponentially damped sinusoids [15–20], or using
other methods of frequency extraction [21, 22]. Recently, it has been shown that the
inclusion of overtones [4, 23] can improve the fitting of numerical relativity (NR)
waveforms and lead to better estimation of ringdown model parameters [20, 24, 25],
because of the better characterization of the post-merger signal from an earlier time.

Manyphenomenological fitting studies based onNRwaveforms have been done [26–
28], while most previous works only focused on the ringdown temporal properties.
Our study further includes spatial dependence on differentmodels, explicitly. Specif-
ically, when the final spin is not aligned with the initial orbital angular momentum,
the spatial properties for retrograde excitations [29–32] have not been carefully stud-
ied. As the temporal-spatial consistency check of ringdown emission can provide a
more complete test of General Relativity [33–36], exploring such a problem defines
the theme of this work.

In gravitational wave observations, the prospective searches for ringdown wave-
forms [37, 38] would enable the test of the spatial-temporal features. With the
rapidly increasing number of binary coalescences observed [39–42] by ground-
based detectors like Advanced LIGO [43] and Advanced Virgo [44], events with
detectable higher-order modes [45–47] are observed, e.g., GW190412 [48] and
GW190814 [49]. The detectability of higher-order modes not only impacts the pa-
rameter estimation [18, 19, 36, 50–52], but can be used to study angular emission as
well. Currently, in the ringdown stage, a high signal-to-noise ratio (SNR) is difficult
to achieve due to the lack of post-merger cycles and the degraded detector sensitivity
at high frequency range. However, the sensitivity of the proposed next-generation
detectors, including Einstein Telescope [53, 54], Cosmic Explorer [55, 56], and
NEMO [57], will be significantly improved [58], especially at the high frequencies,
opening more possibilities in the BBH post-merger studies [25]. Although a single
event could provide limited information about angular dependence, combining mul-
tiple events and extracting angular-dependent features will become possible with
the expected large number of events in the future. That calls for strategic studies of
temporal-spatial emission patterns before more events with high ringdown SNR are
observed.

In this work, we study ringdown gravitational waves and show that the spin-
weighted spheroidal harmonics are essential in the faithful representation of the
temporal-spatial ringdown emission pattern [59], further confirming that the Teukol-
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sky equation describes the ringdown dynamics. We fit the NR simulated strain data
of merging binaries with different parameters provided in the Simulating eXtreme
Spacetimes (SXS) Collaboration catalog [60], without adding simulated noise. The
exclusion of nonlinear gravitational wave memory effects in SXS waveforms [61]
provides an ideal test bed for the linear perturbation theory. We infer the final black
hole spin and mass via parameter estimation [62, 63], as in the usual temporal-only
fitting. Our results show that when the spatial distribution is considered in addition
to the spectrum, more information could be extracted from the ringdown stage,
which would benefit the determination of the progenitor BBH properties and their
formation channels [64, 65]. Along this procedure, we describe various features
of the temporal-spatial emission pattern; in particular, we illustrate the physical
meaning of the two complex amplitudes of each QNM. We also study the cases
where retrograde modes [29–32, 66] are excited when the initial spin of the primary
progenitor black hole is large and anti-aligned with the orbital angular momen-
tum [64, 67], and thus the remnant spin is left anti-aligned with the binary orbital
angular momentum.

The structure of this chapter is organized as follows. In Sec. 6.2, we review the
QNM decomposition model under the spin-weighted spheroidal harmonic basis and
the spin-weighted spherical harmonic basis, respectively. In Sec. 6.3, we present the
temporal-spatial fitting strategy used in this work for memory-free NR waveforms.
In Secs. 6.4–6.5, we describe the fitting results for waveforms of a benchmark
binary and several nonspinning binaries with different mass ratios, and discuss
the distinguishability of the two decomposition models and the contributions of
higher-order modes and overtones. Then, in Sec. 6.6, we investigate the excitation
of retrograde modes when the remnant spin is anti-aligned with the binary orbital
angular momentum. Finally, in Sec. 6.7, we summarize and further discuss our
results.

6.2 Ringdown models
In this section, we define the coordinate frames used to describe outgoing waves

near infinity, carry out QNM decomposition in two types of bases, describe the
temporal and spatial dependences of the QNMs, and discuss the excitations of
prograde and retrograde modes.

In this work, the discussion is restricted to non-precessing binaries, for which
we establish two coordinate systems: the “orbital frame” adapted to the binary
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Figure 6.1: Convention of coordinate continuation from positive to negative values
of the final spin j 5 . (a) Spin-aligned case (j 5 > 0): when the final spin is aligned
with the orbital angular momentum, the final spin frame coincides with the orbital
frame, with ] = ]̃ and i = ĩ. (b) Spin-anti-aligned case (j 5 < 0): when the final
spin is anti-aligned with the orbital angular momentum, we have ] = c − ]̃ and
i = 2c − ĩ.

orbital angular momentum, and the “final spin frame” adapted to the remnant spin
angular momentum. In the final spin frame, we decompose the temporal and
angular distribution of gravitational waves into a sum over QNMs. This analytical
decomposition will be fitted to the waveforms from NR simulations.

6.2.1 Coordinate frames
For the majority of BBH events detected so far, the inspiral stage often contributes

most of the SNR [35, 36, 40, 42]. The most natural coordinate system to describe
non-precessing binaries has its Î axis aligned with the direction of the orbital angular
momentum. We refer to this as the orbital frame and use (], i) to label the polar
(inclination) and azimuthal angles, respectively. In particular, waveforms of non-
preceesing binaries from the SXS catalog adopt the orbital frame. On the other
hand, QNM decomposition is most easily performed by taking the Î axis along the
spin direction of the remnant black hole. We shall refer to this as the final spin frame
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and use ( ]̃, ĩ) for its polar (inclination) and azimuthal angles.

The transformation between the orbital frame and the final spin frame in two
specific cases is illustrated in Fig. 6.1: (a) When the final spin of the remnant black
hole is aligned with the orbital angular momentum (spin-aligned case) [28], the
two frames coincide, i.e., ] = ]̃, i = ĩ. (b) When the final spin is anti-aligned
with the orbital angular momentum (spin-anti-aligned case), we have ] = c − ]̃ and
i = 2c − ĩ. With such coordinate transformation, the parameter space of j 5 is
constructed to be continuous across zero, thus linking the cases of aligned and anti-
aligned remnant spins. For more general cases of spin misaligned with the orbital
angular momentum, the orbital angular momentum precesses in time, and is neither
aligned nor anti-aligned with the final spin — this is left for future studies.

For consistencywith the SXSdata structure andmost of the literature, we adopt the
orbital frame when describing the final remnant spin j 5 , with j 5 < 0 corresponding
to the spin-anti-aligned case, and use |j 5 | to denote the spin magnitude. For
simplicity, we use the symbol ®Ω ≡ (], i) to represent coordinates in the orbital
frame.

6.2.2 QNM decomposition models
Let us now perform QNM decomposition of outgoing gravitational waves near

infinity in the final spin frame. From a start time C0, the complex-valued ringdown
waveform can be written as [1, 5, 7, 8, 68]:

ℎ(() ( ]̃, ĩ, C)
=(ℎ+ − 8 ℎ×) (() ( ]̃, ĩ, C)

=
" 5

A

;max∑
;=2

<=;∑
<=−;

=max∑
==0
[�((+)

;<=
4−8l;<= (C−C0)−2(;<= (W;<=, ]̃, ĩ)+

�
((−)
;<=

48l
∗
;<=
(C−C0)−2(

∗
;<= (W;<=, c − ]̃, ĩ)], (6.1)

where ℎ+ and ℎ× are the plus- and cross- polarization components, respectively, A
is the distance from the source binary to the detector on Earth. The QNMs summed
over here are labeled by three integers: the angular indices (;, <) with ; = 2, 3, ...
and |< | ≤ ;, and the overtone index = = 0, 1, .... Here we have only carried out the
summations up to finite maximal values of the angular quantum number ;max and
the overtone number =max. The real and imaginary parts of each l;<= correspond
to the (angular) frequency and decay rate of the QNM; the entire spectrum {l;<=}
is exclusively determined by the remnant black hole’s mass " 5 and dimensionless
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spin j 5 — the only two parameters that characterize a stationary uncharged black
hole, according to the no-hair theorem [25, 34, 69–73]. The angular functions
−2(;<= in Eq. (6.1) are the spin-weighted spheroidal harmonics, with dimensionless
spheroidicity parameter W;<= given by [8]:

W;<= = j 5" 5l;<=. (6.2)

The dependence of the angular function on W;<= can be attributed to the deformation
of bounded photon orbits due to a Kerr black hole’s spin.

In practice, on the other hand, the ringdown waveform is often approximated by
an expansion of decaying sinusoids with angular dependence given by spin-weighted
spherical harmonics {−2.;<}:

ℎ(. ) ( ]̃, ĩ, C)
=(ℎ+ − 8 ℎ×) (. ) ( ]̃, ĩ, C)

=
" 5

A

;max∑
;=2

<=;∑
<=−;

=max∑
==0
[�(.+)

;<=
4−8l;<= (C−C0)−2.;< ( ]̃, ĩ)+

�
(.−)
;<=

48l
∗
;<=
(C−C0)−2.

∗
;< (c − ]̃, ĩ)] . (6.3)

For simplicity, we refer to the decompositions in Eqs. (6.1) and (6.3) as ( model
and . model, respectively. The mode mixing between the two bases depends on the
spheroidicity W;<= [8, 26, 68, 74]:

−2(;<= (W;<=, ]̃, ĩ) = −2.;< ( ]̃, ĩ) + W;<=
∑
;≠; ′
2; ′;< −2.; ′< ( ]̃, ĩ)

+ O(W;<=)2, (6.4)

where 2; ′;< are the mixing coefficients between spin-weighted spheroidal harmonics
and spin-weighted spherical harmonics with different ;′ and ; but the same < index.
To test the angular emission patterns of remnant black holes, we compare the two
models and check which one is more consistent with the QNM expansions.

For the convenience of readers, the notation and terminology specifically defined
and used in this chapter are listed in Table 6.1. It is worth pointing out that the
conventions for writing the QNM expansion in Eq. (6.1) are not all consistent in
the existing literature, e.g., Refs [5, 26, 68]. We will briefly comment on them in
Sec. 6.2.5 and summarize in Table 6.2.
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Table 6.1: Notations and terminology used in this chapter.

Notation Definition and description
( The QNM decomposition in spin-weighted spheroidal

harmonics, defined in Eq. (6.1), often labeled in super-
scripts.

. The QNM decomposition in spin-weighted spherical
harmonics, defined in Eq. (6.3), often labeled in su-
perscripts.

Coffset The offset of starting time from the peak of
∑
;< |ℎ;< (C) |2

(Cpeak), defined in Eq. (6.6); it serves as the control hy-
perparameter in fitting.

j2 [ℎ, 6((/. )opt ] The optimal distance over the searched (" 5 , j 5 ) param-
eter space, defined in Eq. (6.43), shortened as j2 in the
figures.

Ctrans Transition time, the value of Coffset afterwhich the optimal
distance converges to a stable level, defined in Sec. 6.4.2.

j2
min Minimum distance, the converged value of the optimal

distance after the transition time, defined in Sec. 6.4.2.

|Δ" 5 /" 5 |, |Δj 5 /j 5 | Relative errors, the quantities used to characterize
the accuracy of the estimated parameters, defined in
Eqs. (6.17).

6.2.3 Temporal and spatial dependences of the modes
The physical meanings of the parameters and terms in Eqs. (6.1) and (6.3) are

explained as follows:

Time dependence. — Each l;<= represents one complex frequency of the QNMs
with index ;<=, with the imaginary part being the decay rate. Among the QNMs,
the < > 0 modes are prograde, while the < < 0 terms are retrograde. In this work,
we obtain l;<= numerically using the qnm python package [75]. As we vary j 5 ,
the trajectories of a selected set of l;<= appear as branches in the complex plane
in Fig. 6.2. Real parts of prograde-mode frequencies (solid curves) increase with
the spin magnitude |j 5 |, while those of the retrograde-mode frequencies (dotted
curves) decrease with |j 5 |. Moreover, the decay rate increases with increasing
overtone number =, as shown in the upper (= = 0) and lower (= = 1) parts of
Fig. 6.2. Higher overtones play more important roles in the earlier stage of the
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Figure 6.2: Examples of complex QMN frequencies for j 5 ∈ [0, 0.99] (similar to
Fig. 6 in Ref. [68]). The horizontal axis represents the frequency (the real part) and
the vertical axis represents the decay rate (the imaginary part). The solid, dashed,
and dotted curves stand for prograde modes (< > 0), < = 0 modes and retrograde
modes (< < 0), respectively. Each curve is labeled by its ;<= indices, starting with
the frequency value of j 5 = 0 and ending at the frequency value of j 5 = 0.99.
When j 5 = 0, QNM frequencies with the same ; index coincide, as indicated by
the black circles. We mark the frequencies corresponding to j 5 = 0.3725 (N9;
see waveform label in Table 6.3), j 5 = 0.6864 (N1) and j 5 = 0.9 (the example in
Fig. 6.3) by plus, inverted triangle, and dot markers, respectively. For the modes
with the same ;< indices, the ones with overtone = = 1 (lower curves) have larger
decay rates than the ones with = = 0 (upper curves).

ringdown [4, 23–25].

Spatial dependence. —For prograde (retrograde) modes with indices < > 0 (< <

0), the {�((+)
;<= −2(;<= (W;<=, ]̃, ĩ)}, {�(.+);<= −2.;< ( ]̃, ĩ)} terms describe the emission

mainly towards the north (south) hemisphere, while the {�((−)
;<= −2(

∗
;<=
(W;<=, c −

]̃, ĩ)}, {�(.−)
;<= −2.

∗
;<
(c − ]̃, ĩ)} ones describe the emission mainly towards the south

(north) hemisphere. The coefficients �((±/.±)
;<=

are the corresponding excitations of
the ;<= mode and are governed by the merging dynamics of the progenitor binary.
The temporal and spatial features of different terms are summarized in Table 6.2.
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[a] [b] [c] [d]
Temporal-spatial profile 4−8l220C−2(220 (W220, ]̃, ĩ) 48l

∗
220C−2(

∗
220 (W220, c − ]̃, ĩ) 4−8l2−20C−2(2−20 (W2−20, ]̃, ĩ) 48l

∗
2−20C−2(

∗
2−20 (W2−20, c − ]̃, ĩ)

Amplitude in Eq. (6.1) �
(+)
220 �

(−)
220 �

(+)
2−20 �

(−)
2−20

Right-/Left-handed (R/L) R L R L
Prograde/Retrograde Prograde Prograde Retrograde Retrograde
Emission direction
(in final spin frame) North South South North

Angular eigenfunction
(standard form) −2(220 (W220, ]̃, ĩ) −2(2−20 (−W∗220, ]̃, ĩ) −2(2−20 (W2−20, ]̃, ĩ) −2(220 (−W∗2−20, ]̃, ĩ)

Amplitude in [68]1 (2006) A220 A ′220 (mirror mode of [a]) A2−20 A ′2−20 (mirror mode of [c])
Terminology in [26] (2014) Regular mode Regular mode Mirror mode of [b] Mirror mode of [a]
Amplitude in [30, 32] (2019) A220 A ′220 A2−20 A ′2−20
Amplitude in [36] (2021) A220 A2−20 (not included) (not included)
Amplitude in [5] (2021) C[1]220 C[1]2−20 C[−1]220 C[−1]2−20
Amplitude in [76] (2021) �220 � ′2−20 (mirror mode of [c]) �2−20 � ′220 (mirror mode of [a])
Amplitude in [77, 78] (2021) C220 C2−20 C′2−20 (mirror mode of [b]) C′220 (mirror mode of [a])

Table 6.2: Conventions and notations for writing the QNM expansion, taking (;, <, =) = (2,±2, 0) for example.

1Ref. [68] denotes GW strain tensor as ℎ+ + 8 ℎ×, thus we include a sign change in angular frequency when comparing the convention in [68] with other papers.
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6.2.4 Excitations of prograde and retrograde modes
Let us now discuss the features of prograde and retrograde modes, and how they

should be excited in a merging binary. In Fig. 6.3, we illustrate the polarization
contents of each ringdownmode by plotting in 2Dgraphs the (ℎ+(C), ℎ×(C)) observed
from the north (] = 0, i = 0) and south (] = c, i = 0) poles in the orbital frame, for
C ∈ [0, 100" 5 ]. For illustration purposes, we choose j 5 = 0.9, ; = 2, and < = ±2
in the plot. We assign the same, arbitrarily chosen starting amplitude for all the
modes, (ℎ+(0), ℎ×(0)) = (0.63, 0). Since the modes oscillate and decay over time,
each mode traces a trajectory that spirals toward the center as time passes.

Here we emphasize that plotting ℎ+(C) along the G direction and ℎ×(C) along
the H direction in the graph (instead of the opposite) illustrates the way that the
polarization patterns rotate: if a binary along with its emission pattern rotates about
the (], i) emission direction by an angle, say Z , following right-hand rule, the
complex strain value ℎ = ℎ+ − 8ℎ× will become 4−28Z ℎ = 4−28Z (ℎ+ − 8ℎ×) and the
pattern of (ℎ+(C), ℎ×(C)) in the plot will rotate by 2Z counterclockwise.

Spin-aligned case. — In the left panels (a) of Fig. 6.3, we study the spin-aligned
case, with j 5 > 0. At the north pole (] = 0, upper left panel), we observe that the
�
(+)
<>0 (blue solid curve) and �(−)

<<0 (orange dashed curve) terms correspond to the
counterclockwise and clockwise trajectories in the (ℎ+, ℎ×) plane, respectively. It is
important to note that the other two terms, with amplitudes �(−)

<>0 and �
(+)
<<0, vanish

at the north pole due to the properties of spin-weighted spheroidal harmonics. The
counterclockwise (clockwise) trajectory corresponds to the positive (negative) value
of the real part in the QNM frequency of the �(+)

<>0 (�(−)
<<0) term. In this case, the

spin of the black hole is counterclockwise, therefore �(+)
<>0 (�(−)

<<0) corresponds to
a prograde (retrograde) pattern of polarization rotation. One can also see that the
prograde �(+)

<>0 mode spirals decay “slower” toward the center than the retrograde
�
(−)
<<0 mode (the blue solid curve reaches the gray dotted circle at C = 10" 5 while

the orange dashed curve reaches it before C = 10" 5 ), because the prograde mode
has a higher quality factor (the ratio between absolute values of real and imaginary
parts of the QNM frequency).

At the south pole (] = c, lower left panel), again according to properties of the
spin-weighted spheroidal harmonics, we only observe the �(−)

<>0 (solid orange curve)
and �(+)

<<0 (dashed blue curve) terms, which represent the prograde and retrograde
modes, respectively. In comparison with the view from the north pole, the prograde
(retrograde) mode now spirals clockwise (counterclockwise). This is consistent
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Figure 6.3: Polarization contents (ℎ+(C), ℎ×(C)) of the template ringdown waveform
indexed with (;, <) = (2, 2), (2,−2), observed from the north pole (] = 0, i = 0)
and south pole (] = c, i = 0) in the orbital frame for (a) spin-aligned (j 5 = 0.9)
and (b) spin-anti-aligned (j 5 = −0.9) cases. Each parametric curve starts at C = 0
from (ℎ+, ℎ×)=(0.63,0) and evolves as a spiral over C ∈ [0, 100" 5 ]. The “×” marker
indicates the strain at C = 10" 5 and the gray dotted circle indicates the strain
magnitude of prograde mode at that moment for reference. The �<>0 and �<<0
terms represent the prograde and retrograde QNMs excitation, respectively. For
�<>0 (�<<0), the “(+)” superscript stands for the emission in the same (opposite)
direction as the spin. For (a) spin-aligned case, the �(+)

<>0 and �
(−)
<<0 terms represent

the emission towards the north pole direction; for (b) spin-anti-aligned case, the
�
(−)
<>0 and �(+)

<<0 terms represent the emission towards the north pole direction. In
either case, the �(+)

<>0 and �(−)
<<0 terms represent the emission towards the remnant

spin direction.

with the fact that the black hole rotates clockwise when viewed from the south pole.
Mathematically, the signs of the real parts of the eigenfrequencies are flipped, while
the imaginary parts remain unchanged.

Spin-anti-aligned case. —In the right panels (b) of Fig. 6.3, we study the spin-anti-
aligned case, with j 5 < 0. We still follow an expansion in the final spin frame ( ]̃, ĩ)
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using Eq. (6.1) with dimensionless spin equal to |j 5 |, but now need to carry out the
transformation (] = c − ]̃, i = 2c − ĩ) to obtain the complex strain ℎ in the orbital
frame. Because of this transformation, at the north pole (] = 0, upper right panel),
we observe the �(−)

<>0 (solid magenta curve) and �(+)
<<0 (dashed green curve) modes.

They still correspond to prograde and retrograde modes, respectively, although now
the prograde (retrograde) mode has its frequency with a negative real part and a
spiral pattern that goes clockwise (counterclockwise). These are consistent with the
fact that the spin direction of the black hole is clockwise viewed from the north pole.

At the south pole (] = c, lower right panel), we observe the �(+)
<>0 (solid green

curve) and �(−)
<<0 (dashed magenta curve) modes, which correspond to prograde

and retrograde modes, respectively. The black hole spins counterclockwise when
viewed from the south.

It is worth pointing out that both the remnant spin direction and the excitation
of prograde or retrograde mode are determined by the binary dynamics. They are
related to each other because the polarization patterns of the inspiral wave would
transition smoothly to the ringdown modes. During the inspiral stage, the orbital
motion of the binary appears counterclockwise (clockwise) when viewed from the
north (south) pole. When the progenitor black holes are nonspinning, the remnant
spin is contributed solely from the orbital angular momentum and thus aligned with
the orbital angular momentum. Therefore, we anticipate the prograde modes to be
more strongly excited. On the other hand, when the initial spin is anti-aligned with
the orbital angular momentum, there would be competition between the spin and
orbital angular momentum during the merger. The left-over stronger contribution
will determine the direction of remnant spin, as well as the excitation of prograde or
retrograde modes. Specifically, when the contribution from the negative individual
spin is larger, the remnant black hole is left with a spin-anti-aligned with the orbital
angular momentum, and we anticipate stronger excitations for retrograde modes.

6.2.5 QNM conventions
Before moving on to the following discussion, we briefly comment on the con-

ventions for writing the QNM expansion in Eq. (6.1) or (6.3) in this chapter and in
other literature. The QNM expansion consists of four parts corresponding to the
combinations of two frequencies (l;<= and −l∗

;<=
), as well as the prograde and

retrograde modes.

In our convention, we first add up the terms with conjugate frequencies explicitly,
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and then sum up prograde (the expressions with positive <’s) and retrograde modes
(with negative <’s) over all the ;<= indices through the summation signs. The
convention and summation order in Ref. [5] are similar to ours. In Eq. (1) of [5],
the ? = 1 terms represent the prograde modes (our < > 0 terms), and ? = −1 terms
represent the retrograde modes (our < < 0 terms). When the retrograde modes are
not considered, the Eq. (3) of Ref. [5] is equivalent to our < ≥ 0 terms in Eq. (6.1),
with (−1); absorbed into the �((−)

;<=
coefficients to be determined.

In an alternative convention, one can sum up the terms with the same sign of
frequencies first. Specifically, the terminology of “mirror mode”was first mentioned
in [68] to describe the feature that half of the QNM frequencies are “degenerate in
modulus of the frequency and damping time,” as shown in Fig. 6 of [68]. Later in
Ref. [26], the terminology “mirror modes” was used to refer to the retrograde modes
with a different frequency sign from the corresponding prograde modes; while in
Ref. [76], it was used to refer to all terms with negative frequencies. In recent work
presented in [77, 78], the same terminology “mirror modes" is used to describe the
retrograde modes that emit to the same direction as the considered prograde modes
(Fig. 1 of Ref. [77]), while the remaining terms with the conjugate frequencies
are taken into account by symmetry. Since there is no consistent definition of
mirror modes yet, we choose not to use such terminology and, instead, define and
describe the prograde and retrograde modes, as well as the terms with conjugate
frequencies explicitly. We summarize the conventions and notations for writing the
QNM expansion in some existing literature in Table 6.2. More details are given in
App. 6.8.

6.2.6 Beyond linear ringdowns
Wefinally point out that in addition to QNMs, the gravitational waveform after the

merger phase also contains power-law tails [79] and gravitational wavememory [80–
82]. Power-law tails arise from the long-range nature of the black hole’s gravitational
potential. This contribution decay with time, following a power law, and is generally
believed to be negligible for binary black hole coalescence.

Gravitational wave memory originally refers to the change in spacetime geometry
at future null infinity before and after the passage of a transient gravitational wave.
Linearmemory refers to changes that can be related to the initial and finalmomentum
distributions of the gravitational wave source [80], while non-linear memory is
induced by the non-linearity of the Einstein’s equations [81]; it can be further



170

interpreted as arising from the gravity effect caused by the energy and momentum
of the gravitons [82]. For compact binaries, the memory waveform also refers to a
non-oscillatory component of the total waveform that starts off at zero and gradually
reaches the final value equal to the gravitational wave memory [83]. Memory
waveform can be computed from thosewaveforms obtained fromperturbation theory
that do not account for the memory effect [84, 85].

Recent numerical simulations have also been able to decompose the full waveform
at null infinity into a memory piece and a memory-free piece [86]. It is also shown
that the previous SXSwaveforms (including those approximated by theNR surrogate
models) correspond to thememory-free piece. In this study, we use thememory-free
waveforms, and show that they can be decomposed into QNMs, in terms of both
the temporal and spatial distributions. The memory waveform, on the other hand,
cannot be decomposed into QNMs.

6.3 Fit memory-free NR waveforms with QNM expansions
We now develop a strategy to use QNM expansions (6.1) and (6.3) to fit memory-

freeNRwaveforms. In our strategy, we do not focus on onewave-emission direction,
or one particular (;, <) mode, but rather consider the joint temporal and spatial
(angular) dependence of the ringdown gravitational waves. More specifically, for
each binary, and its ringdown waveform starting from a particular time C0, we find
the optimal set of parameters (" 5 , j 5 ) and coefficients {�((±/.±)

;<=
} with which the

expansion in Eqs. (6.1) or (6.3) best describes the ℎ( ®Ω, C) obtained from numerical
relativity. From this approach, we are able to determine whether the ( or the .
model is the more faithful representation of the ringdown gravitational waves.

6.3.1 Target waveforms and templates
In this study, our (memory-free) target waveform ℎ( ®Ω, C) is obtained from the

SXS catalog, which provides ℎ in terms of the expansion in spin-weighted spherical
harmonics:

ℎ( ®Ω, C) =
∑
;<

−2.;< ( ®Ω)ℎ;< (C). (6.5)

For each binary, we denote the time at which
∑
;< |ℎ;< (C) |2 is maximum by Cpeak.

We then use templates in the forms of QNM expansion, either Eq. (6.1) or Eq. (6.3),
to approximate the target waveform during C ∈ [C0, +∞)1. Here C0 is a starting time

1Practically, for all value of C0, we consider the waveform till Cpeak + 100" when it essentially
damps to 0.
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not far from Cpeak, with an offset

Coffset = C0 − Cpeak. (6.6)

In order to evaluate the quality of the fit, we first define a temporal-spatial inner
product of the target waveform ℎ( ®Ω, C) and the template waveform 6( ®Ω, C) by doing
a double integral over both time and angular coordinates:

〈6 | ℎ〉 =
∫

32 ®Ω
∫ +∞

C0

3C

[
6∗( ®Ω, C)ℎ( ®Ω, C)

]
. (6.7)

We can then characterize the distance between ℎ( ®Ω, C) and 6( ®Ω, C) using

j2 [ℎ, 6] = 〈ℎ − 6 | ℎ − 6〉〈ℎ | ℎ〉 . (6.8)

For each binary configuration, the distance j2 depends on the starting time C0
of ringdown fit, the mass and dimensionless spin (" 5 , j 5 ) of the remnant black
hole, the set of QNM modes summed over (including whether we use the ( or
the . model), and their complex amplitudes {�(±)

;<=
}. The parameters (" 5 , j 5 ) are

intrinsic and need to be optimized numerically, the mode amplitudes {�(±)
;<=
} can be

optimized analytically, while the starting time C0 works as the hyperparameter that
controls the fitting.

6.3.2 Strategy for minimizing j2 over {�(±)
;<=
}

As it turns out, minimization of j2 over {�(±)
;<=
} can be carried out analytically,

because j2 can be viewed as squared distance between ℎ and a linear subspace
spanned by the spin-weighted harmonic basis by varying coefficients/coordinates
{�(±)

;<=
}.

Let us do this explicitly for the ( model, and the procedure for the . model can
be obtained by simply switching ( to . . Let us first define the following quantities
for inner products:

 
(f)
;<=

=

∫
32 ®Ω

∫ +∞

C0

3C 6
(f) ∗
;<=
( ®Ω, C)ℎ( ®Ω, C), (6.9)

�
(f,f′)
;<=,; ′<′=′ =

∫
32 ®Ω

∫ +∞

C0

3C 6
(f) ∗
;<=
( ®Ω, C)6(f

′)
; ′<′=′ ( ®Ω, C). (6.10)

Here f = ±, and we further define

6
(+)
;<=
( ®Ω, C) = 4−8l;<= (C−C0) −2(;<= (W;<=, ]̃, ĩ), (6.11)

6
(−)
;<=
( ®Ω, C) = 48l∗;<= (C−C0) −2(

∗
;<= (W;<=, c − ]̃, ĩ). (6.12)
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Note that ( ]̃, ĩ) need to be converted to (], i) depending on whether we have spin-
aligned or spin-anti-aligned binaries. We can now view �

(f)
;<=

and  (f)
;<=

as the
components of column vectors ®� and ® , and � (f,f

′)
;<=,; ′<′=′ as those of a Hermitian

matrix G. The inner product in Eq. (6.7) can thus be written as:

〈6 |ℎ〉 = ®�† ® , 〈6 |6〉 = ®�†G ®�. (6.13)

This leads to the least-squares value of distance

j2
l-s = 1 −

® †G ® 
〈ℎ |ℎ〉 , (6.14)

which is achieved when the coefficients satisfy

®� = G−1 ® . (6.15)

We then search the 2D parameter space of (" 5 , j 5 ) to find the best estimates of
(" 5 ,est, j 5 ,est) that yield the optimal distance j2 [ℎ, 6((/. )opt ] for ( and . models,
respectively. Details of the numerical implementation can be found in App. 6.10.

6.4 Fitting the benchmark GW150921-like binary
In this section and the following Sec. 6.5, we focus on spin-aligned binaries, for

which the spin of the remnant black hole is in the same direction as the binary
orbital angular momentum. For both the ( and . models of QNM expansion,
starting from different times (described by the hyperparameter Coffset), we com-
pare the optimal distance j2 [ℎ, 6((/. )opt ] (j2 for short in the plot labels) and the
corresponding (" 5 ,est, j 5 ,est), when different groups of angular (;, <) modes and
overtones are included. We demonstrate that, as expected, the ( model describes
the NR waveforms better than the . model. We carry out this study firstly for a
“benchmark binary” waveform, G0 (with parameters similar to the first GW event
GW150914 [60, 87, 88]), and then nine non-spinning binaries with mass ratio @
ranging from 1 to 6, as listed in Table 6.3.

In Sec. 6.4.1, we introduce our strategy for choosing which angular (;, <) modes
to include in the QNM expansion. In Sec. 6.4.2, we present the fitting results for the
benchmark binary waveform G0.

1All SXS waveforms [60] used in this work have the ID type “BBH_SKS”, and the levels listed
are the maximum available ones.

2The initial values are taken at the reference time after junk radiation [89]. At an accuracy
level of 10−4, the spin components in Ĝ and Ĥ directions are zero for all the primary, secondary, and
remnant black holes listed here.

3For simplicity, in the main text we use j 5 to represent ( ®j 5 )I .
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Table 6.3: SXS BBH waveforms used in Secs. 6.4–6.5.

Label SXS ID/Lev1 @ref2 ( ®jref,1)I2 ( ®jref,2)I2 jeff ( ®j 5 )I2,3
G0 0305/Lev6 1.221 0.3300 −0.4399 −0.0166 0.6921
N1 1154/Lev3 1.000 0.0000 0.0000 0.0000 0.6864
N2 1143/Lev3 1.250 −0.0001 0.0000 −0.0001 0.6795
N3 0593/Lev3 1.500 0.0000 0.0001 0.0001 0.6641
N4 1354/Lev3 1.832 −0.0002 0.0001 −0.0001 0.6377
N5 1166/Lev3 2.000 0.0000 0.0000 0.0000 0.6234
N6 2265/Lev3 3.000 0.0000 0.0000 0.0000 0.5406
N7 1906/Lev3 4.000 0.0001 −0.0001 0.0000 0.4718
N8 0187/Lev3 5.039 0.0000 0.0000 0.0000 0.4148
N9 0181/Lev4 6.000 0.0000 0.0000 0.0000 0.3725

(2, 2) (3, 3) (2, 1) (4, 4) (2, 0) (3, 2) (5, 5) (4, 3) (6, 6) (3, 1) (7, 7) (3, 0) (5, 4)
10−4

10−3

10−2

10−1

100

101 G0 q=1.221

N1 q=1.000

N2 q=1.250

N3 q=1.500

N4 q=1.832

N5 q=2.000

N6 q=3.000

N7 q=4.000

N8 q=5.039

N9 q=6.000

A;<

Mode︸︷︷︸
Group 1

︸   ︷︷   ︸
Group 2

︸           ︷︷           ︸
Group 3

︸           ︷︷           ︸
Group 4

Figure 6.4: The relative importance A;<, defined in Eq. (6.16) as the strain com-
ponent in spin-weighted spherical mode (;, <) squared and integrated from Cpeak to
Cpeak +100" . Groups 1–4 of the (;, <) modes are defined according to their relative
importance in the QNM expansion, and are added to the fitting models in order. See
details in Sec. 6.4.1.

6.4.1 Strategy for choosing angular modes
Even though the quadrupole (;, <) = (2, 2) mode is the dominant component of

the inspiral, merger, and ringdown waves, gravitational wave detectors at present
and in the future are capable of detecting higher multipole modes that are also
excited [45]. This capability is the foundation for this study. TheNRwaveforms from
the SXS catalog include all (;, <)modes up to ;max = 8 [60]. However, incorporating
too many modes in the QNM expansion will eventually lead to overfitting and
numerical noise. We need a strategy to include the appropriate angular modes,
which should be based on: (i) the strength of excitation of the modes, and (ii) the
accuracy of the NR waveforms, and the sensitivity of our detectors.

Let us now address (i) above, while (ii) will be discussed at the end of Sec. 6.4.2.
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To investigate the excitation strength of each (;, <) mode, we can rank them in terms
of their relative importance for the QNM expansion:

A;< =

∫ Cpeak+100"

Cpeak

3C |ℎ;< (C) |2 . (6.16)

For G0 andN1–N9 binaries, we plot theirA;< as vertical bars in Fig. 6.4. According
to the order of magnitude of A;< for all @’s, the (;, <) modes can be qualitatively
categorized into four groups:

Group 1: (2, 2),
Group 2: (3, 3), (2, 1),
Group 3: (4, 4), (2, 0), (3, 2),
Group 4: (5, 5), (4, 3), (6, 6).

In our studies, instead of testing each of the individual modes, we add modes to our
QNM expansion by groups, from Group 1 to Group 4 sequentially. The contribution
of each group can thus be quantified by comparing the fitting results before and after
adding that group.

Before moving on to the fitting, let us comment that the magnitude of the A;<’s
can be traced qualitatively to the excitation of the corresponding (;, <) mode during
the inspiral stage. The initial magnitudes of (;, <) modes are determined by (a)
their post-Newtonian order, i.e., higher (;, <) modes are generally weaker, and (b)
the suppression due to symmetry, i.e., the (;, <) = (3, 3), (2, 1), (5, 5), (4, 3) modes
are prohibited for equal mass ratio binaries (e.g., N1). As A;< is an integral over
time, the ranking of eachA;< is determined jointly by the initial magnitude and the
decay rate of that specific mode.

6.4.2 Fittings results for the benchmark binary G0
In this section, we discuss the fitting results for the benchmark binary G0. This

binary waveform is used to verify the fitting algorithm described in Sec. 6.3, as it
has the best numerical precision in the SXS catalog to date [60, 87, 88]. We first
investigate the distinguishability of the ( and . models and the contributions of
higher-order angular modes and overtones. We then comment on the fitting error by
comparing the results obtained using waveforms at different numerical resolution
levels.

To characterize the accuracy of (" 5 ,est, j 5 ,est), we define the relative errors as
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follows:

|Δ" 5 /" 5 | ≡ |(" 5 ,est − " 5 ,true)/" 5 ,true |, (6.17a)

|Δj 5 /j 5 | ≡ |(j 5 ,est − j,true)/j 5 ,true |, (6.17b)

where the true values (" 5 ,true, j 5 ,true) are taken from the SXS metadata. In Fig. 6.5,
for both the ( and . models, we show results of the optimal distance j2 [ℎ, 6((/. )opt ]
and the relative estimation errors. The results obtained using the ( and . models
are presented by blue solid and orange dotted curves, respectively. All results are
shown with respect to Coffset defined in Eq. (6.6). Each row represents the fitting with
the same (;, <) modes but different numbers of overtones. Different rows display
the results with different groups of (;, <) modes.

Let us first discuss the influence of varying the hyperparameter C0, or equivalently,
Coffset. As shown in each panel of Fig. 6.5, with the increasing Coffset, j2 [ℎ, 6((/. )opt ]
decreases and converges to a stable level after some specific value of Coffset, which
looks like a “flat tail” in the plot. We define that specific Coffset as transition time
(Ctrans), and the converged value of distance as minimum distance (j2

min). More
discussion about Ctrans and j2

min can be found at the end of Sec. 6.5. Practically,
we define Ctrans as the time when 30% of the maximum slope in logarithmic scale
of the fitting distance with respect to Coffset is reached. For the ( model, in each
j2 block, Ctrans is marked by a vertical line and j2

min by a horizontal line, both in
translucent blue. The accuracies of " 5 ,est and j 5 ,est (shown in blocks below each
j2 block) oscillate, while in general the levels of accuracy agree with the evolution
of j2 with respect to Coffset, i.e., the relative errors decrease significantly before Ctrans
and slightly oscillate around a stable level after that. Despite the oscillation, after
Ctrans, the relative errors are generally bounded by some specific small error level
(similar to the reaching of j2

min in the j2 plot). As the Ctrans values generally agree
between j2 and the accuracies of (" 5 ,est, j 5 ,est), we simply refer to the optimal
distance when comparing the fitting results in the following discussions.

We then discuss the contribution of different (;, <) angular modes. The ranking
of each A;< (Fig. 6.4) indicates its significance in the fitting. The contribution of
higher-order angular modes can be observed by comparing among different rows in
Fig. 6.5. Specifically, the four panels in the first column show the results of fitting
with different (;, <) mode groups, with the fundamental = = 0 overtones only. From
top to bottom, the j2

min values for the ( and . models are listed in Table 6.4. The
j2
min values for the ( model are consistently smaller than those for the . model.
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Figure 6.5: Fitting results for the benchmark binary G0. Each three closely laid
blocks show the optimal distance j2 and the relative error in estimated (" 5 , j 5 ),
with respect to Coffset/" . The solid blue and dotted orange curves correspond to the
( and . models, respectively. Different rows, from top to bottom, correspond to
adding (;, <) modes sequentially in groups, as specified in the upper right corner of
each j2 block. Within each row, different columns, from left to right, correspond
to adding overtones for the same set of (;, <) modes, as specified in the lower right
corner of each j2 block.
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Figure 6.6: Fitting results for G0 using SXS data with different numerical levels
(presented in different colors). The first and second rows correspond to fitting with
the ( and . models, respectively. Within each row, the columns, from left to right,
correspond to adding (;, <) modes sequentially in groups. In this comparison, the
models only contain the = = 0 fundamental modes without including overtones.

In the case of using the ( model, adding Group 3, (;, <) = (4, 4), (2, 0), (3, 2),
improves the results most significantly. It reduces j2

min from ∼ 10−3 to ∼ 10−4 and
the relative estimation error from ∼ 10−2 to ∼ 10−3. On the contrary, no order of
magnitude improvement is seen when using the. model by adding (;, <) groups, as
the . model is not accurate enough such that the errors due to missing higher-order
modes are smaller compared to the errors caused by the inaccuracy of the . model
itself. As shown in Fig. 6.4, for binary G0, (;, <) = (3, 2) in Group 3 and (3, 3) in
Group 2 are the subdominant modes except for the leading mode (2, 2) in Group 1;
while Group 4 is the least important group among 1–4. Accordingly, in Fig. 6.5,
we can see that including Groups 2 and 3 leads to significant improvement while
including Group 4 does not.

On the other hand, the effect of overtones can be observed by comparing different
columns within each row. It is shown that adding overtones can bring Ctrans to an
earlier time; the more overtones added, the earlier Ctrans becomes. This effect can
be explained by referring to Fig. 6.2: the higher-order overtones have larger decay
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rates and usually play roles at the time closer to Cpeak. By including overtones, the
ringdown model is more accurate at an earlier time after the merger and thus j2

min
can be achieved with a smaller Coffset.

The distinguishability between the ( and . models is influenced jointly by (;, <)
modes and overtones. With the same modes included, the ( model can always yield
smaller j2

min than the . model. Moreover, the improvement in j2
min of using (

compared to . is more significant when more (;, <) modes are added, and when
more overtones are included. This is illustrated by Eq. (6.4): there is a certain
difference between ( and . bases for each given ;<= mode. Specifically, in the (
model, different overtones of the (;, <) mode have different angular distributions,
while they share the same distribution in the. model. Therefore, addingmore (;, <)
modes and overtones enlarges the difference between two models. Additionally, by
adding higher-order overtones, j2

min generally does not change, because higher-order
overtones are damped before Ctrans and have negligible contribution to the converged
level of distance. In terms of the relative errors in (" 5 ,est, j 5 ,est), the advantage of
using the ( model only becomes obvious when adding modes up to Group 3. This
will be further discussed in Sec. 6.5 with other nonspinning binaries N1–N9.

Before the extensive comparison of binaries with various mass ratios in the next
section, we first comment on possible sources of fitting errors that could potentially
impact the conclusion of model distinguishability. In this study, no simulated noise
has been added. Thus, apart from the limitation of the model itself, the fitting errors
mostly come from numerical noises in the NR waveforms. The SXS waveforms are
provided at several numerical resolution levels labeled as Lev1, Lev2, Lev3, etc.
For the same binary, a higher level has higher resolution; while between different
binaries, level numbers are not necessarily meaningful [60]. The uncertainties in
j2
min and (" 5 ,est, j 5 ,est) are supposed to be bounded by the difference between the

results obtained from the numerical level used in Table 6.3 and the adjacent lower
level [60]. For the results in Fig. 6.5, we used the highest available numerical
level of G0, Lev6, as listed in Table 6.3. We now compare them with the results

Table 6.4: The values of j2
min when fitting G0 with different (;, <) modes (= = 0

only).

Model Group 1 Group 1,2 Group 1–3 Group 1–4
( 7.9 × 10−3 2.3 × 10−3 2.2 × 10−4 9.9 × 10−5

. 1.0 × 10−2 5.1 × 10−3 3.1 × 10−3 3.0 × 10−3
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obtained from lower levels, Lev5–Lev3. If the difference between using the ( and
. models at Lev6 is clearly larger than the difference of results obtained among
different levels, we are able to state that the two models are distinguishable. In
Fig. 6.6, we plot the results obtained from different levels, with different (;, <)
groups (= = 0 only). It is shown that the j2 values obtained at different levels
are not distinguishable by eye, and are definitely smaller than the (/. difference
shown in Fig. 6.5. Thus, the conclusion that the ( model can be distinguished
from the . model and is a more faithful representation of the NR waveform is not
impacted by the numerical errors. Note that not all SXS waveforms have such a
good numerical precision in the ringdown part for the purpose of this study, probably
due to memory residuals in the chosen Bondi-Metzner-Sachs (BMS) frame [90]. To
avoid this impact, we select the SXS waveforms that can produce consistent results
from different numerical levels. See App. 6.12 for more details. When the ringdown
waveform has significantly decayed, if the model is sufficiently accurate with Group
3 and Group 4 included, subtle ringdown residuals due to the choice of frame in the
numerical data will manifest as slightly increased j2 values for 40 . Coffset . 50 (see
Fig. 6.5 and App. 6.11). Potentially, subtractions of the late ringdown residuals [24]
could help improve the fitting in the range of 40 . Coffset . 50. We do not
conduct such subtraction because it is not well motivated, and the small impact
from the residuals [91] does not quantitatively change the resulting transition time
and minimum distance in our analysis. Recent studies show that using the Cauchy-
characteristic extraction (CCE) and mapping to the super-rest frame would be a
proper approach to obtain the memory-free waveform [90, 91].

6.5 Nonspinning binaries with different mass ratios
In Sec. 6.4.2, we have verified the fitting algorithmwith the benchmark binary G0.

To study the contributions of (;, <) modes and overtones in binaries with various
mass ratios [25], we apply the same method to a series of nonspinning binary
waveforms N1–N9 with mass ratios ranging from 1 to 6, as listed in Table 6.3. In
this section, we demonstrate that more modes are needed in order to achieve the
same level of j2

min with larger mass ratios, as the higher-order modes are more
strongly excited in larger mass-ratio binaries. We summarize the results in two plots
grouped by (;, <) groups and numbers of overtones: Fig. 6.7 shows the comparison
between the ( and . models in terms of j2

min; Fig. 6.8 displays Ctrans for the ( model
when different modes and overtones are included. Detailed fitting results in the
same format as those of G0 in Fig. 6.5 are presented in App. 6.11.
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Figure 6.7: The minimum distance j2
min obtained for binaries G0 and N1–N9 when

(a) = = 0, (b) = = 0, 1, (c) = = 0, 1, 2, and (d) = = 0, 1, 2, 3 are considered.
The horizontal axes are arranged by (;, <) groups. Within each group, results for
different waveforms are shown by markers in different shapes, as indicated by the
legend in (a). For each binary waveform, the big colored and the small blackmarkers
indicate j2

min obtained using the ( and . models, respectively.
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In Fig. 6.7, for both the ( and . models, j2
min decreases when more (;, <) modes

are added. For a binary with larger @, more significant improvement is seen when
adding more (;, <) modes. In the case of the ( model, j2

min for binary N1 (@ = 1)
decreases from 2× 10−3 (Group 1) to 7× 10−5 (Group 1–4), with the accuracy level
improved by a factor of ∼ 30; for binary N9 (@ = 6), an improvement by a factor
of ∼ 280 is achieved from Group 1 to Group 1–4. As indicated in Fig. 6.4, higher
angular modes are more strongly excited in binaries with larger mass ratios and thus
play a more important role in the QNM expansion. On the other hand, to reach an
accuracy of j2

min < 0.01 in the ( model, the fundamental (2, 2) mode is enough for
@ < 1.25 ; while (;, <) modes up to Group 2 are needed for 1.25 < @ < 4 binaries
and Group 1–3 are needed for @ > 5. Comparing panels (a)–(d) in Fig. 6.7, we see
that adding more overtones does not result in any order-of-magnitude improvement
to j2

min. That is because higher-order overtones decay faster and thus only influence
the ringdown waveform at an earlier time while having negligible impact on the
converged j2

min after Ctrans.

Comparing results of different binaries in Fig. 6.7, the differences between ( and
. are the most and least significant for the @ = 1 and @ = 6 binaries, respectively.
Taking the last column of groups (Groups 1–4) in panel (a) for example, for binary
N1 (@ = 1), we have j2

min = 7 × 10−5 and 3 × 10−3 for the ( and . models,
respectively, with a factor of ∼ 40 improvement in accuracy by using ( versus . ;
while for binary N9 (@ = 6), the accuracy is only a factor of ∼ 1.8 better by using
( (j2

min = 6.0 × 10−4 for ( and 1 × 10−3 for . ). This is because the distinction
between the ( and . bases depends on the spheroidicities, as shown in Eq. (6.4),
which are proportional to |j 5 |, " 5 , and l;<=’s. Meanwhile, when the progenitor
black holes are nonspinning, |j 5 | decreases as @ increases, e.g., j 5 = 0.6864 for
N1 and j 5 = 0.3725 for N9.

Even though the ( model results in better j2
min than the . model, it is not always

the case for the estimated parameters " 5 ,est and j 5 ,est. The features of relative
errors defined in Eq. (6.17) are summarized below, with detailed results presented
in App. 6.11:

• For G0, N1–N4: Before adding (;, <) Group 3, . model behaves better; (
turns better after adding Group 3.

• For N5: There is no clear (/. distinction when including only Group 1; .
behaves better after adding Group 2; ( behaves better after adding Group 3.
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Figure 6.8: The (model transition time Ctrans for binaries G0 andN1–N9. Each panel
corresponds to a specific binary, labeled in the upper left corner. The horizontal axis
is Coffset/" , and the discretized vertical axis specifies the (;, <) groups. Markers
in different shapes indicate different numbers of overtones included, shown in the
legend in the top left panel.
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Figure 6.9: Example ( model distances j2 for binaries G0 and N9, with respect to
Coffset. The left and right columns are for = = 0 and = = 0, 1, respectively. Curves
with different colors stand for different (;, <) Groups, as shown in the legend. The
translucent vertical and horizontal lines indicate Ctrans and j2

min, respectively.

• For N6: . behaves better before adding Group 3; there is no distinction after
adding Group 3 but not Group 4; ( behaves better after adding Group 4.

• For N7: . behaves better before adding Group 3; there is no distinction after
adding Group 3.

• For N8–N9: . behaves better before adding Group 4; there is no distinction
after adding Group 4.

From the observations above, we notice that when not including enough (;, <)
modes, ( model is not necessarily better than . model in estimating parameters
of the remnant black hole. It indicates that the more accurate ( model with spin-
weighted spheroidal harmonics are more impacted by the missing (;, <) modes,
while the less accurate. model with orthogonal spin-weighted spherical harmonics
is less impacted. For binaries with larger @, more (;, <) modes have non-negligible
contributions to the ringdown waveform, and thus are all required for a precise
characterization when using the ( model. Once those (;, <) modes are included,
the ( model is consistently better than the . model in both j2

min and the accuracy of
(" 5 ,est, j 5 ,est).
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Based on the discussion above, we conclude that the spin-weighted spheroidal
harmonics (( model) is indeed the better representation of gravitational wave ring-
down signals compared to the spin-weighted spherical harmonics (. model), and
that the difference is distinguishable in NR waveforms.

Let us comment on the temporal behavior of fitting with different (;, <) modes
and overtones. Now we only consider the ( model as we have demonstrated that
the ( model is a better representation. In Fig. 6.8, we summarize Ctrans for binaries
G0 and N1–N9, and further in Fig. 6.9, we show the details of j2 with respect to
Coffset for two example binaries, G0 and N9. Essentially, the transition time Ctrans
happens when the missing overtones have mostly decayed in the NR waveform, with
j2 reaching the minimum distance j2

min determined by the precision that the model
can achieve. Adding overtones brings forward Ctrans, while adding (;, <) modes
postpones Ctrans — when the model becomes more accurate, the achievable j2

min is
smaller and thus takes more time to arrive. In other words, when the model template
includes more (;, <) modes, more overtones are needed accordingly to reach the
transition at a similar time. Similarly, mass ratios also influence the transition time
as a result of different achievable j2

min levels. As shown in Fig. 6.8, with the same
sets of modes included in the template, Ctrans generally occurs earlier when @ is larger,
because the achievable j2

min is relatively larger.

In this section, we have discussed the (/. model distinguishability and contri-
bution of higher-order (;, <) modes and overtones. In the next section, we will
further consider the situations when the progenitor binaries have spins along the −Î
direction that leads to anti-aligned spins in remnant black holes.

6.6 Spinning binaries and retrograde excitation
For nonspinning binaries, only the orbital angular momentum contributes to the

remnant spin. While in general cases, the spin angular momentum of each individual
progenitor black hole also leaves imprints in the ringdown waveform. Specifically,
when the spins of the progenitor black holes are anti-aligned with the orbital angular
momentum [64, 67, 92] and are large enough, retrograde modes could be excited
in the remnant black hole. Retrograde excitations have been studied in the case
of extreme mass ratio inspirals [29–32] using black hole perturbation theory [7].
Features of the ringdownwaveforms have also been numerically studied in superkick
BBH systems with equal mass [93], while not many studies have been done in the
intermediate mass ratio inspirals [94, 95].
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Table 6.5: SXS BBH waveforms used in Sec. 6.6.

Label1 SXS ID/Lev @ref ( ®jref,1)I ( ®jref,2)I jeff ( ®j 5 )I
A0 0188/Lev3 7.187 0.0000 0.0000 0.0000 0.3306
A1 1424/Lev3 6.464 −0.6566 −0.7991 −0.6757 −0.0929
A2 1435/Lev3 6.589 −0.7893 0.0673 −0.6764 −0.1828
A3 1422/Lev3 7.953 −0.8001 −0.4588 −0.7620 −0.2721

To study the retrograde excitations, we apply the fitting method described above
to three binaries, A1–A3, with j 5 < 0 (|j 5 | increases from A1 to A3), as listed
in Table 6.5. A nonspinning binary A0 with j 5 > 0 is included for comparison
purposes. The orbital angular momentum and the spin angular momentum of the
primary black hole, when in opposite directions, will cancel out to some extent in
the merger stage [67, 92]. Becasue of that, retrograde QNMs, excited when the anti-
aligned spin dominates, have smaller frequencies compared with the corresponding
prograde modes. During the merger, the inspiral polarization pattern transitions
smoothly to the dominating prograde or retrograde ringdown modes for remnant
spin j 5 > 0 and j 5 < 0, respectively. This will be discussed in more details as
discussed in Sec. 6.2.4.

In this section, we describe the fitting strategy, again, based on the relative
importance of different modes in these waveforms (A0–A3) and implement the
fitting with both prograde and retrograde modes included, or with prograde modes
only. We then analyze the results and discuss the features of QNM frequencies and

1Omit the same notes as in Table 6.3.

(2, 2) (3, 3) (2, 1) (4, 4) (2, 0) (3, 2) (5, 5) (4, 3) (6, 6) (3, 1) (7, 7) (3, 0) (5, 4)
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Figure 6.10: The relative importance A;< of binaries A0–A3. The definitions of
Group 1–3 follow those in Fig. 6.4. Considering the computing cost with retrograde
modes added, we only include (;, <) modes up to Group 3 in Sec. 6.6.
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polarization patterns in the spin-anti-aligned case.

The relative importanceA;< (defined in Eq. (6.16)) of binaries A0–A3 are plotted
in Fig. 6.10. We follow the convention in Fig. 6.1 to extend the parameter space
of the orbital frame spin j 5 to include negative values. In Secs. 6.4–6.5 we have
demonstrated that the ( model is more accurate compared to the . model. In this
section, we focus on the fitting using the ( model. We follow the grouping and
ranking of (;, <) modes discussed in Sec. 6.4.1. Given that the fitting including
retrogrademodes ismore computationally expensive (the number ofmodes doubled)
and that the main purpose here is to study the retrograde modes, we directly compare
the results between including only the prograde modes up to Group 3, i.e., (;, <) =
(2, 2), (3, 3), (2, 1), (4, 4), (2, 0), (3, 2), and the results including the corresponding
retrograde modes (;, <) = (2,−2), (3,−3), (2,−1), (4,−4), (3,−2) as well. To
confirm the contribution of overtones, we implement two sets of fittings with = = 0
and = = 0, 1 for each of the two scenarios above. Also, since j2

min will be stabilized
at some given level after Ctrans, we carry out the fitting up to Coffset = 35" in this
section.

The polarization patterns for A0–A3 have similar features at different emission
directions, as shown in Fig. 6.11 — they all look counterclockwise when viewed
from the north side (] < c/2) and clockwise when viewed from the south side
(] > c/2). Combined with Fig. 6.3, we can see that the dominant excitations are
either characterized by �((±)

<>0 for spin-aligned binaries, or by �((±)
<<0 for spin-anti-

aligned binaries. Thus the dominant QMNs should be prograde modes for A0 but
retrograde modes for A1–A3.

Another feature we expect to see when comparing the fitting results with and
without the retrograde modes is associated with |j 5 |. As shown in Fig. 6.2, the
QNMfrequencies of the retrogrademodes correspond to the dotted curves, extending
towards lower frequencieswhen |j 5 | increases from the pointswith j 5 = 0, while the
curves of prograde modes extend towards higher frequencies when |j 5 | increases.
For larger |j 5 |, the frequencies of a progrademode and the corresponding retrograde
mode become more separated in the spectrum. Thus the difference in fittings with
and without the retrograde modes becomes more distinct.

The fitting results are shown in Fig. 6.12, where (a) and (b) correspond to the
cases with overtones = = 0 and = = 0, 1, respectively. When showing j 5 ,est, we
no longer use the relative error defined in Eq. (6.17), as it is not a good measure
when the true value is small and comparable to the level of oscillation, e.g., A1 has
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Figure 6.12: Fitting results for binaries A0–A3 using the ( model with (a) only
the fundamental modes = = 0 and (b) overtones = = 0, 1. For each binary (in each
column), (a1) and (b1) show the optimal distance j2, the relative error in " 5 ,est,
and j 5 ,est; (a2) and (b2) show the magnitudes of the optimal coefficients. In (a1)
and (b1), the solid cyan and dot-dashed magenta curves correspond to the results
without and with retrograde modes included, respectively. The dotted red line in
each j 5 block indicates the j 5 ,true. In (a2) and (b2), the upper and lower blocks
show optimal coefficients when fitting without and with retrograde modes included,
respectively. The solid and dotted curves correspond to prograde and retrograde
modes, respectively. Note that � ((+)

;<=
and � ((−)

;<=
with the same ;<= indices are

roughly conjugate to each other (in the spin-aligned or spin-anti-aligned cases). For
brevity, we only plot their absolute values.
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Figure 6.13: Fitting results for the binary waveforms A0–A3 using SXS data with
different numerical levels. The ( model used for fitting only contains the fundamen-
tal = = 0 modes. Plot settings are the same as Fig. 6.6. The inset in the j2 block of
the first column shows the results in a zoomed-in range.

j 5 ,true = −0.0929, while j 5 ,est oscillates up to ∼ 0.1. Instead, we directly compare
j 5 ,est to j 5 ,true (the dotted red lines in Fig. 6.12).

In Fig. 6.12, the difference between excluding and including retrograde modes
becomes more significant from left (A0) to right (A3). Taking the = = 0 case
for example, we list the j2

min values in Table 6.6. For the nonspinning binary A0,
the ratio between the j2

min values obtained with models including and excluding
retrograde modes is close to unity, i.e., the difference is small. For binaries A1–A3,
including retrograde modes largely improves the fitting accuracy and the improve-
ment becomes more significant when |j 5 | is larger. Again, we estimate the fitting
error by comparing the results obtained from different numerical resolution levels.
As shown in Fig. 6.13, for all binaries A0–A3, the difference of results obtained
between Lev3 and Lev2 is much smaller compared to the difference between using
models including and excluding retrogrademodes. Thus the results are not impacted
by the numerical errors in the waveforms.

In terms of " 5 ,est and j 5 ,est, when adding the retrograde modes for A0, there

Table 6.6: The values of j2
min when fitting with prograde modes only (P), versus

fittingwith both prograde and retrogrademodes (PR) (all modes fundamental = = 0).
The last row lists the ratio between the j2

min values obtained with and without
including retrograde modes.

Model A0 A1 A2 A3
P 0.0037 0.0063 0.0090 0.0130
PR 0.0035 0.0041 0.0046 0.0055

Ratio (PR/P) 0.93 0.65 0.51 0.42
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is little difference in the fitting results. While for A1–A3, including retrograde
modes improves the accuracy of " 5 ,est and j 5 ,est a lot. Specifically, in the cases of
j 5 ,true < 0 when retrograde modes are not included, the algorithm tends to find a
lower spin value but does not go below j 5 = 0, even though we allow negative j 5
values in the fitting in both cases. This is because the prograde modes for j 5 < 0
cannot satisfy the polarization patterns of the NR waveforms shown in Fig. 6.11.

The magnitudes of the optimal coefficients �((±)
;<=

and �
((±)
;±<= are also plotted

in Fig. 6.12, characterizing the contribution of each mode. In (a2) and (b2), it is
shown that adding retrogrademodes barely influences the progrademode coefficients
(solid curves) at all discrete Coffset values for A0 (first column), and the prograde
mode coefficients are consistently larger than the coefficients of the corresponding
retrograde modes (dotted curves) by order(s) of magnitude. While for A1–A3, the
retrograde modes appear to be dominant (with larger coefficients) when they are
included in the fitting. In the case of A3 with = = 0, 1, as shown in the last column
of (b2), the retrograde mode coefficients are dominant at all Coffset values. In other
cases, the retrograde mode coefficients are larger at some Coffset values but switch to
be smaller at other Coffset’s — and such a switch always happens when j 5 ,est flips its
sign. That is understandable from the polarization patterns of the data waveform,
and the following two facts: (1) The prograde modes dominate for j 5 > 0 while
retrograde modes dominate for j 5 < 0; (2) The dominating modes in both cases
have similar polarization patterns and frequencies, and thus can generate similar
waveforms. At earlier times, the incorrect results with dominant prograde modes
are caused by the lack of overtones that have non-negligible contributions before
Ctrans, and thus the model is not accurate enough to represent the waveform, and
more specifically, the correct frequencies. The switch happens at an earlier time for
binaries with a largermass ratio (A3). For A1, there is another switch at Coffset = 25"
as shown in the second column of (b2). This could be caused by numerical errors
or the random jumps in the (" 5 , j 5 ) parameter space — when |j 5 ,true | has such a
small value of 0.0929, the estimates can easily oscillate around zero.

The results and analysis in this section are all consistent with our expectations
discussed in Sec. 6.2.4. An interesting follow-up study is to map the progenitor
black hole properties to the ringdown QNM excitations. We leave it to future work.



191

6.7 Discussion
In this work, using results from numerical simulations, we verified predictions

of black-hole perturbation theory for gravitational waves emitted by remnant black
holes of binary mergers. In particular, we simultaneously fitted the temporal and
spatial dependences of the NR ringdown waveforms to models of QNM expansion.
Comparing between the spin-weighted spheroidal harmonics ((model) and the spin-
weighted spherical harmonics (. model), we have demonstrated that the ( model,
as predicted by the Teukolsky equation, is the more faithful representation of the
ringdown waveform. The combination of temporal and spatial behaviors allowed a
more comprehensive study of the linearized Einstein’s equations in the background
of a Kerr black hole and complemented existing black hole spectroscopy studies.

With spatial dependence included, we reinforced conclusions in previous studies
of black-hole spectroscopy about higher-order (;, <)modes and overtones. When the
progenitor binary has asymmetric masses, higher-order angular modes are required
to accurately represent the ringdown waveform. For nonspinning binaries, the
necessity of taking into account the higher-order modes depends on the mass ratio
and the resulting remnant spin magnitude. The (;, <) = (2, 2) fundamental mode
is enough to achieve an accuracy above 99% (i.e., j2

min < 0.01) when modeling the
ringdown with the ( model for @ < 1.25, while for 1.25 < @ < 4 and @ > 5, about
three and six modes are needed, respectively, to achieve that level of accuracy (with
changes subject to the grouping strategy, see Sec. 6.4.1). On the other hand, adding
overtones improves the accuracy of the model at an earlier time of the ringdown.
For binaries with higher mass ratios, when more (;, <) modes are included, more
overtones are needed accordingly to accurately represent the early stage ringdown
waveform. The fact that overtones can improve the QNM expansion when both
temporal and angular patterns are matched to numerical waveforms, and the fact
that the ( model works better than the . model, provide stronger evidence that
overtones are truly excited, and that such an improvement is not due to overfitting.

During the transition from inspiral to ringdown, the magnitudes, spatial depen-
dence, and polarization patterns of the gravitational waves during the inspiral stage
are transferred to the ringdown stage. Our study confirmed this transfer. The mag-
nitudes of the initial excitation of the (;, <) ringdown QNMs are determined by
the leading post-Newtonian order of the mode during inspiral, with possible sup-
pression due to symmetry. The polarization content of the mode (i.e., left- versus
right-hand) is determined by the direction of the orbital angular momentum of the
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binary. The remnant spin direction and the excitation of prograde or retrograde
mode are determined by the binary dynamics. When the remnant spin is aligned
(anti-aligned) with the orbital angular momentum, the prograde (retrograde) modes
are dominant. Including the retrograde modes is necessary to build an accurate
model of the ringdown waveform in the spin-anti-aligned case. The more general
cases with the remnant spin misaligned with the orbital angular momentum will be
left to future work.

Under the sensitivity of the currently working detectors, higher-order angular
modes, overtones, or retrograde modes generally do not play an important role
in the detection or parameter estimation for most of the events. However, events
with high signal-to-noise ratios (especially the high signal-to-noise ringdown) are
expected to be observed regularly with the next generation detectors [58]. Features
discussed in this work will be important for future studies of the source properties.

Finally, this work also provided a theoretical and analytical foundation for de-
veloping strategies for testing the temporal-spatial emission patterns of the ring-
down. Even though, practically, each binary is only observed from one particular
wave-emission direction, angular emission patter can be reconstructed by collecting
multiple events.

6.8 Appendix: QNM expansion conventions
Solutions to the Teukolsky equation can be written in the form of:

k(C, A, ]̃, ĩ) = 4−8l;<=C';<= (A)(;<= ( ]̃)48<ĩ. (6.18)

Here (;, <) are the angular quantum numbers, = is the overtone number, and ';<= (A)
is the radial function. To avoid confusion, we continue using the notations defined in
the main text, i.e., the coordinates in the final spin frame ( ]̃, ĩ) here and the remnant
black hole parameters (0 5 , " 5 ), although the solutions to the Teukolsky equation
apply to all Kerr black holes.

As it turns out, for each overtone number =, there is a family of modes with
Re(l;<=) > 0 and another family with Re(l;<=) < 0. They correspond to modes
with polarization patterns that either rotate counterclockwise or clockwise, when
the wave comes toward the observer directly face-on. We denote Re(l'

;<=
) > 0

as right-handed (R) and Re(l!
;<=
) < 0 as left-handed (L). At A → +∞, for both
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families, we can write:

k';<= (C, A → +∞, ]̃, ĩ) ∼ 4
−8l'

;<=
(C−A∗)A−1(';<= ( ]̃)4

8<ĩ, (6.19)

k!;<= (C, A → +∞, ]̃, ĩ) ∼ 4
−8l!

;<=
(C−A∗)A−1(!;<= ( ]̃)4

8<ĩ, (6.20)

where A∗ is the tortoise coordinate [9].

Note that l'
;<=

corresponds to the usual tabulated values of QNM frequencies, so
we write

l';<= = l;<=. (6.21)

Here < > 0 are prograde, and < < 0 are retrograde modes. We also have

(';<= ( ]̃)4
8<ĩ = −2(;<= (j 5" 5l;<=, ]̃, ĩ). (6.22)

The frequencies and the angular mode functions of the ! and ' modes are related,
andwewish tomake this relation explicit. We notice that ifk(C, A, ]̃, ĩ) is an outgoing
solution to the Teukolsky equation, thenk∗(C, A, c− ]̃, ĩ) is also an outgoing solution,
with ∗ denoting the complex conjugate. In this way, k'∗

;<=
(C, A, c − ]̃, ĩ) is also a

QNM, with

k'∗;<= (C, A, c − ]̃, ĩ) = 4
8l∗
;<=
(C−A∗)A−1

−2(
∗
;<= (j 5" 5l;<=, c − ]̃, ĩ). (6.23)

We can further write [9]

−2(
∗
;<= (j 5" 5l;<=, c − ]̃, ĩ) = −2(

∗
;<= (j 5" 5l;<=, c − ]̃)4−8<ĩ (6.24)

= −2(;<= (j 5" 5l
∗
;<=, c − ]̃)4

−8<ĩ (6.25)

= (−1);−2(;−<= (−j 5" 5l
∗
;<=, ])4

−8<ĩ, (6.26)

leading to

k'∗;<= (C, A, c − ]̃, ĩ) = (−1);48l∗;<= (C−A∗)A−1
−2(;−<= (−j 5" 5l

∗
;<=, ]̃, ĩ). (6.27)

By comparing Eqs. (6.27) and (6.20) and replacing < with −<, we can see that

l!;<= = −l
∗
;−<= , k!;<= (C, A, ]̃, ĩ) = (−1);k'∗;−<= (C, A, c − ]̃, ĩ). (6.28)

Using the symmetry above, we can expand the QNM in two different ways. To
avoid confusion, we intend to write out all arguments explicitly. The first way is



194

to group in terms of (;, <) spin-weighted spherical harmonics (see Table 6.2 for
corresponding notations [a][b][c][d]):

ℎ(C, A, ]̃, ĩ) ∼
;max∑
;=2

;∑
<=−;

=max∑
==0

[
�';<=k

'
;<= (C, A, ]̃, ĩ) + �

!
;<=k

!
;<= (C, A, ]̃, ĩ)

]
(6.29a)

=
" 5

A

;max∑
;=2

;∑
<=−;

=max∑
==0

[
�';<=4

−8l'
;<=
(C−A∗)(';<= ( ]̃)4

8<ĩ

+ �!;<= (−1);k'∗;−<= (C, A, c − ]̃, ĩ)
] (6.29b)

=
" 5

A

;max∑
;=2

;∑
<=−;

=max∑
==0

[
�';<=4

−8l;<= (C−A∗)−2(;<= (j 5" 5l;<=, ]̃, ĩ)︸                                                ︷︷                                                ︸
[0] for <>0; [2] for <<0;

+ �!;<=4
8l∗
;−<= (C−A

∗)
−2(;<= (−j 5" 5l

∗
;−<=, ]̃, ĩ)︸                                                    ︷︷                                                    ︸

[3] for <>0; [1] for <<0.

]
.

(6.29c)

In this way, �'
;<=

and �!
;<=

correspond to the excited modes with different absolute
oscillation frequencies and decay rates; there is one prograde and one retrograde
mode in each ;<= group. The two terms have different polarization patterns (R and
L), but the same emission direction: for < > 0, both terms emit toward the north,
while for < < 0, both terms emit toward the south.

Alternatively, switching < and −< for the �!
;<=

term in Eq. (6.29c), we can
regroup the summation as follows:

ℎ(C, A, ]̃, ĩ) =
" 5

A

;max∑
;=2

;∑
<=−;

=max∑
==0

[
�';<=4

−8l;<= (C−A∗)−2(;<= (j 5" 5l;<=, ]̃, ĩ)

+ �!;−<=4
8l∗
;<=
(C−A∗)

−2(;−<= (−j 5" 5l
∗
;<=, ]̃, ĩ)

] (6.30a)

=
" 5

A

;max∑
;=2

;∑
<=−;

=max∑
==0

[
�';<=4

−8l;<= (C−A∗)−2(;<= (j 5" 5l;<=, ]̃, ĩ)

+ �!;−<=4
8l∗
;<=
(C−A∗) (−1);−2(

∗
;<= (j 5" 5l;<=, c − ]̃, ĩ)

] (6.30b)

=
" 5

A

;max∑
;=2

;∑
<=−;

=max∑
==0

[
�
(+)
;<=
4−8l;<= (C−A

∗)
−2(;<= (j 5" 5l;<=, ]̃, ĩ)︸                                                ︷︷                                                ︸

[0] for <>0; [2] for <<0;

+ �(−)
;<=
48l

∗
;<=
(C−A∗)

−2(
∗
;<= (j 5" 5l;<=, c − ]̃, ĩ)︸                                                    ︷︷                                                    ︸

[1] for <>0; [3] for <<0.

]
.

(6.30c)

Here we have defined

�
(+)
;<=

= �';<= , �
(−)
;<=

= (−1);�!;−<= . (6.31)
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In this way of grouping, �(+)
;<=

and �
(−)
;<=

correspond to the excited modes with
different angular emission patterns (in terms of both polarization and direction), but
the same absolute oscillation frequency and decay rates. Prograde and retrograde
modes are not mixed into the same ;<= group. Eq. (6.30c) has the same form as we
defined in the main text Eq. (6.1). We believe this is more convenient, since modes
in the same group tends to be either both excited or both not excited. For example,
the entire retrograde groups can be ignored in many situations, as is done in e.g.,
Ref. [36].

6.9 Appendix: Limitation of single-direction fittings
Here we briefly comment on the limitation of single-direction fittings, which is

one of the motivations of implementing a temporal-spatial fitting strategy in this
work. In brief, the (/. models cannot be distinguished using the signal of a single
event without prior information about QNM excitations.

The excitation amplitudes {�((±/.±)
;<=

} are governed by progenitor binary dynam-
ics, and the emission strength varies with the spherical coordinate ®Ω, especially the
inclination angle ] [58]. The waveform observed from a single direction cannot re-
veal angular distribution in the source frame, and thus we can only fit the waveform
with a single-direction model:

ℎSD(C) =
" 5

A

;max∑
;=2

<=;∑
<=−;

=max∑
==0

[
�
(+)
;<=
4−8l;<=C + � (−)

;<=
48l

∗
;<=

C
]
, (6.32)

with {� (±)
;<=
} being the relative amplitudes of different frequency components. While

we do find that single-direction fitting is capable of finding the dominant frequency
components, the relative amplitudes {� (±)

;<=
} do not help in the (/. model selection

unless the binary inclination is known from the inspiral stage. Taking the spin-
aligned case for an example, the {� (±)

;<=
} are related to {�((±/.±)

;<=
} via:

�
(+)
;<=

= �
((+)
;<= −2(;<= (W;<=, ]̃, ĩ), �(.+);<= −2.;< (], i), (6.33a)

�
(−)
;<=

= �
((−)
;<= −2(

∗
;<= (W;<=, c − ]̃, ĩ), �

(.−)
;<= −2.

∗
;< (c − ]̃, ĩ), (6.33b)

for the (/. models, respectively. However, in practice, the inclination angle ] is
usually not well constrained, even from the full inspiral-merger-ringdown waveform
fitting. Thus, the ( and . models are not distinguishable from a single event.

In addition, due to the parameter degeneracy in single-direction fitting, it is
likely that different (" 5 , j 5 ) values with different dominant QNMs could result
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in the same set of dominant frequencies. Thus, for non-face-on emission or more
complicated binaries with precession and/or misaligned spin [45, 76], the lack of
spatial information might lead to incorrect estimation of the source parameters. This
degeneracy could in principle be broken if we know the relative amplitude of each
QNM a priori, and we can, in turn, use the relative amplitudes of different frequency
components to estimate the inclination angle.

6.10 Appendix: Numerical implementation for optimizing {�(±)
;<=
}

In the fitting, the NR ringdown waveform is treated as data, ℎ( ®Ω, C). The template
waveform 6((/. ) ( ®Ω, C) is built from Eq. (6.1) and Eq. (6.3) for the ( and . models,
respectively, with excitation coefficients {�((±/.±)

;<=
} to be determined. In numerical

realization, we use discretized representation to express temporal-spatial functions
and their inner products. We define a #C × #Ω matrix Mℎ to represent the temporal-
spatial function ℎ( ®Ω, C), where #C is the number of discretized time steps and #Ω is
the number of spatial points that include reasonably sampled ] and i values:

Mℎ =

©«
ℎ̄( ®Ω1, C1) ℎ̄( ®Ω1, C2) ... ℎ̄( ®Ω1, C#C )
ℎ̄( ®Ω2, C1) ℎ̄( ®Ω2, C2) ... ℎ̄( ®Ω2, C#C )

... ... ... ...

ℎ̄( ®Ω#Ω , C1) ℎ̄( ®Ω#Ω , C2) ... ℎ̄( ®Ω#Ω , C#C )

ª®®®®®¬
. (6.34)

In the matrix (6.34), ℎ̄( ®Ω8, C 9 ) ≡
√

sin ]8 ℎ( ®Ω8, C 9 ) is the strain value at a specific
spatial point ®Ω8 = (]8, i8) and a specific time step C 9 , weighted by

√
sin ]8, the square

root of the Jacobian for a unit sphere. This weight factor is introduced because we
are going to represent the temporal-spatial inner product (Eq. (6.7)) using the vector
product in Eq. (6.36), and want to have the Jacobian sin ]8 shared equally by the data
and template waveforms. We further express the matrix in a 1 × #C#Ω row vector:

®Vℎ =
(
ℎ̄( ®Ω1, C1), ... , ℎ̄( ®Ω1, C#C ), ℎ̄( ®Ω2, C1), ...

... , ℎ̄( ®Ω#Ω−1, C#C ), ℎ̄( ®Ω#Ω , C1), ... , ℎ̄( ®Ω#Ω , C#C )
)
.

(6.35)

For the template waveform 6( ®Ω, C), using the similar matrix and vector represen-
tations as (6.34) and (6.35), the temporal-spatial inner product in Eq. (6.7) can be
represented by the vector product as follows (c.f. Eq.(6.13)):

〈6 | ℎ〉 = ®Vℎ®V†6 . (6.36)

With a given set of parameters (" 5 , j 5 ), each ;<= mode contributes to two
1×#C#Ω(" 5 , j 5 ) vectors ®V((±/.±);<=

(" 5 , j 5 ), for (/. model respectively. Combined
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with coefficients �((±/.±)
;<=

, we can construct the discretized template waveform
6((/. ) ( ®Ω, C;" 5 , j 5 ) in the (6.35) vector form:

®V((/. )6 (" 5 , j 5 ) =
∑
;<=

(
�
((+/.+)
;<=

®V((+/.+)
;<=

(" 5 , j 5 ) + �((−/.−);<=
®V((−/.−)
;<=

(" 5 , j 5 )
)
.

(6.37)
Considering the ± components, there are 2#;<= modes in total. We form a large
matrix for these 2#;<= modes:

M ((/. )6 (" 5 , j 5 ) =

©«

®V((+/.+)(;<=)1 (" 5 , j 5 )

...

®V((+/.+)(;<=)#;<=
(" 5 , j 5 )

®V((−/.−)(;<=)1 (" 5 , j 5 )

...

®V((−/.−)(;<=)#;<=
(" 5 , j 5 )

ª®®®®®®®®®®®®®¬
, (6.38)

and assemble the matrix with the coefficient vector,

®� ((/. ) =
(
�
((+/.+)
(;<=)1 , ... , �

((+/.+)
(;<=)#;<=

, �
((−/.−)
(;<=)1 , ... , �

((−/.−)
(;<=)#;<=

)
, (6.39)

such that the discretized template waveform (6.37) can be expressed as:

®V((/. )6 (" 5 , j 5 ) = ®� ((/. )M ((/. )6 (" 5 , j 5 ). (6.40)

The fitting procedure is as follows: For each set of remnant parameters (" 5 , j 5 ),
we obtain the QNM frequencies {l;<=} using the qnm package [75] and compose
the template waveform (6.38) for ( and . models, separately. We then apply multi-
variable linear regression [96] to determine the least-squares excitation coefficients
�
((±/.±)
;<=

(c.f. Eq. (6.15)):

®� ((/. )l-s (" 5 , j 5 ) =
[®VℎM ((/. )†6 (" 5 , j 5 )

] [
M ((/. )6 (" 5 , j 5 )M ((/. )†6 (" 5 , j 5 )

]−1
,

(6.41)
such that the distance between the data waveform ®Vℎ and the template waveform
®V((/. )
6, l-s (" 5 , j 5 ) = ®� ((/. )l-s (" 5 , j 5 )M ((/. )6 (" 5 , j 5 ) is minimized (c.f. Eq. (6.14)):

j2 [ℎ, 6((/. )l-s (" 5 , j 5 )] =

[®Vℎ − ®V((/. )6, l-s (" 5 , j 5 )
] [®Vℎ − ®V((/. )6, l-s (" 5 , j 5 )

]†
®Vℎ®V†ℎ

. (6.42)

Note that Eqs. (6.37)–(6.42) are defined under values of " 5 and j 5 . Then we carry
out a search in the 2D parameter space of (" 5 , j 5 ) to find the minimum point of
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j2 [ℎ, 6((/. )l-s (" 5 , j 5 )] and define it as the optimal distance:

j2 [ℎ, 6((/. )opt ] ≡ min
(" 5 ,j 5 )

j2 [ℎ, 6((/. )l-s (" 5 , j 5 )] . (6.43)

The mass and spin that yield this optimal distance are denoted by (" 5 ,est, j 5 ,est)
(for ( and . models separately). The corresponding excitation coefficients (6.41)
computed with (" 5 ,est, j 5 ,est) are the optimal coefficients and are labeled as ®� ((/. )opt .
Comparing results between the ( and. models, the one that yields a smaller optimal
distance demonstrates a better fit.

6.11 Appendix: Full fitting results for N1–N9
The full fitting results for N1–N9 are shown in Figs. 6.14–6.22, plotted in the

same way as Fig. 6.5.

6.12 Appendix: Numerical error in SXS waveforms
In the main text, we use the highest numerical resolution levels available for each

chosen binary, as listed in Tables 6.3 and 6.5. In this appendix, we show the results
of the lower SXS numerical resolution levels for binaries N1–N9. Figs. 6.23–6.25
are plotted in a similar way as Fig. 6.6 for both the ( and . models. It shows that all
the differences from various numerical levels are clearly smaller than the difference
from using different fitting models (( versus . , or including different ;<= modes).
Therefore, our conclusions in Sec. 6.5 are not impacted by numerical errors of the
waveforms.
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Figure 6.14: Fitting results for binary waveform N1. Plot settings are the same as
Fig. 6.5.
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Figure 6.15: Fitting results for binary waveform N2. Plot settings are the same as
Fig. 6.5.
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Figure 6.16: Fitting results for binary waveform N3. Plot settings are the same as
Fig. 6.5.
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Figure 6.17: Fitting results for binary waveform N4. Plot settings are the same as
Fig. 6.5.
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Figure 6.18: Fitting results for binary waveform N5. Plot settings are the same as
Fig. 6.5.
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Figure 6.19: Fitting results for binary waveform N6. Plot settings are the same as
Fig. 6.5.
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Figure 6.20: Fitting results for binary waveform N7. Plot settings are the same as
Fig. 6.5.
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Figure 6.21: Fitting results for binary waveform N8. Plot settings are the same as
Fig. 6.5.
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Figure 6.22: Fitting results for binary waveform N9. Plot settings are the same as
Fig. 6.5.
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Figure 6.23: Fitting results for N1–N4 using SXS data with different numerical
levels. Plot settings are the same as Fig. 6.6.
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Figure 6.24: Fitting results for N5–N8 using SXS data with different numerical
levels. Plot settings are the same as Fig. 6.6.
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Figure 6.25: Fitting results for N9 using SXS data with different numerical levels.
Plot settings are the same as Fig. 6.6.
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