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ABSTRACT

DNA-based storage has potentially unprecedented advantages of high information
density and long duration, and is one of the promising techniques to meet the ever-
growing demands to keep data in the future. As noise and errors are present in
almost every procedure during reading, writing, and storing of information in DNA
storage systems, error correction is inevitable to guarantee reliable data storage in
DNA. Moreover, it is often required that error correction is done in an efficient
manner to reduce the cost and time needed for reading and writing data. Due to
the technology constraints and physical limitations, error correction in DNA-based
storage poses the following challenges that differ from those in traditional digital

data transmission and storage systems.

1. A combination of deletion, insertion, and substitution errors present. The
goal is to construct efficient codes correcting these errors. While substitution
errors are special cases of deletion and insertion errors, and are well studied
under the current theory and practice frameworks, deletion and insertion errors
are much more difficult to deal with, and less understanding was gained for

deletion and insertion errors.

2. Error correction is over an unordered set of strings, rather than over a single
string, which can be regarded as a set of ordered strings. The latter, which
includes the above deletion/insertion coding problem, is commonly studied for
current digital communication and storage systems. Our goal is to extend the
deletion/insertion correction capability for a single string to a set of unordered

strings.

3. The decoder observes multiple noisy copies of every coded string. The
problem is to deduce a set of strings (or a single string) from a collection
of their noisy samples, also studied as the population recovery (or trace
reconstruction for a single string) problem. The problem is well answered
with substitution errors only and becomes elusive with the introduction of

deletion and insertion errors.

This thesis tries to address the above challenges. For the first challenge, we proposed
binary codes correct any constant number of deletions and/or insertions with order-

wise optimal redundancy, which made a step toward a solution to a longstanding
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open problem introduced by Levenshtein in 1960s. We also extended it to different
settings, in particular, non-binary deletin/insertion correcting codes suitable for

DNA storage applications.

For the second challenge, we established lower and upper bounds on the optimal
redundancy of codes correcting any number of substitution, deletion, and insertion
errors and found that the redundancy needed for coding over an unordered set of
strings is order-wise the same as that needed for coding over a ordered set of strings.
Using our results for the first challenge, we proposed codes correcting any constant
number of deletion/insertion errors with order-wise optimal redundancy under some

parametter settings.

For the third challenge, we studied the problem of trace reconstruction, which asks
the number of noisy samples needed to reconstruct a single string. While there is a
exponential gap between upper and lower bounds on sample complexities in general,
we showed that a polynomial number of samples suffice, given a reference string

that is within constant edit distance from the target string.

Apart from dealing with the above challenges, we investigated error correction for
multi-head racetrack memory applications. The problem can be considered as cor-
recting any constant number of deletions/insertions in a single string with multiple
noisy copies, with the help of coding. Different from the settings we considered
above in the trace reconstruction problem, where noisy copies are independent
given the target string, in racetrack memory, the noisy copies are correlated, and
the number of errors is small compared to the trace reconstruction problem. We
derived a lower bound on redundancy and proposed a code correcting any number

of deletions/insertions with order-wise optimal redundancy.
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Chapter 1

INTRODUCTION

We are in an era of data explosion. It was estimated that the total amount of data
generated and replicated in 2020 was 64.2 Zettabytes (1 Zettabyte = 10°! Byte),
and this amount was projected to be 175 Zettabytes by 2025. Storing data size of
this magnitude requires enormous space and high maintenance cost under current
memory technologies such as flash, hard disk drives. In fact, only 6.8 Zettabytes of
storage were deployed worldwide in 2020, according to [1]. As a result, most of the

data were not saved.

One of the reasons for high maintenance cost of storage is that the lifespan of devices
is at most ten years for flash memories and hard drives and up to thirty years for
tape memories. Hence, the storage devices have to be replaced every three to twenty
years, depending on the storage media and operation. In order to scale up the storage
capacity at a rate comparable to the data growing rate, it is desirable to find a storage

technology that is convenient and cheap to keep information.

Inspired by nature, people have been looking for storage solutions from DNA-based
techniques, realizing that our chromosomes are actually a robust and energy efficient
storage that records our biological information. In chromosomes, our biological
information is encoded into sequences of nucleotides, each composed of one of the
four bases A, C, G, and T, in a similar manner as we encode data into bits. DNA-
based storage potentially has an unprecedented advantage in information density
and duration. Ideally, the world’s data could be stored in a coffee mug. As Richard
P. Feynman put it, "There’s plenty of the room at the bottom" [31]. In addition,
information can be kept in DNA molecules for an incredibly long time, which is at

least a hundred years, with low energy consumption.

There have been many successful attempts storing information in DNA molecules.
The early ones date back to 1988, when thirty-five bits represented by a 5 X 7
binary matrix were encoded into a DNA molecule and inserted into E. coli, by
Havard researchers [30]. Yet DNA-based storage of "considerable" size was not
achieved until 2012-2013, where [24] and [36] stored 643KB and 739KB of data,
respectively. These experiments have ignited the imagination of practitioners and

theoreticians alike, and many works followed suit with various implementations [29,



99]. Up till now, the best size achieved was 200MB [73].

While DNA-based storage looks promising, several problems need to be addressed
before its practical use. These problems include: (1) High cost and long time for
synthesis and sequencing, which corresponds to data reading and writing, respec-
tively, in DNA-based storage; (2) Random access that retrieves any specific part
from a large pool of data; (3) Errors that are present in reading, writing, and stor-
ing processes in DNA-based storage. The first two affect the scalability of DNA
storage. As technologies develop, it is reasonable to believe that the cost and time
for synthesizing and sequencing will decrease by orders of magnitudes and more

techniques will come out achieving efficient random access.

This thesis deals with the third problem, correcting errors, which plays a crucial role
in delivering reliable DNA-storage systems. In addition, efficient error correcting
methods help reduce the length and number of DNA molecules needed to store
information, and thus reduce the time and cost for synthesising and sequencing. In
the following, we present a model describing the current DNA-based storage and
list some of the main challenges for error correction. Then, we give an overview of

the contributions of this thesis.

1.1 DNA-Based Storage: Models

In DNA-based storage, data are encoded by a sequence of four bases of nucleotides,
A, C, G, and T, and stored in synthesized DNA molecules. Fig. 1.1 shows the
workflow of the whole reading/writing process, the details of which can be found
in [73]. In the writing process, after encoding the data as a set of strings over
a four-symbol alphabet (A, C, G, and T), the corresponding DNA molecules are
synthesized (possibly with errors) and dissolved inside a solution. Due to the
synthesizing and sequencing technology constraints, the length of each string, i.e.,
the number of bases in a string, is not large. The typical value of the string length

is within the order of magnitude of 107,

When trying to retrieve the data, a chemical process called Polymerase Chain Reac-
tion (PCR) is applied, which serves as the random access and drastically amplifies
the number of copies of the DNA molecules that contain the desired data. In
the reading process, the pool of DNA molecules is sampled and sequenced. The
sequencing process reads the 4-ary DNA string contained in each sampled DNA
molecule. Since the desired DNA molecules are amplified in the PCR process, it

is highly possible that each ampliefied DNA molecule is sampled many times and
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Figure 1.1: An illustration of a typical operation of a DNA storage system.

as a result, we obtain multiple (possibly erroneous) reads of the amplified strings.
These reads are clustered according to their respective similarity. Then, sequence
reconstruction algorithms are used within each cluster, in order to come up with
the most likely origin of the reads in that cluster), which we consider as the string
contained in an amplified DNA molecule. Finally, all reconstructed origins are
collected and decoded back to data. The following gives an example of how strings

are processed when going through the system described in Fig. 1.1.

Example 1.1.1. Let L = 3 and M = 3. The data is first mapped into a set of strings,
say, {ACT,AGG,TCG}. The synthesizing process produces three DNA molecules
containing ACT, AGG, and TCC, respectively, where the string TCC is an er-
roneous version of TCG because of synthesis errors. The PCR process generates
multiple copies of ACT, AGG, and TCC. After sampling those copies and sequenc-
ing them, one might get a set of strings {ACT, ACT, ACT,AGG,AGG,AGC,TCC,
TCG, TCC,TCC} and cluster them as {ACT, ACT,ACT}, {AGG,AGG,AGC},
and {TCC,TCG,TCC,TCC}. Then, the cluster origins are reconstructed as
{ACT,AGG,TCC}, and decoded to data.

1.2 Error Correction in DNA Storage: Challenges
If no noises or errors are introduced in the above procedures, it would not be hard

to encode and decode the data, and the information can be stored reliably. However,
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errors are present by nature. In fact, errors occur in each of the above physical
procedures. In synthesizing and sequencing processes, errors might come from
limitations in technologies. In PCR, errors may come from unexpected chemical
reactions. Even when storing those DNA molecules in the pool, mutations can
happen. To successfully write and read the data, error correction schemes are

needed.

Error correction techniques are common in current digital communication and stor-
age systems. Among them, one of the major approaches is to construct error
correcting codes, which map the data represented by sequences of bits to code-
words, usually sequences with fixed alphabet size. It is required that a codeword
can be recovered when some parts of it are affected by errors. Error correction
codes have been deeply studied since the 1940s and many classical results such as
Hamming code, Golay code, Bose—Chaudhuri-Hocquenghem (BCH) code, Reed-
Muller (RM) code, Reed-Solomon (RS) code, Low-density parity check (LDPC)
code, turbo code, and polar code, contribute to reliable digital communication and

storage systems in the past and today [39].

In DNA-based storage, the special physical and technological constraints pose some
new challenges to error correction, which are different from those in traditional
digital systems. These challenges motivate us to study problem settings that are
less studied in traditional information and coding theoretical works, and we believe

these challenges are fundamental and might arise in current or future applications.

Deletion/Insertion Errors

In DNA-based storage, the basic types of errors are deletion, insertion, and substitu-
tion. When deletion errors occur, some bases are deleted, the locations of which are
unknown. As a result, the DNA string becomes its subsequence. Similarly, under
insertion errors, extra bases are inserted into the DNA string at unknown locations
and the DNA string becomes its supersequence. Substitution errors replace some

of the bases, the locations of which are unknown, in the string with other bases.

Example 1.2.1. Let ACCTGAT be a string of bases. If the third base C is deleted,
the resulting string becomes ACTGAT. If a base A is inserted after the second
base, the string becomes ACACTGAT. If the first base is replaced with T, the
string becomes TCCTGAT. A combination of the three errors renders TCATGAT.

The substitution errors are well studied, since the errors are "independent" and
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"memoryless," in the sense that substitutions at specific locations do not affect
the bases at other locations. All of the above mentioned error correcting codes
(Hamming code, Golay code, BCH code, etc.) were proposed for and are highly
efficient in correcting substitution errors. On the other hand, deletion or insertion
errors, also referred to as synchronization errors in some data transmission contexts,
are less understood. One of the difficulties of addressing deletion and insertion errors
is that they are "dependent" and not "memoryless." A deletion or insertion occurring
at the beginning of a string affects the following part of the string. Moreover, a
substitution error can be considered as a deletion error followed by a insertion error.
Hence, substitution errors can be regarded as a special case of deletion and insertion

CITOrIS.

Repeating the bases is one way of protecting strings from deletion and insertion er-
rors, and is what nature does to protect our biological information in DNA molecules.
However, this method is not efficient for information storage as it introduces many
redundant bases. The search for efficient deletion/insertion correcting codes has
been going on since 1960s. Yet, for more than fifty years, the only known efficient
deletion/inserticorrecting code is capable of correcting a single deletion, though,

there is recently much exciting progress going on towards a general solution.

Coding over Unordered Sets

As mentioned in Sec. 1.1, the data in a DNA storage system is stored as a pool of
short strings that are dissolved inside a solution, and consequently, these strings are
obtained at the decoder in an unordered fashion. Furthermore, the sampling method
does not allow the decoder to count the exact number of appearances of each string in
the solution, but merely to estimate relative concentrations. These restrictions have
ignited the interest in coding over sets [62, 61, 83, 85, 89], a model that also finds
applications in transmission over asynchronous networks, where different packets
are routed along different paths of varying lengths, and are obtained in an unordered

and possibly erroneous form at the decoder.

Different from traditional communication and storage channel models, where error
correction coding encodes data into a single string, coding over sets is a channel
model where data is encoded into a set of strings, usually of equal length and with
no repeats. Most of current schemes, such as TCP/IP, use indexing prefix for each
string (packet). While indexing schemes achieve Channel capacity [85] under some

settings, these schemes require high indexing cost, when the number of strings
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is large and the string length is small (say, several hundreds), as in DNA storage

applications. To the best of our knowledge,

Recover Strings from Noisy Copies

The aforementioned challenges (deletion/insertion errors and coding over unordered
sets) pose problems to the encoder design, which is about writing data. When
reading data, the sampling and sequencing procedures described in Sec. 1.1 produce
multiple copies of each string. Because of the presence of errors, these copies are
noisy. The goal of the decoder is to recover the set of strings, from a collection of
noisy copies of the strings, and then decode the strings back to data. Note that for
each noisy copy, it is not known which string generates this copy. This problem
was also studied, with the name population recovery, which tries to identify the
support of a distribution (the strings that are sampled with positive probability),
from multiple noisy samples. The population recovery problem asks the number of
samples needed to recover the support. With substitution errors as noises only, the
population recovery problem was well studied, and a polynomial (with respect to the
string length) number of samples are needed to recover the strings. However, when
deletion and insertion errors present as noises, the problem becomes very difficult.
In fact, it is even difficult when there is only a single support in the distribution, a

problem called trace reconstruction.

Therefore, the current solutions take a step back, and decompose the population
recovery problem into two independent tasks. The firstis clustering, based on sample
similarities, that aims to group the noisy samples such that the noisy samples within
the same group come from the same string. The second is trace reconstruction,
that aims to recover the string that generates the noisy samples within each group.
The number of noisy samples needed to solve the trace reconstruction task is still
an open problem with the presence of deletion/insertion errors. The state-of-the-art
algorithms require exponential (with respect to the string length) number of samples,

while we only know that at least a polynomial number of samples are needed.

We remark that a perfect population recovery algorithm at the decoder does not
correct all errors and solve the problems at the encoder. The population recovery at
the decoder can at best recover the strings after the PCR process. Since errors occur
during the synthesizing, PCR processes, and even during storing information, error

correcting codes are needed.
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Figure 1.2: Contribution and organization of this thesis

1.3 Contributions

Fig. 1.2 illustrates our contributions and the organization of this thesis, in the context
of the workflow of DNA-based storage systems, described in Sec. 1.1. We address
the aforementioned three challenges for error correction in DNA-based storage,
which are described in Sec. 1.2 and arise in encoding/decoding procedures and the
reconstruction procedure in DNA storage systems. The optimal error correcting
solution for DNA storage is a joint encoder and decoder design, which takes into
account all three challenges. However, as each challenge itself is a hard task, we
address them separately, hoping that our techniques provide building blocks for
joint encoder decoder design. Interestingly, our results for the first and second
challenges together provide an efficient solution for correcting deletion/insertion
errors under some settings. Furthermore, our result for the first challenge was used

for dealing with the third challenge, which looks different and independent from the
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first challenge. We also investigate how error correction codes can be used for the
third challenge, though for different applications. In the following we summarize

our contributions and give an outline of this thesis.

Ch. 2, Ch. 3, and Ch. 4 address the first challenge, constructing codes cor-
recting deletion and insertion errors. The problem of constructing efficient codes
correcting a constant number of deletions/insertions has long been unsettled even
for two deletions. In Ch. 2, we start from an efficient binary 2-deletion correcting
code construction, which generalizes a classic code construction correcting a single
deletion error. Then, in Ch. 3 we extend it to correct any constant number of
deletion/insertions. Our construction achieves redundancy at most eight times the
optimal. In Ch. 4, we further develop the techniques in Ch. 3, and proposed a
systematic binary deletion/insertion correcting codes with redundancy at most four
times the optimal. Asymptotically, our code construction is the current best known.
We then extend our results and proposed deletion/insertion error correcting codes
under various settings, including non-binary deletion/insertion correcting codes,
systematic binary codes correcting a burst of variable length deletions, codes cor-
recting a constant number of burst deletions, each occur within a window of limited

length. All of our constructions achieve order-wise optimal redundancy.

In Ch. 5 and Ch. 6, we deal with the second challenge and propose codes over
an unordered set of strings that correct deletion/insertion and substitution errors.
In Ch. 5, we consider substitution errors only and derive upper and lower bounds
on the redundancy of error correcting codes over sets. We find a surprising result
that the redundancy needed for correcting a set of unordered strings is equal to that
needed for correcting a set of strings given their order. We also provide an efficient
code construction, that outperforms the state-of-the-art under some settings. In Ch.
6, we further improve our construction in Ch. 5, and present a code correcting
deletion/insertion and substitution errors with order-wise optimal redundancy. This
generalizes our results in Ch. 3 and Ch. 4, where the set has a single string.
One of our techniques, which we refer to as robust indexing, uses data to index
themselves. The robust indexing idea provides an alternative approach to currently

used index-based schemes.

Ch. 7 is about the third challenge. We aim to show that a string can be reconstructed
given a polynomial number of its noisy copies. As the problem is difficult and
open in general, we take a less ambitious goal and show that a polynomial number

of noisy copies suffices to reconstruct the string, given a reference string that is
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within constant edit distance from the target string. The edit distance measures the
similarity between two strings. Our result might have applications in the Human
Genome Project, where a human reference genome is provided to study the difference

between individual genomes.

Finally, Ch. 8 studies how error correction codes help reconstruct a string from
its multiple noisy copies. Instead of looking for applications in DNA storage, we
investigate multi-head racetrack memory applications, which have a different model
on noisy copies from the one in Ch. 7. Racetrack memory is an emerging storage
technique that has the potential of high storage density (not as high as DNA storage
theoretically can be) and low latency. In multi-head racetrack memory, each head
produces a noisy copy of the string. Different from Ch. 7, where noisy copies
are independently and randomly generated, in this chapter, the noisy copies are
correlated. We provide codes that correct a combination of any constant number of
deletions and insertions, with order-wise optimal efficiency. The techniques we use
in this chapter might in turn inspire new ideas to deal with the trace reconstruction

problem in Ch. 7, which we leave for future explorations.
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Chapter 2

BINARY 2-DELETION/INSERTION CORRECTING CODES

To study correction of deletion/insertion errors from its most basic form, we begin
with binary cases where the codewords are sequences of bits. In this chapter, we
present codes correcting two deletions and/or insertions. While deletion correcting
codes for more general cases will be given in the next chapters, the construction
in this chapter contains some of the original ideas that we develop for general
settings, including a generalization of the VT codes and computing parity checks of

a sequence from symbols in its indicator vectors.

2.1 Introduction

A deletion in a binary sequence ¢ = (cy,...,c,) € {0,1}" is the case where a
symbol is removed from ¢, which results in a subsequence length n — 1. Similarly,
the result of a k-deletion is a subsequence of c of length n — k. A k-deletion code C
is a set of n-bit sequences, no two of which share a common subsequence of length

n — k; and clearly, such a code can correct any k-deletion.

The problem of constructing a k-deletion correcting code was introduced by Lev-
enshtein [64], who showed the equivalence between correcting k deletions and
correcting r deletions and s insertions whenever r + s < k, for a single sequence.
Therefore, to correct deletion and insertion errors in a single sequence, we only
need to consider deletion correcting codes. Levenshtein proved that the optimal
redundancy (defined as n —log |C|) is O (k log n) for constant k. Specifically, it is in
the range k logn + o(logn) to 2k logn + o(logn) when k is a constant. In general,
the redundancy O (k log n) is order-wise optimal when k < O(n€) for some € < 1.
The optimal redundancy becomes O (k log(n/k)) when k = O(n) and k is small,
e.g., k = n/4 [22]. When k > n/2, a k-deletion correcting code has cardinality

at most two. In addition, Levenshtein proposed the following optimal construction
(the well-known Varshamov-Tenengolts (VT) code [95]):

N
{(cl,...,cN) :ZiciEOmod (n+1)}, 2.1)

i=1
that is capable of correcting a single deletion with redundancy not more than log(n +

1) [64]. The encoding/decoding complexity of VT codes is linear in n. Generalizing
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the VT construction to correct more than a single deletion was elusive for more than
50 years. In particular, the past approaches [47], [3], [74] resulted in asymptotic
code rates that were bounded away from 1.

A breakthrough paper [12] proposed a k-deletion correcting code construction
with O (k?log k log n) redundancy and Oy (nlog* n)! encoding/decoding complex-
ity, where k is a constant. This code is based on a k-deletion code of length log n,
which is constructed using a computer search. Nevertheless, the constants that are
involved in the work of [12] are orders of magnitude away from the lower bound in

logn + o(logn) even for k = 2, and the code is not systematic.

For k = 2, [34] improved the redundancy up to 8logn + o(logn) using techniques
similar to [12], which are fundamentally different from ours, and incur higher re-
dundancy and complexity. Moreover, finding a k-deletion correcting code with
an asymptotic rate 1 as an extension of the VT construction remained widely
open. More recently, a 2-deletion correcting code construction with redundancy
4logn + o(log n) was proposed in [38], which improved our 7 log n + o(log n) bits
of redundancy. The code construction in [38] is not systematic and used a different

approach from ours, which is hard to generalize to correct more deletions.

In this chapter, we provide a systematic two-deletion correcting code with redun-
dancy 7logn + o(log n) and linear encoding/decoding complexity. The main result

is as follows.

Theorem 2.1.1. For any integern > 3 and N = n+7logn+o(logn), there exists an
encoding function & : {0,1}" — {0, 1}V and a decoding function D : {0, 1}VN~2 —
{0, 1} such that for any ¢ € {0,1}" and subsequence ¢’ € {0, 1}N=2 of &(c), we
have that D(c’) = ¢. In addition, functions & and D can be computed in O (n) time.

The encoding and decoding functions & and 9 will be explicitly constructed,
based on a VT-like extension that will be presented next. One might conjecture
that a potential extension of the VT code can be obtained by using higher order
parity checks Y%, i/¢; mod (n/ + 1) for j = 0,1,...,1, but counterexamples are
constructible even for k = 2 and ¢ < 4 [12]. The following is a counterexample
fork =2andr = 3. Let

¢=(1,0,0,0,1,0,1,1,1,0,0, 1) and

IThe notion Oy denotes parameterized complexity, i.e., Ox(nlog*n) = f(k)O(nlog*n) for
some function f.
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¢ =(0,1,1,0,0,0,1,0,1,1,1,0)

be two sequences of length 12. The sequences ¢ and ¢’ share a common subse-
quence (1,0,0,0,1,0,1,1,1,0) of length 10. It can be verified that 3" ile; =
Z?zl i/ c; for j € {0,1,2,3}. It is not known whether there is a constant bound ¢

such that the higher order parity check works for two deletions.

In this section, we find that similar higher order parity checks work when ¢ = 3,
given that we restrict our attention to sequences with no adjacent ones. In particular,
for sequences with no adjacent ones, the “syndrome,” i.e., the difference between the
parity checks of a codeword and an erroneous sequence, can be expressed as a linear
function. The matrix of the linear function is similar to the Vandermonde matrix
in the sense that its columns are the sums of Vandermonde matrix columns. It can
be shown that such a matrix has a positive determinant and hence the “syndrome”
cannot be zero. Note that in the above counterexample both ¢ and ¢’ contain
adjacent ones. Consequently, applying these parity checks on certain indicator
vectors yields the desired result. For a and b in {0, 1} and a binary sequence c,
the ab-indicator 1,5 (c) € {0, 1}"! of cis

1 ifc;=aandc;y1=b
1ab(c)i = l a
0 else.

For example,

¢=(1,0,1,0,0,1,1,0,0,1,1,0,0,0)
110(e) = (1,0,1,0,0,0,1,0,0,0, 1,0,0)
101(e) = (0,1,0,0,1,0,0,0, 1,0,0,0,0).

Since any two 10 or O1 patterns are at least two positions apart, the 10- and 01-
indicators of any n-bit sequence do not contain consecutive ones, and hence higher
order parity checks can be applied. The parity checks in the proposed code rely on
the following integer vectors.

m? £ (1,2,....n-1)

1>

m

L1+2,1+2+3,...,
( +2,1+2+ 3

n(n— l))

o)

>

(12,12+22,12+22+32,...,”("_1)(2”_ 1)),

6
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and further, for ¢ € {0, 1}" let

f(e) = (110(c) - m® mod 2,
119(c) - m™" mod n?,
110(c) - m'® mod n?), and

h(c) = (1p1(c) - 1 mod 3,11 (c) - m'" mod 2n), (2.2)

where - denotes inner product over the integers, and 1 denotes the all 1’s vector.
The term 1¢;(¢) - 1 in (2.2) counts the number of 1-runs that are preceded by a 0 in
the vector 1¢; (¢). The functions f(c) and A(c) are used to obtain parity symbols in
our construction. To show this, we prove the following theorem, which requires the
notion of a k-deletion ball. For any integer k let By (c) be the k-deletion ball of ¢,

i.e., the set of n-bit sequences that share a common length n — k subsequence with c.

Theorem 2.1.2. Forc,¢’ € {0,1}", ifc € Ba(¢), f(¢) = f(c'), and h(c¢) = h(c),

thenc=c.

Theorem 2.1.2 indicates the possibility of constructing a 2-deletion code, with func-
tions h(c) and f(c) serving as the redundancy bits. The induced redundancy is at
most 7 log(n) +o(log n) (the o(log n) term stems from both the redundancy /4(c) and
f(c) and the extra redundancy to protect 2(¢) and f(c¢)). Furthermore, the encod-
ing algorithm is straightforward — we begin by appending the redundancies f(c)
and h(c) to the sequence ¢, in their binary representation. Then, to protect the
redundancies f(c¢) and h(c), we apply functions f(-) and A(-) once again and ap-
pend f(f(c), h(c)) and h(f(c), h(c)) to the sequences?. Finally, in order to protect
the latter, we use a simple 3-fold repetition code. The encoding function is given in

the following construction.
Construction 2.1.1. For a sequence ¢ € {0, 1}", the encoding function is
&(c) = (¢, f(e), h(e), r3(f(f(c), h(c))), r3(h(f(c), h(c)))), (2.3)
where r3 is a 3-fold repetition encoding function. The length of the codeword &(c¢)
is
N Zn+7logn+ 8 +21log(7logn +8) +24

=n+ 7logn+ o(logn).

ZNote that the functions f(-) and A(-) are applied here on the sequences ¢, and later on the
sequence ( f(c¢), h(c)), thatis shorter than ¢. However, it readily follows from (2.2) that functions f(-)
and h(-) can be defined over sequences of any length.
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Clearly, the computation of the function &(¢) can be done in linear time. The linear
time decoding of Construction 2.1.1 is achieved by a reduction to the problem of
finding an element in a sorted matrix of integers; a problem which is solvable in
linear time. In addition, we show that this matrix does not have to be calculated
in full, since each entry can be computed from its neighbors in constant time. The
decoding algorithm will be given in detail in Sec. 2.5. Construction 2.1.1 and the

linear decoding algorithm together prove Theorem 2.1.1.

One of the most substantial aspects of our contribution lies in viewing it as a
generalization of the VT construction. In particular, the proof of Theorem 2.1.2 can
be seen as a higher dimensional variant of the proof for the VT construction. In
the remainder of this section, a generalized proof of correctness for the VT codes
is presented. Then, it is shown how this particular proof can be extended to prove
Theorem 2.1.2. To the best of the authors’ knowledge, this constitutes the first

extension of the VT code which attains rate 1.

Generalizing VT for a single deletion

Clearly, a VT code of length n — 1 can be seen as a set of sequences ¢ for which
the values of £(c) £ ¢ - m® mod n coincide. Adopting this point of view, the
correctness of the VT construction is an immediate corollary of the following more
general claim, in which ¢y(¢) = ¢ - vmod (v,_; + 1). The claim also appeared
in [43]. Here we prove it in a different approach that will be used throughout the

chapter.
Proposition 2.1.1. For ¢,¢’ € {0,1}""!, and v € 77!, if ¢ € Bi(¢’), ty(e) =

t(¢),and vy <vy <...<v,_ithenc=".

In turn, the proof of this proposition can be completed by defining the following
function. For a vector v € Zﬁ“, an integer r € {1,...,n — 1}, and a binary

vector X = (x1,...,x5) withr+s—-2<n-1,let

gv(r,x) £ x- ((V(r,r+s—2)’ 0) — (0, V(r,r+s—2)))

s—1
= X1V — XgVrps2 + Z Xt (Vear—1 = Virr—2), (2.4)
=2
where v 572 & (y oy ,Vris—2). As shown in the proof of Proposition

2.1.1, the difference ¢y (¢) — £y (¢’) for ¢ € Bj(c’), which plays a key role in proving

Proposition 2.1.1, can be expressed in the form gy(r,x) for some x. Furthermore,
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the difference of parity checks f(c) — f(¢’) for ¢ € B,(¢) can be expressed as the
sum or difference of two functions gy(r1,X;) and gv(r2,x>). The following claim

regarding the function gy(r, x) will be used to prove Proposition 2.1.1.

Proposition 2.1.2. For positive integers r and s such thatr + s —2 < n — 1, a vector
v e 2V withvy < ... < v,_1, and an s-bit binary vector X, if gy(r,x) = 0, then x

IS a constant vector.

Proof. We distinguish between two cases according to the value of x;. On the one
hand, if x; = 0, then it is readily verified according to (2.4) that gy(r, x) is the sum
of nonnegative terms. In which case, the equation gy(r,x) = 0 holds if and only
if x = 0. On the other hand, if x; = 1, then
s—1
g(7,X) = VX1 + D (Viert = Vier-2)X = Vyaga

=2
s—1
Syt Z(Vt+r—1 — Viar-2) = Vras—2 = 0. (2.5)
=2
The equality holds if and only if x = 1. O

Proof. (of Proposition 2.1.1) Let k| and k> (k; < k) be the indices of the deletions

in ¢ and ¢/, respectively, after which they are identical. Then, we have

¢ =c if t < ky
ort > ko, and

Cip1 = C; ifky <t <ky—1, (2.6)

and one can find that

kl—l k2
c-v—c’-V:Z CiVi + Ck Vi, + Z v+
t=1 t=ki+1
n ki—1 ko—1
Z CtVy — (Z Civy + Z Cr1 Vit
t=ko+1 t=1 t=k;
n
V4
Ch, Vi + Z civy)
t=ko+1
ko
= C, VK, + Z (Vi = vi1) = CryVi—2
t=ki+1

= gy(k1, () ¢} ). 2.7)
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Hence, if £, (¢) = ¢,(c’), then we have that g (k1, (c(k1-52) C,kz)) =0mod (v,—1 + 1).

Furthermore, since

—Vp-1 £ —Vrgs-2
s—1

SX1Vr = XgVrys—2 + Z xt(vt+r—1 - Vt+r—2)
=2
s—1

< v+ Z(vm-l — Viar-2) = Vpps—2 < Vool (2.8)

=2
it follows that &, (¢) = & (¢’) if and only if gy(ky, (ck1-52), ¢},)) = 0. The proof is
now concluded by using Proposition 2.1.2 and Eq. (2.6) as follows. From Propo-
sition 2.1.2 we get ¢k, = ... = Ck, = c’k2. Together with Eq. (2.6), we have
that ¢; = ¢y = ¢, for ky <t < kpy—1landc; = ¢, fort < kyort > ko, and

hence ¢ = ¢'. m|

The proof of correctness for a VT code of length n — 1 immediately follows from
Proposition 2.1.1 by choosing v = (1,...,n — 1). Now, the crux of proving The-
orem 2.1.2 boils down to the following higher dimensional variant of Proposi-
tion 2.1.2, and hence the tight connection between the VT construction and the one

which is presented in this chapter.

Proposition 2.1.3. For positive integers ry,r2, 51, and sy such thatry > ry +s1 — 2
and ry + s2 — 2 < n — 1, and binary sequences X and 'y of lengths s1 and s,

respectively, if

8m© (71, X) + Agm© (r2,y) =0, and

&m0 (r1,X) + Agm (r2,y) =0, (2.9)
where A = £1, then X and y are constant vectors.

Additional technical claims, which involve the remaining ingredients of the redun-

dancy bits, are given in the sequel.

2.2 QOutline
The intuition behind applying the redundancy functions over the indicator vectors,

rather than over the message itself, is the following simple lemma.

Lemma 2.2.1. For ¢ and ¢’ in {0, 1}" such that ¢ € By(¢), if 1i9(¢) = 1ip(c’)
and 1pi(c) = 1o1(¢) thenc =¢'.
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Proof. The conditions 1jp(c) = 1j0(c’) and 1p;(c) = 1g1(c’) imply that the as-

cending (i.e., 0 to 1) and descending (i.e., 1 to 0) transition positions of ¢ coincide
with those of ¢’ respectively. Hence if transitions exist in ¢ or ¢, then ¢ = ¢’. If no
transitions happen in c or ¢ and ¢ # ¢/, then one of ¢ and ¢’ is all 0’s vector and the
other is all 1’s vector. Since all 0’s vector does not share a common subsequence of

length n — 2 with all 1’s vector, the claim follows. m]

Based on this lemma, the proof of Theorem 2.1.2 is separated to the following
two lemmas. Generally speaking, it is shown that for two confusable sequences,
i.e., that share a common n — 2 subsequence, if the f redundancies coincide (2.2),
then so are the 10-indicators. Then, it is shown that confusable sequences with

identical 10-indicators and identical /4 redundancy, have identical 01-indicators.

Lemma 2.2.2. Forcandc’ in{0,1}", if ¢ € By(¢') and f(c¢) = f(¢), then 11p(c) =
L10(¢).

Lemma 2.2.3. For ¢ and ¢’ in {0, 1}" such that ¢ € By(¢’), if Lio(¢c) = 119(c’) and
h(e) = h(c’), then 1o1(c) = 1o1(c).

From these lemmas it is clear that two n-bit sequences that share a common n — 2
subsequence and agree on the redundancies f and A have identical 10- and O1-
indicators, and hence, the proof of Theorem 2.1.2 is concluded. The proofs of
Lemma 2.2.2 and Lemma 2.2.3 make extensive use of the following two technical

claims, that are easy to prove.

Proposition 2.2.1. For ¢ and ¢’ in {0, 1}", if ¢ € By(¢’) then 119(¢) € B(110(c))
and 1o (¢) € B2(1o1(¢)).

Proof. We first show that if ¢ € Bi(c’) then 1,p(c) € B1(11p(c’)) and 1p(c) €
B1(101(¢)). To this end, it suffices to show that if d € {0, 1}"~! is obtained from ¢
by one deletion, then 1;o(d) (resp. 1yp;(d)) is obtained from 1;¢9(c) (resp. 1oi(c))
by one deletion (see Table 2.1). Further, it is easy to see that a deletion of ¢
corresponds to a deletion of 11p(c); (resp. 1o;(c);) and a deletion of ¢, corresponds

to a deletion of 1p(c),—1 (resp. 1o;(c),—1). Hence, it follows that if

1del’ _1del’
c—d — e

, 1&}’ Y 1 del’

C —> €
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Table 2.1: All possible cases of deletions of ¢; for 2 < i < n — 1 correspond to
deletions in 1p(c) (resp. 1g1(c’)).

Ci1CiCin1 000 [ 001 | 010 | O11 | 100 | 101 | 110 | 111
T10(c)i—1110(c)i | 00 [ 00 | 01 | 00 | 10 | 10 | 01 | 00
To1(¢)i1lo1(c)i | 00 | 01 | 10 | 10 | 00 | 01 | 00 | 00

then
110(0) e 110(d) 14 1i0(e)
110(c’) e 1io(d’) Ldef 1i0(e)
101 (c) e 101 (d) 1de) 1o1(e)
Lo1(¢) gy 1o1(d') gy 1o1(e),
which concludes the claim. O

Proposition 2.2.2. Forc,¢’ € {0, 1}", ifc € By(¢) and 1o (¢)-1 = 1p;(c¢’)-1 mod 3,
then 1p1(c) -1 =11 (') - 1.

Proof. Since c € B,(c’), itfollows from Proposition 2.2.1 that 11y(c) € B2(110(c)),
and thus 1¢(c) and 1¢(c’) have a mutual (n — 3)-bit substring s. Sinces-1,1¢(c)-
1, and 1,9(c’) - 1 are the number of 1 entries in s, 119(c), and 1,9(c’) respectively,

we have that

s-1<1p(c)-1<s-1+2 and
S'lSll()(C/)'].SS'1+2,

and thus [119(c)-1-119(c’)-1| < 2. However, since 3 divides |1;o(c)-1-1;0(c’)-1|,
we must have that 1;p(c) - 1 = 19(¢’) - 1. O

In addition, one of the cases of the proof of Lemma 2.2.2 requires a specialized

variant of Proposition 2.1.3, as follows.

Proposition 2.2.3. Letry,r;, 51, 52 and s3 be positive integers that satisfy ro = ri+s
andry +so+s3—1 <n—1, and let x € {0, 1} and y € {0, 1}1+52%53 be such

that

(xS1+19-xS1+2’ ... 9-xS]+S2) = (y2» y3’ L 9yS2+1)9



19

and (Xs 41, Xg,425 - - - » Xs5,+5,) has no adjacent 1’s. If

8m© (r1,X) + gmo (r2,y) =0,
gm0 (r1,X) + gmo (r2,y) =0, and

Em® (11, X) + gma (r2,y) =0, (2.10)
then either x| = ... = X5 45041 = Y1 = ... = Ysyts341 OF
Xp=x2=...=Xg41 =1 -y,
Xe+x1 =1, fort e {s;+1,...,51+5,— 1},

xS1+Sz+1 +yS2+1 = 1? (l}’ld

y52+1 =... :yS2+S3+l' (211)

Proposition 2.1.3 and Proposition 2.2.3 are key to the proof of Lemma 2.2.2. More-
over, the proof of Proposition 2.2.3 contains one of the main ideas in this chapter
that proves the correctness of correcting two deletions using higher order parity
checks. Proposition 2.1.3 and Proposition 2.2.3 are proved in Sec. 2.3. Finally, the
following lemma shows a property of gy(r,x), which will be useful in the proof of
Proposition 2.1.3 and Proposition 2.2.3.

Proposition 2.2.4. For positive integers r and s suchthatr + s —2 < n — 1, a vector

v, and an s-bit binary vector X, we have that

gv(r,x) + gv(r,Xx) =0, (2.12)

wherex =1 —-x.

Proof. We have that
s—1

gv(r,X) =v,x1 + Z(mr_l ~ Vigr—2)Xt = Vpps—2Xs
t=2
s—1
=V, X1 + Z(vm-l — Viar-2)X; = Vpps2Xs—
t=2

s—1
Vi — Z(Vt+r—l - Vt+r—2) + Vg2
1=2

s—1
=0 (61 = 1) + ) (Ve = Vir-2) (5 = 1)=
=2

Vr+s—2(xs - 1) = _gv(r’i),

which proves Eq. (2.12). O
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Prop. 2.2.4

Prop. 2.1.3

Lemma 2.2.1 Lemma 2.2.2 Lemma 2.2.3

Figure 2.1: Dependencies of the claims in Ch. 2.

Lemma 2.2.2 is more involved compared to Lemma 2.2.3 and is proved in Sec. 2.3,
with the proofs of Proposition 2.1.3 and Proposition 2.2.3 given at the end of
Sec. 2.3. Lemma 2.2.3 is proved in Sec. 2.4. Finally, the decoding algorithm of
Construction 2.1.1 is presented in Sec. 2.5. For the convenience of the reader, a

graph of dependencies is given in Figure 3.2.

2.3 Protecting 1,( Indicator Vectors
In this section, we prove Lemma 2.2.2. The proof is based on Proposition 2.1.3 and
Proposition 2.2.3, which are proved at the end of this section. Since ¢ € B(¢’) it

follows that there exist integers iy, i», j1, and j, such that

del’ iy del’ ji
cC — — €

R Tl e,
and by Proposition 2.2.1 it follows that there exist integers ¢1, {2, k1, and k, such
that

del’ £ del k
1i0(e) — 1ip(d) —' 1jo(e)

L del’ € L del’ k
Li0(¢) — 119(d") —" 1yo(e).
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Due to symmetry between ¢ and ¢’, we distinguish between the following three cases.
In each case, the difference between the f values of ¢ and ¢’ are given in terms of the
function g (2.4). Further, the computation of these three differences, a somewhat

tedious but straightforward task, is deferred to the appendix of this chapter.

Case (a). If {; < £, < kr < ky (Fig. 2.2), then

1i0(c); = 11p(c’), ift <4
ort) <t <k
ort > kq,
Lio(€)s+1 = Lio(€); if6y <t<t-1,
Lio(e); = Lio(€")sr1 ifkoy <t <k—1.

Thus, for e € {0, 1,2},

(110(¢) = 110(¢)) - m®
= gmo (1, (L10(€) 2, 110(¢))p,))—
gmeo (k2, (L1o(¢)*2*) 115(e)r,)). (2.13)

Case (b). If | < ¢, < k1 < kp (Fig. 2.3), then

1i0(e) = Lio(c'); ifr <1,
orly <t<kj.
ort > kj.
1i0(€)i+1 = Lio(c), ifey<t<t6-1

ork; <t<ky-1.
Thus, for e € {0, 1,2},

(110(¢) = 110(¢))) - m®
= gmo (€1, (L10(€) 2, 110(¢)p,))+
gmeo (k1, (L10(€) 152 [ 116(¢)r,))- (2.14)

Case (¢). If €] < k| < 6 < ko (Fig. 2.4), then

1i0(c); = Lio(c’); ift <1y

ort > ko,
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1]0(C) = | % / = N *x| =
Lip(¢) | = A% =[x D =

Figure 2.2: Case (a), where {; < {, < ko < k. The diagonal lines indicate equality
between the respective entries of 1jp(¢) and 1p(c’).

4 %) k1 ko

110(0) = | % / = | % Vs =
]_lo(c’) = / > = / * =

Figure 2.3: Case (b), where {1 < {» < k1 < k. The diagonal lines indicate equality
between the respective entries of 11g(¢) and 11o(c’).

1io(€)i+1 = Lio(c), ifl,<t<k -2
ortr+1<t<ky—1,
1io(e)e2 = Lio(c'), ifki-1<t<6-1.

Thus, for e € {0, 1,2},

(110(c) — 119(c’)) - m'®
= g (€1, (L10(e) OF17D 1,5 (e) Fthe+D 11,(¢") )+

gmee (k1, (L10(€) %152 110(¢)i,)). (2.15)
{ ki %) ko

1@ | = | x|, | XV L L =

Lio(¢) | = /A A Ax| 7 Mx| =

Figure 2.4: Case (c), where | < k; < ¢, < ky. The diagonal lines indicate equality
between the respective entries of 11p(c) and 1o(c’).

Note that if f(c) = f(c’), then 1;0(c) - m'® = 1;p(c’) - m® mod n,, where ng =
2n,n; = n?, and ny = n3. Hence, from (2.13)—(2.15) we have that

gm (€1, (L10(e) ), 110(¢)g,))
—gmie (ka, (110(¢) %24 "116(e)i,)) = 0 mod n,,
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gm© (€1, (L10(e) ) 115(c)g,))
+gm@ (k1, (L1o(e) K% 116(c')s,)) = 0 mod n,, and

gmeo (€1, (L10(0) 517D 110(e) K#-E4D 110(¢')p,))
+8mie (k1. (110(¢) %), 119(¢'),)) = 0 mod n,. (2.16)
for Case (a), Case (b), and Case (c), respectively.

In what follows, we show that these equalities also hold in their non modular version.

Specifically, we prove the following,

gm© (€1, (L10(e) ) 115(c)g,))

~gmo (k2, (L10(¢)) %25 110(e),)) = 0, (2.17)
gme (€1, (L10(€) ), 119(c)s,))

+gmee (k1, (L10(€)*152) 110(¢')x,)) = 0, and (2.18)
gme@ (€1, (L10(e)¥170 115 (e) K10 1110(¢)y,))

+&mee (k1, (L10(e) F152) [ 110(¢'),)) = 0. (2.19)

From (2.8), we have that

1(‘+)s 2 < 8me (1,X) < mr(’i)v—Z

for any x € {0, 1}* and any integer r that satisfies r + s —2 < n — 1. Therefore,

(6) /(;) <gmeo (1, (L10(€) 2 110(¢)p,)) -

2
gmo (k2, (L10(c)*2¥) 115(e)i,)

m(® +m(,

m!” —m® <gm(e) (41, (110(C)(€l’€2)» Lio(¢)e,))+

gm (k1, (L10(e) 152 1 116(¢)r,))

(e) ()
k b

g) m,(fz) <gme (1, (Lio(e) 4171,
Lio(e) e+ 10(c)p,))
+ gmee (k1, (L1o(€)*1%2) 110(¢')r,))

<m +m{, (2.20)

+m and

for Case (a)—(c) respectively. Further, note that

(e)

m, + m'® < n, and m(e) +m'® <n,. (2.21)

k1 ko
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Combining (2.16), (2.20), and (2.21), we conclude that if f(c) = f(c¢’), then
Eq. (2.17), (2.18), and (2.19) hold for Case (a), Case (b), and Case (c) respectively.

For Case (a), Equation (2.17) and Proposition 2.1.3 imply that

1i0(e)g, = ... =110(€)g, = L10(c)e,

Li0(k, = ... = L1o( )k, = Lio(C)k,s

which readily implies that

1i0(¢')r = Lio(€)s+1 = Lio(c),

for{; <t < ¢, and

1io(e)r = Lio(€ )1 = L10(c);

for ko <t < ky. Together with 110(0)52 = 110(0')52 and 110(C,)k1 = 110(C)k1, we
have that 119(c) = 11o(c’).

For Case (b), Equation (2.18) and Proposition 2.1.3 implies that

1i0(€)g, = ... =1io(c)s, = Li0(c)e,

Li0(e)k, = ... = Lio(c )k, = Lio(e)i,

and hence

110(c) = Lio(€)s+1 = L1o(c);
fort; <t <{lyand k; <t < kp, and thus 119(c) = 11o(c’).

Note that in Case (a) and (b) we used Proposition 2.1.3, which implies that only two
parity checks with weights m® and m(! are needed. Case (c) is the most involved
case and the only case when the parity check with weight m® is needed. Hence,
Proposition 2.2.3 is required. According to Equation (2.19) and Proposition 2.2.3,

we have either
lio(e)e, = ... = Lio(e)r, = 110(c")s, = 110(c )i, (2.22)
or

Lio(e)g = ... = Lio(e)k,-1 = Lio(C)x;+1,
Lio(e)i + 11o(€)is1 = 1 fori € {ky, ..., 0},
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11()(0/)[2 + 110(0/)/(2 =1, and
Lio(©)e41 = ... = Lip(Q)k, = L10(€ )k, (2.23)

If (2.22) is true, we can obtain ¢ = ¢’ by following steps similar to those of Case (a)
and Case (b). If (2.23) is true, we have

1i0(c); = Lip(€)s+1 = Lio(c);

for{; <t <ki—2andf,+1 <t < ky — 1. Furthermore, we have that
Lio(¢'); = Lio(€)i2 = 1 = L10(€)s41 = Lio(C);

fork; <t < £,—1. Inaddition, wehave 119(¢")x,—1 = 110(€)k,+1 = Lio(€)k,-1, L10(c ), =
1 —110(c)k, =1 —=110(¢)s+1 = Lio(€)e, and 11o(€¢’ )k, = 110(c)k,. Hence, we have
that 1;9(¢) = 1;0(c’). This concludes the proof of Cases (a), (b), and (c), and thus
the proof of Lemma 2.2.2 is completed.

We now prove Proposition 2.1.3 and Proposition 2.2.3.

Proof. (of Proposition 2.1.3) According to Eq. (2.12), if A = 1, then Eq. (2.9) can

be written as

8m© (r1,X) — gmo (r2,y) = 0, and
8 (r1,X) — g (12,y) =0

Therefore, it suffices to prove the claim for 4 = —1. We distinguish between four

cases according to the value of (y1, ys,).

Case (a). (y1,Ys,) = (0,1). We have that

Em(e (7"], X) — 8m (7'2, y)

s1—1
myx + Z(mle 1~ 531 )X —mifisl_zxsl—
so—1
r2 yl Z( ;(32—1 l+r2 Z)yl ’(’2')*'52 2Ys2
so—1
e T 2 ) m

—m® —m©@ =0

r2 ri+s1—2

\%

a contradiction.
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Case (b). (y1,Ys,) = (1,0). From Proposition 2.2.4 and (2.9) we have g« (r1,X) —
gm@ (r2,y) =0 fore € {0,1}, wherex = 1 —xandy = 1 —y. Since (y;,y,,) =

(0, 1), from the previous case this leads to a contradiction.

Case (¢). (y1,ys,) = (1, 1). Let

Si2{j:yjopm=Lrn+1<j<r+s -2} and

S E{j:Yjmr1 =012+ 1 < j <rp+s2-2},

and notice that

8m© (r2,¥)
so—1
O _ ,© m© m®
=m,," - r2+v2 -2 Z( jHra-1 " j+}’2 2)y]
ra+sy—2 so—1
— 0) _ (0) m® m©
- Z (m; )+Z( jrra=1 " My, )Y
Jj=ra+l
7'2+S2—2
0 0
> m® -m'?)(-y))
J=ra+l
=— Z (mE‘O) (O) )= Z 1, and similarly,
jese jess
Zm (r2,¥)
1 1 .
== > m"-m)=-%";. (2.24)
JEST JEST

Now, on the one hand, if x5, = 0 we have

s1—1
0 0
gm© (71, X) :m Xl + Z(mz(+31 1 t(+31 2)x’

>0, (2.25)

and hence, (2.24) and (2.25) imply that g, (71, X) — gm© (72,¥) > 0, and equality
holds only when g, (71, X) and g, (72, y) are both 0, which by Proposition 2.1.2
implies that x and y are constant vectors. On the other hand, if x;, = 11let Sy = {¢:

Xmax{r-r+1,1} = 0,1 < < ry +s1 — 2}, and notice that

gm© (71, X)
s1—1

m®sx, +Z(m<0> m® )y, - m®

t+ri— 1 t+r1 -2 }’1+S1—2
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Sl—l

0 0 0
= ml(ﬁl)(xl - 1) + Z(m§+2’1 1 §+2'1 2)(xt - 1)

=— Z 1, and similarly,

teSy

gmin (1) == > 1. (2.26)

tesS,

Inserting (2.24) and (2.26) into (2.9), we have

=1+ > =0

tesS, jeSf
IEDINEL
tesy JEST

This implies that the sets S{ and S, have the same cardinality and the same sum
of elements. However, the maximum element in S, is smaller than the minimum
element in §7. Therefore, ST and S, are empty, which implies that x is the O vector

and y is the all 1’s vector.

Case (d). (y1,ys,) = (0,0). From Proposition 2.2.4 and Eq. (2.9) we have
8m@ (r1,X) — gm (r2,y) = 0 for e € {0,1}, wherex = 1 —xandy = 1 -y.
Since (y;,y,,) = (1,1), from the previous case X and y are constant vectors, and

thus so are x and y. m|

Proof. (of Proposition 2.2.3) We distinguish between four cases according to the

Value Of (-XS|+s2+la yS2+S3+1)'

Case (a). (Xg, 450415 Yso+s3+1) = (0, 0). Similar to (2.25), we have that g, (71, X) +

gm© (72,¥) > 0, where equality holds only if x and y are constant 0 vectors.

Case (b). (Xg 45,415 Ysp453+41) = (1,1). From Proposition 2.2.4 and Eq. (2.10) we
have that g,,0) (71, X)+gmy, (72, ¥) = 0. Onthe otherhand, since (Xs, 45,415 Vg, 45541) =
(0,0) , it follows that g, (r1,X) + gm© (r2,y) = 0 where equality holds when x

and y are constant 1 vectors.

Case (¢). (Xg,4+55+15 Ysp453+41) = (0, 1). On the one hand, for y; = 0 we have

gm© (r1,X) + gmo (72, )

s1+1

- m©x, +Z(m(0) m©@

1+ri— 1 Z+}’1 -2



s1+sp—1
0 _ m©®
Z (mt+r1 - t+r1—1)xl+1

t=s1+1
52
(0) m©
+ Z(ml+r2 1 t+r2 Z)yt+

S§2+S83

(0) m'? m?
Z (mt+r2 1 l‘+}"2 Z)yt r2+S2+S3—1

t=s7+1
s1+1

0 0 0
w3 i s

+r1— 1

s1+s2—1
0 0
> ) -m® ) +xi)

t=s1+1
$2+53

(0) (0) (0)
+ Z (ml+r2— l‘+r2—2)yl }’2+S2+S3—1

t=sp+1
s1+1
(0) (0) m®
< mrl + (mt+r1—1 t+r1 2)
s1+sp—1
0 _ m©®
Z (mt‘H‘l N t+r1 1)
t=s1+1
§2+S83
(0) m© m® —
+ Z (ml+r2 17 l‘+}"2 2) r2+S2+S3—1 - O’

t=s7+1

where equality equality holds when

x;=1forte{l,...,s;+1},
X;+xp=1forte{s;+1,...,51+s2—1}, and

vi=1fort € {so+1,...,5 +s3},
and hence (2.11) holds. On the other hand, when y; = 1, let

S1=A{t s Xmax{t-ri+1,1} = LL1<t<si+r1},

So={t X, + X111 =0, 12+ 1 <t <12+ 52— 1},

S3={t:Yipps1 =0,r2+ 52 <t < rp+ 53 +53— 1},

and notice that

Em© (rl’ X) + 8m© (7‘2, Y)
s1+1

(0) (0) m®
- mrl X1 + Z(erl 1 t+r1 2)xt+

28
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s1+sp—1
0 0 0
~(91‘)"rl + Z (mt(+21 - t(+31—1)(x’ +X41)+
t=s1+1
§2+S83
(0) mY m®
Z (mt+72—1 t+r1 Z)yt r2+52+S3—1
t=s7+1
0 0 0 0
— Z(mf() () Z(m() ()
teS tes,
Z(m(o) (0)
teSs
DREDREDIE (2.27)
teS tesS, teSs

Similarly, we have that

m (F1,X) + gy (r2,¥) = > 1= > 1= 1. (2.28)

tesS teS, teSs

Equations (2.10), (2.27), and (2.28) imply that the cardinality of S| equals the sum of
cardinalities of S, and S3, and in addition, the sum of elements of S| equals the sum
of elements of S, and S3. Note that the minimum element of S, U S3 is larger than the
maximum element of S;. This is impossible, unless Sy, S», and S3 are empty, which
impliesthatx, =0 fort € {1,...,s1+1},x;+x,41 =1 fort € {s1+1,...,s1+50—1},
andy, =1 forr e {sp+1,...,s2+ 53}, and hence (2.11) holds.

Case (d). (Xg,45,+1> Ysp+s53+41) = (1,0). On the one hand, for y; = 0, let
S1=A{t : Xmax{t-ri+1,1y = 0,1 <t < 51+ 711},

Sy = {t:x,_rl + Xt 41 =0,rp+1<t<ry+sy—1},

Sy ={r: Vierr1 = Lo+ 520 <t <rp+ 852+ 53— 1}.
We have

8m© (71, X) + gno (r2,y)

s1+1

—m0 (0) m'®
mrl X1 + (mt+r1 1 l+r1 2)xl+
s1+sy—1
0 _ ;O
Z (mt+r1 - f+"1—1 ) (xl‘ + xt+l)_
t=s1+1
$2+583

(0) 0) (0)
r1+s1+sz 1 Z (mt+r2—1 t+r1 Z)yt

t=s7+1
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s1+1
(0) m©® m©®
(1-x1) - Z( oy ) ) (1= x0)-
s1+sp—1
0 0
D, m) —ml) (1= x = xi)+
t=s1+1
S2+S53
(0) (0)
Z (mt+r2 1 t+r1 2)yl
t=sy+1
0 0 0 0
:_Z(mt() () Z(m() ()
tesy teSy
Z(m(O) (0)
teS;
== > 1->1+>1=0
teS tesS, teSs

Then similar to the previous case, we obtain sets with identical cardinalities and sum
of elements, and yet the smallest element in one is greater than the largest element
in the others. Therefore, it follows that S;, S», and S3 are empty. Then we have
x;=1fort e{l,...,
yvi=0forte{sy+1,...,

si+ 1}, x;+x4p =1fore e {s;+1,...,51 +s2— 1}, and

s7 + 53}, and hence (2.11) holds.

On the other hand, for y; =1, let

S1=At : Xmax{i-ri+1,1y = 1, 1 £t < s1+711},
Sy ={t: Xty ¥ Xpop41 = 0,r+1<t<r+s—1},

Sy ={r: Vil = L,ro+ 52 <t <rp+ 85y + 53 — 1}.
We have

8m© (71, X) + gmo (r2,y)

s1+1
(0) (0) m® (0)
=m, x|+ (mt+r1 pTm )XeAmg
si+so—1
0 _ m©®
Z (mt+r1 - t+r1—1)(xt +xt+l)_
t=s1+1
$2+583
m® (0) m®
M, s i+so— 1t (mt+rz My Z)yf
t=s7+1
Sl+1

(0) (0) m©®
x1+2(ml‘+r1 1 t+r1 2) t
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s1+sp—1
0 0
D m —m® (1 —x = x)+
t=s1+1
$2+S53
(0) m'®
Z (mt+r2—1 t+r1 Z)yl
t=s7+1
— Z (mfo) (0) Z(m(o) (0)
teS teS,
3 - m®
teS;
:21—21+ZI:0. (2.29)
teS teSy teSs

Similarly, we have

gm0 (1, X) + gy (r2,y) = Z - Z t+ Zz

tesS tesS, teSs
Zm® (11, X) + g (12, y) = > 2= Y 174 3 12 (2.30)
tesS tesS, teSs

According to (2.29) and (2.30), the following linear equation

Az =0, 2.31)
where
ZteSl 1 Zzesz 1 ZZES3 1 X1
A = ZteSl ! Zt652t ZtES3 I, = X210
ZtESl t2 ZZ‘ESZ t2 ZIGS:; lz X3

has a nonzero solution (x,x2,x3) = (1,—1,1)". We show that this is impossible
unless A = 0. Suppose on the other hand, A # 0. If all columns of A are not zero

columns, then according to the multi-linearity of the determinant,

1 1 1

det(A) = Z det| i j k&

i€S1,j€S2,keSs l‘2 jZ k2
DY IEDUEDIEN) (2.32)

i€S1,j€S2,keSs

is strictly positive since max;es, i < minjeg, j < mingeg, k. Hence the equation
cannot have nonzero solutions. It is also obvious that the equation (2.31) cannot

have solution (x1, x2,x3) = (1, -1, 1) T when only one column A is non-zero. For the
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case when A contains two non-zero columns, e.g., the first column and the second

column, then we have that

A = [ZteSl 1 ZteSz 1] [Xll —0. (2.33)

ZlGS] t ZtGSzt X2

Again, similar to Eq. (2.32), we have

det(A’) = Z det(l‘ 1)
l

i€S1,/€82.keS; J
= Z (j—i) >0, (2.34)
iES],jESz
which implies that the equation Eq. (2.33) cannot have nonzero solutions. Thus,

Eq. (2.31) cannot have solution (xi,x2,x3) = (1,—1,1)T unless A = 0, which

implies that S, S», and S3 are empty. Therefore, x, = 0 forr € {1,...,s; + 1},
Xi+xp=1fort e {s;+1,...,51+sp—1},andy, =0fort € {so+1,...,50+53},
which implies (2.11). O

2.4 Protecting 1(; Indicator Vectors
We now show that for any ¢ and ¢’ in {0, 1}" that satisfy ¢ € By(¢), if 1jg(c) =
1,0(¢’) and h(c) = h(c’), then 1p;(c) = 1p;(c¢’). Since ¢ and ¢’ have identical 10-

indicators, they can be written as

¢ =07 1M1 ... 07 17204 and

¢ =0"170717 ... QR e (2.35)

for some integer ¢, where (0 (resp. 1/) denotes a run of i consecutive 0’s (resp. 1’s), and

2¢+1 2¢+1
i=0 i=0

positive for every i ¢ {0,2¢ + 1}, and such that my; + 741 = T2; + T4 forall i €
{0,1,...,¢}. In addition, since h(c); = h(c); it follows from Proposition 2.2.2

that 1p;(c) - 1 = 1p1(¢’) - 1, i.e., the numbers of O runs that is followed by a 1 run

where {7; and {r; are nonnegative integers such that xr; and 1; are strictly

in ¢ and ¢’ are equal. Note that the numbers of such O runs can either be ¢ -1, ¢,
and ¢ + 1, depending on the lengths of the initial and final runs in ¢ or ¢’. Hence, we

have

101(C)-1:101(C’)-125+1 if 7o > 0 and mpp41 > 0,
101(0) ‘1= 101(6') 1= ifﬂ'() > 0 and mp1 =0

or mo = 0 and mop; > 0,
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Toi(e)-1=10(¢) - 1=€—1 if 7o =0and maes = 0. (2.36)

Letd = 070171072173 ... 0v2¢172¢+1 ¢ {0, 1}*% be a common subsequence of ¢ and
¢’ which is obtained by deleting two bits from either ¢ or ¢/, where y; > 0 for all i.

Then, it is readily verified that

20+1 20+1

Z (m; —yi) =2, Z (1 — y;) = 2, and hence

i=0 i=0

20+1 20+1 20+1

Z lmi — 7| < Z |7Ti—7’i|+z |7 = vil = 4.

=1 i=1 i=1
Moreover, since mp; + mp41 = To; + T4 for all i € {0,1,...,¢}, it follows that
|2 — Ti| = |m2i+1 — T2i+1|. Since the sum of the (integer) expressions |m; — 7;| is

at most 4, and since the values of the individual expressions are equal for adjacent
values of i (i.e., fori = 2r and i = 2r + 1 for some integer r), an inequality between

the O1-indicators of ¢ and ¢’ can only mean one of the following two cases.

Case (a). There exists an integer j € [£] such that [m2; — 72| = [m2j41 — 41| = 1

or [my; — 12| = |m2j41 — 2541 = 2, and |7y — ;] = 0 fori # j.

Case (b). There exist two integers m and r (where m < r) such that |7y, — To,| =
|72m+1 — Tome1| = 1 and |72, — 12| = |m2p41 — T2p1| = 1, and |my; — 7] = 0
fori ¢ {m,r}.

In Case (a), since my; + m2i+1 = T2; + Toi41 for every i and my; = o; for every i # J,
it follows that 1¢p;(c) and 1g;(¢’) differ in precisely two positions s and ¢ such
that 1 < s —t < 2. Hence, since the number of 1’s in the Ol-indicators is equal,
it follows that 1p;(c)s = 1o1(¢’)s, Loi(c); = Loi(c¢’)s, and 1oi(c)s # Loi(c);, and

therefore
h(e)2 = h(¢)2 = (Lo1(0); - 101<c’>s>(s ; 1)+
o= 1003

S e

Since 1 < s — 1 < 2, it follows that (2.37) equals either +(7 + 1) or (27 + 3), and a

contradiction follows since neither of which is 0 modulo 2#, .
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Similarly, in Case (b), if none of 72, Tom, T2m+1> T2m+1s T2rs Tars T2r41, T2r+1 1S ZETO,

then 1p;(¢) and 1 (¢’) differ in four positions s, s + 1,7, and ¢ + 1, and hence

h(e)z = h(c)2 = (Lo1(c)s — 101(0')s)(s ; 1)+

(Lo1(€)ss1 = 101(0')s+1)(s ; 2)+
(101 (C)t - 101 (C/)t) (t ; 1)+

2
(Lo1(€)rs1 — 101(C')z+1)(t; ) (2.38)

Once again, since 1¢; (¢) and 1¢; (¢’) have an identical number of 1’s, we have that

1o1(e)s = Lo1(€)s41 101(€)s+1 = Lo1(c")s
1o1(€); = Lo1(c )41 101(€)r41 = Lo1 ('),
1o1(e)s # Lo1(c')s 1o1(c); # Lo1(c);.

This readily implies that (2.38) equals either +(s—¢) or +(s+7+2), and since none of
which is 0 modulo 2n, another contradiction is obtained. If 5, = 0 (resp. 12, = 0),
then 1, = 1 (resp. my,, = 1). By (2.36) and the discussion after (2.35) it follows
that m =0, r =€, 7,41 = 0 (resp. 2,41 = 0), and hence 1g;(¢) and 1¢; (c’) differ in
the first and last positions. Hence, (2.38) becomes +(1 — "("—2_1)), which is nonzero

modulo 2#x, and the claim follows.

2.5 Decoding of Two-Deletion Correcting Codes
In this section it is shown how to decode Construction 2.1.1. Recall the encoding

function

&(e) = (¢, f(¢), h(e), r3(f(f(e), h(¢))), r3(h(f(c), h(c)))), (2.39)

with redundancy f(c), h(c) of length Ni = 7logn + 8 and 3-fold repetition redun-
dancy r3(f(f(c), h(c))),r3(h(f(c), h(c))) of length Ny = 211og(7logn + 8) + 8.

To conveniently describe the decoding algorithm, two building blocks are needed.

The first is a 3-fold repetition decoding function
Dy : {0, 1}V72 {0, 1}V2/3

that takes a subsequence d; € {0, 1}¥>72 of a 3-fold repetition codeword r3(s;) €
{0, 1}V for some s; € {0, 1}¥2/3 as input, and outputs an estimate §; of the se-

quence s;. The second is a decoding function which is defined for every positive
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integer g as follows
D, - {0, 13972 x {0, 1}71089+2 _ {0, 1}9.

The function 9, takes a subsequence d, € {0, 1}‘1‘2 of some s, € {0, 1}9, re-
dundancy f(s;), and redundancy %(s;) as input, and outputs an estimate §; of the
sequence Sp. In Algorithm 1, the function 9, is used twice with two different
values of g. As will be shown, the two calls of the function 9, aim to recover the

redundancy f(¢) and &(c) and the sequence ¢ respectively.

The 3-fold repetition decoding 9; can be implemented by adding two bits to d;
such that the length of each run is a multiple of 3, which can obviously be done in
linear time. According to Theorem 2.1.2, there exists a decoding function D, that
recovers the original sequence s, correctly given its f(s2) and A(s;) redundancy.

The linear complexity of 9, will be shown later in this section.

The functions D and D, are used as subroutines to describe the decoding pro-
cedure that is given in Algorithm 1. First, we use the function 9 to recover the
redundancy f(f(c), h(c)) and h(f(c), h(c)) from the 3-fold repetition code. Then,
by applying D, and using the redundancy f( f(c), k(¢)) and h( f(¢), h(c)), the f(c)
and A(c) can be recovered. Finally and similarly, redundancy f(c) and A(c) can be

used to recover the original sequence ¢, again with the help of D;.

Algorithm 1: Decoding

Input: A subsequence d € {0, 1}V=2 of &(c¢) for some ¢ in the code.
Output: The sequence c.
layer2_redundancy = Dy (dN~N2+1L.N=2)y.
if two deletions are detected by 9; then
‘ return d(1-7);
else
L = The length of the longest suffix of d that is a subsequence
of r3(layer2_redundancy);
layer]_redundancy = D, (dN"N+1=LN=2=L) ‘[4ver? redundancy);
¢ = D,(d""2 layer]_redundancy);
return c.

Theorem 2.5.1. If the functions D and D, provide the correct estimates in O(n)
time, then given an N — 2 subsequence of &(c¢), Algorithm [ returns the original

sequence ¢ in O(n) time.

Proof. To prove the correctness of Algorithm 1, it suffices to show the following
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(1). dN-N2+L.N=2) iq a length N, — 2 subsequence of the repetition code

r3(f(f(e), h(c))), r3(h(f(c), h(c)))).
(2). dN-Ni#1-L.N=2-L) jq 3 length N; —2 subsequence of the f(¢), h(c) redundancy.

(3). d"2) js a length n — 2 subsequence of the sequence c.

Since d is a length N — 2 subsequence of &(c), d,,—» must be either the (n — 2)-th,
the (n — 1)-th or the n-th bits of &(c), and hence (3) must hold. Similarly, (1)
holds by considering d and &(c) in reversed order. By the definition of L, dy_»—1
is the i;-th bit of &(¢) for some i < n+ N;. Since (1) holds, we have that L

is either N, Na — 1, or Ny — 2. Therefore, dy_py,+1-1 is the ip-th bit of &E(c) for
someir > N — Ny +1—L > n. Since (f(c), h(c)) = E(c)™1+N) (2) must hold.

Since finding L has O(N;) complexity, the complexity of Algorithm 1 is O(N) =

O (n), given that the complexities of the functions 9 and D, are linear. O

It can be verified that Algorithm 1 outputs the original sequence ¢ in the case of
a single deletion. One can also use a VT decoder (see [64]), which has a simpler
implementation and O(n) time complexity. We are left to implement D, with
linear complexity. In particular, we need to recover the sequence ¢ € {0, 1}"
from its length n — 2 subsequence d in time O(n), given the redundancies f(c)
and h(c). Note that there are O (n?) supersequences of d of length n, and f and &
can be computed on each of them in O(n). Hence, the brute force approach would

require O (n?).

To achieve linear time complexity, we first recover 1 (c) from an (n—3)-subsequence
110(d) of 1i9(c) € {0,1}""!, and then use it to recover c¢. In particular, we first
find the positions and values of the deleted bits in 1jo(c) by an iterative updating
algorithm, rather than by exhaustive search, and hence linear complexity is ob-
tained. Furthermore, the uniqueness of the resulting sequence is guaranteed by
Lemma 2.2.2. After recovering 119(c), We can find all length n supersequences ¢’
of d such that 119(¢’) = 1jp(c). It is shown that there are at most 4 such possible
supersequences, and since Theorem 2.1.2 guarantees uniqueness, the right ¢ is found
by computing and comparing h(c). Therefore, the decoding can be done in linear

time in total.
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Recovering 1((c).

Forl <i<2n-2,let

n—i ifl<i<n-1
pi = , and (2.40)
i-n+l1 ifn<i<2n-2

0 ifl<i<n-1
b; = . 2.41)
1 ifn<i<2n-2

For example, when n = 5, we have

(p1, P2, P3> P4, D5, P6s 7. Ps) = (4,3,2,1,1,2,3,4) and
(bl’b2, b3’ b4a b5’ b69 b7a bS) = (0’ Oa 0’ 05 1’ 17 1a 1)~

Given a subsequence d € {0,1}"2 of ¢, let 119(d) = (r1,...,7n—3), and let w :
{0,1}"2 x [2n - 2] x [2n - 2] — {0, 1}*"1 U {x} be defined as

w(d,i,j) =

("1’7’2,---,rp,»—l,bi,rp,»,---,”pj—z,bj,rpj—l,---,”n—3)

if p; < pj,
4 (M5 725 o s Tp 15D Ty oo Tpi—2, By P15 o T03)
lfp, > pj,
*
if pi =pj,

that is, w(d, i, j) results from 1;9(d) inserting b; at position p; and b; in posi-
tion p; of 1io(d), if p; # p;. Notice that w(d,i, j) is one possible candidate
for 1;0(c¢). To illustrate w(d, i, j), let us consider again the example where n = 5.
Let d € {0,1}"2 = (1,0,1), which implies that 1;9(d) = (1,0). Then, we
have that w(d,2,7) = % since pp = p7 = 3, and that w(d,2,6) = (1,1,0,0)
since pp =3,by =0,pe=2,bg = 1.

For e € {0, 1,2} define (2n — 2) X (2n — 2) integer matrices {A(e)}gzo as follows.
A =
i,j
w(d,i, j) - m@ = Y m L) ifw(d,i, ) # *.

* if w(d, i, j) = .
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Notice that Afj.) is the difference in the weighted sums of w(d, i, j) and 1;o(d), with
weights m(¢), We now show that the entry of A(¢) that we are looking for is equal
modulo 7, to the difference in entry e of the f redundancies of ¢ and of d. That is,
Afj.) = (f(¢)e — f(d),) mod n,. On the one hand, since 1;o(¢) is obtained after two
insertions in 1;o(d), it follows that there exists (i, j) such that w(d, i, j) = 1i9(c)
and that Afj.) = (f(¢)e — f(d),) mod n, for every e € {0,1,2}. On the other
hand, by Lemma 2.2.2, it follows that this (7, j) pair is unique, given that the
sequence w(d, 7, j) does not contain consecutive 1’s. Hence, since w(d, i, j) which
contain consecutive 1’s are skipped in our algorithm (see Algorithm 2 in the sequel),
it follows that w(d, i,, j) = 1i0(c).

We prove the following properties of A(¢). In the first property, we give an explicit
expression for an entry Al.(j.) in terms of 119(d), p;, pj, bi, and b;. This expression
will be used for calculating Al.(j.) in constant time from its neighboring entries
during O;. In the following we use §(x) to denote the Boolean indicator of an

event x, where ¢(x) = 1 if and only if x is true.
Proposition 2.5.1. If AE‘;.) # % then

A =bmiy) + bymy)+
n-3

> Lio(@x[(k + D¥6(min{pi, p,} < k+ D+
k=1

(k +2)¢s(max{p;, p;} < k +2)]. (2.42)

Proof. The difference between ’,Zj m}(e)llo(d)k and w(d, i, j) - m‘® consists of

two parts. The first part follows from the two inserted bits, and can be written as

bm{) +b;m). (2.43)

The second part follows from the shift of bits in 1;9(d); that is caused by the
insertions of two bits b; and b ;. Each bit 11 (d) shifts from position & to position k+
1 if one insertion occurs before 119(d), i.e., min{p;, p,;} < k+1 and max{p;, p,;} >

k + 2. The resulting difference is given by

n-3
2 Lio(@s(min{pi, p;} < k +1)-
k=1
s(max{p;, p;} = k+2)(m\?, —m\)
n-3

1io(d)rd(min{p;, p;} < k+1)-
=1
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d(max{p;, p;j} > k+2)(k+1)°. (2.44)

The bit 1,o(d), shifts from position & to k +2 if two insertions occur before 1,o(d)y,

i.e., max{p;, p;} < k +2. The corresponding difference is given by

n-3
Lio(d)rd(min{p;, p;} < k +1)-
k=1
s(max{pi, p;} < k +2)119(d)r(m", - m'*)
n-3
Lio(d)rd(max{p;, p;} <k +2)[(k+ 1)+ (k+2)°]. (2.45)
k=1

Combining (2.44) and (2.45), we have that the difference that results from the second
part is given by

i
W

Lio(d)k[(k + D)*6(min{p;, p;} < k+ 1)+
1

=~
Il

(k+2)°s(max{p;,p;} < k+2)],

that together with (2.43), implies (2.42). O

The following shows that the entries of each A(®) are non-decreasing in rows and
columns, and that the respective sequences w(d, 7, j) that lie in the same column or
the same row, are unique given each entry value. This property guarantees a simple

(6)

algorithm for finding a sequence w(d, 7, j) with a given value A; by decreasing i

or increasing j by 1 in each step.

Proposition 2.5.2. Foreveryi, j and iy < iy, j1 < jo, if neither of d(iy, j),d(iz, j),
d(i, j1), and d(i, j,) equals *, then Al(le)J < Al(:)J and Al(i)l < Al(?z Moreover,
lfAl(le)] Al(;)J (resp. Al(i)l = Al.(j.)z), thend(iy, j) = d(ia, j) (resp. d(i, j1) = d(i, j2)).
Proof. By symmetry we only need to prove that the matrix A s non-decreasing

in each column, for which it suffices to prove that:

(1). A <Al for 1 <iy <ip<n-1.

(2) A(e) A(e)

(3). A)) <

(e) : :
2 < <2n-
i Alz,] forn <ij <ip; £2n-2.
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For (2), the only difference between d(n—1, j) and d(n, j) is that their first bits are O
and 1 respectively, and hence A,(le_)1 it 1= Affj) We are left to show (1) and (3).

(1): For 1 <i; <ip <n—1,wehave b; = b;, =0and p;, > p;,. Letd’(i1,j) €
{0,1}"2 and d’(i2, j) € {0, 1}""2 be two subsequences of d(iy, j) and d(i», j), re-
spectively, after deleting the p ;-th bit from both d (i1, j) and d(i>, j), and similarly,
let m(©)-Pi = (m(e) m(e) (e‘)_l, (e?+1, cees
m,, pj

after deleting the p;-th entry. Since d'(i1,j) € B1(d'(i2, j)), the remaining argu-

m mfle_)l) be a subsequence of m'®)
ments follow those in the proof of Proposition 2.1.1. According to (2.6) and (2.7),

we have that

A~ A = d(in, j) -m —d(iy, j) -m©

12,] 1]
=d' (i, ) .m'@ri — d' (i1, ) .m'®-Pi
= g(khd,(iz’ j)(kl’kZ)’d,(il’ j)kz)
> 0, (2.46)

where k1 = p;, —0(pi, > p;) and ko = p;, —6(p;, > p;) are the indices whose dele-
tion from d’(i», j) and d’(iy, j), respectively, results in 1;o(d). Similarly, as in the
proof in Proposition 2.1.2, the last inequality follows from the fact that d’(iy, j)x, =
b;, = 0. Furthermore, equality holds when d’(iz,j)(kl’kZ) =0 and d’'(i1, j)r, = O,
which implies that d’(iy, j) = d’(i2, j), and hence d(iy, j) = d(i2, j).

(3): Forn <ij <ip <2n-2, we have b;, = b;, = 1 and p;, < p;,. Similar

to (2.46), we have that

AL = AL = gk d i, )5 (i, i) <O,

where k1 = p;, —6(p;, > p;) and ko = p;, — 6(pi, > p;) are the indices whose
deletion from d’(iy, j) and d’(is, j), respectively, results in 1;p(d). The last in-
equality follows from the fact that d’(i2, j)x, = b;, = 1, and equality holds
when d (i, j) = d(i2, j). O

Remark 2.5.1. From Proposition 2.5.2, we have that

0= A(e) < A(e) A(e) < m( e)

(e)
12 S m-22n-3 = ptm, 5, <ne

for1 <i,j <2n-2, Afi.) # %, where ng = 2n, ny = n2, n, = n°.

Recall that our goal is to find a sequence w(d, 7, j) # % for which

n-3
Al = f(©)e = > m7119(d)e mod n, (2.47)
i=k
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i=1] %1 9| =
i —
o i i
2n-7/7 | 8|9 [1[10]* 1D -
m-67]89 10| 11]11]
2n-5/ 8 | 8|9 | *[[10|11|12
-4/ 8 | 9| * [1g11 12|13
-39 |=]9olig11]12]13
2n-2| * |9 @{_ﬂ 1213 |
j=12 3 4 5 6 7 w2

Figure 2.5: The path of Algorithm 2 on the matrix A(®.

for every e € {0, 1,2}. In addition, the sequence w(d, i, j) cannot contain adja-

cent 1’s, i.e.,

W(d’ I j)pi—l : W(d, L j)p; = W(d’ I j)pi : W(d’ i’j)p;+1 =0

w(d, i, )p;-1-w(d, i, j)p, =w(d,i, j)p, - w(d,i, j)p;+1 =0, (2.48)
and from Lemma 2.2.2, such w(d, 7, j) equals 1;¢(c). Moreover, since Remark 2.5.1

implies that 0 < Al.(;) < n., it follows that the modular equality in (2.47) is unnec-
essary, i.e., it suffices to find a sequence w(d, i, j) # * that satisfies (2.48) and

n-3
A =a, = fi(o) - Z m{*'1;9(d)x mod n,, (2.49)
k=1

where a, is the target value to be found in matrix A(®). Eq. (2.49) implies

that w(d, i, j) satisfies the f redundancy.

The procedure to find such w(d, i, j) is given in Algorithm 2. We search for all
sequences w(d, i, j) # * with no adjacent 1’s (2.48) such that Al.(f)j) = ag. This

clearly amounts to a binary search in a sorted matrix>3. We start from the bottom left

3The two % entries in each row or column can simply be skipped.
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corner of the matrix, proceed to the right in each step until reaching the rightmost
entry such that A;‘;.) < ay, and then go one step up. Figure 2.5 illustrates an example

of how Algorithm 2 runs on matrix A©.

To avoid the computation of the entire matrix, that would require O (n?) time, each
entry is computed from previously seen ones only upon its discovery. To this end
we prove the following lemma, that alongside Proposition 2.5.1, provides a way of

computing a newly discovered entry.

Proposition 2.5.3. Whenever the (i, j)-th and (i + 1, j)-th (resp. (i, j + 1)) entries
ofA(e) are not %, we have that

(e) (e)

Ai,j N Ai+1,j

= b,-mﬁf) - bi+1m(e) +

i Pi+l
min{pi,pi+1}
D, Lio@xl(k+D(8(min{p;, p;} < k+1)
k=min{p;,pis1}-1

—o(min{pjy1,p;} < k+1))+
(k+2)°(6(max{p;,p;} < k+2)-
o(max{pis1,pj} < k+2))], and (2.50)

(e) (e)
Ai,_/ - Ai,j+l
(e)

Pj
min{p;,pj1}

(e)

pj+l+

=bm,’ —bj,m

Lio(d)i[(k+ 1D)(6(min{p;, p;} < k+1)
k=min{p;,pj+1}-1

—o(min{p;, pj1} < k+1))+
(k+2)(6(max{p;,p;} < k+2)-
d(max{p;, pj+1} < k +2))]. (2.51)

Proof. Note that if i increases by 1 or if j decreases by 1, then p; or p; changes by
at most 1 (See (2.40)). Hence,

o(min{p;, p;} < k+1) =6(min{p;y1,p;} < k+1),
d(max{p;,p;} < k+2)=d6(max{pis1,p;} < k+2)

for k <min{p;, pi+1} —2 and k > min{p;, pis1} + 1. According to (2.42), we have
that (2.50) holds, and similarly, (2.51) holds as well. m|



Algorithm 2: Finding 1,¢(c).

Input: Subsequence d € {0, 1}"~2 of ¢, and f(c)
Output: 7/ and j such that w(d, i, j) = 11p(c)
Initialization: i =2n -2, = 1;

Xe = Ag?n_z fore € {0, 1,2};

ae = fo.(c) — Zj m,(f)llo(d)k mod n, fore € {0,1,2};

while i > 0 do

if x, = a, forevery e € {0,1,2} and w(d, i, j) # x and w(d, i, j) has no
adjacent 1’s (w(d, i, j) satisfies (2.48)) then
‘ return i, j;

else

Find the maximum j for which Al{?‘) < ay.

if p; = pj or (xo > ap) then

temp_xe = Xo + AQ Al.(j.) (using (2.51)), for e € {0, 1,2};

i,j—1
temp_j =j—1;
while piep, j = pido
temp_x, = xo + A A (using (2.51))

ijtemp_j—1 itemp_j
fore € {0,1,2};
temp_j =temp_j —1;
if temp_j > 1 then
j =temp_j;
X, =temp_x, fore € {0,1,2, };

else
temp_x, =x,+ A%, = A (using (2.51)), for e € {0, 1,2};
temp_j=j+1;
while Ptemp_j = Pi do
temp_x, = X, + Agzmp_jﬂ - Algjimlu. (using (2.51))

fore € {0,1,2};
| temp_j =temp_j+1;
if remp_xo < ag then

J=temp_j;
X, =temp_x, fore € {0,1,2, };
else
X, = X, + Aff)l’j - Al?j.) (using (2.50));
i=i—1;

return (0, 0);
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We first show that Algorithm 2 outputs the (i, j) pair such that w(d, i, j) = 1jp(c).
Note that by Lemma 2.2.2 there exists a unique sequence w(d, i, j) = 1i9(c) for
which w(d, i, j) satisfies Eq. (2.48) and for which (i, j) satisfies Eq. (2.49). Since
the algorithm terminates either when such a sequence w(d, i, j) = 1j9(c) is found
or no such sequence is found and i reaches 0, it suffices to show that the latter case
does not occur. We prove this by contradiction. Assuming that the latter case occurs,
we show that w(d, i, j) # 1jo(c) for all (i, j) pairs, which is a contradiction. For
eachi € {1,2,...,2n — 2}, let j; be the maximum j = j; for which Al((;z < ay.
If Al.(’(;) > ay for some i and for all j, then j; = 1. Note that each pair (i, j;) is visited
in Algorithm 2 and by assumption we have that d(i, j;) # 19(c). We consider the
following two cases

(D. j>Jji
(2). j<Ji

and conclude that no (i, j) pair in these cases result in w(d,i, j) = 1j9(c). For
Jj > Ji, by Proposition 2.5.2 we have that Afg.) > Al(ol? or that w(d, i, j) =
Hence by definition of j; we have that A(O) > aq or that w(d,7,j) = %, and
hence w(d, i, j) # 1i0(¢). For j < j;, by Proposmon 2.5.2 we have that A(O) < Af??
or that w(d, i, j) = *. If ASJ).) < Af’(}z, then Al.(g.) # ap. If Al(,(;.) = Al.(fj).z, then accordmg
to Proposition 2.5.2, we have that w(d, i, j) = d(i, j;) # 110(c).

We now show that Algorithm 2 terminates in O(n) time. From (2.50) and (2.51)
the (i, j)-th entry of A(), e € {0, 1,2}, can be computed by using the update rule
e+ Al(e)1 i A(e) and x, + Az(i)ﬂ - Algj.) (see Algorithm 2), that can be computed in

constant time. In addition, one can verify in constant time that (2.48) holds.
Note that in each round, either i decreases by 1 or j increases by 1, with the
exception that j decreases by 1 every time when A((;) = % or A(O) > ag. We prove
by contradiction that the latter case, in which A( ) > ap and j > 1 is impossible.
Notice that for each current pair (i, j), the value of next pair (i*, j*) falls into either
one of the following three case:

(D). @, j*) = (i,j’) for some j/ > j with Al(i < ay,

(2) (l*a.]*) = (l - l’j)’

(0)

i1 =%

(3). (i*,j*)=(—1,j) for some j* < j when A;



45

Assume by contradiction that Ai(’?, )j > ag and j* > 1, and (i*, j*) is the first visited
pair for which this statement is true. In Case (1), we have that A(O) < aop, In
contradiction to A( ; > ap. In Case (2) or Case (3), Proposition 2. 5 2 implies
that ag < A(O) < A(O) contradicting the assumption that (i*, j*) is the first visited

pair which satlsﬁes A( ) > ay.

Having proved that Al.(,j) < ap whenever j > 1, we have the Algorithm 2 proceeds
to the left only when it encounters a x-entry. We now show that the algorithm
terminates in O(n) time. Notice that unless Algorithm 2 encounters a x-entry, it
proceeds either up or to the right, for which case, it is clear that only O (n) many steps
occur. In cases where Algorithm 2 encounters a x-entry, it proceeds to the left until
a non *-entry is found. Then, this x-entry will not be visited again, because in the
next step, it either goes up from the non *-entry or goes to the right of the x-entry.
Since the number of x-entries is 4n — 4, the number of left strides of the algorithm
is at most this quantity, and therefore the algorithm terminates in at most O (n) time.

In the following, we provide a running example of Algorithm 2.

Example 2.5.1. Consider a sequence ¢ = (1,1,0,0, 1,0, 1,0), where the first and
the 6-th bits are deleted, resulting ind = (1,0,0,1,1,0). Then n = 8, 1i9(c) =
(0,1,0,0,1,0,1), f(e) = (14,46,200), and 19(d) = (1,0,0,0,1). Hence ag
8,a1 =30,a, = 144.

Then, Algorithm 2 proceeds in the following manner. The underlined bits denote the
inserted bits to 11p(d).

i=1,j=14,p;=pj,x0=T,x1 = 28,x, = 140
=2,j=14,w(d,i,j) =(1,0,0,0,1,0,1),
xo=7,x1 =28,xp =140
—i=3,j=14,w(d,i,j) =(1,0,0,0,0,1,1),
xo=8,x1 =34,x, =176,
=4,j=14,w(d,i,j)=(1,0,0,0,0,1,1),
x0=8,x1 =34,x, =176,
=5,j=14,w(d,i,j) =(1,0,0,0,0,1,1),
xo=8,x1 =34,x, =176,
—i=6,j=14,w(d,i,j) =(1,0,0,0,0,1,1),
x0=8,x1 =34,x, =176,
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—i=17,j=14,w(d,i,j) =(0,1,0,0,0,1,1),
x0=9,x1 =36,x, = 180
—i=7,j=13,w(d,i,j) =(0,1,0,0,0,1, 1),
x0=9,x1 =36,x, =180
—i=7,j=12,w(d,i,j) =(0,1,0,0,1,0, 1),
x0=28,x1 =30,x, =144

Recover the original sequence ¢

Let (i, j) be the output of Algorithm 2, for which we have that w(d, i, j) = 119(c).
Let ¢’ be alength n supersequence after two insertions to d such that 11o(¢’) = 11o(c).
If b; = 1, then inserting b; to 1;o(d) corresponds to either inserting a O to d as
the p;+1-th bitin ¢’ or inserting a 1 to d as the p;-th bitin ¢’ (see Table 2.1). If b; = 0,
then inserting b; to 119(d) corresponds to inserting a O or 1 in the first O run or 1
run respectively after the k’-th bit in ¢/, where k" = maxg{w(d, i, j)r = 1,k < p;}
is the index of the last 10-pattern that occurs before the p;-th bit in ¢’. The same

arguments hold for the insertion of b;.

Therefore, given the (i, j) pair that Algorithm 2 returns, there are at most four
possible ¢’ supersequences of d such that 1;p(¢’) = 1ljp(c). One can check if
the ¢’ sequences satisfy /(c). According to Theorem 2.1.2, there is a unique such

sequence, the original sequence c that satisfies both f(c) and /(c¢) simultaneously.

2.6 Appendix
Proof of (2.13) (Case (a))

(110(c) = 119(c)) - m'®

)

=" (Lio@) - Lio(e),) - (m )+
=0
ki

> (Lio(e) = L1o(€)y) - (),

t=k»
= (Lio(€)e, — L10(€)g,) - (M), +
(L10(€)x, — L10(€)x,) - (M) +
0H—1
> (Lio(e)s = Lio(€)is1) - ()4

t={;



ki—1

D7 (i0(€)r1 = Lio(€),) - (),

=k
= (Lio(€)e, — L10(€')g,) - (M), +
(Lio(e)k, = Lio()k,) - (m )+

-1 1%}
D Lio(e), - (m @), = > 1ip(e), - (m'),

t={; 61+1
ki ki—1
£ > L) - @)= Y Lip(e), - (m),
t=ko+1 t=k;

= (Lio(€)e, — L10(€)g,) - (M), +
(Lio(e)k, = Lio(€)k,) - (m )+
Lio(e), - (M), = Lig(e)g, - (M)g1+

6H—1

D Lio(e) - £+ Lio(€)y, - (M),

t=61+1
k1—1

= Lio(¢ )i, - (M), = > Lig(e), - £
t=ky+1

= (=110(¢)z,) - (M), + (Lio(C)s,) - (M) +
%)
110(e)g, - (M), + Z 1i0(c); - -

t=01+1

ki
Lio(¢), - (M), = > 1p(c), - #°

t=ko+1
= 1i0(c)y, - (M), + 119(0)s, - (M), +
%) ky
D Liole) 17— D7 Lip(€); - 1~
t=C1+1 t=ko+1

(L10()e, - @), + Lio(¢, - (m),)

= gm ¢, (L10(€)¢ys - - -, L10(€) gy, L10(€ ) gy)—
gm© &, (110(€ ks, - - - L10(€)xy» L10(€)i,)

Proof of (2.14) (Case (b))

(119(c) = 119(¢’)) - m®



%)
=3 (Li0(e) - Lio(€)) - ()

t=0;
ko
> (Li0(e) = L1g(),) - (m),
s

= (L10(€)e, — L10(€)g,) - (M) g+
(L10(0)k, — L10(€)k,) - (M), +

6H—1
D (io(e) = Lio(€)ss1) - (m),+
t={;
ko—1

D7 (L10(e) = Lio(e)s1) - (m),

=%y
= (L10(€)e, — L10(€)g,) - (M) g+
(L10(©)k, — L10(€)k,) - (M), +

0H-1 14}
D Lio(e), - (m @), = " 1ip(e), - (m),y+

t={; £1+1

ky—1 ko

D Lio(e) - (m), = > 1yp(e), - (m),
t=ky t=k1+1

= (L10(€)e, — L10(€)g,) - (Mg +
(L10(©)k, — L10(€)k,) - (M), +
Lig(e), - (m@), = Lig(e)g, - (M)p_y+

6H-1

Z Lio(e); - 1° + Lip(€)r, - (m@)y,

t=01+1

fy—1
~ 110(Q)k, - (M) g + Z lio(c); - t°

t=ki+1

= (=L10(¢)g,) - (M), + (=L10(¢)x,) - (M), +

[
Lig(e), - (M) + > Ligle), - 1+
t=C1+1
ko

Lig(e)s, - (M), + 7 Lig(e), - £

t=ki+1

= 110((:)51 ' (m(e))€1 + 110(c)k1 ' (m(e))/q_

(L10(€)z, - M), + 10, - (), ) +
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D Loy -+ > Ligle) -

t=01+1 t=ki+1
= gm.¢, (110(0)¢ys - - ., L1o(€)gy5 L10(€)) )+

gm© i, (110()k,s - - - » L10(©)ky> L10(€ ) ,)

Proof of (2.15) (Case (c))

(Lio(€) = 110(¢)) - m'®

ki—2
= > (Lio(e), - Lio(¢)y) - (), +
=0,
-1
D (Lio(0) = Lio(€)y) - (m),+
t=k1-1

ko
> (L10(e); = Lio()y) - (m'),
=0,

k1-2
=" (Li0(e) = L1o(€)rs1) - (M) +
=0,
0H—1
Z (L10(e); — L10(€)42) - (m @)+
t=k;—1
(L10(€)e, — L10(€))gy) - (m )+

(L10(€)k, = L10(€)iy) - (M), +
fr—1

> (Lio(0); = Lio(€)esr) - (),
t=0r+1
k12 ki—1
= Z 1io(€); - (m(e))t - Z 1io(€); - (m(e))t—l‘i'
t=0, t=01+1
%) OH+1
D Lio(e) - (m@), = > Lyg(e), - (m), o+
t=k1—1 t=k1+1

(=110(¢)e,) - (Mg, + (=110(€¢),) - (M), +

ko ko
D L@ - (), = > 1ig(e), - (m),-y

t=b+1 t=0+2

= 110(c)g, (M), — L1g(€),—1 (M), o+
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t=C1+1 t=k1+1

ko

Z 1i0(e)°

t=0x+2

= 110(¢)¢, (M), + 110(c)i, (M), —

(110(¢)g, - (M), + L10(¢), - (M ),)+
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ko
D L@+ > Lio(@)at’ + - Lio(e)t

t=01+1 t=ky t=ki+1
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Chapter 3

BINARY CODES CORRECTING k DELETIONS/INSERTIONS

Following the construction in Ch. 2, this chapter presents binary codes correcting

any constant number of deletion/inssertion errors.

3.1 Introduction

The problem of constructing efficient k-deletion codes (defined in Ch. 2) has
long been unsettled. Before [12], which proposed a k-deletion correcting code
construction with O (k?log k log n) redundancy, no deletion codes correcting more

than a single error with rate approaching 1 was known.

After [12], the work in [44] considered correction with high probability and proposed
a k-deletion correcting code construction with redundancy (k + 1)(2k + 1) logn +
o(logn) and encoding/decoding complexity O (n**!/log"~! n). The result for this
randomized coding setting was improved in [41], where redundancy O (k log(n/k))
and complexity poly(n, k) were achieved. However, finding a deterministic k-
deletion correcting code construction that achieves the optimal order redundancy
O (klogn) remained elusive. Note that the optimality of the code is redundancy-
wise rather than cardinality-wise, namely, the focus is on the asymptotic rather than

exact size of the code.

In this chapter, we provide a solution to this longstanding open problem for constant
k: We present a code construction that achieves O (8k log n + o(log n)) redundancy
when k = o(m) and O (n***1) encoding/decoding computational complex-
ity. Note that the complexity is polynomial in n when £ is a constant. The following

theorem summarizes our main result.

Theorem 3.1.1. Let k and n be two integers satisfying k = o(\/@). For
integer N = n+ 8k log n+ o(logn), there exists an encoding function & : {0, 1}" —
{0, 1}V, computed in O(n***') time, and a decoding function D : {0, 1}V % —
{0, 1}, computed in O(n**') = O(N**') time, such that for any ¢ € {0,1}" and
subsequence d € {0, 1}N7% of &(¢), we have that D(d) = c.

An independent work [22] proposed a k-deletion correcting code with O (k logn)

redundancy and better complexity of poly(n, k). In contrast to redundancy 8k log n
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in our construction, the redundancy in [22] is not specified, and it is estimated to
be at least 200k logn. Moreover, the techniques in [22] and in our constructions
are different. Our techniques can be applied to obtain a systematic k-deletion code
construction with 4k logn + o(logn) bits of redundancy, as well as deletion codes

for other settings, which will be given in the next chapter.

Here are the key building blocks in our code construction: (i) generalizing the VT
construction to k deletions by considering constrained sequences, (ii) separating the
encoded vector to blocks and using concatenated codes and (iii) a novel strategy
to separate the vector to blocks by a single pattern. The following gives a more

specific description of these ideas.

In the previous chapter, we generalized the VT construction. In particular, we proved
that while the higher order parity checks Zf\i] i/cimod (N/+1),j=0,1,...,tdo
not work in general, those parity checks work in the two-deletion case, when the
sequences are constrained to have no consecutive 1’s. In this chapter we generalize
this idea, specifically, the higher order parity checks can be used to correct k = ¢/2
deletions in sequences that satisfy the following constraint:  The index distance
between any two 1’s is at least k, i.e., there is a O run of length at least k — 1 between

any two 1’s.

The fact that we can correct k deletions using the generalization of the VT construc-
tion on constrained sequences, enables a concatenated code construction, which is
the underlying structure of our k-deletion correcting codes. In concatenated codes,
each codeword c is split into blocks of small length, by certain markers at the bound-
aries between adjacent blocks. Each block is protected by an inner deletion code
that can be efficiently computed when the block length is small. The block boundary
markers are chosen such that k deletions in a codeword result in at most O (k) block
errors. Then, it suffices to use an outer code, such as a Reed-Solomon code, to

correct the block errors.

Concatenated codes were used in a number of k-deletion correcting code construc-
tions, [12, 40, 81]. One of the main differences among these constructions is the
choice of the block boundary markers that separate the codewords. The construc-
tions in [81, 40] insert extra bits as markers between blocks, which introduces O (N)
bits of redundancy. In [12], occurrences of short subsequences in the codeword,
called patterns, were used as markers. The construction in [12] requires O (k log k)

different patterns where each pattern introduces O (k log N) bits of redundancy.
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We improve the redundancy in [12] by using a single type of pattern for block

boundary markers. Specifically, we choose a pattern such that its indicator vector,
a binary vector in which the 1 entries indicate the occurrences of the pattern in c,
is a constrained sequence that is immune to deletions. Then, the generalized VT
construction can be used to protect the indicator vector and thus the locations of the
block boundary markers. Knowing the boundary between blocks, we can recover the
blocks with at most 2k block errors, which then can be corrected using a combination

of short deletion correcting codes and Reed-Solomon codes.

The concatenated code construction consists of short blocks, hence, the pattern
has to occur frequently in the codeword such that all consecutive bits of certain
length contains at least one occurrence of the pattern. Namely, the first step of the
encoding is a mapping of an arbitrary binary sequence to a sequence with frequent
synchronization patterns. The constructions in [12, 22] compute such mappings
using randomized algorithms. In this chapter, we provide a deterministic algorithm

to generate sequences with frequent synchronization patterns.

We now formally define the synchronization pattern and its indicator vector.

Definition 3.1.1. A synchronization pattern, is a length 3k +[log k| +4 sequence a =

(ai,..., a3k+[log k'|+4) satisfying
® a3y = Lfori € [0, [log k]+4], where [0, [logk]+4] = {0, ..., [logk]+4}.

® Theredoesnotexista j € [1,3k—1], suchthataj,; = 1fori € [0, [log k]+4].

Namely, a synchronization pattern is a length 3k + [log k| + 4 sequence that ends
with [log k| + 5 consecutive 1’s and no other 1-run with length [log k| + 5 exists.

For a sequence ¢ = (cy, ..., ¢,), the indicator vector of the synchronization pattern,

referred to as synchronization vector 1,y,.(¢) € {0, 1}", is defined by

1, if (¢im3k+15 Ci=3k42 - - - » Cit[log k1+4)
Loyne(e) = is a synchronization pattern, 3.1
0, else.

Note that 1,y,.(¢c); = 0 fori € [1,3k — 1] and for i € [n — [logk] — 3,n]. The
entry 1,y,c(c) = 1if and only if ¢; is the first bit of the final 1 run in a synchronization

pattern. It can be seen from the definition that any two 1 entries in 1,,.(c) have
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index distance at least 3k, i.e., any two 1 entries are separated by a O-run of length

at least 3k — 1. Hence, 1,y,.(c¢) is a constrained sequence described above.

Example 3.1.1. Let integers k = 2 and n = 35. Then the sequence (1,0,0,1,0,1,

1,1, 1,1, 1) is a synchronization pattern. Let the length n sequence

c=(1,1,1,1,1,1,1,1,1,1,1, 1,0, 1, 1, 1, 1, 1,
1,0,1,0,1,1,1,1,1,1,0, 1, 1, 1,1, 1, 1).

Then the synchronization vector 1y,.(c€) is given by

1sync(c) = (09 09 09 Oa O’ 1’ 09 Oa 0’ O’ O, Oa Oa 1’ 09 O, Oa Oa
0,0,0,0,1,0,0,0,0,0,0,1,0,0,0,0,0).

Next, we present the definition of the generalized VT code. Define the integer

vectors
m© = (1919425, ) j°) (3.2)
j=1

for e € [0, 6k], where the i-th entry mfe) of m® is the sum of the e-th powers of the
first i positive integers. Given a sequence ¢ € {0, 1}, we compute the generalized

VT redundancy f(c) of dimension 6k + 1 as follows:

f(c)e = ¢-m'® mod 3kn®*!

= > e mod 3kn**, (3.3)
i=1

i
for e € [0,6k], where f(c). is the e-th component of f(¢) and - denotes inner
product over integers. Our generalization of the VT code construction shows that
the vector f(1sync(c)) helps protect the synchronization vector 1y,.(c) from k
deletions in c.

The rest of the chapter is organized as follows. Sec. 3.2 provides an outline of our
construction and some of the basic lemmas. Based on results of the basic lemmas,
Sec. 3.3 presents the encoding and decoding procedures of our code. Sec. 3.4
presents our VT generalization for recovering the synchronization vector. Sec. 3.5
explains how to correct k deletions based on the synchronization vector, when
the synchronization patterns appear frequently. Sec. 3.6 describes an algorithm to
transform a sequence into one with frequently occurred synchronization patterns.

Sec. 3.7 concludes this chapter.
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3.2 Qutline and Preliminaries

In this section, we outline the ingredients that constitute our code construction and
present notations that will be used throughout this chapter. A summary of these no-
tations is provided in Table 3.1. We begin with an overview of the code construction,
which has a concatenated code structure as described in Sec. 3.1. In our construc-
tion, each codeword c is split into blocks, with the boundaries between adjacent
blocks given by synchronization patterns. Specifically, let 1, ..., ¢, be the indices
of the synchronization patterns in ¢, i.e., the indices of the 1 entries in 1,y,.(¢). Then
the blocks are given by (c,j,l+1, e ,c,j_l) for j € [0,J + 1], wheret; =0if j =0
andt; = n+1if j = J+1. The key idea of our construction is to use the VT general-
ization f (see Eq. (3.3) for definition) as parity checks to protect the synchronization
vector 1., and thus identify the indices of block boundaries. The proof details will
be given in Lemma 3.2.1. Note that the parity f(c) in (3.3) has size O(k*logn).
To compress the size of f(¢) to the targeted O(k logn), in Lemma 3.2.2 we apply
a modulo operation on the function f. Given the block boundaries, Lemma 3.2.3
provides an algorithm to protect the codewords. Specifically, we show that given
the synchronization vector 1,,.(c¢), it is possible to recover most of the blocks in ¢,
with up to 2k block errors. These block errors can be corrected with the help of
their deletion correcting hashes, which can be exhaustively computed and will be
presented in Lemma 8.2.3. Hence, to correct the block errors, it suffices to protect

the sequence of deletion correcting hashes using, for example, Reed-Solomon codes.

Lemma 3.2.2 and Lemma 3.2.3 together define a hash function that protects ¢
from k deletions. However, in order to exhaustively compute the block hash given
in Lemma 8.2.3 and obtain the desired size of the redundancy, the block length has
to be of order O(poly(k)logn). Hence the synchronization pattern must appear
frequently enough in ¢. Such sequence ¢ will be defined in the following as a k-dense
sequence. To encode for any given sequence ¢ € {0, 1}", in Lemma 3.2.4 we present
an invertible mapping that takes any sequence ¢ € {0, 1}" as input and outputs a k-
dense sequence. Then, any binary sequence can be encoded into a k-dense sequence

and protected.

Finally, the hash function defined by Lemma 3.2.2 and Lemma 3.2.3 is subject
to deletion errors and has to be protected. To this end, we use an additional
hash that encodes the deletion correcting hash of the hash function defined in
Lemma 3.2.2 and Lemma 3.2.3. The additional hash is protected by a (k + 1)-

fold repetition code. Similar additional hash technique was also given in [12].



Table 3.1: Summary of Notations in Ch. 3

Bi(c)

Rim

1sync (C)

m(e)

f(o)

L

p(c)

Hashy(c)

T(c)

H(c)

>

1>

>

>

>

>

>

>

1>

>

The set of sequences that share a
length n — k

subsequence with ¢ € {0, 1}".

The set of sequences where any
two 1 entries are

separated by at least m — 1 zeros.
Synchronization vector defined in
(3.1).

Weights of order e in the VT gener-
alization, defined

in (3.2).

Generalized VT redundancy defined
in (3.3).

Maximal length of zero runs in the
synchronization

vector of a k-dense sequence, de-
fined in (3.4).

The function used to compute the
redundancy

protecting the synchronization vec-
tor 1sync(c),

defined in Lemma 3.2.2.

The deletion correcting hash func-
tion for k-dense

sequences, defined in Lemma 3.2.3.
The function that generates k-dense
sequences,

defined in Lemma 3.2.4.

Deletion correcting hash function
for any sequence,

defined in Lemma 8.2.3.
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sequence ¢
l Map c to T'(c) (see Lemma 3.2.4 for definition of T')
synchronization synchronization
pattern pattern
k-dense

00...011111 01...011111

sequence T'(c)

| block 1 | | block J |

Append Redundancy 1 = (f(1sync(T(c))) mod p(e), p(c))
(See Lemma 3.2.2 for definitions of f and p)

protecting 1sync(€)]  00...011111  01...011111 | Redundancy 1

Append Redundancy 2 = Hashy (c)
(See Lemma 3.2.3 for definition of Hashy,)

blglfsteﬁ tmg ;| 00...ott1i1 o1...011111 Redundancy 1 | Redundancy 2
Append Redundancy 3 = (k + 1)-fold repetition
of H(Redundancyl, Redundancy?2) (See Lemma 8.2.3 for definition of H)
protecting

Redundancy 1 00...011111 01...011111 Redundancy 1 | Redundancy 2 | Redundancy 3
and Redundancy 2

Figure 3.1: Illustrating the encoding procedure of our k-deletion correcting code
construction.

The final encoding/decoding algorithm of our code, which combines the results
in Lemma 3.2.2, Lemma 3.2.3, and Lemma 3.2.4, is provided in Sec. 3.3. The

encoding is illustrated in Fig. 3.1.

Before presenting the lemmas, we give necessary definitions and notations. For a
sequence ¢ € {0, 1}", define its deletion ball By (¢) as the collection of sequences
that share a length n — k subsequence with c.

Definition 3.2.1. A sequence ¢ € {0, 1}" is said to be k-dense if the lengths of the O

runs in gy, (c) is at most

L =([log k] + 5)2M°K1+910g 1]
+ (3k + [logk] +4)([logn] +9 + [logk]). (3.4)

For k-dense ¢, the index distance between any two 1 entries in 1y,.(c¢) is at most L+1,

i.e., the O-runs between two 1 entries have length at most L + 1.

Note that f(c) is an integer vector that can be presented by log(3k)%*!, 3k+1)(6k+1)

YOkl B+ (6k+1) _ 1],

bits or by an integer in the range [0, (3k In this chapter,
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we interchangeably use f(c) to denote its binary presentation or integer presenta-
tion. The following lemma shows that the synchronization vector 1,,,.(¢) can be
recovered from k deletions with the help of f(1,y,c(c)). Its proof will be given in
Sec. 3.4.

Lemma 3.2.1. For integers nand k and sequencesc, ¢, if¢’ € By (¢) and f(1gync(c))
f(lsync(c/))’ then 1sync (C) = 1sync(c/)'

By virtue of Lemma 3.2.1, the synchronization vector 1ly,.(c) can be recovered
from k deletions in ¢, with the help of a hash f(1,,.(c)) of size O (k?log n) bits.
To further reduce the size of the hash to O (k log n) bits, we apply modulo operations
on f(1sync(c)) in the following lemma, the proof of which will be proved in Sec. 3.4.

Lemma 3.2.2. For integers n and k = o(+/loglogn), there exists a function p :
{0, 13" — [1,22klogmollozm] gyeh that if f(Liyne(€)) = f(Lsyne(¢’)) mod p(c)
for two sequences ¢ € {0, 1}" and ¢’ € Bi(c¢), then 1gy,c(¢) = 1sync(¢’). Hence if

(f (Lsyne(e)) mod p(c), p(c))
:(f(lsync(c,)) mod p(c,)’ p(C’))

and ¢’ € By (c), we have that 15y,.(¢) = Ly, ().

Lemma 3.2.2 presents a hash of size 4k log n + o(log n) bits for correcting 1y,,.(c).
With the knowledge of the synchronization vector 1,,.(c), the next lemma shows
that the sequence c¢ can be further recovered using another 4k log +o(log n) bit hash,
when c is k-dense, i.e., when the synchronization patter occurs frequently enough

in ¢. The proof of Lemma 3.2.3 will be given in Sec. 3.5.

Lemma 3.2.3. Forintegersnand k = 0(@), there exists a function Hashy :
{0, 1} — {0, 1}#klogn+ollogn) - oyyeh that every k-dense sequence ¢ € {0, 1} can be
recovered, given its synchronization vector 1y, (c¢), its length n — k subsequence d,
and Hashy(c).

Combining Lemma 3.2.2 and Lemma 3.2.3, we obtain size O (k log n) hash function
to correct deletions for a k-dense sequence. To encode for arbitrary sequence ¢ €
{0, 1}", a mapping that transforms any sequence to a k-dense sequence is given in

the following lemma. The details will be given in Sec. 3.6.
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Lemma 3.2.4. For integers k and n > k, there exists a map T : {0,1}" —
{0, 1}3k+3Mog K115 computable in poly(n, k) time, such that T(c) is a k-dense

sequence for ¢ € {0, 1}". Moreover, the sequence ¢ can be recovered from T (c).

The next three lemmas (Lemma 8.2.3, Lemma 3.2.6, and Lemma 3.2.7) present
existence results that are necessary to prove Lemma 3.2.2 and Lemma 3.2.3.
Lemma 8.2.3 gives a k-deletion correcting hash function for short sequences, which
is the block hash described above in proving Lemma 3.2.3. It is an extension of the
result in [12]. Lemma 3.2.6 is a slight variation of the result in [64]. It shows the
equivalence between correcting deletions and correcting deletions and insertions.
Lemma 3.2.6 will be used in the proof of Lemma 3.2.1, where we need an upper
bound on the number of deletions/insertions in 1,,,.(¢) caused by a deletion in c.
Lemma 3.2.7 (see [71]) gives an upper bound on the number of divisors of a positive
integer n. With Lemma 3.2.7, we show that the VT generalization in Lemma 3.2.1
can be compressed by taking modulo operations. The details will be given in the

proof of Lemma 3.2.2.

Lemma 3.2.5. For any integers w, n, and k, there exists a hash function H :
{0, 1} —

{0, 1}[(w/Nogn)1(2kloglogn+O(1) - compytable in Oy ((w/logn)nlog? n) time, such
that any sequence ¢ € {0, 1}" can be recovered from its length w — k subsequence d
and the hash H(c).

Proof. We first show by counting arguments the existence of a hash function H’ :
{0, 1}Mognl _; 1, 1}2kloglogn+O(1) " exhaustively computable in O (n log?* n) time,
such that H’(s) # H'(s') forall s € {0, 1}1°2"1 and s’ € By (s)\{s}. The hash H’(¢")
protects the sequence s € {0,1}1°2"1 from k deletions. Note that |B;(c’)| <
(HO,% ”1)22" < 2[logn]?*. Hence it suffices to use brute force and greedily assign a
hash value for each sequence s € {0, 1}°¢”1 such that H’(s) # H’(s’) for all 8’ €
Bi(s)\{s}. Since the size of By(s) is upper bounded by 2[log n]?*, there always
exists such a hash H'(s) € {0, 1}0g(2llog ”Vk”), that has no conflict with the hash
values of sequences in By (s). The total complexity is O (n log?* n) and the size of
the hash value H’(s) is 2k loglogn + O(1).

Now split ¢ into [(w/[logn])] blocks ¢(i-1)fiogn]+15 - - - » Ci[log n]>

i € [1,[(w/[logn])]] of length [logn]. If the length of the last block is less
than [logn], add zeros to the end of the last block such that its length is [logn].
Assign a hash value h; = H'((¢(i-1)[iogn1+1> - - - » Ciflogn1))» & € [1, [(w/[lognT)]]
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for each block. Let H(¢) = (hy,...,hr4,/r0g47)7) be the concatenation of h;
fori € [1,[(w/[logn])]].

We show that H(c) protects ¢ from k deletions. Let d be a length n — k subse-
quence of ¢. Note that d;_1)[1ogn1+1 and difjogn]—k come from bits ¢ (;—1)fiogn]+14x
and c;fiog n]-k+y respectively after deletions in ¢, where the integers x,y € [0, k].
Therefore, (d(i—1)fiogn]+1s- - - » diflogn]-k) 1s a length [logn] — k subsequence of
(C(i=1)[logn]+14x> - - - » Ci[log n]-k+y)» and thus a subsequence of the block (¢ ;- 1)[10g n]+1>
.. Ciflogn])- Hence the i-th block (c(i—1)[iogn]+1s- - -» Ci[logn]) €an be recovered
from h; = H'(c(i-1)[logn+15 - - - » Cilogn]) @0 (d(i-1)[1ogn]+15 - - - » diflogn1-k)- There-
fore, ¢ can be recovered given d and H(c). The length of H(c) is [(w/[logn])]-
(2k loglogn + O(1)) and the complexity of H(c) is Ox((w/logn)nlog** n). O

Lemma 3.2.6. Let r, s, and k be integers satisfying r + s < k. For sequences ¢, ¢’ €
{0, 1}, if ¢’ and ¢ share a common resulting sequence after r deletions and s

insertions in both, then ¢’ € By(c).

Lemma 3.2.7. For a positive integer n > 3, the number of divisors of n is upper
bounded by 21.6lnn/(lnlnn)'

The proofs of Lemma 3.2.1, Lemma 3.2.2, Lemma 3.2.3, and Lemma 3.2.4 rely
on several propositions, the details of which will be presented in the next sections.
For convenience, a dependency graph for the theorem, lemmas, and propositions is

given in Fig. 3.2.

3.3 Proof of Theorem 3.1.1

Based on the lemmas stated in Sec. 3.2, in this section we present the encoding
function & and the decoding function D of our k-deletion correcting code, and prove
Theorem 3.1.1. Given any sequence ¢ € {0, 1}", let the function & : {0,1}" —
{0, 1}n+8k log n+o(logn) be given by

&(e) = (T(e), R'(c), R"(¢)),
where

R'(¢) =(f (Lsync(T(€))) mod p(T(c)), p(T(¢)), Hashi(T(c))), and
R"(¢) =Repi+1(H(R'(¢))).

Function Repy1(H(R'(c))) is the (k + 1)-fold repetition of the bits in H(R’(c)),
where function H(R’(c¢)) is defined Lemma 8.2.3 and protects R’(c) from k dele-
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Lemma 3.2.6

@ 34.1 Prop. 3.4.2

[Lemma 3.2.1} [Lemma 3.2.7} [Lemma 8.2.3

i

Lemma 3.2.2 Lemma 3.2.3

Prop. 3.6.3

Lemma 3.2.4

~

Prop. 3.6.1 Prop. 3.6.4

Figure 3.2: Dependencies of the claims in Ch. 3.

tions. Function 7T'(c) is defined in Lemma 3.2.4 and transforms ¢ into a k-
dense sequence (see Definition 3.2.1 for definition of a k-dense sequence). Func-
tion f(1sync(7T(c))) in R’(c) is represented by an integer and protects the syn-
chronization vector 1,y,.(¢) by Lemma 3.2.1. Function p(7T(c)) is defined in
Lemma 3.2.2, which compresses the hash f(1,,,.(T(c))). Function Hash (T (c))
is defined in Lemma 3.2.3 and protects a k-dense sequence from k deletions.

Note that £ = o(m). Hence, according to Lemma 3.2.2, Lemma 3.2.3,
and Lemma 3.2.4, the length of R’(¢) is Ny = 8klog(n + 3k + 3[logk] + 15) +
o(log(n + 3k +3[logk] + 15)) = 8k logn + o(logn). The length of R”(¢) is N, =
2k(k+1)(N1/[logn])loglogn = o(logn). The length of T(c) isn+No =n+3k+
3[log k1+15. Therefore, the length of E(¢) is n+No+N1+Ny = n+8k log n+o(logn).
The redundancy of the code is 8k logn + o(log n).

To show how the sequence ¢ can be recovered from a length N — k subsequence d
of &(c¢) and implement the computation of the decoding function D(d), we prove
that

1. Statement 1: The redundancy R’(c¢) can be recovered given (dy+Ny+N,+15 - - - »

dn+N0+N1+N2—k)-

2. Statement 2: The sequence ¢ can be recovered given (dy, ..., dpiNy-k)
and R’(c).
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We first prove Statement 1. Note that dyny+n,+1 and dping+N,+N,—k come from
bits E(€)nsng+N+1+x and E(€)nany+N,+N,—k+y Tespectively after deletions in &(c),
where x, y € [0, k]. Hence (dy+Ny+N,+1> - - - » neNg+N+N,—k) 18 @ length Np — k sub-
sequence of (E(€)n+Ng+N +14xs - - - » E(C)naNy+N +N,—k+y), and thus a subsequence
of (E(€)nsNg+N+15 - - - » E(C)nang+n,+N,) = R”(¢). Since R”(c) is k + 1-fold repe-
tition code and thus a k-deletion correcting code that protects H(R’(c)), the hash

function H(R’(c)) can be recovered from (d4Ny+N,+1s - - - » An+No+ N, +Ny—k ) -

Similarly, (dp+Ny+1s - - - » dneNg+N, k) 18 @ length Ny — k subsequence of (E(€)uny+1,
.- E(C)neNy+n,) = R’(c). From Lemma 8.2.3, the function R’(¢) can be recovered
from H(R'(c)) and (dp4Ny+15 - - - » dn+Ng+N,—k ). Hence Statement 1 holds.

We now prove Statement 2. Note that R’(c) contains hashes (f(1sync(7(¢))) mod
p(T(c)), p(T(c))) and Hashyi(T(c)). Moreover, (d, ..., dn+n,—k) is a length n +
Ny — k subsequence of (E(c)q,...,E(C)un,) = T(c). According to Lemma 3.2.2,
the synchronization vector 1,y,.(7(¢)) can be recovered from hash

(f(Lsync(T(c))) mod p(T(c)), p(T(c))) and (di,..., dpiny-k), by exhaustively
searching over all length n + Ny supersequence ¢’ of (dy, ..., dn+N,-k) such that
F(Lsyne(€)) = f(Lsyne(T(c))). Then we have that 1,,,.(T(c)) = 1 + sync(c’).
Since by Lemma 3.2.4, T'(¢) is a k-dense sequence, by Lemma 3.2.3, it can
be recovered from 1;,,.(T(c)), Hashi(T(c)), and the length n + Ny — k sub-
sequence (di,...,dn+N,-k) of T(c). Finally, the sequence ¢ can be recovered

from 7'(¢) by Lemma 3.2.4. Hence Statement 2 holds and ¢ can be recovered.

The encoding complexity of &(e¢) is O (n***!), which comes from brute force search
for integer p(T(c)). The decoding complexity is O (n* + 1), which comes from
brute force search for the correct 1yy,.(7(c)), given f(1sy,c(T(¢))) mod p(T(c))
and p(T(c)).

3.4 Protecting the Synchronization Vectors

In this section we present a hash function with size 4k logn + o(logn) to protect
the synchronization vector 1y,.(c) from k deletions in ¢ and prove Lemma 3.2.2.
We first prove Lemma 3.2.1, which is decomposed to Proposition 3.4.1 and Propo-
sition 3.4.2. In Proposition 3.4.1 we present an upper bound on the radius of the
deletion ball for the synchronization vector. In Proposition 3.4.2, we prove that the
higher order parity check helps correct multiple deletions for sequences in which the
there is a O-run of length at least 3k — 1 between any two 1’s. Since 1,y,.(c¢) is such

a sequence, we conclude that the higher order parity check helps recover 1y,.(c).
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After obtaining a bound on the difference between the higher order parity checks of
two ambiguous sequence, we then apply Proposition 3.4.2 on the synchronization
vector 1y, (c) to prove Lemma 3.2.1, which replaces the higher order parity checks
in Proposition 3.4.2 by the higher parity checks modulo a numbers. After proving
Lemma 3.2.1, we use Lemma 3.2.7 to further compress the size of the higher order

parity check that protects 1;,,.(c) and then prove Lemma 3.2.2.

Proposition 3.4.1. Fore, ¢’ € {0,1}", if ¢’ € Bi(c¢), then Lyu.(¢') € B3 (Lsync(c)).

Proof. Since ¢’ € By (c), the sequences ¢ and ¢ share a common subsequence
after k deletions in both. We now show that a single deletion in ¢ causes at most
two deletions and one insertion in its synchronization vector 1gy,.(c). We first
show that a deletion in ¢ can destroy and generate at most 1 synchronization pattern.
This is because for any synchronization pattern that is destroyed or generated,
there must be a deletion that occurs within the synchronization pattern. Hence
any two destroyed or generated synchronization patterns cannot be caused by the
same deletion. Therefore, we need to consider four cases in total. Let d’ be the

subsequence of ¢ after a single deletion.

1. The deletion destroys a synchronization pattern (Ciy1, - . . , Cis3k+[log k]+4) for
some i and no synchronization pattern is generated. Then the sequence 1;,,.(d’)
can be obtained by deleting the 1 entry 1y, (¢)i3x in 1sync(c).

. . , ,

2. The deletion generates a new synchronization pattern (¢, ;, - - ., 5, +llogk+ )
for some i and destroys a synchronization pattern (cit1,. . ., Ci+3k+[log k]+4)-
The sequence 1;,,.(d’) can be obtained by deleting the 1 entry 1,y,.(¢);+3x and

the O entry 1;,,.(€)i+3k-1 in 1;ync(€) and inserting a 1 entry at 1y,c(€)ir43k.

3. The deletion generates a new synchronization pattern (c;, TR c;, 3k Tlog K+ 4)
for some i” and no synchronization pattern is destroyed. Then the 1;y,.(d’)
can be obtained by deleting two O entries 1gy,c(€)ir43x and Lgyue(€)irs3k+1

in 1,y,c(c) and inserting a 1 entry at 1y,c(€);43%.

4. No synchronization pattern is generated or destroyed. Then 1;,,.(d’) can be

obtained by deleting a O entry 1;,,.(¢);, where j is the location of the deletion.

In summary, in each of the above cases, a single deletion in ¢ causes at most two

deletions and one insertion in 1j,,.(c). Hence k deletions in ¢ and ¢’ cause at
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most 2k deletions and k insertions in 1y, (¢) and 1,y,.(¢’) respectively. According
to Lemma 3.2.6, we have that 1,y,.(c’) € B3;(1syuc(c)) when ¢’ € Bi(c). Hence,

Proposition 3.4.1 is proved. O

Let R,, be the set of length n sequences in which there is a 0 run of length at
least m — 1 between any two 1’s. Any two 1’s in a sequence ¢ € R,, have index
distance at least m. The following lemma shows that the sequences in R3; can be
protected using higher order parity checks. Note that compared to the higher order
parity checks f(c), the higher order parity checks in the following proposition do

not have modulo operations.

Proposition 3.4.2. For sequences ¢,¢’ € Ry, if ¢’ € Bai(c) and ¢ - m© =¢ -m®
for e € [0,6k], then c =¢'.

Proof. We first compute the difference ¢ - m —¢ -m@, ¢e [0,6k]. Since ¢’ €
B3 (), there exist two subsets § = {01, ...,03} C [I,n] and §" = {67,...,05,} C
[1,n] such that deleting bits with indices é and &” respectively from ¢ and ¢
results in the same length n — 3k subsequence, i.e., (¢; : i € 8) = (¢} : i ¢ &).
Let A ={i:c¢; =1}and A" = {i : ¢/ = 1} be the indices of 1 entries in ¢
and ¢’ respectively. Let S§ = A N d be the indices of 1 entries that are deleted
in ¢. Then S| = AN ([1,7]\d) denotes the indices of 1 entries that are not deleted.
Similarly, let S = A’ N " and S5 = A’ N ([1,n]\d") be the indices of 1 entries
that are deleted and not in ¢’ respectively. Let the elements in § U 8’ be ordered

byl < p; <pr<...< pex <n. Denote pg =0 and per+1 = n. Then we have that

¢c-m¥—¢ -m

Y- Y m

leA e’
¢ ¢
IONEEDNONS
teA i=1 e i=1
n n
SYNLE YOI
i=1 £eAn[i,n] i=1 ¢eA’'n[i,n]

=Y (AN [i,n]] = A A [i,n] i
i=1

= > (810 [i, ]| + 185 0 [i, 7] = 1S2 0 [, m]|
i=1

~ 185 0 [i,n] i



65
6k Dj+1

= > (St i nll = 1820 [i, n]] + 185 A [7 ]|
j=0i=p;+1
~ 185 N [i,n] i
6k DPj+1

(g)z Z (lSl N [Pj+1»n]|

j:O i=pj+1
=152 0 [pjsr, n]l + ST N [E,n]| = 1S5 0 [, n] )i, (3.5

where (a) holds since by definition of p;, there is no deleted 1 entry in inter-

val (pj,pj+1) ={pj+1,...,pj+s1 — 1}, j € [0,6k]. In the following we show

Statement 1: —1 < [S7 N [i,n]| = [S5 N [i,n]| < 1fori € [1,n].

Statement 2: Foreachinterval (p;, p;j«1] = {p;j+1,...,pj+1},7 =0,...,6k,
we have either [S{ N [i,n]] — [S5 N [i,n]| < O for all i € (p;,pj+1] or
IST N [i,n]| =[S0 [i,n]| > Oforalli € (p;, pjs1].

We first prove Statement 1. Note that deleting bits with indices ¢ in ¢ and deleting
bits with indices 8’ in ¢’ result in the same subsequence. Hence, for every i € S¢,
there is a unique corresponding index i” € S5 such that the two 1 entries ¢; and ¢,
end in the same location after deletions, i.e.,i—|0N[1,i=1]| =i —|0'N[1,i=1]|.
This implies that |i” —i| < 3k. Fix integers i and i’. Then by definition of i and i’, for
every x € S{N[i+1,n], there is a unique corresponding y € SN [i"+1, n] such that
the two 1 entries ¢, and c’y end in the same location after deletions. Therefore, we
have that [ST N [i+1,n]| = [S5N [’ +1,n]], and thus that [STN [i, n]| = [SSN [, n]|.
If i’ > i, then

ST N [, nll =S50 [i,n]]

=|S5 N [i,n]] = IS5 0 [on]| = S5 0 [0 = 1]
=— 185N [i,i" — 1]

(@) . L

> — |85 N [i,i+3k —1]|
b

(Z)—l,

where (a) follows from the fact that i” < i + 3k and (b) follows from the fact
that ¢, ¢’ € Ray. Also we have that [S{N [i,n]|—|SSN[i,n]| = —[SSN[i,i"—1]| < 0.
Hence when i’ < i, we have that —1 < [S7 N [i,n]| = |S5 N [i,n]| < 0. Similarly,
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when i’ < i, we have that

IS¢ 0 [i, n]| - IS5 0 [i,n]|
1SS 0 [i,n]| = 1S5 N [ n]| + 1S5 0 [ — 1]
=185 N [ — 1]
<ISS N[0 +3k - 1]
<1,

and that |S N [i,n]| = |S5 N [i,n]| = |85 N [i",i = 1]| = 0. Therefore, we have
that 0 < [S{ N [i,n]| = |S5 N [i,n]| < 1 wheni’ <i. Thus Statement 1 is proved.

We now prove Statement 2 by contradiction. Suppose on the contrary, there

exist i1, > € (pj, pj+1] such that iy < iy and

(187 0 [ir, n]| = 1S5 N [i, n] ) (IST N [i2, n]| = 185 N [i2, n]])
<0

From Statement 1 we have that |S] N [i1, n]| —|S5N [i1,n]| € [-1,1] and that [S] N
[i2,n]| = |S5 N [i2,n]| € [-1,1]. Hence by symmetry it can be assumed that [S] N
[i1, n][=[S5N (i1, n]| = =1 and [S{N [i2, n]| - [S5N[i2, n]| = 1. Asshown in proof of
Statement 1, for every element i € S¢, there is a corresponding element i’ € Sg such
that the two 1 entries ¢; and c;, end in the same location after deletions. Hence, for
Yy = min;e snlinnl i, there exists an integer x € S{ such that the two 1 entries ¢, and c’y
are in the same location after deletions, i.e., x—|[0N[l,x—1]| = y—|0'N[1,y—1]|.
Since [S] N [i1, n][—[S5N [i1,n]| = =1, we have thatx € STN[1,7; —1]. Otherwise,
we have that x € S{ N [ij,n] and for every integer i’ € S5 N (y,n], there exists
an integer i € ST N (x,n] such that ¢; and ¢y end up in the same location after
deletions. This implies that [S{ N [i1, n]| —[S5 N [i1, n]| > 0, contradicting the fact
that |S{ N [iy, n]| = |S5 N [i1,n]| = —1. Therefore,

iir—0N[l,i1=1]| >i1 —=1-|6dN[L,i - 1]
>x—|dN[l,x—1]
=y —[6'N[1,y—1]|
>ip — 6" N [1,i = 1],

which implies that

10N [Li - 1] < |8 N [1,i - 1]]. (3.6)
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Similarly, from [S{ N [i2, n][ — |85 N [i2, n]| = 1 we have that
(0N [1,io—1]] > |6 N[l iy —1]]. (3.7)
Eq. (3.6) and Eq. (3.7) implies that
0N [1,i=1][— |6 N[l —1]|
>0 N[l —1]|+1—-]6Nn[li—1]|+1
>2. (3.8)

However, since i1,i> € (p;, pj+1] and no deletion occurs in the interval (p;, pj+1],
we have that |6 N [1,i1]| = |0 N [1,iy — 1]] and |6’ N [1,i1]] = |6" N [1,i, — 1]],
which implies that
|(sn [17i2_ 1]| - |6n [17i1 - l]l
<lon [l =11 =[N [1,i][+1
=1,

contradicting Eq. (3.8). Hence there do not exist different integers i1, 7> € (p;, pj+1]
such that

(187 N [, all = 185 0 [, nDAST O [i2, n]| = 185 0 [i2, n]])

< 0.
Hence Statement 2 is proved.
Now we continue to prove Proposition 3.4.2. Denote
si = 1SN [i,n]l = [San [i,n]| + 18] N [i,n]] = S50 [i,n]]. (3.9)

Note that no deletion occurs in the interval (p;, p;+1], it follows that

|S1 N [l,l’l]' - |SZ N [l,l’l]l
=[S1 0 [pj1.n]l = [S20 [pj+1,n]] (3.10)

fori € (p;,pj+1]. Combining (3.10) with Statement 1 and Statement 2, we
conclude that for each interval (p;, pj+1], j € {0,...,6k}, either s; > O for all i €
(pj,pje1]ors; <Oforalli € (pj,pj+1]. Letx = (xo,...,x61) € {1, 11651 be a
vector defined by

-1, ifs; <0 forsome j € (pi, pis1]

X; =
1, else.
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Then from Eq. (3.5) and Eq. (3.9), the difference ¢ - m'®) — ¢’ - m(®) is given by

6k  Pj+l
c.m(e)_c,.m(e) :Z( Z |Si|ie)Xj. (311)
J=0 i=pj+l

Let A be a 6k + 1 x 6k + 1 matrix with entries defined by A, ; = Zf_';, 4l |s;|i¢7!
Zpie
fore,j € [1,6k+1]. Ifc-m® = ¢ -m® for e € [0,6k], we have the following

linear equation

Zf;poﬂ seli® ... ij;;iﬂ |s:18° | | xo
Ax = : . : :
AN il ... o Isili®] [ xer
=0, (3.12)

with a solution x; € {—1, 1} fori € [0, 6k]. We show that this is impossible unless A
is a zero matrix. Suppose on the contrary that A is nonzero, let j; < ... < jg be
the indices of all nonzero columns of A. Let A* be a submatrix of A, obtained by
choosing the intersection of the first Q rows and columns with indices ji, ..., jo.
Then taking the first Q linear equations from the equation set (3.13) and noting that

the nonzero columns in A are the ji, ..., jo-th columns, we have that

A'x’
Pj; 150 Pig 150
Zi:pj1_1+] |Sl|l AR Zi:p].Q71+1 |Sl|l x]l
Pj 1:0-1 Pio 1:0-1 _
Zi:]’jl—l+1 |Sl|l e Zi:ij,1+] |S,|l xJQ
=0. (3.13)
The determinant of A* is given by
det(A™)
Pj 1:0 Pig 1:0
Zi:pjl_l+] |Sl|l e Zi:ij71+] |Sl|l
=det ) :
Dj 1;0-1 Pig 1,0-1
Zi:pj1—1+l |Sl|l c Zi:ij—l+l |Sl|l
“ sl o Isigligy
= Z det : :
ile(pj ~1,Pj | . .01 -~ 1:0-1
iQe(p]jQ_l,zlan] |si, 11} - Isiglip
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i i
" 0 1 o
2> [ [1sidet] = o
HE€(pj-1:pjy lses q=1 2 9!
(© .
2 (sl ] G-, G149
HEPj -1 ) q=1 1<m<€<Q

iQe(ij_l 7ij]

where equality (a) follows from the multi-linearity of the determinant

det([vi ... avi+bv ... v,])
=adet([vy ... v; ... vg])
+bdet([V] ... Vic1 VVig ... Vg])

for any integers ¢ and i and g-dimensional vectors vy,...,v,, v. Equality (b)

follows from the linearity of the determinant
det([vi ... av; ... vg]) =adet([vi ... Vi ... V4])

for any integers ¢ and i and g-dimensional vectors vy, ..., v,. Equality (c) follows
from the determinant of Vandermonde matrix

:0 :0
l1 1

q
det| i =[] Ge—in)
-1

q—1 .q 1<m<{€<q
e lq

for any integers g, i1,...,i;. . The determinant det(A”) is positive since iy > iy,
for £ > m. and for iy € (pj,-1,pjl.....ig € (pjp-1.Pj,]- Note that all the
columns of A* are nonzero. Therefore, the linear equation A*x’ = 0 does not
have nonzero solutions, contradicting the fact that " = (x;,,...,x;,) € {-1, 12,

Hence A is a zero matrix, meaning that

1S10 [in]l = 1S2 0 [E,n]| + ST 0 [, n]] = 1S5 0 [, 1]l
=lAN[i,n]| - 1A N [i,n]] =0

fori € {1,...,n}. This implies A = A" and thus ¢ = ¢’. Hence Proposition 3.4.2 is
proved. m|

Proof of Lemma 3.2.1
We are now ready to prove Lemma 3.2.1, which states that 1y,.(c) = 1syuc(c’)
for sequences ¢ and ¢’ € Bi(c) satisfying f(1sync(e)) = f(1lsyne(c)). From
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Proposition 3.4.1 we have that 1y,.(¢’) € B3r(15ync(c)). Then, it is not hard
to see that (Lyyuc()i- - -+ Lyne(€)n) € Byt ((Loyne () - - - Lyyne(€),)). This im-
plies that ||[A N [i,n]| — |A" N [i,n]]| < 3k, where A = {i : 15uc(c); = 1}
and A" = {i : 15y,.(c’); = 1}. According to the forth line in Eq. (3.5), we have that

|1sync(c) ' m(e) - 1sync (C,) : m(e)l

=1 ) (AN [i.nl| = A" N [i,n]ic),
i=1

n
< Z 3ki®
=1
<3kn¢*!, (3.15)

If £ (Lyne(€) = f(Lyne(€)), then
Lne(e) -m'@ = 1,.(¢) - m'® mod 3kn®*! (3.16)

for e € [0, 6k]. Equations (3.16) and (3.15) imply that 1,,,.(c) -m® = Lsyne(c) -
m(e) fore € [O’ 6k] Since 1sync(c/) € B3k(1sync(c)) and 1sync(c)’ 1sync(c,) € RSk,
from Proposition 3.4.2 we conclude that 1;,,.(c) = 1;,,.(c’). Hence Lemma 3.2.1

is proved.

Proof of Lemma 3.2.2

Based on Lemma 3.2.1, we now show Lemma 3.2.2. Specifically, we show that
there exists a function p : {0,1}" — [1,22klogn+o(logm)] gych that Lyne(e) =
15ync(€’) for sequences ¢ and ¢’ € By (c) satisfying (f(1sync(c)) mod p(c), p(c)) =
(f (Lsync(€’)) mod p(c'), p(c)).

Lemma 3.2.1 implies that f(1lg,c(€)) # f(Lsync(c’)) for ¢ € Bi(e)\{c}, if
Lync(€) # Liyne(€). Hence |f(Lyyne(€)) = f(Loyne(€))] # 0 for ¢ € Bi(e)\{e},
where f(1sy,(c)) and f(1sync(c’)) denote the integer presentation of their vec-
tor form. The integers are in the range [0, (3k)0%+1pGk+D(6k+1) _ 1] According
to Lemma 3.2.7, the number of divisors of | f(1sync(€)) = f(Lsync(€’))| is upper
bounded by

2[(3k+1)(6k+1) In n+(6k+1) In 3k]/In((3k+1) (6k+1) Inn+(6k-+1) In 3k)

— 20(10g n)

where the equality holds since k = o(4/loglogn). For any sequence ¢ € {0, 1}", let
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P(c) = {p . p divides |f(1sync(c,)) - f(lsync(c))l
for some ¢’ € By (c)\{c} such that 1,,,.(c) # Lyy,(c)}

be the set of all divisors of the numbers {|f(1sync(€)) = f(Lsye(€))| @ ¢ €
Bi(e)\{c} and 1;y,c(€) # Lsync(e’)}. Since |Bi(e)| < (2)22" < 2n%*, we have
that

P (c)| <2n?*20U0em
:22k log n+o(logn)

Therefore, there exists a number p(c) € [1,2%logn+ologn)] gych that p(c) does
not divide | f(Lsync(€’)) = f(Lsync(e))| for all ¢’ € By (c)\{c} satisfying 1y, (c) #
1sync(€’). Hence, if f(15ync(€’)) = f(Lsyne(c)) mod p(c) and ¢’ € By (c), we have
that p(c) divides |f(1sync(€’)) = f(Lsync(€))], and thus that 1y,.(¢") = Lgy,c(c).
This completes the proof of Lemma 3.2.2.

3.5 Hash for k-Dense Sequences

In this section, we present a hash function of size 4k log n + o(log n) bits for correct-
ing k deletions in a k-dense sequence ¢, when the synchronization vector 1y, (c) is
known. This proves Lemma 3.2.3. Recall that a sequence c¢ is k-dense if there is a 0
run of length at most L between any two 1’s in the synchronization vector 1,y,.(c),

where L is given in (3.4).

Let the indices of the 1 entries in 1y,.(c) be 1 < 1, < ... < t;, where J =
21 Lsyne(e); is the number of 1 entries in 1yy,.(c). For notation convenience,

letto = 0 and #;41 = n + 1. Split ¢ into blocks ao, . . ., ay, where

a; = (Czj+1,ctj+2’---,Ctj+1—1) (3.17)

for j € [0, J]. The blocks are separated by the synchronization patterns. Since ¢ s k-
dense, the length |a;| of a; is at most L. The goal is to protect all blocks a;, j € [0, J]

and then c.

We will show that given 1,,,.(c) and a length n — k subsequence d of ¢, most of
the blocks a; can be recovered with up to 2k block errors. This is done by noticing
that no deletion occurs in most of the blocks and their boundary, which are marked

by the synchronization patterns in ¢. These blocks with no deletions inside are not



72

destructed and appear in d with bits indices decreased by an integer at most k. They

can be identified by looking at the synchronization patterns in d.

For blocks that are not recovered, we show that they can be recovered with up to k
deletion errors. Then we use the k-deletion correcting hash function H(a;), j €
[0, J] defined in Lemma 8.2.3 to correct the block errors. The size of the hash H(a;)
is at most L/[logn](2k loglogn + O(1)) bits, since the length of a; is at most L.
Note that the recovered blocks a; result in the right hash H(a;). It suffices to
protect the hashes H(a;), j € [0, J] using a Reed-Solomon code. Define the hash

function Hash; as follows.
Hashy(¢) = RSy ((H(ao), ..., H(ay))), (3.18)

where RS (c¢) is the redundancy of a systematic Reed-Solomon code (see e.g., [79]
for an introduction to the Reed-Solomon code) protecting the length J + 1 se-
quence (H(ap), ..., H(ay)) from 2k symbol substitution errors. Note that the redun-
dancy of a k-error correcting Reed-Solomon code of length n and alphabet size g >
n—11is 2k log g bits [79]. The symbols H(a;),j € [0, ] have alphabet size at most
21 (L/Nogn))1(2kloglogn+O (1) and can be represented using [ (L /[log n])](2k log log n+
O(1)) bits. The length of Hashy (c) is

max{4k log(J + 1),4k[(L/[logn])](2k loglogn+ O(1))},

which equals 4k log n + o(logn) when k = o(+/loglogn).

We now present the following procedure that recovers ¢ from its length n — k subse-

quence d, given the hash function Hash (¢) and the synchronization vector 1,y,.(c).

1. Step 1: Let 1,y,.(d) € {0, 1}"7% be the synchronization vector of d. The
indices of 1 entries in 1,y,.(¢) are known and givenby 1 <t; < ... <t; < n.

Letto=0and ;. =n+1.

2. Step 2: Let 15y,.(d)o = 15ync(d)nr1-x = 1. For each j € [0, J], if there exist
two numbers t;. € [t;j—k,t;] and t;.+1 € [tj41 — k,t;41] such that 1sync(d)t} =
Liyne(d)yy, = Tand 1y =17 = tj51 — 1), let @) = (dyy1,dpsa, ..o dy ).

Else let a;. =0.

3. Step 3: Apply the Reed-Solomon decoder to recover H(a;) from (H(a;),
..., H(a}), Hashy(c)), where a; is defined in (3.19), j € [0, J].
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4. Step 4: Let b; = (d,j+1,dtj+2, . ,d,j+1_k_1) and recover a; by using b;
and H(a;). Then

c=(apl,ax1,...,a;_1,1,a)).

The following example illustrates how to recover the blocks with at most 2k block

errors.
Example 3.5.1. Let k = 2, n = 6, and sequence ¢ the same as in Example 3.1.1, i.e.,

c=(1,1,1,1,1,1,1,1,1,1,1, 1,0, 1, 1, 1, 1, 1,
1,0,1,0,1,1,1,1,1,1,0, 1, 1, 1,1, 1, 1).

The indices of the 1 entries in 1y,.(c) are {6, 14,23,30}. Then the tuple (ty, t1, 12, 13,
t4,t5) = (0,6, 14,23, 30, 36) is known at the decoder. Suppose the 2 deletions occurs

at the first and the last bits, resulting in a subsequence

d=(1,1,1,1,1,1,1,1,1,1,1,0,1,1, 1, 1, 1,
1,0,1,0,1,1,1,1,1,1,0, 1, 1, 1, 1, 1).

Then the synchronization vector of d is given by

1sync(d) = (09 O’ O, 0’ 0’ 19 O, Oa 0’ 0’ O, 09 1, 0’ 09 O,
0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0),

with indices of the 1 entries given by {0, 6, 13,22, 34}, where it is assumed in the
decoding procedure that 1y, (d)o = 1sync(d)3s = 1. Then we have that t(’) =0, =
6, t), = 13, and t} = 22, which implies that the intervals [to, 1] and (13, t3] are good.
Hence, we can recover 2 blocks aj, = (1,1,1,1,1) and a, = (1,1,1,1,1,0,1,0).

The number of block errors is 3 < 2k.

We now prove that the decoding procedure obtains the correct ¢. Since ¢;; =
Lsync(e)y; = 1 for j € [1,J], it suffices to show that a;, j € [0,J] can be
recovered correctly. Note that (dtj+1, - ,d,j+1_k_1) is a length |a;| — k subse-
quence of (c; TS I Ct_,-+1—l) = a;. Hence a; can be correctly decoded given b;
and H(a;), j € [0.J]. Itis then left to recover H(a;) for j € [0,J]. To this end,
we show that there are at most 2k indices j, such that a;. # a;. Since H(a;) can
be computed for correct blocks a;, there are at most 2k symbol errors in the se-
quence (H(ap),...,H(ay)), which can be corrected given the Reed-Solomon code

redundancy Hashy(c).
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Let t;.’, j € [1,J] be the index of ¢, in d after deletions in ¢, where t;.’ = -lif¢,
is deleted. Let#j = 0and ], =n+1-k. The interval [t;,2;,1], j € [0.J] is
called good if 1sync(d),}f = lsy,,c(d),}/+ = 1 and t}’+1 - t;.’ =tj41 — tj. We now show
that a;. = a; if the interval [7;,¢;41] is good. Note that the bits d,;f and a’,}/+ , come

from cj and Ct; respectively after deletions in ¢. Hence if [¢;,7;,1] is good, we

+1

have that t}l+1 - t;.’ =tj4+1 — t}, and thus that

(dz;.’+l’ ce dz;.’ﬂ—l) = (Ctj‘l'l’ ) Ctj+1—1) =aj. (3-19)

Moreover, we have that 1;,.(a),, = 1sy,1c(d),}f+l = 1. Since t; - t;.’ < kandtj, -

J
t}’H < k by definition of t;.’ and t}’ 1> it follows from Step 2 in the decoding
144 ’ 74 A

Dl = U and a = (d,}f+1, .. "dt}gl—l)- Hence from (3.19),

we conclude that a’; = a; when the interval [7;,;.1] is good.

procedure that t;. =t

Next, we show that a deletion can destroy at most 2 good intervals. Notice that if no
deletion occurs in ¢, then all intervals [¢;,%;41], j € [0, J] are good. If no deletions
occur in the interval [#;_1,42], then 1sy,,c(d)t}r = Liyne (d),;f+I =1 and t;.’ﬂ — t;.’ =
tj+1 1}, where 17 is the index of ¢;; in d after deletions. Hence the interval [z}, 7;41]
is good when no deletion occurs in [t;_1,1;42]. It follows that a deletion that oc-
curs in interval [7;,7;41] can destroy at most 3 good intervals [z;_1,¢;], [;,t/41],
and [tj41,1;42]. We prove that the deletion in [f;,7;41] can destroy at most two
of them. If the deletion in [z;,7;,1] does not destroy the synchronization pat-
tern (ctj_3k+1 s v o5 Crillog k1+4), then it destroys at most two good intervals [#;,;41]
and [tj41,1;42]. If the deletion in [¢;,7;41] destroys the synchronization pat-
tern (Cr;-3k+1, - - - » Cr,+[log k1+4)» then it destroys the pattern (c;;, . .., 1,4 logk]+4) =
1Mo2k1+5 and the synchronization pattern (Cijpi=3k+1s - - > Cpy4flog k1+4) 1S DOt af-
fected. As a result, the good interval [f;,1,7;42] is not destroyed by the deletion
in [#},¢;+1]. Atmosttwo good intervals [¢;_1,¢;] and [z, t;,1] are destroyed. There-
fore, a deletion affects at most two good intervals. This implies that k deletions

result in at most 2k block errors a;. # a;. Therefore, the sequence ¢ can be recovered.

3.6 Generating k-Dense Sequences

In this section we present an algorithm to compute the map 7'(¢), which transforms
any sequence ¢ € {0, 1}" into a k-dense sequence, and thus proves Lemma 3.2.4.
Let 1* and 0’ denote sequences of consecutive x 1’s and consecutive y 0’s, re-
spectively. We first show in Proposition 3.6.1 that any sequence c¢ satisfying the
following two properties is a k-dense sequence. Then, the algorithm for computing

computing 7'(¢) can be decomposed into two parts. In the first part, we generate
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a sequence 7 (c) that satisfies Property 1. In the second part, we use 7j(c) to

compute 7'(c) that satisfies both properties.

Property 1. Every length B = ([logk] + 5)2M°¢k1*9logn] interval of ¢
contains the pattern 11245 i e for any integer i € [1,n — B + 1], there

exists aninteger j € [i,i+B—[log k|-5] suchthat (cj,cji1,...,Cj+[logk]+4) =
1[log k'|+5.

Property2. Every length R = (3k+[log k] +4)([logn]+9+[log k1) interval
of ¢ contains a length 3k + [log k| + 4 subinterval that does not contain
the pattern 112155 i o for any integer i € [1,n — R + 1], there exists an
integer j € [i,i+R—3k—[log k1—4], suchthat (cy,Cm+1, - - - > Cms[logk1+4) #
11102 k145 for every m € [, j + 3k — 1].

Proposition 3.6.1. If a sequence ¢ satisfies Property 1 and Property 2, then it is

a k-dense sequence.

Proof. Let the locations of the 1 entries in 1;,,.(¢c) be 11 < ... < t;. Lettyp =0
and 77,1 = n+1. From Definition 3.2.1, it suffices to show that t;,1 —#;, < B+R+1 =
L+ 1foranyi € [0,J].

According to Property 2, there exists an index j* € [t;,#; + R — 3k — [logk] —
4], such that (cp,Cimt1s.-.» Cmaflogkl+s) # 1Mogk1+5 for every m € [j*,j* +
3k — 1]. According to Property 1, there exists an integer x € [j* + 1,7 +
B] such that (cy,Cxs1s...» Cai[logk]es) = 1Mogk1+5  [et ¢ = min{x > j* :
(Cxs Cxtls - - s Cxaflogk]+4) = 1Mogk1+5} Then we have that £ # j*, £ < x < j* + B,
and thus that £ € [j*+1, j*+B]. Inaddition, (Cin, Cmt1, - - - » Cuaflogk1+4) # LI108KTH
foreverym € [j*,€) = {j*,...,{—1}. By definition of j*, we have that { - j* > 3k.
Since (c¢, Coats - - -5 Coaflogk]+4) = 1M0gk1+5 we have that 1sync(e)e = 1. Therefore,
we conclude that

=t <01
<j"+B-t
<R+B+1
=L+1.
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Generating Sequences Satisfying Property 1

Given a sequence ¢ € {0,1}", we now generate Ti(c) € {0, 1}+2M0gkl+10 hat
satisfies Property 1. The idea is to repeatedly delete the length B subsequences
of ¢ that do not contain the pattern 1M°2%1+5 and append length B subsequences
containing 1M1°¢¥1*3 to the end, without losing the information of the deleted sub-
sequences. The deleting and appending procedure repeats until no length B sub-

sequence with no 1M10gk1+>

pattern is found. Notice that any binary sequence con-
taining no pattern 1M1°¢¥1+3 can be regarded as a sequence of symbols with alphabet
size 2M°¢k1+5 _ 1 Hence, such binary sequence can be compressed to a shorter
binary sequence. In this way, we can add the index of the deleted subsequence and
the pattern 1M1°€¥1+3 to the compressed sequence. The sequence keeps the same size

after the deleting and appending procedure.

Note that the above procedure keeps appending length B subsequences to the end.
Hence the suffix of 77 (c¢) are appended bits. To guarantee that these appended bits
are not deleted in the procedure, we keep track of the end index of the non-appended
bits n’ and always delete the bits with indices at most n’. To deal with cases when a
length B subsequence to be deleted overlaps with the appended bits, we delete only
non-appended bits from it. Then, we append shorter subsequences such that the total
length does not change. The decoder detects the shorter appended subsequences by

looking at the length of the 1 run in it.

Before presenting the details of encoding and decoding, we need the following
proposition, which states that the length B binary sequences containing no 1/M°g¥1+3

pattern can be compressed to shorter binary sequences.

Proposition 3.6.2. Let S be the set of sequences b € {0, 1}? such that (b;, . ..,
bisiogk1+4) # 11102145 for every i € [1, B — [log k| — 4]. There exists an invertible
map ¢ : S — {0, 1}B-Togn1=2Mogk1=12 " ¢y ehy that both ¢ and its inverse ¢~ can be

computed in O(B) time.

Proof. For any b € S, the procedure for computing ¢(b) is as follows. Split b
into 2M°¢k1+9[1og ] blocks of length ([log k]+5). Since each block is not 1M10gk1+3,
it can be represented by a symbol of alphabet size 2M'°¢K1*5 — 1 Therefore, the
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Input sequence | 1101 11...01111111001011111001010...011 01001

Initialization |1101{11...011111110{01011111}001010...011{01001 | 1111111

yi Y2 n’ Xo

Round 1 1101 §01011111§001010...011%01001 1111111 (11...011111110

Y2 n’ Xo X

Round 2 1101 §01011111§01001 1111111 |11...011111110J00...0111110

n’ Xo X1 X2

Figure 3.3: An example of how the encoding in Proposition 3.6.3 proceeds.

sequence b can be uniquely represented by a sequence v of 2/°€¥1+9]og 1] symbols,
each having alphabet size 2/'°2%1+5 _ 1. Convert v into a binary sequence ¢(b). Then

¢(b) can be represented by a binary sequence with length

|'10g2 [(zflog K145 _ 1)2“0gk]+9 [log n]]‘l

=[log,[(1 - 1/2[10g k]+5)2“0gk1+9f10gn1]'|
+ (Tlog K1 +5)27 1 log ]
<16[logn] 10g2[(1 _ 1/2|'logk'|+5)2[logk1+5] B+l

(a)

< —16[logn]logye + B +1
<B - 16[logn] +1

<B - [logn| —2[log k] — 12,

where (a) follows from the fact that the function (1—1/x)" isincreasing in x forx > 1
and thatlim, . (1-1/x)* = 1/e. Therefore, ¢(b) can be represented by B—[log n]—
2[log k- 12 bits. The inverse map ¢! can be computed by converting ¢ (b) back to
alength 2M°¢K1+9T]og n] sequence v of alphabet size 2/°2%1+5 — 1. Then, concatenate

the binary representation of symbols in v, we obtain b.

The complexity for computing ¢ or ¢! is that of converting binary sequences to

[log k145

sequences of alphabet size 2 — 1 or vice versa, which is O(B). O

With the function ¢ defined in Proposition 3.6.2, the following proposition provides
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details of the encoding/decoding for computing 77 (c). An example illustrating the

encoding in Proposition 3.6.3 is presented in Fig. 3.3.

Proposition 3.6.3. For integers k and n > k, there exists an invertible map T, :
{0, 1} — {0, 1}+2Mog k1410 computable in O (n*k log nlog? k) time, such that Ty (c)

satisfies Property 1. Moreover, either

(Th (C)n+[1og K465+ - -5 11 (c)%z[10g k1+10) — 1[logkl+5

or

(T1(€)nsflog k145 - - - » T1(€)ns2flog k1+9) = 1MOEKTH,

Proof. For a sequence ¢ € {0, 1}", the encoding procedure for computing 7} (¢) is

as follows.

1. Initialization: Let Ti(c) = c¢. Append 12M°2K1+10 {5 the end of the se-
quence T1(c). Let n’ = n. Go to Step 1.

2. Step 1: If there exists an integer i € [1, n’] such that

(T1();, T1(€) 415 - - -, T1 (€) jafrog 1+4) # LMOEKTHS
for every j € [i,i + B — [logk] — 5], go to Step 2. Else go to Step 4.

3. Step 2: If i > n" — B+ 1, go to Step 3. Else, delete (71(¢);, ..., T1(¢)i+-1)
from 7 (c) and append

(i, B(Ti (C)is . . ., T1(€)isp_1), 0, 12/108KT+10 0

to the end of 7} (c), where the appended i is encoded by [logn] binary bits.
Letn’ =n" — B. Go to Step 1.

4. Step 3: Delete (T} (c¢);, ..., Ti(c),/) from T (c) and append
(i, §(T1 () - . ., T1(€)r, 07FB771) 0, 12N KIHIO=(E=n"=D) ()

to the end of 71 (c). Let n’ =i — 1, where the appended i is encoded by [log ]
binary bits. Go to Step 1.

5. Step 4: Output 71 (c).
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In the encoding procedure, Step 2 and Step 3 are the deleting and appending operation
described above, while Step 3 deals with the case when the deleted subsequence
overlaps with the appended bits. Note that the index of the deleted subsequence is
provided in the appended subsequence, so that the decoder can recover the deleted
subsequence, given the appended subsequence. According to Proposition 3.6.2 and
the fact that the index i has size [log n] bits, the lengths of the deleted and appended
subsequences in Step 2 or Step 3 are equal. Hence, the sequence 7 (¢) keeps constant
and is n + 2[log k] + 10.

We first show that the integer n’ is the split index of appended bits and non-
appended bits. Specifically, (T7(€)n'41, - - - » T1(€)ns2f10g k1+10) are the appended bits
and (Ty(¢)y, ..., Ti(¢), ) are non-appended bits that remain after deleting operations
in Step 2 and Step 3. In addition, (T7(¢)u/41, - - .» T1(€)n42Ml0g k1+10) = 12flogk]+10
are the bits appended in the Initialization step. The claim holds in the Initialization
step. Note that in each round of Step 2 or Step 3, the deleted bits have indices at
most 7’ and the integer n’ decreases by the length of deleted subsequence. Hence,

the claim always holds.
We now show that the output sequence 77 (c) satisfies Property 1.

We have shown that (71(¢)p+1, - - .5 T1(€)n4+flogk1+5) = 1Mogk1+5  Then accord-
ing to the if conditions in Step 1 and Step 2 that lead to Step 3, the integer i
in Step 3 satisfies | < i+ B —-n" -1 < [logk] +4. Otherwise the subse-

quence (T (¢);, . .., T1(€)isp-1) contains (71 ()41, - . ., T1 (©)pr+fiog k145) = 11081+,
which does not satisfy the if condition in Step 1. Therefore, the 1 run 12/10g k1+10-(i+B=n"~1)
in the appended subsequence in Step 3 has length at least [logk] + 6. Thus,
the 1M°2%1+5 pattern appears in the subsequence appended in each round of Step 2

or Step 3. Moreover, the index distance between the two 1/M10gk1+5

patterns in two
consecutively appended subsequences is at most B — [logk] — 5. We conclude
that for i’ > n’, any length B subsequence (7i(c);,...,T1(¢);+p—1) contains the
1[logk1+5 pattern. Furthermore, note that for any i € [1,n’], there exists some j €
[i,i + B — [logk] — 5] such that T1(¢); = T1(¢)j+1 = ... = T1(€)jsfiogk1+4 = 1.
Otherwise Ty (c); is deleted in Step 2 or Step 3. Hence, the sequence T (c) satisfies
Property 1.

Note that the integer n” decreases in each round. Hence, the algorithm terminates
within O (n) rounds of Step 1, Step 2, and Step 3. Therefore, the search for the i
satisfying the if condition in Step 1 takes O (nBlog k) time. In addition, the deleting
and appending operation in Step 2 or Step 3 takes at most O(n + B) time. Hence,
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the total complexity is O (n?k log nlog? k).

Next, we show that either (71(€)u+fiogk146s - - > T1(€)ns2fiogk1e10) = 1108415 or
(T1(C)n+flog k1455 - - - » T1(C)ns2flogk149) = 1Mogk1+5  The former holds when the
appending operation only occurs in the Initialization step. Note that all subsequence
appended in Step 2 or Step 3 ends with a 1 run with length at least [logk] + 6
followed by a O bit. Hence the latter holds when the appending operation in Step 2

or Step 3 occurs.

The decoding follows a reverse procedure of the encoding, by repeatedly removing
the appended subsequences and use them to recover the deleted subsequences.
Since the appended subsequences contain the ¢ function and position of the deleted
subsequences, the deleted subsequences can be recovered. The decoding stops when
the end of the appended sequence becomes a 1 bit. The decoder determines the
length of the appended subsequence by looking at the 1 run before the ending O bit.
The decoding procedure that recovers ¢ from 77 (c) is given as follows.

1. Initialization: Let ¢ = 7 (c) and go to Step 1.

2. Step 1: If cuioM0gk1+10 = O, find the length ¢ of the 1 run that ends
with ¢,1o1100k149- Let i be the integer representation of (c¢j14fiog k1+21-B—¢>
Cr+d[log k1+22-BCs - - - » Cn+d[log k1+20-B—C+[logn])- Let b be the sequence ob-
tained by computing ¢~ (¢+4[10g k1421-B—¢+[log n]

Cp+4log k1+22-B-t+[log n]» - - - » Cn+2[log k1+8—¢)» Where the function ¢ is defined in
Proposition 3.6.2, Delete (¢,44flog k1+21-B~¢> Cnt4[log k1422—B—C» - - - » Cn+2[log k1+10)
from ¢ and insert (by, ..., bp_oogx1-10+¢) at location i of ¢. Repeat. Else

delete cu41, - - - Cna2flog k1+10 and go to Step 2.

3. Step 2: Output c.

In each round of Step 1, the decoder processes an appended subsequence of length B
or less. It can be seen that the appended subsequences in the encoding procedure
end with a 0 bit except for the one appended in the Initialization step. Hence if the
end of an appended sequence is a 1 bit, the subsequence is the 12M°¢¥1+10 appended
in the Initialization step of the encoding procedure. Moreover, since 12M102k1+10
is the appended subsequence, the decoding procedure ends up in 12110241410 after

processing all other appended subsequences.

Note that the encoding procedure consists of a series of deleting and appending

operations. The decoding procedure exactly reverses the series of operations in the
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encoding procedure. Let Tj;(c), i € [0, 1] be the sequence Tj(c) obtained after
the i-th deleting and appending operation in the encoding procedure, where I is the
number of deleting and appending operations in total in the encoding procedure.
We have that T} o(¢) = ¢ and that 7 ;(c) is the final output 7' (¢). Then the decoding
procedure obtains 77 ;_;(c), 7 € [0, I] after the i-th deleting and inserting operation.

Hence we get the output 77 ;_;(c¢) = ¢ in the decoding procedure. O

Proof of Lemma 3.2.4

After having the sequence T (c) € {0, 1}*+2M02k1+10 gatisfying Property 1, we now
use Ti(c) to generate a sequence 7'(c) € {0, 1}+3k+3Mogkl+I5 that satisfies both
Property 1 and Property 2. According to Proposition 3.6.1, T(c) is a k-dense
sequence and Lemma 3.2.4 is proved. The encoding of 7T (c) follows a similar
repetitive deleting and appending procedure to the encoding in Proposition 3.6.3. To
satisfy Property 2, we repeatedly look for length R subsequences, every length 3k +

[log k] + 4 subsequence of which contains 1M10gk1+5

patterns, delete most part of it,
and then append a subsequence that contains a length 3k + [log k| + 4 subsequence
containing no 1M1°¢K1+3 pattern. The appended subsequence has all information
about the deleted sequence, including the index and the bits, and has the same
length as that of the deleted subsequence. To this end, we need to construct a map

that compresses a length 3k + [log k] + 4 sequence containing 1/102k1+>

patterns to
a shorter sequence. Moreover, the compressed sequence does not contain 1/10gk1+3
patterns. Then we can compress the deleted subsequence and add indices and
markers as we did in Proposition 3.6.3. The end of an appended subsequence
is marked by a 0 bit. We also keep track of the integer n’, which is the end of

non-appended bits, to guarantee that the appended bits are not deleted.

Note that we do not delete the whole length R subsequences, every length 3k +
[log k] + 4 subsequence of which contains 1M°2%1+3 patterns. Instead, we split the
length R subsequence into blocks of length 3k +[log k]+4, each containing 1/10g¥1+5
patterns. Then the first and the last blocks remain and the blocks in the middle are
deleted. This is to keep the sequence T(c) satisfying Property 1 and protect the
appended bits from being deleted.

The following proposition presents the compression map described above, which
encodes a sequence containing 1M°¢¥1*> patterns into a shorter sequence without the
1102 k145 pattern. Similar to the encoding procedures that compute 7'(c) and T} (c¢),
the algorithm for computing the compression map follows a delete and append
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process, which repeatedly deletes 1/°¢¥1*3 patterns and appends their indices and 0

runs to the end.

Proposition 3.6.4. For an integer k, let ¢ € {0, 1}3*+10¢k1+4 be 4 sequence such
that ¢; = Ciy1 = ... = Cisflogk|+4 = 1 for some i € [1,3k]. There exists an invert-
ible mapping T» : {0, 1}3k+logkl+4 1 1}3k+Tlogk1+3 - gyych that Tr(¢) contains
no [logk] + 5 consecutive 1 bits. Both T, and its inverse T, U are computable
in O(k?log k) time.

Proof. Given ¢ € {0, 1}3k+logk1+4 'the encoding procedure for computing 75 (c) is

as follows.

1. Initialization: Let 75 (¢) = ¢. Append 0 to the end of the sequence 7>(¢). Find
the smallesti € [1,3k] suchthatT5(¢); = T2(¢)is1 = ... = 12(C)isflog k144 = 1.
Delete (T>(¢);, - - ., 12(€)i+f10g k1+4) from T>(¢) and append (7, Qllog k1+3-Tlog(3k)T)
to the end of 75 (¢), where the appended i is encoded by [log 3k binary bits.
Letn’ =3k —1andi=1. Goto Step 1.

oo = Ta(C)isniog k144 = 1, delete (Ta(c)i, . . ., Ta(€)isf10g k1+4) from T3(c) and
append (i, Qlogk1+4=TlogBM)1 1) to the end of T»(c). Let n’ = n’ — [logk] — 5
and i = 1. Repeat. Else go to Step 2.

2. Step 1: If there exists an integer i < n’ such that T5(¢c); = Ta(¢)iy1 =

3. Step 2: Output 75(c).

There are deleting and appending operations in both the Initialization step and
Step 1. In the Initialization step, the length of the deleted subsequence is larger than
the length of the appended subsequence by 2. Hence after appending the O bit in
the beginning, the length of 75(¢) decreases by 1 after the Initialization step. The
lengths of the deleted and appended subsequence in Step 1 are equal. Hence, the

length of the sequence 7> (c) keeps constant after the Initialization step and is

3k+[logk|+4+1—[logk] -5+ [logk]+3
=3k + [log k] + 3.
We show that (72(¢)y+15 - - -, T2(€)3k+[10g k1+3) are appended bits and (7>(¢)1, . . .,

T,>(c),») are non-appended bits remain in 7>(c) after deletions. In particular,
T>(¢)+1 = 0 is the bit appended in the beginning of the Initialization step. The
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claims hold after the Initialization step. Note that when T;(¢),» = 0, the inte-
ger i satisfying the if condition in Step i is at most n’ — [logk] — 4. Other-
wise (12(¢);, ..., T2(€)itfiogk1+4) # 1. Therefore, the deleted bits in Step 1 have
indices at most n’. Moreover, the integer n’ decreases by the length of the deleted bits.
Therefore, we conclude that (T2(€)n/41, - - - » 12(€)3k+[10g k1+3) consists of appended
bits and that 75(¢),+; = O is the bit appended at the beginning of the Initializa-
tion step. The appended bits (72(¢),/+1, - - -, T2(€)3x+[10g k14+3) are not deleted in the

procedure.

We now show that 7> (¢) contains no 1M°2%1+5 patterns. Note that the 1M°2%1+5 pat-
terns with indices at most n” are deleted in the encoding procedure. Since 75(¢),/4+1 =
0, there is no 1M10gk1+3 pattern containing the bit 7>(c),/+;. Hencea 1 [log k1+5 pattern
has indices at least n’ + 1. Moreover, since the [log k] + 4-th bit in each appended
subsequence is a 0 bit, there is no 1M°€K1+5 pattern in the appended bits. Hence,
no 1M°¢k1+5 with indices at least n’ + 1 exists. This implies that 7>(c) does not

[log k145

contain 1 patterns.

Since n’ decreases in each step, the algorithm terminates within O (k) iterations
of Step 1. Since it takes O(k log k) to look for the integer i, the total complexity
is O(k?log k).

The decoding T I(¢), which recovers ¢ from 75 (c¢), follows a reverse procedure of

the encoding and is presented in the following.

1. Initialization: Let ¢ = 7>(c) and go to Step 1.

2. Step 1: If c3p4fiog k743 = 1, let i be the integer representation of (c3x—1, ¢3¢,
ce C3k+[log3k]—2)- Delete (¢3x—1,C3ks -« 03k+[logk]+3) from ¢ and insert
1102 k1+5 at Jocation i of ¢. Repeat. Else go to Step 2.

3. Step 2: Leti be the decimal representation of (¢3x+1, C3k+2, - - - » C3k+[log(34)1)-
Delete (C3k, C3k425 - - - » C3k4[logk1+3) from ¢ and insert 1M1°2¥1+5 a¢ Jocation i
of ¢. Output c.

Note that in the encoding procedure, the appended subsequence in the Initialization
Step ends with a 0. The appended subsequence in Step 1 ends with a 1. Hence the
algorithm stops when €34 10g k1+3 = 0 and all subsequences appended in Step 1 of

the encoding have be processed.
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Similar to the proof of correctness of decoding in Proposition 3.6.3, the decoding
procedure exactly reverses the series of operations in the encoding procedure. Note

that the appended subsequences contain the index of the deleted 1/M10gk1+5

patterns.
Let 72:(c), i € [0, I] be the sequence obtained after the i-th deleting and appending
operation in the encoding procedure, where I is the number of deleting and ap-
pending operations in total in the encoding procedure. Then 7 ;(c) is the sequence
obtained after the / —i-th deleting and inserting operation in the decoding procedure.

Therefore, the decoding procedure recovers the sequence ¢ after the /-th operation.

The complexity of the decoding has the same order O(k*logk) as that of the

encoding. O

We are now ready to present the encoding and decoding procedures for comput-
ing T'(¢), which generates k-dense sequences that satisfy Property 1 and Property 2.
The encoding procedure is as follows.

1. Initialization: Let 7'(c) = Ti(c). Append (03%, 1M102k1+5) to the end of the
sequence T'(¢). Letn’ = n+2[log k] + 10 (the length of 71 (c)). Go to Step 1.

2. Step 1: Ifthere exists anintegeri < min{n’, n+3k+3[log k|+16—R}, such that
for every j € [i,i + R — 3k — [log k] — 4], there exists an integer m € [, j +
3k — 1] satisfying (T(€)m, T()me+1, - - > T(Qmifioghtsa) = 118K split
(T(¢)i,T(¢)is15---,T(c)izr-1) into ([logn] +9 + [log k1) blocks by, b,, .. .,
briog n1+9+[10g k7 Of length 3k + [log kT + 4. Delete (b, ..., Bfiogn]+8+[log k1)
from T'(¢) and append (0,73(b2),T2(b3), ..., Ta(briog n1+8+fl0gk])- i + 3k +
[og k] + 4, 1M°2k1+5 0) to the end of T'(c), where the appended i + 3k +
[log k| +4 encoded by [log n| binary bits. Letn’ = n’ — R+ 6k +2[logk]+8.
Repeat. Else go to Step 2.

3. Step 2: Output 7'(c).

Note that the index i+3k+[log k|+4 has size log n bits. Then from Proposition 3.6.4,
it can be verified that the lengths of the deleted and appended subsequences in Step 1
are equal. Hence T'(¢) keeps constant and is n + 3k + 3[log k] + 15.

Similar to the encoding in Proposition 3.6.3 and Proposition 3.6.4, we show that
the integer n’ marks the end of the non-appended bits, i.e., the subsequence
(T(©)nr+15 - - - » (€)ns3k+3710g k1+15) consists of appended bits and (T'(¢)1, ..., T(¢)y)
are non-appended bits that remain after deletions. In addition, we show that
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T(C)p1,...,T(C)pi3r = 0% and that the appended bits are not deleted. The
claims hold in the Initialization step. Suppose the claims hold in the r-th round
of Step 1. Then in the r + 1-th round of Step 1, the integer i satisfying the if
condition in Step 1 must be in the range [1,n" — R + 3k + [log k| + 4]. Otherwise,
since T(€)p41, - . ., T(€)43r = 0°% in the r-th round, we have an integer n’ € [i,i +
R -3k —[log k1 —4] such that (T(¢)m, T()me+1, - - - » T()mflog k1+4) # 11°2K1#5 for
everym € [n’,n’+3k—1]. This contradicts to the fact that i satisfies the if condition.
Moreover, note that the block briog 1149+ [10g k110 (T'(€);, - - ., T'(€)i+r-1) is not deleted
in Step 1, which implies that the bits with indices at leasti+ R—3k —[logk]| -4 < n’
are not deleted. Note that n’ decreases by the length of the deleted sequence in
Step 1. We conclude that (7°(¢)+1, - - -, (€)n+3k+3[l0g k]+15) consists of appended
bits and these bits are not deleted. Specifically, T(¢),+1, ..., T(¢),/+31 are the bits
appended in the Initialization step. By induction, the claims hold.

We now show by induction on the number of rounds r that 7'(c) satisfies Property 1.
From Proposition 3.6.3, the initial sequence 7'(¢) = (T (c), 03, 11°2K1+3) gatisfies
Property 1. Hence the claim holds for r = 0. Suppose after r-th round of Step 1, T'(¢)
satisfies Property 1. In the r + 1-th round, the deleting operation leaves blocks b
and briog 41494 710g k1, Which both contain 1Mlogk1+5 55 subsequence. Hence T'(c)
satisfies Property 1 after the deletion. In addition, all appended subsequences
end with a 1M°2K1+5 pattern or a 1M°2%1+5 pattern followed by a 0 bit. Note that
these appended subsequences are not deleted. Hence the index distance between
two 1M1°2K1+5 patterns in the appended bits (7(¢)yr41, - - -, T (€)n+3k+3[l0g k]+15 18 at
most R—6k —2[logk]—8 < B—[log k] —5. Therefore, The sequence T (¢) satisfies
Property 1 after the appending operation.

Next, we prove that 7'(c) satisfies Property 2. According to the encoding procedure,
for any i € [1,min{n’,n + 3k + 3[log k] + 16 — R}], there exists some j € [i,i +
R -3k — [log k1 — 4], such that (T(¢)y, T(€)m+1, - - - » T(C)meflogk1+a) # 1M108KT#5
for every m € [j, j + 3k — 1]. Otherwise, the encoding does not stop. Note that
the appended bits (7(€)u/+1, - - . » T(€)n43k+3[10g k1+15) are not deleted. Hence for i €
[n'+1,n+3k+3[log k]+16—R], the interval [i, i+ R—1] contains the first 3k+[log k |+
4 bits (0,T>(bs)) of some appended subsequence, where by € {0, 1}3+logkl+4
logk1+5 pattern. Let [j,j + 3k + [logk] + 3] be the indices of
the 3k + [log k] + 4 bits (0,72(b)) in T'(c). According to Proposition 3.6.4, the
function 7>(b,) does not contain the 1M°2%1+5 pattern. Hence (7(¢)m, T(€)psts - - - »

contains the 1

T(C)m+[10g k1+4) # 11102145 for every m € [, j + 3k — 1]. Therefore, any interval of
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length R contains a length 3k + [log k] + 4 subsequence with no 1M°241+5 pattern.
Hence, the sequence T'(c¢) satisfies Property 2. According to Proposition 3.6.1, we

conclude that T'(c¢) satisfies Property 1 and Property 2 and is k-dense.

Since n’ decreases in the encoding procedure, the procedure terminates within O (n)
iterations. Each iteration takes O(nk log kR) time to search for the integer i sat-
isfying the if condition and O(lognk?logk) to compute the 7> functions of the
blocks. Hence the complexity is at most O(n?k? log k(logn)). Therefore, the total
complexity is poly(n, k).

Finally we present the following decoding procedure that recovers ¢ from 7'(c¢),

which follows a reverse procedure of the encoding.

1. Initialization: Let ¢ = 7'(¢) and go to Step 1.

2. Step 1: If ¢,43¢43M10g k7415 = O, let i be the integer representation of
(Cna3k+2[log k1+10~[log n]» Cn+3k+2[log k]+11-[logn]s - - - » Cn+3k+2[log k1+9) - Split
(Cn+9k+5 Mog k1+25—R> + + + » Cn+3k+2[log k]+9—[log n]) into [log n] +7+ |'log k-l blocks
(b, ..., b/[logn]+7+[1og k]) of length 3k + [log k] + 3. Compute b; = Tz‘l(b})
for j € [1,[logn] + 7 + [logk]], where Tz_l (b;.) is defined in Proposi-
tion 3.6.4. Delete (Cp49k+5[log k1+24—R> - - - » Cna3k+3[log k1+15) from ¢ and insert
b1, ..., Briogn]+7+[l0g k] atlocationi of ¢. Repeat. Else delete (¢ 42[10g k74115 - - -

Cnt3k+3Mlog k1+15) and go to Step 2.

3. Step 2: Output 7, ' (c).

According to the encoding procedure, the inserted bits end with a 1 entry in the
Initialization Step and with a O entry in Step 1. Note that the inserted bits are not
deleted in the encoding procedure. Hence the decoding algorithm stops when an

ending 1 entry is detected.

Similar to the proof of correctness of decoding in Proposition 3.6.3 and Proposi-
tion 3.6.4, the decoding procedure exactly reverses the series of operations in the
encoding procedure. Therefore, the decoding procedure decodes the sequence ¢

correctly.

3.7 Conclusion and Future Work
We construct a k-deletion correcting code with optimal order redundancy. In-

teresting open problems include finding complexity O(n°") encoding/decoding

-
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algorithms for our code, as well as constructing a systematic k-deletion correcting

code with optimal redundancy.
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Chapter 4

CORRECTING
DELETIONS/INSERTIONS-GENERALIZATIONS

In this chapter, we develop a technique, called syndrom compression, based on an
idea in our construction in Ch. 3. Using this technique, we construct a systematic
binary k-deletion code with redundancy 4k logn + o(logn), which is asymptoti-
cally, the current best. Then, we extend our binary deletion correcting codes to
more general settings, including non-binary cases. Note that DNA-based storage

applications correspond to 4-ary cases.

4.1 Introduction

In the early 1960s, the problem of constructing codes for the deletion channel was
introduced through the seminal works of Sellers and Levenshtein [82, 64]. Despite
the inherent difficulty of coding for this channel, the initial results were promising.
It was shown in [64] that the Varshmov-Tenengolts code can correct either a single
deletion or a single insertion over a binary alphabet. Furthermore, [64] showed
that logn + O(1) bits of redundancy are necessary for a single deletion code which
implies that the Varshamov-Tenengolts code is nearly optimal. For the case where
the channel deletes a burst of symbols has length 1 or 2, a nearly optimal (and
very elegant) construction was provided in [63] by Levenshtein. In the early 1980s
Tenengolts constructed a nearly optimal code for a single deletion over a non-binary
alphabet based upon a clever mapping between a binary and a non-binary sequence
[93].

Unfortunately, up until recently, progress was slow and results on the subject were
limited. Some notable exceptions include the work of Schulman and Zuckerman
[81] which showed the existence of efficient codes that are capable of correcting
a constant fraction of deletions and the work of Helberg and Ferreira [47] which
attempted to extend the Varshamov-Tenengolts code to handle more than a single
deletion. Despite these efforts, up until a recent work by Brakensiek, Guruswami,
and Zbarsky [12], no efficiently constructable codes were known that could correct

even two deletions that required less than /n bits of redundancy.

In [12], Brakensiek et al. constructed k deletion correcting codes that require
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O(k?log klogn) bits of redundancy. Several works quickly followed [12] that
dramatically improved upon this result. Haeupler [41] gives an explicit systematic
g-ary code construction which requires @(k% + k) bits of redundancy. In [22],
another construction was derived by Cheng et al., which is not systematic, but is

order optimal in the sense that it requires O (k log n) bits of redundancy.

Independent of [22], in Ch. 3, we presented explicit constructions for k deletion
correcting codes that have redundancy 8k logn + o(logn), which for the first time
achieves asymptotically four times the Gilbert-Varshamov lower bound in the Lev-
enshtein metric. In this chapter, we generalize one of the underlying techniques
in Ch. 3, which we refer to as syndrome compression. We show that using the
syndrome compression technique, it is possible to construct codes for channels that
are within a factor of two from the Gilbert-Varshamov lower bound in the Leven-
shtein metric. Note that the above multi-deletion correcting codes are not systematic
except for the ones in [41] and [22], which have redundancy ©®(k log2 % + k). We
furthermore present a systematic deletion correcting code and show that it achieves
asymptotically twice the Gilbert-Varshamov lower bound, which is asymptotically
the same amount of redundancy as our non-systematic construction, by using the
syndrome compression technique. We then apply this technique to three different
types of combinatorial deletion channels: (a) the binary adversarial deletion chan-
nel that can delete at most £ symbols, (b) the binary adversarial deletion channel
which can cause at most k bursts of deletions (each of length at most 7), and (c)
the non-binary adversarial deletion channel which can delete at most £ symbols.
We note that although our focus is on deletion channels, we believe the syndrome
compression technique can yield meaningful results when applied to other types of
channels (particular those that are traditionally considered difficult to code for, such
as the deletion channel). In addition, we introduce new ideas for the systematic
deletion code and the non-binary deletion correcting codes, as will be presented

later, which might be of independent interest.

In the following, we highlight our contributions in variations of deletion channels.
Codes (non-systematic and systematic) correcting k£ deletions

We begin with a non-systematic k deletion correcting code construction that achieves

asymptotically 4k logn + O(logn) + o(logn) bits of redundancy, as a result of the

syndrome compression technique.

Theorem 4.1.1. Let k be a constant with respect to n. Then, there exists a
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non-systematic, efficiently encodable/decodable binary k-deletion correcting code
of length n that requires at most 4k(1 + €) logn bits of redundancy where € =
O(1/k) + O(k*log k/loglogn) is a small number that depends on k and n. The
encoding/decoding complexity is O (n***1).

In addition to the non-systematic deletion correcting codes, we are interested in
systematic construction of deletion codes, motivated by the document exchange
application [25], where Alice wishes to send a sequence X to Bob, who has the
knowledge of a sequence Y that is within limited edit distance of X. The edit distance
between X and Y is measured by the minimum number of deletions, insertions, or
substitutions needed to change X into Y. It turns out that Alice can send the
sequence X to Bob by transmitting a hash of X since Bob knows Y. Such a hash
implies a systematic deletion correcting code and vice versa. Note that systematic
deletion codes also has applications in storage systems with deletion errors, where

concatenated code constructions are used.

The document exchange or systematic deletion code construction problem has been
studied in both random and adversarial settings. For random settings, where a
sequence can be recovered with high probability, document exchange algorithms
with hash sizes O (k log? n) and O (k log? nlog* n)! were presented in [50] and [51],
respectively. The results for randomized settings were improved to O(k?log n)
in [13] and to O(klogn) in [7]. In [44], a randomized systematic k-deletion
correcting code with O (k2 log n) bits of redundancy was presented. For adversarial
settings, where every sequence needs to be recovered in the worst case, the state of
the art document exchange schemes [6, 22, 41] have hash size O (k log2 n), which
is bounded away from the lower bound k logn + o(logn). Our next result gives a
systematic deletion correcting codes with 4k log n+ o(log n) bits of redundancy and
thus a document exchange scheme with hash size 4k log n + o(log n). Note that this

improves the redundancy of Theorem 4.1.1 by O(logn).

Theorem 4.1.2. For any sequence c € {0, 1}", there exists a hash function Hashy, -
{0, 1}" — {0, 1}#klognrollogn) " computable in O (n***+) time, such that

{(e,Hashi(c)) : c € {0,1}"}

forms a k-deletion correcting code. The encoding/decoding complexity of the code
is O(n**h).

log* n is the minimum number of times the logarithm needs to be iteratively applied before
getting n to a result at most 1.
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To the best of our knowledge, our results achieve asymptotically the best redundancy.
The work in [90] proposed a non-systematic construction with (4k — 1)logn +
o(logn) bits of redundancy, combining the syndrome compression technique and
the VT code construction. The result is log n smaller than the result in this chapter.

Yet, both results achieve the same order of redundancy asymptotically.

Codes correcting bursts of deletions
The results in this subsection pertain to the case where one wants to design codes
capable of correcting bursts of deletions. The following presents a systematic code

correcting a burst of at most k deletions.

Theorem 4.1.3. Suppose k is a constant with respect to n. Then, there exists a
systematic code of length n capable of correcting a burst of consecutive deletions of

length at most k that requires at most 4log n + o(log n) bits of redundancy.

Prior to this, codes capable of correcting a burst of consecutive deletions were
provided in [35], where a construction is given that requires log k log n+

O (k?log k loglog n) bits of redundancy so that our work represents a significant
improvement. Furthermore, our construction is systematic whereas the one from
[35] is not. Recently, the work of [60] presented a non-systematic code correcting
a burst of k deletions with redundancy logn + k(k + 1)/21loglogn + C. We also
consider the case where the deletions do not occur consecutively as well as the
case where more than one burst occurs, and we provide constructions that improve
upon prior art [80] in these cases as well. The following result shows that we
can correct k bursts each of at most length 7; deletions, with redundancy at most
4klogn+ o(logn).

Theorem 4.1.4. Let k and t;, be two constant integers with respect to n. Then, there
exists a systematic code of length n capable of correcting k bursts of consecutive
deletions each of length at most ty that requires at most 4logn + o(logn) bits of

redundancy.

Non-binary deletion correcting codes

Our next two results pertain to correcting deletions over non-binary alphabets, which
has applications in DNA storage with alphabet size 4 and network transmission with
packet loss. Despite the recent progress in binary deletion codes, the problem of
constructing codes for the g-ary deletion channel has received significantly less

attention. Tenengolts constructed a nearly optimal code for the case of a single
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deletion [93]. The main idea in [93] is to use a parity code to identify the symbol
which was deleted and an associated Levenshtein code to determine the location
of the deletion. For the case of multiple deletions, the Helberg codes [47], which
were originally proposed for the binary deletion channel, were adapted and shown
to produce non-binary deletion correcting codes [59]. The primary drawback to
this class of codes is their low rate [59]. Even for the case of two deletions,
the codes have rates that do not approach 1 as n becomes large. It was shown
in [65] that the optimal redundancy of a g-ary k deletion code asymptotically falls
between k logn + k log g + o(log gn) and 2k logn + k log g + o(log gn).

We attempt to bring the existing results for non-binary codes closer to the results

obtained in the binary domain.

Theorem 4.1.5. Let k be a constant with respect to n and suppose that q < log n.
Then, there exists a systematic k-deletion code of message length n over an alphabet
of size q that requires at most 4k logn + o(log n) bits of redundancy. When logn <
q < n, there exists a non-systematic k-deletion code of message length n over an

alphabet of size q that requires 2k (1+€) (2 log n+log q)+o(log n) bits of redundancy.

For the case where ¢ > n, we use a different technique than syndrome compression

that extends to the case where k is a constant fraction of 7.

Theorem 4.1.6. Let k be a constant with respect to n and suppose that g > n. Then,
there exists a non-systematic, efficiently encodable/decodable k-deletion code of
message length n over an alphabet of size q that requires at most (30k + 1) log g
bits of redundancy.

As will be explained in more detail in Sec. 4.7, the result stated in Theorem 4.1.6
also extends to the case where k is a constant fraction of code length n, when ¢ is
large enough. A similar case when k is a fraction of n and ¢ is a polynomial of n

was solved in [42].

We make use of two different approaches to obtain the results. For Theorem 4.1.5,
we rely on the syndrome compression technique and some ideas that generalize
the construction of [93]. For Theorem 4.1.6, we make use of results from repeat-
free sequences from [28]. To the best of the authors’ knowledge, the best known
constructions of non-binary codes for the deletion channel can be found in [59] and

so our results represent a significant improvement over existing work.
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Organization

This chapter is organized as follows. In Sec. 4.2, we introduce the syndrome
compression technique and prove its correctness. Sec. 4.3 describes our results for
binary codes capable of correcting k deletions stated in Theorem 4.1.1 and Theorem
4.1.2. Sec. 4.5 provides constructions for the burst deletion channel. Sec.s 4.6 and
4.7 construct codes for the non-binary deletion channel. Finally Sec. 4.8 concludes

this chapter.

4.2 Syndrome Compression

Although our attention is focused on deletion channels, syndrome compression is
applicable to a wide variety of channels, and we begin our discussion by introducing
the idea in its most general form. As will be described later, this general technique
will result in explicit constructions for codes for various channels whose redundancy

is roughly equal to twice the Gilbert-Varshamov bound (ignoring lower order terms).

For simplicity, in this section we limit our attention to the binary alphabet. Suppose
the goal is to design a code C C {0, 1}" such that for any vectorx € C andy € B(x),
y ¢ C. We assume throughout this work, that x ¢ B(x). In other words, the set
B(x) denotes the set of vectors distinct from x which are “confusable” with x. It is
assumed that for any y € B(x), both x and y have the same length. As an example, if
we wish to design a code capable of correcting k deletions then 8B(x) would denote
the set of vectors obtainable after deleting k symbols from x and then inserting k
symbols into the resulting vector. Since log |B(x)| < 2k logn (See e.g., [12]) for
the deletion channel, this implies that syndrome compression, when applied to the

deletion channel, results in a code with roughly 4k log n bits of redundancy.

In order to apply the general technique, we require a mapping:

{0, 1} = [[280M]] = {0, 1,...,2R0m _ 1},

which takes as input any binary length m vector and it outputs an integer which
is contained in the set {0, 1,... ,2R(m) _ 1}. We assume the mapping f has the

following two properties that are enumerated below:

1. Confusability property: For any x € {0, 1} and any y € B(x):
f(y) # f(x).

2. Redundancy property: R(m) < o((loglogm) - logm).
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We will often refer to the mapping f as a labeling. When the meaning is clear, we

will sometimes omit the argument m from R(m) and just write R.

The main idea behind the construction is to start with the labeling f. If we define our

code (using the usual techniques) to be comprised of the set of vectors that satisfy:
f(x) = a mod 2%, 4.1)

then using an averaging argument it follows that there exists a code that has re-
dundancy roughly R bits. Syndrome compression is applicable to the case where
it is known that log |B(x)| << R < o((loglogm) - logm), so that the R bits of
redundancy are high relative to the minimum size of what the resulting code should
be (since the resulting code should have at most log |B(x)| bits of redundancy).
In order to overcome this issue, we will reduce the modulus of (4.1), and thereby
reducing the redundancy of the resulting code. In particular, for a fixed x we will

find an integer a < 2% which for any y € B(x), it follows that

f(x) # f(y) mod a. 4.2)

Using a simple counting argument, we show in Lemma4.2.2 thatlog |a| < log |B(x)|.
As will be described in more details below, our approach will be to encode the infor-
mation a along with the information f(x) mod a. It is shown in Theorem 4.2.1 that
the resulting construction results in a code C with the property that if x € C, then
y ¢ C for any y € B(x). Furthermore, since we need to encode the information a
along with f(x) mod a, it follows that the construction requires roughly 2 log | B(x)|

bits of redundancy.

Now we turn to a more formal treatment describing the construction along with the
proofs of correctness. First, we cite a known result which bounds the number of

divisors of a given number. This will be used to prove Lemma 4.2.2.

Lemma 4.2.1. (c.f., [71]) For a positive integer N > 3, the number of divisors of N
is upper bounded by

In N
21'6.1nl}nN .

Now we prove the key lemma which will be used to prove the main result in
Theorem 4.2.1. For shorthand, for a vector x € {0, 1}, let

D) =1{j:j>0.j|(f®) - f¥).y € Bx)|.

Note that in order for Lemma 4.2.2 (stated below) to hold, we require both the

confusability property and the redundancy property of f.
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Lemma 4.2.2. Foranyx € {0, 1},

|D(x)| < 2'og|B®I+ollogm),

Proof. We consider the set D(x). Note that for any element j € D(x), there are
two possibilities. Either

L j=1f(x) - fyl or

2. jisadivisor of [ f(x) — f(y)|.

The number of possible choices for j such that 1) holds is equal to |B(x)|, which
follows from the confusability property of f. Furthermore, from Lemma 4.2.1, we
know that for every number equal to | f(x) — f(y)| (for some y € B(x)), there are

at most 21-6(n2%)/(nIn2%) 4ivicors 5o that

1.6 R

loge‘l

IDX)| < |8(x)] -2 "R

which implies the result in the lemma statement since R < o((loglogm) - logm)

from the redundancy property of f. O

Using the previous lemma, we can prove the following.

Theorem 4.2.1. Foranyfixedx € {0, 1}, there exists an integera < 2'°218(X)l+o(logm)
such that for any 'y € B(Xx),

J(x) # f(y) mod a.

Proof. Assume that the parameter a is determined through a brute force search.
In particular, we first attempt to set @ = 2. If there exists ay € B(x) such that
2|(f(x) — f(y)), then we set a = 3. It is straightforward to see that since the set
D(x) = {j 1 j>0,j|(f(x) - f(y))} has cardinality at most 2!°¢1BX)+o(logm) there
exists an a that satisfies the theorem statement. O

In light of Theorem 4.2.1, we now describe at a high level the encoding process
for syndrome compression. Let u € {0, 1}" be a binary sequence of length n and
suppose a is such that f(u) £ f(y) mod a for any y € B(u) from Theorem 4.2.1.

Next, we append a vector r € {0, 1}” to u. The vector r will contain the information

1. a,
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2. f(u) mod a.

The codewords will be of the form
x = (u,r) € {0, 1}"". (4.3)

For cases where u can be ANY vector of length 7, the resulting construction is
systematic. Note that according to Theorem 4.2.1, our approach requires a brute
force search for the parameter a which has time-complexity at most O (n%*). For the
case where k = O(1), the technique admits a polynomial-time encoding/decoding
algorithm (since the decoding may also be performed using standard brute force
methods). However, if k grows as a function of n, brute-force encoding algorithms
do not result in polynomial-time complexity, and so our focus for the remainder of
this work will be on the setup where k is constant with respect to n. We will discuss
this issue again in Sec. 4.8. The next section applies this technique to the case where

one wants to design codes that correct multiple deletions.

4.3 Non-Systematic Deletion Correcting Codes

In this section, we give a non-systematic construction which requires 4k (1+¢) logn
bits of redundancy for a code capable of correcting k deletions where € << 1 given
that k,n are large enough and k& < O((loglog n)%‘é). The basic idea will be to
combine the syndrome compression technique described in Sec. 4.2 with the labeling
from [12]. We note that although the resulting construction is not systematic, the
codewords can be partitioned into two parts similar to what we generically described
in the previous section. In particular, for the case where no errors occur, the original
information sequence can be re-constructed by taking the xor of the first n bits of
a codeword with a string which is described by the last r bits of the codeword,
the form of which is given by (4.3). Furthermore we will show that if we wish to
correct k deletions with high probability and the messages are iid uniform, a problem
which was considered in [44], our construction yields a systematic encoding while
requiring less redundancy than the codes from [44]. While both the systematic codes
in [44] and this chapter requires n° %) encoding/decoding complexity, our systematic
codes have 4k logn + o(logn)-bit redundancy, compared to the k(k + 1) log n-bit
redundancy in [44]. Similar probabilistic decoding settings were also considered in
construction of polar codes [92] for deletion correction, where k is a fraction of n and
the parameter of interest is code rate instead of code redundancy. In the next section,

we will further construct a systematic k-deletion correcting code under adversarial
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settings, which has asymptotically the same redundancy 4k logn + o(logn) as the

code under probabilistic settings.

We begin with some results and definitions from [12]. The next lemma describes
the labeling, which will be used throughout this section. In the following, we refer

to M(m, k) € {0, 1}™ as the set of k-mixed strings of length m. More precisely,

M(m, k) ={x € {0,1}" : For integers ¢ = [log k + loglog(k + 1) + 5]
and d = O (k(log k)? log m) and for any string p € {0, 1}/, every substring of

consecutive d bits in X contains p as a substring.}

For a vector x, the set B;(x) is the set of vectors obtainable after deleting any k
symbols from x and then inserting k symbols into the resulting vector. Recall from

the previous section that | B (x)| < m?k.

Lemma 4.3.1. Fix an integer k > 2. Then for all large m, there exists R(m) =
O(k?log k logm) and a hash function f, : M(m, k) — {0, 1}R0 so that for any
distinct X,y € M(m, k),

Je(x) # fie(y),

ify € Br(x).

Note from the previous lemma that if we want to use the mapping fx, we need to
restrict our sequences to be from the set of k-mixed strings. In order to transform
arbitrary information sequences into k-mixed strings from the set M(m, k),we
will require the following result, which is proven in Appendix 4.9 using similar

techniques from [22].

Lemmad4.3.2. There exists a poly(m) time algorithm for a seed s with length O (log m)
such that for any u € F', u + g(s) € M(m, k).

We’ll also make use of the following code from [22].

Lemma 4.3.3. For any m, k, there exists an encoder &y for a code with m bits of

information and O (k log m) bits of redundancy capable of correcting k deletions.

In light of the previous two lemmas we can now present a construction for a k-
deletion correcting code, which we now describe by means of our encoding pro-
cedure. The input to our encoder is an information sequence u € {0, 1}" and the

output is a codeword x € {0, 1}+4klogn+O(ogn) Ty the following, let 0, denote the
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all-zeros vector of length m and similarly let 1,, denote the all-ones vector of length

n.

1. Letu € {0, 1}" and suppose s is such that uy = u + g(s) € M(n, k).
2. Suppose a € [[1n?¥]] is such that f;(ur) £ fi(y) mod a for any y € By (ur).

3. Then,

X =|ur, 0k+17 1k+19 81{ (S’ a, fk (uT) mOd a)) € {0’ 1}”

We have the following theorem, which proves Theorem 4.1.1.

Theorem 4.3.1. Suppose z is the result of at most k deletions occurring to x. Then,

it is possible to uniquely recover X provided 1.

Proof. To prove the result, we show that it is possible to recover u from z. First,
notice that if x is transmitted and z is received, then z,.; = 0. This is because there
are at most k deletions which can occur to x (resulting in z) and so the run of zeros
which immediately follows uz in x must also appear in z and, by similar logic, the
first 1 which follows z,,4+1 corresponds to the first run of ones in x after uy. Suppose
the first 1 that occurs after z,,.; appears in position p where k' = n + (k +2) — p.
Then, k" symbols have been deleted from the first n+ (k + 1) positions in X resulting
in z. This implies that k” = |x| — |z| — kK’ deletions have occurred in the final
(k+1) +|8Ek(s, a, fi(ur) mod a)] bits of x. Therefore, the following holds:

1. The last |Ex (s, a, fx (ur) mod a)| — k” bits of z can be obtained by deleting
k” bits from E (s, a, fi (ur) mod a).

2. The first n — k’ bits of z can be obtained by deleting &’ bits from uy.

Thus, we can recover (s, a, fx (ur) mod a) from the last |Ex (s, a, fi (ur) mod a)| —
k" bits of z and the vector uy can be obtained from the first n — k’ bits of z given

a, fr(ur) mod a. From s, we can generate g(s) and finally we can recoveru. O

Next, we adapt our encoding to handle the setup where u € {0, 1}" is a uniform
1id message, which is the setup considered in [44]. The input to our encoder

is an information sequence u € {0, 1} and the output is a systematic codeword
x € {0, 1}+4klognto(logn)+O(klog(4k logn)
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1. Letu € {0, 1}".

2. Suppose a € [[n?¥]] is such that f; (u) # fi(y) mod a for any y € By (u).

3. Then,
X = (u, O+1, 141, Ex (a, fi(w) mod a)) € {0, 1}".

The next corollary follows immediately Appendix 4.9 and the proofs of Claim 4.9.1,
Lemma 4.3.2, and Theorem 4.3.1. A proof is included at the end of Appendix 4.9.

Corollary 4.3.1. For a uniform iid message u € {0, 1}", the code

C= {X = (ll, Ok+1, 1k+178k (a,fd(ll) mod a)) (S {0, l}n}

can correct k deletions with probability at least 1 — 1/poly(n) for sufficiently large

n.

4.4 Systematic Deletion Correcting Codes

In this section, we provide systematic k deletion correcting codes that achieve
4klogn + o(logn) bits of redundancy, improving that of the non-systematic con-
struction by O(logn). Similar to the non-systematic code construction, we use the
syndrome compression technique. However, to apply the technique, we need a dele-
tion correcting hash for every length n binary sequence with size o ((log log ) -log n)
to start with. Note that none of the existing codes or document exchange schemes

achieve this size.

The key ideas for obtaining a deletion correcting hash generalize the techniques in
our previous work [86]. They are sketched as follows: (i) generalizing the VT-
construction to correct deletions and substitutions for constrained sequences, (ii)
decomposing a sequence into multiple versions of it with different resolution levels

such that the version with the lowest resolution is a constrained sequence.

In [86] we generalized the VT construction and proved that the higher order pari-
ties 3.1, ¢;i° mod kn®, e € [0,2k] ={0,1,...,2k} are a k-deletion correcting hash
for sequences ¢, in which any two 1 entries are separated by at least £ — 1 O entries.
Motivated by this observation, we define the u-indicator vector 1,(¢) € {0, 1}" of ¢
element-wise for binary sequences ¢ and u. Let n and £ < n be the length of ¢ and u
respectively, define 1,(c) by

1, ifi<n—-C¢+1and(c;,...,Cisr—1) =1,

1u (c)i =
0, else.
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The special cases of 1,(c) when u = (0, 1) or u = (1,0) were considered in [88],
where a sequence ¢ is decomposed into a (1, 0)-indicator vector and a (0, 1)-indicator
vector for k = 2. In this chapter we generalize this decomposition for k > 2. We
iteratively generate k versions of ¢ with different levels of resolution. Let /;(c) = ¢

and

Lyi1(€) = 11 0w (1w (c)),

forwe [k—-1] ={1,...,k— 1}, where (1,0") is a sequence of a 1 entry followed
by w 0 entries. The 1 entries of /,,,1(¢) are also 1 entries of /,,(¢), w € [k — 1].

Example 4.4.1. For k = 3 and ¢ = 10010110100, we have that I,(¢) = 1;(¢c) =
10010110100, I2(¢) = 1(1,0)({/1(¢)) = 10010010100, and that I5(¢) = 1(1,0,0)(12(c))
= 10010000100.

The nice properties of I,,(c) are as follows. (1) Any two 1 entries in I(c) are
separated by at least k — 1 O entries. (2) The vector I,,(¢) is highly constrained
when 1,41 (c) is known, as will be discussed in the proof of Lemma 4.4.3. The first
property guarantees that /;(c) can be protected using higher order parities. The
second property enables a successive decoding algorithm.

We first investigate the effect on /,,(¢) caused by k deletions in ¢. For a non-negative
integer i, let By ;(c) be the set of sequences that can be obtained after deleting k
bits and substituting 7 bits in ¢. The following lemma gives an upper bound on the

number of deletions and substitutions in /,,(¢), caused by k deletions in c.

Lemma 4.4.1. For sequences ¢,¢’ € {0, 1}", if there exists a subsequence d €
Bi(e) N Bi(¢), then I,,(d) € By k(w-1)(Lw(€)) N By kw—-1)(1 (")) for w € [k].

Proof. We show that a deletion in ¢ causes at most a deletion and w — 1 substitutions
in 1,,(c). To this end, we prove in the following that the deletion of ¢; causes a deletion
in [, (¢) and multiple substitutions that occur within interval [i —w(w —1)/2,i—1]
in 1,,(¢). Since for any sequence ¢ € {0, 1}", we have I,,(¢) € R,,,, and [,,(c) €
R..m—1 before and after deleting ¢; in ¢, respectively, it follows that there are at
most (w — 1)/2 substitution errors that change 1 entries to O entries and O entries
to 1 entries respectively. Hence, a deletion in ¢ causes a deletion and at most w — 1
substitutions in /,,(¢). Since d € Bi(c), it follows that I,,(d) € By rw—1)(c).
Similarly, we have that I,,(d) € By k(w-1)(¢’).
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We show how a deletion or substitution that occurs at I;(c);;, i; € [n], af-
fects I;41(c), j € [1,w—1]. Let i;‘. = max/<;; 1;(c),=1 { be the index of the last 1 entry
in /;(c) before I;(c);;, and i’;.* = mings;, 1;(c),=1 ¢ be the index of the first 1 entry
in /;(c) after I;(c);;, where it is assumed that I;(¢); = 1 when £ =0or £ =n + 1.

1. If i;‘. < i; — j — 1, then the deletion or substitution of /;(c);; in /;(c) causes

the deletion or substitution of /;4 (c)l-j in /41 (c) respectively.

2. If i;“. > ij—jandI;(c);; = 1, then the deletion or substitution of /;(¢);; in /;(c)

causes a deletion or at most a substitution of 1;,1(¢);; in I;41(c), respectively.

3. If ij. > i; — j and I;(c);; = O, then the substitution of /;(¢);; in I;(c) causes
at most two substitutions of [ j+1(C)ij. and /41 (c); ;in [ j+1(c). The dele-
tion of 7;(c);; in I;(c) causes the deletion of ;4(c);, and the substitution
of 14 (c),-j, in /;,1(c), when i;‘.* - ij. < j + 1, and causes only the deletion

of I41(¢);, in I41(c) when ij.* - ij. >j+2.

In all cases above, a deletion of /;(c);; in I;(¢) causes a deletion and at most
one substitution that occurs in the range [i; — j,i;] = {i; —j,i; —j+1,...,i;},
and a substitution of /;(c);, in I;(c) causes at most two substitutions that occur in
the range [i; — j,i;], for j € [w — 1]. Using induction on j we can prove that
the deletion of ¢; = I1(c); causes one deletion and substitutions that occur in the
range [i— (1+...+w—=1),i—-1]=[i-ww-1)/2,i-1]. O

For any integer m, let Ry, be the set of length m sequences where any two 1
entries are separated by at least k — 1 0 entries. Given the upper bounds of deletions
and substitutions in Lemma 4.4.1, we next show that the generalization of VT con-
straints f(x) can be used to correct these deletions and substitutions for constrained
sequences X € R ,. We define the generalized VT constraint as follows. Define the

integer vectors
n
m©@ = (1°,1942¢,.., ) ),
j=1

for e € [0,2k?]. For any sequence ¢ € {0, 1}", let f(c) be a 2k? + 1-dimensional
vector given by

f(c)e = ¢-m'® mod kZn*!,

for e € [0, 2k?].
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Lemma 4.4.2. For any two sequences X, X € {0, 1}", if there exists a sequence Z €
Rin—k satisfying z € By i (k-1)(X) N By k(k-1)(X'), we have that f(x) # f(X').

Proof. Note that by Lemma 4.4.1 we have that /;(z) € Ri - and that [;(z) €
Brkk-1) Ik (X)) N By k(k-1)(Ix(X’)). By virtue of this lemma, the redundancy
f(Ix(c)) can be used to correct I (c). The proof of Lemma 4.4.2 follows similar
arguments to those in [86], which show that any sequence in Ry, can be protected
from k deletions by using higher oder parities. Here slight changes are made in

order to deal with additional substitutions.

Letd = {61,...,0k} C [n] be asetof deletion indices and o = {071, ..., 0k k-1)} C
[7] be a set of substitution indices, such that deleting bits (x; : i € §) and substituting
bits (x; : i € o) in x result in z. Similarly, let 6" = {¢],...,d,} C [n] and o =
{o1,...,0kk-1)} C [n] be two sets such that deleting bits (x/ : i € 4”) and
substituting bits (x/ : i € ¢’) in X’ result in z. Let y and y’ be the sequences
obtained by substituting bits (x; : i € ) in X and substituting bits (x/ : i € ¢’) inX/,
respectively. Then we have that z € B, (y) N B (y’). Moreover, the sequence z can
be obtained by deleting (y; : i € d) from y or deleting (y! : i € §’) fromy’.

We now compute the difference x - m(®) — x’ - m‘® and show that it cannot be 0 for
alle € [0,2k?] unlessx = x’. Following the same steps asin [86],letA = {i : y; = 1}
and A" = {i : y} = 1} be indices of 1 entries in y and y’ respectively. Let S = AN 4d
and S, = A’ N §’be indices of the 1 entries, after deleting which in y and y’,
respectively, we have z. Then, the sets S = [n]\S; and S5 = [n]\S; are indices of
the 1 entries that are not deleted in y and y’ respectively. We have that

y-m -y m“’-Z(Z “’)—Z(Z i)

leA i=1 teN =1
—Zusl [i,n]| + 1§ N [i, ]|
—1S2 N [i, ]| = 1S5 0 [i, n i (4.4)

Sort all elements in sets §,8”, 0, and 6’ by p; < pr < ... < pye. Let po = 0
and p,;2,; = n. The sets S1 and S, satisfy the following properties, the proof of
which follows the same steps as in [86].

L -1 <[S{Nn[i,n][ - |85 N [i,n]| < 1forie€ [n].
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2. For each interval (p;,pjs1] = {p;+1,...,pju1}, J € [0, 2k?], we have
either [S{ N [i,n]| = |S5 N [i,n]| < Oforalli € (p;, pj+1] or [ST N [i,n]] -
IS5 N [i,n]| > Oforalli € (pj, pj+1]-

Letthesets S;=ANo={i:y=1l,ico}tandS4=ANno’={i:y.=1,ieo’}
be the indices of substitutions that flip O bits in x and X', in order to get y and y’
respectively. Let Ss = o\S3 ={i : y; =0,i e o}, and S¢ = o\S4 = {i : y; =
0,i € o’} be the indices of substitutions that flip 1 bits in x and X/, to get y and y’,

respectively. Then,

x-m® —x-m®

—y- m(e) _y/ . m(e) + Z m{(fe) _ Z mée)

leSs eS¢
_ (Z mg,e) _ Z mée))
£eSs €Sy
2k2 P+l
= > > USS 0 [inll - 185 0 i, ]| + ki, 4.5)
J=0i=p;+1

where k; = |S10[i, n]|=|S20[i, n]|+|SsN[i, n]|=]S3N[Z, n]|+|San[i, n]|-[SeN (i, n]]
for i € [n]. Note that for any interval (p;, pj+1], j € [0, 2k?], the number k; is
constant for all i € (pj, pj+1]. Let s; = |87 N [i,n]| = |S5 N [i,n]| + k;, then it
follows from Property (1) and Property (2) that s; is either negative or non-negative

foralli € (pj, pj+1] for each j € [0, 2k2].

Next, we show that x-m(®) —x’-m(®) cannot be zero for all ¢ € [0, 2k?] whenx # X'.

Otherwise, define a vector v = (vo, ..., vy2) € {1, 1}2k2+1 by

-1, ifs; <Oforsomei € (pj,pj+i]
v = ’
1, else.

anda (2k*+1)X (2k*+1) matrix Aby A, ; = z”p 1 Isili¢ fore, j € [0,2k?]. Then
according to Eq. (4.5), we have that Z?i@ A jvi=0,e € [0, 2k2], ifx-m@ —x -
m'®) = Oforall e € [0,2k?]. This implies the linear equation Av = 0 has a solution v
with no O entry. The remaining steps are the same as in [86]. Let ji,..., jo be
the indices of non-zero columns of A, and B be the submatrix of A by selecting
the intersection of the first Q rows and the non-zero columns of A. Then the linear
equation B(v JireeesV jQ) = 0 has a non-zero solution, which is impossible since

by multi-linearity of the determinant, we can prove that the determinant |B| > 0.
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Therefore, x - m'® —x’-m(® = 0 for e € [0, 2k2] only when A is a zero matrix,

which implies that

si = |ST N [i,n]] = |85 N [i,n]| + k;
=li:xi=1yn[i,n]|-{i:x;=1}n[i,n]]| =0,

fori € [n]. Then, {i : x; = 1} = {i : x] = 1} and thus x = X'.

Finally, we show that if f(¢) = f(c’), then x - m® —x'-m'® = 0 for e €
[0,2k?]. Since z € Br k(k=1)(X) N By rk—1)(X'), it follows that (z;,...,2,-k) €
Brk(k=1)((Xis - -5 X2)) N By kk—1)((x7, ..., xy,)) fori € [n— k]. Hence, we have
that k% < [{i :x; = 13N [i,n]| - |{i : xi=1}n[i,n]| < k?, and that

Ix-m'® —x-m| < k2ne*!.

Therefore, if f(c) = f(¢’), we have that x - m(®) —x’ - m(®) = 0 mod k%n"*!, which

implies that x - m@ —x -m® =0, fore € [0, 2k2]. m]

After protecting I (¢) in Lemma 4.4.2, the following lemma provides a hash function
that recovers I,,(¢), w € [k — 1], from deletions and substitutions, the numbers of

which are upper bounded in Lemma 4.4.1, when /,,41(¢) is known.

Lemma 4.4.3. For any two sequences ¢, ¢’ € {0, 1}", if there exists a sequence d
satisfying d € Br(x) N By ('), then there exists a hash function H,, : {0,1}" —
{0, I}kaog”, such that given d, I,,41(¢), and H,,(c), we can recover that I,,(c),
forw e [k —1].

Proof. Theideais to notice that given /,,,1 (¢), the sequence /,,(c) can be determined
by the first 1 entry in /,,(c) after each 1 entry in /,,4;(c), w € [k — 1]. Specifically,

let

+1 +1 +1
(e )

<<t Let

be the indices of the 1 entries in /,,. (¢) such that n{”l <n}

¥ =min{j: j > 2" I,(c); =1lorj=n+1}
for i € [0,n’], where n{”“ = 0 when i = 0. We have the following proposition.
Proposition 4.4.1. The sequence I,,(c) can be determined by (a¥*', my*!, ... 7H)

and (ty, 7", ..., 7)), forw € [k —1].
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Proof. Note that the 1 entries of /,,(c) in the interval (nW“ nv_ﬁl] are spaced evenly

with distance w in the interval [ 7} 7TW+]] fori € [0,n’], where 7TM:I] =n+lifi =n'.

Otherwise there is an additional one entry in ,,,1(¢) in the interval (z}*!, 7)41) £

{n lW“ +1,..., 7rW+1 1}, which contradicts to the definition of (nW“ , n”f,“ . O

From Proposition 4.4.1, it suffices to protect the indices (7}, ..., 7,7), in order to

recover I,,(¢). Forw € [k — 1], let

1 1
H,(¢) = RSo (7 =7y, ..oy =7 ),
where RSk, (7)) — g™, AN T~ ﬂrvlv,ﬂ )) is the redundancy of the Reed-Solomon
code that corrects 2kw substitution errors in the sequence (T(;V —ﬂg Hoo, T;f—ﬂ;:,“),

with entries 7} — 7T1W+1, i € [0,n"]. The size of H,,(c) is at most 4kw log n bits.

In the following we present the decoding procedure that recovers 1,,(c), given d €
By (c), I,,+1(c), and H,(¢), for any w € [k — 1].

1. Initialization: Let a € [n]”'+1 be a vector, where n’ is known given 1,41 (c).

2. Step 1: For eachi € [0,n" — 1], if there exist two numbers pl?“l € [aw+! —

1

kT and p2+t e [0+ —k, m41] such that Ly (d) et = Lye1(d) et = 1

Tiv1
w+l _ o w+l w+l W+1 :
and p’\" — p/" =l —ar let j = mlnj>p;v+1’lw(d)j:1 J be the first 1

entry in [,,(d) after I,y(d) w1, where 1,,(d); = 1 when j = n -k +1.
Leta; = j!" — p. Else leta; = 0.

3. Step 2: Apply the Reed-Solomon decoder on a to recover (7’ —7rw+1 T =

;V,”). Recover (7, ..., 7)), and I,,(¢) according to Proposition 4.4.1.

4. Step 3: Output /,,(c).

We now show that the above procedure decodes /,,(c) correctly, w € [k — 1].
According to Lemma 4.4.1, The sequence /,,(d) can be obtained from /,, (¢) after k

deletions and at most k(w — 1) substitutions. Note that for each i € [0, n’], we have

thata; = 7" — '™ ! if no deletion or substitution occurs in the interval [7TW+1 n;ﬁl

w+l1
i+1

most two adjacent intervals [ 7! Wl W“] and [7 ml, W’“1] k deletions and k(w —1)
w4+l

substitutions cause at most 2kw symbol errors a; # 7;° — n”"" in a. Hence the

in 1,,(¢), where 7**" = n if i = n’. Since a deletion or a substitution occurs in at

w+l w
0 e Ty

given H,(c). Finally, according to Proposition 4.4.1, the sequence /,,(¢) can be

w w4+l w w
sequence (1) — 7 nv), and thus (7,..., 7)) can be recovered

recovered, w € [k — 1].
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The complexities for computing H,,(¢) and decoding /,,(¢) are dominated by en-

coding and decoding the Reed-Solomon code and are polynomial. m|

Combining Lemma 4.4.2, Lemma 4.4.3, and Theorem 4.2.1, we now present the

encoding and decoding as follows, which proves Theorem 4.1.2.

For any ¢ € {0, 1}", define the function

£ (©) = (fk(0), Hi(c), Ha(c), . .., Hi-1(€)). (4.6)

We first show that f;”*(¢) is a k-deletion correcting labeling for c.

Lemma 4.4.4. For any ¢ € {0, 1}", (c, ksy *(¢)) can be recovered from k deletions.

Proof. For any length n — k subsequence d of ¢, according to Lemma 4.4.1,
we have that I,,(d) € By xnw-1)(Iw(c)) for w € [k]. In particular, we have
that I3 (d) € By kk-1)(Ix(c)). Since I (d) € Ry -k, it follows from Lemma 4.4.2
that f(Ix(¢) # f(Ix(c)) for any ¢’ satisfying I (d) € By xk-1)(Iw(c’)). Hence, the
sequence I (¢) can be recovered, given f(/x(c)) and d. According to Lemma 4.4.3,
every sequence I,,(c) can be recovered using H,,(c¢), I,,+1(c), and d. Hence, after
knowing I (c), the sequence ¢ = I(¢) can be recovered by successively decod-
ing I,(¢), fromw =k —-1tow = 1. O

The size of f,”*(c) is R = [(k* + 1)(2k* + 1) + 2k*(k — 1)]logn + o(logn),
which is greater than O(klogn). By applying Theorem 4.2.1, there exists an
integer a € [2081Bk(Q)l+ollogn)] — [p2klogn+o(logn)] gych that f,:ys(c) = fksys(c’) mod
a for any ¢’ € By (¢). Let

ge(e) = (" (0), ).

Then g.(c¢) is a k-deletion correcting hash for ¢ of size N; = 4k logn + o(logn).
Let

Hashi(c) = (gc(¢), Repir1(8c(8c(c)))),

where Repy+1(gc(gc(c))) is the k + 1 fold repetition of g.(g.(¢)), of length N, =
4klog N1 + o(log Ny) = 4k(k + 1)loglogn + o(logn). The size of Hashy(c)
is N1 + Ny = 4klogn + o(logn). We now show that Hash(c) is a k deletion
correcting hash and thereby prove Theorem 4.1.2 For any length n + N; + N, —

k subsequence z of (¢, Hashi(c)), we have that (Z,4n,+1,- - - > Zn+N+N,—k) 1S
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length N, — k subsequence of Repy+1(g.(g-(¢)))), which is a k-deletion correcting
code. Therefore g.(g.(c)) can be recovered. In addition, (Zu+1, ..., ZnsN,—k) 1S @
length N — k subsequence of g.(¢). Since g.(g.(¢)) is a k-deletion correcting
hash of g.(c), the hash g.(c) can be recovered. Finally, note that (z1,...,z,-x) is
a length n — k subsequence of n, we can use g.(¢) to recover ¢. The decoding of ¢
from g.(c) is done using brute force, over all sequences ¢’ that satisfy d € B (¢’).
The computing of g.(¢) is done by brute force, over sequences ¢’ € By (c). Hence

the encoding and decoding complexities are O (n?**1) and O (n**!) respectively.

4.5 Codes Capable of Correcting Bursts of Deletions

In this section, we consider the problem of constructing codes that can correct bursts
of deletions. We consider two variants of this problem: (a) a single burst of at most
k consecutive deletions occurs, and (b) at most k bursts of deletions each of length
at most ¢;, occur. For (b), the deletions may or may not be consecutive. Similar to
before, we will be interested in the setup where k and ¢; are constants with respect
to n. For (a), we show that our construction has 4 log n + o (log n) bits of redundancy
and for variant (b), our construction has 4k log n + o(log n) bits of redundancy. For

(a) where the deletions occur consecutively, the construction is systematic.

Systematic codes capable of correcting a single burst of consecutive deletions

We begin by first introducing some notation. For a vector x € {0, 1}, let B,fc (x)
denote the set of vectors that can result from deleting a burst of at most k consecutive
symbols and then inserting symbols in a consecutive set of positions back into x
to obtain a length m sequence. As an example if x = (0,1,1,0,1,0,1), then
y =(1,0,1,1,1,0,1) € Bé’c (x), since y can be obtained from x by first deleting
the first two symbols from x and then inserting the vector (1, 1) in position 3 of the
resulting vector. It is straightforward so see that if x belongs to a code capable of
correcting a burst of at most k& consecutive symbols, then for any y € B;{’C (x), the

vector y cannot be in the same code.

The next claim follows from elementary counting techniques.

Claim 4.5.1. For any k andua € {0, 1},

1B/ (w)| < m? - k2%,

In light of our syndrome compression technique, we need to describe the labeling

function fkb . We define ff ¢ so that it is simply the result of computing the syndrome
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of a Varshamov-Tenengolts code X 1) times. For notation convenience, suppose
iln for i € [k], where [k] = {1,...,k}2. Then for a vector u € {0, 1}", define

Fe401)" — ([ + 11X [y + 11 <o x [[n+ 1] as

—_
—

n
21

n n
f,f (u) = (]Z_é Ug.j+1 mod zt L, f Miej+2 mod 7T 1,... f Uitk mod ; +1

2] 21

+1’Zu(k 1)]+2m0dk 1 +1,...,

=
=

~
I

[e]
~
Il

(e

n
Z U(k-1)-j+k—1 mod +1
k-1
j=0
= n =
Z U(k-2)-j+1 mod 2 +1, U(k=2)-j+2 mod
Jj=0

n
+1,...,
k-2

2]

k=2
+1

n
U(k-2).j+k—2 mod )

j=0

+ 115 % [[ + 115" % x [[n+1]].

e

u]-nlc>c1wr1)e[[E

k k-1

J=1
For convenience we will sometimes assume that the image of ff “(w) is an integer

from H [T, (2+1) ” <O(&— ("+k) ). It is straightforward to show that f: ¢ satisfies
the confusability property, but we include the following lemma for completeness.

Lemma 4.5.1. Suppose u € {0, 1}". Then for anyy € B,f" (w),
£ # £ (y).

Proof. To prove the result, assume that z is the result of a burst of deletions of length
at most k occurring to u and we are given ff “(u). We will show that it is possible

to uniquely recover u from z given ff ¢(u), which is equivalent to showing that for
be be be
anyy € 8,°(u), f,“(u) # f,°(y)-

Suppose f:‘ (W) = (Ak.1s-- s Ak ksl k=1s---sAk—14k-1,---,a1) and that |[z| =n—s
so that z is the result of a burst of s < k consecutive deletions occurring to u.

Consider the sequences:

1
Z( ) = (Z17 Z1+Sa Z1+253 LI Zn—s+1)a

2We can replace 7 with [5]if 7 { n.
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2
Z( ) = (Z29 Z2+Sa Z2+2S9 se ey ZI’!—S+2)7

Z(s‘) = (ZS’ ZZS’ Z3S’ e ey Z}’l)

Also, let

1
u( ) = (Ml’ Ultss UT42s5 « -« 5 un—s+1),

2
u( ) = (u2’ u2+S7 u2+2S7 c e ey un—s+2),

u(S) = (u57 u25a M3Sa ceey u}’l)'

Since for i € [s], z) is the result of a single deletion occurring to u'”, it is possible

to recover u'”) given 2z and as1,0d52,...,05 SINCE

{u(i) =@\, uly e {015 Zuﬁi) = ay;mod = + 1}
- s
=1

is a code capable of correcting a single deletion. O

From Lemma 4.5.1 the mapping f,f’ ¢ satisfies the confusability property. Further-

more, ff ¢ satisfies the redundancy property since log ( Hle ( %+1)s) <0 (k2 log(n+

k)), and k is assumed to be a constant. Therefore, from Theorem 4.2.1, for any

u € {0, 1}" there exists an integer a such that a < 210g|‘3,f“ (Wl+ollogn) anq for any
y € Bl (w), £ (u) £ £2(y) mod a.

We define our code C?< (N, k) with N = n +2log |Bf" (x)| + o(logn) as follows:

Che(N, k) = {x - (u, 1,041%,0,a, £’*(u) mod a) “u € {0, 1}"}. 4.7)

We now prove the following theorem and thus prove Theorem 4.1.3. In the statement
below, u is the information portion of the sequence (the non-redundancy part) from
4.7).
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Theorem 4.5.1. Let z be the result of a consecutive burst of length at most k

occurring to X € CP<(N, k). Then, we can uniquely determine X from 1.

Proof. To prove the result, we show how to recover u from z. In order to recover
u from z, we show that it is possible to separate z into two parts: z; and z, where
either a) z; is the result of a burst of deletions of length at most k& occurring to
u or b) z, is the result of a burst of deletions of length at most k occurring to
r = (1, 0%, 1%, 0, a, f,f’“ (u) mod a). Note that if z; # u, then (due to the length
of the burst) z, = r and the fact that we can recover u from z; provided r follows
immediately from Theorem 4.2.1. If b) holds and z, # r, then by similar logic,
u = z;. Note that the fact that z; # u can be determined immediately by the length
of z; (due to the deletions) and similarly we can easily detect when z, # r by
considering the length of z,. Therefore, in the remainder of the proof we show how
to recover zi,z, from z assuming a burst of s < k deletions have occurred to x

resulting in z.

In order to separate z into z; and z,, we make use of the marker sequence 1, 0k, 1%, 0,
which is embedded into every codeword in our code according to (4.7). Let |z| =
n—s. If

(Zn+1, Ln42s -+ Zn+2k—s+1) = (Ok—5+1, lk)a (48)

then, it is straightforward to observe that z, = r where 2, is equal to the last N — n
bits of z. We set z; to be equal to the first n — s bits of z so that by the previous

discussion we can recover u from z.

Next, suppose that

(Zntls Zns2s - - - » Zneke1) = (1,00). (4.9)

In this case the burst of length k could not have started in any of the positions from

the set [n] = {1, 2,...,n}, which implies u is equal to the first n bits of z.

The only case left to consider is where the deletion begins in marker sequence
1, 0K, 1K, 0. First note that if the deletion occurs in the marker sequence then
(4.8) can hold only if the deletion begins in position n + 1 in x. In this case, it is
straightforward to verify that the decoding described for this will still generate u
since r is still equal to the last N — n bits of z. If the deletion begins in one of the

positions {n +2,n+3,...,n+ k + 1}, then

(Zn+1a In+2s+ v v Zn+1+k) = (1, 0], 1k_J),
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so that neither (4.8) or (4.9) can hold. If the deletion begins in the marker sequence
after position n + k + 1 in x, then (4.9) holds and the decoding is correct in this case

as well. m|

Codes correcting bursts of deletions

Next, we consider a more generalized type of burst error pattern. In this section, we
want to correct k bursts each occurring within a window of length at most #;, where
the deletions in each burst need not occur consecutively. For shorthand, we refer
to these codes as (k, 77 )-burst codes. The main result here will be to show that for
the case where k, 1, are constants, there exists (k, z;)-burst codes with redundancy

4k(1 + €) logn for k, n large enough.

We begin by first introducing some notation, and then we proceed to our code
construction. We say that z € {0, 1}""M! is the result of k bursts each occurring
within a window of length at most 77, occurring to x € {0, 1}" if there exists sets
J,Jp C [n], with |J| < k -7, |Jp| = k such that the following holds:

1. z can be obtained by deleting symbols from x in positions J.

2. For any j € J, there exists an i € J;, where |j —i| < tr.

We illustrate these notations in the following example.

Example 4.5.1. Suppose x = (0,1,1,1,0,1,0,0,0,1,1,8,0) € {0,1}3 is in a
(2, 3)-burst code. Let

z=1(0,1,1,0,0,0,0,1,1,0)'°.

Then, we can claim that z is the result of 2 bursts of deletions of length at most 3
since we can write J = {4,6,12} and J, = {4, 12} with t; = 3. It follows that given

z, it is possible to uniquely recover X provided X is in a (2, 3)-burst code.

For a vector x € {0, 1}, let By, (x) be the set of vectors possible given that k
bursts each occurring within a window of length at most #; occur to X. Then, define
B,’(’ 0" (x) € {0, 1} so that

BL,, (X) ={y € {0, 1} : By, (X) N By, (y) # 0,y # x}.

Clearly, if x is in a (k, 7 )-burst code, then y cannot be in the same code for any

yesB ]f . (x). The following claim follows from straightforward counting arguments.



112

Claim 4.5.2. For integers k,t;, m, and any u € {0, 1},

2

In order to apply the syndrome compression technique, we need to specify the
labeling and also to show that the redundancy and confusability properties hold.
For this setup, we will use the same systematic labeling used to correct multiple
deletions that was introduced in Sec. 4.4. More specifically, we will use the labeling
g defined in (4.6). It follows immediately from our definitions and Lemma 4.4.4
that if u,y € {0, 1}" and y € B,’{’JL (u)\{u}, then

= £ (),

so that the confusability property holds. The redundancy property also follows
immediately from the definition of g since k, ¢, are constants. Thus, to construct
(k,tr)-burst codes, we can apply the same syndrome compression procedure as
described in Sec. 4.3 and Sec. 4.4, except that we will search for an a € [[n3k -
((zr + 1)k2k"L)2]] such that f,”*(u) # £ (y) mod a for any y € B,f’lL(u). Since
loga < 2k log n+o(log n) for n large enough, the resulting construction is systematic
and has redundancy 4k logn + o(logn) for k,n large enough. Hence, we have

Theorem 4.1.4.

4.6 g-ary Codes Correcting k Deletions for Small ¢

In this section we present k deletion correcting codes for g-ary alphabets where
q is less than the information length n. In particular, we consider the following
two cases: (1) ¢ < logn. (2) logn < g < n. The redundancy of the resulting
g-ary k deletion codes for case (1) and (2) are 4k logn + o(logn) and 2k(1 +
€)(2logn +log g) + o(logn) bits, respectively, where n is the information length.
Before describing the code constructions, let us introduce a few notations for this
section. For a sequence u € [[¢]]" of length n over the alphabet {0, 1,...,g — 1},
let BZ(u) be its deletion ball with radius k, consisting of all length m sequences
obtained by deleting k g-ary symbols and inserting k g-ary symbols in u. The

following result comes from a simple counting argument.

Claim 4.6.1. For any k and u € [[¢q]]",

18] (w)] < n*g*.
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Define a binary matrix representation U for u € [[¢]]" as

ul,l u1,2 e ul,m
U= ; : € {0, 1}logalxm (4.10)

Uloggl,l Ullogql2 --- Ullogqlm

where the i-th symbol of u is given by the i-th column of U fori € [n]. Let U], i €
[[log ¢]] and UJ‘ J € [n] be the i-th row and j-th column of U respectively. Then
the deletion of the j-th symbol of u corresponds to the deletion of the column UJC. in

the matrix U.

Case (1) : g <logn

In the following, we adapt the syndrome compression technique to correct deletions
for the case where g < logn. The basic idea, which will be described in more details
that follow, is to interpret our non-binary sequences as a set of log g sequences over
the binary alphabet as illustrated in (4.10). We will then use a compound labeling
which is defined using the systematic labeling from Sec. 4.4 on each of these binary

sequences to form a code that can correct k deletions.

We begin by describing the labeling. According to Lemma 4.4.4, there exists a

systematic labeling function

kS)’s(u) £ {0, 1} — {0, 1}R:[(k2+1)(2k2+1)+2k2(k—1)] log n+o(log n)

such that £”°(u) # f”"(y) for any u,y € {0,1}" and y € B¢ (u)\{u}. Define the

labeling function

fl(u) = ( U, ksys(U{ogq)) € {0, 1}Mogd1R

Then, from Lemma 4.4.4, we have that

fl = fl(y)

foru,y € [[¢]]" and y € BZ (u)\{u}. Hence the labeling function f,? (u) satisfies
the confusability. The size of f!(u) is Ry = O([(k* + 1)(2k* + 1) + 2k*(k —
1)] log g log n) bits, which implies that the labeling fkq (u) does not have the redun-
dancy property, so that we cannot immediately apply our syndrome compression
technique like was done in Sec. 4.3. To resolve this issue, in the next lemma the idea
is to basically use the syndrome compression technique twice on fkq (u) in order to

generate a new labeling f;''.



114

Lemma 4.6.1. There exists a labeling f]g ' that satisfies the redundancy property
and fkq1 is such that for any w,y € [[q]]" and y € Bz (w)\{y}, we have

) # £ ().
Proof. Define the set

D ={j: > 0./I(/ (W) = f{(y)) for some y € [[q]] N Bf (w)}

foru € [[¢g]]". According to Lemma 4.2.1, we have that

R R
log |8/ (u)|+1(1)'g66 . ng 2k log n+k log q+1;‘gﬁe : ng
D) <2 "ioge <2 e = 20(poly(Bylogn),

Therefore, there exists an integer @y < 20(P0(R)10en) gych that £ (u) £ f7(y) mod
@y and thus (ay, ff(u) mod ay) # (ozy,f]f(y) mod ay) foru,y € [[¢g]]" and y €
BY(u)\{u}. Let

f/jl (u) = (au, f]f(u) mod ay). (4.11)

The fact that fkq "(u) # fkq '(y) follows from the previous discussion. From (4.11),
the length of f'(u) is O(poly(k)logm). Hence f' satisfies the redundancy
property, and this completes the proof. O

We are now ready to present our code construction in terms of the encoding process.
Let Hashy be the encoder from Theorem 4.1.2 which takes as input any binary
information sequence and outputs a deletion correcting hash.

1. Letu e [[¢]]".

2. Suppose a € [[2F]] is such that f'(u) # f!'(y) moda for any y €
82 (w)\{y} where R = 2k logn + o(logn).

3. Then,

x = (u,a, ;' () mod a, Hash] (a, f;!' (w) mod a) | € [[q]]".

In the resulting codeword x above, we assume that @ and fkq "(u) mod a are repre-
sented using g-ary symbols and the vector Hash{ (a, f;'' () mod a) takes the hash

Hashy, for each row in the matrix representation of a, fkq "(u) mod a.
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Since f]f ' satisfies the redundancy property, it follows from Sec. 4.2 that (a,

kq‘ (u) mod a) can be described using at most 4k logn + o(logn) bits. This im-
plies that HashZ (a, kq '(u) mod a) can be represented with at most 4k loglogn +
o(loglog n) bits and so the redundancy of the encoding is at most 4k log n+o(log n)
bits of redundancy. Together with the following theorem, we prove Theorem 4.1.5

for cases when g < logn.

Theorem 4.6.1. Let z be the result of at most k deletions occurring to X. Then, we

can uniquely recover X from z.

Proof. Let z be a length N — k subsequence of x, where N is the length of
x. Then (zu41,...,2n-k) 1S a length N — k — n subsequence of (x,41,...,XN).
Since (Xk+1,-..,Xy) = a, f;' (w) mod a, Hash] (a, f;!' (w) mod a) is a codeword
from a k-deletion correcting code, we can recover a, fkq '"(u) mod a from (z,41, . . .,
Zn—k). We have that f]:“ (y) f,f' (qu (u,s)) mod a fory € BZ (u)\{u}. Therefore,

the sequence u can be recovered. m|

Case (2) :logn<g <n

We now present a k deletion code for the case logn < g < n. Two key ideas are
involved. The first is to narrow down the ranges of deletion locations to intervals
of length O(poly(k)logn), thus recovering most of the symbols in the sequence.
To further recover the rest of the symbols, the second idea decomposes a g-ary
representation of a sequence down to its symbol histogram information, which
counts the frequency of the symbols, and its permutation information, which records
the index of each symbol. The second idea can be regarded as a generalization of
the construction of g-ary single deletion correcting codes in [93], where the symbol

histogram and ascending/descending order are considered separately.

To achieve the first part, we generate binary sequences that satisfy a period constraint,
which was also defined in [18]. A sequence u € {0, 1}" has period p if u; = u;,
fori € [[n—p]]. Let L(u, p) be the length of the longest subsequence of consecutive
bits in u that has period p. Denote

L(n, k) = {u L L(u,p) <2logn+k+1,Vp € [[k]]}

to be the set of sequences whose subsequences of any period p € [[k]] has length

not greater than 2logn + k + 1.

Lemma4.6.2. Let U; be a random string uniformly distributed over {0, 1} where € =
2logn + k + 1. Let g1(Up) € {0,1}" be the sequence obtained by repeating Uy
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and then taking the first n bits. Then for any sequence u € {0, 1}", the bitwise
XOR g1(Uy) +u € L(n, k) with probability at least 1 — 1/n.

Proof. Lety = g1(Uy) + c be the bitwise XOR sequence. The probability of the
event L((Yi, Yis1, - - -»Yir2logn+k)> P) = 2logn + k + 1 is given by 27 /22logm+k+1 =
2P /(2M14?) for any i € [[n—2logn — k]] and p € [[k]]. By the union bound, the
probability that L((y;, Yis1,-- ., Yis2logn+k), P) = 2logn + k + 1 for some index i €
[[n—2logn — k]] and period p € [[k]] is upper bounded by

Z 27 /(2M1n?) < 1/n.

i€[[n-2logn—k]].pe[[k]]

Therefore, the probability that y does not contain length 2log n + k + 1 subsequence

of period p € [[k]] is at least 1 — 1/n and the proof is done. O
For a sequence u € {0, 1}" and integers {d1,...,0x}, where 1 < 0 < < ... <
Or < n,letu(dy,...,d0;) denote the length n — k subsequence obtained by deleting
bitsug,, 7 € [[k]]. The next lemma shows that givenu € L(n, k) andu(éy, ..., ),

it is possible to narrow down the range of ¢;, i € [[k]].

Lemma 4.6.3. If a sequence u € L(n,k), then given u and u(dy,...,0;), we
can find at most k + 2 disjoint intervals [a;, b;] C [[n]] fori € [[k + 2]], with
length O(poly(k)logn) each, such that {01,...,0r} C Ujepik+21lai, bil. In
addition, for any j € [[n]]\(Uie[k+2]1lai, bi]), the number of deletions N; =
I[[J = 1]] Nn{d1,...,0k}| that occur in interval [[j — 1]] can be determined.

Proof. Let z =u(dy,...,0k). The algorithm for finding [a;, b;],i € [[k +2]] is as

follows.

1. Initialization: Set all indices [[n]] unmarked. Let j = 1. Go to Step 1.

2. Step 1: Find the the largest positive integer L such that

(Zj’ Zj+1’ RN zj+L—1—]J) = (Zj+p9zj+p+la st Zj+L—1) (412)

for some p € [[k]], so that a common length L — p substring exists in both z
andu. If L > (2k + 1)(2logn + k + 2) + k, mark the numbers w in interval
[J+kQlogn+k+2)+k,j+L—-k(2logn+k+2)—1] and let N, = p
forw € [j+k(2logn+k+2)+k, j+L—k(2logn+k+2)—1]. Letj = j+L—p
and repeat. Else go to Step 2.
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3. Step 2: If an unmarked interval has length greater than (2k+1) (2 log n+k+2)+
k, then split the interval into intervals of length (2k+1) (2 log n+k+2)+k except
that the last interval has length not greater than (2k + 1)(2logn + k +2) + k.

Output all unmarked intervals and N,, for w in marked intervals.

We first show by contradiction thatif L > (2k+1)(2 log n+k+2)+k, then no deletions
happen in the marked interval [ j+k(2logn+k+2)+k, j+L—k(2logn+k+2)—1] in
Step 1,1.e.,{01,...,0k}N[j+k(2logn+k+2)+k, j+L—k(2logn+k+2)—1] = 0.
Suppose on the contrary, there exists some ¢ € [[k]] such that 6, € [j +k(2logn+
k+2)+k,j+L—-k(2logn+ k +2) — 1]. Then, using a Pigeonhole argument,
since 6y — j — k > k(2logn + k + 2), there exist d;, for some £; € [0,¢ — 1], such
that d¢,+1 — max{ds,j + k} > 2logn + k + 2. With a slight abuse of notation,

when {1 = 0, we assume 6, = 0 for convenience.

By definition of 6, and 6,41, we have that

(Zmax{égl,j+k}+1—€1a ceey Z(5(1+1—1—51) = (Zmax{égl ,j+k}+1’ CRCE) z551+1—1)' (413)

We now show that the p in Eq. (8.8) equals ¢;. If p > ¢}, then according to Eq. (4.13)
and Eq. (8.8), we have

(umax{chl JAk+14p—Cys - o u6[1+1—1—51+[)) :(Zmax{égl JAk 1=y s Z651+1—1—51)
:(umax{égl ,j+k}+la R u5(1+1—1)'

This implies that

L((umax{égl,j+k}+l’ ceey u651+|—1—€1+p)’1? - 51) :551+1 - max{égl,j + k} +p- -1

>2logn+k+2,

which is a contradiction to the fact that u € L (n, k). Similarly, if p < £;, we have
that

(umax{égl ,j+k}—p+{)1+1’ ] u5[1+1—1) :(Zmax{égl ,j+k}—p+1’ sy Z6gl+1—1—51)
:(umax{dgl ,j+k}+19 L] u5[1+1—1—€1+p)5
and thus that

L((umax{égl,j+k}+la ... 7u5(1+|—1—p+€])7€1 - p) :(Sf|+l - max{dfpj + k} + 51 - p - 1

>2logn+k+2,
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which contradicts to the fact that u € £L(n, k). Therefore, we have that p = ¢;.

On the other hand, since j + L — 1 — 6, > k(2logn + k + 2), there exist ¢, for
some {, € [{, k], such that min{d+1,j + L — 1} — ¢, > 2logn + k + 2, where
for notation convenience, it is assumed that d¢,+1 = n+ 1 when {, = k. The same
argument above can be used to show that p = ¢, which leads to a contradiction
since p = {1 and {; < ¢{>. Therefore, we conclude that the marked intervals do not

contain deletions.

Next we show that Ny, = p = |[1, j+k(2logn+k+2)+k—-1]N{dy, ..., }| for the
marked interval w € [j+k(2logn+k+2)+k, j+L—k(2logn+k+2)—1]. Letk’ =
I[1, j+k(2logn+k+2)+k—1]N{d1,...,0r}|. Since L > (2k+1)(2logn+k+2) and
no deletions occur in the interval [ j+k (2 logn+k+2)+k, j+L—k(2logn+k+2)—1],
we have that min{64+1, j+L— 1} —max{dy, j+k} > 2logn+k+2, where 6y/+1 =n
if K/ = k and 6 = 0 if k* = 0. By the same arguments proving p = ki, we have
thatp =k’ =N, forw e [j+k(2logn+k+2)+k,j+L—-k(2logn+k+2)—1].

Finally, we show that there are at most k + 2 unmarked intervals, each with length
at most (2k + 1)(2logn + k +2) + k. Note that any unmarked index w’ satisfies one
of the following:

L. w e [[2k+1)(2logn+ k +2) + k]],

2. {61,...,0 i IN[W = [(2k+1)(2logn+k+2)+k] /2], W'+ | [(2k+1)(2logn+
k+2)+k]/2]] #0,

3.wen-R2k+1)2logn+k+2)—k+1,n].

Otherwise if there exists some w’ such that w’ ¢ [[(2k +1)(2logn+k +2) + k]] U
[n—(2k+1)(2logn+k+2)—k+1,n] and {61, ..., }N[w = [(2k+1)(2logn+k+
2)+k]/2],w +|[(2k+1)(2logn+k+2)+k]/2]|] = 0, then we have thatu,, = 2,,_,,
where p = [{61,...,0 N [[W —w = [[2k+1)(2logn+k +2) + k]/2] — 1]]|,
forevery w € [w' — |[[(2k+1)(2logn+k +2) + k]/2],w" + [ [(2k + 1)(2logn +
k +2)+ k]/2]]. Then the interval [w’ —logn — 1,w’ +logn + k + 1] is marked,
which contradicts to the fact that w’ is unmarked. Therefore, the unmarked intervals
are contained in the union of (k + 2) intervals [[(2k + 1)(2logn+ k +2) + k]] U
[n—QRk+1)2logn+k+2)—k+1,n]U (Ul’.‘zl[éi - [[2k+1)(2logn+k+2) +
k1/2),6; + [[(2k+1)(2logn+ k +2) + k]/2]]).
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Furthermore, note that there exists at least one deletion location 6; between two
different marked intervals. Otherwise the unmarked interval in between is marked.
Therefore, there are at most k + 2 unmarked intervals. Hence, we conclude that the
output consists of at most k + 2 unmarked intervals, each with length at most (2k +

1)(2logn + k + 2) + k, that contain all deletion locations. The proof is done. O

Recall the matrix representation U of the g-ary codeword u. In light of Lemma 8.3.1,
we protect the first row U] from k deletions and use it to determine the ranges where
the deletions occur. Since the deletion ranges have short length, most of the symbols
in sequence u € [[¢]]" can be recovered. To this end, the first row U7 is generated
such that U] € L(n, k). Define the set

LI(n, k) ={u:ue[[q]]", U] € L(n k)}.
The following Lemma shows how to generate sequences in £9(n, k).

Lemma 4.6.4. For any u € [[q]]", there exists a seed s of O(logn) bits and a
function qu (w,s) : [[¢]]"x{0, 1}°0oen) s [[4]]", computable in poly(n, k) time,
such that T{ (w, s) € L(n, k).

Proof. According to Lemma 7.2.4, there exists a seed s of O(log ) bits, computable
in poly(n, k) time, such that g, (s) + U} € L(n, k). Define T} (u, 5) by

g1(s) + Uy
Ur
qu (u,s) = 2
Uﬂogcﬂ
Then we have that qu (a,s) € L9(n, k). O

Letu € L9(n, k) be a sequence and z = u(dy, ..., ;) be the length n — k subse-
quence of u after deleting the 6;-th symbol, i € [k]. We can protect U{ against k
deletions and recover it by using the code in Theorem 4.1.2. Then given Uj
and its n — k subsequence Z’, it is possible from Lemma 8.3.1 to find k + 2 inter-
vals [a;, b;],i € [[k+2]] eachhavinglengthT = (2k+1)(2log n+k+2)+k, that con-
tain all deletion locations. Split uinto blocks w; = (u(i—1)7+1, - - ., uir), i € [[m/T1]],
of length T'. Then the interval [a;, b;], i € [[k +2]], covers at most two blocks in u.
Note that the symbol u; for j € [[n]] \(Uf;]2 [a;, b;]) can be determined by

u] = Zj—Nja (414)
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where N; is obtained from Lemma 8.3.1. Hence there are at most 2k + 4 block

errors in u after recovering U7.

Next, we show how to correct the block errors. The idea is to represent each
block using its symbol frequency and the symbol location. Specifically, for a g-ary

sequence u € [[¢g]]", define its histogram vector H(u) : [[¢]]" — [[n + 1]]? by

H(u); = |[{j :w; =i, j € [[n]]}].i € [[4]], (4.15)

where the i-th entry of H(u) is the number of occurrence of i € [[¢]] in u. Its

location vector V(u) : [[¢]]" — [n]" is defined by
V(u); = the index of the i-th largest symbol in u, (4.16)

where a symbol u; is larger than u, if u; is lexicographically larger than u; or if u; =
ujand i > j. Note that by definition, we have that uy ), > uywy, > ... > uy),-
The following lemma shows that a sequence u € [[¢]]" is uniquely determined by

its histogram and the location vectors.

Lemma 4.6.5. Let u,y € [[g]]" be two sequences. If H(u) = H(y) and V(u) =
V(y), thenu =y.

Proof. The lemma follows from the definition Eq. (4.15) and Eq. (4.16). Note that
the vector u can be obtained by sequentially putting the i-th largest symbol in H (u)
in location V (u);. Hence the same histogram and location vectors result in the same

sequence. O

Next we show how to protect the histogram and location vectors of u from block

[n/T1
errors. Let the block histogram vector BH(u) : [[¢g]]" — ([[T +1]]¢ ) of the
sequence u € [[¢g]]" be given by

BH(ll)l' = H(lli),i S [|'n/T'|], (417)

where the i-th entry of BH(u) is the histogram vector of the i-th block in u, i €
[n/T]

[[[n/T7]]]. Similarly, define the block location vector BV (u) : [[¢]]" — ([T]T)

by

BV(u); =V (w;),i € [[n/T]], (4.18)

where the i-th entry BV (u); is the location vector of the i-th block in u. According

to Lemma 4.6.5, the sequence u can be uniquely determined by BH (u) and BV (u).
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Define the function f37(u) = (RS2k+4(RS21 (BH()1), . .., RS2k (BH (0)127)),

which is the redundancy of a systematic Reed-Solomon code correcting 2k + 4 era-
sure errors that has length [%] sequence with entries RSy (BH (u);), i € [[n/T1].
Each entry RS2 (BH (u);) represents the redundancy of a systematic Reed Solomon
code correcting k substitution errors in the length g sequence H(w;) fori € [[m/T]].
The next lemma shows that 2/ (u) can be used to protect BH (u). In the following,

the function f = £, is from Lemma 4.4.4.

Lemma 4.6.6. Let u,y € L9(m,k) be two sequences such that'y € BZ(u).
If fi(UY) = fi(Y)) and fP (u) = fP(y), then BH(u) = BH(y).

Proof. Since fi(U]) = fi(Y]), and U] € By (Y]), we have that U] = Y|. Let z =
u(dy,...,0;). Then according to Lemma 8.3.1, we can obtain from Uf and Zf at
most k+2 intervals [a;, b;],i € [[k+2]], of length at most T, such that {6y, ..., 0} C
UM2[a;, b;]. The intervals {[a;, b;]}**2 cover at most 2k + 4 blocks in u. More-
over, for any j € [[n]]\ Uf‘:lz [ai, bi], the number N; = [[j — 1]] N {61,...,0k}
can be determined. Then from Eq. (4.14), there are at most 2k + 4 block errors
left, the indices of which are known. Hence given 5% (u), we can recover the

sequence (RS (BH(u)1), ..., RS2 (BH(W)[m/17))-

Next, we show that the histogram vector BH(u); = H(u;) can be recovered
given RS>, (BH(u);) and z. Note that (z(;—1)7+1, - - ., Zir—k) 1S a T — k subsequence
of the i-th block u;, hence the histogram vector H((zZ(;—1)7+15 - - - » Zir—«)) differs in at
most k locations from H (u;). Hence given RS>, (BH (w);) and (Z(i—1)7+1, - - - » ZiT—k)>
we can recover H(u;) = BH(u); for i € [[[n/T]]]. This implies that if u can be
uniquely recovered given z, U”, and B (u). Hence the proof is done. O

We now show how to protect the block location vector BV (u). Let
£PY(w) = RS24(BV () (4.19)

be the redundancy of a systematic Reed-Solomon code correcting 2k + 4 erasure
errors in the length [n/T] sequence BV (u) with entries BV (u); = V(u;) for i €
[[[7/T7]] (see Eq. (4.18)). The next lemma shows that f2Y(u) can be used to
recover BV (u).

Lemma 4.6.7. For sequences u,y € L(n, k) such thaty € BZ(u), if fi(U}) =
fu(Y]) and PV (u) = fPY(y), then BV (u) = BV (y).
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Proof. By similar arguments to that in the proof of Lemma 4.6.6, it can be shown
that all but at most 2k + 4 blocks in u can be recovered, given f;(U7) and z =
u(dg,...,0r). Hence the sequence BV (u) can be recovered with at most 2k + 4
block errors, the indices of which are known. Then BV (u) can be corrected using

the Reed-Solomon code redundancy £3Y (u). O

Now we are ready to define the labeling function fqu (u) foru e L9(n, k). Let

2 (w) = (f(UD), £27 (u), £57 (w)).

Then from Lemma4.4.4, Lemma8.3.1, Lemma4.6.5, Lemma4.6.6, and Lemma 4.6.7,

we have the following lemma.

Lemma 4.6.8. For two sequences w,y € M%(n, k), ify € B](u), then f*(u) #
CIZ( )
kY

The image of the labeling function f: *(u) consists of R? bits where
R? =0 (k*log klogn) + (2k +4)TTlog T + (2k + 4)(2k max{log T,1log O(q)})
=0((2k +4)loglogn - logn),

where the term (2k + 4)T[log T comes from f2Y(u). The term

(2k +4)(2k max{log T, log O(q)}) comes from fB (u), where 2k max{logT,

log O(q)} is the size of Ry, (BH(u);), i € [[[n/T]]]. Since fqu(u) does not have
the redundancy property, we apply the syndrome compression technique twice, as
we did in Case (1).

Define that set
D(u) = {j Dj > 0,j|(fqu(u) - qu(y)) for somey € L9(n, k) N BZ(u)}

foru € L9(n, k). Then from Lemma 4.2.1, we have that

q q
log | B} (w)|+ lé;e o R 2k log n+k log g+ lé;e . 1nRR—"

|Z)(ll)| <2 "loge < D foge — 20(p0/y(k)logn).

Hence there exists an integer ay, < 20(Pely()logn) gych that fqu(u) % fqu (y) mod

ay foru,y € L9(n, k) andy € Bg(u). Define the labeling function
() = (£ (0) mod ay, au)

for u € L%(n, k). Then we have that f;”’(u) # f(y) for u,y € M9(m, k)
and y € By 4(u). Since fkq ’(u) satisfies the redundancy property, we can use the
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. . . . R4
syndrome compression technique again and find an integer @ < 218, (Wlto(logn)

D2logn+loggro(logn) gych that f,:“(u) = f,:” (y) mod « for u,y € L9(n, k) andy €
B/ (u).

Define the code C(n, k, g) as follows:

C(n,k,q) = {x :(qu (u,5), f7(T] (u,s)) mod @, a,s,

Hashi (£ (T (u, 5)) mod , @, 5) | € {0,1}" : u € {0, 1}k}.

Since f,:”(qu (u, s)) satisfies the redundancy property, it follows from syndrome
compression that the redundancy ( fkq3 (Tzq (u, 5)) mod a, @) can be described by

2log BZ(u) + o(logn) = 4klogn + 2klogq + o(logn) bits. The seed s has
length O (log k). Therefore, the total redundancy is 4k logn + O(logn) + 2k log g +
o(logn) bits. The correctness of the code can be proved by the same argument as

in the proof of Theorem 4.6.1.

Theorem 4.6.2. The code C(n, k, q) is a k deletion code.

4.7 g-ary Codes Correcting k Deletions for Large ¢

In this section, we consider the problem of coding for deletions over large non-
binary alphabets. We will show that in this regime we can construct efficiently
encodable/decodable codes capable of correcting k deletions that require roughly
30k log n bits of redundancy. The approach taken in this section is fundamentally
different than the syndrome compression technique that has been used up to this
point. Note that, compared to the syndrome compression technique, the redundancy
of our code is high. However, the advantage of the approach discussed here is
that our methods are more applicable to a wider range of k. In particular, the
technique described here, which is similar in spirit to the approach taken in [98]
to correct errors in permutations, has decoding/encoding complexity which scales
polynomially for any k£ and, in addition, leads to efficiently encodable/decodable

codes for the regime where & is a small constant fraction of n.

We will construct codes by making use of the L-spectrum, which represents the set
of all length L subsequences of consecutive symbols that appear in a vector. For a
vector u € [[¢]]" (where g > n), we denote the L-spectrum for u, denoted S (u)

as follows:

S10w) = {(ur gt o) € gl i€ = L+11}.
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Furthermore, we say that a sequence u € [[g]]™ is L-substring unique if
|Sp(w)|=n—-L+1.

The approach taken to correcting deletions is motivated by the following two lemmas,

the first of which also appears in [33].

Lemma 4.7.1. (c.f., [33]) Suppose u € [[q]]" is (L — 1)-substring unique. Then, u

can be uniquely recovered from Sy (u).

For shorthand, for two sets A, Blet AAB = (A\ B)U(B\ A) denote their symmetric

difference.

Lemma 4.7.2. Suppose u € [[q]]" is (L — 1)-substring unique and z € [[q]]"* is

the result of k deletions occurring to u. Then,

Sz (u) A Sp(z)| < (2L - 1)k.

Proof. Notice that for each deletion inu, |S; (u) \ S.(z)| < Land |S.(z) \ S.(u)| <
L — 1. Since there are k deletions the result follows. m]

In light of the previous two lemmas, our approach will consist of two basic steps:

1. Transform step: In this step, we convert our information vectors into vectors

which are L-substring unique.

2. Coding step: We add additional redundancy symbols to our codewords to
ensure that we can recover their L-spectrum provided deletion errors are

allowed to occur.

We begin by describing some results that are related to the transform step. De-
fine U} (n) so that

(LIZ(n) = {u € [[¢]]" : wis L-substring unique}.

The following result provides an algorithm to generate binary sequences in ‘L{Z (n)
for L = 2logn + 2. This algorithm will be used in Lemma 4.7.4 to generate

non-binary sequences that are L-substring unique.
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Lemma 4.7.3. [28], There exists an invertible function hy : {0, 1}”_1 — {0, 1},

computable in poly(n) time, that takes any binary sequence u € {0, 1}"~! as input

and outputs a sequence hy(u) € (Lll%(n) for L =2logn+?2.

Lemma 4.7.3 can be used to generate sequences in (L{;] (n).

Lemma 4.7.4. There exists an invertible function hy : [[q]]" — [[¢]]"*!, com-
putable in poly(n) time, such that hy(u) € ﬂz](n) for any u € [[q]]" where
L =3

Proof. Letw € {0, 1}"1°¢4 be the binary representation of u, i.e., (W(i-1)log g+1» - - - »
Wilogq) € {0, 1}°24 5 the binary representation for u; € [[¢]] for i € [n]. Then
from Lemma 4.7.3 we have that &7 ((w,0°2471)) € ‘Llf((n + 1)loggq)) for L =
2log(n+ 1) +2loglog g + 2, where (w, 0'°24~1) is obtained by adding logg — 1 0’s
to the end of w. Split /7 ((w, 0°°¢971)) into n + 1 blocks h; = (hr(W)(i-1)10gg+1,
hp(W)(i-1)logg+2s - - - » BL(W)ilogq), i € [n + 1], of length logq. Let hz(u); be
the g-ary representation of h;, i € [n+ 1].

We now prove by contradiction that iy (u) € (Ll3q (n + 1) for n sufficiently large
enough. Suppose on the contrary, we have that (hz(w);, hp (@)1, hp(W)in) =
(hp(w)j, hp ()41, hy(u);42) for some i # j. Then we have that

(hr (W, 097 1)) i1y 10g ga1s AL ((W, 0°2971)) 1) 10a 442, (4.20)
e A (W, 0297 1)) o100 )

=(hr((W,0°297)) (i 1) tog g1 AL ((W, 0°F971)) (1) 10g g2, (4.21)
o h (W, 02971 (o 10g ) (4.22)

Since g > n, we have that
3logg > 2logg +2loglogg +2 > 2log(n+1)+2loglogg +2

for n sufficiently large. Hence from Eq. (4.20), we have that

(hr (W, 0297 1)) i1y 10g g1y A (W, 08971 (i 1y 100 4425 - - -
AL ((W,0°2971)) (1) log 442 Tog(n+1)+2 Tog log g+2)

=(hp,((W, 0297 ) (i 1y 10g a1, L (W, 008971 (00 i, - - s
AL (W, 0771} (1) 10g g+2T0a(n41)42 Toglog g+2)

which is a contradiction to the fact that Az ((w, 0'°24-1)) ¢ (L{I%((n + 1) log q) for
L =2log(n+1)+2loglog g+2. Hence, we have that (hz(w);, hy (@)1, hp(W)iz2) #
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(hp(w)j, hy(u);s1, h(u)j42) fori # j. Moreover, since i ((w, 0°¢471)) is invert-

ible, we can recover w and thus u from /4 (u). Therefore, the proof is done. m]

Now, we turn to describing the coding step (step 2)) of our construction. We will
interpret the 4-spectrum of our codewords using indicator vectors. In particular,
define the 4-profile indicator vector 1Z(u) € {0, 1}‘14, which is indexed by the
non-zero elements in [[¢]]*, by

1 ifz € S4(u),
1Z(u)z =

0 else

for z € [¢g*]. Note that the indices of the 1 entries in 12 (u) correspond to the 4-

spectrum of u.

An immediate consequence of Lemma 4.7.2 is the following.

Corollary 4.7.1. Suppose u € [[q]]" is 4-substring unique and z € [[q]]"~* is the

result of k deletions occurring to u. Then,
du(14(w), 1%(2)) < 7k,

where dy denotes the Hamming distance.

For a vector v € {0, 1}‘14, let BCH7 (v) denote the 28k log g redundant bits from a
systematic BCH code of dimension g* that is capable of correcting 7k substitution
errors. The idea now is to encode these 28k log g bits of information (which will
be used to protect the indicator vectors for our codewords), into the final 29k + 1
symbols of our codewords, while reserving a portion of each symbol to store location

information.

Letr; = (ri,r2,...,r200) € [[55711%% be the output of BCH7; (17 (w)) represented
as ﬁ—ary symbols. Clearly, we can represent 29k log ﬁ bits of information with

r;. Note that this encoding is possible since
29k log —L— > 28k log ¢
30k

which holds when log g > 291og(30k).

Let RS, kel | be a Reed-Solomon code over [[ﬁ]] that can correct either [%J

substitution errors or k erasures and the code has minimum distance at least £ + 1.
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We assume RSL%J has dimension 29k and that for a vector v € [[ﬁ]] RS[%J (v)
outputs k redundant symbols. Let
r=- (r,, RS, i (r,)) € [[=L 7730k,
L5 30k
We are now ready to present the k deletion code in terms of the encoding process.

Suppose u € [[¢]]” is an information vector of dimension n. The output of the

encoding process will be a vector x € [[¢]]Y, where N = n + 1 + 30k.

1. Suppose ur = h3(u) € [[¢]]"*" where hj3 is defined in Lemma 4.7.4.

2. Letr; = (ri,r2,...,r20) € [[5511%°F denote the iz-ary representation of

BCHy, (1] (ur)) € {0, 1}?8¢ e,
4. Define x = (x1,x2,...,xy) so that

(ur); ifi e [n+1],
X;i =
(i ()41, (r)i_(m)ﬂ) else.

1IV=* is received

Theorem 4.7.1. Suppose x € [[q]]" is transmitted and z € [[q
where z is the result of k deletions occurring to X. Then given z it is possible to

uniquely determine X.

Proof. We prove the result by describing the decoding procedure. Similar to the
proof of Theorem 4.6.1, we first recover the final 29k symbols in x which can be

obtained after deleting at most k symbols from the sequence

((1, R1),(2,Ry),. .., (30k, R30k)).

Since every symbol of this sequence has its position encoded into it, it follows that
we can determine the locations of the deletions from any length 29k-subsequence
of ((1, R1),(2,R),...,(30k, R30k)). Then, given this position information along
with the fact that r belongs to a code which can correct k erasures, we can recover
r. From r we can recover BCH7k(1Z(uT)). From (4.7.1) we can determine 1Z (ur).
Finally, from Lemma 4.7.3, we recover uy and from ur we can recover u according
to Lemma 4.7.1. m|
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4.8 Conclusion

In this chapter, we proposed a syndrome compression technique for achieving re-
dundancy twice the Gilbert-Varshamov lower bound. We applied the technique to
several variations of deletion channels and proposed constructions of non-systematic
and systematic binary deletion correcting codes, codes correcting bursts of deletions,
and non-binary deletion correcting codes. Most of the codes improve the best ex-
isting redundancy result. It will be of great interest to investigate whether it is
possible to reduce the encoding/decoding complexity of the syndrome compression
technique, which is currently n?).

4.9 Appendix: Generation of Random Seed z with Size O (logm)

In the following, we prove that we can generate strings in the k-mixed string
set M(m, k) using O(logm) bits. The proof follows similar steps to those in
[22]. We first recall the definition of the k-mixed string set

M(m, k) ={x €{0,1}" : For integers ¢ = [log k + loglog(k + 1) + 5] and
d = O(k(log k)*log m) and for any string p € {0, 1}/, every substring of

consecutive d bits in X contains p as a substring. }

We now proceed to proving the following lemma, which appears in Sec. 4.3 as
Lemma 4.3.2.

Lemma4.9.1. There exists a poly(m) time algorithm for a seed s with length O (log m)
such that for anyu € F', u + g(s) € M(m, k).

Split the string u into n = m/d blocks u;, i € [n] of length d. Split each block u;
into ng = O(logm) subblocks w; ;, j € [no] of length dy = d/ny = O(k(log k)?).
Using the random seed s, we generate the same mask for each block u;. Hence
in the following, we focus on generating a random mask for block u;. The idea
is to generate the random seed s = (s, ..., s;,,) and the corresponding mask e =
(e1, ..., ey,,) subblock by subblock for eachuy ;, j € [ng]. The goal is that u; ; +e;
contains p with at least constant probability ¢ for j € [ng]. Then the probability
that all subblocks u; ; do not contain p is upper bounded by (1 —c¢)" = 1/poly(m).
We begin with the following claim.

Claim 4.9.1. For any string p € {0, 1}, a uniformly distributed random string Uy,
of length dy contains p with probability at least 2 /3.
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Proof. Note that a uniformly random string of length £ equals p with proba-
bility 1/2¢, by properly choosing dy. Split Uy, into blocks of length ¢. Then
the probability that all these blocks do not equal p is given by (1 — 1/26)%/¢ =
(I-1 /25)0(25) < 1/e9) By properly choosing dy we can make this probability
less than 1/3. Then, the probability that Uy, contains p is at least 2/3. m|

By virtue of Claim 4.9.1, if we generate s; = Uy, independently and let the mask e; =
s; for j € [no]. Then uy ; + e; contains p with probability at least ¢ = 2/3. The
probability that u; does not contain p is upper bounded by (1/3)™ = 1/poly(m).
However, this requires the seed length to be ngdy = k log” k log m, which is larger
than O (log m). Toreduce the size of the seed, we generate the seed s; and the mask e;
by random walk on expander graphs. For reference we restate the definitions and

the results below. Lemma 4.9.2 and Lemma 4.9.3 are also cited in [22].

Definition 4.9.1. If G is a g-regular graph with n vertices and A(G) < A for
integers n and q and real number A < 1, we say that G is an (n, g, 1)-expander
graph. Here A(G) is the second largest eigenvalue of the normalized adjacency

matrix of G.

For some constant integer q and some number A < 1, a family of graphs {G,}} |
is a (g, A)-expander graph family if for every n € N, G,, is an (n, g, A)-expander
graph.

Lemma 4.9.2. Let A, ..., A, be vertex sets with densities ag = |Ag|/n, ..., a5 =
|Ag|/n in an (n, q, A)-expander graph G. Let Xy, ..., X, be a random walk on G.

Then we have that
s—1
Privi e {0,....s}, Xi € Al < [ [(vVawais + ).
i=0

Lemma 4.9.3. For every constant 1 < 1, and some constant integer q depending
on A, there exists a strongly explicit (q, A)-expander graph family (can be provided
in poly(logn) time).

According to Lemma 4.9.3, we can generate a (24, q,A = 1/6)-expander graph G,
where ¢ is a constant integer depending on A. Instead of generating the seed s;
independently for each j € [ng], we do a ng-step random walk on the graph G.
We show that the ng step random walk on G can be generated using O (log m) bits.

Let so = Uy, be a uniformly and randomly chosen vertex on the graph G. The
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vertex sy 1s the starting point of the random walk. Since each vertex is connected
to a constant ¢ number of vertices, the j-th step can be generated using a log g bit
random seed s, j € [no], indicating which vertex to go in the j-th step. Hence the
total number of bits needed is do +1og gng = O(logm). Let E, . . ., E,, be the trace
of the random walk, where E; € {0, l}d" is a vertex of the graph G. We use e; = E;
as the mask for subblock u; ;.

We are now able to prove our main result in this section.

Proof of Lemma 4.3.2: Let Eg, E1, ..., E,, be a random walk on the (2d0, q,1 =
1/6)-expander graph G. Recall, that ng represents the number of subblocks in each
block of x. For a string p € {0, 1}¢ and a fixed j € [ng], define the set A?, J € [no]
to be the set of vertices in G such that for any vertex s in this set, the sequence uy_;+s’
does not contain p. Then according to Claim 4.9.1, we have that ¢; = |A? |/n < 1/3.
From Lemma 4.9.2, the probability that £; € A?, i.e., E; +uy; does not contain p,

for all j € [ng] is at most
(1/3+1/6)" = (1/2)°1¢" = 1/poly(m).

Let g'(s) = (E1, ..., E,,). Recall that s is the length O(logm) random seed that
generates the random walk Ey, Ey, ..., E,,. Then the probability that u; + g’(s)
does not contain p is at most 1/poly(m). Similarly, w; + g’(s), i € [n] does not
contain p with probability at most 1/poly(m). Hence from the union bound, the
probability that there exists a block u; such that u; + g’(s) does not contain p for

some i € [n] and some p € {0, 1}¢ is upper bounded by

2'n/poly(m) = 1/poly(m)
by choosing ng to be sufficiently large enough.

Let g(s) be the n = m/d-fold repetition of g’(s). Then we conclude that u @ g(s)
belongs to M(m, k) with probability 1 — 1/poly(m). Thus, it suffices to search
in 200o2m) = poly(m) time for a seed s with length O (logm) such that u + g(s) €
M(m, k). This completes the proof.

We now proceed to the proof of Corollary 4.3.1.

Proof. (of Corollary 4.3.1) The proof is similar to that of Lemma 4.3.2. By The-
orem 4.3.1, it suffices to show that u € M(n, k) with high probability. For any
sequence p € {0, 1}¢ and integers i and j such thati+ j — 1 < n, let A(p, i, j) be the
event that u;, ..., u;y;_1 does not contain p, where ¢ = [log k + loglog(k + 1) + 5]
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is given in the definition of M(n, k). According to Claim 4.9.1, the probability
of A(p,i,do) is at most 1/3 for sufficiently large dy = O(k log® k) and for any p
andi € [n —d + 1]. Hence the probability of A(p, i, dyong), where ny = O (logn), is
at most (1/3)™ = 1/poly(n) forany p and i € [n — dong + 1].

Then by the union bound, the probability of Upe o 13¢ ie[n—dyn+1] 1S upper bounded
by 2n/poly(n), which is 1/poly(n) for sufficiently large ng. Therefore, the prob-
ability that u ¢ M(n, k) is at most 1/poly(n), which goes to zero as n grows to
infinity. Thus the corollary is proved. O
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Chapter 5

CODING OVER SETS FOR DNA STORAGE: SUBSTITUTION
ERRORS

In this chapter, we study codes over unordered sets of sequences, that correct

substitution errors.

5.1 Introduction

In the model of coding over sets, the data to be stored is encoded as a set of M strings
of length L over a certain alphabet, for some integers M and L such that M < 2F;
typical values for M and L are currently within the order of magnitude of 107 and 102,
respectively [73]. Each individual string is subject to various types of errors, such
as deletions (i.e., omissions of symbols, which result in a shorter string), insertions
(which result in a longer string), and substitutions (i.e., replacements of one symbol

by another).

One of the reasons for error correction is that errors in synthesis might cause
the PCR process to amplify a string that was written erroneously, and hence the
reconstructed origins might include this erroneous string. In some cases, error
correction after synthesis is possible, and yet our model in this chapter is most
suitable for substitution errors that were amplified by the PCR process. Deletions
and insertions will be discussed in the next chapter. The work in [62] provided a
scheme that efficiently corrects a single deletion, which is easier to handle since a
single deletion only results a change in the sequence length. Substitution errors,

however, are more challenging to combat, and are discussed next.

A substitution error that occurs prior to amplification by PCR can induce either one
of two possible error patterns. In one, the newly created string already exists in the
set of strings, and hence, the reconstructed origins will constitute a set of M — 1
strings. In the other, which is undetectable by counting the size of the set of
reconstructed origins, the substitution generates a string which is not equal to any
other string in the set. In this case the output set has the same size as the error free
one. These error patterns, which are referred to simply as substitutions, are the main

focus of this chapter.

Following a formal definition of the channel model in Sec. 5.2, previous work is
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discussed in Sec. 5.3. Upper and lower bounds on the amount of redundant bits that
are required to combat substitutions are given in Sec. 5.4. In Sec. 5.5 we provide a
construction of a code that can correct a single substitution. The redundancy of this
construction is shown to be optimal up to some constant, which is later improved in
Appendix 5.8. In Sec. 5.6 the construction for a single substitution is generalized to
multiple substitutions, and is shown to be order-wise optimal whenever the number
of substitutions is a constant. Finally, open problems for future research are discussed
in Sec. 5.7.

Remark 5.1.1. The channel which is discussed in this chapter can essentially be
seen as taking a string of a certain length N as input. Then, during transmission,
the string is sliced into substrings of equal length, and each substring is subject to
substitution errors in the usual sense. Moreover, the order between the slices is lost

during transmission, and they arrive as an unordered set.

It follows from the sphere-packing bound [79, Sec. 4.2] that without the slicing op-
eration, one must introduce at least k 1og(N) redundant bits at the encoder in order
to combat k substitutions. The surprising result of this chapter is that the slicing
operation does not incur a substantial increase in the amount of redundant bits that
are required to correct these k substitutions. In the case of a single substitution,
our codes attain an amount of redundancy that is asymptotically equivalent to the
ordinary (i.e., unsliced) channel, whereas for a larger number of substitutions we

come close to that, but prove that a comparable amount of redundancy is achievable.

5.2 Preliminaries

To discuss the problem in its most general form and illustrate the ideas, we restrict our
attention to binary strings. Most of the techniques in this chapter can be extended to
non-binary cases. Generally, we denote scalars by lower-case letters x, y, . . ., vectors
by bold symbols x, y, . . ., integers by capital letters k, L, . . .,and [k] = {1,2,...,k}.
For integers M and L such that! M < 2 we denote by ({0};[}L) the family of all
subsets of size M of {0, 1}%, and by ({%}JL) the family of subsets of size at most M
of {0,1}*. In our channel model, a word is an element W ¢ ({Oh}[}L), and a
code C C ({O}JI}L) is a set of words (for clarity, we refer to words in a given code
as codewords). To prevent ambiguity with classical coding theoretic terms, the

elements in a word W = {x,...,xys} are referred to as strings. We emphasize

'We occasionally also assume that M < 2¢L for some 0 < ¢ < 1. This is in accordance with
typical values of M and L in contemporary DNA storage prototypes (see Sec. 5.1).
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that the indexing in W is merely a notational convenience, e.g., by the lexicographic

order of the strings, and this information is not available at the decoder.

For k < ML, a k-substitution error (k-substitution, in short), is an operation that
changes the values of at most k different positions in a word. Notice that the result
of a k-substitution is not necessarily an element of ({O}Q}L) , and might be an element
of ({O’TI}L) forsome M — k <T < M. This gives rise to the following definition.

Definition 5.2.1. ForawordW € ({O}l}I}L), aball B, (W) C Usz—k ({O’Jl.}L) centered
at W is the collection of all subsets of {0, 1}* that can be obtained by a k-substitution

nWw.
Example 5.2.1. For M =2, L =3, k =1, and W = {001, 011}, we have that

B(W) = {{001,011}, {101,011}, {011}, {000,011},
{001, 111}, {001}, {001,010} }.

In this chapter, we discuss bounds and constructions of codes in ({Oﬁl}L) that can
correct k substitutions (k-substitution codes, for short), for various values of k. The
size of a code, which is denoted by |C]|, is the number of codewords (that is, sets) in
it. The redundancy of the code, a quantity that measures the amount of redundant
information that is to be added to the data to guarantee successful decoding, is

defined as r(C) = log (21;) —log(|C|), where the logarithms are in base 2.

A code C is used in our channel as follows. First, the data to be stored (or transmitted)
is mapped by a bijective encoding function to a codeword C € C. This codeword
passes through a channel that might introduce up to k substitutions, and as a result
aword W € B, (C) is obtained at the decoder. In turn, the decoder applies some
decoding function to extract the original data. The code C is called a k-substitution
code if the decoding process always recovers the original data successfully. Having

settled the channel model, we are now in a position to formally state our contribution.

Theorem 5.2.1. (Main) For any integers M, L, and k such that M < 2L/(4%+2) there
exists an explicit code construction with redundancy O(k*log(ML))? (Sec. 5.6).
For k = 1, the redundancy of this construction is asymptotically at most six times
larger than the optimal one (Sec. 5.5), when L goes to infinity and M > 4. Further-

more, an improved construction for k = 1 achieves redundancy which is asymptot-

2Throughout this chapter, we write g(n) = O(f(n)) for any functions f,g : N — R and

integer n, if lim sup,,_, . ‘gfgi; < oo.
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ically at most three times the optimal one (Appendix 5.8), when L goes to infinity
and 4 < M < 2L/4,

Remark 5.2.1. We note that under the current technology restriction, our code
constructions apply to a limited parameter range. For example, when k = 1 and
L = 100, our code requires that M < 10°. The upper bound constraint on M is

more strict as k increases. Yet, our constructions provide the following insights.

First, as the technology advances, it is reasonable to hope that the error rate will
decrease and the synthesis length L will increase, in which case we have smaller k

and larger L. As k gets smaller, the range of M increases exponentially with L.

Second, while L is limited under current technology, the number of strings M can
be more freely chosen. One can get smaller M by storing information in more DN A

pools.

Third, the application of this work is not limited to DNA storage. QOur techniques

apply to other cases such as network packet transmission.

A few auxiliary notions are used throughout this chapter, and are introduced herein.
For two strings s, t € {0, 1}X, the Hamming distance dpy (s, t) is the number of entries
in which they differ. To prevent confusion with common terms, a subset of {0, 1}*
is called a vector-code, and the set Bg (s) of all strings within Hamming distance D
or less of a given string s is called the Hamming ball of radius D centered ats. A
linear vector code is called an [n, k], code if the strings in it form a subspace of

dimension k in IFZ, where [ is the finite field with g elements.

Several well-known vector-codes are used in the sequel, such as Reed-Solomon codes
or Hamming codes. For an integer 7, the Hamming code is an [2/ — 1,2 —7 — 1],
code (i.e., there are f redundant bits in every codeword), and its minimum Hamming
distance is 3. Reed-Solomon (RS) codes over F, exist for every length n and
dimension k, as long as ¢ > n—1[79, Sec. 5], and require n — k redundant symbols
in F,. Whenever ¢ is a power of two, RS codes can be made binary by representing
each element of [F, as a binary string of length log,(g). In the sequel we use this

form of RS code, which requires log(n)(n — k) redundant bits.

Finally, our encoding algorithms make use of combinatorial numbering maps [53],
that are functions that map a number to an element in some structured set. Specif-
Z)] — {S: S c [N],|S]| = M} maps a number to a set of distinct
elements, and F,, : [N!] — Sy maps a number to a permutation in the symmetric

ically, Feom : [(
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group Sy. The function F,,, can be computed using a greedy algorithm with com-
plexity O(M N log N), and the function F),,,, can be computed in a straightforward
manner with complexity O(N log N). Using Fc,, and F.,, together, we define a
map F : [(AA;)M!] — {§:S c [N],|S| = M} x Sy, that maps a number into an

unordered set of size M together with a permutation.

5.3 Previous Work

The idea of manipulating atomic particles for engineering applications dates back
to the 1950s, with R. Feynman’s famous citation, “There’s plenty of room at the
bottom™ [31]. The specific idea of manipulating DNA molecules for data storage
as been circulating the scientific community for a few decades, and yet it was not
until 2012-2013 where two prototypes have been implemented [24, 36]. These
prototypes have ignited the imagination of practitioners and theoreticians alike, and

many works followed suit with various implementations and channel models [14,
32,46, 52,77, 99].

By and large, all practical implementations to this day follow the aforementioned
channel model, in which multiple short strings are stored inside a solution. Normally,
deletions and insertions are also taken into account, but substitutions were found
to be the most common form of errors [73, Fig. 3.b], and strings that were subject
to insertions and deletions are scarcer, and some of them can be corrected using

clustering and sequence reconstruction algorithms.

The channel model in this work has been studied by several authors in the past.
The work of [46] addressed this channel model under the restriction that individual
strings are read in an error-free manner, and some strings might get lost as a result
of random sampling of the DNA pool. In their techniques, the strings in a codeword
are appended with an indexing prefix, a solution already incurs ®(M) redundant
bits, or log(e)M — o(1) redundancy [62, Remark 1], and will be shown to be strictly
sub-optimal in our case. Such index based construction was also considered in [61]

and [83], which attempted to correct errors in the index.

In a different setting, where substitution errors occur probabilistically and the de-
coding error fades with M and L, using indexing prefix was proved asymptotically
optimal in terms of coding rate [85]. The indexing prefix technique was also studied
in an adversarial setting under substitution errors [61, 83], where codes correcting

errors in the indexing prefix were proposed.

The recent work of [62] addressed this model under a bounded number of substitu-
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tions, deletions, and insertions per string. When discussing substitutions only, [62]
suggested a code construction for k = 1 with 2L + 1 bits of redundancy. Further-
more, by using a reduction to constant Hamming weight vector-codes, it is shown
that there exists a code that can correct e errors in each one of the M sequences with

redundancy Melog(L + 1).

The work of [89] studied a more generalized model, where in addition to substitution
errors, insertions/deletions of strings were considered. A distance called sequence-
subset distance was defined, and upper bounds and constructions were presented
based on the sequence-subset distance. When considering only substitution errors,
the upper bounds deal with cases where the number of errors is at least a fraction
of L.

The work of [54] addressed a similar model, where multisets are received at the
decoder, rather than sets. In addition, errors in the stored strings are not seen in a
fine-grained manner. That is, any set of errors in an individual string is counted
as a single error, regardless of how many substitutions, insertions, or deletions it
contains. As aresult, the specific structure of {0, 1}L is immaterial, and the problem

reduces to decoding histograms over an alphabet of a certain size.

The specialized reader might suggest the use of fountain codes, such as the LT [68]
codes or Raptor [84] codes. However, we stress that these solutions rely on random-
ness at much higher redundancy rates, whereas this work aims for a deterministic

and rigorous solution at redundancy which is close to optimal.

Finally, we also mention the permutation channel [55, 58, 96], which is similar to
our setting, and yet it is farther away in spirit than the aforementioned works. In
that channel, a vector over a certain alphabet is transmitted, and its symbols are
received at the decoder under a certain permutation. If no restriction is applied over
the possible permutations, than this channel reduces to multiset decoding, as in [54].
This channel is applicable in networks in which different packets are routed along
different paths of varying lengths, and are obtained in an unordered and possibly
erroneous form at the decoder. Yet, this line of works is less relevant to ours,
and to DNA storage in general, since the specific error pattern in each “symbol”
(which corresponds to a string in {0, 1} in our case) is not addressed, and perfect

knowledge of the number of appearances of each “symbol” is assumed.
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5.4 Bounds

In this section we use sphere packing arguments in order to establish an existence
result of codes with low redundancy, and a lower bound on the redundancy of any k-
substitution code. The latter bound demonstrates the asymptotic optimality of the
construction in Sec. 5.5 for k = 1, up to constants. Our techniques rely on upper and
lower bounds on the size of the ball 8B (Definition 5.2.1), which are given below.
However, since our measure for distance is not a metric, extra care is needed when
applying sphere-packing arguments. We begin with the existential upper bound in
Subsection 5.4, continue to provide a lower bound for k = 1 in Subsection 5.4, and

extend this bound to larger values of k in Subsection 5.4.

Existential upper bound
In this subsection, let k, M, and L be positive integers suchthatk < ML and M < 2L,

The subsequent series of lemmas will eventually lead to the following upper bound.

Theorem 5.4.1. There exists a k-substitution code C C ({O}é} L) such that r(C) <
2klog(ML) +2.

We begin with a simple upper bound on the size of the ball 8.

Lemma 5.4.1. For every word W = {x; f‘;’ | € ({O}‘;}L) and every positive integer k <
ML, we have that | By (W)| < 35_, (]Vi,L).

Proof. Every word in 8;(W) is obtained by flipping the bits in x; that are indexed
by some J; C [L], for every i € [M], where Zle |/i| < k. Clearly, there are at

most Y 5_, (”;,L) ways to choose the index sets {J;}7,. |

For W € ({(2};) let Rx(W) be the set of all words U € ({O}JI}L) such that W €
Br(U). That is, for a channel output W, the set Ry (W) contains all potential
codewords U whose transmission through the channel can result in W, given that at
most k substitutions occur. Further, for W € ({0};[}L) define the confusable set of W
as Gk (W) = Uyreg, (w)Ri (W'). It is readily seen that the words in the confusable
set Gk (W) of a word W cannot reside in the same k-substitution code as W, and

therefore we have the following lemma.

Lemma 5.4.2. For every k, M, and L such that k < ML and M < 2L there exists
a k-substitution code C such that

2L

()

IC| > 7‘ , where
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D = max |Gr(W)|.
we("y)

Proof. Initialize a list P = ({Ohll}L), and repeat the following process.

1. Choose W € P.

2. Remove Gy (W) from P.

Clearly, the resulting code C is of the aforementioned size. It remains to show that C
corrects k substitutions, i.e., that B (C) N B, (C’) = @ for every distinct C, C’ € C.
Recall Definition 5.2.1 that B;(C) can be obtained by substitution any k£ symbols

in strings of word C.

Assume for contradiction that there exist distinct C,C’ € C and V € ({%EL) such
that V € B, (C) N By (C’), and w.l.0.g assume that C was chosen earlier than C’ in
the above process. Since V € B (C), it follows that R, (V) € Gx(C). In addition,
since V € By (C’), itfollows that C’ € Ry (V). Therefore, a contradiction is obtained,

since C’ is in G¢ (C), that was removed from the list £ when C was chosen. O

{0.13*

Lemma 5.4.3. For an nonnegative integer T < k and W € ( VT

that |Rx(W)| < 2(2M L)

) we have

Proof. Denote W = {yi,...,yu-r} and let U € Ry (W). Notice that by the
definition of Ry (W), there exists a k-substitution operation which turns U to W.

Therefore, every y; in W is a result of a certain nonnegative number of substitutions

in one or more strings in U. Hence, we denote by zi, .. ,zl.ll

that resulted in y; after the k-substitution operation, we denote by Z%, ey zl.z2 the

MT Z% j, which resulted

in yy—r. Therefore, since U = Uy_ ]T{z{ Y ,z{ '}, it follows that there exists a
- J

the strings in U

strings which resulted in y,, and so on, up to z
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set L C [M] x [L], of size at most k, such that

1 (L)
Z, i
1
Zil yi
Z% y2
o= ; (3.1
M-T-1
2 YmM-T-1
2\ YMm-T
M-T
ZiM—T Yv-1T

where (-)(£) is a matrix operator, which corresponds to flipping the bits that are
indexed by £ in the matrix on which it operates. In what follows, we bound the
number of ways to choose £, which will consequently provide a bound on |Ry (W)].

Note that the number of ways to choose £ is summed over all possible tuples

({1, im-1).
First, define ¥ = {p : i, > 1}, and denote P = |P|. Therefore, since Zﬁ]T ij=M,
it follows that
M-T
Dip= i )
pEP J=1 jeP
=M -(M-T-P)
=T + P. 5.2)
Second, notice that for every p € P, the set {z’;7 e ,ZZ 7} contains i, different

strings. Hence, since after the k-substitution operation they are all equal to y,, it
follows that at least i, — 1 of them must undergo at least one substitution. Clearly,
there are (ilf’j l) = i, different ways to choose who will these i, — 1 strings be, and
additional L/»~! different ways to determine the locations of the substitutions, and

therefore i, - Li»~! ways to choose these i p — 1 substitutions.

Third, notice that

k=D Gp=1)=k= > iy+P

pEP peP

R (5.3)
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and hence, there are at most kK — 7 remaining positions to be chosen to L, after
choosing the i, — 1 positions for every p € ¥ as described above.

Now, let 7 be the set of all tuples (iy, ..., iy_7) of positive integers that sum to M
(whose size is ( MA/_I ;ﬂ ) by the famous stars and bars theorem). Let N : I — N be
a function which maps (i1, ...,iy-7) € Z to the number of different U € Ry (W)
for which there exist £ C [M] x [L] of size at most k such that (5.1) is satisfied.
Since this quantity is at most the number of ways to choose a suitable £, the above
arguments demonstrate that

NG, .. iyr) < (;{LT) [ TipLi .
pEP

Then, we have

[ReW)| < > NG, sinr)
I

) T

I peEP

< Y ML TLE DT,
I

peP

= Z(ML)"‘TLT ﬂ ip. (54)
I

pEP

IA

Since the geometric mean of positive numbers is always less than the arithmetic

1/P
one, we have (Hpep ip) < 113 Zpep i, and hence,
C\P
(5.4) < > (MLFTLT (%)

I

(5.2) k-T;T P

< Y (ML)STLT((T + P)/P)
7

M-1 ‘e
< (M_T_ 1)(ML) TIT(r +P)/P)*

< (AT/[)(ML)"‘TLT((T +P)/P)F

< (ML*T ML) (T +P)/P)F

< (ML)*((T + P)/P)*

@ MLyl

< (2ML)*, (5.5)

where (a) will be proved in Appendix 5.9. ]
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Proof. (of Theorem 5.4.1) It follows from Lemma 5.4.1, Lemma 5.4.3, and from
the definition of D that

D < max |Br(W)|- max R (W)]

we(") we(“))
komL
< 2ML)F.
< (;é( . ) (2ML)

Therefore, the code C that is constructed in Lemma 5.4.2 satisfies

L

2
r(C) < log (M) —log|C|

e[ (')
3

(2ML)k)

=0
(ML)) + k(log(ML)+1)
t
=0
< log (k(AiL

< (log(k) “log(k!) + log(MLk))

)) + k(log(ML)+1)

+ k(log(ML)+1)
< 2klog(ML) +2. O

Lower bound for a single substitution code

Notice that the bound in Lemma 5.4.1 is tight, e.g., in cases where dp (x;, X;) > 2k+1
for all distinct i, j € [M]. This might occur only if M is less than the maximum
size of a k-substitution correcting vector-code, i.e., when M < 2F/ (Ztl-‘zo (f)) [79,
Sec. 4.2]. When the minimum Hamming distance between the strings in a codeword
is not large enough, different substitution errors might result in identical words, and
the size of the ball is smaller than the given upper bound. This is illustrated in the

following example.

Example 5.4.1. For L = 3 and M = 2, consider the word W = {010,011}. By
flipping either the two underlined symbols, or the two bold symbols, the word W' =
{010, 110} is obtained. Hence, different substitution operations might result in

identical words. As a result, the size of the ball

B (W) = {{010,011}, {110,011}, {000,011}, {011},
{010, 111}, {010,001}, {010}, {100,011},
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{111,011}, {110, 111}, {110,001}, {110,010},
{001,011}, {000, 111}, {000,001}, {000, 010},
{010, 101}}

is 17, which is smaller than the upper bound of the B>(W) ball size (A%L) + (MIL

() =22

) +

However, in some cases it is possible to bound the size of B; from below by using
tools from Fourier analysis of Boolean functions. In the following it is assumed that
that k = 1. A word W € ({O}lf,}L) corresponds to a Boolean function fiy : {+1}F —
{+1} as follows. For x € {0, 1}F let X € {+1}* be the vector which is obtained
from x be replacing every 0 by 1 and every 1 by —1. Then, we define fiy(x) = —1
if x € W, and 1 otherwise. Considering the set {+1}% as the hypercube graph3,
the boundary 0 fi of fi is the set of all edges {x;, Xy} € ({i;}L) in this graph such

that fiy(x1) # fiw(x2).

Lemma 5.4.4. For every word W € ({O}JI}L) we have that |B1(W)| > |0 fw| + 1.

Proof. Let W = {xq,...,X)} be a word. Every edge ¢ = {x;, X’} on the boundary
of f corresponds to a substitution operation in x; from W that results in a word W, =
(X1, .. XL X, Xisls - Xy} € (BI(W\{W}) N ({Ohll}L). To show that every
edge e on the boundary corresponds to a unique word W, in B;(W), assume for
contradiction that W, = W,/ for two distinct edges e = {X|,X;} and ¢’ = {y;,¥,},
where x1,y; € W and x,y2 ¢ W. Since both W, and W, contain precisely one
element which is not in W, and are missing one element which is in W, it follows
that x; = y; and X, = y», a contradiction. Therefore, there exists an injective
mapping between the boundary of fiy and B;(W)\{W}, and the claim follows. O

Notice that the bound in Lemma 5.4.4 is tight, e.g., in cases where the minimum
Hamming distance between the strings of W is at least 2. This implies the tightness
of the bound which is given below in these cases. Having established the connection
between B (W) and the boundary of fy, the following Fourier analytic claim will aid
in proving a lower bound. Let the total influence of fiy be I( fw) = lL: | Pre(fw(x) #
fw(x®)), where x* is obtained from x by changing the sign of the i-th entry, and x

is chosen uniformly at random.

3The nodes of the hypercube graph of dimension L are identified by {1}, and every two nodes
are connected if and only if the Hamming distance between them is 1.
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Lemma 5.4.5. [72, Theorem 2.39] For every function f : {1} — R, we have
that I(f) > 2alog(1/a@), where @ = a(f) = min{Prg(f(x) = 1), Prg(f(x) = =1)},

and x € {£1}¥ is chosen uniformly at random.

Lemma 5.4.6. Let L and M be integers such that M < 2U0-9L qnd L > % for
some 0 < € < 1. For every word W € ({O}‘}[}L) we have that |0 fy| > eML.

Proof. Since M < 2179 and @ = a(fiy) = min{(2L — M) /2L, M 2L}, it follows
thata = M/ 2L whenever L > % which holds for every non-constant L. In addition,
since Pry(fir (X) # fiw (X*)) equals the fraction of dimension i edges that lie on the
boundary of fi ([O’Donnell]), Lemma 5.4.4 implies that

|0 fw

2L-1"

Therefore, since M < 2U-9L and from Lemma 5.4.5 we have that |d fy| =
2L (fw) = 2Falog(1/a) = M log(2E /M) > eML.

I(fw) =

O

Corollary 5.4.1. For integers L and M and a constant 0 < € < 1 such that M
20-9L gnd L > %, any 1-substitution code C C ({O}‘}I}L) satisfies that r(C)
log(ML) —1log1/e.

IA

Y

Proof. According to Lemma 5.4.4 and Lemma 5.4.6, every codeword of every C
excludes at least eM L other words from belonging to C. Hence, we have that
IC| < (%;) /eM L, and by the definition of redundancy, it follows that

2L
(C) = log ( M) - log(IC)

> log(eML)
=log(ML) —log1/e. O

Remark 5.4.1. A similar lower bound was presented in [62], where it was shown
that for a code correcting s loss of strings, q substitution errors in each of t strings,

the redundancy is lower bounded by
sL+tlogM +tqlog L —log(s't!q!") + o(1),

when M = 2PL for some 0 < B < 1. Taking s = 0 and q = t = 1 results in the lower
boundlog(ML) + o(1), which is order-wise the same as, and stronger by a constant
log 1/€ than the lower bound log(M L) —log 1 /€ in Corollary 5.4.1. Compared to
the bound in [62], the bound in Corollary 5.4.1 does not require M to be exponential

in L, and thus applies to broader parameter range for M and L.



145

Lower bound for more than one substitution
Similar techniques to the ones in Subsection 5.4 can be used to obtain a lower bound

for larger values of k. Specifically, we have the following theorem.

Theorem 5.4.2. For integers L, M, k, and positive constants €, ¢ < 1 such that M <
20-aL 1 > é and k < ceN'M, a k-substitution code C C ({O;‘},}L) satisfies

that r(C) = k(log(ML) — 21log(k)) — O(1).

To prove this theorem, it is shown that certain special k-subsets of 0 fi correspond to
words in B, (W), and by bounding the number of these special subsets from below,
the lower bound is attained. A subset of k boundary edges is called special, if it
does not contain two edges that intersect on a node (i.e., a string) in W. Formally,
a subset S C dfy is special if |S| = k, and for every {x,y1}, {X2,y2} € S with
fw(X1) = fw(X2) = —1 and fw(y;) = fw(y,) = 1 we have that x; # x,. We begin
by showing how special sets are relevant to proving Theorem 5.4.2.

Lemma 5.4.7. For every word W € ({0}&#) we have that

{S C dfw|S is special}|
kk '

1B (W) =

Proof. Tt is shown that every special set corresponds to a word in B (W), and
at most k* different special sets can correspond to the same word (namely, there
exists a mapping from the family of special sets to B; (W), which is at most k*
tol). Let S = {{x,-,yi}}f‘:l be special, where fy(X;) = —1 and fw(y;) = 1 for
every i € [k]. Let Ws € ({%EL
adding the y;’s, i.e., Wg = (W \ {X,-}le) U {y,-}l.T:1 for some T < k; notice that
there are exactly k distinct x;’s but at most k distinct y;’s, since S is special, and

) be obtained from W by removing the x;’s and

therefore we assume w.l.o.g thatyy, ..., yr are the distinct y;’s. It is readily verified
that Ws € B, (W), since Wg can be obtained from W by performing k substitution
operations in W, each of which corresponds to an edge in S. Moreover, every S
corresponds to a unique surjective function fs : [k] — [T] such that fs(i) = j
if there exists j < T such that {x;,y;} € S, and hence at most kT < kk different

special sets S can correspond to the same word in By (W). O

We now turn to prove a lower bound on the number of special sets.

Lemma 5.4.8. Let L and M be integers such that M < 20-9L gnd L > i for
some 0 < € < 1. If there exists a positive constant ¢ < 1 such that k < ¢ - e\M,
then there are at least (1 — c?) ('%Wl) special sets S C 0 fy.
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Proof. Clearly, the number of ways to choose a k-subset of d fy which is not special,
i.e., contains k distinct edges of d fi but at least two of those are adjacent to the

same X € W, is at most

) (0
2 k=2
v (L) | k(k=1) | (|afw|)

2) Qafwl=k+2)@afwl—k+D '\ k)

Observe that the multiplier of ('0{“") in the above expression can be bounded as

follows.

. (L) k(k = 1)
2) (Iofwl=k+2)(I0fw| —k+1)

L k(k—-1)

<M - )
2] (eML—-k+2)(eML—-k+1)
2 k?

<M-L": 2M212’

where the former inequality follows since |0 fiy| > eM L by Lemma 5.4.6; the latter
inequality follows since k < ceVM implies that eML —k +2 > eML —k +1 >
- ML whenever 22 < LVM, which holds for every non-constant M and L.

7 Vo1
Therefore, since

k2 k2
M-L*. = <c?,
eM?L? €M
it follows that these are at least (1 — ¢?) - (laJ,:W') special subsets in 4 fiy. o

Lemma 5.4.7 and Lemma 5.4.8 readily imply that |8x(W)| > U = )(EML) for

every W € ({O}lz}L), from which we can prove Theorem 5.4.2.

Proof. (of Theorem 5.4.2) Clearly, no two k-balls around codewords in C can

. Ly, .
intersect, and therefore we must have |C| < (%W) /minycc | Br (W)|. Therefore,

2L
r(C) = log( ) —log |C|

()

= log (EA:L) — klog(k) — O(1)

k
(EML;kk'l‘l) )—klog(k)—O(l)
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(peme)

> log o

— klog(k) —O(1)

— k (log(%) + log(ML))) ~2klog(k) — O(1)
> klog(ML) —2klog(k) — O (k). O

5.5 Codes for a Single Substitution

In this section we present a 1-substitution code construction that applies when-
ever M < 2176, whose redundancy is 3log ML + 3log M + O(1). For simplicity
of illustration, we restrict our attention to values of M and L such that [log M L] +
[logM] < M. In the remaining values, a similar construction of comparable
redundancy exists.

2L/37l

Theorem 5.5.1. For D = [(*,

L
encoding function E : D — ({O}JI} ) whose image is a single substitution correcting

3
) . (My)Z . 23M—310gML—310gM—6]’ there exist an

code.

The idea behind Theorem 5.5.1 is to concatenate the strings in a codeword C =
{X[}{Z , in a certain order, so that classic 1-substitution error correction techniques
can be applied over the concatenated string. Since a substitution error may affect any
particular order of the x;’s, we consider the lexicographic orders of several different
parts of the x;’s, instead of the lexicographic order of the whole strings. Specifically,
we partition the x;’s to three parts, and place distinct strings in each of them. Since
a substitution operation can scramble the order in at most one part, the correct order

will be inferred by a majority vote, so that classic substitution error correction can

be applied.
Consider a message d € D as atuple d = (d1, ..., ds), where
2L/3—1
dy € ,
1 [( M )]
L/3-1
d3,ds € [( M )M!],
and

do, dy, dg € [2MlogML-logM=21

Apply the functions Feop, Fperm, and F (see Sec. 7.1.1) to obtain

Fcom(dl) = {al,- . ~,aM},
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Figure 5.1: Illustration of single-substitution correcting codes over unordered sets.

'9bM}90-)’
-’CM}’T()’

F(d3) = ({by, ..

(5.6)

F(ds) = ({e1, ..

where a;, b;, ¢; € {0, 1}”3_1 for every i € [M], the permutations o and 7 are in Sy,

1 is lexicographic. Further, let d;, d4,

M
1=

1> and {c¢;};
and dg be the binary strings that correspond to d», d4, and dg, respectively, and let

M
1=

]7{bi}~

M
1=

and the indexing of {a;}

. 9bO'(M)$

(ay, . Lay, b (1)

S1

. ’cﬂ(M))’

cﬂ'(l)»

. b,

. aaa"l(M)a bl,
Cox(M))> and

= (ao“l(l)a
c(]'_lﬂ'(l)’ .

S2

’bﬂ'_IO'(M)’

. ,aﬂ.—l(M), bﬂ"lfr(l)’
. ,CM).

(@z-11)s

S3

(5.7)

€1,
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Without loss of generality# assume that there exists an integer ¢ for which the
length |s;| = (L —3)M =2' —t — 1 for all i € [3]. Then, each s; can be encoded by
using a systematic [2' — 1,2 — t — 1], Hamming code, by introducing ¢ redundant
bits. That is, the encoding function is of the form s; + (s;, Egy(s;)), where Eg(s;)
are the 7 redundant bits, and ¢ < [log(M L)]. Similarly, we assume that there exists
an integer h for which the length |d;| = 2" — h — 1 for i € {2,4, 6}, and let Ex(d;)
be the corresponding 4 bits of redundancy, that result from encoding d; by using
a [2" —1,2" — h — 1] Hamming code. By the properties of a Hamming code, and
by the definition of &, we have that & < [log(M)].

The data d € D is mapped to a codeword C = {xj,...,Xy} as follows, and the

M
i=1’

{b,-}f.z \» and {ci}f‘;l , in the different thirds of the x;’s, sorted by o and x. That is,

reader is encouraged to refer to Figure 5.1 for clarifications. First, we place {a;}

denoting x; = (x;1,...,X;1), we define

(xi,la cee axi,L/3—1) = 4,
(XiL/3+15 - - - s Xi2L/3-1) = Do (), and
(XipL/34+15 -+ - Xi,L-1) = Cx(i).- (5.8)
M

The remaining bits {x; 3} {x,-,ZL/3}?;11, and {x,-,L}fZl are used to accommo-

i=1°
date the information bits of d;, d4, d¢, and the redundancy bits {E H(si)}?=1 and
{En(d;)}ie2,4,6)» in the following manner.

da;,
ifi e [M —[logML] - [logM1],
Ep(d2)i—(M-log ML1-Tlog M7)»
Xi,L/3 = ifi e [M—[logML] - [logM]+1,
M —[logML1], h
En(S1)i—(M-Tog ML)
ifie [M—[logML]+1,M],

“Every string can be padded with zeros to extend its length to 2 — ¢ — 1 for some ¢. It is readily
verified that this operation extends the string by at most a factor of two, and by the properties of the
Hamming code, this will increase the number of redundant bits by at most 1.
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dyo-1(i)>
if o71(i) € [M - [logML] - [log M1],
Ey(d4) 51 (1)=(M=[tog ML]~[log M7)»
Xi2L/3 = if o71(i) € [M - [logML] - [log M]
+1,M - [logML1],
Ef(82) 01 (i)~ (M=-Tlog MLY)>
ifo~1(i) e [M - [logML] +1,M],

do 71 (i)»

if 771(i) € [M - [logML] - [log M1],
Ey(d6) 1 (i)—(M—[log ML]~[log M)
XiL = if 771(i) € [M - [logML] — [log M (5.9)
+1,M - [logMLT],

Er(83) -1 (i)~ (M—[log ML])»
if 771(i) € [M — [logML] + 1, M].

That is, if the strings {xi}f.‘;’ , are sorted according to the content of the bits (Xidseens
X;1/3-1) = 4;, then the top M —[log M L|—[log M bits of the (L/3)-th column> con-
tain d;, the middle [log M ] bits contain Eg(d;), and the bottom [log M L] bits con-
tain Ex(s1). Similarly, if the strings are sorted according to (X; 1./3+1, - - - » Xi20/3-1) =
b;, then the top M —[log M L —[log M] bits of the (2L /3)-th column contain d4, the
middle [log M| bits contain Ey(d4), and the bottom [log M L] bits contain Eg(s;),
and so on. Equations (5.8) and (5.9) conclude the encoding function E of Theo-
rem 5.5.1. It can be readily verified that E is injective since different messages result
in either different ({a;}2 ,{b;}, {¢;}¥)) or the same ({a;}¥ {b;}¥, {c;}¥ ) with
different (dz,d4,dg). In either case, the resulting codewords {x;}”, of the two

messages are different.

To verify that the image of E is a 1-substitution code, observe first that since {ai}f‘;l 1>
{bi}f.‘;ll, and {ci}f.‘;’l are sets, it follows that any two strings in the same set are
distinct. Hence, according to (5.8), it follows that dy (x;, x;) > 3 for every distinct i
and j in [M]. Therefore, no 1-substitution error can cause one X; to be equal to

o . . L
another, and consequently, the result of a 1-substitution error is always in ({0}&1} ).

S.Sorting the st.ring.s {xl}f‘;[ | by any ordering method provides a matrix in a natural way, and can
consider columns in this matrix.
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In what follows a decoding algorithm is presented, whose input is a codeword that
was distorted by at most a single substitution, and its output is d. The algorithm is

summarized in Algorithm 3.

Algorithm 3: Decoding

Input: A word C’ € 8B,(C) for some codeword C.

Output: The message d encoded as C.

Sort and index the strings in C” = {x{, ..., x),} lexicographically;

Compute the strings &;, b;, and & fori € [M], according to (5.10);

Compute the strings s’l, s’z, and s’3 according to (5.12);

Compute the strings Eg(s;)’, Eg(sz)’, and Eg(s3)” according to (5.11);

Use Hamming decoder to decode (s, Ex(s;)) and obtain s; for i € [3];

According to Lemma 5.5.1, we can apply majority vote on the recovered {s,-}f:1
to obtain the correct strings {ai}f.‘;[ 1> {bi}fz ,» and {ci}f.‘;f ;> and the
permutations o and . Then determine d1, d3, ds using combinatorial
map (5.6);

Compute (d}, E4(d;)’) i € {2,4,6} according to (5.11) and use Hamming
decoder to decode (d;, Ey(d;)’) and obtain d; for i € {2,4,6};

Output d= (d], d>, ds, dy, ds, d6).

Upon receiving a word C” = {x},...,X},} € B;(C) for some codeword C (once

again, the indexing of the elements of C” is lexicographic), we define

a = (x;p,... ,xl'.,L/S_l)

bi = (1) Lzt X1y 2L -1 (5.10)
A ’ ,

&= (X anmer o Xp,0-1)

where 7 is the permutation by which {x'}.”  are sorted according to their L/3 +

1,...,2L/3 -1 entries, and p is the permutation by which they are sorted according
to their 2L/3+1,..., L — 1 entries (we emphasize that T and p are unrelated to the
original 7 and o, and those will be decoded later). Further, when ordering {X;}?;[ ]
by either the lexicographic ordering, by 7, or by p, we obtain candidates for each
one of dp, dy, dg, Ef(da), Eg(dy), Eg(dg), Eg(sy), Eg(s2), and Eg(s3), that we

similarly denote with an additional apostrophe®, as follows for i € [M].

dé,i :x;,L/s’
fori € [M - [logML] - [log M1],

EH(dZ)z/ :xz/'+(M—[log ML]-[log MT),L/3’

That is, each one of dé, dg, etc., is obtained from d;, dy, etc., by at most a single substitution.
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fori € [[log M1],
En(s1)i =Xi\(m-110g ML1).L/3"
fori € [[logML]],
dy; =X7 () 2L/3"
fori € [M —[logML] - [log M1],
En(da); =X 4 (M—log ML]~[log M) 2L/3"
fori € [[log M1],

Ex(s2); :x-/r(i+(M—|'logML'|)),2L/3’

fori € [[log ML]],
dg, :x;(i),L’

fori € [M - [log ML) - [log M1],
En(d6); =X, ;1 (p—[1og MLI-Tlog M), L

fori € [[log M1],

En(s3); :x,/o(i+(M—|'10gML-|))sL’
fori € [[log ML]]. (5.11)

For example, if we order {x:}f‘;[ , according to 7, then the bottom [log(ML)] bits
of the (2L/3)-th column are Ey(s;)’, the middle [log M bits are Ex(d4)’, and the
top M — [log M L] — [log M1 bits are d} (see Eq. (5.9)). Now, let

A A

s] = (4, Ay, br1y, ... brm)s

Co(1) - Co(u))-
5= A1y, - Ay by, ... by,

Crotp(1)s -+ SCrlp(m))s and (5.12)
$5= @y Bpins Doty oo Bz,

&, . em).

The following lemma shows that at least two of the above s’ are close in Hamming

distance to their encoded counterpart (s;, Eg(s;)).

Lemma 5.5.1. There exist distinct integers k, € € [3] such that

dH((SszH(sk),)’ (Skv EH(Sk)) < 1, and
du((sp, En(se)’), (se, En(se))) < 1.
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Proof. If the substitution did not occur at either of index sets {1,...,L/3 — 1},
{L/3+1,...,2L/3—-1},0or{2L/3 +1,..., L — 1} (which correspond to the values

of the strings {a;}¥ , {b;}" , and {¢;},, respectively), then the orders among the

M
=1’

that 7 = 0 and p = &. This implies that

strings {a; {bi}fgl, and {ci}f‘;[ , are maintained, respectively. That is, we have

s| = (ay, LA, bo1y, - Do),
Cr(1)s e sCr(M)),

S5 = (a-1(1)> -+ »85-1a1)> D1, ... ,bu,
Coln(1)s - - - ,ccr_l,,(M)),

S5 = (ap101), -+ 581410 Drigys - SDrto(ans
1, N YR

and that dy(En(s;), Eg(s;)) < 1,1 € [3], according to (5.9) and (5.11). In this
case, the claim is clear. It remains to show the other cases, and due to symmetry,
assume without loss of generality that the substitution occurred in one of the a;’s,

i.e., in an entry which is indexed by an integer in [L/3 — 1].

Let A € {0, 1}™*L be a matrix whose rows are the Xx;’s, in any order. Let Alefr
be the result of ordering the rows of A according to the lexicographic order of
their 1,...,L/3 — 1 entries. Similarly, let A,,;; and A, be the results of ordering
the rows of A by their L/3+1,...,2L/3 — 1 and 2L/3 + 1,...,L — 1 entries,
respectively, and let A] ., A’

lefr Amig> 204 A igie D€ defined analogously with {xM
instead of {x;} .

It is readily verified that there exist permutation matrices Py and P, such that A,,;; =
P1Ayp and Ayigne = PrAje. Moreover, since {b;}¥ = {b;}! , and {c;}¥, =

=1
{&:},. it follows that A} ., = Pi (A + R) and A7, = P2(Ajer + R), where R €
{0, 13M%L is a matrix of Hamming weight 1; this clearly implies that A=
Apnia+P1 R and that A’r ioht = Ayight+P2R. Now, notice that s, results from vectorizing
some submatrix M, of A,,;4, and s’2 results from vectorizing some submatrix Mé
of A,’m e Moreover, the matrices M, and Mé are taken from their mother matrix
by omitting the same rows and columns, and both vectorizing operations consider
the entries of M, and Mé in the same order. In addition, no substitution occurs in
the L/3, ..., L entries in the x;’s, which implies that x’ﬂ.’2 L3
redundancies Eg(sy)’ = Eg(sy) and Eg(s3)” = Eg(s3) canbeidentified from (5.11).
Therefore, it follows from A’ ., = Apig+ PR that dy ((S)), En(8))), (s2, En(s2))) <

1. The claim for s3 is similar. O

= Xn(i)2L/3 Then, the
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By applying a Hamming decoder on either one of the s;’s, the decoder obtains
possible candidates for {a,-}l{‘;’1 , {b,-};‘;’1 , and {c,-}?;ll, and by Lemma 5.5.1, it follows
that these sets of candidates will coincide in at least two cases. Therefore, the
decoder can apply a majority vote of the candidates from the decoding of each s/,
i= 1’ {bi}2 =1
the decoder can sort {x;} l’Z , according to their a; columns, and deduce the values of o

and the winning values are {a; and {¢; }f‘;’ - Having these correct values,
and & by observing the resulting permutation in the b; and ¢; columns, with respect
to their lexicographic ordering. This concludes the decoding of the values dy, d3,
and d5 of the data d.

We are left to extract d,, d4, and dg. To this end, observe that since the correct values
of {a;}¥ o> 1bi }l \» and {ci}f‘;’ , are known at this point, the decoder can extract the
true positions of dp, d4, and dg, as well as their respective redundancy bits Eg(d>),
Ey(dy), Eg(dg). Hence, we have that

du((d}, Ex(d;)), (d;, Eg(dy))) < 1

for i € {2,4,6}, and thus that the decoding algorithm is complete by applying a

Hamming decoder.

We now turn to compute the redundancy of the above code C. Note that there are two
sources of redundancy—the Hamming code redundancy, whichisat most3(log M L+
log M + 2) and the fact that the sets {a;} o> 1b }t \» and {ci}f‘;[ | contain distinct
strings. By a straightforward computation, for 4 < M < 2L/ we have

L
r(C) =log (?\/I)

AL/3-1)\3
— log ( ) . (M!)Z‘ZS(M—logML—logM—Z)
M

M-1 M-1
=log l—[ (2L —i) —log l—[ (2L3-1 _ )3
i=0 i=0
—3M +3logML +3logM +6
=log 1—[ ( 28 —i) +3logML +3logM +6
(2L/3 21)3
L/3

+3log ML + 31log +6.

(a)
<12loge +3logML +3logM +6, (5.13)



155

where inequality (a) is derived in Appendix 5.8.

For the case when M < log M L+log M, we generate {a; }* , {b;}*  and {¢;}, with

length L/3— [M]. As aresult, we have [M] bitsx; j,i € [M],] €

M M

log M L+log M log ML+log M
{L/3-[22557225 0+ 1, .. L3 U{2L 3 - [2=22 2 +1,..., 2L 3} U{L -
[W] +1,...,L} to accommodate the information bits d, d4, dg and the

redundancy bits {E H(s,-)}?:1 and {Ex(d;)}ie(2,4,6) in each part.

Remark 5.5.1. The above construction is valid whenever M < 2E/3-1. However,

asymptotically optimal amount of redundancy is achieved for M < 2%/°,

Remark 5.5.2. In this construction, the separate storage of the Hamming code re-
dundancies Ep(dy), Ey(dy), and Eg(dg) is not necessary. Instead, storing Eg(d»,
dy, d¢) is sufficient, since the true position of those can be inferred after {a,-}f.‘;’ 1
{bi}f‘i p» and {ci}f‘;[ | were successfully decoded. This approach results in redundancy
of 3log ML +1og3M + O(1), and a similar approach can be utilized in the next

section as well.

5.6 Codes for Multiple Substitutions
In this section we extend the 1-substitution correcting code from Sec. 5.5 to multiple
substitutions whenever the number of substitutions & is at most L/(4log M) — 1/2.

In particular, we obtain the following result.

L
Theorem 5.6.1. For integers M, L, and k such that M < 22D there exists a

k-substitution code with redundancy

2k(2k + 1) log ML + 2k (2k + 1) log M + O (k).

We restrict our attention to values of M, L, and k for which 2k [log M L|+2k[log M| <
M. For the remaining values, i.e., when 2k[log M L] + 2k[log M| > M, a similar
code can be constructed. The construction of a k-substitution correcting code is
similar in spirit to the single substitution case, except that we partition the strings
to 2k + 1 parts instead of 3. In addition, we use a Reed-Solomon code in its binary
representation (see Sec. 7.1.1) to combat k-substitutions in the classic sense. The
motivation behind considering 2k + 1 parts is that k£ substitutions can affect at most k
of them. As a result, at least k + 1 parts retain their original order; and that enables
a classic RS decoding algorithm to succeed. In turn, the true values of the parts are
decided by a majority vote, which is applied over a set of 2k + 1 values, k + 1 of

whom are guaranteed to be correct.
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For parameters M, L, and k as above, let

AL/ (2k+1)-1) 2k+1
o1, ] o

. 2(2k+1)(M—2klogML—2k log M)]

be the information set. We split a message d € D into d = (dy,...,d4+2),
2L/(2k+1)—1 2L/(2k+1)—1

where dy € [(*,, )1.dje[(" ,, )M!forje{2,....2k+1},and d; €
[2(2k+D)(M=2klog ML=2klog M)] for j € {2k+2,...,4k+2}. Asin (5.6), we apply Fon,
and F to obtain

Feom(di) = {ai,....am1},
where a; | € {0, 1}E/CD=1 for all i, and
F(d;)=({ai,,...,ap },n;) forall j € {2,...,2k + 1},
where a; ; € {0, 1}E/CD=T and m; € Su.

As usual, the sets {a;, j}f‘i , are indexed lexicographically according to i, i.e., aj,; <

... <ay,; forall j. Similar to (5.8), let

(Xi,(j= 1)L/ (k+1) 415 - - - » Xi fL/(2k+1)=1)
=ar,(i).j> ie[M], je[2k+1],

where m1(i) = i is the identity permutation. In addition, define the equivalents
of (5.7) as

s1 = (a1, cees AN,
Ary(1),25 cees Amy(M)25 - -
Ay (D) 2k+1s -+ -5 A (M)2k+1)5
SZ = (aﬂ_z—](l),l, e eey aﬂ.gl(M)’l,
a1 o, cees AM2, - -

aﬂz_lﬂ2k+1(1),2k+1’ T aﬂ§1ﬂ2k+1(M),2k+1)’

S2k+1 = (aﬂill+1(1)’1, B aﬂiliﬂ(M)’l’
Al ;)2 s Aol ()2
a1 2k+1» ey AM2K1)-

Namely, for every i € [2k + 1], the elements {a; ; }jv: | appear in s; by their lexico-

graphic order, and the remaining ones are sorted accordingly.
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To state the equivalent of (5.9), for a binary string t let RS, (t) be the redundancy
bits that result from k-substitution correcting RS encoding of t, in its binary rep-
resentation’. In particular, we employ an RS code which corrects k substitutions,

and incurs 2k log(|t|) bits of redundancy. Then, the remaining bits {x; L }f‘;’ T’

k+1

{x;, 2 YM ..., {x,-,L}f‘;Il are defined as follows fori € [M] and j € [1,2k + 1].

Loger - =17

X. jL
Lokl

d j+2k+1,n;.1 ()

if nj—.l (i) € [M - 2k[log M| — 2k[log ML]]

RSk (djiok1 )n]—.' (i)~ M—2k[log M]—2k[log ML]>

=\if 77 (i) € [M = 2k[log M1~ 2k[log MLT + 1, - (5.14)
M —2k[log ML]]

RSy (Sj)zr;' (i)-M—2k[log ML]>

if zr]—.‘ (i) € [M = 2k[log ML] + 1, M]

In this expression, notice that [s;| = M(L — 2k — 1) for every i and |d;| < M
for every j. As a result, it follows that |[RS(d;)| < 2k[log M for every j €
{2k +2,...,4k + 2}, and |RSi(s;)| < 2k[log M L] for every i € [2k + 1].

To verify that the above construction provides a k-substitution code, observe first
that {ai,j}j!’lzl is a set of distinct integers for all i € [2k + 1], and hence dy (x;,X;) >
2k + 1 for all distinct i and j in [M]. Thus, a k-substitution error cannot turn one X;

. . . {0,1}F
into another, and the result is always in (**;, ).

The decoding procedure also resembles the one in Sec. 5.5. Upon receiving a
word C" = {x{,...,X),} € B;(C) for some codeword C, where the indexing of the
elements of C’ is lexicographic, we define
a;  =(x’ . e x - ,
ij = L OR =L T}l(i),%—l)

for j € [2k + 1], andi € [M]

where 7; is the permutation by which {X;}f‘;’ , are sorted according to their (IZZPIL +

1,..., 2{(% — 1 entries (77 is the identity permutation, compared with (5.10)). In

"To avoid uninteresting technical details, it is assumed henceforth that RS encoding in its binary
form is possible, i.e., that log(|t|) is an integer that divides t; this can always be attained by padding
with zeros. Furthermore, the existence of an RS code is guaranteed, since ¢ = 2'°¢(t) is Jarger than
the length of the code, which is |t|/log(|t]).
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addition, sorting {x/}¥ by either one of 7; yields candidates for { RS (s;) }2*+!, for
{d;}#2  and for {RSk(d;)}¥+2 | as follows.

J=2k+2? j=2k+2°
dj+2k+1,i = xlr_,-(i),%’
fori € [M —2k[logML] - 2k[log M|
. =X )
RSk(djazpe); = x S (i+(M -2k [log ML]-2k[log M1)), 5%
fori € [2k[log M1]
RSi(s)); = xﬂj(i+(M—2k|'logML'|)),£—il’
fori € [2k[log M L1] (5.15)
The respective {s:}?:kl+ I"are defined as
S,l = (ﬁl,l’ e e ey ﬁM’l,
an (12, ces Anan 2, -
kil oy ()5 v -5 D2Utl a1 (M)
RSk (s1),
A, (1).2k+15 s Qg (M) 2K4+1)s
S,Z = (ﬁ‘rz_](l),l’ e eey ﬁTz_l(M),l’
ﬁ]gz, ceey ﬁM’2,

Dt Lty oapan (1) 7+ > A2kt L5 1 (M)
RSk(s2),

A A

aT{szk+1(1),2k+1’ T aT£172k+l(M),2k+1)’

-

A

Al (M), 10

-

’ _ (A
Syes1 = @zl (1)1

A A

Al m().2 Al 2
Ar41,15 s At M

RS (s21+1)’,

A12441, s Ay k).

Lemma 5.6.1. There exist k + 1 distinct integers {1, . . ., {x+1 such that
du((sg,» RSk(se;)), (s¢;, RSk (se;))) < k

forevery j € [k+1].
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Proof. Analogous to the proof of Lemma 5.5.1. See Appendix 5.8 for additional
details. O

By applying an RS decoding algorithm on each of {s;}f:kfr ! we obtain candidates
for the true values of {a; ,-}?.4: , for every i € [2k + 1]. According to Lemma 5.6.1,
at least k + 1 of these candidate coincide, and hence the true value of {a;, j}ﬁ”: , can
be deduced by a majority vote. Once these true values are known, the decoder
can sort {x;}f.‘i1 by its a;; entries (i.e., the entries indexed by 1,..., 2,(% -1,
and deduce the values of each 7;, t € {2,...,2k + 1} according to the resulting

permutation of {a,,g}?’i , in comparison to their lexicographic one. Having all the

k+2
=2k+2

{RSk(d)) jgi > and apply an RS decoder to correct any substitutions that might

have occurred.

permutations {7; }?Sl, the decoder can extract the true positions of {d; }j and

Remark 5.6.1. Notice that the above RS code in its binary representation consists
of binary substrings that represent elements in a larger field. As a result, this code
is capable of correcting any set of substitutions that are confined to at most k of
these substrings. Therefore, our code can correct more than k substitutions in many

cases.

For 4 < M < 2L/2(2k+1) the total redundancy of the above construction C is given
by

oL oL/ (2k+1)-1y 2k+1
=1 -1
r(C) =log ( M) og ( M )

— log(M 122K+ (M-2k log ML-2k log M)

()
<(2k+1)loge+2k(2k +1)logML
+2k(2k + 1) log M, (5.16)

where the proof of inequality () is given in Appendix 5.8.

Remark 5.6.2. As mentioned in Remark 5.5.2, storing RSy (d;) separately in each
part j € {2k+2,...,4k+2} isnotnecessary. Instead, we store RSy (dag+2, - - ., dais2)
in a single part j = 2k + 1, since the position of the binary strings d; for j €
{2k + 2,...,4k + 2} and the redundancy RSy (dzis2,...,d4r42) can be identi-
fied once {a; j}i<m j<ok+1 are determined. The redundancy of the resulting code
is 2k(2k + 1) log ML + 2k log(2k + 1) M.
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For the case when M < 2klog ML + 2k log M, we generate sequences a; ;, i €

[M], j € [2k + 1] with length L/(2k + 1) — [2loeMIa2kloe My = Thep  he
2klog ML+2k log M

length [ = ] sequences x; ;, i € [M], j € UP{(I = 1)L/(2k + 1) —
|'2k log Mﬁfk logM'l +1,...,IL/(2k + 1)} are used to accommodate the information
bits {d; ;‘.Siﬂ and the redundancy bits {RSk(s,-)}l.ZZkl+1 and {RSy(d;) §£§£+2 in each

part.

5.7 Conclusions and Future Work

Motivated by novel applications in coding for DNA storage, this chapter presented
a channel model in which the data is sent as a set of unordered strings that are
distorted by substitutions. Respective sphere packing arguments were applied in
order to establish an existence result of codes with low redundancy for this channel,
and a corresponding lower bound on the redundancy for k = 1 was given by using
Fourier analysis. For k = 1, a code construction was given which asymptotically
achieves the lower bound. For larger values of k, a code construction whose
redundancy is asymptotically k times the aforementioned upper bound was given;
closing this gap is an interesting open problem. Furthermore, it is intriguing to find

a lower bound on the redundancy for larger values of k as well.

5.8 Appendix
Proof of Lemma 5.6.1

Proof. (of Lemma 5.6.1) Similarly to the proof of Lemma 5.5.1, we consider a
matrix A € {0, 1}"*L whose rows are the X;’s, in any order. Let A ; be the result of
ordering the rows of A according to the lexicographic order of their (j — 1)L/(2k +
)+1,...,jL/(2k+1) — 1 bits for j € [2k + 1]. The matrices A;. for j € [2k+1]

can be defined analogously with {X;}f‘;[ , instead of {xi}f.‘;l \-

It is readily verified that there exist 2k + 1 permutation matrices P; such that A; =
P ;A (Here P is the identity matrix). Moreover, since k substitution spoils at most k
parts, there exist at least j; € [2k + 1], € [k + 1] such that {a; ;, }M = {a];,}},
for [ € [k + 1], it follows that A;.l = P;j,(A+R) for [ € [k+ 1], where R €
{0, 1}M*L is a matrix of Hamming weight at most k; this clearly implies that A}l =
Aj, + PR forl € [k +1]. Since sj, results from vectorizing some submatrix M;
of Aj,, and s;.l results from vectorizing some submatrix M l’ of A}l. Moreover, the
matrices M; and M| are taken from their mother matrix by omitting the same rows
and columns, and both vectorizing operations consider the entries of M; and M,

in the same order. In addition, the redundancies Ey(s;,) for [ € [k + 1] can be
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identified similarly, and have at most k substitution with respect to the corresponding

entries in the noiseless codeword. Therefore, it follows from A; = Aj, + P|R
that dy (s, En(s;,)"), (s, En(sj,))) < k.

Proof of Redundancy Bounds
Proof of (a) in (5.13):

M
r(C) < 3log(1 + 2M)M+3logML+3logM+6

2B _om
< 3log(1 +%)M+3logML+3logM+6

= 121log((1 + %)M/“) +3logML +3logM +6
< 12loge+3logML +3logM +6.

Proof of (b) in (5.16):

M-1 M-1
r(C) :10g l_[ (2L _ l) _ log 1_[(2L/(2k+1)—] _ l-)2k+l
i=0 i=0

—log 2HDM 4 2k (2k + 1) log ML
+2k(2k + 1) log M

_ M= (2L — i)
—108 l:)[ (2L/(2k+1) _ 2)2k+]

+2k(2k +1)logML +2k(2k + 1) logM

AL/(2k+1)
<(2k +1)M log

2L/ (2k+1) _ M

+2k(2k + 1) log ML +2k(2k + 1) log M
2M )M

2L/(2k+1) —2M

+2k(2k +1)logML +2k(2k + 1) logM

<2k + 1) log(1 +

4
<(2k +1)log(1 + M)M +2k(2k + 1) log ML
+2k(2k + 1) log M
4
=(2k + 1) log((1 + M)M/4) +2k(2k + 1) log ML

+2k(2k +1)logM
<Rk +1)loge+2k(2k + 1)logML
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+2k(2k +1)log M.

Improved Codes for a Single Substitution

We briefly present an improved construction of a single substitution code, which
achives 2log ML +1og2M + O(1) redundancy.

Theorem 5.8.1. Let M and L be numbers that satisfy M < 2L/*. Then there exists
a single substitution correcting code with redundancy 2log ML +1og2M + O(1).

The construction is based on the single substitution code as shown in Sec. 5.5. The
difference is that instead of using three parts and the majority rule, it suffices to use
two parts (two halfs) and an extra bit to indicate which part has the correct order.

To compute this bit, let

M
o= P

i=1
be the bitwise XOR of all strings x; and e € {0, 1} be a vector of L/2 zeros followed
by L/2 ones. We use the bit b, = e - X mod 2 to indicate in which part the sub-
L/2y

stitution error occurs. If a substitution error happens at the first half (xl.l, ce X

the bit b, does not change. Otherwise the bit b, is flipped. Moreover, as men-
tioned in Remark 5.5.2, we store the redundancy of all the binary strings in a single
part, instead of storing the redundancy separately for each binary string in each
part. The data to encode is regarded as d = (di, d», d3, ds), where d; € [(ZLI(;_])],
dy € [(%)) - M1, ds e [2M-1oeML-1] and d, e [2M-loeML-log2M=2]  Tpy
is, d; represents a set of M strings of length L/2 — 1, d; represents a set of M
strings of length L/2 — 1 and a permutation 7. Let d3 € {0, [}M-loeML-1 g, ¢
{0, 1}M-log ML-log2M=2 16 the binary strings corresponding to d3 and d4 respec-

tively.

We now address the problem of inserting the bit b, into the codeword. We consider
the four bits x;, 1 /2, Xi,,1./2, Xi3,L, and x;, ., where i1 and i are the indices of the two
largest strings among {ai}f.‘;’ | in lexicographic order, and i3 and i4 are the indices of
the two largest strings among {bi}f‘;’ | in lexicographic order. Then, we compute b,
and set

Xi\,L)2 = Xiy,1)2 = Xiy,L = Xiy,L = be.

Note that after a single substitution, at most one of iy, i3, i3, and iy will not be

among the indices of the largest two strings in their corresponding part. Hence,
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upon receiving a word C” = {x/, ..., x),} € B;(C) for some codeword C, we find
the two largest strings among {a,-}f‘;’ , and the two largest strings among {bi}l’.‘;’ 1
and use majority to determine the bit b,. The rest of the encoding and decoding

procedures are similar to the corresponding ones in Sec. 5.5. We define s; and s; to

the two possible concatenations of {a,-}f‘;’ , and {bi}f‘;[ ¥
S1 = (al, <o AN, bﬂ'(])’ abﬂ(M))
Sy = (aﬂ—l(l), . ,an—l(M),bl, e ,bM)

We compute their Hamming redundancies and place them in columns L/2 and L,
alongside the strings d3, d4 and their Hamming redundancy Ey(d3, d4) in column L,
similar to (5.9).

In order to decode, we compute the value of b, by a majority vote, which locates
the substitution, and consequently, we find 7 by ordering {x’ }f‘;’ , according to the
error-free part. Knowing 7, we extract the d;’s and their redundancy Ey(ds, d4), and
complete the decoding procedure by applying a Hamming decoder. The resulting
redundancy is 2log ML +log2M + 3.

5.9 Proof of (a) in Eq. (5.5)

Note that P < T, it suffices to show that the function g(P) = ((T + P)/P)’ = (1 +
T/P)* is increasing in P for P > 0. We now show that the derivative dg(P)/dP =
(1+T/P)’(In(1+T/P) —T/(T + P)) is greater than O for P > 0. It is left to show
that

In(1+7/P) >T/(T+ P). (5.17)
Letv =T/(T + P), then Eq. (5.17) is equivalent to
1/(1-v)>e¢€" (5.18)

for some 0 < v < 1. The inequality (5.18) holds since 1/(1 —v) = 1+ X2, Vi
and e’ =1+ Y2, V//ilfor 0 <v < 1.
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Chapter 6

ROBUST INDEXING: OPTIMAL CODES CORRECTING
DELETION/INSERTION AND SUBSTITION ERRORS

In this chapter, we consider a more general setting of correcting deletions/insertions
over unordered sets. Our construction in this chapter improved the one in Ch. 5 and

is order-wise optimal.

6.1 Introduction

This chapter is a follow-up work of Ch. 6. Consider encoding data into M strings of
length L. The decoder wishes to recover the data from erroneous versions of the M
strings, which contain substitution, deletion, and insertion errors. This model has
been extensively investigated. In Ch. 5, we showed that for a constant number k
of substitution errors, the optimal redundancy has the order O(k log ML) and an
explicit code with O(k?log ML) bits of redundancy was given. The problem of
designing codes correcting a constant number of substitutions was also studied
in [89], from a generalized Hamming distance perspective. Yet no order optimal

code construction for substitution errors was given.

In this chapter, we propose order-wise optimal code constructions that achieves
O(klog ML) redundancy for k substitution errors, based on a technique called

robust indexing. Our first main result is as follows.

Theorem 6.1.1. For integers M, L, and k, let L' % 3log M +4k*>+ 1. If L’ +4kL’ +
2klog(4kL’) < L, then there exists an explicit k-substitution code, computable
in poly(M, L, k) time, that has redundancy 2k log ML + (12k +2) log M + O (k?) +
O(kloglogML).

Instead of assigning index directly as in index based coding, we embed information
into the index. Note that to combat errors, the index bits themselves form a sub-
stitution code and information is carried through choices of the code. Our robust
indexing algorithm generates indexing bits in a greedy manner and has polynomial

complexity.

Our algorithm also applies to a combination of deletion and insertion errors with

slight modification. Note that correcting a combination of deletion/insertion errors
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is harder than correcting substitution errors only, since a substitution error is a
deletion error followed by an insertion error. Very few works studied the problem
of correcting a combination of deletion/insertion errors, the most related one being
[62], which considered correcting a single deletion. With our deletion/insertion
correcting codes in Ch. 4, we are able to present a code that corrects a combination
of k deletions and insertions with O (k log M L) redundancy, which is our second

main result.

Theorem 6.1.2. For integers M, L, k, and L’ = 3logM +4k*>+ 1. If L’ + 4kL’ +
2klog(4kL’) < L, then there exists a code, computable in poly(M, L) time, that
corrects a combination of at most k deletions and insertions in total, with redundancy
4klog ML + (12k +2)log M + O(k?) + o(log ML).

The rest of this chapter is organized as follows. Sec. 6.2 presents the notations
and channel model. In Sec. 6.3 we provide an order optimal code construction
for substitution errors, and the robust indexing algorithm is given in Sec. 6.4. In
Sec. 6.5 we apply robust indexing to deletion errors and propose a deletion/insertion

correcting code construction.

6.2 Preliminaries

We focus on the binary alphabet {0, 1}. With a slight abuse of notation, for a set S
and an integer m, denote by (i) the family of all sets of m different elements in S,
and by () = U}, () the family of all subsets of S with no more than m elements.
For an integer ¢, let {0, 1}=¢ be the set of all binary strings with length at most ¢.
In our channel model, it is assumed that the data is given as a binary string and
encoded in an unordered set of M different strings {x; l";’ , of length L. Hence in
this chapter, a codeword refers to a set {x; f‘;’ | € ({O;‘ll}L), rather than a vector as in
classic coding theoretic settings. Each element x; in a codeword is referred to as
a string. The assumption that the strings x;, i € [M], in a codeword are different
stems from the fact that sequencing procedures cannot detect repeated strings in the
codeword {X,-}f.z , by counting the frequency of each string in the sample. Moreover,
as we can see from the definition of code redundancy that will be presented later,
the asymptotic redundancy of a code is not affected by allowing repeated string in

the codeword, when M = o(2F).

The codeword {x,-}f.‘zl is subject to substitution, deletion, and insertion errors.
In this chapter, we propose codes for correcting substitution errors and deletion

errors separately. The presented deletion codes are capable of correcting dele-
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tion/insertion errors as well. A k-substitution error is an operation that flips at
most k bits in the codeword. Each bit flip can occur in any of the strings x;,i € [M],
where [M] £ {1,..., M}. For any string set {x;}/, € ({O}l}I}L), define its Hamming
ball Bf ({x; }f‘;’ ) € ({0}&[} L) as the set of all possible outcomes after a k substitution er-
rorin {X,-}?;’ |- A k substitution code C™ is an ensemble of codewords {x,-}f‘;[ | € ({%’,Il })
such that for any Sy, S, € C¥, we have that B (S1) N B (S,) = 0. Similarly, a k
deletion/insertion error is an operation that removes and/or inserts at most k bits in
the codeword. For a set {x;}/, € ({Oh}I}L), its deletion ball B ({x;},) € ({O’SIIE;L)
is the collection of outputs resulted from a k deletion/insertion error in {X,-}f.‘;’ - Ak
deletion/insertion code CP consists of sets {x;}, € ({%U%) such that the dele-
tion/insertion balls of any S1,S> € CP do not intersect. The redundancy of a k

substitution or deletion/insertion code C is defined as r(C) = (21;) —log|C]|.

Our code constructions make use of the well-known Reed-Solomon code, which
is capable of correcting k substitutions in a length n codeword over an alphabet
of size g, with 2k log g bits redundancy, as long as ¢ > n — 1 [79]. Moreover,
combinatorial numbering maps [53] are used in the robust indexing algorithm.
Specifically, for integers m and n, there existamap F,,, : [(:1)] - ([:1]) that maps an
integerd € [(r’:l)] to aset of m different elements in [n], andamap Fye,p, : [n!] — S,

that maps an integer d € [n!] into a permutation on n elements.

6.3 Robust Indexing for Codes over Sets: Substitution Errors

In this section we describe our code constructions, which use the idea of robust
indexing. These codes deal with substitution errors in the M strings. Our codes
have redundancy O (k log M L), which is order-wise optimal whenever k is at most
O(min{L'73, L/log M}).

Theorem 6.3.1. For integers M, L, and k, let L’ = 3log M +4k>+ 1. If L' +4kL’ +
2klog(4kL’) < L, then there exists an explicit k-substitution code, computable
in poly(M, L, k) time, that has redundancy 2k log ML+ (12k +2) log M + O (k>) +
O(kloglogML).

Since the codewords consist of unordered strings, we assign indexing bits to each
string such that the strings are ordered. However, instead of directly assigning the
indices 1, ..., M to each string, we embed information into the indexing bits. In
other words, we use the information bits themselves for the purpose of indexing.

This provides more efficiency in sending information.
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Specifically, for a codeword W = {xi}f.‘;l |» we choose the first L bits (Xi15Xi2y - s
Xir'), i € [M] in each string x; as the indexing bits, and encode information in
M

them. Then, the strings {x;}”, are sorted according to the lexicographic order 7 of

the indexing bits (x;1,x;2,...,X;1/), i € [M], where (Xz(i),1,Xr ()25 - - - » Xn(i),17) <
(Xx(j), 15 Xx(j) .25 - - -+ Xn(j),1’) fori < j. Once {xi}f‘;ll are ordered, it suffices to use a
Reed-Solomon code to protect the concatenated string (Xx (1), - - ., Xz(m)), and thus

M

the codeword {x;}”,, from k substitution errors.

One of the key issues with this approach is that the indexing bits and their lex-
icographic order can be disrupted by substitution errors. To deal with this, we
present a technique referred to as robust indexing, which protects the indexing
bits from substitution errors. The basic ideas of robust indexing are as follows:
(1) Constructing the indexing bits {(x;1,x;2,...,X; L,)}fz , such that the Hamming
distance between any two distinct (x;1,X;2,...,X;z/) and (x;1,%;2,...,X;1/) is
at least 2k + 1, i.e., the strings {(x;1,x;2,... ,xi,Lr)}?;’l form a error correcting
code under classic coding theoretic definition. Then, we can identify which string
among {(x; 1, X2, .. . ,xi,L/)}f‘;Il results in the erroneous version (x7 |, X7 ,, . .. s X p0)s
by using a minimum Hamming distance criterion; (2) Using additional redundancy
to protect the set of indexing bits {(x; 1, x;2,...,x;, L/)}g‘j , from substitution errors.
Note that we encode data in the code {(x;1,x;2,... ,xi,L/)}f.‘;I , through different
choices of the code. After substitution errors, two choices of the code, which

represent different messages, might result in the same read {(x; 1, x;2,...,X;.1’) }ﬁ‘;’ {

Example 6.3.1. For k = M = 2 and L = 8, consider two codes {11111111,
00000000} and {11111111,00010010}. Both have minimum Hamming distance
greater than 2k + 1 = 5 and can result in the same set {11111111,00000011}

after k = 2 substitutions.

Hence, to recover the indexing bits (x; 1, X;2,...,X;.1/), i € [M], we need to know
M : : ’ ’ ’
the code {(x;,1,Xi2,...,X;1/)};Z, to which the erroneous string (xl.,l,xl.,z, . ,xl.’L,)

is corrected, i € [M].

For an integer £, let 1, be the all 1’s vector of length £. Define S as the set of all
length L’ codes with cardinality M and minimum Hamming distance at least 2k + 1,
which contain 1;., that is,

{0, 1%

SHé {{al,...,aM}e( M

)‘31 = 1L’ and dH(a,-,aj) >2k+1

for every distinct i, j € [M ]}.
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The following lemma gives a lower bound on the size of S¥ and is obtained using

counting argument.

Lemma 6.3.1. Let Q = 1.2:"0 (Ll/) be the size of a Hamming ball of radius 2k centered
at a vector in {0, 1}, We have that
(2L’ _ MQ)M—I

H
1SH| > BT (6.1)

Proof. Define the set of ordered tuples

Sf ={(ay,...,an) :a; =1, and dy(a;,a;) > 2k + 1 for distinct i, j € [M]}

such that for each tuple (ay,...,ay) € SH, we have that {a,...,ay} € S¥. We
show that |SH| > [1M,[2Y" - (i - 1)Q], by finding [1,[2L" - (i — 1)Q] tuples
in Sﬁ . Leta; = 1;,. We select ay,...,ay sequentially such that each selected

string a;, i € [2,M] = {2,..., M}, is of Hamming distance at least 2k + 1 from
each one of a;,...,a;_1. The tuple (ay,...,ay ) selected in this way has pairwise

Hamming distance at least 2k + 1 and thus belongs to Sﬁ .

Since the number of strings having Hamming distance at most 2k from at least one

ofay,...,a;_jisatmost (i—1)Q, there are at least 2" — (i— 1) Q possible choices of a;
that have Hamming distance at least 2k + 1 from each one of ay, . . ., a;_1. Therefore,
the total number of ways selecting tuples (ay, . . ., a) is at least Hf‘;’z 2L -(i-1)Q].
Since in the above selection of tuples (a; = 1;,...,ay) € S, there are (M — 1)!
tuples that correspond to the same set {a; = 1;/,a;,...,ay} in SH we have that
M L M-1
1= Isfor =0tz [ 129 - G- Dol - 1t 2 Tt

According to (6.1), there exists an invertible mapping Fg : [[%‘” -
(1), computed in O(2M~') time using brute force, that maps an integer d €

[|_(2L’_MQ)M—1

GI=1! ]] to acode Fi!(d) € S”. In the next session, we will present a poly-

g : H QL -mo)M!
nomial time algorithm that computes amap F ' (d) forany d € [W] such

L M-1
that F¥(d) € S" and F!(dy) # F!(dy) for d) # d> and dy, d5 € [r%]].

Let us assume for now that the mapping F SH is given.
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Foraset S € ({Oélﬁ};/), define the characteristic vector 1(S) € {0, 1}2L/ of S by

1 if the binary presentation of 7 is in §
1(8): =
0 else

Notice that the Hamming weight of 1(S) is M for every S € ({O’IM}L ). The following

lemma states that k substitution errors in a set of strings S result in at most 2k bit
flips in 1(S).

L/
Lemma 6.3.2. For S1,5, € (}}7), if S1 € BH(S,), then dy(1(S1),1(S2)) < 2k,
where dy(1(S1),1(S2)) is the Hamming distance between 1(S1) and 1(S>).

Proof. Note that |S1\S2| < k and |S\S;| < k. Hence dy(1(S1),1(S2)) = [|S1\S, U
S2\S1| < 2k. O

We are ready to present the code construction. We use a set S € S¥ as indexing bits
and protect the vector 1g from substitution errors. Note that any two strings in the
set § have Hamming distance at least 2k + 1. Hence, knowing the set S, each string of
indexing bits can be extracted from its erroneous version using a minimum distance
decoder, which finds the unique string in S that is within Hamming distance k from

it. The details are given as follows.

Consider the data d € D to be encoded as a tuple d = (d,dy), where d; €
@ -MQM!
[fwﬂ and

d, € {0, 1}M(L-L)~4kL'~2k[log ML]

Given (di, dy), the codeword {x,-}l].‘;[ | is generated by the following procedure.

Encoding:
(1) Let Ff(dl) ={ay,...,ay} € S¥ such that a; = 1;, and the a;’s are sorted
in a descending lexicographic order. Let (x;1,...,x; /) = a;, fori € [M].

(2) Let(x1,2r41,-.-,X1,44kL’) = RS2 (1({ay, ..., ap})), where RS> (1({ay, .. .,
ayr})) is the redundancy of a systematic Reed-Solomon code that corrects 2k
substitutions in 1({ay,...,ay}).

(3) Place the information bits of d, in bits

(X1,L/44kL+15 « - -5 X1.L),
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(XM.L/415 - - » XM, L—2k[log ML]); and
(x[,L/+1, e ,X,',L) fori e [2, M — 1]

(4) Define

m = (X{,...,Xy—1, (Xm0, - - - s XM, L2k [log ML]))

and let (xps,.—2k[log ML1+15 - - - » Xm,1) = RS (m), where RS (m) is the Reed-
Solomon redundancy that corrects k substitution errors inm. Note that (xi, ...,

Xy) = (m, RS (m)) is a k-substitution correcting Reed-Solomon code.

Upon receiving the erroneous version! {x/,...,X],}, the decoding procedure is as

follows.

Decoding:

(1) Note that during the encoding process, the redundancy bits that correct
the vector 1({a,~}f.‘11), i.e., the characteristic vector of the set of indexing
bits {(x;1,...,x;, Lr)}f.‘;l |» are stored in x;. Hence we must first identify the er-
roneous copy of x;. To this end, find the unique string x; such that (le'o,l’ cees

M

) has at least L’ — k many 1-entries. Since the strings {x;};7, have

4
xiQ,L'
Hamming distance at least 2k + 1, there is a unique such string, which is the
erroneous copy of {(x11, ... ,xl,Lf)}l].‘Zl. Hence xl’.0 is an erroneous copy of x;

Zlnd [he StIing
( ’ ’ )
i, L'+1° * = > %o, L’+4k L

is an erroneous copy Of (X1, 7741, - - -, X1.L/44kL’) = RSZk(l({al-}?;ll)).

(2) Let k be the number of substitution errors that occur to the indexing bits {x; 1,
cees xi,L’}%l- According to Lemma 6.3.2, the vector 1({(x; 1, .. ., xl-,Lr)}f‘;ll) is
within Hamming distance 2k from the vector 1({(le',1 s xlf, L,)}f.‘;’ ,). Hence
the Hamming distance between

M
1= (L 5o X 2D HE))s (K] prigs -+ 5 X7y 1rvax)) and

s2 = (L({a;})), RS2 (1({a;}))))

is at most 2k. Since sp is a 2k error correcting Reed Solomon code, it
can be recovered from s; using the Reed-Solomon decoder. Recover d| =
(FH {are).

I'Since the strings {X[}ll.‘;[ , have distance at least 2k + 1 with each other, the strings {x] }f.‘;’ | are
different.
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(3) Since s; is recovered, the strings {(x; 1, ... ,x,-,L/)}f.Z | = {ai}f.‘;[ , are known.
Sort {(x;1,...,%;, L’)}?;I | lexicographically in descending order. For eachi €

[M], find the unique 7 (i) € [M] such that dH((x;T(l.),l, e ,x;(i)’L,),

(Xi1s..-,%i.17)) < k (note that iy = (1)). Similar to Step (1), we conclude

/
(i)
distance between X; and x; is at least 2k + 1 for j # i. Hence, the identify of

that the string X’ .. is an erroneous copy of x;, i € [M], since the Hamming

{(xi1,. .. ’xi,L')},j-Zl are determined from {(x/ , ... ,xlf’L,)}lj-Zl.

(4) Since X;r 0

catenation 8’ = (x’..,...
n(1)

is an erroneous copy of x;, i € [M], it follows that the con-

,X;T(M)) is an erroneous copy of (Xp,...,Xy) =

(m, RS;(m)), where m is defined in Step (4) in the encoding procedure.

’

Therefore, (X, ..., X)) and thus d, can be recovered from (Xn(l), cel X;(M))

by using the Reed-Solomon decoder.

(5) Output (dy,dp).

Therefore, the codeword {X,-}l’.z , can be recovered. The redundancy of the code is

2L 2L' -M M-1
r(C) =log (M) - log[( 01 _%)! 1-[M(L-L")-4kL —2k[logML]]
(6.2)
ok log ML + (12k +2) log M + O(K®) + O(k loglog ML), (6.3)

where (a) will be proved in Appendix 6.7. The complexity of the encoding/decoding
is that of computing the function FZ, which as will be discussed in Sec. 6.4,
is poly(M, L, k).

6.4 Computing F gl in Polynomial Time
In this section we present a polynomial time algorithm to compute the function F f

and thus complete the code construction in Sec. 6.3. The result is as follows.

Theorem 6.4.1. For integers M, L, k, L' = 3logM +4k> + 1, and Q = ,~2=k() (L)

1
2L (M-1)Q+M-1

M-1 )] - ({O’If)L,), computable

there exists an invertible mapping F f : [(

: . QY -mg)M-! H
in poly(M, L) time, such that for any d € ”Wﬂ’ we have that F¢' (d) €
SH,

The algorithm has a greedy flavor in the sense that the strings ay, . . ., ay are gener-

ated sequentially and each string a;, i € [2, M] is generated bit by bit. The algorithm
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oL’ _ M-1
1]

into M — 1 integers g1, ...,qu € [2%'] such that ¢, = 2% and gis1 < qi — O

consists of two steps. In the first step we map the integer d € |

for i € [M — 1]. In the second step, we use ¢; to generate a; sequentially

fori € [2, M]. The first step is given in the following lemma.
(ZL’_MQ)M—I 2L’
[ M-1)! 11— ([M])’
@ -mo)M!
[~—arn
integer tuple (q1, . .., qum) such that g1 =2~ and q; > qis1 + Q fori € [M — 1].

Lemma 6.4.1. There exists an invertible map Fg |

computable in poly(L’, M) time, that maps and integer d € | 1] to an

Proof. Recall the combinatorial numbering map F,,,, that maps an integer in the

range [(:1 )] to a set of m different and unordered integers in the range [n] for
(L —pmo)M-1 < (2L’—MQ+M—1
(M-1)! = M-1

[[Z2MO™ 1 6 0 — 1 integers Feom(d) = {¢! '} such that 21 — M
(M-1)! gers Feom( )—{QQ,...,qM} such tha 0+
M-12>4qy,>q,>...>4q). Letqr =2, ¢ =q/+(M-i+1)(Q-1)
fori € [2,M], and Fg(d) ={q1,...,qu}. Then we have that g» < 2" — Q and

that g; > q;+1+Q fori € [2, M —1]. Since the map F_,,, is invertible and computed

integers n and m < n. Since

), we can map d €

in poly(L’, M) time, so is the map Fg O
We now turn to the second step. Given the integers Fg (d) = (q1,---,9m), We
generate the indexing bits {a; = (x;1,...,x;.)}, € S¥. First, we have that a; =

1;.. The algorithm generates the indexing string a; sequentially for i € [2, M].
Each indexing string a; is generated bit by bit in a recursive manner. We first give

the following definition, on which the algorithm is based.

For a set of strings A c {0, 1}X" and a string a € {0, 1}¢ of length £ € [L’]. Denote

Nu(a, A) = Z ' (¢}, ....c}) =aand du(c,¢) < 2k}|
ciceA
as the sum of the number of sequences that have prefix a and have Hamming distance
at most 2k from ¢ over ¢ € A. The number Ny (a, A) has the following properties

that will be useful in our proof. The first property implies that
2170~ Nu(a,4) = 2" = Nu((a,0),4)) + 27" = Nu((a, 1), 4)), (6.4)

which enables a recursion to generate each sequence a;. The second property

provides a way to compute Ny(a, A).

Lemma 6.4.2. 1. For any sequence a € {0,1}¢ of length ¢ € [L' — 1] and
set A {0, 1}X', we have

Ny(a,A) = Ny((a,0),A) + Ny((a, 1), A), (6.5)
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where (a,0) or (a, 1) is the concatenation of a and a 0 or 1 bit respectively.

2. Foranya € {0, 1} and A c {0,1}~, we have

2k—dg(a,(c1,....ce)) L' —¢
Nu(a, A) = Z Z ( . ) (6.6)
ciceA i=0 !

Proof. Note that for any sequence ¢, the £ + 1-th bit of any sequence ¢’ satisfy-

ing (¢}, ..., cz,) = ais either O or 1. Hence

He : (c},....c}) =aand dy(c/,¢) < 2k}
=|{c": (c],...,c},) = (a,0) and dy(c’, ) < 2k}
+{c": (c],....c}y) =(a,1) and dy(c’, ¢) < 2k},

which implies Eq. (6.5). Moreover, for any sequence ¢ € {0, 1}*’, we have that

e : (c],....c}) =aand du(c/,¢) < 2k}| =

2k—dp(a,(cq,...,ce)) (L/ _ [)
; .

i=0
Hence the number Ny (a, A) can be computed by Eq. (6.6). O
Next, we present the algorithm that takes F’ g (d) = (q1,...,qm) as input and out-

puts a; such that {aj,...,ay} € S¥ and that the decimal presentation decimal(a;)
of a;,i € [M] satisfies

decimal(a;) = ¢q; — 1 + Z Nu((ain,...,aie-1,0), {aj};_:ll)- (6.7)
t:a; =1 and ¢e[L’]

We then show that the sequences a;,i € [M] satisfying (6.7) are decodable, i.e., we
can recover the tuple (g1, ..., qpy) from {ay,...,ay}.

Encoding:
fori € [M], do
q=4qi-
for¢ € [L'], do
if 28~ = Ny (a1, . aie1,0), {2, }i2)) > g,

then a; , = 0.
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else
q=q- Q""" = Nu((ai1,. .., aie-1,0), {a;}'2),
air=1.
end if
end for
end for
return {ay,...,ay}.
The generation of a;,i € [M] in the encoding procedure can be intuitively char-
acterized as walking on a complete binary tree of L’ + 1 layers. The walk starts
at layer 1, i.e., the root of the binary tree, and ends at layer L’ + 1 at one of the

leaf nodes. At each step, it goes to one of its two child nodes, which represent
the bits 0 and 1 respectively. Each string a;,i € [M] is represented by the path

of a walk. For each path a; = (a;1,...,a;1’) and each layer £ € [L’], assign the
weight w(a; ) = 2K = Ny((ai1, . ... aip), {aj};.‘:ll) to node a; ¢ in the ¢-th layer,
and the weight w(a; ) = 2L =Ny ((a;1, ..., 1-a;p), {a; j._:ll) to the brother node

of node a; ¢, 1.e., the node that shares the same parent node with a; . From Eq. (6.5)
we have that w(a;¢) = w(a;ir+1) + w(ai 1) for £ € [L” — 1]. Moreover, we have
that 0 < g < w(a; ) after the ¢-th inner for loop in the i-th outer for loop. This is
formalized in the following lemma, which can be used to prove that Eq. (6.7) holds
and that {a;,...,ay} € S”.

Lemma 6.4.3. After the {-th, € € [L’], inner for loop in the i-th, i € [M], outer for

loop in the encoding procedure, we have that
0<q <2 = Ny((ain, ... ai0), {a;}2). (6.8)

At the end of the i-th outer for loop, we have that g = 1.

Proof. We prove Eq. (6.8) by induction on £. For ¢ = 1, according to Lemma 6.4.1,
we have 0 < ¢ = ¢; < 2" — (i — 1)Q at the beginning of the i-th outer for loop.
If a;1 = 0, then according to the if condition in the encoding procedure, we have
that 0 < ¢ < 25C — Ny(0, {aj};‘:ll) for £ = 1, which proves (6.8). Otherwise

if a;1 = 1, we have

0<q=qi— (2"~ Nu(0.{a;}'_}))
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<2V - (i-1)Q - 2" = Nu(0.{a;} )

(@ ~L/- -
= (2’L = NH(I’ {aj}‘l]':ll))’

where (a) holds since by definition of Ny(a, A), we have that

i-1
N (0, {as¥h) + Nu(1, {a, i) = > l{e s du(e,a)) < 2k}

J=1
i-1

- Z 0
J=1

=({-1)0.

Hence the claim holds for £ = 1. Suppose Eq. (6.8) holds for £ = m. For { =m + 1,

if a; m+1 = 0, then from Step (3), we have 0 < g < 2L-m-1 _ Nuy((aj1,...,aim,0),

{a j};‘:ll). Otherwise if a;,,+1 = 1, we have that

0<g=qi- Q""" = Nu((aip,...,air.0), {a;}2)))
<2 N, a2
— @Y Ng((@ie- i 0). 8 Y)

(b) ' m— i—
2@ - Ny (@i s D, {a Y20,

where (b) follows from Eq. (6.5). Therefore, Eq. (6.8) holds for £ = m + 1 and thus
holds for ¢ € [L’]. Hence at the end of Step (2) we have that

0<q=<2"" - Ny(a.{a;}']}) < L. (6.9)
Hence g equals 1 at the end of Step (2). O
We now show that the strings {a;,...,ay } generated in the encoding procedure

belong to Sy. By Lemma 6.4.3, we have
q= 2L’_L/ _ N[—[(ah {aj 3.—:11) = 1’

at the end of each round of Step (2) in the encoding procedure. This implies
that Ny (a;, {a; 3.‘:11) =0 and thus dy(a;,a;) > 2k+1fori € [2,M] and j € [i—1].

Moreover, since g1 = 2L, we have that a; = 1,/. Therefore, {a;}¥, € Sp.
Next, we use Lemma 6.4.3 to show that the strings {a,-}?;’ | satisfy Eq. (6.7).

Lemma 6.4.4. The output {ai}?;l | of the encoding algorithm satisfies Eq. (6.7).
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Proof. Note that in each inner for loop, the number g is subtracted by 2L ¢ —
Nu((aii,...,ai-1,0),{a; 3._:11) only when a;, = 1 and ¢ € [L’]. Since the
number g equals g; at the beginning of each outer for loop, and from Lemma 6.4.3

equals 1 at the end of each outer for loop, hence we have that
g- Y Q@Y= Ny((ai,. . aie,0), {8 ) = 1,
t:a; =1 and ¢e[L’]
which implies (6.7). O
Remark 6.4.1. By definition of Ny(a, A), we have the following alternative char-
acterization of decimal(a;), i € [M].

i—1
decimal(a;) =¢; — 1 + Z [{c : decimal(c) < decimal(a;) and dy(c,a;) < 2k},
j=1
(6.10)

which is q; — 1 plus the sum of number of strings that are lexicographically less

than a; and have Hamming distance at most 2k from a; over j <.

Lemma 6.4.4 immediately implies a decoding algorithm that transforms {a; } lﬂ;’ , back

t0 (q1s--->qm)-

Decoding:

(1) Order the strings {ai}f‘;ll such thata; > ap > ... > ay.

(2) Fori e [M],

q; = decimal(a;) + 1 + Z Nu((aiy,...,air-1,0), {aj}i_:ll)-
t:a; =1 and te[L’]
(6.11)

To show that the decoding is correct, we prove that the string a;, i € [M] generated

in the encoding procedure satisfies
ay>a >...>ay. (6.12)

Then we conclude that the string a; obtained by ordering {ai}l’.z , in Step (1) in the
decoding procedure satisfies Eq. (6.7). Hence we have Eq. (6.23) and thus ¢;, i €

[M] can be recovered. Suppose on the contrary, there exista;, > a;, for somei; > is.
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Let ¢* be the most significant bit where a;, and a;, differ, i.e., (a;, 1,...,ai, ¢-1) =
(aiy1,-..,ai,0-1) and a;, ¢~ = 1 and a;, ¢~ = 0. Then according to the if statement

in the encoding procedure, we have that

g - ), QY =Nul@i.. . a,01,0), {a;}'5)) > 0 and
t:a;, =1 and te[¢7]
L'-¢ ir—1
qig_ Z (2 _NH((ail,l9'"aai1,€—1’0)9{aj}j=l )) SO,

t:a;, o=1 and te[+]

which implies that

qi, — qiy < Z QY = Ny((ai 1, ..., iy e-1,0), {aj}i-zz_ll))
t:a;, 0=1 and ¢e[¢*]

= Z L~ Ny((aiy s - -5 aiy r-1,0), {a; 7))

J=1
t:a;, =1 and te[¢+]

= Z (NH((ail,lv---’ail,f—l’o)’{aj}j‘lz_ll

t:a;, o=1 and ¢e[*]

- NH((ail,la L) ail,f—la 0)’ {a]}lJZ:_ll))

= Z Nu((ai s ... aie1,0), {2} 15))
t:a;, 0=1 and ce[¢*]

(a) i1—1

< Z lc:dn(c,a;) < 2k|
J=i2

=(i; —2)Q, (6.13)

where (a) follows from the definition of Ny(a, A) and the fact that the strings
which have (a;, 1, ...,ai,.¢-1,0) and (a;, 1, . . ., ai, ¢-1,0) as prefixes, respectively,
where a;, ¢,=1, ai, t,=1 and €1 # {5, are different. Eq. (6.13) contradicts to the fact
that the integers (g1, ...,qu) = Fg(d) satisfy g; — qir1 > Q fori € [M — 1], which
implies g;, — qi, > (i1 —i2)Q.

Since the calculation of Ny (a, A) has polynomial complexity, the complexity of the

encoding/decoding procedure is polynomial in M and L’.

6.5 Robust Indexing for Deletion/Insertion Errors
In this section we show how the idea of robust indexing can be used for correcting

deletion/insertion errors over sliced channels. The redundancy of the construction
is O(k log M L) for constant k.
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Theorem 6.5.1. For integers M, L.k, and L’ % 3logM +4k*>+ 1. If L’ + 4kL’ +
2klog(4kL’) < L, there exists a k-deletion code, computable in poly(M, L) time,
that has redundancy 8k log ML + (12k +2)log M + O (k3) + o(log ML).

Similar to the construction in Sec. 6.3, we use the first L bits (x;1,...,X;1/), i €
[M] in each string x; as indexing bits and sort the strings {x;} according to the
lexicographic order of {(x;1,...,x; Lr)}f.‘;’ - To protect the ordering, we use Reed-
Solomon code to protect the characteristic vector 1({(x;,... ’Xi,L’)}fZl)- The
difference is that in this section, we construct the indexing bits {(x; 1, ..., X;, L,)}?;I |
such that the mutual deletion distance among {(x;1,...,x; Lr)}f.‘;l |» rather than the
mutual Hamming distance considered in Sec. 6.3, is at least 2k + 1, i.e., the deletion
balls D ((x;1,...,x;,1/)) and Dy ((xj1,...,x;1-)) donotintersect fori # j, where
the deletion ball Dy (u) of a string u{0, 1}" is the set of all length n — k subsequence
of u. Define

SP ={{ay,....,an} : D(a;) N Dy(a;) =0 fori # j}.

The construction is based on the following two lemmas, where the first one is robust
indexing for deletion/insertion errors, which will be proved in Sec. 6.5 and the

second one is a deletion code construction, which we presented in Ch. 4.

"2
Lemma 6.5.1. For P = 2* (Lk) , there exists an invertible mapping

(2L’ - (M-1DP+M - 1)] . ({o, 1}L’)

Fb .
§ M-1 M

|—(2L/—MP)M"

computable in poly(M, L) time, such that for any d € | W“’ we have

that FP (d) € SP.

Lemma 6.5.2. (Corollary of Theorem 4.1.2) For any integer nand N = n+4k log n+
o(logn), there exists a systematic encoding function Enc : {0,1}" — {0,1}",
computed in O(n***1) time, and a decoding function Dec : {0,1}¥=F — {0,1}",
computed in O (n**1) time, such that for any ¢ € {0, 1}" and substring d € {0, 1}k
of Enc(c), we have that Dec(d) = c.

Code Constructions
The code construction is the same as that in Sec. 6.3 except that here, the indexing
bits {(x;1,...,x;, L/)}f.‘;[ , are generated using the map F, é) . In addition, a deletion

code in Lemma 6.5.2 is used to protect the concatenated string.
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L _ (ZLI_MP)Mfl
etthedatad € D tobeencodedbeatupled = (di,d>), whered; € ”W”

and
d, € {0,1}"

such that n+4k logn+o(logn) = M(L— L") —4kL’, which implies thatn = M (L —
L") —4kL' —4k[log ML) — o(log ML). We briefly present the encoding/decoding
procedure as follows.

Encoding:

(1) Let FP(dy) ={ay,...,ay} € S suchthata; = 1, anda; > ay > ... > ay.
Let (xi’1, ce ,xi,L/) =a;, fori € [M].

(2) Let

(X1,L7415 -+ s X1 Lr+4k L/ +4k log (4k L") +o0(log (4K L7)))
:Enc(RSZk(l({al, ey aM})))

(3) Place the deletion code Enc(d;) in bits

(X1,1/4+4k L' +4k 1og(4k L") +o(log (4k L") +15 - - - »X1,1), and
(x,-,Lr+1, cen ,xi,L) fori e [2, M]

Upon receiving {x:}f‘;[ |» the decoding procedure is as follows.

Decoding:

(1) Find the unique string X;o such that (le'o,l’ CoLX k) = 1,/_x. Then X;O is

’
io,L'—
an erroneous copy of x; and the string

’ ’
(xio,L’+l’ T ’xio,L’+4kL+4k 10g(4kL’)+0(log(4kL’))—k)

is an erroneous copy of

(XL 415+« +» X1L/44k L +4K log(4k L) +o(log(ak L)) = Enc(RSa (1({a;}X)))).

Correct the vector RS> (l({a,-};‘;ll)) and use it to recover 1({a,-};‘;’1), and thus
the indexing bits {(x;,1, . ..,x;,.)}Y,. Recover d = (Fi)™' ({a;}¥)).

(2) Foreachi € [M], find the unique (i) € [M] such that (x;r(l.),l, e ,x;r(l.)’L/_k)
is alength L’ — k substring of (x; 1, ..., x; /) (note that 7(1) = ip). Checking
if a string is a substring of another can be done in linear time using a greedy

algorithm.
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(4) Since x;(i) is an erroneous copy of x;, i € [M], the concatenation m’ =
’ ’ ’

((xn(l),L’+4kL’+4k log(4kL")+o(log(4kL/))+1° " " ’xﬂ(l),Ll)’ X2y

Ly is the length of X;(l), is an erroneous copy of Enc(dy). Use the de-

, X;(M)), where

coder Dec(m’) = d,.

(5) Output (dy,dy).

The proof of correctness is similar to that in Sec. 6.3. The redundancy of the code
is
M-1/AL" _ ;
r(C) =log (f;) - 1ong":(1 M(Z_Ll)_!’P)]
—[M(L-L")-4kL - 8klog(4kL’) — o(log(4kL’))
—4k[logML] - o(logML)]
<8klog ML + (12k +2)log M + O(k*) + o(k log ML).

Computing F?

We now prove Lemma 6.5.1. The robust indexing algorithm for generating the
indexing strings {x;1,...,x;z/} is the same as in Sec. 6.4 except that we replace
the notations Ny(a, A) and Q, which are based on Hamming distance, with their
deletion distance counterparts. For a string ¢ € {0, 1}’ and a set of indices A =
{61,...,0,} C [£],letc(A) be the length £ —r subsequence of ¢ obtained by deleting

bits (061’ Coyrvnvs C(sr) in c.

For sequences ¢; € {0, 1} and e, € {0, 1}% and nonnegative integers r, r, define

the set

I(c1,e0,71,1m2) = {(A1,A2) :Ar C [G], |A1] <71, A0 C [6], |A2] < 1a,
ci(Ar) = c2(A2)}

and the number
N(er,e2,71,12) = |L(€y,€2,71,72)], (6.14)

which is the number of ways to delete no more than r; and r; bits in ¢; and ¢y,
respectively, such that the resulting subsequences are the same. For a sequence a €
{0, 1}‘) of length ¢ € [0, L’] and a set of sequences A C {0, l}L/, define

Np(a,A) = Z Z N(¢, ¢ k. k).

€A ¢n:ere{0,1}L and (c!,....co)=a
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For an empty sequence a and a sequence ¢, we have that

k L 2
ND(a,c):PéZ(r) 2 (6.15)

r=0

since Np(a, c) is the number of tuples (¢’, Aj, Ay) of sequences ¢’ € {0, I}L' and
index sets Aj, Ay C [L’] such that after no more than k& deletions in indices A and

A; in ¢ and ¢/, respectively, we obtain the same subsequence ¢(A;) = ¢’ (A»).

The algorithm for computing F2 is the same as that for computing F§, by replacing
the numbers Ny ((a;1,...,ai¢-1,0), {aj}j._:ll) and Q with numbers Np((a;1,...,
ajr-1,0),{a; }3._:11) and P. To prove the correctness of the algorithm, we need to
show that Np(a, A) satisfies the two properties similar to the ones in Eq. (6.5)
and Eq. (6.6). The first is that

Np(a,A) = Np((a,0),A) + Np((a, 1), A) (6.16)

for a sequence a € {0, 1}¢ of length £ € [L’ — 1] and a set A c {0, 1}%, which is a
deletion counterpart of Eq. (6.5). This can be proved by noticing that

Np(a, A) = Z Z N(¢, ¢, k, k)

¢:e{0,1}" and (c].....c;)=a c€A

and that for every sequence ¢’ € {0, 1}’ that satisfies (c},...,c};) = a, we have
: ’ — ’ —
either ¢, =lorc,,  =0.

The second property is that the number Np (a, A) is computable in polynomial time.
Since obtaining an explicit expression as in Eq. (6.6) is challenging, we compute
the number Np(a,c) using dynamic programming for two sequences a € {0, 1}¢
and ¢ € {0, 1} such that £ € [0, L’]. Given a and ¢, we compute

n(ky, ko, ri,r2)

= Z N(C/, (CL’—k2+19--'aCL’),rl’rZ)-

c’:c’e{O,l}L"“kl and (C;,...,C;(l):(a[_kl.;.[ ..... ar)

Note that Np(a,¢) = n(¢, L, k, k). In addition, by definition of Np(a, A), we have
that Np(a, A) = X.cca Np(a, ). Hence, Np(a, A) can be computed efficiently when

Np(a,c) is computed.

For ki = 0, we have that

n(0, ky, ry,12) = Z N(¢, (CL—kytls---»CLI)T1,T2), (6.17)

c:¢’e{0,1}L'-¢
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which by Eq. (6.14) equals O when L’ — € —r; > kpor kp —rp > L’ —¢. When L’ -
{—r1 <kpand ky —rp < L’ — €, we show that
¥
ko L'-¢ L't~ (ka—i)
0,ky,r1,1m2) = 2 27, 6.18
n(0, ka, 71, 72) Z ( )(L’ ) (6.18)

ko) \ —t= (k=)

for ko > L’ — € and that

(0, ka, 71, 72) 2 ( k2 )(L/_[)zf (6.19)
n(0, ka,r1,1r2) = , : : ) -
T ky—(L"—€—1i) i

forky < L'—¢. For kp > L’—Candsets (A1,Ay) € IT(¢’,¢c = (Cri—kyt1s----CL"), 1,
r2), the cardinality |A,| satisfies k, — (L" — €) < |Az| < rp because

(A1) = (CLr—ky+1s - - -» L) (A2).

For given |A;|, there are (|§§|) ways to select A and ( L,_é,f;;f_ As)
Moreover, given ¢, A, and Ay, there are 2L=t=(k2=A2) chojces of ¢’ such that c(Ay) =
¢’(A1). Hence we have Eq. (6.18). Similarly, we have Eq. (6.19). Therefore, the

number n(ky, k2,71, r2) can be computed when k; = 0.

) choices of A;.

For k1 > 0, we compute ng, ,r r, iteratively from ki = 0 to k; = € using the

following recursion.

n(ki, ko, ri,72) = > n(ki = 1,L' = k,ri,ra—k+L —ky+1)
kikE[L’—k2+1,L’],Ck=ag_kl+1
+2n(k1 -1, ko, r; — 1,7’2), (6.20)

where n(k’,k”,r’,r"”) = 0if ' < 0 or " < 0. Note that for any (Aj,A;) €
I(c,e=(cr—ky+1s----CL7),F1,72), we haveeither 1 € Ajorl ¢ A;. When 1 € Ay,
then ¢”(A\{1} = 1) = (cL/—ky+1, - - - > cL/) (A2), where €7 = (), ..., C,L’—€+k1) and
A—i={j—i:j e A} forany set A and integer i. Note that there are n(k;—1, ko, 71—
1, r2) choices of (¢”, Aj\{1} — 1, A) such that (c7, ..., c?{’l_l) = (a¢-k,+2,....a,) and
" (A\{1}=1) = (cL/—kp+15 - - - » 1) (A2). Since ¢ canbe eitherOor I when 1 € A;.
We have 2n(k; — 1, kp,r1 — 1,r2) choices of (¢/, Aj, Ay) such that (c’z, . ,c’kl) =
(cfsoooscf ) = (Q1-ky42,.a,) A0A €' (A1) = (CLr—ky415 - -, c1) (A2), when T € Ay
When 1 ¢ Ay, Let k be the minimum index such that k € [L" — k, + 1, L’] and
(k—L"+ky) ¢ Ay. Then, we have that ¢ = c’1 =aj_g;+1, [LLk =L +ky—1] € Ay,
and ¢ (A1 — 1) = (¢cre1s---nc)(M\[1,k = L'+ ky — 1] =k + L' — k), where
¢’ = (c’z, e, c’L,_“kl). There are n(ky — 1, L' —k,ri,rp —k+ L’ — ky+ 1) choices
of (¢”,A1 — 1,M\[1,k = L'+ ky — 1] — k + L' — kp) such that ¢”(A; - 1) =
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(Ckt1s--rer)(B\[1,k = L+ ka — 1] — k + L’ = k3) and that (c7,..., c’k’l_l) =
(a¢-k,+2....a,)- Therefore, there are n(ky — 1,L" — k,ri,ro —k + L' — ky + 1)
choices of (¢, Ay, Az) such that (¢, ..., c}q) = (ae—k,+1,-..,a¢) and ¢’(Ay) =
(cL'—ky+1s - - -» €1)(A2). Note that for each k satisfying k € [L" — ky +1,L’] and
Ck = ¢ = ag—k+1, thereare n(ky — 1, L = k,r1,ro —k+ L' — ko + 1) choices of such
(¢/,Ar1,A). In addition, different k corresponds to different choices since & is the
minimum index such that (k — L’ + k) ¢ A,. Hence, we have (6.4).

By Eq. (6.17), (6.18), (6.19), and (6.4), the number N(a,c) = n({,L’, k, k) can
be recursively computed for any a € {0,1}¢ and ¢ € {0,1}*. Therefore, the
encoding/decoding can be computed in poly(M, L’) time.

We are now ready to present the algorithm that computes F SD (d) for an integer
d e [(ZL,_(MA;I_)IP M _1)]. The algorithm is the same as the encoding procedure
in Sec. 6.4, by replacing Ny (a, A) with Np(a, A) for any sequence a and set of
sequences A. In addition, the integers ¢; are generated such that ¢; = 2" and

qi+1 —¢q; > P fori € [M — 1]. Such g;, i € [M] can be generated following the

same argument in Lemma 6.4.1, since d € [(ZL _(MA;PIP M _1)]. Given integers q;,
i € [M], satisfying ¢; = 2" and g1 —q; > P for i € [M — 1], the encoding
procedure for generating {aj, ..., ay} is given as follows.

Encoding:

fori € [M], do
q=4q;i.
for¢ € [L'], do
if 21~ — Np((ai1. . ... aie-1,0), {aj};;ll) > q,
then a; ¢, = 0.
else
— L'~ , , -1
q_q_(2 _ND((al,l9'"aal,f—l’o)a{a]}jzl))v
a; ¢ = 1.

end if

end for
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end for

return {ay,...,ay}.

The correctness of the encoding procedure follows similar argument to the one in

Sec. 6.4. We prove that the input (g1, ..., gy) and output {ay, ..., ay } satisfy
decimal(a;) = ¢g; — 1 + Z Np((aii,...,air-1,0), {aj}i-_:11) (6.21)
t:a; =1 and ¢e[L’]
and {aj,...,ay} € SP. The following is a deletion metric version of 6.4.3, by

replacing Ny (a, A) with Np(a, A) for any sequencea € {0, 1}‘ andset A € {0, 1}~

Lemma 6.5.3. After the ¢-th, € € [L’], inner for loop in the i-th, i € [M], outer for

loop in the encoding procedure, we have that
0<gq <2 =Np((ain,....ai0), {a;}'2). (6.22)

At the end of the i-th outer for loop, we have that g = 1.

Proof. The proof is the same as that of Lemma 6.4.3, by noticing that

i—1
Np(0,{a;}2) + Np(1,{a;}h) = > No(a))
j=1

Wi,

where is the empty sequence and (a) follows from (6.15) and the factthat Np(a, A) =
Y.cca Np(a, ). In addition, we have (6.16), which is the deletion metric version of
(6.5). The rest of the proof follows the same as in 6.4.3. O

From Lemma 6.5.3, we have
q = 2L/_L/ - ND(ai, {aj}z.‘:ll) =1,

at the end of the i-th outer for-loop, i € [M]. Hence, Np(a;, {aj}i.‘:ll) = 0 for
i € [M] and Dy (a;) N Dr(a;) = O for any i # j, i,j € [M]. Then, we have
that {a,-}?;’ | € SP . In addition, similar to Lemma 6.4.4, we can use Lemma 6.5.3 to
show that the output {a,-}f.‘;’ | satisfies Eq. (6.21).

Therefore, we have the following decoding algorithm, similar to the one in Sec. 6.4.

Decoding:
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(1) Order the strings {ai}f.‘;ll such thata; > a; > ... > ay.

(2) Fori € [M],

g; = decimal(a;) + 1 + Z Np((aii,...,aic-1,0), {aj};_:ll)‘
t:a; p=1 and te[L’]

(6.23)

Finally, the correctness of decoding is guaranteed by (6.21) and the fact that a; >
a, > ... > ay, where a; is the output generated in the i-th outer-loop. The latter
follows similar proof to the one in Sec. 6.4. Suppose there exists i; > i» such that
a; > a;, alphabetically. Then we have that

gn-an< Y, @

t:a;, =1 and ¢e[¢*]

- Np((ai1s- .., ai-1,0), {aj}j-zz_ll))

- Z (Q’L/_K_ND((ail,l’--"ail,f—lao)’{aj}il_l))

Jj=1
t:a;, 0=1 and te[¢*]

= Z (Np((aiy1s- .- ai r-1,0), {a;}' =)

J=1
t:a;, =1 and ce[¢*]

- ND((ail,b ceey ail,f—la O), {a]};zz_ll))

= Z ND((ail,l"'"ai1,€—1’0)3 {a_/}ljlz_l;)
t:a;, o=1 and ¢e[ 7]
(a)

<Np(0, {a;}5)
(b)
< (i) —i2)P, (6.24)

where () is the empty sequence and (a) follows from the definition of Np(a, A) and
the fact that the strings which have (a;, 1,...,4a;,¢-1,0) and (a;, 1,...,ai,.6,-1,0)
as prefixes, respectively, are different. Inequality (b) follows from (6.15) and the
fact that Np(a, A) = Ycca Np(a,c).

6.6 Conclusion

In this chapter, we provided order-wise optimal codes correcting k substitutions, and
a combination of at most k deletion or insertions, respectively, over an unordered
set of M sequences, each of length L. There are limitations on the parameters
(k, M, L), where our results apply. It is interesting and desirable to see if such
optimality holds for broader set of parameters (k, M, L).
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6.7 Appendix
Proof of Eq. (6.2)

2t [ Y -i0)
=1 ~ log[—=}
r(C) =log (M) og[ Y ]

— [M(L - L") —4kL’ —2k[log ML]]
< 2LM | (2L’ _ MQ)M—]

(0] — 10
SO TR T o)

— [M(L - L") —4kL’ —2k(log ML +1)]
=ML —log(2Y - M) + 4kL’
+2klogML +2k —logM

HL'(M-1)
1
T M)
+2klogML +2k —logM
M-1)M M 2L’
_(M-DMO _ MO e L akr
2L — MQ 2L —MQ
+2klogML +2k —logM
(g)(M —1)
M

+ L +4kL’

log(1 +

1
log(1+—)M + L' +4kL’
og(l+7)
+2klogML +2k —logM

<loge+ L' +4kL"+2klogML + 1+ 2k —logM
=2klog ML + (12k +2)log M + Ok + O(kloglogML),

where (a) follows from the following inequality
M2(3log M + 4k% + 1)% < p3logM+dk’+l (6.25)

and the fact that the function f(x) = (1+x)'”* is decreasing in x for 0 < x. Eq. (6.25)

is proved as follows.

Rewrite Eq. (6.25) as
(3log M + 4k% + 1)% < plogM+dk+1, (6.26)

Define functions g(y, k) = In(3y + 4k> + 1)** and h(y, k) = In 2+ Then we
have that

Ah(y, k) /0y —dg(y, k) /0y =In2 — 6k/(By + 4k* + 1),
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which is positive for y > 1 and k > 2. Therefore, for k > 2 and y > 1, we have that

h(y, k) —g(y,k) = h(1,k) —g(1, k).
Furthermore,

Oh(1,k)/0k —dg (1, k)/0k =(8In2)k — 21In(4k?* + 4) — 16k>/(4k* + 4)
>(81n2)k — 21n(5k%) — 4
=4(k—1-1nk)+ (8In2—4)k —21In5

(@
> (81n2 —4)k —21In5,

where (a) follows since k = e!™* > 1 +1Ink. Since (81n2 —4)k — 21n5 is positive
for k > 3, we have that h(1,k)/0k > dg(1,k)/0k for k > 3. It then follows
that A(1,k) — g(1,k) = min{h(1,2) — g(1,2),h(1,3) — g(1,3)} > O for k > 2.
Hence h(y, k) > g(y,k) fory > 1 and k > 2, which implies that Eq. (6.26) holds
when M > 2 and k > 2.

Next we show that Eq. (6.26) holds when M =1 or k = 1. When M = 1, we have
that log M = 0 and that

Oh(0,k)/dk — g (0, k)/dk =(8In2)k — 2In(4k> + 1) — 16k>/(4k*> + 1)
>(81n2)k — 2In(5k%) — 4
=4(k-1-1nk)+(8In2—4)k —21n5
>(8In2 —4)k —21n35,

which is positive when k > 3. Therefore, we have that h(0,k) — g(0,k) >

min{4(0, 1) — g(0, 1), ~(0,2) — g(0,2), h(0,3) — g(0,3)} > 0. Hence Eq.(6.26)
holds when M = 1.

When k = 1 we have that
plog M4k +1 351 4 > log M/it)
i=1

>32(1 +log M +log> M /2)
>(31log M +5)?
=(3log M +4k? + 1)k,

Hence, Eq. (6.26) and Eq. (6.25) holds. We now finish the proof of Eq. (6.2).
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Chapter 7

TRACE RECONSTRUCTION

7.1 Introduction

The trace reconstruction problem seeks to recover an unknown string x € {0, 1}",
given multiple independent noisy samples or traces of x. In this chapter, a noisy
sample is obtained by passing x through a deletion channel, which randomly and
independently deletes each bit of x with probability g. We are interested in how

many samples are needed to recover x with high probability.

The trace reconstruction problem was introduced in [5] and proposed earlier in
[66] under an adversarial setting. It has been receiving increased attention recently
due to its application in DNA sequencing [8] and DNA storage under nanopore
sequencing [73, 99]. Also, there are many significant results on trace reconstruction
and its variants and generalizations, such as coding for trace reconstruction [23]
and population recovery [4]. For average case trace reconstruction, where the
reconstruction error probability is averaged over all choices of x € {0, 1}", the state

of the art upper and lower bounds on the number of samples are exp(O(log% (n)))

5
[48] and Q(%) [16] respectively.

Despite the progress for average cases, the trace reconstruction problem proved to
be highly nontrivial in worst cases, where the reconstruction error probability goes
to zero for arbitrary choice of x. For small deletion probabilities, the work in [20]
showed that polynomial number of samples suffice when g < n=(3* for some € > 0,
improving the result in [5] for g < n~(3*©) and some € > 0. When the deletion
probability becomes constant, there is still an exponential gap between the upper
and lower bounds on the number of samples needed. The first achievable sample
size for constant deletion probability g is exp(0~(n%)) [69], which was improved
to exp(@(n%)) in independent and simultaneous works [27] and [70]. Both [27]
and [70] studied mean-based algorithms, which use single-bit statistics in traces, for
reconstruction. They showed that exp(O(n%)) is the best sample size achieved by
mean-based algorithms. A novel approach in [27] and [70] is to relate single-bit
statistics to complex polynomial analysis, and borrow results from [10] on complex
analysis. This approach was further developed in [15], where multi-bit statistics

were considered. The current best upper bound on the sample size is exp(é(n%))
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[15], while the best lower bound Q(
the upper bound.

3
lo’; ﬁn) [16] is orders of magnitude away from

While the general trace reconstruction problem is hard to solve, in this chapter,
we focus on a variant of the trace reconstruction problem with an edit distance
constraint. Specifically, the goal is to recover the string x by using its noisy samples
and additional information of a given string y, which is known to be within a bounded
distance from x. The edit distance between two strings is commonly defined as the
minimum number of deletions, insertions, or substitutions that transform one string
into another. In this chapter, we consider only deletion/insertion for convenience, as
a substitution is an insertion followed by a deletion. We say that a string x is within
edit distance k to a string y, denoted as x € B (y), if x can be obtained from y
after at most k deletions and & insertions. Note that the general trace reconstruction

problem considers cases where k = n.

The setting considered in this chapter arises in many practical scenarios in genome
sequencing, where one needs to recover an individual genome sequence of a species,
given a reference genome sequence that represents the species [2]. Normally, the
genome sequences of a species share some similarity and most of them can be
considered to be within a bounded edit distance from the reference genome. One
example is the Human Genome Project, where a human reference genome is provided
to study the difference between individual genomes. Complementary to the problem
we consider, the work in [26] studied approximate trace reconstruction, which aims
to find an estimate within a given edit distance to the true string. Note that such an
estimate, together with an algorithm to distinguish two strings within edit distance

k, establishes a solution to the general trace reconstruction problem.

As indicated in [27, 37, 49, 57, 70], the problem of worst-case trace reconstruction
is essentially equivalent to a hypothesis testing problem of distinguishing any two
strings using noisy samples. More specifically, the sample complexity needed for
trace reconstruction is at most poly(n) times the sample complexity needed to
distinguish arbitrary two strings. The same equivalence holds in our setting as well,
where a reference string y is known and close to x in edit distance. Hence, for
convenience, we consider the problem in the form of distinguishing any two strings
x € {0,1}" and y € {0, 1}" when x is within edit distance k£ to y. One special
case of the problem is to distinguish two strings within Hamming distance k, which
was addressed in [57] and n°%) sample complexity was achieved. Recently, an

independent work [37] studied the limitations of mean-based algorithms (see [27]
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and [70]) in distinguishing two strings with bounded edit distance. It was shown
that mean-based algorithms need at least n°(°2") traces to distinguish two strings
with edit distance of even 4. The paper [37] also showed that nO®) suffices to
distinguish two strings x € {0, 1} and y € {0, 1}"* with special block structures, if
x € Bi(y). Yet, as pointed out in [26], it is an open problem whether n°*) samples

suffice to recover a string that is within edit distance k to a known string.

The main contribution of this chapter is an affirmative answer to this question. We
show that distinguishing two sequences within edit distance k needs at most n° )

samples. The result is stated by the following theorem.

Theorem 7.1.1. Let x € {0,1}" and y € {0, 1}" be two strings satisfying X €
Bi(y). Then strings X and y can be distinguished with high probability, given n®*)
independent noisy samples, each obtained by passing X through a deletion channel

with deletion probability g < 1.

Remark 7.1.1. Theorem 7.1.1 holds for any string y that can be obtained from x
after at most k deletions or insertions. The length of y is not necessarily n. Yet by

definition of the trace reconstruction problem, we focus on length n strings X and y.

The approach we take follows a similar method to thatin [15, 27, 37, 70], in the sense
that we derive bounds on multi-bit statistics through complex analysis of a special
class of polynomials. Yet, the complex analysis in this chapter differs from those in
[15, 27,37, 70] in the following two ways. Firstly, we make use of the fact that the
polynomial is related to a number theoretic problem called the Prouhet-Tarry-Escott
problem [9], which is also noted in [37]. This allows us to link the problem to
our previous result on deletion codes [86], where we showed that two constrained
strings can be distinguished using weighted sums of powers, which is similar in
form to the Prouhet-Tarry-Escott problem. Secondly, to find the maximum value of
the polynomial, we let the complex variable take values on a small circle around the
point 1, while the work in [15, 27, 37, 70] analyzes the complex polynomial on a

unit circle. By doing this, we are able to improve the n2**) bound in [37] to n®®).

The rest of the chapter is organized as follows. In Sec. 7.2 we provide an introduction
to the techniques and the lemmas needed to prove Theorem 7.1.1. In Sec. 7.3, the
proof of Theorem 7.1.1 is given. Sec. 7.4 presents the proof of a critical lemma on

complex analysis. Sec. 7.5 concludes the chapter.
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7.2 Proof Techniques and Lemmas

In this section we present a brief introduction to the techniques and key lemmas
needed in proving Theorem 1. For strings x € {0,1}" and y € {0,1}", let X =
(X1,...,X,) and Y = (¥1,...,Y,) denote the sample obtained by passing x and y
through the deletion channel respectively. We have X; = 0 or Yj =0Qifiorjis
larger than the length of X or ¥, respectively. Note that X and ¥ are sequences of
random variables that describe the probability distributions of the samples.

The techniques we use were originated in [27, 70], which presented the following
identity
n

2| 2 L] =a —qémi

=/ (2), (7.1)

for a sequence x and a complex number z. The identity (7.1) links the analysis of
single bit statistics {Ez [ X;] }%_, to that of complex polynomials. As a result, a lower
bound on the maximal difference between single bit statistics maxj<;<, |E¢[X;] —
Ey[Y;]| can be obtained through analyzing the maximal value of the polynomial
/X (2) = fy (z) on a unit disk, a problem referred to as Littlewood type problems and
studied in [10, 11]. Generalizing the approach in [27, 70], the papers [15] and [21]
presented multi-bit statistics counterparts of (7.1). In this chapter, we consider the

version from [15], stated in the following lemma.

Lemma 7.2.1. [15] For integer £ > 1, complex numbers 71, . .., z¢, and sequences
x € {0,1}" and w € {0, 1}, we have

-
E}? (1 - q) Z 1)?ij:Wj,\7/j€[f]

1<ii1<..<ig<n

{
21 =4\ 3741
il [ (G K
l-¢qg” ;5 1-4q
{

_ J1 Jh=Jjn-1—1
B Z 1xfh =wi.Yhe[(]2] l_l g

1<j1<...<je<n h=1

éJCX,W(ZI’H"Zf)’ (72)

where [€] ={1,...,¢}andi:i+€—-1={i,...,i +{—1}. For any statement E,
the variable 1 = 1 iff E holds true.
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By taking zo = ... =z, = 0 in (7.2), we obtain
n—{+1 .
Fw(2,0,.,0) = > Lo (7.3)

i=1
Similar to the arguments in [15], we prove Theorem 7.1.1 by analyzing the poly-
nomial fyw(z,0,...,0) = fyw(z,0,...,0) associated with the multi-bit statistics in
(7.3). Note that the polynomial fy w(z,0,...,0) = fyw(z,0,...,0) is single variate.
The way in which the polynomial is analyzed in this chapter deviates from that in
[15]. While the paper [15] taylored the complex analysis arguments in [11] to obtain
improved bounds, in this chapter, we exploit number theoretic properties of two

strings x and y within edit distance k.

In Ch. 3, we showed implicitly that the weighted sums of powers >, i/x;, j €
{0,...,0(k)} can be used to distinguish two constrained strings x and y within edit
distance k. The following lemma makes this statement explicit. Let R, x denote the
set of length n strings such that any two 1 entries in each string are separated by a 0

run of length at least k — 1.

Lemma 7.2.2. For distinct strings X,y € Rk, if X € Bk (y), then there exists an
integer m € [12k + 1] such that 3% i"x; # 25 i y;.

Proof. Suppose on the contrary, we have that 3" i"x; = >/, i"y; for all m €
[12k + 1]. Then, we have that

DU = 2D (7.4)
=1 j=1 i=1 =1
forallm’ € {0, ..., 12k}. Thisisbecause 23':1 jm' is a weighted sum ofil, ... im*!
for any m’ € {0, ..., 12k + 1} (Faulhaber’s formula). Next, we borrow a result from

[86].

Proposition7.2.1. [86] For sequences X,y € R, 31, ify € B3 (X) and 3.}, (23.:1 J™Mx; =
Z;’ZI(Z;ZI J™)y; form € {0,...,6k}, thenx =y.

Note that Bsi(x) C Ber(x). Since (7.4) holds, we apply Proposition 7.2.1 with
k = 2k and conclude that x = y, which contradicts the fact that x and y are
distinct. O

Interestingly, the following result from [9] connects the sums of powers of two sets

of integers that appear in Lemma 7.2.2 to the number of roots of a polynomial at 1.
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It allows us to combine the number theoretic result with further complex analysis,
which will be given in Lemma 7.2.6. The lemma can be proved by checking the

i-th, i € [m], derivative of the polynomial }}}_, z% — >, 7P at point z = 1.

Lemma 7.2.3. [9] Let {ay,...,as} and {B1,...,Bs} be two sets of integers. The

following are equivalent:

(@) Sy @] = S, Bl for j € [m = 1].
(b) (z— 1)™ divides Y}_, z% - X7, 2P0,

Remark 7.2.1. The problem of finding two sets of integers {1, . . ., as} and{B1, . . .,
Bs} satisfying the statement (a) is called the Prouhet-Tarry-Escott problem [9].
This connection between the Prouhet-Tarry-Escott problem and the analysis of

polynomials was also used in [37] and implicitly in [56].

Lemma 7.2.2 requires that the strings x and y are within R(n, 6k), which does not
hold in general. Following the same trick as in [15] and [86], we define an indicator
vector as follows. For any sequences x € {0, 1} and w € {0, 1}, define the length
n vector
1o (x); £ I, ifXpipe1 =W,
0, else,

for i € [n]. Note that 1w (x); =0 fori € {n —€+2,...,n}. It can be seen that the
polynomial fyx w(z,0,...,0) related to multi-bit statistics is exactly the polynomial
flsw ) (z) related to single-bit statistics. To apply Lemma 7.2.2, we need to find a w
such that 1y,(x) € R(n, 6k). The same as what the paper [15] did, we find such a w
by using the following lemma from [78]. A string w € {0, 1}¢ is said to have period
a, if and only if w; = wj,, fori € [£ — a]. Moreover, a string w € {0, 1}¢ is said to

be non-periodic, iff w does not have period a for a € [[g'l -1].

Lemma 7.2.4. For any sequences w € {0,1}?~1 either (w,0) or (w, 1) is non-
periodic, where (w,0) and (w, 1) is the string obtained by appending 0 and 1 to W,

respectively.

Lemma 7.2.4 can be proved by definition of period. The claim that 1y (x) € R(n, p)
follows from Lemma 7.2.4 and will be proved in Lemma 7.2.5. In addition, the edit
distance between 1y (x) and 1y(y) needs to be bounded to apply Lemma 7.2.2. This

is proved in the following lemma.
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Lemma 7.2.5. Let w € {0,1}?” be a non-periodic string. For two strings X
andy € By (x), we have that

(a) 1w(x) € Rn,p-
(b) 1w(y) € Ru,p-

(c) Lw(x) € Bsi(Lw(y)).

Proof. The statements (a) and (b) follow from the definition of vectors 1 (x) and
1w (y) and the fact that w is non-periodic. Suppose there are two 1 entries 1y (X);
and 1y (X);4+4 in 1 (x) that are separated by less than p — 1 0’s,i.e.,a < p—1. Then
by definition of 1y(x), we have that X;.;42,—1 = W and that X;;4:j4+4+2p-1 = W. This
implies that w; = X;4q4j-1 = W44 for j € [2p — a]. Hence, the string w has period
a < p — 1, contradicting to the fact that w is non-periodic. Hence, we have that
1w(x) € R, p, and similarly that 1y(y) € R, .

We now prove statement (c). To this end, we first show that a deletion in x results
in at most three deletions and two insertions in 1y (x). Since w has length 2p and
1w(x) € R, as shown in (a), a deletion in x results in at most two deletions and
two insertions of 1 entries in 1y (x), respectively. Otherwise, suppose that a deletion
in x deletes three 1 entries ly(X);,, 1w(X);,, and 1y(X);; in 1yw(x), then we have
that i3 — i > 2p because (a) holds. This is impossible since w € {0, 1}*” and the
deletion in x can not affect the two occurrences X;,.;,+2p-1 and X;;.;;12,—1 of W in X
simultaneously. Hence a deletion causes at most two deletions of 1 entries in 1y (x)

and similarly, the same holds for insertions.

Moreover, at most one O entry is deleted in 1y,(x) because of the deletion in x.
Hence, a deletion in x causes at most three deletions and two insertions in total
in 1y(x), and k deletions in x results in at most 3k deletions and 2k insertions in
1w(x). The same holds for y and 1y(y).

Since x € By (y), we conclude that 1y(y) can be obtained from 1y (x) by at most
Sk deletions and 5k insertions, and hence, 1y (X) € Bsi (1w (y)). O

With Lemma 7.2.2 and Lemma 7.2.5 established, we present a lower bound on the
maximal value of polynomial fxw(z,0,...,0) — fyw(z,0,...,0) for z close to 1.

Note that it is important that z is located near the point 1 on the complex plane

because of the scaling factor (i%q)" in the multi-bit statistics in Eq. (7.3). To meet

q
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this requirement on z, existing works [15, 27, 37, 70] restrict z to lie on short subarcs
of a unit circle around 1, a case also considered in [10] in the context of complex
analysis. In this chapter, we choose z from a small circle around 1. It turns out that
this choice of z achieves a lower bound % on fyw(z,0,...,0) = fyw(z,0,...,0),
which improves the bound 2) established in [37]. The details will be given in the
following lemma, which is a cr1t1ca1 result in this chapter. Its proof will be given in
Sec. 7.4.

Lemma 7.2.6. For integer € > 1 and strings x,y € {0, 1}* and w € {0,1}¢, if
1w(x)ii™ # 2.0, Lw(y)ii™ for some non-negative integer m, then there exists a

complex number z, such that | =% q "< 2and

C PN i 1
; 1w(x)iz' = ; 1w(y)iz' 2 2 (Im+2) (7.5)

for sufficiently large n.

Finally, we use the lower bound in Lemma 7.2.6 for single variate polynomial
fiw(z,0,...,0) = fyw(z,0,...,0) to obtain a lower bound for the multi-variate
polynomial fyw(z1,...,2¢) = fyw(z1,...,2¢), where zy, ..., z¢ are close to 1. This
lower bound guarantees a gap between the multi-bit statistics of X and ¥, which
makes x and y distinguishable by Hoeffding’s inequality (See Sec. 7.3). The proof

follows similar steps to the ones in [15].

Lemma 7.2.7. For integer { > 1 and strings x,y € {0,1}" and w € {0, 1}, if

L Lw(x)ii™ # X, 1w (y)id™ for some non-negative integer m, then there exist

complex numbers z1, . .., z¢, such that | a4 |” < 2forj € [{] and
1
faw(zts .o 20) = fyw(zi, oo, 20) 2 o (7.6)

for sufficiently large n.

Proof According to Lemma 7.2.6, there exists a complex number z* satisfying
E = q|” < 2and (7.5). Letz; = z"and zp = ... = z¢ = z. Then the polynomial
f(z .2) = faw(Z 2. ,2) = fyw(Z¥,z, ..., 2) isafunction of z. By (7.3) and (7.5)
we have that f(z*,0) > Wlm-ﬂ) The following result from [11] relates f(z*,0)

to the maximal value of f(z*, z) for z close to 1.



196
Proposition 7.2.2. [11] Let f(z) be an analytic function satisfying f(z) < 1+|Z| for

|z| < 1. There are positive real constants c| and ¢, such that
L 2
|f(O)= <exp(—) max |f(z)]
a  zel[l-a,l]
for real number a € (0, 1].
According to Proposition 7.2.2, we have that

max ",
z€[max{2¢-1,0},1] |f(Z Z) |

c2
1 — max{2¢qg - 1,0}

) (17

)|f(Z*, O)| l—maXE‘Zqul,O}

> exp(—

1

>0
(nO(m)

Let z; = z¥ and 2z = ... = z; be the number z maximizing the term |f(z*, z)| in
(7.7). Then by Lemma 7.2.6 we have that |%|" < 2 for sufficiently large n and

Zli%qln < 1fori e {2,...,¢}. Hence, the proof is done. |
q

7.3 Proof of Theorem 1
In this section we prove Theorem 1 based on the results from Lemma 7.2.1 to Lemma
7.2.5 and Lemma 7.2.7. Let g be the smallest index such that x; # y;. If o < 12k,

we have the following result from [76], which was also used in [15].

Proposition 7.3.1. For sequences x,y € {0, 1}", let ty be the smallest index such

that x;, # yy,, i.e., x; = y; fori € [to — 1]. Then, with high probability X and 'y can
1

be distinguished using exp(O(t;)) samples.

According to Proposition 7.3.1, sequences x and y can be distinguished with high
1

probability using exp(O(z)) < n?® samples. Hence, it suffices to consider cases

when 7y > 12k.

Let W = X;,—12k+1:1p—1- By Lemma 7.2.4, either (w’,0) or (w’, 1) is non-periodic.
Without loss of generality, assume that w = (w’,0) € {0, 1}!?* is non-periodic.
Then, similar to the arguments in [15, 27, 37, 57, 70], the core part of the

proof is to show that the difference of multi-bit statistics E¢[1¢. Y jeri2ky] and
lj ’

. 1 . . . .
Ei[lﬁ-i:wj,v]‘e[lzk]]’ is at least —5; for some integers 1 <7y < ... <iix < n, e,

max
1<i<...<ijpr<n

EX [1)2,"].:\4/]',\7’]'6[12/(]]
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1
~Eg[1y, =wj v]e[IZk]]‘ o) 7o

Let

(iTa cees iTZk) = argmax1§i1<...<i12k§n|Ef([1)?ij=wj,Vj€[12k]]
“Epl1y, -, vjenn2nlls

which can be determined once x and y are given. Suppose that x is passed through
the deletion channel N times, generating N independent samples {T’}fi - Then, by

using similar Hoeffding’s inequality (or the Chernoff bound) arguments as in [70],
Zf\; 1Tit,|f:w]',\7'j6[12k]
we can show that with high probability, the empirical distribution :

N
is closer to E [1)?,.*_:wj,vj'e[12k]] than to £ [1@:%’\”6[12,{]], if
J J

1

N0 .
Ex[1x.-w,vjerize] = Brllp, o, vjcnion]l
J J

_ 00

Hence x and y can be distinguished using n°®) samples. Therefore, it suffices to
show (7.8) in the rest of the proof.

Since w is non-periodic and x € B;(y), Lemma 7.2.5 implies that 1(x), 1y (y) €
R(n,6k) and that 1,(x) € Bsi(lw(y)). In addition, either X;_12k+1:4, = W
Or Ys—12k+1:x, = W holds by definition of w and 79. Therefore, we have that
1w(X)rp—12k+1 # 1w(¥)s-12k+1, and thus that 1,,(x) # 1y(y). Hence, we apply
Lemma 7.2.2 and obtain an integer m € [12k + 1] such that 3" 1y (x);i" #

1 Lw(x);i". Then, according to Lemma 7.2.7, there exist complex numbers
21, .. .,212k, such that |Z’ ql” 2 for j € [12k] and (7.6) holds for sufficiently
large n. Lemma 7.2.1 and Eq. (7.6) imply that

Z )Ex[l)?ij:wj,we[lzk]] - Ef’[lﬁj_:wj,\fje[nk]]‘

1<ii<..<ipr<n

( )—le(Zl )11 n( )l j—ij-1—1

1
>
~ po(k)’

and thus that

max
1<i|<...<ippx<n

Ei[liijzwj,we[lzk]] _Ei[lﬁj:wj,vj'e[lzk]”
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12k
1
> g (=™ g [ Jmin (11Z25)
1
T 0

Therefore, (7.8) holds and the proof is done.

7.4 Proof of Lemma 7.2.6
Without loss of generality, assume that m is the smallest non-negative integer satis-
fying 307, 1w(x);i" # X1, 1w(x);i"™. Let

F(2) =) iz = > Lw(x)id! (7.9)
i=1 i=1

be a complex polynomial. The coefficients of f(z) are within the set {—1,0, 1}.

According to Lemma 7.2.3, we have that f(z) = (z—1)"¢q(x), where ¢(z) = Z?:lo ciZ
is a complex polynomial with integer coefficients and (z — 1) does not divide g(z),
i.e., ¢(1) # 0. The following result was presented in [11]. It gives an upper bound

on the norm of coeflicients of ¢(z).

Proposition 7.4.1. [11] If a complex degree n polynomial f(z) has all coefficients

with norm not greater than 1, and can be factorized by

f(2)=(z=-1D"q(2) = (z= )" (cp, 7" + ...+ o),
then, we have that 3!, |ci| < (n+ 1)(%)™.

We are now ready to prove Lemma 7.2.6. Let D £ 2m +2 and z; = exp(zl .
J € [D] be a sequence of D complex numbers equally distributed on a unit circle.
We first show that there exists a number j € [D] satisfying

1
no@m)’

q(1+Z—£) >
n

Note that
2jmi )

\Zq(u—)\ \Zcr Z(l 200y

2]sm

r

\ﬂ@()i““

r=0 s=0
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(@) i S (r\ D1p divides s
- Cr Ky n2§

r=0 s=0
ni r
3 r\ D1p givides s
= ) (D + — )
s n
r=0 s=1
ni r

r\ D1p divides s
=(Dgq(1) + ZO Z cr(s)T

1

n
: ) n\ D1p divides s
. r Ky nZS

r N
i
>Dlg(1)] - > (
s=1 r=
b 1 -
(Z)D B (n + 1)(@)#1 Z D1p divides s
m

nS
s=1

en, 1 w— 1
>D-D(n+ ()" 3
(n )(m) nP & nbt

2
>D - D(n+1)(Z)" =
m n

L 2
PEED D+ 1) (—)" S
mn n
1
=D - o(-)
n
>1

for sufficiently large n, where (a) follows from the identity

D .. 2sDmi
2jsmi. exp(=pT) — 1
D exp(Z—) = —2

D exp(3f) - 1

= DlD divides s
J=1

and (b) follows from Proposition 7.4.1 and the facts that ¢(1) is a nonzero integer

and that (':) < n’. Therefore, there exists an integer j such that

Zj 1
1+ =) > —,
91+ ) = -
and thus that
zi o lg(1+ )]
|f(1+n—J2)|:Tmn
1

>
n2m(2m +2)
Moreover, we have that

n
N
1 cos(%°) \*

——|"=(1+ +
l-¢g nt(1-¢)> n?(1-gq)




200
<2

for sufficiently large n. Hence, z = 1 + 2—]2 satisfies the conditions in Lemma 7.2.6.
7.5 Conclusion

In this chapter we studied the trace reconstruction problem when the string to be
recovered is within bounded edit distance to a known string. Our result implies that
when the edit distance is constant, the number of traces needed is polynomial. The
problem of whether a polynomial number of samples suffices for the general trace
reconstruction is open. However, it will be interesting to see if the methods in this

chapter can be extended to obtain more general results.
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Chapter 8

CODES FOR MULTI-HEAD RACETRACK MEMORIES

In this chapter, we consider error correction for racetrack memory applications.
Though different from DNA-based storage. There are some similarities between
models for racetrack memory and DNA storage, in the sense that both applications
require correcting deletion/insertion errors, given multiple noisy copies of strings.
The difference is that in DNA storage, the noisy copies are independent, given
the string, while in racetrack memories, the noise in copies are correlated. The
techniques in this chapter might in turn help in finding error correction schemes in

DNA-storage, that jointly construct the encoders and decoders.

8.1 Introduction

Racetrack memory is a promising non-volatile memory that possesses the advantages
of ultra-high storage density and low latency (comparable to SRAM latency) [75,
91]. It has a tape-like structure where the data is stored sequentially as a track of
single-bit memory cells. The cells are accessed through read/write ports, called

heads. When reading/writing the data, the heads stay fixed and the track is shifting.

One of the main challenges in developing racetrack memory systems is the limited
precision in controlling the track shifts, that in turn affects the reliability of reading
and writing the data [45, 100]. Specifically, the track may either not shift or shift
more steps than expected. When the track does not shift, the same cell is read twice,
causing a sticky insertion. When the track shifts more than a single step, cells are

skipped, causing deletions in the reads [18].

It is natural to use deletion and sticky insertion correcting codes to deal with shift
errors. Also, it is known that a code correcting k deletions is capable of correcting s
deletions and r insertions when s+r < k [64]. However, designing redundancy and
complexity efficient deletion correcting codes has been an open problem for decades,
though there is a significant advance toward the solution recently. In fact, no deletion
correcting codes with rate approaching 1 were known until [12] proposed a code
with redundancy 128k%log k logn + o(logn). After [12], the work of [22] and
[86] independently proposed k deletion codes with O (k logn) bits of redundancy,

which are order-wise optimal. Following [86], [87] proposed a systematic deletion
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code with 4k log n + o(log n) bits of redundancy and is computationally efficient for
constant k. The redundancy was later improved in [90] to (4k — 1) logn + o(logn).
Evidently, for k, a constant number of deletions, the redundancy of this code is
orders of magnitude away from optimal, known to be in the range k log n + o(log n)
to 2k logn + o(logn) [64]. Hence, it is natural to explore constructions of deletion
and insertion correcting codes that are specialized for racetrack memories and
might provide more efficient redundancy and lower complexity encoding/decoding

algorithms.

There are two approaches for construction of codes for racetrack memories. The
first is to leverage the fact that there are multiple parallel tracks with a single head
per-track, and the second, is to add redundant heads per-track. For the multiple
parallel head structure, the proposed codes in [94] can correct up to two deletions
per head and the proposed codes in [17] can correct [ bursts of deletions, each of
length at most b. The codes in [17] are asymptotically (in the number of heads)
rate-optimal. The second approach for combating deletions in racetrack memories
is to use redundant heads per-track [100, 18, 19]. As shown in Fig. 8.1, a track
is read by multiple heads, resulting in multiple copies (potentially erroneous) of
the same sequence. This can be regarded as a sequence reconstruction problem,
where a sequence ¢ needs to be recovered from multiple copies, each obtained
after k deletions in ¢. We emphasize that the general sequence reconstruction
problem [67] is different from the current settings, as here the heads are at fixed
and known positions, hence, the set of deletion locations in one head is a shift of
that in another head [18]. This is because the heads stay fixed and thus the deletion
locations in their reads have fixed relative distances. Demonstrating the advantage
of multiple heads, the paper [19] proposed an efficient k-deletion code of length n
with redundancy log log n +4 and an efficiently (k — 1)-deletion code with O(1) bits
of redundancy, using k heads. In contrast, for general k-deletion codes, the lower
bound on the redundancy is k logn. However, the code in [19] is required to use
d heads and is limiting k to be smaller or equal to d. It is known that the number
of heads affects the area overhead of the racetrack memory device [18], hence, it
motivates the following natural question: What is the best redundancy that can be
achieved for a k-deletion code (k is a constant) if the number of heads is fixed at d

(due to area limitations)?

One of our key results is an answer to this question, namely, we construct codes

that can correct k deletions, for any k£ beyond the known limit of d. Our code
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Figure 8.1: Racetrack memory with multiple heads.

has O(k*dloglogn) redundancy for the case when k < 2d — 1. In addition,
when k > 2d, the code has 2| k/d]logn + o(logn) redundancy. Our key result is
summarized formally by the following theorem. Notice that the theorem implies
that the redundancy of our codes is asymptotically larger than optimal by a scale

factor of at most four.

Theorem 8.1.1. For a constant integer k, let the distance t; between the i-th and
(i + 1)-th heads be t; > max{(3k +[logn]+2)[k(k—=1)/2+ 1]+ (Tk —k3)/6, (4k +
1)(5k + [logn] + 3)} fori € {1,...,d = 1}. Then for d < k < 2d — 1, there
exists a length N = n + 4k loglogn + o(loglogn) d head k-deletion correcting
code with redundancy 4kloglogn + o(loglogn). For k > 2d, there exists a
length N =n+2|k/d|logn+ o(logn) d head k-deletion correcting code with re-
dundancy 2| k/d]log n+o(logn). The encoding and decoding functions can be com-
puted in n***' time. Moreover, for k > 2d and t; = n°Y), the amount of redundancy

of a d head k-deletion correcting code is lower bounded by | k /2d ] log n+ o(logn).

Since in addition to deletion errors, sticky insertion errors and substitution errors oc-
cur in racetrack memories, we are interested in codes that correct not only deletions,
but a combination of deletion, sticky insertion, and substitution errors in multi-head
racetrack memories. However, contrast to the single-head cases where a deletion
code is also a deletion/insertion code, there is no such equivalence in multi-head
racetrack memories. Correcting a combination of at most k deletions and sticky
insertions in total turns out to be more difficult than correcting k deletion errors.
It is not known whether the k-deletion code with loglogn + O(1) redundancy and
the (k — 1)-deletion code with O (1) redundancy in [18] extend to a combination of

deletion and sticky insertion errors in a k head racetrack memory.

Our second result, which is the main result in this chapter, provides an answer for
such scenarios. Moreover, we consider a more general problem of correcting a
combination of deletions and insertions in a d-head racetrack memory, rather than

deletions and sticky insertions, and show that the redundancy result for deletion
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cases extends to cases with a combination of deletions and insertions. Note that this
covers the cases with deletion, insertion, and substitution errors, since a substitution

is a deletion followed by an insertion.

Theorem 8.1.2. For a constant integer k, let the distance t; between the i-th and
(i+1)-th heads be equal andt; =t > (%2 +3k+2)(6k+[logn]+3)+8k+[logn]+3
fori € {1,...,d—1}. Thenfork < d, there exists alength N = n+k+1+0(1) code
correcting a combination of at most k insertions and deletions in a d head racetrack
memory with redundancy k + 1 + O(1). The encoding and decoding complexity is
poly(n). Ford < k < 2d—1, there exists alength N = n+4k loglog n+o(loglogn)
code correcting a combination of at most k insertions and deletions in a d head
racetrack memory with redundancy 4k loglogn + o(loglogn). Finally, when d >
2d, there exists a length N = n+ 2|k/d]|logn + o(logn) code that corrects a
combination of at most k insertions and deletions in a d head racetrack memory
with redundancy 2| k/d | logn+o(logn). The encoding and decoding functions can

be computed in n***! time.

Remark 8.1.1. Theorem 8.1.2 improves the head distance in Theorem 8.1.1 when

k is sufficiently large.

Organization: In Sec. 8.2, we present the problem settings and some basic lemmas
needed in our proof. Sec. 8.3 presents the proof of the main result for the case k <
2d — 1. Sec. 8.4 describes in detail how to synchronize the reads. The case k > 2d

is addressed in Sec. 8.5. Sec. 8.7 concludes the chapter.

8.2 Preliminaries

Problem Settings

We now describe the problem settings and the notations needed. For any two
integers i < j,let [i,j] ={i,i+1,...,j — 1, )} be an integer interval that contains
all integers between i and j. Let [i, j] = 0@ for i > j. For a length n sequence ¢ =

(¢1,...,cpn), anindex set 7 C [1,n], let
Cr = (C,' (i€ I)

be a subsequence of ¢, obtained by choosing bits with locations in the location set J .
Denote by 7€ = [1,n]\d the complement of 7.

In the channel model of a d head racetrack memory, the input is a binary sequence

¢ € {0, 1}"*. The channel output consists of d subsequences of ¢ of length n — k,
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obtained by the d heads after k deletions in the channel input ¢, respectively. Each
subsequence is called a read. Let §; = {d;1,...,0;x} € [1,n] be the deletion
locations of the i-th head such that 6;; < ... < 6; . Then, the read from the i-th
head is given by Co¢s i €[1,d],ie., bits c¢, i € d¢ are deleted.

Note that in a d-head racetrack memory, the heads are placed in fixed positions,
and the deletions are caused by "over-shifts" of the track. Hence when a deletion
occurs at the j-th bit in the read of the i;-th head, a deletion also occurs at the
(j +¢)-th bit in the read of the i>-th head, where ¢’ is the distance between the i;-th
head and the i»-th head. Let ¢; be the distance between the i-th head and the i + 1-th
head, i € [1,d — 1]. Then, the deletion location sets {di}le satisfy

0is1 = 0; + 14,

for some positive integer t;, i € [1,d — 1], where for an integer set S and an
integert, S+t ={x+1:x €S}

To formally define a code for d-head racetrack memories, we represent the d reads
from the d heads by a d X (n— k) binary matrix, called the read matrix. The i-th row of
the read matrix is the read from the i-th head. Let D(c, dy,...,d4) € {0, l}dx(”‘k)
be the read matrix of a d head racetrack memory, where the input is ¢ € {0, 1}" and
the deletion locations in the i-th head are given by d;,i € [1, d]. By this definition,
the i-th row of D(c, d1,...,04) is Coe-

Example 8.2.1. Consider a 3-head racetrack memory with head distance t; = 1
and t, = 2. Let the deletion location set 8 = {2,5,7}. Then, we have that 6, =
{3,6,8} and 83 = {5,8,10}. Letc¢ = (1,1,0,1,0,0,0,1,0,1) be a sequence of
length 10. Then, the read matrix is given by

1 01 0101
D(C,51,52,53) =(1 1 1 0 0 O 1
1 101000
The deletion ball Di(c,t1,...,245-1) of a sequence ¢ € {0, 1}" is the set of all

possible read matrices in an d head racetrack memory with input ¢ and head distance
ti,1 € [l,d — 1], i.e.,

Di(C,try .. taet) = {D(¢,81,...,84) 011 = 6 +1:,0; C [1,n],|8;] = k,
iell,d-1]}.



206

A d-head k-deletion code C is the set of all sequences such that the deletion
balls of any two do not intersect, i.e., for any ¢,¢’ € C, Di(e,ty,...,t4-1) N
Z)k(c’, f,... ,td—l) =0.

The following notations will be used throughout this chapter. For a matrix A and
two index sets 71 C [1,d] and I C [1,n — k], let Az, 7, denote the submatrix of A
obtained by selecting the rows i € 77 and the columns j € 7;. For any two integer
sets 87 and Sy, the set S|\S> = {x : x € S1,x ¢ Sy} denotes the difference of
sets S and S».

A sequence ¢ € {0, 1}" is said to have period € if ¢; = c;4¢ fori € [1,n —€]. We
use L(c,i) to denote the length of the longest subsequence of consecutive bits in ¢

that has period i. Furthermore, define
L(e,< k) = max L(c,i).
i<k

Example 8.2.2. Let the sequence ¢ be ¢ = (1,1,0,1,1,0,1,0,0). Then we have
that L(c, 1) =2, L(c,2) =4, and that L(c,3) = 7. Thus, we have L(c, < 3) =7.

Racetrack Memory with Insertion and Deletion Errors
We now describe the notations and problem settings for d-head racetrack memories
with a combination of insertion and deletion errors, which is similar to d-head

racetrack memories with deletion errors only. In addition to the deletion errors
d

i=1’

by insertion location sets {'yi}f:l satisfying

described by deletion location sets {d;}% ,, we consider insertion errors described

0iv1 = 0; + 14,

where vy; = {yi.1,...,vis} fori € [1,d], and the inserted bitsb; = b; 1,b;2, ..., bj.
Itis assumedthaty; ; € [0,n] fori € [1,d]andj € [1,n]. Asaresultofthe insertion
errors, bit b, ; is inserted right after the y; ;-th bit of ¢ in the i-th head, fori € [1,d]
and j € [1,n]. when y;; = 0, the insertion occurs before c;. We note that b; can

be different for different i’s.

We call a deletion error or an insertion error an edit error, or error, in Sec. 8.6.
For edit errors, define the read matrix E(c,d1,...,04,Y1,...,Yd,b1,...,bg) €
{0, 1}9X(+s77) \where |8;| = s for i € [1,d], as follows. The i-th row of

E(C, 61’ et ’5d’71’ cee ”-Ydabl, e ,bd) € {0’ l}dX(n+s_r)

is obtained by deleting the bits cy.¢e5, and inserting b; ; after the ¢, , fori € [1,d]

and j € [1, s]. In this chapter, we consider k edit errors. Hence, r + s < k.
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Example 8.2.3. Continue Example 8.2.1. Consider a 3-head racetrack memory
with head distance t| = 1 and t, = 2. Let the deletion location set 6, = {2,5,7}.
Then, we have that &, = {3,6,8} and d3 = {5,8,10}. In addition, the insertion
location set is given by v, = {0,2}. Then, we have v, = {1,3}, and 3 = {3,5}. Let
by =(1,1), by =(1,0), b3 =(0,1) Letrc = (1,1,0,1,0,0,0, 1,0, 1) be a sequence
of length 10. Then, the read matrix is given by

1 11010101
E(c,81,82,63,7v1,72,73.bi,b,b3) =1 1 1 01 0 0 0 1
110011000

Define an edit ball E;(c,11,...,t4-1) of a sequence ¢ € {0, 1}" as the set of all

possible read matrices in an d head racetrack memory with input ¢ and head distance
ti,1 € [1,d — l], i.e.,

8k(¢7t1’-"7td—1):{E(c7c75]7'--76611’7],'--”Yd’bl’"-abd):6i+1 :6l+tl7
Yi+1 =i + 1, fori € [1’d]9 and(sl' - [1,1’1], |5l| =r,%i - [O,”l],l")’il =9,
b; € {0,1} fori € [1,d],r+s < k, }.

A d-head k-edit correction code C is the set of all sequences such that the edit
balls of any two do not intersect, i.e., for any ¢,¢’ € C, Er(e,tq,...,14-1) N
Sk(c’,tl, R ,td—l) =0.

Lemmas

In this section we present lemmas that will be used throughout this chapter. Some
of them are existing results. The following lemma describes a systematic Reed-
Solomon code that can correct a constant number of erasures and can be efficiently

computed (See for example [97]).

Lemma 8.2.1. Let k, q, and n be integers that satisfy n+k < q. Then, there exists a
map RSy : Fj — F(];, computable in poly(n) time, such that {(¢, RSx(c)) : ¢ € Fy}

is a k-erasure correcting code.

The Reed-Solomon code requires O (logn) redundancy for correcting k erasures.
Correcting a burst of two erasures requires less redundancy when the alphabet size
of the code has order o(logn). The following code for correcting consecutive two
erasures will be used for the case when the number of deletions k is less than two

times the number of heads m.
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Lemma 8.2.2. For any integers n and q, there exists a map ER : Fy — Fé,
computable in O(n) time, such that the code {(c, ER(c) : ¢ € Fy} is capable of

correcting two consecutive erasures.

Proof. For a sequence ¢ = (cy,...,cy,) Let the code ER be given by
L(n-1)/2] Ln/2]
ER(c) = ( Z C2i+15 Z C2i)s
i=0 i=0

which are the sums of symbols with odd and even indices respectively over field F,.
Note that a consecutive of two erasures is reduces to single erasures in the even sym-
bols and odd symbols respectively, which can be recovered with the help of ER(c).

Hence, (¢, ER(c)) can be recovered from two consecutive erasures. O

Our construction is based on a systematic deletion code for a single read d = 1,

which was presented in Ch. 4.

Lemma 8.2.3. Let k be a fixed integer. For integers B and n. There exists a hash

function
Hash : {0, 1}% — {0, 1}#klog B+o(log B)

computable in O(B***1) time, such that any sequence ¢ € {0, 1}8 can be recovered
from its length B — k subsequence with the help of of Hash(c).

We also use the following fact, proved in [64], which implies that a deletion correct-

ing code can be used to correct a combination of deletions and insertions.

Lemma 8.2.4. A k-deletion correcting code is capable of correcting a combination

of r deletions and s insertions, wherer + s < k.

Remark 8.2.1. Note that the lemma does not hold in a multi-head racetrack memory

considered in this chapter.

In addition, in order to synchronize the sequence ¢ in the presence of deletions,
we need to transform ¢ to a sequence that has a limited length constraint on its
periodic subsequences. Such constraint was used in [18], where it was proved that
the redundancy of the code {c : L(¢,< k) < [logn] + k + 1} is at most 1 bit. In
the following lemma we present a method to transform any sequence to one that
satisfies this constraint. The redundancy of our construction is k + 1 bits. However,

it is small compared to the redundancy of the d head k-deletion code.
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Lemma 8.2.5. For any integers k and n, there exists an injective function F :
{0,1}" — {0, 1} computable in Oy (nlogn) time, such that for any se-
quence {0, 1}", we have that L(F(c), < k) < 3k +2 + [logn].

Proof. Let 1* and 07 denote consecutive x 1’s and consecutive y 0’s respectively.

The encoding procedure for computing F(c) is as follows.

1. Initialization: Let F(c) = ¢. Append (1%, 0) to the end of the sequence F(c).
Leti=1andn" = n. Goto Step 1.

2. Step 1: If i < n’ -2k —[logn] -1 and F(¢)[; i+2k+[l0gn]+1] has period p < k,
let p,,;, be the smallest period of F(€)(; i+2k+[10g n]+1]- Delete F(€)[; iv2k+Tlogn]+1]
from F(c) and append (1¥=Pmin 0, F(c) i pomin—1]5 s 0%*1) to the end of F(c),
ie., SetF(c)[i,n—k—[logn]—l] = F(c)[i+2k+|'logn]+2,n+k+1] andF(c)[n—k—[log nl,n+k+1] =
(1K=Pmin 0, F(€)[; i4ppin—1]» 1> OT1). Letn’ =n’ — 2k — [logn] — 2 and i = 1.
Repeat. Else go to Step 2.

3. Step 2: If i < n’ —2k—[logn]—1,leti =i+ 1 and go to Step 1. Else
output F(c).

It can be verified that the length of the sequence F(c¢) remains to be n + k + 1
during the procedure. The number »’ in the procedure denotes the number such
that ' (€)[n+1,n+k+1] are appended bits and F(¢)(; - are the remaining bits in ¢ after
deletions. Since either i increases to n” or n’ decreases in Step 1. The algorithm
terminates within O(n?) times of Step 1 and Step 2. Since it takes O (k(3k +2 +
log n)n) to check the periodicity in Step 1. The total complexity is Oy (n> logn).

We now prove that L(F(c),< k) < 3k + 2 + [logn]|. Let n’ be the number
computed in the encoding procedure. According to the encoding procedure, we have
that L(F(¢)[;, j«2k+14logn]]> < k) < 2k + 1+ [logn] for j < n’ — 2k — [logn] - 1,
since any subsequence F(¢)[; j+2k+1+[logn]] With period not greater than k is deleted.
Therefore L(F(¢)(; j+3k+1+Mlogn]]» < k) < 3k +2 + [logn] for j < n’ — 2k -
[logn] — 1. For n’ — 2k — [logn] < j < n’, the sequence F(€)[;, j+2k+1+[logn]]
contains F(€)[n/+1 n/+k+1] = (1%, 0), which does not have period not greater than .
Hence we have that L(F(€)[; j+3k+1+[logn]]>» < k) < 3k +2 + [logn]. For j > n/,

0%*! as k + 1 consecutive bits. Hence,

the sequence F(€)[; j+3k+1+[logn]] CONtains
if F(©)[ j43k+14logn]] = 3k + 2 + [logn], we have that F(¢)[; j+3k+1+Ml0gn]] =

03k+2+Mlognl However, this is impossible since F(€)[; j+3k+1+[logn]] CONtains either
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the location index i to the left of 0%*! or the bits (1¥=7min, 0, F(€)[ii+pnun—1]) to the
right of 0%*! both of which can not be all zero. Therefore, we conclude that L(c, <
k) < 3k + 2+ [logn]. Given F(c), the decoding procedure for computing ¢ is as

follows.

1. Initialization: Let ¢ = F(c) and go to Step 1.

2. Step 1: If cppsinrke1] # (1%,0), let j be the length of the first 1 run
N €[k —flogn],n+k+1] @and let p be the decimal representation of €, _[iog n7+1,1-
Let a be a sequence of length 2k + [log n] +2 and period k — j. The first k — j
bits of a is given by €[,—k_flog n]+j+1,n-[logn]]- DEIEtE €[k _[10g n] n+k+1] from ¢
and insert a at location p of ¢, i.e., let ¢[p124+ 10g n]+2,n4k+1] = €[pn—k—[logn]-1]

and €[ p+2k+l0gn]+1] = @. Repeat. Else output c.

Note that the encoding procedure consists of a series of deleting and appending
operations. The decoding procedure consists of a series of deletion and inserting
operations. Let F;(¢), i € [0, R] be the sequence F(c) obtained after the i-th
deleting and appending operation in the encoding procedure, where R is the number
of deleting and appending operations in total in the encoding procedure. We have
that Fy(c) = ¢ and Fg(c) is the final output F(c). It can be seen that the decoding
procedure obtains Fg_;(c), i € [0, R] after the i-th deleting and inserting operation.

Hence the function F'(c) is injective. O

Finally, we restate one of the main results in [ 18] that will be used in our construction.
The result guarantees a procedure to correct d — 1 deletions in a d head racetrack

memory, given that the distance between consecutive heads are large enough.

Lemma 8.2.6. Let d < k be two integers and C be a k — d + 1 deletion code,
then CN{c : L(c,< k) < T} is an d head k deletion correcting code, given
that the distance between consecutive heads t > T[k(k —1)/2+ 1] + (7Tk — k%) /6
forie[l,d-1].

8.3 Correcting up to 2d — 1 Deletions with d Heads

In this section we construct a k deletion d head code for cases when k£ < 2d — 1.
To this end, we first present a lemma that is crucial in our code construction. The
lemma states that the range of deletion locations can be narrowed down to a list
of short intervals. Moreover, the number of deletions within each interval can be

determined. The proof of the lemma will be given in Sec. 8.4. Before presenting the
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] Z—] ] ] IJ 1l
Dy jtn+r-k1 | = * * = ... = [=* % =
Do [1nsr-k] | = * * =1|...] = * * =
D3 [1n+r-k] | = * I * #=

Figure 8.2: An illustration of Lemma 8.3.1. The * entries denote deletion in the
heads. The read D; [1 ,+g] in each head is obtained after deleting the * entries from c.

lemma, we give the following definition, which describes a property of the intervals

we look for.

Definition 8.3.1. Let §; = {0;.1,...,0ix} be the set of deletion locations in the i-th
head of a d head racetrack memory, i.e., 6;x1 = 0; +t;, fori € [1,d —1]. An
interval I is deletion isolated if

6i+1ﬂI:t,-+6,-ﬂI,
forie[l,d-1].

Example 8.3.1. Consider a 3-head racetrack memory with head distances t; = 1
and ty = 2. Let the length of the sequence ¢ be n = 22 and the deletion positions in
three heads be given by

81 ={1,2,4,8,14, 17},
8 =1{2,3,5,9,15, 18}, and
83 = {4,5,7,11,17,20}.

Then the intervals [1,7], [8, 12], and [14,22] are all deletion isolated.

Intuitively, an interval I is deletion isolated when the subsequences ¢rnge for i €
[1,d] can be regarded as the d reads of the sequence ¢y in a d-head racetrack

memory after |§; N 7| deletions in each head.

Lemma 8.3.1. For any positive integers n and R > k + 1, let ¢ € {0,1}"*R be a
sequence such that L(¢(i psk+1], < k) < 3k + [logn]| +2 = T. Let the distance t;
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between headi and head i+ 1 satisfy t; > (4k+1)(T+2k+1) = T,yin, i € [1,d—1],k

and tyay = MaX;e(1,...d-1) I; be the largest distance between two consecutive heads.
Then given D € Dy(c,ty,...,t 1), it is possible to find a set of J < k disjoint
and deletion isolated intervals 1I; C [1,n+ R], j € [i,J] such that §,, C U§=1]f
forw € [1,d] and

;N [1L,n+k+1]| < 2LCtwax +T+1)/2] + D)kd + | Ltypax +T +1)/2| + k = B,

for j € [1,J]. Moreover, |61 N I;| can be determined for j € [1,J].

An illustration of Lemma 8.3.1 is shown in Fig. 8.2. Since the interval 7; is deletion
isolated for j € [1, J], all rows of D are aligned in locations [ 1, n] \(Ulefj), i.e., the
entries in the i-th column of A correspond to the same bitinc fori € [1, n] \(Uj=1 I;).
Let ¢ be a sequence satisfying L(¢[q y+k+1], < k) < T. By virtue of Lemma 8.3.1,
the bit ¢; can be determined by

¢i = Dii-3, 1 i 181071 (8.1)

fori e [1,n+k+ l]\(ULle). In addition, let 7; = [b’}”", b;.”ax] for j € [1,J] such
that b;?"” < b’]"_”i‘ for j € [2,J]. Again, since J; is deletion isolated for j € [1, /],
the submatrix

D[l’d]’[b;nin_zil il |610~7i|7b71ax_z;/:j |610L|] € D|6lm[b;nin,b-rfnax]|(c1'j, t], ceey td_l)

can be regarded as the d reads of the subsequence ¢y, in a d head racetrack memory.
According to Lemma 8.2.6, the bits ¢z, with [§; N I;| < d can be recovered from

Dy gy pmin—g ., 161051679751 1810 5]

i=j+1

since the head distance satisfies #; > T[k(k — 1)/2 + 1] + (7k — k?)/6 for i €

{1,...,d—1}. Note that there is at most a single interval 7}, satisfying |§; N1}, | > d

when k < 2d — 1. Hence, we are left to recover interval 7}, .

Split €[ y+k+1] into blocks

a; = C[(i-1)B+1,min{iBn+k+1}]> L € [1,[(n+k +1)/B]] (8.2)

of length B except that af(,+k+1)/5] may have length shorter than B. Since |Z;, N
[1,n+ k + 1]| < B, the interval Z;, spans over at most two blocks ajrand a;,. It

then follows that there are at most two consecutive blocks, where 7}, lies in, that
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remain to be recovered. Moreover, at most k deletions occur in interval 7;,, and

hence in blocks aj and a4, 4.

For an integer n and a sequence ¢ € {0, 1}”*"” of length n+k +1, let the function S :

k+1 [(n+k+1)/B]
{0, 1}H+E — F4k]0g Bo(log B) be defined by

S(C) = (Hash(al), Hash(az), ey Hash(a[(n+k+1)/31)), (8.3)

where a;, i € [1,[(n+ k + 1)/B]] are the blocks of ¢ defined in Eq. (8.2). The
function Hash(ar(n+k+1)/81), defined in Lemma 8.2.3, takes af(,+k+1)/8] as input

of length at most B. The sequence S(¢) is a concatenation of the hashes Hash of
blocks of c.

Lemma 8.3.2. If B > k, there exists a function
DecS : {0, 1} x {0, 1} (m+k+1)/Bl(4log Bro(log B)) _, 1) 1yn+k+1

such that for any sequence ¢ € {0, 1Y"***! and its length n + 1 subsequence d €
{0,1}™1 we have that DecS(d, S(c)) = ¢, i.e., the sequence ¢ can be recovered
from k deletions with the help of S(c).

Proof. Note that d[(_1)+1,min{iB,n+k+1}-k] 1S @ length B — k subsequence of the
block a; fori € {1,...,[(n+ k +1)/B]}. According to Lemma 8.2.3, the block a;
can be recovered from d ;1) p+1,max{iB,n+k+1}—k With the help of Hash(a;). Thus the

sequence ¢ can be recovered. O

We are now ready to present the code construction. For any sequence ¢ € {0, 1}",

define the following encoding function:
Enci(c) = (F(e), R, (), Ry (¢)) (8.4)
where

R,(c) = ER(S(F(0))),
R, (¢) = Repysi (Hash(R, (c))), (8.5)

and the function Repy4 is a k + 1-fold repetition function that repeats each bit k + 1
times. Note that we use F(c) € {0, 1}"***! to obtain a sequence satisfying L(F(c), <
k) < T sothat Lemma 8.3.1 can be applied. The redundancy consists of two layers.

The function R'1 (¢) can be regarded as the first layer redundancy, with the help of
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which F(c¢) can be recovered from k deletions. It computes the redundancy of a code
that corrects two consecutive symbol erasures in Si_,,+1 (F(¢)). The function R/l' (¢)
can be seen as the second layer redundancy that helps recover itself and R'1 (¢) from k

deletions.

When the head distance #; satisfies #; = max{(3k + [logn] +2)[k(k —1)/2+ 1] +
(Tk — k3)/6, (4k + 1)(5k + [logn] + 3)} for i € [1,d — 1], the length of R, (c) is
given by Ny = 4log B+ o(log B) = 4k loglogn + o(loglogn). The length of R'I' (¢)
is Ny = 8k%(k+1)log N1+0(1) = o(loglog n). The length of the codeword Enc (c)
is givenby N = n+ k + 1 + N; + N,. The next theorem proves Theorem 8.1.1 for
cases whend < k <2d - 1.

Theorem 8.3.1. The set C; = {Enci(c) : ¢ € {0, 1}"} is a d-head k-deletion cor-
recting code for d < k < 2d — 1, if the distance between any two consecutive heads
satisfies t; = max{(3k + [logn] +2)[k(k = 1)/2+ 1] + (Tk — k%) /6, (4k + 1)(5k +
[logn]+3)},i € [1,d—1]. The code C; can be constructed, encoded, and decoded
in O (poly(n)) time. The redundancy of Cy is N —n = 4k loglogn + o(loglog n).

Proof. For any D € Di(c), let d = Dy 1 y— be the first row of D, i.e., the first
read. The sequence d is a length N — k subsequence of Enci(c). We first show how
to recover R'l(c) from d. Note that djy_n,+1,n-k] 1S a length N — k subsequence
of R/l/ (¢), the k + 1-fold repetition of H (R; (¢)). Since a k + 1-fold repetition code is
a k deletion code, the hash function Hash(R'1 (¢)) can be recovered. Furthermore,
we have that d[,4x+2 n+k+14n8,-k] 18 @ length N1 — k subsequence of R'l(c). Hence
according to Lemma 8.2.3, we can obtain R'1 (¢) from d{psk+2,n+k+1+N,~k]> With the
help of Hash(R/1 (¢)).

Next, we show how to use R'1 (e) to recover F(c). Note the fact that L(F(c), < k) <
T. From Lemma 8.3.1 and the discussion that follows, we can separate F(c) into
blocksa;,i € [1, [(n+k+1)/B]], oflength B, and recover all but at most two consecu-
tiveblocks a;, and a;, ;. This implies that S(F(¢)) can be retrieved with consecutive
at most two symbol errors, the position of which can be identified. Hence we can
use R; (c) torecover S(F(c)) and find the hashes Hash(a;,) and Hash(a;,,1). Note
that Dy [ ,+1] is a length n + 1 subsequences of F(¢). Hence from Lemma 8.3.2
the sequence F(c¢) and thus ¢ can be recovered given S(F(c)). The computation
of S(F(c)), which computes O(n) times the hashes Hash(a;), [1,[(n+k+1)/B]],

constitutes the main part of the computation complexity of Enci(c¢). Since the
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computation of Hash(a;) takes O ([B/logn]nlog®* n) = Or(nlog* n) time. It
takes O (poly(n)) time to compute Enci(c). O

8.4 Proof of Lemma 8.3.1
Let D € Dy (c,ty,...,t;-1) be the d reads from all heads, where ¢ satisfies

L(C[l,n+k+1], <k)<T.

Then D is a d by n+ R — k matrix. The proof of Lemma 8.3.1 consists of two steps.
The first step is to identify a set of disjoint intervals IJ.*, J € [1,J] that satisfy:

(P1) There exists a set of disjoint and deletion isolated intervals 7;, j € [1, J], such
that Dw,jj* = crnog, forw € [1,d] and j € [1,J], i.e., the subsequence D,-Jj*
comes from ¢ 1; in the i-th read after deleting ¢ 1;N8;0

(P2) J <kandé, C ulefj forw € [1,d],
P3) |Ij* N[l,n+1]| < B-k.
The second step is to determine the number of deletions |§; N Z;| for i € [1,d]

and j € [1,J], that happen in each interval in each head, based on Dy 4, I Then
we have that

Jj-1 J
7y = liaj1+ Y 161 N Tilin + 181 N Ioll.
(=1 =1

where i>;_1 and i»; are the starting and ending points of the interval Z']* It is
assumed that i; > i; for j > [. The disjointness of 7;, j € [1,J] follows from
the fact that Ij*, j € [1,J] are disjoint. The two steps will be made explicit in the

following two subsections respectively.

Identifying Intervals IJ*

The procedure for identifying intervals Ij*, Jj € [1,J],is as follows.

1. Initialization: Set all integers m € [1,n + R — k] unmarked. Leti = 1.
Find the largest positive integer L such that the sequences D), |;;+r-1] are
equal for all w € [1,d]. If such L exists and satisfies L > t,,,,, mark the

integers m € [1, L — t,,4,] and go to Step 1. Otherwise, go to Step 1.
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2. Step 1: Find the largest positive integer L such that the sequences D, [; i+1-1]
are equal for all w € [1,d]. Go to Step 2. If no such L is found, set L = 0
and go to Step 2.

3. Step 2: If L > 2t,,,c + T + 1, mark the integers m € [i + t,qx, min{i + L —
I,n+ 1} —tyax]. Seti =i+ L+ 1 and goto Step 3. Elsei =i+ 1 and go to
Step 3.

4. Step 3: If i < n+1, goto Step 1. Else go to Step 4.

5. Step 4: If the number of unmarked intervals! within [1,n + 1] is not greater
than k, output all unmarked intervals. Else output the first k intervals, i.e., the

intervals with the minimum k starting indices.

We prove that the output intervals satisfy the above constraints. The following

lemma will be used.

Lemma 8.4.1. Let D € Dy (c) for some sequence ¢ satisfying L(€[1 y+k+1], < k) <
T. Let tyqx = MaXie[1,4-1] i such that t, > k(T +1) +1 forw € [1,d - 1]. If
the sequences D, |;, ;,| are equal for all w € [1,d] in some interval [i1,i2] C
[1,n+ 1] with length iy — i1 + 1 > 2t,y0x + T + 1, then no deletions occur within
bits Dy, [i+t00i2tma
[1,i] =11 and i = ir = tymax +10; N [1,7, = 1]|, such that Clir ] = D, i1+10r it mas]
and [i},7,] N &y, = 0 for w € [1,d]. In addition, both intervals [1,7] — 1] and [i’, +

1,n + R] are deletion isolated.

1 for all w, i.e., there exists integers i} = i1 + tyax +10; N

Proof. Let Cits Cits Cifs and ci be the bits that become D ;,, D1 41, Dl.ir—t,0.
and D\ ;, respectively after deletions, i.e., i — |61 N [1,i;—1]| = i1, i} = |61 N [1, ] -
U] = i1+tmax, 85— 01N [1,75 = 1]| = iz~ tiax, and i —[61 N [ 1,75~ 1]| = ir. We show
that no deletions occur within D, [;, ir~1,...] forw € [1,d—1] or within Dy, [; 41,...i2]
for w € [2,d], ie., 8y N [i(, 73] = 0 for w € [1,d — 1], and §,, N [i},75] = 0
forw € [2,d].

Suppose on the contrary, there are deletions within D, [, i,—,...] for w € [1,d —
1]. Then there exist some w; € [1,d — 1] and k; € [1, k], such that 6,, , €
[iy»i5] (recall that 0,y x, is the location of the k;-th deletion in the wi-th read).

Then we have that 6414, = 0w .k, + 1w, € [i{,5]. Note that there are k — k;

! An unmarked interval [7, j] means that m € [i, j] are not marked and i — 1 and j + 1 are marked.
It is assumed that 0 and n + R — k + 1 are marked.
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deletions {0y, k,+1> - - - » Ow, k } to the right of 8, ¢, and k1 —1 deletions {Jyy,+1.1, - - -

Ow,+1,k,—1} to the left of 6,,,+1.«,. Hence we have that

[(0y, Udy,+1) N [0,k + 150w, .k, + 1w, — 1]
<[(wy U Bwy41) N [0y kg + 1, 0wy 41.4y — 111
<k-—-ki+k -1
=k -1,

meaning that there are at most k — 1 deletions in the w-th or (w; + 1)-th heads that
lie in interval [0y, x, + 1, 0w, k, + tw, — 1]. Since t,,, > k(T + 1) + 1, there are at
least k disjoint intervals of length 7'+ 1 that lie in interval [0, x, +1, Oy, k, +tw, —1].
It then follows that there exists an interval [i',i" + T C [0y, x, + 1, Oy, ky +tw, — 1]
such that [7',i" + T] N (8, U 8yy+1) = 0. Let I} = [d,,, N [1,i" = 1]| and I}, =
|6y,+1 N [1,7" — 1]| be the number of deletions in heads w; and w; + 1 respectively
that is to the left of i’. We have that [{ > [} since 0y, x, < i’ and 6y 414, > i’ +T.
Since [',i" +T] N (dy, U dy+1) =0 and I} — I}, < k < T, we have that

7 =16y, N[1,i" = 1]
=18, O [L7+1 = 15— 1]|
=0, N [1,i"+T —1]|, and
=0y, N[ —1]

=0y, 1 N[L7+T+15 -1 - 1]].

[
[

Therefore,

CLir+1—15.i'+T]
=Dy [ir41 1180, O[] L= 1117+ =8, O[1i7+T-1][]
=D\, [i7-13,i+7-17]
=Dy 41, [ir-1} 4717
=D\ 1, [ (8 1 VL7 =4 T+ =1 18 1 V[ LT+ =1 —1]]]

=Clirir+T+15-17]>

which implies that L(¢y 47y, 1] —15) =T +1 > T. Since [',i’ + T] C [, }]

15
ilin_[max] fOI’ w S [l,d - 1]’
ie., &, N [ij,i5] = 0 forw € [1,d — 1]. Similarly, we have that ,, N [i],7;] =

[1,n+ k + 1], this is a contradiction to the assumption that L(¢[j psk+1], !

T. Therefore, there are no deletions within D),
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for w € [2,d]. Since [i},7}] C [ij,}] and [7},7}] C [i}, ], it follows that

[i1.55] N 6, =0, (8.6)

and hence Cliri)] = Dy, (i) +tarin—tmax] TOrw € [1,d].

Next we show that the intervals [1,7] — 1] and [7} + 1, n + R] are deletion isolated.
Suppose on the contrary, there exists some wy € [1, d] for which (8,,, N [1,#] —1])+
twy # (Ow,+1N[1,77—1]). Then we have that [§,,, N[1, 7| =1]| > |d,,+1 N[1, 7] =1]].
Letx = |8y, N [1,i] = 1]| = [dy,+1 N [1,] — 1]], then,

Clif.if—x]
(@)

= DWZs[il+tlnax+|6wzn[lsi; _1] |si2_tmax_x+|6w2n[l’ié_x_l] |]
=D 1, i1 Hmar 8, N[ =12~ tmax =5+ 8, N[ Li5=x=1]]

:DW2+L[il+tmax+x+|5w2+l r\[l,l'? _1] |»i2_tmax+|5w2+l ﬂ[l,ié—l] |]

(®)
=Clir g (8.7)

where (a) and (/) hold since we have E.q. (8.6). This implies that

L(Cii,ié,x) :llz - l’l +1

>T +1,

which contradicts the fact that L(¢[1 n4k-1),<k) < T. Therefore, the intervals [1, 7] —
1] and [} + 1,n + R] are deletion isolated. O

In the following, we show that the output intervals satisfy (P1), (P2), and (P3),
respectively. Let [poj_1, p2j], j € [1,J’] be the marked intervals in the algorithm,
where p; < ... < pay. Let po = 0 and pyy41 = n+ R + 1, then the output
intervals are the leftmost up to k nonempty intervals among {[p2; + 1, p2js1 —
e
2, the interval [n + 1 — t,4x,n + R — k] is not marked. In addition, for any j €

Note that from the marking operation in the Initialization step and Step

[1,J7], sequences D, (p,. | p,;] are equal for all w € [1,d]. Hence, according to

Lemma 8.4.1, there exist intervals [p’zj_l,p’zj], j €[1,J’], where

py=pj+l16,N[1,p;—1]| and
[p/zg_lap/zg] Nnd, =0, (8.8)
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forall j € [1,2J],€ € [1,J'],and w € [1,d]. In addition, intervals [l,p’zj_1 - 1]
and [p’2j+1, n+R] are deletion isolated? for j € [1, J’]. It follows that [p’zj_l, p’2j+1—
1] is deletion isolated for j € [1,J’]. Since [p’zj_l,p’zj] Nad, =0forje[l,J]
and w € [1,d], then we have that the intervals [p’zj + 1,p’2j+1 -1],j € [0,J],
where p;, = 0 and p}, , = n+ R+ 1, are deletion isolated. From (8.8) we
have that D\, [, +1.p5/,1-1] = Clpj+1.p},,~11085 - In addition, the intervals {[p’zj +

Lph - 1]};’=O are disjoint since

(plzu+1) +1) = (P — D
=pa(j+t) + 10w N [L p5ipqy = HI+2 = poju = 16w N [1, p 0y — 1
ST +18, 0 [ phjry = 11 = 18, O [, pl oy — 1]
>T -k >0,

for j € [0,J" — 1]. Therefore, the output intervals {[p2; + 1, p2j+1 — 1]}']’.'=O satisfy
(P1).

Next, we show that the output intervals satisfy (P2). For any output interval [ps; +
1, pojs1 — 1] with [p2j + 1, p2js1 — 1] € [1,n + 1 — ty4,], the corresponding
interval [ p’zj +1, p'zj .1 — ! contains at least one deletion in §,,, i.e., [ p’zj +1, p’zj =
11né,, # 0, forsomew € [1,d]. Otherwise, we have that [p’2j+1,p’2j+l—l]ﬂ(5w =0
for w € [1,d]. Combining with (8.8) and the fact that intervals [1, p’zj_1 — 1] are
deletion isolated for j € [1,J'], it follows that the sequences D\, [, +1.p,;,1-1] &€
equal for w € [1,d]. This implies that the interval [p; + 1, p2j41 — 1] is marked
during the procedure, which is a contradiction to the fact that [py; + 1, paji1 — 1]
is not marked. Therefore, there are at most k¥ unmarked intervals that lie within the
interval [1, 7+ 1]. Note that there is one unmarked interval [n+ 1 — 1,5, n+ R — k]|
the does not lie in [1, n+ 1]. It follows that there are at most k + 1 unmarked intervals
in total. When there are k + 1 unmarked intervals, the deletions d,, are contained in
the k output intervals since each output interval within [1,n + 1] contains at least
one deletion. When there are no more than k intervals, the deletions are contained
in the unmarked output intervals since the marked intervals do not contain deletions.
Therefore we have that 8,, € {[p2;+1, p2j+1 —1]};21, where {[p2;+1, p2j+1 —1]}521
are the output intervals and J < k.

>The interval [p,p>] may be marked in the Initialization step and have length less
than T + 2,4 + 1. In that case, apply Lemma 8.4.1 by considering an interval [—f,,,x + T + 1, 0]
where D, [_,...+T+1,0] are equal for w € [1,d].
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Finally, we show that |IJ.* N[l,n+1]| < B—k for j € [1,J]. We first prove that for
any unmarked index i € [1,n+ 1 — | tjyqx + (T + 1)/2]], there exist some w € [1, d]
and k1 € [1, k], such that a deletion at §,, x, occurs within distance | 4+ (T+1)/2]
to the bit ¢;.—;4|5, n[1,7—1]| that becomes D, ;, i.e., 0k, € [I' = [tmax +(T+1)/2],i'+
| tmax+ (T+1)/2]]3. Otherwise, we have that [i’ — | t;yax +(T+1) /2], 1" + | tinax + (T +
1)/2]1n6,, =0 forw € [1,d]. Since [i' = [tmax+(T+1)/2], 7"+ [ tmax+(T+1)/2]]
has length more than ¢,, for w € [1,d], we have that 6,,41; = 6, ; + 1, € [1,7" -
[tmax + (T +1)/2] = 1] for every 0, + t € [1,i’ = [tmax + (T +1)/2] = 1]. It
follows that [1,i" — |tuax + (T +1)/2] — 1] is deletion isolated. Therefore, we have
that

Dy [ty (T+1) /2], i+ L tmax+(T+1) /2]
ZCli— [ty +(T+1) /2418, [~ 1]+ Ltmax+H(T+1) 2]+ 8,0 [i7=1]]]

:c[i/_l_tmax'*'(T"'l)/ZJ ,i’+|_tmax+(T+1)/2“

are equal for all w € [1, d], which means that the interval [i — |+ (T +1)/2],i+
| tmax+(T+1)/2]] and thus the index i should be marked. Therefore, every unmarked
indexi € [1,n+1—|t,4x+(T+1)/2]] is associated with a deletion index d,, «, that is
within distance |t + (T+1)/2]| toi’ =i+|d,, N[1,i"—1]|. On the other hand, any
deletion d,, , is associated with at most 2| (2,4 + T + 1) /2] + 1 unmarked indices.
Therefore, the number of unmarked bits within [1,n+ 1 — | t,4c + (T + 1)/2]] is at
most (2| (2tyax + T +1)/2] + 1)kd. The number of unmarked bits within [1,7n + 1]
isatmost (2| 2tyax + T+ 1)/2] + Dkd + | typax + T +1)/2]| = B — k.

Determining the Number of Deletions

In this subsection we present the algorithm for determining the number of dele-
tions |8,, N Z;|, w € [1,d], for any deletion isolated interval 7; C [1,n+k +1]. The
input for this algorithm is the reads Dy 4), I obtained by deleting ¢5,,n7;, w € [1,d]
from cz,. The interval IJ.* is the output interval obtained from the procedure in Sub-
section 8.4. Note that the interval Z; is not known at this point. In the algorithm only

the first two reads Dy 5], 1 are used. Let 7; = [bin, binax] for some integers by,

3When i’ = [tmax + (T +1)/2] < 0, consider bits D, 11~ tpar+(T+1)/2],0] that are equal for w €
[1,d].
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and b,,,,. Consider the following intervals,

[bpin + (@ = 1)ty + (m — 1)(T + 2k + 1), min{b,,y,

+(i =Dty +m(T+2k+1) =1, buax},

for i € [1, [(bmax — buin + 1)/117] and m € [1, min{4k + 1,
[((Dmax = bmin +1) mod 1) /(T + 2k + 1)1}]

Recall that here ¢ is the distance between head 1 and head 2. The intervals 8; ,,
are disjoint and have length T + 2k + 1 except when i = [(bax — bmin + 1) /11]
and m = min[((byax — bpmin + 1) mod ¢1) /(T + 2k + 1)] the length might be less.
Let U,, = U;B;,, be the union of intervals B; ,, with the same m form € [1,4k +1].
Then the unions U,, are disjoint since t; > (4k + 1)(T + 2k + 1). Since the
deletions occur in at most 2k positions in the first two heads, at least 2k + 1

unions {Uy,, ..., Un,,,, } satisfy U, N (61 U d2) =0 forl € [1,2k +1].

’
max:

Similarly, let 7; = [b/ . , b}, ] for some integers b) . and b Define the intervals

min® = max

[b:nln
+m(T +2k+1) -k —-1,b),,.}].
fori e [1,[(b), .. —Db' . +1)/t;]] and m € [1, min{4k + 1,

[((Phuax = bryy +1) mod 10) /(T + 2k + 1) 1}]

+(-Dti+(m—=1)(T+2k+1),min{b’ . +(i— 1),

min

im =

Then B, , are disjoint length T'+k+1 intervals except wheni = [ (b}, —b), . +1)/t{]
and m = min{4k + 1,[((b),,. — b’ .+ 1) mod t;)/(T + 2k + 1)1} the length might

max min
be less. Let

IM ={(i,m):|B |=T+k+1}

i,m

be the set of (i, m) pairs for which B, haslengthT+k+1. Since |IJ.*| = |Z;|-|Z;nd,|
for w € [1, d], we have that

’ ’
bmax - bmin

+1=1|Z]|
Sljjl = Dimax — bin + 1.
It follows that B;,, # 0 when (i,m) € I M’. For (i,m) € T M’, let p;,, and q;m

be the beginning and end points of interval B, ,,,, i.e., Bj m = [Pim> gim]. Similarly,
let Bl,m = [p;,m’ q:m]
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Since D, 71+ can be obtained by deleting bits ¢5,,n7; from ¢z,, we have that

Doy bty = Chlpgyix
Dw b’

*“min

+(i= Dty +(m=1)(T+2k+1) = Chyin+(m—1)ty+(m—1)(T+2k+1)+y» and

Dw,b’ +(i—-Dt1+m(T+2k+1)—k—1 = Chpi+(i-1)t1+m(T+2k+1)—k—1+z

min

forw € {1,2}, (i,m) € I M’, and integers x, y, z that satisfy b,,;,, — b’

<
min —

X, Y, 2=
k. Therefore, the sequence D), g; is a length T + k + 1 subsequence of ¢g,,
forw € {1,2} and for alli,m € T M.

The algorithm is given as follows.

1. Step 1: For all (i,m) € I M, find a unique integer 0 < x;,, < k such
that Dy [0 g0 —x;] = D2[p! +xi g’ ]- I 00 Or more than one such integers

exist, let x; , = 0. Go to Step 2.

2. Step 2: For all m € [1,4k + 1], compute the sum s, = X;.; myer g’ Xim- GO
to step 3.

4k+1
m=1 "

3. Step 3: Output the majority among {s,,

Note that the set 7 M’ and the intervals B, .. = p;,.»4;,,] can be determined from
Subsection 8.4. We now show that the algorithm outputs |7; N d;]. It suffices to show
that s,,, = |[Z; N ;| for [ € [1,2k + 1]. First, we show that the unique integer x;
satisfying Dl’[Pf,mlqu,ml—xi,ml] = DZ’[Pf,mﬁxi,mz"lf,ml] exists for [ € [1,2k + 1] and {
such that (i,m;) € I M’. Moreover, the integer x; ,,, equals |81 N [p1.1, pim, — 1] —
|62N [p1.1, pim, — 1]], the difference between the number of deletions in the first two
heads that happen before the interval 8;,,,. Recall that m; satisfies U, N 6y, = 0
for w € {1,2} and that DW,[plf’mI q,,,1 1s a subsequence of ¢y, , 4,,1- Hence, let

ti,my

x =101 N [pi,1,Pim — 11 =102 0 [P1,1, pim, — 1]|, we have that

D,1p;,, 4,1

:c[l’;’m[+|51ﬁ[Pl,l,Pi,ml—l] |,ql{,ml+|5lﬂ[Pl,l,Pi,m,—l]|—x]

:DZ,[p/ +x, ’ ], (8.9)

i,my qi,ml
Therefore, the integer x;,,, = x satisfies Dl’[pt/',ml’qtl',ml_xi’ml] = DZ,[P,‘,m,Hf,m»qu,]‘
We show this x;,,, is unique. Suppose there exists another integer y > x for

+ . Then we have that

z,ml

which Dy [, e i DZ,[P§,ml+y"1

i,ml’

Di1p;,, 0 )
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=D2,1p; .+ ]

(a)
=D HY X gy ]

i,m]
:c[l’,ﬁm[+|51ﬁ[Pl,l,Pi,ml—l]|+y—x’ql'~,ml+|5lﬁ[l71,1,Pi,m,—l]|—X]’
where (a) follows from Eq. (8.9). Since,
Dl,[p,f,ml,qf,m,—y] = Clp; 0101 1Pmy = 11147 L, HOIO[P11Pim =111
it follows that
CLp; oy HOOP L1 Pimy = 11117, H1O 0[P L1 Pimy = 111=Y]
=Cp] OO PEmy 14y =247, HOVO P11y =1 =x]
It then follows that
L(eyp;,, +18101p1.1,p1m =111 HE0P 1P~ 1] Y~ X)
7 ’
_qi,ml —X = pi,ml +1
>T+k+1-k+1

>T +1,
which is a contradiction to the fact that L(c, < k) < T. Similarly, such contradiction
occurs when y < x. Hence such x; ,,, is unique.
Next, we show that s,,, = [6; N Z;| for [ € [1,2k + 1]. Since p;m; — Pi-1m; = 1
fori € [2, max; ,yerm i], we have that

|51 N [pl,l’Pi,ml - 1]|
i—1

=181 0 [p1. Prm = 11+ D181 0 [Pwms Pt = 1]
w=1

(@) -2

a

21020 [Pt pamy = 11+ D102 0 [Puvstms Prwszm — 1]
w=1

+ |61 N [pi—l,mla pi,ml - 1]'
:|52 N [Pl,l, Pi,m; - 1]| + |51 N [pi—l,mla Pi,ml - 1]|7

where (a) hold since |01 N [pw—1.m> Pwm, — 1| = 02 O [Py Pwstm; — 1]
forw € [2,i—1]. It then follows that x; ,,, = [01 N [Pi=1,m;> Pim; — 11| (POm, = P1.1)
and that

Smy = |61 N [pl,lapmax(i’m)EIM/i,ml - 1]1.

Note that d; N [Pmaxu,m)szwi,mz’ bmax] € 61 N [bpax —t1 + 1, byax]. Since d; N
[bmax —t1+1, bpax] = 0, we have that s,,, = |61 N.1;|. Then the majority rule works.
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8.5 Correcting k > 2d Deletions

In this section we present the code for correcting k > 2d deletions as well as a lower
bound on the redundancy when #; = o(n). The code construction is similar to the
one presented in Sec. 8.3. We use Lemma 8.3.1 to identify the location of deletions
within a set of disjoint intervals 7;, each with length no more than B. Note that in
order to apply Lemma 8.3.1, the sequence ¢ € {0, 1}" has to be transformed into a
sequence F(c) € {0, 1}"***! (recall Lemma 8.2.5) that satisfies L(F(c), < k) < T.
Then we use a concatenated code construction. Specifically, to protect a sequence ¢ €
{0, 1Y+ from k deletions, we split ¢ into blocks a;, i € [1,[(n + k + 1)/B]]
of length B as in Eq. (8.2). Then the function S defined in Eq. (8.3), which is a
concatenation of hashes Hash (see Lemma 8.2.3) of a;,i € [1,[(n+ k +1)/B]],
can be used to corret k deletions in ¢ (see Lemma 8.3.2). Finally, a Reed-Solomon

code is used to protect the S hashes. The encoding function is as follows
Encs(c) = (F(e), Ry(¢), R () (8.10)
where

Ry(¢) = RSy 1/a) (S(F(e))),
R, (¢) = Repysi (Hash(Ry(c))), (8.11)

and function S(-) is defined in (8.3). The lengtholez(c) is Ny = 2| k/d]| max{log(n+
k+1),(4klogB + o(logB))} = 2|k/d]logn + o(logn). The length of Rg(c)
is No = 8k?(k + 1)log Ny + O(1) = o(logn). The length of Encs(c) is N =
n+k+1+Ni+Ny=n+2|k/d]logn+o(logn).

Theorem 8.5.1. The set C, = {Enc;(c) : ¢ € {0,1}"} is a d-head k-deletion cor-
recting code for 2d < k, if the distance between any two consecutive heads satis-
fies t; = Tyin, i € [1,...,d — 1]. The code C, can be constructed, encoded, and
decoded in n***! time. The redundancy of C> is N —n = +2| k/d] logn + o(log n).

Proof. The proof is essentially the same to the proof of Theorem 8.3.1. Forany D €
Dy (c), let d = Dy 1 y—) be the first row of D. The sequence d is a length N — k
subsequence of Enc,(c). Then it is possible to recover Hash(R’z(c)) from R'ZI (¢)

and further recover R/z(c).

It suffices to show how to use R’(c) to recover F(¢). According to Lemma 8.3.1,

we can identify a set of J < k intervals {; }; each with length not greater

:1’
than B, such that §; C (U;:]Ij). Note that according to Lemma 8.2.6, the bits ¢y,
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with|d,,| N Z;| < d — 1 errors can be recovered, when #; > max{(3k + [logn] +
)[k(k = 1)/2 + 1] + (7Tk — k)/6, (4k + 1)(5k + [logn] + 3)}. Note that each
interval 7; with |d,,] N Z;| > d spans over at most two blocks a;. Therefore,
at most 2| k/d]| blocks, the indices of which can be identified, contain at least
d deletions. Hence the sequence S(F(¢)) can be recovered with at most 2| k/d |
symbol errors, with known error locations. With the help of the Reed-Solomon code
redundancy RS»(x/q)(S(F(c))), the sequence S(F(c)) can be recovered. Then from
Lemma 8.3.2 and Lemma 8.2.5 the sequence F'(¢) and thus ¢ can be recovered. The
computation complexity of Enc;(¢) has the same order as that of Enci(c¢). It

takes Oy (poly(n)) time to construct , encode, and decode Enc,(c). O

Now we present a lower bound on the redundancy for small head distances #; =
o(n),i € [1,d — 1], which proves the last part of Theorem 8.1.1.

Theorem 8.5.2. Let C be a d-head k-deletion code with length n. If the distance t;
satisfies t; = n°Y fori € [1,d — 1], then we have that |C| < 2/2Lk/d]logn+o(logn)

Proof. Let Ty, = Z,d | ti. Sample the sequence ¢ with period T,

’
¢ = (C1+Tsum’ C1+3Tsum’ trt C1+(2j+1)Tsum’ ctc c1+(2I.(n_I_Tvum)/ZTmmJ_l)Tsum)'

We show that correcting k deletions in c¢ is at least as hard as correcting | k/d |
erasures in ¢’. It suffices to show that d deletions in heads i € [1, d] can erase the
information of any bitin ¢’. For j € [1, [ (n— 1 = Tyum)/2Tum] ], let the d deletions

occur at positions

{1+(2j_ 1)T¥um _iti twe [O’d_ 1]}
i=1

at head 1. Then the corresponding d deletion in head m occur at positions
{1+ (2j = DTsum —Zri+2ti we[0,d-1]}.
i=1 i=1

It follows that the bit c14(2;-1)
locations and values of all the d deleted bits in each head except the value of the

is deleted in all heads. Suppose a genie tells the

Tsum

bit ¢14(2j-1)T,.,- Then this reduces to a erasure of the bit c14(2;-1)r,,, in ¢’. Note
that in this way, k deletions in ¢ can cause | k/d] erasures in ¢’. From the Hamming

bound, the size |C]| is upper bounded by

Lk/2d]
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—n- Lk/2d](log n—1log(2Ts,m))+o(logn)

—pn= Lk/2d] log n+o(logn)

According to Theorem 8.5.2, the redundancy of a d head k deletion code is lower
bounded by | k/2d] logn + o(logn). O

8.6 Correcting k Deletions and Insertions

In this section we show how to correct a combination of up to k deletions and
insertions in the d-head racetrack memory. In this scenario, more challenges arise
since there may not be "shifts" between different reads, as we observed in Lemma
8.4.1, after a combination of deletions and insertions. This makes detection of errors

harder. Moreover, Lemma 8.2.6 does not apply.

The encoding and decoding algorithms for this task can be regarded as a generaliza-
tion of the algorithms for correcting k deletions. Similar to the idea in Sec. 8.3 and
Sec. 8.5, we notice that the location of errors (d;,7;), i € [1, d] are contained in a
set of disjoint edit isolated intervals, each with length at most Br — k. Yet, different
from the cases in Sec. 8.3 and Sec. 8.5, some of the edit isolated intervals cannot
be detected and identified from the reads. Fortunately, the intervals that cannot be
detected contain at least 2d errors in each read. In addition, the "shift" in bits outside
the edit isolated intervals, caused by the errors in those edit isolated intervals, can
be determined in a similar manner to the one in Sec. 8.4. Therefore, the bits outside
the edit isolated intervals can be recovered similarly as in Sec. 8.3 and Sec. 8.5. In
addition, we will prove a similar result to Lemma 8.2.6, for correcting both deletions
and insertions, similar to what we did for correcting deletion errors. Specifically,
we will show that the intervals with less than d errors can be recovered using the
reads. Then, by using Reed-Solomon code to protect the deletion correcting hashes
as we did in Sec. 8.3 and Sec. 8.5, the 2| k/d] logn + o(log n) redundancy can be
achieved. We note that in this section, we let the head distances #; = ¢ to be equal
forie[1,d-1].

We begin with the the algorithm for identifying a set of intervals [by;, by;], j €
[1,J], such that for each j € [1, J], there is an interval [p1;, p2;] satisfying:

((A) [p1j.p2;] € [b1), bojl,
B) E,;=E, ;forany w,w’ € [1,d] andi € ([b1;, p1; — 1] U [p2; + 1, b2;]),

(C) Ef1.41.[p1,.p2;] € Er(eg;) for some edit isolated interval Z; and k" > 1,
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(D) |[b1,baj)| < (2kdt +2t + 1) (k + 1) + kdt + 2k for j € [1,J]].

The algorithm is similar to the one in Sec. 8.4. However, different from the intervals
Ij*, Jj € [1,J] generated in Sec. 8.4, which satisfy properties (P1) and (P2) in Sec.
8.4, here we do not necessarily have Eyy 4] (p,;.5,,] € Ex’(€ ~7,~’) for some edit isolated
interval Ij’, Jj € [1,J]. Also, the error locations (7,, U d,,), w € [1,d] may not
be contained in the collection of intervals U§=1IJ' Given a read matrix E € &, (¢),

where ¢ € {0, 1}***! is a binary input. The algorithm is given as follows.

1. Initialization: Set all integers m € [1,n’] unmarked, where n’ is the number
of columns in E. Leti = 1. Find the largest positive integer L such that the
sequences E,, [;is1-1] = E\ [ii+r-1] for any w,w’ € [1,d]. If such L exists
and satisfies L > kdt + t, mark the integers m € [1, L — (kdt +t)] and go to
Step 1. Otherwise, go to Step 1.

2. Step 1: Find the largest positive integer L such that the sequences E,, [; is1-1] =
E,, jii+1-1) for any w,w’ € [1,d]. Go to Step 2. If no such L is found,
set L = 0 and go to Step 2.

3. Step 2: If L > 2(kdt +t)+ 1, mark the integers m € [i + kdt + ¢, min{i + L —
I,n'} — (kdt+1)]. Seti =i+ L+ 1and go to Step 3. Elsei =i+ 1 and go to
Step 3.

4. Step 3: If i < n’, go to Step 1. Else go to Step 4.

5. Step 4: Output all unmarked intervals.

We now show that the output intervals satisfy the properties (A), (B), (C), and (D)

above.

Lemma 8.6.1. For a read matrix E € & (c) € {0, 1} Let [b1j,b2j], j € [1,J]
be the output intervals in the above procedure such that b1y < b1o < ... < byy.
There exists a set of intervals [p1;, p2;], j € [1,J], satisfying (A), (B), (C), and (D)

above.

Proof. Note that for each interval [by, ba;], we have By, b, b, +kdr+1-1] =
E\v 1byj.by pkdrre-1] a0 By 15, kdr—141.055] = B [by;—kdr-1+1,6,,] fOr any w,w’ €
[1,d], except for j = 1, it is possible that by can be less than 1, in which case,

we can assume E,,; = E,,; forany i < 0 and w,w’ € [1,d]. Consider the set
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of intervals [by; + (i — 1)t,b1; +it — 1] for i € [1,kd + 1]. Note that an error
occurs in at most d intervals in one of the d heads. Therefore, at most kd intervals
contain errors. Then, there exists an interval [by; + (i1 — 1)t,by; + i1t — 1] for
some i1 € [1,kd + 1] such that [by; + (i1 — 1)t, b1 + i1t = 1] N (7 Udy) = 0
for w € [1,d]. Similarly, there exists an interval [by; — izt + 1, byj — (ip — 1)¢] for
some ir € [1,kd + 1], such that [by; —ixt + 1,b2; — (i = 1)t] N (v U dy) =0
for w € [1,d]. This implies that [by; + i1t — 1 — k,byj — it + 1 + k] is an
edit isolated interval. Let Ejj4),(p;;.p,;] € Sk}(c[blj+,-l,_1_k’b2j_,-2,+1+k]), where
k;. =|[b1j+i1t=1=k,boj—irt+1+k]NO1|+|[b1j+i1t =1k, boj—irt+1+k]N1],
be the read matrix obtained from Clby iy t—1—k by j—ist+1+k] after deletion errors at
locations &, N [b1j +i1t — 1 =k, byj — it + 1 + k] and insertion errors at locations
Yw N [b1j+i1t =1 —k,by; —irt+1+k], w € [1,d]. Then we have that py; €
[b1j+t—1-2k,byj+kdt+t—1] and ps; € [byj —kdt —t+1,by; —t+1+
2k]. Therefore, the intervals [pi;, p2j], j € [1,J] satisfy (A), (B). To show that
[P1j, p2jl, J € [1,J] satisfy (C), we need to show k;. > 1 for each j. Suppose on
the contrary, k}. = 0. Then we since E[1 41,[p,;.p,,] € 8/{} (Clbyj+irt=1-k.byj—irt+1+k] )5
we have that Ey 5, »,,1 = Ew [py;.p,,] for any w,w’ € [1,d]. Then we have
E. (01,021 = Ew [by,.b,;) forany w,w’ € [1,d], and by + kdt + ¢ should have been

marked, a contradiction.

Finally, we show that |[by;, by;]| < (2kdt + 2t + 1)(k + 1) + kdt + 2k. Note that
an error that occurs at location i in the first head occurs at i + (w — 1)t in the w-th
head. These locations are contained in an interval [i,i + (d — 1)¢] of length less
than dt. The locations of k errors in d heads are contained in k intervals, each of
length at most dt. If [[b1;, by;]| > (2kdt + 2t + 1)(k + 1) + kdt + 2k, there exists
a sub-interval [b’lj, b’zj] C [b1j + k, byj — k] with length at least 2kdt + 2t + 1,
that is disjoint with the k intervals that contain locations of all errors in all heads.
Since the interval [b’lj, b’zj] has length more than ¢, the intervals [1, b’lj — 1] and
[b’zj + 1,n + k + 1] are edit disjoint, where n + k + 1 is the length of ¢. Moreover,
E,; = E, ; for any w,w’ € [1,d] and i € [b’lj — |61 N [1,[9’1]. 1]+ 7 n
[l,b’lj - 1]|,b’2j - —ld1 N [l,b’lj 1]+ |7 n [l,b’lj — 1]|]. This implies that
i = b’lj - 61 N [l,b’lj - 1]+ |y n [1,b’1j — 1] + kdt + t should be marked,
contradicting to the fact that [b’lj, b’zj] is unmarked, j € [1,J]. Therefore, we
proved (D). O

In the remainder of this section, we first show how to correct k& < d deletions and

insertions in total. Then, we show how to determine the shifts caused by errors in the
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isolated intervals, and show that for those isolated intervals that can not be detected,
there are at least 2d errors, and no shifts caused by these isolated intervals. Finally,
we present our encoding and decoding algorithms for the general cases when k > d.
The code is the same as the construction in Sec. 8.5, but with a different decoding
algorithm. Before dealing with the k£ < d case, we present a proposition that is

repeatedly used in this section.

Proposition 8.6.1. Let E € E;(c¢) be a read matrix for some sequence ¢ satisfying
L(c,< k) < T. For any integersi € [1,n] and w,w’ € [1,d] such that no error

occurs in interval [i — T — 2k, i] in the w-th and w’-th head, i.e.,

O Uy N[i =T -2k,i] =0, and
(6 Uy ) N[i =T —2k,i] =0, (8.12)

If
E, |i-7-2k,i—x] = By [i-T—2k+x,i] (8.13)
for some integer x € [0, k], then

Ivw N [1,i =T =2k = 1]| = |8, N [1,i =T — 2k — 1]| +x
=y N [1,i =T =2k = 1] = |8, N [1,i = T — 2k — 1]|. (8.14)

Proof. Suppose on the contrary,

Iy N [1i=T =2k =1]| = |8, N [1,i =T = 2k — 1]] +x’
=y N [1,i =T =2k = 1]| = |84 O [1,i = T — 2k — 1]| (8.15)

for some x’ # x. If x’ > x, then we have that

Cli-T—k+x'—x,i—k]

(@)
= By [i-T—ktx’—xtly N [1i=T=2k=1]| =8 N[ 1i=T—2k—=1]|i—k+/7o N [1i=T=2k=1] |~ |8 N[ 1,i=T~2k—1]|]

(b)
= B\ [i-T kx4 70 N[ LimT=2k—1]|=|8, O [ 1i=T—2k—1] [si—k+|pw N[ 1i=T—2k=1]| |80 N[ 1i~T—2k—1] |4x]

(c)
= By [i-T— k| O LimT=2k 1] =18, N[ 1i=T—2k—1]|simk+|7y0r V[ 1i=T—2k—1]|~ |8, [ 1i—T—2k —1] [+x—x']

(d)
= Cli-T—-k,i—k+x—x']»

where (a) and (d) follows from (8.12) and the fact that |y,,|+|d,,| < k forw € [1,d],
(b) follows from (8.13), and (c) follows from (8.15).
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If x” < x, we have that

Cli-T—k,i—k—x+x']

(@)
= By [i-T— ki N[ 1i=T=2k=1]|~ 8 N[ 1i=T—2k—1] ik —x+x"+|pw N[ 1i—T—2k—1] |8y N[ 1i—T—2k—1]]

=E\r [i—T— k| N[1imT=2k=1]|=|8, O [ 1i=T=2k = 1] |+x,i—k+x"+ 7o N[ 1i=T=2k=1] |~ |8 N[ 1,i=T=2k—1]|]
=E\r [i-T—k+],y O [1i=T=2k~1]|~|8,,/ [ Li-T~2k—1] [4x=x"i—k+pe V[ Li=T~2k—1] || 8, A[ 1i~T—2k~1]]
(b)
= Cli-T—k+x—x',i—k] -
In both cases, we have that L(c, |x — x’|) > T + 1, contradicting to the fact that

L(c,< k) <T. Hence, x" = x and the proof is done. m]

Correcting k£ < d Deletions and Insertions
The cases when k < d are addressed in the following lemma, which proves the first
part of Theorem 8.1.2, where k < d.

Lemma 8.6.2. Let E € &i(¢) be a read matrix for some sequence ¢ satisfying
L(c,< k) <T. Let the distance t satisfy t > (%2 +3k+2)(T+3k+1)+T+5k+1.
If there is an interval | by, by], an interval [p1, p2] C [b1, b2], and an edit isolated
interval 1 satisfying E[1 q),[p, p,] € Ex'(€1) for somek’ <d-1,and E,, ; = E,, ;
foranyw,w’ € [1,d] and j € ([b1, p1—1]U|[p2+1, b2]), then we can obtain a read
matrix E' such that Efl,d],[m,pz] € &(er), and E,, ; = E, ; foranyw,w’ € [1,d]

and j € ([by, p1 — 1] U [p2+ 1, b2)).

Remark 8.6.1. Lemma 8.6.2 is a generalization of and an improvement over Lemma

8.2.6 when k < d and k is sufficiently large.

Proof. Let i* be the minimum index such that i* > p; and there exist different
w,w’ € [1,d] satistying E,, ~ # E, ;. Let E,, ; be the minority bit among
{Ew,i*}izl, i.e., there are at most L%J bits among {Ew,i*}izl being equal to E,, ;+ #
E,, ;~. We will first show that there are edit errors occur near index i* in the w-th
head, unless when the numbers of 1-bits and 0-bits among { E,, ;+ }izl are equal, edit
errors occur near index i* in the first head. To this end, we begin with the following

proposition.

Proposition 8.6.2. Let E € &Ei(c) be a read matrix for some sequence ¢ satis-
fying L(¢,< k) < T. Leti* > 0 be an integer such that E,, [j_7_pp—1;-1] =
E,, [is-7—ok-1,+=1) forany w',w € [1,d]. For any w,w’" € [1, d] such that no error
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occurs in interval [i* — T — 2k,i* + k — 1] in the w-th and w’-th head, i.e.,

(8 U~) N [i* =T =2k = 1,i* +k - 1] = 0, and
(8 U~) N [i* =T =2k = 1,i* +k—1] = 0, (8.16)

the bits E., ;» and E,, ;» are equal.

Proof. According to Proposition 8.6.1, we have that

Iy O [1,8* =T =2k = 2] = |8 N [1,i* = T = 2k - 2]|
=y O [1,i* =T =2k = 2]| = |8, O [1,i* = T = 2k = 2]| (8.17)

for any w,w’ € [1,d]. Then,

E (a)
woi* = Cir—|y,, N[ 1,i* =T -2k=2]|+|8,, N[ 1,i*~T—-2k-2] |

(b)
= G|y, N[ 1, =T =2k=2]|+|8,,, N[ 1,i*~T-2k-2]|

(o)
= EW,i*a

where (a) and (c) follow from (8.16) and the fact that |vy,, N [1,i* =T — 2k — 2]| -
|6,, N [1,i* =T — 2k — 2]| < k. Equality (b) follows from (8.17). O

From Proposition 8.6.2, we can easily conclude that there is at least one error in
interval [{* — T — 2k — 1,i* + k — 1] in one of the heads, i.e., (,, U~y,,) N [i* =T —
2k —1,i* + k — 1] # 0 for some w € [1,d]. Otherwise the bits E,, ;+ are equal for
all w € [1, d], contradicting to the definition of i*.

Next, we need the following proposition.

Proposition 8.6.3. Let E € E;(c¢) be a read matrix for some sequence ¢ satisfying
L(c,< k) <T. Leti* > 0 be an integer such that E,, | y—1] = E,y 1,1 for any
w,we [L,d|IfT* > T+2k+1andt > (k+1)T*, then the number of heads where

at least one error occurs in interval [i* — T, i* + k — 1] is at most I_%J, ie.,

k+1

{w:(@wUy) N[ =Ti"+k—-1]#0} < | 1.

Moreover, when [{w : (0,, Uy, N[i(* =T*,i*+k —1] # 0}| = kzil at least one

error occurs in [i* — T*,i*] in the first head, i.e., (6; U~y) N [i* =T, i*] # 0.

Proof. Let{w :w € [2,d], (6,,Uyy,)N[{*=T*,i*+k—1] # 0} = {wi,wa,...,wy}
be the set of heads (not including the first head) that contains at least one error in
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interval [{* —T*,i" + k — 1]. Let w; > wy > ... > wy;. We will show that there
exist a set of integers iy, i2,...,iy € [0, k] suchthati; > i > ... > iy and

[N [ =T " —(we =Dt = (T" +k)ig,i" =T " — (we = 2)t = (T" + k)i — 1]|

N[ =T —(we— Dt = (T* + k)ig,i* =T — (weg —2)t — (T + k)ip — 1]]
>2 (8.18)
for ¢ € [1, M]. Note that the intervals [i* —T*— (we— 1)t — (T +k)ip, i*—T"— (w¢—
2)t — (T* + k)i — 1] are disjoint for different € € [1, M] and are within the interval
[-T* = (T* + k)(k+1),i*=T* = 1], since t; > (k+1)(T* +1) for j € [1,d] and
ir < k for € € [1, M]. Then, the number of errors in the first head is at least 2|{w :
(O Uy)N [ =T, i*+k—1] # 0,w € [2,d]}+1((6;U~y)N[i* =T, i"+k—1] # 0),
where 1(A) is the indicator that equals 1 when A is true and equals 0 otherwise.

Hence, we have that
26w (B Uy N[ =T " +k—=1] #0,w € [2,d]}]
+1(( Uy N[ =T i"+k—-1] #0) < k.

Then, it can be easily verified that the proposition follows.

Now we find the set of integers iy > i» > ... > iy satisfying (8.18). Let ip = k.
Starting from £ = 1 to £ = M, find the largest integer i, such that i; < i,_; and no
errors occur in interval [i* —T* — (T* + k)(i¢+ 1),i* = T* — (T* + k)ip — 1] in the
we-th or the (wg — 1)-th heads, i.e.,

(Yw, Uy, U1 Udy,—) N[ =T = (T + k) (ig + 1),

=T = (T"+ k)i, —1] =0. (8.19)
We show that such an £ € [1, M] can be found as long as t > (T* + k)(k +2). Note
that in the above procedure, for each integer i € [i; + 1, k], there is at least an edit
error occurring in interval [(* —T* — (T*+ k)(i+1),i* = T* — (T* + k)i — 1] in one
of the heads w, which corresponds to an error that occurs in interval [i* —T* — (T* +
KY(i+1)—(w—=1Dt,i*=T* = (T*+k)i —1— (w — 1)t] in the first head. In addition,
the intervals [i* —T* - (T*+k)(i+1)—(w—=1)t,i* =T = (T*+k)i—1—(w—1)t]
are disjoint for different pairs (i,w), as long as t > (T* + k)(k +2). Since there

are at most k errors in the first head and there are k£ + 1 choices of iy, such an i,

satisfying (8.19) can be found.

Since E,,,; = B\, fori e [i* =T* = (T"+ k)(i¢+1),i" =T - (T" + k)i, — 1],
by Proposition 8.6.1 we have that

Y=t N [L, " =T = (T* + k)(i¢+ 1) — 1]
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8yt N1, = T* = (T* + k) (i + 1) — 1]

=y, N [1,i* = T* = (T* + k) (ig + 1) — 1]|
8w, N1, =T = (T* + k) (i + 1) — 1]]. (8.20)

On the other hand, we have that

Vw1 N[, =T = (T*+ k)(ig+1) — 1 —1]|
=0y, N[ =T = (T"+k)(ig+1)— 1 —1]|
=Y, N[1,i" =T = (T + k) (ig+1) — 1]|
— 6w, N[Li" =T = (T"+ k)(ig+ 1) — 1]|. (8.21)

Eq. (8.20) and Eq. (8.21) imply that

ot N =T = (T + k) (g + 1) =1, =T* = (T* + k) (i + 1) — 1]]
=8y, N[ =T = (T* + k) (ic+ 1) = t,i* =T* = (T* + k) (g + 1) — 1]]. (8.22)

Since (yy, U dy,) N [i* =T*,i* + k — 1] # 0 by definition of w,, we have that

(V=1 UOy—) N[ =T —t,i" +k— 1 —1]
C(Ywm1 Uy N[ =T = (T +k)(ig+ 1) —t,i7" =T = (T" + k) (ig+ 1) — 1]
#0.

Together with (8.22), we have that

Vw1 N[ =T = (T*+k)(ig+ 1) —t,i" =T = (T"+k)(ic+ 1) — 1]|
HOy,o 1 N[ =T = (T +k)(ig+ 1) —t,i" =T = (T"+k)(ir+ 1) — 1]
>2,

which implies (8.18) because 7,1 = v1 + (We — 2)t and §,,,—1 = &1 + (we — 2)t.

Hence, the proof is done. m]

Let w* € [1,d] be an index of the head such that E, ;- is a minority bit among
{Ew,i*}izl, i.e., there are at most % bits among {Ew,i*}izl that is equal to E« ;.
By Proposition 8.6.2 and Proposition 8.6.3, we conclude that when k£ < d, we have
that (9« U ) N [i* =T — 2k — 1,i* + k — 1] # 0, if the number of bits among
{Ew’i*}izl being equal to E,- ;- is is less than d/2. If k < d and the number
of bits among {Ew,i*}fv _, being equal to E,; is is exactly d/2, we have that
Gruy)N[i*=T-2k-1,i"+k—-1] # 0.
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Now we find a w* with (8« U y«) N [i* =T =2k — 1,i* + k — 1] # 0. In the

remaining part of the proof, we show how to use knowledge of w* to correct at least
one error for each head, and reduce the d-head case to a (d — 1)-head case. Then,
the lemma follows by induction. Assume that w* < d — 1. The procedure when

w™* = d will be similar.

Note that (0, U~,) N [i* =T =2k -1+ (w—-w"t,i*+k -1+ (w—-w"t] #0.

Consider the set of intervals

[("+2k+ (- 1D)(T+3k+1)+(w—wHt,
42k —1+0(T+3k+1)+ (w—whi]

for € € [1, %2 +3k +2] and w € [1,d]. For notation convenience, denote
Ve 20 +2k+ (E—=D)(T+3k+1)+(w—w)t (8.23)

for £ € [1,% +3k +2] and w € [1,d]. For each pair £ € [1,% + 3k +2] and
w € [1,d — 1], find a unique index x,, ¢, € [0, k], such that

EW,[VW,[,vw,m—l—xW,[] = EW+1,[VW’[+XW,[,VW’[+1—1] (8.24)

or x,, ¢ € [—k,—1] such that

EW,[VW’[—XW,[,VW’[+T+3/€] = EW+1,[VW,[,VW’[+XW’[++T+3]€]‘ (8-25)
If no such index or more than one exist, let x,, , = k + 1.

Given x,, ¢, { € [1,%2 + 3k + 2] and w € [1,d], define a binary vector z €

2
{0, 1} T3k+2 a5 follows:

1, if there exists aw € [1,d — 1] such that x,, p = k + 1

1, if there exists aw € [1,d — 1] such that x,, o # x,, ¢—1
20 =% (8.26)
and Xy, ¢, Xy ¢-1 € [—k, k]

0, else

for € € %2 + 3k + 2. In (8.26), it is assumed that x,, o = x,,; forw € [1,d - 1].

Let y be the number of 1 runs in z. Let y* = |[(9 U 0y U Yypei1 U Opprsq) N
[(*+k,i"+3k -1+ (%2 + 3k + 2)(T + 3k + 1)]| be the number of errors that
occur in interval [i* + k,i* +k — 1 + (%2 + 3k +2)(T + 3k + 1)] in the w*-th or
(w* + 1)-th head. Note that y* = |(7 U 0y U Y1 U Oy1) N [I" + k + (w —
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W), i +3k = 1+ (& 43k +2) (T +3k +1) + (w —w*)t] | for w € [1, d]. Moreover,
WL+ 2k+ (w1t 42k 1+ (2 43842) (T+3k4 1)+ (w—w)r] SO0 be obtained by a subsequence
of c[l_uk,l_*+3 kL sz 4382 (T43k41)] after at most y* deletions and insertions in interval

[i* + k,i* + 3k = 1+ (& + 3k +2)(T + 3k + 1)] in the w-th head, w € [1,d].

We first show that y* < k — 1. Note that the |(~,, U &) N [i* + k,n + k]| errors
that occur after index i* + k in the w*-th head, occur after index i* + k +¢ >
i+ 3k + (%2 + 3k +2)(T + 3k + 1) in the (w* + 1)-th head. Moreover, the errors
that occur in interval [i* — T — 2k — 1,i* + k — 1] in the w*-th head occur after
=T -2k-1+1t > i*+3k+(%2+3k+2)(T+3k+1) in the (w* + 1)-th
head, since ¢t > (%2 +3k+2)(T+3k+1)+T+ 5k + 1. Hence there are at most
k=|(yw U )N [i*+k,n+k]|—1+]|(yyUdy*)N[i*+k,n+k]| = k—1errors
that occur in interval [i* + k,i* +3k — 1+ (%2 + 3k +2)(T + 3k +1)] in the w*-th or
(w* + 1)-th head.

Next, we show that there are at most (2k —2) 1 entries in z. Note that a single error
ininterval [{*+k,i*+3k—1+ (%2 +3k+2)(T+3k+1)] inthe w-th or (w+1)-th head
affects the value of at most a single entry x,, ¢, and the entries (x,, ¢41, - . - , X, % ka2
increase or decrease by 1. This generates at most two 1 entries in z. Hence there

are at most 2y* < 2k — 2 1 entries in Z.

Then, we show that there exists a 0-run (Z;41, . . ., Zisk—y+2) Of length k — y + 2, for
some i € [0, %2 + 2k + y], which indicates that

Ew,[Vw,i+1,Vw,i+k—y+3—xw,i+1—1] = EW+1s[Vw,i+1+xw,i+1an,i+k—y+3_1]’ (8.27)
if x,, 541 € [0, k] or

Ew,[Vw,f+1—xw,i+1,vw,i+k-y+3—1] = EW+1s[Vw,i+1svw,i+k—y+3+xw,i+1_l]’ (8.28)

if x, 41 € [k, —1], forevery w € [1,d — 1].

Suppose on the contrary, each O run has length no more than £k — y + 1. Note that
there are at most y + 1 O runs with y 1 runs. Therefore, the length of z is upper
bounded by

2
%+3k+2 <(y+1D)(k—-y+1)+2k

=—y +ky+3k+1
k2

<—+3k+1

4
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a contradiction.

We have proved the existence of a O run (z; + 1, ..., Zisx—y+2), Which implies (8.27)
and (8.28). We now show that there are at most k — y + 1 errors occur in interval
[Vw,isl> Vw,itk—y+3 — 1] in the w and/or (w + 1)-th head, for w € [1,d — 1]. As
mentioned above, a single error in interval [i*+k, i*+3k—1 +(k72 +3k+2)(T+3k+1)]
in the w-th or (w + 1)-th head affects the value of at most a single entry x,, ¢, and the

entries (Xy r41, .- -, X ) increase or decrease by 1. This generates at most

k2

W’T+3k+2
a single 1 run in z. In addition, errors in interval [V, i+1, Vi isk—y+3 — 1] in the w
and/or (w + 1)-th head generate at most two 1 runs that include z; and zZjix—y42.
Therefore, there are at least y —2 1 runs in z that are generated by at least y — 2 errors
. . . 2

in [i* + k,i* + 3k — 1+ (4 + 3k +2)(T + 3k + D]\ [Vw i1, Vi irk—ys3 — 1]. Hence,
the number of errors in interval [V, ;+1, Vw,i+k—y+3 — 1] in the w and/or (w + 1)-th

headisatmost y* —y+2 < k—y+ 1.

Therefore, there exists an integer € € [i + 1,i + kK — y + 2] such that no errors occur
in interval [v,, ¢, Vi ¢+1 — 1] in the w and/or (w + 1)-th head, which implies that
Ey1,1p1 v =180 0T Lvw e~ 1+ N0 [Lvy, ~1][+4] 18 Obtained from ernyi,y, -+,
after deletion errors at locations é,,+1 N Z N [1,v,,, — 1] and insertion errors at

locations v,,+1 N2 N [1,v,, ¢ — 1]. Moreover,

E\y v,y k41218, 0T O 1y o~ 1] [+ 4wNI O [1vy o~ 11].p2]
:EW’[VW,€+k+1_|6w+1mIm[l,VW,[,’_l] |+|7w+lmjm[l’vw,f_1] |+k—xw,lap2]

=By [0y, k4121801 0T Oy =1 [+t 0T O[ Ly o= 1] [+k =Xy 111,p2]

can be obtained from €7y, +k+1,n+k]> after deletion errors at locations 0, NI N
[Vy.e,n + k] and insertion errors at locations ~,, N I N [v,, ¢, n + k]. Therefore,
concatenating Ei,41,[p, v, ;~[8,+1070[ 1,00~ 11 [+/7s10T N[ 10,0, o~ 1][+k] ADd

E, (v, +k+1-180 10T Ly e~ 1] [+HAsos1 NN [Lva o~ [+k—xy.ie1,p2]» WE have a sequence,
obtained from ¢z by deletion errors with locations (&,,+1 N [1, vy — 1]) U (d,y N
[Vviwe,n + k]) and insertion errors at locations (741 N [L,vye — 1]) U (70 N
[vwe,n + k]), w € [1,d — 1] in ¢;. Note that there are at most |d,, N 7| +
|vw N I| — 1 errors in total in the concatenation, since the errors occur in [(d,, U
lvw) N[ =T -2k =1+ (w—w"t,i*+k -1+ (w—w")t]|] are not included
in the concatenation. Finally, since (Zi41, ..., Zi+k-y+2) 1S a O run, we have that

Xwitl = Xwis2 = ... = Xy i+k—y+2 for w € [1,d — 1]. Hence, concatenating
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E\ i1, (b1, 4k @0 By [y okt 1-x,,01,b2] TESULLS in the same sequence as con-

catenating Ei,11,[by,v,y ~|84s1 0T [ 1y o= [+Aws1 LT ALy o—1][+k] @D
E\y (v, c+kt1-180s1 0T O 1Lvve— 1] [+ Yws1 (AL v e~ k=t ia1,b2]» W € [1,d — 1]

Let the d — 1 concatenated sequences be represented by a read matrix E’. Then there

exists some interval [p’, p,] such that Ef = ., . € & —1(er). In addition, we
2 [L.d-1],[p}.p5]

have that E:V,j = E:VJ forany w,w” € [1,d—1]and j € ([1, p|-1]U[p,+1,b']),

where b’ is the number of columns in E’. Then, we obtain a read matrix with d — 1

head and less errors. The lemma follows by induction.

For cases when w* = d, the proof is similar, where instead of looking at intervals
[+2k+(—1)(T+3k+1)+(Ww—w*)t,i*+2k —1+6(T+3k+ 1)+ (w—w")t] for
el %2+3k+2] andw € [1,d], we look atintervals [i* —T -3k —€(T+3k+1)+
(w=w)t,i* =T =3k = 1= (L= 1)(T+3k+ 1)+ (w—w*)t] for € € [1, % +3k+2]
andw € [1,d].

Determine Bits Outside Edit Isolated Intervals

Lemma 8.6.3. For any edit isolated interval I and an interval [p1, p2] such that
E1.q1,1p,.p,) € Sk (€r) for some sequence ¢ satisfying L(¢,< k) < T, if E,,; =
E,. ; forany w,w’ € [1,d] and j € ([p1, p2]), then |6, N I| +|v, N T| > 2d.

Proof. LetI =[qi,q>]. Leti* be the minimum index such thati* > ¢ and E,, ;« #
Cqtit—p1> 1.8, By (51 i~1] = €[q,qi+i*—pi—-1] and By, i+ # ¢4 4+—p, forw € [1,d]. We
show that (8,, U~y,) N [i* =T =2k — 1,i*+ k — 1] # 0 for w € [1, d]. Otherwise,
there exists a w* € [1, d], such that (8, U~,«) N [i* =T -2k - 1,i"+k - 1] = 0.
Assume now that there is a virtual read E,,- [1 ,1, where 7 is the length of each read in
the first d heads. Assume that the distance between the d-th head and the w’-th head
is far enough so that the first error occurs after index g +i* — p; in the w’-th head.
Therefore, E, [p,.i*-1] = C[q1.q1+i*-p1-1] = B [pi=-1] for w € [1,d] and E,,/ ;» =
€4, +i*—p,- By Proposition 8.6.2, we have that E\,« ;» = ¢4, 4;+—p,, contradicting to the
definition of i*. Hence, we have that (6,, U~,,) N [i* =T =2k - 1,i*+k - 1] #0
forw € [1,d].

According to Proposition 8.6.3, we have that k > 2d — 1. Furthermore, by Lemma
8.6.4, we have that k is an odd number and thus k& > 2d. O
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Lemma 8.6.4. Let E € &Ei(c) be a read matrix for some sequence ¢ satisfying
L(c,< k) <T. Let the head distance t satisfy t > (4k + 1)(T + 4k + 1). If there is
an interval [by, by, an interval [p1, p2] C [b1, b2], and an edit isolated interval
I satisfying Ep1 41(p,.p,] € Ex(€r) for some k' < d -1, and E,, ; = E,, ; for any
w,w’' € [1,d] and j € ([b1, p1 —1]VU [p2+1, bz]), then the the number of bit shifts
caused by errors ininterval 1, |v,, NI |—|d,, NI | can be decided from E{; 4] (b, b,)
forw € [1,d]. Moreover, if E,, (p, b,] = By [p,b,] for any w,w' € [1,d], then
lvw NI | =16, NI | foranyw € [1,d].

Proof. Similar to what we did in Sec. 8.4. consider a set of intervals

[b1+(G-Dt+(m—-1)(T+4k+1),b1+(i—Dt+m(T+4k+1)—-1],
Bim =14 forme[1,4k+1]andi € [0,222* + 1] satisfying
bi+(-Dt+m(T+4k+1)—1 < bs.

Note that the intervals B, ,, are disjoint when ¢ > (4k + 1)(T + 4k + 1) For notation

convenience, let
Gim = b1+ (=Dt +(m—1)(T +4k +1)

form € [1,4k+1]andi € [0, 22=2*1 4 1] satisfying by +(i— )t+m(T+4k+1)—1 <
by. Let Uy, = Vigi mel1<ba i1, +1]

at most 2k errors in the first two heads, there are at least (2k + 1) choices of
m € [1,4k + 1], my, ..., mag41, such that U,, N (61 U~y U Udy) NI = 0 for
¢ € [1,2k +1]. For each m € [1,4k + 1] and integer i > 1 such that g; , — 1 < b»,

by-by+1 - Bim, for m € [1,4k + 1]. Since there are

find the unique integer x,,; € [0, k] such that

El s [qi,m+1 +kvq[,m+2_k_ 1 _xm,i] = Ezv [qi,m+l +k+xm,i’q[,m+2_k_1] (8 '29)

or Xp,; € [—k,—1] such that

Ela[Qi,m+1+k—xm,i,Qi,m+2_k_l] = EZ,[Qi,m+1+k,qz',m+2—k—1+x{?,i]' (8.30)
If no such index or more than one exist, let x,,,; = k + 1. Since [g; m,» Gim,+1 — 1] N

(0 U~ Ud U b)) N T =0, we have that

E],[Qi,m["'h’lm[bl oGimp=1=1610101,Gi m, = 11-qi,mpe1=1+|710[D1,G1,m, = 1 |=101N0 [D1,Gi,m, ~111]
=Cqimy i mpr1=1

:EZ,[Qi,mg+|’)’2ﬂ[b1,61i,m(;—1] [=1020[51.qi,mp = 111,6imp+1= 141720 [B1.qi m, = 111=1620[D1,g1,m, —1]1]



239

which implies that the integer x,,,; € [k, k] satisfying (8.29) and (8.30) can be
found for ¢ € [1,2k + 1]. According to Proposition 8.6.1, such x,,, ; is unique. In
the following, we show that

e NI = 18, 01| = > X i (8.31)

bz—b1+1
t

i:qi,m_1Sb21i€[ls +1]

for € e [1,2k +1].

For any fixed ¢ € [1,2k + 1], let i* be the largest integer such that (v; U d;) N
I N[L,qim+1 —1] = 0. Note that x,,,,; = 0 fori € [1,i*]. In addition, we have
e OO [ Gimer = 111 =18 N T N [1, gimar — 1| = 0= X, X, forw € {1,2}.
According to Proposition 8.6.1 and definition of x,, ;, we have that

Xmei =12 N (L qimer + k =111 = 82 0 [1, @i et + k = 1]]
=M N [1, gimer + k = 1] +16n[1, gime1 + k — 1]
D161 O [qi 1t + s Gimss + Kk = 1]
— |1 O [Gictme1 + k. Gimer + k= 1]]

fori > i*+1, where (a) follows since |v2 N [1, gim+1 +k = 1]| = |71 N [1, izt m+1 +
k=111and 85N [ 1, grmer +k = 11] = 181 A [1, G me1 +k — 1]]. Moreover xy,,; = 0

for g; m, > p2 + 1. Therefore,

Xmg,i

bz*bl‘i—l
2

gt my —1<bai€ll,
=0 NI N[ Gimenr — Ul =0T N[LGimenr — 1
v > (100 [Gictmests Gimest = 1]
Gty 12 pasiziv+]
=71 0 [Gi-1mp+1 + K, Gimpnr + k= 1]])
=lorNI|-|mnI]

where the last equality holds since interval 7 is edit isolated. Therefore, we have
(8.31) for ¢ € [1,2k + 1]. Find the majority of .

irqim—1<by,ie[l,

m € [1,4k + 1], we obtain the value |d,, N I | — |, NI | forw € [1,d].

bz—i;]ﬂ +1] Xm,i for

Finally, since x,,; = 0 for each pair of (m,i) when E\, (, 5, = E, [, 5, for any
w,w’ € [1,d], we have |, N I| =18, N I|forany w € [1,d]. O
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The next lemma shows that we can recover most of the bits in ¢. Before stating the
lemma, we define the notion of a minimum edit isolated interval. An interval 1 is

called a minimum edit isolated interval if:

1. 7 cannot be partitioned into two edit isolated intervals, i.e., there do not exists
two disjoint edit isolated intervals 7, and 7}, such that 7 = 1, U ;.

2. There is no strict sub-interval 7’ C I of 7 that is edit isolated.

We note that the error locations in all heads are caontained in a disjoint set of

minimum isolated intervals.

Lemma 8.6.5. Let E € &i(c) be a read matrix for some sequence ¢ satisfying
L(c,< k) < T. For an index i not in any minimum edit isolated interval that is
disjoint with 1;, j € [1,J], if the column index of the bit E\ ;_|[1:i-1]n&,|+|[1:i~1]ni]|
coming from c; in the first read is not contained in one of the output intervals

[b1},ba], the bit c; can be correctly recovered given E.

Proof. Assume that b1; < b1 < ... < byy. For each output interval [b;, ba;],
J € [1,J], let g; be the largest integer g; € [b1},bs;], such that there exist
w,w’ € [1, d] satisfying E,,; # Ey 4. Weshow thatq; € [b1j+k+1,b2j—k—1]
for j € [1,J],unless when b1y = 1 or by =n’ € [n+1,n+2k + 1], we can assume
that b1y = —k — 1 and b,y = n + 2k + 2, which does not affect the result. Note
that for any index 7 such that there exist w,w’ € [1, d] satisfying E,,; = E,,;, the
indices [i + 1,7 + kdt + t] are not marked and contained in some output interval.
We have that g; < by; — k — 1. Similarly, g; > by; + k + 1 because the intervals
g; — kdt —t,q;], j € [1,J] is not marked.

According to Lemma 8.6.1, each output interval [by, by;] is associated with an edit
isolated interval 1}, j € [1,J]. Moreover, for any index i € [n+k + 1]\ szl 1;, we
have that B\, ; |[1:i-1]né,|+|[L:i-1]nm| = Ewriz|[1i-1]né, |+ [1:i~1]nm,| TOr any w,w’ €
[1, d]. These imply that for any minimum edit isolated interval [i1, i>] that is disjoint
with 7; for j € [1, J], we have that

EW,i1—|[11i1—1]051 [+|[1:i1 =110y [ ia—=|[ 11 =1]NGy |+ [1:d1 = 1] Ny |
=FE\y i (1 1108 [+ [z =101 Lia=|[1:i1= 11081 [+ [ 11~ 1101 |- (8.32)

By Lemma 8.6.4, we have that |[i1,i2] N d1| = |[i1,i2] N 1], i.e., there is no bit
shift caused by errors in interval [i,7;]. In addition, the shift caused by errors in
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interval 7;, j € [1,J], which is |[Z; N 1| = |Z; N &1| = 5}, can be determined. This

implies that

[T =11 Nyl =[[1:7=1] N

-3
Jigj<i’
@ 5 (8.33)

Jig<i'+|[L:/=1]0yg [+ [1:7=1]Né |

for any ¢’ satisfying: (1)’ = |[1 : &' = 1] N dy| +|[1 : i = 1] N -] not in any output
interval by, by;], j € [1,J]. (2) i is not in any minimum edit isolated interval
that is disjoint with 7;, j € [1,J] . The equality (a) holds because q; € [by; + k +
1,by;—k—1],and i’ > g; only when by; < i'+|[[1 :i"—=1]N~q|+|[1:i=1]Ndy].
For the same reason, i’ < g;j only when by; > i’ +|[1 : i’ = 1] Ny |+|[1 : ' = 1] Ndy].

For any E ; such that i is not included in any output interval [b1;, by;], j € [1, 7],
let

« . =Ep,. (8.34)

be an estimate of the bit ¢;_y, ;. Then, for any index i’ such that i/ — [[1 :
J-dj
i"=1]Nné;|+|[1:i—1] Nn~|is notincluded in any output interval and i’ is not in

any minimum edit isolated interval that is disjoint with 7}, j € [1, J], we have that
Ci
=FE\ i |[1:=1]n6 |+ ][ 1 =1] 1 |
7
T =108 = [ =101 1= g <1 1571108, - 171 vy, | 5
:C;/,
where the last equality follows from (8.33). Therefore, the proof is done. O
Encoding/Decoding Algorithms
We are now ready to present the encoding and decoding algorithms. We first deal

with cases when d > 2d. The code construction is the similar to the one in Sec.
8.5, stated in Sec. (8.10) and (8.11), which we restate as follows

Ency(c) = (F(c), Ry(c), R, (c)) (8.35)
where

Ry(€) = RS2(ka) (S(F(0))),
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R, (c) = Repys1 (Hash(R,(c))). (8.36)

The difference here is in the definition of the function S(F(¢)), instead of splitting
F(c) into blocks of length B, as in (8.3), we split F(¢) into blocks of length
B’ = (2kdt+2t+1)(k+1)+kdt+3k, which is k plus the upper bound on the length
of the output intervals [by;, bo;], j € [1,/], i.e.,

F(c) =(a},...,a ,.,,), and
(%51

S(F(c)) =(Hash(a}), ..., HaSh(a}qu))' (8.37)

It can be verified that the code has the same redundancy 2| k/d | logn + o(logn). In

the following, we show that the codeword Enc;(¢) can be correctly decoded.

Similar to what we did in the proof of Theorem 8.3.1 and Theorem 8.5.1, we use the
first row in E to decode. From Lemma 8.2.4, we conclude that we can first recover
Hash(R}(c)) and then R} (c) using the deletion correcting hash in Lemma 8.2.3.
Apply Lemma 8.6.2 to every output interval [by;, ba;] and EYy 4),(p,,.,;) and obtain
a matrix E; If the matrix E; cannot be uniquely recovered, let E; = E{p,;.p,,)- By
Lemma 8.6.2, the bits ¢z, where 7}, j € [1,J] is the corresponding edit isolated
interval described in Lemma 8.6.1 for an output interval [b1;, b>;], can be recovered
when |Z; N ~i| +|Z; N &1 < d — 1. Furthermore, from Lemma 8.6.4 and Lemma
8.6.5, using (8.34) we can recover the bits ¢; such that i is not in any minimum edit
isolated interval and the index i +|[1,i— 1] N~|=|[1,i—1] N 1|, where ¢; locates in
the first row in the read matrix FE, is not in the output intervals [b1;, b>;]. Therefore,
we are left to recover the bits ¢; that results in an output interval [by;, bo;] with at
least d errors in the edit isolated interval 7;, and the undetectable minimum edit
isolated intervals [iy,i>] that are disjoint from 7;, j € [1,J], which satisfy (8.32).
By Lemma 8.6.3, there are at least 2d errors in undetectable minimum edit isolated
interval [i1,i2]. Let e be the number of intervals J; with at least d errors, and f
be the number of undetectable minimum edit isolated intervals. Then we have that
de+2fd <kande+2f < |'§'|. Note that a minimum length edit isolated interval
has length at most kd. Hence, it covers at most 2 blocks a; and a; 1 defined in
(8.37). In addition, the bits ¢; that results in an output interval [by;, b;] with at

least d errors in the edit isolated interval Z; covers at most 2 blocks a/, and a;,_,.
These correspond to at most 2e erasure errors and 2 f substitution errors in S(F(c)),
since the intervals [b1;, by;] are known. These errors can be corrected with Reed-

Solomon codes correcting 2¢ + 4 f < 2|'§'| erasure errors. Hence, S(F(c)) can be
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recovered and then F'(c¢) and ¢ can be recovered following similar procedures as in
Sec. 8.5.

For cases when d < k < 2d — 1. The codes are similar to those in Sec. 8.3, which

is given by
Enci(c) = (F(c), R;(c), R, (¢)) (8.38)
where

R\ (c) = ER(S(F(c))),
R|(c) = Repis1(Hash(R)(c))). (8.39)

Similar to cases when k > 2d, here we split F'(¢) into blocks of length B’, the same
as in (8.37). Similar to the redundancy of the code in (8.4). The redundancy is
4kloglogn + o(loglogn). The correctness of the code is similar to cases when
k > 2d. Note that when d < k < 2d — 1, we have that f = 0 and e = 1, which
reduces the decoding to correct 2 consecutive erasures S(F(c)). This can be done
using R’ (c), following similar arguments as in Sec. 8.3. Hence, Theorem 8.1.2 is

proved.

8.7 Conclusions

We construct d-head k-deletion racetrack memory codes for any k > d+1, extending
previous works which deals with cases when k < d. It is proved that for small head
distance #; = n°") and for k > 2d, the redundancy of our codes is asymptotically
at most four times the optimal redundancy. We also show the same redundancy
results hold for d-head codes correcting a combination of at most k deletions and
insertions. Finding a lower bound of the redundancy for d < k < 2d — 1 would be
interesting, for both deletion correcting codes or codes correcting a combination of
deletions and insertions. It is also desirable to tighten the gap between the upper

and lower bounds of the redundancy for cases when k > 2d.
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