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The atiffener shapes used in monocoque, or for that matter
any other kind of aeronautical construction, are of many different
shapes and sizes, They are, however, usually made up of sheet
material, formed into & great variety of shapes. They are ascordingly
subject to local wrinkling or buckling of this sheet under 103&1).
Stiffeners of such shapes are ordinarily constructed and installed in
lengths which are large in comparison to the cross-section, so that
the sections are also liable to failure as long slender columns,
that is as so-called "Buler columms™. The stiffener thus has the
possibility of buekling in two entirely different manners, i.¢. as s
Fuler column or from local instability of the sheet of which it ia
composed. The gquestion then arises as to whether these different types
of buekling can be considered entirely independently of each other, or
if there is a transition stage between them in whieh a combination
buckling can take place at a lower loading than for either alone. It
was to find an answer to this question, both for this case and for
other cases of structures which can buckle in two or more independent
ways, that this investigation was undertaken.

The tests were made with struts of equal leg "L" section,
identical except for the widths of the s{des. When the widths are
small compared to the lenzth suech struts buckle as Zuler golumne, but

for wide widths buekling of the sides occurs first.

l)This type of buckling wes considered by G. W. Trayer and H. W, Mareh in
HeAsCeAs Technical Report 382,
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The greatest importsnce attaches to an accurate knowledge
of the end fixity for column buexling and of the edge fixity for sheet
buekling, and this type of specimen allowed all these conditions to
be accurately determined. A column of this shape may be considered
to be made up of two flat plates hinged along their common edges {since
they can obviously buckle in such a way that the angle between the
sides at the cormer will remain the same, and thus there will be no

2) 2ith the other edges free. To obtain definite

moments at these edges
end conditions for the flat plate buckling, esach side of the angle section
was chamfered along its complete width at the ends to an angle of 60
aegrees (seo Fig. 1) insurinz hinged edge conditions., The end blocks

for supporting the spescimen each had two 120 degree "V" grooves cut on

one surface, the grooves intersecting at an angle of 90 degrees, to re-
coive the ends of the specimens. In order to obtain definite end con-
ditions for Buler buekling, a 5/8" hardened steel ball was inserted in
these end bloecks, makinz the atruts "ball ended" columna, hinged, in
effect, about the center of the balls. The struts were thus free to
buckle in any direction but, of course, actually buckled about the axis

of minimum moment of inertia of the section (perpendicular to the axis

of symmetry).

As stated above, for small widths the struts buekle as Iuler
coluwms. The theory for this type of buekling is well known. It was
developed by considerinz the bending of a column under compression as a
whole, and consequently does not take into account the possibility of

plate buckling nor stresseas above the yield point of the material. The

3)L. H. Donnell: ™The Problem of Elastic Stability", page 4, Transacticns
of imerican Society of liechanical Engineers, 1933, Vol. 85, Ho. 4.
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squation expressing Buler's theory for hinged end eolumms 183’

T (sy

s = critical buckling stress
E = modulus of elasticlity of the material
1 = length of golwmn

r = pradius of gyration of the ¢ross-sestion
of the colum.

This theory has been checked very closely by Karmén®) who originated
the general method of varying end conditions to counteract initial
erookedness, which was used in these esxperiments.

For wide widths the sides buckle as flat plates. This type
of failure has, to a cersain extent, been neglected by engineers, as
it is of more or less infrequent occurrence in general construction,
where the piatas used are usually thick in comparison to lemgth and
widthe. The stability of rectanguler thin flat sheets under compreasion
has been analyzed by Bryan for plates hinged on all four sides and by
Timoshenke®) for athar'agseaﬁ The general expression for the uniformly
distributed atress on the ends which will cause buckling of the plate
iaa)

Lo RE(GY

where '
: t = thickness of the plate

w * width of the plate
k = &8 constant, depending upon the ratioc of

the length to the width and upon the sdge
sonditions.

3)3. %, Boyd: Strength of Materials", pege 236,

4)Th‘ von Xerman: "Mitteilungen uber Forsshungsarbeiten®, Ver. deuts.
Ing., Berliin, 1909,

5)5. Timoshenko: ™Strength of Materials", Part II, pege 604.



- g -
Values of k for use with the above formula can be obtained from Fig. 7
‘of reference 2. For our case, of sheets hinzed on three sides and fres
on the fourth, k is practieally indevendent of the length-width ratio,
for the proportions used in the tests, and has ths value J.4.

If all dimensions exeept the width are fixed, these itwec

theories, for Mler and flat plate buckling, sive two relations beiween
Ge and the width. These relations have boen plotted on Fig. 2. It
will be ssen that thz two curves form a sort of inverted "V". 0Ob-
viously for widths up to the interssction of the twp curves, the strut
should theoretically fail a3 a Zuler eolumn, while for wider widths
the strut should fail by buekling of the sides. The weight-atrength
ratio is, of eourse, proportional tv (g and this figure shows that

the maximmm welght-atrength ratio for this case is obtained for a
width of 0.77" while for widths above or below this the ratio drops

off greatly.

Ninetesn satisfeetory specimens were finally obiained,
identical except for varying width, and all as fres from initial
eccentricities as is believed possible without an expendifture greatly
out of proportion to the benefits to be cbitained by the added re-
finement.

General experience is that in any buckling experiments it
is impossible to maks specimens sufficiently accurais to antirely
eliminate sccentricities and accordingly specisl provisions were taken
to provide a means of eliminating initial eccentricities for Iuler
buekling. This was done by providing an adjustment in the end blocks
wharshy the ball could be moved relative to the axis about which
buekling takes place. The horizontal relation between the center of
the ball and the speeimen could be varied along the axis of the greatest

mement of inertia of the speeimen go that the effect of initial ec-
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centricities could be removed (see "Method of Testinz™ of this section
for a more complete description of apparatus). In this way very sharp
buckling was obtained for Zuler columns, 8a will be seen from Fig. 2.
With these methods of eonstruction the gonditions of fixity then be-
came known, namely for esch plate, hingzed at one side and at both ends
and, for the spegimen as a Zuler ecolumn, hinged at both ends. The
specimens were msde of such proportions that the buckling siresaes
were always far below the yield point of the materisl, eliminating
any question of the failure of the material.

The effect of initial sgcentricities upon the flat plate
buckling was compensated for by use of a method developed by Southwe118),
whieh 12 briefly a mathematical method of finding the probeble buekling
strength whieh a structure would have if it had no initial eccen-
trigities, f{rom measurements of small deflections. This method is
based upon the fact that in this region the load deflection curve
approximates a restsagular hyperbols havinrs the axis of zero deflse-
tion as one asymptote and the theoretical losd deflection ourve for
no initial eccentricities &s the other asymptote. (See "Method of
Teating™ of this seption for a more complete deseription of the mamer
of use of ‘this method).

Plates supported on three gides and free on the fourth buskle
in one half wave in the lengthwise direetion. In our case this amounted
to a twisting of the middle portion of the strut about s longitudinal
axis which was readily messured by the use of long light metal pointers

attached to the sides of the specimen.

5}H. V. Southwell: "On the Analysis of Experimental Observetions in
Problems of Zlastiec Stability", Proec. Roy. Soe., &, Vol., 138, 1938,
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Fig. 3 shows the critical loads for the cases in which
‘plate dbuekling pccurred az recorded from the tests without the use
of Southwell's method, It will be seen that the experimental
scatter was guite lmrge and most of the points are above the
theoretical curve. GSeveral reasons can be advanced for this.
In these ceses, when the ultimate buekling strength was obtained,
the deflections were very large. 'The theory iz based on the us-
sunption of very small deflections, and it is possible that a theory
of large deflections would show greater values. But a more probable
explanation of this diserspeney is that when the deflesctions beczme
large, it was no lonzer possihle t¢ kesn the stress distribution
along the width of the sides uniforme

By concentrating the stress at or near the cornsr of the
anzle of the speecimen, the load can be carried far shove the theorstical
load for uniform stress distridution, due to the fact that the hinged
edge is, of course, vaery mch more siable than the free edge. By
using Southwell's methé& based on deflection readinzs taken when the
deflections were still: small, experimental results are obtained which
ean justly be eompared t~ the theory hased on no initial curvatures
and uniforts stress distribution. The ultimate buekling loads without
the use of Soutawell's method wers not critieal and were largely a
matter of judgment, 1t belng possible to run the load up almost ine
definitely if the ond blocks wers adjusted purposely %o shift the
stress towards the cornmers of the angle. Fig. 2 shows the critical
buekling load of the specimens computed by Southwell's method from the
last set of data referred to above. The scatter is greatly diminished
and all points fall on or very close to the theoretical curve. The
authors place = great deal more gonfidence i{n this method of ebhbaining

the eritical buckling stress than in relying simply on judgment, where
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1% is probable thet no two persons would agree exactly.

It is believed that the discrepancies occeurring between
the theoretical curve and the points obtained experimentally are
well within the limits of experimental aceuracy and that the resulis
obtained therefore check the theory for Zuler and flat plate buckling
under the existing conditions.

It would appear from Fig. 2 that a very smell fillet may
oxist in the experimental points near the apex of the inverted "V¢
of the theoretical curves. The authors believe, however, thet the
apparent fillet nay be merely a eoincidence due %o the experimental
soatter and the diffieulty of overcoming initisl ececentricity and
hence obtaining & clesr cut type of feilure in this region. It is
believed to be established that eny relation whieh does sexist between
Euler and flat nlate buekling has a very small effest and existe
only in the immediate vieinity of the interseetion of the two theoreti-
cal curves for the two types of buekling.

It is felt that the results of this test establish the
optimum dimensions for such & shape and that the engineer can deasisn
with eonfidence to the stress i{ndieated by the interaestion of the

two curves provided a reasonsble factor of safety is ineluded.
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Method of Testing

The tests were made on & Riehle Brothers testing machine
of 3,000 pounds load capacity. The machine was of the tension type,
converted for compression tests by means of the eage shown in the
ascompanying photographs of the apparatus.

The specimens tested were ell 22" in length and the width
of the sides varied from .4053" teo 2.025". They were made of 24SRT
aluminum alloy of .025" thickness, as this material and gauge is being
used to a large extent by the aireraft induatry in this seoction of the
gountry. The width of the side was taken as the overall width minus
helf the thickness of the sheet.

Theze snecimens were made in sn ordinsry hand brake. It
was negessary to adjust the brake for each width of spe¢imen to get
an exectly 90° bend and a uniform radius at the corner; this redius
wes made as small as the material would stand, about 1/16". The
narrower specimens were liable to come out with considerable initial
curvaturs, due to deflestion of the brake, the peening of the material
along the sheered edges, ete. It was found possible to eliminate moat
of this by properly padding the brake with sirips of paper.

Tests by the Buresu of Standards for the Hationsl Advisory
Cormittee for Aeronautics on duralunin akeat?). show a marked difference
in the stress atrain eurve taken normal or parallel to the direction of
rolling. The authors felt thet due to the shape of the sheet found in
commercial practice, most long angle shapes would be made with the sngle
parallel %o the direetion of rolling, and consequently the spescimens

were made in this meanner.

7’3; E. Lundguist: "The Cozpressive Strength of Duralumin Columns of
Equal Angle Section", N.i.C.A. Technical Note 413, 1932.
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Specially eonstructed end blocks, identical for both ends
of speecimen, definitely established the desired end conditions. A4
sketeh of the end bloek is shown in Fig. 1. The bloek A was muchined
on the upper side with 120 degree "V" grooves which mads an angle of
exactly 90 asgreéa with eaeh other. These srooves rececived the cnds
of the speeimens whieh had been filed to an angle of 60 degrees. In
filing the ends great czre was taken not to file away any of the center
line.

A key and keyway between A and B allowed & movement of A {and
hence the end of the specimen) relative to I (the point of application
of the load). This moveuent eculd be made under load by means of the
wing nuts C. The motion between A and B was sueh that E always moved
along the axis of symmetry of the specimen. This insured sn equal stress
distribution on each leg and left the specimen free to buckle as a Buler
colusm about the axis of least moment of inertia, (which ia perpendioular
to the axis of symmetry).

To deteot -Zuler failure of the specimens, an Ames dial gauge
was used, with counterbalancing spring reswved. A small metal strip was
attached to the geuge point, whieh made point contact with the baek of
the angle at the middle of the length of the specimen. The geuge was
also mounted with the slide umaking point contact at the inside of the
angle, and resulis were the same as for the previcus position. Both
methods of attachment are shown in the accompanying photographs of the
apparatus, The authors fesl that in either position some slight rigidity
was given to the speecimen, but that the results were not sufficiently in
error to warrant setting up an optical systen for this measurament.

To detect flat plate buckling, long thin metsel siripe about ten
inches long were attached to the free edges with paper elips (as showm

in sccompanying photographs of the speoimens and the spparatus). These
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vrointers megnified the movement of the free edges.

For egﬁh test, the end blocks were set so that the axis of
the least moment of inertia of the gpeeimen was in & vaftical plane with
the point of contaet of the ball D and the base plates of the cage.
The speoimen and end blocks were then mounted in the testing mashine,
a lizht load epplied, and the measurinz devices (Ames gaue and pointers)
were put in place., Both measuring devices were read =s small increments
of load were applied. Due to initial escentricities or curvatures, it
was found that the Ames gauge would show a deflection of the columm at
comparetively low loads. By adjusting the wing nuts C so as to remove
the apparent eccentiricity o grest load could be applied without obtaining
a deflection. This was repeated until finally the colum would not
atand & greater load without buckling. The loads st which Zuler buckling
occurred were for the most part very critieasl ss the dial gsuge remsined
paerfectly steady and then for one pound ineresse in load wmould show a
very large deflection. The pointers (indicating plate buckling) remained
practically ateady during the test of a specimen which failed as & Iuler
column.

¥here wider widths were used and flat plate buekling occurred
before Zuler buekling, the actual measured results were not so significant,
as there was no definite point at which this buekling ocecurred, due to
initial eccentricities. Ranges were found for esch speeimen where, with
the proper end adjusiment, there wes no Zuler deflection, but where the
edges showed considerable deflection with inerease in load; these deflecw
tions were measured by the pointers and were used to compute the eritieal
load by Southwell's method.

The use of this method consisted in first tabulating the de-
flections {5'} sgainst the loads (P) which caused them, and from this

obtaining S/P. § is then plotted against 5)? on ordinary cross-section
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paper and the slope of a siraight line faired through the points so
obtained is measured. Southwell proves that {his slope is equal to
the eritical load at whieh buekling would theoretically take plece if
there were no initial curvatures or scecentricities. Table I zives the
veluss for J /P and P obtained for five typical runs. For specimen
Humber 9 the method was applied with two sets of deflections, one
goverinz a range of loadings from 80 %o 120 pounds and the other from
120 to 136 pounds; the resultine P from each was very nearly the same.
Fige 4 shows the method of plottinz these values for specimen MNumber 12,

which was tynleal for all of them.
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load Daflestion S/ P
Spseimen #9:
{at 80.120# loads)
6445 2 +0031
74 N -00812
83 1.0 «0121
g0 1.4 »0157
295.5 1.8 0189
100.5 2,8 022
104.3 Zeb 0249
108.5 3.0 0277
111.8 Sed 0305
113.7 3.8 <0334

Typical data taken for determination
of eritiecal load by Southwell’s method

TARLE IT

1 147.3 1.0255 2875

2 102 +8475 3145

3 85 2.0255 641

4 148 <767 3860

5 73 «8000 2435

8 52 /545 1907

? 130 7175 5620

8 159 -8456 3760

9 138.1 +9735 2840

10 120.5 1.0355 2500
1 113.2 1.1595 1955
12 104.5 1,2855 1625
13 83.8 1.5385 1090
14 23 +4080 1135
15 12 1.0825 2075
16 111.6 1.2215 1828
17 89.5 1.4005 1280
18 75 1.7705 847
19 156 .8041 3880

Values of load, width and ¢ for each specimen
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FiG. B

Beneral View of Apparatus Showing
an Exemple of Buler Pallure



FIG. 6

View of Spe¢imen in Maghine Showing Carriage,
Method of lpunting Specimen in End Blocks and Scales
for Resding Lateral Deflections



Fig. ¥

General View of Apparatus Showing One Type
of Flat Plate Buekling Bnoountered



