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The flow of an incompressible inv
& turbomachline with Iinfinlte number ol vlades 1s lnvestipgated
in this paper in order to determine the effects of radial
forces resulting from the twist of tre blades on the flow
throuch ftne machine,

Prandtl's method of replacing blacde rows by dlstributed
vorticity 1s used and the mathematical problem 1s treated from
that point of view. The [low thrcugh the anpulus between hub
and outer casing of the machline i1g treated as two-dimensional
flow between two parallel {lat olates. By sssuming &8 resson-
able vorticity distribution throughout the blade row, equations
are given wnich may be aprplied to calculate the flow induced
by vradlal foreces threugh stationary blade rows. bxamples are
nresented or flow throush free vortsx znd solld body
prerotation vanes with radial leading edges. These examples

21

show that the effect of the radlisl forces resulting from twist
is of negligivle magnitude.

The effect of leaning the blades in a plane perpendicular
Lo the axis of rotation is investlpated., Zxeamplos ghewn
indicate that this may be of considersble importance since
leaning the blades 1t is possiole tc reduce the axial velocity

at the T'lrst stape rotor olp and Luersby Lhe relallve Mach

number on the rotor tion,.
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The »resent paper 1s an investigatlion of the effle

o

radlal forces on the flow througn an sxlal turbomachine
resulting from the twist of the blades. The problem is
idegalized 1n Lhat the Tluid flowing through the macnins 1is
asgumed Iinviscid and ilncompressible, and t he number of blades
finite so thnat there is no veristicn In the tangential
direction. fFurthermore the [luid flow through the annulus
hetween the hub and the outer casing of the machine 1s treated
as bwo-dimensional flow between two varallel flat plates.

The flow approacning the blade row 1s assumed to be
purely axial, and using Prandtlts method of replacling the
blade row by distributed vorticlity through the blade row the
radial forces are induced by the tangentlal component of
vorticity. Tne potential function is found for a singls
vortex located in the region beltween the twe parallel Ilat
nlates. This sclution ig then used to construct a Ureen's
funection describing the potential induced by distributec

vorticlity throughout the regicn., In oraer to study the
o o

s

genersel benavior ol the [flow & lew exsmples uare preseois
for some very simole casss of distributed vorticity.
The Green's function is used to obtaln the general
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ations for flow throuph staeticnary blade rows with pro-

sceribed blade loading and prescribed blade shape assuming

[

a reasonable Torcing function on the blaces. These equations

can pe used to obtain approximate solutions for [lcw induced
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by any kind of vlades. Lxamples are presented for two

types ol prerotatlon venes with radial leading edges,

namely iree vortex blades and solld body blades. Thease

examoles 1

s

ndicate that the flow Ileld induced by the radial

forces is of negligible magnitude. The maximum axial

g

veloclity induced for the solid body blades 1s on about

-y
1.6 per cent of The oncoming axlal veloclty whereas thne
maximum radial veloclty for the same blades 1s about 1.2

cer cent of the oncoming axial wveolocity. The deflection

of the streamlines 1is also of very smsell magnitude., Tae
maximum deflection occecurs within the blade row, and for
solld body blades this amounts to approximately 0.5 per cent
of the spacing betwsen the nup and the outer casing. The
free vortex blades show even smaller effect of the radial

£

{forces or on the average asbout cne-third of the wvalues
obtained for sclid body blades. 3ince 1t 1z common practice
to construct the blades in such a way that they are racial

close to the quarter chord voint, the radial forces in front

of and bebind thet peint will

11 tend toc cancel esch other.

The eflfectg of the radial forces for this case will thereflore

o

be even smaller tnan the examples treated here Indlcst

s

An investigation is made of the elfect of leaning the
blades in a plane pervendicular to the axls of rotatlion.

Some examples are nresented for various aspecht vatlo blades

s found tnaet this method

e

pore

and varicus types of loading. It

Y
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may prove useful to reduce the axlal velocity at the tip of

sive Mech number
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the first shage rotor and thereby the rel
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at the roter tip. Greatest reduction obbtained with

£

blades of hign sspect retio on which the maximum loading

is near bhe trolling edge. By lesaning the blades s far as

LU
s,

45 degress 1t is found that a reduction in relative velocity

10 ver cent for the solid body blade type and
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about & ner cent free vortex type c2n be cobtained.
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FPor Lhe Investigallion ol flow arounag flualle wlngs
Prandti (Ref, 1) introduced the simplilying concept of bound

and tralling vortex elements. This method has been widsly
used in problems of flow around single ailrfeils and may also
be usea to describe the Ilow through an axlial turbomachine.
In the real turbonachine a viscous, comdpressible fluid flows

through an axlally symmetrlc channel. 1In reglon ol this

o

channel a system of blades, either stationary or rotating
about the axls ol symmetry, acts on the fluild. The flow
field is tnus bounded by the surfaces of the blades as well
as by the channel boundaries and 1s not clrcumferentlally
uniform. The total energy of the fluid lg nonuniform, the
flow 1s generally rotatlonal, and for rotating blades the
flow ig unsieady. The real problem 1s thereflore very
couplicated and cannot be solved exactly by any known
methods,. Some silmplifyling assumptlons must thereiore be
made in order to obtain solutions toc the problsm. One
assumotion, whicn always has been made in problems of tnls
tyove, 18 that the fluld 1s nonvigcous. This assumpilon
simplifies the problem greatly and glves good results since

viscous effects are actually very slight except near the

[}

boundaries. Anotner assumptlion whlch 1s very often made 1s

-

that tie flulia 1

rn
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—

lncompressible. At gas velocitlies below



tne speed of sound compressitcllity olays a minor role, so
that this assumption 1s good as long as the flow Lhrough the
machine 1s subsonic.

A4 bricf revicw of tho carlicr lmportant investigations
of tue flow in turbomachines 1is given by HMNarble and ¥ichelson
(Ref. 2). These earlier investigations were concerned
primarily with the flow through a typiecal annulus of small
radlial extent and hence the flow was treated as essentially
two-dimensional.

The first detalled analysis of the three dimensional
incompressible flow in turbomachines was given by lsyer
(Ref. 3) in his consideration of tue {low tnrcugn a stationary
blade row. HMeyer gives the solution for the blade row 1n
which the flow 1s ilrrotatlonal upstream and downstream
although the flow within the blade row may be rotational and
of a compllicated nature. By assuming an infinite nuwmber of
blades, Meyer treated the provlem as tangentially uniforﬁ,
and then by Fourler analysls these results were xodified to
chtaln the soluticn ifor a tinite number of blades.

4) linearized the rotational incom-

jof}

VYarble (Ref's 2 an
sressible flow problem with an infinite number of blades by

the

3

the assumphtion thst the vorticity is transported along

g

streamlines of an irrotational flow within the same
boundaries. He provided exampies of axial flow and conlcal
flow, and stated that the simple linearized solutlion was

cur

m

te if the vorticity effects are smell.
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A second order linesrizatlon was also given to nandle vroblems
in which the vorticity effects are large.

Tn the resal machine which has a [inite number of vlades,
esch blade exXerts a force on the fluld. I no viscous Jerces

are oresent, this blade Ieorce must be pervendliculsr to the

vlade surface. In genersl, thnerefore, this force will have
components in the radlal and sxlal dlrecllions as well as 1n
the tangsntial alrection. The radial olace force component
resullts from ths twist of the blades, and only in olades
cenerated by purely radial lines would this component vanish.
In almost all ospers on the subject of flow through turbo=-
macriines the radial component of the plLade forces hasg been
neglected with the exceptlon of seyer's paper (Ref. 3) in
which the radial forces are treated to some exlent for free
vortexr blades.,.

The oresent analysis 1s an investigatlon of the eflfectis
of radial forces on the flow thrcugn a turbomachline. The

2

problem 1s idealized 1irn the sensgse trhat the [luld is assumed

- -

inviscid and ilncowmpressible and the number of blades 1is

infinite, Furtherrore the annulus betwesen the hub and the

ot

.

outer casing of the machire 1s taken as two-dimensional, that

ig thne investi

gaticrn is made for fleow bstween two parallel
flat plates of infinite extent. ‘he assumoticon that the
numcer of blades 1s 1nfinite makes tne solution of the problenm
easier in that the flow depends only on two coordirates. The

concentrated blade forces are essentially replaced by a body

force Pleld distributed throughout the blade region. The two-
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investigatlions

anethod ordinarlily

by three-dimens
Prendtl’s
row by replacin

tne

trestnent of

problem te finding
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the problem sesems

comes greatly simplified, and sarlier
indicate thnat solutions cobtalned by Tnis

to trose obtained

ional methods.

nethiod of descrining the Tlow throusgh the blauos
g the blaces by vortex elements thus reduces

the flow field due to a continuous

vortlcity vhrougbout the blade row reglon.  IL ls assumed Ladu
thie opconming flow 1s purely axlal and therelore the radial
forces are induced by thne tangential component cof veorticitye.
Tae analysis ls made for prescribed radial vorticity comoonent

scribec

snd pre

component 1s

n

b

cas L

order to

f=4
(]

lade shape, su hat the tangential vortlcity

1y found.

find the flow developsd by the tangentisal

component of vortlecity, tihe potentlisl Induced by & single
vortex between the twc flat plates ilg found. Thaen a Green's
funection Lg constructed suchn that the flow can ove found for

artbitrarlly

asvelopeda In

in Part

I1I.

o
ax

free vorbtex and
ing edges. Tn

eaning tne

rotation of the

deternine the
at the f{irs

general theory 1s

Mhese exsmoles show the general henavior of the
rt IV desls with some examnles ol [low through

nrerotation vanes with radial lead-

i1s ahown an

olane perpendlcular to tihne axi

machine. study was made 1o orasr Lo
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ucling the relative velocity
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2

The flow 1s described (Fig. 1) in a Carteslan ccordinate
svotom x, ¥, 2, by %tihwe veloeclty components u, v, w,

respectively, The x-coordinate corresponds to the axial

3

coordinate, the y-coordinate 1i:

A

tne radial coordinate, and

O
42

W

7z s the tangential coordinate. 'The corresnonding

[ I3 -

zxial,

racdlal, and tangential vortlicity components are given by

Heceuse of axial syrmetry, only the tasngentlal vortlcity

ociated with the radial sng sxlal velocitieg while the

e
mw
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N

radial and axial comdponents of vortlclty are asscclated wlth

the tangential or wnlrl veloclity only. The problem of [inding
the effect of the radial forces can therel'cre be treated in
the {(x,7)-plane, and the cblect is tc IInd the potentisl
due to a single vortex of strength T 1n the reglcon as shown

in Plgure 2.
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The potential satisfies

2 2
?°P +fa¢ - 0 (o)
@XZ Oyn?

Consicering Tlrst only the rezion x »0, this

boundary conditions

_ Q¢
(4 é";— = 0 al Y0 end y<é, @al/ x
(

Wl

P —- a5y xX—e

¢=~‘ o Hor Y (f) b = "E/‘/x’/‘ _7"7 =/ =2

Assuming separation of variables, put @ = X(x)Y¥(y) and

onmne

w

equation (2) bec
A

”

+

4
Y

2

or ”~ _Jf )
X y 4

1s a ccnstant. Hor

o]

where A A # 0 the solution to (4) 1%

4
X =

)/ = coa‘/}y

sind
Y J

Ve
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HArom boundary conditions at x = oo it 1is clesr that

[}

the sotential must be on the Iorm

A
P - ﬂ%ﬂvfy f‘ﬁbbmbo/e * (e)

Taklny Lhe derivabtive ol ULhils wilhl

e X2 -
@y " Al-Asindy » Beosdy)e

Therefore Irom boundary copnditions at yv- 0 and y=»D

The case 4+ 0 gilves a different [or: of so

2

=,

uv

fed

Of. for

that case {(4) becomes

X7 s p
Yy’ - p

The solutions given by (9), howsver, nesd not be con-

sidered nere since tney cannot satlisfy the boundary con-
ditions {(3). The oarticular solution to (2) is therefore on



e 5

L oom

3£

T

g

o

form

and since the equatlon is linear these may be summed over alil

values ol n. The ootential 1s tnen

@ 27 x
- 7277 - 2 EUPNY
P = 2 A, cos Y e (10)
ey 4
tiow thne value ol the constants A, may Dbe determined oince

¢ iz known at x = 0, Putting x = 0 and multiplying both sides

of (10) by cos ’”;’ one integrates with respect to y from y=0
to v=Db. This gives
r © é
m”y 7 My - M”y Ty
O-cos y; gy - > cos ’T_d‘y = Z/Z, cos y co;-—-—-——‘ &y
o 4 o
- b z
”
- sin 247 - y 4
4 7n ” 2
Lo
/7/7'7
g . L. 573 (11)
? r 7

For the region x < O the fecllowlng boundary cona.tion

o

V= 5y =0 @l y<co anad y:8, at «x )
# o a5 x —= -o0 ,
(12)
- o .
P =0 for Yy <7, - 7 Hor y>7 @7 x=:0 ]



By Lhe same procedurs as velore 1t 1s found that the

svotential is given by

@ , nfrx
73 (15
s =) A, co.r—-—-—"dye é (13)
7y

wlie chie
WSS ? /—' 5/77 6 ? 1345
—— v am——————— i :
ey

/40-:—”‘ ”

The potential due to a single vortex of strength T

located at {(x,y) = (C,q) is thereifore glveu by

d D
2 nlly n77x
Ve 2 R il PP -
¢ e —b— 617 é é X >0
n=y
r (15)
- s 2 s Ay nirx
P~ ¢ ¢ ¢ 4 x<o
7 = 72

AY

prvicitiiaiesstiecers A spoppip sttt s

_._.__._.._.—--—-ﬁ)i'“'
! |

If the vortex is locatea at {(x,y) = (£ ,72) (Fig. 3)

eguation (15) becomes

@
- sin27 27y nltle-£)
¢ = — __é_______b__e & X )_;
r 7
=7
@

L/ Ty o Flx-£) -
¢ - —';,C E 5//?—6-,—22:05-%—{6__2_.{ X<f (10)
ey




The Green's function can now =sasily be constructed., For
distrioused vorticity ¥ {x,y) one can revlace T by
¥ (x,y)axdy in equation (1&) and integrate over the entlre

domaln. The potentlal 1s thsn

cosZZ2 Pl f) ‘
# - ;’Z SHE //[/f/fyje G - mff/e L e)sm Dy ) (17)

If the wvorticlity is concentrated at x

tributlon is given by ¥ = Y{y) the »notential isg
X0

= cos 27y _nix
P = #Z—__f_‘;_é_g s )’/7/;/»-’-’-’-7?//

4 (18)
ud ny nirx
@ = ——/7.4 Zm____/,z___—re KB I“///Sm ';”7 d’/ x<o




ITL. FLOW PATTERE LUL TO 3CRE 3IMNZLE VORTICITY wiS8TainlTIONS,
In order to investigate the general behavior of the flow

T2 Y s .

minary

nattern due Lo dlstributec vortlicity some prell
tributions, namely

e
j
[¥s
<

calculastions were made for

constant vorticity concentratec at x = 0, constant vorviclty

s 2ol g e ~ « 1 |54 a ] . ~ A 2 2 4.

in the region < y<b, -7 ¢ x <3 , and trapezclaal vorticity
d at x = O.

distribution concentrated

Constant Vorticity Concentratsd at x = 0,

b
e
-

Egquation (18} anplies for this case. Cne

i

é
for n ocadd

. )T r9Te
d"/f/a‘//z ,—z—fa’f —

»r7

The »otential i
|

LAt

(én+))lly (2n +))Tx
5 - '6'—"" P bbb

@
6T co.
# - =) 25 s
7= Gt € v e

n:0

(Cn+i)iTy (et Tx

cos
P - - 2br y 2 y?
)V ad y (Zne)®
J

”=

@«

vorticity disg=-

The velocity distribution aue to
tribubtion 1s snown in Mlgures 12 ana 13. It 1s to be
axial velocity induced by the vorticlty i

nas a

e

that the

noted



gingularity at (x,y) = (0,C) or [x,v) = {(J,b]. his 1s
course, due Lo tus fact toar a vortex line cannot have

comnonant oarallel to a wall right at the wall. ''his
condltion L1z ooviously violated here and the vresult 1s
the velocity nerpendicular to the wall coes not vanisn

wall, whicn violates tlxe boundary conditions of the

Tnis singularity in axlal veloclty st the wall does not

1

|

=N

strivuted a Iinite region

C

.ty 1s d over

.

1Y the vortliclity

x-cirection even TLlhough tne boundary condiftions

2
o

are not satisiised for this case elithsr. In all

problems, of course, the vorticity must be distriouted

»

a finite region.
- ~ o s i - . ; . a e
B. Constant Vorticity in the Region -z <x<« 7, 0<

Y
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%
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Vel (e ar‘/lp//g FIEALIA A
é e
Fig. 4
It was louna from the exawmple of & concentrated

e
L¥]

that

at the

problem.

over

y<b

vorticity at x = O tTualt tne axlsl veloclty nad a8 sin
at (x,y, = (0,0). For ths present case 1t was thereiore

consldered sulliclent to calculate Thne silect of the wlath <«
e - [ F ( /f ’\ i1} ‘} 24
upon tne axiel vsliccity at (x,y) = {3 ,0). he ax velocltis



at that point 1s found toc te
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glven by

_ (Crnett) T
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7=0

In Migure 14 the valucs
are olotted as a functlon of

The valiues u

vorticity §ed so ns tao nske
the results obtalned {or cas

(-5

-

of this maximam axl

widtn ol the vorticlty

the

were computed Tor constant

1

more

tv Distrivution

J. Trapezoldal Vortict
x = 0
¥
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As was polnted out velore

component of vort

| A —

e =
b.i.é:;o (¥

1t 1s necessary tnsl Lie

icity vanish at

J

axial velocity et tne point (z,yv) = {(J,0) was thnerefore
compubed for ths vortlcity distributicn at x =0 glven
floure 5, l.e.

= Y
'e IZTT
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r’): 6

"
»n

ASy Sb-A

boh Sy <b_

Concentrated

the boundary.

Y

N2

—

s> velccilty

total

.
at
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At the polnt the axial velocity 1is

determined by the geries

296

47°
neo

Sin (2r »:} 74

2nry =

figure 15 shows the relationshilip between tnls

axlal velocity and the value ol .

the flow vattern and olve an ldea aboutbt the magnitude

induced velocity fileld wihich can expected from tue

blade forms., #ig 14 snows tThat a

will nave & stronger nn tne flow than will a

ratio blade. From Figure 15 1t 1is

Tty a

o

=0

veloc o bre hub or tne tip is &

the layer neilght, h, nesr the walls.

This height msy

approximately the thickness cof the boundary layer.

low

(22)

naXxinum

three simole exsnples show the general trenc of

ol thne

various

hisn aspect ratlo blade

agnecth

seen tnat tne induced axial
rathier strong function of

he halken



IV SOME ZHALDPLLSG CI PLOWS TIRCUGT STATIC DLADE ROW3

A. Derivatlon of Lguatlons for Prescrived Blade Loading
and Blade Shapes

uced by

o

In the following example the flow field iIn

®

single statlonary clade row 1s determined. Consider a blads
row whose blade chord has tne axial projectlion ¢, constant

for all radii, and orescribe the racdisl vorticity distriputlion
3 h P

Iy = VOI1+8y) (23}
where ¢ (x) (see Fig. 6) is given by

o
X
¥ix) = & =+ O¢x $ad

|

|

|

{

i

f N c-x

| rix/) - &;“j;r aixsc
a

-y

Ine tangential cowmponent of the vorticity 1s obltalned by

o

multlioplylng the radlsal component by the tangent of the angle «,

e

whnich the blade surface makss with a radlial line tThrough eacn

3

noint of the ovlade surface. Assuwme that the tangent is a

linear function ol x only, 1l.e.

Do
&)

Fano = A *mx



The tangentlsl com
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6 = TOJ(148y)(f #my) (

Do
[0
-

However, as was polnted out onreviously, 1t 1s necessary

trnat the tangsnllal comoonent ol vorticlty vanlsn at toe walls,

3.

! Fa

olied by the function fly)

s

s mult

pre

anc tnerefore esquation (25)

4 7

snown Ln Ploure 7, 1l.e.

f () = j%' OSy <4
L
Aly) =/ Ay ¢ -4 - (27)

é-y
A >y Aly) - 7 S-Asyd J,

LS I —

R

Fig. 7

Tangential vortlcity then becomes

G = ) (1285 /(l?mx) s/ (

o
)y

J
—

Equation (17) can now be appllec and the potentlal founa

o

for tie four rs x€0, D€xed, Cexsc, andg ¢ «x. After

rather longtny algobre the cguations shown on btonce next page

are obtained, snd these can now pe anslied 1in order to

determine tne flow fleld for the various xings of blading.
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B. Dbetermination ¢l Constants for a Glven 3lade Zhspe

The constants L, B, ¢, and m nave to Le determined for
each glven odlade snape. Azsunming thet the wihlrl veloclity

.

noroaching the blede row ls zero, the whirl velcclty down-

o
&G

amga s S .3 S P
STraeglil L85 glven oy

27

~~
&
X

Now the prescribed radls! vortlcity distribution is

o
<

ziven by ecuation {23) and equation (£9) gives therefore

Cu = ‘{‘;‘ 7 *py/ (5]

oo
AN

w
|
b
o4
©
oy
[

r distribvuticr of whirl veleoclly which

.
[
Ll

el
O
<
“
e}
i
w
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«
<
o)
o
m
t
el
]
ot
o2}
)

2tisfy all given btlade shapss. The

4
o

s

& and B will therefore be chosen sco as to it the

o)
Q
o]
[}
o
o
:;
w

glvern wnirl veloclty alstribution as near as can be doneg by

The constants £ andmstill remain to be determined. The

- o \ 3 - - oy e PPPRTE 1 e e TP [ IS . FYVIE G oy PR BN -4 i T 4 -
tangent ¢ the angle whilch tTne blade makes with & radlal lins

Thereforse 12 the blade surface is piven by 2z =2{(x,7)



a certaln

o

:
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.

wat 1t ls radis

,w
-
o

I the blade 1z ¢lven such t

axial »osition, x = Kys Then

o

N
n
|
Y
%

_?;Z- = m/x-xoj

Py

Integrating tnals gives

,«
[N
o

—

2= mlx-x,)y *Flx/

where [ (x) 1g an arbitrarvy function of x.

low Tor a given blade shape the trailing edge angle, @,

s known. Assuming trnat the Tflow lsaves the

i3

By ey . - E . -y oy
tangential to the

(e

-2; TRy f/,(C/

[N

= col 8ly)

C'ga

C’dz J

is an approximation to the real blade and the
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fv souation
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constent m will be determined so as to

¢

avproximately.
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e
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C. Appilicetion to #Free Vortex and
Vanes.

This is now apnplied to free vortex and solid bedy

prevotation vanes with radlal lescing edges.

I
(- .3

trat the [low unstream ls nurely axiasl with & constant

o

velceity c.. The Zollowing data are used

N
[Z%4

H
H

= 025
Hub ratic = 0.6
— = O %5
where & = tio welccity of rotating blades

7or free vortex blades
O 145

Ce
/4

t'or solld body blades

Car

Vs 0.225 £

423

. ” . - s
where £ = =06 fﬂ.‘fz{ ls & dimensionless raclius
<9

r = tTip radius

O

The cholce of ¢, d, and h made here 1s arbltrary, bu

ot
e
)

velue chnosen for b ls of the game order of magnitude

-
L

the boundary laver thickr

3
\
o b

0
pR ]

the axial flow comgressor descrived in dAeference o,

Ta omasnmes

s A
(5D

mody rerotatiocn

T

ess. The other data are taken I'ron
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The whirl veloclty 1s glven Dy

o o ris o785
/4 £ \3#22’

Lguesion {(30) glves taerstors

0.725 .

S
(AR O,

For this cosc the axial velcelty 1g unchanged going

through the blade row sc that eguation
i 0.725

z s =z
<o ﬂ(.)’/ Cq 0.4f(-ff'2‘!/

or
27225
(37

095(7¢2%)

Fle) # my =

From Figure 16, thils glves tne Tollowing approximate

values
foc 0235
20 )
Y4 _ _ Q%05
b
o275
7”7 =
]
2. Solld pody blading
Hor the solid body blading the whirl velocity is

Y - o2 g 2
T ° OI25F = 0/95 £0W [
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Eguation (30) gives then

€N
&
=

fic
— [/ # = 0 ) 13 Y
757 (17 = ar95 som; (

This gilves doc _ 0 /95

0667

The determination of the constant m is not go simple
in the case of sclid body blades as it 1is for the free vortex

'L velcelty downstrezm from the

-
[
(o)
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wn
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-
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o
D
3
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pny
[
O
e
[
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blades is neot constant. In order to determine the axisl

velocity downstream the lollowing ecguaticns apply
Bernoulll ecuation
2,2 2 P 2 2 ey
—— hd - w— 4 ég'}‘
E v ¢’ 74 iley #q) (39)
Hadial equilibrium
2, e (20)
ar q
2
d/ol = f Cd/g
a'n %
Continuizy equation
17 Co r; = /3(‘034’/‘; (4l)

subscrivt 1 refers to conditiocns upstream and subscript

Z refers to conditlons downstream from the blade row,



Differentiation of equation (29) gives

/b, / 4%& a s ¢ z PN
/;-;:— > /2@ rc}6¢£?‘/(; a% ﬁé;;/%3f¢304[1¢ (42

s written making use of equations (40) and (41)

whicn may bve

/ / d// " 4 a 2
r 5]+ o) 2. 2 (43)
: Ls /(‘I cﬂ 3 :_))
m,A‘ % : c;, ;2 an!” " a,,,/,/
For the solid body blading the right hs side of
eguation {(43) vanishes since
(g; = 0
C€e, = constant
AlsoO
r .
Cyp < A € = 4 with &, » 4325
Bguation (43) is then reduced to
2
“: LrY - dcci
7'ré ar Zr
or (44)
d(‘d;‘/ 4 P(az
s ""r"

ar

Integration ol tnis glves

s W 1T/ (5)° = 1T £2 (45)

Cap <

Tre conatant A iz found from tre contlnuity equation

) 7
Co ;77 = Cay 13873 (48)

N\



71, 2
inls

Fives

Ca B
—&_—'—’ = ores )7 frees - g7 (47)
Therefore
e £ s
cot 85/ - —i& (48)
Co, fres - 2£2
Eguation {35) gives
Fte) rmy = (49)
Jres - g2
digure 17 gives then the approximate value for m
2 %727
7 =
é
The results for free vortex and solid body blades are
shown In Table I below
Table I
Values ol the constants &, A, and m for free vortex

and solld body prerotstion vanes

yY

mé

Free Vortex

&
°

]
R
[l

~0.4089

-0.218

leading edges

v L]

with radial

Solld Body

0.195



[
L™

-

Using these constants calculations were made of the
velocity field beh@ind tine blade row at two stabtlons, namely
at the trailing edge anc at cne chordlength away from the

trailing edge. The results are presented Zn Flgures 1& and

dradiuns and

f-—i-

1. Also the radial velocity distribution &t n
tre deflection of the streasmlines were calculated through the
blade row. These are shown in Figures 20 and 21 respectively.

411 these results snow that the velocity fileld induc

o
£

by

edges have no avoreclable

prerolulblon vanes wilbh radial leadlng

ef'fect on the Iflow fleld through the blede row. The maximum

'S

radial velocity 1s only about 1.2 per cent of the aporcaching
axlal velocity for the solid body vanes and less than one
third of that for the free vortex blading. The same ls true
for the 1nducec axlal veloclty where the maximum 1s
approximately 1.6 ver cent ol the approsching axlal velocity
for tne so.ld body and about one third of that for thne Ires

vortex btlading. Toe streamlines are deflected a very small

o]

.

amount or only about 0.5 per cent of the spacing between the

nub anc the outer casing In the case of solid body bla dlj

&

apd still lezs for free vortex vanes.

In case the radlal line does not f21l1 on the lsading
edge ol the blade put rather on some other axial position of
the blade, the elfect of the radial forces will be of esven
smaller magnitude., 3Since 1t 1s commen practice tc construct

the blades in sucn a way that they are radial close to the

o z o 1.8 e

quarter chord polnt, the radial forces in front of and behind

by

I the

O

tnat polnt wilil tend to cancel eacn other. The effects



radial forces for this case wilill therefore be even smaller

tnan the examples treated nere indicate,



Vo LIFECT COF LEANILG THy BLADES I A

PERPELDICULAZ TO THE AXIS

on {£5) the blade shane wasg given by

fd
-
o

kel
o
o
ot
poe

where o« 1s the angle which the tlade surface makes with a

radiasl line {(ses ¥

,_.J

lgure 9). for 2 radisl lezding edre this
= &

becomes

Untilted Blade . Tilted Blade

Z e

dow 11 the blade 1s tiltecd at an angle & (Fig. 9,0

becomes

ot
ey
[
}._J .
15}

Fand + rar £

/- Fans Ffang

fona = farn(d+E) =

It was found previously thsat tand = mx is a very small

guantity so that this may be written approximately

jo
S

tana % Sfand # Fane = /12 x

farne = £ (51)



The tilting of tne blades may ve used to an advantapge in

order to Gecrease the axlal veloclity at the tip and thus reduce

3

the relative Mach numoer at the rotor fip. I this reduction

ey .

is found to be appreciable tinls is of great importance in

compressor desilgn since the Jach numper atv the {irst stage
rotor tip 13 one of the limiting factors In compressor design.

15

The veiocity diagran shown in Filgure 10 shows how tnis

)

reduction may be accomplished.

3
// “«
/

i ///

l‘[/ ~

<
e 2 w_ e
e -
e //
& &
3 be— & —+

a, Untilted DBlade b. Tilted Rlade

Flg., 10

The following notatlon 1s used

‘s - axlal velocity at tip with untilted blades

Cu

i
~

|

angential or whirl veloclty at tip
Z = wvelocity of roter tip
e = axial velocity inducec by tilted blades

« = yvelative veloclty at rotor tip

Tnerefcre for no tilting *Yhe relative velocity

[
[62]
my
[
o
3
)
]

o = /};z (T -c,)® (52)



<8
i

For tilted ovlades the relative veloclty is

W = S w)C 4 (U -c) (53)
How in orcder to find the relative velocity the axial
veloclity distrivution downstream of thue blades wust be found.
The following notetion will be used
¢, = axial velcclty far upstream of blade row
€op, = axlal velcelty far downstream of blade rov
The approximation is alsc maae that the trailing
vorticity distribution is a function of v only, l.e.
Iq) = Y07 - ;; X <0
(54)

@(ﬂe x )a

@7

7) can now be used and

The Green's function {(ecuation 1
it 1s Tound that the axial veloclity distribution may be

written on the form

o _nllx Py
Ca ~ Z'qu é cos 6y » (q?(y/ X 2o
2:y
s nl7x
Co s -2 Lhe cos 22 4 coty) x¢o (55)
»ey

m~
[N
<3
[
3]

e equetions

At x = 0 subtraction of thes

[22d
7
22 Breos 22 . o o

=/



==

and from the ortnogorality sropertles ol the trigeonometric
funections this glves
4
/ /iy
£, - 2—//(”: ~¢a,/)cos S Y (57)
7]
Por most vractical cases it is sufficlent to assume that
tne change in axial veloclty 1s antisymmetric and linear, i.se.
c’ Y / (e
Cony, = Co, = i (y—sé \58)
This gives for equation (55)
(2n20)77 2 1) 7,
2ec’ cos— Y _L2nr)7x 1
fq = ;"a -~ ”'a? > Z 4 X 20
4
n:o (ents)
 (59)
e’ ?_ap, cos Ga)Ty  (opri)2x
Cao = C'ﬂl > 72 : e é x$0
Fyy /2/7{// J
Since exponentlials die cut ranidly it is falr.ly goocd to
(2n#)) 77 [x/ ,
take g 3 as Lhe governlng rate of decrease of the
induced velccities, so equation (59) may be written
asoroximately
A
x
~ 4 ey aand
Co % Co, - F(ca-c, )& B X230
, 7x " (60
Cao = Co, * 3(ch-ca)e& ® x €0
Bguatlion (60) holds approximately for tihe case where all



-51=-

x =0, If the vorticlty

kes olace at

b X = £ , equation (60) becoms:

o
53
®
2]
e
et
o
o
O
o

, ‘_Fﬁuﬂ

Ca % Cay = 3 (ca,~cG, /e 4 x 2 f
i
Tl 4 (61)

(=" = (4, * El(fgz - Cg,/e é X

Uy

Tt i1s now assumed thnat the vortlcity change resoonsible
for [ cey - €a, ) 1s distributsd along axisl orojection of the
cthord as stown in Migure 11. The object is to find the
distribution of the axial veloclty.

¥
O
!
|
!
|
1
i
I
° 4 —sl—ag © £
flg. 11
Assuming that equation (58) holds, this glves
dc. 2c, 4 ' .
@y - L2 - -?{.rc . < (('.)2)
Ry @y e 4
2e’ ,
(83)

coordinate svstem chosen as shown 1n tne figure
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=0

R4 - £ o0¢f ¢
a§f(c{(h"-d%4y cb o “

a
o - = © m———— 4 {
/d’/‘o‘ J‘,,// 5 E-a) af ¢f<c (64)

o
Integratlion of thls glves
c’y £ )
d((‘,—-c = -—-———d! p.‘ffd
2 = e/ cé 4
(65)
c’y E-£/
adlca,-ca) * af asfsc
cd (c-4) )
Then the axial velocity 1s glven by
7
A F-f) |
Co 7 Ca i) x <0
o
{ )6\1
” A We 7
, ‘ “x(x-f/
Co < Eq - ;]d(cq-ca/e Xsre
° 4
Carrying through the integration gives
_md e \
- X
é ce ¢ rae Zx
Ca = Cq * <’ yz /T e ¢ X <o
calt c-~a
[ (o7)
g
Ze va o
. - ,_ Sy ade ¢ -~ ce? S o
@ = C€q ~ < 2 > € x’ec
cadll c -
J
These are now applisa Lo The two tyves ol blades
dizcussen nreviecusly. For the free vortex hlades Co, = Cn, ,

Q

and thereiore c' = 0, For solld body blades 1t 1s seen from



Figure 22 that
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It is assumed that the leading edge of the rotor is at
X = l.2c. Giving the consbants ¢ and ¢ in egustlon (87) it

is then possible to ccmpute the axial veloclty entering the

rotor at the tilp and thersfore the relatlve wveloclty. lable

&

II velow gives these for various comblnations ol

untilted vlades,

Table IT1.
Axial and relative velocitles at rotor tio for free

vortex and solld vody prerotation vanes.

Free Vortex Solic Eody

w ‘o w
17 U T 7a

D.25 0.0825 0.45 0,266 0.284 0.776
0.286 00,1875 3.45 0.966 D.386 0.77¢
D.125 0.03125 0,495 0.2€8 0.391 0.78C

Je 125 0.00375 0.45 0,966 06592 O.7

on}

1

for the same values of ¢ and d as 1n Tavle 21 tne effle

of tilting the blades was now computed., The incuced axlal

velocity at the tip 1is proportional to tae tangent ol the

—

tilting sangle, tane =/ I[sse Fige 9). The proportionallty

W
(@)
o]
+3
&)
ot
kel
i}
et
°
AVl
@)

is shown 1n Table II1 below. The pro-

¢ and 4 wi

ctk



—Bm

- 2 £

sortionality Factor multiplied by the tangent of the tilting
angle rives the indvced axial velocity at the tip in oer cent

B

of the aporoacning axial velocity.

Provortionallty factor giving exial veloclity for tilted

blades,

-% f; iree Vortex Solld Body
0.25 0.0625 14,78 25.03
0.250 CL18TS 17.18 27.26
0.1258 D0L.,03120 240 54,31

0.12 0.09375 28,04 37.91

[$3}

3

The relative velocitles may now easily be calculated for
any given tillting angle. Tavie [V snows the axlal veloclty
ana relative veloclty at the rotor tip due to Tilting of 45
degrees. The table also snows the per cent reductlion in
relative veloclty from the relative veloclity which is
encountered with radial blades.

Table IV
Axial and relatlive veloclitles on roter tip [lor ore-

rotation vanes tilted 45 degrees.

c o Free Vortex Solld Body Per cent reduction in e
Z‘ i; Ca w Ca w

U 2 7 U Free Vortex Solid Body

V.20 0,062 0.384 0,

QO

ST 0.260 0,732 S .00 5.68

0.20 0.187b

o
L]

o«
3
&
-
&

Ne
o
[

U

0,283 0.724 &.62 £.94

0,126 0.031256 0.355 0.825 0.237 ¢.715 4,25 8,33

Uol20 D.J93575 Ued4Y V.82 0.221 0.710 4,56 9.10



For pnurposes of comdparison the following table is

reproduced nere Irom Refersnce & (Table 1)

&)

Table V.
Relative veloclty on rotor for various blade types. All

values are glven oy nub ratlo of 0.8 and for 5O0% reaction

e

point at midradius.

4

Radial slade  Type

ol of
- PR P4
Position - — « « £ « £

£° H

o v~|‘<

0.40 0.51 0.1 2.85 0.72

[4D]
©

~J
[

0.0 D70 Q.70 2.71 D.72

fomd

.0

O
<o}

6 0.91 D.84 0.76 0.69

Por the blade snanes on which calculations have been

made throughout ftThis paper, the free vortex blades had their

50% reaction point at & = 0.7 {Z = 0,25), whereas the sclid

:
J
d

body vlades had the 50% resction point at midradius. However,

tnis alfference nas only a sllight effect on the relative
velocitles and tables IV and V can be easi

seen that the reductlon in relative velocity ranges from 4.5

@
w
ot
o
[<9]

ver cent for free vortsx blad ver cent fcr solid body

blaaing for the highest asvect ratlo biades considered. This

o2

[62]

s 4

‘_J
o)

reduction in relative velocity, although not larg very

significant for nigh speed compressors. The relative veloclity

[or the solid body blading approacies the relative velocity

()
o

< 4 e X ;
tyoe Z;: «f° which wes found to be the best

oy
]

for blades ol tn

7t



blade type with resvect to relative veloclity of tihe [ive blade
types investligated 1in Reference 5. Sucn a blade, however, has

other disadvantages.

It

pte

s thereflore concluded {rom these examdbles that 1t

(e

will be of deilinite advantage to lean the blades at an angle

Lo the radlel line in & plsne poervendicular to the zaxis of
rotabtlon. or maximwn rcduction in relative veloclty the
peak loading on tne blade should be as close to the tralling

edgze as possible and the hignh aspect ratio blades have a

aefinlite advantage over low asvecht ratlo bladss.
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FIG. 12

RADIAL VELOCITY DISTRIBUTION

CONSTANT VORTICITY, ¥, AT =x=0,

O=y=<b
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FIG. 15
MAXIMUM AXIAL VELOCITY
2.5 AT y=0, x:=0
TRAPEZOIDAL VORTICITY
AT x =0 AS SHOWN
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| DETERMINATION OF
CONSTANTS m, p, %, a8
FREE VORTEX
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FIG. 17

DETERMINATION OF
THE CONSTANT m

soLtiD BODY
PREROTATION VANES

RADIAL LEADING EDGES
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FIG. 20

RADIAL VELOCITY DISTRIBUTION
THROUGH VANES AT MIDRADIUS

PREROTATION VANES
RADIAL LEADING EDGES
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