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FOSWARD

The bending of thin cylinder shells bzsed on the
general theory of elasticity is of interesﬁ rnot only to the
mathematician but also to the engineer, ihe eneral theory
of the shells has récantly been develoged to the point that
it is now being used by engineers as a basig for the desizn

of this type of structure.
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SOMARY

It is shown that the calculation of stresses and :ﬁraxn- in |
thin oylindrieal ihoila subjected So various kinds of concentrated 1oa¢gi
‘e¢an be ehtaznnd if the apecified 1aa&1ng function is rapreientea‘by i»ili
reurisr 1utagral in tho 1ong1tuﬁzaal direction and by a Fourier aarias
‘in the ctr«umtoraatisl airectien. The aampenenta of d&aplaoauenes are
rapreaantad in 1ike ananar. In Port I an xariaitalr long eyliaﬁnr .
loaded with tua egual ana opposite farasa wotzas at thc onén at a L
vurtiaal étametew 1n aiseuasad. The nxpraauian far th‘ raaiul aetxtetion
in s th;n eyiinaar of rlaxte length wes ahtulaad fram the aarranyending
,ae&ntioa ﬂﬁr”an_iafinitely 1ana.¢yliaaar by naias the mp&hma of 1nsgao,u w

‘?hp caacu of o aauplc aaelag on 6a iarinltely long uyiiudnr in tho

dirvcuion of aith&r tue gauaratrix or the cireumrorauae wers slso

anslyana by uaing th» earruapanﬂing solutiyn for thﬂ radxal dorlactioaf

under s eoneoutrataa laaﬁ__ffu& uppliaatian ar she nulution for the

radial ﬁatlactimn ia "urinitaly 1ons cylinﬁer tc an azaaticnlly :

supported flet plm or boem, 1n order to f1nd f.lw nodulas of foun~

desion is briefly axmmm Part 11 desls -m e :mmm long -

‘ eylinder anbjeeﬁad #c iwo’azual and appaai&& tarqua aoting abnnt tha
'Craéial axis on the aurfane of the shell, The shearing ahrtaa-rnsultant;
was determined naé tha torqat produced by the Poroe-resultanta is _

' varitiod m&thametically equsl to the applied torque. A method was {f ii
developed to cllaulata the shearing stress aiatributiaa near the a-axia;
because the series. in zha,saluZinﬂ econverges very slowly when £ -

approaches zero.



INTRODUCTICUH

The subjsct matter of this paper is the calculation of siresses
‘snd stra;ns in thin cylindrical shells subjected to vari.us kinds of
concentrated loeds, and more speeificsally in infinitely long cyiindsrs.

The problem of curved pleteé or snells wag first treated in about the

year 1874 by H. Arén from the point of view of general equations of
¢lasticity. He expressed the equgtions of the middle surface by‘means of
_two parameters, somewhat ss Gauss did, and he adapteé the_problam'to the
method which had been used for'platea. He arrived at expressions for the
potential anergy of the stréined shell, similar to the expressions devel-
cped by Kirehhoff for plates, but the Juantlties that define the curvature
of the middle aurface wer. replaced by the differences of their values

in the strained and unstrained state.,

Lord Rayleigh proposed a theory for vibratlng shells which embodied
the 1dea that the middle surface of the vibrating body does not undergo
any extensxon, and he determined the displacement of a ,oint of the middle
surface in accordance with this condition, Later it was shown'that contrary
to this condition a vibfating shell undergoes extensional strain. However,
the region of this extensional strain is confined to a narrow strip nesr tie
edge of the shell, and the greater part of the shell vibrates accor&ing to
Lord Rayleigh's assumptions.

The inextensional deformation of cylindricsl and spherical shells

was treated in detail by Lord Rayleigh in L:is "Theory of Sound.” Thig tyre of
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dofcrmation is the aasumption underlying the solution of many problems of
practical importanoe, aunh as tha determination of stresses 1n thin oylin-
,drical ahells subjected ﬁo two ‘gqual and opposite foreces noting at the ends
of a di&matcr, or to 1nternal hydrostatic pressure. The results obtained 1n
_the case of ﬁha firat problam 1ndieate that inextansional detormaticna eor-
rasponﬁ only to a firut approximntlon of thﬂ comploﬁe solution, and ‘the
‘stresses 1ﬂ the praximity of the peints of applieation of tha forces are
 not girnn with sufriczant aceur&cys Far this reaaon a mehheé is naaded
whieh can dsal'with the ¢use whan the cylindrical ahell is 8o loaded that
’its middle gurface undorgoes extenxion as’wall as chsnge of curvaturoa Un-
“der thane oircumstanoes it ia thought best to resort to thn ganeral theory*
of thin plaﬁea and shalla from whieh speeial caaes 1ike that of the eylin~’ |
drieal or apherioal ahcll ey be dnrivad- |
o Tha applieation of the method of aariea %o grobloma of equilibrium ‘
of olastio solld‘bodias s 1niti&t¢d by Lamé ana Olapeyron. Thay conaidarod
fths a&se of a bcdy bcundad by an unlimitcd plans to whioh prnusure is uppliod ,
iaauording to an arbiﬁrary lww. BbWQYar, pruvieul to the disoovnry of tbe
vigonprnl aqu&tiona of elaatieity ‘this method had alroady been usod in. prohlems :
 6£ astronnmy, aooustioa, and hoat eonduction" In the abova mnntioned problam
'af Lama and Clapeyron, the salutions of the difforentisl aquations of
foquilibrﬁum ean be axpressod by. dofinita~1ntegra1s, the olamonta et the
. integrals renreaenting the ‘effects of aingularitiea dintributed over the

'qurfaoe. ’"hie olass of aolutlanz eonntitutos an oxtansion of tho mothods

_"-n—-'du-—nﬁ-u¢--o—w—-~ua aaaaa ln&"‘-‘Qﬁ‘dﬁ““--‘Q“-d-ﬂ"ﬂﬂd - - - - - -

_* See A.B.H, Love. Matlre Theory of Elaatioity, (1927), Pnges 513-536

- il -



 introduced by Green in the Theory of the Patential. The methad of singulari-
| 'tiaa ‘was rivst appned to the theory of elasticity by E. Bettl, who set out

' frem a reciprocal theorem of the type that is now familiar in many branches
ﬁef mathamatieal physics. The average strain of any .type that is groduced

_?in a.hody by 51Ven forcea can be determined by a formula incldentally deduced
)ftrnm.thls thaoram. !ﬁrthermore, Lord Kslvin gaVe ‘ue fundamental particular

,fsolntion h:ch exyreasea the displaeement due 40 a force at a point in an

' extanded aclid.
Ehe prasant paper aonaiats of two parts. In Part I BN “bezunxtaLy :

'leng eylinﬁer lnadea w1th equal anﬁ oppasibe forces actzng at the ends of |

*a varti”&l éiamater is diseussed. The equatlons of equ;librium of an element

eal shall undergoing amall displacaments ‘due to a lateral

fdistrihuteé sxterhal 103& are redueed ta a ging la differen%iel esuation of

ﬁéthejﬁaighth {rﬁar in the raﬁial dlsplacament. In tnis ainyla ﬁqAﬁtion a;i
’;tarmﬂ could ﬁe comparad an a eammon ground and 1@ was ~csaibl& to decxdﬁ which
:terma could be aarely nealeotad.' The apeaified loadxng functlon is 'epraaented
fourie ;tegmal in tha longjtudinal ﬂireetlon, and by a Fburier series

a't eAeir‘umferentlal directlon. Tbe Fouriar coeffic1enta and the unaeter-

;minsd fuae on in the Fburier intearal wsre deternined from the loading con-

'Aditian whiﬁh regreaents a coacentrated load. The radial ‘displacement is re-
fpresant”d.in a lika manner with the aid of an undetermined funetion whrich
fwas obtalned by suhatituting bouh radiel disnlacement and 1oadxag ex;reaslona

-in tha ﬁitterential equatlons. The dexlnite integrals involved in Llie expresf=

Tsicasw orzradial deflection ware ava;uate& by meana of GauchJ' Theorem of -
Reaiduaa-

The expresaion ror the raﬂial defleetion in & thin cylinder of finite

L i e



length was obtalined from the corresponding solution for an iﬁf;“lttlj long
cylinder by using the ciethod of images. It is seen that the difference of
these two radial deflectioms can be given by & correction factor inecluded in
tiie expression for a cylihder of finite length. This difference is believed
to be caused by the restrained edges at the two ends of t.e finite cylinder.

The cases of é cou?le acting on an infinitely long cylinder ia the
direction of either the generatrix or ihe 01rcumrurence were slso unalyzed
by using the corresnoadlng solution for the redial delfiection under « cou-
centrated load., The action of the couple is eguivalent tu that of twu sgual
and opposité forees acting at an Lnfinitely, small distance aps:-t. [t iz Ye-
liéved that the solution for the radial deflection 1n‘an infintely long
 cy1inder‘mayva1so be applied in order to find the modulas of foundati.on of
an'elasticslly su, ported flzt plate, or beam, under a concentrated tranéverse
lcaé; |

Part II deals with an infinitely long cylindriesl shell s@bjccted»to
two éqﬁél and op.osite torques aclLing about the radial axis on tle surface of
the shell. The'solution of this problem was achieved by replacing the torque
with two double forces with momanf, the moments beibg about the same axié wind
of the same sign, and the directioné of thé forces being at right ansles to
'each other. The components of the displacements u;v, and w and the loading
functions are represented'similarlybas in Part I..

The shear;ng s%ress-resulfant was determined from the soluticns of
the displacements u and v. In order %o verify that the sotal torque rroduced
by the force-resultants is equal to the applied torque all the force-resultzuts
multiplied by their corresponding moment arms were summed up. The cesult

proved to be satisfactory both in rectangi.ler and polar coordinates.
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In the numerical calculetion of the shearing stress distribution
near the s-axis (from the expression derived) it was found that ordinary
methods failed because the series converges very slowly when x approsches
zero, Hence a powserful method was develobed in order to overcome this
difficulty.

It i3 thought that this solution may heve some applicstion to the
rractical problem of the shearing stress distribution on the skin of a
fTuselage affeeted by the distortlon of the wings. |

A discussion of the curves plotted in the Apéendix may be found

in the Conelusion.



PART 1

—

THIN CYLINDAICAL SHELL LOADED

WITH TWO EQUAL AND OrrOSITE FO&CES

1. FUXRDAMENTAL EQUATIONS

/)

The fundamental equations of a cylindrical shell under the specified_.

loading are obteained from considerations of the equilibrium of an element

cut out of the shell such as shown in Fig, 1%,

L

T %

St t# o

A a..f‘
(2 %
T
Y .

- Hotations and ¢bn§entions are‘ihetsaﬁé gs those commonly used in the thrée

:#imensionai thgg{y;@f elaé{icity.:Jihéy'aféléhpwﬁ in'Fig, 1. Symbols repro-
A - senting exterﬁél'forcesAhQVe ﬁhekSamé Suﬁsﬁriyts";é used by Love in his;Book
entitled "Aathématicél fﬁégfy1§fﬁélaﬁtiéit;".vﬁnments ahd_fotat;pns gré‘
represantéé;by”veoioré_c;rrequnding>td the right-h&hd fule. TQ; positiée

S

% A shell of double curvature.
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: sense of displacements,vgxternal.foroes’and ﬁoments,land of'intérnﬁl forces
énd poments, is thé ssne aé thergositive sense of the coordinéte axes, if
'ﬁhe externél normal of the elément concerned voints inithe poéitive direction
'6f a coordinate axis. If it'pointé in the négati§e direetibn, the opposite
sign rule holds. | o

Definitions of some of the symbols follow:

,h1-§--q Thickness of the cylindricel shell. B
‘Qa F;-y dadius of the cylindrical shell.
F wmee dngle measured- eounter-olockwisa from a line extending &awnmards
from the center of the cylin&rical shell to any point or the shell.
X, 8, 2 ~=== Longitudinal, eircumrerential and radial eoordinatee, meas-
‘ured exially from thennormal sacticn at thg middle of cyl;ndrical_
ﬂ7shell’ and aircumferentialiy fram aame géneratrix. ; -
‘u, v, W - Longitudlnal, circumrerentiel and normal Qisplacamenta or
L | points in the middle surrace of the wall. S
"B ‘ceie Modulus of elssticity of the matsrial. o
‘i5]2 3f-4f; Poiason’s ratio.  f" -
’D}’4—~¢  Flexural rigidity

Eh -
rz(c- u‘)

A nxternal concentrated load.
:'qiﬁ;f’f External distributed load.‘

re ﬁ'-érf thber og axial and circumrerential waves. fﬂ
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In Fig_é, 1* ’1’1, 51, Ny ‘a'ré .stréés;rasﬁlta,n.t measured. per unit length
of tﬁé mi&él't.a snri’aée acting on the side x in th§ negative direction of
the x, y, 2, sxes. The lenght br' the elamen't on which .Tl Sy, Nj act is BSGB .
Ths stresa-resultanta acting on the szde o 4+ &% are Ti, al, H]'_. Similerly
_'.'ﬁ'g, _fag, Hg are atmssarssultanta .’m tha dirae'sictn of ‘the x, Y, z axes
,acting on the si‘.de (a on an alement af length A 50( ' and Tg,-::z, _Hg are

::streas-rssultanta ac‘cing on the side 8+ e$ @ o 'I‘he azes of the stress

' "’wh’ils those ot He, 62

'v-.-:;mn sida o( -r 50\ ax'a

TBa‘p +N BS@ 9, Sa& 5 53,3 5 Jaw 39‘3,«. (TBS@)
z:imilarly the forae parallel 1'.0 x aeting on side ﬁ is'
‘5 AS«
‘and that “paréllel to x‘vacvti‘ng on.‘ sidef + S@ iss .

5, SN, ASx- q,gp ‘TASo(Y 5(5 5%(5 A&x)S@

— - - - --:.—.—-...—-’.---—----—-;-n-——-—--.-m---—---—-- . - -

* Lee A.E.'H._ Love.,,’ﬁhe'kiath. The@w_of-ﬁa‘aticity,' Page 0534-536.

.



If X* is the xecomponent of the external force per unit areas of the
middle surface, then, since the area of the curvilinear rectangle of Fig. 1

ia ABSx83, all the above enumerated forces add up to

2 (TB3R) s+ R (S,ASK) S0 - 1’5, BIx5R - LT,AS5p

e _+;§,'r§;._la¢8;<,5(3vf‘a;z-‘ N;Asa;@ + AB X;'«S%S B=o0 :

s A
SH- (s A




" It will be shown subsequently that:

5= el p(R o

Then for instance the term ry a, By

and for the equilibrium of moments

ox

._aa

I
!“’;

+

Q
k3
L\

¢

i

stn‘ + 5:)4

el-
N
—

12 oq. (a) above bocemas

2¢ S

2 He Na-o'

@

(2)



in which q is the normsl pressure on the _eiement.

b ' .
Using the first approximation in which certain small componenis
of displacement and their differentials with respect to « and B as well

as producta of certain other amall quaz{titiés are omitted, we have:
' = = 8,
H = -H, = H; - . ‘

Surbstiﬁut‘i‘-ngff'rqmv (2) 'into' (1) and meking use of (3) we get

)T, 35 _ 4
3%t 39 O_ .
3T g 25 _ o ~ . o (4)
2 H 3G
aa(’bx V.a,xz‘

Theae three equations or aq»uilibrium combine the six equations {l) and (2).

.‘He ahgll tmnsfom Ek;, (4) with the aid or the ralatian 2

betwaen the streas
freau‘ltanta and the defcmations

l. See A.E.H. Love. Loc. eit. ante, Page 528. |
2. Ibid., Page. 530,



#here D is the flexural rigidity.

"Mor.eov’er, the extensional and flexural '.sti-ains- in the midalé 5urfade ares

*

”



2

- The epplication of 557 to. (5:2) gives

R TS U I S T

‘—~L‘ - PR
2 35hant T 35%x T2 PR aﬁ'é,s‘bet.;, N

RS ax 9»53’5,%

; 'z'f -

A - g 2 RUT S
Similarly, applying jﬁﬁ and -é1 to (5 3}"and aolving rnr the '»,,

_Atezms eontaining u, and substitut;ng in (5 l) after apglying ax) T

- we chtain an aquatian fram whieh u has been eliminated.

»aVv ,35

Nbl, appl}ing ai. to (6 d) and’ ;2 to (6.9) and subatztuhhs  £heae

tao equatlons dinto eq. (5 3, after applying v* ta it, we obtein an equaticn

from whzch both u and v have nean aliminated f? o

e ,~‘=.e<:é.u-*,>-, N ‘ -::* PURT LI R T
" V‘W" oFRT At '3' v 9'..."__;-0,..»,_-; S T

'Eq (?) dirfers frqm the difrerential aquatlon cr tﬁe flat plate anly by the -

'seeona tezm. The flat ; late equatlon ean be ohtained from ea. (7} by tha
substitution of a = eq . ceasequently, this seecnd tenm rspreseﬂts the efreet

of curvature in the problem of the chindrical shell.

74
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2. INFINITELY LONG CYLINDER LOADED

| WITH TWO EQUAL AND OPPOSITE FORCES

‘ruA‘mmﬂ'éiffiaultias or integrafing Eq.(?) farvthisftype of lﬂading ean .
fbe oireumten eﬂ hy raplacing'the connentrated toroe P wzth a funetian q,of
”bmm m lcngiﬁtxdinal and circumterential cooraimus. This is poasible ir
iths tunctien ia represented by a Eburiar integral Ain the longxtudinal direction,
'and by a Fburier series in the circumrerential direction. Since q 15 an aven

functlon of both x and 8 1%t csn be expreased by

g (x.5)= [% + Z "i“nC‘os %—s’}\j f(’)fos%idA ’ (8:a)

n=z 4.



_Eurthermore. the displacement ¥ can be axpreaaed in a similar manner w:l.th

the aid of.an nndetermined mnetion v (7\)

Z coswfwmm“d:\‘ (e

nxoa

'__'-It can. be shmm tha*& the above ex@reaaion far v satisfies the following

: requirements* (l) ‘l‘he daﬂection and moment are continuous. (8) The slope
'of the deflwtion euﬁre vanishes at the point where the 1oad is applied.

: (5) The daflection vanishes a‘t inrinity. &bstituting Eqs. (B.a) and (8 b)

»*

"jin the dirferential equation (v), we obtain the i‘ollowing relations.

'I*’or n. =_,_'O o

Cos @ éh = 0

-z
- Ay Eh
(@) + &5

For n=g, 4. -~

S m a,,fu\){(—’l) @ |

r-) —-) T 5—%%)




It is next deaired to rind qn and £{r). In order to aceomplish

thia we mct develop the runotiona ay and A froas the loading. condition

: Ihieh is shown in Eiga 6. Sino’e the cylinder ias loaded nymtrically to

the generatrix and to the circle pasaing through the origin, only the

poa:ltin dimtion need be coneidered.

v(}ﬂr g N
. Fig. 4

N
From Eq« (8:%) we have -

s - [ ek

RERORE f 1) 2’,":*@'(-3)

and

(3

S|x
e
"

() = °
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wx._jcoswu -;% Na@;.ﬁ.:ﬁé—s,m

’ Binilsrly m ¢an. aatemj.na ‘?-n by expanding the 1oadt.ng function along the

eimwm ia LS mﬁr serisa. nth o

S
Substitu’einé % énﬁ £(7} in Bg. (8:2)
P
oy 8qc S{N)\ a
]TZ 7\ ' .
W = —-i— e COS —)"‘j' dA
. VZiD . —Z\-)4+ Eh '
o a @D .
= 84 . e SwAL [(Av (ne]?
. b siers 2mas [y (3)]
+ > Cos D% o " Cos
- I ik A
need . [(E)‘f(%)] + == (3)
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Now we consider the caaé of s concentrated load applied at the
origin. Such a load can be obtained by meking the lengths 2§ and 2¢ of the

loaded portion infinitely smsll. Substituting

-4gc5 and - SN )\.f- "",‘7‘\0‘_&
R | Swng R
' 'in the ab.évg_ equation, we obtein
o '; Cas?\( )tM e ‘2_'.Pa.‘ 5 (os P3| I[N CosAz dA _
DTI A +JZ ~.> ]T;D n‘.z.‘_4‘.-,. " a A [7\;* n]4 4 'J2A4 (9)
[ SR ) i . . S
wiere E . o - = l2 - iy
he > g = = (l vu)( h)

In o:cdar to eraluate the dafinite integrals in Eq. (9) we will
apply Oauchy*s !rheom ct reamuea. 'I'his method is generally found simpler

“than any 'qther.-; Let us first consider the vbin,tegral E

: ’j"as AZ)dA
| i
2

where the characteristic equation A*+J'- 0 has four complex roots

- JET
Vi Z

- de ‘-'integr'até the function “"{%‘}? 'in the complex z-plasne .along
:aveloae&,contour,*r . consisting of ihe éegment of the real axis from -R
to R and a  aern;eirciq 6~ of radius R in the upper half-plane and tends to
the point st infinity as R — oo . Evidently, for sufficiently large values

of R, there is no singularity of the integrend on the closed contour and two



il

singularities, ‘nemely the simple poleaf_(‘“) f"( ), ‘Within T .« By

Cauchy's Theorem_.or res;dues, it follows thet

1 j e ,,J eiye 2w [ cEED "(F“D}
A= s v —— = 2T —

T *I _ ‘L;(_fg*ﬁ) 43t %)

{10)

T f' s O
: «,-,z,, ,\" ot‘ »n.ws‘ - x‘ ‘133‘ ;.'1

'.'fv.gq!miiﬁa in the &;;f; ;um 'Raese am. R



F:l

dA” '1~‘~{lt nw) +<--—+¢) - (n- 'UJ

i“f%[k‘"*@ *( %— 4) +(n rz)]

. é{ix{

"'15((« é"x:«w') 0* "N '°‘>

o o }(M

("‘s "‘4)(?\'-—00) ;,( )(?\z .

- 3’“(7—){ ('1'*»4’)6 -«v,d,;‘.('z-.a«r)f.:e‘.a‘-’*‘_

Li&} -

: (14-)'

(rL.,. a@)e «of, :

mm t“e T elati on

Mo(,o(a" = -n% = Aoy

We have’

I“. - ’% ?:nl '{(, '“”("C”D)eiid'— (- ig)(a+ ca)e@%

-(’L+L¢)( A+LB)ela<’(3 + (ruup)(c +nD)é“°("}
RN - l, )
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| ifter simplifying we finally get

((::::;"‘:sj 2\47\ = R, 4 {{H’C*'IDE;Q $ +(43D 'I.C) Sm ] %

- +(V(A+¢B> -SIN CXJ} (15)

BT

©o{ar).

: v tbe abave eqaatian is very smll :
as compared to the seecn& tem..._ané tharemre can bs neglactad uithout any.

: ammeciahle emz in praeuml &ppncatiam Ear a ea:c‘tain valwa or the a/h

X
a

}ratio Die feu.nd te. ba vexy 1az~ga a8 cmarad o B. ﬁ:.',ft.erma eantaining ¢



- ean then be completely nagleated; provided that x/s is not near zero.

However, in the case when x/a =0 Bge (17) can be simplified as follows:

' . 2 . : C=¥%) oyt | L N
2 3Ei__2~*"“"z‘(ﬁ)?‘i Cos B2 |1+ 1P 252G (18)
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3. 4 CYLINDER OF FINITE LENGTH LOADED

¥ITH TWO BQUAL AND OPPOSITE FORCES

- T S 'i’ha expressian rur the radial \‘

- A S/ I "deﬂestion in a thin eylin&er of

f;'rmu 1enghh een “be obtainad frem

e aquat:on" () by na.‘mg the methn& :

_Esnce we ma;y esngiéar the gire:; eyliaﬂ»x at length t and mdius a as a por—-

- ‘t«iu ot the mmitely long aymaax maea a8 alxm 1 I‘ig. 5. m Z. (17),
e tind that the derleetim ai‘ any poi.nt, B, (at 2 éist&naa b fm tha s—-ma)-

o * 1o Sy 0 1 s o 0 oy

* m.ez mws #as ma by dz. 5..1%{151, vm ua.wgen. Mew. B&ae!s., woz. a, P. 1.
zszz; ana hy sz.% zmm, .saﬁ aangan. ;@hﬁ. ;saeeh.. Vel. e, P. zze. iz, |

1B .



on the shell due to the load P acting at the center is:

e s - .B®
Wa = '-—";a;) Z:“ -—-—-—C;z:“ U(cpu n D) Cos A.Q +{¢D-rLc)5,NA }e x

+ [(‘)A-QB) Cgs, C—d- +v("(A + ¢B) Sin CZ} 6

Th# detlscﬁm;sm&uca&bym adjacent fq:!‘cnrba"di‘afme?i apart is: "

H Wb = -—%M”T [{@6 +. rtD) Cos A _L_bl
o B(t-bz
+(¢n rgc)swx Q—-b-)} {(w*qD)CosA.LL_*_b_ |

+(¢D "ZC)ScNA(L"b)J” o
Lot T

: ' B ' p~——)”’ U S e
: »Sineo the tarmﬂ containm e a are all amall as compared with the other' -

tem almm abcﬂs, thﬁy can ba neglacted wit}mut eausing appreciable ermr. :
Similerly we: can obtaim«-,_, My end S0 on. The total radial deflection 8t any
' pob;f.nt Ek_‘lia given by“" the sum

W: W + Wb + W(. + - -

or : |
v o
i “¥a
= Pa? Z Cosa ((c“\ rlB) Cos £2 +(V14 +¢B>5W }e
2D ez R, " .y 0
B C-p) B b)) 78
+ (3¢ +Q§D_),{C05A§-e * - CosA%—b—)e Y CosAl t’-e
. zL b ) _B(aLc:b) .
+(os~(—~w~2‘ B TE L ppealti®e™ T ]
: BLL-b)
Sin AQ;—Q e R

- _B—b-
+ (‘FD“_"LC)[SIN A%e -
e (20)
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' -h 6’
11'. is seen that Bq. (20) can be: axyressed by series containing cos WA+ { e

L

-heyg

and ain n AE e tarms.

aw "y COS”CEL Ef(qm QB)COS*?C"‘m";?'»'.;-7-‘:.

n=z4.

2 .
+(¢c+1D)[ osAbe ECos‘A%’

HCs ke o) S 2 Smaksi

. v . -B& )
+(#p-nC) [Swate - 2cosal Cos

. Co e -3pk
+SiN3ALe /L.}“—u Y

The ;;aeﬂ;eé in the above équﬁt'ifan’

5% i 7B

co_,A e - Cos_?ﬁ.%e -

Sm A-L e S Sw ZA e +' S'm,,

bss "expraasad"in }zha mm given: balam ,'I‘h.ts upraasion :Ls xnown as a

gmtrieal asriaa and thes aum‘of u .}n ﬁems ia ronnd' vith the aid of

ths Biomial expanaion

‘:v,'ﬁé'r‘a z".-;”B-"_éA" ; Z, = B+iA .
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z , -
Putting J =~ & ©  we obtains

.

5 z*(B 'M)
E[(-e 35'?5'15

E(SINh 6 COS A e CGSE" T

I e-“lBuA) e-kcswﬂ) ]
|_ fa’v(a*;-‘"‘) }":‘,_e a(B""A)

' . Coshs’ B S'N ;&A T ]
2lsamtiB Cos* TA Cosh' LY zB Sn* ‘A

- ’ s : ‘ A : s L. ’ "
= -mBE Al = P e amtB L ) e a‘:’,(BfAA) }
Z_ €  SwmAg = E’[[ |- e ZEieiA) | |- e-ZHl B+1A)

e'.&g Cos £A SIN %A (Smhia + COSH;{'B)
2 (5[!#1‘%;5 CO_S‘%A ¥ CQS},‘}&B S'Nz%.f\)




Sub.éti’cuting the above summations in Eq. (21) we have

NEH

. " . X v .
- b““”)( ) Z cosn} {[MCH‘(D}CosA La(go- QC)S'NAB} 2

n=z4 R»-.-

S
‘r“

P\P’

{(¢A qa) CasC-“- + CV(A *‘?B) 5»~CL] e’

Smh a.B Cos A e &B[SIN}? 8 Cos 2A - Cash B S:NE;,A] .
* (Smh LB CDS A + Cosh L B Sm )

| x[(qm - 'lC) Sivn A% Sinh B %’:* { [}C—r ’LD)CJ*AO:S A% CO&HE}%J ' ‘3."

Cosh BSINmA 'e‘:’ 3 CosaAﬁm A[jmh aﬁ*-Cosh B)
’ S!Nht""B Cos kA + Cosh BS nz;_' .

I 1s obﬂous that the ﬁrst tto tems e:t Bq.az) arg equivalent :

_ta the ao}.utien af the inﬁnltely '.long

. ;:mining terma ara evidenﬂ;y 'tha eex'ra«tieu ,l'aab ors du

| = adgea at the two ands ’;hs'{acyliader o:t fm. ;1 nge

The redial deflection
,.undar the applieﬁ rprce ean be o‘b%ained; w P‘ming ‘n /a _ 0., | o ST



Cosng

. 6("‘3"} (h) n‘;'; EH" {<¢C+V(D+(¢A QB)

__'?;hsls

":"'—(M“ZD) S’M*BCG&#A e [5'Nbo.BCas A- Coshchm-vA]w.
ST Lo lBSIﬂléA)

(3 W‘ 8 caﬂ;A + CO,,,;




4. APPLICATION OF THE SOLUTION OF THE
PROELEM OF THE INFINITELY LORG CYLINDER

| TO SOME SPECIFIC PROELEMS

3«

'X’he cases of couple aeting on an mtinitaly :Leng aylinder in : :

’sha dimtion of eiﬁm the genmtru or tha ciraumrerenea ean‘ba"‘ &nalyzsﬂ

by uaing the aolution giwn hy Eq,. (17} fo:e a aingle 1@3&.. The aetion af

can be qb*ﬁaimé rm”

:;;,,, 3&0 (1?}. by nritin& x’-ax 1natud. e:t"‘*;_ and alsn -P instead or y. 'm; amz '

'7 v"the arigim w ars thsu uﬁo& vharehy thﬁ raaial dafieetian tor tka two.
equal ami oma-:lte torcas apalieé at e aﬂd 91 raap-mivaly, is obtain&d in-

_tha form - ST ) ‘
; -y = ,Qv»'(x;vs)-A-j_-_lvw(v'x._- ax;8)

P S




When A x is very small, this sppraoaches the value

= dw(Xx 8) .
d x

.As T is the mament of the applisd terqus and 1is equal to PA x, tha :'adial

deflection due tc this tergue is

'wzmn u the radial aeﬂ.eetmn auq to ths mnaantmted load P.
Similarly we t‘ind the raﬂial defleeticn due to the ecuple aeting

along tha ciroumfemnti&l directia,u, Hg; e

W T dw S R B

L Stlbatitu‘sing ¥ fi*qn;_- Eq, (l’?) in.ﬁsq‘s,' {a) and ,(h')viwe :'ﬁbtain S
-—"iz -,; Z - {e CosA [A(apb vzc)
Eh S

‘.‘.B(Q*'C;__QD)J.* %S:NA [(¢c+'lD)A+B(¢D QC)]
+ é’ﬁcog’c. [c(»lAwra) D(cm r(s)]

- -e-b%.‘ﬁm@%‘[c(v“ - vLB) ¥ (f(A + ?B)D]}

wy - .
—_—3 2

h 6(" ) Sinnz :
£ <_) Loy Rin i@c*'m Cosha (2¢)

+(¢D - n¢) SmA%_} e “+{(¢A-18)Cos c%

+("’(A+¢B)5m Ci] Q‘DK} ‘ (25)

S A I

e

x



In the -eass when 3 € we have:

=%

5
L

y
©

atany §

2t}
=3

(1
J

: '_ ,_;aeme the- aamnm mt the alapu ot the. aeﬁ.aetzon surve mst vani.sh

 * Kirmdn end Biot. Yathenatical Hethodd iu.
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 Then
. 4 ) —é—
«= (=) (#1)

-since E I is the flexural rigiéi’sy 02 ’she bm, ad P is the eorrespandlng

transmrse laad.

In the same manner the mu&ulas er foundation k nan alse he

’_determined at various other paints alasg the baam.



PART THO
INFINITELY LONG CYLINDER UNDER THO

EQUAL AND OFPOSITE TORQUE ACTING ABOUT

. THE RADIAL AXIS ON THE SURFACE OF THE SHELL

The solution of tb.a problem of ceneentrat'

on the surfaee of an infinitely long eylindar (ﬁg' aa-'""c'

by replacing T uith two aqual and eppesite femea aeting at an mr nitely"'

- 28 -



small distance'\g' apart (Flg. b and 8¢). 'In.'ltvha case of an im‘ixnite plate -
f'he ghearing stresses produced »by two equ‘;aj".‘ and éi:poaité to:écga écting |
perpendicularly to either ’;u:ia- are 4idéﬁtical.* wadvei;', tha“-prob’leza we
sre dealing with s quite. differenf. because ot tha cxirvature effeet. ‘
"Instead of two equal and eppesite forcaa aeting at an 1nf1n1tely amall
'distanca ‘E apart in the direetion of x-uax:l‘.s, we eomhina m doubla forces

' with moment, tha moments boing’about the game uis and o: the aam aign,

anglea te sanh m;her.

‘By using the ralatmn betwean ‘the streaa reﬂultants aa& the detemationu

## can obtein the three cutrexennssl equattm w:hich atmtaia m ammee-

* Love, A.EH, "The Ti;ecry#r__:z}agﬁ;éity; » Page m.swmdge,mw. B



ments u, v, and w. After simplifying we get.

Y eV Y 1 Su
LA SRR P AR

g =2 (25)

Application of the operstion —\f" to ZE:1) - gives

A ) 4 . . v - ) S .
S, Sy v e (e
YT Zo- 0" )1, a cU( < ¢,g' a8 . e

. -A@p_l,iél"f‘i‘:’n“é _‘:5; 1o (35 1) anﬁ ‘ 1‘;\ to (25: 2) g:hre raapectively

. 4‘“,

;\.‘

v

S, d ST _g—abw R

SRR ggaT s wET T G5 T

1 __,/ ..lr ' /;Vz': A = D

E/q _ é) XJ

smzarly, applying Ib— and J?‘ to Eq.; (BB 8) md aolving mr 1:119

v tsm wmm:ag 'a. and aubatianting in (@:l) arter apply.tng C)f & te if.,

obtain an aquatien rrom which LY haa bean ulminaﬁca o

44
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Now, applying 5&5; to (26:d) end S—é{-to (26:e) end substituting

~ these two equations into Eq. (25:3), after applying V4to it, we obtain

| an ,eqﬁatio_n from whieh both u and ¥ have .béen eliminated

- 3=



Y2

B. Ioad Acting Longitudinally

The equations of equilibrium of sn element under a longitudinal -

pressure of intensity g cam alsc be obtained in the befm mnner.

5T bs
Ok 4 .ds e
Freic T e
.z 2 2
»"Z Hﬁ k ’I» u\ Fe 2*'
£ A_u&_f,aé AR SREDS
il A]tbac $X at & g a

&eduétion of th@se equations to forms containing derivations of u, v, w

‘gives
2 ya | .
Su v S WS ) S vy
5 A" Zdsdx A dX Tz Ast Eh z
Ov eV Su v S S S
28 X 38dx R skt a4 dx o
[ A ' - (28)
Koot 1 ST e e o
/i a'jys a B
Applying T and —, to (28:1) and solving for the terms involving
v, and substituting in (28:2), after applying 57 7e to it, we obtain an
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equation from which ¥ hes been _eumizﬁtq@

t/jw Eis 'a(“w/ —l?—f//—u/ j}

Sav 5)( x:fs‘._. TR E (29:a)

: , 5 L : _
-binllarly, apply&na é*-’ ané : ({2 tn Eq. {282 2} and aolving ror tho tama

: _.inmlvingru and subatituting 4n (28: 1), aft“ apply;lng {( to :l t, we
E iobtai;u an ﬂ“ﬁﬁion rrom uhieh u has bean alinm;ated ‘ BT

| "'4 ——-___..‘i‘_r 7,/1/ 5“‘ a(’tl//' \) ? ‘;‘ N
a f 83 ( ._)g).)tf .c’iu Jz}' rf-.) i "‘2P:b)_
ﬂb“ applying Ty and == b0 (29: a) and {29 b) rospectively and v?
B [

to (38:3) and subatituting the terms of u and v in tha first two aquations
into the third ane, we get | ‘ ‘
5% Lm* S S 2 L 3 B

v MI + — : e SRR ' L L
- a'D (51”  Da _['-‘}«)f'ész_ Csel T - {29:e)

It is seen that the above equetion reduces to the kuown differential
equation of the flat plate 1f a is inade i'nﬁn,itely large.Under such kind
losding the lateral defiection_o‘r an 'i‘n_i_'iniﬂtﬂal& long plate is obviously equal

- $0 Zeroe.



#7

2, Determination of Shearing Strea& Distribution

A, S¢ Due to Two Equal and Gpposite
Tangential Forces: (Fig. 8b) |
The shearing Bt;:eaa rsaultant in the wm of a eylinﬂrical ahell

f'ia givan a8’ »

* See S. Timo sﬁ&ak. Theory of Flstes end shells, Pages 355 end 439.



v= ) s.u—"fju(h)cos)\%{dx ~(31:b)
n=o0,2--. 4 . .

V= ) CosTE | v(A)SvAg dx‘ B (116

T ‘n.—.o.t e v N S

| - .  . B R L

w r; e.‘S'MI ‘E‘J w (/\) SIN/\% dA | (Sl.d)

The dirfereniial equations (26:4d) and {aﬁ s) can be salved by
substituting Eqs..(&l.a) (Sl'd) and (élvb) and (3l:e) respectively‘:Ln;fi*
' order to simpliry the annlysis wWe can break up the alfrarential equatinns

,into tWo. parts and uolve them senarately. The uulutlons 50 obtalned can be

o combined beeanse they are all 11near' Tha first equation (of dxsplacamant u}

ia ohtained by putting a infinltely 1arge. Then Eq. (Bézd) beﬁomes

Eh axés

-This equation is representative ot an inflnitely large 1maginary plate

g ander the speciried 1oad. The aecond equatiun or diaplseement W -gan be '

”'}ohtained by putting qse. It containe a relation batwean w and w qhieh is

4 v d’w ! 33w o P o g '._’:uv:f”j U
Ve-gae taees - 0 SHA T (52"’

. The différential eﬁu&ticns for displacameh$ v are,qﬁtained in a aiﬁilar ﬁayf :

vhy o Ll {a g‘ﬁ e o ()

- 35 -



;VZ_(Z“)) b;’;= 0 ' (33:b)

Eow, let us ‘gubatitute Eqa. (31 a) and (31:b) in Eq. (324)

”‘-ma: a- X

T

5 fj{u(ﬂ[( 3 ]z” g mmt )<A)} cos'“sm....axsc;

a.
.h'l4 e 0
! :9.1"""?11,'.1;_!1&?5" o’t A- 'éi'vf.: S

._,.-.—- :

sk “—M z
u(]\) en ‘i F( )[m)*(_&ﬂ

- Hence thi golution "éfr K. f (‘ﬁz:a) s gvendy

o Gewt e

swit | i, °'~°f“"z 5 Cshgan

[u) I

" The nmetiana Qn and t( A) m tha abow intagral esn’ be detemins&

n.z,

by develaping them from the loading. eondition which is shown m Fig. 9. :

e ' J ¢

A9

|
T 0 ) “I, %, T, n'ih 2T

—~ f ‘
‘~ (a) (v)
Fig. 9 '



if ona pute 2= 3 . Ve get-

, ;__fmt Q(-) is é:.s’sribu‘ked in ‘the mtmal (- E"“' za] as fqllcmﬂ»- ‘
| . o _Ea4s<c' o
a$)=0  whem

q (g!:q. -~ ' whem ezaz0



e o ¢ S ¢ o ' $a

- Therefore q = ?%[S 0-CosnZds + 5 4 Cosh2ds +Jv D-Co-sn%ds] :

o - ' ) "IE - L ’ . Yo o _
a . B

-—-i sm

Subatituﬂng r{ A) ‘and qn u Eq. (34), we get

S °s" Py
.1_“;»"_’;’*'—’@5-(""’7!.'Z;S@%ﬁj 5"["(;) = ’-1, cm

mUER T, T

,“c 2 Eh CF s j’(;"'""? an g “”‘, el ‘35’
.v n=21~- ’ . e e

» Tha éaﬂnite 1ntcgral in Eq. (35) qan he awlnatca Ln ma am
mmner an explainad m Part One. Kovevar, on ae&onnﬁ er fzhe doubla polu, .

. tha an&lyﬁil my be Sintliﬁed if wa use the muating tranaromtion

e 9} dee o _2ndz {3518}



Therefore we can write

eI (uv)‘r e
g Bs 2waTEh- Z. C“

‘In order to anlve Eq. {Ba:b) ror u 1t ia aeeaaaary tf:._

undetermined mnetion !( A) by suhatituting Eqm. t:ﬂ*a) anﬁ (51 c) in Eq.
(28:f). | L |
For n:0,  w(A}=0

"mr n=2, 4 —

5 W(’\) [( ‘2’ ] _E‘rbﬁ(%)‘} _M_‘tgi(f\) {(2*”)%(£)z*(£)3}}5:ﬂ ns Suv Xdh=0

n= 24



e

- _'fhe aquafio'nvh"as to be true for all )

EAGTE {cz ) (@) }} o%f(“’[<?-”’)’**“1
{(A) }4 ‘ m) ()\+n)$+I a*

wm |

88 mentioned in Pert One.

ud (31:¢) in Bq. (38:D) we nave the undstemnined

f <—!‘->( '*'v<-°~>’1
{(A) * ( a) ]

5_7.'_",..*_.__ {(24. ”)7\ *nl][n )})\‘} _

A + n") [(A«rn _'* IA} mRR

m

 Dafferentisting Eq (G210) with vempest w0 8 we got

RN e a(_A)'c,o_:s,A Zda.

Cmmzae o iTeo

” z T as| oA [(Zur))x + N HV’\ n JC"SA"*d)\
- Z L 693 j [A’-ﬁn ) léhﬁn“) + JIA } " (38) )




With the aid of transformetion (35:a) we obtain

| veamailzeg)(z-g,) e
1 = - dz
(2*+n)* [(va‘+n‘)‘ + J"z‘]

sl

F4

viz+v) d z:(z*+ 7)) (2* ~’€)e“1"‘ d
2n SNCI )[(z +nt)* +J‘z“}

_ ‘ "
where ¥ =3
This is used ‘co avaluate the integral with tha doudble pols. Hence the .

. integral in Eq. (58) can be evaluated by cauehx's Theorem or Beaiduea.

B S a3 (on ?)e
I = va(zw){'?,;‘)’“[gm(,n-a« )(.n-x)(—n-m)(n “4»))

et Lnehen et
+C(a< en )’(m —O(z)(o(, —,gs)(d\ x,) : éfo& +n2f(og «‘)(,ae ogz)@,e_j)

A )T e ’+;°‘wa+fxa-?) bk
2(x; 1) (o) = AL YA ) (A AT)  2(ely A’ @(, 3 ) () - )(o,,%)

whers (% in) LN 299 1%y @miix  are the twelve ';'oots of the
) twelrﬁh degree algebraic equation in the denominatbx?o_r the integral in
| , quation (38), and c( are caloulated in Eq. (12).

It is next desirsd to datemine the value of v. In order tc accome

S/

(39}
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plish this we cen solve Igs. (33:s) aud {853:p) by substit u:in.a in {31: c)
(31i:2) and (2:d) rearectively. First, we have

For a=0 323’ ; oL v.=0
For n=%, 4, --- '
SR PRI T AR A oL )
T[] e e e ey ooni ]
’ | (o3 %S--Siu-)t}_d)\. =
or
' 4 z '.’l‘z R T
v (A) = —»(—‘—_-_t._ﬁ.). Qn ’[(]Q "'(a{‘ *’_( ‘:)(.:.)
Eh [c4y *(3)_}

Substituting v( 7\) mto Eqs (3Y:e), wheré qnf( ) hss been determined

in the analjam ot u(}v ), %8 have
calzat s (r wyn'] |

| ,'»w,_z_,_ =

e

. In order to evaluste the ébo_,v'e' 1nt'e:gi'al.'v'jwe, h‘év‘:_e first to simplify
the rational funetion by p'utﬁng_ it in 't}ho form of partial fraotions, 1‘.e.,

AeN (-0 Fz+6 | @z+R

ST T

. : v ()\Lfn‘)L'
Eere tha constanta F G, Q, and R ean be detemined by equating the numerators,

2A
A 4nt

Eenee L
A[2/\14 ("u)nz}' -~ —(’4'2)‘)"2/\."
(A + n*)* (A*+n%)

;
e
il ‘v‘!/c.'. e



| '?&:»bgtitn#ip's- the eimplified t:'aét"zou baek into the insegz-u,-e 'oﬁmn»~ .

N .(l#u)p‘s . »sﬂzd .ze—_ d ] 7
o = - AT SN z * ! . dz
L ch'+-~f9:= et drs 2] e

-~ %o

By cauah;'n Theem or Easianu asd ths mz&oﬁ uuﬂ 121 mlmtm tha

.9x. ' c’fﬁ'a’Eh

Cos n—-{(sw)n- (H V)";(ﬁ)} | (48)

. Q—&‘
K 'Equa‘tion (ssb} mhe "soma, inthe same lme'r,a:é’_fig solved g, (32:b)
Bbr"l-n-éo - :w( Ny -"’° - ‘ ¥{ ;;,).'.'o ‘
Forn= 3. 4 ‘-_--f.'. v ) ’
. o :

2 y v [ @] + Q) e u)(::,"—‘}.(%)‘]} (os DSz A= O



[l ) I3

" or V(A)" . —
| ST @

By substituting w( zs_ ) 2 . (37:0) we m, |

the ahove form we

: chasﬁ {A + ns)‘ﬁ)\u n")‘ - J’ J dA

nathod similez to that used in

* IB ‘ ’\ I(Z"U)A + nz} COS A“" d’\
L j“ (A*ﬂ) {()\*ﬂz} "’3‘21\‘_}

: . .‘:1 3 Lo -ﬂz(‘” 4.}') e he - . .
= _f”-‘(?*.""[“"?r{am- =TI e Al '%)) :
'(« - ?) e‘“'d. S - a(‘(‘xq* 7)1 L‘ o
MCSRIR kR CEHICE ) a<¢f+""‘<°‘.‘°°")<°‘4-“’>(°~ *s)

2 2' % X ‘ s z '-°‘31 , ,
+ dz(d! -+ ;,) e : - 1°<3‘(°:9+ 70) €.
2(o; + n.‘)a(o(:-.o(’,‘u)(,(:-w;)@gi,oﬁi) b4 C. I n‘}(g(;. o, )et 5 ,_)(c( o(‘) -

ﬁhe're -o(a are calculated in Eq.,(lz_)



‘ Haw ﬁhe sheaziag stresa rmltant in Eq. 139} csn be wrltten
a8 rell.on ' o ' ’

;}-5¢ R T mh‘g Ik toaet rf} |

i Aar s V) .
5 (33 *axl-

ST (u ) o ax [

By nubatittlting 3 : am:l -§~— fmm EQE- (33). (39}- f45) and (47) 1’3 ths‘

' 'abova equatian, after aimplifying, we have

mnn = )(wn ) 5 NS ey
SRR R {49)

- +';o<'§‘(_sv+-u)(2},+ u')j(#}"f‘;’
BT e T

T DS D T )RR ) ()

‘(nu)(zw)(et £ }’)e"d“‘ . a(, (Hu)(?*:ﬂ)(ﬂ,‘f%)eu‘a%}

- Bgs (46) has o vory complicated form. In order to siuplify it -




we may take ita ﬁrst term whieh givea, arter dirremtaating with respact. '

ton'

-..-—.._..

--L ("'”)(Z“’)[ "3(2“)‘*3"""‘ 'zw)" n (n)(ﬂl Z5v ]e'"""‘ '
2 [ LnTesd XA 4«._)((_: k) (n*eal)

| LU;‘)) ¢ 2*_»}.’,34(“:}‘ ..) e, n({)
; -I{n =3 >(n m)(n » 8307 m)]‘

[Zn(n Ay )(n -w(;)(h-rog)

< enge s ) » enton ><«>( -

‘) " [1*‘.(@ 'gITJ : (d 9(;) = 2?1‘-4» 2:.@
(%’“‘ n"} . I"?, -i(q- %)] (,, -a,) = zq_ = LJ
RS _::,_-"_:::(akz ')t = [—1*0(‘? B e ). (2459)
En .3-@,”') - - 'ln(%lﬁ‘ ROSLAETISIER
: 4 f,, ._(dt"‘*t)"z'l“z"*
LAl )= ((F+28)

(g ﬂ')l(ﬂv‘." ‘n )1 $A n+J. ’

NCY -nﬂ)(c(;-w‘?)a - nJ - - C(51)

<°( - )("‘ “3)(“ °‘+)('=* *}(“4""3)(43”“1)*'16"‘5 R,
(og 9‘)(% x )(‘*4 ‘*5)(0\ g"')(d - 3)(9( 'd“%)"’”t‘#" IR,



Introéuoing trigonometrie funetiana anﬁ a;mplitying we obtain:

2 -Bo,, r. ) ' . . AT
: +u){ B _‘)' 2 2»13
f(' )(8 ;”{T( 2’ 4) : [(‘ACos AX B S ’“‘) {fn‘(é - 'LL"'"_' +¢J]

[aw zm il¢+~] (¢--—- [51 #83!” ] = n(z )(ZRz'L--J'Lﬂ"f}}
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(As-~—+e&» %){(«»- Dleq-r(32)lerg- 23544 ]

+[ ‘ \/;+:) = T(Zayq*pla}-‘;‘%:"‘ ¢J}{2£1 ‘-%.J"Lfvzﬂ‘%.;‘}gj

Furtber simplifioations will reduce the second and third terms of Eq, (49) -

to a final form:

| V(2+w) e L1t Y)
‘('*';}fgjfé {(AC@»——-—B%NA*){ S (4n Jc; an EA ¢+~—I¢)

+Zﬂ 33 } {A Snu oy BCOSAK) {n‘(;::)@n“f‘q, t Zn*J ? + 4” J e )

(53)

- elﬂh'-f;‘;ff_“;. 4.nv°..3"21}]-._}f.' Do

Similarly the last two tema In Eq. (49) ean be writtan, aftez.s

o substituting in {51)

(nu)(& “"y) [ (qn - tl-' b? -uf}(-n 4,- h_. _’I” ;Q( = '

’ .@ r.a]"g aw ;

(aq*z@)(zzﬂaﬂ)(w.u)ﬁ.,x,(- f’-,{,u? m)(

"““3*[.1 e z)](zq z‘¢>(21+‘3>(2«?~w>]

A’ftér 'fiirthe}zs j-.bimi)liticdti on;" wé o"b't'ain'

,_VW[(CC“ =D s %)[ -{-’g-f)[ins 'y - aan,w«—M*?" f’L}

'HDCcS 5—-+c Sm [n’é’-}&) 4n"m+an 1= «mje.] 2n3¢+4n 3”’9 H
. (55)

L *,gm



9

Substituting Eqs. (50), (52) and (63) in Eq. (49), we obtain

» X
T gw ns$ 2 X 'ni.
sz - ‘E-T?;: n=z24 COST{’{(\?*”)“W " (l‘u) E]e

. ! V I D%
+ml{(Auos%—x —BS-tN Aa)~ +<CC0;*~—D5,N.C_‘.‘)E }

¢ R I

2 n*

. . R' .
. a(aw)s-’,;%}f%{(/\sm-gz

Py D : s

x

{(A5t~-+Bu:s ")e'” ea (\DCos LX 4 C5im L,)e D‘“}]g

Combining 8y and 8¢ from Egs, (50) snd (54), we finally have ‘the shear=
i : 1 2 . ) . o k

-ing stress resultant in the alternate form -

. %,;’Li COSo. “aw)(rj/ . _""J *(!*u)(T‘” [—‘-:-;—J—)
al

~a rh h“i‘ J{Aw.‘u*BSm-—-e +(C£°5§Z)"'
(55)
D% —_—— . gl ‘
."DSDN%)Q 4 fiedt AS'"%‘*BCo:-‘E".)@ n (Cﬁm 4 DCos ) D{-}

_ L -
D2 T, L8 R -;}[(Afméai &.’3(05»’5—;)6 “ (DCos§t +CsinEE)
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| N
where ° = 12(1-v%)( §)°  ama j = -

Although the radial deflection is of no great hnportance in this
case, it may be worth miestigatiﬁg because it gives a clear picture of -
the d’egi‘o,rm'atibon pattern. From Bq. (31:d), we obtain é_ft;er substituting

w-v( A ) :l‘rom 2q. (3’/:3.):

w o ETa Z ﬂSsN—" ?j(f;:}):\a—gn)\} SimAg dl\ o (55)

_ The ;lisfinite int'egral. {5 evaluated by Cauchy's Theorem of Residues

T Ale+m)at+n?] ., v - [(afu)a‘*n‘je“"‘k .
j [A+n"}4+}"'/\ Sin Aad)\ L Z(dr x‘)(d! PR )(0(" .4.)

{(a’y)c‘;’ +HZ'J_ e(ﬁza..

N %
[(2sv)ar +nt] @R |
2 (kg =0t ) - o4, J(Ay - %)

_'—

e +
f’(d“l‘“ot,z- (K - AT (AL %) 7

[(2+u)as + n*] %
R [ CHT S IEHEER)

T+

Substituting this integral back into Eg. (56), and simplifying by using

« . in Eq. (12) we obtain an alternate form of w

‘s
W 8 : iy
_f:l— (71_) = SQN a_ -z ‘Dd. -
_ ' A-— - x
L ,,23 ET ey A (Sm © S'NC“ <)
w A .

. ' . —DL.
'f’{[énj%ﬁ]-wj‘-;j —Zj—é(}'&u)ﬁH’!'*Jz_j](eﬁgsmla‘i*e Aj\ﬁ(’f-&)

(87)

4@%

n

-/‘7:-+3’§~j refzan(i +'u)ﬁﬁl+3‘ +) (—efazCa_s‘A‘-f; -Cos € eﬁﬁ_i)}



el

It is seen that the radial deflection has a pattern anti-symmetrical
with respeet to both the x and s axes. Moreover, we can easily prove that )

¥ equals zero at either x=0 or s =0, i.e.,

D . [EL 7 re2 (1N T[T ] (-1 =0
X T &, frvi= U ’ ' o :
Eha n=s o

X=0 '
. ..W. & o3 5 . o“ . o

n = h =21 | Refer to Eq. (57) } = 0
T 8T 24 _,"fi-:*j‘ { ? g
Eho' n=24- :

$=0 .

Be Sﬂ Due tO'TWO Equal and Oppostte

Longitudinal Forces. Fig. (80)-.

The shearing atisga rasﬁ;tgnt Si can be determined in thia case

‘alao from the displacgmenﬁs u aﬁd,v in differential équationa (29:&)'and
(29:b}. | o :

Since the load distributién in tke présent con&iﬁion,is an even

- function along the generatrix and en odd function along the‘circumference

we can express the distributed load in the following form

1@(?:5);5 %,,Svf*ﬂﬂf(»),cos/\éw\ - (se:a)

Nns=id-

"It follows that the compoﬁenta of diaplacsment may be written in



£3

a form containing thres undetermined functions u(A )y v(A) andW(A):

_°.°'

&)&sA’ahf; ;*_7;‘w&b5'

° -

‘..Vra Z Cos SV(A)&N ANE dh o ) (53:6)\

'\:l’

' nn, RO , i : |

It is uax% desired to detérmine theurunotiona qn and’r(?i).
'T%ia gan be sceomyﬁiahad by Jave*oping tham from the 1eading eon&itien

: aeeor&ing tc the fmllewing diagrsms.

{a) | (v)

The loading condition siong the longitudinal direection is shown in Fig. (10a)

and the transfcrmed'fburier Intégral of Eg. (58:a) is given by

fYA) -f){ ‘b(“)cos?ﬂ >1(%)

Pt



X o ' :
Where qf 3 ) is cistributed between ( -so,°0) as follows:

x . . x> €
FQ("';-" Q . when :
e -~Xx<e €

e ez xre€
=2 . . whem . .-

oM

ol

“ Having the expression for the Joad distribution we can detemime £{N):

]

ot g( §) 1s aistrivited in'the tnverval (- Lo, Ta) es follows:

L A "’éE-a(a coia
Calgro=0 e o E 0

=g >a>e
32 >a>e

e » e23>0
gl =)} =1+q whedm - o 0
T e -eS3 <0 0

N

¢3



oF

By using these 104 ul..rioo .ooaz se obtain
;< g B
2 L c % { . V- }
- L 6 Comr S 4+ S A s 4 Spmrrd 4ot
[ T O L S TR S S T AR S
'—-ﬁﬁ - 3
PR e 2 ]
; "
:*——L ‘SIN “—“:‘
Ak e

In the case of a concentrated torgyue applied at the origin, @7e cun assume

the lengths ag'and 2¢ of the loasded portion infinitely small.

o
Since r = -—
o, qz
& - 0
e - O
_ c2e
Therefore Torque = T = Fi& =.q:§-'
e
or qf(h}: -T-E . ) » .
§ | Ta - (59)

-In the sdlution of Eqs. (ag*a) and'( g: b) 'fof u, v & considerable
simplificatlon results from putting a — o9, Then, as before, we zet a set

of equations whichveombine u and v, respectiVely, with q

o (t+s) (60:a)
V4t TR [ EERRd A'
z 2 ;
4 (ive) 39 o
- —— o= 0 . : ‘b
v S Sms (8C:Db)
Substituting Eqs. (58:a) and (58:b) in Eg. (6C:a), we have

- IS » n’-}'z 1+0) ;{ M5 0 o AT T o n X G n K= O
Z [U(A) [(3'/ ”(I) t F ¢ H- 5(;)"'\:‘ _\;{) IRASERS I A
nzh3-m v o .

T



uUQ

i aT\ (}+u)

[2'\ +(\ li‘}’\‘] o

"a. Eh

U\ X Rt

e



A

end (5359) in Eq. (60:b) -

oo [

201 ?ﬁﬂ’l‘@)ﬁ‘%(%ﬂ -9, m Lz’ o

}Cos ”-—— ScN)\ d?\=r O .

H"” ‘in'F( ) at ('_‘_y) ZT v

. :VA("‘-) - ( )a] B ,w.fn_"f)’

] me Eq. (58.al we obtain v

’ey anbstitnﬁng ‘v(?x ) u tha abm relat

: V = (""UI aT
" Eh T{a.

N ze'*d ST
: ‘j Gaap T Bn_j' (z

o n‘) 7?-*-4"_" a &

5eeaml dirrarnntial aquatiou wh;teh ull he used to solve “z ’
_and 'z are ebtainad rm Eqs. (39.3) ami (zmhl Iay putting q ac

y f..,»;x;;a; TR 0 : LT L ( ? %)

Peed BRSO -0 e




¢7

. Before solving the above equations we Lave to detormineg the undetermined

funetion w{ A} from xg. (29:c)s This cen be achieved by substitu ting ;8.

(58:a) anc (5€:d):

§ [ ronltr - ] 5

for all values of A , or
;‘ran/\ (n%-un)

O =

} By sﬁbstituting Egs. (58:b) and (58:d4) in Eq. (67:a) we obtain, as before

2Ta na(oat-n}{ent-nt])
TR (N4t (A%t T

win) -

& o ’ ' L
Subatituting tbis in Eq. (58:b) after differentiating it with respect to s,
we have |

o~ ne [ RIvR=neos A%-dN C tea)
: 68
.5_ Z. ‘ (Az*na) [(7\2 nz)4*5 7\‘) ( )

Simlurly v{N) is obtained by substituting Egs. (58 a) and (58:c) in E‘q. (67:b)

2Ta  nia[UA-n2)[nts(2+v) A¥]
WD (N +nt) (A +n?)* 1PN

v(A) =

Dffferentiating Eq. (.sa:c) and using the above relation of v(A ), we obtain

ps (N ”“”*‘“”)’ﬂc LLIFPN

© ), TSR ETNT (6)

18

LT



&f

" 48 mentioned before the shearing stress resultant in this case
‘gan be obtained by combining the terms conteining the derivatives of u and

iiij‘;h reépeet to & and x, reape‘ptively.

. B .
_ dd, | Ev. - s e : 703a)
' ; z(l#”)( , ) ETI'G." ;B.C.?S“ (Zn)e . ( )
Lk = | au& EV
,_5{:.—- a(|+u)( 7 ; |
= 211 " i niceens [ N “"’)Cos PN  trom)

'rra i | °— (;\’--fn’) [M‘+n’)"+j)\

_ " In orﬂar 1o eval&zate the above definite 1n1:egra1 we again apply
. the relatmn used tar eveluating Eq. (35) and also the 'l’hecrem of Resiéues,
‘ whigh gives \ o
¥y o2 n*y ii{
| ZH(F-G)e "t 42
o (271 n®)® J(z*+ n*)‘-r‘ Jtat

oo,

o9 f n‘(n-u)e“‘:w}
: "‘ :W" [‘Eﬁé—; {ain(;n"+a(, )t + & P (nte 3 ) (NPeely)

db(d' n)etﬂia. : o g”(dtf ﬂ)e‘-"‘fk {71)
2o, (T 41t (u +a¢*)(a<, - (« ag) a(omn Y-, )(o( oy Yo - ok

o} (5 - )e“"“  R-P)eE }
2(““”’)("3"‘)("3"‘:)("‘:'“4') (e + MY (A ')<°‘4 IS



are the roots of the algebraie equation in the denominator

where s
mentioned vefore.
The first term in expreasion (71) gives, after simplifying,

. . 3 : - £—
7 [{ents (@) 3n-Eni(nt $)f "
e | e SO <= 5E)
T ﬂ_" -n% - |
-n(n +rz)e {Z‘n(”‘*‘*z)(”""‘ )(n+°\+)

.[(n iR )(n + K, )(n %y )(n" & )J

an(raa)(n waxmc) 2n{os s LY ) 2nl N e Ye )]

frOmqu. (12) reanltsfin‘thé:siméiiriéd'rﬁnn

‘Substitution of A, from Xq. (12) res
ey m
2nJ? y L a o

In aimpiifying the-nextffeur terms in expression (71) we aegein

use the notation 1ntrodueed in (51). The eomhined form or the second and

fifth terms gives - _
Ty - )(’n -L?—« . -ff)eid’%
Toni'R, [Gnn-idaid Tzt

f’l i(4 g-)"}‘[z;w:J,}“{art-.mﬁL-J 2]
—d (-0 + L F —iig) (=0t .'.l"”if;% -t Ye %%
Separating the resl and imaginary parts and introducing the trifonometrlc

functions, we get
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w(T+ed) [, . nt . st . .sz
—mﬁ'n%ﬂ"ﬁa [(A Cas —;fs -'B Sin A ) {.. (‘”4“'7 -vE'n 1-{- T -% rl-- q; +¢J - I )

(#3749 1 (- fﬂ‘«»fm—'%ff)‘(er; ~;%:)‘?(‘f‘1~ SiCak US E
+(A5m5—’-‘—x+ B Cas 22 ){( 2n+2‘1--~)(4>—-—-)(4—3r(‘+ a:q 41 cp)
o E Bl
O T P ’L q-—-—@*t?:.-’ 3—)(11-431?,41)]
Further simplia‘.'icatmns will reduce the second and fifth terma ot Eq.v (?1)

te & final formb which is

‘“ -ﬁl. R s i : .
g;eEJq - [(A Cos-—- -— B Sm [n’( }(4n°J‘QP ZH T ﬁ ¢_._ nt:)'*t?)

+2n%y "{} /«ﬁStN M + ﬁCo.s-*—- [
('73)

+2n3"¢) Enjq 4nJ’K}J

3imilarly tbe tikird and rourzh‘tenms in Eq. (71) are simplified,aﬁ rdllewéi

DR '
- -gi%—k- [(L(;osﬁ—"— - DS ‘f*.){ A (e 4 2rtrtR 4+ Ln J‘zp)

{Lx D { ' ~]:‘+“ / bk PO e .
=t 18 53’*1. r‘-"_;) énlg—r)(lﬂﬂ qu ".fwaﬂ J 4 (74)

+&.n"d J{(_ + Dl

- .-Am'*_:g""sR;;)« 2 rﬁ"’_;i:‘a.:q;a + Bt T Rz}}

Sumazrizing expressiong 171y, {72 aud (74) and substituting the result

in Bq. .7C¢. %20 we fins.ly cttein
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S .= 'éIﬁZ X Cos.%s—‘[ {(l—:))ﬂ +(:+u)n"‘}e‘ni o

2

a3 J
Ik {(ACos ~ B Sin A2 _)[ v)(w ——-%i APFFELC Je
_ 4R, L 274\ 4uk, 15'%'
\(A Sin A 4+ B Cos B2 )[(HV)@-’[«# + ) o ]8
(75)
+(ceos G -0 Sim S8)(1)( 49 - nt T evdte?
 3 +(DCﬁ-~+CSmC‘”h+qK4Q ‘21¢) 2”J¢ 4R”Je
Bamhining sﬂ ;an&}3$2 rrom<!qs¢ £7G‘a) and (75) we obtain the stress
:naultant m tha rallwing altemathe tom.
y %..—-—.. —E-%Z_ Co‘s {{(lw)n -(Hu)ﬂ }e - "
Cat pah3-- :
L [[ (Acos~~ssm'“ +(CCos »s.NC")eD"H“” o
E ; ‘?6

+(w)(4¢ —-3—~+ )] [(Aslu +BCos“—"3e "(Dc“%,z

[(A SJNAK * BCDS%“—)C *

resng e «)41+—2~;? -2

A e
+(DCos-—f +-C Sin &2 )-9 DL]}]

Equetions (55) end (76) are used for the caleulation of the shearing stress
- distribution on an infinitely long thin cyliﬁdef under two equal and opposite

torques acting about the radial axis on the surface of the cylimder. -

- 81 -
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B+ DWESTIGATION OF STRESSES IN THE

. DNEDIATE VISINITY OF THE APPLIED TORQUE

.‘Ln l?ig. 11 a.n infinitely small

aquara elament is cut Qut af 2 thin '

S _;cylizxﬂer in the immeﬁia‘be vioinity of
o :‘r"f"'_,oi‘ the applied to"

T nf"ffcrm- xult, n sf is aqual to ’ehe appla.ed_f,

L "‘_,ftorque we' oan sum;mrlze all the forae~

G }.-’fimsultants nml'bipl:leﬁ by thair aarrew n

Y ; N ",“Pandmg mnmen‘b arma. : Th" *“’“1 t“’ tod
"_-":_V;a.rwud tha mecll gquam e}.emen’c of 1engbh 28 may be summarized aa follm RS

Tozc;ue ( ESats +f ede + Yédx

4 4(§ T sd5+f Ts xdx A

| (?7)

pwhere § is ﬁhe shearzng sﬁresw-resu}.tant deriveé iﬂ Eqs, (56) and (7‘6), and ,

T, and Ts are the corresponding normal e"eressqeaultan'bs ac‘bmg on 'kha elemen-g_:

. in the direetion of 'Eha x and & axes, respee iva;!.;}r__, : "*heﬁ;ﬂf%n]?&@?fbemﬁﬁz;
.‘from the equaﬁ:.ona of equilé.hrium. S ERRE - ’ .




Let us zow consider the }sehaviér of si in Eq. (_55) whem both X and
8 apéroach & very s;:%n}.-}; value, i.s., x-»s—»e '&ﬁdéwe. The parameters '

A, B, C. o in Eq. ﬁlé} have ‘ahe ‘“ollewing lim.ting va.lug. When a»0
A°C=F o |
B o= D = n

':Furkhermo)re we can wmte - o e

desAffg; 1, SwmAi - eo &

.. Using the above notations Bq. (55) is redused to

| Sinoe the infinit ‘692‘185 e “Cos n$ can be summed. ndthe sum of " ki

7 M(S 70

The sum oi’ n -)serms ef ne :Casn is ;{‘ound by dlff@x‘enﬁng f’he. absve expression,
< L. 5§ _ _a d 1 g ]
Z ‘ne ..v-C‘o_sn';,: =T a [ e-}:(XuS) 1 * QILXaLSj }
neza-- R
. "[e‘“cosa - ze °L"+ CasZ“‘]
[,84{ - 2¢ 73 cos2 2 +1]

Substituting . . (pe 2 =




-we obtain

2.
i -nﬁ CO‘ ﬂé- (%) = (4)
- e[l y)
54505 . )
Similarly we obtain
BB - a 31.[ b b
Z.un ¢ Cos o 2 oxd e‘l,‘(x“'.S)_.v | + ei—(x-i,s)_, ]
n=eg, * '

[ ezi'[e C052-+C052;~2€ “‘]
=-4 PE

. X
le*s-ge®cset +1]8

"5'[ Cosa¢+3e %Cosz ‘38£*C054'E)
Cle*R - 2efRcosz g o+ i]’
For small b4 a.nd 5 the above expression can be reduced as follows
. Sl S gL, sh2 ’
 _pk - x 3
Z_. ne.’Cosn - (o)*('&)) +,()
SO EX X Leg : ; [( ) (2 ]
‘x»soﬁ’_' ‘

[ &) +( )]
: inEq. ('79)

Fimlly wa obtain a summed form of 5,, ‘oy substibuting the above sumation

5. =T H-u{ @ -@ W) a;‘f“}
raswe ST B L@y (3)]° [(4)+<~r)
small x éﬁd s

2 s\
y-{z) | |
T 137 (80)
FeT ]
In & like manner we reduce Eg. (76) in the following expression for

&0
T -
S5 . T e Z,e C"Sn“
XS =g . nendee-

{({1- [l-— n‘ n? J+2n}

(81)

and neglecting the higher terms on account of the smallness of x and s,

74



75

Substituting the rollowing sumations into Eg. (81)

“ '»5¢>

» nxy 30

ByT_ 582
ne " Cosn -t () (“),:
.?;, CE TR T AT
X+ 5<a€ o '
..ﬂﬁ ’*i"'i’dz 3 { o . [
Z.'gnzev Cosn—' AT Smh """5 * Smh —*—-iix' }

S ple C ni:. e
"   .-.§:—75' : oss,,;. [(,ﬁ‘ % [{' )3

z{mx (3:)] [c«‘~> +<m)}‘

o ,[""’)[aﬁl}) (i l ’ﬁg)zf(ia):“} (.83)

_ Izow the normal sirress-reaul‘a&nts can be de’%emmed by substi‘buting
: 8 frcm expression (83) into Eq. (78) and solving for Tx and Ts . Dii‘faren-

: tiatmg expression (83) W:Lth raspeot to 8, .we have

35 _ T (e s 92 (H - 50 L s5)(25)
_'S? aw(‘*#){ { (.i-kS)" X ]

.v"["(#tsz)%("""ts)"3(x - 3% ¥y (x5t CZS)J}

(5% x*)°

4 [U + st)(-28) -2 (A s.)(-Z»S.,)]
to ii'ﬂ' . 4-5")4 ) 5

o



& Inﬁegtating the ébm.egprefssibg, “gat . e

- 7_«1 s 2(2x's 4 51) b-‘a‘(l -3~‘S‘)}
. T’}_ T ..(_"*”)j[‘_ GoaeR P ares Lx «rs’)” d"

- [l &

2w L xS (r*+ syt

.r'

. From the ‘bcundary eﬂndit:.on, i.e., 5=0, %f}_»ﬁ?,thev wng’cant of int oxi
found tobezeru._ PR o |

‘,"Henoe R

('-f")&'ﬁ'[(x q.st)a iy (X*Sn)g] ZTI’ W(X*S)‘]

. mexb dnfaran’&mtiﬁg expressagn (ss) wiim respea‘t tc x, we obta

L(x ~ s*) (35) .

- ‘Subﬂtitu'bing expressions (85), (84) a,nﬁ (85) in‘gg Eq. (?7) we fin&llihave o

L fLtreemlar@r] (i -smml}
Tor‘iu FQ* {E{;’[ 2 (L) ",(Q)z]z [( (,) }
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| ¢ .- .
40+0)T [ Ix's _ _4x's Jax+ &L L. B
em o (ate §Y)F (at+s")3 . Zm e s

,.A,fter J.rrise ra‘ting and px.ttla;r x—’e we have

’ e (3+v)a£[ ES R
Tor‘(tve = ""a" [ o Zf_‘(ﬁ *‘, sfa)g

: C3ets = ‘
4(5:*3’_’ E‘:‘)‘ ,f;' (st

| A
- 20n)a’e TeGT T

.-w,-‘;*_i'(vas,}u)n[z‘jx % 3’

(X‘+a‘) 2¢" (x +£Y)

’ 4(x + 5‘)’- | B(xwe‘I }1_.4'(x‘*£‘)‘ ¥ 5‘6 (x +&”}] N

) 5 Sk 5 W 55 e
[ 55(2 shs_?) as T““ )““45(45 s e} 8(.5‘4&‘)

L e e 1+ v)‘f ..m”
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 This 15 equal o th f%?vﬁiié&‘*ﬁram .

Ii‘ we transform all the j:oree-reaultants in poltar eaordim‘sas ﬁhe

"corque proauced by the tangential foree-resultant can be alao proven to be el

equal to. “the applmd torque.

-

" The' stress—rezultanta in palar cocrdinates

ares:

L"U)T Sm 26 _ 4"5::51’6_‘(103'6 ‘_ v"r .
ewme L=2wt o TrE J Zrr S1NZ6

I hs V‘)T{»& 5..,,‘26,_;»_ 4Cos’05in0 T
Ts = 57 e TTTm I+ 5%

(14 V)T [ Cos 28  Cos*B - 3Cos*8 Sinie] o
S T [ et o N_sz;r&cgsee__

;sze | e (85)




From Fig. 12 it is seen that the

tangential stress-resuitantﬁqansbe obtained

% with the aid of the following relations

?7-5‘ v " . of eqqi:lii)r_ium{

, ' S, = TerCos & Sing=TurCos® 518 # Sy (Cos 60— 5:n78)
By substituting the known quantitiesT;, Tx end § from Eg.. (86) into the
above expression, we obtain . | o

’ ~ (‘*‘H)I : Vo, — ~ : __T_',_ ‘ : o
Sme = - 3‘:2"""“,,11.1(;; [ E(Co 5 26)] +2_rﬁ' e - v (87)

‘The torque produced by such a tangential forcé;fesulhant‘acting,ﬁfoundfa_,

small circular elemontcan then be expressed by

’ 'T-or:{ue =

Substituting expression (¢7) in the above intejrel, we jet

Torg_' ve = %»j[-';u Los 28 + ’_]“"d’g = T

This is an sltcrnate method of verifyiny the summetion of all the lorce-
resultants aeting on a scell elument will produce & torque which 1ls equel

in magriiude to the applied Sorgue.
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4, Method Used in the Calculation of

_Shearing dtress Distributiox_x near

,. the s-axis (x — 0)

. In numerzcal calculations of the shearing stress distribution
' vnear the Se-axia from Eqs. (55) and (76) it is found that ordmary methoda

' ;._',fail beeaus' ;tha sa:oiea eanverges ?ery alowly when X appraaehes zero. Betoﬁe

‘ 'an errectiw method of cemputaﬁion ia intredwed let us investigate the

bshavwr ar Eq. (55) when x is very amll. As mentioned berore the Paraamters .
&, B, c and D hava the follewing limiting valuas when n ia very 1arge B
A, --G-—»constant o

B-I)f'-n

Enowing the ebove relation we cénféimplify' Eq;"‘(55 ) as follows

(2+u)]"/l+J ~’

St Ll T cosns ftaeo)
I_t. T Z ‘{_‘ash“-[(A C)e ( eJg n .)H.)

(-v) N +.,ﬂ__ .(vc+u),i:" = (,H,) 3% ’ i
- ny Hl JtJ+8J_, ”SJT:T

”-f_-q L4 ) I—_‘—"f—:‘-:., ~ _Qi .
-2 AJ——-—-——":FJ L_,.“’ r‘“‘,TFJ’ J_(-D B)e T



- The abovéAéxpression can be further simplified if tke fellowing relation

is used

& £ <t [T« pefEE)

..U;J(f—”'r-s)+ oot f*;'““ B[R

“n e h St .- fiz3-4d

i Ifii Rq;: {88) ietf:iz,a m ebna’*ié"ér' the tern

:ggﬁ..?. 2 COS "z 5‘[- ;{rfzi—J ]. v,":.iif,i:'-? ”f - ’?i fji§88ta? ."

F;Aa n inareaaea, 3 decreasea in inVerse preportlon to the aquare of n, and

/Jl’J -J

njvei®

- when n reaches valuea of importance in practical computation tha term ~~—
' apprQ§ches i . anca wWe ean introduce a kuown Series eﬁ ﬁfasn;::#} the
‘sum of which can be calculated. The differemce between the term given in

(88:a) and %ha'propoaed_known series allows an easy comﬁﬁtatidn. It is

T
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. E: ;’,m;e_",n,“: Cos ﬂ%- = """”_"s—"":""'"‘-"""g‘ e {e8:d)’
: ' - % Cos 3 S ERIN R e

X

Fith the aid of suzrmatmns (88 c) and (88 d) we can expreaa Eq. (88) in the
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=5 ~J HJ _HJ
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" goneLust 03 L

R The reaults caleﬂlatsd tramgﬁqs, {l?) and (18) ware platted in |
__jmgs. ItoIx 1no1ua1u. It ia ﬁm ’cha’fs ‘tha radialij_&atleatiau of aa s

». f" rinitaly 1ong eylmdez haa * ‘arY :.ong wa:u leagth alans'f he se" emtrix‘

"widtha of platsa,over radius ot eylinder ratia, and it ahows thﬁt tha plate 1 :i_ﬁ
:!haa greater slopa than the cylinﬂer heeausa of'the curveture restraint cr »
the eylinder. | | B | o o
o Deflectian curves of* eylindrical ahalla with varioua lengths wera
caloulated from‘Eqa. (22) and (23), and the results ahuw thﬂt tha maximnm
radial defleetion eceura at about ; 20. Sinco the radial daflaetian or
an infinitely long cylinder with a/h 100 becomas zero af. about 3 15 and
then reverses zts sign, the edges of the-corresponalng qylinde: withsrinite'
length ére 80 regtrained.that the ﬁégative deflgetion pértien of.thekinfinite
¢ylinder is b:ought to zero at the‘edges of the cyiinder with fihite lengﬁh,_
'.Esnce the maximum deflection of a eylinder with 1/8=20 is greatervthan'the
corresponding £initely long eylinder,

Sheariﬁg stress distribution along both the generatrix and the dirﬁ
cumference was cslculated from Egs. {55) and (74), and the results show that
the siress decreaaéa very rapidly along the generatricéa. lhen theAratio eof

x/8 reaches to 1.0 the shearing stress is almost negligihle.
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TABLE I

Deflection Parawetsr,d, of an

Infinitely Long Cylinder Under Two Concentrrted

Loads pAlong the Generatrix s

- 0.018

- 74 -

&
& - loce; =
D) G (& &) (5 (8 (M)
I [ ¢ 2 A
iy:zsbiﬁgi*jznﬁ3) |
2 206.539 2730x10%  .70711 292.1 15524 4.aoé : ;04912]
4 51.6335 2730.5x10° .70704 73.02 1652 16.00 1967
6 22,9482 2732.6x10% .7069 32.45 1558  35.99  .4379
8 12.508 2738x10°  .7065 18.27 1654 63,95 7722
10  8.2614 2749.5x105 .7058 11.70 1655 99.82 1.101
12 5.737 2771x10% L7084  8.144 1558 143.4  1.690
14 4,215 2806x105 7023  6.002 1554 194.7 2.258
16 3.227  2858x108  .698 4.617 1871 szt z.882
18 2.549 2933x10%  .694 3.672 1683 51840 '3.5§4
20 2.085 3033x10° .89 5.000 1697 389.7  4.27
22 1,707 3153x10° 482 2.508 1717 466.8 = 4.:7
24 1.434 3326x10% |sm1 2.136 1740 546.6  5.55
26 1.222 3516%10%  ,860 1,850 1769 6831.0  6.52
28 1.063 3765x10°  .645 . 1.625 1802 7T1B.6  8.39
30 4036x10% 336 1.417 1804 £09.0



TABLE I == Continued

11.7

»7;5( -

NC ) (10) (1) —_(1zy
n B < D dcipp  @D-7c
2 L04926 40.60  40.89 67230  £7060
" 1978  40.44  40.84 67460 68820
5 A4T6  40.21  41.09 67950 66480
8 -8027  39.88  41.45 68610 66010
10 1.265  39.46  41.92 69490 65440
12 1.842 38.96 42 .48  TO6TO 64850
14 2.583 38039  43.19 72290 54400
16 3.362 S7.78  43.89 74160 63970
18 4,288 57.11 44,0 76750 63840
20 5.3  36.40 45,87 79650 63530
22 6.40 36071  4T.18 83340 64330
24 1.76 34,99  48.45 67380 65180
26 9,34 34,29 49.83 92100 85510
28 33.64  61.32 97500 67590

/<



TABLE I -~ Continued
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J~Tia) g~f;*(1;7f’-i ). (17)
n 9(5 BIE) m)xc«asg (12)+3:0'% ‘—’i’éi'r% e’z
2{- e e — e
2 ,0s912 .04925 6740 3201 6,139 x-10%
4 1957 - .1978 . 66L70° 129901 ,467 x 168
6 4379 .47 61840 20190 .57z mAGS
8 . ,7723  .8027T 49140 46060 . .2435 x16%
10 | 1,001 1.265 26780  6oTTO ‘..0888;165
12 1,690 1.342° - 8408 64390 .0222 x105
14 2,258 2.538 45860 40780 .0006 x105
16 -~ 3.65¢  3.352 -67950 25640 -.0021 x10%
18 4.27 4.285  -32840 _57710 -.0013 x1G%
20 4.87 5.54 12510 -33050 -.0002 %103
22 5,55 6.40 61920 -,45040 |
24 6,52 7,76 B4920 15320
Z=2
8 .
2 09824 ,0986 68910 6579 5.099 x 103
4 L3914 .3965 72360 25490 1.359 x 109
6 L8758 L8952 43510 51060 ,3929 =103
8 1.584 1.605 1427 35980  .OT728x10°
10 2.382 £.530 . 50380 45090 - .00153x10°
12 3.38 3.084 -.ss.ego -15310 - .00B26x10%
14 4,516 35.078 - 14020 -53180 - .00087xz1U3
16 7.108 6.704 50350 46950  .00016x10°

7



min

ol

o M

Pl

Ve

mLRLE I == C ntinued

S N D) 6] 173

no A Brg; (acosE 02807 %%’fif 2

2 ..456 L2473 35210 1R300 5.835 x 16%
4 «5785 L9569 37460 55440 L7927 x 109
5 2,189  2.238 -3934C 54180 161 x 19°
g 3,561  4.014 -51600 ~4350C - .00677x 1G°
10 5.955  ©.325 55810 ~21070  .00031x 106°
10 '

2 .4012  .4925 5200 31630  B.087 x 10°
4 1.967 1.978 -25410 51890 1155 x 109
6  A.379 4.478 23220 -62820 - »00985x 107
8 7.722  8.027 3056 65420 .00014x 10
15

2 L7368 .7387 49790 450860 4,149 x 109
4 2,935 2.957 -66040 13700 - .0816 x 10°
6 6,568 C.T14 85230 16680 .00102x 109
20

2 9§24 .985 37310 55780  3.383 x 10°
4 3.914 3.965 48300 46640 L0411 = 10°
6 8,758 8.952 53410 41080 - .u00l5x 13°
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—d3) (343 (35) . (18) 1) e
Z W g
r a oz 7&%@
=30
a
2 1.473 1.477 8560 66740 1.614x10°| o 174 ,1x108
4 5.871 5.934 81790 -26770  .002lx M| 1 149,0x
%40 2 7.921x10%  137.7x "
2 1.9685 1.970 -25820 61920 = .461ix *| 5 6.534x " 115.%x "
4 7.828 7.512 1754 60750 L00057x" | 10 5.19%x M 20.25%"
§=50 18 4.088x ™ 71.06x"
2 Y458 ©JAF3 -52040 42480 -.0747x M| 20 B.224x " 56.03x "
LI 30 1.616x M 2¢ .09x"
a~ "
2 2.947 2.955 -65950 12940 ..253 x " |48.25 .4¢17x" 8.,02x"
X .
=270 50 - .0747x" - 1.30x"
2 3.438 3.447 -64270 -10580 -.244 x "| 60 -.253 x" - 4.40%"
50 75 - 244 xM - 4,24x"
2 3.930 3.940 =~47400 -47340 -.168 x " ! 80 -.158 %" - 2.92x"
x
=290 90 -.091 x" - 1.58x"
2 4.421 £.432 -19300 84240 -.0910x " QOO - .035 x' - .81 x"
5
E«-lOO
2 4.912 4.925 13310 -85720 -.0348x% " | 40

-78 -
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TABLE II

Deflection rarameter,d , of an

Infinitely iongz wylinder Lnder Iwo Joncentrated

.oads Along the Jeneratrix.-§g£=0

":;;x/gﬁhft.ﬁ -

"d T o

5519x10° 156
bkgy .

boos7
2,399 "
2.90% "
2.145 "

Qo 716 n

-79 -

| 0,01767x10%

i@*o,ljéﬁ,

- =0.03257

. =0.00208

~0.00337

0.00129

[}

70



TABLE II

Deflection Parameter, «, of an

Infinitely lo:

T

ads ong the Generatrix 8 - 0%

Cylinder Under Two Concentrated

a

%, 1003 (%r/_ghe) -

7/

[@9) (2] (2) ) [62) (6) 7]
n 4 Rao JHRg-d* [ficg 1§ 1) ¢ A
82.6/9 -
i

2 20,65300  273.4x102  ,706900 25.22000  3+9988 16543 41536
L 5,633 276.05x102 703840  7.33592 15,9260 166.0 45099
6 220482 297.6 " 691579 3.31823 35,2100 168.9 12260
8 1.29083 3L5.4 HOLLEG 1494268 | 6041400 175.8 1.9270
10 0,82613 Leg.,7 " H23800 1.32400  88.2100 187.2 2.5810
12 0.57370 5L3.7 *® 576600  0.99520 117'.1;000 20246 3.1090'
U 02150 702,9 " «528900 0.79680 46,6000 220.9 35360
16 0.32270 88G.1 " 484800 0.66570 175.5000 2L,1.0 3.8750
18 0425490 - 1105.,0 " 1145000 0.57270 203.9000 262.; L.1610
20 0.20650 132.0 " L09000 0.50230 231.4000 284.2 L.3390
22 0417070 1615.6 u 378400 01900 259.0000 307.3 L5340
2, o0.U340 1922,0 " 0352400 0,L,0680 287.1000 331ely L.7060
26 0412220 2215.0 " 4329000 0.37160 314.5000 355.2 L.8410
26 0.,10530 2506,0 " +308000  0,34200 3L1.5000 37943 L..9500
30 0.09178 298.0 " »209000  0.31710 367.9000 L03.7 5.0410
32 0.03068 339).;.0 " «273000  0.,29600 395.3000 14.28.6‘ 5.1460
3L 0,076 3327.0 " «258000 027700 L21.8000 L52.9 5.2110
36 0.06%37L4 l2si.0 ® 215000 0426100 L4S.1000 4784 5.2060
38 0.05721 L782,0 " +233000 0.24600 };75.8000 502.3 543390
Lo 0.05163 " .051;500 0423300 502.L4000 527.3 5.3870

529240

- 80 -



TABLE II -- Continued

£2))

{12}

(8

e , {10)

9

D

#¢ +4D

_$p-7¢

&G O Foml

10

R

.28

30
32

¥

38

01578 -

0.6L93

15150
aus0
6’.0210 |

7.8670

947690

11,7200

| 13,5900

1546800
17,6300

19,6100

21.5800
2345100
25.5900
27,6000
2945800
315700

3345400

12,700
12,260
11.640
10950
R ‘10-.‘51@;

94749

9,296

B.869

8,708

8473

8202

8.15%6
8050
7940
74646
7493
B0l
74969
74980

8.003

W37

18.88
20472

22,59
2lie57 ,

26.51
2849
30,48
32.48
3hali5
360

3049

Lo53
- La.s52
Lli.52
L6 <55
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13.00
13c50 i

1561
1701

—
72
om0
T
lag1
5090

6101
7295
9927

115k

13069

U772

18610
20730
22900
25190
27610 |

2098

2ol
o

‘261_,81‘

-
s

1672
5573

7766

9005
10356

11882
13350
1,960
16760
18560.
20520
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TABLE IT — Conbinued

1) O ¢ 5 U ¢ B ¢ )

s

D)

#3)

_cosA%  SmAE  etE (0as) (2)a06)

»in

]
B T T

Llgzo
| '*1,5i500
2475200

6402100
786700

9710
95680

«81790

< '57060*
| om0
30

07672
+29060

57530
82120
s9611°v
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<9338
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30
AR
| .93700

«53200

. #00330
=e38390
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st
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TABLE II =~ Continued

n A% 8% cosAZ SnAE  eltE )s)  (2axe)

Xet |

: 2 3072 W38 W9532 J3024  .729900  2050.0 63L.4Li
L 1.1800 1.2990 43809 | G2 272800 857.0  1892.0

-6 2.4520  3.0300 ;.?712 5363 JO4B320 =1906.0 128,.0
8 3.8540  5.50L0  =uT571  =46533  J00L4060  ~2165.0  =1363.0
10 5.1620 B8.5880  L3LS3  =s5370 000186  1215.0  ~2138.0

xa3 | |

Y2 1608 722 8955 M6 423600 1926.0  952.8
L 1.7700 19480  =.1975 49803 142600 - L3 1858.0
6 34780 LoSh50 =998  -.0536 ;0106_0@' -21;68.0_' - 108.1
8 57810  B.2560 43766 B2 .000259 2507.9 ~100L3.0
2. J680 7870 J7195  69hT 55200 1547.0  USTW0
L 2;911;90] 32460 -.981 | .1918 4038900 ~2208,0 '392.1;.'
6 641300 7-5750 9959 «0153 4000513  2472.0 = 30.8

xel0 RN L o |
2 1.5%0 -1.57149' E 3479 ,999!; | +20720 The83  2097.0
b 5.899 ~37h6  W0151  2086.00

6o

092720- ‘

R

- 7664
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TABLE IT = Continued

xals co | |
2 2030L 2361 =669 7330 .09l320 -UL1.00 1559.0
I i B.8LB 94739 ~e8381 - W5L550 .oéc059. 188,00 1116.0
xe2 B T

2 3072 3MB 975 0690k (2900 -2U.00  UST
b8 1299 W9 -6%0 . délse0
R 2 TR R,
2 5E0 535 766 -Al2T0 L0I%00 ES00 1B
2 L0 L7 06 oS 0D0 - om0 om0

B 5376 5509 K61 70770 L0050 1335.00 <1520
2 6l 6206 - W90k ~I3850 L0010 2130.00 - 2906

2 . 7.680  7.670 -.0158 «99990 .000332 : 35@5 2098.0
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© TABLE IIX

_ mim Radial Deflection Parameter

of an Infinitely Long Cylinder

With Different Radiua/Thickness Retio -

-8 -

C ® o %2100 I = 200

A ISP ;@’%5_,'(%:; : s 52735(?)4 | L é’fﬁ;"@f -
2 107.6  .04064  427.56  .02818 1707.24  .01968

4 ¢;sss ‘ 01096 27.66  .00743  107.64 .00508
'e,' z.3ie‘ ' .ocgssf :"s.zssf,‘ .00346 22.06 ”_ 00216
8 1.416 200243 z.oéa «00194 7.665 00137
13;, 1.171 .001$3  1.683 . ;0911?‘ 8.730  .00089
12 1.082 .00079 1;329, «00074 2,318  ,00059

16 1044 00081  1.178  .00049 1,711 .00042
16 1.028  .00086  1.104  .00033 1.417  .00031
18 1.018  .000% 1.066  .00024 1.260  .00022
20 1.011 +00018 1.083  .00017  1.171  .OOOL?
22 1.007  .00018 1.029 L0003 1,116  .00015
24 1.005 .00010 1.021  .00010 1,082 .00010
26 1.004 00008 1.016  ,00008 1.080  .00008
26 1.008 00007 1.011 00007 1.045  .00007
30 1.002 +00008 1.008  .00008 1,034  .OCD06
32 1.002 +00006 1.007  .00005 1.026  .00005
3  1.001 »00004 1.005  .00004 1.021  .00004
36 .00010 .00010 .00010
oo

> 0.056227 oL LTS 0.23151
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ii; 300 §.= 500 £ = 1000

0 6""'5(%') I+ -é‘;;-j“"%‘k hi I+ ‘6,”;'55(,%)"’
2 3840.04 01601 10668 .01236 42687  .008T1T
4 240.94 .00427 667.50  .00313 2667  .002196
6 48.39  .00188 182.66  .00142  527.6 .000986
8 16.99  .00109 42.86  .00082 187.6 000564
10 7.143  .00072 18.08  .00054 69.24 .000367
12 3.9&2 .00050 ©9.228  .00038  33.92  .000260
e 2.599  .00037 5.441 00029 18.77 .000195
16 1.937  .00027 3.504  .00022 11.42 000151
18 1.586  .00021 2.626 30017 7.501 .000121
20 1.384  .0UO0LE 2,066  .0C01l4 5.265 000098
22 1.262 00012 1.728  .0001} 5.913 .000081
24 1.185  .00010 1.514 00009 5.087 .000069
26 1.13¢  .00008 1.574  .00007 2.454 000058
28 1.100. 00006 1,278 .00006 2.111 .000049
'30 1.076 00008 1.211  .00008 1.843 .000041
32 1.059 00004 1.163  .00004 1.651 000036
34 1.046  .0000¢ 1,126 00004 1,511 .000031
36 .00010 1,102 .00003 1.406 .000026
38 1,082 00003 1.527 000023
40 1.067 L0002 1.267 .000020
42 .00005 L0000€5
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0.009972

. g s | § 2000 £ 5000
2 ester 007116 170625 .006156  10664x10° .o?osass_',
4 5088.25  .001788 10666 .001528 66851  .000975
K3 1185.66 000811  2107.48 000658 13160 .000434 -
8 36,2 (000455 68T.6  .000891 4166.6 000264
10 154.8  .000295  273.9 00028 1707.2  .000158
12 7402 -_000208"- 152.7 .000178  825.8  .000100
16 40,90  .000155 72,08 -000133  445.1 .000083
18 lzi.zé 000120 42,65  .000108 2614 4000068
18 15.60  .000096 27.00  .000081  163.5  .000050
‘20 10458 +000079 18.62  .000066 107.7  .000040
2 7.548  .000066 12.66 000056 73.85  .000034
24 5,619  .000066 9.228  .000048  62.45  .000029
26 4.354  .000048 6.974 .000041  38.34  .000025
28 3.494 000041 B.441 ,000036 28,78  .000021
¥ . 2.asz 000036 4.570 .000081 22,06  .000019
32 2.462  .000031 3.608  .000028 17.27  .000018
34 2.147  .000028 3.043 000025 11.16 © .000016
36 1.192  .000025 2.625  ,000023 .000120
38 '1.738  .000021 2.309 000020 "
40 1.698  .000019 2,068 .000018
.000100 .000100

0.007 322
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