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ABSTRACT

We study the optimization problem of finding closed convex sets I' C R¢ containing
the origin that minimize

k 0,
F(I') = Z Wi‘il - pr(6:)

i=1

2
s

where wi,...,wr > 0,0q,...,0; € R are given, and pr(6;) are the closest points
inl"to6;,i =1,..., k. This problem is motivated by the topic of delegated portfolio
management in finance. In Chapter 2, we will explore this connection. To approach
the problem, we first prove existence of a solution for the general problem. To further
study properties of the solution, we next introduce the semidefinite programming
relaxation, for which we have a first-order characterization of optimality. We then
explore the question of exactness of this relaxation, which turns out to be equivalent
to the notion of localizability: the shape optimization problem embedded in higher
dimensions must have solutions in the original dimension. Finally, we present

special cases for which localizability holds.
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Chapter 1
INTRODUCTION

In this paper we study the following optimization problem. Let 61, .. ., 6 be points
in Euclidean space R?. Given a closed convex set I and a point 6 € R?, let pr-(6)
be the unique closest point in I" to #. One wishes to find, among all closed convex

sets containing the origin, one that minimizes the objective functional

k 0
(D)= Y wil3 = pr(®)

i=1

2
H

where w; > 0 are positive weights. Optimization problems of this type, where the
decision variable is a set, is often known as shape optimization. Examples of such
problems can be found in [2], [7], and [10].

Our approach to the problem consists of three steps. First, we establish a general
existence theorem for optimality via techniques analogous to the direct method of
calculus of variations. Actually characterizing the solution, on the other hand, is
nontrivial. To the best of our knowledge, there is no applicable theory such as
“shape calculus” that permits a first-order characterization of the optimal solution.
This difficulty necessitates our second step. We switch the decision variable from
the convex set I to the closest points p; in ' to 6;. The geometric constraints of
the shape optimization problem will be recast as a family of quadratic inequalities
involving p;. The problem now simplifies to a quadratic program with quadratic con-
straints (QCQP). Unfortunately, the constraints are nonconvex, making the problem
intractable. In the third step, we convexify the problem using semidefinite program-
ming (SDP) relaxation. This relaxed problem is much more tractable. In particular,
it is possible to obtain a first-order characterization of solutions, as well as compute
a numerical solution to arbitrary accuracy in polynomial time. This SDP relaxation
provides a non-trivial lower bound for the optimal value of the complete problem.
The issue that remains is whether the relaxation can recover an exact solution to the
original quadratic program. This question turns out to be equivalent to the following
problem about localizability. It asks whether the solution to the optimization prob-
lem would change when 6y, ..., 0; are embedded in a higher dimensional space
R?, and I is allowed to vary over all closed convex sets in R?" containing the origin.

We establish localizability in certain special cases, including (i) when 61, . . ., ; are
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linearly independent, and (ii) when 61, ..., 6, lie on a line and are sufficiently far

from the origin. The general problem, however, remains open.

Our optimization problem has its roots in the finance of delegated portfolio man-
agement. Specifically, consider a mutual fund facing a set {1, ..., k} of potential
investors. The mutual fund is a monopoly: investors do not have to invest their
money, but if they choose to, they must invest through the mutual fund. The market
consists of several risky assets, and all investors have the same mean-variance utility
function with the same risk aversion. Investors are heterogeneous, characterized by
their initial endowment in the risky assets (henceforth referred to as types, denoted
#). Knowing the distribution of investor types, the mutual fund designs a menu of
funds to be offered, each of which charges a fee. Here, we assume fees are linear,
and that investors are free to allocate their wealth across multiple funds. Thus, if
fund x; is available with fee 7, x, is available with fee ;, then for ¢;,qg> > 0.
g1x1 + g2x> must be available with fee g7 + gom2. The mutual fund’s problem is
to decide the set of funds to offer and their associated fees in a way that maximizes
the aggregate fee collected. This is the optimal fund menus problem (OFM). As it
turns out, OFM is equivalent to minimizing ¥ (I'). In Chapter 1, we will prove a
correspondence theorem that establishes the precise relation between the two prob-
lems. Under this formulation, the aforementioned notion of localizability also has
important implications. Financially, if the mutual fund is allowed to introduce assets
with new sources of risk, would the optimal menu entail investors (whose goal is to
hedge their original risk exposures) taking on these new risks? The answer is “no”

if and only if localizability holds.

Our paper contributes to the literature of mathematical programming, especially
semidefinite programming (SDP). Semidefinite programming is a subclass of con-
vex optimization problems which generalizes linear programming. It is widely
applicable to problems in engineering and applied sciences. Many nonconvex prob-
lems admit an SDP relaxation, which produces an approximate optimal solution of
the original problem, and in some cases, an exact solution. The classic example
is [8], where SDP relaxation is used to find a near optimal solution to the max cut
problem. Examples of SDP relaxation providing an exact solution to the original
problem can be found in [15], [9], [4], [3] and [14]. In particular, certain techniques
in our paper are inspired by [14] in which the authors study the sensor network
localization (SNL) problem. The problem involves finding a feasible configuration

of points in a Euclidean space of a given dimension, subject to constraints on the
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pairwise distances. The authors relax certain constraints of SNL to form an SDP,
and show that this relaxation is exact if and only if adding additional dimensions
does not change the optimal configuration. In our paper, we use SDP to relax the
optimal fund menu problem, and show that the relaxation is exact if and only if
adding zero-return assets to which the investors have no exposure does not change
the optimal menu. However, we currently do not know if SDP relaxation always
provides an exact solution to the optimal fund menus problem. There is no general
criterion in mathematical programming that guarantees exactness. The aforemen-
tioned examples all exploit very special structures in their respective problems. At
this point, we can only establish exactness for our problem for special cases. On
the other hand, numerical experiments suggest that exactness might hold in general,

prompting further work in this direction.

Our paper also contributes to the literature of screening and asset bundling. It can
be seen as a generalization of the model proposed in [6], where a monopolistic
mutual fund manager faces investors with different beliefs in the return of one asset.
In their paper, the dual approach is used. That is, rather than optimize directly
over fund menus, they optimize over the space of indirect utility functions induced
by all possible fund menus. Such indirect utility functions are not arbitrary, and
must satisfy certain incentive compatibility constraints. To solve the optimization
problem, the authors temporarily drop the incentive compatibility constraints on the
indirect utility function, solve a calculus of variations problem, and show that at
optimum, the constraint does not bind. In contrast, the heterogeneity of investors
in our paper involves differing initial exposures to possibly more than one asset.
While we also adopt the general dual approach by considering all indirect utility
functions induced by menus, our method of study is significantly different. For
our model, incentive compatibility requires that an indirect utility function be of
the form squared distance to a convex region. The exclusion of this constraint
will, in general, not give a feasible solution to the complete problem. Our model
also provides a linear pricing analog to the ones studied in [11], [12], and [5], in
which a monopoly is allowed to use nonlinear pricing to screen customers with
heterogeneous preferences across one or multiple dimensions. In these models,
the space of all feasible indirect utility functions forms a convex cone, making the
problem amenable to conic optimization techniques. In contrast, the linear pricing
constraint in our paper gives rise to a nonconvex problem. Hence, the techniques

developed in the aforementioned papers do not directly apply here.
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The structure of this paper is as follows. Chapter 2 describes the problem, the
financial model that motivates it, and establishes a precise correspondence between
the two. Chapter 3 adapts the direct method of calculus of variations to prove general
existence of an optimal solution. Chapter 4 seeks to characterize the solution. In
Section 4.1, we derive the quadratic programming formulation of the problem. In
Section 4.2, we study the SDP relaxation and its associated properties. Section 4.3
studies the relation between the relaxation and the complete problem, which leads
to the notion of localizability. Finally, Section 4.4 explores particular cases in which

the SDP relaxation provides an exact solution to the complete problem.



Chapter 2

PROBLEM FORMULATION

2.1 The Shape Optimization Problem

Consider a finite set of points 61, . . . , 6 in Euclidean space RY andletwy, ..., wi; >
0 be positive weights. For any closed convex set I and any point § € R, there
exists a unique point in I" that is closest to 8, which we denote by pr(6). Among all

closed convex sets I' containing the origin, we wish to find one that minimizes

F(T) = iw)% ~pr @)

i=1

While we are mainly concerned with the case of finitely many points, the problem
can be formulated more generally. Given a subset Q of R? and a finite measure y

on €2, one may consider the problem

2
maximizer F(T) := /Q )g —pr(H)‘ du(6)

s.t. T ¢ R? closed and convex,0 €T.

2.1)

Note that for the finite case, Q = {6;,...,0;},and u = Zl’.‘zl w;0p,.
Our central question concerns localizability, which we define now.

Definition. We say that (Q, u) is localizable if it satisfies the following condition:

Let d’ > d be arbitrary, and let I' be a closed convex set in R with 0 € T. Let
p(0) = pr(6) be the closest point to 8 in I'. If /Q |g - pr(9)|2d,u(6) = s*, where s*
is the optimal value for Problem (2.1) then pr(6) € R¢ for all € Q.

Essentially, localizability guarantees that the optimal solution does not change when
the problem is embedded in higher dimensions. As will be discussed in Chapter 3,
this property is key to establishing uniqueness and first-order characterization of the

solution.

For the remainder of this chapter, we will describe the financial problem of optimal

fund menus that motivated the study of (2.1) and establish their correspondence.



2.2 The Financial Model

We consider a one-period model. The market consists of the riskless asset with
return r, and d risky assets with excess return (over the risk-free rate) € € R?. The
excess return € = (€q,...,€;) is a random vector. The coordinates €y, ..., €; are

independent, each having variance 1. We let { = ({1, ..., ) := E[€].

The market is populated by a monopolistic risk-neutral mutual fund manager and
heterogeneous risk-averse investors. Each investor is associated with a type 8 € R¢.
An investor with type 6 = (6y,...,60,) initially owns 6; dollars worth of the i-th

risky asset. All investors have mean-variance utility given by
E[wi] = Svar[wi],

where w; is the terminal wealth. The set of all investor types is Q C R¢, and the
distribution of types is y—a finite measure on . We assume u is known to the

mutual fund manager.

A monopolistic mutual fund manager can offer a menu of funds. Each fund is
described by (x, ), where x = (x1, ..., x4), x; indicating the dollar amount invested
in the i-th risky asset, and 7 is the fee charged to investors. We assume that investors
are free to allocate their wealth to multiple funds, and that the fees are subject to linear
pricing. It’s not possible, however, to take short position in a fund. Hence, if funds
(x1, 1) and (x,, mp) are available, then for g1, g2 > 0, (q1x1 + g2x2, g 171 + ga72)
must also be available. To capture these properties, we define a fund menu as

follows.

Definition. A fund menu is a closed convex cone in M C R4 x R, that is closed

upward.

Consider an investor of type 8 = (61,...,60;). Suppose, in addition to the risky
assets, she owns an additional C amount of cash (this amount turns out to be
irrelevant for utility maximization purpose). Thus, her initial wealth is wg = C +

01 + - - - + 0,. If she buys one unit of fund (x, 7r), her terminal wealth is

wr=wo(l+r)+(0+x)-€—m.



She derives utility

Ewi] - gvarlwi]

Elwo(1+r)+ (0 +x)-€—n] — %V&I‘[Wo(l +r)+(0+x)-€—n]

1
wo(1 +r)+(0+x)-{—7r—§|6’+x|2

(w0(1+r)+9-§—%|9|2)+(x-§—7r—%|x|2—x-9).

The investor’s goal is to choose a fund (x, 7r) in the menu that maximizes E[w ] —
%var[wl]. Note that only the part x - { — 7 — %|x|2 — x - 0 is relevant for the
investor’s utility maximization problem. Henceforth, we shall write Uy (x, ) =

x-{—nm- %lxl2 — x - 6. With this notation, the type 6 investor’s problem is

maximize(, rjem  Ug(x, 7). (2.2)

Now we consider the fund manager’s problem. Loosely, the manager seeks to design
a fund menu that maximizes the aggregate fee collected across all investors. More
precisely, let (xy((60), mp(0)) € arg max, 5)epUa(x, 7). We will show in the next
section that the maximizer is unique. Thus, the manager’s fee collected from type 6
is well-defined, given by m(6). The aggregate fee collected across all investors is

f MM (0)du(0). Thus the manager’s problem is

maximize x / T (6)du(6). (2.3)
Q

Remark 1. We impose the assumption that the asset returns are independent with
unit variance to simplify computation. In general, suppose there are k risky assets
X1,...,xg whose returns have covariance matrix X. Let ¥ = ZZ be the Cholesky
decomposition. Provided X is nonsingular, we may create d new assets yi,...,Vq

. . . . _ d o1
with uncorrelated, unit variance returns, given by y; = }; =1 QX where A =Z7".

A fund investing (g1,...,q4) in (x1,...,x4) at fee rate 7 is equivalent to one
P1 qi
investing (p1,..., pq) in (&1,...,&,) with the same fee, where | @ | = AN
Pd qd

Remark 2. Instead of differing in initial risk exposure, we can also consider a model
in which investor type is characterized by his subjective evaluations of the assets’
expected returns = (771,...,174) € RY. The utility of an investor with type 7

investing quantity x at fee r is

1 2
n-x-—-m 2|x| .



The manager’s problem is to design a menu M that maximizes
[ mntnautn,

where (x(7), 71(n)) € arg max(y r)em {17 X — - %lxlz}. In particular, the model
of [6] is of this form, with ¢ being the uniform distribution on the line segment
{(n1,1m2) € R? | 1 = £,0 < ;2 < Oy}, where & and 0y are constants. Here, & is
the true mean return rate of the index asset, and 6y is the most optimistic investor’s

subjective estimate of the non-index asset’s return.

This is mathematically equivalent to the main model where the heterogeneity is
initial risk exposure. They are related by a change of variable 8 = { —n. The model
of [6] corresponds to uniform distribution on the segment {(6;,6,) € R? | 6, =
$1=6,00— 0 <0, < 0o}

Remark 3. One could try to apply the method of [6] to the model of the present
paper. Define the indirect utility function

1
up(6) := sup {x-{—ﬂ——lxlz—x-e}.
(x,m)eM 2

By a direct calculation, we can express the manager’s aggregate fee collected as
1
[ un(® = SVus@F + 0= 0) - Vus@)duto). 24

Moreover, u 5, is convex, and satisfies the eikonal equation 2u ((6) = |Vur(6)|>.

The aggregate fee can be rewritten as
J IO + 0= 0) - Vun0))u©). 25)

In the special case when d = 2, 6 is constant, and 6, is uniformly distributed in

[01,0H], let va(02) = up(61,62). From the eikonal equation, we find 6au9A14 =

V2v1(02) — [vm(62)]%. The aggregate fee is

O

[ (62 2)vin(82) = 20p0(82) + (01— L) V2 (62) — V(B P .
H—0L Jo,

This coincides with the manager’s value function appearing in [6], after making a
change of variable (see Remark 2). In this special case, we may proceed by calculus

of variations over all possible functions v .

In the general case, however, we cannot use calculus of variations to maximize

(2.5). Calculus of variations does not take into account the eikonal constraint
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2up(0) = |Vunp(6)]?. One cannot temporarily drop this constraint, and hope that
the optimal solution of the relaxed problem automatically satisfies it. In fact, this is

never true.

0-C12 10—
—|Vup(6) 1 + (8 = £) - Vi (6) = —[Vup (6) — 24 . 4él

s0 (2.5) is maximized when Vu z((0) = 9%{. This implies u y((6) = % +C, which
does not satisfy 2ux((0) = |Vur(0)|%.

2.3 The Correspondence between Shape Optimization and Optimal Fund
Menus

In this section, we give a characterization of fund menus in terms of their non-

participation regions. This reduces the problem of finding the optimal menu M to

one of finding an optimal convex region.

Definition. Given a fund (x,7) € R? x R,, we define its non-participation half-
space by H(x,7) = {6 € R? | ({ — 6) - x — n < 0}. More generally, given a fund
menu M C RY x R, we define the non-participation region induced by this menu
to be p(M) = (e mem Hix, 7).

Remark 4. H(x, rr) is a closed half-space in R¢ containing ¢ (unless x = 0, in which
case, H(x,7) = RY). Since ¢(M) is an intersection of closed half-spaces, all of

which containing ¢, ¢ (M) is a closed convex set in R¢ containing the point ¢.

The non-participation region is so-called because it represents all types 8 € R¢ for

which it is optimal to not invest in the fund menu.
Theorem 1. There is a bijection

{fund menus M} & {closed convex sets ' C R containing ¢}
given by

ML ﬂ H(x, )
(x,m)eM

{(x,7) e RY xR, |T C H(x,m)} < T.
Moreover, given a fund menu M, letT" = o(M). (xpm(6), mp(0)) = arg max . zyepmUa(x, )
is unique, given by
xm(6) = pr(6) -6
am(0) = (& = pr(0)) - (pr(0) —0),

where pr(0) denotes the (unique) closest point to 0 in T,
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Lemma 2. Let T = ((, pyep H(x, 7). If (x, 7) satisfies T C H(x, xr), then (x,m) €
M.

Proof. Let N = {(x,7) e RxR|T" C H(x, n)}. It’s clear that M C N. It remains
to show that N' C M.

Suppose (x, 1) € N\M. Since M is a closed convex cone, there exists a nonzero
(v, —t) € R x R such that (v, —f) - (x,7) > 0 > SUp(y yem (v, —1) - (x', ). Since
M is closed upward, we must have ¢ > 0. (Otherwise, (v, —f) - (x’, n”) — +oc0 when
we take 7’ — +00.) If 7 > 0, then let v = o 6 = l—v. Then (v,-1) - (x,7) >0 >
SUP (v zyem (Vs —1) - (x’, 7). We deduce that g eT,and (x,7) ¢ N. If t = 0, then
v#0,andv-x >0 > SUP(y zem V -x". Let v = av, where @ > 0 is large so that
v-x>n. Since M CRIXR,,V-x—7m>0> SUP(y+ 1) V' X" 2 SUP(yr o VX" — 7.

Once again, put § = £ — v, and we see that @ € T, but (x,7) ¢ N. O

Lemma 3. If a subset T of R? is closed, convex, and contains ¢, then there exists a
fund menu M such that T = (), nyem H(x, 7).

Proof. Suppose I' is closed, convex, and contains /. Let M = {(x,7) € R? x
R | T € H(x,m)}. It’s clear that M satisfies the requirements of a fund menu, and
I' € Nxayem Hix, 7). To show that I' = (", r)ep H(x, 7), suppose 6y ¢ I'. Then
{ — 6y and ¢ — T are disjoint. By the separating hyperplane theorem, there exists
(x0, m0) € R? x R such that

Sul}z(g—e)'xO—ﬂo <0< (-6 -x9—m.
Oe

This implies (xo, 9) € M, and 6y & H(xo, mo). Consequently, o & ()(x rem Hix, 7).
m|

Lemma 4. Let 6) € R Then We=b)x=ms ;o the distance from 6y to H(x, r),

x|

provided x # 0.

Proof. 1f ({ —6py) -x—m < 0, then 6y € H(x, 7), and the distance to H(x, rr) is zero.
[({=00)-x—m].

| =0, as desired.

In this case, we have

Consider the case ({ — 6p) - x — 7 > 0. We find the closest point p in H(x, ) to 6.
It is clear that p must be on the boundary of H(x, ). Consider the problem

minimize |p — 6o/

st. ((-p)-x—n=0.
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Solving the Lagrange multiplier system

2(p —6o) = Ax

({-p)-x-—m=0,
we find solution p = 6 + %x. The distance from 6 to H(x, 7) is |6y — p| =
(&0 x=rl _ [(Z=60)x=r]. _

|x] |x]

Lemma S. Let M be a fund menu. Then sup ;. 1 e W = dist(0,T"), where

I' = NH(x, ). Moreover, if dist(6,T") > 0O, then there is a unique (x*,n*) (up to
scalar multiple) such that dist(6,1") = dist(6, H(x*, 7¥)).

Proof. 1f dist(6,T) =0, then# € T =T. Forany (x,7) € M, 0 € I' C H(x, n), so
dist(6, H(x, )) = 0.

If dist(0,I") > 0, let p* be the unique closest point in I" to 6. Let x* = p* — 6,
7t =(L-p*)-(p*—0). Then H(x*, p*) is the supporting halfspace of " at p* with
outward normal 6 — p*. It’s clear that I' C H(x*, 7*). By Lemma 2, (x*, 7*) € M.
For any (x,7) € M, p* € H(x,n), so dist(6,I") = |60 — p*| = dist(8, H(x, 7).

Moreover, the inequality is strict unless H(x, ) = H(x*, 7%). O

Proof of theorem 1. 1t’s clear that (¢ (M)) 2 M. By Lemma 2, ¢ (¢(M)) € M,
so Y o ¢ = id. In particular, ¢ is injective. Lemma 3 shows that ¢ is surjective.

Consequently, ¢, ¢ establish a bijection.

Now fix a type 6, and consider Problem (2.2). If § € T, then ({ — 0) - x — 7 < 0 for
all (x,7) € M, and
1
Ug(x,m)=(—-60) - x—nm— Elx|2 <0 forall (x,7) e M,
with equality if and only if x = 0 and 7 = 0. In this case, the unique maximizer is
x=0,7=0.

—9)x—r]2 ) .
Ifo ¢TI, put Vy(x,m) = [=02=nls  Wwe claim that Up(x,m) < Vy(x,m), with

20x]?

equality if and only if [(£ — @) - x — 7], = |x|?. Indeed,

Ug(x, w) < max Up(gx, gm)
q=0

1
= max {q({ —0)-x—gn - qulxlz}
[({-06) x—nx]?
2|x|?
= Vy(x, ).
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[({-6)x—7]+ . But

x|?

equality holds if and only if the right-hand maximizer is ¢ = 1. Hence, we have

Maximum on the right-hand side is achieved if and only if g =

proven the claim.

Note that (x, 1) € M maximizes Vy(x, 7) if and only if it maximizes /2Vy(x, 1) =
[({—8)x—7]+

0 . By Lemma 4 and Lemma 5,

[({-6) x—n]

x|

where x* = pr(6) - 6, 7* = ({ = pr(6)) - (pr(6) — 6). Finally,

arg max, nep Vo (X, ) = arg max , nepm T = {a(x", 1) | @ > 0},

arg max, nepmUs(x, )
= arg max, nepVo(x, 1) N {(x, 1) € M| [({ = 6) -x — n], =[x}
={(x", ")}

Theorem 1 allows us reformulate the manager’s problem (2.3) into the following

shape optimization problem:

maximizer /Q (¢ = pr(6)) - (pr(8) - )du(6)

s.t. ' € R? closed and convex, £ € T

(2.6)

Without loss of generality, by shifting the origin of R? to ¢ if necessary, we may

assume that £ = 0 and focus on the problem

maximizer  #(I') = / (=pr(8) - (pr(6) - 6)du ()
Q 2.7)

st. ' € R?closed and convex, 0 € T.

2
Note that —pr(6) - (pr(6) — 0) = —‘g - pr(é’)‘ + @, so (2.7) is equivalent to

0 2
minimizer /Q)E —pr(H)‘ du(0)

s.t. ' c R? closed and convex, 0 € T.

(2.8)
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Chapter 3

EXISTENCE OF SOLUTION

Proposition 6. Assume Q is bounded. Then there exists a closed convex set T’

containing the origin such that F (I") is minimized.

Proof. Let p* = infr closed convex,0er ¥ (I'). Then there exists a sequence of closed
convex sets [, containing O such that ¥(I';,) — p*. Since 0 € I',, we must have

(6 —pr,(0)) - (0-pr,(6)) <0. Hence,

|pr, (O)” = |pr, (O)* = pr,, (6) - 6 + pr, (6) - 6
= pr,(0) - (pr,(8) = 0) + pr, (0) - 0
< |pr, (0)]16].
We see that |pr,(0)] < |0]. Now let R = supycq |0], and K, = T, N B(0, R).
Then each K, is a closed convex set containing 0, pr, (6) = pk, (6) for all 6, hence
F(K,) — p*. By the Blaschke selection theorem, there exists a subsequence
K,, and a closed convex set K such that Ay (K,,,K) — 0. Here, Ay(X,Y) =
max{sup,cx dist(x,Y), sup,y dist(y, X)} is the HausdorfF distance. By passing to

subsequence, we may assume Ay (K, K) — 0.

Claim 1: 0 € K.

Proof. 0 € K, for each k, so dist(0,K) < Agy(K,,K). We find dist(0,K) = 0.
Since K is closed, 0 € K. O

Claim 2: For any 6 € R¢, dist(6, K,,) — dist(6, K).

Proof. There exists a p, € K,, such that |p, — px(0)| < Ay (K,, K). So

dist(6, K,,) < |0 — p|

<10 - px(O)| + |px(6) — pal
< dist(8, K) + Ay (K, K).
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On the other hand, for each n there exists g, € K such that |g, — pk,(0)| <
AH(Kn,K). So

dist(6,K) < |60 — gyl

<10 - pk,(0)| = |pk,(0) = qul
< dist(6, K;,) + Ag (K, K).

We find
|dist(0, K,,) — dist(6, K)| < Ag(K,,K) — 0.

Claim 3: For any 6 € R", pk, (0) — pk(6).

Proof. Suppose, for contradiction, this does not hold. Then there exists some
& > 0 such that |pk, () — px(0)| > &, after passing to some subsequence. If

0 € K, then pg(0) = 6. Since |pk,(0) — 0| > ¢, K, N B(0,¢) = @. But then
Ay (K,,K) > dist(pg(0),K,) > €. If 6 ¢ K, then pg(60) # 6.

(6 = pk(0)) - (P, (6) — pk(6))

= 2 1px(0) = P, OF = 5(10 = P, (OF = 10~ px(O)P)
L& l(dist(e K,) — dist(6 K))
T2 2 o s

Since dist(0, K,,) — dist(6, K), %|dist(9, K,) — dist(8, K)| < &*/4 for sufficiently

large n. Hence,
2

(0 — pk(9)) - (pk,(0) — px(0)) = %

for sufficiently large n. Let H be the supporting halfspace of K at px (6) with normal
0 — px(0). We find

&2
416 - px ()’

This is a contradiction. O

A (Ky, K) > dist(pg, (0), K) > dist(pk, (6), H) >

Finally, we now know that |§ -p K,,(9)|2 — |g -p K(G)|2 pointwise. Moreover,
Pk, ()] < R, and |0] < R. So |2 - pk, ()] < IR%. Since u(Q) < +oo, we

conclude
AT, 2 0 2
pr=tim [ |2~ o, @] du(@) = [ |5 - pic)] duto
Ql2 Ql2

by the dominated convergence theorem. O
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The proof of Proposition 6 can be extended to unbounded regions €2, provided u

decays sufficiently fast.

Theorem 7. Let Q C R? be arbitrary, and assume u is a measure on Q such that
fQ 1012du(6) < +co. Then there exists a closed convex set I containing the origin
such that ¥ (') is minimized.

Proof. Let p* = infT closed convex.0er F (I'). Then there exists a sequence of closed
convex sets I, containing 0 such that #(I') — p*. Since {I', N B(0, 1)}>, is
a bounded sequence of convex sets containing 0, the Blaschke selection theorem
implies that there exists a subsequence ny 1,112, 113, . . . such that Ly mF(O, 1) —
K1 .« in Hausdorff distance, where K| is a closed convex set containing 0, and
contained in B(0,1). Since {Tny, N B(0, 2)};’;1 is a bounded sequence of con-
vex sets containing 0, using the Blaschke selection theorem again, we obtain
a further subsequence nj1,n22,n23,... such that Ly, N E(O, 1) - Kj and
Ly, NB (0,2) = K>, Where K; o is a closed convex set containing 0, and con-
tained in B(0, 2). By the Cantor diagonalization method, we find a subsequence n; ;
such that T,,, N B(0, j) = K forall j =1,2,3,....

Claim 1: Suppose X, Y are compact convex sets containing 0, and Ay (X,Y) < ¢.
Then for any i > 0, Ay(X N B(0,i),Y N B(0,1)) < 2&.

Proof. Letx € XN B(0,i), and let y € Y so that |x — y| = dist(x, Y). If y € B(0,1),
then dist(x,Y N B(0,7)) < &. Consider the case y ¢ B(0,i). Then & > |x — y| >
ly| = |x|,s0 |y| < |x|+& <i+e& Puty=y +h, where y/ = i|§—|, andh=y-—vy.
Then |h| < g, and |y’| = i. Note that since 0 € ¥ N B(0,i) and Y N B(0,1) is
convex, y’ € Y N B(0,i). So |x —y'| < |x —y| + |h|] < 2&. In either case, we find
SUP, XN B(0.) dist(x,Y N B(0,i)) < 2&. Switching the roles of X and ¥, we conclude

that Ay (X N B(0,i),Y N B(0,i)) < 2e. O

Claim 2: K; o = K; o N B(0,i) foralli < j.
Proof. We know that T, , N B(0,)) — Kje. By Claim 1, T, N B(0, /) n

B(0,i) = Kjo N B(0,i). But Ty, , N B(0, ) N B(0,i) =Ty, , N B(0,i) = Kjco.
So K; o = Kj o N B(0, ). O

Claim 3: Let K, = U;’zl Ki . Then K, is closed, convex, and contains O.
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Proof. 1t’s clear that K, is convex and contains 0. To show that K is closed,
suppose {p;}, is a sequence in Ko and p; — pe. Without loss of generality,
we may assume that pi, ps, p3, ..., Pe € B(0,n) for some n. Since Knoo =
Ko N B(0,n), we must have p; € K, . But K, is closed, so the limit p,, €
Ko € Keo. O

Claim 4: Denote fr(0) = |g — pp(9)|2. Then fr,,(0) — fk..(#) pointwise.

Proof. Fix 6. For any closed convex set I" containing 0, we must have |pr(6)| < |6].
Therefore, for sufficiently large n, Pr, B n)(G) = pr,, (@) foralli =1,2,3,...,
and pg, . (0) = pk,,(6). Since I, N B(0,n) — K, ., we have

Sr, ) = fr, aBon () = fro(0) = fr ().

Finally, | fpnu 0)] < %l@lz. By the dominated convergence theorem,

p' = lim /Q fr, (6)du(0) = /Q fi.(6)du(6).
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Chapter 4

MATHEMATICAL OPTIMIZATION FOR THE DISCRETE
PROBLEM

4.1 The Quadratically Constrained Quadratic Program

To the best of our knowledge, no existing theory is applicable to the specific shape
optimization problem (2.8). To make the problem more tractable, we convert it into
a quadratically constrained quadratic program. The key to this conversion is the

following result:

Proposition 8. Let {6;}ic1, {pi}ier be two collections of points in RY, where I is an
arbitrary index set. There exists a closed convex set ' C R¢ containing 0 such that
pi = pr(0;) foralli € I if and only if

6; —pi)-(pj—pi) <0 foralli,jel,i#j,
(6; — pi) - (=pi)) <0 foralliel.

Proof. (<) Suppose for all i,j € I, we have (6; — p;) - (pj — pi) < 0, and
(6; — pi) - (=pi) <0. For eachi € I, define

H; ={6 € R | (6; — pi) - (6 — p;) < O}.

This is a halfspace with normal vector 6; — p; (or the full space R? in the case
pi = 0;). It's clear that dist(0;, H;) = |6; — p;|. Since (8; — p;) - (0 — p;) <0, we
deduce that 0 € Hj.

LetI" := ();c; H;. This is a closed convex set that contains 0. It remains to show that
foreachi € I, p; = pr(0;). Fixi € I. Then forany j # i, (6; — p;) - (pi—p;) < 0.
This implies that p; € H;. Since j is arbitrary, p; € (¢ H; = I'. We find

dist(6;,T) < 16, — pil
= dist(6;, H;)
< diSt(@i, F).

All inequalities above become equalities, and we deduce that dist(6;, ") = |0; — p;|.

Since p; € T, p; is the closest point in I" to 6;. That is, p; = pr(6;).
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(=) Assume I is a closed convex set containing O such that p; = pr(6;) fori € I.
Since 0 € T, (6, — p;) - (0—p;) <0, hence (6; — p;) - (—p;) < 0. Next, fix a pair i, j
with i # j. Since p; = pr(6;), it must be that forany g € I', (6; — p;) - (¢ — pi) < 0.
In particular, since p; = pr(6;) € I', we have (6; — p;) - (p; — pi) < 0. m|

Thus, rather than seek an optimal convex set I', we merely need to find the optimal
points p; corresponding to each 8, € Q. Our shape optimization Problem (2.8)

becomes

2
minimize ,._,rd '/Q‘g - p(9)’ du(0)
st. (0—p(0)-(p(@)-p@) <0 forallh,0 € Q,
(@—-p@@)-(-p() <0 foralld e Q.

4.1)

As a corollary, we identify a class of problems for which Problem (2.7) has trivial

solution.

Corollary 9. IfQ is a subset of a sphere in R? centered at 0 with some radius r > 0,
then the optimal value of Problem (2.8) is 0.

Proof. Let p(8) = 4forf € Q. Then6—p(6) = £. (6-p(9))-(-p(8)) = -2 <.
For any 6’ € Q,

(0= p(O) - (p(#) - p(6)) = 30+ (0 ~0)

1 2
< -[19]|6'| - |0
< < llo1ie’ - 16
= 0.
_ 0 . 0 _ 2 _
We see that p(6) = 3 is feasible, andfg|2 p(9)| du(8) = 0. O

Henceforth, we will restrict attention to the case when y is finitely supported (that
is, Q = {0,...,0;,} CRY, = Zle w;dg,, w; > 0). In this case, Problem (4.1)
takes the following form:
o 0; 2
minimize,,, . crd Z wi 5’ — pi‘

- RN € 2
st. (6i—=pi)-(pj—pi) <0, i,j=1,...,kji#],

(0;i=pi)-(=pi) <0, i=1,...,k.
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Quadratically constrained quadratic programs (QCQPs) are widely studied in the
optimization literature. Unfortunately, a general nonconvex QCQP is NP-hard.
Problem (4.2), in particular, is nonconvex. This is because a constraint of the form
(6; — pi) - (p; — pi) < 0 is nonconvex in py,..., px. For nonconvex QCQPs,
relaxation methods exist to obtain approximate solutions, as well as provide bounds

on the optimal value.

In the next section, we will study the semidefinite programming relaxation problem

(4.2). To motivate this relaxation, we convert problem (4.2) into matrix form.

For two nxn matrices A, B, we define the Frobenius inner product Ae B = tr(ATB) =

n n
izl 2=y Aijbij-

0
Let X = (p1 pk) € R™k Lete; =|-1| € R, where —1 appears at the
0
0
-1
i-th entry, and let e;; = | : [ € R¥, where —1 appears at the i-th entry, and 1
1
0

i

appears at the j-th entry. Then 6; — p; = (1 X) . pj—Di = (1 X)

o

€; €; j
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9;
—pi=(1 X) . ,%—pl:(l X) j. . We have
0;\\T 0
@-p0- s -r)=((1 x){7]) (1 x)
€ €ij
1 0
= (o7 <) (X) x|,
ij
:(G.T e.T) ! X 0
i I XT XTX eij
1 X 0,
_ i T
~\xT xTx d e; [0 <f))
Similarly,
1 X 0,
Hl._ i) (=pi) = .( ! (0 eT))a
(0: = pi) - (=pi) T xTx ei) 7
and
k I X

=5 —Pil =

0, |2
ol

() @)

i=1

Zwi

i=1

xT xTx
Problem (4.2) may now be written as

I X k O\ o
L A2 (o7 1
Minimize y cpdxk T XTx . ( ‘:El wi (ei) ( e ) )

of

. 1 X (9,-(0 T))<O i kisi
s.t. o e <0, ,j=1,...,ki#],
x x'x e Y / !
I X 0; . :
r o]t ([0 €f))<0, i=1 ik
X' X'X e
(4.3)
~ L v ~ 0; r\ » 0 T
Put C = Y, w; (7‘ el.T), Ay = (0 el.j), B; = (() el.), Y =
€; €; i
] . . . A« _ Zi_/+A~,?;' o E[+ELT
T xTy . Since Y is symmetric, Y e l-j_Yo( 5 ),YoB,-_YO( 5 ),Y°
— = = Aij+AT B+BT Cil . :
C=Ye (C+TCT) Let A;; = ]; 2 B; = B’;B’ ,C = C+TCT In semidefinite pro-

gramming, it is customary to symmetrize the coefficient matrices. Hence, we write
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(4.3) in equivalent symmetric form:

. I X c
MINIMIZe y cpaxk °
XeR: XT XTX
1 X .. C
s.t. T xTy 0 A;; <0, i,j=1,...,ki#], “4.4)
1 X
T xTy eB, <0, i=1, ,k

A direct calculation shows that C, A;;, B; have the following forms:

Wik
0;67
where Zl’.‘ | Wi

. , . . or
- isd xd, —wi% appears in the (d +i)-th column, —w;-- appears

in the (d + i)-th row.

7] 0
Oaxa ) 5
_o 1 1
2 2
Aij=| . ’
0; 1
7 ~2 0

where —% appears in the (d + i)-th column, % appears in the (d + j)-th column,

T o7
—97‘ appears in the (d +i)-th row, and +- appears in the (d + j)-th row.

HA
Ogxa - -- -5
Bl - 6)T s

T
where —% appears in the (d + i)-th column, and —67" appears in the (d + i)-th row.



22
4.2 The SDP Relaxation

For any n > 0, let S” be the set of real symmetric n X n matrices. For a symmetric
matrix Y, we write Y > 0 if Y is positive semidefinite, and Y > 0 if it is positive
definite.

Recall from the last section that we reformulated (2.1) as (4.4):
minimizeycqi+k Z ® C

st ZeA; <0, ij=1,....ki#],
ZeB; <0, i=1,...,k,

1 X
S \xT xTx)
X |. .. ) ) )
Observe that Z = - . | 18 a positive semidefinite matrix of rank d. In fact,
Xt X'X

we have the following equvalence:

X

Proposition 10. Ler Z = € S with Z > 0. Then Z has rank d if and

XT

only if Y = XTX.

Proof. ItY = XTX, then Z = UTU, where U = (I X ) Since U has d independent
rows, rank U = d. Hence, rank UTU = rank U = d.

Conversely, assume Z > 0 has rank d. Then Z admits decomposition of the form
Z = UTU, where U € R¥(d+K) Write U = (M N), where M € R4 N e RI%k,

Then
I X

XT

Ty - (MTM MTN)

N'M NN
In particular, MT M = I, so M is an orthogonal matrix. Also, X = M'N,Y = NTN.
It follows that

Y=NIN=N'MM'N = M"N)T (MTN) = X"X.

X

T xTx is equivalent to

From Proposition 10, we see that the condition Z = (

I X
xT vy

> O0forsomeY € S¥, andrank Z = d. The semidefinite programming
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relaxation of QCQP is obtained by removing the rank constraint:

minimizeycqa+k Z ® C

st. ZeAj<0, i, j=1,...,ki#}J,

ZeB; <0, i=1,...,k, 4.5)
= rx >0
\xT oy

Since (4.5) is a relaxation of (4.4), the optimal value of (4.5) is a lower bound for

the optimal value of (4.4).

We sometimes need to specify the dependence of problem (4.5) on the input data
0= (01,...,0;) and w = (wq,...,wr). We will refer to it as Problem (4.5) with

parameters (6, w).

In the next section, we will explore further relation between (4.5) and the (4.4). For
the remainder of this section, we will discuss some known facts about semidefinite

programming in general.

Preliminaries on Semidefinite Programming

Semidefinite programming is a generalization of linear programming. It has become
a popular method in optimization due to two reasons: 1. A wide range of engineering
problems can be formulated in terms of semidefinite programming. 2. Methods exist
to solve this class of problems, both theoretically (strong duality) and numerically

(interior point method).

We will briefly discuss duality theory for semidefinite programming. The standard

form of semidefinite program (SDP) is

s =inf XeC
Xesn

st. XeA;,=qa;, i=1,...,m, (4.6)
X >0,

where C, A; € §". The dual problem is

m
d* = sup Zy,-a,-
Yoo Ym€ER i=1

" (4.7)
st. C= ) yiAi = 0.
i=1

The following theorem concerning strong duality of SDP can be found in [1].
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Theorem 11. Assume there exists X feasible for (4.6) such that X > 0, and that
there exist yi,...,ym € R such that C — 37" | v;A; > 0. Then both (4.6) and (4.7)
attain their optimal values, and s* = d*. Moreover, a feasible primal dual pair
(X,y) is optimal if and only if X @ (C — 21", y;A;) = 0.

Our problem (4.5) is not in standard form because it contains inequality constraints.

We need to adapt the preceding strong duality theorem to our case of interest.

Corollary 12. Consider a semidefinite program with both equality and inequality

constraints:
s =inf XeC
Xesn
s.t. XeAi=a; i=1,...,m, 4.8)
X.B]Sbj, j:1,...,k,
X >0,
and its dual problem
m k
d* = sup Zyiai+ZZjbj
yh“”ymeRglpungOi:] =1
4.9)

m k

s.t. C—ZyiAi—ZZij > 0.

i=1 j=1

Assume there exists X > 0 such that X ¢ A; = a;, X e B; < bj, and there exist
VY- Ym €R, 21,.. ., 2k < Osuchthat C -3, y,-A,-—Zf.zl zjBj > 0. Then both
(4.8) and (4.9) attain their optimal values, and s* = d*. Moreover, a feasible primal
dual pair (X, y, z) is optimal if and only if X @ (C — 37| y;A; — Zle zjBj) = 0and
>4 1 2j(bj— X e B))=0.

_ (c o) ~ (A 0 -~ (B o0 ) .
Proof. Put C = , A = ,Bj = € §™*, where E; is k x k
00 0 0 0 E;

with 1 at the j j-th entry, zero everywhere else.

S.t. fog,zai, i=1,...,m,
T.n . 4.10
XeB;=bj, j=1,...k (4.10)
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The requirement that certain off-diagonal entries of X be zero can be stated as
) . = = =~ Fij+F]; ..

equality constraints: X e F;; = 0, where F;; = %, and F;; has a 1 at the ijth

entry, zero everywhere else. Hence, (4.10) is an SDP in standard form. Observe that

X* 0
X* is optimal for problem (4.8) if and only if ) | = 0, where
diag(t], ..., 1)
t;“. =b; — X" e B}, is optimal for (4.10).

The dual of (4.10) is

m

k
d* = sup Zy,-a,- + ZZjbj
VireeosYmsZlsenZho Jij €ER T2 =1

4.11)

C-Y" yiAi— Yk z;B; 0
s.t. i1 ZHQ’. - > fiiFij = 0.
0 diag(-z1,...,—2x) i

Observe that (y*, z*) is optimal for (4.9) if and only if there exist f; € R such that
(y*, z*, f*) is optimal for (4.11).

By assumption, there exists X > O such that X ¢ A; = a;, X ¢ B; < b;. Let
0

0 diag(ty,...,t)
Xe Ej = b;. Also by assumption, there exist yi,...,yn € R, z1,...,2¢0 < 0
such that C — 37| y;A; — Z§:1 zjB; > 0. Letting f;; = 0, we obtain (y, z, f) such
C— X% viAi = 51 2B, 0

0 diag(~z1, ..., ~2)
11, (4.10) and (4.11) satisty strong duality. Moreover, a feasible primal dual pair

t; = b, — X eB;. Then X =

)>0, andfogi:ai,

that ) -2 fijFij > 0. By theorem

(X,y,2, f) is optimal if and only if

_ym ATk B.
N .| €7 Zmnhim byl 0 - > fyFi} =0
0 diag(ty,...,%%) 0 diag(—z1,...,—2x)
or equivalently, X  (C — >\, y;A; — Zle zjBj) =0 and Zle ztj = 0. O

Strong Duality of (4.5)
The dual of (4.5) is

maximize tr(V)
k
vV 0
s.t. C-— ViiAij — ziB; — >0, 4.12)

yij £0,2: <0,V e S
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Lemma 13. Problem (4.12) is strictly feasible. That is, there exist y;; <0, z; <0
vV 0
0 0

and 'V € S? such that C — iz VijAij — Z,I-Czl ziBi - > 0.

Proof. ForanyV € 8¢,

k 0,0[ =
0 0 =T diag(wy, ..., wg)
o V 0
where E = (—wly—z1 —wk%"). LetV = —Zf‘zl % —ul, so C — 0 0) =

[1]

pl ' o L
(_T di ) For sufficiently large p, ul — Ediag(w;', ..., w;)E" >
= lag(Wl,...,Wk

> 0. For sufficiently small ¢,

Vv
0. By the Schur complement criterion, C — (O

vV o
—& < Yij, 2 < 0 guarantees C — 0 0) — 2izj VijAij — Zl].‘:] ziBi > 0. O

Lemma 14. Assume 0 ¢ {01, ...,0r}. Then problem (4.5) is strictly feasible. That

is, there exists Z = >0 suchthatZe Aj; <0, ZeB; <0 foralli,j.

XT
Proof. In R%*!, let T be the ball centered at (0,...,0,1)” with radius 1. T is a

closed convex set in R?*! containing 0. Let (p;,q;) = pr(6;), where p; € RY,
qi € R.

I X
x' v|
ThenZ e A;; = ((0:,0) = (pi, i) - ((pj» 4;) — (pi» i), Ze Bi = ((0:,0) — (pi, i) -
(=(pi»qi)). Letz =(0,...,0,1), v; = (6;,0) — z. It’s clear from geometry that

LetX=(p1 pk),X’:(q1 qk),Y:XTX+(X’)TX’,Z:

(pi-qi) =z + |:—i|, and |v;| = [(6;,1)| > 1. Moreover,

((6:,0) = (pirqi) - ((pj.q;) — (Pisqi))
i Vj i
= (evi= (e ) (g - e i)
= (il = Dt (£ - 25

[vil
= (il = (==L - 1)),

Vi Vj

villvjl
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By Cauchy-Schwarz, v; - v; < |v;[|v;|. Moreover, v;,v; are not collinear. Indeed, if
v; = av;, then (6; — af;,0) = (1 — @)z. For the last coordinate to be zero, we must
have @ = 1. But then §; — 6; = 0, which is a contradiction. Thus, v; - v; < |v;||v;].
We deduce that

((6.0) = (- g) - (1)) = (prn) = (vl = D(T L 1) <,

il
Similarly,
(60 = (preg)) - (0= (prog)) = [z vi= (4 25)) - (0= (c+ 25))
= (vl =D (=2 )
< (il = D1l - 1)

=0.

I X
We conclude that Z = (XT Y) >0,withZeA;; <0,ZeB; <0Oforalli,j. By

~ 1 X
the Schur complement criterion, ¥ — X TX > 0. Put Z = . Then for
X' Y+el
sufficiently small &, Ze A;; < 0, Ze B; < Oforall i, j. Moreover, Y +sI - X" X > 0,
soZ > 0. O

Remark 5. Any feasible value of the dual problem (4.12) is a lower bound for the
optimal value of Problem (4.4).

4.3 Relation between SDP and QCQP

In this section, we investigate the question of when the solution of the relaxed
problem (4.5) gives a solution of the complete problem (4.4). In the case when
relaxation fails to solve the complete problem, we provide an economic interpretation

for this relaxation gap.

Recall that (4.5) relaxes (4.4) by dropping the constraint ¥ = X7 X, or equivalently

X

(by Proposition 10), the rank = d constraint. We say that Problem (4.5)

XT

X
with parameters (6, w) is exact if every optimal solution Z = ( Y) satisfies

XT
rank Z = d.

Theorem 15. PurQ = {6y, ...,0}, u = sz:l w;0p,. Problem (4.5) with parameters
(6, w) is exact if and only if (Q, u) is localizable.
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1y

Proof. Suppose (Q, u) is localizable. Consider Z = T

X
Y) optimal for (4.5),

withrank Z = d+r > d. Since Z > 0, Y — XX > 0. Moreover, since
rank Z > d,Y-XT'X # 0. Infact, by the Guttman rank additivity formula (see [16]),
rank (Y — X7 X) = r. Hence, there exists X’ € R"™¥ such that ¥ = X" X + (X")'X".

~ | =~ [0
Put X = (p1,....pr), X' = (p},....p}), and let p; = (pi), 0, = (()l) Then
i
(0; = pi) - (P = Pi) = (0; = pi) - (p; = pi) + (=p)) - (P, = )
= ng(pJ — pt) +el-TXTXe,-j + elT(X,)TX,eij

= T .. T ..
=0; Xe;; +e€; Ye;

@ - p) - (=p7) = (6 = pi) - (=p) + P12

= Hl.TXei + e,.TYei

:z.((g)(ef ))

B;

[ J
0,

IA
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and
Koo~ k
g 2 0 2
> wi 5P| = Zwi( 3 —pz‘ + Ipilz)
i=1 i=1
k 2 T
= Y owi( -~ 2 pi+ i+ 1)
i=1
SN
— Z wi(% - 27’Xe,~ +el X" Xe; + el.T(X’)TX’e,-)
i=1
SN
= Z Wi(_éll -2--Xe; + el-TYe,)

By Proposition 8, there exists a convex set I in R%*" such that 0 € T", and p; = pr(g,-).
By localizability, p; € R4, so p; = 0. But this implies X" = 0, and rank Z = d,

contradiction.
Conversely, assume (4.5) is exact. Consider a higher dimension d’ = d +r > d,

, ~ 0; _ _ .
and a convex region I" C R4 containing 0. Put 9; = (Ol) Let p; = pr(6;) = (pi)
i
where p; € R?, p} € R”. Assume I is optimal:

Yl -l =
- 12 1 .

1=

Let X = (p1 o) X = (p'1 LpL)and ¥ = XTX + (X)X, Z =
I
XdT . As before, a direct calculation shows that Z is feasible for (4.5), with
~ 2
Ze(C = Zl’.‘zl w; % — 17,-‘ = s*. Since (4.5) is exact, rank Z = d. It follows that
Y = XTX, and X’ = 0. We conclude p; = pr(6;) € R4, O

Remark 6. Theorem 15 provides an interpretation of the relaxation gap when Prob-
lem (4.5) fails to be exact. When such a gap exists, one can exceed the optimal
value of problem (2.8) by embedding the problem in higher dimensions. ¥ — X7 X
is accounted for by the last d’ — d coordinates of pr(6y), ..., pr(6x) of the higher-

dimensional optimum.
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Remark 7. We may also view the nonexactness of Problem (4.5) in terms of the
original optimal fund menus problem. Suppose, in addition to the d existing assets,
the fund manager is able to offer r additional artificial assets whose returns (in
excess of the risk free rate) are independent with mean 0, and that investors have no
exposure to these additional assets. The corresponding shape optimization problem
is precisely
N SN 2
minimizer Z wil— — pr(Qi))

— 12 (4.13)

=

s.t. ' € R closed and convex, 0 € T.

When exactness/localizability fails, the optimal pr(6,),..., pr(6x) do not lie in
R¢. The last r coordinates of pr(6;) represent the amount invested in the r artificial

assets by type 6;.

Since investors have no initial exposure to them, the zero mean return artificial assets
can only decrease their utility. If all assets were offered separately, no one would
invest in the artificial ones. Thus, failure of regularity represents an opportunity for
the fund manager to extract more profit by bundling assets that are of no value to

investors.

We conclude this section with a sufficient condition for uniqueness of Problem (4.4).

Proposition 16. If Problem (4.5) with parameters (6, w) is exact, then both (4.5)

and (4.4) have a unique solution.

Proof. Since (4.5) is exact, by Theorem (15), any optimal solution has rank d, and

) I, X I, X I; X3
is of the form Z = T ool Let Z; = T T , Ly = T T be
xT xTx X7 xTx, xT xTX,

two solutions. Since (4.5) is a convex problem, %Zl + %Zz is also optimal. By
assumption,

1 1 I 1X)+ 31X

EZ]+522: 1xT dle IX;XI %Xix

24 t3dy A At A A

has rank d. Consequently,

1 1 1 1 1 1

“XTX +2XIX = (X1 + = X0) T (= X1 + =X

211222(2122)(2122)
1 1

1 1
= ZXITX1 + ZXITXQ + ZX{ X + ZXZT X>.
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Subtracting %XlTXl + %Xg X, from both sides, we find

1 T 1 T 1 T 1 T
OZ—ZX]X1+ZX1X2+Z 2X1_Z 2X2

- _%(;(1 - X)) (X1 - Xp).

This implies X; = X,. Hence, the solution of (4.5) is unique.

Due to exactness, any solution py, . . ., px of (4.4) corresponds to an optimal solution
Ly

Z = of (4.5) via X = ( ) Consequently, the solution of
XT xTx ) Pi Pk quently.

(4.4) is also unique. O

4.4 Special Cases
The following proposition shows that when there is only one asset, and all investors

share similar level of exposure to it, then the type distribution is regular.

Proposition 17. Assume 0 < 61 < --- < 6 € R, and %" < 601. Then for any
Wi, ...,wr >0, ({61,...,0r}, Zl'.‘zl w;dy,) is localizable.

Proof. For convenience, put {; = %. Suppose I is a convex region containing O such
that 6y, ..., 0y are projected to py,...,pr € R4, with Plr---sPr—1 €ER, p, & R.
Since dim span(R U {p,}) = 2, we may assume (after change of coordinates) that

pr = (pl.q,) € R?, where g, # 0. Note that by Proposition 8, p1, ..., pi satisfy

(6i—pi)-(pj—pi) <0 foralli# j,
(0; —pi) - (=p;)) <0 foralli.

LetH, = {x e R | (x — p,) - (8, — p;) < 0}. Then py,...,px € T C H,. Let
B; = {x e R4 ‘ ‘x - prTw" < ‘p’T_Q'” be the Euclidean ball in RY with diameter
[pr, 6;]. Since (p, — p;) - (6; — p;) <0, we must have p; € B;. Indeed,

+6; 2 +6; )2
|Pi—pr l‘ :|pi|2_pi'(pr+0i)+pr l)
2 2
pr+6; )2
=pil* = pi - pr—pi- i + | "
pr+0i?
:(|pi|2_pi'pr_pi‘9i+pr9i)+(_pr9i+ - ’))
Dy — 02
=(pr—pi) - (Bi—pi)+ r2 l)
< pr_gi)zl
2
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We have shown that p; € H, N B; fori > r.

We claim that |{; — p;| > inf,em, B, |{i —2| = |{i— pr| fori > r. To see this, consider

the problem
minimize | — z|?
2 —9.12
(6r = pr) - (z=pr) <0.
The Lagrangian is
L(z,41,42)
=16 =P+ i (fo - 2 - PO 4 a0 - p) - - o)

= |§l - Z|2 +/ll(pr - Z)(ei - Z) +/12(9r - pr) : (Z - pr)
— (1422 + ( — 20 = iy +6) + Aa (6, — p,)) -z
+11* + ipr - 0i — 28, - py,
where A1, 4, > 0.
VZL(Z’ /11,/12) = /11 (_pr - 91’ + 2Z) + /12 (_pr + 6)r) +2z - 2(!'-

It’s easy to verify that z = p,, 4| = 2(0 4) , Ay = 2(9 g,) satisfy V,L(z,41,42) =
Note that z = p, is primal fea51ble. Also, since g’, <6, <0; 1,42 > 0 must
be dual feasible. We found a primal-dual pair satisfying the Karush-Kuhn-Tucker

condition. Hence, p, is the minimizer.

Define py,...,pr by pi=pifori=1,...,r—1,and p; = p, fori=r,..., k. We
claim that they satisfy

(6; —pi)-(pj—pi) <0 foralli # j,
(6; = pi) - (=pi) <0 foralli.

By construction, it suffices to check

0;—pr) - (pi—pr) <0 fori<r<j,
(gj _pr) ’ (_pr) <0 fOI‘j >r.

To prove the first inequality, fix i < r < j. First note that p; < 6;. This follows
directly from (8; — p;) - (=p;) < 0. Next, we have p; < p, (recall that p). is the



33

first coordinate of p, € R?). Indeed, suppose, to the contrary, p; > p.. Then
2 =16, - piI?
closer point in I' to 6, than p,, contradiction. Sincei <r < j, p; < p;, 6, < 6,

p. < pi <6; <6, and |, - p, +1g,1* > 16, — pil>. pi would be a

and
(0;=6,) - (pi = pr) =(0; = 6:-)(pi — p;) < 0.
We already know
(0r = pr) - (pi—pr) <0,

so adding the two inequalities gives

(0 —pr)-(pi—pr) <0.

For the second inequality, fix j > r. We know that (6, — p,) - (-p,) = (0, —
p.)(=p.) +|q,|> < 0. From this, we deduce that p/ > 0 (if p, < 0, then from

(6, = p;)(=py) <0wefind 6, — p,. < 0,500 < 0, < p; <0, contradiction). Since
6; > 6,and p, >0,

(8, - 6,) - (=p,) < 0.
We already know

(6 = pr) - (=pr) <0,

so adding the two inequalities gives

(0_/ _pr) : (_pr) <0.

’

Now define py, ..., p; as follows: p; = p; = p; fori <r,p; = (Iz)r) fori > r. It’s

easy to verify that they satisfy

0 —=p;)-(p;—p;) <0 foralli#j,
(6;=p;) - (=p;) <0 foralli.

By Proposition 8, there exists a convex region I € R? containing 0 such that

D; = pp(6;) fori =1, ..., k. Moreover,

k r—1 k

2 2 2
ZWiMi—Pil > Zwi|§i—Pi| +Zwi|§i—Pr|
i=1 i=1 i=r

k
-2
> § Wi|§i—Pi| .
i=1

It follows that the convex set I we started with cannot be optimal. O
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The situation covered by Proposition 17 is one-dimensional. We next study a special
case that goes beyond one dimension. We show that when 61, ..., 6; are linearly
independent, (4.5) is exact. It results from the convenient structure of the dual

problem (4.12). We will use the following lemma:

Lemma 18. Suppose y;.“j, z:, V* are optimal for the dual problem (4.12). Let S* =
vV 0

C— 2z yl.*inj - fozl ' B; - (0 0). If rank S* > k, then (4.5) is exact.

Proof. Suppose Z* is optimal for (4.5). Then Z* ¢ §* = 0. Since Z*, S* are

both positive semidefinite, we have the matrix product Z*S* = 0. Since Z*, §* are

(d+k)x(d+k), rank Z* + rank §* < d + k. Since rank S* > k, it must be that
rank Z* < d. By Proposition 10, Problem (4.5) is exact. m|

With Lemma 18, it suffices to show that rank S* > k whenever we wish to show

that the SDP relaxation is exact. We now present the special case of interest.

Proposition 19. Suppose 01, . . ., 0y are linearly independent. Then foranywy, ..., wy >

0, problem (4.5) with parameters (6, w) is exact.

Proof. Suppose yj;,z;,V* are optimal for (4.12). Let $* = C = X;; yj;Aij —

. . [vo
o1 ZiBi = 0 ol Then S* takes the form

k 6;67
[:1W,'—l4’ - V* f1 fz fk
T
h el e ... e
x _ T
S = 1y e exn ... ex|,
T
fi €kl €er2 ... €kk
where
01 * Hi *Gi * 0]
fi —Wi§+ yl.j5+zi§— jig i=1,...,k,
J#I J#i
ell:Wl_Zy;ﬁJ_Z;k’ l_l, ’ka
j#i
1, 1,
¢ij = =5Yij = 5Yjp 1FJ
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We show that f1, f2, ..., fr are linearly independent. Write

* * 0; *0]
ﬁ: (_W"+Zyij+zi)§_zyji?'

J# I
Since 6y, .. ., 8 are linearly independent, it suffices to show that
* * * *
Wit 1Y)+ 12 ik
* * * k
Y21 “Wat Yyt - Yok
£ k * k

is nonsingular. Since y;."j < 0,z; < 0, this matrix is strictly diagonally dominant,

hence indeed nonsingular.
Having established linear independence of fi, .. ., fx, we have shown that rank S$* >
k. By Lemma 18, Problem (4.5) is exact. |
This result can be partially extended to the case when d > k.
Lemma 20. Let v(60,w) be the optimal value of problem (4.5) with parameters
(8, w). Then for any pair 0,0 € R,

k

’ 9 ’ ’ 72
V(. w) —v(0',w)| < 7 Z wi[2max{|6:],6;}|6; — 6;| +16; — 6;|°].  (4.14)
i=1

In particular, if 8" € R converges to 6, then lim;_ v(6', w) = v(6, w).

Proof. Put {; = %. By Theorem 15, there exists r > 0 and a closed convex
set ' € R¥" such that 0 € T and v(0,w) = Zf‘zl willi — pr(6,)|*>. The map
pr @ RY — RY is contractive, that is, |pr(x) — pr(y)| < |x — y| (see [13]).

Consequently,

1&i = pr(6)] = 1¢i — pr(6:) — [& — pr(6)] + [ — pr(6)]]
<& — pr@)|+14 = &1+ |pr(6:) — pr(6)|
<16 = pr()1 + 316, 61+ 10; - )

and
1/ = pr(6)
<16~ prB)P + 312 ~ pr(B) 116 ~ 6] + 116; — 611

9 9 ,
< 1= pr(@n +516:116; = 0] + 716 = 67,
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Upon summation over i, we find
k
V(O w) < > wild = pr(6)?
i=1

k
9 / ,
<v(0,w)+ ;Wi[2|9i||9i — 671 +16: - 6.

1

Inequality (4.14) follows from reversing the roles of 6§ and ¢’. O

Corollary 21. When d > k, Problem (4.5) admits a solution of rank d.

Proof. Since d > k, there exists a sequence (6!, ..., 05{) — (01,...,0;) such that
for each [, 9’1, e, 02 are linearly independent. Let C [ All. T Bll. be the coefficient
matrices for Problem (4.5) with input (¢!, . . ., 92).

14 pl1 e pi

L @DT Vi . . .
Let Z' = i i | be the optimal solution for Problem (4.5) with

PO" Y o Vi
input #'. By Proposition 19, rank Z! = d, and there exists a closed convex set
" ¢ R? such that 0 € T/, and pf = ppz(Hf.). We know that |pf| < |95|. Moreover,
since rank Z' = d, we must have |yfj| = |pf ~p§.| < |0£||9§.|. This analysis shows
that the sequence {Z! }2, is bounded. After passing to a subsequence, Z! converges
to some matrix Z. Note that Z is feasible for Problem (4.5) with input 6, and that
rank Z = d. Also, lim;_,.. Z! @ C! = Z ¢ C. By Lemma 20, Z is optimal.

O

Remark 8. This result is weaker than Proposition 19 because it does not imply
uniqueness of solution for (4.5). It guarantees that an optimal solution of rank d

exists, but there may be additional solutions with higher rank.

Stated in terms of the fund menu problem, if there are at least as many assets as
the number of types, then the manager cannot (strictly) increase aggregate fee by

introducing additional independent assets with zero mean return.
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Appendix A

GAMMA CONVERGENCE

We provide justification for focusing on the finite case of minimizing Zf‘zl wil% -

N 2
pr(6)|".
Consider a bounded region Q C R and a finite measure x. We may discretize u by
partitioning R? into dyadic cubes and forming a weighted sum of point-masses at
the centers. Formally, let D, be the collection of dyadic cubes in R¢ of length 27",
For each Q; € D,, let 0; be the center of Q;. Define
Hn = Z u( N Q;)dg, (A.1)

QieDn

Let C be the collection of closed convex subsets of RY containing the origin, and
let 7,(I") := / |g - pr(9)|2d,un. Loosely speaking, as the dyadic cube partition
gets finer, the discretized problem minimizerec¥,(I") “approximates” the target
problem minimizerec# (I') better. The precise formulation of such approximation
(often known as gamma-convergence in calculus of variations) is given by the

following result:

Proposition 22. Suppose Q C R? is bounded, and u is a finite measure on Q.
Define u,, as in (A.1). Then there exists a sequence of minimizers {I',} for prob-
lems minimizerec ¥, (') having an accumulation point in Ay. Moreover, any such

accumulation point is an optimal solution of minimizercc ¥ (I').
Lemma 23. Suppose {I',} is a sequence in C such that I', — " in Ag. Then

Fu (L) = F(I).

Proof. |Fn(Iy) = F(D)| < |Fu(T) —F ()| +|F (') — F(I')]. By Proposition 6,
the second term on the right tends to 0 as n — oo.

Now consider the first term. On each dyadic cube Q;, /Qi |g - prn(9)|2d,un
: 2 :
Jo, 1% = pr. (8] du. Since |pr,, (6)] < 161, and |pr,, (6;) - pr,, ()| < 16; - 6],

0; 2 9 2
[ 13- pr@fda- [ [3-p@f s [ qoi+iopio-oldu
Qi 2 Qi 2 Qi

By the dominated convergence theorem, as n — 00, Y .cp, fQ'(|9,~| +161)|6;
0ldu — 0. O
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Proof of Proposition 22. Since € is bounded, all u,, are supported in a large enough
ball, and we may assume that I';, are contained in this ball. By the Blaschke selection
theorem, we may assume that {I',} contains a subsequence that converges in the
Hausdorff distance. Suppose I" is any accumulation point of {I',}. By Lemma 23,
Fn(I,) — F(I'). Moreover, if I” € C, then

F (') =lim Fp (') > lim F,(T,) = F(I).

Consequently, I" is a minimizer of 7 (-). ]
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Appendix B
NUMERICAL RESULTS

We examine the numerical solutions of Problem (4.5) in several cases of interest.
Each case consists of points 61, . . ., 6 in R? with uniform weightw) =---=w; = 1.
We plot the types 61, ..., 0 (blue), the optimal convex set I" (shaded region), as
well as the projection points pr(61), ..., pr(6x).

In addition to the plots, we will be interested in the numerical value of 144 (S*)—the

(d + 1)-st smallest eigenvalue of the optimal dual slack matrix
: N (VO
for Problem (4.12). A strictly positive value implies rank §* > k. By Lemma (18),

it allows us to verify, a posteriori, that the SDP numerical solution is exact for the

complete problem (4.4).

The numerical solution is implemented with Python package CVXPY.
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Figure B.1: Numerical solutions for random/nonrandom types
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