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ABSTRACT

We address three different problems in analytic number theory.

In the first part, we show that the completed L-function of a modular form
has Q(T°) simple zeros with imaginary part in [—T, T}, for any 6 < Z. This is
the first power bound for forms with non-trivial level in this problem, where
previously the best result was {2(log loglog 7). Along the way, we also improve
the corresponding bound in the case of trivial level, and sharpen a certain zero-

density result.

In the second part, we study the variance for the distribution of closed geodesics
in random balls on the modular surface. A probabilistic model in which closed
geodesics are modeled using random geodesic segments is proposed, and we
rigorously analyze this model using mixing of the geodesic flow. This leads to
a conjecture for the asymptotic behavior of the variance, and we prove this

conjecture for sufficiently small balls.

In the third part, we prove Sarnak’s Mobius disjointness conjecture for C1*¢

skew products on the 2-torus over a rotation of the circle.
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Chapter 1

INTRODUCTION

1.1 General remarks
This thesis addresses three different problems in the intersection of analytic
number theory with adjacent areas, including harmonic analysis, automorphic

forms, spectral theory, and dynamical systems.

The first two chapters are focused on the study of automorphic L-functions

through analytic methods, and on subsequent applications. This includes un-

derstanding properties of their zeros in [Chapter 2] and [Appendix Al as well as

examining their large values through moments and subconvexity and applying

such results to arithmetic questions in [Chapter 3|

Results along these lines are arguably interesting for their own sake, due to
their close connection to central open problems in analytic number theory such
as the Riemann Hypothesis. Furthermore, they also often have important ap-
plications in a wide array of topics, ranging from fine questions about the
distribution of prime numbers to problems in the interface of number theory
with geometry and spectral theory (e.g. equidistribution of geometric invari-

ants, quantum unique ergodicity, etc).

investigates an instance of the Mobius disjointness conjecture of
Sarnak. This conjecture, which combines multiplicative number theory and
dynamical systems, has seen spectacular progress in recent years. Major results
include the Matomaki-Radziwitt theorem on multiplicative functions in short
intervals [82], Tao’s subsequent resolution of the two-point logarithmic Chowla
conjecture [103] and of the Erdos discrepancy problem [102], and the work of
Frantzikinakis and Host establishing the logarithmic Sarnak conjecture for

uniquely ergodic systems [37].

We now describe the results of each chapter in more detail and provide some
background on each of the questions investigated, referring to the introduction

of the corresponding chapters for precise statements.



1.2 Context and description of results

Simple zeros

The study of zeros of automorphic L-functions is one of the central areas of
analytic number theory. While the horizontal distribution of such zeros is
(conjecturally) given by the Grand Riemann Hypothesis (GRH), the vertical
distribution of zeros was only more recently understood, and has been a topic
of intense research in the last 30 years. Inspired by the Pair Correlation
Conjecture of Montgomery [88], a rich correspondence with random matrix
theory has been developed by many authors [67], 66, 94]. This has led to very
precise conjectures for the distribution of zeros (and also for moments [20]) of
L-functions, which are supported by both theoretical [95] and computational

[90] evidence.

In a landmark result, Selberg [99] pioneered the use of mollifiers to show that
a (small) positive proportion of the zeros of ¢ have real part % When it comes
to the vertical distribution of zeros, one of the simplest observations one may
hope to prove is the Grand Simplicity Hypothesis (GSH), which says that all
the zeros should be simple, apart from at most one exception (connected to
the BSD conjecture). The first unconditional result in that direction is due
to Levinson [76] (combined with observations of Selberg and Heath-Brown
[49]), who showed that at least one third of the zeros of ¢ are both simple and
on the central line. There have been many improvements on the proportion
obtained through Levinson’s method, using tools from harmonic analysis and
spectral theory [92] |35] |19} |18]. The result can also be generalized to Dirichlet

L-functions [4].

The situation is different already for degree 2 automorphic L-functions. While
both the methods of Selberg [45, |46, 47] and of Levinson [2] generalize to show
that a positive proportion of the zeros satisfy GRH, they are not able to deal
with simple zeros. It is only known that a positive proportion of the zeros have
order at most 3 [34], and even under GRH it is an open problem to obtain a

positive proportion of simple zeros [84].

Let f € Sp(I''(NV)) be a primitive holomorphic form, and let N3(T') denote
the number of simple zeros of the completed L-function of f with imaginary
part in [=7,T]. In 1988, Conrey and Ghosh [21] developed a new method for
detecting simple zeros, and were able to show that if f = A is the Ramanujan
function, then N3 (T') = Q(T%*E) for any € > 0. Their method applies to any
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f of level N = 1, as long as one assumes the existence of at least one simple

zero (which they verified for f = A).

It was only after a breakthrough of Booker [7] in 2012 that the existence of
a simple zero for arbitrary f € Si(I';(N)) was established (in fact he obtains
N$(T) — oo as T — o0). We remark that Booker’s method has applications to
other important problems. For instance, related ideas were used to show that
the Artin conjecture for a given 2-dimensional Galois representation over Q
implies the Langlands modularity conjecture for the corresponding L-function

[6], and also to strengthen the converse theorem [9, 11}, [10].

While Booker’s result combined with the work of Conrey and Ghosh gives
N(T) = Q(T57%) for f of level N = 1, in general one runs into issues related
to the level N that are reminiscent of the difficulties in extending the Hecke
converse theorem to non-trivial level. Booker, Milinovich, and Ng [12] made
Booker’s result quantitative for V odd, obtaining N7 (T') = Q(logloglogT).

In we remove the parity restriction on N, and overcome the limi-
tations coming from the level, leading to the first power bound for the num-
ber of simple zeros when f has non-trivial level. More precisely, we show
that if f € Sk(I'1(N)) is primitive of arbitrary weight k£ and level N, then
N3(T) = Q(T°) for any § < %.

The main novel ingredient is the use of zero-density estimates for the family of
character twists of f, in order to control certain pole cancellations. Philosoph-
ically, one may interpret this extra control over twists as precisely the kind of
ingredient that allows Weil to generalize the converse theorem to general level,
and something analogous is true for simple zeros (though the mechanisms are
somewhat different). Finally, we also improve the exponent in the result of
Conrey and Ghosh from ¢ to & for f € Sp(I'1(1)).

The proofs of the two results described above lead to new applications for
some open problems that may be in reach of current techniques, including a
certain non-vanishing problem for twists of a fixed form, and a generalization
of the sixth moment bound of Jutila [63] for general level (the corresponding
subconvex bound has been obtained recently [13], but the moment bound
remains open). It should also be possible to extend the results to the case of
Maass forms, along the lines of work of Booker, Cho, and Kim [§], since the

proofs do not rely on the Ramanujan conjecture.



Closed geodesics

The study of statistical properties of closed geodesics in negatively curved
surfaces lies at the intersection of geometry, ergodic theory, and spectral the-
ory. Striking results have been obtained in the last two decades (for instance
through work of Mirzakhani [85] 186]), and the field continues to be an active
area of research |72, 33, 62]. The modern theory of automorphic L-functions is
— somewhat surprisingly — a powerful tool in that direction, and has important
consequences for the topic in the case of arithmetic manifolds, where one can

prove very precise results.

There is a vast literature in analytic number theory connecting subconvex
bounds for L-functions to equidistribution of various geometric invariants |29,
30, 48, 53, 165]. The prototypical example concerns the equidistribution of the
integral solutions to a® + b*> + ¢ = D on the surface of the unit sphere (after
projection), for large fundamental D. This was established independently by
Duke [28] and Golubeva-Fomenko [41], after a breakthrough of Iwaniec [57]
which can be interpreted as a subconvex bound for quadratic twists of a fixed
half-integral weight form. This kind of equidistribution theorem has also been
obtained for many other geometric invariants, such as those associated to the
quadratic form b? — 4ac = D (namely Heegner points and closed geodesics on

the modular surface I'\H, depending on the sign of D).

Let Ap denote the set of closed geodesics of discriminant D > 0 (which we
assume to be squarefree and fundamental from now on). Equidistribution in

balls Br means in this case that for any fixed w € I'\H], we have

((Br)
> (€N Br(w)) ~ > e (1.1)
cery w(IVH) (23,
as D — oo, where p is the hyperbolic measure and ¢ denotes the hyperbolic
length. Such a result holds if D~ <« R < 1 by work of Humphries [53]

and Young [106], and it is conjectured that 1—18 can be replaced with %

If one is interested on a result for almost every ball, it is natural to vary
w € T\H randomly according to p, and consider the random variable given
by the LHS of (L.1). It is tautological that the expected value is equal to the

RHS of the same equation. One is then led to consider the variance

Var(R; Ap) := M(Fl\H) /F . (CGZAD /(C N Br(w)) — :((Flig) 3 g(c>> dp(w).

CeAp
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Such an expression was first studied by Bourgain, Rudnick, and Sarnak [16] in
the context of lattice points in spheres. Based on probabilistic considerations,
they conjectured that if the radii satisfy certain mild conditions, then the
variance should be asymptotically equal to the corresponding expected value

of the underlying random variable.

Humphries and Radziwitt [54] were able to unconditionally prove this conjec-
ture when one replaces the balls B by very thin annuli, both in the case of
lattice points in spheres and of Heegner points in H. In the case of closed
geodesics, they obtained equidistribution for almost all balls in the full range
D2t < R < 1, but did not compute the variance.

While for Heegner points and lattice points on spheres there is a very simple
probabilistic model which allows one to easily conjecture the correct asymp-
totics for the variance, this is not the case for closed geodesics, and a priori it
is not clear what one should expect. In we propose a probabilistic
model based on geodesic segments of the appropriate length taken at random
according to the Liouville measure in the unit tangent bundle of I'\H. Using
a quantitative version [81] of Ratner’s theorem on exponential mixing of the
geodesic flow for the modular surface [93], we rigorously analyze this random

model.

This leads to a conjecture for the asymptotics of Var(R; Ap), which is no longer
equal to the expected value. Finally, the main result of is a proof

of this conjecture for sufficiently small balls, using the methods of Humphries
and Radziwill. Namely, we show that if 0 < R < D~12¢, then

64vDL(1, xp)R?

™

Var(R; Ap) ~

as D — oo through squarefree fundamental discriminants.

We also obtain the asymptotics for a wide class of annuli in place of the balls
Bpg, and interestingly the variance depends on the shape of the annulus, and
not only on its area (since a certain special function appears in the asymptotics,

exactly matching the value predicted by the random model).

The exponent % in the range for the variance asymptotics is limited by the
best bound available for a certain first moment of twisted GL(2) L-functions,
ultimately coming from the work of Young [106], based on a landmark result

of Conrey and Iwaniec [22].



Mboébius disjointness
The Mobius disjointness conjecture of Sarnak |96} 97| roughly predicts that if
f N — C is a function of “low complexity”, then it should not correlate with

the Mobius function, in the sense that
N
> f(n)p(n) = o(N).
n=1

Here the appropriate meaning of “low complexity” turns out to be dynamical.
Namely, it is that there is a topological dynamical system (X, T) of entropy
zero, a point « € X, and a continuous function g : X — C such that f(n) =
g(T"z).

The Sarnak conjecture follows from the Chowla conjecture, and its importance
stems from the fact that while it seems hard to make progress on the latter,
one may use various tools (including measure classification, exponential sums,
combinatorial methods, etc) to deal with specific classes of systems and make
progress on the former. We also point out that establishing the conjecture in

specific cases often leads to applications, such as in the work of Green and Tao
[44].

Sarnak’s conjecture has been proved for many dynamical systems, and a com-
mon feature of many such results is that the underlying system is regular.
The first class of systems with irregular dynamics [38] for which Mébius dis-
jointness was established were the skew products (T?,T, ), where T := R/Z,

a€R,¢: T — Tis a continuous map, and the transformation is given by

Tos(w,y) = (v + a,y + 6(x))

for all (z,y) € T?. These are the building blocks of the important class of
distal flows [39], and M6bius disjointness was obtained, assuming ¢ is analytic
and satisfies a certain mild property, by Liu and Sarnak [78] (see also the
work of Kulaga-Przymus and Lemanczyk [71]). The restrictions on ¢ were
relaxed, to analytic by Wang [104], to C* by Huang, Wang, and Ye [52], and
finally to C?*¢ (with a small extra condition) by Kanigowski, Lemanczyk, and
Radziwill [64]. In we use a more refined analysis of the diophantine
properties of o to further lower the smoothness condition to C'*¢, providing

the best disjointness result to date for this class of dynamical systems.

The basic method to obtain such a result is the same as that of Kanigowski,

Lemanczyk, and Radziwitt [64], which is heavily based on the breakthrough



7

of Matoméki and Radziwilt [82] on multiplicative functions in short intervals.
We also show that the exponent 14¢ is the limit of such an argument, which is
puzzling since disjointness should hold just with the assumption of continuity
for ¢. The bottleneck here is a generalization of the Matoméaki-Radziwitt
theorem to short arithmetic progressions, where an issue arises if for instance
the modulus is a primorial (the same kind of limitation also appears in the

work of Klurman, Mangerel, and Teravéinen [68]).



Chapter 2

SIMPLE ZEROS OF GL(2) L-FUNCTIONS

2.1 Introduction

Discussion

Let 7 be a cuspidal automorphic representation of GL(n, Ag) with completed
L-function A,. It is conjectured that all the zeros of A;(s) are on the critical
line R(s) = % and, apart from at most one multiple zero of algebraic origin, are
all simple. For degree n = 1 (Dirichlet L-functions), Levinson’s method [76],
49, |4, |105] shows that a positive proportion of the zeros are simultaneously
simple and on the critical line. An adaptation of that method for degree
n = 2 also implies that a positive proportion of the zeros are on the critical
line 2], but already cannot tackle simple zeros and only shows that a positive

proportion of the zeros are of order at most three [34].

In this chapter we consider the problem of obtaining lower bounds for the
number of simple zeros in the case of degree n = 2. Let f € Sp(I'1(IV)) be
a primitive form (i.e. a normalized Hecke newform) of arbitrary weight k& and
level N. The first challenge is to show that Ay has any simple zeros at all.
While for a given f this can be checked computationally, the problem was
only completely solved in 2012, after a breakthrough of Booker [7], who in
fact showed that Ay has infinitely many simple zeros. The argument relies on
simple zeros of local factors of Ay, thus differentiating it from counterexam-
ples such as the square of a degree one L-function. Another key ingredient
in Booker’s method is non-vanishing of automorphic L-functions on the line
R(s) = 1, more specifically applied to multiplicative twists of f, foreshadowing

an important obstruction in the method.

With Booker’s result in hand, the next challenge is to obtain quantitative
bounds on the number of simple zeros of Ay. Here one runs into issues related
to the level N that are somewhat reminiscent of the difficulties in extending
the Hecke converse theorem to general level. As in Weil’s generalization of
the converse theorem, an important tool are the twists of f by multiplicative
characters. However, in our case an obstruction remains. It roughly consists of

the possibility that As(s) has simple zeros arbitrarily close to the line R(s) = 1,
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and in addition that a certain conspiracy between additive twists of f happens
at those simple zeros — namely that (2.4) below doesn’t have a pole at any

of those simple zeros, for any choice of v € Q*.

Let
N3(T) :={p € C:|3(p)| < T and p is a simple zero of As}|

denote the number of simple zeros of Ay with imaginary part in [-7', 7. For
the case of full level (N = 1), it is easy to directly check that no widespread
pole cancellation in can happen. In a paper from 1988 which introduced
ideas used in most subsequent works on this topic, Conrey and Ghosh [21]
showed that if f = A is the Ramanujan function, then N3(T) = Q(Ts°) for
any € > 0. Their method applies to any f of level N = 1, as long as one
assumes the existence of at least one simple zero for Ay (which they verified

for f = A, and is now known to hold in general due to Booker’s work).

For general level N, Booker, Milinovich, and Ng [12] recently showed that
there exists an unspecified Dirichlet character y, possibly depending on f,

such that N fs®x

on simple zeros of twists of f). In the same paper, the authors also used the

(T) = QUT's<) for any € > 0 (see also [23] for a strong result

zero-free region of Ay to slightly limit where pole cancellations in (2.4]) can
happen. As a result, they made Booker’s result quantitative for f of odd level,
showing that N#(T) = Q(logloglog T'). The restriction 2 N comes from the
prominent role played by certain additive twists by 1/2 in their argument (the
use of such twists dates back to the work of Conrey and Ghosh), relying on

the fact that there are no non-trivial Dirichlet characters modulo 2.

Results
Our main result removes the parity restriction on the level, and rules out
complete pole cancellation in (2.4]) on a wide strip, leading to the first power

bound for the number of simple zeros of Ay when f has non-trivial level.

Theorem 1 (Power bound for arbitrary level). Let f € Si(I'o(N),&) be a
primitive holomorphic modular form of arbitrary weight k, level N, and neben-
typus &. Then

N{(T) =Q(T°)

2
Jor any § < 5.
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We obtain a power bound by showing that the aforementioned complete pole
cancellation in at a simple zero p of Ay would imply that Asg, (p) = 0 for
a large number of characters y. Such an amount of vanishing can then be ruled
out at points p close to the line R(s) = 1, using zero-density results. In order
to remove the parity restriction on the level, we get the method started by
producing a pole for a certain Dirichlet series via ideas of Booker [7], instead

of relying on the special nature of twists by 1/2 to do so. See [Section 2.1| for
a sketch of both arguments.

In [Appendix Al we use standard Dirichlet polynomial methods [87, 89, [55]

to obtain a zero-density bound in degree two which is better in the twist
aspect (hence for the application at hand) than other general results from the
literature [69, 75]. It is likely that the exponent in can be improved
by refining this zero-density result, or better yet by dealing directly with non-
vanishing at an arbitrary (but fixed) point p. To be more precise, the problem
is to show that the number of primitive characters x (mod ¢) with ¢ < @
such that Asg,(p) = 0 is 0(Q/log Q). Using [Proposition 11| we obtain this
result as long as R(p) > £,
(for instance, the density hypothesis for the family of twists of f would allow

and the challenge is to enlarge such a half-plane

one to replace g with %) This type of non-vanishing problem for families has
received considerable attention at the central point [101} |70, [60], but much
less seems to be known in general, and we hope that providing an application
will lead to further study. An important feature is that we require more than
a 100% rate of non-vanishing, and in fact wish to rule out a thin set of zeros,

of size less than the square-root of the size of the family.

Finally, we also improve the exponent in the result of Conrey and Ghosh [21]
from 1/6 to 1/5.

Theorem 2 (Improved exponent for full level). Let f € S,(To(1)) be a primi-

tive holomorphic modular form of arbitrary weight k for the full modular group.
Then
Ny(T) = Q(17)

for any v < %

comes from a simple modification of the last step of their original

argument (or its reformulated version in the language of this chapter, as pre-
sented in [Section 2.5)). Instead of using Weyl subconvexity for Ay, we input
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Jutila’s sixth moment bound [63]. Analogous improvements in the exponent
of would also follow if one had a similar moment bound for f of
general level, which may be accessible with current tools but we do not pursue

here.

It seems likely that the methods of this chapter would apply to Maass forms
as well, along the lines of work of Booker, Cho, and Kim [8]. Indeed, while we
do use the Ramanujan conjecture for convenience, the argument only really
requires information which is already provided by Rankin-Selberg. We restrict

ourselves to holomorphic forms for simplicity.

Sketch of the argument

Let us describe the obstructions that arise when the level is non-trivial. First
we must give an overview of the general method, but we shall be somewhat
imprecise and use standard notations that will be familiar to the experts with-
out further explanation, postponing the definitions until The

fundamental object is the Dirichlet series

D¢(s) == L¢(s) (L/ ) Zcf n-* for R(s) > 1, (2.1)

which has meromorphic continuation to C with poles exactly at the simple
zeros of L¢(s) (the incomplete L-function of f), including the trivial ones at
5 = % —n, for n € Z>(. It is convenient to work with the completed ver-
sion A¢(s) := D¢ (s + %51) Dy(s), which satisfies a certain functional equation

coming from that of Ay.

The way we obtain information about simple zeros is using the inverse Mellin

transform
/ Apls)(=iz) "5 ds,

R(s)=2

||M8
3
('b
3
N
I
3|
~

for z € H. Indeed, shifting the line of integration to the left of the critical
strip and returning to the right via the functional equation of Ay, we pick up

poles of Ay and obtain a relation of the form

Fi(e) = (5)- Fy (=372 ) 4 812 + (9 22)
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for certain factors (%) and (xx) that we brush aside for now. Here the poles
contribute

k—1

Sp(z) ==Y Nj(p)(—iz) "7, (2.3)
P
where p runs over the simple zeros of Ay.

Understanding the size of Sy gives information about the simple zeros of Ay. To
do so we apply a Mellin transform to (2.2)) along the half-line R(z) = a € Q*.
This gives rise to additive twists of A, and in the end one obtains a relation

between the Mellin transform of S; and an expression of the form

1
A — - Ag —— 24
fls.0) = (ex) -7 (5, (2.4
for some non-vanishing factor (x % %) which we ignore in this sketch.

The goal now becomes to show that has a pole with large real part (i.e.
at least 1/2) for some @ € Q*, since then this pole gets transferred to the
Mellin transform of S; and we get a lower bound for simple zeros. As an
aside, the reason why the method produces omega results is that we obtain
only minimal information about the pole structure of the Mellin transform of
St (which makes the application of Tauberian theorems difficult), as opposed
to bounds for Sy itself.

Since additive twists of Ay are not so well-behaved, we expand them into
multiplicative twists instead to understand their poles. At least for a = %,

with ¢ 1 N a prime, we obtain

a
A (5 8) =89 b s+ X b Byl (29
X (mod ¢q)
XFX0

for certain coefficients b, ,, where xo (mod ¢) denotes the trivial character. A
key point is that the term Af(s)+ by, - Af(S, Xo) has the same poles as Ay(s)

in the interior of the critical strip.

Here it becomes clear why the case N = 1 is special: one may simply plug
a = % into . Applying and using the fact that there are no non-
trivial characters modulo 2, one checks that has the same poles as Af(s)
inside the critical strip (hence by the aforementioned result of Booker [7] it

has at least one pole with real part greater or equal to 1/2, and one recovers
the bound of Conrey and Ghosh).
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For non-trivial level, as was pointed out in [12], one encounters obstacles that
are reminiscent of the difficulties in extending Hecke’s converse theorem to
arbitrary level. However, Booker, Milinovich, and Ng are still able to obtain
%, but
also adding an extra additive twist in the outset of the problem and leveraging

a result for N odd, using not only the special nature of the choice o =

various choices of a against each other.

The improvements of the present chapter are twofold, and in essentially disjoint
parts of the argument sketched above. To obtain a result for f of any level
(without parity restrictions), instead of using twists by 1/2 we provide in
a new unified way of verifying that has poles with real part
greater or equal to 1/2 for some choice of & € Q*. The idea is that it is

possible to construct a linear combination of certain terms of the form (2.4))

A ()= a(s _g) (26)

for a certain prime p. Then one may use techniques of Booker [7] to show that

that equals

(2.6) has a pole inside the critical strip, ultimately coming from the simple

zeros of local factors of Ay.

To upgrade such a pole inside the critical strip to one with real part greater or
equal to 1/2, we use the important feature that was constructed specif-
ically to satisfy a certain functional equation relating s to 1 — s (reminiscent
of Voronoi summation). Thus the poles of inside the critical strip are
invariant under reflection through the central point, which gives the desired

pole with real part at least 1/2 and makes the method applicable to all V.

We now turn to the second improvement, which is what allows us to obtain a
power bound. Observe from that the contribution to Sy of each simple
zero p is weighted by a factor that becomes larger with R(p), so in its current
form the result is poorer if Af(s) has simple zeros close to R(s) = 1. If all the
simple zeros p satisfy R(p) < g, then we simply use the argument above and

obtain a power bound for the number of simple zeros of Ay. Otherwise, if p
7

9
that (2.4]) also has a pole at p (in [12] the key to control this scenario is using
the zero-free region of Ay to limit R(p), which is why the resulting bound is
of logarithmic quality). The pole of (2.4)) at p ultimately also gives a (rather

good) power bound, so either way we obtain the desired result.

is a simple zero with R(p) > £, we will show that there exists a € Q* such
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Let p be a simple zero of Ay (therefore a pole of Ay) with R(p) > 5. To rule
out pole cancellations in for every o € Q*, we introduce a new number-
theoretic input into the argument, namely a zero-density estimate for twists
of f. This is done by observing that for any prime p =1 (mod N) there is a

linear combination of terms of the form ([2.4)) that gives

P -4y (s1)). (2.7

One can use (2.5) to understand (2.7)), concluding that it is equal (modulo a

term that is holomorphic at s = p) to

brxo(5) - Ap(s) + D b Dan(s) (2.8)

X (mod p)
XFX0

for some factor by, (s) which is non-vanishing inside the critical strip (hence

at s = p).

If does not have a pole at s = p, then the pole of Af(s) there must
be cancelled in (2.§)), so Ayg,(s) must have a pole at s = p for at least one
non-trivial character x (mod p). This implies that Ay, (p) = 0 for at least
one non-trivial character x modulo every prime p = 1 (mod N). However,
since R(p) > g, we can rule this out via zero-density estimates for twists of
f. Therefore we show that has a pole at s = p for some a € Q*, which

implies a power bound for the number of simple zeros of Ay.

Acknowledgments
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2.2 The setup

Definitions and background

Let f € Sp(T'o(N), &) be a primitive form (i.e. a normalized holomorphic Hecke
cusp newform) of arbitrary weight k, level N, and nebentypus character &

(mod N). Writing the Fourier expansion

Z/\f n)n'z enz)

for z € H, where A\f(1) = 1, we have Deligne’s bound |Af(n)| < d(n). Associate
to f the usual completed L-function Ay(s) := T'c (s + 551) Ly(s), which is
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entire, where I'c (s) := 2(27)~*I'(s) and

L(s) =Y Apmn = J[ (O =M@p = +&pp ™) for R(s) > 1.

p prime

Then we have the functional equation As(s) = efN%_SAf(l — 5), where f €

Se(To(N),€) is the dual of f, with Fourier coefficients A5(n) = Ap(n), and
€7 € C is the root number of f, with |e;| = 1.

Let Ds be as in (2.1)). For a € Q*, x a Dirichlet character, and R(s) > 1, we
define the additive twists

Ls(s,a) := Z Ar(n)e(na)n™* and Dy¢(s, ) := Z cr(n)e(na)n™*,

and the multiplicative twists
L¢(s,x) = Z Ar(n)x(n)n™* and Dy (s, x) := Zcf(n)x(n)n_s.
n=1

Denote
Q(N) :={1} U{p prime: pt N}.

For each Dirichlet character y (mod ¢), there is a unique primitive form f® x
such that Argy(n) = Af(n)x(n) for every n with (n,q) = 1, by |3, Theorem
3.2]. If ¢ € Q(N) and x is non-trivial, then in fact Ls(s,x) = Lsg,(s) and

therefore this multiplicative twist has analytic continuation to C. This shows

! (s /
that Dy(s,x) = L¢(s, x) (i;gsg) = Dyg,(s) has meromorphic continuation
to C.

Similar results hold for the additive twists as well. Indeed, if ¢ € Q(NV), then

we can expand our additive characters with multiplicative ones using

ny _q¢-—1 4 n RN PV v(n
<5> ~o@ g e g >, Txm),  (29)

(mod q)
X7X0

where xo (mod ¢) is the trivial character, the sum ranges over every non-trivial
X (mod ¢), and 7 denotes the Gauss sum (observe that 7(xo) = 1if ¢ = 1 and
7(xo0) = —1 otherwise). For any a € Z, this implies that L <s, %) is entire,

and Dy (s, %) extends meromorphically to C.
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To be more precise, for ¢ € Q(NN), consider the rational functions

1 if g =1,
Py () ==
1= Ar(q)z +€(g)z®  otherwise,
and
R 0 ifg=1
ra(@) == qlog? g T(As(q)—4€(Q)z+ A (q)E(q)x?)

) Pr @) otherwise.

Then (2.9) gives

Dy ( 5) — 9 p s+ @r(x())m(awf(s, Xo)
1

+— > T(X)x(a)Ds(s,X).

oa) i
XFX0

(2.10)

We have seen before that if x (mod ¢) is non-trivial then Dy(s, x) = Df®x(

L¢(s,x0)

s
extends meromorphically to C, but also from D(s, x0) = L¢(s, xo) ( (s, XO))
and L (s, xo0) = Prq(q°)Ls(s) (coming from the Euler product of Ly) we get

Dy(s,x0) = Prg(a")Dy(s) = @Rﬁq(q_s)[’f@% (2.11)

and this provides the meromorphic continuation of Dy (s, g) to C. The ana-

lytic continuation of Ly (s, g) to C follows in the same way.

For (a,q) = 1, it will be convenient to work with

o0

nya,q(s) = Df (37 g) qu Zcf“q n_s for %(S) > 1

n=1

where the Dirichlet series expansion follows from , , and .
Clearly Dy, 4(s) extends meromorphically to C. We then define additive and
multiplicative twists of Dy, ,(s). Namely, if x is a Dirichlet character and
a € Q*, then for R(s) > 1 we let

Dy aq(s,x) ::Zcf’mq(n)x(n)n” and Dy, q(s,a) = Zcfaq a)n”®.
n=1 n=1

Finally, associate to each of L, Dy, Dy, , and their (additive or multiplica-
tive) twists the completed versions Ay, Ay, Ay, ., respectively, obtained by
multiplying by I'c (s + £51).
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Functional equations
If ¢ € Q(N) and y (mod ¢) is non-trivial, the functional equation for f ® x

gives

Aj(s,x) = ef£<q>x<N>T<f]‘)

and as a consequence we obtain the corresponding functional equation for

Af(s,x) = Dex(s), given by

(N2 ™*A5(1 - 5,%),

Ag(s,x) — ef£<q>x<N>%<Nq2>%%f<1 ey

—asts0 (v (S50 =)~ (s+550)),

where 1(s) := FTl(s) Combining that with the relation

Agals) = (Q b4 <><0>Pf,q<q—8>) As(s)

o(q)  #(q) 212
1 - 2.12
+ @ X (mZOd q)T<X>X(a>Af<S7 X)

X7X0

for ¢ € Q(N) and (a,q) = 1, which follows from (2.10) and (2.11]), we obtain

a functional equation for additive twists of Ay.

Proposition 1 (Functional equation for Ay, , [12, Proposition 2.1]). Let f €
Si(Do(N), &) be a primitive form, ¢ € Q(N), and a € Z coprime to q. Then

Afag(s) = es6@)(NG*)2 A5 5z (1~ 5)

Sl (R )

The detection mechanism for simple zeros

We give a brief account of the techniques of [12], since they will be relevant
in what follows, but refer to that paper for details. The main idea originates
in [21], and is developed in greater generality in [7]. The starting point is to
study the poles of Ay by relating them to the inverse Mellin transform of Ay,
via a contour integral. We develop the notation in the more general case of

Ay, 4 for future reference. For z € H, let

oo
Fpaq(2): Zcfaq n)n'z e(nz)
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and

i k—1
Bf’a’Q(Z> - Af (57 _> . k—l)) (_Z'Z)isiT d57

"2 is defined in terms of the principal branch of log(—iz).

where (—iz)™*"

Taking the inverse Mellin transform of Ay, , (evaluated at —iz), shifting the
line of integration to the left of the critical strip — where we pick up the
factor Sy, 4 corresponding to the poles — and using the functional equation

(Proposition 1)) to return to the right of the critical strip, we obtain (see [12,

Lemma 2.3] for details) the relation

€ré(q)
Staq(2) = Fraq(z) — (_Z.f/——qu)ka,_z\m,q <—m) + Afaq(2) = Bfag(2).

The next step is to take the Mellin transform for z € H along a vertical line in
the relation above. Such a procedure along the line £(z) = 0 would essentially
bring us back to the previous step, but we instead integrate along R(z) = «

for some a € Q* and obtain additive twists. The final result is the following.

Proposition 2 (Detecting poles of Ay, , via further additive twists |12,
Proposition 2.2]). Define

. o1 1
Hins) 1= Bpagfs,0) = er60)isen() (Vo) 87, (-0

and "

4
Iﬂa,qa(s) = /0 Sf,a,q(a + iy)ys

+ipt Ay

Then Ifqq0(S) — Hfaqa(S) has analytic continuation to R(s) > 0. Therefore,
if

lo|

T . d
/4\%@Aa+nmy”%ﬂﬂ<:m (2.13)
0 y

for some 0 > 0, then Hyq44(s) is holomorphic for R(s) > o.
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We will use only the special case a = ¢ = 1 (i.e. detecting poles of Ay, or

equivalently simple zeros of Ly) of [Proposition 2| but the method of proof

used for the general case Ay, , will be the key for showing that Hy,, has a
pole in the critical strip, for some o« € Q*. For convenience, from now on we

denote Hy o := Hf11,0-

2.3 Existence of poles of Hy,

Outline of the method

To establish an abundance of simple zeros of Ly (i.e. poles of Ay), we will
use the poles of Hy, in the critical strip, since through their existence
would imply that Sy, cannot be always small. However, showing that even
a single such pole of Hy, exists turns out to be difficult, since one needs to
rule out a cancellation of poles between the two terms of Hy,. The purpose

of this section is to establish such a result.

In [12] the authors circumvent this issue in the case 2 f N by exploring the
relations between the Hy,,, for various choices of parameters (a,q, ). The
limitation on the level N comes from the key role played by twists by 1/2
(which also play an important role in [21]), since the poles of Ay, are easily
understood in terms of those of Ay, due to and the fact that there are
no non-trivial characters modulo 2. The issue is that this line of argument
requires the case ¢ = 2 of , which is not available if 2 | N since
the functional equation in no longer holds, as the local factor

for a prime dividing the level has different, more problematic properties.

We will follow a different approach based on the methods of [7], where a
significant difficulty is showing that A has even a single pole in the critical
strip, and this is reminiscent of our situation for Hy,. The argument in the
reference proceeds by contradiction, and the critical input is that Af(s, ) has
poles in the line R(s) = 0 coming from simple zeros of local factors of Ly.
We apply this argument for a certain difference of L-functions related to Hy,,
instead of for Ay, and our issue of ruling out cancellations of poles in Hy, at
unknown locations inside the critical strip reduces to the simpler task of ruling
out such cancellations at the simple zeros of certain local factors, where this

can be explicitly done.
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Implementation
Observe that

1 1
i) = Ayt - ey (51

and if p is a prime satisfying p =1 (mod N) then A5 (s, —%) = Ay (s, ——),

1 L (NYT2 1
Hﬁ%(s) = Ay <s,]—?> — ei" (E) Az (S’_N> :

1
P ) Hyp (o) =9 0000) = Ay (5

SO

Therefore,

p (2.14)
=p' A (s) = Dpap(s) + Ryp(p)As(s)-
Similarly, if we let d := ’%1 € Z~ then
1
Hpa(s) = Ap(s) — e, (N 20 (5, ——
pals) = 8s06) = e (N7 (.- 0.
and Ay (s, —Nid) = Ay (3, Nid), SO
d Nd2\*": 1
Hoals) = A (8,28) e (2] A (s,—— ).
48} =4 (S’p) i ( P ) d (S’ Nd)
Therefore, since d = —N (mod p),
P HGS) ~ Hyg(s) =0 A9 - A ()
b p (2.15)

= pl_QSAf(S) — Af,fﬁ’p(s) + Rfvp(p_S)Af(s).

Subtracting (2.14)) from (2.15]), we conclude that
P2 Hya(s) —Hy () —p* 2 Hya ()1 Hps (5) = Agay(s) =B v, (5). (2.16)
We will be able to show the existence of useful poles for at least one of H(s),

Hﬁ%(s), Hyq(s), or Hf’%(s) using the key proposition below.

Proposition 3 (Ruling out complete cancellation of poles). For any prime
p# N + 1 such that p =1 (mod N), the meromorphic function

Grp(s) = Ap1p(8) = Ay _5,(5)

has at least one pole in R(s) € (0,1).
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Remark 1. Our proof of[Proposition 3 can easily be adapted to obtain infinitely
many poles of G,(s) in R(s) € (0,1). Such a result has the same strength for

our application as the existence of a single pole, so for simplicity we stick with

the current statement.

Assuming [Proposition 3| we have the following consequence which will be the
starting point in the course of our subsequent analysis.

Proposition 4 (Existence of poles with large real part). There exists ay € Q*
such that at least one of Hya,(s) or Hy,,, (s) has a pole in R(s) € [3,1).

Proof. For any prime p # N +1 such that p =1 (mod N), from the functional
equation in we have that

Gip(s) + e (Np2)2 G5 (1 — s)

() ) ) )

as {(p) = 1. Since Ay (3, %) and Ay (s, _§> are both entire, as easily follows
from expanding into characters (see (2.17)) below for details), and the poles of

¥'(s) coincide with the poles of I'(s), we conclude that G, (s) and G7,,(1 - s)
have the same poles in R(s) € (0,1), as the RHS of the equation above is

holomorphic in that region.

Combining this with |[Proposition 3| we get that at least one of Gy,(s) or
G7,(s) has a pole in R(s) € [1,1), so (2.16) shows that the desired result

29

d 1

)5 ,5}, where d = 221 as before.

holds for some af € {d ~

Preliminary results

Before proceeding to the proof of we take note of certain com-

putations essentially contained in [12] that will be relevant for our argument.

Those are reproduced in the auxiliary results below for ease of reference.

Lemma 1 (Inverse Mellin transform computations). Let 0 < n < 1/2. Then
for z € H we have

1 kol
Bos@)imgm [ Bpaals)(ci2) 7 ds = P2
R(s)=1+n
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and

Ik, (2) = / Ajools)(—iz)= "5 ds

21
R(s)=-n

eré(q) ( 1

F
(—iv/Ngz)k F7e

Proof. This follows from the functional equation in [Proposition 1| (for the case

f _NQQZ) — Apag(2) + Brag(z) — ljzeos Af,a,q(s)-

of I, ,(2)) and a computation of inverse Mellin transforms. The details are
contained in the proof of [12, Lemma 2.3] — see in particular equations (2.9)

and (2.12) there, and keep in mind that the residue at s = 0 only contributes
if &k = 1. Our statement above corrects a small typo in the computation
of this residue at the last display of page 382 of the reference, where the
term Ay, (s, %) should be replaced by Ay, ,(s), according to the functional

equation.

]

Lemma 2 (Auxiliary analytic continuations). Let a € Q*. Then for any
M e ZZO s

lo|

£ . . —k
/O (=iVNg(a+1y)) " Ff_wa, (—
M- k+1
N—m (ST mMm— R 1
X E (-ZO{) ( m 2 )(NQQQQ) 5+ A?’_mﬂ (S +m, —m>

continues to a holomorphic function in {s € C : R(s) > 1—M}. Furthermore,
each of

la|
B | apkordy
|7 Fraddatingy 5L = 8y 5.0),
0 Yy
lal
T .
FC<3)_1/ Af,a,q(a + Zy)?J ?ya
0

and
= &
FC(S)_l / Bf,a,q(a + iy)y‘s?
0

continues to an entire function of s.

Proof. Those are precisely |12, Lemmas 2.4, 2.5, 2.6, and 2.7] in our nota-
tion. The first result is the hardest to establish, and it follows from Taylor
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expanding the phases in F; 57 and carefully analyzing the ensuing Mellin

transforms. The idea is that as z := a + iy € H ranges over the vertical
half-line R(2) = o, w = — N;% € H ranges over a semicircle centered in the

r-axis with an endpoint at — so to a first approximation the input w

1
Ng%a’
of Ff_ 7, in the first integral can be considered to range over the vertical

half-line R(w) = which by Mellin inversion gives rise to a term of the

1
Ng?a’
form Az 77, (3, —ﬁ) . The other terms arise from lower order components

of the aforementioned Taylor expansion.

O

Lemma 3 (Analytic continuation of Mellin transforms). Let a € Q* and
M e Zzo. Then

la|
E o\ srk=tdy
If, (o +iy)y™ Y Afaq(s, a)

continues to an entire function of s, and

L]

z : spk=1dy :
[ (sl i)+ Reppa(s)) 1+ 2 = cstla)oseae))
M-1 k41
CNemStM— s—z+m 1
X Z(_m) ( m 2 >(Nq2a2) o AF Nag ($+m’ _W)

continues to a meromorphic function in {s € C : R(s) > 1 — M} whose only

possible poles in that region must be at s = % —n, forn € Zxy.

Proof. Follows directly from plugging the equations in into the in-
tegrals above and using for each term that arises. The only possible
poles come from the integral terms corresponding to Ay, , and By, 4, whose

poles must be poles of I'¢ (s + %)

O

The next two results determine the locations of the poles of Ay, ,(s) and some
of its additive twists. [Lemma 4]is essentially contained in [12, Proposition 2.2],

while [Lemma 5[ requires a more careful analysis.

Lemma 4 (No exotic poles for Ay, ). The poles of Ay q4(s) satisfy R(s) €

(0,1) or s =5 —n for some n € Zso.
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Proof. First observe that A, ,(s) has no poles with ®(s) > 1. Indeed, this
follows from and the fact that for non-trivial x (mod ¢) the poles of
Ag(s) and Ar(s,x) = Asgy(s) are at simple zeros of L(s) and Lyg,(s),
respectively, but there are no such zeros with R(s) > 1 by non-vanishing for
automorphic L-functions [61]. As a consequence, we can also understand the
poles of Ay, ,(s) with R(s) < 0, through the functional equation. Using
and A¢(s, xo) = Prq(q7°)As(s), since (a,q) = 1 we get

¢ = —q _ 1 _q T s S

As ( 5) - ( o) T alg 0 rale )) Ass)
1 _

M ) (go;i q)T(X)X(@)Af@ax(S),

XFX0

(2.17)

so Ay (s, g) is entire. The poles of ¥/(s) coincide with the poles of I'(s), so

Proposition 1|shows that A, ,(s) has no poles with R(s) < 0, except possibly

for s = 155 — n, for some n € Zo.

]

Lemma 5 (Location of exotic poles for additive twists of Ay, ). Let p,q €
Q(N) with p # q, and let a,b € Z with (a,p) = (b,q) = 1. If we let xo (mod q)

and vy (mod p) denote the trivial characters, then

Bran (5:2) +700) (B + L) Pralo™) ) Brala )9

o(p) ~ ¢(p)
" T;é’? " (%1 ») 7 () (@) Ryopq(a™") A ey (s)
p#bo

continues to a holomorphic function in {s € C: R(s) <0} \ 1Z.

Proof. By (2.9) we have

b qg—1 q
Aty ( 5) — LA ) 4 L (00) A fan(5: X0)

o(q) ?(q)
1 _
) N %;1 ? TRl

X7X0
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For non-trivial y (mod ¢), we can twist (2.12)) by x to get

Agun(s.x) = (E n iTwo)Pf,p(pwp))) As(s. )

¢(p)  ¢(p)
1 _
' o(v) , (mzod . () () As(s, ¥x)
pF#bo
_ (el p . i
= (557 * st Prens™) ) 810
1 _
5, 2 7O 0Aen )
Yo

as x (mod ¢) and ¥y (mod pq) are primitive characters. This shows that
Afap(s, x) is holomorphic in {s € C: R(s) < 0} \ 1Z, since this is the case for

each of Aggy(s) and Aygyy(s) due to[Lemma 4] The same property also holds
for Ay, ,(s) by the same lemma, so we are left with analyzing Ay, (s, x0)-

Since xo(p) = 1, once again by ([2.12)) we have

A (s v0) = (E ; LTwo)Pf,p(pS)) A5, x0)

o(p)  o(p)
1 _
e . (mZOd ) 7 () ¥(@)Agay(s, Xo).
v#o
Now, gives
A5 x0) = Prala™)As(s) - @Rm—sws),

and analogously, since for non-trivial ¢ (mod p) the primitive form f ® 1 has
level Np? and q € Q(Np?),
A — P —S A (b(q) —s A
s2v(8,X0) = Provg(47) Arep(s) = = = Rropg(d ) Aseu(s)
However, Af(s) and Asgy(s) are both holomorphic in {s € C : R(s) < 0} \
%Z, so the only remaining terms are the ones with the factors Ry ,(¢™*) and

Rgy.q(q~%). Plugging those back along our sequence of equations, we obtain

the desired result.
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Producing poles

We are now ready for the proof of the main result in this section.

Proof of [Proposition 3 Assume by contradiction that G, (s) has no poles in
$(s) € (0,1). Then by the only possible pole of G ,(s) with £(s) >

—1/2is s = 0, which can only occur if k = 1.

Let 0 < n < 1/2. For z € H, define

1 =
IR(z) = 57 / Gyp(s)(—iz) z ds
R(s)=1+n
and
Th(z) = / Gro(s)(—iz) "5 ds
T omi fo '
R(s)=—n

By Stirling’s formula, the decomposition (2.12)), and the PhragménLindelof
principle, we see that G, (s) is rapidly decaying in vertical strips, so we can
shift contours. Since we are assuming that G, (s) has no poles in £(s) € (0, 1),

and it has a pole at s = 0 only if &k = 1, we get

TH(2) + Rf(]s Gp(s) = I(2). (2.18)
Observe that
1 s kel
T =5 [ (Bl = By (o) (i) ds
R(s)=1+n

= I ,(2) = I} (%)

in the notation of Similarly, we have

R
or [ (@) = Ay 9) () s+ Res Gy

= (T1p(2) + Res A (s)) = (IF 5,(2) + Res Ay v ,(5))
Therefore, ([2.18]) becomes

(TFup(2) + Res Apals)) = (IF 5,(2) + Res Ay, (5))

= ]ﬁLp(z) - Iﬁ_ﬁp(z).

(2.19)
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We now set z = a + iy, with a € Q* and y > 0, and perform a truncated
Mellin transform along y. More precisely, consider

o]

4 R . R .
R(s) := / (ff,l,p(a +iy) — I 5, (a+ Zy)> Y
0
Applying we conclude that

R(s) = (Apapls,0) = Ay 5, (s,0)) (2.20)

continues to an entire function of s. Similarly, let

s+%@‘
Y

|

()= | ((1h (0 +iy) + Res Agap(s)
L Res 8110())

) s bdy
(1} (ot i)+ Res Ay () ) w5 R

Yy
By we conclude that, for any M € Zs,,

L(s) = e5lisgn(a))* (Npa®) "2 X_j (iNp*a)™ (S ' mm— %)

1 1
X (Af,N,p <S + m, _—Np2a) — A?,Lp <S + m, _—Np2a)>

continues to a meromorphic function in {s € C: R(s) > 1 — M} whose only

possible poles in that region must be at s = % —n, for n € Z>q. Here we

used the fact that {(p) =1, as p=1 (mod N).
Since L(s) = R(s) due to (2.19), we conclude from (2.20) and (2.21) that

Apip(sia) = A;_x(s,0) — ep(isgn(a))F(Np*a?)* =2 Y (iNpPa)™
0

s+m— 1 ! 1
X( . 2 > <Af,N,p <5+m7_m) B A?J’p (S—i_m,_sza))

(2.22)

(2.21)

S

3
I

continues to a holomorphic function in {s € C: R(s) > 1 — M} \ 1Z.

Fix b € (Z/Np?Z)*. Let q1,qa,...,qu be distinct primes satisfying ¢; = b
(mod Np?) for all 1 < j < M, and let my be an integer satisfying 0 < mgy <
M — 1. Setting a = qij, shows that
— iNp?\ ™
()

<

1
7)) (o) -sem(sg)) -t
— A s,— ) —A;, . s, — — €1
s+ m — kL b b
><< - 2 ) (Af’_Np <s+m,——Np2) Ay, <S+m,——Np2>)

3
]
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continues to a holomorphic function in {s € C: R(s) >1— M} \ 1Z. By the

Vandermonde determinant, we can find ¢y, cs,...,cy € Q such that for every
meZwith0<m< M —1,

M

o
Z G4 =
j=1

Summing ([2.23)) for each g; with weight ¢;, for 1 < j < M, it follows that

1
s+ mo — L
mo

1 if m = my,

epit (iNp*)mo (
b b
X A?,—N,p s+ my, —N—pz — A?,LP S + myo, __Np2 (224)

M 1s
) () e ()
- ¢ | —— A s,— ) —Ay x| s—

continues to a holomorphic function in {s € C: R(s) > 1 — M} \ 3Z.

Now, observe that both Ay, (s, qi> and A, 5 (s, % are holomorphic in
{s € C:R(s) < 0}\ 3Z. Indeed, this follows from and the fact that

(¢;°) and Rygyq,(q; )
satisfy (s) = 0, since Argy(q;) = Af(g5)¥(g;) and [Af(g;)| < 2 by Deligne’s

bound. Therefore, (2.24)) implies that

b b
877 (S’ _Np2> A7 (8’ _sz)

continues to a holomorphic function in {s € C: 1—=M+mg < R(s) < mo}\3Z.

for a non-trivial character ¢» (mod p), the poles of Ry .

Since M € Z>p and 0 < my < M — 1 are arbitrary, we conclude that it indeed

continues to a holomorphic function in C \ %Z. Finally, this in conjunction

with (2.23)) shows that

1 1
Afip (3> E) — A Ny (Sa 5) (2.25)

continues to a holomorphic function in C\ %Z, for any prime ¢ = b (mod Np?).
Since we can choose the congruence class b € (Z/Np*Z)* arbitrarily, the result

holds for any prime ¢t Np.

Let xo (mod ¢g) and 1y (mod p) denote the trivial characters, and observe

that 7(xo) = 7(v0) = —1. Applying to each term of ([2.25)) we verify
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that
LS @) (60— 6 (N) Ryl Wonls) (220

P ¥ (mod p)
Y#o

continues to a holomorphic function in {s € C : R(s) < 0}\ 3Z, so in particular
it has no poles s # 0 with R(s) = 0.

Observe that for any ¢ € (Z/pZ)* we have

1 =z
|>\ (r)|2N_— as r — o0 227
7"<3;);ime ! Qb(p) 10g$ ( )
r=c (mod p)

by Rankin-Selberg (see for instance [73, Lemma 1] for details when f has
trivial nebentypus), as f ®1) is orthogonal to f for each non-trivial ¢/ (mod p),
since it is a primitive form of level Np?. From now on we assume that ¢ €
Qyp = {r prime:r =1 (mod p),r{ N, and |As(r)| < 2}. Observe that Qy,
is an infinite set, by .

Since ¢ = 1 (mod p), for any non-trivial ¢ (mod p) we have Rygy4(¢"°) =
Ryq(q*Y(q)) = Ryq(q™"). But

Ryafa®) = i prata ) () (2.28)

where the derivatives are with respect to s, so the poles of R ,(¢™°) are pre-
cisely at the simple zeros of Pr,(¢7%) = 1 — A\(q)g* + ()% = (1 —

ar(q)g*)(1—Bs(q)g*). We chose g with |[Af(¢)| < 2, so |ar(q)| = |5r(q)| =1
and ay(q) # Bf(q). Therefore, all the zeros of Ps,(q~°) are simple and satisfy

R(s) = 0.

Choose t € R* such that ¢" = ay(q), so Pre(g~") = 0 and (2.28) gives

e 4 oy _ @ "logg B it
Res Ayl ™) = 5P| =T () - 2600 )
log g—
= T 0s(0) (os(a) = Byla) #0,
as ar(q)Br(q) = &(q). We now take residues of at s =it # 0 to obtain

1 _ _
1 2 m(@) () = (=N)) Agau(it) - Res Rra(q™) = 0.
¢ (mod p)
Y#o
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But Res,—;; Rf4(q7°) # 0 as we saw above, so in fact using we get
1 — NT .
0=—=5 > 7() @1 = (=N)) Aseu(it)

p—1
v (mod p)
b0 (2.29)

1 N
=Ag(it, =) —Ag | it,——
(i) = (-5

for any t € Ty, := {M ‘n € Z} \ {0}, where 0¢(q) € [0,27) is defined

log g
by a;(q) = ¢?r@. Since this holds for any ¢ € Qy, and UqGpr

in R (as Qy, is infinite), we conclude by analytic continuation that

1 N
Arls,— | =As(s,——
() =8 (+3)

for every s € C. This is a contradiction, as we can compare the coefficients

Tt,q is dense

of the respective Dirichlet series expansions in $(s) > 1 and they do not
match. For instance, shows that there is a prime r = 1 (mod p) such
that Af(r) # 0, hence the r-th coefficients in the corresponding Dirichlet series
expansions are A¢(r)e (1/p) and Ay (r)e (—N /p), which are distinct since — N #
1 (mod p), as p > N + 1 by hypothesis. A standard argument using Perron’s
formula then gives the desired contradiction, so we conclude that Gy, (s) has

at least one pole in R(s) € (0, 1), as desired.

2.4 Location of poles of H;,

1
29
a € Q%, then Ay must have many simple zeros. This will be enough to prove

our main results, since guarantees the existence of such a pole
for some « in the case of either f or f, but A s and A have the same number

In this section we will show that if Hy,(s) has a pole in R(s) € [3,1) for some

of simple zeros, by the functional equation.

From poles of H;, to simple zeros of A;

Denote Sf(z) = Sf11(2) for z € H, as in the introduction. As we have
described before, the basic mechanism uses to show that Sy cannot be
always small if H;, has a pole of large real part. The next lemma provides
a more direct link between the quantity in and simple zeros of Ay (i.e.
poles of Ay in the critical strip). It is essentially contained in [12, Lemma 3.2],

but we provide a proof for completeness.
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Lemma 6 (Bounding the truncated Mellin transform of Sy). Let n > 0 be
fized. For any o € [n,2] and o € Q%

o]

4 . o+ ld ’ 7|y —o‘—k;l
Sy (a + i) |y 3 ?<<fa,n S Mp)|eT A+

0 p=PB~+iy
a pole of Ay
with >0

Proof. We have

la]
4 1 d
1S (o + iy)y" T
0 Yy
Lol (2.30)

4 k-1 k-1 dy
< R A o+—5-"7
< > / Res A(s)

' ‘(y - 7:0[)_ 2 ) 5
R(p)e(0.1) 70 y

where we can exchange the order of summation and integration by Tonelli’s
theorem. Let p = f+iv be a pole of Ay with § € (0,1), and denote 7 := 1+|y].
Then since Af(p) = 0, observe that

Res Ar(s) = ~Te (p+ 57 Ly(0) = ~2500),

k—
—p—— e’y arctan( y)

= |y —ia| ™7~

(y —ia)

—y arctan(%) ~vsgn(a) <arctan<gyl>7%>

L =e

Therefore, we conclude that the RHS of ([2.30)) is

\al

<<f,a |A/ / 'ysgn(oc) arctan( > g)yg+% @
p= ,8+w y
a pole of Ay
with 8€(0,1)

)~5) =l () 5) < 2.

Using v sgn(a) (arctan <‘
0

since arctan(z) > 5 for 1, we have
la] Lol
/4 ’}’Sgn(a)<arctan(|g‘>—%> 1e2;1d_y eﬂTﬂ / 4 e_%y +k;1d_y
0 Y 0 Y
lal
T 4 T T T —
<t e—rii\yﬁ’z W B [T ot W
0 Y 0 Y
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so the desired result follows.

]

For the case of general level, we will apply in conjunction with a
pointwise bound coming from subconvexity (we will see how to improve this

for N =1 in the next section).

Lemma 7 (Weyl subconvexity for L, [12, Lemma 3.1}). If p = B +iv is a
zero of Ny, then

_rl

Ny(p) g (14 |y])3tslo-zl-5+ee ="

for any e > 0.

Proof (sketch). Follows from the Weyl subconvex bound Ly (5 +it) <. (1+
t])3% of [13], and a standard argument using Cauchy’s formula combined
with the PhragménLindelof principle, the functional equation, and Stirling’s

formula. See the reference for details.

O

Remark 2. If u € [O, %} and we had a subconvexity bound of the form

Ly (% ‘Hf) Lpe (14 [t)h)#te for all e > 0, then would become

1 p—

Ni(p) <pe (1 + y])2 -2 (53 Ptee—"F for any € > 0. The given re-

1
3

sult corresponds to p =
For a meromorphic function h on {s € C : R(s) > 1}, let
©(h) :=inf{# > 0 : h continues analytically to {s € C: R(s) > 6}}.

Furthermore, let

0 = sup ({0} U{R(p),1 — R(p) : p is a pole of As})
= sup ({0} U {R(p) : p is a simple zero of Ay or A?}) :

Then [Lemma 6|and [Lemma 7] can be combined into the following result, which

is a particular case of |12, Proposition 3.3]. We again provide the proof for

completeness.
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Proposition 5 (General bound for N;) Let o € Q*. If ©(Hy,) > 0, then
0 > % and
N;(T) = (T%(lfo)Jr@(nya)f%ia)

for any € > 0.

Proof. Let 8, + 47y, run through the poles of Ay with 3, > 0, in increasing

order of |vy,|. For o € (0,1], [Lemma 6|and [Lemma 7| give

L

1 _1d s
/ S+ iy T Y <ape A+ a3zt (231)
)

0 n=1

for any ¢ > 0. If O(Hy,) > 0, set 0 = O(Hy,) — e, where 0 < ¢ < O(Hy,)
is arbitrary. Then [Proposition 2| implies that (2.31)) diverges, so in particular

Ay has infinitely many poles 3, + 7, with 5, > 0, and therefore 6; > %

Now assume by contradiction that N3(T') = o T%(l_(’f'”@(Hfaa)_%_%) for some
0 <& < O(Hy,). Then by (2:31)), since |3, — 1| < 6, — 1, we get

la| oo

1 i d
00 = / |Sp(a + z'y)ly"*%lgy e Y (L4 |ya])sorts-OU a2

0 n=1

o
lg. 4 1_ s
< 1+/1 tafrteOHra) 22 N2 (1)

= lo,+1l-0 o — s
< 1+/1 tabsts O P2 Va4 gt

:1+/ o(t_l_a) dt < oo,
1

which is a contradiction.

O

Remark 3. Assuming a subconvezity exponent u € [0, %] as in the
)=3

result of|Proposition & becomes N3 (T) = Q <T(1_2“)(1_9f)+@(vaa —¢) for any
e>0.

Observe that [Proposition 5| fails to give a power of T' (even if the subconvexity

1
29
ruled out with what we have done so far. However, we will use this proposition

exponent were to be improved) if ; = 1 and ©(Hy,) = 5, which cannot be

for the case of 0 sufficiently far from 1, where it gives a good bound.
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Corollary 1 (Main result for §; away from 1). We have 6y > % and
N(T) = Q (T%O*Hf)*s)
for any € > 0.

Proof. By the functional equation A(s) = efN%_SAT(l —s), we have N3(T') =

N?(T) and 0y = 6. By there is ay € Q* such that
1
max {©(Hya,), O(Hy,,) } = =

Then applying to either f or f gives the desired result.

Improvements for ¢; close to 1

If 0y is close to 1, then either Ay or Ay must have a pole p with real part
close to 1. We will show that if for instance that is the case for Ay, then
there exists o € Q* such that Hy, also has a pole at p, so gives
a much stronger result than before. The main tool for showing such a pole

transference will be a certain zero density estimate, which we introduce now.

For a primitive form g € Si(I'1(M)), € R, and T > 0, let
Ny(B,T):=|{s € C:R(s) > B,|3(s)| < T, and Ly(s) =0}/, (2.32)
where the zeros are counted with multiplicity.

Lemma 8 (Zero density for twists close to the line 1). Let f € Si(I'1(N))
be a primitive form. For each prime p = 1 (mod N), let ¢, (mod p) be an
arbitrary non-trivial character modulo p. Then for any T > 2, X > 2, ¢ >0,
and % < B <1, we have

6(1-5)

Z Nf®¢p (67 T) LfeT X4(=p)+e 4 X sE-1 tE,

p<X prime
p=1 (mod N)

Proof. This follows directly from the more general result of [Proposition 11|in

Append A
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6(1—k)

Now, let s be such that 3
) k—1

Kk < 1.

=1, ie k= g. The important point is that

Proposition 6 (Ruling out pole cancellation in Hy, via zero density). If As
has a pole p =  + iy with > k, then there exists some o € Q* (depending
on f and p) such that p is also a pole of Hy .

Proof. We will show that there exists a prime p satisfying p = 1 (mod N)
such that p is a pole of either Hy; or H; 1, so we will be able to pick a =1 or
’p
1

o = -,
p

Suppose by contradiction that p is not a pole of either Hy; or H;1 for any
’p
prime p =1 (mod N). By (12.14) we have

P Hpa(s) = Hpa(s) =p' 0 Ap(s) = Apap(s) + Ryp(p")As(s),

and by assumption this meromorphic function does not have a pole at s = p.
Observe that since [Af(p)| < 2 by Deligne’s bound, the poles of Ry ,(p~*)As(s)
all satisfy R(s) = 0, so p is not a pole of Ry ,(p~*)As(s) (as k > 0). Hence it

also cannot be a pole of

p172sAf(S> . Af,l,p(s) _ <p128 — 1+ ]%Pﬂp(pS)) Af(S)
- Y (@) Arels)

-1
p % (mod p)
#o

where 1y (mod p) denotes the trivial character, and we have used (2.12)).

Since £(p) = 1, a direct computation gives

2—2s __ A <p)p1—s + 1 1
1-2s 1 p P —s\ — p f — P 1-s ]
Observe that Ps,(p' ™) # 0, as R(1 — p) = 1 — B # 0, since § < 1 by [61].

Furthermore,

Res Az(s) = —Tc (p + %) Ls(p) = —Aj(p) # 0,

as p is a simple zero of Ay. We conclude that

S 7(9) ResApauls) = Res Py (p ") A5 (s) = = Prp )\ p) £ 0.

¥ (mod p)
pF#bo
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so there is at least one non-trivial character v, (mod p) such that Ayg,, has
a pole at p, or in other words Aygy, has a simple zero at p =  + . This
holds for every prime p =1 (mod N), so it follows that

D Nyew(8,2+ 1)) 2 (X5 N, 1) >
p<X prime
p=1 (mod N)

for every X sufficiently large (in terms of N). However, applying we
conclude that

2.33
log X ( )

6(1-58)
N Niow(B,2+ ) e X1 4 xS0t (2.34)

p<X prime
p=1 (mod N)

for every X > 2 and ¢ > 0. Observe that both

) and 4(1 — z) are strictly

decreasing for 2 <z <1, so since 3 > &, ?ER ) = 1 and 4(1—k) =5 <1, we
conclude that 4(1 —p)+e<1and 6?% f +e<lfore>0 su{‘ﬁmently small.

But this is a contradiction, as and (2.34) imply

50-8)
X 4(1-B)+e X 38-1 35 T te R
" Zher log X

for every ¢ > 0 and X sufficiently large, which cannot hold for small ¢ > 0

when X — oco. Therefore, the desired result follows by contradiction.

Corollary 2 (Main result for ; close to 1). If 0y > &, then
N3(T) = Q (Ts"f—*—ff)

for any € > 0.

Proof. 1t 0y > k, then for any given 0 < ¢ < 0y — &, either Ay or Ay must
have a pole p = 8 + iy with 8 > 0y —e. Since ; — & > &, by [Proposition 6|
there exists some a € Q* (depending on f and p) such that p is also a pole of
either Hy, or Hy ,. Therefore,

max {©(Hy), G(H?,a)} >B>60;—c¢.

Then we can use the relations N3(7T') = N?(T) and 0y = 05 to get the desired

result after applying to either f or f, since € > 0 can be chosen

arbitrarily small.
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Obtaining a power bound

The proof of our main theorem easily follows from what we have done so far.

Proof of [Theorem 1. If 65 > «, we apply |Corollary 2| and observe that 26, —
l>2/<—l:£toget
6~ 3 6 54

NH(T) = @ (T3757¢) =0 (%)

for any € > 0, so in this case we have a rather strong bound.

Otherwise, if 0y < k, we apply [Corollary 1| and observe that %(1 —0f) >

3(1— k) = Z to get
N(T) = Q (T%“—Hf)-&) —Q (T227_5>

for any € > 0. In either case, we obtain the desired result.

2.5 An improved estimate for f of level 1
If f has level N = 1, then we will easily see that there is a € Q* with
O(Hya) > 0y, so [Proposition 5 gives N#(T) = (T%‘gf_%_‘E) = Q (Té_5>

for any € > 0, as was proved in [21]. We improve this result by using the

sixth moment bound of Jutila [63] instead of subconvexity in the last step of
the argument. An improvement in the exponent for the case of general level
N would also follow by the same reasoning, except that at present a sixth

moment bound does not seem to be in the literature in such generality.

To begin, we convert pointwise values of our L-function into moments via the

following standard lemma.

Lemma 9 (Pointwise values to short moments). Let f € Sp(T'1(N)) be a
primitive form and T > 2. For p =+ iy with 8 > § and || < T, we have

log? T

Ls(p) <y log" T +1log” T /
—log?T

L; (% iy + x)) ‘ da.

Proof. Let ¢ = 7. Observe that

1
100 log
1 1+ic0
— Li(p+w)'(w)?dw < 1,

270 J1 oo
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as R(p + w) > 2. Shifting the line of integration to R(w) = 3 — f — ¢, we
pick up a pole at w = 0 with residue L;(p). By Stirling’s formula we have the

rough bound

1 1 -
r <§ —B—c+z’t) < el (‘5 —B—c|+ |t|> < e e+ 1t)",

so we get
Liy(p) <1+ / ‘Lf <§ —c+i(y+ t)) e (e [t]) 2 dt.
By convexity,
+o0 0
1
/ Ly (— —c+i(7+t)> e (e |t)) 2 at <<f/ etdt < 1,
:I:%logQT 2 %logQT
therefore
%logQT 1
Ls(p) < 1+10g2T-/ Ly (5 —c+i(7—|—t))‘ dt. (2.35)
7llog2T
2

The functional equation combined with Stirling’s formula gives

Fe(s+e—ily+1), (1+c—i(7+t))

<
"TeE—cti(y+1) !

1 :
<<Lf<§+c—z('y+t)).

Lf(%—c—i—i(v—i—t)) 5

Now we use an argument similar to the one above. For ¢ = % +c—i(y+1t)

we have
1 1+i00

— L+ r 1
57 7(V 4+ w)l'(w) dw < 1,

1—i00

and shifting the line of integration to R(w) = —¢, picking up a pole at w =0
with residue L7(19), and using I'(—c+iv) < e "l(c+|v|) ™!, we argue as before
to get

11002
5 log= T

L3(9) <5 1 +logT /

f% log? T

2

L; (1 —i(ytt— v)) ’ dv. (2.36)

Inserting ([2.36)) into (2.35)) then gives the desired result.

The key new input is the lemma below.
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Lemma 10 (Holder against sixth moment). Let f € Si(To(1)) be a primitive

form and T" > 2. If p, = B, + iy, runs through the simple zeros of Ay in
increasing order of |v,|, then

s 3 lie
D 1L (pa)l g NJ(T)oT5+
Bn>1
|'Yn|§T

for any € > 0.

Proof. Denote K =T + log? T. By [Lemma 9]

> 1L(pn)l <5 NJ(T) log! T
Bn>3
|’Yn‘§T

K
w1 [ () 5 e

Observe that Ni(z + 1) — Ni(x) <y log(2 + [z]) by standard zero-density
results, so we have the bounds N3(7) log" T < N;(T)%T% and

Z Ly iogzr <z log® T
"Yn | <T

for any ¢ € R. Therefore, using Holder’s inequality twice we get

K
/K L* (- —Zt>' Z 1|t " \<10g Tdt

Bn>1
|'Yn|ST
. 6 8
( K 1 6 >s K Z °
< / L+ (— — z't) dt / 1 dt
= f |t—n|<log® T
—K 2 K\ |ya<T

5

6 dt)6 ((1og ) N3(T) log? T)

(o

Then Jutila’s sixth moment bound [63, Theorem 4.7] gives

a4

for any € > 0, and the lemma follows.

6
dt <<f,€ K2+€ <<<€ T2+E




40
We are now ready to obtain the desired bound for N (T).

Proof of [Theorem 2. For f € Sp(I'y(1)) a primitive form, we can apply (2.14))
with p =2 to get
217 Hya(s) — Hya(s) = 2172 Ap(s) = Apa(s) + Rpa(27) Ay (s)
= (21_28 —1 + 2Pf’2(2_s)) Af(S) + Rf’g(Z_S)Af(S)
= Pra(2'7")Ap(s) + Rpa(27°)As(s),

where we have used (2.12)). Observe that Ps(2'7°) # 0 and R;2(27%) is
holomorphic for 0 < (s) < 1, so the function above has the same poles as Ay

in this region. We conclude that

max{@(Hf,l), @(Hfé)} >0,

Let & = 1 or 3 be such that ©(Hy,) > 6. Also let 0 < e < 6 (recall that
0 > % by |Corollary 1)) and o = 6 —e. Then since 0 < 0 < ©(Hy,), [Lemma 6

and [Proposition 2| give

S N eF A+ )T = (2.37)

p=PB~+ivy
a pole of Ay
with >0

By the functional equation, A’(p) = —efN%’pA’?(l —p) Ly A’7(1 — p), so the
LHS of (2.37) is

< Y N@| T AT Y

N(p)| e F 1+ )7

f
p=pB+iy p=PB+iy
a pole of Ay a pole of A?
with g>1 with 8>1

(2.38)
Applying Stirling’s bound I (p + 1) < (1+ M)/Mg*le’%, valid for 8 > 1,

we have

> @I )T < 3 Lo (L pu)

p=B+ivy >1
a pole of Ay Pn23

with g>1
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where we use the notation of[Lemma T0} Observing that £, < 6y and applying
Lemma 10} we obtain

STL )| U Iyl 72 < 1403 1775 3T L (o)

BnZ% k=1 T=2k BnZ%
L<lwml<T
o0
5 1
e 1+ Z Z Nj(T)eT st
k=1 T=2k

for any sufficiently small £ > 0.

Now suppose by contradiction that N3(T) = o <T%_65>. Then

ST )| L4 )72 < 143 Y 0 (T7) < .

Bu>1 k=1 7=2k

The same argument, exchanging f with f (and observing that 6; = 07), shows
that the second term of (2.38)) is also finite. This contradicts (2.37)), so we

conclude that
s 1 ¢
N}(T) = Q ( : )

for any € > 0, as desired.
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Chapter 3

THE VARIANCE OF CLOSED GEODESICS IN BALLS AND
ANNULI ON THE MODULAR SURFACE

3.1 Introduction

Let I" := PSLy(Z) denote the modular group and let D > 0 be a fundamental
discriminant, meaning that D is the discriminant of the real quadratic field
Q(v/D). There is a well-known correspondence between narrow ideal classes
in the narrow class group CI}, of Q(\/ﬁ) and ['-orbits of primitive irreducible
integral binary quadratic forms ax? + bxy + cy? of discriminant ? — 4ac = D.

Those, in turn, can also be associated to I'-orbits of geodesics on the upper
—b+vD

2a

geodesics on the modular surface I'\ H.

half-plane H with endpoints or equivalently to the corresponding closed

Denote the set of such closed geodesics of discriminant D by Ap. Then [Ap| =
| C15 | =: h}, and each closed geodesic in Ap has length 2loge};, where e, > 1
is the smallest unit of positive norm in Q(v/D). The class number formula

then gives

S 4) = b - 2loge, — 2VBL(L o).

CeAp
where xp is the primitive quadratic character modulo D and ¢(C) := fc ds
denotes the length in H, which is equipped with the hyperbolic metric and

corresponding hyperbolic measure given respectively by

dx? + dy? dz dy
= 7 and du(z) := "

for z = x +dy. The bounds D¢ <. L(1, xp) < log D allow us to understand

ds® -

the total length quite well.

The elements of Ap are expected to behave “randomly” in various senses (we
will make this more precise below). In that direction, it is known that they
become equidistributed in shrinking balls Bg: if we fix § > 0 and w € '\ H,
then for D-15% <« R < 1 we have

11(Br)
CEZAD 0(C N Br(w)) ~ WO CEZA:D (C) (3.1)

as D — oo through squarefree fundamental discriminants.
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Figure 3.1: Closed geodesics in Ap
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Under the generalized Lindelof hypothesis we may replace the exponent 1/18
by 1/6, and equidistribution is expected to hold for exponents up to 1/2.
Such a result was first proved for fixed R and with a congruence condition
on D by Skubenko [100], using Linnik’s ergodic method |77, Chapter VIJ.
The congruence condition was only removed almost 30 years later by Duke
[28], following a breakthrough of Iwaniec [57] (see [31] for a history of the
problem). The result for shrinking R mentioned above is given by Humphries
[53, Theorem 1.24], based on work of Young [106]. Analogous results are also
available for geometric invariants in other contexts, such as Heegner points in
H (corresponding to D < 0) and lattice points in spheres |41} |30], but we will

restrict our attention to closed geodesics.

If one does not require equidistribution for every ball but instead is satisfied
with a result covering almost all balls, then it is possible to go further. Con-
sidering a random variable given by the LHS of , where w is distributed
according to (a normalized version of) the measure p, it is tautological that
the expected value is equal to the RHS of the same equation. One is then
naturally led to consider the variance, which in the more general context of

annuli A, g(w) centered at w € I'\H, with inner radius r and outer radius R,

is given by
Var(r, R; Ap) :=
. w)) — (A R) ’ . (3.2)
p(T\H) /F\H (ng:[, {CN A r(w)) £(D\H) c;:,j E(Q) du(w).

Such an expression was first studied by Bourgain, Rudnick, and Sarnak [16] in
the context of lattice points in spheres. Based on probabilistic considerations,
they conjectured that if the radii satisfy certain mild conditions, then the
variance should be asymptotically equal to the corresponding expected value of
the underlying random variable. An upper bound was then obtained assuming

the generalized Lindelof hypothesis.

Humphries and Radziwitl [54] were able to unconditionally prove the conjec-
ture for certain very thin annuli, both in the case of lattice points in spheres and
of Heegner points in H. Furthermore, in the case of closed geodesics they ob-

tained equidistribution for almost all annuli by showing that if 0 <r < R < 1
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and D711 < u(A, g) < 1 for some fixed § > 0, then for any fixed ¢ > 0,
(C\H) > cen, ((C N Ay r(w))

i ({w e "\H: (A, ) S U0 > c}) = o(1)

as D — oo through squarefree fundamental discriminants. They did so by
obtaining the bound Var(r, R; Ap) = o((u(A.r)VDL(1,xp))?) in this range,

and indeed a careful examination of their method gives in particular

-1

Var(0, R; Ap) <. D?R**

for R < D~1:. This shows that the variance is not asymptotically equal
to the expected value (which for balls is D2 °MR2, since pu(Bgr) =< R? for
R <« 1), as was the case for Heegner points in H and lattice points in spheres.
A deviation of this kind is somewhat unexpected, since it implies better than
“square-root cancellation” in (3.2]). However, in retrospect such a result is
quite reasonable, since the geometric invariants have codimension 1 in the

case of closed geodesics, but 2 in the other cases mentioned.

Given the discussion above, it is not completely clear what one should expect
for the behavior of Var(r, R; Ap), and the purpose of this chapter is to tackle
this question. We start by proposing a probabilistic model, using geodesic
segments of the appropriate length 2loge}, taken at random according to the
Liouville measure in the unit tangent bundle of I'\H, to model the elements
of Ap (see for details). A rigorous analysis of this model turns out
to be considerably more complicated than that for the geometric invariants
of codimension 2. We make critical use of a quantitative bound on the rate
of mixing for the geodesic flow on the modular surface, combined with basic
hyperbolic lattice point counting and some elementary hyperbolic geometry,
to arrive at an asymptotic formula for the variance in the context of our

probabilistic model.

The main result in that direction is where we show — in the case
of balls — that for a single random geodesic segment of length L in I'\H, under
mild conditions, the corresponding expression for the variance is ~ @. For
annuli, a certain special function G appears in the asymptotics (see

for its definition and key properties). We also refer to[Section 3.4{for a heuristic
t 16

s

explanation of why the factor R* (instead of R?) and the constant X emerge

in the asymptotics for this problem. Finally, it is worth pointing out that Luo
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and Sarnak [79] have computed the quantum variance for the geodesic flow. In
its classical incarnation, this variance is related to the spectral decomposition

of our random model.

Using the analysis of the probabilistic model above, we are able to predict the
asymptotic behavior of the variance for closed geodesics. In particular, in the
case of balls we conjecture that if 0 < R < D79 for some fixed § > 0, then

64vVDL(1, xp)R?

™

Var(0, R; Ap) ~

as D — oo through squarefree fundamental discriminants (see|Conjecture 1|for
the general case of annuli). Finally, our main result shows that the conjecture

is true for balls of small radius.

Corollary 3. Let 6 > 0 be given. If0 < R < D_Tsz_‘s, then as D — oo through

squarefree fundamental discriminants,

64vVDL(1, xp) R

™

Var(0, R; Ap) ~

Indeed, [Corollary 3|is a particular case of [I'heorem 4], where we treat a wide

class of annuli and the special function G appears, as expected. An interesting
feature of the result is that the variance depends on the shape of the annulus,
and not only on its area. The significance of the exponent 5/12 and the
obstacles towards extending the range of R for which holds are
discussed in

The proof of follows a completely different path than that of
, and we instead apply the methods of [54] to the case of closed geodesics.

What allows us to prove a result for balls in this case is the presence of a dif-
ferent weight function than the one for Heegner points, due to the fact that
the Gamma factors that arise when one expresses the relevant Weyl sums in
terms of L-functions depend on the sign of D. The fact that the weight func-
tion decays faster is also a source of complications, since in our case the main
contribution to the variance comes from forms with spectral parameter of size
roughly between 1/R and 1/(R — r), as opposed to just around 1/(R — r)
for Heegner points. This forces us to deal with the transition range |z| < 1
for the Bessel function Jy(z), where clear asymptotics are not available (see
Remark 4f). Thus instead of approximating with trigonometric functions, we

carry the Bessel factors throughout the argument, and after certain integral
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transforms they are ultimately what gives rise to the special function G men-

tioned before in the asymptotics for the variance.

Acknowledgments
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3.2 Background and notation
Geometry of the upper half-plane
The distance function p : H x H — R>( and its more convenient proxy u :

H x H — R are given by

p(z,w) = log (

|z —w|+ |z — w|
|z —w| — |z — w|

and

u(z,w) == ‘Z_—“’P) — sinh? (”(2—“’)> .

T AS(2)S(w 2
The group of isometries is G := PSLy(R), which acts transitively through
fractional linear transformations. The stabilizer of i is K := PSO3(R), so

gK +— gi gives an identification G/K ~ H.

Moreover, the corresponding action of G on the unit tangent bundle 7" (IH)
(through the derivative map) is simply transitive, so if v € T'(H) denotes the
unit tangent vector pointing up at ¢ then g — gv gives an identification G ~

T'(H). More concretely, we can use the Iwasawa decomposition G = NAK,
where

v () e} {2 e

to describe this identification as

1 =z y1/2 0 COS(%) sin(g)
(0 1) ( 0 y1/2> (— Sin(g) COS(%)) > (2,0),

where 6 is the angle with the unit tangent vector pointing up at z = x + 7y.
The derivative action of G on T*(H) becomes left multiplication in G under

the map described above, and the Liouville measure

dv(z,0) := dz dy 49

y? 27
on T'(H) is invariant under this action of G, i.e. corresponds (up to a constant
multiple) to the left-invariant Haar measure in G under our identification.

Furthermore since the group G is unimodular, v is also right-invariant.
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Geometry of the modular surface

Let X := I'\H denote the modular surface, so that our previous identification
quotients out to X ~ I'\G/K, and similarly for the unit tangent bundld(]
identification T'(X) ~ T'\G. The metric space structure of X is obtained
from the distance function

p(I'z, T'w) = min p(z, yw).
(S

Y

Considering the usual (closure of a) fundamental domain

F = {zeH:|§R(z)|§ and |z|21},

N | —

we can define measures 7 and 7 in X and T"(X), respectively, by

a(TA) = p (U ’yAﬂ.F) and v(I'B):=v <U B ﬂﬂl(]:)>

yer

for measurable A C H and B C T'(H), where 7 : T*(H) — H is the projection
map. In particular, 7(T'(X)) = v(z=YF)) = 7/3 = u(F) = p(X). Both
measures are G-invariant under multiplication on the right, since the particular

choice of fundamental domain turns out to be immaterial.

Geodesic flow
Given ¢ € R, the geodesic flow G, : T*(H) — T'(H) is

et’2
gt(g) = g ( 0 et/Q)

for g € G ~ T'(H), and in geometric terms it amounts to parallel transport
along the geodesic with starting point and direction given by the element
of TY(H) corresponding to g, for (hyperbolic) signed length ¢. The right-

invariance of the Liouville measure v implies that it is preserved by G;.

The geodesic flow clearly commutes with left multiplication by G (and in
particular by T'), so it descends to a well-defined map G; : T(X) — T*(X)

given by
~ et’2
Gi(l'g) :==Tg < 0 e—t/2>

ITechnically the modular surface has singularities at ¢ and H’é%‘/i since these points
have nontrivial stabilizer in I'. To correctly interpret the unit tangent bundle T (X) we
need to consider the orbifold structure of X, but this minor issue can be safely ignored for
our purposes.
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for T'g € T'(X) ~ I'\G. Once again, G preserves v and amounts to parallel
transport by (hyperbolic) signed length ¢ along the corresponding geodesic in
X.

3.3 Estimates for the Selberg—Harish-Chandra transform
Definitions

We follow [54] with some minor modifications.

Let k. p(u(z,w)) be the identity function of the annulus

A r(w) ={zeH:r <p(z,w) <R}

{z € H : sinh? <2> < u(z,w) < sinh? (};)}

of hyperbolic volume
r
- sint ()
) sinh” { 3 ) ,

1 if sinh? ( ) < t < sinh? (%) ,

N | 5

(A ) = (A r(w)) =4r (sinh2 (
that is,

kr,R(t) =
0 otherwise.

Observe that we use a different normalization from [54] both here and in what
follows below. Since k, p(u(z,w)) is a point-pair invariant, we can define the

automorphic kernel K, g : X x X — R given by

K, p(z,w) Zk’”R u(z,yw))

yerl’

The spectral expansion of this kernel involves the Selberg—Harish-Chandra

transform h, r of k, g, which is given by

hy g(t) = 21 / P_i y(cosh p)k (smh2 (g)) sinh pdp
0
(3.3)

R
= 27r/ P_%Ht(cosh p) sinh p dp,

where P, is the Legendre function of the first kind.

Bounds and asymptotics for A, p
To understand the behavior of h, p we express P_ 1, in terms of Bessel func-
tions, which will be more convenient to evaluate under the various integral

transforms that will arise later.
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Lemma 11 (Hilb’s formula [54, Lemma 2.24]). Fiz ¢ > 0. Fort € R and
0<p<l/e,

/ O(p*) for [t] <
P
P—%ﬂ‘t(COSh p) =/ =—Jo(pt) +
sinh p 0. (Itl%) for |t| >

With this in mind, an asymptotic formula for h, r easily follows. We restrict

D= D=
vV
o

our attention to the case R—r > R, which will be relevant to us, but a similar

statement also holds in the complementary case.

Lemma 12. Suppose that 0 < r < R < 1 satisfy R—1r > R, and t € R.

Then
R-J (Rt —r- J(rt O(R* or [t] < &,
b n(t) = 2 1 )t r- Ji(rt) N ( R3/2 for |t] 113
O( \tl) for |t| > +.
Furthermore,
R? or |t| < &,
poat < {1715
Proof. Plugging into (3.3) gives
R RY) for [t| < +,
hyg(t) = 2m / v psinh p - Jo(pt) dp + 5/ X
r (ﬁw) for [t| > 4.
Using sinh p < p, the bounds
1+ 0(2?) for |z] <1,

(3.4)

JO(:E - 2 s 1

7] COS (|z| - %)+ 0O <‘x|—3/2> for |[x] > 1
for x € R |42, 8.411.1 and 8.451.1], and integrating by parts in the case
|t| > 1/R (antidiferentiating the cosine term) gives the desired upper bound
for h, g, as in |54, Lemma 2.33]. For the first asymptotic statement we use

instead sinh p = p + O(p?) combined with (3.4) to get

R O(RY  for|t| <
he p(t) = 27T/T p - Jo(pt) dp + <R7/2> |
[¢]
We can directly evaluate the remaining integral, since [42, page 8.472.1] yields
(xJ1(x)) = xJy(x), and the result follows.
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Remark 4. The reason we keep an expression with Bessel functions in the
result above, instead of using as in (54, Lemma 2.27] to write it in terms
of simpler trigonometric functions, is that the main term in our variance com-
putation will come roughly from |t| < 1/R. This can be seen from the ranges
of integration for the main term in (3.39)), as defined in . In the case
R —r < R that range would be roughly 1/R < [t| < 1/(R —1r), so either way
we must deal with the transition range |x| < 1 for Jo(x), and is not good

enough to obtain asymptotics there.

In contrast, the main term in [54), (7.18)] — with relevant ranges defined in
(54, (7.11)] — turns out to come roughly from |t| < 1/(R —r), which is much
larger than 1/R (with the assumptions present there), so one still obtains an
asymptotic for the Bessel function in the most important range. The main
difference between the two cases is the presence of the extra weight H(t) given
by in the spectral expansion of the variance for closed geodesics, which
is not present in the case of Heegner points considered by Humphries and

Radziwitl (see [54, Lemma 2.13] for a comparison of the two weight functions).

3.4 Variance for random geodesic segments
Since the closed geodesics in Ap are expected to behave in many aspects like
“random geodesics”, we will model them using uniformly distributed geodesic

segments in X, so first we must understand the variance in that case.

By a geodesic segment of length L in X, we mean a curve in X of the form
T o th(g) for 0 < t < L (observe that it is parametrized by hyperbolic arc
length), where g € TH(X) and 7 : T'(X) — X denotes the projection map.
Uniform distribution means that the initial condition g € T (X) is distributed

(up to normalization) according to the Liouville measure v.

Given the discussion above, the random variable given by the length of the
intersection between a random geodesic segment of length L in X with a ran-

dom annulus A, r in X (with center distributed independently of the geodesic
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segment and according to the normalized measure in X) has variance

Var(r, R; L)

o /fKWgt ah )i~ L“/ifxf)zdﬁi? é”fU -

)
[rl(f)/ (/Z (0 Gulg), yw)) dt )

Heuristics

.5)

This discussion is partially inspired by the heuristics in [72].

For simplicity, we consider only the case of balls Br and assume R = o(1).
Let S be a random geodesic segment of length L > 1 on the modular surface
X, and let Y = Y (w) := ¢(S N Br(w)), where w is uniformly distributed in
X. Also denote by S the “tube” of radius R around S. We wish to compute
Var(Y), and will think of S as fixed but “generic”.

First suppose that LR = o(1). Observe that Y (w) = 0 precisely for w & S%,
while Y (w) =< R for most w € S’ — certainly for a typical w € S%, since we
expect this tube to have few self-intersections, as it has area < LR = o(1).
Therefore, E(Y?) < LR and E(Y)? < L?R* = o(LR?), so Var(Y) < LR?.
Furthermore, if for instance S* has no self-intersections, then we can unfold
it to H and obtain asymptotics for the variance using elementary hyperbolic

geometry.

For the complementary case, suppose (say) that LR > Rio. We let T =
R~ and split S into ,_% > 1 pieces &1,8,. .. ,S% of length 7. Since the
geodesic flow is mixing (of all orders) and 7" — 0o, we expect these segments
to essentially behave independently. Let Y; = Y;(w) := ¢(S;NBgr(w)). Observe
that TR = o(1), so by the previous case we should have Var(Y;) < TR3. Then
independence gives Var(Y') = Var ( lL 1 Y) ~ ZTL:l Var(Y;) < LR3, and it is
reasonable to expect asymptotics for Var(Y') if we could obtain those for each
Var(Y;).

In fact, one may heuristically determine the constant in Var(Y') ~ @ as

follows. It suffices to consider the case LR = o(1), by the argument using inde-
pendence from the previous paragraph. The tube S has few self-intersections

in that case, and the geometry of the problem is essentially Euclidean (as we
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work at the scale R = o(1)). Therefore, our situation can be modeled by the
toy problem where the geodesic segment S is replaced by a straight line seg-
ment of length L in R?, and the the point w is randomized over some region
of the appropriate area ;1(X) = % that contains the (now Euclidean) tube S¥.
Since E(Y? | w & S®) = 0, we get E(Y?) = E(Y? | w € S§T) - P(w € S%).
Away from the endpoints of S, Y = 2v/R? — 22 depends only on the (signed)
distance * = x(w) from w to the line that contains the segment S, so we

obtain

1 [E 2 2RL
E(Y2|weSR)-IP’(weSR)z—/ (2\/32—:52) do - 2RL

2R ] g 1(X)
B SR? ‘ 6RL B 16 LR?
3 T oo

These heuristics provide a good intuition for the upcoming arguments in this
section, but we will have to do something more complicated to effectively deal

with self-intersections of S%.

The cuspidal contribution

Before delving into the variance computation, we need to make a small tech-
nical modification to , since with the current definition it turns out that
Var(r, R; L) = oo for L > 1. This is essentially due to the fact that the auto-
morphic kernel K, p(z, w) becomes quite large as z and w go towards the cusp
together, so it is in particular not in L?*(F x F). This is the same issue that

gives rise to continuous spectrum in the spectral resolution of the Laplacian
in X.

For simplicity, consider the case of balls Bg, so r = 0. For k € Z we have

p(w,w + k) < sinh (M) = Vu(w,w+ k) = %&U), so for > RJ(w) val-
ues of k € Z we have p(w,w + k) < Z. Therefore, for all g with 7(g) €
B%(w) there are > RSY(w) values of k € Z such that p(w(g),w + k) <
p((g), w) + p(w,w + k) < £. Also observe that if p(r(g),w + k) < £ then

7(Gi(g9)) € Br(w+ k) for all 0 <t < &,

We conclude that if L > 1 > R then

/1(}_)/}_ (/0 ZkQR(U(ﬂ' ¢} gt(g),’YUJ)) dt d#(w) dy(g) >

/f/meg(w) (gRS(w)y dp(z) dp(w) > /100 g(RQQ)Q% = 00
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and this gives Var(0, R;T) =

The truncated variance

In view of the necessity to exclude the contribution from the cusp, we let
Fa={2z€F :3(z) <A}

and consider averaging over annuli A, p(w) only for w € F4 instead of w € F,

so that the relevant expression for the variance is

Vars(r, R; L) :=

w(A)\ . dp(w) dv(g)
Lol (/ 2 Fnalulmo Gilg), w)dt = L <f>) W(Fa) W(F)

yel’

The asymptotic behavior of the expression above will involve a special function,

so now we define it and express its key properties.

Lemma 13 (Basic asymptotic properties of G). For 0 < w < 1, let
Gw) :=1+w*+ (1 —w)K(w) — (1+w*)E(w),

where K and E are the complete elliptic integrals of the first and second kinds,
respectively. Then

G(0) = 1, (3.6)

G(w) = 2( w)? log (1 2 ) +0 (( )2) , (3.7)

G(w) > (1 —w)’log (%) , (3.8)

and

G'(w) < (1 —w)log (%) | (3.9)

Proof. The definitions of K and E [42, page 8.112] give (3.6)), while (3.7]) and
(3.9) follow from [42, 8.113.3 and 8.114.3]. Indeed, for u := /1 — w?, those
give

and
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Figure 3.2: Graph of G(w)

SO

G(w) =1+ v’ +v’K(w) — (2 — v*)E(w)

3u?  3ut 4

Changing variables to v := 1—w, so —1+w® = v34+3v?—3v and u? = —v?+2v,

we get

3 3 2 4
Gw)=v2+ 202+ = (=0 +20) log | ——
(w) 2 8( ) 8 v(1 4+ w)

3 5 1 9
= 2221 Z
v og<v>+0(v ),

which gives (3.7)). Similarly, the identity G'(w) = 3w(w—E(w)), which follows
from [42, page 8.123|, gives

> + O(v?)

1
G'(vw) < w—E(w) < vlog <;> + O(v)
and we obtain (3.9). This identity also shows that G'(w) < 0, since E(w) >
1> w, so (3.8) follows from (3.7)) after choosing an appropriate cutoff.
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Remark 5. Perhaps the simplest way to understand the function G(w) geo-
metrically is to describe it as follows: let t € [—1, 1] be uniformly distributed,
and consider the (Euclidean) annulus A;, (it) == {z € C:w < |z —it] < 1},
forw €[0,1]. Let Y, be the (Euclidean) length of the intersection of A, ,(it)

with the real axis. Then an explicit computation shows that

E(Y2) 3 31 My —— 2

G(w): ( w) :gE(Yj):§§/ (2 1—t2—ﬂ‘t|§w2\/w2—t2> dt.
~1

We are ready to state the main result of this section, omitting the dependence

on a parameter t that governs all the asymptotic statements below (meaning

that the quantities L,r, R, A are all functions of ¢, and asymptotic notations

such as o(...) or ~ should be interpreted in the limit as t — 00).

Theorem 3. Suppose that L > 1, 0 < r < R = o(1), and 1 < logA =

0 (R_1 log™* (Rir)), so in particular we require log (ler) =0 (%) Then

16LR3
Var(r, R; L) ~ - G (}%) :

In particular, for balls we get

16 L3
VaIA(OJ Ra L) ~ )

T

and for thin annuli (i.e. such that R —r = o(R)) satisfying the restrictions

above we get

12L —7r)?
Ve A 2) ~ 2 g (L),

Auxiliary results

An important ingredient for will be the fact that the geodesic flow
is mixing, and in fact it is so with an exponential rate, due to a theorem of M.
Ratner [93]. We will use the following effective version of Ratner’s result, due

to C. Matheus and adapted here to the modular group I'.

Lemma 14 (Exponential mixing for the geodesic flow [81, Corollary 2.1]). Let
¢,0 € L*(X) be such that [, ¢pdp = [y dp=0. Then

/Tlm B(7(9)) - Y7 0 Gul9)) d(9) < 102y ¥y - (1] + e
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In order to deal with the problem of self-intersections alluded to in our heuris-
tic discussion, we will need two basic observations regarding the distribution
of orbits of I' acting on H. The first one is the following standard density

estimate.

Lemma 15 (Density of hyperbolic lattice points [58, Lemma 2.11}). If z € H,
w € F, and 6 > 0 then

[{v €Tt u(z,yw) < 6 < V/0(6 + 1)S(w) + 1.

The second observation about the orbits of I in H deals with the minimum
spacing between distinct points in such an orbit. It formalizes the idea that
the spacing can only be small if either the orbit comes close to a point of H
with nontrivial stabilizer in I, or if it has a point very high up towards the

cusp.

Lemma 16 (Minimum spacing of hyperbolic lattice points). If w € F then

1
. . . . .,
in, p(w,yw) > min {P(w, i), p(w, ), p(w, j'), S(w) }

where j = # and j' = #

Proof. Since the minimum is < p(w,w + 1) < 1, it suffices to show that

1
i u(i7) > win {utu ). utu ) utw ) 5 |

a b
Write w =z + 1y, 1 # v = q € I' for an element that attains the
c

minimum, and U? := u(w, yw) with 1> U > 0.

Case 1: y > 2.
If ¢ # 0 we have J(yw) = |Cwid|g < (Cz)Q < %, which gives U > 1. If ¢ =0
we have yw = w £ b and b # 0, which gives U > <:~. In any case, the

S(w)

result holds for y > 2.

Case 2: y < 2.

Observe that since w € F we have y > ‘/7?; If |e|] > 2 then as before

%(’yw):ﬁgﬁgﬁg,soU»l. If ¢ =0 we also get U > 1 as
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before, so |c| = 1 and we can assume that ¢ = 1 since the entries of v are

only determined up to flipping all the signs.

d—1
Now, v = (Clb ¢ q >and

_w—ywP |w—qwPlw +d?
- 4yS(w) 4y?
_Jw(w +d) — (aw + ad — 1)|?

4yy?

U2

> |z)?
for z := w(w + d) — (aw + ad — 1), so that

Rz)=2>—y*+(d—a)z—ad+1 and  (2) =22y + (d — a)y.

If |d — a| > 2 then since |z| < 3, as w € F, we get [3(z)] > y > 1 and
therefore U > 1.

If d = a # 0 then we have R(2) =2 —y? —a’+1 < 1 -3 = —

}L %, soU > 1.
If d =a =0 then U? > ¥(2)? > 2% and U? > R(2)? = (2% — y* + 1)%,
which gives |z| < U and y> = 1+ 2*> + O(U) = 1 + O(U) since U < 1,
so that |y — 1] < U. We conclude that u(w,i) < 2* + (y — 1)? < U?, as

desired.

If d —a = 1 then we can assume that d = 0 or 1, otherwise ad > 2 and

R(z) =a*—y’+2r—ad+1 < 3-341-241=—-1,50U > 1. Ford =0 we

get U > [S(2)| > |z + 3|, so # = =1 + O(U) and then looking at the real

part we get y? = 1+a+2?4+0(U) = 2+0(U), once again since U < 1. This
2

gives y = \/75 + O(U) and therefore u(w, j) < (x - %)2 + (y — ‘?) < U?,

as desired. For d = 1 the exact same reasoning shows that u(w, j) < UZ.

Finally, if d — a = —1 then an argument analogous to the previous para-
graph, but exchanging z with —x, gives u(w, j') < U?, so we have covered

all possibilities and the result follows.

O

The last ingredients necessary to prove are bounds and asymp-
totics for integral expressions that measure the lengths of intersections between
geodesics and annuli in H, averaged over various parameters. We deal with

those geometric quantities in the next two lemmas, and emphasize that the
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results are analogous (except for large distances) to those for the Euclidean

version of the problem, in which straight lines intersect Euclidean annuli.

Lemma 17 (Average intersection of geodesics through z with A, g(w)). For
any z,w € H, and 0 <r < R < 1, if we denote D := p(z,w) then

2
O, r(z,w) == / / kr p(u(mo G(z,0),w))dt df

(R—r)log (££) if D < 2R,

< q B if2R< D <1,
REor) if1 < D.

€

Proof. Since the geodesic flow is parametrized by arc length, the system of co-
ordinates (t, f) corresponds to geodesic polar coordinates centered at z, there-

fore the hyperbolic measure becomes dp = 2sinht dt df.

If D > 2R, then observing that the integrand is simply the indicator function
of the annulus A, g(w) and that sinh¢ > sinh(D — R) > sinh D for all points
(t,0) inside it (since by the triangle inequality ¢t = p(z,(¢,0)) > p(z,w) —
p((t,0),w) > D — R), we get

ht w(A,
O, r(z,w) <</ / kr r(u(mo Gz, 0),w)) S?Ddtd9<<ﬁ

and the result follows. If R —r > R then the result for D < 2R is trivial since
the integral over ¢ is always < 2R by the triangle inequality. Therefore we can
assume that r > %, and then a slight modification of the argument above also
takes care of D < %, since sinh ¢ > sinh R in that case.

We are left with the trickiest case r > g and % < D < 2R. The issue here
is that the intersection of each geodesic with the annulus A, g(w) no longer
has length << R — r when the latter is thin — in fact the length can be
> \/m . In what follows it is worth keeping in mind that since R < 1

the geometry is roughly Euclidean.

First let us change variables, shifting 6 so that it corresponds to the angle with
the geodesic from z to w (instead of with the vertical line). Since D < R,
we can choose a sufficiently small (absolute) € > 0 such that if |sinf| < e
then each 6 contributes < R — r. Indeed, the integrand for each # is now the
length of the intersection of the one-sided geodesic determined by (z,6) with
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the annulus A, p(w). If d is the (orthogonal) distance between that geodesic

and w, then the hyperbolic law of sines gives sinhd = sinh Dsin#, which
implies d < Rsinf. The length of the intersection of the corresponding two-
sided geodesic with A, g(w) is 2({r — £,.), where we define 2¢p as the length
of the intersection of that two-sided geodesic with Bg(w), and similarly for

20, (both intersections will be non-empty for sufficiently small ¢ > 0, as we
assume D < R =< r). By the hyperbolic law of cosines we have (see [Figure 3.3))

h h
cosh R and cosh f, = coshr

coshlp =

cosh d coshd’

Figure 3.3: Lengths in intersection of G,(z,6) with A, r(w)

Choosing € > 0 sufficiently small so that d <
therefore by the MVT

< L we get £, > R and

|3

r
2

(ot < cosh lr — cosh /, < cosh R — coshr < R—
R sinh ¢, Rcoshd "

Now, for the remaining angles 6 satisfying |sinf| > ¢ we will fix the radius
t and evaluate the angular contribution. The values of ¢ for which 0B;(z)

intersects only one of dBg(w) or 0B, (w) contribute < R — r (bounding the
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integral over 6 trivially), so they may be excluded and we can assume that
both circles are intersected. Let 0 < 6, < 0g < 7 be the angles corresponding
to the intersection points in the upper half, so the integral over # with no

restrictions contributes 2(0z — 6,) and by the hyperbolic law of cosines we

have (see [Figure 3.4))

0 coshtcosh D — cosh R d 0 coshtcosh D — coshr
cosfp = an cosf, = - -
R sinh ¢ sinh D sinh ¢ sinh D

Figure 3.4: Angles in intersection of 0B,(z) with A, g(w)

If [0.,0%] := [0,,0r] N [arcsine, m — arcsine], then since we have already ex-
cluded angles 6 with |sinf| < e by bounding the corresponding terms as in
the previous part of the argument, the contribution of the remaining terms
corresponding to t is actually just 2(6, —6/.). But since the sine of both angles

is bounded away from zero we can use the MVT to get

cos B!, — cos 0 < cosb. — cos0 coshR —coshr R-—r
r R —

0, — 0
R~ 0 << sin e sinh ¢ sinh D t

as D > R.
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Finally, we integrate over t < D+ R < R, where we can assume that ¢t > R—r

since those radii trivially contribute < R — r. In conclusion,

D+R
R — 2R
@,.R(z,w)<<R—7’+/ —Tdt<<(R—r)log< >,
’ Rer t R—r

as desired.
O

Lemma 18 (Main term computation). For any g € T'(H) and 0 <r < R =

o(1),

> 16R3 r
[ ttutnta)) ([ buatutr o Giapw)ar) dutu) ~ G (7).
Proof. Observe that the LHS is independent of g, since the integral over w is
invariant under isometries, so denoting the whole expression by I, r we can
average over the geodesic segment of length S > 0 (which we will choose to be
sufficiently large later) starting at (7,0) € T"(H) to get

=5 [ (] ke (i’ w) ) ([ atuticw)dt) dua.

Given D > 0, let
A(D,S) = {Tei‘sEH:lgrSeS and g—@D§5§g+¢9D},

for 0 < 0p < 7 defined by sinfp = tanh D (see [Figure 3.5). It will be

important to compute u(A(D,S)) for the computation of I, that follows

below, so we do that now and come back to the integral afterwards.

The locus of points z € H with (orthogonal) distance to the line y = 0 equal to
D is the pair of straight half-lines through the origin with angles 8, and —6p
with the vertical. The (hyperbolic) arc length parametrization of the half-line
corresponding to 0p is z(s) = escosOpei(5—0p) A computation shows that its
geodesic curvature is constant equal to sinfp = tanh D (see for instance the
discussion after |26, Corollary 4], where our situation corresponds to a = 1 and
a =5 —0p). The region A(D, S) has as boundaries two geodesics (Euclidean
circles with center at the origin) and the two straight lines through the origin

with angles #p and —6p with the vertical line y = 0. Examining the arc
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=0

Figure 3.5: The region A(D,S)

length parametrization we see that each of those has length ﬁ, so the total

geodesic curvature along the boundary of A(D,S) in the positive direction is

tanh D
925 tan fp = 25—t — 925 sinh D.

V1 —tanh® D

Since the four external angles of A(D,S) are equal to 7, denoting by K =

—1 the Gaussian curvature of A(D,S) and by k, the geodesic curvature of
0A(D, S), the Gauss-Bonnet theorem gives

u(a.s) =~ |

A(D,S)

de,:—27r+4z+/ kyds = 2Ssinh D.
2 dA(D,S)

Observe that fOS kr r(u(ie®, w))ds is nonzero only for w € A(R,S) U Bgr(i) U
Br(ie?), since this is the locus of points within distance < R from the geodesic
segment between the points i and ie®. Furthermore, if w ¢ Bgr(i) U Bg(ie®)
then fos krr(u(ie®, w)) ds is equal to [k, g(u(ie®, w)) ds, which is the length
of the intersection of the vertical line y = 0 with the annulus A, z(w) (and

therefore trivially < R). As discussed in the proof of [Lemma 17] the hyper-
bolic law of cosines shows that for points at distance D from the vertical this
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length is 2(¢g — ¢,) if 0 < D < r and 2(p for r < D < R, where

cosh R coshr
d ht, = ——.
cosh D an cos cosh D

coshlp =

We conclude that

I.r= %/A(R’S) (/Z k. r(u(ie’, w)) dt)2 dp(w) + O (%) :

Choosing say S > (R — r)~? we see that the error term is o( R(R — r)?) and

will be negligible. The remaining term can be written as

4 (7 hR hr\\?
§/0 <arccosh (SZ:hD) — 1p<, - arccosh <§§sshlg)> d(u(A(D,S)))
R

8/ L cosh R 1 b coshr 2 WD dD
= arccos — » + ArCCOS cos
0 cosh D b= cosh D

s /T log? cosh R + v/cosh? R — cosh? D ID
0 coshr + \/ cosh?r — cosh? D

R h h? R — cosh® D
+8/ log? <COS R+ v/cosh? R — cos iD

cosh D
(3.10)
using arccoshz = log (z + v/22 — 1) and cosh D = 1+ O(R?).
Denoting
frr(D) = V/cosh? R — cosh? D — v/cosh® 7 — cosh® D
= \/ sinh? R — sinh? D — \/ sinh?r — sinh? D

for 0 < D <r, we see that it is increasing and therefore the MVT gives

R—r < frr(D) < /R(R—T). (3.11)

Similarly, coshr + v/cosh?r —cosh? D = 1 + O(R) and cosh R — coshr =
O(R(R—1)), so

cosh R + \/ cosh? R — cosh? D
coshr + \/ cosh?r — cosh?® D

and therefore with the aid of (3.11]) we obtain

=1+ fr(D)(1 +O(R)) + O(R(R — 1))

log? (cosh R+ v/cosh? R — cosh® D

2 2 > = f.r(D)*(1+O(R))+O(R*(R—1)?).
coshr + /cosh? r — cosh? D
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The same sort of analysis for gr(D) := v/cosh? R — cosh®? D < +/R(R —r)
when r < D < R, separating into cases depending on whether gr(D) is larger

than R — r or not, gives

o [ cosh R+ v/cosh? R — cosh® D
log
cosh D

) = gr(D)*(1+ O(R)) + O(R(R —1)?).

Plugging those into (3.10)) we get an error term < R?(R —r)? = o(R(R —r)?)

and an integral term

T R
~ 8/ frr(D)? dD+8/ gr(D)?*dD
0 r
sinh R

sinh r
~ 8/ fr.r(arcsinh z)? dz + 8/ gr(arcsinh x)? du,
0 s

inhr

changing variables to = sinh D and observing that cosh D = 1+ O(R?). The
result can be written, by |42, page 3.155.8], as

16 . \ ' . sinh r ] 5 5 ' 5 5
3 (sinh® R + sinh’r) — 16 \/(smh R — x?)(sinh”r — 22) dx
0

sinh R

inh r
— (sinh?® R — sinh® ) K ( ——
(sm R —sin r) (sinh 7

16 sinh® RG sinh r 16R3G sinh r
N 3 sinh R 3 sinhR )’

1 1 inh
— ?6 (Sinh3 R + sinh® 7“) — ; sinh R ((sinh2 R + sinh? r) E ( il )

where we use the notation of [Lemma 13} A computation with Taylor series

gives
sinh r

r
sinhR R
so (3.9) and the MVT give

sinh r r 9 2R
G (sinhR) =G (E) +0 ((R_ r)”log (R— 7“>) '
We conclude that

6 () )~ ()

+O(R(R—71)),

by (3.8), as desired.
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Putting it all together: the proof of [Theorem 3|

Proof of [Theorem 3. By absolute convergence, we can freely exchange the or-

der of integration and write

Var4(r, R; L)

[ o ([ - 245

The inner integral over g € T"(X) is, after changing variables, equal to

dv(g) ..
o / dt' dt 3.12
[ ] oo (3.12)
for ¢ € L*(X) given by ¢(2) := K, g(z,w) — %, so that [, ¢du =0 and

ol = [ Kateant) — (M) < [ K2

{7€F u(€, 7w)<smh2( )H /Krsz du(z) (3.13)

H’(AT‘,R)
u(F)

by [Lemma 15 Let L > T > 1. If |t —¢/| > T we can use [Lemma 14| in
the inner integral of (3.12), inputting the bound (3.13)), to conclude that the

contribution of all such terms to Var,(r, R; L) is

< max
EEF

< (RS (w) + 1)

< (RS (w) + 1)R(R—)

[e.9]

< LR(R—1) /f (RS (w) + 1) dp(w) /T (x4 1)e 2 dr (314

< LR(R—r)Te #(Rlog A+ 1) < LR(R —r)e”

if T'< L, and it is = 0 if we choose T" = L (since no such terms exist in that

case).

The remaining set of |t — ¢/| < T has measure < LT, so replacing ¢(z) with
K, r(z,w) in (3.12)) we pick up an error term

< LTR*(R —1)?, (3.15)

and what remains is

e 7 ol alg) |
/ / /TI(X) K, r(7(g9),w) - K, gr(T o gt*t'(g)aw)mdt di

ax{t'—T,0}

= [ Kentitahn) ([ (0= ) Konti oGty a) L.
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Inserting the integral above into the expression for the variance and expanding

the automorphic kernel, we are left with

Alw% Ferlu(n(g), ')

dv(g) dp(w
(/ ~ ) 2 kel Gilg). yw)) d )u(g;ul(gx;:

. el gy 9) di)
A;&ﬂjiﬂ;/ 1) et Gi(g). ) B
(3.16)

Now, let M denote the terms corresponding to v = »/, which is where the

main contribution will come from, and let £ denote all other terms.

Decomposing g = (z,0) for z € FN A, r(v'w) and 0 < 6 < 27, what is left in
(3.16)) corresponding to the terms in & is

<<L/FAZ / /%2/ o n(w(m0Gu(z, 0), yw)) dt dO dya(=) dpa(w).

Y'ely FOA R (yw) y'#ver

(3.17)
For given w € F4, 7 €T, and z € FN A, r(yw), we can use the notation of

[Lemma 171 to bound
21 T
/ Z / kr,R(u(Wogt(Za 9)7 ’}/QU)) dt do < Z ]lp(z,'yw)<T+R'@r7R(Za ")/UJ)
0

v #yer Y =T y'#y€er

(3.18)
Denote
h(7,w,z;D) = |{y #~v €T :p(z,yw) < D}|

and
fw; D) :=[{1#~ €T :pw,yw) < D}|.

The fact that z € A, g(y'w) implies h(y',w, z; D) < f(w; D + R). The next
step is to apply in the equation below, where in order to simplify
the notation we keep a term (R — 7)~'log™* (%) in the left and adjust the

bounds in each range so that the boundary terms cancel out after integration
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by parts. This gives

[/ 2R
(R — 7‘) ! log 1 (m) Z IL/J(Z,Ww)<T—&-R ’ @TvR(z’ Ww)
y'#vel

R 1 R T+R
< [Canewz) [ Tanwsp)+ [ S ane )
R 1

1

h(~',w,z; D)dD

T+R
R 1

eD-1

R
+ mh(’y’, w,z; T+ R)

1

T+RR R
< (w;D+R)dD+/ 2 F(w: D+ R)dD + 1% f(w: T + 2R).
1

w0
(3.19)

We now denote

m(w) := 1r£igr,0(w,’yw) =min{D € R: f(w; D) > 0}

and consider two different cases for w € Fu:

Case 1: w € Fa N Byji00(q) for some ¢ € {7,7,5'}.
In this case and give respectively

1 for D <1,
fw; D) < and  m(w) > p(w,q),
e for D> 1,

so that (3.19) is

1 R T+R R
<</ —dD+/ RdD+ R K +TR.
max{m(w), 1 maX{P(wa Q>7 R}

Plugging this into (3.18) and then (3.17]), we see that the total contribution
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to &£ in this case is

2R

< L(R—r) log(

) /]:AﬂBl/loo )
anTR (y'w) (max{p (w,q), R}

< L(R—r) log(

'el

+ TR) dp(z) du(w)
R

B1/100(0) <max{p<w 2. 8} +TR> (3.20)

X/fKnR(Zaw) dp(z) dp(w)

2R
< LR(R —7)*log (ﬂ) (R + R+ TR)

< LTR*(R —1r)*log (RQ—R> :

Case 2: w € F but w & By/100(q) for any q € {i,7,7'}.
In this case and give respectively

DS (w)+1 for D <1, 1
f(w; D) <« and  m(w) > —,
ePS(w) for D > 1, S(w)
so that (3.19) is
1 R T+R
< / —5(DS(w) +1)dD + / RS (w) dD + RS (w)
max{m(w),R} D 1

< RS(w)log (%) + RTS(w).

Denote 773 := Fua \ Uyeqi iy Br/1oo(q). Plugging the bound above into
(3.18)) and then (3.17]), we see that the total contribution to £ in this case

< L(R —7)log (;i) /F >

A ~'el

« /F o (Rs(w) log (}l%) + Rm(w)) du(2) dp(w)
< L(R—7)log (321) /IA (R%(w) log (%) + RT%(w)) (3.21)

/mzw (=) dp(w)

2 2 2R 1
< LR*(R—r) log(R_T log I + T | log A.
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Collecting the error terms (3.14)) and (3.15]), and the estimates for & in ([3.20)
and (3.21)), we conclude that

Vara(r, B L) = M+ € + O (LTRA(R = 1) + Ly - LR(R = 1)e” )
M0 (LR R =08 (<25 (1og (L) £7) 10g 4
B & R—r & R S)
+0 (HT;AL -LR(R — 7”)67%> )

Choosing T = min {8log (), L}, recalling that log A = o (R log ™" (5-))

R—r
we see that the error term is o (LR(R — r)*log (£)).

We are left with computing the main term

T
M:_/ Z/ / (L — [t])
Fa ~er =YW FNA, r(v'w)) J =T

% k(0 Gulg), ') dr AL L)

1(F) M(]'—A)'

Observe that since m(g) € A, r(y'w) we can restrict the integral over ¢ to

[—2R,2R)|, as the intersection of a geodesic with an annulus A, p in H is
contained in a segment of the geodesic of length < 2R. Then L — |t| =
L — O(R) ~ L. Therefore,

Mot > [ ()0

<(/ b nlul 0 Gulg), 7)) i)

2R

dv(g) dp(w)
1(F) M(]:A)'

We have u(m o Gi(g),Yw) = u(y 170 Gi(g), w) = u(m o Gi(v'tg),w), and the
measure v is (left) G-invariant, so it is possible to unfold the integral over
g € }(F) to get

M~ m /F A /G byl (g), w))
<(/ by nlul 0 Gulg).w) it) dvlg) dutu)

—2R
By the same argument via G-invariance, the integral over g € GG is independent

of w, so we can replace the domain F4 with F in the display above, multiplying

by w(Fa)

W(F) to get

ﬁ/jr/cykm(u(w(g),w)) (/_2R k’r,R<U(7TOgt(g)’w))dt> dulg) dp(w).

2R
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Now we revert the unfolding process in the integral over g € GG, obtaining

/Z/ﬂ brn(u(r(g), 1)

«( / 7 blulr o Gu(g), 7)) it) dvlg) dutu)

—2R

Next we can complete the inner integral to ¢ € (—oo, 00) with no loss, as was

previously discussed, and after unfolding (this time the integral over w € F)

/ / w))

(/_ook r(u(moGig),w))d )du(w)dy(g)'

we are left with

Applying and (3.8]), we conclude that

M~@G<1> @G(R>>>LR(R )210g<R2R).

3u(F) R s —r

Therefore,

2R 16LR3 r
VarA(r,R,L)_M+0(LR(R r)*log (R—r)) - G<R> :

as desired. Combining this with (3.6]) and (3.7]) finishes the proof of the theo-

rem.
[

Remark 6. [t may be possible to remove the technical condition log (Rl_,r) =

o(%) in extending the result to all L > 1,0 <r < R=o0(1), and

l<logA =0 (R‘l log™* (%)) That is because we use a somewhat simplified

mizing estimate, for functions on X instead of on T'(X). Similar estimates
for the latter are available [81, Theorem 2], and it would be natural to use
those to express an analogous version of but with ¢ € L*(T* (X)) given
by
:U’(Ar R)
/ Kerogt (9),w)dt =T )
The L?-norm estimate is essentially the rest of the proof of [Theorem 8, and

one would be able to gain an extra factor of (R—r)log (;—i) in the error term
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coming from cutting the geodesic into small pieces of length T. The issue is
that [81, Theorem 2] requires estimates for Lie derivatives of order 3 in the

angular direction, which would add a lot of complexity at diminishing returns.

Instead we are satisfied with the mild restriction on R — r, which is already

enough to accommodate for instance R—1r > exp(—R™*°) for any fized § > 0.

3.5 Variance for closed geodesics

Predictions from the random model

We can rewrite (3.2)) as

H(A,p) " dfi(w)

CeAp CeAp

Var(r, R; Ap) := /

X

It J:= (\/E) € Cl15, then the closed geodesic corresponding to any B € Clj
is the same as that corresponding to JB~!, but with opposite orientation. If
B? = J, they are the same and correspond to a (so-called reciprocal [98])
closed geodesic that goes through its image twice, once in each orientation.
Let ap := |[{B € Cl}, : B> = J}|, so h}; = ap + 2bp. The images of the
closed geodesics from Ap in I'\H correspond to ap geodesic segments of length
log e}, with multiplicity 2, and bp geodesic segments of length 2loge}, also
with multiplicity 2. Furthermore, the height of each of those closed geodesics
in the fundamental domain is < v/D/2 [31, Proposition 3.1]. Therefore, if
we model each of those geodesic segments using independent (except for the
multiplicities) random geodesic segments in X, with a cutoff A > VD /2, we

may expect

Var(r, R; Ap) &~ 4 (ap Vara(r, R;loge},) + bp Vara(r, R; 2loge})))

N4<QD16-logﬂsg.R3G(}%) +bD16.210i545,R3G(%>)

_ 64\/5L(1,XD)R3G (r) ’

R

™

2
account, but already from for thick annuli with R —r > R). It
would suffice to restrict to R < (log D)~'~° for any fixed § > 0. Therefore,

being a bit conservative, this leads to the conjecture below.

at least for log <ﬁ) < logA = o (R_llog_1 (%)) (taking [Remark 6 into
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Conjecture 1. Let § > 0 be given. If 0 < r < R < D7, then as D — oo

through squarefree fundamental discriminants,

64\/5L(1,XD)R3G (1> ‘

Var(r, R; Ap) ~ 7
s

Our main result confirms the conjecture for sufficiently small annuli that are
not too thin, and in particular for small balls. Observe that the allowed range

of radii intersects the regime where one would expect equidistribution, i.e.
M(AT,R) > D71+5'

Theorem 4. Let § > 0 be given. If 0 <r < R < D% and R—r > R,

then as D — oo through squarefree fundamental discriminants,

64\/5L(1,XD)R3G (7") ‘

™

Var(r, R; Ap) ~ 7

Remark 7. The restriction R —r > R in is mostly technical in
nature, due to the fact that the behavior of the weight function h, r(t) changes
when R —r < R. We stick with it for simplicity, since it is enough to cover

the most interesting case of balls (r =10).

Remark 8. The proof of[Theorem 4 actually gives a power-saving error term
of the form Og(D%R3+E) for any € > 0 sufficiently small (depending on 9 ).

Spectral expansion and automorphic transformations

Let D > 0 be a squarefree fundamental discriminant, yp be the primitive
quadratic character modulo D, and By(I') be an orthonormal basis of the
space of Maafl cusp forms for the modular group I', which we may choose to

consist of HeckeMaaf} cusp forms.

Expressing the variance in terms of the automorphic kernel K, r, performing
a spectral expansion, and using the work of Duke-Imamoglu-Té6th [29] to

compute the resulting Weyl sums, we are left with L-functions.

Lemma 19 (Spectral expansion of the variance [54, Lemma 2.20]). We have

Var(r, R; AD) - Qﬁ(X) fe;m : T (1’ Sy2H12 f)

i 47?;(20 /:

H(ty) b gr(ty)]?

¢ (3 +it) L(3+it,xp) ?
C(1 + 2it)

H(t) |heg(t)] dt,
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_TEHDTE-D !
Ho =i w () 6

Before the next lemma we need to establish some notation. Recall that the

Mellin transform W of a function W : (0, 00) — C is given by

= [ W

for s € C for which the integral is absolutely convergent, and conversely the
inverse Mellin transform W of a holomorphic function W : {s € C : a <
I(s) < b} — C is given by

- 1 [otice

W(z) = — W(s)x™*ds

2mi T—100

for a <o < band z € (0,00) for which the integral converges absolutely.

Lemma 20 (Automorphic transformations [54, Corollary 5.7]). Let h(t) be an
even holomorphic function in the strip —2M < (t) < 2M for some M > 20
with zeroes at + (n— 3)i forn € {1,2,...,2M} and satisfying h(t) < (|t| +

1)72M in this region. Then the moment

2
L(L A)L(3, 1 [~|C(2+it)L (L4t
> (QLf)l : f@;“)h(tmz—/ 1t @()1 (Z@Z )| 1) a
fEBO(F) ( 7Sym f m — 0 C + 1
s equal to the sum of the main term
2L(1, vp) / h(t) dupect (3.23)

and the shifted convolution

Z Z Z X1 Sgn mj:D2>>>‘X1,X2(m70) X1, X2<|miD2’ O)

+ Di1D2=D m=1

m#F D2
1 o1-+100 m /; m 551 d
_— - 1— R
(3.24)
where 1 — M < o7 < —1,
* 1
(A h) (z) = / h(t) T (%) dspect, dipect 1= 5t tanh (wt) dt,
oo s

J;(z) := 4 cosh (mt) Koy (4mx), ToH(x) == —2nYy(4mx),
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the decomposition xp = x1Xx2 corresponds to D = DDy, and

)‘Xl,XQ (m,()) = Z Xl(a)x2(b)

ab=m

Combining this with work of M. Young [106] leads to the following bound for
moments of L-functions, which will be useful for bounding some of our error

terms later on.

Lemma 21 (Dyadic moment bound [54, Proposition 2.35 (1)]). For T' > 1,

we have

C(E+it) L(%+it,yp)|

T L(%af)L(%,f@@XD)Jri / "
feBotD) L(1,sym? f) 2m (1 + 2it)
Tgtf0§2T T<t|<2T

DsteT>  for T < D3,
<. { Dite for D72 < T < Ds,
DT> for T > Di.

Choice of test function

To prove [Theorem 4] we will start with the expression in and
approximate the weights H (t)|h, r(t)]* by a function h(t) satisfying the con-
ditions of The error terms coming from switching from one set of
weights to the other may be bounded using [Lemma 21| and the problem will
be reduced to evaluating the main term and the error term . We

once again follow [54], adapting their construction to our context.

The conditions of require that h(t) be even, extend holomorphically
to |S(t)| < 2M, have zeros at + (n — )i for n € {1,2,...,2M}, and satisfy
h(t) < (|t] + 1)72M for some integer M > 20. From now on, fix a sufficiently
large constant M € N.

First we localize h(t) to the region [Ty, —T1]U[T}, T3], where T} := R™'"* and
Ty := R~172 for a sufficiently small fixed constant o > 0. This is because the
main contribution to Var(r, R; Ap) will come from this range when R—r > R.

To achieve this localization, let



76

which is even and for |J(t)| < 2M satisfies

( 2M
0 ( (o) ) for [R(1)| < T,
2M R(t)\2M
) =d1+0 ((%) e )Y doe <R <D (3.25)
_(M)ZIVI
Ole \ ™ for |R(t)| > Ty

Moreover, for j € {1,2,...,2M} and t € R,

‘t|2]&{—j

o for [t] < T,
() \t|2M*j |t‘(2]\/171)j _(L>2M
M) <G T+ e A0 dor s i< T, (326)
|t 2M -1 _<L>2M
€ 2 for [t| > Ts.
2

Next, ignoring the Bessel factors for now, we see from [Lemma 12| and ([3.22))

that a factor asymptotic to 1673 /|¢|> arises. Therefore consider

: 4M+3 i 4M+3
ha(t) 1= 2(2m)- M+ (401 + 3oL (ars + 7o) CT (s i)
2 [($+at)r (L —it)

Y

which is even and holomorphic in the strip |$(¢)| < 2M, where it has zeros at
+ (n — %) i forn € {1,2,...,2M} and satisfies

1673 1
halt) = e O (m)’ (3.27)

by Stirling’s formula. Furthermore, for j € Z> and t € R,
h () < (Jt) +1)7772 (3.28)
Finally, let
hs(t) := (R - Ji(Rt) —r- Ji(rt))?,

which is entire (as this is the case for .J;) and even (as J; is odd [42}, page 8.476.1]).
Using the crude bound

|| for 2| <1,

Ji(z) < Q. (3.29)
PO for |z| > 1
Vil -

[42, 8.411.3 and 8.451.1], for |3(t)| < 2M we get

RYt]> for [t| < =,

hs(t) < (3.30)
ﬁ for [t| > .



7

Also, for j € Z>y and y € R we have

ly|  for |y| <1 and j even,
Jy) <; {1 for |y| <1and j odd,

1
— >
ol for |y| 1

[42, 8.471.2, 8.411.4, and 8.451.1], which for ¢ € R gives

RYt[*7 for |t < & and j € {0, 1},
W (1) <; S R* for |t < L and j > 2, (3.31)
EZ for || > L.
We choose the test function
h(t) := hy(t)ha(t)hs(t), (3.32)

so that combining ({3.25)), (3.27)), and (3.30) gives the following upper bounds

and asymptotics for h.

Lemma 22. For [3(t)| < 2M,

( 4 2M—1

% for |t| < Ty,

R* 1
< < =
h(t) < |§R§;)\ fOT 7;1 = |t| = R (333)
IR » fOT’ r S ’t‘ S T27
()

| e * for |t| > Ts.

Furthermore, if t € R then
_Am (R D(BE) — 1 D) 2
] t
2M
9 (ﬁ oty () > formi< <L, 33
+

M [¢]

h(t)

O (% + R|t|2M—4> fOT% < |t| <T.

TQQIW
We record the following important definitions and bounds for future reference:
R<D®9% R—pr>R,  Ti=RY™  T,=R' (3.35)

where «a, § > 0 are sufficiently small fixed constants and M € N is a sufficiently

large fixed constant.
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Change of test function for the variance

Lemma 23. Under the assumptions of (3.35)) and for h(t) as in (3.32]), we
have

Var(r, R;Ap) = vD Z L(3.f)L(3f®xp)

— h
20X (S L1 sym? f) )
VD ¢ +it) L(E+it,xo)|

+

h(t) dt

drp(X) /—oo (1 + 2it)

1
+0: <D5“R3f (Rsz T LA )) .

Ty (RT3)?

Proof. Follows from the spectral expansion in and a change of test
function. The error term is estimated using the bounds and asymptotics in
[Lemma 12] (3.22)), and [Lemma 22| considering each of the ranges separately.
More specifically, if we denote A(t) := H(t)|h, r(t)|* —h(t), then putting those
bounds together yields, for ¢t € R,

( R4

1+]t] for [t| < T,
wo e we (6 g < e < L
Aty < d T T e W for s i< g,
R R|¢|2M—4 1
It + |7L22M for & < ‘t’ < TQ,
\% for [t| > Ts.

We used the fact that o > 0 is small in the inequality above.
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Therefore, combining this with gives, for T' > 1,
L la f L 17 f ® XD
Z (2 ) (2 ) |A(tf)‘

2
Pt L (1,sym? f)
T<t;<2T
2
1 5 +it) L (5 +1it,
4+ / C(z ) (2- XD) INGIE:
T<|t|<2T
)
Ditepiee gt for 1 <T < D1,
pheert for D < T < D1,
DET 1+ R4 for D1 < T < T,
oM 2M
<e DeTe | R + RAT (%) + R4Te_(Tll) ) for T <T< %,
R r (7\*M 1
DETE 773+772<T2> ) fOI“ESTSTQ,
\DETEY% for T > T,.

Here we recall that T, = R~1+® > DU-9(3+9) > Di for sufficiently small
o > 0. Multiplying by v/D and summing over T' = 2* for k € L= gives the

claimed error term.

]

Observe that by (3.35) the error term is O.(D2R3) for e > 0 sufficiently
small, and therefore it is asymptotically smaller than the main term of

as L(1,xp) >. D=.

Remark 9. The error term O.(D2tR#) in (3.30) is the only point in
the proof of where the range R < D120 is tight. Instead of

using the bound <. D3teT2te (coming from Young’s work [1006]) for the range

T < D of we could have tried to use the weaker bound <.
Dzte (which holds in this range by the argument in Humphries-Radziwitl [54),

Proposition 2.35]). This would produce a corresponding error term of size
O. (DY R*) in (3.36]), which is enough to obtain asymptotics for the variance if

R < D=27%. Here it becomes clear that it is precisely the range of (conjectured)

equidistribution, i.e. R > D’%”, which requires deeper arithmetic inputs.

Applying to the first two terms of (3.36]), we obtain the main term
\/BL(la XD) /OO

X h(t) dspect, (3.37)

[e.9]
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where dgpect == #ttanh (mt) dt as before, plus the shifted convolution

%Z > 5™ xa(sgn(m £ Da)) Ay, s, 00y (m £ Dal, 0)

=D m=1
m#F D2

0’1+'i00/\ — 2
X — H=h(s)TE(1 — s) (ﬂ> ds.

2mi 01—100

Asymptotics for main term

Lemma 24. Under the assumptions of (13.35) - and for h(t) as in - the
main term s equal to

3
64vVDL(L xp)R G (}%) + 0. (Dé+€ (R4T1 + ﬁ)) .

2
s 15

Proof. Using the bounds and asymptotics of [Lemma 22| combined with the
fact that h is even and the bound L(1, xp) < log D, we see that (3.37) is equal

to

16“/5;()1,@) /TIT2 (R.Jl(Rt)t—r : Jl(rt))gdt

R
oo (o )

Then (3.29) allows us to complete the integral to (0, c0) under the same error

term as above.

(3.39)

From [42, page 6.574.2] it follows that

L [CLEE BT 4R
R/O 12 d _4~F(%)F(§)F(§) = 3. (3.40)

2

2

and similarly for the term corresponding to r. The cross-term can be evaluated

using [42, page 6.574.3], which gives

° J1<Rt)J1(Tt) 2 1 1 7”2
2Rr/0 t—2dt=R7“ o Fy 5’_5;2;ﬁ ;

where oF) denotes the ordinary hypergeometric function. By [42, 8.113.1,
8.114.1, and 9.137.14] we deduce that

2 (1 _L 2;22> _ (1+2*)E(2) — (1 - 2*)K(2)).

2" 2’ 322
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Therefore,
* Ji(Rt)Ji(rt) , AR r? r r? r

er/O At = —— (14 E(E>— - K(§> .
(3.41)

Combining (3.40) and (3.41]), we conclude that

o0 . —_ . 2 3
/ R- Ji(Rt) —r- Ji(rt) dtzﬁ (1)7
0 t 3T R
which gives the desired result.
O

By (3.35), the error term in is O.(D2 R¥) for ¢ > 0 sufficiently

small, so it is once again asymptotically smaller than the main term of
lcem 41

Bounds for shifted convolution

To finish the proof of[Theorem 4] it suffices to show that the shifted convolution
(3.38) is asymptotically smaller than the main term obtained in the previous
subsection. This requires considerably more work and involves a more careful
consideration of the oscillatory behavior of the test function h(t). The final

result is indicated in the lemma below.

Lemma 25. Under the assumptions of (3.35)) and for h(t) as in (3.32)), the
shifted convolution (3.38)) is Og(D%R“E) for every € > 0 sufficiently small.

Proof. We once again follow [54], with necessary modifications due to the fact
that D > 0 and also the presence of oscillations coming from a Bessel function,

instead of a trigonometric function, in our choice of h(t).

By Mellin inversion — where we use the convolution identity [56], (A.6)] —

and the divisor bound, it suffices to show that
2. 0.0 / (S h) (@) T3¢ (,/ﬂx) da
0 Dy

+ Do|Dm=1
is O.(D2R3) for every ¢ > 0 sufficiently small. We consider two different

(3.42)

ranges for m.
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Case 1: m > +/Ds.
Via integration by parts and [42, 8.472.1 and 8.486.12], the integral in ([3.42))

is
CiDQ <1 m
—L(x)B5 | 4n, | =~ | d 3.43

ct = —2m, c =4, B (z) :== Yi(x), B, (z) = Ki(z),

and
ZL(x) = 3(H " h)(z) — 3x(Hh) (z) + 2*(H# " h)"(z).

We will split the integral in (3.43]) into three different ranges for z and

bound each one separately.

Sub-case 1a: 0 < x < 1.
By [5, (A.2) and (A.4)],
J

) = s(iﬁ% 2 (;1) (Dot-gson(47) = Lgit—jron(472)).

Combining this with the bound

n=0

LI 2n=3(1))

(R(D)] +1)3972030)

e ™M Lyit_jron(477) <s(1)5

valid for 0 < x < /|t| + 1, which follows from a slight adaptation of [5]
(A.6)], we can shift contours to obtain

@ 7 . ,
P CAUIDETD ) DL BN I O

dz’

+ n=0 S(t)=+cn
for any choice of integers —2M < ¢, < 2M (observe that the poles of
cosh ™ (7t) are cancelled by the zeros of h(t)). Choose ¢, =n — 2M + 1
and apply (3.33)) to conclude that for 0 < z <1,

R4$4M72

L(r) < (3.44)

M -
For future reference, we note that if £ € Z>, and x € R, then one has
the general bound

7k for0 <z <1,

By () ke (3.45)

1
7 forx>1
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for both Bessel functions in question [48, Proposition 9]. Therefore, we
conclude that the contribution of 0 < z <1 to (3.43)) is

R D, 2+e D, 2
<am ()7 (%))
Summing over m > /Dy and Ds| D, this sub-case contributes O, (R*T;?M D3 +e)
to (B:42), which is O.(D2 R*<) by (3:35).
Sub-case 1b: x© > TylogTs.
We use [5, (A.1)] to write
j

&’ , '
%‘Z_(iﬂ) = (—27m)’ (iz) 4 cosh(mt) Kojp—jyon(4m)
n=0

and apply the uniform bound

COSh(ﬂ't) K2it—j+2n (47'('13)

2G(t)+j—2n|+ &
Lo, €m0 IROD} (1 + [R@)| + 4m:> [23()+i=2nl+ 15

4rx

valid for all t € C [5, (A.3)]. Combining this with (3.33]) gives, for t € R
and x > T,

(
R4(‘tT|;_N})2M eﬂ‘t|6747rx for |t| S Tl,
1
Rierltlg—4re for Ty < Jt| < L,
d] - s —4m
h(t)tﬁjt () < %e [t g—dma for & < [t| < T,

7<L>2]\/f
%6 Ty emltlg=4me for T, < |t| < 4z,

2M i+ L
() (1) for Jt] > 4a.

3
1l

Considering each range separately (and in fact dividing the fourth range
into [t| < 2z and || > 2z) leads to

dt

L(r) < Zi;xj /Z ‘h(t)t%jt_(x)

- 2M oM
< ij <R4e7rT2647rx + %627@ + ge—(%) n %e_(;{;> )
J=0 2

2M
< R3z%e % 4 @e{%) .
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Therefore, using (3.45)) once again, the contribution of = > TylogTs to
the integral (343) is O4(Ty *(Dy/m)7) for any A > 0, which easily gives
the desired bound of OE(D%R%E) for the corresponding contribution to
(13.42)).

Sub-case 1c: 1 < x < TylogTs.
We use the identity

(" h)(x) = 1 /OO e(2x sinh(7u)) /Oo h(t)t tanh(wt)e(—ut) dt du

™

—00 —00

from [5, (A.8)], which is valid due to the rapid decay of h(t), following
from (22). Then integrating by parts in u gives

L(x) = %/OO e(2z sinh(7u)) /OO R(t)(co(u)+er (w)t+ea(w)t?)e(—ut) dt du,
- - (3.47)
where
h(t) := h(t)t tanh(rt)
and

co(u) := 8 — 8tanh?(mu) + 3 tanh*(7ru),
c1(u) := —14i tanh(7ru) + 6 tanh®(7u),
co(u) := —4tanh®(ru).

From £ tanh(nt) = 7sech(nt)? and 4 sech(nt) = —m tanh(rt) sech(rt)

we can show by induction that for j > 1, there is a polynomial Q;(z,y)
such that
4’

P tanh(mt) = sech(rt)* - Q;(tanh(7t), sech(rt)) <; e~ 2l

which will be negligible in what follows. Combining such a bound with

(3.26), (3.28)), and (3.31) we conclude that for j € {0,1,...,2M} and
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t eR,
(M 1 4142 1
(T—) . for |t < T,
£ \M ¢ )M —(%)2]\4 R 1
70 1+ (%) + (&) )5 for <<y
h (t) <<j . 2M . 2Mj <L>2M Ritl 1
1+ (T_2> + <,IT1> e \ . GE for & S |t| S TQ,
L\ 2Mi 7(L o a .
\<T2> e \T2 WmlﬂRj for |t|ZT2
(4 2M—j
% for [t| < T,
L for Ty < |t] < =,
< i
|t\§T1j for £ <|t| < Ty,
R1+j _l(i)QM
e P\ for |t| > Ts.

(3.48)

We now bound by dividing the integral over u into the ranges
lu| < v and |u| > v, where v € (0,1) will be chosen later. In the case
|u| > v, we estimate the integral over ¢ by integrating by parts 2M times.
Since ¢;(u) < |u|" for i € {0,1,2}, shows that the contribution of
this range to Z(z) is

< Rlog(1/R)T My 2MTY(R 4 )2,
For |u| <wv < 1, we Taylor expand twice to get
e(2x sinh(mu)) = e(2z(mu + O(u?))) = e(2rzu) + O(zu®),
as long as zv® < 1 (which will be the case for our choice of v). Plugging

this into (3.47) and using (3.48)), the error term is
< Rlog(1/R)xv* (R + v)*.

To make the two error terms collected so far match, we choose

_1+¢ 1
U:Tl 2M+3[E 72M+3,

which satisfies the necessary restrictions since in the present sub-case
x < TylogTy. In the remaining integral over |u| < v we use

co(u) = 8+ O(u?),

c1(u) = —14diru + O(u?),

co(u) = —4m*u® + O(u?).
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The contribution of these error terms to (3.47)) is

< Rlog(1/R)v*(R 4 v)* < Rlog(1/R)v°,

as 1 < x < TylogT;,. Finally, we can complete the integral over u to

(—00,00) under an error term
< Rlog(1/R)T My 2M+Y (R 4 )?
= Rlog(1/R)xv*(R + v)* < Rlog(1/R)zv",

by the argument via integration by parts from before. Therefore,
h(t)(8 — 14imut — An*u?t?)e(—ut) dt du

1 (0.9] (0.9} ~
—/ e(2mxu) /OO
+ O (Rlog(1/R)v*(1 + av))

- 3 (-0 ] - )
+0 (Rlog(1/R)v°(1 + zv)) ,
(3.49)

where the double integral was evaluated via Fourier inversion. For 1 <

x < Tylog Ty we have
5 o ZrE TS R
Rlog(l/R)v (1 + Jm) = R10g<1/R) 5__15 6_ 18 < —5
Tl T 2M+3 T1 T 2M+3 T1§

1 (3.50)

due to (3.35)). Applying this combined with (3.48)) to (3.49)), we obtain

L(z) < — + f 1
v for <z <TylogTs.

Using the bound above and (3.45)), the contribution of 1 < x < Ty log T

m

to (3.43) is
D, \'"**  (D,\7 1
22 ) de
N

l)2 T>logT> 1
e - e g

w2 [ Szl (55

(73

<= (2] + (2
TIE m
_9

Summing over M > /D, and Dy|D, this sub-case adds O.(RT} 2D%“)
to (3.42)). This is the most delicate range, but from (3.35)) we see that it

contributes O.(D2 R3¢), as desired.
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Case 2: 1 <m < +/Ds.
In this case we directly bound the integral from (3.42)), which is

ot /0 S h) (@) BE (4W\/DE233) da. (3.51)

The strategy is to divide it into the same three ranges for x, and observe

that the bounds (3.44)), (3.46]), and (3.50]) for .Z(z) are actually bounds for
I— (" h
|7 a0

so they apply verbatim to (£ ~h)(z). We simply combine them with (3.45|)
to estimate (3.51).

Y

Sub-case 2a: 0 < x < 1.
We see from that the contribution of 0 < x < 1 to (3.51) is
bounded by O(RYT; M (D, /m)1), so this corresponds to a term of size
O-(R'T?M D&*) in (3.42), which is acceptable.

Sub-case 2b: x > TylogTs.

From (3.46)), the contribution of this sub-case to (3.51)) is O(Ty *(Dy/m)4)
for any A > 0, and this easily leads to an acceptable error term of

Onc(Ty A D) for (3.42).

Sub-case 2¢: 1 < x < TylogTs.
Finally, shows that this final sub-case contributes O(R2T; 2(Dy/m)7)
to (3.51)), which translates to O.(R2T; >2D§*) in (3-42). Thisis O.(Dz R3+%)
by , so we have exhausted all possible cases and the proof of
Lemma 25 (and therefore also of is complete.

3.6 Limitations and connections to subconvexity

As shows and we use in the course of our argument, bounds towards
subconvexity have implications to (at least upper bounds for) the variance
Var(r, R; Ap). We remark that the opposite is also true, in the sense that upper
bounds of the correct order of magnitude for the variance imply subconvexity
for certain L-functions. This clarifies the obstacles for improving [Theorem 4]

For simplicity consider the case of balls, r = 0. If one has an upper bound of the

(expected) correct order of magnitude for the variance, i.e. Var(0, R;Ap) <
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V'DL(1,xp)R?, then assuming R = o(1) the argument in shows
that hor(t) > R? for [t| < &, so by and non-negativity of the

terms we get

L5, f)L(5 f®xp)
) A

+1/
2T

[t|<

feBo(I)
<1l
o= x (3.52)
1, 1, 2
C(§+Zt)L(§+zt,XD) dt < L(1,xp)
C(1+ 2it) lt] + 1 R

%
for squarefree fundamental discriminants D > 0 (observe that [tf] > 1 for

['). As an aside, we note that here the significance of the exponent 5/12

in becomes clear. This is because the hardest range in (3.52)) is

It¢|, |t| = D1z, where the bounds of intersect, and the best one can
do is use Hoélder’s inequality against the third moment result of [106] and the

large sieve, obtaining

L(5.f)L(5.f®xp)
2 L(1,sym? f)

feBo(T)
Ity <Dz
. . 2

+i / C(A+at)L(3+it,xp)
27 C(1+ 24t)

(3.53)
dt <. D2*e.

=D T2
An improvement in the first moment bound (3.53)) is essentially equivalent to
an extension of the range of R in[Theorem 4]

Going back to our point about subconvexity, dropping all but one term in
(3.52) and using the bound L(1,sym? f) >. [t;|~¢ of [51] we get

| 1 Dt +
Lz f)(= il L

for f € By(I') with |t;| < &. The conductor of the product of L-functions on
the left is =< D2|tf|*, so if f € By(T) is fixed and R >> D~3%0 for a given § > 0,
we would obtain sub-Weyl subconvexity for f ® xp in the twist aspect, which

is currently an open problem.

In conclusion, improving the exponent 5/12 of requires a better
bound for the first moment ([3.53)), and improving it to anything below 1/3

seems especially difficult at present, as it implies a challenging case of sub-Weyl

subconvexity.
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Chapter 4

MOBIUS DISJOINTNESS FOR C1'*¢ SKEW PRODUCTS

4.1 Introduction

Let (X, d) be a compact metric space and T : X — X be a homeomorphism. If
the topological dynamical system (X,T') has (topological) entropy zero, then
Sarnak’s conjecture [96|, 97] predicts that

for any continuous f : X — R and every x € X. When this holds, we say that
the system (X, T") is Mdbius disjoint.

Sarnak’s conjecture has been proved for a variety of dynamical systems: see
for instance (14}, |15} |43} [27, 32, 44, 83, 80, 91}, |17]. A common feature of all
the results listed is that the underlying system is regular, in the sense that for
every « € X the sequence + Y n<n O7n(z) converges in the weak-* topology to

some T-invariant Borel probability measure on X.

Let T := R/Z denote the circle. In this chapter we will deal with the so-called
Anzai skew products (T?,T, ), where a € R, ¢ : T — T is a continuous map

and the transformation is given by

Togp(z,y) = (x + a,y + ¢())
for all (z,y) € T2. We often denote the system simply by T, 4.

Observe that Ty, 4 is distal, so it has zero topological entropy and therefore we
expect it to be Mobius disjoint. In fact, these skew products are the basic
building blocks in Furstenberg’s classification of minimal distal flows [39], so
understanding them is the first step towards establishing Sarnak’s conjecture
for this important general case. The main novel dynamical challenge that arises
when one deals with skew products is that they provide some of the simplest
examples of irregular dynamics. Indeed, Furstenberg [38] showed that Ty, , is

not regular for some a and some analytic ¢.

Lifting ¢ : T — T to the real line, we can write ¢(z) = cx + 45(95) forallz € T,
where ¢ € Z is the topological degree of ¢ and ¢ : T — R is a continuous 1-
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periodic function, unique up to shifts by Z (we fix an arbitrary choice). Kutaga-
Przymus and Lemariczyk [71] have shown that if ¢ € C1*< for some & > 0 then
T, is Mobius disjoint for a topologically generic set of o. Furthermore, they
proved Mobius disjointness of T, » when a € QQ, assuming only continuity of
¢ [71, Proposition 2.3.1], so from now on we assume o« € R\ Q. A further
consequence of their work |71, Remark 2.5.7] (see also [104, Corollary 2.6]) is
that if ¢ is assumed to be Lipschitz continuous, then Sarnak’s conjecture holds
for T, 4, whenever ¢ # 0. Therefore, with the underlying assumption on ¢ in
mind, we can deal only with topological degree zero from now on, and with

an abuse of notation we identify ¢ with ¢.

The first Mobius disjointness result for all o was established by Liu and Sarnak
[78], who proved it for ¢ analytic and satisfying the technical condition gg(m) >
e~ 7™l for some 7 > 0. This was the first time Sarnak’s conjecture was proved
for a system that is not regular (since Furstenberg’s example satisfies the
condition). A refinement of this result was recently obtained by Wang [104],
who removed the need for a lower bound on Fourier coefficients, obtaining
Mébius disjointness of T, , for all analytic ¢. Huang, Wang, and Ye [52] later
improved this to cover all ¢ € C*°. Finally, using the work of Matoméki and
Radziwill [82] on the behavior of x in short intervals, Kanigowski, Lemanczyk,
and Radziwill [64] established Mobius disjointness of T, , for all ¢ € C***
subject to the condition (E(O) = 0, where € > 0 is arbitrary.

Our main result is a simultaneous improvement of the works of Kutaga-Przymus-
Lemanczyk [71], Huang-Wang-Ye [52], and Kanigowski-Lemanczyk-Radziwitt
[64]:

Theorem 5. Let ¢ > 0. For any o € R and ¢ : T — T of class C1*¢, the
skew product Ty, 4 is Mobius disjoint.

The proof follows the ideas laid out by Kanigowski-Lemanczyk-Radziwitl in
[64], but instead of aiming for a polynomial rate of convergence for T;fd) — 1d
in the uniform norm (along some unbounded sequence {r,},>1), we establish
a polynomial rate of convergence for T),", — Id in the L*(v) norm, for each
T, ¢-invariant Borel probability measure v. The difficulties in dealing with
every such v are overcome because they all project to the Lebesgue measure
in the first coordinate. We also remove the condition ¢(0) = 0 present in [64]

by slightly modifying their choice of the sequence {7, },>1.
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Another important ingredient is better control of some sums related to the
Fourier coefficients of ¢, where the Diophantine properties of o play an im-
portant role. The idea here is that not many ¢’s at a given scale can make
||ga|| small (i.e. be denominators of good rational approximations of «). Fur-
thermore, the ¢’s at a given scale that give rise to rational approximations of
similar quality must be somewhat well-spaced. We apply the Denjoy-Koksma

inequality to appropriately chosen functions in order to extract that informa-
tion (see [Section 4.3)).

The smoothness exponent 1+¢ seems to be the limit of this argument. Indeed,
we prove in [Section 4.5| that if one only assumes that ¢ € C! then, at least

along the sequence of best rational approximations of the irrational «, the rate

of rigidity of T, 4 can be logarithmic even when ngﬁ(O) = 0.

In we show that our ideas can be used to extend some general
rigidity results so far only known for functions of mean zero to the general
case. A modification of to obtain uniform polynomial rates of

rigidity in the case ¢ € C''* is also discussed.

Finally, in we use our argument to deduce new Mobius disjointness

results for flows in T? and Rokhlin extensions.

Notations
For a topological dynamical system (X,T), let M(X,T) be the set of T-
invariant Borel probability measures on X. Write || - || for the distance to

the nearest integer (which we use as the metric in T), d(-,-) for the product
metric in T x T, corresponding to || - || in each coordinate, and || - || z2(,) for the
usual L? norm with respect to a measure v. We also abbreviate e(z) := *™@
and use the asymptotic notation f(x) < g(x) (respectively f(z) <, g(x))
to mean that there exists C' > 0 absolute (respectively depending only on
the parameter p) such that |f(z)| < C|g(z)| for all z in the relevant range.

Furthermore, f(z) < g(x) means f(z) < g(z) < f(x).
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which played a role in motivating the work in this chapter.

4.2 Reduction of disjointness to a rigidity result

As previously outlined, we can assume that « € R\ Q and deg(¢) = 0, so ¢
can be realized as a function from T to R of class C'*™¢, which by an abuse
of notation we still denote by ¢. Observe that ¢ is in particular Lipschitz
continuous, so we have pointwise convergence of its Fourier series, and the

smoothness condition gives

o(z) = Zcq (qr) with ¢, <, 7 |{+8 for ¢ # 0. (4.1)

q€Z

The key to the proof of is the result below, which is motivated by
[64].

Lemma 26. Let 0 < ¢ < 145 and « € R\ Q. If ¢ : T — R is of class C**=,

then there exists an unbounded sequence of positive integers {ry}n>1 such that

/ d(Tgﬁb(% Y), (z,9))? dv(z,y) < r;E/IOO
TxT

for any v € M(T?,T, ), where the implied constant does not depend on v.
Assuming we can easily prove

Proof of[Theorem . Let {r,},>1 be the sequence from [Lemma 26| For any

v e M(T?,T,,), continuous f : T? — R, and k € Z, the triangle inequality

and the T, 4-invariance of v imply

|K|
Tn T™n __ ry Tn
1f Tk — £1132(, <Ik|§:||foTj FoT I gy = KNI fo T = fll7a)

(4.2)

If f is also Lipschitz continuous, then using we get

1f Tt — fla < / AT ). o) ) o7 (43
X

Therefore, (4.2)) and (4.3)) together give

lim Y (lf o Ty — flifaq) =0
|k|§7'7i/400
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for every v € M(T?,T,,), which is precisely the PR rigidity condition of [64]

(using the linearly dense family F of Lipschitz continuous functions) for the

system (T2, T,4), so [64, Theorem 1.1] implies Mobius disjointness for this
skew product, and is proved.

4.3 Continued fractions and some arithmetic estimates

Before proceeding to the proof of [Lemma 26| we recall some properties of con-
tinued fractions. Let Z—:, with ¢, > 0 and (p, ¢,) = 1, be the n-th convergent
of the continued fraction expansion [ag; aj, as, . ..] of the irrational «, so that

a; > 1 for ¢ # 0. Then

(P1) g0 =1, ¢1 = a1 and 41 = @pi1Gn + gn—1 for n > 1;

1 .
dn+1 ’

(P2) ovar <llamall <

dn+1 +qn

(P3) T£0 < g < gusr, then [lgual] < [lgall.

The main technical tool that allows us to quickly explore the Diophantine

properties of a through its continued fraction is the following inequality.

Proposition 7 (Denjoy-Koksma inequality). Let « € R\ Q. If f : T — R
is of bounded variation, which we denote by Var(f), then for any n > 0 and
x € T we have

qn—1

S fa+ja) —a / f(z)dz

§=0

< Var(f).

Proof. See [50, page VI.3.1].
L]

The next two lemmas encapsulate estimates related to continued fractions that

will be necessary to prove [Lemma 26|

Lemma 27. For any a« € R\ Q and k > 2,

Z ! = qi.

2
ociazg, laell
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Proof. The lower bound comes from positivity and the single term ¢ = qx_1,
by [(P2)l The upper bound follows from |1, Lemma 2.5] (see also |74, Lemma

1] for a partial result). We give a quick proof for completeness.

Assume 0 < ¢ < g, as the sum over negative ¢ is the same. Consider f: T —

R given by
2 1
o= [ <2
mree Azl > 5,

Observe that by |(P2)| and |(P3)|, lga]| > 2q for all 0 < ¢ < g, so by the

Denjoy-Koksma inequality we conclude that

1 qr—1
> e = 2 /) 1O +a /f ) dz| + Var(f)
0<g<qg qo
= 4q; + q(8qr — 4) + (8¢ — 8) < qp,
as desired.

Lemma 28. For any o« e R\ Q, k> 1, and 1 < ¢ < gy,
1 . 1 9 c
Z —Zmln W,C < —.

9. <191<qr+1 q Gk

Proof. We can assume ¢ < q < qry1 since the sum over negative ¢ is the

same.

Consider f: T — R given by

2, iz <

1
[[2112

f(z) =

Ql= ol

if ||z|| >

Observe that f(ga) = min {W, 02}, so |(P1)| gives

Y &

)
min 4 w——-—, ¢
q g

Ak <q<qr+1
Ar4+1— 1

-y 3 f(qoz)Jr 3 f(qa)

- 2 2
J=1 jqr<q<(j+1)qr ak19r<q<qr 1 q
ap41—1 qr—1 qr-1—1

Z 2 ZfJQka‘f'Ta)‘f' ! Z flagr1gra + ra).

j=1 Gist r=0
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Using the Denjoy-Koksma inequality for the sums over r as in the proof of

since [} f(2)dz < ¢ and Var(f) < ¢? by direct computation, we

conclude that the remaining expression is

c+c _c+02 C
<<qu _'_Qk'l <« £

= (Jax)? Qi1 qk

so we are done.

4.4 Polynomial rate of rigidity in C'*¢

At last, we are ready to prove our main lemma.

Proof of [Lemma 26 Denoting
Se(g)(x) == g(x) +g9(z + )+ + gz + (r—1)a),
we have

Tz, y) = (v + e,y + S, (9)(2)),

so that
ATy (x,y), (2,9))* = lrnal® + 1S, (6) (2)]1%.

Therefore,
Do [ ) ) dviay
TxT

(4.4)
= ru]® + / IS @@ dvie. ).

Consider the projection map 7w (z,y) = x. Observe that the integrand in (4.4)

is independent of the second coordinate, so we can rewrite the integral as

/T NS (@) (e )| dv(z, y) /HSM ) |* d(m.v)(z). (4.5)

Since 7 : (T* T,e) — (T,R,) is a map of topological dynamical systems
(where in the image the transformation is R,(z) := = + a) and v is T, 4
invariant, the Borel probability measure 7,v is R,-invariant. But « is irra-
tional, so (T, R, ) is uniquely ergodic and we conclude that 7,v is the Lebesgue

measure on T.
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Using the Fourier expansion of ¢ we get S, (¢)(z) = >y ¢4Sr, (€g)(x), Where

eq(x) :=e(qx). A computation shows that

for ¢ # 0 and S, (eo)(x) = r,, so we can plug this into (4.5) and conclude,
using the triangle inequality and replacing || - || by absolute values, that the

integral there is bounded by a constant multiple of

2

1 —e(grpa) 9 5|1 —e(grpa) 2

leorall? + / S e Y )| d = a2+ 3 el |t
|2 T elgo) e Ty

(4.6)

where we have used Parseval for S, (¢) — cor, € L*(T).

Now, we make a preliminary choice of the sequence {r,},>1 by letting r, :=
lnq,, Where @, is the denominator of the n-th convergent of the continued

fraction expansion of «, as before, and ¢,, € Z is chosen so that
0< én S Qz and ||€nQnCO|l < q;(sa

where § := £/10. Such ¢, exist for all n, by the Dirichlet approximation

theorem.

Let A := £/100. In what follows it is worth keeping in mind the rough hierarchy
“AM\ <« 0 < €" behind our choice of parameters. We wish to show that
D,, <4 ;. With our choice of {r,},>1 the first term in the RHS of (4.4)

contributes at most

G lgnal? < ¢Pqny < ¢P 7 < g < (4.7)

so it is harmless. The first term of (4.6]) contributes

leolngnll® < ;% < g M) <, (4.8)

n —_ n
and it is also harmless.

We break the remaining terms into two parts, corresponding to 0 < |q| <

¢n and |q| > @,. Observe that |1 — e(qar)| < [jqa]| and |1 — e(grpa)] < 2.
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Furthermore, |S,n (eq )(m)| <r, by a trivial bound, so

1
Z ‘ q’ Z | ’2+25 {anH2

lg1>an lg1>gn
1 2
ool )

9 1
GEY Y L
<q 25+252 an <q ~2:426 @ —A(146) < - A

k=n qk<|q\<qk+
k=n

where we have used (4.1)), (for ¢ = ¢, < qx) and the fact that
Qr+2 > 2q; by [(P1), so the ¢ grow exponentially.

an

It remains to deal with 0 < |g| < ¢,. In this case, we use |1 — e(qa)| < ||qa|
and |1 — e(qr,a)> < ||glugnel* < 2 - |lgua)® < ¢*¢*q,2,, so those terms

contribute

Z [

0<|q|<(In

G 11
g% |lqa|*

1 —e(grpa) 2
1 —e(qa)

¢ (4.10)

q2
"+ o<igl<qn

To deal with the sum over ¢ we consider two cases.

Case 1: There is a subsequence {qy, }n>1 0f {qn}n>1 such that g, 11 > q;. for all
n > 1.

In this case we take the subsequence {rp, },>1 instead of the original
sequence {r, },>1. Observe that (4.7)), (4.8) and (4.9)) still hold along any

subsequence. In (4.10) we can use the given condition and [Lemma 27| to

get the upper bound

25
4y, 1 ~A(1+5 _
£, T SO <m TS

and this finishes the proof.

D o<ig<gn,

Case 2: For all sufficiently large n, we have .41 < ¢>.

In this case we stick with the original sequence {r,},>1 and observe that
for any 0 < k < n we can rewrite the sum in the RHS of (4.10)) as

11 1 ) 1
+ ST < e —
2 2 lq1* llqe|? 2 lgal ~ ™ 2 lge]?

0<lgl<qr  qx<lql<gn 0<|ql<qr a<lal<qn
< Qk + q 26‘]7217
(4.11)
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where once again we have used [Lemma 27]
Take 0 < k < n such that ¢, € [qn/ ,qn ], which exists for all n suf-

ficiently large since we can find such terms in any interval of the form

[a,a?] for a sufficiently large, because of the given condition. Then the

corresponding upper bound when we plug (4.11)) into (4.10) is

qn
q'rz—l-l
which establishes the result of [Lemma 26l

(qn+q2 5/2) < q25 €/2 < q;A(l—&—é) S 7:>\7

4.5 Counterexample to polynomial rate of rigidity in C*

raises the question of how low one can push the smoothness of ¢
and still have a polynomial rate of rigidity for 7j 4. We show that, at least
along the sequence {g,},>1 of denominators of best rational approximations
for an irrational «, there is ¢ € C! with 5(0) = 0 such that

[ ). ) o) s 6
TxT

for every 8 > 0, unlike what happens for ¢ € C'*¢ with ¢(0) = 0 (observe that
in that case ¢,, = 1 works in |Lemma 26|).
Indeed, let & € R\ Q and choose ¢ : T — R given by

: CZ Qkx Qkfﬂ)’

s log Q)

where C' > 0 will be chosen to be sufficiently large. Since ¢, > 2¢+~1/2 by
(P1), > so(logqr)? is absolutely convergent and therefore ¢ € C'. Take
C' > 0 large enough so that Var(¢) < 1/2. By the Denjoy-Koksma inequality,

we have
gn—1

S 6z + ja) — g, / 6(2) dz

=0
for every x € T. Since (75\(0) = 0 we conclude that [S,,(¢)(z)| < 1/2, so that
154, (@) (x)]| = |5, (¢)(x)| for all x € T. Therefore, the beginning of the proof
of [Cemma 26] shows that
1
[Tz w) dvte) = gl + 3
TxT

= ai(logg)*

< Var(¢) < %

1 — e(gngra) |?
1 —e(qpar)
(4.12)
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It an - HQna“ < 1/2 then ||€77210‘|| =dn- “quO‘Hv 50
i L lgal? 1
¢y (log g,)* "~ @2 (log ga)* [lgnal®>  (log )t
If instead g, - ||go|| > 1/2 then from ||g,af| < 1/gn11 (by |(P2)]) we get ¢,41 <

2Qn~ Since Qn+2 > QQn we have qn - ||Qn+1a|| < Qn/Qn-i-Q < 1/2, S0 ||QnQn+1a” =
@+ ||gns1c|, and in conclusion

1—e(g2a) |’

1 — e(gna)

? - 1 ||QHq7L+1OéH2 _ 1
g (1oggn)* [lgnricl®  (loggn)?

1 ‘ 1— e(QnQnJrla)
%21+1<10g Qn+1)4 1-— e(qnﬂa)

Taking respectively the terms corresponding to kK =n and k =n+ 1 in (4.12))
and using positivity of the other terms we conclude that the whole expression
is > (logq,)™, so there is no polynomial rate of convergence to zero along
any subsequence of {¢,},>1. In fact, [64, Lemma 3.2] shows that a decay
of the form exp(—(loglog q,)*™°) for any § > 0 would be enough for Mébius

disjointness, but that too is false by our counterexample.

4.6 Extension of general rigidity results to ¢ of non-zero mean
Recall that a topological dynamical system (X, T) is called rigid if for each
v € M(X,T) there exists a sequence {r,},>1 of positive integers such that
goT™ — gin L*(v) for all g € L*(v).

By theorems of Herman [50, page XIII.4.8] and Gabriel, Lemanczyk, and
Liardet [40, Théoreme 1.1], if « € R\ Q and ¢ is absolutely continuous,
has topological degree zero, and satisfies (E(O) = 0, then the skew product 7, 4
is rigid, and in fact they show that 77" — Id uniformly by obtaining

lim sup |S,, (¢)(x)| = 0.
N0 zeT

Lemanczyk and Mauduit [74, Theorem 1] (see also [1, Corollary 2.8]) gener-

alizedﬂ these theorems to show rigidity (though not uniformly) of T, 4 for all

a € R\ Q and ¢ € L*(T) (of topological degree zero) satisfying 5(0) =0 and

(m) = o(1/|m).

The techniques of this chapter may be employed to extend both results to

cover the case gg(()) # 0. Furthermore, in the case ¢ € C'*¢ we can modify
to recover a uniform polynomial rate of rigidity instead of just the

result in L?(v) presented previously.

f ¢ : T — R is absolutely continuous then ¢ € L!(T), so the Riemann-Lebesgue
lemma gives ¢(m) = o(1/|m]).
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Uniform rigidity for ¢ absolutely continuous

Proposition 8. If « € R\ Q and ¢ is absolutely continuous of topological

degree zero, then the skew product T, 4 is uniformly rigid.

Proof. We can simply use the original result for the zero mean case to conclude

that there is A(n) — oo as n — oo such that

sup |y, (6 — (0))(x)] < AM(n) ™,

zeT

so choose /¢, € 7 with
0<ly <AM)Y? and  [|[€ugnd(0)] < A(n)~/?

using Dirichlet’s approximation theorem to get

1620 (@) @) < [ngad(0)]| + S, (6 — H(0)) ()]
ln—1
<) 2+ )18, (6 — $(0)) ( + kgaa)| < An) ™2 =0

uniformly in x € T. Therefore, T, , is uniformly rigid along the sequence
{gnqn}nZL

Rigidity for ¢ with tamely decaying Fourier coefficients

Proposition 9. If « € R\ Q and ¢ € L'(T) (of topological degree zero)
satisfies a(m) = o(1/|m|), then the skew product T, s is rigid.

Proof (Sketch). We have the Fourier expansionf| (in L*(T))
1

o(x) = ng;cqe(qx) with ¢ | < ool for ¢ # 0,

where ¢ : (0,00) — (0, 00) satisfies ¥(z) — 0o as z — oo and for technical
reasons we can of course also assume that it is non-decreasing and does not

grow too fast, say (z) <, 21/

With the conditions above, we can show that there is a sequence of positive

integers {7, },>1 such that

/ AT (2, y), () (2, ) <o BV 50 as n - oo
TxT

21t follows from the conditions that ¢ € L?(T).
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for any v € M(T?,T,.4).

The proof is a simple modification of the proof of substituting ¢

with ¥(q,), so for instance ¢,, € Z is chosen so that
0 < £y < P(g)"" and [[lagucoll < ¥(ga) .

Observe that we do not have multiplicativity of ¢/, which is why the bound is
not of the form v (r,)~1/*% but it is enough to prove that T, 4 is rigi (the

latter bound could be obtained if we imposed extra attainable conditions on

).

Uniform polynomial rate of rigidity for ¢ € C'*¢
Finally, we point out that the conclusion of can actually be strength-

ened to a uniform polynomial rate of rigidity:

Proposition 10. Let 0 < ¢ < ﬁ and « € R\ Q. If ¢ : T — R is of class
C*¢ . then there exists an unbounded sequence of positive integers {ry }n>1 such
that
sup d(TaTZﬁ(x? y)v (SC, y)) Lope T;E/QOO'
(z,y)eTXT
Proof (Sketch). We start by substantially modifying the results of
and Namely one can show, using the same techniques as in the

corresponding results of but this time for the functions

2, it 2] < ok 6 el <}
fl(z) = : . 2(11k and fg(z) = , . 1
EE if ||z]| > 20 EL if ||2]] > <,
respectively, that if ¢ > 0, « € R\ Q, £ > 1, and 1 < ¢ < g, then
1
Z m < qilog(qr + 1) (4.13)
0<|q|<qx q
and . X | ,
. og(c +
Z T min {—,c} < logle +1) - ) (4.14)
2k <lq|<qr+1 |q| an“ Tk

3The bound implies rigidity for T, , since the Lipschitz continuous functions on T? are
dense in L?(v), for any v € M(T? T,,4). This follows by the Stone-Weierstrass theorem
and the fact that C(T?) is dense in L?(v), since v is a Radon measure — see for instance
[36, Proposition 7.9].
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Then expanding S, (¢)(x) into a Fourier series and trivially bounding it we
get
1 —e(grpa)

AT .9), () < el eorall + 3 legl | T o

q#0
so we can proceed as in the proof of with the expression above

corresponding to (4.6) and the bounds of (4.13]) and (4.14) corresponding to
[Lemma 27 and [Lemma 28| respectively, to get the desired uniform polynomial

Y

decay.
m

Remark 10. The proof actually shows that for every ¢ : T — R of class C17
and of mean zero,

sup |5, (6)(2)] <.c 457, (1.15)
e

since in that case we can take ¢, = 1 throughout the argument.

Remark 11. Even though[Proposition 10} gives a stronger result than[Lemma 26,

we chose to emphasize the latter in our presentation because the L? methods

employed there seem more suitable for generalization (and the proof is slightly
more complicated). For instance, an approach to using L meth-

ods would already be frustrated by the presence of the extra logarithmic factor
in (4.13), if the decay of the Fourier coefficients is sufficiently slow. Therefore,

the use of L? methods seems to allow us to go a bit further.

4.7 Smooth flows on T? and Rokhlin extensions
We can adapt the result of this chapter, following [64], to give Mobius dis-

jointness for new cases of smooth flows on the torus and Rokhlin extensions.

Smooth flows on T?

For a € R\ Q, let f: T — R be a strictly positive continuous function. Let
T/ = {(2,8) e TxR:0<s< f(z)}/ ~,

where ~ denotes the equivalence relation (z,s + f(z)) ~ (Rq(z),s) in T x R
and R, : T — T is the irrational rotation by a. We can define a special flow
T = {th ber over R, with roof function f, which acts on T/ by

T/ (2,5) == (x,5 4+ 1)
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for all (z,s) € T/. More explicitly, if we extend a previous definition to

> o<jen fF(RL(7)), i N >0
Sn(f)(@) =40, if N=0

Y on<jeo [(RE(2)), if N <O

then
T/ (,5) = (RY (x),s +t — Sn(f)(x))

for all (x,s) € T/, where N = N(x,s,t) € Z is such that

Sv(f)(x) < s+t < Sva(f)(@),

which exists and is unique as f is continuous and strictly positive.

Every sufficiently smooth area-preserving flow on T? with no fixed points or
closed orbits can be represented by such a special flow for f with corresponding

smoothness properties (see [25]).

We have the following consequence of our work:

Corollary 4. Lete > 0 and a € R\ Q. If f € C'*¢ then all the maps of the

special flow TT = {th}teR over the irrational rotation R, are Mdbius disjoint.

Proof. There is a natural quotient metric D making T/ a compact metric space
(see [24, Appendix 9.1]), and it satisfies

D(T! (x,s),(x,s)) <|t| forall teR and (z,s)eT . (4.16)

-~

Denote 8 := f(0) > 0 and let g, be the denominators of convergents of the
continued fraction of «, as before. For a fixed t € R, let v,, € Z be such that
<q,' 7,

0<v, <qg™ and ||v,—s

" g0

where v > 0 will be chosen later to be sufficiently small (v, exists by Dirichlet’s

approximation theorem). Then there is j, € Z such that

, Inf3 _
|tvn - annﬂl < ql_—’ﬁ <<f qnv (417)
and
. Upt ”
Jn| < ﬁ + 1<K q,. (4.18)
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For every (z,s) € T/ we have

D(Ty, (2,9), (2,8) = D(Ty, g, . (5)@) © T80, (1100 (@) (2:9))

J

< D(T, () (B (@), ), (R (@), 8)) + D((Ry* (), 5), (@, 5))

top, 75]'71 an

< |Sjnqn(f - 6)(1:” + |tvn - jngnﬁl + ||]nQna||
<Lt Gy sup 1Se. (f = B)(2)| + a4, + @) - lgnall,
ze

where we have used (4.16)), (4.17)), and (4.18)). Choosing v := /1000 and using
(4.15) (we could also take the L? norm and use the proof of [Lemma 26| we get

the bound <. gn =000 ! 209 which gives a polynomial rate of rigidity
for T/ : T/ — T/ along the (unbounded, unless t = 0) sequence {v, }n>1, and

this implies M6bius disjointness for th .

Rokhlin extensions

As before, let « € R\ Q and let R, : T — T denote the irrational rotation by
a. Given a continuous function f : T — R, a compact metric space (Y, p) and
a continuous flow L = {L;}cr acting on Y, we can define a Rokhlin extension

Ey 1 of Ry, acting on T X Y by

Ef,L(m7 y) = (Ra<l'), Lf(x) (y))

for all (z,y) € TxY (observe that if Y = T and L is the linear flow we recover
the Anzai skew product T, r). We have the following disjointness result in this

case:

Corollary 5. Lete > 0. If f € C'™ has mean zero and the flow L = {L;}icr

is uniformly Lipschitz continuous in t, then Eyp is Mobius disjoint.

Proof. If D denotes the product metric in T x Y then

D(EYy (z,y), (x,y)) = |lgaccl| + p(Ls,, (1)) (%), ¥) < llancel| + [Sg, (F)(2)],

where the implied constant does not depend on (z,y). Using (4.15) we get a
polynomial rate of rigidity for Ey; along {g,}n>1 (we could also take the L?

norm and use the proof of [Lemma 26), so the corollary follows.
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Appendiz A
ZERO-DENSITY FOR TWISTS OF PRIMITIVE FORMS

The purpose of this appendix is to obtain a zero-density estimate for character
twists of a fixed form f that holds in the generality required for our application

in [Chapter 2| and is efficient in the Q-aspect. We use the notation of (2.32))

for the number of zeros in a rectangle.

Proposition 11 (Zero-density for twists in degree two). Let f € Si(I'g(V), &)
be a primitive holomorphic modular form of arbitrary weight k, level N, and
nebentypus . Then for any Q > 2, T > 2, ¢ > 0, and % +e < a<l, there

exists some A depending only on e such that

> > Nl ) <5 ((QT)FF 4 (@31)) logh(@QT),
4=Q x (mod q)
(¢,N)=1

where

: 3 3
c(a) := min :
{2—a Sa—l}

* . . oy e
and >° denotes summation over primitive characters.

The proof uses standard methods for large values of Dirichlet polynomials,
and we closely follow the argument of Iwaniec-Kowalski [59] for the case of
Dirichlet L-functions, with the necessary technical modifications to deal with
our case of degree two (mostly complications coming from larger conductor).
The advantage of this approach is that we do not have to deal with moments

of Ly, where only limited information is available (as we do not have access

to the fourth moment). [Proposition 11| is not particularly efficient in the 7-

aspect, however this is irrelevant as T is fixed in our desired application. For

T small in terms of @ (in particular for 7" fixed), [Proposition 11| improves (in
all ranges of «) results of Zhang [107] valid for f of level N = 1.

Proof of |Proposition 11 Let g : R>o — R be given by

e 1\ dy
g(z) =k [ exp|—-y——)—,
. y) y
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where k := (2K,(2))"! is a normalizing constant so that g(0) = 1. Then one

may check that the Mellin transform

i) = [ gl da

is odd and has a pole at z = 0, and that zg(z) is analytic. In addition, we
have the bounds

0<g(z) < ke ™, (A1)
0<1—g(z)<re (A.2)

and
3(2) < |2|/BEI-1e-5I8G) (A.3)

uniformly for z € C. We refer to [59, p. 257-258] for details, where one may

™

ErTeE) with Stirling’s formula

combine Euler’s reflection formula I'(2)I'(1—z) =
to obtain (A.3) from [59, (10.55)].

Our preliminary goal is to obtain a convenient approximate functional equation
for Lsg,(s), where from now on we assume that s = o + it with % +e<o<1

and x is a primitive character modulo ¢, where (¢, N) = 1. We evaluate the

sum .
e (7
By(s,) = Y Armpx(min~g (). (A.4)
n=1
where X > 0 will be chosen later. By contour integration,
1 "
By(s,x) = 2—/ Ly (s +u, x)X"g(u) du
T (1)
(A.5)

1
:Lf(s,x)+—,/ Li(s+u,x)X"g(u) du.
27TZ (_1)

Since (¢, N) = 1 and x (mod ¢) is primitive, L¢(z, x) = Lgy(2) and f ® x is

a primitive form in Si(To(Ng?),£x?), so we have the functional equation

1, _
Ly(z,x) = €rox(Ng*) 2 m(2) Lg(1 — 2, %),
where |€7g,| =1 and
2z71F (1 — 2 %)
I(z+45)
Using this functional equation, the integral over #(u) = —1 in (A.5)) is equal
to —€roy B} (s, x), where

1
271

(z) = (2)

Bi(s,x) = /(1)(Nq2)§_3+”7k(s —u)LF(1 — s +u, X)X “g(u) du.
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Expanding L7 into a Dirichlet series we get

Bi(s,x) = >_ Ap(m)x(m)m*~'h(Xm), (A.6)
with .
h(y) == 5 (1)(1\7 %)z (s — w)y " g(u) du. (A7)

In conclusion, collecting the expressions above we obtain
Lf®X(S) = Lf(87X> - Bf(‘S?X) +€f®XB;;<S7X)7 (Ag)

where By(s,x) and Bj(s, x) are given by (A.4) and (A.6)), respectively, and
X > 0 is arbitrary.

By Euler’s reflection formula and Stirling’s formula, we have
(2) K |22 (A.9)

uniformly in the half-plane R(z) < 3. Using the bounds and and
moving the integral (A.7)) sufﬁciently to the right, say to the line

_ Ly )
R(u) = max (17 3 <Nq2|s|2) > ’

one obtains the rough uniform bound

1 Y 3
exp 5 \ N[5 )

Therefore, h(mX) is quite small as long as m is a bit larger than N¢?|s|>?X 1.

N¢?|s|?

h(y) <

More precisely, by (A.6)) and Deligne’s bound we have
- 1
Bi(s, x) Z Af(m 'h(mX) + Oy (XY> (A.10)
m<Y

provided
XY > N¢*|s|*log* (N¢*|s]?). (A.11)

Now we write (A.7)) as

1 1
hy) = = / (N@)E+2 0 (s — 20 + u)y™ > §(20 — ) du
(n)

271
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by changing u into 20 —u and then moving the line of integration to R(u) = n,
where 1 <7 < 20. Inserting this into (A.10]) we get

Bj(s, x) / (Z A( —S+u—1> W (u) du + Oy (%) :

m<Y
(A.12)
where

W(u) = (Ng?)2 5t %y (s — 20 + 1) X" 27§(20 — u).

Choose n = 1 4 ¢, which satisfies 1 < n < 20 and —og +1n < % By (A.3) and
(A.9), for u =n + iv we have

W(u) < (Nq2 (‘S| —+ |,U‘)2)§+0*77 Xn720'<20_ . n)ileigh}'

1
N 2112\ 3to—n
< (20 — 77)—1 ( Z(LS’ ) X 1=ne—lvl

Assuming that
X2 > N¢?|s|?, (A.13)
since o > % + € we get

W(u) < e tXxe

Therefore, ((A.12)) becomes

. 1
> Ap(m m ST eVl gy < (A1)

m<Y

Bi(s,x) <y 'X7° /

Denote D := 2/ NQT and £ := 2log D. As a reminder, we have s = o + it
with % +e <o <1, x (mod q) primitive with (¢, N) = 1, and from now on
we also assume [t| < T and ¢ < Q. Choose

X=DL and Y =DL3

so that conditions (A.11)) and (A.13]) are satisfied. Then by (A.1)) the sum in
(A.4) can be reduced to n <Y up to an error of O(D~?), so that combining

it with (A.8)) and we get
e (n
5.0 = YA mxmn~g ()

n<Y
Z >‘f (n)x(n)n—s+a+iv

+ Ofp,; (X_a/
X |n<y

o + D—2> |

(A.15)
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Let 1 < M < D and
)= > be(m)x(m)m>,
m<M

where the coefficients by are inverses of Ay under Dirichlet convolution, i.e. are

given by

D bimn = [ (1=Xp* +&pp ) for R(s) > 1

p prime

so that Deligne’s bound implies |bs(n)| < d(n). From (A.15) we obtain

Li(s )0Mp(s.) = 3 as(n)x(m)n™

n<MY

+ Oﬁg (ﬁ/

Z ag(n,v)x(n)n"*

n<MY

e Pldy + D_2M5> ,
(A.16)

where

= > M0 (5) ) < ditw)

c<Y m<M

by (A.1) and similarly

Z yee >€+ivbf(m)<<d4(n).

m=n
c<Ym<M

For n < M, by (A.2]) we have the more precise estimates
= > M (bs(m) (140 (7)) = Lyes + O (da(n) D7)

and

a(n0) < (3£) D2 (@)l by (m)] < (57) dalm).

cm=n

As a consequence,

<Y™EY di(n)nTE <YM log(2M).

n<M

Z ag(n,v)x(n)n"*

n<M

We want this to be O.(£72), which holds assuming for instance

M < Dr. (A.17)
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In that case, using the bounds above in (A.16)) gives

Li(s,)My(s,x) =1+ > ag(n)x(n)n"*

M<n<MY

+ Of,8 <£/

To unify the treatment of the sum and integral, we consider the measure

Z ag(n,v)x(n)n*

M<n<MY

e Il dy + £1> }

(A.18)

1 1
dp = —e ldy + =6
pi=ge dy + 3 (v),
where dv denotes the Lebesgue measure on R, 6(v) is the point measure at

v = 0, and the factor % is a normalization that makes ffooo dp = 1. Then

(A.18) can be written as

o0

Ly(s, x)My(s,x) — 1 <y c/

—00

Z as(n,v)x(n)n™%| du(v) + L7}

M<n<MY

(A.19)
after redefining as(n,0) := as(n). For convenience, we also redefine as(n,v) :=
0 for n < M orn > MY. From now on the only properties about the
coefficients we will use are that they do not depend on s or x and satisfy
ap(n,v) <K dy(n).

Now, assume that p is a zero of Lyg,(s) = L¢(s,x) for some primitive x
(mod ¢) with (¢,N) =1, ¢ < Q, 3 +ec<a<R(p) <1, and [S(p)| < T. If
D is sufficiently large in terms of f and & (which we can assume, otherwise
[Proposition 11| follows trivially), then implies

We break the summation into dyadic segments J < n < 2J for J := 2¢M,
0</{¢<L:=|logY/log2| < L. Denote

pis= [

Then for each such zero p being counted there exists some ¢ such that

du(v) > L7

Z ag(n,v)x(n)n=*

M<n<MY

Z ag(n,v)x(n)n™*

J<n<2J

dp(v).

Di(p,x) > L2 (A.20)
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If Sy denotes the set of relevant pairs (p, x) satisfying (A.20) and Ry := |Sy|,

then the total number R of zeros being counted in [Proposition 11| satisfies

R<ZR4<<£mang
=0

Raising Dy(s, x) to a suitable power 2r, for r > 2 (depending on J), we get

Dils. < [

where P := J" falls in the segment

dp(v)

2

Z ag(n,v)x(n)n™*

J<n<2J

Z cr(n,v)x(n)n™*

P<n<2"P

dp(v),

Z<P<(MY)Y?+ 22 (A.21)

for Z that will be chosen later satisfying

MY < Z < D', (A.22)

Observe that an integer » > 2 such that (A.21)) holds exists. From now on we

choose

NI

M = Di,
so that 7 is bounded in terms of €, by (A.22)). Observe that condition (A.17))

is automatically satisfied.

By (A.20)), we conclude that

Ry < £4T/ Z

(p,X)ESe

2

(n,v)x(n)n™?| du(v). (A.23)

P<n<2""P

The coefficients satisty cf(n,v) <, dy(n), as af(n,v) <K dy(n), so

Z lcp(n,v)Pn2> < pl2ech (A.24)

P<n<2rP
for some B depending only on r (and therefore ). We can now apply results
about large values of Dirichlet polynomials to the integrand of (A.23)), after

separating the zeros p for each given x into O(L) families of 1-spaced points.
Let H := Q°T.



112
Suppose that %—f— e<a< %. By (A.24) and the large sieve inequality [59,
Theorem 9.13], we have
Ry <. (P+ H)P'"7 2 LC
< ((My)4(1fa) + Z3(1fa) + H2172a) EC

for some C depending only on &, where we have used (A.21]). If H < (MY)372,
choose Z = MY, which trivially satisfies ((A.22]), so

Ry <o (MY)11=0)£C < pli+e)i=a) £O+6

and we are done. If instead H > (MY )?>72%, then we can make the optimal

choice Z = H7= and (A.22)) is satisfied, so we get

3(1—a) 3(1—a)

RE <<f,€ ((My)4(1—oé) + H 2« >£C S (D(4+€)(1—a) —{—Hﬁ) £C+6

as desired.

Finally, suppose that % < a < 1. By the Halasz-Montgomery-Huxley method
[59, Theorem 9.15], we have

R <. (P + REH%P%) pi-2C
for some C' depending only on e, which implies

RZ <<f’€ (P2—2a + HP4—6a) £3C
< ((My>4(1—a) + Z3(1—a) + HZ4—6a) £307

where again we have used (A.21). If H < (MY)?*, we choose Z = MY, which
trivially satisfies (A.22)), and get

Ry <y (My)4(1_a)£3c < D(4+e)(1_a)£30+3’

so we are done. If instead H > (MY)?*, then we make the optimal choice
7 = H#-1, which in this case satisfies (A.22). Therefore,

3 @) 3(1—a)

(1o )ESC < (D(4+s)(1—a) s = >£3(J+3

R <. ((MY)‘*(I“”) v H

as desired.
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