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ABSTRACT

In this thesis, we consider a few problems connected to the exponential sums which

is one of the most important topics in analytic number theory.

In the first part, we study the distribution of prime numbers in special subsets of
integers and, in particular, the distribution of these primes in arithmetic progressions,
small gaps between them, the behavior of the corresponding exponential sums over
primes, and related questions. Big progress was made on these questions in recent
years. The famous works of Zhang and Maynard gave the proof of existence of
bounded gaps between consecutive primes. Applying the sieve of Selberg-Maynard-
Tao and an analogue of the Bombieri-Vinogradov theorem, we obtain similar results
for a large class of subsets of primes and improve some of the previous results. The
proof of the analogue of the Bombieri-Vinogradov theorem is also connected to a
breakthrough work of Bourgain, Demeter, and Guth on the proof of Vinogradov
Mean Value Conjecture via /2-decoupling. Their result, in particular, has led to a
significant improvement of the classical van der Corput estimates for a large class

of exponential sums.

In the second part, we study the behavior of higher moments of Gauss sum twisted
by a Mobius function. The moments of exponential sums are very important in
number theory and harmonic analysis as they appear in many other problems. The
sum with the Mobius function is of independent interest because of the famous
Sarnak Conjecture which is on the edge of number theory, analysis, and dynamical
systems. The bound we obtain for L”-norm of the sum confirms that the Mobius

function is uncorrelated with the quadratic phase an? for most & € [0; 1].

In the third part, we study the distribution of lattice points on the surface of 3-
dimensional sphere, which is known as Linnik problem. It turns out that the
variance for such points is closely related to the behavior of certain GL(2) L-
functions estimated at the central point 1/2. To evaluate the moments of these
L-functions, we apply similar techniques used to evaluate the moments of Riemann
zeta function on the critical line in the breakthrough works of Soundararajan and
Harper. Their results have led to the sharp upper bounds for all positive moments of
zeta function conditionally on Riemann Hypothesis and similar bounds for a broad
class of L-functions in families conditionally on the corresponding Grand Riemann

Hypothesis. We apply similar methods to get sharp upper bound for the variance of
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lattice points on the sphere. The connection of Weyl sums on the sphere to the sums
of special values of GL(2) L-functions is a big output of the Langlands program,
which has also gotten a lot of attention in recent years.
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Chapter 1
INTRODUCTION

The notion of exponential sums is the central subject in analytic number theory.
The estimating of such sums is a key point in many famous problems related
to equidistribution of various elements within natural domains, counting problems,
distribution of prime numbers in different subsets of integers, calculating the number

of solutions of Diophantine equations, distribution of lattice points, and many others.

A typical example of an exponential sum is

N
Z eZma,,’
n=1

where a, is a sequence of real numbers.

A well-known result providing a link between equidistribution of the elements
of a sequence and the corresponding exponential is Weyl’s criterion. It states
that a sequence of real numbers (ay,...,a,,...) from the unit interval [0; 1] is

equidistributed on this interval if for any subinterval [a; b] C [0; 1], one has

. |{al,--.,an}ﬂ[a;b]|
lim

n—+o0o n

=b-a.

More generally, we say that the sequence ay, ..., a,, ... of real numbers is equidis-

tributed modulo 1 if the sequence of its fractional parts

{an} = a, — Lan]

is equidistributed on [0; 1]. Weyl’s criterion states that the sequence a,, is equidis-

tributed modulo 1 if and only if

1 .
lim — Z e2miman = (0 forany m > 0. (1.1)

X—+o0
n<X

In other words

Z eZm'ma,, — O(X),

n<X
so the sum is asymptotically small compared to its length. However many problems

require a better upper bound than o(X). In modern analytic number theory, there
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are various methods of getting such upper bounds. Studying them was initiated in
the classical works of Weyl [105], van der Corput [93], and I. Vinogradov [98, 99]
about a century ago. In this work, we apply some of these approaches together with
the modern techniques to particular exponential sums and show the applications of
the obtained bounds.

In the first part of the thesis (Chapters 3-5), we study the distribution of prime
numbers from a special subset E(«) C N of integers in arithmetic progressions. We

deal with the exponential sums over primes of the form

e
Z eZmp ,

psX
p=a (mod g)

where p denotes a prime number in the arithmetic progression gn + a such that a

and g are coprime, @ > 0 is a fixed non-integer number.

As an application of the results about equidistribution of primes in arithmetic pro-
gressions in Chapter 6, we show the existence of bounded gaps between consecutive

primes from E(a).

Another well-known example of the exponential sum arising in many problems is

Z aneZMQP(n) ,

n<X

where @ € [0;1] is fixed, {a,} is a sequence of real numbers, and P(n) is a
polynomial with real coefficients. In this case, it is clearly not possible to get the
cancellation for all possible values of a. For example, if « is close to zero and all
a, =~ 1, the value of sum would be ~ X. However, in many cases it is enough to
have a good upper bound for the value of this sum “on average” over @ € [0;1].

Many problems require an estimate for L”-norm

1
/ Z aneZKiaP(n)
0

n<X
In Chapter 7, we obtain an upper bound for p > 4 in the particular case a, =

)4
da.

u(n), P(n) = n?, where u(n) is the Mobius function (which is one if n = 1, zero if n
is divisible by a square of a prime, and (—1)¥ if n is a product of k different primes).
This is in turn related to the Fourier restriction theory for parabola and Sarnak’s
Conjecture, one of the most active areas of modern analysis, number theory, and

dynamical systems.
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Another example of exponential sum is related to the famous Riemann zeta function

(=3 L,
n=1

for Re s > 1, and can be analytically continued to the rest of the complex plane

which is defined as

with a simple pole at s = 1. Riemann Hypothesis states that all non-trivial zeros of
this function lie on the critical line s = 1/2 + i¢. Many problems in number theory
require some knowledge about the behavior of zeta function on the critical line. This

is in turn related to the behavior of the exponential sum

1
Z nl/2+it”

n<x

There is another bulk of methods to study the distribution of such sums as ¢ varies
within some interval, say [T, 2T] for large fixed T > O or over a shorter one. The
zeta function is also closely related to the distribution of prime numbers. Many of
these techniques can also be applied to more general L-functions which are related

to more general exponential sums

+00

a a
§ e L(a,s)= ) —.
nl/2+it ns

n<x n=1

In Chapters 8-9, we study the distribution of lattice points inside small balls on the
surface of a 3-dimensional sphere when its radius grows to infinity. Counting the
points inside such natural domains are related to another type of exponential sums
called Weyl sums on the sphere. They in turn could be reduced to the oscillating
sums over primes with the Fourier coefficients of holomorphic Hecke cusp forms
Z A (p)

Vi

PsX

Applying some of the recent moment techniques, we get sharp upper bounds on the
first moment of corresponding G L(2) L-functions conditional on Grand Riemann
Hypothesis (in Chapter 8), and as an application, get a nearly sharp upper bound on

the variance for lattice points on the sphere (in Chapter 9).

1.1 Distribution of primes in subsets
The questions about the distribution of prime numbers in subsets are among the

most important and actively studied questions in analytic number theory. The first



classical problem asks about the behavior of the prime counting function 7 (X),
n(X) = Z 1,
p<X

as X — +oo. The answer is given by the Prime Number Theorem:

X
n(X):/ ld” + R(X), (1.2)
2

ogu

where the error term R(X) is bounded from above by the function Xe “VI°2X with
an absolute constant ¢ > 0. This was proved independently by Hadamard and

Poussin in 1896. A more precise bound of the error term
R(X) < Xe—c(log X)3/5 (loglog X)~1/°

was obtained by 1. Vinogradov [100] and Korobov [53] in 1958. This result so far

is essentially the best possible. The Riemann Hypothesis implies
R(X) < VX(log X).

Here and later in the work, we use the Vinogradov notation A < B to denote
A =0(B).

We study the distribution of primes inside the special subset of integers, which can

be defined in terms of fractional parts in the following way:
E(1/2) :={n e N: {vn} < o}
for some fixed 0 < o < 1. For a more general case, we define the subset
E(a) := {n eN:{n"} < 0'},

where @ > 0 is any fixed non-integer. The asymptotic formula for the proportion
of primes from E(a) in the case 0 < @ < 1 was the first time obtained by Vino-
gradov [104] in 1940. Using his method of trigonometric sums, he proved the
formula

m5(X) = Z 1 = on(X) +0(X"@*), (1.3)
p<X.,pcE

where € > 0 is arbitrarily small,

b

Wn|Ww

4+ ) ) 1-&a, if0<a<

P a) :max(— l-—a
; 4
> BT 1222 fdcac<t
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The asymptotic formula (1.3) meets the probabilistic expectations since the fraction
of the coverage of the positive half of real line by E is 0. Later, Vinogradov proved
a similar formula for arbitrarily fixed @ > 6 such that ||| > 37%, where ||.|| denotes
the distance to the nearest integer number. The exponent ¢(«) in the error term

R(X) is much weaker in this case:
9(a) =1-(34-10%3)"

(see [101]). This result was later strengthened by Baker and Kolesnik [1] who

obtained a similar formula for all @ > 1 with
da)=1-(15-10%2)"".

The result was further improved for small values of @ > 1 by a number of authors
(see, for example, [15]). The uniform bound on R(X) for @ > 1 was obtained by
Changa in 2003 [18].

I. Vinogradov gave an interesting interpretation of the subset of primes p satisfying

the restriction {p®} < o all such primes lie in the intervals of the form
[£Y (k+ )™, k=1,2,3,....

So, for example, @ = o = 1/2 corresponds to the intervals of the form [kz; (k +
1/ 2)2). If 0 < @ < 1, the length of such an interval clearly grows to infinity with &,
whereas for @ > 1, it goes to zero. Thus, in the second case the intervals are short
and most of them do not contain even a single integer. In some sense, one can think
of them as of “random” primes chosen with probability 1/2. This is the reason why

the case @ > 1 seems to be more difficult.

In 1945, Linnik [56] suggested another approach to this problem based on the zero
density theorems for the Riemann zeta function. Using this approach, Kaufman [50]
in 1979 proved the existence of the infinite number of primes p from a very thin

subset, precisely {4/p} < p~“** for any fixed c,

\E :1—0.00356...

) 2(8+V15) ©

and arbitrarily small £ > O (in particular, this was an improvement of the earlier result

O<c

of Vinogradov [100] corresponding to ¢ < 1/10). Kaufman also showed that on RH,
this result is valid for all ¢ < 1/4. Later, Balog [2] and Harman [36] independently
proved this result unconditionally. Finally, Harman and Lewis established the result
for all ¢ < 0.262 in [37].
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In 1986, Gritsenko [34] had sharpened the bound for the error term in (1.3) for all

1/2 < @ < 1 via Linnik’s approach:

1—%+(%a—n% ifl <a<3;
de) = 1+a
if2<a<l.

2 b
He also showed that for @ = 1/2, one can take ¥#(a) = 4/5. In the case of
0 < a < 1/2, the best known result is due to Ren [77]:

2
Ha) = max(ﬂ, -2

2+«

-3, if0<a<¥
37 2

1.2 Distribution of primes from subsets in arithmetic progressions
The next question, which arises naturally, is about the behavior of the function
n(X; q,a) counting the primes in arithmetic progression gn + a, (a, q) = 1:

n(X;q,a) = Z 1.

p<X
p=a (mod q)

Since for fixed g the number of progressions is ¢(g) (Where ¢(n) is the Euler totient
function, which is the amount of numbers coprime with n not exceeding n), one can

naturally expect the asymptotics of the form

X
a(X:q.a) ~ = ), (1.4)
¢(q
or, in other words, that the difference
n(X)
R(X;q,a) =n(X;q,a) — T

is small compared to the right hand side of (1.4). The last statement holds true not
only for fixed ¢ but also for slowly growing ¢ so that ¢ < (log X)4 with any fixed
A > 0. This is known as Siegel-Walfisz theorem:

n(X;q,a) = 7;((;()) +O(XecoMVlogXy

The Grand Riemann Hypothesis implies a similar asymptotic formula for all g <
VX (log X)~2. Unconditionally, this is only known for “almostall” ¢ < VX (log X)~2.
This statement is known as the theorem of Bombieri and A. Vinogradov [10, 96].
Precisely, it states that the following inequality holds true:

Z (Erlllqé;):(l|R(X;q,a)| - Z (A, Z 1-——

q<Q q<Q p<X
p=a (mod g)

XV(L&
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forany A > 0,0 < & < 1/2. Here ¢ = c1(A;¢e), Q = X972, and the number

6@ = 1/2 is usually called the “level of distribution” of a given sequence. The
famous conjecture of Elliott and Halberstam states that for primes one can take any
0 < 1. The estimate (1.5) allows one to get the results comparable to the corollaries
from GRH. One well-known application of the Bombieri-Vinogradov theorem is the
Titchmarsh divisor problem. Another famous one concerns the existence of small
gaps between consecutive primes. In the latter problem, a lot of progress has been

achieved in recent years.

The next natural question is about the distribution of primes from aforementioned
sets E(a) in arithmetic progressions. In 1997 Tolev [92] obtained the analogue of
the Bombieri-Vinogradov theorem for the primes from E(1/2) and all g < X'/47%.
In 2013, this result was improved by Gritsenko and Zinchenko [35]: they extended
the theorem for the primes from E(a) forall 1/2 < @ < 1 and g < X'/37%:

1 X
max 1-— <Kpe ——> (1.6)
q;g (a.q)=1 pgxz;;eE ¢(q) p<XZ},eE (log X)A
p=a (mod q)

where Q = X/3-2,

In this work, we show that a similar formula holds true for all non-integer @ > 0.
This follows from the non-trivial estimate of the corresponding exponential sum

over primes p = a (mod q):

Theorem 1.1. Suppose that « > 0 is a fixed non-integer, 0, €, D are fixed constants
satisfying the conditions 0 < € < 0 < 1/3, € < /20, D > 1, and suppose that
1<h<(logX)P,2<qg< X% 1<a<q-1,/(a,q)=1. Thenthe sum

T = Z eZnihp"
X<p<2X
p=a (mod q)

satisfies the estimate
X1—6—83/(3a2)
T< —,
q

where 0 < § < £3/(50a?), and the implied constant depends on «, €, and D.

As a corollary, we obtain the asymptotic formula for the proportion of primes in

arithmetic progressions from E(«):
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Corollary 1.1. Let a > 0 be a fixed non-integer € > 0 an arbitrarily small number.
Then for any q < X3¢ q (a,q) = 1, and any given subinterval I C [0;1), the

following asymptotic formula holds true:

n(X;q,a)
n(X;q,a) := 1=|I|-7r(X;q,a)+0(—)
;( (log X)A
{p}el
p=a (mod gq)

for any fixed A > 0.

Another corollary of Theorem 1.1 is the analogue of the Bombieri-Vinogradov

theorem with a level of distribution 1/3:

Theorem 1.2. Suppose that @ > 0 is fixed non-integer and let E be the set of integers
n satisfying the condition {n®} € I = [c;d) C [0; 1) for given ¢ and d. Further, let
0,e and A > 0 be some fixed numbers such that 0 < € < 6 < 1/3, € < «/20, and
let2 < Q < X97¢. Then the inequality

; o) Z so(q) Z

=1
<0 (@9 X<p<2X X<p<2X
p=a (mod q) peE
pEE

(log X)A

holds for any X > Xo(«, 0, €) with some constant k > 0 depending on «, 0, &, and
A.

The proof of Theorem 1.2 is contained in Section 3. The estimate given by Theo-

rem 1.1 is proved in Section 4.

In the case of small values of @, we are able to improve these results. Precisely, we

can get similar upper bounds for all Q = X?/5-G/5)e;

Theorem 1.3. Suppose that 0 < a < 1/9 is fixed non-integer, 6, &, C are fixed
constants satisfying the conditions 0 < € < «/100, e < 6 < 2/5-(3/5)a, C > 1,
and suppose that 1 < h < (logX)¢, 2 < g < X% 1<a<q-1, (a,q) = 1.
Then, the sum

T = o 2rihp”

X<p<2X
p=a (mod q)

satisfies the estimate

X
T < —(logX)™ (1.7)
q

with an arbitrarily large A > 0.



9
Corollary 1.2. Let 0 < a < 1/9 be a fixed non-integer € > 0 and arbitrarily small
number. Then for any g < X*>~G%2=¢ 4 (a,q) = 1, and any given subinterval
I C [0; 1), the following asymptotic formula holds true:

X q,
ni(Xiq,a) = Z 1:|1|-7T(X;q,a)+0(ﬂ(—qi))
p<X (log X)
{p*}el
p=a (mod q)

with any fixed A > 0.

Theorem 1.4. Let 0 < « < 1/9 be fixed, I = [c;d) c [0;1), E = {n € N :
{n*} € I}, and let 0, g, A be fixed constants such that 0 < € < 60 < 2/5—(3/5)a,
£ < a/100, A > 0. Next, let2 < Q < X97%. Then the following inequality holds

true:
max
L;Q(am:l l;( so(q)p;( (logX)A
peE peE
p=a (mod q)

The proof of Theorem 1.3 is contained in Chapter 4. Theorem 1.4 can be deduced
from Theorem 1.3 in a similar way as Theorem 1.2 follows from Theorem 1.1 (see
Chapter 3).

1.3 Van der Corput method

Proof of the estimates for the exponential sum over primes from both Theorem 1.1
and Theorem 1.3 is based on the same approach which goes back to the classical
works of van der Corput [93]. The main idea is to transform the original sum, which
is of the form

eZnihpa (18)

X<p<2X
p=a (mod q)

to a smoothed sum over all integers, which is of the form

Z eZm’tn", (1 9)

Y<n<g2Y

where usually ¥ < X. The latter sum is less complicated and can be handled by van
der Corput method. The main reason why the second sum is better is the absence of
non-smooth weights 1,,-,, 1,,=4 (mod ¢)- The main difficulty is to attain a sufficiently
large length Y in the new sum. In general, the larger length of the sum corresponds

to the better saving in the final bound.
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Van der Corput method is usually applied to smoothed sums of a more general form

eZm'f(n) ’

X<n<2X

where f(x) is a real valued function having a certain number of derivatives on a
given domain. If the length of the sum is X, one usually seeks for the upper bound

of the form X!=# for any fixed 8 > 0 or at least a slowly decreasing function 8(X).

The main idea of the van der Corput approach reduces to the following two steps:
the first is to replace the original phase f(x) by its derivative f’(x) by means of the

following inequality:

Z eZm'f(n)

X<n<2X

1/2
) , (1.10)

-1

X (x ¢

<<—+(—+Z
va \q

r=1

3 emitrmnso)
X<n<2X-r

where ¢ < X. This can be easily proved by Cauchy inequality. The main idea is
to increase the order of the derivative using mean value theorem f(n+r) — f(n) =
rf’ (&) for some & € (n;n +r). This differencing process was first introduced by

Weyl who applied it to polynomials.

The second step is based on the Poisson summation formula together with stationery
phase estimate. Applying the Poisson summation, one replaces the original sum of
length X by a new sum of length ~ f’(X):

2nif(n) / 27ri(f(u)—mu)d
e ~ e u.
Z Z u~X

n~X m~f"(X)

It is often the case that the new sum is shorter so one can get a saving from just a
trivial estimate of the new sum. Here and later, by “n ~ X” we mean “X < n < 2X.”
The oscillatory integral is estimated by the method of stationery phase: the idea
is that the most contribution to the integral is coming from the neighborhood of
the stationery point uy which is the zero of the first derivative of f(u) — mu. This
follows from the fact that the integrand does not oscillate much in the neighborhood

of the zero. This way, one gets the identity of the form

3 i) 5 ginlt 3 L im0y = m,
n~X m~f’(X) f”('xm)

Here, one can gain from the shorter length of the new sum or from the large size of

I (X).
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The classical van der Corput k-derivative test consists of one application of Poisson
summation and (k — 1) applications of van der Corput’s differencing (1.10). For

example, the second derivative test gives the estimate of the form

Z X < x 1+ 43'2

n~X
where 1 = f’(X) and the optimal choice of the parameter is ¢ = A, 1/2 (see
also Lemma 2.3). The k-derivative test is given by the inequality
PP P D Gl Pl N (1.11)

n~X
In general, one can apply both of these steps multiple times. This is the main idea

of more advanced methods of exponent pairs.

The inequality (1.11) is closely connected to another important problem in ana-
lytic number theory called Vinogradov Mean Value Theorem. It was initiated by
Vinogradov in 1935 (see [97]). The foundational conjecture in this area is stated as

follows:

Js,k (X) = /
[0;1]%

forall X > 1, € > 0. Vinogradov’s motivation was to obtain the bounds for

2s
day ...doy <spe X°(X* + X253k (k1))

Z e27ri(w1 n+...+agn)

n<X

individual sums from the bound for the mean value. Here, J (s, k) can be interpreted

as the number of integral solutions of the system of k equations

J

j .
PRI RTR  w 1< <k,

J J_
X+ by =X

with 1 <x; < Xfori=1,...,2s. The cases k = 1,2 are trivial, for the proof see,
for example, [69]. The case k = 3 was fully resolved by Wooley in a series of papers
using his method of efficient congruencing (see [107]). In 2015 in a breakthrough
work, Bourgain, Demeter, and Guth [12], using />-decoupling approach, resolved
all the final cases of this conjecture for k > 4. This result impacts many famous
problems in analytic number theory such as Waring’s problem, Gauss circle problem,
Dirichlet divisor problem, and many others. In particular, using these results Heath-
Brown [52] got significantly more precise estimates for the Corput k-derivative
test:

Z o2mif(n) X1+a(/1]1(/k(k—1) + X~ 1/k(k=1) +X—2/k(k—1)/l;2/k2(k—1))_

n~X
These estimates allowed us to get better upper bound in Theorem 1.1 for the ex-
ponential sum 7' than the one which follows from the method of Gritsenko and
Zinchenko [35].



12

1.4 Vinogradov-Vaughan decomposition

There are a few ways one can deal with non-smoothed sums of the form (1.8) to
transform it to the smoothed form (1.9). The idea of the approach we apply in this
work mostly goes back to I. Vinogradov, but later it was refined by Vaughan [94]
and Heath-Brown [41]. In the Theorems 1.1 and 1.3, the original sum over primes

by partial summation can be transformed to the form

Z A(n)e?min” (1.12)

X<n<2X
n=a (mod q)

where A(n) is the Mangoldt function which equals log p if n = p

is a power of
prime and zero otherwise. Roughly speaking, one can think of A(n) as of the
indicator function of primes. Due to some technical reasons, it is easier to work
with the function defined in this way rather than with the actual indicator function
of primes. Vaughan identity is the decomposition of the Mangoldt function of the

form

A = ) ub)log 3 = 3" 3" u(bIA() + 3 > u(bIAe).

bln by c<z b>y c>2
b<y bcln beln

Then the sum (1.12) can be replaced by a double sum of the form

Z . Z IBne27rih(mn)” ,

M<m<2M N<n<2N
mn=a (mod q)

where MN =~ X, a,, B, are real-valued coefficients (non-smooth in general).
Depending on the relative sizes of M and N, there are two types of such sums.
Type I sum corresponds to one “very long” variable (normally, of length > X2/3)
and one “short” variable (of length < X'/3). Usually it is not hard to deal with
such a sum because the corresponding weights are smooth, and one can directly
apply Weyl’s or van der Corput’s methods. Type II sum is usually harder to estimate
because both variables m and n are of similar sizes between X!/3 and X%/3 and, in
particular, there is one critical range in the proof of Theorem 1.1 corresponding to
M= X3 N=Xx2%3 (or vice versa), because in the inner sum over the progressions
gr + a, there are only ~ X'/3/g terms. That means if ¢ is large enough, the sum
can only contain very few terms, and one cannot get any cancellation using the
aforementioned approaches. This is the main reason why we cannot achieve a level

of distribution better than 1/3 using just Vaughan identity.
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One can overcome these limitations by a more delicate combinatorial argument.
This is the content of the so-called Heath-Brown identity which is essentially an
iterated version of Vaughan identity. It allows us to get a better level of distribution
in the case of small a (see Theorem 1.3). This time, the sum (1.12) can be written as
the sum over k variablies dy, . ..,d; where dy - ... dy = X. The parameters y and
z can be adjusted so that the ranges of summation for the Type II sum get shorter:
X2/5t¢ < M, N < X3/5-¢_ 50 that we avoid the critical range. The critical range now
corresponds to the Type III sum which is basically a triple sum of the form

DA Y A D flkyerrhemhr

M<m<2M N<n<2N K<k<2K
mnk=a (mod q)

where M ~ N ~ K ~ X!/3, and the coefficients fi1, f2, f3 are smooth. Then the
idea is to apply Poisson summation to replace each of the three sums of length
X!/3 by shorter sums and get a sufficient amount of saving estimating these new
sums. More details on the combinatorics of Heath-Brown decomposition are given

in Lemma 5.1 and Lemma 5.2.

1.5 Bounded gaps between primes

The problems about the behavior of the difference p,+; — p, between consecutive
primes p,, pn+1 or, more generally, p,+m — p, for fixed m > 1 are usually very
hard. From prime number theorem, it follows that the difference p,+; — p, is equal
to log p, “on average.” However, there are many exceptional pairs with a much
smaller or larger difference. The famous Twin Prime Conjecture states that there
are infinitely many pairs p,, pn+1 such that p,,1 — p, = 2 (for example, 3 and 5, 5
and 7, 11 and 13, and so on).

In 1940, it was shown by Erdos that there exists O < ¢ < 1 such that the inequality

P+l — Pn < clogp, (1.13)

holds true infinitely often. The result was sharpened by a number of authors. In 1988
Maier [60] showed that one can take ¢ = 0.2485 ... In 2005 in a breakthrough work,
Goldston, Pintz, and Yildirim [25] proved that the inequality (1.13) has infinitely
many solutions for any arbitrarily small ¢ > 0. In other words, they proved that

liminf 221221 _

n—+co log DPn
Later they were able to prove an even stronger result [28], namely,

liminf — 2L =P o

n—=te \Jlog py(loglog p,)?
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In 2011 on the conference “Journees Arithmetiques — 27, Pintz [70] announced

the bound
.. Pn+1 — Pn
liminf —————
n—+oo (logpn)3/7+5
In 2013 in another breakthrough work. Zhang [108] showed the existence of in-

finitely many pairs p,+1, p, satisfying

P+l —pn < C

for some absolute constant C. In particular, this result implies that there is some
k < C/2 so that there are infinitely many solutions for the equation p,4+; — p, = 2k.
The first result stated C =7 - 107.

Further progress in this problem was achieved by Maynard [62] and Tao [72]. They
significantly modified the Selberg sieve used in the previous works and were able
to attain the value C = 246, which is the current record in this problem. They also
showed that for any m > 1, one has the estimate

Prnim — Pn S C0m3e4m

for infinitely many pairs p,,, pn. Here, Cop is another absolute constant.

This result depends directly on the level of distribution of primes in arithmetic
progressions. If one is able to get the level of distribution 6 in the theorem of
Bombieri-Vinogradov, then from the work of Maynard, it follows that one can prove
an estimate of the form

Pusm — Pn < Crm3e*™/?. (1.14)

For example, on Elliott—Halberstam conjecture, one can obtain the bound p,,4,, —

pn<C ym3e?™ . In particular, Maynard showed that one can obtain p,+; — p, < 12.

The next question which arises naturally is what can be said about the small distances
between consecutive primes from a given subset. A list of necessary conditions for
this is given in [63]. The case of subset of primes related to the fractional parts of
the polynomials {P(n)} with the coefficients close to rational numbers with small
denominators was considered in [7]. We explore the question about the bounded gaps
for the set E(a@) with any 0 < @ < 1 in Chapter 6 of this work. We use Theorem 1.2

as a corresponding analogue of the Bombieri-Vinogradov theorem.

Theorem 1.5. Let E = {n € N : {n*} € [c;d) C [0;1)} for given ¢ and d,
O<a<1,q1,92,...,qn, ... beall primes from E indexed in ascending order, and

suppose that m > 1 is a fixed integer. Then

Hminf(Gpem — gn) < 9 700m>e®™.
n—+oo
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This result is based on the fact that the sequence of primes from E(«) has a level
of distribution 1/3. The result can be improved for @ < 1/9 if one replaces The-
orem 1.2 by a stronger version of the analogue of Bombieri-Vinogradov theorem
given by Theorem 1.4. A similar result can be proven for all non-integer @ > 1, but

due to technicalities in this work, we restrict ourselves to the case 0 < a < 1.

1.6 Moments of exponential sums

Another class of important problems in analytic number theory and harmonic anal-
ysis relates to the behavior of the exponential sums on average. The most famous
is probably the aforementioned Vinogradov Mean Value Theorem which deals with

L*S-norm over k-dimensional cube

j k
sk (X) = / p2ri(aint..+agnt)
S (0;1]% Z

n<X
There are more general expressions of that sort related to the L”-norms of various

2s
day ...dog <spe X°(X° + XZS—%k(kH))_

extension operators E(a, 8) for various curves (x,y(x)) applied to an arithmetic

p —
Bl 00, = |

Here, one usually seeks for the bound of the form

sequence ay,

p
Z aneZm'(mﬁﬁy(x)) da/dﬁ.

n<X

1_
NEallpp ey < Cp(1+X2 f(p))||a||12(Z)-

In analytic number theory, one often deals with the one-dimensional L”-norms

1
/ Z a”eZm'af(n)
0

n<X
where a, is a given arithmetic sequence and f(n) is a given phase. These moments

P
da,

appear in many other problems. The most studied examples in the literature are
a, = 1,A(n), u(n),d(n) and f(n) = n* for k > 1. Interms of getting the asymptotic
or the sharp upper and lower bounds, these problems are mostly very hard. Usually
it is easier to deal with the even moments since in that case, the corresponding
expression can be opened as a polynomial of ay, . . ., a,. Thus, one natural approach
is to apply Cauchy or Holder inequalities to bound the expression by the even

moments.

Here we list a few known results of this type for the linear phase f(n) = n. For
L'-norm of a, = A(n), the works of Vaughan [95] and Goldston [24] give the
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bounds of the form,

1
VX </ da < (?+0(1))\/XlogX.
0

For the divisor function a, = 7(n), the bounds

VX <« /1 Z 7(n)erian

0 n<X

Z A(n)eZm'an

n<X

da < VX log X

are known from the work of Goldston and Pandey [26]. For higher moments and
higher-order divisor function, see [67, 68]. For a,, the indicator function of r-free
numbers (the numbers which are not divisible by d” for any d) and sharp upper and

lower bounds were established in [5, 51]. For a, = u(n), the bounds

1
1 .
X5 <</ E lu(n)lena'n
0

n<X
are known from [3-5].

da < VX

In this part of the work, we will focus on the case of higher moments of the Gauss
sums (f(n) = n?) with the Mobius function a,, = u(n). In the case of the trivial

sequence a, = 1, the asymptotic formulas of the form

1
22
/ E echm
0

n<X
for all real p > 4 and of the form

1
202
/ E eZm(yn
0

n<X
for all real 0 < p < 4 are known (see [46]). However, in the second case the

p
da ~ ch"’_2

p
da ~ chp/2

constants ¢, were not computed (except the case p = 2). For the explicit upper and

lower bounds on c, see the recent work of Kalmynin [47].

In Chapter 7, we consider the L”-norm of the Gauss sum with a,, = u(n). The ques-
tions about Mobius correlations are of independent interest because of the famous
Sarnak Conjecture which states that any sequence b, observed by a deterministic
dynamical system is uncorrelated to u(n) or, in other words, one has

D bau(m) = 0(X), X — +oo.

n<X

This is still far from being resolved in its full generality.

We show that the Mobius function is uncorrelated with the quadratic phase e(n’a)

on average:
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Theorem 1.6. For p > 4 and arbitrary A > 0, one has
! 2
/ Z 'u(n)eZRtn a
0

n<X
This result partially resolves one of the questions posted at the AIM Workshop

xr~2

P
do <4 ——.
© A g X)A

“Arithmetic statistics, discrete restriction, and Fourier analysis” in February 2021.

The standard approach for estimating the moments of exponential sums is the circle

method. The main idea is that the sum

)
§ aneZM(m

n<X

cannot be small for all real values of «, at least, if the sequence a,, does not oscillate.
On the other hand, this sum cannot be always too large either. The circle method
is based on the split of the integral to two roughly disjoint subsets called “major”
and “minor” arcs. By the Dirichlet approximation theorem, each @ € [0; 1] can be
approximated by a rational number a/q. If the denominator ¢ is small, we say that
a belongs to the major arcs. In that case, there is not much oscillation coming from
the harmonic part e(n?a), so we would essentially use the bound coming from the

arithmetic side which follows from the prime number theorem
Z u(n) < X exp(—c+log X)
n<X

with some absolute constant ¢ > 0. If « is far from any rational with a small

denominator, we say that it belongs to minor arcs, and in that case, we get the

Z eZm’anz

n<Y

cancellation from the sums

which can be obtained by Vinogradov-Vaughan decomposition similarly to the sums
with A(n)e(n®) from the previous sections. The key difference is that for the
polynomial phase one cannot use van der Corput differencing any more since the
derivatives of polynomials are either too large or vanish. We will apply Weyl

differencing instead.

Apparently, the result of Theorem 1.6 cannot be significantly improved without

assuming some strong conjectures about the zeros of Dirichlet L-functions.
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1.7 Moments of L-functions
The Riemann zeta function is the central subject in analytic number theory. In the

complex plane for Res > 1, it is defined as

+00 1
{(s) =) —.
n
n=1
In this region, this series converges absolutely. It has an analytic continuation to the

rest of the complex plane with a simple pole at s = 1. Many problems in number

theory require knowledge about the moments of zeta function on the critical line:

2T
1
M (T) ;:/T |§(§+it)|2kdt, (1.15)

where k is a positive real number. Roughly speaking, the more moments are
computed asymptotically, the more progress can be made towards proving the
Riemann Hypothesis. But even on the assumption of the Riemann Hypothesis,
getting the asymptotics for (1.15) is a very hard problem. Currently, the asymptotic
formula is only known in the cases k = 1 due to Hardy and Littlewood and k = 2
due to Ingham (see [91]). These formulas meet the predictions from random matrix

theory, which gives the formula
M (T) = c;T(log T)* (1 + 0(1))
with ¢ being the absolute constants.

Evaluating the moments of zeta function has a long history going back to classical
works of Hardy, Littlewood, and Ingham. The sharp lower bounds of the form
M (T) >, T(log T)k2 were established for all real k¥ > 1 unconditionally by
Radziwill and Soundararajan [73] and for all £k > 0 by Ramachandra [74, 75] and
Heath-Brown [40] on RH. Getting the upper bounds is a much harder problem.
The Lindelof Hypothesis is equivalent to the estimate My (T) <, T'** for all
natural numbers k, so it seems hard to get the upper bounds of the right order
unconditionally. Currently, the bounds of the form M (T) <« T(log T)k2 are only
known for 0 < k& < 2 due to the works of Soundararajan, Radziwill, Heap, Bettin
and Chandee ([8, 39, 40]). On the assumption of RH, the sharp upper bounds of
the form 7' (log T) k*+e for arbitrarily small & > 0 were established in a breakthrough
work of Soundararajan [88]. This bound was sharpened to C; T (log T)k2 in the work

of Harper [38]. Their methods extend to a wide class of L-functions.

In this work, we apply some of the techniques of Soundararjan and Harper to estimate

the first moment of the product of standard GL(2) L-functions corresponding to



19

holomorphic Hecke cusp forms and show the application of these results to the

distribution of lattice points on 2-sphere (also known as Linnik’s Problem).

The idea of Soundararajan’s on work conditional upper bounds goes back to Selberg
who studied the distribution of values of log £(1/2 + it). His method works very
well for the imaginary part of the logarithm, but leads to complications in the case
of the real part because of zeros lying very close to the critical line. One of the
ideas in Soundararajan’s work is that, to get an upper bound for log [{(1/2+it)|, one
actually does not need to explore the contribution from zeros since it is essentially
negative. The following upper bound (see main Proposition in [88]) holds true on
RH:

A log T
(n)  3log

+R 1.16
nl/Zitlog(n) 4 logx ) (1.16)

10g|§(% +it)| < ReZ

n<x
for any ¢ € [T,2T], 2 < x < T?, and R(x) corresponds to the lower-order terms.

Thus, the problem essentially reduces to the understanding of the behavior of the

1
Z 1/2+it (1'17)

psx p

exponential sum over primes

as t varies between 7' and 27". The key idea in both Soundararajan’s and Harper’s
works is to split the latter Dirichlet polynomial to a sum of a few shorter polynomials
and study its joint behavior. As soon as ¢ gets relatively large, these polynomials
behave roughly speaking as independent random variables due to the fact that one
can think of p~ as a random point on the unit circle, and for large ¢, these points
behave almost independently for the different primes p. The idea of this approach is
to show that the exponential sum (1.17) cannot be too large for too many ¢ € [T, 2T].
So this is another example of an exponential sum which cannot have a very good

pointwise upper bound, but rather can be estimated well on average.

In Soundararajan’s approach, the expression for My (T') was rewritten as

o7 +00
/ |§(% +it)|2kdt _ Zk/ >Vmeas{t € [T,2T] : logl{(% +it)| > V}dV.
T —00

In order to get an upper bound for M (T'), one needs to obtain an appropriate upper
bound for the measure inside the integral. This measure depends on the size of V.
This was achieved in Soundararajan’s work by exploring the joint behavior of the

real parts of two (short and long) Dirichlet polynomials

1 1
Z 1/2+it’ Z 1/2+it "

Psz p Z<psX p
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The additional saving comes from the right choice of the parameter z.

A slightly different approach leading to a sharper bound was elaborated in Harper’s
work. The long Dirichlet polynomial splits into the sum of many shorter ones of the

form

Z ;, 0=Bp<pB1<...<Br-1 <P

p1/2+lt
TPi-1 <p<Thi

and the better bound was obtained by exploring the joint distribution of the real parts

of these polynomials.

Both approaches work well in the case of more general class of L-functions.
Some variations of these methods were applied to the products of automorphic
L-functions [64] and averages over fundamental discriminants of central values of

quadratic twists [87].

In Chapter 8, we will follow the Harper’s approach to prove the bound for the first
moment of the product of GL(2) L-functions:

Theorem 1.7. Assuming the Grand Riemann Hypothesis, we have

L(3, f)L(3, f ® x-n)
fesnatroy  L(1.Sym? f)

< (2m+2)L(1, x-p) exp{U(n,m)}, (1.18)

where m > n® for some € > 0 and

11 11
U(n,m) = max|1, - OEn expy 600 max| 1, — OEn )
4logm "4logm

In this case, the expression analogous to the right hand side of (1.16) can also be

obtained:

A 1 d’m*

1 1
l L oy L oy -n X
oglL(5. f)L(5.f ®x et 7 logx

+ R(x),
where A (.) are the normalized Fourier coeflicients of the corresponding cusp forms.

So we can further split that expression to a sum of many Dirichlet polynomials

Ar(p) Ar(p) ﬂf(P) /lf(l?)
Y D R .

x1B<p<x O <p<adt! l<p<xd™!

and study the joint behavior of all of them as the function f varies in a Hecke basis

of holomorphic cusp forms.
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The upper bound for the measure of the “exceptional sets” of t € [T;2T] or f €
Sx(T'p(2)), where a given Dirichlet polynomial is large, is obtained by Markov-
type inequalities. This gives the upper bounds containing high moments of the

corresponding Dirichlet polynomials

2T 1
T Z p1/2+il

Z<p<x
To treat such moments, one needs an analogue of the mean-value theorem. In

2N h

]

Ar(p) 'ZN
vl

feSk(To(2) z<psx

Harper’s work, he gets the necessary upper bounds from the asymptotic formulas

for the integrals of the form

o T
/ n(cos(tlog pi))"dt.
Tzl

Such integrals appear after the expanding of the moments from the application of
Markov inequality. The analogous mean-value theorem in our case is based on the

Petersson trace formula

h
Z /lf(n)/lf(m) =cikl,=n + Ey, E; < Czke_k,
f€Sk(To(2))
where c1, c; are absolute constants. To treat the high moments of corresponding
sums over f € S;(I'g(2)), we prove the multidimensional analogue of Petersson’s

formula. This way, we would be able to compute the asymptotics of the sums of the

Zh ﬁ /lf(pj)ﬁ-f.

JeSk(To(2)) j=1

In particularly, we will show that the contribution from most tuples of primes

form

(p1,...,pr) is small (for more details, see Lemma 8.3).

1.8 Variance estimates in Linnik’s problem

We apply the moment result to the well-known problem about the distribution of
lattice points on the surface of the 3-dimensional sphere. One can imagine each
integer solution of the equation x> + y? + z2 = n as a point (x, y, z) on the surface
of the sphere with a center at the origin and radius y/n. What is known about the
number of such solutions as n tends to infinity? Asymptotically, we have around
y/n solutions if n is squarefree and is not 0, 4, or 7 modulo 8. The conjecture of

Linnik states that these points become equidistributed on the surface of the sphere
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with growing n. First time it was proved by Linnik on Grand Riemann Hypothe-
sis [56]. Unconditionally, the problem was solved by Duke [19] and independently
by Golubeva and Fomenko [32] (both after a breakthrough work of Iwaniec [43]).

We are interested in evaluating the variance of this distribution in small caps that
are randomly rotated along the sphere. The variance is given by the expression of

the form
2
Vi 2,) = [ |200600) - o(@)N, [ de,
SO(3)

where N, is the total number of lattice points on the sphere of radius /n for given
n, Z is the number of points inside a given spherical cap Q, (x) with the center at X,
and the area o (€,) is normalized so that o-(S?) = 4. The integration goes over all

random rotations of the sphere, and dg is the Haar probability measure.

Conjecture (Bourgain, Rudnick, Sarnak, [13]). Let Q, be a sequence of spherical
caps, or annuli. If N;'** < 0(Q,) < N;¥asn — +oo, n # 0,4,7 (mod 8), then

2
/ |Z(n;an) - Nno'(gn)l dg ~ No(€).
SO(3)

In their paper, Bourgain, Rudnick, and Sarnak obtained the upper bound for the
left hand side of (1.18) assuming the Generalized Lindelof Hypothesis for the

corresponding class of GL(2) L-functions.

Theorem (Bourgain, Rudnick, Sarnak, [13]). Let Q, be a sequence of spherical
caps, or annuli. Assume the Lindelof Hypothesis for standard G L(2) /Q L-functions.
Then for squarefree n + 7 (mod 8), we have

/ |Z(n;an) - NnO'(Qn)|2dg < n°N,o(Q,), Ve > 0.
50(3)

Assuming GRH for these L-functions, we obtain the upper bound of the right order

of magnitude:

Theorem 1.8. Assume the Grand Riemann Hypothesis for GL(2)/Q L-functions.
Then for squarefree n + 7 (mod 8), we have

/ |Z(n;an) - NnO-(Qn)|2dg < co(Np)Ny,
SO(3)

where N;1*¢ < 0 (Q,) < N, ¢ and c is an absolute constant.
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The proof of this theorem is contained in Chapter 9. Counting the points inside
the natural domains (such as ball or annuli) on the sphere is directly related to
the Weyl sums on the sphere. One can choose an orthonormal basis of spherical
harmonics with respect to the standard Haar measure so that these harmonics are
the eigenfunctions of the Laplacian and a Hecke operator for the group of rotations
of the sphere SO (3) corresponding to given N, lattice points (for more details, see
the paper of Lubotzky, Phillips, and Sarnak [59]). This basis can be constructed
from the Legendre polynomials P, (x)

4"

2 n
P,(x) = > 'd”(x - 1"
The space of L?(S?) functions decomposes under the Laplacian as
+o00
D Hn
m=

where H,, is the space of spherical harmonics of degree m. We denote them by
& ;.m(x). Then, the indicator function of a ball with a center at point y has a Fourier
expansion of the form

2m+1

Lycqn(y) = Z h(m) Z 6;m(X)jm(¥),

Jj=
where h(m) is Selberg-Harish-Chandra transform for the sphere (for more details,
see Section 9.2 and [42]). Then, one can express the variance in terms of spherical
Weyl sums as follows:

N,

Z¢] m(Xz

2m+1

V(n: Q,(x)) th(m) Z

where x1, . .., Xy, are all the lattice points.

b

Instead of dealing with a rather complicated exponential sum on the sphere, we
move directly to the sum of the central values of GL(2) L-functions. By Jacquet-
Langlands correspondence, there is a bijection between Hecke eigenfunctions ¢ ; ,,
and holomorphic newforms f;,, of weight 2m + 2 and level 2. This way, one can
apply the bound

21y N, th( )2mz+1 AL, Fim)L(L, Fim ® x-n)

Z h*(m) Z Z ;. m(x, L(1,Sym? f; )

and further deal with the first moment of the central values of L-functions. This

transition is one of the outreaches of the Langlands program which is a very active

research area in modern number theory, algebra, and geometry.
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Chapter 2

NOTATION AND AUXILIARY LEMMAS

In this work, we will use the following standard notation:

p — prime numbers; p; < py < ... < p, < ...— prime numbers enumerated in

the ascending order;

7(x) — number of primes less than x;
{x} = x — |x] — fractional part of x;
||x|| — distance to the nearest integer;
e (x) — eZm’x;

A(n) — Mangoldt function, which is log p if n = p* and zero otherwise;

u(n) — Mobius function, which is one if n = 1, zero if n is divisible by a square of

some prime, and (—1)* if n is a product of k different primes;
7(n) — divisor function n;

Tx(n) — number of solutions of the equation x;...x; = n in positive integers

XlyeoosXks

¢(n) — Euler totient function, which is the amount of numbers coprime with n do

not exceeding n;

(7) = #lk), — binomial coefficient;

(" )= nl,”—'nk, — multinomial coefficient;
(@) = Hl]le(a/ — i+ 1) — Pochhammer symbol;
(n1,...,n;) — greatest common divisor;

Zso — non-negative integers;

C®(R) — smooth real values functions;

A < B — Vinogradov sign, which means A = O(B) or, in other words, there is
¢ > 0 such that |A| < ¢B;

A =< B — Hardy symbol, which means that both A < B and B < A hold true;
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7(x;n) — Gauss sum,
g-1
In
i = 3, (el 2
=1

S4(n, m) — Kloostermann sum,

q
Sy (n,m) = Z e(ml+nl )

l:
(Lg)=1

where [[* =1 (mod g);
E(a) — the subset of natural numbers satisfying the condition {n*} < 1/2 or
{n"} < o

Sk(Tp(2)) — orthonormal basis of holomorphic Hecke cusp forms corresponding

to the congruence subgroup 'y (2);

> — the normalized sum over the cusp forms:

h 1

T 1 Quel £
Feselo@)  fesioy L1, Sym™ f)

Lemma 2.1 (Partial summation). Let ¢, € C and C(x) = X ,c,<x Cn- Let f(x) be a

complex valued smooth on [a; b] function. Then

b
Y, et ) =Corfb) - [ s

a<n<b

The proof can be found in [17, Ch. 1].

Lemma 2.2 (“Vinogradov cups”). Let r > 1 be integer, 0 < A < 1/4, a, B are real
numbers suchthat 0 < a < <1, A< B—a < 1—A. Then there is the 1-periodic
function Y (x), satisfying the conditions

ow(x)—llfa/+%\x ﬁ—%;

00<w(x)<lzfa——<x<a+2andﬂ <x<ﬂ+2,
Ow(x)—Omﬁ+%\x 1+af—%,
® /(x) has a Fourier expansion of the form

px) =B-a+ ) g(me™™,

m
m#0



26

where

lg(m)] < min(p - a, ——, — ( r ))

“nlm| w|lm|\ xlm|A
For the proof, see [48, Ch. 1].

Lemma 2.3 (Van der Corput k-derivative test). Letr k > 2, K =21 b —a > 1,

f(x) is a real valued function satisfying on [a; b] the inequalities
0< A < f(k)(x) < hay.
Then the following estimate holds true:

Z e(f(n)) < W*'%(b - “)AJL/(ZK_Z) + (b _a)l—Z/K/lzl/(ZK—z)’

a<n<b

where the constant in < is absolute.

The proof can be found in [48, Ch. 1].

Lemma 2.4 (Heath-Brown k-derivative test). With the assumptions of Lemma 2.3

when k > 3 and arbitrarily small € > 0 we have a more precise estimate

2:eUUm<ﬂkgw—aﬂ”uy““””+w_awaWMu

a<x<b

- - -2/ (k*(k-1
(b—a) 2/(k(k 1))/1k 1 (k=( )))_

For the proof, see [52].

Lemma 2.5 (Mardzhanishvili inequalities). For the numbers

N

l
Tk() = ZT,l((m)

m=1

forany k,l > 1, the following inequalities hold true:
T < AiN(log N + k! — HF,

where
Apg = kl(k!)—(kl—l)/(k—l)_

The proof is in [61].
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Chapter 3

AN ANALOGUE OF THE BOMBIERI-VINOGRADOV
THEOREM

In this chapter, we prove Theorem 1.2 and Theorem 1.4 assuming Theorem 1.1 and
Theorem 1.3 correspondingly. We need the following pointwise estimate for the

standard exponential sum over primes:

Lemma 3.1. Let a > 0, a ¢ N is a fixed number, 0 < h < min(X"/3, X10*7)_ Then,
for the sum

SX) = ) elhp?),
X<p<2X

the following inequalities hold true:

e (1. Vinogradov) for 0 < a < 1

Xl—(l/Z
S(X) <q min(X, Vaxe?+ Z—|,
Vh

e (Changa) for a > 1,
S(X) <o X7V (log X)2,

wherey = 610711,

The proof of the first estimate can be found in [104]. For the second one, see [18].

Denote by y(x) the indicator function of the interval I = [c;d). Fixing some
constant B > 0, we set A = (log X)™2, r = |[HA|, and H = A"'[log, X]. Then by
Lemma 2.2, there exists a 1-periodic function ¢ (x) such that ¥ (x) = 1 if c + A <
x<d-Ay(x)=0ifx € [0;c]U[d;1],0 < y(x) < lifx € (c;c+A)U(d—A;d);

moreover, ¥ (x) has the Fourier expansion of the form

y(x)=d—-c—-A+ Z g(h)e(hx),
h=—

)
h#0

11 r Y
h)| < min{d — ¢ — A, ——, ' >
lg(h)] mm( ¢ || n|h|(n|h|A)) oy
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Therefore, setting
By = {n €N : (a7} € (cic+A) U (d—A;d)},

we obviously get

Z max Z ({p }) _ Z ({pw}) < S(l) +S(2) +S(3),
— (a.9)=1 ( )
q<Q0 X<p<2X X<p<2X
n=a (mod q)
where

>, w<p“>—— DL w")

s = Z max1
7<0 (a,q)=

X<p<2X X<p<2X
p=a (mod q)
R D Y NFLED JEUS
= (a,q)=1 ()D(Q)
q<Q X<p<2X q<Q X<p<2X
p=a (mod q) PEEA
PEEA

Using (3), we find

1
- 1]+

X<p<2X (’O(q) X<p<2X

p=a (mod q)
(3 e S e 3 ] 3t
X<p<2X

0<|h|<H |h|>H g<Q
p=a (mod g)

1 a

SW < (d=c—-A max
( ¢ ) Z;z (a.q)=1

(3.2)

By Bombieri-Vinogradov theorem, the first term in the right-hand side in (3.2) is
estimated as X (log X)~C for any fixed C > 0. Trivial estimate of the inner sums

over p for |h| > H together with (3) yields:

¥ | 3wl 5

q<Q |h|>H X<p<2X X<p<2X
p=a (mod q)

r 1 r r
2X ), 2, nlhl(ﬂAlhl) <4X;QE(7TA(H—1)) <

q<Q |h|>H
XZ (—) <0. (33)
q<Q
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Next, the contribution coming from 0 < |k| < H does not exceed

1
max h hp®)|+—— hp?)|| = S@+5O).
Z‘(a,q):l Z d )l( Z e(hr”) v(q) Z e(hp ))
q<Q 0<|h|<H X<p<2X X<p<2X
p=a (mod q)

Using the estimates of the sum over primes p, X < p < 2X, given in [104] (for
0 <a < 1)and[18] (fora > 1), we get

> e(hp?)

X<p<2X

Xl—v(a)+81 (log Q)(log H) gz Xl—v(a)+281

s9< S L —

! <
hl ,&1

q<0 ¢(q) o<im<a

for arbitrarily small &; > 0 and

a2, if0<a<l;
v(a) = -1
6-10
S ifa>1, a¢N.
a

Similarly, the estimates of Theorems 1.1 and 1.3 yield:

1
sW < Z —Z max Z e(hp®)
0<|h|<H || 7<0 PN xS

p=a (mod q)

< X116 log H.

Let Ay = A/10, ry = |_H1A1J, H, = Al_ll'logz X7 and denote by ¢ (x) and ¥ (x)
Vinogradov’s cups such that ¢1(x) = 1 if x € (¢c;c+A), 0 < ¢Y1(x) < 1 if
x € (c=Apic)U(c+A;c+A+Ay), and ¢ (x) = 0 otherwise; Yr(x) = 1 if
x€(d-NAd),0<yp(x) <lifxe (d-A-A;;d—A)U(d;d+Ay),and yr(x) =0
otherwise. Let us denote by g; (/) and g»(h) its Fourier coefficients. Then,

ST max [N i(p) +ua(p)| <
(a,9)=1
q<Q X<p<2X
p=a (mod q)
Z(a,q)zl 2 > 1g1(m)] + lg2(h)
q<Q X<p<2X h#0

p=a (mod g)

Z max (3.4)
(a,q)=1

q<0

> e(hp?)
X<p<2X
p=a (mod q)
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and, similarly,

S® <2(A+A)) Z ﬁ Z 1+

q<Q X<p<2X

> llea(l +g20]) Y,

h#0 q<Q

> e(hp)|

X<p<2X

(3.5)

Trivially, the first terms in the right hand side of (3.4) and (3.5) do not exceed
2AX log X, and the second terms can be estimated similarly to S (4), SO, and the
sum in the left hand side of (3.3). To finish the proof, we choose C = A,B=A +1.

Remark. In a similar way, one deduces corollaries 1.1 and 1.2 from Theorems 1.1
and 1.3.
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Chapter 4

THE EXPONENTIAL SUM ESTIMATE FOR NON-INTEGER «
WITH THE LEVEL OF DISTRIBUTION 1/3

In this chapter, we prove Theorem 1.1. The proof is based on the estimation of the

sum over primes
a
e(hp®),
X<p<2X
p=a (mod q)

which can be transformed into the sum over integers

A(n)e(hn®)

X<n<Y
n=a (mod g)

by partial summation. This sum can be decomposed to the sum of several double

sums using the standard tool called Vaughan identity. These double sums are of the

form
W, = Z fo' Z f(nye(h(mn)®), 4.1)
M<m<2M N<n<2N
mn=a(mod q)
Wy = Z U Z Bue(h(mn)®). (4.2)
M<m<2M N<n<2N

mn=a(mod q)

Here MN ~ X, ay, B, are real, and f(x) is a smooth function. The estimation of
|W| is easier compared to |Wj;|: in the first case, the inner sum is of size > N, which
is > X?/3, and the smooth weight f () can be removed by partial summation. For
W1, the weights a,, and 3, are not smooth in general, so one should apply Cauchy
inequality, but this time both inner and outer sums have lengths < X?/3. The
restriction mn = a (mod ¢) is removed by substitution n = gr + [ (or m = qr +[).
The new “smooth” sums are of size N/gq (or M /q) and they can be evaluated by
Corput k-derivative test, where k depends on a. To handle type II sums (and type
Iif @ > 1), the classical estimates are not powerful enough. In this case, we would

apply Lemma 2.4.

4.1 Vaughan identity
We use the following form of Vaughan identity:
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Lemma 4.1. Let 1 < V < X. Then for any complex valued f(x), one has the

identity
Z A(n)f(n)=Zﬂ(d) Z (log ) f(1d)-
V<n<X d<v 1<Xd-!
Slu@) Y A > fndr)-
d<Vv n<V r<X(dn)"!

2,

V<m<XV-1 (d|m,d<V

M(d)) D, Amfm).

V<n<Xm!
The proof can be found in [45, Ch. 13].

Suppose that 1 < a < g < Q, (a,q) = 1, and consider the sum

W=W() = Z A(n)e(hn®).
X<n<Y
n=a (mod q)

The application of Lemma 4.1 with V = X'/3 yields:
W=-Wy+ W — W+ Wj.

Here
Wo= D aw D, elh(mn)?).  an= ) pAQ).
e K,
Wi = Z A(n)e(hn®),
n<V
n=a (mod gq)
Wa= > ba D Ame(h(mn)?).  by= ) u),

V<m<yYV-1 X/m<n<Y/m, n>V ulm

mn=a (mod q) usVv

W3 = Z u(m) Z (logn)e(h(mn)®).

m<V X/m<n<Y/m
mn=a (mod q)

Trivially, we have
lanl < D A@) =logm,  |bul <T(m), Wil < ) A < V.
v|m n<V

Next, we have

W = Z am Z e(h(mn)c’)+

m<V X/m<n<Y/m
mn=a (mod q)

Z am Z e(h(mn)®) =: Wy + Ws.

V<mgV? X/m<n<Y/m
mn=a (mod q)
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Thus, we get type I sums W3, Wy and type II sums W,, Ws. Type I sums have the

Z Vm Z ﬁne(h(mn)a),

m<V X/m<n<Y/m
mn=a (mod q)

form

where y,, = u(m), B, =logn for Wz and y,, = a,, B, = 1 for Wy; type Il sums have

Z Ym Z ,Bne(h(mn)a),

V<m<U Z/m<n<Y/m
mn=a (mod q)

where Y = by, Bp = A(n), U = YV~!, Z = max(Vm, X) for W> and y,, = am,
Ba=1,U=V? Z =X for Ws.

the form

4.2 Type I estimate

We split the range of summation 1 < m < V to the dyadic intervals M < m < M,

M, = min(2M,V). Then the initial sum splits into < log X sums of the form
WM)= > yw > Bae(h(mn)).

M<m<M, X/m<n<Y/m
mn=a (mod g)

By Lemma 2.1, we get

WD <2Blle D rml-| DL e(h(mm)®)| <
M<m<M,; X/m<n<Yi/m
(m,q)=1 mn=a (mod q)
2y lolBlleo D Do e(h(mm)®)|, 43)

M<m<M;' X/m<n<Yi/m
(m,q)=1 mn=a (mod q)

where Y, € (X;Y] and ||w|| = max,<«x |w,|. Next, we fix m € (M; M;] with

(m,q) = 1 and define [ = am™ (mod ¢q), 1 <1 < g — 1. Setting n = gr +1, we

obtain
Y1 [
ZoKr+é< L, E=—
mq mgq q
The inner sum over » in (4.3) takes the form
e(h(mq)* (r + f)o‘), 4.4)
R1—é<r<Ry—¢

where Ry = X/mgq, R, =Y1/mq < 2R;.

To estimate aforementioned sum, we apply Theorem 2.4. Consider the function
fi(x) = h(mq)*(x +&)®. Then, for R| — & < x < Ry — &,

P (x) = (@)eh(mg)® (x +£)*7F =
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where (@), = ]_[l'.‘=1 (a — i+ 1) is the Pochhammer symbol. Applying Lemma 2.4
to (4.4), we get

e(f1(r))

Ri—£<r<Ry-§

mg\ 2 KED) [ ko \ 2R GE=D)
h(mq)k

X\ [ h(mgyF\VEED) 1 GG=D)
<5 |—| - + | = +
" \mg Xk-a X

5
X
< h'/(k(k‘l))(—) (T1 +Th + Tg),

X mq
where
x 1-(k=a)/(k(k=1)) X 1-1/(k(k—1)) x 120/ (K (k=1))
T = = Tz:(m—q)  BETr

Since ||y ||col|Bllco < log2X, we get
x\°
[W(M)| < '/ *ED)(10g X)(—) Z m=(Ty + T + T3).
q M<m<M,

Now, we estimate the contribution from 77, 75, T3 to the sum over all values of M.

The contribution from 7 does not exceed

8 yrl—(k-a)/(k(k-1
hl/(k(k—l))(logx)(X) x 1= (k=) /(k(k=1))

4 ! —1+1/(k=1)
q g1/ Gk=1) Z Z n <

M<V M<m<M,

26 l—(k— _
K x 1-(k=a)/(k(k-1)) k1)

1-1/(k-1) |4 :
q q

4.5)

The contribution from 75 is less than

Z m—l+1/(k(k—1)) <
M<V M<m<M,

X 1-1/(k(k=1))+26
(_) PUEED) (46)
q

X 1-1/(k(k-1))+6
hl/k(k—l)(lOgX)( )

q

Finally, the contribution from 73 is bounded by

X ’ 1
hl/(k(k_l))(logX)(—) Z Z — <
q q M<V M<m<M, m

X 26 X1—2a//(k2(k—1))

(—) s logV. 4.7
q q

5X1—2a/(k2(k—1))
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4.3 Type II estimate
By definition of U, VZ < U < YV~! < 2XV~! < 2V2. We split W,, Ws into < log X
sums of the type W(M). Cauchy inequality yields:

)

|W<M)|2<( > |ym|2)( >

M<m<M, M<m<M,

Z Bne(h(mn)®)

Z/m<n<Y/m
mn=a (mod q)

Next, by Mardzhanishvili’s inequality (Lemma 2.5), we get

Z Bne(h(mn)®)

Z/m<n<Y|/m
mn=a (mod q)

2
(W(M)|* < M(log X)2+"( > ) (4.8)

M<m<M,

where x = 1 for W, and « = 0 for W5. Now, we rewrite the sum over m as follows:

/. a ay) —
Z BBy e (hm* (nf = nj ) =
M<m<M, Z/m<n;np<Y/m
mn;=a (mod q),i=1,2

Br +2Re(S(M)),

M<m<M, Z/m<n<Y/m
mn=a (mod q)

where

S(M) = Z Z By Brye (hm® (n — nf)).

M<m<M, Z/m<ni<ny<Y/m
mn;=a (mod q),i=1,2

The diagonal term does not exceed

Z Z B < Z (logX)Z"(miq + 1) <

M<m<M; Z/m<n<Y/m M<m<M,
mn=a (mod q)

(log X)ZK(g + M). (4.9)

Setting m = gr + [, we get

for given [, (1, q) = 1. Hence,

sy= > BuBme(h(n§ —n$)g"(r+m)°),

— M z Y
(Lot Hn<r<Tghon qrasmm<g
’ ni,m=e (mod q)

q
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where e = al* (mod ¢). Next, we change the order of summation. If Z = X, then

X Y
qr+l qr+1

so X/M| < ny <ny <Y/M, and for fixed ny, ny, we get

X Y
— —-ns<r<—-n
qn2 qni

By definition, Z = max(Vm, X) = max(V(qr +1), X), hence

Y
max|V, <n<n < .
qr +1 qr +1
Since
X xv-!
X , ifr < -1
maX(V ) =4ar +1 q 1
’ / XV~
qar+ vV, ifr > -1,
q

we estimate S(M) as follows:

S(M):{ Z > + Z > }:

M M X M M
__r]<r<T_77 qr+ l<n2<n1<qr+1 7_77<r< q -n V<n2<nl<qr+l

r<Xv-ljg-n nm=e (modq) o xy-l/g_, nim=e (mod g)

3 Sy > e

X/M] <n2<n1<Y/M R(l)_n<r<R(2)_n V<}’L2<n1<Y/M R(3)_;7<r<R(4)_77

ni,np=e (mod q) np,m=e (mod g)
where
M X M, Y Xxv!
R = max(— —) R? = min( 1, , ),
q qny q qng q
M Xv-! My Y
R®) = max( ), RW = mm(—1 —)
(] q qg qn
Therefore,

q
|S(a)| < Z D, 1BulIBw

=1 X/M1<n2<n1<Y/M
Lg)=1 nim=e (mod q)

Z e(fu(r)) )

Ri—n<r<Ry-n

where (Ri, R,) denotes the pair (R, R®), (R®, R™) that corresponds to the
maximum absolute value of the sum over r, f;(x) = h(n] —nJ)q®(x +n)?. Using

the conditions ny < ny, n; = np, = e (mod g), we write n; = ny + gs with s > 1.
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On the other hand, n; < Y /M implies ny + gs < Y/M. Hence, s < Y/(Mgq) =t,

and therefore

[S(M)] < Z D 1BullBusgsl

Z e(f1(r)))-

I=1 1<s<t X/M<n<Y/M Ri<r<Ry
(Lg)=1 n=e (mod q)
Obviously,
£ () = (@)ih(nf —n5)q"  (a)iD)
S (ke (ke
where

k—a
(k D, q
D = h(n] - n3)q", so we have |f1 )(x)| = Rk — < Dl(—) .

Next, by Lagrange mean value theorem,

X a—1
D, = hqo‘((n+qs)0‘—n ) hq®-a(n+qsd’)* '.qs < hsq(”l(M) , 0| <1,
and hence

Xl @
Put 1 — @ = v. By Lemma 2.4, we get

146 2\ 1/(k(k=1)) 1/k —1/(k(k=1))
M hsq q M
< — — +|— +
) kﬁ((]) {( X" ) (M) (Q)

M\ D) 2\ DI ) =28
q XV M '

The factor |B,| - |Bu+gs| is bounded from above by (X/q)°. The summation over
n = e (mod g) for X/M; < n < Y/M contributes the factor of at most X/Mgq.
Thus,

) q 1+6 o\ 1/(k(k-1)) 1/k
X X (M hq q 1/(k(k=1))
son=(3) X aly) A5 () X

1<s<t

(M)_l/(k(k_l)) (hq2 )—2/(k2(k—1)) (M)—z/(kz(k—l)) _2/(k2(k—1))}
M Z 1+ — Z s '
q XV q

1<s<t

@ hsq k-1 B
|f1 ()| M —/1k'

Ri<r<R,
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The inequalities M < X and ¢ < 2X/Mq imply:

¥\ x hq? 1/(k(k-1)) q 1k ( 5y \ 1+ (k(k=1))
SIM) < |—| -— — +

q q XV M M_q

M\ Y KG=D) 5y hqz =2/(k*(k-1)) M =2/(k*(k-1)) ¥ 1-2/(k*(k-1))

— —+ — — <

(Q) Mgq (X) (q) (Mq) }
X 26 2
— | — (T4 +T5+Tg), (4.10
(q) Mq2(4 5+76), (4.10)

where

b

1/(k=1) ¢
e (Zh)1/(k(k—l))X(l—v)/(k(k—l))( q ) _ (th xe

1/(k(k=1))
a 0 )

M

1/(k(k-1

T_(q)/(( )

5=\ ’
M

Ty = (21) 2/ (R k=1) x Q=2 /(R (k=1)) = (9 x0)=2/ (3 (k=)

Thus, the contribution from (4.10) to |W (M)|? does not exceed

2426 1/(k(k-1 1/ (k(k-1 2/(k*(k-1))
(10gX)2+K z + 2hqua /(k(k—=1)) N q /(k(k—=1)) . 1
q Mk M 2hX® ’

hence, combining with (4.8) and (4.9), we get

x\° Mx\'?
(W(M)| <« (logX)1+3"/2(g) {M+ (7) +

X ((hgtxe|ICHED) (g (1K) 1/ (k=1)
g\\ M* M hX< '

The summation over all M in the range V < M < 2V? leads to the estimate

0
X VVX
W < (log X)1+3"/2(—) {V2 + —\/_+
q Vq
2

X ({ hak x| V/CRGE=1) VEKG-1) 1\ HEGE=D)
e +L + . @11
g\\ v % hXa

4.4 Final bound
From (4.5), (4.6), (4.7), (4.11), we conclude that

1426 1/(k-1) 1/(k(k-1))
X % \%
welg) {F) e [F) erg

1/(2k (k-1 1/(2k (k-1 1/(k* (k-1
V2 VNG | (hgtxe) KIS g\ UGHED) oy D)
X Vx vk v hX< '
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We estimate the factors (X/q)® and A/ k(=1) by X9 Thus,

(k1) 1/ (k(k=1)) >
W< X1+36{(&) N (E) -2/ Ra-ny , Ve VVa
x1-a/k X WX

X
1/(2k (k-1
(qua) /(2k( ))+(q

1/(2k(k-1)) 1 1/(k*(k—1)) 8
1436 .
Vk ‘—/) + (ﬁ) } < X Zl Al,
i=

where

Ay < X(3a—2k)/(3k(k—1)) 1/(k-1) < X(3a—k—3sk)/(3k(k—l))’

q

D) 1/Gk(k-1)) 20/ (K2(k-1))
_ - - _ y—2a -
AZ_(X2/3) < X , A3 =X ,
2 v
Ay = M < X8, As = _\/5 < X_‘S/z,
X VX

Ag < (Xa//k—s)l/(Z(k—l)), A, < X8/ @k(k=1) Ag < X_a/(kz(k_l)),

N3 2
max A; < X~ 2¢/06«)
1<i<8

if k = |1.1 - a/e| + 1. Finally, choosing 6 < &°/(50a?) and applying partial

summation, we get the desired bound.
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Chapter 5

THE EXPONENTIAL SUM ESTIMATE FOR SMALL « WITH
THE LEVEL OF DISTRIBUTION 2/5 — (3/5)a

In this chapter, we prove Theorem 1.3. The first big difference from the proof

of Theorem 1.1 is a different decomposition of the exponential sum

A(n)e(hn®).

X<n<Y
n=a (mod q)

This time, we consider the sums of three different types. Type I and type II are
similar to the ones in the previous chapter, the key difference for type II are the
better ranges of M and N (in this case, they are separated from the critical ranges
M ~ X3 N ~ X?/3, and vice versa). Due to the small size of «, the sums W; and

W are easier to treat compared to Chapter 4. Type III sum is of the form

W= > A Y pm) > fAke(h(mnk)),

MO-'<m<M® NO-l<n<N® KO '<k<K®
mnk=a (mod q)

where fi, f>, f3 are smooth real functions, 1 < ® = O(X) < 2, and M, N, K are
close to each other in size (M ~ N ~ K ~ X'/3). The desired upper bound is
obtained in three steps: we apply Poisson summation twice to replace two of the
sums over m, n, k by shorter sums which can be estimated trivially. The additional

saving of 4/q can be obtained by Weil’s bound for Kloosterman sum [21].

5.1 Auxiliary lemmas

Lemma 5.1 (Heath-Brown identity). For any fixed integer k > 1, V. = X% and
any complex valued function f(x), the following identity holds true:

k
> A f(n) = Z(—l)f—l(’;)s,-,
j=1

X<n<Y

where

Si= Y (ogd)u(ds) ... u(doj)f(dy ... da)).

XSdl...d2j<Y
djg1,..,dr <V

The proof is in [41].
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Lemma 5.2 (Combinatorial decomposition). Let 1/10 < o < 1/2, and letty, .. . ,t,
be non-negative real numbers such that t| + ...+ 1t, = 1. Then at least one of the

following three statements holds:

Type I: Thereisat; witht; > 1/2+ 0

Type II: There is a partition {1, ...,n} =S N'T such that

%—0’<Zti<zti<%+0';

i€S ieT
Type I1I: There exist distinct i, j, k with20 < t; <t; <ty < 1/2 -0 and

1
i+t fit i L+ > S+ 0

If o > 1/6, then the type Il situation is impossible.

See [71, Lemma 3.1]

Lemma 5.3 (Smoothing function). Let a, b be fixed real numbers, a < b; A =
(log X)=40 with some fixed Ay > 0. Then there exists smooth function ¥(x) : R — R
supported on [a — A; b + A], which is one on [a; b], and satisfying the inequalities
0<W¥x) <lifxela—A;a)VU(b;b+A] and the following upper bounds

[P (x)| < log" A0 x

for any fixed m > O.

The proof is in [23].

Lemma 5.4 (Poisson summation). Let f(x) be a smooth finitely supported function.
Then the following formula holds true

>orm= 3 [ rwetmian

m=—oco0 ¥~
See, for example, [45, Theorem 4.4].

Lemma 5.5 (Lemma 8.1, [9]). Let Y; > 1, X;,Q;, Vi, Ry > 0, w(t) is a smooth

function supported on some finite interval J C R such that

w (1) <; XV,
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for all j > 0. Suppose that g(t) is a smooth function such that |g'(t)| > Ry,
g (1) < YIQ;j for j =2, t €. Then, the integral I defined by

I :[ w(t)e(g(2))dt

satisfies
I <, WX ((QuR/NYD ™A + (RV)™)

with any fixed real A; > 0.

This result gives a non-trivial upper bound for the integral / in the case if R;V; and

QIRIYI_I/2 are much bigger than 1.

Lemma 5.6 (Proposition 8.2, [9]). Let 0 < 6; < 1/10, X;,Y;, Vi, Vi, Q; > 0,

Zr =01+ X +Y, +V; + 1, and assume that Y; > 2135’,

Suppose that w(t) is a smooth function supported on an interval I of length V;
satisfying

w (1) < X,Vl_j
forall j > 0. Suppose that g(t) is a smooth function such that there is a unique
point ty € I such that g’(ty) = 0. Further, g(t) satisfies the estimates g”(t) < O,
g’ (t) > YIQ;Z, g (1) < YIQ;j, forall j > 1,t € l. Then, the integral

I:/_ OOw(t)e(g(t))a’t

[ee)

has an asymptotic expansion of the form

= W) S ) 4 0a, (5,

T o 1/2
18 (to)] 0<n<36;'A;

(t ) ~ me—m‘M (2i)™"
Pt TNPRSIE

G (1),
where A; > 0 is arbitrary, and

G(t) =w(n)e(H(r)),  H(t) =g(r) —g(1) - %g”(fo)(l‘ — 19)*.

Lemma 5.7 (Weil’s bound). The Kloosterman sum S,(m,n) satisfies the upper
bound

|Sq(m’ l’l)l < T(q)\/c_](m’ n, Q)]/z'
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For proof, see [45, Corollary 11.12].

Lemma 5.8 (Faa di Bruno formula). Let ¢(x), f(x) be r-times differentiable func-

tions on R. Then, one has the formula

r! - (@™
¢! >(f<x>>n( ) :
i

Ty

dx” ml...m J!

mi+2mo+...4rm,=r
mi,...,m, =0

See, for example, [54].

5.2 Heath-Brown identity
In this section, we adjust the initial sum W to simplify the estimation of type III sum.
This technique is also described in [71, Section 3]. Suppose that 1 < a < g < 0,

(a,q) = 1. We consider the sum

W=W¥)= > Ame(hn"), X <Y<2X.

X<n<Y
n=a (mod gq)

Let us denote y = Y/X > 1. Fix By > 0 and choose A = (log X)20. There exists
function s (x) € C*,suchthaty(x) = 1if 1 < x < y,0<y(x) < lifl-A<x <1
ory <x < y+Aand y(x) =0 otherwise, and its derivatives satisfy the estimates

¥ (x) <; (log X)/Bo. See, for example, [23]. Then, W can be rewritten as

— X (log X)~Bot!
W= Z_; z//(%)A(n)e(hn“) + O(WT)). (5.1)
n=a (_mod q)

By partial summation to prove Theorem 1.3, it is enough to show that the sum
in (5.1) is bounded by X (log X)~4. Thus, one can take By = A + 1.

Applying Heath-Brown identity with k = 5, V = X'/> (Lemma 5.1), we get

2 5
W = E _1\/-1 W
j:1( 1) (]) "

where
di...dy )
W, = Z (logdi)pu(djs1) - . . p(daj)yp — e(h(d; ... dy))7).
dyvidj=
dj+1 ..... dzj<V

dy...drj=a (mod q)
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W (x)

| | | |
T T T T

-0 -1 0 1 [C]

Figure 5.1: Smoothed indicator function of [-1, 1].

The statement of the theorem clearly follows from the estimates W; < X (log X )~A
for each 1 < j < 5. We only provide the details for W5. The sums Wy, ..., Wy can

be treated similarly.

We first split the summation over di,...,djo to the “refined” dyadic intervals
following the technique from [71]. Fix Ag > 0 and ® = 1 + (log X) 0. Let
Y(x) be C* function supported on [—-®;®] such that ¥(x) = 1 on [-1;1] and

[P (x)| < log/40 x for all j > O (see Figure 5.1). For all x > 1, we have

=) ¥o(),

DeG

where
X Ox

G={0, 1eNU{0}}, ¥p(x) = ‘P(B) - ‘P(—)

Indeed, if x > 1, then

Z ¥p(x) = mlirgm(qf(x) —¥(Ox) + ‘P(%) —P(x) + lp(é) - \11(%) T ..

. +‘P((;—m) - \P(@jj_l)) g limoo(—‘l‘(@x) +‘P(—m)) =—0+1=1.

The function ¥ is supported on [0~!'D;®D]. Thus,

Ws= ) 2, logld)u(dg)...

di...djp=a (mod q)
diy...d
...u(d10)¥p, (dy) .. -lPDlo(dIO)w(A

< )e(h(d1 .d0)?). (52)
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W(x/0M)

W (0x)

X

W(x/0M)-W(6x)

/ A

0 e-l 1 om em+1

Figure 5.2: Smooth partition of unity. ¥(x/0™) — ¥(O®x) — 1 when m — +oo for
allx > 1.

The non-zero contribution to W5 is only coming from the terms satisfying

D.
(1-A)X<di...dio<(y+AX, 6l<d,~<D,~® (5.3)
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fori =1,...,10. From (5.3), we conclude that the non-zero contribution corre-

sponds to the tuples D = {D1, ..., Do} satisfying the inequality
X, <D;...Dyp <11, where X; = (1-A)071°X, Y= (y+A)0'%%,

and also satisfying
D; <VO for i=6,...,10.

To split each W; to the sums of three types, we apply combinatorial decomposition
given by Lemma 5.2 with o0 = 1/10 + 1, &1 < 3a/5. Without loss of generality,
consider the sum W5. We have

Ws < Wl + Wi + Wi,

where the sums correspond to the following cases:

Type I sum: there is one index 1 < i < 5 such that D; > X,3/>*1,

Type II sum: there is a partition SU T = {1,..., 10} such that

X12/5—81 < l_[Dl < X]3/5+81.
ieS

Type III sum: there are three distinct indices 7, j, kK € {1,...,5} such that

X378 < Dy < Dj < Dy < X257,

D;D;, D;Dy, D;Dy > X331,

Remark. Note that in the expression analogous to (5.2) for Wi and W», the type 111

sum is empty.

5.3 Type I estimate
For simplicity, we only consider the case D1 > X;3/3*%1. The corresponding sum

has the form

W= > > > WD), D={Di...,Dy},

—3/5—61 D2~-~D10=U X3/5+£1

ven T e X eny
+00

W)= > b >, fld)e(h(ud)"),
U0-9<u<slUe’ di=1

udi=a (mod q)
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where

bu)= Y u(de)...pu(d10)¥p,(d2) ... ¥p,(dio),  |b(w)] < To(u),

dy...dyg=u
dg,....djo<V

F(dy) = (log dl)llfm(dl)w(”xﬂ).

Note that the sum over U € G contains only O ((log X )A(’”) terms. We have

b

WD) < [Ibll >

U0-9<uslUe’

D1 fde(h(ud))?)

Ri<di<R;
udi=a (mod q)

where
X -1
16|c0 = max |b(n)], Ry =max| (1 -A)—,D107" |,
n<Y) u
) X
Ry = mln((y +A)—, D1®).
u

By partial summation,

WD) < bl D]

U0<usUe?

FR) . e(h(ud)?)-

Ri<di<R»
udi=a (mod q)

R,
[, ]

1 Ri<d v
udi=a (mod q)

Next,
1o %0, (0 (“2) | < £+ 228Y (10 x)% 4+ log (1) 2 (log X) 0 <

1
. 1 X maX(Ao,B())+1’
D, (log X)

and therefore

o oy | 4F (V)
‘/R:l ( Z E(h(l/ldl) ))de <

Ri<di<v
udi=a (mod q)

(lOg X)max(Ao,Bo)H

9

Z e(h(ud))®)

Ri<d<R;3
udi=a (mod q)
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where Ry < R3 < R,. Thus, by the triangle inequality,

[W(D)| < [[b]]o (log X)mexAoB0)+1
U0-9<u<lUe’

(5.4)

e(h(ud))®)|.
Ri<d <R3

udi=a (mod q)

Due to the congruence restriction ud; = a (mod g), we can assume (u, g) = 1 and
define [} = au™ (mod ¢), 1 <} < g — 1. Setting d; = gr + [, we obtain

R R )

—1<r1+.§-‘<—3, §:—1.

q q q
The inner sum over d; in (5.4) takes the form

e(fi(r1),

Ry/q—é<ri<R3/q—¢

where f7(x) = h(ug)®(x + £)“. Then, for Ry /g — & < x < R3/q — &,

” hu®q?
(x)| = R —a =: Ap.

By van der Corput second derivative test (Lemma 2.3), we obtain

- R
3 L2

-1/2 _
), +Aa =

2

e(fr(r))| <

R1/q—€<r1<R3/q—¢
1-a/2
Ri ypeta R

+ .
q R}—a’/2 \/Eua/Zq

al2

Since (log X )™ax(A0.Bo)+1 ||| <, X9 for arbitrarily small §; > 0, we get

1-a/2
R, R,
[W(D)| <5, X! ( \/— )
U®9<ZM<U®9 4 1 Q/z ‘/_”a/z
X61R1 al2 1

51 @/2 a/2 1
X \/ERI Z u +—\/ﬁq Z an <

U@<u<sle™ UO~9<u<®U?

01 —a —a

X% p;Pyt-el?
1

Vhyq

X51\/ED51¥/2U(Y/2+1 +
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Thus,

W < Z ZZ Z (X51\/ED¢1Y/2UQ/2+1+

U<y x; A DD; DDIIOOJ(]; X <p Ut
UEG D eG

X61D1 Q'/ZUI al2
) < D Z(\/ZX51+“/2Ulog(Y1/U)A°+‘+

Vh - -
gl U<y, x; DDZZ DD‘IOO‘E%
UeG

X(51+1—a/2
Vhyq

Finally, for fixed U = ©*, k < log(¥1X;"/*)/log ©, using the trivial bound

Z Zl—z Zl 9 < (log X)*(AotD)

D10 U k2+ +k10 k

log(Yi/U)"*! ).

we get

1 Xl—a'/Z
W < Z X% (log X)lO(AOJ’l)(\/EUX‘:“/2 + ﬁ . ) <

U<YX 3/5 €]

UeG

1-a/2
X261 (X2/5+(l/2—81 + ﬂ) (55)
q

5.4 Type II estimate

For a fixed partition SU T = {1, ..., 10}, we use the notations
m = l_[dl, n:]_[d,-, M:HD,-, N:HD,-.
ieS ieT ieS ieT

Note that M N < X. Then, the type II sum can be written as

W= ) 2, ) WD)
2/5 61<M<Xz/s+s, X;/M<N<Y; /N 3ST:

NeG [lies Di=M
MeG [lier Di=N
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where
wmy= > ym D] ,B(n)t//( )(h<mn>)
MO~ Sl<m<MO S| n=1

mn=a (mod q)

y(m) = Z (l_[ ai(di)‘{’Di(di)),

niES di=m ieS
d;<V for i>6,ieS

ym)| < (ogx) > 1< (logX)7s(m),

[lies di=m
d;<V for i>6,ieS

poo= 3 ([Jat@wntl). 1ol < aoexymon.
LV i

al(d) = logd, az(d) =...= as(d) =1, aé(d) =...= al()(d) = ,u(d).

By definition of B(n), we have

wm)y= > ym > ﬁ(n)l//( )(h<mn>)

Mi<m<M> N1<n<N>
mn=a (mod q)

M, = MO8l M, = MO'SI, Ny = NO~ Tl N, = NOITI,

Cauchy inequality yields:

|W<D>|2<( > |y<m>|2)( >

Mi<m<M, Mi<m<M,

)

> (nw( )<h<mn>)

N1<n<N;
mn=a (mod q)

Next, by Mardzhanishvili’s inequality (Lemma 2.5), we get

|W(D)|2 <
2
" mn
M (log X)** ( > > ﬁ<n>w(7)e(h(mn)“) ) (5.6)
M <m<M, Ni<n<Ny
mn=a (mod q)
where « = |S|? — 1. Rewrite the second factor as follows:
mn mn
Z (nl)ﬁ(nz)l,//( 1) (72)6’(}”"“(”1 -n3)) =

Mi<m<M>, Ni<ni,np<Ny
mn;=a (mod ¢q),i=1,2

P fs(n)w( )+2Re(S<M N)),

Mi<m<M,; N;<n<N,
mn=a (mod q)
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where
mny

SMN) =Y > ﬁ(m)ﬁ(nzw("’”‘) (—)e(hm“(n?—n%))-

X
Mi<m<M> Ni<n <na<N,
mn;=a (mod q),i=1,2

The diagonal term does not exceed

> > B <

Mi<m<M, Ni<n<N,
mn=a (mod q)

MN X
(log X)ZT(log X)|T|2_1 < 3(10g X)|T|2+1. (5.7)

Setting m = gr + [, we get
l
Rl 77 r R2 - 779 77 = 59

for given [, (I,q) =1, Ry = My/q, R, = M, /q. Hence,

S(M,N) =

SIV

> BB

=1 Rj—n<r<Ry—-n Ni<ni<m<N;
11) 1 ni,m=e (mod q)

(gr+1)n; (gr+Dny
o[

)e(h( —-n$)q®(r+m)?),

where ¢ = al* (mod ¢). Changing the order of summation, we estimate S(M, N)

as follows:

(S

[s(M,N)| < Z > BB

=1 Ni<ni<ny<N;
( l]) Lnj,ny=e (mod q)

e

Ri—n<r<Ry-n (

where fi1(x) = h(n{ —n5)q*(x +n)?. Using the conditions n; < ny, n; =ny =e
(mod ¢g), we set n, = n; + gs with s > 1. On the other hand, n, < N; implies
ni +¢gs < N,. Hence, s < (N, — Ny)/q = t, and therefore

q
s, N < >0 3T > IBMIIB(+ gs)l-
=1 1<s<t Ni<n<N;
(Lg)=1 n=e (mod q)

r+1 r+l
D w((q ;)nl)w((q ;)nz)e(f”(r))‘.

Ri—n<r<Ry-7
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By partial summation,

|S(M,N)| <
q
(logX)% " D BMIBmgs)| > elfu(n)),
I=1 1<s<t N;<n<N; Ri—n<r<Rz-n
(L,g)=1 n=e (mod q)

where R < R3 < R;. Next,
a(a@ — )h(ng —n{)q”
(x +m)>@

2—a
f[l}(x) = ; hence |f;}(x)| = h(n§ - n‘f)qw(ﬁ) )

By Lagrange mean value theorem,

X a-1
hq®((n+qs)® —n®) = ahsq® ' (n+qs0)*" < hsq®' N~ < hsq™*! (M) ,

where |6’| < 1. Hence,
” hsq® q
fll(x)| = Xl—a’M.

Applying van der Corput second derivative test (Lemma 2.3), we get

hsqz q)1/2 (}(1—(1/]‘4)1/2

e(fi(r)) < (Rs —Rl)( —— —
Rn—n;&—n Xl-e M hsq? q

We have Rz — Ry < M/q. The factor |5(n)| - |B(n + gs)| is bounded from above
by (X/q)?* for arbitrarily small 6, > 0. The summation over n = e (mod ¢) for
N1 < n < N, contributes the factor of at most X/(Mq) > 1 (since M < X3/5+32/5,
g < X*/3732/5) Thus,

|S(M, N)| <
X\ & X ((hsgM\"* (mx'-\'/2
- — + <
q Mg\\ X'-a hsq?

62 2+a/2 2—a/2

VhX X

(—) ( s— + ) (5.8)
q qM Vhg M

Combining (5.6), (5.7), and (5.8), we get

(W(D)| <
) 2+a/2 2-a/2 \\1/2
X X hX X
VM (log X)“"/z(—(log X)ITP+1 4 (—) (\/_ + )) <
q q qM, Vhg*M
X53((XM)1/2+ X1+a/4 .\ Xl—a/4)
q (gM)'2 " q
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where we have used the inequality
max ((log X)K/2HTP+2 (X/q)*Vh) < X%

for some 83 > 8,. For fixed M = ®F and N = @' with k + [ = 10, the number of

corresponding tuples S and T does not exceed

irj log X 10 10(Ag+1)
Z K < | =] < (log x)!0rD,
0g

Thus,

W < Z Z Z |W(D)| <

25-e1 _ o 35t X1 /M<N<Y;/N  3ST:
Xl ;/[M(\;X] NeG HieS D;=M
€ [ljer Di=N

(log X)!0CAo+) Z Z e ((
X12/578] <ngf/5+8l Xl/MQNSYl/N
MeG
X4/5+81/2 X4/5+0//4+£1/2 Xl—a//4 X4/5+a//4+.91/2+2(53 Xl—a//4+263
X253( + + ) < +
Va4 Va q Va q
(5.9

XM)1/2 X1+a/4 Xl—a//4
<

+ +
q (gM)'2 ¢
NeG

5.5 Type III estimate
We apply the method of stationery phase to treat the type III sum. To deal with

the oscillatory integrals arising after the Poisson summation, we use Lemmas 5.5
and 5.6.

Later in this section, we will use the following notation:

22—« a 1
= —, = —, 6 = —,
B -« Y l-«a 1 —a
1 l-«a a 2 -3a
= = s = —, = 2 — =
1 T2 "TTom “TiCYET,
Let us denote as M, N, K the three indices from {D1, ..., Ds} satisfying type III
conditions, as m, n, k the corresponding indices from {d, ..., ds}, as iy, i, i3 the
corresponding indices from {1, ..., 5}, and let I be the set of all remaining indices

{1,...,10}\{i1,ip,i3}. Also let

U:HD,’, I/t:ndi.

iel iel
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We get the sum of the form

W= > > S FWw Y A A k-
M,N.KeG UeG U 7<u<U®’ m,n,k=1
umnk=a (mod q)
‘PM(m)‘PN(n)‘PK(k)t//(umnk) (h(umnk)®), (5.10)
where
F(U.0) = (Z Z)(Z ([T artaro. @)

[l Di=U M di=u / Viel

a1(d) :logd, az(d)z...:a5(d): 1, a6(d) = ...=a10(d) :,u(d),

f;(x) are smooth functions such that f;(x) = 0if x < Oand f;(x) = 1 or f;(x) = logx
for x > 1, Y denotes the summation over M, N, K,U € G satisfying the type III
conditions. Without loss of generality, we can assume M < N < K. Then

rewrite (5.10) in the following way:

Wi =
Z Z F(U,u) Z Z Z W(M,N,K), (5.11)
U<Xx!/10-321/2 YO~ T<u<UO’ M <M<M; N\<N<N> K1<K<K>
UeG MeG NeG KeG
where
y \12
N1 = max(M, X3/5+81M‘1), Ny = min(X2/5—81, (—) )
MU
; 2/5-¢ Y
Ki=N, Ky = min| X —,
UMN
and
W(M,N,K) =
= umnk
Z f1(m)fz(n)fs(k)‘I’M(m)‘PN(n)‘PK(k)w( ) (h(umnk)“).
m,n,k=1

mnku=a (mod q)

Note that f;(.)¥p (.)y(.) is smooth on (0; +00), so one can apply Poisson summation
(Lemma 5.4) to any of the sums over n, m, k. We also note that the number of terms
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in each sum over U, M, N,K € G in (5.11) is O((log X)#°*!) and |F (U, u)| can be

bounded as follows:

logU
|F(U,u)| < (log X)77(u) '#{(61, e EZL e . e = 08 } <

6
logU
(log X) 7 (u) (%) < 77(u) (log X )5+
First iteration of Poisson summation
We first apply Poisson summation to the longest sum over k. By orthogonality of

characters,
W(M,N,K) =
ST wa) Y e m) ) a(m) > () o) (1) Wiy
QD(Q) §% mod q m=1 n=1

where
umnk

X

Winny = D x (k) f3(k)‘PK(k)://( )e(h(umnk)”).
k=1

To remove the factor y (k) in the last sum, we substitute k = gr + [:

umn(gr +1)

D, falar+D¥k(ar+ zw( <

r=—00

q-1
Wiy = Z)((l) )e(h(umn(qr + l))“).
=1

The function (gr + [)® is extended by zero for r < —/g. By Poisson summation,

Wm,n,)( =

< B +00
ZX(Z) Z / f3(gqv +Z)TK(QV+Z)¢(M)_
=1 o0 X

s=—0c0 ¥

e(h(umn(qv +1))*)e(-vs)dv.

We can reduce the range of integration to (—//g; +c0) due to the fact that f3(x) =0
for x < 0. Then substituting

_umn(qv +1)

= ¥ ,
we get

X &

Wn,m,/\/ = Z T(X;S)Im,n(s)’

S=—00

qumn



where

mn qumn

q-1
[
T(x;s) = Zx(l)e(%) is a Gauss sum.
=1

Next, we verify the conditions of Lemma 5.5 and Lemma 5.6. Let

w0 = A o

h(X1)® — , fl1-A<t<y+A;
gn() = quimn

0

a9 = [ - f3( X1 )TK( X1 )w)e(h(Xr)“ _ Xt )dt,
0 umn u

ift <1-2A ort>y+?2A,
and extend g, () to a smooth function on [1 —2A,1 — A] and [y + A, y + 2A]. We

now evaluate the derivatives. First,if 1 — A <t < y+ A and j > 2, then we have

J .
C @[ e-ien e 0] =a hxe.
i=1

Thus, one can take ¥; = hX®, Q; = 1. Now let us estimate w/)(¢) on J. We have
d/w(t) 3

Z ( j )df'f3( Xt )de‘PK( Xt )dj3i,b(t)
dt’ Py J1,J2, J3) dt/t \umn| dt’> \umn| dt/3
Next,
d 3 Xt
—| — log X
dth (umn) <084,
do2 Xt X \" . :
: I log X)240 « (log X Jon’
dt)> K(umn) (Kumn) (log X) (log X)
dhw(t) J3Bo
i < (log X)7370,
Thus, we find

w (1) < (log X) Z ( J ,)(1ogX)f2A0(1ogX)-f3Bo <
Ji+ia+j3=j J1-J2, 73

(log X)(1 + (log X)* + (log X)™)/ < (log X)<0/*!
where Cp = max (Ao, Bg). So one can take X;

Zr = Qi+ X +Y +Vi+1, we get Z < Y =<
0 < 6; < 1/10, we have

(5.12)
log X, V; = (log X)~€. From

hX?, hence for any fixed ¢y,

0,702
VI = (log X)—CO > —; = (hXcX)—l/2+5]/2.
1

56
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Now set
_ lahumNq

4 xl-e
and split the sum W, , , in the following way:

Wm,n,X = quan{ Z + Z + Z }T(X;S)Im,n(s) =

Ti<s<Tr |s|>T» -Th<s<T)

1 ’ T2 -

X
—(Sl + Sz + S3).

qumn

For §; and S3, we apply Lemma 5.5 to estimate /,, ,(s); for S;, we compute 7, , (s)

asymptotically using Lemma 5.6. We have

Xs

gh (1) = ahX ! - ——.
qumn

If |s| > T, then

X|s aht* qumn X|s
FOE "(1— 4 )> il

qumn Xl-aT, ~ 2qumn’

If -7» < 5 <0, then

XL nxeret s Ypxe

gn(t) = ahX"1*" +
qumn 3

Finally, if 1 < s < 77, then

XT; 1~ 5
g (1) > ahX* 1 - ! ahx 1 -2 > Lnxe.
qumn ahX® 8 6

Thus, one can choose
X|s|
R; = équmn
gth' if — T, <s<T.

if |S| > Ts;

In the case |s| > T,, we set

R
Al - Q\;?I, AZ = RIVIa
1
and get
1-a/2
A= B LS X yen g i s axen,
2qumn~pxe = 2vhqumn n
X XT»(log X)~C 2aN
Ay = 2B og xy-00 5 XU X)TH o 20N (0 y-Co 5 xor2,

~ 2qumn 2qumn n
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If -7, < s < T, then

ah X“ @ ah
— > — X2, Ay = —X%(log X) % > x°/2,
6 Ve o 6 2= ¢ (log X)

Thus, by Lemma 5.5,

In(s) <o (og X)| (=L 1 R BRI W el O
’ g 2qumn \[jx@ 2qumn (log X)Co
2qumnx/ﬁ)A’

X|s| 1
2qumn \[px@ X1-al2|s|

1:

—As
(log X)( ) <4 (log X)(

for |s| > T», and
@ “A (ah —Ar
Iy (s) <o (log X){(g\/ﬁxw/z) + (?X“(log X)—CO) } <q
(log X)X ~*A1/2

if -7, < s < T1. Choose A; = 2D + 1, where Dy = Do(a) > 1 is large enough.
Going back to S, and S3, we get

—-aD
X 0,

unmn\/ﬁ)A’ 1 umNgq

52 < Z (logX)( X1-a/2 5|47 x1e

s|>T2

N
S3 < (T + T + ) X~ P02 (Jog X) < (uXml__aq + I)X‘“DO.

From qumn > XK~!, we find

X N
Wiy = 1 0( (um 1 +1)X_0D0) =
S qumn qumn\ X!-«
Sp+0(Xx~*Porh) 4 gxaDo) = S;+0(KX™"P0).
qumn qumn

Now we compute S;. Choosing 6; = 1/20, A; = D¢, we apply Lemma 5.6 to I(s)
when 77 < s < T». Let g, (tp) = 0. Then

to = —

_ 1 fahqumn
X

)1/(1—0/)

S

Notice that for any 71 < s < 7>, the point #q lies in J = [10‘1; 10]. Thus,

1) Z 2 (207 d¥Gu(b)

Im,n(S) = €(gn(l0) - g " |g"([0)|V+1/2 dt2v +O(X—aD0),
: n

1=ty

0<v<yy
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where

Gu(t) = w(t)e(H,(1)), vi =60Dg,  Hy,(1) = gn(t)—gn(to)—%g:{ (to) (t—t0)*.

One can easily verify the identities

B
gnlto) = (1 - a)(aah)(s("”fm)y, g (t0)| = (1 - a)th(;) ,

ahqumn
wherey =a/(1-a),6 = 1/(1—-a),B=(2—a)/(1-a). Then,if 1 -A <ty < y+A,

we get

s B(v+1/2)
qumn cy(a@) hqumn
o =t "
s 0<VZ<VI (th)v+1/2 s
d2v
G| o(x-P0), (5.13)
ar® |,

with Vo ”
2 N~V ,—Tl
m (20)7e QBO+1/2).
vl (a(l _ a,)v+1/2)
Notice that (5.13) remains valid if ¢y ¢ [1 - A;y+ A] since w(t) =0, G,(t) = 0 for

t close to 1.

cy(a) =

Going back to the sum W, ,, ,, we have

Wm n = S + 0 KX_QDO =
MY qumn 1 ( )
X o qumn\”
2 T(X;S){e((l—a)(a h)5( ) )
qumn Ti<s<T, §
1/2
3 ol (hqumn)ﬁ(v+ 74 Gy(n) +0(X‘0‘D")} +O(KX D).

052, (hXZ)v+l/2 s dr2v =10

The contribution from the error terms can be made arbitrarily small with the appro-
priate choice of Dg. The main term takes the form

ﬁ D x(ua®) Y x(m) fi(m)Pa(m) ) x(n) fo(n) Py (n):
m=1 n=1

x mod g
X cy(@) [ hqumn B(r+1/2) 4G (1)
o 25, Ty, 2, TR
0<v<ry Ti<s<T =t

Y
T E
s
We also note that for the small values of ¢, it is possible to get 7, < 1. This case

is not a problem since the sum S; is empty and the only contribution to the upper

bound is coming from Lemma 5.5.
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Second iteration of Poisson summation

‘We have:
W(M,N,K) =
—1 +00
u . m
(q()) S xtway Ym0, ).
elgq y mod g ~ m
Z T(x;8)Vyms + O(X*P012), (5.14)
Ti<s<T,
where
= B(v+1/2)
- fo(n) ey (@) ) s(ya1/2) [ qumn
VX,m»S_ZX(n) n lPN(”l) Z Wh T .
n=1 0<v<y)
dZVGn ¢t y
—() e{(l—a)(a“h)5 qumn }
ar¥ |, s

Setting n = gp + A, we get

Cy(a) stvat /) [ qum B(v+1/2) g-1
T L Y

2
0<v<v X =1

3 1/2)-14 G gpa (1)

D, Hlap+D¥n(gp+)(gp+ POHIDT——T
p== 1=ty

wos[qum(gp + )\
e{(l ~ @)(ah) (—) }

Applying Poisson summation again, we obtain

Vems= Y (@) hé(v+1/2)(q”m

B(v+1/2)
XZV s ) )

0<v<v

g-1 +00 +o0
ZX(/U Z / F(qv + )P (gv + ) (gv + )PO+D-L
A=1 o=—00 Y ~X

dZVquM(t)

dl-zv V. (515)

e{(l - a)(aah)(;(w)y _ av}d

Next, we substitute
ahqum(qv + Q)
T =

sX1-a
This implies
po ahqum(qv+)\* qum(qv +)\"  (X'r\”
= — — T s — ,
"X s s ah
1 Y
e
S
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For convenience we will further use a slightly different notation for functions G, H,,
and g,: G,(t) = G(t,7),H,(t) = H(t,7),g,(t) = g(t,7). The integral in (5.15)

takes the form

L X' \POTVD g e (xesr\ (X0STY g
- el— f2 L2 T '
g\ ahqum q)Jo ahqum ahqum

dZVG t, Xl—cx
—( v ed (1 —a)hX%r” — L 7P
dt?r (=10 ahq?um
Hence,
c (a) 1 Xl—cx B(v+1/2)  +oo
Veme= 3, w2 (20) ()0,

0<v<v g=—00

where the meaning of J(o) is clear. We further simplify the last expression by

setting
cy(@)
by(e) = CYﬁ(vm/z)’

which gives

X h v+1/2 400
VX,m,s:g Z bv(a)( ) Z (x;0)J (o).

Oy X« o=—00

Let us denote

3 (ahq)*um 3 3 4(ahq)*um
I3 = dsx1-2a ° Iy = 1615 = X120

and split the sum V, ,, ; as follows:

2

VX,m,x =
X h v+1/2
— Z bv(a)(ﬁ) ( Z + Z + Z )T(X;O’)J(O’) =:
q 0<v<yy Ti<o<Ty |o|2Ty -Ti<o<T3

v+1/2
X > b,,(a)(ﬁ) (C1+Cr+C3).

q 0<v<yy
Similarly to above, we apply Lemma 5.5 to the integrals J(o) in C, and C3 to
estimate them from above and use Lemma 5.6 to compute J (o) in C;. If g is small

enough and 7y < 1, the whole sum V, ,, ; is estimated by Lemma 5.5.

Next, we verify the conditions of Lemma 5.5 and Lemma 5.6. Put

(0 = o X5y (X057 )1 426G (D)
ahqum ahqum ar | _
Xl—a/
(1 - Cl)hX“TV — ¥’ ifte [(1 _A)l/é; (y+A)1/‘5];
§(r) = ahq®um

0 ifr<(1-20)"%ort > (y+2A)"/9
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and define g(t) on (1 -2A)""* < 7 < (1-A)!"%and (y+A)'"? < 7 < (y+2A)1@
appropriately.

Now we estimate %) (7) on (1 = A)'™® < 7 < (y + A)!~®. We have

. . J1 Xl—a 2 Xl_a,
W (1) = Z ( J ) d | fz( ST) d . ‘PN( sr)'
Ji+ja+j3tja=] J1sJ25 J3, ja) AT/ "\ ahqum | dt/2 ahqum
d’ LBO+1/2)-1 d’ (d*G(1,7)
dT]3 dTis dt2v s .
Next,
4 xl-agr
- < log X,
dTJlfz(ahqum) 0og

djg Xl—a'ST Xl—as J2 ) )
_ < |/ (log X)) <. (log X)A072,
drh N(ahqum) (Nahqum) (log X) 2 (log X)

d]

L2 (o) - (/3(”%) _ 1) HOHD1h
-

J3

t:'r5)

we apply the formula of Faa di Bruno (Lemma 5.8). First, letus compute (d?” /dt*")G (¢, 7).

To estimate the last factor

d’ (d¥G(t,7)
dt/s dr?v

By the binomial theorem

d2v 2y 2y 0 2v—l
G0 = 3 (7 w00 Set .

=0

Put f = H(t), ¢ = e(H). Then we get

P ) - 5 @v-n!

dt 2v—I mi!...my,_;!
m+2mat. ot (2v—lymay=2v—1 | 2v=l

my,...,mp,—1 20
2v—1

(K) t,
(27i)™* ¥ M2t (H (1, 7)) - ]_[ (—(T)) . (5.16)
Note that the last expression is evaluated at ¢ = tg = 7°. By definition,

1
H(t,7) = g(t,7) — g(to, 7) — 58”00, 7)(t = 19)%, (5.17)

and so H(ty,7) = H'(t9,7) = H"(tg,7) = 0, e(H(7°,7)) = 1. It means that the
non-zero contribution to the right hand side of (5.16) when ¢ = o would only come

from the tuples of the form (0, 0, m3, my, .. .).
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Thus, we need to apply the binomial theorem and Faa di Bruno formula again to

compute
2v—I m
d 1 d¥H(t,7) «
M (¢ : i L ALPA
dt 14( ( )t 76 Q(K! dr* t:‘r5) )

By the binomial theorem, the last derivative is a linear combination of the expressions

djf) 2v-l 1 dKH(t T) my
ol ). 4 (T LdHED)
( (¢ ) T‘S) d‘[‘J6(l—[(K| dtx 1:75) )a (5.18)

k=3

dt/s

where js5 + jg = js. First, we evaluate the factor

d’s
D (¢
dt’s ( * t=‘r5).
Note that since 7( = ¢, we have
; dl+r ;
" 0| = G =
=19 0

Then by Faa di Bruno formula and (5.12)

5
d]. (W(l)(t) ) —
dtJs
t=19
. J5 K
5! _ d*
l 1] I !W(l+ll+m+l’5)(76)n(drk ) <Js
L2l tjslys=js 1S k=1
lseelj5 >0

w(l+l]+...+lj5)(T6) < W(l+j5)(T(5) < (1OgX)C0(l+j5)+1.
[1+205+.. +J51]5_j5

[l j5 >0

Next, we evaluate the second factor in (5.18). For ¥ > 3, we have
):1d g (70 7y = LMK & s _
=79

k!'d r8 k! dr v
(a)chX®
k!

d (1 d“H(t, 1)
dr” \ k! dt¥

(6(a - k), 707 «, hX? (5.19)
and thus,

jo (2v=! 1 dH my

afljs (l |(_’dd—§t’7-) ) ) < (th)m3+...+mK < (th)(ZV_l)/3’
T K! | s
k=3 t=7

since my +2my +3m3 + ...+ kmy, > m3 + ...+ my, so the expression (5.18) can be

bounded from above by

(log X)Co(l+j5)+l (th)(Zv—l)B.
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The last expression reaches its maximum at / = 0, js = ja, j¢ = 0. We conclude

d’* (d*G(t,1)
dtis dr?v

) < (log X))o+ (px®)>/3,
=19

Finally, we find

W (1) < (log X)2(hX®)>/3 Z ( / ) )(log X)Aon2+Cojs
J1s---5]4

j1+...+j4=j

(log X)>*Eol (hx*)>/3,  (5.20)

where Ey = max{Ag, Co}. So the inequality w'/) (1) < X;Yl_j holds with X;
(log X)2(hX%)?'/3, V; = (log X)~Fo. Next, we have

X%
ahqg?um’
gV (1) = (1), (1 - )hX 7" < hX?,

g(m)=y(l-a)hx*"" - g'(0) =y(y - D1 - a)hX7"2,

so one can take Y; = hX* Q; = 1. Put] = [10‘1;10], Vi = |J], and Z;
Qi+ X;+Y+ Vi +1 = (log X)>(hX®)?/3 + hX?, which implies

hX?, ifv=0,1;
Z[ =
(log X)2(hX4)>3, ifv > 2.

We choose the constant §; > O such that ¥; > Z}%’ . Ify =0,1, we get hX?

(hX%)3% which holds true for all §; < 1/3. If v > 2, then

Vv

hX® > (log X)®' (hX*)>1,
so one can take 6; = 1/(121Dy). It is easy to check that

0,7
!
=L gy
VY;

holds true for all v < v{ = 60Dy.
Next, if |o7| > T4, then

l—arso.

X
1§ ()] = |=—5— - y(1 —a)hX*7""!
ahq?um

S Xl_“s|0'|( _ a?h?q>umt?~!
z XI—Za/ST4
2 X%
3 ahq?um

ahqg?um
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If -7, < 00 < 0, then

1-a

X
() =y(1—a)hxor - S o
ahqg?um
Xl 1
ahX%t" 1+ ﬂ > ahX7" 7! > —ahX®.
ahq?um 2
Finally, if 1 < o < T3, then
X1—2ct 1-y 3 1
g (1) = ahX%" 1 - T > ahX 71 - 2] > —ahX®.
(ahq)*um 5 6
So one can choose
2 X' %o
- if |o| > Ty;
3 2
R, = ahg“um
—ahX® if —Ty <o <Ts.
Again, setting
O1R;
A = 7 Ay = RV,
1

we show that Aj, A, > 1. Indeed, in the case |o-| > Ty, we have

2 X"l 1 2 x13e/2g 8
== > Ty = —aVhX*? > 1,
=3 ahq?um \pxXe 3+ ahq*um M)

and

2X1—a/ 2 Xl—a
_ =z S|0'| (lOgX)_EO > Z 2M;T4(10gx)_E0 —

2 3ahg

3 ahq?um

2/3

ga(hX“) (log X) o > 1.

If -T4 < o < T3, then

1 1 a
Ay = —ahX® = —Vhx/? > 1,
T Vnxe gV

1
Ay = gahX“(log X)Eo> 1.
Thus, applying Lemma 5.5 with a large enough Fy = Fy(a) > 1,7 = [(1-A)'/%; (y+

A)'/3], for |o| > T4, we find

J(o) < [11X7(A] + A7) <

ahq’*umVhXe F°+ 3ahq?um(log X)Eo\ "0 -
2X1-ag|o| 2X1-ag|o|

(log X)Z(hxa)m{(

F
(log X)z(th)zv/3 3_0/h3/2q2um; ’
2 X1—3a/2S|0.| ’
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and for -7y < o < T3, we get

6 )FO . (6(log X)Eo )FO}

2 a\v/3)| ¥
J(o) < (log X)“(hX®) {(a\/EX“/Z ahX®

6 Fo
< (logX)z(hX“)ZV/3(—X_“/2) .
avh

Thus, the contribution from C, C5 to V, ,, ¢ can be made small enough with the

appropriate choice of Fj. We get the formula

X V+1/2
Vims = — Z by(a)(ﬁ) Ci +0(x*F/10)] (5.21)
0<v<yy
C = Z T(x;0)J (o).
Tx<o<Ty

We are now ready to compute Cj using Lemma 5.6. Let T3 < o < Ty, g'(79) = 0.
Then 79 € J = [107'; 10]. We find

T0 =

1 { (ahq)*um }'f

Xl-a so
where £ =1/(1-vy)=(1-a)/(1 - 2a);

Xl—a/
g(r0) = (1 —a)hxr) - 70— (1 - 2a)h{

ahq?um

(ahqg)*um )"
so ’

where 1 = a/(1 — 2a);

~1 a(l - 2&) 2(1_ ) SO w
=———hX"Y—
§" () -« (ahq)?um

where w = £(2 —y) = (2 —-3a)/(1 — 2a). Finally, take

G(1) = WD IO, A1) = g(r) - (1) — S (¢ )2,

2
Then Lemma 5.6 implies
1 2 2{)H A6
8) Lt Hl g ()2 dn |
((1 2 )h{(ahq)zum}fl 1) Z N (21)*
e — 2 - —Z _ _ )
SO 8 0o u! (a(l —2a)/(1 _a))u+1/2
! (ahq)?um ¥ 424G (1) e
—_— +0(X™*")
(th(l_a))ﬂ+1/2 Kox del“l i
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with uy = 3Fy/6; = 363Dy Fy. Setting
u+1/2
cul@) =e 1 \/_( 24)H l-a Q2ww+1/2)
H a(l - 2a) ’

we get

SO

J(o)::e((l——Za)h{£gﬁglﬁﬁﬁ}n)
D cu(@) ((hq)zum)w“/”dzﬂé(r)

x~fo),
(hxzu_a))ﬂ”/z SO dr# +0( )

0<u<p =10

Again, it is not hard to see that the O-term contributes at most O (X~%%0/10) to the
sum V, ,, 5. This contribution can be made arbitrarily small. Hence, from (5.21) we

have

V)(,m,s =

X v+1/2 Cu((l’)
7 Z T(x;0) Z Z b(a/)(Xa) (th(l_a)),m/z'

Tz<o<Ty 0<y<y O<u<y

e((] - za)h{w}n) + O(X_O‘FO/]O)_
SO

(hq)*um wptl/2) d*G (1)
dT2H

SO =79

Substituting this expression into (5.14) and changing the order of summation, we

get
W(M,N,K) =

f( ) v+1/2 1
Z P9 (m) Z Z b (a)cﬂ(a)( ) (th(l_a))ﬂH/z.

T1<s<T, 0<v<yy
T3<o<Ty OSu<y

( (hq)Zum )w(ﬂ"'l/z) dZuG”(T)

e((l - za)h{w}n).
T=Tp SO

go(q) Z x(mua*)t(x; s)t(x; o) + 0 (X~ *0/20) L o(x7Po2) | (522)
x mod ¢

KYoa dr?H

5.6 Final bound
Now we are ready to deduce the final bound. We only need to bound the Kloosterman

sum which appears from the product of two Gauss sums.
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Bound for the Kloosterman sum

We rewrite the inner sum in (5.22) as follows:

‘P(CI) Z X (mua®)T(y; )T(x;0) =

x mod g
q
Ze(lstlm-)ﬁ Z x(Irmua®). (5.23)

1r=1 x mod ¢

By orthogonality of characters, the sum in the right hand side of (5.23) transforms

into Kloosterman sum

q * 7%
Z e(sl+0'a(mu) l ) _ S, (s, ra(mu)).

=1 q
(Lg)=1
Thus,
v+1/2
W(M,N,K) = fl(m)lp b v
,,>—Z mm) >y (a)cm)Xa :
T1<s<T, 0<v<yy
(mCI)l T3<0<Ty O<u<y
1 (hq)*>um w(“+1/2)d2“6(7)
(hX2(1—a))ﬂ+1/2 so dt | _

e((l - 26!%{@}“)5(1(& oa(mu)*) + 0 (X~ *0/20) 1 o(x~Po/2),

We can now estimate the multiple sum over m,s,o, v, and u. Since H(t) =

H'(10) = H"(19) = 0, similarly to (5.19), we get the upper bound

d” -
(e(A)

Together with (5.20), this implies

< (hXY)'13.

T=Tp

G (19) < (hX™) P04 (log X)?.
Next, we apply Weil’s bound (Lemma 5.7):

< 7(g)Va(s, o, q)'".

Changing the order of summation, we get the inequality

Xt(q) (logX)3 Z (i)v+l/2 (th)(2/3)(v+/J) (hq)w(zﬂ"'l),

uglg M 02y, X (hX2(1—a))u+1/2
O<p<pi

W(M,N,K) <«

(mu)w(,u+1/2) Z (sa o, Q)l/z

w(p+1/2)
M/O<m<M® 152, (50)
Tz<o<Ty

+ O(X—CXF()/2O + X_QDO/Z).
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The sums over s and o could be bounded as

(s,0,q)1/? . X120 \@+l/2) Z Z (5.0)12
Z Z (s0)o 172~ \ (hg)2um 5007

T1<s<T, T3<o<Ty T1<s<T, T3<0<Ty

The last expression does not exceed

(ﬂ)w(ﬂﬂﬁ) Z Z Z Vi<

2
(hq)=um 1<d<min(T»,16Ty) Ti<s<T» T3/16<o<16T4
s=0 (mod d) 0=0 (mod d)

X1—2a w(u+1/2) T T
(—2) dgzﬁ <
(hq)Zum I<d<min(T>,16T})
1-2a \w(u+l/2) 1-2a \@(u+l/2)-1
> T, X < X
2\ (hg)?um (hg)?um '

Next, the summation over m gives

g2 \@+1/2)-1
) <

w(u+1/2) N
2, (mot ((hq)zmu

M/O<m<MO

XI—ZQ)OJ(II‘H/Z)—l 1

2
M U( (hq)? (log )"

hence, if Do and Fj are sufficiently large,

1/2
W(M,N,K) < X7(q) (logX)* MU Z (i)‘“r / (th)(2/3)(V+p).
N, Ugr\Jg M (log X)4o o \xe (th(l_a))#H/z
O<p<p
x1-2a w(u+1/2)-1 x
(hq)w(ZlH'l)( 2) < M(log X)3—A()M Z XKl thqz,
(hq) aNa oy
O<pu<m
where 5
av au y U
=-= "=t _1’ :2+———
K1 3 3 a K> 3 3

Clearly the main contribution comes from the term v = u = 0. We get
W(M,N,K) < X®\q7(q)(log X)* A M n?.
Summing W (M, N, K) over all admissible U, u, M, N, K, and using Lemma 2.5

Z 77(u) < U(log U)6,
u<2U
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finally, we find

’

Wi < X Vgt (q) (log X)*C+3~4 Z Z |F(u,U)|

UeG U0 "<uslU@’

’ ’ ’
RIS

M <M<M, NiSN<N, K1<K<K>

MeG NeG KeG

1/3

_ ’ X

X"ygr(q)(log X)* 3~ %" n(u)(logX)ﬁ“*O*”“(U) (log X)*o!) <
UeG u<2U

X3\ /a7 (q) (log X) >3- A0+9(Ao+ )+ Z/ U*3(logU)® <
UeG

X1/3+a\/§7_(q)X(2/3)(1/10—351/2)(logX)8A0+2C+19 <
X5 e g (q) (log X)L, (5.24)

where Lo = 8Ag + 2C + 19.
Final bound
Combining together type I (5.5), type II (5.9), and type III (5.24) estimates, we get

Xl—a/2+261 1
W < X2/5+a/2—81+261 + + _X4/5+a/4+81/2+352+

q V4

le_a/4+352 + X2/5+“_‘91\/5T(Q)(10g X)LO'
q

Further, the right hand side of the last inequality does not exceed

X

qX—3/5+a/2—81+261 +X—a'/2+261 +\/5X—1/5+a'/4+81/2+352+
q

X—(l/4+352 + q3/2X—3/5+(lf—81+64

with an arbitrarily small 64 > 0. Clearly
max(X_“/2+2‘51,X_“/4+352) < (log X)™4
if 01 and 6, are small enough. Next,
gX3/5+al2-e26 o x=1/5-a/104261 (log X)~A.
Then

W<< § (logx)—A+max(\/ax—l/5+a/4+£1/2+362’q3/2x—3/5+(l—81+54) .
q
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Thus, W < (X/q)(log X)=4 if

q < min (log X)—ZAx2/5—0/2—81—652’ (log X)—(2/3)14X2/5—(2/3)(l+(2/3)81—(2/3)64 .

The maximum of this bound is reached at &; = a/10. Thus, g < X2/?~3/52=¢ yith
any & < min(66s, (2/3)d4). Finally, the desired bound (1.7) follows from partial

summation.

Remark. One can obtain a slightly better level of distribution, g < X*/3-®/2-¢,
in Theorem 1.3 by iterating the Poisson summation for the third time (on the sum

over m) and applying the bound for 2-dimensional Kloosterman sum [86].
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Chapter 6

BOUNDED GAPS BETWEEN PRIMES IN SUBSETS

In this section, we prove Theorem 1.5. We follow the well-known technique of
Maynard [62] and Tao with a modified Selberg sieve and apply Theorem 1.2 in
place of the Bombieri-Vinogradov theorem. We only consider the case 0 < a < 1,
which is easier. With a little more effort, one can deduce a similar result for any

non-integer @ > 1.

The set {hy, ..., hi} of integers is called an admissible set if for any prime p there

isana with h; # a (mod p) forany 1 < j < k. Consider the sum

k
Si= X [ Yetnem) = p)on =520 - 51
X<n<2X \j=I
nel
n+h;€E Vj
where w,, p > 0, yp is the characteristic function of primes. Then Theorem 1.5
clearly follows from the inequality S> , — pS1, > O with p = m. Indeed, in this case
the inner sum over 1 < j < k has at least m + 1 positive terms for some n. Hence,

there are at least m + 1 primes from E between n and n + h; and

liminf(qpm —gn) < max |h; — hyl. (6.1)
n—+00 1<i<j<k

Thus, the problem reduces to choosing the appropriate weights w,, maximizing the
ratio S2,,/S1,.. We follow the choice made in [62]:

2
Wn =( Z ﬂdl,...,dk) ,
d

(n+hj)
where the sum is taken over all tuples of divisors (dy, ..., dy) and
k 2
u(ry...ry) log rq log i
Ad,....d =( ,U(d')d') F( .
Pore @k E 17 rl;rk o(ry)...o(rr) \logR log R
djlrj vj
(rj,W):l V]

Here W is the product of all primes < logloglog X (and so W < (loglog X)? for
large X), R = X1/6-61 for some small fixed §; > 0, and F(xy,...,x) is a fixed

piecewise continuous function supported on the set

k
{(xl,...,xk) e [0;1]%: ij < 1}.

j=1
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We put w, = 0 for all n except n = vy (mod W) for some fixed vy such that
(vo+h;,W) =1forall j. We also put A4, 4, = 0if ];:1 dj, W) > 1 for at least

one j.

.....

6.1 Proof of general case

We obtain the desired result using the following assertion (see [62]):

1) Under the above assumptions on w,, the following relations hold:

(1+0(1))e" (W)X (log R)*
S1= Z Wn = Wk

I (F),

X<n<2X
n=vg (mod W)

k+1
Sy = Z (Z){p(n+h )) _ L+ o)e" (W)X (log R) ZJ,EJ)(F),

k+1
X<n<2X  Vj=1 Wi log X i=1
n=vg (mod W)

provided I (F) # 0 and J,(Cj)(F) # 0 for each j, where

I (F) = / /F(tl,-- Jt)2dty ... diy,
J(’)(F) / /(/ F(tl,...,tk)dtj) dty...dt;_ydtjy ... di.

2) Define
k )
My = sup ———
F Ik(F)

Then for all £ > 600, the following inequality holds true:

M; > logk —2loglogk — 1. (6.2)

To apply Maynard’s argument, we need an analogue of part 1) for S, and Sp,. It

would follow from the relations
Sta = (a’—c+o(1))51, S20 = (d—c+0(1))52. (6.3)

Here the coeflicient d — ¢ < 1 corresponds to the density of E among the integers.
Note that since @ < 1, the numbers {n®}, {(n + h1)%},...,{(n + h;)*} are close
to each other. So, in order to verify that all k + 1 conditions n € E, n + h; € E,
1 < j < k hold true, it is sufficient to check only two of them: n € E,n + h; € E.

Thus, we define the new subset as

E'={neN:{neE}n{n+h €E}.
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Then

$20 zsm Y et o

j=1 j=1 X<n<2X
nekg’

Following [62], we change the order of summation in Sé"g and apply Chinese

Remainder theorem. Thus we get

Sé{c)l = Z /1d] ..... dk/lel ..... ek Z XP(I’Z'th),
dl ..... dy X<n<2X
----- ek n=a (mod g)
([di.eil, [d .ej])=1 Vi#j neg’

where g = W Hle [d;, e;]. Further,

S(J) — T(E(ZX) — ﬂ-E(X) + 0(1) /1d1 ..... dk/lel ..... €r +
2.
’ e(W) Z
di.-od e, 90([611, el])
ej=d;=1

([di.eil,[d}.e;1)=1 Vij

0( >, |Ad1,..,,dkael,...,ek|E<f>(X,q)), (6.4)
dy

where 7 is the counting function of primes from E,

EY(X,q) =1+ max

1
xe(n+hj) - —
@

@)=l S =5x ( )X<n<2x
n=a (mod q) nek’
neg’

1+EV (X, q)+EY (X, 9) + EY) (X, 9),
where

E(J)(X g) = max Z xe(n+h;),

(@)=l Gox
n=a (mod gq)
neB\E’
EY (X.q) = ﬁ > xe(n+hy),
X<n<2X
neE\E’
1
E(j)(X g) = max Z xe(n+hj) - —
(@)=l y S5x ¢ )X<n<2X
n=a (mod q) nek

nek

The trivial upper bound for E fj ), EY ), and Eéj ) is X /e(q). Similarly to (5.20)
from [62], we apply Cauchy inequality to the error term in (6.4) to bound it from
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above by

A ( D, K@ (q)i)l/z-
e o T 0(g)

1/2
( Z (1+EV(X,q) +EY (X, q) + EY) (X, q))) : ,
q<R*W

where Amax = maxy, ... 4, |44,...4,|- The sum in the second factor does not exceed
X (log X)~8 for any fixed B > 0. Indeed, Theorem 1.2 implies that the contribution
coming from the term Egj) (X, q) is estimated by X (log X)~4 for any fixed A > 0.
We estimate E fj) (X, q) and Eéj ) (X, q) similarly to S and §® in Chapter 3 (note
that all the primes n + h; which belong to E but do not belong to E’ lie in the subset
E defined earlier). The sum in the first factor does not exceed X (log X)* for some
cx > 0. So choosing A large enough, we get the bound of A2 X (log X)~5 for the

error term in (6.4). Finally, we apply Vinogradov’s result [104] to g (X) to get the
second relation in (6.3).

We treat the sum S , in a similar way. Thus we get

Sl,(lf = Z /ldl,...,dk/lel,,..,ek Z 1=

dy,....dx X<n<2X
€15..Ck n=a (mod q)
([di.eil.[dj.e ;=1 Vi#j nek’
X Z Ady,...di ey, ...ex ( 2
e I +0( > 2,G(X.9)] (65)
k max ’ ’
2w dy,ady i=1 [di> ei] dy,dy
€1,....Ck €1,...,Ck
([dive[]’[dj’ej])zl vl?ﬁ]
where
1
G(X,q) =1+ max Z 1-- Z I <
(@)=l y S5y 9 xn<ox
n=a (mod q) nek’

nek’

1+G1(X,q)+Ga2(X,q) +G3(X,q),

where

1
Gi1(X,qg) = max 1, Gy(X,q) =— 1,
1(X,q) ( > 2(X, q) >,

a,q)=1

X<n<2X X<n<2X
n=a (mod q) neE\E’
neB\E’
1
G3(X,q) = max Z —— Z 1f.
@@=l v Gx 9 xénoax
n=a (mod q) nek

nek
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We estimate the error term in (6.5) similarly to the error term in (6.4). For G3, we
apply the arguments used in the proof of Theorem 1.2. This case is simpler since

the summation goes over integers, so one deals with

Z e(hn®).

X<n<2X
n=a (mod q)

The congruence condition is removed by substitution n = gr + [. The sum over r is
then estimated by Lemma 2.4 with k = 3. This concludes the proof of (6.3). We
note that the estimates for Egj ) and G5 correspond to the conditions (2) and (1) in
the Hypothesis 1 from [63].

We show that there are infinitely many » such that at least [ M} /6] numbers n + h;
are primes from E. By definition of My, there is a function Fy such that

k

ZJ,Ej)(FO) > (My — 01)1x (Fop).
=)

Then

Se > (d—-rc)

¢* (W)X (log R)* I (Fy) ( (1
Wkl 6

=01} e =) = p (1),
If p = M, /6—6, for some &, > O such that [M; /6] = | p+1] and §; is small enough
(depending on §5), then there are infinitely many n such that at least |[p+1] = m+1

numbers among n + h; are primes.

To finish the computation, we estimate the right hand side of (6.1). In ac-
cordance with (6.2), we choose k = |390m?e®"| and take the tuple of primes
{Pr(k)+1> - - -» Px(k)+k } Which is obviously admissible (indeed, there is no element
of this set which is congruent to zero modulo any prime p < k; on the other hand,
this set does not cover a complete residue system modulo any p > k due to its size).

Next,

max |h; — ;| < <
1<l,<j<k| i = il < prok < Priin

for k > 10°. Using the inequality p, < n(logn+loglog n+8) (see, for example, [78])
with n = [1.1 - 390m?e"], we find that

liminf (pram — pn) < 9 700m>eo™. (6.6)
n—+oo
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6.2 Bound calculation for cases m = 1,2

The bound (6.6) can certainly be sharpened for small m. For example, if m = 1,
then we take k = 157 337. Thus we get M} > 6, and the precise computation of the
right hand side of (6.1) gives

Pr(ky+k — Pr(k+1 = P171 807 — P1a 471 = 2 176 652 < 2.18 - 10°.

For m = 2, we need M > 12, so we take k = 157 629 323 and

Pr(ky+k — Pr(k)+1 = P166 478 324 — Ps 849 002 = 3 130 607 572 < 3.14 - 10°.
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Chapter 7

MOBIUS RANDOMNESS MEETS DISCRETE RESTRICTION

In this chapter, we give a proof of Theorem 1.6 using Vaughan identity, Weyl’s
differencing for polynomials, and the circle method. We would need the following

auxiliary lemmas:

Lemma 7.1 (Vaughan identity for Mobius function). For any V, one has the follow-

ing decomposition for Mobius function:

() = 2u() sy = Y p(Rp(d)+ Y pima,  axp= ) u(d).

mkd=n mk=n dlk
k,d<V m>V d<v

The proof is similar to the standard Vaughan identity with Mangoldt function which
can be found in [45].

Lemma 7.2 (Weyl’s bound for linear phase). For fixed x, N such that N < x and

any real «, one has the inequality

N

Z e(an)

n=1

1
< min|N, ——|.
( 2IIQII)

See [45, Chapter 8].

1

Lemma 7.3 (Weyl’s bound for polynomial phase). Let g(x) = cx* + cix*=1+ ...

with ¢ and k positive integers. Suppose

-2 <=

—> with (a,q) =1.
q q

Then
21—k
Z e(ag(n)) < X“s(g L. i)

k
O<n<X X X

for any € > 0 and X > 1, the implied constant depending only on &. In particular

for k =2, one has the inequality

N\/@(\/g+ \/%+ %)
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See [45, Chapter 8].

Lemma 7.4 (Discrete restriction estimate for parabola). For p > 4, one has

/01 Z e(n*a)

n<X
with an absolute constant C,, > 0.

p
da < CPXID_2

For the proof, see [46] or [11].

Circle method
We fix the parameter Q = X?*(log X)~ 8 for some B > 0 which will be adjusted

later. By Dirichlet approximation theorem, for any a € [0; 1], there is a, g such that
(a,q) =1,9 <Qand
lo- 9 <L
q qQ

For fixed a, g, we denote the corresponding set of @’s by €, 4:
a 1
Eag = {a € [0;1]: |a— 5| < —}

The goal is to get the pointwise bound for the sum

X
’;‘(ﬂ(n)e nta) <« ——— Toe 7 (7.1)

for large enough A; = A;(A). The method would depend on the size of the

denominator g. The following inequality holds true

/ Z,u(n)e n’a)

n<X
g—1
( max

q<Q p a€lyy
(a,q)=1

p-1
da.

Z,u(n)e(n o

n<X

Z,u(n)e n“a)

n<X

L.

We split the interval [0; 1] the major and minor arcs as follows:
a 1
Moy = {a € [0;1] : |a - —| — for g < (log X) }
q qQ
Myq = [0; 1]\ My,

where C > 0 is fixed. We treat the sum in the left hand side of (7.1) in different

ways for @ € M, , and @ € m, 4.
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Minor arcs
In this case, all such @ can be approximated as @ ~ a/q with ¢ > (log X)¢. By
Vaughan identity (Lemma 7.1), the sum in (7.1) splits as follows:

Z ,u(n)e(nza/) =2Wy — Wi + W,

where

Wo = Z u(n)e(n’a), V := (log X)?,

n<V
W = Zan Z an*m? an=Zﬂ(d),
n<Vv?2 m<X/n dln
d<v
W, = Z u(n) Z ame | an’m?
V<n<X/V m<X/n
and D > 0 is fixed.
The contribution from the sum W is estimated trivially:
g-1 p-1
Ty = Z Z [Wo Z p(ne(n’a)|  da <
(log X)€<q<Q  a= 4€Maain<x
(a,q)=1
p—l
/ Z u(n)e( n’ a)| da< CoVXP™3 < XP3(log X)P, (7.2)
<X

where the bound for L,_; norm of the sum comes from Lemma 7 4.

To estimate the contribution from Wy, as usual we split the outer sum to the dyadic

Wil < Z Zlanl Z an’m?)|.

N<V2n~N m<X/n

intervals:

Then we apply Lemma 7.3 with k = 2:

X n  nVN \/_N
|W1|<<N§<:V2n§|an| Vlogg (T = X).

Then, by Mardzhanishvili inequality,

W] < Z/ N(log N)*'4/log q(% + VXN + \/5) <

N<V?
ariei2 (VX VIV 412
(log X) N + VXV’ + Vg | <
q

X(lOg X)K1—3/2—C/2+2D + \/Y(log X)k1+3/2+3D + X(lOg X)K1+3/2_B/2+2D.
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Then the contribution from W is

T, = Z [W1]

(log X)€ <g<Q (a7:)1= |

p-1
Z u(ne(n’a)|  da <

n<X

aemg 4

1
XP2(log X)*1+?P ((log X)3/C2 \/—_(log X)32*P 4+ (log X)3/>7B/2|. (1.3)
X

The type II estimate is a little more delicate. Since g can be very large compared to
the length N of the sum over n the Weyl’s bound for polynomial phase is not directly
applicable to that sum. We use Lemma 7.2 instead and split to two cases: when
am?n? = r (mod q) with r < ¢, we estimate the short sum trivially; otherwise we

use the second bound from Lemma 7.2.

By Cauchy inequality, we have

, 1/2 1/2
[W>| < Z (Z,uz(n)) (Z Z Ay A e (a(m? — m3)n?) =

V<N<X/V ‘n~N n~N m;,my<X/n

D+ D>. (74)

We first evaluate the diagonal term:

: Xlog X
Di< Y VNX <=2 = X(logX)! PP
V<N<X/V W

and the contribution from it

= Z Z |D1]

(log X)C<g<Q  a=1 4€Maq
(a.q)=1

p-1
Z p(nye(n’a)|  da <

n<X

XP2(log X)'"P/2. (1.5

To evaluate the non-diagonal term, we swap the order of summation in the second
factor of (7.4)
1/2

|D>] <2 Z VN A Oy Z e(a(m%—m%)nz) ,

V<N<X/|V (ml,mst/N N<n<R
mip>msy

R :=min(2N; X /m>),
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and apply Cauchy and Mardzhanishvili inequalities one more time:

. T

V<N<X/V my,my<X/N
mip>my

1/2\1/2
e(cy(m% - m%) (n% - n%))) ) <

(ml,m2<X/N N<ny,np<R
mi>my

X2 1/4
\/N(m(log X)2K') (

1/4
e(a'(m% - m%) (n% - n%)))

V<N<X/V my,my<X/N N<ni,na<R

mi>my

which can be further bounded as

VX(logX)“2 S

1/4

2 N2 2 )

( e(a(my —m5)(n] - nz))) =:
V<N<X/V ‘my,my<X/N N<ny,n<R

mip>my
D3+ Dy.
The diagonal term corresponds to n; = np and
|D3| < VX (log X)*1/? Z (—ZN) < X(log X)1/2+1-D/4, (7.6)

V<N<X/V

Next, we evaluate the non-diagonal term. Denote the quadruple sum inside the
second factor by S(N):

S(N) = Z Z e(a(m} —m3)(n3 —n3)).

my,my<X/N N<ni,na<R
mi>my ny>np

For convenience, we make the following substitutions: ny =: n, ny =: n+s,m; =: m,

my =: m+t. Then

S(N) = Z e(ast(2n+s)(2m +1)) =

s.t,m,n
Z e(a/szt(2m +1)) Z e(2astn(2m +1)) < Z Z e(2astn(2m +1))|.
s,t,m n s,t,m! n
By Lemma 7.2,

) 1
IS(N)| < Z mm(R, Rast@m 0] )

s,t,m

Due to the restrictions on «, the last sum can be bounded from above by

. 1
2), “““(R’ 12(a/q)st2m +r>||)' 77

s,t,m
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Next, we mimic the proof of the classical Weyl’s bound for polynomial phase. We
split the last sum into two parts according to the size of r < ¢ in the congruence
restriction 2ast(2m +t) = r (mod g) which is equivalent to 2st(2m +t) = ra*
(mod g). First, assume ra* < (q/N)(log X)¥ =: L or ra* > q — L, where E > 0

will be chosen later. Then, the triple sum over s, ¢, m is asymptotically at most

PINDINEL

I<L .t m
2st(2m+t)=l

if 2st(2m + 1) < g, and

Z R - 125[(2m+t):uq+l

ISL st.;m u<2st(2m+t)/q

otherwise. By Mardzhanishvili inequality, both sums are bounded from above by

R(%/N)2 + 1)L(logX)K2. (7.8)

In all the remaining cases, we use the second bound in (7.7). We get

1 L4
12(a/q)st2m +1)|| ~ L’

Combining (7.8) and the last bound, we obtain

<

S(N) < R(%/N)2 + 1)

L(log X)** + Z

s,t,m

a
L
Xz X 2 X2 X2
“ 4 R|L(logX)° + LR[S ) < (logX)=*F( = 4 g | + ———.
q L \N N (log X)E

This leads to the estimate

’ X
|D4| < VX (log X)*1/? Z [1\\7/;4 (log X)**/*E/4 4 g1+ (log X)*/*E/44
V<N<X/V

o7
(log X)E/4 |

hence

|D4| <

X(lOg X)K1/2+1 (log X)—D/4+/<2/4+E/4 + (log X)—B/4+K2/4+E/4— + (log X)—E/4)
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Together with (7.6), it gives

T = Z Z |D-|

(log X)C<g<Q  a=l

p—1
da <«

Z ,u(n)e(nza)

aema,q n<X

Xp—Z(log X)K1/2+1 ((log X)—D/4— + (10g X)—D/4+K2/4—+E/4+
(log X) B/A+e/HE/4 4 (10g X)_E/4). (7.9)

Major arcs

Let us introduce the notation
S(a) = Z ,u(n)e(nza).
n<X

We will first evaluate the sum

Next, we have

Zoolir)-Sli) %

n<X r=0 n<X
an’*=r (mod q)
Next, the relation an> = e (mod g) is equivalent to an®> = s (mod g’), where

q' =q/(q,r),sothat (¢’,s) = 1. Then, by the orthogonality of Dirichlet characters,
the last sum is equivalent to

¢! r 1 .
Self) s 3 s Y umon

r=0 x (mod q’) n<X

Note that ¢’ < ¢ < (log X)C, so using the standard techniques (see, for example, [65,
Exercise 11.3.7]), we get the bound

Z u(n)x*(n) <c X exp(—c+/log X)

n<X
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with an absolute constant ¢; > 0. That implies

g—1

‘ ( ) <c Z X exp(—civlog X) < gX exp(—civ/log X).
r=0 90 )( (mod ¢’)
Hence,
g-1 a
S(—)‘ <c Z qe(q)X exp(—ciylog X) <
<(log X)€ a=)11 q g<(log X)€
a.q

X exp(—%\/log X).

Next, by partial summation, we obtain

q-1

) Z/

s(5)
q ~
(ag)=1 a<og ) o

where (0,4 < 1/(qQ). Next, choose Y = X(log X)7F for F > 0 and split the

integral as
/ Zu(n)ena |0aq|vdv—(/ / )

n<y
The contribution from /; can be estimated trivially by

q-1 Y |2 y3 3FeB
—d — X(log X)™7F+*~, 7.10
Z Z /1 q0 V< ) Z 0 < X(log X) ( )

g<(log X)¢ a=l

|0aqlvdv,

Z u(n)e(n’a)

n<vy

Z,u(n)e n“a)

n<y

To estimate the contribution from />, we use a similar bound
Z p(n)e(n*a) <, Zexp(~c1+/log Z)
n<Z

for all Y < Z < X, which can be obtained in a similar way as for S(a/q). Then

qg—1
Z / Z,u(n)ena

q<(]0gX)C a 1 n<vy

|0aqlvdy <

3
Z XE exp(—c1vy/log X) < Xexp(—%\/log X).

g<(log X)¢
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Finally, together with (7.10), this bound gives

g<(logX)¢ a=l
XP~2(log X)3F*B 4 xr~2 exp(—%}\/log X). (7.11)

p—1
da <«

Z ,u(n)e(nzcx)

n<X

Z ,u(n)e(nza)

n<X

a,q
(a,q)=1

Final bound
Combining together the bounds (7.2), (7.3), (7.5), (7.9), and (7.11), we get

‘/Ol Z /l(n)eZm'rﬂa

n<X

Xp_z(log xX)\7P2 4 Xp_z(log X)"1+2D((log X)_3/2_C/2 + (log X)3/2_B/2)+

p
da < XP3(log X)P + X772 exp(—%\/log X) <

XP2(log X)*1/%+! ((log X)~P1 + (log X) TPl
log X)~B/4+2/HE4 | (100 X)7EI4) 4 XP2(log X) 3B, (7.12)
g g g

Choosing E > 4A +2k1+4,D > E+4A+2k1+k2+4,B,C > 10D and F > 10B,

we get the desired result.
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Chapter 8

MOMENTS OF GL(2) L-FUNCTIONS

In this chapter, we prove Theorem 1.7 using the technique from the work of Adam
Harper [38].

8.1 Auxiliary lemmas
For the sake of convenience, we change the notation for the weight of holomorphic
Hecke cusp form f; ,, to

k:=2m+2.

To get the bound of Theorem 1.7, we need two key ingredients: the inequality
analogous to (1.16) for GL(2) L-functions and the analogue of mean-value estimate
for the Fourier coefficients of the corresponding holomorphic cusp forms. The first

ingredient is given by

Lemma 8.1. Assume the Grand Riemann Hypothesis and suppose f € Sy (I'o(2))

is a holomorphic Hecke cusp form. Then, for any x > 2, we have

Ar(p)[1+ x=a(p)]

logll1(NL2(f)] < W (x)+
27
Ar(p?) ~ 1 3log(d?k*
Z LW 2(x) +co+ —L’
! 4 logx
p<yx
where co < 2 is an absolute constant,
W, (x) = n-tofloex 108(x/1)
log x

2
e—”0:10+7°=>10:0.4912...

For the proof, see [16, Theorem 2.1].

The second key ingredient is the multidimensional analogue of Petersson trace

formula. We first state the classical version:
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Lemma 8.2 (Petersson trace formula). Let k be a fixed positive integer, and m and

n are natural numbers with mn < k*/10*. Then

k-1 _
/lf(n)/lf(m) = Wﬂn:m + Eg, Ey < crke k,

feSk(To(2))
where ¢y is an absolute constant and

h 1
Z /lf(n)/lf(m) = Z —Z/If(n)/lf(m).
FeSkTo(2) FesiTo) L1, Sym” f)

For the proof, see [80, Lemma 2.1].

Lemma 8.3 (multidimensional Petersson’s formula). Suppose N = p''. pf’ <

Vk, where pi, ..., pr are distinct primes. Then

DY T a1+ x-app]” = F(N) + EW),
feSk(To(2)) j=1

where
0, if x-a(pj) = =1 or B; is odd for at least one j;
F(N) = k 2
2P+ 4By l_[ ( ), otherwise,
ﬁ] +2\B8;/2
and
-
[E(N)| < crdPrePr ([ ] By)ke™
J=1
) S ]—[Mp )8 = F>(N) + Ex(N),
fGSk(Fo(Z)) j=
where

r

- Hkﬁz 0¥ ( )(ka/zJ)

|E2(N)| < Cl( ﬁj)4ﬁ1+ ABHT ok
j=1

F>(N) = k2

Proof. First, we obtain Hecke relations

n/2

Ar(p)' = Ap(p") + )

= () ) (z’ : 1)]%"(19”‘”)




89
if n is even, and
(nDi2p " .
1 n_ ny 4 _ 1 n—2i
F(P)" = 25(p") Zl [() (i . 1)} (")
if n is odd. From the Euler product

2 1e(p? o ) ol o2
n(1+ f(sp)+ f(f)+...):n(1+—i+—zp+...)(l+i§+ Z +...],
» p p~ pp” pp7

we get the identity
a
Ap(p"h) = 5, (8.1)
N ~

and, in particular, A¢(p) = a, + a;l. Next, we have

—-1\n -1
a, +a a, —a
/lf(p)”:(a/p+ap_1)”:( P P )"( 1_71 p ):
ap —ap

;’,_2 + (2)07, +...+ (’.l)af,_zj +...+ nalz,_” + a;”)(a/p - a/;l)

(al’i + na ;
-1

ap —a,
Opening the brackets in the numerator and applying (8.1) to each of the expressions
(ﬂ)a,n—2i+1 _ (n)a—(n—2i+1)

i/7°p i/p

-1 ’

o)
(’:) - (l, " 1)]/lf(pn_2i) +... (82

First, assume that n is even and y_4(p) = 1. Then using (8.2), we obtain

we get the identity

Ap(p)" = Ap(p") + [n— 1]Ap(p" %) + Ar(p" )+

ot

h h
DU e ] =2" > A+
feSk(To(2) feSk(To(2)
n/2

2 Z[(’:)_(z’fl)]ﬁf(pn_%)=F(P">+E(p"), (83)

1Sk (To(2)) i=1

where F'(p") is the term corresponding to i = n/2. By Lemma 8.2,

o k=1 2 [
Fpl) =2 2n? n+2(n/2)' 84)
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The error term can be bounded from above in the following way:

n/2-1
ol B0 o

i=1

2”%( 72)Clke_k < cnd"ke *. (8.5)
n

Now assume that n is odd and y_4(p) = 1. The main term in the Petersson’s formula

vanishes, and for the error term by a similar argument, we get

n-—1 n
E(p") <2"—— k< endke . .
(p") 5 ((n B 1)/2)c1ke cind"ke (8.6)

Combining (8.3), (8.4), (8.5), (8.6), Lemma 8.2 and using the multiplicativity of A ¢,

we get the statement of part 1).

The proof of the second part is similar. We have

(a3 —a;?)" ~ (aflz, +1+ cx;z)”(ozp - cx;l)

Ay (P = L~ - _
(ap - a")" ap - ay'
n n - _ n n I i B
(2o () (e + @3M)') (@ — @) — S (1) Zico (e, (@p —a;h) =
a, — ' a, —a,!
n (n [ i— i—21—
Yo (1) iz () [y 20! — 21
a, — a,’ '
The last expression can be written as
noo (1-3)/2 /
2 e —asens
=1 i=0 !
[ odd
! 2
A - A7(1
((l—l)/Z)[ f(p) f( ) [+
n n -2)/2 ] ' ‘ }
2 ( 1)[ D () [ (p* ™) = A (p* )] + (l /2)ﬂf<1>]. 8.7)
1=0 =0\
[ even

The main contribution to the sumover f € Sy (I'o(2)) after the application of Lemma 8.2

would come from the terms corresponding to A ¢(1):

oo (n 1 Ck-1% NAYER
> e a0 = 5 2 () )+ e

feSkTo(2)) =0
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where

s I
bl = Agl [1/2]

crke ™ (n+ 1)(Ln72J)(Ln’;2J) <ci(n+1)4"ke ™.

The contribution to the sum over f € S;(I'9(2)) after the application of Lemma 8.2

from the remaining terms in (8.7) would not exceed

n l
Z (7) 22(5)01166_1‘ < clke'k '2n2(|_n72j)(|_nr/12j) < 2n24"clke_k.

=0 i=0

Finally, combining together these bounds and the identity (8.7), we get

k-1 n\( I
F n - _1 / ,
7 hzg()Lﬂwn)
|E2(p™)] < e1n®4™ ke k.
The statement of part 2) follows from the multiplicativity of A .
]

Remark. In fact, we will only need a weaker form of the second part of Lemma 8.3,

precisely, the bound
k=11
(N < [ ]85 (8.8)
e
which follows trivially from the inequality

¢ G
L k(B — k)M (Lk/2]D2

Lemma 8.4. 1) Assume A, B, x are large real numbers such that A2 < B < A3,
B < x, and M is a positive integer such that log A > M log M, BM < k. Then, if
M is even, the following inequality holds true:

h /i (pl)j (pM)
/ — ;:M Wy, (x) ... Wy, (x) <
feSk(To(2)) 11’41<p11;1‘é
k-1 M! ( 2)’”/2 59)
= 2777 @
20> (M), &4,

Xx-d(p)=1
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where 17(p) := A¢(p)[1 + x-a(p)], P1, ..., pu are primes,

~o/1og < 108(x/P)

, Ao =0.4912...
log x

Wp(x) =p

If M is odd, then

h Z Ar(p1) ... Ap(pm)

Wy (x) ... Wy, ()| <
feSio@) b VPL---PM
A<p;<B
B-OM  y —k
—aMn -4 pl{F}?};{Mg(Pl ...pm)-cike™, (8.10)
A<p;<B
where for distinct primes q1, . . ., q,, the function g(.) is defined as

)
(g ...a) =8
i=1

2) Let m, N > 1 be integers such that N < 2", (212N < Vk. Then

h Ar(p?) ... s (p?
f(pl) f(pZN)W

pz(x) W (x) <
feSk(To(2)) _PL-sP2N P1..-P2N : N

2 <Pi<2m+l

k—102N) 1\
N
V27 N4 T (2—m) .

Proof. The inequality (8.10) follows immediately from part 1) of Lemma 8.3 and

the trivial upper bound
Z Wy, (x) ... Wp,, (x)] _(B- AM

XX

Pi---PM AM/[2

A<pi,...pm<B

We now prove the inequality (8.9). Let M := 2N. We rewrite the product pi ... pon
in the canonical form q[f b .qf’, where all g; are distinct primes, all 8; > 0 and
Bi1+...+8, = 2N. We split the sums over py, . . ., pay corresponding to the different
patterns (8i, . .., ;). Then we apply Lemma 8.3 to each of them. We have

" Ay (p1) ... Af(pan)
feSk(To(2)) A<pi,..., PaN<B Pl1...DP2N

2 T ) ()

£eSk(To(2)) 1<r<N B+..+B,=2N

all even
Wiqn)... 0 (q)

1
(F Z Bi Br

A<q1,,..,qr<B PO
all distinct 7 ar

Wy, (x) ... Wy, (x) <

)+R(A,B, k), (8.11)
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where we have removed the weights W), (x) since for each i one has the inequalities
0 < W,(x) <1, /i]ﬂcl(ql) .. ./iff (¢r) = 0 when all B; are even. The error term
R(A, B, k) can be bounded similarly to (8.10):

(B — AN

Y -clke_k

|R(A, B, k)| < 42N max g(p1...pan)
Pls--sP2N
A<pi<B

by part 1) of Lemma 8.3. The main contribution to the main term on the right hand

side of (8.11) comes from the pattern 8; = ... =5, =2,r = N. By Lemma 8.3 this
contribution is equal to
2N)! 1 1 k-1
SN N1 Z 22N 53 +E(q%...q,2\,) <
" A<qi,...qN<B qi---4n
X-a(qi)=1
all distinct

k—1(2N)! 2\¥

272 NI ( 2 5) * Re.
A<g<B

x-a(q)=1

where Ry < |R(A, B, k)|.

Next, we apply Lemma 8.3 to the sum over the rest of the squares. Without loss of
generality, assume that 81, ..., 85 > 2, Bs+1 = ... = B, = 2. The contribution from
this pattern is

(2N)! 1
ﬁl!...ﬁr!r!( 2. mE qr)'

A<q1,.nqr<B 9 <o qs qs+l .-

x-da(gi)=1
all distinct

wk=177 2 Bi
Y e g,85+2(,3,~/2)(1+0(1))~ (8.12)

Using the crude estimates

1 1 1 _
Z < , i=1,...
Bil2 = (B;]2) — 1 ABi/2-1

b s’
A<qi<B qi
X-d(qi)=1
1 log B
- < logA+1 <4, i=s+1,....r
Adqep 11 108
X-d(qi)=1
we bound the expression (8.12) by
k-1 (2N)! : 1 1
22N ( ) 1—[ 47,
272 Bi!... B r! i (Bi/2 — 1) ABi/2-1

(ﬂ ﬁf2+2(ﬁ,-/i2))(1 +o)

i=1
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which does not exceed

vk —1(2N)! N! > 1 1 s
Z o N (ﬁl/Z)!z---(ﬂr/Z)!z(D (Bi/2 = 1) A2~ s

212 N! ATIL, (B2

Next, applying the inequalities

1
1 < 2N_1, r—|2 < 1’
1<r<N-1B1+..+8,=2N Hi=1 (Bi/2)!
all even

we get an upper bound for the contribution to the main term on the right hand side

of (8.11) from all the remaining patterns with even S;’s. That bound is

k—1(2N)! 25V NI
272 N! A

The desired bound follows from the inequality

25N N 2\V
<<( D _)

A A<qg<B q
Xx-a(q)=1

since A > NN+oWN),

Remark. One can obtain a slightly worse bound in the right hand side of (8.9) in
the case A = O(1):

k—1(2N)! 1
SN exp{NlogN — EN log log N} (8.13)

using trivial inequality (B8;/2)!™2 < (B;/2)!™', multinomial theorem, and Stirling

formula:
' N
)IETD) T <
1ren1 " g Sy BUD (B2 !
all even
rN 1
N max — < exp{NlogN — -NloglogN
1<r<N 1! 2

for large enough N.
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The proof of part 2) is similar. The main contribution comes from the squarefull
products pi ... pan. We have
Z Wp% (x)... ngN (x) n
PPN peg o)

Wz(x)...Wz (x) h
p 14
> 1 N T Ap(pD) - Ap(phy) + S(m,N),
PU---PIN  peg Ty

2M<pl,yeP2N <
1 pi squarefull

Ap(p7) .- Ap(pay) =

where S(m, N) can be bounded by Lemma 8.3 part 2) from above as follows:

om+l _ ym 2N
) -clke_k =

IS(m, N)| < 42M*2V max h(m.--l?zzv)(—m
Pl,---sP2N 2

4™ max h(pi...pa) - cike™® =1 R(m,N),
2N

where .
h(p{'...py") = l_l a?.
i=1

Note that F>( p'f bl pf ") = 0if B; = 1 for at least one i. We rewrite the main term

in a way similar to the proof of part 1):

55 G P )

1<r<N Bi+.AB,=2N B B2

Bi=>2
B1 Br
1 Wq% (x) oW 2()6) h 5 5,
.Y >, ). @) @14
qp -4 feSk(To(2))

2Mm<qy,...,q, <2M]
all distinct

We bound this expression using the weaker form of Lemma 8.3 part 2) (see (8.8)).
Thus, (8.14) does not exceed

r

k-1 (2N)! 1
Z Z ﬁvrvﬂ'g’ Z 7+R(m’N)<

2
27T 1<r<N Bi+...46,=2N ﬁ i=1 2m<qi<2m+l ql'
Bi>2

k-1 (2N)v N! Bi-1 1 \fi!
? Z Z nﬁ—l((Z’") _(2m+1) )<

2
2 1<r<N Bi+..4B,=2N
k—=102N) 1\ N[ 1 \VT
o) 2 2wl

Bi=2
2
2n 1<r<N Bi+...48,=2N
Bi=2
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By Stirling formula,
N !( 1

N-r
1
2_’") < exp{NlogN—N+logN+Elog2n—rlogr+r— (N—r)log2’"}.

!
The maximum of the last expression is achieved at r = N. In this case, the only
possible pattern is (B1,...,8nx) = (2,...,2). Thus, it does not exceed V27 N.

Using the crude bound
Z Z 1< 22N—1,

I1<r<N Bi1+..46,=2N
Bi=2

we get the desired result.

O

Using the multiplicativity of A7, we can now combine both parts of Lemma 8.4

together:

Lemma 8.5. Suppose (A1, B1], ..., (A, Bi], (2™, 2"+ are disjoint intervals, Ai2 <
B; < A?. Let My, My, ..., M; be non-negative integers such that A; > M;log M;,
My < 2™,

1
(2m+1yMo ]_[ BM < Vi,
=1

and cq, c1, . . . be positive real numbers. Then
I ~ ~
h Ar(p1) - Ar(pm;)
( cm Y ! W (6) . W, ()]
FeSeo(2) Vi=l mi<M;  PrPm, P1---Pmi
A[<pj<B[
1 2 2My
( > s(p )sz(x)) <
2m<pg2m+l p
k—1(¢ (2n;)! 2\ e (2Mo)! [ 1\ Mo
3 2 3 n Z Con; ' Z — V27TM04 OW 2_m .
T Nict m<my 2 it \y, < Pi 0
x-a(p)=1

8.2 Notation and sketch of the proof
We basically follow the Harper’s approach to prove Theorem 1.7. The expression
analogous to the right hand side of (1.16) can be obtained for the general L-function

(see [16] and Lemma 8.1). We get an expression

1
5 o= 5 foof 3 221

f€Sk(To(2) feSk(To(2)) i=1 B <padt
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where we use the notation

LN =L f). Lo =Li5.f ®x-a).
We will show that, for most of f € S;(I'9(2)), we can retrieve a good upper bound
expanding the exponent in a Taylor series because the corresponding error term is
small. Thus, we will get the product of such Taylor series and then use the variations
of mean-value theorems for zeta function to get the desired bound. For the analogue
of mean-value theorem, we use the multidimensional analogue of Petersson trace

formula.

The remaining functions f for which the error in the Taylor expansion is large form
an exceptional set. We will essentially show that the number of that function is

small combining Cauchy and Markov inequalities.

/D where D is a fixed

Let k£ be a weight and d be a modulus. We choose x = k
large real number depending only on the size of log d/log k, which would be chosen

later. Let us introduce the notation for Dirichlet polynomials:

A¢(p) Ar(p)
—, Gi(f):= —Wi(p),
2<pz<:X() \/ﬁ Xi_1<Zp<Xi \/ﬁ

i-1
iel,l, X =x,

Gi(f) :=

where I = [logloglogx]. We split the set Sx(I'0(2)) into the union F U S(0) U
S(I)u...uUS( -1), where

F={feSiTo(2):|Gi(f)| <Bi. 1 <i<I},

S(])—{fGSk l—‘0(2) |G (f)l i<, Gj+1(f)|>Bj+l}-

The numbers B; will be chosen later. We also introduce the notation for the second

polynomial from Lemma 8.1 for all m > 0 and 2"*! < +/x:

Pu(f)= Y f;”)vw 2),

2m<p<2m+l

P(m) = {f € Sk(T'o(2)) : Pu(f) > 2,P (f) S =, ifm<n<
We first split the main sum as follows:

Zh exp{log|Li (f)La(f)|} <

feSK(To(2))
. 1-1 h
Z exp{log|Li (f)La(f)|} + Z Z

feF J=0 feS(j)
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and then additionally split them using subsets P (m):

Zh exp{log|Li(f)La(f)|} < Z Zh

feF O<m \;gx feFnP(m)

h h
D epfllogLiNLa(nly < D> D exp{loglLi(HLa()]}
ENE)) Ogmgzkl’o% FeS(HNP(m)

forall j € 0,1 — 1. Thus, we need an upper bound for

CY Y S S e Y explloglLi(HL(]}-

O<me s FETOP(M) =1 feS(HNPm)  fES(0)

Applying Lemma 8.1 to this sum, we essentially get a product of two Dirichlet
if(p)} { ﬂf(pz)}
exp ———  exp —_—
DESEEIIE

Psx p<vVx

which we further split into the product of polynomials over the intervals (X;_1, X;]

polynomials

and (2", 2] correspondingly. On the first step, we ignore the second polynomial
and show that the main contribution comes from the set f € J. Using Taylor

expansion, we get

1
ﬂexp{c ()} = ]—[(Z S(Gi(N +r(AL ),
I<A;
where the error r(A;, f) is small due to the fact that f € F. To treat the main term,
we expand the [-powers of G;(f) and the product over 1 < i < I, and then apply
Lemma 8.4 to the sums over primes we obtain. To treat the sum over the exceptional

sets S(j), we use a variation of Rankin’s trick:

h h /+1(f) 2N
N ep{LiHLN < Y GXP{Ll(f)Lz(f)}( ) ,

SN0)) J€Sk(To(2))
where we gain from the fact that the last factor is much less than 1. The choice of N
should follow the restrictions of Lemmas 8.2, 8.3 and 8.4. Smaller j’s correspond
to shorter Dirichlet polynomials, thus produce larger error terms in the Taylor
expansion, so we need larger choices of Ajy; and Bj;. As we will see, it is not
enough in the case S(0), so we combine Cauchy and Markov inequalities to gain

from the fact that the measure of this set is small.
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The same strategy works in the case of polynomials P,,(f). If m < 2loglogx, we

use a crude bound

As(p) Ar(p?) 5 2m/2
—W(p) + W(p~) < 20—
pgm \/ﬁ [7;"’1 p
and compensate this using Rankin’s trick:
A¢(p) Ar(p?)
exp{ LW+ ) F—W(p >}
psx vp p<Vx P
2’"/2 " 2M
o) gl 5, S (2

feF 2M<p<x

In the case of large m, this is no longer enough, so we again apply Cauchy inequality

to gain from the small size of the sets P(m).

8.3 First moment estimation

Now we are ready to give the details of the proof.

Computation for f € F

In this section, we will get the bound

Z {Z f(p)W( )}<0.11kL(1,)(_d)exp{loglogx}.

feF psx

In accordance with the notation, we may rewrite the first Dirichlet polynomial as

follows:
h A5 (p) }_ s {1 ), }
;St exp{;c 7 W(p) —;ggexp 3 Zp:oc 7 W(p)
o 1 l exp{1/2|G (NI}H1 A2
> Zl( G(f)) AT ( IG(f)I) ]

feSk(Tp(2)) i=1 “I<A;

where the error term in the Taylor expansion is written in the form of Lagrange. We

choose A; = 10B; to make this error small. We rewrite the last expression as

5 (gl ev)) -

FeSk(To(2)) i= I<A;
h
(1+e0) >

! 1
resi(ro() =1 <A

I\2
l'( G(f))) , (8.15)
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where
1/1 i 1 G A+l
o5 Moo O b
exp{B:/2} (Bi\ "'
(A +1)! ( ) ’
and
I I
l+g= l—[(l +&)% < exp{ZZSi} =
i=1 i=1
1

B; B:
exp{zz exp{;’ ~log(A; + 1) + (A; + 1) log 3}}

i=1

which does not exceed

1
Bi Bi
exp{ZZexp{?l +(A;+1) log?’ —(A;+1)log(A;+ 1)+ A; + 1}} <

i=1
1
exp{Z Z exp{—Ai}}

i=1
by Stirling formula and our choice A; = 10B;.

Next, we expand the square and /-powers in the right hand side of (8.15) to get

5 e S ) S G wia,

feSk(To(2)) I i=1 i<t
r<l;
S<ty

where the first sum runs over all vectors of the form [ = (ly,.... 1), 1= (t1,...,17)

with /;, t; < A; and the second sum runs over all the vectors of primes
P = (P11 s PLL P2 - s D2as e o s PLLs - - -5 PLL

q.’(f) = (CII,I’ .. -’ql,tpqz,l’ .. -’qz,tz’ .. -’(11,1»- . -,CII,tI)’
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where p; ,, qis € (Xi—1, X;]. The contribution from these sums does not exceed

1
1
a0 | ] 2] 117120

feSk(To(2) i=1 Lt<A;
Ap(p1) .- Ap(p)As(q1) .. As(q))
: W(p1)...W(q:) <
PlseesPl VP1---Piq1---4¢
qls---s qt
€(Xi-1,Xi]

3 v Y (Y )

FeSk(To(2)) i=1 m<2A; I+1=m

Z As(p1) ... Af(pm)
Pl1.---Pm

1
e[ Y %

feSx(Tp(2)) i=1 m<2A; ’

W(p1)...W(pm) <

Z A(p1) ... Af(pm)
Pl1.-.--Pm

W(p1)...W(pm).

Since the sets of primes for each i < I are distinct, we can apply Lemma 8.5 with
My =0, c, = 1/m!. This gives the bound
1 n
k-1 1 (2n)! 2
1+ -2 —
(e 25 | 2n)! nl ( 2 ) !

i=1 n<A; Xi1<p<X; p
X-a(p)=1

which does not exceed

k-1 exp{z 1++;d(p)} < O0.11kL(1, xy—q) exp{log logx}.

pPsx

1+ —
(1+ &) =

Note that we have restrictions from Lemma 8.5 on the size of A;’s:

1
]—[ X2 < V. (8.16)

i
i=1

Computation for f € S(j)
The goal of this section is to show that the contribution from each exceptional set

S(j) is small. Precisely, we will obtain the bound

h A 1 3log d*k*
> expi > MW(p)— > “W(p?) + 12+ 22 <

~ VP )4 4 logX;
Jes@) p<X; p<\X;

3’—1—1D1 D
3 08

kL(1, x-a) eXP{— g
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for 1 < j < I-1. Note that here we ignore the contribution from the second

Dirichlet polynomial with coefficients A ¢ ( p?). Applying Lemma 8.1 with x = X iz

we get
h s (p) ] rp) 2
> el Y L lwinf= 3 [Tewfs 3 LPwo| <
fes() p<X; \/ﬁ fesS(@y) i=l1 Xi—1<p<X; \/17
J 2 2N;
h 1 G ()"
Z HGXP{EGi(f)} (;9— :
fes() i=1 s
Performing the same computation as in the previous case, we bound the last expres-
sion by
() ~2N h W (5 L] "\
J . T2l . J+l — =G
(e 3 (Gt ] (l;“(zcl(f))) <

resi(ro@) ’

(1+8(()j))(B]‘+1_2Nj+1) Zh ﬁ Z %

fesi (ro() =1 m<24i

Z As(p1) ... Af(pm)

W(p1) ... W(pm)]-
Pl1-.-Pm

Ar(p1) ... Ap(pany,,)
Xj<P1 ..... P2Nj+]<Xj+l Vpl-.-pzNj+l

Since both the sums are over disjoint subsets of primes, we can again apply

W(p1) ... W(pZNj+|)]-

Lemma 8.5. Then the last expression does not exceed

J n
N 2N k=1 1 (2n)! 2
(1+e/)B 7" -2 2( =1 )
I+ 21 gn;;i (2n)! n! Xi_1<2p<Xi p
X-a(p)=1
2 z)Nf+'
N]+l! Xj<p<Xj+1 p

x-a(p)=1
Combining this inequality and Stirling formula, we get

h A ; k-1
fesGy  pex; VP

exp{—2Nj+1 log Bj+1 +2Nj4110g2Njy1 — 2N+

1 1 _
10g(2Nj+1) + 5 log 2 — Nju log Njsi+Nj + Z )Nj+l ,

pSXj

+X—‘d(p)}(10g3+1
p
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which can be bounded by

kL(1, x-4) exp{—2N;s110g Bjs1 + Nji1 log Njpi+
Nj [210g2 — 1 +log(log3 + l)] +1log N4 +10g10ng}.

Here we get new restrictions similar to (8.16):
2A; ZN +
(l—[X ) X" < V. (8.17)

We choose

1
log(X;)*" = — log Vk,
3v3

1 1
log(X))* = 5 log V&, log(X;_1)*4' = — log Vk, cees

9V3
24, 1 ” 1
log(X; = —log \/E, ey log(Xz) 2 = —log
g( J) (\/§)1—1+4 (\/5)14_2
Then we get
1 logk D-3"!
T 23logXi 1243
D, =12 D, =1 D
Ay = —(V3) 7, cees A =—(V3) 7, cee A= —,
A; D iy —
N1=LBiJ:L—(I)|:{%(\/§)I | foralli € 2,1, i# j+1,
D, i
Nj+1 = \‘g?)l J 1|.

This gives the bound

I-j-1p 3 lp  3-i-1p 31-j-1p
kL(1, x-q) exp{—Z{3 s | log (\/_)360 + { s | log{ s |+

3=-1p 3=~1p D
1.5{ g |+10g10ng} < kL(1, x—q) exp{— T 10g§+loglong}

if D/8 > exp{2log45 + 3}. Finally, we get

(p) 3log d*k*
> e Zf W)= 3 W)+ 12+ 3 <
4 log X;
fes(j) p<X; P<VX;
3=/=1p D 1logd
. _ - log = + 6D - 3"/ max{1, - <
k-L(1, x d)exp{ 6 og 2 +6D -3 { 410gk}}

3-i-1p D
_ - log —
kL(1, x-a) exp{ 3y log 8}
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as soon as

1logd
D > Sexp{576max{1 ZIZEk}}

Computation for f € FNP(m), f € S(j) N P(m)
In this section, we take into account the contribution from the second Dirichlet
polynomial
> f,,p W)

p<Vx
and using the same trick, we will show that it is negligible for most f € S (I'o(2)).
First, note that the main contribution comes from subsets f € F N P(m) for small

m. If 0 < m < 250, we bound the second polynomial trivially:

/1 ) 3 +00 1

Z 7(p )W(pz) < Z S Z — <17, (8.18)
p e

pvx p<V2ml n=m+1

Now suppose m > 250. Consider two cases:
1) m < 2loglogx

Using partial summation and Ramanujan bounds |17 (p)| < 4, | £( p?)| < 3, we get

p<2m+1 \/_ p<2m+1 g(2m+1) m

We denote by X i(m) the largest X; such that X; < 2"*! and by i = i(m) the corre-

sponding index. We have

A A+(pn?
> exp{z %W(pn > %W(pz)} <

feFNP(m) P<X p<yx
om/2 h A 1
exp{124 . —} . Z exp{ Z MW(p) + Z —2} <
m feFNP(m) 2m+l < p<x \/ﬁ n>m "t
om/2 h ! P
exp{125 . —} . Z ( H exp{ Z MW(p)}).
m fFEFNP(m) \i=i(m) Xi<p<Xin \/l_?

p>2m+1
The last expression does not exceed
22\ ), P\
eofios S ([ el 2 5 ol) (5]

feF Vi=i(m) Xi<p<Xiq
p>2m+l
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Repeating the same steps as in the previous section, we get

2m/2
exp{125 . —}(1 +go)m*M.
m

It ~ ~
Zh [1—[ Z % Z ﬂf(plp)l'::./l;(pn)w(pl).--W(pn)]’

n

FeSk(To(2)) Himim n<2A; " Xi<piseePn<Xini
p>2m+l
Ar(pd) ... A5(p3))
[ Z ! M W(p{)...W(p%M)]. (8.19)
Pl1...P2m

2M<pl,...,pay <2

The corresponding subsets of primes in all sums in the last expression are disjoint

which means we can apply Lemma 8.5 with My = M. The bound we get is

m/2 k-1
expy125- (1+ego)m*™ .2——.
22
1+ x-a(p) w @M1\
2m+l<p<x
which does not exceed
k=1 m/2
(1+&0)2 - L(1, y—q) exp{ 125 - +4M logm + loglog x—
212 m

log log 2"*140.5+M log 4+M log M+(log 16—1) M+log(4m)+21log M—mM log 2}.

With the choice M = [2"/?], this can be further bounded by
kL(1, x—4) exp{—m + loglog x} (8.20)
if m > 250. Note that the restriction from Lemma 8.5 is

1
10g(2’"+1)2M < mlog\/z

equivalent to

m% < (1-0(1))loglogk = (1 -0(1)) loglog(x)

which implies

m < loglog x

log(2)
which is satisfied by the choice of m.

2)m > 2loglogx
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Combining Cauchy inequality and Ramanujan bound |4 ¢( p?)| < 3, we get

2
Z {Z f(P)W( " Z ﬂffpp )W(pz)} <

feFnP(m) P<X p<vVx
1/2
exp{310gm+05}\/measﬂ)(m (Z exp{ Z f(p)W( )}) . (8.21)
fe¥ p<x vp

To estimate the measure of P(m), we use Markov inequality and Lemma 8.4, part
2):

Vg Ar(p?) 4
m FeSK(To(2)) 2mgp<2mtl p

2
m8 Zh Z Af(pl)/lf(pz)ﬁf(pg)/lf(pﬁ W(p%) o W(pi) <

fesk(ro(z)) 2m<p1,p2,p3’p4<2m+1 p1p2p3p4

2m
To treat the second factor on the right hand side of (8.21), we apply Lemma 8.5 with

k-1 1)’
= 12| —] <50k exp{8log(m) — 2mlog2}.
n

¢, =2™/m! and end up with the expression

exp{3 logm + O.5}‘V50k exp{4 logm — mlog 2}~
VO.11k - L(1, y_a)* exp{2 loglog x} <
5.5k - L(1, y—q)* exp{-0.01m + loglog x}. (8.22)

Note that the error from the Taylor expansion is

I
l+&g= exp{Z Z exp{Bi —log(A; + 1)+ (A; + 1) log Bi}}
i=1

since we have exp{G;(f)} instead of exp{1/2G;(f)}, but the same upper bound
exp{2 Zle e‘Al’} is valid. Combining (8.18), (8.20), and (8.22), we get

3 Z {Z f(P)W() s f;P)W( 2)}

O<m< IOgX fE?ﬂfP(m) p<x p<\/_
250-0.11kL(1, xy—q) exp{17 +log logx} + Z kL(1, x-q) exp{—m + log 10gx}+
m>250
Do 5.5kL(1, x-q) exp{-0.01m + loglog x + log log log d} <

m>loglogx

kL(1, y—aq) exp{21 + log logx}.
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The computation of the upper bound for the sum over f € S(j) N P(m) is similar.

Here we apply Lemma 8.5 to the product of the form

5 ([estoonr]( )

fesi(ro(2)) =i0m)

and get an upper bound of the form

Sy exp{ D ﬂf_v(;)mw

0<m<10gX feS(GINP(m) p<X;

A:(p?) -1 3 log d2k*

D AP =y oy gy 308 <
4 logX;

pS‘VXj

1 _
3 08

3-i-1p D
:)

kL(1, x—q) exp{21 -

Computation for f € S(0)
By Cauchy inequality, we get

h
> explloglLi (A L2(f)]} <
£€S8(0)
1/2

(meas(S(O)))l/z( Zh CXp{210g|L1(f)L2(f)|}
f€S(0)

For the second factor, we use the crude upper bound & (log k)’ L(1, y_4) which can
be easily obtained using Soundararajan’s method. The details are given in the end

of this section. Thus, the whole sum does not exceed
(meas(5(0)))"?(k(log k)L(1, x-a)*)'/>. (8.23)

The upper bound for the first factor could be obtained by Markov inequality and

weak version of Lemma 8.4 part 1) (see (8.13)):

2Ny
meas(S(O)) —2N1 Zh (Z /lj(P) W(p )) <

feSk(To(2)) ‘p<Xi \/1_7

2Np)! 1
(2N exp{Nl(logNl—EloglogNl)—ZNllogBl}. (8.24)

k
Ny!

Then (8.23) does not exceed

k(log k)2 L(1, x_a)> exp{—N1 log B + Ny log Ny }. (8.25)
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Choose

8- 12

then (8.25) does not exceed

D
1 1 10g3 <
o oglog*|

kL(1, x-q) exp{— log log k}

7
kL(1, x—q) - exp{i loglog k + 2logloglogd —

as soon as loglogx = (1 +0(1))loglogk.

Finally, we get

Zh exp{log|Li (f)La(f)|} <

feSk(To(2)

I INEOND YIRS,

log x

exp{log|L; () La(f)|} <

O<medows \feFAPm) =1 fes(DnPm/  jes(0)
3 log d*k* 3--'p D

KL(1, y—a)|expl21 + 1.2 4 228 + ) explal- log = |+
4 logx 1< 32 8

k-L(1, x-q) exp{—log log k} <

1logd
4.4.-10°kL(1, y_ 6D 1, - <

1logd 1logd
kL(1, )(_d)exp{max{l 410§k}exp{600max{l Zloik}}}

To finish the section, we prove the bound
h 7 2
> exp{2log|Li(f)La(f)|}< k(log k) L(1, x-a)
f€Sk(To(2))
by Soundararajan’s technique. We rewrite the second moment as follows:

/_ B ezvmeas{f € Sir(Tp(2)) : log|L1(f)L2(f)| > V}dV

[se]

and split it into the sum of two integrals

3loglog k +00
L+ = / ezvmeas{ }dV+/ ezvmeas{ o }dV.
- 3loglog k

(o)

The first integral can be estimated directly:

k=1 3loglogk k
h< = / e dv < k(logk)® < 5 (log k) L(1, y_q)>.
T —

oo
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The measure in the second integral is evaluated in the usual way. By Lemma 8.1

log|Li (f)L2(f)| <

A¢(p) Ap(pH-1_ logd
——W(p)+ — W(p°)+ 1.2+ 3D max{1, ——
1; \P Z p log k

p<yx

with x = k2P/V . Then

meas{f € Si(F'o(2)) : log|Li(f)L2(f)| > V} <
A7(p)

%4
meas] f € Sy (I'p(2)) : —W(p) > —},
{ DR AR

assoonasV > 3loglogx,but 3, /lf(pz)/p < (1+0(1))-3loglogx. Combining
Markov inequality and (8.13), we get
Zh (K)_ZN(Z Zf(P))ZN B
J€Sk(To(2)) 4 p<x VP

k—1(2N)!
272 N!

1
exp{—ZN log(V/4) + Nlog N — ENlog log N}.

With the choice N = |V/8D] the right hand side of the last inequality does not

exceed
14
kL(1, x-q) exp{—% log log V} < kL(1, x—q) exp{—lOV},

hence
+00 k
I < kL(1, y_q) / VOV av < kL1, x_q) < =(logk) L1, x_q)
3loglog k 2

which completes the proof.
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Chapter 9

VARIANCE ESTIMATES IN LINNIK’S PROBLEM

This chapter is devoted to the proof of Theorem 1.8 on the assumption of Theo-
rem 1.7. We start from considering the random model for points on the sphere. In
the second section of this chapter, we do a necessary spherical analysis to reduce
the problem to the estimation of the first of GL(2) L-functions.

9.1 Heuristics from random model

In this section, we compute the expected value and the variance of random uniformly
distributed points X, ..., Xy, on the sphere inside a cap £,(x) centered at some
fixed point x. Denote by Z(n; Q,(x)) the number of points inside the cap. Then Z

can be written as Zf\i | &i(x), where

1,if x € Q,(xj);
&i(x) =
0, otherwise.
Note that one can think of random point x; as of random rotation of the sphere
moving X to X;. Then the expected value of the number of points inside the cap can

be computed as follows:

Np Nn
EIZ)= [ zGig@u)de= Y El6]= ), [ Tuesads = o (@N,.
SO(3) = — Jso)

The variance is

V(n,Q,(x)) = /50(3) (Z(fl, g, — O-(g'Qn)Nn)zdg =

E[Z%] = 20(Qu)N,E[Z] + (0(Q,)N,)? = E[Z?] = (07(Q4) Ny)?.

Next,
Ny
E[Z’]= ) E[&1+ ), El&&] = 0(Q)N,y+0(Q)Nu(N, — 1)
i=1 1<i,j<N,
i#]

since &; and &; are independent. Thus,
V(n; Q) = 0(Q,)N, — 2(,) Ny ~ 0 (,) N,y

as soon as 0 (Q,) < 1.



111

9.2 Variance estimation
For fixed n, we choose a spherical cap €, of spherical radius p on the sphere
of radius 4/n, and denote the area of the cap by o (Q,). Consider the point-pair
invariant

1,ify € Q,(x);

K(x,y) =
0, otherwise.

It has a Fourier series expansion of the form

2m+1
K(x,y) = Z h(m) Z 6 jm (X)) (¥)-
m=0 Jj=

The functions ¢; , form an orthonormal basis with respect to an inner product

(o= [ FRERdu),

and the coeflicients /i(m) are given by Selberg-Harish-Chandra transform (see, [59]
or [42]):
h(m) =2n / P,,(cos 8)k(cos ) sin Hd6.
0

Here
m

mldem

P (x) =

are the Legendre polynomials and

)m

Lif |6] < p
k(cos ) =
0, otherwise

is the point pair invariant written in the spherical coordinates.

Again, let us denote the lattice points as X1, . .., Xy,. We next compute the variance

as follows:

2
Vin200)= [ (ZK(x ) = N ()| i) =

Np +00 2m+1
/ (Zzh(m) Z G jm(X)@jm(Xi) = Npor (L2,) d,u(x)
i=1 m=0

Note that

Ny
> h(0)g0.0(X)poo(xi) = Nyor ().

i=1
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Indeed, one can easily verify that

m p
h(0) = 27r/ k(cos 0) sin0do = 27r/ sinfdl =2 (1 —cos p) = 4no(Q,),
0 0

Boo(X) = ——
0,0 = 2\/;.
Then we get
V(n, Q,(x)) =
+00  +00 2mi+1 2my+1
Z Z h(my)h(my) Z Z Wo, o (WWs, . (n):
m=1 mp=1 Jji= Jo= 1
-/SZ Gjrm (Z)¢jz,m2 (z)du(z),
where

Ny
Wy, . (n) = Z ¢ j.m(Xi)
i=1

is the Weyl sum. By the orthogonality of spherical harmonics, we deduce

2m+1

V(n, Qu(x)) th(m) Z Wy, (). 9.1)

Then by Jacquet-Langlands lift, we have
C\/EL(%’ f]m)L(%, fim ® X-n)
L(1,Sym? f; )

for squarefree n with an absolute constant ¢ > 0 independent of m, n, and ¢ ;.

W, (] <

Next, we evaluate the expression

2m+1 \/_L ,f m) ( ,f'm ®X—n)
B2 ¢ (3. 15 Js
Z (m) Z L(1,Sym? f; )

from above separately for small and large values of m. Let

1 logn N 1log o (L)
expy — = .
Vo (Q,) loglogn 2 loglogn

First, consider the case m < M. By Hilb’s formula (see [42] or [90, Theorem
8.21.6)),

[0 1 0(6?) for m < %,
Pm(COS 0) = ﬁ]()((m + E)Q) + v ) (9.3)

O (57

9.2)
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for fixede >0,0< 6 <7 — ¢, and

1+0(x?) for |x| < 1
Jo(x) = 9.4)

,/ﬁ cos(|x| — &) + 0(|x|+/2) for |x| > 1

For m < M with the chosen value of M, we get m < (0-(€,))/? ~ 1/p, and hence
by (9.3)

o
h(m) = 27r/ P, (cos @) sin0d6 =
0

P 9 1 P
/ —Jo||m+=)6]sin6do + 0O / 6% sin 6d6 |,
0 sin 6 2 0
and since (m + 1/2)6 < (M +1/2)p < 1 by (9.4), we get
p p p
h(m) < / VO sin 0d6 + 0( / m?6*Vo sin 9d9) + 0( / 6° sin ede) <
0 0 0
p*+0(m*p*) + 0(p*) < o (Q).
Together with the conditional pointwise bound,

Ll o) f g
L(1,Sym? f; ) loglogn

that finally gives

Z hZ( )zmz-'-l C\/_L ‘me) ( ’fj’m®X_n) <
i L(1,Sym? fjn)

log M
\/ﬁexp{loog lognn} Z mh®(m) < \/ﬁexp{

gMn
loglogn

} (Q)*M?%. (9.5)

Now consider the case m > M. Applying Theorem 1.7, we get

S i )Zf LS, Fim) L3 fim @ x) _
m>M 1 Sym f]m)

N Z W (m)(2m +2)L(1, x_) exp{U(n, M)}

m>M

which can be further bounded from above by

2VnL(1, x_) exp{U(n, M)} Z K2 (m)(2m + 1).
m=1
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Next, apply the formula
+00
Z RE(m)(2m + 1) = o (Q)
m=1

which follows from the following computation:
2
72,000 = [ (Lo @] auto -
N

2m+1
/ (Z h(m) Z ¢j m(Z)¢Jm(X)) d,u(z) —

> B h12) 81, (00520 [ (010 D)) =

mip,my
J1.J2
2m+1

Zh2(m) Z 1= Z(2m+ )R (m).

m=0

Thus, together with (9.5), it gives

2m+1
2 cvnL( 2’f1m) (2’fjm®)(—n)
Zh (m) Z l Sym f]m) <

}U(Q,JZM2 +2VnL(1, x_p) exp{U(n, M)} (Q,).

g exp{ loglogn

Hence

log Mn

V(n,Q,) < \/ﬁa(gn)(a(gn)MZ exp{log oz

} + L(1, x—pn) exp{U(n, M)}].

With the choice of M given by (9.2), we have
log Mn
o () M? exp e o 1.
loglogn

Next, if 07(Q,) = n~ for some fixed real number A > 0, the bound of Theorem 1.7
gives
U(n,M) <4 1.

Then, finally
V(n,Q,) < \/EO'(Q,!)L(I,)(_,Z) =0 (Q,)N,

as desired.
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