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ABSTRACT

The overarching goal of the research presented in this dissertation is to apply and
extend a newly developed methodology to understand the buckling of complex thin
shell structures. This methodology enables the determination of tighter buckling
criteria and paves theway to the development ofmore efficient structures, used closer
than ever to their buckling load and even beyond. It would result in dramatically
lighter structures to be built and has the potential to enable new applications, such
as extremely large aperture satellites.

Wefirst analyze the stability of open section thin shell structures under a pure bending
moment, through simulations. These structures are composed of longitudinal thin-
shell elements connected transversely by thin rods, and inspired by real spacecraft
structures. The present study applies and extends recent work on the stability of
cylindrical and spherical shells. The role of localization in the buckling of these
structures is investigated and early transitions into the post-buckling regime are
unveiled using a probe that locally displaces the structure. The probing method
enables the computation of the energy input needed to transition early into a post-
buckling state, which is central to determining the critical buckling mechanism for
the structure. We show that the structure follows stability landscapes also found in
cylindrical and spherical shell buckling problems. This initial computational study
is the basis for the first ever probing experiment on a complex structure.

In order to test these new structures under bending, a new bending apparatus is
designed and implemented. The boundary conditions are chosen such that the
apparatus is statically determinate (isostatic), and no state of self stress can develop
in the sample during its mounting and testing. This feature is especially desirable in
the study of thin shell structures and their elastic instabilities, for which imperfection
sensitivity plays a crucial role in the buckling transition and the post-buckling
regime. The accuracy of the isostatic bending machine is first assessed through
the testing of rods, and its imperfection insensitive behavior is then highlighted in
experiments on tape springs, and through numerical studies of the same structures.

The new bending machine is complemented by a probing apparatus, and the stability
of the open section thin-shell structures subjected to a pure bending moment is
studied experimentally. The experiment confirms that localization of deformations
plays a paramount role in the structure’s nonlinear post-buckling regime and is
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extremely sensitive to imperfections. This characteristic is investigated through
probing experiments. The range of moments for which the early buckling of the
structure can be triggered using this probe perturbation is determined, as well as the
energy barrier separating the pre-buckling and post-buckling states. The stability of
the local buckling mode is then illustrated by an experimental stability landscape of
shell buckling, and probing is then extended to the entire structure to reveal alternate
buckling modes disconnected from the structure’s fundamental path. These results
can be used to elaborate efficient buckling criteria for this type of structures, through
the use of transition diagrams determined experimentally.

Finally, the buckling and post-buckling behavior of ultralight ladder-type coilable
structures is investigated. These specific structures are used in the Space Solar Power
Project at Caltech and are referred to as strips. Similarly to the previous studies, the
stability of strip structures loaded by normal pressure is computationally studied by
applying controlled perturbations through localized probing. The probing technique
is generalized to higher-order bifurcations along the post-buckling path, and low-
energy escape paths into buckling that cannot be predicted by a classical eigenvalue
formulation are identified. It is shown that the stability landscape for a pressure-
loaded strip is similar to the landscape for classical shells, and the open section thin
shell structure studied initially in this thesis. While classical shell structures buckle
catastrophically, strip structures feature a large stable post-buckling range. Probing
enables the full characterization of the structure’s unstable behavior, which paves
the way to extend its operation closer than ever to the buckling load, and even in
the post-buckling regime. It would enable the design of more efficient structures
by dramatically reducing their mass, therefore enabling new large spacecraft to be
built.
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C h a p t e r 1

INTRODUCTION

1.1 Motivation
Shell structures are ubiquitous in nature and in engineering applications. From egg
shells to large structural architectures, their high load bearing capabilities and very
low mass, make them some of the most efficient structural components available.
Most of their stiffness is derived from geometry, rather than material and thickness.
Thin shells have been instrumental in the development of aerospace applications and
vehicles throughout the twentieth century, where the reduction of structural mass
is paramount. They are the main components of airplane fuselages and rockets.
In some cases, a complex balance of membrane forces allows their thickness to be
reduced dramatically. It is for instance the case of the pressurized main fuel tank of
the Space Shuttle which featured a shell thickness of 2.5 mm at its thinnest, or the
fuselage of a Boeing 757, as thin as 0.99 mm.

In the past decade, the field of satellite structures witnessed a growing use of
thin shells, as they enable large deployable structures to be built. They allow for
the extremely efficient packaging of large systems which would be impossible to
launch otherwise. These recent advances have been fostered by the development of
deployable booms, for which the cross-section can be elastically deformed, flattened,
and rolled into a tight volume. They are often used to deploy and support large
aperture systems such as antennas, photovoltaic cells, and large membranes used
in solar sails. Examples of such spacecraft designs are shown in Figure 1.1. The
low magnitude of loading encountered in space enables designs in which the shell
thickness is dramatically decreased [50].

In the Space Solar Power Project (SSPP) conducted at Caltech, new spacecraft
architectures capable of collecting sunlight, converting it into microwaves, and
sending it back to Earth are developed. These new designs depart significantly
from previous large area deployable structures in which a membrane is tensioned
by deployable booms. In the SSPP design, thin shell longerons form bending-stiff
strips, which provide a support for functional elements [3]. Many of these strips
are assembled to form a large square structure measuring up to 60 m × 60 m.
The longerons are open cross-section components inspired by previously developed
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(a) (b)

Figure 1.1: (a) Roll-Out Solar Array (ROSA), deployed outside the International
Space Station in 2019 (Credit: NASA). Two thin shell deployable booms (in black)
are used to deploy and tension a photovoltaic blanket. (b) Lightsail 2 spacecraft
successfully launched in 2015 (Credit: The Planetary Society).

deployable booms and their thickness ranges from 50 `m to 100 `m. They enable
the entire structure to be flattened, coiled and deployed using the longerons’s stored
strain energy [18]. The SSPP concept and a small scale prototype are shown in
Figure 1.2.

Tile

Strip

Spacecraft

Spacecraft array

(a)
(b)

Figure 1.2: (a) Space Solar Power Project architecture overview [3] and (b) 2 m
prototype of a module, composed of deployable strips [19].

In most cases, increasing the size of the structure also increases its capabilities,
which for SSPP is crucial to make the concept economically viable. However, the
range of operations for thin shell structures is most of the time bounded by buckling.
As thin shell components become lighter and thinner, predicting the load at which a
structure will buckle becomes more and more challenging, as the stochastic nature
of the instability is exacerbated. Therefore using structures close to their buckling
load is often deemed unsafe. In this thesis, we explore the use of a newly developed
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method, probing, to characterize the buckling of complex thin shell structures.
Increasing the knowledge of the structure’s behavior close to buckling, paves the
way to the design of safer and more efficient structures, by using tighter buckling
criteria, tailored to specific applications.

1.2 Thin shell buckling
This section aims to present a short review of the large body of work on thin
shell buckling. Here, we only focus on the background necessary to understand
the broader goal of the dissertation. Thorough reviews can be found in literature
[12, 39, 43, 74], and each chapter introduction provides additional literature review
on specific aspects of shell buckling. Throughout the twentieth century, the rapid
development of planes and rockets motivated extensive studies of cylindrical and
spherical shells, and their buckling behavior. Early experiments showed that these
shells were failing earlier than their theoretical linear buckling load, with experi-
mental buckling loads as low as 20% of their theoretical counterparts. In 1941,
pioneer work by Von Kármán and Tsien at GALCIT showed that there exists a very
unstable falling post-buckling path (sub-critical) starting at the bifurcation point,
and that this path eventually restabilizes at dramatically lower loads [82]. They
attributed the discrepancy between theoretical and experimental buckling loads to
the presence of initial imperfections in the structure. In 1950, Donnell and Wan
conducted experiments on cylindrical shells with known dominant imperfections
and confirmed this hypothesis [13]. The post-buckling paths for the perfect and
imperfect shell are shown in Figure 1.3a. In the Netherlands in 1945, Koiter the-
orized the role imperfections play in the buckling behavior, in his doctoral thesis
[44]. Based on an analysis of the structure’s total potential energy, he showed that a
geometric imperfection taking the shape of the first buckling eigenvector can lead to
dramatically reduced buckling loads, and his results are summarized in Figure 1.3b.
He also provided an approximation of the falling post-buckling path. Later, Babcock
[6] reconciled theory and experiments on buckling of cylindrical shells through the
use of exceedingly closely toleranced shells obtained by an electroplating process,
as well as the control of the shell’s boundary conditions.

In practice, the design of compressed cylindrical shells used in rockets, for instance,
relies heavily on the so-called knockdown-factor method. It accounts for the effect
of imperfections in the shell’s initial geometry. It provides a lower bound on the
statistical load reduction observed in a large number of experiments, for various
shell radii to thickness ratios. The widely used NASA SP-8007 [62] knockdown
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(a) (b)

Figure 1.3: Figures taken from [58]. (a) Sketch of the pre- and post-buckling paths
for a perfect (solid line, from [82]) and imperfect (dashed line, from [13]) cylindrical
shell under compression. (b) Sketch of the influence of an initial imperfection
on the buckling load, from [44]. The imperfection ratio corresponds here to the
imperfection amplitude divided by the shell thickness.

factor is presented in Figure 1.4. Even if this method proved to yield safe designs
for cylindrical shells, it is now seen as very conservative since it takes into account
the most severe type of imperfection, and was derived for steel shells. The use of
new materials, precise manufacturing techniques and well characterized boundary
conditions required an update of theNASA standard knockdown factor. In particular,
the recent development in the Shell Buckling Knockdown Factor (SBKF) project
aims to develop more efficient buckling criteria, in phase with today’s advances in
shell structures [29].

Another complication arising in thin shells is the localization of buckling defor-
mations. After the bifurcation point is exceeded, the deformed shape observed on
the post-buckling path is most of the time different from the buckling eigenmodes,
and features highly localized deformations. This is the result of a highly non-linear
process in which the structure’s real imperfections bias the structure to form buckles
at specific locations. This phenomenon has been observed and thoroughly studied
for the compressed cylindrical shell [36] as well as the spherical shell under pressure
[38]. The nature of localization itself generates a large number of post-buckling
solutions, often referred to as spatial chaos [80]. A more complete review and
analysis of localization is provided in section 2.1, and throughout the thesis.
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Figure 1.4: Figures taken from [58]. Lower bound used by NASA on experimental
knockdown factor, as a function of the cylindrical shell radius to thickness ratio [43].

In recent years, an experimental methodology has been developed to characterize
the onset of buckling, and offers a new way to establish buckling criteria for thin
shell structures. This new methodology, referred to here as probing, is described
next.

1.3 Probing methodology
Recent work on thin cylindrical and spherical shells has focused on the stability
of the buckling phenomenon and its sensitivity to disturbances. Rather than see-
ing buckling purely as a bifurcation problem, these new contributions have studied
in more detail the meta-stability of the structure’s unbuckled path and the early
transition into adjacent post-buckling paths requiring a small energy barrier to be
overcome [41, 75, 79]. It has been shown recently, for the cylindrical shell, that the
onset of buckling corresponds to the formation of a single dimple in the structure
[32]. The single dimple can evolve to more and more complex post-buckling defor-
mations through a series of destabilizations and restabilizations, until the cylinder
is fully populated by dimples [23, 45]. The goal of the probing methodology is to
characterize the formation of this single dimple by locally displacing the shell using
a probe. Such experiments have been realized for the cylindrical [81] and spheri-
cal [53] shells and are described in Figure 1.5a-b. Plotting the reaction force as a
function of the probe displacement and main loading forms a stability landscape of
shell buckling, which describes the single dimple behavior close to buckling. Such
a stability landscape is sketched in Figure 1.5c. Its features are described in details
in Chapter 2 and Chapter 5. The landscape reveals that the single dimple can be
formed earlier than the buckling load if a small amount of energy is brought to the
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system as a perturbation. This energy barrier is sketched in Figure 1.5d. Most
importantly, it has been shown that the load at which the dimple can first be found
in equilibrium in the structure provides an excellent lower bound to experimental
buckling loads. Therefore the methodology provides a unique opportunity to derive
tighter buckling criteria [20]. In addition, the experimental method is non destruc-
tive and can therefore be applied to the final structure, without having to conduct
statistical studies on a large number of test articles.

(a)
(b)

Probe Force
Probe 

Displacement

Main Loading or

Displacement

Point of 

Spontaneous 

Buckling

Minimum

Buckling Load
Unstable 

Equilibria

Minimally 

Buckled State

Stable 

Equilibria

Ridge

Valley

(c)

Probe Force

Probe 

Displacement

Stable

Equilibrium

Unstable

Equilibrium

Energy

Barrier

(d)

Figure 1.5: (a) Probing experiment on compressed soda cans, taken from [81]. (b)
Probing experiment on pressurized hemispheres, taken from [53]. (c) Schematic
of thin-shell buckling stability landscape, inspired from [81]. (d) Energy barrier
formed between pre-buckled and post-buckled state, at a given level of loading.

1.4 Research objective and outline
The overarching goal of the research presented in this dissertation is to apply and
extend the newly developed probing methodology to complex thin shell structures.
While the original probing experiments showed great promises, their scope was
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restricted to canonical problems and they suffered limitationswhen tackling practical
engineering applications. The present work aims to push the probing methodology
into the realm of real engineering structures and their design process. In particular,
probing is applied to open section thin shell assemblies, subjected to bending. These
structures are similar to the spacecraft components used in the Space Solar Power
Project at Caltech. Probing is used to unveil new buckling phenomena specific to
these structures, and shows that it can efficiently characterize their unpredictable
buckling mechanisms. Throughout the dissertation, we thus demonstrate that the
probing methodology can be harnessed to bring order into the stochastic nature of
shell buckling, and can yield tighter and more deterministic buckling criteria. It
provides the opportunity to developmore efficient structures, used closer than ever to
their buckling load and even beyond. It would result in dramatically lighter structures
and has the potential to enable new applications, such as extremely large aperture
satellites. Professor Pedro Reis highlighted recently that structural instabilities can
be harnessed to create new functionalities in mechanisms and meta-materials, and
talked about a shift in thinking, "from buckliphobia to buckliphilia" [67]. Our hope
is to slowly be able to shift the field of spacecraft structures towards buckliphilia as
well.

The dissertation consists of six chapters. After the introduction, Chapter 2 presents
probing simulations for an open section thin shell assembly, inspired by real space-
craft structures. Buckling localization is unveiled, and probing is used to identify
critical bucklingmodes arising from spatial chaos. Simulations highlight that even if
these structures and their loading are very different from the compressed cylindrical
shell and the pressurized spherical shell, their buckling follows a similar stability
landscape. The methodology is then extended to multiple probe locations and direc-
tions, and reveals buckling phenomena that have never been observed before. This
computational analysis proves that probing is a powerful tool for the study of such
structures.

Motivated by the findings of Chapter 2, a probing experiment for the open section
thin shell structure is envisioned. However, it requires the design of a new bending
apparatus suitable for the testing of extremely imperfection-sensitive structures.
Chapter 3 presents the design and implementation of such a machine. It employs
a set of air bearings and counterweights to provide statically determinate support
conditions to the test structure, therefore guaranteeing that no self-stress can develop
during testing. The new bending machine is realized and validated using tests
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on linear and nonlinear structures. It is the first isostatic bending apparatus ever
developed, and the only one able to applying strict pure bending conditions in a
structure of arbitrary geometry.

Chapter 4 presents probing experiments enabled by the newly developed bending
machine. A probing apparatus is added to the bendingmachine, and the behavior of a
similar structure to the one inChapter 1 is in investigated. Probing revealed thatmany
localized buckled configurations can be found in the structure before the buckling
load is attained. Experimental stability landscapes as well as transition diagrams are
created to characterize the pre-buckling meta-stability and the competition between
main and alternate buckling modes in the post-buckling regime.

The computational work of Chapter 2 and the experimental work of Chapter 4
reinforce our confidence in the use of probing in real engineering problems. Chapter
5 focuses on probing simulations for such a problem, the ultralight ladder-type
coilable space structure under pressure loading. The structure features a long
and stable post-buckling regime which can be utilized on orbit. Probing and its
associated stability landscapes are used in the post-buckling regime to identify
key paths and characteristics of the structure, such as the maximum post-buckling
pressure. Sensitivity to geometric imperfections and the structure’s size is also
investigated. The simulations establish that probing can dramatically improve our
understanding of such structures, and that the results found for the cylindrical and
spherical shells can be extended to complex problems. Finally, Chapter 6 concludes
the dissertation and discusses promising research directions.

The chapters in this dissertation (excluding 1 and 6) are research articles in prepa-
ration for submission. As such, they can be read independently from each other
and are self-contained. Each chapter introduces the basis for the work presented in
it, and gives the necessary technical background and literature review. Since these
four publications are part of one single research effort, some necessary information
is repeated between the chapter introductions and conclusions.
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C h a p t e r 2

THIN-SHELL STRUCTURES UNDER BENDING:
COMPUTATIONAL STUDY

2.1 Introduction
Thin-shell structures are used extensively in engineering applications. In the
aerospace sector, they are enabling light weight air and space vehicles to be built.
While their use dramatically reduces the structural mass, their mode of failure is
often governed by buckling, which is hard to predict. Buckling of thin-shell struc-
tures is characterized by a sub-critical bifurcation, which means that the structure
exhibits a falling unstable post-buckling path right after the bifurcation point is
reached. This sudden drop in load-carrying capabilities leads to a dramatic collapse
if the post-buckling path never regains stability. Buckling is to be avoided at all
cost in these cases. However, in recent adaptive structures and materials, buckling
is no longer seen as failure but as a key shape-changing mechanism, which enables
switching among multiple functional configurations [33, 54]. Whether buckling
is used or to be avoided, understanding its cause and predicting its occurrence is
crucial, and this has been the subject of numerous research studies over the past
one hundred years. From the early 1920s, many shell buckling experiments were
conducted, and experimental buckling loads were consistently observed to be lower
than linearized classical buckling predictions. This discrepancy was later linked to
the presence of initial imperfections in the shell geometry [13, 44, 82]. Indeed, for
sub-critical bifurcations, there exists a range of loading for which the structure’s
fundamental (unbuckled) state is meta-stable, which makes the transition into post-
buckling extremely sensitive to imperfections and disturbances. On the upside, this
can also offer opportunities to build complex meta-stable structures [88] by using
buckled thin-shells as the main building blocks. In order to deal with the extremely
sensitive behavior of buckling in engineering applications, the design process thus
relies heavily on buckling knockdown factors applied to the classical buckling load.
Determining the adequate knockdown factor, unique for each structure/load com-
bination, is of utter importance. It led to the NASA space vehicle design criteria
for the buckling of thin-walled circular cylinders (NASA SP-8007) [62]. These
criteria, widely seen as very conservative, are now being revisited by NASA’s Shell
Buckling Knockdown Factor (SBKF) Project established in 2007, which focuses
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on testing shells with known imperfections and non-uniformities in loading and
boundary conditions [29]. It has been shown that knowing accurately the struc-
ture’s initial geometry enables the accurate prediction of the buckling event [51].
However, in many applications, measuring the shape of the structure before use can
be both expensive and in some cases impossible, and the traditional buckling and
post-buckling predictions rely on seeding a linear combination of the first buckling
modes as imperfections [66, 68].

Another complication arising from unstable bifurcations is the localization of buck-
ling deformations. This is observed for instance for beams on elastic foundations
[83] but more importantly for thin-shell structures such as the compressed cylin-
drical shell [36] as well as the spherical shell under pressure [38]. The nature of
localization itself generates a large number of post-buckling solutions even for a
small set of classical buckling modes, since the deformations can localize at many
different locations on the structure. This is referred to as spatial chaos [80]. Lo-
calization can arise on post-buckling branches determined by the buckling modes,
as observed in the spherical shell under pressure [4, 40]. In addition, localization
can also appear on post-buckling paths disconnected from the fundamental path
while running asymptotically close to it [23].In both cases, localized buckling can
be triggered earlier than the first buckling load if a small amount of energy is input
into the structure. It has been shown, for the compressed cylindrical shell, that a
single localized dimple forming in the middle of the structure constitutes the lowest
escape into buckling [32] and may therefore be the critical buckling mechanism.
This mode is not a bifurcation per se, but rather a mode "broken away" from the
fundamental path. The single dimple state sits on a ridge in the total energy of the
system between the pre-buckling well and local post-buckling well and corresponds
to the lowest mountain pass between these two states in the energy landscape [32].
For the cylinder, the single dimple can evolve to more and more complex post-
buckling deformations through a series of destabilizations and restabilizations, until
the cylinder is fully populated by dimples [23, 45]. This process is called snaking
and adds additional complexity to the full post-buckling sequence resolution.

For all the reasons mentioned above, predicting buckling is extremely difficult for
shell structures and often relies on a case by case approach. Recent work has
focused on the sensitivity of the buckling phenomenon to disturbances in thin
cylindrical and spherical shells. A non-destructive experimental method has been
proposed in 2013 to study the meta-stability of the fundamental path. It focuses on
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determining the energy barrier separating the fundamental path and critical localized
post-buckling states [41, 75, 79]. The search for the critical buckling mechanism is
carried out by imposing a local radial displacement in the middle of the structure
using a probe. This method effectively quantifies the resistance of shell buckling
against the single dimplemodementioned earlier. Themethod has been successfully
applied to cylindrical shells [81] and to pressurized hemispherical shells [53]. These
experiments quantified in particular the onset of meta-stability, often referred to as
"shock sensitivity" [76] and a comparison with historical test data has shown that
this specific loading can serve as an accurate lower bound for experimental buckling
loads [20, 23].

In this chapter, we wish to apply these recent breakthroughs to more complex
thin-shell structures, inspired by recent advances in spacecraft design which use
thin-shell components to build large space systems. In particular, we are currently
investigating structural architectures for ultralight, coilable space structures suitable
for large, deployable, flat spacecrafts [3, 22] in the Space-based Solar Power Project
(SSPP) at Caltech. In the deployed configuration, each spacecraft measures up to
60 m × 60 m in size and is loaded by solar pressure. The main building block
is a ladder-type structure made of two triangular rollable and collapsible (TRAC)
[57] longerons, connected transversely by rods (battens). This structure is shown
in Figure 2.1 and scaled laboratory prototypes have been built [18, 19]. Previous
analysis showed that local buckling plays a key role in the structural behavior
[69] and motivates the need to conduct experimental buckling characterization.
However, the size of the structure together with the complexity of its components
and the peculiarity of its non-uniform bending moment, makes experiments very
challenging. In order to address these limitations, the behavior of a simpler structure
under pure bending is studied. This new structure is shown in Figure 2.2, and ismade
of longerons and battens like the previously described structure, but the longeron’s
TRAC cross-section is abandoned for an open-circular cross-section. While the
structure and loading are different, it enables us to draw more general conclusions
on the buckling of structures with thin-shell open cross-sections. The computational
analysis presented here investigates the buckling behavior of such a structure and
assesses if and when early transitions into post-buckling can occur, using the novel
probing methodology. It also serves as a proof of concept for the experiment of
Chapter 4.

The chapter is structured as follows. Section 2.2 describes in more detail the
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Figure 2.1: Schematic of the Space Solar Power Project strip structure. It is made
of two thin-shell longerons connected with transverse battens, that support many
functional tiles.

structure and the problem. Following a classical buckling analysis, Section 2.3
highlights the importance of localization and spatial chaos and justifies the use of
the newly introduced probing methodology. In Section 2.4, probing is applied along
the entire structure to determine the location at which local buckling can appear,
and a critical probing scheme is identified. The analysis is then generalized in
Section 2.5 to more complex probing scenarios exhibiting instabilities, and leads to
an energy map from which the critical buckling mechanism is identified. Finally
a stability landscape of shell buckling is computed in Section 2.6, highlights key
characteristics of the critical buckling mechanism and shows excellent qualitative
agreement with landscapes previously constructed.

2.2 Computational model
Geometry and material
For this chapter, the analysis is restricted to a single geometry, shown in Figure
2.2. The dimensions have been chosen on the basis of the experiment of Chapter 4,
and allow for testing to be possible with the available experimental apparatus. The
structure is composed of two thin-shell longerons of length 0.4 m. The longeron
cross-section consists of a circular arc. The opening angle is 60 deg, the arc
radius is 10 mm, and the shell thickness is 0.1 mm, which gives a bending stiffness
comparable to the one obtained for the spacercraft structure’s TRAC cross-section.
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The two longerons are connected with 6 regularly spaced transverse circular rods
called battens. The batten spacing is 80 mm and ensures that a significant amount
of battens are connecting the two longerons as in the spacecraft structure. The
batten length is 50 mm, and the batten cross-section radius is 1 mm. A finite
element model of the structure is built using the Abaqus commercial software. The
longerons are modeled with 4 node reduced integration shell elements (S4R) and
the battens with linear 3D beam elements (B31). The mesh is structured with 2 mm
elements. The element size is refined until convergence in the buckling eigenmodes
and eigenvalues, shown in Figure 2.4, is achieved. The mesh density was also
proven to be sufficient to resolve the localization process, discussed in Section 2.3.
We consider an isotropic material of Young’s modulus E = 130 GPa, and Poisson’s
ratio a = 0.35 for both battens and longerons. For the rest of the chapter, this
structure is referred to as a strip.

10 mm

60

400 mm

80 mm

50 mm

º

1 mm

Figure 2.2: Structure composed of two thin-shell longerons connected transversely
by battens. This structure is referred to as a strip.

Finite element analysis
The structure’s end battens and the longeron end cross-sections are made unde-
formable and coupled to a reference point at each end on which the boundary
conditions and the main loading are applied. A sketch of the problem is shown in
Figure 2.3. The structure is simply supported at both ends: one reference point is
pinned (all translations blocked) at one end while the Z translation is allowed for
the reference point at the other end. Two equal and opposite moments of magnitude
M are applied at both reference points, and an arc-length solver (Riks solver in
Abaqus standard) is used to statically deform the structure and extract the overall
moment/rotation curve. In addition, in Section 2.4, for each value of moment, we
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probe the top edge of the longeron by applying a transverse nodal displacement *G
at location / , and we extract the probe reaction force. Our two control parameters
in each calculation are thus the end moment and the probe displacement.

Probe

x

y

z

Rigid

Rigid

M

M

Ux = Uy = 0

Ux = Uy = Uz = 0

Figure 2.3: Schematic representing the finite element analysis. The end battens and
cross-sections are undeformable (in green). One end reference point is pinned while
the other end reference point is allowed to slide along the Z-axis and to rotate along
all 3 axes. Two equal and opposite moments are applied at the end reference points.
When the probing methodology is considered (Section 2.4), a probe is introduced
on the top edge of the longeron (longeron and Z location determined by probing
scheme). It consists in an applied displacement on the probe node directed along
the X-axis.

The strip structure of interest has nonlinear pre-buckling behavior. We will need to
distinguish between two types of bifurcation buckling analyses and their associated
modes. We will use the standard terminology, classical buckling loads and modes,
for results in which the pre-buckling state used in the eigenvalue analysis has been
linearized, either about the condition at zero load or at a non-zero load. Our
approach will be making use of these eigen-loads and modes to gain insight into
the buckling behavior of the strip. However, most of the references to buckling
load and modes throughout the chapter will be to "exact" buckling loads and modes
computed by analyzing bifurcation from the nonlinear pre-buckling state. Usually
we will refer to the "exact" analysis and the outcome with the brief terminology:
buckling analysis, buckling loads, and buckling modes. However, if there is any
ambiguity the additional terminology, linearized or nonlinear pre-buckling state,
will be appended.
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2.3 Localization and spatial chaos
Buckling modes and limit points
The first step in assessing the buckling behavior of the strip is to carry out a classical
eigenvalue analysis to determine a sequence of the classical applied moments and
associated modes at which buckling bifurcations from the perfect strip occur. This
information gives a picture of not only the lowest buckling load and associated mode
but also of bifurcation modes lurking above the lowest critical mode. Such infor-
mation gives insight into potentially important imperfection shapes and to "nearby
paths" which might play a role in the post-buckling behavior. The computation
of the "exact" bifurcation moments and modes is itself is an iterative procedure
because the pre-buckling behavior is so nonlinear. To obtain first estimates of the
bifurcation points, the pre-buckling nonlinearity is neglected using the ground-state
linearity to compute a sequence of the lowest bifurcation eigenvalues (ABAQUS and
other structural codes have options for making such eigenvalue evaluations). These
bifurcation estimates are then used to guide the search for the bifurcations computed
accounting for nonlinear pre-buckling behavior. With full pre-buckling nonlinear-
ity, the strip is then loaded by a moment below the first eigenvalue, the nonlinear
pre-buckling problem is solved, and new estimates of the sequence of bifurcation
points are computed by linearizing about that state. This iterative process is repeated
with an increasing applied moment in each iteration until the bifurcation moments
converge. For the strip, nine bifurcation points are determined in the loading interval
before the strip attains a limit moment on the fundamental pre-buckling path. As
noted earlier, to distinguish between a buckling load of the perfect strip computed
using ground state linearity (traditionally called a "classical buckling load") and the
buckling load computed accounting for pre-buckling nonlinearity, we will briefly
refer to the latter as the "buckling load" and is associated eigenmode as the "buckling
mode". The result of this analysis is shown in Figure 2.4.

Both a classical Newton-Raphson solver and the modified Riks solver are used to
trace the response of the structure in its unbuckled configuration. The Newton-
Raphson solver reaches a limit point at " = 1464.2 Nmm, while the Riks solver
bifurcates from the fundamental path to a secondary branch at " = 1435 Nmm.
Note that this moment magnitude is between the first and second buckling moments.

Localization and post-buckling paths
We wish to trace the post-buckling paths corresponding to the several of the lowest
buckling eigen-moments and study the evolution of the structure’s shape on these
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M = 1400.3 Nmm M = 1440.5 Nmm M = 1444.1 Nmm M = 1444.4 Nmm M = 1450.6 Nmm

M = 1451.8 Nmm M = 1452.5 Nmm M = 1460 Nmm M = 1464.2 Nmm

Figure 2.4: 9 buckling modes with associated buckling moments found on the strip
fundamental path. These modes exhibit both global and local deformations. For
eachmode, these deformations appear on both longerons and are concentrated on the
longeron’s top edge (edge in compression). These deformations are both extending
in an inward (towards the strip center) and outward direction. The battens do not
exhibit any appreciable deformation.

paths. Of primary interest is the moment/rotation relation for the strip where equal
and opposite moments are applied at the strip ends and the rotation corresponds to
the rotation around the X axis of the end located at Z = 0 (c.f., Figure 2.3). As a
first step, a standard method is used to trace the post-buckling paths associated with
the first 3 buckling modes as now described. Each mode is seeded in the structure’s
initial geometry as a geometric imperfection. Themaximum amplitude of this initial
imperfection is taken between 1 % and 10 % of the shell thickness (t). The modified
Riks solver is used to trace the post-buckling response of the imperfect structure.
The computed paths are shown in Figure 2.5, and the corresponding deformed
shapes are shown in Figure 2.6. For the second buckling mode, two imperfection
amplitudes have been used yielding the two post-buckling paths shown.

The main observation is that the deformed shapes for all the paths exhibit highly
localized deformations, contrary to the bifurcation buckling modes. For the first and
second mode branches, the post-buckling shapes are quite different from the initial
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Figure 2.5: Moment/rotation curves for the strip. The fundamental path (black)
stops at the limit point " = 1464.2 Nmm. The first buckling mode branch (blue) is
obtained by seeding the first mode as imperfection with an amplitude of 8%C. The
second branch (red) is obtained for the second mode imperfection with an amplitude
of 8%C. The alternate second branch (green) is obtained for the second mode
imperfection with an amplitude of 10%C. The third branch (yellow) is obtained for
the third mode imperfection with an amplitude of 8%C. Both second mode branches
and the third mode branch exhibit snaking. The deformed shapes obtained at the
end of these branches are labeled and shown in Figure 2.6. All branches start lower
on the fundamental path than the predicted buckling moments. This highlights the
imperfection sensitivity of the structure.

imperfection. These shapes only exhibit inward buckling deformations, whereas the
buckling modes also exhibit outward deformations. For the second mode branch,
just a slight variation in imperfection amplitude changes completely the buckling
location. For the second mode and third mode, the post-buckling paths undergo
destabilization and restabilization. This phenomenon is referred to as homoclinic
snaking and is also observed for the compressed cylindrical shell [23]. It physically
corresponds to the sequential formation of buckles leading to a fully buckled shell.
Snaking may occur in all the localized path if the analysis is pushed further. It is
interesting to note that we have found that it is possible to resolve the post-buckling
path for the third buckling mode without seeding any imperfection in the initial
geometry.

For mode 1 andmode 2, the localization process initiates on the imperfect structure’s
fundamental path, before reaching the falling unstable post-buckling path. Initial
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1 2 3 4

Figure 2.6: Deformed shape obtained at the end of the 4 post-buckling paths of
Figure 2.5. They consist in localized longeron deformations and differ from the
previously computed buckling modes. All deformations are occurring in the inward
direction, and the localization location differs between longerons for the mode
1 branch (labelled 1) and mode 2 branch (labelled 2). Deformations have been
magnified by a factor 15 in these images.

deformation grows proportional to the shape of the initial imperfection and then is
followed by a transition to a localized mode shape before attaining a limit point. At
this point, the location of maximum deformation has already been determined, and
on the falling unstable path, the local deformation increases in amplitude without
changing location. It is important to emphasize that the limit point for the imperfect
structure is offset from the perfect structure’s fundamental path, although extremely
close to it, due to the eroding affect of the imperfection on the initial stiffness. In
addition, these limit points appear at values of applied moment lower than the first
buckling moment which reveals the structure’s imperfection sensitive nature. Figure
2.7 highlights the localization process for each of the 2 first buckling modes. The
displacement of the longeron top edge in the (X-Z) plane is plotted at the limit
point as well as at the first post-buckling restabilization point and at the end of
the post-buckling path. The normalized buckling mode of the perfect strip is also
reported as a dashed line for comparison. For mode 1, localization occurs at two
levels. At the structure’s scale, local deformations only arise in longeron 1, while
for longeron 2, the global deformation tends to cancel the undulations associated
with the initial imperfection away for the point of localization. At the longeron
scale, the deformed shape goes from a smooth hill to a sharp peak for longeron 2.
In addition, the localization process is not unique. We observe different localization
mechanisms for buckling mode 2 depending on the imperfection amplitude, as seen
on the deformed shape comparison of Figure 2.6. The localization of mode 2 for
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an imperfection amplitude of 8%C is shown in Figure 2.7c-d. It highlights the
sequential formation of the longeron 1 and longeron 2 buckle characteristics of
the snaking process. In the case of buckling mode 3, the buckling mode shape is
relatively localized and reassembles the shape observed in Figure 2.6 for the two
central buckles. Therefore, no further localization is observed on the post-buckling
path before the snaking process is triggered, and four highly localized buckles are
formed closer to the longeron ends.

To conclude this section, we re-emphasize that multiple post-buckling paths have
been exposed as having initially unstable behavior, but in some cases at least re-
stabilized at lower loads. Four different imperfections based on the first 3 buckling
modes have been considered here, but other imperfections or linear combinations of
buckling modes will give rise to different paths. Seeding imperfections highlights
qualitatively the importance of localization for this thin-shell structure and the fact
that deformations can localize at many different locations. This multiplicity of
buckling and post-buckling solutions is referred to as "spatial chaos." However,
we did not consider here all possible localized paths, and we do not know which
path constitutes the easiest escape into post-buckling. Based on these qualitative
observations, the next section aims at finding this critical localized path by using
the probing methodology introduced earlier for the cylindrical and spherical shell.
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Figure 2.7: (a-b) Localization process for longeron 1 (a) and longeron 2 (b), on the
first mode post-buckling path, for an imperfection amplitude of 8%C. The longeron
top edge displacement in the X direction is plotted as a function of the strip Z
location. The normalized buckling mode is shown as a dashed line. The evolution
of the longeron top edge deformation is reported at the limit point, at the point where
the post-buckling path first stabilizes and at the end of the post-buckling path. (c-d)
Localization process for longeron 1 (c) and longeron 2 (d), on the second mode
post-buckling path, for an imperfection amplitude of 8%C.
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2.4 Probing along the strip length
Probing methodology
The previous section showed that buckling localization can lead to a large number
of post-buckling paths. Our focus in the rest of the chapter is to find the critical
buckling mechanism. Here "critical" means that we are focusing on finding the
easiest way the structure can buckle, in other words, finding how early the transition
into buckling can occur and which deformed shape is the most likely to arise. Two
situations may be encountered when end-moments are applied on the structure.
The first corresponds to an early transition to a path that intersects the fundamental
path, and for which the deformation matches one of the buckling modes (at least
at the bifurcation point). This situation may arise for buckling mode 3, for which
no imperfection is needed to resolve the post-buckling path. The second situation
corresponds to a transition to a disconnected equilibrium path, running in the close
vicinity of the fundamental path without intersecting it [36]. In both cases, a finite
input of energy into the system is required to make the structure transition early
to a secondary equilibrium path. Note that here, "early transition" means that the
transition to post-buckling occurs before reaching the first buckling moment. A key
assumption made here is that the critical buckling mechanism will exhibit highly
localized deformations. This is generally the case for thin-shell structures for which
buckling is a sub-critical bifurcation and is motivated by the observations made in
the previous section.

The probing method is used to quantify the amount of disturbance needed to trigger
early localized buckling. This is achieved by using a probe that displaces the
structure locally. In this chapter, the probing method is explored numerically and
consists in applying a displacement directed along the X-axis to a node on the top
edge of the longeron (the probed node). This is illustrated in Figure 2.3. The top
edge is chosen because it corresponds to the location where the structure exhibits the
largest compressive stress when bending moments are applied. The analysis goes
as follows. The two end-moments are applied on the perfect structure. When the
desired moment magnitude is reached, the moment is kept constant and the probe
displacement increases. During probing, the probe reaction force is computed. This
process is repeated for a wide range of moments up to the first buckling moment, and
for various probe locations along the longeron’s top edge. In this section, the Abaqus
static general solver (Newton-Raphson) is used for both the bending and probing
steps. The analysis is restricted to probing paths for which the probe displacement
is monotonic.
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Two features are of particular interest. The first corresponds to the range of applied
moments for which buckled equilibrium states exist. An equilibrium state is located
when the probe reaction force falls to zero. When this situation is encountered,
there exists at least two equilibrium configurations for a given moment and therefore
the fundamental path is meta-stable. Above the moment for which negative probe
forces are first encountered, a disturbance may trigger early buckling. The second
important feature is the critical amount of energy that needs to be provided to the
system to reach the buckled equilibria. It indicates the level of disturbance needed
for the structure to transition early into these states.

Five probing schemes are investigated: double outward probing, double inward
probing, alternate probing, single outward probing, and single inward probing.
They are illustrated in Figure 2.8 and are inspired by the types of deformations seen
in the buckling modes. We will restrict our study to one single probe per longeron
at most. By characterizing the onset of meta-stability and the critical probe work
needed to trigger buckling, we will be using probing as an efficient tool to navigate
through spatial chaos and to find the structure’s critical buckling mechanism.

Probe

Double Inward

Double Outward

Alternate

Single Inward

Single Outward

Figure 2.8: 5 probing schemes considered. The arrows are representing the trans-
verse probe displacement. The double inward, double outward, as well as alternate
probing schemes are inspired directly by the localized modes found in the previous
section. However, we saw that the post-buckling paths exhibit snaking, and to ac-
count for a potential sequential formation of buckles, the single inward and single
outward probing schemes were also used.
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Double inward probing scheme
We first look at the double inward probing scheme. The probe force is plotted as a
function of the probe location along the longeron edge (Z-axis), and the probe dis-
placement. These maps are reported in Figure 2.9 for 2 values of applied moments.
We focus on a range of moment lower than " = 1100 Nmm. For higher moment
magnitudes, instabilities are encountered during probing which make convergence
hard to achieve. These probe instabilities are analyzed in detail in the next section.
This type of probing unveils a rich behavior. For values of moment under 1000
Nmm, probing only yields positive probe forces. The contours of constant probe
force exhibit local extrema in the probe location / probe displacement plane. For
" > 950 Nmm, regions of negative slope appear in the middle of the structure,
for probe displacements exceeding 0.2 mm. It creates a positive local minimum
of probe force for non-zero probe displacement, and the value of this minimum
decreases as " increases. For " = 1015.5 Nmm, the local minimum of probe
force falls to zero which indicates that the onset of meta-stability is reached for this
specific type of localization scenario: buckled equilibrium states appear, and the
minimum probe force decreases further to negative values as seen in Figure 2.9b for
" = 1040 Nmm. One can also notice that local minima of probe force appear at
new probe locations, away from the middle of the structure. However, these values
never reach zero for moments under 1100 Nmm. These results indicate that early
transition into buckling is possible above " = 1015.5 Nmm, and that the associ-
ated post-buckling shape consists of an inward local buckle in the middle of each
longeron. It resembles the third non-linear buckling mode found in Section 2.3.
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Figure 2.9: (a) Double inward probing map for " = 800 Nmm. The probe force is
shown as a function of the probe displacement along the X-axis (*G) and the probe
location along the top of the longeron (Z-axis). For ease of visualization, the regions
corresponding to probe location between 0 mm and 50 mm as well as between 350
mm and 400 mm are not shown since they exhibit large probe forces. In these two
regions, the probe force vs. probe displacement curve is almost linear. For all other
probe locations, the probe force increases monotonically as the probe displacement
increases. However, the map exhibits many features, such as regularly spaced local
minima of probe force for a given probe displacement. The lowest local minimum
is attained in the middle of the structure (200 mm). The probe force is positive for
all values of probe displacement. (b) Double inward probing map for " = 1040
Nmm. For probe locations ranging from 0 mm to 60 mm and from 340 mm to 40
mm, the probe force increases monotonically as the probe displacement increases.
For all other probe locations, the probe force increases and decreases. Regularly
spaced local minima of probe force appear, and negative values are reached in the
middle (200 mm).

Single inward probing scheme
Next we look at the single inward probing scheme. The corresponding probingmaps
are reported in Figure 2.10 for 4 values of applied moment. For " < 900 Nmm,
probing only yields positive probe forces. The magnitude of these forces is very
similar to the ones obtained for the double inward probing scheme. However, more
features appear in these maps, and a basin of low probe force develops in the middle
of the longeron for " = 800 Nmm. At " = 950 Nmm, the probe force first falls to
zerowhich indicates the onset ofmeta-stability for this specific localization scenario.
It means that early transitions into a single inward post-buckling path are possible.
It is important to notice that as the moment increases, the probe displacement at
which the local minimum is reached decreases. For " = 800 Nmm, this probe
displacement is 1.2 mm and reduces to 0.78 mm for " = 1040 Nmm. Another
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important observation is that meta-stability appears earlier for this type of probing
than for the double inward probing scheme. For higher moment magnitudes, the
minimum of probe force is still achieved in the middle of the structure, but the region
of negative probe force spreads over a larger portion of the structure. Therefore there
exist multiple locations at which buckled equilibrium states are found. This supports
the observations of Section 2.3 where we saw that localization for the second mode
imperfection can occur at multiple locations. However, we see qualitatively that
the hill of probe force separating the unbuckled and buckled states is lowest in the
middle, which signifies that the minimum energy input required to form an inward
buckle is also achieved in the middle of a single longeron. For " = 1200 Nmm,
the probing map resembles qualitatively Figure 2.10b. A region of negative probe
force is reached in the middle of the structure for a probe displacement of 0.35
mm. In addition, a second minimum of probe force forms in the middle for a probe
displacement of 0.2 mm. However, when probing at other locations than the middle,
the probing path encounters instabilities as the probe force decreases after the peak,
and the Newton-Raphson solver aborts. It leaves the probing map incomplete.
Again here, we see that the probe displacement for which local minima of probe
force are attained decreases as the moment increases. When increasing the moments
to" = 1350Nmm, instabilities occur for even smaller values of probe displacement
(as soon as 0.1 mm) and truncates the probing map. Furthermore, the map exhibits
two distinct regions of negative probe force in the middle, for a probe displacement
of 0.075 mm and a probe displacement of 0.14 mm. This shows that probing can
detect adjacent post-buckling equilibrium solutions. However, the overarching goal
of the probing method is to compute the minimum energy input needed to trigger
early buckling for every probe locations. Here it is not yet possible due to the
probe instabilities. At the locations where the probing sequence suddenly stops, it
is impossible to draw any conclusions regarding the structure’s meta-stability. It is
therefore necessary to resolve probing sequences past these instabilities, and this is
the subject of Section 2.5.
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Figure 2.10: (a) Single inward probing map for " = 800 Nmm. As the probe dis-
placement increases, the probe force increases monotonically, except in the middle
and its vicinity, for which a basin of local minima appears (probe displacement of
1.2mm). The probe force is positive everywhere. (b) Single inward probing map for
" = 1040 Nmm. Local maxima of probe force appear and form a hill separating the
fundamental path and regions of local minima. The local minimum is negative in the
middle, whereas it stays positive at other locations, while being very close to zero.
This map resembles the one obtained for the double inward probing scheme. (c)
Single inward probing map for " = 1200 Nmm. A local minimum of probe force
appears for a probe displacement of 0.2 mm, before reaching the negative probe
force region at 0.35 mm. Probe instabilities truncate the map prematurely for probe
locations different from 200 mm. (d) Single inward probing map for " = 1200
Nmm. The probe instabilities appear as early as 0.1 mm of probe displacement
and cause a severe truncation of the map. The probing path in the middle exhibits
two regions of negative probe forces (for 0.075 mm and 0.14 mm) indicating two
adjacent buckled equilibrium states.

Outward and alternate probing schemes
We focus here on the double outward probing scheme. For this specific type of
probing, the structure does not exhibit any moment for which the probe forces
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decreases to 0 N. Instead, as the longeron is locally displaced outwards under
constant applied moments, the probe force increases monotonically. The probe
force reaches 1 N for a probe displacement of about 1 mm, which is an order of
magnitude higher than the probe force obtained with the double inward probing
scheme. Probing does not reveal any buckled equilibria.

The alternate probing scheme exhibits a more complex behavior. One probe is being
displaced in the inward direction whereas the other is being displaced in the outward
direction. For the outward probe applied on longeron 1, the probe force increases
monotonically as the probe displacement increases similarly to what was observed
for the double outward probing scheme. However for the inward probe on longeron
2, the probe force in the center becomes negative for all probe displacements,
above a certain moment magnitude. This suggests that the outward probe alone
on longeron 1 may be able to generate a buckle on longeron 2. It highlights that
the disturbance brought by probing can be transferred between longerons. However
since the outward probe force never falls to 0 N, probing does not reveal any buckled
equilibria. Similar behavior is observed for the single inward probing scheme.
When the probe outward displacement increases, the probe force monotonically
increases, while an inward buckle forms in the unprobed longeron. Similarly to the
alternate probing scheme, no equilibrium configurations are encountered, but the
probing path is truncated before the prescribed end displacement is reached due to
instabilities. These instabilities are analyzed in Section 2.5.

These 3 probing schemes seem to indicate that buckling localization can only arise
in the inward direction, since no outward buckled configurations are detected during
probing. This conclusion supports the observation of Section 2.3 for which no
outward localization was observed. However, the single outward probing scheme
showed that probing one longeron in the outward direction can cause the other
longeron to buckle inward, even if no equilibrium states were detected. It is shown
in Section 2.5 that such states exists if probing is extended past instabilities.

Critical probe work and initial probing schemes comparison
In order to find the critical buckling mechanism for the strip structure, the probing
schemes presented above need to be compared. The critical buckling mechanism
corresponds to the mechanism for which the minimum amount of energy is needed
to reach buckled equilibria. In practice, this energy is brought by disturbances. For
the present study, special care has to be taken with the terminology, especially when
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referring to the energy barrier to buckling and the critical probe work.

In all buckling and probing studies referenced in this chapter, the energy barrier
refers to the difference in total potential energy between the unbuckled state and
the unstable buckled state. As explained in the introduction, the unstable buckled
state corresponds to a saddle point (also called mountain pass point) in the energy
landscape and is attained for a critical value of probe displacement, when the zero
threshold in probe force is reached. If the main loading is kept constant, the probe
work reaches a local maximum at this critical displacement. We will use the
terminology of "critical probe work" to refer to this local maximum of probe work.
When the probe displacement is monotonic during probing (no folding of the path),
and for a displacement-controlled main loading, the critical probe work is equal to
the energy barrier. This scenario is for instance encountered for the probed cylinder
under constant end shortening [81]. However in the present study, energy barrier
and critical probe work can be different for the two following reasons:

• The main loading is moment-controlled, which means that probing occurs
at a constant value of end-moment. During probing, the ends of the strip
are rotating and the end-moments are doing work. As a result, the energy
barrier is greater than the critical probe work since it accounts for the end-
moments’ additional contribution to the energy of the system. However, the
constant moments are part of the known conditions the structure is subjected
to during operation. Therefore the contribution of an unknown disturbance
is only represented by the probe here, and as such the quantity of interest is
the critical probe work. The study has been repeated in the case of a rotation-
controlled loading and is presented in Section 2.7. In the later case, the probe
work only contributes to the total external work of the system.

• For unstable probing sequences, a vertical tangent can be reached and the
probing path can fold. In such cases, snap-buckling can be triggered before
the zero probe force threshold is attained, and the value of critical probe work
is computed at the point of vertical tangent rather than at the first buckled
equilibrium. Such cases are presented and analyzed further in Section 2.5.

We next focus on the critical probe work for the two inward probing schemes. We
saw that for both schemes, the probing path does not exhibit any instabilities in the
middle of the structure. As a result, meta-stability can be detected, and the critical
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probe work required to reach the buckled equilibrium states can be computed. The
critical probe work obtained for the middle probe location and for both probing
schemes is shown in Figure 2.11.
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Figure 2.11: Critical probe work between fundamental as a function of applied
bending moment, for both single and double inward probing schemes, for the central
probe location. It corresponds to the work done by the probe force between the two
states. The single inward probing scheme gives the smallest energy barrier for all
bending moments.

The single inward probing scheme gives a lower critical probe work than the double
inward probing scheme for the entire range of moments considered. As a result, if
buckling is to be triggered early, it likely to consist of a single buckle in the middle
of one of the longerons rather than on both longerons. When comparing the local
maximum of probe force obtained for both probing schemes, we also see that it is
the lowest for the single inward probing scheme, regardless of the probe location.
It seems therefore that if meta-stability is detected at a specific probe location,
the single inward probing scheme would also give the lowest critical probe work
at this specific location. Finally we saw in this section that buckled equilibrium
states appear for lower values of moments for the single inward probing scheme.
As snaking seems to play a prominent role for this structure, we would expect
a sequential formation of single buckles which supports the energy comparison
between the two probing schemes. For all these reasons, the rest of the chapter will
only focus on the single inward / outward probing schemes rather than the double
probing schemes.
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2.5 Unstable probing sequences
Single inward probing
This section extends the probing simulations to probing locations and moments for
which instabilities are encountered. The probing displacement is applied similarly
to what has been done before, but an arc-length solver (Riks solver) is now used,
which allows probing to continue even after a vertical tangency (fold) in the probe
force vs. probe displacement plane is reached. These probing sequences are first
computed for the single inward probing scheme and for all probing locations. The
2 main types of probing path instabilities encountered are analyzed in this section.

The results of this analysis for a probe located at 100 mm from the end of the
structure is shown in Figure 2.12. For moments of low magnitude (" < 1050
Nmm), the probing path is stable and the probe force exhibits a local maximum and
local minimum. However, the probe force is always positive and no locally buckled
equilibrium solutions exist. For " = 1050 Nmm, a vertical tangent is encountered
and the path folds. This path eventually restabilizes for a value of probe force of
about −0.1 N. However, the restabilized path is short and does not reach positive
probe forces. This suggests that another bifurcation is encountered for a probe
displacement of about 0.2 mm. This behavior is also encountered for higher values
of moments, although the corresponding probing paths do not restabilize for positive
values of probe displacement. Figure 2.13a shows the probing path for " = 1050
Nmm with four key points on the probing sequence.

The deformed shapes obtained for these four points are shown in Figure 2.13b. On
the stable part of the path (before reaching point 2), displacing the probe results
in an increase in local buckle amplitude. After point 2, the probing path becomes
unstable. As the probe displacement decreases, the probe force increases to point
3 to then decrease to 0 N at point 4, which corresponds to a buckled equilibrium
solution. Physically, the unstable path corresponds to the change of location of
the buckle formed during the stable probing path. At point 4, a local buckle in
equilibrium exists in the structure, but the final buckle location does not correspond
to the probing location. Note that the probe force vs. probe displacement curve
has a positive slope at point 4 which means that the equilibrium is stable. The
critical probe work required to form the localized buckled configuration at point 4
corresponds to the shaded area shown in Figure 2.13a. It is important to point out
that this area does not correspond to the energy barrier per se, as explained in the
previous subsection. In order to compute the energy barrier, i.e the difference in
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Figure 2.12: Probe force vs. probe displacement for a probe located at / = 100
mm and for 4 values of applied moment. For " = 1000 Nmm, the path exhibits
a local maximum and local minimum without reaching the zero threshold for the
probe force. The path is well behaved and can be resolved with a Newton-Raphson
solver. For " = 1050 Nmm, the path starts folding. The point of vertical tangency
is reached for a probe displacement 0.92 mm, and the path past this point would not
be resolved with a Newton-Raphson solver. The loop formed by the path folding
is becoming smaller as the moment magnitude increases until it folds on itself for
" = 1385 Nmm.

total potential energy between the unbuckled state and the buckled state at point 4,
the area enclosed by the probing path would have to be considered. The area under
the curve formed by points 2, 3 and 4 would have to be subtracted from the shaded
area, and the work done by the end-moments would have to be added.

Path folding has also been encountered in the case of a compressed spherical shell
being probed at its pole, under rigid volume control [79], and all of the generic
bifurcations that can arise and disrupt a probing sequence have been described
[77]. Two approaches have been proposed to explore experimentally these unstable
probing sequences. The first one consists in introducing feedback control [77]. If
the probe displacement and probe force are chosen as inputs, it is then possible to
resolve vertical tangents. It is also possible to navigate around the fold and avoid
unstable probing paths by using the moment and probe displacement as inputs.
Another approach consists in using additional probes to suppress instabilities [79].

We next analyze the probing paths for a probe located at 160 mm from the end of
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Figure 2.13: (a) Probing path for a probe located at / = 100 mm and an applied
moment " = 1050 Nmm. 4 key points are highlighted and corresponds to the
deformed shape shown in (b). The area shaded in green is the probe work needed
to be input into the structure to trigger snap-buckling. (b) Mode shapes obtained at
point 1, 2, 3, and 4 on the probing sequence. The stable part of the path (point 1 and
2) corresponds to the growth of the buckle formed by the probe. On the unstable
part of the path (point 3 and 4), we observe that the buckle previously formed is
shifting location. Deformations have been magnified by a factor 20 in these images.

the structure. The paths are shown in Figure 2.14. For moments of low magnitude
(" < 1050 Nmm), we observe similar results as the previous probe location.
The probing path is stable and the probe force exhibits a local maximum and
local minimum. For " = 1050 Nmm, we see a similar path folding as observed
previously. However the restabilized path extends further and reaches positive probe
forces, which indicates that a stable equilibrium solution exist. As the moments
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increase in magnitude, we observe probing path spiraling. The number of spirals
formed increases as themomentmagnitude increases and the spacing between spirals
decreases. These spirals disappear closer to the buckling moment.
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Figure 2.14: Probe force vs. probe displacement for a probe location at 160 mm
and for 5 values of applied moment. For " = 1000 Nmm, the path exhibits a local
maximum and local minimum without reaching the zero threshold for the probe
force. The path is well behaved and can be resolved with a Newton-Raphson solver.
For " = 1050 Nmm, the probe path starts folding and the point of vertical tangency
is reached for a probe displacement 0.85 mm. The path folding is then replaced by
path spiraling as the moment is increased, which indicates that multiple equilibrium
solutions exist in parallel. The number of equilibrium solutions encountered on
the probing path increases as the moment increases. For " = 1200 Nmm, 4
equilibrium solutions are detected and the spiraling evolves for " = 1300 Nmm
to reveal 5 equilibrium solutions. Close to the buckling load, at " = 1385 Nmm,
a single path is observed for extremely small values of probe displacement, which
indicates an extremely low critical probe work.

The probing path for" = 1300Nmm is shown in Figure 2.15a, and the 5 equilibrium
states are indicated. The deformed shapes obtained at these points are shown in
Figure 2.15b. As the probe displacement increases initially, the probe force increases
and then decreases. The probing path becomes unstable right before reaching the
first equilibrium state (1). At this point, a buckle (buckle 1) in equilibrium is formed
in the longeron at the probing location. Notice that this first equilibrium solution is
stable since the path slope is locally positive. The unstable path between state 1 and
2 exhibits negative probe forces, and we observe the initially formed buckle traveling
along the longeron’s top edge. This situation is similar to what has been observed at
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the 100 mm probe location. The main difference is that the path restabilizes with an
immediate increase in probe force. Point 2 is now also an equilibrium state, whereas
we only located one equilibrium solution before. Equilibrium state 2 is also stable.
From state 2 to state 3, the probe force increases, and the magnitude of the maximum
probe force is about twice the one attained before state 1. On this part of the path,
buckle 1 continues to travel along the longeron, and a second buckle (buckle 2) is
forming at the probe location. The path loses stability at a probe displacement of
about 0.4 mm and reaches the stable equilibrium 3, for which buckle 1 and buckle 2
are sustained, forming a "train" of 2 buckles. This buckle formation shifts location
before reaching the unstable equilibrium 4. The path proceeds with a third loop and
the 2-buckle formation continues traveling, while a third buckle (buckle 3) is being
formed at the probe location. The path reaches equilibrium 5 for which 3 buckles
in series are sustained in the longeron. Note that point 5 also corresponds to a local
minimum of probe force and as a result, no negative probe forces appear anymore
on the path.

Two other situations are encountered. Closer to the strip ends (probe location
between 20 mm and 60 mm) hysteresis is observed. The probe displacement first
increases, and the probe force increases until reaching a limit point, after which
the probe displacement decreases and the path returns to the origin. However, the
return path does not coincide with the first stable portion and exhibits lower probe
forces. This situation physically corresponds to a complex interaction between
longerons. The local inward displacement imposed on longeron 1 by the probe
causes a macroscopic in-plane bending of the full structure, causing the unprobed
longeron (longeron 2) to buckle. This transfer of energy between longerons through
the battens was also encountered for the alternate probing scheme and for the
unstable single outward probing scheme described in the next section. Finally,
for some combination of probe locations and moments, the solver stops before the
end of the analysis and the full probing path cannot be resolved. This is due to
secondary bifurcations being encountered during probing. While path folding and
spiraling could be resolved using the Riks solver alone, continuing these probing
paths after the bifurcation would require more evolved continuation algorithms [25]
and is beyond the scope of this chapter. In most cases, path folding is observed
before reaching the bifurcation point, but the path stops before reaching the zero
threshold for the probe force. Therefore, no equilibrium solutions can be detected,
and they may or may not exist. However, it is still possible to compute the probe
work required to trigger snap-buckling, when the vertical tangent is reached.
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Figure 2.15: (a) Probing path for a probe location at / = 160 mm and an applied
moment " = 1300 Nmm. 5 key points are highlighted and corresponds to the
deformed shape shown in (b). The area shaded in green is the probe work needed to
be input into the structure to trigger snap buckling. (b)Mode shapes obtained at point
1, 2, 3, 4, and 5 on the probing sequence. These points are all equilibrium solutions.
Points 4 and 5 correspond to unstable equilibria. The first loop yields a single
buckle equilibrium at the probe location and a shifted single buckle equilibrium.
The second loop gives double buckle equilibrium and the third one, a triple buckle
equilibrium. Deformations have been magnified by a factor of 40 in these images.

Single outward probing
No buckled equilibrium solutions were detected when the single outward probing
scheme was used in Section 2.4, and the probe force increased monotonically as
the probe displacement increased. Even if buckled equilibrium states seemed at
first unlikely to be encountered for this type of probing, the probing paths were



36

prematurely terminated by instabilities and therefore no conclusion could be drawn
regarding their existence. Here, the Riks solver is used to compute the probing
paths past vertical tangents. Surprisingly however, we found that the single outward
probing scheme is able to trigger inward buckled equilibria, and the two main
buckling mechanisms are analyzed below.

The first buckling mechanism corresponds to the formation of a buckle, in the
unprobed longeron. Probing at " = 1100 Nmm and at a location of 180 mm
exhibits this behavior, and the corresponding probe force vs. probe displacement
curve is shown in Figure 2.16a. The structure’s deformed shapes obtained at selected
points on the path are shown in Figure 2.16b. The probing sequence starts with a
monotonic increase in probe force as the probe on longeron 1 is displaced outwards.
The deformed shape at point 1 shows the large displacement of the probed longeron
but no localization is observed. However pulling on longeron 1 results in a global in-
plane bending of the structure, which creates inward displacement of the unprobed
longeron 2, since the two longerons are connected by the battens. Past point 1, the
probe displacement decreases and the inward displacement of longeron 2 localizes
to form a buckle. At point 2, the inward buckle on the unprobed longeron 2 is
in equilibrium and stable. Once the probe displacement becomes negative, the
single inward probing scheme is recovered and an inward buckle is formed on the
probed longeron 1. Path folding is then observed which corresponds physically to
the buckle on longeron 1 travelling, as described in the previous subsection. The
only difference here is that the initial outward probing created an additional inward
buckle on longeron 2.

The second bucklingmechanism ismore surprising and corresponds to the formation
of an inward buckle in the longeron probed outward. Probing at" = 1300Nmmand
at a location of 120 mm exhibits this behavior, and the corresponding probe force
vs. probe displacement curve is shown in Figure 2.17a. The structure’s deformed
shapes obtained at key points on the path are shown in Figure 2.17b. The probing
sequence starts again with a monotonic increase in probe force as the probe on
longeron 1 is displaced outwards. The deformed shape at point 1 shows the large
displacement of the probed longeron, but inward localization is observed farther
away from the probe, on the same longeron. Past point 1 the path becomes unstable,
and the localized fold present at point 1 is localized to form an inward buckle on
the probed longeron. The local hump in probe force observed on the unstable path
corresponds to the buckle traveling until the stable equilibrium at point 2 is reached.
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Figure 2.16: (a) Probing path for a probe located at / = 180 mm and an applied
moment " = 1100 Nmm. 4 key points are highlighted and correspond to the
deformed shapes shown in (b). The area shaded in green is the probe work needed
to be input into the structure to trigger snap buckling. (b) Mode shapes obtained at
point 1, 2, 3, and 4 on the probing sequence. The unstable part of the path (point
1 and 2) corresponds to the growth of the inward buckle formed on the unprobed
longeron. After point 2, the single inward probing scheme is recovered and buckle
traveling is observed. Deformations have been magnified by a factor of 30 in these
images.

After point 2, the single inward probing scheme is recovered and an additional
buckle is formed on the probed longeron. Path folding is again observed here.

Finally, other types of outward probing paths are encountered for different probe
locations and consist of a superposition of the two simple buckling sequences
described above. Note that once the first buckle has been formed by the outward
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Figure 2.17: (a) Probing path for a probe located at 120 mm and an applied moment
" = 1300 Nmm. 4 key points are highlighted and corresponds to the deformed
shape shown in (b). The area shaded in green is the probe work needed to be input
into the structure to trigger snap buckling. (b) Mode shapes obtained at point 1, 2,
3, and 4 on the probing sequence. At point 1, the probed longeron exhibits large
outward deformations, but a local fold is observed right above the displaced region.
This folds localizes to form a buckle and a second buckle is formed through inward
probing. Buckle traveling is also observed. Deformations have been magnified by
a factor of 50 in these images.

probing scheme, these paths can exhibit spiraling, and very complex series of buckles
in equilibrium can be found. The analysis of each of these complex situations is
beyond the scope of this chapter, and corresponds to evenmore equilibrium solutions.
The main take away here is that both the single inward and single outward probing
schemes can trigger inward buckling, and no outward buckling has been observed
for this structure. For each probing scheme, a value of critical probe work to trigger
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snap-buckling can be computed.

Critical probe work map
The analysis is repeated for all probe locations, moments, and both the single inward
and single outward probing scheme. It leads to the two critical probe work plots
shown in Figure 2.18. Each color corresponds to a given moment magnitude. When
probing is achieved past the first zero threshold in probe force, a buckled equilibrium
is detected and indicated by a dot. In some cases, secondary bifurcations are
encountered on the probing path before reaching the zero probe force threshold.
In this case, additional techniques need to be used to trace the full probing path.
However, the critical probe work can be computed and is reported without a dot.
If the probing path can be fully resolved but never crosses the zero probe force
threshold, the maximum work done by the probe is also reported without a dot.
Since the problem is symmetric with respect to the middle transverse axis of the
strip, we are only reporting results for half a strip in Figure 2.18. No early buckling
can be triggered for a strip location between / = 0 mm and / = 20 mm, and this
region is not shown. Finally, it is important to highlight that the probe location does
not necessarily coincide with the buckling location.

We first focus on the inward probing scheme for which the critical probe work is
shown in Figure 2.18a. Multi-stability is first detected in the middle of the strip
(probe at 200 mm) for " = 950 Nmm, and for higher values of moments, the
meta-stable region extends almost on the entire length of the structure. For moment
values under 1385 Nmm, the minimum critical probe work is always reached in
the middle of the strip (probe at 200 mm) and is extremely small. For " = 1000
Nmm, it is about 0.06 mJ and quickly drops under the microjoules threshold for
" = 1350 Nmm. These magnitudes make early buckling extremely likely to occur
in an experiment. Closer to the first buckling moment (" = 1400.3 Nmm), the
location of the minimum critical probe work is changing. It is attained for a probe
at 180 mm for " = 1385 Nmm and shifts to 160 mm for higher values of moments.
Note that for this range of high moments, the critical probe work drops dramatically.
At " = 1400 Nmm, the critical probe work first drops to zero (marked as 10−7 in
Figure 2.18 by convention).

We saw in the previous subsection that the single outward probing scheme also
induces inward buckling of the probed or the unprobed longeron. The critical
probe work for the single outward probing scheme is reported in Figure 2.18b.
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Figure 2.18: (a) Critical probe work map for the single inward probing scheme.
When probing is achieved past the first zero threshold in probe force, a buckled
equilibrium is detected and indicated by a dot. In some cases, secondary bifurcations
are encountered on the probing path before reaching the zero probe force threshold.
In this case, additional techniques need to be used to trace the full probing path.
However, the critical probe work can be computed and is reported without a dot.
For moments under " = 1385 Nmm, the minimum critical probe work is reached
in the middle of the strip (probe location 200 mm). Closer to the buckling moment,
the minimum critical probe work location shifts and falls to 0 mJ for " = 1400
Nmm. (b) Critical probe work map for the single outward probing scheme. The
trend is similar to the single inward probing scheme except that the single outward
probing scheme requires more energy to trigger inward buckles than the single
inward probing scheme, for all values of moment.

Qualitatively, the behavior reassembles what was observed for the single inward
probing scheme. The minimum critical probe work is attained in the middle of
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the strip for moment values below " = 1385. However, the critical probe work is
consistently higher for this type of probing, suggesting that inward probing is the
critical disturbance for this structure. Closer to the buckling moment, for " > 1385
Nmm, the minimum critical probe work is similar for the inward and outward
probing schemes. At " = 1400 Nmm, the critical probe work first drops to zero
(marked as 10−7 in Figure 2.18 by convention) but for a probe location of 60 mm,
which differs from the single inward probing scheme.

For both probing schemes, and for " < 1385 Nmm (99% of the buckling moment),
the minimum critical probe work is attained in the middle of the structure and is
extremely low. In an experiment, we suspect that initial imperfections would erode
the critical probe work significantly, and as a consequence, the structure would
never attain moments close to the buckling moment prior to buckling. Having said
that, we can conclude that early buckling is most likely to be triggered by inward
probing in the middle of the structure, and it is thus the critical disturbance. For this
specific case, the probing and buckling location are the same. Therefore, the critical
buckling mechanism consists of a localized single buckle in the middle of one of
the two longerons. Finally, rotation-controlled simulations have been carried out,
and the rotation-controlled critical probe work maps are presented in Section 2.7.

2.6 Stability landscape for critical localized buckling
The notion of a stability landscape of shell buckling was introduced [81] as a way to
characterize the meta-stable nature of cylindrical thin-shell buckling. The original
experiment accompanying this study used soda cans. A local radial displacement
is imposed in the middle of the compressed can using a small ball probe (called
"poker" in [81]). The stability landscape is the surface created when the probe
force is plotted as a function of the probe displacement for various levels of the
main loading parameter (axial compression or end-shortening of the cylinder). The
landscape provides a very useful way to quantify the impact of probing on the
buckling behavior and a general way to study the structure’s buckling sensitivity to
disturbances. In the cylinder case, the probe location coincides with the location of
the critical buckling mechanism. As a reminder, this critical buckling mechanism
corresponds to the formation of a single dimple in the middle of the cylinder and
the probing experiment is aimed at triggering this specific mode (lowest mountain
pass point). From the previous section, we were able to identify the critical buckling
mechanism for the strip structure. Local buckling can first appear as a single inward
buckle forming in the middle of one longeron. As a result we are now able to
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construct the critical stability landscape of shell buckling for this new structure.
This landscape is reported in Figure 2.19.
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Figure 2.19: Stability landscape for the strip critical buckling mechanism (single
inward buckling in the middle). It shows a region of negative probe force enclosed
by a stable and an unstable buckled equilibrium contour, separated from the fun-
damental path by a ridge of probe force. The path restabilizes past the valley and
additional buckling events are triggered through snaking when the maximum limit
point contour is reached. No buckles can be sustained in the structure for moments
below the minimal buckling moment (" = 950 Nmm).

This landscapematches qualitatively the one obtained for the compressed cylindrical
shell, but also the stability landscape for more complex geometries and loading [69].
Several important features are observed and were previously noted in [81]. They are
explained here. The point of spontaneous buckling corresponds to the state for which
the structure will undergo buckling without any action from the probe (no probe
displacement). This point is reached when the moment attains the buckling load
(accounting for nonlinear pre-buckling deformation). However, before reaching
this point, buckled equilibrium solutions are accessible through probing. These
solutions correspond to the contour for which the probe force is zero (for a non-zero
probe displacement). It is split into two parts: stable and unstable states. For a
specific value of moment, the stable and unstable states coalesce. This condition
corresponds to the lowest value of moment for which a buckled equilibrium solution
exists, and thus represents the onset of meta-stability. The associated state is called
the minimally buckled state [81], and we will refer to this moment value as the



43

minimal buckling moment for the rest of the chapter. For the strip structure, the
minimal bucklingmoment is 950Nmm(68% of the bucklingmoment), and the probe
displacement at the minimally buckled state is 1.6mm. Below the minimal buckling
moment, no local buckles can be sustained in the structure. This load may serve as
an effective lower bound for experimental buckling loads [23]. During a moment-
controlled experimental probing sequence, where the probe is not attached to the
structure, the longeron flange will dynamically snap as soon as the probe evolves
past the unstable equilibrium contour, since the probe will experience negative
reaction forces. Depending on the moment at which probing occurs, the structure
can restabilize and reach the stable equilibrium contour. For a moment above a
critical value, corresponding to the snaking point of Figure 2.19, the structure will
not restabilize and will completely collapse. The snaking moment is" = 993 Nmm
(71% of the buckling moment). It is possible to probe the stable post-buckling path
and compute the critical probe work required for early snaking, following the same
methodology. This will be the subject of a future study. However, it is important
to realize that the existence of the stable equilibrium contour is not guaranteed,
and depends on the structure but also on whether the experiment/simulation is load
controlled or displacement controlled. For example, a spherical shell under external
pressure will exhibit stable buckled states when loaded under volume-control but
has no stable buckled states (other than complete collapse) under pressure-control
[40]. In some cases, it has also been observed that the stable buckled equilibrium
contour can extend much farther than the first buckling load [69]. Note that the
unstable equilibrium contour stops at the buckling moment but does not intersect
the fundamental path. This case is also encountered for the compressed cylindrical
shell [23] and means that this "broken away" localized mode does not stem from
a bifurcation and is rather considered as a mountain pass point, as introduced in
Section 2.1.

The local maxima of probe force creates the ridge of the stability landscape, and
forms a hill of energy between the fundamental path and the unstable buckled equilib-
rium states. At any applied moment, the critical probe work is the minimum energy
that must be input into the structure for it to locally buckle. This quantity is directly
related to the buckling sensitivity to disturbances, referred to as "shock-sensitivity"
[76]. The ridge meets the fundamental path at the point of spontaneous buckling
under prescribed probe force (but not under prescribed probe displacement). Past
this point, negative probe forces are encountered as soon as the probe is displaced.
The local minima of probe force forms the valley of the stability landscape, and is
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the limit beyond which probing paths restabilize. The valley intersects the buckled
equilibrium contour at the minimally buckled state after which the minimum probe
force becomes negative. The ridge and valley intersect at " = 710 Nmm (51% of
the non-linear buckling moment), after which the landscape starts exhibiting a neg-
ative probing stiffness. In a moment-controlled experiment for which the probe is
not glued to the structure, kinetic energy would be released during probing, through
snapping (for force controlled probing). For higher values of probe displacements,
the stability landscape is bounded by limit points ending each probing sequence.
The ridge, valley, and maximum limit points are forming the landscape’s foldline
which defines more generally the range of stability for the structure against the sin-
gle buckle mode of deformation. Snaking, which corresponds to secondary modes
being triggered, will occur when the maximum limit points are exceeded. Finally,
rotation-controlled simulations have been carried out and yield qualitatively the
same landscape. The rotation-controlled stability landscape is shown in the next
section.

2.7 Rotation-controlled bending
The analysis presented in the chapter is repeated for a rotation-controlled main
loading. Here the rotation is prescribed at the two ends of the strips, at the reference
points shown in Figure 2.3. The moment-controlled and rotation-controlled studies
lead to the same qualitative results. The same buckling modes and unstable probing
paths are observed, and the critical probe work maps can be computed. These maps
are shown in Figure 2.20a for the single inward probing scheme and in Figure 2.20b
for the single outward probing scheme. The values of applied rotations are chosen
such that they correspond one-to-one to the moment magnitudes in Figure 2.18, on
the structure’s fundamental path.

One important difference here is that the probe work accounts for all the external
work since the endmoments are not doing anywork. For rotations (or corresponding
moments) between 0.745 deg and 0.894 deg, a higher critical probe work is required
to trigger snap-buckling when the loading is rotation-controlled rather thanmoment-
controlled. In this initial range of rotations, the minimum critical probe work is still
achieved by probing in the center (/ = 200 mm), and therefore the single inward
buckling in the middle of one longeron is also the critical buckling mechanism for
a rotation-controlled loading. For higher values of rotation, the critical probe work
is higher for the moment-controlled case, even if it has a similar order of magnitude
for both types of loading. Closer to the buckling point, we observe that the critical
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Figure 2.20: (a) Critical probe work map for the single inward probing scheme.
When probing is achieved past the first zero threshold in probe force, a buckled
equilibrium is detected and indicated by a dot. In some cases, secondary bifurcations
are encountered on the probing path before reaching the zero probe force threshold.
In this case, additional techniques need to be used to trace the full probing path.
However, the critical probe work can be computed and is reported without a dot. (b)
Critical probe work map for the single outward probing scheme.

probe work becomes chaotic across the structure’s length.

For the critical buckling mechanism identified above (single inward buckle at / =

200 mm), the rotation-controlled stability landscape can be built and is shown
in Figure 2.21. It presents the same features as the moment-controlled stability
landscape. In both studies, the probing path restabilizes after the minimally buckled
state. The minimal buckling rotation is about 70 % of the classical buckling rotation
which is comparable to the minimal buckling moment which was 68 % of the
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classical buckling moment. Probing becomes unstable close to the snaking point
which explains the missing area in the map shown in Figure 2.21. It is important to
point out that when the applied rotation is held constant, the area under the probe
force vs. probe displacement curve is the critical probe work but also the energy
barrier between the unbuckled equilibrium and the unstable buckled equilibrium.
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Figure 2.21: Stability landscape for the strip critical buckling mechanism (single
inward buckling in the middle), and for a rotation-controlled loading. The same
features as for the moment-controlled study are observed.

2.8 Conclusion
This chapter has presented a numerical analysis investigating the buckling sensitivity
of a thin-shell strip structure, applying the novel probing methodology previously
used for cylindrical and spherical shells. The focus has been on one single geometry,
inspired from large spacecraft structures, with the goal of paving the way for the
experiment of Chapter 4.

First, a classical post-buckling analysis has been conducted and consisted in seeding
imperfections based on the structure’s buckling modes in the initial geometry. It
showed that from a limited set of 9 bucklingmodes, multiple localized post-buckling
solutions arose, which suggested that the structure was exhibiting spatial chaos.
Therefore, applying the probing methodology seemed particularly suited to finding
the critical buckling mechanism. This new methodology has been extended to
probe the entire structure and showed that only localized buckling in the inward
direction can be triggered before the buckling moment is reached. Furthermore,
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the comparison between single and double inward probing schemes highlighted that
the longerons will most likely not undergo buckling simultaneously and will rather
exhibit a sequential formation of buckles know as snaking, which was also supported
by the classical post-buckling analysis. However, when the probing location does not
coincide with the middle of the structure, incomplete probing sequences have been
observed, for which instabilities are encountered on the probing path. Therefore,
an arc-length solver was further used to resolve unstable probing sequences. It
highlighted complex behaviors such as buckles traveling along the structure and
multiple equilibrium paths juxtaposed next to each other. In addition, unstable
outward probing also led to the creation of local inward buckling through complex
interactions between components at the structure’s level. The generalized probing
approach enabled the construction of a critical probe work map from which we
concluded that a single inward buckle forming on a single longeron was the buckling
mechanism requiring the least amount of disturbance to be triggered before reaching
the bucklingmoment. A further in depth study of this critical bucklingmode enabled
the construction of a stability landscape of shell buckling. It highlighted the region
of stability for the buckled structure as well as the region for which restabilization
occurs, between the minimal buckling moment and the snaking moment. The
main observation is that this stability landscape is qualitatively similar to the one
constructed for a previous cylindrical shell experiment. Although the core of the
chapter presented results for a moment-controlled loading, for which probing occurs
at constant moment, a rotation-controlled loading had also been studied and leads
to the same qualitative results for this structure, shown in Section 2.7.

More generally, we have shown throughout this chapter that the probing methodol-
ogy can be applied to more complex structures than the cylindrical and spherical
shells. Therefore, the use of such a technique for complex assemblies of thin-shell
components seems to be possible and could enable an in-depth understanding of
any structure’s buckling sensitivity. One could think about designing for a specific
level of disturbance during operations and thus push the structure’s capabilities to
its fullest. If one does not have a full knowledge of potential disturbances, an
experimental determination of the minimal buckling load seems to provide an ex-
cellent buckling criteria. However, more work needs to be done to assess how initial
imperfections erode the critical probe work required to trigger buckling and how
they could provide connections between the adjacent post-buckling path and the
fundamental path. Recent studies suggested that the minimal buckling load varies
extremely slowly for imperfections of limited amplitude (about 50 % of the shell
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thickness) [69], even if the critical probe work is greatly affected. A thorough inves-
tigation of the role of imperfections on the buckling sensitivity will be the subject
of a future study.
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C h a p t e r 3

ISOSTATIC PURE BENDING MACHINE FOR
IMPERFECTION-SENSITIVE NONLINEAR STRUCTURES

3.1 Introduction
Three-point and four-point bending tests performed on universal testingmachines are
well established as a way of characterizing the behavior of materials and structures
under bending. They are widely used to measure the bending stiffness and strength
of stiff test samples, undergoing small deformations. Recent applications involving
large bending deformations of compliant structures [5, 26], large-strain and ultra-
thin flexible components for spacecraft structures have been accompanied by efforts
to develop alternative testing setups. Our specific interest is in the deployment of
ultralight spacecraft apertures [17] based on thin-shell structures that include tape
springs and collapsible booms [27, 84], which can form localized folds with a small
radius. The ideal test configuration for this type of structure is pure bending, with
large imposed end rotations. Moreover, in the case of thin shells with geometric
imperfections, any redundant constraints imposed on the sample may lead to a state
of self stress if the structures’ end mounts are not exactly aligned. In practice, the
effects of this additional stress perturbation on the thin shell buckling behavior are
significant, and would increase dramatically the apparent imperfection sensitivity
of the test structure. Therefore, statically determinate boundary conditions are
particularly relevant for the testing of non-linear thin-shell structures.

Different fixtures that can be mounted on a universal testing machine have been
developed [16, 52, 56, 86] to characterize composite materials under large bending
deformations. However, none of them can generate a state of pure bending in a
sample of arbitrary geometry. Platen bending tests [52, 86] introduce normal and
shear forces, and the effective length of the sample changes during the test. An
improved version of these setups [16] can maintain a constant effective length but
still introduces normal and shear forces, as well as additional loads due to themass of
the test fixture. These parasitic contributions create a more complex stress state than
pure bending and are sensitive to missalignements in the testing apparatus, due to
their redundant boundary conditions. A four-point bending fixture that can impose
large rotations without any axial forces has been developed [9, 56]. The kinematic
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diagram for this solution is presented in Figure 3.1c. However, a pure bending stress
state is only obtained if the test sample deforms symmetrically and therefore if its
material and geometric imperfections are negligible. This architecture is statically
indeterminate and initial geometric imperfections will induce an initial state of self
stress in the sample.

Special-purpose, pure bending machines have also been developed, often based on
pulleys and cables [14, 15, 30, 46]. In the design presented in [46], each end of
the sample is attached to a pulley, and a cable links the two pulleys ensuring two
equal reaction moments on both sides. The cable shortening can be imposed by an
actuator, causing the pulleys to rotate. The use of rollers in conjunction with the
cable and pulleys prevents any axial forces to appear. A kinematic diagram of this
testing apparatus is shown in Figure 3.1a. Identical setups were employed in [14,
15] and a similar concept is also proposed in [30, 55, 61]. However, these machines
are primarily used for the testing of very large and stiff samples for civil engineering
applications. In addition, even if the degree of indeterminacy is lower than for the
machine of Figure 3.1c, this architecture is still statically indeterminate.

Another type of machines eliminates external forces by employing linear guides
[11, 31, 49, 87] so that only a bending moment can be applied to the structure.
In the concept by [87], one sample end is resting on two perpendicular linear
guides which allows it to translate in plane. The other sample end is rotated by
a motor. The kinematic diagram for this machine is shown in Figure 3.1d. This
architecture reduces the magnitude of in-plane reaction forces, which can only arise
from friction in the sliders. The concept presented in [11] uses a similar architecture
and is illustrated in Figure 3.1e. It uses two perpendicular linear guides, on which
the sample’s ends are attached. One end is rotated relative to the corresponding
linear guide by a motor. The sliders on each guide are allowed to translate without
friction, which suppresses all in-plane reaction forces. They are also allowed to
rotate about the guide’s axis to suppress parasitic reaction moments. This testing
apparatus has only a degree of indeterminacy of 1, stemming from the redundant
constraint on the vertical translation of the sample. However, this machine is large
and is best suited for relatively stiff samples. The pure bending machine presented in
[49] and illustrated in Figure 3.1b is used for the testing of softer thin-shell samples.
It uses only one frictionless linear guide, and during testing, special care needs to be
taken to balance the reaction moments at the ends to avoid shear reaction forces at
the two sample ends. Doing so requires a careful coordination between the two end
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rotations, which is difficult if the test sample becomes unstable. A machine similar
to [11], but suitable for much smaller and softer samples, was designed in [31],
but not realized. A suspension system removing all external forces is presented
in [2] and uses two overlapping identical samples. The two samples are bent in
opposite directions by actuators. In this concept, pure bending is only achieved if
the properties of the two samples are identical.

Imperfection-sensitive structures and non-linear structures undergoing buckling or
snap-through are hard to study, and are particularly sensitive to boundary conditions,
as discussed earlier. Even if the testing apparatus described above is extremely
suitable for the testing of plate coupons and stiff structures, a fully isostatic pure
bending apparatus dedicated to the testing of thin-shell components does not exist
yet. This chapter presents the design of a new bending machine that uses the concept
presented in [11] as a baseline, and releases the redundant constraint by employing
an additional slider in the vertical direction, as illustrated in Figure 3.1f. It results in
an isostatic system generating a state of pure bending in the test sample, regardless
of its geometric or material imperfections. This new machine enables the testing of
ultra-thin materials and softer structures with complex cross-sections [17], needed
for modern aerospace applications.

The chapter is structured as follows. Section 3.2 discusses the impact of redundant
boundary conditions for testing thin-shell structures, and Section 3.3 presents the
physical implementation of the bending machine. Its stiffness is then assessed
through experiments on stiff tubes in Section 3.4, and Section 3.5 analyzes the
testing machine’s performance and its parasitic effects, through experiments on
circular rods. Testing is then extended to tape springs in Section 3.6, and the
interaction between kinematic constraints and sample imperfections is analyzed
using finite element simulations in Section 3.7. Finally, Section 3.8 concludes and
presents an outlook of future experiments rendered possible by this new testing
setup.
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Figure 3.1: Kinematic diagrams for various bending machine concepts. The bold
green line represents the test samples, and the kinematic pairs indicated in red are
actuated. The diagrams are drawn in the (X-Y) plane and the bending axis coincides
with the Z-axis. (a) Apparatus from Kyriakides et al. The dashed line represents
a chain coupling two revolute kinematic pairs. (b) Bending machine from Fisher
et al, (c) Murphey et al, (d) Yoshida et al., (e) Boers et al and (f) the new bending
machine described in the present chapter. (g) Definition of the kinematic pairs used
in the kinematic diagrams and their degrees of freedom. The symbols are based on
[42].
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3.2 Eliminating redundant constraints
The purpose of the new bending machine is to test thin-shell structures under large
deformations, and to predict accurately their buckling and post-buckling behavior.
One important feature of such structures is that they exhibit an unstable post-buckling
regime, and therefore, the pre-buckling state is metastable close to the buckling load.
A small amount of energy input into the system can therefore force the structure
to transition in its post-buckling regime before the theoretical buckling load is
reached. If the testing apparatus is statically indeterminate, geometric and material
imperfections can also perturb the pure bending stress state and affect significantly
the buckling transition. Another challenge arises from the study of structures with
non-symmetric cross-sections, or for which the stable mode of deformation is non-
symmetric. In this case, the structure will undergo large 3D deformation under
pure bending. If the boundary conditions restrain the displacement of the end
cross-sections relative to one another, large reaction forces and moments can arise
perpendicular to the bending axis. The structure will no longer be under pure
bending and its behavior will be influenced by statically indeterminate reaction
forces and moments at the supports. If boundary conditions can be modelled
accurately, simulations will in theory enable capturing these statically indeterminate
reactions. However, the test results become more sensitive to the structures’ initial
imperfections and its mounting into the testing machine. Therefore, it requires
adjustments to guarantee a structure free of self stress throughout the test, which in
practice may only be achieved by having no redundancy in the boundary conditions.
This important characteristic is studied in depth in [47], where the authors analyze
the buckling of a cylindrical shell under compression. The two shell’s end cross-
sections are held using friction, which in effect provides statically determinate
support conditions at high loads, allowing the end cross-sections to be non-planar.
Furthermore, the researchers introduced initial stresses by locally displacing the one
end cross-section, highlighting that the shell’s apparent imperfection sensitivity was
limited by the use of isostatic boundary conditions. Other studies focused on other
types of boundary conditions and showed how the constraints imposed by the testing
apparatus influence the structure’s sensitivity to buckling [21]. We wish to address
and justify here the choice of boundary conditions for the new bending machine. We
discuss successively the role of in-plane (-−. plane) constraints on translations and
rotations, and will touch upon the release of the out-of-plane translation constraint,
in order to create a statically determinate (isostatic) testing apparatus.

Reaction forces aligned with the test structure’s neutral axis have a large influence on
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its stress state. Parasitic compressive or tensile stresses are respectively reducing or
increasing the bucklingmoment significantly. It is therefore important to remove any
redundancy in translational constraints along the sample’s longitudinal axis. This
condition is met by all designs presented in Figure 3.1. Translational redundancy
transverse to the sample longitudinal axis can create shear forces at the structure’s
supports, and this effect is for instance observed if the two bending moments at the
sample ends are imbalanced. In the design presented in Figure 3.1b, the two end
rotations are controlled independently and the bending moments can be matched
in theory, but is hard to achieve in practice. In the design of Figure 3.1a and 3.1c,
the single degree of freedom actuation results in two equal and opposite bending
moments only if the tested structure is close to perfect. Quantifying the parasitic
effect generated by shear forces is hard in practice due to the testing machine’s
static indeterminacy. To avoid any parasitic contributions from in-plane forces, the
designs in Figure 3.1d and 3.1e employ two perpendicular linear bearings which
remove any in-plane redundancy in translational constraints.

The effect of redundant rotational constraints is harder to analyze but is particu-
larly important for imperfect thin-shell structures. Recent advances in spacecraft
structures uses very thin and complex composite booms [48]. Even though these
components are designed to be straight along their longitudinal axis, they exhibit
residual twist and camber after manufacturing, and the two end cross-sections are
often non coplanar. If the coplanarity of the end cross-sections is enforced through
fixed rotation boundary conditions, it can induce a significant amount of prestress
in the test structure. One potential solution is to have custom end fittings which
compensate for these geometrical imperfections. However, the test results become
extremely sensitive to the position accuracy provided by these additional compo-
nents. In addition, if the test structure exhibits significant off-axis deformations, any
rotational constraint redundancy can create significant parasitic reaction moments
and a complex stress state in the structure. The impact of rotational constraints on
imperfect tape spring structures is analyzed in details through simulation in Section
3.7. To avoid any parasitic moments and self stress, the design presented in Figure
3.1e, employs a similar concept to Figure 3.1d, but the prismatic joint between
the sample and the linear guide is replaced by cylindrical joint, which releases the
rotational degree of freedom along the guide’s axis. This architecture removes all
redundant rotational constraints’ redundancy, and the same architecture is adopted
in the present bending machine.
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One redundant constraint in the apparatus of Figure 3.1e makes it statically indeter-
minate. The out-of-plane (z-axis) translations of both sample ends is constrained.
In the physical implementation presented in [11], the sample is hanging below the
plane formed by the two linear guides. As a result, the rotation of one sample end
around its linear guide’s axis results in a change of its z-coordinate. Compatibility of
displacements requires that the two ends have the same z-coordinate and therefore,
the rotation of both ends needs to be equal. For flat material coupons, deformations
transverse to the main bending axis have very limited amplitude, and coupling be-
tween the two end rotations may not be a concern. However, for complex structures
undergoing large 3D deformations, a coupling between global torsion and bending
transverse to the main bending axis arises, which creates a very complex stress state
and is hard to model accurately. In the design presented in this chapter, this coupling
is removed by adding a slider in the z-direction at one sample end, and the resulting
boundary conditions are statically determinate. The machine’s kinematic diagram
is shown in Figure 3.1f, and the boundary conditions are explicitly stated in Figure
3.2.
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Figure 3.2: Conceptual representation of the bending machine, specifying the
boundary conditions on the two ends of the sample. (a) Undeformed configura-
tion and (b) deformed configuration after a rotation of \ is applied to end 1. U
corresponds to the translational degree of freedom and UR to the rotational de-
gree of freedom. In a previous concept [11], Uz was constrained for end 2. This
constraint has been released in the present bending machine. The local coordinate
systems attached to end 1 and end 2 are shown as well as the global coordinate
system.
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3.3 Design of the bending machine
The bending machine employs two perpendicular circular rods in the - − . plane,
similarly to the setup presented in [11]. They form two linear guides on which two
air bearings are allowed to translate and rotate. As explained in Section 3.2, this
architecture suppresses all in-plane reaction forces and moments during the test, and
prevents any self-stress in the test structure. The pressure in the air bearings is 90 psi.
Several components are attached to each air bearing, and we refer to this assembly as
a slider. The actuated slider, on which one end of the test structure is attached (end
1, see Figure 3.2), is made of a DCmotor (Harmonic Drive FHA-8C) which controls
the rotation of the sample around the local I-axis. An incremental encoder with a
resolution of up to 800, 000 counts per revolution measures the applied rotation. A
sensor (ATI Mini40) is attached to the motor’s rotating end and measures the three
reactions force components with a resolution of 1/100 N and the three reaction
moment components with a resolution of 1/4000 Nm. These sensors can measure
in-plane forces up to 40 N, out-of-plane forces up to 120 N, and moments up to 2
Nm. An aluminum bracket is mounted on the sensor and provides and interface
to attach the test structure. The second end of the test structure (end 2, see Figure
3.2) is attached to the rigid slider, where the DC motor is replaced by an aluminum
column. An offloaded bracket allows the sample to translate along the slider-local
I-axis. It uses a hanging mass and a pulley, which compensates for half of the mass
of the test structure and half of the mass of the bracket’s translating assembly. To
avoid parasitic moments caused by gravity, a counterweight is attached to the top of
each slider and can be translated to adapt to a wide range of sample mass. A CAD
model of the bending machine is shown in Figure 3.3. A custom Matlab code was
developed to read, display, and record the forces, moments, and rotations in real
time. The rotation of end 2 can be applied both as a ramp or as a smooth s-curve,
and the maximum angular acceleration can be chosen to limit dynamic effects. Note
that the apparatus is mounted on an optical table and the spacing of the circular rods
can be varied to accommodate a wide range of sample lengths and applied rotations.
The height of the table is adjusted using spacers. The physical implementation of
the machine is shown in Figure 3.4.

3.4 Experimental setup compliance assessment
The two main quantities of interest for a pure-bending test are the bending moment
around the I-axis and the rotation applied to the test structure. These quantities can
be affected by any torsional compliance in the sliders. It is then critical tomeasure the
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Figure 3.3: CADof the bendingmachine. Two frictionless linear guides aremounted
perpendicular to each other on an elevated optical table. Two sliders are suspended
on these linear guides and the moment caused by gravity is eliminated by using
counterweights. One slider assembly is made of a DC motor and sensor while the
other slider features an offloaded mounting bracket and a sensor.

Figure 3.4: Physical implementation of the bending machine. Here the test structure
is a carbon fiber rod, corresponding to the test described in Section 3.5.

torsional stiffness of each slider and to understand the impact it has on the test results.
The compliance of the experimental setup can then be included in simulations. In
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order to measure it, a very stiff tube, shown in Figure 3.5 is attached to the machine.
The tube geometry is chosen such that it is orders of magnitude stiffer than any
samples that would be tested with the machine, and the tube can be considered rigid
in the analysis. When the motor is actuated, the tube rotates as a rigid body, resulting
in the twisting of both sliders. The twisting moment is measured for both sliders and
the rigid body rotation of the tube is determined experimentally using a laser scanner
(FaroArm). The tube and apparatus are represented in their deformed configuration
in Figure 3.6b. The measurements are repeated every rotation increment of 0.1
deg until an absolute rotation of 0.9 deg is reached. The twisting angle of both
sliders is determined. For the rigid slider, the equivalent twist is simply the rigid
body rotation of the tube, whereas for the actuated slider, the equivalent twist is the
difference between the applied rotation and the tube rotation.

Figure 3.5: Stiff tube mounted on the bending machine. This test sample is used to
determine the torsional stiffness of both sliders.

The reaction moment plotted as a function of the equivalent twist for both sliders
is shown in Figure 3.6a. The rigid slider appears to be softer in torsion than the
actuated slider. This can be explained by the presence of the offloaded bracket on the
rigid slider, which is partially made of acrylic and therefore softer than the rest of the
components made of aluminum. The sliders’ torsional response can be considered
linear up to a reaction moment of 0.7 Nm. The complete response could best be
described as bi-linear. A linear fit is shown in Figure 3.6a for reference. The softer
behavior can be due to a local deformation between the tube and its end mounts,
and may not be representative of the sliders’ torsional stiffness. Therefore, for the
rest of the chapter, a linear fit between a rotation of 0 and 0.2 deg is considered.
The resulting torsional stiffness is 203 Nm for the rigid slider and 301 Nm for the
actuated slider.
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Figure 3.6: Compliance assessment test performedwith a rigid cylinder. (a) Bending
tests results for a rigid cylinder. A linear fit is shown which is used to compute the
torsional stiffness of each slider assembly. (b) Schematic of the rigid tube test. An
equivalent twist can be defined and takes for arguments the angles indicated in the
figure.

3.5 Machine accuracy and parasitic effects
To assess the accuracy of the bending machine, an initial set of bending tests was
performed on 3 circular carbon fiber rods. 2 cross-section diameters are considered,
3 = 2.88 mm and 3 = 3.19 mm, as well as 2 different lengths, ! = 581 mm and
! = 446 mm. Each rod end was inserted and bonded into an acrylic plate, which
attaches to the machine’s brackets. For each rod, 3 loading and unloading sequences
were performed and the 3 reaction moments and reaction forces were measured by
the sensors. The result of a specific test, performed on a rod of diameter 3 = 3.19
mm and length ! = 446 mm, is shown in Figure 3.7. For this particular test, a
S-curve rotation profile is prescribed with a maximum angular velocity of 0.1 deg/s,
and the maximum rotation is set to 10 deg. The sensors are zeroed after the sample
is mounted on the machine.

The bending moments "I1 and "I2 are linear for the entire range of rotations
considered. Even if some oscillations are noticeable, their amplitude is negligible
compared to the global linear trend. However when looking at in-plane moments
(Figure 3.7b) and forces (Figure 3.7d), as well as out-of plane forces (Figure 3.7c),
oscillations of larger amplitude are observed. This behavior is not caused by noise
in the sensors but rather by the physical oscillation of the two sliders. The bending
machine is equivalent to a system of two pendula coupled by a soft spring. Each
pendulumhas its ownmass, natural frequency, and plane of oscillation. The resulting
mechanical coupling creates a beating phenomenon (amplitude modulation) and
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Figure 3.7: Test results for a rodwith diameter 3 = 3.19mmand length ! = 446mm.
The maximum angular velocity for this specific test is set to 0.1 deg/s. The reaction
moments and forces are measured in the deformed reference frames attached to end
1 and end 2, described in Figure 3.2. (a) Main bending moment around the z axis,
(b) reaction moments around the x- and y-axes, (c) reaction forces on the z direction
and (d) reaction forces on the x- and y-axes.

explains the complex oscillatory profile observed for the out-of-plane forces. In
practice, the range of slider rotation characteristic of this oscillatory behavior is
extremely limited and is barely noticeable by eye. A series of tests has been
performed on the same rod sample with various maximum angular velocities. A
plot of in-plane bending moments for a maximum velocity of 0.01 deg/s and 0.6
deg/s is shown in Figure 3.8. In the case of Figure 3.8b, the test duration is about
17 min, whereas it is about 17 s in Figure 3.8a. Since the natural frequency of the
coupled pendula does not change, the data appear more noisy for the longer duration
test. However, the maximum angular velocity does not influence the results as long
as the test can be considered quasi-static.
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Figure 3.8: Test results for a rod with diameter 3 = 3.19 mm and length ! = 446
mm for a maximum angular velocity of (a) 0.6 deg/s and (b) 0.01 deg/s.

Three tests are performed on the rod of diameter 3 = 3.19 mm and length ! = 446
mm, with a maximum angular velocity of 0.01 deg/s. The results of these tests are
shown in Figure 3.9. The mean of the three tests is computed and filtered using
a moving average filter. The area corresponding to test data within one standard
deviation is also reported for the three bending moments and forces. The spread of
the data is caused by the oscillatory behavior explained above, and wemostly discuss
here the trends followed by the mean moments and forces. As observed before, "I1

and "I2 (Figure 3.9a) are linear, and their standard deviation is extremely small.

The in-plane forces are more complex to analyze. �G1 and �H2 (Figure 3.9d) follow a
linearly increasing trend. These reaction forces are along the linear guides’ axes. In
theory, the air bearings make the guide frictionless, and therefore the axial reaction
forces would be zero. However in practice, the presence of cables and air tubes, seen
in Figure 3.4, creates these non-zero reaction forces. During the test, both sliders
undergo a small rotation around their guides’ axes, due to small imperfections in
the sample. As a result, the sensor’s local z-axis is no longer aligned with the local
vertical, and part of the slider’s weight is projected onto the linear guide’s transverse
axis. This geometric effect creates the �H1 and �G2 reaction force components. Note
that as the test progresses, the tilt of each slider increases and therefore the weight
projection increases in magnitude as well, which explains the linear trend followed
by these forces. These reaction forces also have a separate component that partially
equilibrates �G1 and �H2. The out-of-plane forces �I1 and �I2 (Figure 3.9c) also
follow a linear trend, caused by the slider tilt.

The cables and slider tilt are also responsible for the in-plane moments observed in
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Figure 3.9b. The offset between the cables and the sliders’ axes of rotation creates
the moment components "G1 and "H2. It is important to mention that the rigid
slider only has one cable connecting to the sensor and one air tube connecting to
the bearing, while the actuated slider has a significant amount of additional cables
connecting to the DC-motor. For this reason, "H2 is almost zero for the entire
range of rotations whereas "G1 has a larger amplitude. The linear increase can be
explained by the shift in the cable bundle’s center of gravity and therefore changes
the magnitude of the reaction moments. The out-of-plane forces create moment
components "H1 and "G2. When the slider tilt increases linearly, the magnitude of
"H1 and "G2 also increases linearly.

In conclusion, the parasitic reaction forces and moments measured by the sensors
are caused by two effects: the presence of cables and the the tilt of the sliders
during the test. However these effects do not significantly affect the accuracy of the
main bending moment measurement, and therefore the performance of the bending
machine, as discussed next. Improvement in the handling of the cables can be made,
but it was not deemed necessary for the type of structure we are looking at.

Next, the test described above was repeated three times for each rod sample, and
their bending stiffnesses were computed, based on the average of "I1 and "I2.
In addition to the tests on the new bending machine, 3-point bending experiments
were conducted on the same samples, and the bending stiffnesses obtained by the
two methods are compared, see Table 3.1. A good agreement is observed between
the two tests, with a relative error under 2 % for all samples. The discrepancy
between the two tests can be attributed to 3 factors: the cables, the slider tilt and
the slider torsional compliance. Since the latter has been characterized in Section
3.3, its effects are included into a finite element simulation, where the rod model
is connected to two torsional springs of equivalent stiffnesses. The relative error
between the bending machine experiment and the simulation is under 1 % for all
samples. Qualitatively, the torsional compliance of the sliders reduces the rod’s
apparent bending stiffness. This effect is more significant for the shorter and thicker
rod, for which the bending moments are higher than for the two other samples. The
remaining discrepancy is attributed to the cables and slider tilt, and these effects are
more dominant for longer and/or softer samples. However, these parasitic effects
are very limited and are not a concern here. These initial tests revealed that the
performance of the new bending machine is satisfactory for linear structures, and
will next be assessed for more complex tests on non-linear thin-shell components.
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(a) (b)

(c) (d)

Figure 3.9: Test results for rod sample 2 (3 = 3.19 mm and ! = 446 mm). The
reactionmoments and forces aremeasured in the deformed reference frames attached
to end 1 and end 2, described in Figure 3.2. (a) Main bending moment around the
z axis, (b) reaction moments around the x- and y-axes, (c) reaction forces on the z
direction and (d) reaction forces on the x- and y-axes.

3 = 3.19 mm 3 = 3.19 mm 3 = 2.88 mm
! = 581 mm ! = 446 mm ! = 446 mm

Methodology Rod bending stiffness, EI (Nm)
3-point bending 0.736 0.736 0.354
Simulation 0.738 0.723 0.357
Experiment 0.742 0.729 0.360
Reference Experiment relative error on EI (%)
3-point bending 0.912 -0.964 1.602
Simulation 0.541 0.824 0.754

Table 3.1: Measured bending stiffness for 3 carbon fiber rods. The first row corre-
sponds to a 3-point bending test performed on a universal testing machine (Instron).
The second row corresponds to finite element simulation, taking into account the
sliders’ torsional stiffness found in Section 3.3. The third row corresponds to the
tests preformed on the new bending machine. Finally the relative error between the
new bending machine experiment and the 3-point bending experiment is reported in
the fourth row and the relative error between experiment and simulation is reported
in the fifth row.
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3.6 Non-linear structures: tape springs
The main propose of the new bending machine is to test non-linear thin-shell struc-
tures and to study their instabilities. One such structure, used as a building block
for more complex thin-shell deployable components, is the tape spring, which has
been studied extensively [73]. It captures all the important features of the thin-shell
behavior: unstable buckling, imperfection sensitivity, and localization of buckling
modes. In this section, a series of tests on a short tape spring are carried out. The
tape spring cross-section is described in Figure 3.11 and has a length of 215 mm.
The tape spring is made of stainless steel and has a thickness of 110 `m. The
sample’s Young’s modulus has been measured to be � = 208 GPa and its Poisson’s
ratio is a = 0.3. Each end of the tape spring is glued into an acrylic plate in which
the nominal cross-section is cut. The sample attached to the bending machine is
shown in Figure 3.10.

Figure 3.10: Tape spring attached to the bending machine.

In addition, a finite element analysis is conducted, using the Abaqus Standard
software. The finite element model is detailed in Figure 3.11. The tape spring
is meshed using 1 mm G 1 mm reduced integration shell elements (S4R), and its
end cross-sections are held rigid and offset from the linear guide, similar to the
experimental setup. They are coupled to two cylindrical joints representing the
linear guides, which are implemented in Abaqus using boundary conditions. To
model the compliance of the sliders, the two cylindrical joints are attached to two
torsional springs whose stiffnesses have been determined in Section 3.4. For the
rigid slider, the other end of the torsional spring is clamped, whereas it is rotated
in the case of the actuated slider. The bottom edge of the experimental tape spring
has a slight camber (maximum deflection less than 0.5 mm), and the tape spring
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also exhibits a small twist (less than 1 deg). Both effects are included in the finite
element model. An arclength solver (modified Riks method in Abaqus) and a
Newton Raphson solver (Static general in Abaqus) are both used.

Tape Spring

Translator z-axis 

(Connector element)

Torsional Spring

BC: clamped

BC: applied rotation

Torsional Spring

BC: cylindrical joint

Y-axis 

BC: cylindrical joint

X-axis 

Rigid coupling 

Rigid coupling 

14 mm

37.5
º

3 mm

Z

X

Y

Figure 3.11: Sketch of the tape spring finite element analysis. BC refers to the ap-
plication of boundary conditions in Abaqus. The rigid coupling is introduced using
an Abaqus constraint and the z-axis translator is implemented using a connector
element.

Equal sense and opposite sense bending tests are conducted, and their full loading
and unloading characteristics are reported in Figure 3.12. For each bending sense,
3 tests have been conducted and the mean and standard deviation are shown. The
opposite sense bending moment vs. rotation curves matches previous work on tape
springs [72], in the case of loading and unloading. The structure exhibits a uniformly
bent shape early in the test and the deformation quickly localizes in the center of the
tape spring, where the cross-section flattens and forms a localized fold of uniform
curvature. When unloading, the fold disappears at a lower rotation than the one
for which the snap-through occurs. Here, the well-known hysteresis behavior is not
affected by the new boundary conditions provided by the bending machine. The
finite element analysis captures well the experimental response. The Riks solver
diverges on the unstable part of the path, and a static solver with numerical damping
(10−8) is used to continue after the point of vertical tangency. Both peak and
steady-state moments are accurately predicted by the simulation. The deformed
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shape obtained from the experiment and the finite element simulation are in good
agreement and are shown in Figure 3.13.

0 5 10 15 20

Rotation (deg)

0

0.1

0.2

0.3

0.4

0.5

0.6
A

v
e

ra
g

e
 M

z
 (

N
m

)
Loading
Unloading

+-
FEA Sta
FEA Riks

(a)

0 10 20 30 40

Rotation (deg)

0

0.02

0.04

0.06

0.08

0.1

A
v
e

ra
g

e
 M

z
 (

N
m

)

Loading
Unloading

+-
FEA Riks
FEA Sta

(b)

Figure 3.12: Results of the (a) opposite sense bending tests and (b) equal sense
bending tests of the tape spring sample. For each bending sense, 3 tests have
been conducted, and the mean of the 3 tests is plotted as well as an grey envelope
corresponding to one standard deviation around the mean. Finite element analyses
are reported in black. The solid line corresponds to an analysis using an arclength
solver whereas the dashed line uses a Newton Raphson solver.

(a) (b)

Figure 3.13: Tape spring deformed shape obtained for the opposite sense bending
test. (a) Experimental deformed shape and (b) finite element deformed shape. The
color map corresponds to the distribution of the Von Mises stress, but it used here
solely for visualization purposes.

Contrary to the opposite sense bending, for which a snap-through destabilizes the
structure, the structure under equal sense bending traverses a series of bifurcations.
Equal sense bending is therefore more unstable than opposite sense bending, and
the results are extremely sensitive to imperfections and disturbances. For a perfectly
straight tape spring, the top and bottomedgeswould exhibit symmetric deformations.
However, in practice, this mode of deformation is never observed and a torsional
instability appearing at the peak moment breaks this symmetry. The boundary
conditions specific to the present machine do not prevent global torsion to arise,
contrary to previous tests [72], and therefore changes the behavior of the structure
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after the peak moment is reached. The deformed shape observed in the experiment
is shown in Figure 3.14a. When the peak moment is reached, a single kink forms
on the bottom edge of the tape spring while a global torsion develops along the
structure. It is almost instantaneously followed by the formation of two kinks on
the top edge of the tape spring. This configuration is extremely unstable and one
kink reduces in amplitude as the test progresses, which causes the single bottom
kink to slowly migrate off-center. When one of the top edge kinks fully disappears,
the remaining top edge kink and the bottom edge kink move towards each other and
merge to form a single fold. Note that since torsion is allowed in the test, the fold
does not form in the center of the structure and it never becomes perpendicular to the
axis of the tape spring. The relative amplitude between the two top edge kinks drives
the behavior between the peak and the steady state. In the experiment, we observe
that both kinks fully form and their amplitudes grow until a rotation of about 20 deg,
which explains the rising path after their initial formation. However, in simulation,
while the amplitude of one top edge kink increases after its initial formation, the
other sees its amplitude decreasing rapidly. This sequence of amplitude increase
and decrease explains the falling path observed in simulation. Note that the two
different paths emerge from a single bifurcation point, and are extremely sensitive
to local edge imperfections. For other tape spring samples, the opposite behavior
has been observed in experiment, for which the path after the peak is falling all the
way to the steady state moment. An accurate resolution of the tape spring local
edge imperfections would allow the Riks solver to transition to the experimental
path (rising path), but this has not been attempted here. The peak and steady-state
moments are accurately predicted by the finite element analysis. The unloading
behavior differs from what is observed in the case of clamped boundary conditions
[72]. While previous experiments show no hysteresis for equal sense bending,
the present experiment features a different response. Both loading and unloading
responses are identical above a rotation of 20 deg. When the rotation is decreased
further during unloading, the global twist reduces while the single fold slowly
disappears, causing the bottom kink to travel to the middle of the edge while the top
kink travels towards the end of the tape spring. If the global twist was constrained,
the tape spring would instead form the two top edge kinks observed during loading.

To conclude this section, we saw that the bending machine allows to resolve the
loading and unloading of the tape spring, and the finite element simulation gives a
very accurate prediction of the key features of these tests. The isostatic nature of the
testing machine eliminates any self stress in the structure during the test, therefore
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(a) (b)

Figure 3.14: Tape spring deformed shape obtained for the equal sense bending test.
(a) Experimental deformed shape and (b) finite element deformed shape. The color
map corresponds to the distribution of the Von Mises stress, but it is used here for
sole visualization purposes.

eliminating any stress disturbances. Statically indeterminate boundary conditions
often prevent the peak moment for both equal and opposite sense bending to be
predicted accurately. An accurate match between experiment and simulation is
achieved here, as the geometric imperfection is the only perturbation applied on
the test structure. The interaction between boundary conditions and tape spring
imperfections is explored further in the next section, and confirms this observation.

3.7 Interaction between kinematic constraints and imperfections
In this section, we use the example of a tape spring with initial geometric imperfec-
tions to illustrate the effect of statically indeterminate boundary conditions. If no
adjustments are made, misalignment between the structure’s end mounts can cause
an initial prestress in the test structure, which in turn can dramatically affect its
behavior.

To illustrate this sensitivity, the same nominal tape spring as in Section 3.6 is
considered, and its equal sense bending response is simulated. It is important
to recall that in the simulation of Section 3.6, the tape spring geometry includes
imperfections based on measurements of the actual experimental sample. In this
section, the nominal tape spring geometry is considered with different types of
geometric imperfections that do do not corresponds to the ones used before. For
this reason, we expect different responses from the simulation of Section 3.6 and
the one presented here. The finite element model, described in Figure 3.11, is also
used.
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We focus on the effect of releasing constraints in the boundary conditions, and
highlight the benefits of an isostatic testingmachine. In particular, we are comparing
the testing machine of Figure 3.1d and 3.1e with our testing machine illustrated in
Figure 3.1f. Two types of global imperfections resulting in a missalignement of the
test structure’s mounts are analyzed here, using finite element simulations. Camber,
shown in Figure 3.15a, and twist, shown in Figure 3.16a, are of particular interest
since they are common global imperfections observed in thin-shell components.
Note that in the case of a bending imperfection around the z-axis, the actuator’s
initial rotation can be offset to guarantee that the structure is stress free at the
beginning of the test. In order to study the impact of global camber and twist, the
structure is deformed and its deformed shape is then imported into the finite element
simulation of Section 3.6. To create an initial camber, one end cross-section is
clamped while a rotation around the X-axis is applied to the other end cross-section
(kept rigid). To generate an initial twist, the process is similar, with a rotation
applied around the Y-axis. Note that only the deformed geometry is imported, and
the structure is stress free after the importation. In a first analysis step, an opposite
rotation is applied to the structure such that its end cross-sections are realigned. It
results in an initial stress of the structure. The boundary conditions specific for
each machine are then applied to the structure which is allowed to relax in a second
analysis step. In the final step, the structure is bent around the z-axis.

The buckling sensitivity to the tilt between the end-cross sections (caused by the
global camber), is shown in Figure 3.15. The main observation is that the initial tilt
affects dramatically the peak moment and transition into buckling for the statically
indeterminate boundary conditions. For the testing machine of Figure 3.1d, once
the structure has been prestressed during mounting, the boundary conditions do not
allow it to relax, if no adjustment systems are considered. Even a tilt between the
structure’s mounts as small as 0.05 deg results in a decrease of 20 % in the peak
moment. While one can argue that it is possible to mount the structure on adjustable
brackets that compensate for the structure’s imperfections, measuring and correcting
the misalignment of the mounts with an accuracy error below 0.05 deg is extremely
challenging in practice. Note that the prestress caused by the initial tilt also affects
the deformed shape in the postbuckling regime. For the testing machine of Figure
3.1e, the initial stress state created by straightening the structure changes once it
is mounted on the machine, since the release of the rotational constraints enables
the partial relaxation of the structure. However, in this design, the rotations of the
two sliders are coupled by the redundant constraint on the translation along the
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Figure 3.15: Analysis of an imperfect structure for which a global camber induces a
tilt between the two end cross-sections as illustrated in (a). The imperfect structure
behavior is simulated for the testing machine architecture of (b) Figure 3.1c for
which the sample rotations are constrained, (c) Figure 3.1d for which the sample
rotations are released, but the vertical translation is constrained, and (d) for the
present, isostatic bending machine.

Z-axis, as explained in Section 3.2. When one slider rotates, the corresponding end
cross-section translates along the z-axis. Compatibility of displacements imposes
a similar translation of the second end-cross section which inherently causes the
second slider to rotate. Therefore, there exists a coupling between bending and
twisting, and its effect is shown in Figure 3.15c. Even if the degree of indeterminacy
for this architecture is much lower than in the previous case, the buckling behavior
is dramatically affected by the redundant constraint. A tilt of 0.05 deg induces a 15
% decrease in peak moment and its effect is more significant for larger values of tilt.
Finally, the statically determinate architecture yields an imperfection-insensitive
behavior highlighted in Figure 3.15d. The boundary conditions allow the structure
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to be fully stress free before the bending experiment is carried out. The peakmoment
decreases by 5 % between the perfect structure and the worst tilt analyzed (0.2 deg).
The response around the peak is identical for all tilt values and the spread in peak
moments is only caused by the change in the structure’s geometric properties and is
not influenced by the testing machine. Note that the behavior of the perfect structure
is similar in Figure 3.15c and 3.15d, but differs from Figure 3.15b in which the peak
moment is higher.
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Figure 3.16: Analysis of an imperfect structure for which a global torsion induces
a twist between the two end cross-sections as illustrated in (a). The imperfect
structure behavior is simulated for the testing machine architecture of (b) Figure
3.1c for which the sample rotations are constrained, (c) Figure 3.1d for which the
sample rotations are released, but the vertical translation is constrained, and (d) for
the present, isostatic bending machine.

We then shift our focus to the global twist imperfection, represented in Figure
3.16a. When the rotations are constrained, as in Figure 3.16b, the peak moment
increases significantly for all values of twist when compared to the perfect structure



72

of Figure 3.15b. As mentioned in Section 3.6, the first buckle forms simultaneously
as the structure starts twisting. An initial twist affects significantly this behavior,
and a twist in the other direction will have the opposite effect (reduction of the
peak moment). However the variation in peak moment is less important than for
the camber imperfection. Since the torsional stiffness of the structure is much
lower than its in-plane bending stiffness, the prestress caused by the twist has a
lower magnitude than for the camber imperfection, which explains the more limited
spread in buckling moments. When redundancy is limited to the sample’s vertical
translation, the buckling behavior follows to distinct regimes, shown in Figure 3.16c.
For small twists, the state of self stress induced by the redundant constraint has a low
magnitude, and the testing apparatus behaves like the isostatic machine. However
for larger values of twist, the buckling behavior is similar to the one encountered in
Figure 3.16b. Finally, the isostatic machine exhibits almost no variation of buckling
moment when the twist is varied. Moreover, the bending characteristic observed
for the twist imperfection matches the one observed from the camber imperfection.
From the isostatic experiment, we can therefore conclude than the geometric twist
imperfection does not have a significant influence on the equal sense bending of the
tape spring. This conclusion would not have been possible to reach with the two
other experimental setups, as the effects of the parasitic stress perturbation mask the
low geometric imperfection sensitivity.

3.8 Conclusion
Throughout the chapter, we highlighted the importance of boundary conditions in
pure bending tests. Various pure bending machines have been designed and are
mostly used for material testing or stiff structures, for which they demonstrated
advanced performances. Of particular interest is the use of frictionless linear guides
which enable us tomitigate the effect of parasitic reactionsmoments and forces on the
test structure. However, these architectures all have redundant boundary conditions
which cause them to be statically indeterminate. While it is often not an issue for flat
and stiff samples, it has a dramatic impact in the testing of very thin-shell structures,
for which the unstable behavior at buckling is extremely imperfection sensitive.
Geometric imperfections are often introduced during manufacturing of thin-shell
structures, and will inherently affect the behavior of these structures, regardless
of the testing machine. However, in the case of a statically indeterminate testing
apparatus, the geometric imperfection can also introduce a stress perturbation in the
form of an initial stress state. In practice, the effect of this stress perturbation is much
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more important than the geometric imperfection itself, and artificially increases the
apparent imperfection sensitivity of the structure.

This chapter tackled the development of a new bending machine for which the
boundary conditions are statically determinate. It is inspired by the testing machine
presented in [11] and releases its only redundant constraint, the test structure’s out-of-
plane translation, using an offloaded sliding bracket. The accuracy of this machine
was first analyzed through the testing of circular rods. These tests highlighted a very
good agreement between simulations and experiments (less than 1 % relative error),
and the magnitude of parasitic effects induced by the cables and slider rotations
is negligible for the type of structures the machine is designed for. Testing has
then been extended to tape springs, which captures essential features of non-linear
structures undergoing complex instabilities. Here again, the analysis showed that it is
possible to resolve accurately their complex bending behavior. We finally presented
simulations on the same tape springs which highlighted the effect of initial stresses
caused by geometric imperfections in statically indeterminate testing machines. It
has been shown that these effects dominate the structure’s buckling behavior and are
often masking the structures’ real geometric imperfection sensitivity. In the isostatic
bending machine presented in this chapter, the imperfection sensitivity of the test
structure can be directly quantified since no other perturbations can affect the test
results.

This new testing machine paves the way for the experimental study of the buckling
sensitivity of thin shell structures. Of particular interest is the study of localization
of buckling modes and the sensitivity to disturbances in the structure’s environment
[70]. The magnitude of the disturbances analyzed in such studies is extremely small
(disturbance energy below 1 mJ), and any parasitic effect or prestress introduced by
the testing machine would make these effects undetectable.
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C h a p t e r 4

THIN-SHELL STRUCTURES UNDER BENDING:
EXPERIMENTAL STUDY

4.1 Introduction
Thin shells have been widely used in many engineering applications. They enable
very lightweight structures to be built, while featuring excellent load-carrying ca-
pabilities. They play a paramount role in the development of aerospace vehicles for
which mass is often the most critical design parameter. As new applications appear,
and more advanced capabilities are sought, the thickness of thin shells tends to go
down. In the past decades, the rapid progress of high-strain composites used in
deployable structures accelerated this trend [50], with thin shell booms being used
to support large aperture space systems [7, 16].

However, one of the main challenges in using thin shell structures is the unpre-
dictability of their buckling behavior. This complication lies in the physics of the
buckling event. For thin shells, buckling is part of a wider family of instabilities
called sub-critical bifurcations, which exhibit an immediate falling post-buckling
response in the load/displacement plane. If the path does not regain stability, the
structure loses all its load-bearing capabilities and fails. In most cases, the unstable
post-buckling path runs very close to the pre-buckling path (also called fundamental
path), making the structure meta-stable close to the bifurcation point. It is then pos-
sible to transition early into the post-buckling regime if a small amount of energy is
brought to the system, and if the difference in total potential energy between the two
states is overcome. The "proximity" between the pre-buckling and post-buckling
states also makes the structure extremely sensitive to imperfections, which was first
discovered in early experiments on cylindrical shells [13, 44, 82]. For a real struc-
ture, a small imperfection would easily erode the energy barrier between these two
states, otherwise found in the theoretically perfect structure. The imperfection thus
behaves like a connecting mechanism between these two states, causing the bifurca-
tion point to be encountered earlier than theoretically predicted. The phenomenon
is even more pronounced as the thickness of the shell decreases.

In order to still be able to use these structures in practice, structural engineers
usually avoid buckling at all cost. For axially compressed cylindrical shells and
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pressurized spherical shells, numerous experiments have been conducted in the
twentieth century, and a lower bound on the statistical distribution of experimental
buckling loads determined. The difference between the theoretical buckling load and
this empirical lower bound, called knockdown factor, has been the basis of practical
cylindrical and spherical shell designs. It led for instance to the NASA space vehicle
design criteria for the buckling of thin-walled circular cylinders (NASA SP-8007)
[62]. Although the classical knockdown factor approach is powerful, it has two
major limitations. First, it is widely seen as very conservative and therefore often
prevents using the mass saving capabilities of thin shells to their full extent. Recent
efforts by NASA’s Shell Buckling Knockdown Factor (SBKF) Project established in
2007, aims to develop revised and more realistic knockdown factors[29]. Second,
each knockdown factor is only valid for a unique structure/loading combination and
is therefore difficult to generalize to other kind of structures and applications. It
has been shown that knowing accurately the structure’s initial geometry enables
the accurate prediction of the buckling event [51]. However, in many applications,
measuring the shape of the structure before use can be both expensive and in some
cases impossible.

On top of imperfection sensitivity, localization of buckling deformations makes
the thin-shell buckling behavior even harder to predict. It causes significant differ-
ences between the theoretical buckling eigenmodes and the experimentally observed
deformed shape. Localization arise in two situations. The first corresponds to post-
buckling localization and is a manifestation of the extremely non-linear response of
the structure after the bifurcation is exceeded. In this case, the onset of the buckling
eigenmode appears at the exact point of bifurcation, and greatly affects the struc-
ture’s geometric stiffness. As the loading is increased, deformations concentrate
at specific locations, given by the peak eigenmode amplitude and/or by dominant
imperfections. In this case, the buckling mode starts with global deformations and
becomes more and more localized. This type of localization is for instance observed
for beams on elastic foundations [83] or for spherical shells under pressure [4, 38,
40]. Another localization scenario is observed when a global post-buckling mode
is created through the sequential formation of localized buckles. It features a series
of destabilization and restabilization of the post-buckling path known as snaking,
or cellular buckling [35]. Interestingly, the first localized buckle can appear on
post-buckling paths disconnected from the fundamental path, while running asymp-
totically close to it [23]. This phenomenon is observed in cylindrical shells for
which a single dimple, "broken away" from the unbuckled state, evolves to a fully
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periodic buckling mode through snaking [23, 45]. It has been proven that for the
cylindrical shell, the single-dimple state sits on a mountain pass in the energy land-
scape, between the pre-buckling and post-buckling states, and is the lowest critical
escape mechanism by which the structure can buckle [32]. Since the location at
which deformations localize heavily depend on the imperfections of the structure,
it can generate a large number of post-buckling solutions even for a small set of
theoretical eigenmodes. This is referred to as spatial chaos [80].

The imperfection sensitivity driving the buckling behavior is then twofold. It erodes
the energy barrier between pre-buckling and post-buckling states, causing early
buckling, and it creates a high number of possible post-buckling paths through
localization. For these reasons, predicting buckling is extremely difficult for shell
structures and often relies on a case by case approach. Recent work has focused
on the sensitivity of the buckling phenomenon to disturbances in thin cylindrical
and spherical shells. A non-destructive experimental method has been proposed in
2013 to study the meta-stability of the unbuckled state. It focuses on determining
the energy barrier separating the fundamental path and the critical localized post-
buckling state [41, 75, 79]. The search for the load at which the critical buckling
mechanism can be triggered is carried out by imposing a local radial displacement
in the middle of the structure using a probe. This method effectively quantifies
the resistance of shell buckling against the single dimple imperfection mentioned
earlier. The method has been successfully applied to cylindrical shells [81] and to
pressurized hemispherical shells [53]. These experiments quantified in particular
the onset of meta-stability, often referred to as "shock sensitivity" [76], and a
comparison with historical test data has shown that this specific loading can serve as
an accurate lower bound for experimental buckling loads [20, 23], leading to better
knockdown factors.

In this chapter, we wish to apply and extend the experimental probing methodology
used for cylindrical and spherical shells to more complex structures. These thin
shells capture the essence of ultralight coilable space structures recently developed
in the Space-based Solar Power Project (SSPP) at Caltech [3, 71]. Previous analysis
showed that local buckling plays a key role in such structures [69] and motivates
the need to conduct experimental buckling characterization. However, the size of
the structure together with the complexity of its components and the peculiarity of
its non-uniform bending moment, makes experiments very challenging. In order to
address these limitations, the behavior of a simpler structure under pure bending is
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presented here. While the structure and loading are different, it enables us to draw
more general conclusions on the buckling of structures featuring thin-shell open
cross-sections. The approach here is purely experimental and complements finite
element probing analyses presented in previous work.

An important characteristic of the structure studied in this chapter is that its post-
buckling path restabilizes under bending and therefore, the maximum moment it
can carry is greater than the first buckling moment [69]. Such behavior offers an
incredible opportunity to operate closer to buckling than ever before. If applications
allow, the structure can also be used in its post-buckling regime, as long as we
have guarantees that it will behave safely. To achieve these goals, the present
chapter aims to show that by using the experimental probing methodology, the meta-
stable behavior of the structure close to buckling can be fully characterized. This
knowledge can be used to derive very efficient buckling criteria based on disturbance
levels, or the minimum load at which meta-stability arises. The methodology can
then be extended to navigate spatial chaos in the post-buckling regime, where
competing paths can be identified and a range of possible post-buckling responses
determined. The philosophy here is to embrace buckling rather than avoid it, and
therefore enable the use of dramatically lighter structures.

The chapter is structured as follows. Section 4.2 describes in more detail the test
structure and the experimental bending a probing setup. Following a classical buck-
ling analysis, Section 4.3 highlights the importance of localization and spatial chaos
by comparing finite element simulations and the experimental buckling response.
In Section 4.4, probing experiments are carried out to study the formation of the
experimentally observed buckling mode and characterize its meta-stable behavior.
In Section 4.5, probing is applied along the entire structure to determine alternate
locations at which local buckling can appear, and the formation of these alternate
modes is studied through additional probing. Consequences of their appearance on
the global bending response are finally highlighted, and Section 4.5 concludes the
chapter.

4.2 Test structure and experimental setup
Test structure
The test structure is made of tape springs called longerons, connected transversely by
rods called battens. The complete structure is referred to as a strip. The longerons
are cut from a Crafstman 1-in blade tape measure, and their length is ! = 714
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mm. Their cross-section can be approximated by a circular arc to which tangent flat
segments are added to the two extremities. Details of the cross-section are presented
in Figure 4.1d. The circular portion of the cross section has a radius of 14 mm, an
opening angle of 75 deg, and the flat sections are 3 mm long. The shell thickness
is C = 110 `m. The longerons are made of stainless steel with a measured Young’s
modulus of � = 208 GPa and Poisson’s ratio a = 0.3. The battens are pultruded
carbon fiber rods of diameter 3 = 2 mm and Young’s modulus � = 140 GPa. The
battens have a length of ; = 50 mm.

Four battens are inserted and glued into rivets pinching the longerons. In addition,
both sides of the rivets (longeron back/front) are embedded into a hemisphere of
epoxy, which guarantees a full connection between longeron and batten. The end
cross-sections of each longeron are inserted and glued into an acrylic plate in which
the cross-section has been laser cut. The acrylic plates serve as the interface between
the test structure and the bending machine described next.

(a)

(b) (c)

14 mm

37.5
º

3 mm

(d)

Figure 4.1: (a) Thin shell test structure used in the experiment. The longerons
are made of stainless steel tape springs and connected transversely by carbon fiber
rods. Full (b) front connection and (c) back connection between batten, rivet, and
longeron. (d) Approximated tape spring cross-section used for the longerons.

Bending machine
The original pure bendingmachine used in the experiment is discussed extensively in
previous work, and a CADmodel is shown in Figure 4.2. The actual implementation
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is shown in Figure 4.4. It employs two linear guides on which air bearings are
able to translate and rotate along and around the guides’ axes. This architecture
guarantees that no parasitic reaction forces can arise during the test, and that only
a bending moment can be applied to the structure. There is no redundancy in
boundary conditions provided to the test structure, whichmakes the system statically
determinate and prevents any self-stress during testing. The boundary conditions
provided to the test structure are detailed in Figure 4.3. Several components are
attached to each air bearing, and we refer to this assembly as a slider. The actuated
slider, on which one end of the test structure is attached, is made of a DC motor
(HarmonicDrive FHA-8C)which controls the rotation of the sample around the local
I-axis. The rotation profile follows a smooth s-curve, and the maximum angular
acceleration can be chosen to be 0.05 deg/s to limit dynamic effects. An incremental
encoder with a resolution of up to 800, 000 counts per revolution measures the
applied rotation. A force/torque sensor (ATI Mini40) is attached to the motor’s
rotating end and can measure bending moments up to 2 Nm. An aluminum bracket
is mounted on the sensor and provides and interface to attach the test structure. The
second end of the test structure is attached to the rigid slider, where the DC motor
is replaced by an aluminum column. An offloaded bracket allows the sample to
translate along the slider’s local I-axis. It uses a hanging mass and a pulley, which
compensates for half of the mass of the test structure and half of the mass of the
bracket’s translating assembly. To avoid parasitic moments caused by gravity, a
counterweight is attached to the top of each slider and can be adapted to a wide
range of sample masses. Finally, a probing stage is added to the bending machine
and perturbs the test structure locally. This specific apparatus is described next.

Probing stage
In addition to being subjected to the main bending moment, the strip is perturbed by
a "probe" that locally displaces the longeron. The probing apparatus is composed
of a motorized linear stage (Newport MFA-CC) providing a positioning accuracy of
±3 `m. A force sensor (ATI Nano17) is mounted on the moving part of the stage
and supports a wedge that comes into contact with the longeron edge when probing
is applied, as seen in Figure 4.4c. The sensor measures the probe force with a
resolution of 1/320 N, and an incremental encoder on the motorized stage measures
the probe displacement with a resolution of 0.0176994 `m. When the structure is
bent, half of the longeron will undergo compression, with the maximum stress being
found on the edge. The wedge axis is perpendicular to the longeron edge, creating a
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(a) (b)

(c)
(d)

Figure 4.2: (a) Front view of the pure bending machine and its probing stage. The
machine provides isostatic support conditions to the test structure and its dimensions
are illustrated in (c). Details of the probing stage are presented in (b) and (d).
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Figure 4.3: Conceptual representation of the bending machine, specifying the
boundary conditions on the two ends of the sample. U corresponds to the transla-
tional degree of freedomandUR to the rotational degree of freedom. (a)Undeformed
configuration and (b) deformed configuration after a rotation of \ is applied to end
1.

punctual contact between the two parts. As the longeron is probed, its cross-section
flattens, and there exists a relative motion between the wedge and the longeron. The
impact of friction on the probing characteristic is reduced by fabricating the wedge



81

out of Teflon. Details of the probing stage are shown in Figure 4.2b, d, and Figure
4.4d, c.

(a) (b)

(c)

Figure 4.4: Physical implementation of the experimental apparatus. (a) Setup
overview with the test structure mounted in the bending machine and the probing
stage placed under it. (b) Detailed view of the probing stage and (c) the Teflon
wedge that comes into contact with the longeron edge.

4.3 Classical buckling experiment and analysis
Buckling eigenmodes
The first step in understanding how buckling unfolds is to conduct a buckling
eigenvalue analysis. The goal is to detect bifurcations arising on the structure’s pre-
buckling path or fundamental path. It gives insights into the buckling loads/rotations
but also unveils additional buckling modes that can be found above the first bifurca-
tion. knowing the buckling modes is important since they reveal critical imperfec-
tions that have a practical influence on the transition into the post-regime regime.
They also give information about the deformed shapes to be expected once the
structure buckles.
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To compute the buckling eigenvalues/eigenmodes, a finite element model is created
in Abaqus 2018, which replicates the structure’s geometry, materials, and the bend-
ing machine’s boundary conditions. To compute the "exact" buckling eigenmodes
and moments, an iterative procedure is required as the fundamental path can exhibit
geometric nonlinearities for thin shell structures [48]. The first iteration follows
a classical buckling analysis. A linear perturbation is applied to the stress-free
structure and buckling moment estimates are computed. The strip is then loaded
by a bending moment, under the first buckling moment estimate, and the problem
is linearized about this new pre-stressed state, taking into account pre-buckling
nonlinearities. This process is repeated until the first buckling moment estimate
converges to its "real" value. The analysis yields four bifurcation points, and their
corresponding buckling eigenmodes are shown in Figure 4.5.

(a) (b)

(c) (d)

Figure 4.5: Buckling eigenmodes determined through finite element simulations.
The eigenvalue problem is linearized around a state where the structure is prestressed
by a bendingmoment of 1Nm. (a) First ("2A = 1.604Nm), (b) second ("2A = 1.759
Nm), (c) third ("2A = 2.003 Nm), and (d) fourth ("2A = 2.009 Nm) eigenmode.

The first two buckling modes are dominated by long wavelength deformations
spanning the entire longerons, and therefore can be characterized as global. The last
two buckling modes feature short wavelength deformations modulated in amplitude
by a global long wavelength deformation. Note that in Figure 4.5, the amplitude
of these deformations is arbitrary since it represents normalized eigenmodes. From
this analysis, a first buckling moment around "2A = 1.6 Nm is expected, as well as a
post-buckling deformed shape resembling the first eigenmode, as seen in Figure 4.5a.
However, the classical buckling eigenvalue analysis has two main limitations. First,
it does not take into account the imperfections found in the real structure. These
imperfections can change the order of bifurcations, and prioritize one buckling
eigenmode over another. The post-buckling deformed shape often stems from a
linear combination of the first few buckling modes, if their buckling moments are
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relatively close. Second, thin shells exhibit bucklingmode localization, as explained
in Section 4.1. In most cases, even for a perfect structure, the computed eigenmode
is only valid at the bifurcation point, and deformations localize at one or more
preferred locations as soon as the structure transitions to its post-buckling regime.

Moment/rotation response and post-buckling localization
A set of five bending experiments are carried out. The maximum rotation is set to
\<0G = 3 deg. The mean moment/rotation response, as well as the experimental
standard deviation, is shown in Figure 4.6a. In Figure 4.6a and throughout the
chapter, the average of the two end bending moments is reported. The response is
linear until the structure bifurcates for \2A = 1.74 deg and "2A = 1.25 Nm. The
structure undergoes a snap-back and restabilizes at "2A = 1.09 Nm. Note that the
experimental buckling moment is 22% lower than the first theoretical bifurcation,
which highlights the imperfection sensitivity of the structure. In the experiment,
the snap-back occurs over a small range of rotations, and a quasi-static response
(vertical tangent) would be observed for a lower angular velocity. The post-buckling
regime is stable for both moment and rotation-controlled cases, and the response is
weakly non-linear. In further tests, presented at the end of the chapter, the maximum
rotation has been extended to \<0G = 10 deg and shows that the stable post-buckling
regime extends to larger values of bending moments. It suggests that the strip could
be safely operated in its post-buckling regime, and this type of behavior has been
observed previously for a similar type of structures [69].

We wish to compare the experimental response with finite element simulations. In
particular, we want to compute the post-buckling paths corresponding to the first
two eigenmodes. To do so, a standard method is employed [66, 68]. Each mode
is seeded in the structure’s initial geometry as a geometric imperfection. Here the
imperfection amplitude is chosen to be 30% of the shell thickness (t). The modified
Riks solver available in Abaqus is used to trace the stable and unstable part of the
post-buckling response. These paths are shown in Figure 4.6b together with the
experimental response. The corresponding deformed shapes at the end of the two
post-buckling paths are shown in Figure 4.6d (firstmode) and 4.6c (secondmode). In
both cases, the post-buckling shapes exhibit significant differences with the buckling
eigenmodes. They feature highly localized deformations extending inward (towards
the structure’s longitudinal mid-plane), forming a series of alternating buckles.
The buckle locations coincide with the inward peak deformations found in the
eigenmode. It illustrates that here, the localization phenomenon prioritizes inward
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Figure 4.6: (a) Mean experimental moment/rotation curve and standard deviation
for five bending experiments. (b) Comparison between experiment and FEA in the
vicinity of the bifurcation point. (c) Post-buckling mode obtained by FEA when
seeding the second buckling eigenmode as imperfection. (d) Post-buckling mode
obtained by FEA when seeding the first buckling eigenmode as imperfection. (e)
Experimental post-buckling shape.

deformations, as no outward buckles are found. The post-buckling paths feature
a snaking sequence, characterized by a series of destabilization and restabilization
events. Snaking corresponds physically to the sequential formation of buckles. For
the post-buckling path corresponding to the second mode, the structure bifurcates at
higher values of moments than for the first mode, as expected from the eigenvalue
analysis. The central buckle formation corresponds to the first post-buckling fold,
directly connected to the unbuckled path, while the side buckles form in the second
and third folds. The post-buckling shape corresponding to the first mode forms
in a similar way. The structure bifurcates around " = 1.58 Nm and the first
fold corresponds to the formation of one of the two buckles. When the second
destabilization point (called snaking point) is reached, the second buckle starts to
form. However, the simulation is stopped before the path restabilizes. At this point,
the two buckles compete, causing the solver to oscillate between forming one or the
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other. Continuing the simulation was not attempted here but is possible by tweaking
the initial imperfection.

Next, the simulation results and the experiment are compared. The deformed shape
obtained experimentally, after a rotation of \ = 3 deg is applied, is shown in Figure
4.6e. It matches exactly the post-buckling shape found in simulation for the second
eigenmode imperfection, even if in theory, the lowest bifurcation corresponds to
the first eigenmode. Note that top and bottom longerons are interchangeable in
Figure 4.6c/d since no gravity is applied in simulation. In addition, significant
differences exist between the two post-buckling paths. The experimental post-
buckling restabilizes at a higher moment, and the post-buckling stiffness is also
higher. It highlights the limitations of a purely simulation-based design and analysis
approach for such structures. In particular, the transition to buckling happens at a
significantly lower moment, due to the structure’s imperfection sensitivity. Only two
types of geometric imperfections are considered here, but any linear combinations
of the four eigenmodes would potentially yield a different post-buckling solution
corresponding to a different localization mechanism, characteristic of spatial chaos
[24]. Note that it is possible to find all the potential post-buckling paths for the
perfect structure using an advanced computational method, such as path-following
[25]. However these methods are not usually available in commercial finite element
software, and can only be matched with experiments if the real imperfections in the
structure are known. Indeed, in reality, various post-bucklingmodes compete and the
structure’s imperfections determinewhich path connects to the unbuckled state. This
path does not necessarily coincide with the solution given by the lowest eigenmode,
and many paths can run close to the unbuckled path without ever intersecting it.
These alternate modes can be accessed if a small perturbation is applied to the
structure, causing early buckling. This meta-stable behavior is explored next, using
probing experiments.

4.4 Probing the experimentally observed post-buckling mode
This section focuses on the formation of the post-buckling mode observed experi-
mentally, if no perturbations are applied to the structure. In the rest of the chapter,
this specific mode is referred to as main post-buckling mode. When a rotation of
\2A = 1.74 deg is imposed, the bifurcation point is reached and the structure experi-
ences a snap-back, duringwhich three buckles form simultaneously. They are shown
in Figure 4.6e, and are referred to as the TC (Top edge Central), the BR (Bottom
edge Right), and the BL (Bottom edge Left) buckles. In reality, their formation
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follows a specific snaking sequence, resembling the simulated post-buckling paths
of Figure 4.6b. However, in a rotation-controlled experiment, unstable portions of
the response are not captured, and the snaking sequence is hidden by the snap-back
event. Once the first local buckle forms, it triggers the formation of the second
buckle and subsequently the third one. These buckles interact with each other
through global structural deformations (torsion, in-plane and out-of-plane bending).
However, close to the buckling load, the structure is meta-stable and equilibrium
configurations featuring one or more of these local buckles can be attained if a
small perturbation is applied to the structure. Of particular interest is the lowest
rotation/bending moment at which these buckles can be found in equilibrium, and
the energy barrier that needs to be overcome to form them. In this section, each
of the three buckle locations (TC, BR and BL) are probed. For a fixed rotation,
the longeron’s edge in compression is locally displaced at each of the three buckle
locations, and the probe reaction force is measured. The rotation increment is set
to 0.05 deg initially and refined to 0.02 deg at higher values of rotation (when
ridge and valley start). Three stability landscapes, which display the probe force
as a function of the rotation and the probe displacement, are shown in Figure 4.7.
They give insights into which combinations of buckles can be observed before the
bifurcation point and identify the critical buckle responsible for the transition into
the post-buckling regime. This representation was first introduced in 2016 [81] for
cylindrical shells. We show here that similar stability landscapes can be found for
more complex structures.

Top edge central probing (TC)
The top edge central buckle location (TC) is first probed and the results of the
experiment are shown in Figure 4.7a. For \ < 1.29 deg, the probe force �?
increases monotonically as the probe displacement*? increases, and the probe force
is close to linear with respect to the probe displacement when the applied rotation
is small (\ < 0.5 deg). When the rotation is increased, the probe force versus probe
displacement characteristic is no longer monotonic, and a region of negative probe
stiffness appears. It creates two important features in the stability landscape. The
local maximum of probe force forms the ridge (dashed and dotted line) and the
local minimum, the valley (dashed line). In a force-controlled probing experiment,
the structure would undergo a snap-through instability and kinetic energy would be
released. For probe displacements larger than the critical valley displacement, the
probe force increases monotonically again. As the rotation is increased, the probe
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Figure 4.7: Stability landscapes for the (a) TC probe location, (b) BR probe location,
(c) BL probe location, and (d) their common legend. (e) Schematic of the strip
structure with the three probe locations.

force at the valley decreases until it reaches 0 N for \ = 1.5 deg. It corresponds
to the smallest value of rotation at which a local single buckle (labeled 1B) can be
formed and remains in equilibrium at the probe location. This value is referred to
as the single-buckle minimal buckling rotation and corresponds to the minimally
buckled state found at the end of the valley. The ridge displacement decreases as
the rotation increases until the ridge disappears at the point of spontaneous buckling
(or bifurcation point), for \2A = 1.74 deg. The stable (solid green) and unstable
(solid red) single-buckle equilibrium contours, for which �? = 0 N, stem from the
single-buckle minimally buckled state. Above the minimal buckling rotation, the
structure undergoes a snap-through instability when the probe displacement reaches
the unstable equilibrium contour. At this point, the probe looses contact with the
longeron and �? = 0 N. Contact is restored when the probe displacement reaches
the stable equilibrium contour. The region in which there is no contact between the
probe and the longeron is referred to as the lake. If the probe was able to apply
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tension in addition to compression, the landscape would feature negative probe
forces in the lake.

Three types of equilibria appear during probing. These solutions are accessible if a
disturbance provides enough energy to the structure. The energy barrier separating
the unbuckled and buckled state can be computed by integrating the probe force as
a function of the probe displacement, between the unbuckled state and the unstable
equilibrium contour. An analysis of the energy barrier is presented in Section 4.4.4.
For*? < 2.3 mm and \ < 1.64 deg, the single buckle equilibria are found (labeled
1B). However, for 1.58 < \ < 1.62 deg, the probed structure undergoes instabilities
(fold region in Figure 4.7a) past the stable single dimple equilibrium contour. A
probe characteristic featuring this instability is shown for \ = 1.6 deg, in Figure 4.8a.
This type of instability is called a cusp catastrophe [36]. When the probe reaches
the cliff (in purple), the structure undergoes a snap-back and the probe force drops.
The cliff corresponds to limit points at which the tangent to the probe characteristic
is vertical. At this point, the probing path becomes unstable, folds, and eventually
restabilizes at lower values of probe force. In the displacement-controlled probing
experiment, the unstable portion of the path cannot be captured and the structure
directly snaps to the lower (and stable) part of the fold. When retracted, the probe
follows the entire stable path until the probe force reaches 0 N. The stable two
buckles’ (2B) equilibrium contour (shown in orange) is then found. On this contour,
buckles appear at the TC and BR locations. If the probe displacement decreases
further, the probe loses contact with the longeron and the two buckles remain in
equilibrium. The shaded region represents the top view of the fold (or cusp). The
smallest rotation at which the two buckles equilibria are found is \ = 1.58 deg and
is referred to as the two buckles minimal buckling rotation.

Finally, for \ > 1.62 deg, equilibria featuring the full buckling pattern (3 buckles)
are found. For a fixed rotation within the range 1.62 < \ < 1.64 deg, the TC buckle
is created first. However, as the probe displacement is increased past the unstable
three buckles (3B) equilibrium contour (dotted red), the structure experiences a
snap-through and the probe looses contact with the longeron until it reached the
stable three buckles equilibrium contour (dotted green). For \ > 1.64 deg, any
probing past the single-buckle equilibrium contour results in a direct snap-through
to the three buckles equilibrium contour. If the stable single buckle is formed, and the
rotation is increased without any probing, the structure will follow the single-buckle
equilibrium contour until \ = 1.64 deg, for which the three buckles pattern forms.
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Figure 4.8: Loading and unloading probe force/displacement characteristic, for
\ = 1.6 deg, at the (a) TC probe location and the (b) BL probe location.

This rotation is referred to as the snaking rotation. This observation reveals that
the snaking sequence is only composed of two folds corresponding to the buckling
of the top longeron, followed by the buckling of the bottom longeron, even if the
buckling pattern features three buckles.

Bottom edge right probing (BR)
The structure is unloaded and the probing experiment is repeated for the bottom
edge right buckle location (BR). The results are shown in Figure 4.7b. The BR
stability landscape exhibits the same features as the TC stability landscape. At
\ = 1.37 deg, the ridge and valley start. The valley vanishes at the single-buckle
minimal buckling load for \ = 1.56 deg, where the unstable and stable single-buckle
equilibrium contours start. On these contours, a buckle at location BR is found in
the structure. At the point of spontaneous buckling, for \2A = 1.74 deg, the BR
and TC probing behaviors differ. For the BR location, the ridge does not intercept
the unbuckled state (*? = 0 mm) and ends abruptly. The unstable single buckle
contour is therefore offset from the unbuckled state. Such a buckling mode is often
referred to as a broken away mode [23]. This important observation suggests that
while the TC buckle can be formed at the bifurcation point, the BR buckle can
only appear later in the snaking sequence, as far as the unperturbed structure is
concerned. When perturbations are applied, the BR buckle can be triggered earlier,
if the energy barrier separating the unbuckled state and the unstable single-buckle
state is overcome. For 1.58 < \ < 1.66 deg, a two pattern can be formed in the
unstable probing region (fold region). Similarly to the TC probing, once the probe
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displacement exceeds the cliff, the probe characteristic follows a different path when
retracted, and the two buckles equilibrium contour is found. It features the TC
buckle in equilibrium with the BR buckle. Finally the three buckles pattern can
be formed through large amplitude probing, for 1.66 < \ < 1.68 deg. Above the
snacking rotation, for \ = 1.68 deg, the structure experiences a snap-through to the
stable three buckles contour as soon as the probe displacement exceeds the unstable
single buckle contour.

Bottom edge left probing (BL)
Lastly, the probing experiment is repeated for the bottom edge left buckle location
(BL), and the results are shown in Figure 4.7c. At this probing location, the ridge
and valley appear at \ = 1.55 deg, later than for the BR and TC probing. The single
buckle minimal buckling rotation is found at \ = 1.67 deg, close to the point of
spontaneous buckling. Similar to the BR probing, the stability landscape appears
truncated at the bifurcation rotation, an the unstable single-buckle equilibrium con-
tour is disconnected from the unbuckled state. It suggests that similar to the BR
buckle, the BL buckle can only be formed through snaking or perturbation. For
1.59 < \ < 1.74 deg, the stability landscape features a cliff beyond which the probe
snaps-back. Similar to the TC and BR probing locations, once the cliff displacement
is exceeded, equilibria are found when the probe retracts. For 1.59 < \ < 1.61 deg,
the TC buckle is found in equilibrium, without the BL buckle being present. The TC
buckle quickly evolves to the fully formed buckling pattern above the three buckles
minimal buckling rotation, \ = 1.61 deg. Note that the three buckle equilibria can
arise at rotations lower than the BL buckle minimal buckling rotation. Contrary
to the two previous probing locations, once the stable single BL buckle is formed
and the structure follows its stable equilibrium contour, the fully formed buckling
pattern will not appear prior to reaching the point of spontaneous buckling.

Energy barriers and early formation of buckling patterns
The stability landscapes revealed that the three buckles belonging to the main post-
buckling mode can appear in the structure before the bifurcation point is reached.
These equilibria are attained if a perturbation is applied to the structure, as long as
it provides enough energy to overcome a critical threshold, the energy barrier. The
purpose of this subsection is to compute the energy barrier for the three probing
locations (TC, BR and BL), and for all the buckle combinations identified in the
previous subsection. For a fixed rotation, the work done by the probe is found
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by integrating the probe force as a function of the probe displacement. The energy
barrier to form a specific combination of dimples corresponds to themaximum value
of probe work found between the unbuckled state (*? = 0 N) and the corresponding
buckled equilibria. The energy barriers for the three probing locations are shown in
Figure 4.9.
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Figure 4.9: Energy barriers required to form specific combinations of buckles before
the bifurcation point, for (a) TC probing, (b) BR probing, and (c) BL probing. These
energy barrier plots are combined in a (d) transition diagram, giving a more global
representation of the structure’s meta-stability.

We first focus on the energy barriers computed for the TC probing location, shown
in Figure 4.9a. For 1.5 < \ < 1.64 deg, forming the TC buckle requires the smallest
amount of energy. However if more energy is brought to the structure, the TC &
BR buckle configuration can be found, which transitions to the full buckling pattern
above the three buckles minimal buckling rotation, \ = 1.62 deg. Above the snaking
rotation, \ = 1.64 deg, probing past the unstable TC equilibrium always results in
the three buckles pattern formation. The energy barrier decreases continuously until
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reaching 0 mJ at the bifurcation point, confirming that the TC buckle appears first
in the snaking sequence.

A similar energy barrier distribution is observed at the BR probing location, as
shown in Figure 4.9b. The lowest energy barrier branch corresponds to the single
BRbuckle formationwhich transitions to the full buckling pattern above the snacking
rotation, \ = 1.68 deg. The highest energy barrier branch corresponds to the same
buckle combinations found for the TC probing location. The TC & BR buckle
disappear to form the full buckling pattern for \ = 1.66 deg. In theory, this rotation
should coincide with the three buckles minimal buckling rotation found for the TC
probing. In practice, the relative difference between the two rotations is less than
2%, and the small discrepancy can be due to small variations in the structure’s
initial configuration for the two probing experiments. It should also be noted that
the small amplitude of the BL buckle makes its detection difficult. When the rotation
increases, the three buckles energy barrier decreases slowly and plateaus without
reaching the 0 mJ threshold. It confirms that the BR buckle cannot be formed
through a fundamental path bifurcation, and is indeed a broken-away mode.

Finally, the BL probing energy barriers are shown in Figure 4.9c. Two energy
barrier branches are found. The lowest energy barrier branch starts at the single
buckle minimal buckling load and ends at the bifurcation point, corresponding to
the formation of the single BL buckle. Contrary to the TC and BL probing, no full
buckling pattern snaking is observed on this energy barrier branch. As previously
observed, the energy barrier does not fall to 0 mJ at the bifurcation point, and the
single BL buckle is broken away from the unbuckled state. The high energy barrier
branch starting at \ = 1.49 deg forms the single TC buckle, which evolves to the full
buckling pattern at the three buckles minimal buckling rotation, \ = 1.61 deg. Note
that as mentioned before, this specific rotation is in theory identical for the three
probing schemes, and here agrees well with the three buckles minimal buckling
rotation found for the TC probing location.

The energy barriers for the three probing locations are combined to create the
transition diagram of Figure 4.9d. It defines regions in the (�1-\) plane, for which
the boundaries are given by the minimum energy barrier required to create critical
buckle configurations. For a given rotation and energy barrier level, the critical
buckle configuration corresponds to the largest set of buckles that can remain in
equilibrium. For instance, for \ = 1.7 deg, the single BL buckle has a higher
energy barrier than the TC & BR & BL buckle configuration. Since it also belongs
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to this larger set found at a lower energy barrier, the single BL buckle is not a
critical configuration. In this representation, the probing location is abstracted, and
therefore, the energy barrier should be interpreted as a lower bound on the energy
required from any perturbation to trigger buckling, regardless of where it is applied
on the structure. Above the single TC minimal buckling rotation (\ = 1.5 deg), and
below the TC snaking rotation (\ = 1.64 deg), single buckle configurations (TC
or BR) always corresponds to the lowest energy barrier. Above the TC snaking
rotation, the three buckle configuration (TC & BR & BL) is the easiest to trigger.

4.5 Probing alternate post-buckling modes
The search for critical buckling locations
The previous section focused on studying the main post-buckling mode. For this
study, the probing locations were determined after a first buckling test was per-
formed, and the location of local peak displacement marked. This approach requires
the structure to buckle in order to determine the probing locations. For the present
structure, it is not an issue since the post-buckling regime is stable and the structure
remains in its elastic domain after buckling. However, for other types of structure,
such as cylindrical shells, buckling can be more dramatic, damaging the structure
and causing it to fail [82]. Note that if the locations of localized deformations can
be determined beforehand, specific probing methodologies allow prediction of the
structure’s bifurcation point and minimal buckling load/rotation without triggering
any buckling. Recent work on cylindrical shells showed that probing can be used to
track the stability landscape’s ridge and by extrapolation, find the bifurcation point
[1] without ever exceeding it. It is also envisioned that a similar approach can be
used to track the stability landscape’s valley and by extrapolation, the minimal buck-
ling load [81]. However these techniques face the same challenge: determining the
location at which localized buckling will first appear. In recent experiments, a defect
was introduced in a soda can to actively control the location of buckling [1] and
therefore the location of probing. Even if the introduced imperfection has a small
amplitude, altering the structure may not be acceptable for engineering components
such as rocket fuel tanks [29] or other aerospace systems. Further analysis showed
that probing away from the dominant imperfection can lead to inaccurate buckling
load predictions [85].

In the present chapter, a different approach is taken, and probing is used to search for
the locations where buckling modes localize. It is used as a tool to navigate spatial
chaos without prior knowledge of the expected post-buckling shape. This technique
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uses an important observation specific to our problem: the location of maximum
compressive stress in any given cross-section is known, and corresponds to the
longeron edge. For an axisymmetric cylindrical shell, the search for the critical
buckling location would be two dimensional, whereas our problem reduces to one
dimension. The longeron’s edge in compression is discretized into 17 regularly
spaced probe locations, and probing is carried out for at fixed rotations, under the
point of spontaneous buckling. In the rest of this section, the results of this analysis
are discussed. A schematic of the experiment can be found in Figure 4.10a.

Probing along the longeron’s edge and broken-away modes
The experiment is repeated for a small set of rotations, ranging from \ = 1.5 deg
to \ = 1.7 deg. For each probe location, the maximum probe displacement is set
to *?−<0G = 3 mm. Results for the bottom longeron probing and for \ = 1.65 deg
are shown in Figure 4.10b. The probe force is displayed as a function of the probe
displacement and the probe location. The interval between probe locations is 36
mm and the probe force is interpolated between measurement points to construct
the corresponding probing contour map. In this representation, the maximum probe
displacement is limited to 1.5 mm. For larger displacements, global deformations
of the structure are induced by probing, and motion of the vertical linear bearing
is observed for probe locations over 625 mm. Due to physical constraints (size of
the probing stage), the first and last probing locations are offset from the strip ends
by half a batten spacing. For visualization purposes, the maximum probe force
is capped at 0.45 N and all dark red regions in Figure 4.10b correspond to probe
forces above this threshold. The schematic of the strip in Figure 4.10a is aligned
with Figure 4.10b such that the probe coordinate directly corresponds to its physical
location on the strip.

A periodic pattern of alternating local probe force maxima and minima is observed.
The maxima are attained at the locations for which the probe is aligned with a
batten. From this simple observation, we can postulate that there can only be a
single buckle forming per batten spacing, at a location close to (or at) the midpoint
between the two battens. The search problem is then reduced to a discreet set of 10
probe locations (5 for each longeron). A local buckle in equilibrium is found when
the probe force falls to 0 N (for a non-zero *?). Even when the probe force does
not reach this critical threshold, a non-monotonic probe force profile indicates the
potential for a buckle to form at higher rotations. On the bottom longeron, two of the
probe locations have already been studied and correspond to buckle BR and BL of
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Figure 4.10: (a) Schematic of the edge probing experiment and (b) probe force as a
function of the probe displacement and probe location, for \ = 1.65 deg.

Section 4.4. A buckled equilibrium is detected at location BR as found previously,
and a local minimum approaching 0 N is found at location BL. As explained before,
both buckles are forming through the main snaking sequence, stemming from the
TC buckle formation at the bifurcation point.

However, competing buckling locations are revealed. In particular, a buckled equi-
librium is located at a probe location of 550 mm. This buckle does not appear in the
main snaking sequence, and therefore is not connected to the fundamental path. It is
a broken-away mode which can only be triggered if a disturbance is applied on the
structure. An important observation is that the location of this mode corresponds to
the buckles observed in Figure 4.6d, when the first eigenmode imperfection is seeded
in the simulation. This alternate buckle may be the trigger of an alternate snaking
sequence, competing with the one observed without perturbations. At a probe lo-
cation of 250 mm, the probe force profile features a local minimum. However,
the minimum probe force is relatively large. Probing at higher rotations indicates
that the probe force does not fall to 0 N at this location, before the spontaneous
buckling is reached. Finally, the probe force profile at the 400 mm location features
a low, but positive minimum. It is also a broken-away mode but corresponds to the
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same snaking sequence studied in Section 4.4, when top and bottom longerons are
swapped. While in the simulation top and bottom longerons are interchangeable,
gravity may bias the structure in the experiment towards the formation of TC rather
than its bottom longeron counterpart.

Repeating the experiment on the top longeron yields an almost identical contour
map. Local buckling equilibria are found at the probe location TC (as expected
from Section 4.4) and at 250 mm, similar to the alternate mode discussed above.
Broken away modes are found for the left and right probe locations (counterpart of
BL and BR on the top longeron) and belong to the snaking sequence triggered by
the bottom central buckle, mentioned in the previous paragraph.

Here, the spacing between probe locations is rather coarse, but adequate for this
specific structure. The experiment should be seen as a proof of concept, but other
structures may require a thinner discretization. Simulations can be harnessed to
compute the probing region of influence and thus determine an appropriate spacing.
We can also envision refining the density of probe locations to regions of interest
as the test progresses. A more systematic approach to finding buckling locations
through probing will be the subject of future work.

Triggering the alternate buckling modes
The previous experiment revealed two alternate locations at which buckling can be
triggered. One was found on the bottom longeron, at a probe location of 550 mm,
and another one on the top longeron, at a probe location of 250 mm. For the rest
of this section, these two probe locations are called BA (Bottom edge Alternate)
and TA (Top edge Alternate). In the following, probing is conducted at these two
locations for 1.2 < \ < 2 deg. The initial rotation increment is 0.05 deg, and is then
refined to 0.02 deg above \ = 1.55 deg. The corresponding stability landscapes are
shown in Figure 4.11.

We first focus on the BA probe location for which the landscape is shown in Figure
4.7a. For rotations below the point of spontaneous buckling, the stability landscape
is similar to the ones found for the TC, BL, and BR probe locations. It features
a ridge and a valley both starting at \ = 1.31 deg. The minimal buckling load to
sustain the BA buckle in equilibrium is \ = 1.59 deg. The minimally buckled state
marks the start of the single-buckle stable and unstable equilibrium contours. At
the structure’s bifurcation point, at \ = 1.74 deg, there is still a significant hill of
probe force separating the unbuckled state and the unstable equilibrium contour. At
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Figure 4.11: Stability landscapes for the (a) BA probe location, (b) TA probe
location, and (e) their common legend. (c) Energy barriers for the BA and TA probe
locations and (d) schematic of the strip structure with the two probe locations.

this critical rotation, and in the absence of the BA buckle, the structure’s main post-
buckling mode forms, as seen in Figure 4.6e. For \ > 1.74 deg,*? = 0mmdoes not
correspond to the unbuckled state anymore, but to the end of the main post-buckling
snaking sequence, and probing is applied to the buckled structure. For these large
rotations, the probing behavior changes significantly. The initial probe characteristic
is steeper and creates a large offset of the ridge to *? = 0.8 mm, and an extensive
region of higher probe force magnitude. When the probe displacement increases
further, the structure experiences a snap-back and the unstable three buckles (BA
& BL & TA) equilibria are found. This new landscape topology can be explained
as follows. Once the structure takes the shape of its main post-buckling mode, the
formation of buckle BA requires buckle BR to disappear, which requires large probe
forces to be applied at the probe location. Notice that if the BA buckle is formed
before the bifurcation point, the buckled equilibrium evolves to the three buckles
(BA & BL & TA) configuration for \ > 1.74 deg.
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The TA probe location is then considered and the corresponding landscape is shown
in Figure 4.7b. It features a ridge and a valley that both start at \ = 1.39 deg and a
single buckle minimal buckling rotation at \ = 1.66 deg. The TA buckle is also a
broken away mode and at the bifurcation point, the unstable equilibrium contour is
farther away from the unbuckled state than it was for the BA buckle. It suggests that
the TA buckle is harder to trigger. At higher rotations, the behavior is similar to what
was observed at the BA location. A large region of high magnitude probe forces is
encountered between the unbuckled state and the unstable equilibrium contour. It
physically corresponds to the probe force required for the TC buckle to disappear and
subsequently form the TA buckle. The TC buckle has the largest amplitude among
the three buckles found in the main post-buckling mode and therefore, more probe
work needs to be supplied to the structure to close it. It explains that at the TA probe
location, the region of high probe forces extends to larger probe displacements. The
main difference between the BA and TA probe locations is the nature of the stable
equilibria encountered while probing. At the BA location, only the formation of
the BA buckle was observed whereas, three buckle configurations can be triggered
from probing at the TA location. For \ < 1.62 deg, the probe characteristic features
a cliff, similar to the TC, BR, and BL landscapes (Section 4.4). When the cliff is
reached, the structure experiences a snap-back caused by a fold (cusp catastrophe),
and the bottom left buckle (BL) is triggered. However no equilibrium solution is
found for the BL buckle when retracting the probe. The cliff converges to the two
buckles minimally buckled state, found for \ = 1.62 deg. It marks the start of the two
buckles stable and unstable equilibrium contours on which the TC and BL buckles
can coexist. The stable single buckle and unstable two buckles equilibrium contours
meet at the snaking rotation, \ = 1.67 deg. Finally the two buckles equilibra evolve
to the three buckles equilibria (TA, BR, and BL) for \ > 1.68 deg.

Similarly to the analysis of Section 4.4, the probe force/displacement characteristic
is integrated to compute the energy barrier for the various buckle configurations.
The results are shown in Figure 4.11c. For both probing locations, the energy
barrier features two regimes. Under the bifurcation rotation, the energy barrier is
low (�1 < 0.05 mJ). After the main post-buckling mode forms, the energy barrier
increases by almost an order of magnitude. As explained previously, this increase
can be explained by the extra amount of energy that needs to be provided to the
structure to make the BR and TC buckle disappear. For the entire range of rotations,
probing at BA yields a lower energy barrier. Therefore, it is the critical alternate
mode, and the most likely to appear first if a perturbation is applied to the structure.
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Note that in the energy barrier plot for the TA probing, the energy barrier for the
single TA buckle is not reported since it only corresponds to a very short range
of rotations (0.01 deg). The present analysis highlights that it is possible to form
alternate modes, disconnected from the unbuckled state, and that switching between
paths in the post-buckling regime is achievable, but requires significantly more
energy. The energy barriers for the TA and BA probe locations are compared to the
energy barrier found for the TC probe location, in Figure 4.12a. As a reminder, TC
is the critical buckle for the main post-buckling mode, as it requires the least amount
of energy to be formed. The energy required to form the BA buckle is about twice
the energy required to form the TC buckle, and can only be formed above \ = 1.6
deg, whereas the TC buckle can be formed above \ = 1.5 deg.

Similarly to Section 4.4, the energy barriers of Figure 4.11c can be combined to
create the transition diagram of Figure 4.12b. As previously explained, boundaries
in the (�1-\) plane are given by the minimum energy barrier required to create
the critical buckle configurations. For a given rotation, they correspond to sets of
dimples that can remain in equilibrium in the structure. For the alternate probing
locations, the diagram features three regions. The two regions found for higher
energy barriers correspond to the buckles triggered while probing at the TA location.
The critical alternate mode BA, encloses these two regions, and is reached for lower
values of energy barrier. The alternate transition diagram is superimposed on the
main post-buckling transition diagram (doted lines) of Figure 4.9d. The resulting
plot is a valuable tool to represent the competition between buckle configurations,
characteristic of the structure’s meta-stable state close to the spontaneous buckling
rotation. It reveals for instance that the alternate buckles mostly compete with the
early formation of the main three-buckle mode (BR, BL, and TC), but that they
require more disturbance to be triggered.

Alternate buckling sequence and large rotations
In this subsection, we explore the structure’s post-buckling response for large rota-
tions. In Section 4.3, we saw that the strip’s main post-buckling path is stable and
that the structure is able to withstand bending moments larger than its spontaneous
buckling moment. Of particular interest is the maximum load-bearing capacity of
the structure before failure. Here failure means that the structure reaches a stiffness
of 0 and corresponds to a horizontal tangent in the moment/rotation characteristic.

Without any disturbance applied to the structure, the main post-buckling mode
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Figure 4.12: (a) Energy barrier comparison between the TC, BA, and TA probe
locations and (b) transition diagram characterizing the formation of the alternate
buckling modes. The transition diagram for the main post-buckling mode is shown
in dotted lines.

appears when the spontaneous buckling rotation is exceeded. It consists of local
buckles at location BR, BL, and TC, as seen in Section 4.3. The full main post-
buckling response is shown in Figure 4.13a, as a solid line. As the rotation increases
after buckling, the amplitude of each buckle increases progressively, and a global
in-plane bending of the strip is observed. Themaximummoment,"<0G = 2.35Nm,
is reached at \ = 8.7 deg. Beyond this critical rotation, the structure experiences a
snap-back. It physically corresponds to a large increase in the TC buckle amplitude,
which makes the cross-section almost flat locally. Note that this specific mode of
failure has been observed previously for similar structures [69]. The deformed shape
obtained at the end of the bending experiment is shown in Figure 4.13b.

Next, we consider a small perturbation applied to the structure. Probing is conducted
at the BA probe location such that the critical alternate buckle is formed right before
the spontaneous buckling rotation. We wish to understand the consequences of the
alternate buckle formation on the full post-buckling regime. The previous subsection
demonstrated that the BA buckle can be sustained in equilibrium in the structure. It
is important to understand whether this specific buckle can be the start of an entire
alternate snaking sequence, similar to the role of the TC buckle in triggering themain
snaking sequence. In other words, we aim to determine if the competition between
two local buckles, TC and BA, can yield significant differences in the structure’s
global response. After the point of spontaneous buckling is passed, additional
buckles form simultaneously at location BL and TA, and buckle BA remains. The
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Figure 4.13: (a) Full post-buckling response obtained for the main (connected by
bifurcation) post-buckling path, and for the alternate (broken away) post-buckling
path. (b) Schematic of the paths leading to the main and alternate post-buckling
deformed shapes. (c) Main post-buckling deformed shape and (d) alternate post-
buckling deformed shape.

rotation is increased to trace the entire post-buckling characteristic, shown in Figure
4.13a, as a dotted line. The main and alternate post-buckling paths are similar until
\ = 2.6 deg. At this rotation, an additional buckle forms on the top longeron, in the
middle of the rightmost batten spacing. After this rotation is exceeded, the main
and alternate post-buckling responses diverge, and the alternate post-buckling path
shows a decreased stiffness. It ultimately yields a lower value of maximummoment,
"<0G = 2.15 Nm, reached for a higher value of rotation, \ = 9.5 deg. The deformed
shape obtained at the end of the alternate post-buckling path is shown in Figure
4.13c. At \ = 9.5 deg, the structure experiences a snap-back corresponding to the
sudden increase in the TA buckle’s amplitude. Similar to the main post-buckling
deformed shape, the cross-section becomes locally flat. For the main deformed
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shape, two alternating buckles are separated by a double batten spacing wavelength,
whereas the interval between buckles goes from a double batten spacing in the
middle to a single batten spacing on the sides in the alternate deformed shape.

These experiments highlighted two competing post-buckling sequences, stemming
from the TC and BA buckles. From the stability landscapes and energy barriers
found in Section 4.4 and 4.5, the multiple post-buckling paths leading to these two
sequences are illustrated in Figure 4.13b. Here, a possible arrangement of these
paths is drawn qualitatively. With the current experimental setup, it is possible to
record the bending moment while probing, and therefore locate these paths exactly
in the moment/rotation plane. This will be the subject of future work. From a global
response point of view, we saw that if a small amount of energy disturbs the structure
and triggers the BA buckle, the maximum moment decreases by 9% and a lower
bending stiffness is achieved above \ = 1.6 deg. It also yields different deformed
shapes. While both characteristics are stable and the difference in behavior can be
seen as minor, it will not necessarily be the case in all structures, and a competition
between local buckles could cause dramatic differences in post-buckling response
and stability.

4.6 Conclusion
Bending experiments were conducted on a specific kind of thin-shell structure,
consisting of an assembly of open cross-section tape springs connected transversely
by thin rods. Similar structures are used in large deployable spacecraft [18, 19]. One
of the most important characteristic they feature is a stable post-buckling regime
under bending, and they can therefore carry a load even after they first buckle.
This characteristic opens new design possibilities in which these structures are used
closer than ever to their buckling load, and even in their post-buckling regime. By
doing so, their mass efficiency can be dramatically improved by relaxing stringent
safety factors often applied to the buckling load.

The study used an experimental probing method to characterize the structure’s
meta-stability close to the buckling load. By locally displacing the longeron’s
edge in compression, and recording the probe force for various values of rotation,
stability landscapes were constructed and used to characterize the stability of each
of the local buckles forming the experimentally observed post-buckling mode. Of
particular interest was the determination of the minimum rotation at which these
buckles can appear in the structure, and the level of disturbance that the structure
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required to form these buckles early. A transition diagram was derived from these
experiments and defined regions in the (�1-\) plane for which specific combinations
of buckles can appear. If buckling is to be avoided, the transition diagram can serve
as a tool to derive a tighter lower bound on the actual buckling rotation, found in a
real environment in which perturbations and imperfections are present. A minimum
value of energy barrier, and maximum number of buckles can also serve as buckling
criterion, and a critical rotation can then be determined from the diagram.

The methodology was then extended to probe the longeron’s entire edge. It allowed
the detection of two broken-awaymodes. They are disconnected from the structure’s
fundamental path, but accessible if a disturbance is applied to the structure. They
directly compete with the main post-buckling mode. For the specific test structure
presented in this chapter, the energy barrier required to trigger the alternate modes is
about twice the one required to create the main critical buckle. However, additional
tests on other samples revealed that the two energy barriers can sometimes be
almost identical, and that these alternate modes cannot be neglected. Probing these
modes yielded an alternate transition diagram than can be superimposed on the main
buckling transition diagram, and gave a complete picture of the structure’s meta-
stability close to buckling. The analysis also showed that the alternate buckles can
also be triggered after the main post-buckling mode appears, but it requires more
energy. Finally, large rotation experiments were performed and showed that the
formation of the critical alternate buckle triggers a full snaking sequence featuring
four buckles, as opposed to three for the main post-buckling snaking sequence.
The two competing responses yielded different maximum moments and bending
stiffnesses for large rotations. It highlighted that characterizing the structure’s
response for all possible buckling modes is crucial, if the structure were to be used
in its post-buckling regime.

Finally, this study emphasized that in order to design and operate thin-shell struc-
tures near their buckling point, and in their post-buckling regime, finite element
simulations are helpful but not sufficient to characterize all the possible responses.
The finite element analysis of Section 4.2 did in fact predict the two competing
post-buckling shapes observed in experiment. However, while the lowest bifurca-
tion and therefore the connected path is in theory obtained for the first eigenmode
imperfection, the solution obtained for the second eigenmode imperfection was in
fact observed in experiment. Intrinsic imperfections in the real geometry biased the
structure to behave dominantly following its second eigenmode. In the framework
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developed here, the engineer would consider the whole set of theoretical post-
buckling solutions and for each of them focus on characterizing their stability and
the energy needed to form them. This approach paves the way to highly optimized
buckling criteria tailored to specific applications. Imperfection insensitive struc-
tures have been seen as an alternative approach to reducing buckling uncertainty.
Such designs have been explored for particular structures such as cylindrical and
spherical shells [59, 60], and the probing methodology could serve as an efficient
tool to enable more complex imperfection insensitive structures to be built.
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C h a p t e r 5

ULTRALIGHT LADDER-TYPE COILABLE SPACE
STRUCTURES

Nomenclature
�: total area of strip
��!: area of longeron webs and battens
1: batten cross-section width
3: longeron cross-section web width
ℎ: batten cross-section height
!: strip length
%: pressure applied on area �
%��: pressure applied on area ��!
%2A : non-linear buckling pressure
%2A−;8=: linear buckling pressure
%" : Minimum post-buckling pressure
%<0G: Maximum post-buckling pressure
A: longeron cross-section radius
B: batten spacing
C: longeron flange thickness
, : strip width
/: probe location along strip axis
\: longeron cross-section opening angle

Terminology
Brief descriptions of the key terminology used in the chapter are provided here.

• Linear buckling eigenvalue/load: buckling eigenvalue estimate obtained by
solving the buckling eigenvalue problem for the undeformed structure.

• Non-linearbuckling eigenvalue/load: buckling eigenvalue estimate obtained
by iteratively solving the buckling eigenvalue problem as the structure is
loaded. A first buckling eigenvalue prediction is performed without any pre-
load. This first estimate gives the linear buckling eigenvalue. The structure is
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then pre-loaded under the linear buckling eigenvalue and a second buckling
eigenvalue prediction is performed. This step is repeated until the pre-load
converges to the buckling eigenvalue estimate, to give the non-linear buckling
eigenvalue. The associated mode shape is denoted as the non-linear buckling
mode.

• Minimum post-buckling load: load at which a specific post-buckling path
restabilizes. This is the lowest load reached on the post-buckling path, unless
no stable paths exist in the post-buckling regime. Note that the structure can
reach lower load values if there exist bifurcations on the stable post-buckling
path. In this case, one will associate one minimal post-buckling load with
each bifurcation.

• Maximum post-buckling load: ultimate load that can be sustained by a
structure before it loses its overall stiffness.

5.1 Introduction
Thin-shell structures have been used extensively for aerospace applications as they
enable lightweight vehicles. Since the early 1920s, discrepancies between shell
buckling experiments and theoretical buckling predictions based on linear bifurca-
tion analysis based on perfect shell geometries were observed. The experimental
buckling loads were lower than the analytical predictions and the discrepancy was
later linked to the presence of initial imperfections in the shell geometry [13, 44,
82]. Considerable efforts were made to find safe lower bounds for the buckling
load of these structures, which led to the NASA space vehicle design criteria for the
buckling of thin-walled circular cylinders (NASA SP-8007) [62].

Today, these empirical buckling criteria are still used but are seen as very conser-
vative, and have some inherent limitations. To address these shortcomings, the
NASA’s Shell Buckling Knockdown Factor (SBKF) Project was established in 2007
to develop less-conservative, robust shell buckling design factors by testing shells
with known imperfections, as well as non-uniformities in loading and boundary con-
ditions [29]. The introduction of precisely engineered imperfections in spherical
shells showed that buckling could be accurately predicted if the initial geometry is
known accurately [51]. However, in many applications, measuring the shape of the
structure before use can be both expensive and difficult. The traditional buckling
and post-buckling prediction method uses a linear combination of the first buckling
modes as imperfection [66, 68] and showed increased accuracy compared to the
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classical linear bifurcation approach. The importance of local deformations at the
onset of buckling was linked to localization effects that cannot be described as a
combination of eigenmodes [65].

In particular, post-buckling paths exhibiting localization are found in cylindrical and
spherical shells. In most cases, these paths are broken away from the fundamental
path but approach it asymptotically, and can be reached before the first eigenvalue
is attained if a small amount of disturbing energy is input into the structure [32,
34]. For these early buckling routes, the structure exhibits a single-dimple localized
deformation and sits on a ridge of total potential energy separating the pre-buckling
energy well and a lower energy, localized post-buckling well. This mode of de-
formation is thus called mountain pass point and it has been shown that the single
dimple corresponds in fact to the cylindrical shell lowest mountain pass point [32],
i.e. the post-buckling solution that can be reached with a minimal energy barrier.
An experimental procedure to determine the fundamental path meta-stability was
proposed in 2013 [76] and has been used experimentally [81]. Comparisons with
earlier work showed that the onset of meta-stability often referred to as "shock sen-
sitivity" [76] gives an accurate lower bound for experimental buckling loads [20,
23].

The objective of the present chapter is to apply these recent breakthroughs in un-
derstanding cylindrical and spherical shell buckling to more complex thin-shell
structures made of composite materials. In particular, the present authors are cur-
rently investigating structural architectures for ultralight, coilable space structures
for large, deployable, flat spacecraft [3]. In the deployed configuration, each space-
craft measures up to 60 m × 60 m in size and is composed of ultralight ladder-type
coilable strips of equal width, arranged to form a square, and each strip supports
many photovoltaic and power transmission tiles. This structure is described in a
previous paper [71] and is shown in Figure 5.1. Scaled laboratory prototypes of this
structural concept have been built and tested [18, 19].

A ladder-type structure consists of two triangular rollable and collapsible (TRAC)
[57] longerons, connected transversely by rods (battens), and will be referred to as
a strip in this chapter. In the proposed spacecraft architecture, the strips are simply
supported at the ends with boundary conditions that do not allow any tension to
be applied. For the specific strip considered in the present study, the battens are
rectangular cross-section carbon fiber rods and the longerons are thin composite
shells. In orbit, the main loading is solar pressure, and hence a static pressure is the
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Figure 5.1: Overview of the ladder-type structure for the Space-based Solar Power
Project.

main loading condition that will be considered.

The purpose of the present study is to understand and quantify the buckling and
post-buckling behavior of a strip, and explore the sensitivity of its transition to
buckling, considering the effects of disturbances and imperfections. Recent work
studied the longeron’s deployed behavior and showed that localized buckles form
under transverse bending, and that the post-buckling regime immediately after the
first bifurcation restabilizes quickly. The studies focused on replicating experimental
results using non-linear buckling and post-buckling simulations [8, 48, 49, 56], and
further work used non-linear buckling load computations coupled with modern
machine learning techniques to design optimized longeron geometries [10].

The present study takes a different approach. The stability of the pre-buckling
(fundamental) path is assessed, and insights into early transitions into the post-
buckling regime are gained by using localized probing to apply a perturbation to the
structure. The probing technique is then generalized to higher order bifurcations
arising from the post-buckling path. Low energy escape paths into buckling that
cannot be predicted by a classical eigenvalue problem are identified.
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The chapter is structured as follows. Section 2 highlights some experimental ob-
servations on the buckling of a strip, and Section 3 reviews the concept of stability
landscape for thin shell buckling, which is used in the rest of the chapter. Section 4
presents the numerical computation of stability landscapes for a specific strip struc-
ture, and Section 5 extends the use of these landscapes to the post-buckling regime.
In Section 6 the effect of the strip length on the stability landscape is investigated.
Section 7 generalizes the probing to the entire structure, unveiling the existence of
low energy escape paths into buckling, similar to the low energy paths observed for
the cylinder and the sphere. Finally, Section 8 presents a preliminary analysis of the
effect of geometrical imperfections on the strip stability landscape.

5.2 Experimental observations on strip buckling
A 0.8 m long strip prototype with 3 battens spaced at 0.2 m was built and tested in
the cantilever configuration shown in Figure 5.2b. The longeron end cross-sections
at one end of the structure were built into a stiff plate and the cross-sections at the
other end were attached to a stiff composite rod. These boundary conditions did
not allow the end cross sections to deform. Two load cells mounted on an acrylic
beam were attached to a translation stage, and were placed in direct contact with the
two longerons ends (using steel balls). When actuated, the linear stage displaced
the two longeron ends and the reaction force at each end was measured. The
end displacements of the longerons were also measured, using laser displacement
gauges.

The results of this experiment are shown in Figure 5.2a and the buckles that were
observed are shown in Figure 5.2b. It can be seen that longeron 2 is 10% softer than
longeron 1, due to a slightly smaller cross-section introduced by the manufacturing
process. The two longerons exhibit different buckling behaviors. A local buckle
at the location of the first batten connection appears (buckle 1 in Figure 5.2b) in
longeron 2 for a tip deflection of 1.5 mm. As the tip deflection is increased, a
gradual softening of longeron 2 is observed which physically corresponds to the
growth of buckle 1. No other buckles appear in longeron 2. For longeron 1, the
linear regime extends to a tip deflection of 2.5 mm, then the first buckle (buckle 2)
appears close to the cantilever base. Unlike longeron 2, the behavior of longeron 1
after the appearance of buckle 2 is linear. A second buckle (buckle 3) appears 0.5
m away from the cantilever base, for a tip deflection of 8.5 mm. The postbuckling
regime of longeron 1 after the formation of buckle 3 is also linear. Finally, unstable
buckling of longeron 1 occurs for a tip deflection of 17.5 mm (buckle 4). At this
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point buckle 3 disappears. This ultimate buckling is of a different type and consists
of a doubly-curved S-shaped flange deformation, which creates a localized region of
very high curvature and leads to the formation of a crack at this location. Since the
two longerons are connected at the tip by a carbon fiber tube, the drop in reaction
force in longeron 1 is accompanied by a sudden increase of reaction force in longeron
2.
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Figure 5.2: (a) Evolution of longeron reaction forces as a function of longeron tip
displacements. The simulation results are for longeron 1. (b) Experimental setup
and local buckles on the longerons. Each buckle location is indicated by its number
in (a).

Based on this experiment, the following observations can be made regarding the
behavior of the tested structure:

• Both longerons exhibited a long and stable post-buckling regime, until ultimate
buckling occurred for a rather large tip deflection of 17.5 mm. For longeron 1,
the ultimate buckling reaction force was 4.8 times larger than the first buckling
reaction force, and 5 times larger for longeron 2. Each buckling event was
quasi-static.
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• The buckles forming in the longerons were very localized and consisted of a
single wave. Therefore, local deformation played a key role in the buckling of
the test structure, in analogy to the previously observed subcritical buckling
behavior observed in spherical and cylindrical thin shells.

• Imperfections and deviations from the nominal geometry played a key role in
the longeron behavior. Since more local variations in the shape of longeron
2 were observed, these imperfections were the likely origin of the gradual
softening behavior observed in the experiment, as opposed to the sudden
change of slope observed for longeron 1 (which has smaller shape deviations).

A finite element analysis was carried out to numerically reproduce some aspects of
the experiment. A classical post-buckling approach was used, which consisted in
seeding a linear combination of bucklingmodes into the longerons initial geometry to
resolve the bifurcations and their post-buckling branches. Two attempts are shown
in Figure 5.2a, respectively using the first 4 and the first 5 non-linear buckling
modes as imperfection. The total imperfection amplitude in the second attempt was
about twice that used in the first attempt. The results shown refer to longeron 1.
Qualitatively, the first attempt captured well the first buckling of longeron 1, but the
the second post-buckling transition occurred much earlier than in the experiment.
Convergence could no longer be achieved after a displacement of about 12 mm.
Numerical convergence up to ultimate buckling was achieved, but the imperfections
needed to resolve all buckling events degrade the initial pre-buckling path, causing an
early transition into the first post-buckling regime. These observations qualitatively
highlight the difficulties encountered while trying to model a series of subsequent
buckling events using seeded imperfections into the initial geometry [28].

This discussion indicates that it is important to quantify the post-buckling regime
of strip structures, as significant load-carrying reserves may be available beyond the
first buckling. Regarding the applicability of the present results to more general
cases, it should be noted that the bending moment distribution for the strip in this
experiment is non-uniform, which may influence the localization behavior and the
extent of the post-buckling regime.

5.3 General stability landscape approach to thin shell buckling
Recent work on thin cylindrical and spherical shell buckling has focused on the
stability of the buckling phenomenon and its sensitivity to disturbances. Rather
than seeing buckling purely as a bifurcation problem, these new contributions have
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studied in more detail the meta-stability of a structure’s fundamental path and the
early transition into adjacent post-buckling paths requiring small energy barriers to
be overcome. A review of these recent advances has been presented by Groh et al.
[23].

Following these developments, the approach to shell buckling that is adopted in this
chapter uses the buckling stability landscape, a recently developed tool to study these
phenomena. The notion of a stability landscape was introduced by Virot et al. [81]
as a way to characterize the meta-stable nature of cylindrical thin-shell buckling.
Virot et al. imposed a local radial displacement on a compressed cylinder, using a
small ball probe (called a "poker" in [81]) which creates a localized single dimple.
The stability landscape is the surface created when the probe force is plotted as a
function of the probe displacement for various levels of the main loading parameter
(axial compression or end-shortening of the cylinder). It provides a useful way to
quantify the impact of probing on the buckling behavior and a general way to study
buckling sensitivity of a structure to disturbances.

Even though the stability landscape was introduced for thin cylindrical shells, a
similar landscape can be found for other types of shell buckling problems. A thin
shell buckling stability landscape is sketched in Figure 5.3a. For the specific scenario
shown here, there exists a range of prescribed loads for which stable equilibrium
solutions exists. This is not always the case. The features of this landscape and their
significance, described in [81], are briefly summarized next.

• Point of spontaneous buckling. This point corresponds to a zero probe
displacement and the associated load is the non-linear buckling load. No
disturbance is needed for the structure to transition into its post-buckling
regime from this point.

• Minimally buckled state. The minimally buckled state corresponds to the
load below which no buckles can form in the structure, whereas buckled states
can exist above this load. This load corresponds to the load for which the probe
force first falls to zero for a non-zero probe displacement. Below this load,
the probe force does not drop to zero even for large probing displacements.
Thus, the minimally buckled state represents the onset of metastability. This
load can serve as an accurate bound for experimental buckling loads [20, 23].

• Buckled equilibria solutions. For loads above the minimally buckled state,
there exist two states of equilibrium on the contour of probe force vs. probe
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Figure 5.3: (a) Schematic of thin-shell buckling stability landscape, inspired
from [81]. The x-axis represents either a prescribed load or a prescribed end-
displacement. (b) Energy barrier between pre-buckled and post-buckled states, at a
given level of loading. If no stable buckled equilibrium solutions exist, the probe
force vs. probing displacement curve will follow the dashed line.

displacement where the probe force is zero for a non-zero probe displacement:
an unstable state and a stable state. These two states are connected via the
contour plotted in Figure 5.3a. The two states coalesce at the load associated
with the minimally buckled state. In a probing experiment where the probe
is not glued to the structure, the structure will dynamically snap to the stable
equilibrium state as soon as the probe attains the unstable equilibrium state. It
is important to realize that the details of the stable buckled equilibrium state,
and even its existence, depend on whether the overall loading applied to the
structure is load-controlled or displacement-controlled (or some combination
in between). For example, a spherical shell buckling under external pressure
has a stable buckled state when loaded under volume-control but has no stable
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buckled state (other than complete collapse) under pressure control. Note
that the unstable equilibrium contour intersects the fundamental path at the
point of spontaneous buckling in Figure 5.3a. In some situations, offset post-
buckling paths exist for which the unstable equilibrium contour never intersect
the fundamental path. Such situations are discussed in Section 5.7.

• Valley. At loads below those associated with the minimally buckled state,
a valley in the stability landscape is associated with the local minima of the
probe force. This contour of positive local minima terminates at theminimally
buckled state.

• Ridge. The ridge is the locus of local maxima of the probe force. Each local
maximum in the probe force is associated with an energy barrier between
the stable unbuckled state and the unstable buckled state, as indicated in Fig-
ure 5.3b. For any applied load, the energy barrier is the minimum energy that
must be imparted to the structure by a disturbance to cause buckling. The
energy barrier as a function of the applied load is directly related to the buck-
ling sensitivity or "shock-sensitivity" [76] of the structure to disturbances.
Note that the point of intersection between ridge and valley marks the appear-
ance of a negative probing stiffness. At loads above this level, kinetic energy
(snapping) would be released in a load-controlled probing experiment.

5.4 Computation of strip stability landscape
Finite element model
A finite element model (FEM) of a strip, composed of two longerons of length ! in
the range 1.8 m to 4.2 m, was developed. The geometry of the structure is described
in Figure 5.1. The cross-section has an opening angle of \ = 100 deg, radius
A = 12.2 mm, thickness C = 98 `m, and web length 3 = 8 mm. The two longerons
are connected by regularly spaced transverse rods, called battens, at spacing B = 0.3
m. The batten length is approximately equal to the width of the strip, , = 0.2 m,
and its rectangular cross-section has width 1 = 3 mm and height ℎ = 0.6 mm. The
longeron flanges are made of a [±45 GFPW / 0 CF /±45 GFPW] laminate, known
as FlexLam [64], where GFPW refers to glass fiber plain weave and CF refers to
unidirectional carbon fiber. The two flanges are connected with a ply of glass fiber
plain weave at the web.

The FEM was built using the Abaqus 2019 commercial software. The longerons
were modeled with 4 node reduced integration shell elements (S4R) and the battens
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with linear 3D beam elements (B31). The element size is 2 mm and is chosen such
that the eigenvalues and eigenmodes of Figure 5.5a have converged to their mesh
independent value.

Finite element analysis
The strip structure was held in a simply-supported condition, as shown in Figure 5.4.
The outer web edge (highlighted in orange) on one of the longeron cross-sections
was prevented from translating in any direction while the web edges of all other
end cross-sections were constrained in a way that allows the projections of the strip
length and width onto the (GI) plane to vary. Details on these boundary conditions
are provided in Figure 5.4.

A uniform pressure was applied on the longeron webs and on the battens’ top faces.
The total area loaded by pressure in the numerical model is ��! (where �! denotes
battens and longerons), and the associated buckling pressure is called %2A−�� (were
�� denotes Abaqus). However, in an actual structure, a thin membrane would be
attached to the edges of the longerons and hence the loading (solar pressure) would
act on the entire area � = ! ×, spanned by the structure. In order to emphasize
the practical significance of the present study, all results are presented in terms of
%, although %�� is actually used in the analysis. The two pressure values are related
by % × � = %�� × ��! .

For each value of %, the top edge of the longeronswas probed by applying a transverse
nodal displacement*G? at / = /?, and the probe reaction force was extracted. The
two independent control parameters to construct the stability landscape are therefore
the pressure and the probe displacement.

All the analyses were performed using the Abaqus implicit solver, in a static mode.
The pressure was applied as a load, whereas the probes were modeled as displace-
ment boundary conditions. An automated step size was used for both pressure
loading and probing, and no automatic stabilization was used.

The last important consideration is the choice of the probe locations. In a classi-
cal buckling and post-buckling analysis, one would compute non-linear buckling
eigenmodes and seed a linear combination of these modes into the structure’s initial
geometry [66]. The use of an arclength solver coupled with the imperfect geometry
enables tracing the first bifurcation branch. The early transition into such a branch,
governed by the structure’s non-linear eigenmodes, was studied first. Therefore, the
probing location was first chosen as the location at which the peak deformation for
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Figure 5.4: Schematic of FEM for strip loaded by pressure.

the first eigenmodes is reached.

The first non-linear eigenmodes were obtained using the following iterative scheme.
First, a buckling mode prediction was performed for the undeformed structure to
obtain the linear buckling load %2A−;8=. Next, a pressure of 0.5%2A−;8= was applied
on the strip. A buckling prediction was then performed on the prestressed strip
and a new value of the critical buckling load was then computed. This process
was repeated until the pressure applied before the buckling prediction step had
converged, thus obtaining the non-linear buckling pressure. This procedure led to
the four closely spaced eigenmodes shown in Figure 5.5a, which consist of single
dimples localized on both sides of the central batten. The highly localized nature of
these eigenmodes could be explained by the pressure loading causing a non-uniform
bending moment along the strip length, which reaches a maximummagnitude at the
center of the structure. In order to study early post-buckling branches associatedwith
suchmodes, the probe locationwas chosen as the location ofmaximumdisplacement
for these modes.

Two probing schemes were considered in the present study, as shown in Figure 5.5b.
The antisymmetric probing scheme uses one probe per longeron. The location
of this probe matches the peak displacement of the first buckling mode for each
longeron. The symmetric probing scheme uses two probes on each longeron, and
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the probe displacements are all equal. The probe locations are given by the location
of peak displacement for the first two buckling modes. In both probing schemes, the
probes are displaced in the G-direction, in an outward sense. Note that the computed
modes are combinations of inward and outward flange deflections. By conducting
a conventional numerical post-buckling analysis based on a linear combination
of these modes seeded in the perfect geometry, it was observed that the deformed
shape obtained from the first bifurcation branch featured only outward buckles. This
motivated the choice of the outward probing scheme, but it should be noted that
restricting the chosen probing scheme to these modes, has the effect of restricting
the scope of the meta-stability study. There is no guarantee that this approach yields
the lowest transition into buckling, and a more complete set of probing schemes
would be needed to have a full picture of the complex buckling behavior of such a
structure. A more general approach, that does not use the eigenmodes to choose the
probing location, is presented in Section 5.7.

(a)

Probe longeron 2

Probe longeron 1

Probes longeron 2

Probes longeron 1

Antisymmetric probing 

Symmetric probing 

(b)

Figure 5.5: (a) First 4 non-linear buckling modes for L = 1.8 m. (b) Symmetric and
antisymmetric probing schemes derived from these modes.

Stability landscape
Plotting of the reaction force as a function of the probe displacement for several
values of the applied pressure load generates the stability landscape for the strip.
This section focuses on a 3 m long strip for which the stability landscape for
antisymmetric probing is shown in Figure 5.6, and the landscape for symmetric
probing is similar. All the features described in the introduction and Section 5.3
can be seen here. The obtained minimum post-buckling load for this specific strip
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length is %" = 0.86 Pa. The ridge, fundamental path, and unstable equilibrium
contour intersect at the non-linear buckling load %2A = 1.45 Pa.

It is interesting to note that the values of critical probe displacement obtained in the
present study are similar to the values obtained for industrial cylindrical cans [81].
However, in the present study the open cross-section of the longerons lowers the
ridge probe force magnitude about two orders of magnitude beneath the cylindrical
cans [81], where ridge forces of about 1 N were found just above the minimum
post-buckling load.
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Figure 5.6: Stability landscape for 3 m long strip structure, for antisymmetric
probing.

Probing instabilities
The previous subsection has presented the stability landscape for antisymmetric
probing of a strip with ! = 3 m. In the nominal probing scheme, the structure
remains straight and planar and the two probe forces are equal, such that there is
no net force resultant on the structure (although there is a moment resultant for the
antisymmetric probing scheme).

Bifurcationswere encountered on themain probing path, in the immediate vicinity of
the unstable equilibrium point (first appearance of 0 probe force). They are reported
in Figure 5.7with their correspondingmode shapes, for an applied pressure % = 1.17
Pa. Two types of instabilities can be seen. The first one is linked to the first and
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second eigenvalues, and involves an interaction between local flange instabilities
at the probe location, and in-plane bending of the entire structure. This type of
interaction arises from the low in-plane bending of the strip structure. The second
type of instability is purely local and is triggered by the third and fourth eigenvalues.
In the case of the first and third eigenmode, a local symmetry breaking bifurcation
occurs locally, as the single wave dimple at the probe location transforms into an
antisymmetric mode shape. This type of bifurcation has been observed before
in other structures, such as an elastic arch under normal concentrated force. A
classification of bifurcations and obstacles to a probing sequence has been provided
by Thompson, Hutchinson, and Sieber [77].

Probing 

Eigenmodes

Critical Probe

Displacement
0.3056 mm 0.3077 mm 0.3102 mm 0.3977 mm

Small 

In-plane 

Bending

Large 

In-plane 

Bending

Figure 5.7: Eigenvalues encountered during a probing sequence at P = 1.17 Pa.

The cluster of eigenvalues near an unstable equilibrium solution gives rise tomultiple
probing paths. Two of these paths are highlighted in Figure 5.8a. The deformed
shapes following the dashed path are shown in Figure 5.8b, for 4 different probe
displacements. One can observe that the behaviors of longeron 1 and 2 are identical
until bifurcations are reached. In this initial probing regime, the buckle amplitude
of both longerons grows, and the probe force increases and then decreases towards
the unstable equilibrium solution. Past the bifurcation, the behavior of longerons 1
and 2 are different. The structure starts bending in plane, as previously described,
which results in an increase in the buckle amplitude for longeron 1 while longeron
2 deforms globally in bending. The paths shown by solid lines in the figure are
essentially delayed version of the dashed paths, for which bifurcations occur in the
range of negative probe forces. Once the bifurcation has been passed, the deformed
shapes obtained for the solid-line paths are similar to the ones for the dashed paths.
These two sets of paths illustrate the local/global interaction that can disturb a
probing sequence, but many other paths exist.
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Figure 5.8: (a) Two sets of probing paths for longeron 1 and 2 after encountering a
bifurcations, for % = 1.17 Pa. (b) Deformed shapes at various points of the probing
paths shown in (a).

These instabilities can be seen as limitations to the probing analysis, but in fact
they highlight a powerful approach to selecting appropriate sets of constraints and
boundary conditions for a given structure. In other words, these instabilities can be
avoided by the judicious implementation of additional boundary conditions.

5.5 Generalization of stability landscape to post-buckling regime
Iterative construction of stability landscapes
The focus of this section is the ultimate pressure that can be carried by the strip
structure which requires a study of the post-buckling response of the structure using
stability landscapes. Knowledge of the structure’s post-buckling behavior is the key
to understanding whether buckling is benign or catastrophic.

Consider the stability landscape shown in Figure 5.3. The unstable equilibrium
solutions, defined by the yellow contour, determine the critical probe displacements
needed to reach the yellow contour. Past this critical displacement, the probe can be
released and the structure will naturally snap into the stable equilibrium solutions,
defined by the white contour. Once the stable equilibrium contour has been reached,
the structure has transitioned into its post-buckling path.

This transition can be implemented easily in the finite element analysis. Note that
it differs from the classical approach, which consists in seeding imperfections in
the structure’s undeformed geometry, and using an arc-length solver to force the
bifurcation into a specific branch. While the classical methodology is useful to
obtain a rough idea of the structure’s post-buckling behavior, it can be quite difficult
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to implement, as shown in Section 5.2, because one does not have control over when
the imperfect structurewill bifurcate, and the post-buckling path is approximate since
the structure’s geometry has been changed. For imperfection sensitive structures
(which include thin shell structures), these two effects are particularly pronounced,
and it becomes difficult to resolve higher-order bifurcation paths (i.e., bifurcations
from the primary post-buckling branch) since the imperfections needed to resolve the
higher-order bifurcations canmodify the structure’s behavior for earlier bifurcations.
Path-following methods [25] are extremely powerful in this respect, as they allow
the exact post-buckling path for a structure to be traced. However these methods are
available only in research finite element codes. An advantage of using the probing
method adopted here is that it gives insights into the stability of the fundamental and
post-buckling paths and their resilience to disturbances, while allowing resolution
of the strip behavior after multiple bifurcations, and thus up to the ultimate failure
pressure. It can also be implemented in experiments, which is of course a major
advantage.

Once the structure starts following its first post-buckling path, its behavior can be be
computed uniquely until a new bifurcation is encountered. At this point, a non-linear
eigenvalue computation can be performed, and the probing process can be repeated
using the maximum amplitude location of these new eigenmodes to determine the
new probing location. Note that once the = − 1 buckle is fully formed, there is no
more need to continue probing at its location, and the = − 1 probe can be released
when the = probe is activated. This iterative process is repeated until the maximum
pressure is found.

This process is illustrated in Figure 5.9, corresponding to the antisymmetric probing
of Figure 5.11a. A specific post-buckling path is shown but there exist infinite
possible paths. Each path is associated with a specific level of disturbance and the
associated energy barriers are reported in Figure 5.9b. However, while the pressure
at which probing is started sets the point at which the transition into buckling occurs,
it does not affect the behavior of the structure after it reaches the stable equilibrium
path. Therefore, for a specific probing scheme, the maximum pressure will be
independent of the path chosen. Also, once a buckle is fully formed and the probe
is released, the peak displacement of the buckle can still be tracked.

The peak displacements of the three buckles are shown by black curves in Fig-
ure 5.9a, and the deformed shapes at points I, II, and III are shown in Figure 5.10.
Note that buckle 1 yields the largest deformation. Also note that global failure of
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the strip occurs when buckle 1 reaches a maximum value of outward displacement,
at %<0G . At this point, a localized fold forms at the center of the structure while the
amplitudes of buckle 2 and 3 decrease, and the strip starts folding.
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Figure 5.9: (a) Stability landscapes obtained for the first, second and third sets of
probing. The labels I, II, and III refer to particular points atwhich the deformed shape
of the structure is shown in Figure 5.10. (b) Energy barriers between pre-buckled
and post-buckled states for each of the 3 buckling transitions.

Post-buckling response for symmetric and anti-symmetric probing
The method described in the previous subsection was used to trace the structure’s
post-buckling response for symmetric and anti-symmetric probing. The antisym-
metric probing starts as shown in Figure 5.5b. The subsequent probes 2 and 3 are
determined using the iterative method described earlier, by considering only the
first eigenmode for each longeron. Similarly, the symmetric probing starts as shown
in Figure 5.5b and uses the first two eigenmodes to choose the probe locations,
which results in using 4 probes at a time. These two probing schemes are shown in
Figure 5.11a.

The probing approach allows one to trace the full post-buckling response shown in
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Figure 5.10: Deformed shapes corresponding to points I, II, and III of Figure 5.9a.

Figure 5.11b. The G-axis corresponds to the displacement extracted in the middle
of the longeron (1.5 m from the end), at the cross-section centroid. The previously
described failure of the structure appears as a horizontal tangent in this plot, which
highlights the loss of stiffness at the maximum value of pressure. The deformed
shapes, just before failure and for both types of probing, are shown in Figure 5.12.
Note that the antisymmetric probing scheme yields a softer post-buckling regime
and a lower value of the maximum pressure. Thus, the antisymmetric probing
scheme is the one to be considered when determining safe bounds on the structure’s
operational range.

In addition to the probing method, an attempt was made to compute the full anti-
symmetric post-buckling response using the "traditional" method, which consists in
seeding the buckling mode shapes into the initial geometry. The result is shown by
a black dashed line in Figure 5.11b, for a total imperfection amplitude of 2% of the
shell thickness. The probing and "traditional" techniques give essentially the same
result for the first post-buckling branch. However, this simulation was not successful
in going past the first post-buckling regime. Due to the structure’s high imperfec-
tion sensitivity, seeding the second buckling modes in the initial geometry (even
for an imperfection amplitude of less than 0.5% of the shell thickness) degrades the
pre-buckling response and first bifurcation can no longer be resolved. Finally, the
numerical probing technique presented in this chapter allows the structure to transi-
tion from its fundamental path directly to the stable post-buckling branch while the
applied pressure is kept constant. Such a scheme, while numerically efficient, does
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not detect any potential bifurcations arising from the unstable post-buckling branch,
as highlighted by Pirrera et al. [63]. Such bifurcations could give rise to different
stable post-buckling branches.

Probe 2

Probe 2

Probe 1

Probe 1

Probe 2

Probe 2

Probe 1

Probe 1

Probe 2

Probe 2

Probe 1

Probe 1

Probe 3

Probe 3

Iterative Symmetric

 Probing
Iterative Antisymmetric

Probing

(a)

0 10 20 30 40 50 60

Strip middle y deflection (mm)

0

0.5

1

1.5

2

P
re

s
s
u

re
 (

P
a

)

Antisymmetric probing
Symmetric probing
Imperfection 2% t

(b)

Figure 5.11: (a) Probing schemes for higher-order stability landscapes. (b) Full
post-buckling response for the symmetric and antisymmetric probing scheme.

(a) (b)

Figure 5.12: Deformed shape for (a) antisymmetric and (b) symmetric probing.

To overcome this limitation, two approaches are taken. The first one consists in
checking the eigenvalues of the tangent stiffness matrix, as the structure is probed.
Any intersection with a new stable post-buckling branch will be detected in this way,
and the probing scheme can then be changed following the eigenmodes of this new
bifurcation, before reaching the stable equilibrium contour of the previously deter-
mined bifurcation branching from the fundamental path. However, this approach
is unable to detect unstable paths that do not restabilize since they do not intersect
the probing path. The second approach consists in releasing the probe right before
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reaching the unstable equilibrium contour. The full unstable and stable branch can
then be resolved using an arclength solver, and one can directly check for nega-
tive eigenvalues on the unstable post-buckling branch. This second technique has
been used successfully for different types of structure. For the ladder-type coilable
structure, no negative eigenvalues were detected while probing, and the preliminary
experiment discussed in Section 5.2 suggests that there are no fully unstable paths
leading to early failure before the ultimate pressure is reached.

5.6 Effects of strip length on buckling energy barrier and characteristic loads
The analysis described in Section 5.4.2 was repeated for lengths of 1.8 m, 4.2 m,
5.4 m, and 6.6 m. The first quantity that has a direct impact on the early buckling of
the structure is the minimum post-buckling pressure which was computed it for all
of the considered strip lengths. The evolution of the linear and non-linear buckling
pressures was also tracked. Finally, by computing the full post-buckling response
of the structure, the maximum post-buckling load was determined.

The evolution of these four quantities as a function of ! is shown in Figure 5.13a.
This figure shows that the linear and non-linear buckling pressures decrease as the
strip length increases, with the linear buckling pressure (eigenvalue problem for the
undeformed structure) slowly converging to the non-linear buckling pressure and
the eigenmodes also become very similar. While the first non-linear eigenmodes
localize on a side of the central batten, the linear eigenmodes are symmetric with
respect to the central batten. As the length of the strip increases, the non-linear
buckling modes become less localized and more symmetric with respect to the
central batten, as shown in Figure 5.14.

By comparing the non-linear eigenmodes in Figure 5.14 with the post-buckling
deformed shapes in Figure 5.10, it can be noted that the non-linear eigenmode has
multiple peaks of decreasing amplitude, whereas the deformed shape I in Figure 5.10
features only a single buckle. This type of localization has been studied for various
problems, including elastic beams on an elastic foundation [83] and spherical shells
[4].

A second observation is that the ultimate buckling pressure decreases as ! increases.
When looking at the formation of local buckles in the post-buckling regime, it is
observed that the longer the strip, the more buckles are formed before reaching the
ultimate buckling load. Since the formation of a buckle in the structure is associated
with a decrease in stiffness, the structure will reach a zero value of stiffness earlier
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Figure 5.13: Evolution of (a) critical loads and (b) energy barrier as a function of !.

if more buckles can form, since the minimum buckling pressure for higher-order
buckles does not increase significantly (see Section 5.5.2). The ultimate buckling
load is about 1.39% greater than the non-linear buckling load for ! = 1.8 m and
only 1.26% greater for ! = 4.2 m.

As ! increases, a similar decrease in the minimum post-buckling pressure is ob-
served. Notice that the ultimate buckling load converges faster to the non-linear
buckling load than the minimum post-buckling pressure.
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Figure 5.14: Comparison between linear and non-linear buckling mode shapes for
3 different lengths.

The energy barrier against the buckling transition into the antisymmetric firstmode at
% < %2A has been plotted in Figure 5.13b for the various strip lengths considered. The
shape of the barrier is consistent across the different lengths and follows qualitatively
the same trend as the minimum post-buckling pressure. A rather surprising effect
is that, whereas the minimum post-buckling pressure and energy barrier decrease
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when ! is increased up to ! = 5.4 mm, the opposite trend is observed when ! is
increased further to 6.6 m. This result indicates that the minimum post-buckling
pressure and the energy barrier are not monotonic with respect to the strip length.

The results obtained in this section can be linked to the spacecraft design application
described in the introduction. In Figure 5.15, the linear buckling pressure for a range
of strip lengths and widths has been compared to the value of 9 × 10−6 Pa, which
corresponds to the solar radiation pressure on a spacecraft orbiting the earth (denoted
as 1 astronomical unit, or 1 au). For narrow strips (, < 0.6 m), buckling takes
the form of a localized longeron buckling, as previously described. In wider strips
(, > 0.6 m) the battens are longer and tend to buckle before the longerons, which
gives rise to a plateau in the linear buckling pressure for shorter strips. The evolution
of the linear buckling pressure for longer strips is consistent over the range of strip
lengths. For , = 1 m and ! = 12 m, the linear buckling pressure is 2215 times
greater than the solar pressure, for ! = 30 m it is 434 times greater, and for ! = 60
m it is 333 times greater. These results indicate that the risk of buckling under solar
pressure is very small for all lengths considered. However, for these longer strips,
the linear buckling mode takes the form of a global strip twisting along its axis and
the non-linear localization effects may possibly yield significantly lower non-linear
buckling loads.
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Figure 5.15: Linear buckling pressure as a function of strip length and strip width.

5.7 Low-energy escape paths
The previous part of this study has analyzed early transitions into post-buckling,
corresponding to the first non-linear buckling modes. However, while these modes
give rise to a meta-stable fundamental path above the minimum post-buckling pres-
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sure, there may exist additional meta-stable paths in the immediate vicinity of the
fundamental path that are also associated with a very low energy barrier, and which
would yield an earlier transition into the post-buckling regime. Such broken-away
paths were recently studied for the case of the cylindrical shell under axial com-
pression and for the spherical shell under pressure [38, 40, 78]. In the case of the
cylinder, the corresponding mode shapes take the form of a localized dimple.

Broken-away paths run close to the fundamental path without ever intersecting it,
and therefore cannot be predicted by a bifurcation analysis [37]. The points forming
such paths are referred to as mountain pass points, because they correspond to the
top of a ridge in the total potential energy map. This ridge separates the fundamental
well from a lower potential well corresponding to a localized buckling mode, and
the mountain pass points correspond to an unstable equilibrium contour in the probe
force stability landscape. The mountain pass point requiring the least amount of
energy to be reached is called the lowest mountain pass point, and for the cylinder it
has been shown that the single dimple solution is indeed the lowest mountain pass
point [32].

In order to search for broken away paths and mountain pass points for the strip
structure, the finite element analysis described in Section 5.2.2 was extended to
multiple probe locations. For ! = 3 m, 39 different probe locations (one probe
location every 75 mm) were defined along the top edge of each longeron, with
the /-coordinate defining their position. Both longerons were probed in the same
outward anti-symmetric fashion described in Section 5.4.2, but the probe location
/ was increased for each new analysis. The probe force for each probe location and
for different values of the applied pressure was obtained from the analysis, and the
energy barrier was computed as described in Section 5.3. Figure 5.16a is a plot of
the energy barrier as a function of the probe location / and the applied pressure.

Focusing first on pressures close to the non-linear buckling pressure (% = 1.1 −
1.3 Pa), three plots of the energy barriers for varying / are shown in Figure 5.16b.
The local minima occur for / = 1, 423, 1, 579 mm, corresponding to the first
buckling modes. For % = 1.33 Pa, there exist two more local minima further away
from the center of the strip, at / = 1, 120 and 1, 880 mm. These local minima
are relatively high compared to the buckling mode minima for % = 1.167 Pa, but
they quickly drop to comparable values for % = 1.33 Pa. This result indicates that
buckling could occur also at these locations for a small disturbance, instead of the
main disturbances near the center of the strip. However, note that for this range of
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pressures, the disturbances corresponding to the buckling modes still correspond
the lowest energy barrier.
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Figure 5.16: (a) Contours of energy barrier for varying I location of probe and
pressure. (b) Detail of 3 high-pressure energy barriers.

The situation changes if lower values of the pressure are considered, in Figure 5.16a.
For % = 0.96 Pa, there is a global minimum for the energy barrier at the center of
the strip (/ = 1, 500 mm) surrounded by two local minima at / = 1, 282 mm and
/ = 1, 722 mm. The global minimum changes location rapidly, and for % = 0.98
Pa the global minima are at locations / = 1, 202 mm and / = 1, 802 mm, marked
with a + in the figure. Note that the pressure at which these local minima occur is
above the minimum post-buckling pressure for the strip structure.

The present analysis has shown that buckled equilibrium solutions exist for probing
at these alternative locations, which cannot be determined by solving the classical
buckling eigenvalue problem. An important observation is that the location of
the lowest mountain pass points for the strip structure depends on the value of the
pressure. Finally, although only antisymmetric probing was considered here, similar
results can be expected if only one longeron is probed locally.

5.8 Effect of initial imperfections on strip stability landscape
It is well known that thin shells are highly sensitive to geometric imperfections, and
a natural question regards the sensitivity of the stability landscape to imperfections
in the undeformed geometry. A preliminary investigation was carried out for the
case ! = 1.8 m, with imperfections based on the first eigenmode for longerons 1
and 2, as shown in Figure 5.5a.

The imperfect structure was probed using the outward antisymmetric probing
scheme at the location of the peak bucklingmode displacement. In this specific case,
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the probing location also corresponds to the location of the maximum imperfection
amplitude. The stability landscapes obtained for this specific probing scheme and
for imperfection amplitudes ranging from 0% C to 50% C are shown in Figure 5.17a.
This figure shows that the imperfection has a significant impact on the structure’s
buckling load, which corresponds to the pressure above which the stability land-
scape can no longer be computed (the solver encounters the first bifurcation). For
the perfect geometry, the buckling pressure is %2A = 3.3 Pa which decreases to 2.9
Pa (88% of %2A) for an imperfection amplitude of 10% C, 2.48 Pa (75% of %2A) for
an imperfection amplitude of 30% C, and finally reaches 2.08 Pa (63% of %2A) for an
imperfection amplitude of 50% C.
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Figure 5.17: (a) Evolution of the 1.8 m strip stability landscape for antisymmetric
probing with growing geometrical imperfections. (b) Evolution of the first buckling
energy barrier for the 1.8 m strip with growing geometrical imperfections.

An important observation is that the minimum post-buckling pressure is barely
affected by the imperfection for amplitudes under 40% C. For the perfect geometry,
the minimum post-buckling pressure is %" = 2.26 Pa. This value does not change
for an imperfection of 10% C and decreases only slightly, to 2.22 Pa and 2.2 Pa for
imperfection amplitudes of 30% C and 40% C, respectively. For a critical value of
imperfection amplitude, between 40% C and 50% C, the buckling load equals the
minimum post-buckling pressure, and past this value of imperfection, the structure
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is no longer meta-stable.

A final observation is that the energy barrier required to reach early buckling for
the imperfect structure, shown in Figure 5.17b, decreases when the imperfection
amplitude increases, and there is a sudden drop for imperfection amplitudes above
10% C.

5.9 Conclusion
This chapter has presented a numerical study of the buckling and post-buckling
behavior of structures of interest for large coilable solar arrays. The specific structure
that has been studied is a ladder-type strip structure consisting of two coilable
thin-shell longerons connected by transverse battens. Its transition into buckled
configurations has been captured by plotting its stability landscape. This landscape is
a three-dimensional plot of three independent quantities, the force and displacement
of a localized lateral disturbance, introduced on the strip using a probe, and the main
loading parameter. In the present case, the stability landscape of a strip structure is
a plot of probe force vs. probe displacement and vs. transverse pressure.

It has been shown that the stability landscape for a pressure-loaded strip is similar
to the landscape for classical shells, such as the axially-loaded cylinder and the
pressure-loaded sphere. Similarly to classical shells, the stability landscape for the
strip shows that an early transition of the strip into buckling can be triggered by small
disturbances, whose amplitude decreases when the main loading is increased. Key
differences between the strip structure and the classical thin shells have been high-
lighted. Specifically, while the classical shell structures buckle catastrophically, the
strip structure features a large stable post-buckling range. Therefore, the maximum
post-buckling load that can be sustained by strip structures is significantly higher
than the first buckling load.

The same probing technique used to derive the stability landscape for the strip to
form its first buckle has also provided an effective way to both investigate its post-
buckling response and to gain insight into the meta-stability of the post-buckling
path. This approach is especially useful when multiple successive buckles are
encountered, as the level of disturbance needed to form a specific series of buckles
can be determined.

The probing of the structure’s longerons was applied at multiple locations, and
this analysis showed the existence of broken-away paths (mountain pass points)
corresponding to the single dimple in the cylinder and the sphere. The mode shapes
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for these specific early buckling paths localize at different locations than the ones
predicted by a classical eigenvalue problem. An important take-away from this
problem is that the location of the lowest mountain pass point (minimum energy
barrier to transition into buckling) is a function of the pressure applied to the strip.

The effect of imperfections, based on the first buckling mode, on the strip stability
landscape has been assessed. While imperfections significantly degrade the buckling
load and also erode the energy barrier separating pre-buckled from post-bucked
states, it has been found that they have little impact on the minimum post-buckling
pressure. It was also found that for a sufficiently large imperfection amplitude,
the buckling load becomes as low as the minimum post-buckling pressure, and the
structure loses its meta-stability.

Regarding the practical design of strip structures, the present extension of the probing
approach to more complex thin-shell structures enables different design strategies.
For applications in which buckling is to be altogether avoided, the structure can
be designed such that it never exceeds the minimum post-buckling pressure. If
upper bounds on the disturbance amplitude during operation and manufacturing
deviations are known, the structure could be operated above its minimum post-
buckling pressure by using the energy barrier of the worst imperfect structure as the
main design limit. Finally, in the case of a stable post-buckling regime and if small
buckles during operation are acceptable, the ultimate failure load can be derived
efficiently, numerically or experimentally, using the probing technique and can be
used as a design criterion.

Last, for the specific strip structures that are of current interest [18], it has been
shown that 0.2 m wide strips with lengths ranging from 1.5 m to 4.2 m have critical
pressures from 5 Pa to 1 Pa, respectively. Under these loads, the structures will
elastically collapse by folding around the center. The corresponding minimum post-
buckling pressures range from 2.5 Pa to 0.5 Pa. For spacecraft applications it should
be noted that these values are several orders of magnitude larger than solar pressure
loading. For longer strips, knowledge of the strip stability landscape will be a crucial
tool, and the methods presented in this chapter will play a key role in enabling the
design of such structures.
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C h a p t e r 6

CONCLUSION

6.1 Summary and contributions
The work presented in this thesis has made several contributions to the field of shell
buckling and in particular, its application to spacecraft structures. The overarching
goal was to extend the newly developed probing methodology to more complex
thin-shell structures. This methodology was first used in 2016 to characterize the
meta-stable behavior of cylindrical and hemispherical shells close to buckling. Even
if these experimental studies showed that in theory, the methodology could be used
to derive less conservative buckling criteria, their scope was restricted to canonical
problems and suffered some limitations. In fact, probing was only ever applied to
the two problems mentioned above, and was only used experimentally a handful
of times. The present work extended probing to real engineering structures and
loading, and demonstrated that it can be used in practice as part of the structure’s
design process. It paves the way to the development of more efficient concepts, in
which structures are used closer to their buckling load than ever before, and even
in their post-buckling regime. It would allow for lighter structures to be built and
has the potential to enable new applications, such as extremely large aperture space
solar power satellites. In order to fulfill the main research goal, the work has been
divided into four parts, and contributions of each of these steps are highlighted next.

In a first research effort, simulations have been conducted to explore the use of
probing for an open section thin shell structure under bending. This specific structure
and loading depart significantly from the two canonical problems studied before.
For cylindrical and spherical shells, it has been shown that imperfection sensitivity
and localization play a crucial role in the shell’s buckling behavior. In addition,
close to the buckling load, the shell’s behavior can be characterized by a so-called
stability landscape of shell buckling, which represents the probe force as a function
of the probe displacement and the main loading. In the present research, we showed
that for the more complex open-section structure and bending loading, imperfection
sensitivity and localization are also dominant, and that buckling follows the same
stability landscape of shell buckling. Even if previously, probing was restricted
to the study of a single buckle, the framework was extended to probe the entire
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structure, and new unstable probing scenarios revealed buckling phenomena specific
to assembly of thin shells and open sections, never observed before. This initial
work proved that probing can be used to navigate the complex multiplicity of post-
buckling solutions know as spatial chaos, for real engineering structures. It also
served as the basis for the experimental work of this thesis.

Motivated by the previous computational study, our next research work focused on
developing a new experimental setup to conduct probing on a real open-section
thin-shell structure under bending. This experiment required an important appa-
ratus, capable of applying bending to the test sample. Initial bending experiments
were conducted on classical bending machines commonly used to test engineering
structures. However, these machines have proven to be inadequate for the problem
at hand since they introduce prestress during testing and therefore worsen the struc-
ture’s imperfection sensitivity. Even an undetectable misalignment (on the order
of one arc-minute) between the test structure’s ends had a significant impact on its
buckling behavior, and masked the phenomena observed in simulation. To address
this major challenge, we designed and implemented a new bending machine suit-
able for testing extremely imperfection-sensitive structures. It uses a combination
of pressurized air bearings and counterweights to provide statically determinate
boundary conditions to the structure. Its isostatic nature guarantees that no prestress
can develop during the test, and therefore that the experimental setup does not in-
troduce any parasitic effects which would influence the buckling behavior. The new
machine’s performance has been validated with experiments on linear and highly
nonlinear structures. This type of bending apparatus has never been realized before,
and it is the only machine found in literature that is capable of applying a strict pure
bending moment in a general structure.

Next, probing experiments were conducted on the open-section thin-shell structure,
and were made possible by the new bending machine. A probing apparatus was
designed and added to the experimental setup. The experiment revealed an extremely
rich buckling behavior. Experimental stability landscapes have been obtained and
showed thatmultiple buckled equilibria are competing. The landscapes also revealed
interactions between local buckles and gave insights into their sequential formation
(snaking), which was never experimentally studied before. A new representation
of the structure’s pre-buckling meta-stability has been developed, and displayed
transitions between buckled states as a function of the bending rotation and the
energy required by a perturbation to trigger buckling. Probing was then extended to
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the whole structure and used to search for alternate buckling modes, disconnected
from the structure’s unbuckled state. It revealed experimentally for the first time
that such modes exist. They can appear in a real environment where disturbances
are present and have a significant impact on the structure’s post-buckling response.

Finally, we focused on real composite space structures used in the Space Solar Power
Project at Caltech. On orbit, these structures are loaded by solar pressure and inertial
forces. Probing simulations were presented for the analysis of these particular open-
section thin-shell structures, and extended the methodology to non-uniform bending
moments. It has been shown that these structures feature a long stable post-buckling
regime, which can be used during operations. The use of probing stability landscapes
appeared to be powerful to numerically identify the multiple post-buckling paths the
structure can follow. These solutions were only possible to determine using complex
path-following algorithms before, but could easily be found here using probing in
a commercially available finite element software. The methodology was also used
to study the stability landscape variations with length and geometric imperfections,
and showed that efficient buckling criteria can be found for such structures.

6.2 Probing for the design of more efficient structures
The following subsection aims to give a broader perspective on the use of probing
for the design of lightweight structures. The ultimate goal is to use this technique
to increase the operational range of structures, while guaranteeing their safety. This
objective can be divided into two scenarios. In the first scenario, buckling is to be
avoided and therefore, probing would be used to determine a tight buckling criterion.
This scenario corresponds for instance to structures for which the post-buckling
response is fully unstable. In the second scenario, localized buckles are allowed to
form in the structure as long as it is still capable of bearing a load. This scenario
corresponds to the type of structures analyzed throughout the dissertation, for which
the post-buckling path quickly restabilizes, and the maximum load is higher than
the first buckling load. In this case, probing would be used to determine the range
of possible post-buckling responses and determine a maximum load criterion. The
use of probing for these two scenarios is detailed here:

• Operate structure below buckling: simulations can be used in the early
phase of the design process. By conducting probing in finite element analyses
on a perfect structure, a critical buckling mechanism can be identified. The
load at which a localized buckle can first be sustained in the structure can
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be determined, and used as an efficient buckling criterion. This specific
load called minimal buckling load, was shown in Chapter 5 to be insensitive
to imperfections, as long as the imperfection amplitude is under a specific
threshold (40% of the shell thickness for the ladder-type structure of Chapter
5). Later in the design process, probing can be carried out in experiments on
structural prototypes. It is possible to test these prototypes non-destructively
by tracking the ridge and the valley of the experimental stability landscape.
Ridge-tracking enables the determination of the exact buckling load for the
unperturbed structure, while valley-tracking yields the exact minimal buckling
load. If an upper bound on the energy brought by potential disturbances during
operations is determined, experimental probing can be used to derive a tighter
buckling criterion, based on the energy barrier required to trigger buckling.

• Operate structure up to its maximum load: probing can be extended to
the post-buckling regime through simulations. It enables the determination
of all possible post-buckling responses, with or without the presence of dis-
turbances. If multiple buckling events occur, stability landscapes can be used
iteratively to trace the full post-buckling responses, and a tight lower bound
on the structure’s maximum load can be determined. Using the maximum
load criterion, instead of a buckling criterion, can dramatically increase the
range of operation for the structure. Probing can then be used experimentally
to validate prototypes. An experimental disturbance diagram can be created
and the various post-buckling responses stemming from competing buckling
sequences can be determined. It enables the refinement of the maximum load
criterion determined through simulation.

6.3 Future work
The work presented in the thesis can serve as the basis for tackling more complex
studies and applications. Here, promising avenues of research are grouped into two
categories: advancing the probingmethodology and extending its use in engineering
structures.

Improvements to the probingmethodology can bemade. In the experiment presented
in chapter 3, probing was used to find the critical locations at which buckling occurs.
To do so, the structure’s edge in compression was discretized into several probe
locations. A more systematic and efficient approach could be developed to carry
this search. For instance, one could think about having an initially coarse spacing
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between probe locations, which subsequently get refined in specific regions, based
on metrics computed during probing. The ridge probe force could for example be
used for such a metric. The modified method would then be the experimental analog
to mesh refinement, commonly used in simulation.

The current experimental setup only allows the probe to apply a compressive force
on the structure. The use of a bilateral probe presents significant advantages and
could be used in the future. First, it would allow to capture the negative probe forces
in the "lake" of the stability landscape. By integrating them, the kinetic energy
released during buckling can be measured, without triggering any snap-through of
the structure. This information can then serve as an additional criterion to assess the
risk associated to buckling. This is especially important for space structures since
they usually feature a very low damping on orbit, and kinetic energy release could
significantly affect the dynamic of the entire spacecraft. Second, a bilateral probe
would also allow probing in both directions, and the complex buckling scenarios
highlighted in chapter 2 can be explored experimentally.

One important output of the probing methodology is the energy barrier required
to trigger buckling. While this specific quantity can serve as a lower bound on
the energy needed for a general disturbance to cause buckling, the link between
the two quantities is not obvious. Additional work would be required to assess the
local effect of a global disturbance applied on the structure. Of particular interest
is the interaction between quasi-static probing and dynamic disturbances. This
can be investigated for instance by focusing on the coupling between vibration and
buckling, and the link between the probing energy barrier and the energy contained
in a specific vibration mode.

The methodology presented in the thesis can be extended to new applications.
Probing experiments can be conducted on the space solar power strip structure, an
alternate design can be built based on the probing buckling criteria. One could
also use probing as a tool to design imperfection-insensitive structures of arbitrary
geometry. Finally, we saw in the experiment thatmultiple buckled configurations can
be triggered by only probing at a single location. If the structure is engineered with
precise imperfections, we could envision building thin shell multi-stable structures,
in which a local probe actuator would make the structure switch between buckled
configurations. Probing would then have a double role. It would be used to construct
the stability landscapes needed during the design process, and would also be used
as the main actuator during operations.
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