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ABSTRACT

Optical resonators are capable of storing electromagnetic energies in the visible
and infrared band. The light intensity is greatly enhanced within the resonator,
which makes them suitable as a platform for nonlinear optics studies. Here, using
silica microresonators as platforms, we explore the fundamental nonlinear dynamics
of light induced by Kerr nonlinearity and Brillouin scattering. The first half of the
thesis analyzes optical solitons as a result of Kerr nonlinearity, including its universal
scaling, its dynamics in the presence of laser feedback, the analytical properties of
its relativistic counterpart, as well as its applications as a wavelength reference. The
second half of the thesis focuses on stimulated Brillouin lasers and their linewidth
performance, demonstrating new performance levels of the Brillouin laser and two
correction factors to its linewidth that have been established for semiconductor
lasers.
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C h a p t e r 1

INTRODUCTION

Nonlinear physical systems and their associated nonlinear problems have attracted
great interest in the past century. In particular, nonlinear optics studies have ben-
efited from the invention of lasers and low-loss fibers, and have resulted in many
fundamental breakthroughs such as the frequency comb technology (awarded the
2005 Nobel physics prize). Optical microresonators [1] have emerged as a particu-
larly promising platform for nonlinear optics due to their ability to store light energy
and enhance the intensity inside the resonator, triggering nonlinear effects with
moderate levels of input power. Such effects not only are intriguing on their own,
but also help us have a better understanding of the fundamental nonlinear processes.
Here we explore two of the optical nonlinearities commonly found in materials:
Kerr nonlinearity and Brillouin scattering. The Kerr nonlinearity can create optical
solitons in the resonator, and we study their characteristics as well as how to de-
terministically generate them. On the other hand, Brillouin scattering can lead to
stimulated Brillouin lasers, and we focus on their linewidth and demonstrating new
performance levels.

1.1 Optical microresonators and their characterization
Optical microresonators, in their broadest sense, can refer to any device that can store
external electromagnetic energies within a predetermined frequency band (usually
the visible and infrared band). The “micro” traditionally refers to the overall small
size of the resonator (usually tens of µm), but now millimeter- and centimeter-sized
resonators are also classified as microresonators as long as their mode area is on
the µm2 level. Microresonators can be realized by different configurations [1],
such as Fabry-Perot (two reflectors trapping the light within), waveguide ring (a
waveguide with its head connected to tail, in which light can circulate), whispering-
gallery (similar to waveguide ring but replaces the waveguiding mechanism by total
internal reflection), and photonic crystal (periodic arrangement of structure that
leads to band gaps and embedded energy levels).

For simplicity we will focus on the waveguide ring and whispering-gallery res-
onators. The waveguide itself supports transverse modes, where light distributes
itself across the waveguide cross section while satisfying the Maxwell equations.
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If the waveguide dimension is large enough, the waveguide may support multiple
transverse modes with different field profiles. Because of the periodic condition
present in these resonators, light can sustain itself only when it constructively inter-
feres with itself after one round trip. Such states are known as longitudinal modes,
or resonances of the resonator, where the ring circumsference is an integer multiple
(known as the mode number) of the wavelength. The frequencies of such modes
(resonance frequencies, or mode frequencies) are discrete and are the only frequen-
cies where light can be effectively stored in the resonator. The distance between
adjacent mode frequencies equals the free spectral range (FSR) of the resonator.

To allow light from outside the resonator to be transferred into the resonator, there
is external coupling from the environment to the resonator. For example, a mirror
with reflectivity less than 1 will allow the light to pass through the mirror in a Fabry-
Perot resonator, and another waveguide can be brought to close proximity to the
ring resonator so its evanescent field overlap and light can tunnel from the external
waveguide to the resonator. The external coupling is described by the coupling
rate, denoted as ^ex and has dimension )−1. Note that, while the coupling itself is
conservative, it appears as a loss source of the resonator, consistent with the Fermi’s
golden rule (see next section). There may also be intrinsic losses of the resonator
as a result of material absorption or surface scattering. This is described by the
energy loss rate ^0, the rate that energy is lost from the resonator through intrinsic
loss channels, and it also has dimension )−1. The total loss ^ of a specific mode can
then be written as a sum of its intrinsic and external losses:

^ = ^0 + ^ex. (1.1)

The loss is usually compared to the resonance frequency of the mode, and the
dimensionless quality factor (& factor) of the mode can be defined:

& =
l0
^
, (1.2)

where l0 is the angular resonance frequency in rad/s units. The & factor describes
how many oscillation cycles the light can complete before its energy decays to 1/4
of its initial value. Higher & factor leads to more long-lived photons inside the
resonator and is more beneficial for nonlinear applications. Similar to the overall
& factor, intrinsic and external quality factors, &0 and &ex, can be defined for their
respective loss channel by replacing ^ with ^0 and ^ex. They satisfy

&−1 = &−1
0 +&

−1
ex . (1.3)
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A similar concept is the finesse, comparing the loss to the resonator FSR:

� =
FSR
^
. (1.4)

The finesse describes how many round trips the light can complete before its energy
decays to 1/4 of its initial value. The intrinsic finesse and external finesse can be
similarly defined. State-of-the-art microresonators can attain a finesse of 102 to 105,
and & factors of 107 to 109.

A special coupling condition is the critical coupling, where ^ex = ^0 = ^/2. At
this condition all incoming light is transferred to the resonator, and there is no light
bypassing the resonator (a quantitative description is given in the next section).
This is similar to the impedance matching concept in electronics, where impedance
mismatch at the two sides of a port will create reflections of the electrical signal.

For nonlinear applications, it is preferable to focus the light onto a smaller spot,
which increases the energy flux for a fixed power and enhances nonlinear effects.
The effective mode area of a transverse mode describes its spatial extent within the
waveguide:

�eff =

(∫
|E|23�

)2∫
|E|43�

, (1.5)

where E is the modal field distribution, and the integral goes over the entire cross-
section. There are many other definitions for mode area, but this one involving
the fourth power of E is closely related to the Kerr nonlinearity process with four
photon ladder operators in its Hamiltonian. We note that the above definitions can
be directly applied only to resonators made with a single material; the integral needs
to be weighted by material nonlinarities if multiple materials are present in the
resonator. A related concept is the effective mode volume, describing the spatial
extent of the mode in the entire resonator:

+eff =

(∫
|E|23+

)2∫
|E|43+

. (1.6)

Smaller mode volumes increase confinement of the field, and, combined with a
high& factor, increase the overall nonlinear effect inside the resonator and decrease
power requirements. For example, the parametric oscillation threshold, the external
power required to make the resonator generate optical sidebands, scales as +eff/&2.
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1.2 The mode equation
Themode equations give a complete description of the dynamics of resonatormodes.
There are many ways to determine the mode dynamics. The projection method
starts from the Maxwell equations and projects them onto a specific mode family
[2, 3]. This method is rigorous and capable of linking the coupling coefficients
to fundamental material properties (i.e. from the modal nonlinear coefficient to
material third-order nonlinear susceptibility j(3) or nonlinear refractive index =2).
However, for simplicity considerations, herewewill directly start fromHamiltonians
and write down the dynamics using Heisenberg equations. This is simpler when the
expression for coupling is not important and can be obtained from experiments.

The simplest Hamiltonian consists of a single number operator:

� = ℏl0̄†0̄, (1.7)

where ℏ is the reduced Planck constant, l is the resonance frequency of the mode,
and 0̄ is the lowering operator of the mode. From here the equation of dynamics
can be obtained as

30̄

3C
= −8l0̄. (1.8)

It would be convenient to “reference” all equations to a specific frequency (usually
the external pumping frequency lP or the true oscillating frequency of the mode in
question) to eliminate time dependencies from the equations. To this end, we define
a slow-varying version of 0̄, 0 = 0̄48lPC . The equation for the slow-varying 0 reads

30

3C
= −8(l − lP)0 = −8Xl0, (1.9)

where we have defined the detuning of the mode Xl ≡ l−lP. Xl < 0 indicates that
pump frequency is higher than the mode frequency, and is known as blue detuned;
conversely Xl > 0 indicates that pump frequency is lower than the mode frequency,
and is known as red detuned. The effective Hamiltonian using the slow-varying
variables reads

� = ℏXl0†0. (1.10)

To incorporate the effects of intrinsic loss, a phenomenological term is directly
added to the equation of motion:

30

3C
= −8Xl0 − ^0

2
0. (1.11)

This non-Hermitian term can not be directly incorporated into the Hamiltonian and
is usually added by hand into the Heisenberg equation.
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The external coupling is realized through coupling to a continuum of modes sup-
ported by the external waveguide. To correctly normalize the external modes, we
will first assume a length !ex for the waveguide and impose periodic boundary con-
ditions, then let !ex → ∞ at the end. The slow-varying lowering operator for the
continuum is denoted as �(Xlex) labeled by its detuning Xlex. It is normalized to
photon number per unit length to facilitate normalization. The Hamiltonian in this
case reads

� = ℏXl0†0

+
∑
Xlex

ℏXlex!ex�
†(Xlex)�(Xlex) − ℏ[6ex0

†�(Xlex) + 6∗ex�
†(Xlex)0], (1.12)

where 6ex is the matrix element for external coupling, assumed to be real and
constant over the frequency range of � being considered. The coupling term does
not explicitly depend on !ex, as increasing the external waveguide length should not
affect the local coupling between the waveguide and resonator.

The equation for 0 can be derived in an analogous manner of deriving Fermi’s
golden rule. We solve the amplitudes of � from the Hamiltomian:

3�

3C
= −8Xlex� + 8

6∗ex
!ex

0, � =
1 − 4−8XlexC

Xlex

6∗ex
!ex

0, (1.13)

and the dynamics of 0 can be written as

30

3C
= −8Xl0 + 86ex

∑
Xlex

� = −8Xl0 − |6ex |2
!ex

0
∑
Xlex

1 − 4−8XlexC

8Xlex
. (1.14)

By taking the limit of !ex →∞, we can replace the sum with an integral, multiplied
by the density of states of the waveguide. The integral reads∫

1 − 4−8XlexC

8Xlex
3Xlex ≈

∫ ∞

−∞

sin(XlexC)
Xlex

3Xlex = c. (1.15)

The density of states reads !ex/(2cE), where E is the speed of light in the waveguide.
Combining all the results above and adding the intrinsic loss, we get

30

3C
= −8Xl0 − ^0

2
0 − |6ex |2

2E
0, (1.16)

and we can associate ^ex ≡ |6ex |2/E with the external coupling-induced loss of
the resonator. The appearance of a loss-like term in a conservative system is not
surprising: it captures the central result of Fermi’s golden rule, where transition
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rate to a continuum of modes is a constant (similar to loss), rather than linear
in time (similar to single-mode conservative coupling). Effectively, the external
coupling creates another loss channel for the resonator, adding to the intrinsic loss
and determining the overall loss of the mode.

For external pumping, the term −ℏ|6ex | (0†�in + �∗in0) can be added to the Hamilto-
nian, where �in is a classical pumping amplitude, and the extra phase from 6ex can
be absorbed into �in. There is no detuning term as the equation has already been
referenced to the pumping frequency. The equation of 0 thus reads

30

3C
= −8Xl0 − ^0 + ^ex

2
0 + 8√^ex

√
E�in. (1.17)

Note that |�|2 represents the photon number per unit length, and E |�in |2 would
represent the input photon number per unit time, or the optical power %in divided
by ℏl0. It would thus be convenient to define an input term as 0in =

√
E |�in | =√

%in/(ℏl), which would be normalized to photon flux. We therefore have

30

3C
= −8Xl0 − ^

2
0 + 8√^ex0in, (1.18)

with ^ = ^0 + ^ex, which is the starting point for resonator mode dynamics.

As an example of applying the mode equation, we derive the critical coupling
condition as mentioned above. We would like to know the field amplitude that
bypasses the resonator after some portion of the light is coupled into the resonator.
Using the above Hamiltonian formalism, we found that the output field 0out, again
normalized to photon flux, reads

0out = 0in + 8
√
^ex0, (1.19)

The steady-state solution for 0 reads

0 =
8
√
^ex0in

^/2 + 8Xl . (1.20)

Thus the output photon flux reads

|0out |2 =
����1 − ^ex

^/2 + 8Xl

����2 |0in |2 =
(
1 − ^0^ex

^2/4 + Xl2

)
|0in |2. (1.21)

This result is consistent with energy conservation, i.e. those photons coupled to the
resonator are dissipated through their intrinsic loss channel:

|0in |2 − |0out |2 = ^0 |0 |2. (1.22)
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Note again that, although the ^ex appears like a loss to the resonator, it is not a
loss for the entire resonator-waveguide system, and does not appear in the energy
conservation calculation.

We return to the expression for the output photon flux and define a transmission
coefficient as the ratio of photon bypassing the resonator:

) =
|0out |2
|0in |2

= 1 − ^0^ex

^2/4 + Xl2 . (1.23)

The transmission has a Lorentzian lineshape in the frequency domain (with respect
to Xl), and its full width at half maximum is given by ^. ) reaches minimum at
Xl = 0 (i.e. the pump is exactly on resonance), where

)min = 1 − ^0^ex

^2/4
=

(
^0 − ^ex
^0 + ^ex

)2
. (1.24)

At the critical coupling condition (^0 = ^ex), we got )min = 0, and the transfer of
photons to the resonator is the most efficient. Deviations from the critical coupling
result in nonzero transmission. In the case of ^0 < ^ex, the system is said to be
undercoupled, and in the case of ^0 > ^ex, the system is said to be overcoupled.

1.3 Kerr nonlinearities, frequency combs, and optical solitons
Kerr nonlinearities refer to the change of refractive index in material proportional to
light intensity. They are named by analogy of the Kerr electrooptical effect, where
the change of refractive index scales with the square of the external electric field [4].
The mechanism responsible for the change is the third-order nonlinear susceptibility
j(3) . Light propagating in the material will induce polarization changes, which
determine the refractive index of the material. The nonlinear susceptibility induces
extra polarization changes, changing the effective refractive index the light expe-
riences. Higher orders of nonlinear susceptibility induce refractive index changes
proportional to higher powers of the electric field, which makes j(3) the dominant
contribution to nonlinearity. Note that the second-order nonlinear susceptibility j(2)

are present only when inversion symmetry of atom arrangement is broken (lithium
niobate being the prominent example) or when electric quadruple and magnetic
dipole transitions are considered.

To simplify the discussions, we will assume the resonator is perfecly circular so
we can define an angular coordinate \. In this case the mode number < also
represents the angular momentum number and the mode profile is proportional to
exp(8<\). We also assume that the transverse mode profile is constant within the
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band being considered. The Kerr nonlienar part of the Hamiltonian for this circular
microresonator can be written as

�K = −
ℏ6K

2

∫ 2c

0
0†(\)0†(\)0(\)0(\) 3\

2c
, (1.25)

where 0(\) =
∫ 2c

0 0< exp(8<\)3\ is the Fourier-transformed slow-varying lowering
operator that operates on the field at angular position \, and 0< is the slow-varying
lowering operator for the mode with mode number <. The Kerr coupling 6K can be
derived as

6K = ℏl0
=2l02

=2+eff
, (1.26)

where =2 is the nonlinear refractive index (the ratio of refractive index change to
light intensity) and = is the linear refractive index of the material. As =2 is positive
in most materials, the negative sign in the Hamiltonian indicates that the nonlinear
interaction lowers the energy of the system and red-shifts the resonance frequency.

Since the �K term creates and annihilates two photons, it is possible to convert the
photons on the pump mode to other modes with different frequencies. This process
is known as four-wave mixing. For example, �K may take two photons on the mode
<0 being pumped, and send them to modes<0− X< and<0 + X< respectively. Note
that energy and momentum must be conserved, and the sums of two mode numbers
before and after conversion are equal. The special case where the pumpwith a single
frequency is converted to two sidebands is known as optical parametric oscillation.
For a quantitative description, we project the �K onto the space spanned by three
modes, 0P ≡ 0<0 , 0+ ≡ 0<0+X< and 0− ≡ 0<0−X<. The full Hamiltonian reads

� = ℏXl00
†
P0P + ℏXl−0†−0− + ℏXl+0†+0+

− ℏ6K
2
0
†
P0
†
P0P0P

− ℏ6K
2

[
40†P0P

(
0†−0− + 0†+0+

)
+ 20†P0

†
P0−0+ + 20P0P0

†
−0
†
+

]
− ℏ6K

2

[
0†−0

†
−0−0− + 0†+0†+0+0+ + 40†−0−0

†
+0+

]
. (1.27)

The nonlinear part of� is separated into terms quartic in 0P (self-phasemodulation),
quadratic in 0P (cross-phase modulation and four-wave mixing), and quartic in 0±.
We will ignore the last section of � by assuming the amplitudes on 0± are small,
and demote 0P to a classical variable to simplify calculations. The equations for 0±
read

30−
3C

= −^
2
0− − 8Xl−0− + 86K

(
2|0P |20− + 02

P0
†
+

)
, (1.28)
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30+
3C

= −^
2
0+ − 8Xl+0+ + 86K

(
2|0P |20+ + 02

P0
†
−

)
. (1.29)

This is a set of linear equations in 0− and 0†+. If light can be sustained on the modes,
at least one eigenvalue should be zero. This gives the following conditions:

Xl− = Xl+, (1.30)

62
K |0P |4 =

^2

4
+

(
Xl− − 26K |0P |2

)2
. (1.31)

Using energy conservation, we can express the detuning using the pump frequency
and the mode resonance frequencies, which results in

62
K |0P |4 =

^2

4
+

(
l− + l+ − 2lP

2
− 26K |0P |2

)2
. (1.32)

If the resonance frequencies are perfectly equidistant (i.e. equal FSR everywhere),
and the pump frequency coincides with the pump mode resonance frequency, the
l− + l+ − 2lP term will vanish, and the above condition to sustain light on the
sidebands can never be satisfied due to nonlinear shifting of the frequency breaking
the energy conservation condition. Therefore we have to consider the dispersion
effect of the resonator, where the FSR (or equivalently the group velocity) changes
with wavelength. The dispersion is usually quantified by expressing the resonance
frequency as a Taylor series in mode number:

l< = l<0 + FSR · (< − <0) +
�2
2!
(< − <0)2 + ..., (1.33)

where �2 is the second-order dispersion parameter, and higher-order terms have
been neglected. The system has normal dispersion when �2 < 0, and anomalous
dispersion when �2 > 0, which derive their names from the corresponding behavior
in bulk materials. With anomalous dispersion, the nonlinear frequency shifting can
be correctly compensated by selecting a suitable X<, and it is possible for sidebands
to appear within the resonator. The threshold of |0P | for this to occur reads

|0P |2 =
^

26K
, (1.34)

or in terms of input power,

%in = ℏl0
^3

8^ex6K
. (1.35)

known as the parametric oscillation threshold.

When light is sustained on the sidebands, it may initiate additional four-wave mixing
processes, generating light on more and more sidebands. Light on all modes is
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coherent as a whole, and looks like a comb when represented on the frequency
spectrum, with a sharp line near the resonance frequency of each mode. This is
the basic concept of frequency combs, now widely applied to ranging, timing, and
spectroscopy applications. Note that nonlinearity in resonators is not the only way
of generating frequency combs; other methods, such as electro-optic modulation,
are outside the scope of this thesis.

The frequency comb and its formation can also be described in the time domain. To
this end we write down the Hamiltonian density for the resonator:

� =

∫ 2c

0
[(\) 3\

2c
, (1.36)

[ = ℏl<0 0̄
†(\)0̄(\)

+ ℏFSR0̄†(\) (−8m\ − <0)0̄(\)

+ ℏ�2
2
0̄†(\) (−8m\ − <0)20̄(\)

− ℏ6K
2
0̄†(\)0̄†(\)0̄(\)0̄(\), (1.37)

where 0̄ is the physical lowering operators (not the slow-varying ones). Ignoring
the loss and pump terms, the equation of dynamics of the field 0̄ can be found as

m0̄

mC
= −8l<0 0̄ − 8FSR(−8m\ − <0)0̄ − 8

�2
2
0̄†(−8m\ − <0)20̄ + 86K0̄

†0̄0̄. (1.38)

The fast time dependence is removed by 0̄ → 0 exp(−8lPC), the fast spatial depen-
dence is removed by 0 → k̄ exp(8<0\), and we choose a comoving frame by setting
k(\′, C) = k̄(\′ + FSR · C, C) to remove the linear term. Demoting k to a classical
field, we find that

mk

mC
= −8Xlk + 8 �2

2
m2k

m\′2
+ 86K |k |2k. (1.39)

This is known as the nonlinear Schrödinger equation, which admits many complex
solutions and has been studied both analytically and experimentally. In this equation,
�2 plays the role of kinetic energy, Xl is the energy level, and 6K is the nonlinearity
of the field. For non-periodic coordinates (i.e. \ extends to ±∞), there are soliton
solutions, which resemble a stationarywavepacket that tends to zerowhen \′→ ±∞.
The fundamental solution can be expressed as

k =

√
2Xl
6K

sech

(√
2Xl
�2

\′
)
, (1.40)
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which traps itself in the potential well created by its nonlinearity.

The soliton solution above can be shown to be robust in the presence of loss and ex-
ternal pump. Most solitons in resonators have a much shorter pulse width compared
to the resonator circumsference, and therefore their shape can be approximated by a
sech function even when periodic boundary conditions are imposed. Coupling the
soliton out of the resonator leads to a train of soliton pulses, each separated by the
round trip time (1/FSR) of the soliton within the resonator. When viewed on the
frequency domain, these solitons function the same as other frequency combs, and
sometimes these solitons are also called soliton frequency combs, or in the context
of microresonators, soliton microcombs.

1.4 Brillouin scattering and stimulated Brillouin laser
Brillouin scattering refers to the nonlinear interaction between light and acoustic
waves in the material. The mechanism responsible for the interaction is electrostric-
tion [4]. From a classical viewpoint, the acoustic waves induce periodic density
changes within the material, forming a moving grating, and the pump light may scat-
ter off the moving grating with its frequency shifted due to the Doppler effect. From
a quantum mechanical viewpoint, a pump photon may either emit a phonon and
becomes a photon with lower frequency (the Stokes process), or absorb a phonon
and becomes a photon with higher frequency (the anti-Stokes process). For the
resonators with ring-type geometry, light and acoustic waves can only propagate
forward and backward, and the scattered light can only travel to the opposite direc-
tion of pump to satisfy the energy and momentum conservation laws. Due to the
ways the quasi-particles are created or annihilated, the Stokes process is dominant
over the anti-stokes process when only the pump mode has a significant number of
particles.

The Stokes angular frequency shift of the pump photon, which equals the gener-
ated acoustic wave angular frequency, can be solved from energy and momentum
conservation as

Ω =
2EA

EP + EA
lP, (1.41)

where EP (EA) is the speed of light (sound) in the material and lP is the angular fre-
quency of the pump light. Since EA � EP, the above relation is often approximated
as

Ω =
2EA
EP

lP. (1.42)
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In order to facilitate the Brillouin scattering process, there should be an optical mode
with a resonance frequency close to the Stokes wave frequency, and a mechanical
mode located with a resonance frequency close to the Stokes frequency shift. While
the latter requirement is usually not a problem in microresonators, as the mechanical
modes are much denser compared to optical resonances, the requirement on optical
modes requires special attention. Methods to align the mode frequencies include
matching the FSR to the Brillouin shift, sweeping the mode spectrum to find a
suitable pair of modes, or tuning the temperature to change EA and therefore the
frequency shifts.

The Hamiltonian of the system, assuming perfectly aligned frequencies to the re-
spective modes, reads

� = ℏ6B(1†0†S0P + 10S0
†
P), (1.43)

where 0P, 0S, and 1 are the slow-varying lower operators for the pump, Stokes
and acoustic mode, respectively. The 6B is the photon-phonon coupling and is
proportional to the electrostriction coefficient and the overlap between photon and
phonon modes. The equations of motions for individual modes are:

30P
3C

= −^
2
0P − 86B10S + 8

√
^ex0in, (1.44)

30S
3C

= −^
2
0S − 86B1

†0P, (1.45)

31

3C
= −W

2
1 − 86B0

†
S0P, (1.46)

where W is the acoustic loss rate, and we used the same loss rate for the two optical
modes.

We now make the assumption that the acoustic loss W is much larger than the optical
loss ^, which is true for the silica wedge resonators used for generating Brillouin
lasers here. This allows us to adiabatically eliminate 1 from the system:

1 =
−86B0

†
S0P

W/2 , (1.47)

30S
3C

= −^
2
0S +

262
B
W
|0P |20S. (1.48)

Therefore the Brillouin process acts as a gain on the 0S mode, and the gain is
proportional to the pump photons. At the point where Brillouin gain equals Stokes
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mode loss, photons will start to accumulate in the Stokes mode and form the
stimulated Brillouin laser. The threshold for pump photons reads

|0P |2 =
^W

462
B
. (1.49)

The corresponding input power reads

%in = ℏl0 |0in |2 = ℏl0
^3

8^ex

W

262
B
. (1.50)

The pump photon number remains constant even when the input power exceeds
the above threshold (the clamping of pump photons), because extra pump photons
increase the Stokes gain and will be converted to Stokes photons.

The full-width-half-maximum fundamental linewidth of the stimulated Brilluoin
laser has been derived as [5]

2cΔa =
^

2|0S |2
(=th + #th + 1) =

ℏl3
0

2&ex&%out
(=th + #th + 1), (1.51)

where %out is the output laser power and =th and #th are the number of thermal
quanta in the acoustic and optical mode respectively. This is similar to the well-
knownSchawlow-Townes formula for semiconductor lasers, with the inversion factor
set to 1 and the half photon characterizing spontaneous emission replaced by the
total number of thermal quanta plus one half from both modes.

1.5 Overview of chapters
High optical & factor in optical microresonators is critically important, as many
figures of merit vary inverse quadratically with &, such as parametric oscillation
threshold, Raman and Brillouin laser threshold, and Schawlow-Townes linewidth of
a laser. In Chapter 2 a record &-factor over 1.1 billion for on-chip silica resonators
is demonstrated. Sub-milliwatt parametric oscillation threshold is also measured in
9 GHz free-spectral-range devices.

Chapters 3 to 7 deal with the properties and applications of optical Kerr solitons in
microresonators. In Chapter 3, we derive dimensionless, closed-form expressions
for soliton power and pulse width to leading order (including Raman contributions).
The contours of constant soliton power and constant pulse width in this region are
studied through measurement and simulation. Such isocontours impart structure
to the existence region, improve understanding of soliton locking and stabiliza-
tion methods, and, as universal expressions, can simplify the estimation of soliton
properties across a wide range of systems.
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In Chapter 4, we study a new approach of generating solitons automatically in
integrated laser-resonator systems. The removal of isolators on the laser chip and
backscattering from the resonator allows light be fed back to the laser and its
frequency locked to the resonance. We show theoretically that this leads to a new
continuous-wave operating point of the system which allows direct comb formation,
and validates the results with experiments.

In Chapter 5, optical solitons working outside the telecommunications band have
been generated. These include solitons with a central wavelength of 1064 nm and
780 nm. This is enabled by devices with high & factors, low parametric oscillation
thresholds, and in the case of 780 nm, controlling themode dispersion via degeneracy
and mode crossing. The results pave the way for creating solitons with even shorter
wavelengths and potentially in the visible band.

Chapter 6 closely follows Chapter 5 and studies the solitons that result from mode
crossings theoretically. The dynamics of the solitons are shown to be governed by
a version of nonlinear Dirac equations, and an approximate closed-form solution
to the soliton is derived. Properties of the mode crossing of the resonator are also
investigated in detail. The theoretical result is compared against simulations and
experiments and shows good agreement.

In Chapter 7 we present an application of the optical solitons by using them to
determine the frequency of an optical signal precisely over a wide range. Two
optical solitons form a vernier in the frequency domain, and the signal frequency
can be reconstructed by extracting the beating frequency between the signal and
two solitons. The method is applied to measure static and scanning lasers, multiple
signals, and spectral positions of gas absorption peaks.

Chapters 8 to 10 study the various characteristics of Brillouin lasers in microres-
onators, with an emphasis on their linewidth performance. In Chapter 8 we push
the white frequency noise of a Brillouin laser below 10 mHz·Hz/Hz. This is accom-
plished by blocking the Brillouin cascading process and increasing the laser power.
Such low noises require special measurement protocols, and we document the use
of cross-correlation techniques in conjunction with a standard phase discrimination
measurement.

Chapter 9 studies the linewidth enhancement factor (also known as Henry factor)
of the Brillouin laser. The factor is shown to be equal to the normalized phase
mismatch of the Brillouin process, and may significantly increase the laser linewidth
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by 50 times. Measurements of the laser linewidth are performed for different phase
mismatch and validate the model. The results emphasize the necessity to maintain
the phase matching condition to improve linewidth performance.

Finally, Chapter 10 studies the Petermann factor that affects the laser linewidth
when two or more lasing modes are present. The larger effective noises on each
mode can be attributed to the non-orthogonality of lasing modes. These results are
linked to exceptional point sensors, where the signal enhancement factor is exactly
canceled by increasing noise when working near an exceptional point, providing no
fundamental signal-to-noise ratio improvement.
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C h a p t e r 2

GREATER THAN ONE BILLION & FACTOR FOR ON-CHIP
MICRORESONATORS

Wu, L. et al. Greater than one billion & factor for on-chip microresonators. Optics
Letters 45, 5129–5131 (2020).

The many applications of high optical quality (&)-factor microresonators [1] have
stimulated remarkable progress in boosting the & value across a range of material
systems and device platforms (see results and table in Ref. [2]). & factor fre-
quently enters quadratically into device performance. For example, in Raman [3],
parametric [4, 5], and Brillouin [6–8] nonlinear optical oscillators, the threshold
varies inverse quadratically with &. Moreover, this same & dependence enters the
fundamental linewidth of laser oscillators [9] such as microcavity Brillouin lasers
[10]. Ultimately, these considerations are key performance drivers in soliton mi-
crocomb systems [11], microresonator gyroscopes [12–15], and microwave sources
[14, 16, 17]. For chip-based systems, silica microresonators using thermally grown
oxide offer the highest & factors [8]. Here, by optimizing fabrication methods for
silica whispering gallery resonators, the & factor of this system has been boosted
to over 1.1 billion. The results are confirmed through linewidth, ring-down, and
parametric oscillation measurements.

In the investigation, wedgewhispering-gallery resonator devices are fabricated using
a combination of thermal oxidation (8 µm thickness on 4 in. (100 mm) high-purity
float-zone silicon wafers), optical lithography, buffered HF silica wet etch and XeF2

silicon dry etch as detailed in reference [8]. The wedge angle was 27-30◦. To
boost overall & performance, several process and mask layout improvements were
implemented. The resist pattern and subsequent buffered HF silica wet-etch-defined
trenches are narrowed as illustrated in Figs. 2.1(a) and 2.1(b). This lowers dry-
etch time for silicon removal and thereby reduces unintended microscopic silica dry
etching. The temperature of each fabrication step is also strictly controlled within a
±0.5◦C range. This includes both the dry etcher temperature and the XeF2 source
temperature, both of which are servo controlled to ensure reproducible results.
The importance of this latter temperature control is that it permits a more precise
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Figure 2.1: Microresonator images and mode profiles. (a) Scanning electron mi-
croscope (SEM) image of microresonator (∼22 GHz FSR; 3 mm diameter). Dotted
white line indicates cross section in panel b. (b) False-color SEM cross section with
narrow trench structure and 120 µmundercut. (c) Left (right) panel, fundamental TE
(TM) mode electrical field distribution from numerical simulation. Arrows indicate
electric field vectors.

determination (and maximization) of silicon undercut to reduce optical loss. The
ultimate limit of undercut is determined by silica buckling [18]. Finally, the silica
microresonators are annealed 2–3 times for 20 h in an ultra-pure nitrogen ambient at
1000◦C to remove water and to release bulk stress in the suspended silica structure.

Intrinsic & factors (&0) are measured by characterization of resonance linewidths
(accounting for waveguide loading effects) and through cavity ring-down measure-
ments. Coupling to the resonators using a tapered fiber coupler [19] and a polar-
ization controller was used to excite modes that are primarily TE- or TM-like (see
Fig. 2.1(c)). As an aside on the optical coupling, mechanical vibrations are present
on the tapered fiber coupler. To suppress these vibrations, it is possible to place the
tapered fiber on the top of the wedge edge in contact with the silica surface. As a
result, the coupling condition becomes stable without inducing much scattering loss
to the resonator. At the same time, the amount of coupling can be readily controlled
by simply moving the contact location of the taper on the resonator. This has the
effect of adjusting the distance between the taper waveguide and the location of
the optical mode (see Fig. 2.1(c)) to thereby adjust the resonator loading by the
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Figure 2.2: & measurements. (a) Measured intrinsic &0 versus resonator diameter.
FSR, resonator diameters, and&0 values are indicated. Red dotted line corresponds
to a finesse of 60,000. (b) Left panel: resonance linewidth measurement of a 10
GHz FSR device at 1585 nm. Upper trace is resonance transmission (blue dots) with
Lorentzian lineshape fitting (red curve). The linewidth is 220 kHz, corresponding
to an intrinsic &0 = 1130 M and loaded &L = 860 M. Lower trace is a frequency
calibration (black dots) from a Mach-Zehnder interferometer (FSR is 5.979 MHz)
with sinusoidal fitting (cyan curve). Right panel: ring-down measurement (blue)
of the device measured in the left panel. An exponential decay fitting is shown in
red. Photon lifetime is 704 ns, corresponding to loaded &L ≈ 840 M. (c) Intrinsic
&0 and loaded &L data measured from 1530 nm to 1630 nm. (d) Distribution of
&0 values measured from different mode families for TE (left panel) and TM (right
panel) mode polarization measured in a single FSR.

waveguide.

Fig. 2.2(a) plots the highest intrinsic&-factors obtained for several device diameters.
Two device sizes have & factors over 1.1 billion. A typical spectral measurement
is illustrated in the left panel of Fig. 2.2(b), which shows a transmission spectrum
for a device having a free-spectral-range (FSR) of approximately 10 GHz (diameter
6.5 mm). The full-width-at-half-maximum linewidth is measured (at 1585 nm) to
be 220 kHz, corresponding to a loaded & factor &L = 860 million. By measuring
the transmission depth, a coupling & factor of &c = 3.6 billion is determined from
which an intrinsic &0 = 1.1 billion is inferred (note: 1/&L = 1/&0 + 1/&c). The
rising dependence of intrinsic & factor with increasing resonator diameter has been
previously observed in the wedge resonator structure and results from round trip loss
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Figure 2.3: Sub-milli-Watt parametric oscillation threshold measured in the device
having a 9 GHz FSR. (a) Experimental setup. AOM, acousto-optic modulator; PC,
polarization controller; FBG, fiber Bragg grating filter; PD, photo detector; OSA,
optical spectrum analyzer; OSC, oscilloscope; AFG, arbitrary function generator.
(b) Plot of parametric oscillation power versus input power (1550 nm) showing
oscillation threshold of 0.946 mW. Inset: parametric oscillation spectrum (solid
blue) and filtered pump (dashed gray) at 1.12 mW input power.

that is limited by surface scattering [8]. To further confirm the & results, the ring-
down of cavity power was also performed. Ring-down data from the same device
measured in the left panel of Fig. 2.2(b) is shown in the right panel of Fig. 2.2(b).
The ring-down decay gives a photon lifetime of about 704 ns, which corresponds
to &L = 840 M in close agreement with the linewidth-inferred loaded &. To the
authors’ knowledge, these are the highest optical & factors reported for on-chip
devices. In particular, previous high-performance results for silica resonators are
also plotted as blue and green points in Fig. 2.2(a). It is also worth noting that
the &0 > 1 billion performance has been maintained for more than half a year to
date by enclosing the resonators in a purged plexiglass box. The devices possess
ultra-high-& over a broad spectral band, as shown in Fig. 2.2(c), where measured
intrinsic and loaded & factors in a 9 GHz FSR resonator (diameter 7.3 mm) are
plotted versus wavelength.

In a typical resonator, there are dozens of modes from different mode families and
polarizations that have ultra-high-& factors. Histograms of measured &0 values for
TE (left panel) and TM (right panel) mode families in a 9 GHz FSR resonator (near
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1550 nm) are plotted in Fig. 2.2(d). &-factors in the histograms are measured by
linewidth fitting on spectra taken by fast frequency scanning of an external-cavity
diode laser. The scan was intentionally performed from blue to red wavelengths
so that resonator thermal hysteresis effects [20] would tend to degrade the apparent
& factor. As a result, the measured & values are likely somewhat lower than the
actual & values. To further confirm the & measurements, the parametric oscillation
threshold was also measured using the experimental setup in Fig. 2.3(a). As shown
in Fig. 2.3(b), a sub-milliwatt threshold (0.946 mW) was measured using a 9 GHz
FSR device at 1550 nm. This is a record low threshold for this low FSR [21]. To
perform this measurement, the pump line was filtered using a fiber Bragg grating,
as shown in the setup. The pure frequency comb power was then measured and
plotted. The inset to Fig. 2.3(b) shows both the filtered and unfiltered spectrum at
1.12 mW input power.

In summary, by optimizing fabrication methods and recipe parameters, we have
demonstrated a record on-chip &-factor over 1.1 billion for silica microresonators.
Future efforts will be directed towards implementing these improvements in fully-
waveguide-integrated ultra-high-& resonators [22]. Moreover, besides pure silica
structures [8, 22], there is significant progress in ultra-high-& structures where silica
provides the cladding for low confinement silicon nitride waveguides [14, 23]. In
these structures, it is important to understand loss limits imposed by silica on the
overall design. More generally, the results presented here establish an upper bound
for optical loss in structures using thermally grown silica.
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C h a p t e r 3

UNIVERSAL ISOCONTOURS FOR DISSIPATIVE KERR
SOLITONS

Li, X. et al. Universal isocontours for dissipative Kerr solitons. Optics Letters 43,
2567–2570 (2018).

Temporal optical solitons resulting from the balance of dispersion with the Kerr
nonlinearity have long been studied in optical fiber systems [1, 2]. In addition to
their many remarkable properties, these nonlinear waves are important in mode
locking [3], continuum generation [4], and were once considered as a means to
send information over great distances [5, 6]. Recently, a new type of dissipative
temporal soliton [7] was observed in optical fiber resonators [8]. These coherently
driven cavity solitons (CSs) were previously considered a theoretical possibility [9],
and related soliton phenomena, including breather solitons and Raman interactions,
have also been reported in this system [10–12]. While leveraging the Kerr effect
to balance dispersion, this soliton also regenerates using Kerr-induced parametric
amplification [13]. Their recent demonstration in microcavity systems [14–20] has
made possible highly stable frequency microcombs [21, 22]. Referred to as dissi-
pative Kerr solitons (DKs) in the microcavity system, soliton phenomena including
the Raman self-shift [23–25], optical Cherenkov radiation [16, 25–28], multi-soliton
systems [29–31], and the co-generation of new types of solitons [32] have been re-
ported. Moreoever, the compact soliton microcomb devices are being studied for
systems-on-a-chip applications such as dual-comb spectroscopy [33, 34], precision
distance measurement [35, 36], optical communications [37], and optical frequency
synthesis [38].

Regions of stability and existence are well known in driven soliton systems [39].
These properties of DKs and CSs have been studied using the Lugiato-Lefever
(LL) equation [9, 40] in a space of normalized pumping power and cavity-pump
frequency detuning [14, 41–43]. In analogy with thermodynamic phase diagrams,
this soliton existence diagramalso contains other regions of existence including those
for breather solitons as well as more complex dynamical phenomena [44–46]. Fig.
3.1 is a typical diagram showing only the stable soliton region. In thermodynamic
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phase diagrams, another useful construct is the iso-contour for processes performed
with a state variable held constant (e.g., isochors and isotherms) [47]. These
contours not only provide a way to understand processes within the framework of
the phase diagram, but impart structure to the phase diagram that improves intuition
of thermodynamical processes. In this work, contours of constant soliton power
and constant pulse width are measured and compared with theory. Closed-form
expressions for normalized power and pulsewidth are also developed, including the
Raman process.

The normalized LL equation is shown below as Eq. 3.1 [14]. The slowly-varying
field envelopek is defined such that |k |2 = (26/^)# , where # is photon number, ^ is
the cavity mode power damping rate, and 6 = ℏl2

c2=2/(=2+0) is the Kerr coefficient
with material refractive index =, Kerr nonlinear index =2, optical mode volume +0,
cavity resonant frequency l2, Planck’s constant ℏ, and speed of light 2. g = ^C/2
and \ ≡ q

√
^/2�2 are the normalized time and cavity polar coordinate (q) where

�2 is the second-order dispersion parameter [14, 15]. 5 2 ≡ %/%th is the ratio of the
input pump power and parametric threshold power [13, 15] and Z ≡ (lc−lp) (2/^)
is the normalized frequency detuning between cavity resonant frequency l2, and
pump frequency l?. W ≡ �1gR

√
^/2�2 is the normalized Raman coefficient where

gR is the material Raman constant [24] and �1/2c is the cavity free-spectral-range
[14, 15].

mk

mg
= 8

1
2
m2k

m\2 + 8 |k |
2k − (1 + 8Z)k + 8W m |k |

2

m\
k + 5 . (3.1)

Iso-power contours found by solving Eq. 3.1 are shown in Fig. 3.1 as red contours.
The analysis is performed for a high-& silica resonator and parameters used in the
calculation are provided below and in the Fig. 3.1 caption. Numerical simulation is
based on propagating the LL equation from an initial soliton seed until steady-state
is achieved [24].

The following simplified analytical solution is also used to study soliton behavior
[14]: k = � + � sech(\/g\)48q0 , where � is the soliton background field, � is the
amplitude, q0 is the soliton phase, and g\ ≡ gs/g0 is the normalized soliton pulse
width (gB is the physical pulse width and g0 ≡

√
2�2/(^�2

1)). By Fourier transform,
the soliton spectrum in optical frequency a varies as sech(a/as), where asgs = c

−2.
Approximate expressions giving the Raman-free dependence of amplitude and pulse
width on detuning and pump power have been developed [14, 48]. By including
high-order corrections and Raman corrections, the following improved expressions
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result as well an expression for soliton average power,

�(Z, 5 , W) ≈
√
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8

√
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√
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√
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225
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)
, (3.4)

where ? ≡ %sol/%0 is the normalized time-averaged soliton power %sol and %0 ≡
(^�ℏlc/c6)

√
^�2/2 with ^� the optical loss rate from waveguide-resonator cou-

pling [15]. As an aside, the requirement of the square root to be real in these ex-
pressions (Z < c2 5 2/8) gives the approximate upper bound of detuning for soliton
existence in the phase diagram [14, 39, 49]. Dotted lines in Fig. 3.1 are the iso-power
contours using Eq. 3.4 (equivalently ?(Z, 5 , W) = constant for W = 2.1 × 10−3), and
they are in excellent agreement with the simulation contours. Raman contributions
become especially important at larger detuning values where the soliton spectrum
increases in width [23, 24]. To illustrate this point, the dashed curves in Fig. 3.1
result by using Eq. 3.4 except with W = 0.

The experimental setup is shown in Fig. 3.2a. The resonator was an ultra-high-
& silica wedge resonator having a diameter of approximately 3 mm (free spectral
range �1/2c = 21.9 GHz). Further details on its fabrication are presented elsewhere
[50]. The measurement used the TE1 mode family pumped at 1550 nm, and the
second-order dispersion was measured to be �2/2c = 12.1 kHz at 1550 nm by a
method reported elsewhere [15]. The mode area was calculated to be �eff = 40
µm2, and the silica Raman constant gR = 2.4 fs was also used [24], which is valid
when the soliton spectral width is below 13 THz [51]. Finally, the resonator used in
this measurement featured minimal avoided mode crossings and dispersive waves.
Their presence would interfere with the ideal power dependence predicted by the
LL equation. To measure pump detuning, weak phase-modulation of the pump light
and detection of converted amplitude modulation sidebands was performed [43, 52].
In this method, pump light reflected by the fiber Bragg grating (FBG) contains the
modulation information and is analyzed by an electrical spectrum analyzer (ESA)
to retrieve the detuning frequency. The soliton spectrum transmitted past the FBG
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Figure 3.1: Dissipative Kerr soliton phase diagram and iso-power contours. The
phase diagram features normalized pump power 5 2 along the vertical axis and
normalized detuning Z along the horizontal axis. The green region contains stable
soliton states. Black dotted lines (gray dashed lines) are iso-power contours using
Eq. 3.4 with Raman term (w/o Raman). ? is incremented from 4.0 to 8.0 in
steps of 0.5. Red lines are simulated iso-power contours using Eq. 3.1. Blue dots
give the measured soliton iso-power contours at the following soliton powers: 93,
99.5, 117.5, 125, 129, 136, 145 µW (left to right), which correspond to ? values
of 5.1, 5.5, 6.4, 6.8, 7.0, 7.4, and 7.9. For these measurements, & = 197 million
(^/2c = 0.98 MHz), ^�/^ = 0.26, and W = 2.1 × 10−3. Inset shows the measured
iso-power contours using another similar device, with soliton powers of 299, 320,
and 335 µW (left to right), which correspond to ? values of 5.4, 5.7, and 6.0. For
these measurements, & = 115 million (^/2c = 1.69 MHz), ^�/^ = 0.39, and
W = 2.8 × 10−3. Large green and blue data points correspond to spectra in Fig. 2b.

is sent to a detector and optical spectrum analyzer (OSA) for analysis. To determine
soliton power, the FBG filtered line was manually reinserted.

Triggering and locking of single-soliton states used the soliton average power to
servo control the pump laser frequency [53]. Because this soliton locking method
maintains a constant soliton power, it provides a convenient way to map out the
iso-power contours. Specifically, as opposed to varying (Z, 5 2) in the phase diagram
and monitoring soliton power, the iso-power measurement proceeded by varying
only the pumping power with the soliton locked at constant output power. The servo
control then compensates for these variations by adjusting the pumping frequency.
The corresponding detuningwas then recorded as described above. Pump powerwas
varied using a combination of an acousto-optical modulator (AOM) and Erbium-
doped fiber amplifier (EDFA). Upon completion of an iso-power contour, the soliton
power setpointwas adjusted and themeasurement repeated. Themeasured iso-power
data points are shown in the main panel of Fig. 3.1. Each measurement proceeded
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Figure 3.2: Measurement system and low-power operation. (a) Measurement setup.
EOM: electro-optical phase modulator. PC: polarization controller. PM: In-line
power meter. PD: Photodetector. FG: function generator. (b) Soliton spectra at
normalized detuning and pumping power (Z = 21, 5 2 = 53) (blue) and (Z = 8.0,
5 2 = 9.0) (green). The corresponding phase diagram locations are marked in Fig.
3.1. Red curve: squared hyperbolic-secant fitting.

until it was no longer possible to reliably lock the soliton state. There is overall
good agreement between measurement and theory. Errors are largest at lowest
detuning values, however, even here they are relatively small (∼10%). The ability to
measure the contours over such large ranges and their good agreement with theory
and simulations showcases the system’s robustness and quality. As an additional
test, a second loading condition was also measured. The inset to Fig. 3.1 shows
this data, which is in reasonable agreement with simulation and Eq. 3.4. Measured
soliton powers have experienced an ∼1.2 dB insertion loss between the resonator
and the detector. It is also noted that breather solitons could be stably locked near the
upper boundary in Fig. 3.1. However, the region was small, making measurement
of iso-power contours difficult. As a result, breathers were not studied in this work.

Stable generation of solitons at small detuning is of practical importance for low
pumping power operation of the soliton system. To this end, the green data point
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Figure 3.3: Iso-contours of soliton pulse width. The device is unchanged from Fig.
3.1 main panel. Red solid lines (black dotted lines) are simulated (Eq. 3.3 theory)
iso-contours of normalized pulse width g\ ranging from 0.21 to 0.135 (equidistant
steps of 0.015). Blue solid lines are the linear interpolation from measurement of
iso-contours at 190, 170, 155, 145, 140 fs, which correspond to g\: 0.168, 0.150,
0.137, 0.128, 0.124.

(Z=8.0, 5 2=9.0) in Fig. 3.1 shows both the lowest detuning and the lowest power
soliton state observed in this study. The corresponding unnormalized quantities are
4.2 MHz and 10.8 mW. This is, to the authors’ knowledge, the lowest operating
power reported for any soliton microcomb platform. Making this result equally
important is that the repetition rate is detectable (21.9 GHz), requiring large mode
volume and hence higher pumping power levels as compared to, for example, THz-
rate microcombs. Corresponding soliton spectra are presented in Fig. 3.2b. The
result was achieved by both the use of a high-quality-factor resonator sample as well
as the improved understanding gained through these measurements of the stability
regional boundaries [53]. For comparison, a soliton spectrum produced at (Z=21,
5 2=53) is also shown in Fig. 3.2b. These values are plotted as the light blue data
point in Fig. 3.1 and correspond to unnormalized quantities 11.3 MHz and 63.5
mW. The cavity loading condition for these two spectra is: loaded & = 182 million
and ^�/^ = 0.44.

In parallel with the iso-power data point collection, the soliton pulse width was
also measured by fitting of the optical spectral envelope [15]. Then the data set
(Z, 5 2, g\) was linearly interpolated to determine iso-contours of pulse width (blue
contours in Fig. 3.3). It was not possible to interpolate iso-pulse-width contours at
lower detuning values where there are fewer iso-power data points. For comparison,
simulated pulse width (red) and the analytical expression, Eq. 3.3 (dotted black) are
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plotted. The interpolated pulse width iso-contours are less accurate than the directly
measured power contours but nonetheless show reasonable agreement between the
data and theory. Overall, the pulse width contours are more weakly dependent upon
normalized pumping power (i.e. more vertical) as compared to the soliton power
contours.

In summary, contours of constant power and constant pulse width have been mea-
sured for dissipative Kerr solitons. Measurements were found to be in good agree-
ment with the LL equation numerical model augmented by Raman interactions.
There was also good agreement with the predictions of closed-form expressions that
include the Raman interaction. Compared with the the large-detuning approxima-
tion which predicts that soliton power depends only upon resonator-pump detuning
(i.e. vertical iso-power contours), it is found that soliton power depends both upon
pumping power and detuning. The resulting tilt of iso-power contours at low detun-
ing suggests that soliton locking by servo control of pumping power could potentially
be an option for low-detuning ranges, just as servo control of pump frequency is
used at larger detuning ranges. Stable soliton operation for pump powers as low as
10.8 mW was also demonstrated in the course of this work. These measurements
provide structure to the phase diagram picture of soliton existence. The universal
nature of the closed-form expressions should make them suitable for use in other CS
and DK soliton platforms. Future work could consider incorporating higher-order
dispersion into the analysis to include, for example, the impact of phenomena such
as dispersive waves.
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C h a p t e r 4

INTEGRATED TURNKEY SOLITON MICROCOMBS

Shen, B. et al. Integrated turnkey solitonmicrocombs. Nature 582, 365–369 (2020).

Optical frequency combs have found a remarkably wide range of applications in
science and technology [1]. And a recent development that portends a revolution
in miniature and integrated comb systems is dissipative Kerr soliton formation in
coherently pumped high-quality-factor (high-Q) optical microresonators [2–9]. To
date, these soliton microcombs [10] have been applied to spectroscopy [11–13], the
search for exoplanets [14, 15], optical frequency synthesis [16], time keeping [17],
and other areas [10]. Also, the recent integration of microresonators with lasers has
revealed the viability of fully chip-based soliton microcombs [18, 19]. However, de-
spite the enormous promise of microcombs, their operation requires complex startup
and feedback protocols that necessitate difficult-to-integrate optical and electrical
components. Moreover, electronics-rate microcombs, required in nearly all comb
systems, have resisted integration because of their power requirements. Here, a
regime for turnkey operation of soliton microcombs co-integrated with a pump laser
is demonstrated and theoretically explained. Significantly, a new operating point
is shown to appear from which solitons are generated through binary turn-on and
turn-off of the pump laser, thereby eliminating all photonic/electronic control cir-
cuitry. These features are combined with high-& Si3N4 resonators to fully integrate
into a butterfly package microcombs with repetition frequencies as low as 15 GHz,
thereby offering compelling advantages for high-volume production.

4.1 Main results
The integration of microcomb systems faces two considerable obstacles. First, com-
plex tuning schemes and feedback loops are required for generation and stabilization
of solitons [2, 20, 21]. These not only introduce redundant and power-hungry elec-
tronic components [18, 19], but also require optical isolation, a function that has
so far been challenging to integrate at acceptable performance levels. Second,
repetition frequencies that are both detectable and readily processed by integrated
electronic circuits, such as complementary metal–oxide–semiconductor (CMOS)
circuits, are essential for comb self-referencing, the key process that underlies many
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Figure 4.1: Integrated soliton microcomb chip. (a) Rendering of the soliton micro-
comb chip that is driven by a DC power source and produces soliton pulse signals
at electronic-circuit rates. Four microcombs are integrated on one chip, but only
one is used in these measurements. (b) Transmission signal when scanning the laser
across a cavity resonance (blue). Lorentzian fitting (red) reveals 16 million intrinsic
& factor. (c) Frequency noise spectral densities (SDs) of the DFB laser when it is
free running (blue) and feedback-locked to a high-& Si3N4 microresonator (red).
For comparison, the frequency noise SDs of an ultra-low-noise integrated laser on
silicon (grey) and a table-top external cavity diode laser (black) are also plotted. (d)
Images of a pump/microcomb in a compact butterfly package.

comb applications [1]. And while ultra-high-& silica resonators [5, 22] and Dam-
ascene Si3N4 resonators [23] can attain these rates, their integration with pumps
has not been possible. Here, we show that the nonlinear dynamics of an unisolated
laser-microcomb system creates a new operating point from which the pump laser
is simply turned-on to initiate the soliton mode-locking process. Theory and exper-
imental demonstration of the existence and substantial benefits of this new turnkey
operating point are demonstrated. Moreover, the resulting microcomb system fea-
tures & factor performance that enables electronic-circuit rate operation using an
integrated pump.

In the experiment, integrated soliton microcombs whose fabrication and repetition
rate (40 GHz down to 15 GHz) are compatible with CMOS circuits [24] are butt-
coupled to a commercial distributed-feedback (DFB) laser via inverse tapers (Fig.
4.1a). The microresonators are fabricated using the photonic Damascene reflow
process [23, 25] and feature & factors exceeding 16 million (Fig. 4.1b), resulting
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in a low milliwatt-level parametric oscillation threshold, despite the larger required
mode volumes of the GHz-rate microcombs. This enables chip-to-chip pumping of
microcombs for the first time at these challenging repetition rates. Up to 30 mW
of optical power is launched into the microresonator. Feedback from the resonator
suppresses frequency noise by around 30 dB compared with that of a free-running
DFB laser (Fig. 4.1c), so that the laser noise performance surpasses state-of-the-
art monolithically integrated lasers [26] and table-top external-cavity-diode-lasers
(ECDL). Given its compact footprint and the absence of control electronics, the
pump-laser/microcomb chipset was mounted into a butterfly package (Fig. 4.1d)
to facilitate measurements and also enable portability. This level of integration
and packaging combined with turnkey operation makes this a completely functional
device suitable for use in any system-level demonstration.

In conventional pumping of microcombs, the laser is optically-isolated from the
downstream optical path so as to prevent feedback-induced interference (Fig. 4.2a).
And on account of strong high-Q-induced resonant build-up and the Kerr nonlin-
earity, the intracavity power as a function of pump-cavity detuning features bista-
bility. The resulting dynamics can be described using a phase diagram comprising
continuous-wave (c.w.), modulation instability (MI) combs, and soliton regimes that
are accessed as the pump frequency is tuned across a cavity resonance. A typical
plot (Fig. 4.2b) is made versus Xl, the difference of cavity resonance and pump
laser frequency (i.e., Xl > 0 indicates red detuning of the pump frequency relative
to the cavity frequency) [2]. The tuning through the MI regime functions to seed the
formation of soliton pulses. On account of the thermal hysteresis [27] and the abrupt
intracavity power discontinuity upon transition to the soliton regime (Fig. 4.2c),
delicate tuning waveforms [2, 21] or active capturing techniques [20] are essential
to compensate thermal transients, except in cases of materials featuring effectively
negative thermo-optic response [8].

Now consider removing the optical isolation as shown in Fig. 4.2d so that backscatter
feedback occurs frompumping a resonatormode. In priorwork, semiconductor laser
locking to the resonator mode as well as laser line narrowing have been shown to
result from backscattering of the intracavity optical field [28]. These attributes as
well as mode selection when using a broadband pump have also been profitably
applied to operate microcomb systems without isolation [18, 19, 29, 30]. However,
these prior studies of feedback effects have considered the resonator to be linear
so that the detuning between the feedback-locked laser and the cavity resonance
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Figure 4.2: The turnkey operating point. (a) Conventional soliton microcomb
operation using a tunable c.w. laser. An optical isolator blocks the back-scattered
light from the microresonator. (b) Phase diagram, hysteresis curve and dynamics
of the microresonator pumped as shown in (a). The blue curve is the intracavity
power as a function of cavity-pump frequency detuning. Laser tuning (dashed red
line) accesses multiple equilibria. (c) Measured evolution of comb power pumped
by an isolated, frequency-scanned ECDL. The step in the trace is a characteristic
feature of soliton formation. (d) Turnkey soliton microcomb generation. Non-
isolated operation allows back-scattered light to be injected into the pump laser
cavity. Resonances are red-shifted due to self-phase modulation (SPM) and cross-
phase modulation (XPM). (e) Phase diagram, hysteresis curve and dynamics of
pump/microresonator system. A modified laser tuning curve (dashed red line)
intersects the intracavity power curve (blue) to establish a new operating point from
which solitons form. The feedback phase q is set to 0 in the plot. Simulated
evolution upon turning-on of the laser at a red detuning outside the soliton regime
but within the locking bandwidth is plotted (solid black curve). (f) Measured comb
power (upper panel) and detected soliton repetition rate signal (lower panel) with
laser turn-on indicated at 10 ms.

is determined solely by the phase q accumulated in the feedback path [31]. In
contrast, here the nonlinear behavior of the microresonator is included and is shown
to have a dramatic effect on the system operating point. And the nonlinear behavior
causes the resonances to be red-shifted by intensity-dependent self- and cross-phase
modulation. As a result, the relationship between frequency detuning and intracavity
power of the pump mode %0 can be shown (see Supplementary information) to be
approximately given by

Xl

^/2 = tan
q

2
+ 3

2
%0
%th
, (4.1)

where ^ is the power decay rate of the resonance and %th is the parametric oscillation
threshold for intracavity power. This dependence of detuning on intracavity power
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gives rise to a single operating point at the intersection of Eq. (1) and the hysteresis
as shown in Fig. 4.2e. Control of the feedback phase shifts the x-intercept of Eq.
(1) and thereby adjusts the operating point.

In the Supplementary information, it is shown that the system converges to this
operating point once the laser frequency is within a locking bandwidth (estimated
to be 5 GHz in the present case). As verified both numerically (Fig. 4.2e) and
experimentally (Fig. 4.2f), this behavior enables soliton mode-locking by simple
power-on of the pump laser (i.e., no triggering or complex tuning schemes). A
simulated trajectory is shown in Fig. 4.2e wherein a laser is initially started to the
red of the high-& cavity resonant frequency and well outside its linewidth. The
system is attracted towards the resonance through a process that at first resembles
injection locking of the III-V laser. However, as the laser frequency moves towards
the resonant frequency, the resonator power rises and the Kerr nonlinearity induces
evolution towards the operating point. The system transiently exceeds the threshold
for parametric oscillation and, as shown in the Supplementary information, Turing
rolls form that ultimately evolve into the solitons as the system achieves steady state.
An experimental trace of the comb power shows that a steady soliton power plateau
is reached immediately after turn-on of the laser. And the stable soliton emission is
further confirmed by monitoring the real-time evolution of the soliton repetition rate
signal (Fig. 4.2f). Numerical simulation of this startup process is provided in the
Supplementary information. The turnkey operation demonstrated here is automatic,
such that the entire soliton initiation and stabilization is described and realized by the
physical dynamics of laser self-injection locking in combination with the nonlinear
resonator response. Consistent with this point, the system is observed to be highly
robust with respect to temperature and environmental disturbances. Indeed, soliton
generation without any external feedback control was possible for several hours in
the laboratory.

Figure 4.3 shows the optical spectra of a single-soliton state with 40 GHz repetition
rate andmulti-soliton states with 20 GHz and 15 GHz repetition rates. The deviation
from the theoretical sech2 spectral envelope is believed to result from a combination
of mode crossing induced dispersion and the dispersion of the waveguide-resonator
coupling strength. The pump laser at 1556 nm is attenuated at the output by
a fiber-Bragg-grating notch filter in these spectra. The coherent nature of these
soliton microcombs is confirmed by photodetection of the soliton pulse streams,
and reveals high-contrast, single-tone electrical signals at the indicated repetition
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Figure 4.3: Optical and electrical spectra of solitons. (a) The optical spectrum of a
single-soliton state with repetition rate 5A = 40 GHz. The red curve shows a sech2

fitting to the soliton spectral envelope. (b-c) Optical spectra of multi-soliton states
at 20 GHz and 15 GHz repetition rates. Insets: Electrical beatnotes showing the
repetition rates.

rates. Numerical simulations have confirmed the tendency of turnkey soliton states
consisting of multiple solitons, which is a direct consequence of the high intracavity
power and its associated MI gain dynamics (see Supplementary information for
details). However, single-soliton operation is accessible for a certain combination
of pump power and feedback phase.

To demonstrate repeatable turnkey operation, the laser current is modulated to a
preset current by a square wave to simulate the turn-on process. Soliton microcomb
operation is reliably achieved as confirmed by monitoring soliton power and the
single-tone beating signal (Fig. 4.4a). More insight into the nature of the turnkey
operation is provided by the phase diagram near the equilibrium point for different
feedback phase and pump power (Fig. 4.4b). The turnkey regime occurs above a
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Figure 4.4: Demonstration of turnkey soliton generation. (a) 10 consecutive
switching-on tests are shown. The upper panel gives the measured comb power
versus time. The laser is switched on periodically as indicated by the shaded re-
gions. The lower panel is a spectrogram of the soliton repetition rate signalmeasured
during the switching process. (b) Phase diagram of the integrated soliton system
with respect to feedback phase and pump power. The pump power is normalized to
the parametric oscillation threshold. (c), Turnkey success probability versus relative
feedback phase of 20 GHz (upper panel) and 15 GHz (lower panel) devices. Each
data point is acquired from 100 switch-on attempts. See Methods for additional
discussion.

threshold power within a specific range of feedback phases. Moreover, the regime
recurs at 2c increments of feedback phase, which is verified experimentally (Fig.
4.4c). Consistent with the phase diagram, a binary-like behavior of turn-on success
is observed as the feedback phase is varied. In the measurement, the feedback phase
was adjusted by control of the gap between the facets of the laser and the microcomb
bus waveguide. A narrowing of the turn-on success window with an increased
feedback phase is believed to result from the reduction of the pump power in the bus
waveguide with increasing tuning gap (consistent with Fig. 4.4b).

Besides the physical significance and practical impact of the new operating point,
our demonstration of a turnkey operating regime is an important simplification of
soliton microcomb systems. Moreover, the application of this method in an inte-
grated CMOS-compatible system represents a milestone towards mass production
of optical frequency combs. The butterfly packaged devices will benefit several
comb applications including miniaturized frequency synthesizers [16] and optical
clocks [17]. In these applications, their CMOS rates, besides enabling integration
of electrical control and processing functions, provide for simple detection and pro-
cessing of the comb pulses (i.e. without the need for millimeter-wave-rate frequency
mixers). Moreover, the recent demonstration of low-power comb formation in III-V
microresonators [32] suggests that monolithic integration of pumps and soliton mi-
crocombs is feasible using the methods developed here. A phase section could be
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included therein or in advanced versions of the current approach to electronically
control the feedback phase. The ability to create a complete system including pump
laser without optical isolation is also significant. Even in cases where solitons are
pumped using amplification such as with laser cavity solitons [9], full integration
would require difficult-to-integrate optical isolators. It is also important to note that
the current turnkey approach is a soliton forming comb while other recent work
reports on non-soliton Kerr combs [33]. Finally, due to its simplicity, this approach
could be applied in other integrated high-& microresonator platforms [7, 8, 22] to
attain soliton microcombs across a wide range of wavelengths.

4.2 Methods
Silicon nitride chip fabrication
The Si3N4 [34] chip devices were fabricated using the photonic Damascene reflow
process [35]. Deep-UV stepper lithography is used to pattern the waveguides as
well as the stress-release patterns [35] to prevent Si3N4 film cracks from the low-
pressure chemical vapor deposition (LPCVD) process. The waveguide patterns are
dry-etched into the SiO2 substrate from the photoresist mask. The substrate is then
annealed at 1250◦C at atmospheric pressure, such that SiO2 reflow happens which
reduces the waveguide sidewall roughness [36]. Afterwards, LPCVD Si3N4 is
deposited on the substrate, followed by chemical-mechanical polishing to planarize
the substrate top surface. The substrate is further annealed to remove residual
hydrogen contents in Si3N4, followed by thick SiO2 top cladding deposition and
SiO2 annealing.

To separate the wafer into chips of 5 × 5 mm2 size, deep reactive ion etching (RIE)
is used to define the chip facets for superior surface quality, which is particularly
important in order to achieve good contact for the butt coupling between the Si3N4

chip and the laser chip. Commonly, dicing of SiO2 and silicon together is widely
used, however this method has challenges to achieve smooth SiO2 facets due to the
very narrow operational window of SiO2 dicing. In our fabrication process, AZ
9260 photoresist of 8 µm thickness is used as the mask for the deep RIE to create
chip facets. The RIE is composed of two steps: dry etch of 7-µm-thick SiO2 using
He/H2/C4F8 etchants, and Bosch process to remove 200 µm silicon using SF6/C4F8

etchants. The deep RIE thus can create a smooth chip facet for butt coupling as
shown in Extended Data Fig. 4.5b. After the deep RIE, the wafer is diced into chips
using only the silicon dicing recipe.
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Figure 4.5: (a) Photo of Si3N4 microresonator chip devices. (b) Scanning electron
microscope (SEM) image of the smooth facet of Si3N4 chips. The Si3N4 inverse
taper for butt coupling is blue-colored. (c) Microscopic image of a chip with 10
DFB lasers. (d) Light-current curve (blue) and the wavelength response (red) of the
DFB laser.

DFB laser characterization
The DFB pump laser fabricated by Freedom Photonics [37] has high-reflection
coatings at the back-side facet and anti-reflection coatings at the front-side facet. It
has a 50 mA threshold current, and the total output power of the laser can reach 125
mW with a slope efficiency around 0.28 mW/mA (see Extended Data Fig. 4.5d).
The peak wall-plug efficiency is inferred to be approximately 20%. This power level
combined with the substantially reduced loss in the microresonator (high-Q) enables
soliton operation using an integrated pump at a low rate that was not attainable in
previous work[19]. The lasing is single-mode, and its wavelength also shifts from
∼ 1554.5 nm to ∼ 1556.5 nm with an increase of bias current (∼ -1.4 GHz/mA).
The temperature of the laser diode can be controlled within 1 mK.

Experimental details
The laser frequency noise is obtained using an OEWaves optical frequency noise
analyzer. The table-top ECDL used for frequency noise measurement in Fig. 4.1c
is the 81608A from Keysight. The soliton beatnote is detected by an external fiber-
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coupled fast photodetector and down-mixed with a local oscillator to measure its
real-time evolution. The frequency of the local oscillator is set slightly lower than
the repetition rate of the solitons. A high-speed oscilloscope is used to record the
trace from which the power spectrum is obtained by fast Fourier transform. The
time window of the spectrograph is 20 µs, and the resolution bandwidth is 50 kHz.

The relative feedback phases are estimated from the gap between the facets of the
laser and the bus waveguide, which can be adjusted by an open-loop piezo micro-
stepping motor (PZA12 from Newport). The step size of the actuator was calibrated
to be 4.3 ± 0.2 nm by the reference mark on the chip. The derived phase has a
relative uncertainty of 4%.

During the experiment, the direct reflection from the smooth resonator chip interface
sometimes could cause the laser to operate multi-mode and hamper self-injection to
the resonance. To counteract this effect, the laser was tilted vertically 3 to 5 degrees
relative to the microcomb chip in order to steer the reflection beam spot away. The
facet coupling loss was estimated to be close to 3-5 dB by monitoring the total
non-resonant transmission through the waveguide. Discussion of facet reflection
and waveguide backscatter is provided in the Supplementary information.

4.3 Supplementary information: Theory of turnkey soliton generation
The injection locking system consists of three parts: the soliton optical field �S, the
backscattering field �B, and the laser field �L. The complete equations of motions
are [31, 38]:

m�S
mC

= − ^
2
�S − 8Xl�S + 8

�2
2
m2�S

m\2 + 8
^

2
|�S |2 + 2|�B |2

�th
�S + 8V∗

^

2
�B −

√
^R^L4

8qB�L,

3�B
3C

= − ^
2
�B − 8Xl�B + 8

^

2
|�B |2 + 2

∫ 2c
0 |�S |23\/(2c)
�th

�B + 8V
^

2
�S,

3�L
3C

= 8(XlL − Xl)�L −
W

2
�L +

6( |�L |2)
2

(1 + 8U6)�L −
√
^R^L4

8qB�B,

(4.2)

where the field amplitudes are normalized so that
∫ 2c

0 |�S |23\/(2c), |�B |2 and
|�L |2 are the optical energies of their respective fields, C is the evolution time, \ is
the resonator angular coordinate, ^ is the resonator mode loss rate (assumed to be
equal for �S and �B), Xl is the detuning of the cold-cavity resonance compared
to injection-locked laser (Xl > 0 indicates red detuning of the pump frequency
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relative to the cavity frequency), �2 is the second-order dispersion parameter, �th

is the parametric oscillation threshold for intracavity energy, V is the dimensionless
backscattering coefficient (normalized to ^/2), qB is the propagation phase delay
between the resonator and the laser, ^R and ^L are the external coupling rates for the
resonator and laser respectively, XlL is the detuning of the cold-cavity resonance
relative to the cold laser frequency, W is the laser mode loss rate, 6( |�L |2) ≡
60/(1 + |�L |2/|�L,sat |2) is the intensity-dependent gain, 60 is the gain coefficient,
|�L,sat |2 is the saturation energy level, and U6 is the amplitude-phase coupling factor.
The average soliton field amplitude �S =

∫ 2c
0 �S3\/(2c) is also the amplitude on

the pumped mode, and by using �S in the equation for �B, we have assumed that
only the mode being pumped contributes significantly in the locking process, which
can be justified if a single-frequency laser is used. We note that the equations are
effectively referenced to the frequency of the injection-locked laser instead of the
free-running laser, which will simplify the following discussions. The frequency
difference between the cold laser and the injection-locked laser is given by Xl−XlL.

We will introduce some other dimensionless quantities to facilitate the discussion.
Define: normalized soliton field amplitude as k = �S/

√
�th, normalized total

intracavity power as % =
∫ 2c

0 |�S |23\/(2c�th), normalized amplitude on the pump,
backscattering and laser mode as d = �S/

√
�th, dB = �B/

√
�th, dL = �L/

√
�th

respectively, normalized detuning of cavity as U = 2Xl/^, and normalized evolution
time as g = ^C/2. The equation for �S and �B can then be put into the dimensionless
form
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(4.3)

The laser dynamics for �L are split into amplitude and phase parts:
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[
√
^R^L4

8qB
�B
�L

]
,

where Re[·] and Im[·] are the real and imaginary part functions, respectively. The
laser power without backscatter feedback |�(0)L | satisfies 6( |�

(0)
L |

2) = W. Expanding
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the gain around this point gives

1
|�L |

3 |�L |
3C

= −6′
|�L |2 − |�(0)L |

2

|�L,sat |2
− Re

[
√
^R^L4

8qB
�B
�L

]
,

where 6′ = 60/(1 + |�(0)L |
2/|�L,sat |2)2 is the gain derivative that represents the

relaxation rate of the gain dynamics. Typical values for 6′ are on the order of several
GHz for III-V semiconductor lasers, which is much faster compared to the resonator
dynamics. Accordingly, the laser amplitude can be adiabatically eliminated (i.e.
assume 3 |�L |/3C = 0) so that the laser power adiabatically tracks the feedback. The
gain can be solved as

6( |�L |2)
2

=
W

2
+ Re

[
√
^R^L4

8qB
�B
�L

]
,

which, under the assumption of fast relaxation rates, becomes independent of the
specific details of gain. Substituting this equation into the phase equation and
normalizing results in an Adler-like equation:

3qL
3g

= UL − U − Im
[2√^R^L

^
(1 − 8U6)48qB

dB
dL

]
, (4.4)

where UL = (2XlL+U6W)/^ is the normalized detuning of the cold-cavity resonance
compared to the free-running hot laser.

To simplify the equations further we also consider the following approximation for
the propagation phase qB, which depends on the precise frequency of the locked laser
and material dispersion. We assume that the feedback length is short (! � 2/(=^),
where 2 is the speed of light in vacuum and = is the refractive index of the material)
so that qB can be treated as constant. This approximation is equivalent to assuming
that the free spectral range (FSR) of a cavity equal in length to the feedback path is
much larger than the linewidth of the high-& resonator. By defining a pump phase
variable I = −48qB48qL , the equations can be written as

mk

mg
= −(1 + 8U)k + 8 �2

^

m2k

m\2 + 8( |k |
2 + 2|dB |2)k + 8V∗dB + I�,

3dB
3g

= −(1 + 8U − 28% − 8 |dB |2)dB + 8Vd,

1
8I

3I

3g
= UL − U +  Im

[
48q

dB
8VI�

]
, |I | = 1,

(4.5)
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where we defined: the normalized pump,

� =
2√^R^L

^
|dL |, (4.6)

the locking bandwidth,
 =

4^R^L

^2 |V |
√

1 + U2
6, (4.7)

and the feedback phase,

q = 2qB − arctan(U6) + Arg[V] + c
2
, (4.8)

where Arg[·] is the argument function. The feedback phase q contains phase con-
tributions from the propagation length, the amplitude-phase coupling, the backscat-
tering, as well as an extra c/2 added to the definition of q such that the mode is
locked to the center at q = 0 (as discussed below).

We note that the feedback fields considered in Eq. (4.5) come entirely from inside
the resonator. In experiments, defects and facets of the coupling waveguide can also
induce reflections. However, these are neglected in the injection locking dynamics
by the following arguments. Multiple reflection sources can be incorporated into
Eq. (4.5) by adding a feedback term corresponding to each source. However, the
cumulative effect of such reflections will be to produce a wavelength dependence
that is weak compared to the resonator mode, which is spectrally very narrow on
account of its high optical &. Such a weak wavelength dependence means that
these fields do not contribute to the locking (i.e., a constant term is added to the
phasor equation in Eq. (4.5), which can then be absorbed into the free-running laser
frequency). As a specific illustration of this idea, consider that the facet reflections
at the end of the waveguide form a kind of Fabry-Perot resonator. However, the& of
its resonances will be quite low, and accordingly the linewidth will be of order the
FSR associated with the waveguide length. Moreover, this FSR is also comparable
in scale to the FSR of the high-& resonator, the resonances of which are many
orders narrower than the resonator FSR. As a result, any wavelength dependence
introduced by reflections in the waveguide will be spectrally slow in comparison to
those introduced by the resonator.

For stationary solutions (e.g., a stable soliton), when backscattering is weak (V � 1)
so that nonlinearities caused by |dB |2 in Eq. (4.3) are negligible in comparison to
the soliton driven nonlinear terms, dB can be found as

dB =
8Vd

1 + 8(U − 2%) , (4.9)
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and the laser phasor equation reduces to an algebraic equation for the detuning U,

U = UL +  Im
[
48q

1
1 + 8(U − 2%)

d

I�

]
. (4.10)

Finally, neglecting the small coupled amplitude from dB to k, the equation for the
soliton field reads

−(1 + 8U)k + 8 �2
^

m2k

m\2 + 8 |k |
2k + I� = 0. (4.11)

We have therefore recovered a conventional Lugiato-Lefever equation, with an ad-
ditional equation that describes the detuning determined by injection locking. This
shows that the spectral properties of the injection-locked solitons are not much
different from a conventional soliton. The main difference is the comb formation
dynamics.

It is known that combs and solitons will emerge from a continuous-wave (CW)
background when its power exceeds the parametric oscillation threshold (|d | > 1),
and it is desirable to first study the CW excitation of the system by setting �2 = 0.
In this case, the Lugiato-Lefever partial differential equation reduces to an ordinary
differential equation with k = d and % = |d |2. The steady state solution can be
found from

I� = [1 + 8(U − |d |2)]d, (4.12)

and the locking equilibrium reduces to

U = UL +  Im
[
48q

1
1 + 8(U − 2%)

1
1 + 8(U − %)

]
= UL +  j(%, U, q), (4.13)

where we have defined the CW locking response function:

j(%, U, q) = (3% − 2U) cos q + (1 − 2%2 + 3%U − U2) sin q
[1 + (U − %)2] [1 + (U − 2%)2]

. (4.14)

To obtain analytical results, we will also make the approximation of infinite locking
bandwidth limit (i.e.,  → ∞), which makes the detuning independent of the free-
running laser frequency. The locking condition is then equivalent to setting the
locking response function to zero:

(3% − 2U) cos q + (1 − 2%2 + 3%U − U2) sin q = 0. (4.15)

Fig. 4.6 shows a plot for Eq. (4.12) with different pumping powers |� |2 and Eq.
(4.15) with different feedback phases q. The intersecting point of the two curves
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Figure 4.6: Continuous-wave states of the injection-locked nonlinear resonator.
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optical energy on the pump mode |d |2. Resonator characteristics are shown as the
blue curves, with |� |2 = 1 (lower) to 4 (upper). Laser locking characteristics are
shown as the red curves, with q = −5c/6 (upper left) to 5c/6 (lower right).

gives the CW steady state of the cavity. Note that there are two solutions to the
quadratic equation Eq. (4.15). Only the solution branch that satisfies mj/mU < 0 is
plotted, which are the stable locking solutions (stable in the sense of CW excitations;
the instability arising from modulations are considered below). The opposite case
mj/mU > 0 drives the frequency away from the equilibrium.

When a resonator is pumped conventionally, the intracavity power % will approach
its equilibrium given by Eq. (4.12). In the case of feedback-locked pumping, such
power changes will also have an effect on the locking response function j, pulling
the detuning to the new locking equilibrium as well (Fig. 2b,e in main text). A
special case is q = 0, where the locking equilibrium can be simply described as

U =
3
2
%, (4.16)

i.e. the detuning is pulled away from the cold cavity resonance, and the effect is
exactly 3/2 times what is expected from the self phase modulation. This is an
averaged effect of the self phase modulation on the soliton mode and the cross phase
modulation of the backscattered mode from the soliton mode. More generally, the
detuning can be solved in terms of % as

U =
3
2
% − cot q +

√
4 + %2 sin2 q

2 sin q
, (4.17)

where again only the solution satisfying mj/mU < 0 is given. Neglecting the higher-
order %2 sin2 q term inside the square root results in a lowest-order approximation:

U = tan
q

2
+ 3

2
%, (4.18)
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which splits into two additive contributions: one from the feedback phase and the
other from the averaged nonlinear shift. This is Eq. (1) in the main text when
written using dimensional quantities. We note that Eq. (1) in the main text uses
power normalized to threshold power, while in the above analysis we used energy
normalized to threshold energy. The intracavity power and energy only differ by a
factor of round-trip time, and the normalized quantity is essentially the same.

When the dispersion term is considered, the CW solution is no longer stable, which
leads to the formation of modulational instability (MI) combs. These combs will
evolve into solitons if the CW state is also inside the multistability region of the
resonator dynamics. By adjusting the pump power |� |2 and feedback phase q,
we can change the operating point of the cavity and map the possible comb states
to a phase diagram with |� |2 and q as parameters (Fig. 4b in the main text).
It should be noted that as soon as combs start to form inside the resonator, the
CW results after Eq. (4.12) become invalid (i.e. due to power appearing in the
sidebands, we have % > |d |2 when combs are formed instead of % = |d |2 in the CW
case), and such comb formation will slightly shift the operating point of the system.
However, the CW results still indicate whether and how such combs can be started.
Contrary to conventional pumping phase diagrams (with |� |2 and U as parameters),
where soliton existence regions only imply the possible formation of solitons due to
multistability, the soliton existence region here guarantees the generation of solitons
as the system bypasses the chaotic comb region before the onset of MI.

We have also performed numerical simulations to verify the above analyses (Fig.
4.7). The simulation numerically integrates Eq. (4.5) with a split-step Fourier
method. Noise equivalent to about one-half photon per mode is injected into k to
provide seeding for comb generation. Parameters common to all simulation cases are
�2/^ = 0.015 and |V | = 0.5, while others are varied across different cases and can
be found in the caption of Fig. 4.7. As an aside, the magnitude of V was estimated
from the resonant backscatter reflectivity. The resonant reflection (measured to
be in the range of 4% - 20%) was measured by the detecting the reflected optical
power from the resonator while scanning a laser across the resonances. In the first
case (Fig. 4.7a), conventional soliton generation by sweeping the laser frequency is
presented, showing the dynamics of a random noisy comb waveform collapsing into
soliton pulses. This is in contrast to the turnkey soliton generation in the second case
(Fig. 4.7b), where solitons directly “grow up” from ripples in the background. Such
ripples are generated by MI in those sections of the resonator with local intracavity
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Figure 4.7: Numerical simulations of turnkey soliton generation. (a) Conventional
solitons are generated by sweeping the laser frequency. Parameters are  = 0 (no
feedback) and |� |2 = 4. The normalized laser frequency is swept from UL = −2
to UL = 6 within a normalized time interval of 400. Upper panel: soliton field
power distribution as a function of evolution time and coordinates. Middle panel:
dynamics of the pump mode power (black) and comb power (blue). Lower panel:
a snapshot of the soliton field at evolution time g = 350 (UL = 5), also marked
as a white dashed line in the upper panel and a black dashed line in the middle
panel. (b) Multiple solitons are generated under conditions of nonlinear feedback.
Parameters are  = 15, q = 0.15c, |� |2 = 3 and UL = 5. Upper and middle panels
are the same as in (a). Lower panel: snapshots of the soliton field at evolution time
g = 45 (grey dashed line) and g = 70 (black solid line), also marked as white dashed
lines in the upper panel and black dashed lines in the middle panel. (c), A single
soliton is generated under conditions of nonlinear feedback. Parameters are  = 15,
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Lower panel: snapshots of the soliton field at evolution time g = 350 (grey dashed
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power above the threshold. Each peak in the ripples corresponds to one soliton if
collisions and other events are not considered. The process of growing solitons out
of the background will continue until there is no space for new solitons or when the
background falls below the MI threshold, and such dynamics explain the tendency
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Figure 4.8: Optical and electrical spectra of different microcomb types. (a-b)
Optical spectra of breather solitons and a chaotic comb. Inset: Electrical beatnote
signals. (c) Optical spectrum of a soliton crystal state.

of the turnkey soliton state to consist of multiple solitons. By carefully tuning the
phase and controlling theMI gain, it is still possible to obtain a turnkey single soliton
state, as shown in the third case (Fig. 4.7c).

4.4 Supplementary information: Additional measurements
Different types of microcombs in the injection locking system
There are several interesting solutions other than stable solitons that can be derived
from the regular Lugiato-Lefever equation [38]. One is the breather soliton, which
is the type of soliton whose shape oscillates in time. Another example is the chaotic
comb, which corresponds to the unstable Turing patterns or soliton state as the
pump power is increased. In addition, solitons can be self-organized and form an
equidistant pulse train in the microresonator, which is called a soliton crystal.
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It is also possible to operate our system in different types of microcomb states under
certain feedback phase and laser driving frequency. Fig. 4.8 shows the experimental
spectra of breather solitons, a chaotic comb and a soliton crystal state, respectively.
The turnkey generation of the chaotic comb is further shown in Fig. 4.9a. The broad
and noisy RF spectrum indicates that it is not mode-locked.

Tuning of turnkey soliton microcomb system
To further explore the performance of the turnkey soliton microcomb system, the
frequency of the pump laser is driven by a linear current scan (Fig. 4.9b,c). The
scan speed of the driving frequency is around 0.36 GHz/ms, estimated from the
wavelength-current response when the laser is free running. When the laser is
scanned across the resonance, feedback locking occurs and pulls the pump laser
frequency towards the resonance until the driving frequency is out of the locking
band. As shown in Fig. 4.9b, the power steps indicate that soliton states with
different soliton numbers can be accessed as we tune the driving current. It is worth
noting that the solitonmicrocombs can be powered-onwhen the laser is scanned from
red-detuned side (Fig. 4.9c), which seldom happens under conventional pumping,
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except in cases of an effectively negative thermo-optic response system [8]. The
comb evolution during laser scanning is a useful tool to assess the robustness of the
turnkey soliton generation.
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C h a p t e r 5

TOWARDS VISIBLE SOLITON MICROCOMB GENERATION

Lee, S. H. et al. Towards visible soliton microcomb generation. Nature Communi-
cations 8, 1295 (2017).

Soliton mode locking [1–5] in frequency microcombs [6] provides a pathway to
miniaturize many conventional comb applications. It has also opened investiga-
tions into new nonlinear physics associated with dissipative Kerr solitons [1] and
Stokes solitons [7]. In contrast to early microcombs [6], soliton microcombs elim-
inate instabilities, provide stable (low-phase-noise) mode locking and feature a
highly reproducible spectral envelope. Many applications of these devices are be-
ing studied including chip-based optical frequency synthesis [8], secondary time
standards [9], and dual-comb spectroscopy [10–12]. Also, a range of operating
wavelengths is opening up by use of several low-optical-loss dielectric materials for
resonator fabrication. In the near-infrared (IR), microcombs based on magnesium
fluoride [1], silica [2, 13] and silicon nitride [3–5, 14, 15] are being studied for fre-
quency metrology and frequency synthesis. In the mid-IR spectral region, silicon
nitride [16], crystalline [17], and silicon-based [18] Kerr microcombs as well as
quantum-cascade microcombs [19] are being studied for application to molecular
fingerprinting.

At shorter wavelengths below 1 µm, microcomb technology would benefit optical
atomic clock technology [20], particularly efforts to miniaturize these clocks. For
example, microcomb optical clocks based on the D1 transition (795 nm) and the
two-photon clock transition [21] (798 nm) in rubidium have been proposed [9, 22].
Also, a microcomb clock using two-point locking to rubidium D1 and D2 lines has
been demonstrated [23] by frequency doubling from the near-IR. More generally,
microcomb sources in the visible and ultra-violet bands could provide a miniature
alternative to larger mode-locked systems such as titanium sapphire lasers in cases
where high power is not required. It is also possible that these shorter wavelength
systems could be applied in optical coherence tomography systems [24–26]. Efforts
directed towards short wavelength microcomb operation include 1 µm microcombs
in silicon nitridemicroresonators [27] aswell as harmonically-generated combs. The
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Figure 5.1: Soliton frequency comb generation in dispersion-engineered silica res-
onators. (a) A rendering of a silica resonator with the calculated TM1 mode profile
superimposed. (b) Regions of normal and anomalous dispersion are shown versus
silica resonator thickness (C) and pump wavelength. The zero dispersion wavelength
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Three different device types I, II, and III (corresponding to C = 7.9 µm, 3.4 µm, and
1.5 µm) are indicated for soliton generation at 1550 nm, 1064 nm, and 778 nm. (c)
Measured & factors and parametric oscillation threshold powers versus thickness
and pump wavelength for the three device types. Powers are measured in the tapered
fiber coupler under critical coupling. Effective mode area (�eff) of the TM1 mode
family is also plotted as a function of wavelength and thickness. (d) A photograph
of a silica resonator (Type III device pumped at 778 nm) while generating a soliton
stream. (e) Soliton frequency comb spectra measured from the devices. The red,
green, and blue soliton spectra correspond to device types I, II, and III designed for
pump wavelengths 1550 nm, 1064 nm, and 778 nm, respectively. Pump frequency
location is indicated by a dashed vertical line. Differences in signal-to-noise ratio
(SNR) of the spectra originate from the resolution of the optical spectrum analyser
(OSA). In particular, the 778 nm comb spectrum was measured using the second-
order diffracted spectrum of the OSA, while other comb spectra were measured as
first-order diffracted spectra. Insets: cross-sectional scanning electron microscope
(SEM) images of the fabricated resonators. White scale bar is 5 µm.

latter have successfully converted near-IR comb light to shorter wavelength bands
[28] and even into the visible band [29, 30] within the same resonator used to create
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the initial comb of near-IR frequencies. Also, crystalline resonators [31] and silica
microbubble resonators [32] have been dispersion-engineered for comb generation
in the 700 nm band. Finally, diamond-based microcombs afford the possibility of
broad wavelength coverage [33]. However, none of the short wavelength microcomb
systems have so far been able to generate stablemode-lockedmicrocombs as required
in all comb applications.

A key impediment to mode-lockedmicrocomb operation at short wavelengths is ma-
terial dispersion associated with the various dielectric materials used for microres-
onator fabrication. At shorter wavelengths, these materials feature large normal
dispersion that dramatically increases into the visible and ultra-violet bands. While
dark soliton pulses can be generated in a regime of normal dispersion [34], bright
solitons require anomalous dispersion. Dispersion engineering by proper design
of the resonator geometry [22, 31, 32, 35–41] offers a possible way to offset the
normal dispersion. Typically, by compressing the waveguide dimension of a res-
onator, geometrical dispersion will ultimately compensate a large normal material
dispersion component to produce overall anomalous dispersion. For example, in
silica, strong confinement in bubble resonators [32] and straight waveguides [42]
has been used to push the anomalous dispersion transition wavelength from the near-
IR into the visible band. Phase matching to ultra-violet dispersive waves has also
been demonstrated using this technique [42]. However, to compensate the rising
material dispersion, this compression must increase as the operational wavelength is
decreased, and as a side effect, highly-confined waveguides tend to suffer increased
optical losses. This happens because mode overlap with the dielectric waveguide in-
terface is greater with reduced waveguide cross section. Consequently, the residual
fabrication-induced roughness of that interface degrades the resonator & factor and
increases pumping power (e.g., comb threshold power varies inverse quadratically
with & factor [43]).

Minimizing material dispersion provides one way to ease the impact of these con-
straints. In this sense, silica offers an excellent material for short wavelength
operation, because it has the lowest dispersion among all on-chip integrable materi-
als. For example, at 778 nm, silica has a group velocity dispersion (GVD) equal to
38 ps2 km−1, which is over 5 times smaller than the GVD of silicon nitride at this
wavelength (> 200 ps2 km−1) [44]. Other integrable materials that are also transpar-
ent in the visible, such as diamond [33] and aluminium nitride [45], have dispersion
that is similar to or higher than silicon nitride. Silica also features a spectrally-broad
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low-optical-loss window so that optical & factors can be high at short wavelengths.
Here we demonstrate soliton microcombs with pump wavelengths of 1064 nm and
778 nm. These are the shortest soliton microcomb wavelengths demonstrated to
date. By engineering geometrical dispersion and by employing mode hybridization,
a net anomalous dispersion is achieved at these wavelengths while also maintaining
high optical & factors (80 million at 778 nm, 90 million at 1064 nm). The devices
have large (millimeter-scale) diameters and produce single-soliton pulse streams at
rates that are both detectable and processable by low-cost electronic circuits. Be-
sides illustrating the flexibility of silica for soliton microcomb generation across a
range of short wavelengths, these results are relevant to potential secondary time
standards based on transitions in rubidium [9, 22, 23]. By using dispersive-wave
engineering in silica, it might also be possible to extend the emission of these combs
into the ultra-violet as recently demonstrated in compact silica waveguides [42].

5.1 Silica resonator design
The silica resonator used in this work is shown schematically in Fig. 5.1a. A
fundamental mode profile is overlaid onto the cross-sectional rendering. The res-
onator design is a variation on the wedge resonator [46], and its geometry can be
fully characterized by its resonator diameter, silica thickness (C), and wedge angle
(\) (see Fig. 5.1a). The diameter of all resonators in this work (and the assumed
diameter in all simulations) is 3.2 mm, which corresponds to a free spectral range
(FSR) of approximately 20 GHz, and the resonator thickness is controlled to obtain
net anomalous dispersion at the design wavelengths, as described in detail below.
Further details on fabrication are given elsewhere [46]. As an aside, we note that a
waveguide-integrated version of this design is also possible [47]. Adaptation of that
device using the methods described here would enable full integration with other
photonic elements on the silicon chip.

Fig. 5.1b illustrates how the geometrical dispersion induced by varying resonator
thickness C offsets the material dispersion. Regions of anomalous and normal
dispersion are shown for the TM1 mode family of a resonator having a wedge angle
of 40◦. The plots show that thinner resonators enable shorter wavelength solitons.
Accordingly, three device types (I, II, and III shown as the colored dots in Fig.
5.1b) are selected for soliton frequency comb operation at three different pump
wavelengths. At a pump wavelength of 1550 nm, the anomalous dispersion window
is wide because bulk silica possesses anomalous dispersion at wavelengths above
1270 nm. For this type I device, a 7.9-µm thickness was used. Devices of type II and
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Figure 5.2: Microresonator dispersion engineering and soliton generation at 1064
nm. (a) Simulated group velocity dispersion (GVD) of TM mode families versus
resonator thickness. The angle of the wedge ranges from 30◦ to 40◦ in the colored
regions. Measured data points are indicated and agree well with the simulation.
The error bars depict standard deviations obtained from measurement of 8 samples
having the same thickness. (b) Measured relative mode frequencies (blue points)
plotted versus relative mode number of a soliton-forming TM1 mode family in a
3.4 µm thick resonator. The red curve is a parabolic fit yielding �2/2c = 3.3
kHz. (c) Experimental setup for soliton generation. A continuous-wave (CW) fiber
laser is modulated by an electro-optic phase modulator (PM) before coupling to
a ytterbium-doped fiber amplifier (YDFA). The pump light is then coupled to the
resonator using a tapered fiber. Part of the comb power is used to servo-control
the pump laser frequency. FBG: fiber Bragg grating. PD: photodetector. PC:
polarization controller. (d) Optical spectra of solitons at 1064 nm generated from
the mode family shown in (b). The two soliton spectra correspond to different
power levels with the blue spectrum being a higher power and wider bandwidth
soliton. The dashed vertical line shows the location of the pump frequency. The
solid curves are sech2 fittings. Inset: typical detected electrical beatnote showing
soliton repetition rate. The weak sidebands are induced by the feedback loop used
to stabilize the soliton. The resolution bandwidth is 1 kHz.

III have thicknesses near 3.4 µm and 1.5 µm for operation with pump wavelengths of
1064 nm and 778 nm, respectively. Beyond geometrical control of dispersion, the
type III design also uses mode hybridization to substantially boost the anomalous
dispersion. This hybridization occurs within a relatively narrow wavelength band
which tunes with C (darker green region in Fig. 5.1b) and is discussed in detail
below. Measured & factors for the three device types are plotted in the upper panel
of Fig. 5.1c. Maximum & factors at thicknesses which also produce anomalous
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dispersion were: 280 million (Type I, 1550 nm), 90 million (Type II, 1064 nm), and
80 million (Type III, 778 nm).

Using these three designs, soliton frequency combswere successfully generatedwith
low threshold pump power. Shown in Fig. 5.1d is a photograph of a type III device
under conditions where it is generating solitons. Fig. 5.1e shows optical spectra of
the soliton microcombs generated for each device type. A slight Raman-induced
soliton self-frequency-shift is observable in the type I and type II devices [2, 48–50].
The pulse width of the type III device is longer and has a relatively smaller Raman
shift, which is consistent with theory [50]. The presence of a dispersive wave in
this spectrum also somewhat offsets the smaller Raman shift [3]. Scanning electron
microscope (SEM) images appear as insets in Fig. 5.1e and provide cross-sectional
views of the three device types. It is worthwhile to note that microcomb threshold
power, expressed as %th ∼ �eff/_P&

2 (_P is pump wavelength and �eff is effective
mode area) remains within a close range of powers for all devices (lower panel
of Fig. 5.1c). This can be understood to result from a partial compensation of
reduced & factor in the shorter wavelength devices by reduced optical mode area
(see plot in Fig. 5.1c). For example, from 1550 nm to 778 nm the mode area is
reduced by roughly a factor of 9 and this helps to offset a 3-times decrease in &
factor. The resulting %th increase (5.4 mW at 778 nm versus approximately 2.5 mW
at 1550 nm) is therefore caused primarily by the decrease in pump wavelength _P.
In the following sections, additional details on the device design, dispersion, and
experimental techniques used to generate these solitons are presented.

5.2 Soliton generation at 1064 nm
Dispersion simulations for TM modes near 1064 nm are presented in Fig. 5.2a
and show that TM modes with anomalous dispersion occur in silica resonators
having oxide thicknesses less than 3.7 µm. Aside from the thickness control, a
secondary method to manipulate dispersion is by changing the wedge angle (see Fig.
5.2a). Both thickness and wedge angle are well controlled in the fabrication process
[41]. Precise thickness control is possible because this layer is formed through
calibrated oxidation of the silicon wafer. Wedge angles between 30 and 40 degrees
were chosen in order to maximize the & factors [46]. The resonator dispersion is
characterized bymeasuringmode frequencies using a scanning external-cavity diode
laser (ECDL) whose frequency is calibrated using a Mach-Zehnder interferometer.
As described elsewhere [1, 2], the mode frequencies, l`, are Taylor expanded as
l` = l0+`�1+`2�2/2+`3�3/6, wherel0 denotes the pumped mode frequency,
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�1/2c is the FSR, and �2 is proportional to the GVD, V2 (�2 = −2�2
1V2/=0 where

2 and =0 are the speed of light and material refractive index). �3 is a third-
order expansion term that is sometimes necessary to adequately fit the spectra (see
discussion of 778 nm soliton below). The measured frequency spectrum of the
TM1 mode family in a 3.4 µm thick resonator is plotted in Fig. 5.2b. The plot
gives the frequency as relative frequency (i.e., l` − l0 − `�1) to make clear the
second-order dispersion contribution. The frequencies are measured using a radio-
frequency calibrated Mach-Zehnder interferometer having a FSR of approximately
40 MHz. Also shown is a fitted parabola (red curve) revealing �2/2c = 3.3 kHz
(positive parabolic curvature indicates anomalous dispersion). Some avoided mode
crossings are observed in the spectrum. The dispersion measured in resonators of
different thicknesses, marked as solid dots in Fig. 5.2a, is in good agreement with
numerical simulations.

The experimental setup for generation of 1064 nm pumped solitons is shown in Fig.
5.2c. The microresonator is pumped by a continuous wave (CW) laser amplified
by a ytterbium-doped fiber amplifier (YDFA). The pump light and comb power are
coupled to and from the resonator by a tapered fiber [51, 52]. Typical pumping
power is around 100 mW. Solitons are generated while scanning the laser from
higher frequencies to lower frequencies across the pump mode [1–3]. The pump
light is modulated by an electro-optic PM to overcome the thermal transient during
soliton generation [2, 3, 53]. A servo control referenced to the soliton power is
employed to capture and stabilize the solitons [53]. Shown in Fig. 5.2d are the
optical spectra of solitons pumped at 1064 nm. These solitons are generated using
the mode family whose dispersion is characterized in Fig. 5.2b. Due to the relatively
low dispersion (small �2), these solitons have a short temporal pulse width. Using
the hyperbolic-secant-squared fitting method [2] (see orange and green curves in
Fig. 5.2d) a soliton pulse width of 52 fs is estimated for the red spectrum. By
increasing the soliton power (blue spectrum), the soliton can be further compressed
to 44 fs, which corresponds to a duty cycle of 0.09% at the 20 GHz repetition rate.
Finally, the inset in Fig. 5.2d shows the electrical spectrum of the photo-detected
soliton pulse stream. Besides confirming the repetition frequency, the spectrum is
very stable with excellent signal-to-noise ratio (SNR) greater than 70 dB at 1 kHz
resolution bandwidth.
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Figure 5.3: Dispersion engineering and solition generation at 778 nm. (a) Calculated
effective indices =eff for TE1, TE2, TM1, and TM2 modes at 778 nm plotted versus
thickness for a silica resonator with reflection symmetry (i.e. \ = 90◦). The
TM1 and TE2 modes cross each other without hybridization. (b) Zoom-in of the
dashed box in panel (a). (c) As in (b) but for a resonator with \ = 40◦. An
avoided crossing of TM1 and TE2 occurs due to mode hybridization. Insets of
(b) and (c) show simulated mode profiles (normalized electric field) in resonators
with \ = 90◦ and \ = 40◦, respectively. The color bar is shown to the right. (d)
Calculated group velocity dispersion (GVD) of the two modes. For the \ = 40◦
case, hybridization causes a transition in the dispersion around the thickness 1.48
µm. The points are the measured dispersion values. (e-f) Measured relative mode
frequencies of the TM1 and TE2 mode families versus relative mode number `
for devices with C = 1.47 µm and C = 1.49 µm. (g) Calculated total second-order
dispersion versus frequency (below) and wavelength (above) at four different oxide
thicknesses (number in lower left of each panel). Red and blue curves correspond
to the two hybridized mode families. Anomalous dispersion is negative and shifts
progressively to bluer wavelengths as thickness decreases. Background color gives
the approximate corresponding color spectrum.

5.3 Soliton generation at 778 nm
As the operational wavelength shifts further towards the visible band, normal ma-
terial dispersion increases. To generate solitons at 778 nm, an additional dispersion
engineering method, TM1-TE2 mode hybridization, is therefore added to supple-
ment the geometrical dispersion control. The green band region in Fig. 5.1b gives
the oxide thicknesses and wavelengths where this hybridization is prominent. Polar-
ization mode hybridization is a form of mode coupling induced dispersion control
[22, 38, 39, 55]. The coupling of the TM1 and TE2 modes creates two hybrid mode
families, one of which features strong anomalous dispersion. This hybridization is
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Figure 5.4: Solition generation at 778 nm. (a) Experimental setup for soliton
generation. A 1557 nm tunable laser is sent to a quadrature phase-shift keying
modulator (QPSK) to utilize frequency-kicking [54] and is then amplified by an
erbium-doped fiber amplifier (EDFA). Then, a periodically-poled lithium niobate
(PPLN) waveguide frequency-doubles the 1557 nm input into 778 nm output. The
778 nm pump light is coupled to the resonator for soliton generation. A servo loop
is used to maintain pump locking [53]. (b) Measured relative mode frequencies
of the TM1 mode family versus wavelength for devices with C = 1.47 µm. A
number of crossing mode families are visible. The red curve is a numerical fit using
�2/2c = 49.8 kHz and �3/2c = 340 Hz. (c) Optical spectrum of a 778 nm soliton
generated using the device measured in (b) with pump line indicated by the dashed
vertical line. The red curve is a spectral fitting which reveals a pulse width of 145
fs. Most of the spurs in the spectrum correspond to the mode crossings visible in
(b). Inset shows the electrical spectrum of the detected soliton pulse stream. The
resolution bandwidth is 1 kHz. (d) Measured relative mode frequencies of the TE2
mode family versus wavelength for devices with C = 1.53 µm. The red curve is a fit
with �2/2c = 4.70 kHz and �3/2c = −51.6 Hz. (e) Optical spectrum of a soliton
generated using the device measured in (d) with pump line indicated as the dashed
vertical line. A dispersive wave is visible near 758 nm. Inset shows the electrical
spectrum of the detected soliton pulse stream. The resolution bandwidth is 1 kHz.

caused when a degeneracy in the TM1 and TE2 effective indices is lifted by a broken
reflection symmetry of the resonator [56]. The wavelength at which the degeneracy
occurs is controlled by the oxide thickness and determines the soliton operation
wavelength. Finite element method (FEM) simulation in Fig. 5.3a shows that at 778
nm the TM1 and TE2 modes are expected to have the same effective index at the
oxide thickness 1.48 µm when the resonator features a reflection symmetry through
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a plane that is both parallel to the resonator surface and that lies at the center of
the resonator. Such a symmetry exists when the resonator has vertical sidewalls or
equivalently a wedge angle \ = 90◦ (note: the wet-etch process used to fabricate the
wedge resonators does not support a vertical side wall). A zoom-in of the effective
index crossing is provided in Fig. 5.3b. In this reflection symmetric case, the two
modes cross in the effective-index plot without hybridization. However, in the case
of \ = 40◦ (Fig. 5.3c), the symmetry is broken and the effective index degeneracy
is lifted. The resulting avoided crossing causes a sudden transition in the GVD as
shown in Fig. 5.3d, and one of the hybrid modes experiences enhanced anomalous
dispersion.

To verify this effect, resonators having four different thicknesses (\ = 40◦) were
fabricated, and their dispersion was characterized using the same method as for the
1064 nm soliton device. The measured second-order dispersion values are plotted
as solid circles in Fig. 5.3d and agree with the calculated values given by the solid
curves. Fig. 5.3e and Fig. 5.3f show the measured relative mode frequencies versus
mode number of the two modes for devices with C = 1.47 µm and C = 1.49 µm. As
before, upward curvature in the data indicates anomalous dispersion. The dominant
polarization component of the hybrid mode is also indicated on both mode-family
branches. The polarization mode hybridization produces a strong anomalous dis-
persion component that can compensate normal material dispersion over the entire
band. Moreover, the tuning of this component occurs over a range of larger oxide
thicknesses for which it would be impossible to compensate material dispersion
using geometrical control alone. To project the application of this hybridization
method to yet shorter soliton wavelengths, Fig. 5.3g summarizes calculations of
second-order dispersion at a series of oxide thicknesses. At a thickness close to
1 micron, it should be possible to generate solitons at the blue end of the visible
spectrum. Moreover, wedge resonators having these oxide film thicknesses have
been fabricated during the course of this work. They are mechanically stable with
respect to stress-induced buckling [57] at silicon undercut values that are sufficient
for high-& operation.

For soliton generation, the microresonator is pumped at 778 nm by frequency-
doubling a continuous wave (CW) ECDL operating at 1557 nm (see Fig. 5.4a). The
1557 nm laser is modulated by a quadrature phase-shift keying (QPSK) modulator
for frequency-kicking [54] and then amplified by an erbium-doped fiber amplifier
(EDFA). The amplified light is sent into a periodically-poled lithium niobate (PPLN)
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device for second-harmonic generation. The frequency-doubled output pump power
at 778 nm is coupled to the microresonator using a tapered fiber. The pump power
is typically about 135 mW. The soliton capture and locking method was again used
to stabilize the solitons [53]. A zoom-in of the TM1 mode spectrum for C = 1.47
µm with a fit that includes third-order dispersion (red curve) is shown in Fig. 5.4b.
The impact of higher-order dispersion on dissipative soliton formation has been
studied [58, 59]. In the present case, the dispersion curve is well suited for soliton
formation. The optical spectrum of a 778 nm pumped soliton formed on this mode
family is shown in Fig. 5.4c. It features a temporal pulse width of 145 fs as derived
from a sech2 fit (red curve). The electrical spectrum of the photo-detected soliton
stream is provided in the inset in Fig. 5.4c and exhibits high stability.

Fig. 5.4d gives the measured mode spectrum and fitting under conditions of slightly
thicker oxide (C = 1.53 µm). In this case, the polarization of the hybrid mode more
strongly resembles the TE2 mode family. The overall magnitude of second-order
dispersion is also much lower than for the more strongly hybridized soliton in Fig.
5.4b and Fig. 5.4c. The corresponding measured soliton spectrum is shown in
Fig. 5.4e and features a dispersive wave near 758 nm. The location of the wave
is predicted from the fitting in Fig. 5.4d (see dashed vertical and horizontal lines).
The dispersive wave exists in a spectral region of overall normal dispersion, thereby
illustrating that dispersion engineering can provide a way to further extend the
soliton spectrum towards the visible band. As an aside, the plot in Fig. 5.4d has
incorporated a correction to the FSR (�1) so that the soliton line is given as the
horizontal dashed black line. This correction results from the soliton red spectral
shift relative to the pump that is apparent in Fig. 5.4e. This shift results from a
combination of the Raman self shift [49, 50] and some additional dispersive wave
recoil [3]. Finally, the detected beat note of the soliton and dispersive wave is shown
as the inset in Fig. 5.4e. It is overall somewhat broader than the beatnote of the
other solitons, but is nonetheless quite stable.

5.4 Discussion
We have demonstrated soliton microcombs at 778 nm and 1064 nm using on-chip
high-& silica resonators. Material-limited normal dispersion, which is dominant
at these wavelengths, was compensated by using geometrical dispersion through
control of the resonator thickness and wedge angle. At the shortest wavelength,
778 nm, mode hybridization was also utilized to achieve anomalous dispersion
while maintaining high optical &. These results are the shortest wavelength soliton
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microcombs demonstrated to date. Moreover, the hybridization method can be
readily extended so as to produce solitons over the entire visible band. The generated
solitons have pulse repetition rates of 20 GHz at both wavelengths. Such detectable
and electronics-compatible repetition rate soliton microcombs at short wavelengths
have direct applications in the development ofminiature optical clocks [9, 22, 23] and
potentially optical coherence tomography [24–26]. Also, any application requiring
low-power near-visible mode-locked laser sources will benefit. The same dispersion
control methods used here should be transferable to silica ridge resonator designs
that contain silicon nitridewaveguides for on-chip coupling to other photonic devices
[47]. Dispersive wave generation at 758 nm was also demonstrated. It could be
possible to design devices that use solitons formed at either 778 nm or 1064 nm for
dispersive-wave generation into the visible and potentially into the ultra-violet as
has been recently demonstrated using straight silica waveguides [42].
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C h a p t e r 6

DIRAC SOLITONS IN OPTICAL MICRORESONATORS

Wang, H. et al. Dirac solitons in optical microresonators. Light: Science &
Applications 9, 205 (2020).

Soliton mode locking in microresonators [1] provides a pathway for the minia-
turization of frequency comb systems [2]. The dissipative solitons [3] formed in
the resulting microcombs [4] are coherently pumped [5] and were first observed
in optical fiber cavities [6]. In microresonators, such Kerr solitons (KSs) have
been realized in a wide range of geometries and material systems [7–14]. Soliton
microcomb devices have been tested in diverse system demonstrations, including
spectroscopy [15–17], coherent communications [18], range detection [19–21], op-
tical frequency synthesis [22], exoplanet studies [23, 24], and optical clocks [25].
Progress towards integration of the microcomb with pump and other control func-
tions is also being made [26–28]. Modal coupling, wherein distinct mode families
experience frequency degeneracy analogous to an energy level crossing [29], is an
important feature of soliton formation in microresonators. Such crossings impart
structure to the soliton spectral envelope [30] and are responsible for an intriguing
range of microcomb phenomena of both scientific and technical importance, in-
cluding dispersive wave emissions [9, 31], dark soliton formation [32], pump noise
isolation [33], improved pumping efficiency [34, 35], and dispersion engineering
for near-visible emissions [36, 37].

Here, a new type of soliton in microresonators, termed Dirac solitons (DSs), is
shown to result from broadband modal coupling. The name originates from the
nonlinear Dirac equations, which govern the dynamics of these solitons and are dis-
cussed below. A similar soliton has been theoretically studied in fiber Bragg gratings
[38, 39] and later experimentally observed [40]. In these Bragg solitons, forward and
backward propagating waves are coupled by a periodic structure, and a Dirac-like
model has been applied to understand these systems [41, 42]. As shown recently for
broadband coupling in a dimer resonator system [43], the co-existence of coupling
and nonlinearity changes the solution behavior qualitatively, and a full understanding
requires a non-perturbative approach. We show that broadband nonlinear coupling
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Figure 6.1: Principle of mode hybridization and Dirac solitons. (a) For a symmetric
resonator cross section (top-left insets), TE and TM modes within the resonator can
become accidentally degenerate at the same wavenumber. The bottom (right) inset
depicts the TE (TM) mode electric field directions. (b) For an asymmetric resonator
cross section (top-left inset), degeneracy is lifted, and an avoided crossing is created.
The left and right insets depict the hybridized mode electric field directions. (c)
Schematic of balancing nonlinear and dispersion effects for a KS. (d) Schematic of
balancing nonlinear, coupling, and group velocity difference effects for one of the
components in a DS.

results in a range of new phenomena in the Dirac soliton system, including po-
larization twisting along the soliton and asymmetrical soliton comb spectra. A
closed-form expression for DSs is derived by solving the Lugiato-Lefever equation
(LLE) [5, 44] augmented with mode coupling. Curiously, the requisite coupling
conditions have been obtained experimentally in the literature for near-visible [36]
and 1-µm-band [37] soliton generation. As shown here, these experiments were
performed in a regime where Dirac solitons collapse into conventional Kerr soli-
tons. New data from the 778-nm-band measurement featuring asymmetrical spectra
will be presented, showing initial deviation away from conventional Kerr soliton
behavior.

6.1 Polarization mode coupling and coupled LLEs
To illustrate the features of DSs, we consider the specific case of a circularly symmet-
ric (whispering-gallery) resonator that has an initial reflection plane of symmetry
in the plane of the resonator. The resulting geometry supports transverse-electric
(TE) and transverse-magnetic (TM) mode families (Fig. 6.1a) that are symmetrical
and anti-symmetrical, respectively, with respect to the reflection plane. A pair of
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TE and TM modes can have accidental degeneracy for a particular wavenumber.
By breaking the reflection geometry, it becomes possible to lift the degeneracy and
create an avoided crossing [36]. In effect, the original modes are strongly coupled,
and the eigenmodes of the non-symmetric system are hybrid modes, as shown in
Fig. 6.1b. Loosely speaking, the hyperbolic shape of the eigenfrequency creates an
anomalous dispersion window that is suitable for soliton generation. However, we
note that this dispersion is not associated with a single mode family across the entire
avoided crossing. Indeed, the mode composition changes when the wavenumber
increases, evolving from TM to TE mode for the upper branch or vice versa for the
lower branch.

The standard form of the LLE for one transverse mode family (denoted by mode 1)
describes the temporal soliton dynamics in a microresonator [44]:

m�1
mC

= (−8Xl − ^1
2
)�1 − 8 !̂1�1 + 8611 |�1 |2�1 + 51. (6.1)

Here, �1 is the slowly varying amplitude in a co-moving frame normalized to
optical energy, defined via E1 = �1A1, where E1 is the electric field and A1 is
the normalized vector field distribution. The frequency detuning Xl = lc − lp

is the frequency difference between the cavity resonant frequency lc and pump
frequency lp. The Kerr nonlinear coefficient is 611 = =(2)lc2/(=2+11), with speed
of light in vacuum 2, refractive index =, Kerr nonlinear index =(2) , and mode volume
+11 = (

∫
|A1 |23+)2/

∫
|A1 |43+ . ^1 is the energy loss rate, and 51 is the pumping

term for mode 1. The linear dispersion operator !̃1 describes mode dispersion
and can be Taylor expanded as !̂1 ≈ −8�1,1m\ − �2,1m

2
\
/2, where \ is the angular

coordinate and �1,1/(2c) and �2,1/(2c) are the free spectral range (FSR) and
second-order dispersion (proportional to the group velocity dispersion (GVD)),
respectively, for mode 1. In the case of a conservative system (^1 = 0 and 51 = 0)
and �1,1 = 0 (i.e. choosing a co-moving reference frame), the exact soliton solution
to Eq. (6.1) is given by:

�1 =

√
2Xl
611

sech

(√
2Xl
�2,1

\

)
, (6.2)

which is also commonly used as an ansatz to describe a KS [7].

To generalize the above LLE to the coupled pair of TE and TM modes (modes 1
and 2, respectively), we introduce mode coupling as well as cross-phase modulation
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into the equations. The following two-mode coupled LLE results:

m�1
mC

= (−8Xl − ^1
2
)�1 + 86c�2 − X�1

m�1
m\

+ 8(611 |�1 |2�1 + 612 |�2 |2�1) + 51,
m�2
mC

= (−8Xl − ^2
2
)�2 + 86c�1 + X�1

m�2
m\

+ 8(622 |�2 |2�2 + 612 |�1 |2�2) + 52.

(6.3)

Here, 6c > 0 gives the coupling rate between the two (originally uncoupled) modes,
68 9 = =(2)lc2/(=2+8 9 ) (8, 9 = 1, 2), and the mode volumes +11 and +22 and cross
mode volume +12 are defined as +8 9 = (

∫
|A8 |23+

∫
|A 9 |23+)/

∫
|A8 |2 |A 9 |23+ . A

reference frequency (relative to which all frequencies are measured) is chosen as
the degeneracy frequency. In the symmetric co-moving frame (moving at a speed
corresponding to �̄1 = (�1,1 + �1,2)/2), the group velocities of the two resulting
hybrid modes become anti-symmetric with X�1 = |�1,1 − �1,2 |/2. Here, second-
and higher-order dispersions are ignored, as coupling-induced dispersion of the
eigenfrequency is typically one order of magnitude larger than the intrinsic mode
dispersion. The nonlinear terms include self-phase and cross-phase modulation.
Other four-wave mixing terms that induce nonlinear coupling, such as |�1 |2�1�

∗
2

and �2
1 (�

∗
2)

2, have been dropped because these are either forbidden by reflection
symmetry or strongly suppressed by the phasemismatching of the underlyingmodes.

The LLE Eq. (6.1) (without loss and pump terms) is known as the nonlinear
Schrödinger equation in theoretical physics. Similarly, the coupled LLE Eq. (6.3)
presented here are a generalization of the nonlinear Dirac equations. When only
cross-phase modulation is considered (611 = 622 = 0), Eq. (6.3) reduces to the
massive Thirring model in quantum field theory [45], which is known to support
Dirac solitons [46, 47]. With equal but nonzero self-phase modulations (611 = 622),
the Bragg soliton solution [38, 39] is recovered, which has been realized in fiber
Bragg grating systems [40]. On the other hand, when second-order dispersion is
present and is much stronger than the effect induced by linear inter-mode coupling
within the band being considered, Eq. (6.3) becomes the vector soliton model in
birefringent systems, where soliton solutions are also known [48–50]. We note
that the vector soliton relies on both modes having anomalous dispersion, while
anomalous dispersion is not required in the DS model.

Before proceeding to solve Eq. (6.3), it is helpful to understand why a DS solution
exists in the absence of second-order dispersion. The conventional KS is a delicate
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balance of the Kerr nonlinear effect, which creates chirping within a pulse, and
the anomalous mode dispersion, which cancels the chirping effect (Fig. 6.1c). In
the DS system, the hyperbolic-shaped upper-branch eigenfrequency spectrum (as in
Fig. 6.1b) resembles a spectrumwith anomalous dispersion. While this “dispersion”
plays the same role as conventional dispersion and constitutes the foundation for
the generation of the DS, this viewpoint only holds when the pumping (and soliton
spectrum) is close to this branch. Indeed, in this case, it will be shown that it reduces
to the conventional KS. In general, and as noted in the introduction, dispersion is only
locallywell defined in this spectrum, as themode composition of the hybridmode can
change rapidly with respect to the wavenumber. Correspondingly, the dispersion
interpretation fails for the general DS, and the coupling effect must be treated
non-perturbatively. These rapid composition changes in the hybridized modes
redistribute pulse energy in the frequency domain and produce a new contribution
to chirping within the pulse, which manifests as phase differences between the two
mode components of the pulse. Coupling then makes the two components interfere
differently at different positions and leads to both chirping and pulse shifting. These
effects are delicately canceled by nonlinear effects and group velocity differences,
respectively (Fig. 6.1d), and maintain the DS pulse shape without anomalous
dispersion. In the language of field theory, anomalous mode dispersion provides a
positive “mass” for the KS field, which then becomes a well-defined non-relativistic
field theory. The “mass” of the DS field is the inter-mode coupling, and the mode
spectrum corresponds to a relativistic field theory.

6.2 Closed-form soliton solutions
To obtain an analytical solution for the coupled LLE, we consider a conservative
system by setting ^1 = ^2 = 0 and 51 = 52 = 0. Eqs. (6.3) can then be solved by
finding the invariants associated with the system (see Methods). The closed-form
single bright soliton solution for Eqs. (6.3), without periodic boundary conditions,
can be obtained as

�1,2 = ±
√

26c
�

√
1 − b̃2( X�1 ± E

X�1 ∓ E
)1/4

×

[
cosh

(
2
√

1 − b̃2\̃
)
− b̃

]±W/2[√
1 − b̃ cosh

(√
1 − b̃2\̃

)
∓ 8

√
1 + b̃ sinh

(√
1 − b̃2\̃

)]1±W exp
(
−8 E

X�1
b̃ \̃

)
,

(6.4)
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Figure 6.2: Closed-form solution of Dirac solitons in microresonators. (a) Reso-
nance diagram showing two branches of hybrid modes, the allowed range for the
soliton resonance line when E = 0 (shaded area), and the three special cases of
detuning discussed in the text. (b) Same as panel (a) but shows only the range for
the soliton resonance line with an arbitrary fixed positive repetition rate shift, E. (c)
Real part (orange line) and imaginary part (green line) of the �1 component of the
DS at Xl = −0.96c. The normalization scheme used for the plot is 6c = 1, X�1 = 1
and 611 + 612 = 1. The black dashed curve shows the corresponding KS profile
for comparison. (d) Real part (orange line), imaginary part (green line), and norm
(black line) of the �1 component of the DS at Xl = 0. The normalization scheme
used for the plot is the same as that in (c). (e) Polarization twist of DS at Xl = 0.
The two projections show the slowly varying amplitude envelope (grey dashed lines,
left scale) and phase relative to the pulse center (red solid lines, right scale) of the
field components. The right insets show the polarization states at the three different
spatial slices marked on the plot. The arrow indicates the direction of state change
over time. (f) Real part (orange line), imaginary part (green line), and norm (black
solid line) of the �1 component of the DS at Xl = 6c. The normalization scheme
used for the plot is the same as that in (c). The black dashed line shows the 1/\
asymptote for the envelope. (g) Upper panel: frequency domain amplitudes for the
�1 component of the DS at Xl = −0.86c (blue line), Xl = 0 (yellow line), and
Xl = 0.86c (red line), plotted on a linear scale. Lower panel: frequency domain
power distribution for the �1 component (yellow line), �2 component (cyan line),
and combined (black line) DS at Xl = 0, plotted on a log scale. The normalization
scheme used for the plot is the same as that in (c).
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where �1 (�2) takes the upper (lower) sign in all instances of ± or ∓, E is the
repetition rate shift in the symmetric co-moving frame,� is the combined nonlinear
coefficient, W is a phase exponent related to E, b̃ is the reduced detuning, and \̃ is the
reduced coordinate. While dark soliton solutions and bright soliton on background
solutions can also be found in the same conservative system (see Supplementary
information), we will focus on this bright soliton solution and refer to it as the DS.
In the following discussion of DS properties, we take the special case 611 = 622

(i.e. additional exchange symmetry between the modes) and E = 0 (i.e. the pulse is
stationary in the symmetric co-moving frame), and the general solution simplifies
to

�1,2 =

√
2(62

c − Xl2)
(611 + 612)6c

× 1

±
√
6c − Xl cosh

(√
62

c − Xl2\/X�1

)
− 8
√
6c + Xl sinh

(√
62

c − Xl2\/X�1

) .
(6.5)

Figure 6.2a shows the offset frequency for the hybrid modes, defined as loff =

l: − lc − :�̄1, where : is the relative wavenumber (the difference between the
absolute wavenumber and the wavenumber at the degeneracy point) and l: is
the mode eigenfrequency at : . Due to the square roots in the special solution
(Eq. (6.5)), the soliton detuning range can lie only in the band gap created by
the avoided crossing. This phenomenon can be intuitively understood, as none of
the comb lines can have the same frequency as the resonator modes, which would
otherwise create infinite amplitudes on the modes due to perfect resonance with
no loss. Geometrically, the resonance of the soliton can be described by the linear
equation lDS = −Xl + E: , and the line cannot intersect the two hyperbolas of mode
frequencies on the mode spectrum plot. The same also holds for the general solution
(Eq. (6.4)) and is depicted in Fig. 6.2b (seeMethods). As a result, the soliton cannot
have a group velocity faster than the first mode or slower than the second mode.
This argument does not apply to dark solitons and bright solitons on a background,
where the resonance line always intersects the mode spectrum (see Supplementary
information).

To understand the properties of the DS, we consider some special cases of detuning
(marked in Fig. 6.2a). The first case is when Xl approaches −6c, where the
resonance line is close to the upper branch. By taking appropriate limits, Eq. (6.5)
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reduces to:

�1,2 ≈ ±

√
2(6c + Xl)
611 + 612

sech

(√
26c(6c + Xl)

X�2
1

\

)
, (6.6)

which is exactly in the form of a conventional KS. A comparison of the exact DS
near Xl = −6c and the limiting KS is shown in Fig. 6.2c. The appearance of
the sech-shaped KS here is not a coincidence. The effective nonlinear coefficient
for a single component is 611 + 612 (using |�1 |2 = |�2 |2), the effective detuning is
6c + Xl, and the curvature of the eigenfrequency (the hybrid-mode equivalent of
the second-order dispersion) is X�2

1/6c, as derived from coupled mode theory. The
reduction of a DS to a KS is straightforward when these quantities are substituted
into the KS solution. Thus, if the DS is close to the resonance (which is usually the
case when the hybridization coupling 6c is large), the eigenfrequency spectrum is
locally equivalent to a single mode in terms of dispersion, and mode composition
differences for different wavenumbers can be ignored. Again, this phenomenon
applies to the general solution (Eq. (6.4)) as well by explicitly reducing the coupled
LLE to a single-mode LLE, and the truncation errors can also be estimated (see
Methods).

The second case is when Xl = 0, where the resonance line passes through the
degeneracy point. In this case, Eq. (6.5) simplifies to:

�1,2 =

√
26c

611 + 612

1
± cosh (6c\/X�1) − 8 sinh (6c\/X�1)

, (6.7)

and begins to deviate from a hyperbolic secant shape (Fig. 6.2d). With this simple
analytical solution, it becomes apparent that each component of the wave packet has
an overall phase shift when \ goes from −∞ to ∞ (c/2 in this special case). This
phase twist within the pulse contributes to the chirping and shifting of the soliton
pulse when they are coupled together, as discussed in the previous section. If pulse
polarization is considered, it also twists from the start of the pulse to the end of the
pulse (Fig. 6.2e).

The last case we consider is when Xl approaches 6c, where the resonance line
moves towards the lower branch and maximum red detuning is approached. As this
phenomenon occurs, the exponential tails of the soliton decay at an increasingly
slower rate until finally in the limit Xl→ 6c Eq. (6.5) becomes:

�1,2 ≈
√

6c
611 + 612

2
±1 − 286c\/X�1

, (6.8)
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showing that the solution decays polynomially rather than exponentially when \ →
∞ (Fig. 6.2f). The resulting polynomial tails can potentially enable long-range
interactions of the DS.

We now turn to the frequency domain profile for Eq. (6.5) by the Fourier transform,
which can also be expressed in closed form using contour integration:∫ ∞

−∞
�1,24

−8:\3\

= ± c

√
X�2

1
(611 + 612)6c

sech :̃ exp
[
±arccos(−Xl/6c)

c
:̃

]
, (6.9)

where : is the relative wavenumber and :̃ = cX�1:/(2
√
62

c − Xl2). Apart from
the usual sech-shaped envelope, the extra exponential factor causes the spectrum
of each component to become asymmetrical around : = 0 (Fig. 6.2g). This
phenomenon can be explained by different mode compositions on the different sides
of the spectrum. We note that the spectrum for the total power is still symmetric,
which is consistent with the soliton carrying no total momentum in the symmetric
co-moving frame. In the general E ≠ 0 case, the spectrum for the total power is
expected to become asymmetric around the center frequency of the soliton.

6.3 DS with dissipation and repetition rate shifts
In addition to being an exact solution to the conservative system, the solution (Eq.
(6.4)) also serves as a DS ansatz for dissipative cases, similar to how a KS can be
approximated by a sech-shaped soliton on a background [7]. As an example, here,
we study the repetition rate shifts associated with the DS when externally pumped
by continuous waves. Accordingly, we do not require 611 = 622 or E = 0 and return
to work with the general solution (Eq. (6.4)).

The repetition rates of ideal KSs remain constant when pumped in the same mode
while the detuning changes, as formulated by the standard LLE. In contrast, real-
world KSs may experience additional nonlinear effects, including dispersive wave
backactions [33] or Raman effects [51], which lead to center frequency changes and
repetition rate shifts. The mode hybridization process is similar to a mode crossing
in dispersive wave generation where two modes are strongly coupled, and therefore,
the DS is also expected to experience repetition rate shifts. As the repetition rate
shift parameter E is free in the conservative case, we need to find the conditions that
determine E when dissipation is present.
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Figure 6.3: Repetition rate shifts in the DS. (a) Ternary plot of the normalized
repetition rate shift E/X�1 versus the proportions of nonlinear coefficients for Xl =
0. ^1 = ^2 is assumed. The black dashed curve (611622 = 62

12) separates the
parameter space into two regions; cross-phase modulation is dominant in the upper
region, while self-phase modulation is dominant in the lower region. (b) Plot of
the repetition rate shift versus the detuning. ^1 = ^2 is assumed. The parameters
are 611 = 612 and 622 = 2612. The black curve is the analytical result, and the
dots are simulated data that use a modified split-step Fourier algorithm adapted to
the hybrid system. The inset shows a comparison of the simulated (orange solid)
and analytical (black dashed) pulse shape of |�1 | at Xl = 0. (c) Plot of repetition
rate shifts on the mode spectrum. Each line indicates a soliton resonance line with
different detunings (negative y-intercept). The parameters are the same as those in
(b).

By calculating the momentum integral of the solution, the following criterion is
obtained (see Methods):∫ (

^1 |�1 |2
m arg �1
m\

+ ^2 |�2 |2
m arg �2
m\

)
3\ = 0, (6.10)

where arg is the argument function and �1,2 should be substituted by the DS solution.
According to the above criterion, the phase twist of each component is essential in
determining the repetition rate shift. Intuitively, this concept can be understood as
the following: the pulse cannot carry any net momentum in the reference frame of
the pumping, and any additional momentum will be damped out by the dissipation.
All the above integrations can be carried out in closed form, leading to an equation
in E, which can then be solved as the repetition rate shift.

For a fixed detuning Xl, the repetition rate shift E depends on the ratios of the
nonlinear coefficients 611, 622 and 612. Figure 6.3a plots the special case of Xl = 0.
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When the nonlinearity on the second mode increases, the optical field will shift to
the first mode to compensate, leading to an increased overall speed of the pulse,
and vice versa. As the repetition rate shift results from the imbalance of self-phase
modulations, increasing the proportion of 612 leads to more stability in the repetition
rate, while decreasing the proportion of 612 allows more tunability. We note that,
depending on the nonlinear nature of the resonator material and the mode overlap,
the cross-phase modulation may be larger or smaller than the self-phase modulation
[52, 53]. Moreover, theoretical DS solutions exist for almost all combinations of
nonlinear coefficients.

For the tunability of the DS repetition rate, Fig. 6.3b shows the repetition rate shift
as the detuning changes. Near Xl = −6c, the repetition rate shift approaches zero,
which is consistent with the local KS equivalence argument in the previous section.
With a more red-detuned Xl, the effect of imbalance in the nonlinear coefficients
is more apparent, leading to repetition rate changes in the corresponding direction.
Simulations of the coupled LLE have also been performed and show that both the
simulated pulse shape and the repetition rate shifts agreewith the analytical solutions
(Fig. 6.3b). A graphical representation of the repetition rate shift is also shown
in Fig. 6.3c. As an aside, breather-like states [54] have also been observed in the
simulations, but the origin of breathing and whether it behaves in the same way as
for KS breathers [55–58] is not yet fully understood.

Although the discussion so far has focused on pumping at the central mode, it can
be readily generalized to off-center pumping by introducing additional detunings
into each of the mode families and shifting the spectral centers of the solutions
accordingly. The DS offers a novel and controllable way to tune the repetition
rate of the frequency combs. Together with existing nonlinear processes for the
resonator, the hybridization-induced shift can be tailored to enhance or suppress
the overall repetition rate shift with respect to the pump detuning and may find
application in optical frequency division or for pump noise isolation, such as what
is performed using quiet point operation [33].

6.4 Implementation of Dirac solitons
The wedge resonator [59] is used to induce mode hybridization and Dirac soliton
formation. This resonator offers very high-quality factors [60] and the independent
control over key parameters during the fabrication process (Fig. 6.4a). A wedge
is entirely characterized by three geometric parameters: the diameter �, which
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Figure 6.4: Implementation of mode hybridization. (a) Cross-sectional view of a
silica wedge resonator on a silicon pillar (not to scale). The parameters that define
the wedge geometry are also shown. (b) Plot of =eff for the first four modes (TE1,
TM1, TE2, and TE3) versus wavelength (740 to 820 nm) for a wedge resonator. The
parameters are C = 1.47 µm and U = 90◦. (c) Left panel: mode spectrum plot for the
boxed region in (b). The insets are simulated mode profiles (electric field norm).
Right panel: same as left panel but with U = 30◦. (d) Relationship between C and
_X (black curve). Additionally, the zero-dispersion wavelength of bulk silica (green
dashed line) and the zero-dispersion boundary for the TE1 mode (purple curve) are
shown. (e) Coupling 6c versus wedge angle U at _X = 778 nm. The dashed line
is the result from perturbation theory (see Methods) and is tangent to the 6c curve
at U = 90◦. (f) Effective GVD V2 that can be achieved using mode hybridization
across the infrared and visible spectra. The parameters are U = 30◦ and U = 60◦.
The dispersion of bulk silica, TE2, and TM1 modes is also shown for comparison.
The color bar shows the approximate color of light in the visible band.

depends on the lithographic pattern; the thickness C, which depends on the oxidation
growth time of the silicon wafer; and the wedge angle U, which depends on the
adhesion between silica and the photoresist used for patterning. In the following we
will fix the resonator diameter as � = 3.2 mm (corresponding to a resonator FSR
of approximately 20 GHz at approximately 1550 nm), but we note that this can be
readily generalized to resonators of other sizes.

For a symmetrical wedge resonator (U = 90◦), the typical simulated effective re-
fractive index =eff versus wavelength is shown in Fig. 6.4b. At shorter wavelengths,
TE1 and TM1 have the highest indices, followed by TE2, TE3, and other high-order
modes. Since the electrical fields of the TMmodes are along the thickness direction,
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their indices are more sensitive to changes in the wavelength scale, and the index
of TM1 decreases faster than TE2 as the wavelength increases. Eventually, TM1
and TE2 cross, and their relative positions are interchanged at longer wavelengths.
However, for U = 90◦, no hybridization occurs, as the reflection symmetry pro-
hibits interactions between modes of different parities. On the other hand, if we
explicitly break the reflection symmetry of the resonator by decreasing the wedge
angle (U < 90◦), the original modes will see an asymmetric change in the refractive
index profile, which causes them to couple. Such couplings lift the degeneracy,
leading to avoided crossing. The two cases are compared in Fig. 6.4c, where
=eff is first converted to the mode number < via < = =eff�l</(22), where l< is
the resonance (angular) frequency, and then plotted as offset (angular) frequencies
loff = l< − lX − (< − <X)�̄1 versus the relative mode number < − <X, where
the subscript X indicates the quantity at the degeneracy point. We note that the
relative mode number has the same role as the relative wavenumber : in the theo-
retical analyses, except that it is restricted to integer values for periodic boundary
conditions.

In view of perturbation theory [61], the wedge part of the resonator perturbs the
underlying symmetrical structure and induces polarization coupling similar to the
coupling obtained in directional couplers [62]. Therefore, we expect that the center
wavelength of hybridization _X is determined by the thickness C, while the wedge
angle controls the coupling strength 6c. A plot of _X versus C is shown as the black
curve in Fig. 6.4d. As C is the only geometry scale close to optical wavelengths in the
system, we expect that _X will scale linearly with C, which can be visually verified in
the plot. This scaling allows for hybridization to occur at short wavelengths where
the dispersion of the original modes (for example, the TE1 mode shown in the
figure) is typically normal. A plot of 6c versus U is shown in Fig. 6.4e. While only a
particular wavelength (778 nm) is shown, 6c depends on the wavelength very weakly,
varying less than 5% from wavelengths of 400 to 1600 nm. The coupling strength
scales linearly with U near U = 90◦, which can also be independently verified by
first-order perturbation theory (see Methods), but the coupling effect eventually
saturates at shallow wedge angles because mode profiles cannot “squeeze” into the
wedge tip as U decreases. The calculated GVD V2 is shown in Fig. 6.4f, which
is related to �2 via V2 = −=�2/(2�2

1). Using suitably designed thicknesses and
wedge angles greater than 30◦, an anomalous dispersion window can be created all
the way down to the blue side of the visible spectrum, where simple geometrical
dispersion fails to compensate for normal material dispersion.
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6.5 Demonstration of Dirac solitons
Guided by these design principles, devices that target 1550 nm and 778 nm as their
hybridization wavelengths were fabricated. The mode spectra are measured for each
device using a tuneable laser and a calibrated Mach-Zehnder interferometer [8]. As
expected, each of the devices shows a pair of modes with hyperbolic dispersion and
large curvatures (Fig. 6.5a to 6.5c). The local �2 of the anomalous branch can be fit
to give �2 = 2c×401 kHz (1550 nm) (Fig. 6.5b) and �2 = 2c×132 kHz (778 nm),
corresponding to V2 = −790 ps2 km−1 and V2 = −255 ps2 km−1, respectively, which
are orders of magnitude larger than the mode intrinsic GVD without hybridization.

Finally, to demonstrate the existence of DSs in wedge resonators with hybridized
modes, we generated solitons at 778 nm. The detailed experimental setup and
measurement procedures can be found elsewhere [36]. The optical spectrum of the
soliton is shown in Fig. 6.5. A direct sech2 fit to the spectrum reveals that the
frequency components are highly asymmetric around the spectrum center, which
results from the high-order dispersions of the mode and is a typical feature for DSs
not being pumped in the crossing center. Indeed, the analytical DS solution derived
here provides a good fit to the measured spectrum, further confirming the above
theoretical results and their applicability for soliton modeling in microresonators.
The detuning relative to the upper branch can be inferred from the fitting and is
approximately 90 MHz, which is less than 5% of the band gap. We did not attempt
to increase the detuning further due to pump power limitations. As an aside, we
believe that a similar 780-nm soliton generated in [36], using the same resonator but
under different pumping conditions, can also be classified as a DS.

To further validate the feasibility of DSs in the visible band, we also performed
simulations of a DS near 532 nm. A resonator design is shown in Fig. 6.5e together
with its simulated mode dispersions, and solitons can be found in the resonator with
different pumping positions (Fig. 6.5f). The soliton at the crossing center has a
more symmetric spectrum, while the soliton far away from the crossing center has
a more skewed spectrum, as expected.

6.6 Discussion
Critical to the generation of solitons in microresonators is the control of mode dis-
persion. Bright soliton formation requires anomalous dispersion. The curvature of
a circular resonator contributes to normal dispersion, shifting the zero-dispersion
wavelength towards longer wavelengths as the resonator size decreases. Both this
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Figure 6.5: Demonstrations of mode hybridization and DS generation. (a) Mea-
sured mode spectrum for a wedge resonator with mode hybridization at approxi-
mately 1550 nm. The inset shows the geometry of the resonator. (b) Second-order
dispersion of the upper branch derived from the fit in (a). The two dashed lines
indicate the second-order dispersion of the underlying TE2 (left) and TM1 (right)
modes without crossing. (c) Measured mode spectrum for a wedge resonator with
mode hybridization at approximately 778 nm. The inset shows the geometry of the
resonator. (d) Optical spectrum of a DS at 778 nm generated in a wedge resonator.
The blue dashed line shows the sech2 fit, and the black dashed line shows the DS
fit. (e) Simulated mode spectrum for a wedge resonator with mode hybridization at
approximately 532 nm. The inset shows the geometry of the resonator. (f) Simu-
lated spectrum of a DS at 532 nm generated in the wedge resonator in (e). The solid
line shows the spectrum when the system is pumped at the crossing center, while
the dashed line shows the spectrum when the system is pumped 200 modes away
from the crossing center. The detuning from the upper branch is fixed at 100 MHz.
The mode quality factors are taken as 20×106 and are critically coupled. The pump
powers are taken as 250 mW, and the polarization is matched to the mode in the
upper branch being pumped.

and material dispersion have been managed over a range of wavelengths by us-
ing geometrical dispersion introduced through optical waveguide confinement [1].
However, normal dispersion of bulk dielectricmaterials towards shorter wavelengths
makes generating visible solitons in dielectric microresonators extremely difficult,
and its offset through waveguide confinement increases unwanted scattering loss,
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which degrades the resonator & factor and increases the pumping power (i.e. comb
threshold power varies inversely quadratically with the & factor [8, 63]). While the
use of intra-cavity nonlinear optical processes such as second- or third-harmonic
generation and sum-frequency generation can provide a way to bypass normal dis-
persion for comb generation in the visible band [13, 64–67], managing dispersion
by mode coupling provides an alternative approach that can avoid waveguide con-
finement loss [36, 37, 68–72]. The practical management of dispersion for soliton
formation at the edge of the visible band [36, 37] has been possible using Dirac
solitons, and they can provide a way to further extend operation well into the visible
region.

In summary, we demonstrated the peculiar characteristics of the Dirac soliton
in microresonators by solving the corresponding conservative coupled LLE non-
perturbatively and using the exact solution as a soliton ansatz for the hybrid system.
The balance between nonlinearity and coupling provides a new viewpoint on the
soliton and opens up further directions for the study of soliton dynamics. From an
experimental viewpoint, generating DSs in resonator platforms is straightforward,
but it might be challenging to observe some of their more unusual properties at large
detunings. Decreasing the linear coupling (and thus the band gap) is beneficial for
pushing the soliton deeper into the band gap, and tuning the pumping polarization
to match the soliton decreases the pumping power requirements. We believe the for-
malism described here can be readily generalized to other systems, including Dirac
solitons in waveguides, solitons on ordinary (non-polarization) mode crossings [33],
and counter-propagating solitons with moderate coupling [73].

6.7 Methods
Solving the conservative coupled LLE
We copy the conservative coupled LLE here for convenience:

m�1
mC

= −8Xl�1 + 86c�2 − X�1
m�1
m\
+ 8(611 |�1 |2�1 + 612 |�2 |2�1), (6.11)

m�2
mC

= −8Xl�2 + 86c�1 + X�1
m�2
m\
+ 8(622 |�2 |2�2 + 612 |�1 |2�2). (6.12)

We seek soliton solutions in the form of �1,2(\ − EC), where E is the repetition
rate shift in the symmetric co-moving frame, which reduces the partial differential



88

equations to ordinary differential equations:

(X�1 − E)m\�1 = −8Xl�1 + 86c�2 + 8(611 |�1 |2�1 + 612 |�2 |2�1), (6.13)

−(X�1 + E)m\�2 = −8Xl�2 + 86c�1 + 8(622 |�2 |2�2 + 612 |�1 |2�2). (6.14)

Continuous symmetries of the system result in conservation laws [74], which can
reduce the dimensions of the system. As the system is conservative, we expect
the equations will have a Hamiltonian structure. Indeed, the following quantity is
conserved when \ is viewed as an evolution coordinate [46]:

�̄ = −Xl( |�1 |2 + |�2 |2) + 6c(�∗1�2 + �∗2�1)

+ 1
2

(
611 |�1 |4 + 622 |�2 |4 + 2612 |�1 |2 |�2 |2

)
. (6.15)

The conservation of �̄ can be verified by rewriting (X�1 − E)m\�1 = 8m�∗1 �̄ and
−(X�1 + E)m\�2 = 8m�∗2 �̄.

Another quantity that is conserved is the photon number flow along the \-axis:

#̄ = (X�1 − E) |�1 |2 − (X�1 + E) |�2 |2. (6.16)

The conservation of #̄ can be verified by observing that all the nonlinear terms do
not change the individual numbers of particles, while the coupling terms do not
change the total number of particles.

For soliton solutions, these two conserved quantities can be determined as �̄ =

#̄ = 0 since the solution should vanish exponentially as \ → ∞ without periodic
boundary conditions. This determination leads to the following amplitude-phase
parametrization of the solutions:

�1 =
1

√
X�1 − E

k exp(8j1), �2 = −
1

√
X�1 + E

k exp(8j2), (6.17)

k =
√
X�1 − E |�1 | =

√
X�1 + E |�2 |, j1,2 =

1
28

ln
�1,2

�∗1,2
, (6.18)

which automatically satisfies the #̄ conservation (the negative sign is added for later
convenience). The �̄ conservation reads as:

0 = − 2X�1Xl

X�2
1 − E2

k2 − 26c√
X�2

1 − E2
k2 cos(j2 − j1)

+
[

611

2(X�1 − E)2
+ 622

2(X�1 + E)2
+ 612

X�2
1 − E2

]
k4, (6.19)
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from which the cosine of the phase difference j2 − j1 can be solved as:

cos(j2 − j1) =
�k2 − 2X�1Xl

26c

√
X�2

1 − E2
, (6.20)

where for convenience, we defined a combined nonlinear coefficient:

� =
X�1 + E
X�1 − E

611
2
+ X�1 − E
X�1 + E

622
2
+ 612. (6.21)

Turning back to the original equations of evolution along \, we substitute �1,2 with
the parametrization and split the real and imaginary parts:

mk2

m\
=

26c√
X�2

1 − E2
k2 sin(j2 − j1), (6.22)

mj1
m\

= − Xl

X�1 − E
− 6c√

X�2
1 − E2

cos(j2 − j1) +
(

611

(X�1 − E)2
+ 612

X�2
1 − E2

)
k2,

(6.23)

−mj2
m\

= − Xl

X�1 + E
− 6c√

X�2
1 − E2

cos(j2 − j1) +
(

622

(X�1 + E)2
+ 612

X�2
1 − E2

)
k2.

(6.24)

For the differential equation for k2, expressing sin(j2 − j1) in terms of k2 gives:

mk2

m\
= ± 26c√

X�2
1 − E2

k2

√√√√√√√
1 −

©«
�k2 − 2X�1Xl

26c

√
X�2

1 − E2

ª®®¬
2

, (6.25)

which can be integrated (with the boundary condition k2 → 0 as \ → ∞) in terms
of elementary functions:

k2 =
6c

√
X�2

1 − E2

�

2(1 − b̃2)

cosh
(
2
√

1 − b̃2\̃
)
− b̃

, (6.26)

where the pulse center is chosen as \ = 0 without loss of generality and the reduced
detuning and coordinate are defined as:

b̃ =
X�1√
X�2

1 − E2

Xl

6c
, (6.27)
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\̃ =
6c√

X�2
1 − E2

\, (6.28)

As an aside, we also obtain that:

cos(j2 − j1) =
1 − b̃ cosh

(
2
√

1 − b̃2\̃
)

cosh
(
2
√

1 − b̃2\̃
)
− b̃

. (6.29)

The differential equation for j1,2 can be integrated after substitution of the above
solution for k2 and cos(j2 − j1). Because the equation has global phase symmetry
(�1,2 → 48q�1,2, where q is an arbitrary constant phase), we can fix j1(\ = 0) = 0,
which also forces j2 = 0 through cos(j1 − j2) |\=0 = 1. We obtain:

j1 = −
E

X�1
b̃ \̃

+
[

1
�

(
X�1 + E
X�1 − E

611 −
X�1 − E
X�1 + E

622

)
+ 1

]
arctan


√

1 + b̃
1 − b̃

tanh
(√

1 − b̃2\̃

) ,
(6.30)

j2 = −
E

X�1
b̃ \̃

−
[

1
�

(
X�1 − E
X�1 + E

622 −
X�1 + E
X�1 − E

611

)
+ 1

]
arctan


√

1 + b̃
1 − b̃

tanh
(√

1 − b̃2\̃

) .
(6.31)

With these results, the soliton solutions can be expressed as:

�1 = +
√

26c
�

√
1 − b̃2( X�1 + E

X�1 − E
)1/4

×

[
cosh

(
2
√

1 − b̃2\̃
)
− b̃

]W/2[√
1 − b̃ cosh

(√
1 − b̃2\̃

)
− 8

√
1 + b̃ sinh

(√
1 − b̃2\̃

)]1+W exp
(
−8 E

X�1
b̃ \̃

)
,

(6.32)

�2 = −
√

26c
�

√
1 − b̃2( X�1 − E

X�1 + E
)1/4

×

[
cosh

(
2
√

1 − b̃2\̃
)
− b̃

]−W/2[√
1 − b̃ cosh

(√
1 − b̃2\̃

)
+ 8

√
1 + b̃ sinh

(√
1 − b̃2\̃

)]1−W exp
(
−8 E

X�1
b̃ \̃

)
,

(6.33)
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where we introduce the phase exponent:

W =
1
�

(
X�1 + E
X�1 − E

611 −
X�1 − E
X�1 + E

622

)
. (6.34)

Although we have not been very rigorous for multivalued functions encountered in
the calculations, direct substitution shows that the �1,2 obtained above is indeed a
solution to the original conservative LLE when principal branches are used.

Resonance line and the band gap
The general bright soliton solution includes the square root of 1− b̃2, which requires
that |b̃ | < 1. Expanded with resonator parameters, this gives:

|Xl| ≤

√
X�2

1 − E2

X�1
6c. (6.35)

For a fixed E, the inequality gives the detuning range where the solution is well
defined. A quick plot of the range (Fig. 6.2b) shows that the boundaries are tangent
to the mode spectrum curves. Indeed, using coupled mode theory, the frequencies
can be described as:

l± = ∓
√
X�2

1:
2 + 62

c , (6.36)

where l+ (l−) is the eigenfrequency for the lower symmetric branch (upper anti-
symmetric branch) and : is the wavenumber. The tangent lines for the upper branch
with slope E satisfy:

E =
ml−
m:

=
X�2

1:√
X�2

1:
2 + 62

c

. (6.37)

Eliminating : recovers the previous boundaries. Thus, the soliton resonance lines
can stay only in the band gap and cannot cut through the band curves.

We note that in dissipative cases, E is not fixed but depends on the pumping details
(as discussed in the main text), so this point should not be understood as a limitation
on detuning when pumping the soliton. Instead, the detuning range should be
determined from the momentum constraints imposed on the soliton at fixed : (the
longitudinal mode being pumped).

Reduction of a DS to a KS
Following the above discussions on resonance lines, we focus on the case in which
b̃ → −1+, where the resonance line is almost tangent to the upper branch of the
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mode spectrum. Taking the limits and expanding the reduced quantities results in

�1,2 = ±
√

26c
�

√
1 + b̃ ( X�1 ± E

X�1 ∓ E
)1/4sech

(√
2(1 + b̃)\̃

)
exp

(
8
E

X�1
\̃

)
, (6.38)

�1,2 = ±

√
2X�1(Xl − Xlmin)

� (X�1 ∓ E)
sech

(√
2(Xl − Xlmin)

√
6cX�1

(X�2
1 − E2)3/2

\

)

× exp
©«8

6cE

X�1

√
X�2

1 − E2
\
ª®®¬ , (6.39)

where Xlmin = −6c

√
X�2

1 − E2/X�1. The hyperbolic secant form is now apparent,
and to complete the reduction, we explicitly calculate the local quantities of the
mode spectrum.

When the resonance line is tangent to the mode spectrum, the wavenumber : can
be solved from the previous section:

: =
6cE

X�1

√
X�2

1 − E2
, (6.40)

which matches the exponential term. The minimum detuning that can be achieved
at this particular < also matches Xlmin. The local second-order dispersion is given
by:

m2l−
m:2 =

62
cX�

2
1

(X�2
1:

2 + 62
c )3/2

=
(X�2

1 − E
2)3/2

6cX�1
, (6.41)

where we have eliminated : using E and it matches the dispersion term. The mode
composition can be found using coupled mode theory and can be found as:

�1
�2

= −l− + X�1:

6c
=

√
X�1 + E√
X�1 − E

, (6.42)

which agrees with the prefactors in �1,2 and is also consistent with the conservation
of #̄ . Finally, the effective nonlinear coefficient � (X�2

1 − E
2)/(2X�2

1) can be
calculated as a weighted average of the nonlinear coefficients, the weight being the
power proportions on each mode derived above. It matches the nonlinear coefficient
except for the extra factor (X�1 ± E)/(2X�1), which is the power ratio of each
mode component to the total power and is a result of expressing the solution using
components rather than the hybridized field.
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To complete the discussion of reducing a DS to a KS, we also present a perturbative
approach that is explicitly based on the hybridized field. We begin by defining the
following auxiliary fields:

k− =

(√
X�1 − E

2X�1
�1 −

√
X�1 + E
2X�1

�2

)
exp

(
8
E

X�1
b̃ \̃

)
, (6.43)

k+ =

(√
X�1 − E

2X�1
�1 +

√
X�1 + E
2X�1

�2

)
exp

(
8
E

X�1
b̃ \̃

)
. (6.44)

We note that while the k+ component is the normalized linear eigenstate of the
lower branch at the wavenumber corresponding to E, the k− term defined here is, in
general, not the eigenstate of the upper branch, and k− and k+ are not orthogonal
(although in the special case k+ = 0, k− becomes proportional to the true field
amplitude). Rewriting the conservative coupled LLE in terms of k± results in:

mk+

m\̃
= −8(1 + b̃)k− +

8X�1

26c

√
X�2

1 − E2

[
X�1 + E
X�1 − E

611
2
|k+ + k− |2(k+ + k−)

− 612(k2
+ − k2

−)k∗−

−X�1 − E
X�1 + E

622
2
|k+ − k− |2(k+ − k−)

]
,

(6.45)
mk−

m\̃
= 8(1 − b̃)k+ +

8X�1

26c

√
X�2

1 − E2

[
X�1 + E
X�1 − E

611
2
|k+ + k− |2(k+ + k−)

+ 612(k2
+ − k2

−)k∗+

+X�1 − E
X�1 + E

622
2
|k+ − k− |2(k+ − k−)

]
,

(6.46)

where we have substituted Xl and \ with b̃ and \̃, respectively, for later convenience.
Based on the structure of the above equation, we seek the following solution near
b̃ → −1+:

k− ∼ $ (1 + b̃)1/2, k+ ∼ $ (1 + b̃), (6.47)

Keeping the lowest-order terms gives:

mk+

m\̃
= −8(1 + b̃)k− +

8X�1

26c

√
X�2

1 − E2
� |k− |2k−, (6.48)

mk−

m\̃
= 28k+. (6.49)



94

Combining gives:

1
2
m2k−

m\̃2
− (1 + b̃)k− +

X�1

26c

√
X�2

1 − E2
� |k− |2k− = 0, (6.50)

which is the steady-state single-mode LLE and its solution is the same as the limit
of �1,2 as derived above.

Repetition rate shifts in the DS
We copy the dissipative coupled LLE here for convenience:
m�1
mC

= −8Xl�1 + 86c�2 − X�1
m�1
m\
+ 8(611 |�1 |2�1 + 612 |�2 |2�1) −

^1
2
�1 + 51,

(6.51)
m�2
mC

= −8Xl�2 + 86c�1 + X�1
m�2
m\
+ 8(622 |�2 |2�2 + 612 |�1 |2�2) −

^2
2
�2 + 52.

(6.52)

We define the following momentum integral in the hybrid system:

% =

∫ [
�∗1

(
−8 m�1

m\

)
+ �∗2

(
−8 m�2

m\

)]
3\. (6.53)

For a steady-state solution, % should be a constant in time. We thus calculate the
first derivative of % with respect to C:

0 =
m%

mC
=

∫ (
−8
m�∗1
mC

m�1
m\
+ 8 m�1

mC

m�∗1
m\
− 8
m�∗2
mC

m�2
m\
+ 8 m�2

mC

m�∗2
m\

)
3\, (6.54)

where we have used integration by parts to move the spatial derivatives to the
conjugated field. After plugging the equations of motion into the integral, all
the conservative terms cancel each other out and the pumping terms vanish by
integration by parts. We are left with:

^1
2

∫ (
8�∗1

m�1
m\
− 8�1

m�∗1
m\

)
3\ + ^2

2

∫ (
8�∗2

m�2
m\
− 8�2

m�∗2
m\

)
3\ = 0. (6.55)

Rewriting the above equation using arguments gives:

^1

∫
|�1 |2

m arg �1
m\

3\ + ^2

∫
|�2 |2

m arg �2
m\

3\ = 0. (6.56)

To proceed further, we take the soliton ansatz as the exact solution of the DS derived
earlier. In this case, the integration can be carried out analytically:∫

|�1,2 |2
m arg �1,2

m\
3\

=
26c
�

√
X�1 ± E
X�1 ∓ E

[(
− E

X�1
+ W ± 1

)
(c − arccos b̃)b̃ + (W ± 1)

√
1 − b̃2

]
. (6.57)
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All the quantities can be explicitly expressed in E, and the resulting equation can be
solved numerically.

In the special case of ^1 = ^2 and Xl = 0, we have b̃ = 0 independent of E, and the
criterion is greatly simplified:

E

X�1
= −W. (6.58)

Expanding W gives a cubic equation in E and is used in the plot of Fig. 6.3a.

First-order perturbation calculation of mode coupling in wedge resonators
Here, using first-order degeneracy perturbation theory and the integral form of the
propagation constant, we derive themode coupling in wedge resonators as an overlap
integral of the unperturbed modes.

For a circular waveguide, the angular momentum number (angular propagation
constant) of a mode can be expressed as [61]:

< =
l0
22

∫ [
=2(�∗A �A + �∗I�I − �∗\�\) + 22(�∗A�A + �∗I�I − �∗\�\)

]
A3A3I∫

2(�A�∗I − �I�∗A )3A3I
, (6.59)

where l0 is the angular frequency of the light and �A , �I, �\ (�A , �I, �\) are
the mode electric field (magnetic flux density) components (the coordinate system
in use is shown in Fig. 6.6). The linear propagation of a field (with fixed l0) is
described by 3�1/3\ = 8<�1, where �1 is the field amplitude at different angular
positions. If the mode profile in another waveguide with a slightly different shape
is nearly identical to the current waveguide, which is usually true up to the first
order of the geometry differences, then the same integral can be used to calculate
the propagation constant using the known field profile and the perturbed refractive
index profile.

For a pair of nearly degenerate modes, the propagation constant generalizes into a
matrix:

3

3\

(
�1

�2

)
= 8

(
<11 <12

<21 <22

) (
�1

�2

)
, (6.60)

<8 9 =
l0
22

×

∫ [
=2(�∗

A ,8
�A , 9 + �∗I,8�I, 9 − �∗\,8�\, 9) + 22(�∗

A ,8
�A , 9 + �∗I,8�I, 9 − �∗\,8�\, 9)

]
A3A3I√∫

2(�A ,8�
∗
I,8
− �I,8�

∗
A ,8
)3A3I

√∫
2(�A , 9�

∗
I, 9
− �I, 9�

∗
A , 9
)3A3I

.

(6.61)
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The off-diagonal elements <12 and <21 have an overlap integral structure and are
proportional to 6c. Since the modes are orthogonal in the original waveguide, only
the changes in refractive index induce coupling:

<8 9 =
l0
22

∫
Δ(=2) (�∗

A,8
�A, 9 + �∗I,8�I, 9 − �∗\,8�\, 9 )A3A3I√∫

2(�A,8�∗I,8 − �I,8�∗A,8)3A3I
√∫

2(�A, 9�∗I, 9 − �I, 9�∗A, 9 )3A3I
, (6.62)

whereΔ(=2) is the change in =2 of the perturbed waveguide compared to the original
waveguide.

The introduction of the wedge angle adds a dielectric triangle to the lower-right part
and subtracts a dielectric triangle to the upper-right part (Fig. 6.6). As these are the
only areas in which the refractive index changes, the overlap integral is effectively
restricted to the triangles. If c/2 − U is small, we can further replace all the fields
by their values on the vertical boundary of the wedge. This replacement results in:

<12 ≈
l0
22
(=2

M − 1)
−

∫ C/2
−C/2(�

∗
A,1�A,2 + �

∗
I,1�I,2 − �

∗
\,1�\,2) (�/2) (c/2 − U)I3I√∫

2(�A,1�∗I,1 − �I,1�
∗
A,1)3A3I

√∫
2(�A,2�∗I,2 − �I,2�

∗
A,2)3A3I

,

(6.63)
where =M is the dielectric index. The integral can be further reduced by symmetry,
using �A,1(I) = �A,1(−I), �I,1(I) = −�I,1(−I) and �\,1(I) = �\,1(−I) for the TE
mode and �A,2(I) = −�A,2(−I), �I,2(I) = �I,2(−I) and �\,2(I) = −�\,2(−I) for the
TM mode. This process reduces the integration limits by half:

<12 ≈
l0
2

�

2
(=2

M − 1)

×
−

∫ C/2
0 [(=2

M + 1)�∗
A,1�A,2/(2=

2
MY

2
0) + �

∗
I,1�I,2 − �

∗
\,1�\,2]A=�/2I3I√∫

2(�A,1�∗I,1 − �I,1�
∗
A,1)3A3I

√∫
2(�A,2�∗I,2 − �I,2�

∗
A,2)3A3I

( c
2
− U),

(6.64)

where the radial electric field is replaced by the electric displacement field �A to
prevent ambiguities across the dielectric boundary; Y0 is the vacuum permittivity.

Finally, <12 can be converted to 6c in the same way that the effective index is
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r = 0

z = t/2

z = -t/2

r = D/2

Figure 6.6: Illustration of the perturbation induced by the wedge angle in the wedge
resonator. The light grey area indicates the dielectric removed compared to a
symmetric resonator, while the dark grey area indicates the dielectric added. The
cylindrical coordinates used to describe the resonator are also shown.

converted to the mode spectrum:

6c =
22
=eff�

|<12 |

≈ l0
=eff
(=2

M − 1)

×

���∫ C/2
0 [(=2

M + 1)�∗
A,1�A,2/(2=

2
MY

2
0) + �

∗
I,1�I,2 − �

∗
\,1�\,2]A=�/2I3I

���√∫
2(�A,1�∗I,1 − �I,1�

∗
A,1)3A3I

√∫
2(�A,2�∗I,2 − �I,2�

∗
A,2)3A3I

( c
2
− U).

(6.65)

Given a target hybridization wavelength, modes in symmetric resonators with dif-
ferent thicknesses can be simulated to find the degeneracy point, and the mode
coupling in the asymmetric case can be estimated from the above overlap integral
without actually simulating the asymmetric resonators. For 780-nm-wavelength
silica resonators (using =M = 1.454), the prefactor in 6c is 15.78 GHz, or 0.275 GHz
per degree angle. This estimate agrees with the full simulation results for wedge
resonators for U close to 90◦ (Fig. 6.4e).

6.8 Supplementary information
The conservative coupled Lugiato-Lefever equations may admit solutions with
nonzero backgrounds, where the fields do not vanish when \ → ±∞. In the
following we will show the existence of these solutions with the help of a phase
space and then derive some special cases of such solutions. We note that, while
these solutions are valid for the conservative hybrid-mode system, the addition of
loss or other broadband effects may change the solutions in a qualitative way. The
background fields also make the solutions difficult to satisfy the periodic conditions
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for a resonator. It is not known if soliton solutions with backgrounds can exist in a
lossy resonator in the form given below.

The equations for the Dirac soliton reads

(X�1 − E)m\�1 = −8Xl�1 + 86c�2 + 8(611 |�1 |2�1 + 612 |�2 |2�1), (6.66)

−(X�1 + E)m\�2 = −8Xl�2 + 86c�1 + 8(622 |�2 |2�2 + 612 |�1 |2�2). (6.67)

As in the main text, we introduce the following quantities:

�̄ = −Xl( |�1 |2 + |�2 |2) + 6c(�∗1�2 + �∗2�1)

+ 1
2

(
611 |�1 |4 + 622 |�2 |4 + 2612 |�1 |2 |�2 |2

)
, (6.68)

#̄ = (X�1 − E) |�1 |2 − (X�1 + E) |�2 |2, (6.69)

� =
X�1 + E
X�1 − E

611
2
+ X�1 − E
X�1 + E

622
2
+ 612. (6.70)

Webegin by obtaining the background (continuous-wave) solutions in the system. To
eliminate the global phase dependence, we rewrite the equations ofmotion using two
amplitude variables, |�1 | and |�2 |, and a phase difference variable, j ≡ arg(�1�

∗
2):

(X�1 − E)m\ |�1 | = 6c |�2 | sin j, (6.71)

(X�1 + E)m\ |�2 | = 6c |�1 | sin j, (6.72)

m\j = −
2X�1Xl

X�2
1 − E2

+
(

6c
X�1 − E

|�2 |
|�1 |
+ 6c
X�1 + E

|�1 |
|�2 |

)
cos j

+
(
611 |�1 |2 + 612 |�2 |2

X�1 − E
+ 622 |�2 |2 + 612 |�1 |2

X�1 + E

)
. (6.73)

We denote the background solutions as |�1 |0, |�2 |0, and j0, and at these points all
three derivatives should vanish. This happens when |�1 |0 and |�2 |0 are both zero,
or are both nonzero. As we have solved the first case in the previous section, we
will focus on the case where |�1 |0 > 0 and |�2 |0 > 0. In this case sin j0 = 0, and
j0 = 0 or c, i.e. the two components in the background are completely in-phase or
out-of-phase relative to the mode coupling.

A two-dimensional phase space can be constructed from the real and imaginary
parts of �1�

∗
2 (Fig. 6.7a). The fields at each \ correspond to a point in the diagram,

and follow a contour defined by constant �̄ and #̄ as \ varies. Background solutions
appear in the diagram as fixed points on the real axis. Soliton solutions converge
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Re(E1E2*)

Im(E1E2*)
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Figure 6.7: Phase space portraits of solitons in the hybrid-mode system. For
simplicity we choose 611 = 622 = 0 (� = 612) in these plots. The length of one grid
unit in the plot represents 26c/�. Arrows indicate the direction of state change when
\ increases. (a) The phase space portrait for bright solitons with E = 0, Xl = −6c/2
(dashed line) and E = 0, Xl = 6c/2 (solid line). (b) The phase space portrait
for dark soliton and soliton-on-background solutions, with a component-in-phase
background. Parameters are E = 0, Xl = 26c and |�1 |20 = |�2 |20 = 6c/�. (c) The
phase space portrait for dark soliton and soliton-on-background solutions, with a
component-out-of-phase background. Parameters are E = −5/3X�1, Xl = 36c and
|�1 |20 = |�2 |20 = 46c/�. In both (b) and (c), the saddle point topology is present
near the background state.

to the background for \ → ±∞, and therefore are homoclinic orbits connecting the
background state to itself (Fig. 6.7b). The shape of the orbit is a limaçon and is
described by the following equation:[

II∗ + 0
2
(I + I∗)

]2
= 12II∗, I = �1�

∗
2 − |�1 |0 |�2 |0 cos j0, (6.74)

0 =
26c
�
(1 + � |�1 |0 |�2 |0 cos j0/6c), (6.75)

1 =
6c
|� |

��(X�1 − E) |�1 |20 + (X�1 + E) |�2 |20
��

|�1 |0 |�2 |0

√
1 + � |�1 |0 |�2 |0 cos j0/6c

X�2
1 − E2

. (6.76)

According to the properties of a limaçon, when 1 < |0 | the curve has a inner loop, and
the background solution becomes a saddle point (Fig. 6.7b). The inner loop and the
outer loop each correspond to a soliton solution, where the inner loop resembles the
conventional dark soliton and the outer loop is a soliton-on-background solution.
If 1 > |0 |, the limaçon is a simple closed curve that does not pass through the
background state, and the solution becomes a Turing roll. For the critical case
1 = |0 |, the limaçon reduces to a cardioid, and only the soliton-on-background
solution remains.
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The sign of cos j0 determines if the background components are in-phase or out-of-
phase, and how the limaçon is oriented. For |E | < X�1, the 1 ≤ |0 | condition results
in j0 = 0. In this case the reduced detuning is restricted to b̃ ≥ 1, and the resonance
line of the soliton intersects the bottom branch twice. For |E | > X�1, cos j0 has
the opposite sign to �, which may become negative. No particular restrictions have
been found for the detuning Xl, and the resonance line of the soliton intersects both
branches once. Typical phase spaces of these two cases are illustrated in Figs. 6.7b
and 6.7c. The case |E | = X�1 does not correspond to solitons, as one of the |�1,2 |
loses its dynamics, and all solutions are continuous waves.

In the following, we derive the analytical solutions for these solitons. We restrict
ourselves to the case |E | < X�1 to avoid the discussions on parameters that may
change sign, but the technique can be readily generalized. We introduce additional
reduced variables to simplify the expressions:

�̃1 ≡
√
X�1 − E�1, �̃2 ≡

√
X�1 + E�2, �̃ ≡ �

6c
|�1 |0 |�2 |0. (6.77)

Similarly, |�̃1 |0 and |�̃2 |0 are the values of the corresponding variable at the back-
ground.

We extend the definition of k2 as

k2 ≡ 1
2
( |�̃1 |2 + |�̃2 |2) =

1
2

[
(X�1 − E) |�1 |2 + (X�1 + E) |�2 |2

]
, (6.78)

which has the same meaning as the k2 in the main text when #̄ = 0. The value
of k2 at the background reads k2

0 ≡
[
(X�1 − E) |�1 |20 + (X�1 + E) |�2 |20

]
/2. The

differential equation for k2 reads

m\k
2 = 2|�1 | |�2 | sin j (6.79)

=
X�1√
X�2

1 − E2
(k2 − k2

0)

√√
4(1 + �̃) −

[�̃ (k2 − k2
0) − 2k2

0]2

|�̃1 |20 |�̃2 |20
, (6.80)

where we have used the conservation of �̄ and #̄ and substituted their values at the
background. Integration gives

k2 = k2
0 +

2
[
k4

0 − (1 + �̃) |�̃1 |20 |�̃2 |20
]

�̃

[
k2

0 + f
√

1 + �̃ |�̃1 |0 |�̃2 |0 cosh(V\̃)
] , (6.81)

V ≡
√

4�̃ − #̄2

|�̃1 |20 |�̃2 |20
, \̃ =

6c√
X�2

1 − E2
\. (6.82)
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The saddle point criterion from the limaçon ensures that V is a real number. The
f before the cosh function is determined by how the square root is taken. For
dark-soliton-like solutions (inner loop of the limaçon) we take f = 1, and for
soliton-on-background solutions (outer loop of the limaçon) we take f = −1.

The rest of the solution process is identical to the bright soliton case, which proceeds
by finding the equation for arg �1,2 followed by integration. Combining all results
above, the field solution can be written as

�1 =

|�1 |20 −
|�̃1 |0 |�̃2 |0V2 cosh(V\̃) + 8(#̄ + 2�̃ |�̃1 |20)V sinh(V\̃)

(X�1 − E)�̃
[
2f

√
1 + �̃ + 2k2

0/(|�̃1 |0 |�̃2 |0) cosh(V\̃) + 8V sinh(V\̃)
] 

1/2

×

2f

√
1 + �̃ + 2k2

0/(|�̃1 |0 |�̃2 |0) cosh(V\̃) − 8V sinh(V\̃)

2f
√

1 + �̃ cosh(V\̃) + 2k2
0/(|�̃1 |0 |�̃2 |0)


W/2

exp(8:0\), (6.83)

�2 = ±
|�2 |20 −

|�̃1 |0 |�̃2 |0V2 cosh(V\̃) + 8(#̄ + 2�̃ |�̃2 |20)V sinh(V\̃)

(X�1 + E)�̃
[
2f

√
1 + �̃ + 2k2
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] 
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×
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√
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0/(|�̃1 |0 |�̃2 |0) cosh(V\̃) − 8V sinh(V\̃)

2f
√

1 + �̃ cosh(V\̃) + 2k2
0/(|�̃1 |0 |�̃2 |0)


W/2

exp(8:0\), (6.84)

:0 ≡
1

2X�1

(
6c
|�2 |20 − |�1 |20
|�1 |0 |�2 |0

+ (611 − 612) |�1 |20 − (622 − 612) |�2 |20

)
, (6.85)

where the sign of �2 is negative if the limaçon loop encloses the origin, or positive
if the origin is not enclosed. |�1 |0 and |�2 |0 are the background field amplitudes,
i.e. the positive solutions to the following equation:

2X�1Xl =6c(X�1 + E)
|�2 |0
|�1 |0

+ 6c(X�1 − E)
|�1 |0
|�2 |0

+ (611 |�1 |20 + 612 |�2 |20) (X�1 + E) + (622 |�2 |20 + 612 |�1 |20) (X�1 − E).
(6.86)

A special case can be obtained by setting 611 = 622, E = 0, and |�1 |0 = |�2 |0 =√
(Xl − 6c)/(611 + 612). In this case

�1 = −�∗2 =

√
Xl − 6c
611 + 612

√
Xl − 6c − 8f

√
Xl sinh(2

√
(Xl − 6c)6c\/X�1)√

Xl cosh(2
√
(Xl − 6c)6c\/X�1) + f

. (6.87)
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C h a p t e r 7

VERNIER SPECTROMETER USING COUNTERPROPAGATING
SOLITON MICROCOMBS

Yang, Q.-F. et al. Vernier spectrometer using counterpropagating soliton micro-
combs. Science 363, 965–968 (2019).

Frequency-agile lasers are ubiquitous in sensing, spectroscopy, and optical commu-
nications [1–3], and measurement of their optical frequency for tuning and control
is traditionally performed by grating and interferometer-based spectrometers, but
more recently these measurements can make use of optical frequency combs [4].
Frequency combs provide a remarkably stable measurement grid against which opti-
cal signal frequencies can be determined subject to the ambiguity introduced by the
equally spaced comb lines. The ambiguity is resolved for continuously frequency
swept signals by counting comb teeth [5] relative to a known comb tooth; and this
method has enabled measurement of remarkably high chirp rates [6]. However,
many signal sources will experience intentional or unintentional frequency jumps.
Here, the ambiguity can be resolved using a second frequency comb that has a
different comb line spacing so as to provide a frequency Vernier scale for compar-
ison with the first comb [7–9]. This Vernier concept is also used in dual comb
spectroscopy [10, 11], but in measuring active signals, the method can be enhanced
to more directly (and hence quickly) identify signal frequencies through a signal
correlation technique [9]. Moreover, continuous as opposed to discretely sampled
frequencies are measured in the active approach. The power of the Vernier-based
method relies upon mapping of optical comb frequencies into a radio-frequency
grid of frequencies, the precision of which is set by the relative line-by-line fre-
quency stability of the two frequency combs. This stability can be guaranteed by
self-referencing each comb using a common high-stability radio-frequency source
or through optical locking of each comb to reference lasers whose relative stability
is ensured by mutual locking to a common optical cavity.

We demonstrate a broad-band, high-resolution Vernier microresonator soliton spec-
trometer (MSS) using a single miniature comb device that generates two mutually-
phase-locked combs. The principle of operation relies upon an optical phase lock-
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ing effect observed in the generation of counter-propagating solitons within high-&
whispering gallery resonators [12]. Soliton generation in microcavities is being
studied for miniaturization to the chip-scale of complete comb systems, and these
soliton microcombs have now been demonstrated in a wide range of microcavity
systems [13]. It has been shown that counter-propagating solitons can have distinct,
controllable repetition rates and that their underlying comb spectra can be read-
ily phase locked at two spectral points [12]. This mutual double-locking creates
line-by-line relative frequency stability for the underlying microcomb spectra that
is more characteristic of fully self-referenced dual comb systems. The resulting
Vernier of comb frequencies in the optical domain maps to an exceptionally stable
radio frequency grid for implementation of the spectrometer.

7.1 Main results
The spectral relationship of the doubled-locked cw and ccw solitons reveals the
inherent optical frequency Vernier (Fig. 7.1A). A single laser source is modulated
(Fig. 7.1B) to produce the two mutually-coherent pump lines at order ` = # with
frequency separation Δa (MHz range). The distinct pump frequencies cause the
soliton repetition rates to differ by Δ 5A as a result of the Raman self-frequency-shift
[12, 14–17]. As detailed elsewhere, the cw and ccwcombswill experience frequency
locking (induced by optical backscattering) at order ` = 0 for certain pumping
frequencies [12]. This locking requires thatΔa = #Δ 5A . Also, because the two pump
frequencies are derived from radio-frequency modulation of a single laser source,
they have a high relative frequency stability (Δa is very stable) and are effectively
locked at order ` = # . This double locking sets up a stable Vernier in the respective
soliton comb frequencies. The counter-propagating solitons are generated in a
high-& silica microresonator with 3 mm diameter (22 GHz soliton repetition rate)
[18]. Details on the soliton generation process can be found elsewhere [12, 19, 20].
Typical optical spectra of cw and ccw solitons span the telecommunication C-band
(Fig. 7.1C).

The spectrometer operates as follows. A test laser frequency 5! is measured using
either of the following expressions: 5! = = 5A1,2 + Δ 5=1,2 + 50 where = is the comb
order nearest to the laser frequency, 5A1,2 are the comb repetition rates, Δ 5=1,2 are
the heterodyne beat frequencies of the test laser with the two frequency comb teeth
at order ` = =, and 50 is the frequency at ` = 0. 5A1,2 and Δ 5=1,2 are measured by
co-detection of the combs and the test laser to produce the electrical signals +1,2 in
Fig. 7.1B. Fast Fourier transform (FFT) of +1+2 gives the spectral line at =Δ 5A (Fig.
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Figure 7.1: Spectrometer concept, experimental setup, and static measurement. (a)
Counter propagating soliton frequency combs (red and blue) feature repetition rates
that differ by Δ 5A , phase-locking at the comb line with index ` = 0 and effective
locking at ` = # thereby setting up the Vernier spectrometer. Tunable laser and
chemical absorption lines (grey) can be measured with high precision. (b) Experi-
mental setup. AOM: acousto-optic modulator; CIRC: circulator; PD: photodetector.
Small red circles are polarization controllers. Supplementary information includes
more detail. Inset: scanning electron microscope image of a silica resonator. (c)
Optical spectra of counter-propagating solitons. Pumps are filtered and denoted by
dashed lines. (d) Typical measured spectrum of +1+2 used to determine order =.
For this spectrum: Δ 5=1 − Δ 5=2 = 2.8052 MHz and Δ 5A = 52 kHz giving = = 54.
(e) The spectrograph of the dual soliton interferogram (pseudo color). Line spacing
gives Δ 5A = 52 kHz. White squares correspond to the index = = 54 in panel (c). (f)
Measured wavelength of an external cavity diode laser operated in steady state. (g)
Residual deviations between ECDL laser frequency measurement as given by the
MSS and a wavemeter. Error bars give the systematic uncertainty as limited by the
reference laser in panel (b).

7.1D) using the correlation method [9] and in turn the order = (procedure described
in Supplementary information). 50 is determined by applying this procedure to the
reference laser frequency 5A4 5 (stabilized using an internal molecular reference).
All of these data inputs are automatically processed in real time to measure 5! .
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As a preliminary test, the frequency of an external-cavity-diode-laser is measured
and compared against a wavemeter. Fig. 7.1D and 1E (= = 54) are from this mea-
surement. The real-time measured wavelength of the laser (Fig. 7.1F) fluctuates
within ±0.02 pm over a 5 ms time interval. The measurement was repeated from
1545 to 1560 nm with residual deviations less than 0.1 pm versus the waveme-
ter measurement (Fig. 7.1G). These deviations are believed to be limited by the
wavemeter resolution (±0.1 pm). The systematic uncertainty of absolute wavelength
in the current setup is set by the reference laser to around ±4 MHz (±0.03 pm).

The large, microwave-rate free-spectral range of the MSS enables tracking of lasers
undergoing fast-chirping or discontinuous broadband tuning. Although correlation
is performed with a time interval ), = 1/Δ 5A , the instantaneous frequency of
the laser relative to the combs can be acquired at a much faster rate set by the
desired time-bandwidth-limited resolution. To avoid aliasing of the correlation
measurement (i.e. to determine = uniquely), the amount of frequency-chirping
should not exceed the repetition rate 5A within the measurement window ), , which
imposes a maximum resolvable chirping-rate of 5A ×Δ 5A . This theoretical limit is 1
PHz/s for the MSS and represents a boost of 100× compared with previous Vernier
spectrometers [9].

Measurement of rapid continuous-tuning of an external cavity diode laser is shown
in Fig. 7.2A. The correlationmeasurement evolves as the laser is tuned over multiple
FSRs of the comb and thereby determines the index = as a function of time (Fig.
7.2A upper panel). Measurement of the linear frequency chirp (-12.4 THz/s) as well
as the frequency versus time at high resolution (by subtracting the average linear
frequency ramp) are shown in the Fig. 7.2A middle and lower panels, respectively.
The discontinuities in the measurement are caused by electrical frequency dividers
used to reduce the detected signal frequency for processing by a low-bandwidth
oscilloscope (see Supplementary information). The dividers can be eliminated by
using a faster oscilloscope. In Fig. 7.2B measurement of broadband step tuning
(mode hopping) of an integrated-ring-resonator tunable III-V/Silicon laser diode
[21] is presented. Fast step tuning between 1551.427 nm and 1557.613 nm every 1
ms with the corresponding index = stepping between = = 64 and = = 29 is observed.
The lower panel in Fig. 7.2B gives a higher resolution zoom-in of one of the
step regions. The data points in these measurements are acquired over 1 µs so the
resolution is approximately 1 MHz.

This combination of speed and precision is also useful for spectroscopic measure-
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Figure 7.2: Laser tuning and spectroscopy measurements. (a) Measurement of a
rapidly tuning laser showing index = (upper), instantaneous frequency (middle),
and higher resolution plot of wavelength relative to average linear rate (lower), all
plotted versus time. (b) Measurement of a broadband step-tuned laser as for laser in
panel (a). Lower panel is a zoom-in to illustrate resolution of the measurement. (c)
Spectroscopy of H12C14N gas. A vibronic level of H12C14N gas at 5 Torr is resolved
using the laser in panel a. (d) Energy level diagram showing transitions between
ground state and 2a1 levels. The measured (reference) transition wavenumbers are
noted in red (blue).

ments of gas-phase chemicals using tunable, single-frequency lasers. To demon-
strate, an absorption line of H12C14N at 5 Torr is obtained by a scanning laser
calibrated using the MSS (Fig. 7.2C). The linewidth is around 2.6 GHz and the
absorbance is as weak as 0.12 dB. Separate measurements on vibronic transitions
between the ground state and 2a1 states were performed. The corresponding transi-
tion wavenumbers obtained by pseudo-Voigt fitting are in excellent agreement with
the HITRAN database (Fig. 7.2D) [22].

To illustrate a measurement of more complexmulti-line spectra, a fiber mode-locked
laser (FMLL) is characterized (Fig. 7.3A). The FMLL full spectrum (Fig. 7.3B) was
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(OSA) and the MSS. (b) Optical spectrum of the FMLL measured by the OSA. (c)
Optical spectrum of the FMLL measured using the MSS over a 60-GHz frequency
range (indicated by dashed line). (d) Measured (blue) and fitted (red) FMLL mode
frequencies versus index. The slope of the fitted line is set to 249.7 MHz, the
measured FMLL repetition rate. (e) Residual MSS deviation between measurement
and fitted value.

first bandpass filtered to prevent detector saturation. Also, the frequency extraction
procedure is modified to enable unique identification of many frequencies (see
Supplementary information). The reconstructed FMLL spectrum measured using
theMSS is plotted in Fig. 7.3C. In an additional study of the FMLL, theMSS is used
to measure 6 closely-spaced-in-frequency groups of lines located at various spectral
locations spanning 2500 free-spectral-range’s of the mode locked laser (Fig. 7.3D).
A linear fitting defined as 5< = 5> + < 5rep is plotted for comparison by using the
photodetector-measured FMLL repetition rate 5rep = 249.7 MHz where < and 5>

represent the relative mode index and fitted offset frequency at < = 0, respectively.
The residual deviation between the measurement and linear fitting is shown in Fig.
7.3E and gives good agreement. The slight tilt observed in Fig. 7.3E is believed to
result from drifting of soliton repetition rates which were not monitored real-time.
Also, variance of residuals within each group comes from the 300 kHz linewidth of
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each FMLL line. Drifting of the reference laser and FMLL carrier-envelope offset
also contribute to the observed residuals across different measurements.

Our soliton spectrometer uses dual-locked counter-propagating soliton microcombs
to provide high-resolution frequency measurement of rapid continuously and step
tuned lasers as well as complex multi-line spectra. In combination with a tunable
laser, the spectrometer also enables precise measurement of absorption spectra
including random spectral access (as opposed to only continuous spectral scanning).
Further optimization of this system could include generation of solitons from distinct
mode families thereby allowing tens-of-MHz repetition rate offset to be possible
[23]. If such solitons can be dual-locked, the increased acquisition speed would
enable measurement of chirping-rates much higher than PHz/s. Operation beyond
the telecommunications band would also clearly be useful and could use internal
[24] or on-chip spectral broadeners [25], and methods for generation of soliton
microcombs into the visible band are possible [26]. Besides the performance
enhancement realized with the soliton microcombs, the use of dual-locked counter-
propagating solitons provides a considerable technical simplification by eliminating
the need for a second mutually phase locked comb. Finally, chip integrable versions
of the current device employing silicon nitride waveguides are possible [27]. These
and other recently demonstrated compact and low-power soliton systems [28, 29]
point towards the possibility of compact microresonator soliton spectrometers.
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Figure 7.5: Interferograms of cw and ccw solitons. (a) A typical interferogram in
frequency domain. (b) A zoom-in of line 48 centered at 1.000000 MHz (shaded
region in panel A). (c) Spectrogram of Fig. 7.1D in the main text showing more
lines. (d) Same as in (c) but the frequency spacing has been deliberately chosen so
that artifacts appear in the scan.

7.2 Supplementary information
Acquisition of correlation signal
The correlation method can be understood as a calculation of the frequency differ-
ence Δ 5=2 − Δ 5=1 = =Δ 5A by formation of +1+2 followed by fast Fourier transform
(FFT). The FFT spectrum of +1+2 gives the spectral line at =Δ 5A (Fig. 7.1D). To
determine = requires Δ 5A = 5A2 − 5A1, which is measured by heterodyne of the
solitons to produce electrical signal +3. Figure 1E is a narrow frequency span of
the FFT of +3 and shows how the optical frequency Vernier is mapped into a stable
radio-frequency grid with line spacing Δ 5A . The order corresponding to the FFT of
the +1+2 signal (Fig. 7.1D spectrum) is also indicated. These steps are performed
automatically to provide a real time measurement of 5! relative to 50.

Electrical divider discussion
The bandwidth limit of the oscilloscope used in this experiment is 2.5 GHz and in
order to measure frequencies Δ 5=1,2 up to 11 GHz, microwave frequency dividers
were used that function between 0.5 GHz to 10 GHz and provide an 8× division
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ratio. The use of these dividers created 3 GHz frequency unresolvable bands within
one FSR of the optical combs, which caused the discontinuities in the lower panel
in Fig. 7.2A. Meanwhile, the repetition rate difference corresponding to the divided
signals will also decrease proportionally by a factor of 8, which in turn reduces
the maximum resolvable chirping rate to 125 THz/s. The dividers can be omitted
by using a higher-bandwidth oscilloscope, which eliminates the above unresolvable
bands and allows chirp-rate measurements approaching the theoretical limit.

Sample preparation and soliton generation
The silica microresonators are fabricated on a 4-inch silicon wafer with a 8-µm-
thick thermally-grown silica layer. The detailed fabrication process can be found
elsewhere [18]. The intrinsic quality factor of the resonators used in this work
ranges between 200 to 300 million. Light is coupled to the resonator via a tapered
fiber; however, it is also possible to use silica resonators having an integrated silicon
nitride waveguide [27].

The detailed experimental setup for soliton generation is illustrated in Fig. 7.4. A
continuous-wave fiber laser is amplified by an erbium-doped fiber amplifier (EDFA),
and split by a 50/50 directional coupler for clockwise (cw) and counter-clockwise
(ccw) soliton generation. The fiber laser has a free-running linewidth less than 2
kHz over 100 ms. Two acousto-optic modulators (AOMs) are used to independently
control the pump frequency and power in both directions. The pump power in
each direction is around 200 mW and is attenuated after the resonator by a fiber
Bragg grating (FBG). The filtered transmitted power for the cw direction is split
by a 90/10 directional coupler and the 10 percent output port is used in a servo
control loop to stabilize the solitons. By scanning the laser from the blue side to
the red side of the resonance, solitons form simultaneously in both directions with
characteristic “step-like” features in the transmitted power scan [12, 13, 19]. A fast
power modulation is first applied to extend the existence range of the solitons. Then
the long term stability of the solitons is maintained by introducing a feed back loop
control described in detail elsewhere [19, 20]. This method maintains a constant
soliton power on one of the soliton streams through servo control of the pumping
frequency. It has the desirable effect of forcing the pump laser frequency to track
the microresonator pumping mode as its frequency slowly drifts. As a result, it
was not necessary to provide any temperature stabilization to the resonator in the
measurement.
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Characterization of soliton phase locking
The underlying mechanism leading to phase locking of counter-propagating (CP)
solitons has been described in detail elsewhere [12]. Once the solitons are phase-
locked, their relative frequency becomes very stable and their baseband inteferogram
features sharp spectral lines (linewidths well below 1 Hz) in the frequency domain
(Fig. 7.5A and 7.5B). To ensure that the solitons are locked during the measurement,
the spectrogram of the CP soliton beatnotes is monitored as shown in Fig. 7.1D in
the main text. In the locked case, sharp, horizontal spectral lines persist over the
measurement time (Fig. 7.5C). The acquisition time window ), should be chosen
to be integer multiples of 1/Δ 5A , where Δ 5A is the repetition rate difference, so that
the frequency of the beatnotes can be accurately resolved. If this is not the case,
artifacts will appear in the spectrogram due to misalignment of the frequency grids
(Fig. 7.5D).

Signal processing: general processing algorithm
Through heterodyne of the test laser with the nearest comb teeth, the phase k of the
test laser is related to the electrical signals +1,2 by

+1,2 ∝ cos(k − 2ca=1,2C), (7.1)

where a=1,2 represent the frequencies of nearest comb teeth and have order =. We
also have a=2− a=1 = =Δ 5A as a result of the CP soliton locking. A Hilbert transform
is used to extract the time-dependent phase k − 2ca=1,2C from +1,2 which thereby
gives the heterodyne frequencies via

Δ 5=1,2 = ¤k/2c − a=1,2. (7.2)

Each data point of Δ 5=1,2 is obtained by linear fitting of the phase over a specified
time interval that sets the frequency resolution. Similarly, the heterodyne frequency
between the reference laser and the soliton comb can be retrieved to determine the
frequency 50 (see discussion in main text).

The Fourier transform of the product +1+2 is given by

+̃1+2( 5 ) ∝
∫ ),

0

48(k−2ca=1C) + 4−8(k−2ca=1C)

2
48(k−2ca=2C) + 4−8(k−2ca=2C)

2
4−2c8 5 CdC

∝ X( | 5 | − =Δ 5A),
(7.3)

where sum frequency terms in the integrand are assumed to be filtered out and are
therefore discarded. To accurately extract the above spectral signal, the acquisition
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time window ), should be an integer multiple of 1/Δ 5A , which is also related
to the pump frequency offset Δa by ), = #,#/Δa where # is the pump order
and #, is an integer. Moreover, the number of sampled points, which equals the
product of oscilloscope sampling rate 5samp and ), , should also be an integer (i.e.
5samp#,#/Δa is an integer). In this work, 5samp is usually set to 2.5 or 5 GHz/s and
it is found that simple adjustment of Δa is sufficient to satisfy this condition. As a
result it is not necessary to synchronize the oscilloscope to external sources. It is
noted that this method is simpler than the asynchronous detection used in previous
work [9].

On account of the limited bandwidth of the oscilloscope used in work, it was
necessary to apply electrical frequency division to the detected signals for proceesing
by the oscilloscope. When frequency dividers are used (division ratio A = 8), the
divided electrical signals (indicated by superscript d) yield

+d
1,2 ∝ cos((k − 2ca=1,2C)/A). (7.4)

As a result, the divided frequencies also satisfyΔ 5 d
=1,2 = Δ 5=1,2/A, and the correlation

between the divided signals scales proportionally by

Δ 5 d
=1 − Δ 5

d
=2 = =Δ 5A/A. (7.5)

Therefore the required resolution bandwidth to resolve the ambiguity = from the
measured correlation is Δ 5A/A, which increases the minimal acquisition time to
)d
,
= A), .

Signal processing: absorption spectroscopy
To perform the absorption spectroscopy, the laser transmission through the H12C14N
gas cell is recorded while the laser is continuously scanning. A portion of the laser
signal is also meaured in the MSS to determine its frequency during the scan. A
pseudo-Voigt lineshape (linear combination of Gaussian and Lorentz profile) is fitted
to the spectrum and the central frequency is then extracted.

Signal processing: mode-locked laser measurement
The algorithm used here to extract a large number of frequencies simultaneously
using theMSS is different from the previous single-frequencymeasurements. Rather
than multiplying the signals +1 and +2 followed by Fast Fourier Transform (FFT)
in order to determine the microcomb order, we directly FFT the signals +1 and +2

followed by filtering and then frequency correlation. This avoids the generation
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Figure 7.6: Multi-frequency measurements. (a) A section of +̃1,2. Pairs of beatnotes
coming from the same laser are highlighted and the derived = value is marked next
to each pair of beatnotes. (b) Zoom-in on the highlighted region near 858 MHz in
(a). Two beatnotes are separated by 1.0272 MHz. (c) Cross-correlation of +̃1 and
+̃2 is calculated for each = and the maximum can be found at = = 63.

of ambiguities. To explain the approach, first consider an implementation similar
to that reported in the main text. There, a fiber mode locked laser (FMLL) comb
with free-spectral-range (FSR) of about 250 MHz was optically filtered to create a
narrower frequency range of FMLL laser lines extending over only a fewmicrocomb
lines. The signals +1 and +2 upon FFT therefore produce a large set of frequencies
representing the individual beats of each FMLL laser line (index<) with microcomb
modes (index =). Fig. 7.6A gives a narrow frequency span of a typical FFT generated
this way for both the+1 and+2 signals. A zoom-in of one pair of+1 and+2 signals is
provided in Figure 7.6B and a remarkably precise frequency separation between the
beats (in view of the spectral breadth of each beat) can be determined by correlating
the upper (blue) and lower (red) spectrum (see Fig. 7.6C). This precision results
from the underlying high relative frequency stability of the cw and ccw microcomb
frequencies. As described in the main text, this frequency separation is a multiple of
Δ 5A , and a plot of the correlation versus the frequency separation (in units of Δ 5A) is
provided in Fig. 7.6C, where the peak of the correlation gives the index = = 63 for
this pair of beat frequencies. Proceeding this way for each pair of peaks in Fig. 7.6A
allows determination of = from which the frequency of the corresponding FMLL
line can be determined. It is interesting to note that in Fig. 7.3A, there are two
sets of peaks that give ==63, 64, and 65. These correspond to FMLL lines that are
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higher and lower in frequency relative to the microcomb modes with indices ==63,
64, and 65. The relative alignment of the blue and red peaks which switches sign
for these sets of beat frequencies allows determination of which FMLL line is lower
and higher in frequency relative to the microcomb lines.

To provide more rigor to this explanation, the electrical signals consist of multiple
beat components given by,

+1,2 =
∑
<

+<1,2, +<1,2 ∝ cos(k< − 2ca`(<)1,2C), (7.6)

where k< and a`(<)1,2 represent the phase of the<-th FMLLmode and the frequen-
cies of the microcomb order nearest to this FMLL mode, respectively, and where
`(<) denotes the comb order nearest the <-th FMLL mode. As described in the
main text, the frequencies a`(<)1,2 are related to the repetition rate difference by
a`(<)2 − a`(<)1 = `(<)Δ 5A . The FFT of +1,2 is denoted by +̃1,2 and the correla-
tion given in Fig. 7.6C (and used to determine the comb order = of each spectral
component) is given by,
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∫ Δ 5<1+^/2

Δ 5<1−^/2
+̃1( 5 )+̃∗2 ( 5 + =Δ 5A)d 5

≈
∫ ∞

−∞
d 5

∫
+<1(C)42c8 5 CdC

∫
+<2(C′)4−2c8( 5 +=Δ 5A )C ′dC′

=

∫
+<1(C)+<2(C)4−2c8=Δ 5A CdC

∝
∫

48(k<−2ca`1C) + 4−8(k<−2ca`1C)

2
48(k<−2ca`2C) + 4−8(k<−2ca`2C)

2
4−2c8=Δ 5A CdC

∝X(`(<) − =),

whereΔ 5<1 denotes the peak frequency of the beatnote, ^ is a predetermined range of
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integration to cover the linewidth of the beatnote (here ^ = 2 MHz), and where sum
frequency terms in the integrand have been discarded. Therefore for each spectral
component <, its associated microcomb order number `(<) can be determined by
varying = in the above correlation until it reaches maximum (see Fig. 7.6C). The
= value with the maximum correlation will be assigned to the peak as the tooth
number `(<), and then the absolute frequency can be recovered.

The limit of this process to accommodate more FMLL frequencies is much higher
than that given by the filter bandwidth studied in this work. It is instead set by
the spectral density of FMLL-microcomb beat lines that can be reasonably resolved
within the microcomb FSR spectral span.

Additional measurements
To validate the repeatability of results, we conducted multiple measurements with
static, dynamic, and mode-locked lasers beyond those results presented in the main
text. For example, shown in Fig. 7.7A is the histogram of residual deviations
between an ECDL laser frequency measured by the MSS and a wavemeter. This
specific data set is compiled from Fig. 7.1G of the main text. The variance is
calculated to be 0.0016 pm.

To further benchmark the performance of the MSS, we also evaluated the Allan
deviation for MSS measurement of a static laser. The extracted Allan deviation is
plotted in Fig. 7.7B and decreases to 6 × 10−10 (120 kHz in absolute frequency)
at 4 µs. It is noted that this Allan deviation includes noise contributions from the
reference laser, the ECDL, as well as the soliton microcomb repetition rate.

Also, additional measurements of fast chirped lasers using the MSS are plotted in
Fig. 7.8. The laser is an ECDL tuned at its maximum speed, similar to the case
presented in Fig. 7.2A of the main text. Both positive and negative chirping rates
at different wavelengths are resolved.
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C h a p t e r 8

TOWARDS MILLI-HERTZ LASER FREQUENCY NOISE ON A
CHIP

Wang, H., Wu, L., Yuan, Z. & Vahala, K. Towards milli-hertz laser frequency noise
on a chip. Preprint at https://arxiv.org/abs/2010.09248 (2020).

Brillouin microlasers were first studied about a decade ago [1–4], and have emerged
as a powerful platform for narrow linewidth operation. Unlike conventional lasers,
Brillouin devices derive optical gain through a process that is parametric in nature,
but that resembles stimulated emission on account of damping of the phonons
involved in the amplification process [5]. The phonon participation drastically
impacts the fundamental linewidth of the Brillouin laser, increasing it by about 600
fold (equal to the number of thermal Brillouin quanta at the operating temperature)
relative to the quantum limit [6], and leading to a temperature-dependent linewidth
[7]. Otherwise, the linewidth formula is Schawlow-Townes like in the way that it
scales inversely with optical power and roughly inverse-quadratically with cavity &
factor [8]. These features provide a way to reduce fundamental linewidth even in
the presence of the large thermal noise contribution. The parametric nature of the
Brillouin process also allows pump frequency noise to leak into the laser frequency
noise [9]. However, this leakage is strongly suppressed when the optical cavity
damping is low relative to the phonon damping.

Nonetheless, as chip-based devices Brillouin lasers present considerable challenges
for narrow linewidth operation. For example, specialized processing methods are
required to attain the highest possible optical & factors. Also, thermo-refractive
noise [10, 11], which scales about inversely with mode volume, is a significant
source of noise, especially at low offset frequencies. Even with these challenges,
early work attained Brillouin fundamental linewidths below 1 Hz [6]. Frequency
stability improvement was also demonstrated by locking these devices to compact
reference cavities [12]. Also significant, the application of chip-based Brillouin
devices to microwave synthesis [13, 14] and Sagnac gyroscopes [15–17] showed
that thermorefractive noise and pump noise do not significantly impact the relative
coherence of co-lasing Stokes waves (i.e. their beatnote linewidth). Thus, such
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specific operational modalities can leverage the narrow fundamental linewidths of
chip-based Brillouin lasers. Towards full integration, narrow-linewidth Brillouin
laser designs have also emerged that feature integrated waveguides [16, 18, 19]. If
combined with pump sources, they could potentially provide robust sources of high
coherence light.

Here, we report measurement of an ultra-low frequency noise level of 9mHz ·Hz/Hz
in an on-chip stimulated Brillouin laser (SBL) at an output power of 0.9 mW. Both
the noise level and its power dependence when compared to theory [6] suggest that
it is fundamental in origin and would correspond to a linewidth of 60 mHz. This
linewidth is 5× lower than in previous reports, and to measure it, an enhancement
of the self-heterodyne optical frequency discriminator method [20–22] is applied.
Indeed, the current frequency noise measurement provides a way to test and analyze
this noise measurement method. The ultra-low noise level is made possible by the
high optical & of the resonator in combination with higher single-mode optical
power through suppression of Brillouin cascade [23].

8.1 Background on Brillouin cascade
Phase matching for efficient Brillouin laser oscillation requires that the frequency
separation between the pumped resonator mode and Stokes laser mode equals the
Brillouin shift frequency (to within the Brillouin gain bandwidth). For counter-
propagating pump and Stokes waves in the silica resonators studied here, the shift
is about 10.8 GHz for pumping near 1550 nm. Matching this shift to within the
Brillouin gain bandwidth is readily accomplished by microfabrication control of the
resonator diameter, which aligns the free-spectral-range (FSR) of the resonator to the
Brillouin shift frequency [4]. However, because FSR dispersion is small compared
with the gain bandwidth, the neighboring longitudinal mode readily phase matches
to the initial Stokes laser wave, and it will lase (i.e. lasing cascade [6]) when the
initial Stokes power reaches a certain threshold (Fig. 8.1a, upper panel). Cascading
effectively clamps the laser power of the first Stokes wave (now the pumping wave)
and increases its noise due to the second-order Stokes wave [23], both of which are
undesirable for ultra-low-noise applications. The introduction of dispersion within
the same mode family during microfabrication [24] or the use different transverse
mode families for pumping and Stokes oscillation [1, 2], as employed here, will
block the cascading action (see Fig. 8.1a, lower panel) so that Brillouin laser power
can increase well beyond the normal cascade threshold point.
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Figure 8.1: Operation of Brillouin lasers and experimental setup. (a) Upper
panel: spectral diagram for conventional Brillouin laser operation, where the FSR
is matched to the Brillouin frequency shift. Lower panel: spectral diagram for
non-cascading laser operation, where FSR is mismatched from the Brillouin shift.
Markers below the modes indicate two transverse mode families. Modes with the
same marker shape belong to the same mode family. (b) Experimental setup. An
external-cavity diode laser (ECDL) is amplified by an erbium-doped fiber amplifier
(EDFA) and sent to a tapered fiber for coupling to the resonator. The laser power is
actively stabilized by an acousto-optic modulator (AOM) with power feedback from
a photodetector (PD). The laser frequency is Pound-Drever-Hall (PDH) locked to the
resonance using an electro-optic modulator (EOM) and the error signal feeds back
directly into ECDL. The Brillouin laser wave, propagating in the opposite direction
of the pumping, is collected with a circulator. An optical spectrum analyzer (OSA)
is used to monitor pump and SBL spectra and to ensure that no cascading occurs.
The laser output is also sent to an optical frequency discriminator to measure the
frequency noise. An auxiliary ECDL launched in the opposite direction to the pump
is used for & and dispersion measurements. The detailed description of the optical
frequency discriminator is provided in Fig. 8.3a.

To inhibit cascade in this work, a silica wedge resonator [4] is fabricated with an FSR
of 8.9 GHz (smaller than the Brillouin shift of around 10.7 GHz), which thereby
prevents cascade within any of the longitudinal mode families. Phase matching
is then provided by pumping and laser oscillation on modes belonging to different
transversemode families. Because the resonator features amoderate density of very-
high-& modes within one FSR [25], the mode selection to enable phase matching is
relatively straightforward and is described below. The high optical & factor of both
modes is important because the laser threshold power is inversely proportional to
both the pump mode & and the SBL mode &. The experimental setup is described
in Fig. 8.1b.
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8.2 Pump and SBL mode selection
To locate phase-matched high-& mode-pairs in the resonator, the dispersion of sev-
eral mode families is measured using a tunable external-cavity diode laser (ECDL)
together with a calibratedMach-Zehnder interferometer [26]. Measurements of sev-
eral transverse mode families (index <) plotted versus longitudinal mode number
` are presented in Fig. 8.2. Before plotting, a constant offset frequency a0 (here
taken as the SBL frequency) is subtracted as well as a linear dispersion term equal
to ` × FSR where FSR is the free spectral range of the Brillouin laser mode (see
below). The plotted lines are therefore given by: Δa<` ≡ a<` − a0 − ` × FSR, where
a<` is the frequency of longitudinal mode ` belonging to transverse mode family <.

Two mode families are highlighted using blue and green data points. Simulated
mode field distributions of these two modes are shown in the Fig. 8.2 inset, and
the modes are determined to be the TM2 (green) and TM4 (blue). The TM2
mode is selected as the lasing mode and the plot uses its FSR in the calculation
of Δa<` . As a result, the green data points appear horizontal in the plot. Both of
these mode families feature high intrinsic &-factors around 400 million and also
experience only a few mode crossings over a wide wavelength band. The pump
mode must be located one Brillouin shift higher in frequency relative to the laser
mode frequency. This condition, represented by the red phase-matching line in Fig.
8.2, is wrapped (modulo the Brillouin shift) in making the plot, and the pumping
wavelength is determined to be around 1563 nm. The lasing threshold is 0.9 mW
and the generated laser output power exceeds 0.9 mW at pumping power of 35.7
mW. The beatnote of pump and SBL signals is also shown as an inset in Fig. 8.2.

8.3 Cross-correlation method
The self-heterodyne optical frequency discriminator approach [20–22] was first
applied to measure the frequency noise spectral density of the generated laser signal
(Fig. 8.3a). However, at high offset frequencies (above 1 MHz), the frequency noise
floor and measurement sensitivity were found to be limited by technical noise from
the photodetector (PD), which is quantified by the noise equivalent power (NEP).
This technical noise prevented measurement of fundamental frequency noise below
0.1Hz2/Hz. To overcome this limitation, we applied cross correlation (XCOR) of
the electrical signals produced at the interferometer output. Electrical oscillators
employ XCOR with a reference oscillator to measure phase noise [27], and it has
also been applied recently to measure frequency-comb generated microwave signals
by heterodyne with two reference comb signals [28]. The present measurement is
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Figure 8.2: Mode selection for non-cascading Brillouin laser operation. Mode
dispersion of the resonator is measured over a spectral region spanning several
hundred longitudinal mode numbers. The intended SBL mode family (TM2) is
highlighted in green and its corresponding pump phase-matching line is shown in
red. The intended pump mode family (TM4) is highlighted in blue. First-order
dispersion is introduced into the plot so that the laser mode family data points
appear horizontal. Left insets: Simulated electric field distributions (norm) of the
TM4 and TM2 modes. Scale bars are 5 µm. Lower right inset: Measured electrical
spectrum of the pump and Brillouin laser beatnote signal.

distinct in applying XCOR to optical phase noise measurement, and also does not
require reference optical or radio frequency oscillators. Moreover, the very low
frequency noise of the device studied here illustrates the power of XCOR to boost
sensitivity in this context.

As shown in Fig. 8.3a, the measurement setup employs an AOM to split the
input light into frequency-shifted (1st order output) and un-shifted parts (0th order
output), the latter being delayed by a 1-km-long fiber. However, instead of a single
photodetector, two photodetectors receive the optical signals. Their outputs are
recorded using an oscilloscope for subsequent XCOR to remove detector technical
noise. The AOM is driven with a 55 MHz radio-frequency signal, which also
determines the carrier frequency of the electrical signals from the two PDs. These
signals are acquired with an oscilloscope having a 500MHz sampling rate to prevent
aliasing of the signal. AC coupling is used to block the low-frequency components
at the oscilloscope. Delays between the channels are estimated to be less than 0.5 ns
and are not considered in subsequent analyses. 0.2 seconds of waveform (100× 106
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points in each channel, 200 × 106 points total) are collected and transferred to a
computer for processing. Phase signals are extracted with a Hilbert transform. The
Hilbert transform creates distortions at the endpoints of the signal, thus the first and
last 10 ms (5 × 106 points) for each channel are discarded after the transform. The
remaining points are separated into segments (rectangular windowing), each with
a 0.1 ms length (corresponding to a resolution bandwidth of 10 kHz), and Fourier
transformed to extract the phase noise amplitude at a given offset frequency. For
offset frequencies less than 200 kHz, resolution bandwidths are made smaller, and
the segment lengths are adjusted accordingly. The correlation can then be found as
the product between the Fourier coefficients of the two phase signals, averaged over
different segments.

The correlation of the frequency noise measured by the cross-correlator contains
contributions from both frequency noise and intensity noise:

�a ( 5 ) = 5 2�q ( 5 ) − 5 2 [�0 ( 52 + 5 ) + �0 ( 52 − 5 )], (8.1)

where �q ( 5 ) and �0 ( 5 ) are the transferred phase and amplitude noise at offset
frequency 5 :

�q ( 5 ) = [2 − 2 (1 − g0BW)+ cos(2c 5 g)] 1
5 2 (a ( 5 ), (8.2)

�0 ( 5 ) = [2 + 2 (1 − g0BW)+ cos(2c 5 g)] 1
4
(� ( 5 ). (8.3)

Here (a ( 5 ) and (� ( 5 ) are the two-sided spectral densities of frequency noise and
relative intensity noise (RIN) of the laser, BW is the resolution bandwidth of the
cross-correlator (taken as 10 kHz), g0 is the delay time of the frequency discriminator
measurement setup, and G+ = max(0, G) is the ramp function. We assumed that
noise at different offset frequencies is independent. The ramp filter term before the
cos(2c 5 g) term is an artifact of the rectangular window chosen. Using a window
with higher dynamic range decreases the filtering effect at the expense of offset
frequency resolution. To separate the frequency noise and RIN, we tune the carrier
frequency 5c to an integer multiple of 1/g0. In this case the correlation reads

�a ( 5 ) = 2
[
1 − (1 − g0BW)+ cos(2c 5 g0)

]
(a ( 5 )

− 1
2

[
1 + (1 − g0BW)+ cos(2c 5 g0)

]
× 5 2((� ( 5c + 5 ) + (� ( 5c − 5 )), (8.4)
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Figure 8.3: Brillouin laser frequency noise measurement. (a) Experimental setup of
the optical frequency discriminator in Fig. 8.1b. (b) SBL frequency noise measured
by conventional optical discriminatormethod in combinationwith an electrical phase
noise analyzer (red) and by the cross-correlation technique (blue). The light blue
shading shows the error range (standard error of the mean). The average frequency
noise between 1.5 MHz and 2 MHz offset frequency is 9 mHz ·Hz/Hz and is shown
as a horizontal dashed line. The dashed curve (dark gray) shows the simulated
thermorefractive noise for the laser mode. Inset: low-offset-frequency portion of
the frequency noise as measured by the phase noise analyzer. (c) Electrical spectrum
of the frequency discriminator output from a single PD. (d) Theoretical fundamental
frequency noise plotted versus laser output power (black line) [6] assuming a zero
alpha parameter [29]. Dots are inferred from measurement data and error bars are
standard deviations.

where themodulations on frequency noise and RIN are now completely out of phase.
The DC and 1/g0 frequency components of the correlations are extracted by filtering
and then recombined to remove the intensity noise and estimate the frequency noise.
Error bars of each correlation are determined by the variance of the correlation over
different signal segments, and then propagated to the estimated frequency noise.

8.4 Frequency noise measurement
A comparison of the measurements both with and without application of the XCOR
method is presented in Fig. 8.3b. Here, the red trace is a phase noise analyzer
measurement of the electrical signal produced by detection of a single output from
the interferometer, while the blue trace results by applying theXCORmeausurement.
Both traces overlap well at low offset frequencies (below 500 kHz), and a single PD
is sufficient to measure the frequency noise accurately. At these frequencies, noise
is believed to be thermo-refractive in origin based on simulations [30] shown in the
figure (dashed line). However, at higher offset frequencies, the noise measurement
sensitivity is enhanced by 10 to 15 dB using the XCOR method. Here, the detector
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noise is suppressed by cross correlation. As an aside, the Pound Drever Hall locking
loop (see experimental setup in Fig. 8.1b) has a bandwidth of 10 kHz, and we
believe it does not influence the measured noise at high offset frequencies.

The rising noise levels at the highest offset frequencies in the XCOR data are not
believed to be fundamental and, instead, are attributed to the short averaging time
resulting from the limited memory of the oscilloscope. Also, the noise spectra
measured using the conventional (non XCOR) approach contain spurs that originate
from destructive interference produced by the delay in the interferometer (first order
corresponds to 1/g0 = 214 kHz, where g0 = 4.67 µs is the delay time). The spectral
modulations resulting from the interference are shown in Fig. 8.3c, which gives the
electrical spectrum of a detected output from the interferometer. Thesemodulations,
once digitally removed in the phase noise spectra, leave the spurs as an artifact.

A narrow portion of the measured XCOR spectrum Fig. 8.3b is approximately
white noise like. By averaging the measured frequency noise between 1.5 MHz to
2 MHz, this frequency noise level is estimated to be 9 mHz · Hz/Hz (equivalent to
a Lorentzian linewidth of 60 mHz). To investigate the possible origin of this noise,
we measured the frequency noise at several laser power levels. The results are
summarized in Fig. 8.3d and vary inversely with laser power, which is consistent
with fundamental laser frequency noise. As an additional check, the theoretical
fundamental frequency noise level can be calculated and compared to the measured
noise. The lasing TM2mode has a loaded (external) quality factor of&T = 269×106

(&ex = 729 × 106). Using the fundamental linewidth formula for the Brillouin laser
[6], the two-sided frequency noise of the laser is given by,

(a,F =
ℎa3

0=th

2&T&ex%SBL
, (8.5)

where ℎ is the Planck constant, %SBL is the SBL output power, a0 = 191.8 THz is the
optical frequency of the SBL, and =th is the thermal occupation of the phonon mode.
At room temperature, =th ≈ 568, which gives (a,F×%SBL = 6.77 mW ·mHz ·Hz/Hz.
The fundamental frequency noise is plotted in Fig. 8.3d assuming a zero alpha
parameter [29] and is in good agreement with measured data.

It is important to also consider the level of pump frequency noise that couples into
the SBL frequency noise, given by

(a,P =
( ^

^ + Γ

)2
(P, (8.6)
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where (P is the two-sided frequency noise of the pump laser, and the factor involving
^ = 2ca0/&T and Γ (the Brillouin gain linewidth) gives the suppression of pump
frequency noise by the Brillouin process [9]. The frequency noise of the pump laser
(Newport, TLB-6728) was measured to be 90 Hz2/Hz at 1 MHz offset frequency.
This requires a Brillouin suppression factor of about 45 dB in order for coupled
pump frequency noise to be less than the measured frequency noise level. Using the
measured &T in the suppression formula gives a Brillouin gain linewidth of about
Γ/(2c) = 130 MHz which is around 3× larger than in our previous measurements
of SBL in silica [6]. This discrepancy might originate from higher-order acoustic
mode participation in the two transverse mode SBL generation. Such a mode could
have a larger phonon decay rate. Phonon decay rates as large as 150 MHz have
been reported for silica-based structures in the literature [16]. Importantly, the SBL
pumping power was varied by attenuation using the AOM (Fig. 8.1b) so that pump
frequency noise (P did not change during the collection of the data in Fig. 8.3d.
It cannot therefore explain the inverse power dependence observed in Fig. 8.3d.
Nonetheless, the limited spectral span of the white noise data, makes it difficult
to completely confirm the origin of the noise. We are currently working towards
increasing the spectral span over which ultra-low white noise level is observable.

8.5 Discussion
We have demonstrated sub-10 mHz · Hz/Hz fundamental frequency noise levels
using a chip-based Brillouin laser. The low noise level results from a combination
of the high-& resonator with increased operational power through non-cascading
operation. The frequency noise level was too low to measure using conventional
optical discrimination methods, and cross-correlation was applied to this technique
to obtain a sensitivity boost as large as 15 dB.

Several other strategies might be employed to achieve further noise level improve-
ments. For example, increasing laser power ultimately leads to under-coupling of
the pump mode to the resonator caused by back action from the lasing mode. This,
in turn, decreases differential efficiency and laser power. To isolate this loading
back action, a single-cascading scheme can be used (Fig. 8.4a), which would block
the cascade at the second order (instead of first order). In this configuration, pump
loading would remain constant. A calculation showing the potential improvement is
provided in Fig. 8.4b, and a demonstration of this scheme using the same resonator
as in the text is shown in Fig. 8.4c. At yet higher laser powers, parametric oscilla-
tion due to the Kerr effect within the transverse mode families could limit operation.
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Figure 8.4: Proposed single-cascading Brillouin laser pumping scheme. (a) Spectral
diagram for single-cascading Brillouin laser operation. Markers below the modes
indicate their transverse mode families. (b) Calculated output laser power versus
pump power for non-cascading (green) and single-cascading (orange) pumping
schemes, assuming constant external coupling to resonator modes from the tapered
fiber. Dashed gray line shows the output power of the first Stokes mode in the
single-cascading pumping scheme, which is clamped at the lasing threshold when
the first-order cascaded mode start to lase. (c) Measured optical spectrum traces
showing single-cascading SBL action. Blue and red traces are the forward and
backward output power from the resonator, showing the pump, Stokes, and cascade
modes, and second-order cascade lasing is not observed.

However, it should be possible to inhibit this oscillation through dispersion engineer-
ing [31] or possible operation in the normal dispersion regime. Finally, operation
with reduced amplitude-phase coupling is also important for minimization of the
Brillouin laser linewidth [29].

Overall, the results presented here demonstrate the potential for silica-based high-&
laser platforms to achieve extremely narrow fundamental laser linewidths. Even
while the noise at low offset frequencies remains high, these noise sources can
be suppressed in applications such as the Sagnac gyroscope that rely upon relative
noise of co-lasing waves. Likewise, applications that are sensitive to only short-term
frequency noise can benefit from these improvements.
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C h a p t e r 9

LINEWIDTH ENHANCEMENT FACTOR IN A MICROCAVITY
BRILLOUIN LASER

Yuan, Z., Wang, H., Wu, L., Gao, M. & Vahala, K. Linewidth enhancement factor
in a microcavity Brillouin laser. Optica 7, 1150–1153 (2020).

The linewidth of stimulated Brillouin lasers (SBLs) has received considerable at-
tention for some time. SBLs based on optical fiber [1], for example, feature narrow
linewidths that are useful for generation of highly stable microwave sources [2, 3].
More recently, broad interest in micro and nanoscale Brillouin devices [4] has fo-
cused attention on tiny, often chip-scale, SBLs in several systems [5–12]. These
devices have high power efficiency [13], provide flexible operatingwavelengths [14],
and their fundamental linewidth can be reduced to less than 1 Hz [12, 13]. For these
reasons they are being applied in a range of applications including radio-frequency
synthesizers [15, 16], ring-laser gyroscopes [12, 17, 18], and high-coherence refer-
ence sources [9].

SBLs derive gain through a process that is parametric in nature and for which
scattering of an optical pump into a Stokes wave from an acoustic phonon must be
phase-matched [19, 20]. When the phonon field is strongly damped, the process
mimics stimulated emission. Nonetheless, phonon participation introduces dramatic
differences into SBL linewidth behavior compared with conventional lasers. For
example, while the conventional Schawlow-Townes laser linewidth [21] is insensitive
to temperature, the fundamental SBL linewidth is proportional to the number of
thermo-mechanical quanta in the phonon mode and therefore to the Boltzmann
energy :B) [13]. This dependence has been verified from cryogenic to room
temperature [22]. Brillouin lasers can also oscillate on multiple lines through the
process of cascade [13], in which an initial Stokes wave can serve to pump a second
Stokes wave and so forth. Cascading introduces additional contributions to the SBL
linewidth [23]. Finally, the parametric nature of the process means that pump phase
noise couples through to the laser linewidth, although it is strongly suppressed by
the phonon damping [24].

The fundamental linewidth of lasers is increased by the well-known linewidth en-
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hancement factor U that characterizes amplitude-phase coupling of the field [25].
This quantity is best known for its impact on the linewidth of semiconductor lasers
[26], and its understanding, control, and measurement have long been subjects of
interest [27–29]. Here, the linewidth enhancement factor is studied in SBLs. The
parametric nature of Brillouin gain is shown to strongly influence this parameter.
Phase mismatch causes a non-zero U factor. Measurements of SBL frequency noise
are used to determine U versus controlled amounts of phase mismatch, and the re-
sults are in good agreement with theory. Significant enhancements to the linewidth
are predicted and measured even when the SBL is operated only modestly away
from perfect phase matching.

9.1 Main results
Amplitude-phase coupling occurs at a specified optical frequency when the real
and imaginary parts of the optical susceptibility (equivalently refractive index and
gain) experience correlated variations subject to a third parameter. The ratio of the
real to imaginary variation is the U parameter [26]. With a non-zero U-parameter,
noise that normally couples only into the laser field amplitude can also couple
into the phase. And because phase fluctuations are responsible for the finite laser
linewidth [25], the non-zero U-factor thereby causes linewidth enhancement. For a
physical understanding of how a non zero U parameter arises within the SBL system,
consider Fig. 9.1a (a detailed analysis is provided in Supplementary information).
Optical pumping at frequencylP on a cavity mode causes a Lorentzian-shaped gain
spectrum through the Brillouin process. The Brillouin gain spectrum is frequency
down-shifted by the phonon frequency Ω (Brillouin shift frequency) relative to the
pumping frequency. Laser action at frequency lL is possible when a second cavity
mode lies within the gain spectrum, which requires that Δl ≡ lP − lL is close in
value to Ω. Perfect phase matching corresponds to laser oscillation at the peak of
the gain (i.e. Δl = Ω). Also shown in Fig. 9.1a is the refractive index spectrum
associated with the gain spectrum according to the Kramers-Kronig relations. It is
apparent that U (the ratio of variation of real to imaginary susceptibility) will be zero
for phase-matched operation, while it increases with increased frequency detuning
relative to perfect phase matching.

Analysis (Supplementary information) shows that the U-factor enhancement of the
fundamental SBL linewidth ΔaSBL is

ΔaSBL = Δa0(1 + U2), (9.1)
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Figure 9.1: SBL phase mismatch illustration and experimental setup. (a) Brillouin
gain process in the frequency domain. Purple (brown) curve refers to pump (Stokes)
cavity mode at frequency lP (lS). Blue curve refers to the SBL laser signal
at frequency lL. Orange and red curves correspond to gain (g) spectrum and
refractive index (Δn), respectively. Brillouin shift frequency (Ω), gain spectrum
linewidth (Γ), and cavity linewidth (W) are also indicated. Frequency detunings
Xl and XΩ are defined in the text. (b) Experimental setup for U and linewidth
measurement. An external cavity diode laser (ECDL) (Newport, TLB-6728) near
1550 nm passes through an erbium-doped fiber amplifier (EDFA) and is coupled
to the microcavity (a silica wedge resonator [8]) using a tapered fiber [30, 31]. Its
frequency is Pound-Drever-Hall locked (not shown) to the center of cavity resonance.
Pump power is controlled using an acousto-optic modulator (AOM) as an attenuator
in combination with a feedback loop (not shown). The resonator diameter is around
7.1 mm, corresponding to an FSR of 10.8 GHz, which is selected to closely match
the Brillouin shift frequency in silica at 1550 nm. The resonator chip temperature is
actively stabilized to 26.5000 ± 0.0005◦C using a temperature controller. The SBL
emission propagates opposite to the direction of pumping on account of the phase-
matching condition. The emission is coupled to a series of measurement instruments
through a circulator. An optical spectrum analyzer (OSA) is used to record the laser
and pump spectra aswell as tomeasure SBLpower. Pump and SBL signals aremixed
on a fast photodetector (PD) (Thorlabs, DXM30AF) to measure their frequency
difference. Another PD monitors the pumping power. An interferometer is used to
measure the laser frequency noise. Therein, the laser signal is sent into an AOM
which is split into frequency-shifted (1st order) and unshifted (0th order) signals.
The latter is delayed in a 1-km long fiber and then the two signals are mixed on a
PD (Newport, 1811-FC). The delay sets up a frequency to amplitude discriminator
with discrimination gain proportional to the amount of the interferometer delay.
To measure the frequency noise spectral density, the detected current is measured
using an electrical phase noise analyzer (PNA) and the spectrum is fit to obtain the
two-sided spectral density of the SBL laser (Supplementary information).

where Δa0 is the non-enhanced (U = 0) SBL linewidth given below as Eq. 9.3,
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Figure 9.2: Brillouin gain phase mismatch and U factor. (a) Beating frequency
between the pump laser and the SBL is plotted as a function of SBL power. Linear
fitting is applied to eliminate the influence of the Kerr effect and U factor backaction,
and the y-axis intercept is plotted as Δl in panel (b). Blue, red, and yellow traces
correspond to measurements at 1545 nm, 1538 nm, and 1532 nm, respectively. (b)
The extrapolated beating frequency (squares) and FSR (triangles) are plotted versus
wavelength. The calculated U factor (red circles) is plotted versus wavelength using
Eq. (9.2). The Brillouin gain center occurs at around 1548 nm where FSR = Δl.
(c) Total (&T), intrinsic (&0), and external (&ex) quality factors are plotted versus
wavelength. The values are measured in the same transverse mode family.

and where the linewidth enhancement factor can be expressed using two equivalent
frequency-detuning quantities relative to perfect phase matching,

U =
2XΩ
Γ

=
2Xl
W
. (9.2)

In the first equality, phonon mode detuning XΩ ≡ Ω − Δl is normalized by Γ, the
Brillouin gain bandwidth (i.e. phonon decay rate constant). In the second equality,
optical mode detuning Xl ≡ Δl − FSR (FSR is the unpumped cavity free-spectral-
range) is normalized by W, the photon decay rate constant. Note that the sign of U
changes to either side of perfect phase matching. Also, as an aside, Xl is the mode
pulling induced by the Brillouin gain spectrum [13]. Δa0 is given by

Δa0 =

(
Γ

W + Γ

)2 ℏl3
L=th

4c&T&ex%SBL
, (9.3)

where ℏ is the reduced Planck’s constant, %SBL is the SBL output power, and =th
is the number of thermal quanta in the phonon mode. This expression is the same
as that derived in ref. [13], except for omission of the zero-point energy terms and
also inclusion of the near-unity correction factor [Γ/(W + Γ)]2 relating to the finite
damping rate of the phonons (derivation in Supplementary information).
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As a first step towards verification of Eqs. (9.1) and (9.2), it is necessary to measure
the phase mismatch detuning at each point where linewidth will be measured.
The experimental setup and information on the high-& silica whispering-gallery
microcavity used to generate Brillouin laser action are provided in Fig. 9.1b and
its caption. To vary the phase mismatch detuning, the pump laser wavelength _P is
tuned, which is achieved by selecting different longitudinal modes within the same
transverse mode family as pump and Stokes modes. This has the effect of varying
Ω through the relationshipΩ = 4c=2s/_P (=: refractive index, 2s: speed of sound in
the microcavity). Since Ω is not directly measurable in the experiment, we instead
obtained information on the phase mismatch using Xl, which requires measurement
of Δl and FSR.

The frequency Δl is determined by first measuring the beating frequency of the
pump and the SBL using a fast photodetector, followed by measurement of the de-
tected current on an electrical spectrum analyzer. Beyond being influenced by mode
pulling as noted above, this beating frequency is also slightly shifted via backaction
of the amplitude-phase coupling (Supplementary information) and the optical Kerr
effect [32], both of which are proportional to the SBL powers. Therefore, to ac-
count for these effects, the beatnote frequencies were measured at 5 different SBL
power levels. Representative measurements performed at three pump wavelengths
are shown in Fig. 9.2a. The y-intercept of these plots provides the required beating
frequency in the absence of the above effects and a summary plot of a series of
such measurements is provided as the blue-square data points in Fig. 9.2b. As an
aside, the data point near 1559 nm is missing because of strong mode crossings at
this wavelength in the SBL microcavity (i.e. higher-order mode families become
degenerate with the SBL mode family).

To determine the FSR at each pumping wavelength, the mode spectrum of the
resonator is measured by scanning a tunable laser whose frequency is measured
using a radio-frequency calibrated interferometer [33]. Themeasured FSR is plotted
versus wavelength as the dotted line in Fig. 9.2b. Measurement of the FSR this
way also ensured that pumping was performed on the same transverse mode family
as the pumping wavelength was tuned. This is important since mode volume would
change strongly were mode family to change. In Fig. 9.2b, the phase-matching
condition (gain center) occurs when FSR equals Δl (Xl = 0) at around 1548 nm
pump wavelength. We can also use the Brillouin shift at gain center to infer that
2B = 5845 m/s, which is consistent with the material properties of silica [34].
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Finally, W is determined by measurement of the cavity linewidth at each wavelength
(equivalently, the total &-factor &T of the resonator). By measurement of both
linewidth and transmission on cavity resonance, it is possible to extract both the
intrinsic&-factor&0 and external coupling&-factor&ex at eachwavelength (1/&T =

1/&0 +1/&ex). A plot of the results is provided in Fig. 9.2c. The&0 values inferred
this way are relatively constant across the measured modes, while the &ex exhibits
variation that reflects wavelength dependency of the coupling condition. The &
factors are significantly lower than state-of-the-art resonators of the same kind [8],
which is intentional and increases the sensitivity of noise measurement that follows.
Using Eq. 9.2, the theoretical U factor as a function of wavelength from 1532 nm to
1563 nm is plotted in Fig. 9.2b (red circles). Deviations of beating frequency and
the U factor from a linear trend are a result of variations of total & factor across the
measured wavelengths. The largest U factor is greater than 7 so that a fundamental
linewidth enhancement of more than 1 + 72 = 50 is expected at the largest detuning
values.

A frequency discriminator method [35, 36] is used to measure the noise spectrum
of the two-sided white frequency noise spectral density (w of the SBL as described
in the Fig. 9.1b caption. The fundamental noise component in (w, defined as (F,
is related to the fundamental SBL linewidth through 2c(F = ΔaSBL [32] where
ΔaSBL is given in Eq. 9.3. And the inverse power dependence contained in ΔaSBL
is used to extract (F from the measurement of (w. Data plots of (w versus inverse
power at three pumping wavelengths are shown in the inset of Fig. 9.3 and reveal
this power dependence. Of importance to this measurement is that optical pumping
power was controlled by attenuation of the pump so that its phase noise was constant
throughout the measurement. Therefore, only the intrinsic contribution to linewidth
could cause the observed power dependence. The slope is equal to (F normalized to
an output power of 1 mW. Linear fitting provides the slopes which are plotted versus
wavelength in the main panel of Fig. 9.3. The corresponding minimum measured
fundamental noise is about (F =0.2 Hz2/Hz (ΔaSBL = 1.25 Hz) near the phase
matching condition (gain center), and the maximum fundamental noise is more than
(F =10 Hz2/Hz (ΔaSBL = 63 Hz), corresponding to 50× noise enhancement, at the
largest mismatch detunings. Comparison to Eq. (9.3) is provided as the green plot
in Fig. 9.3. In this plot &T, &ex and U (Fig. 9.2b and c) measurements at each
wavelength are used with no free parameters. W can be obtained from &T, and we
can infer Γ/2c to be 34.7 MHz, assuming it is constant over wavelength. Also,
=th= 572 is used (corresponding to the operating temperature of 26.5 ◦C). There
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Figure 9.3: SBL frequency noise enhancement. Measured SBL frequency noise (F
(blue); theoretical (F (Eqn. 9.3) prediction (green) with U obtained from Fig. 9.2b;
and non-enhanced (0 formula (U=0) [13] prediction (yellow); all plotted versus
pump wavelength normalized to 1 mW output power. Error bars on the (F noise
correspond to the error in determining slope (see inset). Error bars on the Eqn. 9.3
prediction mainly arise from errors in Δl and & measurement errors. Variations
of the U=0 prediction mainly arise from &ex differences. Inset: SBL frequency
noise (w is plotted versus the reciprocal of SBL output power. A linear fitting is
applied to determine (F from the slope, and then plotted in the main panel. Blue,
red, and yellow data correspond to measurements at 1545 nm, 1538 nm, and 1532
nm, respectively.

is overall good agreement with the measured linewidth values. The conventional
(0 = Δa0/(2c) (with U=0) is also plotted for comparison.

The nonzero intercept on the H axis of the inset to Fig. 9.3 is believed to be associated
with transferred pump phase noise associated with imperfect PDH locking. This
contribution will increase with increasing U. Both it and the linewidth contribution
of the pump phase noise are discussed in Supplementary information. We have also
verified the U measurement results in another SBL resonator. Details can be found
in Supplementary information.

As an aside, relative intensity noise of the SBLs is another important characteristic
of laser operation, and a typical measured spectrum is shown in Supplementary
information. Also, as noted in the introduction, Brillouin lasers can oscillate multi-
line by cascade [13], and under these conditions additional terms appear in the
linewidth expression [23]. In the context of the present discussion, it is therefore
of interest to consider the impact of the U factor on linewidth under conditions of
cascaded operation. This is done in Supplementary information.
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We have studied the linewidth enhancement factor U in a Brillouin laser. A mod-
ification to the fundamental linewidth formula that incorporates the U factor was
theoretically derived and then tested experimentally in a high-& silica whispering
gallery resonator. Phase matching of the Brillouin process determines the sign and
magnitude of U. Under perfect phase-matching conditions, corresponding to laser
oscillation at the Brillouin gain maximum, U=0. However, measurement and theory
show that the mismatch (induced here by tuning of the pumping wavelength) leads
to U factors greater than 7 yielding frequency noise and fundamental linewidth en-
hancement as large as 50×. The sign of U can also be controlled through the sign
of the frequency mismatch detuning. Although the phase-matching condition was
controlled here by tuning of pumping wavelength, it should also be possible to vary
phase matching and therefore U through control of the temperature. This would
vary the Brillouin shift frequency by way of the temperature dependence of the
sound velocity. The results presented here stress the importance of proper pumping
wavelength selection and observance of temperature control for narrow linewidth
operation of SBLs. These considerations will be important in all applications of
these devices that are sensitive to frequency noise and linewidth.

9.2 Supplementary information
Derivation of the Alpha factor in Brillouin lasers
We derive the U factor in stimulated Brillouin laser (SBL) systems by starting from
the Hamiltonian of the system:

� = ℏ(lP �̃
† �̃ + ls0̃

†0̃ +Ω1̃†1̃) + ℏ6B( �̃†0̃1̃ + �̃0̃†1̃†), (9.4)

where �̃, 0̃, and 1̃ are the lowering operators of the pump, Stokes, and phonon
modes, respectively; lP, ls, and Ω are the resonance frequencies of the pump,
Stokes, and phonon modes, respectively; and 6B is the single-particle Brillouin
coupling [13]. We have ignored terms that are strongly out of phase match (i.e.
energy non-conserving) in the Hamiltonian to simplify the discussion. The fast time
dependencies are removed from the operators as follows:

� ≡ �̃ exp(8lP,inC), (9.5)

0 ≡ 0̃ exp(8lLC), (9.6)

1 ≡ 1̃ exp(8ΩLC), (9.7)

where �, 0, and 1 are the slow-varying lowering operators; lP,in is the pumping
frequency; lL is the SBL frequency and ΩL is the mechanical vibration frequency.
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Replacing the operators with the slow-varying ones results in an effective Hamilto-
nian:

� = ℏ(XlP�
†� + Xl0†0 + XΩ1†1) + ℏ6B(�†01 + �0†1†), (9.8)

where XlP ≡ lP − lP,in is the pump mode frequency detuning compared to the
external pump, and Xl ≡ ls − lL (XΩ ≡ Ω − ΩL) is the detuning of Stokes
(phonon) cavity mode compared to the laser (mechanical vibration) frequency. We
note that the slow-varying amplitudes are directly referenced to the true oscillating
frequencies of each mode instead of the resonance frequencies, which removes the
fast time dependence in the interaction terms.

The Heisenberg equations of motion for the Stokes mode and the phonon mode
are derived. Then, the quantum operators are replaced with classical fields as the
dominant source of noise in this system is the phonon thermal noise [13]. Finally,
phenomenological damping terms are inserted as follows,

30

3C
= −

(W
2
+ 8Xl

)
0 − 86B�1∗, (9.9)

31

3C
= −

(
Γ

2
+ 8XΩ

)
1 − 86B�0∗, (9.10)

where W (Γ) is the energy decay rates for the Stokes (phonon) mode.

We first seek nonzero steady-state solutions to the above equations that represent
SBLs. By writing the equation for 1∗ using Eq. (9.10),

31∗

3C
= −

(
Γ

2
− 8XΩ

)
1∗ + 86B�∗0, (9.11)

the equations (9.9) and (9.11) form a linear system in 0 and 1∗. The requirement
for nonzero solutions (i.e. zero determinant of the coefficient matrix) gives the
equation: (W

2
+ 8Xl

) (
Γ

2
− 8XΩ

)
− 62

B |�|
2
0 = 0, (9.12)

where the subscript 0 indicates steady state. This complex equation can be solved
as

2Xl
W

=
2XΩ
Γ
, (9.13)

62
B |�|

2
0 =

WΓ

4

(
1 + 4XΩ2

Γ2

)
. (9.14)

For convenience, we define U ≡ 2Xl/W = 2XΩ/Γ and later demonstrate that U is
indeed the linewidth enhancement factor. With U defined, the steady-state pump
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photon number is

|�|20 =
WΓ

4
1 + U2

62
B

=
W

26
(1 + U2), (9.15)

where the Brillouin gain coefficient 6 = 262
B/Γ has been defined. Since Γ � W in

our microcavity system, we can adiabatically eliminate 1∗ from Eq. (9.9) by setting
31∗/3C = 0 in Eq. (9.11),

30

3C
=

(
−W

2
+ 6 |�|

2

1 + U2

)
(1 + 8U) 0, (9.16)

where the definition of U has been used. Here, |�|2 implicitly depends on 0 through
the pump mode dynamics and controls the gain saturation. Alternatively, Eqn. 9.16
can be represented using the amplitude |0 | and phase q0 = ln(0/0∗)/(28) variables,

3 |0 |
3C

=

(
−W

2
+ 6 |�|

2

1 + U2

)
|0 |, (9.17)

3q0

3C
=

(
−W

2
+ 6 |�|

2

1 + U2

)
U, (9.18)

which illustrates that U = |0 | ¤q0/ ¤|0 | represents amplitude-phase coupling.

Henry [26] defined the U factor as the ratio of the change in real part of the refractive
index and the change in the imaginary part. Below we show that this interpretation
is consistent with that derived from the coupled-mode equations. For a system with
Lorentzian gain, the imaginary part of the gain-induced susceptibility can be written
as

jI(lB) = −
jB

1 + 4l2
B/Γ2

, (9.19)

where Γ is the gain bandwidth, jB is a positive constant describing the strength of
the gain at the line center, and the angular frequency lB is referenced to the gain
center (i.e. detuning relative to gain center). By the Kramers-Kronig relations, jI
necessarily leads to the real part of the susceptibility jR through the relation,

jR(lB) =
1
c

∫ ∞

−∞

jI(l′B)
l′B − lB

3l′B = jB
2lB/Γ

1 + 4l2
B/Γ2

. (9.20)

The refractive index can be written as =(lB)2 = =2+ jR+8jI, where = is the material
refractive index (dispersion in = has been ignored). Assuming jB � =2, we can
find the real part =′ and imaginary part =′′ of the refractive index:

=′ = = + jR
2=

= = + jB
2=

2lB/Γ
1 + 4l2

B/Γ2
, (9.21)
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=′′ =
jI
2=

= − jB
2=

1
1 + 4l2

B/Γ2
. (9.22)

The U factor can then be obtained as

U = − m=
′/mjB

m=′′/mjB
=

2lB
Γ
. (9.23)

Setting lB = XΩ recovers the desired result, U = 2XΩ/Γ. There are different
conventions regarding the sign of U, and here we choose the negative sign which
would be consistent with the exp(−8lC) phasor used throughout.

To further establish the connection of U to linewidth broadening, the SBL linewidth
is derived. We will again assume Γ � W and defer the more general case to Section
3. For this analysis we add classical noise terms to Eqs. (9.9) and (9.10),

30

3C
= −W

2
(1 + 8U) 0 − 86B�1∗ + 50 (C), (9.24)

31

3C
= −Γ

2
(1 + 8U) 1 − 86B�0∗ + 51 (C), (9.25)

where 50 and 51 are classical noise operators for the Stokes and phonon mode,
respectively, satisfying the following correlations:

〈 5 ∗0 (C + g) 50 (C)〉 = 0, (9.26)

〈 5 ∗1 (C + g) 51 (C)〉 = =thΓX(g), (9.27)

and =th is the number of thermal quanta in the phonon mode (thermal quanta in the
optical modes are negligible at room temperature).

Adiabatically eliminating 1 gives
30

3C
=

(
−W

2
+ 6 |�|

2

1 + U2

)
(1 + 8U) 0 + 5̃0 (C), (9.28)

5̃0 ≡ 50 −
86B�

1 − 8U
2
Γ
5 ∗1 , (9.29)

where we defined a composite fluctuation term 5̃0 for the SBL. Its correlation reads

〈 5̃ ∗0 (C) 5̃0 (0)〉 = 〈 5 ∗0 (C) 50 (0)〉 +
62
B |�|

2
0

1 + U2
4
Γ2 〈 5

∗
1 (C) 51 (0)〉

= =thWX(C), (9.30)

which is independent of U. Applying a standard linewidth analysis, the SBL
linewidth is found as

ΔlSBL =
W

2#0
=th

(
1 + U2

)
, (9.31)

where #0 = |0 |2 is the steady-state photon number in the Stokes mode. This is
readily shown to agree with Eq. (3) in the main text in the limit of Γ → ∞ when
expressed in terms of output SBL power.
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Figure 9.4: SBL noise measurement and fitting. (a) Blue curve is the measured
phase noise spectrum from the self-heterodyne output when pump wavelength is
1538 nm and SBL power is 1.29 mW. Red curve is the fitting according to Eq. (9.36)
to obtain the frequency noise (. (b) The converted frequency noise spectrum from
panel (a).

Frequency discriminator measurements
In this section, the frequency noise measurement is studied to arrive at the transfer
function that relates the measured phase noise spectrum (see Fig. 9.4 (a)) to the
frequency noise spectral density ( plotted in Fig. 3 of the main text. As shown in
the Supplementary information of our previous work [8], pump noise conversion
is believed to be the dominant noise source at low offset frequency, while white
Schawlow-Townes-like noise dominates at high offset frequency (usually over 100
kHz).

For white frequency noise, the correlation of the time derivative of the phase satisfies

〈 ¤q(C + g) ¤q(C)〉 = ΔlNX(g), (9.32)

whereΔlN is the Lorentzian full-width-at-half-maximum linewidth in rad/s, includ-
ing both fundamental (ΔlSBL) and technical contributions. The two-sided spectral
density function for the instantaneous frequency a ≡ ¤q/(2c) is given by the Fourier
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transform of the correlation function:

(w =
1

4c2

∫ ∞

−∞
〈 ¤q(C + g) ¤q(C)〉4−2c8 5 g3g =

ΔlN

4c2 , (9.33)

where (w is the white frequency noise spectral density as in the main text.

On account of the time delayed path in the frequency discrimination system, the
detected output returns a signal with a noisy phase q(C + g) − q(C), where g is
the interferometer delay. We are thus interested in the frequency noise of a(g) ≡
( ¤q(C + g) − ¤q(C))/(2c). By the time-shifting property of the Fourier transform,

(a(g) ( 5 ) = (w(2 − 42c8 5 g − 4−2c8 5 g) = 4 sin2(c 5 g)(w. (9.34)

The detected output from the self-heterodyne interferometer is analyzed by a phase
noise analyzer. Therefore, converting to phase noise gives

(q(g) ( 5 ) =
1
5 2 (a(g) ( 5 ) = 4

sin2(c 5 g)
5 2 (w. (9.35)

A typical measured phase-noise spectrum is shown in Fig. 9.4. In fitting the
spectrum, there is both the sinc2-shaped noise spectrum contributed by the SBL
laser, and a noise floor contributed by the photodetector noise equivalent power
(NEP). Thus, the following equation is used to describe the total phase noise,

(Total,q ( 5 ) = (NEP + 4c2g2sinc2(c 5 g)(w, (9.36)

where sinc(I) ≡ sin I/I, (Total,q ( 5 ) is the total measured phase noise, and (NEP
is the NEP contributed phase noise (determined by averaging the measured phase
noise between 8 MHz to 10 MHz). (w and the time delay g are fitting parameters in
the measurement (the fiber delay has around 1 km length and therefore provides an
approximate delay of g ≈ 4.67 µs). The fitting is performed within the frequency
range between 0.1MHz and 3MHz, since technical noise becomes significant below
0.1 MHz, while the fringe contrast is reduced for frequencies higher than 3 MHz on
account of reduced resolution.

To explicitly illustrate that the measured noise is approximately white over this
frequency range, we convert the phase noise from discriminator measurement to
frequency noise by dividing out the response function, 4c2g2sinc2(c 5 g). As shown
in Fig. 9.4 (b), the overall frequency noise is nearly white except for some spikes
resulting from zeros in the response function in combination with the NEP noise
contributions.
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Full analysis of the Brillouin laser noise
In this section, amore complete analysis of the SBL frequency noise is presented that
includes both the effect of the pumping noise and also does not make the adiabatic
approximation (i.e. Γ � W). The equations of motion for the Stokes, phonon, and
pump mode amplitudes, with damping and pumping terms, are:

30

3C
= −W

2
(1 + 8U) 0 − 86B�1∗, (9.37)

31

3C
= −Γ

2
(1 + 8U) 1 − 86B�0∗, (9.38)

3�

3C
= −

(W
2
+ 8XlP

)
� − 86B01 +

√
^�in, (9.39)

where the pump and Stokes mode have the same decay rate W, ^ is the external
coupling rate, �in > 0 is the external pumping amplitude (normalized to photon
rate), and the other symbols have the same meaning as in Section 1.

It is convenient to work with amplitude (|0 |, |1 |, |�|) and phase (q0 = ln(0/0∗)/(28),
similar definitions for q1 and q�) variables. Their equations can be rewritten as

3 |0 |
|0 |3C = −

W

2
+ 6B
|�| |1 |
|0 | sin \, (9.40)

3 |1 |
|1 |3C = −

Γ

2
+ 6B
|�| |0 |
|1 | sin \, (9.41)

3 |�|
|�|3C = −

W

2
− 6B
|0 | |1 |
|�| sin \ +

√
^
�in
|�| cos q�, (9.42)

3q0

3C
= −W

2
U − 6B

|�| |1 |
|0 | cos \, (9.43)

3q1

3C
= −Γ

2
U − 6B

|�| |0 |
|1 | cos \, (9.44)

3q�

3C
= −XlP − 6B

|0 | |1 |
|�| cos \ −

√
^
�in
|�| sin q�, (9.45)

where we defined the phase difference \ = q� − q0 − q1. The steady-state solutions
(indicated by a subscript 0) are given by,

cos \0 = −
U

√
1 + U2

, (9.46)

sin \0 =
1

√
1 + U2

, (9.47)

|�|20 =
W

26

(
1 + U2

)
, (9.48)
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|1 |20 =
W

Γ
#0, (9.49)

√
^�in cos q�,0 = |�|0

(
W

2
+ 6#0

1 + U2

)
, (9.50)

XlP =
U

1 + U26#0 −
√
^
�in
|�|0

sin q�,0, (9.51)

where we used the definition 6 = 262
B/Γ. Also, although we expressed everything

in terms of SBL photon numbers #0 ≡ |0 |20, it is the input amplitude �in that
determines #0.

Because the pumpmode is Pound-Drever-Hall (PDH) locked to the cavity resonance
q�,0 = 0. Thus, the input amplitude and detuning can be further simplified as

√
^�in,0 =

(
W

2
+ 6#0

1 + U2

) √
W

26

√
1 + U2, (9.52)

XlP,0 =
U

1 + U26#0, (9.53)

We note that the XlP,0 obtained here is, up to zeroth order of W/Γ, equal to the neg-
ative of beatnote change between the pump and SBL signals induced by amplitude-
phase coupling, as measured in Fig. 2a in the main text.

After the steady-state solutions are obtained, the dynamical equations are linearized
by defining relative amplitude change variables (e.g., X0 = |0 |/|0 |0 − 1) and phase
change variables (e.g., Xq0 = q0−q0,0). Also, Langevin terms are added to the right
side of the equations. These are, as before, classical and include only the thermal
noise contributions. The linearized equations with noise terms are:

3X0

3C
=
W

2
(X� + X1 − X0 − UX\) + 5X0, (9.54)

3X1

3C
=
Γ

2
(X� + X0 − X1 − UX\) + 5X1, (9.55)

3X�

3C
= −W

2
X� − 6#0

1 + U2 (X0 + X1 − UX\), (9.56)

3Xq0

3C
=
W

2
(UX� + UX1 − UX0 + X\) + 5Xq,0, (9.57)

3Xq1

3C
=
Γ

2
(UX� + UX0 − UX1 + X\) + 5Xq,1, (9.58)

3Xq�

3C
=

6#0

1 + U2 (UX0 + UX1 − UX� + X\)

−
(
W

2
+ 6#0

1 + U2

)
(Xq� + 5Xq,�), (9.59)
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where 5I represents noise input to the variable I. It is convenient to switch to the
frequency domain using 3/3C → 8l. The power spectral density of each noise term
can be written as

( 5 ,X0 = ( 5 ,Xq,0 = 0, (9.60)

( 5 ,X1 = ( 5 ,Xq,1 =
=th
2

Γ

|1 |20
, (9.61)

( 5 ,Xq,� = (q,Pump, (9.62)

where (q,Pump is the input phase noise contributed by the pump, and each noise term
is independent of others. We have ignored the relative intensity noise of the pump,
but it can also be analyzed similarly.

The above linear equations can be directly inverted, and the solution for Xq0 is, to
the lowest order in l,

Xq0 =
8

(W + Γ)l
(
UΓ 5X0 − UW 5X1 − Γ 5Xq,0 + W 5Xq,1

)
− W

W + Γ 5Xq,�, (9.63)

where the lowest order of l approximation remains valid when l � W. From here
we obtain the phase noise of the SBL,

(q,SBL =
U2Γ2( 5 ,X0 + U2W2( 5 ,X1 − Γ2( 5 ,Xq,0 + W2( 5 ,Xq,1

(W + Γ)2l2

+
(
W

W + Γ

)2
( 5 ,Xq,�, (9.64)

(q,SBL =
Γ2 (

1 + U2)
(W + Γ)2l2

W

2#0
=th +

(
W

W + Γ

)2
(q,Pump. (9.65)

Converting to frequency noise gives

(a,SBL =
Γ2 (

1 + U2)
4c2(W + Γ)2

W

2#0
=th +

(
W

W + Γ

)2
(a,Pump. (9.66)

Thus, the fundamental linewidth of the SBL is given by

ΔlSBL =

(
Γ

W + Γ

)2 (
1 + U2

) W

2#0
=th. (9.67)

Note that the above derivation automatically incorporates non-adiabaticity and the
linewidth enhancement factor. Also, the transduction of the pump phase noise is,
when the pump mode is PDH locked,

(a,SBL =

(
W

W + Γ

)2
(a,P, (9.68)



152

1535 1540 1545 1550 1555 1560 1565
Wavelength λ (nm)

Fu
nd

am
en

ta
l F

re
qu

en
cy

 N
oi

se
 S

F (
H

z²
/H

z)

Experimental value

Theoretical prediction w/ α

Theoretical prediction w/o α

0

1

2

3

4

5

1535 1545 1555 1565
Wavelength (nm)

-8

-6

-4

-2

0

2

Fr
eq

ue
nc

y 
(M

H
z)

 +
 1

0.
9 

G
H

z

-8

-4

0

4

 
fa

ct
or

∆ω / 2π

FSR

α factor

Figure 9.5: SBL frequency noise enhancement measured using a second device.
Measured SBL fundamental frequency noise (F (blue); theoretical (F prediction
(green) with U obtained from the plot provided in the inset. The non-enhanced
(0 formula (U=0) prediction (yellow) is also shown. All data are plotted versus
pump wavelength and normalized to 1 mW output power. Inset: The extrapolated
beating frequency (squares) and FSR (triangles) are plotted versus wavelength. The
calculated U factor (red circles) is plotted versus wavelength.

and is independent of the U factor.

We briefly comment on the noise behavior when XlP is tuned away from its PDH-
locked value, which happens because the PDH locking can reduce, but not totally
eliminate, the drifting in XlP. Repeating the previous analyses, we arrive at the
following expression for (a,SBL and expand it as a series in the relative variation of
detuning:

(a,SBL

(a,P
≈

(
W

W + Γ

)2

+ U2
(
W

W + Γ

) (
XlP
XlP,0

− 1
)
+ U

4

4

(
XlP
XlP,0

− 1
)2
, (9.69)

where we have kept only the lowest-order term in W/Γ for each coefficient. As the last
term no longer contains the W/Γ reduction, the phase noise transduction is strongly
dependent upon U. Thus an imperfect PDH locking increases the transferred pump
phase noise in proportion to U2.

Noise enhancement measured in a second device
To verify the generality of our findings, we have performed the experiment on
another device and summarized the main data in Fig. 9.5. Data definition and
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calculation methods are the same as the main text. In the measurement, we have
chosen six longitudinal modes in one transverse mode family. This device has a
lowest frequency noise (F of 0.10 Hz2/Hz and the measured U factor is as large as
6. The measured noise enhancement is overall in good agreement with the U factor
predictions.

Relative intensity noise
Relative intensity noise (RIN) of the SBL is measured by coupling the laser to a
photodetector, filtering out the DC part, and analyzing the high-frequency part with
an electric spectrum analyzer. A typical RIN measurement is shown in Fig. 9.6.

Alpha factor in cascaded Brillouin lasers
Here we study the effect of the anti-Stokes process on the U factor in a cascaded
Brillouin laser system. For this analysis, we introduce another pair of modes, 0c
and 1c, which are the amplitude of the second-order Stokes mode and the associ-
ated phonon mode (normalized to particle numbers), respectively. The cascading
Hamiltomian becomes

� = ℏ(XlP�
†� + Xl0†0 + XΩ1†1 + Xlc0

†
c0c + XΩc1

†
c1c)

+ ℏ6B(�†01 + �0†1†) + ℏ6B(0†0c1c + 00†c1†c), (9.70)

where Xlc (XΩc) is the detuning of the cascading Stokes (phonon) mode compared
to the laser (mechanical vibration) frequency. Although we focus on a single order
of cascade, the method can be readily generalized to high-order cascading SBLs.
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The classical equations of motion for the cascading Stokes mode and the phonon
mode read

30c
3C

= −
(W

2
+ 8Xlc

)
0c − 86B01∗c, (9.71)

31c
3C

= −
(
Γ

2
+ 8XΩc

)
1c − 86B00∗c . (9.72)

By the same argument from Section 1, we define an alpha factor for the two detun-
ings:

Uc ≡
2Xlc
W

=
2XΩc
Γ

. (9.73)

By obtaining the steady-state solutions and upon substitution into the equations for
the first Stokes mode, we find

30

3C
= −

(W
2
+ 8Xl

)
0 − 86B�1∗ −

6#0,c

1 + U2
c
(1 − 8Uc)0, (9.74)

31

3C
= −

(
Γ

2
+ 8XΩ

)
1 − 86B�0∗, (9.75)

where #0,c ≡ |0c |2. This extra term introduces extra loss and frequency shift induced
by the cascading Stokes wave. This can be made more explicit by rearranging the
loss and detuning terms as follows,

30

3C
= −

(
W

2
+ 6#0,c

1 + U2
c

)
0 − 8

(
Xl − 6#0,c

1 + U2
c
Uc

)
0 − 86B�1∗, (9.76)

Thus the U factor for the first Stokes SBL can be defined as,

U ≡ 2XΩ
Γ

=

(
Xl − 6#0,c

1 + U2
c
Uc

) (
W

2
+ 6#0,c

1 + U2
c

)−1
. (9.77)

Since theU factors are defined using laser detunings, these are not directly observable
in the experiment. Additional phase-matching equations are required to determine
the detunings,

XΩ + Xl = Γ + W
2

U′, (9.78)

XΩc + Xlc =
Γ + W

2
U′c + Xl, (9.79)

where U′ ≡ 2(FSR − Ω)/(Γ + W) and U′c ≡ 2(FSRc − Ωc)/(Γ + W) are the non-
cascading U factors, FSR (FSRc) is the mode spacing between pump and Stokes
(Stokes and cascading Stokes), and Ω (Ωc) is the phonon frequency for the Stokes
(cascading Stokes) process. In principle, the above equations, together with Eq.
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(9.77) and Eq. (9.73), form a closed set of nonlinear equations that can be solved
iteratively. In the limit of Γ � W, the mode-pulling effects are weak enough, and
we can expand U and Uc to first order of W/Γ. The results are

U = U′ + 2
Γ

6#0,c

1 + (U′c)2
(U′c − U′), (9.80)

Uc = U
′
c +

W

Γ
U′ − 2

Γ

6#0,c

1 + (U′c)2
(U′c − U′). (9.81)

While the amplitude-phase coupling is given by the U factors above, these factors
are no longer related to the SBL noise when cascading. The noise on 1c will be
coupled to 0 due to the anti-Stokes process 0†0c1c + 00†c1†c . Using the techniques
in Section 3, the linewidth of the SBL can be found, up to zeroth order of W/Γ, as

ΔlSBL = ΔlSBL,1 + ΔlSBL,2, (9.82)

where the contribution from the first phonon mode reads

ΔlSBL,1 =
6=th
W

26#0,c + W(1 + U2
c )

(1 + U2
c ) (2 + U2 + U2

c )2

× (U4 − 4U3Uc + 2U2(U2
c + 4) + 4UU3

c + U4
c + 4), (9.83)

and the contribution from the second phonon mode via the anti-Stokes process reads

ΔlSBL,2 =
=th,c

W

2
#0,c(1 + U2

c ) (2 + U2 + U2
c )2

×
[
62#2

0,c(U4 − 4U3Uc + 2U2(U2
c + 4) + 4UU3

c + U4
c + 4)

+ 26#0,cW(U2
c + 1)

× (−U3Uc + U2(U2
c + 2) + U(3U2

c + 2)Uc + U4
c )

+ W2(U + Uc)2(1 + U2
c )3

]
, (9.84)

where =th,c is the number of thermal quanta in the cascading phonon mode. We
note that the second contribution has a nonphysical divergence with #0,c → 0 when
U + Uc ≠ 0. This is because the noise of amplitude-phase coupling from the anti-
Stokes process is not white near the threshold of lasing. A special case is U = Uc = 0,
which leads to

ΔlSBL = (26#0,c + W)
6=th
W
+ 26#0,c

6=th,c

W
. (9.85)

This result is consistent with previous analyses on cascading SBLs [23].
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C h a p t e r 10

PETERMANN-FACTOR SENSITIVITY LIMIT NEAR AN
EXCEPTIONAL POINT IN A BRILLOUIN RING LASER

GYROSCOPE

Wang, H., Lai, Y.-H., Yuan, Z., Suh, M.-G. & Vahala, K. Petermann-factor sensitiv-
ity limit near an exceptional point in a Brillouin ring laser gyroscope. Nature
Communications 11, 1610 (2020).

Non-HermitianHamiltonians [1, 2] describing open systems can feature singularities
called exceptional points (EPs) [3–5]. EPs have been experimentally realized in
several systems [6–8] and applied to demonstrate non-reciprocal transmission [9–
11] and lasing dynamics control [12–15]. Moreover, resonant frequencies become
strongly dependent on externally applied perturbations near an EP which has given
rise to the concept of EP-enhanced sensing in photonics [16–19] and electronics
[20, 21]. While increased sensor responsivity has been demonstrated in several
systems [22–25], signal-to-noise performance (sensitivity) has been considered only
theoretically [26–30].

Recently, strong responsivity improvement near an EP was reported in a Brillouin
ring laser gyroscope by monitoring an increase in the gyroscope scale factor (i.e.
transduction factor of rotation-rate into a signal) [24]. At the same time, however,
measurement of the gyroscope Allan deviation versus averaging time showed that
short-term laser frequency noise also increased near the EP. This noise was random-
walk in nature, suggesting a fundamental origin. Moreover, it depended upon system
bias relative to the EP in such a way so as to precisely compensate the observed
EP-enhanced transduction. As a result, the gyroscope’s angular random walk, the
metric used to quantify short-term rotation sensitivity, was observed to maintain
a constant value (i.e. independent of gyroscope bias relative to the EP). In effect,
the measurements showed that gyroscope sensitivity (i.e. weakest rotation signal
measurable at a given detection bandwidth) is not improved by operation near the
EP even while the gyroscope responsiveness through improved transduction (scale
factor) increases.

As with all laser gyroscopes, the Brillouin ring laser gyroscope measures rotations
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through the Sagnac effect [31]. Clockwise (cw) and counter-clockwise (ccw) lasing
waves experience opposing frequency shifts when the plane of the gyroscope rotates.
By mixing the two laser fields on a detector, their difference frequency therefore
reveals the rotation-induced frequency shift added onto a constant bias frequency
(which is at audio rates in this case [24]). Frequency noise in the beat frequency
therefore determines the measurement sensitivity. This noise has both a technical
component (observable on longer time scales in the Allan deviation [24]) as well as
a random walk component that, absent the EP, is known to result from fundamental
linewidth broadening of the Brillouin laser waves [32, 33]. Significantly, subsequent
measurement of the random walk component showed that none of the parameters
which normally impact its magnitude (e.g., laser power, cavity& factor) varied near
the EP, therefore suggesting that frequency noise (and linewidth) is increased by
way of another mechanism.

Laser linewidth can also be broadened by the Petermann factor [34–39]. This mech-
anism is associated with non-orthogonality of a mode spectrum, and its connection
to EPs has been considered in theoretical studies of microresonators [40, 41]. How-
ever, despite continued theoretical interest [42, 43], including the development of
new techniques for determination of linewidth in general laser systems [44], the ob-
servation of Petermann linewidth broadening near exceptional points was reported
only recently by the Yang group in a phonon laser system [45]. And the link between
Petermann-factor-induced noise and EP sensor performance is unexplored. Here,
it is shown that mode non-orthogonality induced by the EP limits the gyroscope
sensitivity via Petermann-factor linewidth broadening. Indeed, analysis and mea-
surement confirm near perfect cancellation of the signal transduction improvement
by increasing Petermann-factor noise so that the gyroscope’s fundamental signal-
to-noise ratio (SNR) and hence sensitivity is not improved by operation near the EP.
These results are further confirmed using an Adler phase locking equation approach
[46, 47] which is also applied to analyze the combined effect of dissipative and
conservative coupling on the system.

10.1 Main results
Biorthogonal noise enhancement theory
The gyroscope uses a high-& silica whispering gallery resonator [48] in a ring-laser
configuration [32]. As illustrated in Fig. 10.1a, optical pumping of cw and ccw
directions on the same whispering-gallery mode index induces laser action through
the Brillouin process. On account of the Brillouin phase matching condition, these
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Figure 10.1: Brillouin laser linewidth enhancement near an exceptional point. (a)
Diagram of whispering-gallery mode resonator with the energy distribution of an
eigenmode superimposed. The eigenmode energy distribution corresponds to state
III in panel (b). Optical pumps on the coupling waveguide and whispering-gallery
SBLmodes are indicated by arrows. (b)Mode energy distributions for three different
states: far from EP (state I) the eigenmodes are traveling cw or ccw waves; near
EP (state II) the eigenmodes are hybrids of cw and ccw waves; at EP (state III)
eigenmodes coalesce to a standing wave. (c) Bloch sphere showing the eigenstates
for cases I, II, and III with corresponding cw and ccw composition. (d), Illustration
of the cw-ccw and SBL1-SBL2 coordinate systems. Unit vectors for states I and II
are shown on each axis. As the system is steered towards the EP, the SBL axes move
toward each other so that unit vectors along the SBL axes lengthen as described
by the two hyperbolas. This is illustrated by decomposing a unit vector of the
non-orthogonal SBL coordinate system using the orthogonal cw-ccw coordinates
[e.g., (5/4, 3/4)) and (3/4, 5/4)) for state II]. Consequently, the field amplitude is
effectively shortened in the SBL basis. (e) Phasor representation of the complex
amplitude of a lasing mode for states I and II provides an interpretation of linewidth
enhancement. Phasor length is shortened and noise is enhanced as the system is
steered to the EP, leading to an increased phasor angle diffusion and laser linewidth
enhancement (see Supplementary information 3).

stimulated Brillouin laser (SBL) waves propagate in a direction opposite to their
corresponding pump waves [33]. Dissipative backscattering [49] couples the SBLs,
and the following Hamiltonian governs the above-laser-threshold motion [24]:

� =

(
lcw 8ΔlEP/2

8ΔlEP/2 lccw

)
, (10.1)
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where � describes the dynamics via 83Ψ/3C = �Ψ and Ψ = (0cw, 0ccw)) is the
column vector of SBL mode amplitudes (square of norm is photon number). Also,
ΔlEP is a non-Hermitian term related to the coupling rate between the two SBL
modes, and lcw (lccw) is the active-cavity resonance angular frequency of the cw
(ccw) SBL mode above laser threshold. The dependence of lcw, lccw, and ΔlEP

on other system parameters, most notably the angular rotation rate and the optical
pumping frequencies, has been suppressed for clarity.

A class of EP sensors operate by measuring the frequency difference of the two
system eigenmodes. This difference is readily calculated from Eq. (10.1) as ΔlS =√
Δl2

D − Δl
2
EP where ΔlD ≡ lccw − lcw is the resonance frequency difference

and ΔlEP is the critical value of ΔlD at which the system is biased at the EP.
As illustrated in Fig. 10.1b,c the vector composition of the SBL modes strongly
depends upon the system proximity to the EP. For |ΔlD | � ΔlEP the SBL modes
(unit vectors) are orthogonal cw and ccw waves. However, closer to the EP the
waves become admixtures of these states that are no longer orthogonal. At the EP,
the two waves coalesce to a single state vector (a standing wave in the whispering
gallery). Rotation of the gyroscope in state II in Fig. 10.1 (|ΔlD | > ΔlEP)
introduces a perturbation to ΔlD whose transduction into ΔlS is enhanced relative
to the conventional Sagnac factor [31]. This EP-induced signal-enhancement-factor
(SEF) is given by [24],

SEF =
���� mΔlS
mΔlD

����2 = Δl2
D

Δl2
D − Δl

2
EP
, (10.2)

where SEF refers to the signal power (not amplitude) enhancement. This factor has
recently been verified in the Brillouin ring laser gyroscope [24]. The control of
ΔlD (and in turn ΔlS) in that work and here is possible by tuning of the optical
pumping frequencies and is introduced later.

ΔlS is measured as the beat frequency of the SBL laser signals upon photodetection
and the SNR is set by the laser linewidth. To understand the linewidth behavior, a
bi-orthogonal basis is used as described in Supplementary information 1 and 3. As
shown there and illustrated in Fig. 10.1d, the peculiar properties of non-orthogonal
systems near the EP cause the unit vectors (optical modes) to be lengthened. This
lengthening results in an effectively shorter laser field amplitude. Also, noise into
the mode is increased as illustrated in Fig. 10.1e. Because the laser linewidth can be
understood to result from diffusion of the phasor in Fig. 10.1e, linewidth increases
upon operation close to the EP. And the linewidth enhancement is given by the
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Figure 10.2: Measured linewidth enhancement of SBLs near the exceptional point.
(a) Measured SBL beating frequency is plotted versus pump detuning for three dis-
tinct locking zones, corresponding SBL amplitude ratios @: 1.15 (blue), 1 (orange),
0.85 (red). Solid curves are theoretical fittings. Inset is a typical Allan deviation
measurement of frequency (fa (g)) versus gate time g. Error bars give the stan-
dard error of the mean. The short-term part is fitted with

√
(a/(2g) where (a is

the one-sided power spectral density of the white frequency noise plotted in panel
(b). (b) Measured white frequency noise of the beating signal determined using the
Allan deviation measurement. Data point color corresponds to the amplitude ratios
used in panel (a). The Petermann factor PF (solid lines) and NEF (dashed lines)
theoretical predictions use parameters obtained by fitting from panel (a).

Petermann factor (see Supplementary information 2),

PF =
1
2

(
1 +

Tr(�†0�0)
|Tr(�2

0) |

)
=

Δl2
D

Δl2
D − Δl

2
EP
, (10.3)

where Tr is the matrix trace operation and �0 = � − Tr(�)/2 is the traceless part
of �. As derived in Supplementary information 2, the first part of this equation is
a basis independent form and is valid for a general two-dimensional system. The
second part is specific to the current SBL system. Inspection of Eq. (10.2) and Eq.
(10.3) shows that SEF = PF. As a result, the SNR is not expected to improve through
operation near the EP when the system is fundamental-noise limited.
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Petermann noise measurement
To verify the above predictions, the output of a single pump laser (∼1553.3 nm)
is divided into two branches that are coupled into cw and ccw directions of the
resonator using a tapered fiber [50, 51]. Both pump powers are actively stabilized.
The resonator ismounted in a sealed box and a thermo-electric cooler (TEC) controls
the chip temperature which is monitored using a thermistor (fluctuations are held
within 5 mK). Each pumping branch has its frequency controlled using acousto-
optic modulators (AOMs). SBL power is also monitored and controlled so that
fluctuations are within 0.6%. Even with the control of temperature and power, the
Allan deviation at longer gate times reflects technical-noise drifting that is observed
to be more pronounced for operation near the EP. As described in Ref. [24], the
ccw pump laser frequency is Pound-Drever-Hall (PDH) locked to one resonator
mode and the cw pump laser can then be independently tuned by the AOM. This
pump detuning frequency (ΔlP) is therefore controlled to radio-frequency precision.
It is used to precisely adjust ΔlD and in turn ΔlS as shown in three sets of
measurements in Fig. 10.2a. Here, the photodetected SBL beat frequency ΔlS

is measured using a frequency counter. The data sets are taken for three distinct
SBL output amplitude ratios as discussed further below. A solid curve fitting is also
presented using ΔlS = ±

√
Δl2

D − Δl
2
EP, where ΔlD =

W/Γ
1+W/ΓΔlP + 1

1+W/ΓΔlKerr

(see Supplementary information 4). Also, W is the photon decay rate, Γ is the
Brillouin gain bandwidth [33], andΔlKerr is a Kerr effect correction that is explained
below. As an aside, the data plot and theory show a frequency locking zone, the
boundaries of which occur at the EP.

The frequency counter data are also analyzed as an Allan deviation (Adev) mea-
surement (Fig. 10.2a inset). The initial roll-off of the Adev features a slope of −1/2
corresponding to white frequency noise [52]. This was also verified in separate
measurements of the beat frequency using both an electrical spectrum analyzer and
a fast Fourier transform. The slope of this region is fit to

√
(a/(2g) where (a is the

one-sided spectral density of the white frequency noise. Adev measurement at each
of the detuning points in Fig. 10.2a is used to infer the (a values that are plotted
in Fig. 10.2b. There, a frequency noise enhancement is observed as the system
is biased towards an EP. Also plotted is the Petermann factor noise enhancement
(Eq. (10.3)). Aside from a slight discrepancy at intermediate detuning frequencies
(analyzed further below), there is overall excellent agreement between theory and
measurement. The frequency noise levelsmeasured in Fig. 10.2b are consistent with
fundamental SBL frequency noise (see Methods). Significantly, the fundamental
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nature of the noise, the good agreement between the PF prediction (Eq. (10.3)) and
measurement in Fig. 10.2b, and separate experimental work [24] that has verified
the theoretical form of the SEF (Eq. (10.3)) confirm that SEF = PF so that the
fundamental sensitivity limit of the gyroscope is not improved by operation near the
EP.

Adler noise analysis
While the Petermann factor analysis provides very good agreement with the mea-
sured results, we also derived an Adler-like coupled mode equation analysis for the
Brillouin laser system. This approach is distinct from the bi-orthogonal framework
and, while more complicated, provides additional insights into the system behavior.
Adapting analysis applied in the noise analysis of ring laser gyroscopes [47], a noise
enhancement factor NEF results (see Supplementary information 4),

NEF =
Δl2

D + Δl
2
EP/2

Δl2
D − Δl

2
EP

. (10.4)

It is interesting that this result, despite the different physical context of the Brillouin
laser system, has a similar form to one derived for polarization-mode-coupled laser
systems [53]. The PF and NEF predictions are shown on Fig. 10.2b, and the
Adler-derived NEF correction provides slightly better agreement with the data at
the intermediate detuning values.

Adler locking bandwidth analysis
The Adler approach is also useful to explain a locking zone dependence upon SBL
amplitudes observed in Fig. 10.2a. As shown in Supplementary information 4,
this variation can be explained through the combined action of the Kerr effect
and intermodal coupling coefficients of both dissipative and conservative nature.
Specifically, the locking bandwidth is found to exhibit the following dependence
upon the amplitude ratio @ = |0ccw/0cw | of the SBL lasers,

Δl2
EP =

(
Γ

Γ + W

)2
[(
@ + 1

@

)2
|^ |2 +

(
@ − 1

@

)2
|j |2

]
, (10.5)

where ^ is the dissipative coupling and j is the conservative coupling between
cw and ccw SBL modes. The locking zone boundaries in terms of pump detuning
frequency have been measured (Fig. 10.3 inset) for a series of different SBL powers.
Using this data, the locking bandwidth is expressed in pump frequency detuning
(ΔlP) units using Δl� ≡ (1 + Γ/W)ΔlEP and plotted versus @ in the main panel of
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Figure 10.3: Locking zone bandwidth versus SBL amplitude ratio. Measured
locking zone bandwidth is plotted versus amplitude ratio @ of the SBL lasers. The
cw power is held constant at four values (see legend) to create the data composite.
The solid black curve is Eq. (10.5). Inset: the measured locking zone boundaries
are plotted versus the SBL power differences (Δ%SBL = %ccw − %cw). Colors and
symbols correspond to the main panel. The center of the locking zone is also
indicated and is shifted by the Kerr nonlinearity which varies as the SBL power
difference. Black line gives the theoretical prediction (no free parameters).

Fig. 10.3. The plot agrees well with Eq. (10.5) (fitting shown in black) and gives
|^ | = 0.93 kHz, |j | = 8.21 kHz.

Finally, the center of the locking band is shifted by the Kerr effect and (in pump
frequency detuning ΔlP units) can be expressed as −(Γ/W)ΔlKerr, where ΔlKerr =

[

(
|0ccw |2 − |0cw |2

)
= ([Δ%SBL)/(Wexℏl) is the Kerr induced SBL resonance fre-

quency difference, Δ%SBL = %ccw − %cw is the output power difference of the SBLs,
and Wex is the photon decay rate due to the output coupling. Also, [ = =2ℏl

22/(+=2
0)

is the single-photon Kerr-effect angular frequency shift with l the SBL angular fre-
quency, =2 the Kerr-nonlinear refractive index of silica, + the mode volume, =0 the
linear refractive index, and 2 the speed of light in vacuum. If the white frequency
noise floors in Fig. 10.2 are used to infer the resonator quality factor, then a Kerr
nonlinearity value of 558 Hz µW−1 is predicted (see Methods). This value gives
the line plot in the Fig. 10.3 inset (with no free parameters) which agrees with
experiment.

Discussion
Prior work has shown that Brillouin laser gyroscopes when operated near an EP have
an improved responsivity (equivalently, an increase in the gyroscope’s scale factor for
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transduction of rotation rate into the Sagnac frequency shift) [24]. At the same time,
these measurements have shown that the gyroscope’s sensitivity did not improve
near the EP. We have verified through measurement and theory that mode non-
orthogonality induced by the EP explains this latter result. Specifically, increasing
mode non-orthogonality occurs when the two system eigenvectors (optical modes)
begin to coalesce near the EP. This, in turn, increases laser frequency noise from
an increasing Petermann factor and thereby reduces sensitivity. Curiously, these
two mechanisms, the enhanced transduction and enhanced noise, feature an almost
identical dependence upon the system’s proximity to the EP. In effect, the increased
signal response in the gyroscope arising from the EP does not lead to an improvement
in the minimum detectable signal (sensitivity).

It is interesting to note that a recent theoretical study of noise limitations in a class of
non-lasing EP sensors showed no fundamental sensitivity advantage for operation
near the EP [28]. Nonetheless it is still possible that other sensing modalities could
benefit from operation near an EP. Moreover, open systems offer other potentially
useful ways for transduction of rotation [54]. Also, the proposal of conservative
nonlinear mode coupling provides a potential way to enhance the Sagnac effect [55–
57]. The apparent divergence of the linewidth near the EP is an interesting feature of
the current model and also one that agrees well with the data (at least in the range of
the measurement). Nonetheless, constraints to this divergence set by the linewidth
of the passive cavity loss are a subject of further study. More generally, the excellent
control of the state space that is possible in the Brillouin system can provide a new
platform for study of the remarkable physics associated with exceptional points.

10.2 Methods
Linewidth and Allan deviation measurement
In experiments, frequency ismeasured in the time domain using a frequency counter,
and its Allan deviation is calculated for different averaging times (Fig. 10.2a). The
Allan deviation fa (g) for a signal frequency is defined by

fa (g) ≡

√√√
1

2 (" − 1)

"−1∑
:=1
(a:+1 − a: )2, (10.6)

where g is the averaging time, " is the number of frequency measurements, and
a: is the average frequency of the signal (measured in Hz) in the time interval
between :g and (: + 1)g. The Allan deviation follows a g−1/2 dependence when
the underlying frequency noise spectral density is white [52], as occurs for laser
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frequency noise limited by spontaneous emission. White noise causes the lineshape
of the laser to be a Lorentzian. White noise is also typically dominant in the Allan
deviation plot at shorter averaging times where flicker noise and frequency drift
are not yet important. This portion of the Allan deviation plot can be fit using
fa (g) =

√
(a/(2g) where (a is the white frequency noise one-sided spectral density

function. This result can be further converted to the Lorentzian full-width at half
maximum (FWHM) linewidth ΔaFWHM (measured in Hz) using the conversion

(a = 2f2
a (g)g =

1
c
ΔaFWHM. (10.7)

Experimental parameters and data fitting
The resonator is pumped at the optical wavelength _ = 1553.3 nm, which, subject to
the Brillouin phase matching condition, corresponds to a phonon frequency (Stokes
frequency shift) of approximately Ωphonon/(2c) = 10.8 GHz. Quality factors of the
SBL modes are measured using a Mach-Zehnder interferometer, and a loaded &
factor &T = 88 × 106 and coupling & factor &ex = 507 × 106 are obtained.

The theoretical formula for the white frequency noise of the beat frequency far away
from the EP reads

(a =

(
Γ

W + Γ

)2
ℏl3

4c2&T&ex
( 1
%cw
+ 1
%ccw
) (=th + #th + 1), (10.8)

which results from summing the Schawlow-Townes-like linewidths of the SBL laser
waves [33]. In the expression, #th and =th are the thermal occupation numbers of
the SBL state and phonon state, respectively. At room temperature, =th ≈ 577 and
#th ≈ 0. For the power balanced case (orange data set in Fig. 10.2), %cw = %ccw =

215 µW, and the predicted white frequency noise (Eq. (8)) is (a = 0.50 Hz2 Hz−1.
For the blue (red) data set, %cw (%ccw) is decreased by 1.22 dB (1.46 dB) so that
(a = 0.58 (0.60) Hz2 Hz−1 is calculated. On the other hand, the measured values for
the blue, orange, and red data sets in Fig. 10.2b (i.e. white frequency noise floors
far from EP) give (a = 0.44, 0.39, 0.46 Hz2 Hz−1, respectively. The difference here
is attributed to errors in & measurement. For example, the experimental values of
noise can be used to infer a corrected coupling& factor&ex ≈ 658×106. Using this
value below yields an excellent prediction of the Kerr nonlinear coefficient which
supports this belief.
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The beating frequency in Fig. 10.2a is fit using the following relations:

ΔlS = sgn(ΔlD)
√
Δl2

D − Δl
2
EP,

ΔlD =
W/Γ

1 + W/ΓΔlP +
1

1 + W/ΓΔlKerr,
(10.9)

where sgn is the sign function and W/Γ, ΔlKerr and ΔlEP are fitting parameters.
The fitting gives W/Γ = 0.076 consistently, while ΔlKerr and ΔlEP are separately
adjusted in each data set. These parameters feature a power dependence that is fully
explored in Fig. 10.3 and the related main text discussion.

The theoretical Kerr coefficient used in Fig. 10.3 can be calculated as follows.
Assuming =2 ≈ 2.7 × 10−20 m2/W, =0 = 1.45 for the silica material, and + = 107

µm3 (obtained through finite-element simulations for the 36mm-diameter disk used
here), gives [/2c ≈ 10−5 Hz. Using the &ex corrected by the white frequency noise
data (see discussion above), Wex/2c = 299 kHz so that ΔlKerr/(2cΔ%SBL) ≈ 42 Hz
µW−1. When W/Γ = 0.076, the center shift of pump locking band is −(Γ/W)ΔlKerr

= 558 Hz µW−1. This value agrees very well with experiment (Fig. 10.3 inset).

10.3 Supplementary information
Non-Hermitian Hamiltonian and bi-orthogonal relations
Here we briefly review the framework for working with general non-Hermitian
matrices. An =-dimensional matrix " has = eigenvalues `1, `2, ... `=. For
simplicity we will assume that all of the eigenvalues are distinct, i.e. ` 9 ≠ `:

if 9 ≠ : . In this case, " will have = right eigenvectors and = left eigenvectors
associated with each ` 9 :

" |ER
9 〉 = ` 9 |ER

9 〉, 〈EL
9 |" = 〈EL

9 |` 9 , (10.10)

To make sense of the left eigenvectors, note that "† |EL
9
〉 = `∗

9
|EL
9
〉, thus the left

eigenvector is the eigenstate as if loss is changed to gain and vice versa. Since " is
in general non-Hermitian, there is no guarantee that |EL

9
〉 = |ER

9
〉, and many of the

decomposition results that hold in the Hermitian case will fail. However we note
that

` 9 〈EL
9 |ER

: 〉 = 〈E
L
9 |" |ER

: 〉 = `: 〈E
L
9 |ER

: 〉 ⇒ 〈EL
9 |ER

: 〉 = 0, ∀ 9 ≠ :. (10.11)

Thus the left and right eigenvectors associated with different eigenvalues are bi-
orthogonal. We also note that the right eigenvectors are complete and form a set of
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basis (as " is non-degenerate and finite-dimensional), and we can decompose the
identity matrix and " as follows:

1 =
∑
9

|ER
9
〉〈EL

9
|

〈EL
9
|ER
9
〉
, (10.12)

" =
∑
9

|ER
9
〉〈EL

9
|

〈EL
9
|ER
9
〉
` 9 , (10.13)

where each term is a “projector” onto the eigenvectors. Again we note that 〈EL
9
|ER
9
〉

may be negative and even complex, which results in special normalizations of the
vectors. For simplicity we will choose 〈EL

9
|ER
9
〉 = 1 by rescaling the vectors and

adjusting the relative phase (such vectors are sometimes said to be bi-orthonormal).
With this normalization in place, the above decompositions simplify further as
follows:

1 =
∑
9

|ER
9 〉〈EL

9 |, (10.14)

" =
∑
9

|ER
9 〉〈EL

9 |` 9 . (10.15)

We note that, as a result of using bi-orthonormal left and right vectors, the vectors
themselves are not normalized, i.e. 〈EL

9
|EL
9
〉 and 〈ER

9
|ER
9
〉 need not be 1 for each 9 .

There is one extra degree of freedom per mode for fixing the lengths, but the length
normalization factors do not affect the physical observables if such factors are kept
consistently through the calculations. In Supplementary information 3, a “natural”
normalization will be chosen when we give a physical meaning to these factors.

Petermann factor of a two-dimensional Hamiltonian
Here we derive the Petermann factor of a two-dimensional Hamiltonian �. Denote
the two normalized right (left) eigenvectors of � as |kR

1 〉 and |k
R
2 〉 (|k

L
1 〉 and |k

L
2 〉).

The Petermann factors of these two eigenmodes can then be expressed as [35]

PF1 = 〈kL
1 |k

L
1 〉〈k

R
1 |k

R
1 〉, (10.16)

PF2 = 〈kL
2 |k

L
2 〉〈k

R
2 |k

R
2 〉. (10.17)

We will first prove that PF1 = PF2, which can then be identified as the Petermann
factor for the entire system. Note that |kL

1 〉 and |k
R
2 〉 are orthogonal and span the

two-dimensional space. As a result, the identity can be expressed using this set of
basis vectors as follows:

1 =
|kL

1 〉〈k
L
1 |

〈kL
1 |k

L
1 〉
+
|kR

2 〉〈k
R
2 |

〈kR
2 |k

R
2 〉
. (10.18)
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Now apply this expansion to |kR
1 〉 and obtain

|kR
1 〉 =

1
〈kL

1 |k
L
1 〉
|kL

1 〉 +
〈kR

2 |k
R
1 〉

〈kR
2 |k

R
2 〉
|kR

2 〉, (10.19)

where 〈kL
1 |k

R
1 〉 = 1 has been used. Left multiplication by 〈kR

1 | results in

〈kR
1 |k

R
1 〉 =

1
〈kL

1 |k
L
1 〉
+
〈kR

1 |k
R
2 〉〈k

R
2 |k

R
1 〉

〈kR
2 |k

R
2 〉

. (10.20)

Thus we obtain,
1

PF1
= 1 −

〈kR
1 |k

R
2 〉〈k

R
2 |k

R
1 〉

〈kR
1 |k

R
1 〉〈k

R
2 |k

R
2 〉
, (10.21)

which is symmetric with respect to the indexes 1 and 2 and thereby completes the
proof that PF1 = PF2 ≡ PF.

Next, PF is expressed using the Hamiltonian instead of its eigenvectors. We begin
by noting that the identity operator added to the Hamiltonian will not modify the
eigenvectors. As a result, the trace can be removed from � without changing the
value of PF:

�0 ≡ � −
1
2

Tr(�), (10.22)

whereTr is thematrix trace and�0 is the traceless part of�. Using the bi-orthogonal
expansion, �0 has the form

�0 = `( |kR
1 〉〈k

L
1 | − |k

R
2 〉〈k

L
2 |), (10.23)

where ` is the first eigenvalue. Consider next the quantity Tr(�†0�0):

Tr(�†0�0) = |` |2(〈kL
1 |k

L
1 〉〈k

R
1 |k

R
1 〉 + 〈k

L
2 |k

L
2 〉〈k

R
2 |k

R
2 〉

−〈kL
2 |k

L
1 〉〈k

R
1 |k

R
2 〉 − 〈k

L
1 |k

L
2 〉〈k

R
2 |k

R
1 〉), (10.24)

where we used the fact that Tr( |U〉〈V |) = 〈V |U〉. To simplify the expression, note
that each of the first two terms equals PF. Moreover, the third term can be evaluated
by expressing |kL

1 〉 as a combination of right eigenvectors using Eq. (10.19):

−〈kL
2 |k

L
1 〉〈k

R
1 |k

R
2 〉 =

〈kR
1 |k

R
2 〉〈k

R
2 |k

R
1 〉

〈kR
2 |k

R
2 〉

〈kL
1 |k

L
1 〉 = PF − 1. (10.25)

Similarly, the fourth term also equals PF − 1. Thus

Tr(�†0�0) = |` |2(4PF − 2). (10.26)
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Finally, to eliminate the eigenvalue `, we calculate

Tr(�2
0) = `

2(〈kL
1 |k

R
1 〉

2 + 〈kL
2 |k

R
2 〉

2) = 2`2, (10.27)

and the PF can be solved as

PF =
1
2

(
1 +

Tr(�†0�0)
|Tr(�2

0) |

)
, (10.28)

which completes the proof.

We note that while a Hermitian Hamiltonian with �†0 = �0 results in PF = 1, the
converse is not always true. Consider the example of �0 = 8fI where fI is the Pauli
matrix. This would effectively describe two orthogonal modes with different gain,
and direct calculation shows that PF = 1.

Field amplitude and noise in a non-orthogonal system
Here we consider the physical interpretation of increased linewidth whereby the
effective field amplitude decreases while the effective noise input increases as a
result of non-orthogonality. This analysis considers a hypothetical laser mode that
is part of the bi-orthogonal system. It skips key steps normally taken in a more
rigorous laser noise analysis in order to make clearer the essential EP physics. A
more complete study of the Brillouin laser system is provided in Supplementary
information 4.

The two-dimensional system is described by the column vector |Ψ〉 ↔ (0cw, 0ccw))

whose components are the orthogonal field amplitudes 0cw and 0ccw. The equation
of motion reads 83 |Ψ〉/3C = � |Ψ〉, where � is the two-dimensional Hamiltonian.
Now assume that |Ψ〉 = 21 |kR

1 〉, i.e. only the first eigenmode of the system is excited.
We interpret 21 as the phasor for the eigenmode. We see that |21 |2 = 〈Ψ|Ψ〉/〈kR

1 |k
R
1 〉

is reduced from the true square amplitude 〈Ψ|Ψ〉 by a factor of the length squared
of the right eigenvector 〈kR

1 |k
R
1 〉. The equation of motion for 21 reads

8
321
3C

= 8
3〈kL

1 |Ψ〉
3C

= 〈kL
1 |�0 |kR

1 〉21 = `121. (10.29)

Here, we are assuming that the mode experiences both loss and saturable gain
that are absorbed into the definition of the eigenvalue `1. To simplify the following
calculations, we set the real part of `1 to 0, since any frequency shift can be removed
with an appropriate transformation to slowly varying amplitudes.

To introduce noise into the system resulting from the amplification process the
equation of motion is modified as follows: 83 |Ψ〉/3C = �0 |Ψ〉 + |�〉. Here, |�〉 ↔
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(�cw(C), �ccw(C))) is a column vector with fluctuating components. The noise
correlation of these components is assumed to be given by

〈�∗cw(C)�cw(C′)〉 = 〈�
∗
ccw(C)�ccw(C′)〉 = \X(C − C′), (10.30)

〈�∗cw(C)�ccw(C′)〉 = 〈�
∗
ccw(C)�cw(C′)〉 = 0, (10.31)

where \ is a quantity with frequency dimensions. We note that the assumption of
vanishing correlations between the fluctuations on different modes is not trivial.
Even if the basis is orthogonal, the non-Hermitian nature of the Hamiltonian means
that dissipative mode coupling will generally be present in the system. This will be
associated with fluctuations that can induce off-diagonal elements in the correlation
matrix. In the system studied here, we will show in Supplementary information
4 that the main source of noise comes from the phonons, and fluctuations due to
the non-Hermitian Hamiltonian are negligible, thereby justifying the assumption
made here. Taking account of the fluctuations, the equation of motion for 21 can be
modified as follows,

321
3C

= −|`1 |21 + 〈kL
1 |�〉 = −|`1 |21 + �1, (10.32)

where the fluctuation term for the first eigenmode is defined as �1 = 〈kL
1 |�〉. Its

correlation reads
〈�∗1(C)�1(C′)〉 = \〈kL

1 |k
L
1 〉X(C − C

′), (10.33)

which, upon comparison to Eq. (10.30), shows that the noise input to the right
eigenvector field amplitude (21) is enhanced (relative to the noise input to either
the cw or ccw fields alone) by a factor of the length squared of the left eigenvector
〈kL

1 |k
L
1 〉.

We are interested in the phase fluctuations of 21. Here, it is assumed that the
mode is pumped to above threshold and is lasing. Under these conditions, it is
possible to separate amplitude and phase fluctuations of the field. We rewrite
21 = |21 | exp(−8q2) and obtain the rate of change of the phase variable as follows:

3q2

3C
=

8

2|21 |

(
�1e8q2 − �∗1e−8q2

)
, (10.34)

which describes white frequency noise of the laser field (equivalently phase noise
diffusion). The correlation can be calculated as

〈 ¤q2 (C) ¤q2 (C′)〉 =
\

2|21 |2
〈kL

1 |k
L
1 〉X(C − C

′) = \

2〈Ψ|Ψ〉 〈k
R
1 |k

R
1 〉〈k

L
1 |k

L
1 〉X(C − C

′)

= PF × \

2〈Ψ|Ψ〉 X(C − C
′), (10.35)
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where the non-enhanced linewidth is Δl0 = \/(2〈Ψ|Ψ〉) [58] and the enhanced
linewidth is given by Δl = PF × Δl0. From the above derivation, the PF en-
hancement is the result of two effects, the reduction of effective square amplitude
(|21 |2 = 〈Ψ|Ψ〉/〈kR

1 |k
R
1 〉) and the enhancement of noise by 〈kL

1 |k
L
1 〉.

Up to now we have not chosen individual normalizations for 〈kL
1 |k

L
1 〉 and 〈k

R
1 |k

R
1 〉

as they appear together in the Petermann factor. Motivated by the fact that left
and right eigenvectors can be mapped onto the same Hilbert space, we select the
symmetric normalization:

〈kL
1 |k

L
1 〉 = 〈k

R
1 |k

R
1 〉 =

√
PF, (10.36)

With this normalization, the squared field amplitude is reduced and the noise input
is increased both by a factor of

√
PF, resulting in the linewidth enhancement by

a factor of PF. We note that other interpretations are possible through different
normalizations. For example, in Siegman’s analysis 〈kL

1 |k
L
1 〉 = PF and 〈kR

1 |k
R
1 〉 = 1

is chosen, and the enhancement is fully attributed to noise increase by a factor of PF
[35] .

Langevin formalism
Here we analyze the system with a Langevin formalism, which includes Brillioun
gain, the Sagnac effect, and the Kerr effect. An Adler-like equation will be derived
that provides an improved laser linewidth formula and an expression for the locking
bandwidth dependence on the field amplitude ratio.

First we summarize symbols and give their definitions. For readability, all cw
subscriptwill be replaced by 1 and all ccw subscriptwill be replaced by 2. Themodes
are pumped at angular frequencieslP,1 andlP,2. These frequencieswill generally be
different from the unpumped resonator mode frequency. The cw and ccw stimulated
Brillouin lasers (SBLs) oscillate on the same longitudinal mode with frequency l.
This frequency is shifted for both cw and ccw waves by the same amount as a result
of the pump-induced Kerr shift. On the other hand, the Kerr effect causes cross-
phase and self-phase modulation of the cw and ccw waves that induces different
frequency shifts in these waves. This shift and the rotation-induced Sagnac shift are
accounted for using offset frequencies Xl1 = −[

(
0
†
1
01 + 20†

2
02

)
−Ωl�/(2=g2) and

Xl2 = −[
(
0
†
2
02 + 20†

1
01

)
+ Ωl�/(2=g2) relative to l, where [ = =2ℏl

22/(+=2
0)

is the single-photon nonlinear angular frequency shift, =2 is the nonlinear refractive
index, + is the mode volume, =0 is the linear refractive index, 2 is the speed of light
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in vacuum, Ω is the rotation rate, � is the resonator diameter, and =g is the group
index. Phonon modes have angular frequenciesΩphonon = 2l=0Es/2, where Es is the
velocity of the phonons. The loss rate of phonon modes is denoted as Γ (also known
as the gain bandwidth) and the loss rate of the SBL modes are assumed equal and
denoted as W. In addition, coupling between the two SBL modes is separated as a
dissipative part and conservative part, denoted as ^ and j, respectively. These rates
will be assumed to satisfy Γ � W � |^ |, |j | to simplify the calculations, which is
a posteriori verified in our system. In the following analysis, we will treat the SBL
modes and phonon modes quantum mechanically and define 01 (02) and 11 (12) as
the lowering operators of the cw (ccw) components of the SBL and phonon modes,
respectively. Meanwhile, pump modes are treated as a noise-free classical fields �1
and �2 (photon-number-normalized amplitudes).

Using these definitions, the full equations of motion for the SBL and phonon modes
read

¤01 = −
(W

2
+ 8l + 8Xl1

)
01 + (^ + 8j)02 − 8601�21

†
2

exp(−8lP,2C) + �1(C),

(10.37)

¤02 = −
(W

2
+ 8l + 8Xl2

)
02 + (^

∗ + 8j∗)01 − 8601�11
†
1

exp(−8lP,1C) + �2(C),

(10.38)

¤1†
1
= −

(
Γ

2
− 8Ωphonon

)
1
†
1
+ 8601�∗102 exp(8lP,1C) + 5

†
1
(C), (10.39)

¤1†
2
= −

(
Γ

2
− 8Ωphonon

)
1
†
2
+ 8601�∗201 exp(8lP,2C) + 5

†
2
(C), (10.40)

where 601 is the single-particle Brillioun coupling coefficient. The fluctuation
operators � (C) and 5 (C) associated with the field operators have the following
correlations:

〈�†
1
(C)�1(C

′)〉 = 〈�†
2
(C)�2(C

′)〉 = W#thX(C − C′), (10.41)

〈�1(C)�
†
1
(C′)〉 = 〈�2(C)�

†
2
(C′)〉 = W(#th + 1)X(C − C′), (10.42)

〈 5 †
1
(C) 51(C

′)〉 = 〈 5 †
2
(C) 52(C

′)〉 = Γ=thX(C − C′), (10.43)

〈 51(C) 5
†
1
(C′)〉 = 〈 52(C) 5

†
2
(C′)〉 = Γ(=th + 1)X(C − C′), (10.44)

where #th and =th are the thermal occupation numbers of the SBL state and phonon
state. In addition, there are non-zero cross-correlations of the photon fluctuation
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operators due to the dissipative coupling:

〈�†
2
(C)�1(C

′)〉 = −2^#thX(C − C′), (10.45)

〈�†
1
(C)�2(C

′)〉 = −2^∗#thX(C − C′), (10.46)

〈�2(C)�
†
1
(C′)〉 = −2^∗(#th + 1)X(C − C′), (10.47)

〈�1(C)�
†
2
(C′)〉 = −2^(#th + 1)X(C − C′). (10.48)

All other cross correlations not explicitly written are 0.

Single SBL

We first study a single laser mode and its corresponding phonon field (01 and 12)
by neglecting ^ and j. By introducing the slow varying envelope with 01 = U1e−8lC

and 12 = V2e−8(lP,2−l)C , the following equations result:

¤U1 = −
(W

2
+ 8Xl1

)
U1 − 8601�2V

†
2
+ �1(C)e

8lC , (10.49)

¤V†
2
= −

(
Γ

2
+ 8ΔΩ2

)
V
†
2
+ 8601�∗2U1 + 5

†
2
(C)e−8(lP,2−l)C , (10.50)

wherewe have defined the frequencymismatchΔΩ2 = lP,2−l−Ωphonon. Neglecting
the weak Kerr effect term in Xl1, this is a set of linear equations in 01 and 12. The
eigenvalues of the coefficient matrix,(

−W/2 − 8Xl1 −8601�2
8601�

∗
2

−Γ/2 − 8ΔΩ2

)
, (10.51)

can be solved as

`1,2 =
1
4

(
−Γ − W − 28Xl1 − 28ΔΩ2 ±

√
1662

01
|�2 |2 + (Γ − W − 28Xl1 + 28ΔΩ2)2

)
.

(10.52)
At the lasing threshold, the first eigenvalue `1 has a real part of 0. This can be
rewritten as

1662
01 |�2 |

2+(Γ−W−28Xl1+28ΔΩ2)
2 = (Γ+W+28Xl1+28ΔΩ2+48Im(`1))2. (10.53)

Solving this complex equation gives the SBL eigenfrequency as well as the lasing
threshold,

`1 = −8
WΔΩ2 + ΓXl1

Γ + W , (10.54)

62
01 |�2 |

2 =
ΓW

4

(
1 +

4(ΔΩ2 − Xl1)
2

(Γ + W)2

)
. (10.55)
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The threshold at perfect phase matching (ΔΩ2 = Xl1) is usually written in a more
familiar form 60 |�2 |

2 = W/2, where 60 is the Brillouin gain factor [33]. Comparison
gives

601 =

√
60Γ

2
. (10.56)

We also introduce the modal Brillioun gain function for a single direction:

61 ≡
60

1 + 4(Xl1 − ΔΩ2)2/(Γ + W)2
, (10.57)

so that the threshold can be written as

61 |�2 |
2 =

W

2
. (10.58)

With the threshold condition solved, the matrix can be decomposed using the bi-
orthogonal approach outlined in Supplementary information 1. The linear combi-
nation that describes the composite SBL mode can be found as

U1 =
Γ

W + Γ

[
U1 − 8

601

Γ

2
1 + 28(ΔΩ2 − Xl1)/(Γ + W)

�2V
†
2

]
, (10.59)

where the factor Γ/(W + Γ) properly normalizes U1 so that U1 = U1 when only the
SBL mode is present in the system, and we have dropped its dependence on the
phase mismatch ΔΩ2 − Xl1 for simplicity. The associated equation of motion is

3

3C
U1 = −8

WΔΩ2 + ΓXl1
Γ + W U1 + �1(C), (10.60)

where the frequency term now includes a mode-pulling contribution so that the SBL
laser frequency is given by

lS,1 = l +
WΔΩ2 + ΓXl1

Γ + W . (10.61)

Also, we have defined a combined fluctuation operator for U1,

�1(C) =
Γ

W + Γ

[
�1(C)e

8lC − 8

√
1 − 28(ΔΩ2 − Xl1)/(Γ + W)
1 + 28(ΔΩ2 − Xl1)/(Γ + W)

√
W

Γ
5
†
2
(C)e−8(lP,2−l)C

]
,

(10.62)
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with the following correlations,

〈�†1(C)�1(C
′)〉 =

(
Γ

W + Γ

)2 (
〈�†

1
(C)�1(C

′)〉 + W
Γ
〈 5 †

1
(C) 51(C

′)〉
)

=

(
Γ

W + Γ

)2
W(=th + #th)X(C − C′), (10.63)

〈�1(C)�
†
1(C
′)〉 =

(
Γ

W + Γ

)2 (
〈�1(C)�

†
1
(C′)〉 + W

Γ
〈 51(C) 5

†
1
(C′)〉

)
=

(
Γ

W + Γ

)2
W(=th + #th + 2)X(C − C′), (10.64)

We can nowwrite U1(C) =
√
#1 exp(−8q1), where #1 is the photon number, q1 is the

phase for the SBL, and where amplitude fluctuations have been ignored on account
of quenching of these fluctuations above laser threshold. We note that amplitude
fluctuations may result in linewidth corrections similar to the Henry U factor, but
we will ignore these effects here. The full equation of motion for q1 is

¤q1 = lS,1 − l +Φ1(C), Φ1(C) =
8

2
√
#1
(�1(C)e

8q1 − �†1(C)e
−8q1). (10.65)

The correlation of the noise operator is given by,

〈Φ1(C)Φ1(C
′)〉 = 1

4#1
(〈�†1(C)�1(C

′)〉 + 〈�1(C)�
†
1(C
′)〉

=

(
Γ

W + Γ

)2
W

2#1
(=th + #th + 1)X(C − C′), (10.66)

and we identify the coefficient before the delta function,

ΔlFWHM,1 =

(
Γ

W + Γ

)2
W

2#1
(=th + #th + 1), (10.67)

as the full-width half-maximum (FWHM) linewidth of the SBL.

In the experiment, the frequency noise of the SBL beating signal is measured. To
compare against the experiment, we calculate the FWHM linewidth for the beating
signal by adding together the linewidths in two directions:

ΔlFWHM = ΔlFWHM,1 + ΔlFWHM,2 =

(
Γ

W + Γ

)2 (
1

2#1
+ 1

2#2

)
W(=th + #th + 1),

(10.68)
and then convert to the one-sided power spectral density (a:

(a =
1
c

ΔlFWHM
2c

=

(
Γ

W + Γ

)2
ℏl3

4c2&T&ex
( 1
%cw
+ 1
%ccw
) (=th + #th + 1), (10.69)
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where &T and &ex are the loaded and coupling & factors, and %cw and %ccw are the
SBL powers in each direction.

Two SBLs

Now we can apply a similar procedure to the two pairs of photon and phonon modes
with coupling on the optical modes. We write the equations of motion for the SBL
modes:

3

3C
U1 = −8(lS,1 − l)U1 +

Γ

W + Γ (^ + 8j)U2 + �1(C), (10.70)

3

3C
U2 = −8(lS,2 − l)U2 +

Γ

W + Γ (^
∗ + 8j∗)U1 + �2(C), (10.71)

where quantities with the opposite subscript are defined similarly. We note that the
coupling term involves the optical modes U1 and U2 only. However, no additional
coupling occurs between the other components of the SBL eigenstates U1 and U2,
and these states do not change up to first order of ^/W and j/W. Thus we can
approximate the optical mode U1 with the composite SBL mode U1. Within these
approximations the lasing thresholds are also the same as the independent case [24].
The equations now become

3

3C
U1 = −8(lS,1 − l)U1 + (^ + 8j)U2 + �1(C), (10.72)

3

3C
U2 = −8(lS,2 − l)U2 + (^

∗ + 8j∗)U1 + �2(C), (10.73)

where we have defined mode-pulled coupling rates ^ = ^Γ/(W+Γ) and j = jΓ/(W+
Γ).

We canwriteU 9 (C) =
√
# 9 exp(−8q 9 ) with 9 = 1, 2, and once again ignore amplitude

fluctuations. The equations of motion for the phases are
3

3C
q1 = (lS,1 − l) − @Im[(^ + 8j)e(8q1−8q2)] + 8

2
√
#1
(�1(C)e

8q1 − �†1(C)e
−8q1),

(10.74)
3

3C
q2 = (lS,2 − l) − @

−1Im[(^∗ + 8j∗)e(8q2−8q1)] + 8

2
√
#2
(�2(C)e

8q2 − �†2(C)e
−8q2),

(10.75)

where we have defined the amplitude ratio @ =
√
#2/#1 for simplicity. As we

measure the beatnote frequency, it is convenient to define q ≡ q2 − q1 from which
we obtain

3q

3C
= (lS,2 − lS,1) + Im

{[
@(^ + 8j) + @−1(^ − 8j)

]
e−8q

}
+Φ(C), (10.76)



180

where the combined noise term and its correlation are given by

Φ = − 8

2
√
#1
(�1(C)e

8q1 − �†1(C)e
−8q1) + 8

2
√
#2
(�2(C)e

8q2 − �†2(C)e
−8q2), (10.77)

〈Φ(C)Φ(C′)〉 =
(
Γ

W + Γ

)2
X(C − C′)

×
[(

1
2#1
+ 1

2#2

)
W(#th + =th + 1) + 2√

#1#2

(
#th +

1
2

)
Re(^e−8q(C))

]
,

(10.78)

Since both #th and ^/W is small, we will discard the last time-varying term and write

〈Φ(C)Φ(C′)〉 ≈ ΔlFWHMX(C − C′), (10.79)

where ΔlFWHM = Γ2/(W + Γ)2 [(2#1)
−1 + (2#2)

−1]W(#th + =th + 1) is the linewidth
of the beating signal far from the EP (see also the single SBL discussion).

This equation can be further simplified by introducing an overall phase shift with
q = q − q0, where q0 = Arg

[
@(^ + 8j) + @−1(^ − 8j)

]
and Arg(I) is the phase of

I:
3q

3C
= ΔlD − ΔlEP sin q +Φ(C), (10.80)

with

ΔlD = lS,2 −lS,1 =
W

Γ + W (lP,1 −lP,2) +
Γ

Γ + W

[
[(#2 − #1) +

l�

=g2
Ω

]
, (10.81)

Δl2
EP =

��@(^ + 8j) + @−1(^ − 8j)
��2

=

(
Γ

W + Γ

)2
[(
@ + 1

@

)2
|^ |2 +

(
@ − 1

@

)2
|j |2 + 2

(
@2 − 1

@2

)
Im(^j∗)

]
,

(10.82)

This is an Adler equation with a noisy input. It shows the dependence of locking
bandwidth on the amplitude ratio and coupling coefficients. Moreover, it is clear
that in the absence of ΔlEP, the beating linewidth would be given by ΔlFWHM. The
locking term ΔlEP sin q makes the rate of phase change nonuniform and increases
the linewidth.

The following part of analysis is dedicated to obtaining the linewidth from this
stochastic Adler equation. We define Iq = exp(−8q) and rewrite

3

3C
Iq = −8Iq (ΔlD + ΔlEP

Iq − I−1
q

28
+Φ). (10.83)
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The solution to the Adler equation is periodic when no noise is present. To see this
explicitly, we use a linear fractional transform:

IC =
(ΔlD − ΔlS)Iq + 8ΔlEP

ΔlEPIq + 8(ΔlD − ΔlS)
, Iq = −8

(ΔlD − ΔlS)IC − ΔlEP
ΔlEPIC − (ΔlD − ΔlS)

, |Iq | = |IC | = 1,

(10.84)
1
IC

3

3C
IC = 8ΔlS − 8

ΔlEP(IC + I−1
C )/2 − ΔlD

ΔlS
Φ, (10.85)

where we introduced ΔlS =
√
Δl2

D − Δl
2
EP (which has the same meaning in the

main text). The noiseless solution of IC would be IC = exp(8ΔlSC), and Iq can be
expanded in IC as

Iq = −8
ΔlD − ΔlS
ΔlEP

+ 28
ΔlS
ΔlEP

∞∑
?=1

(
ΔlD − ΔlS
ΔlEPIC

) ?
, (10.86)

where we have assumed ΔlD > ΔlEP for convenience so that convergence can
be guaranteed (for the case ΔlD < −ΔlEP we can expand near IC = 0 instead of
IC = ∞). Thus the signal consists of harmonics oscillating at frequency ?ΔlS with
exponentially decreasing amplitudes. The noise added only changes the phase of
IC (as the coefficient is purely imaginary) and to the lowest order the only effect of
noise is to broaden each harmonic.

The linewidth can be found from the spectral density, which is given by the Fourier
transform of the correlation function:

,� (l) ∝ Fg{〈I∗q (C)Iq (C + g)〉}(l), (10.87)

and the correlation is given by

〈I∗q (C)Iq (C+g)〉 =
(
ΔlD − ΔlS
ΔlEP

)2
+4

Δl2
S

Δl2
EP

∞∑
?=1

(
ΔlD − ΔlS
ΔlEP

)2?
〈IC (C)?IC (C+g)−?〉,

(10.88)
where we have discarded the 〈IC (C)?IC (C + g)−@〉 (? ≠ @) terms since they vanish at
the lowest order of ΔlFWHM.

To further calculate each 〈IC (C)?IC (C + g)−?〉 ≡ �? (g), we require the integral form
of the Fokker-Planck equation: if 3- (C) = `(-, C)3C+f(-, C)3, is a stochastic dif-
ferential equation (in the Stratonovich interpretation), where, is a Wiener process,
then for 5 (-) as a function of - , the differential equation for its average reads

3

3C
〈 5 (-)〉 = 〈(` + f

2
mf

m-
) 5 ′(-)〉 + 〈1

2
f2 5 ′′(-)〉. (10.89)
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Applying the Fokker-Planck equation to �? (g), with the stochastic equation for IC ,
gives

3�? (g)
3g

= − ?〈8ΔlSIC (C)?IC (C + g)−?〉

+?〈
[
ΔlFWHM

2Δl2
S

(
ΔlEP

IC (C + g) + I−1
C (C + g)

2
− ΔlD

)
(ΔlEPIC (C + g) − ΔlD)

]
× IC (C)?IC (C + g)−?〉

−?(? + 1)〈ΔlFWHM

2Δl2
S

(
ΔlEP

IC (C + g) + I−1
C (C + g)

2
− ΔlD

)2

IC (C)?IC (C + g)−?〉

(10.90)

≈
(
−8?ΔlS − ?2Δl

2
D + Δl

2
EP/2

2Δl2
S

ΔlFWHM

)
�? (g), (10.91)

and �? (0) = 1, where again 〈IC (C)?IC (C + g)−@〉 (? ≠ @) terms are discarded. Thus
completing the Fourier transform for each term gives the linewidth of the respective
harmonics. In particular, the linewidth of the fundamental frequency can be found
through

,�,1(l) ∝
ΔlFWHM

(l − ΔlS)2 + Δl2
FWHM/4

, (10.92)

with

ΔlFWHM =
Δl2

D + Δl
2
EP/2

Δl2
S

ΔlFWHM =
Δl2

D + Δl
2
EP/2

Δl2
D − Δl

2
EP

ΔlFWHM. (10.93)

We see that this result is different from the Petermann factor result, which is a theory
linear in photon numbers and does not correctly take account of the saturation of
the lasers and the Adler mode-locking effect.

From the expressions of ΔlD [Eq. (10.81)] and ΔlEP [Eq. (10.82)], the beating
frequency can be expressed using the following hierarchy of equations:

ΔlS = sgn(ΔlD)
√
Δl2

D − Δl
2
EP, (10.94)

ΔlD =
W

Γ + WΔlP +
Γ

Γ + WΔlKerr, (10.95)

ΔlP = lP,1 − lP,2, (10.96)

ΔlKerr = [(#2 − #1) =
[Δ%SBL
Wexℏl

, (10.97)
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where sgn is the sign function and we take Ω = 0 (no rotation). For the Kerr shift,
Δ%SBL = %ccw − %cw is the output power difference of the SBLs, and Wex is the
photon decay rate due to the output coupling. The center of the locking band can be
found by setting ΔlD = 0, which leads to ΔlP = −(Γ/W)ΔlKerr.

We would like to remark that the equation for locking bandwidth ΔlEP in the
main text does not contain the phase-sensitive term Im(^j∗). This terms leads to
asymmetry of the locking band with respect to @ and 1/@ and has not been observed
in the experimental data. We believe its contribution can be neglected. In other
special cases, Im(^j∗) disappears if there is a dominant, symmetric scatterer that
determines both ^ and j (e.g. the taper coupling point), or becomes negligible if
there are many small scatterers that add up incoherently (e.g. surface roughness).
This term can also be absorbed into the first two terms so the locking bandwidth
is rewritten using effective ^, j and a net amplitude imbalance @0. Thus power
calibration errors in the experiment may be confused with the phase-sensitive term
in the locking bandwidth.

Technical noise considerations
Here we briefly consider the impact of technical noise to the readout signal. Two
important noise sources are temperature drifts and imprecisely-defined pump fre-
quencies, both of which change the phase mismatchΔΩ. For a single SBL, the phase
mismatch is transduced into the laser frequency through themode-pulling effect [Eq.
(10.61) and (10.81)], which gives a noise transduction factor of W2/(Γ + W)2. With
W/Γ = 0.076 fitted from experimental data, the mode-pulling effect reduces pump
noise by −23 dB. The Pound-Drever-Hall locking loop in the system also suppresses
noise at low offset frequencies. For counter-pumping of SBLs, the pumping sources
are derived from the same laser, and their frequency difference is determined by
radio-frequency signals, thus the system has a strong common-mode noise rejec-
tion. Within the model described by Eq. (10.81), the SBL frequency is dependent
on the pump frequency difference only, and features a very high common-mode
noise rejection. Other effects that are not considered in the model (i.e. drift of
frequency difference between pump and SBL modes) are believed to be minor for
offset frequencies above 10Hz, where the Allan deviation shows a slope of −1/2
corresponding to white frequency noise.
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