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ABSTRACT

The theory of the steady-state burning of a single spherically-
symmetric liquid monopropellant droplet in an infinite inert atmosphere
is formulated. Numerical solutions for the temperature and composition
profiles and burning rate are obtained in the case of a one-step chemical
reaction of the second order. It is shown that the size and location of
the reaction zone depend strongly upon the activation energy. Approxi-
mate analytical solutions for the burning rate which are valid for large
activation energies are obtained for arbitrary chemical reactions. The
results indicate that the mass burning rate is proportional to the droplet
radius raised to a power which varies from two at small activation
energies to unity at large activation energies,

The Shvab-Zeldovich formulation of the problem of burning of
initially unmixed systems is developed and applied to the case of a
single fuel droplet burning in an infinite oxidizing atmosphere. Some
simplification over other methods for treating this problem is obtained,
and the burning rate is shown to be unaffected by a distributed reaction
zone when the Lewis number is unity.

A general statistical formalism for describing the behavior of
sprays is presented, which includes the effects of droplet growth, the
formation of new droplets, collisions and aerodynamic forces. The
method is applied to the problem of the determination of the size
distribution of a spray formed by the impingement of two streams of

droplets of known properties, It is shown that if the two incident jets



have a size distribution of a generalized Rosin-Rammler type, then

the resulting spray belongs to the same class of distributions. The
size history of evaporating sprays is allso obtained from the theory. A
spray combustion analysis given by Probert is extended to include more
general size distributions and the effects of droplet interactions and
relative motion of the droplets and the fluid. It is shown that sprays

of a uniform size yield the highest combustion efficiency.
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PREFACE

This manuscript is composed of three separate theoretical problems
in heterogeneous combustion, We begin by considering in detail the
steady-state burning of a single liquid monopropellant droplet. Numerical
results for the temperature and composition profiles and for the mass
burning rate for second-order reactions, as well as approximate
analytical expressions for the burning rate for arbitrary reactions, are ob-
tained,

In Chapter II we turn our attention to the opposite problem of
initially unmixed reacting systems and develop the general formalism of
Shvab and Zeldovich for treating such systems, This formalism is
applied to the burning of a single fuel droplet in an infinite oxidizing
medium and is found to yield the droplet burning rate with a minimum
number of assumptions regarding the chemical reaction rate,

The last topic treated (Chapter III) is that of sprays, for which a
general statistical formulation is developed, which is capable of describing
a large number of spray properties and processes. In order to illustrate
the use of the theory, the problems of spray combustion and impinging
jet atomization are considered., The results of Chapters I and II are
needed in the spray combustion problem in order to determine the
burning rate of sprays.

Each chapter is divided into parts (denoted by capital letters),
seétions {denoted by Arabic numbers), and sometimes sub~sections

(denoted by small letters). In order to avoid confusion in notation



we present a list of symbols at the beginning of each chapter. In
addition, a complete introduction is given for each chapter. The
equations are numbered consecutively in each chapter, and when an
equation of another chapter is referred to the chapter number is indicated
by Roman numerals; e. g., Eq. (II-17) is Eq. (17) of Chapter II, Super-
script numbers in parentheses refer to references listed at the end

of this thesis,
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Chapter I

THEORY OF THE BURNING OF MONCUOPROPELLANT DROPLLE

Hag

List of Symbole
Constant d@%@rmimng fluxe fraction [ gee Xq,. Q%ﬂ .

Frequency factor for chemical reaction rate,

Constant determining lux freciion leme 1. @%)] .

Average specific heat at consgtant pressure.
Constant determining mase fraction [@e@a g, (59 3] .
Diffueion coefficient,
Droplet diameter,
Functions of £p defined in Ege. {38), {81), and {107}.
Integrals defined in ©ge, (39), (82), and {108).
Dimensionless enthalpy of formation,
An integral defined in iq. {48).

Enthalpy per unit mase of species j.
| r

Droplet evaporation constant  see Iq. MA@?} .

Lifective Lewis number,

Molecular weight,

Average molecular weight,

Mase f!.msf rate {gm/oec),

An integer éhﬁ&raetwiﬁiﬁg the type of first-order reaction,
Order of the reaction,

E«zytirmsméie presgurs,

Heat of reaction,

Universal gas constunt,

Distance from the center of the droplet.
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Thermal conductivity,

2y

Steichiometric coefficient for a rasctant,
Btoichiometric coefficient for a product,
Density,

Bimensionless digtance m’ry .

Equivalence ratio,

Rate of production of chemical specles per wnit volume,

Subsecripts
Poeition at which 50% of the reaction has been completed,
E}‘u@:?,, |
Final conditions after combustion has been completed, at r=a,
A chemical gpecies,
A chemical species,
Conditions at the surface of the liquid droplet.
An inert e@mp«@meﬁi.
Oxidizger,
Initial condition,
Products,

An elementary reaction step.
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A, WITROLUCTION

Ve begin this dissertation by treating in detail the steady-state
burning of single liguid droplets of monopropellant in an infinite inert
atmosphere. ‘This problem is similar to the one-dimensionsl premixed
ﬁamwmr flarne problem, but the spherical symmetry introduces some
edditional complications, The solution is necessary for a basic under-
standing of the combustion mechanism in Uoguid monepropeliant rocket
notor s,

While the diffusion flame bursing of single fuel droplets has
been exhausgtively studied in éhge literature, ¥ it appears that vivtually
no comgiderdtion has been given to the monopropellant counterpart of
this problem with the same geometry, The only theoretical investi-
gation that has been gm%;&iaﬁwﬁ appears to Be that of Lorell and Wi&zeéw
in which they solved mm‘zmric&lly the governing equations for a zz‘wn@;
propellant droplet with i’w.ﬁ:&wm*ﬁaf chemical reaction, In addition to
carrying out numerical s@mtﬁmw for pucond-order reactions similay
to those of M@mi& and Wise, we obtaln approximate analytical ex-
pressions for the stecady-state maes burning rate in limiting cases,

Although ¥ zlayi ) was unable to produce the steady-state burning

of monopropelilant droplets in aa inert atmosphere, fortunately some

experimental regulte have been given by | Barrere and m@mmt{ ) and by
2 ere (4}
Rosser, Rosger measured the buraing rate of nitromethane,

wdrasine and ethyl nitrate dr @“"ﬁiﬁ:%@ by use of a porous apbere apparatus,

£

“ee, for example, reference 20,
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In the ewperiments of Harrére and Moutet droplets of ethyl nitrate,
propyl nitrate, hydrogen porouide, and some fuel-pitric acid mixtures
were suspended on e;;zmméz fibers and the rate of change of droplet
dameter with time was measured during burning. Itis theze results
with which we compare our theovetical prediciions,

Yince the details of solution of the problem are found to depend
to a certain extent upon the order of the *:am-é@mmpﬁmg step of the
chemical reaction, the analysis here is divided according to %hémm
the reaction is of gecond ovder {(Part 1), firet exder (Part r“’“}, or
higher order (Part D). After deriving from besic principles the g@vm’mu
ing equations for the second-order process, we put the equations in a
dirmensionless form which is raost suitable for the analysis., Solutions
for the mele fraction distribution of the chemical species as a function
of temperature alone arve obtained for the special case of adiabatic
burning when the Lewis number is unity., The method of complete
namerical solution and the approximate solution for the burning vate ars
then given in Section P11,

After discussing the nature of the sclutions and cosuparing them
with experiments, we proceed to coasider ways in which the anslysis
and resulte can be eutended to more general cases. Thus in Section
P15 we indicate that the restriction of Lewis number egual to unity ig
not egsential for the results to be valid, The necessary modifications
in the analysis to account for the effects of conduetive heat transfer to
the surroundinge and the presence of an inert component are alse pointed

out,



The conditions under which the analvels may be extended to
gystemns which obey first-order chemdcal kinetic equations are
derived in Part €, It is shown that there ave ﬁ@-&:wemﬁal modifi-
cations of the resulte, In Part D we present a general formulation
of the monopropellant droplet burning problem which ie valid for
reaction kinetics of any order and an arbitrary aumber of chemical
reactions, Necessary conditions for the applicability of the previous
results are stated, ‘The wide renge of considerations presented in this
chapter should indicate useful methods for attacking problews of

combustion in premixed spherically-symmetric systems,

B, BRCOND.ORDER RINETICE

1. Definition of the Problem

We shall investigate the problem of & single liguid droplet of
mwonopropellant burning steadily in a atill am;:em;’-;??imx@. The case cone
sidered is that in which the arrangement is spherically symmetric and
the only coordinate of immportance le r, the distance from the center of
the drop,  4n attempt will ke made to congtruct a complete theory,
including both diffusion and chemical kinetic effects, for predicting the
burning rate of the droplet and other phygical properties of the systews,
‘the conservation eguations for mass, momentum, and energy, as well
ag the cheimical reaction rate eguations, mmust be satisfied. In the
couree of the development it will be found necessary to introduce a
number of simpliflying assumptions which are surmivarized in detail in
Appendix A,

Let us consider a veaction involving three components, fuel



b

symbolically denoted by ¥, oxidizer denocted by &, and products

-
i

identified by the subsgcript P, The system ip illustrated schematically
in Pig, 1. Fuel and oxidizer evaporate frewm the monopropellant droplet
surface at its boiling point f}q . ‘The subscript | refers to the cone
ditions at the surface of the droplet while f will denote final conditions

after burning is completed, which will be obtained at an infinite distance
from the droplet, r = co. The fuel and oxidizer diffuse radially oute
ward from the droplet surface, are continuously heated, and reach a
temperature at which they begin to react rapidly., inergy liberated by
the reaction is conducted to the droplet surface and causes more
reactants to evaporate, We shall treat stoichiometric and oxidiser-
rich systems in which cage after eompletion of the reaction either
product or product plus some oxidizer will flow toward infinity, In
view of the symmetry between fuel and mfméim@? in the chemical reaction
it i elear that results for an ouidizer-rich svstem will apply equally
well to a fuel-rich system provided all quantitics referring to fusl and
oxidizer ave interchanged

Threughout the analysis the assumption of steady-siate m@nﬁs‘l&é@m

will be made which lmplise that all partial derivatives with respect to
time are sero, This is rigorously true only if the droplet is continually
supplied with menopropellant from an internal gource in order to maine
tain a constant diameter, It ip reasonable to @@gwaam@ that for droplets

which do not burn extremely rapidly the solution thus obtained would

HSee, however, £l Wakil et al, reference 21,



apply even when no m2ss is being added to the droplet, This has been

a basic assurnption of nearly all theories of droplet combustion,

2. Mapes Conscrvation

i c'ujﬁr} is the rate of production {mase per unit volume per
gsecond) of chemical species j at the position v, and ééir)E/o;vjj/Ov
] 3
is the flux fraction of component § at r, then the conscrvation of mass

of this species is expressed by the relation

. 1 el 2
c,oémv (/JVEj%m ?:-zi; {z /0ij) (1)

where ﬁér) is the mass density and vir) is the velocity of the fluid at
r. The subscript j may refer to either {fuel, onidizer, or z:af@duﬁzi,
Bumrring fg. {1) over all components j, we obtain the @vm’éﬂ continuity
eguation _

%%r%pvw@a} = @.-.
the integral of which is

B E.i%wrapv = constent, {2}

Here use has been made of the conservation of maese in chemical

w, = 8,
E 3
j .

reactions,

and the fact that

g Eja Ert EptEp=l {3)
j .

which follows from the definition of the flux iraction £§° It i seen that

fr. is the total mass flow rate and therefore must be constant in a steady-



gtate gituation, The burning rate b is the most important quantity that
is to be determined,
Since mass of & chemical component can be transperted by cone

vection or diffusion, the flux {raction of species j is given by the relation
v€, = ov¥, + PV Y
/D J £ J F 4 3

oF

"ir‘"i :
Y e
E;ém .fjél-t--w% } {4}

where ‘Yi%ﬂ E/Oj /P is the mags fraction of epecies  and ‘Vjﬁr} = Vv

L

is the diffusion velocity of species §, It ie clear from the definitions

that
Z Y.V, =0
ol
§
and
ZYS =W+ Yo+ T =L (3)
j .

3, Momenturs Congervation

While the general momentum conservation cguation written in
vector notation is somewhat complicated even in orthogonal curvilinear
coordinates, this equation can be writien guite compactly in tensor
notation in a forve which holde in non-orthogonal coordinate systems as
well, In order to illustrate the relationship between these two notations,
the {form of the momentumn equation applicable to f;ﬁ%ﬁg spherically
syminetric problem ie deduced from the general tensor forin of the

equation in Appendix B, The resulting steady-state eguation in the

absence of exterasl forces and viscosity is
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dp , dw
EervE e

where p is the hydrostatic pressure, Dguation {i-12) can be written in

the squivalent form

dgﬁ:@ " ~/ov2" d{nv ()
ar o dar °

which shows that if the hydrostatic pressure is very much greater than
the moementun of ordered motien tranaported per unit area per second
then

ﬁgﬂv
dr

} dgm@ ) 7)

dr

It can casily be scon from the continuity and energy egquations of cur
problem that the ivactional change in velocity g of an order of magnitade
comparable to that of the other variebles, Therefore, in comparison to

all other gradients in the problem, the relation

éQX‘gE = 0
ay

is valid, whence

p = constant | {8}

ig the solution of the mowentam egquation,

finee the shoer stregses are proportional fo velocity gradients,
the viscous forces will be very small even in & viscous fluid provided
the velocity gradients are sufficliently small, The kinetic theory of
gascs shows that g}mﬁ&g where ¢ is the average velocity of 2 molecule,
This implies that assuming p >> /Dv'z' is eguivalent to agsuming that the
energy involved in the ordered motion of the ges is wwuch less than ite

thermal energy, i.e., the Mach number is low, Thus, for the high



i1

temperatures eancountered in droplet burning and ﬁmﬂ the low velocities
and velocity gradients involved, constant preesure is an acceptable
approximate solution to the momenturn eguetion, {This argurment is
much the same for all geometries and the conclusion '.?:mi«:iéi’@r any

d@ﬁmgrmmﬁ. )

4, Chemical Reaction Kate

(28

Fhe wc@ﬁaw@rder chemical reaction that we ghall mvmatz.gmu
in this part is written symbolically ss 7 + ﬁy—)& . It follows thai the

rates of production of the three specier by c:?fmmm&% reaction @h@ﬂy the

relations
1 ; 1
I3 o M T e Co T & W
Py & pit ‘U a—.w 5‘9
E o e

where ‘"ﬁj ig the gram meleculay welght of species j. From igs, (1)
and (2) it then follows that

d4€ de .. de

1 ) Ef - 3 ol - i 15:& gr}}
3 e .y A o k
S ¥ dy M o dy 204 £ ax

the integral of which ié

1
T (€t

,ﬁ‘

"'E»‘

O i; (16)

T v

o
cCape
o = 25 explat [T} 2%y Yo
2 i BRDE -, L i
2 3 & w P i.‘zi?ﬁ BA

e @ £ 3 “} 2
where B{T)is the {requency factor {in seec  volume/mnole) and I d.w the

L ‘
See, for example, Section I & of reference 5 for a discussion of the
gencral rate equations, T
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activation temperature for the reaction. It will later be assumed for
convenience that B is constant, but this is not essential for the appli-
cability of the method of solution to be used. If use is made of Egs.

(1) and (2), then the above relation becomes

de 2 Y_ Y
P 4nr 2 F 0O
o =~ 2B Mpp exp(—Ta/T) —-—F -——MO . (11)

5. Energy Conservation

As with the momentum equation, the equation of conservation
of energy can be deduced from the general energy equation derived from
kinetic theory. However, it is more convenient to use an elementary
derivation here. Energy may be transported across a surface by macro-
scopic motion of the gas across the surface (diffusion and convection)
and by conduction {thermal motion of particles) across the surface., If
A is the thermal conductivity of the miXture, then the total energy flow-
ing through any spherical shell of radius r about the droplet is

m(EFhF+ € h

2y dT
o O+ EPhP) ~4dqr >\—-——dr

where h_, h

F o’ and h

p are the total enthalpies per unit mass for fuel,
oxidizer and product, respectively.

Since the net energy flowing into any region must be zeroc in order
for a steady state to exist, the energy flux must be a constant. At the
surface of the droplet, the energy entering the droplet by conduction
mus.t be equal to that required to vaporize the monopropellant, If Al

is the heat of vaporization per unit mass then this energy is thAl. The

equation of conservation of energy can therefore be written in the form
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. 2y dT
W(E R + Eho + Ehy) —dnr A ==

:fn(EF,QhF’J(+ €o.4Pogt EP,QhP“Q )-rn A (12)

where the constant energy flux has been equated to its value at the

surface of the droplet,
We define the mean specific heat of the mixture by the relation

- 1 , o
o T-T, l:EF(hF B F Eglhghg)  Ep(hp-hY)

r AP - ) - €6,1%0,9 -bG) - €p g (bp g 'hqpﬂ (13)

where the superscript o refers to a standard reference temperature,

Equation (12) then becomes

2y dT .
4rr /\\-a—;: ) Al+ (QF-@ 2 h + (EO_EO,Q )h

O ———
+ (ep-ep,Q hp + cp(T-—TQ ) (14)

We notice that, for the particular case in which the specific heats of all

three components are equal, Ep as defined in Eq. (13) reduces to this

common specific heat by virtue of Eq. (3).

By using Eq. (10) to replace £ P eF,Q and EO EO,,? in
terms of EP—EP 9 in Eq. (14), we obtain the relation
24 dT . —
drr A== =1 |A) —q(éP-EP’Q)-!- cp(T—Tg {l (15)

where q is the standard heat of reaction per gram of products and is

given by
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M M
1 F ,o 1 O o o
=7 M, hpts M, hg-hp. (16)

In order to be definite we shall assume that the mean specific

heat varies so slightly that it may be taken as constant and equal to

— 1 o o o)
1 e ] ] ;
s T, [ F,i0r, s BE) T € B Rl t Ep flhp hp)

O o

o
—hO) - eP,,Q(hP,,Q —hp)]. (17)

F00r, 00 E) “Eo 3P0 g

This equation is rigorously valid only when the specific heats of all

components are constant and equal, but usually the heat capacity varies

e

so slowly that Eq. (17) will be an excellent approximation, " Also in
order to be specific, the thermal conductivity will be assumed to be

proportional to temperature, as predicted in a first approximation for

Sk

Maxwellian molecules from kinetic theory; i.e.,

A= )\f,—rT— ) (18)
£

6. Diffusion

In order to make use of Eq. (4) it is necessary to obtain ex-
pressions for the diffusion velocities, Vj' It is a good approximation

to neglect thermal diffusion effects which are much smaller than the

Any other temperature dependence of €, could be assumed if a par-
ticular problem merited it, and this dependence could be rechecked

a posteriori. This would not affect the method of solution to be used.
fe e -
g See, for example, reference 6, Sections 9,82 and 10,32,



. . e . .
crdinary concentration gradient diffusion, Then, to {iret order in a
Zonine polynomial expaneion for the diffusion coefficients, %he. following

sl
relation Zwlds:m

“Q}\Z l‘f‘ré»ii
ot {19
i

where xgm is the mole fraction of species j and Eﬁj is the binavy

diffusion ¢oefficient for species { and j. A derivation of Eg. {(19) from

the point of view of elementary kinetic theory is presented in Appendix C,
The mole fractions are related to the weight iractions through

the eguation

xi}%’;i z&eﬁiKi
?i = - E - . éa@§
M
E M.¥, o
;9 i

by
it
H

where M =5 E%ﬁ ”‘éf, is the mean molecular weight of the minture, Dy

subgtituting Egs. M} and {20} into Zg. (19) one obtains the relation

X € K€ '
“Eﬁ? “ X%‘“ i, "M il 21)

In ozder to aveoid numerical integration we find it necessary here
to intreduce two simplifying assumptions, The molecular weights of all
three components are teken to be agual,

‘ffz‘a EMQ = i, = B4

and all three binary diffusion coefficients are assumed equal,

*  The thermal diffusion coefficient ic identically zero for Maexwellian
molecules,
B

See reference "3’, Section 7.4 e 1.



The first of thess agsumptions will often be nearly corrvect in hydro-
carbon~oxvgen flames for example, The second agruinption is perhaps
the most drasgtic one made in the analysis; however we expect it to
hold in some cases, particularly when the molecular weights are
nearly equal,

With thees two assumptions the mole fraction becomes equal
to the weight fraction,

@p »
(c'i“fk. w tg: v §

J

and in view of Eq. {2}, Bg. (21) becornes

ax, ;
i 2.. F@Zm EEEN! {22)

By use of Zge8, (3) and (5) this ecquation can be written in the fory

ﬁ:‘}{5‘. ﬁ’“
o 2 w.._.‘? gf; - €. ") {23)
d dur /Om )

where i ma%;} refer to fuel, oxidizer, or product,

We shall asgume that the binary diffusion coefficient divided by
the thermal conductivity is proportional to temperature as is predicted
by first-order kinetie theory for central force molecular models, ® By

using Zq. {13) we then obtain the relation

b = b, (- f )Z . (24)

o . \ .
Yee, for example, reference &, Sections 9, 1 and 10, 3,
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it will nlso be aspumed that the ideal gas law holds;

- (251
Since presgure is constant, Eq, {25) can be written in the alternate
form T§*

P Pp T ‘ {258

7. Dimensionless Form of the Coverning Kquations

Eguations {10), {11}, {15}, and {23) provide seven relations for
the seven unknowas, ﬁf‘%. éij. and T as {unctions of ¥, The mass flow
rate v ie an eigenvalue of these equations., The fact that all of the
eguations are of the first order will enable us to obtain an approximate
analytical solution,

Defore proceeding with the solution of these eguations, it is con-
venient to introduce dimensionless variables, We define the dimension-
ieen ﬁempgxamw and radial ¢coordinate za O = ":&'/"Tf and 0= r/“rj
respectively, Then, becaunse of the equality of the molecular weights,

the fact that X = ¥, and Eq, {25a), Tq. (}1} becomes

3
dée 4ur 2
B P 2B 20 ro :
do © T a4 /Of p & @%pgﬁﬁ@fﬁy‘}*g“x@’ 126}

i the dimensionless heat of vaporization of the liguid in the droplet is

defined a8 @ z&ﬂ/fé"?frf. then in view of Zq, {18}, ¥g. {15) reduces to

dpr, )\ ' ‘
g ¢ 2,40 : : .
— S o conBrn (€ - v
— - o ﬁdo__ = d = (€q 833.9 ¢ O % . (27}
P pf

By using Eqs. (24) and {258), the dimensionless form of Bq. (23) is



Ptk
o0

found to be
, .
X, a4 1 FeE

ao—_ 'é??!i@ /%mf 0\2}&‘ *

(28)

The dependence on temperature of all physical parameters enter-
ing into the problem has been specified, It will therefore be convenient
to treat temperature as the independent variable insgtead of the distance,
r, After discussing the boundary conditions, a perticular solution for
the mele fractions X ; as functions of the temperature T will be de-

. . e trs e {5) .. o
termined by the method of von Karman and Penner, The energy and
reaction rate eguations will then be combined and integrated approwi-

mately to obtain a relation for the mass flow rate, th,

8, Doundary Conditions

The solution of Tige, (26), {27) and {28) will depend upon the
boundary conditions imposed at the droplet surface and at v = w, Itis
guite obvious that at the droplet surface the relations 0 =1 and & z:ﬂip
hold, while at r = o we find by definition that 0= @ and =1, The
boiling point "3‘9 iz known @nd the final temperature ii‘f must also be
given to determine 01 . We shall conpider only the case of adiabatic

o ‘
burning in which there is ne heat conduction at r = @, The left-hand

B s . .
This is expected to be very nearly true for droplets burning in & come

bustion chamber in which the surrounding temperature is near the
adiabatic flame temperature, However, for a droplet burning in an

stmogphere at room temperature the energy transferred to the purround.

ings may be of the same order of magnitude as that transferved to the
liquid drop. 7The modifications which arise in the non-adiabatic case
are digcussed in section D.1éb,
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side of Z’q. {27) then goes to zero as 0 approsches unity and we find

i- % +a
— = - ' Qa?%
@E} if Ep,f“ EF.Q
ihis egustion determines '.%?."’{ and hence OP in terme of Ep' g 6?. 9°

and physical constants, Since the heat of vaporization Al is ususlly
mueh legs than the heat of reaction g€ - € }o it is seen that T, is
B,{ B,Y £
nearly the ordinary adisbatic flame temperature, T, +{€_, €. Ja/c .
{ B, f P, o
We assume that the mixture is uniform at infinity which {yoplies
that as r—> oo the concentration gradients will go to zero more rapidly
than l/r@, This indicates that the diffusion velecitics will approach sero
and alseo Em@ . @aa}] Ej £ Eé’:j ff@f all components at r=w, Furthere
] » v
more, assuming for convenience an oxidizer-yrich or steichiometric min-

ture, we find that €. 50 because all of the fuel will eventually be busned,

F, »
It will also be assumned that no liquid~phase reaction sceurs and

. , N
that there is no product present in the droplet, In this cage no product

The case in which liguid-phase reaction dees occur can be treated by
the same method provided the following information is available: {(a)
The extent of liguid-phase reaction must be given in order to de-
termine 6?‘2. {b) The effect of beat liberation within the droplet
upon the energy flux scross the droplet surface must be obtained,
{This will usually be possible by a simple energy balance,) Since
little ip known about the mechanism of liguid-phage monopropellant
reactions it is difficult to provide the information required in {(a).
For many monopropellants virtually no reaction occurs at tempeme
tures below the boiling poiant; therefore € B, =0 is an excellent

approximation in these caaes.
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%9

can flow out of the droplet, i,e., € 0 =3, The concentration
& :
gradients do not neceasarily go to sevo at the droplet surface, hence

:{,}sQ# Eéu,o

The Vaiae@ of &, and €. 5, 4 will depend upon the fual-

0

owidizer ratio in the r@pi@% and upon the mechanism of evaporation,

in gem@ral.

We may define § as the ratio of fuel to oxidizer evaporating {rowm the
droplet, J = & w0 E N and note that this is the fuel-oxidizer ratic
within the droplet only when fuel and oxidiger evaporate in the same
éa@;w in which they are present in tha dr@pi@& which need not be the

case even for components of equal volatility. The relation J <1 will

hold for a non-fuel-rich system. ILoguation (3} implies that e N
LY

S/{8+1) and 6{; = 1/{5+1)., Since f”@ ©g. {10) yields the
relations €y 6™ ii 5 3/{S+1) and €y B, 2 257/(5+1)., The chemieal

reaction, the absence of conduction an:d diffusion at infinity, and the
physics of evap «:zz'*zamm of the dreplet thus determine all the boundary

values except X, g" The guantities }iij 0 are obtained from the solution
] #

{28) and cannot be determined before solviag the problem
Eguation (5) determines ¥ in terms of X . and X while Hges.
o : » B &

{3) and (10} give 8@ and &;f{:f“ as fvnctions of E? The problem
therefore espentially consiste of four first-order differential equations
in the four unknowns, i‘r{ s Ko E =y and 0. I hag been sesn that the
B oo R 1o v iy g 5 » S s —
boundary conditions, X, ., ¥ S €., - and O,=
GunRaARrs v tee tegt Cee G0 §= 1 ave
determined, Thus there ave four first-order squations and siz boun-

dary conditions, ’”“‘E:ié; mplies that the problewm may contain two eigen-

values, one of wm@h i fn, We shall obtain a consistent solution by
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sdjusting only % which ssm,ws mm; @miy one eigenvalue exiots for the

?mmadmy @@n@ﬁmn@ chosen here, This arises from the fact that all

iptegral curves pass EE r@agh the point 0 = o,

9, Solution for :"W” with at-f.-z
»

In the speecial case in wzmm the dimensionless ratic /\y‘r‘/@ﬁ“’f@ga"
iz unity, an euxplicit solution f@zﬁ the mole fractions ¥ €(9§ can be found,

®

his has &ﬁﬁf@&ﬂ‘y bwem pointed out for ong-dimensional flame problems

t::vy ﬁ@mmmvé 3 and von Earmén zmd ?emm%r. and ie roadily extended to
@gmerﬁcali y atyic @a%@.é b

By multiplying Eq. (28) for the product, 3, by

.{:}}g
P W iy xg . o. 9 N . 2 o 5
ﬁaﬁ"’ﬁfi‘,‘k Jéa) /Ogﬁﬁ@@g / @g}‘.@ §;‘§0* 4 and sabiracting the vesult {rom B, {27)

7.

we find for the case ﬁ? /Oa@ that
. : H]

w-gm =2 0% ( a7 L .9 L )
i ao N e::p £ a0
= & ?/ + 5 - ‘;?F""“‘E;f “f&*ﬁ igéﬁ}

where ii—? )\’fi/ofji‘.;?gfg i8 an ﬁi‘a,n%vm ;mari@ number for the problesm,
When the Lewis number is umﬁ'y { ;ﬁ%) B, 43@3 can be in%sgz’&&m IR e

plicitly and hao a particular solution

. n £
j""is B comcnagom @ w
p g L99

i
(25
g

+Q§v{ g

L, & LY F . -l . e 3 &
This differe from the result of von Xarman and Peoner only in the

Section b)) of reference 5,
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‘ presence of the term & which ig due to heat conduction across the
cold boundary, an effect that is abgent in the one-dimensional case,
Sirnilarly, in £q. (28) for the fuel (i=F), one can multiply wy
Bﬁ’ﬁém'f /h )/~>§ QQJC 1 £§0~' & and use Hq. {19) to express Ej m

terme of éﬁ and € 5, 0 I the result is added to q. (27) then the
0

expression
i e “X - 9:30“
[ a
P .
= + 04 2 e (1€ {32)
1 i .‘»“f gQ

cpsf

iz obtained which, when im 1, hag the particular sclution

e T '
) 1 £
f  m £ ot JBLE o
Hyp o= ¥ % T {0 ﬂj +o) . {33}

If use is made of the boundary condition expressed by kq. (29),

then Kge, {31) and {33) become

G-8,+2 |
X? = E@,ﬁ T %ﬁ.;,&. (31a}
and
G=-8,+a
« 1 ‘ 1 1=
L= . L " - 2 e . o - TN
YT Cp 0t F Cp TR YT 3 Co ¢ To5 3% (83a)
£ {
where use has been made of 5g, {10) and the fact t:fmt g, e ®, ) ={,
)

In this form it is obvious that these solutions s@&éimy the proper
boundary conditions at J=1, In addition, they provide the remaining

boundary values for the mole fractions at the droplet surface,
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p g = 5‘,5&.9 {1~ 517 3i€1~(5r0 +oC)

wad

The mole froaction of oxidiser X@ is obtained from XHg. {5)

, 1
p e ® 1 8 +~W€ 1-—8—
O P,f £ ?hW .

§4

{34)

it is seen that when iai all mole fractions are linear functions of
termnperatare, We will proceed to give the solution for the case in which
the Lewis number in equal to unity and later indicate the method to be

used when J # 1.

10. Methods for Obtalning Complete Solution

With the exact solution for ;ﬁijé{&) given in the previcus section,
only Zgs, {26) and {27) remain o be solved for QEQ,Q’G“), G-}, and i,
Biecause of the non-linearity of these cquations the exact sclution cannot
be obtained analytically, In this section we desceribe & method for
obtaining an spprowimate analytical solution for the mass burning rate 1,
While yielding good values for $, the method fails to provide accurate
representations of the functions € :&:}iv‘ﬁ and {0~} except ia the neignbor -
hood of the end points, =l apd 0 = o, For this reascon and also in
order to check the accuracy of the approximate expression for the mase
flew vate 'n an exact pumerical solution has been performed, Eguations
{26} and (27) are well-guited to numerical integration techniguee, 'The

method of integration, which was carried out on a high-speed electronic
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digital computer, 18 described in Appendin &,
in order to obtain approximate expressions for the burning rate
it is comvenient to write Egs, {26) and {(27) in & different forum,

Moltiplying Seg. (26) by Bg. {27} one obtains

5\ 2 € o€\ (10, 40
/ﬁ@) N ) ) (y.f g1 ¥ g
= \ 73 =g enple 0 /0 VE LK (1-0) ) b b \‘\ gg@_g’ ,_J Tes, (358)

where the dimensionlegs constant

ig independent of &, In this expression we have used the relation

A e €+ 020 «n@}%% )fg“%“xﬂ
¢ T P £ % ‘ 3 o - B4 § /]
Pk -

which may eaeily be derived from g, (29)., Uy dividing g, { 6) by

.

fg. (27) we similarly find

€. =€)/ 1=0, 4o\ €. ' R K
1 [ (3?,%.’ *“«*)/ Y )] L ,, )
oS B eron i ey -t esp{- 8,10 1 g (36)

where 4
Y 39 )

_/\gf): 2B PRt 3&,‘?21 {
=M = z

I ﬁ’fl

b

is the dimensionless cigenvalue which determines the mass flow rate,
If the expreseions for the mole fraciions X and X . given in
“ge. (33a) and (34) are substituted into g, {36), then by integrating the

resulting equation from o =lte (¢ = w we obtain the relation



5
ﬁﬁ’f ..E.,.,[,@ *<€§*.§°€Eﬁ>(1” 81“5)7 e
i o* 1-0 €p,e /0 F

i
1

A* awvﬁ ] ! 8@;@-.§ 3 .

= m ; 7 expl- 8&:’93[@»6?'53 + uuag.z{ﬂ.&m] 45 . (37)
1

If we define the function £{ 6%3, ) by the eguation

€ o=F )/3»8 +00 )
_ 1 P, P g
HEp)l =—3 E’“ ( -e /e, J (38)

P, £

and the integral g is given by the relation

1
= L et 101] (b, 3 1e8) stk AR
gg_.@ g SRt Uy B, e W aéi»@p ¥y | ‘

A
then Eg. (37) may be written in the form

¥, 2 E'g::a B
s N et 9
/ HepEy = Ao, ) (37a)
0

The guantity g is 2 constant which depends only upon ("71) » O o € =, 6
and O and can be deterrnined exactly, The function i{E:@; can be
approximated by expansion about the end pointe € p"@ and E/:g,a 51@?, g
It is then poseible to perform the integration in g, {37a) in order to
obtain the eigenvalue, J\f}ﬁ

There is a good reason for performing the integration in the
manner described above, It is seen by the reagoning illusirated in Pig,
2 that for intermediate and large values of the activation temperature

@a the major comtribution to the integral of i’“%ﬁpé is from the neighbor-

E.,=0. A smaller error in the integral is

hood of the cold boundary,
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then mads by approximating £f{£,) by expansion about the cold boundary

point than would be made if a different function were approuwimated in

this mapner,

By evaluating the integral in Eq. {39) we obtain the relation

£, 7
P, s
8 ”(I“Eﬁ.f'* 2 »(9’+0L> [@ﬁﬁo@@i% ) - "‘glg'ea)l

2

E. ’
B,f - -
+?-"ﬁ—-—»--—-»“ 6} rog) 89 @K'F‘@v@al’(% )~@XP(~6a9+ (9&3:.*1%9&/&/0 b %Li(w 6&] (40)

where Ei{x) is the exponential integral which may be defined by the

equation o0
~Eil-x) = [ exp{-t)/t dt,
=

For @& >y 1 and @} <« 1 Eg. {40) may be closely approzimated by the

expression

Qél-—E &

ga{le 87:: i)rhﬁ log }l T—-@-}W wile 8@)&"@3@» Oﬁ}-mﬁ}?ﬁ-@aﬁ

- ¢
rL 20 (1p&§+oc)—]* expl- 6.V O, 2, - éj%aﬁ

£

In Lf;w {40a) and (40¢) the first approximate relations are accurate withe

in one percent for @aj 5, > B. The second relations are within one

percent only when 0 . >30; more terms in the asymptotic expansion

mwast be kept for simnaller 8 The appropriate complete asymptotic

expressian i

{i- 3| ~Eif- 8 3—,4- ep'f “{l= O jEi{= § j-exp{- 9ﬂ
53* £ 2= ) +0} a @ 8

)

fﬁ““é*;@‘x?i 392@(0 >

n=l L Vg
P - ;Zemmmw ( ..z\
e oﬁmf ?Z -0, ,,8&"

which is divergem,



For stoichiometric mintures (éfP & 1), Eq. {40) reduces to
¥

}
"‘&W% KDl 0,/6) -oxpl= 0,14 (4B IEi- 6,16 -tis 0, ui(-0,)
{40L)

which becomes, for large @ end grrall % .

émzma o E€1+9 Wail- 0 3“@?&;"@3( 0:] 3W exp{ - (9 B!@ . {46c)

With the aid of these relations and the approximation of the function £{€ )
. . ‘ A% ona o .
given in Appendiz D, the eigenvalue and therefore the maess burning

rate fh are determined from g, {37a).

11. Approwimate Dupressions for the wurning Hate

In Appendix D it is shown for both stoichiometric and none
stotchiometric mivtures that in the neighborhood of the point EE;@:’@,

the function (& m) may be appromimated by the relation

-1
o 1 (-6, vy e fil“%)_]
f(a }zmo 8 w W Q @K g@ i’& } 1«.8 g+ ‘m” L]
AR jﬁpfilm imz@wéj
1 -1
[EY v o2 5. Ale0))] 16,4+
1 f ( 5, f1-0) fi
+ 126 enpl 6,10, ) 1-6,, A% 4 6
1 a’y 2 Pof 1e0 +d | €. AleB)
N z %, -6y L 10T R
{D-5)

it is alsc shown there that £ ap) approaches gero in the lmit

€5 €y po Since we ewpect that the mass flow rate 1 will decrease
& =
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and hence A$ will mm@%@ éﬁs the activation temperature O a ié ixxs—
creaped at a given vmm@ of v I ‘itbi@‘lmwg ﬂm}g for euificiently large
‘values of 53 the guantity in the m;ﬂy brackets in iq. (D-5) will be
positive, Hence the fum:f:ﬁéaz £{ EP) behaves somewhat ag illustrated ‘im
Fig, 2({f), and ti‘z@v approximation in £q, {D«5) corresponds to the '&stf&igﬁﬁ' .
line in Fig. 2{f)., It is apparent ﬁ:&imzfs:sr intermediate and }éxg@ values
@f' 0@ there is little error imwﬂvgé m the mmgf&l in Kqg, @,’?.&5 if g,
{D-8) is aggumed to hmz_d for all 'Egy if we perform the integration 'in
Et’:g. {372) by using the approximation in Zq. {D-5), then we obtain the
relation | | |

o | Mi Gy}
b ZE!«-@E-&M j\' r:.@imalé

[ 2 (-0 }F %Ep.fﬁ“%ﬂui
“"'/ n‘w* 4&0(»31? @?&F’Q E&f%) 3 f ie E}Ta,f*. “'“““"‘““"““"g@ @mm'f‘d/ i

af Y . éi“ ) ! A

L .
Z 1 =]
(16, + ) f 26, Ale8)) |
, Y 2 2,0 o
- &??(@ /16 meaug 5 + ! ' e {41}

Hecause @i’ the f@@é@r exp{ @f i@:Q ) in the last &wé terme of Byg.
{41}, for all activation t@mp@r@mr% greatey than approw mz@téigf
20, 000°K the first two termo are negligible in comparison to the last
two, This may be seen by su%mﬁtutﬁmg typical numerical valueg inte the
equation, Since in many a?plicaﬁiﬁmm the activation tercperatures ex~
ceed this value, it will often be possible to ﬁeg&&aﬁ the fim;:é two termns

in Zg. (41) and employ the spproximate relation
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/L 4(9 1w @y%
‘..........._.._.azn.,_. {42}

to obtain the mase flow rate., n view of the definitions of the paraineters

% o
N® and v » BEa, {42) can be written as

Ay 48 @1.{9} )

o g'hwﬁ - 1*% + o
P
| A iy €P‘fq-£§0
= E@wrﬁ g gl {42a)
P,f ST, + Ep.f@-&ﬁ

where we have used Eq. {29) to eliminate the {inal temperature “’.f‘f, A
number of concluzions concerning droplst burning rates may be ob-
tained {rom g, {42a).

if Vi is the density of the liquid droplet, then the rate of change

of droplet diameter with time is determined by the relation

dr . :
i o= *‘%‘E?/Oﬂ rﬂ 2 ‘-aé» {43}

provided no mase is being added to the drmg}mt.@ it follows from Jgs.
{43) and {422) that tii’jzg/cit = comstant; the sguare of the droplet diameteyr
decreases %inemiywim time, %Yhis is a well-known experimental {act
for large activation @exmxﬁ'ggies.*ﬁ Ha= a"g'/Q is the droplet diameter,

then the imagraﬁwm of Fg, {43) m@ld& the relation

This would be the case in & combustion chamber for erarple.

See, for emarple, reference 3§,
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22 A 60-6))

a® . a® 232 ém )= K{t-t_) (44}

where the subscript o refers to an initial condition of the dreplet,
-f%i:qumwm {44} determines the droplet evaporation constant K,

¥ is aleo &meﬁ fﬁ’@s%@ g%za}mm the mase flow rate increages
ag the thermal @@mduéﬁiviw and the liqmd droplet temperature increase,
while it ﬁécf@aéem ’@éith imcr@a@in@ ézp@éi_i’ixz ‘heat and Bﬁea&t of vaporization,
."’ih@% f@smim are to be m@p@ﬁ:t&d frow pﬁwsi@ml considerations, Furthere
vmm"ea it m peen that, for activatien temperatures Agg:s?emt@r than about
2@, 000° Eﬁ, the mass z:mmmg rafc@ is @es%é:m&iamy im&@penﬂ@;gﬁ of the
z»émtimﬁ‘z‘m&?mﬁmewm B %m;x:%i | (7@. We shall discusg the mgmﬁwmmuz
of this c@maiuman in m@mtmn 14, | |

Gecause of &h@t rmvmf’@ /c? ? in Xg, Mm for small values of

the dimﬁm@i@nims@ actﬁvmi@m emergy 0, the third term ‘i_ﬁ, the eguation "
‘;;;aé@:@mm much emsller than thé first termes, This yiﬁ particularly &ru}c&a.
for large dxgg_ﬁe&’ radii 3:0 iaﬁ whick case "%:" becomes guite laz B AB
ean be verified by fﬁu&mﬁi&ﬁﬁmg typical values mm Eqg. {41), the second

and third terms of the expreosions are negligible when the activation

!wﬁ
i
&

. B
t@mpwm‘ in 1%@ than approximately 12,0007K. The resulting simw
- ) 3 2, I3 | & 2 3 3 ;
fied formw of q. {41) shows that the eigenvalue A e independent of
. g :%3 . % - 2 B :
the parameter V , This implies that the mass flow rate vh is pro-

portional to the square of the droplet radius Ty ihig conclusion is to

The exact value of &hm limiting ectivetion temperature will, of course,
depend upon rQ and 1 f. o
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be expected in the limit of large droplet radii and low activation
energies (O a because the reaction then goes nearly to completion in

a layer small compared to the droplet dieweter thue causing the effect
of curvature of the droplet surface to decrease, ‘The geometry be-
comes eifectively @amdﬁmen&ia&&i in which case the burning rate ig
proportional to the fﬁ;{i—zﬂ;‘:‘éce area which varies as x”Q ", It follows that
for amall &etivaﬁimﬁ energies, if no mass is added internally to the
liguid drop, then the aﬁr@gﬁ@é diametey eﬁeef@@a@aaqiineww with time,
qu,uaﬁ:i@n {41) thue predicts in general that

fo e T
we

(@ e d™y et ), lzmo<2 {45)

where m varies from 1 at ¥mall activation energies to 2 af large acti-
vation energies, As iz shown in the following scction, this conclusion
is also verified by the numerical celeuvlations,

‘The approzimate form of ©y. {41) valid for amall values of the

NE . .
parameter @33», showe that the eigenvalue is roughly proportional
to exp E?_,%iéh- ﬁy )2 01] . This implies that the dependence of the meass
&

flow rate upon reaction rate is given approuimately by

. = r B
o~ o8 exp| - Bﬁgu (99 )/ 4 @jj

The mass flow rate thevefore increases with increasing reaction rate
and iz largest for small activation energics, “he dependence of fupon
othey parameters is essentially the same i’@r all values of the activation
tempearature @&. These conclusions arve physically reasonable and are
verified by the numerical solution,

It mmust be emphasiged that while theee trends are covrrect, the



magnitude of /\.% obtained from Eg. {41} for small values of the
parameter ﬁ& is not @xp@weﬁ t@be& very accurate, The reason for
this conclusion is that, as p@imﬂ:@«ﬁ out in the beginning of this scction,
the coefficient of 6.5::3 in Bg. {D-5) becomes negative at low activation
energies, It is then obvious {see Fig, 3) that a much greater error
ariges in the approwimate integration which causes & correspondingly

large error in the magnitude of the burning rate for small values of {9&.

12, Comparison and Correlation of Solutions

a

physical constants listed in Teble I, A wide range of values o g and

3@ were considered, The resulting veriation of € with temperature

p
was found to be gimiiar to that for an ordinary one-dimensional laminayr
flame {see Fige. 4 through 7). For large activation energies the
temnperature must vise a great deal before renction beging, and the
reaction proceeds yvapidly after ignitdon, Thus for lavrge 6 a the fluw
fraction & f@( 0) rersains practically gero until 8 iz near unity at which
point it zises rapidly to its final value, while for smaller activation
temperatures Ep inereases more uaiformly,

it ie seen from Figs, 4 through 7 that for small values of L‘}a
maost of the reactivn and temperature change occurs very near the dreplet
surface, ?/ % 1/‘0* X1, while at large activation energies the reaction
occurs far from the droplet, ?/ near pere, ‘LThe location of tﬁwk “flame

front", rEE may be defined ag the point at which &.=€, /2 inwhich

PUR6

cape it is found from Figse. 4 thoough 7 to vary {rom ¥ 1,005 r, at

J
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O&m 3.9 to ¥ = 42 at @am 23.4 {see Table V}, As is expected for

zr:q
premized monopropellants, the depeandence of {lame position upon
activation energy is much largey than that found for bipropellant droplet
burning which is controlled by diffusion., This indicates that effective
activation enérgics wust lie in & relatively narrow criticel range for

& ueeful monopropellant which ie safe to handle and yet burns -
sufficiently rapidly in & combustion chamber,

Yigures 4, 7, 6 and 11 illustrate that there ie little difference in
repults for stoichiometric and non-stoichiometric mintures except, of
course, that the burning rate is somewhat largey in the stoichiometric
cage, The combustion profiles and the variations of maess flow rate
with droplet radius are the same for both cases,

The dependence of the burning rate upon droplet radius derived
from both analytical and numerical results ie shown in Figs, & through
i, Prom the slope of the numerical curves for large activation
temperatures, it can be seen that for the runge of values of Ty con-
sidered, the mass {low rate is proportional to the droplet radius raisad
i a power between 1,02 and 1,40 with an average of ¥~ E’f'm in the
cages 0 = 23,4, = 0,818 and 0,=20.6, &=1. This is seen to be
very nearly the variation th~ ¥ predicted in the previous section from
an approximate analytical selution., In addition, the appromimate
solution yields very good sgreement with the nurerical results for the
magnitude of the burning rate th, 7The average difference is less than
10% and the mamimun difference is a factor of 1,45 for the non-stoichios
The large

ua

metrie cage and 2. 30 for the stoichiometric case treated,
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discrepancies occur only at large values of x*'Q where the second term
in Lg. {41) beging to become small invalidating the agap&maim&tmn used
to obtain Xq, {42). For droplet radii smaller than those considered,
the large activation temperature approximation is expected to still
yield good resulte; this conclusien is also indicated by an extrapolation
of the curves in Figs. & and 11, However, for large droplets the
reasoning presented in the previous section indicates that the relation
i R wﬁ should be approached causing the approximation to rapidly fail,
At the gmalley activation temperatures, Bar; 1.7 and ﬁaz 3.9,
in the range of values of % of practical interest the large activation
energy approwimation is no longer valid., The numerical resulis

illustrated in Figs, 9 and 10 indicate that A ~ zf for 0= 3.9 and show

2 Lo,

\ z o s ,
& variation from M ~r," to d ~ or B =11,7. ‘This dependence
P a

4
is in agreement with the ressoning presented in the preceding section,
t is a2lse seen that the magnitude of the rmass flow rate increases rapidly
ag G;E;aa- activation temperature decresscs at a given droplet radiue in this
range of values of O,-

it is interesting to note that the dependence of mass flow rate

upen droplet size can be correlated guite woll for 0@ legs than about

i5 by the following wmethod, In Bg. {3%) we assume that .

%(C(uo‘:ﬁw 894- ﬁmﬁj>%a Y {46)
v gara?ﬁ :

&

where & is the value of the left-hand side at the droplet surface,

Hguation {36) then beecomes



ﬂg% _A_ o i"{ 9;53‘: {:‘ )
e = AT L emp(-0 /0]
« do 5 axp{ 0& o}

which, by substituting fox ‘fﬁ cand X from dge, (33a) and {34), can

be integrated from € 6, QO= (9 to E.=E, . O=l. The

£ &7 g

result of the integration is

E:.& 3 4 EWA} f b
gl =

R -8 T

£

. . ; ‘ . &
which implies that the eigenvalus _/\. is determined by the relation

" 5
A = 20{le @ +@ Mi) ig {47}
Here the function h ie delined by the equation
1
-8} ‘
- / 4 3 ﬁ"@ QL a0y .
l*a-—@ a‘&ip@w@&;ﬁ ) 3 [ 8 g Bﬁmﬁ rvoa a8 {48}

4

and is given explicitly by the cxpression

a

hs{ie EP f§ Q!-;-@ gr}m( (9 ]——m&p{ B _j= ﬁl—i-@ éf il O %i-ﬁ- jﬁﬁﬁ@iﬂa&!@p§

E .
.ﬂi&oﬁ 1 " .
+m €1+2§ + 8 !2? "&ui‘g @ ;_] ‘QJ“'@ 3 &.] 3‘,"16»6@3

. 3 5 i -v! g - ¢ o . i
n€i+2}(9a+ Oy fZ}iEdﬁ- 0&/(5:0 5‘& (9/0 {2+ @@f'aw 9}0 f’%}@hgio@&i@j )

BN
~{l- Ep'g} i+ (9&3 Lﬂﬁe&({h 659_‘! weup{ - %LE

E

vz m ez, 6,°12 Lf"“‘“’@ﬂ (‘”@Jfﬂwa»@g (49)

where the approwimate relation is valid for 0@ i0, 25, For values of

g~
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9 larger tham about 12, the guantity b ig mogt easily evaluated S;w

means of the asymptotic expression

hw[ﬁl Eg:» fﬁiﬁ ‘1@%@&«8 %}:mﬂ)qu W(? 9

n=l

)
+ [w /40-0,+430, ]@%T@@“@@?Z€n3+3m+3§€n+$}!€w§j&a3n, (50)
n=d

Dguation {47} for the mgjwwi.zghgu /VQ i consistent with the
relation x:?:vvx*Qa. The values for the burning rate predicted by g, (47)
are shown in Tables Iil and IV and Figs, 9 and 10 which indicate very
good agreement with the numerical golution, The waximum difference
ie leas than 20% and the average discrepancy ie about 8%, ‘This agree-
ment must be treated as a fortuitous e@rx’@iaﬁmnﬁ since the approwie
metion expressed by Eg, {(46) is quite poor, E:‘s“iggv;i%e 3 indicates that the
function in g, {46) increases rapidly at small values of the flun
fraction and then decreases to sero as 8};’——)&:@’5. Hence a cancel-
lation of the error in the integral at small and large values of é

leads to 2 ueeful correlation for emall activation energies,

13, Comparison with Zuperiment

Zxperimental verification of the theory presented heve cannot be

obtained from combustion chamber superients since many other cffects

HEguations (46) and (47) may be considered to be a firet approximation
to an iterative solution; howeger the second ppproximation inveolves
integrals which must be evalusted numnerically,
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{non-radial heat conduction, droplet interaction, convective {low, ete,)
cause it to be almost imposeible to sxtricate the desired process, The
only accurate test is obtained from measurements performed upon
single droplete burning under controlled conditions, Very few such
experiments have been carried out for monopropellants., The most
complete work in this ficld appears to be that of Barrére and s.mzmmi‘ 3
who tested ethyl nitrate, propyl nitrate, hydrogen peroxide, and some
composite propellante, The monopropeliant droplets were suspended
upon quartz fibers and the rate of decrcase of droplet diameter was

{4},

measured, Hosser hag algo carried outl sowe vecent experlments
using ethyl nitrate, nitromethane, and hydrazine,

The theory predicts that the functional dependence of the burning
rate upon the droplet diameter is determined by the activation temperas
turae, @@, Owerall activetion energics {or ethyl nitrate and many
aimilar compounds (ethyl nitrite, n-butyl nitrite, amyl nitrite, amyl
nitrate, etc, ) have been mweasuved by &, P, M u‘hm@ﬁ“ using ignition
delay techniques, Iy an interpolation procedure o reasonably accurate
value for the overall activation energy of propyl nitrate can be induced
from this data, In view of the caleulated values of (9& {see Table Wi}
the nurmerical results presented in Pigs, 8 through 11 indicate that the
sguare {or perhaps 1,7 power) of the droplet diameter d should decrease

linearly with time for propyl nitrate, while the relation é@«-dm t«%@
should be cbgerved for ethyl nitrate, Darrere aand Moutet find that

48]

.,,
d” - 4%~ M for both cases, a vesult which agreeg z@a@@ﬁ&bw well with

&



the theory for propyl nitrate but is contradictory to the theory for

ethyl snitrate., This lagt discrepancy may imply that in ignition time

lag measurements the effective overall activation energies are differont
than for droplet burning éa&gsewim@m@. The experimental resulte dig-
cussed in the following paragraph seem to indicate, however, that the
discrepancy poseibly arises from the failure of the a:gua@‘iumeﬁdya

state hypothesis,

Recently W, A .ﬁ%@@@@rqm has roported experiments performed
with a porous sphere apparstus, The droplet radiue wag held c@ngmm
and the vate of flow @§ propellant into the sphore was measured, 7The
reaults indicate that the relation ﬁ’gmrga je valid for ethyl nitrete as
praedicted from the present theory, If the guasi-steady«state hypothesis
i@:» valid for ethyl nitrate then these resuits are in contradiction to those
of Barrere and Moutet ualess the relatively low ambient temperature of
é:m erperiments reported in reference 3 invalidates the adiabatic
asswinption,

Rosser alse observed that the mass flow rate is proportional to
the sguars of the droplet radius for the hydrasine decowmposition flawe, |
This result is in agreement with the theory provided use i made of the

{12,13)

presently accepted overall activation energy of 36 kead per nwole

which leads to & dimmensionless sctivation termmperature of &azw.

Resper's oxporimental results seem to indicate that for any given fuel
'3 is cbserved for sufficiently small spheres, while the

burning rate i proportional to the sqguare of the droplet radius for lasge

the relation tHh ~»

droplets. This conclusion is also in agreement with the theory (see
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Bection 12).

'ﬁhg overall activation energy for hydrogen perowxide decompoe
gition is observed to be about 45 kcal per mole for the homogeneous
gas phase reaction, ¥ and the calculated value of the dizensionless
activation temperature is 47,7 (see Table VI)., For activation tempera-
tures of this Qmieax:' of magnitude the relation d% S mt»ﬁ i une
ambiguously predicted by the analveis for the case in which no mass is
added to the droplet. This relation is in agreement with the hydrogen
peroxide @W@rimanm of Barrére and Moutet °3}

The burning rate constant, ¥, has been caleulated for these
propellants by using Sa. (44) w%&ié‘:h is in close agreement with the
numerical resulte for large activation energies w@gm;. it is seen
from Table VI that the theoretical values differ from the experimental

values for ¥ by factors of 1,2, 1,9, and 16 for i V\Ls ¢ M NG, , and

272 T3 3'
g"f"‘ghﬁg. respectively., Care wae taken to interpolate or extrapolate
the experimental curvee of ¥ 88 a function of T ¢ to the adiabatic value
of the final tm*npei&%:uma which was treated in the theory,

The largest sources of error in the theoretical caleulations are
the uncertainties in the values of the thermael c@wﬁmmﬁi%ﬁw. )\ £ and i:ifa@a
aversge specific heat E . These uncertaintics are sufficiently large to
cause the observed diff@weﬁce@ for E’x‘yaﬁz’@g&m peroxide and propyl nitrate,

Eguation {44} is really not expected to apply for othyl nitrate because of

the low activation terapereture, Althouph the departure from svherical
B & ¥

% oW V -
See, for exarmple, reference 17 ov 1§,
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symmetry i rouch less for monopropellant than for bipropellant
dropleats, * the f{act that the calculated value of XK ie always less than
the observed value may be traceable to non-spherically-symmetric
natural convection effects which were neglected in the analysie and
areg found to be Limportant at atrnospheric pressures for bi-

fﬁr@z}ﬁﬁ‘nmgg‘ éi’é‘&i 1%, ‘ié ¢ EQ)

Free convection tends to increage the burning
rate and therefore may aceount for the dscrepancies,

The burning rate as a function of equivalence ratio, ¢ , has been
measured experimentally fov z&mm@pr@peizam droplets consisting of o
miinture of amyl acetate as fuel and nitric acid as oxidiser, {3) The
exparivaental results pregented im Fig, 12 are to be compared with the
theovetical curve {Fig. 12) which wae caleulated from the data ggﬁvgm in
Table ViI, The theoretical results are much less accurate here then
in the previous cases because the density, heat of veporization, aad

&

?c:w:sﬂing point of liguid propellant mixtures are not accurately known, In
this case we assumed for thege properties &vera:g@ values which are
between ﬁm@é of the pure constituents, It is also difficull to experi-
mentally ascertain the mixture ratio because of the possibility of
preiferential evaporation of one component of the mixture, The
theoretical snd experimental curves of i ae & function of ¢ are found to

khave similar shapes, In both cases thers are maxima for slightly rich

wilntures (¢ 1, 05 theoretically and ¢ ~1.15 experimentally), Small

E

g »

. ~ . n r .
See M, Barvere and ., Moutet, reference 3,
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differences in the shape of the curves may be attributed to heat losses
arising from the fact that the experiments were carried out af 8 constant
ambient temperature of 896°% whereas the theory applies to problems
in which the finsl temperature varies with the adiabatic flame tempera«
ture., Here agein the magnitude of the theoretical burning rate is 20 to
30% lower than m@mg@eﬁmemaﬁ value, In order tv obitain a better

. %
comparison experiments which eliminate convective effects are needed,

14, On the Nature of the Large Activation Energy Limit

It was steted in Section 11 that the mass buraing rate becomen
independent of the chemical reaction rate for large values of the dimene
sionless acﬁvm‘i@n@mwggv (9&. This result can be arvived at by the
following phyﬁi@&%éé&mﬂin@. For large values of 0@. the reaction rate
is strongly dependent upon temperature, The flux fraction of products
Ep will therefore vemain virtaally egual to ite value at the droplet
surface £ g until the temperature rise is nearly completed, O 21,

At this point £ o increases rapidly to its final value & Clearly as

Bt
(7@ goes to infinity the {unction € pw? approaches the constant value
E:@’ i except for e digcontinuity at the end point O=1, This tendency
ié algo well borne vmﬁ:i‘@y the pumerical solutions {see Figes. 4 through &),
Furthermore, as D g @ the flame front b, smoves toward infiaity

end virtuslly no reaction occurs at the finite valuee of U over which &

increases from @t@ 1. Hence we may assume in the limiting case that
#

Gome such experiments with dffusion flames are reported in reference
19,



42

fe:@.@m mi {80 =0 and E o~ & K iguation {26} then becomes
&au‘@wﬁu@u@ and only £g. {27) remains to be solved in the case izi.
By substituting into Eq, {27) the relation & NE » and using

e

the definition of the parametere V  and NF we obteln the exprassicn

dﬁ _ vﬁ"‘ 1 <9" ﬁlg +d,

wmonsran

d6 “”%, A¥ Uz A

which ig separable and can be solved with the boundary condition

(9:::@ at 0 =1, The reaultis

OG-0 :
&f ynil+ dﬂ%—!.

—

(51}

in view of iig, (31} the reguirement that O =1 at 0~ s av determines the

eigenvalue J\. through the relation

8, +a

A complete solution for (- {O) and the burning rate is thus obtained
quite simply in thie idealized lHmiting case ﬁ& = o,

guation {52) ie very similar to g, (42) of Section 11, The
dependence of mass flow rate upon the basic physical properties is
nearly the same in both cases including the lack of dependence upon
reaction vate, It follows that in the above sense ﬁ&@?&sﬁ‘ei&iﬁﬁﬁ a solutiocn
even for infinite activation energy. Although some functions may become
discontinuoue, the mass {low rate remaine wall-defined and approachss
& finite limiting value,

Since the reaction rate for the above physical picture is zero
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encept at the surface O=l, the Umiting case 8?@; ie slinilay to

- the flame aaff&eze @;}gsraﬁimmmm of diffusion flames. In both of these
problems the reaction rate co exhibite 2 strong spacial dependence,
but <o~ §{T T, in the present cage while co~r {3 )(X ) for
diffusion ﬁﬁﬁ‘m%. Mere § is the Dirac delta function. From this point

of view a diffusion flame may be thought of as the Umiting case of large

activation snergies,

15, Nethod for Arbitrary Lewis Numbers { L ¢ 1)

if the Lewis number is not equal to ualty then the particular
golutions for the mole fractions Kﬁéﬁ} obtained in Section 9 are no
longer valid, Since the one-step reaction rate expression provides re-

lations between the flux fractione &, | see £q. gmﬂ » the assumption of

i
‘equal binary diffusion coefficients enables us to express all of the 2%.1 in
terms of a single mole fraction, Py subtracting the form of Bg. (28}
for which i=sG from that for which i=¥ we obtain the relation

dX, A, .,

45" " @S T @y BD; [Fp X+ E6,0 = Ex, )

where use has beén made of Bg, {10}, A solution of this eguation is

o R T s
WoomW ) - & -4 PT.e b4 1
Lo = Ko+ 8&9 E};«“‘. RS v A 1 €

£
N
A

o

o, e {53)

dimee X £ = O thiz solution obviously obeye the correet bouadary
. g b R . .
condition st 0= 0, In view of Ege. (5} and {53), the mole fraction of
products is given by
T T U | (54)

O

Zguations (53) and {34) express the mole f{ractions ¥ . and X in terine
4 . . Yo P
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of the single concentration variable Ao

It ig now clear that in order to carry @uﬁ the pumerical solution
in this case the three sguations {26}, {27), and {28) with i=F must be
integrated simultanecously, The change from twe to three eguations is
trivial for o high-gpeed computing machine, Aun esseantial modification
ari;mzé. however, in obtaining an approximate solution valid ioy m?g@
values of ﬁ@ as was done in .‘Esaaﬁén 10 for the case (f- =1,

In order to obtain the spproximate solution it is gtill convenient
to use Lgs. {33) and {36}, These equations muet be @ng;plemmm&ed‘by a‘m
equation for X, the most useful of which can be obtained by dividing

3

g, (28} for i=¥ by Zg. (27). U use is made of ©£g. {10} to eliminate &

¥
in termeg of 5;:::3 then we obtain the result
; 1 3
15 W w E e €
© L g r P F RT3 Ceg (55)
Bz N €. afy /1.8, ¥&
| PP b 1
(10} -1+
| 1‘“‘9 6@:& o |
- ai J

where £q. {29) has been emploved in the dencwminator,

The approximate expresgsion for the burning rate valid for large
values of (9& is then obtained in & wanner analogous to that used in.
Bection 10; namely, Eg, {36} ie integrated and vields g, {37a). In this

cage, however, in g, (37a) the function g is given by

. 1
2{i= 3/0 + /

g= -

eR {392}

€.
B, O
' A
where _',??f:,g;{ﬁ) and Rﬂwg are determined by dgs. (55) and {33). Since the
exponential @Wi*ﬁa/ O decreases very rapidly as O decreases, only the

behavior of the functions X’ié(ﬁ} near O =lis important in the integral,
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Mence little ervor is intvoduced i ¥ {0} is determined by expanding

Ya. (55) about Osl, Dy perforwing the expansion we find

i o
o i 25:@.;%‘2”03
Ty 1o @+
£
and
1 )
=€ . fie0]
%, x1-6, + 12 £, 7
Ly j=0 ie 0 40

which upon substitution inte Bg. {3%a) ylelds

1 1
€ [A1-0)

g~ (ﬁ/ enpi- 0 f@}""[i” », +£W—1 dd . {56}

%

{
This determines the right-hand side of g, {37a).
in the cass i #1 the expansion of the function i(E@é) con be carried
out by the method ceed in Appendie . The only modification of the
previous result ig that

1

1
mé, . e @
750, d1-9)) e s 3p, 10
le@ + O, B,E 1.0 + X
1 4
ig replaced by the unknown quantity 2«%’2}?' Q o, 1 in Hgs. {D=2), (D=4},

and {D-8), For of_ near unity {25 is alwaye the case) the accuracy in-

volved in approwimating £{ €.

o«

,ﬁ} by exzpansion about the end peint é
is the s&m@: ap described in Sections 10 and 11, By evaluating the

integral f gd& o with this approximeation, we obtain the relation

O
E@wag’arqx 3. Mﬁj

_/\f'*i oy _/\_’=§t t‘i‘za 6&

62; .i’
241~ 6 +ct) 2{1-

S0, exp '
406" expl 0, 10) b 0, 7%,

o0 @:J

o (57)

- O(O/Q wpd O, J’Oj
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where g 18 given by Eg. {56).

| Pecause of the @xgmnamiaia in the last two termes of & e 570
for valueg of [ a larger tm:m zbout 15 the first two &wwmga are m,ggl;g%m«::
and Eq, {42) is obtained, I follows that for large s_m&ivmmm energies
the &y@r@xﬁm&te expression for the burning rate obtained for & =1
applice with the gsame &c:'mzmc:y even when i #1, ﬁﬁpeeiﬁi@&ﬂy. l&“f;g_ﬁ;
{42a) and {44) are independent of the assumption ﬁ’aat‘ the Mﬁwi& samber
is mitgf. i a@p@am likely thai; for large &ctwaﬁ:wn emwgms the strong
tawp@ra&u?@ ﬁ&pamﬂm&u@ of the :&%ac@mn rate d@ﬁ@mma@@ t@@ Ass ﬁ@w
rme, the cmzzgwu&mﬂ of mm'm@zl mmmctmxz mxi aﬁxmsieﬂ Berves only

i:@ eatablish t&w e@nc&.«ntx@ﬁm@ ﬂwﬁmm&%m&ss.

16, Inert Atoosphere, Heat Loss to Surroundings, and Other Gffects

B, i}&m@rm Congi dﬁ:a’mi@n@

In MRy ma@mm cases the assum g:«tmz’m of no dﬁ.ﬁu@mm or
thermal conduction at U= gmeé‘zm;i:iem §) will not be valid, Euxperi-
mente are often earried out in m‘mm‘@z survounding atmosphere which
iz at a te:mgmxé%ni?&belmé the value of zg given by ©g. {29). A m@ﬁiﬁw
catien of the préceﬁm’@@&mmib%‘% in Section 9 f.' § is n@cmaary m thase
cases, We @imn d@mamgwa&é th:;ﬁ: these problems also involve the
gimmmﬁm@u@ enlution of twe first-order differential equations,

H we caﬁmd@:r a single @E@vﬁt@p mewmaﬁ. reaction, then Mmh@né
mmviar to t?’m@ e given in Eg. {1C) for the flux ﬁraeﬁi@ng € i will be valid,
Emme wWe »’way write s*ymbbﬁc:&lly , |

‘ €y =af o+ b : {58)

where the guantities a, and bi are constants deterinined only by the



chermical reeetion and the relative evaporation rates of the components

in the droplet,
fguations {(27) and (28) are valid in the mnore general cases

considered here. Dy substituting Sq. (88} into g, {28]), multiplying

RN
Hq. (27) by (-2, € gquof gyNY S/, and adding the two resulting re-

lations, we find

§
3

5:3 T, e T, E@‘:g
d {x, -8, = O3 o et -8 €. + 8, ) ~demn b,
a5 q 2 q e, i g ;)
e T, €. T, ¢ ':g:’g

i V
PR — €§{”,§ mﬁﬁ-mmﬁ@& O(,"“"ﬁ"”‘“ =i, & +g§,(9 wﬁ}?
D‘Z& /\ b 4 G iz 99 /Q 4

Here use has been made of the definitions of the dimensionless parameters

& j\_ﬁ . . . .
Y and . The solution to this equation is

¢ T E e T
wof 5§
}i «»a -8, 6 w-g--mci-aG + B, i 4 @, bt 4 €, @ED {59)
i1 P, g i ¢ i
where e iv & congtant of integration which is determined by the boandary

conditions at O = ¢

Equation {59) provides little simplification since the function
0407} must be known in order to eveluate the integral appesaring in the
exponential, I we veplace Zags, {10} and {24) by the somewhat less
realistic assumptions that the therwal conductivity A is constant and
the product ﬁfi‘é iz conetamt {i,e,, the diffusion coefficient D~ 03, then
the facter 0 disappears from Hgse, (27) and {28). 7This leads to the
deletion of the facter 1/0 {rom the integrand in Lq. (89), and the

‘ , W
integration may then be explicitly carried out yvielding the relation

Thig has been pointed out by J, Lorell and F, Wise, refereace 1,



—-— :r'j:s g" o - vy e

o e 7 g v .
) p £ o £ p§ 1 /¥ o
{ ab a0, -4 2. 4ad a R | o [ e—— 59p
*;=hy 27 g tate, ot 2 g ta, om0t genp | -p A® (392)

It is ﬁhw’a}; saen that {or this alternate temperature dependence of the
transport coefficients, the mole fractions i’{iéﬁ.oﬁ ave obtained exe-
plicitly and only Eq8, {26) and {27) remain to be selved simultancously,
With the simplification expressed by Eyg. {3%2), numerical
solutions to this more general class of problems ;«aﬁay be carried out
as described in Section 10 and Appendix E, After the boundary cone
ditions are specified, no additional difficultics are sncountered, It is
expecied that approximate analytical solutions valid for larpe activation
energies may be obtained by expansion about the cold boundary as
described in Section 11, I the expansion ig carried out then the relation
i%mmz;:g i obteined for large values of £ o The constant of proportione
| ality between the burning rate and the droplet radius is found to depend
upon the boundary conditions, This is in agreement with the experie

{3)

P N < 3, k: ., y
mental regults of Barrere and Moutet who chserve that the evapor-

ation constant K depends upon the boundary temperature T,
B P

i

b. Heat Transfer to fﬁmmamﬁm&@

it is of interest to consider some special cases in greater detail,
When only fuel, oxidizer and products are present and the relative
diffusion velecities of all chemicel species vanish at 0 = o, then heat
miay be added or withdrawn by the surrounding atmosphere, In this

cage the reguireimment that

2 g 2 %o . 2 d}gp\
iz |07 =g== J= Hm |07 emee 2 i v
o—>e /) o> > /
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may be applied to Eq. {59) to yield fgs, {53) end (84) for the mole

fractione X . aand X in terms of XE‘ 4 modified ralation for &?m

O
- T
function X, %@} is obtainad because of the fact that Lirm {74 H/d0r)
i O —>ED
# 0 when T ¢ ie mot given by fLg. {29). Dy eubstituting for a.. and b

from Zg. {10}, we find

£, e v, 6,¢ %, Be |
et Y Gty YT
Xp =3 5q -t g 3 4 Sy

exp | - /

NAT 5 5

in which the consgtant ¢, g RAY be evaluated {rom the condition that

X, £ 0 fox fuelerich gvatems, 7The resulting evpression for the mwole
¥, A v

fraction of fue! ig

« 3£§5‘39f _ O(&ZE}}L‘E . @ﬂ fcéjéi’g ) g@ e:?“gﬁ,
5 2 ) 2g 2
e d, 0e. T, AC T, € ‘ B
#| wf LAEEL _RE Ltk / @0’ ‘ 160)
24 2q | g z I
o (90’

For the transpert property behavior leading to ©g. {59a) this relation is

replaced by

. fp,g e 5, 975 Oc, Ty
B “aq ¢  2g 24

T i €. . %
M - c——-&: + p f - E‘:ﬁ, i @}t{? 'S E» j{m ®
21 2g 4 1 2 0 —/\i@ﬂ

{(60a)

By %uhﬁmmumg Ege. {53}, Qﬁ%}. and {60 bmm e, (26) and {27)
and expanding the result about the ond peints, it may easily be deducud
that the ten nperature profile behaves as illustrated in Fig, 13, Wﬁmm "Ex“f
is greater then the value given by Eq. {29), then %:hé profile remaing
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' mem@mmm; heat is added at o = o, and the burning vate is increased,
if '2{‘}3 ig lews than its adiabatic value, then a temperature mazimum
develops in the flow field, heat is conducted out of the fluid at 0= w,
and the burning rate ie decreased,

The above conclusion concerning the burning rate is also
supported by an approximate analytical solution for % valid fox large
activation energies. Dy proceeding 8s in Section 1l and Appendix D, but
not using Lq. {29) for ‘Eﬁ;‘f, we obtedn Eq, {42) for the burning rate, Since
the quantity (1- (92 +d ) is no longer ralated to the heat of reaction q, it

follows that Eq, (42a) iz replaced by the relation

A T o
o ?_é@frp _’Q £ {23,.,,/2 . {42b)
< T oD, i '
A
P

Hquation {(42b) showe that the mass flow rate increases 28 the tempera«

ture of the surroundings is increased,

c. Effect of Inert Component

‘The case in which an inert specieg, M, is preasent requires
simila’r modification., For brevity we assume here that the adiabatic
condition expressed by Eq. (29) is valid and that po liquid phase reaction
occurs. Imposing other boundary conditions for the temperature and
flur fraction of products causes no additional difficulty. For a fuel-rich
system (K}?. = 0} with 8p. 0 =0, the constants e and %sy are found {rom

Eq. {(10) snd may be substituted into Eq., (59). The resulting expression

. for the mole fraction of fuel ig
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e T
X.= &

f |
N A -« !‘09
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which, by use of £q. {29), reduces to Eg. {33a). The concentration
profile of the less-abundant reactant is therefore unaffected by the
presence of a neutral component,

Siace a,=0 and EN ig comstant, for the inert component L,

/w?w

iz T Ent oy TR
| \f\/ A2 9p- /

{59) reduces to

The flax fraction 82% is determined by the rate of evaporation of nestral

species present in the droplet, and the constant ¢,, is fixed by the

“n
concentration of the neutral component at 0 = w,

Dy subtracting the form of £y, (59) for fuel from the form
corresponding to oxidizer we find

¥ =X 4+ & « .. 4 €. oXp (‘/_ v ;odon \
GO UF T 0,0 By TG \ OE T
W ) //

/ & oo
Y 4 -
B /7 ar . (62}

\ J - e [ ’ /

\ /
The reguirement that

K@* 33;3,?,,-0- &,@4’ }kﬁ.ﬁi

“Kﬁ‘*l“&?,g N-}e{“ eRp |

then leads to the relation

/o W \
: - [v© 7 do
Y“L: & - 4 - & / | e / et
Fps bp g 3Ky legbey) ewp Y E S 2 (63)
3\ A o (f‘,
\
which deterinines the conastant €y in terms of ey and Coye The final flur

fraction <

B § is deterwined by the relative evaporation rates of fuel
L
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and oxidizer as described in Section &, while e depernds upon the
boundary conditions imposed on the oxidizer diffusion at o = o,

if all of the inert component present in the gaseous phase was
originally contained within the droplet, then it is possible to arrange
for the diffusion velocitias to vanish at 0 = o by letting e‘;.ﬁm«f:@a@. In

this cage EN # 0, the mole fraction ¥ . is constant, and the inert

N
gpecies acte only as a diluent which reduces 62@9 g and the heat added
per unit mass of mixture, With this modification the solutions obiained
in Sections 10 and 11 rermeain valid,

& case of grester practical interest is that in which the droplet
containg no inert component, but burning cccurs in a pertielly inert
atmosphere, Here the flux fraction Emm@, the constant af:N # 0, and
the concentration profile of the neutral species is seen from Zq. {61)
to be approximately an exponential function of 1/0-, In this case either
the exidizer or product concentration profiles must differ from the
lisenr temperature dependence by on exponential term involving o E&e@
Ege, (62) and q@sﬂ . We may agsume that no oxidizser diffusion cceurs
at o= w, {i.e,, cgm@§. or no product diffusion cccure at infinity, {i&.,
Cey® «»cwﬁ. The boundary condition at 0= @ which corresponds to most
experiments ie that there can b2 no relative diffusion of oxidiger and
products, According to g, (63) this reqguires that €= »5%1;&- c}ﬁ).wm&a

implies that ¢ .= wcwi 2, I the surrounding atmosphere is completely

O

inert then Cpy = 1.
™

it iz seen that concentration profiles may be significantly affected
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by the presence of & neutral specics, The mass burning rate is, howe
ever, changed very little in the case of large activation energies, Thls
conclusion follows from the fuct that the approwimate derivation of Eq.
{42) remains valid for large values of % evan when an inert gas iz
present., The burning rate ig affected much less by the relative diffusion
of chemical species than by thermal conduction across the boundaries

of the syeterm,

C., FIRIT-ORDER RINETICS

1., Definition of the Froblem

Another clé.mx of reactions often encountered in monopropellant
droplet combustion ig represeated symbolically by ¥—aP where n may
be any positive nurnber, These reactions are of the first order and
require no oxidizer, An approxzimate solution will be found by a method
very similar to that used in Part B of this chapter,

We include in Appendiz A a complete list of assumptions which
will serve to dézfime the problem as well ap state the approzirmations
that will be introduced in obtaining the solution. It is seen from Appendix
A that the mest restrictive asgumptions of Part B, namely the equality
of diffusion coefficients, the eguality of melecular weights, and & Lewis
mumber of upity, are not made heve, It is therefore expected that the
results obtained here will represent more closely the corresponding

physical system than do those obtained in Part I3,

2. Pasic Eguations and Boundary Conditions

Many of the basic equations used in Part § are also valid in thig

cage, For example, the eguations of conservation of mass | Hgs. (1)

jo—
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through (5} are guite general and epply for any tvpe of kinetics, For
—

the pregent two-component system Ege. (3) and (5) become, respecte

ively, . )
- % le = {64)
and
¥o.o= 1Y, {63)

For the reaction F—>nP the conservation of wase implies that
the rates of production of the chemical species {imass per unit volume
per secend) are related by the equation du}?::: - c,bj@. Sguations {1} and
{2) then imply that

16,6,
3 = i @‘Qér 3
which may be integrated to obtain

£ wF s Wl WF . . 57
- CE’Q“T {CP t?'y 3 (673

., &
18

The first-order reaction rate expression for o,

C,;)' - w5 RSy T wi';: ‘sﬁ% Y‘M‘
p = Bpexpl-T /1) ¥

which implies that
' de. 2 .
P deyr o e
- {T,, ”z 3 o X N - Q’

3

Here use has been made of Kgs. (1) and {2) and & represents the reaction

rate {requency factoy in @@c'a, 2y ueing the ideal gas law F;;:::q. gzﬁ_ﬂ

and the relation between the functions ’%fi and fﬁii given in Hq, {208}, we

cen put Eq. {(68) into the form

This is agair a special cage of the general rate cquations given by
von ¥érmén and Penner, reference 5.
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a€.., & pi B
P dur lw . £
= s g @ o 8 o) &8
T E T e T /AR  {58a)

The derivetion of the energy cquation is glven in Section 5.5, Dy

petting £ _.»0 we obtain the result

(&
2ydr ., I, . e 3] .
gy A a;;m = I & Q —ﬁ?ﬁ L,pﬁ’ E}?. Q 3 + cp@ T T/( §i_jl %m@?

where the heat of reaction and enthalpies of formation per unit mase are
related by the eguation
L@ o .
g= hﬁq - B {70}

p.

Here the average specific heat has been delined by the relation

- i
&‘::p':: -&i-w:-T ié imwwhw) + 8 Q%P }?3
. o . o _]
- €p Mg oBLY = Ep thy By
)
i r . ) y o
=7 | S, B, o) b Cp, e, Be)
£ g -
- 8}?.9 éhé’g “h}},s§ bl b?’Q g&ap.g &3?? } . Qfl}

In Ba. {71} the Ram eguality involves the assumption that the mean
specific heat is independent of temperature,

F 1
The general diffusion eguation g, {21) reduces to the relaticn
d¥, -

» i

dr - © B,

d o e o ‘ o=y
(g€ X Ep) 72)
where D is the binery diffusion coefficient for the fuel-product minture,

o : .. ry e
In view of £q. (2) and the ideal gas law | Hg. (25), Zg. {72} cen be
[R— ——d

written in the form
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B #n RT ; ;
W =2 m %ﬁmh’{? (}, E ?'?ﬁi EWQIE“?& ﬁg €?3a§

Equation (64) and the relation Ei’i + %, =l have been used’ here,

Py

Eguations {68a), {69), and {72a) emwwt of three f&?@%w@ﬁ'ﬁ%x‘
differ ential gguations in ﬁh@ &hree m@mawms. T }i:w}, mmd 8 we The

three %mgmiiisary c@mdﬁf;’mna Toe & P, e and ;HP ¢ 5&2?%3 physically dee-

g
termined, The temperature T { gs:s the émﬂmg point of the lie:}md_dx?@gﬁ@e_;
Itis ﬁams&a}y that E,% =0 fm'éh@ reaction éa be completed a8 TG0,

In view of Eq. {64) mw in ;wgsham that ,p"fml. We agsume that ﬁh@ cone
tegntration szmadi@mg agsmr@mﬁz zero a8 r—>wm, Therefore the gﬁiﬁa@i@a

velocities go to aro at inﬁ‘zmty sm@i ij ﬁ p ga-x"l. It then f@iz@wa from

g, (20) that :;«w’ g=le o |
The boundary velus c‘i‘:@ g will be determined by the composition
of the ﬁr@méﬁmﬁ its @va@m‘:mmm e:ha;raemziﬁﬁm. We sheall treat the

mxgwﬂ:m@: case in which € This n & that &h@m@ is no liguid

P "
phase reaction and n@ ?'K@dﬂ&ﬁ pregent in the drmp?a@. A fourth b@ugmrgf '
‘ wnﬁi&@m is thereby psmwmci m@urmg the existence of an eigenvalue

which will be the mass burning ram . W@ ghall c@ﬁ@id@ﬁ’ the cage of

adiabatic buxmrsgg ﬁ:w which, &eem@ﬁmg ts Eq. (89}, the relation

T, = T +‘§mm”‘?‘ 6l (78)
B

r . s
ig. valid | compare Eq. (29) .

o

3. Method of Solution

- If we introduce the dimensionless distance and temperature

variables U~ and O defined in Section £.7, then iqs, (68a), (69), and
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{72a} becowe, respectively,

dc}? «ﬁ*@rrﬁ pid T T_E

}:‘5"“‘* i oy s § g » s
dr ° TE RTp @& expl~5,/0) (=X, ), . {74)
@:W?@ )\ pe N
gw: wf 25 gr - EF go, G5, , {75)
& @ P
P po
and
z - .
h 'c%* w £ a'i o i
o g BT EGl-Eleney(iex,) | 16)
do ‘ﬁﬂ*ﬁ' mf\fi 2 *

¥ 5

In the last two equations use has been made of the agsum ipticns that
A~7T and B ~T° ag given in Sqs. (18) and {24).

It ie convenlent to replace the digtance variable o by the dimen-
sionless tempevature & as the independent variable in BEge. (74}, {753),

and {(76), In order to accomplish this we may firet multiply Bq, (74) by

,,,,,

’

a& i/2

expl & fﬁ} 5t ﬂf

E-N = _ - > i??}
o

LAl (1-x, %zmp _z+-§m- (lec, -h({}

- & /
where the quantity V has been defined by the relation

Here use has been made of Eg. {73). Dividing 2g, (74) by Eg. {75} one
finds that
4
ae, N0 expi- &.16) u»x.,ﬁ
a6 = T 1= a@ :
§-1+ f1- & +1K3J {1.7)

[ Su—
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- - 2 % L3 4
where the dimensionless eigenvalue .A_ is given by

e3P b3 4
Na_.?“y‘ £ 2
) = 1he w—rwﬁ o
BT, 8 & '
F A EYS .

£7p
: ‘ I , ) o,
itis seen that /. and V are dimensionless parameters similar to
those defined in Section B-16, ¥ Dg. {76) is divided by g, {73) then

the variable [ does not appear in the resulting equation which is

éﬁiP_ :‘2_ gipiimtyﬁuﬁ E}pa“}ipg (49)
do N 5 -
»‘9 Do ‘ - /(} . l
{1 3 1+ m—-’ﬁl LJZ’+D&)~J‘

Here the guantity

is the effective Lewis number for this problem., Equations {74), {75),
ond (76) are well suited for an exact solution of the problem by numer«
fcal integration, I will now be shown that an sccurate approuwimation
ﬁk L 3 6 £ x E
to " may be obtained from Egs, {77), {78), and {79) by & method
guite sirvilaer to that used in Part &,
Dy integrating £q. {¥8) from the end point [m;ﬁ( to D=1, we
obtain the relation
' i
(e g o A® ,,
| £{E thp = e g {80)

g

where the function £{£ .. ) has been defined ag

I

1 [ g N
Hep)= = §u3+wggoﬁﬁ +l) 1)

and the quantity g is given by



{911
L

jl laﬁi‘@ .
g= . expl- 0&;”@ )y 40 . {682}

b
Decauge of the presence of the exponential factoy expl- 0@/5} in the
integrand of Hq. {82), the largest contribution to the integral will
come from the range of values of 0 near unity., Zgquation (79) may be
expanded about the boundary peint 0 =l in order to obtain an approxi-
mate expression for the mole fraction fff;?j. Since

1 e%}\

Q€4 |
lmn = |
H—31\¥"0 ) 80 pq

and

i [ F J = ¥
p—>t\T"7 ) 80 s
the expansion showe that
d€,, dK.,,
dx =
P9 do d o o
7 (#2)

=1 4 e {18 4
T~ 16, +a)

near (=1, It will be proven in the following section that éepiﬁ(‘)

approaches infinity as O-—>1, Therefore a sclution of the above egquation

is
dXp, | ) N
a5 T 1.0 %4
20 | oy ot
which may be integrated to show that
Ry =l m-éi«-«w {i- 7} {84)

¥ CATAFA ¢
A
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near the end point Js=l, The results of Section D10 in@icm@$ that for
all rensonable values of the Lewls sumbers the mole fraction K? will
be nearly e linear function of the dimensionless teinperature 0,

This implies that using Zg, {84) in Bg. (B2} will provide an agecurate

expression for the guantity g,

The substitution of g, {84) into Eq, (82) vields the relation

i
. /
g7y gy 7 exel-6,/0)0
7 %
'
Gl po /9;“* ~ L@X?Q" 5&3 m(} @dﬁ%”@éﬂ“ﬁ&f(%} + ﬁau‘é@mﬁaﬁ
- |
- (9@ Eif- @ajﬁﬂ i, (55)

]
—

For a large activation energy ﬁ@ and small values of @v this equation

is closely approximated by the expression

g | exple 6,) + o mige b} & SERA ) 85
“E-%-H( L “ a a ﬁ,_i{,\llw(ﬁf-}p(_ @,& . {85a)

it follows from iq. {(80) thet, having found a good appromimation for the
guantity g, we wmust finally obtein an appropriate expression for the

function féjﬁj@%? in order to evaluate the eigenvalue A .

4, The Approwmimation of fié,@}

l.et us firet investigate the bebavior of the function §@Ep} near

the hot boundary {83@:%. Betting Os=lin ig. {78) leads to the relation

$ s 2 gy »
See Section 1B of reference 5,
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dé,, de, \\

¥ o B

Yirm acr Lnl +u A L ANE enp{- 2 )

gt Zp 4 | ®
L do

By elirninating the derivative d¥_,/do from this equation by means

of By, {83), we obiain the expression

e SENR
i y -
L I
\- o | .
= i J’Nj\ @g@{..é}ap . | » ) (86)

Since O—>w as 0 —>1 this eguation implies that @'E@i d & must
approach iafinity as £.—>1, Hguation {86) may therefore be written
b ad

in the form

- 1
Hm /1 ﬁé‘*&\ / IA® expi~ @@} {8ba)
£.—> . ,
<) ik\ T2 f’i@/ ?J {3,,5104.0(_%

In the neighborhood of the ;ﬁ@im O=l Bg. {81} becomes

Tl X
é hgii | ﬁt mb CﬁJAL @3'%}@“‘5 B (87)

>—J

‘where use has been made of g, {B6a), Since 0> as -1 it
follows from Hg. {87} that £{1) = 0. Furthermore, by expanding Lq. (Y7}
about sl and using ©gq, (84), we find that

dr- 1
a0

=2

{1 mu ‘m@{ m



neayr the hot boundary which implies that in zg._hzmwm@, of the

point =1, the relation

»E§;¢§€§mﬁ§ %Z@ﬁé%)

o =

1

‘D \y Qmergﬁ,‘,, f?— 3

ig valld, It follows {rom oa. {(88) thet

5 e — < o
d€p [ T “Ey
logll- b} l {i- 0} vy
L"‘ —mt
near the hot boundary, Dy using this relation arnd the continuity of all
functions invelved, we find frg¢ {67 that
//
L - o ) 2
i e ne ”> 2[dv enpi- 0 1% 11 9, 40
S s I N gt 0 s 2 129)

&lél?@ * & G = {Z‘wari@»giiwﬁﬂ %

in the Umit &>l In this last relotion uee has besn made of g,

Zguation {89) shows that 41/4¢  Decomes aegatively infinite as & >k,

ol Fs

It ¢an be eeen by comparing the equations obtained in the previous
paragraph with those of Appendiz I that the bebavior of the funeciion
£ :gi here is very similar to that of the corresponding funciion for none

m‘mmhm metric mixtures with o second-order ¢ deal reaction, The

P )\

functional forvin of the result i identical iu bo

i cases; the only

&

differences are wultiplicetive constants, It follows that Fig, 2{f) sisc

vepresents the function € 7)) for o first-order reaction,

e

sploying the

a

Unear approximation 1llustrated in ¥ig, 2{f) lcads to el

3

s error in the

g

integral in g, (80) for large activation encrgies,
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In order to expand f%cwj about the cold boundary %8,psﬁ“§§ We
note frem ig. {81} that {i)= (- ‘31) . DOy differentiating fg. {81) we

obtain X, i?ﬁ»m}) which implies that

' ) - { wiff v
af 4oy do b-0 4 +§ Pt as
de, A8 dn ac.. SR T PR T
® thm@ v «Lqm% € 3 ﬁmf} ( {1=0 3 Pl &=b
(90)
wguations (77} and {78) show that
de
E | Loy - ;
. = /v gupie 7 {0 {91
ao {V“" o Pl ai 9 H (91}
and g
T
\ < ;oA
1y I é
al L A (92)
@@i‘ﬁg@. TN

The substitution of these values into Sg. (90) vields the relation

d\% § : f . sapsepies & 19 ! 9,, [
af | L o SN
W - 4 g
aE. | | S fesi.. 1}
& ém%’@ i § 2y !
Afl= ¢ +C(§ 1 erpi O jO/ . 1= ‘: +4
+ . o o . {93}
s ‘5" %‘—”a}"mv% ” 2"' /()4
{1 @( 3‘& /\w ¢ B X ) "4
Hence near the noint  £..=0 the function {{&.. ) may be approwimated by
& je ‘f‘) f s g’: J
the eguation
20 o
- 8@,) ol p-udia
- u-g b
{ ] . \\
Ly M=%y ewp( 70 ) 3 o0 expll, 1) 10+
17 (i-0 ¥ L= YL o N b
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In accordance with the discusgion in the previous parvagraph we ghall
agsume that Kg. {94} ie valid for all values of €.

5. The Determination of the Durning iate for Large Values of ‘9&

'#? ‘t

if we perform the integration in g, (B0) by ueing the approui.

mation of Eqg. {94) then we obfain the velation

_/\_&Z . A# @%f}waq R /_/qage 2”(’[& expl & iqa?
g 2{i- (9] 3 ?J ‘%ﬂ? ggm éj[ b iled , §

0(%1«% +d) eupi &, fﬁf?j‘

& o e s @ 8
21-0,0° O, )

Py
w3
&

Rt

‘This eguation determining the @zg@awmm@ J« is ‘zmx“f similar to Hyg.
{41), As in the case maf Y. {41), um@w the activation tes %pammmr@ ig
less than sﬁs@m lm@@““m the last two E;éwmtz@ are yuck larger than the
firet two because of the e:mg:,@n ential factor. Zguation (95) then reduces
approxin zmd“y to the &”@3%&34‘“‘3

[/\_ L.éf-@-x.
a/ "%, 4@‘2“’ /(3 )

FEy
3
s

oo

which is identical to g, {42) of Section L-11. 1 can be peen from the
s es . % A % s e e )
definitions of the parameters ¥V and /. ueed in this part that Hgg.
{€2a), (43), and {44} are valid in the pregent care ag well ag for the
second-order veaction treated in Part 13, All of the discuspion of

Section 3-11 therefore applies alpo for the fivgt-order reactions ine

zstigated here,
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The fact that bge, {96) and 6&59 are identicel indicates that
they may be ram?:ivﬂy general relations and may hold {or a great
vabiety of reactions of diffevent orders, The necessary conditions
required for g, {96) to be valld are investigated in the next part of
this chapter, The sguality of Kgs. {(90) and {42} alzo shows that it
will be necessnry to use higher-order sppromimations {or the fanction
£t 8}2@}? to find the effect of the order of the chewmical reaction upon the
masy é&:ﬁrmmgy rate of monopropellont droplete at large activation

energies,

U, EXTENSION TO ARBITH

1, Dapie fguations

In this part we shell discuss the general reguiremmente which
must be satisfied in order that the methods vesd in Parts D and ¢ can
be eonployed. Let up consider s droplet that contains an arbitrary

numbeyr s of different chemical constituents, The conservation of mase

in chemical reactions ig expressed by the ogquation

, «:%{3 éﬁe’
st o jel2,e (57)

dur
which can easily be deduced from £gs. {1} and (2). 45 wae pointed out by
o

/ .o . , .
VL &%armmﬁ and Peaner, if t chemical reactions may cccur in the

gaoeous phase then the rate of production of epecies § is given by the

&
relation L8
£ i,
Com b >~ P et B oeuni"7 /7 wi, 2 3 fap
é — Jo ¥ 30?} ¥ (é ol JFisEs 00y B \3”"*?
=)
%

Section I © of reference 5,
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where 7 ig the activation tem g&ezarmm* for the r'th chemical reaction

r
and the guantities . L', . and J)‘ o 3TC be mmc% dometyic coefiicients
F A l
of species } appearing as product and reactant respectively in the r'th
reaction,
The general equation for conservation of emergy is
: ®
r
3 {% R, L0 :
A = al+ e (1-1 }+ €& e wl {99}
¥ ‘ e . Joi 3.
— o
5=t
where . 8 . .
e T B e 0 R S| L
S P LTS S
j=1 - -

Thig may be derived by the method that was uﬁﬁ»ﬂ in Dection Ueb,

e,n values of the mole fractions &p&mdrmg in L. Méﬁ are

determ m@ﬁ by the diffusion eqm«%i@m, e, {m, which is vﬂwﬂ when

there are dan arbitrary number of chemical species pmmm. ‘ wy uelng
£gs, {2} and (28] to eliminate the velocity v and the ratio 2 /p  from
g. {21}, we obtain the expression
@ ] o Y
¥ o e oxE, K€, | ;
I \ LR AL N js1, 2 e (101}
de =, 2 B L. Dy LMy M Fre G By
T isl A

Kquations (97), {99}, and {L0l} provide 2+l éq@a&tﬂ@m in the 2e+l

unknowns X, £, sad ¥, Presumably the composition and evaporation

-4 :
characteristics of the droplet deterrmine the boundary values é‘;i f and
' . 8.

T, , while the neture of the surrounding atmosvhere determines the

finel temperature "’g and concentrations &{j g & velation between the
: , .

values of the [lux fractione E’li ¢ is determined by the xae:aqmr gment that
: ,‘ dJoe



chemical equilibriun at the temperature T, is obteined a8 v—>w,
£

This last condition insuree that we have an eigenvalue problem of the

type that was treated in the previous sections,

2. Dimensionless Form of the Coverning wguations

B,

If the guantity B ig the dimensionless enthalpy of

formation, then by introducing the previously-defined dimensionless

variables we may put Zq, {99) into the form

- 8
LR"';C
3 B r - \ N
do . B (400, 4 N H4E.-€. 3. {102)
a0 2 E R A R
%?K/Q/\’J’ L ;“E. goor J

it ig poosible to select a characterictic species {porhape a principal

product) and to denote it by the subseript . 2 Lewis gy fory species

X

§ may then ba defined ap

?mkaztuvuu@o

. &

ceivity will be denoted b Y?;g:: J.wiw{ s Thesa

and a dimenslonless dify
guantitics may be functions of the temperature. Iin view of these

definitions, the divieion of g, {101} by Bg. {102} leads to the relation

e,

mmﬂ?% = . 3»132.,,,,8 Q:E_@fﬁg
A e o &, 5 AL, -E, %
£ 3%3 3 Bal /

B N Ty cp 5 .
whore the was been defined ag

Sy letting the fvst reaction {r=l) be an Luportant reaction in

which species P s forwed, we mey define a dimensionless reaction



rate fragquency factor for the j'th species and r'th m&atwm by the

relation

B == awmde® da¥ j=1 ; ral, 2
3%:. ,}&sgy....@a?;otw'eoas%s
H]
{“/)”%‘:3; m:/i'm
Y &
8
where M= PR . L& the order of the r'th chemical reaction, Sincetho
v ﬁ&& La

frequency factor is spprowmimately progortional to a simple power of

o

the temperaturs, the temperature dependence of the quantities A and

¢ is for convenience ulee inciunded in &, . We define the constant
“IJ ' ¥

dirmensionless nass burning rate eigenvalue by the expression

Z .
[ 2 v
[ ey \ A RS
’}\_@ o= | Q ! £ 3 \ ik ) /
o = -y i d% 9 g 5 4 .
'\\ i3 / E F i ‘& » ﬁ J;p
.'g“'g

In view of these delinitions, by substituting iq. (98) into 2g. (97) and

&,

dividing the resulting reletion by g, {102) we find that

& . ﬁ )t
R vf’% }‘,\5“ exple2 /o) || % > i,r
ds&, " Jo ¥ ¥ LT §
e J\_ ) =l il ) PN
wwwtévd@ = " 4% s8yocenh fig{fw
X4 Gm & Y B e, ==, )

where é}rm?@’! ’}g ig the dimensioniess activation energy for the r¥th

Taaetion,

if we define the parameter (@% by the equation



then I

o jwl J

wyeations {103) through (108) compose the desired dimensionless

formulation,

3, Ueneral :dethods of Solution

The 284l first-order relations given in igs, (103} through (108)

7 be solved by stepwise numnerical integration technigues. The eigen-

value J\ﬁg ig detarmined by the trial and ervor procedure described in
Appendix £, In general all the eguations must be solved simultencously:
however in most cases physical considerations will enable many equations
to be elimminated, For enample, the assumplion of 2 one-step renction,

L3 3 e s & ' E@
the stzadyesiate agsumption for reaction intervnediarics, or the

asvumption of consecutive spacially-separated reactions {e,g., burning

e

il

o C0 first and then to fsi;’?zi’.ﬁ?é may be used to obtain all of the functions

2

€, algebraically in terme of a single flux fraction &.. Since all of the
& &

coefficients appearing in Sgs, {103} throvgh {103) are simple functions of

the temperature, the numerical procedare is straightforward,

gince the approwimation methods discussed earlier did pot vield

accurate functions (- )and &0}, it ig eupected that similar analytical

L. von Réarman and 5, 5. Pennaer, Sgction 151 O of velorence 5,
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approximations to thess functions in the present case will be poor,
Analytical procedures are therefore expected to be useful only in
obtaining approzimate relations for the sigenvalue J"\_ﬁg, We ghall
attempt to obtain an expression fov J\% valid for large values of the
activation energies by methods similar to those used in the previous

parts of this chapter,

P ;. g’ R #
4. An Avpromimate Lxpression for A\ and its Validity

The form of By, {104) for which j=F* ig taken to be the hasic
® . - s
equation for determining AN oy tntegrating this equation frow: the

droplet sarface to the hot boundary { 1 = w} we find that

£
’f‘%i‘:qggy ) * . ) -
J £ o Jde AN {108)
E'{i'f: ¢ '
e X

where the function f{£,.) has been defined by the equation

8
T .
O(+’Q-’C>_Kf;+ J. gE,=E,
jﬁ_‘_ﬂ}; o 3.)\
fle. )= " {107)
and the guantity g is given by the exprossion
t . 8
e exp{- & /0 ~ Lt :
T [ ey i s:‘j J o - ¥ .
g== /o 1e5 “5 G {108}
SN <j e
ral o j=1
7 J

If the activation enerpgics, {ir. of all reactions which have rates
large enough to coniribute appreciably to the summaetion in g, (108}
are sufficiently large, then nearly all of the contributions to the inte

grale in g, (108) will come frown the vrange O~1, In this case we DRy
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expand Eqgs., (103) about &=l in order to obtain approximate expressions
for the mole fractions Xj(@) which are valid near O=1, By substituting
these results into Eq. (108) we obtain for the quantity g an accurate

approximation which is given by the equation

Yol osp L em(-0/0) T
”2[ -5 W
r=1py j=1
Dt
Js T
>—1X.11(3€]11 £775,f Xi,féj,f)
X f-(l_a)tfj fl as (108a)
o+ 1-6 + Z H(€, € )

i=l

Here it is understood that limiting procedures are to be used if
necessary., All integrals involved in Eq. (108a) may be evaluated in
terms of sums of exponential or error integrals.

It is necessary to obtain a reasonable approximation for the

function f{£_) in order to complete the solution. Although an approxi-

P

mation may be obtained by an expansion about the cold boundary

(&

p= EP 2 ) as in the previous simpler cases, it is more difficult to
2

justify this procedure here,

It is apparent from Eqg. (107) that

A
B
For non-adiabatic systems the quantity [0& ZH (8 €. i )]
remains non-zero as O—>1 and Eq, (105) shows that (l o) ~1/0’ near



Va2

O=l, iy eubstituting this result into Zg, {107} we find
which approaches sero as & 76
&

"

asymptotic bebavior is governed by the naturd

. {104} and maust be determined separately for

For non-adiabatic systems and also for the adiabatic cases in which

% é‘? f,§m€}, it ie expected that the las
o

i eat contribution to the integral

o

in . {106} will usually come fromw the neighborhocd of the cold

boundary, In these caseg the m‘&:@wﬁd can be evaluated by a lincar

) w

Cﬁ . U aseries of chain reactions

g Py

expansion about the cnd point &

cecur, however, then the function §{¢€ %; iy pass through & number of

3

maxime and minima which tend to reducs the acecurascey of the expansion,

E

The methed will slwaye be applicsble to systerrs with one-stop
chemical reactions.

&

Hoaving dscuessed the limites of validity of the procedure, we

shall now expand and integrate the fanction {{ e Epele By differentiating
<5
vig. {107) we obtain the squation
- &
af 4 iy AN 1 g o
g T o o (o Cw G e ) ‘\S;wgéwg R %“ «oe:hq‘-’ m-é‘iuwm
ae, g ! L I3 dex 4S8 Gl
w Sl { EFoa IS AT A R

3

which, in view of Kgs, (104} and {108), may be cvaluated ot the droplet

s
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A two-terr expangion for £ ) may be used to obtaln the
%

relation

the integral of

Ty substituting Lqs. (109) and (111} inte g, (112) and sgueting the rosulf

P o Y ey e & T s F gy e ag e
» W obtadn the relation

drony &Py WA Ty
Lo the right-n

& | £ Gl ~
Ny b e E NP AN
‘ 2=, ) {i= ) [

] £ Ji af &/2

—
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=0, {113)

z
Py
st
»
e
-
e et

P

!

/
Wguation {113) with the guantity g given approximately by Gy, (1082)
determines the wﬁ?ﬁii;&;{ rate elgenvalue ./\.( in terms of the other

poyeical properties of the syeter,

o

5, Peoperties of the Burping Rate

In the dervivation of g, {113) the assunmwption wes made that the
activation energies ﬁx* for the imnportent reasctions were lavrge, From
this it follows that if the value of (9[ ig ssmwm«i at lees then unity, then
the terms mvwimmgﬁ the exponential mmm in By, (113) are neglipibly
proall, With this zzapg?e«re:smm ation the siumplified fovm of ©q. {i13) is

[AF -0, 44
/ -én\*:m = f"< rmaany

: | (114)

quation (114) will be valid in most cases for which g, {113} is &g}plifzam@,

e . . an , N
It 16 seen that Hqg, (114)ie similar (o Sg, 42K 4V ~ O " heve

-ua%.

then the two equations are identical, In particular, it fellows from g,

{114} that the mase burning rate is proportional to the drople

¢ radias,

This result may be clearly scen by weiting this equation in the physical

form
) {1 9; )
A= A, A . {1155
- f1-5 +d})

Pe | -
Most of the discussion of the e"’a‘fammﬂmmah of m@ burning rate given in

Section D11 will alse be trus i a the present case, Thie analysis implies



.15

o

that when some beat is exchanged with the surroundiag atmospbere and

there are no repid spacial variations in the total eathalpy flug in

regions far from the hot o cold boundaries, e eguwation for the
88 burning rate is unaifected by the type of reaction or the sumber

of chemical species, Yhis may help to explain why the results o

plified treatuments agres with expsriments performed with real

&

systerms in which a large number of chemical reactions occour, I8 is

believed that any steady-state spherically-syr ¢ gaseocus de-

flagration problere can be trested within the frommework of the basic

formulation pregented heve in Part 1,
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Chapter 11
THE THEORY OF PLAMES PORMED FROM INITIALL
SEPARATED REACTANTS AND THE BUBRNING OF i?i?sa;%
DROPLETS IN AN OXIDIZING 885DIUM

iist of Symbols

Average speeific heat at constant pressure,

-;[av*
e

inary ﬁzfﬁusica cocfficient,
}éi;m%aahﬁy per unit mass,

An operator defined in Bg, {12},
Lewis aurnbeyr,

Maes flow rate.

A compound variable [

see e, Q?;?}jg .

Heat of combustion,

Radial coordinate,

Temperature,

Time

Diffugion velocity,

Velecity.

Mase rate of chewical reaction per unit volume,
Coordinate,

Mass frection,

Abbreviation for mase {raction of products or temperature
difference.

Specific heat of vaporization @f the fuel,
Coupling function defined in Eg, (45),

Thermal conductivity,

* This discussion follows closely the analysis given in Technical Report
No, 19 of the Office of Ordnance Research, U, 5. Army, Contract DA-
04-495-0Ord-4456 with the California Institute of Technology, Pasadena,
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Coupling function defined in Eq. (46).

Density.

Subscripts
Conditions at the flame surface.
Fuel,
A chemical speéies.
Component in the 9 direction.
Conditions at the droplet surface,
Oxidizer,
An initial condition,
A product,
A product,

Conditions at r=o00.

Superscripts
A standard condition,

Values corresponding to a hypothetical stoichiometric
reaction step.
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In the previous chapter we have treated a problew which is

e

exemplary of an initially prermized system, For moncpropellant
burning as well as for premined laminar flames both fvel end vuidizger
sre present at the same Emm@&:w‘g; of the flow regime., Another ine
portant ciass of problems ia &E@ia@ﬁ; in which the reactanis are initially
'@mmmﬂﬁ. In @isu@ case fuel and oxldizer are not simultancously
rmmmf; at the sarme boundary, & practical example of guch & systen
which arises in ramjet combustion is the problam of burning of & fuel
droplet in an onidising atmosphere, Under suitable simplifying
@@M@;mgpémmé a fairly concise analytical description of this last clags

&

of problemes can be obtained,

The treatment of laminar, inviseid, eunst ALl -DTRBsure,

ciffusion flames formed {rom initielly unmined guses by a gingle rates

mmff.wgumgfz« action step is greatly sinmplified in the spocial cage in -

o

which the Lewis number is unity and all of the {binary) diffusion
coefficients are egual provided the product of density and diffusion

epefficient, the average gpecific heet at constant pressure and the

thersmnal conductivity are assumed to be inde ,.seva&ew { temperatare, We
present & gemeral formulation for the solution of problems of this &y

2
23} {Pare 14),

following the earlicr work of Ehwaiaiz % and Teldovieh
#1g0 a detailed discussion is presented on the buraiang of & single fuel

droplet in an infinite owxid

i the diffugion flame

approximation {Part ) and a treatient allowing ;o distributed m,&d,zs 2L

gone {Fart D) are @Qm?m«,mﬁ Faor & Lewis nurmber of unity the mass -



burning vate and fuel weight frecticn at the droplet surface are ine
dependent of the form of the veaction rate and identical resulte ave
obtained in the two cases. Thees results concerning bipropellant
droplet burning will be found useful in the followiang chapter on spray

combustion,

An instructive treatoment for the partial selution of steady,
constant-preseure flomesn for geses with Lewis number of unity has
veen described in peveral recent Hussion "ﬂ%;aé,zsiim&m:ms, Ve

shall survey these stedies and emphasize the approvimations involved
in the reduction of the general equations to the equations actually vsed
in the solution,

. s : ¥
1, Tonservation Eguations

The general eguations for conssrvation of mass of individusal
chemical species may be written in the form

£ a¥,, w,

F&N - FY
o s o
P ¢

whare /IR is the Duler devivative,

species ¥, o i the density of the fluld mivture, w,. eguale the »ass
/ A =
rate of production of species X per unit vola Y, ig the diffusion
: 2 . AP
velocity of epecies i1, the subscript i { (=1, 2,3) denotes the X'th

fee, for example, reference 7 for = kinetic theory approach oz
reference 24 for a continuum theory approach,




component of & vector, n . is the {‘th component of the cartesian

coordinate vector, and the repeated indey Y identifies sumimation

sccording to conventional cartesian tensor notation, We shall use for

[£:]

”a% g @ binary minture approwimation, viz,,
i

L33
LY L
\f S e tHSneems Ui

"ioif
£l "
2,4 &?,& %Q * : i2)

e

For steady flow Liga,. (1) and {2} way be corabined with the regult

vy, / v, |
v 3 & g

/ 23 - % 5
Q & ,Q & 0

I
5
g

The overall continuity equation is
L v § =0 {3)

for steady {low, tlence

5y LV Yud - B, /Py :};‘ T g )
{ : ¥

For inviecid, constant-presevre, {low with neglipible transe

lational energy and without external forces the energy equation becomes

4
BpRproxi s’namlyi 24)

; e \ /
g : i < | F : \ o o
/o k W - Br- /L ‘%J/Q s i

X A e

where h ip the enthalpy of the fluid miunture per unit mag

k3 X 7,
g8, B, i& the
N

\

specific enthalpy of species &, A represents the thermal conductivity

of the fluid minture, 7 denctes

the absolute temperature, and the ether

symbols have their previous meaning., In view of

£ Sge {3) aad the

relation
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it followe that Zq. {3) may Ef;s@ rewritten ae

and remembering that

/ g |7 e T
Vo S S

Here °y ic an average specidl

eguation becomes now

or, for constant ¢ ,

Y

[

/
"

\‘

ey

2N
@ 2
|

J

@

S

i

it

“3’% v‘{pv T) -

\>

o

We now note that, in view of Hge. {2) and {4),

T

2

i
“a

)

¢ heat ot constant pressure. The energy
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for a Lewis number of unity,

b w1, 119)

e T
Fe,l

Farthermore,

(=

e N
&
g
£
bl
;‘%
&
=
@3
£,
[ g

/
. i ey N 3
2;‘3 ¢ B i Ty é‘)i \ §
B s | ] =
el VAT e xR B, | K )
¢ ¢

The momentur: equation does not appear explicitly in the prosent
formulation since ite integral is alveady accounted for through the

staternent v = constant,

2. Uniform Nepresentation of the Conservetion and Inergy hquationg

for Cme-Step Chemical Deactions

Let
Aoy = F0W O 1w oo
{0} = B VOV, X i

i 6 h /

A ' I

It is then apparent that the continuity and energy

represented by the relations
{13}

K'CQY;"B 2 W, ., ¥oe E,a,....m.
9 EYN
and
.E’g ;{'} B e e / L W . %ﬂ‘})
b L. & &5
€, i
g} SN

If the assumption ig introduced that chemical changes sccur only

reaction stop, then we find that the % and

by 2 eingle reto-controlling =
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-{%iﬁ: 3 } b, w, ere related, Thus consider, for enampls, the
32 A‘L‘&

sch x».m&w: bimoleculayr reaction
{15}

F4+ =049

and let w repregsent the production rate of grams of minture per unit

volume, In this casze
%
W}r B e YE&“ Wy
@ )
LR 16
Mm {3 ? € %
P
—-oa ¥
\E'E:? I ;a‘p W,
and
Y
Wgﬁe =+ "*}gw“ W
2 &4 Ly P 3&" »
where 'iz ’ "f’g} _@ , and ¥, dencte, respectively, the maus

fractions of fuel, owidizer, avd reaction products entering into
For example, if the hypo-

hypothetical rate-controlling reaction step,
ip the overall chemical change

thaetical rate~controliing reaction contro
" —= "y Y
+ ZLJ?E <2 4+ 2 Mzw
" % , ; . ST e
then we find that ?}? 6 + 64) =175, ‘é’@ = 64760 = 171,28,
= 36/80 =1/2,22, Uinally

po

%

o

i :
¥y =44/80 =1/1,82, and %,

n v Yo
* e e =

{17}

<

1 S“ o
==/ h}}i; e
p g
where T denotes the temperature rige in g pey vnit mase of reacting
=§~'
gualg the vatic of the heat

e
)

minture under etandayrd conditions, i.2,,
to the average specific

reiease per unit mers under standard conditions
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£
3z,

o

o

heat et constant pressure ¢ . In the methane-orygen minture
: 3

1 BRI p00%k,
COg) w = {calig — K}

2

it is apparent that combination of “gs. {13) te {17) leads to the

conclusiong

k' FN "’aﬂ i s
AT/T y=w {19}
where the poritive sgign in Sg. {18} must be used with reaction products

and the pegative sign with reactients,

it is now poesible to relate, in generval, ¥, ¥V, cud 7 (o the
£ B4

local mass fractions of fuel and oxidizger, viz., ¥..and ¥, Thus let

o

v, (20}

whare *3';1‘@ iz the temperature at 8 boundery, The cormplete get of

differential eguations ig then represented by

v}f’wv \\
L e | m ww, ' {21}

L
%

mE i

Ty |

e | = ew, | - (22)

i

4
. W ~ & g
B N =W (\E»b;\“ i!.:j. S{@’ @ g Lol ‘13', 3“1?\, = %P.}? * :5?;&‘ 9 1 . égfé}
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2 il | P 3%

3, Classical Solution of Diffusion-Tlame m@m@ma@ )
o . o {25
Por diffucion flames of the Durke-Schumann type

boundary conditions at the exit of the fuel {I) and oxidizer {11} pip

respectively,
¥.=%,. forl
A S I el
fund
¥ .= Y. ﬁw 15,
£ Ly
(23)

Following Shvab and Zeldovich,

variable p suclh that

Idp) =0

with the boundary conditions

p=linla

In view of Xge, {21) to {23),

BEE,

{24)

we now look for & new independent

nd in II,

e

£g. {25} is satieflied for

r ]
A "*”(w Ym v o
ey | a-ru:-w m 4 il wsammis |
ywﬂ 1 boss b# 53 % <‘
N > “F |
i f*w ¥ .. I o
Pk ki L
L —

where m and n are

8

ditions sp

Y. o Y,
¥ =2 2 nflern ) memdo
L

gince *55’

both at the same initial temperature

for m and n we fnd that

arbitrary constants,

ecified by g, {26) are patigfied only if

{23}

riowever, the boundary cone

= U at both I and II provided we assumie fusl and oxldizer are

T o Solvieg the preceding relation
fo
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whence

! V ) f‘ + «gg& + s . (E‘?B
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4 “\: fred o s }\4 . © S o
) e i

The function p defined in dq. (27) sutiefies the differential
equation Li{p} = O everywhere, The particualar value
o=l (28)
satisfies both the differential equation and the boundary conditions,
tjence p=l is 2 solution of the general combustion problem in which the
chamical reaction can be approuximated by 2 onesstep process. From

fgs, {27} and {(28) it followe then that

»

{2%),

Following Durke and Schurmann, he flame front ig tdentified

by the condition

‘*ag’zé = Y . B £ ig@}
: .

which applies only for an infivitely thin reaction zone, It now follows

from . (29) that, ot the flame {ront,
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For a given chemical system, ig. {31} provides an immediate pelution

to the steady-otate gas compoesition and temperature at the flame front,

4, Complete Solution for Initielly Unmixed Gages with Pinlte llecaction

Rates

¥For a three-dimensional flow problem in the general case

where ¥, £ 0 we may first integrate the differential eguation

4.s'
idpy=0

and find
r o= i{e, v, 5).

#
Next we use Lg. {27) to obtain (¥, / Y., } 88 & function of u,v, €,

LS £, 00 am:l ‘if /":f » Wtilization of the equation of state and of the
‘& i3

ﬂ“a'@
continuity equation now gives P and VQ in terme of ¥,¥,8, ¥,./¥ . o
& wop
, g %
and "g’@ji;"w'@. A relation between ”‘z’”w!?;&“ @il ("5%:3?’?{3 is obtained

conveniently by solving the differential equation

T E% k¢ ® T A b4 ® be
.zﬂii&; f.t“;., ;* Wiéa{jllam 33@9

b

hence we muay replace, for exawuple, "‘*f’é: in terms of 'ifa. Finally, we
wust solve the single differential eguation

WY ST = -,
which is, in gencral, a partial mﬁ@:rcmmai equation of the second ovder
in three varisbles, two of which {e,g., %“”j} and T) may be exwpressed in

terraecef the thivd {e.g.. ?Tgﬁ. In this manner a unified metl hod of

solution ig obteined for the treatment of initially wnwized gases,
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8, Critigue of the ShvabeZeldovich Procedure

There io, of course, vo doubt that the polution of combustion
problene is greatly siwmplified through the introduction of the approxi-
mations wade in the ShvabeZeldovich procedure, Thys it is well known
that the use of Le = 1, ag well as of constant coeificients A ’ :: awd

@

Yz 3 leads to conesidevable givoplification of flow problems with chemileal

reactions, as doeg slso the introduction of & single rate-controlling

dm G e e s
reaction ssﬁ In defense of the formulation presented in Fections

=1 and D2 we may note that we generally do not kmow transport
DA AT setere and detailed reaction ateps sufficiently well to justify any

[

nore then the cradest approvimations in the solution of problems in
acsrothermochemistey. hus e, {21) to (23) shouwld be useful for the
goivtion of complicated constant-presoure, low m;i@mty. combuastion
problems where we are primarily interested in deriviag the functional
forra of the results,

The elegant analysis given in Section -3 correoponds to a
straight-forward transeription of the usual approximations introduced

into the conventional treatrment of diffusion HNames, which was fret used
{28)

by Durke and Schumann, The deceptively simple gensral results
derived in Zgs, {29) and {30} ave metually of very limited practical

&

significance, In particuler, they afford little or no glmmplification in the
actual derivation of {lame ghapes for the Durke-Schumaenn 2“3‘:@@5;@3.%% )

vy

*}

See, for exsmple, rv&“’e?@mm 5 or Chapter I of this thesie,
EE N . s .
Hee, for example, refevence 26 or Chapter 1 of this thesis,
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e nee of & Lewis number equal to wnity fowpliew that energy
transport by thermal conduction and by diffusion are balanced, Unader
thege conditions we expect, for example, that the burning rate of a
single fuel droplet in an infinite oxidizing medium becomes completely
independent of the absolute value of the reaction rate, Hence identical
regults are obtained {or a diffusien-flame approximation and fvr &
distributed reaction zsone, VWe shall demonstrate this conclusion in a
rather laborious but instructive manner by presenting first {in Part E‘;?)’
a zgg'@&gg nent analogous to that given earlicr by Goldemith and mé“ﬁn@i‘q' 20
for the more general case of orbitrary Lewis number and variable trans-
port coefficients, In Part D we use the Shvab«Zeldovich forrmulation
which perinite & very simple and drect derivation of the eguation for

the mages burning rate of a fuel droplet,

L ?1"5 PEUSIOR-FLAME APPRORIMA TIC

FUBL DROPLET IN AW INFINITE OXIDIZING MoDIU

FRNING OF A

4

"
iyt

e
L]
{‘:3

Jefinition of the Preoblem

The

diffugion-flame appronimation to the burning of & single fusl

{20}

droplet in an infinite oxidizing wediuyn sorresponds to the houndary
conditions

wa Qlor v« v ¥ and for PSP @ W s at v = ‘:{*@; w}

4

e OY X
Y.+ ¥ . =zlfore < v<y , ¥, =z0forr <v=rv;
& B { e’ To It =

§

X8 o & o as — @ PR% ;’ o oo o et gy €
%‘li?’” + "i@ 1 fox P Y=, ’?é & for ¥ o= F=00)
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Here “‘zf , is the total mass {raction of reaction prodact{a); f .. denotes

the mase flow rate of fuel vaper to the flame surface ot var , T=7 ,
where the chemical resctions oceur instantanecusly in such a way that

3 » @ A » I3 A
¥, grams of oxidiger are comsumed for ¥ grams of fucl with the

'S

&

production of grams of reaction product, oy

L+ (Y, ‘El"g., } 7

-

srecified valuen of » Ve T s ond heat relense per unit mass at
/Q 1] n Z
X

6

steady buralng, The

ﬁ"«

in the foro:

{33)

287

- denotes the traneport of gpecies ¥ apsociated with the
v"d%‘
L.

average masas flow rate & . ond -4y P ww:;»-i; ip the diffusion cone-
' elg

where &

e

1

tribution, The boundary condition

49

aw

P e
B, = {darT L) e

i / G¥

3 that “””Z.;m@ at r=y , Also for
- a [

. o #
e “* el ) % " : g v 5 5
P D, i Y. ) whence we obtain fron g, (33) the
> %, 2 £

last of the boundary conditions listed in {32),
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2. &n Ewpression for ﬁﬂ,‘ in Terms of "iéi‘? and ¥

An expression may be obteined for & in terme of jﬁ and ¥o by
applying Hg. {23) with “&?.@‘,i&*’ o= (T ﬁ/"“’ to the region Tt ¥ ¥
Py %
with w=0, 7Thus
d . 2 .. d , 2 @ ¢
g {8 DVL Y B e {2 O e 34
dr { e ! ar { ; dw ). {34)
Bat
»
14
whence Tg. (34) becomes, after integration betweenz, , T , andr, 7,
10K
Ay ,
LEs
B o & ) dar i 4%
?{w ‘..,i(? »-» ..ZLW wimgin 5 st {Nr R vl B
w X E‘ ¥ 1Z M.,(
B 5
Fut
; A .
2 4 T :
g.a T PN Py
O = :.,,..s&' 355
(A dp ) 1‘Q Gor (33)

where Al denotes the specific heat of evaporation of the fuel vapor,

Haence
X’,&" o I ) 5
‘\f:‘ ( e s + &’ \ - /)\ 7 2 ‘defx
dw | Ty e dar

\ LI €.

B B

which may now be integrated from ¥, , jE to ¥ &e In this manner

we find | ST W
s {36)

X = ®
L T
B k?}? ¥
]

Fouation {34) is Godeave'ls & ua&mng J but cannot be uged for caleulations
&)

of . because neither i, mer ¥ ere known,
& d



3., & Telation Petween th

ii;a and Flame Surfsce Radiaus

¥

£
& rvelation between the flame radivs r, and the temperature 7
can be obtained by applying Sg. {34) alse to the region between ¥ and

w. Thus, integrating Lq. {34} between E.» ric:**’ and v, U, leads to the

rasult

A
i 5 [y
w% TP 4= A ag’qﬁw< »mi ‘/\\ﬁ'g }E;a»“i’ \)
o S - " - \ : o
h e : iz : dr | E
Dt
[ 3
| —— |
=, g e e Yesd ]
2 ‘&ks ,Q J}
L

where g iz the heat released at the flome sarisce fop unil mase of fuel

. ar wr F o, B e e as , r 7 , ¥

{g) reacting with ¥ey 1%, g of owidizer to produce | 14 ,”ﬁ I R
of reaction products, Thue

& %
q = 1‘1+ (v, i o ) B o B (Y, /T

i §i i Tl
o ) & A og £ 6:‘, s’

where the subseript ‘?;’ﬁ: identifics absolute enthalpies evaluated at the
ternparature of the flame surface, Furthermore, since nll of the

specific heats involved are conetant and equal, it follows that

£ B 1 o 4] % # ®
I i x Dty ™03 Y. %
q = [11"' Xy I VB =By (¥ VY oy

- # 1
g=e T 4r 1+ (¥, i’Y e
. j

where the same definition h@m been used for 1T asg in Zq. {17}, Hence

r =5 A
2 d T v ] |
. A | 3 e o o
fdnds ) = RS T A g ) = (T T ) - A (37
£ By %7 . : ‘
Ll & g, H
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which may be integrated from £, "i‘c, to oo, ;u. with the result

S
e
o,
sd
ot

it is appavent that by eliminating z’fg';:;iﬁ batween pgs, (38) and {38}, &

relation tg obteined for e in terme of ‘E.’Q. The result is

] ;fw o ‘4;.,“(1 :
AT S U T, SO L o S A
TSR R

L e
&1 -

4. Deterwmimation of v_ in Terms of

3

The use of g, {22) with w=0 for r = r< @ vields the relation

whiclh may be integrated from . Ctowr, W with the resuls




Integration of the preceding relation between ¥ Gand e, ¥

i 00

leads to the desired expression, vig.,

Introduction of iig. {40) inte 2g. {36) leads to an ex

in terme of “Z.ﬁ;‘ﬁw and kacwi lrm.'a ameters, vig,,

@ €3 =l b
A T \ % z}é ° o /’k » { > g'a %
., = i i o4 ﬂm:émmww R t By
2 P v A i

s

5, Theorestical Calevlntion of

We may now obtain 8 simple exp

$i
caleulation of z*m i Firset we combine e s

&

with: the reesult o

e $ W o cos
[ %] _— Q P
i € !
e L &) p
pet A

The gua wﬁ?,j;’ r ,f 7 may then be ©

. le evaluated either from Bg

for } ig obtained by replaciog
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A ! &

1

|

da )z, %
L. gl

.., = {36b}

i
R
-
&
w8
TN

& — S R 3
¢ | L i Y. |
‘g? [ - -
{ J
\ . R S
where uge has been made of the relation ¥, + ¥ =1,

6, ‘The Fuel Mass Fraction at the Droplet Surface Y,
&

ol

The fuel mass fraction at the droplet surface, Y. » , is readily

Fy
obtained by integrating iy, {21) with w=0 first batween T Yoo o s

3

fi
S E P

and ¢, ¥.., and, after collecting terme, between», , ¥.. », andr , @,
& ’ ¢ ¥, ¢

The results are

/ \ { .
5 j d¥ ! | a¥ .,
'9" QY u? a } - 3?2; ,)ﬁﬂ‘;’j — :f;« i - 1 ?’a('\ 3‘(} W—.é: )
L N : ST dy \ ST oode F,
. D *

A i \

or, since according to g, {33}

4y
A oD e ) =
/'{ éﬁ" ¥

-

¢, Compegition and Temperature Profiles .
%

Compogition and temperature profiles may be constructed witngat

i

difficulty by integrating the differential relations leading to gs, (36},



{32), (40) and (42} to arbitrary values of v apd T, ¥,o Thus

r ) 1

e AX TE e 3 i i
ﬁ ‘_', + vbwﬂgu § C'agﬁg = >\ & ( - mg i

vl o k ‘

= L J

(43}

i \
= ;}!-‘ ‘ - wwji:an \?
¥ |

Q} enp

'
i
|

.- .J

¥
&
o
. e e

for v, < r< y@ and

1

I & / \ A “ r
Tel w7 14 Do e ) e Sl 1 anp ,

f ‘ e '

- b ?:’ - — g1

r 5 %,“a’a"#:?}
) R P 511 1\ U
T2l = | enp | -1
B @ | x x
i 4 L c

for T T 03,

&, Coneluding Hemarks

-

The snalysis presented i

cotion 0 actunil

Ponnewr, Sinee we have aot

closely the treatuns:
utilized the special fovm of Lga, {(21) to §2’3), the analyiical labor ig only

a little less imvw%wed than in the original treatnent of the problem,

&

For the treatment of the burning of a single fuel droplet in an

I

infinite cuidizing medium with a digtributed reasction zone it ig cone

vealent te stert fron: Dgs. (21) to (23) and te in w@dmw new variables,

Thus let
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Then

L) = L) = © 47y

/!

and we expect that the differential equation in 7 will ultimately relate
the temperaturs profile to the oxidizger mass fraction wherceas the
eguation 1{[) = ¢ will provide a relation between ¥ and ”‘"u

Appropriate boundary conditions for the composition variables

in the case of & distributed reaction zone are the following:

Y. .=0atr=x , 121 , {38}
and

K £% e o LS 1} £3

o = atr o, T = 3,@} R . {49)

From L{2} = 0 we have

d , 2 d A
e £ B ; e ad ool
ar \* w =a PP )

whieh, after integretion between v, , 7, , and r, 7, leads to the

. L A
exRpression
' Tt
B, 2 B 2 ey
e it R/ B EY e o ) K i £33}
y { 5 K Jmyw ,/O D i {r /![ I prr }FO, {50)
Pt {
ig:p
7‘ TR camamotame
s {51)
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sl ,
fa Bl
2 L dy 1 2, di T
(E /owa-; v = P {4y /&“@D)_f = T—— e
{ dwe T | A c@ Ky
¥

From Lgs. (50) to {52} it follows now that

s
s f dr A @y
g P '

[

whence ;‘ 1
i
ol & r- - _ P
5 iy ” o4 ,:gj‘ ¥:§‘ *"‘i. k‘fg -

. wz»/\rfk / ‘ , P A e ) Oy 0
I, & A< L4 ? i o \
7 ) AT ® v ¥
ey i “I' . N
2] | < |
' J

{52)

Eguation {53) is seen to be identical with g, {36b) in accord with cur

sarlier prediction that, for a Lewis nunber of unity, the mass buralag

rate cannot depend on the che:mdcal reaction rate or the heat relecase

profile,

3. The Fuel Masgs Fraction ’%’fg 1 at the Droplet Surface

#» /

From 14t ) = 0 we find, after integration hetween

$ Y
. s ¥3%, , and £, ¥, the vesult

Gy
#
e

= A wsop i/ Y
g 4

e

B I
fn Yo o . g |2 ar
- | k- L mr‘“/g;g.__z., a'g“fgs.‘fﬁ. P,
T 3 ¥ ® gy \ S ¢
\ w . \ ‘ 4
Bt
3
e 2 ... av. .
S 8 ! % gy ¥ wr
. VY. i £ o

whence
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dy 5 Vel )

After integration hetween x& » £, s undr = oo, gm we find
X . F
PO ’
'5 i
g Ao
. i ¥
e -
2 Cm@
B 5?‘/
and, ginece
et w7 gy ¥ oLy G4
fjm o2 oaw f?:j'm;'ﬁ{g s z = ) . %‘3»’;)
- . L
a4 - < Y?j,.h Yﬂ.,n + % o~
iy 3:{. - g O W o
Ivr. )\ 18 F (57)
Y. Y., )
‘h} i [,
or, after introducing Ug. (53) for &,
£
W oW
1«&-”‘3‘?)%{?5 i¥. %
Y. o=1» T - o : . {58)
ced € U O T ¢ |

% ¥
R ﬁ i
Lguation {(37) in identical with the result obtained from g, {42} by

rer Eagmg & w‘f?z* according te Lq. {40} i.e., the fuel mass
&

fraction at the ﬁ?@@i@i’ surface is also completely independent of the rate

of the overall chemical reactivn,

4, ‘The Coupling Function - {r)

¢ function - {r) chows how the oxidizser and fuel mass

u!-‘J
,;.,‘.r

ay be obtained convenient-

fractions are coupled throughout space, ¥



ly frowm Eq. {55) by replacing the upper lim 3.2:@ of integration by ¥ and

E{r), respectively, In this inanner it i found t.‘é.m&.

[ e 'y
o
e L g *
*{/l«. 1) opin - A {59)
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.,;-xeampmmza @qgs’s. wy. g%;, eaxnd m; si‘mw% mm fi’ ir}fmf the ﬁma

. 'ﬁribumd mammn memss, ie mk.m:ima} mm ‘fzwiygf‘%fw wzz tcm, ds’ii:mmm%

3
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.8
¥

' ‘.ﬁam@ apgkrammmmﬁ in the r@gi@m xr T r

also §r§ is ﬁ«:ie;m*aam )
- _ with"—"é’ﬁiﬁ'}j Y ﬁm’ a’zhe dxfiu.aim@.»ﬂm««@ &ﬁaﬁﬁ“ﬁ?ﬁz“’ﬁ&h@ﬁ m t‘?:%u: ?@ fon |
‘ ”f,”r“ m; . in @ﬁ:her wm‘r‘ﬁ@, ﬂw ﬁiﬁﬁmi@nﬂmn@ @,@wmg&mé%m& x_*eapmw
s_@m‘ a gpe&:iai solution m the genersl pr;@mm’zé which has the ﬁe:am%:

of ﬁa‘idﬁé@ 2 -mase burning rate iy meia fuel mass firaéﬁ:zzm&"'g,'&,‘
which is independent of ‘%Fvs. |

| ' An siternate cm&gﬁmg mﬂmi@a between fuel and m&iﬁée? mass

fracm@n may be obteined by rag}i i:inf}‘ the lower Limits in the integration '

of i{f)byrand £, I i:his manner it ie found that



¥lr) Y. {r) i 1
Bir) = - e o R ()
. £ - ® dw A v

¥t

M@ammz’aﬁ {M) m@i §s@2} are, of course, consistent as ie casily demons

sst& ated by b%awmg tﬁam use of the @mumh&y of the right-hand sides of
©Eiges {61) maeﬁ {62) leads directly to g, {5’%3 for M,

8. the Coupling Function 7{r}

The funetion {r) shows how the temperature and fuel mass

fractions are coupled throughout space, It mway be obtained conveniente

Iy by replacing the mammﬁ* Brmites of integration in {50) by r and 7

regpectively, In thie rmanner it is found &.’im%

g
N & }
i A g?ﬁ
oo omn |0 e X BY e
¥ . [ { \
. [ e
t L
! P
o : , ' ‘ ‘ B , BN
T{r) ; A€ S
- e &Q e 11 I RO o
P ey T E -‘~Q+W g wy TR hp 68
i ff E . {: : ”‘\ g . A‘JI , i
; e oo ' -

N

S ornnarieo \ amd (63 e NURTCTIE A
Comparison of Lgs, (43) and {63) showe that 7{x) and W{r}/T for the

- dife mm@muﬁaﬁ@ ap ation are ﬁ,@i snitieal in m@-z xwgvms:a Tp = ESE L
Smilarly, t'* be gh “*"?; = ‘?} }F 1 e/ T for
milarly, it ey be shown tha qu)wiﬂ —-y and el T fow
Jy PO

the diﬁﬁm@ﬁ@m»ﬁaam@ &ﬁ;;p’gwmmzzzm:imﬁ are i@ie‘ﬁtﬁ@m for '??g: < 0,

£, Absolute g”"@i‘ﬁ”ﬁ@@&iﬁ@ﬁ ] ili @wm@ ature Profiles {or o Distributed
Y eaction Zone

Absolute compogition and tomperature profiles for the diffusion
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flame approwimation have been summarised in Xqs. (43) and (44),
Corresponding a‘a@uiﬁs‘ for a detributed reaction zone depend, of
courses, on the exact forw of the reaction-rate function w,

Lguation {22) becomes explicitly

. Y. A / 2 d¥ .\ :

d Z O d v pﬁ *f,}\ .4

ar | ¥ Y £ ar | o 3 wi'ﬁi‘f, e &)r %)
Yo \ / '

where 'Zf&. T and p {for constant-pressure procegses) are kaown
functione of ‘%f@ and v, Thus Bg, (64) represents a single second order
total differential eguation the integration of which, after irvposition of
mimm@ boundary conditions, will yield ’i" eﬁrb Joe of the coupling

relations given previcusly will then allow the camputation of ¥ (r) and

T{r), thus giving a complete solution to the probley: under discussion,

7, Concluding Remarks

The analyeis presented in Parts C and D and the detailed come
paﬁs@m of the derived theoretical relations gerve to smphasize the
cbvious fact that all resulte caleculated from a differential equation
which was derived by eliminating w between Lgs, {21) to {23) are of
general @gzplig@%:aﬁéw and are independent of the exact forns of w, Thus
there cxists 8 class of combustion problems for which the assumption
that the Lewis number is unity simplifics the problem to such an extent
that useful observable parvameters can be obtained without regard to the
form of the reaction rate, We have illustrated this conclusion for a
special combustion problem. The Shvab-Zeldovich formalisw is uselul

for categorizing the method of sclution,
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Chapter III1
A GENERAL THRORY OF SPRAYS
List of Symhols

Spacial dependengs of the droplet g;zﬂwm‘rmé& [,:;%m Ee. {64 }]
Rediuve of impinging Jote.
Regotion rate froguency factor.
Impact paremetor.

Ires coefficient.

Hane flow rate correotion factor f@? droplet interaction
[Beo Bg. (34)].

Mverage specific heat af constant preseure.

Binery diffusion ceefficient

Poros per unit droplet maea.

Average scosleration of droplets with velocity Ve
Troplet number depsity distribution funotion.

H'ih ordor probability density funsiion f@r droplets.
Iroplet size &3@&@1%&%10& function.

roplet veloolty distribution funciion.

4 function defined in fg. (I-48) of Chapter I.
fnergy dlssipated in o collimion.

Funetions defined in Bg. (8€).

Faponent of r in the droplet growth rate expression.
Mfective lowis numbar.

Path zeﬁgth within the collision zone.

Average moleoulasr welght.

Hass of & droplot. .
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unber of droplote wroduweoed s & collision.

Tumbar desnpity of droploetse.

Prandtl nwtbor.

Premgurs.

: Droplu L BouTeE toIm.

Total rate of f@:m&ﬁiau of now wﬁam&pwﬂ (W”ubﬂf phr'
unlt valuma}

Heat of rm&&@ian.

Iropled fmaw%L rate i@mjﬁuvjn

Gag 0@3&%&3@’9&? SEGMe

fverags growth raie of Aropluts o Si%e T
Reynolds numbor.

'Brsﬁlﬁh‘r&ﬁiﬁﬁu’

o

Dimensionless droplet saddus definad 4w Ig. (7%).

Average droplet radiue.

avorage droplet cresse-sectienal aran.

$urf&ea tengione
550"“"’ LAY neEber.

Paremoier cheracterizinge droplet sise dlesribution.
Ta - % . )
[ﬂﬁ:‘v?c J.}Q}’A {:}9} ¢ :

Tempolalturt.
Time,

Paronoter Gh&fﬁcﬁu”‘”Anf ﬁvaﬁlat sise Siotributien.

[oee Fq. (393 ]

Diffusion voloodty of o componcnd of tho Fluld.
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Pluid veloeity.
fverage velume of a droplat.

Average rate of change of droplet wolume coused hy
droplet mrowihs

k'4h compenent of the droplet welocity.
. > .

Yagmitude of ¥,

Droplet veleolty vootor.

Particle velocity wilthin incidont Jets.

Ltvwroge. droplet velocity {(everaged over r end V).

Troplet velocity averaged over v,

Troplet velocity averaged over V.

Aversge rete of change of velooity cansed by droplet
@mh: [ﬁ‘?ﬁ?@ Boo C-{éfvg’ J :] » :

Velocity dyedic product tonsor.

Vebar murber.

COritical Yeber puxbor.

H#Hole fraction.

Spacial coordinste.

Dimensionlens distence dofined 4n Hg. (74).
uase fraction.

Spacial coordinate.

4 dimensieonless varisble defined in Ze. {78).
4 dlmenslonless distance defined in Bg. {79).
fpecinl ecordinate. ‘

i Aimencionless varisble defined in Scotion Dedwd.
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Droplet collision function dsfined in Seation Belwa.
Droplet interaction @sna%@n%[:a@@ %;. (4% .8, ]

Collisional rate of chaape of the droplet distridution
function.

Bate of seosttering of periticles inte 2 range of phase
space by collisiens.

Rate of scatterings of particles out of & rangs of ﬁ%@ﬁw
spaco by aelli&ian&.

Pvmparaﬁi@n rate correction caused by £1luid motion
[&@@ M(Eo (5;4} fof n:]

Bpecific heat of vaporisation of & liquid droplet.
n«mto].

aVentOdel | -
DBirae delte funotion.
The step funciion.

4 variable defined in Eg (&ﬁ}

Jet impingement angle.

Thermal conductivity.
Viscomity «

Batic of ithe volume gccupied by droplets o the wolune
occupied by zea.

A wariable dofined in Bg. {67).
Deneity.

Differontial collision crosg-section for production of
new parviclies.

Spacial depondence of the asrodynamic forec [ﬁmw Tz » (u3;]
Animuthal droplet collision angle.
& medified n'th order distribution function defincd in Fg. (69},

Iroplet potentisl cnergy coused by surface tension.
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Subseripis

éﬁ .&@ym§t@%iea
ﬁ Dreg.
£ ?inélva? free stroam.
¢ Gravitastionals |
i ‘ g,p§§ti@u3a§ droplot.
3 An incident Jet (j = 1 af £
2 ' mqum;
it &@@ﬁwwai“ﬁ%@é aVer age -
Eﬂ] niih @mﬁ@rfiteratiﬁn
0 Oxidiser.
o A known initisl condition.
'ﬁv : ?@@@suré grmdi@ﬁ%;
R E Rotation.
% ' é@mp@m&ﬂt'in the x direction.
¥ -ﬁ@mpasﬁﬂ% in the y dir@@%i@nn
B G@mp@m&§% in the  direction.

%u%ew%&wiﬁtm
[m] vv'%h order ﬂﬁ?ﬁﬁﬁb&%i@de
0. Tdeal Qaan%iﬁy neglecting droplet iw@ufaati@ﬁ and relative

motion of dreplet and fluid.

# 38ﬁ@i@hi@mﬁt%ie4va}u&,



B TR ODUCTION

The knowledge of aha_bmwmia@ mechanism of single dropletis
dose not ensble ue $o Jdoterming the meshenism of hotsrogensous Come-
bustion in rocked motors. A large nuwber of lanterssting dreplets
are progent in peastilosl combuetion choghers, and o ramﬁanahk@
dopeription of these spreys must be developed in order to evaluate
the performance. It is our purpese in this chepter to develop a
formalion Yy means of which the resulis of Chapters I and I1 may be
ax%émﬁé& to predict the propsriies of aﬁw&y&.

In view of the complex disorder encouniered in wost spraye,
it appeors that » statistical appreoach to the problen is reguired.

. . ™ ey Y
Provious descrinptions of ﬂgﬂ&yﬁ(27) (28, 23)

and sprey combugiion
have bsen cesentiglly one-dimensionsl and to a large extont phenome
enological. 4n effort is made here 4o reduce the phenomenological
sppecte of the analyeis to 2 minioum and to siele explicitly the
ssounptions introduced. Ve develop the thres-~dimonsionsl eguations
vhich apply Yo e larger clase of probleme.

Afgor deriving the governing differentisl eqguatlion for spraye,
we sxplain the form of the collision term by desoribing the mechanics
of droplet collisions. The sorodynemic foroe expressions are quoted
from known single-pariéicle resulis. We nsxt review the growth rate
equations for single w?&y@waﬁimg or turning purticles end indleste
the corvecilons to the ideal reladtions caused by fluld metion and
droplet interzotions. This completes the explicit definmition of all

terms appoaring in the besile governing egustiion. In Part € we
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derive differentisl exproeslons for the dotal droplet wumber deunsity
and other integrated guentitiss. By use of the collision sonservaiion
relations, diffevential equations whieb &Eimin&%% the enllision torm
are depived for use in pobleme in which &r@glé& @@liié;@m% are ime
portant,

in oxder to illustrate the use of this general theory fopr
a@sarihimg a&w&g&, we &mn@iﬁwg two exemples in Parts D snd B. Ve
firet apply %&% bazie equatlon to the problem of atomization by
means of lmnpinging Jets. If 1% is sosumsd that @zéyl&%& of haown
slze and veloslsy distridution compese the incldent atresms, then it
is pessidble %o obiein expressicne for the droplet n;m%ﬁn-&enaity dige
tribution downstreamn from the interaction region. For the case af
oylindricel Jets with sherp edges we ovaluate explicitly the droplet
size amﬁ velocdty distrivutions far downsiream. It is shown that
if the incident sige distribuiion is of & generolized Zosin-Hlammler
type, then the downstreanm sige digtribution belongs to the asme olses.
4 table of the numbepweizghted average dlameter is given, snd o
eriterion for efficient impingement atomiszation im obtained. Al-
though many of the specific assuunptions concerning droplet iﬁﬁ&?@@ﬁiém
meohanien, geomsiry, or size distribulicon wmay be found o be insew
ouraie, thesc results ere srpeoted €0 agree approximetely with experi-
ments. Yoro imporiant is the fact thet the smalysis can sssily be

modified to include Jets with different charscteriaitics.
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4 pogond problem 4o which we apply the basic sguations
(Paxt I} 413 the ovaporation and combustion of sprays of & known
initial sise distribution. Expreesions For the. fraciloy of the
evaporation completed &né the oise distribution us funetions of
the distance downstresm from on injeetor are derived. An {terative
perturbation tochnigus is desoribed for lmoluding scouratcly the
interaction of the fluvid and the spray. The snalysis giv&n by:
?@uhar%{?@} iz extended %é inslude more genoral droplet evaporation
rate exproasions and initial sise distributione. The medificstions
of the ptatistical spray oherecterisztios, ceused by the sevoldynamie
foroes and the droplet iﬁ@ar&aﬁ$@£ and fluid potion corrections to
the burning rate, sre obtained from & perburbation enalyais. Ve
compube average emay properties which are Airectly relased o %he
h&tﬁ?ﬁg&ﬁﬁ@%ﬁ combustion officiency of motors. It iz thus demone
strated that the fermulation of the problem of describing spreys
presented in this chapter hae a wide vonge of applicebility snd

may be used te obiain combustion chamber performense reoulis.
B, U¥ COVERNIVG EQUATION PR 3PBAYH

Is¢ us supposs that, throughout s reglon of spsee containing
a goseous fluld of varying composition in arbitrary wmotion, & large
number K of particlos is dispersed. These peridicles moy be evaporate

ings oundersing, burning, ond undergolng mutual collisions. We
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have insufficicnt Informetion o siste expllieitly the popitlion and
vehavior of opoh deaplet sud %hergfwxa must develss o stetistical
desoription of the sysiem. This sprronch i exnecited {o be useful
when we ave interssntsd in the properties of volumes large enough
t9 contain 8 great number of pariticles.

A complete statistical . deseription of the aysbtom involves
the specification of the funotion

£ (a1, 3, Py 6T, 7, I o) el @t e L. a7 T,

whieh 18 the probability of finding one dyop st o position in -

soall range d%i ahout ﬁi with velocliy in & smell range @%1 ahoud

%ﬁ and size and shape in o small range ﬂgl ebout %3, while ot the
came time t she other Nl particles ere found in renges (ﬁ%gg &%gg
&ﬁﬁ),(ﬁﬁa, ﬂ%ﬁy &ﬂ3}, eto. Were X invelves the thvee coordinctes
{xy ¥y ), 4% 15 an abbrovistion for the volume elemens dx Ay Az,
‘and the W@}@@iﬁi@% ¥ end 4% hove moanivngs similor 40 = ond &F. The
variable g which specifiss size ond shape sotuelly ropresends an
iﬁfiﬂiﬁa masber &F voriables which wmay, for gxémpl&, by the droplet
volume, the ccefficlents of the surface-harwmonic expansion of the
sguation of the surfaces sud the vale of change of thewe cvoofficieute
with time. If the flow fisld of ¢he ges and 21l of $ho varisbles dew
fined sbove are spsoified et one inwlant of tims, then the eguations
of mavtion of the droplets cowbined with the fiuld dynanmiesnl &qm&»
$dons far the flow willy, in principle, determine the esniire subsequent

behavior of the system. Sinee the eduations of motion of the droplet
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gre af the second opder, the velowlty and position st both be
sresificd in order to detormine completely the motion.

By wpeane of an ergedic hypothesis the time-average bebavier
of the systom may be egquated to 2 sisltistical ensemble aversge.
The Liouville theorem mey then be applied Yo the phase spase® of
the gystem in aeder to provide an eguation governing the “ohavior
‘of f{y}u By integretion over the phase-space geordinates of Fel
@@ﬁ%i@i@@, it is thewn poesible %o obtain & reolstion for the probae
%;Xiﬁy of finding & single dvoplet in the renge (d¥, é@% LD
Mnfortuwmicly thie progedure iz imprsoiicel becsuss of the complexity
of the systen under consideration. These gensral considerations
can therefore serve only 40 provide o basis for deterwnining the

aprroxipstions vhiech are fmplicis in spreay thoories.

In vicw of the shove difficulties, we shall trect z aimpli»
Tisd problem in w&igh wo omié some of the verlablss which jweoduse
negligible effegts in meny practicsl csses. It will then be nevege
gary o zive s physicsel derivetion of 4he equation g%v&rniﬁg the
behavicr of the simplified distribution funetion.

e shall sssume that ell droplets are aphsricsl or,; more
generally, that a slngle paramoter © {the radins in the came of
spherical &%é@&ﬁﬁa} 1s sufficiont to chevacterige ithe size and shape

of the particles. This asseumpiion will be mosti nearly wailid for

FIn thit oaB6, the phase Spese 38 OF kb multiply infinite number
of dimensions.
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small droplets with low welooity relative to the gos and for smaell
ratios of the intep-droplet collislon durstion time to the Hine
botween collisione. 4 large relutive velocity between the fluid
| and the froplet induces defermation snd opeillation which may
eventunlly lead $0 the break-up of large drepletas. When the time
between collisione is sufficiently lomg, the internal droplet
visoosity cen demp out eseillations indused by colliscions end
gaupe the drops to become nore noarly sphericol.

Dimenslonel considermtions leed to the conclusion® that
ioportant parsmeteors determining the degree of osellletion ond
doformetion of droplets eve the Weber mumber W = 2|V - | /3
and the reitio of the woluww oocupied by droplets to that osoupisd
by ges v . Hope g e the gas donslty, ¥ and U ore the éroplet
snd fiuld velocitles yeaspestively, § repesents the surfase tension
of the droplet, and 2 is the droplet dlameter. IFzperiments show
$hat there is & eritical Yebeyr mﬂm%ﬁr,'wﬂw:: EQ,{Eﬁ) guoh thad
aerodynomic foreos will couse the droplet to Wwresk up for %d»%éww
Drépl@%@ will thorefore be nearly spherical only when W< < %&?.
The wolume ratio v determines the averasge magnitude of the dveplet

collision-irduced omcilistions. Ieyimm veluss for )V gre digsouvssed

in B8eation 5.

o. . Derivetion of the Governins Paustion
2%
We ohall nogleot the multiple diatribaiion funciions, fgﬁ};

soong f(%), and investigate the probable nurber of dreplets with

¥ Han, For OXDMpiE, POTGTONOes 30y 3ip 30 33y OF 4.
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rodius betwesn ¥ end ¥ + dr looated in the position range AZ shout
% with n veloeity in the range &¥ about V. This reobebility will
be denoted by
£ {2y & ¥ ) a2 a% &F
and we shall debulste the woye in which ¥ cen changes with $ime.

The flow of droplete with veloeity ¥ out of the spasial renge
4F vordritutos o term - ¥ V£ to the rate of change of the fune-
tion ¢ with time. Here the eubsoript x on the gradient opsrator
&imimﬁgms it from Gorivatives with respect to welocity.

e vadlus of & given dropletd may changs with time beocuse
of ovaporstion or condenpation. The rate of growth B = 4r/dd is
determined by physlical lews and the propertios of the éwmw&:!mg
£luid. Thie leads to the trangfer of poriticles indte the range dr
and contributes a tewm - J(RL)/Or to the rate of change of f with
tine.

A g result of the velative wotion of o droplet and the
goseoun £ivid surrcunding it, eerodynmule forees can be sxorted on
the drop. Perticles mey alseo experierce bedy forces {(gravity for
example). If é: in %$he resulting foree pey unlt dropleid mm {1.e.
the droplet socelerstion), thon droplets ave added to the veloslty
renge A¥ et & rate given by -7, (F £). Tue subscript v on the
gredient opevator Amplies that the derivetives are taken with re-
spect 0 the w@lmi%y;

few droplets may be added o the fluil by sprey injeotlon,
the tresking up of large @ﬁw&&*&;ﬁ, or sonfonsabion. Pepticloe ooy
also be token outh of the fluid by loplnging on e solid surfece and
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sdhering to 4%, It will nﬁtwﬁ e povsidble o aceaunt for thesc
| &ff@w 1o by lncluding thom es boundspry %ﬂﬁﬁiﬁi@nﬁ ef the  problom.
This gwa@@ﬁnwﬁ ig sucseasful in nost epray aam%ua%iam probloma,

Por exarple. However, in sowe

casen (@.g. when eondemsation or
droplet broskeuy osour) it mey be convenient %@limﬁéwﬁuﬁa & souwroe
tern § giving the vate of chenge of the wmumbor density f resuliing
frwm droplet Formation. |
The final meohanien by which the nuwber mf partioles im

the pange (dr, 8%, aF) can changs 48 by solllmims between two o
more éroplets. Those are expsesed to be relstively more important
with ispingsing j&%‘at@miﬁaﬁi@ﬁ, for ﬁﬁ&&@l&,iﬁﬁ&n with droplet ip-

3&@%&@% by weans of & @?ﬁ?l atﬁmﬁa@wa Collisions cousge @h&ng@ﬁ in

wnd v&im&iﬁy of droplets but not in %&&i& position. The
oollision forcee can be seperaied from the previously-mentionsd
a@raﬁ&mami@_@ﬁw@eﬁ when the collision tiue is m%éh ah@é%&r %h&n
%ﬁﬁ_%imﬂ between collisions. We shall et T represent %ﬁﬁ rate of ’
incrssae of the function ¥ caused by collisions.
By summing 211 of these éﬁnﬁwiﬁﬁﬁiﬂﬂﬁ o the change of £
with time, we obiain the equation governing the behavior of the éi&m‘

trdbution function, vid.,
P -
3%»*34-(%}» {vf}»v Fe)ys+a«r. ()

 The sguations of motion of the guseous £1uid ore coupled to this
equation through the variables R mnd F. Bguation {1) end the
hydrodynamionl squations therefore determine the statisiieanl %@&aviay

of the spray.
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In order to use gl (1), ompressions for By, Fp Q end T must
% obtained. The firet thres of these varisbles mey often depend
upen the choracteristica of ihe goseous flow field around the partie
gleai the oollision term has been susumed to depend only on the nee
sure of the droplet interactions. The guanilty T may therefore be
eyoluated without Kuowledpe of the macroscopic fluid flow. W uge
a ferpalion anelogous to thet ewployed inm the stuldy of trannpoerd
properiies in the kinotic thoary of gesen. Our wethodoleogy leads
1o precise dsfinitions of the eollision persmuters whicsh must be
measured befere owr anslyels can be reduced to practioslly u&éﬁ‘uz
odictions of the changs in droplet distributien funotion sssecin~
ted with collisiouns.

In view of the wevious cosumption that the dreplet velume
iz small wwmx«eaﬁ. o the ggm@éu@ volume, we pball sssume that
¢olilolons between mare than two droplets seldom coour and bave &
negligible ¢ffsot upon the distribution functions. The éiwﬁwim
will therefare be vesiricted o /@iﬁ%f_,,,ﬁ@%g,&al%%?ﬁé?;W,.
| Let ug compider in detail a eellision botween & droplet of
mass w and one of maos mY.  Izoepd in -km Gane wvmm intersotions
(glancing colllsions); the two ineidont droplets will not retain
thedr fdenititien. Iopiead thay will cosleseces to form oo szolied
compound droplet which may in turn Wwresk up into o number ¥ of

smaller droplets. If w, {1 & 1y 2y ceesy) ave the massss of ench
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af the pariicles produced in the eollision; then the eonvervetion

of mass in the collision is given by the relation
| ¥

@ mt e zg m; A{z)

iws1l
let ¥ and V' bs the velooities of the incidens purticles end lot
;,?& {3 w 1y 25 +eayfl) roprosent *;%m velooitios of the collision
Products. The conpervation of nomentum and energy in collisions

noy then be written, rospectively, as
il

AT+ T w z zﬁi% . {3}
iel

and .
' T i} } H
N4 N @%mvﬁ%%m‘ v’gm _ %'m v,© ¢ E n, + I.44)
4 G 1“ L9 i ’;g.“ i“zi

In Bg. {4) the sywbel O rewrssents the poteniisl epergy resuliing
from surface tension ( «&wxg 5} and other interual exciistions,
while I dencotes ensvey dissipated in %hé'a§lii§i@m by vieaoaisy and
other effecis.

It i@ appevent thet Zgs. (2) theough (4) do net conpletely
determine the masses snd velooities of tho outgoing perticles in
tersam of thome of the incidont droplets. It is n@ﬁeﬁ&aﬁyit@ invesw
tigate the farces seting during the collision in order %o doternmins
m, and ¥, uniquely. Although it is, in prineipls, posuible to
determine theoreoticolly the dependenve of H, By ond ?% upon the
imporitont oollision purapetere; the tesk ie hopelsosly conplicated
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oxeept in over-gisplified coses. Unfertumately oxporiments haove
not yet been csyrried oul in sulflolisnt detell 4o provide this
dopendonce. We shall therefowe present o formolism velid for erbi-
trary lntersotiong.

if wo use o cocpdinate syeten in whieh the pariticle m&" nesS
o ig at wvest, then 1t is apverent ﬁ“z'm the symmotey of the syston
{ses Fiz. *14) what the mwber, masses, and composltion of ihe
woduet droplete oen depend only upsn the compoeltion of the ingident
drons, the pooses & ead n¥, the radil r snd r', the negeiinde of
the velative volocity [FY « ¥ and the Lygeot porometor b which 4oe
sermines the etrength of the collision. Sinee ihe @ray&@ SORDOH L
tion detewmines ita @@mﬁy fFer it Tollowe thed the wospos ave
reloted to the radil by the egusilen

n e % 72 7%
Henae ry ¥, [¥' - ¥ and b sre the only variadles whieh con affect

the vambes fm&‘ sive of the outgoling droplets. The wveloeily weciors

of the rosulting droplets will depend upon ¥, ¥', and the angle o

which the plane determined by the line of impaot &t ocollision and

the relative veloolty veobor mokes with o reference plane through

the eenter of droplet r perallel to the relstive velooity (see Pig. 14).
Por incident droplets of known composition, all properties of the
produots of 2 collision are therefore determined by the six verisbles

rs 7' ¥, V', by and £ . Honse we con define o function
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oy ¥ 3 hpdy vy Vs oE't, ) e 4T
sa the pumbsr of droplets of vadius in & range dr shbout r with
?@1@@&%3 in a range 4V gboud §'$Pﬂéua$& by the eollislion mf‘%wg
droplets of radii r' end ' with vologcities ¥' ond V' oand with
collision poramctors b ond £ . Por detorministic interactions
o« muy b@ reprevented as & sum of products of Dirge della furdtions
of {p = rl} and (¥ if* whors the values of r, and vi are detere
mined by the quantitics ?'gﬁv“, T, W'Y, by and ¢ which cheravterw
izo the collinlon. It iz obwious, that < pust alveys be syoometrie

c 5 -¥r
upon the interchenge of (v', ¥} and {2, ¥v'').

From the definition of the function it is poseible to
derive an @Xﬁf@%ﬁi@ﬁgfﬁw %h@‘gﬁlii@i@m torm which appemrs in Zg. (1)
¥e shall define T“( o dr 4F 4F &t 88 tho navber of droplets scate
tered out of the renge (&, 4¥, &¥) in the time 4% by colllelons.
Singe all collisions will ceuse the incldent droplets o change
thoir range (dv, &%, 4¥), ths qm&m%iky'l’(”} dr &% 4% 4% must be
egusl to the nuwher of droplets in ihis range, e, 5 ¥ &) a4
AX 4V, wultiplied by the total number of collisions which these
droplets axpeorience in time 4%. The %at&iiﬂum%ew of thess collisione
is the sum over =ll values of by g, v', T, and ¥ of the guantity

£z, ¥ ot) JEF-F) et 4 @i v ag av [§ - Flat.
Hore the factor J{(F ~ F') dx' 4nvolving the Direc delta Punction

signifisn that collieions can coouwr only whon the two droplets are
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in the pame smell vagien of apace. Tho guantiiy b &4 &b |¥
w« ¥ 4t is the volume of the column in which the eolliding
dreplet mst lle ©or 2 collidion to occouwr in time 6%. We therefopre
- find thet

) e aF aF 4t - [m*[%*[&%’*[m;[w

2 (e, %y % %}‘eﬁx@ @X av {7, X', ¥'s &)
(T ~F) b [??' - 7| at. {53
By weing the identity
fad eler, T, ¥4 8) JE =)= 200, B T, 0

we may r&@u@@vﬁqg {5) te the form

X
(=) ﬁﬁa@'f&;«?' [mz}{ af [F* = F[ £l &, ¥y 8) 2=y 5 7 t)e

P

£

The integrsnd is independent of 4 and b, and these intogrations cmn
be sarried ous lmmedistely. It iﬁjﬁﬁﬁﬁ from Pig. 14 that the range
of integrotion over b iz from Boro 4o r + 2! beocause no collision
will opour if the distapoe between the conters of the two droviets
vemains larger than r + v%.? If we pepfornm these two integrations

then fg. (£) becowmen
P ffete, 3 % 0 2oty 3 8 O w0 [PF a0 2. (D)

. ﬁ -
Sines the verm T {2 + »')° is the collision cross seetion For

droplets of vadii » and v, fg. {7) has the Pollowing obvious

F The upper limis mey mﬁ%u&i&y be 2lightly lerger than this bew
gouse of eorodynanic offents.
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ohyaieal in%@xwwmmmz The collisien rate iz the produst eof
the volume swept out per second and the number per uelt wolume.
By sinilar reasonlng it is pomsible to evaluate [ (+d dy

4% 8F dt, the mumber of &roplete scaiteved inte the rangs (dr, &,
4¥) by collisions in time dt. Here the unprimed occrdinates eve.
those of o product of o eammim anf the incidert paviicles will
be denoted by pripes snd double primes. By the ressoning presente
e¢d abowe, the guantity

[£(zty B0y 975 t) de® ey a0 ] [elxrr, B, 0, 1)

S - F*) artt &RV 4P A g AL |V - FUO A
ie seen 4o be the numbor of colllslens with collisien premeters
b and £ between particles in the ranges (dr', Gxt, 4A¥¢) and
@rtr, aX'Y, 4%'%) in time 4b. In order to cbiain I’"M a a&?@?
%, this quentity wust be sultiplied by the frapitlion of such @m;li«-
pions whieh yield an outgoing droplet in thoe range (&r, 4%, 4¥)
and then cummed over sll walues of by ¢ 5 ©'y 21', T, X', ¥, and
¥''. From the definition of o« it follows that the fraction of these

aolilisions produscing an ocubgoing droplet in the dealred renge is

0‘{3’9 ?g 'i&,}sg i"g ?’5 f”y %“) dr 45 Cf(i’ “&} &gp

which implies that

) g a6 A% o [axt [ad [a [arrr [adre [ad [av [ay

Plety B0y 90, 4 2leee, T, T4 JE D) b P - T ae

“(Tp%baﬁﬁm"a :‘;'ﬁ vty —V’”}é%‘i’z; J(EE' "“g)a&;{* {8}

151 FEy
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e ooty %‘@mp@wﬁ in Bg. () besouse the integration over

(pt?, 201, ¥) and &', %', ¥} socounts for seeh collision twice,

onge a8 o solligion of 2 perticle with priwed coordinstes and

onge 28 & sellision of s particls with double-primed coordinates.
By performing the in‘%ﬁmi@m gver ' and = in fg. {83,

we obtsln the relation ,

), [@!f@«?*f&x»ﬂfﬁ%ﬂ/bﬁh[w ety By T, 4)

£rtt, X, v, 4) [P - 30| %:rx(r, ibagyzh Fyety, v (9)
The differential e:sx'm%«&éatmﬂ Zor the peoduction of droplets in

tuo ronge (dr, 4¥) can be defined as
2T
oley F5 2% ¥ 200, V1Y) %g/ /oc(z*a Vi by pawty Vot ¥00)
e o

babd g . _ (10)

fguation {9} then bocomes

Rl w///]f”(x', BT 8 £, T T, 8) (B -

ole, T3 0¥, Ty 2, TV drt ap't a¥ v, | (11)
Tguation {11} ceunot be simplified further without lmowlng the
eollicion mechonice which determine the differantial crsos-seetion
o .

Equations (7) and (11) may be combined to provide an ex-
mression for the collision terme sppesring in Yg. (1). %o shus obe
taln the relation
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T=r@.orG [fffee, 23, e, 530, 0 |9 -0 |
Tl He TP e ar & & - B4
2lety, B ¥.8) T (e 42 [P =T ar o, (12)
which may be @xyﬁésﬁﬁﬁ more conolsely in the form
I e ff(fetery 3 %0 4) 2o, B 00y 4) [0 - 00 |
[0‘&-, Vit Ve, T w2t 42t ) d(r ow ot}
SF=F1)] et arre o P, (13)

Fguation (13) is the collision integrsl needed to dstermine the
statistival bebavior of the cloud of particles. Substituting Bg.
(13) 1mto 5. (1) yields = somewbat complicated governing non-lincar
inteppro-differential sguation. '

-

The fores term F appearing in Eg. {1’ depends upon the £luid

filow field about the droplets. Although ik perticles do not
effect the form of the w&wmmmmféw&ﬂamg the gos flow will
nevertholess depeond upon the droplet é&ri&"ﬂl% through the boundary
conditions which must be applied ot the curfaces of the droplets.
Tels dependence provides a coupling of the hydrodynemical field
with the droplet distribution and aleo causes the flew varilsbles

to asaume o Btatistical chovacter. For smell ratlos U of dvoplet

volume to fluid wolume, thene statistical verdstions in the flow

field are confined to relatively small regione sbeut the droplets.



124

We can then define moourate awersge flow guantities which mey be
uned ne the apmrozch flow verisbles ot iInfinity in compuiine the
foreee upon individusl éroplets. '

There are o nuvber of different poesidble csuess of externel
foroes. Toeloelty gredionts in the sversge flow field mua%‘%w
supporicd by graﬁi@nﬁg in the pressure p. An spproximeds appliem
cation of Fewton's low indicetes thaet e droplet locsied in o nope
uniforn wossure l0ld will syperience a force per unil mess

F, = «Y%w (14)
where Pe is the denslty of the droplet. Purthermore, if the
droplet rotates relative $o the Plulds then & lift force iz pro-
dused by the well-known %&@agﬁ effect. Exyﬂriégn%& ghow thet the
resulting 1ift por unit ﬁwap&%@wmgﬁﬁyﬁéwmagwagym@@gﬁwzfﬁwgiwtgﬁwﬁxag
of the ephere becomes egual to twice the velative tramslationsl
velocity of the droplet and the fluid, |V - T| . PFor sufficiently
large droplets the gravitaiional scoeleration 5% n 322 ?t-fﬁagg
will elso ploy an important rols. |

In afidition o the above offects which sre p&@a@ﬁt evon for
ideal flulde, thers is e dreg foroe rosuliing from flow seperastion
and skin friction. In wost gwaé%@gggwgggaw‘ﬁhiﬁ provides the largest

.-*
contribution to F. The drag foroe per unit mass i given by

R atlom? (2.7 @-9 %m%%% [T =¥ @-% ¢, (15)

¥ Set, 10F GRGUPLG, LELETOHOG 30
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where O and ff are the fluid end droplet densities, u and Vv rorresent
the Pluid and deroplet veloeiiles, end ﬁg is the dreg coelficient
of the droplet. | ’

The ovrder of magnitude of CD is unity, and the fluid momentum
eguation shows that Ve iz of the same order of magniiude oo
P T« 7 U, An sstimate of the velstive importance of pressure
spafient fawaa@ and drag cmn @haraﬁ@&@ sezily be obtelned. Eguetions
(14) end (15) show thet

;’EI ~ ¥z z.. ~WJ§¥V ,.‘al. r Jul N {m}

ﬂf‘~' S 1S - F1° I T O/ [T - vl“ .
whore  is & charroteristic length over which the average flow
weloolty shenges Yy an appreciabls fraction of 1% megnitudo. It
is seen from ¥g. (16) shat, for the smoll &poplots encounteved in
meny sproyss 1t 48 an sxeellent aprroximstion o neglent pressure
gredient fovosn in comparisen to drog, provided the relative velooity
of the droplet snd the fluld dose not approach mero. In ouwr applie-
cations preesure gradionts are smnll, and we shall neglect §§¢

Sines the foroe @&éml%iﬂg from droplet rotation is alwayse
less than the drag, and high votationzl velooities are vaplidly ‘
damped oub by visoous disoipation, we will neglect ﬁé in our snalyeis.
In treating sprays with droplets of radii lose then about 2 &&11imatﬁﬁ
in Slsmeter, it is also possible to neglect ar&wiﬁ&%iamﬂl Qfﬁ&@ﬁﬁg

;% %o shall consider only cases in which F %’}}
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The drog coeefficiont é“,}} mist be known in order te¢ ovaluate
P from fg. {15}, Theoretical and ssperimentsl determination of
% have boen made for solid end liguid spheres. It 18 essily mrew
dicted and genorally observed thet for low apsed flows the deag |

eoeffiolent dopends mainly upon the Reynolds number,

— Pl%’*ﬁLm' f 3
Re = , 1
@ Y, {17}

lﬁ@w A de $he £1uid wviseosity and Zr eppears in the numerator
i\,ﬁaima Be ic besed on droplet dlameter. The drag coefficient oxe
fm.mw jrregulesr bohavidr at large Beynolds nupmbors where turbulence
mmﬁ iawmm.mﬁ} roplots, however, become unatable,
soeillate and break up long befors these large velues of Re ere
’mmmm Henoe we need snly ‘cs@m:%m the low Reynolda number ronge
‘Re < 31000 for which compnratively acourate theorios and experiments
oxiat. |
The gimplest swell Rernelds number theary for the @.z?raw; 512

efficient is that ¢f Siokse® which yieslds

ny Mt I
< ey .
633} = ﬁ% du 3/{4 ’ (18)

where M and /ul gre the wvisgoultise of the gno and droplel, respaci—
ively. 4in inprovement over the Jickes theory by m&m(%} leads
o the exwression

ﬁﬁ P ';%i' (1 4 %ﬁ;‘a& & wrn} - 5%9}

for solid spherss ( S ©}, Ixgeriments on both solid and liguid

¥ Hoo, TOP ORsmple; TOTGrEnse 8.



spheres in apwaya{3@) are coerrelsted very well by the expression

Cy = 21/Re 0.84 (20)
for Reynolds numbers between & end 400. This result lies between
those predicted by Stckes and Oseen and is relatively acourate
for practical applieation. However, the dvsyg cosfflcient for a
rapidly evaporating or burning droplet may be wery different from

the results computed from Fgs. (18) to (20).

4. The Dropiet Sourge Term

In 28dition to depending to & large extent upon the particu-

ler problem under considorstion, the sowrees term § appearing in

Bg. (1) cen bo modified by changing the formulation of the problem.
For oxamples in probleme involving the ocondensation of liguid or
s01id particles from super-saturated vepors (e.g. carbon formation),
it is possible to set Q sgual o z&ré and 4o inolude the Formatlon
of small {r = 0} particles by suitebly edjusting é&@ growth rate

R at v = 0. Since the mechaniem of formation of now periticles is
differont from the growth mechanism in these cases, 1% may be wore
convenient to let (Ef)‘? . o = 0 and include particle formation in
the torm Q. Prom this last viewpoinit, since the newly-formed pare
tielen will initially be traveling ot the same velocily ap ihe oom-
ponent of the fluid from which they were formed, we concluds that

the velation

Qe @) @ «T-% | (e1)
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will be velid. Here U is the ¢iffusion veloeity (relstive to W)

of the gaseous materiel forwming the perticles and Q' ropresents

the total auwsber of new paviticles per unit volume being formed

in unid time. Por the dissypeerance of poriicles by evaporsiion

it will be am&%xﬁe&nm 0 16t € = ¢ and acoount for the sink

shreough the sern (RE) ' r » 0 Doofuse the mechanism of disappearance

of aroplete is in this cese the same es their &mifﬁw%m mechanian.
Tue poupros term G mey be uesed 4o secount in an approximate

phonomenological mpaner for the bresk-uy 0f dropless traveling

st o high velveity relative to the fluid. Since the size znd shapo

of the perdicles are chavscterized by a single peremeier in the

gible to connlder the osoillations of

wregent theory, it iss_«‘ ]

the liguld dreplet %fém 16 disintesretes. We pointed out in
Ssetion 1 thet there ig o oriticsl Yeber number ¥ o Woalch divides
she regime in which oscillations denp oui from the reglme vhevs
deformotions jend to grow leading 4o dreplet Iweak-up. 4 yrough apw
propioste ftrsatment of droplet hweakeup may be obtained by sssuaing
that dvoplets retein thelr spheriesl shepe wntll they orrive st

this oritical flow condition, =t which time they twesk up instently
into o number of gmsller droplets. The souros torm § desoribes this

iogtantoneous dissppesrance and oreation of particles.

s Bpopled Growih Rabe
The term in Fg. (1] invelving Ry the rate of growth of the
Groplet, depends o 2 large extent upon the flow condiiions abould
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the érc&laﬁ and the kinds of plyymical g@@e&@&@g'@gaawwing. We ghall
conpider only evaporation and combustion. In the simple csee in
whioh there is neo mﬁla%iv@ motion between the dvopled and the supe
raum&im%mfiaw fiezég the mese iransfer rate is controlled by
“moleoular transport mwocossess. 17 changes in the droplet sise and
Tlow wmnﬁi%ianﬁ ooeuy ﬁuffimiﬁntly slowly, then @uamim$%¢&ﬁywm%&%§
equations mey be used %o dotermine R. By this we mesn that time
Gerivetives in the eguations mpoveranlng the svaporatlion rate mey be
neglected. In this case any time dependence of R is caused by
ghangos in amblent fkww‘@@n&i%iﬁn@ pnd droplet dismeter. If the
droplets are, on the sverage, suffielently for spert 4o Juetify
negleot of interactlons bedwoen dropleisy then i%‘m&y Suﬁﬁifi&%iy
3@ pagumed thet there is 2 suherically symmeiric transyport Sield
sround esch dpeplet. Under these threc restriotive oonditions, the
&na}y@@@ given in the two preseding chapters determine the gmawtk‘
rate with combustion. The growih rate with pure evaperation is gbe
| tained hy seiting the beet of reaction equal %o sero lo the vesults
of either of the itwo preceding obaptere. We shall first dieouss
these ideal roates of growth snd then indloete practical methede for

removing the sbove sssumptions.

Bwnporetion

let us firet lnvestignte the cgse of evaporstion withoud
choniosl reaction. For the sake of simpliclsy we shell consider o
binery mixtuwrs composed of the evepdarsting substance ond the 4imosw

phere into which 3% i2 ovaporating. The esmoniial features of the
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derivation of Igs. (I-27) and (I~28) of Chapter I are ummodified
in the ebsence of chomicsl remction, sxcept for the simplifications
Paat the heat of rescticn g is zero and the flux fraction E;i of
any specles i im constant. IF we let X repressnt the mols freocilon
of the avapmrwtiwg gomponont, then the marr@@paaaxag congtant mass
Plux fraction must be egual to ite velue st the surface of the
1iguild droplet, which is unity. Zguations (I-27) and (I~28} may

then be writiten as

4 A N AL -
Ay 20" FaBeTey (&)
& o o
P P
and
4 g % :
dilu,‘p D o aa,m -1 | (233

respectively, where #° ie the evaporation rate {(gn/vec) of the drope
let, D repressnts the binary diffusion coeffllicient; amd O i3 ihe
distance from the center of the droplet pessurved in unlis of the
droplet radive, r. In Fg. (22} T is +he tomperatuve, A iz the shormal
conduetivity, 3% ropragents dhe sverssy syecifis hent at constant
pressure per undi nass of the miztwre, and Af denotes the heat of
voporizetion per gram.

Ve shell sseuwse feor simplicity thet the lewis number
L =X/ E%,F D, and the produst pD are constent. By integrating
Tas. (22) and (23) from the surfece of the droplet we then obtain

explicitly the temperature and conceantration profiles, viz.
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i rm & =1 | .
23727%;4@ is &:ﬁ.@@ﬁw'ff p ) w4

sod

1-3{
s R [: £ «fﬂ{ -‘f;i»:] : (25)

fvaluanting these oquations at the free-sirean conditions £ {sarros-
ponding $0 o= 00 Y dotermines the ﬁmwa%én rataty

T 3.~»X

.? A %y 41 A | .
B ow47e S fu(l + e 4 } ol £30 Wﬁf«) {28}
ry A”/ £ @ 1 )
B i
S8ince %g. {I-43) implies that
o
B w2 , e

Por the burning of fuel droplets in an vxidizing atmesphore
3g. (26) ie replaved by ¥g. (TI-36b} whiekh moy be written as

o

by
A = 47y w L0l + £ .»?z.%.} {28}
ﬁ;? a¥4 ;

whepe Yﬁ is the mess fraction of miﬁ&w s the subseript £ identifies

% Whon the lewis mumber £ 16 unily, fGr L20) MGy 2160 b8 obtained
directly from Zgs. (II-35b) ond (II-42) of Chapter II ky metbing
the heat of resction (‘3’*‘? sgual to sore. The simplicity of this
roduction indicates that bipropellant diffusion-flame droplet
eobustion has more in common with mue eveporsiion then doss
monopropeilant droplet burning. The reoasen for this is that row
setion kinetice play sn essentisl vole in the combustion of jrow
wixed syotoms, while they mey be neglegted in compopison to the
rato-somtrolllng diffusion proceas in the othey cosen.
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the FPree-sirsam value, snd the superdeript * signifies the stolohiow
metric value in & mixtuwre of pupe Tuel and oxidiser. The sseumpiions
roguired for the derivetion of fg. (28) ave siated in Parts B and ©
of Chepter IX. . -
%ﬁa burning rate of monop-opellent droplete with reactions

of srbitrary order but wi@;g large antivetion enovpgies is given by

Bg. (I=-42b)y wiz.
- ‘i‘g

* {Az/a"

7 (29)

upi

® A
# = 167y e _s%

For ssconf-order smonorropellant resgtions of low astivation ensrples,

-an supivical correletion ¥q. (I-47) yields

8 w4 -;%—f /_m %'(M/-» ’(39)

where B is the froquency feobor of the resction wate, ¥ i the
average wolecular welght, and R' pepresenis the ges constant per
grem. Hepe h %mm on the stoichlometry, sotivation energy, and

the free-giroanm tempx

rature; it is defined in Fg. (I-48). Fguation
{30) should be used only for motivetion energios less than about
15 & ol and under the ssedwmptions listed in Appondix A.

Bquationa (26), (28), {29), and (30) determine the ideal rate
of growth of the droplets for the wa@l&m that will be tpeated in
Seotion E. It 40 seon that the dependence of the mess [low rute

©
upon drozlet radiue may be expreosgod as B ~ x*’? for Pn. (30) and
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0
# o~ 7 in the other cases. It hos slso beoen pointed ous® thed
o

o

B~ xw? vhen radlative heat trunsfer to the droplet is the oone
trolling process. FHence in all preotical eprasy oombustion problems
the idesl dreoplet growth m*@xﬁ will obey the relation R~r"§g vhore
0<k<1. It will be soen thet corroctions e the ideal mese

flow xate do not alier this conclumion concerning the prowih rate.

g, Lonveotion Correciion

Wo shall now sedimate the effects of relative meiion of the
draplet and fluld, the verilstion of exiernal oconditions wiith %lme,
and droplet intersotion. Few sttoapis heve been medse to deseribe
thearetically the flow fleld arcund an evaporating or burning drop-
let which iz not stetlenayy with respest to tho ammw Fluid.
Por the case of @mg;wm%m without combustion, ?&3&#1%&‘5(39} bes
glvwern the boundspy lw&; @q,m%am deporibing the flow, but 4t has
been found to be lmpessible mj %}mmm explicls molutions in ¢lessd
fara. Kaﬁm@i(“)m@waﬁaﬁi the cese of a burning dveplet {(diffusion
flame) by seans of & highly simplified modol. In wiew of the leok
of rigorens thoorstical resultss 14 1s best to use sopirioal
cerrelations vhich are based upen dimeasionel anslyeis.

Por evaperniion withoul combustion the offeot of £luid motion

upon the evapersiios rates hes been sovounted for by the wimwﬁ(gg’w’ﬁ )

¥ Goe, fOr CXampLle, reference Pl. 1he voeult follows Ailrectly Prom
the faot that the rate of evaporation io proportionsl 4o the ratoe
at which energy is regelved by the dreplet, which iz in turw proe
poriional to the sweface sren of the droplet for ryedistive trannfer.

5B )
Bee also reforence 42.
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o :

R ) fe 1 '

B ;ﬂ” m Q.07 R@l‘& Sa /39 (31}
i

where i is8 tho idesl mase flow rate given previocusly and % im the
evaperstion rate 1ln the presence of relative motion. Hore the
Sehmids number So reprssents the ratio of vieosus to 4iffusions
encrgy transfer ard is defined an 3o %,/%ff>ﬁa By combining Fgs.

(26} and (31), wo obtain for the droplet srowth rate with forced

gonvegtion the exprossion

M o 53:! .
R o w %gw 2 Ln{1 ¢2§%“wwm~} {1 + 0.278 aﬁz/“ %mljB} . {32}
°p S °p
(1%)

It eppears likely thet for a burning fusl dreplet the

motion of the £luld incressse the mess Wornlng rate by & pechanism
41)
similar to that for puro ovaporation. It hes boen ﬁ!gg@@ﬁ@@{“j’
that: in Mg. (31) the Fchmidt pumber should be veplaoed by the Prandtl
mumbor Pr= 4 e /A for a burning dreplet, heosuse in this cese
thorsel conductien in more important then 4iffusion. This hyvothesis
“ . e e i A3) ]

in reasonable sgreoment with some oxperimenis. The Corrose

ponding rate of growih is found frem Bg. (20) %o be

1) w
< o 7
) - %.w >\ !2’3(1 4 «;&7@& A@g g (1 % Gam’?f R@l/tm P}}}»i 3}0
T oy, f4 Alis o, 0"

Since the chemiecel reaction rate Ie the coutrolling atey in
monopropeilant droplet burning, we do not expect & simple correction

of the $ype oxpreseed by Eg. &33; w0 be velid for premized systens.

Py,

At



Ho observations of the effest of forced convection on the burning
rate of wmonopropellant droplets apposr to have been published to

date.

LDroplet Intersctions

The effect of droplet luterszotions upon the diffusion flame
burning of droplets had boen investignted by Rex, Fubs, and Pmnm@rgég}
‘%&%3* find that, a8 two droplets are brought closer together, the
rning rate firut incressce (presumably bﬁ?@%ﬁ% of a roduction in
woat loss e the mwrounding atmosphore), and then ﬁ@&?@&ﬁ@ﬁ.(bﬁﬁ@ﬁﬁ&
of n resulting ozidimer deficioncy). An extrapolation of the resulis
indicates that when the dlstunce beitween the droplets 1s gresefer

an about 10 droplet dilameters, thewn no apmrecisble offect uneon ihe

vurning rate i observed. We therelcre szpeet thel when the volume

ratio V< 107>

¢ Groplet intersotions carn e neglected for Aiffusion
flemes. Por values of V  soeewhat grealer then this limiting

value the experimenial resulds cen bo roughly spproximated by

g
fomd (1 Ske) (34)

whors tho experimentally fdetermined consiant ¢ is found by anslysis
of he resulte of Rey, Fuhs, and Pcnnﬂr<ém} to be 10 for meithyl and
ethyl aloohol dropletse and 150 for n~bepbene droplete.

We expoct thed similer physical effects of the proximiity of
twe droplete will be observed for monomropellant @g@ugwar By conpare

ing the flsme radli computed in Chapter I 4o tyoical flams rvadii
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for droplet Aiffusion flemes, one may infer %h@t the liedting zatie
will depend strongly upon.the ressiloan rate for menopropellant

burning, and may veary from ng‘far rapld recetion rates o Eﬁmﬁ

for slow resctions with large am%iva%i@m enorgiag.

Por an evaporoting droplet the thicknese of the surrounding
layer in whish tho composition varies ir approxzimstely egual to the
,ﬂ%@pﬁa% eafdiue, while the diffuslon {lame ahout o burning drovlot ig
lgeated botwaon 2 and 10 radil from ths droplet surfacs. Honee the
limiting value of vV above which interactions ore important is sbout
500 times largor for pure ovaporation than for bipropellent droplet
hurning. Pinee L will nearly alweys be lose then 1/2, it sppecrs
that the interectlon effvets of evaporatling droplets wiieh sre not

turning will almost slweys Do negligihle.

g.  Cusai-Stesdy-State Hypothesis

It ds Giffionlt to determineg theoretically e importance of
the assumption that time-dependent terme in the equetions governlag

the evaporation rate are neplizible. 14 wppears that no estimate

&

heve beon made of the range of validity of ¢his assumption for the
@&&é of Groploed &urning. An investigetion of the initial unstsady
pericd of droplet evaporation without combusiion heg besn aaﬁwiaé aut
by Bl Wakil and @o&l&bmra%@r@a{ﬁz} The results indicate that fer
droplets of the sise and kind ordinerily encountered in ppraye, the

unstesdy state often composes ihe gresiter pard of the eveporstion

time. The quasi-gtesdy-state hypothesis wos found 4o be valld only
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for droplets of low wolatility in an mmoéph@w gt a temperature
net greeitly in oxcess of the droplet temperaituve. M@hﬂﬁggh the
quasi~stoady-state hypothesis inm probably inaccourate for sproy
problems, the cemplexity of the unsteady growtherate differential
sgustions prohiblte the solution of spray equations in whiéh they

are included.

¢ DIRIVATION OF GEN:RAL RELATIONS
1. Bumber: Depaity and Other

For mony applications it may be wrrcccssary to obtein the

distribution fungiion £ betouse lésd complese informsiion about
the spray is reguired, I&@f@% considering particuler oxamples,
we shell therefore derive some gonersl relations zpplicable o =11
aprays of the typoe consldered in Part B. Thewse reletions will ine
wolve various integrated and aversged guentitics which mey be of
mracticel laterest.

Three integrated number densities may be defimed in the
following manner. The number of droplete per unit volume at % in
& unlt velooily renge sbout ¥ st tims ¢, lyrespective of their radil,

is

oo
el ¥ t) = f £lry T, ¥y &) 2ry
g :

the number per unit volums at = in 2 uwait radiue range about v is _
given by
oy 35 0= [ 26 T T 0 oF,

where the integretion ie to be carrisd over 51l walues of ¥ The



138

functions g and 0 may be salled the welooity sond size disteibution
functions, respeetively. The total nunber density of perticles ob

T and ¢ 1o now dofined os
e -4 o0
w(@ ) = [ [tle, 23, ) ¥ ar 0{ olr, 3 &) ar gﬁ@; 7, 1)av. (35)
@ ' B

We oan obitein differentisl equations for these wumber densities
by performing sultable integrations of ¥g. (1). The guantities v,
Ey ¥p end t are all infependent verisbles, and the funotion £ vanlshes
when |¥|eo0 » By integreting Sg. (1) over all velosities we

thorefore obbtain the sxpression
28 (0 - (‘%—’* gy« ( (g « T av | {363
2% or 2 Me 7 : m
In 4hie relation tho average droplet growth rote has beon Gefined as

i = f B £ &%/0,

ond the quantity

Fo

g —~

wasit —

v E‘f—v £ av/e

v ,
reprosents the mean velooity aversged over ¥ but dependent upon
ry ¥y and t. The lest term in Bo. (3¢) ie soro when the souree
term @ is sero and only wesk droplet intersciioms ccour {i.e. when
oach drop retains 1te size snd identity in eollisions). Ia thie
gase the integro-differentiel equation reduces 4o & paritinl diffore
ential sguation.

If we integrate Tg. (1) over r and use the fact that thore

are ne perticlos of infinite mize (£ » 0 at r = o0 }, then we obtain
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the eguation for g, viz.

a0
X e 6% -V, 6B [ (a2 m

28 . (us -
@), .o~V
Heve the average scoeleration of droplets at (¥, ¢) with veolooity v

nes boon defined s

a0

gnd the gquantity vo
—

T =) ¥2as/e
¥
is the velooity averaped over ¥.

The differential equstion for the number density z ig obw
tained by Antegrating fg. (1) over r and ¥  If ues 15 mede of
Bgs. (35) snd (36), then it is found thad

o it
-»3-% = (R @)

mvxc’{ﬂ%%g]{Q%F}&?@i’a {38}

roa O

Bure the mumber-sverage veloolty v hae been defined as

= Cr o * = = . o
v Ef / v £ av dr/n mf v, &z /n w/ v, & 4¥/n, {319)
)

and uss has been mede of the fast that & vanishes at r « o,
Fguation (38) sisten that, in cddition %o the usual diverw
gence term, the teobtel number of dropleis per unit voluwe moy be
increased by three different effects. The firet tern on the right-
hand side of Fg. {38) scecounts For the n}.mbw inercose bovause m‘?}
the growth of pertieles of zero radius. The contribution of soaress

to the ineroese In the $otal number of droplets ie glven by
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[s =}
f [in{’?ﬁmm‘-‘&'»
o

The third effect is the collision term which is sero when for sny
eollision the ;umbar @f»im@i&e%ﬁ perdicles is $he came ms the nume
bor of perticles produced. Since it moy ofton be cogler to selve
mgs. (36)y (37), or (38) than to obitain the complete sclutien to
fg. {1), the squations derived in this section mdy be of volue in

problems 4n which the dempity function £ is not required.®

In spray problome in whieh collisions sre of impsriance
srd the collision mechanism is not well kunown, it may be useful to
suploy expressions from which the collisien %@m&ﬁhaﬁ beer eliminsted.
These sxpresaions are annlogous 10 the eguations of chenge for
swmaational iloverianis of the kinetis theory of gases. They are
obtained by aversging Yg. (1) over ¢ and ¥ with sultsble welghting
footors which are ﬁs@@@é&n@ﬁ by the conservetion equations thet
govern eollisions.

Sguation {2) czpresses the fact that mass is conserved in
aollisdons. IF it is essumed that all deoplets have the same
density p,, then Eq. (2} implies thet the total volume of the
droplets is unchanged by eollisions. By smltiplying fp. {1 bWy
the droplet volume %#T?B mﬁ& &ifrerentiating Wy @&r%@,AW@ shiain

the relgtion

FPreviowe LPERLDEntS of SDPEys LOVe USUGLLY UBSL OXDrescions Similar
to these intemrated relations [%‘gg, Fa. {36 1o used in veferences
27 and 26 | .
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m;%g (%«‘rrrﬁf} . —52; {%ﬁrﬁ £ R} » fé"rrrg £R - Vg * (%frwﬁ' £ ¥)

-V, " %mrBf%)ﬁémrE(%wF%

If it is ossumed for simplioity that the only comiributions 4o the
gource torm come from droplet Wweak-up, then by integrating the
preceding equation ovor r end ¥ we obtain the droplet contimuity

equation
%(ﬁﬂwm?"vx'(”??&} {40)

in which the eollislion and source teras do not sppear. Here we
beve uged the fagt that € venlehes ot the limiie of the integration
over velooityy while £ » O 8% 7 = o and £8 remains finite ss 20,
The definition and meaning of the faotors appeering ia Bq. (40)

are dsscribed ia the following paragraph.

In Bg. (40) the sverage droplet volume, V, has been defined

e ®
v:é/%@&ﬁw&%%@sm@d@@% {417

wheye the volume depnsity Pfumction %(353 ¥ b3 ig given by

Qo
N A e
| By = / 3 e £ ar .
1% followe from the yrevious &a@isﬁ*&imx af L, the retic of the
total droplet volume to the wolume coguploed by the gus, thot the

total volume of the dreplets per undd volume of aspsoe i glven by

. (42)

T ¥



In i .amin {;3{; th

mrodused by

] m A
¥ Ef f@;‘ﬁ:@“’ £ R AY dr/n
O

mens lor wolums) &

%ﬁ mhél&

droplate in

i

todned by mma

we find

whers the tonsors (¥ v) and (F ¥F) are the dyvedie prod

o

i obbeined.

14z

: average rate of ehange w* woluge of 2 droplet

prouth is defined as

m e
Pl A
wf 497" B G éx/n,

weishbed sverage Wlﬁ@luj of the

e

. (44

e, £ . 3 B s
. {3) nintes that momerium is congepved in drop~
& STrsy momentun conservelion eguatlion mny be obe
by %‘ﬂx v. Prosecding sa bolore;

E2(*

o of the

veotors and wee hos been mede of the identiiy
If this egustion iz intogratod owver Yall values of
the oomenbun congervallion sguotion

VI e n VT, e TF, - [wmm]

Hors the gontribuiilon of she droeplet o

S

)

Tt
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syoress rote of charge of pomentun of a dropled is glven by

s

i > s ' B
va m -ijf ?7:3;*' ) O v dr/fu {48}

e the pasv-weighied aversge oogelevation acting on o pariicle

iz doliced sn

— >
7 sf [ Lered ¢ F aF ax/uv . (41)
] ~ )3 :
L4
In . {45} the quantity ¥ %}m repraesunts the nesseweiglited

avorage value of the dyndie (¥ ), which 1o piven by the ecustion

. . .~ |
F9, E[]%Wrz’ 2TV av¥ dx/n ¥ mf“‘”’“ (v V) a¥/nv . (48]
‘ 0

By weing Bg. {(40), the momentum conservation equntisn may

be weltten in the glternsts fapm

??'?i —_ — i X-—? . ‘% - For — %
msvmuvg?mwvm ‘%‘“Vmw‘ \ {m%[wwm gvmmf]”

This equation states thet as ono followe thoe avereass wotion of the
droplets, the velooliy may be changed by throe different effecis.

The firey two terms on the right-hand side of Mg. {(4%2) aweount for
the eswz%ﬁ*ﬁ.%u%wﬂ of dwoplet growth to the averags if‘&i‘z@ of ohange of

velocity. I% ie ermily smeen that

& [0 Bs o]
> L2 2 3 ; ¢
T, - %55 = f //3% 2 ptd pooe p (Tt} av'av dr' ax/(av)"
o B4 4 3

whore the peine on the gsecond £ lndicntes that 14 ig & funciion of



2t and v'. The soceloration dern g% ﬁ%%ﬁxmin@& the change in
v@&ﬁ@iﬁy couped by external aﬁﬁ aévolynapio Tovess. The 3&@%

term in g §@3a} 13 snzlogous o the divergense of the %yﬂr&éyﬁ&m&@
totsl sirese tensor. The sypey sérose tonsor wny ve defined os

pen ¥ [?gf%ﬁm m‘{§%§%§] s in which cese the usual £iuld dynanicsl

Cinterpretation can be glven o ﬁ%; {éﬁ&?« Yore "exterpal forges®
aposar in Sge (458) than in the wrdinsry momentuwn squstion of fluid
ﬂ&ﬁﬁ%ﬁﬁﬁ becauge ﬁf,t&&kgxﬁaﬁ@m coaplaxity Qf:ﬁ@@&gﬁgl

It is obviocus thet fgp. (40) end (45} inwolvs for mope
?@fi&%l&ﬁ>%hﬁﬁlﬁhﬁ numbar of sguations. Ve %h@&@f@@ﬁ gmpaat thad
only An specianl caonen w@li it be posoible to oblein o Sﬁ&gi@@ﬁ’
solution to the peoblem withoutd iﬁﬂi&&iﬁé_ﬁ%&&%iﬁﬂ@ involviag dhe
collision teorms. The wsefulnese of tho resulis obiained in thie
ﬁ%ﬁtiaﬂ i6 therefars limiﬁﬁég bquations {40) and {&ﬁ By MOWEVED,
enly oligh ﬂfé meve complicated than £he sedingry hydvedynemical
soustions for &@mﬁiﬁg if% n V) and v&laﬁiﬁy {@é} when sultable
spproximetions® con be wode for the other tevms oppesping in these

eguations.

D APPLICATION 20 IDNPINGING JET ATOHIZATION

In order to 1llustbate the uvse of the presediny formelisn
for the desoriptien of gweavs, we shall consider impincine dof
¥e nesumptions thet 0 Vi @(V V.1 B V.oV U1 606 CRomples of Lae
Einde of spproximetions wﬁéx% m%@m@fﬁﬁﬁ B vE1ic, Theese two s
mationg are applicable whon the welocity distribution exhibidte 3443ls
Glsperaion about ite meap. Prom an esiimetion of the size distribution
&, en approzimation f@g»% san be obtained by use of Jg. 43). After o
y { boand {4507
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stomization and the problem of evaporation aznd combustion of drope
lets in spreys. Por lmpinging Jjets collizions play & dominant
role, while they sre of secondary interest in apray combusiion. DBoth

of these woblems are cncounterod in eonvenilonsl rocket wotors.

In order to trest ippinging Jot atomization within the

fremew

ark of the pregent theory, we sssume that upatream from the
reglon in which the Jets intersect the astveams may e trsated a5
" being composed of o numbsr of liguld pertiecles. Thie asgumpiion
is ax@@@%@&:t@<b@ valid when the fraction of the volums aeﬁu@iéé

by liguid is au£fi@ian%1y.mm&ll to avold the formation of comtinuous
streams or shoets. It will slso be assumed that opeillations of
these liquid pariticles sre smell and have o negligibvle éf?@@%rmyén
the droplet intersotions. .T%@referﬁg in this model of impingement
atomination, clouds of relatively large droplets collide and form
now clouds of swnllsr pardicles ftreveling in o somewhat diffevrent
direction.

We shall consider the commonly encountered problem of
steady-state atomieation. In this case the droplet distridusion
function £ ie indepenient of time in all rogions of the flow. 1In
order 4o isolate the lmpingement proccss [rom othey sspesis of the
practicel problem, 1% may be assumed thed the number distribution

of p&rticléa i6 known in all jois upstream from the collision sone.
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The on of Antorestion. Aldnough the droglets in the elounds o

b eveporetisg during the sionization proesss, 1 will be
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-

the interaotlion zous i
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sulfiniently amell.  This evaporation z'&w varsmeter io cesily ose

B s |
LAreban

From o mowledge of tus droplet growth

B o e 4 S * " . o et e gy Y A S
rebe law, the swerage perticle “1@” tyy and the sppraximeie slme

By mmmw arder-of-uzgnliude eotloetes,

»

For pulticiontly sopll fifﬁs’%i.ﬁw;a iy Rabeie

. o 2 s 4 Ty
noglocted during the intersotlion. In

vicw of the proceding dissussion, it

# A,
il # E SN S .
of Te. (1) which goveras

R4

Bacouge

collision terw de of dominent Imporisnce in

A

this problem, it is expocted that the resulis @i" Seotion O=-2 will

povide & significent slwplificetion. Sluce theae resulis nppl

ot g e
RLey W

only to various wesn quantliios and the sise dimdribvution funstlon

e of prticular intepoest in the

Tollowing snalysis. he ationg may be performoed

o pogiepdord to obiniln desired menn waluse.
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wherre the depondence of the funotlion £ uporn the indepsnient vorige

vles nes been eXniicitly indieated. In evder to determine

grosg seotdon 07, ihe mechanlos of dzoplet collisions must W given.
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meghenisn whioh lg conslastent with the sevnbion of Bl

5 . o N . .
mosentun [»{s o {2y ang (3 ;e] o It will be sooumed thel when two

thoy reoduce ¥ new droplets of egual gize. %W

shall congldey $he in which the

travel in the swpe divestlon with the pame weloolty.

Sinco the moso of e droples is gwoportionsl $0 the oube of

e i;:} dmplise the

when droplets of radil »' ond

collide the redll of the resuliing drovleds will he
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N - % o
where the step function E{x) has boon Gelfined by Ghe egunilien
O for a <O
E;(;:{} @

T fur x 20

E/{\* cnnbleog ws b0 extond the »b :3.13"‘%’;:?&?1 gyar the

3. Poundn

sy Gomdleton

We shall conmlder the cose in m@.@h there are only teo
inoldent streanms of pardicles. The wumber denmities in osgh of

thope sireoms, i"l and ., must bo spocificd 1n order to determine

the aolution coupletely. Vo sbell sssuse for simplicliy thet
— " -
there 15 no eorrelation betwesn ¥, Ty and ¥ in tho distribution

fungtions for the incident Jeis®. The funetion © 4 Por epab
valus of 3 { »2) mey then be expressed as tho wrofuot of &

. . —
Funesion of & function of v, and & function of v

b0 dowestigste the effeet of Joi intewacition it

io demivable ¢o choose su ideal inoident welooity distpibution
which ellows no collieiong beiweon poritioles within the amgm

atrean. I wo aleo require thet din soch lnoident Jst all the
porticles dravel in the same diveotlon, then the velogity dependsnce

" _* w
of f;z mist be given by & Fagtoe J (T 7. .} where ¥ i3 the

/ K

Ge d 95

sonstant charsotoristic veloolty of the J'th stvess. We lot ¢ 3{?%}
signdfy the spaoial mamber ddstrilutien of the JYh lneddent jJed

and & 3 (¢} represent the corresponding norwslissd pariticle sizs Ala-

tribution. Thoe resuliding ineidewnt distribution funciions sre then

"Hore ABLeilod AnVeBLigatlons Of tho Lype carried out by Lee (4]
are noedod to determine the form of ¥ 3 more accurately.



given by the sxxwession
2.5 o n, (@ 6,0) SEF -V ) 5« 12 (
] . ] ¥

The cholce of uﬁiﬁ} 16 limited by the reguirement thed fﬁ is

ERY
et

L9
e

e & . 9 v - (Y rom 2z
constant aleny lines nerellel do Vo, 4 The funotion Gj{r} ig
. 3

arbitrery and may Do deiermined by experimsuntal o theoreticsl
considerationn of single Jet sitoninaition.

diiobood of Solution

e exsct solution 4o By. (51) with the boundary condi-
sions oxpromeed by Hg. (52) is wnfortumstely not easily obtained.
Equation {51} iz & non-linear integro~differentisl sguution of o
seomoehat ﬁ@mﬁlimaﬁﬁé type. 1% iz, howover, possible lo use the
Pollowing Storative technigue besed wopon the known boundary conlle

Bilons | Ug. (ﬁﬁi] o The Pirst spprowimetion to the fuanetion £ iun

%

the eollision repion is

P
£ fz S fz .

Ty substituting thie relation into the inlegesl in fo. (51%, we

. e = . e A .
obtoin an axpwession for v °<Z% £, This sgustion can boe solved
for the function 7 in arder to obtaln the sveond spprounimstion

o
£ i » Which i walld in the ¢0lliision rveglon and Jdowngivennm. The

3, 8

ropetition o0 this progess mwoduces higher soproxioctions. Ve

shall sobually cepey out only the firet dberation. This iz egulve~
ont to eapuning thai each droplet undergoes ot most one eollision

in tho interactlion vegion. The resulis ore theprefore azpeeited (o

e moat scourste fer dilute lmpingsing Jete {1.0., small volues of V ).
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S “
By subsiltudting the spproximntion £ by for § iuto the

right-nand side of Pg. (51}, we oblain $he Tolation
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- —
V.U, el B T e 0y (E) n (D) { @33‘ 4 - Vo0

‘\

-0 Cwm Y Bat W T g i N
r}fﬂ(x W{r«z V¢ G ‘w V%Q\J{v Vo,17 v

¢

oo Py X

+ - 1/3

o g T Ee = - 2 L . ‘"

Gle} iz + 200" A0 4 ]v A / ,31{.;?'} G, (> - 07
;:" {3 o

-t 3 il 3
o ¥, W T
,%3 oyl R 09 z
5/3 /3¢
o : . > -

iw%m%hmmmﬁw} ¥ oa {g’“«ﬂz' o 3?'3} w* s ‘ o Y ‘

2‘?1} 'm‘") ng

oo /3 N

r 3 - v -
f 8, {x*) {3 - 2} 5{?‘3?.*3 - ﬁ’g}o‘ ¥ oo {1~ S} 1
’5&’"‘} g
d ke
\ A X 5/3 /3

rt- - ¥V, e :
TS Vo, i s A ¥ vt o+ (07 - p07) det( . {53)

o " i{? - r{oﬁ



Terns imvolving [%j{ﬁﬁj do not appesr in To. (53) ecsuse they
o > o
all eontein faotars of ke fomm |7 « 7 él S - ?; j} which eve
¥ 2

Ldentically Zerc. This is comsistent wiih the mwreviously imvosed
requiremunt that porticles in fhe saws Jet do not oollide with eash

other. Hguation (53) indlcwtes also that T changes ouly in roglous

of eppeo in whish hodh By By DDG NONCBIRT {1.5., iu the intere
stion rogion of the Jeds).

Tae four tevme appenring in ¥g. (51) have s dirwet physisal
iﬁ%@%@@@%&%imn. Hinpe the faobop A'{ﬁ?w @; ﬁ) in the Tiret tornm

8% ,
An more unless ¥ s §gggﬁ this borm rewessnts the sestiering of
verticlos out of bomm vuwber © beonuse of collisions with Joi asumber
1. %he sceont term wvimilerly reyresents the scatitoring out of
incldont besn 1. The lost two terme in Bg. {53) are nou-sero for
o ronge of velues of v and apcount for the now perdicles formed
by colliisions.

If one is given ths fmm&%i@ﬁﬁ‘ﬁjir} and the goommeiry of the
incident jeds, then Ug. (53) determince explicitly the directional
ferivative of £ in any dircotion at asy point in spaoe. Since the
valuve of € ﬁ@v&m@wn upstresm fron vhe sollislon gons, by owaluaie
ing o defindte integral nlong & 1line in opace we con obdain ihe

. % - N
funeiion £{r, ¥, ¥) for any veluss of r, Z, and v» This pwooces

will Te demomsiveted for pepdioulme zimvle jot gecmeteies.

Srnduke with Shero Boundaries

Solntion

Tos loportent wroperilss of the solution moy e found Ly
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considerisg wnlforn jots with shayp M&rﬁ%&f‘”‘iﬂﬁh In these cages the
funetions n 3m are constant within tho Jet boundsrios snd sero
olpevhere. I3 is poesible 4o set up & czriosian cemrdinate aysten

59 31lustrated in Piz. 35, The z-y plane is povallel to the
—‘. &
vooters v .1 ad ¥ ¢ e dirgotion a@: he x amis biseots the
: ?

angle heltwsen % 5 Gnd vm 3 ond the origln is takon S0 Bo the

fivst polet st vhich fthe dwo inoidesnd streass ifntergeet. The ongle

€ ‘tbevwuen sech incident Jet and the =z axis is one half of the

»

anglo tetwodh tho diveetions of the vechors % o % ot
g 8 ne 1

IP we aooune 3 oh dhd mornisude of the weloeidy of coeh

ivmiﬁﬂm Jot iB the Bumy legeg

By
'Ef v = ¥
Gal Bae | T o

Shen dhe velogities of the focident streome mey be wirdtlien in the

8

Torm
— g # n,
LI S J = 1,2
2y o 3 i )
5% L) . 3 o - 5 4 2
Here the » somponsut of the undt wectors o, 1o o0 6 , ond the p

Lo

- iy
aoagonenty aro 8ind and - aine for oy Loy mq resosotively.  The

simplified form of Bg. (53) in this coordinete aysie

m onn be obiained

8

by usine the Ffaot thot

> PR ced o
[ ﬁ,}# {e*) Gy 4 {?3-1’-* - ¥ } f{“%»‘ ’)é o e ¥ on
% f,&« L~v§ (,'4';

2 —
o B } —>
3 ﬁ$1 2 ;“{kw?} o x&'-’}

—d

- {12 (% wr?) et




d {v, - v, Co8 6 }
. 1/3 /3 3\; i
F ; SAITT:
(}g’z %m‘ - 3 "?VE i = ( ) g +E : }
3% s E¥ ‘
e 80 .' ‘
4 E’% & {1 - «»‘*&%m v, zssri,n@] art o [E‘i‘% ¢ v, 8in @ )~ Efv, ~ v, mm@%
(v 3 4 oo e W3 v, /3
't AV Q‘?x -V, 0GOS © } | é‘%} g&{%» {1 « %. ‘ﬁnﬁmﬁ}
1, 1/3 gg; W’ g o 3 g b3 -1
—1,'" ’3 . o anTE
3 WWNXSW - 5 i .
{1+ VR « (3 ‘W}

Here "i;}'.z:ﬁ upper sigoe soeveapond to the flegt subsaript on the
Funsiions izmg, the lowewr signs ﬁwrs;mmuﬁi 0 the second subsoripd,
and the guaatities Vs Vo and ¥, e wesent the comperent of ihe

y?
veoter ¥ in the corresponding divsetions. Iy substituting the

weosding relations inde ¥g. (93}, woe obtaln the eosuli
8y .

v AV {m Ta W) o= w&iﬁfé‘} ;«%{}5} div, ). g éwx ;;f’% won O )
o0
~ 2w ﬁ;s,;f,w[éivy * v, 5in0 % @ﬁﬁ;ﬁf}[i}%{zﬁ';} T{z + )" dp?

o

v d{ lo, - v, @ind ) 1, w} [ G, g )77(3? ye)f* e v:}

173 v. v 1/3 v. A/
& 03 b Eﬁ;}“l i {% e «muf;n:%w ‘?1{ 3 3. E"gv‘f»’%}lﬂ " {z o mwmgwﬁa‘} fs
4 -«,3’ [ s "m?“% Bin e ¢ = W ‘ vﬂ ﬁiﬁ&



e
b
o

~ oy ko 1[‘ o "“’1};3
nﬁzﬂ =~ E\"} 4 3 - - 5 ‘
5 ¥ ( [F/(v * Y, sin@; E{"% v, mfxé,{l [ mm&"
v, «1/3 ¢
¥ {1 = gt o (54)
o

whorse ups hag beon made of relations of the form

[gw ﬂ?@g&l J(*?“V@gj} w *v&l o a.ul J{w;; o *@ﬁ e

[
Bods
et

whioh follew from the definition of the d Punciion.
Binoe the faster ny (%) n,(¥) is sere exoept in the megion

of interpootion of the iwo incident stresms {seo Pig. 157, ¥o. {(54)

‘on o eiople geamctviesl mothof for obtaining £z, ¥, ¥) &t

any point downotreen. Far oy glvep polot X and wvoloodty v dbhe
-~ . o )

Tipe throush ¥ F in the direeiion v nay be exbended wpsitrsanm. %o

denote by Q the longth of the segment of %Lm live which lies within

5

Jut interseciion. Touation (54) cen thsn be ‘in teornted in

#

crdar o obisln the pelatisn
o0

e, T V) = (F - g‘ﬂ} Gy (0] | 0y () ~ 2 £, u, 8in 8 f%i’f'}

Fi)
b

([7- {r & z’#'}“’ &x‘] e J{‘@’ anp } {iﬁ {m} ?}1g§§} wr Eff!hi ﬁi@ &%E&

s

E £
¥, ging

f o 3
Gy L.f- {"’f} {1+

o £ 5

[6{“:.‘ + v, 8in® ) «E£{v = Vo "?3“1“9’]
. ~1/3 ]

v,

;}g 4 v wﬂwﬂﬁé-mm
4 Ty ain 5) )
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Rore 1y and n, are the ﬁonmtmn%.Valuea of the functions ml(i) and
'ng(iﬁnQithin their respoective incident jets. The explicit ex=
pression for £ given in Eq. (55) is oomposed of three termss the
firat two glve the value of £ within the original beams and the

third determines the dietribution fumetion in new regions.

Be R@Eﬂ%@ ]
The factors JCVE’} d (vx - v, 008 O )} in Hg. (55) indicate

thaty for the chosen interaction mechanism, collisions lead 1o
no change in the & or x compononis of velooity of the particles.

1% ie evident that the y ccmpousnt of veloeiity is in the range

lv,v, < v, sin @
for all new droplets. Th@ interaction thercfore causes large
pariicles to bregk uy inte @m&il@r particles traveling in a fan
of directions which are bounded by the two incident streams. The
vﬁié@ity and sige disiributions of the new droplets depend upon

the size distribution of the inoidsut peritisles.

6. Oviindrical Jets

in ezemple of &bﬁxy?@éga ineldent jets which olosely ap~
prozimates sotual lwpingement stomisation is the case in whieh both
gireams are cliroulsr cylindere of radius & with thelr sxes in the
x=-y plane. By rcference to Pig. l6a, it can be szen that awy plane
perpendicular to the 2 axis outs the intersection region of the

two jets in a rhombus, the dimensions of which are indicated in



H,
%51
o 3

Fig. 16b. Sinve the funstion £ is mero unless v is persllel to
$he m~y plans, the lengthl ie the sepmwent of the appromriate line

within the rhembus.

S Bemign Sritepds

I3 ia seen f‘i‘m Pig. 1&b ‘m@ fop aaazm;%;%mimgf“@n% of the
inoident haeam the lmg;mf is saﬁzwl W\/ - za / sind @@@9
"“xx fivaet two terms of xma (=53 ﬁhﬁm oheow that for lnsident Jjets
of sulficlently lovge &auﬁw%@w il %umb%w dongil J, all incident
droplots of o given sise © mey be soatiered out of the conkeal |
section @f‘%h&‘ﬁﬁtﬂﬂ In the simplified eome for which By ® Ng =0
mm&,@i =:G$ = 3y if w@.imaiﬁﬁn% Eﬁ?ﬁiﬁl@& of sige v esoape oolli-
'ai@ﬁA@&@n the relation |

o - 4.1 o
"&‘f’“"w@ [/&(3’*'}%{:? v gt é?:e:‘] o &

4]
s h@'ﬁ@ti&fi@&» Por ﬁiﬁ@ﬂl@w Jeds this condition bocomes

RS G [/mzwrraww 0 I

@me

e R

{8

 Sipos the %%zxﬁ%y in sguars beeskets i . (56) is sn
increpsing function of », It follows that 21l particles lopger
than a eritiesl size will be seatiered by wellisloms. Partioles

of all sizes will be scatbered whon thw relation

, 00 .1
3 32[} /@fir')m'ﬁ aw]. . (5cv)

i valif. & responeble reguireoment for an efficient stomising
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syaten is that all zeriticles in the central half of the ingident
Cjets ere soabbered ot lonsd onvo. This criferion ls expressed

by the relation

aﬁﬁﬂ';sgﬁ} > 4 : B PIRY

whore the aversge cross-gsctionsl myes of the incident dropless

bes boen defined by the sguaition
oo

(‘rrrz) E[GQ:%:*"}‘YT:!?‘Q dpt .

Iowge incidont varticles end o large ilmpingement angle @ thepefore
lend to more effective nicwization.

:%me&é; the awrage oress-peotionsl aves s epprominstely
weoperiionsd bo the dwoethirds power of the &wm&gﬁ volume of &

droplet, it follows that an alicrsate form of Bq. (56e) is

g

g i - >
cos & — UTT <1 {568)

where © ie on average droplé® Fadiug in the inoldent Jetw. In
view of the Tact tmwﬁ the volume ra@iﬁ: YV maot bo smell for the
aualyeis used hers o be asourais, Tg. (564) lupliss that the

“dismetor of the jets sust be larger then 1/ ) itimes the average

partiole redius in arder do obiain effielent nicoization.

fribution Pungtion
The distribution of nowly-Cormed pariieles iz detsrmined

by the last term in Sg. (59}, In this csse 4he length £ may be
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sise to be o maximum on the 2 exids, Thiz offect may, however, b

E3

T T 69 R A g ey o,
aeidont droplets beoausy

gg&u

modified by the size dlgdribuiicon of the

the specisl dists w bion of the soattersd porsiolsc deponds upon

% - 7 P - e MV TP I N S
.« Since the devends wnon the pogliion
i

Go Drovlot

Aovemiotic Rudil

et ue oongidor onges in vhich $he ineident size digivribvution

i of

.-z- ‘
sod RosintRemmlor types pamoly Gee 2o *m"[ =t/ ]
n

where b s o conetent. j:n nopmall

|
-
P
L5
il
¥
Ly
o
i

2nd b are mubers cheracterizing the distribution, ¥ i the

roding of the inclidewt droplots, ond the T

Punction ip defined op

fa

o N ; P B " , N o o o
The two-psrameter Tamily of dlstribution funotlons given in fg. {(59)

~Trnasnwa distribution

includes a8 op sases both the NHaklye

. N Ai‘)é; 3
and Rogin-Ramalsr diatributions §45

H? .
% A 5 ¥
3 e - [P P
4 G, = o i } - = b &8*

Y

distributions of Loth dvnaldent




the came (G, = 6,2 0), then in $he plane ¥ = O the Punciion O is
3 = 1/91)% Fats]

proportional o v 3| e{s o If %he ineident distribution
&
faretion § 18 of the form zivwen in Eg. {(5%9) , then the normalized

- adstribation is

f;‘,ﬁ o F . ’ :(i:‘t ‘%‘ ?‘;;;
T . B3 . 83 e
; me fum * ki P A, o Suss \
<5 Qg+ Q-
2t ¢ 4 o
%o -~ 5 F ';‘:’“is
. [ G PR 27| T .
- - o) BED(w (2]
AR I S 1.4 ¢ 1 \eg 4 3 ‘3?
r{xmg;mm; r {v : ) - r{\ wmi
5 g/ . . 8/3 s/3 {
a5) P S P S 608
(E \1o+ S bend’ + (2 W %&m5§ . 1607

Thig distrivution s sleo of the genoralized Hogin-Rommler type. The
factor {2/v)7 in “g. (60) arives from the faot that lerger particles
are naro likely to collide®,

It may be seen from Zg. (00) that the form of the distribution
BR

funetion is rot effocted by the Jet indernoiion only when & = =3,

which corresponds to the ordinavy Bosin-Rromler distribubion for 8 = 1.

*® ulred for the gonpleto burning of & oloud of
pe ermined by the size of $he larpest droplet, one
regson for the high perforpence of lopingemendt stonisers in rocket
moborse mmy be that large verticles oye nOTe mi&u& to be lroken
dp bhan spaller ones.

LUEN

The ease § = -3 ig ap example of o non-normolizable distribution
for whick fg. (59) is rigorously moe ninglese. The { *Wfi&¢zﬁv arises
from the feet thot thers are so meny %@«1} droplets that the $otal
mumber of droplets is *xwaemﬁuaaai infinite. In those @u&wa the
right-hand side of ¥o. (59) we ney be iﬁgerﬁr ted  es boing mropore
tional %o G{r), an? the ratics of 'F‘funatimﬁg of negotive intergers
can be evalusted by limiting provodures [i.o. T'{wn}/ T {~u) =

(«1) 0 (m s 1Y/ T+ 1}] .

<,



kY

In 211 oiher coses the chersolerlesilic povomceter o lag mn@wa&g@@g but
the paramotar corvesponiing to ¢ is differsnt in the outgelng stream.
Zouation (60} indicstes thei the colllslons tend to lncreame the
pavemetor 5 {l.e. 2% + 3) and thereby couse the digtribution to
becone more unilorm.

Tue avorase droplot sise far downstresm may be compuied from
Ya. {60} by pexfaraing the epprogriate integration. The resultlng

new {pumber-woighted) svernge radius » ﬁiﬁzfmmﬁtm&%.

_TELI I ERR) | 5/3

s, 53 £ Y )
Fop ®F " i N R S B e B & B vy,
08 r,{i.‘ ﬁ 'r(‘:% + ,@} e “;,mé ‘ ¥ tand

&

It may be sesn from Bgs. {50) snd (61} thet in the oaze o = 3, which

kd ) %
18 offen ohserved ip grm@%iwag h@tm $he dlstribution fusetion G

RS

ol Bhe vn lﬁf

of ¥ are indepondent of the downstroam posltion {y/%)

In this cose samples taken fron awy port of the saympboile reglon wil

hawe the same sise disfributlons When @ @ the depe pendsnce af L
and Tog WROR v/% is wery wesk. I% is seen Prom g (61} suat when
&I>3 the aversge saympiotle vediuvs Le0ds 1o be ravgwst in the oenter

of the jet {y = 0), woile for & <3 ithe mes %iﬁg.i& lavper in the
mﬂ%@ﬁ%ﬂ“gXEzﬁ&ﬁ& . | |
An important prediction of Bg. (61) iz thet the new sverans
dronict redius verice opme weozimately isversely ng the ocube rood of the
numﬁ@r:af particles wrodueed in & ¢ollision %, Par exemple, 1if an

aworape of & new perticles (is formed In each collision, theu the

numbereseishted mean dlumetsr of the atomised jot is reduccd by only

* fBoe, Por oxample, roferspce 20.

*1/"%‘3
(1)

*

1
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o faoter of 2. This estiumate actuslly trovides an upper limit for

b 8 becsuse we have allowed o mexlmun of one aollision For eoch ine

gident, periicls.

] . L e el /3 , ;
Values of the quantity 7 ﬁf{z-f HY 7Y on dhe oxis of the atomige
(&7 .
ed jet {y = 0}, which were computed from Iy. {(C1) fr vericus values

of 5 and 4, are liﬁmé in Table VIII ond plotted in Pig. 17. In
o o

Teble IX and Pig. 18 sro shown the velues of %m,f!{.%f%%}"f 3} on the

edge of the stemlzed Jet {|¥|/% = tan@). It con be seen by vome

paring Fios. 17 end 10 that the average ssympiotle droplet rodius

on the edge of the secattered jet :iss & mere sensitive Tunotion of

‘i%ﬁ:z.e'; incident size disteibution then is the droplet vredius on the

sxig. If $he reguivemswi of o small asymptotic number-woighted

evorage droplet rading is used s o criterion for giomizobion efficlency,

then it ip apparont thet ilmpingovend stomizetion iz mosst efficient for

incident etroome with large values of the paressiers $ ond ©.

I APPLICATICH 20 uPRAY COEBBTION

de Dogorintion of the Problem

In order to 1llustraie the use of the formilation of the
theory of spraye mresconded in Pard B for peoblems in sprey conhbuge
G & “ e E " . {Eﬁ}
tion, we shall demenstrate how the analysis given by Probert ™
can Be ponorazlimed 4o include the effects of droplet interaction
ool relative motion of droplets and fluid. In the syniton under cone
siderationy, a oloud of perdicles wiih glven initisl woperiies ot

z = 0 moves steadlly in the x dircotion through a Fluld of known



charecteristios. We went to obtain a deseription of the statistical
mropertiea of the cldud es o funcilon of z. OF perticular intevest
iz the ratie of the volums fracilon cosupled by the %V&@@&&ﬁiﬁg.@ﬁ
brrning spray at the position ¥ to this volume freciion at the ine
jeotor {x = 0. This reitic i & direct messure of tha sowbustion
effimiﬁnw§ @f netorosensous propellents in rosked motors of length xa(gﬁ}
Por the om-dimewnsional (stecdy-sizic) aysten am&ﬁé investi~
gation, the reasoning mresented in Seotion D=3 implies thet droplet
sollisions will be infroguent ond reletively unimporiant. e ppe-

plisable form of . (1) is thovefore

e
£
Ny

s

; (; g fon o% 3 5 ¢
T {afy + ”2% v f1 o# ‘3%;‘“{?;,} w Oy

where the fungtions B and F have besn glvern in Seotions Bd and
Bel, rempeatively. IT Stckes' relation for the dyrag coofficiont is

valid, then ascording to sgs. (15) snd (18

- é g'i}- ',‘”f}‘?l {{;3&‘%
r!}.

where tho funcdions u and @ 559/A4{2/M 4 %/%Z}fﬁj?Q{B/u + B/M? }
gro ivdependent of v and v. Althoush we shall asceune for brevity
shat ¥q. {63} 48 valid, no ad@itions) complicetions arise in the
methol of solution when more sotursie asvodyummice fovce uxpressions
[%eﬁg Yg. 119) e iz&f] are uped. It le seen from Seotlon B-% that
the explicli dependonce of R upon v and v is dotermined by the

ggnation
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i

/e

N {543

Raedediv g + ¥/ |uww
ok

A

ey

which lncludes the effects of the droplet lntersctions threush @
[/j = oep/{ + 1), see Hg. {3@] ard the relstive metion of

& o ; s — powg i - & 1,"{3 e 3-,1’3
Groplets and Fluld theoushld [ ¥= 0.276 e plu {se or Prt VY,
soe Jon. {32) ond (f’z}}}] « In Bg. ($4) the functions &, Bs and ¥
are indeperdent of ¥ gwd v, the exponont k lies in the range

0 =< < i(sce Sootion B=8«b), and & Io detoraivned by the type of

oveporation or coabustion moccss voouwring theoueh fos. (07 and

N

(26Ys (28), (293, ax (30) [eogey k= 1 ond 4w Y

(s = W} with pure wagﬁmmmmj . Dguation [£2) muss be
AE . 4
solved with ft: snd B ogiven by Fes. {(63) and {64} in opder o obinin

the degired distribution funciéion £{r, x, v}.

Eo. Fothod of Dolntion

8o Perturbetion when Flu

A,
o

%a‘b&m‘%(g&} bus civen the solution te Tg. {62) for the case
in vhich §uf= Ye 05 & = sonstant, and the initial ddetribuiion
{at = = O) iz of the Rosin-Rumaler type. OFten the affoots om €
of droplet inderoctions and motlon oFf the Pluld are wmell comperasd
t0 that of the ideal ovaporaition retey, and & perturbaiion procedurc
oy he used Yo zooount fm* non~-zeroe enlues of ¢ 30 Bud ¥e I% ds

thon possible to assume thet expangiors of the foarm B = gf 3] . R[l] )
P F£1]3 p[00, o110, G2,

3

. 2 3 L4
and £ w «« 2re velld, whore E[U w by

pl, (0] (B+ IV |u - vll" “Y, and pltlye civen by fg. {63).
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By subetituting these velations into Sg. {(82) and collesting tesmw
of ¢he pame ovder of mesnitude, we oblaln the seguenge of eguntions

whioh determine dthe distribution funetion, vig.

el o w2 L

?%@[@31?[1]}.* 5‘%{"‘%" o[y oo ﬁ‘(ﬁmffm} . B%{gm il

2@y L Qo 2By L L 2By L Qe[
B%QE@J?EM} N ;%;{v gy . _;%{R[E.Jf[mwlj} _ ;%{E‘ﬁ]f[x‘“u}g

Woon the showe relatione ave solved in 2uceessisng the righl-
hand edde of ench eguation is a known Puwcilon of vy 3, and v by
virtue of he completicn of the precoding step. The ssguense of

eguetions mey therofore be abiwoevietesd by the sxpresslon

[y .. 5"9* (oie elty o Iy 2 v) ne 0 Le. (858)

T v e

whero

i Z - W {ﬁ [?]'@‘ a.\"‘“g.] & §‘ {?[i}f ["&“’“4«]}

N ow 1y Zgeas .
n 3 &g

The genersd solutlon to fg. (6%a) mey be obisined by veplseing x
sod r by new varisbles delined a8
x
ko
- 1
e+l

§ =

3‘ ~ry %
- A g Q;’f
A d= { /
Q

ik



p il o plmlgk | (69)

then in terps of £ and N fg. {65a) becomes

)
;qu ] {;ﬂ {:ﬁ‘y 3{9 V) )
B e }; o g:?g lgnsm @ {{lﬂﬁ%}}
2% 2k
Yhe bountory conditions on the funotione

, .. 0 o -
the injection {i.¢. et x w 0 o F = N } 2101, ¢ {vy 0y v) avd

p (]

357’[ 1 are thoat o
« O for n >0, where the inlitial distridution fuseiion Tz, C, v}

e

is known. Sinoe 3@ = O, the denired solution to ¥g. (05b) is

therelors 7
G . A i
Y% 2, o, wim® (70)
kel

n‘?‘& {;f‘g Ky "‘w")

Wrﬂ]w Iig ¥om }.@ :z:'fg 200w - i?}.}

. . Ta e .

ey P - f : - , ;
In Eg. {71} the lutesration over § ia to be porformed with N and v
held comstont. The weceding exyressions doisraine the parturbstion
solution to ll orders of magnitude.

be  Eberstion when Fluid Feopertios sre Unlmown

o

The reocedure doscribed above oan be cervicd cut only whon
the deperdence of the guantitiss uy; 4; B, ¥y and § upon the distonce
% i known dn sdwvsnoe. In pony oraciionl cooew {mg. 2‘*{3@;%?@"@ mobers
the £luid propertics (such as tomperatures velooity, eto. ) whigh

determine these guantities depend strongly upon $he intersciion of
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the droplet oloud with the Fiudd. In thoms oames the Tunctions

s be P s ¥y snd dare detormined by the dynamicel eguations of

%Ew #luld end cansot all o epsoifisd g priori. In ordey to ovold
the complenity of colving olmultencously the oquatione governieg
both the PI0AR ond the froplets, en A%WM&% teactniogue may be
utilized. By initislly sosuming ressoneble mropuriles for the

ﬁﬁﬂy

fiwid, we can compule the seroth lterative spprowimeiion to

R EX Eﬂ[“']# wi%. B [‘:‘3] E}% ayd ¥ %% T The pervuwrbation o

sedure dosoribed gmm ey %sz\ be mmym w% obtaln the fung-

tions ?Eg} ¥ %g 8 *f‘{,.‘;j’; wher. untll sulfficient conwergonce bas been

@ ard

ohitaimmd. Tue @1;1&;-@2*&%&%1% Funeiion ﬁ“m]m E P [fi] determines the

zeroth iterative a@gmxmwian m *bma wam&w im s:}f‘ the sprey.

i@}%‘i u«@m mm gre splved mim theas knows

s o 4 . o
droplet moreriiss, ond the first iterstive approximetions %‘Eﬁ s

o0 L. oD ,

ik and ¥ Ok are coppuied. The perturbetion method then doteye

Boxt the f‘f&m@ &vnww

mines f[?&] and the first spproximetion to the digtribution function.
By repoating this mwocedure accurste aspproximetions o the projore
tilen of the sywey enn be obtalned.

Blaoe o twestmont of the fiuld dypsnmicel equetions is oul-
Bide fhe seope of the mesent lnvestigstions we shall not cacry out

kL

m:?‘
Lo

w iterative procedure desoribed sbove. Instead we shall sexiend
Probert's sevo-order solubion 46 omsen fv vwalch £ i en arbitrary
Pumotion of x and the dnitisl ddetribution funedionm in of the

goperalized Rogin-Rammler type defined in Section Det-o



We then pesform the firnt perburbation for the case in which u,
880 » m $ sro comsients in order to deb termine the offect of

the flndd metion and droplet intereciions upon the properties of

Blws %w%} ®

e

Lot us assume *e;’gm.é the v and ¢ dependences of the initial

spray Aistribution fanction ave seperadble, vis.
£{ey 0y ¥} = g lv) G () (723

where the vel miw distribution Tunetion le normalised in such o

way thai f‘*‘ai% dv = 1. It thon Pollows that %ﬁ Fotel munber
doensily of drovlete at 2 = U i glven Wy B, f 4 {xr? ary ond the
seerage initial droplet vedius ie g@ @ f e §xﬁ} dr. 9inco the
Tukiyemo-Tonasave distribution has roecondtly been 2 mm‘ to be pore
useful then tho Rosin-Remmiler distributions, 77 4%y 1o sgvane
tageous 10 choose a form for G {:m Whm&w ingludes this firet cane.
Henoe we sholl use {he genvralizsd R%iﬁ»&mw diptrivation defined

in Ea. (59)s

, t 4+ 1
?iig 4 []—1{'2 4 ?}] "

¢ (z) = e (=) omp{ - | £ {13}
2 - j % + « xr,
r [r(ﬁ_g_}_)]. o o

lcooraing to Yam. {68), (69), end (70}, the mero-erder

asolution for ¥ now booomes



in

&

¥ ﬁ&[( ]g;&l
o 8 [ty | . k+1
By ) (;f:;} ‘

fm](ry Xy V) = @G(ﬁ‘

t %
oy 'm\]
Yo [r( PP
% I . mﬁ
) v '
w ” - @x§ i {’2‘5""‘} D
vE, T o+ 1 z, vF, )
Tﬂ{t o g
| (14)
F( e )
It will be found convenient to introduge the dimensionless sise
and distonce verisbles T and % defined an
£wrfry - (75)
and
- &1 '
2w (k+ l}ﬁ A dufv Fo v, {16)
8 \
 Fquation (74) may thon be written in the forn
% o+ 1
t -k
- sz R
P, 5, 0) = & {v) = Al L
m)]* ¥ e
| a1 5 {m*
exp ¢ - (& + FFT . ; {142}
[ I—t(% ?ﬁ l'gJ
& ¥

0] = [0]

Tre droplet number density zx[ s Bvursge rodiuve v s BYOrBLY
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yolume ‘ﬁf[g] y Ohe. wre determined by appromriate welshted imagrélﬁ
of To. {746) over ¥ and v. These integrals ave ceslly ewpressed |
in terms of the generalimsd form of o function defined by Prodert,
Yi%ey ' .

gel

P

e, by € Z)E mrEp (-2) [B; + 2)% - «a] (§ + 2y exp (§) &

When b 15 an interger, H{a, By oy 2) is sssily evalusited in terms

of incomplete ganus functions. #

If the subptitutions 8
& Tﬁ(&’; < ‘
A e ~rET e | (78)
% e & {79}
are made in Fo. (74a), then 1t is found from Ig. (39) thet
o0
p b & .
201 B, j z {v} %%im-&, Oy m, 7} av. {80)
. fx) & &
— o0 ‘
In a sinilay maunner, fq. (41) and the definition
w ’ -
F e / / r £{r, T, ¥) e 65/
¢
cimply that
o
(¢] ;mﬁ wan i 3‘; s ’g» ; ' _ , ! .
n[O500 n, %]&tﬁ(ﬂ B{Feme, m > 3’“;*;*%; %) v {61)
)
and . 00 ‘ v
o] ¢ -1,
ol gl€l, B Vo];ﬁ;@(‘?‘) ?{(%l-, ’%'{%”f’ W, Y av {a2)
~ o

where the inltisl volums oocupied by the droplets is



ﬁ >
_3 resdy L Y ab
% Ta = % §17%, E* & maf % Ty’

(62) give important sereecrder properties of the aprays in pertioulsr,
Tg. (82) determines the ratio of the volume cooupied by the spray ab
the position z o this volume at the m;}em;ﬁ:; \(x w 0).

 In onder to ovaluste the indegrals ixa Egm (éﬁ} threugh (82),
the funotion ggﬁ(v) must be speeified. Por cases in which ﬁw‘ initinl
velocity distribution is sufficiently locslised, the appreximation
e (v) = 4 (v - v ) will be walid. Squation (80) then becames.

| o rEtd, g)
oo, n, g(&t_.;_;_l‘, 0, lf_;l, 2} = ’%[1 - F"l" 5; ) {60a)

vhere the last equality may be werified Ly setting b = O end replacing

Fhy ¥+ 2 as the ‘zﬁwgmm veriable in Eg. {(77). In Bg. (80s) the

function bas hevn defined ae

e, 2) = fﬁ 270 ) amy
; . |

¥

incomplete gemme

0 - R A
[MW T{e} = (e, )] . The simplified forms of Sqe. (81) end
{62) axe

nOFCL o 7 altd, ol L2l g (812)

and
vl o v m@Ed, odo 222, 5, (620)

respectively. For ke speoial case in whieh Ewlovl t = aed
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Proborg (“5) has pumcrically evaluated tho function ¥ appearing in

Yge (82a) in erder to obtain the droplet volums fraehion.

Porther infoermation sboul @‘-m:% wature of thoe solubions given
in Zgs. (S0a) turoush (62a) can be obbtained from cxponsions of the
funetion U for large and srell veluss of 5. A ﬁa%m.i@mﬁww& age
pansion in powers of £ of dhe indegral in Og. {77) shows thet nesy
the injector

*

, — oo THa b 4 6 o)
la, b, ¢y B} = 3»_*@& AN Cl e (83)

By substituting Hg. (83) into Fgs. (Hle) omd (628) and using the
definition of 2 given in Hg. {79), we Find $het for omell valuss

of % : .

-
 [0]=fo] [P('”"‘"ﬂ Fﬁ"‘“}“k? |
=0, Fo41 -y [ ] 71 (61v)
Ty )
and | :
k+1 A
ol . | s | rERE ridnky
[0] (0] i B
o v ,’53\’1‘23 vﬁ 1 + 1 ]7i‘@ 2 ;'i T"{;t ;,",‘ z‘%} >° (f"‘?’b}

Sguation (83) is not useful for the number density becsuse b = O ia
that case. However; by oxpending the lnecozmplete gmunss fanction 1t
is casily seon from fg. (3@3) thet

e

| 3»-—;% [T”{% . f "
n[ﬁ]~n <3',‘i 2 : f‘f'

! ﬂ

(6or)

P

-
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for £ neor mero. | .
In view of the definition of £ [ses Bq. (76} ram. (60b) throus
v(@%) illustrate the physicnlly obvious conolusions that at & given

. positlon z, the peruent of evaporation increases (i.e. &fx[gfn

[ ]**"(0}( s and n[ﬁ]v[@]/ a8, ¥, decreans) with incressing ovaporaw
tim rato amwmm &; é@m%&i&g sverage Groplet sige %, and deoress~
ing welosity v By evaluating the retica of gummn functions in
| i%lqm f&ﬁb) through (82 far typioal renges of the Q&WWW t and
By ﬁ m f«am& that larger Q&im& of © and @ couse o meve rapid
initial decromse in the quamtitics n 0 Vm}’n v, Oy, ant ¥ [‘1‘3"

" snd 1@&@# mym Em&*tm é@wama in the guantitien n m}’f& and ﬁﬂ‘ﬂ :

| ”[Q;"n ¥, The 1&@@%% viluee of the initial i ,53.3. droplet messe

' wawaﬁcn vato (i.8. smellest zam] m}’u ¥ ) are m@wﬁ’m obtained
w‘mn ft;%a{% .mrwmm & and $ are large in the injected syroy. These
results differ somevhat from those of &@Wﬁ{gg) because in this
discuseion we have sssumed thes the initisl %@ﬁm droplet radius
ey is oonsitant, whereas in Proberi's &@awéimmn tﬁm guankity ?e

- TEEL/ELE) e constest.

By expanding the ime@'&l in Bg. {77) wymp‘soﬁmalm for
lorge %:imss az' Zy we finé. that

B{a, by oy ?)Naaif‘a‘h*&"wafaxp( Z) t.b . {84)
Tial + o

The use of Lg. (84) in Sge. (&t}a}'%rmﬁ {82a) leads to the velations
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¢+ 1l ~8

[ﬁ]’ | 23@ T‘(ﬁ‘*ﬁ;ﬁ“g;\ ~ tk++11~ s .' Ai?i i 1
TR T :”i}J - exaq- &
T—-y(% . ;..} ¢ | | n

é}[ﬂ]g(ﬁ]g% g{? &2 ,,} =t ‘%5’ T“( T
8
o
T‘ZT %W‘;}' FET | Tty
exp{ ~ % m s {610}
Mﬁ,
apd
o o plk +
.}?ﬁ..in § e 2 v e d - + 1
% @ )
[@J?[m] (5; L1y P%‘:‘%ﬁ "F( )
T mea-l-»)
& (x + 4) : ‘ s
prteseed [ parras |
g (k + vl_) exp ¢~ 8 Mmg} . {82¢)
s ‘ _

Singe the order of magnitude ef the functions in fgs. (60c)
throush (82@} e m&*ﬁ stronsly &@g@n&ﬁné upon the oxpomembtial _
faotor for lerge valuss of Ry 3t 38 ﬁ&ﬁil:{ dedused that o ineresas
in the mmmm g or t coupos o deoresss in the ratiw--zzm}’n o
31[S]¥£$'}‘[}19 ‘:’2*;, and nt0d ?F@n o ¥, 8t e given Wi‘&im %. The peremeter
o, which appears as en exponent within the oxponential, hus the
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orestest effeot upon thege xﬂmiws; We concluds thaty in the seroth
syprozimationy initizl droplet sise distributions with amsll dig-
peralon ebout the sverage redius reguire sueh less time for nesxly
somplete oveporation than do size distributions with lerge ﬂiﬁ};m»w' '

gion (small 8 ond ).

The periturbing offect of the fluid veloesity and the proximity
of droplets upon the distribution function is determimed by Tg. (71).
wiﬁ arder 1o :?mﬁ%’ [ s the function El(x', ry v et b %ml%wé by
“using fg. (66). Since P21ang R0 have vesn detined in Seotion 2 - &
mi the ﬁ'txm'&iom- £ [{}jm siven by Bg. {74a), the 4ifferentiations in

Tg. {67) can essily be porformed to obtain Jy+ In this manner it is

~found that
, )
AR+ t-x) @ g {E ;}
= i/2 W v} X
(;@k*l@fﬁ:} ,B%X\/&*@l%amvl \/;-li»mvg
, Al + 1) v 8°
1/ !
+?f,/3‘:glumvl ’ ¢§ra - Q:.mv) &g@
AR+ 12 Aé}z (v} o
& T ’

By using Tgs. (67) evd (68) to replace % cnd ¥ by ¥ and i o8 lndew
pendent verisbles in this egquation, we find



178

f0] SR
Yy "¢ )
‘wkd‘&*“ﬁ}w hﬁzﬁ
"* | 1‘/2 s 2k + 1
Lot 1} %i— 4 lu -.vl [15-*2-—}- (% +)’L)}

- g Xlu«v[ﬂg =
(g (540)] m}+ i

/

""’5 . % /2 _ : g&b | |
[E.;...&(g,@ygj] i ¢Wm!§—-§»(§+>7§§vm[l W%‘*ﬁ%

If it is assumed that uy Ay /5y 0 5 and § we constant, then
the preceding equation can be integreted sasily ower © in opder to
obtain ¥ mmm&m o fg. (71}, Sinoe %’w}m indepentent of & ,
the result is

. [0 =1 T{ht 2y i:%i' -
P L (tuw[gk“d - %?ﬁﬁﬂ{%%g%
- + 3/2

& 4
{2n)

{ﬂMwﬁ*xbuv] ity ¢

+3/2 ' |
~ (E+n) " J‘PWW%&} {m""i*} [ﬁm%rim

2k
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k=1 2

A ———C———

k
: kE+1 2 k+1
*'"2'}:%"(5*%) +7}u-v{l/ I:o (k + 1)

_k+1/2 1 . - kl §'~ k+1
k+1 2(k + 1) (k + 1) T
-4 (2n) - (5+1) ]-f— A
k21 X ;ﬁ-
‘ + k+1

E_(u-v)dgclk +}_)( 2 ) (2’1) . "(S*Vl) i ? k
g,0v)  dv [k ~17'k +1 .

| y

In the preceding and in the folluwiﬁg relations, the terms involving
¢ become indeterminate for the limiting values k = 0 and k = 1. |
In these special cases the actual dependence of the § terms upon the
independent variables is logarithmic in nature and may be obtained
from our equations by simple limiting grooedureﬁ. By using Eq. (69)
to express %dh] in terms of £-™ana transforming from the £ and 1

coordinates to X and T coordinates, the preceding equation can be

written in the form
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» Ee~1
: /2 | P00 § B V- T
*X/?;luwv}/{(ﬁk"&‘z@ﬁ)“ ' w%‘ ‘]%%

21%%‘”’% ¥ -1

d ' ‘
fuev) 280k 1 A A f
[ ,..L%M &v] (@ + %) -% . (85

413 fLirst-oprdsy mjmmmw of the speay are determined by the dige
twibution funcsion £ » £ 00s 2 Munere #1715 piven by 5. (742)
and 5‘5‘[1] is glven in ig. (8%),

It i of intevest to determine the mroperties of the epray
near ¥ = O and the ssymptotic behavier a8 x—>oo. By tramsforping to
the miame& § and 7 defined ia Sgm. {78) znd (79), 4% ic found
that Bg. (&i’j} é,wm%@ the approxismate fornm

"k+1

A Y 1/2
o oz & -
i I I S S 7 T
1
Y o k=1
s § >
{t -« % 4 1/2 = 88) + 4‘?&
A {u =~ v} o it on
& « [ - ggw v v ] {85a)
nesr 2 e« 0. In the limit of lerps wvalues of 2 we Tind
\/"1' /2 t 5 __"" 1;2 —l
Wz, e - vf- Tty 28
f‘[z]:wfm] sz L 2 : [ 2 g

R+l TR 58
vk | T4y
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_ ik - oo - {&-1) 1 )
. éig m(l& v} b ;‘) . T‘("‘tm} %” v § el (ﬁ‘ﬁ'ﬁ}}
b vl - 1) @ F{*';‘ )

% shall lot On = o A(m‘?) [ ] B)J emﬁ
Aln¥) = n¥ - [m?[me‘m:mﬂ, rwmﬁwly, the f‘:!.mw&eﬁ dovia~
tion of the quantition n, nr, and nV from the ﬁwwﬂ.ﬂr valdes
smmzm& in thoe gwwaﬁim gection. In wiow of the &aﬁ‘i&a&%mﬁ of w,

m*, ma ﬁvg it can be seen by expanding Fgi (74a) avout £ = 0 that

@ 2} f cwfmw ”"2"“1%.. & ev,

IR
'-;r@és? dv,

near & = 0. ﬁy smm%immmg B {852) into these ml&ti@n@ and

inta@&ti%, we %‘in& _ : o ab

55, [resd)] [resy ][

Aﬁﬂﬂé ;é(k + 1) F{'@ 'P?; ‘ r(g'&;) * [gﬂ
B NE 8.

(v) - (a-v)

d g

-
'&ﬁ] o | (66e)
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Z+1
’?4&;.} ( &*1*&}
A(@w*ﬁfﬁ:ﬁ Mﬁg“ l F

(%"’v““&.)

1/2r‘(”ﬁ‘“j «u,/ rg...._..&ﬁf;w:;....ﬂ BT, k-1
4“)/‘/@_1‘13""’" W r{‘%+¢} J ﬁs, |

A (“‘“"’""’") ae
el [0 g ]

and
> o oo k1 (
NS A reed ] [readak
AU S B R R ey T G
_3::2 —,—1(‘5 + g_) kol / T—l(‘t & ?ﬁ:’ o 3‘2“‘ é-— k-1
PS5 el [T‘(*; J [mwﬁa R
ﬁ"iwiﬂ TEL8) 8 ] |
s ey 2. ,
Med) | [T () E‘ oM . o)

whore 7 has been veplacsd by X acsording %o Pg. (79) after the
inteeration.

Shan gaiv) ~ c{{v - Va:" the iﬂt@aizim_ ever v in Pge. {(8%s)
through (B8a) can essily be porformed by use of the identity

adlv - v,)
f‘?(v}l’o(vvv)*-{ﬁ"?} gvvj‘%“(u”v)&vﬁm

-0

for any funciion Yiv). The resuiting equations show that noar the
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injector the effect of the term involvingd {m&mwmmm foroe
term) is to docremse n, nry and nV'ut a given ml% of x wmn w<iy
and to inoresse the quantitles whon u>v. This result moy be asoribed
%o tho feot that whon u<v the Tetarding force of the flull tends
to slow down the émm@m wﬂ ﬁmew m:w@ more time for ovepora
tlon in a given distence x. On tiw Mm hanét, gha Poroe inorecses
the welogity of the droplets whem uw>v. For » given value of ¥ o
the effect of the avrodynamic farces upon xa/m{; and @}fﬁg ’i?a i
slightly laxrger for small values of the spray p&mﬁm % and 5,
while the &ffwt upon sﬂ‘/n ’if is largest for large velues of & ond
. Since the acoeleration of & droplet is iAmversely proportional
to the square of its rolius, 1% io not Wmigia@; 0 Tind that the
term in ¢ inovesses linsarly with If%"ja

It can be sven from Fgs. (872) end (88a) that the terms in
B end ¥, which correspond t¢ the increass in the evaporation rate
caused by dmym& internotions and £luid maﬁm, respoctively,
both produce & decrease in m/’xs w and n’ﬁf/xz v, mear x « O, The
effeot of the perameters o snd ¢ upon this decrease iz the same as
desoribed in the proceding gxégmgmphe Fauation {B6a) shows that
[ ané I ceuse no linesr dependence of An upon x§ - gher-order terms
mst be ineluded in Rg. {ﬁ*}a) in ordor to determine the dependence
of n mﬂ and § . After ﬁesmri‘hing the ssynptotic behavier of t‘[ﬂ
for lexge veluss of x, we shell give an explicit first~arder pertur-
bation solution for n which 48 valid for 8ll values of 2 when § = O.
This will determine g forteriori the depsndence of n upon [ snd )

&% omall veluss of xz.



By transforming %o the independent wverilablen 2 end §, an
expansion of Bg. {742) velid Por lovge valuce of 2 ¢an be ebtained.
I? this expension io substiiuted into ¥he definiticnms of n, uv, snd

oV, then the relations

<o

- (1]
Lido.,y
An T"(s - f {»} 2 g exp{~2} 0/ exp(-F) ,g_C_G] ag av,

. ﬁf]” tr2. k+2
A(ﬂ;}wm&.._m(m g, (v) 2 8 kel

T2 oxp(-~2)
® ke ~[1]
/ @fﬁk{mﬁ) [ ] &}5’ &Vﬁ
8] £
and
Dln V) = meomone {Mag} (1“’ ) | f@{v)z '”ki‘” ‘exp(=2)
00

PR 0 SRR VR
/ axp(~y} ¥ - W[—“]fw&v
A |

ained. By substituting Iq. (85b) into thess expressions and
integroting, wo find, for cases in whick gg; (v} ~d {v v, ), thad

(861)



‘ s vz 3
Ay T TeES | gy o Kﬁqu“ﬂ 520k + 1)
j%%ﬁ““%rﬁg$3-f_ 0 S v

 {B7v)

and

.
L.

| _ 1/2 |
‘ E"&T A b"j—“'ilmv; 1
s T ETTe k¢§¥ ' A~k*1}

2 - - ke 3

T (TR m%«&-z} “la-w
e ) TE i TV
B | ‘ £ B k + 3 : .
ey @

x

R wiwre the sypronrialte ssympietio walues of um’]g m[{}] F[{}l Bl B [“"]v[ﬁ]
ore given in Sas. (800) through {62e). ?fﬁguﬁmm (@6@3?& through {68b)
give the First-orber perturbstion carrectiona to L9 ol W[@]

f’}] ’%‘M at lerge distances frow the injeotor.
it is soen from Hqs. (86%) t%@uﬁh {8%}“ that, oomteory o
the behavior nesr the injectary the mw%aml ehanges in m 0 r,

zmi n ¥ are m*fmmmimmz m x raised Yo » power which ie greater than



unity for the most common initisl spray distributions. The aigns
of An;, A{nT) and Aln V), and the dependence upon 5;, Ve 4 By
Y 3 ¢ and u are, of course, the pame as near = » 0. It is seen
that the nmegnitude of the asympiotic perturbation quantities An,
Dlnr), and Aln V) dopends weakly upen t but strongly upon the
sprey parameter & which appears as an exvonent. FHere large values
of 8 and ¢t (small diap@raign) lead to large perturbation correctioms,
a result which was found to hold only for Aa V) necar the injeator.
Since the fractional perturbation corrections inerease with
z’:\, it is clear that for comstent values of B, ¥, and £ there
will be a meximum distance beyond which the perturbation correciions
beoome larger tham the gero-order values and the perturbation proe
cedure tresks down. Nevertheless, when J , Yo and 2 sre suffi-
ciently smell, “qa. (BSb) twrough (88b) wili be valid for a wide
intermediate range of values of Q'Whieh %illvinnluaa nost vaiués of
praoticsl interest. It may be noted thatdn/ /n [S] Afn 33/n{9]§191
and Aln V)/n[m V[G] are neerly the same saymptotically. The frae-
tional change in any sverage spray property ww@uitiﬁg from the ficet

perturbetion can therefors be eetimated from fg. (86b).

d. _The Averasc Droplet Fupber Bizsm&l‘&,} in the Absence of Aez*oégg 3ig
Poroes : ,

If the aesrodynamic forces are m@gl@ewé, then an oxplicit
firvsi-arder perturbation expression for n which is valid for 11

velues of x cen be obiained. By expressing Sg. (74a) in terms of
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the lndependgnt werlsables Z and 2 = 3\ + &5 we Tind from the definie

tions of n and Arn thei

@
n .+ 1 (1]

An = .2 exp(~2) 2~ ® 1 £
4+ 1

P

f[{“}] ds {39}

g"

» ' Il] ol oy LT ey 2 Y 5 - o
where ¥ is ziven by Fg. (85) with ¢ = 0 and it hae been assumed
that g (v) = d( Y. By trane v varis A
had BV} = v-v,j- By troaneforming variables to 2 and 5 in

(85), 1t is found that when § = O

-1/2

o . s /2| TEEE)
A -} 7 - ARy SIS 745 f BRSO - S
QE&“’“ k " 3‘ (, @ ‘s {‘i’é L S [y '?“X Iﬁ Iﬁ G 'T"‘{i + 1“}

EL | “k+3/2 k+1 k+1l k+3/?
k+1
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i‘: < 3/‘: K k &&, & & &
i/ E+ 31 E o+ 1 1
A [ 8 £ o{k + 1}
+ B -l - Z . . (90}

When tg. (90 is substituted into tg. (89), = -term involving ¥ may

be intepraited by pards; fmﬁwmm@rm we use the identily
t -k

<“k mt”“‘ 8) » TEZE41,8) =8 °  exp(-f)

in order $0 shew that the relstiown
-3

uéJ;m - B (=) [r'(f' s lﬂ z expl=2) J[f;*;fu - vl

#

% /&

(k - 1;2-’ [T"(*" g ﬂ [T"‘{%ﬁﬂl | z h exp{-2) (91)
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iz obtained. By combining thie @qua.%:mi: with }Eq. (8@&}, the
complete first-order expression for the numbery a@mitﬁ of droplets
is found %o be

‘ : t o+ 1 .
) A 3 CERA=G) . “m! - (
B’\/ro TR

7
a, Ml-r(’t;—l)- ”'B(}{+1)FP(%;;)

t o4+ 3
a8
f 8 "3 @m(-z}

B+ 372" R o2 175
[re TS

. {92}

Iquation (91) caxi be used to determine the dependence of An

upon B and ¥ near the injector. Since exp{-Z) = 1l near 2« 0y we

£ind .
v + 3 1/2 X |
E”(u ; ﬂ . ; : i A3 YJ?J%&-&V, L 2(k + 1) (93)
AR = = B - . & 5 + ey R B &
o [?Yﬁ gﬁSQt e E+1 &k + 3/2 : - ,

Henoe O n is relatively strongly dependent upon the spray parameter t.
The magnitude of the number-deneity corrsction inoreases with decrcas-

ing ® and ¢t near the injector.

The enalysis presented in this section should provide s basis
far furiher work on ithe effectis of droplet interactions end mla‘eiw
rnotion of droplets and fluid u,w the ststistical mopertics of
burning sprays.
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Applicntion of our synlysis o conoreis wroblems must
ewalt the development of furither oxperivental informetion mi&«?;m@
b0 wé following phenomesnas (a) The interaction weghaniswm of
ﬁ;vée: eolliding dvoplets, iucluding the xzm%@,, éiﬁm, and walooity
of the collision weductes {b) The wroperties of the wivery &xﬁ*m
formed from the lwoukeup of liguid jets ar sheetsy (o) The motion
and properdics of the fluld near the position where sprays arc
initially formed in proacticsl stomimstion srrengemenis; (&) The
effeots of convestlion sud droplet indbersntion upon the droplet
buening ravo; (e} The offuoct of the droplet eveporstion upon drag;
{£) The validisy of the guosiesteaiy-giote hypothesds fer single
deoplets .
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APPEMDIX A
SUMMARY QF ASSUMPTIONE

L

#

A liet of all the assumptions that have been made in the analysie
Chapter [ is given below, The assumptions marked (%) are those
that define th@ sroblem. Those marked {(#2) were made for gon=
vewience or for definiteness and ars not esgential to the applicability

of the method, 7The mmark@u assumptions are necessary idealizations

without which the procedure would be greatly complicated,

Apsuroptions in Part 1D

% £1) The system hag spherical syrametry,

s €2y There are three species present, fuel, owidizer, and
Y roduct,

® {3) Steady-state conditions hold,

ek {4} The system is sither stoichiometriec or onidizer rich,

B {5} Pressore ie constant,

o {6} The mwmmal reaction is second order, )

2

{7) Suitable mean values {averaged cver all spacies but not over
temperature) of heat capacity and thermal conductivity can
be determined,

o {8) The mean specific heat io mmm:&mt, independent of termperag-
ture, end the thermel conductivity is proportionsal to

termnperature,

Therwmal diffusicn ie negligible,

-
2
St

{10} The molecular weights of all three components are egunl,

{11} The binavy diffusion cosfiicients of all three palrs of species

are sgual,
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Heils {12) The diffusion coefficient is proportional to the square of

the temperature,

L {13} Tha §i‘e&§&€£ﬁ€:ﬁ? factor for the chemical reaction rate is
indopendent of temperature,

% {14} The perfect gus ecguation of state holds,

& {15} There is no lguid phase reaction,

{16} The effective Lewis number is unity, (This is essential to
the analysis presemted but not to some of the reoults, see

Section 518, )

& {17} There is no heat conduction to or from the system at

infinite distance from the droplet.

& {18} The rmixmture is uniform ot infinite distance from the droplet.

Agpumptions in Part 1L
The spame sssurcptions that were made in Part 15 are aleo
made in Part [T with the following changes:
{a} Assumption {(2) ie changed to read
# {2) There are two gpecies present, fuel and product,

(&) ﬁs@umpﬁé@m% {43, {10}, (11}, and {15) are omitted,
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REEDUCTION OF THE GENERAL ¥ %“Ew EMTUM BQUATION TO Tiis
FORM APPLICADLE TO THE DROPLEY BUANING PRUOBLEM

The general equation for conservation of momentur: in an

arbitrery non-orthogonal coordinate system can be written in the

tenser form By
- i’f}?ﬁ j P mailan 22
PR /)vj ffizg+/> % | {B-1}

where F i density, v, signifies veloeity, I’Z’. ig the @ﬁsﬂy foree vector
and Egﬁ represents the @ém@a@s tengor, Subscripts refer to covariant
cornponents and superscripte identify contravariant components of the
tengora, The summnation convention, summing over rapsﬁm&&@i indices,
is used here, |

“he sewmicolon represents covariant diffeventiation with respact

to the coordinates whose indices follow it, The covariant devivative of

8 tenspoy Aﬁj ¢ for example, is given by

where the Christoffel symbol of the second kind is defined by the

relation {

) ./ 98, 8., *33&%
;;&'f = (/21" L 3'. O (B-3)

§ i
3‘3&3 &% &}z@;

A

s

Here gij is the metric tensor which defines the @@ﬁrﬁmaﬁ@ syster: by

meansd of the expression for the invarisnt vmixnv'&@@imaﬁ; diptance

ds® = g, dx® d’ | (743

-

%
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In an orthogonal curvilinear coordinate syster the meiric tensor
is diagonal and, by wse of Eq. {(2-3), Eq. (D=1} can be written explicitly

e

in terms of the dagenal components of the metric tensor, If the e equation

: ]
F qzzzzzz o o |

o b}

e
&
it

L o 0 (n )

{g valid then it is convenient to redefine vecteors and tengore in suech a

L

way that all of their components are of the samwe physical dimensions,
ihis can be accomplished in general by dividing sach covarisnt come«
ponent i of the tensor by *3, and multiplying each contravariant eomponeat

i by hi. The new velocity vector u, extermal force vector f, and stress

teneer p ave thus defined Ly the equations

i 1 N
v, = hu, (v =g~ g}
X () i A‘:‘». 3
3 i
|
¥, = h§ ‘ . i ey
i i B { )
. h, ,
%?‘E = g ..
i b i
3 )
The summation convention does not apply here nor in what follows

because of the change in notstion,

The new notation io eguivalent to replacing g, . by the unit tencor

f'i
&

Tes

in product operations; e.g.,
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This enables ue to use ovdinary vector notation. The dietinction
between covariance and contravariance disappears in the new notation
and we shall use subseripts for all indicesn,

Fauation (-1} now becomes

- Z
b h, ' a3 ah, )
B i & 1 1 3 ¢ j
hi - ZM o 4 Z T3, e s 5' X - + 4 ‘ ——
it [ @mj ﬁ} i ik n’g 3 2 n % ik Hw jk ;;%‘.;&i
B2 i b2 h
@@ 5 ? ’]‘ >—- ng’ EE 1 3‘ @‘g E 3 - /O‘B 1 aé &i‘ﬁn?
= = o A Y o Lo ¥ iy
8 oy N ik 2 ﬁif b, ih LE
h T oam?) 8h.%y . s alhu
P, k1 1 | s LM i '+/0 id
- . P s . _ - 5 I .
ik & Ej 2 h 2 3 ik é}xj ik %mi 3 mk | at

where J,, i the ¥ronecker delta, Since the prespure tensor, Eﬁ‘ij' ig

i

$ = E R 2
always symmetric, Hg. {(3-7) reduces to the relation

h, 8p sh, &, ph, sh,
N . i 8] < i i1 g S T
CCTES v P TS w3l vt >yt } PLh B,
P 3 IR S T i i
: 3 i, || 3
- hi @mhk = B, e m@% + LI mahi - 13, wi»@