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ABSTRACT

The first main result of this thesis is the proof of the integral coefficient geometric
Satake equivalence in mixed characteristic setting. Our proof can be divided into
three parts: the construction of the monoidal structure of the hypercohomology
functor on the category of integral coeflicient equivariant perverse sheaves on the
mixed characteristic affine Grassmannian; a generalized Tannakian formalism; and,
the identification of group schemes. In particular, our proof does not employ
Scholze’s theory of diamonds.

We derive a geometric construction of the Jacquet-Langlands transfer for weighted
automorphic forms as an application of the geometric Satake equivalence in the
above setting. Our strategy follows the recent work of Xiao-Zhu [XZ17]. We
relate the geometry and (£-adic) cohomology of the mod p fibers of the canonical
smooth integral models of different Hodge type Shimura varieties, and obtain a

Jacquet-Langlands transfer for weighted automorphic forms.
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Chapter 1

INTRODUCTION

The geometric Satake equivalence establishes an equivalence between two sym-
metric monoidal categories which are of great importance in algebraic geometry,
representation theory, and number theory. The first category is Rep A(G), the cate-
gory of finitely generated G-modules over A for a connected reductive group G; and
the second category is P1+g (Grg, ), the category of A-coefficient L* G-equivariant
perverse sheaves on the affine Grassmannian Grg of G. This equivalence may be
regarded as a categorification of the classical Satake isomorphism for connected

reductive groups.

The geometric Satake equivalence in equal characteristic setting [Lus], [Gin93]],
[BDO1], [MVO07] and in mixed characteristic setting with Q-coefficient [Zhul7]
have found many significant applications. For example, V. Lafforgue proved the "au-
tomorphic to Galois" direction of the Langlands correspondence over global function
fields in his groundbreaking work [Laf18|]. The geometric Satake equivalence in
the equal characteristic is used to transfer the representations of the Langlands dual
group to the perverse sheaves on the moduli of Shtukas. Another noticeable ex-
ample is a recent work of Xiao-Zhu [XZ17], in which they use the Qg—coeﬂicient
geometric Satake equivalence in mixed characteristic to prove the "generic" cases
of Tate conjecture for the mod p fibers of many Shimura varieties. It is desirable
to obtain an integral coefficient version of this equivalence in mixed characteristic
setting. In this thesis, we give a new construction of the hypercohomology functor
on P;+g(Grg, A) which allows us to apply a generalized Tannakian formalism to

establish the geometric Satake equivalence in the desired setting.

Let G and G’ be two algebraic groups over Q. We assume that they are isomorphic at
all finite places of Q, but not necessarily at infinity. Roughly speaking, the Jacquet-
Langlands correspondence predicts, in many cases, the following phenomenon:
there exists a natural map between the set of automorphic representations of G and
that of G’ such that if 7’ is the automorphic representation of G’ which corresponds
to an automorphic representation 7 of G, then r, is isomorphic to ;, at all finite
places v. It is considered as one of the first examples of the Langlands philosophy

that maps between L-groups induce maps between automorphic representations.



2

The classical way of establishing this correspondence is via a comparison of the
trace formulas for G and G’. This approach allows us to conclude a map between
suitable spaces of automorphic forms for G and G’ as abstract representations.
However, the resulting map is not canonical, and we, therefore, hope to have a
more natural way of understanding this correspondence. Alternative geometric
approaches of establishing the Jacquet-Langlands correspondence were first noticed
by Ribet [Rib+89] and Serre [SL96]], and later followed by Ghitza [GhiO3]], [GhiO5]],
and Helm [Hel+10] [Hel12].

Our second main result in this thesis is a geometric construction of the Jacquet-
Langlands transfer for weighted automorphic forms by relating the geometry and
(¢-adic) cohomology of the mod p fibres of different Hodge type Shimura varieties
following the idea of Xiao-Zhu [XZ17]. The integral coefficient geometric Satake

equivalence in mixed characteristic plays an indispensable role in this construction.

1.1 The Integral Coefficient Geometric Satake Equivalence in Mixed Char-
acteristic

Main Result

Consider an algebraically closed field k of characteristic p > 0 and denote by
W (k) its ring of Witt vectors. Let F denote a totally ramified finite extension of
W(k)[1/p] and O the ring of integers of F. Let G be a connected reductive group
over O and Grg be the Witt vector affine Grassmannian defined as in [Zhul7]. In
this paper, we consider the category P+ (Grg, A) of L*G-equivariant perverse
sheaves in A-coefficient on the affine Grassmannian Grg for A = F; and Z,, where
¢ is a prime number different from p. We call this category the Satake category
and sometimes write it as Satg A for simplicity. The convolution product of sheaves
equips the Satake category with a monoidal structure. Let G denote the Langlands
dual group of G, i.e. the canonical smooth split reductive group scheme over A
whose root datum is dual to that of G. Our main theorem is the geometric Satake

equivalence in the current setting.

Theorem 1.1.1. There is an equivalence of monoidal categories between P1+c(Grg, A)
and the category of representations of the Langlands dual group G  of G on finitely

generated A-modules.

We mention that Peter Scholze has announced the same result as part of his work

on the local Langlands conjecture for p-adic groups using his beautiful theory of



diamonds.

The equal characteristic counterpart of the geometric Satake equivalence was previ-
ously achieved by the works of Beilinson-Drinfeld, Ginzburg, Lusztig, and Mirkovic-
Vilonen(cf. [BD91]], [[Gin95]], [Lus], [MVO07]). Later, Zhu [Zhul’/]] considered the
category of L*G-equivariant perverse sheaves in Q;-coefficient on the mixed charac-
teristic affine Grassmannian Grg and established the geometric Satake equivalence

in this setting.

In the equal characteristic case, the Beilinson-Drinfeld Grassmannians play a crucial
role in establishing the geometric Satake equivalence. In fact, they can be used to

construct the monoidal structure of the hypercohomology functor
H* : PL+G(GI’G, A) — MOdA

and the commutativity constraint in the Satake category by interpreting the convo-
lution product as fusion product. In mixed characteristic, Peter Scholze’s theory of
diamonds allows him to construct an analogue of the Beilinson-Drinfeld Grassman-
nian and prove the geometric Satake equivalence in this setting in a similar way as in
[MVO7]. Our approach of constructing the geometric Satake equivalence makes use
of some ideas in [[Zhul7|]. However, our situation is different from loc.cit and new
difficulties arise. For example, the Satake category in Q;-coefficient is semisimple,
while, in our case, the semisimplicity of the Satake category fails. In addition, the
monoidal structure of the hypercohomology functor was constructed by studying
the equivariant cohomology of (convolutions of) irreducible objects in the Satake
category in [Zhul7]. Nevertheless, in our situation, the equivariant cohomology

may have torsion. Thus the method in loc.cit does not apply to our case directly.

Strategy of the Proof
The first key ingredient of the proof is the following proposition.

Proposition 1.1.2. The hypercohomology functor H* : Pr+¢(Grg, A) — Mod, is

a monoidal functor.

We study the G,,-action (in fact, we consider the action of the perfection of the
group scheme G,,) on the convolution Grassmannian GrgXGrg. Applying the
Mirkovié-Vilonen theory for mixed characteristic affine Grassmannians established
in [Zhul’/|] and Braden’s hyperbolic localization functor, we can decompose the

hypercohomology functor H* : Pr+6(GrgXGrg, A) — Mod(A) into a direct sum
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of compactly supported cohomologies. Each direct summand can be further realized
as the tensor product of two compactly supported cohomologies on Grg by the
Kiinneth formula. Putting these together completes the proof of Proposition 1.1.2.
In particular, the monoidal structure constructed by our approach is compatible with
that obtained in [Zhul7/].

We further notice that as in the cases discussed in [MVO07] and [Zhul7], the hyper-
cohomology functor is representable by projective objects when restricting to full
subcategories of the Satake category. In addition, these projective objects are iso-
morphic to the projective objects studied in [Zhu17] after base change to Q,. This,
together with Proposition 1.1.2, allows us to directly construct a A-algebra B(A) as
in [MVO7]. The compatibility of the monoidal structure of H* and the projective
objects constructed in our case with those obtained in [[Zhul’/] enable us to inherit
a commutative multiplication map of B(A) from that of B(Q;). The commutative
multiplication map of B(Q;) comes from the commutativity constraint of Satg g,

constructed in loc.cit. In other words, we derive the following proposition.

Proposition 1.1.3. The A-algebra B(A\) admits the structure of a commutative Hopf

algebra with an antipode.

The general Tannakian construction (cf.[MVQ7]) yields an equivalence of tensor
categories
Pr+G(Grg, A) ~ Rep, (Ga),

where G = SpecB(A) is an affine flat group scheme and Rep A(c";’ A) denotes
the category of G a-modules which are finitely generated over A. We give two
approaches identifying G A with G and conclude the proof of the theorem by the

use of the following result of Prasad-Yu [PY06] on quasi-reductive group schemes.

Theorem 1.1.4. Let G be a quasi-reductive group scheme over R. Then

(1) G is of finite type over R
(2) Gk is reductive

(3) G« is connected.
In addition, if

(4) the type of Gi is of the same type as that of (Gi)ey



then G is reductive.

1.2 A Geometric Jacquet-Langlands Transfer

Main Result

Let (G1,X)) and (G;, X?) be two Hodge type Shimura data equipped with an
isomorphism 6 : G4, ~ G2, . Assume that there exists an inner twist ¥ : G; —
G which is compatible with 6. We assume that K; € G (A ) to be sufficiently small
such that #K; = K,. In addition, we assume that p is an unramified prime. Then
K p (and therefore K3 ) is hyperspecial. Let G; be the integral model of G; g, over
Z, determined by K; ,. Then G; ~ G», and we can thus identify their Langlands
dual groups, which we denote by (A}Qt,. We further fix a pinning (G, B, T, X) of G.
Choose an isomorphism ¢ : C ~ QP. Let {u;} denote the conjugacy class of Hodge

cocharacters determined by X;.

Let V; = V), denote the irreducible representation of GQ[ of highest weight y;. Let
v | p be a place of the compositum of reflex fields E{E; of (G, X;) and (G,, X?)
determined by our choice of isomorphism ¢. Write k, for the residue field of E|E;
at v. Results of Kisin [Kis10] and Vasiu [Vas07]] state that there exists a smooth
canonical integral model of Shx(G;, X;) over O (). Let d; = dim Shg(G;, X;)
and Sh,; denote the mod p fiber of this canonical integral model, base changed to
k,. Our assumption on p implies that the action of the Galois group Gal(Qp/ Qp)
on (G, B, T, X) factors through some finite quotient Gal(Fp»/F,) for some finite
field F,» which contains k,. Write oo € Gal(F,»/F,) for the arithmetic Frobenius.
Consider the conjugation action of Gg, on the (non-neutral) component Gg,o C
(A}Q[ = (o). Denote by COhG(GU) the abelian category of coherent sheaves on the
quotient stack [GQKO'/GQ(].

To each representation W of Gg,, we can attach an £-adic étale local system L, w,q,
on Sh;, (see §12.1) by varying the level structure at £. The natural projection
[(A}Qfd / (A;Q[] — B(A}Q[ attaches to each representation V' of GAQ[ a vector bundle V
on [GAQKO' / GAQK]. Denote the global section of the structure sheaf on the quotient
stack [Go-/G] by J, and the prime-to-p Hecke algebra by H?. Fix a half Tate twist

Qe(1/2).

We state our main theorem.

Theorem 1.2.1. Let L; := L;w,o,1di]1(d;i/2). Under a mild assumption,



(1) there exists a map

Spc : Hom, (‘71, ‘72) - Hom?(”@j(Hi(Sh#]’ L), Hj(Shﬂz’ L)),

(1.1)

Cohé(éo)
which is compatible with compositions in the source and target.

(2) the ring of endomorphisms End ¢, 6 (O[G - /G]) acts on the compactly sup-
ported cohomology H;.(Shy,,, L;) via Spc and this action can be identified
with the classical Satake isomorphism if Shg (G, X;) = Shg (G2, X3) is a

Shimura set.

This is a Jacquet-Langlands transfer for automorphic forms of higher weights which
generalizes a previous construction given in [XZ17]. We briefly discuss the proof
of Theorem 1.1.

Strategy of the Proof
Let A = Z,,Fy. The following theorem plays an essential role in the proof of the

main result.

Theorem 1.2.2. For any projective objects A1, A» € Rep A(G A), we choose ap-
propriate integers (my,ny, mo,ny) and a dominant coweight A, and consider the

following Hecke correspondence

h hy
IOC(m],}'Z]) A /l,loc(ml,nl) A 10C(m2,n2)
Sht. ¢—— Sheypem ™) 2 shiy: : (1.2)

Then there exists the following map

Sape 1 Homg o, 6 (A1, Ay) — HomD(Shmm)(<h;>*s<’A‘1), (h)'S(A2)),
(1.3)

which is independent of auxiliary choices.

We remark that the target of Sx, A, can be understood as limits of the cohomological
correspondence between (Shtl;slc(m""l), S(A)) and (Shti(\);(mz’m, S(Az)) supported
on the Hecke correspondence (1.2). In [XZ17], Xiao-Zhu construct the maps
Sy.w for Q;-representations in a categorical way. In fact, they define the category
PHK(Sht!°°, Q). Its objects are exactly the same as those of P(Sht'*°, Q;), and its
spaces of morphisms are given by (limits of ) cohomological correspondences sup-

ported on Hecke correspondences of restricted local Shtukas. It receives a canonical
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functor from the category P(Sht'°, Q), and this functor has a o-twisted trace struc-

ture. Hence, the universal property of categorical traces asserts that it admits a func-
N Gs, A

tor from the o-twisted categorical trace Try(Rep(Gg,)) = CohﬁQ‘) (Gg,0) in the

sense of [Zhul8]|]. Here, the latter category is the full subcategory of Coh“% (GQ )

generated by objects coming from Repg, (GQ ,)- This idea is made more explicit in

loc.cit.

The above strategy does not carry over in our situation. To calculate the left
o-twisted categorical trace of Rep, f(CA;Z(), we need to appeal to a more general
construction of the tensor product for finitely cocomplete categories. In addition,
the correspondence category PC™ (Sht!°®, Z;) is not finitely cocomplete any more
and the desired maps S therefore cannot be obtained by the universal property of
the categorical trace. One possible way to overcome this difficulty is to upgrade
PCOT(Sht', Z,) to a higher category.

Instead of pursuing this idea, we take a more concrete approach. We note that there

is a natural isomorphism

Hom o) (KI, A~2) = HoméA (A1,O0¢6 ® Ay),

Coh%A (G

where Og denotes the regular representation of Ga. By the Peter-Weyl theorem,
O¢ admits a filtration with associated graded &, W ® S(1*) where W denotes the
Schur module of G . For each a € Homg (V, W ® §(1%) ® W), we use the integral
coeflicient geometric Satake equivalence discussed in §8 to construct a cohomolog-
ical correspondence on restricted local Hecke stacks of G X G. The maps Sy are
constructed by first pulling this cohomological correspondence back to a cohomo-
logical correspondence on restricted local Hecke stacks and then pulling it back to

a cohomological correspondence on restricted local Shtukas.

1.3 Notations

In this section, we fix notations for later use.

Ring of Witt Vectors

Let F be a mixed characteristic local ring with ring of integers O and residue field
k = F,. We write o for the arithmetic Frobenius of F,. For any k-algebra R, its
ring of Witt vectors is denoted by

W(R) = {(ro,71,---) | ri € R}.
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We denote by W;,(R) the ring of truncated Witt vectors of length 4. For perfect
k-algebra R, we know that W,(R) = W(R)/p"W(R). We define the ring of Witt
vectors in R with coefficient in O as

Wo(R) := W(R)®w O := @WO’H(R), and Wo ,(R) = W(R) ®w ) O/w".

n

We define the (n-th) formal unit disk and formal punctured unit disk to be
Dy g = SpecWp ,(R), Dg := SpecWo(R), D% = SpecWo(R)[1/w],
respectively.

Reductive Group Schemes

Let L be the completion of the maximal unramified extension of F. Denote by O,
its ring of integers, and we fix a uniformizer @ € Or. We will assume G to be
an unramified reductive group scheme over O. We denote by T the abstract Cartan
subgroup of G. Let S C T denote the maximal split subtorus. In the case where
G is a split reductive group, we will choose a Borel subgroup B ¢ G over O and
a split maximal torus 7 C B. When we need to embed T (or §) into G as a (split)

maximal torus, we will state it explicitly.

Let X, denote the coweight lattice of 7 and X°® the weight lattice. Let A ¢ X*
(resp. AY c X,) the set of roots (resp. coroots). A choice of the Borel subgroup
B C G determines the semi-group of dominant coweights X! c X, and the set of
positive roots Ay C A. In fact, X! and A are both independent of the choice of B.
The g-power (arithmetic) Frobenius o acts on (X*, A, X,, AY) preserving X}. The
Langlands dual group of G is denoted by G.

2

Let 2p € X* be the sum of all positive roots. Define the partial order “ < ” on
X, to be such that 4 < w if and only if  — A equals a non-negative integral linear
combination of positive coroots. For any u € X,, denote w* by the image of u

under the composition of maps

G, —>TcagG.

Let H be a reductive group over a field K. We write H,q for its adjoint group, Her
for its derived group, and Hy for the simply connected cover of Hyg.

Let T c H be a maximal torus, and we denote by 7,4 its image in the quotient Hyq.

We also write T for the preimage of 7" in H.



Algebraic Geometry

We denote by & the trivial G-torsor. For any perfect k-algebra R, the arithmetic
Frobenius o induces an automorphism o ® id of the Dg. Let & be a G-torsor over
D, and we denote the G-torsor (o ® id)*&E by 7 &.

Let X be an algebraic space over k. We write ox for the absolute Frobenius

morphism of X. We denote by X”~ :=lim X the perfection of X.
¢

Let £ # p be a prime number. Fix a half Tate twist Z;(1/2). We write (d) :=
[d](d/2). Let X and Y be two algebraic stacks which are perfectly of finitely
presentation in the opposite category of perfect k-algebras. Foreach f : X — Y

being a perfectly smooth morphism of relative dimension d, we write f* := f*(d).

Throughout the thesis, we write A for Z, and IF, and E for Z, unless otherwise stated.
For stacks X, X3, and perverse sheaves 7; € P(X;, A), we sometimes write the space
of cohomological correspondences Corry ((X1, 1), (X2, 2)) as Corryx (771, 5>) for

simplicity.

Let X be a stack, we denote by wx € Dj (X, E) the dualizing sheaf of X in the
bounded derived category of sheaves on X. For a perfect pfp algebraic space
(cf.[XZ17, A.1.7]) X over k, we denote by H?™ (X;) := H™ (X, wy(~i/2)) the ith
Borel-Moore homology of Xz.

1.4 Summary of the Contents
In §2, we define the affine Grassmannian in mixed characteristic and briefly discuss

its geometry.
In §3, we define the Satake category and endow it with a monoidal structure.

In §4 and §5 discuss the semi-infinite orbits in mixed characteristic affine Grass-

mannians and the weight functors.

Chapter 6 is devoted to construct the monoidal structure of the hypercohomology

functor on the Satake category.

In §7, we construct a A-coalgebra by studying the cohomology of projective objects
in the Satake category and we endow it with the structure of a commutative Hopf

algebra with an antipode.

In §8, we identify the group scheme arising from the previous construction with the
Langlands dual group of the connected reductive group scheme we start with. This

completes the proof of our first main result in this thesis.
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Sections §9 and §10 introduce the local Hecke stacks and the moduli of local Shtukas.

We discuss their geometry and define the categories of perverse sheaves on them.

In §11, we construct a map from the space of morphisms between two coherent
sheaves on the stack of unramified local Langlands parameters to the space of
cohomological correspondences supported on the Hecke correspondence of moduli

of local Shtukas. This is a key theorem in the proof of our second main theorem.

In §12, we study the cohomological correspondences between the mod p fibres of

two different Shimura varieties and prove our second main theorem.
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Chapter 2

THE MIXED CHARACTERISTIC AFFINE GRASSMANNIANS

In this chapter, we review the construction of affine Grassmannians in mixed char-
acteristic and summarize their geometric properties which will be used later. Most
properties appearing in this section have analogies in the equal characteristic setting,

and we refer to [M V07| for a detailed discussion.

2.1 Preliminaries
We start this section by defining p-adic jet spaces that are similar to their equal
characteristic counterparts. Let X be a finite type O-scheme. We consider the

following two presheaves on the category of affine k-schemes defined as follows
L1 X(R) := X(Wo(R)), and L1 X (R) := X(Wo5(R)),
which are represented by schemes over k. Their perfections are denoted by
L*X = (L}X)P ", and L"X := (LhX)?P
respectively, and we call them p-adic jet spaces.

Let X be an affine scheme over F. We define the p-adic loop space LX of X as the
perfect space by assigning a perfect k-algebra R to the set

LX(R) = X(Wo(R)[1/p]).

2.2 The Mixed Characteristic Affine Grassmannian

Let X = G be a smooth affine group scheme over 0. We write G©) = G and define
the h-th congruence group scheme of G over O, denoted by G, as the dilatation of
G "= along the unit. The group L*G ™ can be identified with ker(L*G — L"G)
via the natural map G — G. Then L*G acts on LG by multiplication on the
right. We define the affine Grassmannian Grg of G to be the perfect space

Grg = [LG/L*G]
on the category of perfect k-algebras.

In the work of Bhatt-Scholze [BS17], the functor Grg is proved to be representable

by an inductive limit of perfections of projective varieties.

We recall the following proposition in [Zhul7] for later use.
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Proposition 2.2.1. Let p : G — GL, be a linear representation such that GL,,/G
is quasi-affine. Then p induces a locally closed embedding Grg — Grgyr,. If in
addition, GL, /G is affine, then Grg — Grgy, is in fact a closed embedding.

Explicitly, the affine Grassmannian Grg can be described as assigning a perfect
k-algebra R the set of pairs (P, ¢), where P is an L*G-torsor over SpecR and
¢ : P — LG is an L*G-equivariant morphism. It is clear from the definition that
LG — Grg isan L*G-torsor and L*G naturally acts on Grg, then we can form the

twisted product which we also call the convolution product in the current setting
GrgXGrg := LG x¥'% Grg := [LG X Grg/L*G],
where L*G acts on LGxGrg anti-diagonally as g*-([g1], [g2]) := ([g1(¢D) '], [g*g2])-

As in the equal characteristic case, the affine Grassmannians can be interpreted as
the moduli stack of G-torsors on the formal unit disk with trivialization away from

the origin. More precisely, for each perfect k-algebra R,

& — Dy is a G-torsor, and
Grg(R) =1 (&, ¢)'¢ :

, _ £0
: Elpx = &%Ipx

Let & and &, be two G-torsors over Dg, and let S : 81|D§ ~ 82|sz¢ be an
isomorphism. One can define the relative position Inv(f3) of 8 as an element in X
as in [Zhul7].

Definition 2.2.2. For each u € X7, we define

(1) the (spherical) Schubert variety
Grey :={(&,B) € Grg|Inv(B) < u},
(2) the Schubert cell

Gry :={(&,B) € Grg|lnv(B) = u}.

Proposition 2.2.3. (1) Let u € X{, and w" € Grg be the corresponding point in

the affine Grassmannian. Then the map
iy : L"G/(L'GNwhlL*"Gw™) — LG/L"G, such that g — gw"
induces an isomorphism

L"G/(L"GNnw"L*Gw™) = Gry,.
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(2) Gry, isthe perfection of a quasi-projective smooth variety of dimension (2p, 1).

(3) Grey is the Zariski closure of Gr, in Grg, and therefore is perfectly proper
of dimension (2p, ).

The convolution Grassmannian GrgXGrg admits a moduli interpretation as follows

_ &1, Ey are G — torsors on Dp, and
GrgXGrg(R) = { (&1, E2, b1, B2) -

B1:E1 Di B2 1 &2

Dy, = &o by, = &Eilpy,

Via this interpretation, we define the convolution morphism as in the equal charac-
teristic case

m : GrgXGrg — Grg,

such that
(&1, 62,81, B2) V> (E2, B1B2)-

Note that there is also the natural projection morphism
pri: GrgXGrg — Grg,

such that
(&1,82,B1,62) — (E1,61).

It is clear to see that (pri,m) : GrgXGrg =~ Grg X Grg is an isomorphism.

One can define the n-fold convolution Grassmannian GrgX - - - XGrg in a similar

manner as follows

L &; is a G-torsor over Dg, and
GrgX -+ XGrg = (Si,ﬁi) .

Bi : Eilp:, = Ei-1lp;,
We define the morphism
m; : GrgX -+ XGrg — Grg

such that
(&i, Bi) — (&Ei, P1B2 -+ Bi : &

As for the 2-fold convolution Grassmannian, we have an isomorphism

p;, = &olpy,)-

(my,ma, -+ ,my) : GrgX---XGrg =~ Grg X --- X Grg.

We also call the map m,, the convolution map.
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Given a sequence of dominant coweights pe = (ug,- -+, un) of G, we define the

following closed subspace of GrgX - - - XGrg,
Grey, '=Grey X XGrey, = {(&;, Bi) € GrgX -+ - XGrg|Inv(B;) < i}

For a perfect k-algebra R, Gr,, classifies isomorphism classes of modifications of

G-torsors over Dy

& P8 B B g2 80, 2.1)

where Inv(83;) < u;. We define Gr(;:f as the L*G-torsor over Gr,, which classifies

a point in Gr¢,, as (2.1) together with an isomorphism &, ~ &Y. For any integer
(n)

S,Uo
Gre,, together with an isomorphism &, |p, .~ &° |p, .. For any m < n, there is

n, we define Gr to be the L"G-torsor over Grg,, which classifies a point in

an isomorphism

~ v — (3 (®) L*G
Grep, = Grep oy XGT <ty = Gl oy X5 7 Gl <t et
Many of the constructions in later sections make use of the following lemma [Zhul7/,
Lemma 3.1.7]:

Lemma 2.2.4. For any sequence of dominant coweights ue = ({1, M2, » Un),
there exists a non-negative integer m, such that for any non-negative integer n, the
action of LG on Gr,, is trivial. In other words, the natural action of L*G on

Gr,, factors through the finite type quotient L"™"'G.

We will call such an integer m a uo-large. We also call a pair of non-negative

integers (m, n) (m = oo allowed) to be ue-large if m — n is a u.-large integer.

Replacing Gr,, by Gry,, we can similarly define Gr,, := Gr, X---XGr,,. By
Proposition 2.3, we have
Grep, = Y < Gryys (2.2)

where u, < ue means u; < y; for each i. This gives a stratification of Gr,.

Asin [Zhul7], we let |ue| := X y;. Then the convolution map induces the following
morphism

m: Grsﬂ. e Grs|ﬂ.|,

such that
(Si’ﬁi) — (Sl’l’ﬁl o ﬁn)
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Let v, be another sequence of dominant coweights. We define the following stack

Gro

/1-|V- = Grsﬂ' Xmllo’GrG»mv. GrSV.'

Write the natural projections from Gry, Xpm,,, Grg.m,, 10 Gry,, and Gr,, as hy;,_and

h;,, respectively. We call the following diagram

h hy.
Grey, $—— G0 — Grg,, (2.3)

the Satake correspondence.

Definition 2.2.5. An irreducible component of Gr2.|V. of dimension (p, |te| + |Ve|)

is called a Satake cycle. Denote the set of Satake cycles of Gr’ . by S,,.},.. For
He|Ve HelVe

acsS,,,, write Gr’®  for the Satake cycle labelled by a.
/J. Ve

It is clear that Grg v =~ Gr0

vole? and we conclude that

S#.Iv. = Sv.l,u.' 2.4)
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Chapter 3

THE SATAKE CATEGORY

In this chapter, we first define the Satake category Satg  as the category of L*G ®
k-equivariant A-coefficient perverse sheaves on Grg ® k. We then define the
convolution map which enables us to equip the Satake category with a monoidal

structure.

3.1 The Satake Category as an Abelian Category
We know that 7o(Grg ® k) =~ n1(G) (cf. [Zhul7, Proposition 1.21]). The affine

Grassmannian Grg ® k has the decomposition into connected components
Grg ® k= Ufem(c)Gr‘f.
Recall our discussion in §2.1. We have

Gre = li_n)lGr#,
uet
where u € ¢ means that the natural map X, — 71(G) sends u to &. The connecting
morphism i, , : Gr, — Gr, is a closed embedding if 4 < v. For m < m’ be
integers such that L*G acts on Gr, through LG and L™ G, there is a canonical
equivalence
Pimgei(Grus A) = Prw goi(Gry, A).

We define the category of L*G ® k-equivariant A-coefficient perverse sheaves on
Grg ® k as

Picer(Gre ® k, A) = @ P, 6ot (Gre, AN),
geni(G)

PriGei(Gre, A) i= M Ppruger(Gry, A).
(p.m)
Here, the limit is taken over the pairs {(u,m) | u € &, mis large enough} with
partial order given by (u,m) < (¢',m) if u < p’ and m < m’. The connecting

morphism is the composition

i
Prnger (Grus A) = Pruwgei(Grus A) == Pruwgei(Grue, A)
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which is a fully faithful embedding. We also call this category the Satake category
and sometimes denote it by Satg  for simplicity. We denote by IC,, for each u € X7
the intersection cohomology sheaf on Gr,,. Its restriction to each open strata Gr,

is constant and in particular, IC,, |G,,~ A[(2p, )]

3.2 The Monoidal Structure of the Satake Category
With the above preparation, we can define the monoidal structure in Satg A by
Lusztig’s convolution of sheaves as in the equal characteristic counterpart. Consider

the following diagram
Grg X Grg <G x Grg A, GrgXGrg =, Grg,
where p and g are projection maps. We define for any A, A € Pr+g(Grg, A),
A * Ay = Rm | (A1BA,),
where A|®A, € P1+(GrgXGrg, A) is the unique sheaf such that
q* (A1&A) =~ p*("H (A & Ay)).

Unlike the construction in P;+g(Grg, Q(), we emphasize that taking the O-th per-
verse cohomology ”H(e) in the above definition is necessary. This is because when
we work with Z,-sheaves, the external tensor product A ® A, may not be perverse.
In fact, A; ® A, is perverse if one of H*(A;) is a flat Z,-module. For more details,

we refer to [MVO07, Lemma 4.1] for a detailed explanation.

The following proposition is called a "miraculous theorem" of the Satake category

in equal characteristic (cf.[BDI1]).

Proposition 3.2.1. For any A, Ay € Pi+¢(Grg, ), the convolution product
A *x Ay is perverse.

Proof. Note by [Zhul7, Proposition 2.3] that the convolution morphism m is a
stratified semi-small morphism with respect to the stratification (2.1). Then the

proposition follows from [MV07, Lemma 4.3] O

We can also define the n-fold convolution production in Satg A

A *x--- kA, = Rm!(ﬂllil---lglﬂn),
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where A X --- KA, is defined in a similar way as A;RA,. By considering the

following isomorphism:
PHY(A & (PHY (A, & A3)) = PHY(A 8 Ay & Az) ~ PHO(PH (A & A) R A3),
we conclude that the convolution product is associative:

(A * Ay) x Az =~ Rm(A|RARA3) ~ Ay * (A *x A3).

Thus, the category (Satg A, %) is a monoidal category.
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Chapter 4

SEMI-INFINITE ORBITS AND WEIGHT FUNCTORS

In this section, we review the construction and geometry of semi-infinite orbits of
Grg. By studying a G,,-action on the affine Grassmannian Grg, we realize the
semi-infinite orbits as the attracting loci of the G,,-action in the sense of [DG14].
We also define the weight functors and relate them to the hyperbolic localization

functors and study their properties.

4.1 The Geometry of Semi-infinite Orbits
We fix embeddings 7 € B C G and let U be the unipotent radical of B. Since U\G
is quasi-affine, recall Proposition 2.2.1 we know that that Gry < Grg is a locally

closed embedding. For any 4 € X,, define
Sy:=LU o’

to be the orbit of @ under the LU-action. Then S; = w'Gry, and therefore is locally
closed in Grg via the embedding Gry <— Grg. By the Iwasawa decomposition for

p-adic groups, we know that
Grg = U/leX.S/l-

Similarly, consider the opposite Borel B~ and let U™ be its unipotent radical. We

also define the opposite semi-infinite orbits
Sy = LU @
for 1 € X,

Recall the following closure relations as in [Zhul7, Proposition 2.5] (the equal

characteristic analogue of this statement is proved in [MVO07, Proposition 3.1].

/1 =

Proposition 4.1.1. Let 1 € X,, then S<, = Sj = Up<Sy and S;/l =

U/VS/lS;,.

Applying the reduction of structure group to the L*G-torsor LG — Grg to S,

we obtain an L*U-torsor LU — S - This allows us to construct the convolution
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of semi-infinite orbits S, XS, X --- XS, . Let e = (u1,-- -, 1,) be a sequence of

(not necessarily dominant) coweights of G. We define
Sﬂ = Sﬂl>~<S#2>~< s >~<S#n - GI”G>~<G}”G>~( s >~<Gr(;.

The morphism

M2 Spy = Suy X Sy X0 X Sy

given by
n + - . —|uel+
(Tt xy, @xs, - - @Hx,) — (X, T (TR ), - ot |(w lual+a 5

is an isomorphism. The morphism m fits into the following commutative diagram

m

SS#O >S#1XS,U2X"'XS#n

Grg>~<GrG>~< s >~(G7‘G M Grg XGrg X ---XGrg.
We also note that there is a canonical isomorphism

(Sy, N Grep)X(Sy, N Grep)X---%(Sy, NGrey) =Sy NGrey,. (A1)

4.2 The Weight Functors
Similar to the equal characteristic situation (cf. [MVO07] (3.16), (3.17)), the semi-
infinite orbits may be interpreted as the attracting loci of certain torus action which

we describe here.

Let 2p" be the sum of all positive coroots of G with respect to B and regard it
as a cocharacter of G. The projection map L;G,, — G, admits a unique section
G, — L;;Gm which identifies G,, as the maximal torus of L;Gm. This section

allows us to define a cocharacter

Lt(2pY
G, — L*G,, "B 1*T ¢ L*G.

Then the G,,-action on Grg is induced by the action of L*G on Grg. Under this
action by G,,, the set of fixed points are precisely R := {@w*|1 € X,}. The attracting

loci of this action are semi-infinite orbits i.e.

S, ={g € Grg| lin(l)L+(2pV(t)) (g) =w'fort € G,,}.
—

A e
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The repelling loci are the opposite semi-infinite orbits
Sy =1{g € Grg| lim LT(2p" (1)) - (g) = w' fort € G, }.

Recall that if X is a scheme and i : ¥ < X is an inclusion of a locally closed
subscheme, then for any & € D?(X, A), the local cohomology group is defined as
HY (X, F) == H*(Y,i'F).

Proposition 4.2.1. For any ¥ € P;+G(Grg, A), there is an isomorphism
HE (Su. ) = H (F),

and both sides vanish if k # (2p, u).

Proof. The proof is similar to the equal characteristic case (cf. [MV07, Theorem
3.5]) as the dimension estimation of the intersections of the semi-infinite orbits and
Schubert varieties are established in [[Zhul7, Corollary 2.8]. Since ¥ is perverse,
then for any v € X}, we know that F|g,, € D=~4m(Cr) = p==(p) By [Zhul7,
Corollary 2.8], we know that H’C‘(SH NGrey, ) =0if k > 2dim(S, N Grg,) =
(2p, u +v). Filtering Grg by Gr<,, we apply a dévissage argument and conclude

that
HE (S, F) = 0if k > (2p, ).

An analogous argument proves that
H§. (F) =0
ifk < (2p, ).

Now by regarding S, and S, as the attracting and repelling loci of the Gy,-action,

we apply the hyperbolic localization as in [DG14] and obtain
He (S ) = Hy (7).

The proposition is thus proved. O

Let Mod, denote the category of finitely generated A-modules and Mod(X,) denote
the category of X,-graded finitely generated A-modules.

Definition 4.2.2. For any u € X,, we define
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(1) the weight functor
CT, : P1+6(Grg,A) — Mod(X,),

by
CT,(F) = H#*(S,. ),

(2) the total weight functor

CT := (P CTy : P (Gre, A) — Mod(Xa),
u
by
CT(F) := (D) CT,(F) := D H (5,0, 7).
H H
We denote by F the forgetful functor from Mod(X,) to Mod,.
Proposition 4.2.3. There is a canonical isomorphism of functors

H*(GY‘G, 0) = FoCT: PL+G(G7‘G,A) —> Mod,.

In addition, both functors are exact and faithful.

Proof. By the definition of the semi-infinite orbits and the Iwasawa decomposition,
we obtain two stratifications of Grg by {Sy, | p € Xo} and {S, | u € X.},
respectively. The first stratification induces a spectral sequence with Ej-terms
HA (S u» ) and abutment H*(Grg, ). This spectral sequence degenerates at the
E1-page by Proposition 4.2.1. Thus, there is a filtration of H*(Grg, F) indexed by
(X, <) defined as

Fily H*(Grg, F) := ker(H* (Grg, F) — H (S<u, 7)),

where S, := U,s,,S,v. Direct computation yields that the associated graded of the
above filtration is P p HH (s s F).

Consider the second stratification of Grg. It also induces a filtration of H* (Grg, F)
as
Fil_ H*(Grg,F) := Im(Hy. (F) — H*(Grg, F)),
<u
where S_ ), = U<,
Now, by Proposition 4.2.1, the two filtrations are complementary to each other and
together define the decomposition H'(Grg, ) = (P, HPH (s 15 ®).
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Next, we prove that the total weight functor CT is exact. To do so, it suffices to show

that the weight functor CT), is exact for each u € X,. Let
0—Fi—F— F— 0
be an exact sequence in P;+g(Grg, A). Itis given by a distinguished triangle
Fi — o — F
in D2(Grg, A). We thus have a long exact sequence of cohomology
- = H{ (S, F1) — HE (S, F2) — HE(Sp 73) — He (S, F3) — HEH (S, F1) — -
Then Proposition 4.2 gives the desired exact sequence

0 — CT,(F1) — CTu(F2) — CT,(F3) — 0.

We conclude the proof by showing that CT is faithful. Since CT is exact, it suffices
to prove that CT maps non-zero objects to non-zero objects. Let ¥ € Satg A be a
nonzero object. Then supp(¥) is a finite union of Schubert cells Gr,. Choose v to
be maximal for this property. Then F|g,, =~ A®"[(2p, v)] for some natural number
n and it follows that CT, (¥) # 0. Thus the functor H* is faithful. O

Remark 4.2.4. The weight functor is in fact independent of the choice of the maximal
torus T. The proof for this is analogous to the equal characteristic case (cf. [MVO7,
Theorem 3.6]).

We note that the analogue of [Zhul7, Corollary 2.9] also holds in our setting. In
particular, H*(IC,) is a free A-module for any u € XJ.

We end this section by proving a weaker statement of [MVO07, Proposition 2.1]

which will be used in the process of identification of group schemes in §8.

Lemma 4.2.5. There is a natural equivalence of tensor categories
@ : Pr+g(Grg,A) = Pr+(G;z)(Grg, A),

where Z is the center of G.

Proof. We first note that the category Pr+G/z)(Grg,A) can be identified as a full
subcategory of P;+G(Grg,A). Let X C Grg be a finite union of L*G-orbits. Since
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L*Z acts on Grg trivially, the action of L*G on Grg factors through the quotient

L*(G/Z). In other words, the following diagram commutes

L*'GxX —4 v x

az

L*(G)Z) x X

where a| and a, are the action maps and q is the natural projection map. In addition,

the following diagram is clearly commutative.

L*GxXx — 2 v x

P2

L*(G)Z) x X

It follows that any ¥ € Pr+G/z)(Grg,A), F is L*G-equivariant by checking the
definition directly.

Thus it suffices to prove reverse direction. We prove by induction on the number
of L*G-orbits in X as in the proof of [MV07, Proposition A.1]. First, we assume
that X contains exactly one L*G-orbit. Write X = Gr, for some u € X7. Recall
Proposition 2.2.3.(1) and [Zhul7, p. 1.4.4]. There is a natural projection with fibres

isomorphic to the perfection of affine spaces
7, Gry =~ L*G/(L*G N@"L*Ga ™) — (G/P,)P
(gt" modL*G) — (g modﬁzim)

where P, denotes the parabolic subgroup of G generated by the root subgroups
U, of G corresponding to those roots a satisfying <a/, u) < 0, and F,l denotes
the fibre of P, at O/w. Assume that L*G acts on (E/ﬁ#)p—oo by a finite type
quotient L"G. Since the stabilizer of this action of L*G is connected, we have a
canonical equivalence of categories (cf. [Zhul7, A.3.4]) PL+G((E/E,)”_°°, A) ~
Prag((G/P,)P"",A). Finally, we note that Prag((G/P,)P"",A) is equivalent
to Mod,, and we conclude that Pr+G(Gr,, A) =~ Mody(BL"G). A completely
similar argument implies that P;+,z)(Gr,, A) =~ Moda(BL"G) which concludes
the proof in the case X = Gr,,.

Now we treat the general X. Choose u € X such that Gr, C X is a closed
subspace, and let U := X\Gr,. By induction hypothesis, we know that P+ (U, A)



25

is equivalent to Pr+G/z) (U, A). Denotebyi : Gr,, < X and j : U — X the closed
and open embeddings, respectively. Let &7# =LY (G/Z)xGry, X := L*(G/Z)xX,
and U := L*(G/Z) x U. Denote by | : U > X the open embedding. The
stratification on X induces a stratification on X which has strata equal to products of
L*(G/Z) with strata in X. Restricting to U, we get a stratification of U. Considering
the action of L*G on X and U by left multiplication on the second factor, we can
define categories Pr+g ()? ,A\)and P+ (ﬁ ,\). Define the functor

CT, : Pr+g(X,A) — Loca(L*(G/Z))

ﬁ*ﬂ (\7_—) = 7,{(2p,y)+dim L*(G/Z) (71'!17* (7:«))

for any ¥ € Pr+6(X,A), where i : L*(G/Z) % Sy NX) — X is the locally
closed embedding, 7 : L*(G/Z) x (S, N X) — L*(G/Z) is the natural projection,
and Loca(L*(G/Z)) denotes the category of A-local systems on L*(G/Z). A
completely similar argument as in Proposition 4.2.1 shows that CT 1S an exact
functor. Let F) := 6"1“# o pf!,l::z : 671“# oPj, : Prc(U,N) - Loca(L*(G/Z)).
Finally let 7 := CT,(”J, — ”J.). Then as in [MVO07, Appendix A], we get an

equivalence of abelian categories
E:Prg(X,A) = C(F,F,T)

where the second category in the above is defined in loc.cit. Note that any ¥ €
Pr+G)z) (f , \) is G,,-equivariant. The same argument in [MV07, Proposition A.1]
applies here and gives

E(a;F) = E(p;F).

Then we deduce an isomorphism a5 ~ p ¥ and the lemma is thus proved. O

4.3 Notations

We close this chapter by introducing the following notations. For any u € X}
and v € X,, the irreducible components of the intersection Gr<, N S, are called
the Mirkovic-Vilonen cycles. We denote the set of Mirkovié¢-Vilonen cycles by
MV (u)(v). For each a € MV,(v), we write (Gr<, N S,)? for the irreducible
component of Gr¢, N S, labelled by a.
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Chapter 5

REPRESENTABILITY OF WEIGHT FUNCTORS AND THE
STRUCTURE OF REPRESENTING OBJECTS

In chapter 4, we constructed the weight functors and the total weight functor
CTH, CT: PL+G(GI’(;, A) - MOdA.

We will prove in this section that both functors are (pro)representable, so that
we can apply the (generalized) Deligne and Milne’s Tannakian formalism as in
[MVO7, §11]. In the following, we will recall the induction functor (cf. [MVO7]])
to explicitly construct the representing object of each weight functor and use the
representability of the total weight functor to prove that the Satake category has
enough projective objects. At the end of this section, we give a few propositions of
the representing objects which will be used later when we apply the (generalized)

Tannakian formalism.

Let Z c Grg be a closed subspace which is a union of finitely many L*G-orbits.
Choose n € Z large enough so that L*G acts on Z via the quotient L"G. Let v € X,.

As in [MVO07, §9], we consider the following commutative diagram

S;NZ —— L'Gx(S;nZ) —2= Z

Z<p—L”G><Z;>Z

where i is the locally closed embedding, a and @ are the action maps, and p is the

projection map. Then we define
Pz(v,A) = pHO(a!P!i!AS;mZ[—(ZP, v)]).

The following two results are analogues of the equal characteristic counterparts and
can be proved exactly in the same manner. We omit the proofs and refer readers to
[MVO7, Proposition 9.1, Corollary 9.2] for details.

Proposition 5.0.1. The restriction of the weight functor CT, to Pr+g(Z,\) is
represented by the projective object Pz(v,A) in Pr+g(Z, \).
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Corollary 5.0.2. The category Pr+G(Z, \) has enough projectives.

Let Pz(A) := ®,Pz(v, A). We note the following mixed characteristic analogues of
results of the projective objects in the equal characteristic (cf [MV07, Proposition
10.1]) hold in our setting.

Proposition 5.0.3. (1) Let Y C Z be a closed subset which is a union of L*G-
orbits. Then
Py(A) ="H(Pz(A)ly),

and there is a canonical surjective morphism

p% . Pz(A) — Py(A)

(2) For each L*G-orbit Gr), denote by j, : Gry < Grg the inclusion map. The
projective object Pz(\) has a filtration with associated graded

gr(Pz(A) = @D CTC jauhg, [20. D)) ® % jrih, [(2p. D]
GracZ

In particular, H*(Pz(A)) is a finitely generated free A-module.
(3) For A = Q¢ and Fy, there is a canonical isomorphism

Pz(A) = Pz(Z() ®F, A.

Again, as the proof in [MVO07, Prp.10.1] extends verbatim in our setting, we refer to

loc.cit for details.

For the rest of this section, we set A = Z;.

Proposition 5.0.4. Let ¥ € Pr+g(Z, A) be a projective object. Then H*(F) is a

projective A-module. In particular, H* (F) is torsion-free.

Proof. Since Hom(Pz(A), e) is exact and faithful, the object Pz(A) is a projective
generator of Pr+c(Z, A). Then each object in the Satake category admits a resolution

by direct sums of Pz(A). Choose such a resolution for 7
Pz(A)®" — F — 0. (5.1)

In this way, ¥ can be realized as a direct summand of Pz(A)®". By Proposition
5.0.3 (2), we notice that H* (P (A)®™) is a finitely generated free A-module. Finally,
by the exactness of the global cohomology functor H*(e), we conclude that H* ()

is a direct summand of H*(Pz(A)®™) and is thus a projective A-module. O
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Remark 5.0.5. The results established in Proposition 5.0.4 become immediate once

the geometric Satake equivalence is established.
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Chapter 6

THE MONOIDAL STRUCTURE OF H*

In this section, we study the G,,-action on GrgXGrg and apply the hyperbolic local-
ization theorem to prove that the hypercohomology functor H* : P;+6(Grg, A) —
Mod(A) is a monoidal functor. Then we study the relation between the global weight
functor CT and the global cohomology functor H*. At the end of this section, we
prove that the monoidal structure on H* we constructed is compatible with the one
constructed in [Zhul7].

6.1 Weight Functors on the Convolution Grassmannian
Recall the action of G,, on Grgs defined in §4, and let G,, act on Grg X Grg
diagonally. Then,

R xR :={(g1,82) € Grg X Grg|L*(2p" (1)) - (81, 82) = (81,82},

Sui X S, = {(81,82) € Grg X Grg| lim L*(2p"(1)) - (g1, 82) = (@', @)},
and
S X Siy = {(81,82) € Grg X Grg| lim L*(2p(1)) - (g1, 82) = (@', @)}

are the stable, attracting, and repelling loci of the G,,-action, respectively. We write
(g1%Xg2) € GrgXxGrg for (pri,m)~'([g1], [g1g2]). Define the action of G,, on
GrgXGrg by t(gi1Xg2) := (tg15<gl_1g2) for any t € G,,. Then the isomorphism
(pri,m) : GrgXGrg =~ Grg X Grg is automatically G,,-equivariant. The stable

loci, attracting, and repelling loci of the G,,-action on GrgXGrg are

RXR = {(@"' %@ ™) |u1, 2 € X7},

S XS, = {(81X82) € GrgXGrg| }I_{% L*(2p" (1)) (g1%g2) = (w!' K> ™H1)},
and
S XS = {((81%g2) € GroXGrg| lim L*(2p"(1))-(g1%g2) = (@' @)},

respectively.
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Lemma 6.1.1. For any ¥, G € Satg s, we have the following isomorphisms

Hy 55 (Gra%Gro, TG) = HL(Sy XS,y TEG) = HI(S,, FIEH Sy, G).
6.1)
In addition, the above cohomology groups vanish outside degree (2p, us).

Proof. By our discussion on the G,,-action on GrgXGrg above, the first isomor-
phism can be obtained by applying Braden’s hyperbolic localization theorem as in
[DG14]. Therefore, we are left to prove the second isomorphism and the vanishing

property of the cohomology. We first establish a canonical isomorphism
HE (S, XS s FRG) = HA(S,y X Sppmpeys "HUFRG)).

The idea of constructing this isomorphism is completely similar to the one that

appears in [Zhul7/, Coro.2.17], and we sketch it here.

Assume LU acts on S, via the quotient L"U for some positive integer n. Denote
by Sl(ﬁ) the pushout of the L*U-torsor LU — S, along L*U — L"U. Then
T Sff? — 8, is an L"U-torsor. Denote by n*F the pullback of # along 7. Then
we have the following projection morphisms

axid  (n) q ~
Sy X Spp—py = Sy’ X Spo—py = Sy XS pp—p -

Since L"U is isomorphic to the perfection of an affine space of dimension ndim U,

we have the following canonical isomorprhisms

H (S, %Sy FRG)
=H (S X Sy ¢ (FRG))
=H! (S X Sy s (7 X id)*(PHY(F B G)))
=H: (S, X Syp—p), "H (F B G)).

Next, we prove that there is a natural isomorphism
HZ(SIJI X S/l2_/11’ PHO(7_” X g)) = H:'(S/ll ’ /ﬂ) ® H;(S,uz—,u] s g) (62)

Assume that G is a projective object in the Satake category. Then by Proposition
5.4 and discussion in §2, we have PH(F R G) = ¥ ® G and (6.2) thus holds.
Now we come back to the general situation. Note that there is always a map
from H:(Sy,, F) ® Hi(Syyp» G) to Hi(Syy X Spp—py, PHY(F ® G)). In fact, let
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a € H'(Sy,, F)and b € H.(S,,-,,, G) be two arbitrary elements in the cohomology

groups. Then a and b may be realized as

a:Ag — Flm], and b : Ag — Gln].

TUH H2~H

These two morphisms together induce a morphism

aRb: A

A, xS, T BGIm +n].

Since ¥ ® G concentrates in non-positive perverse degrees, we can compose the

above morphism with the natural truncation morphism to get the following element

amb:Ag s, PHYF & G)[m +n]

of H™"(S,,, X S, PH (F ® G)).

By Corollary 5.2, we can find a projective resolution - - - — %, — ¥ — ¥ — 0 for

. Since the functor PH’(e ® G) is right exact, we get the following exact sequence
- 'H(ReGg) — 'H(Fieg) — "H(FrGg) — 0. (63)

Recall the diagonal action of G,, on Grg X Grg. We can apply the same argument

as in Proposition 4.2.3 to show that
H*(Grg X Grg,e) ~ @H (S, X Sy—p;» ®)
is an exact functor. As a result, the functor
H (S, X Su—uy>®) : Preoxr+c(Grg X Grg, A) — Mody
is also exact. Applying this functor to (6.3) gives an exact sequence
- = HI(S,,, 72)®H(S1y—p,» G) — Ho(Sy,, F1)H (S iy—p» G) — Hi(SmxSm_m,pHO(leg)) — 0.

Comparing the above exact sequence with the one obtained from tensoring the

following exact sequence
Hi(Sﬂla %) B H:(S,ula ?—i) B H:(S/Jla 7’) — 0

with HZ(S,,—4,, G), we complete the proof of (6.2).

Finally, consider Proposition 4.0.2 together with (6.2), and we conclude the proof

of the lemma. O
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The previous lemma motivates us to study the analogue of the total weight functor

CT = @ HE (S, %811+ ®)  Preg(Grg, A) X Pr+g(Grg, A) — Mod(X.).
H1,p2€X,

Recall that we denote F' : Mod(X,) — Mod, to be the forgetful functor.

Proposition 6.1.2. There is a canonical isomorphism

H*(Gr(;>~<Gr(;,7"I§|g) = FOCT’(?.&IQ) : PL+G(G7‘G,A)XPL+G(G7‘G,A) 4 MOdA,
(6.4)
forall ¥,G € Pr+g(Grg, ).

Proof. The convolution Grassmannian GrgXGrg admits a stratification by the

convolution of semi-infinite orbits

{S,u1>~<S,L12—,U1 |,Lll, M2 € XO}

Forany ¥, G € P1+c(Grg, A), thereis a spectral sequence with E1-terms H7. (S, XS ,—u,» TRG)
and abutment H*(GrgXGrg, FRG). By the above lemma, it degenerates at the E;

page. Hence, there exists a filtration

Fils, 1, H (FRG) = ker(H (FRG) — H (S<y) <ur» TRG)),

where S, <y, = U Sy, XSy,—y,. Itis clear that the associated graded of
’ VI<HL,V1+Va<pfn

this filtration is @, ;,ex, Hp (Sy, XS -y, » FRG).

Similarly, consider the stratification {S, XS, _, |, u1, 2 € Xo} of GrgXGrg. 1t

H2—H1
also induces a filtration

Fil_,  H*(FRG) := Im(H; [(F&G) —» H(F&G))

<H1,H2 T<y1,<;4

on H*(GrgXGrg, FRG) where T<y, <, = U T,,XT,,—y,. The two fil-

VI<H1,V1+V2<p2
trations are complementary to each other by Lemma 6.1.1 and the proposition is

proved. O

6.2 Monoidal Structure of the Hypercohomology Functor

Proposition 6.2.1. Under the canonical isomorphism

H*(Grg, F * G) = H(GrgXGrg, FRG),
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the weight functor decomposition of the hypercohomology functor obtained in
Proposition 4.2.3 and the analogous decomposition given by Proposition 6.1.2
are compatible. More precisely, for any ¥,G € Pr+g(Grg, A) and any u; € X,,

we have the following isomorphism

H (S F * G) = ED HI(S XSy FRG), (6.5)
M1

which identifies both sides as direct summands of the direct sum decomposition of
H*(Grg, F x G) and H (GrgXGrg, FRG), respectively.

Proof. Consider the following commutative diagram

m~! (Sw) <f—> GroXGrg
m m

S/JZ cf% G}”(;.

Here, f and f* are the natural locally closed embeddings. The morphism m; is the
convolution morphism m restricted to m~! (S 1)
Consider the G,,-equivariant isomorphism (pri,m) : GrgXGrg =~ Grg X Grg.

The preimage of S, along m can be described as

(pri,m) : m_l(Sﬂz) =~ Grg X Sy,.

As before, the diagonal action of G,, on Grg XS, induces a G,,- action onm™'(S,,)
with invariant loci {(@*', @"?)|u; € X,}. Via the isomorphism (pri,m)~!, the

attracting and repelling loci for (@1 X@*27#1) in m~1(S,,,) are
S#l >~<S,U2_,Ul ’
and

Ty = (priom)~ (S, x {@#?}),

respectively. Applying the hyperbolic localization theorem to m ™! (Sy,), we have
the following isomorphism

HE (S, %S,y FRG) ~Hy  (FRG). (6.6)

H1-H

By Lemma 6.1.1, the above cohomology groups concentrate in a single degree.
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Filtering the space m™'(S,,) by {Su,XSu,—u |11 € Xe}, we get a spectral sequence
with Ej-terms H7.(S,, XS,,—,,, F®G). As noticed in Lemma 6.1.1, this spectral

sequence degenerates at E-page. Then, there exists a filtration
Fily, ;= Ker(H* (m™'(8,,), FRG) — H* (U <y, S XSyt » FRG))
with associated graded
P (S XS FRG).
H1
Similarly, filtering m~!(S ) BY ATy nlp1 € Xo}, we get an induced spectral se-

quence with Eq-terms H;ﬂ . (F&G). This spectral sequence also degenerates at
1-H2

the E-page and there is an induced filtration

Fill, 4, = Im(Hz, ,(F8G) — H(F&G)),

where T i, = Ut <y, Tt i, - The two filtrations are complementary to each other
by (6.6) and together define the decomposition
Ho (8,0, F % G) = @ H (S XSy FRG).

M1
O

By the above proposition, Proposition 6.1.2 induces a monoidal structure of the

functor H*,

Proposition 6.2.2. The hypercohomology functor H*(Grg, ) : Pr+¢(Grg,A) —
Mody is a monoidal functor. In addition, the obtained monoidal structure is

compatible with the weight functor decomposition established in Proposition 4.2.1

Proof. Recall for ¥,G € Pr+g(Grg, \), the convolution product ¥ x G is defined
as F *x G = Rm (¥ ®G). Then by Lemma 6.1.1 and Proposition 6.1.2, there are
canonical isomorphisms
H*(Grg,F * G)
=H" (GrG >~<Gr(;, Tlilg)
= @ He (S XSy -y FRG)

M1,M2

= P (M50 ) 8 Hi(Ss001-6))

H1,M42

=(DH:S.. 7)) @ (P HS, 6))
i 12

=H"(F) @ H'(G).
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Note that by Proposition 4.2.3, we have the decomposition of the total weight
functor into direct sum of weight functors H*(Grg, F * G) ~ &, H.(S1, F x G).
Proposition 6.3 then shows that the monoidal structure obtained above is compatible
with the weight functor decomposition. Finally, we need to show that the monoidal
structure of H* is compatible with the associativity constraint. This can be proved
by considering the G,,- action on GrgXGrgXGrg induced by the diagonal action

of G, on Grg X Grg X Grg via the isomorphism
(m1,ma,m3)"" : Grg X Grg X Grg = GrgXGrgXGrg.

Note that in this case we can still split the intersection (S, XS,,XS,;) (G <, XGr <, XGr<;)
by (4.1). This allows us to apply the hyperbolic localization theorem and a similar
spectral sequence argument as before. We obtain the desired compatibility property

and the proposition is thus proved.

With the monoidal structure of H* established above, we are now ready to prove the

following results.
Proposition 6.2.3. For any ¥ € Satg A, the functors () x ¥ and F  (e) are both

right exact. If in addition F is a projective object, then these functors are exact.

Proof. Let
0-G —-G—-G" —0 (6.7)

be an exact sequence in Satg A. By Proposition 4.2.3, taking global cohomology

gives an exact sequence
H'(g') — H(g) — H'(§") — 0. (6.8)
Tensoring (6.8) with H*(F) gives the exact sequence
H(G") @ H'(F) — H*(G) 9 H'(¥) — H*(¢")  H*(¥) — 0. (6.9)
By proposition 6.3, (6.9) is canonically isomorphic to the following sequence
H(G'xF) - H(G*xF) — H(G"*xF) — 0. (6.10)

Notice that by Proposition 4.2.3, the global cohomology functor H* (e) is faithful,

then the exactness of (6.9) implies that the sequence

G*xF —>G*xF —>G' *xF —0
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is also exact. The right exactness for 7 % () can be proved similarly.

Now, assume ¥ to be a projective object in the Satake category. By Proposition
5.4, we know that the functors (e) ® H*(¥) and H*(¥) ® (e) are both exact. Then
arguing as before and using the monoidal structure and the faithfulness of the functor

H*(e), we conclude the proof. O

We conclude the discussion on the monoidal structure of H* by identifying it with
the one constructed in [Zhul7/[]. For this purpose, we briefly recall the construction

in loc.cit.

Let ¥,G € Pr+g(Grg, Q). Assume that L*G acts on supp(G) via the quotient
L*G — L™G. Define supp(F)xsupp(G) := supp(F) "™ xL"% supp(&) and denote
by 7 the projection morphism supp(#)™ — supp(¥). Then we have an L*G x

L™ G-equivariant projection morphism

p : supp(F)"™ x supp(G) — supp(F)Xsupp(G)

where L*G acts on supp(#)" by multiplication on the left and LG acts on
supp(F) ™ x supp(G) diagonally from the middle. Then p induces a canonical
isomorphism of the L*G-equivariant cohomology (cf. [Zhul7] A.3.5)

Hj .. (supp(F)Xsupp(G), FRG) = Hj g, m (supp(F) "™ x supp(G), 7' F ® G).
(6.11)
By the equivariant Kiinneth formula (cf. [Zhul6, A.1.15] ), there is a canonical

isomorphism

H; Gy img (supp(F) ™ X supp(G), n*F & G) (6.12)
=H; + gy (supp(F) ™, F) @ Hy .., i (supp(G), G).

Combine (6.11) with (6.12), and we conclude a canonical isomorphism

Hj . (supp(F)Xsupp(G), FRG) = H.;(supp(F), F) ® H . (supp(G), G).
(6.13)
We denote by EQz the base change of G to Q. Let Rz, = Sym(gQg(—l))G@f
denote the algebra of invariant polynomials on the Lie algebra gg ,(=1). Then
(6.13) induces an isomorphism of Rz ,-bimodules. In addition, the two Rg ,-
module structures coincide ([Zhul7, Lemma 2.19]) and the base change of (6.13)

along the argumentation map Rz, — Qy, the canonical isomorphism

Hj.(F) @, G ~ H'(F) (6.14)
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gives the monoidal structure of H* in the Qg-case ([Zhul7], Proposition 2.20).

Then to identify the monoidal structures, it suffices to prove the following proposi-

tion.

Proposition 6.2.4. Let 7, G € Pr+g(Grg, Z¢) be two projective objects. We denote
F@Qp and G®Q by F' and G, respectively. Then the following diagram commutes

(6.14)

H;.. (supp(F")%supp(G"), F'8G") @x.., Qe > H (F'&G)

(6.13) o
(Hy.(F") @rg, H..(6") ®rg, Qr B B (S0 S FEG)
= B
(H}.6(F") ., Q) ®Q (H}.6(G)) k., Qo) — (B, Hi(S,,. 7)) ®Qj<@m H: (S 6))
(6.15)

where the morphisms a and 3 are the base change of isomorphisms (6.4) and (6.1)

to Qg, respectively.

Proof. Consider the filtrations
Fils,, ., ,H (F'&8G’), Fil; ,H* ('), and Fil; ,H*(G’)

defined as in Proposition 6.1.2 and Proposition 4.2.3. To prove the proposition,
it suffices to prove that these filtrations respect (6.13). Then taking the Verdier
dual (note now H*(F'RG’), H*(¥”), and H*(G’) are all Q,-vector spaces) implies
that the complementary filtrations Fil’, iy ad Fil” . also respect (6.13). This will
provide the commutativity of (6.15).

The approach we will use is similar to the one given in [Zhul6, Proposition 5.3.14],
and we sketch it here. Although the semi-infinite orbit S, does not admit an
L*G-action, it is stable under the action of the constant torus 7 ¢ L*T c L*G.
Then so is the convolution product of semi-infinite orbits S, XS,,—,,. Stratifying
GrgXGrg by {8, XS -, | 1, 2 € X, }, we get a spectral sequence with E-terms
H7 (Su XSyy-py» F'BG") which abuts to H.(F'®G’). By [Zhul7, Proposition 2.7],
the spectral sequence degenerates at the E-page and the filtration Fil ;, ,,, thus lifts

to a new filtration of H},

Fils ., Hy (F'RG") = ker(H7(F'RG") — Hp (S XS<py—py, F'RG')).
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Using a similar argument as in the proof of Proposition 6.1.2, the associated graded
of this filtration equals 5 sy BT (S XS o, F'RG’). Note that all the terms
in this filtration and the associated graded are in fact free Ry ,-modules, then base
change to Q; along the argumentation map Rz, — Qg recovers our original filtration
Fils,, 4,- Similarly, we can define the filtrations Fil,,H(7”) and Fil;, H7.(G")
which recover the original filtrations Fil,,H*(#") and Fils,H*(G’) in the same

way.
Since
H7 (o) =~ Hj.;(e) ®rg, Ry, Pr+¢(Grg, Qo) — Vectg, ,

then (6.13) induces a monoidal structure on the 7-equivariant cohomology
H7(F' x G') ~ Hy(F') @ Hy(G"). (6.16)

Then we are left to show that (6.16) is compatible with the filtrations Fils,, ,, and
Fil, . It suffices to check the compatibility with filtrations Fily,, ,,H; and Fil, ,H7.

over the generic point of SpecRz ,. Denote
H, = H; ®RT,[ 0

where Q is the fraction filed of Rz ,. By the equivariant localization theorem, we

have isomorphisms
HA(F'8G) = ) Hi(F /&G |(om i)
HisH2

and

H (S FRG) = D HAFBG [(omizmm))-

VI<p1,V2<p2

Then it follows that
FﬂZﬂl,mHl(?ﬂgg/) = FﬂZ,ulaﬂzH*T(T/ggl)@Rfo = @ H/I(T,gg,l(w"l Xw¥27V1 ))~
VIZUL1,V22 U2

Applying the equivariant localization theorem again gives isomorphisms
HA(F) = ) Ha(F|on)
u

and

Hi(S< ') = D Ha(Flov).

v<pu

Similarly, we geta filtration Fil, , Hy (F7') ~ @,>,Ha(F”|v) induced by Fil , H7. (7).
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Notice that as for Hj . ; (), the monoidal structure (6.16) is defined via the compo-

sition of the following isomorphisms

FﬂZM,MHﬂ(f’Iilg/)
@ H (F'RG |1 5072771))

VIZU1,V2Z U2

D H(Flo) @ Hi(G lor)

VIZUL,V2Z 2

PHF e B HiG o)

ViZH] Vo2 o=

~Fils , Hi(F) (X) Fils -0 Ha(6)

1R

1R

1

where the second isomorphism is obtained by an analogue of (6.13) for T-equivariant
cohomology and the equivariant Kiinneth formula. Note that the monoidal structure
of the total weight functor CT is compatible with that of the hypercohomology
functor H* by Proposition 6.3. We thus conclude the proof. O
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Chapter 7

TANNAKIAN CONSTRUCTION

Let Z c Grg denote a closed subspace consisting of a finite union of L*G-orbits.

Then any ¥ € Pr+g(Z, A) admits a presentation
Pi— Py— F — 0,

where P; and Py are finite direct sums of Pz(A).

Write Az(A) for Endp, . .(z.r)(Pz(A))°?. By Proposition 5.0.3.(2), Az(A) is
a finite free A-module, and any finitely generated Az(A)-module is also finitely
presented. Now we recall the following version of Gabriel and Mitchell’s theorem
as formulated in [BR18, Theorem 9.1].

Theorem 7.0.1. Let C be an abelian category. Let P be a projective object and
write A = Endg(P)°P. Denote M to be the full subcategory of C consisting of

objects M which admits a presentation
P1 — Po — M — 0,

where Py and Py are finite direct sums of P. Let M, be the category of finitely
presented right A-modules. Then

(1) there is an equivalence of abelian categories M ~ M’ induced by the functor
Homg¢ (P, e),

(2) there is a canonical isomorphism between the endomorphism ring of the
functor Home (P, @) and A°P.

The above theorem and the discussion before it enable us to deduce an equivalence
of abelian categories

Let i : Y < Z be an inclusion of closed subsets consisting of L*G-orbits, then
we have the functor i, : Pr+g(Y,A) — Pr+g(Z,A). In addition, i, induces a

functor (i£)* : M’ — M

Ay (A) Ay (A) which in turn gives a ring homomorphism
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if : Az(A) — Ay(A). Note for any a € Az(A) and ¥ € Pr+g(Y,A), we have

canonical isomorphisms

a-Ez(i,F)
~g - Hom(Pz(A),i.F))
~a - (if )" (Hom(Pz(A),i.F))
~i%(a) - Hom(Py (A), F))
21'%(61) -Ey(F).

Define Bz(A) := Hom(Az(A), A)). Since Az(A) is a finite free A-module, then so

is Bz(A) and we have the following canonical equivalence of abelian categories

:AZ(A) ~ Comodg, (p)-

The dual map of i% gives a map L; : By(A) — Bz(A). Let B(A) = li_r)nBZ(A), we
conclude that Satg A ~ Comodp,) as abelian categories. Moreover, by Proposition
5.0.3.(3) we know that

B(A) = B(Z¢) ®z, A (7.1)

for A = Q; and Fy.

Take any u € X7, and write A, (A) and By, (A) for Ag,_,(A) and Bg,_, (A), respec-

-GVSV

tively. For any u,v € X{ such that 4 < v, use notations i?, and ¢ for IGre, and

7

Lg:i“ , respectively. Also, we denote by Py(A) the projective object Pg,_,(a) for any

0 € X{. Note the following canonoical isomorphism by the monoidal structure of
H* established by Proposition 6.2.2
Hom(P 4y (A), Py * Py)
~H"*(P, % P,)
~H"(P,) ® H'(P,)
~Hom(P,(A), P,(A)) ® Hom(P,(A), P,(A)).
Then, the element idp,(x) ®idp,(n) € Hom(P,(A), P, (A)) @ Hom(Py (A), Py (A))

gives rise to a morphism
f,u,v : Pp+v(A) — P,u(A) * P, (N).
Applying the functor H* and dualizing, we get a morphism

8uy - Bu(A) ® By(A) — By+v(A)-
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We check that the multiplication maps g. . are compatible with the maps ¢, i.e. for

any u < (', v <v' € Xt, the following diagram commutes
8uv
Bu(A) ® By(A), — Busy(A)

oo, (1.2)

L
'+’

8u’ v
B,/ (A) ® B,/ (A) —= By (A).

By the constructions of g’s and ¢’s, it suffices to check the commutativity for

f !
Py/+v’(A) #H P,u’(A) * Pv’(A)
pr P xpy (7.3)
Suv

Py+v(A) — Pu(A) *PV(A)’

Here, maps p; appearing in the above diagram are the maps pg in Proposition
5.0.3.(1). The construction of f’s implies that we are left to show that the following

diagram commutes

H* (P (A) % P,/ (A)) —— H* (P (A) ® H* (P, (M)
H* (p *p”,) H* (p )oH" (p)))

H*(Pu(A) % P,(A)) —— H*(P,(A)) ® H*(P,(A))

By the monoidal structure of H*, the above diagram commutes and so is diagram
(9.2). Taking direct limit, the morphisms g, give a multiplication map on B(A)
by the above discussion. Our observation at the end of §3 ensures the multiplication

on B(A) is associative.

Note clearly that Bo(A) = A and the canonical map Byo(A) — B(A) gives the
unit map for B(A). Now to endow B(A) with a bialgebra structure in the sense
of [DMS?2, §2], it suffices to prove the multiplication on B(A) is commutative and
B(A) admits an antipode. The later statement can be proved in a completely similar
manner as in [BR18|, Proposition 13.4] once the former statement is proved. Thus it

suffices to prove the commutativity of the multiplication of B(A) .

First by the compatibility of morphisms g. . with ¢, it suffices to prove for each

p € X that the multiplication on B, (A) is commutative. Consider the following
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diagram
B (A) ® By (A) —L— Bo,(A)

(7.4)

B, (D) ® Bu(Qr) — Byu(Qy).

The vertical arrows are inclusions by noting (7.1) and the fact that B, (A) is a finite
free A-module. The map d is defined to map b1 ® b> to g, ,(b1 ® b2) — g, (b2 ®
b1). The map d’ is defined similarly. By Proposition 6.2.4 and isomorphism
(7.1), diagram (7.4) is commutative. By the construction of the commutativity
constraint in P+ (Grg, Q) in [Zhul7], we conclude that d is the zero map and
the multiplication map in B(A) is thus commutative. Thus, by a complete similar
argument as in [DM82, Proposition 2.16], the category Comodp,) can be equipped
with a commutativity constraint. This commutativity constraint then induces that
of Satg o. Thus we have endowed Satg o with a tensor category structure. Then a
complete similar argument as in [BR 18, Proposition 13.4] shows that B(A) admits

an antipode.
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Chapter 8

IDENTIFICATION OF GROUP SCHEMES

With the work in previous chapters, we have constructed the category P+ (Grg, A),
and equipped it with

(1) the convolution product * and an associativity constraint,

(2) the hypercohomology functor H* : P;+(Grg,A) — Mod, which is A-
linear, exact, and faithful,

(3) a commutativity constraint which makes Satg A a tensor category,
(3) aunit object IC,,

(4) abialgebra B(A) such that Satg  is equivalent to Comodp(,) as tensor cate-

gories.

Note that by Proposition 5.0.3 (2), H*(Pz(Z¢)) is a free Zy,-module forany Z c Grg
consisting of a finite union of L*G-orbits Z. We also know that the representing ob-
ject Pz(Zy) is stable under base change by Proposition 5.0.3 (3). By our discussion
in the previous section, we have the following generalized Tannakian construction
similar to [MVO7, Proposition 11.1]

Proposition 8.0.1. The category of representations of the group scheme 62(2 =
Spec(B(Z¢)) which are finitely generated over Zy, is equivalent to Py +c(Grg,Z¢)
as tensor categories. Furthermore, the coordinate ring of GZ[ is free over Zy; and
Gr, = Spec(Fy) Xz, Gz,.

We are left to identify the group scheme 62{) with the Langlands dual group GZ{-

Note that reductive group schemes over Z, are uniquely determined by their root

datum. Then it suffices to prove the followings for our purpose

(D) 52(, is smooth over Zg,

(2) the group scheme FGVE; is reductive,
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(3) the dual split torus YA’Z{, is a maximal torus of (~}Z[.

In §7, we showed that B(Z,) is a free Z,-modules. As a result, the group scheme (~}Z€
is affine flat over Z,. Then the affineness of ng together with the statements (1) and
(2) in this paragraph amount to the definition of a reductive group over Z,. Recall
in [PYO06], a group scheme G over a discrete valuation ring R with uniformizer r,

field of fractions K, and residue field « is said to be quasi-reductive if

(1) @G is affine flat over R,
(2) Gk := G ®g K is connected and smooth over K,

(3) G« := G ®p « is of finite type over « and the neutral component ( Q,;):e 4 of the

reduced geometric fibre is a reductive group of dimension equals dimGg.

We will make use of the following theorem for quasi-reductive group schemes proved

in loc.cit.

Theorem 8.0.2. Let G be a quasi-reductive group scheme over R. Then

(1) G is of finite type over R
(2) Gk is reductive

(3) G is connected.
In addition, if

(4) the type of Gk is of the same type as that of (Gi)ey
then G is reductive.

As noted above, the requirement (1) of quasi-reductiveness is satisfied by 525. In
addition, by [Zhul7], the group scheme GQ , is connected reductive with root datum

dual to that of G and the condition 2 of quasi-reductiveness is met.

Lemma 8.0.3. The group scheme 5@ , Is connected.
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Proof. Note that the same proof as in [MVO07, §12] and [BR18, Lemma 9.3] applies
in our setting to show that the Satake category P;+G(Grg, F¢) has no object ¥ such
that the subcategory (F), which is the strictly full subcategory of P;+g(Grg,Fr)
whose objects are those isomorphic to a subquotient of #*" for some n € N, is
stable under *. This is equivalent to the fact that there does not exist an object
X € Repg f(ép ,) such that (X) is stable under () via Proposition 8.1. Then by
[BR18, Corollary 2.11.2], we conclude our proof. O

From now on, let k = F,. We have proved in Proposition 6.2.4 that the monoidal
structure of H* is compatible with the weight functor decomposition. In other words,

we get a monoidal functor
CT : Satg z, — Modz, (X,) = Satrz,.
Base change to «, the same reasoning yields a monoidal functor
CT : Satg , — Mod,(X,) =~ Satr 4.

Applying the construction in §7 to the above two Satake categories, we get a natu-
ral homomorphism 7" — G. Note that by [Zhul7, Corollary 2.8] and Proposition
5.0.3.(2), any M € Mod,(X,) can be realized as a subquotient of some projective
object in Satg . It then follows from [DM&2, Proposition 2.21(b)] that the homo-
morphism T — G is in fact a closed embedding, which realizes the dual torus f“K as
a subtorus of GK. In addition, since GZ[ is flat, the same argument in [MVO07, §12]

applies to give the following dimension estimate

dimG = dim Gg, > dim(G )req. (8.1)
We can write G, = %&n 6,’: where 6,’; satisfies the following conditions

(1) 5“,; is of finite type,

(2) the canonical map Irrgz. — Irrg is a bijection, where Irr denotes the set of

irreducible representations.

In addition, we require that the transition morphisms are surjective. The first
requirement may be satisfied since any group scheme is a projective limit of group
schemes of finite type. To ensure that condition (2) can be satisfied, it is enough to

choose 57; sufficiently large so that the irreducible representations L(n) associated
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to a finite set of generators 1 of the semigroup of dominant cocharacters X7, are
pull-backs of representations of 572 For any u, v € X7, the sheaf IC,, supports on
Gr<,4, and hence is a subquotient of IC, % IC,,. Thus all irreducible representations
of G, come from 52 By our choice of the finite type quotients, we have (ék)red =
&n(é,’i)red In addition, the composition of maps T, — 5,( - 5,"; is a closed

embedding.

We claim that

Each finite type quotient 5*,; is connected, reductive, and isomorphic to G .
(8.2)
If (8.2) holds, then the arguments in [MV 18] apply and yield éj’j = (G),. Thus we
deduce that condition (3) of the quasi-reductiveness and condition (4) in Theorem
8.2 are satisfied by G, and we complete the identification of group schemes by
Theorem 8.2. Next, we prove (8.2) following the approach given in [MV07, §12].

Write H for the reductive quotient of (G,t)red, and we have that 7, — H is a closed
embedding. Note that any irreducible representation of (éﬁ)red is trivial on the

unipotent radical. We then have:
The canonical map Irry — Irr(g* eed is a bijection. (8.3)

We first note the following lemma.

Lemma 8.0.4. The subtorus T, is a maximal subtorus of H.

Proof. Choose a maximal torus Ty for H and denote its Weyl group Wy. Then
the irreducible representations of H are parametrized by X*(Ty)/Wg. On the
other hand, write the Weyl group for G by W, then Proposition 2.3 implies that
Xe(Ty)/W¢ parametrizes Schubert cells in Grg,. The IC-sheaf attached to each
Schubert cell is an irreducible object in the Satake category, and thus gives rise to an
irreducible representation of Gy By our choice of 5,’; and (8.3), we get a bijection
X*(Ty) /Wy =~ X.(T)/Wg. Hence, Ty /Wy =~ T,/Ws. Note that the Weyl group
acts faithfully on the maximal torus, and we conclude that X*(Ty) = X.(7) and T}

is a maximal torus in H.

O

From now on, we write Wy for the Weyl group of H with respect to T}. Recall that

a (co)character of a reductive group is called regular if the cardinality of its orbit
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under the Weyl group action attains the maximum. Then 2p is a regular character
in G with respect to 7. By the proof of Lemma 8.4, it is a cocharacter in H with
respect to T,.. In addition, the proof of Lemma 8.4 also shows that Wy -2p = Wg - 2p
and thus the Weyl group orbit Wy - 2p has maximal cardinality and it follows that
2p is a regular cocharacter in H. Thus 2p fixes a Borel By which only depends on

the Weyl chamber containing 2p. It also fixes a set of positive roots.

From the proof of Lemma 8.4, we deduce the followings

the (dominant) weights of (H, By, TK) coincide with (dominant) coweights of G.
(8.4)
Wy coincides with W together with their subsets of simple reflections identified.
(8.5)
To show (8.2), we hope to prove the following:

A(H,By,To) =AY(G,B,T) and AV(H, By, T,) = A(G,B,T). (8.6
We first prove a weaker version of (8.6).

Lemma 8.0.5. Assume G to be semisimple, then statement (8.6) holds.

Proof. Since G is assumed to be semisimple, then Q - X}(T) = Q- AY(G, B,T).

Hence,
Z50-As(G,B,T) ={a e X*(T)|[{@,A) > Oforall A € XJ(T)}.  (8.7)

On the other hand, it follows from (8.5) that Wy and W have the same cardinality.
Together with (8.4), we conclude that H is also semisimple. Thus,

Zso-AY(H,By,T,) = {a" € Xo(Ty)|{@,2) > 0forall 1 € X5(T,)}.  (8.8)
Comparing (8.7) and (8.8), we have
Zso-Ay(G,B,T) =Zso-A)(H, By, T)).

Thus, Ay(G,B,T) = AY(H, By, T,) and we conclude that A (G, B,T) = AV(H, By, T})
by noting (8.5). Finally, since for a semisimple reductive group, the coroots are
uniquely determined by roots and vice versa, we also conclude that AY(G, B,T) =
A(H,By,T,). O
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In fact, Lemma 8.0.5 may be proved following the idea of [BR18], § 14]fand [MV07,
§12] and, we sketch this approach here.

Lemma 8.0.6. We have the following inclusion of lattices
Z-AH,T,) CZ-AY(G,T) (8.9)

for general G.

Proof. The proof is similar to that for [MVO07, (12.21)] and we sketch it here. Note
that the Satake category Satg , is equipped with a grading by 7o(Grg) = 711(G) =
Xo(T)/Z - AV(G,T) by [Zhul7, Proposition 1.21]. In addition, this grading is
compatible with the tensor structure in Satg . Write Z for the center of G, then it

can be identified with the group scheme

Hom(Xo(T)/Z - AV (G,T), G). (8.10)
Our previous observation implies that the forgetful functor

Satg . ~ Rep,(G,) — Rep, (2Z)

is compatible with the grading considered above. In this way, Z is realized as a
central subgroup of G,. Since T, — H is a closed embedding, Z is also contained
in the center of H. Finally, note that the center of H can be identified with the group
scheme

Hom(X*(T,)/Z - AV (H,T}), ). (8.11)

Our discussion together with (8.10) and (8.11) completes the proof of the lemma.
m|

Lemma 8.0.7. The set of dominant weights of (H, T}) is equal to Xt (T) ¢ Xo(T) =
X*(T).

Proof. By our construction, we have a bijection between the set of irreducible
representations of G, and that of 5,’;. Since irreducible representations restrict

trivially to the unipotent radical, we get a bijection between the set of irreducible

"'We note that the situation considered in [BR18, §14] is slightly different from ours. In the equal
characteristic case, the group scheme Gy is proven to be algebraic by directly exhibiting a tensor
generator in the Satake category. Then, there is no need to pass to finite type quotient G} as we do
in this section.
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representations of G, and that of H. Thus, the dominant weights of (H,T,) equal
that of (ék, T,).

Let 1 € X,(T) be a dominant weight of (5,0 T,) and write the LO+ (1) for the
irreducible representation of GK associated to A. Assume u € X{(T) be a dominant
coweight of G such that the simple perverse sheaf corresponding to L(A4) is IC,,.
Note that in the Grothendieck group of Satg «, we have

(1C] = |k, [ 1|+ 3 ] kg, (2001
veXi(T),v<pu

Then we conclude that A = u € X (7).

On the other hand, if u € X?(T), then the weights of the ak-representation which
correspond to ? j, Ky, are independent of the coefficient « by [MV07, Proposition.
8.1]. Hence, they are weights of the irreducible G, -representation of highest
weight u. Thus y is a dominant weight of (G, T). O

Lemma 8.0.8. The Weyl groups Wg and Wy coincide when considered as au-
tomorphism groups of Xe(T), and their subsets of simple reflections Sg and Sy

coincide.

Proof. The proof of this lemma is completely similar to the proof of [BR18, Lemma
14.9] and we sketch it here. For any A € X} (T), we consider it as a dominant weight
of (H,T,). Then the orbit Wy, - A is the set of extremal points of the convex polytope
consisting of the convex hull of weights of the irreducible H-representation L7 ().
Since the set of irreducible representations of H are bijective to that of Gy, we
conclude that

Wy -1=Wg- A (8.12)

For any A € X (T), we call A regular if it is not orthogonal to any simple root of
(G,T). Then for aregular 1 € X{(T), the orbit S - 1 € W - A is the subset of Wg - A
consisting of elements u such that the line segment connecting A and u is extremal
in the convex hull of Wi - 4. By (8.12), we have the same description for the orbit
Sy - A. Thus,

S -A1=8g"-4 (8.13)

Choose an arbitrary s € Sg. For any 1 € X} (T) regular, by (8.13) there exists
sy € Sy such that sg - 4 = sy - 4. In addition, the direction of the line segment

connecting A with s - A is determined by the line segment joining the coroot of
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G associated with sg with the root of H associated with sg. Thus for any other
A’ € X¢(T) regular, we also have sg - A’ = sy - A’. It follows that s = sy and thus
S = Sy. Thus, we deduce that Wg = Wy. O

Lemma 8.0.9. We have the following inclusion of lattices

Z-A(G,T)CZ-AV(H,T),).

Proof. The proof is similar to the one for [BR18, Lemma 14.10] and we sketch it
here. Firstly, we observe by Lemma 8.0.7 that

Q+ - AJ(H,Bu,T) = Qs - Ay(G, B, T). (8.14)

This is because both sets consist of extremal rays of the rational convex polyhedral
cone determined by {1 € Q ®z X*(T)|forany u € Xf(T),(/l,,u) > 0}. For
u € Agy(G,B,T), it follows from (8.14) that there exists a € Q,\{0} such that
ap € AY(H, By, T,). Lemma 8.8 then implies that

id—(u", o) =id - ((ap)", o) (ap)

as an automorphism of X*(T) = X, (7). Thus, (au)" = %,uv. Note that Lemma
8.0.6 showsthatau € Z-AY(G,T). Thus, 2 € Zandpu = L(ap) € Z-AV(H,T,). O

The arguments above prepare us for a second proof of Lemma 8.0.5 as follows.

Proof. If G is in particular semisimple of adjoint type, then Z - A(G,T) = X*(T).
Lemma 8.0.9 then implies that Z - A(G,T) = Z - AV(H,T,). Then the arguments
in the proof of Lemma 8.0.9 imply that A;(G,T) = AY(H, 7,). In addition,
AY(G,B,T) = Ay(H, By, T,), and the canonical bijections between the roots and
coroots of H and G coincide. It then follows from Lemma 8.0.8 that A (H, By, TK) =
AY(G,T) and AV(H,T,) = A(G,T). Thus, the root datum of H with respect to T}
is dual to that of (G, T). Then the dimension estimate (8.1) concludes the proof of

the lemma in the semisimple of adjoint type case.

Assume G is a general semisimple reductive group scheme. Recall notations in
§1.3. We denote by G4 the adjoint quotient of G and by T4 the quotient of the
maximal torus 7. The construction in §7 goes through and we get the group scheme
(Ead),(. As noted in the proof of Lemma 8.0.6, the Satake category Satg,, » admits
a grading by the finite group 71(G.q)/71(G) which is compatible with the tensor

structure of Satg, , «. By Lemma 4.6, the category Satg , can be realized as a tensor
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subcategory of Satg,, « corresponding to the identity coset of 711 (G). Thus, we have
a surjective quotient
(Gadx > Gy

with finite central kernel given by Hom(m;(Ga)/71(G), Gy k). Hence, G, is
reductive and in particular semisimple. The result for G being semisimple of

adjoint type applies here to complete the proof. O

Lemma 8.0.10. Let G be a general connected reductive group, then the same result
as in Lemma 8.0.5 holds.

Proof. We sketch a proof similar to the arguments for [MVO07, §12] and [BRI18,
Lemma 14.13]. Denote by Z(G) the center of G and let A = Z(G)°. Then A is a

torus and G /A is semisimple. As in loc.cit, the exact sequence
l1>A—->G—->G/A—1

induces maps

GrA—i> Grg R Grg)a

which exhibit Grg as a trivial Gra-cover over Grg/s. This induces an exact

sequence of functors
Proa(Gra, ) =5 PreG(Grg, €) = Preg a(Grga, ). (8.15)

Note that (Gra)ed is a set of discrete points indexed by X7 (A), then taking pushfor-
ward along i gives a fully faithful functor i, : P;+4(Gra, k) — Pr+(Grg, k). The

functor . is made sense by Lemma 4.6 and is essentially surjective.

Applying the Tannakian construction as in §7, we get flat affine group schemes
A, and mk. Lemma 8.0.5 implies that A, and (ETA)K are isomorphic to the
dual groups of H and G /A respectively. The same arguments in [MV07, §12] and
[BR18, §14] apply here to deduce that the sequence

l—>G/AK—>5K—>ZK—>1

induced by (8.9) is exact. Then G, is identified as the extension of smooth group

schemes XK and G/A,, and is thus also smooth. Moreover, the unipotent radical
of 5,( has trivial image in the torus ZK. Hence it is included in G/A,. Since the
latter group is semisimple, it follows that G, is also reductive. Arguing as in [BR18,

Lemma 14.14], we complete the proof of the lemma. O
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Thus we identify the group scheme 625 which arises from the general Tannakian

construction with the Langlands dual group CA?Z[. We have our main theorem.

Theorem 8.0.11. There is an equivalence of tensor categories between Py +(Grg, A)
and the category of A-representations of the Langlands dual group G 5 of G which
are finitely generated over A\ for A = Fy, and Z,.

Now, we complete the final step of identifying the group schemes.

Lemma 8.0.12. Let G be a general connected reductive group, then the same result
as in Lemma 8.0.6 holds.

Proof. We sketch a proof similar to the arguments for [MVO07, §12] and [BR18S,
Lemma 14.13]. Denote by Z(G) the center of G and let A = Z(G)°. Then A is a

torus and G /A is semisimple. As in loc.cit, the exact sequence
l1>A—>G—->G/A—1
induces maps
GI’A—I> GrG L GrG/A

which exhibit Grg as a trivial Gra-cover over Grg 4. This induces an exact

sequence of functors
P+a(Gra, k) = Pr+G(Gre, k) = Pr+G1a(Grga, k). (8.16)

Note that (G4 )req is a set of discrete points indexed by X! (A), then taking pushfor-
ward along i gives a fully faithful functor i, : Pr+4(Gra,«x) — Pr+g(Grg, k). The

functor 7, is made sense by Lemma 4.6 and is essentially surjective.

Applying the Tannakian construction as in §7, we get flat affine group schemes
A, and (G/A),. Lemma 8.0.5 implies that A, and (G/A), are isomorphic to the
dual groups of H and G /A respectively. The same arguments in [MV07, §12] and

[BR18, §14] apply here to deduce that the sequence
1—GJ/A, — G — A —> 1

induced by (8.9) is exact. Then G, is identified as the extension of smooth group

schemes XK and G/A,, and is thus also smooth. Moreover, the unipotent radical
of 5,( has trivial image in the torus ZK. Hence it is included in G/A,. Since the
latter group is semisimple, it follows that G, is also reductive. Arguing as in [BR18,

Lemma 14.14], we complete the proof of the lemma. O
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Thus we identify the group scheme 625 which arises from the general Tannakian

construction with the Langlands dual group CA?Z[. We have our main theorem.

Theorem 8.0.13. The hypercohomology functorH* : P .o (Gre®k, A) — Mody

lifts to a natural equivalence of monoidal categories

H*: P (Grg ® k,A) — RepA(GA).

From now on, we will write the inverse of the geometric Satake equivalence as Sat.

Remark 8.0.14. As explained in [Zhul6, §5.5], the Galois group Gal(F,/F,) acts
on the Satake category Satg n by tensor auto-equivalences. It, in turn, induces
an action of Gal(F,/F,) on G which preserves (G, B,T). LetV € RepA(G) and
y € Gal(F,/F,). We write YV for the representation

-1
G Lo G — GLAV)

A

of G.

For three sequences of dominant weight 1., t2e, and u3,, the following lemma is

an immediate consequence of Theorem 8.0.13.

Corollary 8.0.15. We have the following natural isomorphism

HOITIG (V,Ui. ’ V/Jj.) = COI'I'G},O ((Grﬁﬂi.’ Iclli-)a (Grﬁ,uj. s IC,U_/.))v (8 17)

HielHje

such that the natural composition on the left hand
Homg (V. Vi) ® Homia (V,,,, Vys,) — Homg (Vi Vi)

is compatible with the composition of cohomological correspondences on the right
hand side

Corrg,0 ((Greu.,ICL..), (Grey,.,IC,,,)) ® Corrg,o ((Greuse, IC,.), (Grep,., 1C,5.))

HlelH2e HelH3e

—Corrg,0 ((Greu,ICL,.), (Grey;., IC,,,))

HlelH3e

which is obtained by pushing forward the cohomological correspondences along

the map
0 0 0
Gr#l.lﬂzo XGry,, Gr#z.lmo - Grulolmo'
In addition, there is a canonical isomorphism
~ 11BM 0
Hompg,;)(my,1C,,, m, ,IC,,) = H(Zp,lu.|+|v.|)(Gru.lv.)' (8.18)

Proof. The lemma can be proved exactly as [Zhul7/, Corollary 3.4.4], and we refer
to loc.cit for details of the proof. O
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Chapter 9

LOCAL HECKE STACKS

We review the definition of local Hecke stacks and study their geometric properties

in this section. All results are proved in [XZ17]], and we refer to loc.cit for proofs.

Definition 9.0.1. Let uo = (u, u2,- -+ , in) be a sequence of dominant coweights
of G. The local Hecke stack Hkij’f is defined as the moduli problem which assigns

to each perfect k-algebra R the groupoid of chains of modifications of G-torsors
En === Ent —==> =3 & ©.1)

over D of relative positions < y,,, -+, < uy, respectively.

It may also be understood as the homogeneous space [L*G\Gr,,_,]. Similarly, we
define
0,oc ._ + 0
Hkmv. =[L G\Gr#.|v.]
as the stack which classifies for each perfect k-algebra R the rectangles of modifi-

cations
En === - == &

Bl ——=b =3 &),

of G-torsors over D g with modifications in the upper (resp. lower) row bounded by

e (TESP. Vo).

Taking quotient of the Satake correspondence (2.3) of affine Grassmannians by

L*G, we get the Satake correspondence for local Hecke stacks,
he h;)
Hkje® <= HK) —" Hk)*, 9.2)

Itis clear from the definition that these stacks are not of finite type, thus we need their
finite dimensional quotient to apply the ¢-adic formalism. We recall the following
definition as in [[Zhul7].

Definition 9.0.2. For a sequence of dominant coweights ue = (u1, 82, , tn),
choose a u,-large integer m, and we define the m-restricted local Hecke stack to be
the stack

HK"™ = [L"G\Gre,].
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Similarly, choose m large enough for y. and v., for example, m is taken to be

(e, ve)-large, and we define HK” lrc(m) [LmG\Gr v ]. We have the Satake

correspondence on restricted local Hecke stacks,

h(;
HKL ™ Hkﬁjfjfm BN HK!), (9.3)

9.1 Torsors over the Local Hecke Stacks
Let BL*G (resp. BL™G for m € Zs() denote the moduli stack which classifies for
every perfect k-algebra R the groupoid of G-torsors over Dg (resp. Dy r). For

non-negative integers m; < mj, the natural quotient maps

TS, : :=res,,

LG ——— 2% I'™G —> LG
induce restriction maps between stacks

reSy, (=Tes,,

BL*G —— BL™G % BL™G . 94)

Clearly, for any non-negative integers m; < my < mj3, we have res,’ ores,,> = res,’,

where m3 can be taken to be oo.

Let e = (u1, M2, -+ , My) be a sequence of dominant coweights. We have natural
morphisms
te,t- tHKY — BL'G

which send (9.1) to the torsors &, and &g, respectively.

For restricted local Hecke stacks, we choose a pair of u,-large integers (m, n). Then

the natural maps
loc(m) _ m (n) n tXt n m
Hk,, " = [L"G\Gr_ /L G] —/—= BL"G xBL"G

induce the L™ G-torsor
Gre,, — HK™, (9.5)

and the L"G-torsor
[L"G\Gr<y,] = [L""G\Grey,]. 9.6)

Following the notations in [XZ17]], we denote the two torsors by & and &_,,

respectively. For any pairs of u.-large integers (mi,n;) and (my,n,) such that
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m; < mj and n; < ny, denote the natural restriction map of restricted local Hecke
stacks as
1 1
res2 : HKjo™) — HKoC™) 9.7)

nmi

It is compatible with the restriction maps in (9.4) in the sense that the following

diagram is commutative
BL"G ¢~ Hk " =3 BL™G

2
1

2
1

2

m
reS;,

n m
res,, res,,

BL"G ¢<— Hk"™) =3 BL™G.

Let uo and v, be two sequences of dominant coweights. Choose non-negative
integers my, my, n such that (my,my) is ue-large and (my, n) is ve-large. Then we
have the following isomorphism

[L"MG\Gr) | ] =Hke U™ = HKXU™ x

<He,Ve

toc(m1)
HK"™, (9.8)

t—,BL™2 G,resﬁé of
which induces the following perfectly smooth morphisms

HII0) _, pilostma) s plocn) I ppdoctn) o Hkjo 27" (9.9)
9.2 Perverse Sheaves on the Moduli of Local Hecke Stacks

Let m; < mj be two u,-large integers. The natural (twisted) pullback functor

mp\x
mp

= (I'Csmz *[d] (d/2) : P(Hkilo.c(ml)) N P(Hki?.c(mz))

m . _
Res,,? = (res m

is an equivalence of categories. We define the category of perverse sheaves on the

local Hecke stack as

P(HKE®, A) = @ P(HKS®, A), P(HK®, A) :=  lim P(HK"", A).
&en(G) (u,m)€EXZ 50

Here the connecting morphism in the definition of P(HK!°°, A) is the fully faithful
embedding

Luyapp=

Resy; m
PCHKS0™) Ay "5 P(HKI™ A) — 2225 p(HKI®™) A).

Finally, via descent, there is a natural equivalence of categories P(Hkifc(m), E) =
P;mG(Grey, E), which induces an equivalence P(Hkllz"c, E) = Prigei(Grg® k,E).
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Chapter 10

MODULI OF LOCAL SHTUKAS

In this chapter, we define different versions of moduli of local Shtukas and correspon-
dences between them. Using these results, we define the category of E-coefficient
perverse sheaves on the moduli of local Shtukas and their cohomological correspon-
dences. In the rest of this thesis, we will make use of the theory of cohomological
correspondences between perfect schemes and perfect pfp algebraic spaces. We
refer to [XZ17, Appendix A] for reference.

Definition 10.0.1. Let pe = (u1, 42, - - , 4y) be a sequence of dominant coweights.
The moduli of local Shtukas Sht}j’.c classifies for each perfect k-algebra R sequences

of modifications of G-torsors
En === Ent —=> = E 278,

over Dy of relative positions < p,, - -+, < up respectively.

It follows from the definition that

loc loc +
Sht,” = Hk,,” X;_xr_, BL*GxBL*Gidxo BL™G.

There is a natural forgetful map !¢ : Sht}ff — sz’c which forgets the isomor-

phisms &y = 7&,,. One can define the stack

Shto,lOC
HelVe

which classifies for each perfect k-algebra R the following rectangle of modifications

Eu —==b o mmm By 208,

El, ——=% e ——= & =TE,

of G-torsors over D g with modifications in the upper (resp. lower) row bounded by

e (resp. ve). We get the Satake correspondence for moduli of local Shtukas

S# SH

She¢ ¢——— Sht" ——— Shy* .

We introduce the partial Frobenius morphism between the moduli of local Shtukas

which will play an important role in later constructions.
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Definition 10.0.2. Let po = (1, u2,- - , 4n) be a sequence of dominant coweights
of G. We define the partial Frobenius morphism to be

Fy, :Sht , ~——> Sht* (10.1)

O—(/Jn)’ﬂl e

(En =% =+ =3 B0 T8 > (Bt =3 =+ =3 T8y = "Eu).

Definition 10.0.3. Let u, and v, be two sequences of dominant coweights. For

C

each perfect k-algebra R, the prestack Shtif

,. Classifies the following commutative

diagram of modifications of G-torsors over D g

En ——=F o ——=> E=E,
: :

|8 |87
v v
Ep —==% o —==> § =78,

where the top (resp. bottom) row defines an R-point of Sht}ff (resp. Shtlv(ic). Let 7}?0
(reps. _h)ly".c) denote the morphism which maps the above commutative rectangle to
its upper (resp. lower) row. We define the Hecke correspondence of local Shtukas

to be to following diagram

(h_loc _h>1‘?c
Shti?-c = Shti?j Ve % Sht&/(ic ’ ( 1 0.2)

If in addition, the relative position of S is bounded by A, we get a closed sub-
prestack Shtﬁ’lrvc . In particular, if A = 0, the Hecke correspondence (4.2) reduces to
the Satake correspondence.

The Hecke correspondence can be considered as the composition of two Satake cor-
respondences and the cohomological correspondence given by the partial Frobenius

morphism. More precisely, we recall [XZ17, Lemma 5.2.14].

Lemma 10.0.4. Let uo and ve be two sequences of dominant coweights. Choose A

to be a dominant coweight such that 1 > |pe| + 0 () or A > |ue| + v, then we have
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the following commutative diagram of prestacks

Sht@,loc
/ Hel|Ve
0,loc 0,loc
ShE (6.0 SBE gy,
Sie 5 - Sy
/ ls”“’*“ is“* \
Fge

Sht}* Sht,(6+).4 > Sht'%%. Shtie.

In addition, the pentagon in the middle is a Cartesian square when composing

— . -1
S (6%).0 with F/Le*'

10.1 Moduli of Restricted Local Shtukas
Let ue = 0 or more generally, a central cocharacter, Sht}ff ~ BG(O) which is not
perfectly of finite presentation as a prestack. Thus to apply the ¢-adic formalism, it

is desirable to study the following approximation of Shtij’f.

Definition 10.1.1. Let u, be a sequence of dominant coweights and (m, n) a pair of
Lto-large integers. We define the moduli stack Sht'>(™"

e

of (m,n)-restricted local

iterated shtukas as the stack that classifies for every perfect k-algebra R,

. loc(m)
(1) an R-point of Hk,, =",

(2) an isomorphism

lP : 0-(8<_ |Dn,R) = (8_> |Dm,R) |Dn,R

of L"G-torsos over SpecR, where & and &_, are defined in (9.5) and (9.6),
respectively.

The above definition gives a canonical isomorphism
Sh loc(m,n) Hkloc(m) BL"G
ty. = Lo Xt(_xresi,"Ot_) JBL'GXBL"G,idxo .

The natural forgetful morphism /(7 Shtiff(m’") - Hkif.c(m) is a perfectly

smooth morphism of relative dimension ndim G. For two sequences of dominant

c(m,n)

coweights e, Ve, we define Shtlf to be the stack which classifies for each perfect

. loc(m,n) . . . -
k-algebra R, an R-point of Hkﬂ .. together with an isomorphism 7 (E [p, ) =

C
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(& |pyr) |IDyg- Let (my,ny) and (ma,n2) be two pairs of u,.-large integers such

that m; < my and n; < ny. We define the restriction morphism

respn Shtff(mz’m) — Shtiff(m"nl) (10.3)

mi.ny

as the composition of the following morphisms

ma.ny . Qugloc(ma.ng) o loc(mz) ny

res,, 1, :Shty, = Hky, Xt(_xresf:zz0t_>,BL"2G><BL”2G,id><0' BL™G
my np

reS;n| XI€Sy, ] Hkloc(ml)
Lo X xresy or_, BL" GXBL™ G.idxo

~ loc(my,ny)
= Sht,, """,

BL"G

For (my,ny) = (00, 00), we write res,,”,> as res,, », for simplicity. For three pairs

of ue-large integers (m;, n;) such that m; < my < ms and n; < ny < n3, we have

my m3,n3 m3,n3

12 _
resml’nl °© resmz,nz - resml,nl- (104)

The Satake correspondences for restricted local Hecke stacks and the Satake corre-
spondences for restricted local Shtukas are related by the restriction morphisms and

summarized in the following diagram

loc(ma,na) 0,loc(my,ny) N loc(my,nz)
Shtl — St - s Sht'® .
g2 HelVe 2:1) 1€S,,2 w2
\/k’"l’"l I \ref’"ml \’"1,"1

|
I
Sht};‘c(mlanl) ¢ i Shtz,li)vc(ml,nl) N ShtLO.C(ml,nl)
wloc(mz,nz) :L//loc(mz,nz) olre |¢loc(m2,n2)
v ~
HKloc(m2) {mmmm e gloctma) _ 5 Hoc(m2)
L] V.
H l//k)c(ml’"l) /J°|V° - wloc(ml,nl) ~o wloc(ml,nl)
Hkh)c(ml) ¢ HkO,loc(ml) N Hk{/oc(ml)
. Iu.|y. .
(10.5)
where

(1) all rectangles are commutative,

(2) all rectangles are Cartesian except for the two on the left and right side of the

cuboid.

Let ue = (uy,- -+ , 4y) be a sequence of dominant cocharacters. We call a quadruple

of non-negative integers (mp, ny, mp, ny) He-acceptable if
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(1) my — my = ny — ny are u,-large (or equivalently o (u,)-large),

(2) my — ny is ul.-large.

We can define the partial Frobenius morphism

—1 . @pgloc(min) loc(ma,n2)
F, .Sht(jfﬂf)',lf:’m,ﬂn_l — Sht,, .20 (10.6)

for restricted local Shtukas. The construction of F /j.l is technical and we refer to
[XZ17, Construction 5.3.12] for detailed discussion.

10.2 Perverse Sheaves on the Moduli of Local Shtukas
Let ue be a sequence of dominant coweights and (my, n), (m3, ny) be two pairs of

Ue-large integers such that m| < my, n; < np, and m, # oco. Define the functor

Res) 212 := (res)>m2)* P(Shti?.c(mz’nZ),A) — P(Sht>*("m), (10.7)

mi,ny my.ny e, A

Then (10.4) yields

ma,ny ms3,n3 __ m3,n3
Resml,nl ° Resmz,n3 - Resml,nl . (108)

Like Resy;, the functor Res,’”) is also an equivalence of categories if m; > 1.

We define the category of perverse sheaves on the moduli of local Shtukas as
P(Sht, A) := EB P(Shtf*, A), P(Shif, A) :=  lim P(Sht "™, A) (10.9)
éem(G) (m.n.p)

where the limit is taken over the triples {(m, n, u) € Z> x & | (m, n) is u large} with
the product partial order. As in [XZ17]], we call objects in P(Sht‘lfoc, A) connected

objects. The connecting morphism is given by the composite of fully faithful functor

my,n
Res, 22

i ’
P(Shti?lc(mhnl),/\) #} P(Shtflc(mz’nZ),A) L P(Shti?,c(mz’nZ),A),
f

For each dominant coweight u and a pair of u-large integers (m, n), we define the

natural pullback functor
et = Rest : P(HIG ™, A) — P(Shty""), A). (10.10)

We observe that P1°0"") commutes with the connecting morphism in (10.9) by
(10.8) and the proper smooth base change. Then we can take the limit and direct

sum of W°" and derive the following well-defined functor

Wlo¢ : P(HK, A) — P(Sht, A). (10.11)
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LetF; € P(Shtl"C E) be connected objects. Itisrealized as 7-:(#":‘"’ ) ¢ P(Shtific(m" M) )
for some y; and some pair of y;-large integers (m;, n;). We define the set of coho-

mological correspondences between ¥ and %, as

Corrgyoc (F1, F2)
@ llm COI‘I’ /l 1()(,(”11 nl) ((ShthC(ml nl) T(ml n])) (ShthC(m2 nZ) TQ’(ZZZZJZZ))) N
gem (G) Ml ’

where the limit is taken over all partially ordered sextuples (w1, u2, A, my, ny, mo, ny)
such that

e (my,ny,my,ny)is (uy +4,4) and (up + A, A)-acceptable,
* i € &, for some &; € m1(G),
e leé.

Let (w1, u2, A, my,ny,my,ny) < (u’l,,u’z,/l’, m}, n’l,m’z,n’z) be another such sextu-

ple. The connecting morphism between the cohomological correspondences

Cortgyssimny (SHG" Fi), (SHE, 7)) (10.12)
.UH/IQ
and
C loc(my,n}) loc(m,n})
Ol‘I‘Sht,p IOC(m/ n/) (Sht Tl /11) (Sht 7:2,/1;) (10.13)

uy ‘/12
is given by first pulling back (4.13) to the Hecke correspondence

Shtloc(m’ n') A,loc(m],n] loc(m,n

17771
g — Sht " — shy "

along the restriction morphism, then pushing it forward to the Hecke correspondence

loc(m{,n})

Sht ,
7

A Joc(my,n})

{—— Sht e — Sht
2

loc(m,n})

1

The connecting morphism is well-defined and can be composed. We refer to [ XZ17,

§5.4.1] for more discussions.
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Chapter 11

KEY THEOREM FOR CONSTRUCTING THE
JACQUET-LANGLANDS TRANSFER

In this chapter, we state and prove the key theorem for our construction of the
Jacquet-Langlands transfer. We will make use of the theory of the cohomological
correspondences throughout this chapter. Instead of explaining all the details, we

refer to [XZ1°7, Appendix A.2] for a nice discussion.

11.1 Preliminaries

Fix a half Tate twist A(1/2). Recall notations {(d) and f* introduced in §1.3.
Throughout this section, we consider the Langlands dual group scheme G over A
of G and its A-representations. The subscripts A will be omitted for simplicity. We
generalize a few notions introduced in previous sections for the sake of stating the

key theorem.

More on Local Hecke Stacks
LetV, = ViRV, ®--- RV, € Rep(@s) and assume that for each i, V; has the
Jordan-Holder factors {V,;,.};.

The integral geometric Satake equivalence (Theorem 8.0.14) Satgs sends V, to an
(L*G ® k)’-equivariant perverse sheaf Satgs(V,) on (Grg ® k)*. We write Gry,
for the support of the external tensor product Sat(V;)&RSat(V,)& - - - ®Sat(Vy). Let
m be a non-negative integer. We call it V;-large if m is p;;-large for each j, and
we call it V,-large if m = my| + my + - - - + my such that m; is V;-large for each
i. For a V,-large integer m, Satg-(V,) descends to a perverse sheaf supported
on Hki,o.c(m) := [L™G\Gry,]. We write S(V)°") for the twist of this perverse
sheaf by (mdimG). Note that S(V,)'°(") is isomorphic to the "x"-pullback of
S(Vy)loctm) g §(V,)loetm) i . . . §(V,)1°¢ms) along the perfectly smooth morphism
Hkif.c(m) — I Hkl‘,(z_c(mi) constructed in (9.9).

In the case s = 1, we have

_ loc(m) _ locm
G}"V1 = U]‘Grﬂlj’ Hkvl = Uij,Ulj .

loc(m)

v,  isof the form U H.Hkiff(m). Via descent, Corollary 8.0.15 gives

In general, Hk
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the following natural isomorphism:

Homg(Va, Wa) = Corryy ot (Hk="™, Sat2™™ (Va)), (HKS "™, Sat ™ (Wa))).

(11.1)
Here and below, we regard V, and W, as representations of G via the diagonal
embedding G — G°.

0 —

Let V, and W, be two representations of G*. We can similarly define Gr, w. =

0,loc(m
Gry, XGr; Grw, and Hkv.lc;;f ) [LmG\Gr8.|W.]'

More on Moduli of Local Shtukas

Let V, € Rep(G?*). For a pair of non-negative integers (m, n), we can generalize the
notion of ue-large and define the notion of V,-large. Let (m, n) be a pair of V, and
loc(m,n)

W,-large integers, we can define the moduli of restricted local Shtukas Shty,

and Shtifjgz’”). Similar to Hk{?f, the stacks Shtlvo.c(m’") and Shti/ojg",':’") can be regarded

as unions of Shtiff(m’") and unions of Shtifcim’"). We have the natural forgetful map
plocmm + ShEoe™ ™ — HKP, (11.2)

Choose a pair of V,-large integers (m, n) such that n > 0. Write
S(‘Z)loc(m,n) - \Ploc(m,n)(sat(v.)loc(m)) c P(Shtloc(m’”),/\)

for the pullback of Sat(V)!°*") along the morphism '™ (up to a shift and
twist). For s = 1, S(V)"¢"" represents the perverse sheaf S(V) := W(Satg (V)) €
P(Sht*, A).

Consider the front face of the diagram (10.5). The second and third vertical maps
are perfectly smooth. Pulling back the cohomological correspondence on the right

hand side of (11.1) to the upper edge and pre-composing it with (11.1), we get the

map

CI%m) . Homys (Va, W) — COIT, atecinan (S(Va)S00) §(W, ety (11 3)

Ve |We

The map C'°°"" is compatible with the compositions at the source and target, and
we refer to [XZ17, Lemma 6.1.8] for the proof.

Let V, € Rep(G*) and W € Rep(G). We call a quadruple of non-negative integers
(my,ny,my,ny) Ve ® W-acceptable if

* mp—my=ny —nyis W—large,
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* (my,ny) is V,-large.

For a quadruple of V, ® W-acceptable integers (m, ny,m,n;), we can construct
the partial Frobenius morphism

Fy gyt ShLommim) — Sheioeinar2) (11.4)

similar to (10.1). Here, oW is the Frobenius twist of W as in Remark 8.0.14.

Let V1, V5 € Rep(G). For any projective object W € Rep(G), choose a quadruple of
(V1 ® Vo, @ W) m W*)-acceptable integers (my, ny, my, ny). We define the following
stack

ShtW,loc(ml,nl) — Shtloc(ml,nl) Shtloc(ml.nl) (1 15)

: N X oy Joc(my,ny) BN
VilVa ViloW*R(cWeV)) Sht((rW@Vl)IZW* (cWeV))rW*|V,

The Category Coh? (Go)

Recall from Remark 8.0.14 that the Langlands dual group G is naturally equipped
with an action of the arithmetic Frobenius o-. Consider the o-twisted conjugation
action of G on G. We denote by Coh? (Go) the abelian category of G-equivariant
coherent sheaves on the (non-neutral) component Go= c G = . Equivalently,
Cohé(éa) can be regarded as the abelian category of coherent sheaves on the

quotient stack [Go-/G] where G acts on Go- by the usual conjugation action.

Let V € Rep(G) be an algebraic representation of G. There is an associated vector
bundle on Go with global section O¢ ® V. Consider the following action of G on
Og ® V. Forany g € G and (f,v) € Os®V, g (f,v) = (gfc(g),gv). The
associated vector bundle thus gives an object V € Coh® (Go).

11.2 Key Theorem
The following theorem is an analogue of [XZ17/, Theorem 6.0.1].

Theorem 11.2.1. Let Vi,V € Rep(G) be two projective A-modules. Then there

exists the following map

Sy, v, : Hom V2) — Corrgy o (S(V1), S(V2)), (11.6)

Coh% (Gor) V1,

which is compatible with the natural composition maps in the source and target.

We prove this theorem in the rest of this section.
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We give an explicit construction of Sy, y,. Consider the following canonical iso-

morphisms

Hom (V1, V) (11.7)

Cohc(éo)
=Homo, (O¢, ® V1,0g, ® V2)°
=~Hom(V], OGO‘ ® Vz)é
=(Vi ® Op, @ V)°.

Let W € Rep A(C A) be a projective A-module with A-basis {e;}; and dual basis

{e}}i. We construct the map

®w : Homg, (V1,cW*®V,8W) = Homg (Vi, Hom(cW®W*,V,)) — Hom (V1,Va),

Coh® (Go)

by sending a € HoméA(Vl, oW* @V, ® W) to the V| ® V,-valued function Oy (a)
on Go defined by

(Ow(a)(g))(v1) = Z(a(w))(gE? ® ei).

It suffices to construct the map
Cw : Homg (Vi,oW @ W® V;) — CorrShtloc(S(\Z), S(Va)).

for every W ¢ RepA(GA). Let a € Homg(Vi,ocW* @ W ® V;). We have the

following coevaluation and evaluation maps:
Oow: 1> oW @cW,ey : WRW" — 1.

Choose a quadruple (my,ny, my, ny) of (Vi @ V, ® W) ® W*-large integers. Then
the map C'°("1) defined in (11.3) sends a to the cohomological correspondence

ClOC(ml,nl)(a) : S(Vl)loc(ml,nl) SN S(O'Wd* = (\72 ® ﬁ/))loc(’"l’"l). (11.8)

The partial Frobenius morphism (11.4) gives rise to the cohomological correspon-
dence (cf.[XZ17, A.2.3])

DI,  S(CWFR(V,@W))1CUmm) s §((V,@ W)mW*)loctmm) (11 .9)

(W eVy)mW *

Finally, C'°¢(2) sends id ® ew to the cohomological correspondence

Cloemm) (id @ ew) : S((Va ® W) & W)l —s §(Vy)leemam) - (11.10)
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The composition of cohomological correspondences (11.8), (11.9), and (11.10)

yields a cohomological correspondence

~ — toc(ms,
Cw(a) € Corrg, wioctm;.ny) (S(Vp)loctmn) g (i) oc(ma.n2)

ViV,

).

The construction of the map Sy, v, can be summarized in the following diagram

Sv,.v,

Hom (V1,V2) == == mmmmmm ot > Cortgyee (S(V1), S(V2)

CohC (Gor)
Cw
Ow

Homg (Vi,oW* @V, ® W)

We prove that the cohomological correspondence constructed in the previous section

is well-defined and can be composed.

Let a’ denote the image of a under the canonical isomorphism Homg (Vi,ocW* ®
V2 ® W) = Homgz (oW @ V) ® W™, V).

Lemma 11.2.2. Let X, Y, Wy, W5, W;, Wé be representations of G, and 1® f:
WieW, - Wi ®@W) bea G x G-module homomorphism. Letb € Homg (X, oW ®
Y ® W1) and b’ € Homg (Y ® W) ® W], Y). We omit choosing appropriate integers

(m;, n;) for simplicity. Then we have
C(b'o(id® /28 f1))oDI;._;oC(b) = C(b')oDI',_, oC((0 fi0id® f2)ob). (11.11)

In particular, the cohomological correspondence Sy, v, (a) equals to the composition

of the following cohomological correspondences:
C(ow ®idy,) : S(V1) — S(eW* ' (e W @ V1)),

DF;(vlmvl)xw* S(eW* R (oW @ V})) — S((oW ® V) ®m W*)

c@):S(cWeV) ' W) — S(V).

Proof. Consider the following diagram

~ C(b —_— ~ o~ DI',._ ~  — —
sX) —® s som eV ey — s ST oW, W)
C(b’o(id®fr®f1))

C(o f19id® fr) C(id® /2R f1)

C((o f20id®fi)ob) —_— - — o) g - - — —
S(cW[ @Y W) ——— S(Y o W) @ Wj) W) S(Y)
(11.12)
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The bent triangles on the left and right are clearly commutative by Corollary 8.0.15.
It suffices to prove that the rectangle in the middle is commutative. But this is a

direct consequence of [XZ17, Lemma 6.1.13].

Let X =V, Y =1, Wy = W{ =W W, = 0'W®V1,Wé =W ®YV, Writea”
for the image of a under the canonical isomorphism Hom(cW ® V| @ W*, V,) =
Hom(cWQ@V|,W®V,). Takeb = 6,y ®id, fi = id, and f, = a”. Then the second

assertion follows from the above commutative diagram. O
Lemma 11.2.3. Forany a € HomG(Vl, V), the construction of Sv,.v, is indepen-
dent from the choice of

(1) projective A-modules W € Rep A(G A)»

(2) a € Homg (Vi,oW* @V, ® W), such that Oy (a) = «,

(3) (Vi ® V) ® W r W*-acceptable integers (my, ny, my, ny).
Proof. The proof is completely similar to that of [XZ17, Lemma 6.2.5], and we
briefly discuss it here.

We start by proving the independence of (3). Choose another quadruple of (V| ®
V2) ® W ® W*-acceptable integers (m’l, n’l,m’z, n’z) > (my,ny,my,ny). We have the

following diagram of Hecke correspondences

Shtloc(mi,n’l Sht/l,loc(mi,ni) Shtloc(mé,né)
Vi ViVa V2
m/ l‘l’ m' I’l/ m/ I‘L/
resmi ,,111 resmi ,,,11 res,n%!,%2

loc(my,ny) Aloc(my,ny) loc(my,ny)
Shty ¢ Sheyloelmm) e,

This is the upper face of diagram (10.5). As we discussed in §10, all the vertical
maps are smooth, the two squares are commutative, and the left square is Cartesian.

Then Cé;c(mi’ni) (a) equals the pullback of Cé;;c(m"”‘) (a) along the vertical maps.

Next, we prove the independence of (1) and (2) simultaneously. Consider that G
acts on the filtration of Og by right regular representation. Then O is realized as
an ind-object in Rep, (G). Let X € Rep,(G) be a projective object and we denote
by X the underline E-module of X equipped with the trivial G-action. Consider the

following G-equivariant maps

ay : X = Og ® X, x = ax(x)(g) := gx,
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my : X" ®X — Og, (x*,x) = mx(x",x)(g) :=x"(gx),

where we identify Og ® X as the space of X-valued functions on G in the definition

of ay and my. Taking X = W, we have the following G x G-module maps
W @V ®W -5 W @006 ® V2 ® W 5 006 ® Va ® Og.

The map G x G — Go, (g1,82) — o(g1)~'o(g2)o induces a natural map d, :
E[Go] — 00 ® Og which intertwines the o-twisted conjugation action on
E [Gcr] and the diagonal action of G on rO;®0;. For any @ € Homg(Vy, Og®V2),

denote by o’ the image of a under the following map
Homg (V1,06 ® V2) d_(,) Homg (V1,006 ® V> ® Og).
Direct computation yields the followings
(mwoasw:)oa =d,(a): Vi - 00 ® V>, Og,

and

idy, ®ew =ev( o (mwoaw:) : Vo @WW" — Vs,
where ev(j ;) denotes the evaluation at (1,1) € G x G. In Lemma 11.2.2, let
Wi@W, =We W, W eW) :=0c®O0g, fi ® f2 := myoay-,b:=a, and
b’ :=ev(y,1). Then we have

Cw(a) = C(idv2 ® ew) o DF;,I oC(a)

(V,@W)=W *

=C(ev(,) o DI, o C(dys(a')).

(V,©0)805
We see from the last equality in the above that Cy(a) depends only on @ and the

lemma is thus proved. O

We claim that our construction of Sy, y, is compatible with the composition of

morphisms. More precisely, we have the following lemma.

Lemma 11.2.4. For any representations Vy,V,, V3, let 1, 52,83 € RepA(GA) be
projective A-modules, and we have the following commutative diagram

¢

HomCOhG(GU) (‘71’ ‘F72) ® HomCOhG(G(r)(‘Ffz’ ‘7:3')

T T

Homé(O'Sl VI ® S;,Vz) ®Homé(0'52 ®V) ®S*,V3) i} HomG(O'Sz ® oS ®V ®ST ®S;,V3)

\LCSI &Cs, \LCS 19S5)

Corrgioe (S(V1), S(V2)) ® Corrgyiee (S(V2), S(V3)) ——2——% Corrgy e (S(V1), S(V3)).
(11.13)

> Hom 6 ¢ (V1,V3)
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Here

e the unlabelled vertical arrows are given by the Peter-Weyl theorem
® ¢ is the compositions of morphisms in COhG(éU)
o ¢" is the composition described in §10.2

e ¢'(ay ® ay) is defined to be the homomorphism

idg-s2 ®a1®idS; a
0$5H008510VI®S|®S; ——— 0$H0W e85, = Vi

Proof. The lemma can be proved following the same idea in the proof of [XZ17,
Lemma 6.2.7]. O

We study the endomorphism ring of the unit object in P(Shtg":, A). This will be

used to prove the "S = T" theorem for Shimura sets in §12.3.

loc(m,n)

0 The group
theoretic description of the moduli of restricted local Shtukas (cf. [XZ17, §5.3.2])

implies that Shtg’c(m’”) is perfectly smooth. Thus §; may be realized as

Let 01 denote the intersection cohomology sheaf ICy on Sht

S = A{(m — n) dim G) € P(Shty """, A)
for every m > n. Fix a square root ¢'/2.

Corollary 11.2.5. (1) There is a natural isomorphism
Corrgytoc (01,01) ~ Ho.E

where Hg g denotes the Hecke algebra C°(G(O)\G(F)/G(O), E).

(2) We denote the map

SO[GO’/G]’O[GU'/G] . EndCOhG(éO') (O[GU/G]) — Corrshtloc (51, 61)

by So for simplicity. Under the isomorphism in (1), the map So®idg ;12 4172

coincides with the classical Satake isomorphism.
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Proof. Recall the definition of the Borel-Moore homology H?M(X ) for a perfect
pfp algebraic space which is defined over an algebraically closed field (cf. [XZ17,
A.1.3]). Assume X; and X3 to be perfectly smooth algebraic spaces of pure dimen-

sion. Let X; <~ C — X, be a correspondence. Then

Corrc((Xl,E<d1)), (Xz,E(dz))) (1114)
:HOIIlD;;(C’E) (E<d1>, wc<d2 —2dim X2>)

_1BM
_H2 dim Xo+d;—d; (C) :

Then if 2dim C = 2dim X; + d; — d», the cohomological correspondences from
(X1, E{dy)) to (X», E{d»)) can be identified as the set of irreducible components of

C of maximal dimension.

For a perfect pfp algebraic space X of dimension d, define I to be the set of top-
dimensional irreducible components of X. Then HEM(I) is the free E-module
generated by the d-dimensional irreducible components of X, and thus can be
identified with the space C(I, E) of E-valued functions on /. The map f +—
2.c;er S (Ci)[Ci] establishes a bijection

C(I,E) = HBM(X). (11.15)

With the above preparations, we get an isomorphism
7'{G,E = COl‘rShtloc (51, 51), (1 1.16)

via a similar argument as for [XZ17, Proposition 5.4.4], and we finish the proof of
(D).

To prove part (2), we first note that the statement holds for £ = Q, by [XZ17,
Theorem 6.0.1(2)]. We sketch the proof here. Let u be a central minuscule
dominant coweight, and v be a dominant coweight such that o(v) = v. Choose
(my,ny,my, ny) to be (v + u, v)-acceptable. Take a € Homys(V, ® V, ® V,+, V) to
be the map induced by the evaluation map e, : V,, ®V,» — 1. Consider the following

diagram

oxid

pt <—— Gr<y» L} Greys X Greyr <——— Gryp X Greye (L Gr<y» — pt.
Recall the cohomological correspondences 6y . and ey . definedin [XZ17, §A.2.3.4].
Then C‘I,(ic(ml’n')(a) = dic,. oI, 0 erc,. € HoM(Gry+(k)), and the cohomologi-
cal correspondence C‘l,tc(ml’"l) (a) can be identified with the function f on Gr,-(k)



73

whose value at x € Gr,«(k) is given by tr(¢, | Sat(V,+)z). Then up to a choice of
1/2
q

phism.

, the map Sp o ®q, idg,41/2,4-1/2 coincides with the classical Satake isomor-

Now we come back to the case E = Z,;. Write Q for Q¢[¢'/?,g~'/?]. The above

argument shows that
So®0: EndCth(GU)(O[éU/G]) ®z, 0 - COI‘I‘Shtloc(51, 01) ®z, 0
coincide with the classical Satake isomorphism. Note that
- A6
EndCOhG‘(GAO_)(O[GAO-/(;]) ®z, O = Zy¢ [G] ®z, O,

where G acts on G by the o-twisted conjugation. Considering the Satake transfer
of the image of Z-basis of Z,[G](®) in Z;[G]®) ®z, Q, we conclude the proof of
(2). O
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Chapter 12

COHOMOLOGICAL CORRESPONDENCES BETWEEN
SHIMURA VARIETIES

In this section, we adapt the machinery developed in previous sections and apply it
to the study of the cohomological correspondences between different Hodge type

Shimura varieties following the idea of [XZ17].

12.1 Preliminaries

Let (G, X) be a Shimura datum and E be its reflex field (cf. [Mil05]). Let K C
G (Ay) be a (sufficiently small) open compact subgroup and denote by Shg (G, X)
the corresponding Shimura variety defined over E. Fix a prime p > 2 such that K,
is a hyperspecial subgroup of G(Q,). We write G for the reductive group which
extends G to Z(p) and such that G(Z,) = K,,. Choose v to be a place of E lying
over p. We write Og () for the localization of O at v. Results of Kisin [Kis10]
and Vasiu [Vas07] state that for any Hodge type Shimura datum (G, X), there is
a smooth integral canonical model Sk (G, X) of Shg (G, X), which is defined over
Ok, v)- Let k, denote the residue field of O, and fix an algebraic closure k, of
k,. We denote by Sh,, x := (Sk(G, X) ® k, )P the perfection of the special fiber of
Sk (G, X). The perfection of mod p fibre of Shimura varieties and moduli of local
Shtukas are related by a map loc,, : Sh, ¢ — Shti?c. The construction of loc), is via
a G-torsor over the crystalline cite (Sk x, /OE,v)cris and we refer to [XZ17, §7.2.1]
for a detailed discussion. In the Siegel case, it may be understood as the perfection
of the morphism sending an abelian variety to its underlying p-divisible group. We
need the following result of Xiao-Zhu [XZ17, Proposition 7.2.4] for our proof of

the main theorem.

Proposition 12.1.1. Let (m, n) be a pair of u-large integers. The morphism
loc,, (m,n) :=res,, , o loc, : Sh, — Shtifc(m’")

is perfectly smooth.

Etale Local Systems on Sh,, x

Let £ # p be a prime number. Assume that p : G — GLq,(W) is a Q-

representation of G. If K C G(Ay) is sufficiently small, we associate an étale
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local system L;w on Sh, x to W following the idea of [LZ17, §4] and [Mil90,
§111.6] as follows.

Write K = K,K¢ with K, ¢ G(Q;) and K¢ ¢ G(A?). The representation p restricts

toar epresentation

Pk, + K(Qr) = G(Qr) = GL(Wq,).

Note that K(Q) is compact, and there exists a lattice Ay, C Wg, fixed by K(Qy).

Now we vary the levels at £. Define
K" =K/ N pgio, ({8 € GL(Awy) [ g =1 mod £"}).

Then we get a system of open neighborhoods of 1 € G(Qy). For each n, the

construction of Ké") gives rise to a representation
Pk, Ke/K" — GL(Aw.e/C"Aw.e).

The natural projection map Sh — Shy, g, k¢ is a finite étale cover with the

wk" K¢
group of deck transformations being K,/ K;"). Then the trivial étale Z/{"Z-local
system Shy,Kén) xe X Aw /" Aw ¢ on Shﬂ, K"K gives rise to the étale Z/{"Z-local
system

(m
o Ke/K
Lw.en:=Sh, o pe X K Aw e /€ Awy.
e

Let
Lz, =1im Ly cn. (12.1)

n
This is an étale Z,-local system on Sh,, . It can be checked that Ly g, := Lw 7z, ®Q
is an étale Q-local system on Sh,, ¥ which is independent of the choice of A,.

12.2 Main Theorem

Let (G, X1) and (G», X») be two Hodge type Shimura data (cf. [Mil05]]) equipped
with an isomorphism 6 : Gy 4, = Gya,. Let {;} denote the conjugacy class of
Hodge cocharacters determined by X; and consider them as dominant characters
of 7. In particular, u; and p, are both minuscule. Then [XZ17, Corollary 2.1.5]
implies that there is a canonical inner twist g : G; — G, over C. Recall notations
in §1.3. We define y; 4q to be the composition of y; with the quotient G — G,4 and

consider it as a character of T.. We assume that

1,ad ATo,— M2,ad N
Hrad |y gro)= #aaa | gra)
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It follows from [XZ17, Corollary 2.1.6] that Yr comes from a unique global inner
twist ¥ : GlQ — GzQ such that ¥ = Int(%) o 6, for some 6 : Gia, = Gop, and
he Gzyad(Af).

We assume that K; € G(A ) to be sufficiently small such that 6K; = K5. Choose a
prime p such that K, , (and therefore K ) is hyperspecial. Let G; be the integral
model of G; g, over Z;, determined by K; ,. Then G| ~ G, and we can thus identify
their Langlands dual groups (G,E, T). Choose an isomorphism ¢ : C ~ Qp. Let
v | p be a place of the compositum of reflex fields of (G;, X;) determined by our
choice of isomorphism ¢. We write Shy,; for the mod p fibre of the canonical integral

model of Shg, (G, X;) base change to k,. We make the following assumption

Iul |Z(GFQ1’): ’u2 |Z(GFQ17) * (122)

The assumption guarantees the existence of the ind-scheme Shy, |, which fits into

the following commutative diagram

n 7
Shﬂl,lﬁ % Sh/l1|/l2 % Sh/xz,Kz

loc,, loc,, (12.3)
“loc Zloc
loc M1 loc H2 loc
< T
Sht Shtl* Sht'

and makes both squares to be Cartesian.

Remark 12.2.1. In the case that (G1, X1) = (G2, X3), Shy, |, is the perfection of the
mod p fibre of a natural integral model of some Hecke correspondence. If (G, X) #
(Gr, Xp), then Shy;, ., can be regarded as “exotic Hecke correspondences”™ between
mod p fibres of different Shimura varieties. We refer to [XZ17, §7.3.3, §7.3.4] for a

detailed discussion.

Let (G;, X;) i = 1,2,3 be three Hodge type Shimura data, together with the iso-
morphisms 0; ; : G;a, =~ G a, satisfying the natural cocycle condition. Choose a
common level K using the isomorphism 6, ;. Let p be an unramified prime, such
that the assumption (12.2) holds for each pair of ((G;, X;), (G, X;)). Choose a half
Tate twist Qg(1/2).

Let V; := V,, be the highest weight representation of CA?Q(, of highest weight y;.

Write V; € CohéQe’(GQfa) for the vector bundle associated to V; analogous to
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§11.4. Recall from §12.1 that, to each representation W of Gg,, we can attach the
étale local system Ly g, on Shy,. Let d; = (2p, u;) = dim Shx (G, X;). Denote the
global section of the structure sheaf on the quotient stack [Go/G] by J, and the
prime-to-p Hecke algebra by H?.

Theorem 12.2.2. There exists a map

Spc : Hom )(Vl, V1) — Homgre g (H:(Shy,, Lw.g,{(d1)), H:(Shy,, Lw.q,{d2)),

(12.4)

Coh“ (G, o
which is compatible with compositions on the source and target.

Proof. Choose a lattice A; € Repy, é,(GAZf) in V;. We denote by K, € CthZf (GZ[O')

the coherent sheaf which corresponds to A; asin §11.1. Then

Ho (1, V) = Homg, (Vi, V2 ® Q[G]) (12.5)

M con%er (Go,0
~Homg, (A1 ®z Qr, (A2 @z Z([G)) ®z, Qr)
~ HomGAZZ (A1, A2 ®7, Z¢[G]) ®z, Q¢

~ Hom )(7\7,;\;) ®z, Q.

Coh“%¢ (G2,

By Theorem 11.2.1, we get a map

SAIJ\Z : HomCthZc (GZBO') (Al, AZ) - CorrSht1°° (S(Al), S(AZ)) (126)
Combining (12.5) with (12.6), we get the following map
Hom,, ' 64, (GAQ(,U)(VI’ V) — Corrgpioe (S(A1), S(A2)) ®z, Qr. (12.7)

Choose a dominant coweight v and a quadruple (m, ny, my, ny) thatis (u; + v, v)-

acceptable and (u + v, v)-acceptable. We have the following diagram

—

—

hl‘l hl‘Z
z v \
Shy, < shr > Shy,,
loc,, locy, loc,,
b (h—loc ' 71)10‘: b
loc M1 v,loc H2 N loc
Sheloe < She7'e y Shdo . (12.8)
188my.ny resh n €Sy
. v <—oc(my,ny) 1\/ —loc(my,ny) . v
M H2
Sht oc(my,ny) : Sht” oc(my,ny) \ Sht oc(map,ny)
H Hilp2 H2

where
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* all squares are commutative (discussions on diagram (10.5) and diagram
(12.3),

* except for the square at the down right corner, and the other three squares are

Cartesian (discussions on diagram (12.3) and diagram (12.5),
* the morphism <h_u1 is perfectly proper ([XZ17, Lemma 5.2.12]),

* the morphisms loc, (m;, n;) are perfectly smooth (Proposition 12.1.1).

Then the morphism loc),(my, n1) := res;, , o loc, is also perfectly proper. Thus

mip,ny

we can pullback the cohomological correspondences (cf. [XZ17, A.2.11)]) on the
right hand side of (12.6) along loc),(m,n1) to obtain a map

locy (mi1,n1)* : Cortgyee (S(A1), S(A2)) = Corrsny (loc, (m1,n1)*S(A1), loc, (ma, n2)* (S(A2)).

Note that y; are minuscule, then the x-pullback of S (Ki) along loc, (m;, n;) equals

Z¢{d;). Next, we construct a natural map

Cw : CorrSh" ((ShupZ€<d1>), (Shy,, Z¢(d2))) — COTTShZH#2 ((Shy,, Lwz,{d1)), (Shy,, Lwz,{d2))).
(12.9)
For each n € Z*, we note that there exists an ind-scheme Sh'™  which fits into the

Hilp2
following commutative diagram such that both squares are Cartesian

<-(n) _’(n)
v,(n)
o LI SN
Sh K(n) K[ Sh,u] |,Ll2 Sh K;,n)K[
ry p" 24
— —)

M1

Shy, < e, Shy,.

,U1|/12

Here the three vertical maps are the natural quotients by the finite group K/K; and

are thus étale.

Let (fu)n : (<h_ﬂ1)*(Z/{’”Z(d1))n — (_h>ﬂ2)!(Z/€”Z(d2))n be a cohomological cor-

respondence in Corrgyy ((Shy,,Z¢(d1)), (Shy,,Z¢(d>))). For each n € Z*, the
11H2

shifted pullback (cf. [XZ17, A.2.12]) of f,, gives rise to a cohomological correspon-

dence
fo: (WY (2 zdyy) — (B ) (20" Zdn))
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in COerh;,](lrgz ((Sh#l’K;n)Kf,Z/f”Z(a’l)), (Shm’K;n)K(,,Z/f”Z(dz))). For any repre-
sentation W of Gq,, recall the Z/¢"Z module Aw ¢/{" Aw ¢ constructed in §12.2. The
cohomological correspondence f,, gives rise to a cohomological correspondence
gn € Corrgv.m (Shm,thmﬂ X Aw,e/C" Aw ¢{d1), Shm’thme X Aw,e/C" Aw ¢(d2)).

Hylpo

In addition, the cohomological correspondence f; is K¢/K é")—equivariant. Then it
follows that the cohomological correspondence g, is also K /Ké”)-equivariant and

descends to a cohomological correspondence

gn € COHVsn;l " ((Shy,, Lwen(d1)), (Shy,, Lw en{d2))).

Defining Cw ((f,)n) := (gx)n completes the construction of Cyy.

Compose the maps we previously construct,

COI'I'Shtv,loc(ml,nl) ((Shtij)lc(ml,nl)’ S(E)loc(ml,nl))’ (Sht}t?lc(mz’nﬂ, S(;\;)loc(mz,nz)))
Hylug

(12.10)

IOC; (ml,nl)*

—>C0rrShl‘:1|“2 ((Shy,, Z¢(d1)), (Shy,, Z¢{d>)))
C
—>Corrspy | ((Shy,. Lw.z,(d1). (Shyy, Lz, (d2)))
—>H0me (Hc(Sh/u ) LW,Z( <dl>)’ Hc(Shp27 LW,Z{ <d2>))

We justify that the composition of mapsin (12.11) factors through Corrg oc (S V1), S(V2)).
Note that the proof of Lemma 11.2.3.(3) and the definition of loc), (m, n1)* imply
that for a quadruple (m},n},m},n}) of (u; + v,v)-acceptable and (uz + v, v)-
acceptable integers, the functor loc}’) (m1,n1)* commutes with the connecting mor-
phismin (10.12) (with u,u3,4 fixed). Letv < v and (m’1 , n’l , m’z, n’z) be a quadruple
of non-negative integers satisfying appropriate acceptance conditions. The proper
smooth base change shows that loc, (m}, n})* commutes with enlarging v to v'. In
addition, the proper smooth base change together with the construction of €y show

that the following diagram commutes:

G
COHSh;M((Shm,Zf(éll)), (Shy,, Z¢(da))) ——> COHSh;M((ShM,Lw,zg<d1>), (Shy,, Lwz,(d2)))
Ty Ty

c
COTFSh;' ‘#2((Shulaza’(d1>), (Shy,, Ze{da))) —— COHSh;’ " ((Shy,, Lwz,{(d1)), (Shy,, Lwz,{d2))).
1 1
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Thus the map Gy is compatible with the enlargement of v. Finally, by [XZ17,
Lemma A.2.8], the composition of maps H} o €y commutes with enlarging v to v'.

We complete the proof of the statement at the beginning of this paragraph.

Composing (12.7) with (12.11), we get a canonical map

Ho )071, V2) — Homgyp (H:(Shy,,, Lw.g,(d1)), H:(Shy,, Lw.q,{d2))).

(12.11)
The fact that (12.9) is compatible with the compositions of the source and target

m. G
Coh“% (G,

can be proved in an analogous way as [XZ17, Lemma 7.3.12], and we omit the
details. Then the action of J naturally translates to the right hand side of (12.9)

and upgrades it to our desired map

Spe : HomCOhG(G‘U)(Vl, Va) — Homyre g (H:(Shy,, Lw.g,(d1)), Hi(Shy,, Lw g, (d2))).
O

As discussed in loc.cit, the action of J on H((Shy,, Lwq,(d:)) is expected to
coincide with the usual Hecke algebra action, which may be understood as the
Shimura variety analogue of V. Lafforgue’s "S = T" theorem (cf. [Lafl8]]). We

prove this in the case of Shimura sets.

Proposition 12.2.3. Let Shg (G, X) be a zero-dimensional Shimura variety. Then
the action of J on H;.(Shy,, Lw q,(d:)) is given by the classical Satake isomorphism.

Proof. Let f € J. Since the Shimura variety we consider is zero-dimensional, it
follows from [XZ17, A.2.3(5)] that the cohomological correspondence loc; (So(f))

can be identified with a Z,-valued function on Sh,|,. By our construction of the

map Spc, this function is given by the pullback of a function f’ on Shtiﬂi

G(Z,)\G(Q,)/G(Z,). Corollary 11.2.5(2) thus implies that the function f’ is
exactly the function So(f) € Hg g[p-1/2,,1/2) Which is the image of f under the
classical Satake isomorphism.

For any n € Z*, take W = ZZ‘. Recall our construction of €y, the cohomological
correspondence f,, is given by a finite direct sum of the function locl’; (So(f)) since
the Shimura variety we consider is a set of discrete points. Then the action of
Spe(f) on H.(Sh,, Lw.q,(d;)) is given by the classical Satake isomorphism. For
general W, we take resolutions of it as in (12.10), and the statement follows from
the case W = Z;. O
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12.3 Non-Vanishing of the Geometric Jacquet-Langlands Transfer

In Theorem 12.2.2, we constructed the geometric Jacquet-Langlands transfer

Spc : Hom | (V1,V2) = Homyire, g (HE(Shuy, L., 1), He(Shya, L, (da)).

CthQl’ (GAQZO'
It is natural to ask when this transfer map is nonzero. We discuss this issue in this
section. The idea essentially follows from the discussion in [XZ17, §7.4], and we
briefly sketch it here.

Assume that Sh,, x,(G1, X1) is a zero dimensional Shimura variety. The Jacquet-

Langlands transfer map induces the following map
JLi2(a) - HY(Shy,, Lw.g,) = Hi(Shy, L., (d2)).

for a € Hom (V1,Va). Let a’ € Hom (Va, Vi)be the mor-

Coh“Qr (GQ( op) Coh“Qr (CQ[ op)

phism such that the induced map
JLZ,] (a/) . H;(Shﬂza LW,Q[ <d2>) - Hg(Sh/ll s LW,Q()

is dual to JL »(a) when viewing it as a cohomological correspondence (cf. [XZ17,
§A.2.18)).

The composition map JL, (a") o JL;2(a) gives rise to an endomorphism of f/;: €

Go, (A A —
Coh™% (Gq,0). By [XZ17, Theorem 1.4.1], the hom spaces HochhGQf (o) V1, Va)

and Hom )(X72, V1) are both finite projective J-modules. Thus it makes

Coh“Qr (GAQZ(T
sense to consider the determinant of the pairing

Ho (V2,V}) ® Hom Vi,Va) = F. (12.12)

m A N ¢ N
Coh® (G, 0p) Coh®% (G, o)

In particular, this determinant can be regarded as a regular function on the stack
[GQ{?O‘,,/GQ[]; for a detailed discussion on the pairing (12.12), see [XZ19].

By Theorem 6.1.2 in loc.cit, we conclude the following result:
Theorem 12.3.1. Let nty be an irreducible Hy-module, and let
H2(Shy,, Lw.q,)[7f] := Homgy, (77, HY(Shy,, Lw.q,)) ® 7y
denote the r g-isotypical component. Then, the map
JLi12(a) : HY(Shy,, Lwg,) = HE (Shy,, Lw.o,)

restricted to H(C)(Shﬂl,ﬁw,@[)[ﬂ ¢l is injective if the Satake parameters of my is
general with respect to 'V, in the sense of [XZ17].
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