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Art !'1' rtiVlEI' I ZED 'l' .H. I GO NO ME."11 RIC AL EXP aN SI 0 NS 
OF DOUBLY PERIODIC FUNCTIONS OF THE THIRD ~IND. 

We present a method of expanding the members of a cer­

tain class of functions, doubly periodic of the third kind, due 

to Appell. 1 An extension of the details is given, and the method 

is used to obtain the expansions of those nur:.:.bcrs of the class 

considered whose complexity, in a technical sense, is within an 

arbitrary chosen range. The details in the expansion of any 

member of the class are discussed and some information is ob-

tained as to the general form of the result. 

-I-

The functions considered are f onned from the small 

theta functions of Jacobi. The following notation2 is adopted 

for the theta functions: 

(I) 

,,,.=- . 
/)( ) _ ~ &!!J:L JLa;!J.l (,e/f1 + 1) l ;c 

!VJ ~' g -z_-1J J e 
"'111--0 

,,.,. =-
,J (;:, /) = 'j__('" .. "~'er.r ... .,.,Ji r:. 

~=-~ 

J.(~, t> = l]me,?,.,,~ 
...... =-"'° It I< I 

( 1) Sur ies Fonctions Doubiement Periodiques de 'i'roisieme Esp'ece. 
Anna.le s Scientifique de L 'J<~cole Mormale Superieu,re, Third Series, 
Vol. 1,. 1864, p. 135. , 
Developpements en Series des Fonctions Doublement Periodique:§. Loe. 

_cit. Third Series, Vol. II, 1885, p. 2. 

-1-



and the functions considered are of the form 

'~ F~J = ~t11ti!J.~(iJ ~(~J .~/n~ 
where !?1oJ M,J mzJ "113 are integers, including zero,· such that 

/J1o r/11, t/17,._+m.1 "'o • The usual conventions, .~. (~J = ~ { i!..) 'J) 
and · di :: ·~ (o) are used. 

A doubly periodic function of the third kind3 is a 

nniform function of ~ which :satisfied the equations of definitior, 
a~ -+-1. , f < ~ -+ r, J = e tt~J 

(3) I I 

"°a % +6 "- i:r' fli+-~) = '- r#iif 

tit t! 
where the quantities ~ and~ are called the periods ofAfunction. 

It is easily verified that F~ ia a. doubly periodic function of 
. .,. 

the third kind. For defining -r by the equation f = e' 7r , and re-

placing F~J by its value in terms of the JI , we see that F(;!J 

satiaf iea 

(4) 

which are of the form (3). 

The method followed in the present paper, as stated, 

is due to Appell. In the series of papers cited, Appell solves 

completely the following problem: 

Biven a function, G(~) , which is uniform and mero­

morphic and which satisfies the equations 

(5) -z,,,,,,, ,· j! 

G ( ( + ,,.r J = e G (~J 
;m. ~~~o 

Sur les Fonctiona Doublement Periodiq11e de Troisieme Espece. Loe. 
cit. Third ~~eriea, Vol. III, 1886, p. 2. 
( 2) Jacobi, ''rVerke, Vol. I, p. 501. 
C 3) Krause, Theorie der Doppel tpriodischen !'unctionen einer Ver-
anderlichen Grosse, Vol. l,_f.: 59. · 



to exhibit G(i!J as a au of simple·elements. each eleinent having 

but.one singularity in a period parallelogram, and an integral 

.function of~. Hav1ng solved. this problem Appel1·1nclioates how 

this method of expressing G(~J leads, in the case ~ < o, to 

arithmetized trigonometrical ezpansiona b)f giving the details for 

certain values of /n. oJ l'Yf.,, J /'YI~ and /'J'l4 • In the preaent paper the 

general method. or rather the details involved, are given in full 

but are oe.rried out in a slightly different manner. 

It is found, from the point of view of practical appl1-

oat1on of the theo17 to obtain specific expansions. that the 

case 1n· whiohtm.of (5} ia negative is essentially distinct from 

the case in which /)?'\. is positive. PoT /H1 ") o , the integral function 

mentioned above ia in general different from zero. and certain 

constants appear whose determination is given only in terms of 
cert,ain 1nt,egrals. Since no general method of evaluating 'the lat­

ter is given, it would appear 'that Appell• a method ia of l1m11~ed 

use. !his question ia discussed a\ some length in a California 

Institute of Technology dissertation bJ Kr. M. A. Basoco. 

In the case />'-( < o • that 1s for functions of the t11>e of 

Fli!J J Ap])ell's theory leads to completel7 determinate results. 

since the constants which appear are the coefficients in tho prin­

cipal part of the expansion of R~J near each of its poles in a 

cell, and are obtained b7 elementary means. It is evident from 

'the nature of the 'tbeta functions tr.at the integer ~ which is 

associated w1 th Fcx.J represents the excess of the number of zeros 

of the function OTer the number of poles in a cel1. It is readily 

shown that tbia is true of an7 function of the type • 
• A abort account of those parts of Appell' a theory which 

are needed in this paper is g1Ten in the following seotion: 
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-II-

where/A is an integer greater than zero and -r is aa above. It 

is shown that ~(zJ y) conside1NJd as a function of .Y 

(a) ia meromorphic and single value4,and oonvergea 

for. all Taluea of J such \hat y * ~. mod 10 7rr • 

(b) possesses simple poles at those points for 

wbi ch y = ;! mod rJ .,,. r • and 

( c) the residue at y = ~ is -1 • 

The Appell function ~ (~J J) as a function of 'J satisf iea 

(7) 
~(~y+rr) -~("K-,J) 

-~C:y 
R,,M ( z1 y -11rrJ = e Ifµ ( 'kJ y) 

the first of which is eTident from { 6). To establish the second 

' 

c. .,,.r 
'Ne have from 6). recalling that f:: e • 

GO 

~ r=> - ~~\ _9«rm +1J,"·J ~n-i(,ff& +ti ) '- LC:: ! c,,,,_;t { % -y - (/>I + ,, 1TY 

which is 
~..!'-CIO 

( 4 J Appell defines _ . x 
'~ ~ rn' :I' I< ,,AA,.,.., (m -1) 

~{z)y): ?;.£_: {WC{~-y-h~,·K1)]f 

but it is found that the expression (6) lee.de tt simpler expres­
sions ~vith respect to constants when the notation of (1) ia used 
.for the theta functions. 
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Bow 1et Ft~) be any funotion which is uniform. mero-

lllQl'}>hi,Q and which sati'afies 
. ' . F(~ ·t7T) ::: FfZ) 

(8l ~( ~+7rT) = e-<~t'~ Ff~J 
whene ,,µ., as above, is a positive integer. Let Frx.J have in a 

period. parallelogram pol.ea of order ,,t;, at the :points x.- =-at;,,, 

i=<3 ~ ... I', and let the principal part of the expansion of Ftil.J aX :e=o(, 

be given by 

Consider 

(3) 

l'rom ('1) and (8) we see that iMis doubl7 periodic (of the first 

kind) and hence the sum of the residues in a period parallelogram 

is zero. The poles of t (Y J are at ~) 0:0,«.1 • • • · · o(/' • !he residue of 

~ (x, yJ being - / at y = ~ the residue of ~('JJ at y = z is - Ff~) 

To obtain the residue of ~ ('iJ at y =«;. expand R/"'(~ Y) • in 

a 'faylor series about y = o<;, • !hill oan be writ ten 

ll.1,J ~" \_}) :: fl-"J X, o(;j + - -· + /lj,"'( ~Joli} ('J - rt/;.) K . .. ' 
./'· /. K! 

where ;:/Kf~) designates the result o~ placing y =<:('- 1n the .Je. d.. 
~ 

derivative of ~{~ YJ with respect to J • Recalling that the 

principal part of the e~ansion ot RYJ about y =ot;. was 
J,· (.JJ 

\_ R.: 
f_Jz -t:J(, ) " 
"'Sf 

we see that the residue of ~('1) a.t ':I =~, is ! t,·''tx,•«) Rr~1 
(j -1) ! ' 

•I 

Hence applying the result that the sum of the residues of i<"l) 

(I 0) 

in a period,,pa.2'-llelogram we have 

F( ) :: \ \ n;,_·•• ( 7:,«d R~i 
~ ~ ~ 0-01 ' 

is zero 

i..~O J:/ 

This result is of fundamental importance: it gives 
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d.1rectl7 the explicit expression for an7 function of the 't7Pe of 

in 1:erma of the Appell function and its derivatives. and the 

ooeff1o1ents of the terms of the principal parts of the expan­

sions of the function considered near each of its·poles in a 

period· parallelogram. 

i\t thia point the treatment in the present paper 

departs from that given by Appell. not '~n the general theor7 

w)lich, a~ has been shown 1a complete in every respect for the 

tl'J}e of function here considered, but in the details of the 

method uaed in obtaining trigonometrical series for a given 

function from ita equivalent expression in the fonn. {10). The 

preceding he.11 made clear that we are concerned with the Appell 

funotion and 11.:s derivatives at the poles of the function con­

sidered. Appell. in the earlier parts of the papers cited, ob­

tains the first derivative of the ftmct1on b7 direct differen­

tiation under the SUlll'lation sign, but it ia evident tbat Slloh a 

process is not, in general. feasible, owing to the increasing 

number ana oomplexit7 of the terms introduced by the differen­

tiation. Later he obtains expressions6 for R14 ( x + ~r, a ~ ~)) 

~ ( "K. +rt) a), R~(i, tu 1.tf) and ~ ( zJ aJ • wbioh are valid for certain 

range a o! / i-ttJ 
1 

and ar1 thmetizea these results. He doea not ob­

tain the genera1 derivatives of these expressions. but from the 

conte"X-t 1 t seen;a possible that such a step we.a regarded a.a merely 

a detail to be carried out and that it offered no further interest 

( g) A:ppeii gives. for instance. e>O ao L 

2 2 /A/?t ~~l">J~ . -f X. ( l + i 1<', a + ", 1<') = f UYt ~ - 2 f ~ r r>-1 (J - µ "'J . . 
/44 . <{ t I ' -z I . . . · ,.,, =, ~ .. o I f 'I < j e ' < f 

where o< = x-; 11, f = ..&!~~ and the coefficient 2 in the double 

sum is replaced b7ra. when µ: o • 



from the author's point of view which pertains to the theory of 

the function involved, and not to the details in its application. 

It may be remarked in this connection that after the above expres­

sions are found, they are used in several illustfative examples, 

· but that no one of these offers an insten:ce of a pole of higher 

than the first order. Of greater importance is the fact that the 

convergence of the der1,vatives of the Appell function is not dis­

cussed; and indeed if the derived series were not all convergent 

the theory would lose much of its value. 

In the next section expressions similar to those 

above are obtained by a well known device, and from these re­

sults expressions are found for the corresponding forms Ff; • 
These rea~lts are shown to be valid in the same regions.reapec-

tively, as those belonging to the corresponding modified exprea­
foJ 

si ons for //fl-. 
-III-

Replacing the trigonometrical functions by their 

exponential forma, and recalling that ~ =-e'._,,., we have the fol­

lowing 

{II) 

oO 

cot{u -_,,l.,,.7') = i.{i ul_ e-z~~ ... (r-' l 
,. : I 

•At( J1 J ,t, .tri.u. 2Y~ l 
,., u. + 4i .,,..,. ) = - l l 1 +z~ e 'i j 

the series converging absolutely for the ranges defined re-

spectively by I e- < ... ~,,(/< I , I e < u. ~...( / < 1 • Hence both results 

are simultaneously valid for values of u and -l satisfying 

/ICuJ/<I(~TTr)/Rheme.),. is taken to be real and positive. From 

( 6) we have 
ca 

/lJA. ( ~ .,..0.11"1, vt~nJ -.\e.-:2.f'.;ni.(y+a..,,..,,J q.#-11'<"" -1) 
/ , J -L:.. /J cot (%.-'j-/11-rrr) 

I" =-oo 

-_ \ p~urniJ f/~A7(n7-l-t-ZtA.) C t( ) -L~ r- (J O ~-'} -/11 rrr 

"":- .. 
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~ ~~l"Miy /K,,....,(,,.,., .. 2a.-t) 

= u-trz-yJ +Le f wt('£-'f-/117TTJ + 
.... :, 

00 

~, .<, .-?1, ,µ""'(/lt-Za.+t) +Le-.,,,_. •Y f u-t ( ~ -y-+,1>1 >rr) 

....,:, 

Using (11) this may be written 

(I Z) - 00 Of> a.:> 

+2 l l Le''~ 4') e _, ri l"' (,,. ... •do,.,...-,(% Ie-' <10 "'" ~· ri ~.("M ("'~.A ~ 1J+, Y' ,..,1 

l'IH:I J-:q ""' I f"-1 

the ?esJtlt being valid for }I{i:-':f) J < l(TTr) 

I< tJ.mel iih respect to y we P.'.&t 

.\ "\ I<. _ 2 i 'l (_,µ m-t Y') q.I"' /17 (,...,, - .z a + ') + . .2 r..n -zil L[-2iyum+r>] e 0 e ,,..<! 
l"tt:1 r:1 

J:f tr e tour series which appear in (13), the first two converge 

fo- n11 values of 'j. This follows from the usue.1 ratio test and 

ne$d not be discussed in detail. Since 
I< 

. K ~ I<) . K -_.l .1 
jU/>l+r) = f;/..e. jµ"'J r 

we see that each of the laat t\VO seriei:J can be separated into 

I<+ J serie~J, the 1th of the;3e being respectively 
~ ~ 

~ t/(..:) ju/11) i<-:L e .>.,,M/11 iyru,..,(m +za -1)2._e-l.ir( rc-y~ _,( t ,i./11 .. 

....,. =• r:1 

00 00 

~· K I<. 1<-,l _Z,£,(Jn<' 'j u 71( ·n-,c>a.+1J'\:i-.ti.t"Cy-i:) ,{ ~/11 Y' 

[_Zi) (,1 )fa<"') E / r Le r ! 
r;1 • 

""-=1 

and 



Now 
oO oQ 

and. 

LI e~{~(~-Y) r..l ,(,.,,.I ~2.._1 e-.zlr(M) r..L t" Y' I 
r=, r=1 

oO oO I_ I e_,,,,..0-;1') r J'.(""' I ~ 2_! e_ .. , rly- ~, r ,-'ff .zr' f /Jf = ~,, ... 
r =1 y":: I 

Further if r1c~-YJJ~!(1n:),both of the series on the right are abaolute-

ly convergent, this following from the usual ratio test. Hence 

if their is a region of absolute convergence of the two series 

2!41) K-.-l e il/-f""i'J i,M,.,(A?+f:A-1) 

/>I : I 

which is common to the region defined by lI(~-YJI -< f("trTJ it follows 

.. that (13) converges absolt1tely in this region, e>:.cluding ~:sy mod rr 

,. The ratio_ :teat ahow::1 the two deries above converge abso­

lutely for all valuea of y and -r • Hence we have the result: 

(13) has the same region of absolute convergence as (12). 

Bow consider ~{~Jy+arrr) • From (6) this is 

oO 

\ -~l'hiy t;,M/"1{/1'/~;20+1} +Le " u-t < ~ -y +£ ,,,-a1vr) • 

,.,., =1 

Aasume o <a<. 1 and substitute from (11). We get 

(1 4) 

~ ~ 

{ 

. ·\ ~r1'1t
1

y ,,,..U"'r(/ll+Xa -I} .\ - ~l'Hl'j ~m(Ai-.U.t +I} 

R,..v.. i,y.,..arJ = lle i - 'LE 1 
,-n.:"b ~=1 

- l)o A\: 2 ,·1 GP,,,,.,.,. J ,)I 111 ( 1'11 t- ~a. -1) -t .Z 11k +Ill_ il r ". t: 

~t~ g e 
1"1::o r.:, 
.. co 

' .. \ \.. -.2iy0,,...,.,.) _,Ml"h(r11-~dt1Jtilrfr'\.-#J 2f"t,'.~ 
-ziL[_c: f e 

... ~, ,..~, 

·-9-



Differentiatin3:-

+ 

·~ . K. /f-</11("'1-U+1) -~,..,,;'J .\\. -lt"if,,P"""+r) K A.t"1'r(,,.,,,-r~tt-~)"+,:f~'"+a) 
11 s; - lf 2,.um<'y) ! · e t-,2.LL Le [2 tyr,,,+111 f e + 

,.,.. =1 ,.,:" ,,,.,., 

.~\r tr -2c.''if'4""""rJ ,,,.uar(l"11-~~+1J-+ ~/l"fm-"'' .zrc' J! 
-2 l Lt-.iiy«m+rJ] e t e 

.....,::, Y:1 

The convergence of (15) is discussed in the same way as that of 

(12).· It iB found.that (14) and (15) are absolutely convergent 

in the region defined by /I{ i!-y) I < I[<1-aJ7rr] 

Similarly we obtain 

and II ( ~ 'YJ( ~ [(a 71"1). 

00 

(K) 

fl. [ i! -r(a. + -;l)lT0 y +a rr1] 
~ . 

• ~ • I< ~,..,.,,· 'J q,M""'1(m+~a-t) 
= G L(Z/Ar11d e ~ + 

-'» =1 

(I G) 

\"" \i 1e -l i y 0 ;?1 +r) J,,.M/11("11-.< a rt} ~,..,., +1) r .z .,. i ~ 
-.2iLLf-i!if,""'~"J] e e 

i4'I :o Y'.:; I 

. ( 17) - -~ \.'\"i . I< ziyf/'m+YJ _,,Phl(1"'1'1-f 2aJ+(2t'>t 1'1JY -%~'- ~ · 
H l l li.;. s.a,.,+,,.>J c f e -r 

"":o r=1 

.. \ \r . . J• -~iyY'nt-"') ,,p,,,,.,(,.,.,-2aJ 'f-(,Z,4'-dr "rL.?? -2il L[-u~,tu1+rJJ e 'I e . 

,., ::, ""=' I !(i> YJ' < I (\!J 



f , ) J" ., . I- . ( /) , 
fl~ ( ) t;.l [ -SM~ '.I 1 ·. ~" --•) YL . 1' o/A/?1 r11-1) . /M- ~.J y-1--rrr = (;(y~ e -cot (~-':I) + (. e ~<.(11t-1)] 3 

·~·· oe. 

:-~~ i ( m+1l]-Ae-'Y< i (,..,·.,) y f"" ,,,,,.., + •) 

(I 8} 

, ·\ \rr- . ( 17../( -~<'y(-"<"7 +/"< 'tt') fi'1'1(t'11+•) +~Y'/11. zl"i ~ -,_ 'L LZl ;.;"''"'~+rt e ~ e 
,,,, ~· t":f 

( 1( ~ - y > f < I <tr r) , ~ ~ y /mo a Tr' 

These formulae :.~111 be u::Jed repeatodly. Continued uae will also 

be made of various 1vell known properties of the ~ functions. 

For convenience. a tabulation of these formulae and properties 

is given. 

-IV-

As a tJPical member of tho set of funotiona to be 

expanded. for t,th1cb /- =, , oons1der6 
I}~ ,·~ 

F(~) = ,,vb r~Je­
,,J,3(~) 

This function sat1sf1ea 

Fl~ +7T) ::: Fr~ 

F(~+rrr) = e.zi(i!-rf-J F~J 

Putting t = ~ ... Ji and writing 
~(rt-E) e-i(t-EJ 

F~J = Cflt) == 0 z 
~3(t - £-) 

It is seen that <{J<tJ satisfies 

<P ( t + 7r) = <f {t) 

<f ( t -t- TT T) :: e~ i. t 'f {t) 

(6) !be function wbose expansion is deaired ia ~7~ but it is 
--'1.3~) 

clear from what follows that to obtain a function of the form 
(8) by a linear tranaformntion on ~ requires the factor e~"~ 
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which are of the form ( 8) with /A-:=- 1 • Further, in a cell l{Xt.J has 

the sole singularity, a pole of order three, at -t =f=. To get the 

coefficients Rj> let t-f =c;_, and use the tabulated expansions of the 

. ~ functions needed. In detail 
~~{e) e- ic 

'f ( .1f- + c) ::: ,,J, 3( £) 

Hence 

z 

=~ I- c.£ +£Sz4--' _,z ... ~ [ • .i ~ ., ,J. '" J 
,J, e ~ L ,,Vo ,,J,' 5 

.lo 

R
(J) - .~ 

- n '.J 
I rVf ) 

• {)l 
/:;){2) - - l rt/9 

n, - ,,,)'" 
I 

) 

Substituting in (10) and replacing t by l-tf we get 
,J 

~ . C"~J =: I r/'-)( ~ X E...) · fl. llJ( 
~ z. / z: n, ~ + z , ~ - c. , "i!.,. f J -f) 

(1 ~) 

In ( 13) replace i by ~ -tf , 'J by ~ and a. by o and use in 

(19). This gives, after a slight reduction 

d1;)(l~ e-i ~ = J_ { z ~~ + i. ~ 'l!'Jt .z"fl)r?t+J qm(<?r-1) + 
/1}'/· ,J, 3 ~) Z. ,,IU/>t. 3 r f; I /J 

-12-



In the second serie~J in each bracket replace m by .m.-1. The lower 

limit will be 1 in each case. In the la;it series in each bracket 

replnoe r by r - 1 • Certain terms cance1 and we have 

+ 

00 00 

\ \, 111+1[ z. ] m fr11 + .:t! r -1) .t rr -o i.. iE 
-~ i.L t_-'1 (In+ Y'_,, + < 111.,.. r-1) +- t i e + 

,,.., =1 r=1 

From this tollows,on multiplying through by 

Replacing i by ~ +~ 

()_ I) 

~I :A,?r4 
JoZ~J~) 

I --- (A)"(.3~ 
+{z ~·,_ J,"~,j-'-
~ -;;:/' z C#e ~ 

-13-



In (19) replace ~by :t.+1Lf • ~e get 

Using (16) with a=oJ y = f and~ replaced by~+ f , and replacing 

1>1 byl'>'l-' in the summations whose lower limits are"""'=o, 

gives 

.... :::, Y'::. / 

QO <» 

:\" \ l'lt+I m{t'>l-1) +~,..,,-l)Y' -~ri~ .<ri'kJ l 
-rz L l-'J J . [ e T e ) 

,.... :; I Y'::1 

Carrying out reductions which are analogous to those used in 

obtaining (20) we get 

(t 3) 

,,.J /} l~ 
MM 

\ "' z €'"'i'~z ~ '\, />I z (Z"',,-')':.rz.,,,-rJY' 
= l-!J (1"1-1J ffi + Zz i_-1! [!1r11+Y'J-1] f ~ z r~ + 

""'=• ,.... =1 r:; 

-14-



In ( 20). ( 21), ( 23) and {24) replace Z by -1 . There follow 

,~\ /11-tl AJ//11-tZr-1) 

+ z. L L~I) {lrm+n-·1 .. f bn(;!r-·I) * + 

-=1 r:, 

(Z 7) 

ll8) 

The arithmetized forms of these will now be developed. 

Consider the double sums which appear in {20). Each of these can 

be grouped to f onn a single aeries in powers of b • In each of 
N 

these we need the coefficient off • Only tho,se tenna of the 

double sums of (20) can contribute to the term containing / tv 

which satisfy N :: ,,.,, < ,,,,-+zr-1) 

From this follows 
/>1 = b 

l.{ r11 +r)- I :; f + J, 



Since v- is an integer ? o, e.nd since o-<- ~ </l we must have 

(Z ~) 

Similarly two series of z can be formed in ( 23), the exponent of 

_ ~ being of the form ~ where N = (v>·1-1J( zrn + ....,.,.._ 1) • -Here lei hi= db.J 

d.: Z,....,.., -1) b =. Z/H + ""/ r - I • Hence 
s-d 

II' = -;q.- } 
b +- d 

Z (t'11 +r) - I :: -~-

' 

(JO) d : I /1'11 nf Z 
) ) 

Hence the expansions given can be written in the second forms 
3 .2 

/L[::J'o ~ = -' - + z ~!NS\{-!) b~I <t + b)~ ,.., ........... {~ - /,) ~} -t-
~ ~~;Jr~> ~":it L l C. ,,._ ... ,. r 

(£0, I) 

(l,1.1) 

(Z 3. I) 

(Z1. 0 

-16-



(25. I) 

(2 7.1) 

(Z8. I) 

lt being understood that the coefficient of $N or ff is the sum 

indicated taken over e.11 pairs of conju~ate divisors of N which 

satisfy (29) or {30) reapect1ve1y. 

- "'{ ... 

The ~ractioal use of tho theory has been made clear 

in the last section. In this aection are ~Teaented expansions 

for a11 functiona (2) whose denom1nator3 are of the fourth, or 

lower•- total degree in tho J'.4 ~ for Which )A is one. Intermediate 

stages of the calculations are also given. 

-17-



·The exponents of ~ conte.in1nf! both f1'land Y' are all in-

eluded in 
m (th+~ r) 

(Zl'11 -1){.Z.t?t +"IY'-JJ (~f"l'1-1}(2r?1 +-"'lr-1) 

1 ~ 

Further discussion similar to that of page 15 leads to 

(3 0 

N =· /'1 ( 11'1 +tr) = ~a<. 
a. ::. /)'\ 

o<a.<fN 

Ao - S:...:!:.!_ "" - z. 

o( :: />1 +i ti' 

IA - o(, - fi-
r - Z 

Y = Zr11 +1r-3 

,,._ l-C+Z 
, - Z/ 

'( - c = z /J?'l "'· i 

b ::. /1'\ 

f'h. = h 

o</,<JN 

f3 .:. /'>1 -1 .t r-1 

/1_- h +-I r = r z 

"""_ cl+• s-d ''" - z. Y' = -'I-
d:: 1,mttd z $ -d =o /Y>llt'l i 

o < d<lfN 

ft/ 1L 
!he convention is adopted that whenever b or g 1 is 

multiplied by a function ot (a.,"') • ( b,pJ • ( c._..n • or l dJ J ) , 

this function is summed over all pairs of conjugate divisora of 

N which satisfy the corresponding conditions of (31). The upper 

limit of any snmmation with redpeot to I>\. or r is - • the lo·.ver 1 J 

unleaa ;vritten otherwise. 

Group I 

~-(~) 

Consider 

The su.bati tutiona needed· are t = ;r+f, F{~ = </) (tJ • f{JttJ is of the 

form {8); its aole singularity in the period paralle1ogram 

.. is a simple po1e at t·f. Computing the residue at this pole and 

-18-



using (10) wo have 

(3,<) ~I Ft~= Col · 
R, {z + ~) fJ 

Using (13) thia g1Ve3 after ~eduction 

(3 3) J, I. 
. AJ, <-rJ 

Replacing 1 by.z+f gives 

(34} 

In ( 32) replace ~ by i! + ~r. Thia gives 

J,I I , J'JJ (OJ ) ==<..,?-,fl, (~+¥+-f1f-
A/o<i'J 0 

Using (16) gives 

(3 S) ,J,' z~ f)t't-+f3rmz-' )z 4~ ,,, +I cz~£') L + ~1'1'1-1) r -- = H + f-1) ! ~.,<Y'~ /l.loW 
""'- """1Y 

Replacing ~by ~ - -f 

(3 c;) ~I ~ t>t+I 9£~t ~I. nr+r +I (.Z....,.,2.-l)'\ .. (~1?1-IJ Y' 

~ ,{~) = i L', {) + ~L..!..-'' g ~ 2. ,,.. ~ 
~ />"1r 

The arithmetized forms of these are 

(3 3,J) 

(3'4. 1) ~ Nf ~ l + i L % (- ~ z ~Cf -hJ ~ ~ 



Group Ila. 

,;t/,("I/ 
do~~ 

,da; 
/tJz~) 

Consider 

~~ ,d~ 
~.f.~ af}2W 

de~ V.J w 
d;:,~ 

0 
/v4z~ 

;J -l~ 
F~ === /vr~ e 

/Ja fi!J 

~W 
/ZA~~ 

..{.. ' 

,,Jo MJ 
~2~} z 

The required mibsti tu ti ons are -t =~+:If , F~~ =- <fJttJ. tf {t;) satisfies ( 8); 

its sole aingularit1 in the period parallelogram ia a pole of 

order t\vo at -t = f +¥ • Ma.kin~ the usual computations and using (10) 

leads to 

(3 7) 

SUba~itutin.g on the right side from (15) and reducing givea 

(38) 

Replacing ~ bJ ~ -r ~ 

Replace ~ b7 z.+lf in ( 37) • \"f e obtain 

,z I) 

1.) /Vof 4 ::: Rt''[ :l 'f tl + :u:. 1t. + zr-) aJJ.. /JX.IJ!) I .l- ll.- J .Z .L 
0 '0 

and expanding this bJ {13) results in 

(40) 

Replacing 'l b7 z + -f 

Subst1tute-3for Kin the above seriea. Vie obtain 

-2Q-



(1.t) 

(43) 

(11) 

(3 8.1) 

(10.1) 

~/./) 

(4Z.t) 

The arithmetized forms of these are 

.. V!'7vfr~ 
;tf" ,J!,z{it) 

-21-



~ 

~/~(:~} = 
~ ~.l.,{%.) 

Group II-b 

rtA (%) rJ,~ dJC4 .,J" (%.) 

d~~) /v{ ~(l.) Jo~~) /~ ~(;(.} 

Consider 

d -d!. 

/- ~) = z 11:.J e 
~z(~ 

FtJ.J satisfies (8) ·and has a pole of order two at i! =o. Calcu­
uJ 

ls.ting the appropriate~ and substituting in (10) gives 

Expanding on the right by (13) and simplifying gives 

Replafling ~ by z -1 ~ 

(18) 

Substi tnte~+lf for ~ in ( 46). :from this follows 

.Using {16) and· reducing we get 

-22-



r4 9) 

Rt)p1ac1ng ~.by ~ + .1f-

(~O} 

(17.J) 

(18.1) 

(/{ 9. J) 

(SO.I) 

Group III-a 

AAW Jo~) ~~) 4~) 
~ {~4t1!1 ~(~JAh~ ~aJ~t~ ~ ~) ~/;(.) 

rtfo(~) ~~ ~~ ~(X:} 
~~.~~} ~(~~~) ~(~)~(~ d{~)~~) 

-23-



/J . _,·~ 

- . .v,3~e f {~) = ,.A ,~,/~ ~} 

Consider 

Fl~J satisfies (B) and has simple poles at ~~ Tf and z =o • Calcu-
c"J 

lating the corresponding R, and using (10) gives 

f rJ) ./j ' c , - 4' I R roJ · ~ rr:Z) ~- nfOJ · 
t" /Jo /J, I ii?.) = - f /V 4 I ( ~ ,(. + :.3 !71 { ;l .J 0) • 

Expanding by means of (15) and (13) and reducing gives 

""Jf' 

Replacing ~ by ~ -r .'f-

"".>r 
(fJ) :\\, (.l,.,,-1} z. +f 2 ,,., -1)(Y .;/f 

+ 1 ,,.,{ L1:-1{ f ,t. ~17. ,. -I) i': 

.'hJr 

In ( 51) replace ~ by 'l.+ ir£ • !his gives 

Using (13) and (15) leads to 

(f'f) 

Replacing z by ~+f . 

-24-



In these results, subatitute-3 for% • We get 

(6"6) 

(57) 

(~8) 

/ '\. r TI (-R~ -I)~+ (Z ,,,,,, .-I} r 
+ "f,JoLt-1} ! ~~n 

,..,..Jr 

(S9) 

-25-



These have the arithmetized forms 

(S".3. I) 

{.f"-1. I) 

f!".J.I) 

-26-



~/0~) : §{.___!__ + 4 \ rj N{·f-ijki_-t ~(8-J,) ~J 1 + 
oWth.~J /U'o c..6<it (_ /) 1 J 

(S7. I) 

+ 4 JA,'2_f*"jt-o ~ ~ ¥-;_G zl 

(1-e.1J 

(o9. I) 

Group III-b 

/) ' /} /lh> t!I 'i.7 3 {£) 

Consider 

F~) = 
/~<~Ah.l~ 

Let t :: ~+ 11f • Ftr.J = '/ tt1 • fl (t) satisfies ( 8) and has simple 

po1es at ... -¥ and 1Tf + -f 

and using (10) gives 

• Calculating the corresponding 

I I (0) . 1!Z. ti) " (OJ lCL T'._ .,,. ) 
('o) ,J, _;~ FrEJ = A/o /l, ( ;! + ~ J i.. - rt/.1 fl, ( X. -t ~ J 

71
4 1- :r 

From this follows 

-27-



Replacing ~ by~+£ 

In (60) replace "lby ~ -rf-. There follmvs 

J,;~J, IV e-•: q %, iJ. ;/o'( *- 1II) _ 9 4 tJ R'o) ~ 'JI:I :o::.) ,Jo !£.},~ fl.} /) / 0 I J .iL ~ ~ I l j 4 + Z 

Substituting from {15~and simplifying, we have 

(CJ) 

Replacing ~ by i! + f 

+ 

These give on arithmetization 

(c I.I) 

o: Af.f:::: + -42_ (f<-1J~z J-ht(ol-a),i; 11 + 

+ ~ { ~~ -t- -'(~_ (f-•> ~,4-0-7(<(-a I ;;~ ( 



(C 3.1) 

((;"I.I) 

Consider 

Group IV-a 

/J~J&~ 
~3~) 

F ~J = ,J&J /Ji ~J 
,~t~ 

Lett=~+-!+ .. ;, F~J =. (fff:J • 'flt:J satisfies {S}; it has a pole of 
r:J.J) 

order three at -t = 7r-t-1r1 • Computing the corresponding /Tc. , and 

using (10) gives 

M'dtxJ,,J,J~ = t-(41(( "+ix' t f-~ 1T"'1") + 
do~ /J./(~ 

:Prom this follo1('1s, after '8t1b::Jtitution from (17) and simplifying 

Replacing ~ by z - f 

-29-



(G1) 

11'\.J r 

From thia we get 
,J 

A/, tth<;L{ ~ _ _ J_ I f ~" 1 ·~ ~ 4 tJJ.(m+Zf"-t) 
!] n J - 1 -?r ... .A=z o, + 1 +z (-IJ[.Z(ar+rJ-t]fl (Art(~r-1)~+ 

V'o V.J ~ {X,) ~ l; ,._ LAn:. ~ IVA 0 
~m ~r 

''l 117 111+2Y'- IJ + Z :/: HJ"$ I (,rl(?-1"-/J ;!; 

Replacing * by ~ + -f 

/l'\J r 

Arithmetizing we have 

(C c.1> 

,, 7.1) 

-30-



(CB.I) 

(G :J. IJ 

Group IV-b 

Consider 

FC%J == 

,JjX),~fx.J 
~,J!.3(:i!.) 

..tc#JoiE 
~.J(~ 

+ 

F~) satisfies ( 8) and has a pole of order three at z c ¥ . Com-

R
(JJ 

puting the corresponding c, and using (10) gives 

/)t
3 

l (~ .J.. !" 
_.v_,, - f lx.J = - ff Ii fl, { ~-' !!£-) + ;t J 1 :J; 11,'oJ( :lJ 15,L) 

.. ·~~ (./ ".:I 

(70} 

From this follows 

(71) 

Replacing Z by z + ~ 

(7.i? 



In ('10) replace x bJi!.+~. Thia gives 

From this 

(73) 

Replacing ~ by ~ - r 
.z_ 

(7-'1) 

Replace b by -3 in thaae results. There follow 

,.,., r 

""J,.. 
~ ,J.".E ,,.,., .. , i~ ~ .... J + 

+ z ..J.- r-1J tJ 
~ 

,,.,." r 

-32-



(71) 

(78) 

Arithmetizing these we get 

(ll 1) 

{7 ~.I) 

(73.1) 

d~WJ,fzJ "_!..'\ 1/'f<Y+c)~ ¥-G ~' +-z.'f'\ yi~f µ.. 17:'- rl 
t<1o ~ ,~.~/(.CJ z L o ~ ! ,,;_;':! L 1J i s 

. -33-



(7C. I) 

<;17. 0 

(7 8.1) 

Group V-a 

z . 2 il l.. 
/~~ dt~ J, er;) /~ fi11 
4i~ '~Jl~ JoJM 4:Jl~ 

Thia group has been obtained in section 'four. For 

completeness the.results there obtained are given age.in, the 

e<1uationa being renUJmbered. 

-34-



~, ,,,,.,., l'h(hf.,. ~,._ ,, 

+iL-1J[,,2(/H+l"'J-1J ~ ! ~(~ ,,._,) ~ + 

"""'" 

(80) 

(SI) 

+ 

<all 

+ 
(83) 

(Si) 



, (8S) 

(8') 

(73. J) 

(80./) 

(S 1.1J 

-36-· 



(8Z./) 

(83.1) 

(81. I} 

(S s,J) 

, -37 ... 



Group V-b 

Consider 
FlZ) = 

Let t = ~+ 11£ rf , F~:: lf{tJ • f/ftJ satisfies Ca) a.nd bas a triple 

pole at t.::3f-t.,,..r. Calculating the corresponding ~~nd using (10) gives 

(87) 

From this f ollO'llS 

(88) 

Replacing l by Z +f 

(8~) 

In ( 87) re])lace z. by -z.-q-f • We get 

From this follows 

-38-



.:111~: = '4<1,~ + Z ;·f-l),,,,.,..[.Ut11 +rJ -1/ {,,,,.,,,,.xr-1! iA...e(l. Y-IJ ~ + 

(90) 
""J ;-

Replacing )l bi ~ + 1f 

(~I) 

{ 
o'' J"' l { ~,, n '" ll t?t /11(111+.:lr-1) + z -3 - -', - I -'-. - +- z i. '_ IJ - '~ti I {-!) q /.a..-vn {~ /"' - /} "::z /th ,J, .2 i.lN'1 i. ~ v. {J ~ 

~r 

From these we have 

(88. IJ 

(8 ~,/) 

(~0,1) 

(~HI) 

-:rn-



Group VI-a 

~,;{.)~(~) ~tv&(%) ~<Zldfi!J ~~~(Z) 
~i~/J,(i!) -~.l~J~~) /~.e (i!;//~ I;!:-) ~.zw/~~ 

~~,Jo~ ,,vf (ZJ ,.-cA (~ ,.d_ (~,Jo~) .d(if/Jt~ 

0/~/~w /ilo 2, tr) /ill ~) .. i{.e.w/iJ r~1 0._il.c~/. ug (*.) 

Consider 
~(~j~(i5j 

FteJ = ~z.~,J,W 
Lett =X.+~-+f, Ft~== <flct;J • (/)lt:) satisfies (8) and has poles of 

orders two and one at trr+ ~ and 1tf t 1 re spec ti vely. Ca.lcula.ting 
(J} 

the corresponding ~ and using (10) gives 

I~ I 
IJ .Al. . . .,. (I} 

~ ;JI: F (~ = t- f fl. ( ~ + ": -1 f, n-r + t ) + 

.L 
"/ (OJ _ ) ,r; { (OJ 

- (j fl, (f 7 + HF -j. 1F) 'ITT+ Jf L ,. 1) f y 11 ' '::f + lLL + 11:. lIL + ... Tf..J ~ ~ - ,,... ,_. I <V.Z, V_J 1 ( ~ .l.. ;?,. J ,;:_ ~ • 

From this follows 

/ttJ r 

Replacing -z by ~ + f 
~ 2' (2-'1-'l°+(z .,,,., -1J r /J 1 /J /J / 1:rJ rn +r+t 

0 /votV,~~Jqcq = 1 (-I} [.Z(a-r+ rJ-1] / ~ .2 Y' ~ 
~~~~J4_W· 

+ 
/1'1,,. 

ln ( 92) replace "l- by~-¥ • \'e get 

-40-



Expanding on the right gives 

4~~(~A141 _ ~ ~ ~- m+1 .,,,.,,,,,.,..,-<r-1) 
~ .~ J,t~~l~J - ~z ~ + -1 LIJk<r/,,,.., +rJ-1] / ~~ r--1) ~ + 

("S) 
r:orJ r 

Replacing ~ by 'Z+ f 

/d~ ,Jlc1.z.1d~ _ :..<!±!J..J: ~- /n-t r /? r.?. ,,,r+ /17 -1) 

~ ,ii, "'4 "IW~.iCJ - .h< "' ~ t- 4Lo Fr m +r J-1 J j ,,.un (L r-1J zt 

(SG') -'"Jr 

+1~ ~ \~ m+rt-1 ("''1:_9z+-(Z/.>1-1i~r-o 
. L. ~ ~ v I ~ (...{ ,.. -I) ~ 

""JI'" 

In these rem1l ts replace f by -J , Thi;3 gives 

J, 2 Jotv~tE 2-. m+r (!~- 1{+{z,.,,, -1) V' 

~ o 1) z1:r.1 ". = 4 (-v f_zv>7 +rJ-1] r/ .1.A?? z r ~ 
o 1.Y~ ~ l·Gfv1 ~ () r· · · 

(S7) 

(88) 

,L 
,J, ;.,t,J ~) ,J, ft} ,, ,_ 2 , >IT r '1o (,.,,, + U -1) 

J,J.:t-~~(ZJ =- ;;2: + "i i-IJ/l("'+rJ-1] ! µn(Zr-1H + 
/'>!JI' 

(100) 

+ 4,Jo~ L /i!~t/T ~:'¥~;:,.,ur-u it • 

""'ir· 

' -41-



From. these follow 

(~J.0 

(S -i.J) 

(~.r, I} 

(9 7. I) 

(SB.I) 

~<lo ~,r;~~ = 2 \ ,- -f[t-!J di' (S +dJ ,u-n • -,,_.t 2' l + 
,,tA, ~ /~:z,~I~l~) L 

+~A{~:+ 42//1-,14,.u.i(«-aJ;cJ l . 

• 

. -42_ 



(99. I) 

(I oo. I} 

4~ ,./.1~ .hw "' IA4 .t + 4'\1··· Nff-o '(~ +JJ cA.A µg -6J ~ J 
/~ .. .,{ J, I;!)~<%) /:Un ~ 'L l 

,J,(~,~ <ilJ 

,Jo ~~/i..h ti!.) 

Group VI-b 

,.J, fjt)/J~ ~ 
~:t~J~Ji~ 

Consider 

' --~ tZ:J~ fii!J 
:;j <t i!Ii..f.t (iJ 

Lett.= ~+f +¥ • r IFJ ~ l/)ct:J • {j}tti satiafies ( 8) and has poles of 

order~ t>ne anct two at 11r and trr + ~ respectivel7. Calculating 
1.U 

the corresponding Re, and using (10) gives 

(IOI) 

From this follows 

+ 

(1 o.eJ 



Replacing ~by ~"""-f 

(I 0.3)_ 

In (100) ·replace "i! by l + ~ • ~rhere follows 

1-f'~,ift,tAJ~~e/,~ fl(I).. ) 
z - ( ~ ·nrr-t f J lTT + ~ Jo .J3J. ~)~~ I 

I 

and from this ~e have 

(/o "I) 

tJa~ 1~]! + 1l-tr'(''"'+zr~~r-(})l<l 
l"'J r 

Replacing ~ by i!- ·r 

/JIJ r 

From these follow 

(/OJ!./) 

(/o3 .I) 

+ 1J.~ Llf ~114-i i 
-44-



· (I oi.O 

(1os:1) 

Group VII-a 

~ 

/~ lZ) 

~ z(~ ,.J, (~) 

J.<. tZJ e - ,· i! 
F (-:Z..J ~ ------

/~ L~ /J,~) 

Consider 

Let t-= ~ + -f J f"{}!J:<f(t). <flt.J satisfies ( 8) and has poles or orders 

two and. one at f +nf and f respectively. Calculate the corre-
C'1J . 

sponding I( and uae ( 10 )·. rrhere follows 

(10'} 

Hence 

(lo 7J 

{ 

~ "'1 ( l'?I -1 Zt- -1) f 
+,0_,,.,e ;.. i + 1 t_-1/" ! ~{Jr-I) ;; 

,.....,, J,.. 

-45.._ 



(108) 

In(/ o(;") replace ~ by ~ t- n;_r .This gives 

Hence 

Replacing i' by ~ - -f' 

(I JO) 

In these results replace f by -f .There results 

(111) 

+ 

(//~ 

- 46 -



(JI 3) 

(11-4) 

(jo7.I} 

(/08./) 

(/09. I) 

(// 0.1) 

-~?;,~~:~{%} = 1~
4 

f ~~£ +ir~;·:< f ( {f-vk+~aJ~l<-an~ ~ + 

+ ,?~~ i ~1:-/·/~"'z_, /t- z 111-tHJ ~ {,µ ¥ li1 t 

, 

·-4?-



(Ill.I) 

(I U.I) 

(1/3.1) 

(/ J '1. /) i 

Group VII-b 

Consider 
2., -ie .iA L~ e r ~) -= ,Jo z ~ 1 J, w 

Let t == i. +If • F<~ :; t/tcJ • l/ ct) satisfies ( B) and ha.a poles o:f orders 

two and one at t = ?!:£ +f and t: ~ f respectively. The corresponding 

o.~."' c· ) nc. in 10 gives 



(/15) 

This differs from (106) only in the constan'ta. Hence we have 

VIC) . 

(117) 
f~~ l ~Iii f 411/""y,.f~(/h.-U~(U-I) ";!{ 

~Jr 

(118) 

(11 '9) 

+ 
,...., r 

(l.R.O) 

+,J.~ {~ .. + 12.HJ"' ((m-+:<r-1~(,2.r-l)ftl 
""'J,.. 

-49-



(lz I) 

(/1. 2.) 

(1.e 3} 

From these follow 

,z z zl .!!_. -U.L 
J,;:fo ~ ~} = ,Z j !-t {1:-1J itGY +c) ~ .L..::£ ~/ + ,iJ /~w ttAt~ ~ z 

(/1 'll) 

J'"' 2 z z ijz-C::fcil = :t {~~ + 12t-~';;'jrn + f t1f-•)~;'+aJ ~(o(-tl)~I?+ 
~ 

+ z ~ ~ { t-1) !''"'~ -11,.+ zl" ! 1- [c-11 d1' ~ ~ -;_d ~ l i 
-5<l-



~I 3.1) 

{j.ZO. J) 

+-Jo~ f ~ i! + -2. lf 1-/,a.01(6-hNf I 
j • 

(12/.J) 

(J.U.I) 

(/,t J.1) 

-51-



Let t == ~+17[-

Group VII-c 

~ ~ ti!l /tlo ~) 

Consider 

~~ 

dliJ 
F ~ = d,zr~J. '~ 

" J 

, F~ =</ft) • f/tt) satisfies ( 8). Calculating the 

Rt~J 
" associated with 9'(t/and using (10) gives 

(IZ-f) 

This gives 

(It.SJ 

In ( 124) replace ~ by ;c - 1!£ • We get 

~·~ ~ ~)e - _..v_~f> rl'' , (0)( 12 ' /) !l (0) 

/} ,,,z, ,l. -ii /}ZJ 
~i.& i! J, ~ ~J J.,. (%.J - ~ z. n, '( i, n J + di, ~.J '1r r) J - l --Vo ,iJ fl, ( ~,, 7T 1 + £) 

From this follows 

-52-



(/.Z 7) 

(J .Z8) 

(J 30) 

(/ 3J) 

(/3~) 

~rom these follow 

-53-



(1 /lS-.1) 

(/ ~ 7. I) 

I z .Z. 

aA~.A~ - ~z[~~ ~ N[ H±!. l ~ z~'~,J,llJ - 4• C8t'-~ +"'fl~ HI , (fl +6) .AU-nfl-1..J ~1 ~ + 

(/.t8.I) 

+,J. ~ [~~ +{{"f ri/' Mn (13-6J :if l 1 

(119. I) 

(/ JO,I) 

-54-



{I JI. I) 

(I .JZ. J) 

Group VIII 
~ 2. 

/~ fi!/ 
/~ ($:) /il<.1-J ~ ~ 

- .J~i?J 
/-(~ = 

/Jo~J,l~),~t~) 

Consider 

Let t = ~+?Cf:- 1 Ff%.J == iftt;J. t/tt;) sa tiaf iea ( 8) • Calculating the 
w 

appropriate Re, and using ( 10} pi ves 

,{.. h tJ3 11.(0) .\ ,,J' Fii:J =. - ! ~/~ I ( ~+ q, 7rT_J 
.J /} 11. (0) .:2 ,,.. .,.. 7TT ) + /r./3 , ( .c + a-;r J ~- + 

(/ 3.3) 
, .sf! coJ(- a 11X. + .IL..) - -vo 

1 
il_ + A J ll ,ii._ 

(I J -1) 

(/JS) 

• e find 

-55-



·Hence 

(/ 3 C) + ~ 3f_!__ + A ,.,1nr+u·-11 1 . '\ (~)'\- ca-"'-''1u--o 
'.Lr~~ t! ~11.r-l)r1-1,~L! ~~r-11~ 

~~ ~r • 

Replacing ;r by ~ +- f 
;l, 

~'~~ - 3,,;. _,,, (-Z~-9 + (.Z.m -11.z.r--1) 

,.;. w ,.,{ i;.1.Jp.1 - 1 .J,, L'-') ! . Cf-(<,_ "" -u 1-. + 
,,;n,,,. 

(/.J 7) 

(131.1) 

+,J.3{'::;: + "i 'l. (f t/~:+~(o(-el) ;!11. 
J, '~ z(Z} - 3\ ff. J;' -~ / lf - ~-- ~ <-;-z ~l!)_J,(iJ,,k&J- 40,Lf t) 4M1¥:ls +~ z:::~~ Hi_% ft-I) ,.U..(o(-a)tJJ+ 

+ M~J {;;:: + "/ ~(f t-!I a 4#1( o(-aH 1 ( . 

J'i.dz<~J 1\ ALS ~ 1 3\-- N-
tf.~J,reJ,..&6!J"" 4 Jo L f' tiJ ,,u., "£ z 5 - 1 .._e Lff1f P11 If~ ~J + 

(/.J ,, 1) 

+J/ J,a.!., :l HI ({ ~ ~-b) ;gu . 

(I J.7.1) 

... 56-



Group IX-a 

.J 
Ah (6) 

J 

~,.; 
.J 

~~} ~t~; 
~"~) . -0 "aJ -~""{~) ~.,z! 

3 
~.JGl) J 

J,&1 J. (ZJ ~IV 
rt{ "I&!) -0~(i.) d-1~) J.."' ~ 0 3 

C •)naider 3 

f (i!) = 
~(~) 

-~"'~) 

Let t = ~-+ ¥ , F~ ==<I {t;J • Y1re)sa tis:f ies ( 8) nnd has a. polo of 

order :four at -c = z +Of- Ca.1culat1ng the corresponding 

we find, using (10) 

J't&:~ -
J...JJ,'9tZJ -

(') .l, 

(3) J R, ( ~ ~ lrfJ ¥ + -f) + 

~38) 

(13~) 

(/'10) 

Replacing Z by l! - 7!:f in (138) gives 

,., 3 -i:C ..L 

J, 'IJ.z. (ZJ e .:.L - ./ (J/ 1!I :Jr - .ft.[ D" 11 " 1 (I/ 
o 3 iJ ..,. ~)- = G r; n, ( ~J ,l + .z. > + t 'l .,, r ~ _,,,,. ,,,,,,,_, f R r ~J ¥ + 21 J 

/Vo /\/3 {) (J ,tfo ~I ( 

Hence. 

-67_ 



(t-40 

Replacing ~ by ~-f 

(/-1 ).) 

(/1-1) 

+ :L. r ~- Li ' . r ,- ,1.. . z A{ . o" ·_J'"~~ ... (&-'11::.Lf +<.z .. 41 -1J(~r-t1 
3 . ~ 1 ;;r; t-1) ~~ tr-IJ J ~ (Z r-tJ 1= 

,,,,.,Jr 

. _58-



7~om tbese we get 

. (/J'l.J) 

(/~o.1) 

(141. J) 

(141, I) 

(I "1J, I} 

(111.J) 



Group IX-b 

3 

/v& ~) 
d, 1¢.) 

0 

Consider 

F~J satisfies (8) and has a pole of order four at %=o • Calculating 

the corresponding RiijJ and using (10) gives 

(4) . w 
J_ R (. ~ o) - ~ fl ( ,g oJ 

G, I J Z I 7 

(1-17) 



In ( 147) replace ~ by ~ + 71:.£ • Hence 

]
1 rom this follows 

(/ StJ) 

Replacing ~ by ~ - "f. 

(/SI) 

From these follow 

(/48.J) 

v 13.1) 



(/S"D./) 

(151.1) 

Group X-a 

Consider 

u&~i!JJw 
vi 1tJ!.) 

~ , --i e: 
F(ZJ = ~~c~e 

J, fH:J 

v.f~.Jo(z; 
v§fo=.) 

F(>6J satisfies ( 8) nnd has a pole of 
lj) 

order four at ~ .=: o 

lating the corresponding /~ we find 
d . 

. J ~ fZ<# 
~ h. 

, ) .. . t7 '' I " ''' - i l ~ ~ +J ~ - 1 ~ - l l // 0
{ ~ 0) ~ ·~ J j I 

From this follows 

(JcrJJ 

-62-. 

• Calcu-



Replacing ~ 

(JS4} 

From 

(Is s) 

. 1 2-

/lt ~ ~.Jl;.JJ = 
,-~.t~ ~1{i) ,.,.,)r 

Replacing ~ by x-~ 

(j.S-Q 

in these ranlts in 

. tJ. I/ /j If /) "' • < 'i! ,,_..2··. . .3 11( ?f +~r-/) 

+ ;_} C .!L.4+3 ~ - 1 ~ -1f f:!..tl .l + ~ t_l< '1ft-J-I]!~. </64(Z r-1) %::-
(, l ·~ .th_ tA ,,4hr ~ -

~r 

-63-



(15~). 

(/60) 

These give 

,v(.~t~4(;9 - ~ ;{ -f _I J{, ,~ '~J ~·~ 1 J:,"'_, J ~ ! + 
~~J;. J/1t~ - ,~1i!. , ' L '"Yo ,~ J, 1~ ~ 

(JS .J. I) 

(JS-9./) 

(/SS: J) 

, 

(I ~~.1) 

t t ~, '.f: 3 ~-"-~:ff t Zrz ~-1//4._~ _,):Lt *f(-1) ¥-(Ji + d) U4 (-:: i! 1 I 
. "'"" . 



(/.3-8.1) 

(!f9.I) 

(/ 6 0.1) 

.-65-



Let t = -e -t7f',, F~at./td. </<t:,J satisfies (8) and has a pole of 

order ": foar ·at t -=-f. Cnlcula ting the corresponding /~~and using 

( 10) g:J. ves 

'"' f 1r,1J ~ Fw == 
~~ 

Hence 

(I ( ~J 

Replacing i- by~ --f 

(I c 3) 

+ 

(I'-<!) 

Replacing ~ by ~ -f 

. -66· 



(/' C) . 

(Jc") 
+ 1'_ s ' Ji I~ £.' - ,£_''( "\, ">J (~) 2, + (,Z l'1 -I) { ~ t--1) 

3 1 4 J ,,zfo "'d,' s L<-o zr 11'7 + ~ -I) % fah-1(~ r-11 ~ 
f""l.11'" 

From the above res11l ts we get 

(lc2.1) 



(/ '-1. J) 

(/ H.I) 

(/67.1) 

(/C8. I) 

(U3./} 

. -CB-



Group X-o 

;. 

~$~~) 
,~111:; 

~l.~~~ 
/ii, 1~) 

Consider 

J, tzJ -th ltJ ~~th,trJ 
.z_{ ~(ij ~.,.~) 

~"fl) Jst~ ~z~J J.z<iJ 
~1fij ~1~) 

J.. 

F ~ = 1Lr. ~JatJJ 
,~.,~ 

~il, 
(J ~~ (;Z/ 

I~ 1(iq 

.·~ ZW;j,(lJ 

~.,~ 

Let t:. = ~ + 7r/' J F f%J ·= t/tt:J • r./ f:tJ sat iat ie s ( 8) and ha.a a po1 e of order 
l~J 

four at t~Irf. Calculating the !?;, and proceeding as before gives 

/) t1 

~ F ~J = +-11,.3( l +Jl1rrz=;l) + f 5' '4 + 3 J/~ 1£'j r.Jl)r ~ ..,.!!:LJ 1!1.) 
(/JO) ~ ~ " " ,,.. v L '1/,l. d.i J,' lf, ,Z. L 

Prom this f o1lows 

(171) 

(/7-Z) 

(J 7.J) 

-69-



Replacing ~ b7 ;l - :r_t-· 

(I 74) · 

(I 76) 

V77J 

+ 

(178) 

From these follow 

(f 7~.1) 

-79~ 



(171. 1J 

(I 71.,J) 

(175.1) 

(/71.1) 

(178./) 

-71-



Group XI 

Consider. 

ti, ~~ {Z) 46?J 
~.,~ 

ri/f.1JiA,tv~~ 
~.,~ 

.-~ {l) J, (V ~{~ 
/~.,Ii!) 

Let ~ t=f = t 
'-

Ft£J iic/f.tJ • r/ftJ satisfies (8) and h&s a pole of the 
A.iJ 

order four at t=f • Calculating the correspondingn;; and using (10) 

gives 

(17 '1) 

(/80) 
I ''"\:.j /?'/ ',.,, + :l y -1) 

+ ~ ,,,, L_h/f.2f/>1+rJ-•] ff CMfJ. r-1) i-
,,..,,r 

(/81) 

Repla.ce ~ by ~ +"{- in ( 179). We get 

There fallows 

(I Bl) 

. -72-



Rep1ac ing * bJ' 'i5- -f 

(/ 8.J) 
'~Jr 

From these follow 

. (I ao.!) 

(181.1) 

(I 8.Z..J) 

(! 8 .3.J)' 

Group XII-a 

A.ij fi,) ·~ (~/ 
, I 

'~ 

r0:~~ 

,vf 3~·J9 (14 

-73-



_Consider 

Le't -~ + ~ = t:. F~ = lf{t}. fft:J satLif1es ( 8) and. has poles of orders 

three and one e.'t t=¥ • Hnd t .::.vr respectively. i'ind_ing the 

c orre ::Jnonding 
(.i) Rt. and using ( 10) gives 

(/ 8-"f) 

From this fo1lO\VS 

Replacing ~ by 'IE - f 

(/BC) 

From thif-J fo11o'va 

U87) 

Replacingl b7 ~ "*"f-
-'74-



+ 

{18 8) 

Replacing % b7 - f in these gives 

(/80) 

(I ~z) 

:rrom these follow 

(18&.1) 

-75-



_ (JBC,I) 

(18 7.1) 

(188.1) 

(/ 8!j. J) 

(J .:JO.I) 

(I ~ /. 1) 

(I :JZ. J) 

-76-



Group XII-b 

Consider 

f- l~):::: 

F cl.J satisfies ( 8) and he.a poles of orders three and one at ~ = 0 

. (~) 

and rt respectively. Calculating the corre~ponding /(·we find 

q J.3) 

From this follows 

(/.J.F.f) 

Replacing 1: by :c + -f 

In (193) replace ~ b7~+3f • This gives 

..L r (1) . 
= ;;.. fl, ( i. ~ lrj=J 0) 

' .L (I/ -

- (, / t R, ( l t 1Lf Jo) + 

and from this f ollovu1 

. -77-



+ 

Rep1ac1ng "l. by ~ -:I[ 

(/ 9 7) 

(J 38) 

,.,.,,,.. 

(.Z 00) 

From these follow 

-78-



(I ,,5. 1) 

{J 3G.I) 

U':l7./J 

(J ;)8.1) 

(1 ~~.J) 

-78-



(,<,o J. JJ 

Group XII-o 
J, J 3 J ttJo (~ <h <ii} ~ (~ ~a) 

,J, 'f>V ~ ~J ,J/tzl Ill/~) ,tfo., ~)~00 /z.4 .J ~I Jo {1J 

J 3 3 ~ 

;zA~ Jo{~ ,u, ~} ~ ~} 
J, ,aJ ~tt:J ,J3[ig~(~ d/ (;).Jo f&J ,4J~J~~ 

Consider 

Let t ::: ~ + '11f , F (t) = fJ(tJ • </(tJ satisfies ( 8) and bas poles of orders 

three and one at t::i!f and t:: 'S't~ respectively. Calculating the 

corresponding Rt' \lie find 

From.th13 follows 

(Z03) 

Replacing ~ by ~ +f 

-80-



In {202) replacer b72-yt • There results 

This gives 

(tor) 

Replacing i by z +'f 

+ 

Replacing f by-g in theae results in 
L 

413 t1 ,a . i'' " '" ~ m+t m +.z.,.,,, r 
M .v.z MJ {l} _ C# ~ , + ~ ~ ~ J -~ - ~ J + 2 r-11 [~ r,n +- r>J .z. !/ /~ ;. r ~ + 
~~,,)/ j(lJ,th~J - ~ J~ J.. /~ ~ l . " ,~ ~I t) 

' ,..,,,, 
(,to7) 

(~08) 

(,ZOJ) 

-81-



\Z I 0) 

·There follows 
. 1 ·.S 

.J.',,),_.zfo ~ _ ;:
1

; _z"\ r/{lcl + a)~(ol - a)~ J + 
~.J~9ilJ~l1J- '--/ ~ 

(<03.1) 

~OS-./) 

(.ZOC.1) 

(Z 0?,1) 

(Zo8.I) 

+±!3;;~§!fi7f~i +ff u{t1fi"~w-a1 :cJ/ +1t]C:..: ~ ~l{~(NJiH 
-

·-s2-



(,<o~. I) 

(Z/O.J) 

Group XIII-a 
:lo . .r.. 

tti l~,,J;,~) ah ~~l# 
,if,J~.Jo t~ ~Jc~.1~~) 

A/oz~ ,th rE ·il"~ "tA '~ 
J; '~) J:J W ,J;_.J ~Izlo (#) 

Consider _ ~.1.H, /1 ..,, 
1- I~ - V..3 ~..v'~ lit:? 

( - ~/(~)Jo IE) 

Let t: = ~ .,.,q , F(tl = r/lt:I • ~/satisf iea 

1' 2 ,f 

VI t~) z/o ~/ 
t)J'.Sl~ ~ ~) 

J,~J v:~~1 
.z;,.3 ~) 4 ~) 

(8) and possesses poles of 

orders three and one at t = 6£ and~= '117 re spec ti vely. Calculating 
d~l 

the corresponding~ and using (10) gives 

From this follows 

(.ZJZ) 

(213) 

-83-



In ( 211) replace ~ by~ - Uf • :lhia gives 

· and from this 

3 ~ I .:'\' 111(/11+ 2 r--1) ) 

+,vi/.A l~ + 4.L f ,~<ir-11~; 
/?P,1t' 

Replaeing ~ by ~+-f· 

.3 

J J. ,J ~~fl) ~~ r z (kn; 1 /+ (2-m -1)~ :l r-11 

,i);i.~-tl/~1,,J,/.'ZtJ -= Z L_-1) fzf~+r-1>] ff ~(2. r -o;: + 

(.).JS) 
,-n,r 

(.21;-1f {2m -!ljZr-1) 

+z ~fz-!'fl.2flrt + c-er;_,)1: +~3v&1~ +~,"'Y'c':;t:t:_-:J :cf 
,.,.,, t' ""11 I" .. 

(217) 

fvl.18) 



These give 

, (2/Z.I) 

(,< 1.3, I) 

(~I 4, I) 

(2 JS', I) 

r.z JC,/) 

(Z 17, l) 

(ZI 8. I) 

. -85-



(,.<. J~, 1) 

Group XIII-b 
z . 

v/ ll;lj2_& 
/c.{ J{i!J,Js ~ 

1/~. . ' 
V{, .{ l~ Jo~) if, ~,if.,~ 
J,. "'t~J J.s ~} ~3~ vi;, 00 

Consider 

+ 

Jo zw if, <1!) 

0J~J~~) 

..e fl JJ ~~t/;· ~ 
j/rz.1~ w 

Ft~ sat.isties ( 8) and has poles of orders three and one at 'ii!:~ 0 

andJl=~;: respectively. lt'rom the corresponding we find 
r/1 ;; I. ,,vj :.,.{, r}.J.} • {I), rt-t' t" I (f>} -4 3 (0/ 1fL) 

L220) rJ,~~-Pl~ =-f11t (~o)-c~ (~o) +zL;:f-.2j-1jR, (if.Jo) +f W,~fl, (~J .i.. 

. j 

J'roa""~tl"Jia follows 

(2 fl.I) 

(2.~l.) 

~~ (220) replace ~ by l+r[ • Thi~ gives 

From this follows 



(.Z.2.4) 

(l.25)_ 

• 

(.UC) 

<..ei1) 

1.UB) 

(.Z.21, /) 

• 

-8'1-_ 



~~q d ~) 4),(i) / I s ~ II J, 11 ,l ~ Alf 1-/ +-I ~ 1 
4{~ ~.J<~JJ.ioo = (,IA(l~ + ~ (N'f~ l~--< :cTo-'J + z L % ti) (f>+b) ~J&-6J -7.. J + 

(i2z.1) 

-t.ie{ £-;e;ffl_([ tir'f-•u-<f8-bJ>f] +"'/~ ~2J~ ft-/-;-a ~ r~c >t<i 

(.Z z 3 I I) 

~ 2.-<I. I) 

(.U . .J.1) 

(l.U, I) 

(.U 7,1) 

(U..8,J) 

-zf~~l::ff2_3~µ., ¥if+~~[::;;+ 12_('f/1i"+~w-a1;!l} 
• 

·-ea-



Group XIII-c 

.i. 

~(z'Y~{~ A'CEJ,rzJ J~JAr$J 1-},, (~ tlo (IJ 
~'<Z)~~ ~3(&J~fi!) ,v{3c~1~ <A) ~-'(.,!!~ ~ 

,d~1ttAw 
z 

~w~~J ~zfA.JJ;(1J J,w~r~ 
,,,) 1 ~) J,,. ~) ti!. 3r,eJ4,(4 

,( 
~3(~}~~} .th.J~~~) 

Consider ~~,J,(?J 
F~J = 

~w~~1 

Lett::: i+.!tf-, F~ E t/l6} • fl~ satisfies ( 8) and ha.s poles of orders 

three and one at t =JI'f and t;= !rf' +Jf respectively. Calculating the 
(11) 

corresponding !?;,. and using (10) gives 
? 

~ ~ {i!/ r di II ~ WJ j (fi 

;": F~) = ffl (~+15.'J~)+fi;x-.z,f f1(
0
J(,.ir1-t:!f.17fr!)-;dJfl (~+"'fhirf-tff) 

~IV6 I 3 ~ I I , 

(ZZ9) 

from Which follows 

+ 

(.<.30) 

In ( 229) replace ;!' by ~-!If , obtaining 

d, :!..de (ll,..,( !JI e-' 1' t .L lf1 i! lr£) + t [4: .2 :iJ..'j1 1:/0(. ~ 1IX) - /J 3 I) n (01(~ 'JtZ ~ 'JZ) -~.2,d,JoJ~~(iJ t-~ I ".J .1/) "tA I ':J4 -V'01/$N1 ':J ..! A 

Which gives 

(23l) 

-89-



{.l 33) . 

In these res11l ts replace f by - g • Hence 

(.V-1) 

(ZJC) 

+ 

{Z 37) 

From thee~ follow 

(Z3o.J} 

• 

-90-



(.t 31.1) 

(t..33.1) 

d~ ~~)~(~ = ~ :e + z"- j N[tva 1
C'1i + ())~(CJI. -a) ;i ( + 

,J/~ -vf~J~w ~ 31! L s 
(l.3'4.1) 

+ t {:f .z :ff [::Z,~ -t- 1L_ ff fc-11 ,)i...,k-.v il]_l + ~~ j1:;' IE;! i-{lf r/!:~ -~n!] { 

(,t3S. I) 

(Z3C.I) 

-91-



Group XIV-a 
3 ,J, ~ 

.I 

·~ ~) 

.] .I 

,-zh ~ J, ~ 
'.A ~Ci.IJ ftll ,~ :1.1~ ~~rv 

Consider 

F ~) satisfies ( 8) and ha.s :poles of order. two at i! :::o and r:. ::. :rrf 
. l~ 

Calculating the corresponding Re; and using (10) gives 

I il z ;f J J (I} ' (0) . 1 3 -4 (/) 
1.ZJ B) ,J, Jo FrrJ =-/vL l R, l .l1 oJ- ~ R, (-~ o) + j J 11, (~_, 7f) 

From this follows 

(ZJ-') (..&::!!..::L)z,+ (~""' -l)(Zr-1} 

-1J./)_z(a-r+r-1J f ,_ U41A.;-o;e 
" ,.,,, r 

Replacing ~ by~ - f 

In (238) replace t by ~+Ir£- • We get 

Hence 

(.l-11) 

Re:plac ing ~ by r -+1£ 

. -92-



In these results replace~ by-g , obtaining 

(J! 1-') 

(.2.44) 

(.l15) 

From 

(.Z40.1} 



(,HI.I) 

~'4J,I) 

(2,44.1) 

~45.1) 

(..e '1C.I) 

Group XIV-b 

C onside:r 

3 
~~ 

() ~ ~ ,J,_ .l.(E) 
~ s 

-94-



at t=11f-41f 

( 10) gi v:es 

. (2. -1 7) .. 

Hence 

(l.48) 

and -t e rt-
• f/~) satisfies f 8) and has poles of order two 

,..(~) 
• Calculating the corresponding tr;,· and using 

+ 

+ 

(
Zr11-l)i.. f lr>'l-1}/Z.. r--1) J\ ! 1- + + 1 ~ L 1. {/11 +r-1) CAJ4(2 r-1) ~ 

..... ,,.. 

From this follows 

. /7 3 f f ;\' ,.,, l ,\, r11 ,,,, zl- ~r?t Y l 
+10 l~z1 -4Lrn/ +1L.:_-1J 1.(/?'IUJj (,+41Zr~J 

A ~r • 

Replacing ;c by z t-f 

tz51) 

.These results give 

·-95-



(/G-18.1) 

(.Z-43.J) 

(.250./) 

(,l. 51./) 

+ 

z z .J z 

~~;;,§/: : J.
3 

f ~~~ + 1i:_,/;:; j ~ +.;) g Ntr/t!:;) U<?(oHI ~ti+ 
I ~ { ~ t- ~ 

+ ,,A3 I~ .. .l -1)_"'/ "~ 1~/Jil" +a) !A-l{ol -q) ~J J 
.,... 

Group XV-a 

_d1~zl~ 
~~tZ) ~;.l~J 

Lett== ;c.,~ • tilt) satisfies CB) and has poles of order 

Ca1cula ting the corresponding ht~~nd using two at t = ¥ and -t = -rr r 

(10) gives 

U.r:z) 

I l, l, 

J cf, I tlJ ~ 
'~ F {i!J = ~ fl., ( t + ~ J llf) + 0 / rt!J RfiJ '/!I. -1 • flfoJ{ vr ' ,,~J, ~ iVJ L ,(it:)7r7j .,..~I j[.+y/Ti) 

From this we have 

-96-



Replacing 7by z + ~ 

4j J,~ Joli?=: • V i. I _ 1. "-/n !,,n +"'1 "-(-1) ''°} (;11 + Y'} q.,, ;;,·.,:>i!. l + 
~~~Tl)~~~) ./V~ ~-<l L L (J ) 

.__ .,..._, r 

-2 .J{~r>i-1/" ;·'): 2 2-1>[11,rr ,.rJ-1] l ..._-•i"+-r;;-~~ if f. 
·~ ...,Jr 

In ( 252) replace =.c by ~ - 1;f • obtaining 

Thia gives 

+~{~; -f!2(m<-r-I-•] (·"'+;;;~Y'-•) >?l 
/'11J r 

Replacing ~ by i + t-

In the above results replaceg by-: • There follows 

(~S7) 

-9'1-



(.Zs 8) 

d_;,;~~ff)tVf(~ /Jt-~ ~ 1\ fjNf !-¥ l 
,.,,f, ~ J/m ,.,,n"-J =- /Va (A4 ,f,. ;(. + L ti t'' r ff +-b) ~ 1&-1.n ls + 

(.ZSC,J) 

t.2~2 ff{c-iil-j .. 
2

(¥+c) ,dv>r t;<- z{ 

-98-



(.ZS8./) 

(ZC0.1) 

Group XV-b 

z 
4<ZJ~ti!J 

~~·~~'tiJ 
Consider 

~ zli!J ~ /$,) 

/i4 z (11 ·~ z1~.J 

/J !-- . /} ~ii 

F ::::f.J _ v; <.ii ,if ,i.f~ e 
(..c - /}~ ~ t/~ 

/l/o {"t./ 1.,{] W 

+ 

• 

FtiJ satisfies (S) and has poles of order two at.?=~ and ~ =~+lf 
rf..J} 

Calculating the corresponding "' and uaing ( 10) gives 

(2' I) 

Prom this follows 

-99-



1'\, rh+r (.61?1x-1/t- (.Z111-v_zr-1J 

+ 4J4L_HJ .Z.r/h +r-1) f C,W(l r--IJ l 

""' Y' 

(.t.C3) 

In ( 261) replace ~ bJ 7!+¥ • obtaining 
,~z i 

,J, /l 't ~ ~~ {X) ' f fl''). .1LI '!LL) / (1/ 

/~ ~ ,if,2($}~.l.(%.j = ·Vo 1 ( 1; 1 ~ J L + ~ fl, ( ~ +JrEJ Rf= 1--lf) 

T h1re follows 

( 2.' "I) 

Replacing b7 

~1X~~J:t11 · ~· .Ji[ -r-c+..!-
,J.,,,,g ~~~{1J =:: .t ,J. L . .J'' HJ ~ (4' tcJ A/>? i'.-;_<- e ~ + 

'(l.& 3. /) 

+..<~Ir' f<-,, c ~~ + c) 4-hi :r.-;_>. i! ( 

..;.100-. 



Gr0up XVI-a 
3 

~ {'Y 

FL~ == ~~(~J-vf r#t.A~ 

,,J 

___ 1//_~·_aJ __ 

~.z~/'v{-1,1 ii, l~ 

Let t = ~ + .zxr + 3f J FtF:J = fl<tl • r;JttJ satisfies ( 8) , has a double pole 

at -t= 7TT +f" and simple poles at t ~ ~ r-f and t :: ¥ . Calculating 

d.JJ the corresponding n~ and using (10) we get 

.J A; "' r '') (OJ ·i J I F ($) = l j ~ trA 2 /~ ( ~ f zr;:. t .!f J TrT + f) + i fl, ( z: -I ¥ -+ 1f J f + 7T T) ~ + 

;J ,r /J fl (f>), Jr.); + Jr 1!:.I. +.Ir) rJ ~- fl ,l'](O} Ji:.L Jr:. 7J:.I:. + rLh M,l. ~ 
1 

( ~ + l- z.. J 2. 2- -/U'o -~ n, ( l 7- { + 2. J .1.. ) ~ 

From this follows 

J,'J d .]~ = 
/~.lo tiJ-J, (~J~(i:J 

Replacing 
z 

(&,.,,x-') t (.Z""' - '' v 
"I \i 111+r+1 

1 rJ_ :c1) [Zr f11.,_ rJ-1] ! ,4A-?1 Zr~ 

In (266) replace i+irf +lf blt "1: , obtaining 
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This gives 

(.U.:>) 

Replacing l: by ;; +If 

(£70) 

(.e csJJ 

(~ 70.1) 
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Group XVI-b 
,,. 

3 d (il.) 

A/o :l,~j~{l)~~ 

~J~ 
J~wJ,~JJo~ 

Consider 

3 J, ~) .J 

~~ 
~ 4~j~l!)d,./,JJ 4 .i~~ /')~($} 

1 
d, tzl 

J 
d~I 

~ .z~~ ~J,J.z.~ if, Lfi!) ~ ~J-ch ~) 

t1 .J _,·~ 

F fj!-/ = 1h (if) e 
~°(Z)~~JJ,~ 

s 
~(;} 

~ "f3:Jrt/, l%J di aJ 

' ,J 

~.f*I 
~~~J4~JJo~ 

-Let t=~+~J Ft:J=ff.PJ .,ft'(t,lsatisfies (8), has a double pole at 

t~ f , and simple poles at t z: "trt t-f and -t = o 
l~J 

the corresponding ~ we get from (10) 

• Calculating 

J, I J F fl) = ~ " { R, ''t E + If) .If.) - 6 11,r~ ( ~ + f J-!-) l + 
(2 71) • - ~ !J r ,,, . .r ro1 

i g V..t ~ /1, '(~+ fJ 'Irf+~) +,~~fl, (~+-f Jo) 

" 



f 

Rep1ac 1~ ~ by ~ + 3f 

Replao,11'"!;.., J bl ~ g in these results g1Tea 

(,(, 78) 

(< 7~) 

From ill~ follow 

(Z 72.1) 
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(.z. 7.3. v 

~ 77.J) 

(z 78.J) 
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Vl 

The e:xpansion3 of this section are those for which 
.. ~ 

f< . equal a two whose denomina. tors a:re of the fourth or lower 
/} j, 

degree in the .v .- • The following table replaces the corre-
f 

sponding·one of the previous section, and is understood through-

out this section. 

N = 
a = />t 

l'1 = a. 

ol::. i,,,-,, + 2.r 

o<-.z ((.. 
Y' = .t 

l>dt' = f i,.,.,+r=~ 
i., 

0 ..(· a."' {lf 

4 
N = (t111 -1) (Z'11-1)fU-1J c r 
1 ~ + ). =:r 

c +J 
~ 

')'- ic. 
2. y _, = ----~-
2.{R/'Yltr)-3 = 

;y =4111+4Y'-1 
;r-i.C..i-2. 

Y' ::: i 

~ .+ #!/ 
. /11 t Y' = -1-

'J" + .<. C 
:z 

C~J~Z r:o ~1 

0 <l 4.{? 

b = m 
,.,,, : b 

/h + r = J 1' 

ft = )1">1 ur-1 

Y' = f-~ ~ +, 

~ Y'-1 = 1- 2. J, 

2,(Z.m HJ- I = f + 2 b 

P = r /h'f,#/z o < /, .i:: {Jf 

.z. .If = f:u';_-11 t {Zr?f -o r = ~ .f 
cl.. = i ,,-,, -11 & ::: 2 ( :z~-t u· -1) 

d.±L $-2.d 
11i= ]._ Y'=-__,-
1'1 + r :: s.,.-a. tm~.--J = s t .. r-d 
d:J~Z S:J.~"f 

o~ ei<t/1: 

In reducing the expressions given on uaing (10) it 

may happen that every term except one is odd, or is even. Hence 

we inf er that the excepted term must vanish. This implies an 

identity in the f J • The idenii tie a which arise in this \•tay 

are used to simplify the form of the results. 
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Group I 

JJ..rJ.J 
, I 

C onaider 

F ~1 = 
d2.~ 

I 

Let t = z + 7r£ 1 Ft~J =ti ~J. ?w aatisf lea ( 8) and has a pole of order 
(,/j 

two at t.= if=. Calculating t.·i,r; corresponding !(and using flO) givea 

,Zao • /J, '3F ~) -= nt;r ~ + q, q J 

From this f ollowa 

(.Z 81) 

Replacing ~ by ~ +f 

Which gives 

(X83) 

J, ,z 

= 
~.ztzJ 

Replacing :l by i! f -f 
L .z. 

J'z 
(Z<1f -I) a ~-o t (.2.A-1 _ ,, v 

1j;__z,.?t-1J J z. 

f ~t-/",Z( Z/>1 4 Y-1) J (.Z8i) 
~z(iY - ~ZY':r 

~ ~,,,.. 

From these 11V:e have 

,2 L 

(~6'/./) 
,J, I /j_z,,,, {'"' - 1) JN{ (J.-!- ..?el) C<Yf(o/ - 2 a) :et 
~w 

- ~z~ 
~-
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I J. 

,J, - I 

z. 

. ,d. "-e.J - VI'( .z. l - Lj ~z,., /"' + 4 2 t' { ~ / "z(~ :,_za) W<l-< - "- a U 1 
~ 

(~ 83. /) 

Group II-a 

Consider 
I 

/:: {l;J = 
,J, ti/ .Jz. ~ 

Lett.=~+¥+~ J Ft~=l/tl. I/It) satisfies (8) and has simple poles at 

t _:rrr-1..r 
- }.... T 'T 

(.Jj 

• Calculating the corresponding Rt 

and using (10) gives 

(28S) 0 ~ fl(O)( 1J:J: (0) 

I /} = 1- i -I ).. +f J 1Lf + f) - R ( ~ i- 7Ll: +JI: Tl.I + !..!!. J ,,j ?J4.1.. l1J 2. J.... 2.-) l... ., 

and f-,..orn this 

In (285) replace ~by i-7!f , obtaining 
~I I -1.t'l 
~ ,z./,t e> ~ {<I 

q - -l fl '/~ + :rr J JCI. . .,.rr, ~r;J ,v4 t~I IJ - A. l ,, .a.. 11 

which gives 

lz87) 
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From these follow 1 

,_ (.Z8t.l) 

Where the additional condition oL - .z a. =a~ 1 must hold, 

and 
'\' (1< +I {<, ":. • I) ,_ :'\. _lL djL 

1t.:.'; f +8Lf1lf-o ~s-~di1;1 
_,,,., 

where the addi tiona.l condition J -.?.vi. =o ·~ 8 must hold. 

Group II-b 

I I ( 
--;,-----
,-~ {~ J:.S lZ/ 

Consider 

Let ts~ +-'Irf J Fr~ •f/ftJ • SfttJsatisfies (8) and has simple poles 

at t= ~ and at t = J~r. Calculating the corresponding 

and using (10) gives 

From this follows 

(~88) 

Replacingi bY~+--f 

In the last two result3 replace f by - ! obtaining 
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( .Z-'O) 

From these follow 

~88.1) 

U'°·'J 

Group III-a 

dtr/ tt!i~ J$.1 --lh~) 
~3w 4,JfLJ 43~ ~.J(i!/ 

~{~ ~fJ/ -~~ /i{~ 

zl.1~ 
I ,J/P!J /zj.115/ d.J~} 

() 

Consider 

fl~J 

Let t = ~ +-V1 A~=-!/(tJ o tf'<t/ sat_isfies (8) and has a pole of 
,71JJ 

order three at t = T . Calculating the c or responding /T,· and 

using (10) gives 
,3 ~ c:~ 

J~f2:1e -
/Jo ,zj, J fl. I -
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~From this follows 

+ 

Replacing ~ by if +lf 

+ 

(t,1) 

Replacing ;l by ~ + ~ 

In these resnlt8 replace D by -g . This gives 

~111-



+ 

(300) 

From these follow 

(JjJ,J) 
n "' { /J '' ''' ~ tJ +-'-f~"'J, _, t -r-2 ~/¢ - 4 l Cl f ~~-:U) l] 2~~ Jo ,J, j ~o J, t b l • 
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(300.1) 

Group III-b 

Consider 

F {~) = 

Let t = ~ +¥+!f; F(YIE(/~). </lt:.J satL3fies (8) and has a pole of 

order three at t = "¥' +-f • Calculating the correppondin.g 

R'
t,.J) ( ) and using 10 we get 

(301) 

From this follows 

113-



,,.,,,.. 

Heplacing ~ by ";t. + ~ 

+ 

(303) 

In ( 301) replaeE1 ~ by ~ t-:JJf- , obtaining 
13 . .l t'-t I 

rJ ~we !}IL-= -f Rj,J)(i:+tr;-.-.,.f,JT:f+f)-i.-~~/-~''l n:o}c1:-1f-1-,,.0 l'T{+~) 
rif~ /v1o 3 IZ.J 2.. {J, 4 5 • 

From this follO\V::J 

t-

( J o-1) 

Hep lacing ~ by ~ ~ .1£ 

-(soO) 

From 'fhd>sewe get 

{36Z.I) 

{ 

I/ " v ,,, { [ · i: "'\-· . N 1 a 1 1 + J_ ~-,£ ~ + 4·.1 ::/ \HJ ~(,{ .. 2.a)~ ~ ~ 
2. ~ ~, ~ ~ /_ 0 l ) 
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(303.J) 

(30-1.I) 

(305.t> 

Group IV-a 

dl~ J,(Aj ~ih l:l/ Jo £7!) 

,J.t.l~~~) 
I 

~,/.~~~ ,z.J.: ~tz.Jd (;&' 
O I J --v& zw ·v{ tZ J 

~~ ~~ Jo~ ~~/ 
dw~(~ {~2~~(~) ~~ti!-/~~) ~ ~<;!)'"~ {E:) 

I 

Consider 

Lett= i-4:V+-f1 Ft~~r/<ri. <,ht) satisfies (8) and has poled of 

orders two nnd one at t:1f +f and t =o/ -tf re spec-

tively. o<:i1 
Calculatinp; "&;hs correspondinfS he. and using (10) 

gives 

_.,,I: 



(30l) 

Replacing l- by ~ - .1f 

""'L IH f. f" , /11 ( .l'*t. t ~ ~-1/ 
+ ..q ~ 1) p. r ~ t?r + r J - 1] ff ~ tl' r -1 J ~ + 

hl1r 

(30 8) .i.,- 1'1+r.,.., ~~.,_(z--11,z,r-1J 

+ 1~ !!') f ~(.tr-1J i! 
'Fi1r-. 

In ( 306) replace /.l by ;g. + rj= , obtaining 

,/,. . ·~ 
J,~~a1e' _ · R{J'r::z +:.a:.. +~7TJ: '1L-+ ?r..L) + ........... _-.,,....;..___ - l ..<. ~ -t ~ .I Jf l/ 
J~~~~J,~i -

F'rom thiJ follows 
{Len -ti z." {~ -?r -1)( ~ r- /) 

.t. ... ~ 

42.~•l{U.tm+rl-3] f ~u ~ + 
l"f 11" 

(30.3) f ~ .-?{(Z,,ri+.zr-1} 1 
+,0 z) ~;: + y-v'''J ,4.+n<Zr-11;: • 

,,_,,,,. 

Replacing ~ by :1 + -f 

+ 

(3to) 

·In these reaults,repluce ! by -1 • There follow 

(3/1) z 
(2.-?t-I) + (2~ -tJ{.l.r-t} i\" tf't I ---r- 2 

+ 1 Jo Lf-11 f C-Hft.r-o i 
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(312) 

(31.9) 

{J "1 -i/ (Z.-?1 -1) ( J. Y-1) 

"\" x + ~ 
..q L [ 2. ( z ,,,_,, + r J - 3] j ~ (.2. r - 'J ~ + 

(31-i) 

These give 

(307.1) 

'{308/) 

(303.J) 

(310.1) 

(311.1) 
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(312.J)/ 

(313.1) 

(3 H.J) 

J;.t.fiJ,v6 ~ 

Consider 

Group IV-b 

~g;_ 
/~~~J .. ~LiJ 

,iJ>t~ 
--~ 
,,,~ z~ ~· (%!:} 

Let "t =::~ +.zr£-1-f) F{j!/ 2 '/ft;) .v(?jlsatiafiea (8) and baa poles of 

orders two and one at t = 'l!:f- + "f' and t = l +- -rrr respec-

tively. Calculating tne correspondingt{"a.nd using (10) gives 

From thid follows 

~·. /J'l'fY' tt 4L '' 2. l z ·'"' + rJ [ ~ z r e 
,...,,,.. 

(317) 
.t 

z~ t(,-n+r ,~ +c:-i2-;--e ~ 

-118-
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This gives 

{318) 

Replacing ~ by z + f 

(318) 

In 

(320} 

(J.2 J) 

(31l 2.) 
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.t. 

.\. ,..,, ... , ~ +rx~-1)r 
- . 4 Lt9 zr z,,, ~,,. -1) f /JA->, x r ~ + . 

(l IC.I) 

(JJ 7.1} 

(318.1) 

(319.1) 

~l~~J"t-9 
~ J, ~ (2:} ~{!) -

(3ZO.I) 

. -120.-



. :{~~i!J = Ml' + ·<~-(-1) ~.:: ! _..., : 4 '\_ j Ill f (-/fa"'~.t + zal u-< (<( - .z a J -l: ( + 
, o ~i. tr/ ol~ 1. ""' L ) 

(.32/./) ~ 

t ,z,,.J' f~.:~ .,..,/'1-11 -1- z2_j' r l t-V d;!- c..K ~ "i'' ·"1 1 
~ . 

.;'~,,J,.1;9 = ,Z. > '1 f 5 (-IJ &;z (~ +ul) ~ l:j_d ;?: ? + 
Jo .. ~ Wvf t~ '- tJ l ) 

.+ ,h 'l~ ~ + 4/_i N 2 rl} " • .z...,. <"" -.za.J i? I( . 

(.3Z 3.1) 

Group IV-c 

Consider 

Ft~= 

Let -t = l. t '!!f; F(i.I :/td. t/ft:I satiafies (8) and hns p0lea of 

orderfJ two and one at t = "f and t ="ff:{+ f , re 8pecti vely. Cal-
1;, 

culating the corredponding 1(. and .using (10) gived 

(JZ.1} 

From this follows 
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(.szs) 

,,.,,r 

Re:plac ing ~ by ~ - :If 

,.~ 

~/~~fi!) = 
-0 ,~ z(~hf {%.) 

(..3.U) 

In (324) replace ~ by~+:!!:/-

which gives 

(32. 7) 

d~~q == 

~,J/«~~~ 

,.,,,,. 

Replacing iE by z -£ 

(J~8) 

Hv~zL 
,,.,,, "' 

, obtaining 

In theae results replace f by-; • Thia gives 

(J-l~) 
< L ( I 

+ /v& l (,44 ,c. + 

-122-
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+ 

(J..30) 

t 

(331) 

f 

(33.l) 

Prom these follow 

(325.1) 

f.1~7.J) 

-123-



,.ij 1 +/\1"~t-l)~~·r;-2.b)~1l. 
' ' t Mj l (,ff ~ L l j j 

(J30.~ 

(331. I} 

(J.3/,1) 

Group V 

,Jc ~) /z.4 Ii!; ~ Fi5) .-z/z ~ 
~~14cZJ~l;i; -~ ~J~1~J,J;~1 v{,tzJJi..c~thl~J ·v£tz>Jli;J ~~ 

Consider 
17 

;=- tC) = /t/4 fZ:J 
4 ~-~ {~)~(~/ 

!.tet 't = ~ + 7f=") r tZJ == Y ¢; • vrcJ sa.tL~f ie3 ( 8) and has simple pole J 

at t= J11:.. -t:: !!:I +lf :L ) '.).. ' 
,-jJJ 

aponcting values of 1-r;.· 

(33-4} 

and t = 7TTt- -f • Celculetin~ the aorre-

end using (10) givt:;n 



Repl&c ing ~ by Z! - r 

(335) 

In ( 33~:3) replace .i! by ~ ~8E , obtaining 

There follows 

Replacing~ by~~f 

(.33 7) 

From these we have 

,J,1~':4~ ~ ,v(~f ~ ~ + ,q2 t''l ~ W-,taJ,t I{ + 

(33-1./) 

,J, 1~~ (ij J 2 i· ~ ~ ;'\. / #j eh2. a - ~ · ~li'J,J,O!/.}, ~) = o ~ ~ + 'fl J l ~I) l: ,,U.,!J<- H<I i!lf + 

(33.:,-,/) 

+Jj~~ +{(f µ,,<«-za;z(t - 1 J..l_-/f i ~ ~-,_vi ti- . 
-125-



(33C.I} 

(3 3 7.1) 

Consider 

.,. 12_ (} ,4A->/(d-.2ah! f j 
, 

1~ottp VI-a 

.. 4 

·t./.z (~ 
·~· ·~----~-

J,.1 ~) 
0 

Let t::~+~r1 F>6;/tt.1 .yl/#aatiafiell (8) and hash pole of order 

four nt t=7 • Calculating the corresponding 11/'~gnd using (10) 

p;ives 

(338) 

From thi '3 follows 

Replnc ing l: by ~ - °T 
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by , obtuining 

From thi~ 'follows 

Replacing ~ by Z - f-

In these re1ults replace ! by -f • This gives 

(J 13) 

( J 1-4) 

-127-



From these follow 

"" ~ f i 1£ -2 f,''{f l,1 "/" -1-) (i (« -1,zdJ ~ (.( -,zau { { 
a-.. 

(311. 1) 

(3 "9Z. I) 

ad ' U ~ 1 + -' -.l- l3 _,)., '~ 2 "'(".z. / +-.l \ (1"'1 //·"'; !:: );. - ~('( + 2. a/ Uri (ot ·,,{a)~ ~ 
~ 2J, 1~ -:::: ;JMr ~~ 3 ~ -! l .z.& .,,f I ) j{- {) 3 L l _) 

--fl f-.z f"I ~~Zn%"' - i- 2 /}lb A a) ~(.(-2a)l { f 
-128-



(J-4 (.I) 

(31S,I) 

2 

ti Jf-i ~"t 1 'c ,,/' + 
""" 

I 
+ ;2 

!.?:-~~::.ll z 

,l. ( 2 1-1 -/) 6 .L + 

Group VI-b 

"" ~ 

V() "! ~ 

Consider 

~ 7~ 
·1;;; 

~ .a..i~ 3 ; 

L f:I) le<'+ 2.tt) ~(o(- u) .z. j -t 

+ 

Let t = ~ t- 2!1 f ?:/: </ttl • ylC/ s~tisfh1 s ( 8) and has n pole of 
, .,.. 

order four at t 2 l!:f • Calcul8ting the corresponding val.ue J 

?lJJ 
of / i nnd ua1nt~ (l.O) gives 

(317) 
JJ1 

. 0~7 1=-(~ ! = 
0 

There f oll<rN3 

(318) 
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(J19) 

In (347) replace ~ by ~-Ir£ , obtaining 

From which we find 

(3Sa} 

Replacing ;r. by ;g - -f 

(.ssl) 

From these follow 

(318.1) :I. 

--t kf) ff j Z/h l" r 2 t ~l ~~)")~(-<-A<•/;! I J. 

-130-



(35a.I) 

(3SJ.1) 

~ 

:: J )g,-t~-iJ/ i ~ + I~ 2 t.!-f f-1) £-~~ + ,t,/l ~ L- ;"- ;! 1 + 
.__ 
·?\ 

• - ];. ( 3·~-2,J/ ' \ 
/J II .. lltt · 

3 ( ~ ·ii' L 

/v{tilJL t~ 

J, 1~ 

.~,I~~~ 
~ "¢1 

Group Vll-a 

Consider 

Let. t :::. z + za: +Jr Fl; = f 1 J 
.v • ./l9 satisfies ( 8} and has a pole of order 

:;(./} four at t = t!f +f • Calculating the co~~redponding tr" arnl using 

(10) gives 

(J.S .z) 

There f ollovrs 

(J,j-.J) 

+f f1'i~::fi~J1W~+H) ('~:;::;;. 
""11Y' 

Replacing ~ by~ --f 
-131 .... 



(JS-4) 

,~(1/~th 
Jo ,J)~ ~ 1 <2.J 

.. ~ 

In ( 352) replace Z by 7t +.1!£ , obtaining 

From this follows 

·>z+J .J 

t-!J L z < 2 n + rJ - 3 J 
U~ i.f C~-:>t.""!LE>:-_'i 

L ,i_ 

f / ~(.< r -I) ~ + 

(JSS) 

Replacing z by i!. f f 

'3scJ 

In these results replace f by - g • We get 

(.JS 7) 

(.J.r e} 
?z(L 1_t-~r--iJ 

J/•"1 ·-.L Y'-1) ~ 

~,r 
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(JC()) 

g..,, jjL k + i·L~::J~':::!L 

~ ~ rv /.'l.1 JMr! - 3/ ! ,~l,1. r -1) ;,e 

~1-1 

From these tollow 

(JS3.I) 

4J$"f.J) 

(:SSC.I} 

-133-
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(.357.I} 

(35"8.1) 

(Js3.1) 

(3G 0./) 

ctroup VII-b 

Consider 

. /Jf ~/,;Jg 151 

/J/~J 

Lett= x. +.11£ +f., A~::.<;ttJ .. </t# satisfies ( 8) and ha.a a pole of order 

four at t =!rt'+ re • Calcul~ting the corresponding t?J1
s .. nd U:::Jing 

l. ., ... 

(10) we find 

(.1,1) 

There follows 

-134-



(3 c~) 

In ( 361) replace l by~--¥ , obtaining 

~ IJ tf /J' ' ! l:rl _2. C:• . J 

S ;"'1 ttA fll,z/_,t&:7 e = .!:.. R t'!Jr· $ JJ; ~ .z.) i l, d ,,, /1 l.Y -
t7o '3 o() 411~ S z. J; 11 .I ..z. + 1 ..... - -1- -t 3 ~ ;-,t1J;~ +:ra ILL .ZZ:.) 

/1/1IV::11/1 ~ ' -z.4' .zh_ 172. I -., · 2 + 1 

There follows 

(JG '4) 

f;J cs) 

From these results we find 

(3G2.J) 

-135-



(3 CS.I) 

Group VIII-a 

/) 3 o, // . 
/i/1 IPV' -JI() (f!) 

Consider 

0 ;J.ti!I 

~· 31ZJ.J6 l~) 

, ~-'"?; ..L _,· ~ 
.z./.i !<::', -c-

F ~ :: v/3·-.ti!,-:J--v-/~-~-) 

.yttJ sa.tiaf ies { 8) Hnd has poles of orderi 

three and one a.t t=llf a.nd -t= o/ reapoctively. Calculating 

the correaponcing !f~J and uaing (10) gives 

J, I 3 I (~) . ' (I) ' :;° FtE} = f il2 ( ~ f lifJ lrf) -" liz ( :l + Jif; 7r[) + 

(3,,, 
II .. II 11 I .. 

+ i Sx.·wfJ -~ -~ - / / f1.10(~ z f ,,.r N) + . !. ~fl l<:/( i +-JL!j ll!!.-) 
z. l v'L Yo v{ f ) 2. -f ) "!- / // .J 2 -f 4 

b1 rom thia fallows 
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(3C7) 

(J CB) 

From 1-.hia f ollowa 

- Replnc ing ~ by )t + 1f 

In • This givea 

+ 

(_J71} 



t-

(J 7-t) 
, r·- !''1+-r .L /1'1(1.ni+z.r•t) ,.11 .1 111 ~'',;" At+r+I ./11(.t.,.,, f.Zl"i'-t) 

+22r9fir2,,,+fi.-1] j <A-<I!- r-u z + 2 i~ _t-J,-,;t L~~-Y J """tz ,,._, q 
"1. IY' 

(373) 

(3141) 

From 1ese :follO'lf 

/ V ,J , / z ( ,. , "' I II ) 
~D Ja. {$.) : _1_ + __ I_ {2~.-_1/.'"' _MD -If + 
It a. 0~1J· a1 ~J-i :l.Pwl t ~ .!.' .~ j 

/ V'.z. v, () l4 

fJ CB.I) 
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(,370.1) 

(37/.1) 

(37 3. I) , 

(371 .I) 

Group VIII-b 

~z(Z} 

,Jl.z"' <v Jo ~' 



! 

C onaider 

;:~/ = 

Let t=i.+lf-1· F~J=t/et;. ifi,lt) sati3fiea (8) and has poles of orders 

three and one at t = 7 and t = VfE respectively. Calculatin~ the 
(Jj 

correfH>onning vslue.s of R,· anfi using (10) givea 

There follows 

Replacing x. ·by ~ t f 

(J77) 

In ( 375) replace ~ by z-11Zf , obtaining 

From thia follows 

(378) 

Hep lacing r. by r r~ 
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In these results replace j by -y • We get 
1

3 ·l. ~ 2 ~ . " ,, l z (Z,.,, -11 t k:-~:-J) 1r-1J a) -zh .... / 0 1~ I + _J__ } A A ' '7 1
'
1 

..J ,. -, ?t fr/--:r-
- - -:: 2 ., · ::¥ J.. § - .. J:;;=-lA-1 •/ + 7 . I t-1) . .4A?-tl7 r-t'j ;I f 

< 2 . ~ i .~ ;,~ ~ 4hr. 4 V'o <h .i,f v .t rr vo v: tl v3· ) ,.,,,,.. 

(3 81) 

(J 8~) 

(383) 

l
' 
2 
~If J, 1'/ /I/ J '\ 1'/+f (l "'1~11 ~ + (,2. .-ri -1) (2.2.. f"" - I) 

+ 2 .·--~ - 4 .f .· J (-1) j ~ /J, .v'J ) ,!__ ~ (.Z r"-1) ~ 
·~, ... 

(J7C.I) 
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(3 77.1) 

'3 79,1) 

(3 7.:)./) 

'3 80. /) 

(381·1) 

(.J 81.. I) 

(J 8.3.1) 
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~.aw 
,Y,3{!.;~ iJ 

G/roup VIII-c 

/zA.t a; 
~.J~~!ZJ 

.z/o· ~6?) 
,/;, .J(,i!j ~SJ 

Consider 

,.,;;,2.~ 

~Jfi!J·i/c~ 

Let t = ~--1-l!f +f J F ~ ::= ./ {/;) • ~/ tJ §atisfies ( 8) and has poles of 

orders lhree a.nd one at t= "'[1-f and t-= '!rf r 
3
:' respectively. 

ftlj 

Calculating the correaponding value.> of 1? .. : and using (lO) gives 

,:i 

/:1~1 d d_ - ..L fl 12) I ':2. 'lIJ:_ ~ !r.I r;;; ). f 4 ll ~)( z f ,.._r _,_IL 
• l.,, :t:{"teJ - 2 2 L A; + :i. + 1 " i .,. 1 - v~ n

2 
_ ~ .,.f._,, ~ + ~~re) 

(J 8-1) 

. -l- /'j l:,.i . .., y 

-t J_ ~ ;_·~'~ J.'~,.,.;,'''? ~. ~ + ~>ttJ ,,, i /~ .l Y' ~ ~ 
2., ( ·Jo ,vi .;), I J l 4,+., l L tJ ) 

.., , ,. 

Repla.c ing z by 2 + f 

(38C) 

,) 

In ( 384) replace ~ by z -7r[ • obtaining 

This gives 
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(387) 

Replacil}g l by 6 /- 1f 

(3 88) 

In 

(3 JO) 

(JjJ) 

,.(,,., i...,..2 ,,,, V" 

p.,,.,;.,r~ + 
) 



(33~) 

From these follo7; 
,J 2 

i•i-'~~ :: ;:,~ t 22; it!J(:~-'"t"'~~ ·.< t</ ;! l + ~ i:;: t ~1)11/~., ll·HI~\~ + 

t± fz :ff f{ ~ ~~ + { ! '"'!t11 ",u.,1.1 -.iaJ2 f ~ 

.J 2. 

4,~3.h ),~~ "' /th<} r i) If \1J(<+ux./U>t1.1 ·.<"J;z} + "'~ 1i~ H\/, "'{ t-tJa.U..,(.-<-z.~J ~F + 
,i.fo ~ ~) I ~ 1. 1.JJ l } (~ i. L ) 

(3 8G·I} 

+ ± } 2 ~f-_f ~''( lt:~ + 1~t"f(-/~i-fd-LaJi!f{ 

(.3 87./) 

J. 

+ );(, ~~ £~ f,'( l ~f-IJ ,,., :/"',_-:}). +1l/'tt/;'. VoA l·i"' ;{ f i + 

(389.tJ 
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(3 8:1.!) 

(3.:J/. I) 

(3.::JZ.I) 

Group IX-a 

,Ji.~),,h~J 

,J,iv~ ~1 

~l~J./o<z) 
~.3~~~) 

Consider 

ii ~ -z/o. (*} 

·~31~/ vj~) 

-146-

__ ,:{.~-~-? _{.~~ 
0 .. ~} J~ i.Of/ 



I.et t :: :l + 71'!' 1 1=- ~; 1 = ~ct.J • r/ 'ZJ satiaf iea ( 8) and has poles of 

orders three and one at t = ~ and t == 7TT . respectively. Cal-

c.ulating the corresponding va.lue..sof Rt1 
and using (10) gives 

(J 'J) 

There tallows 

(.3 ,..,) 

Replacing 'l by t +.!£ 

In ( 393) replace i by ~ - ?r:f , obtaining 

This gives 

. ,,,,,r 
(.J:JC) ~ 2 

~·· ~t(2r?J -•J,.. - l..Z~ll +(..t~ -tJr 

- ~(Z"'+Y-1)]" J ,u., u ;t - 1.J~ L f :u,,, "r ~ 
,.,,,,,. ,' 0 .... ,,,. 

Replacing ~ by ~ +-lf 
_,•·',, _f, ~ .>, • .z. · ,. Zt?t z.+ .%.."'1 r 

M", -~~·J__ ,i*.I '() fi!/ - / i:· ) _ 2--h-L& t -'t.........,·>·" H• "".,.,! /1......_ . ~ r '::L ( 

11
/ fl. fl.3r11 Ii zi - ·t- J _,,z. i : .,;,:· i- .1 .....--~, ~ ~ + 
l. ... ,J ..<:J .,...,. ~ ~...,, ( v ~ 

(J !)7) ""'"r 



In these results r replace j by - f • 

(J :J 8) 

(3-'~) 

f-10 O) 

t101) 

Jrom these follow 

d I~ "1G!-J369 == ~ - ~'>t \ b U) 4+-,.,_ (,( - ,U) E t + 
.£)~~ J, ~J't/o fe} ~ i" L.. o 2 

{3..'H.I} 
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(3.~'7.1) 

J',~ Jo l»'.iiiU = ~ _ 2 \ o "[ (d naJ ~(«' - 2 a; _t f + 
~ c.Jz. ,,;,j f;i!}J3 ~ ~ ,~ µ 

-;ff~~ + 12_ (f,;,,:.. i-1-za1zfr + {,/. J,_ LI! If[ HJ ~z; ~~-;e1. .i?~ 

-

~00.1) 

{10 /.I) 
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Group IX-b 

,Jo (~J ·th l*/ 
Y~3(xJ.J" {:!) 

Consider 

J,i~~ (;!} 
/v-{'Ei9~°' 

:- .i/o 15!/J,i Ii!) 

,,vf 3tkl~ ~) 

0 ~} zfi_(~ 
·~ .J (it) ~ (;fj 

Let" t= Z+!!f.J F~)::(/W. pCtJsatisfies (8) and·haa poles of orders 

three and one at t::: .,,.J and t =1ir+frespectively. Calculating 
(J} 

the corresponding R, and using (10) gived 

(4M,) 

3 # 
_ !l 1 C (:i) _ t· (OJ - • ~ . 2. (ti) - -

/Vt .·i/,t. r,71 - .L n (~ pa1 Ja') - 1t::3,_ fl. ( il + JlI1 1/J. ) - I/ f L7 ( z -1 ZL ./ 1Z.l. -t-L) 
~·~ {V::J - :z. 17:1. .2. 2.- /th 2 ..2.. 2.. Vo •V.3 /7.;_ i .L ~ 

There follows 

Replacing z. by .l.f-{ 

This gives 
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Jleplaoing % by x -Jf 

J1 rom these follow 

{10..>. /) 

(406.J) 

.:J .. ·· • 1L ,S-2d-4' 

,,C',), ,j~~,h (2) ~ i 2 J 111-1) 1 (ii +zd]2Affl J-i..< ;c r + 
/~ :~ ·~ i~ i!o (1.) 

HJ.~ 2 f fJ,aA., ~ -,zA i' { +1 ;f} j *) ri) J;~"16-2dl °i J 

Group X-a 
/ 2.1:!. 
~ "'7 

-151-



Consider 

two at '.t = 7!f and t = ,,.r . Ca1culating the corresponding R<-~-.J,1 

and using (10) gives 

There f o1lowa 

~ ' 
-4 ~ .<{ 2 jl'11-lj t 1.21_-1/ + > 1,.z,.~r-1) / ";_il:: 2."';~Y' ~ 

.,__ ,,,,,. 
Replacing ~ by ~ +-![ 

((/o!j) 

There fallows 

(110) 

Replacing Z! by ~ + f 

+ 

(411) 
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In these results replace i by - f • We get 

(-"l!J.) 

(111) 

(415) 

From these results follow 

J,1 ~.ZJ.z_~~ 11 2 ~ I \ 
J,~vlr,1..i!-) ::::- /~ L .~ zi - ,z :,.. '1111J 

(10 8.1) 
-,<. 

(4 /0.J) 

-163-



('4 /1. /) 

(415.1) 

Group X-b 

~Jo.l.t¢J /zhz~ 
_J, i ~I J;_ :z.~ ~ z tLJ ~1 g) 

Consider 

-154-



Let t = -z r 1If, Ffi!l~<.)(.'t) • fltt/aat1sf1es ( 8) and has poles of order 

two at t =-¥and t =- 1If- +f. • Calculatinf? the corresponding R~1 
~ 

and using (10) gives 

. 1 ;, .Z. - .· _ ·~ 2 ;y l(J j 'llI 7rT) 
II J- ..A - • n~ ( ~ -f ., J - ~ 

, :c,./ I l4--J .. · () Z - .v· 
, I 

There follows 
z, 

i Pf +i..~ Y' 

1 2 f ;_ n+rJ j "*"'2, z v £ ( 
(/ ) 

Replacing 'f by 'l: ~f 

(418} ~ 

t,,,&lu:,'z -2}_111/ 41 ~ 1l2rznrrJ y 
2

::~:: ( 

">I I -., flf' 

In ( 416) replace ~ by ~-tr[ , obtaining 

~yf I~ LJ, ~1 .. e-i,'' ~ :! ,~ y~J,: L d'L~ 7r.L) t, I l " .. ~ a(JJ( !II 1!.) 
_ fl .2. fi!.':) // 2-{i!,J 0 )., .I :t... , '-1 f I I .z. _e J z... i- 2.-
/V~ V'J '-' ~ 

which gives 

I~// _a Jfl. 
.v/ ~ 4, ~ = 
Jo l.~J ih~i!J 

Replacing 13 by x + f 

<1..eo) 

-155-
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~e get from these 

(4181) 

(41,./) 

"~roup XI-a 

Consider 

Let t ::- l + f" 
two 

and 

(~.ZI} 

e.ndt=~ ..,. 

,/f'¢lvJ~ 
~z_fA-;}fLJ 

• r/rtf satisfies ( 8) and has poles of order 

? 
(-.¥ 

• Calculating the corresponding t l. 



There f ollowa 

.·. ' (.21:-" \ (2 ~ -~ (;(. t"-1) 

-4~1Z'?\+rJ-3J % C-',2.r-1) ;! , 

,,,.,1r 

Replacing ~ by ~ - i 

l 0-4-1 
t 4 -1) [ l t 2 ?? + r J- 3 J 

2. 
~ + !.3.,,,,-l)(.l.r-1} 

r1 '2.. ;t 

6 
Urr!.Z r -I) z 

l1Z1) 

These give 

J,';;, ~w,;,~ - ~i~ - 1\ /'i c,J.i.< b) <#({J-.lhJ~\-2lf *l O' rnJ ett r::_t ~ ~l vt~ i1; ~5!1zlo'~; - .,. .. -., ~ Z 

-157-



r 

Group XI-b 

~.V:w~rf 
,,(t1i} ,Jj_ ~~) 

Consider 
·i.A £/ F 1£; = J/ .2/gJ '.2 1-fV 

Let t = z-1 zrr + f, F lb~ vttr • vtt:J satisfies ( 8) and has poles of 

order two at t = ~ + f and t: =!rf +2:f • Calculating the correspond­
~~J 

ing/( and using (10) gives 
/ 12 /,' 2. 

vl cz/.l Ff2-1 : !i;,,IJ)( ~ + 17- +fj !!f +f) + ~ (/}( ~./.'!LI-+ Jr.) !!I+ ~-L) Jov& 4 .z 1 .1. ., 

There follows 

In (426) replace z by z-lf , obtaining 

which gives 
rl 2. 

~ ;;.,{ J lZ' -ih~ 
,Jo,~ 4z.~1,J'"tl:J = 

(1J.8) 
\: '11 +r ,z.,,.,-1/i.+ 1z ~ -•i 1"' 

+- -1 !.!') l ( ,l,-n + Y' -1) % ;L. ~l .2. (" ~ 
;I<\,,. 

From these follow 
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Group XII-a 

Consider 

/ i ·'1 
,f/i.. {"'.' 

~ 21~ ~-~) ./o fil) 

• vrl?' satisfies ( 8) and ha.;J poles of orders 
~~; 

two; and one) at t- -: ~ J t- ~ rt+ f and t = f + f respectively. 
1J,/ 

Calculating the corre;;rponding ,~~· a.nd using (10) gives 

(4t.~) 

There follows 

+-

(130) 

Replnc ing ;g. by ~ - f 

+ 

(431) 

In ( 429) repln~e ;. • obtaining 

This gives 

+ 

(1J).) 
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Replace 1. b7 z -I[ 1 

,..,,,. 

In theae results replace y by -y , obtaining 

(1.31} 

f13S) 

(137) 

From these follow 

(4 30.1) 

1'1., / # t ~ /LA V.4 VJ 1vo ,:z;; 
,Jo .~vf i.~'°A. lli ~· ~; 

.L 
(1/?'f -I) (a,~ -J)(.2 ,,._,) 
--r-.,.. z 

f lA>-'f (2. r -1) J!- + 

-160-



'(4J1. I) 

(43 3 .I) 

l131./) 

d~~-~~~ -
~V7~~,~~{~ -

-161-



(~3 7.t) 

Group XII-b 

Consider 

Let t =~ + 1If +f F%t ~:let?. (/rcJ satisifes (8) and has poles of 

orders twoJ and one at t ::! .,,..,_, 'l'-t,and t = ,,.1+-f.) c = 17r -1- 3:f- .Cal­
(JJ 

culating the corresponding /?~ and using (10) gives 

( 13 rJ 

/tf 2 , ., j ,,& F Ii!; ~ Fl:' {'Z + 1If t f, 11f +f) t "f ?;. ;j.. 11,_'
01 :e + 1f!= + f, 1.-rr f-) + 

Yi ;J 1 
f l' ! z..":1.l 11)_0,I { ~ + Hf f f- I ?rr j ~'TT) 

There follows 

(4 3.:J) 

Replacing ·~ by 1!+1[ 

-162-



In (438) replace ~ by ~ t-1.fC • obtaining 

~./, ·~·~ ~l~ I /J t1 (~'~ , F-Yz. w 
M ' fJ/VJ J A.( L - - l (/ ;_'7 . _7 7T T l!: o::r Jr) ..J.. ~~~""---'.~--.-- {) f7z.. ( .;:::: t + -¥' 4 + If r 
/~z.~oz.~~f#thw -

,.tl 4 nfo), . 1!.. ZC:) J 4 lOJ . -+ -p n2 ( l: +7TT-f. "1 '.,,.-rt-.., + /1-;. R 1 ~ f-7'rT+ JI:. rrr+ ,3-ji-) 
~ tV,z 2 1 ,/ 4 

(411) 

Replacing ~ bJ ~ + lf 

These give 

(43~.J) 

(·f'fO. /) 
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(1--f l...I) 

V!l.l 

"rhe introductory remarks of the last section apply 

here with the exceptions that here./< equals three and that the 

table below replaces the previous one. 

fl/= /Yl(Jm +r-) = a~ 
a :::/11 ot. =J·11+r 
/11 = ~ 2.r "!:-~ -Jt:t 

z ( /11 +Y' J -= q( - ().. 

.Z(31'11+Y') =- o{+3a. 

~::a~ l-

o <:'..a. ~ {if:--

1¥- = 3 (1""1
4 -•/ +CZ/>1-1) r = &f 

c/.=.z.,,,,,-1 &=Gm+-4Y-3 

t (1'( -:.c-{ +I . 4 r = ~ -3 d. 

4("1+rJ= ~-c;( +i. 
2.[,<.(3/1'1fr)-3] = J+3ti. 

J = 3 rJ. /~ ~ ~ 0 -4. d. .c.v 'f 
d=-1~0'#(.Z. 

Group 1-a 

.,}'~1 
I I 

-164-

I 

N.::. m <3<"71 +zr-1J = b/3 

b :::/>1 /'=3,,..,.,+.ir-J 

;?1=b "-r=f-3'1+1 

Z(.'1-\t-Y~= (3-b+J 

z r 3..-n + ... , .. J = fJ + 3 b 

1-J,: I /,.~L 

o<6<ff 

AL _ 3 (i.,..,,, -1)'-+ (Z.-?! -or.z.,... -I) _ c y 
'f- -2..- L -4 
C : t. ·>'I - I Y = C /11 + "i Y' - !>-

J. ·?1 = C +I ~Y=)"-3C+.<, 

2. f .l Y'-t) = r -3 L 

1(/'1trJ = )'-C+1 

4{3/11+- r-1..) = Y+3C 

r: 3cu /'4{~ /ktnf 1 
c=1~# z. o <c<{if 



Consider 
F<h 

Let t ~~+-?If +-lf J Ft;!! = r;ic1 

':::: 

of order ·three at - t: 1!f t f 
(rf' antl using f 10) gives 

There f ollaws 

(111) 

e-'°.a. 
,d31j!) 

I 

• f/tt1 sa'\1ef1es ( 8) and has a pole 

• Calculating the corresponding· 

("f-fS) 
f '"~· mtr 

at ( 3""1. 1-;t. r--1) 

+ z 14; f-1) ,1}, f ~{Zr -l) 1!-

In ( 443) replace l by z + .1Tf • obtaining 

/ -k. · f II} 

+ ·+- fl ~ S / .,:- !:::!_ ) n tO) I 7 + .nrr+ u:. !l
3
£ +JI.(, ) . 

.,<-., () l .v{ I s rf3 1
• ,c- ~-r 6 J 

!bis gives 

.~~~ = ~IJ f./{2 d/ /' ;_·
9
'-t /j_r'J {z'/3.., +rJ- 3] 'li l-;:;~12.r"'z-t)r + 

l'1. ,..,.,,,. 

Replacing z bJ ~ - -f 

(447) 

''11>-
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From these follow 

(114.1) 

Group II-a 

I 

,,J, '~J ~ <EJ 

Consider 

I 

F~; = --'­
~i;:;Jo~1 

I 

I 

Let t:: t + 7IL ,. .JL ·F~·= ~ttJ ._¢'z!Jsatisfies (8) and has poles of . z (, 
orders two and one at t-=-·zy +f and t-= 1r-r +f respectively. Cal-

culating the corres~onding and using (10) gives 
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(418) 

There follows 

(1So) 

(15.<.) 

In these re5ttl ts replace 

(4S4} 
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{455) 

(1Sr.) 

{157) 

From these follow 

"119.1) 

(1StJ.f) 

(1:n.I) 
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~'~ -.2\f lj-~ r t-3c. { \ ~ N ~ f 
1i{'ii;,J.z_~ - L l \ ~+3 CJ~ -,4.- i!-5 +,J.,,;. l ~ ~ + 4L! f l-1) ~ C..-.(6-HJ~ 1) 

Group II-b 

Consider· 

.yttl satisfies (8) and has poles of 

orders two and one at t : !!f and t ::: llf- +.f- respectively. Cal-

oulating the corresponding and using (10) gives 

112 I ...., Hi n'''r 'f 71.I 7r rJ . (DI( - - , 
M !l/i., f \z:J = 113 z:. + 3 I 3 -1, ~ ~ t ~' J ; I) + 1.' ,,d.3 /} R(li it t '!LL,) !!I..,. Ir) ' , () N'~ 3 \ 3 .J 3 

There follows 
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Rep1ac ing il bJ i + f-

1f <,o) 

In ( 458) replace 7! b7 ~ l- 1rf , obtaining 
}..; 11..;1 ;u·~ 

(/ "f!l/, o/,z. e : - nOJ( -::t. r ~ J "trT) . ,rytO)( ~. ncI '!!:L) , I I fl. (D}( ~ f £l!I '!LL r .1L. J 
b ~ .z. ~)~ I~ f'13 . 4 6 ~ t- t. f'!3 r + --r J 3 - £ tZ-1 tt/ 0 ;J 6 J 3 ' 

!here follows 

Replacing 2 b7 2 +f: 

(4G2) 

(4SS.!) 

'1fil.I} 

-1'10- . 



cfroup III 

I 
---~----,- ................... ,._ ~--~~-~~--·--- .... - ~ 

~ 1'1:.J Ji ¢) y'£ (t:) 

Consider 

L e't "t :::: z + rr_: F ~ J _ </ t&J • y tt-) satisfies ( 8 ) and has s imp 1 e po 1 e s 

at u = r; r; t = rr and t = -rr;_- t- f . Calculating the 
L . 

~J ( corresponding Re; and using 10) gives 

,:1. IJ *' (o/ J p ~J :: 7l/,l J ~ ( "1: t-lff~ rrr} +-vf fl:. r;1 ( c + ru:. trJ; ) / '"' 
I ~ ..Z. J i... --v;, f13 ( ~ t- llf- J q + iL) 

There fallows 

(1{,1) 

Replacing 

In ( 46!.?) replace * by ~ + y , obtaining 

Thia gives 
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Repl.ac ing ~ by ~ +'f 

+ 

There; follow 

-112 ... 



Group IV-a 

Consider 

Let t = ~ 'I- ¥ ;. i 1 F ~ 1 ::: <I (j:,J 

of order four at 

(1P) 

Replacing ::z. by % + 1l 

In C 468) replace ~ by l - '!If 
-'/1 -3ii, If; ·-I- e .rV' Vt~) 

-c. . 4 = 
.tfo J. ~I 

There follows 

,J,'!d~ 
~ifo ,J,, 1~1 ::: 

(111) , 

-~,r 

-173-

·--
/"11flJ 

• cf ft,) satisf 1es C 8} and has a pole 

• Calculating the corresponding 

• obtaining 



+ 

In these results replace 1 by -1 • There fol1ow 

l173) 
i ~ J ~'-4 ~7 n' ?t ,('

1 
-f- ;_')_z1 J Hr/ ( :;1-l-'-;; i 

,,.,,,.. 

(175) 

-rz,.,,-1)'1 (Z"'1-tJ{lY-I) 
I/ 11/?l~ J -2. + 4 

·- ~ }1 
3 J. _ 4 :JJ.., J.f 3,,,, +-r-2J j.· ~ '2 f'-1} ~ 

3 ,~ d ,,,,r 

These give 
: I+ ' ~- ) 1f .l ~ •I d _;v, I~) I [ 12 

11 
· 

1
"' ( ...., 'f 2. tv a .l ~ 

-__J__o_ := .-.---/- +-1-,- 3"4--o?:fi-., + f f-9({,~J + J fj ~(-lj {ol-4-3a) ~(ol-JaJ]: t 
/J,, ,., I} 1~ _4A?t· ~ (, ~ z /~ ~ () l 

0 v, -

~' ;,.1) 
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,,d, '~Ci$' . J I ~ /z.4 I/ J'" { \.. ·"1 3 3~L \ _ti, ~ l 

v~ /Jz"'fl!:} = ~1 ;! + qUt-<L~ l 3X- ~_{f;-45 + ft-lJ !~·nJ f + j Lf lf-d (ti+ .uJ c.-teo1. -3 "Jr { + 

(170·1} 
+ + ) J "//-- 4 j. "J [ ~~ ,.,f O /' ": '-~ /"' l t/C:::; aJ CK (.{ -- uJ ~ j {, 

l171-U 

(.<j 71.J) 

~73.1) 

,, 
_,,;' Vi.;!/ 

::::. 

(17D) 

-1'15-



Group ;.I"'l-b 

~~ d,(IJ ~~ ~~ 
,-tf "~) ',d, .,~) ~'fti!J /i4 <(fl!/ 

Con-sider 
~ -ie 

F t.lJ -=-
t~ e 

/z!4i~ 

Let t = i+ Irf; F/ZJ = <1rt:J 

ord·er four at t = iq.:. 

and using (10) we get 

• p!tt1 satisfies ( 8) and has a pole of 

• Calculating the corresponding 

/ I 't (.l; ~ 7r- . f7 (1./ "7 'frL r;-
1V. F fl:J :: f; f'3 ( i: i- ":J) -f-J - Y.t ,..,.) r ~ + -r) -:J-; + 
T 

(177) 

There follows 

+ 

(178} 
r !1'

1 J,"'(2] -nf3""1+i.Y-t) - ~ l 3 ~-i ~, fJ (J/!t f'rJ-•] f ~(Z r-1/ ~ 
• A. J, 

1t11r 

f ;l. ~ zA• '' . ; "' / \ r ,.., ( 3 ...,, +ir -1) 
Tl 3 i!i.

4 
-..; ~ ) ~~ £2. (.3 ·~ HJ-G j AM, {U'~t) i 

l>J,Y 

In ( 477) replace il by~ +-~r , obtaining 

.L fl (Jj ( ~ .,.. .J:J!!', tt) - j_ J:"/(Z/( 2 .,. €!!£ !!.I) + 
~ .3 ' .J .z 173 ' " , j 

(18o) 
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Replacing· 

;z/, 'V. (1) 
4 :. /d. .~ fl,) 

'f<101) 

From;these follow 

(~78.1) 

(180.1) 

{JBl.I) 

Group V-a 

·i-1(~ 
ivf3 ilih (i.} 

+ 

,zA~ vb~ 
j/ fl! v{1Z, ·0 J ;!/ ,zA $!/ 

v{ClJ 

-177Q 



Consider 

Let t = ~ + 1If 1 F t;f!: J :;; ti ttJ • ~tdsatisfiea (8) an'1. has pol.es of 

orders three and one at t= ~ and t = rrr respectively. 
(JJ 

culating the ~orresponding R, and using (10) gives 

Cal-

.3 

1.1azJ if.l• Fl?J = f Ri•' I z' a;fpf) - ·Hli• ;f''f ft("-+ "f,11:£> + /td th '11,
1"'ru¥, rrrJ 

There follows 

+ 

(183) 

Replacing ~ bJ ~+f 

(184) 
- J.. ~ ~~~''?S ~i!. ;\·: r+1 3411+z,"'r { 3\, r-+1 , 3(~;_-r /"t-(l~ -1) Y 

2. lJ. ~ .~ 5 ~ f.A4 i + 4L(-Q 1 ,4#tZY 'l s f 1'&f.~ t_--tJ ! ,~Ly r 
,..,,,r Aocr 

In ( 482) replace ~ bJ ~ -!Cf, obtaining • 

<7~ /t,f~,JJ fl! e -
1

i "Ir=- ..L d~1 .Ls ~ '' . '? t . 3 
o /0.Jo~J,ti1 .z f7J. ri, D:fJ - .z. l17;,r-~ 5 n;°'r~ !IfJ -r f.¥J.z ih 113'91<~, 71'rJ 

From this 

(18s) 

Re.placing i by ~t-[ 



(A/BC) 

In these reaul ts replace z b7 - f • This gives 

(r/87) 

From these tallow 

~' 1:"5_'11 " tA-5_; - z) /( \.t.. 3a)~ (ci- )aJi!" / + 
/~ ,J, f*J otr:J ,;!/f'>1 '}- L~ .J· l 

(183.1) 

-1'19-



f(/81.J} 

dU 0_tiJ ,, - _J_ \! f s(¥+JCJ1:~ L2-£ t? - z} J.. t!o''+ &'? \~! ~~ ~-I" ~ t + 
Ji J/ ~J J, (# -ZL l ' .J., s l ~ ~ j L [ ) 

,:~, ~ ) 

+ i,l,tA J L~~ + 42 ! ~ ~~-J.h) it~ 

,A '.{/,, ,J.w = E q 1 f ru "¥/ ~+ : 3 GJ "u< ~ "")G z l -t .z I .z 4: ,p \~!· 15 &J a::.;%: .. 2:'.-1c z ~ + 
~~~~~ ~oz s l~ ~~L z 

+ J,J.,'- j ~ r f /"f t,/-l'~cNbJ i! If 

(187.1) 

(i8 'j.J) 

f1Jo.1J 

-180-



Group V-b 

v{ {~ 

~ IfiJ =:f 2. ~I 

Consider 
/- ~/ = 

Let l+u:f=t: FtS =~tf:;J .y;tt)satisfiaa (8) and has poles of 

order~ three and one at t = ll'f- and t:; .. n~r respectively. Cal-
,j.;;J 

culating the corresponding ~i and using ( 10) we get 

. ,J / 

_t!L ~ o F ~; :: ; /'31/.)( :z + Trj'J 1If) - l. R!I}< z + 7I:f J 71f) 
~ ~ ~ 

- i l .ii~£~ 11 lf:J( ;?_ T y, ?!}) -f ! 4 .J. J., 11_,(0} ( i! + 1!f J S~T) 

There follows 

Replacing ~ by 2 + -f' 

"tJ',Y.,Jo1~ I I ,. ,J; 11 ~" l ~- r: 1 .:~($ ~t2..f'-i) 
/dtA.3i!lih<r/ = {,;(3~-~~-<~+;x+1 5 +~1}~l{3·?1+rJ-1] ! Vr<~r-oz + 

,,,,,. 

t.133) 

In (491) replace ;r by ~+IT;! • obtaining 

This gives 

-181 ... 



:'\.~· l. 3( 
1 "".~/)~f-1.2. -~ -lj r 

= -2.LJ:lt 3-?rtr)-3] f ~ z r 'i! + 
,.,.,,,,. 

In 

+ 

(4:J7) 

(4198) 

-t-14/f:;,2_!1 iM>, r-1c if -2 vi;:."f ·£( 2/'l P..f-6 -3 bj ~ ~ 
-182-



(1:J3.J) 

\198. IJ 

-183-



:;roup V-c 

Consider 

Le 1: t = i! + ~ / F IZJ = t <eJ • flctJ satisfies ( 8) and has poles of 

orders three and one at t: "!!{- anrl t: e ~ j- £ respectively. Cal-

'~ culating the corresponding values of~ and using (10) gives 

(S• •) ,,/f !l2J = ± ~~( H FJ 1f.l") - ± I z ;f + ~·i ~(OJI .e +op ~] - ,). <-&' 'fl, 19'( H ": J ¥ + f) 

There follows 

In ( 500) replace z by z ~ l:f • obtaining 

This gives 
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+ 

In these results replace 3 by -7 

(~-os) 

($'0~) 

(5'v7) 

(.50Z.I) 

-185-



\)03.0 

{SOC.I) 

(508.JJ 

,_),' ~,,h_ltJ f '\ t/ ~ ! f./f'~;: 3 C)' Cf-< Y-,; C 2 ~ t 
Jo zJ:/~ Jo~)-:: f_ 0 

r-Jc-.z. JJI. 

+.t { .t £+ ,f lI/ j l-9 C:.. ..--]_ c i!] -r fzA,v.1, ~2f' f f-il 'Tu-< r-;v ~J . 

Group VI-a 

',iftt~J 

vi z.(~/ Ji 2(£) 

-186-
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;)~~~/ ·~1~ 

.J.J Ii:} 
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Consider 
F !i!J = /d. !%) -e-"· ~ 

4~~~'"$ 

L at l ::: 2 --'- trI:. ,..- ~ J 
W ._ T 3 ) r ' "7) == 'I l ~) • r/ttl satisfies ( 8) and .bas poles of 

order two at t =¥ an4 t. =f + 7:t • Calculating the correspond-
~ . 

1ng !?i: i~·nd llHing C 10) we find 

rSO_,) 

There follows 

(S/0) 

Replacing z by i! - ~ 

(Sii) 

In ( 509} re])lace & by ~ + :1!f , obtaining 

+ ) /~ ({j( l + 6-e r) o/) +zi ~(°1 if+~" .r-r:.c) l 
L _) 

which gives 

(S12) 

Replaclng l by i! + f 

(St3) 

+ 

-1C17-

+ 
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In these resu1ts replace f bJ' -g • This gives 

( ~-1'4) 

"'· 'f, r 

(.~)'~ "(~..::.!../112..,, -1) r l ~3(2 n -1)/ 2. +'9[2f3nH')-3J{ C:.,,ZY'l 
,,,1 r 

(s-17) 

From these follow 

(S1/.I) 

(.Y/.l.I) 

(>-13.1) 

I "· 3 .Z. 
+ 0 i' ~~i - z,> {,/YI I '>1 + 1 

,__ I/ 
·'>'\ 

N sf.:::...3a -i. 
:<.-~ ~) 

2 t-o (o< - .3a) ~(-{ - l u) ;t; ~ 
,) 

-188:-



(.S/C,1) 

+ 

I 

+v(ll~~ 

Group VI-b 

Consider 

::. JZI T JJ:. 
;;... " •. /rtJ satisfies (8) and has poles of 

order two at "t,; .,,..[ + f and t: =- ·"': -r ¥ 
1..J 

corresponding/?~ and using (10} giveH 

(.J/8) 
/;?., .<.. -v: ··vi r i = 

There fallows 

(SJ~) 

Replacing r by z + ~ 

-189-

• Calculating the 

3.'""l ~ + ,2.c?'f r" 

_,[~ l. r ~ .) 

+ 



~n (518) replace ~ by 2 

This.gives 

Replacing i by~ +- f 

-~ 
.2 , obtaining 

(.:.-.lZ) 

+ fV.J 

31 l ~ -112. +- 12.:~~~~l~~--.!L 

2 (J,/77+ r-l) j ~ ;:_ r-11 l: 

From these follow 

(5.CI ,/) 

-190-
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Cf.U.J} 

Group VII-a 

J, ~8.dz.ciJJo1iJ· 

Consider 

.i/1.(-cJ 

Let ~t = 'f. .,_ zrf.) F,~ = 110 • ./'~ satisfies ( 8) nnd has poles of 

orders two) and one1 at t = r1.f +f and ~ .= 'll:}j 0 :r respectively. 
\j) 

Calculating the corresponding ;?~ and using (10) gives 

(S"l3) 

There f ollmvs 

Replacing ~ by~ t f 

( .. n.s) 

In ( 522) replace ~ by • obtaining 

-191-



l 

~, ,3f!Ar~e~,·.z = 
-ifo~ 21~1)/1Zl-#oifl 

• /' ~,- UJ l .. rJo lJ~ l. :2 +- £rrr !!I. +.JI) - . R ro/ ~ + ;.-7rr 
/1./1 n..:. ,c;; , -' .1 2 <- .:;. l ~ ,, , 

Thia gives 
~J 

, d -~'* 

Replacing ~ by -Z ~ If 

(->-z 7) 
3\i v 3t.im4 -.')i+1z,.,-1)y 

+ 4~ Le_,, % faY-1 i r ~ 
,,.,,,y 

In these results replace j by -g . There follows 

I 3 

J, -~~} 

-192-



(S31) 

Theaa give 

(.5 z -<(.I) 

I ,j i< 

-tJ1 ~2 ef~'!...;~ = d; f C::}, + 1 '1/ Nit-I) bti f 3b) ~({J- 3J.) ~ l 2 t 
0 .· I 1"1:) '.1..i ".3 [,,..,,., ~ L l . s s 

t.'-lf ~+{(lt-l},s-t;-3b>~f{ t 1~32_g*{1-/""!';;_: ~ i!t 



(S 31.J) 
l!J.. 

+~Jo, tJ/~'~ .~_-:--:_d ~t +-
,.__ 

Graup VII-b 

J, l~ J,,_, iZ.J Jog, h W.; 
. J~ -ri;~-;;:·~ ~ L~ ·Ji~ i4 ~ J.j ~J ~- "ti;!.;; 1~/ ~ iL./ Jo .<..!Jfl) '~ w <A:) 

Consider 

• ~ft/ sa tisfiea ( 8) and has poles of 

orders two,and one at t~ .,,._.,.tlr 
.J ..z.. , and at t -:: 1>:.:r, 1f- + 6¥ respec-

tively. Ca1culating the corresponding RfJ'und using (10) gives 

/'l.J 

. j f!i9 "' -L vf l ~"'( i! + "f, ~+1f) -< ,~"'< z+Jrf, D:f +lf) j t 

f 4J 3
/J ~ ( ~ f .r.11.L J b:J!.l: +.!I) ! J 7,j " ' .Ir 

There f ollowa 
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+ 

lS33) 

Replacing ~ by ~ + f 

2. r1 2. P'"" -vri. ,._I} 
.. . 3( ) + - 3(l ""w'-/' fl. 41-t){.1. r-1) .J\ r+•.. " 3\ ,,, ..i + .t + 1 -Jo > t_-ij ! (A-(<z r-11 ~ i' ~r.;: 1 ,_,, ! (A-( (1. r-u ~ 

L -,,.,,r 

In ( 532) replace :c by ~ + Uf , obtaining 

This givea 

From these follow 

(.5.33.J) 

-195-



J,::r..(i'j - t:} ~ ;>: + :[\. If N f f-/c;; ~ JI,) C-ri(/3 - 3 J,) Z ? ? + 
/;] vfz<~1hi~ zhr;;J - J.i ( ~ ~ Lb ~ 

(.> .34.J) 

+ 1/iLi~fr/-,,JC~ ~-1~;<1 +1,,,l}/'"f<-/L -r-;_c ,(1 

(SJ,,,) 

VIII 

The expansions 09tained in the previous pages 

exhibit a general uniformnity of structure.Every expan­

sion consists of a sum of single terms,which show explic­

itly the singularities corresponding to real values of~ , 

and of series of the types 

196 



where the 

notation is as before,andc~a), ••••• satisfy the conditions 

corresponding to the values '-' .z./ 3 of M.. 

Each ·pole of order.i in the function expanded gives 

rise to corresponding series in which..-f takes precisely 

the values ~- 1 .) _,,.l-3"_,,~·~-: .. ,ending in o or l according as 

J is odd or is even.The factors whidh multiply these 
.-t..iJ 

series are all simple functions of the corresponding ~L • 

It seems probable that this general structure of expan­

sions of the type of function here considered is indepen­

dent of the-'Value ofj-l.It is planned to investigate this 

more general question in a future paper. 

'i'he author makes grateful acknowledgement of his 

great debt to Dr.E.T.Bell,under whose direction this 

has been written,and whose kindness,advice and encourage­

ment have made the completion of this thesis possible. 

April 25,1929 

Pasadena,California. 
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9 <..,,..,. 
tJ ::-e 

J, (l: + f) = ~ (l} 

~ ( ~ _ r) : ,J, ti) 

~ ( ~ + f) = J. (l} 

J, ( l + 7T) = ~ (~} 

,v{ ( l f ;r) ~ -.ih (£} 

/) _.z.(.( ~T "J) 
;VJ ( ~+TrT) = e ~(~/ 

J"' ,~' + ~" + J.,'' 
A/ I-:: 

/ 
:: 

~"- ~-9:~~-r~-f: ~~~ J,' ~ ~ 

. ~1:: d" ~h ~ ~¥ ,,J# 
/vf "-= ~: 

,,Jz" 
~- /~ 

~ :;: 
~ ~ /ii, ~ / ,z, 

1 



IV 

' ,J. (( J =. J. + {- [. ;(, + 1, c 1 + - . . 

.·· ! (.C) - e . ~ ,, ~ #JV {. 4 
'i{ - vJ.... +- ~ [ + ~ 4f + - - - . 

~ (f re) 

,J, ( ~ +c) 
~" IV 

= /vf_ + ~ C;.. + -~ (. "' + - - -
i.. 1 ! 

J, ,,, 3 J., f - I"" ~ ( f + f) = -~J, I E - - E - - t ~ - - .. -
/\/~ '3 f s-_I 

~a(f+r) = 
,,, Ii"' 

z ·v~ .. "" ,Jo t- 1 f +- ..,i t. + . - -

= . -~ l [ J. I - I.JI f z (J, ,,, JJC . ·,;"' 11'). [ 4 I (. e ., l / L 1 -fi 1 -J I J,' -t.. ( 1 -·"L/, 3T ) 

- (• 7'i ( . ,(. II .J . 

,,J ( ¥- +t) =- e ., ~ .,_{ -.:~ c -t(-4'. :'1) i -wvf- .f) -fr -t 1 .,t '~ '.,f+ 0) :/--·{ 

.).(f+r-+£) = e-i~Tj,;;- i.J, f +(J,"-,A_J {-L(J,_{:,m/ +(.,4':,.._{"+,_fJ:/-·J 
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/Jll•'_ I) /)/II 
_,v-; . JL_ - ~ 
~·~-j) - z/'tf) 

- ~· C'"" 
a L (r t- g "''"J ~ 

·?1 :. I 

~. .~ _£_"-' 
.vt =: - 8(, (1+-1-.~-1'>1--,)..,,,-J... 

111 

~7-fJ -
0f- f) -

J;'{p 
tl;tj) 



(!<} 

R { ~' y t curr) 
~ 

+ i, l.!,1A ,,_, i) Ke 2,U ""''Y !/""I,,,+ z 4-1) + 

·'h:: I 

-IA11( '11+,<1'<_-I) f.i'"1 r 
e-Z ri~ 

+ 2 i 2 2{<,i (IA,,,+ r)J • f' «'>fP,., +rJ-• ri ;E ! ,;,,,( n+7.,,-1J +,er("' +a) + 

M ~ Of"a./ 

A(,,., ( n - :z. a + 1) + ~ r ( ....,., - a.) 

+ 

_ ?,· \ '\. t< _z.i.'j(,u""+r) +zrir 
A L 2_L-Zi(£<tntV4)j E ! O <a. < I 

/H :1 ,...., 

/J(j(.) ) \ .. ,. . /(. ,z"""''.:f!, ,f,{'11(11+;:.a-1) '\ K _2M'>tc°'J ·"""'(11-;?.c:f.'f"I) 

1,,u.. ( Z+(a+fJ1fr, Y +ei. .,,., = '-/~~«n"J c: -v~.z"'.,,9 c ! + 
.i,..,- L ... -
-tt=t ~:() 

+ 7.. i) \I! i ( ;,{ "+r)] K (', .. YI""' Hj % <t .. ( "+za-~ +(• ,,_,, r e-Z r ii! -t 

'-L 
,,,.,.::, V':1 

\-. .K ~~iY(#11tY) CJ U"h(11-.za+1) r(.C11f'!},,... ;!/"(~ 
- 2 i. )£-zi(,v1 "'-1-rJJ E ~ e 

L 
..., :oo l"::I 
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