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ARIYHAETIZED TRIGONOMETRICAL EXPANSIONS
OF DOUBLY PERIODIC FUNCTIONS OF THE THIRD KIND.

We present a method of expanding the members of a cer-
tain class of functions, doubly periodic of the third kind, due
to Appell.l An extension of the detsils is given, and the method
is used to obtain the expansions of those numhers of the class
considered whose complexity, in a technical sense, is within an
arbitrary chosen range. The details in the expansion of any
member of the class are discussed and some informastion is ob-
tained as to the general form of the result.
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The functions considered are formed from the smell

theta functions of Jacobi. The following notation® is adopted

for the theta functions:
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{1l) Sur les Fonctions Doublement Periodiques de Troisiéme Espbce.
Anneles Scientifique de L'Eecole Normale Superieure, Third Series,
Vol. 1, 1864, p. 135.

Developnements en Series des Fonctions Doublement Perlodlque§ Loc.
~cit. Third Series, Vol. II, 1885, p. 2.

-1-



~and the functions considered are of the form
@  Fe= L mIH 4% S
‘where #,, m,, #,, m; are integers, including zero, such that
Mo + M, +mz+ms 40 o+ The nsual conventions, A (%= A E 7)
and < = /(o) are used.

| A doubly periodic function of the third kind® is a

uniform function of ¥ which satisfied the equations of definitior

f(z+r,) - eai*‘ﬂ':')
(3) | e
FUE+T) = eazu ¢
the
where the quantities 7, and % are called the periods of“function.

It is easily verified that F@ ig a doubly periodic function of
the third kind, For defining 7 by the equation j:=eé”r and re-

placing F&® by its value in terms of the 4/7 , we see that F&/

gatiafien

Flz+m = 0 "7 Fie
4

F(z4wr) = e Fy™ ™™ Fe
, Y an enligey, 70

which are of the form (3). | ‘

The method followed in the present paper, as stated,
is due to Appell. 1In the series of papers cited, Appell solves
completely the following problem:

Biven & function, G @ |, which is uniform and mero-

morphic and which satisfies the equations

G(z+m) =G(7)
G(z+r7) = € G®@
m %Wzo
Sur les Fonctions Dcubiemeht Périodique de Troisieme Espece. Loc.
cit. Third 3eries, Vol. III, 1886, p. 2.

(2) Jacobi, Werke, Vol. I, p. 501.

. (3) Krause, Theorie der Doppeltmriodischen Functionen einer Ver-
anderlichen Grésse, Vol. 1, 5. 59. ‘




40 exhibit G(® ss a sum of simple elements, each element having
but one singularity in & period parallelogram, snd an integral
function of # . Having solved this problem Appell indicates how
this ﬁqthoﬁ‘af expressing G (¥ leads, in the case /h\éo, %0
arithmetized trigonometricel expansions by giving the deteils for
certain values of 7. ~,, 2z and ~; . In the present paper the
genersl method, or rather the details involved, are given in full
but are carried out in a slightly different manner.

It i3 found, from the point of view of practical appli-
cetion of the theory to obtain spaeifie'expansians, that the
case in whichmof (S) is negative i3 essentially distinet from
the case in which » i3 positive. ?orfwv>; . the integral funection
mentioned above is in general different from zero, and certain
constants appear whose determination is given only in terms of
certain integrals. Since no genersl method of evaluating the lat-
ter i3 given, it would appear that Appell's method i3 of limited
use., This question is discussed at some length in a Californis
Institute of Technology dissertation by Mr. . A. Besoco.

In the éase m<o , that ig for functions of the type of
F& , Appell's theory leads to completely determinate results,
gince the constants which appéﬁr are the coefficients in the prin-
cipal gart.of the expansion of (® nesr each of its poles in &
cell, and are obtained by elemmntary meang. It is evident from
the nature of the theta functions that the integer ~» which is
assceiateé_with F(* represents the excess of the number of zeros
of the function over the number of poles in a cell. It is readily
shown that this ia true of any function of the type .

A " A short account of thoae parts of Appéil's theory which
,'are‘nee&ed in this paper i3 given in the following section:
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(G) , /7/“ ( z) y) :Zez/ﬂmqiﬂm(mdja/t (;c’ ~y-/nvr)

N S-R

where/u is an iniager greater then zero and 7 is as above, It
ig shown that A,(%y) considered as a function of Yy

{a) is meromorphic and single valued, and converges

for all values of guch thet y £z mod w, nr ,

(b) possesses 3imple poles at those points for

which Yy =Z mod 7,77 . &nd

{e) the residue at y =% is -/ .
The Appell function /7u(% y)ss & function of y satisfies

Au( B Y+m) = A, (%)

(7) o

4 ﬁ;u(z; y+wr) = 'ga(zJ.V)
the first of which is evident from {6). To esteblish the second
%e have Trom (6), recalling that i:f’é”.

M Sod

2 i ¢
H/“(Z,y-urr) =Z€/“”"]j/«/n(mn}m(z~y_w““ﬂ)

-2 ” ¥
ﬂayz C’/«( + }/am(mwM(z-y-m,.ﬂrr}
which is ' ~
~2u iy
e /‘Z“(Z y)
4T Zppell iefﬁ“ =
| (%) = e et (g amin g

but it is found that the expression (6) leads tB aimpler expreg-

gions with respect to constants when the notation of (1) is used
for the theta tunctians.

s



Now let (@ bve any funotion which is uniform, mero-

merph:lc and which satisfies
(® F(Z+m) = F(Z)

F(zerr) = €% FFlz)
where «, a8 above, i3 a positive integer. Let F /& have in a

period parsllelogram poles of order 4( at the points T = &,

(=94~ p, 8nd let the principal part of the expension of FE efz:=«x;

be given by Y7
) ¢ )
R
(z-o;)°
Consider v ,
(®) O = Au(zy) Fi

From (7) end (8) we see that $(¥)is doudly periodic (of the first
kind) and hence the sum of the residues in a period parallelogram
is zero. The Iioles of §(y) are 8t % %« - -« . The residue of
Hu(%9) being -/ at y=% the residue of ¢(y) aty-z is -F(3)
To obtain the residue of § (v) et y=«; expand Au(zy — , in
a Taylor series asbout y=«; . This can be written

Aul#y) = //7“(2,%;) + =+ _@(M_{‘(_‘%ﬂ(y-{;)x,..,
where @Z‘fz) designates the result of placing y =«; in the 4 £
derivatiye of Hu(%Y) with respect to ¥ « Recalling that the

principal part of the ‘ci/xpansion of Fly/ about y =«; was
¢ (J)

Ry

} J=r
we see that the residue of &y at y -« is

J 1
HN ’(z o )
lJ 1l ‘

Hence applying the result that the sum of the residues of $¢/

is zero in a period pa jallelogram we have

I v

Ly It
This result is of fundamental importance: it gives
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directly the explicit expression for any function of the type of

in terms of the Appell function and its derivatives, and the
coefficients of the terms of the principal parts of the expan-
sions of the funetien cenaidered near each of 1t§'poles in s
period parsllelopram. '

A% this point the treatment in the present peper
departa from that given~by Appell, not in the general theory
which, a3 has been shown 13 complete in every respect for the
type of function here considered, but in the deteils of the
method used in obtaining trigonometrical series for & given
function from its equivelent expression in the form (10). The
preceding haa made clesr that we sre concerned with the ippell
function and its derivatives at the poles of the function con-
gidered. Appell, in the earlier parts of the papers éite&, ob-
teina the first derivative of the function by direct differen-
tietion under the summetion sign, but it is evident that such =
process is not, in genersl, feasible, owing to the incrsasing
rnumber snd complexity of the terms intro&uead by the differen-
tigtion. Later he obtains expressions® for Au(x+ % a s )
Rul¥+,a), Ha(r a+%) end A, (), which are valid for certsin
ranges of /z-M) end arithmetizes these results. He does not ob-
tain the general derivastives of these expressiona, but from the
context it seems poasible that such & step wes regarded &g merely

8 deteil to be carried out snd that it offered no further interest

TB) Avvell gives, for instance, _

' < N /um'?-zmr
'#‘X/(I*""",“*ik'): ,‘zLMT—ZEZX L (g - » &)
. . i Mz Peo lx;_’<‘e(‘-(<(g—i|
where « = 25w, g «7e and the coefficient 2 in the double

-

sum is réplaneﬁ by when V=0 .

Py



from the anthor's point of view which pertains to the theory of
the iundtion involved, and not to_the details in its application.
It may be remarked in this connection that after the above expres-
sions are found, they ére used in saveral illustfative examples,

" but ﬁhat no one of these offers an instence of a pole of higher
than the first order. of greater importance is the fact that the
convergence of the derivatives of the Appell function is not dis-
cussed; and indeed if the derived series were not all convergent

- the theory would lose much of its value.

In the next section expresgions similar to those
above are obtained by a well known device, and from these re-
sults expressions are found for the corresponding forms @f’.
These resylts are shown to be valid in the same regions,respec-
tively, &3 those belonging to the corresponding modified expres-
gions for f/w.

~-III-

Replacing the trigonometrical functions by their
exponential forms, and recalling that g:reﬁfwe have the fol-
lowing

Cot(u-_fn7) = l{l +Z§e.zriuizr4€}

(”) r=1

o0

Pot(u+ £rr) =—£{1 ‘1~ZZ€"‘;“52M€}
the series converging absolute1§ for the ranges defined re-
spectively by |e‘L“Z"{[<, , | {e"“ -"{1 <) .+ Hence both results
are simultaneously valid for values of « and £ satisfying
-IIOQ[<]:@£nﬁ)whene 4 13 taken to be real and positive. From

(6) we have
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‘ : _ 2umi(y+antl -
Ay (Erarr, yrarr) —Ze ame g et (2-y-mmr)
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= 2UMcy _Mm(m+za-t)
= (Z-Y) +2€’/a ’i CH(E~Y-nmT) +
N - ,;“, m(M=-2a +1) i
+§C"é“ ’i’u CX(Z-Y+mmT)
Using fil) this may be written

) hovd

Zumcy mim 24 "J . ~Zymiy pumim=-2at1)
ﬁ/t(zwlr?; yrarwrr) = Vyt(z -y) 4 z A Z/‘ Z e g +
mE]
“Z) AN 2 s/(u ) £ u (mc—zaod«tzww -2y, r) Um(Mm-2A 41 FRP IV
¢ mir) _ard M ¢ m+ Zr'oi ~m a
+2i}2@ e / (}Z 7~ 7
. b

Mmz; kg w3 st
the resmlt being valid for |[I(z-y)| < I(rr) . Differentisting

K time® ith reapect to y we et

. K . o0 . 2 /nv’j /am(mua-,)
Az amsyyrann) = L5 *‘Bi/‘mz) e /

P R |

AU m(m=REr) ’ 20ygumtr) /(’”(’"*'Z:U i

(1 3) -(.Z(z/a/m) ﬁ%m,i +2 &}E}-é(/ﬁm fr)]K (g rre®

m=r rsi

K .2(y ) ' A =24 +1) ¥RV N
“ZCZZ[-ZL(/um+rﬂ log ¢ (/M’"X/“ eArce

mzrs

Jf tre fomr series which arpear in (13), the firat two converge
for a1l values of y. This followas from the usuel ratio test and

need not ae éiscusaed 1:1 deteil. Since

gt )" Z( P

we 3ee that eaoh of the last two series can be separsted into

K+! series, the fth of these being respectively
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Now

o
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CSREPCR-Y) g zmr < -2 r(Z-Y) ¢ ar
§ 1y 5 ey
. re-c:

r=
and o0
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~
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sy ’?

. r= : ‘ .
Further if |I(Z-¥)|<IPboth of the series on the right are absolute-
1y convergent, this following from the usuval ratio test. Hence

if their is a region of absolute convergence of the two series

K~£ _ 2umncy -
(um) 6/" I pum(m+Ra-1)

)

Mz

i A -2z s 3y~
W/}?)K e 2Ny j/«/h(m R&+1)

P

which is common to the region defined by |[(z-y)| < I it follows

. that (13) converges absolutely in this region, eéxcluding ==y mod 7
- The rafeio; tegt showa the two series above converge abso-

lutely for all values of y and Z . Hence we have the result:

(13) has the same region of absolute convergence as (12).

Now consider /-Zu(z,,ywrrr) . From (6) this is

- - RUMCY gy (m+2a-1)
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Assume o<a <| &and substitute from (11). Ve ge%
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Differentiating:

, K m(M+2a-1) 2umey
@:d(z,y-(-an'f) = (',22/4(/116) i/a c

M0

’ . K MMUA=224) _24m . Ry umtr) ' ,amlm+zd-1)+2{-/m4-a)
(15) “‘}é«mc'y) f e ’+zc§ze (3 gurmen] ] P
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The convergence of (15) is discussed in the same way as that of

.

(12). It is found that (14) and (15) are absolutely convergent
in the region defined by [I(%-y)| < I[t-a)wr] and |I(2)|<I@w7),
Similarly we obtain
) ) P (m+2a-t)
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7{4‘) £ 2448 N C(m-t M(n-y
A, (%, y+7r) = dy,&[e"/“’c:ot(z-y)] +é§e”’“‘ ”[z/«a(m-,qlg/“ (-1

M=}
ab

.—Q{_—z/ai(m,ﬂ”qe'z/““ (meny g/“”"(”'*”

m:'}

+2 LZE[»?‘(/M-/«Mijuﬂ/“ ) j’.“/h(m.d T A

M= yay

i ( - : 4 + »
_Z‘ZZI-ZLgumw*r)]#e 2(}‘(/‘411—/4 ) ﬂw(m+_:) 2rm 6’2'“ x

Mz P

[T(x-9)|<I(w7) , ZXYymod
These formulae will be used repeatedly. Continued use will also

be made of various well known properties of the -/ Zunctions.
For convenience, a tabulation of these formﬁlae and propertiegs
is given.
-IV-
A3 & typical member of the set of functions to be
expanded, for which u« = , conaidert | |
Fie) = Ame®

AT
This function satisfies

F(#+m) = Feo

FRem) = 2 (P E) o

Putting ¢ = z+Z  and writing

= _ SR et
F&) = ¢(t) -5

It is seevn that ¢(t) satisfies
<p(t +m) = f(€)

P(t+mr) = ezitsﬂ(t)

(6) The function whose expanaion is desired is —5%% but it is

(

clear from what follows that to obtain s function of the form
(8) by & linear transformation on Z requires the factor e*‘*



which are of the form (8) with « =i . Further, in a cell ¥ has

the sole singularity, & pole of order three, at t

=, To get the
coefficients Fff” let t-%=

¢,and use the tabulated expansions of the
J functions needed. In ﬂe’call

A);(s)
B[ A E T ke £ ]
PRI
2 "
:D“{gzg[t—ce + 52 -] ]
Hence * ¢ ) i
RE- s RO Rl grld g

Substituting in (10) and replacingt by z+Z we get
3

ﬁ'LF(z) 4 ﬁf"(zw

PR B ¥) - (A =+ 5, F)

(19)
+“Z’{2:“£"_4—Z“I§H (21.2'&)
In (13) replace 2by z+% ,y by & and « by oand use in
(19). This gives, after a slight reduction
;3,2 ~CE 20
/I///Ié (ﬁse _ 2,_ {2 m:éf . Lz‘fmzf/)mwim(m-:)
i€ An L5
. = =2 =) r’ .
+¢,Z4/’1 gﬂ("ﬁﬂ) +2c}: e /”'*r)zfm(m . e freE
Mz M=) =1
> oo ) 00
M+ 2 n(n+l)+ 28N 2rcR . ] M+ M~c)
-ZLZ Z(") 4(mtr) e f" L{—‘-'Z'é + P2mer) g
, M) P=o i it

Mz
0

ZZ/N(_[)/’YXW( +) '—ZZ z Z(/Hf'l")él)mf At 2r=i) e_zr.‘- =

~s mel P

/n AP +2V+) 2pCF 4/ - - Coc
- Z(2n+r)kn . e + HAR=2 - = L]
EE ) i é{ Ao A 'HM:E i
o0

. . (M) m _m(m 1) ‘°° - ’ (m+zr-)) _ .
~¢ *‘Z") / +42-') { +2c§_§(~zf"jm & neE,

~zy

Afn+2r -h)
-;_aZ v et f

[ ]
Nz Cze
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~ In the second ‘se'riess in each bracket replace mbym-i. The lower
1imit will be1 in each case. In the last series in each bracket

replacer byr-1. Certain terms cancel snd we have

/3 ,R - E » o
./(j/l/:(f)f" _m’?—om:‘é {Z%' ,_'g{@qz-c,a%mzi
@ asn
+4LZ (—:) [(m+r')"—(m +r) +J-] fmlm+2r")e“?"‘: ol +
msz ¥z
-4 Z(-/)m+'[(M+r—t)"+(m +r-n 5] g/”/”’*z'”")ezc’r‘-néz +
h 2=y
i " m, mimp2r=0. 'z 2(r-0c¥
N AU S Caahil
(]

mz= Py

Prom this follows, on mltiplying through by e

13 42
Ih® A A I
AESR T pnE "‘{2‘,9;‘;,7'"}2%1 +
(20) +Z§ (")ml[?(f"*’“"'lzgmm*” Vain(2r-)®
. mst sy
+Z{zjf'ﬁf' Q 079" " iz
mz=( V=i

Replacing z by Z+F

2 i et

SAE +{z—‘-j‘=—-"/-: ,

L o B o v A S T F
R - 22 o r—) N
@ +2§ EMMH[“’"*”"JZXM T ez T 4

mszt r=i
g P Pt _m(mrRr-=1)
1'2{2/‘7"4!2; } ' (-l)m g OOQ(ZV'"JZ
' ’ Mz =y
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In (19) replace Zby z+% . We get
-4 | |
————H}{JME) + A E v +F  E)— 0 B (= +TE+ E,F)

e B gD
Using (16) with a=o, y=’E‘ and zreplaced by 2z+Z , and replacing
m bym-s in the summations whose 1ower limits are x=o0,
gives

2,2 Y = (m=1) < n(n-1)
e 11 ey Sy
Ve Ve .

~zy

o -
m/m-/jl-l;'(z/;‘/)r ety 4 (e =l
+Z, ) 4(/’7‘)}") f e.. ¢ +Z (=) Q(M'H"-/) ex.rai! )2 +
m3| rsy Mz VS

) @MDY

o8 mim-y) ma1 ¢
+ Z}é{ 2_1)”'21 im(m—:’+ (—-:)lem-l)f + ZEE(-/) Z(/;u,,)g e RriE +

msy "Mz M1 Py
m /n(m-l)-p(,em-;)r f/; = 141 mim =i
+2 ~1) 2(/)1+r-l)z e Rrif Z { ___,7_/} 52 ) [
~zp Vs m
I mime=i) +Rm=1)p _z2ri RrCE
*2§ } . [6 re z-f- e re ]
AT Py

Carrying out reductions which are analogous to those used in

obtaining (20) we get

>0 -y 2
(é@;——) $2m=-gr

3 2 i . o0
4/’/‘// w -— —/m 2 (L‘l—) -~ -
W = Y- @m-y Z + 2 [2(m+r) 1 f M,z rZ +
mz) . MmI 7Y - .
(23 o oo 2
4 Y (B2 Py BZY) e m-nv
A QP Yo T ]
A o ,
‘Replacing 7z by z‘-zz. _
| ) ,//;/z(f) N ner gﬁ"{.‘.)i(zmw)y‘
(24) .4/;;4/‘3(2) ) @my 07 +4 \—u [2 v (erE +
. _ Ao 3 i Lo

Pt ] MEL P
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In (20), (21), (23) end (¢4) replaceg by -j . There fdllow

ol o8

N 3 2 M4l Alnt2r-1)
:}{4/3(59 - ! + ZE E(—u R(71+¥)-(] Li AernRr-1) 2 +

M rey
(2 5) ,1/ " w ' J ” Iz oo Vd mfmtzr=1)
| {ed-dfrm +Zfz~%-;?{?§§"’ / W‘”‘”Z{
i hZyrzy
/vlf/lc, - N + ¢ )
'My/ / & | M M (M + 2P
- + 2 Gy [Rem+r)- l} f HRRr-1) £ +
/l/z 3z m.!i
3 4/2 m3 )
RG) o o
( aZ;” wm / fa/J" 4/'” MEV ¥ H bR ~l)
+ 2/—1/;-~ ——'-,“I zmz “”232/7?—"/—‘7:'7 l") f We""])f
mer rn

N < N g—’-”-—-‘-) (m-0¥
+1 é’.._._J. Mt r+? +
A/ J (-n)m(zm -1 f + Zz E-l) [z(m-rr)—lj R RVEZE +
A |

“v N gz X 20N )

w = +@2m -1 Y

AU g e
J »
M3y Mz, ey
2 N (2=l) (2/" )5 em-ur
5%32 = >t) rr-y f +2§§(—1) [2(m+r) 1] 0‘7 CRRYr £ +
3 / lal) ms =i

(18) 2§ (zm ) (2‘%)2:&- Zm-vr

1) f +z>: ey LRz oz {
mory .

The arithmetized forms of these will now be developed.
Consider the double sums which appear in (20). Each of these can
be grouped to form a single seriesa in powers ofg « In each of
these we need the coefficient off’v « Only those terms of the
double sums of (20) can contribute to the term containing f'v
which satisfy W sm(mizr-) . Let N=ts and put (=mand g= »+2r-

From this follows ‘
‘ : - om= b Yy = .ﬂ;é_'!.'_—

2

Zr-| t;e-b RIMt+r)-1 = /3+£



Since v 18 an integer > o,and since o< t<f we must have
(29)' | ~ 0<‘b<|/7\_l. /6—651/)71079(2
Similerly two series of g can be formed in (23), the exponent of

¢ being of the form & Where N =®@m-)(2miqr-1) . Here let A =d§,
1 ' ,

d=2m=-t, §=2m+4r—1 . Hence
d +1 §-d S§+d
m="z 5, V="g  , Rlm+r)-1 =Tz,

and 4,5 must satistfy
(39 o<d <VN , d=imedz | §-d=0meAd.

Hence the expansions given can be written in the second forms

%%7 PRLE "ZEZNQ“"“"/"*/:)ZA»»«;s—A)z} .

(20.1)
A uo i .
{ A/,"‘f‘ '{z#/‘mi 2 f;? { o mfa- L)z} .
,3 .2 45-&1
:}/: j‘f) - 3 +Z§Z {E(-o (B+8)* m(/s -5) zf >
(ZI.I) ’ J" 4},, /J” o 4+ 6-1
. ! 0 z -
*{Zw 'ﬁ"izmz e zﬂfo B }Ef { ek “zf
13,2 = 2
pi ALY SR Y o VO
(23-1) ey ' 2
S m+1_ (B3l -
ey D gt et
3 2 z
/ (Zml St +
/Jﬁ(fﬁ)z) E(_;)K?Zm-/} Z +-——§g Iz&;) 3 Z(S-l-d) coq S22 d f
4.0 '

nT

4/5”' ,!" N Zdd ) d-
fizzé%i{z«-) X(ME_ + 2 g {eu%i cog £54 zf{



32 2

L i 2y Z”{Z”“'“ e

(5.1
A ) "
+{Zu; 47,""32,44«; +Zz 4/3 /J’ zg {Z(*’)M(ﬂ 4)2}
N Brb+1 »
j//‘:/’&/ * =% +Z§f {E(") 43“)260445-5);54,
(6.1 )
b 9—1—/'“ ) 4 rr -
e ol 2o 1 g " g o]
3 2 0
3 ” 257) s+d-2 _
;‘/{%;gs'g= 1 (2”’"}25 +—'—-§Z {§(~') *"z(8+d) (e 2 f+
@7y ms)
" 2/"") d+
RN Ty | TR
» Zz) N (Bzst)?
FHE S g et
3 % ”
k8.0

e F Yt g e e

it being understood that the coefficient of g’v or ffﬁ is the sum
indicated taken over all peirs of conjus=ate diviaors of N which

satisfy (29) or (30) respectively.

-V =
The nractiocsl use of the theory has been made clear
in the last section. In this section are presented expansions
for all functions (2) whose denominators are of the fourth, or
lower, total degree in the Y4, for which # 18 one. Intermediate

ateges of the calculations are slso given.
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‘The exponenta of ¢ containing bothmand rare all in-
cluded in

m(m+2r) M(n+Z1r=1)

(2‘/"-'){2:"\ +4r-3) @m-)(2m +9r-1)

Further é.iacnssien‘ gsimilar to thet of page 15 leads to

N

:'/}1(”’+2") =z ad N = /"‘(/Hf-z"“l) - A[B
a = M = m+2ar b= m B =mizr-|
m = a r= 2% = b p= bl
0K &<VN  A-azomedl o< p<IN p-bz1medz,
(39
N . em-)(2m+dr-3) . CY¥ N _ RBm-d(drtzm=p _ d8
1 9 T4 9 - 4 9
(=2m-l Y =2n+4r-3 d=2m~1 § = Rm+4r-—|
= L3 -C+2 _ d+s -

c=1 medR ¥-czzmod 4 dz=imedz §~-d S0 medd

0<C<\N o< d<Uw

The convention is adopted that whenaver Z”or Z"% is
multiplied by a function af (e,«) , (48) o (¢,9) , OF (d,§),
this function is summed over all paira of conjugate divigors of
N which satisfy the corresponding conditions of (31)., The upper
1imit of any summation with respect tom or r is <~ , the lower 1,

unless written otherwise.

Group 1
o / i /
@) J & &) A
Consider
R i
F B &)

The suvbgtitutions nceded are t-=z+F, F@ = ¢/, ¢tt) i3 of the
form (8); its sole singularity in the period parsllelogram
.is & gimple pole at t-Z. Computing the residue at this pole and

-16-



using {(10) we have
(32) A F@ = A (z+E,8)

Using (13) this gives sfter reduction

‘ v 4(/;' 1 o m(m+2r i)
(33) @ e Z vy A (21 %

”yr
Replacing z byz+% gives

4/?' / m+r +i /n(m+2""l)

(349 A& ZMZ + 4 ) g coe(Rrr-1) X

”nr

Leg

In (32) replace z by=z+%. This gives

fl/, . }a (o}
e FHEEE
POACY Li Al L5 E)

Using (16) gives

(35) = ZE_ 5 + ‘iZ(-U E29"s B ez iz

Rep‘lacing Z by Z -

Zmz:',) mer+1 (B2 2y v
3¢) - %
( 4/(:3) Z}) 4 5

e

The arithmetized forms of these are

R 2r %

(33.1) %(2) 2/.24;5 +q§g~{(-:)ém(/a-uzg

S IS
(34.1) & VT +4fzg {(‘D m?"’l’)if

/ : e B2 A( dag
I S O TN

/ ! Ml (’m"')z s+d-2
(3 ¢.1) /LA/{(Z) = ZE-I) X‘T _‘..42 Z%{(ﬂ) +‘¢ m_s;.zq_ Z%

~i9.



Group Ila.

] g A A
A AL A& 8
A& A, YN-7 &
j 2
a7 AL @ AT
C onsider i
A A=
F® = = e

The required substitutions are ¢t=z+¥ , FO=¥YW. ¥@ gatisfies (8);
its sole singulsrity in the period psrallelogram is a pole of
order two at ¢=Z+ZF , Makin- the ususl computations and using (10)

leads to .
’ % 4 ~
37 Ay o R B E )
Substituting on the right side from (15) and reducing gives
@ -1)2'_,_ (n -l):r'-/)

<
A =4E-o’”*2m”-,) 7 otz ) %
(]

Beplae ingzby = +§

’ (éi”_:!) EA-N(R ¥-1)
A/‘ = 4}-—/} 2(/n+r 1 i

3%

A//L/(Z} CoeR -1 %

-

Replace z by z+zf in (37). We obtain

JT//Z RU(%+BE+E, ¥ +TF)

and expendinsz this by (13) results in

‘ 4/’/2/%/ 1 Mt m* Mt ntemr
7 Vo -
(o) Ay B T um R +2§(—0 g/nf + 42{-»2(/» +r)f o 2rE
~ s

Replacing Zby 2+ ¥

E . 2 , ' Lo mr
(41’) /Aj:j‘&'/ (/M/‘Z + 2 36 2/»(? +4 (-/)”,:;:nﬂ) Zm (o 2r Z

~ /h)r

h Su’bstitnte-gforg in the sbove seriea. We obtain
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@2

. "

9

Hs)

38.1)

B9y

Ho.1)

(1.1

@z

r. 1 R -1)(’r=1)
:j,,ﬂ//‘((j)) 4{2» 2(mer-n f( T gen (2P0 E

Zm 1y2 @Ren-1)(2r~1)
M = 2(/)1 -1) N Cod(Rr-1Z
4@ |
;R
J AR

mz m‘,’f-emr
-2 Z/ni -4 2(/)1+—r)g  CoRRVE

/’\)r

A T emE

2 , 2

J’/I/v{ﬂ - | - % re n*+emr

/1}3/142@_ e 7 2 Z/)?Z +4 &y 2(m+r)g CoR 2V E
~

M,y

The arifhmetized forms of these are

4/4/(,:) N ot i = Z
/J%(z) zzg {(/) ’(C+X),a/m. 5= Z

+c+ '
/J ng) = 2%5 %eu (¥ +¢) coe 155 ZE
o3

R ! , N '
:}/ J";g) /04/:17';5 +2§(—/)m‘}m im - 422/\1{(_,}‘1 I<+0~) oo m}{g
? n

2 | : o ( degez
:}Zﬁ% =t +zZeu’""£mf’" +4§ gg(-:) W +2) Cae («-ali}
o V2

Y-€c-< -2 |
/Z/z(g} = Eg {(-l) i (Y+¢) ami=C %



. o |
sy A /7 f fi:izK
o fE e 2) Tl ez

[

L4

SS T enTE

P ey

,2 Com* - N
“4.1) A e zszg —4}? §(¢(+a; m(o(-a)z‘g ,

| | .
oA, " N o«-a-2
ALY » { a-2 . f
5 - _ ’
e b SR T et R Qf””f +4§f 1 +d) W(a_( a) % ‘

Group II-b
S E) AEE Sre) A&
Consider
ALY, e “*
F(Z) - /L/,Z(Z)

FZ) sptisfies (8) and has a pole of order two at Z =o,Calcu-
lating the appropriste I?flan& gubgtituting in (10) gives

2 o
(4e) A ey = A E0) AT 0)
A

Expending on the rizht by (13) and simplifying gives

2
J%CZ/ (o2 Z o (m +RP-l)
(47) /1} Ajé(z) = M‘z - 4ZLZ(/h+r)—IJ f M{ZF‘U Z
R 7

b

Replaning z by 2+ F

LR . ) A+ 2y -1)
A E 0 (2imer- ¢ Rr-0Z

~r

Substitutez+ % for # in (46). From this follows

z §
AV 4 o »T 7 0 7
SOAE b g ento) 4 0 A A e, o)
/144/0‘@; Z j !

Using (16) and reducing we get

Vfng



wy

2m-i 2 2o =112 -
4/4/,(5) sz-n Z( + 4 [2(mer-1] 5(-’—) YT e 2w

IR

~ ynr

Replacing z by %+ %

sl

7y

«&.n

wa)

(50.0)

,2 Zm o) A N2
ﬁjg | sz ,)3; (-/)'IZ(M+r)~IJ X(&"’}g—’) FRM-Dr
3

/PLJ[*

From these follow

/K‘y :
j/é/;szga :/szz '4ZXN{(,B+6)M§3_A)Z}

%% A Z +q§g (-:)M(/gw)m(/e é)zfA

S

1% 2n-1)* N
M%&Z =2E2m—z)g( =) +Zzgq{
0

J’Z/z
A7

-d
- Z}

a/;

n

Group III-a

AR A oA, RIA
Z(z//«/ﬂzl ML SIE A& ASE

A & A& AL
S G A E &) A @AE L& A&

: -23-

@2m- ’)f +§j {eo (6 +d) cre L= E

CHAVZ



. Swe s
[® = Zega

Gonai’&er'

F&) satisfies (8) and has simple poles at =% and z=c . Calcu~
: (D)

» lating the corresponding f?- and using (10) gives

€y SR = -y G R ) ok A % o)

Expanding by means of (15) and (13) and reducing gives

, ] T gt Rr)
LS~ Az vy L]

G2 @-————) +@n -y =
_4/(4;[ R r-1) X

Replacing # by Z+¥F

o mtRr-l) ‘
7% A//{mz +4Z") / W(N_sz *
&
(53) , @ =1) +(2 h*l}(V“’fT
+£{A/ (_:) ﬂy LRV -1) #
e

In (51) replace z by z+§’~' . Thig gives

oS B o
~(/QE}/./ZIZ) - 1/2 Hll /()37‘ 27 " ‘/—?/ /q’o/ ( Z+%&L, 0)

Using (13) and (15) leads to

2
o I, A wa ntEnr
e " + 4 f /wnzrz; +
. ”r
(54) (Z ""() (27~ r
' -4 /} 0? A RV E

Replacing z by z.+% A



2
H +Z Nl

/
A 24/,%12 ,@mz /_fs

(£5) .
/\, " .ﬂt‘”;')um nr
+ 4k JED Z R 2r &

’HJf‘

I ‘ '
n these results, substitute -g for Z . Je get

/J/%/I/%/ - ’ { i AP ¥ EV=1) o
A &S F o Vamz T 4 j A2 V- /)Zf +
(576) sk
’ (B2t % (R2RE-Y
< 2 Ny Zz
t4uf )0 f A g p-1) Z
yr s
4/// ‘3L$ r+1 MRV =
LY I )
@S E /j i v j oz r-t) 257 +
(57)
mer ”’"’)ﬂ Ensi(zr-)
+4 %) € j R RP-I)E
MJ" .

/(/Q(g /f' Mz - - ”n +2”r
JQ}M(Z} /b/g Aam 2 + "( &) i /anrif-t-
(586) o
pii EZED L em-nr

+ 4.4/’::2(-/} i in R E

~F
, ,
%4/5«/5&?/‘_ T merts meamr
%w%w =) Z e Z ¥ ;{i +
N myr

(59

(‘f"*’) +Hem-yr
__‘_1-7/‘/ Arn RV X



Thegse have the arithmetized forms

”/.,/‘éfff‘ 3{ +4§j i g ,s)sz
| 29 . _
V "4/22{43%7‘-1‘5}
. p=b-t
%2%’ z;;g**“tiz v _’2 o< (3 uz“+
2.0 Y-C+2
+4/zi (-u" R zf
g W
%ﬁ%’%{% +4EX { ime a/zf(
(54.0) N
~ 4 JZZ‘;{/M-—Z—_&—{E‘(
% ,4/{6?-)_ 4-g+z
JES@ T &{"""" *‘4}:3 e:) TR - a;zfi
(X)) P
+4/§j 0’7 aam B2 f
j?;%’w "/{mz + 4}] i B b)zjf
(,fe.:)

+4Jz§f € W' }

‘;35-



4//:/1/5/ - S M, 4=t i
P /Jéi—rq + 4§j {(—u (eR(8-4) % f { +

(:zq ‘u' o

+4.J, Z" {(—u m!:zgzi

.

RS8R

Fe.) . A =1 o
+4 U Z {H) T oem 854 2§
! ’ 5
“ﬁij = /(/2_{ + *’l\ ] iy o M(d—«) z 2{ +
P (-] 8 z
(9.0

+“l«/¢;}f"ﬁg,.m i—;—‘izf

Group III-b

i3 A& A& A
B, & S ® bW S S Ja®)
Consider
A

F®= Jaam
Let t==+%F |, Flw= Y& . Y@ satisfies (8) and has simple
poles at XI and TF+ % . Caleculating the corresponding R’

and using (10) gives
o A F® = AR E) 77 2 T I

N

)

Prom this follows

AN o2 ey ‘
AL {,%" Ej A Zr el o+

R
} mrr+r M tRmY f

+ 4 )6 Z A 2 ¥ Z

»Nr

cn

+4/5
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Replacing Z by z+E

. i - &
Sk S _ 2 % A A
T ‘/{mz +4 f Mzrig-lr

Iz

N +2’)1"

-4—L/g"""2z +4}n f mzrzf :

/"bV

In (60) replace by 2 -ZF . There follows

’ -cZ
L/‘/ ,g,} & e 4 {o, T 4 ; °) .
hoaw = AR ) T A AR E)
A )

Substituting from (15) and simplifying, we have

S g (Rsy’y Gopry
___._f_z__. 4 "}02 07 “

dwdg¥) 2en @ r-i1) £ +
(63) (z ” -1)(2 =i
mer EEY
+ 4 4/ 1) f A2V -1 Z

Replacing Z by 2+ &

(&A{l)ﬂ_ @ ‘n-/)s;e r-1)
pr+1

St 4.5 e i CRRr-1) £+

/4/012)1/{2)
€9 ¥
@mzt 5 Rzugry)
n+1]
+ 4 Jg}o g | weRr-i

'Y of

These give an arithmetization

/ ) 3 N .
L - Afig o) o] 4

cry gz
a
+ { +4>X ‘f') (ol - a)z“
1/?/:/&’1//243 - Wﬂi‘ - N , LET L3 )
/i/;lz,)lj{(z/ ‘ /d£m¥+4zg i( ) J/V"l(a( a)i_‘{f +

ez

RNy N-
ez N2 W -
+'/ug{‘“”'-—’i,‘|"‘fzg {( y il -d) Z%{

.

-26-



, ' o +C+ ) '
Al 4y e T it ] +

€3 *4}%215?%{%%2}
Lifedtt g 5 ¥ et -
4.0

w14 g o ez

Group IV-a

JHNAE S A SELR  AEAE
4 &) AT ] JE)

Consider J e
- () V2
F& Jg[i)

Let t =%+%+%, F@ = ¢€) | @) gatisfies (8); it has a pole of
order three gt t=m+"" , Computing the corresponding Rf”, snd
using (10) gives
13 N
A ABIE oM pR i mr B )+

o ihy B
(%)

+Lg4/7 (Z*L.,, yTT) - _L.g {J"“}ﬁm(i ZLL L, W)

Prom this follows, after sgubatitution from (17) and simplifying

/L/(’d/l-/{z) - 2 2 BBy en-1) ¥
A/—"_—"‘T‘W %) ZZ/) [ (/m0)-(] f nzrE &
»nr

W re1 ELLY p@m-or
+ZT/§" 1) g A 2V

Ar

(66)

Replacing # by % - ¥

~29-



&L-) +zm-pFr
% —Z(Z[Z(mw) l]g QAN RV E +

(Zm ’).p(zm'l’r
+2 Zg AN E

/)\,Jr

6y

In (65) replace Z by £ +% , obtaining

e AL e :
;zf%fézﬂﬁ_ %-&w(z+vr+§u"7)1~HP(¥+WT+E)”ﬁ

+—§—{—4‘%—+1% ‘Hlm(i’+FT'+‘:f)rr‘T)
From this we get

3
A A = ! {’VAVL” 2 m(m+2r-1)
me/@ 4};(2) T iz Tzt Z L +l£ +ZZ") [Z(m+r)- ‘]g coeler-1) T+

myr

ce

+ 2 X2 Z( l)”Z’"(m“" Y ear-n %

a'le

Replacing Zz by X+¥%

3
JIBLE 1 4" 4 2r-1)
Wy Iy S ~oin’z ,L;mi i§+' jg?(m+ﬁ)1} X Len@Rr-1) & +

)]
" M+ 2r-1)
-2 J‘z g m@Rr-1) %

Arithmetizing we have

3 l{ §-d+4 d+4
j&f%zj} = Eg :) * (8+d)/m£.r % +

cen
rarf g e ]
4$Qﬂyu' y 2
o ,,j(jﬂ;’ﬁjé) = %Ei‘}{(g +d)m §'&d f} +
€71 '
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P
/‘j?f‘i{; M’¥ +z}i A 6+4 " ot - Ajzf +
0 VI3 VL

cs.v

—A-H

{Jz*'fzmz“*%;;] {GU z mw—wzf

E .
fw"é(y E— - ? (o + ) W -4) Z{ +
«/ov%./; & Mz E 96

G0

~Poleim —af ) f 2]

Group IV-b
JB.4D A I Y/ A Jp B Sl
i @ ) AL~
J B S3 &) & S Sy & AR LE
A7) AL ALY LT
Consider

_ e
Fe = <=5z

F2) satisfies (8) and he3 a pole of order three at €=%F , Com-
' NG
puting the corresponding K, sand using (10) gives

2
(70) S r = f"”z,ﬂivb “”z zr
A F &) ,‘/ ( .a) / A Z, )
From thig follows
S L’ wmr,
A% LA Gentr-n  f amEr-1) £ +
oo i ‘ZE ‘ / ’

»r

(71

» ~1) {1 r-)

Z”‘ {
A/u ( )'(’
+2 j- 2 Z danRE -1 E
3

Replacing Z by 2+ &

i 2n l)+(z.n-u(zr i
4j jg/Z:}/z;?/ - Zz(__,) 4 (»+r-y ;/( Lok Rr-1) 2 +
/ I
(707 ~oF

) +k:-_":iL\'€" 74
+2 Vﬁ S\- ( = CoRQR T - &

”'J" : -



In (70) replace ¥ by =Z+%-. This gives

/3 ‘
ﬁ%= £ AR TR ) - £ g e w2,

From this

’ L3 , - =1 :
& z) : NntRmyr
LR - s oy s
Ry

“ /nA*)-z/hr
_%{Mmz "'ZZI Mzrzg
4

R n Z

(79

~,r

Replkacing Z by z -

3 2
A4 an r M+ Rmr
W-’—m-&-z ) ﬂ(mﬂ’)zj A 2V Z +

~)r

(74) /(/rl 2
_ ’-—\z- ! N EE - V4 ~” +2ZNnr
A/{;{ZMZ +z§_(l) Z MZI’VE}'
er

Replace Z by -5 in these results. There Ifollow

,3 ' Ry )2‘ Rm-uU(Rr-1)
2) )« z
ﬁ-———-———,‘/ jﬂfﬁjﬁ‘) = Z}é-u 7 Y mer-n® j sen2r-1) 2 +
2 A3 A ‘
. ~r
(78) .
w2 SN e Y e
_47‘. ¢ j Aan (R p-1) £
~ b ‘
‘ ,3 21} 5 B (2r-1)
J/‘/}/zl%cy_ _)mir T2 ¢ x ) #
———'——‘——-44%%3{2) = 2 )by 4 +vr-1) CORRZ r-1) £+
) ) ‘ ~r
(7¢) (2m~')z'+ Rm-0)(Rp-1)
'4/” Mt R z ‘
+2A,Z-,Z.,) j Coe(R r-1} 2 .
5
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; miy mi2mr
'4/"/1//3(;5) = ensxz +Zz(“’) 4(/"+r) f At RV E +
A3 A )
(77) . ~yr

. .
_Jo mz \ Pra) m ¥R»1ry )
%-——-ZMZ+Z ) j aem AV Z

~r 4

“jﬁf}{g - 2E +22(~u WICToN Zm ez x4
R

ez
e
7e 7"
A {m MErel M v 2or f
Rt %
b A

Arithmetizing these Wwe get

(70 A 4/5&’/ “/@

()’-G-C) Y-c L/,E .sl r-c
dod HE Eg M"_’I? e fg/”" < 2

02 4/ L LI 4 g e o e oe K58 rog=2
o S Z ) +zﬂ/ Z H;em_,,g

’

3
) SAELE _ ceex _ " *
(73.9) %443&) = T 2 f {(dm)mm-a)z} +

e vy Lo

€

| L
S NGLE  amz ‘ A/ «-a 2
Y S DY T e Tz j €) *W+al muwzf +

*"’{Mz +2§Z (-l)u“‘x‘ z,a,m(o( aizgi

=33~



2 | N xicta
rﬁﬁﬁgﬁfll - ,%Ej‘f{(_,) 4C+(y+c) &;,W!-%zg +
R VI ‘

(75 ,
. " C+4 —~& zf
+22 Ei U
N N
gy 15 (ot e
(760
" AL bt }
+Zﬁg }X "{(—I)Lz—m*’%‘*zf
Q<+
77
- {m +ZZX (—:) “ o a)z%{
13 ) a({-a.
Ug. L
78.1)

__t}o_t.t,z
{2 2z +ZZX (") o ~a) g

Group V-a
A& el Y 4B
JB S AL 4@
e e 4B 4
U P& WAL K]

- This group has been obtained in section four. For
completeneas they.results there obtained are given agein, the

" equation3 being renembered.



(80

(83

(83)

S84

LA

% = 5= + 2 @/)/"Efg(/n+r)-1_]'L
L " e /

/th

re
A

n(nver-0

m(» y2r-1)

. /3 2 i
AAL = ! +2}-o[z(m+r) -1] j Aen@r-y z +

P PO d G A X Y
oy

e r-1)

CeeRr-1) & +

) "
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i 5%—'1 TR e
2 44.1)

t2 J, zg (2’+c)ml—° zg

.

JJ:;@;%:/&Z 2”43{?_‘2”' ”f Ei 0 Tl o) e S22 i +

@454
A g 2otz t 42‘” ”’j + 42; &aa(‘:/(m).wuw)zfg

Z%fz/ {2‘”’ 'y +Ei (5 +d) coe BE 2 4

(e4¢1)

) 3 ) “ b /)12 . xtatl
+J, gm t ey g +‘12j {60 P+ ) okt 1?;
~

Group XIV-b

S L, ® A A
A eE JwE @S

. Consider
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Let 2+%¥=¢ ,F®@ ;V/t) . Y satisfies [8) and has poles of order two
“at t,=1’i':*"£ and ¢ =% . Calculating the corresponding /‘lf-wand using

(10) gives |
. <z 3 y 3
9D, S Fe= i g AR EE A E) 4 oY R E )
Hence
4227 ez -1)*"+ (zm—uz(zr-u
ij‘/%‘@ = 44/ € 2in +r-z)f amlZr-1) 2+
(] "
®48) : , @y Eogary
»nd*Vr+j
+ 94 Bdr-) R(A I~ 7)/” At (2 F1) £
v

Replacing Zby Z+F

4/1://}.% 44/ z&- PRy, @%_L) z’;-(i{’_'_’_QZL'_U

) 20y~ /)7 m(zr Uz +
4/ w,,)@ (2} 4=
6243) 3 (ZM£,)L+,3m.y%zr-/)
+ %/3 ZZ(/?" +¥=1) CoRRr-1) Z
~r

In (247) replace z by z+zf

Z 3
Sy AL 25 2
4

, Obtaining

3 (/)
RVAC L 22 7.5
From this :follows

A
l 3 ni, n n tRnr
dé}:fﬁ}_ Aj, gm +4§(‘” +‘§'I)Z(/’?+Y)i erff +
250 e
] 42/»-}'
+ - 4 mi +4 (-i) z{/n+r)f &Mzrzf
Hyr :
Replacing z by z+r
4//:‘&/& iﬁ 3 ; | mH mipzmr
———-—4——22{;4}’2@ =< ,Jg {m + 4 (-/)/n/ + 4 i {m+r)/ Wzrz} +
: 7 2
ks

(WRRYrZ
ALK

'1'4] {W 42/" -4 Z/m-lrr)f”lr Ao g

' These results give
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~?

’ ,’M (A8
:z.u..:&,/ z({ {éu (y+0) Vm?%&zjf +

(e48.0 yzg=2 .
' e 23 ' - e
R L Z/x e,
) S L Z ( “
242 : N 4& N A
2 L)—Z j(eﬁg)mﬁwr Zj )
” a+
j;,}fg = Umf—a—— +4\<~u mj + ‘{\>Z ) (o + @) el - a)z +
(2501
| >47 oL~ c‘(( - &
t s 5‘»4‘1 - f +‘1 ("/) (X Fa) el - a)z
Z 2 2
’ /l /{a 32 - A B +a+2
A i - -
Jﬁlg),;/:(;é/ = ,,/Q }/M;Lz-%-‘l /) Mj +4 g 2&-1) (c('f'a)m(o( a;zf{
’ £
(251.1) - < ‘
3 n" NN ,
+. % m; —#)Z {(o(+a)m(a<-«)£f§
Group XV-a
2 2
LA WA DA PP WAL
A S E) AR ‘/;?Z(Z/ A WAL
p] 2
A T Yy WY S
S SD //zk’JJ 2 WA AL YA TRV
Consider

_ See
F& = T2g®

Tet t= % | FR=Y® Y@ gatisfies (8) and has poles of order

two att=%f and t=m7 , Calculating the corresponding /f;wand using

(10) gives

41’3

¢/‘4 ") ,
(252) T fes A/z/‘z(z”f’lfﬂ//iﬁ”?zf w7 v B x4 TT)

From this we have
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2 wy 2/:1"4'"12
%WW%,(Z) - z ‘i - 42/,, - 4 Z(”’*”’/& mzr{{j +
z (4

(27_)i(zm-l)r
—2/; E(Zm ')f +Z [2(74r)- l]f R 21 Z

Av,y‘

R53)

Rerlscing by Z + T

5= <. n +2mr
/Q/f/ézﬁz&é@-’ k i"—"-4}mf +‘? (=) .<“(/n+r)f Wzrzg
23 g 3
(#54) , s/)"

<l

In (252) replece # by # -% , obtaining

r (“a""%—_")"am")r
+ Z}j")tilm+ri-'1f W2V Z %

", ¥

J,‘eo 3194/(2/(? w .
oy, SR / (Z I&C)*f4‘/"2 (Z, 7T} +c H:/(Eﬂrf)} .

This gzives

VoA gy Emyar)
J;,I/ﬁ/"ztz/,j’(i) "}/l/ 2(M+r- ,)Z re2 o) E
’ 3 L ,

(255)
AR =) g

/1/3{%““42[2(mw)~t]f CoRZr-1) Z

Replacing % by Z + &

Yo ?z/wz/’ 4.4 fM) L Q:M)
/ o = 4, ) 20n v r-1)£
W PR "E
QZJ'() XY 4
mfmr2r-t)
+‘45 + 42-—/) [2(m+r)-1] i AmEr-1) f
N ’

In the anhove results replace Z by “f « There follows

e 2'7 g n“gznpy
j%/ ‘ng(i) ‘/‘{m z“"“}zﬁ’ /hf Tt 4 (-//z(/mr)j W‘”E{*‘
CR3 , 4
i ~ir
(R57) L )"' . Bt V& m-tjr
-24/ {E(Z/h-/)f + 22(-/)52(/711*")—/]07 CARZrE g
r
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.4//L i/,z&‘}t/(il /f [ T omr+l Nt 2zmr
/d;,-d}:‘{"‘(zj,«/}(z) 2Vcee?z +‘f}ﬂ) ”/ +4}-:) 2(/»44.,,)5 mz,;g +

258 . .
+Z/z/ﬂo{ z,?m l)j Zzlm-f-r‘) ~——,~_——) +(2‘:;¥1)2V‘r < i
d%%@%w T mer gty ROy ,
AL S BN @ 4/%26” emer-) f weev-nz &
o L
L)) y o ) ‘
. z 4 - -
| fVQ?ZTE“QZ?MMMﬁ]jm(zxangf
e .
P y neg) s Rm-0)(2r-y
S AFS @nst) %y kmi(2rs
(—:} 2(/n+r— B
AL 0lE 44/" ’)f Gn @ F-)E +
(2 2Rr=( :
+%{m 1-&]2/)[2(”“’) ’J{ (WQZV I)tf

”z’z, z
&S B Y
WA A IR

f@,:az - 42?1’,‘,? _ 4}5"%@( +a) e -a) Z.E{ +
™ o ot

o
Ji LA

£y oAt ,\“./‘/s.i-_z_
Sy A, J:L?i)‘g‘(ﬂ 3 {m—ﬂ}n; +"l ) j {(") "(c(+a)604(¢(-a)2££+
k544 . 4“‘
, Lv . ‘)
d__a_%___'ffyi/?’/%@h (e z N %
LS //Q;;;'; - “725 wa)mw-uz}f +
RsS51) :

.

'_2% {EZ%{(}{-Q coe LSC ,gg

R, g u A |
A, Sl {Zfi"z +‘f§; {0 e rorcoms-px ] +

) ﬁ_&_ ~Ct2
Y T

(z2s¢.n)

.
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Z
‘ mr) A N asr
=/I/f{w;zi+4 "””'f +1§g {(—:) (4+ﬂ)604(o(-—a)z§§ 3
(Z:Z')» Zmll

_g%§ (2m- of Zj 057 (5 ) M“‘*‘*Zfi ‘

g R 2 +a+“‘
| %Jf/&d’fjﬁ; Wi g——-;; +4 - m/ + 425 s wzf{
YR

acer —Z%%E(zm-ufiw—zEZ (s+a) Loe 58 2 ZZ

(2,2 2 A ztc+1'
%4//; “{?::’}égs 24/;?37‘7%0 7 (a'fc).ml%-zi +
o VRN, &/ U3

(eso) y
+1/o gm'@‘g’% ’425 {(/3 +5) Mw-&){gg
1, 2 )
WA } wo &t .
%%%m%ii)vﬁ'ug / {(—1} (3’+C)M7_ZZ +
(z¢ol)

+J§ + 4§j ~v£%:7,9+b/ M(ﬂ—wi‘ff

»

Group XV-b
Jauld Aed WA N,
LRI SRS WA W

Consider 2 iz
S B S e
YA I

F@ satisfies (8) and has poles of order two at z-% and % =% +%

F@ =

¥ .
Caleulating the corresponding /?: and uaing (10) gives

122
ey Jd o zr WagTI4+ T
,%"/-‘Fm ZH(;:*fﬁ(ff +I)
_Prom thias follows
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N N @z ,’z.*(z‘n-u{zr—u
'/'/'Vf/’wdg = -‘M/}Zwﬂ-r-/) / S eR(Rr-1) X+

ooy S @D ;
. il
R ¢2) o ' @zl i_L/L"‘.:_'J/zﬂ_'"ﬁu
: A0 Zimtr- /)/ GeZr=i 2z
My

. -r ‘
Replacing z by 2- 7% 2 _:)_‘_ (2m—/)(1r -4

1% 4%
/V//% 4,@7%/?@ 4. / =9 Z(/71+l"'l)/ W(N’ WEE

ol RSE
(2¢3) # (B +(£ﬁ;%%£zl
+ ‘72/(4 S(_,)m,z/mv—r’—/) / AR r-1) Z

ll"

In (261) replace x by z+Z', obtaining
S KAl ) /
A X 9 ) .
S g = AR ) h B )

Thare follows

YT 2 , 21 f-l/’l"
LHHA = [ s P
o3 Ui <
(2¢4) "
MbF+ t+2nr
+ { z * ‘i ¢/ /ni +‘?Z"/2/m+rl/mml'”z g

Replacing by
S s pory
b ﬂ/o{w "9 mf "o Z’”’”’/”‘"z{ ¥
o3/, £ A
(2¢s)

I 2 M
+4/§—'~z— +<§qu +4§/X/m+r)f *zj»«:"zg

/T o

These 'give

(zeRW

*’4/25 £y “H(a’fc}m———zf
N a T
el Z"/Ef fo ”"Mu*{ *
Resy

| A S5
A +m§z * {H) ¥ +c) 2o L3E Z{

;1905



7] mq)

(2¢8.1)

S A By _
My o d * &SR

+-,.Z;{ z

R R 4% ‘
4////% /Z/\? (a»(/()lz =
Sk a

-,

o {4,,:% "4}/»1/”’4_42/7”{{4“) m(a(_a)zgg +

mH +¢*l
2 +‘f{-l m/ +4§f {(") e<+a)co4(d a)zgf

Y i—‘-—— - 42/’7/ + 4§f {(—ud ‘(:M) o ~ a);;({

+u4 5_-2—+ 43(-114'4:' R 42{ {('l)a;;"a) M(d-d/%f%

anm “X

Group XVI-g&

3

3 3 .3
b F S & o @

SRS ARG ES wdE R mabm S S Y

Consider

SE
A3 =
F&= g je4®

Let t= Z2+55+%, F®20% J@ gptisfies (8), has a double pole

at ¢=wr+¥ and simple poles at ¢<%Z+% and ¢ %% , Cgleculating

Sty
the corresponding #, and using (10) we get

(2¢c)

(2¢7)

"=~
S F@

Z 4 ’ -
. Z 7 - L -
ijfl/’f {/-7’ (Zf-zfl-‘:f--g—',?rr-l-f) +L/Z(21%:¢%J%+”’)§+

s @ - )
*ﬂjft//,'q, (R+EBEHE, TR T) ) ,J /‘7‘0(27‘1“*15) =)

FProm this follows

EE)
AR

MY, @S

— A FRAY s, z o )1+zmr'
+/l//7/£ MZ+72(”)/MZ’2{+/{/U¢/Z§%+§_(?/) //mzrig
or

v gzl ) Rm=1)1
4/1/,% Z-D zi7+r) -u/ Romir 2 +

mr

)

r

Replecing z by %2+7%F

(@c8)

) In‘(ase) replace Z+ % +% Dby %

;33
Sy ®

A H

+

oy %
PR Ent) hem-n v
= 444 ?:ZHJ[Z(/»HN /]/ Asn Z vV &
-
r - .
mrrn mAEINT 5.\ e mEZmr )
sz - . WAl 2rz
{mz + ! / "M‘r’!;’f‘/u/zgamz +4 Z’Mm S
" r mr

, Obtaining
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SR gt e
n/‘,E/,.IJLz/J@ = i {ﬂ,‘tz, TreE) 40 RS2, TTHE)
N i )3 .
4 iy
4/zf "/;I; (% 15+§)"424ﬁi 4,(7/»/(211%)

This gives

3,3 (2 +z~rd}
4/12///%/ 9 o 2 ar - - -
= Z/‘ 5(»4«»; + 94 €y [Z(m +r) 11 i asnZ r-1) Z +

AN S®
(269 B e o Tt AN CE N )
+ 4 e f AnZr-1) E = 4,{/55 (R r=1) Z

/’l' ”

zir

A p

Replacing Z 'by Z +F

zz/ 1 e Z omt nl(mgzr=1)
m Gt f?“’““‘”"’"ﬁ § wewry @f !
270 . - = g2
( (z 221) 4,(‘/" Ug(/“‘ -0 ww /) 4 e /}{zr-_i
+‘;Ajﬁ/ MX WALr W E 44 (“)f ooz r-) %
ar )

FProm these follow

'1/ Cz’)d’/gz/{; = Ei ﬂ &Swﬂ,d/mi:igf,l_
Ad-2-2

AT~ E ‘?Zf eromet-a 23] +oih ok 22" f- wel)

(zezy

'

M ,3
4/’?/;5/ xl -% 5+d-2 »
L = 2 E 7 4 A
A/;’(Z/,;/(Z//(z) Uﬁ f ® (§+) 2o E( *

(2(81) £44+2
+,L/f, mi +‘§-f Y fon:(d—a)zf{t/ { -}qZX Am (oL ~ u)z

?

'u/
A /L/}(z/ - /L/é 4{“43;’-— + 42/ {(-l}/_t‘y; +b}/M(/3"b) ZZ}

WAL
(2¢3.Y
+44/4/4§X ‘-') MI:'&Z{ 44/ /z f {mligizg .
J,z/j’y
' ." / B z( - !"s'sz S ,h’; b f‘l ) g
N = = + 4 jvY gre) Lo (B-b) 2
R dahs | feme LT gy b +
(270.0) s A wtl <~ A
» ‘ A o s <& ~C P2 )
T ey e e s e e



Group XVI-b

3 ,
&,(,Z ®=/ | 4/1/ s &) 4/3 “’M 4/4 ‘Zg
A EAB S JrESEAY  JELOLE e

AL S AW Py
R R A L W LN A

Congider

F(zy } %{z/evcé'

S4B L8 )@
Let t=Z+E , F@=¢¢) .Pysetisfies (8), has & double pole at
t*F  and simple poles at ¢= F +F and ¢=0 . Cslculating

. '}
the corresponding Po-“ we zet from (10)

/L/,JF(Z} =/I/J,4{Hw(£ sz.)“"q(d(z"'f'E)sz +
"g ‘74/4/ (z"'z’ﬂ*‘ﬁz) "'44/44/7 (%+E;0)

(271

‘This results in

4/4%4 Wif Bl N 20 1)
ar
Z"'" 4 RorpL2r~ 1)
2
1-44/24/2”) i elr-n&  +.4.J {~——~ +‘§-u j”’c’;éff-buzg
‘Replacing zZ by Z+% ‘
13 3
JJLE} 7y om 2 Al M p2r=1)
«/‘FE}J&/JM—’J; {E?z +9 f”["”’*”)-flj (2 ¥~ uzf +
(273)

g NI (i——) I——JC-‘—Z”" 2r-4) Cimezry
+ 9, B0 / mw—uz +,J,, 42 /L(:r-uzf
P .
In (271) replace ¥ by z +ZL obtaining
’1////% ":7’ ’ 4 /’; A
KOS Ty -("Jdo {/7 2D E "'5/47751-’351»—’}'1 -}}'—)} +

/4

Sy 0, 4o
+iddh e EE ) A & )

,This gives
{

3,8 -t
A/’ﬂ/ﬂ & : =%z m-yr
,./"&/‘d/;/dlz) = 14 Z‘” JLRAen=] amarzs  +
(4 7

/14

@74

‘f‘z”u') vam-ur mamr
+‘f4/4/ c? Z ik M/Z -1-4}6‘) i/m,:réz
-~ . -103~ yp



3991&::1:13 z by Z4 %

v FY ] (&*—*)'\"(Zf”' -y

; 4/‘@%&)4/@ 4
6275) (,zm-l)’;(z r S amr

h 5 21 =1 -l W MO

..4,,/34/32? eimarE +4/14/3{i:"z @ ] mzrzg

o -r
Replacin?vj by - in these results gives
. X P 2l 7421 -1)
A8 4{““'2’ + 4> EDRnrr)-1] f
Lo 7 = - o2 r-1) & +
&70 -———L) L—_‘-____‘_,)(ll‘ J 5 . T ppr A $2r=1
+ 41/ JEH) X e R r-/)Z 'Mé 0i~——“LZ + 940 /m(zr—uz g
s/ .

53
A 9 (2 +2F -1
ﬂzE//lj(Z//z/(EJ 4/; { zg + 42(") [Z(M +r)- di (2 F-1) E j +

@77
‘ 5 (z/:-/) + {ngﬁllf‘-l)
- ¢ +2r =)
4%%§Z A2 V-1)F +/‘/34/524JMZ +‘1ZZ'm(m (:r-—/)z-{
lac/l o . AN
”Y'V
3,93 4 MtV M= Z;.(zm-,)y
u 4// 2 & = 44/0 Zﬁ)[z(mim)-(_‘(j aem 2F £+
AR SeS @ 4w
& 78) L“’L)‘f'@/"”)"‘ LK Z  mitamr
_4’/4/B mmarz t /4/ iz V7 Mzr£§
' ”rp e .
3 {zm L) +(2m-ur
: 4
2
lale
@79 zapr
(4-7:1) *(141"/" m % .
+7"4/§$‘,-/;Z(-y 3’ in2r L+ Vﬁ gfb""z +4Z-u / ,u»,zrzf
Ny 2 r

From t}m&& follow

2 4 : Ve bur ‘
G s A HEE D1 e asena] 4

(272.4) ' A Q‘LLI é_é’ \
< =
A

+4-4/ 4/320 ’gn-/;‘ o I 2’} + /3;/?2“;5 +‘§PZN{U) Wyi b)ij

s
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b'f'/
“4 +é)/a/m(/3 usz +

| 4/4/3/ |
4/&/4/&/4/&(3 = /(/J/ Loz 2 +‘f§f 3(-/)

(2 73.) ~ rac
H%%Ziqm Tam e |+ i v ¢ Lo ong]
3,8 oy
ARIAL "E ., 5
— =R = / - S+ 4 $-A
) o] @A ik ) f T Tl it 2
1 ' ;
(2741 . J:‘/E {-}/’j_,/i';i s-d 79 ) (oo x Y a
+“7, 0,,3 i t An S 257 +/(/z {,,3{%53"4;{ {(—/jﬁm(x,wzzg
i[/j/i{!/ -:daz s d
) S8 f o, @ = Ef "’) §+d)arn 3£ f +
@751

+42

~‘l%%§f’im£§4z{ "'4/246‘/3{@45 *"z] {é” A (W a/Zf{

'3, 3
b+

& f
%fﬁu/&/ i(z) = o —%Té ¥ 4§i F Y WW‘)E“

&76.1) Z_?FJL N -4~1
"'4"/1«"/2j o) Tone BEE{ v of o [ +4§/”{w'é7'w—usz.

3 3
/' S 9 S
e Lt D ]

@77.)
- J;"/Ef 1——?-5 +/J3 %i;f;—i + 4EZN{MU€-A)Z}§ ‘
Tirepar b L s e
(273./) s N A
_44/34/02345 i ¢ +4/;A/,{W*+4Z[ m(«-a/z{f
Sl WA
TS Ja Rk }‘/4{&” @+ WL?Z( i
@79.0) |

$14A) HoFomit ol 12y fgo Qo ] .
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’Vl
The expansions of this section are those for which
/;« _equals two whose denominstors are of the fourth or lower
degree in the J4 . The following table replaces the corre-

sponding one of the previous section, and i's understooé. through-

-out this section.

N = m(zn+2r) =ad N = mi(zmtar-0 = bp
a =m o= Lmtar b = m P = Amizr-i
. A=2 0 -
m=a y = — m = b = Zi"’l
m+r = -;*' 2m+r'=°ii2-’—2-—a-‘ Mmr = ,4—}' 2V~ = ,8-21,

0 24 mud2 0 < a< & R(zmtr-1 = pe26
B =1 pned2 0< b2 /¥
2 2
(@m - “1f2F= -

:’ly‘ = mel)+L_______zw Uﬁ Z :;c’—z QL = L2 ypm-ypr = !—;&
C = Zm= Y =4m+4r-4 A =2mH $ = 2(27tz2r ~i)
c+1 -2C+ 2 +1 -

m =z z y.:.i};_..?"_'_— M:Lz‘__ y,: S;A
-] = y-z¢ . 249 .a S+24
Ar=h = "2 - omir =y m+r = Emur-) = 5
' r+2c
Zm+r)-3 = S
2 ‘ A Z) ez §22 smud 4
C 51omd R =0 e 4

0 <¢ <&

In reducing the expressions given on using (10) it
may happen that every term except one is odd, or is even. Hence
we infer that the excepted term must vanish. This implies an
identity in the i& . The ideniities which arise in this way
are used to simplify the form of the results,
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" Group I

/ / /
e A AE A7

» Consider

/

o/

F&)#

Let ¢t=2+%, F&=YY, /& gatisfies (8) and has a pole of order

&)
two at t* %, Caleculatineg +h~ corresponding fand using (10) gives
) . , v,
260 SF &= A #eTE )
From this follows

174
ey “/

20 b2y
// 61/ zZ - E.Zm/ - 422(2mtr}j ce2r &

¥l
Replacing Z by z+F

12 2 2 F2mr
oA - 2 2(2 yeo coezr
= — raR 44 { z
wor Y = om Ay A /
2 =

In (280) replace Z by 2 -TF |, obtaining

Y €7 e-Z‘E )
,,/"(Z/ = ‘/ z/c'?g’/’z; ’IE)
which gives
4/,2 ez -0
(83 = 9 @n-) * ) s @y e
d//z‘z} / + 4 2/2/?1+P~/)/ e 2r Z
-~ iy
Replacing z2 by 2+ %L
4/’2_ (zaz-/)L am -n* FRm-n) ¥
ey —Fr = 4(24:-/); +4] e 2(2/»14»'/}] (st 21 2
&
A L &

From these we have

2

/ A2 < N/A
(R&1.1) ;/’/’,w = M/zz - 422”15 ' - 4}:; j<a<+ 24) &M(of-za)i‘f
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- ‘4/’4 €24 +2
,~_,»(z,9g,.'r)' : 4/2;@' = ‘z -422”1[ + 4§j fl (o(+za) Coe(A - za)zf
- % ‘
: ) , _?2.
(2830 “/;ll = 4 ))Rm-l / ML l ‘é;l
| S [ / + ZEX’ {(Sauzd}m(‘s-zga()zz
Z
2 A7 =1 .
@Iﬂl 'L_'T‘J' .M ‘S-zd
(2644 T - ‘i§(lm-f) b4 + z}j" {(-v (s ted) e szl g f
=
Group II-s
] !
WAIIAT AN T
Consider

_ {
~& = =
P& Tadm

Let t =2+ B +T F@:zyt). /¢ satisfies (8) and has simple poles at

(Y]

t=F+4% and ¢t = ZF ¢+ 3T | Calculating the corresponding F;

and using (10) gives

A o)
L e = |7
(265) LR EAF ) - g eetEer, wpom

WA

~and from this

/
(Z&C) » 4/ A/z = z + ﬂ 2(-0/;-, 2m T4 Zm(2y-1)
) ARV 22 / At 2(2r-1i) £
"In (285) replace z by z-zZf , obtaining

Sahet® j" _

= -/ g9 T .
AN CROZ+F EEAE) 40 fl%2+F, 7esn)

which gives

/A

(z&
7 A/ 4/9.)

= 4)¢ / Y(ﬂ) / u: : :(;m ”

77 "I"‘
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From these follow -

’ (zéa/) %&,ﬁ&) MZ’ZE + 825 JEv Senu-2a z}

Phere the sdditional condition «£-24 =22 ».«9 must hold,
and | .
.(L__:_LL
4/,/% - ..() 2 d’L -2 A
Ny i ‘I ( f +8) [P er coe Szl g

where the additional condition S -2« %o (8 must hold.

Group II-b
] / / _ /
SES B fad, & AEIE A& S &
Consider .
-2
(B = o=
£ S EE

Let t=2+%f , FEAsY#  ypt/gatisfies (8) and has simple poles
at £=%5 and at ¢ = 7 . Calculating the corresponding /?2""
end using (10) gives

Adpe .
Sadw - M RE) - A= eTF, 22D

From this follows

sj(2r=1)
A , M@ 2 r-1) “y z
(268 4/”(1) @ ey +4 g dmr-1 ¢ - 4} Z A»n(zr—:)z
’ “wo 1 d ~r
Replacing Z by z+T
/ (R myrr-i) @m-f @m //(zr ‘)
Aze 4/0 I z rec
= (‘) y -
k&9 SE Sz | wez +4) j wzir-tl 2 4 e j mczr—/;z
v .

In the last two results replacei by ~Z obtaining
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w /(/’1/3 N , o M2 42r=i) .&,”Jz_’- (1/" /}(LP‘-I)
‘230) (i 2 - 1‘4}(’/} / AR r-1 £ + ‘1 fl} / ez r-1) Z

S @SE AmE /.
. Psa/Y of »,
. 4//4/3 | N mrrel (2 2r-) — 47 @M-1)(2 1)
al . = + ) ! Lw_L + &z -
o) S SR e A j,mar J +496) / ele m-1)' 2
‘ e o

From these follow

oey Lo . 4}/ ] a2 +4ZfN{MQ?-zb)Z)Z

S ES,E A E

’ o A y-zetz N gmect )

(282 j&;ﬁ 5 ot Z +‘-7>é‘/" e 7 loe Y‘J‘_ZCEE)'F 4}] e Caep-2b) 2 |
;& \? L d

v’/«ﬂi _ 1 N\ A== r-zc¢ AP a2 b) £

(z%.) ,Z/f(z/a/ég)'/.zm£+‘* i"%t—u 1 MT£f+4éX J €V e (p-2 5

/ -7

A/ < .
Ry m— m 4.4;;4}(-0 zwyfc ;21-4 Z %(")A%m@-zé)z?g

Group III-g

A i AR A,

/J"@ %J’z] 4.3@ /(/J/Jfﬂ
A A S AL
{//N@ l/éjgj K % Jg/ o &

Consider
-z
A e
K =

Let ¢ = Z+ZL, Fg=y¢¢ . /) satisfies (8) and has & pole of

19
order three at Z‘=—’£f . Calculating the corresponding /? and

using (10) gives

23”26;62 % 7] -
S F AR R
/ o//
(z92) o
+ 3 ba ‘/ —/2/7 (&+2,2Z)
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_From this follows

o PR P+ 2F=1)

Ty 2 R
, ,,{;/x/f;/ = — ..szjzfzﬂw) 1] / 4nldr-1) & +
A TN

2 r

(93

(R ¥2F- 2

/ i,J”Jl':,f.’_Zg://f 12_,”73 / amm@r-i g

Remz L) ' </

Replacing % by z+¥F

B / o S
e =t $ 200 [z(2~+rj-l] AR Pr-1) & +
S h® At Z

(299 o

RV f PVAY AN
- oy o v

zmi} AR byl

In (292) replece 2 by z+

+

o
o]
o
ok
®
et
]
5
&

73y iz & oy , o
AL EE £/ (% +-“-’—}"/u)—c’/§7(zfig-’-a§r)+

AL

fs
N

‘L'/i .-__,-—/ZH (?f* ‘)"‘)

which gives

3 N -/) @w-/)«z’” /] . , : -,)(zr-l)
o p” ” + -
w9 LUL < e [T L]y S
Vo Uy ’

Replacing z by z+ %

r Ay

2 -1 +(2n-/glzr-_) (,zw 1! @ 'sz"")

(2 9¢) “/7/‘/"6 = Z‘)ﬁ?;m+r) 3sz M\«?" Y Z +Z{—jﬁl’_‘4"{>"ll w2 (2 r- Ui'
S E )

r i

In these results replace Z by —Z . This gives

3 e (At 2r=t)

4
L{%&:mid’ +Z>:”L7~‘2”'*"' '] X i r-1) +
YRR Z
sJla
(za7) p R iz
+24M£ 3’& 7 /{; YL >__“) f zem(& F-l) Z

’h/!“
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/3‘ . N(EM +2r-1)
‘ : mir
Z%/Z :‘604"32 + 22.,) [z(zmu“) 1] / Coelzr -y z +
2

ar
(298 * , ‘ " , (MY Ir-))
. ' K " ” mrr i
-\'zmz,g%—g{—;-if 42 {—ﬁ‘--%{}') / Cvezr-1)
’ ’ ~r
' (2. m= & Mm=)(Rv -

S8 g R g I e R s

(429 m %MZ(‘”’""SJX 2 @r-0Z  + z{j—:/-; f}-u / e r-1S 2
ar »r

/J - -

(300) M- e "'Lzm"%“""” WAL i&’::'l. Coeri2r-y
AL Cifzizmer)- 3]; Cool2r-o % +ZE»='- :;;— -1) / ez -1 %
v

~r

From these follow

/ ,:/a(z/ s 2
,Zma = R “ZZZ”W*“W”’%‘“J # v
(,233,1) p " .y i ' N
b SR b ol )W W PATENE
/3 { -% !
jj{j :m,’z +z§f /V{f-/) 68+2U'2694(p -ZUZg +
{294.1) : :
: " /// 7 m I A-_gbr.‘-
rrmlt ] G e e
(295.0) d_n_/_;lﬂ_ J.Zj (xuc} 2’[—77”(2] P x L Zf

3 .
’ M Y-Rc-2 ,,, -2:. £
29¢.1) Lk = 4{' ’ ) L ; 9‘% X2c /
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3

. ‘ /V b+

A s -3 o]
3 :
(237,’) ' 4 "
+1,‘d/m£§j§f-d‘ (1«.2 25 l—/)wyz zé)Zf
/3
, Ne BiL
32 -

(z 984 :

rren (- o i 0 p e apean o

(2920 4"//4//2} EEX%{H)%(;-’%-ZQ%I%EX +2fé”~ ‘éf;ZZg %Lz(-/)_%wn K}.‘é'gzj
3443

” ctl

(00.1) % = -}Z € (a’+zc)m”° f j-ﬁ- o Z %wl Zo«l’:;f‘-aj?

l
.

Group III-b

WA SR VA A
A A8 4B A

Consider

Let ¢ =2 +Z0Z F@zye), ¢) satisfies (8) and has a pole of
order three at ¢ =%+ . Calculating the corresponding
" and using (10) we get

3
/
4 (2
(301 L F = FANEEEE E A E) o
2

From this follows
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e » | amEbznr

3 ey é?/lmi-l’)] f A 2r L F
LSO o E

Boz) : v 2 Yanr
I 2 e
. M
Replacing Z by 2+ ¥
. IR dd 2 < ‘f-zmr’
jfj{%’ %_% + z}_ru[uzw +r)] i ALl E +
R @ il
B0 ‘ y  mr+ zframy
el
2. STF '
In (301) replsce 2Z bhy z-Z&

, Obtaining
Shwe s A " 07 ot
3 "=—-4— 2+UTeE, BO, ) - LV Lo g zr,z
Tidow J ! F-glz 4’{/7‘(24%7”’ <4,
From this follows

E:”_:ié" T
:/{ 4/',9 ,)Iz(zm-l)_] Z + 7 )\-I)[Z (25 +r-n] /
2 Vo v
”~ N r
(304)

A A o ‘ +(2m-')"'
._—~__L. 2l we2rZ {
h fx'fng"i *Z j .

Replecing z by 2+ &

LA oy

KWwearz +

22l &&__._JL ;-
+res +(=
4%7& Z'/ LZ(I/"“’) + ZZ'/) [(Rl2714r- I)] i m 2r 2
J’

1y r
(300 /;/” /l/”’ S ~ L'TLZM"Z' P LZ—Z'}_:-ILL-F(ZM'/)V
2, Lo / - ‘ R zr Z
Y T ™ {
: ~ r Y
From *hégewe ge?
3
"y
ja’/'/jg -.-%f-fzzz (~// (o(+&d) M(a( 24/2{ +
AR Y

(362.1)

" " ) W N . 73 Y
A ‘/ /f,{{_‘/f_"f_ 45 7 ey x~za)zi
+ Z{njé d“ 2 +”\’20 l(- A ( §
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. /3 N
ﬁﬂ/,’lZ)' 20 N < ,
,,/{4/235/26“:; +Z§/ {f’)&(d*zal%(o(-zng +

(303.9) b g%”.%;"fim% +4§j (-/)E%_’:A/t«n(d aﬂ-d

z
n-i

T ot E__Z_J' =
A S _ \(-1[2;20‘ -] f + ZLE/%{(-U%L(S r2d) coe il%‘if)«

4

4/4/"’/21 -
(304.0 dir
T %52&:}{ +2}Z €1) miﬁ—z—‘-‘—zgf
L& : N
f+! PR A '
4/;”/:,&) =Z¢-u [22m-0] " ¢ t3)q7 {(-r/ T ead) iow 224 {+
2
(30520 |

L+ {%- j—,ggz-:)mf + zziﬂeu%&m 5;%425{

Group IV-a

oA A& A ALY,
J@Sw LB LE S AV
Az & J &) Az
JBLEE SRS AT 7y,
Congider
) -z
Z) = 4/5(2) e
£ J B E

Let t= 245 +F, F@=¢8), J¢) gptigfies (8) and has poles of

: ' - -3 .
orders two snd one at £<ZL+¥ ang ¢ ZF+Z respec-

]
tively. Calculsting the corresponding /?‘- and using (10)

gives
2
4/'4/, - ) ]
T F& = /7 (Z+ZF+F, LE+Z) (A A2+ +F, 2+ 20 )
G06)

V~A/2 (o/ . arr
+¢ 3/71,(5"'?*%’{'* )

4%

. Y <



AP
A A 14@ w2 Z , 2— RN(ZA v 2r -1)
' = (2 ri- cos@ r -1 +
A SPETGE T T t 9,0 [ m=r)-i] f rel) 2
Ly

~yp
Rat @ets2popy
= 1 z

i z
+ 94 Zc-//"j Cocr~y) 2
. Up

@on

Replacing Z by Z-%

Mm(Ant+ar-q)

on mEr
= % + 1) Regm+rs-i] At Qr-1) & +
SAiahe e *Z 42 L i

M p

) A marsr  Baza®, (peag2ros
+ 4./ }6') /
T

2nRr-1) &

In (306) replace Z by %X + %~ obtaining

/& #
Zaly H }W

W

2 )
el -4
‘oA A (Z+5+ %5, T 0020) g g x a0 g

From this follows

A 4/34/3
4//,/ /z/,t/(z/

*Vazgmz

(2.7 _“‘1’ (R =t)(R2r=t/

Fa 2

= 4 %l/?ﬁ(z/n»\r)-ﬂf n 2 Y Z ¥
Pac 4

pe (R 2Pr=1)
4 4}‘0 / M(ZV—I/Z{
”r

Replacing Z by Z+ &

(3039

% P  pm g'z_’_(zm-z“zr-ll
Kj% = 42(—) [R(r7+r) ~3] / Coeerin 2+
A

(319

ARt 1)

2 , PTHY H1
+4/é ga‘{‘ z + 42(»// j R r- /)Z(
~,p

‘In these results,replace i by -7 . There follow

/2 A (ZA 427 ~1)
4/?/1/534/;.2] . <X -4 [Z(2m+r)~df Coe@r-1) &
S @SB #TE L

(31 , fazeid | (2 pg2ry
2

+91, 26// f Coelzr—i) &
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R
% ) ‘
ABILE . anz

v : M (RmE2r-0)
4 1/‘12/‘/12.) Ttz T ‘§H Riemsn-a § an(2 r-1) Z
vaEn M
(3I2) @%_’L Rt =p/Rr-1)
+4° :
an@r-y &
# @m-n* (24' ~1)(R¥r=y)
¢/<v@¢%&y rt/ =y —z
A LILE = o y-p[2(2m141)-3 ] _
ANBSe L J sz r-) E 4
(313 ' : !
) ‘ 2 L MiRM 2P~
b gmz +4) ¢ /«‘mzr-uzf
% . -t @moyary
WL AN VP N e
I
oy
(314 r
2y par , T(ZTA2E =)
tob gmz + 42“') g aewr-nz (
T
These give

[y e _ ,
(3071) %J%ﬂ%tﬁ'%‘fﬁ*if (‘U(,3+26)W¢-21’)£_{+44/§g -/) m ‘zf

[}

5 - pH
{308 Y DN - Mo ) X -
‘ A BSe ez +4 j é‘” 6‘9”5)/%93-21,)2; +4/Q/Jzzi§{w Ton LIRS zf

(309.1) M = 2 ‘%,- %'t'- ¥-2C
. ’ 4/21(94/,’2} = j j(/) @ t20) dwn L zf + 4/,’; +‘f}j i‘"”‘”"‘f“""uzfj

Lny Y4B

(310.1) LM Ef‘d{vﬁmwml’%ﬁz{ t ] Ii"a'»_fi *‘§ZN§('”£%WV’"“‘)‘§3>

)"k Setd O oM yzacz
(3111) A i@ (e E } ) ) , .
AL e R 4 ; JtB+2b) Loc(d ze/%){ + ‘/Jgf }(—/ ""uij
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@-gbu

. . ¢/x’,~,' , v 3
- (3129). M& = 'ﬁ; +42Z &0 (,34-45)44«(4 24) 2 4‘(1/ 23 an LoEC K

o S B S

S b - /B “@P/v/% -wzz?
sy S 0& (-/J g “a {/w z ! {rente >
4//,/2/4/ ) _Z_.__._ C ‘}> )H) ) @-26) (,/
a3y o 2 zs + ﬁfwu--l- -2 %!
(314.4) S >j&3(f+ c)coe *) B raas 8| 3y
Group IV-b
A o & o) A
L@, ) i S AR S AR i @
Sy & A& L & i
TESE AE S @), @ AR
Consider
L Sl
Fe g

Let ¢ =2+Z5+F, FEH 248 yYygatisfies (8) and has poles of
orders two and one at ¢=ZF+% gnd ¢ =F+7T respec-

tively. Caleulating the corresponding fff”and using (10) gives

£ .
(345) ”:’;%Fzz/ = AU rEIE By cq W ACIL -2 AL
V3

R

From this follows

' bt 2w 2n t2mv
WAV/L m + 2}'(#) im g+ ‘E(-f/ 2(2”1"/ ] v““’* +
J J &/Afatl/

(3167 , A [_1__2..;(2414/}’ 3
2 E(-u / +22t-0 J ewarx

~yr

M

Replacing z by 2z +T

42 mr

)
2 22 tr ¥
"/5”?*4'!5/ R -l'ZE("l}m‘}'/’"j +4% mzu«m{ (e 2r 4
1/(;1/81/&/ e Z

- ur

fsailz,.(z/n-ur N
~nr
A 2}@0 j zw f W“i‘g
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In (315) repisce # by Z+% , obtaining

}k\

20 7
/%{gel wr, T 1/‘/’/ -
w3 / B e mr T E e il Ak rr o o § o)

,2 L.._LJ_" j[2m-1¥
(/4/04/409 E( *
= = 4 ) 2 » -
z/é/%z(l%jﬁl : (Zmsr l)f At 2 2 +

Tl

G/e

2
An +27F

. ,
YA g% ¥ 4}(—/)”{j /mzrz{

Replacing z by 2 +T

(=9 Z{zm+r~1)/ Arry LV & +

<14

2
/5/4/12'5/ 42 Py Gzl pizn -0y

2
AN Ry

if—ﬁ) + 42(—1)”7”“ /J,«nzrzf

/hlr‘

In these results repleace f by -i . We get

4/1/4/ 2/ ! 2mnirznr
%Jzz/mzj—mz *ZZH 4”'/ +4 ““‘2”’*")/ WR2rz +
/
(320) Zm -1 o 2 :
S PP+ L2y o1y r
& f + ‘§"" i Co 2 sz
o R
A_?_ m+] am Y FY LY An F2mpr
o B dH werz T L g +4 ) 2(z2mer) § Coezrz
, /- A
321 . .
o S e B vy
e i L / Cot 2V 2 {
- ";:;l"r"' R
“ -y
___._/‘/I 34/255/ — Mty +@m-~yv
A LEL Y T 2(2mvr-0 F0 7 420z 4
(322) e
Z 2M +2 e a 3
R » )
+ak Zmz ""‘Aw{ mzr3>
e
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2.

,2 " Lemotd 4z nr.
ks LG = 4 ﬁ}A}(ZM+V—IJ f LM 2rz +.
il BIRY
(323) o e
' C2 mersr  EmTEZMY
* %/Zj; +4§(—/} 7 /umzrzg

2 2 :
/T L e A7 M e it -
,4/34%?/%&/ v +4Z(/)2mZ t 4 d” i(/) (« +2a) (oR(X Aa);eg +

(3 1¢) : @n-1)? )
. . 2 ~ .2 dxt
red {57 T e D) e ™ ezt o]

/R . 2 4+z
;L_/Ziforc/p(a - / +4§( ')Mlﬁi +4 j {(,./) (K +2a) Co?{ -~ 2a)2f +
LSS ae*E Y

(3/7.1) @z -g* )
+2//,z {Z«w} g * +ZZX"{L~) 7 e “zf(

;2 R
-"—/JM‘ﬂ = } “n o (5 +2d) Lr‘“‘ +
WY 7§ “ f

(318.0)
“{wez Neoa
+ 4/2 {A’Wli + 4§f {(~/) A (& -2a)z{{
- S hS ; &2 524 (
. v (§+24) Aun Z
LI A f ' ’
(319.1)
+A/§ {-4}.; {(-/1 ,o/m(a( za)zsz
4////1/@ . M+ '2”'2 SN aw
AJ;J:(Z}ZJ/(ZJ = o 72 + 2 )0 4/)1; +~/>‘[ }(—l)(c(wz“) M(a(-ld)z-z-f'
[+ [ 3 ~ P
(320.1) A -y

+Z%L{Z<~um'of o z?ii}}(—a%é < L’—z"#’iffg
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‘l . B . .
' R 4l ﬁ_é_
,jﬂ/‘éf}: = M' 3 +z§(—u "”‘j’ + 4}; C) “W+za) el -2 a) ,1-3 +
Vo VoS

(32/./) ' .
w2k s o MZ; e i34

i/(-l) (5 +24) o 2734 zf

pRlaee N N, 4 '
SRR i) ””’“"'z“)sz.
)2 o N .Q(_..L ]
54/3, 22543(.0 2{ +
ik Wa :
(323.1)

i 4 T N L+2
g o e )

\w"”(‘\

Group IV-c

A S S &
J %2,/ & SEE S F A2 SR &S
/s & A A& &
NG L& A P
Consider e

F& = LA

T

Let t= % +Z’;E,'F(.;’Js>/(b' . ¢/t sstisfies (8) snd has poles of

orders two and one at z=Z- and ¢ =ZL«% , respectively. Cal-

culating the corresponding /#{land ,using (10) gives

2
J //1/1/ 7 - ey — . g%
(324) » F&) = f (24T, 80) - F(Z+ B, &) +i ] A, (% +EF L+ T)

Fror this follows
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m(2m +Er=1)

.
A S >[z(zm + -1 j
- - ek (RV© ~ I)Z +
A/ W‘E 9
A “z

: ) e
325)
( /)‘ (a7 t2pr=1) E

275 PR ey M

Replacing z by 2-%F

”f//l/ ’ , 2 e $2v=i)

S ho® B2 Ny oz 1§ amizr-n 2 +
R et
K% 4 /(Z/

P

‘ T MR 42 1) 2
+/1/,,$ +4>_f arzr-n 2 |

on L

(32¢)

XY

In (324) replace ¥ by £+% , obtaining

/f/ 7 s .,
1/:" 2 REE © -~ .
= - & BEEL) (R TR ) 0 A

4/? xV/a z@% &)

which gives

(2m-/) + (2/»~}(1r 1)

yza
"/% iz = 4}2([4;-”*) 3] j m(zr Uz o+
4/4/0 A
327) 2 ey 1,,,-)2* @M-')‘{Z‘"-U
+ 4% )H) f (2 r-1) &

Replscing Z by Z -

(,e,m -;) + R =)(2r-1)

/‘/ // rii Z

———_z——'— = 4 €V (R(2m+r)~3] 242 r -y B+

CSSE /@3 L / Y

f'7,y‘
(326) L (M2 r-p
p A £ "”J':...Z!L ( w,:.”é,_“ o
+ 9 Z 2ol 1) &
m +

In these results replace / by g This gives
Z(Z2 +xr-1)

//Z  m4y
‘Mj @ = Mff + ‘f>(~l) [Z(2+r)-1] i R (2F-1)Z
‘M/ ﬂ,z,gli) Jm “L ’_

TN
(329) Z { \'\ R ek ] if & 42~ J
+,fz,£ é*L* + 9 e f coRvR@r-1 f

(20

-1l22-

~2
&
[}
*N
NN

A Y



(R +2v=if

2
N
7/7‘2;;’; = /M L 4>(-0L2/zn+r)-u l ien (2 r-1) 2+
/2( vy m,”
(330) . " ‘a - » (2 +2r- )} Z
. A fﬂ’ﬂ + 42(—’) /’ RA@Y -/)z$
My

7% ‘ A1) z,+ @r=tif2y -l

A VR 14 z

] va B B = 4 E-u [2(&n+r)- 3] f Lee@r-0 2+
%%Ww <

(331 . ey ! +(7n-,)/,<r.u
+ 7‘/‘; E f @AY =) £
bdl g - e
z Vs - -
R, Ty A
o PV
(332 s .
P 270 2.3 -4)( 2V ~1)
2 mIr (M‘ir-"‘
+ 9 \>c-y / s R ¥ 1) 2

From these follow

//%%(Q (el X Z ,va, ) i
2 = - +25) -24) +
G da = e T A 1 gy {

325.1)
( ol W -;'ﬁj_f—ir | s
+ . ~% t4 / e ARB-24) B
/Z/;'%,%z/ + 42 (= 124) Zum(s-24) Z( +
l/;4/£’z£/j iZ/ i /E ﬁ/
32¢.44

" f s +4) 71 Wys-wz;f

A) KM - Z -7——9 4 y -1 2(,
27 /2/2%1&//‘/;@ X (3+zc)m zj +4¢/ Z/ i(—! o X2C z?

/:// C E -zc-z e g 4/& "f )
@281 2 z ) (af 20 e XRE 20 + 4 Z Y-2c Z
AL 24;&:/ / g 17 {/’*’1 Z
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SAhD Z:E . 4}/ e “say Woe—zuzf

AR
(3R39.). .
‘ 2 i N A;.'L y
. L +4Z/ jev mpé’—u)}.’-_{f
S hhE . e 2 E v, 1y 24
Gl Emy | a<E »f {(') dindaly 2}z£+
(330.9)

+4,£ §~——— +4§j <-J«%'w-u/zjf

~/

2 Z N T4 , z} Moot
o (] ‘

(332.9 M = EZ «1) (wzc/m L‘A-G-z +4,,/2/ (-// 1-2c f
) & S .
Group V
Sy A& /4 V2 &
VATV NI ] S S SO s
Consgider .,
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Group IX-b

A bR b &b N2/e S A
LPRNE e 4@ S @ e

éonsider p,
' IOALEYL
) = Ko~
F& = g
Let t=Z+2L, FE=¢yW . Yy ¥ satisfies (8) and has poles of orders

three and one at ¢ = Z- and ¢:Z+Zrespectively. Calculating

o)
the corresponding K; end using (10) gives

3
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3

There follows
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%l//é;/"g/lj:z f:ngz + Z)t) Bczh«r—r)] g/mzrf +
2

’ur

t1 2n Sy 2 Zf , © zawa2mr
- l/ / ('/’ﬁ_ /
g _,,%-a) X Mzrff A oz ZZ ,MZ"EZ
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From these follow
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2+

S5

z
ezl y2a-pr

A 2r B

g ""4’:"' z\>i (ol+za)/m<x 24)2 4
VW) et S
@o3.1) S -y Y 2 2 gmz N 24 ;
YR g el 4 Y e Ernl
/J
Sz bl g g *Z\Z gw) R+ 20 2+
Vooky J, BAE  cae™F 5
(o4.1) A~2aR N L
w'e » ’,:
3 +‘7>Z -y z M(d’ld)f Z /o g/J 2/2*;— zg 3/4(/’7(4 zaJZSS
’3; ) M “ .
SASEAT L 4N Tyt st
Sy S E SE) . 3
kos-1) //¢ N N s-2d-9 )
S5 Fpam gt 42000 Fieo T st
.3 o -zp(-
Sodeaz o 45 ph e T hn o st 2]
;’0.’3r’dj Vo
(goc.)

a-24-9

"y
2{ }('/) 1%(6-zd/%f

Group X-a
AL . 4 ® GE__
SBe 4548 A SR B
DA B Uyl 4 &
S Slege  SwLw Lie o,



Congsider -
: — . _AH

‘ rEE R

Let t=z+% ,Fp 3/ , /Y3atisfies (8) and has poles of order

two at t=ZL @gnd c¢=rr . Calculating the corresponding RE

and using (10) gives

2,2 24 A sy L
(Ho7) A FE = AR+ ) ty i/z_/i’f%'fjrr)-l-ziﬁgw('ZNZZ,vr)

There follows
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o) et
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In (407) replece ¥ by z +zZ& , obtaining
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Yy 0 7 = — J_ Y ‘
f ,,/{"@,//”'g} "/!/é /7 fi”r +. ”/ {@_d,lfVT,m') +24',Z"°/@z+ ﬂ;rrr)gf
There follows
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(4
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In these results replace 5 by -f - We get
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Let t =z +IL, F=uty . We/satisﬁes (8) and has poles of order
-vtwc at t=2C gnd ¢-= ?EE+1-’—' . Cealculating the corresponding Y

and using (10) gives

PR 2 2
qig o) LFB S AR e TN S TR
ol
There follows
2 2 2 P iat2nr

R 25;72”4\"”/ _‘f\i(znm/ m”"{g
v iy Lo

=~

W 2¢ < zy cnF2mr )
7 / 7 v+
Yab jog 4 447[ + 4 )8 z(zmr)/ w«'zrzz
S A
Replacing Z by Z"{'—

42 2 f,~2 ) i ) ,
I y. of ] r Rn ,
m: Vo 2%?2_7:“2 "‘_"""’ "’4 t) 262 ﬂ+r)/ Cos L 2 I

" ’hj"

2
2n42ur

Py 2 2 e |
+4/§ gﬂ;zz —224"707 - 7’2‘2(271”) 7 WL E !,)
e gy

In (416) replace z by z-zI' , obtaining

2.4 .2 20z ,
1{/,2@1/,1_5/ = f YA /’7;(2&’/ ) .,.4 f 2/7('](5
A /; ;

17.'!.'*_7!)

which gives

2
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e
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Z J ;
7 o
Replacing z by 2+ I
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S A A < e
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Te get from these
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Group XI-a

LELE  LBNB_ LE4B_ Aud
JELE v B’ Jase sl s
Consider
fd A i > “[;
fR = “HLEE
A YA

Let ¢ <2Z+2C Fé&=zpld |yt satisfies (8) and has poles of order

two at ¢- l"{f end t= 3”7 . Calculating the corresponding z?c'u
and using (10) gives
ovh (o
Ao g = (Z+ﬂ B)—u g (T TFEL) o g Ee R, ED)
P

(21 -
' Fe /77 (731‘1‘/:%'-/



There follows
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-4 Nrazmen-3] Z (e r-y 2
‘/"Il”

Replacing z by 2-%

(2 gar =)

ek
P LV o
1/1/ v 1 - = t/mz_kqit_l) Elz N4 rl- ljg J2amRr-1) % -+

7 ) j*
by B L
HK\3) . , o 2 n -1 “+ (27=1)(2F-y
+4 ) ROAAPIZS] Z’ 2 (2r-1) Z
el e

In the above replace Z by -y , obtaining
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Aoz alp b <
29 poaly Bosyery
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se% ;2 C omd n(2+42r-i)
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=
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These give
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Grénp XI-b
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~ Congider

_ q/f s &
F(Z/ - V{ZE/’ZLI?)

Let ¢t =2+Zr+¥, Fe=vw ., satisfies (&) and has poles of

order two at b=, and ¢ -2zr+2r , Caleulating the correspond-

ing /? and using (10) gives

H4C)

P /2/2

2 11 HL 4wl ‘
G TR R TR ) g g

There follows

(727)

- 2

/ { Z @/ nH Py 2.m4RAAr
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v E 2N

] N m4s K n? T v 2m Pt aml
+m + 2ot 141; + ‘/}(‘f) 20274} 27 W2y 7
Pl e N el

In (426) replace z by #-IL , Obtaining

/45‘/1%’9-“2 -5 p
- 67 Z+.zn Z’I Ir q”f
4/1/\41/0&/14 (&) f ( ! ) ( (Z+I u“ i

which gives
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From these follow
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Group XIl-a
.2 ) 2 . )
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S B F 2 A L, B B L SR LB R

‘ oL /«2 /f.';; y p

v % AL S E i

SHSRhE SELEAE JRBLEHD LR E S
Consider ,
L2 - #
F«'Z} = % BE
A2k

Let t=24%F . FRsy/n ,V9gatigfies (B) and has poles of orders
<%, t=f+F and t:3%F,£  regpectively.

two ;and one, at ¢
Celculsting the corresponding ~ end using (10) gives
Ao 2+, ) +

i
a3 ) i
%&-F,Z; = E+ BT
(429 Yo ‘
i T EE) - AR
g
There follows
I//'*”/‘// P S 27 FAT=1)
L Lo = ._”.;A———- -— ‘7 Z(A/'I f}")’ll L2 1) & +
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!
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In (429) replace g by z+zr
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*
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Replace Z by z-¥ -
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In.these results replace/' by <7 e obtaining
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Group XII-b
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X
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r Y4 ‘2) 7, Byaks B

Let ¢t =2+ +Z Fg =y% . /¢ satisifes (8) and has poles of

orders two,and one at z = ZE+Z and ¢ =ri+F, ¢ = 7T+ Cal-

culating the corrasponding £ and using (10) gives
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There follows
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@29 +Zﬂ-ji,_ g ) i + ZZH) Z Co 2V Z { +
2

277~

$2 z§§ru / +2§f—0 / wzrzg

2
. ~

Replacing Z by z+¥

1 / [ Sl mIr 24 42 mY
,<x/:z/%241344/1?g - /z Z ) 9.7 f + 42—1} 2(2m +F) ] P2 rZ 4+
Ao yhe 0 CE ‘

~,r

- LTL*Q/"-I)O’
tH40) }'Ew)f F2$HJ W% (e2rz £ +

i.Za-.:_llL.,.(zm -ijr
n . 2
~+2A/a§z~» / o g Cwe2r 2 i
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In Ms&) replaee Z by 2r%Zf , obtaining

[ S, et F
/L/(/{/:;},EJJ&;J% = LZ ’7 (Z*"r"w;i’%)—f
4/ L

4/1 /7 (Zf-rrr-fg: rrr )

There follows

. 2 cur
/3 2, $l2m -1
Z
(44) znz*z/m’ / Yy 2tz
f‘ ——-—-+4§H) /W”Z( /L} £+ 4 f%zmé{
~yr . b ’
Replacing Z by z+&
lrrz—ll' -
”2 p VA, +zn=0r
Ay, ,
% = 42:—11 2zmer=0 f  emzrz o+
ALy
(4"2) P e +Z/'7V 27 _/,24, Yy
‘ cehfag o) [ difzz {
) r# s 4> zr Z
A/‘ +4yen f e Y +4)e /W )
~r
Thease give

a¥i

2 2 7
/l / q /‘2. A P Z/’n ,.
A / ‘ 2 {
= +2a) (o€l ~28) F
= Jz-o-[ ey 4 i + 4 f ) ¢ +
Ve ™

s A DA
zm—l/l .
A3 S ot
+223 y + 2 &) mé-——&——z{/ +
H301) AL / /' R
n 22 \
+z4/° }w f +z§ J >w ot 832 2

2,

e

*Z

;2 zg
2 g

zm -Il

“40.1) _ | } Z"/ / +2}j «-// e é—lf—z{g
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S =
Ao S S @S
¢g4.1) 4
, +4§}W<Z 4’4\}; H}/@m« u«/t{
pt¥y 71~ : _M, ) ,z
v U & e
A L P L I
AE o E T

Vi1

; z /
7 fﬂ/ /medu}}{ + e
& oA

TN det . ,
,ZZZ("EHJ e +24/,~m'5-:%13§ 1

¥

{|

/° ) m ‘i
%-‘ e 4 r/) wrnie-ca) R
L E=24 zf +

?

2

%3
Atn 2

+ JE/ A§(~:/ "t L sz f )?

‘"he introductory remarks of the last section apply

here with the exceptions that here « equels three and that the

table below replaces the previous

one.
N= m(3,7+r)y=ad N = m3m+2r-1) = 48
a=m d =3n+r b =m B =3n12r-
m=a 1r=a-3a m =k Lr =g -34+1
2lm+yr) = £~ Z(M +riz B-b+1
2(3m+r) = d+3a 2(3m4r)y~) = B +3b
d=amed 2 BobE 1 med 2
- &_—. :
o<a < /B 0< b<)E
-2 v “Y(2v ~
4,/'-“-3(5’"?‘) +¢2/"—:)r=§4£(— %L=3(l”;‘_')+@”")1“ ":%Z
A=2m-1 $=6m +4r-3 C =Zn-i Y= Cmneqr-5
2 =A+1 ir = §-3d4 Zmn=C+1 4v=Y-3C + 2
4(m+r)= §-d +2 Z(2r=0 = y=-3¢
Z[2(3m+r)-3] = §+34 4";’"' =yt
| — r - = y+3C
S23d ek 9, 0 <d</E i( MEF r-2) 4
_ 23042 ot mpd 4
= o2
d=tom Celmod 2 0<c< K
Group I-a
! . / f
23 . 2,
R A AR o &



Congider

. _ E;c’a
/ | iz = -——;—dw
Let t=z2+74+Z , Frm =@ o pe satisfles (8) and has a pole
of order three at. r=-Z,rL . Calculating the corresponcing
SN :
ITe anc as;mg (10) gives
_.J’_ 1) v ”~ ,
(419 S Fp - At ot T e FRINCAR-2 2L TR 2F S "2"{1*4// f@".”/z+%f+2,f, ZI+%)
?nere !ollows
4/'3 + (37 ¥ )
7 - / 21 ¥ M (37 22 r-
T G el aen-a el
(444) N zqi—'wz /»1-Hi,»)1 (3721 +2r-1) P
“e Dy R 2F -y
‘j Ay
Replscing 2z by 2+ T
/z/, o _ J ' s (3 +2r-1)
LB reZ " Faez g”'ﬁ; f +2§ww“*” U ) aeirz
<l
(44‘;) M\~ omer- M3 v r=i)
+ Z% =y

R 2r-it) 2

In (443) replace # by z+zr , obtaining

e =T AT E ) A e g, g

s

i
Lo
Hif 2/*5: (ﬁ“’) 24577

7
+E T F)

This gives
3 ;n-lL
1/'3 At z S5 = pe A2 g
’/‘23@) = ZU[J(Zﬂ-I)J / + 2}!’/}LZ(3”7+I"/ 34 X (< 27 Zl +
" Ak
2 C YL
(44¢) o

—_

P Sl TPy
t o 4 / + ZEH/
" e

Replacing 2

3(32 e (2m -y

J Gezrz /{

by 2z-F
,2

im-y 4
A o 355 o 2 z’v'} G o
i) = ) [3(2n- ‘)J f Z>r'}j_{1(.5n +r3] / Cot2p #
Za S
17

~ar

R— }
4. .dﬂ } Py [.'3(111":..!.) rr 3(2"1 ,) e Dy ’}
1 ; _ ) {
-A{’/ / +2)cn Cexirz b
' N ' g r
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From these follow

lj ‘
1) N
, /’”/{;E} 2/»»:3::’ '2%25”%{ +‘2§/ 3(-1)“29 +3A)f¢fm(/g-35)zz +
: 7 ! , :
w440 Nz _
J”g/J gj e i fp- DL
o B=b +!
Z’@;:c«l’z 2;(35, .;,z}j £l (/9435)0«4;3 2A)Z§ +
4451 wt Ne Aprl
R ) +Z€{%’§f i(‘“) < M(p—.?é)Zf
2
M 3(‘{'@24) N -1
/,/fz/ 29[3(2/"-;)] f + {Z—EX"gé-f)dj?gmd)zmi—’{iZ{ +
4 ”
(4461 me— oy 323" dit
+ ’*Jing) J +2§j¥§<—u‘mt§—4ﬂf
o8 s(dget) N §-d-2
adl
,/j’ta = (-0[3(2/"'”17 + %§f4§‘” (5+34) “coe L:Elézf *
3
(747.0)

(

2metZ
+ ’»J—.mg }(—Um”fs(%“) + szgl{(-u&%imiﬂzgf

Group 1lI-a
‘ / / /

A AN E RS Z WD AR Sy F
/ / ) / /
S@AE  SRSE S AT,

Consider
& = .
F S

Let t=Z+ I F F@:zJw ofesatisfies (8) and has poles of

orders two snd one at t<Z+Z and t-77+L respectively. Cal-

cuiating thé corresnonding and using (10) gives
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- 76

- 2 7
9  AFE = R EEE) g i R Frre )

- There follows

/‘//i/; ; Py 3% Py 21 ip 2 '
i :M‘z + 2 e cmj rAe) 2ismrr) focrezrg +
“ ? Z b ’
9
K49 ﬁ } . 323D D) e -y
/WA EEH +2§H} / R 2rz g/

Il 4

Replacing ‘;( by z+F

A/V/; - 3n 2 zmr
HBLY mz + 240 6417 +4§*l) 2(3/)1+r) X wezZre +
(4;0) ~yr
SN 24") 30332 Yzm-gr >
+ Rakad é }_{"’/ fZZ(") / wezr 2 g

o)

In (448) replace Z by z +ZL abtaining

2 3
Y / “
dheT " g "R ErmT X E) 4 Sk A2 AT+ E T E)
7/015/4//7127 )
Thias gives waaty}y @2 -uer
3 +
/v//':/% ( 2 23 M p2r-1)

-4 ) z/3m+r—2)j ARl % +4/4/3

My

s A//’(Zlv'}'l'?] + ‘?l"') Z M(&ﬁuz{

Replacing 2z by 2+%

\2, (2m=(2¥-1)
/'I' 3(_.”‘_.1) ‘_.:‘.ﬁz.______

MA¥ ( T mrer M3MA2ED)
1452) A/——}—~———-w1/&) 4 ()2(3m+r-1)f ceR(Zr-1) Z +‘Z/33m+‘§ﬁ’ Xmlzrq);;

Kl

In these results replace by . o get

12 s ‘3"(2 gl
/[j :.’\/:3 - / _ >, . P 3/’1 *2
JEsw e 2, u@f - 4 R2(3m +r)/ werrz 4

e
jamsy? = e 3CFY Hem-yr
-24/4/52(-1) +2}(~u f e 2rZ (
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Ws4)
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/‘/,/RJ‘ 3n +imr’
3. = gc E
Wenrh ; -2 /"/ + 4 e 2(3m+r)j w<2rx +

w9 iy

+ Zf/zc/f,} Z-l)m“/

e r

3(2”’?1)1' +2m =¥ (

o
+ZZH) / ae2rz

Yis

Eg.....l (221 1)(R1=1) «1}(1 r-i)

4/“,"-3 | T m (3 +2r-y)
(456) L/_;z(z)"l/;(i/ -42/-/)2{301” z); Mn(xr—r),? +i/{,4£3mz+42(-0 Z ,m(zr-n,.zg

Mer +h, P
> sfanz) "y e zigar-y | I
#57) —L/%?‘//Ti = ? 2{3m H"Z)j CoRi(Zr-y & +J1/fz§ +4§_’)/’”"NX CRZr-1) 2 f
SEfE T [ i
From these follow
5/1:/ fire ml N a+!
;4%2/1;&) =/¢;>,,I‘Z 4 ZE{"U Gn ] + 457 {("!} (£ +3Q) (MR(X-3a) Z f +

H49.1)

A 2o / k3wt L4422
Z +2 60 Gm M * «
WL v / " q § for “wrsgaac-swzf «

(#50.1) Ly

(=3=) §-d+z
e f}}» YTy e ety

({5’/./) /%72} ~2§j e (9’+3c),¢‘411:3—‘~1- (-i-/t//; +4§X (-1) ’ mﬁ st)zs)g

Re. ..;

gsz.1) /JIZMZI z§j H) x+3ch“° §7+ ---— w;SZ w«(,e 36)?%
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‘5&40‘

551

H#se)

s

ﬁ%;ﬁm“ﬂm TZ Zzymf -{Ej ( +3a) Coreled - 3mz£ +
2

+z,f/{,4/;z§ E@om” ! m~)+ 2§j ) ,Nm __3_1;57{

2y

_41__.4_/_{___ l'( 3a-2
1/12)1/12) M’zi (,/nj +4§i f'/) {o(f-BaJM{aﬁ ?a.)z{ ¥
3

ek [J TS g e st

y-3C~2

N

4/”

M 3
2 - 45 ¥ - | - N i
. %?’yd{ﬂ -Z%/ {(U (¥ + 3C) @ 3"55‘*4/;%{"%‘—2 +4§7 {bl)w-gb)ggf

41133 ¥ ¥-3¢
P fi\*“‘"“‘ Zf+a/w/a§

Group II-b

+ 42; oy E Z«(/g -3 szf

! y , ’

SR ; I R B R Az /,y,;(;}
Consgider:
-c2
- e ¢
"’} T ——— 3
F& Toga

Let t=2+1IF, F@=¢& .Y¢ satiafies (8) and has poles of

orders two and one &t ¢- 7L end ¢ -&Z-+Z respectively. Cal-

"cunlating the corresponding and using (10) gives

Hs&

LA

2 3

’ ~ ) U] ,
/(//Z,/"(Z/: /%((Zflsr;l’;f) - ‘0/(2+ ,_’!I) +‘/1/,n/ H(C/\Z ar, %_)

There follows
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. ’Z/ (3 ¥2r-i . , t’lf""l N(SM ¥+2p-4)
(459 _‘{-—-’-‘—: %Afnz -2 z[z/smw)-n]jonar-uz + 4 §—~ +<§1) oo r- £ f
o WJL@ A ‘ o .

myr
Replecing Z by Z2+%

m(3n+2r=y ’ { m_M3nt2v=i) Z

A E N »
60 ‘ = + D [REBA+r-1] [ amr-) 2 + 4,4/ € 4 asmzr-yz
oo AL BB = / A 4

~ur

In (458) replace Z by 2z +%F . obtaining

hy'ihe Mz_ ) enr © wr PLYE 0 3
g = AR ) L A ) oy A
There follows
3(22) ‘ 3(42L) vz m-y ¥
4/%;33 ,22_3(2»1 l)f + 422(&»‘ +r)-3jf cRzrz ¥
1"
6l
(4) m+) 3‘ Nr+i 3[11"0‘?."')&{'(2/’1*-1)’.
-."~J,d§§§ﬁ) j +4(—u f (ezrz

Replacing 7z by 2 +F

J 3(L—-) 3(3—11-_) FzZm=-)r
by Eln{lz?} = 223(2/” "’j + 476 [2(3/»1+r1 3]/ eV 2 +
e ~ o
, P 3(4'2":!)1 ™ 3(‘3’“1_")2'”2»-—4):&-
'\",v%ﬂj;{;‘l},ﬂj T +‘§_’) 417 FoPA f
L; m, r ’
These give
4/ N 1 —;
(4591 /Ajzpz,:'/ﬁ/ = ,‘z - 4§j {(ﬁ +3b) M{l—sé}i mz (~4) Coe (8 -auzfg
Ml’f‘ g__.:b*‘
ey 4/1‘27/06 = /M”{f f—ﬁzi =i {,3 +3 L),@m}g SUZX +A/4/ Mi+§j (-:),a,.(/ 31,)2{{
%, | 3(&apy*
A 3(zm-:)j + 2}] *{(Srsd)mh%izf
Ay v‘vv}# — =
Hel.) : e
sy 3055H)¢ N -d~
rehed {0070y e T e g2
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a(t) N, 53k ‘
223('2/” Uf + ,ZEX" {FD T (s+3d) re L:ngf_,gi v
(k)

P

' T N
+2%J§}§(—a’ +2§/ -y mé:é_.zg§

Group III
f 1 o /
D A N TR T T A~ B9 8 e
Congider

Fé = (Z/z/(zljztzl

Let ¢t = 2 +IC Fgy = Yo . ye)satisties (8) and has simple poles
at t:T"B ¢ =1rz1_' ’ and ¢= %0 . . Calculating the

corresponding £ and using (10) gives

: 7

2 f _(of .
(3 Bz b9 A remL, W, o . .
€3 JF 2 f A (R }‘l'ﬂ/s,%(Zi'Et-&/L’f)-%/_?;)(zf%: 2 i)

There follows

(BFH)+em -yr 3 ST
(e 2 , 34 .
/Maazh/ﬁ/dﬂ - 7‘/Zf An 2l E *%3M5++}; ,anr,z£+

464

2
mErel ) in +.Z(’lr
’m/f; 2( + 4 )y / Mzrfg

~mr

Replacing # by *+¥F

, 2

S (25 -0y o - e 3inFtamr N
A/M,")z/zﬁl’/ﬂ*') AL 7 2 v 2 +A/§i;5;_{§ +4)0 ],Wzrz g
Vel gt . =

“¢5)

antpamr

+. 5“‘”‘4—45-\-0 j amlrg g

In (463) replace 2z by Z +%f, obtaining

% 3'34 '

Jev R 3 o -3 :

[ S — i oo™ ol 4 1 ©@ e
IR S R A A CAL U D z/o/ CALALUS 457

o

’Thi S gives
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s Lm-l) + (24!'1)[2r'—()

it o
A 7 ’/Z" 4 f (2 h-1) 2 +
Ak

(z»:-)) + (2= -—/)(,zr-,)

ey

‘ - (3 42V 1)
_4/1/240 M&r‘-l)z +/l/*/’;§~4—:«72+4 f~ﬂ/”"€“’“/}i§

~

Replacing # Dby Z+¥

12

27 3{2 .
W ‘/’V/z” f (eizr-1)z  +
~ir
Z_._.g 2n-1)(Rr-1)
""41/ &y 3( y L"I_—— 1, U3 RE=1)
i . (2= ‘)z +4/ + 4‘ (-I) Z CoqR VY- F4 f

~ar

2 + {2’” "Xlr'll
“or .

(47

There. follow

T 4 e ’—'Lff gLt e fomersmif o

(e 4:1) (o
+'1/0<l";;;”g' +‘I§g (-') /2/”1(4 3a)£f§
Iz S_ - i
tham o 1 it e D e B e
[es1) i
+/l/§ fﬂgwaﬁmu-sa);{(
m}fﬁ:/ = 44/25 € —C,ajm__as f v
get1) . n ; )
‘444;/ 12(/% 7—2—9‘4 hdi%éﬁi w&j Nf ww-u)g-f{
z/l/}/ -‘ﬂJEX él)-myicig t
He1)
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4m73c §+&iwi+‘§j « 004(,5-35)1—{{
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Group IV-a

e L) S Seld
e STE AL VAL
0 i) A

1/34(5} 4 ALl WAL A

Consider

ol
[er= Va7

Let t=2+B4+Z | Fr=¢yw ¢t satisfies (8) and has a pole
of order four at ¢ =Z- +F . Caleunlating the corresponding

)
Ko and using (10) gives
/4

. - (3
668) 1_1/{-/#5/: -OLIqJ (z*-%—:*?' 7_’}*61[) + f}%;‘- Z/I ‘(/12(”(2*1[4.‘ ,ZZ;.’Z'*?:)

There follows
’f‘/""? / [

Y . Fimr
}31/ .ﬂL 4§ f3’~ }(M)/ z;l/grsmrujmzrz +

,,/o S s = a7
(463) ) /z/” 4/”] n ¥ 342 mes 37 +241"’ )
+-3-£3/‘79-—‘?r7’—; ey é/nx +2 (—I)Z(Jvu-r')dv wR2rz 3
¢ s
m,, " <14

 Replacing Z by %+%

2

) /f ’ ) Y moy - 3/3/" T omer Imy2mr
o V2 ' [
- 1ol
“470) 2
" wy 3 T omer mt2nr
-’—{ ANSYA gg }H} G4 2V 20 er) mzrzg
+ 3 41/;, % £ X Zalr (31 +r f
In (468) replace 2 by z - % , obtaining
-302 .
g o '/_ L 2 w Cog "
- 1/1/42'/ - ZLF;(E'I'g’IzI*‘GE)+2L”3(E*E/%E+£r}z‘~/j:"%i‘~§7§
o (] ’
There follows
A Uy LR 3 .\3(2"’5;!)11- Enodzra)
—’-—m-/ = 3‘2}}-1}[2(3,»4» tr-z)] f g r-i 2
o Ve
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‘7

@7y
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Replacing Z by % +¥
e’y L_.:’_/!_i':L

1%y, T ey
Sy / :

ar

-1y 2 ZA-Y(2¥ -
e 2

(471) 7 " Wy o mire ;
; +£ 334}-4%5/};; &(37 +r-1) f (repr-u %

’h‘r

In these results replace ¢ by —g « There follow

. ’Z/w J an-}-z.mr
¢ 3/ E y. Sy
”'II“

(473) o . m < xtp2mr -
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= - — R RN 4
G e T2 +0W255/§ ‘/ 4{+-§- 6)/»"3 g <4+r)‘jfm r& +
Nr
o B ,” 2 3o el
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| /'/‘l-"”%) 2 vl 2 s(dzetyt G2 gr
iy — 3 y
LT = €Y [R(3 ner-2) MR r-0F +
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(‘775) / " r 3(+%) ¥ zm__-,_zL_Zr-y
+ %’3 ﬁ% 155 {2_("/ 2(3 n+r-z)j a2 r-y 2
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/ 3(2,,-,)24_12«»,/(“-;;
of A il
(3 2 w2z r-1
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479 ot 2zt G
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375 U/(z'z nereal f z
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These give
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7/ - - m‘;z Ot 2 by M L 3 3 / 2( -3 {"'
““o ?// @ -~
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 Group .IV-p

A A, 8 A A
A& A WAL T
Consider -
A 4 e
FE =~

Let t=2Z+%  F@ 2¢y® |, yosatisfies (6) and has a pole of
order four at €= oF . €Calculeting the corresponding /Qw

and using (10) we get
Yy
,1/;./7;/%/: A IR I A SR T

(7

! ) ” ) s v, - - . g " L Y
+;‘§3é'¢y§;—*3i /.g;’(,é f%“.: %‘L) --‘: 53:4}:-414_.,@ ﬁ{o(g*ZlI lfj

There follows

s F : .
A A z w o 3 M3 trv-y
UAE =/‘ff,z+ﬂ;i‘zi 34 4%"f + 25‘212”"“'”/"1 J aer-rz  +
R B¢ ;
(178) — ——
. mc" v
Replac%pgz' byz+¥
4
b L w m(3n +28 1)
L T L M E | gem % ,/_,,J_g
A R g ek %375: 141 +2= 0 [ l3merimi] / @iy 2 +
14
(479 - at )
F A m (3 mvar-))
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In (477) replace # byx+*%Zf , obtaining
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Replacing % by =+¥%
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Prom -these follow
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+
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Consider
—a .  AAE
Fe = S,
Let t=-z+XZE, Fr/s¢y & . yt/satisfies (8) and has poles of

, ar&ers three end one at ¢£=-zF and t=w7T  resgpectively. Cal-

culating the corresponding A’ end using (10) gives

. 3 P u
(’78‘3) “Z/LJ"/—O'/:(ZI = jﬁélj(z* ?} 1%) - ,214‘-4. -3— { /9 (2 +%L,EL) +f%1/ /J@(q(zuz},m-)
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213

There follows
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L,k Qﬁ__ SR N 1 A PR 2
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Replacing z by =+r

3
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In (482) replace 2 by 2 -5, obtaining *
YA dee )
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From this
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0
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‘Replacing z by z+Z
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In these results replaceég by -7’ « This gives
/3 - amF L
) h 2
/7%%2 %_,—i—-{-z -jl,tlgmfr‘)j XI/""IZ"'Z +
2, - ’ ‘
f-u"
¢167) Intzar 3 2D @z -0
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Group V-b

A X A A4
U@ SOSy ST A VY

o & Us@ S ‘//*V .
B 3 DA, S 4@ e J, @l
Congider

7 ~(Z
rE SR

Let zy-¢t fw =y -ywsatisfies (8) and has poles of
orders three and one at r: & and t-:i{i respectively. Cal-
culeting the corresponding /. and using (10) we get
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In (491) replace z by z+Zf , obtaining
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Group V-¢

VA  dw & e
AL DA AT A b AR
__dm Vo33 A ord
Ak SRS, @ LB YR S Sy e
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./o =3

/_ @ = Z/’i&’/ S
Let t=z+ZE , F@ 34w .ywsatisfies (&) snd has poles of
orders three and ome at ¢-zr aneé ¢ < Z& 3+ £ reapectively. Cal-

culsting the corresponding valuesg of /{-wané using {(10) gives
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There followa
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Conagider

. AwecE
g = LEE
‘ F ‘& v, 3
Let t=2+%, Fo=yy ./ satisfies (8) ané has poles of

order two at ¢=% and t=%+ZZ . Caleulating the correspond-

ing £ end using (10) we find
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In these results replace g by =7 . This gives
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VIII
The expansions obtained in the previous pages
exhibii a general uniformnity of structure.Every expan-
sion consists of a sum of single terms,whidh show explic-

itly the singularities corresponding to real values of % ,
and of series of the types

Zg &« +ma) m(d-/m)ii
| ZXN{(/BUAA) W‘(p/uuzf
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where the
notation is as before,and*«), ..,..satisfy the conditiocns
corresponding to the values ( % 2 of #,

Each pole of order £ in the function expanded gilves
rise to corresponding series in which ¢ takes precisely
the values _#-/, f%“i,/4"£~,ending in ¢ or 1 according as
A 1s odd or is even.The factors whidh multiply these
series are all simple functions of the corresponding ﬁfﬁ
It seems probable that this general structure of expan-
gicns of the type of function here consldered is indepen-
dent of the walue of «,It 1s planned ta investigate this
more general question in a future paper.

The author makes grateful acknowledgement of his
great debt to Dr.E.T.Bell,under whose direction this
has been written,and whose kindness,advice and encourage-

ment have made the completion of this thesis possible.

April 25,1929

Pasadena,Californisa.
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