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Abstract

Let M be an orientable and irreducible 3-manifold whose boundary is an incompress-
ible torus. We are interested in immersed essential surfaces in closed 3-manifolds
obtained from Dehn fillings on M. We show the following two things.

In Chapter 2, we suppose that M does not contain closed non-peripheral in-
compressible surfaces. We show that the immersed surfaces in M with the 4-plane
property can realize only finitely many slopes. Moreover, we show that only finitely
many Dehn fillings on M can yield 3-manifolds that admit non-positive cubing. This
gives the first examples of hyperbolic 3-manifolds that cannot admit non-positive
cubing.

In Chapter 3. we suppose M is hyperbolic. We show that all but finitely many
Dehn fillings on M yield 3-manifolds that contain closed essential surfaces. More-

over, we give a bound on the number of exceptional Dehn fillings.
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Chapter 1 Summary

A closed irreducible 3-manifold is called Haken if it contains a two-sided incompress-
ible surface. Waldhausen has proved topological rigidity for Haken 3-manifolds [35],
i.e., if two Haken 3-manifolds are homotopy equivalent, then they are homeomorphic.
However, a theorem of Hatcher (19] implies that, in some sense, most 3-manifolds
are not Haken. Immersed m|-injective surfaces are a natural generalization of incom-
pressible surfaces, and, conjecturally, 3-manifolds that contain m)-injective surfaces
have the same topological and geometric properties as Haken 3-manifolds. Another
related major conjecture in 3-manifold topology is that any 3-manifold with infinite
fundamental group contains a m)-injective surface. In this thesis, we investigate
immersed essential surfaces in closed 3-manifolds. In particular, we are interested
in closed 3-manifolds obtained from Dehn surgery.

Dehn surgery on a 3-manifold is the operation that takes out a solid torus in
the 3-manifold and glues it back using a different homeomorphism of the boundary
torus. If we have a 3-manifold whose boundary is a torus. we can glue a solid torus
to this 3-manifold along its boundary and get a closed 3-manifold. This operation is
called Dehn filling. Dehn surgery is a useful way of constructing closed 3-manifolds.
[t has been known for a long time that any closed 3-manifold can be obtained from
Dehn surgery on a link in S3.

Let M be an irreducible 3-manifold whose boundary is an incompressible torus.
Dehn filling on M has been used extensively to construct examples and counter-
examples of closed 3-manifolds with certain properties. Thurston found first exam-
ples of non-Haken 3-manifolds that are not small Seifert fiber spaces by doing Dehn
surgery on the figure eight knot. Later, Hatcher showed that, if M does not contain
closed non-peripheral incompressible surfaces, only finitely many Dehn fillings on M
yield Haken 3-manifolds. Along this line, Thurston has shown that, if M is hyper-
bolic, all but finitely many Dehn fillings on M yield closed hyperbolic 3-manifolds.
This gives positive evidence for the hyperbolization conjecture.

We denote the closed manifold after Dehn filling (along slope s) by M(s). Sup-
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pose M (s) contains an essential surface, then there are two cases. Either there is
an injective surface in M whose boundary is a union of closed curves of slope s, or
M contains a closed essential surface that remains essential after the surgery.
In Chapter 2, we consider the boundary slopes of immersed surfaces with small
complexity in M, namely surfaces with the 4-plane property (see Chapter 2 for
the history of surfaces with the 4-plane property). The following theorem is a

generalization of a theorem of Hatcher [19].

Theorem 1. Let M be an orientable and irreducible 3-manifold whose boundary is
an incompressible torus, and let H be the set of injective surfaces that are embedded
along their boundaries and satisfy the {-plane property. Suppose that M does not
contain non-peripheral closed incompressible surfaces. Then the surfaces in H can

realize only finitely many slopes.

As a corollary of the theorem above, we give the first examples of hyperbolic 3-
manifolds without non-positive cubing (see Chapter 2 for the history of non-positive

cubing).

Theorem 2. Let M be an orientable and irreducible 3-manifold whose boundary
is an incompressible torus. Suppose that M does not contain closed non-peripheral
incompressible surfaces. Then only finitely many Dehn fillings on M can yield 3-

manifolds that admit non-positive cubing.

In the proof of Theorem 1, we apply Hatcher’s observation to immersed branched
surfaces. The key part of the proof of Hatcher’s theorem is a result of Floyd and
Oertel [12]. We also generalize this result to immersed surfaces with the 4-plane

property.

Theorem 3. Let M be a closed, irreducible and non-Haken 3-manifold. Then sur-
faces with the 4-plane property in M are carried by finitely many immersed branched

surfaces.

A similar result of Theorem 3 for surfaces with 3-plane and l-line properties
has been shown by Choi [5] using similar approaches. The proofs of the theorems
above are much more technical than the case of embedded surfaces. In particular,
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we used techniques of essential laminations that are not commonly used in the field
of immersed surfaces.
In Chapter 3, we assume that M is hyperbolic and we construct closed immersed
surfaces by closing up embedded surfaces with boundary using long annuli that wind

around dM many times. We show that these immersed surfaces remain ;-injective

after most Dehn fillings.

Theorem 4. Suppose M is a hyperbolic 3-manifold whose boundary is a single
torus. Then all but finitely many Dehn fillings on M yield 3-manifolds that contain

| -injective surfaces.

Moreover, an explicit bound (depending on M) on the number of exceptional
surgeries is also given in Chapter 3. Cooper and Long [8] have also proved Theorem 4

(earlier) using different methods, but no bound was given in [8].



Chapter 2 Surfaces with the 4-plane property

2.1 Introduction

Hass and Scott [18] have generalized Waldhausen's theorem by proving topological
rigidity for 3-manifolds that contain m-injective surfaces with the 4-plane and 1-
line properties. A surface in a 3-manifold is said to have n-plane property if its
pre-image in the universal cover of the 3-manifold is a union of planes, and among
any n planes, there is a disjoint pair. The n-plane property is a good way to measure
combinatorially how complicated an immersed surface is. Incompressible surfaces
are surfaces with the 2-plane property. It has been shown [33| that any immersed
T-injective surface in a hyperbolic 3-manifold satisfies n-plane property for some n.

In this paper. we will use immersed branched surfaces to study surfaces with
the 4-plane property. Branched surfaces have been used effectively in the study of
incompressible surfaces and laminations [12, 15]. Many results in 3-manifold topol-
ogy (e.g. Hatcher’s theorem [19]) are based on the theory of branched surfaces.
We define an immersed branched surface in a 3-manifold M to be a local embed-
ding to M from a branched surface that can be embedded in some 3-manifold (see

definition 2.2.1). Using lamination techniques, we will show:

Theorem 2.1. Let M be a closed, irreducible and non-Haken 3-manifold. Then
surfaces with the 4-plane property in M are carried by finitely many immersed

branched surfaces.

This theorem generalizes a fundamental result of Floyd and Oertel [12] in the
theory of embedded branched surfaces. One important application of the theorem
of Floyd and Oertel is the proof of a theorem of Hatcher [19], which says that
incompressible surfaces in an orientable and irreducible 3-manifold can realize only
finitely many slopes. However, Hatcher’s theorem is not true for immersed =i-
injective surfaces in general, since there are many 3-manifolds [2, 31, 3, 27] that

injective surfaces can realize infinitely many slopes, and in some cases, can realize



5

every slope. Using Theorem 2.1, we will show that surfaces with the 4-plane property

are, in a sense, like incompressible surfaces.

Theorem 2.2. Let M be an orientable and irreducible 3-manifold whose boundary
is an incompressible torus, and let 'H be the set of injective surfaces that are embedded
along their boundaries and satisfy the 4-plane property. Suppose that M does not
contain non-peripheral closed incompressible surfaces. Then the surfaces in H can

realize only finitely many slopes.

Aitchison and Rubinstein have shown that if a 3-manifold has a non-positive
cubing, then it contains a surface with the 4-plane and 1-line properties, and hence
topological rigidity holds for such 3-manifolds. Non-positive cubing was introduced
by Gromov [16] as an example of non-positive polyhedral metric. A 3-manifold is
said to have a non-positive cubing if it is obtained by gluing cubes together along
their square faces under the following conditions: (1) For each edge, there are at
least four cubes sharing this edge; (2) for each vertex, in its link sphere, any simple
l-cycle consisting of no more than three edges must consist of exactly three edges,
and must bound a triangle. Mosher [29] has shown that if a 3-manifold has a non-
positive cubing, then it satisfies the weak hyperbolization conjecture, i.e., either it
is negatively curved in the sense of Gromov or its fundamental group has a Z @ Z
subgroup.

So, non-positively cubulated 3-manifolds have very nice topological and geomet-
ric properties. A natural question, then, is how large the class of such 3-manifolds
is. Aitchison and Rubinstein have constructed many examples of such 3-manifolds,
and only trivial examples, such as manifolds with finite fundamental groups, were
known without such cubing. In this paper, we will give the first non-trivial ex-
amples of 3-manifolds, in particular, first examples of hyperbolic 3-manifolds, that
cannot have non-positive cubing. In fact, Theorem 2.3 says that, in some sense,

most 3-manifolds do not have such cubing.

Theorem 2.3. Let M be an orientable and irreducible 3-manifold whose boundary
is an incompressible torus. Suppose that M does not contain closed non-peripheral
incompressible surfaces. Then only finitely many Dehn fillings on M can yield 3-

manifolds that admit non-positive cubing.
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Figure 2.1:
2.2 Hatcher’s trick

A branched surface in a 3-manifold is a closed subset locally diffeomorphic to the
model in Figure 2.1 (a). A branched surface is said to carry a surface (or lamination)
S if. after homotopies. S lies in a fibered regular neighborhood of B (as shown in
Figure 2.1 (b)), which we denote by N(B), and is transverse to the interval fibers
of N(B). We say that S is fully carried by a branched surface B if it meets every
interval fiber of N(B). A branched surface B is said to be incompressible if it
satisfies the following conditions: (1) The horizontal boundary of N(B), which we
denote by 9, N(B), is incompressible in the complement of N(B), and 0, N(B) has
no sphere component; (2) B does not contain a disk of contact; (3) there is no

monogon (see [12] for details).

Theorem 2.2.1 (Floyd-Oertel). Let M be a compact and irreducible 3-manifold
with incompressible boundary. Then there are finitely many incompressible branched
surfaces such that every incompressible and 9-incompressible surface is fully carried
by one of these branched surfaces. Moreover, any surface fully carried by an incom-

pressible surface is incompressible and 0-incompressible.

Using this theorem and a simple trick, Hatcher has shown [19] that given a com-
pact, irreducible and orientable 3-manifold M whose boundary is an incompressible
torus, the boundary curves of incompressible and d-incompressible surfaces in M
can realize only finitely many slopes. An immediate consequence of Hatcher’s theo-

rem is that if M contains no closed non-peripheral incompressible surfaces, then all
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but finitely many Dehn fillings on M yield irreducible and non-Haken 3-manifolds.

To prove Hatcher's theorem, we need the following lemma [19].

Lemma 2.2.1 (Hatcher). Let T be a torus and T be a train track in T that fully
carries a union of disjoint and non-trivial simple closed curves. Suppose that T does

not bound a monogon. Then T is transversely orientable.

In Theorem 2.2.1, if M is a torus, then by the definition of incompressible
branched surfaces, the boundaries of those branched surfaces are train tracks that
satisfy the hypotheses in Lemma 2.2.1. This lemma together with a trick of Hatcher

prove the following.

Theorem 2.2.2 (Hatcher). Let M be a compact, orientable and irreducible 3-
manifold whose boundary is an incompressible torus. Suppose that (B,dB) C (M,0M)
is an incompressible branched surface. If S| and S» are two embedded surfaces car-
ried by B, then 8S| and 3S, have the same slope. Moreover, the incompressible and

d-incompressible surfaces can realize only finitely many slopes.

Proof. Since M is orientable, the normal direction of M and the transverse orien-
tation of B uniquely determine an orientation for every curve carried by dB. Now
every component of dS; (i = 1 or 2) with this induced orientation represents the
same element in H(dM). If S| and 9Sa have different slopes, they must have a
non-zero intersection number. There are two possible configurations for the induced
orientations of dS| and 9S> at endpoints of an arc a of S} N Sy, as shown in Fig-
ure 2.2. In either case, the two ends of « give points of 85, N 8Ss with opposite
intersection numbers. Thus, the intersection number 85, - 3So = 0. So, they must
have the same slope. The last assertion of the theorem follows from the theorem of

Floyd and Oertel. m|

In order to apply the trick about intersection numbers, we do not need the
surfaces S} and S» to be embedded. In fact, if S} and S5 are immersed m;-injective
surfaces that are embedded along their boundaries and transversely intersect the
interval fibers of N(B), then S| and OS2 must have the same slope by the same
argument. This is the starting point of this paper. Actually, even the branched
surface B can be immersed. An obstruction to applying Hatcher’s trick is the
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Figure 2.2:

Figure 2.3:

existence of a local picture as in Figure 2.3 in B. Note that a branched surface with
a local picture as in Figure 2.3 can never be embedded in any 3-manifold. Next, we
will give our definition of immersed branched surfaces so that we can apply Hatcher’s

trick to immersed surfaces.

Definition 2.2.1. Let B be a branched surface properly embedded in some com-
pact 3-manifold; i.e. the local picture of B in this manifold is as in Figure 2.1 (a).
Let i : B — M (resp. i : N(B) — M) be a map from B (resp. N(B)) to a 3-
manifold M. We call i{(B) an immersed branched surface in M if the map i is a
local embedding. An immersed surface j : S — M is said to be carried by i(B) if,
after some homotopy in M, j =ioh, where h : S — N(B) is an embedded surface

that transversely intersects the interval fibers of N(B).

The following proposition is an extension of Hatcher’s theorem, and its proof is

simply an application of Hatcher’s trick to immersed branched surfaces.

Proposition 2.2.2. Let M be a compact, orientable and irreducible 3-manifold

whose boundary is en incompressible torus. Let S; and So be immersed w -injective
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surfaces carried by an immersed branched surface B. Suppose that i|gp is an em-
bedding and i(OB) does not bound a monogon, where i : B — M 1is the immersion.

Then 0S; and 0S> have the same slope.

2.3 Cross disks

We have seen in section 2.2 that Hatcher'’s trick can be applied to immersed branched
surfaces. However, we also need finiteness on the number of branched surfaces, as
in the theorem of Floyd and Qertel, to get interesting results. This is impossible in
general because there are many examples of 3-manifolds that immersed -injective
surfaces can realize infinitely many slopes. In this section, we will show that this
can be done under certain assumptions.

By the normal surface theory, it is very easy to get finiteness (of the number of
branched surfaces) in the case of embedded branched surfaces. For any triangulation
of a 3-manifold, an incompressible surface can be put in Kneser-Haken normal form
[26, 17]. The intersection of the surface with each tetrahedron is a union of normal
disks in at most 7 normal disk types. By identifying all the normal disks of the same
type to a branch sector, we can naturally construct a branched surface carrying this
surface, and the finiteness follows from the compactness of the 3-manifold (see [12]
for details). However, in the case of immersed surfaces, we cannot do this, although
immersed m-injective surfaces can also be put in normal form. Given two normal
disks (of the same normal disk type) that intersect each other, if we simply put
them in the same branch sector, we may get a picture like that in Figure 2.3 in
some tetrahedron along the double curves of the immersed surface, which makes
Hatcher’s argument fail.

Suppose that S is a 7}-injective surface in a 3-manifold M with a triangulation
T. By the normal surface theory, we can assume that S is in normal form. Let M
be the universal cover of M, 7 : M — M be the covering map, S = 7~(S), and T
be the induced triangulation of M. For any arc a in M (or M) whose interior does
not intersect the one skeleton 7(!), we define the length of a to be |int(a) N T?)|,

where int(E) denotes the interior of E and |E| denotes the number of connected
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components of E. Moreover, we define the distance between points z and y, d(z,y),
to be the minimal length of all such arcs connecting r to y. In this paper, we will
always use the distance defined above unless specified. A normal (immersed) surface
f: F — M is said to have least weight if |f~}(T(")| is minimal in the homotopy
class of f. Let g : F — M be a m-injective map and F' be the universal cover of
F. Suppose that §: F' — M isalift of gop: F' — M to M, wherep: F' — F
is the covering map. Then we call §(F') a component of F in M. where F is the
pre-image of g(F) in M. We say that a component of F has least weight if any
disk in this component has least weight among all the disks in M with the same
boundary. A normal homotopy is defined to be a smooth map H : F x [0,1] — M
so that for each t € [0. 1], the surface F, given by H|ry () is 2 normal surface. Note
that the weight of F, is fixed in a normal homotopy. A w)-injective immersed surface
f :(F.OF) — (M,dM) (F # S* or P?) is said to have n-plane property if every
component of the pre-image of f(F) in M is embedded and in any collection of n
different components, there is a disjoint pair. From the PL-minimal surface theory
[22], we know that for any mi-injective surface f : F — M, there is a normal surface
f1 : F — M of least weight in the homotopy class of f such that any component
of the pre-image of fi(F) in M is embedded. Moreover, it follows from Theorem 5
of [22] or Theorem 3.4 of [14] that f; can be chosen so that any component of the
pre-image of fi(F) in M has least weight. By Theorem 8 of [22] (or Theorem 6.3
of (14]), if f has n-plane property, so does fj.

In this paper, we will assume that our 3-manifolds are compact and irreducible,
and our immersed surfaces, when restricted to the boundary, are embedded. We
will also assume that our injective surfaces are normal and have least weight, and
any component of their pre-images in the universal cover of the 3-manifold has least
weight. To simplify notation, we will not distinguish f : F — M, F and f(F’) unless

necessary.

Definition 2.3.1. Let f : F — M be an m-injective normal surface. Let F} and
F be two components of the pre-image of f(F) in M. Suppose that D; and D, are
two embedded sub-surfaces in F} and F5 respectively. We say that D; and D, are
parallel if there is a normal homotopy H : D x I — M such that H(D,0) = Dy,
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H(D,1) = D, and H fixes the 2-skeleton, i.e., if H(z,y) € T then H(z,I) c T
(i=1,2). We call D) U D5 a cross disk if Dy and D are parallel disks, F} # F5,
and FiNFy # 0. We call D; (i = 1,2) a component of the cross disk Dy UD-. Let H
be the normal homotopy as above. We call H(p,0) U H(p, 1) a pair of points (resp.
arcs, disks) in the cross disk, for any point (resp. arc, disk) p in D. A cross disk
DU D5 (or the disk D) is said to have size at least R if there exists a point £ € D,
such that length(a) > R for any normal arc o C D connecting = and 8D, — M,
and we call the normal disk of T N D; that contains r a center of the cross disk,
where T is a tetrahedron in the triangulation. To simplify notation, we will also call
w(D) U Da) a cross disk and call the image (under the map 7) of a pair of points
(resp. arcs, disks) in D; U Dy a pair of points (resp. arcs, disks) in the cross disk,

where 7 : M — M is the covering map.

We denote by F the set of m-injective and d-injective surfaces in M whose
boundaries are embedded in M. Let Fp = {F € F : there are no cross disks of
size R in F }. where F is the pre-image of F in M. The following lemma is due to

Choi [5].

Lemma 2.3.1. The surfaces in Fgp are carried by finitely many immersed branched

surfaces.

Proof. Let T be a tetrahedron in the triangulation 7 of M and d; C FNT be a
normal disk (i = 1,2,3), where F € Fg. Suppose that T is a lift of T in M, d; is a
lift of d; in T, and F is a component of F in M that contains J‘ (¢ =1,2,3), where
F is the pre-image of F in M. We call Dy(d;) = {z € Fi|d(z,p) < N, where p € d;}
a surface of radius V with center d;. Note that, topologically, Dy(d;) may not be a
disk under this discrete metric.

Next, we will define an equivalence relation. We say that d; is equivalent to
dy if Dip(d)) is parallel to Dig(ds) and F1 N F» = @ (or F} = F,), where k is
fixed. We assume that k is so large that D;.g(d;) contains a sub-disk of size R whose
center is d; (i = 1,2). Note that, since M is compact and every component of F
has least weight, & can be chosen to be independent from the choices of F' € Fp
and the normal disk d; C F, i.e., k depends only on R and the triangulation of
M. Suppose that there are three normal disks d, dy and d3 in FN T so that d; is
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equivalent to ds and d5 is equivalent to d3. Then Dyp(d;) is parallel to Digp(ds) by
definition. If F\ # F3 and F} N F3 # 0, by the assumption on &, there is a cross disk
of size R that consists of two disks from F; and Fj respectively. This contradicts the
hypothesis that F' € Fr. Thus d; is equivalent to d3, and the equivalence relation
is well-defined.

Since M is compact, for any normal disk d in M, the number of non-parallel
(embedded) normal surface of radius kR (with center d) is bounded by a constant C
that depends only on R and the triangulation of M. As there are no cross disks of size
R, there are at most C equivalence classes in the normal disks of F N T of the same
type, and hence at most 7C equivalence classes in F NT (since there are 7 different
types of normal disks). For any tetrahedron T, suppose there are Ct (Cr < 7C)
equivalence classes in F NT. We put Cr products D; x I (i=1,...,Cr) in T such
that D; x {t} is a normal disk and the normal disks of FNT in the same equivalence
class lie in the same product D; x I. Along T¢?, we can glue these products D; x I's
together according to the equivalence classes, as in the construction of embedded
branched surfaces in [12|. In fact, we can abstractly construct a branched surface
B and a map f : N(B) — M such that, for any tetrahedron T, f(9,N(B)) c T?
and f(N(B) - p~Y(L)) N T is exactly the union of the products int(D;) x I's in T,
where L is the branch locus of B, p : N(B) — B is the map that collapses every
interval fiber of V(B) to a point. and int(D;) denotes the interior of D;. By our
construction, B does not contain a local picture like that in Figure 2.3, and hence
it can be embedded in some 3-manifold [6]. Since the number of equivalence classes
is bounded by a constant, there are only finitely many such immersed branched

surfaces that carry surfaces in Fpg. 0

Corollary 2.3.2. Suppose M is a compact, orientable and irreducible 3-manifold
whose boundary is an incompressible torus. Then the surfaces in Fg can realize only

finitely many slopes.

Proof. Suppose that Fy, F5 € Fp are carried by the same immersed branched surface
f : B — M. To simplify notation, we will also denote by f the correspondent map
from N(B) to M. Since the surfaces in Fg are embedded along their boundaries,

after some normal homotopy if necessary, we can assume that f|sp is an embedding.
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Since the surfaces in Fp are m-injective, the horizontal boundary of f(dB) does
not contain any component that is a trivial circle. Because of Lemma 2.3.1 and
Proposition 2.2.2, we only need to show that f(9B) does not bound a monogon.
Since f|sp is an embedding, to simplify notation, we do not distinguish B and
f(8B), and denote f(N(9B)) by N(9B), where N(9B) is a fibered neighborhood
of the train track dB. By our definition of immersed branched surface, we can
assume that Fy € f(N(B)) and f~!(F}) is an embedded surface carried by N(B).

Suppose that D C 9M is a monogon, i.e., dD = a U 3, where a is a vertical arc
of 9,N(9B) and 3 C yN(9B). The vertical boundary component of f(d,N(B))
that contains a is a rectangle £ whose boundary consists of two vertical arcs a.a’
on OM and two arcs 7.4’ in f(9,N(B) N d,N(B)). By our definition, f~}(F}) is
embedded in N(B). So. after some normal homotopy, we may assume that E is
embedded, 9, N(9B) C dF;, and yU~' C F|. Then § = 3Uu~yU+«' is an embedded
arc in F| with 96 c dF), € M, and d can be homotoped rel 4 into M. Since
F, is O-injective. § must be d-parallel in F}, i.e., there is an arc ' C dF) such that
d U d’ bounds a disk A in F|. Moreover, a’ U ¢’ also bounds a disk D’ in M, since
o’ Ud’ forms a homotopically trivial curve in M. Note that A may not be embedded
in M. So, DUEUAU D’ forms an immersed sphere in M. Since M is irreducible,
i.e.. ma(M) is trivial, we can homotope the sphere DU EUA U D’ (fixing E) into E.
After this homotopy, we get an immersed surface in the same homotopy class as F

with less weight. This contradicts our least weight assumption on the surface Fj.

have the same boundary slope, and the corollary follows from Lemma 2.3.1.
a

2.4 Limits of cross disks

Let H be the set of injective surfaces with the 4-plane property in M. If there is
a K € R such that H € Fg, by Corollary 2.3.2, the surfaces in H can realize only
finitely many slopes. Suppose no such number K exists. Then there must be a
sequence of surfaces F|, Fs, ..., Fy,--- € H such that, in the pre-image of F; in M

(denoted by F}), there is a cross disk D; = D’ U DY of size at least i, where i € N.
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Since M is compact, after passing to a sub-sequence if necessary, we can assume
that D is parallel to a sub-disk A; of D, , such that d(dA;—8M,dD!,, -OM) > 1.
We also assume that dD;j lies in the 2-skeleton.
Now we consider the image of D; in M, i.e., m(D;), where 7 : M — M is the

covering map.

Proposition 2.4.1. The intersection of w(D;) with any tetrahedron does not con-

tain two quadrilateral normal disks of different types.

Proof. We know that any two quadrilateral normal disks of different types must
intersect each other. Suppose that the intersection of w(D;) with a tetrahedron
contains two different types of quadrilateral normal disks. Let T be a lift of this
tetrahedron in M. Then, in each of the two quadrilateral disk types, there is a pair
of normal disks in F; N T that belong to different components of a cross disk. So, by
the definition of cross disk, the two components of Fl that contain the two normal
disks must intersect each other. The two different quadrilateral disk types give rise
to - components of F; intersecting each other. Note that, since each component
of F; is embedded, the 4 components above are different components of F.. This

contradicts the 4-plane property. a

Thus. as in [12], we can construct an embedded branched surface B; that carries
7(D;), i.e.. m(D;) lies in N (B;) transversely intersecting every interval fiber of N(B;).
In fact, for each normal disk type of w(D;) N T, we construct a product é x I, where
T is a tetrahedron and 4§ x {t} is a normal disk of this disk type (¢t € I). Then,
we can glue these products along 7(*) naturally to get a fibered neighborhood of a
branched surface B;, and 7(D;) can be isotoped into N(B;) transversely intersecting
every interval fiber of N(B;). Note that B; may have non-trivial boundary. After
some isotopy, we can assume that 8, N(B;) N T =@ and N(B;) N T is a union
of interval fibers of N(B;). Note that by the definition of cross disk, we can assume
that the image of every pair of points in the cross disk lies in the same I-fiber of

N(B;).

Proposition 2.4.2. N(B;) can be split into an [-bundle over a compact surface
such that, after isotopies, every pair of points in the cross disk w(D;) lies in the

same [-fiber of this I-bundle.
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Proof. By our construction above, N(B;) N T®, when restricted to a 2-simplex in
T® s a fibered neighborhood of a union of train tracks. Suppose that 8,N(B;)
transversely intersects 7). First, we split V(B;) near N(B;) N T? to eliminate
O.N(B;)NTWI,

Let A be a 2-simplex in 7™, § be a component of 9,N(B;) N A and 7 be
a component of N(B;) N A that contains §. We associate every component ¢’ of
9, N(B;) N A with a direction (in A) that is orthogonal to ¢’ and points into the
interior of N(B;) N A. Let V be the union of interval fibers of T that contain some
components of 8, V(B;) N A. By some isotopies, we can assume that every interval
fiber in V contains only one component of 9, N(B;)NA. We give every interval fiber
in V a direction induced from the direction of 3, N(B;) N A. Now 7 — V' is a union
of rectangles with two horizontal edges from 9, N(B;) and two vertical edges from

V. Every vertical edge of a rectangle has an induced direction.

Case 1. For any rectangle of 7 — V/, the direction of at most one vertical edge points
inwards.

In this case, there is no ambiguity about the splitting near the rectangle. We
split 7 as shown in Figure 2.4, pushing a component of d,N(B) across an edge of
A. During the splitting we also push some double curves of F; across this edge. The
effect of the splitting to m(D;) is just an isotopy. Thus, we can assume that any pair
of points in the cross disk lies in the same interval fiber of the fibered neighborhood
of the branched surface after this splitting.

Case 2. There is a rectangle in 7 —V such that the directions of both vertical edges
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point inwards.

The local picture of such a rectangle must be as in Figure 2.5 (a), and there
are (locally) three different splittings as shown in Figure 2.5 (b). We denote the
rectangle by R and the part of T as in Figure 2.5 (a) by 7g. Then g — R consists of
4 components. and we call them UL (upper left) end, LL (lower left) end, UR (upper
right) end and LR (lower right) end, as shown in Figure 2.5 (a). The intersection of
the image of the cross disk and 7, i.e., 7(D;) N TR, consists of arcs connecting the
ends on the left side to the ends on the right side. An arc in w(D;) N 7R is called a

diagonal arc if it connects an upper end to a lower end.

Claim. w(D;) N Tp does not contain two diagonal arcs, say a and 3, such that «

connects the UL end to the LR end, and 8 connects the LL end to the UR end.

Proof of the claim. Suppose that it contains such arcs a and 8. Then there is an-
other arc o’ (resp. 3’) such that aUq’ (resp. BUS') is a pair of arcs in the cross disk.
So, o’ (resp. ') also connects the UL end to the LR end (resp. the LL end to the
UR end). Note that a (or ') and 8 (or ') must have non-trivial intersection in 5.
Next we consider a lift of 7 in M and still use the same notation. By the definition
of cross disk, the 4 components of F; that contain a, o/, 3 and 3’ respectively must
intersect each other in M. Since every component of F; is embedded in M, each is a

different component of F;. This contradicts the assumption that F; has the 4-plane
property. a
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Now we split N (B;) near 7p as follows. If there are no diagonal arcs in 7(D;)N7R,
we split N(B;) in a small neighborhood of T as the splitting (1) in Figure 2.5. If
there are diagonal arcs, we split it as the splitting (2) or (3) in Figure 2.5 according
to the type of the diagonal arcs. Note that by the claim, diagonal arcs of different
types cannot appear in Tp at the same time. As in case 1, we can assume that
any pair of points of the cross disk lies in the same I-fiber after the splitting. To
simplify the notation, we will also denote the branched surface after the splitting by
B;. Since D; is bounded, after finitely many such splittings, 8, N(B;) N T? = 0.
Now 9,N(B;) is contained in the interior of the 3-simplices, i.e., in a collection of
disjoint open 3-balls. So. every component of 3,N(B;) bounds a disk of contact (or
a half disk of contact near the boundary). After we cut N(B;) along these (half)
disks of contact, as in [12], 8,N(B;) = 0 and N(B;) becomes an [-bundle over a
compact surface. As before, we can assume that, after isotopies if necessary, every

pair of points in the cross disk lies in the same [-fiber. a

In the splittings above, we can preserve the intersection pattern of F;. For any
arc ¥ C F; N A. since every arc in F;N A is a normal arc in the triangle A, we can
assume that if an arc (in F; N A) does not intersect v before the splitting, it does
not intersect v after the splitting. Moreover, since the intersection of F; with any
tetrahedron is a union of normal disks, we can assume that cutting the (half) disks
of contact as above does not destroy the 4-plane property. The effect of the splitting
on F; is just a homotopy pushing some double curves out of the cross disk. So, after
the splitting, F; still satisfies the 4-plane property and has least weight. Therefore,
we can assume for each i. m(D;) is carried by an I-bundle over a compact surface.
We will still denote this /-bundle by N(B;).

After collapsing every I-fiber of N(B;) to a point, we get a piece of embedded
normal surface, which we denote by S;, in M. Furthermore, D] is parallel to a
sub-surface of a component of S;, where §; is the pre-image of S; in M.

There are only finitely many embedded normal surfaces (up to normal isotopy)
in M that are images (under the covering map ) of normal surfaces that are parallel
to D!. So, after passing to a sub-sequence and doing some isotopies if necessary, we

can assume that S; is a sub-surface of S;;|. By our assumption d(8D; —8M,8D; 4, —
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AM) > 1, it is easy to see that the direct limit of the sequence {S;} is a surface in
M whose boundary lies in M, and its closure is a lamination in M. We denote
this lamination by A\. Next we will show that \ is an essential lamination. Before

we proceed, we will prove a useful lemma.

Lemma 2.4.3. Let Fy be an injective normal surface in a 3-manifold M and F be
a component of the pre-image of Fy in M. Suppose that F has least weight and there
are two disks D) and D> embedded in F and parallel to each other. Suppose that
there is another embedded disk D with 8D = a U 3, where 3= DN (F — D, U D»),
3N Dy and 83N Dy are two endpoints of ., and a is an arc lying in a 2-simplez.

Then weight(Dy) < weight(D).

Proof. Since F has least weight, we can assume that F' is embedded in M. As D,
and D, are parallel, there is an embedded region D? x [1,2] in M, where D? x {t}
is parallel to D, for any t € [1,2] and D? x {i} = D; for i = 1,2. Moreover, by our
hypothesis on @, we can assume that & = {p} x [1,2], where p € dD2.
We take a parallel copy of D, say D’, which is close to D. Let D’ = o’ N 3’ and
o' = {p'} x [1.2], where p’ € dD*. Then dD? — pUp’ consists of two arcs v and 7.
By choosing D’ to be close to D, we can assume that 7 is the shorter one. The four
arcs 8, 3’ and n x {1,2} form a circle that bounds a disk J in F. We can assume
that D’ is so close to D that the weight of § is zero. DjUDaU{ is a disk in F’ whose
boundary is U8’ U (v x {1,2}). The circle BuB’U (v x {1,2}) also bounds another
disk DU D’U (v x [1,2]) in M. Since F has least weight. weight(D; U D2 U d) =
2weight(D,) < weight(D U D’ Uy x [1,2]) = 2weight(D) + weight(y x (1,2]). By
our assumption, weight(y x [1,2]) = 0. Thus, weight(D,) < weight(D).
a

We call the disk D (in the lemma above) a monogon.
Lemma 2.4.4. The lamination )\ is an essential lamination.

Proof. First we will show that every leaf of A is m;-injective. Otherwise, there is a
compressing disk D embedded in M — X and 8D lies in a leaf I, where A is the pre-
image of A in the universal cover M. By our construction of A, there is a cross disk

Dy = D} U D¥ of size at least K that is parallel to a sub-surface of . Since Fk is
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m-injective and has least weight, and since 9D is an essential curve in [, if K is large,
DY, does not contain a closed curve that is parallel to D. By choosing K sufficiently
large. we may assume that D} winds around 9D (in a small neighborhood of D)
many times, as shown in Figure 2.6 (a). Let V(D) be an enlargement of D (i.e.
an embedded disk in Af that contains D in its interior), and F be the component
of Fg that contains Dj.. Since F is embedded in M, the component of F' 1 N(D)
that contains the spiral arc in Figure 2.6 (a) must form a monogon with a long *tail’
that consists of two parallel spiral arcs, winding around 00D many times, as shown
in Figure 2.6 (b). The weight of the monogon is at most weight(D). If K is large
enough, the length of each arc in the ‘tail’ of the monogon is very large and, in
a neighborhood of the °tail’, we can choose two pieces of normal surfaces that are
parallel to each other and have weight greater than weight(D). This contradicts
Lemma 2.4.3.

Next, we will show that every leaf of \ is d-injective. Otherwise, there is a 9-
compressing disk D’ whose boundary consists of two arcs « and 3, where a C M
and B is an essential arc in {. By our construction of A, there is a cross disk
D, = D}, u D% of size at least n such that there are arcs o, C M and 3, C n(D%)
(@an = 9B,) that are parallel and close to a and 5 respectively. The two arcs a,
and (B, bound a disk d, that is parallel and close to D’. Since the surface F} is

O-injective, there is an arc v, C 9F, such that v, U 8, bounds an immersed disk
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A, in F,,. Since (3 is an essential arc in [, by choosing n sufficiently large, we can
assume weight(A,) > weight(D’) = weight(d,). Note that v, U a, bounds an
immersed disk 6, in dM and that d, U A, U4, is an immersed 2-sphere in M.
Since mo(M) is trivial, we can homotope A, U 4, to d, fixing d, and get another
immersed surface F), that is homotopic to F,,. Moreover, weight(F,,)—weight(F,) =
weight(d,) — weight(A,) < 0, which contradicts the assumption that F, has least
weight.

[t is easy to see from our construction that no leaf is a sphere. Also, if A is not
end-incompressible, there must be a monogon with a long ‘tail’, which contradicts

Lemma 2.4.3 by the same argument as above. Therefore, A is an essential lamination.

O

2.5 Measured sub-laminations

[n this section, we will show that any minimal sub-lamination of A has a transverse
measure. A minimal lamination is a lamination that does not contain any proper
sub-lamination. Using this result, we will prove Theorem 2.1 that can be viewed as
a generalization of a theorem of Floyd and Oertel [12].

Let u be a lamination in M and i : [ x I — M be an immersion that is transverse
to i, where [ = [0, 1]. We will call {p} x I a vertical arc, for any p € I, and call i(f x )
a transverse rectangle if i(I x {0,1}) C p and the singular set of ¢ is a collection of
sub-arcs of the vertical arcs. To simplify notation, we will not distinguish I x I and

its image in M.

Lemma 2.5.1. Let u be a minimal lamination. If u has non-trivial holonomy, then
there is a transverse rectangle R : [ x [ — M such that R({1} x I) C R({0} x ;),
where } =(0,1).

Proof. Since p has non-trivial holonomy, there must be a map g : S' x I — M,
which is transverse to u, such that g(S! x {0}) € L C u (L is a leaf) and g~!(u)
consists of a collection of spirals and one circle S* x {0} that is the limiting circle
of these spirals. Moreover, for any spiral leaf [ of g~!(y), there is an embedding
i:[0,00) x I — S* x I such that i~!(l) = [0,00) x {1/2} (see the shaded region in



21

limiting circle

(a) (b)

Figure 2.7:

Figure 2.7 (a)). Since S! x {0} is the limit circle of , for any arc {p} x [0.¢] € S' x I,
there exists a number N, such that i({NV} x [) C {p} x (0,¢).

Since g is a minimal lamination, every leaf is dense in pu. Thus, there is a
path p : [ — L such that p(0) = g(p,0), where p € S!, and p(1) € g o i({0} x }).
Moreover. if € is small enough, there is a transverse rectangle r : [ x [ — M such that
Flixgo) = p- r({0} x I) = g({p} x [0.¢]), and r({1} x I) = go ({0} x [61,6a]), where
[61,d2] C I. The concatenation of the transverse rectangle r and goi([0, N] x [d1, da]),
ie., R: IxI — M where R([0,1/2]x[) = r(IxI)and R([1/2,1] x I) = goi([0, N]x

[01, d2]), is a transverse rectangle that we want. a

Remarks. 1. The kind of construction in Lemma 2.5.1 was also used in [20].

2. After connecting two copies of such transverse rectangles if necessary, we can
assume that R({1} x I) C R({0} x I ) in Lemma 2.5.1 preserves the orientation
of the I-fibers. In other words, we may assume that thereis amap f: A — M
transverse to p, where A = S! x I, and an embedding (except for the boundary)
h:Ix I — A, as shown in Figure 2.7 (b), such that R = foh and f(A) lies in a
small neighborhood of R(I x I).

3. Let f, h, and R be the maps above. Suppose that Lo and L, are leaves in
p containing R(I x {0}) and R(I x {1}) respectively. Then f~1(LoU L) contains

two spirals of different directions whose limiting circles are meridian circles of A (see
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Figure 2.7 (b)). Note that Ly and L; may be the same leaf and the two spirals may
have the same limiting circle.
4. If p is carried by a branched surface B, we can assume that h({p} x ) is a
sub-arc of an interval fiber of N(B).

Lemma 2.5.2. Let A be the lamination constructed in section 2.4 and p be any

minimal sub-lamination of \. Then p has trivial holonomy.

Proof. Suppose that u has non-trivial holonomy. Since g is a minimal lamination,
by the remarks above, there is an annulus g : A = S! x [ — M such that g~ !(u)
contains two spiral leaves, one clockwise and one counterclockwise, as shown in
Figure 2.7 (b). From our construction of \, there is a cross disk Dy = D'y U DY,
such that g=!(w(DYy)) (resp. g~'(w(D%))) contains two arcs parallel and close to
the two spirals respectively. We denote these two arcs by ag and o) (resp. aj and
), as shown in Figure 2.8 (a). Now we consider g~!(Fly). Since Fy is compact,
g~ Y(Fy) is compact. Denote the component of g~!(Fy) that contains o (resp. af)
by ¢} (resp. ¢/), where i = 0.1. Since Fy is a normal surface, by Remark 4 above,
we can assume that g~!(Fly) is transverse to each vertical arc {p} x [ in A.

If ¢, N S! x {0} =0, then ] is either a closed curve, as shown in Figure 2.8 (c),
or an arc with both endpoints on S! x {1}, as shown in Figure 2.8 (b). Since X is
an essential lamination, g(S' x {0}) must be an essential curve in M, and we have

the following commutative diagram, where q is a covering map.

RxI 2. M

o |

A=S'xI 2 - M

The pictures of ¢}(c}) C §~'(Fy) are shown in Figure 2.9 (a) or (b) depending
on whether ¢ is an arc with both endpoints on S x {1} or a closed curve. If N is
so large that aj winds around A more than four times, there are four components of
q~!(c}) intersecting each other, as shown in Figure 2.9 (a) and (b), which contradicts
the assumption that Fy has the 4-plane property.

Thus, by the argument above, ¢} , ¢, ¢ and ¢j must be arcs with endpoints in
different components of A, as shown in Figure 2.8 (d). In this case, g~(cyUcj U
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cjuc}) must contain 4 arcs dy, dg, d}, df as shown in Figure 2.9 (c), where g(d; Ud)
is the union of two arcs in different components of a cross disk (¢ = 0,1). By the
definition of cross disk, the 4 components of Fy that contain §(dj), §(d3), 3(d}) and
g(dy) respectively must intersect each other, which contradicts the assumption that
Fy has the 4-plane property.
a

The next theorem is a generalization of a theorem of Floyd and Oertel [12].

Theorem 2.1. Let M be a closed, irreducible and non-Haken 3-manifold. Then
the surfaces with the 1-plane property in M are carried by finitely many immersed

branched surfaces

Proof. If the set of immersed surfaces with the 4-plane property is a subset of Fp
for some number R (see section 2.3 for the definition of Fg), then by Lemma 2.3.1
the surfaces are carried by finitely many immersed branched surfaces.

[f there is no such number R, by section 2.4, there are a sequence of cross disks
that give rise to an essential lamination \. Let u be a minimal sub-lamination of
A. Since p is also an essential lamination. by [15], we can assume that p is carried
by an embedded incompressible branched surface B. By Lemma 2.5.2, x has no
holonomy. A theorem of Candel [4] says that if a lamination has no holonomy then
it has a transverse measure. So, u has a transverse measure, and hence the system of
branch equations of B (see [32]) has positive solutions. Since each branch equation
is a linear homogeneous equation with integer coefficients, the system of branch
equations of B must have positive integer solutions. Every positive integer solution
corresponds to an embedded surface fully carried by B. But, by a theorem of Floyd
and Oertel [12], any surface fully carried by an incompressible branched surface

must be incompressible. This contradicts the hypothesis that M is non-Haken. O

2.6 Boundary curves

Let M be an irreducible 3-manifold whose boundary is an incompressible torus, A
be the lamination constructed in section 2.4 and p be a minimal sub-lamination of

A. Let {D; = D{u D’} be the sequence of cross disks used in the construction of
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the lamination A in section 2.4 and let F; be the immersed surface that contains
7(D;). We denote the pre-image of F; in M by F;. Suppose that M does not contain

non-peripheral closed incompressible surfaces.
Lemma 2.6.1. uNOM # 0

Proof. Suppose that u N M = 0. Then p is fully carried by an incompressible
branched surface B and BNAM = 0. As in the proof of Theorem 2.1 (see section 2.5),
the linear system of branch equations must have integer solutions that correspond to
incompressible surfaces. Since BNdM = @ and M does not contain non-peripheral
closed incompressible surfaces, those incompressible surfaces correspondent to the
integer solutions must be d-parallel tori.

Let N(B) be a fibered neighborhood of B. C be the component of M — N (B) that
contains dM, and T}, T, ....T, be a collection of d-parallel tori that correspond to
a positive integer solution of the system of branch equations. After isotopies, we
can assume that every T; is transverse to the interval fibers of N(B) and dyN(B) C

U™, Ti. Let A be a component of d,N(B) that lies in the closure of C.

Claim. The surface 4 must be a torus.

Proof of the claim. We first show that A is not a disk. Suppose A is a disk. Let
v be the component of 3,V (B) that contains dA. Then dv — dA is a circle in the
boundary of a component D of 8, V(B). Since d, N(B) is incompressible and A is a
disk, D must be a disk. So AUvuUD is a 2-sphere. Since M is irreducible, AUvUD
must bound a 3-ball that contains U, T;, which contradicts the assumption that
T; is incompressible.

If 0A = 0, since I N(B) Cc UL, T;, A must be a torus.

Suppose 94 # 0 and A C T). If there is a component of A that is a trivial circle
in T then , since A is not a disk, there must be a trivial circle in dA that bounds
a disk in T} — A. We can isotope this disk by fixing its boundary and pushing its
interior into the interior of /V(B) so that it is still transverse to the [-fibers of N(B).
This gives us a disk of contact [12], which contradicts the assumption that B is an

incompressible branched surface. So, every circle of A must be an essential curve

in T}, and hence A must be an annulus.
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Let ¢ be a component of dA, v/ be a component of d,N(B) that contains c,
and ¢ = 9V’ — ¢ be the other boundary component of +’. Denote the component of
9N (B) containing ¢ by A’. By the argument above, A’ must also be an annulus. If
A and A’ belong to different tori, then v/ is a vertical annulus in the product region
T? x I bounded by the two tori. This contradicts the assumptions that those tori are
O-parallel and M C C. Thus, A and A’ must belong to the same torus T}. Then,
v must be an annulus in the T2 x [ region bounded by T} and dM, and 8V C T.
So. the vertical arcs of v/ can be homotoped rel 9./ into T). This contradicts the
assumption that B is an incompressible branched surface [12]. Therefore, 94 = 0

and A must be a torus. a

By the claim and our assumptions, C must be a product region 72 x I where
T? x {1} = M and T? x {0} = A C 8, N(B). Since  is fully carried by B, we can
assume that A C p is a leaf. After choosing a sub cross disk if necessary, we can
assume that there is a cross disk Dy = D}- U DY of size at least K such that m(D’%)
lies in a small neighborhood of A that we denote by T? x J, where J = [—¢. €] and
A = T? x {0}. By choosing € small enough, we can assume T? x {t} is normal for
any t € J. Let E be the component of Fx N (T? x J) that contains m(D/) and
E' be a component of the pre-image of E in M. Let F’' be the component of Fx
that contains E’. So E' is embedded in a region R? x J in M, dE' C R? x {+e}.
By choosing € small enough, we can assume that E’ is transverse to the J-fibers of
R? x J.

If E' is a compact disk, then OE’' must be a circle in R? x {+e¢} and Dg must
be in the region bounded by E’ x J. So, if K is large, the disk in R® x {+e}
bounded by JE’ is large. However, if the disk bounded by AE’ is large enough,
g*(OE") (k = 0,1,2,3) must intersect each other, where g is an element in m; (dM)
that acts on M and fixes R? x J. This violates the 4-plane property, and hence E'
cannot be a compact disk.

Suppose that Fi N (R? x {+e€}) contains circular components. Let e be an
innermost such circle and F, be the component of fK that contains e. Then e
bounds a disk D in R? x {+¢} and bounds another disk D’ in F.. We can assume

that D' N 7~}(T? x {xe}) = AD’; otherwise, we can choose e to be a circle in
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D' nx=Y(T? x {+e}) that is innermost in D’. So, DU D’ bounds a 3-ball in M and
(D' —aD’')N(T?x J) = 0. Then, we can homotope 7(D’) to w(D) fixing m(e). We
denote the surface after this homotopy by Fj- and denote by F, the component of
F;;\, (the pre-image of F%, in M) that contains e. Let ¢’ be a component of 7~ !((e))
and F, (resp. F.,) be the component of Fx (resp. F %) that contains €. Since D
is innermost, if F, N F» = 0, then F, N F,, = (. Hence, F} is a surface homotopic
to Fg and F} also has the 4-plane property. Note that since Fi has least weight
and p is the "limit’ of least weight cross disks, both D and D’ have least weight and
weight(D) = weight(D’). Thus, F}, also has least weight and Ff N T? x {+e} has
fewer trivial circles after a small homotopy. So, we can assume that Fi NR? x {+e}
contains no trivial circles. Note that since E’ can never be a compact disk as above,
the homotopy above will not push the entire £’ out of R? x J. Therefore, we can
assume that £’ is a non-compact and simply connected surface.

If 9E'NR? x {¢} has more than one component, then since we have assumed that
E’ is transverse to the J-fibers of R?> x J, dE' N R? x {e} bounds a (non-compact)
region Q in R? x {¢} and D}, C Q x J. Moreover, it is easy to see that, for any
element g € m,(OM) that acts on M fixing R? x J, if Q # g(Q) and QNg(Q) # 0 in
R2x {e}, then E'Ng(E’) # 0. If K is large, the distance between any two lines in Q
must be large. Thus, by assuming D to be large, we can find a non-trivial element
g in T (M) such that ¢¥(Q), and hence the 4 components g*(E’) (k = 0,1,2,3)
intersect each other. which contradicts the 4-plane property.

Therefore, 9E’NR? x {e} must have only one component that is a line, and hence
E must be an immersed annulus in 72 x J with one boundary component in T2 x {€}
and the other boundary component in T2 x {—¢}. By our construction, weight(E)
is large if K is large. We can always find an immersed annulus Ag € T? x J with
0Ag = OF and weight(Ag) relatively small. So, the surface (Fx — E) U Ag is
homotopic to Fg and has less weight. This contradicts the assumption that Fx has

least weight. So, £ N dM cannot be empty. a
Lemma 2.6.2. p|apr is a lamination by circles.

Proof. Suppose p is fully carried by an incompressible branched surface B. Since p

is a measured lamination and @M is a torus, u|gps is either a lamination by circles or
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a lamination by lines with irrational slope. Let S be the solution space of the system
of branch equations. Since the coefficients of branched equations are integers, there
are finitely many integer solutions that generate S, i.e., any point in S can be written
as a linear combination of these integer solutions. Every integer solution gives rise to
an incompressible surface carried by B. By Hatcher’s theorem, these surfaces have
the same slope. The boundary slope of any measured lamination p carried by B is
equal to the measure of a longitude of M divided by the measure of a meridian.
Hence, it can be expressed as a fraction with both nominator and denominator
linear functions of the weights of the branch sectors. Since the solution in S that
corresponds to u is a linear combination of those integer solutions, and since the
slopes of those integer solutions (plugging into the fraction described above) are the
same, dup must have the same slope as the slope of the compact surfaces carried
by B. Therefore. any measured lamination carried by B, restricted to dM, is a

lamination by circles with the same slope. a

Lemma 2.6.3. Let {D; = D u D!} be the sequence of cross disks used in the
construction of A, F; be the immersed surface with the 4-plane property that contains
7(D;), and p be a minimal sub-lamination of \. Then there ezists a number N such

that OF; and du have the same slope if i > N.

Proof. Let B be an incompressible branched surface that fully carries x. Since du
is a union of parallel circles, we can assume that dB is a union of circles. Let N(B)
be a fibered neighborhood of B, B = #~1(B) and N(B) = 7~}(N(B)). We denote
DinN (B) by E;. Note that, since y is a sub-lamination of A, E; is only a sub-disk
of D!. Nevertheless, by our construction of A, we can assume that the size of E; is
large if 7 is large. By the modification of the construction of A above, we can assume
that, after isotopies, m(E;) NdM C w(Eiy1) NOM.

Suppose that dF; has a different slope from dp. Then w(Eg) is a piece of
immersed surface in N(B) transverse to every [-fiber, and 7(E;) N dM is a union
of spirals in V(B) N dM. We give each component of B an orientation so that
they represent the same element in H;(0M). This orientation of 9B determines an
orientation for each [-fiber of N(B) N dM. As in the proof of Hatcher’s theorem,

the orientation of the /-fibers and a normal direction of dM uniquely determine an
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(a) (b)

Figure 2.10:

orientation for every curve in N(B) N dM that is transverse to the interval fibers.

Claim [. Each circle in JF, admits an orientation that agrees with the induced

orientation of dF;. N N(B).

Proof of claim 1. Suppose there is a circle in dF; that does not admit such an
orientation. Then there must be a sub-arc C (of the circle) outside N(B) N aM
connecting two spirals that are either in the same component of N(B) N dM, as
shown in Figure 2.10 (a), or in different components of V(B)NA@M with incompatible
induced orientations, as shown in Figure 2.10 (b). After assuming the size of the
cross disk to be large. we can rule out the first possibility, i.e., Figure 2.10 (a), by
Lemma 2.4.3. To eliminate the second possibility, i.e., Figure 2.10 (b), we use a
certain triangulation of M as follows.

By [23], there is a one-vertex triangulation of M and this vertex must be on
OM. Since M = T?, the induced triangulation of &M must consist of two triangles
as shown in Figure 2.11 (a). Now we glue a product region 72 x I (I = [0,1})
to M such that T2 x {0} = M. Then (T N AM) x I gives a cellulation of
T? x [ that consists of a pair of triangular prisms. Then we add a diagonal to each
rectangular face of the prisms, which gives a triangulation of T2 x I. Figure 2.11 (b)
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Figure 2.11:

is a picture of the induced triangulation of a fundamental region in the universal
cover of T? x [. In this triangulation, there is only one vertex on T2 x {1}, and
its link hemisphere H intersects the l-skeleton in 10 points of which 6 points lie
on 9H. Since M U (T? x I) is homeomorphic to M, we can assume that M has a
triangulation as that of M U (T2 x I) above. We denote this triangulation also by
T. Note that T(® NAM is a single vertex v and that the intersection of its link
hemisphere H and TV consists of 10 points of which 6 points lie on dH C M.

We assume that our immersed surfaces are normal and have least weight with
respect to the triangulation above. Suppose the second case, i.e.. Figure 2.10 (b),
occurs. Let A be the annulus of dM — N(B) that contains the arc C. Then we
isotope F}. by pushing C along A to ‘unwrap’ the spirals in a small neighborhood
of M, as shown in Figure 2.12. If the vertex v is not in A, then after this isotopy,
|0F, N T'Y)| decreases and |(Fi — 8F) N T(Y)| does not change. This contradicts
the assumption that Fy has least weight. So v € A. If every edge of T() N M
intersects A non-trivially, then after C passes through the vertex v during the
isotopy, |8F, N T| decreases by 6 and |(Fi — 8F) N TW)| increases by 4. Hence,
the total weight of Fj. decreases, which also gives a contradiction. Therefore, there
is an edge e of 7' N OM lying inside A, as shown in Figure 2.12 (a). Then by
our construction of the triangulation, e forms a meridian circle of the annulus A
and there is at most one such edge. After C passes through v in the isotopy above,
|8F N T)| decreases by 4, |(Fi — 8F:) N T(1| increases by 4, and the total weight
does not change.

Now, we will see exactly what happens in a tetrahedron. Let T be a tetrahedron



32

homotopy
—_—

(a)

o
-

oM

oY /

/ homotopy -
-_— . //
Vel
AN

[/

/

(b)

Figure 2.12:



33
with a face A on M. There is a normal arc § in C N A that cuts off a sub-triangle
(in A N A) that contains the vertex v. The normal disk of Fi N T containing J is
either a triangle or a quadrilateral. If we do the isotopy above by pushing C across
v, then the effect of this isotopy on the normal disk that contains 4 is either as in
Figure 2.13 (a), in which case the normal disk is a triangle, or as in Figure 2.13 (b),
in which case the normal disk is a quadrilateral. In the first case, as shown in
Figure 2.13 (a). the disk is no longer a normal disk after the isotopy. So. we can
perform another homotopy to make Fj. (after the first isotopy) a normal surface.
This homotopy reduces |Fi,NT(!)| by at least 2 as we push the disk in Figure 2.13 (a)
across the edge, which contradicts the assumption that Fj has least weight. Thus,
every normal disk that contains such an arc (as d) is a quadrilateral. Since there
are only two triangles on M, and since the edge e lies inside A, there must be two
arcs 0, and &+ in C that cut off two corners of the same triangle (in the induced
triangulation of dM). By the argument above, the two normal disks that contain
d, and d- (respectively) must be two quadrilaterals of different normal disk types
in the same tetrahedron. Note that. during the isotopy, we push parts of dF} from
N(B) N dM to the annulus A. Suppose that the weight of Fj is fixed during these
isotopies. After some isotopies as above, we can assume that there is a pair of
normal disks of the cross disk in each of the two quadrilateral normal disk types.
Since any two quadrilateral normal disks of different types must intersect each other,
those 4 quadrilaterals give rise to 4 components of F intersecting each other, which
contradicts the hypothesis that F}. has the 4-plane property. So, if & is large enough,
we can reduce the weight of Fj. at a certain stage of the isotopy above. Therefore,

Figure 2.10 (b) cannot occur and claim 1 holds. a

Case 1. p is a compact orientable surface.

Lete'=pxIc M (I =(01]), and [V be a component of the pre-image of I
in M. Suppose k is large; by our construction of the lamination, there is always a
large sub cross disk of Dy = Dj, U DY/ lying in I. To simplify notation, we assume
that Dy C I; otherwise we use a large sub cross disk of D and the proof is the
same.

Let F} be the component of F} that contains D}, H' = F,nI', H = n(H'), and
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Hy be the smallest normal sub-surface of Fj. that contains H. Since we can give
every component of dF}. an orientation that agrees with the induced orientation of
0F,. NT, the sign of every intersection point of 9F}. N JS is always the same, where
S = pux {t} (t € I). Then, H cannot be transverse to every [-fiber of [, because
otherwise. by the same argument as in the proof of Hatcher's theorem, dF} and 9S
would have the same slope, which contradicts our assumptions. Figure 2.14 gives a
local picture of H where it is not transverse to an /-fiber of . [n fact. it is not hard
to see that, in some tetrahedron T, there must be two quadrilateral normal disks of
different types in TNS and T N Hy respectively. Otherwise, by an argument in [12],
Hg and S lie in N(Br) and are transverse to the [-fibers of N(Br), where N(Br)
is a fibered neighborhood of an embedded normal branched surface Br. Hence, by
the argument in the proof of Hatcher’s theorem, F}. and S have the same boundary
slope (although F}. is not embedded), which contradicts our assumption. Moreover,
since all these surfaces are normal, after a small homotopy, we can assume that each
I-fiber of T either transversely intersects H or lies in H, in which case the local
picture of this fiber is as shown in Figure 2.14. We call such fibers puncturing fibers.
Any arc of Fi. N S must pass through a puncturing fiber.

Let g be the genus of x and b be the number of boundary components. Then
there are g disjoint annuli A;, A, ..., Ag such that px — U';’=1A,- is a planar surface.
Let Agy1,...,Agys be the collection of annuli that are regular neighborhoods of
the boundary components of x. Suppose A;NA; =@ if i # j. Let c},...,cx bea
maximal collection of disjoint non-parallel and non J-parallel arcs in x — U9+6A,~,

i=1

and let £ = (Uf__*ffA,-) U (U5=1N(c;j)), where N{(c;) is a small neighborhood of c;.
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For each component a; of 9A4;, a component of Fi. N (a; x [) is either a closed
curve, or an arc with endpoints on different boundary components of a; x I, or a
O-parallel arc, i.e., an arc with both endpoints on the same boundary component of
a; x I. By pushing the d-parallel arcs out of a; x I, we can assume that F.N(a; x [)
does not contain O-parallel arcs. Similarly, after some homotopy. we can assume
that Fi. N (A; x 9I) has no J-parallel arc for any i:. Note that this homotopy can be
done without destroving the 4-plane property. Moreover. since such a d-parallel arc
cannot wind around the annulus more than 4 times as in Figure 2.8 (b), the length
of every O-parallel arc is short compared with k, and hence the parts of Fi that we
push out of ¥ x [ cannot be parts of “(Df"/?l)) (if & is large).

Using the homotopy in the proof of Lemma 2.6.1, we can assume that Fj. N (A; x
9I) contains no trivial closed curves. Since both 4 and Fj, are normal surfaces and
every component of F’k is embedded in M, after some homotopies as above, we can
assume that each component of Fj. N (A; x I) that intersects both components of
(9A;) x [ is either an annulus or a quadrilateral with two edges on (9A;) x [ and two
edges on A; x 9I. Moreover, we can assume that every component of Fi. N (A4; x [)
that intersects only one component of (94;) x I is an annulus, since we have assumed
that there are no d-parallel arcs in (94;) x I.

If k is large, since the slopes of OF}. and du are different, n'(ka /,_,l)ﬂaM contains
a long spiral, where ka s is @ sub-disk of Dj, of size [k/2]. Suppose (ﬂ'(ka /)N
AM)N\(p x {t}) # 0 for some t € (0,1). By claim 1 and the proof of Hatcher’s
theorem, any double arc of Fi.N(u x {t}) must pass through a puncturing fiber. Let
v be such a double arc with at least one endpoint in (ﬂ(ka /._,l)ﬂaM YN (e x {t}). By
enlarging the annuli 4;'s and isotoping Fj (or  x {t}) if necessary, we can assume
that Fi. N (z x {t}) € £ x I and each component of Fi. N (N(c;) x I) is a small
neighborhood of Fi N (¢; x I) (though two components of Fi N (N(c;) x I) may
intersect each other). Let 4’ be an arc in Fi N (u x 8I). Then every component
of Fi. N (A; x I) that contains a sub-arc of 4’ cannot be an annulus. Therefore,
after some isotopy, we can assume our < as above also has this property, i.e., every
component of Fi. N (A4; x I) that contains a sub-arc of v is not an annulus, for any .

Let w be a simple closed curve in z and « be an arc in w x I with its endpoints

on different boundary components of w x I. We call a a puncturing arc if there is a
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point p € w such that a (up to homotopy fixing da) does not intersect {p} x I. Let
D be a component of Fi N(A; x I') for some i. We say that D is a level 0 surface in
A; x I if there exists an essential simple closed curve w C A; such that DN (w x I)
contains a puncturing arc. Note that the curve w can be chosen to have length no

larger than the diameter of a fundamental region in the universal cover of A;.

Notation. For any A;, we denote by A; a component of 7~!(4;) and by g; a generator
of w;(4,). Suppose g; acts on M fixing 4;, wherei =1,...,g+b. For any component
D of Fi. N (4; x I), we denote by D a component of #~(D) N (A; x I) and by Fp
the component of Fi that contains D.

Claim 2. If D is a level 0 surface in A; x [, then FpNg;(Fp) =0.

Proof of claim 2. Suppose Fp N g;(Fp) # 0. Since D has level 0. there exists a
simple closed curve w in A; such that D N (w x I) contains a puncturing arc a.
Moreover. w(Dy) N (w x I) contains a pair of curves that are either closed essential
curves in w x [ or spirals winding around w x I many times (if k is large). In both
cases, a intersects these two curves non-trivially. Therefore, there is a cross disk
Dy = DU D such that D}, N D and D N D are not empty. Furthermore, since D
and g;(D) are not far away, if k is large. D}, N g;(D) and DY N g;(D) are not empty.
Thus, if FpNgi(Fp) # 0, we have 4 components of F}. intersecting each other, which

contradicts the assumption that Fj has the 4-plane property. a

Claim 3. Let D be a component of Fi.N(A; x I) whose intersection with (94;) x I is
non-empty. Suppose Fp Ng;(Fp) =0 or Fp = g;(Fp). Then D must be embedded
in A,’ xI.

Proof of claim 3. We first consider the case that D is a disk. Since every component
of F} is embedded in M, D is an embedded disk in A; x I. Topologically, A; x I
is an infinite solid cylinder and by our assumptions on Fi N (4; x I), D must be a
meridian disk. If D N g;(D) = 0 then g;(D) N g2(D) = 0. Moreaver, D and g(D)
lie in different components of 4; x [ — g;(D), thus D N g2(D) = 0. Inductively,
Dng?*(D) =0 for any n, and hence D is embedded in A4; x I. Now we suppose that
D is an annulus. Since Fp is embedded in M , it is clear that D must be embedded
in A; x I. a
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Let D be a component of Fi. N (A; x I), let ¢, be a simple arc (defined before)
connecting A; to Aj, and let ¢, N A; = r,csNA; =y, where 1 < i,j < g+b
and 1 < s < k. Suppose DN ({z} x [) = U,_ X,. We denote the components
of Fi N (cs x I) that contain Xi,....X, by ay,...,a, respectively (X, € ap).
Let Y, be the other end point of ay (h = 1,...,p). Now, we inductively define
level and ertended level of a component in A; x [ as follows. If D is a disk and
(WA_ Ya)N({y} x ) =0 (i.e. B,_ Ya C c, x OI). we say that D has extended level
(or simply e-level) 0 in A; x I. Moreover, if A; x [ contains a disk Dq of level (resp.
e-level) 0 and if DN Dg = 0, then we also say that D has level (resp. e-level) 0.
We say that D is a surface with level (resp. e-level) at most n (n > 1) in A; x I
if (Wh_Ya)N({y} x I) # 0 and at least one component of Fi. N (A; x I) that has
non-empty intersection with Uj_,Y} is a surface with level (resp. e-level) at most
n—1in 4; x I. We define the level (resp. e-level) of D to be the minimum of such
n with respect to all the 4; x I's and all ¢,’s. Note that A; and A; may be the same
annulus.

Let D be a surface with level (resp. e-level) n in A; x I as above and D; be a
surface with level (resp. e-level) n — 1 (that contains Y, for some h) in A; x [ as
above. We say that D, is a level (resp. e-level) n —1 surface attached to D. If D, is
a level (resp. e-level) n — 2 surface attached to D), we say that D is a level (resp.
e-level) n — 2 surface attached to D. Repeatedly, for any 0 < ¢ < n, there is at least
one surface with level (resp. e-level) ¢t attached to D.

Suppose that D C A; x I has level (or e-level) n. We say that D is regular if
there is a sequence {K;} (0 < t < n) such that: (1) K, is a component of FixNAg x I
(for some s) and K, has level (or e-level) ¢, (2) K,_, is a surface attached to K,
(K. = D), and (3) every K, is a disk.

Remarks. Suppose that D C A; x I has e-level 0. We can enlarge A; along ¢, (using
the notation above). Namely, let AS be a small neighborhood of A; U ¢, where ¢ is
a sub-arc of ¢, such that ¢ contains z and ¢, x I contains U,_,Y,. Then, since D
is a disk by definition, the component of Fi. N (A x I) that contains D must have a
puncturing arc in A§ x I, and hence D has level 0 in A x I. In particular, D must
puncture through a cross disk. Level and e-level can be considered as measures of

the distance between D and an arc in Fp that puncture through a cross disk.
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By the remarks above, for any disk D of level (or e-level) 0 in A; x I, D must
contain a short arc that connects the two components of A; x dI. We also call such
short arcs puncturing arcs. By our assumptions on the cross disk Dy = Dj U D},
any puncturing arc cannot lie in (D).
Claim 4. Let D and D’ be two components of Fi. N (A; x I) with level (or e-level)
n and n’ respectively. Suppose k is very large and n,n’ are relatively small. Then,
D and D’ are embedded. Moreover, if D is an annulus, D’ must also be an annulus
and DN D' =0. If D has level (or e-level) 0, then D'’ N D = 0, and hence D’ also

has level (or e-level) 0.

Proof of claim 4. We first show that D is embedded. By claim 3, it suffices to show
that Fp N g;(Fp) = 0 (or Fp = gi(Fp)). Suppose that Fp N g;(Fp) # 0 and
Fp # gi(Fp). Then. since k is large and n.n’ are relatively small, there is a cross
disk Dy = Dj U Dy such that D; N Fp, D} Ngi(Fp), D{ N Fp and D/ N g;(Fp) are
not empty, as in the proofs of claim 2. This gives 4 components of Fj intersecting
each other. which contradicts the assumption that Fj. has the 4-plane property.

So. D and D’ are embedded. Suppose D is an annulus, then 7='(D) N (4; x I)
has only one component, say D. Let D’ be a component of #~}(D’)N(A; x I) (using
the notation before claim refclaim?2) and Fpr be the component of F} that contains
D'. If DN D' #0, then DN g™(D’') # 0, and hence Fp N g™(Fpr) # 0 for any m.
Since n and n’ are relatively small, we can find a points z € D and =’ € g™(D’) such
that z and z’ are closed to some puncturing arcs in Fp and g/*(Fpr) respectively.
By choosing an appropriate m, we can assume that the distance between z and
z’ is short. Thus, if k is large, the two puncturing arcs (in Fp and g™(Fpr))
puncture through the same cross disk. Since Fp N g™(Fp-) # @ for any m, we have
4 planes intersecting each other, which gives a contradiction. By our assumptions
on Fi. N (A; x I), DN D’ =0 implies that D’ must also be an annulus.

If D has level (or e-level) 0, D contains a puncturing arc. If DN D’ # 0, similarly
to the argument above, we can find a cross disk and an m such that the cross disk
intersects both D and g™(Fpr) and D N g™(Fps) # 0. This also contradicts the
assumption that F}. has the 4-plane property.

o
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Claim 5. Let D and D' be two components of Fi. N (A4; x I) with level (or e-level) n

and n’ respectively. Suppose that D is regular. If k is large and n,n’ are relatively

small, then n’ < n and D’ is regular.

Proof of claim 5. By claim 4, D and D’ are embedded. We prove claim 5 by in-
duction on n. If n = 0, by claim 4, DN D’ = 0. Hence, n’ = 0 by our definition.
Now, we assume claim 5 holds for n — 1. Since D is regular, D is a disk and there is
another disk component K, of FiN(A; x I') with level (or e-level) n — 1 such that
D and K,_, are connected by an arc in Fi N (¢s x I). Since D is a disk, by claim
4, D’ cannot be an annulus. So, D’ must be a disk. Then either D’ has e-level 0, or
there is an arc in Fi. N (cs x ) connecting D’ to a component K, _, in Fi.N(A; x I).
By our induction, Kj,_, has level (or e-level) at most n — 1 and K],_, is regular.
Therefore, Claim 5 holds for D'.

a

We have assumed (before claim 2) that there is a double arc v of Fj. N p x {t}
such that v C £ x [ and ~ has an end point lying in W(ka /21) N AM. Moreover, we
have assumed that any component of Fj. N (A; x I) that contains a sub-arc of v is

not an annulus.

Claim 6. Let T be the union of the components of Fi.N(A;xI)’s and Fi.N(N(cs)xI)’s
that contain sub-arcs of 4. Then every component of TN(A; x I') has level (or e-level)

at most g + b — 1, for any i.

Proof of claim 6. The proof of claim 6 is an easy application of the claims 4 and 5.
Since v passes through a puncturing fiber, there is a component of T N (4; x I),
say Tp, contains a puncturing fiber, then it must have level 0. We can inductive
define the level and e-level of each component of T N (4; x I) for every i. By our
assumptions on v, every component of T'N (A; x I) is regular. Thus, claim 6 follows

from repeated application of Claim 4 and 6. a

Claim 7. If k is large (compared with g and b), then z ¢ W(ka /21) forany z € T,

where T is as in claim 6.

Proof of claim 7. By claim 6, the level (or e-level) of the surface that contains z

is less than g + b. Thus, there is a short arc that contains z and connects both
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components of u x dI. However, if k is large, any short arcs must lie in m(Dg),

which contradicts our assumption on Dy.
O

Therefore, Claim 7 and our assumption that v has an end point lying in W(ka /21)0
OM give a contradiction. If p is a non-orientable compact surface, we can take a
double cover of p and the proof is the same. So, we have proved Lemma 2.6.3 in

the case that u is a compact surface.

Case 2. p is not a compact surface.

If 4 is not a compact surface, then u is carried by a normal incompressible
branched surface B whose boundary is a union of circles. By blowing air into each
leaf (i.e. replacing each leaf of u by an I-bundle over this leaf and then deleting
the interior of the I-bundle), we can assume that p is nowhere dense. Since B
carries a compact surface, F;. N N(B) cannot be transverse to every [-fiber of N(B).
Same as the case that p is a compact surface, we can assume that any [-fiber of
N(B) either transversely intersects Fj, or lies in Fj (we also call it a puncturing
fiber). By assuming that the branch locus L of B lies in the 2-skeleton, we can
view B as a union of normal disks. For each normal disk D C B — L, we denote
p (D) by N(D), where p : N(B) — B is the map that collapses every [-fiber to a
point. Suppose that V(D) = D? x I, N(D) N p = D? x C, where C is a nowhere
dense closed set in I, and suppose N(D) contains some puncturing fiber K. For
any r € K, there is a non-trivial simple closed curve [; on a leaf of x such that
z € Iz and [ NN (D) has only one component. Since p has no holonomy, there is an
embedding b, : S! x [—1,1] — N(B) such that bz(S* x {0}) = Iz, bz({q} x [-1,1])
is a sub-arc of an I-fiber of N(B) for any ¢ € S!, and b7!(p) is a union of parallel
circles. Suppose that b.(S! x [-1,1])N N(D) = a x J;, where « is an arc of D? (in
N(D) = D? x I) and J; is a sub-arc of an I-fiber of N(D) = D? x I. Let ¥, be a
small fibered neighborhood of the union of b;(S! x [—1,1]) and D? x J;. Note that
b’ is a product of an annulus and an interval I. We can assume that each I-fiber of
b’ is a sub-arc of an interval fiber of N(B) and ¥, Ny is a union of parallel annuli.
We call &, a thick band. By compactness, there are finitely many disjoint thick
bands in N(B) such that the union of these bands contains N(D) N x. Moreover,
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there are finitely many disjoint thick bands By, B»,... B, in N(B) such that, for
every puncturing fiber K, K N u belongs to U B;. Let B; = A; x I, where A; is
an annulus and {q} x [ is a sub-arc of an interval fiber of N(B) for any q € A;.

Let Bh41,--., Bnts be a small neighborhood of p~!(8B). Then B =A; x1I
(n+1< j < n+b) where A; is a small neighborhood of a boundary component of
0B and {q} x I is an interval fiber of N(B) for any q € A;. By our construction, we
can assume that u N B; = A; x C;. where C; is a closed infinite set in [ for each .

Similarly, since every leaf is dense in u, there are finitely many disjoint embed-
dings o; : ExI — N(B) (1 <i< mand E =[x [0,¢]), where [ is an arc, such

that:

1. o] '(u) = E x C!, where C! C I is a closed and infinite set,

13

[\
H

ai({q} x I) is a sub-arc of an interval fiber of N(B) for any q € E,

ai(((81) x [0,€]) x [) = ai(E x [) N (UTZPA; x [) C UTEY(DA; ) x I,

@

4op - U’H'bA x I —U™ ai(E x I) is a union of disks,

5. The intersection of each [-fiber of dA4; x I with U2 a;(E x [) has at most one
component.

LetQ = U’”"’A x NU(U%, @i(ExI)) and Q, = :'j{‘(acx )x NU(Ujz, ei((OE) %
I)). Since p — Q is a union of disks. there are finitely many disjoint embeddings
3i:DxI— N(B) (Disadisk and 1 < i < q), such that:

1. 37'(¢) = D x C”, where C? is a closed and infinite set in [ for each i,

1o

3:({p} x I) is a sub-arc of an interval fiber of N(B) for any p € D,
3. 3i(DxI)NQ = 3i((dD) x I) C Q,
Furthermore, we can assume that (J7_, 8;(D x I)) U matches perfectly to form

an I-bundle over another branched surface B’ and 8,N(B’) C §,. Otherwise, we
can replace A; x I by A; x I’ where I’ is a closed sub-interval of I, or modify a;

e

and G;. So, u is fully carried by N(B’). Since u is a measured lamination, by out
previous discussion, N(B’) must fully carry a compact orientable surface, which we
denote by S. It follows from our construction that S — Q is a union of disks. We
denote by A1, ..., A}, the collection of annuli in SN (U’ii1 Al x I), and denote by
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Ly,...,Lm the collection of disks in SN (2, ai(E x I)). Let S x J be a small
neighborhood of S in N(B’), where J is a small interval. Since p intersects each
a;(E x I) infinitely many times, we can assume that p N (4] x J) = A} x C (for
each i), where C is a closed and infinite set in J. Moreover, we can assume that
pN(L; x J) (for each j) contains L; x C for some closed infinite set C in J. Note
that N (L; x J) may contain components that are not parallel to L; x {t} (t € J).
In other words, some components of N (L; x J) may intersect L; x 9.J.

Now, we apply the same argument in the case that p is a compact surface. We
only need to replace x in that case by S, replace the N(c;) x I's in that argument by
a;(E x I)’s in this case, and replace the A; x ['s in that argument by -19 x I's here.
We can assume that the image of a cross disk, i.e., 7(Dy), lies in a tiny neighborhood
of a leaf of u. Since the intersection of every leaf of p with each L; x J contains
infinitely many components of the form L; x {t} (¢t € J), after choosing a sub cross
disk of Dy (with large size) if necessary, we can assume that w(D;) does not contain
a puncturing arc (defined as before) in any A} x J. Thus, m(Dp/q) must be ‘far
away’ from any puncturing arc, and hence the argument in the case that y is a

compact surface also works here.
O

Theorem 2.2, which is a generalization of Hatcher’s theorem, now follows easily

from Corollary 2.3.2 and Lemmas 2.6.1 and 2.6.3.

Theorem 2.2. Let M be an orientable and irreducible 3-manifold whose boundary
is an incompresstble torus, and let H be the set of injective surfaces that are embedded
along their boundaries and satisfy the 4-plane property. Suppose that M does not
contain non-peripheral closed incompressible surfaces. Then the surfaces in H can

realize only finitely many slopes.

Proof. Suppose that the surfaces can realize infinitely many slopes. Let {F,} be a
sequence of surfaces in H with different slopes. Since they have different slopes, by
Corollary 2.3.2, the surfaces in {F,} cannot be carried by finitely many immersed
branched surfaces. Then, by the argument is section 2.4, there exists a sequence of

cross disks from {F, } whose ‘limit’ is an essential lamination. However, Lemma 2.6.1
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and 2.6.3 imply that the surfaces in {F,,} cannot realize infinitely many slopes, which

gives a contradiction. a

As an application of Theorem 2.2, we will show that, in some sense, most 3-
manifolds do not have non-positive cubing. Theorem 2.3 gives the first non-trivial
examples of 3-manifolds that do not have non-positive cubing. Before we proceed,

we would like to prove a lemma.

Lemma 2.6.4. Let M be a closed and irreducible 3-manifold, S be an immersed
surface in M with the 4-plane property, and C be a homotopically non-trivial simple
closed curve that intersects S non-trivially. Then S—C is a surface with the 4-plane

property in M — C.

Proof. Let M be the universal cover of M and C be the pre-image of C in M. Then
M - C is a cover of M — C. and among any 4 components of S — C, there is a
disjoint pair. where S is the pre-image of S in M. Since each component of S —C is
embedded, among any 4 components of the pre-image of S—C in the universal cover
of M — C (i.e. the universal cover of M — C), there is a disjoint pair. Therefore,

S — C satisfies the 4-plane property in M - C. a

Theorem 2.3. Let M be an orientable and irreducible 3-manifold whose boundary
is an incompressible torus. Suppose that M does not contain closed non-peripheral
incompressible surfaces. Then only finitely many Dehn fillings on M can yield 3-

manifolds that admit non-positive cubing.

Proof. Let M(s) be the closed 3-manifold after doing Dehn filling along slope s, and
C, be the core of the solid torus glued to M. Then, except for finitely many slopes,
Cs is a homotopically non-trivial curve in M(s). Suppose that M(s) admits a non-
positive cubing. For each cube in the cubing, there are 3 disks parallel to the square
faces and that intersect the edges of the cube in their mid-points. These mid-disks
from all the cubes in the cubing match up and yield a union of immersed surfaces.
Moreover, the complement of these immersed surfaces in M(s) is a union of 3-balls.
Aitchison and Rubinstein have shown that these surfaces (and their double cover in
M () if they are one-sided) satisfy the 4-plane property. Since C; is non-trivial and

the complement of these surfaces is a union of 3-balls, C; must non-trivially intersect
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at least one of these surfaces. Hence, by Lemma 2.6.4, there is an injective surface
in M that satisfies the 4-plane property and has boundary slope s. By Theorem 2.2,
there are only finitely many such slopes. Therefore, the theorem holds. 0
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Chapter 3 Immersed surfaces in hyperbolic

3-manifolds

3.1 Introduction

An important question in 3-manifold topology is whether a closed 3-manifold con-
tains m)-injective surfaces. Embedded m-injective surfaces give a lot of information
about 3-manifolds. e.g. [35]. But unfortunately, in some sense, most 3-manifolds
do not contain embedded w;-injective surfaces [19]. The main goal of this paper
is to prove the contrary to [19] for immersed surfaces. i.e. (in some sense) most

3-manifolds do contain a surface subgroup.

Theorem 3.1. Suppose X is a hyperbolic 3-manifold whose boundary is a single
torus. Then all but finitely many Dehn fillings on X produce 3-manifolds containing

| -injective surfaces.

This theorem was also proved by Cooper and Long (8] earlier using different
methods. The proof that we give here is topological, and an advantage of this
approach is that it gives an explicit bound on the number of exceptional surgeries.
Theorem 3.1 follows directly from Theorem 3.2 by the deep results in [11, 10]. See
below for definitions of X(u) and A(g,s).

Theorem 3.2. Suppose X is a hyperbolic 3-manifold whose boundary is a single
torus, and S is a two-sided, embedded, incompressible and d-incompressible surface
with boundary slope s, and S is not a virtual fiber of X. Then there ezists a num-
ber [ such that X(u) contains my-injective surfaces for any boundary slope p with
Ap,s) 2T

Proof of Theorem 3.1 from Theorem 3.2. It follows from [11, 10] that X contains
such incompressible surfaces with at least two distinct boundary slopes arising from

the splitting of w;(X) associated with the ideal points of certain algebraic curves.
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Then by Proposition 1.2.7 of [10], the fundamental groups of the splitting sur-
faces cannot be normal subgroups of m(X). hence they are not virtual fibers and

Theorem 3.2 implies Theorem 3.1. a

In this paper, we will mainly prove Theorem 3.2. Unlike (8], we do not actually
use the hyperbolic structure. The only thing that we need is that 7 (X) has no non-
peripherai Z & Z subgroups, which is equivalent to saying that :Y has a complete
hyperbolic structure by Thurston [34]. Moreover, we will give an explicit bound to

the number of exceptional surgeries.

Theorem 3.3. In theorem 3.2, I’ can be chosen to be an erplicit linear function of

the genus and number of boundary components of S.

The idea of the proof is to construct a closed surface from S by connecting pairs
of the boundary components of S using long annuli that wind around dX. By some
combinatorial arguments. we show that if both the number of times that the annuli
wind around 90X and the distance between the surgery slope and the slope of 9S
are large, then this closed surface is m|-injective. Notice that the immersed surface
constructed has no triple points.

The techniques in this paper have been used on embedded incompressible sur-
faces in various papers (e.g. (28, 10]). The simplicity of the immersion in our
construction allows us to apply them to this case. The idea of closing up boundaries
of surfaces using long annuli was introduced by B. Freedman and M. H. Freedman

in [13], and extensively used in [9, 7, §].

Notation. Let a,3 be two slopes on the boundary torus of X. X(a) denotes the
closed manifold by Dehn filling along a, i.e., by adding a two-handle to X along a
simple closed curve with slope a and then capping off the resulting 2-sphere bound-
ary component with a 3-cell. A(a, ) denotes the minimal geometric intersection
number between two closed curves representing @ and 3. N(E) denotes a small
regular neighborhood of E, and |E| denotes the number of components of E. We

use both }:.*',' and int(£) to denote the interior of E.
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3.2 I-bundle regions

Definition 3.2.1. Suppose that M is an irreducible 3-manifold with boundary, and
Ay, ..., A, are disjoint annuli in @M such that M — |J;_, A: is incompressible in
M and the vertical arcs of each annulus cannot be homotoped rel boundary into
OM —\Ji_, Ai. Let i : D=1 x I — M be a proper map. We call i a product disk
of (M, A), if i(8I x I) is a pair of vertical arcs of A = |J;_; Ai and i(I x ) is a
pair of immersed arcs in M — A which cannot be homotoped rel boundary into A.

We call {p} x I a vertical arc of the product disk for any p € I.

By our definition, any vertical arc of a product disk cannot be homotoped rel
boundary into M — A.
The following lemma is a simple case of the characteristic pairs in (24, 21]; see

also [25|. For completeness. we give a proof here.

Lemma 3.2.1. Let (M, A) be as above. Then there is a mazimal I-bundle region J

in M such that any product disk can be homotoped into J.

Proof. First, we will show that there exists such a region J for embedded product
disks. Given any two embedded product disks, by the standard cutting and pasting
argument, we can assume after isotopy that their intersection is a union of vertical
arcs. So, in our proof. we always assume that the intersection of any two embedded
product disks is a union of vertical arcs.

We start with A and an embedded product disk D;. We thicken them a little to
get a small neighborhood of the union of A and D, which is clearly an [-bundle.
We call it J;. Assume that we have constructed Ji, which is a neighborhood of the
union of Dy, Ds,...,D; and A. If there is still an embedded product disk Dy
that cannot be isotoped into Ji, then we let Ji.; be a neighborhood of the union
of Dy,...,Diy; and A. Since Di,; cannot be isotoped into Ji such operations
increase the Euler characteristic of the non-disk components of M — Ji.. Thus the
operations must stop at a certain stage, and we get an I-bundle J’ such that any
embedded product disk can be isotoped into J'.

Furthermore, suppose some component of dM —J', say D, is a disk. Then by the
definition of a product disk, each fiber of J’ cannot be homotoped rel boundary into
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OM — A, and hence D together with the fibers of J’ incident to 4D is a disk, denoted
by D’. Since M — A is incompressible, D’ bounds a disk D” in dM — A, and
D'u D" bounds a 3-ball because M is irreducible. Therefore, by adding such 3-balls
to J’, we can enlarge J' to another [-bundle J with canonical fibration such that
no component of M — J is a disk. We call (OM — A) N J the horizontal boundary,
which we denote by d,J, and dJ — 9y J — A the vertical boundary of J, which we
denote by 9,.J. Notice that M — J does not contain any embedded product disks
with respect to (M — J,8,J).

Now we show that any product disk can be homotoped into J. Let i : P =
I x I — M be a product disk. Then i~!(8,J) is a union of disjoint simple arcs and
simple closed curves in P since dJ is embedded in M.

If there are simple closed curves in i~!(8,J), we choose an innermost one which
bounds a disk A in P. Then i(dA) is 2 homotopically trivial curve in the vertical
boundary of J. and i(A) lies in J (or M — J). Since my(M) is trivial, we can
homotope i(A) to a point on d,J and move it out of J (or M — J) reducing the
number of components of i~!(d,J). Hence, we can assume that i~!(8,J) does not
contain any simple closed curves.

Since i(dI x I) ¢ A C J, each component of i~!(8,J) is either a vertical arc of
P or an arc with both endpoints on the same component of [ x dI. In the latter
case. we choose an outermost such arc, say a. « together with a subarc of [ x 91,
say 3, bounds a disk ¢ in P. Now i(a) is a d-parallel arc in d,,J and, since M — A
is incompressible and M is irreducible, i(3) is a d-parallel arc in dpJ (or OM — J).
Since wa(M) is trivial, we can homotope i(d) out of J (or M — J) reducing the
number of components of i~!(8,J). So we can assume that i~!(8,J) consists of
only disjoint vertical arcs in P.

If P cannot be homotoped into J, then i~!(M — J) is a collection of rectangles
of the form [a,b] x I in P, where [a,b] is a subinterval of I. ¢ restricted to each
of these rectangles is a product disk of (M — J,9,J). By doing some cutting and
pasting to P and 8,J, we get an embedded product disk in M —J, which contradicts
the assumption that J is maximal. Thus any product disk can be homotoped into

J. a
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Notation. Let S be an orientable surface and R C S be a subsurface of S with S C
R. Let R’ = RU(disk components of S—R), and R = R’ — (disk components of R).
We define an equivalence relation: R; ~ R, if R, and R, are isotopic in S.

Denote the set of surfaces equivalent to R by [R].

Proposition 3.2.2. Suppose Ry, R2 are subsurfaces of S, and 3S C Ry NRy. Then
there erist R| € [R)] and R € [Ra] such that if a non-trivial curve can be homotoped

into each of R| and R, it can be homotoped into R} N R5.

Proof. If S is a disk or an annulus, then the proof is trivial. So, we can assume
that S is a hyperbolic surface with geodesic boundary. For simplicity, we only
consider the case that B, and R, are connected. By our definition, there are no disk
components in S — R;. We isotope R, and R, to be subsurfaces of S with quasi-
geodesic boundaries as follows. If S — R; (i = 1 or 2) contains annular components,
we isotope R; such that the annular components are e-neighborhood of geodesics for
some small . For other boundary components of R;, we first isotope R; so that these
boundary components are geodesics, then enlarge R; by adding a 2e-neighborhood
of the geodesics to it. By choosing € small enough, we can assume that there is no
overlapping of R; with itself, i = 1,2.

For any nontrivial curve of S which can be homotoped into both R; and R,, we
first homotope it to be a geodesic. It then lies either in both surfaces constructed
above or in an annular component of S — R,-, for some i. In the later case we
homotope the curve out of the e-neighborhood so that it still remains in the 2e-
neighborhood of the geodesics. By our construction, it lies in the intersection of the

two surfaces. a

Let Ry, Rs, R|, R} be the surfaces of Proposition 2.2. We denote [R] N RY] by
[Ri] N [Ro]. To simplify our notation, we do not distinguish between [R] and a

properly chosen element in [R].

Definition 3.2.2. Let X be an irreducible 3-manifold whose boundary components
are tori, S be a two-sided, incompressible, d-incompressible, embedded surface in
X, and M be the 3-manifold obtained by cutting X along S, ie, M = X — 1(\,1' (S
(M may not be connected). Let A =90X — f\'r(aS) be a union of annuli in M. We
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call a map i : [ x [0,n] — X an essential rectangle of length n, if  intersects S

transversely and i[/x [k k+1] is @ product disk of (M, A) for each k € {0,1,...,n—1}.

The following lemma is important to our proof. The same result was proved in

(7] for the non-separating case.

Lemma 3.2.3. Let X be a hyperbolic 3-manifold whose boundary is a single torus
and S be a two-sided, incompressible, d-incompressible surface in X. Suppose S is
not a virtual fiber. Then there erists a number P(S) € N such that the length of
any essential rectangle is less than P(S), where P(S) = 6g + 1b —6 and g,b are the

genus and the number of boundary components of S.

Proof. We assume that S is separating. If not. we can take S together with a parallel
copy of S (disconnected) to be our surface.

Let M, and M, be the closures of the two components of X — S. and let M
be the disjoint union of M, and Ms. Let 4; = M;N3dX for ¢ = 1.2. Then
M| — A} = IMs —- As.

Let J; be the maximal /-bundle region of (M, A;) constructed in Lemma 3.2.1.

Let S; = J; N (OM; — A;) be the horizontal boundary of J; for i = 1,2. Note that
S; and dM; — A; — S; have no disk components. We can also assume that A; C J;.
Define 7; to be an involution of S; such that ; : pg — p;, where pg and p; are the
endpoints of a fiber of J;, i = 1 or 2.

If J; = M; for both i. then both M, and M5 are I-bundles. Hence m(S)
is a normal subgroup of 7 (X) and S is a virtual fiber. So we can assume that
Sy # dM, — A,. Let ¢ : M, — Ay — OM, — Aa be the gluing map, then X =
MyUMs/z ~ ¢(z). For any S’ € [S;], we can isotope J; so that J;N(OM; — 4;) = s
and define 7; coherently. So we do not distinguish between (S;] and an element in
the equivalent class and always use J; for the coherent [-bundle.

Let T} = [Si], Ty = n1([S1] N [~ o 72([Sa] N [@(Tk)))]), and Ticty = [Tk] N [TY]-
Claim. (Tk] 2 [Tk+1] for any k unless [Ti| = [0A;], where [0A,] is a small neighbor-
hood of 8A; in dM; — A;.

Proof of the claim. We have [Tk] = ¢[Tk] 2 [So]N[p(Tk)] = ¢~ Lo ([S2]N[p(Tk)]) 2
(Sulnle="ora((SaNGe(T)] = [TY] 2 [TeN(TL] = [Tes]. Equalities hold if and only
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i [o(T)] = [S2l N [p(Te)], [o™ o ra([Sa] V(T = [N [p~* oma([Sa] N (TID],
and [T}] = [Ti].

If [Tis1] = [Tk] and [Tk] # [0A,] for some k, then there exists a boundary
component v of [T;] such that v is not parallel to dA;. Note that v is a non-trivial
curve by our construction. Hence ¢(v) is a boundary component of [p(Tk)] =
[Sa] N [p(Tk)], and 71 = 110 ¢~ 0 T2 0 (%) is a boundary component of [T}] = [Ti].

By our construction, § U 7;(4) bound an annulus or Mdbius band in J; for any

simple closed curve 6 in S;. Hence, if v is isotopic to v;, we can close up the two

Lomop(y)Um to get

1

annuli or Mo6bius bands bounded by ¢(v) U7 o ¢(v) and ¢~
a torus or Klein bottle in M. If 4 is not isotopic to %) then y9 = 1o~ om0 (1)
is also a boundary component of [Ti|. In this way, we can define +; for any i. Since
[Tk] has only finitely many boundary components, there exist i # j € N such that v;
is isotopic to ;. So we can always close up some annuli or Mdbius bands to get an
immersed torus or Klein bottle. We shall show that the immersed torus (or Klein
bottle) is 7 -injective.

To simplify notation, we do not distinguish between the torus (or Klein bottle)
and its image in X under the immersion and denote both by T'. The %;’s are parallel
non-trivial curves in T and their images are non-trivial curves in S. Since S is two-
sided and incompressible. the «4;’s are non-trivial in M. If the immersion is not
m-injective, then there is a non-trivial curve, say v/, in T which intersects each ¥;
non-trivially and is mapped to a trivial curve in M. By our construction of T, we
can homotope v’ so that it consists of vertical arcs of J; and J5. Now that 4’ bounds
a disk D’ in M. The pull-back of the intersection of D’ with S is a collection of
simple curves in D’. By using homotopies as before we can assume that there are
no simple closed curves in D’. We then choose an outermost arc. This arc together
with a subarc of 4’ bounds a subdisk in D’. This subdisk is mapped to either M,
or My, which means that the subarc of 4’ (i.e. a vertical arc of J;, by assumption)
can be homotoped rel boundary into dM; — A;. This contradicts our assumption on
J;. Hence the immersion is m;-injective.

Now we show that <; is not homotopic into dX. Note that, since S is m-
injective, any non-trivial and non J-parallel curve in dMy — A, (h = 1 or 2) is not

homotopic into A in M}. Suppose that -; is homotopic into X in X. Then there
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is an immersed annulus f : E = S! x [0,1] — X such that f is transverse to S,
fH8X) = S' x {0}, and f(S! x {1}) C int(M,) is a curve parallel and close to 7.
Thus f~}(S) N S! x {1} = 0. Since S is incompressible and d-incompressible, by
some homotopies, we can get rid of trivial circles in f~!(S) and those arcs in f~}(S)
with both endpoints on S! x {0}. Hence, we can assume that f~!(S) is a union of
disjoint meridian circles in E. Since v; is non-trivial and non J-parallel in S, the
image of each component of f~!(S) is non-trivial and non -parallel in S. Let Eg
be the component of E — f~!(S) that contains S! x {0}. Then f|g, is an annulus
connecting A, (h =1 or 2) to a non-trivial and non J-parallel curve in M}, — Ap,
which gives a contradiction. Therefore, we get a mj-injective and non-peripheral

torus in X, which contradicts the hypothesis that X is hyperbolic.
a

It is easy to see that if (Tk+1] & [Tk| then there exists a non-trivial simple closed
curve ay in [Ti41] — [Tk]. Moreover, we can choose the simple closed curves such
that ; is not parallel to a; if i # j. By an Euler characteristic argument, there
are at most 3g + 2b — 3 disjoint, essential and non-parallel simple closed curves in
AM, — A,. By our assumption that S} # M, — A, there is at least one non-trivial
simple closed curve in M| — 4; — S). Hence if £ > 3g +2b -3, [Ti] = [0A,].

Let i : I x [0,n] — M be an essential rectangle of length n. Suppose

i|rx(o.1) is a product disk of (M, A1), (3.1)
ilrx[1.2) is a product disk of (M2, As), (3.2)
i|rx[2,3] is a product disk of (M, A1), (3.3)
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By (1), i(Ix({1}) € [T,

by (2). i x {1}) € [S2] N [(Th)],
i(I x {2}) € ma([S2] N [p(T1)]),

by (3), i(I x {2}) € [Si| Nt o ma([S2] N [(T1)]),
il x {3}) € [T} N [T1] = [T2],

Thus. if n > 2(3g+2b—4) + L i(I x {2(3 +2b—4) + 1}) € [Tagra-3] = [0A1],

which contradicts our definition of a product disk.
Hence we have n <2(3g +2b - 4).

Similarly, if i(f x [0.1]) is a product disk of (Ma, A2) and Jy = Ms then we get

n <2(3g + 2b — 4) + 1. So in any case., we have
n<bg+4b-7.

a

Corollary 3.2.4. Let X be a hyperbolic 3-manifold whose boundary is a single torus
andi: (S,9S) ¢ (X,0X) a wy-injective surface. Suppose there is a constant C € N
such that the genus of S is less than C. Then there are only finitely many possible
slopes for the boundary circles of i(9S).

Proof. Let S’ be an embedded, two-sided, incompressible, d-incompressible surface
in X and suppose S’ is not a virtual fiber. Let the boundary slope of S’ be s and
the boundary slope of i(9S) be p. As in the proof of Theorem 3.1 it suffices to show
that A(u, s) is bounded.

The components of i~!(S’) are disjoint simple arcs or simple closed curves in S
because S’ is embedded. Let g be the genus of S and b be the number of boundary

components of S. Then i~!(S’) consists of at least %bA(,u,s) simple arcs in S. By
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an Euler characteristic argument, there are at most 6g + 3b — 6 disjoint nonparallel
nontrivial simple arcs in S. Since g < C, if A(y, s) is large, there are many parallel
arcs in S and we get an essential rectangle with large length violating Lemma 3.2.3.

So A(p, s) cannot be too large. a

Remarks. 1. In [2] and [31], it was shown that for many 3-manifolds with boundary
a torus there are infinitely many boundary slopes realizing m-injective surfaces.
Corollary 2.4 says that as the boundary slope increases, the genus of the surface
increases.

2. Corollary 2.4 is not a deep result. The following elegant argument is due
to Dave Gabai. Let X be a hyperbolic 3-manifold with a single cusp and let S be
a m)-injective surface mapping cusps to cusp. Suppose S has the least area in its
homotopy class. Then. by Gauss-Bonnet, Area(S) < —x(S) =29 —2+b. On the
other hand, we let T be a horospherical torus in X. Then SN T is a union of b
closed curves (in T) of length at least [, where [ depends on the slope of the closed
curves. By hyperbolic geometry, the area of the cusps of S is at least kbl, where k is a
constant and b is the number of cusps of S. Hence we have kbl < Area(S) < 2g—2+b.

Since g is bounded, ! cannot be too large and S can realize only finitely many slopes.

3.3 Construction of the injective surfaces

Let X be a hyperbolic 3-manifold whose boundary is a torus and S be a two-sided,
incompressible, d-incompressible, embedded surface which is not a virtual fiber. As
before, we assume that S is separating; otherwise we take S together with a parallel
copy of S (disconnected) to be our surface. For simplicity we only consider the case
that S has two boundary components. The proof is similar for the case that S has
more than two boundary components.

Let T2 x I be a product neighborhood of X and S’ be a parallel copy of S. We
construct our immersed surface T by connecting the two circles of (S’ —T?x I) using
an annulus that winds (in 72 x I) around X K times as shown in Figure 3.1 (a).
Thus TN S is a collection of 2K d-parallel disjoint simple closed curves. We call

this annulus the long ennulus.
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We define a retraction map m : X — X — T2 x [ by fixing points in X — T2 x [
and mapping every interval {p} x I of T2 x I to the point (p, 1), where p € T>.

Lemma 3.3.1. If K > P(S) + 1 then T is m -injective in X.

Proof. Suppose not, then there exists an immersed closed curve [ in T such that [
is contractible in X but not contractible in T

Let p be the number of arcs in the intersection of [ with the long annulus. Notice
that p > 1 since S is incompressible and two-sided. We homotope [ to minimize p
and the number of points in its intersection with S.

Since [ is contractible in X, there is a map j : D — X such that j(dD) = [,
where D is a disk. We see that || N S| = 2Kp and j~!(S) is a collection of disjoint
simple arcs in D since S is embedded.

The two circle components of (S’ — T* x [I) divides ! into 2p subarcs, namely
ap, B, a2,39, .... ap,B3p, where Uf=l(ai U G;) = aD, j(B;) is a subarc of [ lying
entirely in the long annulus and j(a;) is a subarc of [ lying entirely in S’. Thus
i~YS)naD c P, i and |j~1(S) N Gi| = 2K for each i. We call the a;'s a-arcs,
and the 3;'s 3-arcs. These a-arcs and 3-arcs appear on 9D alternately.

Claim 1. There are no arcs in j~!(S) whose endpoints are both in the same g;.
Proof of claim 1. Suppose there are such arcs. We choose an outermost one, say ~;
then ~ together with a subarc 3 of 3; bounds a bigon in D. Hence 7 o j(v) must
be a d-parallel arc in 7(S). Since ~ is outermost and S is d-incompressible, both
endpoints of j(,é) must lie in the same component of TN S and j(int(ﬁ)) ns =20
So we can homotope [ to have fewer points of intersection with S, which contradicts
our assumption. This proves claim 1.

We call an arc in j~!(S) a long arc if it cuts D into two components such that
each of them contains at least two a-arcs.

Claim 2. There exists a k € N such that the endpoints of no long arc lie in S.
Proof of claim 2. Consider all the long arcs of j~!(S) in D and choose an outermost
one. This together with a subarc of 3D bounds a bigon that does not contain long
arcs. Suppose the bigon contains arcs a and oy, then [ is as needed because
7~Y(S) consists of disjoint simple arcs. This proves claim 2.

Consider all the arcs with an endpoint in B (Bk as in claim 2). By claim 1, the
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(a) (b)

Figure 3.1:

other endpoint of such an arc must lie in either 3x_; or 3;. Since |G Nj~(S)| =
2K, we have at least K parallel arcs which are all parallel to o (or ck.;), as shown
in Figure 3.1 (b).

Notice that mo j(ax) is not a d-parallel arc in 7(S’); otherwise we can homotope
[ to have fewer points of intersection with S. Thus the images of the K arcs which
are parallel to o (or ary;) are essential arcs in m(S). Hence we get an essential
rectangle of length K — 1 > P(S) with respect to the 3-manifold 7(X) and surface

7(S), which contradicts Lemma 3.2.3. a

Proof of Theorem 3.2 and Theorem 3.3. We will prove that the surface T constructed
at the beginning of this section is m-injective in X(u) if both A(u,s) and K are
large.

Suppose not, then there exists a closed essential curve [ in T contractible in
X(u). Hence for any ¢ > 1 there is an immersion j : P & X, where P is a planar
surface with k£ + 1 boundary components, 9P = Uf__:o Di» j(po) = [ and j(pi) is an
immersed curve of slope i in dX. We assume that [ has been homotoped to have the
fewest points of intersection with S and k& (2 1) is the minimal number for all such

planar surfaces. The case where k = 0 follows from Lemma 3.3.1. Now j~}(S) is a
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union of disjoint simple arcs or simple closed curves in P because S is embedded.
By the same argument as before we can assume that there are no trivial circles in
P.

Claim. There are no J-parallel arcs in P with both endpoints on the same p; for
any ¢ > 1.

Proof of the claim. Suppose there are such arcs. We choose an outermost one, say
~. which together with a subarc v’ of p; bounds a bigon in P. Hence j(v) can be
homotoped rel boundary into dX. Since S is d-incompressible, both endpoints of
j(7') must lie in the same component of S and j(int(¥')) N S = 0 (because v
is outermost). So we can homotope p; to get fewer points of intersection with 95,
which contradicts our assumption. a

Let B be the subset of j~!(S) consisting of arcs with at least one endpoint on p;
for some i > 1. Since j(p;) is a curve of slope p in dX for i > 1, j(p;) intersects S in
at least 2A(u. s) points (we have assumed that S has two boundary components).
Hence |B| > kA(u. s). By an Euler characteristic argument. the maximal number of
non-paralle] arcs in Pis3k—3ifk > 1, and 1l if k = 1. So. if |B| > kA(p.s) 2 3kN,
there are at least NV + 1 arcs in B which are parallel to each other. Let dg,d;,....dnN
be the V + 1 parallel arcs.

Case 1. The N + 1 parallel arcs have endpoints on p; and p; with both i, j > 1.

Recall that by our construction j(p;) C9X if i > 1.

Suppose j(d;) is a d-parallel arc in S for some i. Then we can homotope j(9;)
to X, then cut along d; to get a map of a planar surface with fewer boundary
components, which contradicts our assumption.

Therefore j(J;) is an essential arc for every ¢ and dg, d1,....dy form an essential
rectangle of length N. By Lemma 3.2.3, if N > P(S). no such essential rectangle
exists.

Case 2. Each of the N + 1 parallel arcs has one endpoint on pg and the other
endpoint on p; for some ¢ > 1.

As in the proof of Lemma 3.3.1, we divide po into segments ay,fi,...,aq, Bq,
where po = J7_,(a: U 6;) and each j(3;) is a subarc of { lying entirely in the long
annulus, and each j(o;) is a subarc of ! lying entirely in the surface S’. We call the

a;'s a-arcs and the §;'s (-arcs.



59

(a) (b)

Figure 3.2:

doUdn together with a subarc o of pg and a subarc p of p; form a quadrilateral Q
in P (see Figure 3.2 (a)). By the claim. there are no arcs in Q with both endpoints
on p. So the arcs of j~!(S) — B in Q are arcs with both endpoints on . By the
claim 1 in Lemma 3.3.1, there are no arcs in Q@ with both endpoints on the same
d-arc. As in the proof of Lemma 3.3.1, we can assume that there is no long arc in
Q, i.e., no arc cutting off a bigon in Q which contains at least two a-arcs.

Next we choose K and N such that 2K > 3P(S)+1and N+1 > 2K +2P(S)+1.
Since each (-arc contains exactly 2K endpoints of arcs in j~!(S), there is at least
one a-arc in Q.

Suppose there are at least two a-arcs, say a; and ap4, in Q (by choosing N
larger, we can always ensure that.). Then all the arcs with one endpoint on S are
contained in Q. As in the proof of Lemma 3.3.1, there are at most P(S) arcs parallel
to ai Or ak41; otherwise we have an essential rectangle of length P(S). So there
are at least 2K — 2P(S) > P(S) + 1 arcs with one endpoint on G; and the other
endpoint on p, as shown in Figure 3.2 (b). If the images of these P(S)+1 arcs under
the map 7 o j are not trivial in w(S), we get an essential rectangle of length P(S),
which contradicts Lemma 3.2.3. Therefore we assume that they are trivial arcs in
7(S).
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Since N +1 > 2K +2P(S) + 1, we have at least P(S) + 1 parallel arcs in B with
one endpoint on G+ (or Bk—1). Again we assume the image of these parallel arcs
under 7o j are trivial in 7(S); otherwise it contradicts Lemma 3.2.3.

Let U;"fl l; = T NS, where each [; is a simple closed curve. Then by our
construction of T and assumption on [, the intersection of each §; with TN S
appears either in the order (with respect of a certain orientation of {) ly,la, ..., lag
or in the order lag . lag—1,....l1. An arc that has one endpoint in the central portion
of 3y or B4y (or Bi.—1) must have the other endpoint on p, and hence is one of the
N + 1 parallel arcs that we considered above (see Figure 3.2 (b)). The reason is
that we cannot have too many arcs parallel to the two a-arcs adjacent to this (-arc;
otherwise we will get a long essential rectangle. So it is easy to see that there must
be an arc §; with 6; N8, = a and an arc §; with §;NGxs; = b such that j(a) and j(b)
lie on the same simple closed curve component of TN S. Since by our assumption
7o j(d;) and 7o j(d;) are trivial arcs in 7(S), we can homotope j(d;), moving j(a)
along the simple closed curve component of T N S to j(b) and closing up j(4;) and
J(d;), as shown in Figure 3.3, to get an immersed annulus in X.

One boundary component, say ¢’, of this immersed annulus is mapped into T
and the other boundary component is mapped into X with slope different from
that of 8S. Notice that there is exactly one a-arc between 4; and §; in Q. If o’
is mapped to a trivial curve in T'. then the a-arc between é; and J; must be a 0-
parallel arc in S’, and we can homotope { to get fewer points of intersection with
S. which contradicts our assumptions. So ¢’ is a non-trivial curve in T. Now the
simple closed curve component of T N S containing j(a) and j(b) together with a
boundary component of dS bounds another annulus in S, and the intersections of
the two annuli are vertical arcs in both of them. Therefore we get two elements in
m1(T) simultaneously homotopic to two curves in dX of different slopes. Since T is
m-injective in X and clearly T is not peripheral, Z&Z is a non-peripheral subgroup
of m1(X). This contradicts the hypothesis that X is hyperbolic.

So, as long as 2K > 3P(S)+1and N+1 > 2K +2P(S)+1 (i.e. N > 5P(S)+1),
T is m-injective in X (). Recall that we have chosen kA(p,s) > 3kN toget N +1
parallel arcs. Hence it suffices that A(y,s) > 3N > 15P(S) + 3.

If Q contains exactly one a-arc, then as in the proof of Lemma 3.3.1, there are
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boundary of X

Figure 3.3:

at most P(S) arcs parallel to this a-arc. Since N > 2K + 2P(S), incident to each
3-arc that is adjacent to this a-arc, there are at least 2P(S) arcs belonging to the

set of the V + 1 parallel arcs that we considered above. Now the proof is as earlier.

O

Remarks. If S has more than two boundary components, then |B| > %kA(/J., s). In
this case, there are % long annuli and we need j(a) and j(b) to be on the same long
annulus. Hence the factor b will be canceled and we get a bound for A(y,s) that is

a linear function of g and b.
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