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Abstract

Let E be a Banach space. The mapping ¢t — T'(¢) of R (real numbers) into £,(E), the
Banach algebra of all bounded linear operators on E, is called a strongly continuous
group or a Cy-group, if G = {T'(t) : t € R} defines a group representation of (R, +)
into the multiplicative group of Ly(F), and if Vf € E,

lim |[T()f — fll = 0.

For example, if E = Cp(R), the function space which consists of all continuous,
complex functions that vanish at infinity, then (V¢ € R) (Vf € Co(R)), the function
T(@t)f(z) = f(z+ 1),  €R, defines a strongly continuous group, since each f € E'is
uniformly continuous; this group is called the translation group. If we now consider
E = B(R), the space of bounded, continuous complex functions on R, then although
the translation group on E is not strongly continuous, it is strongly continuous on the
subspace BUC(R) of E, which consists of bounded , uniformly continuous functions.
BUC(R) is the largest subspace of E on which the translation group is strongly
continuous.

The adjoint family of a Co-group defined on a Banach space F, need not be
strongly continuous on the Banach dual E* of E. Let E® (pronounced E-sun) be the
largest linear subspace of E* relative to which the adjoint family is a Cq-group:

E® ={p€E" :lm|T"(t)s — ull = 0}.

E©® is called the sun-dual or sun-space of E. If E = Cy(R), then it follows from
a well-known result of A. Plessner that E® = L!(R) ([Ple]). This research paper
contains a characterization of the sun-dual of BUC(R) and of the subspace W AP(R)
of BUC(R), which consists of weakly almost periodic functions on R.
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Chapter 1 Introduction

Let R be the field of real numbers. Suppose G = {T'(t) : t € R} is a family of maps
such that for each t € R, T(£) translates R by ¢, ie., T(t)zx =z +t,z € R. Then G
is called a regular representation of the additive group of R.

Suppose X is a real or complex linear function space which has the property that
if f(z) € X, then f(zr +t) € X. Then we can extend the family G to a group of

operators defined on X in such a way that the action of G on X is given by translation:
VfeX, T(t)f(z)=flz+t).

Note that G now has the following properties:
(1) T(0) = I, where [ is the identity operator,
(2) Vs,teR, T(s+t)=T(s) T(t) =T(t) T(s).

Let £(X) be the group of all linear operators that act on X. Since R is a group,
then V¢ € R, the inverse (T(¢))~! exists in £(X) and

(3) (TE)~' =T(-1).

Observe that G is a group representation of (R, +) into the multiplicative group of
L(X).

Suppose that (X, || - ||) is now a Banach space of functions defined on R, and that
G is now a family of bounded, linear operators on X. If in addition to properties
(1-3) above, G also satisfies,

(4) Vf € X, lime o [T(t)f - fll =0,

then G is called a strongly continuous translation group or a translation Cy-group.

For example, if X = Cp(R), the space of continuous functions which vanish at infinity,
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and the norm on X is the supremum norm, then
IT()f - fll =Slelglf(1‘+t) —f(z)| > 0ast—0, (1.1)

since each f € Co(R) is uniformly continuous.

Let B(R) be the space of bounded, continuous, complex-valued functions on R.
The function g(z) = sin(e*) is a bounded, continuous function on R, but it is not
uniformly continuous. For if z; = log(7k) and z} = log(7k + %), then |z — x| — 0,
but |g(zk) — g(z%)] = 1. It follows that the quantity [|T(t)g — g||, does not tend to
zero as t — 0.

We can conclude from the above example that a function f € B(R) satisfies
properties (1-4) if and only if f is uniformly continuous. Consider the subspace
BUC(R) of B(R) consisting of all bounded, uniformly continuous, complex-valued
functions on R; then B(R) 2 BUC(R) 2 Cy(R); moreover, BUC(R) is the largest
subspace of B(R) for which the translation group is a Cy-group.

The adjoint family of a Cg-group defined on a Banach space X, need not be a
Co-group on the dual space X* of X. To see this, consider again the space Co(R). The
dual Cj(R) of Co(R) is identified with the space M(R), which consists of all bounded,
regular, complex Borel measures on R, with norm equal to total variation over R
(Riesz representation theorem). If G is the translation group and 4. is the point
measure at z € R, then §, € C5(R). The action of the dual family {T™(t) : £ € R} on
6. is given by the dual relation:

(fibz4e) =(T(£)f,62) = (f, T"(£)6z), f € Co(R),
so T*(t)0 = 6z4¢; from whence it follows,
IT"(¢)6z — 6z|| =2 when t # 0.

Let X© (pronounced X-sun) be the collection of all bounded, linear functionals



in X* with the following property:
X® ={pe X : Im|T*(t)u ~ pll = 0}

Then X© is a closed, linear subspace of X* ([Phi]). For example, consider the space
Co(R); it is well-known that C(R) is identified with the space L!(R). That is,
i € C3(R) exhibits ‘the strong continuity property’ if and only if u is absolutely con-
tinuous with respect to Lebesgue measure ([Ple]). Note that the ‘sufficiency portion’
of this result follows from the fact that Lebesgue integrable functions are L!-mean-

continuous, i.e., if f € L'(R), then

o

lim |[f(z +t) — f(z)| dz = 0.

t~0 J_

The primary focus of this work is to characterize BUC®(R); Chapters 2-4 and
Chapters 6 and 8 are devoted to this objective. Chapter 2 is divided into two parts;
the first part contains definitions and theorems in Banach lattice theory and the
second part contains an application of this theory to the space BUC(R). It is via
lattice theory that we determine an important property of the norm on BUC*(R)
that enables us to provide the first of three characterizations of BUC*(R):

BUC*(R) = BUC®(R) & (BUC®(R))?,

where (BUC®(R))? is the disjoint complement of BUC®(R) (Definition (v)b). We
utilize the above representation in the proof of our main result, Theorem A. In
Chapter 3 we employ the theory of commutative Banach algebras to determine a
second characterization of BUC*(R): Let Q2 be the maximal ideal space of BUC(R)
and let C*(2) be the Banach dual of the space of continuous functions defined on ;
then C*(Q2) is identified with the space M(2), which consists of bounded, regular,



Borel measures on 2, and
BUC*(R) =C"(Q) = M(Q).

Chapter 4 is pivotal; we not only give a third characterization of BUC*(R):
BUC*(R) = Cy(R) ® G5 (R),

but we use this characterization to show the existence of nonzero linear functionals

¢ € BUC*(R) that vanish on Cy(R), and which have the property:
VteR, T*(t)¢p=¢. (1.2)

We call any ¢ with property (1.2) translation invariant and we denote Fiz as the col-
lection of all such ¢. Note that Fiz C BUC®(R). The end of Chapter 4, specifically
Lemma 4.7, contains a ‘preliminary description’ of BUC®(R) in terms of {Fiz}, the
band generated by Fiiz (Definition (v)b and Remark 4.8), and the sun- dual C§ (R):

BUC®(R) = (CP(R) ® {Fiz}) ® (CP(R) ® {Fiz})*n BUC®(R).

This Lemma is crucial to our work; thus a great deal of effort has gone into proving it.
In Chapter 5 we digress a bit, by giving examples of elements in Fiz. Chapter 7 may
appear to the reader to be just as disconnected from our primary focus as Chapter 5.
Afterall, we define a ‘convolution operation’ on M (£2) which renders it a commutative
Banach algebra with unit, and we show M(2), now regarded as a ‘measure algebra,’
contains BUC®(R) as a closed algebraic ideal, but M(Q2) # BUC®(R). Although
none of this information is used in proving Theorem A, all of the ideas in this chapter
will be incorporated in the proof of Theorem B. In Chapters 6 and 8 we ‘gather the
tools’ to prove (CP(R) @ {Fiz})? N BUC®(R) = {0}. Once we have shown this, we
conclude BUC®(R) = C§(R) & {Fiz} (Theorem A).

In the final chapter we prove Theorem B—our ‘peripheral goal’. We obtain a
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representation of the sun-dual, relative to the translation group G, of the space of
weakly almost periodic functions on R (WAP(R)). To do so, we rely on several
theorems and definitions due to W.F. Eberlein ([Ebl] and [Eb2]); yet unlike Eberlein,
we avoid any discussions of WAP(R) in the context of abstract ergodic theory.
There are several points that we make before we prove Theorem B. The first is

that
Co(R) C WAP(R) C BUC(R).

And the second is that there exists a unique, translation invariant, linear functional

on WAP(R); we designate this functional Uy,. If
F ={m € Fiz : |m] =1},

then it turns out that the restriction of the elements in F to WAP(R) is Uy. From
this and other observations (for complete details, see Chapter 9), we obtain a represen-
tation of WAP®(R), using the same ideas that we used to obtain a characterization

of BUC®(R).



Chapter 2 Vector lattice terminology

2.1 Definitions

The following definitions were taken from [LuZ] and [Zan].
i) A vector lattice S is called Archimedean if (V 0 < u,v € S) and

(Vn,n=12,...),nv<u=>v=0.

iz) a) The indexed subset {z, : @ € {a}} in S is said to be directed upwards, if
(Va, B € {a}) (3ag € {a}) such that z, < x4, and 2g < 74,. This is denoted

by z. 1. If o T and = = sup,, z,, then we write T, T z.
b) S has order continuous norm pif 0 < z, T T = p(zo — ) — 0.

c) S has o-order continuous norm if the definition in (b) holds for increasing

sequences.

12) a) S is Dedekind complete if every nonempty subset which is bounded from above

(below) has a supremum (infimum).

b) S is o-Dedekind complete if every nonempty at most countable subset which is

bounded from above has a supremum.

¢) S is order separable if every nonempty subset D possessing a supremum d con-

tains an at most countable subset which possesses d as a supremum.

d) S is super Dedekind complete if it is Dedekind complete and order separable.

tv) An order ideal U in S is a linear subspace with the property that if z € U and
y € S, then |y| < |z| implies that y € U. Observe that every order ideal U in S has
the property : z € U = |z] € U.
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v) a) A band is an order ideal B such that if u = sup{D : D C B} exists, then v € B.
Equivalently, B is a band if and only if every positive, upward directed system
(ur) € B has the property that if u = sup,(u,) exists in S, then u € B.

b) D? = {f € S : Vg € D,inf(|f],lg]) = 0}. D% s called the disjoint complement
of the set D.

¢) Any band B in S such that S = B @ BY, is called a projection band.

d) The band generated by a set D C S, which we denote {D}, is the intersection
of all bands that contain D.

2.2 Properties of vector lattices

Definition 2.1. For the remainder of this chapter, (X, p) is a Banach lattice ( i.e.,
X is a Banach space with the property that if z,y € X and |z| < |y|, then ||z|| < [ly]|)-
The indezed subset {u, : T € {r}} in X is said to be p-Cauchy if (Ve > 0) (37, € {r})
such that p(ur, — un,) < € whenever u;, > uy and un, > u,, ([Zan/ ).

Definition 2.2. ( X, p ) satisfies the p-Cauchy condition if the following equivalent
conditions hold:
i) Every order bounded increasing sequence in X is p-Cauchy.

it) Every order bounded upwards directed system in X is p-Cauchy.

Theorem 2.3. The following conditions on (X, p) are equivalent:
1) p is order continuous.
it) p is g-order continuous end X is Dedekind o-complete.

In fact, X is super Dedekind complete if these equivalent conditions hold ([Zan]).

Theorem 2.4. The norm p is order continuous if and only if p is o-order continuous

and X satisfies the p-Cauchy condition ([Zan]).

Theorem 2.5. If S is a Dedekind complete vector lattice, then the following hold:
i) If A} and A, are bands and A; 1L A, , then A; & A3 is a band in S.
ii) Every band B in S is a projection band, i.e., S = B® B? ([LuZ] ).
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It follows from Theorem 2.3 and the definition of super Dedekind completeness,
that if X has order continuous norm p , then X is Dedekind complete. Thus, by
Theorem 2.5, if B is a band in X, then

X =Be®B*. (2.1)

Let BUC*(R) be the Banach dual of BUC(R). We claim that the Banach lattice
(BUC*(R), ||-ll.) has order continuous norm. To see this, first observe that the space
(BUC(R), || - |I) is an abstract M- space, i.e., BUC(R) is a Banach lattice with the
property that || f + g|| = max{]|f]l, llgll} whenever inf(f, g) = 0. That BUC(R) is an
M-space follows from the expressions 2sup(f,g) = (f + g) + |f — g| and
2inf(f,g9) = (f +g) — |f — g/, and from the fact that BUC(R) is equipped with the
supremum norm. Therefore, BUC*(R) is an abstract L-space ([Kal]), which implies
that the norm on BUC*(R) has the following property: (V0 < i ,v € BUC*(R)),

s+ vlle = llslls + [l (2:2)

We shall show BUC*(R) has o-order continuous norm and satisfies the p-Cauchy
condition; we can then conclude that it has order continuous norm (Theorem 2.4).
To show (BUC*(R), || - |l«) satisfies the p-Cauchy condition (with p = || - |[.),
suppose 0 < ¢y, ¢ € BUC*(R) such that 0 < ¢, T @; or equivalently, given
0 < f € BUC(R), suppose 0 < ¢n(f) T ¢(f). Then ¢, is a norm-Cauchy sequence.
Indeed, since BUC*(R) is a Banach lattice, then 0 < [[¢n]l. T [|#|l.- This implies
that the sequence (||@n|l«) is an increasing, bounded sequence of real numbers; thus,

lim,(||gnll.) exists. If n > m, then

"¢n”t = "¢m + &n — ¢*n"t = "¢m"t + "¢n - ¢m||¢,

by relation (2.2), so (¢n) is Cauchy and the p-Cauchy condition is satisfied in BUC*(R).

To show that BUC*(R) is o-order continuous, note that since (¢,) is a Cauchy
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sequence and BUC™*(R) is a Banach space, then for some 0 < ¢ € BUC*(R),

uli_l.l;o "¢n - ¢0"t =0.

Thus, for any 0 < f € L, the following inequality holds:

But this implies that 0 < ¢, T ¢o, and since we also have 0 < ¢, T @, then ¢ = ¢y.
Therefore, || - ||« is o-order continuous.

Let G = {T'(t) : t € R} be the translation Cy-group defined on BUC(R). We
establish important properties of G (and its dual G*) that we will find useful in later

chapters.

Definition 2.6. Let V and W be vector lattices.

i) A linear map m of V onto W is called a lattice isomorphism, if w is a bijection
and if Vf,g € V, inf(f,g) = 0 = inf(xf,mg) = 0. Equivalently, m is a lattice
isomorphism if it is a bijection and if wsup(f,g) = sup(wf,7g).

i) 7 is said to be positive if mf > 0 whenever f >0 ([LuZ]).

It follows from Definition 2.6, that every lattice homomorphism is positive. For
if f > 0, then we can write 0 = inf(f,0), which implies that 0 = inf(7 f,0) or that
wf >0.

Theorem 2.7. The 1-1 positive linear mapping © of V onto W is a lattice isomor-
phism if and only if ™! is positive ([LuZ]).

Recall that for each t € R, the operator T(t) € G is defined on BUC(R) by

translation, i.e.,
Tt)f(z)=f(z+t), z€R

Then by Definition 2.6, G is a family of lattice isomorphisms. Therefore, so is the
inverse family {Z'(t)~'}. And since the dual of any positive operator is itself positive,
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then it follows by

(TO™) =T @),
and by Theorem 2.7, that the dual family G~ is also a family of lattice isomorphisms.

We end this chapter by stating the following result due to [Pag].

Theorem 2.8. Suppose E is a Banach lattice with the property that its Banach dual,
E*, has order continuous norm p. If H = {U(t) : t > 0} is a Cp-semigroup of positive

linear operators on E, then the sun-dual E® of E is a band in E*.

Since BUC*(R) has order continuous norm ||-|., and since the group G is a family
of lattice isomorphisms, then by Theorem 2.8, BUC®(R) is a band in BUC*(R). Thus,

by equation (2.1):

BUC*(R) = BUC®(R) @ (BUC®(R))%. (2.3)
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Chapter 3 A characterization of the
Banach dual of BUC(R)

To obtain a characterization of BUC*(R) we shall employ the Gelfand theory of
commutative Banach algebras.

Let A be a commutative Banach algebra with unite (i.e., e(a) =1, a € A), and
let M be the set of all maximal ideals in A. Recall that if M € M, then the Banach
algebra A/M is a division algebra that equals C, the set of all complex numbers
([Ru]). If @ € A, we denote by a the complex function defined on M by

a(M) =a(M) =a+ M,

and we put A = {@ : a € A}. Clearly, A C C(M), where C(M) is the space of all
continuous complex functions on M. The mapping a — a is called the Gelfand map-
ping, and the weakest topology on M relative to which every function a is continuous
is called the Gelfand topology ([Ru]). We call the topological space M the mazimal
ideal space.

Recall that a multiplicative functional h on A is a nonzero element in the dual A*

of A, which satisfies:
h(ab) = h(a) h(b) and h(e) = 1.

It is well-known that there is a 1-1 correspondence between the elements of M and the
set of all multiplicative functionals on A. This correspondence enables us to regard
M as a subset of A*. Moreover, since each multiplicative functional has norm 1, then
M is also a subset of the unit ball B; in A*. Recall that B; is a compact Hausdorff
space with respect to the weak*-topology, which is the weak topology generated by
all functions F, defined on B, by F,(h) = h(a). Observe that F; restricted to M is
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precisely @; that is,
F,(h) = h(a) =éa(h) (h € M).

Then the topology which M has as a subset of B; is exactly its Gelfand topology, so
we can regard M as a subspace of B;. In fact, it is a weak*-closed subspace of B;.

Theorem 3.1. M is a compact Hausdorff space ([Ruf)).
Definition 3.2. Let A be a Banach algebra with unit.
1. A is called a B*- algebra if it has an involution , i.e., if there ezists a mapping
of A into itself with the following properties:
e (a+b)*=a"+0b*
o (ab)* =ab* (acC)
e (ab)* = b*a*

Py a#‘

=a
o lla*a]| = ||a||?
(note that the last property implies that |[a*|| = ||al})-
2. if A’ is another B*-algebra and if p is an isomorphism of A onto A, then p is

called a * -isomorphism if
p(a®) = (p(a))*-

Note, if X is any topological space, then C(X), the space of continuous complex
functions on X, is a commutative B*-algebra with an involution defined by complex
conjugation: f*(z) = f(z), f € C(X).

Theorem 3.3. (Gelfand-Naimark). If A is a commutative B*-algebra, then the

Gelfand mapping a — & is an isometric x-isomorphism g of A onto C(M). Thus,

(@) = () = g(a*) = (a*), (3.1)
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or equivalently,

(h(a)) =h(a"), a€ A, heM ([GeN)).

One can easily verify that under the pointwise operations of addition, scalar mul-
tiplication, and multiplication, BUC(R) equipped with sup-norm, is a commautative
Banach algebra with unit e. The mapping f + f, where f € BUC(R) and f is the
complex conjugate of f, is easily seen to be an involution that satisfies Definition 3.2;
thus, BUC(R) is a B*-algebra (in fact, it is a C*-algebra).

Let Q be the mazimal ideal space of BUC(R). By Theorem 3.3, BUC(R) is
isometrically *-isomorphic to C(2). Consequently, if f € BUC(R) is real-valued,
then by equation (3.1),

— e e

-~ —_ ~

N=UF)=U=F

so that the conjugate of f is equal to f, i.e., f is real-valued. Hence, we identify the
real-valued elements in BUC(R) with the real-valued elements in C(2).

We can now identify BUC*(R) with the space C*(£2); recall that C*(Q2) is identified
with the space M (), which consists of all bounded, regular, complex Borel measures
on {2, with norm equal to total variation (by a complex Borel measure we mean
a complex-valued, countably additive function defined on the o -algebra of Borel

subsets).

Remark 3.4. Note that the space 2 contains R as a weak*-dense subspace. The
embedding of R into 2 is defined by the point-evaluation map =z — g, of R into
BUC*(R), where g, denotes the linear function g.(f) = f(z), (f € BUC(R)). Q
can now be identified as the weak*-closure of R in the weak*-compact unit ball of

BUC™*(R) (see Chapter 6 for complete details).
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Chapter 4 Translation invariant linear

functionals on BUC(R)

Let  be the maximal ideal space of BUC(R). If f € Cy(R) and ¢ € BUC(R),
then fg € Co(R) ; that is, Co(R) is a (norm-closed) algebraic ideal in BUC(R).
Consequently, 3 0 < h € Q, with [|k]| = 1, such that Cy(R) C kerh ([Ru]). Stated
precisely, if

Ci(R) = {g € BUC*(R) : g(Co(R)) = 0},

then h € Ci-(R).

Recall that the dual C§(R) of Cy(R) is the space M(R), which consists of all
bounded, regular, complex Borel measures on R, with norm equal to total variation
over R. We assert that h can not be represented by any nonzero A € M(R). For if

this representation were possible, then by the Riesz representation theorem,

r) = [Fdr feG®)
and |A|(R) = [|2||. But Co(R) C kerh, so the fact that
W)= [ fix=0, fecm),
and the fact that A is a countably additive set function, imply
0= [A[(R) = [[p]| = 1.

Evidently, associated with this h € BUC™*(R), there is a measure g € C*(2) with the
property that supp(u) C (2 \ R) (supp(u) is the support of ).
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Lemma 4.1. Cg(R) is a band in BUC*(R), so BUC*(R) = C#(R) & (C3(R))<.
In fact, (Cy(R))? = C§(R) (all equalities are isometric isomorphisms); thus,

BUC*(R) = Ci(R) @ C.(R). (4.1)

Proof.

In Chapter 2 we determined that BUC*(R) has order continuous norm; thus,
BUC*(R) is Dedekind complete. It follows that every norm-closed order ideal in
BUC*(R) is a band ([And]); consequently,

BUC*(R) = C5(R) ® (Cy(R))* (Theorem 2.5). (4.2)

If M is a closed subspace of a Banach space E, then the dual M* of M is given
by

M* = E*/(M)* ([Ru]).

Thus, C§(R) = BUC*(R)/(Cy (R)), so by (4.2), (C5(R))? = C5(R). o

Definition 4.2. Let 0 # ¢ € BUC*(R) and let G* = {T*(t) : t € R} be the dual
family of the translation group G defined on BUC(R). Then ¢ is said to be translation

invariant if
VteR, T(t)¢=¢.

Remark 4.3. We determined at the end of Chapter 2, that G and G* are families of

lattice isomorphisms. If ¢ is translation invariant, then it follows from
T (t)(¢%) = T*(t)(sup(,0)) = sup(T™(t)$, 0) = sup(¢, 0) = ¢+,

that the positive part of ¢, the negative part of ¢, and the variation of ¢ are also

translation invariant.
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Lemma 4.4. If 0# ¢ € BUC*(R) is translation invariant, then ¢(Co(R)) = 0.

Proof. Since C(R), the space of continuous, complex functions with compact sup-
port, is dense in Co(R), it suffices to show that ¢ vanishes on V([e,b]), the space
of continuous, complex functions which vanish outside of a closed, bounded interval
[a, b]. We first establish the result for positive, translation invariant linear functionals;
the result for complex ¢ will then follow from Remark 4.3 and the inequality

6Nl < 1¢l(If]), f € BUCR) ([Zan]).

Let 0 < f € Vla,b] and ¢ > 0. Choose ¢ > (b—a) so that the translates f(- + kc),
k=0,1,2,...,n, have disjoint support. Then

Zf (- + kc), ¢) = <ZT(kc)f¢ (£.)_T*(ke)p) = (n+1)(f, )
k=0
thus,

0 < (n+1)o(f) < lloll sup f(z)-

Dividing the above inequality by (n + 1) and letting n — oo, shows that ¢(f) =
For real-valued f € Vla,b], write: f = f+— f~. Observe that 0 < f+, f~ € V([a,b]

(since V[a,b] is a vector lattice). Now repeat the argument above, with f* and f~

taking the place of f. a

Theorem 4.5. (Markov-Kakutani) Let K be a nonempty, compact conver subset of
a topological vector space X, and let F be a commuting family of continuous linear
mappings defined on X such that VT € F, T(K) C K. Then 3p € K such that
T(p) =p for each T € F ([Mar], [Ka2]).
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Lemma 4.6. There exist nonzero, translation invariant ¢ € BUC*(R).
Proof. Consider the set
F = {¢ € BUC"(R) : $(Co(R)) =0, $(e) = L, |4l = 1}.
Then F is a nonempty, convex, weak*-compact subset of the unit ball in BUC*(R).
Furthermore, if ¢ € F and f € BUC(R), then (f,T*(t)¢) = (T'(t)f, #) shows,
o (Vf e Co(R)) (VEteR), T*(t)o(f) =0,
o T*(t)¢(e) = 1 and [ T*(t)¢] =1.

Thus, Vt € R: T*(t)(F) C F. And since the dual family G* = {T*(t) : t € R} is a
commuting family of weak*-continuous linear operators, then we can apply Theorem

4.5, with F = G*, to conclude that F has a fixed point. O
We shall denote Fiz as the collection of all translation invariant ¢ € BUC*(R).
Observe that Fiz is a norm-closed, vector sublattice of BUC*(R), and

BUC®(R) 2 Fiz.

Lemma 4.7. Suppose {Fiz} is the band generated by the set Fiz and
M = {Fiz} & CP(R). Then
1. M 1is a direct sum,

2. M is a band in BUC*(R). Thus, BUC*(R) = M & M*? and
BUC®(R) = M & (M?n BUC®(R)).

Proof. By Lemma 4.4 , C&(R) 2 (Fiz); and since C3(R) is a band (Lemma 4.1),
then Cy(R) D {Fiz}. But (Cy(R))¢ = C3(R) 2 CP(R), so M is a direct sum.
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To prove part (2), we first define an isometric isomorphic mapping of C$(R) into
BUC*(R). We then show that the image of C$(R) under this mapping is a band in
BUC*(R) and BUC®(R); hence, CP(R) is a band in BUC*(R) and BUC®(R). Now
we argue as follows: Since {Fiz} and C§(R) are disjoint bands in BUC*(R) by part
(1), then M = CP(R) @ {Fiz} is a band in BUC*(R) (Theorem 2.5). Therefore,

BUC*(R) = M ® M? and BUC®(R) = M & (M® N BUC®(R)).

We remind the reader that C$(R) = L*(R) ([Phi]). Hence, if p € CP(R), then
there exists a unique f € L(R) such that du = f dr (Radon-Nikodym theorem).
Define

p 3 i, where ji(g) = / fg dz, g€ BUC(R).
R

Since f is unique, then the map O is well-defined. A trivial verification shows that /
and © are bounded and linear. © is also 1-1; to see this, suppose || - ||, is the norm on
BUC*(R) and ||-||o is the norm on C§(R). If p, g2 € C(R), then (py —pz) € CP(R),
so 3h € LY(R) such that d(u; — py) = h dz. We have

lp1 — p2llo = sup | RP d(pr — )| <

PECH(R)

llpll <1
swp | [ gdlu =)l =~ all = sup | [ ghdsi <
gEBUC(R) R gEBUCRR) JR
llgll<1 lgli<1

/thl dz = |py — po|(R) = [[11 — p2]lo-

This shows || — p2lle = (|21 — B2||+ ; it also shows O is 1-1.
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We assert that ©(C2(R)) C BUC®(R) C BUC*(R). Indeed,

(o, T*(8)3) = (T(t)g, ) = /R o(z +1) f(z) dz = /R o(z) f(z —t) de.
Hence,
d(T*(8)i) = f(z ~ t) dr,

SO

IT* (%) ~ il = sup | /R (f(z) - f(z ~ 1)) 9(z) da

9€EBUC(R)
ligh<1

< / f@) — fl@ — )] dz = |T"() = lo-
R

Letting ¢ — 0, we see that iz € BUC®(R) and that © is an isometric isomorphism.
Since ©(CP(R) is the isometric isomorphic image of the Banach space C§(R),
it is a norm-closed linear subspace. We claim that it is also an order ideal; that is,

O(CP(R)) has the following property:
(a) A € BUC*(R), 7€ ©(CS(R)), and 0 < |A| < [7|= A € O(CP(R)).

The first step is to show (a) holds for positive elements in BUC*(R) and 8(C{(R));

we assume
0 < A< 7, and show ) € O(CF(R)).
Note that
0<A<0=(VY0<ge BUCR)), 0< Xg) <(g)

Since 7 is identified with an element v € C$ (R) which has the property that dv = f dx
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for some unique f € L'(R), then

0< A(g) < #(g) = /R of dz. (43)

If we restrict A to Cp(R), then by the Riesz representation theorem, there is a positive,

bounded, regular Borel measure 7 whose representation as a functional on Cy(R) is

Ap) = /R pdr, peCoR).

The inequality in (4.3), together with the above representation of A, imply that
0<A) = [ pars [ of dr, peCom)
It follows that 7 <« v. Thus, dr = h dv for some h € L'(v), so
dr =hdv=~hf dr <dv.

This last inequality implies that 0 < k < 1; thus, Af € L}(R).
If we define du = hf dz, then it is clear z € C(R), and

(1)) = i(g) = /R g dp = /R g hf dz=X(g), g€ BUC(R).

Therefore, A € O(CP(R)).
The second step is to show (a) holds for complex-valued elements in BUC*(R)
and O(CF(R)). Since 0 < A* < |7| (similarly for A7), we can assume 0 < A < |7].

With this assumption in place, it suffices to show
(b) 7 € O(CP(R)) = |7 € O(CF(R));

we can then apply the above argument to conclude that A € 8(CP(R)).

Observe that v € C§(R) = |v| € CP(R). Indeed, C§(R) has order continuous
norm, and Vt € R, T'(t) is a positive operator (Chapter 2); it follows by Theorem 2.8
that C$(R) is a band in C§(R). Thus, |v| € C§(R).
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We claim that © is a lattice isomorphism, i.e., © has the following property:

vl = () = |8(v)| = |3,

which is precisely the property we need to show that (b) holds. To show the above
equality, we use the following result of F. Riesz ([Zan]):

(¥r € BUC*(R)) (V 0 < g € BUC(R)), Irlte) = sup_{ir(w]}- (4.4)

lhi<g

We will use (4.4) to show

sup | / hf do| = [7l(g) = I7](9) = / glf| dz.

hEBUC(R)

Suppose g, is a sequence of functions with compact support, and 0 < g, T g. Then

sup I/hfdxls/g|f|dz= lim/gnlfl dz,
R R n—=x0 Jr

h€BUC(R)
lhi<g

and
iz ([ gn 111 d) = Jim (91(00).
However, by (4.4),

lim (171(gn)) = sup(_sup | / hfde) < sup | / hf dal,

n heBUC(R) heBUC(R)

so [©(v)| = O(|v]), i.e., © is a lattice isomorphism. Consequently, |[7] € O(C(R)),
condition (b) is satisfied, and ©(C$(R)) is a norm-closed order ideal in BUC*(R)
and BUC®(R). o
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Remark 4.8. Lemma 4.7 plays a crucial role in our characterization of BUC®(R).

While the representation of BUC®(R) as
BUCP®(R) = M & (M%n BUC®(R))

is important, it is still a preliminary characterization. In Chapter 8 we show
M?¢ N BUC®(R) = {0}

In part (1) of Lemma 4.7, we use the fact that CJ(R) = (Cy(R))%; this implies
that C3(R) is a band in BUC*(R), since (Cy(R))? is a band. Actually, to show that
C3(R) is a band, we use an approach similar to the method used to embed C$(R) in
BUC*(R), but with a slight variation. Instead of using the fact that C$(R) = L!(R),
we make use of the characterization of Cj(R) provided by the Riesz representation
theorem .

We end this chapter by offering the reader a more precise description of the struc-
ture of {Fiz}. Let Ap;, denote the order ideal generated by the set Fiz. That is,

v € Ari. if for suitable m; € Fiz and a; € R, we have
] < laimy| + ... + |anmy| ([LuZ]).

Note that Agi; is the smallest ideal which contains Fix. Clearly, v € Apy if for
some m € Fir, v <« m; moreover, {Ari:} = {Fiz}. Also, if 0 < p € {Ari},
then p = sup, V, for some upward directed system (v, : @ € {a}) contained in Ar;,
([LuZ]). It follows that if 0 < p € {Fiz}, then

[k = SUP VU, = sSup fo dmy,
[« 3 a

where m, € Fiz and f, € L'(m,).
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Chapter 5 Examples of elements in Fix

In Lemma 4.6 we proved that nonzero, translation invariant linear functionals exist
in BUC*(R), and we designated the collection of all such functionals Fiz. In this
chapter we construct examples of elements in Fiz. We proceed as follows: (Vz,y € R)

(Vf € BUC(R)), consider

U@ = [ fas) ds (5.1)

It is obvious that Uy is linear on BUC(R). Moreover,

\U,(F())] sﬁ /: fz +5)| ds < I£], (52)

shows that ||U,]| < 1. If e is the unit in BUC(R), then equation (5.1) shows that
{Uye(z)| = 1, so in fact ||Uy|| = 1. Hence, Uy is a bounded, positive linear functional
on BUC(R).

Let z be a fixed element in R. We claim the following: If we regard U,(f(z)) as
a function of y, then

1. U,(f(z)) € BUC(R) if f € BUC(R), and
2. Uy(f(x)) € Co(R) if f € Co(R).
To show (1) and (2), we first transform equation (5.1) by making the substitution

s = uy, so that

1
U,(f(z)) = /0 f(z +uy) du. (53)
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Let f be an element in BUC(R). Then (Ve > 0) (36 > 0) such that for every
y.¥ € R with [y — /| < 8, we have |f(y) — f(¥)] <e. f0<u <1, then

l(z+uy) — (z+uy)l =l ly-¢| < ly -y <86,
so by the uniform continuity of f, we have
|f(z +uy) — flz +uy)| <e.

It follows that U,(f(z)) € BUC(R) (note that U, (f(z)) is jointly uniformly continu-
ous in = and y).

If f € Co(R), then we claim that
1
lim flz+uy) du =0.
y=— Jo
Suppose this were not the case; then (Jy, € R) (3e > 0) such that
1
lim 3 = 00 = | [ flz+ ugn) dul 2 . (5.4)
e 0

However, since f € Co(R), then f(z + uy,) — 0 as y, — oo, so by dominated

CONnvergence,

n—00

1
lim / f(z+uya) du =0,
0

which is a contradiction of (5.4). Therefore, lim,_., U,(f(z)) = 0, so U,(f(z)), as a
function of y, is an element in Cy(R).

In Chapter 3 we showed that BUC(R) is *- isometrically isomorphic to the func-
tion space C(Q2). Thus, if f € BUC(R), then we can continuously extend U, (f(z)),
as a function of y, to Q. Let U (f(z)), a € Q, denote the extension. Then there
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exists a net (y-) C R such that

Oalf(@)) = lim Uy, (())-

Clearly, U, is linear on BUC(R). And since U,, > 0 and U, e(z) = 1, Vr, then

U, > 0 and U,(e(z)) = 1. It follows that ||U,]| = 1.

Lemma 5.1. Let f € Co(R) and let f be its corresponding function in C(Q). Then
Va € (2\R), f(a) =0.

Proof. By hypothesis, there exists a net (¢;) C R such that f (@) = lim; f(t;). Hence,
(Ve > 0) (3ly € {{}), such that

z €
fe)—fE)l <3, 120
Since f € Cy(R), then there exists a compact set K such that
€
FN <5 VzgK.

Let A={l:1>1lg} and B = {l :t ¢ K}. Observe that both B and AN B
are nonempty. Indeed, compact sets in R with respect to the usual topology, are also
compact in R with respect to the weak*- topology (recall that 2 D R as a weak*-dense
subspace). It follows that K is compact in €2, which means that the complement of
K. Q\ K, is an open set which contains Q\R; that is, 2\ K is an open neighborhood
which contains a. And since t; = «, then there are plenty of [ € {I} for which ¢, ¢ K.
Ergo, B and AN B are nonempty.

Let d € AN B; then

€

f@)] S 1f(@) - flEl + £t < 5 +5 =
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We determined in (2) that U,(f(z)) € Co(R) if f € Co(R). Consequently, we can

apply Lemma 5.1 to the extension U,(f(z)):
Ua(f(x)) =0, fECy(R), a€Q\R.
We claim that U, is translation invariant, i.e.,
vteR, T*(t)U,=U,.
Indeed, (Vt € R) (Vf € BUC(R)),

Uy(T () f(2)) = Up(f(@)| = [G,[T(®) f(z) - f(=)]l =

1 [ [ 20¢] I
] [[ flz+s)ds /of( +s) ds| < .

|yl

Letting |y| — oo shows that U,[T(t)f(z) — f(z)] € Co(R); thus,
Ua(T(t)f(z) — f(z)] =0, by Lemma 5.1. We have

(fs Ua) = (T(t)f7 0&) = (f’ T(t)ﬁa)a

which shows U, € Fiz.

In Chapter 9 we characterize the sun-dual of the space of weakly almost periodic

functions on R (W AP(R)). The ideas of this chapter are central to that characteri-

zation.
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Chapter 6 () admits a semitopological

semigroup structure

Let Q be the marimal ideal space of BUC(R). In this chapter we focus on the map
o:(z,t) — (z+t)of RxR - R.

It is clear that ¢ is a jointly continuous, binary operation on R. It is also clear
that this operation renders the additive group of R a topological group. Ideally, we
would like to extend ¢ over 2 x Q2 so that it is jointly continuous, since this would
eliminate the necessity of this chapter, which would in turn simplify the proof of
our main theorem (Theorem A). As we shall see presently, there exists a binary
operation ¢ on {2 that is both commutative and associative, which renders 2 an
‘additive’ semigroup; the additive group of R is a subgroup of €2 with respect to
this ‘additive semigroup structure.” Unfortunately, €2 is neither a topological group
nor a topological semigroup. However, it is a semitopological semigroup, i.e., Q is
a Hausdorff semigroup equipped with a binary operation that is only continuous in
each variable separately.

Theorem A can still be proved, notwithstanding the lack of joint continuity of ¢
over Q2 x £, by employing the weaker condition that ¢ be separately continuous in
each variable. How can we extend ¢ so that it is even separately continuous? We
accomplish this in the following manner. First, we define a uniformity Uz on R in
which the completion of (R,Ug) is (2, Ugr-) (Ur- Will be defined directly). Having done
this, we provide a definition of uniform continuity with respect to uniform spaces, and
point out that for fixed £ € R, ¢(-,¢) is uniformly continuous on R according to this
definition. We then use the fact that 2 D R as a weak™*-dense subspace, in order to
extend ¢(-,%) to a unique, uniformly continuous function defined on §2. Finally, for
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fixed a € , we show that ¢(a, -) is uniformly continuous on R; ergo, ¢(a, -) extends

continuously to (2.

Definition 6.1. A uniformity for a set X is a nonempty family S of subsets of
X x X such that

e if A€ S, then AD {(z,z) : z € X}

e if A S, then {(z,y): (y,z) € X} €S

if A€ S, then {(z, z) : 3y such that (z,y),(y,2) €A} €S

if AAB€E€S, then (ANB)€S

fA€ES and ACBC (X xX),then BES.

Let B denote the wunit ballin BUC*(R). We define a uniformity on B, which in
turn induces a uniformity on R: (Vf € BUC(R)) (Ve > 0), define

Use ={(¥,x) € Bx B: [(f,¥) — (f,x}| <€}
Then the sets
Ufyoafre = {(@: %) : ggl(ﬁ,w) —(fux)| <e€}, fi€ BUC(R),

form a uniformity & on B. We refer to U/ as the weak*-uniformity on B. The topology

11 of the uniformity U or the uniform topology, is the weak*-topology on B.
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Note that via the embedding z ~— §. of R into B given by

é(f) = f(z), feBUC(R),

U induces a uniformity on R; we shall designate this uniformity Ug. That is, V € Uy
if (Ve > 0) (Vg: € BUC(R)),

V= {(62‘7 621) €BxB: lrg.%nl(g‘i’&t) - (gi’éy)l < 6} =
{(z.y) eRxR: max |g:(z) - g:(y)| < e}-
Recall that each Hausdorff uniform space is uniformly isomorphic to a dense sub-
space of a complete Hausdorff uniform space ([Kel]). Accordingly, define (R*,Ug-) as
the completion of (R,UR). Since B is compact with respect to the weak*-topology
on BUC*(R), then the weak*-closure of (R,Ug) in B is compact, ie., (R*,Ug.) is

compact. It follows immediately that since 2 D R as a weak*-dense subspace, then

Q = R*; moreover, Ur- consists of finite intersections of sets of the form:
Wi, ={(e.8) €2 xQ:|f(a) - f(B)| <€}
Definition 6.2. Let (X;,U;) and (X2,Us) be uniform spaces and let
g : (X1, U) — (Xo,Us).
Then g is uniformly continuous if (VW € U,) (3V € U,) such that

(z,y) € V = (g9(z),9(y)) € W.

Theorem 6.3. Let g be a function whose domain is a subset A of a uniform space
(X1,U1) and whose values lie in a complete Hausdorff uniform space (Xo,Usz). If g is
uniformly continuous on A, then there is a unique uniformly continuous extension g

of g whose domain is the closure of A ([Kel]).
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One can easily verify the following:

1. For fixed ¢t € R, the map ¢(-, ) : (R,Ur) — (R,Ur) given by ¢(z.t) = (z + £),
is uniformly continuous according to Definition 6.2.

2. Let f € BUC(R) and let Ujs be the metric uniformity on the complex numbers
C, i.e.,

V €Uy if V has the form: V = {(z,y) eCx C: |z —y| <€}.

Then f : (R,Ur) — (C,Uys) satisfies Definition 6.2.

According to properties (1) and (2) above, we may apply Theorem 6.3 to the map
¢(-,t) and to each function f € BUC(R), to claim that each has a unique, continuous
extension to all of Q.

We also claim that if @ € (2 \ R) and ¢ € R, then ¢(a,t) € (2 \ R). Suppose this

is not the case, i.e., suppose p(a,t) =b € R. Then
b=p(a,t)= h%n(ul +t),

where (u;) is a net in R such that u; = a. It follows that a = lim;(w) = (b—t) € R,
which contradicts the fact that a € (Q\ R).

Lemma 6.4. The map ¢ has the following properties:

1) Va € Q,

v(a,-) : (R,Ur) — (,Ug-) satisfies Definition 6.2.

i) Let f be the continuous extension to Q of any f € BUC(R). Then as a function
of t € R,

f(¢(a,t)) € BUC(R).
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Therefore, p(a,t) and f(p(a,t)) extend continuously to Q.

iit) Va, f,w € 82,

(a) ¢(e,0) =a,
(6) ¢, B) = ¢(B, ),

(¢) pla, ¢(B,w)) = o(p(a, B),w);
thus, (Q, @) is an abelian semigroup.

Proof. We will prove () and (#Z) simultaneously. We must show
(VW € Ugr-) (3V € U) such that (t,t') € V = (p(a,t), p(a,t’)) € W.
Recall that each W € Ug- is of the form:
W ={(e,8) € 2 x Q: max |fi(a) - £(B)| < e},

where each f; is the extension of an f; € BUC(R). Note that in each variable
separately, the function f;(z +t) is a bounded, uniformly continuous function on R.

Consequently, for some real-valued net (u;), we have
Va€Q, filp(a,t)) = lim fi(w +1).

Let (D, >) be the directed set of the net (u;). Then f;(w; +t) € BUC(R), for every
[ € D. Thus, (Ve > 0) (3d € D) (36 > 0) such that

t—#| <6 = |filua+t) - filua+1)| <5, 1<Si<p.
The set

V={(zy)eRxR: max |fi(ug + ) = fi(ua+y)| < g}’
<i<p
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is clearly a set in Ur. It follows that
(t.t) € V = |filp(a,t) — filp(et))| <e, 1<i<p.

Thus, (¢(a,t),e(a,t)) € W and f(p(a,t)) € BUC(R). This proves (i) and ().
To show (iii)a), let (f;) be a real-valued net such that t; = a. Then

¢(a,0) = li?up(tz, 0) = Iip(tz +0)=a;

this proves (a). To prove (b), we will show that if f € BUC(R) and f is the unique
extension of f to all of Q, then f(¢(a, B)) = f(¢(B,a)). Now we suppose
(e, B) # ¢(B,a). Since Q is a Hausdorff space, 3g € C(f2) such that
9(p(a, B)) # g(e(B,a)). Let h be the restriction of g to R. Since the restriction of
Ur- to R is Ur, and since U is the weakest uniformity on R with respect to which
all the f € BUC(R) are uniformly continuous in the sense of Definition 6.2, then
h € BUC(R). But this implies k(¢(a, 8)) = A(p(B, a)); moreover, i = g. Thus, we
obtain a contradiction of the hypothesis on g.

Let f € BUC(R); then Vz,t € R, f(z+t) = f(t+z). In each variable separately,
f(x +t) € BUC(R), so we can extend f to Q:

fo(@, @) = lim f( +t) = lim f(t + ) = Flp(a,2))-

By part (i7), Vz € R, f(¢(a,z)) € BUC(R); hence, we can extend f(¢(a,z)) to Q.
It follows that

f(e(a,8) = f(¢(8,)).
This shows (b); a similar argument shows (c). a

Let E = C(R2). Cousider the map a — T(a) of Q — L,(E, E), where Ly(E, E)
is the Banach algebra consisting of all bounded, linear operators from F into E. For
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each a € , let T(a) : E — E be given by

T(a)f(w) = f(p(a,w)), weQ. (6.1)

We end this chapter by determining certain properties of the family {T'(a) : « € Q}
and the dual family {T*(a) : a € Q}, that we will use in the proof of our main

theorem (Theorem A).

Lemma 6.5. Let H be the family of operators that satisfies equation (6.1). Then

1. Va,B €,
T(a)T(B) =T(B)T(a) = T(p(a.B))-

Therefore, H is a commuting family.

2 VaeQ, |T(a)]=1L

Proof. By equation (6.1), (Va, 8 € Q) (Vf € E),
T()T(8)f(w) = T(@)(f(¢(B,w))) = f(¢(a, p(B,w)))-
By part (iii)c) of Lemma 6.4,
Flola, o(B,w))) = f(B, p(a,w)) = T(B)T(a) f (w)
and
T(¢(e, B)) = f(p(p(e, B),w)) = T(a) f(p(8,w)) = T(@)T(B) f (w),

w € 2. This proves (1).
To show (2), note that (Va € Q) (Vf € E),

IT(a) fIl = sup{| feo(a,w)[} < sup{|F(w)I} = [If]I.
weN weN
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Hence, ||T(a)|| < 1. If é is the unit in E, then ||T(a)é]| =1; thus, |[T(a)||=1. O

For each a € (, there exists a unique T*(a) € L£;(E*, E*) which satisfies (Vf € E)
(Ve € E*), the dual relation (T'(a) fin) = (f,T*(a)p). The action of T*(a) on an
arbitrary p € E* is given by

(f, T (@) = (T() f 1) = /Q f(o(ow))du(w) =
/Q f@)du(e™ (@,w)) = (F, nle™ (@ )))-

Thus,
T*(a)u(-) = ule~ (e, -))- (6.2)

Remark 6.6. We summarize the ideas in this chapter.

e Note that we can regard the translation group on BUC(R) as a subgroup of
the family of operators outlined in Lemma 6.5.

e We consider the uniformity Ur on R because it is the only uniformity on R in
which € is the completion of R; it is also the weakest uniformity on R in which
each f € BUC(R) is uniformly continuous in the sense of Definition 6.2.

e In Chapter 2 we determined that BUC(R) is =*-isometrically isomorphic to
the space C(2) of all continuous, complex functions on 2. In this chapter we
verify this isometry in another way; that is, the fact that Q is the completion
of (R,UR) also illustrates the isometry between BUC(R) and C(f2).

e Note that the uniformity Ug is weaker than the natural uniformity on R given
by the metric d(z,y) = |[z—~y|, z,y € R, in spite of the fact the uniform topology
of R, 7u4, coincides with the usual topology of R. However, R is not complete

with respect to 74, -
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e We asserted that ¢ is not a group operation on §2; to show this, we need the

following:

1. Suppose G is a compact Hausdorff group. Then G is a topological group if
and only if the group operation on G is separately continuous ([EL]).

2. Let G be a locally compact abelian group. Suppose a is a continuous
homomorphism defined on G, with the property that |a(g)| =1,g € G. If

in addition « satisfies the equation

a(hg™') = a(h)(a(g))™ (h,g €G),

then a maps G onto the multiplicative group of complex numbers of ab-
solute value 1. Define I'(G) as the group of all such homomorphisms on
G; I'(G) is called the group of characters on G. If G = (R, +), then every
character a(z) on R is of the form a(z) = e**, and ['(R) is homeomorphic

and isomorphic to R under the correspondence e¥* « y ([Loo]).

3. G is a compact abelian topological group if and only if I'(G) is discrete
([Loo]).

Now, we argue as follows: Suppose ¢ is a group operation on 2. Then, by (1),
is a compact abelian topological group; by (3), this implies that I'(Q2) is discrete.
Since (R, +) C (2, ¢), then ['(R) C I'(Q2). But I'(R) = R, so I'(2) induces the
discrete topology on R. However, this contradicts the fact that the topology on

R , as a subspace of (Q, is the usual topology.

The above argument not only shows that ¢ is not a group operation on 2, it also

shows that there is no extension g of the map
(z,t) = (z+1t) of RxR — (R, +),

which renders (€2, g) a topological group.
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Chapter 7 Convolutions

Let E = C(R), the space of continuous functions on 2. We remind the reader that
E* = M(S2), the space of all bounded, regular, complex Borel measures on . Let
i1, 42 € M(S2); in this chapter we define their convolution. But first,

Theorem 7.1. (/Bejf). Let X and Y be locally compact Hausdorff spaces; let f be
a bounded, separately continuous function on X XY, and let M(X x Y') be the space
of bounded Borel measures on X x Y. If A€ M(X x Y), then f is A- measurable.

Let f € E and let ¢ be the semigroup operation defined on  (Chapter 6). By
Lemma 6.4, the composition function f(p(a,B)), @, 8 € Q, is a bounded, separately
continuous function on 2 x Q. If u;, us € E*, then Theorem 7.1 asserts that f o @ is

i1 X po-integrable. Thus, by Fubini:

/.W@mwwxw@m=//mMﬂumwmm=

(95°3¢] QJQ
/ / Flo(a, 8)) dua(B) dp(e). (7.1)
QJQ

Given pq, p2 € M(Q), consider the mapping

f~LLmewmwwmx

of F — C. The mapping defines a bounded linear functional ® on E; hence, by the

Riesz representation theorem, v € E* such that
a(f) = [ Fav=(fo).

Definition 7.2. We define the convolution of p; and p, as the linear functional
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v = piy * pp given by

(F ¥ pa) = /ﬂ /ﬂ flola, B)) dui(e) dum(8) = /Q /Q Flo(a, B)) dua(B) dpa(a) =

(Ffuaxm), fEE. (12)

Lemma 7.3. Let pu;,us € E*. Then
1.l * g2l < Nl [lpe2ll
2. py* pp = po * iy and (py * pg) * pz = py * (p2 * p3)
3. (y + p2) * pz = (p1 * p3) + (p2 * p3)

4. (E*, *, +) is a commutative Banach algebra with unit.

Proof. The proof of (1 — 3) follows from equation (7.2). That (E*, *, +) is a
commutative Banach algebra follows from (1 — 3). We show that (E*, %, +) has a
unit.

Let & be the Dirac-§ measure concentrated at 0. Then (Vf € E) (V8 € Q),

So(f(o(- B))) = f(¢(0,8) = £(B).

If ¥p is the Borel o-algebra on 2 and A € ¥p, then

1 if0€A
Mm={01m¢A

Clearly, 6o € (E*, *, +). Moreover, Vu € E*,

(6o % ) = /Q /Q f(e(a, B)) dso(c) du(B) =
/ (F(p(-+ B)), o) du(B) = / f(0(0,8)) du(B) = / F(8) duiB) = (. 1),
Q Q Q

which proves that &g is a unit. a
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We can conclude from equation (7.2) that

(F iy % 12 = (F, [Q T*(B)1 dia(B)).

Indeed, by equation (6.1), T*(8)pu1(-) = u1(¢~ (-, B))- It follows that

(. /Q T*(B)r dus(B)) = /ﬂ fa /Q T* ()1 da(B)) =
/ / Flu) dus (o™ (w, B)) dpa(B) =
QJIQ
/Q /Q flo(@, B)) dur(a) dpa(B) = (Fr o * ).

Remark 7.4. Let M(R) be the Banach space of all complex Borel measures A on R.
with [|A[| = [M\|(R). Then the mapping Co(R) — C given by

f- /R /R fz+y) du(z) dAy), A p € M(R),

is a bounded, linear functional on Cy(R). Thus, by the Riesz representation theorem,

there exists a unique element v = p * A which satisfies:

/R fdper) = /R /R f(@+1) du(z) dA®).

But (R, +) is abelian, so by Fubini’s theorem, [ f d(p* ) = [5 f d() * p). Ergo,
properties (1 — 3) of Lemma 7.3 are satisfied, and since g € (M(R), *, +), then it
follows that (M(R), *, +) is a closed subalgebra of (M(Q), *, +).

Theorem 7.5. Ifv € BUC®(R) and u € E* = M(Q), then (v * ) € BUC®(R),
i.e., BUC®(R) is a closed algebraic ideal in (E*, *, +).

Proof. We first show , (Vf € E) (Va € Q),

(@ (f.T(@@=p)=(fT(av+pn).
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The above equality follows from

(F T (e ) = (f, /n T*(8) T"(a)v du(B)) = (f, /ﬂ T*(a) T*(B)v dp(B)) =
(T(a)f, /Q T*(B)v du(B)) = (T(@)f,v * ) = (f, T"(a) (v + ).

Ift € R, then
T*t)(v*p)—vep=T(t)vep—v=*p, (7.3)
by (a). Applying Lemma 7.3 -3 to the right-hand side of equation (7.3) yields:
T*twxp—vep= (T (v —v)*pn.
Therefore,
IT™(#) (v * ) — v = pl| < [T (E)v — v llell;

and since the right-hand side of the above inequality tends to zero as t — 0, the result
follows. 0

Remark 7.6. Note that §o ¢ BUC®(R). This follows from the equations
(f,8e) = (T(t)f,60) = (f, T*(t)0o) (f € BUC(R)),

which show that T*(t)dq = &, t € R. Hence, ||T*(t)d0 — boll = |00 — || =2 if t # 0.
It follows that BUC®(R) # BUC*(R).
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Chapter 8 A characterization of
BUC®(R)

In this chapter we characterize BUC®(R) (Theorem A); we will need the following

results.

Definition 8.1. Let (X, X, 1) be a finite measure space and let (E, p) be a Banach

space.
a) A function f : X — E 1is called u- measurable if there erists a sequence of
stmple functions f, such that

lim p(fo=f) =0 pae

b) f: X — E is weakly u-measurable if for each x* € E*, the scalar function z* f

is p-measurable.

c) A p-measurable function f : X — E is Bochner p-integrable if there exists a

sequence of simple functions f, such that

n—oo

im ( ol = fdu) =0 (IDUI).

We state the following well-known results.

Theorem 8.2. (Pettis) A function f : X — E is p-measurable if and only if
i) AW € 3 with p(W) = 0 such that f(X \ W) is norm-separable, and
i) f is weakly p-measurable ([Pet]).

Theorem 8.3. A u-measurable function f : X — E is Bochner integrable if and
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only if
/x |fllds < 0o ([Boc)).

Let 0 < p € BUC®(R). Define F : (R,|-|) = (BUC®(R), || - ||) by
F(t;u) = T*(t). Then F is a bounded, uniformly continuous function on (R, |- |),
since p € BUC®(R). Thus, (Ve > 0) (36 > 0) such that ||F(t;p) — F(¥;u)| < €
whenever |t — /| < §. We claim that F is a uniformly continuous mapping (in the
sense of Definition 6.2) of (R,Ug) into (BUC®(R), || - |)- Indeed, if g(t) = || F(t; p)|l,
then g(t) € BUC(R), and |g(t) — g(t)| < ||[F(t; ) — F(¥'; p)|| < e. It follows that if
V={(z,y) e R xR:|g(x) — g(y)| <€}, then V € Ug, and

t-t|<é=(tt)eV=|F(tp) - FHp)ll <e

This proves our claim; we can therefore extend F' continuously to Q (Theorem 6.3).

Let ¥ g be the g-algebra of Borel subsets of () and let F(a; 1) be the extension of F'.
Note that for each m € Fiz, the space (2, X5, m) is a finite measure space. We claim
that F'is Bochner m-integrable. To see this, observe that Vz** € BUC**(R), the func-
tion g on 2 given by g(a) = z**(F(a; p)), is a bounded, continuous, complex-valued
function. Hence, g is m-measurable, so F' is weakly m-measurable. Furthermore,
the compactness of F(£; 1), together with the fact that F(Q; u) C (BUC®(R). || - D),
imply that F(Q;u) is norm-separable. Thus, by Theorem 8.2, F' is m-measurable.
Consequently, [|F(a; p)|| < 1; thus,

[ 1@ )l < (i)l =l < oo

It follows by Theorem 8.3 that F' is Bochner m-integrable (in the above inequality
we assume m($2) = 1 (Theorem 4.6)).

Let 0 < p € BUC®(R) and let A = co{F(a;u) : @ € Q}, where A is the
convex hull of the set {F(a;u):a € Q}. Then A C BUC®(R). Indeed, if y € A,
then y = 37 | c;F(ai; ) with 3.7_, ¢; = 1 and ¢; > 0. But F(a;;u) € BUC®P(R),

=1
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1<i<p,so AC BUC®(R). In fact, BUC®(R) contains the norm-closure A of A,
since BUC®(R) is a norm-closed subspace of BUC*(R).

Lemma 8.4. (VYm € Fiz) (Vu € BUC®(R)),
fm = /QF(a;u) dm(a) € A.
Proof. We will first show, (Va € Q) (Vy** € BUC*(R)),
([Pl am@).v) = [ (Flaim,y) dm(a) 8.1)

Recall that there exist simple functions

Sp = Z CinXE:, m=1,2,..., and a positive integer N, such that

i=1

/ | F(as i) — ZXE.,.(CY ldm(a) <€, n> N.

i=l

Thus,

{ /Q Flos 1) dm(e),y™)] ~ | / (Fla; 1), y™) dmi(a)] =

[</(F(a 1) ZQNXE v(@)) dm(a),y >] +
[ /Q <Z cnNXE (@) - F (a;u),y“>] :
i=1

It follows that

1({ [ Prasn) dmi@).v=) ) = ([ Plain) ™) dmie) 1 < 2els

Letting € — 0, we see that equation (8.1) holds.
Suppose ftn, ¢ A. Then by the Hahn-Banach theorem, 3y** € BUC*(R) such
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that the following dual relations hold:

(bm,y™) =1 and ((3,™)) <1, y € A.
In particular, ((F(a; ), y**)) <1, a € Q. Thus,
1= Gmv™) = ( [ Flain) dm(a).y™) ) =
([ Py dni@) < [ dm(a) =m@) =1
Q Q

Therefore, g, € A a

Let M = C§(R) & {Fiz}. In Lemma 4.7 we determined that
BUC®(R) = M & (M* 1 BUC®(R)).
Lemma 8.5. If0 < pu€ (M?NBUC®(R)), then Ym € Fiz,
inf{pgm,m} =0, ie., pmlm.

Proof. We will apply the following (Birkhoff) identity:
Let V be a vector lattice and let A, 3,7 € V. Then

|sup(A, 7) — sup(B, 7)| + | inf(A, 7) — inf(8,7)| = A — 8| ([LuZ]).
i € (MEN BUC®(R)) = p L CP(R) and u L {Fiz}. In particular, z L Fiz. But
the operators T*(t), t € R, are lattice isomorphisms (Chapter 2), so
T*(t)u L T*(t)m, m € Fiz. Since T*(t)m = m, by the definition of Fiz, then
VieR, (F(t;p)=T(t)u) L m. (8-2)

As previously mentioned, the function F(a;pu), a € Q, p € BUC®(R), is contin-



uous. Hence,
| F(t; ) = F(a; p)]| — 0 for every net (£) C R with t; = a. (8.3)
Using the Birkhoff identity, with A = F(t;; &), 8 = F(a; ), and 7 = m, yields:
| inf (F (t; 1), m) — inf(F(o; p), m)| < |F(ti; 1) — Fax; )|
Since inf{F(t;; z),m} = 0, by equation (8.2), then
|inf(F(a; p), m)| < |F(t; ) — F(e; p)]-

But, the right-hand side of the above inequality tends to 0 as %, = a; therefore,
(Vm € Fiz) (Va € Q), F(a; p) L m. But,

Pm = / F(a;p) dm(a) € A, by Lemma 8.4,
Q

SO fm, L M. a

Lemma 8.6. (Ym € Fiz) (V0 < u € BUC®(R)), pm <K m, ie., um is absolutely

continuous with respect to m.

Proof. Note that for each a € Q, F(a; i) is a bounded linear operator on BUC®(R);
to reflect this property, we will write F(a)u in place of F(a;p).
For each f € C(Q),

(o pm) = (F, /ﬂ F(e)u dm(a)) =
/(f, F(a)p) dm(a) = /(F‘(a)f, i) dm(a) =
Q Q
/ ( / F*()F(B) du(B))dm(a).
QJQ

Observe that (Vf € BUC(R)) (Vz,t € R), f(z +1t) = T(t)f(z) = T(z)f(t) implies
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F*(a)f(8) = F*(8)f(a); thus, it follows by Fubini’s theorem,

/Q ( /Q F*(@)F(8) du(B))dm(a) = /Q ( /ﬂ F*(8)f(c) du(B))dm(a) =
/ ( / F*(8) f(a) dm(a))du(B).
QJQ

But, (F*(8)f,m) = (f, F(8)m) = (f, m); therefore,

(F o) = fﬂ ( /Q F*(8)f(c)) dm())du(B) =
Q) / f(e) dm(a) = p(@)(F, m).
Q

This shows pu, K m. O

We are now in a position to complete the proof of our main theorem.
Theorem A. BUC®(R) = M.

Proof. Having determined that BUC®(R) = M @ M N BUC®(R) (Lemma 4.7),
we need only show M4 N BUC®(R) = {0}. First, assume 0 < p € M?N BUCP®(R).
On the one hand, g, L m, by Lemma 8.5. But on the other hand, p, < m, by
Lemma 8.6. Therefore, i, = 0. But if é is the unit in C(2), then

(& pim) = /Q /Q dm(z) du(e) = m(@)u(Q) # 0.

Now consider complex p € M? N BUC®(R). Note that [y| is contained in
MANBUC®(R); this follows from the fact that M*NBUC®(R) is a band in BUC*(R).
Thus, we obtain a contradiction by applying the previous argument to |u|. O
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Chapter 9 Weakly almost periodic

functions on R

Our objective in this chapter is to characterize the sun-dual of the Banach space of
weakly almost periodic functions on R. Several results due to [Ebl] (Definition 9.1
and Theorems 9.2-9.4) will help us accomplish this.

Definition 9.1. Let B(R) be the space of bounded, continuous, complex functions
on R (with sup-norm). Then f € B(R) is a weakly almost periodic function on
R (WAP(R)), if the set of translates {T'(t)f(z) : t € R} is a conditionally weakly
compact subset of B(R).

Because there is no descriptive representation of the linear functionals on B(R),
it is not always simple to determine the weak almost periodicity of a given function.
This is true, in spite of the fact that in the weak topology of any Banach space &,
you need only distinguish between compactness and conditional compactness ([Eb2]
and [Smu]). Of course, if we consider f € B(R) which vanish at infinity, then not
only does the Riesz representation theorem give a precise description of the linear
functionals associated with these functions, but as a consequence of this theorem
we obtain the result that in Co(R) weak convergence is equivalent to boundedness
and pointwise convergence. If we apply this result to the set of Cy(R)-translates,
{f(z +1t) : t € R}, we obtain:

Theorem 9.2. Cy(R) C WAP(R).

The countable additivity and translation invariance of Lebesgue measure on R

imply that every f € WAP(R) is uniformly continuous. Thus,

Theorem 9.3. If f € WAP(R), then f € BUC(R).
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Theorem 9.4. WAP(R) is a closed, invariant C*-subalgebra of B(R) (and BUC(R)),
with the involution operation given by complex conjugation (by invaeriant we mean

f(z) e WAP(R) = VteR, T(t)f(z) = f(z +t) € WAP(R)).

Consider
1 Y
U,(f(x)) = = / f(z+s)ds, z,yE€R, feBUCR).
YJe

In Chapter 5 we determined that ||U,|| = 1, and lim, .« Uy(f(z)) = 0 if f € Co(R).
In fact, if f € WAP(R), then lim, .. U, f(z) exists uniformly in z, and is constant
([Eb1]). We outline a sketch of this fact: By Definition 9.1, for each f € WAP(R),
the set of translates A = {T'(¢)f(z) : t € R}, is conditionally weakly compact. Then
by [Eb2] and [Smu], By = coA = closed convex hull of A in B(R), is weakly compact.
Note that By is a convex subset of W AP(R), which is invariant under the translation

group G = {T'(t) : t e R}, i.e,,
vVt e R, T(t)(Bf) - Bf.

Thus, by a fixed point theorem of [Mar] and [Ka2], there exists a g € By € WAP(R)
such that T'(t)g = g. Note that g is a constant, since the only fixed points of G are

the constant functions.
[Eb1] showed that g = limy_.o U, (f(z)), uniformly in z. To illustrate this we will

need the following two facts:
1. Vf e WAP(R), Uy(f) € By,
2. (vt € R) (Vf € WAP(R)), limy—o Uy(T(£)f) = limy 0 Uy (f)-

The proof of (1) requires uniform continuity to guarantee the uniform in r approxi-

mation of U,(f(z)) by Riemann sums. That (2) is true follows by the inequality

\U,(T(@) ) - Uy < 2 %T'-t-'
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Now we argue as follows: Since By is a weakly closed, convex subset of the locally
convex space WAP(R), then By is closed in the norm-topology of WAP(R) ([Ru]).
Hence, g € By implies,

14 4
(ve>0) (3Y_ e T(t)f() € By) such that llg— Y aT(:)FCO)l < 5-
i=1

i=1

By fact number (2), Jyo € R such that
€ )
IU,(TE)) -GNl <3 y2v 1si<p.
Since Uy(g) € By by (1), then U,(g) = g, so

lg = Uy(NIl < Vg = D & TN + Y allUy(TE) ) = Uy (Dl <,

=1 =1

y > yo. 1 <i <p. Thus, g =lim,_., U, f(z), uniformly in z.
Define

Unif) = Jims [ fa+u) )

Then U, is a linear transformation of WAP(R) into itself; ||Ux|| = 1;
Us(Co(R)) = 0, and by (2),

Un(T(®)f) = lim U,(T(t)f) = lim Uy(f) = Ue(f)-

Therefore, Uy, is a unique, translation invariant linear functional on WAP(R).

Let 0 < m € Fizx, with |jm|| = 1. Clearly, the restriction of all such m to W AP(R)

is the unique mean U,. We claim that
WAP®(R) = CQ(R) ® {Us}, where {Uy} is the band generated by U

Before we prove this, we give a synopsis of the pertinent information regarding
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W AP(R) and WAP*(R), that we implement to support our claim.

Let By denote the unit ball in W AP*(R); define a uniformity U on By with respect
to functions in WAP(R), which in turn induces a uniformity Ug, on R (observe that
if U is the uniformity on the unit ball B in BUC*(R), defined in terms of functions
in BUC(R), then Up is weaker than U, since BUC(R) 2 WAP(R) (Theorem 9.3)).
Using the same approach as in Chapter 6, let (Ro*,Ug,) be the completion of (R, Ug,)-
Then Ry* is a weak*-closed subspace of By; hence it is compact. If € is the maximal
ideal space of WAP(R), and R is embedded in y as a weak*-dense subspace, then
Qo = Ro" (note that €2, the maximal ideal space of BUC(R), is contained in ).

Consider the map
(z,t) S (z+t)of RxR—R.

Then ¢ can be extended over Qy x Qp so that it is separately continuous in each
variable (Lemma 6.4). Let ¢ be the extension. If f € C(%), then the composition
of f and ¢, f(¢ ), is a separately continuous function on Qg % € (Lemma 6.4).

Let 71,72 € C*(%). Recall that C*(Qq) is identified with M (£2)—the space of
bounded, regular, Borel measures on . The linear functional defined on C(£) by

FA /Q ., /9., F(¢len B)) drile) dm(B),

is bounded; thus, 3v € C*(Q) such that (f,v) = ¥(f). Let v = 7, * 7. Since f({)

is measurable with respect to the product measure 7, X 75 (Theorem 7.1), then

(Frrem) = / FCla,B) dir x ) = (F,ma % 7).

Qo Xﬂo

We define 7 %7 as the convolution of 7; and 75 (Definition 7.2); and we conclude that
M (0, *, +) is a commutative Banach algebra with unit, which contains W AP®(R)
as a closed algebraic ideal.

We now have everything in place to prove
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Theorem B. WAP®(R) =CP(R) ® {U}-

Proof. We first summarize essential properties of WAP(R) and WAP*(R). The
Banach lattice W AP(R) is an abstract M-space, so W AP*(R) is an abstract L-space
(Chapter 2) = WAP*(R) has order continuous norm (Chapter 2) = WAP*(R) is
Dedekind complete (Definition (iif)) => every band S C W AP*(R) is a projection
band (Theorem 2.5(b)). By Theorem 2.8, WAP®(R) is a band in W AP*(R); thus,

U € WAP®(R) = {Us} C WAP®(R).

Using the fact that Co(R) C WAP(R), we embed the band CP(R) in WAP*(R), and
assert that it also a band in WAP®(R) (Lemma 4.7). Consequently, the direct sum
{Us} ® CO(R) is a band in WAP*(R) and WAP®(R) (Theorem 2.5); hence, i la
Lemma 4.7, if M = C9(R) ® {Us}, then

WAP*(R) = M & (M)? and

WAPP(R) = M & (M) N WAP®(R)).

It remains to show (M)? N WAP®(R) = {0}.
Suppose 0 < 7 € (M) N WAP®(R). Consider the map

G:(R,[-]) > (WAP®R), [ - D,

given by G(t)r = T*(t)r. Then Vt € R, G(t) is a bounded linear operator on
W APP(R). Note that as a function of t, G(t)7 is a bounded, continuous function on
R; thus, we can extend G to €. We claim that as a function defined on gy, G has

the following form:

Gla)r = li%nT’(t;)'r =T"(a)r,
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where the collection {T™(a) : & € Qp} is the dual of the family H = {T'(a) : a € Q},
and where each element in H is defined on C(€) by

T(a)f(B) = f({(a, B)).

To see this, recall that (Vz € R) (Vf € WAP(R)), f(¢(a, z)) = lim; f(z + t;), where
(t,) is a real-valued net such that ¢, = a, and f is the extension of f to Q. It follows
that since f € WAP(R), then the net (f(z + ¢;)) has a weakly convergent subnet
(f(z + tipy))- Hence,

(f: G(tipy)T) = (£, T*(tiy)T) =
(T(tiwy) f, 7) = (f(C(a, ), T) =
(T(e)f,m) = (f, T"(a)7).

From Chapter 7 (“Convolutions”) and the above discussion, if m, is the regular

Borel measure on {2y corresponding to U, then

A T*(a)7(:) dme(a) = (T * M) (-) =

(Moo 7)(-) = /Qo T*(@)mea() dr(@) = [ (") dr(a).

Qo

Thus, (7 * M) € M. Furthermore, a similar argument to the one used in

Lemma 8.5 shows,
(7 *Meo) L Meo.
Consequently, 7*my = 0. But (e, 7 * my) # 0, if e is the unit of WAP(R); ergo,
(M)* W AP®(R) = {0}.

For complex r € (M )2NW AP®(R), observe that since M )2NW AP®(R) is a band
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in WAP*(R), then |r] € M )2 N WAP®(R). We therefore obtain a contradiction by
applying the above argument to |r|. O

Remark 9.5. For each p € BUC®(R), let us again consider the map
F:(R,|-]) — (BUC®R), |- ),

defined by F(t)u = F(t; 1) = T*(t)p (Chapter 8). Recall that we can extend F(t)u

continuously to Q. If F(a)p is the extension, we claim
F(a)p # T*(a)p,
where Va € Q, T*(a) is the dual of the operator T(a), and
VfeC@), T(e)f(B) = flp(e ).

Indeed, if m,mg € Fir with m(2) = mo(Q) = 1, and F(a)p = T*(a)u, then
vfec),

(fom) = (£, /Q T*(a)m dmo(a)) = (f,m *mg) =
(fmo +m) = (f, / T*(@)mo dm(a)) = (f, ma).
Q
Therefore, (f,m) = (f,mg), so that m = my, which implies that the set Fir has

one element. However, in Chapter 5 we showed that Fiz has plenty of elements;

therefore, F(a)u # T (a)p.

Let AP(R) be the space of almost periodic functions on R, i.e., f € AP(R) if the
set of translates {f(z +t) : t € R} is conditionally compact. Then

AP(R) C WAP(R) C BUC(R) C B(R).

Note that AP(R) N Co(R) = 0. If b(R) is the Bohr compactification of R, then
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AP*(R) = M(b(R)), the space of bounded, regular, complex Borel measures on b(R).
It was shown by [Neu] that there exists a unique, translation invariant mean x on

AP(R). It follows immediately that x = U,. Moreover, a proof analogous to the one
that shows C§(R) = L!(R), yields:

AP®(R) = L(me).
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