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Abstract

We investigate the existence of large sets of t-designs. We introduce ¢-wise equiva-
lence and (n, t)-partitionable sets. We propose a general approach to construct large
sets of t-designs. Then, we consider large sets of a prescribed size n. We partition
the set of all k-subsets of a v-set into several parts, each can be written as product
of two trivial designs. Utilizing these partitions we develop some recursive methods
to construct large sets of t-designs. Then, we direct our attention to the large sets
of prime size. We prove two extension theorems for these large sets. These theo-
rems are the only known recursive constructions for large sets which do not put any
additional restriction on the parameters, and work for all ¢t and k. One of them,
has even a further advantage; it increase the strength of the large set by one, and it
can be used recursively which makes it one of a kind. Then applying this theorem
recursively, we construct large sets of t-designs for all ¢t and some blocksizes k.
Hartman conjectured that the necessary conditions for the existence of a large
set of size two are also sufficient. We suggest a recursive approach to the Hartman
conjecture, which reduces this conjecture to the case that the blocksize is a power
of two, and the order is very small. Utilizing this approach, we prove the Hartman
conjecture for t = 2. For t = 3, we prove that this conjecture is true for infinitely

many k, and for the rest of them there are at most k/2 exceptions.



iii
In Chapter 4 we consider the case k =t + 1. We modify the recursive methods
developed by Teirlinck, and then we construct some new infinite families of large

sets of t-designs (for all ¢), some of them are the smallest known large sets. We also

prove that if k = ¢t + 1, then the Hartman conjecture is asymptotically correct.
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CHAPTER 0. INTRODUCTION AND SUMMARY 1

Chapter 0 Introduction and Summary

In the first chapter, we define the main concepts like t-design, large set, etc. Then,
we introduce some of our notations which are widely used throughout this thesis.
The rest of definitions and notations will be introduced in subsequent chapters
in the place they are actually needed. We introduce the t-set inclusion matrix
and we explain how the existence problem in design theory can be reformulated
as nonnegative integer solutions of a system of nonhomogeneous linear equations.
Then we direct our attention to the null space of the t-set inclusion matrix. We
give a short description of this null space in term of polynomials. We will show
that the t-set inclusion matrix is of full rank, and we will find a triangular basis
for its null space. Therefore, we obtain three equivalent ways to define t-designs,
as collections of k-subsets, vectors with nonnegative integer entries, and regular
polynomials. Throughout, this thesis we use the same notation for these three
equivalent versions, and we switch from one notation to another whenever it makes
it simpler to explain the ideas involved in the constructions. Finally, we give a short
review of the known results on the existence of large sets.

In Chapter 2, we introduce the notion of ¢t-wise equivalence which is basically a
generalization of large sets, as large sets are partitions of P,(X) into t-wise equivalent

subsets. We also define (n, t)-partitionable sets. We give a product construction for
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(n, t)-partitionable sets which can increase the strength of these sets by one. We also

explain a general approach to construct large sets of t-designs. To show the strength
of this approach we give a short proof for a well known theorem on combining
large sets only using two simple remarks we give right after the definition of t-wise
equivalent sets. In the next section, we consider large sets of a prescribed size n.
We obtain a partition of vXk (the set of all k-subsets of a v-set) in which each part
can be written as product of two trivial designs. These partitions will play a very
important role in our discussion, and in particular they provide some interesting
nontrivial identities involving binomial coefficients. Utilizing these partitions we

prove the following theorem.

Theorem 1 Let a, b, c, d, ¢, s, k, v; and v, be nonnegative integers such that
t <s < k <min{v;,n} ands =k —-1—-~a~b=1t+c+d. Suppose all of the
following hold:

(i) a LS(1/n;t,t,v,) exists for all i € {k —a,..., k},

(ii) a LS(1/n;t,i,v2) exists for all i € {k —b,...,k},

(iii) a LS(1/n;t,k —a — l,v, — ) exists for 1 <! < ¢, and

(iv) a LS(1/n;t,k —b—lva—1) exists for 1 <l < d,

Then a LS(1/n;t, k,vq + v3 — 8) also exists.

Ifb=c=d =0, then this theorem can be applied recursively to obtain an
infinite family of large sets. In particular, if K = ¢t + 1, then we will have the

following theorem.
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Theorem 2 If a LS(A;t,t + 1,u + t) exists, then a LS(mA;t, t + 1,mu + t) also

exists for allm > 1.

In (17', Hartman conjectured that the necessary conditions for the existence of
a LS(1/2;t, k,v) are also sufficient. Theorem 2 together with LS(4;6,7.14) con-
structed in {28] will establish the Hartman conjecture for k < 8. Finally, to empha-
size even more on the importance of t-wise equivalent sets, we direct our attention
to the large sets of prime size. It must be noticed that this is not a restriction. As
for a given large set of size n and a prime divisor p of n, one can obtain a large set
of size p by simply grouping the designs in the given large set into p groups of size
n/p. Once again, we find a partition of vXk into several parts each can be written
as a product of copies of trivial designs or some deformation of it. Then, utilizing
the product construction for (n, t)-partitionable sets, we will prove the following

theorems:
Theorem 3 If a LS(1/p;t, n, u) exists, then a LS(1/p; ¢, pn, pu) also exists.

Theorem 4 Ifa LS(1/p;t,n,u—1) existsand np < k < (n+1)p, then a LS(1/p; t—

1, k, pu) also exists.

To the author’s knowledge Theorems 2, 3 and 4, are the only known recursive
constructions for large sets which do not put any additional restriction on the pa-
rameters. Theorems 2 and 3 are also have the advantage that they work for all ¢

and k. The only other known construction of this type is due to Alltop 3], which
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requires v = 2k+ | and ¢t odd. Theorem 4 has even a further advantage; it increases
t by one, and it can be used recursively which makes it one of a kind. Starting with
nothing but a prime number, and applying this theorem recursively one can prove

the following theorem.

Theorem 5 Let p be any odd prime, and [, t,m, ay,...,a:,-1 be positive integers
such thatt,l,m > 1 and 1 < a; < p. Then a LS(1/p; t, S8 aipf + mpt, (1 -1)p*t +

:::1 pt) exjsts'

Theorem 3 is actually true even for p = 2. But in this case we probably prefer to
start with a LS(4;6,7, 14), so we can obtain designs of even smaller order, namely
a LS(1/2:¢,263—1,2¢-2-2) forall t > 6. For t > 9, these designs are the smallest
known t-designs. Prior to these result, the smallest known t-design (for ¢t > 8) were
of order i(t + 1)1]&+1.

Moreover, if we also use Theorem 4, then we can prove even an stronger result.
Let p be a prime number, and let k& be a nonnegative integer such that at least t + 1
of the coefficients in the p-adic expansion of k are nonzero. Then a LS(1/p;t, k, v)
exists in which v < 2pk. Therefore, for given t, for almost any blocksize k a large
set of t-designs with block size k exists.

In Chapter 3, we restrict ourselves to the large sets of size two. First, we show
that the necessary conditions can be written in the form v > k+tand v = ¢

(mod 2/¥) for some i € Aqi in which 2/%)-1 < k < 2f(%) and A;; is defined
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recursively by

A(t,t+1) = {t},

At k) ={t,...,k =1} U{ulk+t <u < 2" & u =i for some i € A(t,u — k)}.

Then we apply the recursive constructions which were developed in Chapter 2
(mainly Theorem 2) to show that to prove the Hartman conjecture for given ¢t and
k, we only need to establish the existence of finitely many designs. More precisely,

we prove the following theorem.

Theorem 6 Let t,m, and [ be three positive integers such thatm <l andt < 2™ —1.
Ifa LS(1/2;t,i,2f® +t) exists fort < i < 2™, and a LS(1/2;¢t,2' + j,2"*1 + t) exists
form <i<landQ <j <[t/2], then the necessary conditions for the existence of

a LS(1/2;t, k,v) are also sufficient.

In particular, to prove this conjecture for ¢ = 2, we only need to establish the
existence of LS(1/2;2, k, 2k+2) for k a power of 2. We will give a direct construction
for these designs. The idea is first to construct a LS(1/2; 1, k, v) which is very close
to be a large set of 2-designs. This can be established by applying methods similar
to the ones which were used to construct large sets of prime size together with a
few simple counting arguments. Then we apply a systematic trade-off on this large
set of 1-designs to obtain a large set of 2-designs. Some of these ideas originally
appeared in [16].

Next, we consider the case t = 3. Theorem 6 together with the table of well
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known designs will establish the Hartman conjecture for k < 16. For k > 16, we

are not aware of any construction which can establish the existence of the auxiliary
designs in Theorem 6. Therefore, we choose a slightly different approach to prove
that if v > 2/(® + 3.2f(X)-4 then the necessary conditions are also sufficient. We
prove this by induction on f(k). Applying Theorem 1 with some suitable arguments
reduce the problem to the existence of some designs of small order. The existence
of most of theses designs follows by Theorems 3 and 4. A few of them have v < 2k,
so the existence of their complement has already been established by induction
hypothesis. To establish the existence of the rest of them, again we apply Theorem
1 together with the induction hypothesis and the fact that the Hartman conjecture
is correct for t = 2. Now, it must be noticed that if k > 2f(®)~1 = 3.2f(x)-¢ apd
2f (%) 3 < v < 27K - 32f(K)~4 then v — k < 2f(¥)1-14, Therefore, by induction
hypothesis a LS(1/2; 3, k, v) exists, and taking complements of these large sets we
can settle all undecided cases for these values of k. The main result of this chapter

is as follows:

Theorem 7 The necessary conditions for the existence of a LS(1/2;t, k,v) are also
sufficient whenever one of the following holds (i) t = 2, (ii) t = 3 and k < 16, (iii)

t=3and 2" +3.2"3 < k < 2"*! for some n > 4, (iv) t = 3 and v > 3k.

Finally in Chapter 4 we direct our attention to the case k = ¢t + 1. In [41],
Teirlinck introduced r-trivial A-factorizations and developed some recursive methods

to construct r-trivial A-factorizations. In particular, he proved that for given ¢ there
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exists A(t) such that the necessary conditions for the existence of a LS(A;¢t, ¢+ 1,v)
are also sufficient whenever A(t)|A, and A(t) can be defined recursively by A(0) = 1,

and A(t + 1) = A(t)l(t + 1) in which
I(t) =lem.l,...,t+1}. Lem.{ (:) i=1,...,t}. (1)

We follow Teirlinck’s approach to find some new large sets of t-designs (for all ¢),
some of which have order smaller than those which were found in {41]. We first
give a simple description of Teirlinck’s construction which will enables us to put our
main ideas in a much simpler way. As this discussion shows, the main reason that
A(t) (in Teirlinck’s construction) is so large is that he always start with a t-trivial A-
factorization which is only (¢t — 1)-regular. Therefore, we try to construct l-regular
t-trivial A-factorizations. It appears that if we start with a t-regular large set of
(t — 1)-designs, then we can construct such a factorization. More precisely, we prove

the following Theorem.

Theorem 8 Let a, b and t be three nonnegative integers such that t < a < b. If
a t-trivial LS(A;t - 1,t,u+t—1) and a FS(A\w, t,w,u + t) exist, then a 1-regular

a-trivial FS(A\wab, t,wa, ub + t) exists.

In order to be able to apply our construction recursively, we restrict ourselves to
(t + 1)-trivial large sets of t-designs. Our description of Teirlinck’s method shows

that most of his results can be easily carried to this case. In particular, the following
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theorem can be proved:

Theorem 9 Let a = w/é in which § = 2 if w is even and § = | otherwise. If a
I-regular (t + 1)-trivial FS(A,t,a,u + t) exists, then a (t + 1)-trivial LS(dA;t,t +

1, duw + t) also exists.

Applying these two theorems recursively, we show that in Teirlinck’s theorem
the equation 1 can be replaced with
t+1\,.
l(t+1)=20t+1)(t+ 2)l.c.m.{( ; )[z <t+1}.

Then we look at the large sets of a fixed size n. Again applying Theorems 8 and 9

recursively we will obtain the following theorem.:

Theorem 10 Let n be a positive integers, then fort > 0, a LS((2n)t{(t+1)!}%¢, t+

1,2t {(t + 1)1}2 + t) exists.

For t > 8, some of designs which are constructed in Theorem 10 are the smallest
known designs (of block size t + 1). In fact, any other known nontrivial t-design
with blocksize (¢ + 1) comes from Theorem 9 which is a modification of Teirlinck’s
main Theorem.

Finally, at the end we come back to the problem of halving complete designs.
Utilizing the constructions which were developed in Chapter 2 and Theorems 8 and

9, we will prove that for k = t+ 1, the Hartman conjecture is asymptotically correct.
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More precisely, we prove the following:

Theorem 11 Lett > 4. Ifv =t (mod 2/¢*V) and v is sufficiently large, then a

LS(1/2;t,t+ 1,v) exists.
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Chapter 1 Background

1.1 Preliminaries

Let X be a finite set, and Y C {0,...,|X|}. The set of all subsets of X whose
cardinality lies in Y will be denoted by A-(X). For the sake of convenience we
denote Py;(X) and Py ;3(X) by Pi(X) and P, ;(X), respectively.

Let X; and X; be two disjoint finite sets and let k;, and k; be two nonnegative

integers. Then for B, € Py, (X1) and B C P, (X3), we define
B «B;={A1UAAL €B, & A2 € B,}.

Clearly B; = Ba C P, +i,(X1 U X3).

Let v, k, t, and A be four positive integers such that v > k > ¢t > 0. A t-design of
order v, blocksize k, and indez \, or briefly a S(\; t, k, v) design, is a pair D = (X, B)
in which X is a finite set with cardinality v and B is a collection of elements of Pi(X)
such that every element of P,(X) appears exactly A times in B. D is called uniform
of degree | or [-uniform if all of its blocks have the same multiplicity [, and it is called
simple (1-uniform) if it has no repeated blocks. Let X be a v-set. Then it is easy
to check that (X, P.(X)) is a simple S((‘,:::);t, k,v) design. This design is usually

called the trivial or complete design and will be denoted by TS(¢, k, v). Before we
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proceed any further, we would like to introduce the following notation which will be

widely used in the rest of this thesis.

Notation 1.1.1 Let B € Pi(X), for each T € P,(X) the number of occurrences
of T in the blocks of B will be denoted by n(T; B). By convention, n(T;B) = 0

whenever t > k.
A simple counting argument shows that a S(A;t, k, v) design is also a S()\;; i, k, v)
design for 0 <i <t in which A; (’f‘_’:) = A(:::) Therefore, a necessary condition for

the existence of a S(A; ¢, k, v) design is that

is an integer for 0 <i < ¢.
Let D = (X, B) be a S(\; t, k,v) design, and let z € X. We define two collections

B; and B of subsets of X \ {z} as follows:

B; = {B\ {z}|z € B € B},

B* = {B € Bz ¢ B).

Let S € P,_;(X\ {z}). Then

n(S;B:) =n(SU{z};B) = A,
n(S;B%) =n(S;B) ~n(SU{z};B) = Aec1 — A

Therefore, D, = (X \ {2}, B;) and D* = (X \ {z}.B*) are S(A\;t -1, k~1,v—1)
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and S(A;—1 —A; t —1, k, v ~1) designs, respectively. D, and D are called the derived

and residual designs of D with respect to . Also we can define a collection B’ of

elements of P,_«(X) as follows:
B'={X\B | B € B}.
Then for T € P,(X) we have
’ : t t
n(T;B)=XN= g(—-l) (z) A

Therefore, I = (X, B') is S(\’; t, v—k, v) design. D is usually called the complement
of D.

A large set of disjoint S(); ¢, k, v) designs, denoted by LS(A;¢, k, v), is a partition
of the k-subsets of a v-set into S(A;t, k,v) designs. Obviously, if a LS(A;t, k,v)
exists, then A = (',:i) /n for some n. For the sake of simplicity, we usually write
LS(1/n;t, k,v) instead of LS((',:::) /n;t, k,v). Now, the necessary conditions for the

existence of a LS(1/n;t, k,v) can be written as n| (’;::) fori=0,...,¢t

Notation 1.1.2 Let n be an integer greater than or equal to 2. The cyclic group
of order n is denoted by I, = (1,...,n}. Whenever, we deal with a collection
{A,,...,An}, we implicitly assume that subscripts are in I,, so all subscript arithe-

matics are performed in I,,.

We end this section, by a simple lemma which will be implicitly used in several
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places.

Lemma 1.1.1 Ifa LS(1/n;t, k,v) exists, then for0 <i < t, and j € {k~1,...,k},

aLS(l/n;t —1i,j,v~—1) exist.

Proof. Let {(X,B))|1 £l < n} be a LS(1/n;t,k,v), and let ¥; and ¥; be two
subsets of X such that Y1NY2 =0, |[Yi|=k~jand |Yo| =i+ j—k. Forl1 <[ <n,
let

Bi={B\h|Ya2nB=0&Y: CBe€B}.

Then {(X \ (Y1 UY2),B})|1 <l <n}isaLS(l/n;t—i,j,v~4).0

1.2 The Incidence Matrix

Let X be a v-set, and B be a collection of elements of P,(X). For B € P (X),
let f(B) denote the multiplicity of B in B. Then f is a function from Pi(X) into
nonnegative integers. Clearly, f uniquely determines B. We usually use the same
notation for f and B.

For i < | X|, we choose an arbitrary ordering for P;(X). So we may write

P(X) = {Ty,.... T},
P(X) ={By,..., By}

Given a collection g of elements of P,(X) we may identify g with the vector (g(B1), ..., g(B(z) )}
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We define a (‘t’) X (z) matrix @ x(v) = (ai;) as follows:

1, if ;C By,
ai; =
0, otherwise.

Then g is a S(Ajt, k, v) design if and only if
Pex(v).9 = A1, (1.1)

in which 1 is the all one vector. It is well known that if g, is a particular solution of
1.1, then any solution of 1.1 can be written as g = g, + g9, in which go is a solution

of the following homogeneous system of linear equations:
Pex(v).g = 0. (1.2)

Also it is easy to see that 1 is a solution of 1.1. Therefore, solutions of 1.2, which
are called (t, k,v)-trades, are of particular interest. In the next section, we discuss

some of their properties.

1.3 The Structure of (t,k,v)-Trades

Let X = {z,|n 2 1} be a set of distinct indeterminates. Then a subset B of X
can be identified with the monomial II;,¢gz; (and the empty set will be identified

with constant polynomial 1), and then every collection of the subsets of X will be
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a polynomial f € Z[X] with nonnegative coefficients. Let f € Z[X]. We say f is

regular of degree (or blocksize) k if f = 372, n; X; in which n;’s are nonzero integers,
and X;'s are distinct k-subsets of Pi(X). Therefore, 0-regular polynomials are just
integers. f is called simple if [n;| = 1 for i < m. Let f be a regular polynomial of
degree k. We define found(f) to be the set of all z;'s such that deg, (f) = 1, and

the order of f to be the cardinality of found(f). We also define

f+ = Ztmzl max(nf: O)Xir
f- = "n=1 min(nia 0)‘Yi,

supp(f) = f* + f~.
Then f = f* ~ f~. For t < k, we have

m

bexlf) = 3 P X).

=1

Since the parameter k is uniquely determined by f, we usually skip the subscript &
in ¢:x and we simply write ¢.

A regular polynomial f of order v and blocksize & is called a signed design with
parameters ¢, k,v, A (denoted by SS(A;t, k,v)) if ¢.(f) = AP.(found(f)), and it is
a t-design if f~ = 0. A (¢, k,v)-trade is a SS(0;t,k,v) design. Clearly, a (t,k,v)
trade is also a (¢, k,u)-trade for 4 > v. Therefore, we usually skip the parameter
v are refer to a (¢, k,v)-trade as a (t, k)-trade. Jdo(Supp(T)) is called volume of T

and is denoted by Vol(T'). Let T be a (t, k, v)-trade and z € Found(T). As in the
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case of ordinary t-designs, we may define T, and T*. If ¢t > 0, then T, and T* are

(t—1,k—1,v~—1) and (¢ — 1, k,v — 1)-trades, respectively.

Lemma 1.3.1 Let T be a nonzero (t, k)-trade, then |found(T)| > k + t + 1, and

Vol(T) > 2.

Proof. Since T is nonzero, it contains at least two distinct blocks. Therefore, the
assertion is true for ¢t = 0, and if ¢ > 0, then there exists z € found(T) such that
both T, and T* are nonzero. Thus, Vol(T) = wol(T;) + vol(T=), and |found(T)| >

|found(7T*)| + 1. Now, the assertion follows by induction on ¢. O

In Lemma 1.3.1, if both equalities hold, then T is called a minimal (¢, k)-trade.

Now it is easy to check that if f is of blocksize k and t < s < k, then

s = [(5)()/(5)] o0

Therefore, a (t, k)-trade is also an (i, k)-trade for 0 < i < ¢t. Now if f and g are

regular polynomials such that found(f) Nfound(g) = @, then fg is also regular, and

8:(f9) = g«s.-w.-.-(g). (1.3)

Therefore, if T; is a (t;, ky)-trade, T; is a regular polynomial of blocksize k;, and
found(77) N found(T;) = @, then TiT; is a (¢, k1 + ka)-trade, and if T3 is also a

(t2, k2)-trade, then T\ T3 is a (t; + t3 + 1, ky + ky)-trade, and in both cases, we have
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supp(T\T3) = supp(Ty)supp(732)- Now, it is obvious that if yy, . .., Yx+e+1 are distinct

elements of X, then

T= (yl —¥2) ... (Yae+1 = Y2+2)Y2e43 - - - Ykt 41

is a minimal (¢, k)-trade. It is well known that any minimal trade is of this form.

Let V = {zy,...,z,}. The set of all (¢, k)-trades whose foundation is a subset of
V form a Z-module which is usually denoted by N(t, k, v). In fact, N(¢, k,v) is the
null space of the incidence matrix ¢, (v). We have already shown thatifv < k+t+1,
then N(t, k,v) = {0}. We will prove that if v > k+t, then dimN(¢, k,v) = (}) - (3),
and we will find a triangular basis consisting of minimal trades.

Let T be a (t, k, v)-trade whose foundation is a subset of V/, and let B be the
smallest block in Supp(T’) in the lexicographic order. Write B = {z;|i € [} in which
I={b,....0} € P({L,...,v} and by < by <--- < b;. Leti € {1,...,t+1}, A=
{Zby,..-1Zs;_, } and let S = T4 be the derived trade of T with respect to the set A.
Then S is a nonzero (t + 1 — 1,k + 1 — i)-trade and since B is the smallest block in
T, we must have

found(S) C {z;|b: <j < v}.

Therefore,

(t+1—=i)+(k+1—1) <found(S) <v+1-—b,
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or equivalently

bi<v—k—-t—-2+21 1<i<t+1.

Also it is trivial that b; <v—-k+ifort+1 <i<k.

Definition 1.3.1 Let B = {ay,...,ax} € Pc({1,...,v}) and a) < --- < a;. Then
B is called a (t, k, v)-starting block (or simply a starting block whenever the param-
eters t, k and v are clear from the context) if the following inequalities hold:

a;<v—k—-t—-2+2i forl<i<t+1,
(1.4)

a;<v—k+i otherwise.
The set of all (v, k, t)-starting blocks and its cardinality will be denoted by M(t, k,v)

and n(t, k, v), respectively.
Lemma 1.3.2 Ifv > k+t, then n(t, k,v) = (Z) - (‘t')

Proof. We prove the assertion by induction on v. Let B = {a1,...,a¢} €
P.({1,...,v}) and a; < --- < ax. We consider two cases:

Case (i): ay = 1. Now B € M(t, k,v) ifand only if B; = {a; —1|2<i <k} €
M(t -1,k = 1,v —1). Therefore, there are exactly m(t — 1,k — 1,v — 1) blocks of
this form in M (¢, k, v).

Case (ii): ay > 1. fv=k+t+1, then B € M(t, k,v) as 1.4 doesn’t hold.
Let v>k+t+ 1. Then B€ M(t,k,v) ifandonly if B, = {a; — 1]l Li <k} €
M(t, k,v — 1). Therefore, there are exactly m(¢,k,v — 1) blocks of this form in

M(t, k, v).
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Therefore, we have the following recursive equations for m(t, k, v)’s

m(t—-1,k—-1v-1), fo=k+t+1,
m(t, k,v) =

mit—1L,k—-1lv—1)+m(t,kv—-1), fo>k+t+1,

and the assertion follows by inductionon k+¢. O

Lemma 1.3.3 Let B € M(t, k,v). Then there exists a minimal (t, k,v)-trade T

whose smallest block (in lexicographic order) is B and found(T) C V.

Proof. Let B = {a;,...,ax} and a; < --- < ai. Let

Apny = {jlat-;~1 <j<v&jé B},

and let ¢;+1 = min{i[i € A;+1}. Now, for 2 <i <t + 1, we define A..,_; and c;+2—¢

recursively by

Avvz—i = {jlaesz«<jSv& jE B\ {glt+2—i<j<t+1},

Ct+2~i = mm{lll € At+2-—i}-

(notice that by 1.4 each A; is nonempty. Let

Ts = (Tay ~ Zct) - - (Taesr — Ict-'-l)zawz -+~ Tay-

Then it is easy to check that B is the smallest block of T5. O
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Theorem 1.3.1 B = {Tg|B € M(t, k,v)} form a basis for N(t, k,v). In particular,

dimN (t, k,v) = n(t, k,v) = (§) ~ () ifv > k+¢.

Proof. Clearly B is an independent set as it is triangular (the starting blocks of its
elements are distinct). We prove that B spans N(¢, k,v). Let T be a (t, k, v)-trade
and let B be the smallest block in T. Let ag be the multiplicity of B in T. Then
T — agTp is also in N(t, k,v) and its smallest block is greater than B. Repeating
this process, we can find a positive integer [/, starting blocks B, ..., B; and nonzero
integers ay, ..., a; such that § = T ~Y’_, a;Ts, does not contain any starting block.
But we have already seen that the smallest block of any nonzero (¢, k, v)-trade is a

starting block, so § =0, i.e. T = ¥°%_, a;T, is in the span of B. O
Theorem 1.3.2 The t-set inclusion matrix ¢ (v) is of full rank.

Proof. By definition N(¢, k, v) is the null space of ¢; x(v). Therefore, rank(@, «(v) =

(2) — dim(N(t, k,v) = max{(?), (?)}. O

Lemma 1.3.4 Let T be a (t,t + 1)-trade, and B be a m-subset which is disjoint

from found(T'). Then ¢:..(TB) =T.

Proof. The assertion is an immediate consequence of the identity 1.3 and the fact

that a t-trade is also an i-trade fori < ¢t. O

Theorem 1.3.3 The necessary conditions for the existence of a SS(\; t, k, v) design

are also sufficient.
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Proof. We remind that the necessary conditions are as follows: \; = ,\(';;‘) / (’:::)A
is an integer for 0 < ¢ < t. We prove by induction on ¢ (0 < i < t) that a
S8(Ai; 1, k,v) exists. For ¢ = 0 the assertion is trivial. Let i > 0, and let f be a

SS(Ai-1;t ~ 1,k,v) and V = found(f). Let g = ¢:f — AiPi(V). Then

¢i-1(9) = 6i~10:f — M1 (Pe(V)) = (k+ 1 = )i f — (v + 1 —8)A Py (V)

=({(k+1—19)A — (v+1=-19A)P (V) =0.

Therefore, g is a (i — 1,3)-trade. By Theorem 1.3.1, we can write g = 3., 7; in
which 7;'s are (not necessarily distinct) minimal (i — 1,1)-trades. For 1 <i </, we
choose B; € Pi—i(V \ found(T;)). Then h = g = ¥°_, B;T: is a (i ~ 1, k)-trade and

by Lemma 1.3.4, ¢;(h) = g. Now, we have
oi(f — k) = ¢i(f) — 9 = MFi(V).

Therefore f — h is a SS(A; i, k, v) design. O

Theorem 1.3.4 The necessary conditions for the existence of a S(A; t, k, v) are also

sufficient whenever X is sufficiently large.

Proof. Let A(t, k,v) = (Z:ﬁ) / ged{ (‘,:::) |0 <i <t}. Then the necessary conditions
for the existence of a S(A;t, k,v) can be written is the compact form A(t, k, v)[A.
Let n = (::‘)/z\(t, k,v). Let V bea vset. Fori = 1,...,n~1, let f; bea

¢

SS(iA(t, k,v);t, k,v) design on V and let NV be the maximum of the multiplicities of
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the blocks in the f;™’s. Thenform > N, fi+mP (V) is a SS((mn+i)A(t, k,v); t, k. v)

design. In other words, the necessary conditions are also sufficient if A > NV (Z_’_:) . O

Remark 1.3.1 All of the results of this section except the existence of a triangular
basis were originally proved by Graver and Jourkat [16]. The existence of this basis
was established in [22]. Theorems 1.3.2, 1.3.3 and 1.3.4 were also independently
proved by Wilson [44]. Proofs of Theorems 1.3.3 and 1.3.4 are rewritten from [16].

The rest of proofs are either new or a modification of a existing proof.

1.4 Review of Known Results

In this section, we survey the known results for the existence of large sets of t-designs.

Let us start with ¢t = 1. For k& = 2, a LS(A;1,2,n) is simply a A-factorization
of K,. It is well known that the necessary conditions for the existence of a A-
factorization of K, are also sufficient. For k > 2, the same result is proved by
Baranyai [6].

Next case is t = 2. For k = 3 a S(A;t, k,v) is called a triple system of order v
and index A. It is easy to see that a LS(1;2,3,7) does not exist [7]. On the other
hand, for any other value of v, the necessary conditions are also sufficient. This was
proved through a series of recursive constructions developed by different authors
which reduced the problem to a few small cases which were known to exist. The
existence of LS(3;2, 3,6m+35) and LS(6;2, 3, 6m+2) is established by Teirlinck [38],

as these large sets can be derived from LS(3gcd{4,n —1};3,4,3n). Forv=0o0r 4
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(mod 12), the result is proved by Schreiber [34]. Utilizing this result, Teirlink proved

that a LS(2ged{3, u—1};2, 3, 2u+2) exists for all u > 1 [40]. These results together
reduce the problem to the case of Steiner triple systems, i.e. A\=1andv=1o0r3
(mod 6). This case was settled by Lu [29, 30] with at most six possible exceptions
after several other authors had obtained partial results [7, 13, 24, 32, 33, 39, 43].
These six cases were settled in {35].

For t = 2 and k£ > 3 not much is known on the existence of large sets. For
v < 13, it is shown in [26] that the necessary conditions for the existence of a large
set are also sufficient except for (¢, k,v) = (2,3,7). Chouinard [10] has established
the existence of a LS(1;2,4,13). This is the only known LS(1;¢t, k,v) with t > 2
and k # 3. In {8], it is proved that a LS((;‘);‘.’., k.v) exists whenever v is a prime
power and ged{v(v — 1), k(k — 1)} = 2. One can also find some other families of
large sets in (8], e.g. a LS(15;4, 6, 14).

In [17], Hartman has considered the partitioning of the complete design (X, P:(X))
into two parts (designs) of equal number of blocks. He proved that the necessary
conditions are also sufficient whenever ¢t = 2 and & = 3,4. He also obtained several

other infinite families of this form. Consequently he makes the following conjecture:

Conjecture (A. Hartman, 1987). There exists a partition of the complete design

S ((”");t, k, v) into two S ((Z::) /2;t, k, v) designs if and only if (',:::) is even for

k-t

1=0,...,t.



CHAPTER 1. BACKGROUND 24
This conjecture is proved to be correct for t = 2 and k < 16 [4]. In {28], Kreher

and Radsznowski constructed a LS(4;6,7,14). Existence of this large set together
with some well known recursive constructions establishes the Hartman conjecture
for t =6, k = 7. Then, taking the derived and the residuals of the large sets in this
family one can settle the Hartman conjecture for £k < 7.

In [37], Teirlinck introduced r-trivial A-factorizations and developed some re-
cursive methods to construct r-trivial A-factorizations. In particular, he proved
that for given t there exists A(t) such that the necessary conditions for the ex-
istence of a LS(\,¢t,t + 1,v) are also sufficient whenever A(t)|A, and A(t) can be
defined recursively by A(0) = 1, and A(t + 1) = A(t)I(t + 1) in which () =
lem{1,...,t + 1} . Icm{(z) |i = 1,...,t}. He also obtained a few infinite families

of large sets for t < 6.
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Chapter 2 t-Wise Equivalence

In this chapter, we introduce the notion of t-wise equivalent sets which is basically a
generalization of (¢, k, v) trades. In the first section, we will discuss their importance
in constructing large sets, and we find some recursive procedures to construct them.
in the second section, we use ¢-wise equivalent sets to find several recursive construc-
tions which will be useful in consequent chapters. Finally in the third section, to
emphasize their importance and strength even more, we show how this simple idea

can lead to constructing large sets of prime size and small order for all ¢.

2.1 t-Wise Equivalent Sets

Definition 2.1.1 Let X be a finite set, and let t and k be two positive integers
such that t < k. Two subsets A and B of P,(X) are said to be t-wise equivalent
if the number of occurrences of each T € P,(X) in A and B are the same, i.e.
n(T; A) = n(T; B). In particular, A and B are 0-wise equivalent if and only if

|4 = |BI.

Before we proceed in this line, we would like to make some remarks on the above

definition to clarify its significance on constructing large sets.
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Remark 2.1.1 Simple enumerative arguments shows that any two t-wise equivalent

sets are also (t — 1)-wise equivalent. Hence, if 0 < i < t, then any two t-wise

equivalent sets are also i-wise equivalent.

Remark 2.1.2 Let X be a v-set, and let {B,,...,B,} be a partition of P.(X)
into n mutually t-wise equivalent sets. Now, the numbers of occurrences of each
T € P,(X) in all B;’s are the same, and on the other hand, each t-subset of X in
total appears in exactly (‘,:::) blocks of the B;’s. Hence, each (X,B;) (1<i<n)is

a simple S((Z::) /n;t, k,v), and {(X.B;)[l <i<n}isa LS((Z::)/n; t, k,v).

Remark 2.1.3 IfB,,..., Bn are mutually disjoint subsets of P,(X) such that each
of them has a partition into n mutually t-wise equivalent sets, then their union,

UR,B; = B has also a partition into n t-wise equivalent sets.

In the light of the above remarks, our approach to construct large sets is as
follows. First, we present some procedures to construct the (n,t)-partitionable sets
(the sets which have a partition into n disjoint t-wise equivalent subsets) from the
(n,t1)-partitionable sets (t; < t), and then we give a partition of Pi(X) into such
sets. The following Lemma shows how one can construct (n, t)-partitionable sets

from the older ones.

Lemma 2.1.1 Let X, and X, be two disjoint sets, and let t,, t,, k;, and k, be four
integers such that 0 < t; < k; and 0 < t; < ky. Fori = 1,2, let B; C P, (X;),
and suppose that B, has a partition, say {F;|l < i < m}, into m mutually t,-

wise equivalent subsets. Then (i) B, = B, has a partition into m mutually t,-wise
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equivalent subsets.
(i) if B, has a partition into m mutually t,-wise equivalent subsets, then B, = B,

has a partition into m mutually (t, + t; + 1)-wise equivalent subsets.

Proof. (i) It is easy to show that {F; #*Bs|1 <i < m} is a partition of B; « B; into
t;-wise equivalent subsets. To prove (ii) let {G;| < ¢ < m} into m mutually ¢,-wise

equivalent subsets, and define

Hi=Y Fj*G,,, 1<i<m

j=1

in which A = (a;;) is Latin square of order m. Let T € P,,+¢,+1(X1 U X2). Then

either TN X | <t or [TN X, <t,. If|TNX,| <t;, then we have

n(T: H:) = T2 (T N Xy; Fi)In(T N X3; Goy;)
= Z?:l [n(T N Xi; Bl)/m] n(T N Xz; GG.',')
= [ Tn(TNXy; G,,.,.)] n(T N Xy;B,)/m

=n(T N Xy; B1)n(T N X3; Bs)/m = n(T; By * By)/m.

A similar argument will work for |T'N X;| < t2. Therefore H,’s are (¢, + t2 + 1)-wise

equivalent. O

We end this section, with the following lemma which is a very simple but still
useful application of t-wise equivalent sets in construction of large sets. This lemma

is a special case of a more general construction by Van Trung [42].
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Lemma 2.1.2 Ifv e N_,A(t,k +1), then v + [ € A(t, k + 1).

Proof. Let [X|=1v Yi={1,...;,i}(1 <i<!)and XNY; =@. Then {Y; =*
Prsi-i(X)|1 <1 < 1} is a partition of P /(X UY;). Now, the assertion follows by

remarks 2.1.1, 2.1.2, 2.1.3 and Lemma 2.1.1. O

2.2 Large Sets

In the following lemma, we obtain a partition of Pi(X) which would be useful
in establishing some of our main results. But first, we must give a couple more

definitions.

Definition 2.2.1 A finite set Y is said to be of the form (Zi) * (Z:) whenever
there exist two disjoint finite sets Y1 and Y such that |Y;| = v, |Y2| = v, and

Y = P, (Y1) * P (Ya).

Notation 2.2.1 The set of all v’s such that an LS(1/n;t, k,v) exists will be denoted

by A(t, k,n).

Lemma 2.2.1 Let u, v and k be three positive integers such that k < min(u,v),
and let X be a (u+ v —k + 1)-set. Then P¢(X) has a partition {B, ..., Bk+1} in

which B; is of the form (;:‘lﬂ) * (“"‘“‘1) .

i-1
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Proof. Let X ={1,...,u+v—k+1}. For1 <1 <k+ 1, we define

Xi={11'--xv+1-i}v
Y;={v+3—i,...,u+v—k+1},

Bi = Pet1-i(X:) = Py (Y2)

Clearly, each B; is of the desired form. We will show that they form a partition of
Pi(X).
First, we show that B;’s are pairwise disjoint. Let 1 <i < j <k+1, and B € B;.

Thenv+2 -3¢ B, so

|BNXi|=|BNX;|+[BN(X:\ Xj1)l S [BNXG| + [ X \ Xjal

Sk+l-j)+@G—-i—-1)=k—1,
while for C € B;, |C N X;| = k+ 1 —i. Therefore, B; N B; = 0.
Let B € Pi(X), and let r; = |BN X;|, 1 £1 < k+ 1. Clearly, we have

0<rg<ri<rin+1<k+1L

If 1 =0, then B € Bx;+y. If riey = k, then we have B € B;,. Otherwise, we can
find ! such that r, = r_; = k+ 1 — [, and consequently |[BN X;| = k+ 1 —! and

v+2—-1¢& B, so B € By = Pey1-1(Xi) * P~1(Y1). Therefore, UMIB; = P(X). O

Lemma 2.2.2 Let v, v,, s and k be three positive integers such that s < k-1 <

min(vy,v,). Let a and b be two nonnegative integers such thata+b = k—~1—s. Let
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Z be a set of the form ("“",:’”) . Then Z has a partition {Cy,...,Cik+1} such that
(i) for 1 <t <a+ 1, C; is of the form (k:{_i) * ("3_‘1’),
(ii) for 1 <i < s, Co+1+4 is of the form ( ""—i‘.) * ("2-”""'1)

k—a— a+1

(ifi) for 1 i b+ 1, Cregms is of the form (*7) = (. 2_,).

Proof. Letu=v+k—-s—1, v=v;+k—s—1, and define X, X;, Y; and B;’s

(1<£i<k+1)asin Lemma 22.1. Let
Vi={v-k+1,....v-k+blU{v—a+1,...,v}

then | X\Yi| = v1+v2—s, so without loss of generality we may assume Z = P.(X\Y}).
Let

Ci={B|BeB;:&BNY, =0}, 1<i<k+1.
It is straightforward to check that the C;’s have the desired properties. O

Theorem 2.2.1 Let a, b, ¢, d, t, s, k, v; and v, be nonnegative integers such
that t < s < k < min{y,,v;} ands = k~-1—-a—-b=t+c+d. Letvy €
N GA(ti,n), vo € N, A(t,i,n), vy —l € At,k—a—1) for 1 <! < c, and

va—l €A, k—b—1,n)for1 <I<d Thenv +v,—~s € A(t,k,n).

Proof. Let Z be a set of the form "‘*’Z”’). Define C;'s (1 <i < k+1) asin
Lemma 2.2.2. In view of Remarks 2.1.2 and 2.1.3, in order to prove the statement,

we must show that each C; is (n, t)-partitionable.
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Ifi<a+c+1ork-b~d<i, then C; is product of a (n, t)-partitionable set
and another set, so by Lemma 2.1.1 C; is (n, t)-partitionable.
Leta+c+1<i<k-b—-dand writei=a+c+1+j. Thenl <j<tand
C; is of form (k”_‘;_‘;‘j J.) X (""::j:;“). Now, by assumption v; € A(t, k — a,n) and
v, € A(t,k —b,n), so by Lemma 1.1.1, v, —j—c€ A(t—j,k—~a—c—jn)and

Yp—~s+j+c—1=vy—d—-(t+1—j) € A(j-1,a+c+ j,n). Therefore, by Lemma

2.1.1, C; is (n, t)-partitionable. O

Theorem 2.2.2 If v € NE,A(t,i,n) and u € A(t, k,n), then {u+ (v —¢t)|l >

1} C A(t. k,n).

Proof. The assertion follows by induction on { (and applying Theorem 2.2.1 with
b =C= d = 0), D

In particular, if k =t + 1, we will have the following theorem.

Theorem 2.2.3 Ifa LS(A;t,t+1,u+t) exists, then a LS(mA;t, t+ 1, mu+t) also

exists for all m > 1.0

2.3 Large Sets of Prime Size

Throughout this section, we assume p is a prime, u, k and n are positive integers
suchthatnp<k<(n+1l)pandu>n. Let X ={1,...,up} and A;={(i — 1)p+

l,...,ip} for1 <i <u. Let Y ={A,,..., A,} and order Y by

Ai<A; ifandonlyif i <j
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We define a function ¢ from the power set of Y into the power set of X by

¢(B)= |J Ay, for BCY.
AeB

The following lemma is immediate.

Lemma 2.3.1 If B, and B, are j-wise equivalent subsets of P (Y), then ¢(B,) and

o(B,) are j-wise equivalent subsets of Pnp(X). O

Let [,m,ay,...,a be positive integers such that [ > 1,1 <a; <p(l <i<!)and

k=mp+Yl 0. Let B€ P(X)and T = {C},...,Ci} € B(Y), Ci < ... < Ch.

Define
Supp(B) = {A:i|A: N B # 0},
9(B) = Supp(B) \ f(B),
(T, a,...,a) = {B € X| [BACi| = a; & g(B) = Supp(B) = T},
Fu(T,a1,...,a1) = {B € P(X)| |IBNC{| = a; & g(B) =T},
and let

1
pz{fm(T)a11°'-1al)|l?.11 TGH(Y)y lsag<p, &Zm=k~mp}.

=1

Clearly, we have

U{4]A € P} = {B € Pu(X)|g(B) # 0}.
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Therefore we have the following lemma.

Lemma 2.3.2 (i) If k # np, then P is partition of P.(X), and (ii) if k = np, then

P is a partition of P(X) \ ¢(Po(Y)). O

Lemma 233 IfT € P(Y), and1 < a; < p(1 £i <), then I'(T,a,,...,q) is

(p,! — 1) partitionable.

Proof. LetT ={C,...,Ci} with C, <...C;. Then
P(T~ ary..-, al) = F(T \ {CI}1 ay;.--, al-l) * Pa;(Cl)'
Since p is prime, pj (:( ), and so F,,(C)) is (p,0)-partitionable. Now, the assertion

follows by induction on [. O

Lemma 2.34 IfT€ B(Y),and1 <a:<p (1 <i <), then
(i) Fn(T,ay,-..,a;) is (p,l — 1)-partitionable,

(ii) if a LS(1/p; s, m,u — l) exists, then Fn(T, a1, ..., a1) is (p, s + )-partitionable.

Proof. It is easy to check that
fm(T1 A1y, al) = ¢(Pm(Y \ T)) * F(Ta Ay ..., al)‘

Now, the assertion is an immediate consequence of the Lemmas 2.1.1, 2.3.1, and

233. 0
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Theorem 2.3.1 If a LS(1/p;t,n,u) exists, then a LS(1/p;t, pn, pu) also exists.

Proof. Let k =np and Fu(T,ay,...,a:)) EP. [fI <t then (n—m)p=3"_,a; <
Ip, som > n—~I, and then by Lemma 1.1.1 a LS(1/p; t—I, m, u—!) exists. Therefore,
by Lemma 2.3.3, Fn(T,ay,...,a:) is (p, t)-partitionable. By the assumption and
Lemma 2.3.1, ¢(P,(Y)) is also (p,t)-partitionable. Now, the assertion follows by

Lemmas 2.1.1, 2.3.2 and 2.3.3. O

Theorem 2.3.2 If a LS(1/p;t,n,u — 1) exists and np < k < (n + 1)p, then a

LS(1/p;t + 1, k, pu) also exists.

Proof. Let Fp(T,ay,...,4) €EP. [f1<t+1,then (n—m)p= Yt a; <lIp, s0
m > n—I[, and then by Lemma 1.1.1,a LS(1/p;t+ 1 —1,m,u~!) exists. Therefore,
by Lemma 23.4, Fn(T, a1,...,a1) is (p,t + 1)-partitionable. Now, the assertion

follows from the Lemmas 2.1.1, 2.3.2 and 2.3.3. O

Theorem 2.3.3 If a LS(1/p;t,n,u — 1) exists and 1 < j < i < p—1, then a

LS(1/p;t + 1,np <+ 1, pu + j) also exists.

Proof. The assertion is an immediate consequence of Lemma 2.1.2 and Theorem

23.2. 0

Now we apply Theorem 2.3.2 to find some infinite families of large sets of t-

designs for all ¢.

Theorem 2.3.4 Ift > 6 and m > 2, then a LS(1/p;t,2t3 — 1,m2¢~3 — 2) exists.
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Proof. It is well known thatif m > 2, thena LS(1/2;6, 7,8m—2) exists [21, 28, 37].

Now, the result follows by induction on t (and applying Theorem 2.3.2). O

Theorem 2.3.5 Let p be any odd prime, and [, t,m, ay,...,a,-1 be positive inte-
gers such that t,I,m > 1 and 1 < a; < p. Then a LS(1/p;t, i} aip® + mpt, (I -

1)pt*t = ¥4, p) exists.

Proof. Trivially for 1 < m < p a LS(1/p;0,m,lp) exists. Now, the assertion

follows by induction on ¢. O
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Chapter 3 Halving Complete Designs

In this chapter, we restrict ourselves to large sets of size 2. Applying recursive con-
structions which were developed in Chapter 2, we show that to prove the Hartman
conjecture for given ¢ and k, one only need to check the existence of finitely many
designs.

For k < 7, all these auxiliary designs can be obtained by taking residual and
derived designs of a S(4;6, 7, 14).

For t = 2 we give a direct construction for these designs, and so we prove the
Hartman conjecture for t = 2. For t = 3 and k < 16, it is well known that these
auxiliary designs exist.

For t = 3 and k£ > 16 we are not aware of any constructions for these designs.
But instead we use some of our results on the existence of large sets of prime size to
show that the necessary conditions are also sufficient as long as v > 3k, so there are
at most finitely many exceptions. In fact, we show that for infinitely many values
of k the Hartman conjecture is true. It must be noticed that the methods which we

use for ¢t = 3 can be used in general to obtain some partial results for t > 3.
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3.1 Overview

In this section, we discuss a possible approach to Hartman Conjecture. To do this, it
will be more convenient to express the necessary conditions as a system of congruence
relations. For given m and [ with m > [, we denote by a(m, l), the largest integer n
such that 2" divides (';‘), and the smallest positive integer » such that [ < 2", will

be denoted by f(I). It is well known that

in which [z] denotes the largest integer smaller than or equal to z. Let B(t, k) denote
the set of all v’s such that (z:’:) is even for 0 < i < t. A triple (v,k,t) is called

3

feasible if v € B(t, k).

Lemma 3.1.1 Let m;, m,, and [l be three positive integers such that m;,my; > [,

andm; =m,; (mod 2/®). Then (";‘) is even if and only if ("l") is even.

Proof. Without loss of generality, m; < 2f®) [, and so my = m, + j2/® for some
j 2 0. An easy computation shows that a(m,,[) < a(my,!). Let a(ms,l) > 0, and

let ¢ be the smallest positive integer such that
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If i > f(l), then

-3 31 oo

o023 (=5[] (2] [2) 4]0 -

Lemma 3.1.2 A triple (v, k, t) is feasible if and only if (v,v — k, t) is feasible.

Proof. The assertion is an immediate consequence of the following combinatorial

("%7) =2 ()=

which can be easily proved by the Inclusion-Exclusion principal. O

identity

Lemma 3.1.3 A triple (v, k,t) is feasible if and only if one of the followings holds:
(Jv=t,...,k~1 (mod 2f(®),

(i)v=vy (mod2/®), k < vy <2f®), and (vo, v ~ k, t) is feasible.

Proof. Let v=1vy, (mod 2/®¥), k < vy < 2% +k —-1. By Lemma 3.1.1, (v, k, t)
is feasible if and only if (v, k,t) is feasible. Now (2“:.)’1) is odd for all ¢, so if

0 < j <t, then (2 — 1 +j, k, t) is not feasible. On the other hand, if vg = 2/®) +{
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for some t < i < k, then for 0 < 7 <t we have

) oo [w—J] _[k—J| _[w—k]|_
a(wo ~5, k—J) 2 [ 0) ] - [gf(k) ] - [ 2F () ] =1,
so (v, k, t) is feasible. Now, the assertion follows by Lemma 3.1.2. O

Notation 3.1.1 For the sake of convenience, throughout this chapter we write

A(t, k) instead of A(t, k,2).

Theorem 3.1.1 Let t,m, and | be three positive integers such that m < | and
t<2m—1. If2fO ¢t € A(t,i) for t <i < 2™, and 2" + ¢t € A(t, 2" + j) for

m <i<land0 < j<[t/2], then A(t, k) = B(t, k) for k < 2*1.

Proof. By assumption 2f¢*D + ¢t € A(t,t + 1), so by Lemma 3.1.3 and Theorem

Alt,t+1)=B(t,t+1)={vjv=t (mod 2/¢tV)}.

Let t +1 < k < 2!, and assume that A(t,i) = B(t,i) for t + 1 < i < k. Denote
n = f(k),so 21! < k < 2" If k > 2" + [t/2], then by the induction hypothesis
2" ~t € A(t,2" + t — k) which implies that 2" + t € A(¢, k). Therefore, 2" + ¢t €
NS AL, 7).

Let v € B(t, k), and v = vy (mod 2") with k < vy < 2" + k. If vo < 2", then
by the induction hypothesis vq € A(t, vy — k) which implies that vy € A(t, k). On
the other hand, if o € {2" + i|t £ i < k}, then by Lemma 2.1.2, v € A(t, k).

Therefore, by Theorem 2.2.2, v € A(t, k). O
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Theorem 3.1.2 If2<t < k<7, then A(t,k) = B(t, k).

Proof. In [9] it is shown that 8+t € N_,,, A(t, k). Now, applying Theorem 3.1.1

gives rise to the result. O

3.2 The Caset=2

As we promised earlier, in this section we will prove that the Hartman conjecture
is true for t = 2. A major part of the proof is to establish the existence of a
LS(1/2,2,2™,2"+1 + 2) for n > 4. Since our construction for these designs is very
technical, we would like to postpone it for a while. So we assume these designs exist,
and we prove our main result. Then we give an outline of our construction for these
designs in term of trades. And then we present a rigorous proof. The reader who is

not interested in technical details, can avoid the last part and only read the outline.
Theorem 3.2.1 A(2,k) = B(2,k) for k 2 3.

Proof. For k = 3, the assertion is a well known result [11, 17, 22]. In [9], it is shown
that 10 € NI_;A(2,k). Thus by Lemma 2.1.2, we have {10,...,7 + k} C A(2,k)
for k=3,...,7. Now, by Theorem 2.2.2, the assertion is true for & < 8.

In {25], it is proved that a S(910;4, 8,20) exists. Taking the residual of this
design, we conclude that a S(4004;2, 8, 18) also exists. Hence 18 € A(2,8). Also
in {3] it is shown that 18 € A(2,9). Since, the assertion is true for k < 8, then a

LS(1/2;2,k,18) exists for 3 < k < 7, taking the complement of these designs we
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obtain a LS(1/2;2, k, 18) for every 10 < k < 15. Hence 18 € N}2,A(2, k), and then

by Theorem 2.2.2, we have A(2, k) = B(2,k) for k < 16.

Let k > 16. It is well known that if k is not a power of 2, then 2k € A(2, k)[5]
and if k is a power of two, then 2k + 2 € A(2, k) by Theorem 3.2.2 (which will be
proved shortly). Now, by applying Theorem 3.1.1 with m = 4 and [ = k, we will

have A(2,k) = B(2,k). O

Existence of Auxiliary Designs: An Outline

In this section, we describe briefly an outline of the proof of 2'*! + 2 € A(2,2') for
[ > 3. To describe our proof, it will be more convenient to reformulate our problem
in terms of trades. Let T be a simple (¢, k)-trade of order v (i.e., [found(7T)| = v)
such that supp(T) = Pi(found(T)), then ¢(T* —T~) = 0 and ¢(T* + T~) =

',::i) P,(found(T)). Therefore, both Tt and T— are S((Z::) /2;t, k,v) designs. On
the other hand, if f is a S((J7})/2;t, k, v) design, then 2f ~ Pi(found(f)) is a simple
(t, k)-trade with supp(T’) = Pi(found(T)) and T+ = f. Therefore, our problem can

be reformulated in the following way:

A (2,24,21%1 + 2,1/2)-trade, i.e. a simple (2,2')-trade T of order v =

2*1 4+ 2 and volume (;’,) /2, exists for | > 3.

Therefore, we must discuss which polynomials can be support of a simple trade.

Clearly, if f and g are supports of simple trades, then f + g is also support of a
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trade if and only if f and g have the same blocksize and they are disjoint (i.e., f+ ¢

is simple).

For simplicity, let m = k+1=2"+1and v = 2m. Let V = {zi]1 < i < v}
and V] = {21/l <i < m}. For 1 < i < m, we define z3;_, = z3._;z%. Then
we can extend this, in a natural way to the subsets of V; and then to all regular
polynomials whose foundation is a subset of V;. For example (z,z3 + z3z5)* =
T1TaT3T4 + T3T4ZT5Te. Let 1 <t < k/2, and let T be a minimal (2t — 1, k)-trade
with found(T') C V. Then T is said to be normalized if there exists a permutation

o € S, such that (i) o(i) < o(j) if 1 <i < j < 2¢, and (ii)

T = (y1 —¥2) .- Yat—1 — Yae)Vae+1 - - - Yes2ts

in which y;_1 = Z25(5)-1 and ¥2; = Tas(;). Let f; be the sum of the supports of all

normalized (2t — 1, k)-trades, and define fo = ¥ 5¢p, 2(vi) B®. Then

k/2

P (V)= ;o fe-

Now, it is easy to check that any two normalized trades are disjoint, so each f; is
the support of a simple (2t — 1, k)-trade, therefore if t > 1, then f; is the support
of a simple (2, k)-trade. Now, if S is a 1-trade whose support is Py/2(V;), then S*
is also a 1l-trade, and supp(S*) = fy. Therefore, if we can find a simple 1-trade T

whose support is f;, and ¢2(T) = ¢,(S*), then T — S* is a 2-trade whose support
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is fo + f1- To construct T we need a further description of normalized 1-trades and

$2(5).

Forl1 <i<j<k+1, we define
T = (T2i1 — 1'2:')(32:'—1 - J:21')'

Then if B € Py2-1(V1 \ {Z2i—1, Z2j-1}), then T};B* is a normalized 1-trade, and in
fact every normalized 1-trade is of this form. Clearly ¢2(T;;B*) = T;;. Therefore, if
B,C € Pyja_1(Vi \ {z2i-1,Z22j-1}), then T;;B* — T;;C* is a 2-trade.

Let S be a 1-trade whose support is fo. Then we can write S = Sp + 315, S; in
which Sy is a 2-trade and S, is a minimal 1-trade for [ > 0. We say S is close to a 2-
trade if ng is relatively small. Clearly, $2(S*) = 315, S7. Let S = (z;—z;)(z,~z,)B

in which 4, j, r and s are distinct and B € P._3(V; \ {z;, zj, Z,, Z,}). Then
SI = (T2i-1T2x — T2j-1%2;)(T2r<1Z2r — T25-1T2:) B®,
and

62(S7) = supp(Tyr) + supp(Tjs) — supp(Tis) ~ supp(Tjr).

Therefore, if we find S in such a way that ng < (k’;;fl), and then we can find a
1-trade T with the desired property which proves f; + fi (and so Pi(V)) is the

support of a simple 2-trade.
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To establish the existence of S, we basically use the same method. We partition

Py/2(V}) into several sets such that all of them but one are support of a 2-trade, and
the last one can be the support of a 1-trade. The only part we should actually work
with is this set. If we manage to take this set to be very small, then ng will satisfy

the required inequality, as we can take ng to be smaller than or equal to Vol(S —So).

Existence of Auxiliary Designs: Technical Details

Let X = {1,...,2u}, Ai={21—1,2i} for 1 <i<u,andletY = {Ay,..., A}
We define a function ¢ from the power set of Y into the power set of X by ¢(B) =

Ua,eB4:, for B C Y. The following lemma is immediate.

Lemma 3.2.1 If B, and B, are j-wise equivalent subsets of P,(Y), then ¢(B8,) and

@&(B,;) are j-wise equivalent subsets of Py, (Y). O

For BC X, TCYandC CY\T, we define

Supp(B) = {Ai|A: N B # 8},
f(B) = {A{A: C B},
9(B) = Supp(B) \ f(B),
[(T)={B c X|f(B) =0 & ¢(B) =T},
[(T,C)={B C X|f(B) =C & g(B) =T},

['m(T) = {B € Pn(X)|g(B) =T}



CHAPTER 3. HALVING COMPLETE DESIGNS 45
Lemma 3.2.2 Let T € Py(Y), C1,C; C Y \T, C, # C,, and |[Cy| = |C,|. Then (i)

[(T,C;) is (j — 1)-halvable, (ii) D(T,Cy) UT(T,C;) is j-halvable.

Proof. For ! € {0,1} define

TYT)={Bel(T)| Y z=! (mod?2)}.

zeB

Then, it is easy to see that {I'%(T),['}(T)} is a partition of ['(T") into two (5 — 1)-
equivalent subsets. Hence by Lemma 2.1.1 I'(T,C;) = I'(T) * {#(C:)} is (j — 1)-

halvable. To Prove (ii), let

Fo = T%T) = {$(C)} UTX(T) = {#(Ca)},

Fy =T%T) = {#(C;)} UTHT) = {¢(C1)}.
Then {Fo, F,} is a partition of ['(T', C; )UL' (T, C-) into two j-wise equivalent subsets.O
Lemma 3.2.3 If|T| 2 3, then [,,(T) is 2-halvable.

Proof. If I'y(T) # @, then m = 2l + |T| for some !l > 0, and so {['(T,C)|C €
P(Y'\T)} is a partition of ['m(7T"). Now assertion follows from Remarks 2.1.1, 2.1.3

and Lemma 3.2.2. O

Lemma 3.2.4 Let n > 2, v = 22 + 1, k = 2"t and let X, be a v-set. Then

Pi(X,) has a partition {F;,F,} into two 1-wise equivalent subsets such that

> @A) - A< (2]

TeP2(X1) l
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Proof. Let m =2", u =2m =k, and form X, Y, and A;'s. Let co € X and

denote X; = X U {oo}. Clearly {Pe(X), {00} * Pe—1(X)} is a partition of Pi(X;).

If |T| = 2, then by Lemma 2.1.1,
F!m(T) F(T) * ¢(P m-l(Y))

is 2-halvable. (Note that (=7 is even.)

If |T| is even and greater than 2, then due to Lemma 3.2.3, [ (T') is 2-halvable.

If |T| is odd and greater than 1, then due to Lemmas 2.1.1 and 3.2.3, {o0} =
Com—-1(T) is 2-halvable.

Therefore Pi(X1) \ (U 1{o0} * ¢(Pm~1(Y \ {4:i})) U &(Pn(Y))) is 2-halvable.

Let 1 <i £ u. Since 2m—1 and m~1 are coprime, if o; is any cycle of length u—~1
on Y \ {4}, then orbits of the cyclic group generated by o; on P,,_;(Y \ {A:}) are
1-designs of index m — 1, and the total number of orbits is (2"“1) /(2m — 1) which
is an odd integer. Therefore, we can write Pn_i(Y \ {4:}) = D; U E;, in which
D;NE; =0, D; is 1-halvable, and E; is an orbit of some block B; € Pp_1(Y \ 4).

Without loss of generality we may assume that

Bj:Bm+j={A11“'1A"l}\{Aj}1 forj=11'° ym
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and IB, N o'i(Bi)l =m-—-2. Let

Ey = {0*(By),0*(By), . ..,0*™*(By)},

Eiz = {dl(Bi)y 03(31)1 RN Uzm‘s(Bi)}'

Then by Lemma 2.1.1, {co} * ¢(D;) * P,(A;) is 2-halvable, and if we define

Hy = {{mt 2 — 1} U¢(B)1 {ma 21'} Ué(C)IB € Eih &Ce Ei(3-l)}1 1<1<£2,

then {H;, H;} is a partition of {co} * P;(A;) *#(E; \ B;) into two 1-wise equivalent

subsets, and it is easy to check that

Z |n(T; Ha) — n(T; Hip)| = 4(m — 1).
TePy(X1)

Let Y7, = Y \ {4}, and let {Dy1, D12} be a partition of D, into two 1-wise

equivalent subsets. For [ € {1,2} define

F={BU{Ai}, 1\C|B € Dy & C € Dy3-p}.

It is straightforward to check that F) and F; are 2-wise equivalent. Hence by Lemma

3.2.1, ¢(F1) and @(F3) are 2-wise equivalent. Let

Fs={BU{A}, '\ B|B€E} = Ph())\(ALUR).
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Now, we have Pn_1(Y \ {Ai}) = D;UY;\ {B:} U{b;} and Po(Y) = FLUFUFR.

Therefore, in view of the above remarks, to prove the assertion we must show that
B = ¢(Fs) U (U5 {co} * Pi(A:) * $(By))
has a partition {Kj, K3} into two 1-wise equivalent subsets such that

4m —3
TGPQZ(XI) In(T; K1) = n(T; K7)| < (Qm _ 1) /2 —8m(m —1).

Now, we remark that Fj3 is the union of 2m — 1 Steiner 1-designs (each consisting of
a block and its complement), so F3 \ {B, U {A1},Y1 \ B:} is the union of (2m —2)
Steiner 1-designs, and so it has a partition {F3;, F3,;} into two l-wise equivalent

subsets each consisting of 2m — 2 blocks. Let

Ky = ¢(Fa1) U (UZ, {co} * Pi(A:) x ¢(Be)) U{{2m + 1,...,4m}},

K = ¢(F32) U (UG 1 {00} * Pi(A) *» 6(B:)) U {{L,...,2m}}.

Since B; = Bpsi fori = 1,...,m, K; and K, are l-wise equivalent. Therefore,
{K\, K,} is a partition of B into two 1-wise equivalent subsets, and it is straightfor-

ward to check that

Sremonn In(T3 K1) — (T K)| < 2(2m = 2) () + 4m(@m — 1) + 2(7)

< (3m=3)/2 — 8m(m — 1),

2m-~-1
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(noting that m > 4) which completes the proof. O

In the remainder of this section, we assume v = 2u = 2"*1 + 2 k = 2m = 2",
and n > 4. By Lemma 3.2.4, Pn(Y) has a partition {F;, F,} into 1-wise equivalent

subsets such that

b= ¥ @A) -aTEN < ()2
TePy(Y)

We form two disjoint collections H; and H; of the elements of P,(Y’) by the following
rule: H; contains T € P3(Y) exactly m times if n(T; F2) — n(T; F1) = (-1)'m.
Therefore, (H;, H,) is a (1,2, u)-trade of volume b/2, and so it can be written as a
sum of s minimal trades for some s < b/2. In other words, for 1 <i <'s, we can

find a 4-subset E; = {Cy, Ciz, Ci3,Cis} of Y such that if we let
T = {{Ca,Ci2}, {Cis, Cus}}, Tia = {{Ca,Cia}, {Ci2, Cis}},

then for § € P (Y),

n(S; Xiz1 Taa) — (S Tizy Tiz) = n(Si Ha) — n(Si He)

i=1 i=1

= n(S; F1) — n(S; Fa).

Therefore,

i(n(s s 8(Ta)) — n(S; §(Ta))) = n(S; 8(F1)) — n(S; #(F2))-

=1
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Now, since s < (,‘,‘:‘1) /4, we can find s distinct subsets By, .... B, of Pph_i(Y) such

that B;NE; =0. For 1 <i< sand 1 <! <2 define Fy = User,,_,, [(T, B:). The

proof of the following lemma is straightforward and so it does not appear here.

Lemma 3.2.5 F}; and F3(1 < i < s) are I-wise equivalent, and for S € P(X),
n(S; Fig) — n(S; Fua) = n(S; #(Ta)) — n(S; ¢(T2)). O

Let By = ¢(Pn(Y)) U (Uizy UL, User, I(S, B:)) and for T € Py(Y) define

Ar = P (Y \T)\{Bil1 i< 5 & T e T, UTy,},

Br = UgeaI'(T, B).
Clearly {Bs, Br|T € P5(Y)} is a partition of ¢(Pm(Y)) U (Urepv)L2m(T)).
Lemma 3.2.6 B, is 2-halvable.

Proof. Let G = ¢(F;) U(UL,Fu) for 1 <1 < 2. Then {G1,G,} is a partition of By

and by Lemma 3.2.5 for S € P,(X) we have

n(8;G1) — n(S;G2) = n(S; §(F1)) — n(S; 6(F2)) + L1 (n(S; Fa) ~ n(S; Fp))
= L1(n(S; ¢(Ta)) — n(S; 6(Ti2))) + iz (n(S; 8(Ti2)) — n(S; 9(Ti))) = 0.

Therefore, G; and G, are 2-wise equivalent. O
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Lemma 3.2.7 For T € Py(Y), Br is 2-halvable.

Proof. Let A7 = P, 1(Y \T) \ Ar. Clearly we have
|AT| = Tici (T Taa) + n(T'; Tia)) =2 31 ((n(T; Taa) — n(T'; Tia))
= n(T; 1) = n(T; Fo) = n(T; ) + (T3 F) = (i) =2 1.
Therefore, |Ar| is even and the assertion follows from Lemma 3.2.2. O
Theorem 3.2.2 For n >4, an LS(1/2;2,2",2"*! + 2) exists.

Proof. Clearly {By, Br,[x(S)|T € P(Y), S € Py(Y), 2 <! < 2™} is a partition
of Pi(X). By Lemmas 3.2.3, 3.2.6 and 3.2.7, each element of this partition is

2-halvable, and hence by Lemma 2.1.1, Pi(X) is 2-halvable. O

3.3 The Case t=3

In this section, we restrict ourselves to the case ¢ = 3. Our main goal is to prove
that if v € B(3, k) and v > 3k, then v € A(3, k), and A(3, k) = B(3, k) for infinitely

many k.
Theorem 3.3.1 A(3,k) = B(3,k) for k < 15.

Proof. In (9] it is shown that 11 € N{_,A(3, k) and 19 € N3, A(3, k). Now, the

assertion is an immediate consequence of Theorem 3.1.1. O

Notation 3.3.1 For k > 3 we define C(k) = {2/ + {|3 < i < 3.2f(R—-4},
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Theorem 3.3.2 Let k > 8, n = f(k). Then

(i) B3, k) \ A3, k) C C(k),

(i) A3, k) = B3, k) if ™1 + 32" < k < 2.

Proof. We prove the assertion by induction on n. By Theorem 3.3.1 the assertion
is true for n < 4. In the next section, through a series of Lemmas we prove that if
n > 5, and the assertion is true for n — 1, then it is also true for n which completes

the proof. O

The Induction Step

In the rest of this section, we assume n > 5, f(k) = n, and Theorem 3.3.2 is true

for n — 1. For simplicity of the notation, we let r = 3.2
Lemma 3.3.1 Ifu € A(3, ko), then {2u,2u + 1} C A(3,2ko) N A(3,2ke + 1).

Proof. By Theorem 23.1, 2u € A(3,2k). Also by Lemma 1.1.1, we have
u—1 € A(2, kg), so by Theorem 2.3.2, 2u € A(3,2ko+1). By Theorem 2.3.2, 2u+2 €

A(4,2kg +1). Now, by Lemma 1.1.1, we have 2u+1 € A(3,2kg) NA(3,2ko +1). O
Corollary 3.3.1 {2" +i|r <i < k} C A(3,k).

Proof. Let kg = [k/2]. By Lemma 3.3.1, {2" +i|r <i < 2ko — 1} C A(3,2ko) N
A(3,2ky + 1). If k = 2ko + 1, then 2% + 2ko — 1 € A(3,2ko) N A(3,2ko + 1), so by

Lemma 2.1.2, 2™ +2kg € NA(3,2ko+ 1). O
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Lemma 3.3.2 Ifu € A(3,k), then {vlv =u (mod 2") & v > u} C A(3,k).

Proof. Let vy =2"+r, v, =u, s=r and a = k — 1 —s. Then, by the induction
hypothesis v; € NE,,;A(3,%) and v; ~l € A(3,s+ 1 ~1) for 1 < I < s — 3 (notice
that f(s+1—1) € f(s) =n —2). By Theorem 2.2.1 with b= d = 0, we will have

u+ 2" € A(3,k). Now, the assertion follows by induction. O
Lemma 3.3.3 Ifk > 2"~ ! + r, then C(k) C A(3, k).

Proof. Let 3 <i<randv=2"+1i Letm = f(v—k). Thenm < f(r) =n -2
which implies v > 2™ + 3.2™~4. On the other hand v = i (mod 2f*~*) and
3 <i<v—k, so (v,v—k,t) is feasible. Therefore, v € A(3,v— k) and consequently

ve A3 k). O

Lemma 3.3.4 Ifk > 2" ! +r, then 2" +i € A(3,k) for3<i<r.

Proof. The assertion is an immediate consequence of Lemmas 3.3.2 and 3.3.3. O
Lemma 3.3.5 Ifk < 2™ +2"3 1+ 3, then {2""! +i|3 <i <} C A(3,k).

Proof. Leti € {3,...,7r—1}, t=3, v =2"+r, v =2"+r+i,a=k—-2"1, b=
m3+2 c=d=r—3ands=k~l—-a—-b=c+d+t=2r-3.

For 21 = k~a € j < k, we have r < j, so (vy,7,3) is feasible. Clearly,
f(4) £ f(k) = n, so v; & C(j) which implies v; € A(3,j). A similar argument

shows that va € N5, _,A(3, 7).
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Let 1 <! <c Thenk—-a—-Il< 2!~ so f(k—a—-1) <n Now, we
have vy =l =r -1 (mod 2f*<*D)andr~{ < 2®! —~{ = k—a ~[. Clearly,
vy —{ > 2f(k=a=D+1 50 y; — [ & C(k — a — 1) which implies v; — [ € A(3,k —a — ).

A similar argument shows that v, ~l € A(3,k—-b—1{)for1 <l <ec.

Now, the assertion follows by Theorem 2.2.1. O
Lemma 3.3.6 {2"*! +i|3 <i <r} C A(3,k).

Proof. If either k < 2! +2""3 + 2 or 2*~! + r < k, then the assertion is proved
in Lemmas 3.3.4 and 3.3.5.

Let 21 + 23+ 2 «c bk < 21+ r and 1 < i < 2™3. Clearly, we have
i<2®+i—k, and 2" + i — k < 2"~! which implies (2" + i,2" + 1 — k, 3) is feasible,
and 2" + ¢ € C(2" + i — k). Therefore, 2" +i € A(3,2" + i — k) which implies

2" +1€ A@, k). Now, by Lemma 3.3.2,

{21 +i|3 <i <2"%} C A(3,k).

By Lemma 3.3.5, we have

n—-1.gn-3
2*113e ) AB.J),

j._._.zn—l

and then by Lemma 2.1.2, we have

{2t +i2" 3 +3<i<r} C A3, k),
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which completes the proof. O

Corollary 3.3.2 Ifv=3,...k~1 (mod 2") and v € C(k), then v € A(3, k).

Proof. The assertion follows by Corollary 3.3.1 and Lemmas 3.3.2 and 3.3.6. O

Lemma 3.3.7 If v € B(3,k) \ C(k), then v € A(3, k).

Proof. In view of Lemmas 3.1.3, 3.3.2 and Corollary 3.3.2 we only need to
consider the case v < 2". But in this case (v,v — k, 3) is also feasible, and clearly
v—k <2 som = f(v—k) <n. fve C(v—k), thenm =n—-1,and v—k > 2*2
which implies v > k+ 2772 > 2™ + 3.2™~%. a contradiction. So v  C(v — k). Then

v € A(3,v — k) and consequently v € A(3, k). O
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Chapter 4 The Case k=t+1

4.1 Teirlinck’s Construction

As we discussed in Chapter 1, S(A;t, k,v) designs are equivalent to the nonnegative

integer solutions of the following nonhomogeneous system of linear equations
bu(v)F = AL, (4.1)

in which 1 is the all one vector, and @:(v) is the incidence matrix of t-subsets and
k-subsets of a v-set X, in which incidence is defined by inclusion. Unfortunately,
the size of ¢ (v) grows very rapidly, which makes it impossible to check all different
possibilities for solutions of this system. Therefore, one may try to find a way to
shrink this matrix. One possible way to do so, is to define an equivalence relationship
on the subsets of X which preserves the size of a subset (i.e. all members of an
equivalence class have the same cardinality), and is consistent with the inclusion.
More precisely, if 7 = T and K are two equivalence classes of t-subsets and k-
subsets, respectively, then n(T;K) (the number of blocks in X which contain T')
only depends on the equivalence class 7 (not the particular representative). Then,
we can define a matrix ¢.x(v) whose rows and columns are indexed by the equivalence

classes of t-subsets and k-subsets, respectively, and the entry at row 7 and column
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K is n(T; K) in which T is any representative of 7. Now, a solution of

Gu(v)g = AL (4.2)

is equivalent to a S(A;t, k,v) whose block set is a union of equivalence classes.
One common way to find such an equivalence relationship is the group action. If
G is a finite group which acts on X, then this action can be naturally extended
to the P(X), and then two subsets of X are equivalent if and only if they are in
the same orbit. Any solution of 4.2 will provide a S(A;¢t, k,v) design with G as
an automorphism group. This idea has been successfully used by many different
authors to produce t-designs with a given automorphism group. Notice that this
method can reduce the size of the original system of equations at most by a factor
of |G|, and for a given group G there is no guarantee that a S(J; ¢, k, v) design with
G as an automorphism group exists(In fact, there are many t-designs with trivial
automorphism group.), and so for large values of v this method is not practical.
Therefore, it comes necessary to find another equivalence relationship which enables
us to approach the existence problem recursively. For this, we need to take an extra
look at the necessary conditions. In the rest of this chapter, we restrict ourselves to

the case k =t + 1. Then, the necessary conditions can be rewritten in the form

A, t +1,v) =ged (lem.{1,...,t + 1},v—=t) | A.
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Therefore, to make sure that at any step of our constructions the necessary condi-
tions are satisfied, we may take v = t + uw, in which L.c.m(1,...,¢ + 1} divides u

and w is a nonnegative integer. Then, a natural candidate for a v-set would be

X = {o01,...,00:.} UL, x L.

These representations of X and v immediately suggest that ¢ elements of X, namely
co;’s, must be treated differently from the others. For 1 <i <u, let Y¥; = {i} x I,

and let Y = {V]...,Y,}. Now, for a subset B of X we may define

Supp(B) ={Y: | YN B # 0}.

Then two subsets B and C of X are said to be equivalent if and only if (i) they have
the same cardinality, and (ii) Supp(B) = Supp(C). We show that this equivalence
relationship is consistent with the inclusion. Let T € P.(X), B € P.1(X), T C B,
and w > t + 1. We denote by B the equivalence class of B. Now, either Supp(B) =

supp(T) or |Supp(B) \ supp(T)| = 1. In the first case, we have

n(T; B) = w|Supp(B)|,

while in the second case

n(T; B) = w(|Supp(B)| + 1).
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Therefore, our equivalence relationship is consistent with the inclusion of t-subsets
in (¢ + 1)-subsets, and we may define ¢(v). Since for this equivalence relationship

each entry of Py(v) is divisible by w, we replace it by
M) = 1P )
t(u) = P ek (V),

and then solutions of

M,(u)g = A1 (4.3)

are equivalent to the S(A\w; t,t+ 1, uw+t) designs whose block set can be partitioned
into equivalence classes.

Before we proceed any further, we would like to take a further look at the Af,(u)
and equation 4.3, so we can describe them from an abstract point of view. Let B
be a m-subset of X, then max{0,m — t} < [Supp(B)| < m. Therefore, equivalence
classes of t-subsets and (¢ 4 1)-subsets can be identified with P, :(Y) and P, ;1 (Y),

respectively. Then, for T € Py (Y), B € P, ,+1(Y), we have

[
IT| if T =B,

M@u)T,B)=11 iTcB&|B\T| =1,

0 otherwise.

\
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If g is a rational solution of 4.3, then for § € Fy:(Y’) we have

1SIg(S) + Y. g(SU{z}h) =Y g(Su{z}=A

z€Y\S z€Y

Let Z = {00y,...,00:} and V =Y U Z. If g(S) is a nonnegative integer for all

S € Py:(Y), then we can define a collection f of (¢t + 1)-subsets of V' by

f(B) =g(B\ 2).

It is easy to see that f is actually a S(A;t, ¢+ 1, u+t) design which has the symmetric
group on Z as an automorphism group. Conversely, any design with this property
is equivalent to a solution of system 4.3. Such designs are very important for our

discussion, so we would like to give them a name.

Definition 4.1.1 Let D = (X,B) be a S(A\;t,k,v) and Z C X. D is called Z-
trivial if it has the symmetric group on Z as an automorphism group. D is called
r-trivial if it is Z-trivial for some Z € P.(X). Similarly, a LS(A;t, k,v), say F =
{D: = (X,B;)|1 <i < n}, iscalled Z-trivial if each D; is Z-trivial, and it is called

r-trivial if it is Z-trivial for some Z € P,(X).

At this moment, it may look like that we have reduced the problem of the
existence of t-designs to the more difficult problem of the existence of t-designs with
a prescribed automorphism group. We will see shortly that this is not the case, but

even if we can’t go any further, we have found the following recursive construction.
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Theorem 4.1.1 If a t-trivial (large set of) S(A;t,t + 1,u + t) exists, then a (large

set of) S(wA;t,t+ l,uw +t) exists forallw >1. O

In the rest of this section we deal with the rational solutions of 4.3. Therefore,
it comes necessary to describe such solutions in term of designs. Let g;,...,9m be
nonnegative rational solutions of 4.3 such that }_%, gi = 1. Then we can choose a

such that ag; is an integer vector for all i. Then agy, ..., ag, are integer vectors and

M(U).(ag;) = all.

We define n collections By, ..., B, of elements of P, (X) as follows: B; include
the equivalence class of a block B exactly ag;(Supp(B)) times. Then, each B; is a

S(aA; t, t+ ]., U) deSign and E:}:l Bi = aﬁ+l(4Y).

Definition 4.1.2 A A-factorization of mT'S(t,t + 1,v) on a v-set X, which is de-
noted by FS(A,t,m,v), is a collection F = {D; = (X, B;)|1 <i <n=m(v—t)/A}
such that 3., B; = mP,,(X) and each D; isa S(\, t,t + 1,v). If Z C X, we call
F Z-trivial if D; is Z-trivial for all i. F is called r-trivial if it is Z-trivial for some

Z € B.(X).

Let § € Py ,+1(X). We can find an integer as such that asg;(S) is an integer for
all 7. Let

5 ={B € P.u(X) | Supp(B) = S}.

n

Suppose S has a partition Ps into as t-wise equivalent subsets. Since ¥, asg:(S) =
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as, we can partition S into n parts(some of them may be empty), say Sy, -..,3n,

such that S; is union of agg;(S) parts of P. Then, for T € P..;(X), we have

n(T; 8:) = g(S)n(T; ).

Therefore, in the definition of the B;'s we can replace ag;(S)S with aS;. If we do
this for all S € Py ;+1(Y), then the B;’s will be g-uniform and disjoint. And we
still have }"7.; Bi = aP;41(X). Therefore, if we ignore all multiplicities, we obtain
a LS(\w;t,t + L,uw + t), namely F = {1Bi|1 < i < n}. In particular, if Ps is
Z-trivial for all S, then all B;’s and consequently F are also Z-trivial. We state this

result as a theorem.

Theorem 4.1.2 Let {g1,...,gn} be a t-trivial FS(A;t,a,u + t). Assume, for S €
Py ;:+1(Y), there exists an integer bg such that bg divides g;(S) for all i, and the equiv-
alence class S has a (t-trivial) partition into as = a/bs t-wise equivalent subsets.

Then a (t-trivial) LS(a);t,t + 1,au + t) exists. O

Remark 4.1.1 Let S, §' € P, ,+1(X) and |S| = |S’|. Then, S has a (Z-trivial)
partition into | mutually t-wise equivalent subsets if and only if S” has a (Z-trivial)

partition into | mutually t-wise equivalent subsets.

Now, it is time to take another look at the equivalence classes, so we can find w
such that a given equivalence class has a (t-trivial) partition into ! mutually ¢-wise

equivalent subsets. Let B € P, 1(X), C = Supp(B) € P, ;:+1(Y), and let C be the
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equivalence class of B. Then

C = {D € Pi1(X) | Supp(D) = Supp(B) = C}.

If C = {Y;}, then C = P, (Y; U Z,). Hence, C is (I, t)-partitionable if and only if a

LS(w/l;t,t+1,w+t) exists.

Lemma 4.1.1 Let [C| =m > 1, and let
P={(zn,--1Zm)lt1+... +Zm=t+1-m & z; > 0}.

Then C has a partition {T's|S € P} in which [(z,. ., is of form %, (¥75).

Proof. Let (z;...,zm) € P, and define

Ei={o0j| TiZi @+ 1) € j < Thoy(z + 1)},

P(zl»»'zm) =2, P 11(Y: U Ey).

Clearly, [(z,,...z.) is of the desired form.
Let Sy = (z1,...,Zm) and Sz = (¥1, . . -, Ym) be two distinct elements of P. Then,

we can find j such that z; = y; for i < j, and z; # y;. Without loss of generality,
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we may assume z; < y;j. Let

p= Z{:l(zi +1)-1,
q=YL,(m+1)-1,
Vi=(ULY) U{ail <I<p},

Va = (UL,Y) U{calll <I<g}.

If D € Ts,, then |[DNVj| = p+1 and copy; € D, so [DNV,| < p+1+y;~z; =q+1,
while for £ € I's,, we have |[ENV;| = q + 1. Therefore I's, and I's, are disjoint.

Let E € C and 1 <i < m, then there exists a unique 1 < j = f(i) < t such that
BN [{oall <0 (UiYD] | =] & oco; ¢ E.

Let f(0) =0, and z; = f(3)—f(i—1)—1,then 3, z; = t+2—m,and E € [, )

which completes the proof. O

Example 4.1.1 Let t =4 and C = {11, Y3, Ya}. Then we have

L00) = Ps(Y1U {o01, 002}) * P1(Y2) * Pi(Y3),
Lo20) = Pi(Y1) * P3(Y2 U {002, 003}) * Pyi(Y3),
L00.2) = Pi(V1) ¥ Pi(Y2) * P3(Ys U {003, 004}),
Lo = P(Y1U {001}) * Py(Y2 U {o03}) = Pi(Ya),
Caon = P(Y1U {ca1}) * Pi(Y2) * Po(Y3 U {o04}),

Lo, = Pi(Y1) * Py(Y2 U {002}) * P2(Ya U {c04}).
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Lemma 4.1.2 Let |[C]| =m. [fa LS(w/l;t+1~m,t+2~m,w+t+ 1 —m) exists,

then C is (I, t)-partitionable.

Proof. The assertion follows by Lemmas 2.1.1 and 4.1.1 (notice that by Lemma

L.1.l,a LS(w/l;i,i+ l,w+i) existsfor L<i <t+1~m). O

Corollary 4.1.1 Ifa LS(w/l;t, t + 1,w + t) exists, then all equivalence classes are

(1, t)-partitionable. O

Theorem 4.1.3 Ifa LS(w/n;t,t+1,w+t) exists, then a LS(vw/n;t,t+ 1, uw+t)

exists for all u > 1.

Proof. Let g;(S) =1/nfor S € P;;1(Y) and 1 < i < n. Then M,(u)g; = u/n
for 1 <i<nand ¥, ¢ = 1. Now, the assertion follows by Corollary 4.1.1 and

Theorem 4.1.2. O

Lemma 4.1.3 Let |C| =m. Ifa(t+1—m)-trivial LS(w/l;t+1-m,t+2-m,w+
t + 1 —m) exists, then C has a Z-trivial partition into | mutually t-wise equivalent

subsets.

Proof. Without loss of generality, we may take C = {Y;,...,Y¥n}. By assump-
tion for 1 < i £ m Pisra-m(Y:) has a partition {gy,...,ga} such that for A €

By t+1-m(Y'), we have

|Algi;(A) + Z gii{Au{z}) =w/l, for1 <j<n.
ze¥i\A
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Let B € C. Then B; = BNY; € P4 2-m(Y:) for : < m. We form a partition

{Ci,...,Ci} of C as follows:

Given B € C, B is included in C, if and only if there exist z;,...,zm € I; such
that g, (B) # 0 and ¥%_, z; = pin L. Clearly, C,’s form a Z-trivial partition of
C. We show that C,’s are t-wise equivalent. Let T € Py(X), n(T;C) # 0, and let
T;=TnY:. IfT; #0, we choose y; such that T; € g;,. We consider two different
cases:

Case (i): Supp(T) =C, i.e. all T;’s are nonempty. Let r = 3", y;. Now,

n(T;Cp) = f: Z Gip—r+y)(TU{z}) = iw/l =mw/l =n(T;C)/I.

i=1 zeY; i=1

Case (ii): Supp(T) = C \ {Y;}, for some 1 < j <m. Let r = ¥;x; ¥i- Then

n(T;Cp) = Z 9iw-r+v)) ({z}) = w/l =n(T;C)/l. O

z€Y;

Theorem 4.1.2 and Lemma 4.1.3 provide a recursive method to construct large
sets of t-designs. Clearly, in this recursive construction we need a large set of t-
designs only if there is S € P,(Y') such that as # 1. Let a; = l.c.m{as|S € P(X)}
for 1 <i <t+ 1. Then we need a large set of (¢ + 1 — i)-designs only if a; # 1.

Therefore, A-factorizations with this property that a; = 1 are of particular interest.
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Definition 4.1.3 Let G = {g1,...,9n} be a D-trivial FS(A,t,m,v) with |D| > t.

G is called r-regular if every block which intersects D in more than r points appears

in exactly one of B;’s (with multiplicity m).

Theorem 4.1.4 Let t, A\ and u be positive integers such that lLe.m.{l,...,t +
1}| Al u, and let a = l.c.m.{(f.){i = 0,...,t}. Then a (t — 1)-regular t-trivial

FS(aAt,a,u + t) exists.

Proof. Letl <l<t+1and C ={zy,...,zi} € B(l,). For1 < j < u/A, we

denote by g:(C) the number of solutions of the following system of equations:

Y ;=185 =t+ 1, a;’s are positive integers,

Yic1aizi € {G—-1A+1,...,iA} in L.

Let f:(S) = ag:i(S)/ (lsf_l) forl <i < u/A. Weclaim that f;’s form a FS(al,t,a,u+

t).
Let 0 <!l < tand S = {z,...,z1} € B(l,). Given nonnegative integers

ai,...,a; such that Z§~=1 a;j < t+ 1, the equation

4 l
Yoaizi+(t+1-Y ag)ze{E~1)A+1,...,iA} in I,

j=1 j=1

has exactly A solutions £ € I,. We need to know how many of these solutions are
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in §. Let z be a solution. Then z =z, € § if and only if

ib,-z,— € {(i - l)A +1,..., i/\} in Iu (4.4)

Jj=1

in which b; = a; for j # m and bn = @m + a1+1. There are exactly g:(S) solution
for 4.4 and for each of them we can form a;’s in exactly (t + 1 —[) different ways.
Therefore

S (S Uz} + (¢ + 1~ D(S) = A(f)
€S

and consequently

|S1£:(S) + Seoes fi(S U{z} = alai(S)/(,)) = @ Tugs 0:(S U {z}/()
=a(g(SU {z}) + ¢ +1-0a(S))/(}) =aA. O

Theorem 4.1.5 Let A\(0) = 1 and define A(i)’s, 1 < i, recursively by
Alt) =leml,...,t+ 1}.c.m.{ (;) 1 <j<t}At-1).

Then the necessary conditions for the existence of a LS();t, t+1,v) are also sufficient

whenever A(t) divides A.

Proof. The assertion follows by induction on ¢ and applying Lemma 4.1.1 and

Theorems 4.1.2 and 4.1.4. O
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4.2 (t+ 1)-Trivial t-Designs

In this section, we follow Teirlinck’s approach to find some new large sets of t-designs
(for all t), some of which have order smaller than those which were constructed in
Theorem 4.1.5. The main idea is to work with (£ + 1)-trivial large sets of t-designs
which enables us to replace (t —1)-regularity (in Teirlinck’s construction) by a much

stronger condition of l-regularity.

Remark 4.2.1 Let D = {D; = (X,B;)|1 £i < n} be a Z-trivial LS(\, ¢, t + 1,v)
with Z € Py (X). Let X; = X \Y. For 1 <i < n, we can define a collection g;
of elements of Pp++1(X) as follows: g; contain C € Py ;1(X) if and only if there is
B € B; such that B\ Z = C. Since D;’s are Z-trivial, g;’s are well defined and then

it is easy to see that 3_" , g; = 1, and for S € Py;+1(X1), we have

(IS1+1)g(8) + Y a(SuU{zh =\ (4.3)

zEXI\S

Let v = uw + ¢, le{ool,...,oot}, X=LxI,UZ, I.;=Iu\{0}, Qg =

(0,00 € X, Z=2Z,U{og} and X; = X \ Z. For B € P.;,(X) we define
supp(B) = {i € I|({i} x I,) N B # 0},

so supp(B) € Pos+1(I]). Two subsets of X are called equivalent if they are of the

same cardinality and they have the same support. For C € P,;.1([]) we define
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['(C) = {B € P,+1(X)[supp(B) = C}, so ['(C) is the equivalence class of B. It

is easy to see that if ét(gﬂ) (v) is the t-set inclusion matrix @y +1)(v) modulo this

equivalence relationship and N;(v —t ~1) = ;};5,(“.1) (v), then g is a solution of

N(v-t—1)g=Al1 (4.6)

if and only if g satisfies 4.5. Then, utilizing a similar argument one can prove the

following analogue of Theorem 4.1.2.

Theorem 4.2.1 Let {g;,-..,9.} be a (t + 1)-trivial FS(\;t,a,u +t). Assume, for
S € Ry;:+1(Y) , there exists an integer bs such that bs divides g;(S) for all i, and
the equivalence class I'(S) has a ((t + 1)-trivial) partition into as = a/bg t-wise

equivalent subsets. Then a ((t + 1)-trivial) LS(aA;t, t + 1,au + t) exists. O

Remark 4.2.2 Notice that the equivalence relationships defined here and in the
last section are different, so Lemma 4.1.2 does not provide a partition of I'(C) into

t-wise equivalent subsets.

Lemma 4.2.1 If |C| = t, then ['(C) has a Z-trivial partition {I';(C)|l1 <i < w/6}

into t-wise equivalent subsets in which § = 2 if w is even and é = 1 otherwise.

Proof. Let C = {zy,...,z,}. Let {F|l € 6} be a §-factorization of K., on
I, U {oo} such that {{oo,l+i}|i =0,...,6 —~1} € F; for | € 61,,. Now, for [ € 61,
let T'/(C) be the set of all blocks of form {(z1,%1),---, (s ¥e), 2z} such that y;'s are

in I, and one of the followings holds (i) z = c0;, and T¢_, w: € {I,! + 6 ~ 1}, (ii)
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z = (zi,t;) and ¥ ;4 y; +m € {I,l+ 6 —1} in which m € §I, and {y;, t;} € Fry, (iii)

z=1(0,%), % € I, and 3_o % € {l,l +65 —1}. It is easy to check that ;(C)’s are

Y-trivial and t-wise equivalent. O3

Theorem 4.2.2 Let a = w/d in which 6 = 2 if w is even and § = 1 otherwise. If
a I-regular (t + 1)-trivial FS(A,t,a,u+t) exists, then a (t + 1)-trivial LS(0), t, t +

1, duw + t) also exists.

Proof. We adopt notation of Theorem 4.2.1. Let F = {([,UZ},B:)li =1,...,n}
be a l-regular Z-trivial FS(A,t,w,u +t). Let S € Py +1(I;). Since F is l-regular,
we can take

1 if 8] <t,

as =
a otherwise.

By Theorem 4.2.1 and Lemma 4.2.1, we only need to prove that I'(S) is (a, t)-
partitionable whenever |C| =t + 1 (notice that in this case every block of ['(C) is
disjoint from Z, so every partition is Z-trivial.).

Let C = {zy,...,Ze+1} € Piy1(I}), then

[(C) = ML P(Y)

and the assertion follows by Lemma 2.1.1. O

Theorem 4.2.3 Let a, b and t be three nonnegative integers such that t <a < b.
If a t-trivial LS(\,t—1,t,u+t—~1) and a FS(Aw, t, w,u+ t) exist, then a l-regular

a-trivial FS(A\wab, t,wa,ub + t) exists.
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Proof. Let S = {001,...,00:}, X = I, x [, US and n = u/A. Let oog be an

arbitrary element of I, and let I} = I, \ {o0e}, ¥ = {00 <j<t-1}, 1 €
FPy({coo} x I;) and A; = Iy x {j} for j € L.

First, we use a FS(A\w, t, w, u+t) to form t-wise equivalent collections G; (i € I,,)
such that

Z Gi= Z wPH.I(A,- U S).

i€la el
Let [' = Py (X) \ Uier, Pe+1(A¢ U S), and suppose we can partition [ into t-wise
equivalent subsets I'y,...,[n such thatif B€ I; (1 £i < n) and |[BNY;| > 1, then

7(B) € T; for r € S(Y}). Let n be any a-cycle in S(Y;), and define

H; = Z’Ij(wri'f'gz')y 1€ I,

=1

Obviously H;’s are t-wise equivalent, therefore H = {(X, H;)|i € I} isa FS(\wab, t, wa, uab+
t). We prove that it is Yj-trivial and l-regular. Let B € P.1(X) and o € S(Y)).
If [BNYi| = 1, then B and o(B) have the same multiplicity in each H; as the
group generated by o is transitive on Y;. If |[BNY;y| > 1, then B € I, so there
exists a unique j € I, such that B € I';, and by our assumptions on I'y’s 7(B) € [';
for 7 € S(Y1). Therefore, if ¢ # j, then neither B nor C = o(B) belongs to H;,
which implies B and o(B) appear with the same multiplicity aw in H;. Thus, H is
1-regular and Y;-trivial.
Now, we establish the existence of [';'s. If C C X, then we can write C =

Cx U (Ujer,Cj x {j}) in which C; C I and Cx = C N (S U ({ooe} x L)). Let
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F ={(I; VY, F)li € I,} be a Y-trivial LS(\,t — 1,t,u+t—1). Let C € Py, (I2),

and C be a (t — |C|)-subset of Y, then there exists a unique j € I, (independent of

C) such that C UC € F;. We denote j by f(C). Let

PJz{BeFIZf(Bt) =j}! JjE L.

icly

Clearly, {T;|j € I} is a partition of I'. Let T € P(X) \ {S}, and

I\ {j} ifT € P(A;US) for some j € I,

T

I otherwise.
Clearly n(T,T') = w|Ar|, and TU {(z,j)} € [ forz € I;\T; and j € Ar. Let
m=3 e f(Ti), BETand T C B. f B\T € ({00} x I1))US, then B € ..

Therefore, for [ € I, \ {0}, we have

n(T; Cmtt) = Tjear {z € L\ TIT U {(z,5)} € Cm+i}|
= Yjear {z € G\ T;|T; U {z} € Fpry)wi}i

= Yjear A = |[A7|A =n(T;T)/n,

which implies n(T; ;) = n(T;I')/n for j € I,. Finally,let Be T, |[BNYy| > 1 and
o € §(Y1). Let C = o(B). Then [CNY;| =|BNY;| > 1,s0C €T, and obviously
Cj = Bjfor j € I;+,. Therefore B,C € I'; in which | = ¥/, f(B;) which completes

the proof. O
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Now, we apply Theorems 4.2.2 and 4.2.3 to construct some infinite families of

large sets.

Theorem 4.2.4 Suppose a (t + 1)-trivial LS(A,t,t + 1,u + t) exists. If either
w=u/Aorw= l.c.m.{(“{l)[l =0,...,t+1} and Lem{l,...,t + 2} divides u,

then a (t+2)-trivial LS(2abw, t+1, t+2, 2abuw-+t+1) exists whenever b > a > t+1.

Proof. Applying Theorems 4.2.3 and 4.1.4 we can find a 1-regular (¢ + 2)-trivial
FS(Aabw,t+ 1, aw,abuw +t + 1)(If w = u/A, then a trivial FS(u,t+ 1, w,u+t+1)

exists). Now, the assertion follows by Theorem 4.2.2. O

Theorem 4.2.5 Let A(0) = 1, and A(m) = 2(m-+1)(m+2)Le.m{(T)[i =0,....m}\(m—
1) for m > 1. Then the necessary conditions for the existence of a LS(A,t,t + 1,v)

are also sufficient whenever A(t) divides .

Proof. The result follows by induction on t and applying Theorems 4.2.4 and

4.23. 3

Theorem 4.2.6 Let m andn be two positive integers, then fort > 0, a LS(m(2n)*{(t+

N2, ¢t + 1, m2tnt (¢ + 1)1}? + t) exists.

Proof. The result follows by induction on t and applying Theorem 4.2.4. O
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4.3 Halving Complete Designs:An Asymptotic So-

lution

In this section, we apply Theorems 3.2 to obtain some results on the existence of large
sets of size 2. For this, we will need the following theorem which is a restatement of

Theorem 2.2.2.

Theorem 4.3.1 If a LS(A1,t,t+ 1,nA; +t) and a LS(Ag, t,t + 1,n); + t) exist,

then a LS((A; + A3), ¢, t + 1,n(A; + Az) + t) also exists. O

Corollary 4.3.1 Ifa LS(Ay,t, t+1,n\;+t) and a LS(A,, t,t+1,n)\z+t) exist, then

a LS(A t,t+ 1,nA +t) also exists whenever gcd(A;, A2) divides A and A > 2A1);.

Proof. If ged(A1,A2) | A and A > 2A;),, then we can write A = mA; + [\ for some

nonnegative integers m and [. Now, the result follows by inductiononm + [. O

Lemma 4.3.1 Let t, A and [ be positive integers such that 2'-! < t+1 < 2! and

2=1|\. Then a FS((2u + 1)A,t,2u + 1,2\ + t) exists for all sufficiently large u.

Proof. First notice that for m > 1, the necessary conditions for the existence of a
S(mA,t,t+ 1,2\ +t) hold, so if m is sufficiently large odd integer, then by Lemma
1.3.4, a S(mA, ¢, t + 1,2\ + t) exists. Let (X, B) be a S(mA,¢t,t+ 1,2\ + t) and let

w be the maximum of the frequencies of the blocks of B. Let

B, = B+ wP.1(X)

B, = (w + m)Po1(X) — B.
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Then it is straightforward to check that {(X, B,), (X, B2)} is a FS((2w+m)A, ¢, 2w+

m,2A +t). O

Theorem 4.3.2 The necessary conditions for the existence of a LS((v —t)/2,t,t +

1,v) are also sufficient for v sufficiently large.

Proof. For t < 6, the assertion is proved in Theorem 3.1.2. Now, it is easy to see
that the necessary conditions can be rewritten in a compact form v =¢ (mod 2')
in which { is defined by 2! <t + 1 < 2. By Corollary 4.3.1 we only need to find
A1 and A; such that (i) ged(A1, A2) = 2! and (ii) a LS(\1,¢t,t+ 1,20 +¢t) and a
LS(Ag, t,t +1,2); + t) exist.

By Theorem 4.2.6 we can take A; = 2%{(t+1)!]2. Let p be a prime number greater
than ¢+ 1. Let wo = 1. By Lemma 4.3.1, we can find odd numbers w, ..., w, such
that (i) w; and (t+1)! are coprime, and (i) a FS(2"~ =] (PPw;); 5, wy, 2 TEZL (pPwi) +
j) exists. Then, by Theorems 4.2.2 and 4.2.3, we can take A2 = 2'-'IIL, (pPw;)

which proves the assertion. O
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