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ANISOTROPIC STRUCTURE TO CONTROL NUCLEATION AND
PROPAGATION: FRACTURE DIODES

The contents of this chapter are also presented in "Fracture Diodes: Directional
Asymmetry of Fracture Toughness" by N.R. Brodnik, S. Brach, C.M. Long, K.
Bhattacharya, B. Bourdin, K.T. Faber, and G. Ravichandran, which is currently in
preparation. N.R. Brodnik led the experimental portion of the work, and was assisted
by C.M. Long. S. Brach led the numerical simulations. Bhattacharya and Bourdin
supervised the numerical simulations while Faber and Ravichandran supervised the
experimental work. All authors were involved in discussing all aspects of the work,
and preparing the manuscript.

0.1 Introduction
In the previous chapter, the effect of anisotropic structure on fracture properties was
discussed in the context of the effect of inclusion structure on crack propagation.
Surfing load experimentswere used to provide stable crack growth, but all observations
of mechanical response were made well within the crack propagation regime, and
crack tip position was always readily identifiable. However, if designed anisotropy is
to be suitable as a toughening mechanism in practical applications, the anisotropic
structures must be able to function in scenarios where loading occurs well before
macro-scale crack propagation has begun. This means exploring the effects of
designed anisotropic structure on both nucleation and propagation of the crack.

The surfing load experiments explored in Chapter 2 provided a promising means to
investigating designed anisotropy under stable crack growth conditions, but some
characterization limitations arose when exploring anisotropic structures. The first
limitation was related to crack pinning and subsequent unstable propagation events.
Because load progression was displacement controlled, stability was lost during
nucleation and renucleation events because the crack would arrest, but the sample
would continue to be loaded as it travelled along the diverging rail. This load buildup
led to sudden propagation events, where the crack would propagate too quickly to
be properly characterized. The second limitation with the surfing load condition
was related to directionality. Because the surfing load applies a controlled load
from a single direction, anisotropic toughness can only be explored by directly
characterizing and comparing the toughness values of anisotropic structures from
different orientations, which can prove difficult due to the already mentioned crack
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pinning and unstable propagation.

The focus of this chapter is to demonstrate the influence of designed directional
asymmetry on bulk fracture under loading scenarios that do not require stable growth
of a preexisting crack. These scenarios were investigated by changing the loading
condition to be unbiased, and exploring failure from a phenomenological standpoint.
Under unbiased loads, such as uniaxial tension, because failure is equally possible
from multiple directions, the effect of structural asymmetry manifests through
consistent fracture from a particular direction rather than as differences in fracture
toughness. The possibility of this was suggested in numerical simulations by Hossain
et al.[1] through the exploitation of material architecture that lacks mirror symmetry.
Consistent directional failure under unbiased loading also inspired the name "fracture
diodes" for specimens exhibiting this phenomenon. The current work explores the
potential of this phenomenon through numerical simulation, and demonstrates it
experimentally by realizing asymmetric microstructures through 3D printing of a
brittle photopolymer.

0.2 Methods
0.3 Specimen Design
Since this investigation was centered on the mode and direction of the failure event
rather than the measured toughness, the design for the fracture diode specimens was
chosen to be relatively simple. The asymmetric inclusions were chosen to be triangles
and the inclusion phase was chosen to be a void, rather than the partial changes
in thickness used in the surfing load investigations. This meant that in addition
to the voids acting as a compliant inclusion phase, any cracks that formed in the
brittle polymer would have to renucleate out of each void, allowing for investigations
into both nucleation and propagation. This simple arrangement of triangular voids
was also well-suited to numerical investigation, as continuum simulations of a
single phase with voids are not less computationally demanding than more complex
structures. An example of a simulation domain and analogous printed specimen is
shown in Figure 0.1.

0.3.1 Numerical Methods
Variational phase-field simulations Similar to the surfing load tests, crack propa-
gation in the fracture diodes was investigated numerically through the variational
fracture approach developed by Bourdin et al.[2, 3] For these numerical analyses, the
photopolymer system was treated as a perfectly-brittle elastic material. The crack
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Figure 0.1: An example pattern of asymmetric triangular voids used for the numerical
simulations (left) and experimental tests (middle). The inset (right) shows the relevant
geometrical parameters of the triangular voids as well as the directions of crack
propagation considered in this study, labeled here as ‘forward’ and ‘backward’ with
respect to void orientation.

propagates through this established domain as a damage phase rather than a strict
discontinuity, with completely damaged phase being unable to bear any load. Within
this domain, the brittle phase through which the crack travels is discretized into a
mesh structure and the crack has an established nucleation length which describes
both its half-width and the minimum discrete length over which it can nucleate or
propagate. The mesh structure used to describe the homogeneous brittle phase is
chosen to be much smaller than the characteristic nucleation length in the area around
the inclusions, but is then coarsened away from the inclusions for computational
efficiency. An example mesh is shown in Figure 0.1.

The fracture problem is solved by alternatively minimizing the total energy functional
with respect the two state variables, which are the damage phase and the displacement.
The constrained minimization with respect to the damage phase is implemented using
the variational inequality solvers provided by PETSc [4–6], whereas the minimization
with respect to displacement field is a linear problem, solved by using preconditioned
conjugated gradients. All computations are performed by means of the open source
code mef901.

All equations used in the numerical analyses are non-dimensionalized, and geometri-
cal parameters are chosen to match the experimental configurations chosen for the
printed diode structures.

Numerical Load Configurations The focus of this investigation was to look at
the phenomenological aspects of failure and evaluate how designed anisotropy could

1Available at https://www.bitbucket.org/bourdin/mef90-sieve.
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influence failure mode under unbiased load. In this study, the unbiased load was
chosen to be uniaxial tension because it is relatively simple to apply both numerically
as well as experimentally. However, tensile load produces unstable crack growth,
which can prove difficult to evaluate in extremely brittle materials. In the case of
the ideally brittle and purely elastic material system used in numerical simulations,
the unstable aspect of tension proved to be a significant challenge because the
entire brittle system would fail within a single time step, making observation of the
directionality of failure infeasible. Attempts were made to introduce both numerical
and material viscosity into the system to slow the crack, but these proved ineffective.

Despite this difficulty, the numerical simulations still have the benefit of much easier
design adjustment and mechanical evaluation over the actual experiment. Therefore,
it proved sensible to adjust the load configuration in the numerical analysis to allow
for slower, more stable crack propagation and use a more formal evaluation technique
to justify the expected failure phenomena in the uniaxial tension experiments. For
this reason, all numerical experiments were done under the surfing load conditions
used in Chapter 2, and the macroscopic effective toughnesses of different orientations
were evaluated using the J-integral. These J-integral values were used as a basis
for assessing which failure modes were favorable and unfavorable within the diode
specimens.

Evaluation of effective toughness As previously discussed, there does not formally
exist any theoretical homogenization model able to predict the effective toughness of
heterogeneous media. However, using a conceptual extension of classical fracture
mechanics theories [7–9], it is reasonable to define the macroscopic resistance to
fracture as the maximum value of the far-field energy-release rate as the crack
propagates throughout the material. [1, 10]

At each time step, the driving force necessary to sustain the macroscopic crack
propagation is determined by computing the energy-release rate using the J-integral
at the domain boundary.[7, 9] Therefore, the effective fracture toughness is defined
as the energy needed to propagate the crack over a macroscopic distance. This
corresponds to the peak value of the energy-release rate, that is, the maximum value
of the J-integral over time. This is analogous to the far field J-Integral approach
used in Chapter 2, although for this investigation, it is only done in the numerical
assessment to provide a formal basis for what failure modes should be favorable or
unfavorable under the unbiased load of uniaxial tension. Using this combination of
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surfing load for stable crack growth and macroscopic far-field J-integral, a suitable
basis can be established for what types of failure are energetically favorable and
would therefore be expected in uniaxial tension experiments.

0.3.2 Experimental Methods
Sample Fabrication For the experimental tests, samples were printed using digital
light processing (DLP) printing on an Autodesk Ember 3D Printer (Autodesk, San
Rafael, CA). Samples were made from commercially available Standard Clear PR48
printing resin, a urethane acrylate photopolymer. To keep comparisons of void
arrangements as consistent as possible, all voids were kept to a standard size and
structure, namely isosceles right triangles with a vertical hypotenuse which has a
fixed length of 3 mm, as shown in Figure 0.2. Similar to the anisotropic inclusions
discussed in Chapter 2, the effect of anisotropy should be visible in inclusions of any
size scale, so the only factor limiting the size of the triangular voids is the resolution
at which anisotropic geometries can be produced. For this study, the triangle size
was chosen to make both sample fabrication and failure observation straightforward.
This size scale is also well suited to the overall size of the specimen, as each void has
a vertical length of 3mm and a horizontal width of 1.5 mm, which scale nicely as
clean fractions of the specimen gauge length and width. All specimens tested had a
gauge length of 60 mm, with gauge width changing slightly between 28.5 and 31.5
mm depending on design, to preserve symmetry.

Figure 0.2: Close-up dimensioned view of void pattern used in the printed diode
structures, showing the exact size of the isosceles triangle voids.

Using this 3 mm tall, 1.5 mm wide isosceles triangle void design as a standard,
a variety of heterogeneous structures were developed to investigate the effect on
failure behavior of different structural arrangement parameters, such as void spacing,
angle and direction. First, to investigate the influence of spacing, samples with a
single row of unidirectional triangular voids were printed with the voids at different
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incremental spacing. To look at the effects of void direction on failure behavior,
additional designs were printed with bidirectional arrangements of voids that pointed
outward from the center of the specimen. To investigate the effects of nucleation
and the role of the edge notch, unidirectional specimens were printed both with and
without symmetric edge notches. Unidirectional and bidirectional samples shown
in Figure 0.3 had a gauge width of 30 mm, while specimens with no edge notch
shown in Figure 0.4(a-c) had a gauge width of 28.5 mm and specimens with two
edge notches shown in Figure 0.4(d-f) had a gauge width of 31.5 mm. Finally, using
the knowledge provided from the failure distributions of these designs, a final design
was printed with a custom inclusion morphology and spacing distribution, which
was designed to maximize anisotropic fracture behavior.

(a) Unidirectional: 0.5 mm
Spacing

(b) Unidirectional: 1.0 mm
Spacing

(c) Unidirectional: 1.5 mm
Spacing

(d) Bidirectional: 0.5 mm
Spacing

(e) Bidirectional: 1.0 mm
Spacing

(f) Bidirectional: 1.5 mm
Spacing

Figure 0.3: Images showing the unidirectional single-notch (a-c) and bidirectional
(d-f) designs investigated to understand orientation dependence. Gauge width for all
specimens shown is 30 mm.

Accounting for Material Variability Across each of the aforementioned con-
figurations, much consideration had to be given to what aspects of mechanical
response could be suitably measured and compared across different configurations.
Because samples are composed of a brittle photopolymer, it is critical to distinguish
mechanical variations due to material response from variations due to difference in
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(a) Unidirectional No Notch:
0.5 mm Spacing

(b) Unidirectional No Notch:
1.0 mm Spacing

(c) Unidirectional No Notch:
1.5 mm Spacing

(d) Unidirectional Double
Notch: 0.5 mm Spacing

(e) Unidirectional Double
Notch: 1.0 mm Spacing

(f) Unidirectional Double
Notch: 1.5 mm Spacing

Figure 0.4: Images showing unidirectional no notch (a-c) and unidirectional double
notch (d-f) designs investigated to understand edge notch dependence. The gauge
width for specimens (a-c) is 28.5 mm and the gauge with for specimens (d-f) is 31.5
mm to preserve symmetry.

the structure or positioning of voids. To minimize the influence of the material on
mechanical response, samples were printed using relatively uniform print exposure
times (2.2-3.0 seconds per exposure) and were not treated with a UV post-cure.
This helped ensure that all samples tested had relatively comparable amounts of UV
cross-linking at time of testing. Additionally, all samples were tested within one hour
after printing to minimize any embrittlement or bleaching from photo-oxidation.

Mechanical Testing Testing was done on an Instron 5892 (Instron, Norwood, MA)
load frame at a constant displacement rate of 1 mm/min and different replicates of
each sample type were rotated and mirrored in different ways to ensure that no bias
was introduced due to the innate directionality of the DLP printing process. For
each arrangement of inclusions, a minimum of 30 replicates were tested. Within
these arrangements, a minimum of 8 replicates were tested for each spacing, with the
exception of double notch samples with 1 mm spacing, which only had 4 replicates
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due to printing errors.

For each test, the load and displacement were recorded using from the load cell and
the failure behavior of the sample itself was recorded with a Nikon D7500 (Nikon,
Tokyo, Japan) digital camera at a rate of 30 frames per second. Recording was started
just before the beginning of load application so that loading data and video could be
synchronized through visible failure events.

After testing, video recordings of failure were then reviewed frame-by-frame using the
post production film software DaVinci Resolve (Blackmagic Design, Port Melbourne,
Australia) to classify their failure behavior and compare with the failure modes
predicted by numerical simulation.

0.4 Mechanics of Diode Failure
0.4.1 Numerical Computations
Numerical investigation of directionality is done using the surfing load condition,
which limits instantaneous crack growth and unstable snap-throughs. This setting
promotes the quasi-static interaction between the crack set and the holes, thus
highlighting the occurrence of directionality effects.

Figure 0.5: Schematic void pattern showing triangle dimensions as well as forward
and backward propagation directions.

Consider a specimen with a row of triangular holes as shown in Figure 0.5. The
geometry of the voids is expressed in terms of the triangle height, b, triangle spacing,
h1, and triangle width, h2. First, the specimen is loaded with a surfing boundary
condition to macroscopically drive crack propagation in the ‘forward’ direction, that
is from the left to the right side of the specimen. The results in Figure 0.6 show that
the crack nucleates at the left notch and rapidly propagates afterwards until it reaches
the first triangular hole. The crack then gets pinned at the triangular hole until it
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renucleates at the tip and continues to propagate in a left-to-right sense. It should be
noted that, although significant damage buildup is observed at the triangle tip, when
fracture does occur, each ligament instantaneously fractures without any preferred
orientation at the local length-scale. Overall, though, the crack is observed to
macroscopically propagate in the forward direction, following the applied boundary
condition.

Macroscopically-imposed propagation
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Figure 0.6: Numerical computations showing crack propagation in the forward,
or favorable, direction. Left: crack path computed at different timesteps. Right:
close-up view of the snapshots of the simulation showing the damage field when a
crack is pinned at the hole; note that the damage always initiates at the tip of the
triangular hole.

The second numerical experiment is performed by flipping the specimen with respect
to the direction imposed for crack propagation by virtue of the placement of the edge
notch, as shown in Figure 0.7. In other words, the biased load is now macroscopically
driving the crack in the ‘backward’ direction, that is from the right side to the left
side of the original configuration. Note that even though the triangular holes within
the domain are mirrored, the edge notch is preserved to allow for identical nucleation
behavior between configurations and ensure that the ‘forward’ and ‘backward’
analysis are directly comparable. Results in Figure 0.7 show that the crack rapidly
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grows through the specimen, by getting pinned and subsequently renucleating at each
triangle. Similar to the ‘forward’ case, failure within each solid segment between
voids is unstable and instantaneous, but when the crack becomes pinned at a hole,
damage buildup can be seen at the tip of the triangle at the next hole. This effect is
clearly visible on the rightmost triangle at time step 75 in Figure 0.7. This suggests
that in the case of ’backward’ propagation, the crack may be locally propagating
from right to left, despite macroscopic failure occurring from left to right.

Macroscopically-imposed propagation
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<latexit sha1_base64="UMbZ59F1XjsVQZHOpvRvPOaHYGI=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lU0JMUvHis0C9oQ9lsJ+3SzSbsTsQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqOTR5LGPdCZgBKRQ0UaCETqKBRYGEdjC+m/ntR9BGxKqBkwT8iA2VCAVnaKVuD+EJs4aIYNovV9yqOwddJV5OKiRHvV/+6g1inkagkEtmTNdzE/QzplFwCdNSLzWQMD5mQ+haqlgExs/mJ0/pmVUGNIy1LYV0rv6eyFhkzCQKbGfEcGSWvZn4n9dNMbzxM6GSFEHxxaIwlRRjOvufDoQGjnJiCeNa2FspHzHNONqUSjYEb/nlVdK6qHqXVffhqlK7zeMokhNySs6JR65JjdyTOmkSTmLyTF7Jm4POi/PufCxaC04+c0z+wPn8AccukY4=</latexit>

Figure 0.7: Numerical computations showing crack propagation in the backward,
or unfavorable, direction. Left: crack path computed at different timesteps. Right:
close-up view of the snapshots of the simulation showing the damage field when
a crack is pinned at the hole; note that the damage initiates at the tip of the next
consecutive triangular hole beyond the pinning site.

In both of these analyses, the driving force necessary to sustain the macroscopic
crack propagation is determined by computing the energy-release rate, or J-integral,
at the boundary of the specimen.[7, 9] Figure 0.8 shows the evolution of the J-integral
as the crack progresses either in the forward or in the backward direction. The
J-integral oscillates as the crack interacts with consecutive heterogeneities, with peak
values occurring just before unstable propagation through each solid segment. This
oscillation also validates the argument that macroscopic toughness of a composite
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is based on the peak value of the energy release rate, as this peak value must be
reached in order for the crack to propagate over macroscopic distances. As such, the
maximum value of the J-integral over the duration of propagation determines the
effective fracture toughness of each configuration, and these values are reported in
Table 0.1. It should also be noted that, apart from small transient effects well below
peak toughness near time t = 0, results are independent of the presence of the initial
notch.
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<latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit>

Time
<latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit>

Forward (notched)
<latexit sha1_base64="aGYupHiqB7OTLAOOC1MoNDVgcrQ=">AAACAXicbZDJSgQxEIbT7o7bqBfBS3AQ9CLdIiieBgTxqOAsMNMM6XS1E0wnTVKtDs148VW8eFDEq2/hzbcxsxzcfgh8/FVFpf4ok8Ki7396E5NT0zOzc/OlhcWl5ZXy6lrd6txwqHEttWlGzIIUCmooUEIzM8DSSEIjuj4Z1Bs3YKzQ6hJ7GYQpu1IiEZyhszrljTbCHRan2twyE9MdpZF3Id7td8oVf88fiv6FYAwVMtZ5p/zRjjXPU1DIJbO2FfgZhgUzKLiEfqmdW8gYv2ZX0HKoWAo2LIYX9Om2c2KaaOOeQjp0v08ULLW2l0auM2XYtb9rA/O/WivH5CgshMpyBMVHi5JcUtR0EAeNhQGOsueAcSPcXynvMsM4utBKLoTg98l/ob6/Fzi+OKhUj8dxzJFNskV2SEAOSZWckXNSI5zck0fyTF68B+/Je/XeRq0T3nhmnfyQ9/4Fc1mW1w==</latexit><latexit sha1_base64="aGYupHiqB7OTLAOOC1MoNDVgcrQ=">AAACAXicbZDJSgQxEIbT7o7bqBfBS3AQ9CLdIiieBgTxqOAsMNMM6XS1E0wnTVKtDs148VW8eFDEq2/hzbcxsxzcfgh8/FVFpf4ok8Ki7396E5NT0zOzc/OlhcWl5ZXy6lrd6txwqHEttWlGzIIUCmooUEIzM8DSSEIjuj4Z1Bs3YKzQ6hJ7GYQpu1IiEZyhszrljTbCHRan2twyE9MdpZF3Id7td8oVf88fiv6FYAwVMtZ5p/zRjjXPU1DIJbO2FfgZhgUzKLiEfqmdW8gYv2ZX0HKoWAo2LIYX9Om2c2KaaOOeQjp0v08ULLW2l0auM2XYtb9rA/O/WivH5CgshMpyBMVHi5JcUtR0EAeNhQGOsueAcSPcXynvMsM4utBKLoTg98l/ob6/Fzi+OKhUj8dxzJFNskV2SEAOSZWckXNSI5zck0fyTF68B+/Je/XeRq0T3nhmnfyQ9/4Fc1mW1w==</latexit><latexit sha1_base64="aGYupHiqB7OTLAOOC1MoNDVgcrQ=">AAACAXicbZDJSgQxEIbT7o7bqBfBS3AQ9CLdIiieBgTxqOAsMNMM6XS1E0wnTVKtDs148VW8eFDEq2/hzbcxsxzcfgh8/FVFpf4ok8Ki7396E5NT0zOzc/OlhcWl5ZXy6lrd6txwqHEttWlGzIIUCmooUEIzM8DSSEIjuj4Z1Bs3YKzQ6hJ7GYQpu1IiEZyhszrljTbCHRan2twyE9MdpZF3Id7td8oVf88fiv6FYAwVMtZ5p/zRjjXPU1DIJbO2FfgZhgUzKLiEfqmdW8gYv2ZX0HKoWAo2LIYX9Om2c2KaaOOeQjp0v08ULLW2l0auM2XYtb9rA/O/WivH5CgshMpyBMVHi5JcUtR0EAeNhQGOsueAcSPcXynvMsM4utBKLoTg98l/ob6/Fzi+OKhUj8dxzJFNskV2SEAOSZWckXNSI5zck0fyTF68B+/Je/XeRq0T3nhmnfyQ9/4Fc1mW1w==</latexit><latexit sha1_base64="aGYupHiqB7OTLAOOC1MoNDVgcrQ=">AAACAXicbZDJSgQxEIbT7o7bqBfBS3AQ9CLdIiieBgTxqOAsMNMM6XS1E0wnTVKtDs148VW8eFDEq2/hzbcxsxzcfgh8/FVFpf4ok8Ki7396E5NT0zOzc/OlhcWl5ZXy6lrd6txwqHEttWlGzIIUCmooUEIzM8DSSEIjuj4Z1Bs3YKzQ6hJ7GYQpu1IiEZyhszrljTbCHRan2twyE9MdpZF3Id7td8oVf88fiv6FYAwVMtZ5p/zRjjXPU1DIJbO2FfgZhgUzKLiEfqmdW8gYv2ZX0HKoWAo2LIYX9Om2c2KaaOOeQjp0v08ULLW2l0auM2XYtb9rA/O/WivH5CgshMpyBMVHi5JcUtR0EAeNhQGOsueAcSPcXynvMsM4utBKLoTg98l/ob6/Fzi+OKhUj8dxzJFNskV2SEAOSZWckXNSI5zck0fyTF68B+/Je/XeRq0T3nhmnfyQ9/4Fc1mW1w==</latexit>

Backward (notched)
<latexit sha1_base64="JPIQOPwEjS4oVheClyDW1TtDYx4=">AAACAnicbZC7SgNBFIZnvcZ4i1qJzWAQYhN2RVCsgjaWEcwFkhBmZ0+SIbOzy8xZNSzBxlexsVDE1qew822cXApN/GHg4z/ncOb8fiyFQdf9dhYWl5ZXVjNr2fWNza3t3M5u1USJ5lDhkYx03WcGpFBQQYES6rEGFvoSan7/alSv3YE2IlK3OIihFbKuEh3BGVqrndtvIjxgesl4/57pgBZUhLwHwfGwncu7RXcsOg/eFPJkqnI799UMIp6EoJBLZkzDc2NspUyj4BKG2WZiILZ7WBcaFhULwbTS8QlDemSdgHYibZ9COnZ/T6QsNGYQ+rYzZNgzs7WR+V+tkWDnvJUKFScIik8WdRJJMaKjPGggNHCUAwuMa2H/SnmPacbRppa1IXizJ89D9aToWb45zZcupnFkyAE5JAXikTNSItekTCqEk0fyTF7Jm/PkvDjvzsekdcGZzuyRP3I+fwAQo5cr</latexit><latexit sha1_base64="JPIQOPwEjS4oVheClyDW1TtDYx4=">AAACAnicbZC7SgNBFIZnvcZ4i1qJzWAQYhN2RVCsgjaWEcwFkhBmZ0+SIbOzy8xZNSzBxlexsVDE1qew822cXApN/GHg4z/ncOb8fiyFQdf9dhYWl5ZXVjNr2fWNza3t3M5u1USJ5lDhkYx03WcGpFBQQYES6rEGFvoSan7/alSv3YE2IlK3OIihFbKuEh3BGVqrndtvIjxgesl4/57pgBZUhLwHwfGwncu7RXcsOg/eFPJkqnI799UMIp6EoJBLZkzDc2NspUyj4BKG2WZiILZ7WBcaFhULwbTS8QlDemSdgHYibZ9COnZ/T6QsNGYQ+rYzZNgzs7WR+V+tkWDnvJUKFScIik8WdRJJMaKjPGggNHCUAwuMa2H/SnmPacbRppa1IXizJ89D9aToWb45zZcupnFkyAE5JAXikTNSItekTCqEk0fyTF7Jm/PkvDjvzsekdcGZzuyRP3I+fwAQo5cr</latexit><latexit sha1_base64="JPIQOPwEjS4oVheClyDW1TtDYx4=">AAACAnicbZC7SgNBFIZnvcZ4i1qJzWAQYhN2RVCsgjaWEcwFkhBmZ0+SIbOzy8xZNSzBxlexsVDE1qew822cXApN/GHg4z/ncOb8fiyFQdf9dhYWl5ZXVjNr2fWNza3t3M5u1USJ5lDhkYx03WcGpFBQQYES6rEGFvoSan7/alSv3YE2IlK3OIihFbKuEh3BGVqrndtvIjxgesl4/57pgBZUhLwHwfGwncu7RXcsOg/eFPJkqnI799UMIp6EoJBLZkzDc2NspUyj4BKG2WZiILZ7WBcaFhULwbTS8QlDemSdgHYibZ9COnZ/T6QsNGYQ+rYzZNgzs7WR+V+tkWDnvJUKFScIik8WdRJJMaKjPGggNHCUAwuMa2H/SnmPacbRppa1IXizJ89D9aToWb45zZcupnFkyAE5JAXikTNSItekTCqEk0fyTF7Jm/PkvDjvzsekdcGZzuyRP3I+fwAQo5cr</latexit><latexit sha1_base64="JPIQOPwEjS4oVheClyDW1TtDYx4=">AAACAnicbZC7SgNBFIZnvcZ4i1qJzWAQYhN2RVCsgjaWEcwFkhBmZ0+SIbOzy8xZNSzBxlexsVDE1qew822cXApN/GHg4z/ncOb8fiyFQdf9dhYWl5ZXVjNr2fWNza3t3M5u1USJ5lDhkYx03WcGpFBQQYES6rEGFvoSan7/alSv3YE2IlK3OIihFbKuEh3BGVqrndtvIjxgesl4/57pgBZUhLwHwfGwncu7RXcsOg/eFPJkqnI799UMIp6EoJBLZkzDc2NspUyj4BKG2WZiILZ7WBcaFhULwbTS8QlDemSdgHYibZ9COnZ/T6QsNGYQ+rYzZNgzs7WR+V+tkWDnvJUKFScIik8WdRJJMaKjPGggNHCUAwuMa2H/SnmPacbRppa1IXizJ89D9aToWb45zZcupnFkyAE5JAXikTNSItekTCqEk0fyTF7Jm/PkvDjvzsekdcGZzuyRP3I+fwAQo5cr</latexit>

Forward
<latexit sha1_base64="ZPV/q8eAwKdBxuwToaexGZuQHVM=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMCIqrgiAuK9gLtGPJZDJtaCYZkjPWMvQ93LhQxK3v4s63MW1noa0/BD7+cw7n5A8SwQ247rdTWFldW98obpa2tnd298r7B02jUk1ZgyqhdDsghgkuWQM4CNZONCNxIFgrGF5P661Hpg1X8h7GCfNj0pc84pSAtR66wJ4gu1F6RHQ46ZUrbtWdCS+Dl0MF5ar3yl/dUNE0ZhKoIMZ0PDcBPyMaOBVsUuqmhiWEDkmfdSxKEjPjZ7OrJ/jEOiGOlLZPAp65vycyEhszjgPbGRMYmMXa1Pyv1kkhuvQzLpMUmKTzRVEqMCg8jQCHXDMKYmyBUM3trZgOiCYUbFAlG4K3+OVlaJ5VPct355XaVR5HER2hY3SKPHSBaugW1VEDUaTRM3pFb87IeXHenY95a8HJZw7RHzmfPzGUkuw=</latexit><latexit sha1_base64="ZPV/q8eAwKdBxuwToaexGZuQHVM=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMCIqrgiAuK9gLtGPJZDJtaCYZkjPWMvQ93LhQxK3v4s63MW1noa0/BD7+cw7n5A8SwQ247rdTWFldW98obpa2tnd298r7B02jUk1ZgyqhdDsghgkuWQM4CNZONCNxIFgrGF5P661Hpg1X8h7GCfNj0pc84pSAtR66wJ4gu1F6RHQ46ZUrbtWdCS+Dl0MF5ar3yl/dUNE0ZhKoIMZ0PDcBPyMaOBVsUuqmhiWEDkmfdSxKEjPjZ7OrJ/jEOiGOlLZPAp65vycyEhszjgPbGRMYmMXa1Pyv1kkhuvQzLpMUmKTzRVEqMCg8jQCHXDMKYmyBUM3trZgOiCYUbFAlG4K3+OVlaJ5VPct355XaVR5HER2hY3SKPHSBaugW1VEDUaTRM3pFb87IeXHenY95a8HJZw7RHzmfPzGUkuw=</latexit><latexit sha1_base64="ZPV/q8eAwKdBxuwToaexGZuQHVM=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMCIqrgiAuK9gLtGPJZDJtaCYZkjPWMvQ93LhQxK3v4s63MW1noa0/BD7+cw7n5A8SwQ247rdTWFldW98obpa2tnd298r7B02jUk1ZgyqhdDsghgkuWQM4CNZONCNxIFgrGF5P661Hpg1X8h7GCfNj0pc84pSAtR66wJ4gu1F6RHQ46ZUrbtWdCS+Dl0MF5ar3yl/dUNE0ZhKoIMZ0PDcBPyMaOBVsUuqmhiWEDkmfdSxKEjPjZ7OrJ/jEOiGOlLZPAp65vycyEhszjgPbGRMYmMXa1Pyv1kkhuvQzLpMUmKTzRVEqMCg8jQCHXDMKYmyBUM3trZgOiCYUbFAlG4K3+OVlaJ5VPct355XaVR5HER2hY3SKPHSBaugW1VEDUaTRM3pFb87IeXHenY95a8HJZw7RHzmfPzGUkuw=</latexit><latexit sha1_base64="ZPV/q8eAwKdBxuwToaexGZuQHVM=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMCIqrgiAuK9gLtGPJZDJtaCYZkjPWMvQ93LhQxK3v4s63MW1noa0/BD7+cw7n5A8SwQ247rdTWFldW98obpa2tnd298r7B02jUk1ZgyqhdDsghgkuWQM4CNZONCNxIFgrGF5P661Hpg1X8h7GCfNj0pc84pSAtR66wJ4gu1F6RHQ46ZUrbtWdCS+Dl0MF5ar3yl/dUNE0ZhKoIMZ0PDcBPyMaOBVsUuqmhiWEDkmfdSxKEjPjZ7OrJ/jEOiGOlLZPAp65vycyEhszjgPbGRMYmMXa1Pyv1kkhuvQzLpMUmKTzRVEqMCg8jQCHXDMKYmyBUM3trZgOiCYUbFAlG4K3+OVlaJ5VPct355XaVR5HER2hY3SKPHSBaugW1VEDUaTRM3pFb87IeXHenY95a8HJZw7RHzmfPzGUkuw=</latexit>

Backward
<latexit sha1_base64="q1C5aV4+HAQKJW/LL+ewhGo5Q1k=">AAAB+HicbZDLSgMxFIYz9VbrpaMu3QSL4KrMiKC4KrpxWcFeoB1KJnPahmYuJGfUOvRJ3LhQxK2P4s63MW1noa0HAh//f05y8vuJFBod59sqrKyurW8UN0tb2zu7ZXtvv6njVHFo8FjGqu0zDVJE0ECBEtqJAhb6Elr+6Hrqt+5BaRFHdzhOwAvZIBJ9wRkaqWeXuwiPmF0xPnpgKpj07IpTdWZFl8HNoULyqvfsr24Q8zSECLlkWndcJ0EvYwoFlzApdVMNibmdDaBjMGIhaC+bLT6hx0YJaD9W5kRIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+PyhfiopxnSaAg2EAo5ybIBxJcyulA+ZYhxNViUTgrv45WVonlZdw7dnldplHkeRHJIjckJcck5q5IbUSYNwkpJn8krerCfrxXq3PuatBSufOSB/yvr8AUN8k3E=</latexit><latexit sha1_base64="q1C5aV4+HAQKJW/LL+ewhGo5Q1k=">AAAB+HicbZDLSgMxFIYz9VbrpaMu3QSL4KrMiKC4KrpxWcFeoB1KJnPahmYuJGfUOvRJ3LhQxK2P4s63MW1noa0HAh//f05y8vuJFBod59sqrKyurW8UN0tb2zu7ZXtvv6njVHFo8FjGqu0zDVJE0ECBEtqJAhb6Elr+6Hrqt+5BaRFHdzhOwAvZIBJ9wRkaqWeXuwiPmF0xPnpgKpj07IpTdWZFl8HNoULyqvfsr24Q8zSECLlkWndcJ0EvYwoFlzApdVMNibmdDaBjMGIhaC+bLT6hx0YJaD9W5kRIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+PyhfiopxnSaAg2EAo5ybIBxJcyulA+ZYhxNViUTgrv45WVonlZdw7dnldplHkeRHJIjckJcck5q5IbUSYNwkpJn8krerCfrxXq3PuatBSufOSB/yvr8AUN8k3E=</latexit><latexit sha1_base64="q1C5aV4+HAQKJW/LL+ewhGo5Q1k=">AAAB+HicbZDLSgMxFIYz9VbrpaMu3QSL4KrMiKC4KrpxWcFeoB1KJnPahmYuJGfUOvRJ3LhQxK2P4s63MW1noa0HAh//f05y8vuJFBod59sqrKyurW8UN0tb2zu7ZXtvv6njVHFo8FjGqu0zDVJE0ECBEtqJAhb6Elr+6Hrqt+5BaRFHdzhOwAvZIBJ9wRkaqWeXuwiPmF0xPnpgKpj07IpTdWZFl8HNoULyqvfsr24Q8zSECLlkWndcJ0EvYwoFlzApdVMNibmdDaBjMGIhaC+bLT6hx0YJaD9W5kRIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+PyhfiopxnSaAg2EAo5ybIBxJcyulA+ZYhxNViUTgrv45WVonlZdw7dnldplHkeRHJIjckJcck5q5IbUSYNwkpJn8krerCfrxXq3PuatBSufOSB/yvr8AUN8k3E=</latexit><latexit sha1_base64="q1C5aV4+HAQKJW/LL+ewhGo5Q1k=">AAAB+HicbZDLSgMxFIYz9VbrpaMu3QSL4KrMiKC4KrpxWcFeoB1KJnPahmYuJGfUOvRJ3LhQxK2P4s63MW1noa0HAh//f05y8vuJFBod59sqrKyurW8UN0tb2zu7ZXtvv6njVHFo8FjGqu0zDVJE0ECBEtqJAhb6Elr+6Hrqt+5BaRFHdzhOwAvZIBJ9wRkaqWeXuwiPmF0xPnpgKpj07IpTdWZFl8HNoULyqvfsr24Q8zSECLlkWndcJ0EvYwoFlzApdVMNibmdDaBjMGIhaC+bLT6hx0YJaD9W5kRIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+PyhfiopxnSaAg2EAo5ybIBxJcyulA+ZYhxNViUTgrv45WVonlZdw7dnldplHkeRHJIjckJcck5q5IbUSYNwkpJn8krerCfrxXq3PuatBSufOSB/yvr8AUN8k3E=</latexit>

Forward
<latexit sha1_base64="qY1MzMpBTTE0DoaSjuFKW8tdv+o=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKQY8FQTxWsB/QriWbzbah2WRJZq1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5G1zO//ci04UrewyRhfkwGkkecErDSQw/YE2Q3So+JDqf9csWtunPgVeLlpIJyNPrlr16oaBozCVQQY7qem4CfEQ2cCjYt9VLDEkJHZMC6lkoSM+Nn86un+MwqIY6UtiUBz9XfExmJjZnEge2MCQzNsjcT//O6KURXfsZlkgKTdLEoSgUGhWcR4JBrRkFMLCFUc3srpkOiCQUbVMmG4C2/vEpaF1XPrXp3tUq9lsdRRCfoFJ0jD12iOrpFDdREFGn0jF7RmzN2Xpx352PRWnDymWP0B87nDy/EkuY=</latexit><latexit sha1_base64="qY1MzMpBTTE0DoaSjuFKW8tdv+o=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKQY8FQTxWsB/QriWbzbah2WRJZq1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5G1zO//ci04UrewyRhfkwGkkecErDSQw/YE2Q3So+JDqf9csWtunPgVeLlpIJyNPrlr16oaBozCVQQY7qem4CfEQ2cCjYt9VLDEkJHZMC6lkoSM+Nn86un+MwqIY6UtiUBz9XfExmJjZnEge2MCQzNsjcT//O6KURXfsZlkgKTdLEoSgUGhWcR4JBrRkFMLCFUc3srpkOiCQUbVMmG4C2/vEpaF1XPrXp3tUq9lsdRRCfoFJ0jD12iOrpFDdREFGn0jF7RmzN2Xpx352PRWnDymWP0B87nDy/EkuY=</latexit><latexit sha1_base64="qY1MzMpBTTE0DoaSjuFKW8tdv+o=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKQY8FQTxWsB/QriWbzbah2WRJZq1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5G1zO//ci04UrewyRhfkwGkkecErDSQw/YE2Q3So+JDqf9csWtunPgVeLlpIJyNPrlr16oaBozCVQQY7qem4CfEQ2cCjYt9VLDEkJHZMC6lkoSM+Nn86un+MwqIY6UtiUBz9XfExmJjZnEge2MCQzNsjcT//O6KURXfsZlkgKTdLEoSgUGhWcR4JBrRkFMLCFUc3srpkOiCQUbVMmG4C2/vEpaF1XPrXp3tUq9lsdRRCfoFJ0jD12iOrpFDdREFGn0jF7RmzN2Xpx352PRWnDymWP0B87nDy/EkuY=</latexit><latexit sha1_base64="qY1MzMpBTTE0DoaSjuFKW8tdv+o=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKQY8FQTxWsB/QriWbzbah2WRJZq1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5G1zO//ci04UrewyRhfkwGkkecErDSQw/YE2Q3So+JDqf9csWtunPgVeLlpIJyNPrlr16oaBozCVQQY7qem4CfEQ2cCjYt9VLDEkJHZMC6lkoSM+Nn86un+MwqIY6UtiUBz9XfExmJjZnEge2MCQzNsjcT//O6KURXfsZlkgKTdLEoSgUGhWcR4JBrRkFMLCFUc3srpkOiCQUbVMmG4C2/vEpaF1XPrXp3tUq9lsdRRCfoFJ0jD12iOrpFDdREFGn0jF7RmzN2Xpx352PRWnDymWP0B87nDy/EkuY=</latexit>

Backward
<latexit sha1_base64="NUCYi2I6ctaD9VDuhJmTZSGphuY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyWRgh6LXjxWsB/QlrLZbNqlm03Ynag19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfm+YngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsfX8/89j1TmsfyDicJ60dkKHnIKUEjDexyD9kjZleEjh+ICqYDu+JW3TmcVeLlpAI5GgP7qxfENI2YRCqI1l3PTbCfEYWcCjYt9VLNEvM6GbKuoZJETPez+eJT59QogRPGypREZ67+nshIpPUk8k1nRHCkl72Z+J/XTTG87GdcJikySRcfhalwMHZmKTgBV4yimBhCqOJmV4eOiCIUTVYlE4K3fPIqaZ1XPbfq3dYq9VoeRxGO4QTOwIMLqMMNNKAJFFJ4hld4s56sF+vd+li0Fqx85gj+wPr8AUGsk2s=</latexit><latexit sha1_base64="NUCYi2I6ctaD9VDuhJmTZSGphuY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyWRgh6LXjxWsB/QlrLZbNqlm03Ynag19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfm+YngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsfX8/89j1TmsfyDicJ60dkKHnIKUEjDexyD9kjZleEjh+ICqYDu+JW3TmcVeLlpAI5GgP7qxfENI2YRCqI1l3PTbCfEYWcCjYt9VLNEvM6GbKuoZJETPez+eJT59QogRPGypREZ67+nshIpPUk8k1nRHCkl72Z+J/XTTG87GdcJikySRcfhalwMHZmKTgBV4yimBhCqOJmV4eOiCIUTVYlE4K3fPIqaZ1XPbfq3dYq9VoeRxGO4QTOwIMLqMMNNKAJFFJ4hld4s56sF+vd+li0Fqx85gj+wPr8AUGsk2s=</latexit><latexit sha1_base64="NUCYi2I6ctaD9VDuhJmTZSGphuY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyWRgh6LXjxWsB/QlrLZbNqlm03Ynag19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfm+YngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsfX8/89j1TmsfyDicJ60dkKHnIKUEjDexyD9kjZleEjh+ICqYDu+JW3TmcVeLlpAI5GgP7qxfENI2YRCqI1l3PTbCfEYWcCjYt9VLNEvM6GbKuoZJETPez+eJT59QogRPGypREZ67+nshIpPUk8k1nRHCkl72Z+J/XTTG87GdcJikySRcfhalwMHZmKTgBV4yimBhCqOJmV4eOiCIUTVYlE4K3fPIqaZ1XPbfq3dYq9VoeRxGO4QTOwIMLqMMNNKAJFFJ4hld4s56sF+vd+li0Fqx85gj+wPr8AUGsk2s=</latexit><latexit sha1_base64="NUCYi2I6ctaD9VDuhJmTZSGphuY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyWRgh6LXjxWsB/QlrLZbNqlm03Ynag19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfm+YngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsfX8/89j1TmsfyDicJ60dkKHnIKUEjDexyD9kjZleEjh+ICqYDu+JW3TmcVeLlpAI5GgP7qxfENI2YRCqI1l3PTbCfEYWcCjYt9VLNEvM6GbKuoZJETPez+eJT59QogRPGypREZ67+nshIpPUk8k1nRHCkl72Z+J/XTTG87GdcJikySRcfhalwMHZmKTgBV4yimBhCqOJmV4eOiCIUTVYlE4K3fPIqaZ1XPbfq3dYq9VoeRxGO4QTOwIMLqMMNNKAJFFJ4hld4s56sF+vd+li0Fqx85gj+wPr8AUGsk2s=</latexit>
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Time
<latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit>
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<latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit>

Forward
<latexit sha1_base64="qY1MzMpBTTE0DoaSjuFKW8tdv+o=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKQY8FQTxWsB/QriWbzbah2WRJZq1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5G1zO//ci04UrewyRhfkwGkkecErDSQw/YE2Q3So+JDqf9csWtunPgVeLlpIJyNPrlr16oaBozCVQQY7qem4CfEQ2cCjYt9VLDEkJHZMC6lkoSM+Nn86un+MwqIY6UtiUBz9XfExmJjZnEge2MCQzNsjcT//O6KURXfsZlkgKTdLEoSgUGhWcR4JBrRkFMLCFUc3srpkOiCQUbVMmG4C2/vEpaF1XPrXp3tUq9lsdRRCfoFJ0jD12iOrpFDdREFGn0jF7RmzN2Xpx352PRWnDymWP0B87nDy/EkuY=</latexit><latexit sha1_base64="qY1MzMpBTTE0DoaSjuFKW8tdv+o=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKQY8FQTxWsB/QriWbzbah2WRJZq1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5G1zO//ci04UrewyRhfkwGkkecErDSQw/YE2Q3So+JDqf9csWtunPgVeLlpIJyNPrlr16oaBozCVQQY7qem4CfEQ2cCjYt9VLDEkJHZMC6lkoSM+Nn86un+MwqIY6UtiUBz9XfExmJjZnEge2MCQzNsjcT//O6KURXfsZlkgKTdLEoSgUGhWcR4JBrRkFMLCFUc3srpkOiCQUbVMmG4C2/vEpaF1XPrXp3tUq9lsdRRCfoFJ0jD12iOrpFDdREFGn0jF7RmzN2Xpx352PRWnDymWP0B87nDy/EkuY=</latexit><latexit sha1_base64="qY1MzMpBTTE0DoaSjuFKW8tdv+o=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKQY8FQTxWsB/QriWbzbah2WRJZq1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5G1zO//ci04UrewyRhfkwGkkecErDSQw/YE2Q3So+JDqf9csWtunPgVeLlpIJyNPrlr16oaBozCVQQY7qem4CfEQ2cCjYt9VLDEkJHZMC6lkoSM+Nn86un+MwqIY6UtiUBz9XfExmJjZnEge2MCQzNsjcT//O6KURXfsZlkgKTdLEoSgUGhWcR4JBrRkFMLCFUc3srpkOiCQUbVMmG4C2/vEpaF1XPrXp3tUq9lsdRRCfoFJ0jD12iOrpFDdREFGn0jF7RmzN2Xpx352PRWnDymWP0B87nDy/EkuY=</latexit><latexit sha1_base64="qY1MzMpBTTE0DoaSjuFKW8tdv+o=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKQY8FQTxWsB/QriWbzbah2WRJZq1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5G1zO//ci04UrewyRhfkwGkkecErDSQw/YE2Q3So+JDqf9csWtunPgVeLlpIJyNPrlr16oaBozCVQQY7qem4CfEQ2cCjYt9VLDEkJHZMC6lkoSM+Nn86un+MwqIY6UtiUBz9XfExmJjZnEge2MCQzNsjcT//O6KURXfsZlkgKTdLEoSgUGhWcR4JBrRkFMLCFUc3srpkOiCQUbVMmG4C2/vEpaF1XPrXp3tUq9lsdRRCfoFJ0jD12iOrpFDdREFGn0jF7RmzN2Xpx352PRWnDymWP0B87nDy/EkuY=</latexit>

Backward
<latexit sha1_base64="NUCYi2I6ctaD9VDuhJmTZSGphuY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyWRgh6LXjxWsB/QlrLZbNqlm03Ynag19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfm+YngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsfX8/89j1TmsfyDicJ60dkKHnIKUEjDexyD9kjZleEjh+ICqYDu+JW3TmcVeLlpAI5GgP7qxfENI2YRCqI1l3PTbCfEYWcCjYt9VLNEvM6GbKuoZJETPez+eJT59QogRPGypREZ67+nshIpPUk8k1nRHCkl72Z+J/XTTG87GdcJikySRcfhalwMHZmKTgBV4yimBhCqOJmV4eOiCIUTVYlE4K3fPIqaZ1XPbfq3dYq9VoeRxGO4QTOwIMLqMMNNKAJFFJ4hld4s56sF+vd+li0Fqx85gj+wPr8AUGsk2s=</latexit><latexit sha1_base64="NUCYi2I6ctaD9VDuhJmTZSGphuY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyWRgh6LXjxWsB/QlrLZbNqlm03Ynag19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfm+YngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsfX8/89j1TmsfyDicJ60dkKHnIKUEjDexyD9kjZleEjh+ICqYDu+JW3TmcVeLlpAI5GgP7qxfENI2YRCqI1l3PTbCfEYWcCjYt9VLNEvM6GbKuoZJETPez+eJT59QogRPGypREZ67+nshIpPUk8k1nRHCkl72Z+J/XTTG87GdcJikySRcfhalwMHZmKTgBV4yimBhCqOJmV4eOiCIUTVYlE4K3fPIqaZ1XPbfq3dYq9VoeRxGO4QTOwIMLqMMNNKAJFFJ4hld4s56sF+vd+li0Fqx85gj+wPr8AUGsk2s=</latexit><latexit sha1_base64="NUCYi2I6ctaD9VDuhJmTZSGphuY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyWRgh6LXjxWsB/QlrLZbNqlm03Ynag19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfm+YngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsfX8/89j1TmsfyDicJ60dkKHnIKUEjDexyD9kjZleEjh+ICqYDu+JW3TmcVeLlpAI5GgP7qxfENI2YRCqI1l3PTbCfEYWcCjYt9VLNEvM6GbKuoZJETPez+eJT59QogRPGypREZ67+nshIpPUk8k1nRHCkl72Z+J/XTTG87GdcJikySRcfhalwMHZmKTgBV4yimBhCqOJmV4eOiCIUTVYlE4K3fPIqaZ1XPbfq3dYq9VoeRxGO4QTOwIMLqMMNNKAJFFJ4hld4s56sF+vd+li0Fqx85gj+wPr8AUGsk2s=</latexit><latexit sha1_base64="NUCYi2I6ctaD9VDuhJmTZSGphuY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyWRgh6LXjxWsB/QlrLZbNqlm03Ynag19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfm+YngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsfX8/89j1TmsfyDicJ60dkKHnIKUEjDexyD9kjZleEjh+ICqYDu+JW3TmcVeLlpAI5GgP7qxfENI2YRCqI1l3PTbCfEYWcCjYt9VLNEvM6GbKuoZJETPez+eJT59QogRPGypREZ67+nshIpPUk8k1nRHCkl72Z+J/XTTG87GdcJikySRcfhalwMHZmKTgBV4yimBhCqOJmV4eOiCIUTVYlE4K3fPIqaZ1XPbfq3dYq9VoeRxGO4QTOwIMLqMMNNKAJFFJ4hld4s56sF+vd+li0Fqx85gj+wPr8AUGsk2s=</latexit>

Macroscopically-imposed propagation Macroscopically-imposed propagation
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<latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit>

Time
<latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit>

Forward (notched)
<latexit sha1_base64="aGYupHiqB7OTLAOOC1MoNDVgcrQ=">AAACAXicbZDJSgQxEIbT7o7bqBfBS3AQ9CLdIiieBgTxqOAsMNMM6XS1E0wnTVKtDs148VW8eFDEq2/hzbcxsxzcfgh8/FVFpf4ok8Ki7396E5NT0zOzc/OlhcWl5ZXy6lrd6txwqHEttWlGzIIUCmooUEIzM8DSSEIjuj4Z1Bs3YKzQ6hJ7GYQpu1IiEZyhszrljTbCHRan2twyE9MdpZF3Id7td8oVf88fiv6FYAwVMtZ5p/zRjjXPU1DIJbO2FfgZhgUzKLiEfqmdW8gYv2ZX0HKoWAo2LIYX9Om2c2KaaOOeQjp0v08ULLW2l0auM2XYtb9rA/O/WivH5CgshMpyBMVHi5JcUtR0EAeNhQGOsueAcSPcXynvMsM4utBKLoTg98l/ob6/Fzi+OKhUj8dxzJFNskV2SEAOSZWckXNSI5zck0fyTF68B+/Je/XeRq0T3nhmnfyQ9/4Fc1mW1w==</latexit><latexit sha1_base64="aGYupHiqB7OTLAOOC1MoNDVgcrQ=">AAACAXicbZDJSgQxEIbT7o7bqBfBS3AQ9CLdIiieBgTxqOAsMNMM6XS1E0wnTVKtDs148VW8eFDEq2/hzbcxsxzcfgh8/FVFpf4ok8Ki7396E5NT0zOzc/OlhcWl5ZXy6lrd6txwqHEttWlGzIIUCmooUEIzM8DSSEIjuj4Z1Bs3YKzQ6hJ7GYQpu1IiEZyhszrljTbCHRan2twyE9MdpZF3Id7td8oVf88fiv6FYAwVMtZ5p/zRjjXPU1DIJbO2FfgZhgUzKLiEfqmdW8gYv2ZX0HKoWAo2LIYX9Om2c2KaaOOeQjp0v08ULLW2l0auM2XYtb9rA/O/WivH5CgshMpyBMVHi5JcUtR0EAeNhQGOsueAcSPcXynvMsM4utBKLoTg98l/ob6/Fzi+OKhUj8dxzJFNskV2SEAOSZWckXNSI5zck0fyTF68B+/Je/XeRq0T3nhmnfyQ9/4Fc1mW1w==</latexit><latexit sha1_base64="aGYupHiqB7OTLAOOC1MoNDVgcrQ=">AAACAXicbZDJSgQxEIbT7o7bqBfBS3AQ9CLdIiieBgTxqOAsMNMM6XS1E0wnTVKtDs148VW8eFDEq2/hzbcxsxzcfgh8/FVFpf4ok8Ki7396E5NT0zOzc/OlhcWl5ZXy6lrd6txwqHEttWlGzIIUCmooUEIzM8DSSEIjuj4Z1Bs3YKzQ6hJ7GYQpu1IiEZyhszrljTbCHRan2twyE9MdpZF3Id7td8oVf88fiv6FYAwVMtZ5p/zRjjXPU1DIJbO2FfgZhgUzKLiEfqmdW8gYv2ZX0HKoWAo2LIYX9Om2c2KaaOOeQjp0v08ULLW2l0auM2XYtb9rA/O/WivH5CgshMpyBMVHi5JcUtR0EAeNhQGOsueAcSPcXynvMsM4utBKLoTg98l/ob6/Fzi+OKhUj8dxzJFNskV2SEAOSZWckXNSI5zck0fyTF68B+/Je/XeRq0T3nhmnfyQ9/4Fc1mW1w==</latexit><latexit sha1_base64="aGYupHiqB7OTLAOOC1MoNDVgcrQ=">AAACAXicbZDJSgQxEIbT7o7bqBfBS3AQ9CLdIiieBgTxqOAsMNMM6XS1E0wnTVKtDs148VW8eFDEq2/hzbcxsxzcfgh8/FVFpf4ok8Ki7396E5NT0zOzc/OlhcWl5ZXy6lrd6txwqHEttWlGzIIUCmooUEIzM8DSSEIjuj4Z1Bs3YKzQ6hJ7GYQpu1IiEZyhszrljTbCHRan2twyE9MdpZF3Id7td8oVf88fiv6FYAwVMtZ5p/zRjjXPU1DIJbO2FfgZhgUzKLiEfqmdW8gYv2ZX0HKoWAo2LIYX9Om2c2KaaOOeQjp0v08ULLW2l0auM2XYtb9rA/O/WivH5CgshMpyBMVHi5JcUtR0EAeNhQGOsueAcSPcXynvMsM4utBKLoTg98l/ob6/Fzi+OKhUj8dxzJFNskV2SEAOSZWckXNSI5zck0fyTF68B+/Je/XeRq0T3nhmnfyQ9/4Fc1mW1w==</latexit>

Backward (notched)
<latexit sha1_base64="JPIQOPwEjS4oVheClyDW1TtDYx4=">AAACAnicbZC7SgNBFIZnvcZ4i1qJzWAQYhN2RVCsgjaWEcwFkhBmZ0+SIbOzy8xZNSzBxlexsVDE1qew822cXApN/GHg4z/ncOb8fiyFQdf9dhYWl5ZXVjNr2fWNza3t3M5u1USJ5lDhkYx03WcGpFBQQYES6rEGFvoSan7/alSv3YE2IlK3OIihFbKuEh3BGVqrndtvIjxgesl4/57pgBZUhLwHwfGwncu7RXcsOg/eFPJkqnI799UMIp6EoJBLZkzDc2NspUyj4BKG2WZiILZ7WBcaFhULwbTS8QlDemSdgHYibZ9COnZ/T6QsNGYQ+rYzZNgzs7WR+V+tkWDnvJUKFScIik8WdRJJMaKjPGggNHCUAwuMa2H/SnmPacbRppa1IXizJ89D9aToWb45zZcupnFkyAE5JAXikTNSItekTCqEk0fyTF7Jm/PkvDjvzsekdcGZzuyRP3I+fwAQo5cr</latexit><latexit sha1_base64="JPIQOPwEjS4oVheClyDW1TtDYx4=">AAACAnicbZC7SgNBFIZnvcZ4i1qJzWAQYhN2RVCsgjaWEcwFkhBmZ0+SIbOzy8xZNSzBxlexsVDE1qew822cXApN/GHg4z/ncOb8fiyFQdf9dhYWl5ZXVjNr2fWNza3t3M5u1USJ5lDhkYx03WcGpFBQQYES6rEGFvoSan7/alSv3YE2IlK3OIihFbKuEh3BGVqrndtvIjxgesl4/57pgBZUhLwHwfGwncu7RXcsOg/eFPJkqnI799UMIp6EoJBLZkzDc2NspUyj4BKG2WZiILZ7WBcaFhULwbTS8QlDemSdgHYibZ9COnZ/T6QsNGYQ+rYzZNgzs7WR+V+tkWDnvJUKFScIik8WdRJJMaKjPGggNHCUAwuMa2H/SnmPacbRppa1IXizJ89D9aToWb45zZcupnFkyAE5JAXikTNSItekTCqEk0fyTF7Jm/PkvDjvzsekdcGZzuyRP3I+fwAQo5cr</latexit><latexit sha1_base64="JPIQOPwEjS4oVheClyDW1TtDYx4=">AAACAnicbZC7SgNBFIZnvcZ4i1qJzWAQYhN2RVCsgjaWEcwFkhBmZ0+SIbOzy8xZNSzBxlexsVDE1qew822cXApN/GHg4z/ncOb8fiyFQdf9dhYWl5ZXVjNr2fWNza3t3M5u1USJ5lDhkYx03WcGpFBQQYES6rEGFvoSan7/alSv3YE2IlK3OIihFbKuEh3BGVqrndtvIjxgesl4/57pgBZUhLwHwfGwncu7RXcsOg/eFPJkqnI799UMIp6EoJBLZkzDc2NspUyj4BKG2WZiILZ7WBcaFhULwbTS8QlDemSdgHYibZ9COnZ/T6QsNGYQ+rYzZNgzs7WR+V+tkWDnvJUKFScIik8WdRJJMaKjPGggNHCUAwuMa2H/SnmPacbRppa1IXizJ89D9aToWb45zZcupnFkyAE5JAXikTNSItekTCqEk0fyTF7Jm/PkvDjvzsekdcGZzuyRP3I+fwAQo5cr</latexit><latexit sha1_base64="JPIQOPwEjS4oVheClyDW1TtDYx4=">AAACAnicbZC7SgNBFIZnvcZ4i1qJzWAQYhN2RVCsgjaWEcwFkhBmZ0+SIbOzy8xZNSzBxlexsVDE1qew822cXApN/GHg4z/ncOb8fiyFQdf9dhYWl5ZXVjNr2fWNza3t3M5u1USJ5lDhkYx03WcGpFBQQYES6rEGFvoSan7/alSv3YE2IlK3OIihFbKuEh3BGVqrndtvIjxgesl4/57pgBZUhLwHwfGwncu7RXcsOg/eFPJkqnI799UMIp6EoJBLZkzDc2NspUyj4BKG2WZiILZ7WBcaFhULwbTS8QlDemSdgHYibZ9COnZ/T6QsNGYQ+rYzZNgzs7WR+V+tkWDnvJUKFScIik8WdRJJMaKjPGggNHCUAwuMa2H/SnmPacbRppa1IXizJ89D9aToWb45zZcupnFkyAE5JAXikTNSItekTCqEk0fyTF7Jm/PkvDjvzsekdcGZzuyRP3I+fwAQo5cr</latexit>

Forward
<latexit sha1_base64="ZPV/q8eAwKdBxuwToaexGZuQHVM=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMCIqrgiAuK9gLtGPJZDJtaCYZkjPWMvQ93LhQxK3v4s63MW1noa0/BD7+cw7n5A8SwQ247rdTWFldW98obpa2tnd298r7B02jUk1ZgyqhdDsghgkuWQM4CNZONCNxIFgrGF5P661Hpg1X8h7GCfNj0pc84pSAtR66wJ4gu1F6RHQ46ZUrbtWdCS+Dl0MF5ar3yl/dUNE0ZhKoIMZ0PDcBPyMaOBVsUuqmhiWEDkmfdSxKEjPjZ7OrJ/jEOiGOlLZPAp65vycyEhszjgPbGRMYmMXa1Pyv1kkhuvQzLpMUmKTzRVEqMCg8jQCHXDMKYmyBUM3trZgOiCYUbFAlG4K3+OVlaJ5VPct355XaVR5HER2hY3SKPHSBaugW1VEDUaTRM3pFb87IeXHenY95a8HJZw7RHzmfPzGUkuw=</latexit><latexit sha1_base64="ZPV/q8eAwKdBxuwToaexGZuQHVM=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMCIqrgiAuK9gLtGPJZDJtaCYZkjPWMvQ93LhQxK3v4s63MW1noa0/BD7+cw7n5A8SwQ247rdTWFldW98obpa2tnd298r7B02jUk1ZgyqhdDsghgkuWQM4CNZONCNxIFgrGF5P661Hpg1X8h7GCfNj0pc84pSAtR66wJ4gu1F6RHQ46ZUrbtWdCS+Dl0MF5ar3yl/dUNE0ZhKoIMZ0PDcBPyMaOBVsUuqmhiWEDkmfdSxKEjPjZ7OrJ/jEOiGOlLZPAp65vycyEhszjgPbGRMYmMXa1Pyv1kkhuvQzLpMUmKTzRVEqMCg8jQCHXDMKYmyBUM3trZgOiCYUbFAlG4K3+OVlaJ5VPct355XaVR5HER2hY3SKPHSBaugW1VEDUaTRM3pFb87IeXHenY95a8HJZw7RHzmfPzGUkuw=</latexit><latexit sha1_base64="ZPV/q8eAwKdBxuwToaexGZuQHVM=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMCIqrgiAuK9gLtGPJZDJtaCYZkjPWMvQ93LhQxK3v4s63MW1noa0/BD7+cw7n5A8SwQ247rdTWFldW98obpa2tnd298r7B02jUk1ZgyqhdDsghgkuWQM4CNZONCNxIFgrGF5P661Hpg1X8h7GCfNj0pc84pSAtR66wJ4gu1F6RHQ46ZUrbtWdCS+Dl0MF5ar3yl/dUNE0ZhKoIMZ0PDcBPyMaOBVsUuqmhiWEDkmfdSxKEjPjZ7OrJ/jEOiGOlLZPAp65vycyEhszjgPbGRMYmMXa1Pyv1kkhuvQzLpMUmKTzRVEqMCg8jQCHXDMKYmyBUM3trZgOiCYUbFAlG4K3+OVlaJ5VPct355XaVR5HER2hY3SKPHSBaugW1VEDUaTRM3pFb87IeXHenY95a8HJZw7RHzmfPzGUkuw=</latexit><latexit sha1_base64="ZPV/q8eAwKdBxuwToaexGZuQHVM=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMCIqrgiAuK9gLtGPJZDJtaCYZkjPWMvQ93LhQxK3v4s63MW1noa0/BD7+cw7n5A8SwQ247rdTWFldW98obpa2tnd298r7B02jUk1ZgyqhdDsghgkuWQM4CNZONCNxIFgrGF5P661Hpg1X8h7GCfNj0pc84pSAtR66wJ4gu1F6RHQ46ZUrbtWdCS+Dl0MF5ar3yl/dUNE0ZhKoIMZ0PDcBPyMaOBVsUuqmhiWEDkmfdSxKEjPjZ7OrJ/jEOiGOlLZPAp65vycyEhszjgPbGRMYmMXa1Pyv1kkhuvQzLpMUmKTzRVEqMCg8jQCHXDMKYmyBUM3trZgOiCYUbFAlG4K3+OVlaJ5VPct355XaVR5HER2hY3SKPHSBaugW1VEDUaTRM3pFb87IeXHenY95a8HJZw7RHzmfPzGUkuw=</latexit>

Backward
<latexit sha1_base64="q1C5aV4+HAQKJW/LL+ewhGo5Q1k=">AAAB+HicbZDLSgMxFIYz9VbrpaMu3QSL4KrMiKC4KrpxWcFeoB1KJnPahmYuJGfUOvRJ3LhQxK2P4s63MW1noa0HAh//f05y8vuJFBod59sqrKyurW8UN0tb2zu7ZXtvv6njVHFo8FjGqu0zDVJE0ECBEtqJAhb6Elr+6Hrqt+5BaRFHdzhOwAvZIBJ9wRkaqWeXuwiPmF0xPnpgKpj07IpTdWZFl8HNoULyqvfsr24Q8zSECLlkWndcJ0EvYwoFlzApdVMNibmdDaBjMGIhaC+bLT6hx0YJaD9W5kRIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+PyhfiopxnSaAg2EAo5ybIBxJcyulA+ZYhxNViUTgrv45WVonlZdw7dnldplHkeRHJIjckJcck5q5IbUSYNwkpJn8krerCfrxXq3PuatBSufOSB/yvr8AUN8k3E=</latexit><latexit sha1_base64="q1C5aV4+HAQKJW/LL+ewhGo5Q1k=">AAAB+HicbZDLSgMxFIYz9VbrpaMu3QSL4KrMiKC4KrpxWcFeoB1KJnPahmYuJGfUOvRJ3LhQxK2P4s63MW1noa0HAh//f05y8vuJFBod59sqrKyurW8UN0tb2zu7ZXtvv6njVHFo8FjGqu0zDVJE0ECBEtqJAhb6Elr+6Hrqt+5BaRFHdzhOwAvZIBJ9wRkaqWeXuwiPmF0xPnpgKpj07IpTdWZFl8HNoULyqvfsr24Q8zSECLlkWndcJ0EvYwoFlzApdVMNibmdDaBjMGIhaC+bLT6hx0YJaD9W5kRIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+PyhfiopxnSaAg2EAo5ybIBxJcyulA+ZYhxNViUTgrv45WVonlZdw7dnldplHkeRHJIjckJcck5q5IbUSYNwkpJn8krerCfrxXq3PuatBSufOSB/yvr8AUN8k3E=</latexit><latexit sha1_base64="q1C5aV4+HAQKJW/LL+ewhGo5Q1k=">AAAB+HicbZDLSgMxFIYz9VbrpaMu3QSL4KrMiKC4KrpxWcFeoB1KJnPahmYuJGfUOvRJ3LhQxK2P4s63MW1noa0HAh//f05y8vuJFBod59sqrKyurW8UN0tb2zu7ZXtvv6njVHFo8FjGqu0zDVJE0ECBEtqJAhb6Elr+6Hrqt+5BaRFHdzhOwAvZIBJ9wRkaqWeXuwiPmF0xPnpgKpj07IpTdWZFl8HNoULyqvfsr24Q8zSECLlkWndcJ0EvYwoFlzApdVMNibmdDaBjMGIhaC+bLT6hx0YJaD9W5kRIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+PyhfiopxnSaAg2EAo5ybIBxJcyulA+ZYhxNViUTgrv45WVonlZdw7dnldplHkeRHJIjckJcck5q5IbUSYNwkpJn8krerCfrxXq3PuatBSufOSB/yvr8AUN8k3E=</latexit><latexit sha1_base64="q1C5aV4+HAQKJW/LL+ewhGo5Q1k=">AAAB+HicbZDLSgMxFIYz9VbrpaMu3QSL4KrMiKC4KrpxWcFeoB1KJnPahmYuJGfUOvRJ3LhQxK2P4s63MW1noa0HAh//f05y8vuJFBod59sqrKyurW8UN0tb2zu7ZXtvv6njVHFo8FjGqu0zDVJE0ECBEtqJAhb6Elr+6Hrqt+5BaRFHdzhOwAvZIBJ9wRkaqWeXuwiPmF0xPnpgKpj07IpTdWZFl8HNoULyqvfsr24Q8zSECLlkWndcJ0EvYwoFlzApdVMNibmdDaBjMGIhaC+bLT6hx0YJaD9W5kRIZ+rviYyFWo9D33SGDId60ZuK/3mdFPsXXiaiJEWI+PyhfiopxnSaAg2EAo5ybIBxJcyulA+ZYhxNViUTgrv45WVonlZdw7dnldplHkeRHJIjckJcck5q5IbUSYNwkpJn8krerCfrxXq3PuatBSufOSB/yvr8AUN8k3E=</latexit>

Forward
<latexit sha1_base64="qY1MzMpBTTE0DoaSjuFKW8tdv+o=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKQY8FQTxWsB/QriWbzbah2WRJZq1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5G1zO//ci04UrewyRhfkwGkkecErDSQw/YE2Q3So+JDqf9csWtunPgVeLlpIJyNPrlr16oaBozCVQQY7qem4CfEQ2cCjYt9VLDEkJHZMC6lkoSM+Nn86un+MwqIY6UtiUBz9XfExmJjZnEge2MCQzNsjcT//O6KURXfsZlkgKTdLEoSgUGhWcR4JBrRkFMLCFUc3srpkOiCQUbVMmG4C2/vEpaF1XPrXp3tUq9lsdRRCfoFJ0jD12iOrpFDdREFGn0jF7RmzN2Xpx352PRWnDymWP0B87nDy/EkuY=</latexit><latexit sha1_base64="qY1MzMpBTTE0DoaSjuFKW8tdv+o=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKQY8FQTxWsB/QriWbzbah2WRJZq1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5G1zO//ci04UrewyRhfkwGkkecErDSQw/YE2Q3So+JDqf9csWtunPgVeLlpIJyNPrlr16oaBozCVQQY7qem4CfEQ2cCjYt9VLDEkJHZMC6lkoSM+Nn86un+MwqIY6UtiUBz9XfExmJjZnEge2MCQzNsjcT//O6KURXfsZlkgKTdLEoSgUGhWcR4JBrRkFMLCFUc3srpkOiCQUbVMmG4C2/vEpaF1XPrXp3tUq9lsdRRCfoFJ0jD12iOrpFDdREFGn0jF7RmzN2Xpx352PRWnDymWP0B87nDy/EkuY=</latexit><latexit sha1_base64="qY1MzMpBTTE0DoaSjuFKW8tdv+o=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKQY8FQTxWsB/QriWbzbah2WRJZq1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5G1zO//ci04UrewyRhfkwGkkecErDSQw/YE2Q3So+JDqf9csWtunPgVeLlpIJyNPrlr16oaBozCVQQY7qem4CfEQ2cCjYt9VLDEkJHZMC6lkoSM+Nn86un+MwqIY6UtiUBz9XfExmJjZnEge2MCQzNsjcT//O6KURXfsZlkgKTdLEoSgUGhWcR4JBrRkFMLCFUc3srpkOiCQUbVMmG4C2/vEpaF1XPrXp3tUq9lsdRRCfoFJ0jD12iOrpFDdREFGn0jF7RmzN2Xpx352PRWnDymWP0B87nDy/EkuY=</latexit><latexit sha1_base64="qY1MzMpBTTE0DoaSjuFKW8tdv+o=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexKQY8FQTxWsB/QriWbzbah2WRJZq1l6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgkRwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hUU9akSijdCYhhgkvWBA6CdRLNSBwI1g5G1zO//ci04UrewyRhfkwGkkecErDSQw/YE2Q3So+JDqf9csWtunPgVeLlpIJyNPrlr16oaBozCVQQY7qem4CfEQ2cCjYt9VLDEkJHZMC6lkoSM+Nn86un+MwqIY6UtiUBz9XfExmJjZnEge2MCQzNsjcT//O6KURXfsZlkgKTdLEoSgUGhWcR4JBrRkFMLCFUc3srpkOiCQUbVMmG4C2/vEpaF1XPrXp3tUq9lsdRRCfoFJ0jD12iOrpFDdREFGn0jF7RmzN2Xpx352PRWnDymWP0B87nDy/EkuY=</latexit>

Backward
<latexit sha1_base64="NUCYi2I6ctaD9VDuhJmTZSGphuY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyWRgh6LXjxWsB/QlrLZbNqlm03Ynag19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfm+YngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsfX8/89j1TmsfyDicJ60dkKHnIKUEjDexyD9kjZleEjh+ICqYDu+JW3TmcVeLlpAI5GgP7qxfENI2YRCqI1l3PTbCfEYWcCjYt9VLNEvM6GbKuoZJETPez+eJT59QogRPGypREZ67+nshIpPUk8k1nRHCkl72Z+J/XTTG87GdcJikySRcfhalwMHZmKTgBV4yimBhCqOJmV4eOiCIUTVYlE4K3fPIqaZ1XPbfq3dYq9VoeRxGO4QTOwIMLqMMNNKAJFFJ4hld4s56sF+vd+li0Fqx85gj+wPr8AUGsk2s=</latexit><latexit sha1_base64="NUCYi2I6ctaD9VDuhJmTZSGphuY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyWRgh6LXjxWsB/QlrLZbNqlm03Ynag19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfm+YngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsfX8/89j1TmsfyDicJ60dkKHnIKUEjDexyD9kjZleEjh+ICqYDu+JW3TmcVeLlpAI5GgP7qxfENI2YRCqI1l3PTbCfEYWcCjYt9VLNEvM6GbKuoZJETPez+eJT59QogRPGypREZ67+nshIpPUk8k1nRHCkl72Z+J/XTTG87GdcJikySRcfhalwMHZmKTgBV4yimBhCqOJmV4eOiCIUTVYlE4K3fPIqaZ1XPbfq3dYq9VoeRxGO4QTOwIMLqMMNNKAJFFJ4hld4s56sF+vd+li0Fqx85gj+wPr8AUGsk2s=</latexit><latexit sha1_base64="NUCYi2I6ctaD9VDuhJmTZSGphuY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyWRgh6LXjxWsB/QlrLZbNqlm03Ynag19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfm+YngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsfX8/89j1TmsfyDicJ60dkKHnIKUEjDexyD9kjZleEjh+ICqYDu+JW3TmcVeLlpAI5GgP7qxfENI2YRCqI1l3PTbCfEYWcCjYt9VLNEvM6GbKuoZJETPez+eJT59QogRPGypREZ67+nshIpPUk8k1nRHCkl72Z+J/XTTG87GdcJikySRcfhalwMHZmKTgBV4yimBhCqOJmV4eOiCIUTVYlE4K3fPIqaZ1XPbfq3dYq9VoeRxGO4QTOwIMLqMMNNKAJFFJ4hld4s56sF+vd+li0Fqx85gj+wPr8AUGsk2s=</latexit><latexit sha1_base64="NUCYi2I6ctaD9VDuhJmTZSGphuY=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyWRgh6LXjxWsB/QlrLZbNqlm03Ynag19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfm+YngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsfX8/89j1TmsfyDicJ60dkKHnIKUEjDexyD9kjZleEjh+ICqYDu+JW3TmcVeLlpAI5GgP7qxfENI2YRCqI1l3PTbCfEYWcCjYt9VLNEvM6GbKuoZJETPez+eJT59QogRPGypREZ67+nshIpPUk8k1nRHCkl72Z+J/XTTG87GdcJikySRcfhalwMHZmKTgBV4yimBhCqOJmV4eOiCIUTVYlE4K3fPIqaZ1XPbfq3dYq9VoeRxGO4QTOwIMLqMMNNKAJFFJ4hld4s56sF+vd+li0Fqx85gj+wPr8AUGsk2s=</latexit>
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Time
<latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit>
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Figure 0.8: Numerical computations. Evolution of the J-integral with time as the
crack is propagated through the specimens shown in Figures 0.6 (a) and 0.7 (b) with
h1 = h2.

Table 0.1: Numerical computations. The computed effective toughness, that is, the
maximum toughness value measured in the J-integral over the entire time duration,
is shown in Figure 0.1 for both the forward and backward directions for various
spacings h2. The results are normalized with respect to the toughness of the uniform
material, which is set to be J = 1.

h2 = 4h1 h2 = 2h1 h2 = h1 h2 = h1/2 h2 = h1/4

Forward 1.4418 1.2550 0.9630 0.6712 0.4556
Backward 3.2765 3.1065 2.2692 1.1295 0.5906

Following this procedure, effective toughness values determined for specimens with
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various spacings h2 are shown in Table 0.1, expressed as a function of hole width
h1. All numerically determined toughness values are normalized with respect to the
toughness of the intact material which has a J-integral value of 1. When h1 = h2,
the effective toughness has a normalized value of 0.963 when propagating forward,
which is far lower than the value of 2.27 in the backward direction. This trend
of toughness in the forward direction being lower than the backward holds true
regardless of spacing, though the difference in magnitude between the two directions
varies with different spacings. It is straightforward to conclude that the resistance to
crack propagation is asymmetric and depends on the sense of propagation, with the
favorable growth direction being the ‘forward’ direction, and the unfavorable growth
direction being the ‘backward’ direction.
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<latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit>

Time
<latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit>

Time
<latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit><latexit sha1_base64="eZHNw6epWWASO4C4V7sMQhWb1S0=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEInkoiguKp4MVjhX5BGspmO2mX7iZhdyKW0J/hxYMiXv013vw3btsctPWFhYd3ZtiZN0ylMOi6387a+sbm1nZpp7y7t39wWDk6bpsk0xxaPJGJ7obMgBQxtFCghG6qgalQQicc383qnUfQRiRxEycpBIoNYxEJztBafg/hCfOmUDDtV6puzZ2LroJXQJUUavQrX71BwjMFMXLJjPE9N8UgZxoFlzAt9zIDKeNjNgTfYswUmCCfrzyl59YZ0CjR9sVI5+7viZwpYyYqtJ2K4cgs12bmfzU/w+gmyEWcZggxX3wUZZJiQmf304HQwFFOLDCuhd2V8hHTjKNNqWxD8JZPXoX2Zc2z/HBVrd8WcZTIKTkjF8Qj16RO7kmDtAgnCXkmr+TNQefFeXc+Fq1rTjFzQv7I+fwBxVKRiA==</latexit>
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<latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit><latexit sha1_base64="zBs4k1U6Mh/9onNMYswOKC/t22o=">AAAB+nicbZBNS8NAEIY3ftb6lerRS7AIXiyJCIqnghfxVMF+QBvKZjtpl242YXeiltif4sWDIl79Jd78N27bHLT1hYWHd2aY2TdIBNfout/W0vLK6tp6YaO4ubW9s2uX9ho6ThWDOotFrFoB1SC4hDpyFNBKFNAoENAMhleTevMelOaxvMNRAn5E+5KHnFE0VtcudRAeMbs54RKhr6gYd+2yW3GnchbBy6FMctW69lenF7M0AolMUK3bnpugn1GFnAkYFzuphoSyIe1D26CkEWg/m54+do6M03PCWJkn0Zm6vycyGmk9igLTGVEc6PnaxPyv1k4xvPAzLpMUQbLZojAVDsbOJAenxxUwFCMDlClubnXYgCrK0KRVNCF4819ehMZpxTN8e1auXuZxFMgBOSTHxCPnpEquSY3UCSMP5Jm8kjfryXqx3q2PWeuSlc/skz+yPn8AoOiUMw==</latexit>

1 2 4 5

h2 = h1/5
<latexit sha1_base64="re6AdsBbL6t/ls9s/FIRy1wupj0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU02qogeFghePFewHpCFstptm6SYbdjdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpByprRtf1ulldW19Y3yZmVre2d3r7p/0FEik4S2ieBC9gKsKGcJbWumOe2lkuI44LQbjO6mfveJSsVE8qjHKfViPExYyAjWRnIjv4FuUeQ7Z5d+tWbX7RnQMnEKUoMCLb/61R8IksU00YRjpVzHTrWXY6kZ4XRS6WeKppiM8JC6hiY4psrLZydP0IlRBigU0lSi0Uz9PZHjWKlxHJjOGOtILXpT8T/PzXR47eUsSTNNEzJfFGYcaYGm/6MBk5RoPjYEE8nMrYhEWGKiTUoVE4Kz+PIy6TTqznndfrioNW+KOMpwBMdwCg5cQRPuoQVtICDgGV7hzdLWi/VufcxbS1Yxcwh/YH3+APY9j7Y=</latexit>
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h1 = h2<latexit sha1_base64="KGJdGXRqR52R+WFtF+16YUdInxQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxgv2QNoTNdtMs3d2E3Y1QQn+FFw+KePXnePPfuG1z0NYHA4/3ZpiZF6acaeO6387K6tr6xmZpq7y9s7u3Xzk4bOskU4S2SMIT1Q2xppxJ2jLMcNpNFcUi5LQTjm6nfueJKs0S+WDGKfUFHkoWMYKNlR7jwEM3KA7qQaXq1twZ0DLxClKFAs2g8tUfJCQTVBrCsdY9z02Nn2NlGOF0Uu5nmqaYjPCQ9iyVWFDt57ODJ+jUKgMUJcqWNGim/p7IsdB6LELbKbCJ9aI3Ff/zepmJrvycyTQzVJL5oijjyCRo+j0aMEWJ4WNLMFHM3opIjBUmxmZUtiF4iy8vk3a95p3X3PuLauO6iKMEx3ACZ+DBJTTgDprQAgICnuEV3hzlvDjvzse8dcUpZo7gD5zPHw+yjz4=</latexit>

Spacing:

h2 = h1/2
<latexit sha1_base64="+OzpFREaU/HCbbf+510M7MUbuQc=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4qkkV9KBQ8OKxgv2ANITNdtMs3eyG3YlQSn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF2WCG3Ddb2dldW19Y7O0Vd7e2d3brxwcto3KNWUtqoTS3YgYJrhkLeAgWDfTjKSRYJ1oeDf1O09MG67kI4wyFqRkIHnMKQEr+UlYx7c4Cb3zelipujV3BrxMvIJUUYFmWPnq9RXNUyaBCmKM77kZBGOigVPBJuVeblhG6JAMmG+pJCkzwXh28gSfWqWPY6VtScAz9ffEmKTGjNLIdqYEErPoTcX/PD+H+DoYc5nlwCSdL4pzgUHh6f+4zzWjIEaWEKq5vRXThGhCwaZUtiF4iy8vk3a95l3U3IfLauOmiKOEjtEJOkMeukINdI+aqIUoUugZvaI3B5wX5935mLeuOMXMEfoD5/MH8bGPsw==</latexit>

Spacing:

Spacing:

Figure 0.9: Numerical computations for bidirectional fracture diodes: crack paths and
J-integrals shown for various values of spacing h2. Numbers indicate the sequential
failure of individual ligaments.

In the numerical analysis of bidirectional arrangements, the directional dependence
on void orientation is present in a manner similar to that of the unidirectional
arrangements, but some challenges arise due to the bias introduced by the surfing
load condition. The computed crack path and J-integral are shown in Figure 0.9 for
various values of the spacing h2 while the size h1 of the heterogeneity is kept constant.
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The surfing condition introduces bias here by forcing the crack to nucleate at the left
side of the specimen, resulting in the first half of the specimen exhibiting unfavorable
propagation and the second half of the specimen exhibiting favorable propagation.
Initially, propagation is unfavorable, as the crack gets pinned at each hole and it has to
renucleate at the tip of the next void in order to continue propagating. This behavior
continues until the crack approaches the symmetry axis of the specimen, beyond
which the voids are oriented in a manner favorable for crack growth. The evolution of
the energy-release rate over time clearly shows the sequential rapid propagation events
that occur in this fracture process (see Figure 0.9). The transition from unfavorable
to favorable orientation of heterogeneities is accompanied by a sudden drop in the
macroscopic driving force, which demonstrates clearly the preferential direction of
propagation. By extension, it is logical to conclude that under unbiased load, it
would be expected for crack growth to occur along the toughness-minimizing path,
which would be symmetric propagation outward from the middle of the specimen to
each of the two edges.

Regardless of void arrangement, the origin of this asymmetry in effective toughness
is fundamentally the lack of mirror symmetry in the void structure. As the crack
is driven in the favorable growth direction, it is pinned by each new void, but a
new crack can nucleate relatively easily at the tip of the triangular hole, allowing
for straightforward propagation. In the unfavorable growth direction, the crack is
similarly pinned at each void, but it is difficult for renucleation to occur along the flat
edge opposite the triangle tip. This is not surprising, as it is known (e.g., [10, 11])
that cracks have difficulty in renucleating at interfaces where there is a sudden change
in elastic modulus. Thus, it requires less energy for the crack to nucleate at the next
hole (see Figure 0.7) and to propagate backwards into the current triangular void. As
a consequence, the driving force needed to macroscopically drive crack propagation
is higher for the unfavorable case.

0.4.2 Experiments
Before different void arrangements can be compared experimentally, it is important
to verify that changes in void orientation and arrangement do not dramatically alter
the elastic response of the system under uniaxial tension, which would introduce
unwanted biases into the failure analysis. To assess this, displacement at the initial
failure event in each sample was measured and plotted against the load measured at
this first failure event. This relationship is a good indicator of material compliance,
and if the compliance is relatively uniform across replicates and designs, the failure
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stresses should follow a linear pattern. A plot of failure stress versus time to failure
is shown in Figure 0.10.

Figure 0.10: Plot of Peak Load versus Displacement for the different void arrange-
ments analyzed in this study.

Although there is some variation, the general pattern of compliance is linear across
all specimens. It should be noted that although the peak load reported in Figure
0.10 is not a perfect indicator of the stress state in the sample due to the presence of
heterogeneous structure, this was still deemed reasonable under the premise that the
specimens would behave like an isostress composite with a thin soft layer (the region
containing voids) sandwiched between two thicker stiff layers. Because the stiff
layers are much thicker, it was expected that their elastic behavior dominates, so the
arrangement of the voids would not have significant effect on compliance. In other
words, the elastic behavior of the specimens would be governed by the homogeneous
regions, and the failure behavior would be governed by the heterogeneous regions.

During mechanical testing, all specimen failure modes were classified into three
mutually exclusive groups. Specimen failure was classified as ‘favorable’ if fracture
followed the direction of convergence of the triangular inclusions, consistent with the
low toughness pattern predicted by numerical simulations. Analogously, behavior
was termed ‘unfavorable’ when the sample failed in the exact opposite of the predicted
sequence. Finally, sample failure is ‘random’ if there was no real pattern to failure or
if specimen failure occurred too rapidly to be characterized from video recording.
Schematic images of ‘expected’ failure behavior in unidirectional and bidirectional
void arrangements are shown in Figure 0.11.
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(a) Unidirectional Failure (b) Bidirectional Failure

Figure 0.11: Specimen images with overlayed arrows showing the favorable failure
directions for (a) unidirectional, and (b) bidirectional designs.

(a) Time = 41 sec, 233 ms (b) Time = 42 sec, 233 ms (c) Time = 43 sec, 233 ms

(d) Time = 44 sec, 233 ms (e) Time = 45 sec, 233 ms

Figure 0.12: Time lapse images showing the sequential failure behavior of a
unidirectional specimen (mirrored for consistency). A time interval of 1 second
passes between each photo in the sequence.

Figure 0.12 shows a series of snapshots of the failure of a representative specimen
that was classified as ‘favorable’. The crack propagation is locally unstable, with the
segments between voids failing rapidly, but the failure of each successive segment is
delayed by the voids, which force renucleation into the next segment. Importantly, the
crack propagates in the direction of convergence of the triangular voids, nucleating at
the tip of each consecutive triangular void before continuing propagation. Additional
SEM fractography shown in Figure 0.13 verifies that nucleation of the crack did
occur at the tips of the triangular voids, as was predicted by numerical analyses.
Furthermore, this directionally dependent behavior was somewhat resilient to the
influence of precracking, as the formation of a single segment precrack on the
opposite side of the specimen failed to alter the direction of the sequential events
in some cases. Though weakest link failure mechanics still dominated the initial
failure of segments, the anisotropy of the voids inhibits propagation of the crack in
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(a) Sample/Segment of Interest (b) Low Magnification SEM (c) High Magnification SEM

Figure 0.13: SEM fractography of a sample that failed in a favorable manner (a) based
on simulation predictions, showing that fracture of each diode segment (b) nucleates
from the tip of the triangular void inclusions (c). Inset in top left of (b) shows a
representative fracture surface to indicate direction of global crack propagation with
respect to SEM images.

one direction moreso than the other.

Figure 0.14: Image with a graphical overlay showing the unexpected failure of a
unidirectional specimen. The failure events of individual segments are numbered in
order from 1 to 10, with 1 being the first failure event and 10 being the last. White
arrows indicate the direction of global crack propagation during failure.

Samples that failed in an ‘unfavorable’ manner also provide additional insight into
fracture behavior in systems with directional anisotropy. A particular instance of
unfavorable failure is shown in Figure 0.14. The critical defect in the system (as
assessed post-fracture) happens to be near the far end of the sample where the crack
would normally be expected to terminate. The exact nature of this defect is not
clear, as it could be either a print defect or a variation in sharpness in the triangular
inclusion at that location. Once the initial failure event occurs near the far right
side, the crack propagates in the favorable direction until it reaches the free surface
at the end of the sample. At this point, the extended macro-crack is the critical
flaw in the system, and it is sufficiently large to drive the remainder of propagation
backwards. This clearly demonstrates the trajectory dependence of fracture and how
random nucleation events can lead to behavior that would typically be described as
unfavorable. Fractographic analysis shown in Figure 0.15 also demonstrates that
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(a) Segment of Interest (b) Low Magnification SEM (c) High Magnification SEM

Figure 0.15: SEM fractography of a sample that failed in in an unexpected manner
(a) based on simulation predictions. Even though global crack propagation is in the
opposite direction, segment failure (b) still nucleates from the tip of the triangular
void inclusions (c), so local failure propagates in the opposite direction of global
failure. Inset in top left of (b) shows a representative fracture surface to indicate
direction of global crack propagation with respect to SEM images.

even in the case of unfavorable propagation, numerical simulation still accurately
predicts the local failure behavior, i.e., when the crack becomes trapped in a given
void, it renucleates at the tip of the next consecutive triangular void, making local
propagation occur in the opposite direction of macroscopic propagation.

0.5 Statistics of Diode Failure
Once the possible diode failure modes are understood, it makes sense to investigate
to what extent the arrangement of asymmetric voids can actually influence failure
across many replicates. To that extent, many diode samples were tested across 4
designs and 3 spacings to gain a clearer understanding of how directional asymmetry
can influence failure that is otherwise governed by Weibull statistics and weakest
link theory.

Table 0.2: Distribution of sample failures for the triangular void arrangements
evaluated in this investigation.

Type Total Favorable Random

Unidirectional 42 33 5
Bidirectional 30 19 6
Unidirectional No Notch 34 12 11
Unidirectional Double Notch 50 33 10

The distributions of failure modes for each of the triangular void arrangements tested
in this study are shown in Table 0.2. The exact nature of the failure distribution as
well as the impact of spacing are discussed in more detail on a case-by-case basis for
each arrangement.
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0.5.1 Unidirectional Diodes
A total of 42 unidirectional diode samples were tested across 3 different spacings.
Of these 42 samples, 33 failed in the favorable mode, with 5 failing randomly and 4
failing unfavorably. This equates to 78% of samples failing in the mode predicted by
numerical simulations to be favorable. This 78% favorable failure rate is the first
clear indicator that asymmetric void orientation has an influence on the macroscopic
failure properties. If the voids had no influence on failure, it would be expected that
failure modes were governed solely by natural material flaws, which would follow a
Weibull distribution. If this were the case, the number of samples failing favorably
would likely be similar to the number of samples failing unfavorably, and the number
of random failures would be significantly higher. Although void orientation showed
a clear effect on the failure mode in unidirectional structures, no dependence on void
spacing was observed.

0.5.2 Bidirectional Diodes
For the bidirectional diode design, a total of 30 samples were tested. Across all three
spacings tested, a total of 19 samples failed in the favorable configuration, which in
this case was predicted to be failure originating from the symmetrical void at the
center of the specimen. Of the remaining 11 samples, 6 failed randomly and 5 failed
unfavorably, with unfavorable failure being classified as failure that originated from
either edge of the specimen. This equates to failure distribution with a 63% favorable
rate, which is again well above the expected value from random flaws and indicates
that similar to the unidirectional design, the bidirectional void arrangement has an
influence on the mode of failure of the specimen, although in this case it does not
produce directional asymmetry, as the arrangement is symmetrical about the center
of the specimen. There was also not found to be any significant correlation between
void spacing and occurrence of favorable failure, as both random and unfavorable
failure events were relatively few in number and reasonably well distributed across all
spacings. However, it should be noted that when the unidirectional and bidirectional
failure distributions are compared, the unidirectional specimens have a greater
tendency to fail favorably by about 15%, which is a noticeable margin given the
number of replicates tested for each design. It was suspected that some of this
difference may arise from the presence of an edge notch in the unidirectional design.
To determine whether or notch this notch was creating a significant difference,
additional unidirectional designs were explored.
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0.5.3 Edge Notch Effects
To clarify whether or not the disparity in favorable failure rates between unidirectional
and bidirectional specimens was due to edge notch effects, additional testing was
done on unidirectional designs containing no edge notches as well as unidirectional
designs with identical notches on both sides. When the notches were removed from
the unidirectional specimens, a dramatic change in the distribution of failure modes
was observed. Out of a total of 34 specimens tested across three spacings, only
12 failed in the favorable mode as predicted by numerical analyses. Out of the
remaining 22 specimens, 11 failed randomly, and 11 failed unfavorably, leading to a
35% favorable failure rate and creating and almost perfectly uniform distribution of
failure between all three modes, which is markedly different than the distribution
seen in either the notched unidirectional or bidirectional specimens. This indicates
that the presence of an edge notch has an even stronger effect on failure mode than
originally expected; when edge notches are removed, failure becomes less dependent
on void orientation, and thus failure modes become more random.

To better understand the influence of the edge notch on crack nucleation, an additional
unidirectional design was explored with identical edge notches present on both sides
of the specimen. For this double-edge notch design, a total of 50 specimens were
tested across 3 different spacings. Of these 50 specimens, 33 failed favorably, 10
failed randomly, and 7 failed unfavorably, leading to a 66% favorable failure rate,
very similar to that of the bidirectional specimens. Even when present on both sides,
the edge notches seem to significantly increase the occurrence of nucleation from the
edges of the specimen, which better allows the anisotropy of the voids to influence
the failure mode by making propagation in one direction more favorable than in the
other.

These double-notched specimens were also the first specimens to show spacing
dependence on mode of failure. In the double-notched specimens, 80% of the
random failures that occurred were in samples with the smallest spacing, which was
0.5 mm of solid material between consecutive voids. Most random failures were
characterized by cracks nucleating near both edges of the specimen and propagating
inward to meet near the center of the specimen. This significantly higher occurrence
of random failure at smaller spacing suggests that as the spacing gets smaller, the
anisotropy of the voids plays a less significant role, and the inter-void solid sections
behave less like asymmetric solid regions and more like small fibers or ligaments.
This idea is further supported by the numerical analyses reported in Table 0.1, which
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shows a significantly smaller difference in toughness values between the favorable
(forward) and unfavorable (backward) propagation modes when the spacing between
voids is small. This spacing dependence also suggests that the many of the favorable
failures seen at smaller spacings in the unidirectional specimens with only one edge
notch may have been governed predominantly by the presence of the edge notch
rather than by the asymmetry of the void arrangement itself.

0.6 Designing a "True Diode"
Analysis of the occurrence of favorable failure based on void orientation indicates
that the asymmetry of the void structures plays a significant role in directional failure
under unbiased loads. Despite this, even when the highest occurrence of favorable
failure is considered, 78% for unidirectional diodes with only one notch, the favorable
failure rate is still far too low to be considered behavior resembling that of a diode.
However, using the knowledge gained from the analyses of these triangular void
designs, heterogeneous structures can be made that have failure behavior resembling
that of a diode.

The previous analyses demonstrated clearly that in order to obtain directional fracture
behavior with high fidelity, both nucleation and propagation of the crack must be
meaningfully controlled and constrained to minimize the number of possible failure
occurrences that can arise from weakest link failure behavior. The importance of
controlling nucleation is emphasized by the analysis of the mechanics of unfavorable
failure. The analysis of unfavorable failure clearly demonstrates that even though
void arrangement can make propagation of a crack preferentially less favorable in
one direction, the location of the critical flaw in the system can still set the crack
along a trajectory where a less favorable failure condition is the only reasonable
means of releasing mechanical energy. Without any structural influence, nucleation
of the crack from a critical flaw is dictated by weakest link theory, and because the
printing process does not contain any spatial bias with respect to void arrangement,
this nucleation should be random. However, if an asymmetric structure is to behave
like a true fracture diode, this nucleation must be constrained such that the possible
nucleation sites fall within regions where the asymmetric structure can effectively
control propagation direction.

If true fracture diode behavior is to be achieved, once nucleation is properly controlled,
propagation must have strong directional asymmetry. In the previous analyses with
isosceles triangle voids, it was found that both void spacing and structure played
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critical roles in the degree of toughness asymmetry seen during crack propagation.
Fractographic analysis showed that in the case of unfavorable propagation, the crack
would become pinned at a void and then nucleate at the triangle tip in the next
consecutive void, and the energy required to achieve this was related to the distance
between the pinning void and the tip of the next consecutive void. This spacing effect
was also seen in the double-notched specimens, where once the spacing between
voids became too small, the toughness asymmetry was not dramatic enough to
discourage propagation in the unfavorable direction, and failure became effectively
random.

Figure 0.16: The "true diode" specimen design. In this design, the triangular voids
were rounded and spaced further apart to increase toughness asymmetry and the
solid segment size near the edges of the specimen were reduced to better control
nucleation.

Using this information, a diode structure was designed that was able to effectively
control both nucleation events as well as subsequent propagation. This design is
shown in Figure 0.16. To better control nucleation without introducing bias, edge
notches are introduced to both sides of the specimen to encourage nucleation from
the edge of the specimen. Additionally, the solid segments near the edges of the
specimen are much smaller in cross sectional area than the other inter-void spacings.
This reduction in cross section near the free surface further encourages nucleation
near the sides of the specimen by locally increasing the compliance in these regions.
To better control propagation, this diode structure uses a rounded triangle void
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design to further increase the toughness asymmetry between the favorable and
unfavorable propagation modes. Additionally, void spacing is designed to make
unfavorable propagation by nucleation at successive triangle tips even more difficult.
This difficulty due to relatively large spacing is clearly evidenced in the numerical
analysis of this diode structure shown in Figure 0.17. The larger spacing of the
diodes significantly reduces the buildup of damage at the tips of successive triangles
in backwards propagation, forcing much greater damage buildup at the rounded
edge of the pinning diode, which requires significantly more energy to nucleate and
propagate a crack. It is important to note, however, that this larger spacing effect does
not scale monotonically. If the spacing of the voids becomes too far apart, the voids
begin to act as isolated stress concentrators in an otherwise homogeneous matrix, and
failure becomes governed the largest flaw within the homogeneous region between
these voids. In this sense, choosing the spacing of the diodes is a balance between
increasing spacing to discourage unfavorable propagation and reducing spacing to
prevent weakest-link-governed failure. In the case of this investigation, the tailoring
of this spacing was done empirically, but controlling the balance between these two
effects is likely dependent on material processing, as this will dictate the resultant
stiffness and toughness as well as the distribution of flaws within the material.

1 2 4 53 6 7 8

1 2 345

Macroscopically-imposed propagation

Figure 0.17: Numerical analysis of the true diode structure under surfing load
conditions. (Left) Crack path in the forward and backward configuration, with
numbers indicating the order of failed segments; (Right) Inset showing the fracture
field in the backward specimen.

Using this true diode design, a total of 12 specimens were tested, and of these
100% failed favorably, indicating the potential for designed inclusions to produce
controllable directional fracture. Even though fracture is a statistical phenomenon,
sufficient control of both compliance and anisotropy can constrain the system enough



23

to produce a readily predictable outcome for both the nucleation and propagation of the
crack. This controllable directional fracture could present significant opportunities
for brittle materials in the context of a different approach to material optimization,
where materials whose toughness cannot be sufficiently improved could be designed
to instead fail in a way that minimizes catastrophic damage.

0.7 Summary
In this chapter, the influence of asymmetric void structure on failure behavior
was explored using structures described as “fracture diodes”. These structures
used designs of triangular voids in different orientations to create directionally-
dependent toughness behavior, which manifested as preferential directional failure
under unbiased uniaxial tensile load. Several void designs were explored, including
unidirectional and bidirectional arrangements as well as 3 different void spacings.
Numerical simulations showed that the favorable failure direction was the direction of
triangle convergence, and this was confirmed in experiment though both fractographic
and statistical analysis. Analysis of the distribution of favorable failures for each
arrangement showed that the presence of a notch at the edge of the specimen created
some bias that encouraged failure from that edge, but introduction of symmetrical
edge notches on both sides of the specimen reduced this bias. Finally, a “true diode”
design was developed that used rounded triangles and carefully controlled void
spacing to further enhance toughness asymmetry, resulting in favorable directional
failure 100% of the time.



24

REFERENCES

[1] M. Z. Hossain, C. J. Hsueh, B. Bourdin, and K. Bhattacharya. Effective
toughness of heterogeneous media. Journal of the Mechanics and Physics of
Solids, 71(1):15–32, 2014. ISSN 00225096. doi: 10.1016/j.jmps.2014.06.002.
URL http://dx.doi.org/10.1016/j.jmps.2014.06.002.

[2] B. Bourdin, G.A. Francfort, and J-J. Marigo. Numerical experiments in
revisited brittle fracture. Journal of the Mechanics and Physics of Solids,
48(4):797–826, apr 2000. ISSN 0022-5096. doi: 10.1016/S0022-5096(99)
00028-9. URL https://www.sciencedirect.com/science/article/
pii/S0022509699000289.

[3] Blaise Bourdin, Gilles A. Francfort, and Jean-Jacques Marigo. The Vari-
ational Approach to Fracture. Journal of Elasticity, 91(1-3):5–148, apr
2008. ISSN 0374-3535. doi: 10.1007/s10659-007-9107-3. URL http:
//link.springer.com/10.1007/s10659-007-9107-3.

[4] Satish Balay, William D. Gropp, Lois Curfman McInnes, and Barry F.
Smith. Efficient Management of Parallelism in Object-Oriented Numeri-
cal Software Libraries. In Modern Software Tools for Scientific Computing,
pages 163–202. Birkhäuser Boston, Boston, MA, 1997. doi: 10.1007/978-
1-4612-1986-6_8. URL http://link.springer.com/10.1007/978-1-
4612-1986-6{\_}8.

[5] S. Balay, S. Abhyankar, M. Adams, J. Brown, P. Brune, K. Buschelman, L. D.
Dalcin, V. Eijkhout, W. Gropp, D. Kaushik, M. Knepley, D. May, L. Curfman
McInnes, T. Munson, K. Rupp, P. Sanan, B. Smith, S. Zampini, H. Zhang,
and H. Zhang. PETSc Users Manual Revision 3.8. Technical report, Argonne
National Laboratory (ANL), Argonne, IL (United States), sep 2013. URL
http://www.osti.gov/servlets/purl/1409218/.

[6] S. Balay, J. Brown, K. Buschelman, W.D. Gropp, D. Kaushik, M. Knepley,
L.C. McInnes, B. Smith, and H. Zhang. PETSc/Tao: Home Page, 2013. URL
https://www.mcs.anl.gov/petsc/.

[7] G.P. Cherepanov. Crack propagation in continuous media: PMM vol. 31,
no. 3, 1967, pp. 476–488. Journal of Applied Mathematics and Mechanics,
31(3):503–512, jan 1967. ISSN 0021-8928. doi: 10.1016/0021-8928(67)
90034-2. URL https://www.sciencedirect.com/science/article/
pii/0021892867900342.

[8] A. A. Griffith. The Phenomena of Rupture and Flow in Solids. Philosophical
Transactions of the Royal Society A: Mathematical, Physical and Engineering
Sciences, 221(582-593):163–198, jan 1921. ISSN 1364-503X. doi: 10.1098/



25

rsta.1921.0006. URL http://rsta.royalsocietypublishing.org/cgi/
doi/10.1098/rsta.1921.0006.

[9] James R Rice. Mathematical Analysis in the Mechanics of Fracture. Technical
report, 1968. URL http://esag.harvard.edu/rice/018{\_}Rice{\_
}MathAnalMechFract{\_}68.pdf.

[10] C-J. Hsueh, L. Avellar, B. Bourdin, G. Ravichandran, and K. Bhattacharya.
Stress fluctuation, crack renucleation and toughening in layered materials.
Journal of the Mechanics and Physics of Solids, 120:68–78, nov 2018.
ISSN 0022-5096. doi: 10.1016/J.JMPS.2018.04.011. URL https://www.
sciencedirect.com/science/article/pii/S0022509617311407.

[11] M Y He and J W Hutchinson. Crack Deflection at an Interface Between
Dissimilar Elastic-Materials. Int J Solids Struct, 25(9):1053–1067, 1989.


