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ABSTRACT

In this work Wé describe our approach to matched~filtering
for mode-locked laser signals. Our optical receiver consists of a pas-—.
sive laser cavity controlled in length and a photodetector with its
associated electronics. The length of the passive Fabry-Perot cavity
is chosen roughly equal to the cavity length of the transmitting laser,
but with provision for fine fractional wavelength control of its
length. In addition to the selective filtering characteristics of the
passive cavity (passbands of unity transmission matching the frequen~
cies of the multi-mode laser), a readout of the vernier length control,
peaking the output, provides for an extremely wide range_of velocity
measurements with either an active or passive vehicle moving relative
to the receiver.

In studying the mode-locked laser we use the matched—filter
criterion resulting from the optimization of the signal;to—noise ratio.
This criterion specifies that the amplitude transmission function be
Tm(w) = AE*(w)/Sn(w); where E(w) is the Fourier transform of the laéer
signal El(t); Sn(w) is the power spectral density of the additive
input noise; the asterisk denotes ﬁhe complex conjugate; and A is any
nonzero complex constant. For an actual laser signal, writing E(w)
for the multi-tone laser with finite linewidths .sz yields an expres-
sion which is ‘comparable on a mode by mode basis to the transmission
function for a Fabry-Perot cavity. The resulting matching conditions
are that Awp'= Awl and h0 = h in which Awp is the linewidth of
the receiver cavity of length ho’ and h 1is the length of the trans-

mitter cavity.
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The Fabry-Perot cavity -is probably as close a physical
realization to a matched-filter for the multi-toned laser as can be
attained in a passive.system. Even so, gain narrowing invariably
results in Aw2'< Awp , thereby limiting the observed improvement in
signal-to—-noise ratio from its optimal value. TFor high gain lasers
with cavities of low finesse, the receiver can be made closer to the
ideal, while greater departures are to be expected in the case of low
gain.

Further study of the use of the passive cavity in contrast to
no cavity_éhows that the signal-to-noise ratio improves approximately
by the finesse of the cavity which is typically 150. Considering the
improvement in signal-to-noise ratio as a function of the number of
oséillating modes N we find that the peak value of the temporally
varying detected output has a signal-to-noise ratio proportional to
N2, i.e., it varies as the peak power of the mode-locked laser.

Now, suppose that the mode-locked laser is moving toward our
receiver with a velocity v . For TEM waves, an emitted frequency w'
will be observed shifted to w giﬁen by w = y(l+v/c)w' in which

2]_1/2 and c 1is the speed of light. In this case where

Yy = [1-(v/c)
there is relative motion, we find that optimal detection of the mode-
locked laser signal requires a receiver with a cavity length hO
given by hO = h/[y(l+v/c)] . Similarly, if the mode-locked laser
and the passive cavity were on a common platform, then the echo from
a vehicle moving toward this platform with velocity v would be

shifted to w = (1+2v/c)w', where we have set Y =1 . So by vernier

adjustments of the passive cavity length we can read a large range.of

approach velocities with a resolution independent of the velocity.
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Chapter 1

Introduction

1.1 Statement of the Problem

(1,2) 4(3-5)

Mulfi—tone lasers of the mode-locked and cavity dumpe
types emit their energy in short pulses. Sensitive detection of these
emissions for point-to-point communications, Doppler measurements, oOr
echo-ranging systems can be accomplished by using appropriate filtering
at the optical frequencies before detection.and radio-frequency amplifi-
cation. An optimal filter for the detection of the multi-tone signals

described above is the matched—filter.(6—8)

€]

An excellent review paper

by Turin describes the properties, synthesis, and applications of

matched-filters.
In the literature, related prior studies of laser detection

include scanning Fabry-Perot cavities using a single pass-band of the

(10)

passive cavity to analyze laser radiationm. Spatial filtering

techniques have also been considered to reduce noise in laser am?lifiersgll)

(12-16) have beén considered which

Various laser heterodyne techniques
employ local oscillators to overcome the quantum efficiency limitations
of the detector which are a problem in the IR but not in the wvisible.

Barrett and Myérs(l7)

used the Fabry-Perot interferometer to study
periodic spectra using the equally spaced spectral lines of the inter-

ferometer to coincide with the spectral characteristics of NZO'
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They did not consider the degree of improvement or its

applications to optical pre-detection filtering. Smiley(lg) and

Boersch et al.(lg)

have considered active filters for single tone
amplification but did not extend their work to multi-tone filtering.
The consideration herein appears to be the first study of the multi-

plex advantage of using a Fabry-Perot interferometer as a detection

filter.

1.2 Matched-Filter for Mode-Locked Laser Signals

Our approach to the matched-filter optical receiver for mode-
vlocked gas laser signals consists simply of a passive laser cavity
contrélled in length and a photodetector with its associated electronics.
The length of the passive Fabry-Perot cavity is chosen roughly equal
to the cavity length of the transmitting laser, but with provision for
fine fractional wavelength control of its length. In addition to the:
selective filtering characteristics of the passive cavify (pass bands
of unity transmission matching the frequencies of the multi-mode laser)
a readout of the vernier length control, peaking‘th¢ output, provides
for an extremely wide range of velocity measurements with either an
active or passive vehicle moving relative to.the receiver.

To study the passive cavity we first develop a matrix formalism
and apply it to the Fabry-Perot. This approach yields a cavity
transmission function which is cast in the Laplace transform domain
making it suitable for transient analysis. With this generalized
transmission function the passive cavity is shown to be, in certain

limiting conditions, the matched-filter for mode-locked gas laser
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signals. Chapter 4 deals with an important factor in the detection

of signals in noise using the passive laser cavity; that is the passivé
cavity finesse. With this understanding of the = cavity characteristics
we consider the signal-to-noise improvement with use of the passive cavity.
We compare this improvement with that of the theoretical matched-

filter and show the departure of the passive cavity from the matched-
filter for various cavity parameters. If we are going to use the

passive cavity for communication purposes it is important to consider

the bandwidth and rise-time of the detection system. This is done

using the Laplace transform representation of the passive cavity
transmission function. Finally an interesting application of this
detection filter to Doppler velocity measurements is considered.

Several experiments are described which demonstrate the degree of
improvement which is obtained in the pre-detection signal-to-noise

ratio of a self mode-locked He-Ne laser signal with use of the passive

Fabry-Perot resonant cavity.
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Chapter 2

The Passive Laser Cavity Idealized As A

Periodically Stratified Medium

2.1 Introduction

In this chapter Maxwell's equations are expressed in the
Laplace transform domain and the solutions are formulated in a standard
matrix notation. This matrix formalism is then applied to a stratified
dielectric medium. The expressions are then used to generate a novel
representation of the passive Fabry-Perot resonant cavity. Standard
expressions for transmissivity are developed which keep the free

space reflection and transmission functions of the end reflectors com-—

pletely general. These analyses are presented as a review of the

standard multilayer theory, e.g., see Born and WOlt(l), although the
direct application of the stratified media analysis to a laser cavity

has not been explicitly presented in the literature and conceptually it
provides an interesting complement to the bouncing wave point of view.(2’3)
Also we present the transmissivity cast in the Laplace transform domain
which makes it suitable for transient analysis. The general
transmissivity function is then simplified in taking the transmission

and reflection coefficients as standard multilayers by using the

Chebyshev representation for unimodular matrices.

2.2 Maxwell's Equations and Their Solution for Dielectric Materials

We start with Maxwell's equations in the time domain and Laplace

transform them assuming 1linear, isotropic, ohmlc media, i.e.,
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4, €, and O are time independent scalars. Thus we have for the time

domain where E, and H, are the intensities of the electric and mag-

netic fields respectively, D, 1is the electric displacement, B, is

1 1
the magnetic induction, 21 is the current density, and Yy, €, and O
are the permeability, permittivity and gonductance respectively:
_ 9By
VR =g e
= — -2).
VX E =t (2-2)
= ;7
D, =eE (2-3)
.].3.1 = U EI_]_ (2-4)
J,=0E {2=3)

where the subscript 1 is used to denote time variation, i.e., Ei =

El(g,t) where r is the radius vector of a spherical coordinate system.
Now we take the Laplace transform of Eqs. (2-1)-(2-5), i.e.,’
E(r,s) = S By (x,t)e tat (2-6.1)

(0]

dropping the subscript 1 on all of the Laplace transformed fields. The

inverse operation of the transform pair is given by:

otieo
1
Ej(x,t) u(t) = Sni _E(E,s)eStds (2-6.2)
0= $oo
where 1 x> 0

u(x) =
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e,

where o is chosen greater than the real part of the poles of E(x,s

Thus for this linear isotropic mediyp Eqs.(z‘l) and (2—2) are

VxE=- s+ 3B (x,0) (2-7.1)
VxH=(0+ se)E - ek (x,0) | (2-7.2)

Now we drop the initial fields, i.e., assume E;(x,0) and B;(r,0) are
zero, assume that V'E =0 and with the standard vector manipulations

derive the vector wave equation:
[VZ - (s?ue + spo)]JE = 0 (2-8)

Now assuming that E is polarized in the x direction, i.e.,

E= (B, 0,0) and H= (O,Hy,Hz) then by Eqs. (2-8), (2-7.1), and

(2-7.2) we have:

(V2 - (s2ue + suoVJE_ = 0 (2-9.1)
9E '
1 X .

Hy === - (2-9.2)

Equations (2-9.1) and (2-9.2) are the equations presented in Born and
Wolf(SZéxcept in this case we have the Laplace transformed fields

instead of the harmonic form. Thé general solutions to Egs. (2-9.1) and
(2-9.2) are outlined in Appendix C. L SS— normally incident
. x polarized electric field onto a dieiectric homogeneous slab with

parameters Y, €, and ¢ all scalars, then the field at a point 2z in the
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medium is related to the field at the input by Eq. (C-13)

sinBz E
(2-10)

cosBz H

where the separation constant B ﬁj: s2lE ~ S0,

The solution of the single slab Eq. (2—10) may be extended
to the multilayer case (Appendix C) by expressing the input fields
E_, H

£ ¥
as Eq. (C-16)

in terms of the output fields E_ , H

- by the chain matrix
2

p)

(2-11)

whére the chain matrix is given by Eq. (C-17).

The general solution for the multilayer with N layers may
be applied to various problems. In this thesis, in one case the N layers
are taken to be the periodically stratified dielectric interference filter
used as é laser mirror (see Section 2.4), and in a second case, the entire
Fabry-Perot laser cavity is idealized as the multilayer. In the cavity case,

the chain matrix is given by the product of the mirror matrices and the

matrix describing the region between them " (See Section 2,5).
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2.3 The Transmission and Reflection Functions

In the application of the chain matrix representation of mul-
tilayers to the expression of the reflected and transmitted waves, it
is convenient to express the fields entering and leaving the multilayer
in a traveling wave notation. This wave notation is reviewed in
Appendix C.

Considering a plane wave normally'incidént upon a multilayer
that is bounded on each side by a homogeneous,'semi-infinite medium,

the input fields

E r a, +b ]
X 1 1
= (2-12.1)
Hy g1(8;~ by)
1
and the output fields
EX2 a, + b2
= (2-12.2)
Hy2 | 8p(aym By)

may be assumed (Appendix C, Eq. (C-20)). g1 is-the complex wave
admittance of the input medium and ) is the complex wave admittance
of the output medium. The amplitude transmission function, defined by
the ratio of the amplitude of the field propagated into region 2, at
the output, to the amplitude of the field incident at the input in

region 1, may be shown to be (Appendix C, Eq. (C-23))

_ = 2 - : (2-13)
A 4=~ By + B + -2
( - ) (g2 81)

Lo
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where A, B, C, and D are the elements of the chain matrix of Eq. (2-11)

(The 12 indicates transmission from region 1 to region 2 through the
multilayer). Similarly the amplitude reflection function, defined by
the ratio of the amplitude of the field propagated back from a surface

to the amplitude of the field incident on the surface, may be shown to

be (Appendix C, Eq. (C-25))
(2-14)

g C
(A-=2D) + (g2 B ~2)
81 2257

Rl=

g C
A+=2D) + B+ )
( o (g2 =

where the subscript 1 denotes the reflection at the input surface in region

(2-13) and Eq. (2-14) we define
(2-15)

1. From Eq.
T = |T12|?

R = IRllz and

as the reflectivity and transmissivity respectivelyﬂﬁ)One may note that
if Eq. (2-11) is written for the field in region 2 in terms of the field
in region 1,it may be shown that the transmission function Ty; = by/by

(transmission from region 2 through the multilayer into region 1) is

related to Eq. (2-13) by
(2-16)

Toy = T12
for g1 = B2 = Be
It may also be shown by writing the amplitude reflection function in

region 2 Rp = ay/bp, similar to Eq. (2-14), that R; is related to Ry by
(2-17)

A-D + goB " %o

R
Rp D-A + g B -
(o]

8o




for g1 = 82 = 8-

For a laser mirror, which is fabricated: by a quarter-wave-multilayer

_stack which will be described in more detail in the next section, at resonance
B =C =0 for which we obtain the familiar result K; =—RQ. More gen-—
erally A and D are real and gdB and C/gé are imaginary for which

Eq. (2-17) becomes

Ry = Ry el(TT T 2 (2-18)
where
a __l L C'
¢ = tan A-D
with
. 1] e \ C
iB’ = g B « 40 = —
o g
e}

Let us pause in our development of the transmission function for

a passive laser cavity to consider the standard dielectric multilayer

laser mirror.
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[T-2]

*313
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2.4 The Multilayer Laser Mirror

The standard multilayer laser mirror is fabricated to obtain a
desired‘reflecfion which is constant around the frequencies of interest.
This is accomplished by appropriate selection of the dielectric material's
index of refraction and layer thickness. To see this let us consider a
periodically stratified dielectric linear medium as shown in Fig. [2-1]
for which the first two layers have indices ny and n, respectively. Now
if we repeat these 2 layers N times the elements of the resulting matrix

(Appendix D, Eq. (D-3.2)) may be introduced into Eq. (2-14) to obtain the

reflection function. Now for quarter wavelength layers, Bh = gz\nh and

A
A
nh = —%3 the elements of the matrix which relates the input field in
c
terms of the output field at the resonant frequency fO =5 as in
: 5

Eq. (2-11) are given by Eq. (D-10)

>
I
slN

(2-20)

) @-19)
=)

(=)
fi
e
Di»—‘

and

os]
Il

(cp]
I

o

(2-21)

Thus for A = Ao the reflection function leads to the reflection

coefficient r introducing Eq. (2-19), (2-20) and (2-21) into Eq. (2-14)

B AN \N (2-22)
nl 1'12
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Similarly the transmission function of Eq. (2~13) leads to the trans-

mission coefficient t1 when A = Ao

2

0y =
12 fo} < n2>N < nl >N
- e i | i
nl n2

We may check our results by noting that in the case of no loss the

tl =T

(2-23)

intensity reflected and the intensity transmitted must satisfy a con-
servation of energy consideration and we see by putting Eq. (2-23) and

(2-22) into Egs. (2-15) that this is so.
R+T =1 (2-24)

An important consequence of choosing the effective layer thick-—
ness as quarter wave in length may be illustrated in the plot of
Eq. (2-14). Figure [2-2] was generated from Eq. (2-14) using the
results of Appendix D according to which the elements of the Nth power
of a unimodular matrix developed by the first two layers may be
expressed by Chebyshev polynomials. From Fig., [2-2] we see that the
AO/4 thick layers, with AO = 6328 2 and N = 4, give a very flat reflec-
tion coefficient curve in a 1,000 Z regibn around 6328 2 and the
corresponding maximum phase shift on reflection (not shown) of m/24.
This plot and the following illustrative example justify our later
interpretation of a passive cavity having mirrors with reflection

cdefficients that are constant in amplitude and phase over a 5,000 MHz

band around the center transmission peaks. Also it serves to solidify
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the standard bouncing wave derivation of the transmission function for
a passive Fabry-Perot resonant cavity.
In corroboration with the general result we may rewrite Eq.

(2-14) as Rl(A) = V/W from which the percentage change of the

reflection function with respect to wavelength is

LR 1w 1w (2-25)
R, 0A Vv A W oA ' |
A A

Now recalling that Bh = g;~% for nh = ~% then evaluating Eq. (2-25) for

A= Ao we obtain

BgOB 3 —C
1 - By 2<D 3 A —5% )
LS » (2-26)
R, 9 202
A = A 5 = %
(o] (o]

where the frequency dependence of A,B,C, and D is developed in Appendix D.
And thus the change in reflection function around A = Ao is given by

introducing A,B,C, and D into Eq. (2-26)

2N
3 R R -i UN_l(a) (nl+n2) nn, n; /.
n

R XX N 2N 2N B
s 1 4 =g

(n; + n,) (2-27)

=t

=
QU
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where UN is a Chebyshev polynomial of the second kind. Thus if we let

N=4, n =1.5 n, = 2.5 and Ao = 0.6328 n, then a 10% change in wave-

1 2

length will yield approximately a 1% change in the reflectivity function
o B “

around 6328 A, With this example in mind we may consider Rl.

constant and hence let ry= Rl(ko) be the reflection coefficient, i.e.,

the reflection function evaluated at A = AO.

2.5 Transmission Function of a Laser Cavity -

We are now in a position to consider the laser cavity as a
periodically stratified media. To do this we will develop a chain matrix
involving three component matrices. The first will characterize the input
medium, i.e., the laser input'mirror I, the second will characterize the
cavity region o, and the third will characterize the output medium, i.e.,
the laser output mirror II. The matrix which relates the input fields to

the output fields as in Eq. (2-11) is given by

(2-28)

[A B] - [a 3] A B Ay By

C D

For the laser cavity, it is more convenient to renumber the layers as in
Eq. (C-17) as follows:
Input region (1); Mirror I has m layers of thickness

hll’ h12’ hl3""’ hlm

Cavity region (0); has length hO
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Output region (2); Mirror II has n layers of thickness

h21, 99> h23""’h2n' If one assumes the permeabilities of each layer

are equal then the matrix relating the input fields in terms of the

h

output fields of a laser cavity by Eq. (2-11), Eq. (C-17), and Eq. (2-28)

is

— s . T
cos B, h e sin B h
A ﬁ] o T Tlp 1p Blp Ip "1p
J = H : 'Y
p=1 B
C D _T1lp .
i sin Blphlp cos Blp hlp

- (2-29)
P SH s
cos Bo ho Bo sin BO ho
Bo
P> g‘ﬁ' sin Boho cos BO hO i
— g Su . -
cos B h ——~— gin B h
2 2
ﬁ 29 "2q qu q 2q
g=1 82 .
e, et
s sin qu h2q cos qu h2q 3

One can generate the transmission function by substituting the elements
of Eq. (2-28) into the transmission function of Eq. (2-13). But before
this is done, we associate with mirror I, the amplitude transmission coeffi-

cient tl.
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As was described in Section 2.4, frequency variations in the
optical field do not effect the mirror transmissioﬁ as may be seen
by the fact that for a 997 reflecting mirror a.l7 change in the
transmission is caused by a 10% change in wavelength. So if frequency

variations are unimportant then Eq. (2-23) is suitable for t,; however

l’
for the general case Eq. (2-13) is appropriate, i.e., t, = le.

Similarly one may associate with mirror I, the amplitude reflection
coefficient r12 (where 12 means first mirror right side incidence).

Again we note that r o may be considered constant for certain geometries

1
as in Eq. (2-22), but we will keep it for this derivation completely

arbitrary, i.e., r; = Rl from Eq. (2-14). 1In a similar fashion one

may associate with mirror II, t2 and r (where 21 means second mirror

21
left side incident), which are the amplitude transmission and reflection

coefficients respectively. Rewriting Eqs. (2-13) and (2-16) for the

entire Fabry-Perot resonant cavity gives

T = 2 _ (2-30.1)

A+ gB + §~+ D

where the composite elements of the cavity matrix are obtained by expanding

the triple product of Eq. (2-28) leading to:

A = A2(A1AO + Blco) + CZ(AlBO + BlDO)

gB = ng(AlA0 + B1C0) + gDz(AlB0 + BlDO)
1 1 1 (2-30.2)
E-C = E-Az(clAO + plco) + E-cz(clBo + DlDO)

D = BZ(ClAO + cho) + Dz(ClBO + DlDO)

and by rearranging Eq. (2-30) and noting the association for tl’ t2,
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Ti9» r,, one obtains
tltze_iﬁoho
T = . e—ZiB 0 (2-31)
12721 ol
or
tito :UP(B )
T = S (2-32)
1 - rlzrzle-zaho Yy 1+7P sinz(Bho)
where
~2ah
41‘121‘216 o )
P = 5 (2"33)
=2 :
(1 - riseaie OLh'0)
and
80 =g — i
with

_1 Fi2r1 sin(2Bh))
P(B ) = - (B - ia)h_ - tan (2-34)
. ° 1 - r12r21cos(28h0)

We note that o < 0 dimplies gain per unit 1eng£h in the cavity and o > 0
implies loss per unit léngth in the cavity. An equivalent result to
Eq. (2-31) is obtained by consideration of a multiple bounce argument,

e.g., Born and Wolf, page 324.(2)

Without an outline of this method,
we will compare the result of Eq. (2-31) to the result of the bouncing
mode method. Overall, the transmission. function of Eq. (2-31) differs

from the multiple bounce results in the following ways:
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1. The end reflectors are generalized in Eq. (2-31) to include
any stratified multilayer or linear medium.

2. The transmission function is generalized in the Laplace

transform domain to allow for transient analysis of the cavity in later
chapters.

3. The loss factor is included to allow for analysis of finesse
and to generalize the transmission function to employ an active linear
medidm in the cavity.

Before we go on to consider the passive cavity as a matched-
filter for mode-locked laser signals, let us express Eq. (2-31) in
the transmissivity expfeésion of Eq. (2-15). Assuming rjprp) is real,
which it generally is and may be seen by considering Eq. (2-14) and

Eq. (2-17), we take TT* of Eq. (2-32) to obtain

T=|1|2 = 1 (2-35)

— 2 2
- 2aho) | 1 + Psin (Bho)

“which may also be compared with the bouncing mode method as per Born

and Wolf page 325. We plot Eq. (2-35) for B8 = w/c wﬁere ¢ is the speed
of light and w is the radian frequéncy, Tiorp; = 991 and o = 0

Eq. (2-35) is plotted in Fig. [2-3] as a function of norﬁalized radian
frequency so that when PA-= 1, w - w, = 33 MHz where 0, is a #egonaqt
frequency. This plot demonstrates the fact that a laser cavity has peri-
odically spaced resonant peaks which we will see coincide with certain

-types of input signals. Before going into a more detailed discussion of
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the finesse, loss factors, and other characteristics of the transmission
function, we will consider the passive laser cavity characterized by
Eq. (2—31)vof Eq. (2-32) as the matched-filter for mode-locked laser

signals.
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Chapter 3

The Passive Cavity: A Matched-Filter for Mode-Locked Laser Radiation

31 Introduction

With use of the generalized transmission function developed
in Section 2.5, our approach to the matched-filter dptical receiver
for mode-locked gas laser signals will be considered. Before we
consider the passive cavity as a matched-filter we will review the
applicable linear system theory and present the matched—filter criteria.
We will then discuss the signal for which the passive cavity is a matched-
filter. By approximating the transmission function of the passive
cavity we observe .the form of the types of signals for which the cavity
is an optimal filter. Finaily we consider the matched-filter for the mode-
locked laser signal with zero and finite linewidth and connect it to the

passive cavity results.

S Linear System Theory and the Matched-Filter

Consider the linear system with impulse response func-
tion h(t},input signal £f(t) and additive input noise n(t). The system

output g(t) is given by
g(t) = £(r) ® h(t) + n(t) @ h(t) (3-1)

where @ indicates convolution (see Appendix A for more details).
The problem is to find h(t) which maximizes the signal-to-noise ratio

defined by

_ | f&n|? |
SNR = {—rﬁﬁ@% - (3-2)
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where < > idindicates the average value.

To do this we assume the existence of the following transform

pairs: o
—iwt

F(n) = j. f(t)e dt (3-3)

1 ( int
il = <= j Flw)e dw (3-4)
H(w)=s h(t)e_iwtdt (3-5)

iw
e} = %1; j Hwe Fdw £3-6)

Since the Fourier transform of the additive input noise n(t) does not exist
we will develop some formalism which will allow us to express the
denominator of Eq. (3-2). We define the autocorrelation function of the

additive input noise by

R (1) = <n(t + 1) n*(t)> (3-7)

Then the power spectral density of the input noise is

r 1wt
sn(w) =J. Rn(t)e dt (3-8)

which forms one element of the transform pair since



o -28-

R (t) = %} S Sn(m)eiwtdw (3-9)

-0

Thus using Eq. (3-7) and Eq. (3-9) the denominator of Eq. (3-2) becomes

o

<|ogn|2> = Rn®h<o>=%;5 S ogn () & (3-10)

-0

It may be shown that the power spectral density of .the output noise is

related to the power spectral density of the input by (Appendix A,

Eq. (A-15)).
2
Sn@;h(“) = |[H(w)| s, (W) (3-11)

As outlined in Appendix A (Eqs. (A-19) - (A-22)), Eq. (3-2) becomes, using

Schwartz's inequality,

| %;Jf F(w)H(w)eiwtdw|2

SNR = v - .I_F;(.“L_E dw
©o == 21T S (w)
2\ Hw |25 (w) dw e R
2T n
-—00 (3"12)
The equality of Eq. (3-12) will be satisfied if and only if
_ A F*(w) '
Hm(w) = Sn(w) (3-13)

where A 1is any non-zero complex constant. This is the definition of the
matched-filter for the input signal f(t) with Fourier transform F(w) and

the additive input noise whose power spectral density is Sn(w). Then Eq.

(3-12) using Eq. (3-13) becomes
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- F(w)lfelwt
2 Sn(w)
SNR(t) = = (3-14)
1 lrw|* |
2T S Sn(w) w

where we see the maximum occurs at t = 0. An alternative representation

for Eq. (3-13) is

h @& = A £%(-t) (3-15)

Eq. (3-15) is a valid expression for the matched-filter even if the
Fourier transform of f£(t) does not exist as long as some realizability
constraint is used for h(t), i.e., h(t) acts on the input for only

some finite time (Appendix A). With this criteria we will now consider

the signal for which the passive cavity is a matched-filter.

3.3 Passive Cavity as a Matched-Filter

From our analysis in Chapter 2 we developed a generalized trans-
mission function for the passive laser cavity which we repeat here for

convenience, Eq. (2-32).

L10(B)
T=K — (3-16)
/1+pP sin?(8h_)
where
-oh
tltz e % 9
K= — (3-17)
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-2ah
4r12r21e o

P = (3"18)
(1 - 1301218 2dh0)2 '

-1 rijporoisin (26h0)

¢(B)=“Bho - tan (3-19)
1 - rlerICos(ZBho)
for Bo =B = do _ (3-20)
We note that for the passive region B = w/uoeo = w/c. Thus if we wish

to determine the signal for which the passive laser cavity is a matched-
filter we set Eq. (3-13) equal to Eq. (3-16), T(w) = H(w), to obtain

S_(w) S_(w)

F) = 25— H () = % " () (3-21)

Since the signals we will be considering in the next sgction have a
finite number of frequency peaks (band limited signal) and negligible
linewidth, we will approximate T(w) expanding around the zeroes W
of sinz(Bho) = sinz(who/c) for a finite number of'peaks centered

around W, and dropping  ¢(B) so that Eq. (3-16) becomes

Tl =¥ | == (3-22)

=-N 200 2
’ 1+'ﬁ§é?

where Aw = w-w, = w-—(a5+ pw), W, = Wc/hd?  and Awp = 2c/(ho/ﬁ).
We note that Awp is the full width at half power of each Lorentzian

lineshape function generated by Eq. (3-22). With this approximation
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Eq. (3-21) becomes

Fw) = C (3-23)

= .
hel
[l =2
I
=
N
>
€

*, %

=S K /A .

where C, n(w) / |

Generally we will assume white noise so that Sn(w) = No is

uniform over the frequencies of interest. Also from Section 2.4 we could
tant over

assume r12’ r21, tl’ and t2 are constant so that K dis cons

the frequencies of interest. Thus we may assume Cl is constant. In

the case of no loss tjty + ryprp; =1 for rjp =rp; and if we allow

Aw =+ o, i.e., P = « then Eq. (3-23) becomes
P

F(w) = C 2{: S(w - (wo + pwc)) (3-24)

where &(w) is the Dirac delta function.

Another way of considering the case of the linewidth of the pas-
sive cavity going to zero is to take the inverse Fourier transform of
T(w)A to obtain the impulse response function for the approximate band-

limited transmission function of Eq. (3-22):

éfﬂ[ I
== t| N i(w+ pw )t
T, =e ° Jooe ©° © (3-25)

p=-N

This result .is developed in Appendix A, Example 2. Then from Eq. (3-15)
with Ty = hm’ one can obtain the signal which matches the impulse res-

ponse of Eq. (3-25) by the following convolution:
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*

1'A®Rn = A f (-t) (3-26)
For Rn = Noﬁ(t), which implies uniform white noise, i.e., Sn(w)'= No
we obtain

Aw
- b Itl N .
2 1((»0 + pwc)t
f = C3e E e (3-27)
p=-N

and as Awp + 0 we obtain the signal for which the idealized passilve

cavity with zero linewidth is a matched-filter.

3.4 Matched-Filter for Mode-Locked Laser Signals

From Appendix B we obtain the idealized field amplitude at the

output of the mode-locked laser with 2N+1 modes as

N wc
. sin(2N+l)7?t
El(t) = E exp i(mo + pwc)t = exp (iwot) -
sin — t
p= -N 2
(3-28)

where Wy is the center frequency of the laser output, 7, Zﬂfc 5
fc = ¢/2h is the spacing between modes, and h 1is the effective cavity

length. Then the Fourier transform of Eq. (3-28) is
N ;

E(w) = 2m 2{: §(w —(mo + pw ) (3-29)
p=-N , |
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One may notice that the same term W, has been used to express the mode
spacing of the passive laser cavity, w, = ﬂc/ho, and to express the
mode spaéing of the mode-locked laser signal wc = qc/h. We see that
Eq. (3-28) and Eq. (3-27) are identical for h = ho’ i.e., if the lengths
of the passive cavity and laser are equal. To see this more clearly

since

[ee]

S |E1|2dt does not exist

-—00

we express the matched-filter criteria by Eq. (A-36) as

(h @R ), = A E’: (-t) . (3-30)

If we assume Rn(t) = NOG(t) which implies Sn(w) = No then from Eq. (3-28)

N
h (t) - exp i(w_ + pw )t (3-31)
m No o c
p= -N
which exactly matches Eq. (3-25) for Awp +0 and h = ho :

For an éctual laser signal, writing E(w) for a multi-tone laser
with finite linewidths will yield an expression as an alternative to the
monochromatic idealization of Eq. (3-29). We will assume that the actual
multi-tone laser lineshape is given by a Lorentzian lineshape f;ctor

such that
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Aw
% p=-N 2Aun 2
[1+ _Ami)

where sz is the full bandwidth at half power of each mode and where

(3-32)

E(w) =

A = w—wp = w—(wo+ pwc) > W, = me/h , and h 1is the effective length
of the mode-locked laser cavity.

This Lorentzian lineshape is consistent with our mathematical
idealization of Eq. (3-16) by Eq. (3-22) and it should not be considered
as a physical hypothesis of the lineshape which occurs in a helium-neon
gas laser. As is discussed in Chapter 5, the functional form of an
oscillator lineshape is closely related to the appropriaté transmission
function for the system. More specifically, lumped circuit oscillators
have approximately Lorentzian lineshapes while cavity and transmission
line systems will have lineshapes as determined by gain narrowing argu-
ments based on equations of the form of Eq. (3-16). The matched-filter
for the mode-locked laser signal modeled by Eq. (3-32) is given by Eq.

(3-13) as

N

_AE*w) _ _A 1

2
. (3-33)
s (W) Sp(0) 2y Duy J1+ (2 e

H (W)
20

If we compare Eq. (3-22) to Eq. (3-33) we see that for Sn(w) constant

over the frequencies of interest; and sz = Awp , i.e., the linewidths

of the signal and the passive cavity are the same; and h = ho’ then

this passive cavity is a matched-filter for the mode-locked signal.






-36-
Thus we propose the following communication system shown in

Fig. [341]. The transmitter T is a mode-locked laser of length h
with mirrors M3 and M4 emitting a signal E and traveling atla
velocity V . The output of the transmitter is detected by our matched-
filter detection system. The system consists of a coarse bandpass fil-
ter F , chosen to pass those frequencies for which the mirrors Ml and
Mi are constant with frequency. In the case where V = 0 the control
C will set ho = h so that the passive cavity is matched to the
incident mode-locked laser signal. We note that if V # 0 then the
passive cavity provides a means of measuring the velocity by vernier
adjustments of the cavity length. This property will be discussed in

Chapter 7. The output of the passive cavity is detected and processed

by the detector electronics.

The Fabry-Perot cavity is probably as close a physical realization
to a matched-filter for the multi-toned laser.as can be attained in a
passive system. Even so, gain narrowing invariably results in
Awg < Awp(13 thereby limiting the observed improvement in the §ignal—to—
noise ratio from its optimum value. For high gain lasers with cavities
of low finesse, the receiver can be made closer to ideal, wﬁile greater
departures are to be expected in the case of low gain. We note, too, that
larger bandwidths, Awp, are called for with information modulated lasers
and cavity-dumped lasers where mode-locking may not have been employed.
Before we go on to consider the signal-to-noise improvement of the
passive cavity and the departure from the matched-filter condition for
Aw, < Awp and h # h0 (Chapter 5), we will consider the factors which

L

control the finesse of the passive Fabry-Perot resonant cavity.
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Chapter 4

Finesse

4.1 Introduction

One of the more important characferistics which influences the
performance of a passive resonant cavity is the finesse, defined as the
ratio of the separation of the resonant frequencies, called the free
spectral range, and the full width, Awp? at half power of one of the

resonances. Thus we may write
F = o n-1 ' (=1}

where w = nﬂc/ho, ho is the length of the cavity, c¢ 1is the speed
of light, and n is some large integer.

This chapter deals with the factors that control the finesse
of a passive cavity. The ideal situation is first discussed and we
find that the finesse is controlled by the reflectivity of the end
mirrors of the passive cavity. Then losses are introduced and their
causes are discussed and quantified for the actual case used.in the

experiment.

4.2 The General Case

Before we begin it is of interest to relate the finesse of

the cavity to the quality factor Q of a resonant cavity defined by

, energy stored % - (4_2)'

o  power lost Awp

Q=w

Thus from Eq. (4-1) using Eq. (4-2) we have

wn B wn—l
= (4-3)
o
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We see from Eq. (2-35) that if tys tys Tyys Tp, are constant,

i.e., the end mirrors of the cavity are periodically stratified quarter-
wave stacks as was considered in Section 2.4,and the loss per unit
length o = O, then the transmissivity of the passive laser cavity is given

by

1 .
I =e 2 hy (4-4)
1+ P sin w‘z”

where for convenience we choose r12 = r21 =r
2
PR A (4-5)
(1-r2)2 '
Now to determine the finesse for this idealized'case we must

consider the values of w for which T attains one half of its peak

value. Thus from Eq. (4-4) we have

=g

1 4P sinw -(-:-9 =2 (4-6)

and for P >>1, i.e. sinf =0, we have

2c

i 1 e : (4-7)
P hofp_

A

Thus since W e = 'rrc/hO we have from Eq. (4=1)

“f
5

(4-8)

T
~

(1)

where R = r2 from Eq. (2-15). This is the well known finesse formula
which ideally is only limited by the end mirror reflectivity. For a
reflecti&ity of R=.991, p = 50,000 and F~ 350. But unfortunately
there are losses involved with the transmission function which reduce

the finesse from this ideal case.



4.3 The Loss Case 4=

Again we consider Eq. (2-35) with a#o repeated here for

convenience with B = w/c

t t |2 -20h
AL .

- 2 "
(1-ryprp1e 20Lho) 1+ Psinz(who/c)

(4-9)

4r12r21e—2ah0
' (4-10)

P =
- 2
(1-rjprp;e 20tho)

Since the multiplier term of Eq. (4-9) is independent of frequency the
derivation leading to the finesse is the same as above so that from Eq.

(4-8)

(4-11)

-t
it
NS
av}
<

Introducing Eq. (4-10) into Eq. (4-11) and letting R = rj,ry; we have

n/Re %0,
L i~ (4-12)
l—Re_zuho :

At this point we wish to expand Eq. (4-12) to relate it to the no loss
oh
case of Eq. (4-8). So we have dividing by e °  and expanding

r . /R | | (4-13)
(1-R) + (1+R) sinh (uho) + 2(1-R) sinhzcgggo
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Thus Eq. (4-13) shows us the additive nature of the distributed loss

. term. We know that the (1-R) term of Eq; (4-8), 1f we include loss, cor-
responds to the total intensity which is transmitted and/or absorbed

as is indicated by Eq. (4-13). Thus by conservation of energy we write

for T19% 5= T t1= t2= t

1R = 1-r2 = t?+ o> | (4-14)
2, _ 2 2, %, X
o~ is the total loss and may be broken down as o = aD+-aS-FaR where

ag is the loss due to diffraction, aé is the loss due to scattering

centers in the end mirrors, and uﬁ is the loss due to other irregulati-

ties of the end mirrors. Thus Eq. (4-13) becomes
. e
2 2 2

2
t + uD + as + aR

(4-15)

We will now consider the various losses in more detail.

4,4 Diffraction Losses

Diffraction loss in a plane-parallel Fabry-Perot cavity has

(2)

. However we will consider the spherical

(3,4)

mirror resonator since it has been shown to yield much lower loss .

been considered previously

Since any beam of light spreads as it propagates due to diffraction
and since one can think of a set of mirrors folding the wave back on
itself, then we see that with finite mirrors energy will be lost each
time the beam is reflected by the end mirrors of the cavity. This
diffraction losg per reflection is shown in Fig. [4-1a]<32 This curve

was calculated for the confocal resonator but can readily be used for

the non-confocal case by the conversion formula
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f bA LA R R (4-16)

where N, 1is called the Fresnel number, A is the wave length, a'

is thé radius of the mirror, b is the confocal spacing, L is the
length between a flat mirror and a curved mirror of radius R, and a is
the corresponding confocal mirror radius. Thus one sees that by
controlling the aperture size and length of the cavity one can experi-
mentally verify the Boyd and Gordon curve of Fig. [4-1la]. A curve was
experimentally generated on an apparatus which will be described later in
Chapter 8. It was plotted along with the calqulated_curve as Fig.
[4-1b]. The general slope of the curves are the same for loss greétér
than 10_3¢with the experimental curve having a constant displacement
above the calculated curve. This constant displacement and the knee in
the curve at lO—3 will be better understood after we consider the other

loss mechanisms.

4.5 Scattering Loss at the End Mirrors

In this work the scattering losses that will be considered are
due to small imperfections in the multilayer coating. These occlusions
cause incident light to scatter at the multilayer surface. A photo taken
at 500x magnification of these scattering centers is shown in Fig. [4-2].
Less than ten scatterers per 1/4 mm2 were observed in the Spectra-Physics
standard laser reflectors. Each scatterer averaged 5 um in diameter which
leads to a calculated loss factor, assuming all scattered light is lost of

2 -3

Og 10 ©. This loss is independent of Fresnel number in that the area

of the surface illuminated does not effect the constant loss per unit



el By

area. Thus the scattering centers contribute to part of the constant
shift in the experimental curve of Fig. [4-1b]. Notice also that the
knee in the curve occurs around lO—3 indicating that the diffraction

losses are becoming negligible for higher Fresnel numbers.

4.6 Other Losses

Other loss mechanisms in the optical resonator may include
surface roughness of the end mirrors. These.surface irregularities
will introduce an uncertainty in the resonant frequency and/or cause
Ascattering of light out of fhe passive cavity.

The loss due to scattering and other irregularities experi-
mentally was obtained in the following way. Firstly, the free space

- 2 :
transmission t of the end mirrors was measured. Secondly, the

finesse, as in Eq. (4-15) was measured for ug << t2 + az + a; by
s

gsetting the Fresnel number Nf > 25. Finally, the finesse was measured

again with a known diffraction loss by choosing an N_ and taking the

f
data off Fig. [4-1a]. Using the data to form two independent equations

one ‘could determine the non-diffraction losses as

a? + o - t2 (4-17)

2
= q
s R

2

D
=3 ’ ;

The non-diffraction losses were found to be 3 x 10 = which, in conjunc-

tion with the results of Section 4.5, led to the conclusion that the

=3
loss due to surface roughness was 2 x 10 ~.

Thus it may be concluded from this study that the finesse will
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not be limited by diffraction losses for large Fresnel numbers (Nf > 10).
The scattering centers and other irregularities play approximately an
equal part in limiting the finesse below its theoretical maximum

determined by the mirror transmissivity.
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Chapter 5

Signal-to-Noise Ratio

5 d; IntrodUCtion

The signal~to-noise ratio developed in Appendix A is defined
by the ratio of the signal power, as a function of time, to the avefage
noise power., We will, in.this chapter, first consider the signal-to-
noise ratio improvement with use of the passive cavity for mode-locked
laser signals. Then the signal-to=noise. ratio as a function-.ofztime and
as a function of relative cavity length:for various numbers of modes
oscillating will be shown. Once having developed the
improvement factor we will consider in more detail the degree to which
the passive cavity approximates a matched-filter for actual multi-tone

gas laser signals.

5.2 Signal-to-Noise Improvement

We are now in a position to consider the signal-to-noise ratio
that is associated with the output of the passive Fabry-Perot cavity
for a mode-locked laser input.

First consider that no passive cavity is present, then
the modulus-squared value of the mode-locked laser signal is given from
Eq. (B-1) by

N i(wb+ pwc)t 2

|E1|2 =| 7 . e (5-1)
p=—

where we have 2N+1 modes oscillating separated by w, = 1Tc/hO and

centered around W, The mean-squared value of the additive output



=g
noise is given by the input correlation function evaluated at t = 0

from Eq. (3-7)

=2

<|n|2> = Sn(w)dw = E%-m %? (5-2)

L
27

S——
L

where Sn(w) is the power spectral density of the additive input noise,
No is the constant value of the Géussian white noise, and m 1is the
number of free spectral ranges of the passive cavity over which the
integration is taken. Thus the ratio of Eq. (5-1) to Eq. (5-2) yields
the signal-to-noise ratio for (2N+1) modes without the passive cavity.
Now if we assume that we have a normally incident TEM wave of
a (2N+l) mode mode-locked laser as the input to the passive cavity of
length hO then the modulus-squared value of the signal portion at the
output of the cavity will be from Eq. (2-31) and the Fourier transform

of Eq. (B-1) as in Eq. (A-17)

h
& —iwjgu_aho 2
: N t.ts e
12 172 iwt
|B,®7|" = f } 8w (it pw ) — e au

== -2iw-2 - 24qh
_ocp N c Oto

l-r .. r,, e

12721

where T 1is the inverse Fourier transform of Eq. (2-31) 433

Since we have shown that the matching condition occurs when h = h0

then Eq. (5-3) becomes
1(w0+ pwc)t 2

. |
=K ] e (5-4)
p=-N

£, @

where



—Zaho
= Byglag®

The mean-squared value of the additive output noise with the use of the

passive cavity is given by Eq. (A-18) and Eq. (2-35)

2 S (w) dw
2 K
<o@rl®> =% X — (5-5)
_ o
r%: 1+Psh1@ﬁﬁ

Now if we assume Gaussian white noise where Sn(w) = No then we have

meC f_
K2N m Zho KZN mc 2
<|n®T]2>= o dw = o ____d_u____
| 2m 2 ho 2mh m™ 1+ P sinzu
_ Tc 1+ P sin w:r ° )
e, | (5-6)

If we use two trigonometric substitutions we see that.

n
2
du _ il
o5 14F sinzu v1+P
2

Hence the mean-squared value of the additive noise with the passive
cavity from Eq. (5-6) becomes

K2N

42 o me 1
<|n@t|"> = m = —— | (5-7)
2w ho V1+P

So the signal-to-noise ratio is given by the ratio of Eq. (5-4) to Eq.

(5-7).
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It is now clear that the signal-to-noise improvement of pas-—
sive cavity with respect to no cavity is given from Eqs. (5-1, 5-2,
5-4, and 5-7) by

SNR

with - JiTP
SNRwithout ‘ (5-8)

If we now refer back to Eq. (5-3) we can consider the sensi-
tivity of the matchedafiltér for a small deviation of relative caﬁity
lengths, Variation of the cavity length on the order of a wavelength
will take the cavity in and out of resonance; however, we will concern
ourselves with the larger mismatches in cavity length which, contrary
to the matched condition, leads to the failure of all the modes to be
transmitted simultaneoﬁsly. We saw previously that the signal-to-
noise with the passive cavity as a function of time is the ratio of
Eq. (5-4) and Eq. (5-7). This is illustrated in Fig., [5-1] as a
function of the number of modes oscillating in the mode-locked laser
signal. Also by considering Eq. (5-3) for small variations in
relative cavity lengths x = ho/h we obtain an attentuation factor A

as a function of the number of modes given by

1
N \/1+P sinzp'rrx

N
A= ]
p=—
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This fall-off from maximum improvement as a function of ho/h is illus-.
trated in Fig. [5-2]. To see how the signal-to-noise ratio varies as a
function of time and relative cavity lengths we plot the three-
dimensional illustrations for various number of modes oscillating.
Figure [5-~3] illustrates three modes oscillating with peak signal-to-
noise of nine units occurring eight nanoseconds apart. Figure [5-4]
illustrates five modes oscillating with peak signal-to-noise of 25
units, and so on for Fig. [5-5], Fig. [5-6], Fig. [5-7], Fig. [5-8],

and Fig. [5-9]. 1In Figs. [5-3] = [5-9] the increment Ah_/h is 0.0001.

5.3 Laser Lineshape

Since an actual mode-locked laser has a finite linewidth
sz » before we can compare the signal-to-noise improvement of the
passive cavity to the signal-to-noise improvement of the matched-
filter, we must model the frequency spectrum of the laser signal. To

do this we start with the amplitude transmission function of Eq.

(2-32) and write it as

BB — i¢(B)

e —ta . & (5-9)
e V/l4-P sinz(Bho)
where -20h
4r12r2l e R
P =
-20LhO 2
(1 - xry,rye )

where ¢(B) is given by Eq. (3-19). As was mentioned in Chapter 2,
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0 < 0 dimplies a gain per unit length for which T may become very
large at the resonant frequencies.

In linear system theory, the criterion for oscillation is to
find if a transfer function has poles in the right half portion of the
complex s-plane (Nyquist stability criterion). For our purposes we
note that the poles of T(s) will occur on the imaginary axis when

o = &n(r )/(2ho) at the resonant radian frequencies nTrc/hO o

12521
where n 1is some large integer.

An actual laser, as discussed in Appendix B, consists of an
active gain medium and a resonant cavity. One may consider Eq. (5-9)
with o containing the unsaturated Doppler broadened gain and 8
including the unsaturated dispersion profile such that the peak gain
is not sufficient to induce oscillation. Now as the peak gain is
increased above that which is needed for oscillation, a single tomne
will burn a Lorentzian shaped hole into the centef of the Doppler
broadened éain curve. The width of this hole is inversely propor-
tional to the decay time of the stimulated atoms. Since this width
for He-Ne gas lasers is typically eight times broader than the mode-
width of the passive cavity and up to 106 times broader than the laser
linewidth we will assume that the frequency variations of P and B8
are negligible around the resonance. Thus as the « approaches the
oscillation value the spectrum of the output signal will be controlled
by a gain narrowed version of Eq. (5-9).

As the gain curve saturates, the right half-plane poles of Eq.
(5-9) will migrate to the iw axis. We select the value of 0o which

is an amount € from the saturated pole so that Eq. (5-10) becomes



iy

~2¢h_
By = e T2eh 2 | (5-11)

(1-e °)

Then from Eq. (5-9) and Eq. (5-11) we may write the spectrum of the

laser signal dropping ¢(B) as

t.t
E(w) = ——2— /B, . (5-12)

1
WEyaTyy o 14 PlsinZBho

In the literature related prior studies of the laser line-

shape include lumped element LGC circuit models(l’z). Freed and

(3)

Haus used the results to the solution of the nonlinear Van der Pol
oscillator equation to describe the spectrum of the laser output. The
basic result of using a lumped circuit model, even with complicated

(4)

nonlinear conductances , is that the lineshape function is
Lorentzian. An interesting point is that if one started with the
transmission function for a cavity or a transmission line, the line-
shape would be controlled by equations similar to Eq. (5-9). It is
our contention that the passive cavity transmissién function will con-
trol the lineshape of the laser output if the gain o and the disper-
sion B are independent of frequency around a resonant peak.

Both the lumped circuit and passive cavity approaches to the
laser spectrum assume that the random cavity mirror vibrations and
effective cavity length fluctuations are negligible. If one dropped

these assumptions the lineshape could be considered Gaussian or some

other lineshape function.
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With the characterization as in Eq. (5-12) we may now com-

pare the passive cavity to the matched-filter.

5.4 Matched-Filter vs. Passive Cavity

To see the signal-to-noise improvement of the passive cavi-
ty in comparison with the signal-to-noise improvement of a matched-
filter for mode-locked laser signals with finite linewidth, the
following analysis is presented. Given Eq. (5-12) as the spectrum
of a mode-locked laser with finite linewidth sz s the signal por-
tion of the output of a passive cavity with mode-width Awp is
given by the inverse Fourier transform of the product of Eq. (5-12)

and Eq. (3-16) dropping the phase term ¢(B) as

8

T®E, /Pl (5-13)

rerZl V/l-FP sin w——v/l%-P sin w——

Since the signal has only m modes we may write

+ ——
k_ f1f 2h eIt gy
T@§E o ——— VPl m j ' -
YTk S h h
' 12724 w ~- 2E (142, stnti—23( 1+ Poadn e —2)
o 2hO 1 Mg 2 c
(5-14)
c ho nme
With the substitutions w = wo— E;Q(, t = el wo = —E; , Wwhere n
is some large integer, and e ix = cos x — 1 sin x and noting the

sine integral vanishes over symmetric limits, we write
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t.t /2
T®F, = %H’K 172 2 ﬁ_ cos x dx 5153
2~r12r21 JF; ° 0 v/l~4-sin2xv/l—~ksin2x
P P
1 2
Consider F(¢,k)(5), the elliptic integral of the first kind,
since
X
| - = SF®E  (a>b>0) (5-16)
0 v/az+ u2 JL2+ u2
where
¢
F(¢,k) = f S T— (5-17)
0 \/l—kzsinzé
-1.x
¢ = tan “(T) (5-18)
and
2 .2
PR LBl a2 < 1) (5-19)
a
Then for a2 = %~ . b2 = %}-, %&-> %-> 0, u=sinx
2 1 2 1
1 _ 1
P P
V1/P
2
Eq. (5-15) becomes
£t A _
WE, =2 Kk —22— 28 34,1) (5-20)
Lt 2V, T By
' 12721

Then from Eq. (5—7) the peak signal-to-noise ratio for the

passive
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cavity taking the modulus-squared value of Eq. (5-20) is

£t 2
m 172 c 2
G | )" & JITE, P
. 2/&12r21 o

SNRP = (5-21)

TN
o

In a similar fashion we may write the signal portion of the
output to the matched-filter for Eq. (5-12) integrating over the same

limits as in Eq. (5-14) as

w + T
@E - (=" 57, | %o -
12721 TC 1+P.sin"w —
w - = o c
o 2h
o
c ho ' nre
Again with the substitutions w=w--—x, t=—, w =——, and
o ho c o ho
-ix PO
e = cos X — 1 sin x we have
i)
% ' t1t2 2 m c s cos x dx
E.QE. = 2@———————— = P e e e (5-23)
1 1 Wt &r =4 ho 1+P sinzx
12721 0 1
Noting that with one trigonometric substitution
Y
J — LT ., >0 (5-24)
0 cu+ 1 Je

we may write Eq. (5-23) for c¢ = Pl and u = sin x from Eq. (5-24) as

* _ tlt2 2 Ao < =1 Vo
E,@E] = 2(2 — | o By —ﬁ; tan “(VP,) (5-25)
12721

Now in a similar fashion to Eq. (5-7) the mean-squared value of the ad-

ditive noise at the output of a matched-filter for Eq. (5-12) is
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<|n®Ellz> = (___1_2._} PlNolnz?ﬁ__.ﬂ_._ (5-26)
2/r) 5Ty o V1+P,

Taking the ratio of the modulus-squared value of Eq. (5-25) to Eq.

(5-26) the peak signal-to-noise improvement of the matched-filter is

m 172 2 ¢ -1, —\2
4 o= ( ~_r) h_ (tan (/Pl)) Y1+ By
: 1221 _
SNR, = = _ (5-27)

Thus taking the ratio of Eq. (5-21) to (5-27), the departure of the

passive cavity to the matched-filter is

SNR Y14+ P 2
P _ 2 _F($,k) (5-28)
Sl T+P, [tan "(FDI?
Now since Pl > 1, ¢ =7m/2 and since from Eq. (4-7)
Awp = 2c/(hOV§2) y sz = 20/(h0¢§l) we may write Eg‘ (5-28) as
SNR Aw
_ 222 2w .

where Eq. (5-29) is true only for Awp > sz > 0 . Note that

Fz(ﬂ/Z;k) = (1T/2)2 for sz = Awp . Hence the signal-to-noise ratio

approaches that of the matched-filter when Aw = Awp . Equation

L

(5-29) is illustrated in Fig. [5-10].
Similar analyses hawve been performed for the cases where the
mode-locked laser spectra are taken as a Gaussian and Lorentzian. The

results of these analyses are similar to Eq. (5-29).
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We note that a very good approximation to Eq. (5-12) may be

h
obtained by expanding around the zeroes wp of the sinzw ?? for
2N+1 tones so that
N
E(w) =—A—2— § | b (5-30)
w 2 e e e
Y p= 2, 2
1+ (5D
sz
where Aw = w - wp =W - (wo+ pwc) . This approximate characterization

is used in Chapter 3 to illustrate the dependency of the matched-filter

criterion on the cavity and signal linewidths.
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Chapter 6

Rise-Time of a Passive Cavity

6.1 Introduction

In this chapter the Laplace transform representation of the
passive Fabry-Perot resonant cavity which was developed in Chapter 2
is used to analyze the rise~time of the passive cavity. Two methods
are used to obtain a rise-time-bandwidth product. The first meth§d is
developed by expanding the amplitude transmission function in powers
of the exponential. This is'analogous to the standard multiple bounce
approach. The second method involves an infinite partial fraction
expansion in the poles of the amplitude transmission function. This
leads to an approximated output which depends on the reflectivity of

the passive cavity end mirrors.

6.2 Laplace Transform Representation: Multiple Bounce

In the consideration of the rise-time, T , of a passive
Fabry-Perot resonant cavity, we start with the Laplace transform repre-
sentation of the amplitude transmission function for the cavity;

assuming that _Bz = —szuoeo and Bo = B-i0 we have from Eq. (2-31)

that
T 2%
o
T(s) = (6-1)
1 - Ra 5 2as
where _
—aho —20tho
Vo™ BiEs0 > Ry = T12T21®

and a = ho/c . If we assume an input signal El(t) into our
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linear system, whose Laplace transform of the impulse response function
is T(s), such that the Laplace transform given by Eq. (2-6.1) of
El(t) is L[El(t)] = E(s), then the output g(t) with Laplace trans-

form L[g(t)] = G(s) 1is given by

G(s) = I(s) E(s) (6-2)

Before we continue we need to recall one general relationship of inverse
Laplace transforms. Given a function f£(t) with L[f(t)] = F(s), the
inverse Laplace transform of Eﬂs)e_as where a 1is any non-negative

real number is given by

R(s)e™8] = £(t-a) u(t-a) (6-3)
where | u(x) = 0 x <0
u(x) =1 x>0

Thus since Eq. (6-1) may be written

T(s) = Td ZO RZ e-(2n+l)as (6=4)
n=

then the inverse Laplace transform of Eq. (6-2) using Eq. (6-3) becomes

o]

Y & E (t- (2n+l)a) u(t - (2n+1)a) (6-5)
n=0 % 1 ’

g(t) = Ta

Rather than considering an arbitrary input we will consider the ideal-
ized mode-locked laser signal. Thus taking the real part of Eq. (B-1)

we have
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w
N sin(2M1) t
El(t) = Z—N cos(wd+pwc)t = cos wot 2 (6-6)
N sin 7? t
where the Laplace transform is given by
bz‘ s
LIE ()] = E(g) = (6-7)
3 =-N s?'+ (w +pw )2
o ¢
We note that from Eq. (6-6)
N
E,(t- (2n+l)a) = Real[ ] exp(i(w tpw ) (t - (2n+1)a))]
=-N
N
= Real[ ) exp (i (w +pw ) (t - a))]
p=-N .
= El(t-a) (6-8)

since W, = nT/a , w, = m/a , a = ho/c , where for optical frequencies,
m is an integer on the order of 106, i.e., (wo+pwc)2na = 2nm(mp) .

Thus Eq. (6-5) using Eq. (6-8) becomes

g(t) = T E (t-a) ] R u(c- (20:+1) a) (6-9)

n=0

Now since

M 1 - ¥l
(6]

Lo fa T TR (¢

and since the maximum output of the system is T&El(t—a)/ (l-Ra)’ which
is obtained for M - ®» , then the fraction of the final output which is

obtained after M bounces is given by
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P =1- R§+l | (6-11)

The time it takes to the mth bounce is T = (ZM}l)ho/c which indicates

that M = cT/Zh0 - 1/2 so Eq. (6-11) may be written

cT 1

oY
P =1-R ° (6-12)

We note that in the plot of Eqs. (6-11) and (6-12) shown in Fig.

[6-1] the rise-time and number of bounces increase as Rd+ 1 . This

indicates the longer time for energy build up in the cavity due to the

decreasing fraction of input energy allowed to interact at each bounce.
Solving Eq. (6-12) for the time to reach a particular fraction

of the input gives

o 2h
_ (a@1-P) Ly “o -
T= (3 X Ao g = (6 13?

Before we go further let us consider the partial fraction

expansion approach to the rise-time amnalysis.

6.3 The Direct Laplace Transform Method

In this direct method we start with Eq. (6-1) and we suppress
the e 2° in the numerator. Equation (6-3) will allow us to introduce

: y ; . -as
this term later as a time shift. Thus we write T(s) = e T'(s) so

;
I'(s) = = (6-14)
1 - Ra e—2as

If we take a partial fraction expansion of the poles of Eq. .(6-14)
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grouping the complex conjugate poles we may write
v bm b--m
') = ) Gt ) (6-15)

s -8 s -s%
m=0 m m

where the asterisk indicates complex conjugate. Since the complex
conjugate poles lead to real-valued functions we see that bm = bfm .
Since all the poles of Eq. (6-14) are of first order, we may

determine the residue of the mth pole by

b = g (6-16)

And if we assume that the real and imaginary part of each pole is given

by s = Om+ 1wm then Eq. (6-16) becomes

T ZaOm
bm =7 © (cos Zawm+ i sin Zawm) (6-17)

To determine the poles of the amplitude transmission function

in Eq. (6-14) we set the denominator to zero so that

—2asm +i2mm
Ru e = e (6-18)
or
1 .
s ==— 2N R + i 2mm/2a
m 2a o
Thus we have
G G i B (6-19.1)
m 2a o

= - c_ - ]
w = 2mm/2a = mm ho (6-19.2)
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Putting ®qs. (6-19.1) and (6-19.2) into Eq. (6-17) and into Eq. (6-15),

Eq. (6-15) becomes

Ta S 1 1
v = -
L) 2a -Z-O (s—o—iw T s-o+iw ) e
= m m
or
i T o e
T'(s) = =0 ) [————— (6-21)
a 2 2
m=0 (s~0)"+ w
m
Thus Eq. (6-2) becomes
G(s) = e G'(s) = ™ E(s) I'(s) (6-22)
So using Eq. (6-7) and Eq. (6-21), Eq. (6-22) becomes
T , N oy ]
- S =
G(s) = JOe * D zs 2) L 82 2) (6-23)
p=-N s+ wp m=0 (s-0)7+ wm '

The inverse Laplace transform of a general term of G'(s) may be found

on page 345 of Gardner and Barnes(l) as

L—l s . s-0 -
s2+ wz (s-o)2+ wz
P m

1+ 62 1/2 ot
[w sin(w t+YP.) + w e sin(w t+P,)] (6-24)
Fr - D ahd] TG Tt

where

=
=t
i
t
=
lQ
+
+
I
=
—~~
N
[N)
S
i)
S——

(6-25.1)



¥, = —tan_l-%— - P o (——————ll——~) (6-25.2)

We will now consider two cases: wp = wm and wp # wm .

For w =w > 0 and 0 > 1 since w = pm/a , w_=mr/a ,
P m : P m

o = %E-Qn.@x where p and m are on the order of 106 and

()
Il

ho/c = 3.3 nsec, the inverse Laplace transform of G(s) reduces to

N
g(t) = %ﬁ(l - eg(t_a)) u(t-a) Z cos wp(t-a) (6-26)
p=-N

Thus the fraction of the final output reached after t seconds is

- -O(t-a))

P, = 1-e (6-27)
From Eq. (6-19.1) we may write putting in for o
1 t-a
_ EE-QnRu(t—a) ( 7a )

P, = 1-e ) = (1 - Ra ) (6-28)

We see that Eq. (6-28) and Eq. (6-12) are identical, since a = ho/c .

For w #w_, w >0, w > ¢ ‘and in the case that w

: p m p m p
and W differ by one free spectral range, i.e., w o -w = m/a , the
coefficient multiplying the sine terms of Eq. (6-24) is on the order of
QnRa . Thus for Ra = QnRa is very small and may be neglected in
comparison to the terms in Eq. (6-26). As Ra becomes smaller the
poles migrate into the left-half space and then we cannot neglect the

response due to the neighboring poles. To see how good the approxima-

tion for the Laplace transform i1s, we tabulated the magnitude and phase



T G

e

i

I

H
i

HEET

S

o

i

HE

H

FEad

i

i

.

000" 1

00670

00870

00L°0

0090

00570

0oh"0

0oe"o

00¢°0

0ot o

o
o

8.000

-0.000 2.000 4.000 6.000

PA

~-4.000

-6.000

XHAXHX

[6-2]

Fig.



~80~

332°S

00"k

0007 ¢

[e-9] 8T
Bd
000" 0~

g

000" 2-

000" h-

000° 8-

000" 8~

RAXKKK,

€L5°6

88" L~

e

hi

[Shei v of

SI6”" I-

000" 0~

1

S16”

6¢8°€

hhl S

ST




[¥-9] °814

@) (T

-

d
200° 003" & 000" ¢ 00070~ 000" ¢- 000" h- 000" 9- 000" 8- KAXXKK
TR 41 T =)
3 o
E o
=
o
o
e
<
o
(=}
i o
Q
L oo
it i O
e
Q
- o
H o
; I
o
o
T
g
o
£
Lo
HEH o
"w e o
F
a
@
1 O
H O
0
HH w
i @
i o

000" 1



[6-9] *8ta

gd

300" 8 000" h 800" ¢ 000" 0~ 300" ¢~ 000" h~ 000" 8~ XAXKKK,

O
e8]
[}
[al
!

-89~

: T H T T SiSHISR IR ; T ©
1 i iwuns T (€23
T s b ~J
> w
Sseaaas ¥ ,
~)
234 (P
L
t : &
i
t
o
T ~
H &=
s =
T 1
i w
©
n
©
t
©
RS =
t o
|
=]
@
S
[
©
=
w
FreH
W
@0
"
@
! + HEHH 01
i B
t t ! T~
RS
: =
-
i i ; ; i
- - R
: :
E3ESs AR aaEany i t Hh 5% o @
adz8asc: t : HHTH i it s
i i s SR EH : i Eieni :
g : i i i ! 1
iEisess e 1 1 : i S e e : SEEEREaE: i : :
EHeH ftsssasd ddsns senet sania eyl ES e iR Rt At i RS s SRRl e dhet T S E : saiaies

£L5°6



[9-9] *8T4

-83-

Bd
000°8 000°8 000" h 000°¢ 000" 0- 000" 2- 000" h- 000" 9- 000" 8-
A
HEHE
t
@D
=
Q
o
=
i o
Q
o
o I
o
j =)
o
m 1
o
o
Q
(=}
T o
H o
H

i H
H o
S o
=)
B =]
T O
H o
) O
o
@
o
o
o (&}

000°01



-84~

of Eq. (6-21) for the 2N+1 modes coincident with the input as a func-
tion of the normalized frequency variable PA (PA =1 — uw-w0==33 MHz
where W, is the resonant frequency) and plotted them in Fig. [6-2]
and Fig. [6-3] respectively. The magnitude and phase of Eq. (6-1) is
also shown in Fig. [6-4] and Fig. [6-5] respectively. The similarity
of Fig. [6-2] and Fig. [6-4] may best be shown by the difference of

the magnitudes |TA| - |T| which is shown in Fig. [6~6]. The magni-
tude of the approximating function deviates from the exact function by
less than 0.0005 in magnitude for all frequencies and is independent

of the number of modes oscillating. The phase, however, is only a good
approximation in a 3 MHz band around the resonant frequency. With Eq;
(6-12) and Eq. (6-28) identical we are in a position to determine the

rise~-time-bandwidth product.

6.4 Rise-Time-Bandwidth Product

Now if the time Ty it takes to obtain P2 of the output

is subtracted from the time Tl to obtain Pl of the output, then

Eq. (6-13) becomes

tal(1-2,)/(1-B))]
n Ra

(6-29)

where L c/2ho . We may expand the lnRa for Ra =~ 1 so Eq.
(6-29) becomes

R
= - - - ”
Ty F nf (1 Pz)/(l Pl)] v A-R) (6-30)
c o
But since from Eq. (4-12), noting the change in R notation,

F = “/R;/ (1~ Ra) and from Eq. (4~7) L FAvC with Avc=:c/(2hoF),



=BG
we may write Eq. (6-30) as

T

o .
TCAvC = —Qn[(l-Pz)/(l-Pl)] = ‘ (6-31)

The rise-time of a pulsed system may be defined as the time from 107 to

90% of the final output. So for P, = 0.9 and P, = 0.1 we have

2 i
"Ry
T Av = 0.954 (6-32)
(N T
and for Ra = 0.991 we obtain
T Av = 0.304 (6-33)
¢ ¢
If we wish we may define the time constant as P2 =1 —<%
and P1 =0 so Eq. (6—31) becomes
Ra
T Ay = . (6-34)
c ¢ m ,

and again for Ra = 0.991 we obtain TCAvc = 0,3175 .,



.-
Chapter 6

References

1. M. F. Gardner, J. L. Barnes, Transients in Linear Systems, Vol. 1,

(John Wiley and Sons, 1942),p. 345, Eq. 1.363.



=87~
Chapter 7

Doppler Shifts for Mode-Locked Ldser Detection

7.1 Introduction

This chapter will deal with the use of the passive Fabry-
Perot resonant cavity as a device to measure Doppler shifts of either
passive or active vehicles in motion relative to the receiver. First
the relativity equations are developed and then applied to the mode-
locked laser in motion. We will see that by vernier adjustments of
the passive cavity length we can read a large range of approach
velocities with a resolution that is independent of velocity v, i.e.
Gho/ho * §v/c for v/e<<l. Thus with 6h0/hO = 3.3 x 10_8 we have a

resolution of §v = 10m/s.

7.2 The Relativity Formulas

Before we discuss the passive cavity as a velocity meter we
will consider the transformation equations. Since the wave equation in
one dimension for simplicity must be invariant in any coordinate system

by Einstein's first pogtulate, we have the following general equation

(Fig. [7-1]).
2
3%y ou . s%w 1 % 2% . o%u . a%u 1 a% )
+ + - = = + + - S (1=1)
5% 992 972, ¢ 5e2 x> Bye 822 o2 oel °
. Wy By R oSy W By PRy 2
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B e

where c¢ 1is the speed of light and constant in both systems. Then the

transformation equations are

3X2 ox
By = By ¥ Ty §y bk C P11 B, Y1z (2)
and
atz 8t2
By = 8gy Xyt By0' 8y == S 8y BT B2 (7-2b)

1 1

Then to derive the a coefficients we start with the first partials

oU oU 3X2 U Btz

= + :
axl 8x2 Bxl 8t2 Bxl
U N U sz . U | at2
8tl ax2 Btl at2 Btl

With these first partial derivatives and Eqs. (7-2a,b) we have

37U 9 3
'3_7=;;———(all‘““L""ZJ.“B"[L)=e‘11a (BU)+a21a )
X Xl 8x2 Btz le 8X2 Bxl 3t2
2 2 2 2
_ 9 U 3°U 3°U 37U
11(3X2 a1 * e 8yp) + a21(a e Cll T S o2 ayp)
2 2°%2 iy o5 t
5 2 B
2 3 2 3°U 3°U
Rt 2 T 52 + 2808y, ot 3
2 2 Ego¥y,
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In a similar fashion we write

2
'u_3 , B ., W, _, B3 HU, ., 3 B,
st se, 2 2% my 2o B 22 50 ot
1 1 %9 2 i "Ry 1 %2
2 2 2 2
B 5y 3°U | 3%y
=21 (3 2 %12 T ayp) + azz(at w1272 2)y)
2 29%9 29%9 2
2 2 2
Y 2 3%U
T f12 2 + 2y, oo + 238,585, P
9 2 oy

Thus equating coefficients of Eq. (7-1) we obtain from the above

2
"0 _ 1 U _ ol L 2’u bl L g 3%y
2 272 117 72 %127 27 V81T T2 %220 T2
% ¢ ot c ox c at
1 1 2 2
f o a. oo oy du 31 o
11721 2 712722 5E.9 5 2 C2 at2
¢ 2%y % "2
Thus the equations relating the coefficients of Eq. (7-2a,b) are
2 1 2 _
aj] = T3 3, = 1 (7-3)
v
2 1 2 1
817 2%027 772 (7-4)
& c

l _ &
f11%21 7 7 %12 %22 T @ - | (=59
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Now if we include the condition that X, = 0~ X, = - vty so from Eq. (7-2a)

0 = all(— vt1)+ athl or a;, = + a;qv so from Eq. (7-3)

SO

12 2

Eq. (7-5) indicates that

or
% P90 7 222 2
C Cc c
thus
. - 1
92 ;
L ==g



) Do

and

. 1
31 =% 2 .
1-=
c
Thus Egqs., (7-2) become
X, = Y(Xl + vtl)
v 1
by = ¥(& + 5 %) y = (7-6)
c 1.V
2
c
Y, = Vg
4y = By

7.3 The Doppler . for Mode-Locked'Lasers

Now if we assume we have a plane electromagnetic wave whose
space-time dependence may be given by.expj(k2x2 + w2t2) which is a wave

traveling in the minus X, direction, then from Eq. (7-6) an

observer in the subl coordinate system will see
expj(kyY (%) + vey) + wy(ty + XE'Xl))
c

= 3 v—-
exp_-;(y(k2 + Cz mz)xl + Y(kzv + wz)tl)
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Thus expj(klxl + wltl)
where
v wZ v
ki =Yk, (L +—5—) = Ykz(l + 29
¢ k
2
and

- yv_ = ¥
wl = sz(l + wz kz) ywz(l + C)

Thus since wz = 27Tf2

(1+—Z—) I A o 12
= = c = 14 X o =2
1- 5 e £,0+2-3 Z T owua}
Jl-"‘z“ ~ g
{63

So if we started with a representation for the mode-locked laser

pulses in the X, coordinate system (suppressing space dependence)

we have from Eq. (B-1)

N Byt
. + A .
J(w20 prth)‘ szotz sin[ (2N+1) 5 ]
E{E,) = e = e
2 w, t
: 2¢ 2
== sin
- 2

Then in the receiving coordinate system we would have
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‘ t
y . vy 71
ju, Y1+ D, STRLERDG, YA+ )]

E(tl) = g
v

MZCY(l * E)tl

5 )

sin (

Thus to detect the mode-locked laser doppler shifted up in frequency

we must have the condition,

e £
f2c 2h
. C
Ye 0
sO
e h
h = =

= (7-7)
v . v
wzcy(l + E) Y1 + E)

Similarly if the mode-locked laser and the passive cavity were
on a common platform, then the echo from a vehicle moving toward this
platform with velocity v would be shifted by Wy, = (l+2v/c)w2C
where we‘have set Y =1 . 8o by vernier adjustments (PZT driven
mirror) of the passive cavity we can read a large range of approach

velocities.

7.4 Resolution of the Passive Cavity

From the expressions above we see that in addition to the
selective filtering characteristics of the passive cavity acting as a
matched-filter, a readout of the vernier length control, peaking the

output, provides for an extremely wide range of velocity measurements
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with either an active or a passive vehicle moving relative to the
receiver. To derive the resolution of the cavity to measure veloci-

ties we see, taking the derivative of Eq. (7-7), that

Bho

- h/c
oV

- v\ 2
i+ E)

Thus for v/c << 1 we have (Sho/ho = §v/ec . So if 6h0/hO = 3.3x 10--8

which is very reasonable with a PZT driven end mirror, then the reso-
lution of the passive cavity is given by Ov = 10m/s . To obtain this
resolution in the case where a vehicle is sending a signal to an
observer, a local reference tone must be used to establish the zero

relative velocity point.
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Chapterv8

Experiment

8.1 Introduction

The purpose of this experiment is to demonstrate the degree
of improvement which is obtained in the pre-detected signal-to-noise
ratio of a self-mode-locked He-Ne laser signal with use of a passive
Fabry-Perot resonant cavity which is matched in length to the laser
cavity. The pre-detected signal-to-noise ratio is measured for various
relative cavity lengths and as a function of passive cavity fiﬁesse.
Due to the sensitivity of the experiment to variations in temperature;
path lengths, and vibration the entire experiment was performed in a
controlled acoustical environment which provided isolation from external
turbulence and mechaniéal fluctuations. The design of this environment
is considered and the degree of isolation is measured. A detailed
discussion of the experiment is given and the results are summarized

for various aspects of the signal-to-noise measurement.

8.2 Experimental Set-Up

.To demonstrate the sensitivity of this experiment to mechanical
fluctuations consider Eq. (5-3 ) for small variationé in hO around A/2.
Then for a measured /P = 156 the change in h0 on the order of .00lum
will reduce the output to 1/2 maximum. For this reason the entire
experiment was mounted on an isolation table. The 4' x 8', 4,000 1b.
‘cast iron table was floated by rubber diaphragms and compressed air

cylinders at each of the four legs. The isolation from the floor as
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measured by geophone was better tham 70 db for frequencies higher than
100 Hz while the decay time to 1l/e was less thén one second. To
reduce air turbulence and cut down on acoustical fluctuations the
entire set-up was enclosed in a double wall acoustical shield which
provided ~10 db sound attenuation plus complete reduction in air
turbulence which would have normally influenced the effective cavity
lengths of the ﬁassive and laser cavities. The passive cavity waé
fabricated with the end mirrérs mounted on invar rods to reduce the
variations in aavity lengths due to thermal contraction or expansion.
These rods as well as the rigid mirror mounts, proyided with differential
micrometer movements for sensitive alignment of the passive cavity
mirrors, are shown in Fig. [8-1].

The total experimental layout is illuétrated in Fig. [8-2].
In the experiment it was necessary to change the lengths of the passive
and laser cavities. The change in length of the laser h was provided
by the motion of mirror M3 on a teflon runner TR while the fine
fractional wavelength control (lum full scale) of the passive cavity
with length ho was provided by motion of mirror M2 on a PZT, driven
by the oscillator O. The passive cavity was scanned at a 1 Hz rate
to eliminate the effect of any remaining acoustical fluctuations. The
teflon runner and a rigid mirror mount for M3 allowed the laser to
continue oscillation during large changes in the laser cavity length.
The spectrum of the laser was monitored by a scanning interferometer
SI controlled by the same oscillator O and then displayed on oscillo-
scope Sq which was scanned in synchronism with_O. An example of the

multi-tone laser spectrum with 6 modes oscillating is shown in Fig. [8-3].
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-102-

8.3 Mode~Locked Laser Pulses

The time display was observed using a Philco 4530 PIN diode
D2 with appropriate circuitry to impedance match into the H-P 185B
sampling oscilloscope Sz. The inverted output of the self-mode-locked
He-Ne laser with 4 modes oscillating is shown in Fig. [8~4] which may
be compared with the theoretical results of Eq. (B-1). The optical
frequency wo is not detected but the envelope of period 8 ns with
vpulse width 2 ns is observed. The period of the pulses is controlled
by the laser cavity length h in that 2h/c is the period of the
pulsé train (for h = 1.2m, 2h/c = 8 ns). The pulse width is éontrolled
by the bandwidth of the total number of modes oscillating (4c/2h)_l =

2 ns).

8.4 Finesse
The finesse of the passive cavity was experimentally measured

by first scanning the cavity through one free gpectral range with the
Spectra-Physics Model 119 single mode laser SML coupled by lens L4

into the input. The A/4plate and polarizer P were used for isolation
of the passive cavity from the single mode laser. The lens 14 and

the aperture Al‘wereused to match the curvature and diameter of the
input single mode wave to that which would be supported by the passive
cavity so that higher order tranverse modes were not excited in thé
cavity. The output of the cavity is focused on detector Dl by lens

L5 and displayed on S The scope face is then calibrated to full

1° :
scale by the free spectral range given by c/2hO = 150 MHz for ho = 1 m.






e e

el

s

i




-105-

The horizontal magnification of scope S, will then control the disper-

1
sion of the display. Thus the resonant width obtained will yield

the finesse as per Eq. (4-1). Figure [8-5] illustrates the principle
of measuring the experimental passive cavity finesse. The experimental
curve of Fig. [4-1] was generated by controlling the diffraction loss
of the passive cavity by changing the aperture A2 and the length ho'

This allowed a variation of the Fresnel number and hence a variation

in the diffraction loss at the end mirrors.

8.5 Signal-to-Noise Measurements

In this experiment the signal-to-noise ratio improvement
by pre~detection filtering of the mode-locked laser optical input by
a passive Fabry-Perot resonant cavity was measured as a function of
several parameters: relative cavity lengths and passive cavity finesse.
Since the passive cavity is a good approximation to the matched-filter
for mode~locked lasers only when the cavity lengths are perfectly

matched, the detector D, output was monitored for various relative

1
cavity lengths. The mode-locked laser signals were obtained from the
self-locking He-Ne laser operating at 0.633um with a length of 1.2 m
and an average power output of 2 mW. As was mentioned earlier the
mirror M3 was translated along fhe laser axis without disturbing the
laser oscillation. Thus continuous monitoring of the passive
cavity output while the length of the laser cavity was changed allowed
us to exactly match the cavity lengths by peaking the output. The

top display of Fig. [8-6] shows the output of the cavity with the

cavities equal in length. The bottom display shows the output of the
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passive cavity with a mismatch of 4 mm which is analogous to the graph
of Fig. [5-2]. Note that all of the modes of the laser are transmitted
simultaneously in the matched condition. The peak power output was
observed to go as (2N+l){ i.e., as the square of the number of modes
oscillating.

To measure the signal-to-noise ratio improvement, white
noise from an a-c driven tungsten lamp N at ~3200°K was introduced
axially into the system. The white noise power at the input of the
passive cavity was 1.5 W in a 1002 band around 0.633um. The output
of the passive cavity in the noise measurements was focused by L5
onto a Texas Instrument TIXL55 avalanche diode detector and then passed
to the Avantek T 1002 preamp C which provides 14 db of gain in a 5 -
1000 MHz range for display by the H-P sampling oscilloscope SZ' The
thermal noise of the TIXL55 detector in a 500 MHz range was three orders
of magnitude higher than the shot noise value (2eIoAf)1/2 for operating
currents of 0.1uA. Thus for the signal-to-noise measurements the 60
cycle envelope of the white noise source was used as the unwanted
signal corresponding to the noise of the signal-to-noise measurement.
Mirror Ml was a standard Spectra-Physics flat laser reflector with
reflectivity 0.991. Mirror M2 was a standard Spectra-Physics laser
reflector with radius of curvature 2m and reflectivity of .991'(M3
is the same as M2). Both reflectors were chosen to maximize the ideal
finesse by minimizing loss; it is given by Eq. (4-8) as 346. 1In all
cases the measured finesse was lower than the ideal finesse due to

mirror surface roughness and scattering from occlusions in the mirror

multi-layer as was described in Chapter 4. With the cavity set for the
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largest Fresnel number (50), i.e., end apertures were limited by
the mirror dimensions (15 mm), the signal and noise were measured with

M. and M, aligned to maximize the passive cavity finesse. The finesse

1 2

was also measured and found to be 245. The mirrors M1 and M2 were
removed and apertures were introduced to maintain the same exit pupil
diameter. The signal and noise were measured again. All measurements
of signals and noise were made using neutral density filters which had
been calibrated at 0.633 ymto avoid non-linearities in the detector
electronics. The ratio of the signal-to-noise with the passive cavity
in place to the signal-to-noise without the cavity in place was 156.
From Eq. (4-8 we find using the measured finesse that /P = 156 which
we may compare to the theoretical improvement given by Eq. (5-8).

The experiment was repeated for various values of finesse by contfolling
the aperture size A2 and the length of both cavities always such that

h = ho' The results of these measurements are summarized in Fig. [8-7]
along with a plot of Eq. (5-8). It was noted that the improvement
occurred also when the laser was not mode-locked. This is a reasonable
result since He-Ne is a low gain laser and the mode pulling has a

negligible effect on the transmission of the passive cavity.
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Chapter 9

Summary and Conclusions

In this work we have shown that the passive Fabry-Perot
resonant cavity which is equal in length to the laser cavity is probably
as close a physical realization to a matched?filter for multi-toned
mode-~locked gas laser signals as can be attained in a passive system.
This was done by first developing a matrix formalism to describe the
fields in a stratified dielectric media. Then the formalism was applied
to the analysis of the Fabry-Perot which led to a transmission function.
The generalized transmission function Eq. (2-31) was cast in the Laplace
transform domain which allowed us to develop a transient analysis in
Chapter 6. With this passive cavity characterization we developed the
matched-filter condition and showed that the mode-locked laser signal
is that for which the Fabry-Perot is a matched-filter.

An important characteristic which influences the performance
of the passive cavity as a matched-filter for mode-locked laser signals
is the finesse. Chapter 4 dealt with the factors that control the
finesse and some interesting physical limitations on the finesse were
discussed and experimentally verified. The signal-to-noise improvement
of the passive cavity and the departure from the matched-filter condition
for mismatches in mode-width and cavity length were considered next.
Gain narrowing invariably results in the linewidth of the laser being
less than the mode-width of the passive cavityfl) thereby limiting the

observed pre-detection signal-to-noise ratio improvement factor
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1+P , Eq. (5-8), from its optimal value, Eq. (5-29). For high gain
(2)

lasers with cavities of low finesse, the receiver can be made close
to ideal, while greater departures are to be expected in the case of
low gain. We note, too, that larger bandwidths, Awp, are called

for with information modulated lasers and cavity-dumped lasers where
mode-locking may not have been employed.

The Laplace transform representation of the passive Fabry-Perot
resonant cavity which was developed in Chapter 2 was then used to
analyze the rise~time of the passive cavity by using two different
techniques which led to an identical result .Eq. (6-29).

It was shown in Chapter 7 that in addition to the selective
multi-tone filtering characteristics of the passive cavity, a readout
of the passive cavity's vernier length control, peaking the output,
provides for a wide range of velocity measurements with either an
active or a passive vehicle moving relative to the receiver.

An experiment was performed to demonstrate the degree of improve-
ment which is obtained in the pre-detected signal-to—noise ratio of a
self mode-locked He-Ne laser signal with use of a passive Fabry-Perot
resonant cavity. The pre-detected signal-to—noise was measured for
various relative cavity lengths and cavity finesse. The results were

described and presented in good comparison with the theoretical results.

Further study of the cavity as a matched-filter using some
regenerative gain seems interesting; however, the gain media may intro-
duce noise into the detection process sufficient to cancel the result-

ing benefits of a narrower linewidth. In any event the formalism which

was developed for the passive cavity is completely general and may be
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directly applied to the analysis of the regenerative active matched-

filter for multi-tone gas laser signals.
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Appendix A

‘The Matched-Filter

The problem of determining a filter which will yield the maxi-
mum signal-to-noise ratio when the signal is well defined i1s a problem
of great interest in radar and in optical communication systems. The
salient features of this analysis are reviewed in the following para-
graphsgl’z) An understanding of the expressions for the matched-filter
h(t) with Fourier transform H(w) for an inmput signal f£(t) with Fourier
transform F(w), Eq. (A-23) and Eq. (A-36), will be assumed in the text
of this thesis.,

Consider the linear-~time-invariant system with impulse response
function H(t). If the total input to this system is a signal f(t) in

the presence of noise n(t) then the output,from linear system theory,

is given by
g(t) =(f(t) ® n)+(at) @ h(t), (A-1)

where ® indicates convolution defined by

t
(f @ n)= [ h(t-1) £(1)dt g (A-2)
We note also that if we assumed that h(t) acted on the input for only
a period T then
T
& ® ng =] n@) £t-ndr : (4-3)
0

We may consider the power output from Eq. (A-1) as
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gg = lf ® h|2+ € ® W@ ® n)

+ (¢ @® )@ ® n)+|n ® nl? : (A-4)

And in taking the mean value of Eq. (A-4),defined for a function q(t)

by

, T
<q> = 1lim %T f q(t)dt . (A-5)
T ~T

we assume f(t) is uncorrelated with n(t) and <n(t)> = 0 so
*
gz > = <|f @ nl% +<n ® % : (A-6)

The problem is to find an h(t) which optimizes the signal=to~-noise ratio

defined by

2
SNR = £ @ n 5 (A-7)
<ln ® hl >

To do this we will review some familiar linear system theory. The auto-

correlation function of q(t) is defined by Eq. (A-5) as

_ 5 i B s
Rq(t) 2 <gltic) q (r)> = lim 5% [ a(ttt) q (t)dr
-3

gee

.i b ®
t lin 5 [ qett)q (1)dt  (A-8)
b o

where the asterisk denotes the complex conjugate,

Then we define the power spectral density as
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Sq(w) = {m Rq(t) e_.jwt dt
R (6) - [ 5@ eIVt 4y X (4-9)

and hence Rq(r) and Sq(m) are Fourier transform pairs. The reason for

presenting Eqs. (A-8) and Egs. (A-9) is to express the mean-squared value

of the additive output noise, i.e., the denominator of the signal~to-

noise expression Eq. (A-7) since the Fourier transform of n(t) generally

does not exist,

Now we recall from linear system theory that if for a function

q(t)

Q) = [Z q(t) 73U a g (A-10)
and

q(t) = '2'}1" fm Q(w) eJut dw , (A-11)

=00

are transform pairs then for g, £, and h satisfying Egs. (A-10) and

(A-11) and if g(t) is related to f and h by Eq., (A-2)

g=f ® n | . (A-12)
then

G(w) = F(w) Hw) % (A-13)

Thus Eq. (A-13) relates the output transform in terms of the input
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transform and the transform of the impulse response, In a similar fashion
we wish to express the output power spectral density Sg(w) in terms of
the input power spectral density Sf(w). We do this by developing the
fdllowing theorem,
Theorem I;: If g=h ® f, then Rg =h @ ;1 ® Rf where

- *
h =h (-t)

Proof: Since g(t + 1) f h(u) £(t + T -u)du

g¥it) f h*(w)f*(t - v)dv

i

then

Rg(T) = f f h(u)h*(v) < £(t + 1 =u)f*(t - v)> dudv

and by substitution of r = -v

R G =[] h(h*(-1)R (= u - r)dudr

R, (1) = h ® n ® R (A-14)

Thus since the Fourier transform of h is H*(w) we have by transforming

Eq. (A-14) and using the result of Eq. (A-13)
S_(w) = [H@)|? s, ()
g £ . (A-15)
Then from Eq. (A-8) and Eq. (A-9) the mean-squared value of g is
_ 2 .1 ¢
R, (0) = <|g|%> = B fm Sg(w) dw > 0 (A-16)

. ) .
since |g| > 0., Note too that Sf(w) 2 0 for if it were not then we could
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choose an H(w) in a region where Sf(w) < 0 which would create a Sg(w) <0
for all w by Eq. (A-7). However this Sg(w) would violate Eq. (A-16)
since Rf(O) i‘O for £(t) real. Thus if we have a linear time~invariant
system with impulse response h(t) then the power spectral density of

the input is related to the power spectral density of the output by Eq.
(A-15). Now we can proceed with the theory of the matched-filter criter-
ion. The modulus-squared value of the signal portion of the output of

the filter is given by

It ® n|?-= |-2% [ 3% HyR@Ida|? (A-17)

=00

where
F(w) = f f(t)e_Jwtdt exists.

The mean-squared value of the noise portion of the output of the filter

is given by
T 2 2
N = lim 57 [ |n(t) @ h(t)|%dt = <|n(t) @ h(t)|™>
oo =T
= —51-1; [ s @ |1 |? do. (A-18)

where Sn(w) is the power spectral density of the noise at the input.
Thus we may write Eq. (A-7) using Eq. (A-17) for the numerator and

Eq. (A-18) for the denominator
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be @ 'h|2 _ lfﬁ% im H(w)F(w)ejwtde?v

(A-19)

0]

.‘§%~ f IH(w)lzsn(w)dw

=00

(1)

Now we review Schwarz's Inequality Theorem.

‘Theorem II: If p(t) > 0 for all t and x and y are complex,

and if
/ [xizp dt ~and / [ylzp dt exist,
then
[ xy*p ate]® < [ |x|% at [ |yl ac (A-20)

with equality if and only if x = Ay, where A is any non-zero complex
constant.

As was mentioned previously, we wish.to maximize the ratio of
the [peak signal out]2 to the mean~square value of the noise out by an
appropriate choice of the filter h(t) or H(w). To do this we will first
make several assumptions about the system we will consider., First, no
realizability constraint will be considered in this development. If we
wish to employ a realizability constraint, in most cases a sufficient
time delay of a realizable filter may satisfactorily approximate the
nonrealizable filter. Second, we will assume the time that the output
takes on its peak value is t=0. If the peak occurs at some other time

or if the peak occurs periodically with period T then by incorporating
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delay or anticipation in the filter, i.e., a linear phase shift in H(w),
we can observe the peak signal without changing the waveshape since this
stochastic process is stationary in the wide sense€3) Thus using. Eq.

(A-20), Eq. (A-17) becomes

£ @ n’= 15 [ + K@ s @ e |? -2

L5, @
oo, axmmm—d Semmsme, A P
% v p dt

and Eq. (A-21) using the inequality of Eq. (A-20) becomes

2. | 1 - F(w) 2 o 2
[f ® n|° < W fm | W‘ Sn(w)dw _f_JH(w)( Sn(m)dm

(A-22)

where Sn(w) > 0 is a weighting function and may be considered the power
spectral density of the additive input noiée. Thus from the statement
of Theorem II the equality of Eq. (A-22) will hold if and only if

%
5 (4] = A F(w)

m - Sn(w) (A-23)

where A is any non-zero complex constant. Hm(w) defined by Eq. (A-23)
is called the matched-filter for f(t). Hence the time varying modulus-
squared value of the signal to the time average mean-squared value of

the noise is given by Eqs. (A-17), (A-18), and (A-23) as
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f°° Jut [F(w)lz i 2

e
[£¢6) @ h(e)]® 1 1= Sn(w) (A=24)
N 2m ® 2
S (w)
ey Py
with peak value at t = 0 given by
T o o o 2
£ @ nl” _ 1 LEW[T (A-25)
2T S (w)
N e n
In the time domain Eq. (A~23) may be expressed as
h @& = f* 26
” Rn = Af (~t) | (A-26)

In the case where the Fourier transform of f£(t) does not exist we use the

time limited definition of h(t) given in Eq. (A-3) so that

T
h ® £), = [ n()f(t - 1)dt (A-27)
o _
T .
(n @ h)T = f h(t)n(t - t)dT (A-28)
o

and from Eq. (A-14), (A-16) and (A-18)

N=(th ® h ® Rn(O))T (A-29)

If we assume m is the maximum output SNR we have

2
m > lﬁéEll- (A-30)

and assume some function k which satisfies
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(k ® £ = 0 (A-31)

then for the correct choice of h =h  we have putting Eq. (A-29) into

Eq. (A-30)
2
m=le@l” , (A-32)
(. ® h ® R ()
and
2
b HOX (A-33)

T +a) @ (hiak) @ R _O),

where a is any real number. Then subtracting Eq. (A-32) from Eq. (A-33)

and collecting terms we obtain

5 . . .
@k & k ® Rn(O))T+ (a[k ® h_ ® Rn(O) + k @ h ® Rn])T

> 0 (A-34)

Equation (A-34) may be satisfied since a can be any number if and only

if
k ® h ® RO+ & & h ® R) =0 (A-35)
Both terms will vanish if by Eq. (A-31) we select
%
(h ® Ry = A £ (-t) (A-36)

for A any non-zero complex constant., Thus we have shown that the
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existence of the Fourier transform of f(t) is not necessary as long as

we put some realizability constraint on h(t).

For a time shifted signal £(t - T), Eq. (A-36) becomes

*
(hm ® Rn)T = Af (1 -~ t) .(A-37)

which merely indicates that the peak value of the signal-to-~noise is

also shifted by T.

Example 1:

If we assume that the noise is additive white noise, i.e.,

Sn(w) = No or Rn(r) = NOG(T), then Eq. (A-23) becomes

%
- AlF(w)] "
Hm(w) B % (A-38)
0
and the peak signal-to-noise is by Eq. (A-25)
2 o
98 1 |F(w) |2 d (A-39)
2N . w
N o’
We note that by Parseval's theorem
1 (7 2 © 2
5= I |F(w)|* dw = J |£(t)|* dt (A-40)

-00 -0

which is the total energy of the signal.
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Example 2:

Suppose £f(t) is a sinusoidal function with radian frequency

wo’ £f(t) = erOt, then the signal portion of the output of a matched-

*
filter h(t) = £ (-t) for Sn(w) =1 is,

F@Oh = J h(t-T) £(1) dT = [ e JWo (-t+T) JWoT 4o
t
C et [ e

which we see is infinite. There are two ways of handling this situation.
First we shall suppose that the filter acts on the input for a certain

amount of time T. Then the signal portion of the output may be written,
t T

h(t-1) f(T)dT = f h(t)f(t-1) dTt
o

~

(f ® h)T

T . s :
= J erOT erOt_jon dt =T erOt (A-42)
[e]

The second way 1s to consider the input as a slowly decaying

sinusoidal function given by f£(t) = exp(imot—at)u(t) for which £f(t)

is down to 1/e when t = 1/a. The Fourier transform for this signal is
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e 21 o _ 1 i
F(w) = B l(w-w) = a l _ .(w_w()) €A43)
a

As a check we may take the limit of Eq. (A-43) as a > 0 which is a
delta function S(w—wo)€4) We choose the matched-filter from Eq.(A-23)

with A = 2a, and Sn(w) = 1 we have

—Lw—_mo ) (A-44)

TTOE

The signal portion of the output is then given by

0 iwt
o

_ 1 2 _e dw .
f@h = 27 f a W=0 \ 2 (A=45)
~o0 1+ < °>
a
And this may be integrated to yield(5)
If we now let a > 0 then Eq. (A-46) becomes
£@®h = oWt (A-47)

The matched-filter defined by Eq. (A-44) is reasonable in that it has a
finite gain as a = 0. This limits the output, Eq. (A=46), to the finite
damped sinusoid. This points out the fact that the shape of the filter

spectrum must match the shape of the input spectrum for the matched
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condition and any arbitrary gain or loss can be supplied by the A factor.

Example 3:
Suppose that
N
£(t) = )  exp i(w +pw )t (A-48)
o " e

p=-N
where f(t) may be considered the output of a mode-locked laser with
(2N+1) modes oscillating spaced by W, around W, We will develop

the matched-filter signal output by again approximating the input signal

transform of Eq. (A-48) by

e w-(w +pw ) (4=49)
P 1+ 4 (————il——il——>

a

o |

Then the matched-filter for Sn =1 and A = 2a is given by Eq. (A-23)

N
Hw) = ) - (A-50)

a

Then tleoutput of a linear system with transfer function H(w) and input

F(w) 1is

£®h =2 [ et P(w) H(w) v © (a-51)

[ee]

and using the method of residues we obtain an output
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N i(w +pw )t
c@n - altl § T

p=-N
) {tf N i(wo+pwc)t+ i(wo+qwc)t

+i2a e 2 | = i iwe( = (A-52)
p,q=-N c & ¥
P#q

and if a > 0
N i(wo+pwc)t
f@h= ) e (A-53)

p=-N
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Appendix B

The Mode-Locked Laser

3.1. A Source of Optical Pulses

The mode-locked helium-neon laser is a source of short duration
ptical pulses. A detailed analysis of the helium-neon laser is beyond
che scope of this work; however, a brief description of its operation
7ill be given in the following sections. In the experiment, the mode-
locked laser is used as a source of short duration optical pulses to be
letected by a sensitive mode-locked laser radiation receiver. It is
cherefore necessary to understand the basic assumption made concerning the
node~locked helium-neon laser before the analysis of the optical detection

system may be considered.

B.2. Basic Components of the Helium-<Neen Laser

The basic operation of the He-Ne laser may be described
by considering the function of its two components: the active gain
media which amplifies an electromagnetic field, and a resonant
cavity which provides positive feedback to the system to allow
oscillation of the electromagnetic fields. The active gain media
is provided in the form of a long glass tube filled at low pressures
with a mixture of helium and neon gases. When these gases are excited
by some energy source (typically a d.c. discharge), they are capable
of providing amplification to the waves in the media. The feedback

system is provided by two uniaxial mirrors aligned to produce a
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passive cavity similar to a Fabry—Pefot interferometer. The components
are allowed to interact when the gain tube is positioned along the axis
of the passive cavity. When an electromagnetic field of the proper
frequency interacts with the gas media, photons of the proper phase and
direction are emitted by the stimulated transitions of atoms in the upper
states of the neon to provide amplification to the field undergoing the

(1,2) Oscillation will occur when the gain that.the electro-

interaction.
magnetic field in the cavity receives is.greater than the losses in the
system.

There are three maln transitions in neon which are commonly used
in lasers. These transitions correspond to optical wavelengths of 6328&,
1.15Y and 3.39u. The experiments to be described in Chapter 8 will make
use of the 6328A transition which while relatively low in gain is advan-
tageous in the experiments being described herein since it oscillates
in many modes and it is relatively simple to mode-lock.

While the 3.3%9um laser has a much higher gain it has a
relatively narrow Doppler broadened gain curve, 20MHz/60MHz$3) and thus
it is not feasible to obtain 6 to 8 independenfly oscillating modes.

The 1.15uym transition, the first gas laser oscillation to be observed,€4)
was not used mainly because its gain is only about that of the 0.6328um

line (low) and hence it offers no advantage. Then too, since it is not

visible, the experimental detail would be unduly complicated.

B.3 Characterization of the Mode-Locked Laser

In general the operation of a laser may be characterized by a
sequence of independent oscillators with random phase and amplitude.

However, under certain circumstances the phases of the laser modes may be
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locked together creating a "mode-locked" condition. We will assume
throughout this work that this condition may be represented by the
idealized field amplitude at the output of the mode—locked laser with

2N+1 modes as

N wc
sin (2N+l)§'t
El(t)= E exp 1((»O + pwc)t = exp(lwot) ' [“c ]
sin E—-t
p=-N
(B-1)

where W, is the center frequency of the laser output, w, = Zﬂfc,
fc = ¢/2h 1is the spacing between modes, and h is the effective cavity
length. We note that the mode-locked laser generates a pulsed mono-
chromatic field whose envelope has a period Tp = Zﬂ/wc .- Thus we
see the equivalence of the following two statements: A mode-locked laser
generates 2N+1 monochromatic tones equally spaced by w, in frequency and
no phase ambiguities. A mode-locked laser generates a monochromatic
frequency w, with an envelope sin MX/sinxﬁ5’6)
There are basically two methods to mode-lock a He-Ne laser.
These methods correspond to self-mode-locking or feedback controlled
mode-locking. Self-mode-locking, unlike the feedback controlled mode-
locking, is obtained withéut any intercavity modulation or device. The
control of the locking is accomplished by long laser cavities and careful
adjustment of the mirrors and gain. With argon self-mode-locking is not
498

readily obtaine However, this laser is readily mode-locked using an

intercavity modulator which establishes both coherence and stabilization

of its modes. Such devices are available on a commercial basis (e.g.
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Spectra-Physics Model 361 Acousto-Optical Mode-Locker). Since the natural

linewidth of argon is much less than the Doppler broadened line, the
detection technique described in this thesis is also appropriate for
this laser. 1In fact, the much higher effective temperatures in this
discharge give a Doppler line-width of 5,000 MHz. Thus for a one meter
cavity length we would have 5000/c/2h = 33 modes.

The experiments in this work have been conducted only with

He-Ne for reasons of economy.
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Appendix C
Matrix Formalism Applied to Dielectric Media

Maxwell's equations in the Laplace transform domain for a
linear, isotropic media, i.e., U, €, and 0 are scalars and inde-
pendent of time, for an electric field vector E(x,s) polarized in the

x direction, i.e. E (EX,O,O) and H (O’Hy’Hz)’ reduce to

(V2 - (s2pe + suo)) EX =0 (c-1.1)
and H = R ) (C-1.2)
y Su 09z

The solution follows using separation of variables as

E_= Y(y) U(z) | (C-2)

So substituting into Eq. (C-1.1) we obtain

" " 2
%— +-g-—-- (8“pe + suo) = 0 (¢c-3)

and if we let

L1} 7" 2 2

.g_=_32 and —g—=—koa (Cc-4)
where

8% 4+ ki a2 + s2ue + suo = 0 (C-5)

then the solutions to Eqs. (C-4) are

Uu(z) a; sin Bz + a, cos Bz (C-6)

Y(y) = ¢, sin k ay + ¢, cos k ay (c-7)
Thus Eq. (C-2) becomes
Ex(x,y,z) = (al sin Bz + a, cos Bz)(cl sin koay + ¢, cos koay)

c-8
Now since from Eq. (C-1.2) (Cc-8)
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